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Introduction

Insight's VCE Revisions Questions: Specialist Mathematics Units 3 & 4
contains questions, worked solutions, mark allocations and tips to help

you develop skills for your assessment tasks. The questions cover all areas
of study in Units 3 and 4 of VCE Specialist Mathematics. A good habit to
implement is to test yourself by working through this resource. The process
of actively recalling information assists with deeper learning, and you will be
able to identify any errors or omissions in your working by comparing your
answers with the provided solutions.

Questions are grouped by areas of study, and then under the headings
‘Exam 1"and 'Exam 2’ to clearly signal the questions for which a CAS
calculator can be used. Calculator screenshots are included in the worked
solutions for Exam 2 questions. For reasons of space, these are all from a
TI-Nspire CAS calculator.

By using this resource as part of your study regime throughout the year, you
will be prepared for questions you may encounter in your end-of-year VCE
exam.

We wish you well with your studies.

The Insight Team

VCE Revision Questions: Specialist Mathematics Units 3 & 4 © Insight Publications



© Questions

Area of Study 1 Discrete mathematics

EXAM 1

Question 1 (4 marks)

Consider the inequality n! > 2" for n > n, where n € N.

a. Show thatn =4.

1 mark

b. Prove by mathematical induction that n! > 2" for n > n, where n € N. 3 marks

© Insight Publications
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2 Area of Study I: Discrete mathematics

Question 2 (3 marks)
Use proof by contradiction to prove that V2 + V7 <+17.

Question 3 (4 marks)

Prove by mathematical induction that the number 11" — 8" is divisible by 3 for all n € N.

VCE Revision Questions: Specialist Mathematics Units 3 & 4 © Insight Publications




Area of Study 1: Discrete mathematics

Question 4 (4 marks)

Prove by mathematical induction that the number 7" — 1 is divisible by 3 for all » € N.

Question 5 (3 marks)
Use proof by contradiction to prove that if n is odd, where n € N, then n* + 2n + 3 is even.

© Insight Publications VCE Revision Questions: Specialist Mathematics Units 3 & 4



Area of Study 1: Discrete mathematics

EXAM 2
Section A

Question 1

Consider the following statement.

Which one of the following is the negation of this statement?

A. There exists an integer n such that 3n + 1 is even and » is odd.
B. There exists an integer n such that 3n + 1 is even and » is even.
C. There exists an integer n such that 3n + 1 is odd and » is odd.
D. For allintegers n, if 3n + 1 is even, then n is odd.

Question 2

For all integers n, if 3n + 1 is odd, then n is even.

Consider the following statement.

Which one of the following is the contrapositive of this statement?
A.

B
C.
D

For all integers m and n, if mn is odd, then m and » are both odd.

There exist integers m and »n such that mn is even and m and » are not both odd.

There exist integers m and n such that m or n are both odd and mn is even.

For all integers m and », if m and n are both even, then mn is even.

For all integers m and n, if m or n are not both odd, then mn is even.

Use the following information to answer questions 3 and 4.

: d
: coordinates for a solution to a differential equation &

dx
Inputs:
g(x, y), the right-hand side of the DE,
and y
x,, the x-coordinate of the starting point

Y, the y-coordinate of the starting point

h, the step size

n, the number of iterations to perform

define eulers(g(x,y),x,,¥,,h,n)

X«*XO

Y <)

for i from 1 to n

print (x,y)
end for

return

VCE Revision Questions: Specialist Mathematics Units 3 & 4

The algorithm below, described in pseudocode, uses Euler’s method to estimate

as a function on x :
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Question 3

Area of Study I: Discrete mathematics

Which one of the following options would be the most appropriate to fill the empty box?

A- Y<—g(X, _Y)

B. v«y+ g(x, v

C. v—y+ hxglx, y)
D. vy -y + g(x + h, y)
Question 4

Consider the algorithm implemented with the following inputs.

eulers(sin(x + y), 1,

10)

The value of the variable x after two iterations of the for loop would be closest to

A. 12
B. 14
C. 16
D. 3.6
Question 5

The procedure below has been written in pseudocode.

declare integer i
declare integer f
declare integer t
set f to -4
set t to -2
set i to O
while i < 3
f— f+ tr2
te f-t
print £
i1+ 1

end while

The output of the pseudocode is a list of numbers.

The final number in the list is

A.
B.
C.
D

6
8
16
38

© Insight Publications
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Area of Study 2 Functions, relations and graphs

EXAM1

Question 1 (4 marks)
2

iz — 41‘ on the axes below. Label any axis intercepts and turning points

with their coordinates, and any asymptotes with their equation.

Sketch the graph of y =

y
< T 5 o I > X
Question 2 (4 marks)
t
Given that sin(x + y) = and tZEg; — 3, find sin(x — ).

VCE Revision Questions: Specialist Mathematics Units 3 & 4 © Insight Publications



Area of Study 2: Functions, relations and graphs

Question 3 (3 marks)
Find tan(?), given that ¢ = arcsin(%) — arccos (15—3>

Question 4 (3 marks)

3
Sketch the graph of y = 2 ; 2 on the axes below. Label any axis intercepts and

turning points with their coordinates, and any asymptotes with their equation.

y

A

2 (98) F Y )

S

2

(O8]

-L

W
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Area of Study 2: Functions, relations and graphs

Question 5 (6 marks)

1 2
Let /() = 05

B C

The rule f(x) can be written in the form f(x) = 4 + Tt G- where 4, B, C € R.
a. Showthat4=1,B=6and C=09. 1 mark
b. Find the coordinates of the turning point on the graph of y = f(x). 2 marks

c. Sketch the graph of y = f(x) on the axes below. Label any axis intercepts and
turning points with their coordinates, and any asymptotes with their equation. 3 marks

>

D w E'S W (=)}

[a

|
=)
|
O
|
EN
|
(98]
|
)
|
=
Q

Ul

ol

<
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Question 6 (3 marks)

Find tan(z), given that ¢t = arcsin(%) + arccos(

Question 7 (3 marks)

Sketch the graphs of f(x) = sin(|x|) and g(x) = %|x| on the axes below for —=

—|—
wWIN

).

Area of Study 2: Functions, relations and graphs

Label any intercepts and points of intersection with their coordinates.

y
A
3
3
o)
1
it
< >
< » X
3 o O 7 7 3
T h >
2 2
1
1
b
3
3
v
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Area of Study 2: Functions, relations and graphs

Question 8 (5 marks)
233

a. Consider the function f with the rule f(x) = 362- 1)

B+C

x—1 x+1

Express f(x) in the form 4x +

b. Hence or otherwise, state the equations of the asymptotes for the graph of y = f(x).

Question 9 (5 marks)

a. Sketch the graphs of f(x) = |x + 1] and g(x) = —|2x — 1] + 4 on the axes below.
Label all axial intercepts with their coordinates and label any point(s) of
intersection f(x) and g(x) with their coordinates.

Y

A

D W K W

—_—

o]

I
(O8]

k

W

v

b. Determine the area bound by f(x) and g(x).

where 4, B and C are real constants.

3 marks

2 marks

3 marks

2 marks
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Area of Study 2: Functions, relations and graphs

EXAM 2
Section A

Question 1

4
For the graph f(x) = : *2 5, which of the following statements is not true?

X

A. There is a vertical asymptote at x = 0.

B. The graph has a stationary point of inflection.
C. The graph has two stationary points.
D

The graph has no axis intercepts.

Question 2

2
Consider the graph of y = fcz—f}

Which one of the following statements is true?
A. The graph has a point of inflection.

B. The graph has an asymptote of y = x2 — 1.
C. The graph is concave down at x = 0.
D

The graph has only two asymptotes.

Question 3

+b

2
An asymptote of the graph of f(x) =“—5~ has equation y = ax + c.

The value of c is

A. 2

B.

C.

D. 2a
Question 4

If a function f(x) has f”(0) = 0, which one of the following statements is true?
A. The graph of f(x) has a point of inflection at x = 0.

B. f(0)=0

C. The graph of f(x) has a local stationary point at x = 0.

D. f(x)is differentiable at x = 0.

Question 5

For the graph of f(x) = (xx_ie”‘l)z, which one of the following statements is true?
A. f(x) has a vertical asymptote at x = 0.

B. f(x) has two local minimum turning points.

C. f(x) has a horizontal asymptote at x = 0.

D. f(x) has an oblique asymptote of y = x.

© Insight Publications VCE Revision Questions: Specialist Mathematics Units 3 & 4
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Area of Study 2: Functions, relations and graphs

Question 6
x>+3x—4
2

The graph of f(x) = 9

has which one of the following set of asymptotes?

A. two horizontal only

B. two vertical only

C. two horizontal and two vertical
D

one horizontal and two vertical

Question 7
2—x
log 0

The maximal domain of f(x) = is
A. 0,2]

B. (0,2]\{0}
C. (0,2)\{1}
D

(0, 2\M{1}

Section B

Question 1 (3 marks)

Consider the function f(x) =xz;2fxl+5, x € R\{1}. The turning points of f(x) are (-1, —4)

and (3, 4).

Sketch the graph y = f(x) on the axes below. Label any turning points with their coordinates and
any asymptotes with their equation.

=
D

W

wn

=
[«=}
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Area of Study 2: Functions, relations and graphs

Question 2 (4 marks)

a. Letf:D—R, f(x)= « Exl)z

State the equations of any asymptotes of the graph of 1. 1 mark

— 1, where D is the maximal domain of /.

2x
(x—1)?

b. Sketch the graph of f(x) = — 1 from x =—3 to x = 3 on the axes

provided below.

Label all stationary points, end points, points of inflection and intercepts with
axes, labelling them with their coordinates. Show any asymptotes and label
them with their equations. 3 marks

—_—

_—

No

Question 3 (6 marks)

3 _ 2
Consider the function /: D — R, where f(x) = 2 x?’i - ?’;Jr 10

a. State the maximal domain D of 1. 1 mark

b. Find the equations of any asymptotes of the graph of 1. 2 marks

© Insight Publications VCE Revision Questions: Specialist Mathematics Units 3 & 4
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14 Area of Study 2: Functions, relations and graphs

€. f(x) has a point of inflection at (0.81, —0.84).

Sketch the graph of y = f(x) on the axes below, labelling any asymptotes with
their equations, and any intercepts and points of inflection with their coordinates. 3 marks

y

";.‘:l i
Posd < > X

3 2| 4|9 y 3

. “l' 11
N A

“i .‘ .-.. o)

.\.4 3
is | 4
;"' ‘0 6
B Ve .
e Question 4 (12 marks)
L 2 _

ey Consider f(x) =xx_7x;rl, x € R\{1}.

a. Find the coordinates of the stationary point(s) of the graph of f(x). 1 mark
P

‘ b. Find f"(x) and, hence, show that the graph of f(x) does not have any points

L of inflection. 2 marks
o

."' A

VCE Revision Questions: Specialist Mathematics Units 3 & 4 © Insight Publications



Area of Study 2: Functions, relations and graphs 15

c. Sketch the graph of y = f(x) on the axes below. Label stationary points with their

coordinates and show any asymptotes, labelling them with their equation. 2 marks
y
1—6 0 5 0 ] » X " -

d. Let g(x) = arctan(x).

