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TXX0EERl Overview

1.1.1  Why learn this?

The earliest mathematics that humans used involved simple counting.
Knowing that two goats could be swapped for six chickens was an important
part of life twelve thousand years ago, so being able to count was a big deal.

Of course, being able to count is still a big deal today, but over thousands

of years we have moved on from counting sheep. Ancient Egypt was the
first recorded civilisation to think about fractions. Later on, ancient Greek
mathematicians became the first people we know of to think about numbers
that can’t be expressed as fractions — these thoughts gave rise to the idea

of irrational numbers. The value of 7 (pi) — which is the ratio of the
circumference of a circle to its diameter — is one such irrational number.
The value of = can only be approximated — if you were to try to say all of
the digits in the value of 7 (that we presently know of) at a rate of 10 digits a
second it would take you around 200 000 years to say them!

As new kinds of numbers have been discovered, new ways of writing them have been developed. These new
ways of writing numbers can make it easier to work with numbers like the massively large ones that describe the
distances between stars, or the incredibly small ones that describe the size of subatomic particles.

In this topic we will continue our mathematical journey by exploring a range of different types of numbers and

the ways they can be written.

Hey students! Bring these pages to life online

Watch Engage with Ask questions
videos interactivities and check solutions

Find all this and MORE in jacPLUS (C)

jacTUTOR, your
personal Al tutor—
here to help when LESSON 25
you’re stuck! Ask Subtracting integers
it anything.

LEARNING INTENTION
0t B s o S i

1108 v T 13 et g

B e LT

[ [

Reading content
and rich media,

including EEEREERERE SR DY
interactivities and o
videos for every r

concept

Extra learning
resources

Differentiated
question sets

Questions with
immediate
feedback, and fully
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to help students
get unstuck.
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Exercise 1.1 Pre-test learn

1. State whether the following statement is True or False.
Decimals that do not terminate and also do not recur are irrational numbers.

2. State the kind of number that 7.324 is an example of.

3. State whether the following statements are True or False.
a. 7 is an irrational number. b. Every surd is an irrational number.

4. Calculate \3/ 27.

5. I Select the simplest form of /50 from the following.

A.54/10 B.2/5 Cc.5v/2 D. 101/5

6. A Select the correct answer for the expression \/g —24/45 +34/20.

A. 75 B. V5 c.24/70 D. 194/5

7. The length of the hypotenuse of a right-angled triangle uses the formula ¢? = a® + b*.

Calculate the length of the hypotenuse for a triangle with side lengths of \/5 and \/5 . Leave your
answer as a surd.

8. A Select how many significant figures there are in 0.0305.
Al B.2 C.3 D.4

9. Round 7.43861 to 3 decimal places.
10. Round 7.43861 to 3 significant figures.

11. I Select the correct scientific notation to 3 significant figures for 0.000 000 021 37.
A.2.137x108 B.2.14 x 108 C.2.14x 1078 D.2.137x 1078

12. [T Select the series of numbers that is correctly ordered from smallest to largest.
A —V/8, —v/27,V/81 B. V/3,e,5% 10

2
C.2.1x1075,2.13x 10%,2.75% 107! D. <§) ,1/0.16,0.3

13. An electron has a mass of 9.1093819 x 1073! kg, correct to 8 significant figures. A neutron is
1836 times the size of an electron. Evaluate the mass of a neutron correct to 4 significant figures.

14. Rationalise %
3

5 /10
15. Simplify —4/ —.
P Y2 5

TOPIC 1 Number skills and index laws 3



IIBF] Real numbers

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e distinguish between natural, integer, rational, irrational and real numbers
e remember and use the symbols used to represent natural, integer, rational, irrational and
real numbers
e write integers and decimals as rational number fractions
e write recurring decimals using dot notation
e distinguish between recurring and terminating decimals.

1.2.1  Natural numbers

¢ The earliest use of numbers by humans was for
counting things. The numbers we used were the
positive whole numbers: 1, 2, 3, 4 ...

e These counting numbers are now known as the
natural numbers.

e We use the symbol N to represent the set of natural
numbers.

Integers

e Integers include the entire set of whole numbers. This means that the integer group contains:
« the positive whole numbers (i.e. the natural numbers) 1, 2, 3, 4 ...
o the negative whole numbers —1, =2, =3, —4 ...
o 0 (which is neither positive nor negative).

e We use the symbol Z to represent the full set of integers. You may also see Z~ used to represent only the
group of negative integers and Z* used for only the group of positive integers. This means that Z* and N
represent the same group of numbers.

_ +
I e ———————— >~
-8 -7 -6 -5 -4 3 -2 -1 0 1 2 3 4 5 6 7 8
<«——— Negative integers e E—— Positive integers ——>

< Integers >

Rational numbers

e Integers, along with recurring decimals, are part of a larger group called the rational numbers represented
by the symbol, Q.

e Rational numbers are numbers that can be expressed as a fraction with whole numbers both above and
below the dividing sign.

. . 3 . . -5
Examples of rational numbers include ;, -5 (Wthh can be written as T)

3.2 <which can be written as 15—6> and —0.036 <Which can be written as ;()i)?))

4 Jacaranda Maths Quest 9



The denominator in a fraction

The denominator (bottom number) in a fraction cannot be 0. The quotient 9 + 0 has no answer.
Because of this, numbers such as (—) are said to be undefined. Because they do not exist, they are

not rational numbers!

WORKED EXAMPLE 1 Writing rational numbers as fractions

By writing each of the following in fraction form, show that these numbers are rational.

a. 7 b. —11 c. 0 d. —4% e. 1.2

THINK WRITE
Each number must be written as a fraction using integers.

a. The number 7 has to be written in fraction form. To a. 7= z This number is rational.
write a number as a fraction, it must be written with I
a numerator and denominator. For a whole number
like 7, the denominator is always 1.

b. The number —11 has to be written in fraction form. b. —11= _—” This number is rational.
To write a number as a fraction, it must be written 1
with a numerator and denominator. Because —11 is
a whole number, the denominator is 1.

c. The number 0 has to be written in fraction form. c. 0= 9 This number is rational.
To write a number as a fraction, it must be written I
with a numerator and a denominator. Because O is a
whole number, the denominator is 1.
2

2 -22
d. Write —4— as an improper fraction. d. —4— = ——. This number is rational.
5 5 5
12
e. The number 1.2 can be expressed as 1 + 0.2. This e. 1.2 =—. This number is rational.
2 10
can then be expressed as 1 + 10 Write this as an

improper fraction.

1.2.2 Recurring decimals

e When a rational number is written in decimal form, there are two possibilities:
1. The decimal will come to an end (or terminate).

5 L . . .
For example, 2 =1.25, which is a decimal that terminates (ends) after two decimal places.

7
2. The decimal will repeat itself endlessly. For example, P =1.16666...

The 6 in this number is a repeating digit, which means the decimal does not terminate — it has no end.

e Decimals that endlessly repeat digits (or blocks of digits) are called recurring decimals.
e Recurring decimals are written by placing dots or a line above the repeating digits.

TOPIC 1 Number skills and index laws 5



Writing recurring decimals

Number of
recurring digits Example How to write the decimal
1 recurring digit 1.615555555 ... 1.615
(Only the digit 5 repeats.)
2 recurring digits 1.615151515... 1.615 or 1.615

(The digits 1 and 5 repeat.)

3 or more recurring digits | 1.615615615... 1.615 or 1.615
(The digits 6, 1 and 5 repeat.)

WORKED EXAMPLE 2 Writing recurring decimals in extended form

Werite the first 8 digits of each of the following recurring decimals.

a. 3.02 b. 47.1 c. 11.549
THINK WRITE

a. In 3.02, the digits 0 and 2 repeat. a. 3.0202020
b. In 47.1, the digit 1 repeats. b. 47.111111
c. In 11.549, the digits 4 and 9 repeat. c. 11.549494

WORKED EXAMPLE 3 Writing fractions as recurring decimals

Write each fraction as a recurring decimal using dot notation. Use a calculator for the division.

5 57

a. — b. —
6 99
25 4

& = d. -
11 7

THINK WRITE

a. 5+6=0.8333333 a. 2 =083
3 repeats, so a dot goes above the 3. 6

b. 57+99=0.5757575757 b. 2L =057
5 and 7 repeat, so dots go above the 5 and the 7. 99

c. 25+11=2.27272727 c. e =2.27
2 and 7 repeat, so dots go above the 2 and the 7. 11

d. 4+7=0.571428571 d. §=0.571428

It looks as though 571 428 will recur, so dots go
above the 5 and the 8.

6 Jacaranda Maths Quest 9



1.2.3 Irrational numbers

* A number is irrational if it cannot be written either as a fraction or as a terminating or recurring decimal.
e [Irrational numbers may be expressed as decimals. In irrational numbers the digits do not repeat themselves
in any particular order.
For example, a calculator can be used to determine decimal expressions for the following:

V18 =4.242 640 687 12 ...
1V0.03 = 0.173 205 080 757 ...
e We use the symbol I to represent the set of irrational numbers.

e Surds are irrational numbers that cannot be expressed as the ratio of two integers. They are typically written
in the form \/Z, where 7 is a positive integer that is not a perfect square.

Identifying irrational numbers

To classify a number as either rational or irrational:
1. Determine whether it can be expressed as a whole number, a fraction or a terminating or

recurring decimal.
2. If the answer to step 1 is yes, then the number is rational. If the answer is no, then the number

is irrational.

e Exact representations of irrational numbers refer to representations that are precise numbers not in a
decimal form.
o They are expressed as roots, logarithms, or trigonometric functions.
o Commonly used in theoretical or mathematical contexts where precision is crucial.

e Approximate decimal representations of irrational numbers are decimal numbers that are close to the actual
value of the irrational number, but not exact.
« These representations are obtained by truncating or rounding off the decimal expansion of the number to

a certain number of digits.

For example, 7 is an irrational number that can be approximated to different degrees of accuracy, such as
3.14, 3.1416, or 3.14159265359. (These approximations are found using a calculator or computer.)

Approximate decimal representation
3.14

|

2 3 4

—

Exact representation

e The main difference between exact representations and approximate decimal representations of irrational
numbers is the level of precision.
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Real numbers

e The set of real numbers is made up of the group of rational numbers and the group of irrational numbers.
These groups can, in turn, be broken up into subsets of other number groups.

e A real number is any number that lies on the number line.

e We use the symbol R to represent the set of real numbers.

~1.625 -0.31 V2

9 v
3

E

- N

1

0 Terminating

decimals .
Non-terminating

Recurring decimals
decimals

Non-recurring
decimals

N
Positive whole

numbers

Negative whole
numbers

Zero

DISCUSSION

Determine how many recurring digits there will be for %

x (pi) — a special number

The symbol 7 (pi) is used for a particular number. That number is the circumference of a circle
whose diameter length is 1 unit. Pi can be approximated as a decimal that is non-terminating and
non-recurring. Therefore, x is classified as an irrational number. It is also called a transcendental
number.

In decimal form, = = 3.141 592 653 589 793 23 ... It has been calculated to 62.8 trillion decimal places
with the aid of a computer.
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Exercise 1.2 Real numbers learn

1.2 Quick quiz 1.2 Exercise

Individual pathways

B PRACTISE Hl CONSOLIDATE B MASTER
1,4,9,11,14 2,5,6,8,12,15 3,7,10, 13,16, 17
Fluency

1. IEZM Show that the following numbers are rational by writing each of them in fraction form.

a. 15 b. —8 c. 22 d. _51

2. Show that the following numbers are rational by writing each of them in fraction form.

a. V16 b, 7o c. 0.002 d. 87.2
10
3. Show that the following numbers are rational by writing each of them in fraction form.
a. 0 b. 1.56 c. 3.612 d. —0.08
4. I Write the first 8 digits of each of the following recurring decimals.
a. 0.5 b. 0.51 c. 0.51 d. 6.031 e. 5.183
5. Write the first 8 digits of each of the following recurring decimals.
a. —7.024 b. 8.9124 c.5.1234 d. 5.1234 e. 3.002
6. IIEH Write the following fractions as recurring decimals using dot notation. (Use a calculator.)
a. 2 b. 3 c. 2i d. 3 e. 173
9 11 11 7 99
7. Write the following fractions as recurring decimals using dot notation. (Use a calculator.)
a b. =32 c. — a. 2 e. 2
990 6 15 99 990

Understanding

8. From the following list of numbers:

-3 . -3
-3, —,0,23,2-,15
7 5
a. write down the natural numbers b. write down the integers
c. write down the rational numbers d. write down the recurring decimals.

9. Write these numbers in order from smallest to largest.
2.1, 2.12, 2.121, 2.121, 2.12

10. State which of the following statements are true.

a. All natural numbers are integers. b. All integers are rational numbers.
c. All rational numbers have recurring decimals. d. Natural numbers can be negative integers.
e. All numbers with decimals are rational numbers. f. Irrational numbers are not real numbers.
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Reasoning
11. Explain why all integers are rational numbers.
12. a. If positive integers are represented by Z*, explain what symbol we would use to represent the set of

negative rational numbers.
b. Explain why we could not write N~ .

13. Are all fractions in which both the numerator and denominator are integers rational?
Explain why or why not.

Problem solving

. . a . . . . .
14. a. Using the fraction —, where a and b are natural numbers, write 3 recurring decimals in fractional form
using the smallest natural numbers possible.

b. Determine the largest natural number you used.

15. Write 2 fractions that have the following number of repeating digits in their decimal forms.
a. 1 repeating digit
b. 2 repeating digits
c. 3 repeating digits
d. 4 repeating digits

16. If a $2 coin weighs 6 g, a $1 coin weighs 9 g, a 50 ¢ coin weighs 15 g, a 20 ¢ coin weighs 12g, a 10 ¢ coin
weighs 5 g and a 5 ¢ coin weighs 3 g, determine what the maximum value of the coins would be if a bundle
of them weighed exactly 10 kg.

17. A Year 9 student consumes two bottles of water every day, except on every fifth day when they only have
one. Evaluate their annual bottled-water consumption.
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Rounding numbers and significant figures

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e round decimal numbers to a given number of decimal places
e identify the significant figures in a decimal number
e round decimal numbers to a given number of significant figures.

1.3.1  Rounding decimals

e If a number can’t be written as an exact decimal, or if it has a lot of digits after the decimal point, we can

use a shorter, approximate value.
e A number’s approximate value can be found by using a calculator and then rounding it off to the desired

level of accuracy.
e When we round numbers, we write them to either a certain number of decimal places or a certain number

of significant figures.

Rounding to a given number of decimal places

1. Decide how many decimal places you need to round the number to.
2. Identify the digit that is located at the position you need to round to. This digit is called the
rounding digit.
3. Look at the digit that comes after the rounding digit.
— If the digit’s value is 0, 1, 2, 3 or 4, leave the rounding digit as it is.
— If the digit’s value is 5, 6, 7, 8 or 9, then increase the rounding digit by adding 1 to its value.
4. Remove all of the numbers after the rounding digit.

WORKED EXAMPLE 4 Rounding a decimal number to three decimal places

Round 3.456 734 correct to three decimal places (3 d.p.).

THINK WRITE
1. Identify the rounding digit located at the third decimal place. In this 3.450)734
case it is 6.
2. Look at the digit that comes after the rounding digit.
3.45@0)734
3. The number after the rounding digit is a 7, so increase the value 3.457

of the rounding digit by adding 1.
Next, remove the digits after it.
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WORKED EXAMPLE 5 Writing a real number to three decimal places

Write these numbers correct to three decimal places (3 d.p.).

a. V3 b. T c. 5.19 .- e. 7.123456
3

THINK WRITE

a. \/3=1.7320... The rounding digit is 2. The next digit is 0, so a. V3~1.732
leave 2 as it is.

b. 7 =3.1415 ... The rounding digit is 1. The next digit is 5, so add b. 7~ 3.142
1 to the rounding digit.

c. 5.19=5.1999 ... The rounding digit is 9. The next digit is 9, so c. 5.19~5.200
add 1 to the rounding digit.

d. % =(0.6666 ... The rounding digit is 6. The next digit is 6, so add d. % ~ 0.667
1 to the rounding digit.

e. 7.123456. The rounding digit is 3. The next digit is 4, so leave e. 7.1234~7.123

3 as is.

1.3.2 Rounding to significant figures

¢ Another method of rounding decimals is to write them so that they are correct to a certain number of
significant figures.

e When decimals are rounded, they don’t always have the same number of decimal places as significant
figures.

For example, the number 1.425 has three decimal places but four significant figures.

Counting significant figures in a decimal number

1. Identify the first non-zero digit in the number. This digit may be located either before or after the
decimal point. This digit is counted as the first significant figure.

2. Continue to count all digits in the number to the end of the number as it is written.
This will give you the total number of significant figures.

WORKED EXAMPLE 6 Counting significant figures

State the number of significant figures in each of the following numbers.

a. 25 b. 0.04 c. 3.02 d. 0.100
THINK WRITE
a. In the number 25, the first significant figure is 2. There is a. 2 significant figures

1 more significant figure after the first one.

b. In the number 0.04, the first significant figure is 4. There are b. 1 significant figure
no more significant figures after the first one.

c. In the number 3.02, the first significant figure is 3. There are c. 3 significant figures
2 more significant figures after the first one.

d. In the number 0.100, the first significant figure is 1. There are d. 3 significant figures
2 more significant figures after the first one.
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WORKED EXAMPLE 7 Rounding real numbers to five significant figures

Round these numbers so that they are correct to five significant figures.

a. m b. /200 c. 0.03 d. 2530.166
THINK WRITE
a. w~3.14159 ... The first significant figure is 3. Starting with 3, write a. 3.1416

down the next 4 digits. The 6th digit is 9, so add 1 to the value of
5, the 5th digit.

b. 200~ 14.1421 ... The first significant figure is 1. Starting with 1, b. 14.142
write down the next 4 digits. The 6th digit is 1, so leave 2, the
Sth digit, as it is.

c. 0.03=0.0303030... The first significant figure is 3. Starting c. 0.030303
with 3, write down the next 4 digits. The 6th digit is 0, so leave 3,
the Sth digit, as it is.

d. 2530.16 ... The first significant figure is 2. Starting with 2, write the d. 2530.2
next 4 digits. The 6th digit is 6, so add 1 to the value of 1, the 5th digit.

DISCUSSION

Is there an equal number of rational numbers and irrational numbers? Explain.

Exercise 1.3 Rounding numbers and significant figures learn

1.3 Quick quiz 1.3 Exercise

Individual pathways

B PRACTISE Hl CONSOLIDATE B MASTER
1,4,7,10,12, 15, 18 2,5,8,11,13, 16, 19 3,6,9,14,17, 20
Fluency
1. IIZZE Write each of the following correct to 3 decimal places.
a. g b. \/5 c. V15 d. 5.12x321 e 5.0 f.5.15
2. Write each of the following correct to 3 decimal places.
a. 5.15 b. 11.72? c. > d L .22 f. 0.999999
7 13 7

3. Write each of the following correct to three decimal places.
a. 4.00001 b. 2.79 + 11 c. 0.0254 d. 0.0009136 e. 5.00001 f. 2342.156

4. IEA State how many significant figures there are in each of the following numbers.
a. 36 b. 207 c. 1631 d. 5.04
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5. State how many significant figures there are in each of the following numbers.

a. 176.2 b. 95.00 c. 0.21 d. 0.01
6. State how many significant figures there are in each of the following numbers.
a. 0.000316 b. 0.1007 c. 0.010 d. 0.0512
7. Round each number so that it is correct to five significant figures.
a X b. V5 c. V15 d.5.12%x321 e. 5. f. 5.15
2
8. Round each number so that it is correct to five significant figures.
a. 5.15 b. 11.72? c. %
L e. 2 3 f. 0.999999
13 7
9. Write each number so that it is correct to 5 significant figures.
a. 6.58129 b. 4.00001 c. 279+11 d. 0.0254 e. 0.0009136 f. 5.00001

Understanding

10. Write the value of 7 correct to 4, 5, 6 and 7 decimal places.

11. State whether each of the following numbers has more significant figures than decimal places.
a. 17.26 b. 0.0032 c. 1.06 d. 0.010005

12. State whether each statement is True or False.

a. Every surd is a rational number.

b. Every surd is an irrational number.
c. Every irrational number is a surd.
d. Every surd is a real number.

13. State whether each statement is True or False.

a. 7 is a rational number.

b. 7r is an irrational number.
c. 7 is asurd.

d. 7 is a real number.

14. State whether each statement is True or False.

a. 1.31 is a rational number.

b. 1.31 is an irrational number.
c. 1.31 is a surd.

d. 1.31 is a real number.

Reasoning

15. Write a decimal number that has 3 decimal places, but 4 significant figures. Show your working.

16. Explain why the number 12.995 412 3 becomes 13.00 when rounded to 2 decimal places.

': 4 1415926531

22
17. The rational numbers 3.1416 and 7 are both used as
approximations to 7.

a. Determine the largest number of decimal places

these numbers can be rounded to in order to give 7 ‘7 3 2 3 8 "' ‘ 3 & ;’

the same value. ‘ q’ 171
b. Explain which of these two numbers gives the best 3 2 5 g 4‘ 6 z e

=y
approximation to 7. 16 978

B
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Problem solving

18.

19.

20.

The area of a circle is calculated using the formula A = 77 X 12, where r is the radius of the circle. Pi () is
sometimes rounded to 2 decimal places to become 3.14. A particular circle has a radius of 7 cm.

a. Use 7 = 3.14 to calculate the area of the circle to 2 decimal places.

b. Use the 7 key on your calculator to calculate the area of the circle to 4 decimal places.

c. Round your answer for part b to 2 decimal places.

d. Are your answers for parts a and c different? Discuss why or why not.

The volume of a sphere (a ball shape) is calculated using the formula v = 4 X 7 X r°, where r is the radius of

the sphere. A beach ball with a radius of 25 cm is bouncing around the crowd at the MCG during the Boxing
Day Test.

a. Calculate the volume of the beach ball to 4 decimal places.
b. Calculate the volume to 4 decimal places and determine how many significant figures the result has.
c. Explain whether the calculated volume is a rational number.

In a large sample of written English there are about 7 vowels for every 11 consonants. The letter e accounts
for about one-third of the occurrence of vowels.

Explain how many times you would expect the letter e to occur in a passage of 100 000 letters. Round your
answer to the nearest 100.
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Bl Review of index laws

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e identify the base and the exponent of a number written in index (exponent) form
e recall the first three index laws
e use the first three index laws to simplify expressions involving exponents.

1.4.1 Index notation

e The product of factors can be written in a shorter form called index notation (also known as exponent
notation).

Index (exponent)

Base—>64 =6 X 6 X 6 X 6 <—Factor form

= 1296

e Any composite number can be written as a product of powers of prime factors using a factor tree, or by
other methods, such as repeated division.

100

AN
/\
/\

100=2%x2Xx5x%x5

= 22x 5?2

WORKED EXAMPLE 8 Using index notation to express a product of prime factors

Express 360 as a product of powers of prime factors using index notation.

THINK WRITE

1. Express 360 as a product of a factor pair. 360 =6x60

2. Further factorise 6 and 60. =2X3X4x15

3. Further factorise 4 and 15. They are both composite numbers. =2X3X2X2X3X5
4. There are no more composite numbers. =2X2X2X3X3X5
5. Write the answer using exponent notation. 360=23%x3%*x5

Note: The factors are generally expressed with their bases
written in ascending order.
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1.4.2 Multiplication using indices

* When multiplying terms with the same bases, add the indices. This is the First Index Law.
° When more than one base is involved, apply the First Index Law to each base separately.

The First Index Law

For example,
2&62 Xx3 — 2062+3 — sz

WORKED EXAMPLE 9 Simplifying an expression using the First Index Law

Simplify 5¢'° x 2¢°.

THINK WRITE

1. The order is not important when multiplying, so place the 5¢10 % 2¢3
coefficients first. =5x2xe!"xe?

2. Simplify by multiplying the coefficients and then applying = 10e

the First Index Law (add the indices). Write the answer.

WORKED EXAMPLE 10 Simplifying using the First Index Law on multiple bases

Simplify 7m*> x 3n° x 2m®n*.

THINK WRITE

1. The order is not important when multiplying, so place the Tm? X 3n° X 2m8n*
coefficients first and group all similar pronumerals together. =7x3X2xm>xmdxn xn*

2. Simplify by multiplying the coefficients and applying the =42m''n’

First Index Law (add the exponents). Write the answer.

1.4.3 Division using indices

e When dividing terms with the same bases, subtract the indices. This is the Second Index Law.
e When the coefficients do not divide evenly, simplify by cancelling.

The Second Index Law
a”"=a"=a"™" or
ﬂ =q" "
an
For example,
2x5
2x5;x3= = =2x5—3=2x2
: 3
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WORKED EXAMPLE 11 Simplifying using the Second Index Law

25v5 x 8w’
Simplify 2%
10v* x 4w’
THINK WRITE
2 6 9
1. Simplify the numerator and the denominator by multiplying o : X B -
the coefficients. 10v % ?Wg
_ 200v°w
40v+w?d
5200 5w
2. Simplify further by dividing the coefficients and applying the =~ X X—
Second Index Law (subtract the exponents). Write the answer. 52'{6 . voow
=5v°w

WORKED EXAMPLE 12 Simplifying using the Second Index Law with non-cancelling

coefficients

76 x 48
Simplify ——
12¢4
THINK WRITE
o o . 76 x 418
1. Simplify the numerator by multiplying the coefficients. “Df
t
_ 281!
12¢*
28 !
2. Simplity further by dividing the coefficients by the highest =—=X—
common factor. Then apply the Second Index Law (subtract 12 ¢
the exponents). Write the answer. _ E
3

1.4.4 Zero exponent
e Any number divided by itself is 1.

m
e This means that a_m =1.S0,d""m=a"=1.
a
e In general, any number (except zero) to the power of 0 is equal to 1. This is the Third Index Law.

The Third Index Law

a’=1,wherea#0

For example,
2=1
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WORKED EXAMPLE 13 Evaluating using the Third Index Law

Evaluate the following.

a. b. (xy)0 c. 17°

d. 5x° e. (5x)° +2 f. 5043

THINK WRITE

a. Apply the Third Index Law. a. '=1

b. Apply the Third Index Law. b. (xy)’=1

c. Apply the Third Index Law. c. 17°=1

d. Apply the Third Index Law. d. 5x9=5xx°
=5x1
=5

e. Apply the Third Index Law. e. 5x)°+2=1+2

=3
f. Apply the Third Index Law. f. 59+30=1+1
=2

WORKED EXAMPLE 14 Simplifying using the First and Third Index laws

9g7 x 4g*
Simplify > 5,
6g° x 2g%
THINK WRITE
9g" x 4g*
1. Simplify the numerator and the denominator by %
applying the First Index Law. 68" X 2g
36 gl 1
2. Simplify the fraction further by applying the = o
Second Index Law. 12¢
336611
1 el
3. Simplify by applying the Third Index Law. =3g"
=3x1

4. Write the answer. =

1.4.5 Cancelling fractions

3

¢ Consider the fraction - This fraction can be cancelled by dividing the denominator and the numerator by

X
3
. D X
the highest common factor (HCF), which is X3, 80 ==
x' x
3

Note: x_7 =x~* when we apply the Second Index Law.
X

We will study negative indices in a later section.
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DISCUSSION

How do the First, Second and Third Index laws help with calculations?

WORKED EXAMPLE 15 Using the first three Index laws to simplify expressions

Simplify these fractions by cancelling.

x° . 6x 30x5y°
a. — . — c.
x’ 1228 10x7y3
THINK WRITE
> 1
a. Divide the numerator and denominator by the a. x_7 =—
highest common factor (HCF), which is x°. s
.. . 6x 6 x
b. 1. Divide the numerator and denominator by the b. — =—X—
HCF, which is 6x. I
= — X —
2 X
L . 1
2. Simplify and write the answer. =—
2x
» , 30°y° 30 X0 H°
c. 1. Divide the numerator and denominator by the C. ——==—X—=X—=
HCE, which is 10x%y. 10x7y” 10 x*
31
=X—=X=—
1 2 1
3 3
2. Simplify and write the answer. = Lz
X
Exercise 1.4 Review of index laws learn
1.4 Quick quiz 1.4 Exercise
Individual pathways
B PRACTISE Bl CONSOLIDATE B MASTER
1,3, 6, 10, 13, 15, 19, 20, 21, 26 2,4,7,8,11, 18, 22, 23, 27, 28 5,9,12, 14,16, 17, 24, 25, 29, 30

Fluency

1. IEEA Use index notation to express each of the following as a product of powers of prime factors.
a. 12 b. 72 c. 75 d. 240 e. 640 f. 9800

2. IlEA Simplify each of the following.
a. 4p” x 5p* b. 2x* x 3x° c. 8y x 7y* d. 3px7p’ e. 128 x2x7t 1. 6> X q> X 5¢°
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10.

11.

12,

13.

14.

. IZ Simplify each of the following.
b. 4p3 x 2h" X b’ x p*

a. 2a* xX3a* x e x et

. Simplify each of the following.

b. 2ghx3g*h’
d. 8w X 3uw? X 2w

a. 2m?® x 5m? x 8m*
c. 5ptg* x 6p*q’

. Simplify each of the following.

a. 9Ydx v d® x 3y*d’

b. 7b3¢? X 2b%c* x 3b° 3

c. 4r2s% X 310512 x 2r85*

d. 10h'%2 x 2810 x 3p20y12

. IIZEM Simplify each of the following.
15p!? 189
a. 5 vy
. Simplify each of the following.
. loor® L 97
5¢9 q
. IlEAN Simplify each of the following.
N 8p° x 3p* 12b° x 4b?
16p° 18h%

. Simplify each of the following.

1278 x 6f> 5 8p3 X 7rr X 2s
8> x 3f2 C epx14r
IZEAM Evaluate the following.
a. m’ b. 6m°
Evaluate the following.
a. wix® b. 85°
Evaluate the following.
a. X_z b. x° — y0
y
IEZ Simplify each of the following.
2a’ x 6a° 3c® x 6¢°
a — b, ——
12a° 9¢?
Simplify each of the following.
. 2h* x 5k? PP xqt
" 2012 X K2 5p?

Understanding

(1]

c. 32 x 2k x k

d. 3*x3*x3*

15. IEIEHE Simplify each of the following by cancelling.

x! b, 1
a0 m’

4545 6067
c. d ——
542 20b
1304° p 211
& Co3f
25m'? x 4n’ 4 27x%y’
15m* X 8n T 1202
27a° X 18b° x 4¢? g 81f15 x25¢12 x 16h**
18a* x 12b* X 2¢ © 2779 x 158" x 12130
. (6m)° d. (ab)° e. 5(ab)°
. 850 +15° d.x%+1 e. 5x0—2
30411 d. 3a°+3p° e. 3(a® 4+ 0%
5b7 x 10b° 813 x 3f7 . 9k'2 x 40
25h"2 ©4f5 % 3f5 C 18K X k'8
m’ xn? 8u’ x v? 9x0 x 2y1?
P P — e ——
5m® x m* 2ud X 4ut 3y!0 x 3y?
m3 1240
c. —— _—
4m° 6x
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16. Simplify each of the following by cancelling.

128 b 24110 5y 35x%y10
a. — S c. —— d. ==
6x t 10y 20x"y
17. Simplify each of the following by cancelling.
a 12m*n* 16m°n'? 20x*y? d a*b*ct
. S — c. e
30m°n® 8m°n!? 10x5y* abh*c?

18. Calculate the value of each of the following expressions if a = 3.

a. 2a b. a* c. 24> d. a*+2 e. a*+2a f.a>—a

Reasoning

19. Explain why x? and 2x are not the same number. Use an example to illustrate your reasoning.

20. 3
a. 12(18b2c4(de)0f, when simplified, is equal to:
A. 12a8b%c* B. 12a%h’c*f C. 12a%b%f D. 12a%h?
6 27 ’ 27110 0 ol :
b. Ha b X — (3a“b'') +7a’b, when simplified, is equal to:
A. 7b B. 1+7b C. —1+7ab D. =1+7b
c. You are told that there is an error in the statement 3p’¢>r°s® = 3p’sS.
Explain what the left-hand side should be for this statement to be correct.
A. (3p7q3r556)0 B. (3p7)oq3r5s6 C. 3p7(q37556)0 D. 3p7(q3r5)056
21. ™
) ) 8f6g7h3 8f2
a. You are told that there is an error in the statement =—.
of'g’h &
Explain what the left-hand side should be for this statement to be correct.
87°(s7h)” (/)" 8(/ )"’ o, YW
. 07200 B. 0 C. 0 ’ (6f4 2h)0
(©)"f"g"(h) (6/%g%h) (6r%) g*h g
7,28
b. Select what —— 1" js equal to.
4k™ (m®n)
8 2,8
A. 6 B. 3 C. 3n® D. 3m°n
4 2 2 2

22, Explain why 5x° X 3x? is not equal to 15x'°.

23. A multiple-choice question requires a student to multiply 5° by 5°. The student is having trouble deciding
which of these four answers is correct: 5'3, 52, 2518 or 25°.
a. State the correct answer.
b. Explain your answer by using another example to explain the First Index Law.

24. A multiple-choice question requires a student to divide 5** by 5. The student is having trouble deciding
which of these four answers is correct: 5!, 53, 11¢ or 13.

a. Determine the correct answer.
b. Explain your answer by using another example to explain the Second Index Law.
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7
25. a. Calculate the value of 5—7

b. Determine the value of any number divided by itself.
7
c. According to the Second Index Law, which deals with exponents and division, 2—7 should equal 5 raised to

what exponent?

d. Use an example to explain the Third Index Law.

Problem solving

26. Answer the following questions.

a. For x’x® = x'° to be true, determine what number must replace the triangle.

b. For x*x%x° = x'? to be true, there are 55 ways of assigning positive whole numbers to the triangle, circle,
and diamond. Give at least four of these.
27. Answer the following questions.
a. Determine a pattern in the units digit for powers of 3.
b. The units digit of 3° is 9. Determine the units digit of 32%!,
28. Answer the following questions.
a. Determine a pattern in the units digit for powers of 4.
b. Determine the units digit of 4'%°,
29. Answer the following questions.

a. Investigate the patterns in the units digit for powers of 2 to 9.
b. Predict the units digit for the following.
i 2% ii. 31 iii. 8!

30. Write 4"+! 4+ 4"*1 ag a single power of 2.
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IR K] Raising powers

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e apply the Fourth, Fifth and Sixth index laws to raise a power to another power
e apply the first six index laws to simplify expressions involving indices.

1.5.1 More index laws

e When a power is raised to another power the indices are multiplied. This is the Fourth Index Law.
e The Fourth Index Law can then be applied to products and quotients of mixed bases to develop the Fifth
and Sixth Index laws.

The Fourth Index Law
(am)n — am><n
For example, (x2)’ =x2%3 = 6

The Fifth Index Law

(@ x b)"=a" xb™

For example, (2x)° =23 x x3 = 8x3

The Sixth Index Law
a\" a"
()=
2
4 42 2
For example, <_x> I _ 4x?
2 =

WORKED EXAMPLE 16 Simplifying using the Fourth Index Law

Simplify the following.

a. (7% b. 3a%°)’
THINK WRITE
a. Simplify by applying the Fourth Index Law a. (74)8
(multiply the indices). =
— 732
b. 1. Write the expression, including all indices. b. 3'a2p%)’

2. Simplify by applying the Fourth Index Law = 31342353
(multiply the indices) for each term inside the =3%abp"3
brackets.

3. Write the answer. =27a5p"
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WORKED EXAMPLE 17 Simplifying using the Fifth Index Law

Simplify (26°)” x (5b)".
THINK

1. Write the expression, including all indices.

2. Simplify by applying the Fifth Index Law.

3. Calculate the number values and bring them
to the front. Then use the First Index Law to
simplify the powers of b.

4, Write the answer.

WRITE

(2'6%) % (5' ')’

= 2IX2 p5X2 v 51X3 p1x3

= 22xb'0%53x b3
=4x125x b'0+3

=500b"3

WORKED EXAMPLE 18 Simplifying using the Sixth Index Law

5 3
Simplify <£> .
d2

THINK

1. Write the expression, including all indices.

WRITE

2145 ’
()

21x3 ;53
2. Simplify by applying the Sixth Index Law for each term ==
inside the brackets. 3d 15
_2a
==
8 alS
3. Simplify and then write the answer. = pe
Tl | THINK WRITE CASIO | THINK WRITE

In a new problem, on a

Calculator page, complete (2 ,s)l oal®

3

. 24°
the entry line as: | —
d 2

Press ENTER.

46

On the Main screen
complete the entry line

24° ’
-(2)

Press EXE.

© Edit Action Interactive
S o [afsw] B[ [

, 2.613

4]
a2
8.215
a8
o
i _ (v}
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DISCUSSION

What difference, if any, is there between the operation of the index laws on numeric terms compared with

similar operations on algebraic terms?

Exercise 1.5 Raising powers

1.5 Quick quiz

Individual pathways

B PRACTISE
1,3,7,9,14, 15,20

B CONSOLIDATE
2,5,8,10,12, 16, 17, 21

Fluency
1. I Simplify each of the following.
a. (&2’ b. (f%)"° c. (™)
2. Simplify each of the following.
a. (@b’ b. (pg°) c. (3"
3. Simplify each of the following.
a. (0" X (g%’ b. (%)’ X (W3’ c. (%) x(®)°
4. Simplify each of the following.
a (@' X b ) XA o (' x (@

5. IIZEN Simplify each of the following.

3p <5h’° >2
b. | —
22

(%)

6. Simplify each of the following.
5 75\ 3 3\ 4
a <L> b. <4_)
313 765

Understanding
7. Simplify each of the following.

(2]

e

2%\’
(%)

(

—4i>

3
Tm® >

learn

1.5 Exercise

B MASTER
4,6,11,13, 18,19, 22, 23

d. (1" e. (22)°

d. G’ e. (165°2¢%’
d. 9’ x (g4’ e. 2a)° x (b?)
d. () x ) e. ) x ()’

2

(&)
)

—2g7

d. YA

a. 25 x @2 b. ) x )" c. (@’ x (@’ d. (€)* x (&%)’
8. Simplify each of the following.

a. (g7) x (%) b. (3a%) x (2a%) c. 2d")’ x 3’ d. (102)" x 2%
9. I (p")" = p? is equal to:

A p’ B. p2 c. p'6 D. p*3
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W’ x @7y’

10. I > < is equal to:
W) X @)
A. w?pb B. (wp)6 C. wh4p3® D. w?p?
11. [ (r6)3 = (r4)2 is equal to:
AP B. r* c.rm D. r1°
12. Simplify each of the following.
a. () + (@’ b. (m®) +(m¥)’ c. (%) + ()’
5 2 3 2 2 2
d. (6% =% e (f) =(f? . (g% (&)
13. Simplify each of the following.
3 3 4 2 ()’
a. (p°) = (%) b. ) + () c. —
5
()
3 10 3
(f) (k) (28
. " e. 8 f. 02
f9 (k%) @)
Reasoning
14. a. Replace the triangle with the correct exponent for the equation 47 x 47 x 47 x 47 x 47 = @,
b. The expression (p° )6 means to write p> as a factor how many times?
c. If you rewrote the expression from part b without any exponents, in the format p X p X p..., determine
how many factors you would need.
d. Explain the Fourth Index Law.
15. a. Simplify each of the following.
i (=" ii. (=1) iii. (=" iv. (—=1)°
b. Write a general rule for the result obtained when —1 is raised to a positive power. Explain your answer.
16. Jo and Danni are having an algebra argument. Jo is sure that —x? is equivalent to (—x?), but Danni thinks
otherwise.
Explain who is correct and justify your answer.
17. A multiple-choice question requires a student to calculate (54)3. The student is having trouble deciding
which of these three answers is correct: 5%, 5'% or 57.
a. Determine the correct answer.
b. Explain your answer by using another example to illustrate the Fourth Index Law.
18. a. Without using your calculator, simplify each side of the following equations to the same base and then
solve each of them.
i. =32
ii. 277=243
iii. 1000* = 100000
b. Explain why all 3 equations have the same solution.
19. Consider the expression 47, Identify which is the correct answer, 4096 or 262 144. Justify your choice.
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Problem solving

20. The diameter of a typical atom is so small that it would take about 10® atoms
arranged in a line to reach a length of just 1 centimetre.
Estimate how many atoms are contained in a cubic centimetre. Write this
number as a power of 10.

21. Writing a base as a power itself can be used as a way to simplify an
expression. Copy and complete the following calculations.
1 1

1 2 2
a. 162=(4%)2 = b. 3433 =(7%)3 =

22. Simplify the following using index laws.

1 4 _2
a. 83 b. 273 c. 125 3
2 -1 -1
d. 5129 e. 16 2 f.4 2
1 1
g.32'5 h. 49 2
23. a. Use the index laws to simplify the following.
1 1 1 1
i. (3%)2 ii. (4%)2 iii. (82)2 iv. (11%2)2
b. Use your answers from part a to calculate the value of the following.
1 1 1 1
i. 92 ii. 162 iii. 642 iv. 1212
c. Use your answers to parts a and b to write a sentence describing what happens when you raise a number

to a power of one-half.

IL'RK] Negative indices

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e apply the Seventh Index Law to evaluate expressions using negative indices
e apply the first seven index laws to simplify expressions involving indices.

1.6.1 The Seventh Index Law

e Negative indices occur when the power (or exponent) is a negative number.
For example, 372,

¢ To explain the meaning or value of negative exponents it is useful to consider patterns of numbers written
in exponent form.

1
For example, in the sequence 10* = 10000, 10° = 1000, 10> =100, 10" = 10, 10° = 1 each number is o of

the number before it.
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Powers decrease by 1

e It is logical, then, that the next numbers in this sequence are:

1 1 1 1
107'=—,1072=—, 10 3= —, 1074 = ——
10 100 1000 10000
Powers decrease by 1
/\/_\/_\/\
10° 107! 102 103 10
: T T T T
10 100 1000 10000
1 0.1 0.01 0.001 0.0001
\/\/\_/\/
1 1 1 1
*3 X3 %3 X3

e When the base is 10, the negative indices show the relationship between the exponent and the decimal place
value. For example, 102 means two place values to the right of the decimal.

The Seventh Index Law

a=

1
—, wherea=0
an

1
-3_ - _
For example, 27° = pe

R | =
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WORKED EXAMPLE 19 Evaluating using the Seventh Index Law

Evaluate the following. ;
3\~
a. 107 b. 771 c. (->
5
THINK WRITE
a. 1. Apply the rule a™" = i a. 1073 = L
a’ 103
2. Simplify and write the answer. = or 0.001
_ 1 1
b. Apply therulea™ = —. b. 77 = —
a’ 7!
.y
7
a\" am 3! 3-1
c. 1. Apply the Sixth Index Law, | — | =—. c. |—)=—
PPy <b> b <51> 51
_ 1 1 1
2. Apply the Seventh Index Law, a™" = —, to the numerator = B = =
a
and denominator.
1
3. Simplify and write the answer. = 3 X ?
2
3

WORKED EXAMPLE 20 Writing with positive indices

Write the following with positive indices.

a. x3 b. 5x~6 c. x_2
=
THINK WRITE
1 1
a. Apply the Seventh Index Law, a™" = —. a. x 3 =—
a’ x3
b. 1. Write in expanded form and then apply the Seventh b. 5x 6=5xx°
Index Law, a™" = —. =5% l
a’ r
2. Simplify and write the answer. ==
X
-3
c. 1. Write the fraction using division. c. XTZ =x3+y?
y
_ 1 1
2. Apply the Seventh Index Law, a™" = —. ===
a’ X3 y2
1y
3. Simplify and write the answer. ==X 0
X
_Y
i)
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WORKED EXAMPLE 21 Simplifying products of powers with positive and negative

exponents

Simplify the following expressions, writing your answers with positive exponents.

a. xdxx8 b. 3x~2y~3 x 5xy~*
THINK WRITE
a. 1. Apply the First Index Law a" X @™ = a™*". a. X xx 8=x"*"8
= x—5
. . o 1
2. Write the answer with a positive exponent. =
X

b. 1. Write in expanded form and apply the First Index Law. b. 3x72y 73 x Sxy~*
=3x5xx2xx' xy 3 xy™?

2. Apply the rule a™" = in =15x""1y~’
a
LI
1 x

_Is

Xy7

3. Simplify and write the answer.

WORKED EXAMPLE 22 Simplifying quotients of powers with positive and negative

exponents

Simplify the following expressions, writing your answers with positive exponents.

15m=3
a. — .
S 10m=2
THINK WRITE
a" r
a. Apply the Second Index Law, — =a"~". a. — =1~
a P pes
= t7

b. 1. Apply the Second Index Law and simplify.

2. Write the answer with positive indices. =—

DISCUSSION

What strategy will you use to remember the index laws?
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Exercise 1.6  Negative indices

1.6 Quick quiz

Individual pathways

B PRACTISE Bl CONSOLIDATE

1,2,5,8,11,14,17, 21

Fluency

1.6 Exercise

3,6,9,12,15,18, 19, 22

B MASTER

learn

4,7,10, 13, 16, 20, 23, 24

1. Copy and complete the following patterns.

a. 3°=243 b. 5* =625 c. 10*=10 000
3*=81 33 = 103 =
3¥3=27 52 = 102 =
32 = 5!= 10! =
3= 50 = 10° =
30= 571 = 107! =
31=1 57= 1072 =

i 573 = 1073 =
372=—
9 574 = 1074 =
3-3 =
34—
3-5—
. B Evaluate each of the following expressions.
a. 273 b. 373 c. 471 d. 1072
. Evaluate each of the following expressions.

32

-1
a. 573 b. <l>
7

. Evaluate each of the following expressions.

-(5) - (3)

. Il Write each expression with positive exponents.

a. x4 b. y=3 e

. Write each expression with positive indices.

2
a. (mZnS)_1 b. xTz Cc. %
y X

. Write each expression with positive indices.

a*b?

27-3 -4
a. a*b™ cd b.
c2d-3

c. 10x72%y
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Understanding
8. WM Simplify the following expressions, writing your answers with positive exponents.
a. a’xa® b. m’ xm™2 c.m3xm™  d. 2x7?x7Tx e. 2b72x3b* f. ab™d x5b*
9. Simplify the following expressions, writing your answers with positive indices.

a. x> xx78 b. 3x?y~*x2x7 Ty c. 10x3 x 5x72
d. X xx7° e. 10a®> x 5a7 f. 10a'0 xa=®

10. Simplify the following expressions, writing your answers with positive indices.

a. 16w? x —2w™> b. 4m=2 X 4m=?2 c. (?amzn_“)3
d (a2p%)7 e. (a=1b73)7" f. (5a=1)°
11. N2 Simplify the following expressions, writing your answers with positive exponents.
a © b x"3 c i d ﬁ e 6ac”
a8 S8 Ty T x8 C dte
12. Simplify the following expressions, writing your answers with positive indices.
516 218 37,3
a. 10a®> = 54° b. 5m’ +m® c. ab” 4 b e. 2 be
a’b’ a’b!? abc
13. Simplify the following expressions, writing your answers with positive exponents.
a1
4=2ab m=3xm™> 212 X 3173 £xt (m*n=3)
a. b. —— c. —— — e. ————
a’b m=> 4 2xe? (m_2n3)2
14. Write the following numbers as powers of 2.
1 1
a. 1 b. 8 c. 32 d. 64 e. — f. —
8 32
15. Write the following numbers as powers of 4.
a. 1 b. 4 c. 64 d.l e L f.i
4 16 64
16. Write the following numbers as powers of 10.
a. 1 b. 10 c. 10000 d. 0.1 e. 0.01 f. 0.00001

Reasoning

17. Answer the following questions.

a. The result of dividing 37 by 33 is 3*. Determine the result of dividing 3 by 37.
b. Explain what it means to have a negative exponent.
c. Explain how you write a negative exponent as a positive exponent.

18. Indices are encountered in science, where they help to deal with very small and large numbers. The diameter
of a proton is 0.000 000 000 000 3 cm.
Explain why it is logical to express this number in scientific notation as 3 x 10713

19. Answer the following questions.
a. When asked to write an expression with positive indices that is equivalent to x*> +x~3, a student gave the
answer x°. Is this answer correct?
Explain why or why not.
b. When asked to write an expression with positive exponents that is equivalent to (x_l +y~! )_2, a student
gave the answer x> + y2. Is this answer correct?
Explain why or why not.
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20. Answer the following questions.

a. When asked to write an expression with positive indices that is equivalent to x* — x>, a student gave the
answer x°>. Is this answer correct?

Explain why or why not.

)C2

. . 1 1 . .
is equivalent to — — —.. Is this answer correct? Explain why or
K- PO

b. Another student said that

why not.

Problem solving

21. Write the following numbers as basic numerals.

a. 4.8 x 1072 b. 7.6 X 10° c. 29x107* d. 8.1 x 10°
22. Determine the value of n in the following expressions.

a. 4793 =4.793 x 10" b. 0.631=6.31x10" c. 134=1.34%x10" d. 0.00056 =5.6 x 10"
23. Evaluate the following.

a. Half of 2%° b. One-third of 3%!
24. Simplify the following expressions.

a (2714+371)”" b,

" 6200

TEN)ER Scientific notation

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e identify numbers that are written in scientific notation
e write numbers in scientific notation as decimal numbers
e write decimal numbers using scientific notation.

1.7.1  Using scientific notation

e Scientists often work with extremely large and extremely small numbers. These can range from numbers as
large as 1 000 000 000 000 000 000 km (the approximate diameter of our galaxy) down to numbers as small
as 0.000 000 000 06 mm (the diameter of an atom).

e Doing calculations with numbers written this way can be challenging — it can be easy to lose track of all
of those zeros.

e Itis more useful in these situations to use a notation system based on powers of 10. This system is called
scientific notation (or standard form).

¢ A number written in scientific notation looks like this:

5.316 x 10?

A number between X A power of 10
1 and 10
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Using a calculator for scientific notation

e Numbers written in scientific notation can be entered
into a calculator using its scientific notation buttons.

e Some calculators have different ways of displaying
numbers written in scientific notation.
For example, some calculators display 5.71 x 10* as
5.71EA4.

* When you are writing down scientific notation
yourself, you should always show this number as
5.71 x 10%,

Writing any number in scientific notation

1. Move the decimal point so that it is between the first and second significant figures.

2. Consider how many places the decimal point has moved — this number of places corresponds to
the appropriate power of 10.

3. If the decimal point has moved to the left, the power of 10 will have a positive exponent or index
(this happens with very large numbers).

4. If the decimal point has moved to the right, the power of 10 will have a negative exponent or index
(this happens with very small numbers).

WORKED EXAMPLE 23 Writing decimal numbers in scientific notation

Write each of these numbers in scientific notation.

a. 827.2 b. 51920000000

c. 0.0051 d. 0.000000 007 648
THINK WRITE
a. 1. The numerical part must be written so it is a number a.

8272
between 1 and 10. This means we must move the i

decimal point 2 steps to the left. Weeinel icnonies 2 sizjpe it

8.272 x 10°
2. Moving the decimal point 2 steps left corresponds to the

power 102

Note that the number of steps moved is equal to

the exponent.

b. 1. Even though the decimal point is not written, we know that b. 5.192 x 10'°
it lies after the final zero.

2. To get a number between 1 and 10 we move the decimal
10 steps to the left. The corresponding power will be 10'°.

c. To get a number between 1 and 10 we must move the decimal c. 5.1 x 1073
point 3 steps to the right. This corresponds to the power 1073,
Note that moving to the right gives a negative exponent.

d. To get a number between 1 and 10 we must move the decimal d. 7.648 x 107
point 9 steps to the right. This corresponds to the power 10~°.
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1.7.2 Converting scientific notation to decimal notation

e Converting scientific notation to decimal notation is simply the reverse of the process outlined in
section 1.7.1.

WORKED EXAMPLE 24 Converting scientific notation with positive indices to decimals

The following numbers are written in scientific notation. Write them in decimal notation.

a. 7.136 x 107 b. 5.017 x 10° c. 8x10°
THINK WRITE
a. The exponent on the power of 10 is positive 2, therefore we a. 7.136 x10>= 713.6

move the decimal point 2 steps to the right.

b. The exponent on the power of 10 is positive 5, therefore we b. 5.017 x10°= 501 700
move the decimal point 5 steps to the right. To do this we will
need to add extra zeros.

c. The exponent on the power of 10 is positive 6, therefore we c. 8 x 10°=8000000
move the decimal point 6 steps to the right. While the decimal
point has not been written as part of the scientific notation, we
know it lies after the 8. We will need to add extra zeros.

WORKED EXAMPLE 25 Converting scientific notation with negative indices to decimals

Write these numbers in decimal notation.

a. 9.12x 107" b. 7.385x 1072 c. 6.32x1077
THINK WRITE
a. The exponent on the power of 10 is negative 1, therefore we a. 9.12 x1071'= 0.912

move the decimal point 1 step to the left.

b. The exponent on the power of 10 is negative 2, therefore we b. 7.3857 x 1072 = 0.073 857
move the decimal point 2 steps to the left. To do this we will
need to add extra zeros.

c. The exponent on the power of 10 is negative 7, therefore we c. 6.32 x 1077 =0.000000 632
move the decimal point 7 steps to the left. To do this we will
need to add extra zeros.

WORKED EXAMPLE 26 Representing decimals in exponential form

Write these numbers in exponential form.

a. 0.475 b. 0.03 c. 0.00023
THINK WRITE
. . . 4 7 5
a. 1. Write 0.475 in expanded fraction form. a. 0475=—+ —+ —
10 100 1000
2. Express the expanded from in the exponential =4x107'+7x10724+5%x 1073
form.

36 Jacaranda Maths Quest 9



0 3

b. 1. Write 0.03 in expanded fraction form. b. 0.03=—+ —
10 100
2. Express the expanded fraction from in the =3x1072
exponential form.
. . 0 0 0
c. 1. Write 0.00023 in expanded form. c. 0.00023= —+ —+ ——
10 100 1000
2 3
+
10000 100000
2. Express the expanded from in the exponential =2x107*+3x 107
form.

Metric prefixes for SI units

The following prefixes allow us to describe tiny numbers as well as incredibly large numbers of units

succinctly.
Symbol m Multiplication Factor

T tera 102 | 1000000 000 000
giga 10° | 1000000 000
mega 10° | 1000000

kilo 10° | 1000

hecto | 10> | 100

da | deka | 10' | 10

deci 1071 | 0.1

c centi 102 | 0.01

milli 1073 | 0.001

micro | 10~¢ | 0.000 001

nano | 10~° | 0.000 000 001
pico 10712 | 0.000 000 000 001

== 2@

=7

= |3 | | B

For example, 1 pico-gram = 1012 gram and 1 terabyte = 10'* bytes

TOPIC 1 Number skills and index laws 37



Exercise 1.7 Scientific notation

learn

1.7 Quick quiz 1.7 Exercise

Individual pathways

B PRACTISE Bl CONSOLIDATE B MASTER
1,4,6,7,10, 13, 14,19, 23 2,5,8,11, 15, 16, 20, 24 3,9,12,17, 18, 21, 22, 25, 26
Fluency

1.

10.

11.

12.

IF=Z=0 Write these numbers in scientific notation.
a. 5000 b. 431 c. 38

. Write these numbers in decimal notation.

a. 1x10° b. 3.92673 x 10? c. 5911 x 107

. Write these numbers in decimal notation.

a. 7.34x 10° b. 7.1414 x 10° c. 3.51x10

. =28 Write these numbers in decimal notation.

a. 6.14x 10? b. 6.14 x 10° c. 6.14x 10*

. Write these numbers in scientific notation.

a. 72.5 b. 725 c. 7250

. Write these numbers in scientific notation, correct to 4 significant figures.

a. 43.792 b. 5317 c. 258.95 d. 110.11

. [IlZ3A Write these numbers in decimal notation.

a. 2x 107! b. 4x 1073 c. 7x10™*

. Write these numbers in decimal notation.

a. 8.273x 1072 b. 7.295x 1072 c. 2.9142x 1073

. Write these numbers in decimal notation.

a. 5.29x 1074 b. 3.3333x 1073 c. 2.625x 1077

Write these numbers in scientific notation.

d. 350000

d. 5.1x10°

d. 8.05x 10*

d. 3.518 x 10?

d. 725000 000

e. 1632000 f. 1 million

d. 3x 1072

d. 3.753x 1073

d. 1.273x 1071

a. 0.7 b. 0.005 c. 0.000000 3 d. 0.000 000 00001
ZZ Write these numbers in exponential form.

a. 0.231 b. 0.003 62 c. 0.0007 d. 0.063

Write these numbers in scientific notation, correct to 3 significant figures.

a. 0.006731 b. 0.14257 c. 0.000068 3

d. 0.000 000005 12 e. 0.0509 f. 0.01246

Understanding

13.

38

Write each of the following sets of numbers in ascending order.

a. 8.31x 102, 3.27x10%, 9.718 x 102, 5.27 x 10?
b. 7.95x 102, 4.09 x 102, 7.943 x 10%, 4.37 x 10?
c. 531%x1072,9.29%1073,5.251 x 1072, 2.7x 1073
d. 8.31x10%, 3.27x 10, 7.13x 1072, 2.7%x 1073
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14. One carbon atom weighs 1.994 x 10723 g,

a. Write this weight as a decimal.

b. Calculate how much one million carbon atoms will weigh.

c. Calculate how many carbon atoms there are in 10 g of
carbon. Give your answer correct to 4 significant figures.

15. The distance from Earth to the Moon is approximately
3.844 x 10° km. If you could drive there at a constant speed of
100 km/h, calculate how long it would take. Determine how
long that is in days, correct to 2 decimal places.

16. Earth weighs 5.97 x 10%* kg and the Sun weighs 1.99 x 10’ kg. Calculate how many Earths it would take to
balance the Sun’s weight. Give your answer correct to 2 decimal places.

17. Inside the nucleus of an atom, a proton weighs 1.6703 x 10728 kg and a neutron weighs 1.6726 x 107" kg.
Determine which one is heavier and by how much.

18. Earth’s orbit has a radius of 7.5 X 107 km and the orbit of Venus has a radius of 5.4 X 107 km.

Calculate how far apart the planets are when:

a. they are closest to each other
b. they are furthest apart from each other.

Reasoning
19. A USB stick has 8 MB (megabytes) of storage.
1 MB =1 048 576 bytes.

a. Determine the number of bytes in 8 MB of storage correct
to the nearest 1000.
b. Write the answer to part a in scientific notation.

20. The basic unit of electric current is the ampere. It is defined as the constant current flowing in 2 parallel
conductors 1 metre apart in a vacuum, which produces a force between the conductors of 2 X 107 newtons

(N) per metre.
Complete the following statement. Write the answer as a decimal.
1 ampere =2 X 10" N/m = N/m

21. a. Without performing the calculation, state the power(s) of 10 that you believe the following equations will
have when solved.
i. 5.36x107+2.95%x10° ii. 5.36x107-2.95%10°
b. Evaluate equations i and ii, correct to 3 significant figures.
c. Were your answers to part a correct? Why or why not?

22, Explain why 2.39 x 1073 4+ 8.75x 1077 =2.39 x 1073, correct to 3 significant figures.
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Problem solving

23. Distance is equal to speed multiplied by time. If we travelled at 100 km/h it would take us approximately
0.44 years to reach the Moon, 89.6 years to reach Mars, 1460 years to reach Saturn and 6590 years to
reach Pluto.

a. Assuming that there are 365 days in a year, calculate the distance (as a basic numeral) between Earth and:
i. the Moon ii. Mars iii. Saturn iv. Pluto.

b. Write your answers to part a, correct to 3 significant figures.
c. Write your answers to part a using scientific notation, correct to 3 significant figures.

24. A light-year is the distance that light travels in one year. Light travels at approximately 300 000 km/s.
a. i. Calculate the number of seconds in a year (assuming 1 year = 365 days).
ii. Write your answer to part i using scientific notation.
b. Calculate the distance travelled by light in one

year. Express your answer:
i. as a basic numeral

ii. using scientific notation.

c. The closest star to Earth (other than the Sun) is in
the star system Alpha Centauri, which is

4.3 light-years away. Alpha Centauri
i. Determine how far this is in kilometres, correct

to 4 significant figures.

ii. If you were travelling at 100 km/h, determine
how many years it would take to reach Alpha
Centauri.

25. Scientists used Earth’s gravitational pull on nearby celestial bodies (for example, the Moon) to calculate the
mass of Earth. Their answer was that Earth weighs approximately 5.972 sextillion metric tonnes.

a. Write 5.972 sextillion using scientific notation.
b. Determine how many significant figures this number has.

26. Atoms are made up of smaller particles called protons, neutrons and electrons. Electrons have a mass of
9.109 381 88 x 10~3! kilograms, correct to 9 significant figures.

a. Write the mass of an electron correct to 5 significant
figures.

b. Protons and neutrons are the same size. They are both
1836 times the size of an electron. Use the mass of
an electron (correct to 9 significant figures) and your
calculator to evaluate the mass of a proton correct to
5 significant figures.

c. Use the mass of an electron (correct to 3 significant
figures) to calculate the mass of a proton, correct to
5 significant figures.

d. Explain why it is important to work with the original
amounts and then round to the specified number of
significant figures at the end of a calculation.

O Proton
o Neutron

O Electron
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TIRE] Square roots and cube roots

LEARNING INTENTIONS

At the end of this lesson you should be able to:

e write square and cube roots using the radical symbol
e use fractional indices to represent square roots and cube roots
e simplify expressions that use square roots and cube roots.

1.8.1  Square roots

The symbol \/_ (the radical symbol) means ‘square root” — a
number that multiplies by itself to give the original number.
Every number actually has a positive and negative square root.
For example, (2)2 =4 and (—2)2 =4.

This means that the square root of 4 is +2 or —2. For this topic,
however, assume that \/_ is positive unless otherwise indicated.
A square root is the inverse of squaring (raising to the power 2).

Because of this, a square root of a number is equivalent to raising
that number to an exponent of %

1
In general, \/E =q2.

WORKED EXAMPLE 27 Evaluating square roots

Evaluate 1/16p2.

THINK

1.

We need to work out the square root of both 16 and p?.

Remember that 4 is multiplied by itself to give 16, so the square
root of 16 is 4. For the square root of the pronumeral, replace the
square root sign with a power of %

Use the Fourth Index Law.

Simplify and write the answer.

WRITE
1
=4x (p2)2
=4Xp2><2
—4><p1
=4p

1.8.2 Cube roots

e The symbol \3/' means ‘cube root’” — a number that multiplies by itself 3 times to give the original number.

°

The cube root is the inverse of cubing (raising to the power 3).

. . . .. 1
Because of this, a cube root is equivalent to raising a number to an exponent of 3

1
In general, \3/5 =a3.

n
In more general terms, am = \/a".
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WORKED EXAMPLE 28 Evaluating cube roots

Evaluate \3/ 8

THINK WRITE

1. We need to work out the cube root of both 8 and ;. \3/ 8j6 = \3/§ X \3//_6
1

2. Remember that 2 multiplied by itself 3 times gives 8, =2X ( j 6) B

so the cube root of 8 is 2. For the cube root of the

pronumeral, replace the cube root sign with a power of o

1
3. Use the Fourth Index Law. =2Xj 03

=2 Xj 2
4. Simplify and write the answer. =252
DISCUSSION

Why does the cube root of a number always have the same sign (positive or negative) as the number itself?

Exercise 1.8  Square roots and cube roots learn

1.8 Quick quiz 1.8 Exercise

Individual pathways

B PRACTISE Bl CONSOLIDATE B MASTER
1,4,7,10, 14 2,5,8,11, 15, 16 3,6,9,12,13,17
Fluency

1. Write the following in exponent form.
a. V15 b. ﬁ c. \3/; d. Vw2

2. Evaluate the following.
1 1 1
a. 492 b. 42 c. 273 d. 1253

3. Evaluate the following.

1 1
a. 10003 b. 642 c. 643

1 1 1\ 2
d. 1 000 0002 e. 1 000 0003 f. <27§>

Understanding
4. 224 Simplify the following expressions.

a. \/ﬁ b. \3/5 c. V364 d. \3/m3n6
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. Simplify the following expressions.
a. V12516 b. §/x5y10 c. Vasm* d. v/216y°
. Simplify the following expressions.
a. {/64x6y6 b. V/25a2b*c c. Vb® d. Vb3 x Vb*

. =3 I /8000m0n3p3 40 is equal to:
A. 2666.6m’npg* B. 20m’npq® C. 20m*n°p°g? D. 7997m*npq*

. I V/3375a%b5¢3 is equal to:

A. 1125a°b3¢c B. 1125a°h3c° C. 1123403 D. 1543b?*c

. I /15 62573g6h° is equal to:

A. 25fg%h3 B. 25f0g3h C. 25¢%h° D. 5208.3fg*h’

Reasoning

10

11

12

13

. Answer the following questions.

11
a. Using the First Index Law, explain how 32 x 32 =3,

1
b. Express 32 in another way.

c. Write {/a in exponent form.

1
d. Without a calculator, evaluate 83.

. Answer the following questions.

a. Explain why calculating 7% is a square root problem.
b. Explain whether z* is a cube root problem.

. Prithvi and Yasmin are having an algebra argument. Prithvi is sure that 1/x2 is equivalent to x, but Yasmin
thinks otherwise. State who is correct.
Explain how you would resolve this disagreement.

1 1
. Verify that (—8)3 can be evaluated and explain why (—8)% cannot be evaluated.

Problem solving

14

15.

16.

17.

. The British mathematician Augustus de Morgan enjoyed telling his friends that he was x years old in the
year x°. Determine the year of Augustus de Morgan’s birth, given that he died in 1871.
Kepler’s Third Law describes the relationship between the distance of planets from the Sun and their orbital

11
periods. It is represented by the equation d2 =13. Solve for:

a. d in terms of ¢ b. tin terms of d.
3 8
If n4 = E, evaluate the value of n.

An unknown number is multiplied by 4 and then has 5 subtracted from it. It is now equal to the square root
of the original unknown number, squared.

a. Determine how many solutions to this problem are possible. Explain why.
b. Determine all possible values for the unknown number.
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Surds (extending)

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e identify when a square root forms a surd
e place surds in their approximate position on a number line
 simplify expressions containing surds.

1.9.1 Identifying surds

e In many cases the square root or cube root of a number results in a rational number.

For example, V/25=+5 and v/1.728 =1.2.
e When the square root of a number is an irrational number, it is called a surd.

e For example, /10~ 3.162 277 660 17 ... Since 1/ 10 cannot be written as a fraction, a recurring decimal or
a terminating decimal, it is irrational and therefore it is a surd.
e The value of a surd can be approximated using a number line.

For example, we know that 4/21 lies between 4 and 5, because it lies between 4/ 16 (which equals 4) and

V25 (which equals 5).
We can show its approximate position on the number line like this:

0

3 4 5 6 7

21
(approximately)

e Geometric constructions can be used to locate rational numbers and square root on a number line.

For example, \/E is located at the intersection of an arc and the number line, where the radius of the arc is
the length of the diagonal of a one-unit square.

WORKED EXAMPLE 29 Locating the square root on a number line

Represent \/E on the number line.

THINK WRITE/ DRAW
1. Start with a horizontal number line from O to 2. (') i é
2. Extend a vertical number line up from the origin. YA
9
14
01 3 *
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. Draw in a unit square with its lower left corner at the
origin. All sides of the unit square are
1 unit.

. Draw a diagonal of the unit square from the origin, O
to the opposite corner, B.

. Apply the Pythagoras theorem to determine the length
of the side OB:
OB? = OA® + AB?

. Now to locate \/5 accurately on the number line,
draw an arc with its centre at the origin, O and its

radius (diagonal) of \/5 using a compass.

. Label \/5 at the intersections of the arc on both the
horizontal and vertical number lines.

YA
2_
| 1
1

< N
YA
5
1 ,B

// 1
o/ 1A é £

OB? = OA? + AB?
=12+1°
=2

0B=12

The length of the diagonal is \/5
YA

2 -

~

V2.

7
v, |\
|1
7

‘ d, o~

v vz °

\/5 is located at the intersection of an arc
and the number line, where the radius of the
arc is the length of the diagonal of a one-unit
square.
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WORKED EXAMPLE 30 Identifying surds

Identify which of the following are surds.

a. \/6 b. \/ﬁ
C. —\/6 d. \3/3

THINK WRITE

a. \/6 =0. This is a rational number and therefore not a. \/6 = 0. This is not a surd.
a surd.

b. v/20~4.472 135955 ... This is an irrational number b. 1/20is a surd.
and therefore a surd.

c. —V/9=—3. This is a rational number and therefore c. —\/9=-3. This is not a surd.
not a surd.

d. V6~ 1.817 12059283 ... This is an irrational number d. v/6is a surd.

and therefore a surd.

1.9.2 Multiplying and dividing surds

e Multiplication of surds is done by multiplying the numerical parts of each surd under a single radical sign.
e Division of surds is done by placing the quotient of the numerical parts of each surd under a single
radical sign.

Multiplying surds
Va x Vb =/ab

WORKED EXAMPLE 31 Multiplying surds

Evaluate the following, leaving your answer in surd form.

a. 7x\/5 b.SX\/S c. SX\/E d. —2\/§x4\/§

Dividing surds

THINK WRITE
a. Apply the rule \/Ex \/Z:\/ab. a. 7><\/§:\/14
b. Only 1/3 is a surd. It is multiplied by 5, which is not a surd. b. 5% /3 =53
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c. Apply the rule \/Ex \/I;=\/E. c. V5x =\/§
=35

d. Multiply the whole numbers. Then multiply the surds. d. —24/3X44/5=-2x4Xx1/3X \/g
=—-8x V15

= —8/15

WORKED EXAMPLE 32 Dividing surds

Evaluate the following, leaving your answer in surd form.

Vio N NG Vo .l
a. — - ? C. d — \/g
V5 4/4 /5
THINK WRITE
a \/E 10
. Apply the rul ~\Vb=,/-. Y _ =
a. Apply the rule \/Z \/_ \/; a \/g E
-2
b. Simplify the fraction. b. 4/ 15—0 = \/5

—-6v8 —3v2
c. Simplify the whole numbers. Then apply the rule —\/_ = —\/_

\/E+\/E=\/§. “ 44/4 2

V20 2
d. Apply the rule \/E+ \/Bz\/% d. 7: ?O
5
=4
S5X V5
e. Rewrite the numerator as the product of two surds e. N = \/_ \/—
and then simplify. \/g \/g
=15
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1.9.3 Simplifying surds
e Just as a rational number can be written many different ways <e.g. % = 15—0 = 17—4>, so can a surd. It is
expected that surds should normally be written in their simplest form.

e A surd is in its simplest form when the number inside the radical sign has the smallest possible value.

e Note that 4/24 can be factorised several ways.
For example:

Vai=ix i
Vai=Vax e

In the last example, \/Z =2, which means:

V24 =2x/6
=246

24/6 is equal to \/ﬂ, and 2\/8 is \/ﬂ written in its simplest form.

e To simplify a surd you must determine a factor that is also a perfect square. For example, 4, 9, 16,
25, 36 0r49.

e A surd like \/ﬁ for example, cannot be simplified because 22 has no perfect square factors.

¢ Surds can be simplified in more than one step.

V72 =14x1/18
=24/18
=2x19x/2
=2x312
=612

WORKED EXAMPLE 33 Simplifying surds

Simplify the following surds.

a. V18 b. 61/20

THINK WRITE

a. 1. Rewrite 18 as the product of two numbers, a. V18 = \/5 X \/5
one of which is a perfect square (9).

2. Simplify. =3x12
=342
b. 1. Rewrite 20 as the product of two numbers, b. 61/20=6X \/4_1 X \/g

one of which is square (4).

2. Simplify. =6x2x1/5

=124/5
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1.9.4 Entire surds

e The surd 4/45, when simplified, is written as 3\/5 .

The surd /45 is called an entire surd because it is written entirely inside the radical sign. The surd 3\/5,
however, is not an entire surd.
e Writing a surd as an entire surd reverses the process of simplification.

WORKED EXAMPLE 34 Writing entire surds

Write 3\ﬁ as an entire surd.

THINK WRITE
1. In order to place the 3 inside the radical sign it has to be written 3 ﬁ = \/5 X \/7

as \/5
2. Apply the rule \/Ex \/Z: \/E. = \/@

WORKED EXAMPLE 35 Comparing surds

Determine which number is larger, 31/5 or 5\/3.

THINK WRITE

1. Write 3\/5 as an entire surd. 3 \/g = \/5 X \/g
_ Va5

2. Write 5\/5 as an entire surd. 5\/5 = \/g X \/3
=475

3. Compare the values of each surd. V75> 1/45
4. Write your answer. 54/3 is the larger number.

1.9.5 Addition and subtraction of surds

e Surds can be added or subtracted if they have like terms.
e Surds should be simplified before adding or subtracting like terms.

WORKED EXAMPLE 36 Adding and subtracting surds

Simplify each of the following.
a. 6\3+2V/3+4V5-5/5 b. 3V2—-5+412+9

THINK WRITE

a. Collect the like terms (v/3 and V/3). a. 613+2v3+4v5-55

=8v3-1/5

b. Collect the like terms and simplify. b. 3 \/5 =34F 4\/5 +9
=3v2+4v2-5+9
=7v2+4
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WORKED EXAMPLE 37 Simplifying surd expressions

Simplify 5v/75 — 61/12 + /8 — 44/3.

THINK WRITE

1. Simplify 51/75. 575 =5%V25x /3
=5%x5x1/3
=253

2. Next, simplify 6/12. 6112 = 6x V4 x\/3
=6x2x1/3
=12¢/3

3. Lastly, simplify /3. V8 =14x12
=212

4. Rewrite the original expression and simplify by adding SVT5-6V12 + \/g = 4\/5
like terms. =25v/3-12/3+21/2-4/3

=91/3+212

Tl | THINK CASIO | THINK WRITE
In a new problem, ; Make sure the P T -
on a Calculator page, PN TN rput PR RPN O oy calculator is set to %) I > l{ml"'""l'ﬁ"l' l*f"l' L
complete the entry \ Standard mode. STV IZrE4V3 s
line as: 54/75 — On the Main screen, 93423
64/12 + \/g _ 4\/3 complete the entry o
line as:
Press ENTER.
SVI5S—6v12+
V8 —4v/3
Press EXE.
5vV75—6V12+ /8 —4/3
=9v3+2v2
2
Alg  Standard Real Deg @
5V75—6V12+ V8 —44/3
=9¢/3+2V2
DISCUSSION

Are all square root numbers surds?
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Exercise 1.9 Surds (extending)

learn

1.9 Quick quiz 1.9 Exercise

Individual pathways

B PRACTISE B CONSOLIDATE
1,5,7,10, 13, 16, 19, 21, 23, 24, 2,4,9,11,15,17, 22, 25, 29, 31,
27, 30, 35, 39 32, 36, 40

Fluency

1. Write down the square roots of each of the following.
a. 1 b. 4 c. 0

2. Write down the square roots of each of the following.
a. 0.16 b. 400 c. 10000

3. Write down the square roots of each of the following.
a. 20.25 b. 1000000 c. 0.0009

4. Write down the value of each of the following.

a. /81 b. —v/81 c. V121
5. Write down the value of each of the following.

a. V8 b. V64 c. V343
6. Write down the value of each of the following.

a. V1024 b. V125 c. —\/49

7. IKZZA Place the following on a number line.
a. V3 b. V7 c. V12
8. IIEA Identify which of the following are surds.

a. —V/216 b. vV/—216 c. —V2

9. Identify which of the following are surds.

a. 1.32 b. 1.32 c. \/64
10. 2N Simplify each of the following.

a. V3x17 b. —V3xV7

d. 2x34/7 e. 2¢/7x5V2
11. Simplify each of the following.

a. 3\/7 x4 b. V7x9

d. 24/3x11 e. V3x13

12. Simplify each of the following.

a. —3v2x—5/5 b. 2¢/3x44/3
d. V11 x+/11 e. V15x24/15

O | —

Sl &

B MASTER
3,6, 8,12, 14, 18, 20, 26, 28, 33,
34, 37, 38, 41, 42

e. IE
e. 1.44
d. 256 e 223
49
d. —\/441
d. v/81
d. V=27
d. V34
d. 1+4/2
d. 175216

c. 2><\/6

c. —2¢/5x—11V2

c. 6><\/g
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

52

=20 Simplify each of the following.

a. % b. — 15—0
V18 —/15
C. d ——
V3 -V3

Simplify each of the following.