Find the implied domain and range of g(f(x)). Give your answers correct to four -
decimal places. 2 marks S oy
, _x-x+tl 41 C e
e. Let M be the region bounded by £(x) e — and h(x) = 4 X e
Write an integral expression for the area of M and evaluate it, correct to three . '
decimal places. 2 marks e
o
f. Find the volume of the solid of revolution generated by rotating A around the .:4 =
line y=1. 3o o
Give your answer correct to three decimal places. 3 marks e
.
i
.' ' A

© Insight Publications VCE Revision Questions: Specialist Mathematics Units 3 & 4
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Area of Study 2: Functions, relations and graphs

Question 5 (4 marks)

2
Consider the function f(x) =xzfxl+5, x € R\{1}.
a. Find the coordinates of the stationary points of f(x). 2 marks
b. Show that the stationary point with a positive x-coordinate is a minimum. 2 marks

Question 6 (6 marks)
Let /:D — R, f(x) =ﬁ— 1, where D is the maximal domain of f.

a. Find the coordinates of the stationary point of the graph of f. 2 marks

b. Use the second derivative to show that the stationary point is a minimum
turning point. 2 marks

VCE Revision Questions: Specialist Mathematics Units 3 & 4 © Insight Publications



Area of Study 2: Functions, relations and graphs

c. Find the coordinates of any points of inflection of the graph of 1. 2 marks

Question 7 (2 marks)
Consider the function /: D — R, where f(x) =

2x3 —=3x2-9x + 10
x2—x—-2 )

Find the coordinates of the point for which /”(x) = 0 and verify that this is a point of inflection.
Give your answer correct to two decimal places.

Question 8 (11 marks)
Let f(x) =2e2V5x” — 1.

a. State the maximal domain and range of f(x). 2 marks

b. State the equation of any asymptotes of f(x). 1 mark

c. Find an expression for f(x) and state the x-coordinate(s) of any stationary
points of f(x). 2 marks

© Insight Publications VCE Revision Questions: Specialist Mathematics Units 3 & 4
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Area of Study 2: Functions, relations and graphs

d. i. Find the values of x for which f”(x) = 0. Give your answer correct to two
decimal places. 1 mark

ii. Show that the solutions from part d.i. are x-coordinates for points of inflection. 2 marks

e. Sketch the graph of y = f(x) on the axes provided below. Label the local maximum
stationary point and all points of inflection with their coordinates, correct to two

decimal places, and label any asymptotes with their equations. 3 marks
y
5
4
3
1
< > X
do s 4310 y
o)

Question 9 (4 marks)

A curve is defined parametrically by the equations x = 2 cos(® — 2 and y = sin(),
where ¢ € [0, z].

a. State the domain and range of the curve. 2 marks

VCE Revision Questions: Specialist Mathematics Units 3 & 4 © Insight Publications



Area of Study 2: Functions, relations and graphs 19

2
b. Sketch the curve y = \’1 —% on the axes below, labelling end points with
their coordinates. 2 marks

N

—_—

—_—

N

© Insight Publications VCE Revision Questions: Specialist Mathematics Units 3 & 4
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Area of Study 3 Algebra, number and structure

EXAM 1

Question 1 (3 marks)

Solvez4 = (1 + Dz3=z>—z— iz, wherez € C.

Question 2 (4 marks)
Consider the complex numbers z=2 +iand v=1 + 3i.
a. Show that 7 =2cis(%). 2 marks

b. Find Arg(Z) and Arg(%). 2 marks

VCE Revision Questions: Specialist Mathematics Units 3 & 4 © Insight Publications



Area of Study 3: Algebra, number and structure 21

Question 3 (4 marks)
Let P(z)=2z*—(a— 1)z*+ (b* + 4)z — 8,z € C, where a and b are real constants.

Given that P(1 — V3i) = 0, determine all the solutions to P(z) = 0 and find the values
of a and b.

Question 4 (3 marks) e
V2 +\6i BT

Express 500 in polar form.

© Insight Publications VCE Revision Questions: Specialist Mathematics Units 3 & 4



22 Area of Study 3: Algebra, number and structure

Question 5 (3 marks)
Letz’—6z2+az—a+3=0,z€ R, where a is a real constant.

Given that z =2 — / is a solution to the equation, find the value of a.

;';':-.4 Question 6 (4 marks)

N Solve z¢ + z3 + 1 = 0 for z, where z € C. Express your answers in polar form, using
o principal values of the argument.

VCE Revision Questions: Specialist Mathematics Units 3 & 4 © Insight Publications



Area of Study 3: Algebra, number and structure 23

Question 7 (3 marks)

Find the fourth roots of 8 — 8+3i. Express your answers in polar form, using principal values
of the argument.

Question 8 (4 marks) i
a. Evaluate (1 ++31) + (1 -3, 2 marks BT

O

b. Find the values of k for which (1 +v37)" + (1 — v3i)' = 128, where k is a Y
positive integer. 2 marks s

© Insight Publications VCE Revision Questions: Specialist Mathematics Units 3 & 4
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Area of Study 3: Algebra, number and structure

EXAM 2
Section A

Question 1

Im(z)

\
) 7» B O

SN ST rRe

=

[V NN ) »-(Q -

v

Given that z € C, the graph shown above can be represented by
A. Argiz+1+1i)=2n

B. {z:|z+1—i=4)

C. {z:z-(G-1=2}

D. Argzt+1-i)=n

Question 2

Which of the points shown on the complex plane above are solutions to z* = 23 + 2i?
A. Z only

B. Z and Z, only

C. Z,Z,Z and Z only

D

Z and Z, only

VCE Revision Questions: Specialist Mathematics Units 3 & 4 © Insight Publications



Area of Study 3: Algebra, number and structure

Question 3

For the polynomial P(z) = z* + 2iz*> + 9z + 184, which of the following statements is true?
A. P(z) =0 has only one real root.

B. P(z) =0 has two complex roots.
C. P(-3)=0
D

P(z) = 0 has no real roots.

Question 4
If z = rcis(0), then %3 is equivalent to
A. r2cis(40)

B. 3cis(46)
C. ricis(46)
D. rcis(26)
Question 5

The relation |z — 2 + 3i| = 2 has the same Cartesian equation as
A. z—-2+3i=]z—-2- 3]

B. -2+30FZ-2-3)=2

C. |z—2|=|z+ 3]

D. z-2+30EZ—-2-3)=4

Question 6
The polynomial equation P(z) = 0 has real coefficients and roots thatinclude z=1,z=i,z=2 + i.

The minimum possible degree of P(z) is

A. 3
B. 4
C. 5
D. 6
Question 7

Which one of the following, where 4, B, C and D are non-zero real numbers, is the partial
3x2+8x+4
(Bx+2)*(x2—4)°

fraction form for the expression
A. xil 27 3xBiF 2

B xil2+3xli2+(3x§2)2
C. A LB Cx+D
D

3x+2 3x+2  x2—4
4 B

© Insight Publications VCE Revision Questions: Specialist Mathematics Units 3 & 4
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Area of Study 3: Algebra, number and structure

Question 8

A quartic polynomial with all real coefficients has z = 3ai and z = 2a — 2ai as two of its solutions,
where a is a non-zero real number.

The polynomial could be

A. z*—4az’ + 17a%2* — 36a’z + 72a*
B. z?2-(2a+ ai)z+ 6a®+ 64’

iR, C. z*+(13a)z% - 364

D. z*+ (174> 4a)z? — 36a’z + 72a*

- Question 9

.‘:__ /" Im(z)

N 1

. * > Re(2)

: 543 -p 10 y 45
\‘ :‘.‘ 3
~ .t 4
| I

- Given that z € C, the equation that best represents the graph shown above is

L DN _E

T e A. Argz+i)= 4

T B. {z:|z—2+2i=|z+1-i]}

AR C. {z:lz—2—i]=|z+1+2i)

D. {z:(z+2+3i)E+2~3i)=4)

SR Question 10

( Let z, be a complex number with 0 < Arg(z,) < % Let z, also be a complex number such that

: ,:,) z, and z z, are symmetric in the imaginary axis on an Argand diagram.
Which one of the following statements is true?

‘ A. EARIEA

B. Arg(z)

h- .

. C. Arg(z)=rm—2Arg(z)

» D. z =1

o

“ ‘. A

VCE Revision Questions: Specialist Mathematics Units 3 & 4 © Insight Publications



Area of Study 3: Algebra, number and structure 27

Question 11

Let z=x + yi, where x, y € R. The ray Arg(z + 2 + i) = § is normal to the curve defined by
|z — 3 + 4i| = 2 at the points of intersection of the ray and the path.

The value of tan(0) is

5
A. 3
3
B g ..'\
_5 .
C. 3 <L
3 ’,'-
D ~3 -
Question 12
Consider the equation z* = a + bi, where z € Cand a, b € R. R
The sum of all solutions of the equation is <
A. 4a+4bi '
B. a+bi
C. 0 ok
D. 1 RS
Question 13 o
o
Given the complex number z = a + bi, where a € R\{0} and b € R, (Zzig is equivalent to
A. Rew|[Rew@ — Im@)?] -
B 2I€el(z)[Re<Z)2 +Im@?]* . '
(e
C. 2Re®[Re) + Im®]? .
— 2 .
D % + Re@Im()? — Im(z)? RV
Question 14 -
Letz=1x +yi, where x, y € R. The rays Arg(z + 4 — 5i) = —F and Arg(z + 2 + i) = 7, where z € C,
intersect on the complex plane at point (a, b).
The coordinates of point (a, b) are ‘:,1
A. (43-8,4V3-9) ‘
B. (—4V3+8,4V3+7) :
C. (—4V3+8,-43+7)
D. (43-8,43-7) e
Question 15
The equation az3 + bz? + cz +d =0, where a, b, ¢, d € R, could have solutions .
» @
A. z=2+3i, z=-2+3i, z=3 7
B. z=2+3i, z=-3, z=3
C. z=2+3i, z=2-3i, z=3 e,
D. z=2+3i, z=-2+3i, z=3+2i ’

© Insight Publications
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Area of Study 3: Algebra, number and structure

Question 16

—

2
[\

N

>

Btl

_— N W B~ U

< > Re(2)

[V I N

v

Ifz= 2cis(—43—”>, then on the Argand diagram shown above, point z? is represented by

A 4
B. B
C. C
D. D
Question 17

The modulus and argument of the solutions to the equation z” = V2 + \2i are, respectively,
A. {2 and %(% +2mk), k€ Z

B. 2 and n(%+ 27rk), keZ
C. VZand (% +2mk). ke
D. 2"and %(% +2mk), k€ Z
Question 18

Let z=x + yi, where x,y € R. The rays Arg(z — 2i) = %, Arg(z — 8) = % and Arg(z — (10 + 2) = x,
where z € C, intersect to form a triangle.

The area of this triangle, in units?, is

A. 16
B. 20
C. 24
D. 32

VCE Revision Questions: Specialist Mathematics Units 3 & 4 © Insight Publications



Area of Study 3: Algebra, number and structure
Section B

Question 1 (12 marks)

a. Letthe complex number u =2 + 2i. Express u in polar form. 2 marks

b. Find the Cartesian equation of the line given by v={z: |z + z| =4}, wherez € C
and x > 0. 2 marks

c. Find the Cartesian equation of the circle w = {z: (z—2 — 2i)(z — 2 + 2i) — 4 =0},
where z € C. 3 marks

© Insight Publications VCE Revision Questions: Specialist Mathematics Units 3 & 4
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Area of Study 3: Algebra, number and structure

d. On the Argand diagram below, sketch the:
i. line segment from z =0 to z = u from part a.
ii. line v from part b.

iii. circle w from part c.

—
3

~
)

<

>

_— D W A U

Q

< > Re(z)

|
(o)

|
=

|
o5}

|
(S}

|
=

-

hoh b

v

e. Theline from (0, 0) to « and the line v form a sector of the circle.

Calculate the area of the sector formed in part d.

Question 2 (11 marks)

a. Consider the complex number z, =23 + 2i.

i. Expressz = 2+/3 + 2i in polar form.

ii. Given thatz =2v3 +2iis a root of the equation

23+ 4(1 —V3)z2 + 16(1 — V3)z + 64 = 0, find the other two roots.

VCE Revision Questions: Specialist Mathematics Units 3 & 4

3 marks

2 marks

1 mark

2 marks
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Area of Study 3: Algebra, number and structure

b. On the Argand diagram below, plot and label the roots of
23+ 4(1 —V3)z2 + 16(1 — V3)z + 64. 3 marks

2
ot

Y,
N

c. The relation |z — 43| =|z| represents the Cartesian equation of a line.

Im(z)

A

> Re(z)

)

v

Determine the Cartesian equation of this line and sketch it on the Argand
diagram in part b. 3 marks

d. Therootz = 2+3 + 2i and its conjugate lie on the boundary of the circle
given by |z| = 4.

Determine the area of the minor segment bounded by the line passing through
z, = 2v3 + 2i and its conjugate and the minor arc of the circle given by |z| = 4. 2 marks

© Insight Publications VCE Revision Questions: Specialist Mathematics Units 3 & 4
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32 Area of Study 3: Algebra, number and structure

Question 3 (9 marks)

a. Find the Cartesian equation of the relation given by |z + 1 +i| = 2|z — 1 — i,

where z € C. 3 marks
";.‘:l
I b. Sketch the graph of |z + 1 + il = V2|z — 1 — i| on the axes below. 2 marks
~'.l
o Im(z)
'\° KX
~ * 0 s 0 t 10: Re(z)
;"' ‘0
B Ve )
c ' c. The solutions to the equation z2 — (10 + 2i)z + 24 + 2i = 0, where z € C, lie on the
Sy, relation sketched in part b.
N ’ Solve the equation and plot the solutions on the axes provided in part b., labelling
T the solutions as 4 and B, where 4 is the solution located in the first quadrant. 2 marks
-
.
o
."' A

VCE Revision Questions: Specialist Mathematics Units 3 & 4 © Insight Publications



Area of Study 3: Algebra, number and structure

d. Letz be the complex number located at the point 4.
The complex number z, =z i also lies on the relation |z + 1 +i| = V2|z = 1 — .

Find and plot z, on the axes provided in part b. 2 marks

Question 4 (8 marks)

a. Givenz—3iis afactor of z? — 3iz? + 4z — 12i, show that the other two factors are

z+2iand z—2i,wherez € C. 2 marks
b. Sketch |z + 2i|=2 on the axes below. 1 mark
Im(z)
< A 1 0 1 > Re(z)

v

c. Determine the area bounded by the graph of |z + 2i| = 2 that satisfies Im(z) > Re(z). 2 marks

© Insight Publications VCE Revision Questions: Specialist Mathematics Units 3 & 4
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Area of Study 3: Algebra, number and structure

d. Consider the shaded region below.

Im(z)

y

o

A

< > Re(z)

=

O
)

iR

v

i. State the Cartesian equation of the boundary of the region defined by
Arg(z = 3) = 7. 1 mark

ii. Theline |z + 2i| =|z + k + 5i|, where k € R, passes through the shaded region in
part d.

Find the set of all possible values of %. 2 marks

Question 5 (11 marks)
Let P(z) =z° — 2322 + 12z.
a. i. Show thatw=+3 + 3iis a solution to P(z) = 0. 1 mark

VCE Revision Questions: Specialist Mathematics Units 3 & 4 © Insight Publications



ii. Hence, find the other solutions to P(z) = 0.

b. Plot and label the solutions on the Argand diagram below.

c. i. Findwiz

Im

S

I

» Re(z)

ii. Plot and label wi? on the Argand diagram given in part b.

iii. Explain how point wi? relates geometrically to point w.

© Insight Publications

Area of Study 3: Algebra, number and structure

2 marks

2 marks

1 mark

1 mark

1 mark
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Area of Study 3: Algebra, number and structure

d. The points representing w, wi? and 4i lie on the boundary of a circle given by
|z — ¢| = r, where c is the centre of the circle and r is the radius.

Find c in the form a + bi, where a, b € R, and find the radius r. 3 marks

Question 6 (12 marks)

Two complex numbers, u and v, are definedasu=1+5iand v=4 + 1.

a. Sketch u and v on the Argand diagram below. 1 mark
in
B L Lo ] R
b. State |u — v|, the distance between u and v. 1 mark
c. i. Onthe Argand diagram shown in part a., sketch the relation given
by |z—v|=1. 2 marks

VCE Revision Questions: Specialist Mathematics Units 3 & 4 © Insight Publications



Area of Study 3: Algebra, number and structure 37

ii. Evaluate (—)°. 1 mark

iii. On the Argand diagram given in part a., plot three points that represent the ;7. )

solutions to the equation z —v)* =1. 2 marks A
d. On the Argand diagram shown in part a., sketch the ray given by Argiz) = % 2 marks 8
;'.( -0
e. Find the area of the triangle formed by the imaginary axis and the rays Ja
Argo) = % and Argiz —w) = _Tz’” 3 marks w A
e
.
;." °
.‘ ‘. A

© Insight Publications VCE Revision Questions: Specialist Mathematics Units 3 & 4
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Area of Study 4 Calculus

EXAM1

Question 1 (4 marks)

The velocity, v m s, of an object moving in a straight line in terms of its position x metres is
N given by the relation (x + 1)e” — x2 — 2x — 3 =0.

Find the acceleration, in m s=2, when x = 1.

v ) (U
- o
.
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Area of Study 4: Calculus 39

Question 2 (3 marks)

T

3
Evaluate [tan(x) + tan*(x) dx.
0

Question 3 (3 marks)

d
Solve the differential equation ay = 3y+x, given that y = e when x = 1. Express y as a function of x.

© Insight Publications VCE Revision Questions: Specialist Mathematics Units 3 & 4
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Area of Study 4: Calculus

Question 4 (2 marks)

A curve is defined by the parametric equations:
x(H) =2 + sin(27)

(@ = 2sin*(t) where 1> 0.

Find the length of the curve from t=0to ¢ = %

Question 5 (4 marks)

The graphs of y = arcsin(ax) and y = arccos(bx), where a, b € Rand a > b > 0,
are shown below.

y
y = arc¢os(bx)
2
< > X

i s 1 1
b a a h

7

— arcki 2

y = arcsin(ax)

VCE Revision Questions: Specialist Mathematics Units 3 & 4 © Insight Publications



Area of Study 4: Calculus

A — 4242
The derivative of xarcsin(ax) +% is equal to arcsin(ax).
A — h242
a. Show that di;lc (xarccos(bx) - %) = arccos(bx). 1 mark

b. The solution of the equation arcsin(ax) = arccos(bx), in terms of ¢ and 5,

S o
Hence, find the area bounded by y = arcsin(2x), y = arccos(x) and the y-axis. 3 marks

Question 6 (4 marks)
Consider the relation 1oge(§) +x2=y=0, x,y>0

a. Show that (1, 1) is a point on the curve defined by this relation. 1 mark

© Insight Publications VCE Revision Questions: Specialist Mathematics Units 3 & 4
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42 Area of Study 4: Calculus

b. Find the equation of the tangent to the curve at point (1, 1) in the form
ax+by+c=0. 3 marks

Question 7 (3 marks)

Vet dxlog (x* + 1)
Evaluate ()[ x2—+1

VCE Revision Questions: Specialist Mathematics Units 3 & 4 © Insight Publications




Question 8 (3 marks)

Solve the differential equation

Question 9 (4 marks)

Area of Study 4: Calculus

dy o05x

dx 3y

for y, given that y =1 when x = 0.

A lift is travelling downwards at a constant speed of v m s='. A person standing in the lift
drops a cup of coffee from a height of # metres above the floor of the lift. The coffee cup
hits the floor of the lift after 0.5 seconds.

Find the value of 4.

© Insight Publications
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Area of Study 4: Calculus

Question 10 (3 marks)

Find the gradient of the curve with equation 2xy? + arccos (%) - nTxy =1 at point (2, %)

. . T—a+a .
Give your answer in the form b_—mf where a, b and ¢ are integers.

Question 11 (4 marks)

A fish tank initially holds 200 L of water in which 10 kg of salt has been dissolved. Pure water
then flows into the tank at a rate of 5 L per minute. The mixture is stirred continuously and flows
out at a rate of 10 L per minute.

a. Show that the differential equation for x, the number of kilograms of salt

in the tank after r minutes, is given by % = —402f . 1 mark

VCE Revision Questions: Specialist Mathematics Units 3 & 4 © Insight Publications



Area of Study 4: Calculus 45

b. Solve the differential equation given in part a. to find x as a function of ¢. 3 marks

Question 12 (4 marks) .
The acceleration, a m s=2, of a motorcycle moving with a velocity of v m s2in a straight _ v
line relative to the origin, is given by a = v3 + 16v. .
a. Giventhatv=0whenx= % where x is the displacement in metres, find an N
equation for the velocity of the motorcycle in terms of x. 3 marks A |

;'.( -0

n'. \‘\.

-

.

;." °
.‘ ‘. A
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46 Area of Study 4: Calculus

b. Hence, calculate the velocity, in m s™', of the motorcycle when x = % 1 mark

Question 13 (4 marks)
Consider the function f(x) = arctan(2x — 7).

The function f(x) is translated % units to the left to form the function y = g(x). The function y = g(x)
is then rotated about the y-axis.

Determine the volume of the solid generated when the region bounded by the graph of y = g(x),

T the y-axis and the line y =§ is rotated about the y-axis.
V3 Give your answer in the form Z(bve — 7), where a, b and ¢ are integers.
.
5 Ve
<
ra
.
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Area of Study 4: Calculus 47

Question 14 (5 marks)

The position vector of a particle moving along a curve at time ¢ seconds is given

by r(r) = (2¢° + 3)i + (%ﬂ + 1)1, t >0, where distances are measured in metres.

a. Show that the distance, d, that the particle travels along the curve in the first

2 seconds is given by d = j026z5\/z2 +4 dt. 1 mark
b. Using a suitable substitution, show that the distance travelled by the particle e
along the curve in the first 2 seconds can be expressed as d = 3|au? — bu> + cu3] 4 R
where u is the substituted variable and a, b and ¢ are real numbers. State the b
values of a4, b and c. 4 marks
;" ‘0
5 Ve
<
e
«
5
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Area of Study 4: Calculus

Question 15 (5 marks)

a. Using Euler's method with increments of 0.5, find an estimate (x,, y,) for the

dy

differential equation i —J%, given that y (0) = 3. 2 marks

b. On the slope field below, sketch the solution curve of the differential equation

d
d_i = —J% that corresponds to the condition y(0) = 3. 1 mark
y
”/”/”"—"———'——'———;Ir**fff\——\‘\\‘\\\\
e ////:—7—\\ ~ORONON N
VAN RV VAV G s et NN NN UL U
l/ // 1 \\ \\
FLr 70y
D PR R o Ao s P 'Y B T B s e e
PIAIRI2I A AN 303043
f / 1 \ |
YAV VY GV ey dvg 1 SNONNN N YN
S S — O NN N
3
d
c. Solve the differential equation d—i = —J%, given that y(0) = 3. 2 marks

VCE Revision Questions: Specialist Mathematics Units 3 & 4 © Insight Publications



Question 16 (3 marks)

2
3
Evaluate OIsz e

Question 17 (5 marks)

Area of Study 4: Calculus

dx. Give your answer in the form aloge(g), where a, b € R.