. 5\/5 "o
.. 13V8 RN

\/g 3V 3
Simplify each of the following.
~10v/10 Vo o L

a. 5\/5 . % \/5 \/7
=EEN Simplify each of the following.
a. 120 b. V/8 c. V18 v
Simplify each of the following.
a. \/% b. \/% c. \/ﬁ \/ﬁ
Simplify each of the following
a. \/ﬁ b. m c. \/ﬁ . \/E
Simplify each of the following.
a. 21/8 b. 5/27 c. 61/64 d. 74/50 e. 1024
Simplify each of the following.
a. 5V/12 b. 41/42 c. 12¢/72 d. 91/45 e. 121242
=2 Write each of the following in the form \/E (that is, as an entire surd).
a.2/3 b. 5V/7 c. 613 d. 4V/5 e. 8V6
Write each of the following in the form \/E (that is, as an entire surd).
a. 31/10 b. 41/2 c. 12¢/5 d. 10v/6 e. 132
ZEE Determine which number in each of the following pairs of numbers is larger.
a. V10 0r24/3 b. 3v/5 or 5V/2 c. 10y/2 or4v/5 d. 24/10 or V20
=3 Simplify each of the following.
a. 6V2+3v2-72 b. 41/5-61/5-21/5
c. =3v3-7V3+44/3 d. —9v/6+6v6+31/6
Simplify each of the following.
a. 10y/11—-6V/11+ /11 b. V71+V7
c. 412 +6V2+5V3+24/3 d. 10v/5-2v/5+8v6-7v6
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26. Simplify each of the following.

a. 5V10+24/3+3/10+5V/3
c. 6V6+1V2-4v6-12

27. Simplify each of the following.

o

C12v2-3v/5+4v2-8+/5

. 16V/5+8+7—114/5

o

a. V8+18—4/32 b. V/45—/80+ /5
c. —V/12+1/75-4/192 d. V7+1/28-1/343

e. V24 +1/180+ /54

28. Simplify each of the following.

a. V12 + 20— /125
c. 3v/45+24/12 4 54/80 + 31/108
e. 21/32—5/45—41/180 + 10V/8

29. I Choose the correct answer from the given options.
a. \/§+6\/§—5\/§—4 3 is equal to:
A —5v2+24/3 B. —31/2+23 c. 6V2+23 D. —4v2+21/3

b. 6 —5v/6 +44/6 — 8 is equal to:

. 24/24+3120-7/8
. 6V/44 +44/120 — 1/99 — 31/270

o T

A —2-1/6 B. 14—1/6 c. —2++/6 D. —2-9/6
c. 4\/§— 6\/5— TV 18 + 2@ is equal to:
A =745 B. 291/2—18V/3 c. —13y2-643 D. —13v2+61/3
d. 2\/%+5\/ﬂ— \/§+5\/E is equal to:
A. 19/5+7v/6 B. 9v/5-71/6 c. —11V5+7v6 D. —11v/5-7v6
Understanding
30. I Choose the correct answer from the given options.
a. Mis equal to:
A. 31.6228 B. 50/2 c. 504/10 D. 101/10
b. 1/80 in simplest form is equal to:
A. 44/5 B. 21/20 c. 8v/10 D. 5V/16
c. Choose which of the following surds is in simplest form.
A. /60 B. /147 c. V105 D. V117
d. Choose which of the following surds is not in simplest form.
A. V102 B. V110 c. V116 D. V118
31. @ Choose the correct answer from the given options.
a. 64/5 is equal to:
A. /900 B. /30 c. V150 D. V180
b. Choose the expression out of the following that is not equal to the rest.
A. V128 B. 21/32 c. 8v/2 D. 644/2
c. Choose the expression out of the following that is not equal to the rest.
A. 44/4 B. 21/16 c.8 D. 16
d. 54/48 is equal to:
A. 801/3 B. 204/3 c. 9v/3 D. 214/3

TOPIC 1 Number skills and index laws 53



32. Reduce each of the following to simplest form.

a. V675 b. v/ 1805 c. V1792 d. /578

33. Reduce each of the following to its simplest form.

a. Va2e b. \/ba c. V2 d. /P

34. Write the following sequences of numbers in order from smallest to largest.

a. 6V/2, 8, 24/7, 3v/6, 4v/2, V60
b. V6, 2v/2, V2, 3, /3, 2, 2V/3

Reasoning

35. The formula for calculating the speed of a car before it brakes
in an emergency is v = \/ﬁ where v is the speed in m/s and
d is the braking distance in metres.
Calculate the speed of a car before braking if the braking
distance is 32.50 m.
Write your answer as a surd in its simplest form.

36. A gardener wants to divide their vegetable garden into 10 equal squares, each of area exactly 2 m?.

a. Calculate the exact side length of each square. Explain your reasoning.
b. Determine the side length of each square, correct to 2 decimal places.
c. The gardener wishes to group the squares in their vegetable garden next to each other so as to have the
smallest perimeter possible for the whole garden.
i. Determine how they should arrange the squares.
ii. Explain why the exact perimeter of the vegetable patch is 14\/5 m.
iii. Calculate the perimeter, correct to 2 decimal places.

37. Explain why V/a3b? can be simplified to ab \/E.

38. Determine the smallest values that a and b can have, given that they are both natural numbers, that
1 <a< b, and also that \/ab is not a surd.

Problem solving

39. Kyle wanted a basketball court in his backyard, but he could not fit a full-sized court in his yard. He was able

to get a rectangular court laid with a width of 6\/5 m and a length of 34/10m.
Calculate the area of the basketball court and represent it in its simplest surd form.
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40. A netball team went on a pre-season training run. They completed 10 laps of a triangular course that had

side lengths of (200y/3 + 50) m, (50v/2 + 75v/3)m and (125v/2 — 18) m.
Determine the distance they ran, in its simplest surd form.

41. The area of a square is xcm?. Explain whether the side length of the square would be a rational number.

42. To calculate the length of the hypotenuse of a right-angled triangle, use the formula ¢ = a® + b*.

Hypotenuse

-

b

a. Calculate the length of the hypotenuse for triangles with other side lengths as given in the following pairs
of values.

i V5,18 i. V2,17 ii. /15,123

b. Describe any pattern in your answers to part a.
c. Calculate the length of the hypotenuse (without calculations) for triangles with the following side lengths.

i. /1000, /500 ii. 1/423,4/33 i. v/124,1/63

d. Your friend wrote down the following explanation.
\/Z + \/E = \/E
Is this answer correct?

If not, explain what the correct answer should be.
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BRIl Review

1.10.1  Topic summary

¢ The natural numbers are the positive ¢ In a decimal number, the significant ¢ Identify the rounding digit.
whole numbers, e.g. 1, 2, 3, 4 ... They figures start at the first non-zero digit. « If the digit after the rounding
were our first counting numbers. ¢ To round a decimal number to digitis 0, 1, 2, 3 or 4, leave the
¢ The set of natural numbers is significant figures: rounding digit as it is.
represented by the symbol N. 1. Start at the first non-zero digit. « If the digit after the rounding
2. Write down the digits that follow until digitis 5, 6, 7, 8 or 9, increase
you have reached the required number the rounding digit by 1.
Integers of significant figures. (You may need * Leave out all digits that come
to round off the final digit.) after the rounding digit.

¢ Integers are the whole number values
on the number line. They include the

positive and negative whole numbers )
as well as zero, e.g. ~2, -1, 0, 1, 2. e.g. 1.425 has 3 decimal places but 4

¢ The set of integers is represented by significant figures.

the symbol Z. Recurring decimals Rounding

¢ A recurring decimal is a decimal * Rounding is used to write
Rational numbers ~—  number with digits or groups of digits approximate values of irrational

o TS AR TIES that repeat themselves endlessly. numbers, recurring decimals or

3. Leave out the digits that come after the
last significant figure that is required.

that can be expressed as a . V\llhen dwﬁtirlljg rect;lrrigg decidnials, we long ;enninating decimals.
wihle muer s, 16, 68 - place .otsde? 9ve the first and last Numbers canflzle rf)unded toa
ol @ i /b ane et repeating digits. . set number of decimal places
5 For example, 3.333333 ... becomes 3.3 or to a set number of
integers and b # 0. &g L.

and 11.923 923 923 ... becomes 11.923. significant figures.

e The symbol Q is used for the set of

rational numbers.

» The set of rational numbers includes
the integers as well as terminating A square root is the inverse of squaring
decimals and recurring decimals. (raising to the power of 2).
e.g. i, -5 (__], 32 [1_6], -0.036 []_ﬁ) * Every number has a positive and a
7 1 S 000, negative square root.
e.g.2?=4and -2°=4
* The cube root is the inverse of cubing

Transcendental numbers

(raising to the power of 3). ¢ Transcendental numbers are
irrational numbers that have
significance.

* Real numbers lie on the number line. * Irrational numbers are numbers that result « Pi () is an example of a
* The set of real numbers includes in decimals that do not terminate and do (TATSEETG el TS,
the irrational numbers and the not have repeated patterns of digits.
rational numbers. e.g.1/18 =4.242 640 687 12...
¢ The symbol R is used for real numbers. * The symbol / is used for the set of

irrational numbers.

NUMBER SKILLS AND INDEX LAWS

Index laws Scientific notation Surds (extending)

¢ There are a number of exponent « Scientific notation is used to write very large and * Surds result when the
laws: very small numbers. root of a number is an
e d"xd'=a"t" * A number written in scientific notation has the form: irrational number.
e d"+d'=a" " (number between 1 and 10) x (a power of 10). e.g.v/10
e a’=1,wherea=0 * Large numbers have powers of 10 with positive =~ 3.162 277 660 17 ...
o (d"r'=a™*" exponents, while small numbers have powers of 10 * They are written with
e (axb)y"=a"xb" with negative exponents. a root (radical) sign
. (a)"_a” For example: in them.
[b) T * 8079 can be written as 8.079 x 10° o va xb=+ab
o am=1 wherea=0 + 0.000 15 can be written as 1.5 x10~ Ja [a
a o W - &
. =G b \/;
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1.10.2 Success criteria

Tick the column to indicate that you have completed the lesson and how well you have understood it using the
traffic light system.

(Green: I understand; Yellow: I can do it with help; Red: I do not understand)

1.2

1.3

1.4

1.5

1.6

1.7

Lesson Success criteria Q O ' ‘

| can identify real numbers that are natural, integer, rational or irrational.

| can recall and use correct symbols for the sets of real, natural, integer,
rational or irrational numbers.

| can write integers and decimals as rational number fractions.

| can write recurring decimals using dot notation.

| can explain the difference between recurring and terminating decimals.

| can round decimals to a given number of decimal places.

| can identify how many significant figures a decimal number has.

| can round decimals to a given number of significant figures.

| can identify the base and the exponent of a number written in index form.

| can recall the first three index laws.

| can use the first three index laws to simplify expressions involving indices.

| can apply the Fourth, Fifth and Sixth index laws to raise a power to
another power.

| can apply the first six index laws to simplify expressions involving indices.

| can apply the Seventh Index Law to evaluate expressions using negative
indices.

| can apply the first seven index laws to simplify expressions involving
indices.

| can identify numbers that are written in scientific notation.

| can write numbers in scientific notation as decimal numbers.

| can write decimal numbers using scientific notation.

| can represent decimals in exponential form.

(continued)
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(continued)

1.8 | can write square and cube roots using the radical symbol.

| can use fractional indices to represent square roots and cube roots.

| can simplify expressions that use square roots and cube roots.

1.9 | can identify when a square root forms a surd.

| can place surds in their approximate position on a number line using
geometric constructions.

| can simplify expressions containing surds.

1.10.3 Project

Concentric squares

Consider a set of squares drawn around a central point on a grid, as shown.

These squares can be regarded as concentric squares, because the central point of each square is the point
labelled X. The diagram shows four labelled squares drawn on one-centimetre grid paper.

xe

1. Use the diagram above to complete the following table, leaving your answers in simplest surd form (if
necessary). The first square has been completed for you.

Square 1 2 3 4
Side length (cm) 2
Diagonal length (cm) 2\/5

Perimeter (cm) 8

Area (cm?) 4
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Observe the patterns in the table and answer the following questions.

2. What would be the side length of the tenth square of this pattern?
3. What would be the length of the diagonal of this tenth square?

Consider a different arrangement of these squares on one-centimetre grid paper, as shown.

These squares all still have a central point, labelled Y.

4. Use the diagram to complete the following table for these squares, leaving your answers in simplest
surd form if necessary. The first square has been done for you.

! 2 3 .
2
2
perimeer ey [ED

Area (cm?) 2

5. What would be the side length of the tenth square in this pattern of squares?
6. What would be the length of the diagonal of the tenth square?

Use the two diagrams above to answer the following questions.

7. In which of the two arrangements does the square have the greater side length?
8. Which of the two arrangements shows the squares with the greater diagonal length?
9. Compare the area of a square (your choice) in the first diagram with the area of the corresponding
square in the second diagram.
10. Compare the perimeter of the same two corresponding squares in each of the two diagrams.
11. Examine the increase in area from one square to the next in these two diagrams. What increase in area
would you expect from square 7 to square 8 in each of the two diagrams?
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Consider a set of concentric circles around a centre labelled Z, drawn on one-centimetre grid paper, as
shown.

12. Investigate the change in circumference of the circles, moving from 4
one circle to the next (from smallest to largest). Write a general 3
formula for this increase in circumference in terms of 7.

13. Write a general formula in terms of 7z and r that can be used to
calculate the increase in area from one circle to the next (from smallest
to largest).

Exercise 1.10 Review questions learn
Fluency
1. I Choose which of the given numbers are rational:4 / 1—62, 1V 0.81, 5, —3.26, 0.5, %, % .

~3.26, 05anol,/3 B. 1/ ana X
12 12 5
6
‘/ ,10.81 and\/ D. 5, —3.26and‘/ﬁ

2. For each of the following, state whether the number is rational or irrational and give the reason for your

answer.
d. 0.6 e. v0.08

a. V12 b. V121 .

O |

3. 1A Choose which of the numbers in the set {3 \/5, 5\/7, 9\/2, 6\/%, 7\/5, 12\/6_4} are surds.

A. 94/4,12+/64 B. 3v/2 and 74/12 only
C. 31/2,54/7 and 64/10 only D. 31/2,5v/7,64/10 and 7v/12

4. State which of the following are not irrational numbers.

a.\/7 b.\/g c.\/8_1 d.\/ﬁ

5. I Choose which of the following represents the number 0.000 67 written using scientific notation.

A 67x107° B.0.67 x 1073 C.6.7x10~* D.6.7x 107

6. I Choose which of the following is a simplification of the expression 4/250.

A. 25¢/10 B. 54/10 c. 10v/5 D. 51/50

7. Simplify each of the following.
a. b’ xb? b. m’ X m? c. Bxk
d. f2xf3xf4 e. h*xh’>xh
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10.

11.

12.

13.

14.

15.

16.

17.

18.

Simplify each of the following.
a. 2¢° x3¢*xq"°
d. 54% b*x3a® b®> x 7a°® b®

Simplify each of the following.
a. £+t

b. rl% = 12

Simplify each of the following.

m2 g4 % g5
a. — b.
ml4 gz

Simplify each of the following.
L Pxp xpxpt
p*xp*xp?
o8 24"

16e10 el6

Simplify each of the following.
a. 5° b. 12°

Simplify each of the following.
a. ab’ b. 3w?

Simplify each of the following.
a. vy

d. j3K0m3

Simplify each of the following.
a. 2x% X 3xy?

0
c. 15— 12x<§>
8

e. 3(6w°)* 2(5w%)"

b. Sw? X Tw!2 x w!*

e. a’~a*

16k'3  8K°
21 42
2a° X ab
4xaxb

c. 345°
c. 5¢°—-24°

b. prf°
e. 420 —36(a?h?)"

c. 2¢* pP x6¢e° p°

XX
2xrt

208

G @

d. 100s° +997° e. a'b?

c. a’b*c°

b. —8(18x%y%%)"

d. —4p°x6(*)" = 8(~124%)"

Raise each of the following to the given power.

a. (b%)°

4

3
4
[ MC | <i> is equal to:

d2

3
A4b

-? B.

b. (a®)’

12b'2
d°

c. (k)"

64b'2

C. 7

Raise each of the following to the given power.

a. (@°b?)’

b. (m7nlz)2

c. (st6)3

d. (]-100)2
7
S e

dS

10
d. (gp*)
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19

20

21

22

. Write each of the following with positive exponents.
a. a”! b. k=* c. 4m’ +2m’ d. 763y~ x 6x73y~!
. Write each of the following using a negative exponent.
1 2
a. — b. — c. z+7* d. 45p*q~*x3p~¢q
x y*

. Simplify each of the following.

a. /100 b. /36 c. Va2 d. Vb2 e. \/49f%

. Simplify each of the following.

a. V27 b. v/1000 c. vV d. V83 e. v/64f6g3

Problem solving

23

24.

25.

26.

27.

28.

. If your body produces about 2.0 x 10'! red blood cells each day, determine how many red blood cells
your body has produced after one week.

If your body produces about 1.0 X 10'% white blood cells each day, determine how many white blood
cells your body produces each hour.

If Earth is approximately 1.496 x 10% km from the Sun, and
Mercury is about 5.8 X 107 km from the Sun, evaluate the
distance from Mercury to Earth.

Calculate the closest distance between Mars and Saturn if
Mars is 2.279 x 108 km from the Sun and Saturn is
1.472 x 10° km from the Sun.

Consider the numbers 6 x 10°, 3.4 x 107 and 1.5 x 10°.

a. Place these numbers in order from smallest to largest.

b. If the population of Oceania is 3.4 X 107 and the world population is 6 X 10°, determine the
percentage of the world population that is represented by the population of Oceania.
Give your answer to 2 decimal places.

c. Explain what you need to multiply 1.5 x 10° by to get 6 x 10°.

d. Assume the surface area of Earth is approximately 1.5 X 10°km?, and that the world’s population is
about 6 x 10°. If we divided Earth up into equal portions, determine how much surface area each
person in the world would get.

The total area of the state of Victoria is 2.27 X 10° km?>. If the total area of Australia is 7.69 X 10° km?,
calculate the percentage of the total area of Australia that is occupied by the state of Victoria.
Write your answer correct to two decimal places.
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29. A newly discovered colony of bees contains
2.05 % 10® bees. If 0.4% of these bees are estimated
to be queen bees, calculate how many queen bees
live in the colony.

30. Third-generation fibre optics that can carry up to 10 trillion (1 X 10'?) bits of data per second along a
single strand of fibre have recently been tested.
Based on the current rate of improvement in this technology, the amount of data that one strand of fibre
can carry is tripling every 6 months. This trend is predicted to continue for the next 20 years.
Calculate how many years it will take for the transmission speed along a single strand of fibre to exceed
6 % 10'° bits per second.

31. Mach speed refers to the speed of sound, where
Mach 1 is the speed of sound (about 343 metres per
second (m/s)). Mach 2 is double the speed of sound,
Mach 3 is triple the speed of sound, and so on. Earth
has a circumference of about 4.0 x 10*km.

a. The fastest recorded aircraft speed is 11270
kilometres per hour (km/h).

Express this as a Mach speed, correct to
1 decimal place.

b. Create and complete a table for three different
speeds (Mach 1, 2 and 3) with columns labeled
‘Mach number’, ‘Speed in m/s” and ‘Speed
in km/h’.

c. Calculate how long it would take something travelling at Mach 1, 2 and 3 to circle Earth. Give your
answer in hours, correct to 2 decimal places.

d. Evaluate how long it would take for the world’s fastest aircraft to circle Earth. Give your answer in
hours, correct to 2 decimal places.

e. Evaluate how many times the world’s fastest aircraft could circle Earth in the time it takes an aircraft
travelling at Mach 1, 2 and 3 to circle Earth once. Give your answers correct to 2 decimal places.

f. Explain the relationship between your answers in part e and their corresponding Mach value.

To test your understanding and knowledge of this topic, go to your learnON title at
www.jacplus.com.au and complete the post-test.
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Answers

Topic 1 Number skills and

index laws
1.1 Pre-test

. True
. Recurring decimal

1

2
3
4
5.
6.
7
8
9

10. 7.44
11. C
12. B
13. 1.672 x 1077
44/3

3
52

2

14.

15.

1.2 Real numbers
15 -8
— b_ —
1
73
b. —
10
156
b. —
100
4. a. 0.55555555

c. 0.51111111
e. 5.183183 1

5.a. —7.024 4444
c. 5.1234343
e. 3.0020202

6.a. 0.5
d. 0.428571

7. a. 0.073
d. 0.46

8.a. 15
b. =3,0, 15

1. a.

—lo =I+&

0.27

o5 0T

. 0.046

b

b
d

—1.74
—3.83

= . 3
¢ —3,7—=,1032.3,72=5515
7 5

. 3
d.2.3and — —
7

. True
8 —41
- d —
3 8
2 872
1000 10
3612 g —3
1000 " 100
.0.51515151
.6.0313131
.8.9124912
.5.1234123
c.2.i8
c. 0.46

9. 2.1, 2.121, 2.121, 2.i2, 2.12
10. Statements a and b are true.

a
11. Every integer a can be written as i and therefore every

integer is rational.
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12.

13.

14,

15.

16.
17.

a. Q"

b. N~ implies a set of negative natural numbers. As the
natural numbers include only positive numbers, this set
would not exist.

Yes, because the division of an integer by another integer

will always result in a rational number.

1 21
a. === b. 6
336
Answers will vary. Sample responses are shown.
10 100 1000
a. — b. — C. ™ d ——
9 99 999 9999
$3330.20

657 bottles of water per year

1.3 Rounding numbers and significant figures

1.

10.
11.

12,
13.
14.

15.
16.

17.
18.

19.

20.

N o o »

a. 1.571 b. 2.236 c. 3.873
d. 16.435 e. 5.111 f. 5.156
a. 5.152 b. 137.358 c. 0.429
d. 0.077 e. 2.429 . 1.000
a. 4.000 b. 0.254 c. 0.025
d. 0.001 e. 5.000 f. 2342.156
a. 2 b. 3 c. 4 d.3
a. 4 b. 4 c.2 d 1
a. 3 b. 4 c.2 d.3
a. 1.5708 b. 2.2361 c. 3.8730
d. 16.435 e. 5.1111 f. 5.1556
a. 5.1515 b. 137.36 c. 0.428 57
d. 0.076923 e. 2.4286 . 1.0000

. a. 6.5813 b. 4.0000 c. 0.253 64

d. 0.025 400 e. 0.00091360 f. 5.0000
3.1416, 3.14159, 3.141593, 3.1415927

a. Yes b. No c. Yes d. No

a. False b. True c. False d. True
a. False b. True c. False d. True
a. True b. False c. False d. True

A number of answers are possible. Example answer: 2.004.
The 5th digit (5) causes the 4th digit to round up from 9

to 10, which causes the 3rd digit to round up from 9 to 10,
which causes the 2nd digit to round up from 2 to 3.

a. 2 decimal places b. 3.1416

a. 153.86cm’

b. 153.9380 cm?

c. 153.94cm?

d. Yes, because 3.14 is used as an estimate and is not the

value of 7 as used on the calculator.
a. 65449.8470 cm’
b. 9

c. Yes, any number with a finite number of decimal places
is a rational number.

13000



1.4 Review of index laws

Uo

10.
11.
12,
13.

14.

15.

16.

17.

18.
19.

20.

21.

22,

23.

24.

25.

26.

o o &

a.2?x3 b. 2° x 32 c.3x5
d.2*x3x5 e 2'x5 f. 2 x 52 x 7
a. 20p"! b. 6x° c. 56y
d. 21p® e. 841 f. 309"
a. 6abe’ b. 8p%h'2 . 6k d. 312
a. 80m’ b. 6g°h° c. 3Op6q9 d. 487w’
a. 27d''y"" b. 420 c. 241" d. 60K7%
a. 3p* b. 6 c. 94° d. 3b°
a. 20r* b. 9q c? @ d. 7t
d?

3p° 8b° 5m'%n® by
a. 7 b. T C. 6 d. T
2% b2 32” c. 9“52’]36 a2 Zg2h4
a. 1 b. 6 c. 1l d. 1 e.5
a. 1l b. 1 c.2 d. 2 e.3
a. 1l b. 0 c. 14 d. 6 e. 6
a. 1l b. 2 c.2 d. 2 e.?2
a. h; b. q’5_4 c. ’15—3 d. v? e. 2x°

1 1 1 2
a. ; b % c m d. ;
a. 2x° b. 24¢° c. L . E

2y 4x5

amle pZ B &

Sm3n* n? X at
a. 6 b. 9 c.18 d. 11 e 15 f. 6
Sample responses can be found in the worked solutions in

the online resources.

a. B b. D c.D
a. A b. D
Sample responses can be found in the worked solutions in

the online resources.

a. 5’

b. Sample responses can be found in the worked solutions
in the online resources.

a. 5

. Sample responses can be found in the worked solutions

in the online resources.

1

1

0

. Sample responses can be found in the worked solutions

in the online resources.

a. A=14

b. Answers will vary, but A + O + {) mu
Possible answers include: A =3, O =P
0=3,0=8,A=4,0=4,=
o=1, =6

T

2 0 T

sum to 12.
=7, A=

<>

27. a. The repeating patternis 1, 3,9, 7.
b. 3
28. a. The repeating pattern is 4, 6.
b. 4
29. a. Sample responses can be found in the worked solutions
in the online resources.
b.i. 8 i. 1 iii. 2
30. 22n+3
1.5 Raising powers
1. a. €® b. 30 c. p'® d. r'# e. 8a°
2 a. a8p'2 b. pog' ey
d. 81w36 g e. 49e10 448
3. a. pbq® b. rPw’ c. b'0n!®
d. j'3g12 . 843 b*
4. a. g*r® b. K246 c. a®'f16
d. 10,8 e. i15j12
. 9p* . 25h* 8k' g 49p'®
. a. — T c. L
d° 474 27124 64¢*
. 125y°! 256a'? —64k5 g 168
. a. . C. .
277 240120 343m!8 81h*
7.a.2% b. 13 c. a*! d. %
8. a. g’ b. 12a" ¢ 2164”7  d.40000r"
.B
10. B
11. D
12. a. d° b. m* c.n’
d. bt e. f17 f g6
13. a. p9 b. y2 c.
d.f’ e. k' f. p'®
14. a. 5
b. 6
c. 30
d. Sample responses can be found in the worked solutions
in the online resources.
15. a.i. 1 i. —1 ii. —1 iv. 1
b. (=1 = 1(—=1)°% = —1. Sample responses can be
found in the worked solutions in the online resources.
16. Danni is correct. Explanations will vary but should involve
(=x)(=x) = (=x)? =x?and — > = =1 xx% = —x°.
17. a. 512
b. Sample responses can be found in the worked solutions
in the online resources.
5 5
18. a.i. x = — iil. x=— jil. x=—
3 3 3
b. When equating the powers, 3x = 5.
19. Answers will vary. Possible answers are 4096 and 262144.
20. 108 x 10% x 10° = (10°)° atoms
21. a. 4! b. 72
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22 a. 2!

1
2
23.a.i. 3

b.i. 3

c. Raising a number to a power of one-half is the same as

=

w
'S

[\ N B

i. 4
i. 4

o

NI>—*U.\1)|._.

@

iii. 8
iii. 8

e
[\
S

=
Q=

calculating the square root of that number.

1.6 Negative indices
1.a.3°=243,3*=81,3=27,32=9,3' =3,3 =1,

1
3

1
b. 5% =625,5°=125,5>=25,5'=5,5"=1 ,5-1:5,

1

c. 10* = 10000, 10° = 1000, 10> = 100, 10' =10, 10° =1,

5= 570 =0
25° 125°
1 1
1007l =—,1072 =
1 10 100
2.a. — b=
32 27
1
3.a. — b. 7
125
2
4. a. 27 b. —
3
5, ] b 1
.a. — .-
x* y3
a* 1
d. E e. i
1
6. a i b. x2y2
5
w
d. =7 e. x2y2
53
a*c a*d’
7. a. W b. ﬁ
p X 1
*3 e. -y
1
8. a. o b. m®
i
14
d — e. 6
X
1 6
9. a. ; b. W
50
d. 1 e. a_5
-32 16
10. a. F b. %
1 2,6
d. IAE e.a’b
a
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1
ST =g
9

=)

s

1

—4

— 1

C.

i 3—4

27

5

1

625

=—1
1000

1

— 35

)

81

558

. 5003

. 10a*

27m®
nl2
25

—4

iv. 11
iv. 11

1

243

~ 10000

11.

12,

13.

14.
15.
16.

17.

18.

19.

20.

21.
22,
23.

24.

1 . 1 .
a. — b == C. X
x5 xll
6ct
d. x5 e. —
a2
2 5 1
a. — b. — C. =
a m b
u 1 7
. TR e. pr
1 . 1 3
a, — y c. —
16a m3 2t9
2
m
d. t3 e, —
n3
a2 b2 2 d2° e273 27
a.4’ b4 4 d4' eq4? £.473

a. 10 b.10' ¢ 10* d.107" e 1072 £ 1077
1

—4_
_34

b. Answers will vary, but should mention that if you are
dividing, the power in the numerator is lower than that in
the denominator. Sample responses can be found in the
worked solutions in the online resources.

c. Sample responses can be found in the worked solutions
in the online resources.

Answers will vary, but should mention that the negative

13 means the decimal point is moved 13 places to the left

of 3. Using scientific notation allows the number to be

expressed more concisely. Sample responses can be found
in the worked solutions in the online resources.

a. No. The equivalent expression with positive indices is
B+1

3

b. No. The equivalent expression with positive indices is

()’

>
(x P y)
a. No. The equivalent expression with positive indices is
13
x =1

X

1
b. No. The correct equivalent expression is o
X0 —x

a. 0.048 b. 7600 c. 0.00029 d.8.1
a. 3 b. —1 c.2 d. —4
a. 2P b. 3%

6 3 200
a. — b. <—>
5 2

1.7 Scientific notation

1.

a. 5.00x 10> b. 4.31 x 10?
c. 3.8x 10" d. 3.5%10°
a. 1000000 000 b. 392.673
c. 591.1 d. 5100

a. 734000 b. 7 141 400
c. 35.1 d. 80500



10.

11.

12.

13.

14.

15.
16.
17.
18.
19.
20.
21.

22,

23.

.a. 614 b. 6140
c. 61400 d. 351.8
a. 7.25x 10! b. 7.25 x 107
c. 7.25x 10° d. 7.25x 108
La.4.379% 10" b.5.317%x10° ¢ 2.590 x 10
d. 1.101 x 10> e 1.632x10° . 1.000x 10°
.a.0.2 b. 0.004 c. 0.0007  d.0.03
. a. 0.08273 b. 0.07295
c. 0.0029142 d. 0.000037 53
. a. 0.000529 b. 0.000 033 333
c. 0.000 000 002 625 d. 0.000 000 000 000001 273
a. 7x 107! b. 5% 1073
c.3%x1077 d. 1x107™1
a.2x107" +3%x1072+1x1073
b. 3103 +6%x107* +2%x107°
c.7x107*
d. 6x1072+3x1073
a. 6.73%x107  b.1.43%x107" ¢ 6.83%x107°
d.5.12%x107° €. 5.09x1072 £ 1.25%x1072
a. 5.27x10%, 8.31 x 107, 9.718 x 10%, 3.27 x 10>
b. 4.09 x 10%, 4.37 x 10%, 7.943 x 10%, 7.95 x 10?
c.2.7x1073,9.29% 1073, 5.251 x 1072, 5.31 x 1072
d.2.7x 1073, 7.13x 1072, 8.31 x 10?, 3.27 x 10°

a. 0.000 000 000 000 000000 000019 94 g
b. 1.994x 107" g
c. 5.015 % 10% atoms

3844 hours ~ 160.17 days

333 333.33

The neutron is heavier by 2.3 x 107 kg.

a. 2.1x 10’ b. 1.29x 10°

a. 8389000 bytes b. 8.389 x 10° bytes

0.000 0002 N/m

a. i. Sample responses can be found in the worked solutions

in the online resources.

ii. Sample responses can be found in the worked solutions
in the online resources.

b. i. 5.36 x 10’ ii. 5.36x 107

c. The answers are the same because 2.95 x 10° is very
small compared with 5.36 x 10 .

8.75%x 107 is such a small amount (0.000 000 875) that,
when it is added to 2.39 x 1073, it doesn’t affect the value
when given to 3 significant figures.

a. i. 385440km
ii. 78489 600 km
ii. 1278960000 km

iv. 5772 840000 km
b. i. 385000 km

ii. 78500000 km
ii. 1280000 000km
v. 5770000000 km

24.

25.
26.

c. i 3.85x10°km
ii. 7.85x 107 km
iii. 1.28 x 10° km
iv. 5.77 x 10° km

a. i.31536000s
i. 9460 800 000 000 km
i. 4.068 x 103 km

a. 5.972x 10*!

.9.1094 x 10731
. 1.6725x 1077
. 1.6726 x 1077

. It is important to work with the original amounts and
leave rounding until the end of a calculation so that the
answer is accurate.

ii. 3.1536x 107 s
ii. 9.4608 x 10'? km
ii. 46440000 years

ov

b. 4

o 0 T 9o

1.8 Square roots and cube roots

1.

2.

[

11.

12.

13.

14.

15.

16.

17.

© ® N o o »

1 i 1

1 -

a. 152 b. m2 c.3 d. (wz)3

a. 7 b. 2 c.3 d.5
.a. 10 b. 8 c. 4

d. 1000 e. 100 f.9

a.m b. b c. 677 d. mn®

a. 57 b. xy? c. a’m'° d. 6y°

a. 4x%y? b. 5ab’c’ c. b’ d. b*

B

D

A

11 =
.a. 3272 =3! b.\/g c. an d.2
5 i
a7 =z22= (25)2 = \/2—5
3 L
b. No, it is the tenth root: 2%* = z10 = ()10 = /23,

1
Prithvi is correct: \/;cE =2t =4 = X; X can be a positive
or negative number.

1
(—23) 3 = —2; answers will vary, but should include that
we cannot take the fourth root of a negative number. Sample
responses can be found in the worked solutions in the online
resources.

1871 ~43.25
42 = 1764
43* =1849
He was 43 years old in 1849. Therefore, he was born in
1849 — 43 = 1806.

2
a.d=1n b. t

16

81

a. There are 2 possible solutions, because the square root of
a number always has a positive and a negative answer.

1]
QU
1w

b. =, 1

[OSH RV, |
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1.9 Surds (extending) 23.2.2v/3 b.5V2 . 10V/2  d.2V10

l.al b. 2 c.0 24.2.2y2  b.—4\/5 ¢ —6v3 d.0
d. % e. ;1 25. a. 5/11 b. 24/7
c. 1012+ 73 d. 85+ /6
2.a. 0.4 b. 20 . 100
? ) ¢ 26. a. 8/10 + 71/3 b. 16V/2—11/5
d < e. 1.2 c.2v/6 d.5v/5+15
3.a. 4.5 b. 1000 c. 0.03 27. 2. 12 b-0 e =5V3
11 d. — \/7 e. 5\/6'*‘6\/5
bl  —
d- 16 = g 28. a. 21/3 —3V/5 b. 4/6 +6/5 — 1412
4.a.9 b. =9 c. 11 d. =21 e 29V5+22/3 4. 9V/1T = /30
5. a.2 b. 4 c.7 d.3 . 28v2 =395
7. a. 1 7 30.a.D b. A c.C d.C
; I 31.a.D b.D c.D d. B
75 32.a.15v3  b.19v5 ¢ 16V7  d.17V2
b AT ST 8.a.ave  bdVb e hk/i  dff
12 4 34. 2.2/7, 4v/2, 3V6, V60, 8, 61/2
7 b. V2, V3, 2, V6, 2v2, 3, 21/3
c. ﬁ \/3 \/‘1_6 35. 5\/%
2 3 T 4 36. a. \/Em
b. 1.41m
vi2 c. i. Any of the arrangements shown would work.
d. V25 V36 ‘
4 5 Té 7 3
V34
8.candd ii. The length of each square is \/5 m and there are 14
9.¢c lengths around each shape.
10. a. V21 b. —/21 c. 216 iii. 19.80m
“ovi e 10Vid 7. VB = Vax ViR
1. a. 124/7 b. 9v/7 c. 224/10 = V2 x \Jax Vb
d.22\/§ e.3 =aXy/axb
12. a. 15110 b. 24 c.6 = aby/a
d. 11 e. 30 38.a=2and b=8.
39. 36/5m?
13. a. \/g b. —\/E c. \/g d. \/g \/—m
0. (1750 2 +27504/3 + 320) -
14. a. 3\/5 b. -3& c. 1 5\/5 d. -Si-g 41. The side length will be rational if x is a perfect square. If x
2 3 is not a perfect square, the side length will be a surd.
42. a.i. V13 ii. 3 iii. /38
15.8.22V5  b.V3 . V3 d. V7 b. For side lengths /a and /b, the length of the
16. 2. 2¢/5 b. 2v/2 c. 32 d.7 hypotenuse is /a + b.
17.2.v30  b.5V2  o2v7  d.6V3 c. i. V1500 = 10V/15
18.2.12v2  b.4V3 e 10V5  d.9V2 i 2v114
iii. /187

19.2.4v2 b.15V3 c. 48  d.35V2 e 2016
20. a. 10V/3 b.4V42 c.72¢/2 d.27/5 e 13212
21.a. /12 b. V175 c. V108 d. /80 e. /384
22.2./90 b.v32 ¢ /720 d. V600 e. /338

d. No. The correct answer is /b + a = \/E
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Project 10. a. m b. g c.x d.d’ e.r
1. 9¢0 3
SO 4 1. a.p’ b. 4k* c. 1107¢ d. c 5 <
Side length (cm) 2 4 6 8 32d 2
Diagonal 12. a. 1 b. 1 c. 1 d. 1 e. 1l
22 | 42 | 6v2 | 8V2
length (cm) \/— \/— \/_ 13. a. a b.3 c.3 d. 199 e d’
Perimeter (cm) 16 24 32 14. a. 10 b. pr c. b d.PBmd e 4e® —36
2
Area (cm”) 4 16 36 64 15. a. 6x)? b. —8 c. 15—12x
3.20v2cm 16. a. b® b. a** c. k' d. %
5 Square 1 2 3 4 L
. 18. a. a'®p® b. m'n*
Side length (cm) V2 | 2v2 | 3W2 | 42 JRRERT d. ¢'°p
Diagonal 1 1 2 42
2 4 6 8 = i — =
length (cm) 19. a. P b. @ c. p y5
Perimeter (cm) 42 | 8v2 | 1242 | 16V/2 20. a. 5~ b. 2y~
Area (cm?) 2 8 18 32 N d. 135p73 ¢~
21. a. 10 b. 6 c.a d. b e. 7f?
5. 10y/2cm R
6. 20 cm 22.a.3 b. 10 c. X d. 2d e. 4f g
2
7. First arrangement 23. 1.4x 10!
8. First arrangement 24. 4.167x 10°
9. The squares in the first diagram are twice the area of each 25.9.16x 10 km
corresponding square in the second diagram. 26. 1.2441 x 10°km
7 9 9
10. The squares in the first diagram have a perimeter that is \/5 27.a. 3.4x10°,1.5x10°,6 10
times the perimeter of each corresponding square in the b. 0.57%
second diagram. c. 4
. 5. . . d. 0.25km?
11. An increase of 60 cm” in the first diagram and an increase
of 30 cm? for the second diagram. 28. 2.95%
12. 271 29. 820 000 queen bees
13. TQ2r+1) 30. At the beginning of the 5th year, or in 5.5 years.
31. a. Mach 9.1
1.10 Review questions
A 9 5 Mach number Speed in m/s | Speed in km/h
1.
. . . 1 343 1234.8
2. a. Irrational, because it is equal to a non-recurring and
non-terminating decimal. 2 686 2469.6
b. Rational, because it can be expressed as a whole number. 3 1029 3704.4
c. Rational, because it is given in a rational form. c. At Mach 1 it would take 32.39 hours.
d. Rational, because it is a recurring decimal. At Mach 2 it would take 16.20 hours.
e. Irrational, because it is equal to a non-recurring and At Mach 3 it would take 10.79 hours.
non-terminating decimal. d. 3.55 hours
3.D e. The fastest aircraft could circle Earth 9.12 times in
4. cand d the time an aircraft travelling at Mach 1 could circle
5. C Earth once.
6. B The fastest aircraft could circle Earth 4.56 times in
’ - " . the time an aircraft travelling at Mach 2 could circle
7.a. b b. m c. k Earthtoncel
d.f e. h'° . : L
The fastest aircraft could circle Earth 3.04 times in
8. a. 647 b. 35w% c. 12¢°p8 the time an aircraft travelling at Mach 3 could circle
d. 1054'p7 N Earth once.
4 7 3 f. (Number of times to circle Earth) X (Mach value) ~ 9.1
9.a.t b. r c.p
d. f3 e. y°
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T RE]l Overview

2.1.1  Why learn this?

Most people will tell you that if you want a career in
fields like engineering, science, finance and software
development, you need to study and do well in
algebra at high school and university. Without algebra
we wouldn’t have landed on the Moon or be able

to enjoy the technological marvels we do today, like
our smartphones.

Learning algebra in school helps you to develop
critical thinking skills. These skills can help with
things like problem solving, logic, pattern recognition
and reasoning.

Consider these situations:
* You want to work out the cost of a holiday to Japan at the current exchange rate.
* You’re driving to a petrol station to refuel your car, but you only have $30 in your pocket. You want to
know how much petrol you can afford.
* You're trying to work out whether a new phone plan that charges $5 per day over 24 months for the latest
smartphone is worth it.

Working out the answers to these kinds of real-life questions is a direct application of algebraic thinking.

Understanding algebra can help you to make reasoned and well-considered financial and life decisions. It can
help you make independent choices and assist you with many everyday tasks. Algebra is an important tool that
helps us connect with — and make sense of — the world around us.

Hey students! Bring these pages to life online

Watch Engage with Ask questions
videos interactivities and check solutions

Find all this and MORE in jacPLUS @

jacTUTOR, your Extra learning

personal Al tutor— resources
here to help when LESSON 2.5
you'’re stuck! Ask Subtracting integers
it anything. LEARNING INTENTION
I — Differentiated
S s et e . —— question sets

Reading content
and rich media,
including
interactivities and
videos for every
concept

Questions with
immediate
feedback, and fully
worked solutions
to help students
get unstuck.

72 Jacaranda Maths Quest 9



Exercise 2.1 Pre-test learn

3
. . . =X
1. & Select the coefficient of x in the expression Ty + x% 4+ 2ax + b, where a and b are constants.

A. 1 B.—g C.2 D. 2a

2. Evaluate the following expression if x=—-3, y=1 and z=—-2.

22 —y? —xyz
3. Determine the value of m in the following equation if £ =25 and v=>75.

1
E=~—mv?
2

4. I Choose the expression out of the following that is not equivalent.
A x—y+z B.z—y+x C.x—(y—2) D. z—(x+y)

5. A A bag of chips costs x cents. Select the correct expression for the cost of 6 bags of chips if each
bag is discounted by 50 cents.
A. 6(x—50) B. 6(x—0.5) C. 6x—50 D. 6x—0.5

6. Expand and simplify the following expressions.
a.4(m+3n)— (2m—n)
b. —x(y+3)+y(5—x)

7. Expand and simplify the expression (3 —r)(2qg + r).

8. I Students were asked to expand —2(3x — 4). They gave the following answers.
Student 1: —6x — 8
Student 2: —6x+ 6
Student 3: 6x — 8
Student 4: —6x + 8
Student 5: —5x+ 6
Choose the student who has the correct answer.
A. Student 1 B. Student 2 C. Student 3 D. Student 4

9. State whether 23 can be expanded using the following method.

(2043)>=20% +2x20%x 3 + 32

10. State whether the following statement is True or False.
(a+ 3)* expanded is equal to a® + 9

11. Expand and simplify the following expression.

(2b—5% = (b+4)(b—13)

TOPIC 2 Algebra 73



12. Factorise the following expressions.

a. 8p° +20p b. 25x% — 10y & Grp oy — B

13. Factorise the following expressions.
a.7a(b+3)—(b+3) b. 10xy +5x—4y—2

14. A box has the following dimensions: x, 2x — 1 and 3x + 2.
Determine the correct expression for calculating the total surface area of the box.

15. Factorise the expression 9mp — 3m + 6me.

ILP®] Using variables

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e identify the number of terms in an algebraic expression
e identify the variables and coefficients of the terms in an expression
e identify the constant terms in an expression
e evaluate an expression or formula by substituting values for each variable.

2.2.1 Expressions

e A variable is a letter or symbol that stands for a number. Algebra is the branch of mathematics in which we
use and manipulate variables.
e In algebra an expression is a group of terms in which each term is separated by a + sign or a — sign.
e An expression with two terms is called a binomial. An expression with one term is called a monomial.
¢ Here are some important things to note about the expression 5x — 3y + 2:
o The expression has three terms and is called a trinomial.
o The variables x and y may take different values and are sometimes called pronumerals.
o The term 2 has only one value and is called a constant.
¢ The coefficient (the number in front) of x is 5, and the coefficient of y is —3.

Algebraic expressions

An algebraic expression is a group of terms that are separated by + or — signs.
Consider the following expression: 5x> — 6y + 13x + 8 + 2y°>.

¢ This expression is made up of five terms.

¢ The variables/pronumerals used in this expression are x and y.
¢ The coefficients of the terms are (in order): 5, —6, 13 and 2.

* The coefficient of x is 13.

e The smallest coefficient is —6.

e The constant is 8.
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WORKED EXAMPLE 1 Identifying coefficients of terms in an expression

2
For the expression 6x —3xy +z + 2 +x*z + y7, determine:

a. the number of terms b. the coefficient of the second term
c. the coefficient of the last term d. the constant term
e. the term with the smallest coefficient f. the coefficient of x*z.
THINK WRITE
a. Count the number of terms. a. There are six terms.
b. The second term is —3xy. The number part is b. The coefficient of the second term is —3.
the coefficient.
2
. 1
c. The last term is )17 This can be rewritten c. The coefficient of the last term is —.
15
as — X y-.
7 y
d. The constant is the term with no variable. d. The constant term is 2.
e. Identify the smallest coefficient and write the e. The term with the smallest coefficient is —3xy.

whole term to which it belongs.

f. x?z can be written as 1x%z. f. The coefficient of X2z is 1.

2.2.2 Substitution

e We can evaluate (find the value of) an algebraic expression if we replace the variables with their
known values.
e This process is called substitution.
e Consider the expression 4x + 3y. If we substitute the values x = 2 and y = 5, then the expression can be
evaluated like this:
4%X24+3%x5=8+15
=23

It is more common to use brackets for substitution instead of multiplication signs. For example:
4x+3y=412)+3(5)
=8+15
=23

WORKED EXAMPLE 2 Substituting values into terms

Evaluate the following terms for the values x =4 and x = —4.

a. 3x? b. —x2 c. V5—x

THINK WRITE

a. 1. Substitute 4 for x. a. Ifx=43 3x*=3@4)
2. Only the x term is squared. =3x%X16
3. Evaluate. =48
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4. Repeat for x = —4. Ifx=—4: 3x%=3(—4)

=3X%16
=48
b. 1. Substitute 4 for x. b. If x=4: —x2 = —4)?
2. Evaluate. =—16
3. Repeat for x=—4. If x= —4: —x2 = —(—4)
=-16
c. 1. Substitute 4 for x. c. Ifx=4: 5—x=45—-4
2. Evaluate. =1/1
=3
3. Repeat for x = —4. Ifx=—4 \/S—x:\/S—(—4)
=4/5+4
e
=3

WORKED EXAMPLE 3 Evaluating expressions using substitution

If x =3 and y = —2, evaluate the following expressions.

a. 3x+2
b. S5xy—3x+1
c. 2x2 +y?
THINK WRITE
a. 1. Write the expression. a. 3x+2y
2. Substitute x=3 and y = —2. =33)+2(-2)
3. Evaluate. =9—-4
=5
b. 1. Write the expression. b. Sxy—3x+1
2. Substitute x=3 and y = —2. =53)(-2)—33)+1
3. Evaluate. =-30—-9+1
=—-38
c. 1. Write the expression. c. 2x* +y?
2. Substitute x=3 and y = —2. = 2(3)2 + (—2)2
3. Evaluate. =18+4
=22
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TI | THINK
a-c. On a Calculator

3 x42-Jfe=3 and ym-2 s i

page, complete

the entry lines as: S =3 x4 v and y=-2 -8

3x + 2y|x =3 2-x20y2k-3udy--2 22
andy=-2 1
SxXy—=3x+1]|
x=3andy=-2
2 +y*x =3
and y = —2 If x=3 and y = =2, then
a. 3x+2y=5
b. 5xy—3x+1=-38
Press ENTER c. 22 +y*=22

after each entry.

CASIO | THINK

a-c. On the Main
screen, complete

the entry lines as:

3x 4+ 2ylx =3
y=-2
S5xXy—=3x+1|
x=3y=-2
2% + y e = 3|
y=-2

Press EXE after

each entry line.

WRITE

a-c.

© Edit Action Interactive

] B I CE R a0

3x+2y|x=3 | y==2 4]
5
Sxxy-3x+1|x=3|y=-2
-38
|2x24+y2 |x=3 | y=-2
22
D

[v]
Alg Standard  Real Deg @

If x=3 and y = —2, then
a.3x+2y=5

b. 5xy —3x+1=-38

c. 2%’ +y2 =22.

®» 2.2.3 Substitution into formulas

e A formula is a mathematical rule. Formulas are

usually written using variables.
For example, the formula for the area of a
rectangle is given by:

A=lw
where A represents the area of the rectangle, /
represents the length and w represents the width.
If a rectangular kitchen tile has length /=20 cm
and width w = 15 cm, we can substitute these
values into the formula to find its area.

A=Ilw
=20x15
=300 cm?

If the area of a kitchen tile is 400 cm? and its width is 55 cm, then we can substitute these values into the

formula to find its length.

A=lIlw
400 =1x 55
/= 400
55

_ 80
T

~73cm(to 1d.p.)
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WORKED EXAMPLE 4 Substituting values into a formula

The formula for the voltage in an electrical circuit can be found using the formula known as
Ohm’s Law:
V=IR
where I = current (in amperes)
R = resistance (in ohms)
V = voltage (in volts).

a. Calculate V when:
i. I=2 amperes, R =10 ohms
ii. =20 amperes, R =10 ohms.
b. Calculate 7 when V =300 volts and R = 600 ohms.

THINK WRITE

a. i. 1. Write the formula. a. i. V=IR
2. Substitute /=2 and R = 10. = (2)(10)
3. Evaluate and write the answer using the correct units. =20

The voltage is 20 volts.

ii. 1. Write the formula. ii. V=IR
2. Substitute /=20 and R = 10. = (20)(10)
3. Evaluate and write the answer using the correct units. =200
The voltage is 200 volts.
b. 1. Write the formula. b. V=IR
2. Substitute V=300 and R = 600. 300 = 1(600)
3. Evaluate and write the answer using the correct units. = %
=0.5

The current is 0.5 amperes.

Note: Even if we know nothing about volts, amperes and ohms, we can still do this calculation.

DISCUSSION

Which letters (variables) should you avoid using when writing algebraic expressions?
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Exercise 2.2  Using variables learn

2.2 Quick quiz 2.2 Exercise

Individual pathways

B PRACTISE Hl CONSOLIDATE B MASTER
1,4,7,10, 13, 14,17, 18, 25 2,5,8,11,15,19, 20, 21, 26 3,6,9, 12,16, 22, 23, 24, 27
Fluency
1. Determine the coefficient of each of the following terms.
a. 3x b. —2m c. = d. _a
3 4
2. Evaluate the coefficient of each of the following terms.
2 2
X 2mn
a. 5 b. —2 c. — d. —
y Pq 6 7
3. Determine the coefficient of each of the following terms.
2 T2 3
a. 15xy b. 2 c. L d. P
5 2 7

4. [IKI3M For each expression below, determine:

i. the number of terms
ii. the coefficient of the first term
iii. the constant term
iv. the term with the smallest coefficient.
- 52 +7x+8
. —9m* +8m—6
. 5%y —Tx> +8xy+5
. 9ab* —8a—9b* + 4

[V

o O T

5. For each expression below, determine:

i. the number of terms
ii. the coefficient of the first term
ili. the constant term
iv. the term with the smallest coefficient.
a. 4a—2+94*b* —3ac
. S5s+ 5%t +9+ 12t —3u
—m+ 8+ 5n*m+m*+2n
. 7c¢td +5d% + 14 = 3c¢d® —2e

oo CT

6. For each expression below, determine:

i. the number of terms

ii. the coefficient of the x term

ili. the constant term

iv. the term with the smallest coefficient.
a. —10x>+3x—7
b. 4y?+6xy—6x>+7 —3x
c. 10X —4x34+2x* —5x+38
d. 6—y> +6x—7y° + 10y — 15xy
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7. B Evaluate the following expressions for x=0, x=2 and x = —2.

a. Sx+2 b. x> —x c. x> +3x—1 d. %
8. Calculate the value of the following expressions for x =0, x=3 and x = —3.
a. —5x+4 b. x> —2x+1 c. x(x+4) d. 8
x+1
9. Determine the value of the following expressions for x=0, x=1 and x=—-2.
2x? 2
a. Vx+3 b. = ;7" c. (1+3)x—4) d. x5+3
10. I Answer the following questions.

a. If x = =3, then state the value of —5x — 3.

A —18 B. 12 c. 30 D. 18
b. Choose the expression that is a trinomial.

A. 3x? B. x+5+2 c. x*-7 D. x> +x+2
c. Choose the value of x for which the expression 4/(x — 6) cannot be evaluated.

A 2 B. 6 c. 7 D. 10
d. In the expression 5x*> — 3xy + 0.5x — 0.3y — 5, identify the smallest coefficient.

A 5 B. -3 c. 05 D. —0.3

11. IEA Determine the value of the following expressions if x=2, y=—1 and z=3.

a. 2x b. 3xy c. 2y%z

14 5
d. — e. 6(2x+3y—2) f. x* =y~ +xyz

X

12. If x=4 and y = —3, evaluate the following expressions.
a. 4x + 3y b. 3xy—2x+4 c. x> —y*

Understanding

13. [lIIZH The change in the voltage in an electrical circuit can be found using the formula known as Ohm’s Law
V =IR, where I = current (in amperes), R = resistance (in ohms) and V = voltage (in volts).

a. Calculate V when:

i. [=4, R=8 ii. =25, R=10.
b. Calculate R when:
i. V=100, =25 ii. V=90, I=30.

14. Evaluate each of the following by substituting the given values into each formula.
a. If A =bh, calculate the value of A when b=5 and h = 3.

b. Ifd= ﬂ, determine the value of d when m =30 and v = 3.
v

c.IfA= %xy, calculate the value of A when x=18 and y =2.

1
d. IfA= > (a+ b) h, determine the value of A when h=10,a=7 and b =2.

e. If V= 1%—1, determine the value of V when A =9 and H = 10.
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15.

16.

Calculate each of the following by substituting the given values into each formula.

a. If v=u+ at, calculate the value of v whenu=4,a=3.2and r=2.1.
b. If t=a+ (n—1)d, determine the value of f when a =3, n=10 and d =2.

c.lfA= % (x+y) h, determine the value of A when x=5,y=9 and h=3.2.

. If A =2b2, calculate the value of A when b =5.
e. If y=5x? — 9, determine the value of y when x = 6.

o

Calculate each of the following by substituting the given values into each formula.

a. If y=x? — 2x + 4, determine the value of y when x = 2.
b. If a = —3b* + 5b — 2, calculate the value of @ when b =4.

c. f s=ur+ %atz, determine the value of s when u=0.8, r=5 and a =2.3.

d. If F= %, calculate the value of F correct to 2 decimal places, when m=6.9, p=8 and r=1.2.

e. If C =nd, determine the value of C correct to 2 decimal places if d=11.

Reasoning

17.

18.

19.

20.

21.

. . 1 . .
The area of a triangle is given by the formula A = Ebh, where b is the length of the base and 4 is the
perpendicular height of the triangle.
a. Show that the area is 12 cm? when b=6cm and 2 =4 cm.
b. Evaluate / if A =24 cm? and b =4 cm.
Using E=F + V-2, where F is the number of faces on a prism, E is the number of edges and V is the
number of vertices, calculate:
a. EFif F=5and V=7 b. Fif E=10and V=2.

The formula to convert degrees Fahrenheit (F) to degrees

Celsius (C)is C= g (F'=32).

a. Determine the value of C when F = 59.
b. Show that when Celsius (C) is 15, Fahrenheit (F) is 59.

The length of the hypotenuse of a right-angled triangle (¢) can be found using the formula ¢ = v/a? + b2,
where a and b are the lengths of the other 2 sides.

a. Calculate c whena=3 and b =4.
b. Show that whena=5and c=13,b=12.

The kinetic energy (E) of an object is found by using the formula £ = Emvz, where m is the mass and v is the

velocity of the object.

a. Calculate E when m=3 and v=3.6.
b. Show that when E=25andv=5, m=2.
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22. If the volume of a prism (V) is given by the formula V=AH, where
A is the area of the cross-section and H is the height of the prism,
calculate:

a. Vwhen A=7cm? and H=9cm
b. H when V=120cm? and A = 30 cm?.

23. The volume of a cylinder (v) is given by v = 7zr?h, where r is the radius in centimetres and # is the height of
the cylinder in centimetres.

a. Determine v correct to 2 decimal places if r=7 and h = 3.
b. Determine & correct to 2 decimal places if v =120 and r=2.

24. The surface area of a cylinder (S) is given by S =27 r(r + h), where r is the radius of the circular end and 4 is
the height of the cylinder.

a. Calculate S (to 2 decimal places) if r=14 and 7 =5.
b. Show that for a cylinder of surface area 240 units® and radius 5 units, the height is 2.64 units, correct to
2 decimal places.

Problem solving

25. a. In a magic square, every row, column and diagonal adds to the same number. This number is called
the magic number for that square. Complete the unfinished magic square by first finding an algebraic
expression for the magic number.

b. Make three different magic squares by substituting different values for g and d in the completed magic
square from part a.
c. Calculate the magic number for each magic square.

2d+2g

d+g

0 |d+2g

26. A flat, rectangular board is built by gluing together a number of square pieces of the same size. The board is
m squares wide and n squares long. In terms of m and n, write expressions for:

a. the total number of squares
b. the number of completely surrounded squares
c. the perimeter of the figure, given that each square is 1 unit by 1 unit.

27. Determine which of the following eight expressions is not equivalent to the others.

X—y+z Z—y+x
z—=(—x —y+x+z
Z+x—y x—Q—2)
y—(z—x) X+z—y
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Algebra in worded problems

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e assign variables to the unknown quantities in a worded problem
e convert the worded statements presented in a question into algebraic expressions.

2.3.1 Algebra in worded problems

¢ In order to make use of the skills you learn in algebra, it is useful to be able to take a real-life problem and
convert it into an algebraic expression.

e The starting point for any worded problem is to define the unknown quantities in the question by assigning
appropriate variables to those unknown quantities.

Key language used in worded problems

In order to be able to turn a worded problem into an algebraic expression, it helps to look out for the
following kinds of words.

* Words for addition: sum, altogether, add, more than, and, in total

* Words for subtraction: difference, less than, take away, take off, fewer than

e Words for multiplication: product, groups of, times, of, for each, double, triple

e Words for division: quotient, split into, halve, thirds

WORKED EXAMPLE 5 Converting worded problems into algebraic expressions

Werite an algebraic expression for each of the following, choosing an appropriate variable if necessary.

a. The number that is 6 more than Ben’s age.
b. The total value of a bundle of $10 notes.
c. The total cost of 8 adults’ and 3 children’s train tickets.
d. The product of a and w.
e. w less than a.
THINK WRITE
a. 1. Ben’s age is the unknown quantity. a. Let Ben’s age = b years.
Note: You must not say, ‘Let Ben =25,
because b is a number.
2. Write an expression for Ben’s age plus 6. b+6
b. 1. The number of notes is the unknown quantity. b. Let n= the number of $10 notes
2. The value is 10 times the number of notes. Total value = 10n dollars
Write the expression for the value of the notes.
c. 1. The cost of tickets is the unknown quantity. c. Let an adult’s ticket cost a dollars
2. The adults’ tickets cost 8 X @ and the and a child’s ticket cost ¢ dollars.
children’s Tickets cost 3 X ¢. Write the Total cost = 8a + 3¢ dollars.
expression for the total cost of the tickets.
d. ‘Product’ means to multiply. d. aXw
Write the expression.
e. In this expression, w is subtracted from a. e.a—w

Write the expression.

TOPIC 2 Algebra 83



WORKED EXAMPLE 6 Solving a worded problem

Kot has a block of chocolate that is made up of 40 smaller pieces.
a. If he breaks off x pieces to give to Akira, evaluate how much of the block remains.

1
b. Kot then eats g of the remaining chocolate for dessert. Determine how much he ate.

c. Finally Kot gives a third of what remains to his sister Temar. Calculate how much Temar receives if

the original amount Kot gave to Akira was 10 pieces.

THINK

a. 1.

The unknown quantity is the amount passed
to Akira, which is x.

Write an expression for x less than 40.

. The unknown quantity is still x.

Using the answer to a, write an expression
1 . .
for — of what is left. Note: ‘of” is a word that

means multiplication.

. The unknown quantity is still x from part a.

Use your answers to a and b to write an
expression for the amount left over after Kot

1
eats 5 of the remaining chocolate.
. . 1
Multiply that expression by 3

Substitute the value of x = 10 into the
expression to find the final answer. Write the
answer in words.

WRITE

a.

C.

x = number of pieces given to Akira

Amount remaining =40 — x

1 ..
Amount eaten = E of amount remaining
1
Amount eaten = g X (40 —x)
Amount eaten = é 40 —x)
Amount left =40 — x — é 40 —x)

.1 .
Amount passed to Temar is - of what is left

over after Kot’s dessert.

Temar’s amount = % <40 —X— é 40 —x))
When x= 10

1 1
=—<40—10——(40—10)>

3 5
—l<40—10—l(30)
3 5

1 1
=-130—-(0

+ (s0-30)

1
=-3B0-6

3( )

1
=-(24

3( )
=8

Temar receives 8 pieces of chocolate from Kot.
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Exercise 2.3  Algebra in worded problems learn

2.3 Quick quiz 2.3 Exercise

Individual pathways

B PRACTISE B CONSOLIDATE B MASTER
1,4,5,6,10, 14 2,7,8,11,15, 16 3,9,12,13,17,18
Fluency

1. Iam studies five more subjects than Xan. Determine how many subjects lam studies if:

a. Xan studies six subjects
b. Xan studies x subjects
c. Xan studies y subjects.

2. Eva and Juliette walk home from school together. Eva’s home is 2 km further from
school than Juliette’s home. Calculate how far Eva walks if Juliette’s home is:
a. 1.5 km from school b. xkm from school.

3. Lisa watched television for 2.5 hours today. Calculate how many hours she will watch
tomorrow if she watches:
a. 1.5 hours more than she watched today
b. ¢ hours more than she watched today
c. y hours fewer than she watched today.

4. Samir ran d km today. Calculate the distance he will cover tomorrow if he runs:

a. xkm less than he ran today
b. y km more than he ran today
c. 4 km more than double the distance that he ran today.

Understanding

5. IEA Write an algebraic expression for each of the following questions.
a. If it takes 10 minutes to iron a single shirt, calculate how long it would take to iron all of Anthony’s shirts.

b. Ross has 30 dollars more than Nick. If Nick has N dollars, calculate how much money Ross has.
c. In a game of Aussie Rules football Luciano kicked 4 more goals than he kicked behinds.

i. Determine how many behinds Luciano scored, if g is the number of goals kicked.
ii. Calculate the number of points Luciano scored.
(Note: 1 goal scores 6 points, 1 behind scores 1 point.)

6. Jeff and Chris play Aussie Rules football for opposing
teams. Jeff’s team won when the two teams played each
other.

a. Calculate how many points Jeff’s team scored if
they kicked:
i. 14 goals and 10 behinds
ii. x goals and y behinds.

b. Calculate how many points Chris’s team scored if his
team kicked:

i. 10 goals and 6 behinds
ii. p goals and ¢ behinds.
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c. Calculate how many points Jeff’s team won by if:

i. Chris’s team scored 10 goals and 6 behinds, and Jeff’s team scored 14 goals and 10 behinds
ii. Chris’s team scored p goals and g behinds, and Jeff’s team scored x goals and y behinds.

(Note: 1 goal scores 6 points, 1 behind scores 1 point.)

7. Yvonne’s mother gives her x dollars for each school subject she passes. If she passes y subjects, determine
how much money Yvonne receives.

8. Rosya buys a bag containing x Smarties.

a. If they divide them equally among n people, calculate how many each person gets.
b. If they keep half of the Smarties for themselves and divide the remaining Smarties equally among n
people, calculate how many Smarties each person gets.
9. A piece of licorice is 30 cm long.

a. If Ameer cuts d cm off, calculate how much licorice remains.

1 L L
b. If Ameer cuts off — of the remaining licorice, calculate how much licorice has been cut off.

c. Determine how much licorice remains after the two cuts that Ameer has made.

Reasoning

10. One-quarter of a class of x students plays tennis at the weekend. One-sixth of the class plays tennis and also
swims at the weekend.

a. Write an expression to represent the number of students playing tennis at the weekend.
b. Write an expression to represent the number of students playing tennis and also swimming at
the weekend.

c. Show that the number of students playing only tennis at the weekend is %

. . . 1
11. During a 24-hour period, Vanessa uses her computer for ¢ hours. Her brother Darren uses it for 7 of the

remaining time.

a. Determine the length of time for which Darren used the computer.

b. Show that the total number of hours that Vanessa and Darren use the computer during a 24-hour period

6c + 24
can be expressed as c-; .

12. Dizem had a birthday party last weekend and invited » friends. The table shown indicates the number of
friends at Dizem’s party at certain times during the evening. Everybody arrived by 8.30 pm and everyone
left the party by 11 pm.

a. Show that 1 person arrived between 7.00 pm and 7.30 pm.
b. Determine the start and end times during which the most friends arrived.
c. Calculate how many friends were invited but did not arrive.
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13.

d. Show that 24 friends were invited in total.
e. Determine the start and end times during which the most friends were present at the party.

Time Number of friends
7.00 pm n—24
7.30 pm n—23
8.00 pm n—_8
8.30 pm n—>5
9.00 pm n—>5
9.30 pm n—"7
10.00 pm n—12
10.30 pm n—18
11.00 pm n—24

IZA Ty earns $y per week working at his part-time job.

a. If he spends $30 a week on his phone, calculate how much money he has left.

b. If he saves two-thirds of the remaining money for rent each week, calculate how much money is left.

c. If, after paying for his phone, saving for rent and spending $100 on food, Ty still has $200 left over,
determine how much he earns in a week.

Problem solving

14,

15.

16.

17.

18.

A child builds a pyramid out of building blocks using the pattern shown.

a. Determine a rule that gives the number of blocks on the bottom layer, b, for a
tower that is / blocks high.

b. If the child wants the tower to be 10 blocks high, determine how many blocks
they should begin with on the bottom layer.

A shop owner is ordering vases from a stock catalogue. Red vases cost $4.20 and clear vases cost $5.70. If
she buys 25 vases for $120, determine how many of each type of vase she bought.

A father is 4 times the age of his son. In 4 years time the father will be 3 times the age of his son. Determine
how old the father is now.

If a circle has 3 equally spaced dots (A, B and C) on its

circumference, only 1 triangle can be formed by joining the dots. A
Investigate to determine the number of triangles that could be

formed by 4, 5 or more equally spaced dots on the circumference.

From your investigation, can you see a pattern in the number of
triangles (f) formed for a circle with d equally spaced dots on its
circumference?

Determine whether it is possible to express this as a formula.

Answer the following questions, showing full working.

. -3 .
a. Transpose the equation 7= a N to make x the subject.
x—

b. Evaluate Twhen x=1.
c. Evaluate x when T=1.
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TPl Simplification of algebraic expressions

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e identify whether two terms are like terms
* simplify algebraic expressions by adding and subtracting like terms
 simplify algebraic expressions that involve multiplication and division of multiple algebraic terms
e add, subtract, multiply, and divide algebraic fractions.

2.4.1 Addition and subtraction of like terms

e Simplifying an expression involves writing it in a form with the least number of terms, without X or +
signs, and with any fractions expressed in their simplest form.

e Like terms have identical variable parts (including the power), but may have different coefficients.
For example:
« 5y and 10y are like terms, but 5y and 10y are not like terms.
o 3mn? and —4mn” and like terms, but 3m>n and —2mn? are not like terms.

e If a term contains more than one variable, the convention is to write the variables in alphabetical order.
This makes it easier to identify like terms.
For example:
e 3ch’a and —7b*ca are like terms and should be written as 3ab*c and — 7ab’c to make this easier to

identify.

* We can simplify like terms by adding (or subtracting) the coefficients to form a single term. We cannot
simplify any terms that are not like terms.
For example:
e 10xy+ 3xy — 7xy = 6xY.

WORKED EXAMPLE 7 Simplifying algebraic expressions

Simplify the following expressions.

a. x+2x+3x—5 b. 9a%b + 5ba® + ab* c. =12 —4dc* +10 + 5¢2
THINK WRITE
a. 1. Write the expression. al v+ 2x5-+3x—15
2. Collect the like terms x, 2x and 3x. =6x—5
b. 1. Write the expression. b. 9a’b + 5ba* + ab?
2. Collect the like terms 9ab and 5bha’. = 14a’b + ab?
c. 1. Write the expression. c. —12—4c*+10+5c2
2. Collect the like terms 4¢* and 5¢°. = —12+10—4c* + 5¢2
3. Simplify the expression. =-2+c*orc?-2
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2.4.2

Multiplication of algebraic terms

° Any number of algebraic terms can be multiplied together to produce a single term.
e Numbers can be multiplied in any order, so it is easiest to multiply the coefficients first, then multiply the

variables in alphabetical order.

e Remember that, when multiplying variables, we also add their indices together.

Note: x=x'

4ab X 3a*b x 2a°

A4xaxbx3xa>xbx2xa®
4x3x2Xaxa’Xa*xXbxb
24 x a® x b?

24a°p?

WORKED EXAMPLE 8 Multiplication of algebraic terms

Simplify the following expressions.
a. 4a X 2b X a

b. 7ax X (—6bx) X (—2abx)

THINK WRITE
a. 1. Write the expression. a. 4dax2bxa
2. Rearrange the expression, writing the =4X2XaXaXb
coefficients first.
3. Multiply the coefficients and variables = 8a’b
separately.
b. 1. Write the expression. b. 7ax X (—6bx) X (—2abx)
2. Rearrange the expression, writing the =TX(—6)X(=2)XaXaXbXbXxXxXx
coefficients first.
3. Multiply the coefficients and variables = 84a’b*x*
separately.
Tl | THINK CASIO | THINK WRITE
a-b. In a new problem, a-b. On the Main a-b. e
on a Calculator page, R aTEe D screen, complete 1o [ sime 5T+ 5] ,L
complete the entry O the entry lines Tt T
lines as: | ' as: sz
4ax2bxa 4ax2bxa | Taxx-Bbxxx—-2axbxx
and and ‘ 84-a2.p2x3
Ta X xX —6b X Ta X x X —6b X b
x X —=2aXbXx xX —=2aXbXx
a. 4ax2bxa=8d’b
P ENTER aft _ _
e;zlslsent linea er b. 7axxx 6b2><2x;< 2ax Press EXE after
Ty e b xx=84a"bx each entry line.
[v]
Alg Decimal Real Deg @
a. d4ax2bxa=8a’b
b. 7aXxX —6bXxX —2a X b X
x = 84a°b’x°
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2.4.3 Division of algebraic terms

e When dividing two algebraic terms, first rewrite the terms in fraction form.
e Simplify the fraction by dividing through by the highest common factor of the coefficients and cancelling
down the variables.

e Remember that when dividing variables we subtract their indices.

36x3yz2

40x%y?

| 367 XxXAXAXYXIXZ

N 1040 XXX XX Y X Y
10y

WORKED EXAMPLE 9 Dividing algebraic terms

Simplify the following terms.

36x7yz? + (40x%y?) =

12x
a —2 b. (—8ab?) + (~16a%)
4xz
THINK WRITE
12
a. 1. Write the term. a. 4
4xz
3V X A X
2. Cancel the common factors. = 2 £XY
AXEXZ
3
3. Write the answer. =2
z
)
b. 1. Write the term as a fraction. Eab
—16a*b
1 1
2. Cancel the common factors. i X%b
26 X, X B,
. . . 1 1 b
3. Simplify and write the answer. =3 X — X il
a
_b
2a

2.4.4 Adding and subtracting algebraic fractions (optional)

¢ Algebraic fractions contain pronumerals that may represent particular numbers or changing values.

e Simplifying algebraic fractions follows the same principles as those used for simplifying numerical
fraction expressions such as E + 3 or — + —. That is, determine a common denominator for addition and
subtraction and use reciprocals for division.

¢ To add or subtract algebraic fractions we perform the following steps.
Step 1 Determine the lowest common denominator (LCD) by determining the lowest common multiple
(LCM) of the denominators.
Step 2 Rewrite each fraction as an equivalent fraction with this common denominator.
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Step 3 Add (or subtract) the new numerators.
Step 4 Simplify.

WORKED EXAMPLE 10 Adding and subtracting algebraic fractions

Simplify each of the following expressions.

X X
a. —+-= bl % C_J’+1 x+y
2 5 3 7 5 _6
THINK WRITE
a. 1. Write the expression. a. g 4 g
. . S5x  2x
2. Determine the lowest common denominator (LCD). =—+ —
The lowest common multiple (LCM) of 2 and 5 is 10. 10 10
3. Add the numerators. = 7_x
10
: : y %y
b. 1. Write the expression. b. S
. . Ty 6y
2. Determine the LCD. The LCM of 3 and 7 is 21. = ﬁ — ﬁ
3. Subtract the numerators. = 2y_1
. . y+1 x+y
c. 1. Write the expression. c. — Ik e
6(y+1 S+
2. Determine the LCD. The LCM of 5 and 6 is 30. = (y3 5 ) + ();0 Y)
6y+1)+5x+
3. Add the numerators. = Y )30 @+y)
6y+6+5x+5
4. Expand the grouping symbols in the numerator. = %
Sx+11y+6
5. Simplify the numerator by collecting like terms. = %

2.4.5 Multiplying and dividing algebraic fractions (optional)

e The rules for multiplication and division are the same as for numerical fractions.
* When multiplying algebraic fractions, multiply the numerators and multiply the denominators, then cancel
any common factors in the numerator and denominator.

WORKED EXAMPLE 11 Multiplying and dividing algebraic fractions

Simplify each of the following.

x 6 3xy 4x
a. - X-— b, — =+ —
2y 2 9y
THINK WRITE
a. 1. Write the algebraic fractions. a. g X 0
y
. . 6
2. Multiply the numerators and multiply the denominators. = 2_x
y

4

TOPIC 2 Algebra 91



3. Check for common factors in the numerator and denominator and =—

simplify. The numbers 6 and 2 have a common factor of 2. Y
. ] g 3xy 4
b. 1. Write the algebraic fractions. b. =l a2
2 9y
o . e . . 3xy 9y
2. Change the division sign to a multiplication sign and write =
the second fraction as its reciprocal. 2 4
. . . 27xy
3. Multiply the numerators and multiply the denominators. 2
X
) ) 27y?
4. Check for common factors in the numerator and denominator. = ry

Cancel x.

e When dividing algebraic fractions, change the division sign to a multiplication sign and write the following
fraction as its reciprocal.

Exercise 2.4  Simplification of algebraic expressions learn

2.4 Quick quiz 2.4 Exercise

Individual pathways

B PRACTISE Bl CONSOLIDATE B MASTER
1,3,9,10, 11, 14,17, 21, 24, 2,4,5,7,12,15,19, 22, 25, 6, 8, 13, 16, 17, 20, 23, 26, 31, 32
27,28 29, 30
Fluency
1. For each of the following terms, select the terms listed in brackets that are like terms.
a. 6ab (7a, 8b, 9ab, —ab, 4a2b2) b. —x (Bxy, —xy, 4x, 4y, —yx)
c. 3az  (3ay, —3za, —az, 37a, 3a2z) d. x? (2x, 2x%, 2x3, —2x, —x?)
2. For each of the following terms, select the terms listed in brackets that are like terms.
a. 2x2y (xy, —2xy, —ny —2x2y, —2x2y2)
b. 3x° (3xy,3xy v —x ¥, —3
c. 5x? p3w5 ( 3w5 p3 P> 2w, 5xpw —5x2 173’w5 w p? xq)
d. —x*y°7 ( V), —y22x, —x +y+2z, 472, —2x27* 5)

3. Simplify the following expressions.

a. Sx+2x b. 3y+ 8y c. Tm+12m
d. 13¢—2¢q e. 17r—9r f. —x+4x
4. Simplify the following expressions.
a. Sa+2a+a b. 9y +2y—3y c. Tx—2x+8x
d. 14p—-3p+5p e. 2¢° +7¢° f. 5x2 —2x°
5. Simplify the following expressions.
a. 6x° +2x> — 3y b. 3m? +2n —m? c. —2g>—4g+5g—12
d. —5m?+5m—4m+15 e. 124> +3b+4b*—2b f. 6m+2n* —3m+5n*

92 Jacaranda Maths Quest 9



10.