Find the equation of the line that is normal to the curve with equation xsin(xy) + xy? = 7 at

point (% 1).

© Insight Publications
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Area of Study 4: Calculus
Question 18 (4 marks)

2
Evaluate [ 2 X) dx.
Of XCOS<4> X

Question 19 (4 marks)

Find the volume, 7, of the solid of revolution formed when the graph of y =
about the x-axis over the interval [0, v2].

Give your answer in the form V' = z(log (a) + var), a € R.

VCE Revision Questions: Specialist Mathematics Units 3 & 4

2x + 8

e is rotated
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Area of Study 4: Calculus 51

Question 20 (3 marks)

Evaluate 4\/f10g (2x) dx. Give your answer in the form alog (2) + b, where a, b € R.
1 e e

Question 21 (4 marks) , e
The curve given by y = x? is rotated about the y-axis to form a solid of revolution. Find the surface ' _‘ v
area of the part of this solid of revolution, where x € [V2, V6]. e
;'.( B4

n'. \‘\.

: B
Question 22 (3 marks) o

Find the surface area of revolution formed when the curve defined by the parametric equations
x=4+2t*and y =41, where 0 < ¢t <3, is rotated about the x-axis.

© Insight Publications VCE Revision Questions: Specialist Mathematics Units 3 & 4
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Area of Study 4: Calculus

Question 23 (5 marks)

2
Evaluate [e*cosx) dx.
1

Question 24 (5 marks)

The population of rats, P(z), in a swamp satisfies the logistic differential equation

a8 —ap(1- 55

a. Find the maximum number of rats predicted by this model.

VCE Revision Questions: Specialist Mathematics Units 3 & 4

1- W) where ¢ is measured in years and the initial population of rats is 5.

1 mark
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Area of Study 4: Calculus 53

b. Solve the differential equation to find P as a function of ¢. 4 marks
5 .-;
'\. 4',\
Question 25 (3 marks) S
Consider the curve defined parametrically by x = 2 cos(®) + cos(20), y = 2 sin(® — sin(20), -
where 0 <t <2x. s
Find the arc length of the curve from¢t=0to¢= % _*" ‘o
..'v v
P
.
o
‘.,
’

© Insight Publications
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Area of Study 4: Calculus

EXAM 2
Section A

Question 1
. . L er[log ()]

Using a suitable substitution, j de, where a and b are real constants, can be
written as .

A. LSb Su* du

log (5b) u 4

B ) I log (a) 5 du

C. JSh %4 du

a

D. I:h% du

Question 2

d
Given that y, = y(2) = 0 for d—i = x? — 2x, using Euler’s method, with increments of 0.1, an
approximation for the value of y, is closest to

A. 1.5309
B. 0.9686
C. 0.12303
D. 1.8876
Question 3

A particle travelling in a straight line with position x and velocity v at time ¢ is given by v = sin(x).
The acceleration of this particle can be given by

A. 2sin(x)
sin(2x)

Lsin2x)

B
C. %sin(x) cos(x)
D. 3

VCE Revision Questions: Specialist Mathematics Units 3 & 4
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Area of Study 4: Calculus

Question 4

y

A
/ T T P P T P ST I -
/
1 )
b {
4 {
I |
/ N
/ 2 P P P TN B R
/ \
/ = N
L \
! A
! N \
{ 1N N

< : 0 } > X
o i 2
Ay #
\ NN 172 Vi
! 71 1
\Ai . L A P P A2 /
\ o) ; /
N = 7
\ i
1y 7
\ )
X 7
\,,.. N A R ) e O
\ {
sl | L L
v

The direction field shown above best represents the differential equation

A. %=—§
5. &
C. %=x2

Question 5
'3 —2x
N2 —x

dx is

An equivalent expression for l
A. f(zu% —u3) du

B. [(Qur—u3)du

C. J (2u - u2) du

,
D. J(Zu% — 1) du
3
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Area of Study 4: Calculus

Question 6
y
/ o) ¢ /
/ /
[/ =~N N NN\ N
/ /
! 1
| ]/ 4= NN\ NN— /||
[ — | — /
/ / N ~ ~ / /
// // //
[ A A T Rl P GV
] o / /
L A e A A
/ / / /
I / / |
N A Ay VD GV ey AV B
| / 1 / |
| / B / |
| [ VA VD SV AV VAN I | /
| / / |
! / / I
N VA GV SV B B
/ / 5 / |
/ / = 1 ! I
The direction field shown above best represents the solution to the differential equation
dy
A. i 2x —y
dy
B. i 2xr+y
dy
C. pal 2x

dy
D. E=2x2—y

Question 7
d
Given that xcos(y) + ysin(x) = 2, the value ofd—i at point (% %) is
A 2
T m3+4

—3z
B. 4r + 673

2
C. ™3 —4

3z
D. 4z — 6\3

VCE Revision Questions: Specialist Mathematics Units 3 & 4
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Question 8

,
/
/
/
/
/
/
/
/
/

NS N N NN
SORNRNRNNNYNNNN NN
NANANNNNN AN AN
\ \
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v

The direction field shown above best represents the differential equation

dy x+y
A =y
B d_y_x+2y
odx 2x—)?

dy y—2x
C. dx 2x—y

dy y—2x
D. dx  x—2y
Question 9

2
With a suitable substitution, j(x2 + +x + 2 dx can be expressed as
4 -1
A. I(u% — 4u% + Su%)du

-1

B.

——
—_~
<
(i8]
+
~
<
[SS1I0%}
+
W
<
0|
~
QU
<

4
D. I(u% — 4u% + Su%)du
1

Question 10
. dy . d*y ) 1 .
Given that i arcsin(x)e?, the value of e at point (5, 0) is

o0 W >

ST ;’:L ;’a
+

S w]
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Area of Study 4: Calculus

Question 11

The length of the curve defined by the parametric equations x = —4sin(2¢) and y = 2 cos(2¢) for
0 <t<7is given by

A. [8cos2(2¢) + 4sin%(21) dt

< o]

%
B. 2] 3cos?(20) + 1 dt
0

%
C. [\-64cos2(20) + 16sin2(20) dt
0
%
D. 4[+3cos’2) + 1 dt
0
Question 12

A curve is defined by the pair of parametric equations x(#) = 6 — sin(0) and y(6) = 1 — cos()
for0 <0 <2x.

The length of the curve is closest to

A. 6.28

B. 11.72

C. 21.71

D. 8.00
Question 13

A solid is formed when the graph of y = 4sin(2x), where 0 < x < % is rotated about the x-axis.
Which one of the following integrals is not equal to the volume of the solid?

s

3
A. [(4vmsin(2x)? dx
0

%
B. l67tf(1 — sin()) dx
0

3
C. 64x|(sin%x)cos2x)) dx
0
D. 8fcodr
0

Question 14

A waste fuel tank initially contains 130 litres of waste fuel, of which 15 litres is diesel. Further
diesel is added at a rate of 25 litres per minute, while simultaneously the mixed waste fuel is
drawn off at a rate of 20 litres per minute. The tank is continuously stirred and the quantity of
diesel in the tank at any time is Q.

Which one of the following equations describes the change in 0?

do

A ©Z-25-200
d0 . 200

B. =25~ T30

. 40 _25-200

" dt 130+ 5¢
o 200

D. & =25"130+35

VCE Revision Questions: Specialist Mathematics Units 3 & 4 © Insight Publications



Area of Study 4: Calculus

Question 15

y
A
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The direction field shown above best represents the differential equation

A. %:;%
o &oxi!
C. %=yfl—1
D. %:%

Question 16
Given that y(3) =0 and y’ = (x — 2)(y + 1), Euler’s method, with increments of 0.1, gives y(4) as
A. 5.000

B. 3.482
C. 2.861
D. 3.495
Section B

Question 1 (1 mark)
Consider the function f(x) =xz;2fxl+5, X € R\{1}.

Find the length of the curve over the interval x € [3, 6], correct to two decimal places.

© Insight Publications VCE Revision Questions: Specialist Mathematics Units 3 & 4
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Area of Study 4: Calculus

Question 2 (12 marks)
A glass company is investigating the shape of one of the wine glasses it manufactures.

The company uses an inverse sine curve to model the shape of the glasses.

a. i. Differentiate V1 —x2 + xsin"'(x) and state the domain for which the
derivative exists. 2 marks
ii. Hence, find an antiderivative of [2 sin‘l(%)- 2 marks

The company has decided to model the shape of the wine glass using the equation
y=sin" (% - 2) + % where x and y are the respective radius and height of the glass,
in centimetres.

b. A solid can be generated by rotating the area bounded by the section of the curve
from x = 2 to x = 6 and the y-axis about the y-axis.

i. Write an integral that represents the volume of the glass. 1 mark

ii. Hence, find the volume of the glass, correct to two decimal places. 1 mark

VCE Revision Questions: Specialist Mathematics Units 3 & 4 © Insight Publications



Area of Study 4: Calculus 61

Water is added to the empty glass such that the height of the water in the glass changes
at a rate of 3¢z, where t > 0.

c. Write a differential equation relating the radius of water in the glass, x cm, to the
length of time, ¢ seconds, that water is added to the glass. Express your answer
in terms of x and +. 3 marks

d. Solve the differential equation found in part c. if the radius of water in the glass : g
is initially 2 cm. 3 marks
;" ‘0
5 Vo
<
e
«
b
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Area of Study 4: Calculus

Question 3 (8 marks)

The side profile of a plastic coffee cup can be modelled by the equation

fx)=3 sin*(x ; 7) + % x € [5, 9], where x is measured in centimetres.

a. Show that the length of the side profile of the coffee cup is given by the definite

. 9 a
integral L \/1 NI CED) dx, where a, b, c € R. State the values of ¢, band ¢. 2 marks

b. Find the length of the side profile of the coffee cup. Give the answer in centimetres,
correct to three decimal places. 1 mark

c. To determine the volume of the coffee cup, the side profile is rotated around
the y-axis.

i. Write a definite integral that gives the volume of the coffee cup. 1 mark

ii. Hence, find the volume of the coffee cup, in cubic centimetres, correct to two
decimal places. 1 mark

VCE Revision Questions: Specialist Mathematics Units 3 & 4 © Insight Publications



Area of Study 4: Calculus

To test the insulation properties of the coffee cup, coffee at a temperature of 90°C is poured
into the cup. The coffee then takes 15 minutes to cool to a temperature of 60°C. The coffee
dT _

cools according to the differential equation g —K(T — T,), where T is the temperature of

the coffee after r minutes, T, is the temperature of the room and k > 0.
d. The temperature of the room that the cup is in is 20°C.

Solve the differential equation. Give your answer in the form 7'=a + be ™,
where a, b, k, t > 0. Write k correct to two decimal places. 3 marks

Question 4 (2 marks)
Consider the function f: D — R, where f(x) =

2x* = 3x2—9x + 10
x2—x—-2 )

Write a definite integral that gives the length, L, of the curve f(x) over the interval x € [0.5, 1.5], and
then state the value of the length of the curve, correct to two decimal places.
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Question 5 (8 marks)

Consider the function f: [0, a] — R, f(x) = 2 arcsin (f) where a is the largest value
for which 1" is defined. The graph of f(x) is given below.
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The curve is rotated about the y-axis to form a volume of revolution that is to model
the shape of a birdbath, where the length units are in centimetres.

a. Show that the volume, ¥ cubic centimetres, of water in the birdbath when it is
filled to a depth of / centimetres is given by V= 8z [k — sin(h)]. 2 marks

b. The birdbath is initially empty. Water is poured into the birdbath at a rate of
16z>Vhcm? s=1, where £ is the depth, in centimetres, at time 7 seconds.

i. Show that the expression for the rate at which the height of the water is

changing is given by % =%. 2 marks
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ii. Find the rate, in centimetres per second, at which the height of the water is
changing when the birdbath is filled to one-quarter of its maximum depth.
Give your answer correct to two decimal places. 1 mark

c. Due to a hot summer, the water in the birdbath evaporates so that the depth of
water in it is % cm before being refilled.

i. Using Euler’s method, with a step size of% cm, find an estimate of the

volume of water in the birdbath when / = % cm. Give your answer in cubic
centimetres, correct to two decimal places. 2 marks

ii. Determine if the estimate in part c.i. is an overestimate or an underestimate
of the volume of water in the birdbath for a depth of% cm. 1 mark

Question 6 (8 marks)

A water treatment plant has discovered that one of its 12000 litre water tanks has a
fluoride concentration of 3 milligrams per litre, which is above the prescribed limit of
1.5 milligrams per litre. To rectify the situation, pure water is pumped into the tank at
a rate of 50 litres per minute and the tank’s water is pumped out at a rate of 100 litres
per minute.

Let x be the total amount of fluoride in the tank at any time ¢, where x is measured in
milligrams and ¢ is measured in minutes.

dx _ —100x
a. Show that 4 = 12000 = 50¢ 1 mark
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2
b. Show that x = % 3007 + 36 000.

3 marks

c. i. When the concentration in the tank reaches 2 milligrams per litre, the water
being pumped into the tank is switched to fluoride-treated water that has a
concentration of 1 milligram per litre, and the rate of inflow is increased to

100 litres per minute.

Find the volume of water in the tank when the fluoride concentration
returns to 2 milligrams per litre, and show that the new differential
equation representing the rate of change of fluoride with respect to time

is given by% =100 — 8x_0

2 marks

ii. Find how long it takes, following the switch to pumping in fluoride-treated
water, for the fluoride concentration in the tank to drop to the prescribed limit.

Give your answer correct to the nearest minute.

VCE Revision Questions: Specialist Mathematics Units 3 & 4
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Question 7 (11 marks)

The vertical cross-section of a water tank is shown below, where each unit on the

x- and y-axes represents 1 metre. The curved sides of the cross-section shown are

2
parts of the parabola with the rule y = % —5. The height of the water tank is 9 metres.
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The tank is being filled with water and the depth of water in the tank at any given time
is h metres.

The volume of water in the tank can be found by rotating the curve around the y-axis. B .:.'
a. Show that the volume, ¥ cubic metres, of water in the tank when it is filled to a . :
2 ~

depth of # metres is given by V' = 7[[% + 9h]. 2 marks -

o

E
.' ‘ A
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The water tank is initially empty and is being filled at a rate of V34>m?® s~ when the
depth is & metres. The tank has a leak in it and, at the same time, water flows out
of the tank at a rate of 0.2 m® s™.

dh  5V3h2—1
b. Show that dt = on(h 7 5 2 marks

c. After 15 seconds the depth of the water in the tank is 3.44 metres.

Using Euler’s method, with a step size of 2 seconds, find an estimate of the
depth 17 seconds after the water tank begins to fill. Give your answer in metres,
correct to two decimal places. 2 marks

The tank is filled to a volume of 200m3. The tank has 20 kilograms of salt dissolved
into it. Pure water then flows into the tank at a rate of 15m3 min-'. The solution of
salt and water, which is kept uniform by stirring, flows out of the tank at a rate

of 10m?3 min=".

The amount of salt in the tank after # minutes is x kilograms.

d. i. Show that the differential equation relating x and ¢ is % + 4021 7= 0. 2 marks
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ii. Solve this differential equation to find x in terms of . 3 marks
‘\. "\
Question 8 (6 marks) i
A curve is defined parametrically by the equations x = 2 cos(®) — 2 and y = sin(), .,
where ¢ € [0, x]. P
a. Find d_y in terms of cot(. 2 marks "
X » \\.
o
: . . . dy 3 .
b. Find the coordinates of the point on the curve where the gradient - 6" 2 marks )
.
i
.. ' A
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2
c. Thecurvey=11- G +42) is rotated around the x-axis to form a solid of revolution.

Write down an integral that gives the volume of the solid formed. Hence,
calculate the volume of the solid formed. 2 marks

Question 9 (10 marks)

A tank contains 100 litres of well-mixed paint that is made up of red and blue paint in
the ratio 3:1, respectively. The paint manufacturer produces paint in various shades
of purple and achieves this by pouring the mixture out of the tank at 5 litres per minute
while simultaneously adding red and blue paint into the tank at rates of 2 and 3 litres
per minute, respectively. The paint mixture is constantly mixed.

a. If the paint mixture in the tank contains x litres of red paint at time ¢, measured in

. dx 40 —x
minutes, show that a0 - 2 marks

b. Solve this differential equation to express x as a function of ¢. 4 marks
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c. Sketch a graph on the axes below showing how the volume of red paint in the
tank varies with time. Label all axial intercepts with coordinates and any
asymptotes with their equation. 2 marks

X
A

80

60

40

20

> [

10 20 30 40 50 60

d. Paintis drawn off at 8 litres per minute but no other changes are made.

Write down, but do not solve, a differential equation relating x and ¢ for this
new situation. 2 marks

Question 10 (9 marks)

A coconut falls, from a tree that is 44.1 metres above the water, into a deep tank. After
the coconut hits the water, it is subject to an acceleration given by a = —0.4(v + 0.6)>m s72,
where v is the velocity in the water ¢ seconds after impact.

a. Assuming a constant acceleration of 9.8 m s before the coconut hits the water,
show that the velocity of the coconut is 29.4 m s~ upon impact with the water. 2 marks

b. Show that the velocity of the coconut in the water, as a function of time, is given

__30 _
byv_12t+1 0.6. 3 marks
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c. How long after falling from the tree does the coconut float back to the surface of
the water? Give your answer in seconds, correct to one decimal place. 4 marks

Question 11 (9 marks)
The population, P, of a sample of bacteria ¢t minutes after the bacteria were introduced

to a petri dish can be modelled by the logistic differential equation ‘(’;—}; = rP(l - %)

a. 3000 bacteria were initially introduced to the petri dish and the initial rate of

growth of the population was 8850 bacteria per minute. When the population

of bacteria had doubled, the rate of growth had increased by a factor of 25—9

Find the values of » and K. 2 marks

b. The particular solution of the differential equation can be written in the form

bt
P(t)=—%— 4, b, c € R. Find the values of 4, b, and c. 3 marks
e’ +c
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c. After how many minutes is the population growing at the maximum rate and
what is the population at that time? 2 marks

d. State the values of ¢ for which both the population and rate of growth are
increasing. Give your answer in interval notation. 1 mark

e. How many new bacteria were produced in the third minute after the bacteria
were introduced? Give your answer to the nearest integer. 1 mark
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Area of Study 5 Space and measurement

EXAM 1

Question 1 (2 marks)

A curve is defined by the parametric equations
x(H) =2 + sin(21)

y(@® =2sin*(®) where > 0.

Determine the Cartesian equation of the curve.

Question 2 (5 marks)
Consider the three vectors a =3i +2j +2k,b=2i+ j+nkand ¢ =4i + 3j + 6k.

i, j and k are unit vectors in the positive directions of the axes x, y and z, respectively where
n €R.

a. Find the value of n if vectors b and ¢ are perpendicular. 1 mark
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b. Find the values of n if vector b makes an angle of § with the x—z plane, where

-3
cos() = NI 2 marks
c. Find the values of n if vectors a, b and ¢ are linearly independent. 2 marks

© Insight Publications
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Area of Study 5: Space and measurement

Question 3 (3 marks)
A parallelogram, OABC, is defined by the vectors 04 =i + 2j—kand OC =2i—j— 2k
N is the point on OA4 that is closest to the point C.

a. Find the scalar resolute of O_C) in the direction of O_A) 1 mark

b. Hence, find the length of CN. 2 marks

Question 4 (4 marks)

The acceleration of a particle at time ¢ seconds is given by () = 2i + 4 m s~

Find the distance of the particle from its initial position when ¢ =2, given that
£(0)=—-2i—-3kms"and r(0) =i—j+2km.
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Question 5 (1 mark)
The curve shown below can be defined parametrically by
x = arcsin(t)

y=2tN1—-¢*, where 0 <7< 1.

y .
/N '.'- d
< o T > X .:,‘
Find the Cartesian equation of the curve in the form y = f(x). |
s

Question 6 (4 marks) T
Consider the parallelogram OABC shown below, where OA = mi + 39k and S
oC =-61+ 83. -
) » ,”' ‘0
v Vo
0 C ‘:.'.‘."
. . . - - .'_' ’
a. Find the possible values of m if 04l = 2locl. 2 marks S
-
.
¥
.' ‘ A
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, . . — —. (1
b. Find the possible values of m if the angle between 04 and OC is cos 1<§).

Give your answer in the form %, where a and b are integers. 2 marks
o
b Question 7 (3 marks)
Find the value of d for which the vectors a = 3i + j — 2k, b= -2i — 2j — 4k and
e ¢ =51+ j +dk are linearly independent.
,"' 0
WV
P
.
.' * A
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Question 8 (5 marks)

A right pyramid, OABCD, with vertex located at D, has a square base with opposite

corners located at the points (0, 0, 0) and (15, 15, 0). The position vector of the

. . S == _15. 15.
vertex of the pyramid relative to the origin is given by OD = Sit5jt 42 k.

a. Find the position vector OM of the centre of the base relative to the origin.

. . —_— —_—
b. Find the cosine of the acute angle, 6, formed between vectors OM and OD.

c. Find the volume of the pyramid. Give your answer in the form a\b, where a, b € R.

© Insight Publications
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Question 9 (4 marks)
Leta=6i—3j+2kandb=mi—2j+ nk, where m and n are positive integers. The scalar
resolute of a in the direction of b is 23—0 and the magnitude of b is 3.

Find the values of m and n.

Question 10 (6 marks)
Consider the points P(3, 1, 5), O(-1, 3, 3) and R(-2, -4, 7).

. — —
a. Find the vectors PQ and PR. 2 marks

VCE Revision Questions: Specialist Mathematics Units 3 & 4 © Insight Publications



Area of Study 5: Space and measurement

b. Find a vector normal to the plane containing P, Q and R. 2 marks

c. Find a Cartesian equation for the plane containing P, Q and R. 2 marks

Question 11 (6 marks)

The line L is given by r(#) = 2i + 3j — 4k + #(31 — j + 2k), ¢ € R, and the plane Il is given
by x+3y—5z=09.

a. Find the coordinates of the point of intersection of L and II. 3 marks
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b. Find the value of sin(8), where 8 is the acute angle between L and II.