11.

12,

13.

14.

15.

16.

17.

18.

. Simplify the following expressions.

a. 3xy+2y* + 9yx b. 3ab +3a*b + 2a*b — ab c. 9x%y —3xy + Tyx?
d. 4m’n+3n—3m’n+ 8n e. —3x% —4yx? —4x% + 6x%y f. 4 —2a’b — ba® + 5b — 9a°

. I Choose which of the following is a simplification of the expression 18p — 19p.

A.p B. —p c.p? D. —1

. Il Choose which of the following is a simplification of the expression 5x> — 8x 4 6x — 9.

A. 3x—9 B. 3x2—9 C. 5x2+2x—9 D. 5x2—2x—-9

. Il Choose which of the following is a simplification of the expression 12a —a + 15b — 14b.

A. 1la+b B. 12 C. lla—b D. 13a+5b

[T Choose which of the following is a simplification of the expression —7m?*n + Sm? 4+ 3 —m? + 2m’n.
A. =9m’n+4m* + 3 B. —9m’n+38 C. =5m*n—4m* +3 D. —5m’n+4m* +3

= Simplify the following.

a. 3mX2n b. 4xX 5y c. 2pX4q d. S5x X (—2y) e. 3y X (—4x)
Simplify the following.
a. (=3m)X(=5n) b. 5aX2a c. 3mnX2p d. (—6ab)x b e. (—5m) X (—2mn)
Simplify the following.
a. (—6a) X 3ab b. (—3xy) X (=5xy) X 2x c. 4pg X (—p) X 3¢*
d. 4c X (=Ted) X 2¢ e. (—3a®) x (=5ab*) x 2ab*
=M Simplify the following.
a. % b. 9?m c. l_zy d. 87m e. 12m+3
Simplify the following.
a. 14x+7 b. —21x+3 c. —32m+8 d. dm e. bx
8 18
Simplify the following.
, S o, 2o
18n 124%b 14x
d. 20yz e. —=7xy*7% = (11xyz)

8xz

EET Simplify each of the following expressions. Give your answers in simplified fraction form.

X x y oy m m X X m m
a. -+ — b. ——= c. ——— d -+ — e. —+—

3 4 2 3 8 4 6 12 2 7
II=EN Simplify each of the following. Give your answer in simplified fraction form where appropriate.

4 m n_3 a._ a 3a a
a. — X — b. =X — C. -+ — d —+ -

3 16 9 2 5 20 14 7

Understanding

19.

Simplify the following.

a. Sx X4y X 2xy b. 7xy X 4ax X 2y . 6x%y q = 15x%ab
122 126252
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20. Simplify the following.

2 3 2

a. 24 b. (—4a) X (—5ab?) X 2a
P q

c. (—a)xX4abx2baxb d. 2aX2ax2ax?2a

21. Jim buys m pens at p cents each and n books at g dollars each.
a. Calculate how much Jim spends in:

i. dollars ii. cents.
b. Calculate how much change Jim will have if he starts with $20.

22. At alocal discount clothing store 4 shirts and 3 pairs of shorts cost $138 in total. If a pair of shorts costs
2.5 times as much as a shirt, calculate the cost of each kind of clothing.

23. Anthony and Jamila are taking their 3 children to see a movie at the cinema. The total cost for the 2 adults
and 3 children is $108. If an adult’s ticket is 1.5 times the cost of a child’s, calculate the cost of 1 child’s
ticket plus 1 adult’s ticket.

Reasoning
24. Class 9A were given an algebra test. One of the questions is shown below.
L . . 3ab _4ac
Simplify the following expression: BN X b XTc.

aabc

Sean, who is a student in class 9A, wrote his answer as X 7c. Explain why Sean’s answer is

incorrect, and write the correct answer.

25. Using the appropriate method to divide fractions, simplify the following expression.
154°b> . <Sac2 y i)
16¢t ~\ 4b® * 2p*

><(n+1)

n+1) (+2)
X(n+1)x(n+2)‘

n+1) (+2) ("r+3)

26. Answer the following questions.

a. Simplify the expression

b. Simplify the expression

c. Use the results from parts a and b to evaluate 1 X 2 X=X .. X 2
2 3 4 100

Problem solving

27. a. Fill in the empty bricks in the following pyramids. The expression in each brick is obtained by adding the
expressions in the two bricks below it.

i iii.
8p + 3¢q

2a + 3b 5p—2q

2a-b 3a+b 2p + 3q

b. Fill in the empty bricks in the following pyramids. The expression in each brick is obtained by
multiplying the expressions in the two bricks below it.

i. iii.
48d%e?
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28. For the triangle shown:

a. write an expression for the perimeter of the triangle

b. show that the triangle’s perimeter can be simplified to gx

c. calculate the cost (to the nearest dollar) to frame the triangle using timber

that costs $4.50 per metre, if x equals 2 metres.

29. For the rectangle shown:

[ ]

-

a. write an expression for the perimeter of the rectangle

4
b. show that the expression for the perimeter can be simplified to 6;w

W=

c. calculate the cost (to the nearest cent) to create a wire frame for the rectangle using wire that costs

$1.57 per metre, if w equals seven metres.
30. A rectangular chocolate block has dimensions x and (4x — 7).

a. Write an expression for the perimeter (P) in the form P = Oy + Odx— 7).

b. Expand and simplify this expression.
c. Calculate the perimeter of the chocolate block when x = 3.
d. Explain why x cannot equal 1.

31. A doghouse in the shape of a rectangular prism is to be reinforced with
steel edging along its outer edges including the base.
The cost of the steel edging is $1.50 per metre. All measurements are in
centimetres.

a. Write an expression for the total length of the straight edges of the
frame.

b. Expand the expression.

c. Evaluate the cost of steel needed when x =80 cm.

x+ 20

32. A tile manufacturer produces tiles that have the side lengths shown. All measurements are in centimetres.

a. Write an expression for the perimeter of each shape.

b. Evaluate the value of x for which the perimeter of the triangular tile is the same as the perimeter of the

square tile.
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Expanding brackets

LEARNING INTENTIONS

At the end of this lesson you should be able to:

e apply the distributive law to expand and simplify an expression with a single set of brackets
e apply the distributive law to expand and simplify expressions containing two or more sets of brackets.

2.5.1 The Distributive Law

e There are two ways of calculating the area of the rectangle shown. 5 cm 3 cm

1. The rectangle can be treated as a single shape with a length of

4 cm and a width of 5+ 3 cm.
4 cm
A=IXw

= 4(5+3)

=4x8
=32 cm?

2. The areas of the two smaller rectangles can be added together.

A=4X54+4x%3
=20+12
=32cm?

e The length of the rectangle shown is a and its width is b+ c.

b+c
b c

e This rectangle’s area can be found in two different ways.
1.LA=IxXw
=alb+c)

This expression is described as factorised because it shows one number (or factor) multiplied by
another. The two factors are a and (b + ¢).

2. The areas of the two small rectangles can be added together.
A=ab+ac

This expression is described as expanded, which means that it is written without brackets.
e a(b+c)=ab+ ac is called the Distributive Law.

The Distributive Law

In order to expand a single set of brackets we apply
the distributive law, which states that:

ab+c)=axb+axc=ab+ac
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e A helpful way to expand brackets is to draw arrows between factors as you work out each multiplication.
x(x —y) =x2...

x(x —y) =x* —xy

WORKED EXAMPLE 12 Expanding a single set of brackets

Use two different methods to calculate the value of the following.
a. 75 +15) b. 109—-1)

THINK WRITE

a. 1. Method 1: Work out the brackets first, then evaluate. a. 7(5+15)
=7%20
=140

2. Method 2: Expand the brackets first, then evaluate. AN

7(5 + 15)

=7Xx5+7x%x15

=35+105

=140

b. 1. Method 1: Work out the brackets first, then evaluate. b. 109—-1)
=10x38
=80

2. Method 2: Expand the brackets first, then evaluate /\:\

109-1)

=10x9+10x—1

=90-10

=80

WORKED EXAMPLE 13 Expanding using arrows

Expand the following expressions.

a. S(x+3) b. —4y(2x —w) c. 3x(5—6x +2y)
THINK WRITE
a. 1. Draw arrows to help with the expansion. a. AN
S(x+3)
2. Simplify and write the answer. =5Xx+5X3
—I5x+15
b. 1. Draw arrows to help with the expansion. b.
—4y(2x — w)
2. Simplify and write the answer. = —4yX2x—4y X (—w)
= —8xy +4wy
c. 1. Draw arrows to help with the expansion. c.

3x(5 — 6x + 2y)
2. Simplify and write the answer. = 3x X5+ 3x X (—6x) +3x X2y
= 15x— 18x + 6xy
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2.5.2 Expanding and simplifying

e When a problem involves expanding that is more complicated, it is likely that the like terms will need to
be collected and simplified after you have expanded the brackets.

e When solving these more complicated problems, expand all sets of brackets first, then simplify any like
terms that result from the expansion.

WORKED EXAMPLE 14 Expanding and simplifying

Expand and simplify the following expressions by collecting like terms.

a. 4x—4)+5 b. x(y —2)+ 5x c. - x(y—2)+5x d. 7x — 6(y — 2x)
THINK WRITE
a. 1. Expand the brackets. a. AN
4x—-4+5
2. Simplify and write the answer. =4x—16+5
=4x—11
b. 1. Expand the brackets. b.
x(y —2) + 5x
2. Simplify and write the answer. =0y — 2515
= xy+3x
c. 1. Expand the brackets. c. /i‘\
—x(y —2) + 5x
2. Simplify and write the answer. (Note: There —xy +xz+5x

are no like terms.)

d. 1. Expand the brackets. d. /i\
Tx — 6(y — 2x)
2. Simplify and write the answer. =Tx—6y+12x

= 19x — 6y

WORKED EXAMPLE 15 Expanding two sets of brackets and simplifying

Expand and simplify the following expressions.

a. 5(x +2y) + 6(x — 3y) b. 5x(y —2) —y(x + 3)
THINK WRITE
a. 1. Expand each set of brackets. a.

S(x + 2y) + 6(x — 3y)

2. Simplify and write the answer. = 5x+ 10y + 6x— 18y
=11x—8y

b. 1. Expand each set of brackets. b. K\

Sx(y —2) — y(x + 3)

2. Simplify and write the answer. = Sxy — 10x — xy — 3y
=4xy— 10x — 3y
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® 2.5.3 Expanding binomial factors

"« Remember that a binomial is an expression containing two terms, for example x + 3 or 2y — z2. In this
section we will look at how two binomials can be multiplied together.
e The rectangle shown has length a + b and width ¢ +d.

c+d

a+b

e There are two ways of finding the area of the large rectangle.
I.A=Ixw
=(a+b)X(c+d
=(a+b)c+d)
This is a factorised expression in which the two factors are (a + b) and (¢ + d).
2. The areas of the four small rectangles can be added together.
A=ac+ad+bc+bd
So (a+b)(c+d)=ac+ ad+ bc+ bd

e There are several methods that can be helpful when remembering how to expand binomial factors.
One commonly used method is FOIL.
Each of the letters in FOIL stand for:
First — multiply the first term in each bracket.
Outer — multiply the two outer terms of each bracket.
Inner — multiply the two inner terms of each bracket.
Last — multiply the last term of each bracket.

FOIL - First Outer Inner Last

/NP

(a+ b)c+d
N L

(a+b)c+d)=ac+ad+ bc+ bd

Expanding binomial factors
Using FOIL, the expanded product of two binomial factors is given by:

(@+b)(c+d)y=axc+axd+bxc+bxd=ac+ad+bc+bd

It is expected that the result will have 4 terms.

Note: It may be possible to simplify like terms after expanding.
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WORKED EXAMPLE 16 Expanding and simplifying two binomial factors

Expand and simplify each of the following expressions.

a. x—5x+3) b. @+ 2)(x+3) c. 2x+ 2)2x+3)

THINK WRITE
a. 1. Expand the brackets using FOIL. a.
(x—=35)(x+3)
LA
2. Simplify the expression by collecting like terms. =x>+3x—5x—15

=x*—2x—15

b. 1. Expand the brackets using FOIL. b. m
(x+2)(x + 3)
LA
2. Simplify the expression by collecting like terms. =x>+3x+2x+6
plity P y g
=x’+5x+6
c. 1. Expand the brackets using FOIL. c.
2x+2)2x + 3)
LA
2. Simplify the expression by collecting like terms. =4x> +6x+4x+6
plity P y g
=4x>+10x+6
TI | THINK CASIO | THINK WRITE
a—c. In a new problem, a-c. On the Main screen, A-C. et
ona Calcul.ator expand((x-s)- (c+2) e press: 61| & [fia] s[5 | v [4H[ o ]|
page, press: expand((es2)- (c02)) T ® Action , [expand( (x-5) (x+3)) ]
° MENU oonnd@2G50)  o2ui0mes ® Transformation 2-2.x-1518
® 3: Algebra ® Expand expand ( (x+2) (x+3))
e 3: Expand ' Complete the entry x245.x+6 “
Complete the entry lines as: *emnd((2x+2)(2:<+3);
lines as: expand expand 4-x2+10-x+6
L(x=5)(x+3 ]
(= 5)X (r +3) 2L (= 5)(+3))
expand ) expand
((x+2)X (x+3)) Bro ) ((x+2)(x +3)
expand " expand
(2x+2)x (2x +3)) c (22 * 1)(120‘ i 33 (2x +2)(2x + 3))
=4ax X
Press ENTER Press EXE after each Alg  Stendard  Real Red @
after each entry. entry line
Note: Remember ¥ e a.(x—5x+3)=x"—2x—15
to m.Clu.de t.he b. (x+2x+3) =x> +5x+6
multiplication
sign between c. (2x -I; 22x+3)
the brackets. =4+ 10w

DISCUSSION

Explain why, when expanded, (x + y)(2x + y) gives the same result as (2x + y)(x + y).
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Exercise 2.5 Expanding brackets learn
2.5 Quick quiz 2.5 Exercise
Individual pathways
B PRACTISE Bl CONSOLIDATE B MASTER
1,2,7,9,12, 15, 18, 22, 24, 26, 3, 4,6,10, 13, 17, 20, 21, 25, 27, 5,8, 11, 14, 16, 19, 23, 28, 29, 32,
30, 33 31, 34 35, 36
Fluency
1. IlIEHEN Use two different methods to calculate the value of the following expressions.
a. 8(10—-2) b. 11(99+1) c. -53+1) d. 7(100— 1)

10.

11.

12.

. IlIIZEA Expand the following expressions. For the first two examples, draw a diagram to represent

the expression.
a.3(x+2) b. 4(x + 3) c.4(x+1) d 7x—1)

. Expand the following expressions.

a. -3(p-2) b. —(x—1) c.3(2b—4) d. 83m —2)

. Expand each of the following. For the first two examples, draw a diagram to represent the expression.

a. x(x+2) b. a(a+5) c. x(4+x) d. m(7 —m)

. Expand each of the following.

a. 2x(y+2) b. —3y(x+4) c. —=b3—a) d. —6a(5—3a)
. IlE Expand and simplify the following expressions by collecting like terms.
a. 2(p—3)+4 b. 5(x—=5)+38 c. =7Tp+2)-3
d —43Gp—-1)—-1 e. bx(x—3)—2x
. Expand and simplify the following expressions by collecting like terms.
a. 2m(m+5)—3m b. 3x(p+2)—=5 c. &y(y—-1+7
d. —4plp—2)+5p e. 5(x—2y)—3y—x
. Expand and simplify the following expressions by collecting like terms.
a. 2m(m—5)+2m—4 b. =3p(p —2q9)+4pg—1 c. =7a(5 —2b)+5a—4ab
d. 4c¢(2d—3c) —cd — 5¢ e.op+3—-4Q2p+5)
. lEHE Expand and simplify the following expressions.
a. 2(x+2y)+32x—y) b. 42 p+39)+2(p —2q) c. 712a+3b) +4(a+2b)
d. 53c+4d)+2Q2c+4d) e. —4(m+2n)+32m—n)
Expand and simplify the following expressions.
a. =32x+y)+43x—2y) b. —=2(3x +2y) +3(5x + 3y) c. =5(@p+2¢9)+2@Bp+9q)
d. 6(a—2b)—5Q2a—3b) e. 52x—y)—203x—2y)
Expand and simplify the following expressions.
a. 42p—4q9)—3(p—29) b. 2(c—3d)—5Q2c—3d) c. 72x—3y) — (x—2y)
d. —5(p—-29)—2p—q) e. —3(a—2b)—(2a+3b)
Expand and simplify the following expressions.
a. a(b+2)+bla—3) b. x(y +4)+y(x—2) c. c(d=2)+c(d+)5)
d. p(g—5)+p(g+3) e. 3c(d—2)+c2d-5)
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13. Expand and simplify the following expressions.
. Ta(b—3)—bRa+3)
2m(n+3)—m(2n+1)
.de(d—5)+2c(d—8)
.3mQ2m+4)—20GBm+5)

. 5¢Q2d—1)—QBc+cd)

Y

O Q 0 T

14. Expand and simplify the following expressions.
a. —3a(5a+ b) + 2b(b — 3a)

. —4c(2c —6d) +d(3d —2c)

. 6m(2m—3)—(2m+4)

LIx(S—x)+6(x—1)

=295y —-1)—4Q2 y+3)

15. [T Choose the expression that is the equivalent of 3(a + 2b) + 2(2a — b).
A. 5a+6b B. 7a+4b C. 5B3a+b) D. 7a+ 8b

O O 0 T

16. I Choose the expression that is the equivalent of —3(x — 2y) — (x — 5y).
A —4x+ 11y B. —4x—11ly C.4x+ 11y D. 4x+ 7y

17. I Choose the expression that is the equivalent of 2m(n +4) + m(3n — 2).
A.3m+4n—38 B. Smn+4m C. Smn+ 10m D. 5mn+ 6m

18. IIEAM Expand and simplify each of the following expressions.

a. (a+2)a+3) b. x+4)(x+3) c. y+3)(y+2)

d. m+4)(m+5) e. (b+2)b+1)
19. Expand and simplify each of the following expressions.

a (p+Dp+4 b. (a—2)a+?3) c. x—dHx+5)

d. (m+3)(m—4) e. y+50(y—-3)
20. Expand and simplify each of the following expressions.

a. (y—6)(y+2) b. x=3)x+1) c. x—=3)(x—4)

d (p—2)p-3) e. x=3)x—-1
21. Expand and simplify each of the following expressions.

a. Qa+3)(a+2) b. (c—6)4c—T7) c. (7T=20(5-1

d. 2+3n(5—-2n e. (7T—5x)(2—-3x) f. Sx—2)(5x—2)
22. Expand and simplify each of the following expressions.

a. x+y)z+1) b. 2x+y)(z+4) c. Bp+q)(r+1)

d. (a+2b)(a+b) e. Qc+d)(c—3d) f. (x+y)(2x—3y)
23. Expand and simplify each of the following expressions.

a. 4p—-3q9)p+q) b. (a+2b)(b+c) c. Bp—2¢9)(1-3r)

d. (4x—y)Bx—y) e.p—q2p—r) f. 5—2)3Bk—-1)
24. I Choose the expression that is the equivalent of (4 — y)(7 + y).

A. 28 —y? B. 28 — 3y +? C.28—3y—)? D. 11 -2y
25. I Choose the expression that is the equivalent of (2p + 1)(p — 3).

A.2p* =5 B. 2p*—11p->5 C.2p*-9p-5 D. 2p>—6p—5
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Understanding

26. Expand the following expressions using FOIL, then simplify.

a. (x+3)(x—3) b. (x+5x—-5) c. x+7Nx—=17)

d (x—=Dx+1) e. x—=2)x+2) f. 2x—D2x+1)
27. Expand the following expressions using FOIL, then simplify.

a. x+ DHx+1) b. (x+2)(x+2) c. (x+8)(x+8)

d x=3)x—-3) e. x=5x-5) f.x—9x—-9)

28. Simplify the following expressions.

a. 2.1x(3x+4.7y) = 3.1y(1.4x + y)
b. (2.1x —3.2y)(2.1x + 3.2y)
c. 3.4x+5.1y)°

29. For the box shown, calculate the following in expanded form:

3x-1

4x+3

a. the total surface area b. the volume.

Reasoning

30. For each of the following shapes:
i. write down the area in factor form
ii. expand and simplify the expression
iii. discuss any limitations on the value of x.
a. (x+3y)m b.

] L]

(4x-y)m

[ | [ ]

31. Show that the following is true.

(a—x)(a+x)—2(a—x)(a—x)—2x(a—x)
=—(a—x)*

32. A series of incorrect expansions of (x + 8)(x — 3) are shown below. For each of these incorrect expansions,
explain the mistake that has been made.

a. x>+ 11x+24 b. x>+ 5x+24 c. X2 —3x

Problem solving
33. Three students gave the following incorrect answers when expanding —5(3x — 20).
i. —=5x—20 ii. —8x+25 iii. 15x—100

a. Explain the errors made by each student.
b. Determine the correct answer.
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34. In a test, a student expanded brackets and obtained the following answers. Identify and correct the student’s
errors and write the correct expansions.
a. —2(a—5=-2a—-10
b. 2b(3b—1)=6b*>—1
c. 2(c—4)=2c+38

35. Three students’ attempts at expanding (3x +4)(2x + 5) are shown.

Student A Student B
T B + 42 )
(31+ )(/’z+‘_)) (il 'Lf//_'zlfs > =
NG A =D »Lx + &4x 2= + 4x5
= == - p . ; = v+ R + ]O
= :7) Bl i M I 1> X':] 4+ G4xX /L *‘/‘rxi‘ 2 st
*é/l/‘ J_Jl *“\“}il -,(O
=2 9% + 20
= /" O{.‘(_

Student C

(’5:: + 4\)\/21 +5)

— Y F

+ :ﬁ..li 5‘5 + G /:';;;; + HGxD
z * Bx + 20

J~
*+ 23= + 20

a. State which student’s work is correct.
b. Copy each of the incorrect answers into your workbook and correct the mistakes in each one as though
you were their teacher.

36. Rectangular floor mats have an area of (x> + 2x — 15) cm?.

a. The length of a mat is (x + 5) cm. Determine an expression for the width of this mat.
b. If the length of a mat is 70 cm, evaluate its width.
c. If the width of a mat is 1 m, evaluate its length.
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WX Difference of two squares and perfect squares

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e recognise and use the difference of two squares rule to quickly expand and simplify binomial products
with the form (a + b)(a — b)
e recognise and use the perfect square rule to quickly expand and simplify binomial products with the
form (a £ b)z.

2.6.1 Difference of two squares

e Consider the expansion of (x +4)(x —4):
G+Hx—4=x>—4dx+4x—16=x>—16

e Now consider the expansion of (x — 6)(x + 6):
(x—6)(x+6)=x>+6x—6x—36=x>—36

e In both cases the middle two terms cancel each other out, leaving two terms, both of which are perfect
squares.

e The two terms that are left are the first value squared minus the second value squared. This is where the
phrase difference of two squares originates.

¢ In both cases the binomial terms can be written in the form (x + @) and (x — a). If we can recognise
expressions that have this form, we can use the pattern above to quickly expand those expressions.
For example: (x+ 12)(x — 12) =x2 — 12> =x2 — 144

Difference of two squares

The difference of two squares rule is used to quickly expand certain
binomial products, as long as they are in the forms shown below:

s (@a+b)a—b)=a*-b"

s (a—b)a+b)=a*-b
Because the two binomial brackets are being multiplied, the order of
the brackets does not affect the final result.

WORKED EXAMPLE 17 Expanding using difference of two squares

Use the difference of two squares rule to expand and simplify each of the following expressions.

a. @x+8)(x—38) b. (6—3)(6+x) c. 2x—-3)2x+3) d. Bx+5)(5—3x)
THINK WRITE
a. 1. Write the expression. a. (x+8)(x—28)
2. This expression is in the form (a + b)(a — b), so the = x%2 — 82
difference of two squares rule can be used. Expand =2 —64

using the formula.
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. 1. Write the expression. b. (6 —x)(6+x)

2. This expression is in the form (a + b)(a — b), so the = 62 — x2
difference of two squares rule can be used. Expand = 36— 2
using the formula.

Note: 36 — x* is not the same as x> — 36.

. 1. Write the expression. c. 2x—=3)2x+3)
2. This expression is in the form (a — b)(a + b), so the = (2)6)2 —32
difference of two squares rule can be used. Expand —42—9

using the formula.
Note: (2x)2 and 2x? are not the same. In this case
a = 2x,s0a?=(2x)°.

. 1. Write the expression. d. Bx+5)(5—-3x%)
2. The difference of two squares rule can be used if we (5 +3x)(5—-3x)
rearrange the terms, since 3x + 5 =5 + 3x. Expand using = 52— (3x)°
the formula. — 25— 92

2.6.2 Perfect squares

e A perfect square is the result of the square of a whole number. 1 X 1=1,2%X2=4and3 X3 =9, showing
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that 1,4 and 9 are all perfect squares.

Similarly, (x +3)(x +3)=(x+ 3)2 is a perfect square because it is the result of a binomial factor multiplied

by itself.
Consider the diagram illustrating (x + 3)%. What shape is it? X 3
The area is given by x* + 3x +3x + 9 =x> + 6x + 9.
We can see from the diagram that there are two squares produced (x2 and 3 = 9) and «x x? 3x
two rectangles that are identical to each other (2 X 3x).
Compare this with the expansion of (x + 6)*:

3 3x 9

x+6)(x+6)=x>+6x+6x+36=x>+12x4+36

A pattern begins to emerge after comparing these two expansions. The square of a binomial equals the
square of the first term, plus double the product of the two terms plus the square of the second term.
For example: (x + 10)(x + 10) =x*> + 2 X 10 X x + 10* =x2 4 20x + 100

Perfect squares

The rule for the expansion of the square of a binomial is given by:

* (a+b)’ =(a+b)a+b)=a*+2ab+b’

* (@a—b)* =(a—b)a—b)=a®—2ab +b*
We can use the above rules to quickly expand binomial products that are
presented as squares.
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WORKED EXAMPLE 18 Expanding perfect squares

Use the rules for expanding perfect binomial squares to expand and simplify the following.
a x+Dx+1) b. (x —2) c. (2x +5)* d. (4x — 5y)>

THINK WRITE

a. 1. This expression is the square of a binomial. a. (x+ 1)(x+ 1)
2. Apply the formula for perfect squares: =x>+2Xxx1+1?
(a+b)2=az+2¢1b+b2 =x24+2x+1

b. 1. This expression is the square of a binomial.  b. (x — 2)?

2. Apply the formula for perfect squares: =x—2)(x—2)
(a—b)2=a2—2ab+b2. =2 — 2 X xX2 X2
=x>—4x+4
c. 1. This expression is the square of a binomial.  ¢. (2x+ 5)°
2. Apply the formula for perfect squares: =(2x)* +2x2xx5+5?
(a+b)2=a2+2ab+b2. :4X2+2OX+25

d. 1. This expression is the square of a binomial.  d. (4x — 5y)*

2. Apply the formula for perfect squares: = (4x)" =2 x4x X 5y + (5y)°
(a—b)2=a2—2ab+b2. — 16x2—40xy+25y2
DISCUSSION

How could you represent (x — 3)> ona diagram?

Exercise 2.6  Difference of two squares and perfect squares learn

2.6 Quick quiz 2.6 Exercise

Individual pathways

B PRACTISE Bl CONSOLIDATE B MASTER
1,3, 5, 8,13, 16, 20, 21 2,6,9,11,14,17,22, 23 4,7,10,12,15, 18, 19, 24, 25
Fluency

1. Use the difference of two squares rule to expand and simplify each of the following.
a. (x+2)(x—2) b. y+3)(y—3) c. m+5)(m-5) d. (a+7)(a—-T7)

2. Use the difference of two squares rule to expand and simplify each of the following.
a. (x+6)(x—06) b. p—12)(p+12) c. (a+10)(a—10) d. m—11)(m+11)
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3. Use the difference of two squares rule to expand and simplify each of the following.

a. 2x+3)2x-3) b. Gy—13By+1) c. (5d—2)(5d+2)
d. (7c+3)(7c—3) e. 2+3p)(2-3p)
4. Use the difference of two squares rule to expand and simplify each of the following.
a. (d—9x)(d+ 9x) b. (5—12a)(5+ 12a) c. (Bx+ 10y)(3x— 10y)
d. 2b—5¢)(2b + 5¢) e. (10—2x)(2x+10)

5. IlEEH Use the rule for the expansion of the square of a binomial to expand and simplify each of
the following.

a. (x+2)x+2) b. (a+3)(a+3) c. b+TYb+T) d. (c+9)(c+9)

6. Use the rule for the expansion of the square of a binomial to expand and simplify each of the following.
a. (m+12)* b. (n+ 10)* c. (x—6)° d. (y—5)°

7. Use the rule for the expansion of the square of a binomial to expand and simplify each of the following.
a. (9—c) b. (8 +¢) c. 2(x+y)’ d. (u—v)’

8. Use the rule for expanding perfect binomial squares rule to expand and simplify each of the following.
a. 2a+3) b. Bx+1)° c. @2m—5)’ d. (4x—3)°

9. Use the rule for expanding perfect binomial squares to expand and simplify each of the following.
a. (5a—1) b. (7p +4) c. 9x+2)° d. (4c—6)*

10. Use the rule for expanding perfect binomial squares to expand and simplify each of the following.
a. (5+3p)’ b. (2—5x)° c. Ox—4y) d. (8x—3y)*

Understanding

11. Use the difference of two squares rule to expand and simplify each of the following.

a. (x+3)(x—3) b. 2x+3)2x—3) c. Tx—4)(Tx+4)
d. Cx+7y)2x—"Ty) e. (x2 + )’2) (x2 - )’2)
12. Expand and simplify the following perfect squares.
a. (4x+5) b. (Tx—3y) c. (52 -2y)°
2
d 2(x— y)2 e. <% + 4x>
X

13. A square has a perimeter of 4x + 12. Calculate its area.

14. Francis has fenced off a square in her paddock for spring lambs. The area of the paddock is
(9x% + 6x+ 1) m?.
Using pattern recognition, determine the side length of the paddock in terms of x.

15. A square has an area of x*> + 18x + 81. Determine an expression for the perimeter of this square.

Reasoning
16. Show that a> — b?> = (a + b)(a — b) is true for each of the following.
a.a=5,b=4 b.a=9,b=1 c.a=2,b=17 d.a=-10,b=-3
17. Lin has a square bedroom. Her sister Tasneem has a room that is 1 m shorter in length than Lin’s room,
but 1 m wider.

a. Show that Lin has the larger bedroom.
b. Determine how much bigger Lin’s bedroom is than Tasneem’s bedroom.
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18. Expand each of the following pairs of expressions.

a. . @x—dx+4)and(4—x)4+x)

ii. @—1Dx+11)and (11 —x)(11+x)

iii. 2x—9)(2x+9)and (9 —2x)(9 + 2x)
b. State what you notice about the answers to the pairs of expansions above.
c. Explain how this is possible.

19. Answer the following questions.

Problem solving
20.

21.

22,

23.

24,

25.

a. Expand (10k + 5)2.
b. Show that (10k + 5)* = 100k(k + 1) + 25.
c. Using part b, evaluate 25 and 85°.

A large square has been subdivided into 2 squares and 2 rectangles. b

a. Write formulas for the areas of these 4 pieces, using the dimensions a and b
marked on the diagram.

b. Write an equation that states that the area of the large square is equal to the
combined area of its 4 pieces. Do you recognise this equation? a

Expand each of the following pairs of expressions.
a. i (x—3)*and (3 —x)? a b
ii. (x—15)" and (15 —x)°
iii. (3x—7)%and (7 —3x)”
b. State what you notice about the answers to the pairs of expansions above.
c. Explain how this is possible.

Use the perfect squares rule to quickly evaluate the following.
a. 27° b. 33° c. 39° d. 47°

Allen is creating a square deck with a square pool installed in the middle of it. The side length of the deck is
(2x + 3) m and the side length of the pool is (x —2) m. Evaluate the area of the decking around the pool.

Ram wants to create a rectangular garden that is 10 m longer than it is wide. Write an expression for the area
of the garden in terms of x, where x is the average length of the two sides.

The expansion of perfect squares (a + b)> = a® + 2ab + b* and (a — b)* = a®> — 2ab + b? can be used to
simplify some arithmetic calculations. For example:
97% = (100 - 3)

=100 —2x 100 x 3 + 32
= 9409

Use this method to evaluate the following.
a. 103* b. 62° c. 9977 d. 1012? e. 537 f. 987
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ILPH) Further expansions

LEARNING INTENTION

At the end of this lesson you should be able to:
e expand multiple sets of brackets and simplify the result.

2.7.1

* When expanding expressions with more than two sets of brackets, expand all brackets first before
simplifying the like terms.
e It is important to be careful with signs, particularly when subtracting one expression from another.
For example:
3x(x+6) — (x+5) (x—3)=3x + 18x — (x> + 5x —3x— 15)
=3x% + 18x — (x> +2x — 15)
=3x>+18x—x*—2x+15
=242+ 16x+ 15
e When expanding this, since the entire expression (x + 5)(x — 3) is being subtracted from 3x(x + 6), its
expanded form needs to be kept inside its own set of brackets. This helps us to remember that, as each term
is being subtracted, the sign of each term will switch when opening up the brackets.
* When expanding, it can help to treat the expression as though it has a —1 at the front, as shown.

AN

—(x?>4+2x — 15) = —=1(x*> + 2x — 15)
=—x2-2x+15

WORKED EXAMPLE 19 Expanding and simplifying multiple sets of brackets

Expand and simplify each of the following expressions.

Expanding multiple sets of brackets

a x+3)x+4)+4(x—-2)

THINK
a. 1. Expand each set of brackets.

2. Simplify by collecting like terms.

b. 1. Expand and simplify each pair of brackets.

Because the second expression is being
subtracted, keep it in a separate set of
brackets.

2. Subtract all of the second result from the
first result. Remember that
- (x2+x—2) =—1 (x2+x—2).
Simplify by collecting like terms.

b. x—=2)x+3)—(x—-1)(x+2)

WRITE
a.
(x+i)<(4x/+(4)+4(x—2)

=x2+4x+3x+12+4x—38
=x>+11x+4
2 m NN
x=2)x+3)—-(x—Dx+2)

L7 L7
=x24+3x—2x—6— (x2+2x—x—2)

=x2+x—6— (x2+x—2)

=x*+x—6—x2—x+2
=—4
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WORKED EXAMPLE 20 Further expanding with multiple sets of brackets

Consider the expression (4x + 3)(dx + 3) — (2x — 5)(2x — 5).
a. Expand and simplify this expression.
b. Apply the difference of perfect squares rule to verify your answer.

THINK WRITE
a. 1. Expand each set of brackets. a. (dx+3)4x+3)—(2x—5Q2x—5)
2. Simplify by collecting like terms. = 16x% + 12x + 12x + 9 — (4x> — 10x — 10x +25)

= 16x% + 24x + 9 — (4x* —20x + 25)
= 16x% +24x +9 — 4x* +20x — 25
=12x? +44x— 16

b. 1. Rewrite as the difference of two squares. b. 4x+3)4x+3)—(2x—5)(2x—95)
2. Apply the difference of two squares rule, = (4x+3)* — 2x = 5)
where a = (4x+ 3) and b= (2x—5). =((4x+3)+2x—=5)((4x+3)—(2x—Y5))
3 Simplify, then expand the new brackets. = (6x—2)(2x+ 8)

=122 +48x—4x— 16

4. Simplify by collecting like terms. =12x* +44x—16

DISCUSSION

On a diagram, how would you show (m + 2)(m + 3) — (m +2)(m +4)?

Exercise 2.7  Further expansions learn

2.7 Quick quiz 2.7 Exercise

Individual pathways

B PRACTISE B CONSOLIDATE B MASTER
1,4,8,11,14 2,5,7,9,12,15 3,6,10, 13, 16
Fluency

1. B Expand and simplify each of the following expressions.

a. (x+3)x+5+x+2)(x+3) b. x+4)x+2)+(x+3)(x+4)

c. x+5x+H+x+3)(x+2) d x+Dx+3)+x+2)(x+4)
2. Expand and simplify each of the following expressions.

a. (p=-3)p+5+@E+hHpEp-06) b. (a+4)a—2)+(@a—3)a—4)

c. p=-2)p+2)+@+HP-9) d. x—4Hx+4)+ (x—1(x+20)
3. Expand and simplify each of the following expressions.

a -DOo+3)+0-2)(y+2) b. (d+7)(d+ 1)+ (d+3)d-3)

c. x+2)x+3)+x—-dHx—-1) d 0+6)v-1D)+0-2)y-3)
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4. Expand and simplify each of the following expressions.

a. (x+2)" +(x—5x—3) b. 3= 1)’ +(y+2)(y—4)

c. p+2)p+7+@-3)° d. (m—6)(m— 1)+ (m+5)*
5. Expand and simplify each of the following expressions.

a. (x+3)x+5—-x+2)(x+5) b. x+5x+2)—(x+ Dx+2)

c. x+3)x+2)—(x+dHx+3) d (m—2)(m+3)—(m+2)(m—4)
6. Expand and simplify each of the following expressions.

a b+4Hb-6)—b-DH+2) b. y—2)(y—=5)—-@+2)(y+6)

c. p—-Dp+4H-pP-2@pP-3) d x+7Dx+2)—(x—-3)x—4)
7. Expand and simplify each of the following expressions.

a. (m+3)° — (m+4)(m—2) b. (a—6)* —(a—2)(a—3)

c. p=3)p+1)—(p+2)7? d. x4+ 5)x—4)—(x—1)

Understanding

8. IIZZA Consider the expression (x + 3)(x + 3) — (x = 5)(x = 5).

a. Expand and simplify this expression.
b. Apply the difference of perfect squares rule to verify your answer.

9. Consider the expression (4x —5)(4x —5) — (x + 2)(x + 2).
a. Expand and simplify this expression.
b. Apply the difference of perfect squares rule to verify your answer.
10. Consider the expression (3x —2y)(3x — 2y) — (y —x)(y — x).

a. Expand and simplify this expression.
b. Apply the difference of perfect squares rule to verify your answer.

Reasoning

11. Determine the value of x for which (x + 3) + (x +4)*> = (x + 5)° is true.
12. Show that (p— D(p+2)+(p—=3)(p+1)=2p> —p—5.
13. Show that (x+2)(x—3)—(x+ 1)2=—-3x—-"7.

Problem solving

14. Answer the following questions.

a. Show that (> + b )(c> +d ?) = (ac — bd)* + (ad + bc)’.
b. Using part a, write (2% + 12)(3% + 4?) as the sum of two squares and evaluate.
15. Answer the following questions.
a. Expand (x> +x— 1)2.
b. Show that (x2 +x— 1)2 =((x—Dx(x+Dx+2)+ 1.
c. i. Evaluate 4 X3 X2 X1+ 1.
ii. Determine the value of x if 4 X3 X2X 1+ 1=(x—Dx(x+ )(x+2)+ 1.

16. Answer the following questions.

a. Expand (a + b)(d + e).
b. Expand (a + b+ ¢)(d + e + f). Draw a diagram to illustrate your answer.
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The highest common factor

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e determine the highest common factor for a group of terms
e factorise expressions by dividing out the highest common factor from each term.

2.8.1 Factorising expressions

e Factorising a number or term means writing it as the product of a pair of its factors. For example, 18ab
could be factorised as 3a X 6b.

e Factorising an algebraic expression is the opposite process to expanding.

e 3(x+ 6) is the product of 3 and (x + 6) and is the factorised form of 3x + 18.

¢ In this section we will start with the expanded form of an expression, for example 6x + 12, and work to
re-write it in factorised form, in this case 6(x + 2).

WORKED EXAMPLE 21 Factorising terms

Complete the following factorisations.

a. 15x=5xx
b. 15x% =3x x
c. —18ab® = 6a x
THINK WRITE
.. 15x
a. Divide 15x by 5x. aa— =3
Sx
So, 15x=5xx% 3.
2
b. Divide 15x? by 3x. b. 131 = 5x
X
So, 15x% =3x X 5x.
—1 2
c. Divide —18ab? by 6a. c. 68"b = —3p?
a

So, —18ab? = 6a x (—=3b?).

e The highest common factor (HCF) of two or more numbers is the largest factor that divides into all of
them. The highest common factor of 18 and 27 is 9, since it is the biggest number that divides evenly into
both 18 and 27.

e We can determine the HCF of two or more algebraic terms by determining the highest common factor
of the coefficients, as well as any variables that are common to all terms. For example, the HCF of
30xyz, 25x%z and 15xz is 5xz. It can help to write each term in expanded form so that you can determine
all of the common variables.
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WORKED EXAMPLE 22 Determining the highest common factor of two terms

Determine the highest common factor for each of the following pairs of terms.

a. 25a*b and 10ab b. 3xy and —3xz
THINK WRITE
a. 1. Write 254°b in expanded form. a. 25a’°h=5%x5xaxaxb
2. Write 10ab in expanded form. 10ab =2X5Xaxb
3. Write the HCE. HCF = 5ab
b. 1. Write 3xy in expanded form. b. 3xy =3XxXy
2. Write —3xz in expanded form. —3xz=—-1%X3XxXz
3. Write the HCE. HCF = 3x

2.8.2 Factorising expressions by determining the highest
common factor

* To factorise an expression such as 15x?yz + 12xy?, determine the highest common factor of both terms.
Writing each term in expanded form can help identify what is common to both terms.

15x%yz+ 120y = 3XSX X XXXy XZ+3X4Xx Xy Xy
=3XXXYXSIXxXZ+3IXxXyX4Xy

e We can see that 3xy is common to both terms. To complete the factorisation, place 3xy on the outside of a
set of brackets and simplify what is left inside the brackets.

=3XxXy(5XxXz+4Xy)
=3xy(5xz+4y)

¢ By removing the HCF from both terms, we have factorised the expression.

e The answer can always be checked by expanding out the brackets and making sure it produces the
original expression.

WORKED EXAMPLE 23 Factorising by first determining the HCF

Factorise each expression by first determining the HCF.

a. 5x + 15y b. —14xy — 7y c. 6x2y + 9xy>
THINK WRITE
a. 1. The HCFis 5. a. Sx+ 15y =5( )
2. Divide each term by 5 to determine the =5(x+3y)
binomial.
3. Check the answer by expanding. K\

S(x + 3y) = 5x + 15y (correct)
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b. 1. The HCF is 7y or —7y, but —7y makes things

a little simpler.

2. Divide each term by —7y to determine the
binomial.
3. Check the answer by expanding.

c. 1. The HCF is 3xy.

2. Divide each term by 3xy to determine the
binomial.
3. Check the answer by expanding.

b. —14xy =7y = =Ty(

)

=-—Ty2x+1)

—T7y(2x + 1) = —14xy — 7y (correct)

c. 6x%y + 9xy? = 3xy(

)

= 3xy(2x + 3y)

3xy(2x + 3y) = 6x%y + 9xy? (correct)

TI | THINK WRITE CASIO | THINK WRITE
a-c. Inanew problem, a-c. On the Main screen, a-c. G T e
on a Calculator factor(s x+15+3) 5 (vo2y) pressE u‘i*l ‘;‘.Iﬁmlﬁn‘,lbl, I’*’L] s I[_
page, press: factor(-14-x: y=7-5) 7+ (22x41)-y  Action factor (5x+159)
« MENU tacorlex2pa9xy?)  Fx@xe22)y « Transformation 5. (x+3-y) ||
«3: Algebra \ « Factor. factor (=14xxy=Ty)
« 2: Factor Complete the entry s ‘; v+ (2x+) |
Complete the lines as: factor (6x%xy+9xxy?)
3exeye (2:x+3+y)
entry lines as: factor o
factor (5x + 15y)
(Sx + 15y) factor
factor (— 14xxy— 7y)
(—14x><y—7y) factor
factor (6:* Xy +9xx)?)
(6x* Xy +9xx)?)
Press ENTER a. 5x+ 15y =5(x + 3y) No——Ciay.— Toul T
after each entry. b. —l4xy =Ty =—=TyQx+ 1) Press EXE after a. (5x+ 15y) = 5(x + 3y)
Note: Ensure c. 6x°y 4 9xy” = 3xy(2x + 3y) each entry. b. (_ 14xy — 7y) —
you put a —7yQ2x+1)
multiplication c. (6x%y+9x%) =
between each 3xy(2x + 3y)
variable.
DISCUSSION

How do you find the factors of terms within algebraic expressions?
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Exercise 2.8 The highest common factor learn

2.8 Quick quiz 2.8 Exercise

Individual pathways

B PRACTISE B CONSOLIDATE B MASTER
1,3,7,11, 13, 16, 21, 23, 26 2,4,6,8,10, 14,17, 18, 22, 24, 27 5,9,12, 15,19, 20, 25, 28
Fluency
1. IEZZM Complete each of the following factorisations by writing in the missing factor.
a. 8a=4x b. 8a=2ax c. 12x* =4xx
d. —12x? =3x* X e. 3x?=xX f. 15a*b =ab X
2. Complete each of the following factorisations by writing in the missing factor.
a. 12x=—-4x b. 10mn=10nX c. 10mn=-10x%
d. a’b* =ab x e. 30x*> = 10x x f. —15mn> =-3mx
3. INZZA Determine the highest common factor (HCF) of each of the following.
a. 4and 12 b. 6 and 15 c. 10 and 25 d. 24 and 32 e. 12, 15and 21
4. Determine the highest common factor (HCF) of each of the following.
a. 25, 50 and 200 b. 17 and 23 c. 6a and 12ab
d. 14xy and 21xz e. 60pg and 30¢g
5. Determine the highest common factor (HCF) of each of the following.
a. 50cde and 70fgh b. 6x* and 15x c. 6a and 9c
d. 5ab and 25 e. 3x%y and 4x’z
6. I Choose which of the following pairs has a highest common factor of 5m.
A. 2m and 5m B. 5m and m
C. 25mn and 15Im D. 20m and 40m
7. BZEA Factorise each of the following expressions.
a. 4x+ 12y b. 5m+ 15n c. Ta+14b d. Tm—21n e. —8a—24b f. 8x—4y
8. Factorise each of the following expressions.
a. —12p—2q b. 6p+ 12pg + 18¢q c. 32x+8y+ 16z
d. 16m—4n+24p e. 72x— 8y + 64 pq f. 15x% =3y
9. Factorise each of the following expressions.
a. 5p> —20q b. 5x+5 c. 56q + 8p?
d. 7p—42x%y e. 16p*> +20q+4 f. 12 +36a*b — 24b?
10. Factorise each of the following expressions.
a. 9a+21b b. 4c + 184> c. 12p* +204> d. 35— 14m’n e. 25y* —15x
11. Factorise each of the following expressions.
a. 16a* +20b b. 42m* + 12n c. 63p> +81—27y
d. 121a*> —55b + 110c e. 10 —22x%y* + 14xy
12. Factorise each of the following expressions.
a. 18a’bc —27ab —90c b. 144p + 364> — 84pq c. 63a*b*> — 49 + 56ab*
d. 22 +99p*q> — 44p?r e. 36 —24ab” + 18b*c
13. Factorise each of the the following expressions.
a. —x+5 b. —a+7 c. =b+9 d. —2m—6 e. —6p—12 f. —4a—38
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14. Factorise each of the following expressions.

a. =3n%>+15m b. —7x%y* +21 c. =7y*—49z

d. —12p* —18¢g e. —63m+ 56 f. —12m> —50x3
15. Factorise each of the following expressions.

a. —9a’b + 30 b. —15p—12¢q c. —18x* +4y?

d. —3ab+18m—21 e. —10—25p> —45¢ f. —90m® + 27n + 54p°
16. Factorise each of the following expressions.

a. a>+5a b. 149 — ¢* c. 18m+5m?

d. 6p +7p? e. Tn* —2n f. Ip—p*q+pq
17. Factorise each of the following expressions.

a. xy+9y—3y? b. 5¢+3c*d—cd c. 3ab + a*b + 4ab?

d. 2x%y + xy + 5xy? e. 5p’q* —4pq +3p’q f. 6x%y* — 5xy + x%y
18. Factorise each of the following expressions.

a. 5x* + 15x b. 24m? — 6m c. 32a* —4a

d. —2m? +8m e. —5x% +25x f. —=7y* + 14y
19. Factorise each of the following expressions.

a. —3a’>+9a b. —12p*> —2p c. —26y> — 13y

d. 4m—18m? e. —61+ 361 f. —8p — 24p?

Understanding

20. A large billboard display is in the shape of a rectangle as shown. The billboard has : * :+ 3
3 regions (A, B, C) with dimensions in terms of x, as shown. A
a. Calculate the total area of the billboard. Give your answer in factorised form. 2x
b. Determine an expression for the area of each region of the billboard. Write B
the expression in its simplest form.
x+1)
21. Consider the expression 3ab? + 18ab + 27a. . .

a. Factorise this expression by taking out the highest common factor from
each term.
b. Use the rule for perfect squares to fully factorise this expression.

22. Consider the expression x*(x 4+ 4) + 8x(x +4) + 16(x + 4).

a. Factorise this expression by taking out the highest common factor from each term.
b. Use the rule for perfect squares to fully factorise this expression.

Reasoning

23. A question on Marcia’s recent Algebra test was, ‘Using factorisation, simplify the following expression:
a*(a —b) — b*(a — b)’. Marcia’s answer was (a + b)(a — b)z. If Marcia used the difference of two squares
rule to get her solution, explain the steps she took to get that answer.

24. Prove that, as long as a # 0, then (x + a)2 #x° +ad°.

2
25. Using the fact that any positive number, n, can be written as (\/ﬁ ) , factorise the following expressions
using the difference of two squares rule.
a. x> —13 b. 4% —17 c. (x+3) =10
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Problem solving
X%+ 2xy +y? ) x2 +xy

26. Evaluate : .
4x> — 4y? 8xy — 8x?

27. It has been said that, for any 2 numbers, the product of their LCM and HCF is the same as the product of the
2 numbers themselves. Show whether this is true.

28. a. Factorise 36x* — 100y? by first taking out the common factor and then using the difference of two
squares rule.
b. Factorise 36x> — 100y? by first using the difference of two squares rule and then taking out the
common factor.
c. Comment on whether you got the same answer for parts a and b.

The highest common binomial
factor (extending)

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e factorise expressions by taking out a common binomial factor
e factorise expressions by grouping terms.

2.9.1 The common binomial factor

e When factorising an expression, we look for the highest common factor(s) first.

e It is possible for the HCF to be a binomial expression.

e Consider the expression 7(a — b) + 8x(a — b). The binomial expression (a—b) is a common factor to both
terms. Factorising this expression looks like this:

7(a—b)+ 8x(a—b) =7 X (a—b) + 8x X (a—b)
= (a—b)(7 + 8x)

WORKED EXAMPLE 24 Factorising by finding a binomial common factor

Factorise each of the following expressions.

a. 5(x+y)+6b(x+y)

b. 2b(a — 3b) — (a — 3b)

Note: In both of these expressions the HCF is a binomial factor.

THINK WRITE
S5(x+ 6b(x +
a. 1. The HCF is (x+ y). a XY _ g 066+ o
xX+y xX+y
2. Divide each term by (x + y) to determine Therefore,
the binomial. S50 39) - BB )
= (x+y)(5+6b)
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. 2b(a — 3b) —, —1(a—3b) _
a—3b a—3b
2. Divide each term by (a — 3b) to determine Therefore,
the binomial. 2b(a—3b) — (a—3b)
= 2b(a—3b) — 1(a —3b)
=(a—3b)2b—-1)

b. 1. The HCF is (a — 3b).

2.9.2 Factorising by grouping in pairs

e If an algebraic expression has four terms and no common factors in any of its terms, it may be possible to
group the terms in pairs and find a common factor in each pair.

e Consider the expression 10x + 15 — 6ax — 9a.

e We can attempt to factorise by grouping the first two terms and the last two terms:

10x+15—6ax—9a =5X2x+5%X3—-3aX2x—3aXx3
=52x+3)—3ax+3)

* Once a common factor has been taken out from each pair of terms, a common binomial factor will appear.
This common binomial factor can also be factorised out.

52x+3)—3a(2x+3)=2x+3)(5 —3a)

e Thus the expression 10x + 15 — 6ax — 9a can be factorised to become (2x + 3)(5 — 3a).
e [t is worth noting that it doesn’t matter which terms are paired up first — the final result will still be
the same.
10x+ 15 — 6ax —9a = 10x — 6ax+ 15 —9a
=2xX5+2xX(—3a)+3X5+3%x(—3a)
= 2x(5 —3a)+ 3(5 —3a)
=G -3a)2x+3)
=(2x+3)(5—3a)

WORKED EXAMPLE 25 Factorising by grouping in pairs

Factorise each of the following expressions by grouping the terms in pairs.

a. Sa+10b + ac + 2bc b. x — 3y + ax — 3ay c. 5Sp+6q+15pq +2
THINK WRITE
a. 1. Write the expression. a. 5a+10b+ ac+ 2bc

Sa + 10b = 5(a+2b)
ac+2bc = c(a+2b)

2. Take out the common factor a + 2b. = 5(a +2b) + c(a + 2b)
=(a+2b)5+c)
b. 1. Write the expression. b. x—3y+ax—3ay

x—3y=1(x—-3y)
ax—3ay = a(x—3y)
2. Take out the common factor x — 3y. = 1(x—3y)+alx—3y)
=x—3y)(1+a) )
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c. 1. Write the expression. c. 5p+6qg+15pg+2

2. There are no simple common factors. =5p+ 15pg+6g+2
Write the terms in a different order. S5p+ 15pg = 5p(1 + 3¢q)
6g+2=23g+1)

3. Take out the common factor 1 + 3g. Sp(1+3g)+23Bg+1)
Note:1+3g=3qg+ 1. = 5p(1 +3¢g)+2(1 + 3q)
={1+39)(5p+2)

DISCUSSION

How do you factorise expressions with four terms?

Exercise 2.9 The highest common binomial factor (extending)

learn
2.9 Quick quiz 2.9 Exercise
Individual pathways
Bl PRACTISE Bl CONSOLIDATE B MASTER
1,3,6,9,12 2,4,7,10,183 5,8,11, 14
Fluency

1. I Factorise each of the following expressions.
a. 2(a+b)+3c(a+b) b. 4(m+ n) + p(m + n) c. xCm+1)—y2m+1)
d. 4a(3b+2)—b(3b+2) e. Z(x+2y) —3(x+2y)

2. Factorise each of the following expressions.
a. 12p(6—q)—5(6-9q) b. 3p*(x—y) + 2g(x —y) c. 4a*(b—3)+3b (b—73)
d. p*(g+2p)—5(g+2p) e. 6(5m+1)+n*(Sm+1)

3. 23 Factorise each of the following expressions by grouping the terms in pairs.
a. xy+2x+2y+4 b. ab+3a+3b+9 c.xy—4y+3x—12
d. 2xy+x+6y+3 e. 3ab+a+12b+4 f. ab—2a+5b—10

4. Factorise each of the following expressions by grouping the terms in pairs.
a. m—2n+am—2an b. 5+3p+15a+9ap c. 15mn—5n—6m+2
d. 10pg—qg—20p+2 e. 6x—2—-3xy+y f. 16p—4—12pg+3q

5. Factorise each of the following expressions by grouping the terms in pairs.
a. 10xy+5x—4y—-2 b. 6ab+9b—4a—6 c. Sab—10ac —3b + 6¢

d. 4x+ 12y — xz —3yz e. Spr+10gr—3p — 6q f. ac—5bc—2a+ 10b
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Understanding

6. Simplify the following expressions using factorising.

ax+2ay + 3az b 103x—4)+2y(3x—4)
a —— .
bx +2by + 3bz Ta(10+2y) —5(10 + 2y)
7. Use factorising by grouping in pairs to simplify the following expressions.
3x+6+xy+2y b 5xy 4+ 10x 4+ 3ay + 6a
a. .
6+ 2y+ 18x+ 6xy 15bx — 10x 4+ 9ab — 6a
8. Use factorising by grouping in pairs to simplify the following expressions.
6x% + 15xy — 4x — 10y b mp + 4mg — 4np — 16nq
a. .
6xy +4x + 15y + 10y mp + 4mgq + 4np + 16nq
Reasoning

9. Using the method of rectangles to expand, show how a(m + n) + 3(m + n) equals (a + 3)(m + n).
10. Fully factorise 6x + 4x> + 6x + 9 by grouping in pairs. Discuss what you noticed about this factorisation.
11. a. Write out the product 5(x + 2)(x + 3) and show that it also corresponds to the diagram shown.

X 3 X 3 X 3 X 3 X 3

b. Explain why 5(x + 2)(x + 3) is equivalent to (5x + 10)(x + 3). Use bracket expansion and a labelled
diagram to support your answer.

c. Explain why 5(x + 2)(x + 3) is equivalent to (x +2)(5x + 15). Use bracket expansion and a labelled
diagram to support your answer.

Problem solving

12. A series of five squares of increasing size and a list of five area formulas are shown.

a. Use factorisation to calculate the side length that correlates to each area formula.
b. Using the area given and the side lengths found, match the squares below with the appropriate algebraic
expression of their area.

1 II 1 v A\

A, =x>+6x+9
A, =x>+10x+25
A, =x>+16x+64
Ay=x*—6x+9
A, =x>+12x+36

c. If x=5cm, use the formula given to calculate the area of each square.
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13. Fully factorise both sets and brackets in the expression (—12xy +27x 4+ 8y — 18) — (—8xy + 18x + 12y — 27)
using grouping in pairs, then factorise the result.

14. The area formulas shown relate to either squares or rectangles.

i. 9s% +48s + 64
ii. 25s% — 4
iii. 2 +4s + 3
iv. 4% — 285 —32
a. Without completing any algebraic operations, examine these formulas and work out which ones
belong to squares and which ones belong to rectangles. Explain your answer.
b. Factorise each formula and classify it as a square or rectangle. Check your classifications against your
answer to part a.

TILNRAN] Solving worded problems

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e write an algebraic expression for worded problems
e apply the skills covered in this topic to solve worded problems.

2.10.1  Converting worded problems into algebraic expressions

e [tis important to be able to convert worded problems (or ‘real-world problems’) into algebraic expressions.
The key words that were identified in lesson 2.3 can help with this process.

e Drawing diagrams is a useful strategy for understanding and solving worded problems.

e If a worded problem uses units in its questions, make sure that any answers also use those units.

WORKED EXAMPLE 26 Converting worded problems

A rectangular swimming pool measures 30 m by 20 m. A

path around the edge of the pool is x m wide on each side.

a. Determine the area of the pool.

b. Write an expression for the area of the pool plus the area
of the path.

c. Write an expression for the area of the path.

d. If the path is 1.5 m wide, calculate the area of the path.

THINK WRITE/DRAW
a. 1. Construct a drawing of the pool. a.

_x_ O m _x_
i 30 m
¥
2. Calculate the area of the pool. Area = length X width
=20x%30
= 600 m?
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b. 1. Write an expression for the total length from b.
one edge of the path to the other. Write
another expression for the total width from
one edge of the path to the other.

2. Area = length x width

c. Determine an expression for the area of c.
the path by subtracting the area of the pool
from the total area of the pool and the path
combined.

d. Substitute 1.5 for x in the expression you d

have found for the area of the path.

Length =30+ x+x
=30+ 2x

Width =20+ x+x
=20+ 2x

Area = length X width
= (30 + 2x)(20 + 2x)

= 600 + 60x + 40x + 4x2
= (600 + 100x + 4x?) m?

Area of path = total area — area of pool
= 600 + 100x + 4x> — 600
= (100x + 4x*) m?

. Whenx=1.5,

Area of path = 100(1.5) + 4(1.5)
= 159 m?

e The algebraic expression found in part ¢ of Worked example 24 allows us to calculate the area of the path
for any given width.

WORKED EXAMPLE 27 Writing expressions for worded problems

Suppose that the page of a typical textbook is 24 cm high by 16 cm wide. Each page has margins of

x cm at the top and bottom, and margins of y cm on the left and right.

a. Write an expression for the height of the section of the page that lies =
inside the margins. BRI e g1
b. Write an expression for the width of the section of the page that lies BIOLOGY |
inside the margins.
c. Write an expression for the area of the section of the page that lies inside 5 ¢
the margins.
d. Show that, if the margins on the left and right are doubled, the area
within the margins is reduced by (48y — 4xy) cm.
e. If the margins at the top and the bottom of the page are 1.5 cm and the
margins on the left and right of the page are 1 cm, calculate the size of
the area that lies within the margins. 20
THINK WRITE/DRAW
a. 1. Construct a drawing that shows the  a. l«—16 cm—>]
key dimensions of the page and its b by
margins. '
Ly Ly 24 cm

e
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2. The total height of the page (24 cm)
is effectively reduced by x cm at the
top and x cm at the bottom.

b. The total width of the page (16 cm) is
reduced by y cm on the left and y cm on
the right.

c. The area of the page that lies within the
margins is the product of the width and
height.

d. 1. If the left and right margins are
doubled they both become 2y cm.
Determine the new expression for the
new width of the page.

2. Determine the new expression for the
reduced area.

3. Determine the difference in area
by subtracting the reduced area
obtained in part d from the original
area obtained in part c.

e. Using the area found in c, substitute
1.5 for x and 1 for y. Solve the
expression.

Height =24 —x—x
= (24 —2x)cm

b. Width=16—y—y
= (16 —2y)cm

c. Area; = (24 —2x)(16—2y)
= (384 — 48y — 32x + 4xy) cm?

d. Width =16 —2y—2y
= (16 —4y)cm

Area, = (24 — 2x)(16 — 4y)

=24X16+24X -4y —2xX 16 —2xX -2y

= (384 — 96y — 32x + 8xy) cm?

Difference in area = Area; — Area,
= 384 — 48y — 32x + 4xy
—(384 — 96y — 32x + 8xy)
= 384 — 48y — 32x + 4xy
—384 4+ 96y + 32x — 8xy
= 48y — 4xy
So the amount by which the area is reduced is
(48y — 4xy) cm?.

e. Area = (384 — 48y — 32x + 4xy) cm?
= 384 —48(1) —32(1.5) +4(1.5)(1)

294 cm?

DISCUSSION

How can you use algebraic skills in real-life situations?
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Exercise 2.10  Solving worded problems learn

2.10 Quick quiz 2.10 Exercise

Individual pathways

B PRACTISE Bl CONSOLIDATE B MASTER
1,2,6,9,12 3,5,7,10, 13 4,8,11,14,15
Fluency

1. Answer the following for each shape shown.

i. Determine an expression for the perimeter.

ii. Determine the perimeter when x =35.
iii. Determine an expression for the area. If necessary, simplify the expression by expanding.
iv. Determine the area when x=35.

a. } b. | C. f
+ +3x + +x+2 T T4x-1
O = L
d. 3y +1 € S5x+2 f 3x+5
. .
=+ | r:: 2x ==_| : +=x-3 6x
I m|
x+4
3x

Understanding

2. A A rectangular swimming pool measures 50 m by 25 m.
A path around the edge of the pool is x m wide on each side.

a. Determine the area of the pool.

b. Write an expression for the area of the pool plus the area of
the path.

c. Write an expression for the area of the path.

d. If the path is 2.3 m wide, calculate the area of the path.

e. If the area of the path is 200 m?, write an equation that can
be solved to calculate the width of the path.

3. The pages of a book are 20 cm high by 15 cm wide. The
pages have margins of x cm at the top and bottom and margins of
y cm on the left and right.

a. Write an expression for the height of the section of the pages
that lie inside the margins.

b. Write an expression for the width of the section of the pages
that lie inside the margins. —_— .

c. Write an expression for the area of the section of the pages that a——“‘——
lie inside the margins.

d. Show that, if the margins on the left and right are doubled, the
area between the margins is reduced by (40y —4xy) cm.
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4. A rectangular book cover is 8 cm long and 5 cm wide.

a. Calculate the area of the book cover.

b. i. If the length of the book cover is increased by v cm, write an expression for its new length.
ii. If the width of the book cover is increased by v cm, write an expression for its new width.
iii. Write an expression for the new area of the book cover. Expand this expression.
iv. Calculate the increased area of the book cover if v=2cm.

c. i. If the length of the book cover is decreased by d cm, write an expression for its new length.
ii. If the width of the book cover is decreased by d cm, write an expression for its new width.
iii. Write an expression for the new area of the book cover. Expand this expression.
iv. Calculate the new area of the book cover if d =2 cm.

d. i. If the length of the book cover is made x times longer, write an expression for its new length.
ii. If the width of the book cover is increased by x cm, write an expression for its new width.
iii. Write an expression for the new area of the book cover. Expand this expression.
iv. Calculate the new area of the book cover if x =5 cm.

5. A square has sides of length 5xm.

a. Write an expression for its perimeter.

b. Write an expression for its area.

c. i. If the square’s length is decreased by 2 m, write an expression for its new length.
i. If the square’s width is decreased by 3 m, write an expression for its new width.
i. Write an expression for the square’s new area. Expand this expression.

v. Calculate the square’s area when x =6 m.

6. A rectangular sign has a length of 2xcm and a width of xcm.

a. Write an expression for the sign’s perimeter.

b. Write an expression for the sign’s area.

c. i. If the sign’s length is increased by y cm, write an expression for its new length.
i. If the sign’s width is decreased by y cm, write an expression for its new width.
iii. Write an expression for the sign’s new area and expand.

v. Calculate the sign’s area when x =4 cm and y = 3 cm using your expression.

7. A square has a side length of xcm.

a. Write an expression for its perimeter.

b. Write an expression for its area.

c. i. If the square’s side length is increased by y cm, write an expression for its new side length.
ii. Write an expression for the square’s new perimeter. Expand this expression.

i. Calculate the square’s perimeter when x=5cm and y =9 cm.

iv. Write an expression for the square’s new area and expand.

v. Calculate the square’s area when x=3.2cm and y =4.6 cm.

8. A swimming pool with length (4p +2) m and width 3p m is
surrounded by a path of width p m.
Write the following in expanded form.

. An expression for the perimeter of the pool.

. An expression for the area of the pool.

. An expression for the length of the pool and path.

. An expression for the width of the pool and path.

. An expression for the perimeter of the pool and path.
. An expression for the area of the pool and path.

. An expression for the area of the path.

. The area of the path when p =2 m.

0 Q - 0 Q0 T O
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Reasoning

9. The Body Mass Index (B) is used as an indicator of whether or not a person is in a healthy weight range for
their height. It can be calculated using the formula B = ﬂz, where m is the person’s mass in kilograms and

h is the person’s height in metres. Use this formula to answer the following questions, correct to 1 decimal
place.

a. Calculate Samir’s Body Mass Index if they weigh 85 kg and are 1.75 m tall.

b. A person is considered to be in a healthy weight range if their Body Mass Index is between 21 to 25
inclusive. Comment on Samir’s weight for a person of their height.

c. Calculate the Body Mass Index, correct to 1 decimal place, for each of the following people:

i. Sammara, who is 1.65 m tall and has a mass of 52 kg
ii. Nimco, who is 1.78 m tall and has a mass of 79 kg
iii. Manuel, who is 1.72 m tall and has a mass of 65 kg.

d. The healthy Body Mass Index range for children changes up until adulthood. These graphs show the
Body Mass Index for boys and girls aged from 2 to 20 years of age.
Study these graphs carefully and decide on possible age ranges (between 2 and 20) for Sammara, Nimco
and Manuel if their BMI was in the satisfactory range. Give the age ranges in half-year intervals.

Body Mass Index for boys and girls 2 to 20 years
334
324 — Girls
314
30+
29
28
27
26
25
244
23
22

Body Mass Index (kg/m?)
[\®)

e e e e e e e e N
o O = NDWHAUANXX OO
T T TR TR TR T R SR SR TR

T T T T T T T T T
234567 89101112131415161718192
Age (years)

10. The figure shown is a rectangle. For the purpose of this activity we are going to call this X
rectangle an ‘algebra rectangle’. [T
The length of each algebra rectangle is x cm and the width is 1 cm.

These algebra rectangles are put together to form larger rectangles in one of two ways.

Long algebra rectangle (3-long) Tall algebra rectangle (3-tall)
X X X X
1 | | |1 1 1
X X X 1 1
1 1
X
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To calculate the perimeter of each of these algebra rectangles:

e perimeter of 3-long algebra rectangle P=(x+x+x+x+x+x)+ (1 +1)=6x+2
e perimeter of 3-tall algebra rectangle P=(x+x)+(1+1+1+1+14+1)=2x+6.

a. Using the expressions for the perimeters of a 3-long algebra rectangle and a 3-tall algebra rectangle as a
basis, find the perimeter of each of the following algebra rectangles and add them to the table shown.

Type of algebra Type of algebra
rectangle Perimeter rectangle Perimeter
1-long 1-tall
2-long 2-tall
3-long 6x+2 3-tall 2x+6
4-long 4-tall
5-long 5-tall

b. Can you see the pattern? Based on this pattern, calculate the perimeter of a 20-long algebra rectangle and

a 20-tall algebra rectangle.

c. Determine the values of x that will result in a tall algebra rectangle that has a larger perimeter than a long

algebra rectangle.

11. Can you evaluate 997 without a calculator in less than 90 seconds? It is possible to work out the answer
using long multiplication, but it would take a fair amount of time and effort. Mathematicians are always

looking for quick and simple ways of solving problems.
What if we consider the expanding formula that produces the difference of two squares?

(a+b)a—b)=a*—b*

Adding b? to both sides gives (a + b)(a — b) + b* = a> — b* + b°.
Simplifying and swapping sides gives a> = (a + b)(a — b) + b*.
We can use this formula, combined with the fact that multiplying by 1000 is an easy operation, to

evaluate 997°.

a. If a=997%, determine what the value of b should be so that (a + b) equals 1000.

b. Substitute these a and b values into the formula to evaluate 9972,

c. Try the above method to evaluate the following.

i. 9952

Problem solving

ii. 990

12. In the picture of the phone shown, the dimensions are in cm.

a. Use the information in the picture to write an expression for the area of:

i. the viewing screen

b. Your friend has a phone that is 4 cm longer than the one shown, but also 1 cm
narrower. Write expressions in expanded form for:

i. the length and width of your friend’s phone

ii. the entire front face of the phone.

ii. the area of your friend’s phone.

c. If the phone in the picture is 5 cm wide, use your answer to part b to calculate
the area of the front face of your friend’s phone.
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13.

14.

15.

A proposed new flag for Australian schools will have the Australian flag
in the top left-hand corner. The dimensions of this new flag are given in
metres.

a. Write an expression in factorised form for the area of:

i. the Australian flag section of  ii. the whole area of the
the proposed flag proposed flag.

b. Use the answers from part a to write the area of the Australian flag as
a fraction of the school flag. Simplify this fraction.

c. Use the fraction from part b to express the area of the Australian flag as a percentage of the proposed
school flag.

d. Use the formula for the percentage of the area taken up by the Australian flag to find the percentages for
the following suggested widths for the proposed school flag.

i. 4m ii. 4.5m iii. 4.8m
e. If the percentage of the school flag taken up by the Australian flag measures the importance a school
places on Australia, determine what can be said about the three suggested flag widths.

2x

A new game has been created by students for the school fair. To win the game you need to hit the shaded
region of the target shown with 5 darts.

[y

. Write an expression to calculate the area of the shaded region of the game board.
. Calculate the area of the shaded region of the game board if R=7.5cm and x =4 cm.

+x?

T

o

c. Show that R =

by transposing the formula found in part a.

o

. If A=80cm? and x = 3 cm, calculate the value of R.
. The students found that the best size for the game board is when R = 10 and x = 5. For a board of this size,
determine the percentage of the total board that is shaded.

o

Cubic expressions are the expanded form of expressions with three linear factors. The expansion process for
three linear factors is called trinomial expansion.

a. Explain how the area model can be altered to show that binomial expansion can also be altered to become
a model for trinomial expansion.
b. Investigate the powers in cubic expressions by expanding the following expressions.
i Gx+2)(—x+Dx+1)
i. x+5)2x—2)4x—238)
ii. B—x)(x+8)(5—x)

c. Describe the patterns in the powers in a cubic expression.
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3 \WRRKl Review

2.11.1

Expressions

* An expression is a group of terms in which
each term is separated by a + or a — sign.

* A variable is a letter that can take the
place of a number. Variables are also
referred to as pronumerals.

* Consider the expression 3x + 5y° — 8 — 9xz.

* This expression has 4 terms.

¢ The constant term is —8.

* The smallest coefficient is —9.

* The coefficient of x is 3.

* The variables used are x, y and z.

Topic summary

Substitution

* Evaluating an expression
involves replacing variables
with specific values.

* This process is called
substitution.

e.g. Evaluate 3x* — 4y

whenx=2andy=>5:

332 -4y =3(2%) - 4(5)
=12-20
=-8

ALGEBRA

 An algebraic expression can be simplified by adding or subtracting like terms.
* Two terms are considered like terms if they have exactly the same

variable component.
3x and —10x are like terms.
5x% and 11x are not like terms.
4abc and —3cab are like terms.

e.g. The expression 3xy +10xy — 5xy has 3 like terms and can be simplified to 8xy.

The expression 4a x 2b x a can be simplified to 8a%b.

The expression 12xy + (4xz) can be simplified to 37)]

Expanding brackets

* We can expand a single set of brackets
using the Distributive Law:

a/(f-l\-‘ c)=ab+ ac
* The product of binomial factors can be
expanded using FOIL (optional):

(a/-l-éb)\—(t:kd)=ac +ad + bc + bd
I A

eg (x+3)y-4)=xy—4x+3y-12

Special cases
* We can also expand if we recognise the
following special cases.
« Difference of two squares:
(a+b)a-b)=a>-b*
* Perfect squares:
(a+ b)*=a®+ 2ab + b*
(a—b)?>=a*—2ab + b*
e.g. (x—6)(x+6)=x*>—36
(2x + 5)% = 4x% + 20x + 25
x—20P=x*—4x+4
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« Factorising is the opposite
process to expanding.

* An expression is factorised
by determining the highest
common factor of each term.

e.g 9xy + 15xz - 212
=3x(3y + 5z - Tx)
The highest common factor
of each term is 3x.

* When presented with an
expression that has 4 terms
with no common factor, we
can factorise by grouping
the terms in pairs.
€.8. 6xy + 8y — 12xz — 16z

=2y(3x +4) —4z(3x + 4)
=CBx+4)(2y-42)

Formula

¢ A formula is a mathematical rule that
represents a real-world relationship.
« The area of a triangle is given by
the rule:
Area = % xbxh

e.g. The area of a triangle when
b=10cmand 2= 15cm:

Areat:%x10x15=75cm2

Setting up worded problems

* In order to turn a worded problem
into an algebraic expression it is
important to look out for the
following words.

* Words that mean addition:
sum, altogether, add, more than,
and, in total

* Words that mean subtraction:
difference, less than, take away,
take off, fewer than,

* Words that mean multiplication:
product, groups of, times, of,
for each, double, triple

* Words that mean division:
quotient, split into, halve, thirds.

Solving application questions

 Drawing diagrams will help set up
expressions to solve worded problems.

* Make sure you include units in your
answers.



2.11.2 Success criteria

Tick the column to indicate that you have completed the lesson and how well you have understood it using the
traffic light system.

(Green: I understand; Yellow: I can do it with help; Red: I do not understand)

Lesson

Success criteria

@ O 0

2.2

2.3

2.4

2.5

2.6

2.7

2.8

2.9

2.10

| can identify the number of terms in an algebraic expression.

| can identify the variables, constant terms and coefficients of the terms in
an expression.

| can evaluate an expression or formula by substituting values for each
variable.

| can assign variables to the unknown quantities in a worded problem.

| can convert the worded statements presented in a question into algebraic
expressions.

| can identify like terms.
| can simplify algebraic expressions by adding and subtracting like terms.

| can simplify algebraic expressions that involve multiplication and division
of multiple algebraic terms.

| can add, subtract, multiply, and divide algebraic fractions.

| can use the distributive law to expand and simplify an expression with a
single set of brackets.

| can use the distributive law to expand and simplify expressions containing
two or more sets of brackets.

| can quickly expand and simplify binomial products using the rule for
difference of two squares.

| can quickly expand and simplify binomial products using the rule for
perfect squares.

| can expand multiple sets of brackets and simplify the result.
| can determine the highest common factor for a group of terms.

| can factorise expressions by dividing out the highest common factor from
each term.

| can factorise an expression by taking out a common binomial factor
| can factorise expressions by grouping terms in pairs.

| can write an algebraic expression for a worded problem and use it to solve
that problem.
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2.11.3 Project

Quilt squares

People all over the world are interested in quilt making, which involves stitching
pieces of fabric together and inserting stuffing between layers of stitched-
together fabric. When making a quilt, the fabric can be arranged and sewn in a
variety of ways to create attractive geometric designs. Because of the potential
for interesting designs in quilt-making, quilts are often used as decorative
objects.