Give your answer in the form %, where a, b € N. 3 marks

_ g Question 12 (8 marks)
- Atriangle has vertices at 4(2, 3, 1), B(3, 4, 5) and C(1, -2, 4).
a. Find a vector equation of the line passing through 4 and B. 2 marks

e ) RO
- »
.
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b. Find the area of the triangle ABC. 3 marks

c. Find the three possible sets of coordinates for a point, D, such that 4, B, C and D :(-.
are the vertices of a parallelogram ABCD. 3 marks i
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Question 13 (8 marks)
Point 4 has coordinates (3,-2,-2) and line L, is given by r,() =i+ 4j + 1(2i + j + k).

a. Find the point on L, that is closest to 4. 3 marks

b. Find the minimum distance from A4 to L, 1 mark
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c. Line L, passes through 4 and is parallel to the vector —8i + 3j — k. Find the point
of intersection of L, and L,. 4 marks

Question 14 (6 marks) :
Consider the Cartesian equation of two planes: ‘
M:x+2y-z=15 -
P e
I:x+y+pz=35 T
a. Given thatIl, and II, are perpendicular, show that p = 3. 1 mark RAVY
b. Find the Cartesian equation of the plane that is perpendicular to both IT, and I, ,
and also passes through the point (1, 2, 1). 2 marks
;." °
.‘ ‘ A
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The line L, given by the equation r() =i+ j + k + «(i + 3] — 6k), € R, intersects II, at
point 4 and I1, at point B.

c. Find the distance 4B. 3 marks

EXAM 2
Section A
Question 1

Leta=3i+mj—3kandb=2i+2j+k, where m is a real constant.

If the scalar resolute of a in the direction of b is 5, then the value of m is

A 1

B. 6

C. 15

D. 4
Question 2

The position vectors of two moving particles are given by r = (2¢ + )i + (6 — 4¢)j and
s =32 +2)i + (3t +2)j, where 1> 0.

At what time, ¢, will the velocity vectors of the two particles be perpendicular?
A. 12

B. 1
C. O
D. 6
Question 3

The vectors a=2i— j+2k,b=-i+3j— 2k and ¢ =3i + j + ik, where 1 is a real constant,
are linearly independent if

A 1=2

B. 1eR\{-2}
C. 2<ig2
D. 1eR\{2}
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Question 4

The vector resolute of a =1 + 4j + 2k perpendicular to b =2i +2j — kis
A Seit2j-1
B. (-7i+20j+26k)
1 . .
C. ﬁ(34;+ 10j — 5k)
D. c(8+32j + 16k)
Question 5

Leta=—4i+3kand b=2i—- 3]+ ck, where c is a real constant.

If the scalar resolute of b in the direction of a is 8, then the value of c is

A. 16
32
B. 3
C. 5
D. 8§
Question 6

The vectors a=4i - 6j + 2k, b = —%i +6j— 12k and ¢ =i+ j + yk, where y is a real constant,
are linearly dependent if

A. yeR

B. y=7

C. yeR\{-7}
D. y=-7
Question 7

The angle that the vector a = 2i — j + 2k makes with the y-axis, correct to the nearest degree, is

A. 109°

B. 42°
C. 48°
D. 61°
Question 8

If M, P and Q are distinct points, are collinear and MP = 2i+7j -3k, O_P) =-5i+2j—4k
and |MP| = |OP|, then O_Q) is

A 3i+9j+7k

B. —3i-9j-7k
C. 3i+9j-7k
D. -3i+9j-7k
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Question 9
The angle between vectors 2i + 5k and mi — 3] is acute.

What is the range of values that m can take?

A. m>0
B. m>0
C. m>3
D. m>3
Question 10

The points 4, B and C relative to a fixed origin have positions of —V3i - j,i—V3jand V3i+ j,
respectively. They lie on the boundary of a circle and form the triangle 4BC.

For the triangle ABC, which one of the following statements is true?
A. ABCis an equilateral triangle.
B. ABCis aright-angled triangle.
C. ABC has an obtuse angle.
D

ABC has an area of 2 square units.

Question 11
Leta=2i—-j—2kandb=>5i+ \Ej + 3k, where the acute angle between these vectors is 6.

The value of cos(20) is

A At
) 16;\5
Question 12

The vectors @ =2i+2j-kand PS = —6i + 8k form two sides of the parallelogram PORS.

The area of the parallelogram, in square units, is

A. 575
B. 20
C. 30
D. 10V5
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Question 13

The vector v = ai — 6] + bk has magnitude 2V14 and is perpendicular to u = 5i +2j + 7k

The possible values of ¢ and b are

A. a=2,b=4
B. a=4,b=2
C. a=2b-4anda=750.b=-320
D. a=4,b=?.anda=%,b=_%
Question 14

Area of Study 5: Space and measurement

1

A particle moves with velocity vector i(» = 31 — ¢'] . Its initial position is given by
r0)=71+V3j k.

The particle’s average velocity for the interval t € [2, 6] is

. eZ — 66 .
A. 12i+ ( 7 )J
B. 12i+ (2~ e9j
C. 18i—ej

. e?—e%\.
D. 3i+ ( 7 )J
Question 15

Consider two points, 4 and B, with coordinates (1, -3, 7) and (4, —6, —2), respectively.

Which one of the following is an_gquation of the straight line passing through point 4 that is
perpendicular to line segment 4B ?

A. (=1-3j+7k+131—-3j—9k)
B. r(=i-3j+7k—i—j3k
C. th=i-3j+7k+u4i+j+k)
D. t(0=4i-6j—-2k+14i+j+k)
Question 16

Consider two parallel planes, given by the equations I1 : 2x + 3y + 6z = 14 and
IL: 4x + 6y + 12z = —42.

The equation of a third plane, I1,, parallel to both IT, and I1,, and at the same distance
fromI1, as I1,, is

A.

B
C.
D

2x +3y+ 6z=-56
4x+6y+12z=-14
4x + 6y + 12z=-5
6x +9y + 18z =147

© Insight Publications
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Question 17

The acute angle between the line t(s) =i+ j + k + #2i — 3] — 2k) and the plane 2x — 3y — 4z = 12
is closest to

A. 245°
B. 71.0°
C. 65.5°
D. 12.3°
Section B

Question 1 (11 marks)

A walker, 7, is observed from an origin, O, walking laps around a park. The position vector, in
metres, of the walker relative to the origin at any time 7 seconds after the walk began is given
by r,,= (2 = 3cos®)i + (1 — 2sin(#))j, 1= 0.

a. Determine the Cartesian equation of the walker’s path. 2 marks

b. Sketch the path of the walker on the axes provided below. Indicate the walker’s
direction of motion with an arrow. 2 marks

<

_— P W kU

|
O
|
I~
&
|
S
|
=

B U0 o) ——0

b

<

4

At the same time as the walker starts walking, a dog, D, escapes control of its owner and
runs with a position vector, relative to the same origin as the walker, of

£,= (2 - 3cos()i+(3L-4)j.
c. Verify that the dog will collide with the walker when ¢ = 5—6” seconds. 2 marks
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d. Find the angle, in degrees, between the velocity vectors of the walker and the
dog at the time of the collision. Give your answer correct to one decimal place. 3 marks

e. Determine the speed of the dog, correct to two decimal places, at the time of - .
the collision. 2 marks y

Question 2 (11 marks)

Geoff is riding his bicycle in a park and his position can be described by the vector .
£,(0) = (1 =2 cos(24))i + (2 sin(2¢) + 3)j at any time for ¢ > 0 minutes. All distances are e
measured in kilometres. -

a. After riding for % minutes, Geoff passes a drinking fountain.

i. Find the distance, in kilometres, from his initial position to the drinking fountain. 1 mark
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ii. Find the speed, in kilometres per minute, at which Geoff passes the
drinking fountain. 2 marks

A second person, Daneesha, is also riding her bicycle through the park. Daneesha’s position is
described by the vector r,) = (a + sin(?))i + (3 — cos(?))]j, where a is a real constant. After some
time, where ¢ < , Geoff and Daneesha will collide.

b. Find the value of a for which Geoff and Daneesha collide and state the coordinates
of the collision. 3 marks

c. The graph below shows the path of Geoff on his bicycle. On the same axes,
sketch the path of Daneesha on her bicycle, given the value of ¢ found in part b.

Use arrows to indicate the direction of Daneesha’s movement. 2 marks
y
5
yd AN
4
3
o]
1
< > X
5 4 329 2 3 4 ¢
—2
=3
—4
=5
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d. Determine the angle between Geoff and Daneesha at the time of collision. 3 marks

Question 3 (12 marks)

A surveillance drone, S, and a delivery drone, D, are observed flying at the same altitude above
a suburb. The position vectors of each drone ¢ minutes after they are initially observed moving

relative to some origin, O, are
2

2
r () = (4 - cos<%>>i+ (2 - 2sin(§))j and ()= 5i+ (4 —%)J, > 0.
All distances are measured in kilometres. Both drones are initially observed at the same time.

a. Sketch the path of each drone on the axes below, labelling each curve, indicating

the direction of movement and labelling any intercepts with their coordinates. 3 marks
y
< b 1) ) » X

6

v

b. When =6 minutes, find the angle between the direction of motion of drone S
and drone D. Give your answer in degrees, correct to one decimal place. 2 marks
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c. Show that the paths of drone S and drone D intersect but that the drones do
not collide. 3 marks

< d. Determine the maximum speed of drone S, in kilometres per minute. 2 marks

e. Find the minimum distance between the two drones and state when this occurs,
. in minutes since the drones were initially observed. Give your answers correct to
' one decimal place. 2 marks

Question 4 (9 marks)

» The position of an ant relative to its nest and to a beetle passing by is given by
< r,(=e’ite 'jand () =(e™ ' = 1i+e”j, respectively, for s> 0, with distances
ﬁ"" measured in metres and time in seconds.

a. Find the initial distance between the ant and the beetle. 2 marks
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b. Write down, but do not solve, an equation that could be solved to show that the ant

and the beetle are at the same x-coordinate when ¢ = 10g8<—% +1le + %) 1 mark

c. Show that the ant and the beetle never collide. 2 marks

d. Find the point of intersection between the path of the ant and the path of the ,‘.
beetle, correct to four decimal places. 2 marks S
;" ‘0
5 Ve
e. Find the angle between the paths of the ant and the beetle at the point you found N
in part d. E
Give your answer in degrees, correct to two decimal places. 2 marks
<
A
«
5
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Area of Study 5: Space and measurement

Question 5 (10 marks)

A baseball is hit and its position at time ¢ relative to a fixed origin, O, is given by
r,(t) = (4 sec(t) — 3)i + (tan(?) + 1)j, where i is a unit vector in a horizontal direction and j is a unit
vector in a vertical direction. Displacement components of the baseball are measured in metres,

and time ¢ is measured in seconds, where 0 <¢< %

a. i. Determine the Cartesian equation of r (7). 2 marks

ii. Sketch the path of the baseball on the axes provided below. Show any asymptotes
with their equations, label end points with their coordinates (correct to two decimal
places) and show the direction of motion of the baseball with an arrow. 3 marks

\ 4

At the same time that the baseball is hit, a pigeon takes flight, with its position at time ¢ relative
to the fixed origin, O, given by r,(#) = 2 cos(2)i + 3 sin(2/)j, where i is a unit vector in a horizontal
direction and j is a unit vector in a vertical direction. Displacement components of the pigeon

are measured in metres, and time ¢ is measured in seconds, where 0 <¢ < %
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b. Show that the baseball and the pigeon cross paths but do not collide. 3 marks

c. Find the minimum distance between the baseball and the pigeon and state the
time at which it occurs. Give your answer correct to two decimal places. 2 marks e

v Ve
- "
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Question 6 (2 marks)

A curve is defined parametrically by the equations x = 2 cos(®» — 2 and y = sin(®», where ¢ € [0, 7].

(x +2)?
i

Show that the curve can be defined by the Cartesian equation y =11 —

Question 7 (8 marks)
. . —_— g
Consider the triangle O4B shown below, where a= 04 and b= OB.