Medini is designing a quilt. She is sewing pieces of differently coloured fabric
together to make a block, then copying the block and sewing the blocks together

in a repeated pattern.

Making your own quilt

A scaled diagram of the basic block that Medini is using to make her

quilt is shown. The letters indicate the colours of the fabric that make

up the block: yellow, black and white. The yellow and white pieces are
square, while the black pieces are rectangular. The finished blocks are sewn
together in rows and columns.

Trace or copy the basic block shown onto a sheet of paper. Repeat this
process until you have 9 blocks. Colour in each section and cut out

all 9 blocks.

1.

Place all 9 blocks together to form a 3 X 3 square. Draw and colour a y b y
scaled diagram of your result.

Describe the feature created by arranging the blocks in the manner
described in question 1. Observe the shapes created by the different colours.

Medini sold her design to a company that now manufactures quilts made from 100 of these blocks. Each
quilt covers an area of 1.44 m? Each row and column has the same number of blocks. Answer the following,
ignoring any seam allowances.

© N OO

Calculate the side length of each square block.

If the entire quilt has an area of 1.44 m?, what is the area of each block?

Determine the dimensions of the yellow, black and white pieces of fabric of each block.

Calculate the area of the yellow, black and white pieces of fabric of each block.

Determine the total area of each of the three different colours required to construct this quilt.

Due to popular demand, the company that manufactures these quilts now makes them in different sizes.
A customer can specify the approximate quilt area, the three colours they want and the number of blocks
in the quilt, but the quilt must be either square or rectangular. Come up with a general formula that
would let the company quickly work out the areas of the three coloured fabrics in each block. Give an
example of this formula. Draw a diagram on a separate sheet of paper to illustrate your formula.

132
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Exercise 2.11  Review questions learn

Fluency
1. I Select the coefficient of the second term in the expression —5xy* 4 2y + 8y> + 6.
A. =5 B. 2 C.8 D. 6
2. [ Jodie had $55 in her purse. She spent $x. Select the expression for the amount of money she has
left.
A $(x—=55) B. $(x+55) C. $55x D. $(55—x)

3. I3 Z—X — % can be simplified to:

Tx 2x 2x 4x
AL — B. — C. — D. —
20 20 1 20

4. I3 3 +§ is equal to:
p p

A 2 B. c. 12p D. 12p?

SN

5. A The volume of a sphere, V, is given by the formula V= ﬁ where r is the radius of the sphere.
If =13, select the volume of the sphere from the following options.
A. 25.12 B. 38.37 C. 64.05 D. 113.10

6. I Choose the equivalent of 6 — 4x(x + 2) + 3x.
A. 6 —4x? —5x B. 6 +4x% + 5x C. 6 —4x? + 5x D. 6 +4x* + 5x

7. I Choose the equivalent of (3 — a)(3 + a).
A. 9+d° B. 9 —a? C.3+d D. 3 —a?

8. I Choose the equivalent of (2y + 5)%.
A. 4y* +20y +25 B. 4y” + 10y + 25 C. 2y? +20y +25 D. 2y* +20y+5

9. A Select what 6(a + 2b) — x(a + 2b) equals when it is factorised.
A. 6 —x(a+2Db) B. (6 —x)(a+2b) C. 6(a+2b—x) D. (6 + x)(a—2b)

10. a. For the expression —8xy” + 2x + 8y> — 5:

i. state the number of terms

ii. state the coefficient of the first term

iii. state the constant term

iv. state the term with the lowest coefficient.

b. Write expressions for the following, where x and y represent the following numbers.

i. A number 8 more than y.

ii. The difference between x and y.

iii. The sum of x and y.

iv. A number that is 7 times the product of x and y.

v. The number given when 2 times x is subtracted from 5 times y.
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

a. Leo receives x dollars for each car he washes. If he washes y cars, calculate how much he earn.
b. A piece of rope is 24 m long.
i. If Rawiri cuts k m off, calculate how much is left.
ii. After Rawiri has cut km off, he divides the rest of the rope into three pieces of equal length.
Calculate the length of each piece.

Simplify the following expressions by collecting like terms.
a. 8p+9p b. 5y* +2y —4y? c. 9s%t—125%t
d. 11¢*d —2cd + 5dc? e. n> —p*q—3p’q+6 f. 8ab+2a*b* —5a’b* + Tab
Simplify the following expressions.
4
a. 6ax2b b. 2abx b c. 2xy X dyx d. é e. 18+ (4b)
Expand the following expressions.
a. S(x+3) b. —(y+5) c. —x(3—2x) d. —4x(2m+1)
Expand and simplify the following expressions by collecting like terms.
a. 3x—2)+9 b. —2(5m—1)-3
c. dm(m—3)+3m—>5 d 7p—2—-0Cp+4)
Expand and simplify the following expressions.
a. 3(a+2b)+2Ba+b) b. —4(2x+ 3y) + 3(x — 2y)
c. 2m(n+6)—mQBn+1) d. —2x(3 —2x)— (4x—3)
Expand and simplify the following expressions.
a. x+4x+5) b. (m—2)(m+1) c. Bm—2)(m-75) d. (2a+b)(a—3b)
Expand and simplify the following expressions.
a. x+dHx—4) b. (9—m)(9+m) c. x+y)x—y) d. (1 =2a)(1+2a)
Expand and simplify the following expressions.
a. (x+5)* b. (m—3)° c. (4x+1)° d. 2—3y)°
Expand and simplify the following expressions.
a. x+2)x+ D+ x+3)(x+2) b. (m+7)(m—2)+ (m+3)°
c. x+6)(x+2)—(x+3)x—1) d. (b—7)7>—(b-3)(b—4)
Expand and simplify the following expressions.
a. (x+2)%+ (x+3)* b. (x—2)> — (x=3)* c. x+4)* — (x—4)°
If y = 5x* 4+ 2x — 1, determine the value of y when:
a.x=2
b.x=35.

The volume (V) of each of the following paint tins is given by the formula V= 7r7*h, where r is the
radius and £ is the height of the cylinder. Determine the value of V (to 2 decimal places) when:
a.r=7cmand h=2cm

b.r=93cm and 2=19.8 cm.
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24. Factorise each of the following expressions by determining common factors.

a. 6x+12 b. 6x> + 12x%y c. 8a>—4b
d. 16x> —24xy e. —2x—4 f. b>—3b+4bc

25. Simplify each of the following expressions using common factor techniques.
a. S(x+y)—4alx+y) b. 7a(b+ 5¢)— 6¢(b+ 5¢) c. 15x(d+2e)+ 25xy(d + 2e)
d. 2x+2y+ax+ay e. bxy+4x—6y—4 f. pg—r+p—rq

Problem solving

26. A rectangular rug has a length of 3xcm and a width of x cm.

a. Write an expression for the rug’s perimeter.

b. Write an expression for the rug’s area.

c. The rug’s side length is increased by y cm.

i. Write an expression for its new side length.

ii. Write an expression for the rug’s new perimeter. Expand this expression.
iii. Calculate the rug’s perimeter when x =90 cm and y =30 cm.
iv. Write an expression for the rug’s new area. Expand this expression.
v. Calculate the rug’s area when x =90 cm and y =30 cm.

27. A rectangular garden bed has a length of 15 m and a width of 8 m. It is surrounded by a path with a
width of p m.

a. Write down the total area of the garden bed and path in factorised form.

b. Expand the expression you wrote down in part a.

c. Calculate the area of the path in terms of p.

d. Write an equation that can be solved to find the width of the path if the area of the path
is 200 m?.

. . . X . .
28. Calculate the circumference of a circle whose area is 7 <—> cm?. Give your answer in terms

y
of 7.

29. The large sign shown appears in a parking lot at the entrance to car park 5. It has
a uniform width, with dimensions shown.

Write an algebraic expression for the area of the front of the sign.
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30. At the end of a lesson involving boxes of Smarties, the Smarties left over are shared equally among the

class. There are 6 boxes full of Smarties left over and 42 Smarties that are no longer in boxes.

a. Write an expression for the total number of Smarties
left over.
(Hint: Let n = the number of Smarties in a box.)

b. Write the expression from part a in factorised form.

c. If there are only three people in the class, write an
expression for the number of Smarties each
person receives.

d. If there are x people in the class, write an expression
for the number of Smarties each person receives.

31. When entering numbers into an electronic device, or even
writing numbers down, we can often make mistakes. A
common type of mistake is called a transposition error. This
is when two digits are written in the reverse order. For
example, the number 2869 could be written as 8269, 2689
or 2896.

A common rule for checking if these mistakes have been
made is to see if the difference between the correct number
and the recorded number is a multiple of 9. If it is, a
transposition error has occurred.

We can use algebraic expressions to check this rule. Let the digit in the thousands position be
represented by a, the digit in the hundreds position by b, the digit in the tens position by ¢, and the digit
in the ones position by d.

In this way the real number can be represented as 1000a + 1006 + 10c + d.

a. If the digits in the ones position and the tens position were written in the reverse order, the number
would be 1000a + 1005 + 10d + c. The difference between the correct number and the incorrect one
would then be 1000a + 1005 + 10c¢ + d — (1000a + 1005 + 10d + ¢).

i. Simplify this expression.
ii. Is the expression a multiple of nine? Explain your answer.

b. If a transposition error had occurred with the tens and hundreds positions, the incorrect number
would be 1000a + 100c¢ + 105 + d.

Perform the procedure shown in part a to work out whether the difference between the correct
number and the incorrect one is a multiple of 9.

c. Consider a transposition error in the thousands and hundreds positions. Explain whether the
difference between the two numbers is a multiple of 9.

d. Comment on this rule for transposition errors.

e. The price marked on the tag of a CD in a music store is x dollars and y cents. Its value is less than
$100. The person on the counter makes a mistake and enters a value of y dollars and x cents into the
cash register.

Show whether the multiple of 9 rule for checking transposition errors applies in this case.

To test your understanding and knowledge of this topic, go to your learnON title at
www.jacplus.com.au and complete the post-test.
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Answers 14, a. 15 b. 10 c. 18
d. 45 e. 30
TOpiC 2 Algebra 15. a. 10.72 b. 21 c. 22.4
d. 50 171
2.1 Pre-test ©
D 16. a. 4 b. =30 c. 32.75
’ P " d. 38.33 e. 34.56
2. 2x" —y* —xyz =
x_ yTaE 17. a. Sample responses can be found in the worked solutions
3.m=2 in the online resources.
4D b. 12cm
5 A 18. a. 10 b. 10
6.a.2m+ 13n b. —2xy — 3x + 5y 19. a. 15
7.64 +qr—r b. Sample responses can be found in the worked solutions
8. D in the online resources.
9. Yes 20. a. 5
10. False b. Sample responses can be found in the worked solutions
11. 3b* = 21b 4+ 37 in the online resources.
12.a. 4p2p+5)  b. 5(5x* =2y) c. xy(6+ 8x—3y) 21. a. 19.44
13.a. (Ta—1)b+3) b. (5x—2) (2y + 1) b. Sample responses can be found in the worked solutions
T ) in the online resources.
14. 2x2x = 1)+ 2xBx +2) + 2(3x + 2)(2x — 1) 25 a 63 cem? b. dem
15. 3m(Bp — 1 4+ 2e)
23. a. 461.81 b. 9.55
2.2 Using variables 24. a. 1671.33 b. 2.64
1 1 25. a.
1.a.3 b. =2 c. 5 d.—Z a d 2d +2g g ‘
| 5 2 d+g 24
2.a.5 b. =2 ez d - 2d+g 0 d+2 |
2 7 1
3.a15 b. -5 &5 d. ~3 Magic number = 3d + 3g
4. a.i.3 i.5 iii. 8 iv. 5x2 b, c. Sample responses can be found in the worked solutions
b.i 3 i, —9 ii. —6 iv. —Om> in the online resources.
c.i. 4 ii. 5 iii. 5 iv. —7x° 2. :' E”" Ni—2)
: - . 2 -im=2)n—
d.i. 4 i. 9 iii. 4 iv. =9b c. (2m + 2n) units
5 a.i. 4 i. 4 ii. —2 iv. —3ac
. : 27. y = (=)
b.i. 5 i. 5 iii. 9 iv. —3u )
ci5 i —1 iii. 8 . —m 2.3 Algebra in worded problems
d.i.5 ii. 7 iii. 14 iv. —3cd’ 1.a 11 b.x+5 c.y+5
6. a.i. 3 ii. 3 iii. —7 iv. —10x7 2. a. 3.5km b. (x +2) km
b.i. 5 ii. =3 ii. 7 iv. —6x° 3.a4 b. 2.5 +1 c. 2.5 — yhours
c.i.5 ii. =5 ii. 8 . —5x 4. a. d—xkm b. d+ykm c. 2d + 4km
. iv. —1
d-i. 6 ii- 6 fi. 6 a Sxy 5. a. 10n, where n = number of shirts
7.a.2,12, -8 b. 0,2, 6 b. N + 30, where N = the number of Nick’s dollars
c.—1,9,-3 d. 0,1, -1 c. i.g—4 i. 7g—4
8 2 g’ 2_11 ]’_;9 :' é’ ;’ ]_64 6.a. .94 ii. 6x +y
o T b. i. 66 ii. 6p+¢q
9.a.1/3,2, 1 b. 0,3, =2 c. i 28 i 6x+y—6p—gq
c. —12, =12, —6 d. E, 1, —l 7. xy dollars
5 5 X X
10. a. B b.D c. A d.B 8 a n b 2n
11.a. 4 b. —6 c. 6 30—d 3(30—4d)
a7 e —12 i —3 9.a. 30—dcm b 1 m c. Tcm
12. a. 7 b. —40 c.7 10 b b X X X
.a. = = C.——===
13.a. i 32 ii. 250 4 6 4 6 12
b. i.4 ii. 3
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24 —¢ ( 24—c> 6¢c + 24
11. a. hours b. (c+ =
7 7
12. a. 1 b. 7:30 pm and 8:00 pm
c.5 d. 24
e. 8:30 pm and 9:00 pm
13.a. $ (y—30)
1
b. $ <—(y—30)>
3
c. $930
14.a. b=2h—1  b. 19 blocks

15. 15 red vases and 10 clear vases
16. The father is 32 years old.

17. 4 dots = 4 triangles
5dots = 10 triangles
6 dots = 20 triangles
7 dots = 35 triangles
!

t= aﬁ where d! is the product of all positive integers
less than or equal to d.
18. a x= ;;? b, c. Answer is undefined.

2.4 Simplification of algebraic expressions
1. a. 9ab, —ab b. 4x

c. —3za, —az d 2x2, -
2. a. =2x%y b. —x%y°, — 3%y’
c. p3x2w5, - 5)62[)3w5 d. 4ysz4x , — 2)czz4y5

3.a.7x b.lly c. 19m d.1llg e. 8r f. 3x
4.a.8a b.8 ¢ l13x d.16p e 94 f 3x°
5. a. 8x* — 3y b. 2m” + 2n
c. —2¢°+g—12 d. =5m* +m+15
e. 12a” + b+ 4b’ f. 3m + Tn’
6. a. 12xy + 2* b. 2ab + 5a°b
c. 16x%y — 3xy d.m*n+1ln
e. —7x% +2x%y f. —3a’b—9a*> 4+ 5b + 4
.B
.D
LA
10. D
11. a. 6mn b. 20xy c. 8pg
d. —10xy e. —12xy
12. a. 15mn b. 10> c. bmnp
d. —6ab* e. 10m*n
13. a. —18d%b b. 30x’y? c. —12p%¢°
d. =56¢°d e. 30a'b’
14. a. 3x b. 3m c. 2y d. 4m e. 4m
m X
15. a. 2x b.=7x c¢.—4m d.— e -
2 3
16. a. " b. — 2
. a, — \— c. 2yz
9 2a Y
X —Tyz
d. 2 e. J
4 11
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17.

18.

19.

20.
21.

22,

23.
24.

25.

26.

27.

28.

29.

30.

31.

Tx y m
a. — b. = c. ——
12 6 8
X 9m
d. - e. —
4 14
1 n 3
a. — b. = c. 4 d. -
3 6 2
a. 40x%y* b. 56ax’y’
X —5a
C..—™ o S—
2y 4b
a. 2 b. 40a°b*>  c. —=8a’b® d. 16a”

a. i. (0.01 mp + ng) dollars
b. 20 — (0.01mp + ng) dollars

Shirt =$12 each
Shorts = $30 each

$45

ii. (mp + 100 ng) cents

The correct answer is 7a°c?. Sample responses can be found

in the worked solutions in the online resources.

3’
2¢6

n n 1
> r2) b (n+3) “ 100

a. i. m

| a+b | 2a+30 |
| 2a-b | -a+26 | 3a+b |
ii. IWI
| 3p+5¢ | 5p-2q |
| p+2q |2p+3q I 3p-5¢q |

b i 18m3n?
I 3m?n I 6mn ]
| m? I 3n I 2m |
i 484%e?
| 8de | 6de |
| a2 | 22 | 34 |

X Sx
a.P=-+x+—
3 7

b. Sample responses can be found in the worked solutions
in the online resources.

c. $18
32w
a. P=2w+ T

b. Sample responses can be found in the worked solutions
in the online resources.

c. $72.22

a. P=2x+24x—17) b. P=10x— 14

c. 16 units

d. If x =1 the rectangle will have a negative value for the

perimeter, which is not possible.
a. [=4(x+40) + 8(x + 20)
b. [=12x+ 320
c. $19.20



32.a. P, =(10x+ 12)cm

P, =16xcm

b.x=2

2.5 Expanding brackets
1. a. 64

10.

11.

12,

13.

14.

C.

. a.

3

-20
3x+6

3x 6

CA4x+12

X 2

4x 12

Ldx+4 d.

X 2x

a Sa

Cdx 422 d.

a. 2xy + 4x

Y o (1]

(1)

. =3b+ab

.2p=2 b.
.—12p+3 e.
.2m* +Tm

LAy —dy+7

. 4x — 13y

2m* —8m—4

c. —30a + 10ab

oo oo oo O

(1)

. =2p—17

.8x+y b.
. 19¢ +22d e.
L6x—11y b.
. —4a+3b e.
. 5p—10¢q b.
.—Tp+1lq e.
.2ab+2a—3b

. 2¢d + 3¢
. Scd—11c¢

a. Sab —2la—3b

o 0

> W P 20 T

. 6¢cd —36¢
. 9¢d — 8¢

. —15a* + 2b* = 9ab
. —8¢% 4+ 3d> +22¢d
C12m? =20m—4
=T +41x—6

. —10y*> — 6y — 12

b. 1100

d. 693
Tx—17

b. —x+1

d. 24m — 16
Tm — m>

b. =3xy — 12y

d. —30a + 184
S5x—17 c. =Tp—17
6x* — 20x

b. 3px+6x—5

d. —4p* +13p

b. —3p% + 10pg —1
d. 7ed — 12¢% = 5¢

10p + 8¢ c. 18a +29b
2m—11n
9x + 5y c. —14p —8q
4x—y
—8c+9d c. 13x— 19y
—5a+3b

b. 2xy +4x — 2y

d. 2pq —2p

b. Sm

d. 6m® + 6m — 10

17.
18.

19.

20.

21.

22,

23.

24.
25.
26.

27.

28.

29.

30.

31.

32.

33.

34.

D

a.d’+5a+6 b.
.Y +5y+6 d.
e. > +3b+2
ap’+5p+4 b.
c. XX +x=20 d.
e. Y 4+2y—15

a.y —4y—12 b.
c. XX =Tx+12 d.
e. XX —4x+3
a.2a’>+7a+6 b.

c. 2 —17t+35
e. 15X =31x+ 14

a.xz+x+yz+y
c.3pr+3p+qr+gq
e. 2¢* — Scd — 3d”

- O

- QO T

a. 4p% + pg — 3¢° b
c.3p—=9pr—2q+6qr d
e. 2p2 —pr—2pq+qr f
C

C

ax—9 b. x> —25
d > —1 e. x> —4
ax +2x+1 b.
c. X + 16x + 64 d.
e. x> —10x+25 f.

a. 6.3x% 4 5.53xy — 3.1y?
b. 4.41x% — 10.24y”

2+ Tx+12
m? + 9m + 20

@i +a—6
m*—m—12

X =2x-3

pPP=5p+6

4c* —3lc+ 42

. =62+ 117+ 10

L 25x2 = 20x+4

L 2xz4+ 8x+yz+4y

. a* + 3ab + 2b*

L 2xE —xy— 3y

. ab + ac + 2b* + 2bc
L1207 = Txy +y?

. 15k =5 — 6jk + 2j

c. x> —49
fodx® —1
X +4x+4
P2 —6x+9
x? — 18x + 81

c. 11.56x% 4 34.68xy + 26.01y?

a. Surface area = 38x” + 14x
b. Volume = 12x° + 5x* — 3x

a. i ((x+3y)(4x —y)m>
ii. (4% + 11xy — 3y*) cm?

C@x=Dx+5)
i f
22 +9x—5

2

-6

ii. Sample responses can be found in the worked

solutions in the online resources.

Sample responses can be found in the worked solutions in

the online resources.

a. Negative sign ignored.

b. Negative sign ignored.

c. Distributive law not used.

a. i. The student did not multiply both terms.

ii. The student used addition instead of multiplication.

ii. The student did not change negative and positive

signs.
b. 100 — 15x

a. —2(a — 5) =2a — 10 is incorrect because the student did
not change the multiplied negative signs for —2 X (=5) to
a positive sign. The correct answer is —2a + 10.
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b. 2b(3b — 1) = 6b> — 1 is incorrect because the student did

not multiply —1 and 2b together. The correct answer is

6b> —2b.

c. —2(c —4) =2c + 8 is incorrect because the student left
out the negative sign when multiplying —2 and c. The

correct answer is —2¢ + 8.

35. a. Student C

b. Corrections to the students’ answers are shown in bold.

Student A:
Bx+4)2x+5)

=3xX2x+3xX54+4X2x+4X%X5

=6x? +23x +20

(Also, 29x + 20 does not equal 49x.)

Student B:
Bx+4)(2x+5)

=3xX2x+3xX54+4X2x+4X%X5

=6x> + 15x + 8x + 20
=6x> +23x + 20
36. a. w=(x—3)cm
b. w=62cm
c. [=108cm

2.6 Difference of two squares and perfect

squares
1.a.x>—4 b. =9 c.m?=25 d.a®—49
2.a.x—=36 b.pP—144 c.a®>—100 d.m*—121
3. a4 —-9 b. 9% — 1 c. 25d4% — 4
d. 49¢* =9 e. 4—9p°
4. a. d* —81x° b. 25— 144a®>  c. 9x* — 100y*
d. 46> —25¢2 e. 100 — 4x?
5.a. x> +4x+4 b. a* +6a+9
c. b* + 14b + 49 d. ¢® +18¢ + 81
6. a. m> + 24m + 144 b. n* +20n + 100
c. X2 —12x+36 d. y* — 10y 4+ 25
7. a. 81 —18¢ + ¢? b. 64 + 16¢ + &>
c. 2% + 4xy + 297 d. > = 2uv +1°
8. a.4d®> +12a+9 b. 9x” + 6x + 1
c. 4m* —20m + 25 d. 16x* —24x+9
9. a. 254> — 10a + 1 b. 49p% + 56p + 16
c. 81x% +36x+4 d. 16¢2 — 48¢ + 36
10. a. 25 4 30p + 9p? b. 4 — 20x + 25x°
c. 812 = 72xy + 16y>  d. 64x> — 48xy + 9)°
M.ax’—9 b. 4x* =9 c. 49x° — 16
d. 4x* — 49y° e. xt —y*
12. a. 16x% + 40x + 25 b. 49x% — 42xy + 9y*

c. 25x* =202y + 4y d.

27— 4xy + 2y2

17. a. Sample responses can be found in the worked solutions
in the online resources.

b. Lin’s bedroom is larger by 1 m?.
18. a.i. x> — 16and 16 — x iii. 4x* —81and 81 — 4x”
i. ¥ — 121and 121 — x*
b. The answers to the pairs of expansions are the same,
except that the negative and positive signs are reversed.
c. This is possible because when a negative number is
multiplied by a positive number, it becomes negative.
When expanding a DOTS in which the expressions have
different signs, the signs will be reversed.
19. a. 100k + 100k + 25

. (10k+5)*> = 100X kX k + 100 X k + 25
= 100k(k + 1) + 25

c. 252 =(10x2 +5)?
Let k=2.
252 = 100k(k + 1) + 25
=100x2%x 2+ 1)+25

T

=625
852 = (10X 8 + 5)°
Letk =8.

852 = 100k(k + 1) + 25
=100x8X(8+ 1) +25
= 7225

20. a. A, = @’ units’

A, = ab units
= ab units’
A, = b? units?

b. A=d*+ab+ab+ b

e
|

=a* 4 2ab + b’
This is the equation for perfect squares.

21.a. i.x*—6x+9and9— 6x+x
ii. x> — 30x + 225 and 225 — 30x + x>
iii. 9x* — 42x + 49 and 49 — 42x + 9x*
b. The answers to the pairs of expansions are the same.

(2]

. This is possible because when a negative number is
multiplied by itself, it becomes positive. When expanding
a perfect square in which the two expressions are the
same, the negative signs cancel out and result in the same

answer.
22. a. 729 b. 1089 c. 1521 d. 2209
23. (3x* + 16x + 5)m?
24. (& —25)m>
25. a. 10609 b. 3844 c. 994009
d. 1024 144 e. 2809 f. 9604

2.7 Further expansions

4 2
e. = + 16+ 16x
x2

13. (x* + 6x + 9) units?
14. Bx+ 1)m
15. Perimeter = 4x + 36

16. Sample responses can be found in the worked solutions in
the online resources.
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1.a. 232 + 13x + 21
c. 2x* 4+ 14x + 26

2.a.2p> —3p—21

c.2p’ —p—24
3.a.2°+2y—7
c. 22 + 10

L2382 4+ 13x+ 20
L2+ 10x+ 11

2d° —5a+4
232 4+ 19x—36
242 +8d—2
. 2y?
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4.a. 2% —4x+19 b. 2y* —4y—17 8. a. —2(6p + q) b. 6(p + 2pq + 39)
c.2p” +3p+23 d. 2m® + 3m + 31 c. 8(4x+y+2z) d. 4(4m — n + 6p)
5.a.x+5 b. 4x+8 e. 80x —y+8pq) f. 3(5x* )
c. =2x—6 d.3m+2 9. a. 5(p* — 4q) b. 5(x+ 1)
6.a. —3b—122 b. —15y—2 ¢ 8(7q + p*) d. 7(p - 6x°y)
c. 8p—10 . 16x+2 e. 4(4p° +5¢+ 1) f. 12(1 4 3a’b — 2b%)
7 a2 dm4 17 b. —7a 430 10. a. 33a + 7b) b. 2(2¢ + 9d%)
c. —6p—17 d. 3x =21 c. 43p* +5¢°) d. 7(5 = 2m*n)
8. a. 16x—16 e. 5(5y* — 3x)
b. Sample responses can be found in the worked solutions 1. a. 4(402 +5b) b. 6(7m’ '; 2n)
in the online resources. c. 9(7p~ + 92— 3y) d. 11(11a” — 5b + 10c)
9. a. 15x% — 44x +21 e 205 = 11y’ +7xy)
b. Sample responses can be found in the worked solutions 12. a. 9Q2a’bc — 3ab—10c)  b. 12(12p + 3¢> — Tpq)
in the online resources. c. 79a°b* =7+ 8ab?®)  d. 1124 9p°¢* —4p*p)
10. a. 8x> — 10xy + 3)? e. 6(6 — 4ab’ +3b°)
b. Sample responses can be found in the worked solutions 13.a. —(x—5) b. —(a—="17) c. —(b—=9)
in the online resources. d. —2(m+3) e. —6(p+2) f. —4(a+2)
1. x=—6 14. a. =3(n* = 5m) b. =7(*y* =3) c. =70° +72)
12. Sample responses can be found in the worked solutions in d. —6(2p2 +3q) e.=7Om—-8) . —2(6m® + 25x%)
the online resources. 15. a. —3(3a2b —10) b. —3(5p +4q)
13. Samplf{ responses can be found in the worked solutions in c. =209 —2y%) d. —3(ab—6m+17)
the online resources. e. =52+ 5p* +9q) f. —9(10m? — 3n — 6p°)
14. a. Sample responses can be found in the worked solutions
a o th‘; onnnz e 16. a. a(a + 5) b.g(l4—q)  c m(18+5m)
’ d. p(6 + 7p) e.n(Tn—2) f. p(7—pg+q)
b.a=2,b=1,c=3,d=4 P p p(71—pg+q
(22 +12) (32 +4%) = 2x3—1x4) + 2x4—1x3) 17. a. y(x + 9 — 3y) b. ¢(5 + 3cd — d)
=4 + 121 c.ab(3+a+4b) d. xy2x + 1 + 5y)
=125 e. pq(S5pq — 4 + 3p) f. xy(6xy — 5+ x)
15. a. X+ 208 — 2 = 2x + 1 18. a. Sx(x + 3) b. 6m(4m—1) c.4aBa—1)
b. Sample responses can be found in the worked solutions d.—2mm—4) e —Sxx—3) £ -T—2)
in the online resources. 19. a. —3a(@a—3) b. =2p6p+1) c. —13yQ2y+1)
c. i.25 d.2m(2—-9m) e. —61(1—61) f. —8p(1+3p)
ii. x=2 20. a. 2(x+3)(4x+ 1)
16. a. ad + ae + bd + be b. A =x(x+3)
b.(a+b+c)d+e+f)= ad+ ae+ bd+ be+ cd+ ce + B=0x+2)(x+3)
af + bf + cf C=2x(x+3)
p ; . 21. a. 3a(b> + 6b +9)
b. 3a(b + 3)
d ad bd cd )
22. a. (x +4)(x" + 8x+ 16)
e ae be | ce b. (x +4)°
f af bf of 23. Sample responses can be found in the worked solutions in
the online resources.
2.8 The highest common factor 24. Sample responses can be found in the worked solutions in
’ ) 4 3 the online resources.
1. a. 2a b. c. 3x
d. —4 e. 3x . 15a 2.2 (x4 13) <x_ Vi3)
2.a. —3x b. m c. —mn b. (Zx— Vv 17) <2x+ Vv 17)
2
d. ab e. 3x f. 5n c.(x+3+\/ﬁ>(x+3—\/ﬁ>
3.a.4 b. 3 c.5 d. 8 e. 3
26. —2
4.a.25 b. 1 c. 6a d. 7x e. 30g 27. True. Sample responses can be found in the worked
5.a. 10 b. 3x c.3 d. 5 e X solutions in the online resources.
6. C 28. a. 4(3x — 5y)(3x + 5y)
7. a. 4(x + 3y) b. 5(m + 3n) b. 4(3x = 5y)(3x + 5y)
c. T(a + 2b) d. 7(m — 3n) c. Yes, the answers are the same.
e. —8(a+ 3b) f. 42x—y)
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2.9 The highest common binomial
factor (extending)

1. a.

(a+b)2 + 3c¢)

c. Cm+ 1)(Tx—y)
e. (x+2y)(z—3)

a. (6—¢q)(12p—=5)

c. (b —3)(4d* + 3b)
e. Sm+ )6+ n?)

b. (m+n)(4 +p)
d. 3b + 2)(4a —b)

b. (x — y)3p* +29)
d. (g +2p)(p* = 5)

C.

A, =1 =64cm?
A, =1l = 100 cm?
A, =V =169 cm’
A,=1=4cm?

A, =1V =121 cm’

18. —(x+ DH(dy—9)

14. a.

i. Square, because it is a perfect square.
ii. Rectangle, because it is a DOTS.
iii. Rectangle, because it is a trinomial.

3.a. (y+2)(x+2 b. (b+3)(a+3
2_ 8_ 4§((yx + 3; d. Ezy + 1()6(; + ;) |v Rectan%le, because it is"a trinomial.
e. Bb+1Da+4) f. (b—2)a+5) b. "!.(3s +18) X .||. gSs + é)(Ss —l 2)
4. a (m—2n)1 +a) b. (5 + 3p)(1 + 3a) il (s + D(s +3) v 4s=8)(s+ 1)
- (3m = 1)(5n = 2) d- (10p = 1)g —2) 2.10 Solving worded problems

e. Bx—1)2 -y

f. (4p — (4 —3q)

1.8 i.12x ii. 60 iii. 9x iv. 225
5.a. 2y+ 1)(5x—-2) b. 2a+3)(3b—2) ) -
c. (b—206)(5a—3) d. (x+3y)(@d —2) b. idr+8 it. 28
_ _ iii. x* +4x + 4 iv. 49
e. (p+2¢9)(5r—3) f. (a+5b)(c—2)
a 3y —4 c. i.l6x—4 i. 76
6.a - b. =5 iii. 16x° — 8x + 1 iv. 361
Y42 y+2 d. | 10)§+ 2 -ii. 52
7. a. b. ii. 6x° 4+ 2x iv. 160
2+ 6x 3b—-2
e. i.12x—2 ii. 58
g o X2 p, M An iii. 5x% — 13x— 6 iv. 54
y+2 m+4n f. i.20x+ 18 ii. 118
9. Sample responses can be found in the worked solutions in iii. 21x% + 42x iv. 735
the onlinze resources. 2 a. 1250 m2
10. (2x 4+ 3)7, this is a perfect square. b. (1250 + 150x + 4x%) m>
11. a. 5S(x + 2)(x + 3) = 5(x* + 5x + 6) = 5x* + 25x + 30 c. (150x + 4x*) m?
SO ST 115 LIS TR |06 A (0 I 0 [ T 15 d. 366.16 m’
5 5 . - 5 e. 150x + 4x* =200
x| 3x | x| 3x | x| 3x|x|3x]| x| 3x
3. a. (20 —2x)cm
2 (2x| 6 [2x| 6 [2x| 6 |2x| 6 |2x| 6
I l L b. (15 —2y)cm
S 3= (5 o ; c. (300 — 40y — 30x + 4xy) cm?
SEHDEHI =GN+ 2X)(+3) d. Sample responses can be found in the worked solutions

= 1
&2 0)()6—4_ ?L in the online resources.

‘ x |2 |x [2 |x [2 [x |2 [x |2 2
4. a. 40cm
‘ x |22 [2x |22 |20 |22 |2x | 2% |2x |2 | 2x b. i. (8 +v)cm
\3 3x |6 |[3x |6 [3x |6 |[3x|6 |3x|6 ii. (5+v)cm
iii. (v + 13v + 40) cm?
. S+ 2D+ 3)=GXx+3x5x+2) iv. 70 cm?
=(5x+ 15)(x+2) c. i.(8—d)ycm
| 5x 15 ii. 5—d)cm
5x° 15x iii. (40 — 13d 4 d*) cm?
2 | 10x 30 iv. 18cm’
d. i.8xcm’ i. 5+x)cm
12. a. Sidelength, =x+3 iii. (8x% + 40x) cm? iv. 400 cm?
Sidelength, =x+5 5. a. 20xm b. 25x*m?
Sidelength, =x+8 c. i.(5x—2)m
Sidelength, =x—3 - _
Side length = x + 6 I Gx—3)m ,
. iii. (25x> —25x+ 6)m
b. A,=I=(x+3) v, 756m?
A, =11=(x+5) '
AC=V=(x+8)2 6. a. bxcm
Ay=I=@x-3)7 b. 2x*cm?

A, =1V=(x+6)
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10.

11.

12.

13.

14.

c. i. 2x+y)cm
ii. (x—y)cm
iii. (2% — Xy — yz) cm?
iv. 11cm?
a. 4xcm
b. x> cm?
c. i.(x+ycm
ii. (4x+4y)cm
iii. 56cm
iv. (% + 2xy + y*) cm?
v. 60.84 cm?
a. (14p+4)m b. (12p° + 6p) m*
c. (bp+2)m d. 5pm
e. (22p+4)m f. (30p> + 10p) m?
9. (18p” + 4p)m? h. 80m?
a. 27.8
b. Samir is not within the healthy weight range.
c.i. 19.1 i. 24.9 iii. 22.0
d. Sammara: 9 to 20 years of age; Nimco: 17.5 to 20 years
of age; Manuel: 13.5 to 20 years of age
a. ' Type of
Type of algebra
algebra Perimeter  rectangle Perimeter
1-long 2x+2 1-tall | 2x+2
2-long 4x+2 2-tall 2x+4
3long | 6x+2 3tall | 2x+6
4-long 8x+2 4-tall | 2x+8
5-long 10x+2 5-tall 2x+ 10
b. Perimeter: long 40x + 2, tall 2x + 40
c.0<x<1
a. 3
b. 994009
c. i.990025 ii. 980100
A i Agreen = X0 +2) = X7 + 2x
it Appone1 = @+ D@ +7)=x" +8x+7
b. i.l=x+11,w=x
it Ajpones = X(x+11)=x" + 11x
c. x=4cm,Apygner =60 cm?
a.i. x(x—2)m? i. x(2x) m?
x—=2
b.
2x
50(x —2
c. '(—)%
X
d.i. 25% ii. 27.8% ii. 29.17%
e. The third flag places the most importance on Australia.
a. A=TTR* — ¥
b. A =160.71cm?
c. Sample responses can be found in the worked solutions
in the online resources.
d. R=5.32cm
e. 92.0%

15

. a. Sample responses can be found in the worked solutions

in the online resources.

b. i =3x =2 +3x+2
ii. 8x° 4+ 16x° — 104x + 80
iii. x* — 49x + 120

c. In a cubic expression there are four terms with
descending powers of x and ascending values of the
variable.
For example, (x + a)3 =2 + 3ax* + 3a°x + a°, where
the powers of x are descending and the values of a
are ascending.

Project

1.
2.

Solution not required.

Students need to describe the feature created by arranging the
blocks.

3.0.12m
4. 0.0144 m?
5. Yellow: 0.03 m X 0.03 m

2.

a
°

11.

© ® N o o kDb

Black: 0.03 m X 0.06 m
White: 0.06 m X 0.06 m

. Yellow: 0.0009 m?

Black: 0.0018 m?
White: 0.0036 m?

. Yellow: 0.0036 m?

Black: 0.0072 m?
White: 0.0036 m”

. Students are required to derive a general formula that

would allow the company to determine the area of the three
coloured fabrics in each block. They should give an example
and illustrate it with the help of a diagram.

11 Review questions

B

D

A

B

D

A

B

A

B

a. i.4
i. —8
ii. —5
iv. —8xy2

b. i.y+8
ii.x—y
iii. x +y
iv. 7xy
v. Sy —2x

a. $xy

b. i. (24 —k)m
24—k
1. T m
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,
23.
24.

25.

26.

27.

28.

29.

. 17p
. —3s%t

e.n* —4p’q+6

. 12ab b. 2ab*

X

- e. —

3 2b

.5x+15

c. =3x+2x°

.3x+3

c.4m*>—9m—5

. 9a + 8b

c.—mn+ 11m

a. x> +9x+20
c. 3m* —17m+ 10

x> =16

c. X —y?

X2+ 10x+25

c. 16X + 8x+ 1

2 +8x+38

c. 6x+ 15

a. 2x + 10x+ 13
c. 16x

.23
. 307.88cm’®
L 6(x+2)

c. 4(2a* — b)
e. —2(x+2)

.5—4da)x+y)

c. 5x(3 4+ 5y)(d + 2e)

[

C

20— DBy +2)

. 8xcm

. 3xcm?

i. Bx+y)cm

ii. (8x+2y)cm
iii. 780 cm
iv. 3% + xy) cm?
v. 27000 cm?

(8 +2p)(15 4 2p)m?

. (4p* + 46p) m?

27Tx
—cm

Y

Sxy — 4y?
30. a. bn + 42

(o

2(n+17)

31.a i 9c — d)

ii. Yes, this is a multiple of 9 because the number that

b.

T o5 oaF 25 25 2T 2y oy

-0 0T T ©T

. y2 +2y
.16¢%d = 2cd
. 15ab — 3d°D*

c. 8x%y?

—y=5

. —8mx —4x

—10m—1
4p—6

. —5x— 18y

45 — 10x + 3

m>—m—2
24> — 5ab — 3b*

81 — m?
1 —4a*

m* —6m+9

.4 —12y 4 9y?

2mP+1lm =5
. —=Tb+37

2x—5

134

. 5379.98 cm?®

. 6x2(1 + 2xy)
. 8x(2x — 3y)
. b(b—3+4c)

. (7a—6¢)(b+ 5¢)
24+ a)x+y)
-.(p—n@g+1)

(4p* + 46p + 120) m?
. 4p* 4 46p =200

L6 +7)

6(n+7)

X

multiplies the brackets is 9.
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. 90(b — ¢) -90 is a multiple of 9, so the difference

between the correct and incorrect numbers is a multiple
of 9.

. 900(a — b) is a multiple of 9, so the difference between

the correct and incorrect numbers is a multiple of 9.

. If two adjacent digits are transposed, the difference

between the correct number and the transposed number is
a multiple of 9.

. Let the correct price of the CD be $ab.cd. This can be

written as 10a + b + 0.1¢ 4+ 0.014d.

The cashier enters $cd.ab as the price. This can be
written as 10c +d + 0.1.

The difference is 10a + b + 0.1¢ + 0.01d — (10c +d +
0.1a +0.01b).

This is equal to 9.9a + 0.996 — 9.9¢ — 0.99d, which is
a multiple of 9.

This means that the rule for checking transposition errors
applies in this case.
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TIR0ER] Overview

3.1.1  Why learn this?

Mathematical equations are all around us. Learning how to
solve equations lets us work out unknown values. Being able

to manipulate and solve equations has many uses in many fields,
including chemistry, medicine, economics and commerce, to
name just a few.

Being able to solve linear equations is a useful skill for many
everyday tasks. Linear equations can be used when converting
temperature from Celsius to Fahrenheit, when working out how
to balance chemical equations, or when converting between
different currencies. Linear equations can also be used when
working out fuel consumption for a road trip, deciding on the
right dosage of medicine, or budgeting for a holiday.

Any calculation of rates will use some kind of linear equation.
Linear equations can also be used to help predict future trends
involving growth or decay. An understanding of the underlying
principles for solving linear equations can also be applied to the
solution of other mathematical models.

Hey students! Bring these pages to life online

Watch Engage with Ask questions
videos interactivities and check solutions

Find all this and MORE in jacPLUS (C)

jacTUTOR, your Extra learning

personal Al tutor— resources
here to help when LESSON 25
you'’re stuck! Ask Subtracting integers
It anythlng' LEARNING INTENTION
i Differentiated
R question sets

@ 251 Subtraction of integers

S s s

Questions with
immediate
feedback, and fully
worked solutions
to help students
get unstuck.

Reading content
and rich media,
including
interactivities and
videos for every
concept
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Exercise 3.1 Pre-test learn

1. Solve the linear equation g —2=-1.

2. Solve the linear equation 0.4x — 2.6 =6.2.

3. I Select which of the following equations has the solution x = 2.

A x+3=-5 B.3—x=5 C.3x+1)=2x+5 D.§=6
X
4. Solve the following linear equations.
A 3X+1:_5 b_ﬁz—4
4 2

5. Solve the equation —3(2a —4) = —12.

6. Dylan is solving the equation 4(y + 3) = —10. State whether it is true or false that Dylan will calculate
the correct value of y if he subtracts 3 from both sides of the equation then divides both sides by 4.

7. I Select the correct value for m in the equation 0.4(m — 8) =0.6.
A. m=-—6.5 B. m=6.5 C.m=17.8 D. m=9.5

8. A Select the first step to solve the equation 2x+ 1 =11 — 3x.
A. Add 2x to both sides. B. Add 1 to both sides.
C. Add 3x to both sides. D. Add 11 to both sides.

9. Solve the following equations.
a. S(a+2)=4a+12 b. 0.2(b—6)=52+b

10. [T Choose the equation that matches the statement ‘subtracting 6 from 5 multiplied by a certain
number gives a result of —8’.
A. 6—5x=-8 B. 5x—6=-8 C.5—6x=-8 D. 6x—5=-8

11. The cost of renting a car is given by ¢ =75d + 0.4k, where d = number of days rented and k= number
of kilometres driven. Toni has $340 to spend on a car for three days.
Calculate the total distance she can travel.

12. Solve the value of x in the statement ‘x is multiplied by 5 and then 4 is subtracted. The result is the
same as three times x minus 10°.

13. John is twice as old as his brother, and the sum of their ages is 30. How old is John and how old is
his brother?

14. Sarah bought 3 packs of pencils and 2 packs of erasers. Each pack of pencils costs $5 more than each
pack of erasers. If she spent a total of $29, how much did each pack of pencils and each pack of
erasers cost?

15. I Select the correct equation in which x(y — 4) =y + 3 is rearranged to make y the subject.

4 4 +3
= o B. y= b C.y=3x+3 D.y:y
X x—1 X

Ay +4
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TIER] Solving multi-step linear equations

LEARNING INTENTIONS

At the end of this lesson you should be able to:
® recognise inverse operations
* solve multi-step linear equations with variables on one side of the equation
* solve linear equations that involve simple algebraic fractions with numerical denominators (optional)

3.2.1 What is a linear equation?

¢ An equation is a mathematical statement that contains an equals sign (=).

e The expression on the left-hand side of the equals sign has the same value as the expression on the
right-hand side of the equals sign.

e A linear equation is a mathematical statement where the highest power of the variable is 1, and it makes a
straight line when you draw it on a graph.

¢ Solving a linear equation means determining a value for the variable that makes the statement true.

¢ ‘Doing the same thing’ to both sides of an equation (also known as applying the inverse operation)
ensures that the expressions on either side of the equals sign remain equal, or balanced.

WORKED EXAMPLE 1 Using substitution to check equations

For each of the following equations, determine whether x = 10 is a solution.

2
a TX2 _6 b. 2t +3 =3r—7 c. x2—2x = 9x— 10
THINK WRITE
2
a. 1. Substitute 10 for x in the left-hand side of the equation. a. LHS = x—;—
_10+2
3
_12
3
=4
2. Write the right-hand side. RHS =6
3. Is the equation true? Does the left-hand side equal the LHS # RHS
right-hand side?
4. State whether x = 10 is a solution. x =10 is not a solution.
b. 1. Substitute 10 for x in the left-hand side of the equation. b. LHS =2x+3
=2(10)+3
=23
2. Substitute 10 for x in the right-hand side of the equation. RHS =3x—-7
=3(10)—7
=23
3. Is the equation true? Does the left-hand side equal the LHS =RHS
right-hand side?
4. State whether x =10 is a solution. x=10is a solution.
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c. 1. Substitute 10 for x in the left-hand side of the equation. c. LHS = x> — 2x

=10 —2(10)
=100-20
=80

2. Substitute 10 for x in the right-hand side of the equation. RHS =9x—10
=9(10)—10
=90—-10
= 80

3. Is the equation true? Does the left-hand side equal the LHS = RHS

right-hand side?
4. State whether x = 10 is a solution. x=101is a solution.

3.2.2 Solving multi-step equations

e If an equation performs two operations on a variable, it is known as a two-step equation.

e If an equation performs more than two operations on a variable, it is known as a multi-step equation.

¢ To solve multi-step equations, first determine the order in which the operations were performed.

¢ Once the order of operations is determined, perform the inverse of those operations, in the reverse order, to
both sides of the equation. This will keep the equation balanced.

Inverse operations

The inverse operation of an operation has the effect of
undoing the original operation.

_ovcraion  ncrcopraion
- +
X +
- X

e Each inverse operation must be performed one step at a time.
¢ These steps can be applied to any equation with two or more steps, as shown in the worked examples
that follow.

WORKED EXAMPLE 2 Solving multi-step equations using inverse operations

Solve the following linear equations.

a. 3x+1=11 b. 6y —32=16 c. 152+4—-7z=48
THINK WRITE
a. 1. Subtract 1 from both sides of the equation. a. 3x+1=11
3x+1-1=11-1
2. Divide both sides by 3. 33_x = ?
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3. Write the value for x.

Note: 1t is preferable to write fractions in improper

form rather than as mixed numbers.

4. Verify your solution by substituting it back into your

original equation.

. 1. Add 32 to both sides of the equation

2. Divide both sides by 6.

3. Write the value of y.

4. Verify your solution by substituting it back into your

original equation.

. 1. Collect like terms of z.

2. Subtract 4 from both sides.

3. Divide both sides by 8.

4. Write the value of z.

5. Verify your solution by substituting it back into your

original equation.

10
xX=—
3

3(5)+1-1
3

10+1=11
11=11v
b. 6y—32=16
6y—32+32=16+32
6y =48
by _ 48
6 6
y=38
6(8)—32=16
48-32=16
16=16v

c. 15z+4—-77z=48

8z+4 =48
8z+4—4=48—-4

8z=44
8z _44
8 8
7=55

15(5.5)+4—7(5.5) =48
82.54+4—-38.5=48
48 =48 v/

TI| THINK

a-c. On a Calculator page,

DISPLAY/WRITE

P:re]\s/[sENU sol\re(l- x+1-ll,x)
: ‘;’ ?é%j:m solve(6: y-32=16,)
Complete the entry BAS R )
lines as:
solve Bx+1=11,x)

Ive (6y — 32 =16,
sove(y y) a.3x+1=11
solve _ 10
(15z+4—72=48,2) T
Press ENTER after b.6y—32 =16
each entry. y=28

c.15z+4—-7z=148

z=—or5.5

6y—32=16
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CASIO | THINK DISPLAY/WRITE

a-c. On a standard Main

& Edit Action Interactive

screen, press: B | b | ] sime
® Action solve (3x+1=11)
® Advanced
® Solve
solve(6y-32=16, v)
Complete the entry
lines as: solve(152+4-Tz=48, z)

solve Bx+1=11,x)
solve (16y — 32 =16,y)
solve
(1574 4 — 77 = 48,7)

(6y —32=16,)
Press EXE after
each entry.

Alg Standard  Real Rad




Note: If x is the only a.3x+1=11

variable in each equation = 10
there is no need to 3
specify ‘solve forx’,so p. 6y —32 = 16
the ‘x’ at the end of each i y=28

entry line may be left
out. This only applies 11
if x is the variable. z=—orl.5

c.15z+4—-7z=148

6y—32=16

3.2.3 Algebraic fractions with numerical denominators (optional)

e To solve linear equations involving algebraic fractions, we need to eliminate the denominator through
multiplication, simplify the expression, and isolate the variable.

Check the solution by substitution to ensure the original equation is satisfied, confirming the accuracy of
your answer.

Consider the equation:

> _,
2
e Multiply both sides by 2 to undo the fraction:
B X2=9x%x2
2
3x=18
¢ Divide both sides by 3 to isolate the variable:
18
3
x=06

WORKED EXAMPLE 3 Solving equations with algebraic fractions

Solve the following linear equations.

2x x —x—0.3_

al-T=11 b. = +==-11 c. ~1.1
3 3 4 2
THINK WRITE
a. 1. Subtract 1 from both sides of the equation. a. 1— g =11
1-X-1=11-1
3
2. Multiply both sides by 3. _Tx X (—=3)= 10X (—3)
3. Write the value for x. x=-30
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. Subtract 1 from both sides.

. Multiply both sides by 3.

. Divide both sides by —1.

. Write the value for x.

. Add like terms to simplify the left-hand side of the
equation. To do this, you will need to determine the
lowest common denominator.

. Multiply both sides by 12.

. Divide both sides by 11.

. Write the value for x.

. Multiply both sides of the equation by 2.

. Add 0.3 to both sides.
. Divide both sides by —1.

. Write the value for x.

1-Z=11
3

-2 —1=11-1
3

X 3=10%x3
3

—x 30

-1 -1

&x12=—11 X 12
12

[lx _ —132
1 11
x=-—12
—x—0.3 -1
2
w2l LERVE SO R

2

—x—034+03=-22+0.3

- _ —-1.9
—1 —1
x=19
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Exercise 3.2 Solving multi-step linear equations learn

3.2 Quick quiz 3.2 Exercise

Individual pathways

B PRACTISE Hl CONSOLIDATE B MASTER
1,8,5,7,11,15,17,18, 21, 24 2,4,8,9,12,13, 16, 19, 22, 25 6, 10, 14, 20, 23, 26, 27
Fluency
1. IEEM For each of the following equations, determine whether x = 6 is a solution.
a.x+3=7 b. 2x—5=7 c. x>—2=38
g 8 yx=7 o 20¥D _, f.3—x=9
X 7
2. For each of the following equations, determine whether x = 6 is a solution.
a. x> +3x=39 b. 3(x+2)=5(x—4) c. ¥*+2x=9%x—6
d.?=@x+1)y-14 e. (x— 1) =dx+1 f.5x+2=x"+4
3. [lIZ2M Solve each of the following linear equations. Check your answers by substitution.
a. x—43=167 b. x+286=516 c. 58+x=81
d. 209 —x =305 e. 5x=185 f. 60x=1200
4. Solve each of the following linear equations. Check your answers by substitution.
a. 5x=250 b. y—16=-31 c. 5.5+y=73
d.y—73=55 e. y=14 f. 0.9y=-0.05
5. Il Solve each of the following linear equations.
a. 2y—3=7 b. 2y+7=3 c. 5y—1=0
d. 6y+2=8 e. 7+3y=10 f. 8+2y=12
6. Solve each of the following linear equations.
a. 15=3y—1 b. —6=3y—1 c. 6y—7=140
d. 4.5y+23="17.7 e. 04y—-2.7=6.2 f. 600y —240 =143
7. Solve each of the following linear equations.
a.3—-2x=1 b. -3x—1=5 c. -4x—7=-19
d. 1-3x=19 e. 5-Tx=2 f. -8 —2x=-9
8. Solve each of the following linear equations.
a.9—6x=—-1 b. =5x—4.2=74 c.2=11-3x
d. —3=—6x—8 e. —1=4—-4x f. 35— 13x=-5
9. Solve each of the following linear equations.
a.7—x=8 b. 8—x=7 c. 5—x=5
d. 5—x=0 e. 153=6.7—x f.5.1=42—x
10. Solve each of the following linear equations.
a. 9—x=0.1 b. 140 —x=121 c. -30—x=—4
d. -5=—-6—x e. —x+1=2 f.2x—1=0
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11. [{I=H Solve each of the following linear equations.

a ~+1=3 b. T —2=—1 c.£=l
4 3 8 2
d. —==5 e.5—==-8 f4-Z=11
3 2 6
12. Solve each of the following linear equations.
a.%=6 b.5—x=—3 c. —§=—7
3 2 4
3 7 10 5
13. Solve each of the following linear equations.
a.Z_1=5 _ﬂ=8 C_Z__4=_4
4 2
a. 8220 o.2%_¢ 220,
7 2 22
14. Solve each of the following linear equations.
a 2443 b 210 o 10—z _
2.1 7.4 150
o 220 45 e. =% _46 X0
2 9 73
15. Solve each of the following linear equations.
a2ty b 220 3 o FHE__
3 7 2
d. 4)6—13:_5 e.4_3x=8 ‘ 1—2x:_10
9 2 6
16. Solve each of the following linear equations.
a 273 3 L o. BHZO g4
9 3 5
g X207 34 o. 1205 _ 55 28 4
—0.3 4 14 2
17. Solve each of the following linear equations.
a. 3a+7=4 b.5-b=-5 c.4c—4.4=44
— 2
d.u=0 e.5-3e=-10 f. —f=8
67 3

Understanding

18. Write each of the following worded statements as a mathematical sentence and then solve for the
unknown value.

a. Seven is added to the product of x and 3, which gives the result of 4.

2
b. Four is divided by x and this result is equivalent to =

c. Three is subtracted from x and this result is divided by 12 to give 25.
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19. Driving lessons are usually quite expensive, but a discount of $15 per lesson is given if a family member
belongs to the automobile club.
If 10 lessons cost $760 after the discount, calculate the cost of each lesson before the discount.

20. Anton lives in Australia. His friend Utan lives in the USA. Anton’s home town of Geraldton experienced one
of the hottest days on record with a temperature of 46.7 °C.
Utan said that his home town had experienced a day hotter than that, with the temperature reaching 113 °F.

The formula for converting Celsius to Fahrenheit is F'= gC +32.

State whether Utan was correct. Show full working.

Reasoning

21. If the expression always results in a positive integer value, explain how you would determine the

possible values for x.

22. Santo solved the linear equation 9 =5 — x. His second step was to divide both sides by —1. Trudy, his
mathematics buddy, said she multiplied both sides by —1. Explain why they are both correct.

23. Determine the mistake in the following working and explain what is wrong.

I _1=2

5

x—1=10
x=11

Problem solving

24. Sweet-tooth Sami goes to the corner store and buys an equal
number of 25-cent and 30-cent lollies for a total of $16.50.
Determine the amount of lollies he bought.

25. In a cannery, cans are filled by two machines that together
produce 16 000 cans during an 8-hour shift. If the newer
machine of the two produces 340 more cans per hour than the
older machine, evaluate the number of cans produced by each
machine in an eight-hour shift.

26. General admission to a music festival is $55 for an adult ticket, $27 for a child and $130 for a family of two
adults and two children.

a. Evaluate how much you would save by buying a family ticket instead of two adult and two child tickets.
b. Determine if it is worthwhile buying a family ticket if a family has only one child.

27. A teacher asks her students to determine the value of n in the diagram shown. Use your knowledge of linear
equations to solve this problem.

Sn+2
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Solving linear equations with brackets

LEARNING INTENTION

At the end of this lesson you should be able to:
¢ solve equations involving brackets.

3.3.1 Linear equations with brackets

¢ Consider the equation 3(x + 5) = 18. There are two methods for solving this equation.

Method 1: Method 2:
Start by dividing both sides by 3. Start by expanding the brackets.
3(x+5) 18 AN
3 3 3x+5)=18
x+5=6 3x+15=18
x=1 3x=3
x=1

e In this case, method 1 works well because 3 divides exactly into 18.
e Now try the equation 7 (x +2) = 10.

Method 1: Method 2:
Start by dividing both sides by 7. Start by expanding the brackets.
Tx+2) 10 AN
7 7 Tx+2)=10
10 Ix+14=10
X+2=—
7 Tx=-4
X = —ﬂ X = __4
7 7

¢ In this case, method 2 works well because it avoids the addition or subtraction of fractions.
e For each equation you need to solve, try both methods and choose the method that works best.

WORKED EXAMPLE 4 Solving equations with brackets

Solve each of the following linear equations.

a. 7(x —5)=28 b. 6(x+3)=7
THINK WRITE
a. 1. 7 is a factor of 28, so it will be easier to a. 7(x—5)=28
divide both sides by 7. 7(x—=5) 28
77
2. Add 5 to both sides. x—5+5=4+5
3. Write the value of x. x=9
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b. 1. 61s not a factor of 7, so it will be easier to b.

expand the brackets first. 6(x+ 3) =
6x+ 18=7
2. Subtract 18 from both sides. 6x+18—-18=7—-18
6x=—11
. . 11
3. Divide both sides by 6. x= 3
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
a-b. Inanew problem, g v el x| a-b. On the Main screen, g A —
on a Calculator page, G Ay = press: w3 & [iaa]sime [ ] v 44 .]L
press: sl osr) - ® Action Isolve(7(x-5)=28) g
°* MENU e ® Advanced {x=9}
® 3: Algebra I e Solve |solve (6 (x+3)=7)
® 1: Solve Complete the entry
Complete the entry lines as: o
lines as: solve (7 (x —5) =28)
solve ay=0 solve (6(x+3)=7)
(7(x—35)=28, x) T Press EXE after each
solve b.x=—-— entry.
6Gx+3)=7, x 0
Press ENTER
after each entry.
Mg Stndard FReal Red @
a.x=9
11
b.x=—-——
6
Exercise 3.3 Solving linear equations with brackets learn
3.3 Quick quiz 3.3 Exercise
Individual pathways
B PRACTISE l CONSOLIDATE B MASTER
1,3,5,11,13, 16 2,7,9,12,14,17 4,6,8,10, 15,18
Fluency
1. [EIZA Solve each of the following linear equations.
a. 5(x—2)=20 b. 4(x+5)=8 c. 6(x+3)=18
d. 5(x—41)=75 e. 8(x+2)=24 f. 3(x+5)=15
2. Solve each of the following linear equations.
a. S(x+4)=15 b. 3(x=2)=-—12 c. 1(x—6)=0
d. —6(x—2)=12 e. 4x+2)=438 f. 16(x—3)=48
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3. Solve each of the following linear equations.

a. 6(b—1=1 b. 2(m—3)=3 c. 2(a+5)="7
d. 3(m+2)=2 e.5S(p—-2)=-7 f. 6(m—4)=-8
4. Solve each of the following linear equations.
a. —10(@+1)=5 b. —12(p—2)=6 c. 9a—-3)=-3
d. —2(m+3)=-1 e. 32a+1)=2 f. 4Bm+2)=5
5. Solve each of the following linear equations.
a. 9(x—7)=82 b. 2(x+5)=14 c. l(a—1)=28
d. 4b—6)=4 e.30-7=0 f. =3x+1)=7
6. Solve each of the following linear equations.
a. —6(m+1)=-30 b. —4(y+2)=-12 c. —3(a—6)=3
d —2(p+9)=-14 e. 32m—-T7)=-3 f. 2(4p+5)=18
7. Solve each of the following linear equations. Round the answers to 3 decimal places where appropriate.
a20+4)=-7 b. 0.3(y+8)=1 c. 4y+19)=-29
d. 7(y—5)=25 e. 6(y+34)=3 f. 7(y—2)=8.7
8. Solve each of the following linear equations. Round the answers to 3 decimal places where appropriate.
a. 1.5(y+3)=10 b. 24(y—2)=1.8 c. L76+22)="7.1
d. =7(y+2)=0 e. —6(y+5)=-11 f. =5(y—23)=1.6
9. [T Select the best first step for solving the equation 7(x — 6) = 23.
A. Add 6 to both sides. B. Subtract 7 from both sides.
C. Divide both sides by 23. D. Expand the brackets.
10. [l Select which one of the following is closest to the solution for the equation 84(x —21) = 782.
A. x=9.31 B. x=9.56
Cc. x=30.31 D. x=—-11.69

Understanding

11. In 1994 a mother was 6 times as old as her daughter. If the mother turned 50 in the year 2020, calculate the
year in which the mother’s age was double her daughter’s age.
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12. New edging is to be placed around a rectangular children’s playground. The width of the playground is
xmetres and the length is 7 metres longer than the width.

a. Write down an expression for the perimeter of the playground.
Write your answer in factorised form.
b. If the amount of edging required is 54 m, determine the dimensions of the playground.

Reasoning

13. Explain the two possible methods for solving equations in factorised form.

14. Juanita is solving the equation 2(x — 8) = 10. She performs the following operations to both sides of the
equation in order: + 8, + 2.
Explain why Juanita will not be able to determine the correct value of x using her order of inverse
operations, then solve the equation correctly.

15. As your first step to solve the equation 3(2x —7) = 18, you are given three options:
e Expand the brackets on the left-hand side.
e Add 7 to both sides.
¢ Divide both sides by 3.
Explain which of these options is your least preferred.

Problem solving

16. Five times the sum of four and an unknown number is equal to 35. Evaluate the value of the unknown
number.

17. Oscar earns $55 more than Josue each week, but Hector earns three times as much as Oscar. If Hector earns
$270 a week, determine how much Oscar and Josue earn each week.

18. A school wants to hire a bus to travel to a football game. The bus will take 28 passengers, and the school
will contribute $48 towards the cost of the trip.
The price of each ticket is $10. If the hiring of the bus is $300 + 10% of the total cost of all the tickets,
evaluate the cost per person.
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TEEX] Solving linear equations with variables on
both sides

LEARNING INTENTION

At the end of this lesson you should be able to:
e solve equations with variables on both sides by collecting variables on one side of the equation
before solving.

3.4.1 Linear equations with variables on both sides

e If variables occur on both sides of an equation, the first step in solving the equation is to move all of the
variables so that they appear on only one side of the equation.

e When solving equations, it is important to remember that whatever you do to one side of an equation you
must also do to the other side.

WORKED EXAMPLE 5 Solving equations with variables on both sides

Solve each of the following linear equations.

a. S5y=3y+3 b. 7x+5=2—4x
c.3x+1)=14—2x d. 2(x+3)=3(x+7)
THINK WRITE
a. 1. 3yis smaller than 5y. This means it is easiest a. Sy=3y+3
to subtract 3y from both sides of the equation. Sy—3y=3y+3—-3y
2y=3
y . 2y 3
2. Divide both sides by 2. = = 5
_ -
’ 2
b. 1. —4x is smaller than 7x. This means it is b. Ix+5=2—4x
easiest to add 4x to both sides of the equation. Tx+5+4x=2—4x+4x
llx+5=2
2. Subtract 5 from both sides. 1lx+5-5=2-5
1lx=-3
3. Divide both sides by 11. % = ;—13
=3
x=—
11
c. 1. Expand the brackets. c. AN
3x+1)=14-2x
3x+3=14-2x
2. —2x is smaller than 3x. This means it is 3x+3+2x=14-2x+ 2x
easiest to add 2x to both sides of the equation. 5x+3=14
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3. Subtract 3 from both sides.

S5x+3-3=14-3

Sx=11
4. Divide both sides by 5. S5x _ 11
5 5
11
xX=—
5
d. 1. Expand the brackets. d. g\ g\
20c+3)=3x+7)
2x+ 6 =3x + 21
2. 2xis smaller than 3x. This. means it is easif:st 2%+ 6 — 2x = 3x + 21 — 2x
to subtract 2x from both sides of the equation. 6 =x+21
3. Subtract 21 from both sides. 6—21=x+21-21
=15 =x
4. Write the answer with the variable written on Pl
the left-hand side.
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
a-d. In anew problem, on a XW) LinearEq a-d. On the Main screen, O Eiit Action Meractive
Calculator page, press: T D e - press: S| & [ sme o[ [
* MENU At e [ * Action solve (5y=3y+3, y) o
® 3: Algebra (rexesmrmter) . * Advanced {=3}
e 1:Solve solve(7: x+5m2-4- x,x Y_% e Solve solve (7x+5=2-4x)
Complete the entry Complete the entry {=}
lines as: solve(3: x+1)=14-2-x) oo L lines as: solve (3 (x+1)=14-2x) H
solve (Sy =3y +3,) = solve (5y =3y +3,y) it
solve solve(z- (x+3)=2- (\’+7).\') x=-15 = solve solve (2(x+3)=3(x+7))
(Tx+5=2—4x,x) 3 (Tx+5=2—4x,x) B (x=-15} |
solve a.y=- solve
G +1)=14—-2x,x) 2, G+ 1)=14—2x,x)
solve b.x=— solve
Qe +3)=3(x+7),x) ! 2(c+3) =3 +7),%)
Press ENTER after C.x=— Press EXE after each o
each entry. d.x=_15 entry. _ o S R T @
Note: If the variable
is not x, it must be av= E
specified. 2
-3
b.x=—
11
11
c.x=—
d.x=-15
DISCUSSION

Draw a diagram that could represent 2x +4 =3x+ 1.
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Exercise 3.4  Solving linear equations with variables on
both sides

3.4 Quick quiz | 3.4 Exercise

Individual pathways

B PRACTISE Il CONSOLIDATE B MASTER
1,3,5,8,12, 14, 17 2,6,10, 13,15, 18 4,7,9,11, 16, 19, 20
Fluency

1. IfIZZH Solve each of the following linear equations.

a. S5y=3y—2 b. 6y=—y+7 c. 10y=5y—15

d. 25+ 2y=-3y e. 8y=7y—45 f. 15y—8=—12y
2. Solve each of the following linear equations.

a. 7y=-3y—-20 b. 23y =13y +200 c. 5y—3=2y

d. 6 -2y=-Ty e. 24—y=>5y f. 6y=5y—2
3. I Select the first step for solving the equation 3x + 5= —4 — 2x.

A. Add 3x to both sides. B. Add 5 to both sides.

C. Add 2x to both sides. D. Subtract 2x from both sides.

4. I Select the first step for solving the equation 6x —4 =4x + 5.

A. Subtract 4x from both sides. B. Add 4x to both sides.
C. Subtract 4 from both sides. D. Add 5 to both sides.
5. [IIEA Solve each of the following linear equations.
a. 2x+3=8—-3x b. dx+11=1—x c.x—3=6—-2x
d. 4x—5=2x+3 e.3x—2=2x+7 f. x+1=4x+10
6. Solve each of the following linear equations.
a. 5x+3=x-5 b. 6x+2=3x+14 c.2x—5=x-9
d. 10x—1=—-2x+5 e. Ix+2=-5x+2 f. 15x+3=Tx-3
7. Solve each of the following linear equations.
a. x—4=3x+8 b. 2x+9=Tx—-1 c. 2x+7=4x+19
d. —3x+2=-2x—-11 e. 11 -6x=18—-5x f. 6—9x=4+3x

8. I Determine the solution to 5x + 2 = 2x + 23.
A x=3 B. x=-3 C.x=5 D. x=7

9. I Determine the solution to 3x —4 =11 — 2x.

A x=15 B. x=7 C.x=3 D. x=5
10. I Solve each of the following.
a. 5((x—2)=2x+5 b. 7x+1)=x—11 c. 2(x—8)=4x
d. 3(x+5=x e. 6(x—3)=14—2x f.9x—4=23—-x)
11. Solve each of the following.
a. 4x+3)=3x—-2) b. 5(x—1)=2(x+3) c. 8(x—4)=5(x—06)
d. 3(x+6)=42—x) e. 2(x—12)=3(x—18) f.4x+11)=2(x+7)
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Understanding

12. Aamir’s teacher gave him the following algebra problem and told him to solve it.

3x+7=x2+k=Tx+15

Suggest how you can you help Aamir calculate the value

of k.

13. A classroom contained an equal number of boys and girls. Six girls left to play hockey, leaving twice as

many boys as girls in the classroom.
Determine the original number of students present.

Reasoning

14. Express the information in the diagram shown as an equation, then show that n =29 is the solution.

n—-36
= 20n + 50
n—36H|n-236 150 — 31n|
%2 ) .
K ™

15. The block shown has a width of 1 unit and length of
(x + 1) units.
a. Draw two rectangles with different sizes, each using 3
of the blocks shown.

T + |1 unit

b. Show that the areas of both of the rectangles you have drawn using the blocks shown are the same.
Explain how the areas of these rectangles relate to expanding brackets.

16. Explain what the difficulty is when trying to solve the equation 4(3x — 5) = 6(4x + 2) without expanding the

brackets first.

Problem solving

17. This year Tom is 4 times as old as his daughter. In 5 years’ time he will be only 3 times as old as his
daughter. Determine the age of Tom and his daughter now.

18. If you multiply an unknown number by 6 and then add 5, the result is 7 less than the unknown number

plus 1, multiplied by 3.
Evaluate the unknown number.
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19. You are looking into getting a business card printed for your new game store. A local printing company
charges $250 for the materials and an hourly rate for labour of $40.

YOUR ADDRESS
YO ADDRISS

a. If & is the number of hours of labour required to print the cards, construct an equation for the cost of the
cards, C.

b. You have budgeted $1000 for this printing job. Determine the number of hours of labour that you can
afford. Give your answer to the nearest minute.

c. The company estimates that it can print 1000 cards an hour. Determine the number of cards that you can
afford to get printed with your current budget.

d. An alternative to printing is photocopying. The company charges 15 cents per side for the first 10 000
cards, then 10 cents per side for additional cards. Determine the cheaper option to get 18 750 single-sided
cards made. Determine how much cheaper this is than the other option.

20. A local games arcade offers its regular customers
the following deal. For a monthly fee of $40, players
can play 25 $2 games of their choice. Extra games
cost $2 each. After a player has played 50 games in a
month, all further games are $1.

a. If Iman has $105 to spend in a month, determine
the number of games she can play if she takes up
the special deal.

b. Determine the amount of money Iman will save by
taking up the special deal compared to playing the
same number of games at $2 a game.

TIEE Solving problems with linear equations

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e define a variable and write an equation to represent a problem
e solve a problem and answer the question (or questions) posed in the problem.

3.5.1  Solving problems with linear equations

e When variables are not provided in a problem, you need to introduce a variable to the problem.
e When translating a worded problem into an equation, make sure that the order of the operations is
presented correctly.
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WORKED EXAMPLE 6 Translating worded expressions into linear equations

Write linear equations for each of the following statements, using x to represent the unknown value.

Solve the equations.

a. Three more than seven times a certain number is zero. Determine the number.

b. The sum of three consecutive integers is 102. Determine the three numbers.

c. The difference between two numbers is 11. Determine the numbers if, when eight is added to each
of the two numbers, the larger result will be double the value of the smaller result.

THINK

a. 1.

2.

Let x be the number.

7 times the number is 7x. Increasing the
value of 7x by 3 gives 7x + 3. This expression
equals 0. Write the equation.

Solve the equation using inverse operations.

Write the value for x.

. Let x be the first number.

The next two consecutive integers are (x + 1)
and (x + 2). The sum of all three integers
equals 102. Write the equation.

Solve the equation using inverse operations.

. Write the value for x and the next 2 integers.

1. Let x be the larger number.

The difference between the 2 numbers is 11.
This means the smaller number is 11 less
than x. Write this as (x —11).

Increasing both numbers by 8 makes the
larger number (x + 8) and the smaller number
(x—11+38).

The larger number becomes double the
smaller number.

Solve the equation using inverse operations.

Write the value of x and the other number.

WRITE

a. x = unknown number

Tx+3=0

Tx+3-3=0-3

Tx _ =

7 7

-3

xX=—

7

b. x = smallest number

x+@x+1D)+x+2)=102

3x+3-3=102-3

B _ 99
3 3
x=233

The three numbers are 33, 34 and 35.

c. x= larger number

(x — 11) = smaller number

(x+ 8 =2(x11 + 8)
x+ 8=2((x-3)

x+8—8=2x-6-—38
x—x=2x — 14—x
O0+14=x—14 +14
x=14

The two numbers are 14 and 3.
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WORKED EXAMPLE 7 Solving problems using linear equations

A taxi charges $3.60 plus $1.38 per kilometre for any trip in
Perth. If Elena’s taxi ride cost $38.10, calculate the
distance she travelled.

THINK WRITE
1. The distance travelled by Elena has to be Let x = the distance travelled (in kilometres).
found. Define the variable.

2. It costs 1.38 to travel 1 kilometre, so the cost to Total cost = 3.60 + 1.38x
travel x kilometres = 1.38x. The fixed cost
is $3.60. Write an expression for the total cost.

3. Let the total cost = 38.10. 3.60 + 1.38x = 38.10
4. Solve the equation. 3.60+ 1.38x = 38.10
1.38x = 34.50
_ 3450
138
=25
5. Write the solution in words. Elena travelled 25 kilometres.

WORKED EXAMPLE 8 Solving problems using linear equations

In a basketball game, Hao scored 5 more points than Seve.
If they scored a total of 27 points between them, calculate how many
points each of them scored.

THINK WRITE

1. Define the variable. Let Seve’s score be x.

2. Hao scored 5 more than Seve. Write an expression ~ Hao’s score is x + 5.
for Hao’s score.

3. Hao and Seve scored a total of 27 points. x+(x+5) =27
Write this as an equation.

4. Solve the equation. 2x+5=27
2x =22
x=11
5. Since x=11, Seve’s score is 11. Substitute Hao’s score = x+ 5
this into the expression to work out Hao’s score. =11+5
=16
6. Write the answer in words. Seve scored 11 points and Hao scored 16 points.
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WORKED EXAMPLE 9 Solving problems using linear equations

A collection of 182 marbles is owned by four friends. Pat has twice the number of marbles that
Quentin has, and Rachel has 20 fewer marbles than Pat. If Sam has two-thirds the number of marbles
that Rachel has, determine who has the second-largest number of marbles.

THINK WRITE

1. Let p represent the number of marbles p = number of Pat’s marbles
Pat has.
Pat has twice the number of marbles <1—7> = number of Quentin’s marbles
that Quentin has. 2
Rachel has 20 fewer marbles than Pat. p — 20 = number of Rachael’s marbles

2

Sam has % of the number of marbles B (p — 20) = number of Sam’s marbles
that Rachel has.

2. Let the sum of all marbles equal 182. p+ <g> +(— 20)+ % (p—20) =182

. . . p 2p 40

3. Simplify the left-hand side of the equation p+—+p+—-20—— =182

by adding like terms. 2 3 3

6p 3p 6p 4
CENE N 120 80
6 6 6 6 6 6
19p —200
4. Solve using inverse operations. S — X 6=182X6

19p —200 + 200 = 1092 + 200

19 _ 1292
19 19
p =68

5. Calculate the number of marbles that Pat has 68 marbles.

et olond) loes, Quentin has 6—28 = 34 marbles.

Rachel has 68 — 20 = 48 marbles.
Sam has % X 48 = 32 marbles.
6. Write down the second-highest number Rachel has the second-highest number of

of marbles and the name of the person marbles. She has 48 marbles.
with that number of marbles.

DISCUSSION

Why is it important to define the variable when using a linear equation to solve a problem?
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Exercise 3.5 Solving problems with linear equations learn(:

3.5 Quick quiz 3.5 Exercise

Individual pathways

B PRACTISE Il CONSOLIDATE B MASTER
1,3,7,11,12,16 2,4,8,9,13,17 5,6,10, 14,15, 18
Fluency

1.

A Write linear equations for each of the following statements, using x to represent the unknown, without
solving the equations.

a. When 3 is added to a certain number, the answer is 5.
b. Subtracting 9 from a certain number gives a result of 7.
c. Multiplying a certain number by 7 gives 24.

d. A certain number divided by 5 gives a result of 11.

e. Dividing a certain number by 2 equals —9.

. Write linear equations for each of the following statements, using x to represent the unknown, without

solving the equations.

a. Subtracting 3 from 5 times a certain number gives a result of —7.

b. When a certain number is subtracted from 14 and the result is then multiplied by 2, the final result is —3.
c. When 5 is added to 3 times a certain number, the answer is 8.

d. When 12 is subtracted from 2 times a certain number, the result is 15.

e. The sum of 3 times a certain number and 4 is divided by 2. This gives a result of 5.

. Il Select the equation that matches the following statement.
A certain number, when divided by 2, gives a result of —12.
A x= 12 B. 2x=—12
2
C.2=-12 D. o= —2
2 12

. [T Select the equation that matches the following statement.

Dividing 7 times a certain number by —4 equals 9.

—4 7
C. =L =9 D. 7_x =9
—4 -4

. I Select the equation that matches the following statement.

Subtracting twice a certain number from 8 gives 12.

A 2x—8=12 B. 8—2x=12

C.2—-8=12 D.8—(x+2)=12
. I Select the equation that matches the following statement.

When 15 is added to a quarter of a number, the answer is 10.

A 15+4x=10 B. 1o=§+15

c. 215 o .15+ %=10

4 X
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Understanding

7.

8.

9.

10.

When a certain number is added to 3 and the result is multiplied by 4, the answer is the same as when that
same number is added to 4 and the result is multiplied by 3. Determine the number.

=4 John is three times as old as his son Jack. The sum of their ages is 48. Calculate how old John is.

In one afternoon’s shopping Seedevi spent half as much money as Georgia, but $6 more than Amy. If the
three of them spent a total of $258, calculate how much Seedevi spent.

The rectangular blocks of land shown have the same area. Determine the dimensions of each block and use
these dimensions to calculate the area.

x+5

20
30

Reasoning

11.

12,

13.

14.

15.

K= A square pool is surrounded by a paved area that is 2 metres wide. If the area of the paving is 72 m?,
determine the length of the pool. Show all working.

Maria is paid $11.50 per hour plus $7 for each jacket that she sews. If she earned $176 for a particular
eight-hour shift, determine the number of jackets she sewed during that shift.

Mai hired a car for a fee of $120 plus $30 per day. Casey’s rate for his car hire was $180 plus $26 per day. If
their final cost and rental period is the same for both Mai and Casey, determine the rental period.

IZA The cost of producing an album on CD is quoted as $1200 plus $0.95
per CD. If Maya has a budget of $2100 for her debut album, determine the
number of CDs she can make.

Joseph wants to have some flyers for his grocery business delivered. Post
Quick quotes a price of $200 plus 50 cents per flyer, and Fast Box quotes
$100 plus 80 cents per flyer.

a. If Joseph needs to order 1000 flyers, determine the distributor that would
be cheaper to use.

b. Determine the number of flyers that Joseph need to get delivered for the
cost to be the same for either distributor.
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Problem solving

16. A certain number is multiplied by 8 and then 16 is subtracted. The result is the same as 4 times the original
number minus 8. Evaluate the number.

17. Carmel sells three different types of healthy drinks: herbal, vegetable
and citrus fizz. In an hour she sells 4 herbal, 3 vegetable and 6 citrus fizz
drinks for $60.50.

In the following hour she sells 2 herbal, 4 vegetable and 3 citrus fizz
drinks. In the third hour she sells 1 herbal, 2 vegetable and 4 citrus.
The total amount in cash sales for the three hours is $136.50.

Carmel made $7 less in the third hour than she did in the second hour
of sales.

Evaluate Carmel’s sales in the fourth hour if she sells 2 herbal,

3 vegetable and 4 citrus fizz drinks.

18. A rectangular swimming pool is surrounded by a path that is enclosed by a pool fence. All measurements
given are in metres and are not to scale in the diagram shown.

Fence
N

x+2

x+4

a. Write an expression for the area of the entire fenced-off section.

b. Write an expression for the area of the path surrounding the pool.

c. If the area of the path surrounding the pool is 34 m?, evaluate the dimensions of the swimming pool.
d. Determine the fraction of the fenced-off area taken up by the pool.

ILRE] Rearranging formulas

LEARNING INTENTION

At the end of this lesson you should be able to:
e rearrange formulas with two or more variables to make only one of the variables the subject.

¥ 3.6.1 Rearranging formulas

e Formulas are equations that are used for specific purposes. They are generally written in terms of two or
more variables (also known as ‘pronumerals’).

e One variable is usually written on the left of the equals sign. This variable is called the subject.

¢ Solving a linear equation requires determining a value for the variable (or variables), but rearranging
formulas does not. For this reason formulas are defined as literal equations.
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Inverse operations
When rearranging formulas, use inverse operations in reverse order, just as you do when you
are solving linear equations.

For example, C =2zr is a formula describing the relationship of the circumference of a circle
(C) to its radius (7). To make r the subject of this formula, the following steps are required:

Divide both sides by 2x. C=2nr
C  2nmr
2r 2m
C
—_=r
2
. . C
Now r is the subject. r=—
2

DISCUSSION

In pairs, share some formulas that you know. Discuss each of the formulas by thinking about why we need
them, how and when they are used in the real world, and why rearranging the variables in these formulas
can be helpful.

WORKED EXAMPLE 10 Rearranging formulas

Rearrange each formula to make x the subject.

a.y=kx+m b. 6(y +1)=7(x —2)
THINK WRITE
a. 1. Subtract m from both sides. a. y=kx+m
y—m=kx
.. . y—m kx
2. Divide both sides by k. . = n
y—m
A
k
. . . y—m
3. Rewrite the equation so that x is on the F=
left-hand side. k
b. 1. Expand the brackets. b. g\

6(y+1)=7x-2)
6y +6="7x—14

2. Add 14 to both sides. 6y + 6+ 14 =7x— 14+ 14
6y + 20 = 7x
3. Divide both sides by 7. 6y +20 7Tx
A
6y + 20
—_— =X
7

4
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4. Rewrite the equation so that x is on the 6y + 20
left-hand side. r= 7
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
a-b. In a new problem, on a a-b. On the Main screen, R i
Calculator page, press: b o press:. 1[0 [a[sme ] v [ ] v
* MENU * ® Action solve (y=koxx+m, x) 4]
® 3: Algebra solve(6- (+1)=7- (e-2)x) L2, 20 ® Advanced {x..v__m}
. i "k k
® 1:Solve ® Solve solve (6 (y+1)=7(x-2),,x)
Complete the entry Complete the entry { 6,20
lines as: lines as: T £
solve (y = kX x + m,x) solve (y = kX x + m, x) .
solve L=2—" solve
OO+ 1D =7x—-2),x) k 6O+ 1) =7x—2), x)
Press ENTER after = b + 2 Press EXE after each
each entry. 7 7 entry.
a2
(]

Ng  Standard  Real Red
y—m
X=——
k
6y 20
x=— 4+ —
7 7

WORKED EXAMPLE 11 Solving literal equations

a. If g =6d — 3, solve for d.
—u

b. Solve for v, given that a = Y .
t

THINK WRITE
a. 1. Add 3 to both sides. a. g=6d-3
g+3=06d
+3
2. Divide both sides by 6. = od
6 6
3
8+° _y4
6
. . . g+3
3. Rewrite the equation so that d is on the d=——
left-hand side.
b. 1. Multiply both sides by z. b. a=" : “
v—u
aXt= Xt
t
at=v—u
2. Add u to both sides. att+u=vy
3. Rewrite the equation so that v is on the v=at+u

left-hand side.
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Exercise 3.6 Rearranging formulas

3.6 Quick quiz

Individual pathways

Bl PRACTISE Hl CONSOLIDATE
1,3,6,8 2,4,7,9, 11
Fluency

1. [IZ Rearrange each formula to make x the subject.

a. y=ax
c.y=2ax—>b
e. 6(y+2)=5@4-x)
2. Rearrange each formula to make x the subject.
ax(y—2)=y+1
c. 6(x+2)=5(x—y)
e. 5(a—2x)=9(x+1)

learn(:;

3.6 Exercise

B MASTER
5,10, 12

b. y=ax+b
d. y+4=2x-3
f.x(y—2)=1

b. 5x—4y=1
d. 7(x—a)=6x+5a
f. 8(9Ox—2)+3=72a—3x)

3. IN3XM For each of the following, make the variable shown in brackets the subject of the formula.

a. g=4P-3 (P) b.f=% (c)

c.f=¥+32 (c) d. v=u+at (¢t

4. For each of the following, make the variable shown in brackets the subject of the formula.

—k _
a.d=b*>—4ac (¢ b.m:y— ) c.m:y & (a)
h x—>b

5. For each of the following, make the variable shown in brackets the subject of the formula.

a. f=ax+by (x)

Understanding

L,
b. s=ut+ —at
2

:GMm 6)

(a) c. F >

6. The cost to rent a car is given by the formula C =50d + 0.2k, where d = the number of days rented and k =
the number of kilometres driven. Lin has $300 to spend on car rental for her four-day holiday.

Calculate the distance that she can drive on her holiday.
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7. A cyclist pumps up a bike tyre that has a slow leak.
The volume of air (in cm?) after # minutes is given by the formula
V=24000—300¢.

a. Determine the volume of air in the tyre when it is first filled.
b. Write out the equation for the tyre’s volume and solve it to work
out how long it would take the tyre to go completely flat.

Reasoning

8. The total surface area of a cylinder is given by the formula
T=2mr* +27rh, where r = radius and 4 = height. A car manufacturer
wants its engines’ cylinders to have a radius of 4 cm and a total surface
area of 400 cm?.
Show that the height of the cylinder is approximately 11.92 cm, correct
to 2 decimal places. (Hint: Express & in terms of 7 and r.)

9. If B=3x— 6xy, write x as the subject. Explain the process you followed by showing your working.

10. The volume, V, of a sphere can be calculated using the formula V= gm3, where r is the radius of

the sphere.

Explain how you would work out the radius of a spherical ball that has the capacity to hold 5 litres of air.

Problem solving

11. Consider the formula d = v/ b? — 4ac.
Rearrange the formula to make a the subject.

12. Evaluate the values for @ and b such that:
4 3 ax+b

1 x+2 G+DE+2)
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k¥ Review

3.7.1

Topic summary

LINEAR

EQUATIONS

Inve

rse operations

* Solving a linear equation means determining a value for the variable

that makes the statement tru
Solving equations requires i

€.
nverse operations 5

The inverse operation has the effect of undoing the original operation.

Operation Inverse operation

+

+

X

X

of the equation.

eg 3x+1=
3x+1-1=

w2

2N
3

X =

To keep an equation balanced, inverse operations are done on both sides

11
11 -1

3
Equations with brackets Equations with variables on both sides

The number in front of the brackets indicates the
multiple of the expression inside the brackets.
Brackets can be removed by dividing both sides
by the multiple.

* Variables must be moved so that they appear only
« on one side using inverse operations.
Once this is done, you can solve the equation.

e.g.
¢-& 3x+5)=18 Sy=3y+3
3x+5)-18 Sy-3y=3y+3-3y
3 3 2y=3
x+5)=6 3
Alternatively, brackets can be removed by expanding Y=3
(multiplying) out the expression.
e.g.
AN
3x+5)=18
3x+15=18
Isolate the variable by * The subject of the formula is the
multiplying both sides of the variable that is written by itself.
equation by the denominator * The difference between
first, then dividing by the Worded problems rearranging formulas and solving
coefficient of x. linear equations is that rearranging
eg * Worded prpblems SI{OUId be formulas does not require a value
=3y translated into equations. for the variable to be found.
2 9 * Variables must be defined in e.g. Rearrange the following to
3x the answer if this is not already make x the subject:
S X2=9x2 done in the question. = et
_ e.g. The equation for the worded y—m=kx
=l problem ‘When 6 is subtracted [l
3x _18 from a certain number, Tk
33 the result is 15’ is m_
x=6 x-6=15. YT
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3.7.2 Success criteria

Tick the column to indicate that you have completed the lesson and how well you have understood it using the
traffic light system.

(Green: I understand; Yellow: I can do it with help; Red: I do not understand)

Lesson Success criteria ‘ O '

3.2 | can recognise inverse operations.
| can solve multi-step equations with variables on one side of the equation.
| can solve linear equations that involve simple algebraic fractions with
numerical denominators (optional)

3.3 | can solve equations involving brackets.

3.4 | can solve equations with variables on both sides by collecting variables on
one side of an equation before solving.

3.5 | can define a variable and write an equation to represent the problem.
| can solve a problem and answer the question (or questions) posed in
the problem.

3.6 | can rearrange formulas with two or more variables to make only one of the
variables the subject.

3.7.3 Project

Forensic science

Scientific studies have been conducted on the relationship
between a person’s height and the measurements of

a variety of body parts. One study has suggested that
there is a general relationship between a person’s height
and the humerus bone in their upper arm, and that this
relationship is slightly different for men and women.

According to this study, there is a general trend indicating
that 2 =3.08/+ 70.45 for men, and h = 3.36/ + 57.97 for
women, where & represents body height in centimetres
and / the length of the humerus in centimetres.

Imagine the following situation.

A decomposed body has been in the bushland outside your town. A team of forensic scientists suspects that
the body could be the remains of either Alice Brown or James King, both of whom have been missing for
several years.

From the descriptions provided by their Missing Persons files, Alice is 162 cm tall and James is 172 cm tall.
The forensic scientists hope to identify the body based on the length of the body’s humerus.
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1. Based on the relationship suggested by the study previously mentioned,
complete both of the following tables using the equations provided.
Calculate body height to the nearest centimetre.

Body height (men)
Length of humerus, / (cm) 20 25 30 35 40
B
Body height (women)
Length of humerus, / (cm) 20 25 30 35 40
B

2. On a piece of graph paper, draw the first quadrant of a Cartesian plane.
Since the length of the humerus is the independent variable, place it on the
x-axis. Place the dependent variable, body height, on the y-axis.

3. Plot the points from the two tables onto the set of axes drawn in :
question 2. Join the points with straight lines, using different
colours to represent men and women.

4. Describe the shape of the two graphs. W\

5. Measure the length of your humerus. Use your graph to predict ‘l—hé”«%.m-.\
your height. How accurate is the measurement? T e ey,

6. The two lines of your graph will intersect if extended. At what
point does this occur? Comment on this value.

The forensic scientists measured the length of the humerus of the decomposed body and found it to
be 33 cm.

7. Using methods covered in this activity, is it more probable that the body is that of Alice or of James?
Justify your decision with mathematical evidence.

Exercise 3.7 Review questions learn

Fluency

1. I Select the linear equation represented by the sentence “When a certain number is multiplied by 3,
the result is 5 times that certain number plus 7°.
A. 3x+7=>5x B. 5(x+7)=3x C. 5x+7=3x D. 5x=3x+7

. . X
2. A Calculate the solution to the equation 5 5.

A. x=-15 B. x=15 C.x=1§ D. x=3
3. I Determine the solution to the equation 7 =21 + x.

A. x=28 B. x=-28 C.x=-14 D. x=14
4. I Calculate the solution to the equation 5x + 3 = 37.

A. x=8 B. x=-8 C.x=06.8 D. x=106
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10.

11.

12.

13.

14.

15.

T Determine the solution to the equation 8 — 2x =22.
A x=11 B. x=15 C. x=-15 D. x=—-7
T3 Determine the solution to the equation 4x + 3 = 7x — 33.
A. x=-12 B. x=12 C.x=§ D.x=£
11 11
T Calculate the solution to the equation 7 (x — 15) =28.
A x=11 B. x=19 C. x=20 D. x=6.14
T Select the correct rearrangement of y = ax + b in terms of x.
- —-b b— +b
A.x:y a B.x=y C.x= 2 D.x:y
a a a
Identify which of the following are linear equations.
a. 5x+y*=0 b. 2x+3=x—-2 &, §=3
d. x*=1 e. l+1=3x f. 8=5x—-2
X
g. 5(x+2)=0 h. x> +y=-9 i. r=7-5@-r)
Solve each of the following linear equations.
a. 3a=84 b. a+23=1.7 @, 2%=—0.12
d. b—1.45=1.65 e. b+345=0 f. 7.53b=5.64
Solve each of the following linear equations.
a Z=3_s b 2% 4 o == g o T4
7 2 5 2.3
Solve each of the following linear equations.
a. 5(x—2)=6 b. 7(x+3)=40 c. 45—-x)=15
d. 62x+3)=1 e. 4(x+5)=2x—-5 f. 3x—2)=7(x+4)

Liz has a packet of 45 lolly snakes. She saves 21 to eat tomorrow, but she rations the remainder so that
she can eat 8 snakes every hour until today’s share of snakes is gone.

a. Write a linear equation in terms of the number of hours, £, to represent this situation.

b. Determine the number of hours it will take Liz to eat today’s share.

Solve each of the following linear equations.
a. 1lx=15x—-2 b. 3x+4=16—x c. Sx+2=3x+38
d. 8&x—9=7x—4 e. 2x+5=8x—7 f. 3—4x=6—x

Translate the following sentences into algebraic equations. Use x to represent the number in question.
a. Twice a certain number is equal to 3 minus that certain number.
b. When 8 is added to 3 times a certain number, the result is 19.
. Multiplying a certain number by 6 equals 4.
d. Dividing 10 by a certain number equals one more than dividing that number by 6.
e. Multiply a certain number by 2, then add 5. Multiply this result by 7. This expression equals 0
f. Twice a certain distance travelled is 100 metres more than that certain distance travelled plus
50 metres.

(¢}
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16. Takanori decides to go on a holiday. He travels a certain distance on the first day, twice that distance on
the second day, three times that distance on the third day and four times that distance on the fourth day.
If Takanori’s total journey is 2000 km, calculate the distance he travelled on the third day.

17. For each of the following, make the variable shown in brackets the subject of the formula.
a. y=6x—4 (x) b. y=mx+c (x)
c. g=2(P—-1)+2r (P) d. P=2[4+2w (w)

18. For each of the following, make the variable shown in brackets the subject of the formula.
a.v=u-+at (a)
b.v?=u?+2as (a)
c.2A=h(a+b) (b)

Problem solving

19. Saeed is comparing two car rental companies, Golden Ace
Rental Company and Silver Diamond Rental Company.
Golden Ace Rental Company charges a flat rate of $38 plus
$0.20 per kilometre. The Silver Diamond Rental Company
charges a flat rate of $30 plus $0.32 per kilometre.

Saeed plans to rent a car for three days.

a. Write an equation for the cost of renting a car for three
days from the Golden Ace Rental Company, in terms of
the number of kilometres travelled, k.

b. Write an algebraic equation for the cost of renting a car
for three days from the Silver Diamond Rental Company,
in terms of the number of kilometres travelled, .

c. Evaluate the number of kilometres Saeed would have to
travel so that the cost of hiring from each company is
the same.

20. Frederika has $24 000 saved to pay for a holiday. Her travel expenses are $5400 and her daily expenses
are $260.
a. Write down an equation for the cost of her holiday if she stays for d days.
b. Determine the number of days Frederika can spend on holiday if she wants to be able to buy a new
laptop for $ 2500 when she gets back from her holidays.

21. A company that makes bottled orange juice buys their raw materials from two sources. The first source
provides liquid with 6% orange juice, whereas the second source provides liquid with 3% orange juice.
The company wants to make 1-litre bottles that have 5% orange juice.

Let x = the amount of liquid (in litres) that the company buys from the first source.

a. Write an expression for the amount of orange juice from the first supplier, given that x is the amount
of liquid.

b. Write an expression for the amount of liquid from the second supplier, given that x is the amount of
liquid used from the first supplier.

c. Write an expression for the amount of orange juice from the second supplier.

d. Write an equation for the total amount of orange juice in a mixture of liquids from the two suppliers,
given that 1 litre of bottled orange juice will be mixed to contain 5% orange juice.

e. Determine the quantity of the first supplier’s liquid that the company uses.
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22. a.Jayani goes on a four-day bushwalk.
She travels a certain distance on the first day, half of that distance on the second day, a third of that
distance on the third day and a quarter of that distance on the fourth day.
If Jayani’s total journey is 50 km, evaluate the distance that she walked on the first day.

b. Svetlana goes on a five-day bushwalk, travelling the same relative distances as Jayani (a certain
amount, then half that amount, then one third of that, then one quarter of that, and finally one fifth
of that).

If Svetlana’s journey is also 50 km, determine the distance that she travelled on the first day.

23. An online bookstore advertises its shipping cost to Australia as a flat rate of $20 for up to 10 books.
Their major competitor offers a flat rate of $12 plus $1.60 per book. Determine the number of books
you would have to buy (6, 7, 8, 9 or 10) for the first bookstore’s shipping cost to be a better deal.

To test your understanding and knowledge of this topic, go to your learnON title at
www.jacplus.com.au and complete the post-test.
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Answers

Topic 3 Linear equations

3.1 Pre-test
3
22

© ® N o Moo DNd=
~

b.b=-8

—
e
o

. 287.5km
. =3
. John’s brother is 10 years old, and John is 20 years old.

[ e Gy
A O N =

. The cost of each pack of erasers is $2.80 and each pack of
pencils is $7.80.

15. D

3.2 Solving multi-step linear equations

1. a. No b. Yes c. No
d. Yes e. Yes f. No
2. a. No b. No c. Yes
d. No e. Yes f. No
3. a.x=210 b. x =230 c.x=23
d. x=-96 e. x=237 f.x=20
4. a. x=50 b.y=—15 c.y=1.8
1 1
d.y=12.8 =2%= fy=——
Y “r=e3 T
5.a.y=5 b.y=-2 c.y=0.2
dy=1 e.y=1 f.y=2
6 —5l b 12 =24.5
a.y= 3 Ly= 3 c.y=24.
dy=1.2 =22.25 f L
Y= “r= Y7 600
7.a.x=1 b.x=-2 c.x=3
1
d.x=-6 e.x=—1 i x=l=
2
2
8a.x:1§ b. x=—-2.32 c.x=3
5 1
dx=—-— e.x=1- f.x=3—
6 4 13
9. ax=-—1 b. x= c.x=0
dx=5 e.x=-—8.6 f.x=-0.9
10. a. x=8.9 b.x=19 c.x=-26
1
dx=-—1 e.x=—1 f.x=——
2
11.a.x=8 b.x=3 c.x=4
dx=-15 e.x=26 f.x=—42

12.

13.

14.

15.

16.

17.

18.
19.
20.
21.

22,

23.

24.
25.
26.

27.

1
a.x=9 b.x=—-1-=
5
1
dx=-2- e.x=-7
4
a.z=16 b. z=31
d. z e.z=-9
a.z=-19 b.7=6.88
d.z=0.6 e.z=-354
a.x=1 b.x=13
d.x=-8 e.x=—4
7
ax=-—6 b.x=—m
10
d. x=0.326 e.x=22
a.a=-—1 b.b=10
d.d=4 e.e=5
a. —1 b. 6
$91

No. 46.7 °C = 116.1 °F

=

1
x=9=
3
2
x==
3
z=-
7=—6
z=140
z=8
x=-=2
1
x=30-
2
x=10.35
x=-35
c=12.1
f=12
303

For a positive integer, (x—4) must be a factor of 12.

x=5,6,7,8, 10, 16

Sample responses can be found in the worked solutions in

the online resources.

The mistake is in the second line: the — 1 should have been

multiplied by 5.
60 lollies

Old machine: 6640 cans; new machine: 9360 cans

a. $34
b. Yes, a saving of $7
17

3.3 Solving linear equations with brackets

e

ax=06 b.x=-3
d. x =156 e.x=
a.x=-— b.x=-2
d.x=0 e.x=-0.8
1 1
a.b=1- b.m=4-
6 2
g 11 3
.m=—1-= e.p=-—
5 P=3
11 b 11
aada=—I1-— .p=1-
2 S
1 1
dm=-2- e.a=—-
2 6
a.x=16- b.x=2
d.b=7 e.y=7
am=4 b.y=1
d.p=-2 eem=3
a.y=-17.5 b. y=—4.667
d.y=28.571 e.y=-29

c.
f.

c.
f.

x=0
x=0

6
6

= o=
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9.
10.
11.
12.

13.

14

15.

16.
17.
18.

. a. y=3.667 b.y=2.75 c.y=1.976
dy=-2 e.y=-3.167 f.y=1098
D
C
2010
a. [2(2x + 7)]m

b. Width 10 m, length 17 m
Expand out the brackets or divide by the factor.

. x = 13. Sample responses can be found in the worked

solutions in the online resources.

Adding 7 to both sides is the least preferred option, as it
does not resolve the subtraction of 7 within the brackets.

3
Oscar: $90, Josue: $35
$20

3.4 Solving linear equations with variables on

both sides
1.a.y=-—1 b.y=1 c.y=-3
8
d.y=-5 e.y=—45 f.y=—
y y y 27
2.a.y=-2 b.y=20 c.y=1
dy=-1- e.y=4 f.y=-2
.C
LA
.a.x=1 x=-=2 c.x=3
dx=4 e.x=9 f.x=3
6.a.x=-—2 b.x=4 c.x=—4
1 3
dx=~- e.x=0 fx=—-
2 4
7.a.x=—6 b.x=2 c.x=-2
1
d.x=13 e.x=-7 f.x=-
6
.D
.C
10. a. x=5 b.x=-3 c.x=-8
10
dx=-7- e.x=4 fx=—
2 11
2
11. a. x=—18 b.x=3~= cng
dx=-1- e.x=0 f.x=—15
12. k=-3
13. 24

14.

3(n —36) — 98 = —11n 4+ 200. Sample responses can be
found in the worked solutions in the online resources.
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15.

16.

17.
18.
19.

20.

a. |

| |
1| Ll l

b. Areaof firstrectangle = (x + 1) X 3
=3x+3

Areaof secondrectangle = (x+14+x+14+x+1)X1
=3x+3

Both rectangles have an area of 3x + 3.

You cannot easily divide the left-hand side by 6 or the
right-hand side by 4.

Daughter = 10 years, Tom = 40 years
The unknown number is —3.

a. C=40h+ 250

b. 18 hours, 45 minutes

c. 18750
d. The printing is cheaper by $1375.
a. 65 games b. $25

3.5 Solving problems with linear equations

1.

.a. 5x—3=-7

a.x+3=5 b.x—9=7 c. Tx=24

X X
d-=11 e.—=-9

5 2

b.2(14 —x)= -3
c.3x+5=8 d2x—12=15
3x+4

)

[]

S ww TN

. 36 years old

. $66

. 20X 15; 30 X 10; area = 300 square units
. Tm

. 12 jackets

. 15 days

. 947 CDs

. a. Post Quick (cost = $700)

b. The cost is nearly the same for 333 flyers ($366.50 and
$366.40).



16. 2
17. $42.50
18. &, Apepeeg = 5x+20) m* b Ay, = Bx + 16) m’
8
c.l=8m,w=2m d —m
25
3.6 Rearranging formulas
—b
1.a.x=X b.x:y
a a
y+b y+7
c.x= dx=——
2a 2
8 — 6y 1
e.x=— f.x=——
5 y—2
+1 4y +1
2 ax=21— - c.x=-=5y—12
y—2 5
S5a—9 14a + 13
d.x=12a e.x= fx=—w=
19 93
+3 5
3.a.P:g— b.c:—f
4 9
5(f—32 -
o g =2 g 1= 2t
9 a
b —d
4. a.c= b.y=hm+k
4a
c.a=y—m(x—>b)
—b 2(s — ut
5. a :]_f_y_ b.a= (s — ut)
a £
Fr?
c. G=—
Mm
6. 500 km

7. a. 24000 cm®
b. t=80 min = 1 h20 min

8. Sample responses can be found in the worked solutions in

the online resources.

B

, ——X

3(1 —2y)
10. radius = 10.6 cm

P —d
11.a=
4c

12.a=1;b=5

Project

1. Body height (men)
Length of humerus, 20 | 25 | 30 | 35 | 40
! (cm)
Body height, 2 (cm)

132 | 147 | 163 | 178 | 194

Body height (women)
Length of humerus, 20 | 25 | 30 | 35 | 40
[ (cm)

Body height, 4 (cm)

125 | 142 [ 159 | 176 | 192 |

2.

o O ~

3.

a
=

11.

12.

13.

© ® N O O, DN

and 3.

210~
200 A
190 |
180 4
170 4
160 |
150 1
140 -
1301
120 A
110 A
100 A
90

h =3.08] + 70.45 (males)

Body height (cm)

h=3.36l + 57.97 (females)

0 5101520253035404
Length of humerus (cm)

. Linear

. Results will vary for each student.

. (44.6, 207.8)

. The height of the male body with / =33 cm:

h=3.08%x33+70.45=172.09cm

The height of the female body with / =33 cm:
h=3.36%33+57.97=168.85cm

The estimated height for a male body is very close to the
known height of James King; the estimated height for a
female body is more different from the known height of
Alice Brown. Therefore, the body is more likely to be that
of James King.

7 Review questions

C
B
C
C
D
B
B
B
b,c, f, g, i
a.a=2.8 b.a=-0.6
c.b=-2.52 d.b=3.1
e.b=-3.45 f. b=0.749
a.x=19 b.x=13
1
c.x=—6~- d.x=-—11.13
3
1
ax=3- b.x=2-
5
1 5
c.x=1- dx=-1—
4 12
1 1
e.x=—12- f.x=—-8-
2 2
a. 8h+21 =45 b. 3 hours

TOPIC 3 Linear equations 183



. A X = = c.x=3

dx=5 f.x=-—1

.a.2x=3—x b.3x+8=19
x

c.bx=4 d——-1=-

X 6
e.72x+5)=0 f. 2x— 100 =x + 50
. 600 km
y+4
6

—2r
c. P= +1
2

LA X =

v—u
. a=
t

2A —ah
D=
h
. C =114+ 0.20k
. Cs=90+0.32k
c. 200 km

. 5400 + 260d = Cy b. 61 days

. 0.06x

.(1—=x)

. 0.03(1 —x)

. 0.06x + 0.03(1 —x) =0.05
. 0.667 or 66.7%

. 24km

123
.21 — ~21.9km
137

. The online bookstore’s fee is a better price than their major

competitor’s fee for all of the options given: 6, 7, 8, 9 and
10 books.
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TRl Overview

4.1.1 Why learn this?

In many aspects of life, one quantity depends on another quantity,
and the relationship between them can be described by equations.
These equations can then be used in mathematical modelling to
gain an understanding of the situation — we can draw graphs

and use them to analyse, interpret and explain the relationship
between the variables, and to make predictions about the future.
Scientists, engineers, health professionals and financial analysts all
rely heavily on mathematical equations to model real-life situations
and solve problems.

Linear graphs are used extensively to represent trends, for example
in the stock market or when considering the population growth

of various countries. Some of the most common curves we see
each day are in the arches of bridges. The arch shape is a parabolic
function. Architects and structural engineers use arches extensively
in buildings and other structures because its shape is very strong
and stable. In space, satellites orbiting Earth follow an elliptical
path, while the orbits of planets are almost circular.

Because of the many uses of linear and non-linear graphs, it is
important to understand the basic concepts that you will study in
this topic, such as gradient, how to calculate the distance between
two points, and how to sketch linear and non-linear relationships.

Hey students! Bring these pages to life online

Watch Engage with Ask questions
videos interactivities and check solutions

Find all this and MORE in jacPLUS C)

jacTUTOR, your Extra learning

personal Al tutor— resources
here to help when
you're stuck! Ask
it anything.
Differentiated

question sets

Questions with
immediate
feedback, and fully
worked solutions
to help students
get unstuck.

Reading content
and rich media,
including
interactivities and
videos for every
concept
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Exercise 4.1 Pre-test learn

1. State the location of the point (-3, 0).

2. Using the table shown, match each point in the left-hand column with the line in the right-hand column
that passes through that point.

a.(3,-1) Ay=3—-2x
b. (0,4) B.2y=x
c.(2,1) C.x+y=2
d.(-1,5) D.y=x+4

3. [ Select the rule that corresponds to the table of values shown.

3 | 2] 1] -0 [1
2 1 0 -1 | =2

A.y=—x+1 B. y=x+1 C.y=—x—1 D.y=x—1

4. Calculate the gradient of the line passing through the points <—3, %) and < , —%) .

5. I Select the gradient of the line 3x + 4y = 12.

A. 4—1 B. 3 C.4 D. —é
3 4

6. Match the gradients and y-intercepts to the rules given by y =mx + c.

Gradient and y-intercept | Rule

1
a-m=5,c=3 A 2y—6x=4
b.m:l,c:O B.y=1x+3
4 2
c.m=4,c=-—1 C.4y=x
dm=3,c=2 D.y=4x—1

7. Determine the rule for a straight line that passes through the origin and point (2.4, —0.6).

8. Determine the rule for a straight line that has an x-intercept = —20 and y-intercept = 400.

9. Determine the value of a so that the point M <—%, —1 %) is the midpoint of the segment joining points

A 3,2) and B(—4,a).
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10. Calculate the exact distance between the points (2, 5) and (-3, 7).

11. I Select the equation of the linear graph shown.
A.y=2x—6
B.y=2x—8 (312
C.y=—2x—6 B
— L T T
D.y=—2x—4 5 4.3
12. A student plays the game Blue Blobs. She has the following blobs YA
on her screen, as shown in the diagram. j:
The student types in an equation for a line that will pass through 3
four blobs. -
a. Determine the equation of the straight line that passes through o111 o
four blobs. . . B e 00 [ I
b. The student then types in the equation x = —1. -5 -4-3-2 —110_ 1 23 45
State the coordinate of the blob that both lines would hit. 2]
—3
13. An equation of a line is 2x + 4y = 10. Determine the gradient and —4
the coordinates of the y-intercept. -5 1

14. Determine the midpoint between the two points A(—5,4) and B(3, —2).

15. The midpoint of a line segment is M(2, —1). One endpoint of the segment is A(S5, 3).
Determine the coordinates of the other endpoint B.
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Plotting linear graphs

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e plot points on the Cartesian plane
e plot a linear graph on the Cartesian plane.

4.2.1 Plotting linear graphs on the Cartesian plane

e The Cartesian plane is divided into four regions, known as y
quadrants, by the x- and y-axes, as shown. 6]

e Every point in the plane is described exactly by a pair of Quadrant Quadrant
coordinates (x, y), where x is the horizontal location and y is the D) 47 1
vertical location of the point.

For example, the point P (4, 2) is marked on the diagram. 27 .P 2
Plotting linear graphs from a rule 6 4 2 0 2 4 g=x

e A straight-line graph is called a linear grapl.l. . b -2 O

e The rule for a linear graph can always be written in the form ; .
y=mx+c. —47]

For example, y=4x—-5ory=x+2.
* A minimum of two points are needed to plot a linear graph. T

Plotting a linear graph from a rule on a Cartesian plane

1. Draw a table of values for the x-values.
2. Substitute the x-values into the rule to find the y-values.
3. Plot the points on the Cartesian plane.
4. Join the points with a straight line and label the graph.

WORKED EXAMPLE 1 Plotting a graph from a rule

Plot the graph specified by the rule y =x + 2 for the x-values —3,-2,-1,0,1,2,3.

THINK WRITE/DRAW
1. Draw a table and write in the required x 3| -2 | -1 0 1 2 3
x-values.
y
2. Substitute each x-value into the rule X 3| -2 | -1 0 1 2
y=x+ 2 to obtain the corresponding 1 0 1 ) 3 4 5
y-value.

Whenx=-3,y=-3+2=-1.
Whenx=-2,y=-2+2=0etc.
Write the y-values into the table.
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3. Plot the points from the table.

4. Join the points with a straight line and label
the graph with its equation: y = x + 2.

TI| THINK

1. In anew document, on a
Lists & Spreadsheet page,
label column A as x and
column B as y. 5
Enter the x-values from —3 3
to 3 into column A. Then in
cell B1, complete the entry

WRITE/DISPLAY

!”“:‘:‘

-3
=
o
1

=a5+2 ¢ b

line as: =al +2

Press ENTER. Hold down
SHIFT and the down arrow
key to fill down the y-values.

2. Open a Data & Statistics
page.

Press TAB to locate the label 20 & e
of the horizontal axis and = e
select the variable x-values. o & *

Press TAB again to locate sl @

the label of the vertical axis =30 20 -10 00 10 20 30
x

and select the variable
y-values. The points will be
plotted.

To change the colour of the
points, select any point and
press:

e CTRL

° MENU

e 3: Colour.

Choose a colour from the
palette.
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CASIO | THINK

1. On the Spreadsheet screen,
enter the x-values into
column A.

In cell B1, complete the
entry line as: = Al +2
Press EXE.

2. Highlight the required
cells in column B.
Press:

° Edit
° Fill
® Fill Range

WRITE/DISPLAY
© File Edit Graph Calc
2] o oo]s] JesfinJ-
AT B [ ©C ]
-3 -1
) m—
-1
0
I.
2|
[Q[x
B2

© File Edit Graph Calc
B2 006 ME O
A [ B c

[ =] -1
[z =2 0
B -1 1
[ 0| 2
5| 1 3
8] 2
(18] . _
[16]
=A6+2 [VvIX]
B6 4




3. To join the points with a line, 3. Highlight both columns o T Vi Ve Gk =
press: i and then press Graph.
° MENU 20 Select the scatterplot.
® 4: Analyze e
® 4: Plot Function. oo _"t‘]‘_'"z_
Complete the entry line as: 2o
fl)=x+2 ' -s'.o-in-'f.ooio 10 20 30
4
2 z
@
4. To determine the equation, [ i view e caic =
press: L AERPARE
® Calc o~ -
® Regression R L; l u
® Linear Regression ba2
The equation is r=1 a
y=x+ 2. The line will e
appear as continuous. 4
L]

WORKED EXAMPLE 2 Drawing linear graphs by plotting two points

Plot two points and use them to draw the linear graph y =2x — 1.

THINK WRITE/DRAW

1. Choose any two x-values, for example x = —2 and x = 3.

2. Calculate y by substituting each x-value into y = 2x — 1. P )
y=2X(-2)—1=-5 s 5
x=3:y=2%X3-1=5

3. Plot the points (-2, —5) and (3, 5). y

4. Draw a line through the points and label the line. | (.5

4-
27 y=2x+1
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4.2.2 Points on aline

e Consider the line that has the rule y = 2x + 3 as shown in the graph.
Ifx=1,theny=2(1)+3
=5
so the point (1, 5) lies on the line y = 2x + 3.
e The points (1, —3) (1,9), (1, 12) ... are not on the line, but lie above or below it.
e The point (-6, 4) is in quadrant 2.
Ifx=-6: y=2(-6)+3
y=-9
y#5
This shows that the point does not lie on the line.

WORKED EXAMPLE 3 Determining whether a point lies on a line

Determine whether the point (2, 4) lies on the line given by:

a.y=3x—-2 b. x+y=>5.
THINK WRITE
a. 1. Substitute x =2 into the equation y=3x—2 a. y=3x—2
and solve for y. x=2:y=32)-2
=6-—2
=4
2. When x =2, y=4, so the point (2, 4) lies on The point (2, 4) lies on the line y =3x — 2.
the line. Write the answer.
b. 1. Substitute x =2 into the equation x+y=135 b. x+y=35
and solve for y. x=2:24+y=5
y=3
2. The point (2, 3) lies on the line, but the point The point (2,4) does not lie on the line
(2,4) does not. Write the answer. x+y=>5.
DISCUSSION

In linear equations, what does the coefficient of x determine?
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Exercise 4.2 Plotting linear graphs

learn

4.2 Quick quiz 4.2 Exercise

Individual pathways

B PRACTISE Hl CONSOLIDATE B MASTER
1,2,4,9,12 3,5,8,11,13 6,7,10, 14
Fluency
1. I a. The point with coordinates (—2, 3) is:
A. in quadrant 1 B. in quadrant 2
C. in quadrant 3 D. in quadrant 4
b. The point with coordinates (—1, —5) is:
A. in the first quadrant B. in the second quadrant
C. in the third quadrant D. in the fourth quadrant
c. The point with coordinates (0, —2) is:
A. in the third quadrant B. in the fourth quadrant
C. on the x-axis D. on the y-axis
2. [llIZH For each of the following rules:
i. complete the table ii. plot the linear graph.
x -3 -2 -1 0 1 2 3
y
a. y=x b. y=2x+2 c.y=3x—-1 d y=-2x

Understanding

3. I By first plotting two points, draw the linear graph given by each of the following.

a.y=—x b.y:%x+4 c.y=—2x+3

4. llIEH Determine whether these points lie on the graph of y =2x —35.

a. (3,1) b. (—1,3) c. (0,5)

5. Determine whether the given point lies on the given line.
a.y=—x—17,(1,-8) b. y=3x+5,(0,5)
d.y=5-x,(8,3) e. y==2x+11,(5,-1)

6. I Select the line that passes through the point (2, —1).

A y=-2x+5 B.y=2x—-1 C.y=—2x+1

7. Match each point with a line passing through that point.

d.y=x-3

d. (5,5)

c.y=x+6, (—1,5)
f.y=x—4,(-4,0)

D. x+y=1

Point Line

a.(1,1) A x+y=4
b. (1,3) B.2x—y=1
c.(1,6) C.y=3x-7
d. (1,-4) D.y=7—x
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Reasoning

8. The line through (1, 3) and (0, 4) passes through every quadrant except one. State the quadrant through
which this line does not pass. Explain your answer.

9. Answer the following questions.

a. Determine which quadrant(s) the line y =x+ 1 passes through.

b. Show that the point (1, 3) does not lie on the line y =x+ 1.

10. Explain the process of how to check whether a
point lies on a given line.

11. Using the coordinates (—1, —3), (0, —1) and
(2, 3), show that a rule for the linear graph is

y=2x—1.

Problem solving

12. Consider the pattern of squares on the

grid shown.

Determine the coordinates of the
centre of the 20th square.

y
8_
4_
L
2_
T T T T ] T T T T
2 9% 2 4 6 8 10 12 14 16 F
]

13. It is known that the mass of a certain kind of genetically modified

tomato increases linearly over time. The following results were

recorded.
Time, ¢ (weeks) 4 6 9 16
Mass, m (grams) 6 21 31 46 81

a. Plot the above points on a Cartesian plane.
b. Determine the rule connecting mass with time.

c. Show that the mass of one of these tomatoes is 101 grams

after 20 weeks.

14. As a particular chemical reaction proceeds, the temperature increases at a constant rate. The graph represents
the same chemical reaction with and without stirring. Interpret the graph and explain how stirring affects

MZ

—¢— With stirring
—— Without stirring

the reaction.

194 Jacaranda Maths Quest 9

Temp. (°C)

30 +

25 A

20 -

15

10

2
Time (min)



ILWk] Features of linear graphs

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e calculate the gradient of a line or line segment
e calculate the y-intercept of a linear graph.

4.3.1  The gradient (m)

e The gradient of a line is a measure of the steepness of its slope.
e The symbol for the gradient is m.
e The gradient of an interval AB is defined as the rise (distance up) divided by the run (distance across).

Gradient formula

rise

Al T[]

run
o If the line is sloping upwards (from left to right), the
gradient is positive.
e If the line is sloping downwards, the gradient is negative.

Positive gradient Negative gradient
(sloping upwards) (sloping downwards)
6 2
3 1
m=2 m=-2
Al |
2 2
1 1
m=— m=——
2 2
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Determining the gradient of a line passing through two points

e Suppose a line passes through the points (1,4) and (3, 8), as shown in YA
the graph. 8T (3:8)
e By completing a right-angled triangle, it can be seen that:
o the rise (difference in y-values): § —4 =4 6 4
o the run (difference in x-values): 3 —1=2
« to determine the gradient: 4r 2
8—4 e
m=—— 2r
3-1
4 I | | >
=— 0
) 1 2 3 X
=2

Gradient of a line
In general, if a line passes through the points
(xl,yl) and (xz,yz), then:
Y2—=N1
m=

X2 — X1

WORKED EXAMPLE 4 Determining the gradient of a line passing through two points

Calculate the gradient of the line passing through the points (—2,5) and (1, 14).

THINK WRITE
1. Let the two points be (x;,y;) and (x5, y5). (=2,5) = (x1,v1), (1, 14) = (x5, y)
2. Write the formula for gradient. = 2w
2 =
_14-5

3. Substitute the coordinates of the given points m = ——
into the formula and evaluate. ==

=3

4. Write the answer. The gradient of the line passing through (-2, 5) and
(1,14) is 3.
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Note: If you were to switch the order of the points and let (x;,y;) = (1, 14) and (x,, y,) =(—2,5), then the
gradient could be calculated as shown and it can be seen that the result is the same.

Rates of change
¢ A rate of change measures the change in the y-values with respect to the change in the x-values.

e The rate of change is equivalent to the gradient of the graph.

The gradient of horizontal and vertical lines

e The gradient of a horizontal line is zero, since it does not have any upwards or downwards slope.

rise 0
m=—=—=0
run  run

e The gradient of a vertical line is undefined, as the run is zero.

rise  rise
m = — = — =undefined
run 0

WORKED EXAMPLE 5 Calculating the gradient of a straight line

Calculate the gradients of the lines shown.

a. y b. y
(10, 13)
10 40
5] 20
(0, 6)
_10 /5 10* 10 5 0 s 10%
0,-2)
29 (10, —24)
—40
C y d. y
10+ 10+
5] 5
T T 0 T Ix T T 0 T Ix
-10 -5 5 10 -10 -5 50 10
—5 —54
~10 ~10
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THINK WRITE
a. 1. Write down two points that lie on the line. a. Let (x;,y;)=(0,—2) and (x,, y,) = (10, 13).
Rise =y, —y; =13—-2=15

Run =X — X = 10—-0=10

2. Calculate the gradient by finding the ratio m=
rise run
run _15

10
= : or 1.5
2

b. 1. Write down two points that lie on the line. b. Let (x;,y;) =(0,6) and (x,, y,) = (10, —24).
Rise =y, —y; = -24-6=-30

Run =X — X = 10—-0=10

2. Calculate the gradient. m= 1se
run
_ =30
10
= -3
c. 1. Write down two points that lie on the line. c. Let (x;,y;)=(5,—6) and (x,, y,) = (10, —6).
2. There is no rise between the two points. Rise = y, — y;
=—6—-6=0
Run =x; —x,
=10-5=5
3. Calculate the gradient. m= 1se
run

Note: The gradient of a horizontal line is
always zero. The line has no slope. = —

=)
d. 1. Write down two points that lie on the line. d. Let (x;,y;)=(7,10) and (x,, y,) = (7, =3).

2. The vertical distance between the selected Rise=y,—y, =-3-10=13
points i.s 13 units. There is no run between the  p . — Xy—x, =T—7=0
two points.

3. Calculate the gradient. m= X
Note: The gradient of a vertical line is always run
undefined. _13

0
= undefined
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4.3.2 The y-intercept

e The point where a line cuts the y-axis is called the y-intercept.
¢ In the graph shown the line cuts the y-axis at y =2, so the y-intercept

is (0,2).

e The y-intercept of any line is found by substituting O for x and

calculating the y-value.

y=2x+2

WORKED EXAMPLE 6 Determining the y-intercepts of lines

Determine the y-intercepts of the lines whose linear rules are given, and state the coordinates of the

y-intercept.

a.y=—4x+7 b. Sy +2x=10

THINK

a. 1. To calculate the y-intercept, substitute x =0

into the equation.

2. Solve for y.

3. Write the coordinates of the y-intercept.

b. 1. To calculate the y-intercept, substitute x =0

into the equation.

2. Solve for y.

3. Write the coordinates of the y-intercept.

c. 1. To calculate the y-intercept, substitute x =0

into the equation.

2. Write the coordinates of the y-intercept.
d. The value of y is —8 regardless of the x-value.

c.y=2x d.y=-8

WRITE

a. y=—4x+7
y=—-40)+7
y=7
y-intercept: (0, 7)

b. 5y+2x=10

S5y+2(0) =10
S5y =10
y=2
y-intercept: (0, 2)
c. y=2x
y =2(0)
y=0

y-intercept: (0, 0)
d. y-intercept: (0, —8)

DISCUSSION

Why is the y-intercept of a graph found by substituting x = 0 into the equation?
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Exercise 4.3 Features of linear graphs

4.3 Quick quiz

Individual pathways

B PRACTISE
1,3,5,8,11, 14,16

Fluency

Bl CONSOLIDATE
2,4,6,9,12,15,17,18

4.3 Exercise

B MASTER
7,10, 13,19, 20

1. IlIZA Calculate the gradients of the lines passing through the following pairs of points.
b. (1,—2) and (3,—10)

d. (—=4,—7) and (1,—1)

f. (—=2,122) and (1,—13)

a. (2,10) and (4, 22)
c. (=3,0) and (7, 0)
e. (0, 4) and (4,—4.8)

2. Calculate the gradients of the lines passing through the following pairs of points.
b. (=2,2) and (2, 2.4)

d. (—12, =7) and (8.4,—-7)
f. (=3, 3.4) and (5, 2.6)

a. (2, 3)and (17, 3)
c. (1,-5) and (5,—-15.4)
e. (=2,—17.7) and (0, 0.3)

3. [lIEZA Determine the y-intercepts of the lines whose rules are given below.
b. y=54—-3x

a. y=5x+23

c.y=3(x—-2)

4. Determine the y-intercepts of the lines whose rules are given below.

1
a.y=—(x+2
y 2( )

X
b y=2 452
=3

c. y=100—x

5. [l Calculate the gradients of the lines shown.

a. Y

7

6. Calculate the gradients of the lines shown.
b.

a. y

—10—;

200 Jacaranda Maths Quest 9

b.

/.

P

0/1 X

(1, 200)

d. y=70-2x

d. y=100

learn

-3

(5,-26)



7. Calculate the gradients of the lines shown.

a. y b. Xy c. y
1000 i
(-1, 100)
0 X 02 X 0 X
5
-200 \

Understanding
8. 1A Select which of the following statements about linear graphs is false.

A. A gradient of zero means the graph is a horizontal line.
B. A gradient can be any real number.

C. A linear graph can have two y-intercepts.

D. In the form y = mx + ¢, the y-intercept equals c.

9. Identify the y-intercept of the line y =mx + c.

10. Determine the coordinates of the y-intercepts of the lines with the following rules.

a. y=—6x—-10 b. 3y+3x=-12 c. Tx=5y+15=0
d y=7 e.x=9
Reasoning

11. Explain why the gradient of a vertical line is undefined.

12. Explain why the gradient of a horizontal line is zero.

. . . . . d=b
13. Show the gradient of the line passing through the points (a, b) and (c, d) is .
c—a
14. When using the gradient to draw a line, does it matter if you rise before you Yy
run or run before you rise? Explain. ©.0) y 7<
’ |
15. Consider the graph shown. > i (x, )
a. Determine a general formula for the gradient m in terms of x, y and c. / 0 X x
b. Transpose your formula to make y the subject.
Discuss what you notice about this equation.

Problem solving

16. Calculate the gradient, correct to 2 decimal places, of the playground equipment
in the diagrams given below.

a.

50 cm

180 cm
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17. Safety standards for escalators outline that the gradient of an escalator must not exceed 0.58.
Determine if an escalator with a height of 18 metres that has a horizontal distance of 30 metres meets the
required safety standards.

18. The maximum gradient for wheelchair ramps is Tk If a ramp is being built across a horizontal distance of

4.2 metres determine the maximum height of the ramp.

19. The price per kilogram for three different types of meat is illustrated in the graph shown.

Y
40
35 A
30 1
25
20 A Lamb
15
10 4

5_

Chicken

Cost ($)

Beef

0 1 2 X
Weight (kg)

[V

. Calculate the gradient (using units) for each graph.
. Determine the cost of 1 kg of each type of meat.
. Evaluate the cost of purchasing:

i. 1kg of lamb ii. 0.5 kg of chicken iii. 2kg of beef.

0O T

d. Calculate the total cost of the order in part c.
e. Complete the table below to confirm your answer from part d.
Meat type | Cost per kilogram ($/kg) Weight required (kg) Cost = $/kg x kg
Lamb 1
Chicken 0.5
Beef 2
Total cost
20. Three right-angled triangles have been superimposed on the graph shown. I zl
a. Use each of these to determine the gradient of the line. 12+
b. Does it matter which points are chosen to determine the gradient of a line? 10+
Explain your answer. 8
c. Describe the shape of the graph. 6-
44
G
EEEE) SRR
_4-
—6-
—8-
—~10-
X
—14-
A
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The equation of a straight line

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e determine the equation of a straight line given the gradient and the y-intercept
* determine the equation of a straight line given the gradient and one point
e determine the equation of a straight line given two points
e determine the equation of a straight line from a graph.

4.41 The general equation of a straight line
e The general equation of a straight line is
y=mx+c

where m is the gradient and c is the y-intercept of the line.
¢ Once the gradient and y-intercept are known the equation of the straight line can be stated.

WORKED EXAMPLE 7 Determining the equation from the gradient and y-intercept

Determine the equation of the line with a gradient of —2 and y-intercept of 3.

THINK WRITE

1. Write the equation of a straight line. y=mx+c

2. Substitute the values m = —2, ¢ = 3 to write the equation. m=-2, c=3
y=—-2x+3

4.4.2 Determining the equation of a straight line

e If the gradient (/) and any single point on a straight line are known, then the y-intercept can be calculated
algebraically.

WORKED EXAMPLE 8 Determining the equation of a line from the gradient and a point

Determine the equation of a straight line that goes through the point (1, — 3), if its gradient is —2.

THINK WRITE
1. Write the equation of a straight line. y=mx+c
2. Substitute the value m = —2. y=—2x+c
3. Since the line passes through the point (1, —3), substitute x =1 Whenx=1, y=-3.
and y = —3 into y = —2x + ¢ to calculate the value of c. —3=-2X1+c¢
4. Solve for c. =3 ==2Fc
—3+2=c
c=-—1
5. Write the rule. y=-2x—1

e If two points on a straight line are known, then the gradient (m) can be calculated using the formula

Y2 —V rise
orm=—.

- ’

Xy — X1 run
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WORKED EXAMPLE 9 Determining the equation of a line from two points

Determine the equation of the straight line passing through the points (—1, 6) and (3, —2).

THINK WRITE
1. Write the equation of a straight line. y=mx+c
2. Write the formula for calculating the gradient, m. — L
Xy =X
—2-—6
3. Let (x1,y1)=(—1,6) and (x,,x,) = (3, —2). m=——
Substitute the values into the formula and determine the 3--1
value of m. _—-2-6
3+1
_ -8
4
=-2
4. Substitute the value of m into the general equation y = mx + c. y=—2x+c
5. Select either of the two points, say (3, —2), and substitute Point (3, —2):
intoy=-2x+c. —2==-203)+c
—2=—6+c
6. Solve for c. c=4
7. Write the rule using the values c =4, m = —2. y=—2x+4
Tl | THINK WRITE/DISPLAY CASIO | THINK WRITE/DISPLAY
1. On a Lists & Spreadsheet 1. On the Spreadsheet

page, put your x-values
of your coordinates in
column A. Put your
y-values in column B.

2. Press
® Menu
® 4: Statistics
® |: Stat Calculations
® 3: Linear Regression
(mx + b)

4 1 Actions »
1 One-Variable Statistics...

2 Twor

4 Linear Regression (a+bx).. "
5 Median-Median Line... fervals »
& Quadratic Regression... .
7 Cubic Regression...

8 Quartic Regression...

9 Power Regression...

A Exponential Regression... | === ]___ i
- .
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screen, put your x-values
of your coordinates in
column A. Put your
y-values in column B.

Highlight the data in both
columns.

Press Graph and select
the scatterplot.

The points will be
plotted.

© File Edit Graph Calc
i & [~ =[S

AIB]C[[:;‘_

3 -2

E

>
&

[v]>




3. For X list, choose Linear Regression (mx+b) 3. To get the equation of the

© Edit View Type Calc X
column A. ] line, press the Line icon.
For Y list, choose : The equation will appear i 0
column B. : above the graph, and the yo 7] R
And Press OK GatsidpLish T points will be joined by S Wl
Includs Categorses: ] a line. b4
oK | Cancel | r=-1 Eﬂ

output>> | W Link

The equation is
y=—=2x+4.

4. The values for the
equation will appear on

y=mx+c.

= =LinRegh
screen. = i

1 =1 & Title Linear F...
Note: The c:allculator uses | = g3 st e
y=mx + b instead of 3 m 2

y=-2x+4

e The equation of a straight line can be determined from a graph by observing the y-intercept and
calculating the gradient.

WORKED EXAMPLE 10 Determining the equation of a line from its graph

Determine the equation of the linear graph shown.
0,4)
7]
D T T
4 |4 |2 [0 x
1o
_4 —
—6
THINK WRITE
1. Read the important information from the graph. The The graph passes through (0,4) and (2, 0).
y-intercept is 4 and the x-intercept is 2. Write the
coordinates of each point.
>
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Y2—N 4-0

2. Calculate the gradient using the formula m = ———. m=——
Xy — X1 0-2
Let (x1,y;) = (2, 0) and (x,y,) =(0, 4). 4
=
-2
y=—-2x+c
3. From the graph, the y-intercept is 4. c=4
4. Write the equation. y=—-2x+4
Exercise 4.4 The equation of a straight line learn
4.4 Quick quiz 4.4 Exercise

Individual pathways

B PRACTISE B CONSOLIDATE B MASTER
1,3,5,10, 15, 16, 19, 22, 25 2,4,6,8,11,13,17, 20, 23, 26, 27 7,9,12,14, 18, 21, 24, 28, 29
Fluency

1. Determine the equations of the straight lines with the gradients and y-intercepts given.
a. Gradient =4, y-intercept =2
b. Gradient = —4, y-intercept = 1
c. Gradient =4, y-intercept =8
2. Determine the equations of the straight lines with the gradients and y-intercepts given.
a. Gradient = 6, y-intercept =7
b. Gradient = —2.5, y-intercept =6
c. Gradient =45, y-intercept = 135

3. Determine the equation for each straight line passing through the origin and with the gradient given.

a. Gradient = -2 b. Gradient =4 c. Gradient =10.5
4. Determine the equation for each straight line passing through the origin and with the gradient.
a. Gradient =—-20 b. Gradient =1.07 c. Gradient =32
5. [IlEA Determine the equation of the straight lines with:
a. gradient = 1, point =(3, 5) b. gradient =—1, point =(3, 5)
c. gradient = —4, point = (-3, 4) d. gradient =2, point = (5, —3).
6. Determine the equation of the straight lines with:
a. gradient = —5, point = (13, 5) b. gradient =2, point = (10, —3)
c. gradient = —6, point = (2, —1) d. gradient = —1, point = (-2, 0.5).

7. Determine the equation of the straight lines with:

(=2

a. gradient = 6, point = (—6, —6) . gradient = —3.5, point =(3, 5)
c. gradient = 1.2, point = (2.4, —1.2) d. gradient =0.2, point = (1.3, —1.5).
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10.

11.

12,

13.

14.

15.

16.

. Determine the equations of the straight lines with:

a. gradient = —4, x-intercept = —6
b. gradient =2, x-intercept =3
c. gradient = —2, x-intercept = 2.

. Determine the equation of the straight lines with:

a. gradient =5, x-intercept = —7
b. gradient = 1.5, x-intercept =2.5
c. gradient = 0.4, x-intercept = 2.4.

IIEA Determine the equation for each straight line passing through the given points.
a. (=6, 11) and (6, 23) b. (1, 2) and (-5, 8)

c. (4, 11) and (6, 11) d. (3, 6.5)and (6.5, 10)
Determine the equation for each straight line passing through the given points.

a. (1.5, 2) and (6, —2.5) b. (=7, 3) and (2, 4)

c. (25, —60) and (10, 30) d. (5, 100) and (25, 500)
Determine the equation for each straight lines passing through the given points.

a. (1,3)and (3, 1) b. (2, 5) and (-2,6)

c. (9, —=2) and (2, —4) d. (1, 4) and (-0.5, 3)
Determine the rules for the linear graphs that have the following x- and y-intercepts.

a. x-intercept = —3, y-intercept =3
c. x-intercept = 1, y-intercept =6

b. x-intercept =4, y-intercept =35
d. x-intercept = —40, y-intercept = 35
Determine the rules for the linear graphs that have the following x- and y-intercepts.

a. x-intercept = —8, y-intercept =8 b. x-intercept = 3, y-intercept =6

c. x-intercept = —7, y-intercept = —3 d. x-intercept = —200, y-intercept =50
Determine the rule for each straight line passing through the origin and:
a. the point (4, 7) b. the point (5, 5) c. the point (—4, 8)
d. the point (—1.2,3.6) e. the point (—22, 48) f. the point (—105, 35).
=M Determine the equation of the line shown on each of the following graphs.
a. y b. y
6 30 (6,30
20+
10
T T T T T T T T T T T T I I I | I I I 0 [ T [ T [ I
-6 -4 2 4 6 X =30 20 -10 10 20 30
-10
4 20
~6 B0
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17. Determine the equation of the line shown on each of the following graphs.

a. b. y
6_
4_
] 5. 1)
T T T T 7 T T T T T
-6 -6 2 0 2 4 6
2|
4
6
18. Determine the equation of the line shown on each of the following graphs.
a. y b.
6_
4_
1 7(1,3)
1 /MD
— T T T T T 7 — 1 T T T T T | T\J T 1
2 4 6 6 4 2 0] 46
2|
4
-6
Understanding
19. I a. The gradient of the straight line that passes through (3, 5) and (5, 3) is:
A -2 B. —1 c.0 D. 1
b. A straight line with an x-intercept of 10 and a y-intercept of 20 has a gradient of:
A. -2 B. —1 c. —-0.5 D. 0
c. The rule 2y — 3x =20 has an x-intercept at:
2
A. —% B. -3 c.0 D. None of these

20. Given that the x-intercept of a straight line graph is (-5, 0) and the y-intercept is (0, —12):

a. determine the equation of the straight line
b. calculate the value of y when x=19.3.

208 Jacaranda Maths Quest 9



21. a. Determine the equation of the straight line shown in the graph.

Use the fact that when x=5,y =7.
b. Determine the x-intercept.

Reasoning

22,

23.

24,

The graph shows the carbon dioxide (CO,) concentration
in the atmosphere, measured in parts per million (ppm).

a. If the trend follows a linear pattern, determine the
equation for the line.

b. Explain why ¢ cannot be read directly from the graph.

c. Infer the CO, concentration predicted for 2040. State the
assumption made when determining this value.

Show that the equation for the line that passes through
the point (3, 6) parallel to the line through the points
(0,=7) and (4,—15)is y=—2x+12.

a. Determine the equations for line A and line B as shown in
this graph.

T T
-15 -10 -5

A
450
400 -
350
300 A

250

CO, concentration (ppm)

200

-5+

—10

—15 1

Mean annual CO, concentration

>

1920 1940 1960 1980 2000 2020 2040

b. Write the point of intersection between line A and line B and mark

it on the Cartesian plane.

c. Show that the equation of the line that is perpendicular to line B

and passes through the point (=4, 6) isy=x+ 10.

Problem solving

25.

Year

6_

Line A

The graph shown describes the mass in 6 1

kilograms of metric cups of water. =

Write a rule to describe the mass of % 4

water (m) relative to the number of 3

cups (¢). = 2
DA

6 8

Y

10 12 14 16 18 20

Cups of water
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26. Harpinder plays the game Space Galaxy on her phone. The stars and A
spaceships are displayed on her screen as shown. 57
a. Copy the diagram. On the diagram, draw a straight line that will hit a ::

three stars. -
b. Determine the equation of the straight line that will hit three stars. -
. . . 1 1 .
c. Harpinder types in the equation y = zx + 5 and manages to hit ‘_5 _4' _% i) __?1(1
two stars. Draw the straight line on your diagram. 5]
d. If Harpinder types in the equation from part b and the equation from 3
part c, determine the coordinate of the star that both lines will hit. Yo 4
e. If she types y =2, state how many stars will she hit. =54

f. Give another equation of a straight line that will hit two stars.

27. The temperature of water in a kettle is 15 °C before the temperature increases at a constant rate for

20 seconds to reach boiling point (100 °C). Adel argues that 7= 5¢ + 15 describes the water temperature,

citing the starting temperature of 15 °C and that to reach 100 °C in 20 seconds an increase of 5 °C for every

second is required.

Explain why Adel’s equation is incorrect and devise another equation that correctly describes the

temperature of the water.

28. A father wants to administer a children’s liquid painkiller to his child. The recommended dosage is a
range, 7.5 — 9 mL for an average weight of 12 — 14 kg. The child weighs 12.8 kg. The father uses a linear

relationship to calculate an exact dosage.
Evaluate the dosage that the father calculates.

29. The graph shown displays the wages earned in three different workplaces.

A
YA
600 B
2 500 C
)
5400
=
3 3007
S 200
100
T T T T T T T I>
0 1 2 3 4 5 6 7 8%

Time worked per day (h)

a. Identify the set allowance for each workplace.
b. Determine the hourly rates for each workplace.

c. Using your answers from parts a and b, determine linear equations that describe the wages at

each workplace.
d. Match each working lifestyle below to the most appropriate workplace.

i. Working lifestyle 1: Earn the most money possible while working at most 4 hours in a day.

ii. Working lifestyle 2: Earn the most money possible while working an 8-hour day.

e. If a person works an average of 8 hours a day, determine the advantage of workplace C.

f. Calculate how much money is earned at each workplace for a:
i. 2-hour day ii. 6-hour day.
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Sketching linear graphs

LEARNING INTENTIONS

At the end of this lesson you should be able to:
¢ sketch linear graphs using the x- and y-intercept method
e sketch linear graphs using the gradient—intercept method
e sketch linear graphs represented in both y = mx + ¢ and ax + by = ¢ form
e sketch vertical and horizontal lines.

4.5.1 The x- and y-intercept method

e To sketch a linear graph all you need is two points on the line. y
Once you have found two points, the line can be drawn through
those points.

¢ One method to sketch a linear graph is to find both the
x-intercept and the y-intercept.

e To determine the intercepts of a graph:

x-intercept: let y =0 and solve for x
y-intercept: let x =0 and solve for y.

e If both intercepts are zero (at the origin), another point is needed

to sketch the line.

x-intercept *

y-intercept

WORKED EXAMPLE 11 Sketching graphs using the x- and y-intercept method

Using the x- and y-intercept method, sketch the graphs of:

4
a.2y+3x=6 b.y=gx+5 c.y = 2.
THINK WRITE/DRAW
a. 1. Write the rule. a. 2y+3x=6
2. To calculate the y-intercept, let x = 0. x=0: 2y+3x0=6
Write the coordinates of the y-intercept. 2y =6
y=3

3. To calculate the x-intercept, let y = 0.

Write the coordinates of the x-intercept.

y-intercept: (0, 3)

y=0: 2X0+3x=6
3x=6
x=2

x-intercept: (2, 0)
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4. Plot and label the x- and y-intercepts on a set of
axes and rule a straight line through them.
Label the graph.
(2,0
| | 0 | | T I
=2-1;4 1 2\3 4 3 X
1 |
) 4
b. 1. Write the rule. b. y= gx +5
2. The rule is in the form y = mx + ¢, so the Ce=5
y-intercept is the value of c. y-intercept: (0, 5)
4
3. To calculate the x-intercept, let y = 0. Write the y=0: y=—x1+35
coordinates of the x-intercept. 5
4
0=—=-x+5
5
4
—S5=——Xx
5

4. Plot and label the intercepts on a set of axes and Y
rule a straight line through them. 61 /
Label the graph. (©,5)

.
N

8.7-6-5-4-3-2-10
2

4
-5
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. Write the rule.

2. To calculate the y-intercept, let x =0.

c. y=

Write the coordinates of the y-intercept.

3. The x- and y-intercepts are the same point, (0, 0),
S0 one more point is required.
Choose any value for x, such as x =3.

XxX=

XxX=

2x
0: y=2x%0
=10
y-intercept: (0, 0)
3: y=2X3
=6

Substitute and write the coordinates of the point.

4. Plot the points, then rule and label the graph.

Another point: (3, 6)

O\_
~J-
=Y

4.5.2 The gradient-intercept method

e To use this method, the gradient and the y-intercept must be known.

e The line is drawn by plotting the y-intercept, then drawing a line with the correct gradient through

that point.

A line interval of gradient
3 .
3(= 1 can be drawn with a

rise of 3 and a run of 1.

A line interval of gradient
-2 .
-2 (= T can be drawn with

a rise downwards of
2 and a run of 1.

1

N\ O

A line interval of gradient

% can be shown with a rise of

3 and a run of 5.

TOPIC 4 Linear graphs 213



WORKED EXAMPLE 12 Sketching graphs using the gradient-intercept method

Using the gradient-intercept method, sketch the graphs of:

3
a.y=Zx+2 b. 4x +2y =3.
THINK WRITE
a. 1. From the equation, the y-intercept a.

is 2. Plot the point (0, 2).

2. From the equation, the gradient is
3 rise 3

= —_— =

4 run 4
From (0, 2), run 4 units and rise 3 units.

Mark the point P (4,5).
3. Draw a line through (0, 2) and P (4, 5).

Label the graph.
_6
b. 1. Write the rule in gradient—intercept form: b. 4x+2y =3
y=mx+c. 2y =3 —4x
From the equation, m=—2,c¢ = é y= % —2x
. 3 3
Plot the point ( 0, = }. y=—2x+=
2 2
.. rise —2
2. The gradient is —2, so0 — = —.
run 1

From <O, %) ,run 1 units and rise

—2 units (i.e. go down 2 units). Mark the
1
ointP(1,—— ).
P ( 2)

1
3. Draw a line through <O, %) and P <1, —5>
Label the graph.
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» 4.5.3 Horizontal and vertical lines v
Horizontal lines (y=c¢) !
C =
e Horizontal lines are expressed in the form y = ¢, where c is the y-intercept.
¢ In horizontal lines the y-value remains the same regardless of the x-value.
* This can be seen by looking at a table of values, like the one shown. EEREELDRERNE
x -2 0 2 4 -
y c c c c 1
¢ Plotting these points gives a horizontal line, as shown in the graph.
e Horizontal lines have a gradient of 0. They do not rise or fall.
Vertical lines (x =a)
e Vertical lines are expressed in the form x = a, where a is the x-intercept. ¥
e In vertical lines the x-value remains the same regardless of the y-value. 4 1=y
e This can be seen by looking at a table of values, like the one shown. 7
x a a a a i —
y -2 0 2 4 T T T —T>
0| a
e Plotting these points gives a vertical line, as shown in the graph. -
e The run of the graph is 0, so using the formula m = = involves dividing 1
run 4
\

by zero, which cannot be done.
The gradient is said to be undefined.

WORKED EXAMPLE 13 Sketching horizontal and vertical lines

On a pair of axes, sketch the graphs of the following and label the point of intersection of the

two lines.
a.x=-3 b. y= 4
THINK WRITE/DRAW
a. 1. The line x = -3 is in the form a. \ Vi
xX=a. x=-3
This is a vertical line. 27
2. Rule the vertical line where 1
x=-3.
Label the graph. ~ , - : : : >
-4 B 2 -1 1 2 3 4
=1
-2
{ y
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b. 1. The line y =4 is in the form y=c. b.

v
This is a horizontal line.
2. Rule the horizontal line where =13 e
y=4. 3,4 )
Label the graph. I y=4
3. The lines intersect at (—3,4). 5 -
et T T T T T =
a1 bl g [9 [ 4 [o ]3] 2*
A
Exercise 4.5 Sketching linear graphs learn
4.5 Quick quiz | 4.5 Exercise
Individual pathways
B PRACTISE I CONSOLIDATE B MASTER
1,3,5,7,9,11, 15,20 4,8,12,13,16, 17, 21 2,6, 10, 14,18, 19, 22

Fluency

1. INIZEM Using the x- and y-intercept method, sketch the graphs of:
a. 5y—4x=20
b.y=x+2
c.y=-3x+6.
2. Using the x- and y-intercept method, sketch the graphs of:
a. 3y+4x=-12
b.x—y=5
c.2y+7x—8=0.
3. IEHA Using the gradient—intercept method, sketch the graphs of:
a.y=x-—7
b. y=2x+2
c.y=-2x+2.

4. Using the gradient—intercept method, sketch the graphs of:
1
a.y=-x—1
772

b.y=4—x
c.y=—x—10.

5. [lIZEA On a pair of axes, sketch the graphs of the following.
a.y=4
b. y=-3
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6. On a pair of axes, sketch the graphs of the following.
a.y=—125 b v
'7s
7. Sketch the graphs of the following.
a.x=2 b. x=—6
8. Sketch the graphs of the following.
a.x=-25 b_ng
4
9. Sketch the graphs of the following.
a. y=3x b. y=—-2x
10. Sketch the graphs of the following.
a y=2x b y=—Ls
.y 2 .y 3

Understanding

11. I Select which of the following statements about the rule y =4 is false.

A. The gradient m =0.

B. The y-intercept is at (0, 4).

C. The graph is parallel to the x-axis.
D. The point (4, 2) lies on this graph.

. . . 3
12. I Select which of the following statements is not true about the rule y = —gx.

A. The graph passes through the origin.
B. The gradient m = —%.

C. The x-intercept is at x =0.
D. The graph can be sketched using the x- and the y-intercept method.

13. 2x+ 5y =201is a linear equation in the form ax + by =c.

a. Rearrange this equation into the form y =mx + c.
b. State the gradient.

c. State the x- and y-intercepts.

d. Sketch this straight line.

14. A straight line has an x-intercept of —3 and a y-intercept of 5.

a. State the gradient.
b. Draw the graph.
c. Write the equation in the form:
i. y=mx+c ii. ax+by=c.

Reasoning

15. Consider the relationship 4x — 3y =24.

a. Rewrite this relationship, making y the subject.
b. Show that the x- and y-intercepts are (6, 0) and (0, —8) respectively.
c. Sketch a graph of this relationship.
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16. Consider the relationship ax + by =c.

a. Rewrite the relationship, making y the subject.
b. If a, b and c are positive integer values, explain how the gradient is negative.

1
17. Josie accidently spilled a drink on her work. Part of her calculations were smudged. The line y = Ex + % was

written in the form ax + 4y = 3.
Show that the value of a = —2.

. _ . . .3 2
18. Explain why the descriptions ‘right 3 up 2°, ‘right 6 up 4°, ‘left 3 down 2, ‘right 3 up 1’ and ‘left 1 down 5

all describe the same gradient for a straight line.

19. A straight line passes through the points (3, 5) and (6, 11).

a. Determine the slope of the line.

b. Determine the equation of the line.

c. State the coordinates of another point that lies on the same line.
Problem solving

20. Consider the following graph.

a. Match the descriptions given below with their corresponding line.

i. Straight line with a y-intercept of (0, 1) and a positive gradient.
1
ii. Straight line with a gradient of 15.

iii. Straight line with a gradient of —1.
b. Write a description for the unmatched graph.

21. a. Sketch the linear equation y = —%x — %:

i. using the y-intercept and the gradient
ii. using the x- and y-intercepts
iii. using two other points.
b. Compare and contrast the methods and generate a list of advantages and disadvantages for each method

used in part a.
Explain which method you think is best. Give your reasons.

22. Consider these two linear graphs.
y—ax=bandy—cx=d.

Show that if these two graphs intersect where both x and y are positive, then a > ¢ when d > b.
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Technology and linear graphs

LEARNING INTENTION

At the end of this lesson you should be able to:
e produce linear graphs using digital technologies.

4.6.1

e There are many digital technologies that can be used to graph
linear relationships.

e The Desmos Graphing Calculator is a free graphing tool that can be
found online.

e Other commonly used digital technologies include Microsoft Excel
and graphing calculators.

¢ Digital technologies can help identify important features and
patterns in graphs.

Graphing with technology

Sketching a linear graph using technology

e Depending on the choice of digital technology used, the steps
involved to produce a linear graph may vary slightly.

e Most graphing calculators have an entry (or input) line to type in
the equation of the line you wish to sketch.

e When using the Desmos Graphing Calculator you can simply type
y=x+ 1 into the input box to produce its graph.