Point Q lies on OB such that OQ = 30B. Point P lies on 4B such that 34P = PB. M is the
mid-point of line 4B.

a. Show that OP =a + b and that QM = 78~ Zb' 2 marks

N8
N

Let X be a point outside the triangle such that OX = 1OP, where 1 > 1.

b. i. State O_X) interms of a, band 4. 1 mark
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= —_—
ii. For what value of 1 is AX parallel to OB?

Let point X lie on the line OM, such that Q_))(=,u Q_M) where © > 1.

- . . _) . 0 _) _)
c. i. Give an expression for OX in terms of ¢, b and u if OX = 1 OM.

ii. Find the values of 1 and .

Question 8 (12 marks)

Aplane, I1 , is described by the parametric equations

x=2+s+3¢
y=5+s+2t

z=8—2s—t

where s, t € R.

a. Find a vector equation of the plane II, in the form ¢ = a + sb + zc.

© Insight Publications
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Area of Study 5: Space and measurement

b. Hence, find a Cartesian equation of the plane IT.

2 marks

A second plane, I1,, is perpendicular to I1, and intersects it along the line L, which is given by

r,=3i+ ]+ 13k + (=50 + 5j — 4K).

c. Find the Cartesian equation of the plane II..

d. Find the reflection of point P(5, 4, 14) across plane I1..

VCE Revision Questions: Specialist Mathematics Units 3 & 4

2 marks

3 marks
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e. Athird plane, I1,, intersects I1, and I1, at L and has an equation of the form
13x +29y + cz=d.

i. Find the values of ¢ and d. 2 marks

ii. Find the acute angle, in degrees, between I1, and I1,, correct to one
decimal place. 2 marks

Question 9 (7 marks)

A plane, TI, intersects the x-axis at P(1, 0, 0), intersects the y-axis at Q(0, 2, 0) and intersects
the z-axis at R(0, 0, r), where r € R.

a. Find the values of » such that the area of the triangle POR is less than 2, and
state the minimum area for these values of r. 3 marks

© Insight Publications VCE Revision Questions: Specialist Mathematics Units 3 & 4
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b. Find the normal vector to the plane IT in terms of », and hence find the

Cartesian equation for the plane. 2 marks
T__ }; c. Find the distance, d, of the plane II from the origin, in terms of r. 1 mark
. v d. State the possible values for d. 1 mark
AP
- Question 10 (6 marks)
[ \\.
oo Consider the planes with the following equations.
S M:x—y+3z=28
O I,: 2x+ay+bz=10 wherea, b €R.
N a. Find the values of ¢ and b such that the planes are parallel, and find the
<« . distance between them. 3 marks
ra
.
;"‘ °
“ ‘. A
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b. Find the values of @ and b such that the planes are perpendicular and I,
contains the point (3, 1, 4). 3 marks
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Area of Study 6 Data analysis, probability and statistics

EXAMI

Question 1 (5 marks)

The mass of the oranges grown in an orchard is normally distributed with a mean of x grams
and a standard deviation of 10 grams.

A sample of 100 oranges has a mean mass of 160 grams and a standard deviation of 10 grams.

a. Find an approximate 90% confidence interval for the population mean, given that
Pr(z > 1.645) = 0.05, where z has the standard normal distribution.

Give your answer correct to one decimal place. 2 marks

Another orchard produces oranges with a mean mass of 157 grams and a standard deviation of
6 grams.

The owner of the orchard introduces a new fertiliser, which is expected to increase the mass
of the oranges.

After using the new fertiliser, a sample of 36 oranges has a mean mass of 159 grams and the
standard deviation remains at 6 grams.

b. i. Write down the appropriate null and alternative hypotheses to test whether
the mean mass of the oranges has increased as a result of the new fertiliser. 1 mark

ii. Find an approximate p-value for this test, correct to three decimal places. 1 mark

iii. Explain why the null hypothesis should be rejected at the 5% level of
significance. 1 mark
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Question 2 (6 marks)

The waiting time, in minutes, for visitors entering the Royal Melbourne Show is normally
distributed with mean .

In 2023 a random sample of 16 visitors entering the Royal Melbourne Show gave an
approximate 95% confidence interval for u as 5.02 < u < 6.98.

a. Find the sample mean, x, and hence show that the sample standard deviation is 2. 2 marks

In 2024 the number of inspectors at entry points to the Royal Melbourne Show was
increased and the waiting time, in minutes, for visitors was claimed to be normally
distributed with a mean waiting time of 4.5 minutes and a standard deviation of 1.5 minutes.

A random sample of 36 visitors entering the Royal Melbourne Show had a mean waiting
time of 4 minutes. Assume that the population standard deviation remains at 1.5 minutes.

b. Test the hypothesis that the mean waiting time is less than that claimed by finding an
approximate p-value for this test. Hence, explain whether or not the null hypothesis
should be rejected at the 5% level of significance. Assume that Pr(z > 2) ~ 0.025. 4 marks
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Question 3 (4 marks)

Two types of chocolate blocks are selected and their masses are measured. Block X’s masses
are normally distributed with a mean of 175 grams and a standard deviation of 3 grams.

Block Y’s masses are normally distributed with a mean of 165 grams and a standard deviation
of 4 grams. The distributions are independent of each other.

a. Find the approximate probability that the mass of a randomly selected block X
chocolate is greater than the mass of a randomly selected block Y chocolate. 2 marks

b. A quality control officer suspects that the mean difference in mass of the two
chocolate blocks is not 10 grams. The officer collects 100 samples of block X
chocolate and 100 samples of block Y chocolate.

Calculate the 95% confidence interval for the mean difference in the mass of
block X chocolate and block Y chocolate. In your calculations, use an integer
multiple of the standard deviation and assume that Pr(z > 2) = 0.025. 2 marks
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Question 4 (3 marks)

X and Y are independent random variables. X has a mean of m and a standard deviation of 1,
and Y has a mean of 5 and a standard deviation of viz, where m and » are real numbers.

If 2X + 4Y has a mean of 26 and a standard deviation of 6, find the values of m and n.

Question 5 (3 marks)

The individual points scored per game by two basketball players, Angela and Banhi, can be
represented by random normal variables 4 and B, respectively. 4 has a mean of 12 and a
standard deviation of 3. B has a mean of 12 and a standard deviation of 4.

Use Pr(—1.96 < Z < 1.96) = 0.95 to answer the following question.

Find the probability that in any given game the difference between the number of points scored
by Angela and Banhi will be greater than 9.8.
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Question 6 (3 marks)

A farmer grows two types of apples, green and red, which are sold in bags at a local market.
Each bag contains 6 green apples and 7 red apples.

The mass, in grams, of green apples is a random variable, G, with a mean of 75 grams and
a standard deviation of 1 gram. The mass, in grams, of red apples is a random variable, R,
with a mean of 70 grams and a standard deviation of 2 grams. The masses of red apples
and green apples are independent.

The mass of a bag of apples, in grams, is a random variable, B.

Find the mean and standard deviation of B, in grams.

Question 7 (3 marks)

An ice cube tray with 6 cuboid compartments is filled with water and placed in a freezer
to make 6 ice cubes. Each compartment has a 3 cm by 3 cm square base.

The height of each ice cube, H, is normally distributed with a mean of 2 cm and a standard
deviation ofg cm. Assume that the height of each ice cube is independent.

a. Find the expected total volume of ice in the ice cube tray, in cm?®. 1 mark

b. Find the standard deviation of the total volume of ice in the ice cube tray, in cm?.

aNb

Give your answer in the form =—;—, where «a, b and ¢ are positive integers. 2 marks
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EXAM 2
Section A

Question 1

X and Y are both independent random variables. X has a mean of 9 and a standard deviation
of 5, and Y has a mean of 6 and a standard deviation of 2.

If the random variable Z is defined as Z = 2X — 3Y, then the mean, x, and standard deviation, o,
of Z is given by

A u=0,0=4
B. ©=0,0=136
C. u=0,0=2V34
D. u=0,0=28

Question 2

A fitness company claims that after 6 weeks of completing their fitness program their clients
have a mean weight loss of 4 kilograms. A prospective client wishes to test this claim at a
significance level of 0.05, using the null and alternative hypothesis of H: u =4 and H,: u # 4.

If the p-value of the prospective client’s test is 0.002, which of the following statements is true?
A. Atype | error would occur if the null hypothesis is true and not accepted.

B. The p-value is less than the significance level, so the null hypothesis is accepted.

C. The p-value is greater than the significance level, so the null hypothesis is not rejected.

D

A type Il error would occur if the null hypothesis is false and not rejected.

Question 3

A random sample of the height of 150 students has a mean height of 168 cm and a standard
deviation of 12 cm.

An approximate 90% confidence interval for the mean height of the students is closest to
A. (166.080, 169.920)
B. (166.388, 169.612)
C. (165.472,170.528)
D. (167.794, 168.206)

Question 4

The weight of a certain brand of chocolate bar is normally distributed with a mean of 65 grams
and a standard deviation of 2.5 grams. A random sample of 10 chocolate bars is selected.

The probability that the mean weight of this sample of chocolate bars is less than 63.5 grams is
approximately

A. 0.0289
B. 0.9711
C. 0.2743
D. 0.7257
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Question 5

Let X be a random variable with a mean of 9 and a standard deviation of 4, and let Y be a
random variable with a mean of 7 and a standard deviation of 2.

If X and Y are independent and W = 2X — 3Y, then the mean, i, and standard deviation, o,
of W will be

A u=-3,0=28

B. u=-3,0=2V7
C. u=-13,6=10
D. u=-3,0=10

Question 6

The weight of a block of chocolate is normally distributed with a mean of 200 grams and a
standard deviation of 5 grams.

The probability that the mean weight of 16 chocolate blocks does not exceed 202 grams is
closest to

A. 0.345
B. 0.945
C. 0.055
D. 0.655
Question 7

Researchers test the hypothesis that crops given a special fertiliser will have a higher growth
rate than average.

Which one of the following represents a type | error?

A. Concluding that the growth rate is the same when in fact it is higher than average when
using the special fertiliser.

B. Concluding that the growth rate is higher than average when using the special fertiliser
when in fact it is not.

C. Concluding that the growth rate is lower than average when using the special fertiliser
when in fact it is not.

D. Concluding that the growth rate is the same as the average when using the special fertiliser
when there is no noticeable difference in the growth rate.

Question 8

A mathematics teacher wishes to estimate the average exam score for the state. The teacher
uses a sample size of 60 to create a 95% confidence interval for the population mean, u.

If a confidence interval is (65.18, 71.32), then the sample mean, X, and sample standard
deviation, s, respectively, are closest to

A. 68.52and 121
B. 68.25and 93.98
C. 68.25and 12.15
D. 68.25and 14.5
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Use the following information to answer questions 9 and 10.

: The times taken to recharge two different brands of electric car, brand X and brand

. Y, expressed in minutes, are both normally distributed. The mean recharge time and
standard deviation of brand X are 125 and 8, respectively, and the mean recharge :
time and standard deviation of brand Y are 138 and 15, respectively. Assume that the :
: recharge times for each brand are independent of each other. :

Question 9

Given that mTJr” = 125, where m < n and Pr(m < X < n) = 0.95 for a randomly selected brand X
electric car, the values of m and n, correct to one decimal place, are

A. 111.8and 138.2
B. 114.7 and 135.3
C. 109.3 and 140.7
D. 104.4 and 145.6

Question 10

The probability, correct to four decimal places, that a randomly chosen brand Y electric car has
a recharge time within 10 minutes of a randomly chosen brand X car is closest to

A. 0.0014

B. 0.6581
C. 09120
D. 0.3419
Question 11

A popular fish and chip shop sells hot chips for $4 and flake for $5.50. The mean and standard
deviation of hot chips sold in a given week is 220 and 23, respectively, and the mean and
standard deviation of flake sold in a given week is 170 and 15, respectively. Assume that the
number of hot chips sold and the number of flake sold are independent of each other.