* When using technologies such as a Texas Instruments or CASIO
graphing calculator you will need to open a Graphs page first.
The entry line for these types of technologies has a template that
needs to be followed carefully. Both of these graphing calculators
begin with f1(x) = or yl =, which is effectively saying y =.

e Thus, to draw the graph of y=x+ 1, you would simply
enter ‘x+ 1.

e The screen shows the graph of y =x+ 1 sketched on a
TI-Nspire CAS calculator.

4.6.2 Graphing parallel lines

¢ Lines with the same gradient are called parallel lines.
For a pair of parallel lines, m; =m,.

e Digital technologies can be used to help visualise this concept.
For example, y=3x+ 1, y=3x—4 and y = 3x are all parallel lines,
because m = 3.

e Select the digital technology of your choice and sketch these three
parallel lines on the same set of axes.

N 1.1 g

71(x)<]

oeG [i] X

“6.67

E;yx

f1 (‘c)=x+l
N x
-10 1 1o=

667
1.1 L Do [
7MY
f}(.\')=3- s
1 x
S 1 5
£2(x)=3- x-4
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4.6.3 Graphing perpendicular lines

e Lines that meet at right angles are called perpendicular lines.

e The product of the gradients of two perpendicular lines is
equal to —1.

e For a pair of perpendicular lines, m; X m, =—1.

¢ Digital technologies can be used to help visualise this concept.

-

1 .
For example, y=2x+ 1 and y= —Ex + 6 are perpendicular,

because 2 X —% =—1 £2(x =—1 x+6

o

e Select a digital technology of your choice and sketch these two
lines on the same set of axes.

Exercise 4.6 Technology and linear graphs learn

4.6 Quick quiz 4.6 Exercise

Individual pathways

B PRACTISE Bl CONSOLIDATE B MASTER
1,3,4,11,15, 16 2,5,6,7,12,14,17 8,9, 10, 13, 18

Understanding

Use technology wherever possible to answer the following questions.
1. Sketch the following graphs on the same Cartesian plane.
a.y=x b. y=2x c.y=3x
i. Describe what happens to the steepness of the graph (the gradient of the line) as the coefficient
of x increases in value.
ii. Identify where each graph cuts the x-axis (its x-intercept).
iii. Identify where each graph cuts the y-axis (its y-intercept).

2. Sketch the following graphs on the same Cartesian plane.
a.y=x b_y:lx C.y=%x
i. Describe what happens to the steepness of the graph (the gradient of the line) as the coefficient of x
decreases in value.
ii. Identify where each graph cuts the x-axis (its x-intercept).

iii. Identify where each graph cuts the y-axis (its y-intercept).
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. Sketch the following graphs on the same Cartesian plane.
a.y=—x b. y=—-2x c.y=-3x
i. Describe what happens to the steepness of the graph as the magnitude of the coefficient of x decreases
in value (becomes more negative).

ii. Identify where each graph cuts the x-axis (its x-intercept).
iii. Identify where each graph cuts the y-axis (its y-intercept).

. Identify the correct word or words from the options given and rewrite the following sentences using the
correct option.

a. If the coefficient of x is (positive/negative), then the graph will have an upward slope to the right. That is,
the gradient of the graph is (positive/negative).

b. If the coefficient of x is negative, then the graph will have a (downward/upward) slope to the right. That
is, the gradient of the graph is (positive/negative).

c. The bigger the magnitude of the coefficient of x (more positive or more negative), the (bigger/smaller)
the steepness of the graph.

d. If there is no constant term in the equation, the graph (will/will not) pass through the origin.

. Sketch the following graphs on the same Cartesian plane and answer the following questions for each graph.

a. Is the coefficient of x the same for each graph? If so, state the coefficient.
b. State whether the steepness (gradient) of each graph differs.

c. Identify where each graph cuts the x-axis (its x-intercept).

d. Identify where each graph cuts the y-axis (its y-intercept).

i.y=x . y=x4+2 iii. y=x—2
. Sketch the following graphs on the same Cartesian plane and answer the following questions for each graph.

a. Is the coefficient of x the same for each graph? If so, state the coefficient.
b. State whether the steepness (gradient) of each graph differs.

c. Identify where each graph cuts the x-axis (its x-intercept).

d. Identify where each graph cuts the y-axis (its y-intercept).

iy=—x . y=—x+2 iil. y=—x—2

. Identify the correct word or words from the options given and rewrite the following sentences using the
correct option.

a. For a given set of linear graphs, if the coefficient of x is (the same/different), the graphs will be parallel.

b. The constant term in the equation is the (y-intercept/x-intercept) or where the graph cuts the
(y-axis/x-axis).

c. The (y-intercept/x-intercept) can be found by substituting x = 0 into the equation.

d. The (y-intercept/x-intercept) can be found by substituting y = 0 into the equation.

. On the same Cartesian plane, sketch the following graphs.
a.y=x+5 b. y=—x+5

2
c.y=3x+5 d.y:—§x+5

i. Is the coefficient of x the same for each graph? If so, state the coefficient.
ii. State whether the steepness (gradient) of each graph differ.
iii. Write down the gradient of each linear graph.
iv. Identify where each graph cuts the x-axis (its x-intercept).
v. Identify where each graph cuts the y-axis (its y-intercept).
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9. Identify the correct word or words from the options given and rewrite the following sentences using the
correct option.

a. One of the general forms of the equation of a linear graph is y = mx + ¢, where m is the (steepness/
x-coordinate) of the graph. We call the steepness of the graph the gradient.

b. The value of c is the (x-coordinate/y-coordinate) where the graph cuts the (x-axis/y-axis).

c. All linear graphs with the (same/different) gradient are (parallel/perpendicular).

d. All linear graphs that have the same y-intercept pass through (the same/different) point on the y-axis.

10. For each of the following lines, identify the gradient and the y-intercept.

a.y=2 b.y=x+1 c.y=-3x+5 d.y=zx—7
3

Reasoning

1
11. Using a CAS calculator, graph the lines y=3(x—1)+5, y=2(x—1)+5and y= ) (x—1)+5. Describe

what they have in common and how they differ from each other.
1 5 .
12. Show on a CAS calculator how y = Ex — — can be written as 6y =3x — 10.

13. A phone company charges $2.20 for international calls of 1 minute or less and $0.55 for each additional
minute. Using a CAS calculator, graph the cost for calls that last for whole numbers of minutes.
Explain all the important values needed to sketch the graph.

14. Shirly walks dogs after school for extra pocket money. She finds that she can use the equation
P =—15+ 10N to calculate her profit (in dollars) each week.

a. Explain the real-world meaning of the numbers —15 and 10 and the variable N.
b. What is the minimum number of dogs that Shirly must walk in order to earn a profit?
c. Using a CAS calculator, sketch the equation.

15. Graph y =0.2x 4+ 3.71 on a CAS calculator. Explain how to use the calculator to find an approximate value
when x=70.3.

Problem solving
16. Plot the points (6, 3.5) and (-1, —10.5) using a CAS calculator and:

a. determine the equation of the line

b. sketch the graph, showing x- and y-intercepts
c. calculate the value of y when x =8

d. calculate the value of x when y =12.

17. A school investigating the price of a site licence for their computer network
found that it would cost $1750 for 30 computers and $2500 for 60 computers.

a. Using a CAS calculator, find a linear equation that represents the cost of a site
licence in terms of the number of computers in the school.

b. Determine is the y-intercept of the linear equation and explain how it relates
to the cost of a site licence.

c. Calculate the cost for 200 computers.

d. Evaluate how many computers you could connect for $3000.

18. Dylan starts his exercise routine by jogging to the gym, which burns 325 calories.
He then pedals a stationary bike burning 3.8 calories a minute.

a. Graph this data using a CAS calculator.
b. Evaluate how many calories Dylan has burnt after 15 minutes of pedalling.
c. Evaluate how long it took Dylan to burn a total of 450 calories.
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Practical applications of linear graphs

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e determine the linear rule from a table of values
e determine the linear rule that models a real-life problem
e interpret linear rules in real-life problems.

4.7.1 Determining a linear rule from a table of values

e If two variables are linked by a linear rule, then as one variable y
increases, the other increases, or decreases, at a steady rate. 20_'
e The table shown gives an example of a linear relationship. | y=3x+5
x 0 1 2 3 15 Fd
y 5 8 1 14 - 3, 19
. . . 10
o Each time x increases by 1, y increases by 3. i
o The linear rule connecting x and y is y =3x+ 5. 5470.5)
L L L
0 1 2 3 4 ¥
e Consider the relationship depicted in the table shown. y
x 0 1 2 3 ]

y 7 5 3

o Each time x increases by 1, y decreases by 2.
o The linear rule in this case is y=—-2x+ 7.

8 X
WORKED EXAMPLE 14 Determining a rule from a table of values
Determine the rule connecting x and y in each of the following tables.
T x 0 1 2 3 >y 3 4 5 6
y -3 2 7 12 y 12 11 10 9
THINK WRITE
a. 1. yincreases at a steady rate, so this is a linear relationship. a. y=mx+c
Write the rule.
2. To calculate m: y increases by 5 each time x increases by 1. m=>5
Write the value of the gradient.
3. To determine c: From the table, when x =0, y = —3. c=-3
Write the value of the y-intercept.
4. Write the rule. 3= hE—13)
4
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b. 1. y decreases at a steady rate, so this is a linear relationship. b. y=mx+c
Write the rule.

2. To calculate m: y decreases by 1 each time x increases m=—1
by 1.

Write the value of the gradient.

3. To determine c: From the table, when x =3, y = 12. (3,12): y=—x+c
To calculate the y-intercept, substitute the x- and y-values 12=—03)+c
of one of the points, and solve for c. 12=-3+c¢

c=15

4. Write the rule. y=—x+15

4.7.2 Modelling linear relationships

¢ Relationships between real-life variables are often modelled by a mathematical equation.
In other words, an equation or formula is used to link the two variables.
For example:
« A=/ represents the relationship between the area and the side length of a square
o C=md represents the relationship between the circumference and the diameter of a circle.
e If one variable changes at a constant rate compared to the other, then the two variables have a
linear relationship.
e Simple interest is another example of a relationship that can be modelled by a linear relationship. Simple
interest will be studied in a later topic.

WORKED EXAMPLE 15 Determining the rule to model a relationship in a worded

question

An online bookstore sells a certain textbook for $21 and charges $10 for delivery, regardless of the

number of books being delivered.

a. Determine the rule connecting the cost ($C) with the number of copies of the textbook
delivered (n).

b. Use the rule to calculate the cost of delivering 35 copies of the textbook.

c. Calculate how many copies of the textbook can be delivered for $1000.

THINK WRITE
a. 1. Set up a table. a. . 1 2 3
Costfor 1 copy = 21 + 10
1 2 7
Costfor2 copies = 2(21) + 10 ¢ 3 > 3
=52
2. The cost rises steadily, so there is a linear C=mn+c
relationship. Write the rule.
. 52-31
3. To calculate the gradient, use the formula m= o
— L2 with the points (1,31) and
Xy — X1 =21
(2,52). C=2ln+c
4. To determine the value of ¢, substitute C=31 and (1,3D): 31=21(1)+c
n=1. c=10
5. Write the rule. C=2In+10
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b. 1. Substitute n = 35 and calculate the value of C. b. C=2135+10
=735+10
= 745

2. Write the answer. The cost including delivery for
35 copies is $745.

c. 1. Substitute C = 1000 and calculate the value of n. c. 1000 =21n+ 10
21n =990
n=47.14

2. You cannot buy 47.14 books, so round down. For $1000, 47 copies of the textbook can
Write the answer. be bought and delivered.

e In Worked example 15, compare the rule C=21n + 10 with the original question. It is clear that the 21n
refers to the cost of the textbooks (a variable amount, depending on the number of copies) and that
10 refers to the fixed (constant) delivery charge.

¢ In this case C is called the response variable or the dependent variable, because it depends on the
number of copies of the textbooks (n).

e The variable 7 is called the explanatory variable or the independent variable because it is the variable
that may explain the changes in the response variable.

e When graphing numerical data, the response variable is plotted on the vertical axis and the explanatory
variable is plotted on the horizontal axis.

Exercise 4.7 Practical applications of linear graphs learn

4.7 Quick quiz 4.7 Exercise

Individual pathways

B PRACTISE B CONSOLIDATE B MASTER
1,83,5,6,11,16 2,7,9,12,13,17 4,8,10, 14,15, 18
Fluency

1. IIEH Determine the linear rule linking the variables in each of the following tables.

al x 0 1 2 3 b.l x 0 1 2 3
-5 1 7 13 y 8 5 2 -1

2. Determine the linear rule linking the variables in each of the following tables.

a.l x 0 1 2 3 b.l » 0 1 2 3
y 4 6 8 10 y 1.1 2.0 29 3.8

3. Determine the linear rule linking the variables in each of the following tables.

a.| x 2 3 4 5 b.l » 5 6 7 8
y 7 10 13 16 y 12 11 10
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4. Determine the linear rule linking the variables in each of the following tables.

a.| ¢ 3 4 5 6 b.l 4 1 2 3 4
" 18 15 12 9 C 11 14 17 20

5. 1A Sasha and Fiame hire a car. They are charged a fixed fee of $150 for hiring the car and then $25 per day.
They hire the car for d days.
Select which one of the following rules describes the number of days the car is hired and the total cost, C,
they would be charged for that number of days charged.

A. C=25d B. C=150d C.C=175d D. C=25d+ 150

Understanding

6. IlIEHEN Fady’s bank balance has increased in a linear
manner since he started his part-time job. After
20 weeks of work his bank balance was at $560 and
after 21 weeks of work it was at $585.

a. Determine the rule that relates the size of Fady’s bank
balance, A, and the time (in weeks) worked, ¢.

b. Use the rule to calculate the amount in Fady’s account
after 200 weeks.

c. Use the rule to identify the initial amount in Fady’s
account.

7. The cost of making a shoe increases as the size of the shoe increases. It costs $5.30 to make a size 6 shoe,
and $6.40 to make a size 8 shoe. Assuming that a linear relationship exists:

a. determine the rule relating cost (C) to shoe size (s)
b. calculate much it costs to produce a size 12 shoe.

8. The number of books in a library (N) increases steadily with time (¢). After 10 years there are
7200 publications in the library, and after 12 years there are 8000 publications.

a. Determine the rule predicting the number of books in the library.
b. Calculate how many books were there after 5.5 years.
c. Calculate how many books there will be after 25 years.

9. A skyscraper can be built at a rate of 4.5 storeys per month.

a. Calculate how many storeys will be built after 6 months.
b. Calculate how many storeys will be built after 24 months.

10. The Nguyens’ water tank sprang a leak and has been losing
water at a steady rate. Four days after the leak occurred, the tank
contained 552 L of water, and ten days later it held only 312 L.

a. Determine the rule linking the amount of water in the tank (w)
and the number of days (#) since the leak occurred.

b. Calculate the amount of water that was initially in the tank.

c. If water loss continues at the same rate, determine when the
tank will be empty.
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Reasoning

11.

12,

13.

14.

15.

The pressure inside a boiler increases steadily as the temperature increases. For each 1 °C increase in
temperature, the pressure increases by 10 units, and at a temperature of 100 °C the pressure is 1200 units.
If the maximum pressure allowed is 2000 units, show that the temperature cannot exceed 180 °C.

After 11 pm a taxi company charges a $3.50 flag fall plus $2.57 for each kilometre travelled.

a. Determine the linear rule connecting the cost, C, and the distance travelled, d.
b. Calculate how much an 11.5 km trip will cost.
c. If you have $22 in your pocket, calculate how far you can afford to travel, correct to 1 decimal place.

A certain kind of eucalyptus tree grows at a linear rate for its first 2 years
of growth. If the growth rate is 5 cm per month, show that the tree will be
1.07 m tall after 21.4 months.

A software company claims that its staff can fix 22 bugs each month. They
are working on a project to fix a program that started out with 164 bugs.

a. Determine the linear rule connecting the number of bugs left, NV, and the
time in months, ¢, from the beginning of the project.

b. Calculate how many bugs will be left after 2 months.

. Determine how long it will be until there are only 54 bugs left.

d. Determine how long it will take to eliminate all of the bugs. Justify
your answer.

(2]

Michael produces and sells prints of his art at a local gallery. For each print
run his profit (P) is given by the equation P =200n — 800, where 7 is the
number of prints sold.

a. Sketch the graph of this rule.

b. Identify the y-intercept. Determine what it represents in this situation.

c. Identify the x-intercept. Determine what it represents in this example.

d. Identify the gradient of the graph. Determine what this means in this situation.

Problem solving

16.

17.

18.

The cost of a taxi ride is $3.50 flag fall plus $2.14 for each kilometre travelled.

a. Determine the linear rule connecting the cost, C, and the distance travelled, d.
b. Calculate how much an 11.5 km trip will cost.
c. Calculate how much a 23.1 km trip will cost.

Theo is going on holiday to Japan. One yen (¥) buys 0.0127 Australian dollars (A$).

a. Write an equation that converts Australian dollars to Japanese yen (¥), where A represents amount of
Australian dollars and Y represents amount of yen.

b. Using the equation from part a, calculate how many yen Theo will receive in exchange if they
have A$2500.

c. There is a commission to be paid on exchanging currency. Theo needs to pay 2.8% for each Australian
dollar they exchange into yen. Write down an equation that calculates the total amount of yen Theo will
receive. Write your equation in terms of Y (total amount of yen) and $A (Australian dollars).

Burchill and Cody need to make a journey to the other branch of their store across town. The traffic is very
busy at this time of the day, so Burchill catches a train that travels halfway, then walks the rest of the way.
Cody travels by bike the whole way. The bike path travels along the train line and then follows the road to
the other branch of their store.

Cody’s bike travels twice as fast as Burchill’s walking speed, and the train travels 4 times faster than Cody’s
bike. Evaluate who arrives at the destination first.
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Midpoint of a line segment and distance
between two points

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e calculate the midpoint of a line segment
e calculate the distance between two points.

4.8.1 Calculating the midpoint of a line segment

* The x- and y-coordinates of the midpoint are halfway between those of  y )
the end points of a line segment. (x2, ¥2)
¢ The coordinates of the midpoint, M, of a line can be found by
averaging the x- and y-coordinates of the end points. M

(L)

The midpoint of a line segment

The midpoint, M, of the line segment joining the points
(x1,y1) and (x2,y,) is:

+
M=<x1+x2’)’1 )’2>
2 2

WORKED EXAMPLE 16 Calculating the midpoint of a line segment

=Y

Calculate the midpoint of the line segment joining (5,9) and (—3,11).

THINK WRITE
+ —
1. Average the x-values: u. = Rt
2 2
_Z
2
=1
+ 11
2. Average the y-values: % y= 2 z
_
2
=10
3. Write the answer. The midpoint is (1, 10).
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TI| THINK

1.

On a Graphs page, set an
appropriate window as
shown and press:

° MENU

® 8: Geometry

® Points & Lines

® 3: Point by Coordinates

Type the coordinates of
one point on the keypad,
pressing ENTER after each
number.

Repeat the above step to
plot the second point.

To determine the midpoint,

press:

° MENU

® 8: Geometry

® 4: Construction

® 5: Midpoint.

Move the cursor to one

of the points and press

ENTER.

Move the cursor to the

other point and press

ENTER. This will place

a dot on the screen

representing the midpoint

of the two plotted points.

To display the midpoint’s

coordinates, press:

* MENU

® 1: Actions

® §: Coordinates and
Equations

Move the cursor to the

midpoint and press

ENTER twice.

State the coordinates of

the midpoint.

nYyy

(1.00,10.00)

*(s,9)

The coordinates of the midpoint
are (1, 10).

CASIO | THINK

On a Geometry screen, select
a pair of axes with scale and
grid.

This is achieved by
continuous clicking on the
graph icon.

To get the desired window,
select:

® View

® Zoom out

Using the Line segment
tool, place the pointer at
(=3, 11) and hold to place
the second point at (5, 9).
The line segment will be
automatically labelled.

To locate the midpoint:

® Click on the line segment.

® Click again for the point C
to be placed in the centre
or midpoint.

To determine the coordinates

of the midpoint C:

® Click on the point C.

® Use the measuring tool at
the top right to display the
coordinates.

State the coordinates of
the midpoint.

WRITE

© File Edit View Draw

-
© File Edit View Draw
oy | v |(1,10]) o .
A c
.\WH\B
-5 5
—10
(1,101 @

The coordinates of the
midpoint are (1, 10).

WORKED EXAMPLE 17 Determining the coordinates of a point given the midpoint and

another point of an interval

M(7,2) is the midpoint of the line segment AB. If the coordinates of A are (1, —4), determine the

coordinates of B.

THINK

1. Let B have the coordinates (x, y).

2. The midpoint is (7, 2), so the average
of the x-values is 7. Solve for x.

WRITE
A(l,—4),B (x,y),M (7, 2)

I+x

2

7

1+x=14

x=13
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—4+y

3. The average of the y-values is 2. 2
Solve for y. 2
—4+y=4
y=38
4. Write the answer. The coordinates of point B are (13, 8).

4.8.2 Calculating the distance between two points

e The distance between two points on the Cartesian plane is calculated using Pythagoras’ theorem applied to
a right-angled triangle.
e Consider the formula for Pythagoras’ Theorem:

ct=da*+b

c=Va*+b?

where c is the hypotenuse and a and b are the shorter sides.

¢ On a Cartesian plane with two points, the hypotenuse, ¢, would represent the length of the line.

* By drawing a triangle, the horizontal distance would be the difference between their x-values (a), and the
vertical distance would be the difference between their y-values (b).

Distance between two points

The distance, d, of the line segment joining the
points (x1,y1) and(xz,y>) is:

d= \/(xz —x1)? + (2 —y1)?

y
(2, ¥2)
¥, 2, Y2
d
(1, y1) O2-y1)
V1 “ =
(rp—x1)
Xy X X
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WORKED EXAMPLE 18 Calculating the distance between two points

Calculate the distance between the points (—1,3) and (4, 5):

a. in exact form

THINK
a. 1. Draw a diagram showing the
right-angled triangle (optional).

2. Write the formula for the distance
between two points.

3. Let (x1,y1) = (=1,3) and (x, y2) = (4, 5).
Substitute the x- and y-values into
the equation.

4. Simplify.

5. Write the answer.

b. 1. Write

2. Round the answer correct to 3 decimal
places.

29 as a decimal to 5 decimal places.

b. correct to 3 decimal places.

WRITE/DRAW
a. y-
4,5
N 4.5)
a- 2
(11,B) <o
] 5
2_
1_
| | | | | | | | | | | | | | |
07 N O Y O S O T O IO -
=1

d=1/r = 57+ -7

d=\/(4——1)2+(5—3)2

V52 +22
V25+4

29

U U
([l

The exact distance betwen points (-1, 3) and
(4,5)is v/29.

b. v/29=5.38516
d=~ 5.385
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TI| THINK

a-b. On a Calculator page,
complete the entry

a-b.

WRITE

CASIO | THINK

-HER

Make sure the calculator

is set to Standard mode. |*

WRITE

© Edit Action Interactive

Ja-1)742)2

lines as: On the Main screen,
(29 )» Decimal 538516

complete the entry
line as:

V- -1 +G5-37

Press ENTER after
each entry.

5.385164807

|
L

V- -2 +-37
Press EXE.

Alg Decimal Real Deg L;
a. 29
b.  Press CTRL ENTER b.  The distance is \/5 ~5.385to |b. Convert the answerto  b. 5.385
to get a decimal 3 decimal places. a decimal by tapping
approximation. Standard and changing
it to Decimal.
Then press EXE.
Exercise 4.8 Midpoint of a line segment and distance between
two points learn

4.8 Quick quiz 4.8 Exercise

Individual pathways

B PRACTISE
1,4,8,11,13, 16, 20

Bl CONSOLIDATE
2,5,9,12,14,17, 21

B MASTER
3,6,7,10, 15, 18, 19, 22

Fluency
1. IEEMA Calculate the midpoint of the line segment joining each of the following pairs of points.
a. (1, 3)and (3, 5) b. (6,4) and (4,-2) c. (2, 3)and (12, 1)
2. Calculate the midpoint of the line segment joining each of the following pairs of points.
a. (6, 3) and (10, 15) b. (4,2) and (—4, 8) c. (0,—5) and (-2, 9)
3. Calculate the midpoint of the line segment joining each of the following pairs of points.
a. (8, 2) and (—18,—6) b. (—=3,—5) and (7, 11) c. (—8,—3) and (8, 27)

4. Calculate the midpoint of the segment joining each of the following pairs of points.

a. (7,-2) and (-4, 13) b. (0,22) and (—6, —29)
c. (—15,8) and (-4, 11) d. (=3,40) and (0, —27)

5. Determine the value of @ in each series of points so that the point M is the midpoint of the line
segment joining points A and B.

a. A(=2,a),B(-6,5),M(—4,5) b. A(a,0),B(7,3),M <8, %)

c. AG3,3),B4,a),M <3%, —6%) d. A(—4,4),B(a,0),M(-2,2)
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10.

11.

12.

a. A=(0, 0)and M= (2, 3)

c. A=(-3, 2)and M =(4, 2)

joining (—1,—7) and (3, 3).

a. (4,5) and (1,1)

a. (12,8) and (10, 8)

. M is the midpoint of the line interval AB. Determine the coordinates of B if:

b. A=(2, 3)and M= (0, 0)

d. A=3,—-1) and M=(-2,-2).

. IlIIZEA Calculate the distance between each of the following pairs of points.
b. (7,14) and (15,8)

. Calculate the distance between each of the following pairs of points.
b. (14,9) and (2, 14)

c. (5,—

Calculate the distance between each of the following pairs of points.

a. (—14,-9) and (-10, —6)

b. (0,1) and (—15,9)

c. (—4,

. Determine the equation of a line that has a gradient of 5 and passes through the midpoint of the line segment

c. (2,4) and (2,3)

13) and (=3,-=7)

—8) and (1,4)

Calculate the distance between the following pairs of points, correct to 3 decimal places.

a. (—14,10) and (-8, 14)

b. (6,—7) and (13,6)

c. (=11, 1)

and (2,2)

Calculate the distance between the following pairs of points, correct to 3 decimal places

a. (9,0) and (5, —8)

Understanding

b. (2,—7) and (=2, 12)

c. (9,4) and (—10,0)

13. Calculate the perimeter of each figure shown, giving your answers correct to 3 decimal places.

14.

a. y

b. v

Calculate the perimeter of each triangle shown, giving your answers correct to 3 decimal places.

a. YA
8_
7_
6_
5_

24(2,2)#

6,7

b. \

(555

W
O\_
2y
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15. Two hikers are about to hike from A to B (shown on the map). Calculate the straight-line distance from
A to B.

Grid spacing: 1 km

Reasoning
16. Show that the distance between the points A (2,2) andB (6, —1) is 5.

17. The point M (=2, —4) is the midpoint of the interval AB. Show that the point B is (-9, —2), given
Ais (5,—6).

18. Show that the point B (6, —10) is equidistant from the points A (15, 3) and C (-7, —1).

19. Answer the following questions.

a. Plot the following points on a Cartesian plane: A (—1,—4),B (2,3),C(-3,8) and D (4, -9).
b. Show that the midpoint of the interval AC is (=2, 2).

c. Calculate the exact distance between the points A and C.

d. If B is the midpoint of an interval CM, determine the coordinates of point M.

e. Show that the gradient of the line segment AB is %

f. Determine the equation of the line that passes through points B and D.

Problem solving
20. Explain what type of triangle AABC is if it has vertices A (—4, 1), B (2, 3) and C (0, —3).
21. Calculate the gradient of the line through the points (—1, 3) and (3 +4¢,5 + 21).

22. A map of a town drawn on a Cartesian plane shows the main street extending from (—4,5) to (0, —7). There
are five streetlights positioned in the street. There is one streetlight at either end, and three streetlights
spaced evenly down the street.

Give the position of the five lights in the street.
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W] Review

4.9.1 Topic summary

LINEAR GRAPHS

Gradient and axis intercepts Equation of a straight line

» The gradient of a straight line is given the label m. * The equation of a straight line is y = mx + ¢ where:
It can be determined by the following formula: * mis the gradient

. * cis the y-intercept.
_nse Y-y

run Xy — X

* If the line is sloping upwards (from left to B

right), the gradient is positive.

« If the line is sloping downwards, Horizontal and vertical lines
the gradient is negative.

* The y-intercept of a line can be

» Horizontal lines are of the form y = c. They have a

. . rise gradient of zero (m = 0).
determined by l.e ting » Vertical lines are of the form x = a. They have an
x = 0, then solving for y. .
. . undefined gradient.
* The x-intercept of a line can
be determined by letting A
y = 0, then solving for x. run
‘ Midpoint and distance
Sketching linear graphs |  The midpoint of two points (x;, y;) and (x,, y,) is
y
 To sketch a linear graph, all you need are two points Mo (Bt X Y2ty (% ¥,)
that the line passes through. - > 2 [
. _ E . . M
Th.e x and y-intercept me.thod 1an)lves finding both « The distance between two points,
axis mter.cepts, then' drawing the line .through them. (x,y,) and (x, y) is
e The gradient and y-intercept method involves ) _
plotting the y-intercept and then one other point d= \/(xz —x)+ (0 — )2 | X

(usually x = 1) using the gradient.
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4.9.2 Success criteria

Tick the column to indicate that you have completed the lesson and how well you have understood it using the
traffic light system.

(Green: I understand; Yellow: I can do it with help; Red: I do not understand)

Lesson | Success criteria Q Q .
4.2 | can plot points on the Cartesian plane.
| can plot a linear graph on the Cartesian plane.
4.3 | can calculate the gradient of a line or line segment.
| can calculate the y-intercept of a linear graph.
4.4 | can determine the equation of a straight line given the gradient and the
y-intercept.
| can determine the equation of a straight line given the gradient and a
single point.
| can determine the equation of a straight line given two points.
| can determine the equation of a straight line from a graph.
4.5 | can sketch linear graphs using the x- and y-intercept method.
| can sketch linear graphs using the gradient-intercept method.
| can sketch linear graphs represented in both y = mx + ¢ and ax + by =c¢
form.
| can sketch vertical and horizontal lines.
4.6 | can produce linear graphs using digital technologies.
4.7 | can determine the linear rule from a table of values.
| can determine the linear rule that models a real-life problem.
| can interpret linear rules in real-life problems.
4.8 | can calculate the midpoint of a line segment.

| can calculate the distance between two points.
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4.9.3 Project

Path of a billiard ball

The path of a billiard ball can be mapped using mathematics. A billiard table can be represented by a
rectangle, a ball by a point and its path by line segments. In this investigation, we will look at the trajectory
of a single ball, unobstructed by other balls.

Note: A billiard table has a pocket at each of its corners and one in the middle of each of its long sides.

Consider the path of a ball that is hit on its side, from the lower left-hand corner of the table, so that it
travels at a 45° angle from the corner of the table. Assume that the ball continues to move, rebounding from
the sides and stopping only when it comes to a pocket.

Diagrams of the table drawn on grid paper are shown. Each grid square has a side length of 0.25 metres.

25m¢$ ] 25m ¢ )

45°

45° .
Diagram A Diagram B

1.25 m 1.5m

Diagram A shows the trajectory of a ball that has been hit on its side at a 45° angle, from the lower
left-hand corner of a table that is 2.5 m long and 1.25 m wide.

Note that, because the ball has been hit on its side at a 45° angle, it travels diagonally through each square

in its path, from corner to corner. Diagram B shows the trajectory of a ball on a 2.5 m by 1.25 m table.

1. In Diagram B, how many times does the ball rebound off the sides before going into
a pocket?

2. A series of eight tables of different sizes are drawn on grid paper in the following diagrams. For each
table, determine the trajectory of a ball hit at 45° on its side, from the lower left-hand corner of the table.
Draw the path each ball travels until it reaches a pocket.

a. b. c.

2
e 1 225me ¢

2.5me )

1m

0.75 m

0.5 m
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1.75m ¢ ¢
225m ¢ [ 25m

1.25m

1.5m Im

1.25 m ¢ [

1.25m

1.5m

3. Determine for which tables the ball will travel through the simplest path. What is special about the shape
of these tables?

4. Determine for which table the ball will travel through the most complicated path. What is special about
this path? Draw another table (and path of the ball) with the same feature.

5. Determine for which tables the ball will travel through a path that does not cross itself. Draw another
table (and path of the ball) with the same feature.

6. Consider the variety of table shapes. Will a ball hit on its side from the lower left-hand corner of a table
at 45° always end up in a pocket (assuming it does not run out of energy)?

Simplify matters a little and consider a billiard table with no pockets in the middle of the long sides. Use a

systematic way to look for patterns for tables whose dimensions are related in a special way.

7. Draw a series of billiard tables of length 3 m. Increase the width of these tables from an initial value of
0.25 m in increments of 0.25 m. Investigate the final destination (the pocket the ball lands in) of a ball hit
from the lower left-hand corner. Complete the table.

Length of table (m) H Width of table (m) ‘ Destination pocket

3 0.25
0.5
0.75

1.25
1.5
1.75

Sl |~|0|ale|o|

W W|W[W|W|WwW|Ww

8. How can you predict (without drawing a diagram) the destination pocket of a ball hit from the lower
left-hand corner of a table that is 3 m long? Provide an illustration to verify your prediction.
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Exercise 4.9 Review questions learn

Fluency

1.

10.

11.

I For the rule y =3x — 1, select the value of y when x = 2.

A —1 B. 1 C.2 D.5

T3 Identify the gradient of the linear rule y =4 — 6x.

A.6 B. —6 C.4 D. -4

I3 The graph with the rule 2y — x + 6 =0 has an x-intercept of:

A -2 B.0 C.2 D.6

I The graph with the rule 2y — x + 6 =0 has a y-intercept of:

A. —6 B. -3 C.0 D.3

I Consider a linear graph that goes through the points (6, —1) and (0, 5). The gradient of this

line is:

A5 B. -5 c.1 D. -1

T3 A straight line passes through the points (2, 1) and (5, 4). Its rule is:

Ay=x—1 B.y=x+1 C.y=2x D.4y=>5x
I The rule for a line whose gradient is —4 and y-intercept = 8 is:

A.y=—4x+32 B.y=—4x+8 C.y=4x— 32 D.y=4x— 8
LI Identify which of the following linear rules will not intersect with the straight line defined by
y=3x.

A.y=3x+2 B.y=—3x+1 C.y=—3x+2 D.y=—2x+1
& If y =2x+ 1, select from the following the point that could not be on the line.

A.(3,7) B. (—3,-5) c.(0, 1) D. (=3, 0)
Write down the gradient and the y-intercept of the following linear graphs.

a. y=8x—3 b. y=5-—9x c. 2x+y—6=0

d. 4x—2y=0 e.y=2x3_1

I Determine which of the following lines are parallel to the line with the equation y = 6 — x. There
could be more than one correct answer.

A y+x=4 B.y=13—x

C.2y—2x=1 D.x+2y—4=0
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12. I3 Determine which of the following rules will yield a linear graph. There could be more than one

correct answer.

1 1
A 3y=—5x—— B. y=3x2—-2—
y 2 Y 2

C.3x+4y+6=0 D. 2y =4%x +9?

13. Determine the gradient of the lines shown.

a. )’;\/( b. YA
10

< :x < 0 §
5 0
(5,=2)
Y Y
c YA
17
> = >

Y

14. Calculate the gradient of the line passing through the following pairs of points.
a. (2,—-3)and (4, 1) b. (0,—-5) and (4, 0).

15. For each of the following rules, state the gradient and the y-intercept.

a_y:—3x+7 b. 2y-3X:6 c.y=—gx d'y:4

16. For the following rules, use the gradient—intercept method to sketch linear graphs.
2 5
a. y=—x+5 b. y=4x—2.5 c.yzgx—l d.y:3—Zx
17. For the following rules, use the x- and y-intercept method to sketch linear graphs.

a. y=—6x+25 b. y=20x+45 c. 2y+x=-5 d. 4y+x—-25=0

18. For the following rules, use an appropriate method to sketch linear graphs.

1
a. y=—-3x b.y=Zx c. y=-2 d. x=3
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19.

20.

21.

22.

Determine the rule of the lines shown.
a. Y b. Y]

(3, 06)
\

A

<Y

A

\

\
T~
7

/

Determine the linear rules given the following pieces of information.

a. Gradient =2, y-intercept = —7 b. Gradient =2, x-intercept =7

c. Gradient =2, passing through (7, 9) d. Gradient = —5, passing through the origin
e. y-intercept = —2, passing through (1, —3) f. Passing through (1, 5) and (5, —6)

g. x-intercept = 3, y-intercept = —3 h. y-intercept =5, passing through (—4, 13)

Determine the midpoint of the line interval joining the points (—2, 3) and (4, —1).

Calculate the distance between the points (1, 1) and (4, 5).

Problem solving

23.

24,

25.

Louise owes her friend Sula $400 and agrees to pay her back $15 per week.

a. State a linear rule that demonstrates this debt reduction schedule and sketch the graph.
b. Calculate how many weeks it takes Louise to repay the debt.

c. Calculate how much she owes after 15 weeks.

d. Evaluate how many repayments Louise needs to make to reduce her debt to $85.

A bushwalker is 40 km from their base camp when they decide to

head back.

If they are able to walk 3.5 km each hour:

a. determine the linear rule that describes this situation and sketch
its graph

b. calculate how long, correct to 1 decimal place, it will take them
to reach base camp

c. calculate how far they will have walked in 6.5 hours.

Udaya is writing test questions. She has already written 25 questions and can write a further

5 questions per hour.

a. Represent this information as a linear equation where ¢ hours is the time spent writing test questions
and n is the number of questions written.

b. Predict the total number of questions written after a further 8 hours assuming the same
linear rule.

c. Calculate how long, to the nearest minute, it will take Udaya to have written 53 questions.
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26. Catherine earns a daily rate of $200 for working in her
mother’s store. She receives $5 for each necklace that she
sells.

a. Write an equation to show how much money () Catherine
earned for the day after selling (n) necklaces.

b. Graph the equation that you created in part a, showing the
two intercepts.

c. Explain which part of the line applies to her earnings.

d. Explain which part of the line does not apply to
her earnings.

27. Calculate the gradient of the line passing through the points (2, 3) and (6 + 4, 5 + 2¢). Write your
answer in simplest form.

28. Determine the point on the line y =2x 4 7 that is also 5 units above the x-axis.

29. An experiment was conducted to collect data for two variables p and . The data are presented in the
table shown.

1 1
—= = 3.6
2 2
2L s 593
R 4

It is known that the relationship between p and 7 is a linear one. Determine the two values missing from
the table.

30. The distance from the origin to the y-intercept of a linear graph is three times the distance from the
origin to the x-intercept. The area of the triangle formed by the line and the axes is 3.375 units®. The
line has a negative gradient and a negative y-intercept.

Determine the equation of the line.

To test your understanding and knowledge of this topic go to your learnON title at
www.jacplus.com.au and complete the post-test.
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Answers

Topic 4 Linear graphs
4.1 Pre-test
1. On the x-axis (because y = 0).

2.a.C b. D
d. A

. = —Hm=)
Y=

.y =20x+ 400

.a=-5

V29

.D

La.y=—x+2 b. (-1,3)

1
. Gradient = ——
2

y-intercept = (0,2.5)
14. (=1, 1)
15. (—1,=5)

4.2 Plotting linear graphs
1.a.B b. C
2.a i.y=x

[SEF e ®©

(=]

I\

|
\S)

|
~

(SR NI- N

9,
S

3| 2
-3 | 2




3. a. Sample points shown; y = —x 8. By plotting the points on the Cartesian plane and joining
them to make a line it can be seen that this line does not

YA
y==x 1 pass through the third quadrant.
4 9. a. The first, second and third quadrants.
3.3 5 | b. Answers will vary. Sample response: Substitute point

(1, 3) into line equation. 3 # 1 + 1.
10. Answers will vary. Sample response: Substitute the point
into the line equation. If the LHS equals the RHS of the
4 | equation, then the point lies on the line. Alternatively, graph
the line and check the point on the Cartesian plane.

-4 4,-4) 11. Answers will vary. Sample response: Plot the points on the
1 Cartesian plane and draw a line through the points. Find
X the equation of the line. Check all points lie on the line by

b. Sample points shown; y = ! Xx+4 substituting into the line equation.
2 12. (59, 21)
qin ik 13. a.
y—2x+4 @.5) m A
4 ]
4 80—
(-4.2) 1
4 o 60
) Y
| T P T | 0 TT T 1 &
2 | o |0 2 | 4 [= S 40
2 T
| 20
4
- ’ T . 22— T s

b.m=5t+1

c. Sample responses can be found in the worked solutions
in the online resources.

14. Stirring increases the rate of reaction.

4.3 Features of linear graphs

1.a.6 b. —4 c. 0
6
d. = e. —2.2 f. —45
5
2.a.0 b. 0.1 c. —2.6
d. 0 e.9 f. —0.1
3.a.23 b. 54 c. —6 d. 70
k 4. a. 1 b. 5.2 c. 100 d. 100
4 5.a.4 b. 1 c. 0
i 6. a. 20 b. 400 c. =5.2
7.a.0 b. =5 c. =300
- - 8.C
-4 2 .
9. y-Intercept =c¢
10. a. (0, —10) b. (0, —4) c. (0,3)
d d. (0, 7) e. No y-intercept
i . . rise
Y 11. There is a rise and no run; T = undefined.
4. a. Yes b- No ¢ No d. Yes 12. There is no rise and a run; — =0
5. a. Yes b. Yes c. Yes run
d. No e. No f. No 13. Sample responses can be found in the worked solutions in
6.D the online resources.
a. B b. A c.D d. C
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14

. It does not matter if you rise before you run or run before

you rise, as long as you take into account whether the rise

or run is negative.

y—c
.a.m= b.y=mx+c

X
.a. 0.28 b. 0.64
. 0.6 > 0.58, therefore the safety standards have not been met.
. 0.3 metres
. a. Lamb: m = $15/kg, Chicken: m = $10/kg,

Beef: m = $7.50/kg

b. Lamb: $15, Chicken: $10, Beef: $7.50

c.i.$15 ii. $5 iii. $15
d. $35
e Cost per Weight
kilogram | required Cost =
Meat ($7/kg) (kg) $/kg x kg
type
Lamb 15 1 1S
Chicken 10 0.5 5
Beef 7.50 2 15
Total cost 35
3
20.a.m=—=
2

b. It does not matter which points are chosen to determine
the gradient of the graph because the gradient will

always remain the same.

c. Straight line with a y-intercept of (0, —2)

and a slope of —3

4.4 The equation of a straight line

1.a.y=4x+2 b.y=—=4x+1 c.y=4x+38
2.a.y=6x+7 b.y=—=2.5x+6 c. y=45x+ 135
3.a.y=—-2x b. y=4x c. y=10.5x
4. a.y=-20x b.y=1.07x c.y=32x
5.a.y=x+2 b.y=—x+8
c.y=—4x-38 d.y=2x—13
6.a.y=—5x+70 b.y=2x—23
c.y=—6x+11 dy=—x—1.5
7.a.y=06x+30 b.y=-3.5x+15.5
c.y=1.2x—4.08 d.y=0.2x—1.76
8. a.y=—4x—24 b.y=2x—6
c.y=—-2x+4
9.a.y=5x+35 b.y=1.5x-3.75
c. y=0.4x—0.96
10. a. y=x+17 b.y=—x+3
c.y=11 d.y=x+3.5
1. a.y=—x+3.5
b.y= 2 +34( 9 +34)
.y==x+—(or9y=
y 9x 5 y=x
c.y=—6x+90
d.y=20x

12.

13.

14.

15.

16.

17.

18.
19.
20.

21.

22,

23.

24.

25.

ay=—x+4

b.y=-0.25x+5.5

2 3’2( 7y =2x—32)
c.y=—-x— — (or7y=2x—
Yy 5 7 y

2 10
d.y:—x+—(or3y=2x+10)

3 3

=5
a.y=x+3 b.y:Tx+5
7

c.y=—6x+6 d.y=§x+35
a.y=x+38 b.y=—-2x+6

23 dy= x50
y=—x-— Ly=-=x
c.y - Yy 1

7
a.y:Zx b.y=x c.y=-—2x
dv=—3 _—24 ; X
y=-—3x e.y=—T% .y_3
ay=2x+4 b. y=5x

1

ay=—x+3 b.y=gx
ay=x+2 b.y=—-2x+3
a.B b. A c.D
ay=—24x-—12 b. y=—58.32

a.y=—0.6x+ 10

(15)
b. [ 16=,0
3

5
a. The equation is y = Zx — 2135

b. Values of ¢ cannot be read directly from the graph
because the graph doesn’t contain the origin, and since
¢ is found at x = 0, we need to use the equation.

c. In 2040 the concentration of CO, will be approximately
430 ppm. The assumption is that the concentration of
CO, will continue to follow this linear pattern.

—15+7
m=———=-=2
4-0
y=-=2x+c
6=—-6+c
c=12

The equation is y = —2x + 12.

a.LineAy=x—1,LineB:y=—x+38

b. (4.5,3.5)

c. Sample responses can be found in the worked solutions
in the online resources. Possible methods include
graphing on a Cartesian plane or using algebra.
LineB:y=—x+8m=—1,m; =1

y=x+c
6=—-4+c¢
c=10
m=-C
4
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26.a,cC c.y==-3x+6

Vi y

(0,6)

y=-3x+6

4
2
(2,0
EREEINEBEEREE
12
-4
b.y=—2x+4+3 (1,1 d. I star
y=ma o (1, 1) . 2 a 3y+dr=—12
e. Sample responses can be found in the worked
solutions in the online resources. Possible responses z i
could include the following.
y=—x—1,x=2 4

27. Sample responses can be found in the worked solutions in —
the online resources. Responses should include the correct
equation: 7=4.25¢ + 15.

28. 8.1 mL | B O
6 -4 4 6x
29. a. A:$0, B: $100, C: $200
b. A:$80, B: $50 C: $33.33
c. A:w=80h, B: w=150h 4+ 100, C: w =33.3h 4+ 200
d.i.C i. A 3y+4x=-12
e. The advantage of location C is that it has the highest =67

minimum pay, so you would be guaranteed at least $200

per day, regardless of how many hours you work. b.x—y=3
YA
f. i. A:$160, B: $200, C: $266.66 6
ii. A:$480, B:$400, C:$400 l
4

4.5 Sketching linear graphs
1.a. 5y —4x=20

Sy—4x = 20

\
I
o
|
Do
1
ro
=
L

4 c.2y+7x—8=0
\ hJ
b.y=x+2 ]
4-4(0,4)
P 2y+7x-8=0
1
e (17:9) :
Raxd | T T T T Y
Ly =2 10 2 14|l gl g | 10f
X o]
—4—
] —6-
4 A
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Y 5. a. YA
10 04 y=4
)
ol
o T T i
IS ) A I bodedid
b
]
Y
b yA
3 -
- . 5 - >
23 3 o
y (-3,0)
10 -3 y=83
y=-2x42
Y
0,2
O:2% 1, 0) 6. a A
T T 0 T T 5
10 -5 510
P 71 R | T 0 T R
10 -5 5 10
-10 —5-
Y "
16 : T |©.F12.5)
st PIaf-] —154 - A=rl25
Y
10* b. 24 14
75
4
(0’ 5)
-7 >
-1 g
0,4) Ta (1, 3)
I 1
10 [ -5 |0 10 X 1
Y
-5 y=4-x
7. a YA %=
~10
2—
! - 0,2
< . >
5% 5 0 2 X
-2
(0,-10)
(1,-11)
~154 Y
Y
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=2y
Y=

2

5
. The x-intercept is 10, the y-intercept is 4.
YA
0O

v




b y ii y
6
0,5)
2
T T T T T T T
3.0) gk —/\’ 2 13 lglglx
4/ |9 | 2]4*> (105.0)
4 53 4
o y=Xys i, —Sx+3y=15 -6
3
La.y=-x—8 iii. Sample responses can be found in the worked
3 solutions in the online resources.
b.y=0,4x=24,x=6 b. Sample responses can be found in the worked solutions
x=0,-3y=24,y=-8 in the online resources.
c. y 22. Sample responses can be found in the worked solutions in
s PR YY) the online resources.
5 4.6 Technology and linear graphs
(6,0) 1. i. As the size of the coefficient increases, the steepness of
1_{ 0 s ! 1'O§ the graph increases.
ii. Each graph cuts the x-axis at (0, 0).
iii. Each graph cuts the y-axis at (0, 0).
- 2. i. As the size of the coefficient decreases, the steepness of
the graph decreases.
—ax+c ii i
a.y= ii. Each graph cuts the x-axis at (0, 0)
b iii. Each graph cuts the y-axis at (0, 0)
—a
b. Sample response: The gradient is — substituting 3. i. As the magnitude of the coefficient decreases, the
positive values always steepness of the graph increases.
results in a negative gradient. ii. Each graph cuts the x-axis at (0, 0).
. Sample response: ii. Each graph cuts the y-axis at (0, 0).
4 4. a. positive, positive b. downward, negative
dy=sx+3 c. bigger d. will
4y =2x+3 5. a. Yes, 1
—2x+4y=3 b. No, the lines are parallel.
. Sample response: All descriptions use the idea that a c. 1(0,0,x=0
dient is equal to "%, which equals = in all of th 20 x= 2
gradient is equal to —t which equals 3 in all of these i (2,00, x=2
Cases. d. i.(0,0),y=0
. a. The gradient is 2. b. The equation of the line is ii. (0,2),y=2
y=2x—1 ii. (0, —2),y=—2
c. One point is (1, 1). it (0, =2), y
L C i B oA 6. a. Yes, —1
na b t - 1 b. No, the lines are parallel.
b. Straight line y-intercept of (0, 2) with a slope of B c. i.(0,0),x=0
. i. (2,0),x=2
a. . vA
iii. (=2,0), x=—2
d. i (0,0),y=0
ii. (0,2),y=2
ii. (0,—=2),y=-2
7. a. same b. y-intercept, y-axis
c. y-intercept d. x-intercept
8. i. No
ii. Yes
2
iii. a. 1 b. —1 c.3 d —=
5

TOPIC 4 Linear graphs 249



iv. a. (—5,0),i.e.x=-5 16. a. y=2x—28.5

b. (5,0),i.e.x=5 b. ¥}
5 . 5 29 y=2x-85
c. (—5,0),1.6.)6:—5 L (425,00
T T 0 T T T X
25 25 -4 2 2 6 8
d. (—,0>,i.e.x=— 2
2 2 i
v. a. (0,5), Le.y= 5 14
b. (0,5),1ie.y=5
c. (0,5),ie.y=5 L6
d. (0,5),ie.y=5
9. a. steepness b. y-coordinate, y-axis (0,-8.5)
c. same, parallel d. the same
10. a. Gradient = 2, y-intercept = (0, 0), y=0
b. Gradient = 1, y-intercept = (0, 1), y =1

c. Gradient = -3, y-intercept = (0, 5), y =5

2 c.y=17.5
d. Gradient = 3 y-intercept = (0, =7), y =7 d. x=10.25
11. Sample response: They all have in common the point (1,5).  17. a. C =25n+ 1000
Their gradients are all different. b. (0, 1000). This is the initial cost of the site licence.
12. Sample responses can be found in the worked solutions in C: 2(6)000
d.

the online resources. Use solve on your CAS calculator.
13. Answers should show the y-intercept (0, 2.2), point (1, 2.75) 18. a. Sample response: Possible methods include plotting

and gradient 0.55. the points (0, 325) and (1, 328.8) or using the equation
14. a. N is the number of dogs walked; —$15 is Shirly’s starting €= 3.8m'+ 325.
cost and out-of-pocket expense before she walks a dog, b. 382 calories
and she earns $10 for every dog walked. c. 32.9 minutes

b. She needs to walk at least two dogs a week before she . . . .
can make a profit. 4.7 Practical applications of linear graphs

c. P l.a.y=6x—35 b.y=—-3x+8

la 2.ay=2x+4 b.y=09x+1.1
3.a.y=3x+1 b.y=—x+17
: 4.2.v==3t+27 b.C=3d+38
(1.5,0) / P=-15+ 10N 5.D
) 0 2 1 11 A 6. a. A =25+ 60 b. $5060
i c. $60
7.a. C=0.55s + 2.0 b. $8.60
% i 8. a. N = 400¢ + 3200 b. 5400
c. 13200
0, -15)
9.a.27 b. 108
70 10. a. w= —40¢ + 712 b. 712L
c. 18 days

15. Sample responses can be found in the worked solutions in
the online resources.
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11. Sample responses can be found in the worked solutions in 5 a5 b. 9 c. —16 d. 0
the online resources. 6. a. (4,6) b. (=2, —3)
12. a. C=2.57d +3.50 c. (11,2) d. (=7,-3)
b. $33.06 7.y=5x—-17
c. 7.20km 8.a5 b. 10 1
13.5%21.4=107ecm=1.07m o a2 b. 13 10
14. a. N= =22t + 164 b. 120 10. a. 5 b. 17 .13
¢ 3 d. 7.5 months 1.2 7.211 b. 14.765 L 13.038
15. a. See the figure at the foot of the page.* 12. & 8.044 b. 19416 19.416
b. (0, —800), y = —800. Fixed costs are $800. s S S
c. (4,0), x =4, this is the break-even amount 13. a. 24.472 b. 25.464
d. 200, this is the sale price per print that contributes to 14. a. 17.788 b. 25.763
profit 15. 21.024km
16. a. C=2.14d + 3.50 16.d =75
b. $28.11 oSS
c. $52.93 TR TR
17. a. Y="T78.7A b. ¥196 750 c. Y, =76.5A —6+y
. —4 = >y=-2
18. Cody arrives first. 2
The required point is (=9, —2).
4.8 Midpoint of a line segment and distance 18 do = Y10
between two points AT
2,4) b. (5,1) 7,2 4ac = VIO
1.2 T e Therefore, B is equidistant from A and C.
2.a.(8,9) b. (0,5) c. (—1,2)
3. a. (=5,-2) b. (2,3) c. (0,12)
1 1 1
(sl ()
272 2
1 1 1 1
c(hol)  e(aked)
272 272
*15, a. PA
1400 —
1200 — P =200n— 800
1000 —
800 —
600 —
400 —
200 —
<11 T o T T T T T T =
—4 -2 2 4 6 8 10 12 14 16 4
=200 —
—400 —
—600 —
—800
/A
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19. a. y 8. Sample responses can be found in the worked solutions in the
Crpe j‘ online resources.

6—

5_

4

3 B (2,3)

2—

1 o

] T P O O O O ! 0 L el ol kesl }
8-7-6-5432-11)4°1 23456738

4.9 Review questions

© ® N O O A N =
> W > 0w o wI

-2
-3
A1, —4) a4
-5 D (4,-5)
6 :
7 . D
=8 10. a. Gradient = 8, y-intercept —3
b. Gradient = —9, y-intercept 5
b. M =(-2,2) . .
5 \/3_7 c. Gradient = —2, y-intercept 6
C. . .
a4 (1. —2) d. Gradient = 22, y-intercept 0 l
3=(=4) 7 e. Gradient = —, y-intercept ——
e. m = 3 3 3
11. A,B
f.y=—4x+11 12. A,C,D
20. Sample responses can be found in the worked solutions in 2
the online resources. 13.a.2 b. ~5 c.0
dag =210 5
dgc =24/10 14.a.2 b. 7
dAC=4\/§ 15.a.m=-3, c=7
Side length AB is equal to side length BC but not equal to 3
side length AC. Therefore, AABC is an isosceles triangle. b.m= 5’ c=3
1
21, = 2
2 c.m=— -5- ,c=0
22, (_4’ 5) ’ (_37 2) ) (_25 _1) ’ (_la _4) ’ (Os _7)
dm=0, c=4
Project 16. a. v A
1.6 y=rx+5
2. Sample responses can be found in the worked solutions in the
online resources. 5 ,_\'
3.aandh (1,4
4. e
5.a,b,cand h
6. Yes bz
7 3 0 i 5 i
1 Length of Width of Destination
table (m) table (m) pocket
| a. 3 0.25 Far left
b. 3 0.5 Far left X
C. 3 0.75 Far left
d. 3 1 Far right
e. 3 1.25 Far left
L. 1. 3 1.5 Far left
| 9. 3 1.75 Far right
h. 3 2 Close right
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23. a. y =400 — 15x
YA

Y

b. 26.7 or 27 weeks
c. $175
d. 21 repayments

24. a. y=40—3.5x

i

by=2— >
y=2— =x
Y 7

b.y=2x— 14
d.y=—-5x
f.y=-=2."75x+7.75
h.y=—-2x+45 b. 11.4 hours

c. 22.75km
25. a. n=>5t+25 b. 65 c. 336 minutes




m = 5n+ 200
. See the figure at the foot of the page.*
. Everything to the right of the vertical axis and including

the vertical axis applies to her earnings because she can
only sell O or more necklaces.

. Everything to the left of the vertical axis, because she
cannot sell a negative number of necklaces and because
she cannot make less than her base salary of $200.

1
27. -
2

28. (—1,5)
29. p=-0.25,t= 0.25
30. y=—-3x—4.5
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TIEER] Overview

5.1.1  Why learn this?

Proportional relationships appear in many areas of everyday life.
When recipes are scaled up or down, ingredients are adjusted in
fixed ratios. Builders and tradespeople use consistent proportions
when mixing materials like concrete or paint to get the right
consistency and strength.

In photography and graphic design, images are often resized
while keeping their proportions the same, so they don’t look
stretched or distorted. Artists, architects, and engineers rely on
proportionality when creating scale drawings or models that
accurately represent real objects.

In geometry, the size of shapes may change, but their proportions
remain consistent. For example, the circumference of a

circle is proportional to its diameter. We say, simply, that the
circumference, C, is pi (7) times its diameter, d; that is, C = 7d.
Calculations of 7r date back to the time of Archimedes, but the
symbol became widely used in the 1700s. The Golden Ratio,
approximately 1.618, is a proportion that is found in geometry,
art and architecture and has been made famous in the illustrations
of Leonardo da Vinci (1452-1519).

Hey students! Bring these pages to life online

Watch Engage with Ask questions
videos interactivities and check solutions
Find all this and MORE in jacPLUS C)

jacTUTOR, your Extra learning

personal Al tutor— resources
here to help when LESSON 25
you’re stuck! Ask Subtracting integers
It anythlng LEARNING INTENTION
":_"'“::':”“_:: Differentiated
PR Vi e g et " question sets

@ 25.1 Subtraction of integers

I e g i

Questions with
immediate
feedback, and fully
worked solutions
to help students
get unstuck.

Reading content
and rich media,
including
interactivities and
videos for every
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Exercise 5.1 Pre-test learn

10.

11.

. State whether this statement is True or False.

The expression y o x means y is directly proportional to x.

T Identify which of the following relationships is directly proportional.

ANl o] 1] 2] 3 S o 1] 2] 3
B o | 2] 4|6 B o | 1[40

c Dl o | > 3
B [ 3]s |7

,_
Y
w
~

~
w
&}
—_

Mobile phone calls are charged at $1 per minute. State if the cost of a phone bill and the number of
1-minute time periods are directly proportional.

State whether this statement is True or False.
The perimeter of a square and its side length have a relationship that is directly proportional.

T If a x b and a =3 when b =9, select the rule that links @ and b.

A.a:lb B. a=3b C.a=§ D.a=9b
3 b

The quantities x and y are related to each other by direct variation. If & is the constant of proportionality,
complete the proportion statement x =

The voltage, v, that powers a mobile phone is directly proportional to the current, / amps.

A mobile phone with consistent resistance uses a current of two amps when powered by a voltage of
5.1 volts.

a. Determine the consistent resistance or constant of proportionality, k.

b. Calculate the voltage required to operate a mobile phone that would use a current of 1.2 amps.

State whether this statement is True or False. ! k
The statement ‘x varies directly with y’ can be written as y « — ory= —.
X X

I If y ocx and y = 12 when x = 3, the proportionality constant is:
A 12 B. 3 C. 36 D. 4

IIEIfyoc1 and y =2 when x = 5, the value of y when x = 20 is:
X

A 2 B. 5 C.

N | —
| —

™ y is directly proportional to x.

If x is tripled, select what y is.

A. Doubled B. Tripled

C. Reduced to one-third D. Reduced to one-ninth
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12. Given that y < x and Y 4, determine the rule linking y and x.
X

13. A worker earns $18 per hour. Write an equation to represent the relationship between hours worked, 4,
and total pay, P.

14. The number of cans in a vending machine is directly proportional to the number of rows.
There are 72 cans in 6 rows. How many cans are there in 10 rows?

15. Is the following statement true or false? Explain your reasoning.
“If a graph is a straight line, then it shows a proportional relationship.”

TP Direct proportion

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e understand the concept of direct linear proportion
e recognise and write direct linear proportion statements.

5.2.1 Direct linear proportion

e Proportion is described by two equal ratios.

In direct linear proportion, the two variables change at
the same rate.

Suppose that ice-cream costs $3 and that you are to buy
some for your friends.

e There is a relationship between the cost of the ice-cream
(C) and the number of ice-creams that you buy (n).

The relationship between the two variables (number of
ice-creams and cost of the ice-cream) can be illustrated in
a table or a graph.

n 0 1 2 3 4
(ol¢)) 0 3 6 9 12

This relationship is called direct linear proportion as it

shows the following characteristics:

e As n increases, so does C.

o The graph of the relationship is a straight line passing
through the origin as n =0 and C=0. (0 ice-creams
costs $0).
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e We say that ‘C is directly proportional to n’ or ‘C varies directly as n’.

12— Direct linear 4, 12)
proportion graph

T

+3

Cost of ice-creams (C)

Number of ice-creams bought (n)

Expressing direct linear proportion

If the y-values increase (or decrease) directly with the x-values, then this
relationship can be expressed as:

y xx

where « is the symbol for proportionality — this means that y is directly
proportional to x.

WORKED EXAMPLE 1 Checking for direct linear proportion

For each of the following pairs of variables, state whether

direct linear proportion exists.

a. The height of a stack of photocopy paper (%) and the
number of sheets (n) in the stack.

b. Your Maths mark () and the number of hours of
Maths homework you have completed (7).

THINK WRITE
a. When 7 increases, so does h. a. hxn
Whenn=0, h=0.
If graphed, the relationship would be linear.
b. As n increases, so does m. b. m is not directly proportional to .
When n=0, I may get a low mark but it is not necessarily
zero, so m # 0.
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WORKED EXAMPLE 2 Checking for direct linear proportion from a graph

For each of the following, determine whether direct linear proportion exists between the variables.

alylol1]2]3] 4 bl l1[ 23] 4
ylol 13715 ¢ 5101520

0 T i T é T é T ‘I‘. X
THINK WRITE
a. From the table, when ¢ increases, so does y. a. yis not directly proportional to ?.
When =0, y=0. The #-values increase by a constant
amount but the y-values do not, so the relationship is
not linear.
When ¢ is doubled, y is not.
b. From the table, as n increases, so does c. b. Cxn
Extending the pattern gives n =0, ¢ =0. The n-values
and C-values increase by constant amounts, so the
relationship is linear.

c. When x increases, so does y. c. yis not directly proportional to x.
When x=0, y=0.
The graph is not a straight line.

Note: Not all direct proportion relationships are linear. Non-linear direct proportion will be studied in later years.

DISCUSSION
How do you know when two quantities are directly proportional?

Discuss the impact on image editing if proportion is not maintained.
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Exercise 5.2  Direct proportion learn

5.2 Quick quiz 5.2 Exercise

Individual pathways

B PRACTISE Bl CONSOLIDATE B MASTER
1,3,6,9,13 2,5,7,10,11,14 4,8,12,15, 16
Fluency

1. IEEA For each of the following pairs of variables, state whether direct linear r
proportion exists. If it does not exist, give a reason why.

a. The distance (d) travelled in a car travelling at 60 km/h and the time
taken (7).

b. The speed of a swimmer (s) and the time the swimmer takes to complete
one lap of the pool (¢). el

c. The cost of a bus ticket (¢) and the distance travelled (¢). ™%

2. For each of the following pairs of variables, state whether direct linear proportion exists. If it does not exist,
give a reason why.

a. The perimeter (p) of a square and the side length (/).

b. The area of a square (A) and the side length (/).

c. The total cost (C) and the number of boxes of pencils purchased ().

d. The length of a line in centimetres (c) and the length in millimetres ().

3. For each of the following pairs of variables, state whether direct linear proportion exists. If it does not exist,
give a reason why.

a. The weight of an object in kilograms (k) and in pounds (p).

b. The distance (d) travelled in a taxi and the cost (¢).

c. A person’s height (k) and their age (a).

d. The cost of an item in Australian dollars (A) and the cost of an item in Euros (E).

4. State whether the following statements are True or False.
There is a direct linear relationship between:

a. the total cost, $C, of purchasing netballs and the number, n, purchased
b. the circumference of a circle and its diameter
c. the area of a semicircle and its radius.

5. I For the table shown, if y & x, then the values of a and b would be:

2 4 8
3 6 a b
A.a=8, b=16 B.a=8, b=24 C.a=9, b=12 D.a=12,b=24

Understanding

6. [l For each of the following, determine whether direct linear proportion exists between the variables. If it
does not, explain why.

a| x 0 1 2 3 4 b.[ g 0 2 3 6
y 0 1 3 8 15 M 0 8 16 | 24 | 48
c.| ¢ 0 1 2 4 8 d| p 0 1 2 3 4
d 0 3 6 9 12 C 10 | 20 | 30 | 40 | 50
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7. For each of the following, determine whether direct proportion exists between the variables. If it does not,
explain why.

a. C b. 4
15 5
12_- 4
9_- 3_
6—- 2
3- -
" i e s 0" O 1234 5!
c d
10 102
8—- 8—-
6—- 6—-
A0 4]
2—- 2__
0 123 4 5 02 4 6 5 104

8. List five pairs of real-life variables that exhibit direct linear proportion.

Reasoning
9. Explain which point must always exist in a table of values if the two variables exhibit direct linear
proportionality.
10. If direct linear proportion exists between two variables m and n, fill out the table and explain your reasoning.
m 0 2 5
n 0 20

11. If the variables x and y in the following table are directly proportional, find the values of a, b and c. Explain
your reasoning.

2 4 9 a
y 8 b c | 128

12. If y x x, explain what happens to:
a. yif x is doubled b. y if x is halved c. xif y is tripled.

Problem solving

13. Mobile phone calls are charged at 17 cents per 30 seconds.

a. Does direct linear proportion exist between the cost of a phone bill and the number of 30-second time
periods? Justify your answer.
b. If a call went for 7.5 minutes, determine how much the call would cost.

14. An electrician charges $55 for every 30 minutes or part of 30 minutes for his labour on a building site.

a. Does direct linear proportion exist between the cost of hiring the electrician and the time spent at the
building site? Justify your answer.
b. If the electrician worked for 8.5 hours, determine how much this would cost.
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15. A one-litre can of paint covers five square metres of wall.

a. Does a direct linear proportion exist between the number of litres purchased and the area of the walls to
be painted? Justify your answer.

b. Evaluate the number of cans needed to paint a wall 5 metres long and 2.9 metres high with two coats
of paint.

16. Bruce is building a pergola and needs to buy treated pine timber. He wants 4.2-metre and 5.4-metre lengths
of timber. If a 4.2-metre length costs $23.10 and a 5.4-metre length costs $29.16, determine if direct linear
proportion exists between the cost of the timber and the length of the timber per metre.

Proportionality

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e calculate the constant of proportionality
e express the constant of proportionality as a ratio of the two quantities.

5.3.1 Constant of proportionality

e Proportionality relationships (y « x) are shown by the graph with four straight lines:

by

1
)= —X 10
73
y=x 8 -
=2x
y 6
y=3x

¢ For the equation y = kx:
e kis a constant, called the constant of proportionality
o y is directly proportional to x, or y o x
o all the graphs start at (0, 0)
o yis called the dependent variable and is normally placed on the vertical axis (y-axis)
o xis called the independent variable and is normally placed on the horizontal axis (x-axis).
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WORKED EXAMPLE 3 Calculating the constant of proportionality

Given that y x x and y = 12 when x = 3, calculate the constant of proportionality and state the rule
linking y and x.

THINK WRITE
1. yxx, so write the linear rule. y=kx
2. Substitute y=12 and x =3 into y = kx. 12 =3k
3. Calculate the constant of proportionality by solving for . k=4

4. Write the rule. y=4x

WORKED EXAMPLE 4 Determining the direct proportion relationship

The weight (W) of $1 coins in a bag is directly proportional to the number of
coins (n). Twenty coins weigh 180 g.

a. Determine the relationship between W and n.

b. Calculate how much 57 coins weigh.

c. Determine how many coins weigh 252 g.

THINK WRITE
Summarise the information given in a table. W=kn
n 20 57
w 180 252
a. 1. Substitute n =20 and W= 180 into W= kn. a. 180 =20k
2. Solve for k. k=9
3. Write the relationship between W and n. W=09n
b. 1. State the rule. b. W=9n
2. Substitute 57 for n to find W. W=9x57
=513
3. Write the answer in a sentence. Fifty-seven coins weigh 513 g.
c. 1. State the rule. c. W=9n
2. Substitute 252 for W. 252=9n
3. Solve for n. n= 23—2
=28
4. Write the answer in a sentence. Twenty-eight coins weigh 252 g.
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5.3.2 Ratio

e If yxx, then y = kx, where k is constant.

Transposing this formula gives - k.
X

e The constant of proportionality, k, is the ratio of any pair of

values (x, y).
e For example, this table shows that v « .
t 1 2 3 4
v 5 10 15 20

15 10

It is clear that & =—=—= ? =35, therefore, k=5 and

y=>5t.

WORKED EXAMPLE 5 Applying the constant of proportionality as a ratio

Sharon works part-time and is paid at a fixed rate per hour. If she earns $135 for 6 hours’ work,

calculate how much she will earn for 11 hours.

THINK

1. Sharon’s payment is directly proportional to the
number of hours worked. Write the rule.

2. Summarise the information given. The value of x
needs to be calculated.

. P
3. Since p =kn, — is constant.
n

Solve for x.

4. Write the answer in a sentence.

WRITE
P=kn
n 6 11

B>
11
135x 11
= ——
6
x=247.5

Sharon earns $247.50 for 11 hours of work.
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Exercise 5.3  Proportionality learn

5.3 Quick quiz 5.3 Exercise

Individual pathways

B PRACTISE Bl CONSOLIDATE B MASTER
1,2,6,7,12,15 3,4,8,9, 13,16 5,10, 11, 14,17, 18
Fluency

1. IlIEA If a is directly proportional to b, and a = 30 when b = 5, calculate the constant of proportionality and
state the rule linking a and b.

2. If ax b, and a =2.5 when b =35, determine the rule linking a and b.
3. If Cxt, and C =100 when t =8, determine the rule linking C and z.
4. If v t, and t =20 when v = 10, determine the rule linking v and .

5. If Fxa, and a =40 when F = 100, determine the rule linking @ and F.

Understanding

6. N2 Springs are often used to weigh objects, because the extension of a spring (E) is directly
proportional to the weight (W) of the object hanging from the spring. A 4-kg load stretches a
spring by 2.5 cm.

a. Determine the relationship between £ and W.
b. Calculate the load that will stretch the spring by 12 cm.
c. Determine how far 7 kg will extend the spring.

7. Han finds that 40 shelled almonds weigh 52 g.

a. Determine the relationship between the weight (W) and the number of almonds (7).
b. Calculate how many almonds there would be in a 500 g bag.
c. Calculate how much 250 almonds would weigh.

8. Petra knows that her bicycle wheel turns 40 times when she travels 100 m.

a. Determine the relationship between the distance travelled (d) and the number of turns of the wheel (n).
b. Calculate how far she goes if her wheel turns 807 times.
c. Determine how many times her wheel turns if she travels 5 km.

9. Fiona, who operates a plant nursery, uses large quantities of potting mix. Last week she used 96 kg of potting
mix to place 800 seedlings in medium-sized pots.

a. Determine the relationship between the mass of potting mix (M) and the number of seedlings ().
b. Calculate how many seedlings she can pot with her remaining 54 kg of potting mix.
c. Determine how much potting mix she will need to pot 3000 more seedlings.

10. [IEAM Tamara is paid at a fixed rate per hour. If she earns $136 for five hours of work, calculate how much
she will earn for eight hours of work.

11. It costs $158 to buy 40 bags of birdseed. Calculate how much 55 bags will cost.
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Reasoning

12.

13.

14.

Problem solving
15.

16.

17.

18.

If 2.5 L of lawn fertiliser will cover an area of 150 m2, determine how much fertiliser is
needed to cover an area of 800 m? at the same rate. Justify your answer.

Paul paid $68.13 for 45 L of fuel. At the same rate, determine how much he would pay
for 70 L. Justify your answer.

Rose gold is an alloy of gold and copper that is used to make high-quality musical
instruments. If it takes 45 g of gold to produce 60 g of rose gold, evaluate how much
gold would be needed to make 500 g of rose gold.

Justify your answer.

If Noah takes a group of friends to the movies for his birthday and it would cost
$62.50 for five tickets, determine how much it would cost if there werel2 people
(including Noah) in the group.

Sharyn enjoys quality chocolate, so she makes a trip to her favourite chocolate shop. She is able to select
her favourite chocolates for $7.50 per 150 grams. Since Sharyn loves her chocolate, she decides to purchase
675 grams.

Evaluate how much she spent.

Anthony drives from Perth to Exmouth, covering an average of 75 kilometers in 45 minutes. The total
distance from Perth to Exmouth is 1260 km.

a. Determine the relationship between the distance he travelled in kilometres, D, and his driving time in
hours, 7.

b. Evaluate how long it will take Anthony to complete his trip.

c. If he stops at Geraldton, 410 kilometres from his starting position, determine how long it will take him to
reach Geraldton.

d. Determine how much longer it will take him to arrive at Exmouth after leaving Geraldton.

The volume of a bird’s egg can be determined by the formula V= k/*, where V is the volume in cm?, [ is
the length of the egg in cm and £ is a constant. A typical ostrich egg is 15 cm long and has a volume of
7425 cm’.

Evaluate the volume of a chicken egg that is 5 cm long.

TOPIC 5 Proportions 269



Indirect proportion (optional)

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e identify when two quantities indirect proportion

o . . k
e create indirect proportion equations in the form y = - to solve problems.
X

e If two quantities vary indirectly, then increasing one variable decreases
the other.

e Indirect proportion produces the graph of a hyperbola.

e The statement ‘quantity a varies indirectly with quantity b’ can also be
written as ‘quantity « is indirectly proportional to quantity b’.

YA

Lo . . 1
e If y varies indirectly to x, it is written as: yx — or y = —.
X X
¢ Asin direct variation, k is also called the proportionality constant or the

constant of proportionality.

WORKED EXAMPLE 6 Determining indirect proportion equations

The table shows how the time that it takes to complete a task varies with the number of workers.

Number of workers 1 2 3 4 6
Time taken (hours) 12 6 4 3 2

a. Draw a graph of the data.

b. Using the symbols ¢ and » for the time and the number of workers respectively, and the variation
symbol x, write a mathematical statement connecting the quantities.

c. Rewrite the statement from part b using an equals sign and the constant of variation k.

d. Choose one of the data points and calculate the value of k.

e. Restate the equation using the value of k.

THINK WRITE
a. The amount of time taken to complete the task depends on a. A

the number of workers; time is the dependent variable, so 14

place it on the vertical axis. g2 ¢

The smallest number of hours is 2 and the highest is 12, so E 107

use a scale of 2 on the vertical axis. b 8

The smallest number of workers is 1 and the highest is 6. E j : ? .

Use a scale of 1 on the horizontal axis. ) ° .

N S S
Number of workers

b. The graph looks like a hyperbola, so assume that b. tx !

the variables are indirectly proportional. Write this "

mathematically.
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c. The proportion sign can be replaced with ‘=k’. Write the c. t=
equation. n
. : k
d. Choose one pair of coordinates to help calculate kK — say d. 3= 1
4, 3). kK 4
Substitute the values =3 and n=4. 3x4= 7 X il
Solve for k by multiplying both sides by 4. 2=k
oy . . . 12
e. Replace k with its value of 12 in the equation. Write the e t=—
equation. "

WORKED EXAMPLE 7 Indirect proportionality 2

The table shows the time taken (¢) to fill a water tank using a different number of hoses (k) is
indirectly proportional.

Number of hoses 1 2 3 4 6
Time to fill (mins) 60 30 20 15 10

a. Write a mathematical statement connecting time taken (f) and number of hoses (k).
b. Determine how long it would take to fill the water tank if there were 9 hoses.
c. Determine the number of hoses required to fill the tank in 5 minutes.

THINK WRITE
a. 1. Write the statement for indirect proportionality. a. ta K
h
2. The proportion sign can be replaced with ‘=k’. = K
Write the equation. h
3. Substitute a set of values for 4 and ¢ such as 10= K
h=6, t=10. e
4. Solve for k. k=60
. . 60
5. Write the equation. t= n
. . . 60
b. 1. To determine how long it would take, substitute b. t=—
h =9 into the equation. 9
2
1=6-—
3
2. Convert the fractional answer into seconds. % of a minute would be 40 seconds.
3. Answer the question. It would take 6 minutes and 40 seconds.
c. 1. To determine the number of hoses, substitute r =15 c. 5= @
into the equation h
5h =60
o . 60
2. Solve for & by multiplying both sides by h and then h= =
dividing by 5. h=12
3. Answer the question. It would take 12 hoses.
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Exercise 5.4 Indirect proportion (optional) learn

5.4 Quick quiz 5.4 Exercise

Individual pathways

B PRACTISE Bl CONSOLIDATE B MASTER
1,4,5,10 2,6,8,11,13 3,7,9,12, 14
Fluency

1. Explain, in your own words, some of the differences between direct and indirect proportion.

2. llIZA The table shows the time taken to travel 100 km at different speeds.

Speed (km/h) 100 50 25 10 5 1
Time (h) 1 2 4 10 20 100

a. Plot the information on a graph on paper or on a calculator.

b. Using the symbols s for speed and 7 for time, together with the variation sign, write a mathematical
shorthand statement for the connection between the quantities.

c. Write the statement in part b as a rule with an equals sign.

. Choose one of the data points and calculate the value of k.

e. Restate the equation using the value of k.

o

3. A packet of sweets contains 20 pieces. They are to be divided equally among several friends.

a. Copy and complete the table to show the number of
sweets that each friend receives for various numbers

of friends.
N?mber of 20 | 10 4
friends
Number of 1 4 20
sweets each

b. Plot the information on a graph on paper or on a
calculator.

c. If n is the number of friends and S is the number of
sweets each friend receives, write a rule connecting
the quantities, using an equals sign and a constant of
variation, k.

d. Use this data to calculate the constant of variation, k.
e. Choose any of the other four data pairs and recalculate the value of k.
f. Write the rule connecting S and » using an equals sign.

4. IlIZA The table shows the time taken (7) to paint a wall using different numbers of painters (p). The time and
number of painters are indirectly proportional.

Number of painters 1 2 4 5 10
Time to paint (hrs) 20 10 5 4 2

a. Write a mathematical statement connecting time taken (7) and the number of painters (p).
b. Determine how long it would take to paint the wall if there were 8 painters.
c. Determine the number of painters required to paint the wall in 2.5 hours.
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5. The table shows the time taken (¢) to mow a field using different numbers of lawnmowers (). The time and
number of lawnmowers are indirectly proportional.

Number of lawnmowers 1 2 3 4 6
Time to mow (mins) 90 45 30 22.5 15

a. Write a mathematical statement connecting time taken (f) and number of lawnmowers ().
b. Determine how long it would take to mow the field if there were 5 lawnmowers.
c. Determine the number of lawnmowers required to mow the field in 12 minutes.

Understanding

6. A company that makes wotzits determines that the number sold depends on the price. If the price is higher,
fewer are sold. The market research gives the following expected sales results:

Price of the wotzit $1 $5 $20 $50 $100 $200 $400
Number sold (thousands) 400 80 20 8 4 2 1

a. Produce a graph of the number sold versus the price.

b. Using P for price and n for the number sold, state what equation connects the quantities.
c. Use the equation to predict the number sold if the price is $25.

d. Use the equation to calculate the price if the required sales are 250 000 wotzits.

7. A process to sterilise surgical instruments is tested and its success is found to depend on the temperature
used. The results are shown in the table.

Temperature of steriliser (°C) 10 20 40 50 80 90 100
Microbes remaining alive (%) 95 47.5 23.75 19 11.875 | 10.55 9.5

a. Produce a graph on paper or on a calculator of
the percentage of microbes remaining versus the
temperature of the steriliser.

b. Using M for the percentage of microbes remaining
and T for the temperature, state what equation
connects the quantities.

c. Use the equation to predict the percentage of
microbes remaining if a temperature of 75 °C is used.

d. Use the equation to calculate the temperature
required to ensure that no more than 2% of microbes
remain.

8. The variable y is inversely proportional to the variable x. When x=4,y=6.

a. Write a variation statement using the « sign for the relationship between y and x.
b. Calculate the constant of variation and hence write a rule for the relationship.

c. Use the rule to calculate the value of y when x = 3.

d. Calculate x when y =12.

9. The time ¢ (hours) it takes to complete a 100-km journey varies inversely with the speed v (m/s).

a. Write a proportionality statement connecting ¢ and v.

. Write a rule connecting ¢ and v using a constant of variation, k.
. Calculate the time needed to complete the 100 km at 50 km/h.
. Calculate the constant of variation.

. State the rule connecting ¢ and v.

O o 0 T
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Reasoning

10. IIEIfyocl and y =12 when x = 50, when x = 25:
X
1
A.y=6 B. y=18 C.y:125 D. y=24

11. I When an amount of gas is enclosed in a container, the pressure is indirectly proportional to the volume.
This is noticeable when using a bicycle pump. As the volume inside the pump is reduced by pushing the
plunger, the pressure increases. Using P for pressure and V for volume, determine which of the following is
not True.

A. As Vincreases, P decreases.

B. If Vis halved, P is doubled.
1

C. Px—

\%

0. Bk
\%

12. If yx 1 theny=l—c and yx =k.
X X
a. Copy and complete the following table.

48 24 16 12 8
y 2 4 6 8 12

yx

e C 1
b. State if it is true in this case that y o —.
X

Problem solving

13. A tech company uses drones to deliver packages across a city. The time it takes to complete all deliveries
is indirectly proportional to the number of drones in operation. On a particular day, 5 drones completed the
deliveries in 3 hours.

The next day, due to a software glitch, some drones were grounded. The deliveries took 5 hours to complete.
Determine how many drones were operational on the second day.

14. In a laboratory, a cooling system uses multiple identical fans to reduce the temperature of a heated metal
block. The time it takes to cool the block is indirectly proportional to the number of fans running.

With 4 fans, the block cools in 18 minutes. During an experiment, the cooling time needed to be reduced to
12 minutes to prevent overheating.

Determine how many fans must be used to achieve this cooling time.
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T Review

5.5.1 Topic summary

Direct proportion Constant of proportionality

If y is directly proportional to x, then:
* y varies with the value of x
c yxx

* as x increases (or decreases), y increases

(or decreases)

* x=0andy = 0 results in a straight line.

12y— Direc.t linear (4, 12)
proportion graph
—~ +3
Q
%o 3,9
Pt
5 +3
$el o0
%
© +3
S
© 3413
+3
0,0)

T T T
01 2 3 4 F
Number of ice-creams bought (n)

Not all direct proportion relationships
are linear.

e If yis directly
proportional to x, then:
o y= kx
* kis a constant called
the constant of proportionality
— this is the ratio of any pair of
values (x, y)
* the gradient of the straight
line is k
* all graphs start at (0, 0).
e yis called the dependent
variable and is normally placed

on the vertical axis.
e xis called the independent

variable and is normally placed
on the horizontal axis.

* An indirect proportion produces a graph
of a hyperbola.

« If two quantities vary indirectly, then
increasing one variable decreases the other.
« If y varies indirectly to x, it is written
assyalory=k.
x X
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5.5.2 Success criteria

Tick a column to indicate that you have completed the lesson and how well you think you have understood it
using the traffic light system.

(Green: I understand; Yellow: I can do it with help; Red: I do not understand)

Lesson Success criteria Q Q .

5.2 | can understand the concept of direct linear proportion.
| can recognise and write direct linear proportion statements.

5.3 | can determine the constant of proportionality.

| can express the constant of proportionality as a ratio of the two quantities.

5.4 | can identify when two quantities show an indirect proportion.

k
| can create indirect proportion equations in the form y = - to solve
X
problems.

5.5.3 Project

Planning a Market Stall

You are running a stall at a weekend market selling homemade lemonade. You need to plan how much of
each ingredient to bring, calculate costs and profits, and scale your recipe depending on expected sales.

The lemonade recipe you use makes 2 L of lemonade from the following ingredients:
— 4 lemons
- 200 g sugar
— 2 L water

1. You plan to make 24 L of lemonade for the market. How many lemons, grams of sugar, and litres of
water will you need?

2. Lemons cost $0.80 each, sugar costs $2.00 per kg and water is free. What will your total ingredient
cost be?

3. Each cup of lemonade is 300 mL. What is the maximum number of cups that you can sell?

4. If you plan to sell each cup for $3.50, how much profit would you make if you sold the maximum
number of cups?

5. On the day of the market, you realise you only brought 40 lemons. Using the original recipe ratio, how
many litres of lemonade can you now make? What is the new maximum number of cups you can sell?

6. Your friend has an idea to make up for the reduced number of lemons. They say, “Why not dilute the
lemonade a bit to make more cups?”. You decide to keep the sugar and lemon quantities the same but
increase the water.
If you increase the water by 25%, how many litres of lemonade will you have? How many cups of
lemonade is this?

7. The ratio of lemon to sugar is important for taste. You used 4 lemons for 200 g sugar in the original
recipe. What is the constant of proportionality between lemons and sugar (in g per lemon)? Explain what
this number means in context.
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Exercise 5.5 Review questions learn

Fluency

1. [T y is directly proportional to x and y =450 when x = 15. The rule relating x and y is:
A.y=0.033x
B. y=30x
C.y=60x
D.y=6750x

2. A If y x x and y = 10 when x = 50, the constant of proportionality is:
A. 10
B.5
C.1
D.0.2

3. A If y x x and y = 10 when x = 50, the value of x when y =12 is:
A. 6
B. 60
C.40
D.24

4 I If y xx and y = 10 when x =5, what is the value of x when y =42
A. 125
B.2
C.8
D.5

5 A If y is indirectly proportional to x, and y = 6 when x = 3, what is the value of x when y =9?
A 1l
B. 2
C.45
D. 6

6. In the table below, if y  x, state the rule for the relationship between x and y.

1 2 3
4 8 12

0
0

SR

7. In the table below, if ¢ « p, state the rule for the relationship between p and q.

3 6 9
2 3

0
0

8. In the table below, if g & 1 , state the rule for the relationship between p and g.

M2 4 6 | 12
ﬂ6 3 2 |1
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9. In the graph below, y varies directly as x. State the rule for the relationship between x and y.

YA
84 (3,7.5)
6_
2,5)
4_
5] fa,25)
0 T T =

10. True or False: The following graph shows that y &< x. Give your reason.

YA
4 -

<Y

11. If wx v, and w="7.5 when v =15, calculate k, the constant of proportionality.

Problem solving

12. A recipe for 4 people uses 300 mL of cream.
a. How much cream would be needed to serve 6 people?
b. How much cream would be needed to serve 10 people?
c. If you only have 225 mL of cream, how many people can you serve?

13. A print shop charges in proportion to the number of posters printed. Printing 50 posters costs $62.50.
a. How much would it cost to print 200 posters?
b. How many posters can be printed with $100?

14. A small photograph has a width of 6.4 cm and a height of 12 cm.
It is enlarged so the proportions stay the same and the width becomes 20 cm.
a. What scale factor was used to enlarge the photo?
b. What is the height of the enlarged?

15. A model train travels along a track made of repeating metal segments. The train covers 24 segments in
36 seconds.
Due to a design change, the new model track has longer segments, but the train travels at the same
speed. Each new segment is 1.5 times the length of the original.
a. How many new track segments will the train pass in 36 seconds?
b. If the new track layout uses 100 segments, how long will the train take to travel the full track?
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16. At a national park, bikes can be hired for a fixed amount of time. The cost is directly proportional to the
number of bikes hired and the number of hours used.
A group hires 3 bikes for 4 hours and pays $72.
a. What is the constant of proportionality in this situation, and what does it represent in context?
b. How much would it cost to hire 5 bikes for 6 hours?
c. Another group paid $96 to hire 4 bikes. How long did they hire them for?

17. The pressure P of a gas is indirectly proportional to its volume V. When the volume is 8 litres, the
pressure is 150 kPa.
a. Write a variation statement using the « symbol for the relationship between P and V.
b. Calculate the constant of variation and hence write a rule for the relationship.
c. Use the rule to calculate the pressure when the volume is 10 litres.
d. Calculate the volume when the pressure is 200 kPa.

18. The time ¢ (in hours) it takes to build a fence is indirectly proportional to the number of workers w.
a. Write a proportionality statement connecting # and w.
b. Write a rule connecting ¢ and w using a constant of variation, .
c. If 4 workers can build the fence in 15 hours, how long would it take 6 workers?
d. Calculate the constant of variation.
e. State the rule connecting ¢ and w.

To test your understanding and knowledge of this topic, go to your learnON title at
www.jacplus.com.au and complete the post-test.
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Answers

Topic 5 Proportions
5.1 Pre-test

True
A
Yes

. True
A

I N R

6. x =
y

7.a. k=2.55 b. v= 3.06 amps
8. False

9.D

10. C

11. B

12. y=4x

13. P=18h.

14. 120

15. False. A proportional relationship is a straight line that
passes through the origin (0, 0).

5.2 Direct proportion

1. a. Yes
b. No; as speed increases, time decreases.
c. No; doubling distance doesn’t double the cost.
2. a. Yes
b. No; doubling the side length doesn’t double the area.
c. Yes
d. Yes
3. a. Yes
b. No; doubling distance doesn’t double the cost (due to the
initial fee).
c. No; doubling age doesn’t double height.
d. Yes
4. a. True: as the number, n, increases, so does the cost, $C.
b. True: C = 7D, as C increases with D. 7T is a constant

number.

1
c. False: A = E?Trl, S0 it is not linear.

6. a. No; as the value of x increases, the value of y does not
increase by a constant amount.

b. Yes; as the value of a increases, the value of M increases
by a constant amount. For every increase in a by 1, the
value of M increases by 8.

c. No; as the value of x increases, the value of y does not
increase by a constant amount.

. No; when n = 0, C does not equal 0.
Yes
. No; when ¢t =0, d does not.

. No; as x doubles, y does not.

2 o T o o

. No; when d =0, w does not.
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10.

11.
12.

13.

14.
15.

16.

. Sample responses can be found in the worked solutions in

the online resources.

. The point (0, 0) must always exist in a table of values of two

variables exhibiting direct proportionality.

The missing value is 8. The relationship between n and
m can be calculated by the values 5 and 20 in the table
(n=4m).

a=32,b=16,c=36

a. y is doubled. b. y is halved.

c. x is tripled.

. Yes, direct proportion does exist.

. $2.55

Yes b. $935

. Yes, direct linear proportion does exist.

T o M T D

. 6 cans of paint

Direct proportion does not exist. The price per metre for the
4.2-metre length is $5.50, and the price per metre for the
5.4-metre length is $5.40.

5.3 Proportionality

9.
10.
. $217.25
12.
13.
14.
15.
16.
17.

11

18.

N oo s e N =

.k=6,a=06b
.a=0.5b

. C=12.5t

. v=0.5¢

F=2.5a

a. E=0.625W b. 19.2kg c. 4.375cm
a. W=1.3n

b. ~ 385 almonds

c.325¢g

a.d=2.5n b.2017.5m c. 2000 turns
a.M=0.12n b. 450 seedlings c. 360kg
$217.60

13.33L

$105.98

375¢

$150

$33.75

a. D=100T c. 2 hours 12 minutes
b. 6 hours 6 minutes d. 3 hours 54 minutes
275em’

5.4 Indirect proportion (optional)

1.

Direct variation Inverse variation ‘

Increase in x means | Increase in x means
an increase in y. a decrease in y.

Graph is a straight Graph is a
line through (0, 0). hyperbola.

k
y=/;x y=:
:’k:; =>k=uxy




100
80
60
40
20

0" 2040 60 80100 °

1
b. fx —
s

c.t=-

S
d. k=100
100

S

e.t

Number of

friends 20 10

Number of
sweets

20

S
20

15
10
5

5101520 "

b. 2.5 hours

. 18 minutes

b.
c. 7.5~ 8 lawn mowers.
a

g n
400

-

300

200 +

100

c. 8 painters

0 T I T T
100 200 300 400

400
b.n=—

P
c. n=16000 sold

d. P=3$1.60

—

100
80
60
40
20
0 20 40 60 80100T
950
b.m=—
T
c. 12.67%
d. More than 475 °C
1 24
8. a yx— b.y=— c. 8
X X
d. 2
1 k
9. a tox— b.t== c.2h
v v
100
d. 100 e.t=— f. 54.5 min
v
10. D
11.D
12. 2. S 48 24 16 12 8
2 4 6 8 12
yx 96 96 96 96 96
b. Yes
13. 3 drones
14. 6 fans
Project
1. 48 lemons, 2400 g of sugar, 24 L of water
2. $43.20
3. 80 cups
4. $236.80
5. 20 L of lemonade. 66 full cups
6. 25 L of diluted lemonade. 83 full cups
7. 50g per lemon. In context, this means that 50 g of sugar is

used to sweeten the mixture for every lemon used.

5.5 Review questions

I I
e R LA
&

W=
hS]

4]
Q9

|
s |5
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. False. The graph starts at (0, 0) and increases, but it is not 17. a. P 1 b. P= c. P=120kPa
linear. Therefore, y does not vary directly with x. \4 \4
15 d. V= 6litres

-8 450mL AR UuIE C5e 18. a. fox — b.t= c. t=10hours
. a. $250 b. 80 17
. 3.125 b. 37.5cm d. k=60

. 16 b. 225 seconds

. Constant of proportionality =72 + 12 = $6 per bike-hour
. $180

. 4 hours
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TRl Overview

6.1.1 Why learn this?

Galileo did a lot of important things in his
lifetime. One of these was showing that objects
launched into the air at an angle follow a
parabolic path as they fall back to the ground.
You can see this for yourself every time you
throw a basketball, kick a football or hit a golf
ball. As a ball moves through the air, gravity
acts on it, causing it to follow a parabolic curved
path. The parabolic curve that it follows can

be described mathematically by quadratic
equations. Every ball that is thrown, every arrow
shot from a bow and every rocket launched into
space has a quadratic equation that describes that
object’s position in space and also in time.

Quadratic equations also describe the parabolic shape of radio telescope dishes like the one at Parkes in New
South Wales. The curved shape of these telescope dishes allows radio waves from space objects like quasars,
galaxies and nebulae to be focused at a receiver to get a stronger signal. It was even used to relay transmissions
between NASA and Apollo 11 during the first moon landing. On a much smaller scale, parabolic satellite dishes
allow us to get clear internet and television. The bend in a banana, the loop of a rollercoaster, the curve of some
suspension bridges or the path of a droplet of water from a fountain — these are all examples of the parabolas
and quadratic equations that are all around us.

Hey students! Bring these pages to life online A !Zq
Watch Engage with Ask questions r,) 9
videos interactivities and check solutions y ’

Find all this and MORE in jacPLUS

jacTUTOR, your Extra learning

personal Al tutor— resources
here to help when LESSON 25
you’re stuck! Ask Subtracting integers
It anythlng LEARNING INTENTION
'T,::?::::- - Y Differentiated
e e question sets

@ 2.5.1 Subtraction of integers

[ [ S

Questions with
immediate
feedback, and fully
worked solutions
to help students
get unstuck.

Reading content
and rich media,
including
interactivities and
videos for every
concept
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Exercise 6.1 Pre-test

learn

10.

11.

12.

13.

14.

15.

. Solve the equation x> = 81.

Solve the equation 2x? = 72.

Verify whether x =5 is a solution to the equation —2x? = 50.

Solve the equation (x — 3)(x+7) =0.

Solve the equation 5x(x — 8) =0.

The equation 6x> = k has one solution. Determine the value of k.

State whether the following is True or False.
The quadratic equation (x —4)(x —4) = 0 has two solutions.

Solve the equation (2x — 1)(3x —5) =0.

State whether the following is True or False.

A quadratic function of the form y = ax~ crosses the y-axis at (0, 0).

2

T3 Which of the following is a point on the graph of the quadratic function y = 3x*?

A. (1,2) B. (3,1) C. (0,1) D. (2,12)
Complete the following table of values for the equation y = 5x.
X | -2 —1 0 1 2
y

Determine the value of y when x = 6 in the equation y = 8x°.

[T The graph of y = 2x? is:
A. wider than y = x?
c. narrower than y = x?

b. the same as y=x
d. areflection of y = x? in the x-axis.

2

I Select the equation for a parabola that has a maximum turning point and is narrower than y = x2,

T Select the equation of a quadratic relation in the form y = ax? which passes through (=2, 1).

A.y=2x?
1
B.y=—x2
5
C.y=(x—27%+1
D.y=—2x?
a.y=4x*
b. y =2x*
c.y=—x*
e
Y 4
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TINP] Quadratic equations

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e identify equations that are quadratic
e rearrange quadratic equations into the general form y = ax? + bx + ¢
e solve quadratic equations of the form ax? =k.
e verify solutions to quadratic equations

6.2.1 Quadratic equations

 Quadratic equations are equations that contain an x> term. They may also contain the variable x and
constants, but cannot contain any higher powers of x such as x>.

 Examples of quadratic equations include x*> +2x —7 =0, 2x> = 18 and x> = 5x.

e The general form of a quadratic equation is y = ax’ + bx + c.

e Any quadratic equation can be expressed in general form by rearranging and combining like terms.

WORKED EXAMPLE 1 Rearranging equations into general quadratic form

Rearrange the following quadratic equations so that they are in general form and state the values of

a,b and c.
> > R | x
a.5x*—2x+3=2x“+4x—-12 b. ?—g=x E —4 c. x3—2x)=4(x—6)
THINK WRITE
a. 1. Write the equation. a. S2—2x+3=272+4x—12
2. Subtract 2x? from both sides of the equation. 3x2 —2x+3=4x—12
3. Subtract 4x from both sides of the equation. 3x—6x+3=—-12
4. Add 12 to both sides of the equation. 32 —6x+15=0
The equation is now in the general form
ax’> +bx+c=0.
5. Write the values of a, b and c. a=3,b=—-6,c=15
. . 21 X
b. 1. Write the equation. b. ———-—=x|=-)—-4
2 6 3
2 2
2. Expand the bracket. 1 =X _4
Lowest common denominator (LCD) = 6. 2 6 3
2 6 1 XX 6
3. Multiply through by 6. —X-———=—X-—4X%X6
PRy THOHER oY 27176 371
4. Simplify each fraction. 3x2—1=2x*-24
5. Collect like terms on the left-hand side. Z—-1=-24
The equation is now in the general form 2+23=0
ax’> +bx+c=0.
6. Write the values of a, b and c. a= 1, b=, e=23
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c. 1. Write the equation. c. xB3—2x)=4(x—06)

2. Expand the brackets. 3x—2x2 = 4x—24

3. To collect like terms on the left-hand side of —2x2 —x=-24
the equation, subtract 4x from both sides.

4. Add 24 to both sides. —2x*>—x+24=0

5. Multiply all terms by —1 to make the x* term 2x> +x—24=0

positive. The equation is now in the general
form ax? + bx +c=0.
6. Write the values of a, b and c. a=2,b=1,c=-24

6.2.2 Solving equations of the form ax2 =k

¢ Solving a quadratic equation means determining the values of x that satisfy the equation.
* Simple quadratic equations of the form ax?> =k can be solved by using square roots. To solve, rearrange the
equation so that x? is isolated on one side of the equation, then take the square root of both sides.
¢ These equations can have 0, 1 or 2 solutions depending on the number that is being square rooted.
o If the number under the square root is positive, there are 2 solutions.
o If the number under the square root is zero, there is 1 solution.
o If the number under the square root is negative, there are no real solutions.

WORKED EXAMPLE 2 Solving equations of the form ax* =k

Solve the following equations.

a. 2x*=18 b. 5x2 =-20 c. 3x*=0
THINK WRITE
a. 1. Divide both sides by 2 to isolate x°. a. 2x> =18
¥ =9
2. Take the square root of both sides. F= i\@
x=+43, -3
3. State the conclusion. The solutions are x =3 and x = —3.
b. 1. Divide both sides by 5 to isolate x. b. 5x> = =20
X% =—4
2. Take the square root of both sides. x== \/——4
—4 has no square root
3. State the conclusion. The equation 5x* = —20 has no real solution.
c. 1. Divide both sides by 3 to isolate x°. c. 3x*=0
¥ =0
2. Take the square root of both sides. = i\/(—)
5= (0)
3. State the conclusion. The solution is x = 0.
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Verifying solutions to quadratic equations

e Solutions to quadratic equations can be verified by substitution.
e Substitute the solution(s) into the equation, and if the RHS of the equation is equal to the LHS,
the solutions are correct.

WORKED EXAMPLE 3 Verifying solutions to quadratic equations

Verify whether any of the following are solutions to the quadratic equation 4x> = 36 using
substitution.

a.x=1 b. x=2 c. x=3
THINK WRITE
a. 1. Substitute x =1 into the equation. a. 4x?=36
4(1)> =36
2. Evaluate. 4 + 36
3. Answer the question. Therefore, x =1 is not a solution.
b. 1. Substitute x =2 into the equation. b. 4x>=36
4(2)* = 36
2. Evaluate. 4x4 =36
16 # 36
3. Answer the question. Therefore, x =2 is not a solution.
c. 1. Substitute x = 3 into the equation. c. 4x?=36
4(3)> =36
2. Evaluate. 4%12 =36
36 =36
3. Answer the question. Therefore, x =3 is a solution.
Exercise 6.2 Quadratic equations learn
6.2 Quick quiz 6.2 Exercise

Individual pathways

B PRACTISE Bl CONSOLIDATE B MASTER
1,3,5,9,14,17 2,4,6,10, 13, 15,18 7,8,11,12,16, 19, 20
Fluency

1. IEM Rearrange each of the following quadratic equations so that they are in the form ax® + bx + ¢ =0.
a. 3x—x*+1=5x b. 5(x—2) =x(4—x) c. x(5-2x)=6(5-x?)
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2. Rearrange each of the following quadratic equations so that they are in the form ax? + bx + ¢ =0.

a. 4x> —5x+2=6x—4x? b. 5(x—12) =x(4 — 2x) c. x> —4x—16=1—4x
3. I Select which of the following is a quadratic equation.

A 2x—1=0

B.2"—1=0

C.x>—x=1+x?
D. x> —x=1-x°
4. 1A Select which of the following is not a quadratic equation.
A x(x—1)=2x—1
B. —3x>+2x=1
C.3(x+2)+5x+3)=2(x+1)
D. 2(x—1)+3x=x(2x—3)
5. [l Solve the following quadratic equations.
a. x>=16 b. 2x*> =—18 c. 5x2=0
6. Solve the following quadratic equations.
a. 3x> =27 b. 2x* =50 c. x> =112
7. Solve the following quadratic equations, leaving your answer in exact form.
a. 2x*=14 b. 8x> =64 c. 15x> =45
8. Solve the following quadratic equations.
a. —6x>=—6 b. x> =—4 c. —3x=-12

Understanding

9. IIZA Verify whether any of the following are solutions to the quadratic equation 2x* = 18.

a.x=2 b. x=3 c.x=4

10. Verify whether any of the following are solutions to the quadratic equation 5x* = 80.

a. x=4 b. x=—-4 c.x=5

11. Verify whether any of the following are solutions to the quadratic equation 3x* = 108.

a.x=6 b. x=-7 c. x=1/36
12. Determine whether x =0 is a solution to the following equations.
a. xX>=x+12 b. x> =3x+1 c. x> =4x

13. Determine whether the following are solutions to the equation 5(x — 1> +7=27.

a. x=-—1 b. x=1 c.x=0

Reasoning
14. Is (x + 4) equal to x*> + 16? Explain using a numerical example.
15. Explain why x = —2 is not a solution to 4x> = —16.

16. Explain why x? + 7x + 4 = 7x has no solutions.
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Problem solving

17. The product of 4 and the square of a number is 100.
a. Determine the equation.
b. Solve the equation. Is there more than one possible number? If so, determine the other number and
explain why there is more than one.
18. The sum of 5 and the square of a number is 41.
a. Determine the number.
b. Is there more than one possible number? If so, determine the other number and explain why there is more
than one.
19. The product of 2 and the square of a number is 52.
a. Determine the equation.
b. Solve the equation. Is there more than one possible number? If so, determine the other number and
explain why there is more than one.
20. Two less than a number is squared and its result is tripled. The difference between this and 7 is 41.

a. Write the algebraic equation.
b. Determine both possible answers that satisfy the criteria.

The Null Factor Law (optional)

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e recall the Null Factor Law
e solve quadratic equations using the Null Factor Law.

6.3.1  Using the Null Factor Law to solve equations

e The Null Factor Law states that if the product of two or more factors is zero, then at least one of the
factors must be zero.

The Null Factor Law
If a X b =0 then:

a=0or b =0 or both a and b equal 0.

e We can use the Null Factor Law to solve quadratic equations which are in factorised form.
e For example, if (x —35) (x —2) = 0 then
(x=5 =0 or(x—2)=0 orbothx—5=x—2=0.
fx—5=0 Ifx—2 =0
x=5 x =2
Both x =5 and x =2 make the equation true.
The solutions to the equation (x — 5) (x —2) =0 are therefore x =5 and x = 2.
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e These solutions can be verified by substituting the values into the original equation.
For example:

If x=35, then: If x =2, then:
x=5x—=2)=05-506-2) x=5x—-2)=2-52-2)
=0x3 =-3x%x0
=0 =0

Note: Quadratic equations can have a maximum of two solutions. This is known as the Fundamental
Theorem of Algebra.

WORKED EXAMPLE 4 Using the Null Factor Law to solve quadratics

Solve each of the following quadratic equations.

a. (x—2)2x+1)=0 b. (4—3x)(6+11x)=0
c. x(x—3)=0 d x—1)>%=0
THINK WRITE
a. 1. The product of 2 factors is 0, so apply the a. (x—2)2x+1)=0
Null Factor Law.
2. One of the factors must equal zero. Eitherx—2=0 or 2x+1=0
3. Solve the equations. x=2 2x = —1
1
. . 1 T2
4. Write the solutions. xX=— 5, B=2,
b. 1. The product of two factors is 0, so apply the b. (4—-3x)(6+11x)=0
Null Factor Law.
2. One of the factors must equal zero. Either4 —3x=0 or 6+11x=0
3. Solve the equations. —3x=—-4 11x =—6
4 —6
X = — X=—
3 11
4. Write the solutions. xX= g —1—61
c. 1. The product of two factors is 0, so apply the c. x(x—3)=0
Null Factor Law.
2. One of the factors must equal zero. Eitherx=0 or x—3=0
3. Solve the equations. x=3
4. Write the solutions. x=0,3
d. 1. Write the equation. d. (x— l)2 =0
2. Rewrite the squared factors as the product of x—Dx—-1)=0
two factors.
3. Apply the Null Factor Law. Eitherx—1=0 or x—1=0
4. Solve the equations. x=1 x=1
The two solutions are the same.
5. Write the solution. x=1
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TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
a-c. On a Calculator page, a-c. On a Main screen, R e et
I:ress: c.omplete the entry % ;l \[k_y,lfmlﬁmrl;:_,l z l *H ,J’L
Menu : fines as: sve(G-D) (D=0 [
e 3. Algebra solve((4-3x)- (6+11- x)=0,%) solve { - }
* 1.Solve S i (x=2)2x+1)=0) ety
Complete the entry 1 3 solve solve ((4-3x) (6+11x)=0)
lines as: sotvel(e-1)2=0,1) =k (4=3x)6+11x)=0) {"=‘16_1- ""'%}
solve | I solve ((x—1)*=0) solve ((x=1)*2=0)
(x-2)2x+1)=0,x) | Press EXE after each =1}
solve ax=——,x=2 entry.
((4=306+ 1) = x4
0, x) b.x=——,x=-
2 _ 3
solve ((x—1)* =0, x) cox=1 11
Press ENTER after
each entry. &
Alg  Standerd  Real Red @
1
ax=——,x=2
2
6 4
b.x=——, x=-
11 3
c.x=1
Exercise 6.3 The Null Factor Law (optional) learn
6.3 Quick quiz 6.3 Exercise
Individual pathways
B PRACTISE B CONSOLIDATE B MASTER
1,2,8,12 3,4,6,9,10, 13, 14 5,7,11,15
Fluency

1. [lIIZH Solve each of the following quadratic equations.

a. x—2)x+3)=0
d. 2x+5)@4x+3)=0

b. 2x+4)(x—=3)=0

e. x+4H)2x+1)=0

2. Solve each of the following quadratic equations.

.(x—=Dx+6)=0
.GBx=2)x+5=0
.(x=dHx-=T7)=0
.(2x=3)5x+1)=0
. (x+3)(B3x=2)=0

[V

O Q 0 T

3. Solve each of the following quadratic equations.

o

L+ DHx=9)=0

L (dx+5x—2)=0
.(x—6)x+2)=0

. Bx+4H2x—-7)=0
. (x=5x-1)=0

O O 0 T
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4. Solve each of the following quadratic equations.
a. 2x—1(x+30)=0 b. 2Zx+1)3—-x)=0 c. 1-=x)@Bx—1)=0

d x(x—2)=0 e. <x+l><2x—l>=0
3 2

5. Solve each of the following quadratic equations.

a. 5x—15)x+23)=0 b. <2x+%><2x—%> =0 c. (x—2)"=0

d. x(4x—15)=0 e. x+4)>=0

6. The Null Factor Law can be extended to products of more than two factors. Use this to determine all the
solutions to the following equations.

a (x=2)x+2)(x+3)=0 b. x+2)(x+2)2x—5)=0
c. x+2)x+2)(x+4)=0 d. x(x+2)3x+12)=0

7. The Null Factor Law can be extended to products of more than two factors. Use this to determine all the
solutions to the following equations.

a. 2x—=22)(x+24)(x+2.6)=0 b. 2x+6) <x + %)(9)( —-15)=0

c. 3(x—=3)*=0 d. x4+ DH(x=2)>=0

Understanding

8. Il Select the solutions to (2x—4) (x+7)=0.
A x=4,x=17 B. x=4,x=-17
C.x=2,x=7 D. x=2,x=-7

9. [lI The Null Factor Law cannot be applied to the equation x (x + %>< )—ZC - 1> =1 because:

A. there are more than two factors
B. the right-hand side equals 1

C. the first factor is a simple x-term
D. the third term has x in a fraction

Reasoning

10. a. Explain why x =2 is not a solution of the equation (2x —2) (x +2) =0.
b. Determine the solutions to the equation.

11. Explain what is the maximum number of solutions a quadratic such as (x + 7)(x — 8) = 0 can have.

Problem solving

12. A bridge is constructed with a supporting structure in the shape of a Y
parabola, as shown in the diagram. The origin (0, 0) is at the left-hand

% 20
edge of the bridge, which is 100 m long. :..f
a. Identify the maximum height of the bridge support. =10
b. If the equation of the support is y = ax (b — x), determine the values of
a and b. (Hint: Let y=0.) 0 50 100 *
c. Calculate the height of the support when x = 62. Metres
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13. Consider a ball thrown upwards so that it reaches a height & of metres after

t seconds.

The expression —41(t — 5) represents the height of the ball, in metres, after
t seconds.

Calculate the height of the ball after:

a. 1 second

14. The product of 6 less than a number and 9 more than that same number is equal

to zero.
Determine the possible values of the number.

15. The product of 3 more than a number and 5 more than twice that number is equal

to zero.
Determine the possible values of the number.

b. 5 seconds.

Graphing quadratic functions of the form y = ax2

LEARNING INTENTIONS

At the end of this lesson you should be able to:

* use a table of values to plot points and graph quadratic equations of the form y = ax?
e describe the key features of quadratic functions of the form y = ax?
e describe the effect of changing the value of a on quadratic functions of the form y = ax.

6.4.1

The graph of the quadratic function y = x2

 The quadratic function y = x> can be graphed by using a table of values of x from —2 to 2 to substitute into

the equation as shown below.

2 {

0 \ 1 { g

4 | 2

0 \ 2 \ 4

o By completing the table of values, 5 sets of (x, y) coordinates can be graphed on a Cartesian plane.

yk
i
A @.4)
3_
2_
LDN g (1, 1)
0,0
~< T T T T >
0 55 1 N O 1 1K 3

4

« Both the x- and y-axes are clearly indicated, along with their scales.

« The turning point (0, 0) is indicated.

o The x- and y-intercepts are indicated. For this graph they are all (0, 0).
« This is an example of a quadratic function that just touches (does not cross) the x-axis at (0, 0).
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6.4.2 Quadratic functions of the form y =ax?, where a >0

e A coefficient in front of the x? term affects the dilation of the
graph, making it wider or narrower than the graph of y = x.

e If a> 1 then the graph becomes narrower, whereas if 0 <a < 1,
the graph becomes wider.

e The graph shows the effect of varying the coefficient a.

. . I ,. .
Notice that y = 3x” is narrower than y=x” and y = sz is wider

than y = x°.

Quadratic functions of the form y = ax?, where a > 0
y

For all quadratic functions of the form y = ax?, where a > 0:
e the axis of symmetry is x =0
e the turning point is (0, 0)
 the x-intercept is (0, 0)
e the y-intercept is (0, 0)
e the shape of the parabola is always upright, or a U shape (V).

WORKED EXAMPLE 5 Sketching dilation of quadratic functions with a > 0 using a table

of values

On the same set of axes: a. sketch the graph of y =x* and y = 3x2, marking the coordinates of the
turning point and the intercepts; b. state which graph is narrower.

THINK WRITE/DRAW

a. 1. Write the equation of the first graph. a. y=x’

2. Create a table of x values from —2 to 2 to

substitute into the equation y = x?.

x | 2] -1]o0o[1]2
y | 4 1o 1] 4

3. State its axis of symmetry. The axis of symmetry is x =0.

4. State the coordinates of the turning point. The turning point is (0, 0).

5. State the intercepts. The x-intercept is (0, 0) and the y-intercept is
also (0, 0).

6. Write the equation of the second graph. y =3x?

7. Create a table of x values from —2 to 2 to
substitute into the equation y = 3x°.

X =2 -1 0 1 2
y 12 3 0 3 12

8. State its axis of symmetry. The axis of symmetry is x =0.
9. State the coordinates of the turning point. The turning point is (0, 0).
10. State the intercepts. The x-intercept is 0 and the y-intercept is 0.
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11. Sketch the graphs using the table of values yA

: : . y =3
as coordinates, labelling each point.
4 =
2, 4 2,4
(=2, 4) 1. 3) 2,4
34 (1,3)
2 y=x2
1,1 1+ (1, D
0,0 >
T T T T g
2 | |0 1 |2 |
b. State the graph that is narrower. b. The graph of y = 3x? is narrower.

¢ Consider how the graphs of these quadratics relate to the number of solutions of equations of the
form ax? =k.

e The solutions to ax? = k will correspond to the points at which the y-value of the graph of y = ax? is
equal to k.

¢ Note that when £ is positive, the graph will have two points where the graph has a height of k (2 solutions).
When £ is 0, there is just the one point where the graph has a height of O (1 solution), and when & is
negative, the graph never has a height of k (no solutions).

6.4.3 Quadratic functions of the form y =ax2, where a <0

* When a <0, the graph is inverted; that is, it is N shaped.
* A coefficient in front of the x* term affects the dilation of the

graph, making it wider or narrower than the graph of y = x2.

e If —1 <a <0, the graph is wider than y = —x?.

e If a < —1, the graph is narrower than y = —x?.

o The graph shows the effect of varying the coefficient a.

. . 1 ,.
Notice that y = —3x? is narrower than y = —x” and y = — sz is

wider than y = —x”.

Quadratic functions of the form y = ax?, where
a<(

For all quadratic functions of the form y = ax?, where a < 0:
e the axis of symmetry is x =0
e the turning point is (0, 0)
¢ the x-intercept is (0, 0)
¢ the y-intercept is (0, 0)
¢ the shape of the parabola is always inverted or an
upside-down U shape (N).
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WORKED EXAMPLE 6 Sketching dilation of quadratic functions with a <0, using a table

of values

On the same set of axes: a. use a table of values to sketch the graphs of y = —x? and y = —2x?, marking
the coordinates of the turning point and the intercept; b. state which graph is narrower.

THINK WRITE/DRAW
a. 1. Write the equation of the first graph. a. y=—x’
2. Creat.e a ta.ble of x value.s from —22to 2 to x ) -1 0 1 )
substitute into the equation y = —x~. P ) 1 0 1 )
3. State its axis of symmetry. The axis of symmetry is x =0.
4. State the coordinates of the turning point. The turning point is (0, 0).
5. State the intercepts. The x-intercept is (0, 0) and the y-intercept is also (0, 0).
6. Write the equation of the second graph. y=-2x2
7. Creat.e a ta'ble of x value.s from —2 ;g 2 to = 2 -1 0 1 )
substitute into the equation y = —2x~. P _3 ) 0 5 _g
8. State its axis of symmetry. The axis of symmetry is x =0.
9. State the coordinates of the turning point. The turning point is (0, 0).
10. State the intercepts. The x-intercept is (0, 0) and the y-intercept is also (0, 0).

11. Sketch the two graphs on a single set of
axes, labelling the turning point (as well
as intercepts and maximum).

b. State which graph is narrower. b. The graph of y = —2x? is narrower.

Exercise 6.4 Graphing quadratic functions of the form y = ax?
learn

6.4 Quick quiz 6.4 Exercise

Individual pathways

B PRACTISE Hl CONSOLIDATE B MASTER
1,5,6,7,9,13, 16 2,4,10,14,17 3,8,11,12,15,18
Fluency

1. IIEA On the same set of axes: a. use a table of values to sketch the graph of y =x? and y = 4x?, marking the
coordinates of the turning point and the intercepts; b. state which graph is narrower.
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2

1 .
2. On the same set of axes: a. use a table of values to sketch the graph of y=x? and y = Ex , marking the

coordinates of the turning point and the intercepts; b. state which graph is narrower.

3. Sketch the graph of the following table. State the equation of the graph.

x —4 =3 -2 -1 0 1 2 3 4
y 4 2.25 1 0.25 0 | 025 1 2.25 4

4. lIEA a. On the same set of axes, sketch the graphs of y = —x* and y = —0.5x, marking the coordinates
of the turning point and the intercepts.
State which graph is narrower.

b. Using the same set of axes, sketch the graph of y = —5x%, marking the coordinates of the turning point and
the intercepts. State which graph is the narrowest.

5. I The graph of y = —3x is:
A. wider than y = x? B. narrower than y = x?
C. the same width as y = x? D. a reflection of y = x? in the x-axis.

6. Il The graph of y = %xz is:

A. wider than y = x? B. narrower than y = x?
C. the same width as y = x? D. a reflection of y = x? in the x-axis.

7. A The graph of y = %xz is:

A. wider than y= ixz B. narrower than y = ixz

2

. 1 . 1,. .
C. the same width as y = sz D. areflection of y= Zx in the x-axis.

8. Match each of the following quadratic functions with the appropriate equation from the list.

i. y=23x ii. y=—x2 iii. y=4x?
1
iv. y=—x2 vi. y=—2x?
2
a. YA C ),
51 54
44 4-
34 3

2-10 1 2~ =2

d YA e. YA f Vi
14 5 1

4_

X

2 34

2_

1_

3300 13357
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Understanding

9. Write an equation for a quadratic function that has a minimum turning point and is narrower than y = x°.
10. Write an equation for a quadratic function that has a maximum turning point and is wider than y = x2.

11. Determine the equation of a quadratic relation if it has an equation of the form y = ax? and passes through:

a. (1,3) b. (—1,-1).
12. Consider the equation y = —3.5x>. Calculate the values of y when x is:

a. 10 b. —10 c. =3 d. 1.5 e. =2.2.
Reasoning

13. a. Sketch the following graphs on the same axes: y = x?, y = 2x> and y = —3x°. Shade the area between the
two graphs above the x-axis and the area inside the graph below the x-axis.
Describe the shape that has been shaded.

b. Sketch the following graphs on the same axes: y=x?, y= %xz and y = —4x>. Shade the area inside the

graphs of y=x? and y = —4x?. Also shade the area between the graph of y = %xz and the x-axis.

Describe the shape that you have drawn.

14. The photograph shows the parabolic shape of a skate ramp. The
rule of the form y = ax? describes the shape of the ramp.
If the top of the ramp has coordinates (3, 6), determine a possible
equation that describes the shape. Justify your answer.

15. The total sales of a fast food franchise vary as the square of the
number of franchises in a given city. Let S be the total sales (in
millions of dollars per month) and f be the number of franchises.
If sales = $25 million when =4, then:

a. show that the equation relating S and fis
§=1562500 >

b. determine the number of franchises needed to (at least) double
the sales from $25 000 000.

Problem solving

16. The amount of power (watts) in an electric circuit varies as the square of the current (amperes). If the power
is 100 watts when the current is 2 amperes, calculate:

a. the power when the current is 4 amperes
b. the power when the current is 5 amperes.

17. Xanthe and Carly were comparing parabolas on their CAS calculators. Xanthe graphed y = 0.001x> with
window settings —1000 < x < 1000 and 0 <y < 1000. Carly graphed y = x> with window settings —k <x <k
and 0<y<k.

Except for the scale markings, the graphs looked exactly the same. What is the value of k?

18. The parabola y = x? is rotated 90° clockwise about the origin. Determine the equation.

TOPIC 6 Quadratic equations and graphs 299



I Review

6.5.1 Topic summary

Quadratic equations Null Factor Law (optional)

* Quadratic equations are equations in which the —— ¢ Ifax b=0, then:
largest power of x is 2. They contain an x? term. a=0orb=00ra=b=0
* The general form of a quadratic equation is
y = ax®+ bx + ¢, where a # 0.
* Quadratic equations for which a = 1 are called monic
quadratic equations.
* The largest number of solutions a quadratic equation
can have is 2.

QUADRATIC EQUATIONS AND GRAPHS

Axis intercepts Quadratic functions of the form y = ax?

» All quadratic functions have a single y-intercept. The * Quadratic functions of the form y = ax have a turning

location of this y-intercept can be found by letting x = 0. point at the origin.
* Quadratic functions can have 0, 1 or 2 x-intercepts. e If a > 0 the graph is U-shaped and the turning point
* x-intercepts can be found by letting y = 0 and solving —] is a local minimum.
for x. If the equation can’t be solved, there is no  If a < 0 the graph is N-shaped and the turning point
x-intercept. is a local maximum.

* Larger values of a create narrower graphs.
Smaller values of a create wider graphs.

Axis of symmetry

» Every quadratic functions has an axis of symmetry.
This is the vertical line that passes through the
turning point.

by =3x7

Turning point

» The turning point is the point at which a parabola
changes direction.

e If a > 0 the turning point is the lowest point on the
graph. This point is called the local minimum.

e If a < 0 the turning point is the highest point on the =~ ——
graph. This point is called the local maximum.

=Y
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6.5.2 Success criteria

Tick a column to indicate that you have completed the lesson and how well you think you have understood it
using the traffic light system.

(Green: I understand; Yellow: I can do it with help; Red: I do not understand)

Lesson Success criteria ' O '

6.2 | can identify equations that are quadratic.

| can rearrange quadratic equations into the general form y = ax® 4 bx + c.

| can solve quadratic equations in the form ax? + ¢ =0.

| can verify solutions to quadratic equations.

6.3 | can recall the Null Factor Law.

| can solve quadratic equations using the Null Factor Law.

6.4 | can use a table of values to plot points and graph quadratic equations of
the form y = ax*.

| can describe the key features of quadratic functions of the form y = ax’.

| can describe the effect of changing the value of ¢ on quadratic functions of
the form y = ax’.

TOPIC 6 Quadratic equations and graphs 301



6.5.3 Project

Constructing a parabola

The word parabola comes from the Greek language
and means ‘thrown’, because it is the path followed
by a projectile in flight. Notice that the water streams -
shown in the photo are moving in the path of a parabola.
This investigation explores the technique of folding
paper to display the shape of a parabola. The instructions
are given below. Take care with each step to ensure your
finished product is a well-constructed parabola that can
be used in later parts of this investigation.

[
{
i

Forming a parabola by folding paper

e Take a sheet of A4 paper. Cut it into two pieces by dividing the longer side into two. Only one of the
halves is required for this investigation.

e Along one of the longer sides of your piece of paper, mark points that are equally spaced 1 cm apart.
Start with the first point being on the very edge of the paper.

e Turn over the piece of paper and mark a point, X, 3 cm above the centre of the edge that has the
markings on the reverse side.

e Fold the paper so that the first point you marked on the edge ~
touches point X. Make a sharp crease and open the paper flat.

e Fold the paper again so that the second mark touches the
point X. Crease and unfold again.

e Repeat this process until all the marks have been folded to touch
point X. x

e With the paper flat and the point X facing up, you should notice
the shape of a parabola appearing in the creases.

1. Trace the curve with a pencil.

The point X is called the focus of the parabola. Consider
the parabola to represent a mirror. Rays of light from the
focus would hit the mirror (parabola) and be reflected.
The angle at which each ray hits the mirror is the same
size as the angle at which it is reflected.

2. Using your curve traced from your folding activity,
accurately draw a series of lines to represent rays of light
from the point X to the parabola (mirror). Use a protractor
to carefully measure the angle each line makes with the
mirror and draw the path of these rays after reflection in 5
the mirror.

3. Draw a diagram to describe your finding from question 2. Provide a brief comment on your description.

4. Retrace your parabola onto another sheet of paper. Take a point other than the focus and repeat the
process of reflection of rays of light from this point by the parabolic mirror.

5. Draw a diagram to describe your finding from question 4. Provide a brief comment on your description.

6. Give examples of where these systems could be used in society.
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Exercise 6.5 Review questions learn

Fluency

1. I Identify which of the following is not a quadratic equation.

A x>—1=0 B. ¥*—1+2x=0 C.xz—%=0 D.x2—1=0
X

2. I3 Identify which of the following is in general form.
A x>+1=0 B. ¥*—1=2 C.2x*=x*+3 D. ¥*=x*+1

3. I The Null Factor Law cannot be applied to the equation x(x + 3)(x — 2) = 1 because:
A. the first factor is a simple x term. B. there are more than two factors.
C. the right-hand side equals 1. D. the second term is positive.

4. [T If the solutions to the quadratic equation (x — 3)(x — b) =0 are 3 and —5, then b is equal to:
A.5 B. -5 C.3 D. -3

5. [T Select the solutions to 3x* =27.
A. x=3 and x= -3 B. x=9and x=-9
C.x=landx=-1 D.x=2and x=-2

6. Solve the following equations.
a. 4x* =400 b.3x> =75

7. Solve the following equations, leaving your answer in exact form.
a.2x*=16 b. 6x> =120

8. Verify if x=4 is a solution to the quadratic equation 5x* = 80.

10.

11.

12.

13.

14.

Calculate the solution(s) to the quadratic equation (x +4)(x —2) =0
Calculate the solutions to the quadratic equation (x — 3) (2x + 8) =0.

Calculate the solutions to the quadratic equation (4 —x) 2x—7) =0.

[T The graph of y = —4x? is:
A. wider than y = x2. B. narrower than y = x?.
C. the same width as y = x?. D. a reflection of y = x? in the x-axis.

[
I The graph of y = 5 X2 is:
A. wider than y = x?. B. narrower than y = x°.
C. the same width as y =x?. D. a reflection of y = x? in the x-axis.

I3 Compared to the graph of y =x?, the graph of y = —2x? is:
A. half as wide. B. twice as wide.
C. moved 2 units to the right. D. moved 2 units up.
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15. Use a table of values to sketch each of the following graphs, labelling the axis of symmetry, the turning
point and the intercepts, and stating the type of turning point.

a.y=2x’ b.y=lx2 c.y=—4x? d.y=—lx2

2 3
Problem solving

16. The distance travelled by a motorbike is given by the formula 2#( +9), where 7 is the time in seconds
and d is the distance in metres.
Calculate how long it would take the motorbike to travel a distance of 180 m.

17. The product of 5 and the square of a number is 180.
a. Determine the equation.
b. Solve the equation. Is there more than one possible number? If so, determine the other number and
explain why there is more than one.

18. A new computer monitor is made up of a rectangular screen surrounded by a hard plastic frame in
which speakers can be inserted.

X
A
3 cm
Y
2 cm 2 cm
> Screen <> x
[
3 cm
\

a. Write expressions for the length and width of the screen in terms of x.
b. Write an expression for the area of the screen, using expanded form.
c. Calculate the area of the screen if x =30 cm.

19. An astronaut needs to find a positive number such that twice the number plus its square gives 35.
a. Write this as an equation.
b. Solve the equation to find the answer for her.

To test your understanding and knowledge of this topic, go to your learnON title at
www.jacplus.com.au and complete the post-test.
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Answers 13.a. Y b. N

14. When x =2:
Topic 6 Quadratic equations (r+47 =2 +8x+ 16
=22 +8x2+16
and graphs =44+16+16
6.1 Pre-test =36
1.x=9, x=—9 P+16=22+16
2.x=6,x=-6 =4+16
. . =20
3. x =5 is not a solution .
The two expressions are not equal.
4x=3,x=-17 15. 16 £ —16
5.x=0,x=8 16. If x> + 7x + 4 = 7x, then x*> + 4 = 0, which means that
6.k=0 2 = —4 and, finally, x = \/—4.
7. False As the square root of a negative number is not a real
1 5 number, x has no solutions in the real number range.
8. x=—-orx=-= 2
2 3 17. a. 4x“ =100 b.5or =5
9. True 18. a. 6 or —6
10. D b. There are two possible numbers, as the square root of
"0 21 -1 T 1 2 | a positive number, in this case 36, has two possible
solutions, one positive and one negative.
B %0 | S 2§20 19. a. 22> =52
12. 288 b. /26 or —1/26
13. C 20. a. 3(x =2 =7 =41
14. D b. —2 and 6
15. D )
6.3 The Null Factor Law (optional)
6.2 Quadratic equations 1a.x=-3,x=2
fl.a.a=1,b=2,c=—1 b.x=-2,x=3
b.a=1,b=1,c=-10 c.x=-2,x=3
c.a=4,b=5,c=-30 - 21 _ 3
2.a.a=8,b=—11,c=2 AETEETY
b.a=2,b=1,c=—-60 4 1
ca=1,b=0,c=-17 er=ThA=
D 2.a.x=lorx=-6
2
C b.x==orx=-5
La.x=4,x=—4 3
b. There is no solution. c.x=4orx=7
3 1
c.x=0 d.x:zorx:—g
6. a. x==%3 b. x ==%5 c.x=*4 5
ca x=+4/7 b. x=+1/8 c.x=+/3 e.x=—3orxy=z
La.x=1,x=—1 3.aax=—lorx=9
b. There is no solution.
b.x=—-orx=2
c.x=2,x=-=-2
9. a. X Not a solution c.x=6orx=-2
i 4 7
b. v Is a solution do x = —iior x = s
c. X Not a solution 2
10. a. v Is a solution e. x= 5] orx=1
b. v Is a solution 4. a.x= -2-,x= -30
c. X Not a solution ]
11. a. v/ Is a solution b.x:—E,x:3
b. X Not a solution 1
c. v/ Is a solution c.x=1,x=§
12. a. N b. N c. Y 4. x=0,x=2
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ex——g,x—— 2.a YA
5.a.x=-23,x=0.3 4
1 90
b.x=——,x= i LV gD
6" 6 P
c.x=2 o]
0 15
d.x= ’X_Z 1 y=lx2
)
e.x=—4
- - ™ T T T T >
6.a.x=2,x=-2,x=-3 2.0 o 1 ) b
b.x=-2,x=2.5 Y
c.x==-2,x=—4 Turning point for each is at (0, 0); x-int and y-int is 0
dx=0,x=-2,x=—4 forbcz)th.
7.8 x=L1,x=—24,x= =26 b. y =x"is narrower.
2 3 y A
b. x=-3,x=—=,x=1-=
3 4
c.x=3
dx=—1,x=2
8.D
2 -
.B
10. a. When x =2, the first bracket equals 2 and the second
bracket equals 4; therefore, the product is 8.
b. =2 and 1 T T 0 I T
11. A quadratic can have a maximum of two solutions, because 4 =2 2 T
a quadratic can at most be factorised into two separate pairs
of brackets, each of which represents one solution. 4=
12. a. 10 metres
b ! (100 — x) ! b =100
Ly = —Xx —x);a=—,b=
Y= 250 250 y=0.25¢
c. 9.424m
13. a. 16m
b. Om
14. 6 or — 9
5
15. =3 or — —
2

6.4 Graphing quadratic functions of the form

y =ax?
1. a. y =4
yA
4
3_
b ok
< T T >
S Ul N ) x
Y

Turning point for each is at (0, 0); x-int and y-int is O
for both.

b. y = 4x? is narrower.
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. a, b. See the figure at the foot of the page.*
Looking at the graphs, y = —5x” is the narrowest.

. a. il b. vi c.i
d. ii e. iv f.v
. Sample responses can be found in the worked solutions in
the online resources; for example, y = 2:%.
. Sample responses can be found in the worked solutions in
the online resources; for example, y = —0.54%.
ca.y=3x% b.y=—x*
.a. =350 b. =350 c. =31.5
d. —7.875 e. —16.94

. a. ch‘

2
14, y==x*
=3

15. a. Sample responses can be found in the worked solutions
in the online resources.

b. 6




16. a. 400 watts b. 625 watts b. YA
17. k=1 (A1l
18.x=)" il ex
. (2,2)
Project
1-5. Students need to construct a parabola by folding paper -« . >
with the directions given in this project. Draw incident
and reflected rays of light and use a protractor to carefully
measure the angle each line makes with the mirror. Also
comment on the diagram.
6. Parabolas could be seen in real life in, for example, water '’
shot by the fountain in a parabolic path, a ball thrown into o
the air, bridges, headlights, satellite dishes or telescopes. Minimum
c YA
6.5 Review questions
1. D
2. A
3.C
4.B . >
5. A y = —4x?
6.a.x=100orx=—-10
b.x=50rx=-5 (1,-4)
7.a.x=i\/§ b.x=i\/2—0 v
8. x =4 is a solution. Mt
9. x=—4orx=2 d o\
10. x=—4,x=3
11. x=3.5,x=4
12. B
13. A = % 12
14. A ¢ ‘ e
0 X
15. a. YA
y 52x} &3
1.2) Y
- ~d Maximum
] “ 16. 6
17. a. 5x* = 180
b. The solutions are:
x== \/% ==*6
_v 18. a. Length = (x — 4) cm, width = (x — 6) cm
Minimum b. (x2 —10x + 24) cm’
c. 624 cm?
19. a. x* +2x =35 b. 5

308 Jacaranda Maths Quest 9



STRAND: Number and algebra
SUB-STRAND: Financial mathematics

7 Financial mathematics

LESSON SEQUENCE

TA QVEIVIBW ..o
7.2 Salaries and wages .
7.3 PENAIY FAES ..o
7.4 Piecework, commission and royalties
7.5 Simple interest
7.6 Review ...




T RA]l Overview

7.1.1 Why learn this?

There are many famous sayings about money. You have probably heard
that ‘money doesn’t grow on trees’, ‘money can’t buy happiness’ and ‘a
fool and his money are soon parted’. Most of us have to be conscious of
where our money comes from and where it goes to. Understanding the
basic principles of finance is very helpful for managing everyday life.
Some of you will already be earning money from a part-time or casual job.
Do you know what you spend your money on, or where it goes? Do you
have your own savings account? Many of you may already be saving for a
new games console, your first car or your dream holiday.

In this topic you will investigate different kinds of employment as well
as different investment options for saving your money. Every branch of
industry and business, whether large or small, international or domestic,
will have to pay their employees either an annual salary or a wage based
on an hourly rate. Financial investments are another way for businesses
and individuals to make money — it is important to understand how
investments work to be able to decide whether an investment is a good
idea or not.

A sound knowledge of financial mathematics is essential in a range of careers, including financial consultancy,
accountancy, business management and pay administration.

Hey students! Bring these pages to life online

Watch Engage with Ask questions
videos interactivities and check solutions

Find all this and MORE in jacPLUS (C)

jacTUTOR, your Extra learning

personal Al tutor— resources
here to help when LESSON 2.5
you’re stuck! Ask Sobtrading integers
it anything. LEARNING INTENTION
--:::—*::*: Differentiated
e g et e question sets

@ 25.1 Subtraction of integers

(IR i i e i

Reading content
and rich media,
including
interactivities and
videos for every
concept

Questions with
immediate
feedback, and fully
worked solutions
to help students
get unstuck.
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Exercise 7.1  Pre-test learn

1. Kira has an annual salary of $85450.70 (without tax).
Calculate how much she is paid:
a. weekly b. fortnightly c. monthly.

2. Ishmael has a casual job at a department store. He is paid $11.50 per hour. He gets double time on a
Sunday. Calculate his wage for a week in which he worked from 4 pm to 8 pm on Thursday and 12 pm
to 6 pm on Sunday.

3. Jose is a tutor. He receives $975 for a week in which he works 30 hours. Calculate his hourly rate
of pay.

4. & This table shows a timesheet for Yumi, who works in an electronics store.

Day Pay rate Start time Finish time
Monday Normal 9am 1 pm
Tuesday Normal 9am Spm
Wednesday Normal 11am 7pm
Thursday Normal 2pm 7 pm
Friday Normal 4 pm 8 pm
Saturday Time-and-a-half 9am 2pm
Sunday Double 12 pm 6 pm

If Yumi’s normal hourly rate is $15.30, the amount she earned for the week is:
A. $612.00 B. $734.00 C. $818.55 D. $742.05

5. Anita was offered a job with a salary of $65 000 per year, or $32.50 per hour. Assuming that she works
a 40-hour week, compare the two rates to decide which is the better pay.

6. Ali earns $20.40 an hour. He needs to earn a minimum of $710 each week for his living expenses.
Calculate the minimum number of hours he has to work each week.
Give your answer to the nearest hour.

7. Mawluda is a casual worker in a café. She is paid
time-and-a-half for working on Saturday and
double time for working on Sunday. Her normal
pay rate is $18.75 an hour.

Over the weekend, she worked 8 hours on
Saturday and 5 hours on Sunday.

Calculate how much Mawluda earned over the
weekend.
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8.

10.

11.

12.

13.

14.

15.

A bank has a special offer on a savings account of 3% p.a. simple interest.
Peter opens an account with $800 and leaves his money there for 5 months.
a. Calculate how much interest he earned over the 5 months.

b. Calculate the balance of Peter’s account after the 5 months.

I If an investment of $40 000 pays 8% simple interest per year, then the value of the investment at the
end of 3 years is:

A. $3200 B. $9600 C. $43200 D. $49 600

The Liang family wants to buy a family car at a

cost of $22 700. They pay a deposit of $4500
and borrow the balance at an interest rate of
11.5%p.a.

The loan will be paid off with 48 equal
monthly payments.

a. Calculate how much interest they will pay.

b. Calculate the total cost of the car, including
the interest paid.

c. Calculate the amount of each repayment.

T If $10 000 is invested at a simple interest rate of 6% per annum, select the correct formula for
calculating the interest earned for 6 months.
6

A. 1=1oooo><mx6 B. I=10000X0.6X6
C. I=10000x - x . D. I1=10000x% (1.6)°
100~ 2

If the simple interest charged on a loan of $6400 over 30 months was $1450, calculate the percentage
rate of interest charged.
Give your answer to the nearest whole percentage.

A worker earns $27.60 per hour and works 30 hours each week.
a. Calculate her total earnings for one week.
b. Calculate the amount of superannuation her employer pays on her behalf each week at a 12% rate.

A Abena is an author who is paid a royalty of 8.5% on all sales. If
a book she wrote sells copies to the value of $12 500 a month, what
royalty will she earn in a year?

A. $1062.50

B. $12750.00

C. $106250.00

D. $127 500.00

A real estate agent receives 2.5% commission on the first $250 000 of a sale and 4.5% on the rest. What
is the commission the real estate agent received on a sale of a $825 000 property?
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L] Salaries and wages

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e understand the difference between a salary and a wage
e calculate weekly, fortnightly or monthly pays from a given annual salary
e calculate the amount earned from the hours worked and the hourly rate of pay.

7.2.1  Employees’ salaries and wages

¢ Employees may be paid for their work in a variety of ways — most receive either a wage or a salary.

WAYS OF PAYING EMPLOYEES

Salary Wages

A fixed amount of money paid per year A fixed amount of money per hour
(annually), usually paid fortnightly or worked (hours worked outside the normal
monthly regardless of the number of work period are paid at a higher amount).

hours worked.

Examples of salaried jobs include: architect, Examples of waged jobs include: waiter,
company director, data analyst, teacher, kitchen hand, bar attendant, receptionist,
doctor, accountant, federal or state technician, retail assistant, fruit picker
government minister. or packer.

Key points

* Normal working hours in Australia are 38 hours per week.

There are 52 weeks in a year.

There are 26 fortnights in a year (this value is slightly different for a leap year).
There are 12 months in a year.
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WORKED EXAMPLE 1 Calculating pay from annual salary

Susan has an annual salary of $63 048.92. Calculate how much she is paid:

a. weekly b. fortnightly c. monthly.
THINK WRITE
a. 1. Annual means per year, so divide the salary — a. Weekly salary = 63 048.92 = 52
by 52 because there are 52 weeks in a year. ~ 1212.48
2. Write the answer in a sentence. Susan’s weekly salary is $1212.48.

b. 1. There are 26 fortnights in a year, so divide b. Fortnightly salary = 63 048.92 =26

the salary by 26. ~ 2424.96
2. Write the answer in a sentence. Susan’s fortnightly salary is $2424.96.
c. 1. There are 12 months in a year, so divide c. Monthly salary = 63 048.92 + 12
the salary by 12. ~ 5254.08
2. Write the answer in a sentence. Susan’s monthly salary is $5254.08.

WORKED EXAMPLE 2 Calculating wage given hourly rate of pay

Frisco has casual work at a fast-food store. He is paid $12.27 per hour Monday to Saturday and
$24.54 per hour on Sunday.

Calculate his wage for a week in which he worked from 5:00 pm to 10:00 pm on Friday and from
6:00 pm to 9:00 pm on Sunday.

THINK WRITE
1. Work out the number of hours Frisco worked each day. Friday: 5 X 12.27 =61.35
He worked 5 hours on Friday and 3 hours on Sunday. Sunday: 3 X 24.54 =73.62

2. Calculate the total amount earned by adding the wages 61.35+73.62=134.97
earned on Friday and Sunday.

3. Write the answer in a sentence. Frisco’s wage was $134.97.

7.2.2 Superannuation

e Superannuation is money your employer contributes for you to use when you retire.

e Superannuation is usually additional to your salary or wages. Some companies include it in their salary
package.

e From 1 July 2025, employers must put 12% of your salary into a super fund — this is called the Super
Guarantee.

¢ You can also add extra money to your super if you want. Doing this can help you save more for the future,
and you might pay less tax on that money.
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WORKED EXAMPLE 3 Calculating superannuation contributions

An employee’s hourly rate is $28.75 and they work 38 hours each week. They are paid fortnightly and
will receive superannuation at a rate of 12%. Calculate the amount of superannuation the employer
pays on their behalf each fortnight.

THINK WRITE
1. Calculate the fortnightly wage. 28.75x 38 x2=$2185
2. Calculate 12% of the fortnightly wage. 12% of 2185 = 12 X 2185
Remember to convert 12% to a decimal by 100
dividing by 100. = 2ol
3. Write the answer in a sentence. The employer must pay $262.20 into the

superannuation fund each fortnight.

Exercise 7.2  Salaries and wages learn

7.2 Quick quiz 7.2 Exercise

Individual pathways

B PRACTISE Bl CONSOLIDATE B MASTER
1,3,7,10, 13, 14,17, 20 2,4,8,11,15,18, 21 5,6,9, 12,16, 19, 22, 23, 24
Fluency
1. [IZM Johann has an annual salary of $57 482. Calculate how much he is paid:
a. weekly b. fortnightly c. monthly.
2. Nigara earns $62 300 per annum. Calculate how much she earns:
a. weekly b. fortnightly c. monthly.
3. Calculate the annual salary of workers with the following weekly incomes.
a. $368 b. $892.50 c. $1320.85
4. Calculate how much is earned per annum by people who are paid fortnightly salaries of:
a. $995 b. $1622.46 c. $3865.31.

5. Compare the following salaries, and determine which of each pair is the higher.

a. $3890 per month or $45 700 per annum.
b. $3200.58 per fortnight or $6700 per month.

6. Calculate the hourly rate for these workers.
a. Rahni earns $98.75 for working 5 hours.

b. Francisco is paid $54.75 for working 4% hours.
c. Nhan earns $977.74 for working a 38-hour week.
1
d. Jessica works 75 hours a day for 5 days to earn $1464.75.
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Understanding

7.

10.

11.

12,

13.

14.

15.

16.

Henry is a second-year apprentice motor mechanic. He
receives an award wage of $12.08 per hour. Jenny, a
fourth-year apprentice, earns $17.65 per hour.

a. Calculate how much Henry earns in a 38-hour week.
b. Determine how much more Jenny earns in the same
period of time.

. IlIZA Juan has casual work for which he is paid $13.17 per hour Monday to Saturday and $26.34 per hour

on Sundays.
Calculate his total pay for a week in which he worked from 11 am to 5 pm on Thursday and from 2 pm to
7 pm on Sunday.

. Mimi worked the following hours in one week.

Wednesday ' Spm to 9 pm
Thursday | 6pm to 9 pm
Friday 7pmto 11 pm

If her pay is $21.79 per hour up to 9 pm and $32.69 per hour after that, calculate her total pay for that week.

Decide who earns more money each week: Rhonda, who receives $38.55 an hour for 38 hours of work, or
Rob, who receives $41.87 an hour for 36 hours of work.

Glenn is a chef. He receives $1076.92 for a week in which he works 35 hours.
Calculate his hourly rate of pay.

Zack and Kaylah work in different department stores. Zack
is paid $981.77 per week. Kaylah is paid $26.36 per hour.
Calculate how many hours Kaylah must work to earn more
money than Zack.

Calculate what pay each of the following salary earners will
receive for each of the periods specified.

a. Annual salary $83 500, paid each week.

b. Annual salary $72 509, paid each fortnight.
c. Annual salary $57 200, paid each week.

d. Annual salary $105 240, paid each month.

I=H A worker earns $29.45 per hour and works 25.75 hours each week. She is paid fortnightly.

a. Calculate her total earnings each fortnight.

b. Calculate the amount of superannuation her employer pays on her behalf each fortnight at a 12% rate.
A school principal earns an annual salary of $155 750.

a. Determine how much they earn each month.

b. Calculate how much their employer contributes to their superannuation fund annually at a rate of 12%.
An employee earns $1850 per week.

a. Determine their total annual salary.
b. Calculate how much superannuation their employer contributes each year at a rate of 12%.
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Reasoning

17. I8 When Jack was successful in getting a job as a trainee journalist, he was offered the following choice of
four salary packages.
Decide which salary package Jack should choose, and justify your answer.

A. $456 per week

B. $915 per fortnight

C. $1980 per calendar month
D. $23 700 per year

18. Julie is considering two job offers for work as a receptionist. Job A pays $878.56 for a 38-hour working
week. Job B pays $812.16 for a 36-hour working week. Determine which job has the higher hourly rate of
pay. Justify your answer.

19. In his job as a bookkeeper, Minh works 38 hours per week and is paid $32.26 per hour. Michelle, who
works 38 hours per week in a similar job, is paid a salary of $55 280 per year.
Decide who has the higher-paying job. Justify your answer.

Problem solving

20. A lawyer is offered a choice between two jobs: one with a salary of $74 000 per year and a second that pays
$40 per hour. Assuming that the lawyer will work 80 hours every fortnight, decide which job pays the most.
Justify your answer.

21. Over the last four weeks Shahni has worked 35, 36, 34 and 41 hours. If she earns $24.45 per hour, calculate
how much she earned for each of the two fortnights.

22, Jackson works a 40-hour week (8 hours a day, Monday—Friday) and earns $62 000 per annum.

a. Calculate Jackson’s hourly rate.

b. If he works on average an extra half an hour per day from Monday to Friday and then another 4 hours
over the weekend (for the same annual salary), explain how his hourly rate is affected.

c. If Jackson was earning the hourly rate and was being paid for every hour worked, calculate his potential
earnings for the year.

23. Mark saves $10 per week. Phil saves 5 cents in the first week, 10 cents the second week, and doubles the
amount each week from that time on.
Determine how many weeks it will take for Phil’s savings to be worth more than Mark’s.

24. An employer contributes an additional $10 800 to an employee’s superannuation fund in one year.
If the superannuation rate is 12%, determine the employee’s annual salary before the contribution.
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IL\W&] Penalty rates

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e calculate total wages when overtime or penalty rates are included
e calculate hours paid when time-and-a-half or double time is involved.

7.3.1  Overtime and penalty rates

e Overtime is paid when a wage earner works more than their regular hours each week. These additional
payments are often referred to as penalty rates.

e Penalty rates are usually paid for working on weekends, public holidays or at night.

e The extra hours are paid at a higher hourly rate, normally calculated at either time-and-a-half or
double time.

Calculating overtime

The overtime hourly rate is usually a multiple of the regular hourly rate.

Some examples of overtime rates include:
* 1.5 X regular hourly wage (time-and-a-half)
e 2 X regular hourly wage (double time)
e 2.5 X regular hourly wage (double time-and-a-half).

Overtime hourly rate
1.5 X regular hourly rate
1.5 x 25.00 = $37.50

Regular hourly rate -
$25.00 -

WORKED EXAMPLE 4 Calculating wages with overtime

Ursula works in hospitality and earns $23.30 per hour. Last week
she received the normal rate for 30 hours of work as well as time-
and-a-half for 3 hours of overtime and double time for 5 hours of
work on Sunday. Calculate her total pay.

THINK WRITE
1. Calculate Ursula’s normal pay for 30 hours. Normal pay: 30 % 23.30 = 699.00

2. Calculate Ursula’s pay for 3 hours at time- Overtime: 3 X 1.5 % 23.30 =104.85

and-a-half (1.5 X regular hourly wage)

Calculate Ursula’s pay for 5 hours at double
time (2 X regular hourly wage).

Calculate the total amount by adding normal
pay and overtime pay.

Write the answer in a sentence.

Sunday: 5x2x23.30=233.00

Total = 699.00 + 104.85 + 233.00
=1036.85

Ursula’s total pay was $1036.85.
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® 7.3.2 Time sheets and pay slips

¢ Employers often use records to monitor the number of working hours of their employees.

FINANCIAL RECORD-KEEPING

Time sheets Pay slips

Provide details of the number of hours Provide details of hours worked
worked by each employee, including and the rate for each employee
overtime

A
~\' Vo /S,
WORKED EXAMPLE 5 Calculating pay slips showing overtime

Fiona works in a department store, and in the week before Christmas she works overtime. Her time
sheet is shown. Fill in the details on her pay slip.

Normal Over Pay slip for: Week ending
Start Finish hours time 1.5 Fiona Lee December 21
M 9:00 15:00 6 Normal hours
T 9:00 17:00 8 Normal rate $17.95
W 9:00 17:00 8
T 9:00 19:00 8 2 Overtime hours
F 9:00 19:00 8 2 Overtime rate
S Total wage
THINK WRITE
1. Calculate the number of normal hours Normal hours: 6+ 8+ 8+ 8 + 8 =38
worked by adding the hours worked on each
day of the week.
2. Calculate the number of overtime hours Overtime hours: 2+2=4

worked by adding the overtime hours
worked on Thursday and Friday.

3. Calculate the overtime rate (1.5 X regular Overtimerate = 1.5 X 17.95
hourly wage). =26.93
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4. Calculate the total pay by multiplying the

Total pay = 38 X 17.95 + 4 %X 26.93

number of normal hours by the normal rate = 789.82

and adding the overtime amount (calculated

by multiplying the number of overtime hours

by the overtime rate).

5. Fill in the amounts on the pay slip. Pay slip for: Week ending

Fiona Lee December 21
Normal hours 38
Normal rate $17.95
Overtime hours 4
Overtime rate $26.93
Total wage $789.82

COLLABORATIVE TASK: Comparing pay rates and conditions

Working in small groups, collect several job advertisements from a mixture of print and digital sources.
Compare the pay rates and conditions for the different positions and present a report to the class.

Exercise 7.3 Penalty rates learn
7.3 Quick quiz 7.3 Exercise
Individual pathways
B PRACTISE Bl CONSOLIDATE B MASTER
1,2,6,9,12, 15 3,4,7,10, 13, 16 5,8,11, 14,17
Fluency

1. Calculate the following penalty rates:

a. time-and-a-half when the hourly rate is $15.96
b. double time when the hourly rate is $23.90
c. double time-and-a-half when the hourly rate is $17.40.

2. Calculate the following total weekly wages:

a. 38 hours at $22.10 per hour, plus 2 hours at time-and-a-half
b. 40 hours at $17.85 per hour, plus 3 hours at time-and-a-half
c. 37 hours at $18.32 per hour, plus 3 hours at time-and-a-half and 2 hours at double time.

3. Julio is paid $956.08 for a regular 38-hour week. Calculate:

a. his hourly rate of pay
b. how much he is paid for 3 hours of overtime at time-and-a-half rates
c. his wage for a week in which he works 41 hours.
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4. A Geoff is a waiter in a cafe and works 8 hours most days.
Calculate what he earns for 8 hours work on the following days:

a. a Monday, when he receives his standard rate of $21.30 per hour
b. a Sunday, when he is paid double time
c. a public holiday, when he is paid double time-and-a-half.

5. Albert is paid $870.58 for a 38-hour week. Determine his total wage
for a week in which he works 5 extra hours on a public holiday with a
double-time-and-a-half penalty rate.

Understanding

6. Jeleesa (aged 16) works at a supermarket on Thursday nights and weekends. The award rate for a 16-year-
old is $7.55 per hour. Calculate what she would earn for working:

a. 4 hours on Thursday night

b. 6 hours on Saturday

c. 4 hours on Sunday at double time

d. the total of the 3 days described in parts a, b and c.

7. Jacob works in a pizza shop and is paid $13.17 per hour.

a. Jacob is paid double time-and-a-half for public holiday work.
Calculate what he earns per hour on public holidays. Give your
answer to the nearest cent.

b. Calculate Jacob’s pay for working 6 hours on a public holiday.

8. If Bronte earns $7.80 on normal time, calculate how much she receives per hour:

a. at time-and-a-half b. at double time c. at double time-and-a-half.

9. lIEA a. Complete the time sheet shown. Calculate the number of hours Susan worked this week.

Day Pay rate Start time  Finish time Hours worked
Monday Normal 9:00 am 5:00 pm
. Tuesday Normal 9:00 am 5:00 pm
Wednesday Normal 9:00 am 5:00 pm
' Thursday Normal 9:00 am 5:00 pm
Friday Normal 9:00 am 3:00 pm

b. Complete Susan’s pay slip for this week.

Pay slip for: Susan Jones Week ending 17 August
Normal hours

Normal pay rate $25.60
Overtime hours 0

Overtime pay rate $38.40

Total pay
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10. a. Manu works in a department store. His time sheet is shown. Complete the table.

Day Pay rate Start time Finish time Hours worked
Monday Normal 9:00 am 5:00 pm

Tuesday Normal 9:00 am 5:00 pm

Wednesday Normal —

Thursday Normal 1:00 pm 9:00 pm

Friday Normal —

Saturday Time-and-a-half 8:00am 12:00 pm

b. Complete Manu’s pay slip for this week.

Pay slip for: Manu Taumata

Week ending 21 December

Normal hours

Normal pay rate

$10.90

Overtime hours

Overtime pay rate (time-and-a-half)

Total pay

11. a. Eleanor does shift work. Copy and complete their time sheet.

Day Pay rate Start time Finish time Hours worked
Monday Normal 7:00 am 3:00 pm '
Tuesday Normal 7:00 am 3:00pm

Wednesday

Thursday

Friday Normal 11:00 pm 7:00am

Saturday Time-and-a-half 11:00 pm 7:00 am

Sunday Double time 11:00 pm 7:00 am

b. Copy and complete Eleanor’s pay slip for the week.

Pay slip for: Eleanor Rigby

Normal hours

Week ending 15 September | !E ‘% A

Normal pay rate

$16.80

Time-and-a-half hours

Time-and-a-half pay rate

Double time hours

Double time pay rate

Gross pay

Reasoning

12. Calculate the following total weekly wages:

a. 38 hours at $18.40 per hour, plus 2 hours at time-and-a-half
b. 32 hours at $23.70 per hour plus 6 hours on a Sunday at double time.
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13. Ruby earns $979.64 for her normal 38-hour week, but last week she
also worked 6 hours of overtime at time-and-a-half rates.

a. Calculate how much extra she earned and give a possible reason
for her getting time-and-a-half rates.
b. Calculate Ruby’s total wage.

14. A standard working week is 38 hours and a worker puts in 3 hours
overtime at time-and-a-half, plus 2 hours at double time.
Calculate the amount of standard work hours equivalent to the total
time they have worked.

Problem solving

15. Joshua’s basic wage is $22 per hour. His overtime during the week is paid at time-and-a-half. Over the
weekend he is paid double time.
Calculate Joshua’s gross wage in a week when he works his basic 40 hours, together with 1 hour overtime on
Monday, 2 hours overtime on Wednesday and 4 hours overtime on Saturday.

16. Lin works 32 hours per week at $22 per hour and is paid overtime for any time worked over the 32 hours per
week. In one week Lin worked 42 hours and was paid $814. Overtime is paid at 1.5 times the standard wage.
Determine whether Lin was paid the correct amount. If not, then provide the correct amount.

17. The table shows the pay sheet for a small company. If a person works up to 36 hours, the regular pay is
$14.50 per hour.
For hours over 36 and up to 40, the overtime is time-and-a-half.
For hours over 40, the overtime is double time.

Complete the table.
 Hours worked Regular pay Overtime pay Total pay
a. 32
b. 38.5
c. 40.5
d. 47.2

I &Y Piecework, commission and royalties

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e calculate the payment of piecework
e calculate commission on sales
e calculate royalties paid on copyright.

® 7.4.1 Non-wage earnings — piecework

e Piecework is a system of payment by which a worker is paid a fixed amount for each job or task they
complete.
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WORKED EXAMPLE 6 Calculating pay for a task with a fixed rate

Mitchell is washing cars for a fundraiser. He is paid
$5.20 per car washed. Calculate the amount Mitchell
earns in an afternoon when he washes 24 cars.

THINK WRITE

1. Multiply the number of cars Mitchell washes by Amount earned = 24 X 5.20
the amount paid for each car. = 124.80

2. Write the answer in a sentence. Mitchell earns $124.80.

e A person may also be paid on a sliding scale where the pay rate increases as the number of completed tasks
increases.

WORKED EXAMPLE 7 Calculating pay for a task with a sliding rate

Angelica is a machinist in a clothing factory. Each week
she is paid $4.28 per garment for the first 180 garments,
and $5.35 per garment thereafter. What will she be paid
if she produces 223 garments?

THINK WRITE

1. Calculate the number of ‘extra’ garments Angelica Extra garments = 223 — 180
makes. =43

2. Calculate her total payment by adding the payment Payment = 180 x 4.28 + 43 X 5.35
she receives for the first 180 garments to the payment = 1000.45

she receives for the extra garments.
3. Write the answer in a sentence. Angelica earns a total payment of $1000.45.

e In some cases, piecework is paid for multiple units rather than single units. For example, for letterbox
deliveries you may be paid per 1000 deliveries made.
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WORKED EXAMPLE 8 Calculating pay given a rate per 1000

Holly is delivering brochures to letterboxes in her local area. She is paid $43.00 per 1000 brochures
delivered. Calculate the amount Holly will earn for a delivery of 3500 brochures.

THINK WRITE
1. Calculate the number of thousands of brochures 3500+ 1000 =3.5
Holly will deliver. So Holly will deliver 3.5 thousand brochures.
2. Multiply the number of thousands of brochures Holly’s pay = 3.5 x43.00
delivered by 43 to calculate what Holly will earn. = 150.50
3. Write the answer in a sentence. Holly will earn $150.50.

7.4.2 Non-wage earnings — commissions and royalties

e Commission is a method of payment used mainly for salespeople. The commission paid is usually
calculated as a percentage of the value of goods sold.

e A royalty is a payment made to a person who owns a copyright. For example, a musician who writes a
piece of music is paid a royalty on CD and online sales. An author who writes a book is also paid a royalty
based on the number of books sold. Royalties are calculated as a percentage of sales.

WORKED EXAMPLE 9 Calculating royalties

Mohamad is a songwriter who is paid a royalty of 12% on all sales of his music. Calculate the royalty
that Mohamad earns if a song he writes sells CDs to the value of $150 000.

THINK WRITE
1. Determine the royalty by calculating 12% of $150 000. Royalty = 12% of 150 000
=0.12x 150000
= 18000
2. Write the answer in a sentence. Mohamad earns $18 000 in royalties.

e Sometimes a salesperson is paid a small wage, called a retainer, plus a percentage of the value of the
goods sold.

WORKED EXAMPLE 10 Calculating total wage including commission

Gemma, a car salesperson, is paid a retainer of $350 per week, plus a commission of 8% of the profits
made by the company on cars that she sells.

a. How much does Gemma earn in a week when no sales are made?

b. How much does she earn in a week when $5000 profit was generated by her sales?

THINK WRITE

a. If no sales are made, only the retainer is paid. a. Gemma earns $350.

b. 1. Determine the commission paid by calculating 8% b. Commission = 8% of 5000
of $5000. = 0.08 X 5000

= $400
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2. Determine the total amount paid by adding the retainer and Total earnings = 350 4400
the commission. = $750

3. Write the answer in a sentence. Gemma earns $750.

e Sometimes the commission is broken into several parts with differing rates.

WORKED EXAMPLE 11 Calculating commission including different rates

A real estate agency receives 2% commission on the first $300 000 of a
sale and 3% on the remainder. How much commission is received on the
sale of a $380 000 property?

THINK WRITE

1. Calculate the difference between $380 000 380000 — 300000 = 80000
and $300 000.

2. Calculate 2% of $300 000. 2% of 300 000 = 6000

3. Calculate 3% of $80 000. 3% of 80 000 = 2400

4. Calculate the total commission by adding 6000 + 2400 = 8400
the commission earned on $300 000 and the
commission earned on $80 000.
5. Write the answer in a sentence. The commission received is $8400.

Exercise 7.4  Piecework, commission and royalties

7.4 Quick quiz 7.4 Exercise

Individual pathways

B PRACTISE Bl CONSOLIDATE B MASTER
1,2,4,5,8,13,17,19, 27 3,6,9, 11, 14, 15, 18, 20, 22, 23, 7,10, 12, 16, 21, 24, 25, 28, 29
26
Fluency

1. IEEA Hitani is paid 65 cents for each teacup she decorates. How much is she paid for decorating
150 teacups?

2. [lIZA Jack makes leather belts. The piece rate is $1.25 each for the first 50 belts and $1.50 thereafter. What
is his income for a day in which he produces 68 belts?

3. A production-line worker is paid $1.50 for each of the first 75 toasters assembled, then $1.80 per toaster
thereafter. How much does she earn on a day in which she assembles 110 toasters?
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10.

. =3 Rudolf earns $42.50 per 1000 leaflets delivered to letterboxes. Calculate what Rudolf will earn for a

week in which he delivers 7500 leaflets.

. IlIEA Danyang is a writer who is paid a royalty of 10% on all sales. Calculate the royalty she earns in a year

if a book she writes sells copies to the value of $30 000.

. A home improvement company pays commission at the rate of 16% on all sales. What would a person earn

who had sales to the value of:
a. $8000 b. $6972.50?

. Linda is a car salesperson who is paid a 1.5% commission on her sales. Calculate the amount of money

Linda earns in a week where her sales total $95 000.

. IlE Gordon is paid a retainer of $200 per week plus a commission of 6% of the profits made by the

company on the goods that he sells.

a. How much does Gordon earn in a week when no sales are made?
b. How much does Gordon earn in a week during which a $70 000 profit was generated by his sales?

. Alfonso gets a retainer of $235 per week plus a commission of 5 %% on sales. What are his total earnings in

a week in which his sales are:
a. $1000 b. $4500 c. $17384?

Bryce is an author. His publisher pays him a fixed
1
allowance of $500 per month, plus 4 —2-% royalty

on sales. What would be his income for a month in
which his book sales totalled:

a. $0

b. $2000
c. $15000
d. $23750?

Understanding

11.

12,

13.

14.

Dimitri earns $7.20 for each box of fruit picked.

a. How much does he make for picking 20 boxes?
b. How many boxes must he pick to earn at least $200?
c. If he takes 4 hours to pick 12 boxes, what is his hourly rate of pay?

Pauline uses her home computer for word processing under contract
with an agency. She is paid $3 per page for the first 50 pages, $4 per
page from 51 to 100 pages, and $5 per page thereafter. Calculate her
total pay for a period in which she prepares:

a. 48 pages b. 67 pages c. 123 pages.

=N A real estate agency receives 2% commission on the first
$250 000 of a sale and 4% on the rest. How much commission is
received on the sale of a $370 000 property?

At a second real estate agency, the commission rate is 5% on the
first $180 000 of sale price and 2% on the remainder. Calculate the
commission on the sale of the $370 000 property.
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15. Ingrid’s real estate agency pays her 1% commission on the first $500 000 of sale price, then 4% thereafter.
How much commission would she receive on the sale of a property worth:

a. $480000 b. $510000 c. $735000?

16. Yanu works for a boat broker who pays him 6% of the first $50 000 of the sale price, then 3 %% on the rest.
Calculate the commission he receives on the following sales.
a. $40000 b. $70 000 c. $395000

17. Rani delivers bills to letterboxes and is paid $43 per thousand.

a. How much does she earn for delivering 2500 items?
b. How many thousands must she deliver to earn at least $1000?
c. If she takes 6 hours to deliver each thousand on average, what is her hourly rate of pay?

18. Georgio delivers pizzas. He is paid $3 per delivery from 5 pm
to 9 pm and $4 per delivery after 9 pm.

a. How much does he earn on a night in which he makes
12 deliveries by 9 pm and 4 deliveries between 9 pm and
10.30 pm?

b. What are his average earnings per hour if he has worked
from 5 pm to 10.30 pm?

19. Veronica earns $400 per week plus 4% on sales, whereas
Francis earns 6% commission only.

a. How much does each earn on sales of $8400?
b. What level of sales would yield each the same income?

20. Wolfgang, a car salesman, is paid a weekly retainer of $550, plus 10% of the dealer’s profit on each vehicle.
Determine find his total income for weeks in which the dealer’s profits on vehicles he sold were:

a. $3500 b. $5980 c. $7036

Reasoning

21. What are the advantages and disadvantages of being paid by piecework?

22. What are the major advantages and disadvantages of getting paid by commission or royalties?

Problem solving

23. A shoemaker is paid $5.95 for each pair of running shoes he can make.

a. If the shoemaker made 235 pairs of shoes last week, what was the amount paid?
b. The shoemaker is offered a bonus of 5% if he can make more than 250 pairs of shoes in a week. If he
makes 251 pairs, what is the total amount earned, including the bonus?

24. A secretarial assistant gets paid $12 per page that she types. If she manages to type more than 20 pages in a
day, she gets a 10% bonus. If she typed 32 pages on Tuesday, how much did she earn?

25. There are both fixed and variable costs associated with some products. Consider the cost of importing a
radio from China and selling it in Australia. The costs for a particular company are:
* import of product $12.50 per unit
e transportation costs $400 per 1000 units
e warehouse rental space $1 per unit per month
e advertising costs $2000 per month (fixed cost).

a. If this company imports and sells 500 units per month, what is the total cost per month?
b. At 500 units per month and a selling price of $25.00, what is the total profit per month?
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26. Using the commission table for house sales below, calculate the commission on each of the following sales.

Sale price Commission Plus
Between $0 and $80 000 2% of sale price 0
Between $80001 and 1.5% of amount over $80 000 $1600 (2% of $80 000)
$140000
$140 000 and over 1.1% of amount over $140 000 $2500 (2% of $80 000 + 1.5% of
$60000)
a. $76 000
b. $122 500
c. $145000
d. $600 000

27. Mr Hartney is a used car salesman. He receives a basic monthly salary of $2400 together with 5%
commission on all sales. Although his sales for the month amounted to $48 300, he also had deductions for
insurance ($12.80), association fees ($25.70) and income tax ($1100). Calculate the amount, in dollars, he
took home that month.

28. A rock musician makes a royalty on all record sales according to the following formula.

Sales from Sales to ‘ Royalty rate

0 $100000 3%

$100001 $500 000 3.5% on amount over $100 000
$500001 1 million 4% on amount over $500 000
1 million and above ' 5% on amount over 1 million

Calculate the musician’s royalties for the following years.

a. 2007: sales = $456 000 b. 2008: sales = $1 234 500
c. 2009: sales = $986 400 d. 2010: sales = $2 656 000

29. Four years ago Inka became an employee of TrakRight Tourism, where her starting annual salary was
$55 600. After her first year she received a 2% pay rise. The next year she received a 3% pay rise. Last year
she received an x% pay rise. If her annual salary is now $61 042, determine the value of x, correct to
1 decimal place.
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TR A Simple interest

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e calculate the simple interest on a loan or an investment
e apply the simple interest formula to determine the time, the rate or the principal.

7.5.1 Principal and interest

e When you put money in a financial institution such as a bank or credit union, the amount of money you
start with is called the principal.

e Interest is the fee charged for the use of someone else’s money.

e Investors are people who place money in a financial institution — they receive interest from the financial
institution in return for the use of their money.

e Borrowers pay interest to financial institutions in return for being given money as a loan.

¢ The amount of interest is determined by the interest rate.

e Interest rates are quoted as a percentage over a given time period, usually a year.

e The total amount of money, which combines the principal (the initial amount) and the interest earned, is
known as the value of the investment.

Value of an investment or loan

A=P+1

where:
* A = the total amount of money at the end of the investment
or loan period
e P = the principal (the initial amount invested or borrowed)
e [ = the amount of interest earned.

WORKED EXAMPLE 12 Calculating the total amount

Sam borrowed $450 000 from a bank for his business. After 30 years Sam had repaid his loan, with a
total of $500 000 paid to the bank.
Calculate how much interest Sam paid the bank.

THINK WRITE
1. Write the known quantities: principal (P) and the total P = $450000

amount (A). A = $500000
2. Write the formula to calculate interest paid. A=P+1]
3. Substitute the given values into the formula. 500000 =450000+ 1
4. Rearrange the formula to calculate the value of interest. I=500000—450000

= 50000

5. Write the answer in a sentence. Sam paid $50 000 in interest to the bank.
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7.5.2 Simple interest

Simple interest is the interest paid based on the principal of

an investment.

The principal remains constant and does not change from one period

to the next.

Since the amount of interest paid for each time period is based on
the principal, the amount of interest paid is constant.

Simple interest is usually used for short-term assets or loans.
 For example, $500 is placed in an account that earns 10% p.a.

Simple interest is an example of a linear relationship.

simple interest every year.
 This means $50 is earnt each year (10% of $500 = $50).

o After 4 years the total interest earnt is 4 X 50 = $200, so the value
of the investment after 4 years is 500 + 200 = $700.

In the example above, a table could be constructed to show Year Investment
the addition of $50 in interest added every year to the starting 0 500
investment of $500. 1 550
A graph can be drawn with the year as the explanatory variable ) 600
and the total investment as the response variable. 3 650
The investment grows at a constant rate of $50 per year. 1 700

5 750

Total

Linear growth of a simple interest investment

A
900

800
700+
600
500 -
400
300
200
100+

0

Y

Formula for simple interest

where:
I = the amount of interest earned or paid
P = the principal

I= Pin

i = the interest rate as a percentage per annum (yearly), written as a decimal (e.g. 2% p.a. is
equal to 0.02 p.a.)

n = the duration of the investment in years.

TOPIC 7 Financial mathematics 331



WORKED EXAMPLE 13 Calculating simple interest

Calculate the amount of simple interest earned over 4 years on an investment of $35 000 that returns
2.1% p.a.

THINK WRITE
1. Write the simple interest formula. [ = Pin
2. State the known values of the variables. P = $35000
i=0.021
n=4
3. Substitute the given values into the formula I=35000x%0.021 x4
and evaluate the amount of interest. I =2940
4. Write the answer in a sentence. The amount of simple interest over 4 years is $2940.

e Note that the time, 7, is in years. Months need to be expressed as a fraction of a year. For example,
27 months = 2 years and 3 months = 2.25 years.

WORKED EXAMPLE 14 Calculating the time of an investment

Karine invests $2000 at a simple interest rate of 4% p.a. Calculate how long the money needs to be
invested to earn $120 in interest.

THINK WRITE
1. Write the simple interest formula. I = Pin
2. State the known values of the variables. P = $2000
i=0.04
n=$120
3. Substitute the given values into the formula 120 = 2000 % 0.04 X n
and rearrange to calculate the value of
the time. 120 = 80n
120 _ 80n
80 80
4. Change the years into years and months. n=1.5
n=1year and 6 months
5. Write the answer in a sentence. Karine will need to invest the $2000 for 1 year and
6 months

WORKED EXAMPLE 15 Calculating the total amount of a loan

Zac borrows $3000 for 2 years at 9% p.a. simple interest.
a. Calculate how much interest Zac is charged over the term of the loan.
b. Calculate the total amount Zac must repay.

THINK WRITE

a. 1. Write the simple interest formula. a. I=Pin
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2. State the known values of the variables. P = $3000

i =0.09
n=2
3. Substitute the given values into the simple 1=3000 x0.09 x2
interest formula and evaluate the value [ =540
of interest.
4. Write the answer in a sentence. Zac is charged $540 in interest.

b. 1. State the relationship for the value of aloan. b. A =P +/
A = 3000+ 540

2. Substitute the values for P and I and calculate A = 3540

the total amount.

3. Write the answer in a sentence. To repay the loan, Zac must pay $3540 in total.

WORKED EXAMPLE 16 Calculating simple interest on an item

The Carlon-Tozer family needs to buy a new refrigerator at a cost of
$1679. They will pay a deposit of $200 and borrow the balance at an

interest rate of 19.5% p.a.
The loan will be paid off in 24 equal monthly payments.

. Calculate how much money the Carlon-Tozers need to borrow.

a
b. Calculate how much interest they will pay.
c. Determine the total cost of the refrigerator.
d. Calculate the amount of each payment.

THINK WRITE

a. 1. Subtract the deposit from the cost to calculate the  a.
amount still owing.

2. Write the answer in a sentence.

b. 1. State the known values of the variables and write b.
the simple formula.

2. Substitute the values into the formula to calculate
interest (1), by multiplying the values.

3. Write the answer in a sentence.
c. 1. Add the interest to the initial cost to calculate the c.
total cost of the refrigerator.

2. Write the answer in a sentence.

d. 1. Subtract the deposit from the total cost to calculate d.
the amount to be repaid.

2. Divide the total payment into 24 equal payments to
calculate each repayment.

3. Write the answer in a sentence.

1679 — 200 = 1479

They must borrow $1479.
P =1479

i=0.195

n=2

I = Pin

= 1479x0.195 %2

= 576.81
The interest will be $576.81.
1679.00 + 576.81 =2255.81

The total cost of the refrigerator will be
$2255.81.
2255.81 — 200 =2055.81.

2055.81 +24 =85.66

Each payment will be $85.66.
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Technology and simple interest

e Digital technologies such as Microsoft Excel can be helpful in understanding the effects of changing P, i
and n. Alternatively, you can investigate these effects using the interactivities in the Resources tab for this
lesson.

COLLABORATIVE TASK: Interesting time periods

1. In groups, complete the table below for the pair of values P =$100 and R = 6%, with interest calculated

and paid:

a. each year b. every 6 months c. every 4 months

d. every 3 months e. every 2 months f. every month.

‘ Time period 2 years 3 years 5 years 7 years 10years | 15years

‘ Value of the investment

2. As aclass, discuss the effect of increasing the frequency of payments (for example, by paying interest
monthly) at the same time as decreasing the interest rate (for example, by dividing it by 12).
Would these changes make a difference to the final investment value? Why?

COLLABORATIVE TASK: Comparing financial options

Students will explore and compare different savings accounts, phone plans, and digital subscriptions based on
interest rates, fees, withdrawal policies, price, quality, and terms and conditions.

Working in small groups, explore and compare a savings account, phone plan or a digital subscription. Each
student should research a different account/plan/subscription.

Investigate and report on the following:
e Savings accounts: Interest rates, fees, withdrawal policies.
* Phone plans: Price, data limits, call/text limits, contract terms.
¢ Digital subscriptions: Price, content library, streaming quality, device compatibility.

Discuss the importance of comparing financial options. Reflect on what was learned and its real-life applications.
Prepare and present findings to the class.
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Exercise 7.5 Simple interest learn

7.5 Quick quiz 7.5 Exercise

Individual pathways

B PRACTISE Bl CONSOLIDATE B MASTER
1,4,6,7,10, 13, 18, 22 2,5,8,11,14, 17,19, 20, 23, 24 3,9,12, 15, 16, 21, 25, 26
Fluency

1. 3A Alecia invests $400. After 3 years, she withdraws the total value of her investment, which is $496.
Calculate the simple interest she earned per year.
2. [lIZEH Calculate the amount of simple interest earned on an investment of $4500:

a. returning 3.5% p.a. for 6 years b. returning 2.75% p.a. for 4 years
c. returning 7.5% p.a. for 2 years d. returning 2.5% p.a. for 8 years.

3. Calculate the amount of simple interest earned on an investment of:
a. $2000, returning 4.5% p.a. for 3 years and 6 months
b. $18 200, returning 3.6% p.a. for 6 months
c. $460, returning 2.15% p.a. for 2 years and 3 months
d. $6700, returning 3.2% p.a. for 7 years.
4. W32 Calculate how long it will take an investment of $12 000 to earn the following:
a. $1260 interest at a simple interest rate of 3.5% p.a.
b. $2520 interest at a simple interest rate of 4.2% p.a.
c. $405 interest at a simple interest rate of 2.25% p.a.
d. $1485 interest at a simple interest rate of 4.5% p.a.
5. Calculate the simple interest rate per annum if:
a. $3000 earns $270 in 3 years b. $480 earns $16.20 in 9 months
c. $5500 earns $660 in 2.5 years d. $2750 earns $748 in 4 years.
6. I If the total interest earned on a $6000 investment is $600 after 4 years, then the annual interest is:
A. 10% B. 7.5% C. 5% D. 2.5%

7. IIEEA Monique borrows $5000 for 3 years at 8% per annum simple interest.
a. Calculate how much interest she is charged.
b. Calculate the total amount she must repay.

8. Calculate the simple interest earned on an investment of $15000 at 5.2% p.a. over 30 months.

9. For each loan in the table, calculate:

i. the simple interest
ii. the amount repaid.

Principal ($) Interest rate per annum Time
a. 1000 5% 2 years
b. 4000 16% 3 years
c. 8000 4.5% 48 months
d. 2700 3.9% 2 years 6 months
e. 15678 9.2% 42 months

10. Calculate the final value of each of the following investments.
a. $3000 for 2 years at 5% p.a. b. $5000 for 3 years at 4.3% p.a.
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11. Hasim borrows $14 950 to buy a used car. The bank charges a 9.8% p.a. flat rate of interest over 60 months.

a. Calculate the total amount he must repay.
b. Calculate the monthly repayment.

12. Carla borrows $5200 for an overseas trip at 8.9% p.a.
simple interest over 30 months. If repayment is made in
equal monthly instalments, calculate the amount of each
instalment.

Understanding

13. Janan invested $2000 at a simple interest rate of 4% p.a.
Calculate how long he needs to invest it in order to earn
$200 in interest.

14. If Jodie can invest her money at 8% p.a., calculate how
much she needs to invest to earn $2000 in 2 years.

15. If the simple interest charged on a loan of $9800 over 3 years is $2352, determine the percentage rate of
interest that was charged.

16. Calculate the missing quantity in each row of the table shown.

Principal ~  Rate of interest p.a. Time Interest earned
a. $2000 6% $240.00
b. $3760 5.8% $545.20
c. 7% 3 years $126.00
d. 4.9% 1 year 9 months $385.88
e. $10000 1 % years $1200.00
f. $8500 ‘ 42 months $1041.25

17. I3 Mika is buying a used car for $19 998. He has a deposit of
$3000 and will pay the balance in equal monthly payments over
4 years. The simple interest rate will be 12.9% p.a.

Calculate how much money he needs to borrow.
Calculate how much interest he will pay.
Determine the total cost of the car.

Determine how many payments he will make.
Calculate the cost of each payment.

® 00D oD

Reasoning

18. If a bank offers interest on its savings account of 4.2% p.a. and the investment is invested for 9 months,
explain why 4.2 is not substituted into the simple interest formula as the interest rate.

19. Theresa invests $4500 at 5.72% per annum in an investment that attracts simple interest for 6 months. Show
that at the end of 6 months she should expect to have $4628.70.
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20.

21,

A $269 000 business is purchased on an $89 000 deposit with the balance payable over 5 years at an
8.95% p.a. flat rate.

a. Calculate how much money is borrowed to purchase this business.
b. Calculate how much interest is charged.

c. Calculate the total amount that must be repaid.

d. Determine the size of each of the equal monthly repayments.

e. Explain two ways in which these payments could be reduced.

Nam has $6273 in his bank account at a simple interest rate of 4.86% per annum. After 39 days he calculates
that he will have $6305.57 in his account. Did Nam calculate his interest correctly?
Justify your answer by showing your calculations.

Problem solving

22,

23.

24.

25,

26.

Giang is paid $79.50 in interest for an original investment of $500 for 3 years. Calculate the annual
interest rate.

A loan is an investment in reverse: you borrow money from a bank and are charged interest. The value of a
loan becomes its total cost.

Jitto wishes to borrow $10 000 from a bank, which charges 11.5% interest per year. If the loan is

over 2 years:

a. calculate the total interest paid
b. calculate the total cost of the loan.

A new sound system costs $3500, but it can be purchased for
no deposit, followed by 48 equal monthly payments, at a simple
interest rate of 16.2% p.a.

a. Determine the total cost of the sound system.

b. Under a ‘no deposit, no payment for 2 years’ scheme,48
payments are still required, but the first payment isn’t made for
2 years. This will stretch the loan over 6 years. Calculate how
much the system will cost using this scheme.

c. Determine the monthly payments under each of these two
schemes.

For the following questions, assume that the interest charged on a
home loan is simple interest.

a. Tex and Molly purchase their first home and arrange for a home
loan of $375 000. Their home loan interest rate rises by 0.25%
per annum within the first 6 months of the loan.
Determine the monthly increase of their repayments. Give your
answer to the nearest cent.

b. Brad and Angel’s interest on their home loan is also increased by [ ——
0.25% per annum. Their monthly repayments increase by $60. -
Determine the amount of their loan. Give your answer in whole dollars.

Juanita sells her car for $10 984. She invests x% of the money in a bank account at a simple interest rate of
6.68% per annum for 1.5 years. She spends the remainder of the money. At the end of the investment she has
exactly enough money to buy a new car for $11 002.

Determine the value of x, correct to 2 decimal places.
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WA Review

7.6.1  Topic summary

e A salary is a fixed annual (yearly) payment, e A wage is paid at a fixed rate per hour.
regardless of the number of hours worked. * Hours worked outside of the usual 38 or 40 hours
* Salaries are generally paid in weekly, fortnightly per week are usually paid at a higher rate per hour.
or monthly amounts. e.g. If a wage’s rate per hour is $24.50 and a person works
* Normal working hours in Australia are 38 hours per week. 38 hours each week:
 There are 52 weeks in a year. Weekly pay = $24.50 x 38 = $931

* There are 26 fortnights in a year (this value is slightly
different for a leap year).

. total wage/salary.
UIEDERS AN 1n. ayear. e.g. weekly pay x 12% = $931 x 0.12 = $111.72
e.g. If an annual salary is $52 000:

nalty r
* Fortnightly salary = $52 000 + 26 = $2000 pridypuites

* Monthly salary = $52 000 + 12 = $4333.33.  Penalty rates are paid when employees work overtime or
at weekends, on public holidays or at night.
e.g. If the hourly pay is $24, then:
time-and-a-half rate = $24 x 1.5
= $36/hour
double time rate = $24 x 2
= $48/hour

» Superannuation is calculated at 12% of your

FINANCIAL MATHEMATICS

Piecework, commission and royalties

* Interest is the amount earned from investing » Piecework is paid as a fixed amount for each job or task
money with a bank. completed.
¢ The formula to calculate the final value of a e.g. Payment per car washed.
simple interest investment is I = Pin, where: * Commission is paid as a percentage of the value of
goods sold.
* P = the principal, or the amount initially invested e.g. A portion of each artwork sold.
* i= the interest rate as a percentage per annum * Royalties is a type of commission paid to the person
(yearly), written as a decimal (e.g. 2% p.a. is equal who owns the copyright.

to 0.02 p.a.)

* n = the duration of the investment in years. Simple interest investments

¢ The formula to calculate the value of an investment
or loanis A = P + I, where: ¢ For $8000 over 10 years with a 3% p.a. simple interest rate

A = the total amount of money at the end of the (also called a flat rate):

investment or loan period .
- P = the principal I = Pin = 8000 x 0.03 x 10 = 2400

* [ = the amount of interest earned. « Final amount = $8000 + $2400
= $10400
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7.6.2 Success criteria

Tick the column to indicate that you have completed the lesson and how well you think you have understood it
using the traffic light system.

(Green: I understand; Yellow: I can do it with help; Red: I do not understand)

Lesson | Success criteria Q Q ’

7.2 | understand the difference between a salary and a wage.

| can calculate weekly, fortnightly or monthly pays from a given
annual salary.

| can calculate the amount earned from the hours worked and the
hourly rate of pay.

7.3 | can calculate total wages when overtime or penalty rates are included.

| can calculate hours paid when time-and-a-half or double time
is involved.

7.4 | can calculate the payment of piecework.

| can calculate commission on sales.

| can calculate royalties paid on copyright.

7.5 | can calculate the simple interest on a loan or an investment.

| can apply the simple interest formula to determine the time, the rate or
the principal.

7.6.3 Project

Australian currency

Since decimal currency was introduced in Australia in 1966, our notes and
coins have undergone many changes. Only our 5c, 10c and 20c coins are
still minted as they were back then. The 1c¢ and 2c coins are no longer in
circulation, the 50c coin is a different shape, the $1 and $2 notes have been
replaced by coins, and our notes have changed from paper to a special type
of plastic.

Coins have two sides: an obverse side and a reverse side. The obverse side
of all Australian coins depicts the year in which the coin was minted and our
reigning monarch at the time of minting. Most coins depict Queen Elizabeth
II, however from 2023 onwards the coins will depict King Charles III. The
reverse side depicts a typical Australian feature and sometimes a special
commemorative event.
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1. Describe what is depicted on the reverse side of each Australian coin.

2. Identify the heaviest and lightest type of coin. List every type of coin in order from lightest to heaviest.
3. Identify which coin has the smaller diameter: the 5¢ coin or the $2 coin. Calculate the difference in size.

The following table includes information on Australia’s coins currently in circulation. Use the table to

answer questions 2 to 4.

Con | amcir N L Commosion

19.41 2.83 75% copper, 25% nickel
10c 23.60 5.65 75% copper, 25% nickel
20c 28.52 11.30 75% copper, 25% nickel
50c 31.51 15.55 75% copper, 25% nickel
$1 25.00 9.00 92% copper, 6% aluminium, 2% nickel
$2 20.50 6.60 92% copper 6% aluminium, 2% nickel

The following table displays information on the currency notes currently circulating in Australia. The
column on the far right compares the average life of the previously used paper notes with that of the

current plastic notes. Use the table to answer questions 4 to 8.

‘ Average life of notes (months)

Note Date of issue Size (mm)
07/07/1992 130 X 65

$5 24/04/1995
01/01/2001
01/09/2016

$10 01/11/1993 137 X 65 40 8
20/09/2017

$20 31/10/1994 144 x 65 50 10
09/10/2019

$50 04/10/1995 151 X 65 About 100 24
18/10/2018

$100 15/05/1996 158 X 65 About 450 104
29/10/2020

List the denominations of the notes that are available '

in Australian currency.

State the date on which Australia’s first plastic note

was issued and the denomination of the note.

The $5 note has been issued 4 times, while all other
notes have only been issued twice. Suggest a reason

for this.

Suggest a reason why each note is a different size.
The table clearly shows that the plastic notes last
about 5 times as long as the paper notes we once

used. Suggest a reason why the $50 and $100 notes
last longer than the $5 and $10 notes.
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Exercise 7.6  Review questions learn

Fluency

1.

10.

11.

12.

Jane earns an annual salary of $45 650. Calculate her fortnightly pay.
Express $638.96 per week as an annual salary.

Minh works as a casual shop assistant and is paid $8.20 an hour from 3:30 pm to 5:30 pm, Monday to
Friday, and $9.50 an hour from 7 am to 12 noon on Saturday. Calculate his total pay for the week.

T Below are the pay details for 5 people. Choose who receives the most money.
A. Billy receives $18.50 per hour for a 40-hour working week.

B. Jasmine is on an annual salary of $38 400.

C. Omar receives $1476.90 per fortnight.

D. Thuy receives $3205 per month.

Daniel earns $10 an hour for a regular 38-hour week. If he works overtime, he is paid double time.
Calculate how much he would earn if he worked 42 hours in one week.

Bjorn earns $468.75 per week award wage for a 38-hour week.

a. Calculate his standard hourly rate.

b. If he is paid time-and-a-half for normal overtime, calculate his pay for a week in which he works
41 hours.

Phillipa is paid an annual salary of $48 800.
Calculate how much she would be paid each time if she was paid:

a. weekly b. monthly.

Deng works as a waiter and is paid $12.50 per hour. If he works 40 hours per week, calculate Deng’s
gross pay.

Xana makes gift cards as a hobby and is paid 55 cents for each card.
a. How much would she earn if she made 50 cards?
b. How many cards would she need to make to earn $44?

Kim sells cakes to the local shop. The shop pays for the ingredients.
Kim is paid $3.20 for each cake that she makes and 50 cents for each
slice. If Kim makes 5 cakes and 15 slices one week, how much does she
earn?

A salesperson earns a $250 per week retainer, plus 2% commission on
the first $10 000 sale and 1.5% on the remainder. What is their total
income for a week in which sales to the value of $18 000 were made?

Jennifer is to start a new job selling mobile phones. She is paid commission only at the rate of 17.5% of
sales. What value of sales must she make in order to receive commission of $600 in one week?
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Problem solving
13. a. Calculate the simple interest on an investment of $4000 for 9 months at 4.9% per annum.

b. Determine the final amount of the investment by the end of its term.

14. Calculate the monthly instalment needed to repay a loan of $12 500 over 40 months at a 9.75% p.a. flat
interest rate.

15. A simple interest loan of $5000 over 4 years incurred interest of $2300. Calculate the interest rate
charged.

16. Calculate 3.5% of 900.

17. Milos works in a supermarket and earns $11.70 per hour. If Milos works on Saturday he is paid at
time-and-a-half. Determine the hourly rate for which Milos works on Saturday.

18. An employer contributes $9600 to an employee’s superannuation fund in one year.
If the superannuation rate is 12%, determine the employee’s annual salary.

19. A car loan of $18 000 is charged with 8.5% per annum simple interest over a 4-year period.
Determine how much interest will be charged for each month of the loan.

20. Savannah is charged $600 in interest each month on a loan for home renovations over 5 years at a
simple interest rate of 12% per annum.
Determine the original amount that Savannah borrowed.

To test your understanding and knowledge of this topic, go to your learnON title at
www.jacplus.com.au and complete the post-test.
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Answers

Topic 7 Financial mathematics
7.1 Pre-test

1. a. $1643.28 b. $3286.57 c. $7120.89
2. $184

3. $32.50

4.D

5. $32.50 per hour

6. 35 hours

7. $412.50

8. a. $10 b. $810

9.D

10. a. $8372 b. $31072 c. $553.58
11. C

12. 9% p.a

13. a. $828.00 b. $99.36

14. B

15. $32 120
7.2 Salaries and wages

1. a. $1105.42 b. $2210.85 c. $4790.17
2. a. $1198.08 b. $2396.15 c. $5191.67
3. a. $19136 b. $46410 c. $68 684.20
4. a. $25870 b. $42183.96  c. $100498.06
5. a. $3890 per month b. $3200.58 per fortnight
6. a. $19.75/h b. $12.17/h
c. $25.73/h d. $39.06/h

7. a. $459.04 b. Jenny earns $211.66 more.
8. $210.72

9. $261.49

10. Rob earns more.

11. $30.77

12. 38 hours

13. a. $1605.77 b. $2788.81

c. $1100 d. $8770

14. a. $1515.59 b. $181.87

15. a. $12979.17  b. $18690.00

16. a. $96 200 b. $11544.00

17. B, as the annual salary for option B is the highest.
18. Job A has a higher hourly rate.

19. Minh. Minh’s annual salary is $63 745.76, which is higher
than Michelle’s annual salary.

20. $40 per hour. This is the option with the greatest pay.
21. $1735.95, $1833.75

22. a. $29.81 b. $25.64
23. 12 weeks

24. Annual salary = $90 000

c. $72080.58

7.3 Penalty rates

-

. a. $23.94 b. $47.80 c. $43.50
a. $906.10 b. $794.33 c. $833.56
a. $25.16 b. $113.22 c. $1069.30
a. $170.40 b. $340.80 c. $426.00
. $1156.96
. a. $30.20 b. $45.30
c. $60.40 d. $135.90
. a. $32.93 b. $197.55
.a. $11.70 b. $15.60 c. $19.50
. a. Mon: 8, Tue: 8, Wed: 8, Thu: 8, Fri: 6
. Pay slip for Susan Jones | Week ending 17 August
Normal hours 38
Normal pay rate $25.60
Overtime hours 0
Overtime pay rate $38.40
Total pay $972.80
10. a. Mon: 8, Tue: 8, Thu: 8, Sat: 4
- Pay slip for Week ending
Manu Taumata 21 December
Normal hours 24
Normal pay rate $10.90
Overtime hours 4
Overtime pay rate $16.35
Total pay $327.00

11. a. Mon: 8, Tue: 8, Fri: 8, Sat: 8, Sun: 8

12.
13.

14.

15.

o Pay slip for Week ending
Eleanor Rigby 17 August
Normal hours 24
Normal pay rate $16.80
Time-and-a half hours 8
Time-and-a half pay rate $25.20
Double time hours 8
Double time pay rate $33.60
Total pay $873.60

a. $754.40 b. $1042.80

a. $232.02 b. $1211.66

46 4

2
$1155

16. No. Lin should have been paid $1034.
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Hours Regular Overtime Total
worked pay pay pay
a. 32 $464 $0 $464
b. 38.5 $522 $54.38 $576.38
c. 405 | $522 $101.50 $623.50
d. 47.2 $522 $295.80 $817.80

7.4 Piecework, commission and royalties

1. $97.50

2. $89.50

3. $175.50

4. $318.75

5. $3000

6. a. $1280 b. $1115.60

7. $1425

8. a. $200 b. $4400

9. a. $290 b. $482.50 c. $1191.12
10. a. $500 b. $590

c. $1175 d. $1568.75

11. a. $144.00 b. 28 c. $21.60
12. a. $144 b. $218 c. $465

13. $9800

14. $12 800

15. a. $4800 b. $5400 c. $14400
16. a. $2400 b. $3750 c. $15937.50
17. a. $107.50 b. 24 c. $7.17

18. a. $52 b. $9.45

19. a. Veronica earns $736; Francis earns $504.

b. $20 000

20. a. $900 b. $1148 c. $1253.60

21. Answers may vary. Advantages could include flexible hours
or working from home; disadvantages could be that time per
item is often at a very low hourly rate.

22. Answers may vary. One advantage is that hard work and a
successful product or great selling skills will generate more
money; one disadvantage is that other factors may influence
the success of the product and your income may not reflect
your work ethic.

23. a. $1398.25 b. $1568.12

24. $422.40

25. a. $8950 b. $3550

26. a. $1520 b. $2237.50
c. $2555 d. $7560

27. $3676.50

28. a. $15460 b. $48 725
c. $36456 d. $119800

29. 4.5%
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7.5 Simple interest

1. $32

2. a. $945 b. $495
c. $675 d. $900

3. a. $315 b. $327.60
c. $22.25 d. $1500.80

4. a. 3years b. 5 years
c. 1.5years or 1 year and 6 months
d. 2.75 years or 2 year and 9 months

5. a. 3%p.a. b. 4.5%p.a.
c. 4.8%p.a. d. 6.8%p.a.

6.D

7. a. $1200 b. $6200

8. $1950

9.a. i $100 ii. $1100
b. i. $1920 ii. $5920
c. i.$1440 ii. $9440
d. i. $263.25 ii. $2963.25
e. i.$5048.32 ii. $20726.32

10. a. $3300 b. $5645

11. a. $22275.50  b. $371.26

12. $211.90

13. 2.5 years

14. $12 500

15. 8%

16. a. 2 years b. 2.5 years c. $600
d. $4500.06 e. 8% f. 3.5%

17. a. $16998 b. $8770.97 c. $28768.97
d. 48 e. $536.85

18. The interest rate in the simple interest formula needs to be
converted from a percentage into a decimal: 4.2% = 0.042.

19. Sample responses can be found in the worked solutions in
the online resources.

20. a. $180000
b. $80550
c. $260550
d. $4342.50
e. Increase the size of the deposit or increase the length of

time over which the loan can be repaid

21. Yes

22.5.3%

23. a. $2300 b. $12300

24. a. $5768 b. $6902 c. $120.17, $143.79

25. a. $78.13 b. $288 000

26. 91.04

Project

1.

5c coin: echidna

10c coin: lyrebird

20c coin: platypus

50c coin: coat of arms

$1 coin: five kangaroos

$2 coin: Walpiri-Anmatyerre Aboriginal Elder Gwoya
Jungarai



. 5¢, 10c, $2, $1, 20c, 50c 7. a. $938.46 b. $4066.67
. The 5c coin has a smaller diameter. It is smaller by 1.09 mm. 8. $500

. $5, $10, $20, $50, $100 9. a. $27.50 b. 80 cards
. 7 July 1992, $5 10. $23.50

. Sample responses can be found in the worked solutions in the 11, 570
online resources. 12. $3428.57

. The different sizes allow people with vision impairment to 13. a. $147 b. $4147
tell the difference between each note.

14. $414.06
8. The $50 and $100 notes are used less frequently. L

15. 11.5%
7.6 Review questions 16. 31.5
1. $1755.77 17. $17.55

2. $33225.92 18. $80 000
3. $129.50 19. $127.50
4. A 20. $60 000

5. $460
6. a. $12.34 b. $524.28







Modelling with numlber
and algelbra

Fully worked solutions for this topic are available online.




Modelling with number and algebra

Introduction

Mathematical modelling allows us to understand and solve many real-life situations. In number and algebra, you
will apply your skills to manipulate relationships between two variables such as converting different currencies.
Your understanding of financial mathematics is another important area to help you make wise decisions on

your future.

Through applying your knowledge to different scenarios, you will make informed decisions and communicate
solutions effectively. This process enhances your logical reasoning and deepens your understanding of how
mathematics is in the world around us.

MODELLING TASK 1: Structured
To Alpha Centauri and back

Founded in 2016, Breakthrough Starshot is a
research and engineering project to develop
probes capable of making the journey to Alpha
Centauri, the closest star to the Earth, other
than the sun. Alpha Centauri is 4.3 light years
away from Earth. Light travels at approximately
300 000 km/s. A light year is the distance light
travels in one year.

How far is Alpha Centauri from Earth and,
travelling at 100 km/h, how long in years would
it take to reach Alpha Centauri?
a. Analyse the situation:
* Give a brief overview of the star Alpha Centauri.
e What information have you been given?
e What are you asked to determine?
b. Determine assumptions and constraints:
* What assumptions are you making? Assume 365 days in a year.
e Are there any limitations or constraints you need to consider?
e What is the best method to write these numbers?
c. Represent the situation mathematically:
¢ Calculate the number of seconds in a year.
e Calculate the distance travelled by light in one year.
e Calculate the distance from Earth to Alpha Centauri, in kilometres.
e How long would it take to reach Alpha Centauri?
d. Interpret and communicate findings:
e What methods did you use to present your calculations?
e What assumptions were you making?
e Communicate your findings in a meaningful presentation.
Would travelling to Alpha Centauri seem possible or logical?
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MODELLING TASK 2: Structured
The Lolly Shop

The local lolly shop has a ‘Pick and Mix’ section of
sweets, where you pay by the total weight of your bag.
You would like some of their strawberry twists and
chocolate ripples. Each strawberry twists weighs 5 g and
each chocolate ripple weighs 9 g.

You select some of each and fill your bag with 28 sweets.
The bag weighs 188 g. Can you calculate how many
sweets you bought of each type?
a. Analyse the situation:
e What information have you been given?
e What do you need to consider?
e Realise you will need to use algebra to solve the problem.
b. Determine assumptions and constraints:
e Have you made any assumptions?
e Are there any constraints or limitations you need to consider?
¢ How many sweets to you have?
* What is the weight of the different types of sweets?
c. Represent the situation mathematically:
e Write an expression for the number of one sweet in terms of the other.
e Write an equation using the weights of the sweets and the total weight of the lolly bag.
e Solve your linear equation.
¢ How many strawberry twists and chocolate ripples do you have?
d. Interpret and communicate findings:
e Present your calculations and explain your method of solving the problem.
e What assumptions did you made and could it have affected the outcome?
e Would you be able to swap 1 chocolate ripple for 2 strawberry twists without changing the cost since
the cost is on the total weight of your lolly bag?

MODELLING TASK 3: Open ended

Hourly rate or salary?

A worker receives an hourly rate of $28.40 to work a
standard 38-hour week. They receive overtime of time-
and-a-half for the first two hours worked above

38 hours and double time on any other hours overtime.
On average, they work 42.5 hours each week. The
worker is offered to go on a salary of $68 000.

Will they be better off remaining on a wage or taking the
salary offer?

Consider the following:
e What factors do you need to consider in advising
the worker?
* What are the advantages/disadvantages of working on an hourly rate compared to a salary?
e How would you explain your recommendation to the worker?
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MODELLING TASK 4: Open ended

Purchasing a new TV

Oliver is comparing purchasing plans for the
latest 4K television. The recommended retail price
of the television is $3500. He goes to three stores
and they offer him the following buy now — pay
later plans.

Store 1: $250 up-front + 12 monthly payments
of $300

Store 2: 24 monthly payments of $165

Store 3: $500 up-front + 6 monthly payments
of $540

Oliver is looking at both the best buy and the
best rate of simple interest charged by these
three stores.

Consider the following:
* What factors do you need to consider?
* How would you make the decision on which where to purchase the TV?
e How do you determine the rate of simple interest?
e Are there any other considerations that Oliver needs to consider?
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TIEER] Overview

8.1.1  Why learn this?

Trigonometry is the branch of geometry that is concerned with triangles. The word
‘trigonometry’ was created in the sixteenth century from the Greek words trigonon
(‘triangle’) and metron (‘measure’), but the study of the geometry of triangles

goes back to at least the sixth century BCE, when the ancient Greek philosopher
Pythagoras of Samos developed his famous theorem.

Pythagoras was particularly interested in right-angled triangles and the
relationships between their sides. Later, Greek mathematicians used Pythagoras’
theorem and the trigonometric ratios to calculate all kinds of distances,
including Earth’s circumference. Trigonometry is still the primary tool used by
surveyors and geographers today when working out distances between points on
Earth’s surface.

None of the structures we build would be possible without our understanding of
geometry and trigonometry. Engineers apply the principles of geometry and trigonometry regularly to make sure
that buildings are strong, stable and capable of withstanding extreme conditions. Triangles are particularly useful
to engineers and architects because they are the strongest shape. Any forces applied to a triangular frame will

be distributed equally to all of its sides and joins. This fact has been known for thousands of years — triangular
building frames were used as far back as the sixth century BCE.

A truss is an example of a structure that relies on the strength of triangles. Trusses are often used to hold up the
roofs of houses and to keep bridges from falling down. Triangular frames can even be applied to curved shapes.
Geodesic domes, like the one shown here, are rounded structures that are made up of many small triangular
frames connected together. This use of triangular frames makes geodesic domes very strong, but also very light
and easy to build.
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Exercise 8.1 Pre-test learn

1. Calculate the value of x in the diagram shown.

13 cm

2. Calculate the value of a in the diagram shown, correct to 2 decimal places.

37.1m

24.6 m

559 m

3. I Identify which set of 3 numbers could represent the sides of a right-angled triangle.
A 2,3,4 B. 5,12, 13 c.1,2,3 D. 5, 6,7

4. If aright-angled triangle has side lengths a, a + b and a — b, where both a and b are greater than 0, state
which one of the lengths is the hypotenuse.

5. A Identify the correct rule linking the sides of the right-angled

triangle shown.
G
A. 2= (a+b) B.c=a+b b
2_ 2432 b
C.co=a"+b D. c=-
a

6. I Consider the right-angled triangle shown. Identify the correct option for
angle 6.
A. a is the adjacent side. €
B. b is the opposite side.
C. a is the hypotenuse 0
D. b is the adjacent side.

H
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7. I Identify the correct trigonometric ratio for the triangle shown.
a

A. tan(6) = — b 0
G
B. sin(0) = b
a c
c
C. 0)=-—
cos(0) 5
c
D. sin(6) = —
sin(0) P

8. Calculate the length of the unknown side of each of the following triangles, correct to 2 decimal places.

a. b. b

6.2 cm

a
34°
13.4 mm
21°
9. Evaluate, correct to 4 decimal places.
a. sin(62.5°) b. cos(12.1°) c. tan(74.9°)
10. I Identify the lengths of the unknown sides in the s

triangle shown. b

A.a=6.1, b=137andc=7.3 24° 40°

B.a=6.1,b=13.7and c=5.1
C.a=5.1,b=6.1 and c=13.7
D.a=13.7, b=6.1and c=7.3

11. Calculate the value of 6 in the triangle shown, correct to 1 decimal place.

153 cm

6.2 cm
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12.

13.

14.

15.

[T Identify the value of 6 in the triangle shown, correct to 2 decimal places.
A. 25.27°
B. 28.16°
C.28.17°
D. 61.83°

5

307.8

145.3

I Determine the correct value of the side length a.

A.7.62

B. 10.04

C. 14.34 2
D. 20.48

ol

A person who is 1.54 m tall stands 10 m

from the foot of a tree and records the angle
to the top of the tree as 30° as shown. L
Evaluate the height of the tree, in metres b
correct to 2 decimal places.

Liam wants to reuse the 1.20 m long 30°
harwood desk top from his old desk to

build a jumping ramp for his 1.54 mI
remote-control car. Looking around the

house for options to use as a base on which 10 m
to incline the wood plank, Liam picks up a

big, discarded plastic box, of height 40 cm,

and heads for the garden to install the ramp

on a flat patch of turf.

After a few tests to ensure the plank does not slide from the box or tip under its own weight, and that
the RC car can always clear the width of the box when jumping, Liam notes that plank must make

contact with the top edge of the box between 2 and 3 of its length.

Calculate the corresponding minimum and maximum angles of inclination of the plank and the
associated jumping heights. Give your answers to 2 decimal places where appropriate.
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Pythagoras’ theorem

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e identify the hypotenuse in a right-angled triangle
e recall Pythagoras’ theorem
e apply Pythagoras’ theorem to calculate unknown side lengths
e identify Pythagorean triads
e apply the converse of Pythagoras’ theorem to determine whether a triangle is right-angled.

® 8.2.1 Introducing Pythagoras’ theorem

e A right-angled triangle is a triangle that contains a right angle (90°).
¢ The longest side of a right-angled triangle is always found opposite the ’
right angle. This side is called the hypotenuse. e”o&e
e Pythagoras (580-501 BCE) was a Greek mathematician who explored
the relationship take between the lengths of the sides of right-angled triangles.

e The relationship he described is known as Pythagoras’ theorem.
e If the lengths of two sides of a right-angled triangle are given, then
Pythagoras’ theorem lets us calculate the length of the unknown side.

Pythagoras’ theorem

In any right-angled triangle, the square of the hypotenuse is equal to
the sum of the squares of the other two sides. This rule is written as
follows.

2=a*+b*

In this rule, a and b represent the two shorter sides of a right-angled A
triangle, while ¢ represents the hypotenuse.

WORKED EXAMPLE 1 Assigning Pythagorean identities

For the right-angled triangles shown below:

i. state which side is the hypotenuse ii. write Pythagoras’ theorem.
a. b.

A m p

d

v t
THINK WRITE
a. i. The hypotenuse is always opposite the right a. Side f is opposite the right angle. Therefore,

angle. side f is the hypotenuse.
! Y,
Do,
d lel)gse
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ii. If the triangle is labelled as usual with a, b and c,
as shown in blue, Pythagoras’ theorem can be cf

written and then the letters can be replaced with d
their new values (names). “
e b
c=fia=d;b=e
¢t =a*+b?
f2 — dZ + (32
b. i. The hypotenuse is opposite the right angle. b.
m p

Hypotenuse

Side 7 is opposite the right angle.
Therefore, side 7 is the hypotenuse.

ii. If the labels on the triangle are replaced with a, b
and c, as shown in blue, Pythagoras’ theorem can
be written out, and then the letters a, b and ¢ can
be changed back to the original labels.

c=t;b=p;a=m

¢t =a*+b?

2 =m?+p?

® 8.2.2 Calculating unknown side lengths using Pythagoras’ theorem

e Pythagoras’ theorem can be used to calculate the unknown side length of a right-angled triangle if the other
two side lengths are known.

e To calculate an unknown side length, substitute the known values into the equation ¢? = a? + b” and solve
for the remaining pronumeral.

e Remember that the hypotenuse always corresponds to the pronumeral c.

WORKED EXAMPLE 2 Calculating the length of the hypotenuse

For the triangle shown, calculate the length of the hypotenuse, x, correct to 1 decimal place.

11

THINK WRITE
1. Copy the diagram and apply the labels @, b and ¢ to the
triangle, pairing them with the known values and the
pronumeral. Remember to label the hypotenuse as c.
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2. Write out Pythagoras’ theorem. 2 =ad®+b?

3. Substitute the values of a, b and c into this rule and simplify. x> =72+ 11°
=49+ 121
=170

4. Calculate x by taking the square root of 170. Round the x =170

answer to 1 decimal place. x=13.0

WORKED EXAMPLE 3 Calculating the length of a shorter side

Calculate the length, as an exact value and correct to 1 decimal place, of the unmarked side of the
triangle shown.

14 cm

THINK

1. Copy the diagram and label the sides a, b and c. Remember to
label the hypotenuse as c.

2. Write out Pythagoras’ theorem for a shorter side.

3. Substitute the values of b and ¢ into the equation and simplify. a? = 14> —§2
=196 — 64
=132
4. Calculate the value of a by taking the square root of 132. a= /132 Exact answer.
Round the answer to 1 decimal place. =11.5cm 1 decimal place.

8.2.3 Applying Pythagoras’ theorem

e If a problem involves a right-angled triangle, then Pythagoras’ theorem can be applied to determine
a solution.

Applying Pythagoras’ theorem to a problem

Read the question carefully and draw a right-angled triangle to represent the problem.

Identify the known values and place them on the diagram in their correct positions.

Identify the variable that you will need to determine.

Substitute the known values into Pythagoras’ theorem. Make sure that they are all using the same
units of length. You may need to convert some units.

Solve for the unknown value.

6. Use the result to write the answer as a complete sentence.

Eal

o
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WORKED EXAMPLE 4 Solving problems using Pythagoras’ theorem

A wedge of cake has been cut so that it forms a right-angled
triangle. The longest edge of the wedge is 12 cm long and its shortest

edge is 84 mm long.
Calculate the length of the third side, in cm correct to
1 decimal place.

THINK

1.

Draw a right-angled triangle.

Identify the longest side (this will always be the
hypotenuse) and place its value on the diagram.
Identify the shortest side and place its value on
the diagram.

Label the side with unknown length as x.

Identify the length of the hypotenuse and the two
shorter sides.

Check that the units for all measurements are the same.

Convert 84 mm to centimetres by dividing by 10.

Substitute the values into the equation and simplify.

Solve the equation for x by:
subtracting 70.56 from both sides and taking
the square root of both sides.

It is not possible for a triangle to have a side with a
negative length, therefore the solution must be the
positive value. Round the answer to 1 decimal place
and include the appropriate units.

Werite the answer as a sentence.

=

WRITE
12 cm
84 mm
X
c=12cm
a=84mm=_8.4cm
b=x
ct =a*+b?
12% = (8.4)" + 2
144 = 70.56 + x*
144 —70.56 = 70.56 — 70.56 + x>
73.44 = x2
V7344 = \/x2
=+ 8.5697 ~ x
x=8.6cm

The third side of the slice of cake is
8.6 cm long.

® 8.2.4 Pythagorean triads

¢ A Pythagorean triad is a group of any three whole numbers that satisfy Pythagoras’ theorem.

For example, {3, 4, 5} is a Pythagorean triad because 3° =9,4? = 16 and 5° =25, and 9 + 16 =25.

e Pythagorean triads are useful when solving problems using Pythagoras’ theorem.

e If two known side lengths in a triangle belong to a triad, the length of the third side can be stated without

performing any calculations.

¢ Some well known Pythagorean triads are {3, 4, 5},{5, 12, 13},{8, 15, 17} and {7, 24, 25}.
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WORKED EXAMPLE 5 Identifying Pythagorean triads

Determine whether the following sets of numbers are Pythagorean triads.

a. {9, 10, 14} b. {33, 65, 56}
THINK WRITE
a. 1. Pythagorean triads satisfy Pythagoras’ a. ¢ =a’>+b°
theorem. Substitute the values into the LHS = ¢? RHS = a’ + b*
equation ¢ = a* + b* and determine = 142 =924107
whether the equation is true. Remember = 196 = 814100
that ¢ is always the longest side. = 181
2. Write your conclusion. Since LHS # RHS, the set {9, 10, 14} is not a
Pythagorean triad.
b. 1. Pythagorean triads satisfy Pythagoras’ b. ¢ =a*>+ b
theorem. Substitute the values into the LHS = 65° RHS = 332 + 562
equation ¢> = a* + b* and determine = 4225 = 1089 + 3136
whether the equation is true. Remember = 4225
that c is always the longest side.
2. Write your conclusion. Since LHS = RHS, the set {33, 65, 56} is a

Pythagorean triad.

e If each term in a Pythagorean triad is multiplied by the same
number, the result is also a triad.
For example, if we multiply each number in {5, 12, 13} by 2, the
result {10, 24, 26} is also a triad.

e Builders and gardeners use multiples of the Pythagorean triad
{3, 4, 5} to make sure that walls and floors are at right angles to
each other.

8.2.5 The converse of Pythagoras’ theorem

e The converse of Pythagoras’ theorem can be used to determine whether a given triangle is right-angled.
e If the three side lengths of a triangle are a Pythagorean triad, then that triangle is right-angled.

Applying the converse of Pythagoras’ theorem

In any triangle, if the square of the longest side is equal to the sum of the squares of the other two
sides, then that triangle is a right-angled triangle.

To determine whether a triangle is right-angled:

1. Identify the longest side, ¢, among the three side lengths of a triangle. Make sure that they are all
using the same units of length. You may need to convert some units.

2. Calculate the LHS, the square of the longest side. LHS = ¢?

Calculate the RHS, the sum of the squares of the other two sides,  and b. RHS = a? + b*

4. Determine whether LHS = RHS or LHS # RHS.
If LHS = RHS, then the triangle is a right-angled triangle.
If LHS # RHS, then the triangle is not a right-angled triangle.

5. Use the result to write a complete sentence on the nature of the triangle.

P
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WORKED EXAMPLE 6 Determining whether a triangle is right-angled

For each of the triangles shown, determine whether they are right-angled.

a.
4.4 cm 11.7 cm

12.5 cm

THINK

a. 1.

Identify the longest side. Note that
all the side lengths are in cm, so no
conversion is required.

Calculate the LHS, the square of the
longest side.

Calculate the RHS, the sum of the
squares of the other two sides.

Determine whether LHS = RHS or
LHS # RHS.

Write your conclusion.

. Identify the longest side. Note that one

of the lengths is in cm, while the other
two lengths are in mm, we need to use
the same units, for example mm.

Calculate the LHS, the square of the
longest side.

Calculate the RHS, the sum of the
squares of the other two sides.

Determine whether LHS = RHS or
LHS #RHS.

Write your conclusion.

b. 23 mm

3.1cm 20 mm

WRITE
a. c=12.5cm

LHS = ¢?
=12.52
= 156.25 cm?

RHS = a2 + b?

=4424+7.7%
=19.36 + 136.89

= 156.25 cm?
LHS =RHS

The square of the longest side of the triangle is equal
to the sum of the squares of the other two sides, thus
the triangle is a right triangle.

.c=3.1cm
=31 mm
LHS = ¢2
=312
= 961 mm?>
RHS = a® + b*
=20%+232
=400+ 529
= 929 mm?
LHS #RHS

The square of the longest side of the triangle is not
equal to the sum of the squares of the other two
sides, thus the triangle is not a right triangle.
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Exercise 8.2 Pythagoras’ theorem

8.2 Quick quiz

8.2 Exercise
Individual pathways

B PRACTISE

Bl CONSOLIDATE
1,5,6,7,9,13, 14,18

B MASTER
2,8,10,15,17,19

3,4,11,12,16, 20
Fluency

1. [EIIZM For the right-angled triangles shown below:

i. state which side is the hypotenuse
ii. write Pythagoras’ theorem.

a. b.

2. I For each of the following triangles, calculate the length of the hypotenuse, giving answers correct to
2 decimal places.

a. 4.7 b. 19.3 c.

804
6.3

562

3. IEA Calculate the value of the pronumeral in each of the following triangles. Give your answers correct to
2 decimal places.

a. x b. c. 80 cm d-
168 mm >2g c
12 cm
10 e f
100 mm
P 24 mm

4. W24 Calculate the value of the missing side length. Give your answer correct to 1 decimal place.

12.7 cm
7.5 cm
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5. Il Determine whether the following sets of numbers are Pythagorean triads.

6.

a. {2, 5, 6} b. {7, 10, 12} c. {18, 24, 30}
d. {72, 78, 30} e. {13, 8, 15} f. {50, 40, 30}
= For each of the triangles shown, determine whether they are right-angled.
a. 54 mm b.
16.5 cm
5.2 cm
2.8 cm 4.5 cm
17.3 cm

Understanding

7.

In a right-angled triangle, the two shortest sides are 4.2 cm and 3.8 cm.

a. Draw a sketch of the triangle.
b. Calculate the length of the hypotenuse correct to 2 decimal places.

. A right-angled triangle has a hypotenuse of 124 mm and another side of 8.5 cm.

a. Draw a diagram of the triangle.
b. Calculate the length of the third side of this triangle. Give your answer in millimetres, correct to
2 decimal places.

9. I Identify which of the following sets is formed from the Pythagorean triad {21, 20, 29}.
A. {95, 100, 125} B. {105, 145, 100} C. {84, 80, 87} D. {105, 80, 87}
10. I Identify the length of the hypotenuse in the triangle shown. 4 cm
A. 25cm
B. 50cm 3cm
C. 50 mm
D. 500 mm
11. [T Identify the length of the third side in the triangle shown. Eiem
A. 48.75cm
B. 0.698 m 43 cm
C. 0.926m
D. 92.6cm
12. The lengths of two sides of a right-angled triangle are given below:
a. a =37cm,c = 180cm; bisincm. ¢
b. a=856mm, b = 1200 mm; cisincm. a
c. b=4950m, ¢ =5.6km;aisinkm.
d. a=125600mm, ¢c=450m; bisinm. b
Calculate the value of the third side. Give your answer in the units specified (correct to 2 decimal places).
The diagram shown illustrates how each triangle is to be labelled.
Remember that ¢ is always the hypotenuse.
13. Determine the exact perimeter of a right-angled triangle with base length of 7 cm and hypotenuse of 15 cm.
Reasoning
14. A ladder that is 7 m long leans up against a vertical wall. The top of the ladder reaches 6.5 m up the wall.

Determine how far the foot of the ladder is from the wall.
Give your answer correct to 2 decimal places.

TOPIC 8 Pythagoras and trigonometry 363



15.

16.

17.

A rectangular park measures 260 m by 480 m. Danny usually trains by running five circuits around the edge
of the park. After heavy rain, two of the adjacent sides are too muddy to run along, so Danny runs along a
triangular path that traces the other two sides and the diagonal. Danny does five circuits of this path

for training.

Show that Danny has run about 970 metres less than his usual training session.

A water park has hired Sharnee to build part of a ramp for a new water slide. She builds a 12-metre-long
ramp that rises to a height of 250 cm. To meet safety regulations, the ramp can only have a gradient between
0.1 and 0.25.

Show that the ramp Sharnee has built is within the regulations.

Determine the area of a rhombus with side length of 5 cm and one diagonal of 9 cm. Give your answer to
2 decimal places.

Problem solving

18.

19.

20.

Spiridoula is trying to hang her newest painting on a hook in her hallway. She leans a ladder against the wall
so that the distance between the foot of the ladder and the wall is 80 cm. The ladder is 1.2 m long.

a. Draw a diagram showing the ladder leaning on the wall.

b. Calculate how far up the wall the ladder reaches. Give your answer correct to 2 decimal places.

c. Spiridoula climbs the ladder to check whether she can reach the hook from the step at the very top of the
ladder. When she extends her arm, the distance from her feet to her fingertips is 1.7 m.
If the hook is 2.5 m above the floor, determine whether she can reach it from the top step of the ladder.

a. The smallest numbers of four Pythagorean triads are given below. Determine the middle number of each
triad, and use this answer to determine the third number of each triad.
i.9 ii. 11 iii. 13 iv. 29

b. Comment about the triads formed in part a.

We know that it is possible to determine the exact square root of some numbers, but not others. For example,

we can determine \/4_1 exactly, but not \/5 or \/g . Our calculators can calculate decimal approximations of
these square roots, but because they cannot be found exactly they are called ‘irrational numbers’.
However, there is a method of showing the exact location of irrational numbers on a number line.

Using graph paper, draw a right-angled triangle with 2 equal sides of length 1 cm as shown below.

V2
01 2 3 4 5 6 7 8

Using Pythagoras’ theorem, we know that the longest side of this triangle is \/5 units. Place the compass
point at zero and make an arc that will show the location of \/E on the number line.

0 122 3 4 5 6 7 8

Draw another right-angled triangle using the longest side of the first triangle as one side, and make the other
side 1 cm in length.

0 122 3 4 5 6 7 8

The longest side of this triangle will have a length of \/3 units. Draw an arc to determine the location of \/3
on the number line.
Repeat these steps to draw triangles that will have sides of length \/Z \/g \/8 units, and so on.
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Applications of Pythagoras’ theorem

LEARNING INTENTIONS

At the end of this lesson you should be able to:
¢ divide composite shapes into simple shapes
e calculate the perimeter and area of simple composite shapes
e calculate unknown side lengths in composite shapes and irregular triangles
e use Pythagoras’ theorem to solve problems in 3D contexts.

® 8.3.1 Using composite shapes to solve problems

&

e Complex or unusual shapes can be thought of as composites of simpler shapes with known properties.

e Dividing a shape into a series of these simpler shapes lets us use the known properties of those shapes to
determine unknown values.

¢ For example, to calculate the value of x in the trapezium shown, a vertical line can be added to the
trapezium to create two shapes: a right-angled triangle and a rectangle.

e Using Pythagoras’ theorem, we can now calculate the length of x, which has become the hypotenuse of
triangle ABE.

WORKED EXAMPLE 7 Calculating unknown side lengths in composite shapes

Calculate the value of x in the diagram shown, correct to 1 decimal place.

4.2

3.5
5.5

THINK WRITE

1. Add a horizontal line to divide the shape into 2 smaller 4.2
shapes, one that is a right-angled triangle, as shown in 4 I
orange. x is the hypotenuse of a right-angled triangle.
To use Pythagoras’ theorem, the length of the side shown
in green must be known. This length can be calculated as the 49
difference between the long and short vertical edges of the M|
trapezium: 5.5 —3.5=2. X

35 35
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2. Write out Pythagoras’ theorem and substitute the values of 2 =a’+b?

a,band c. 2 =224 (4.2
a=2,b=42,c=x
2 =4+17.64

X2 =21.64

Va2 = \/21.64

x =~ £4.651 88

3. Itis not possible to have a side with a negative length. x=4.
Therefore the solution is the positive value. Round the
answer to 1 decimal place

e To determine the value of y in the irregular triangle shown, the

B
triangle can be split into two right-angled triangles: AABD (pink)
and ABDC (blue). There is now enough information to calculate 4 . 7
the missing side length from AABD. This newly calculated length
A 2 D Y C

can then be used to determine the value of y.

WORKED EXAMPLE 8 Applying Pythagoras’ theorem to non-right-angled triangles

a. Calculate the perpendicular height of an isosceles triangle with equal sides that are both 15 mm
long and a third side that is 18 mm long.
b. Calculate the area of this triangle.

THINK WRITE
a. 1. Draw the triangle and label all side lengths as described. a.
15 mm i t 15 mm
18 mm
2. Draw an additional line to represent the height of the
triangle (shown in pink) and label it appropriately. 15 i 15 mm
Because the triangle is an isosceles triangle, & bisects the
base of 18 mm (shown in purple) to create two right-angled
triangles. 18 mm
3. Consider one of these right-angled triangles, which both
have a height of 4. The base length of each of these triangles 15 mm
is 18 =9 mm.
2
9 mm
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4. Substitute the values from this right-angled triangle into c? =a’ +b?

Pythagoras’ theorem to calculate the value of A. 152 = p2 4 92
225 =h* +81
225-81=h*+81-81
144 = W2
V144 = /2
+12=nh
5. It is not possible to have a side with a negative length. h=12mm
Therefore the solution is the positive value. Include the The perpendicular height of the
appropriate units in your answer. triangle is 12 mm.
b. 1. Write the formula for the area of a triangle. Using the b. Aj = lbh
. Brofigs & 2
answers from part a, the base is 18 mm and the height is
12 mm. :lx18><12
= 108
2. Answer the question with appropriate units. The area of the triangle is 108 mm?.

WORKED EXAMPLE 9 Determining the perimeter and area of simple composite shapes

Consider the composite shape shown. B
a. Calculate the exact value of x. 7
b. Calculate the exact value of y. 4 X
c. Determine the exact perimeter P of this shape.
d. Determine the area A of this shape. Give your answer to A 2 D y C
2 decimal places.
THINK WRITE
a. 1. Consider the right-angled triangle ADB, with a. B
hypotenuse 4, and side lengths 2 and x. ;
4 X
A 2 D y C
2. Apply Pythagoras’ theorem to AADB and 224 x2 =47
calculate x. 4452 =16
=12

x=2\/§

3. Answer the question. x=24/3 units
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hypotenuse 7, and side lengths y and x.

Apply Pythagoras’ theorem to ACDB and
calculate y.

Answer the question.

. Calculate the perimeter P of the composite

shape.

Answer the question.

. Calculate the area A; of AADB.

Calculate the area A, of ACDB.

Calculate the exact area A of the composite
shape and round the answer to 2 decimal
places.

Answer the question.

. Consider the right-angled triangle CDB, with b. B

4 7
X

A 2 D y C
V42 =7
Y 4+12=49
y? =37

y= /37

y= /37 units

c. P=2+y+7+4

= 13+ /37 units

The perimeter of the composite shape is

13 + /37 units.

2
d. Alz >2<x

= 24/3 units’

_YXx
2

_ VI

2

= /111 units’

Ay

A=A +A,

=243+ /111

=13.9997 ...
~ 14.00 units’

The area of the composite shape is 14.00 units®

to 2 decimal places.

8.3.2

e Pythagoras’ theorem can be used to solve problems in three dimensions.
e 3D problems often involve multiple right-angled triangles.
e It is often helpful to redraw sections of a 3D diagram in two dimensions. This

Pythagoras’ theorem in 3D (optional)

makes it easier to see
any right angles.
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WORKED EXAMPLE 10 Using Pythagoras’ theorem in 3D problems

Calculate the maximum length of a metal rod that would fit into a rectangular crate with dimensions

Imx1.5mx0.5m.

THINK

1. Draw a diagram of a rectangular box with a rod in it. Label
the dimensions of this diagram.

2. Draw aright-angled triangle that has the metal rod as one
of its sides (x, shown in pink). The lengths of x and y in this
right-angled triangle are not known.

Draw a second right-angled triangle (shown in green) to
allow you to calculate the length of y.

3. Calculate the length of y using Pythagoras’ theorem.

4. Draw the right-angled triangle that has the rod as its
hypotenuse. Use Pythagoras’ theorem to calculate the
length of x.
z=height of the crate = 0.5 m

5. Answer the question with appropriate units.

WRITE
1.5m
I
I
|
4 .
I
0.5 m /'1_ ___________ .
< y Im
y
1m
1.5m
¢t =a*+b?
y=15+12
y?> =3.25
y=1V3.25
X
0.5m
y= y325m

?=a’+b?

2
oy <\/3.25) +0.52

x2=3.25+0.25
x2 =35
x=14/3.5

~ 1.87

The maximum length of the metal rod is
1.87 m (correct to 2 decimal places).
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Exercise 8.3 Applications of Pythagoras’ theorem

8.3 Quick quiz 8.3 Exercise

Individual pathways

B P