The probability, correct to four decimal places, that in a given week more money is spent on hot
chips than on flake is

A. 0.3281
B. 0.3763
C. 0.4986
D. 0.6237
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Question 12

Victorian students were asked how many hours they sleep per night. Arandom sample of n
students had a mean of 8.2 hours. The standard deviation of hours of sleep per night is known
to be 0.7 hours.

If a 90% confidence interval for the mean hours of sleep of all Victorian students has a width of
0.05, the value of n is closest to

A. 25

B. 46

C. 2109

D. 2121
Question 13

A common illness is known to have a mean duration of 11 days when treated with drug A.
A new treatment that is potentially more effective, drug B, is tested on a random sample of
1000 patients and it is found that the mean duration of the illness in these patients is 9 days.

A researcher who wishes to test whether drug B leads to improved patient outcomes should
perform a hypothesis test with

A. Hyp=1land H:u=9

B. Hyu=1land H:u#11

C. Hiu=1land H:u>11

D. Hyu=1land H:u<1l1

Question 14

The mass of a large block of chocolate is normally distributed with a mean of x grams and a
standard deviation of ¢ = 5 grams. The sample mean of n randomly selected large blocks of
chocolate is found to be 222 grams.

If a 97% confidence interval for the mass of the large block of chocolate is (220.644, 223.356),
the number of large blocks of chocolate, #n, in the randomly selected sample is

A. 37
B. 48
C. 57
D. 64
Question 15

The total mass of lemons produced by lemon trees is normally distributed with a mean of
48 kilograms and a variance of 16.

The probability that a sample of 6 randomly selected lemon trees produces an average total
mass of lemons less than 50 kilograms is closest to

A. 0.1103
B. 0.3085
C. 0.6915
D. 0.8897
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Question 16

ElectroMotion Motors claims that their latest model of electric car has a range of 650 kilometres
per full charge. A rival electric car company is doubtful of this claim and believes that it is an
overestimate.

If u represents the average range per full charge for ElectroMotion Motors’ latest model, the null
and alternative hypotheses that should be used to test ElectroMotion Motors’ claim is

A. H;:u>650and H:u=650

B. H;:u=650and H:u<650

C. H:u<650and H:u= 650

D. H;:u=650and H:u> 650

Question 17

In a game, the number of points scored, S, is modelled by a normal distribution with a mean of
20 and a variance of 5; that is, S ~ N(20, 5). Ten independent games are played and the total
score is represented by 7.

How is T distributed?
A. T~ N(20,2000)

B. T~ NQ0,5)
C. T~ MNQ20,50)
D. T~ N(200, 50)
Question 18

A mango producer wishes to find a value of x, the mean weight of mangoes harvested. The
producer generates a 90% confidence interval of (248.2, 388.4) for the weight of mangoes, in
grams. This confidence interval is generated from a sample of » mangoes. It is known that the
standard deviation of the weight of mangoes is 210 grams.

The value of n is closest to

A. 60
B. 97
C. 5

D. 24
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Area of Study 6: Data analysis, probability and statistics
Section B

Question 1 (6 marks)

A particular shoe manufacturer knows that the mean shoe size of the adult population is 9.5, with
a standard deviation of 1.5. A sports shoe store believes that the mean shoe size of the adult
population is not 9.5, so it selects 60 customers at random to test this claim.

a. Letthe random variable X represent the mean shoe size from the random sample.
Determine the standard deviation of X . 1 mark

From the sample of 60 customers that are randomly selected, the store found that the mean
adult shoe size of its customers is 9.

b. Give suitable hypotheses, H, and H , to test the shoe store’s belief about the
mean adult shoe size. 2 marks

c. i. Find the p-value for the sports shoe store’s test, correct to four decimal places. 2 marks

ii. Determine whether the sample selected supports the sports shoe store’s belief
that the mean shoe size of the adult population is not 9.5 for a 5% level of
significance. 1 mark
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Question 2 (8 marks)

International tennis regulations require that tennis balls used in tournaments must have a
minimum diameter of 66.5 mm. To ensure that this requirement is met, a particular company
produces tennis balls that have a diameter that is normally distributed with a mean of 66.9 mm
and a standard deviation of 3 mm.

For quality control testing, samples of 100 balls are selected and their diameters measured.

a. Show that the standard deviation of the sample mean of the diameter of the tennis
balls that undergo quality control testing is 0.3 mm. 1 mark

b. The 90% confidence interval for the mean diameter of the tennis balls has the
form (66.9 — k,, 66.9 + k). Find the values of k, and k,, correct to one decimal place. 2 marks

The company’s quality control tester claims that tennis balls are being produced with
a mean diameter that exceeds its production standards. To test this claim, a sample of
100 tennis balls is selected at random and the mean diameter of the tennis balls is
found to be 67 mm.

c. Write down the two hypotheses that would be used in a one-sided statistical test. 1 mark

d. Write down an expression for the p-value and evaluate it, correct to four
decimal places. 2 marks
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e.

Explain whether or not the quality control tester’s claim should be rejected at the
5% level of significance. 1 mark

For this test, determine the minimum value of the sample mean that would lead
the quality control tester’s claim being rejected at the 1% level of significance.
Give your answer correct to one decimal place. 1 mark

Question 3 (8 marks)

The height, X, of mature sunflowers in eastern Victoria is normally distributed with a mean of
270 cm and a standard deviation of 15 cm.

A fertiliser company claims it has the best fertiliser on the market and advertises that its fertiliser
can increase the height of mature sunflowers.

Flora uses this fertiliser and decides to test this claim. She measures the heights of 50 mature
sunflowers and finds the sample mean to be 274 cm.

Flora then performs a statistical test.

Let X denote the mean height of the random sample of 50 mature sunflowers.

a.

State suitable hypotheses, //, and H,, for the statistical test. 1 mark

Assume that the sample size is large enough that reasonable approximations for
the standard deviation of the population and shape of the distribution of the sample
means can be made.

Calculate the p-value of the statistical test, correct to four decimal places. Hence,
state with a reason whether 4 should be rejected at the 5% level of significance. 2 marks
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c. Determine the largest sample size for which //, would not be rejected at the
5% level of significance. 2 marks

d. For the statistical test conducted by Flora, describe the conclusion that would be
made about the fertiliser company’s claim if a type | error occurred. 1 mark

e. Given that Pr(X > 274.935|u = 270) = 0.01, calculate the probability of committing
a type Il error at the 1% level of significance if the true mean height of all mature
sunflowers in eastern Victoria is 274 cm. Give your answer correct to four
decimal places. 2 marks

Question 4 (11 marks)

Two salespeople, Jafan and Liv, are comparing their sales records. Jafan’s weekly sales are
normally distributed with a mean of 21.5 sales. Liv’'s weekly sales are also normally distributed,
with a mean of 15.8 sales. Both distributions have a standard deviation of 3.8 sales per week.

a. Find the probability that in a given week Jafan will make at least 20 sales. Give
your answer correct to four decimal places. 1 mark

b. Jafan’s commission per sale is $110 and Liv's is $125.

Find the probability that Liv earns more money in a given week than Jafan.
Give your answer correct to four decimal places. 2 marks
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¢. What would Liv’'s commission need to be so that she and Jafan have an equal
probability of earning the most money in a week? Give your answer correct to
the nearest cent. 2 marks

d. In pursuit of higher sales, Liv decides to purchase and wear an expensive new
suit to all her sales calls. In the 8 weeks that follow, her mean sales per week
rises to 17.5. Liv wishes to carry out a statistical test to determine whether the
new suit has increased her weekly sales. Assume that the standard deviation
remains the same.

State suitable hypotheses, H and #,, for Liv's statistical test. 1 mark

e. Write down an expression for the p-value of the statistical test and evaluate the
answer, correct to four decimal places. 2 marks

f. Based on your answer to part e. above, decide whether Liv has enough evidence
to support the conclusion that the new suit has improved sales at the 5% level
of significance. 1 mark

g. Liv, wishing to justify her investment in her expensive suit, decides that she must
have made a type Il error. In order to reduce the probability of making type Il
errors in future tests, Liv decides to conduct all future tests at the 10%
significance level.

State whether Liv’s decision to switch to a 10% significance level will reduce the
probability of making a type Il error. Justify your answer and discuss a potential
drawback of this approach. 2 marks
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Question 5 (9 marks)

A company manufactures batteries for electric cars. It is known from past experience
that the charging time for the batteries is normally distributed with a mean of
335 minutes and a standard deviation of 12 minutes.

For quality control purposes, two independent random samples of 100 batteries are
selected and the mean charging time for each sample is calculated.

a. Find the probability that neither random sample has a mean charging time of
between 334 minutes and 336 minutes. Give your answer correct to three
decimal places. 2 marks

b. Find the probability that the means of the two random samples differ by more
than 5 minutes. Give your answer correct to three decimal places. 2 marks

To test whether batteries with a mean charging time of 335 minutes are being produced,
the two random samples are combined and the mean charging time of the sample of

200 batteries is found to be 337 minutes. Assuming that the standard deviation is still

12 minutes, a one-tailed hypothesis test is to be conducted at the 5% level of significance.

c. Write down suitable hypotheses, H and H,, for this test. 1 mark
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d.

Question 6 (9 marks)

i. Find the p-value for this test. Give your answer correct to three
decimal places.

ii. State with a reason whether / should be rejected at the 5% level
of significance.

1 mark

1 mark

What is the largest value of the sample mean charging time that could be observed
for H, not to be rejected? Give your answer in minutes, correct to four decimal places. 1 mark

If the true mean charging time of the batteries is 337 minutes, what is the
probability of a type Il error? Give your answer correct to three decimal places. 1 mark

The distance athletes can jump, X cm, is distributed as follows, with mean x and
a standard deviation of 20.

X ~ N (u, 400)

A sample of jump distances, in centimetres, by 10 athletes is recorded in the table below.

751 721 778 761 740
710 767 749 797 739
a.
b. Find a 95% confidence interval for u. Give your answer correct to one

VCE Revision Questions: Specialist Mathematics Units 3 & 4

Find the mean, x, of this sample. Give your answer correct to one decimal place. 1 mark

decimal place.

1 mark
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c. State the margin of error in this calculation of x. Give your answer correct to
one decimal place. 1 mark

d. If further 95% confidence intervals were created from each of 200 different
samples, how many of these confidence intervals would be expected to contain x? 1 mark

e. What value of k, correct to two decimal places, should be used in the following
interval to create a 75% confidence interval for u?

_ 20 _ 20
— k=3 +k—=— 2 mark
<x km,x k\/ﬁ) arks

f. To be really sure of the value of x4, the athletes would like to calculate a 99%
confidence interval with a margin of error of 3 cm.

What size sample will be needed for this calculation? 2 marks
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" Worked solutions

Area of Study 1 Discrete mathematics

EXAM 1

Question 1a.
Worked solution

Atable can be constructed to show that n, = 4.

n 1 2 3 4 5
n! 1 2 6 24 120
2" 2 4 8 16 32

Mark allocation: 1 mark

* 1 mark for correct evaluations of n! and 2" for n = {1, 2, 3, 4} or otherwise showing that n, = 4

Question 1b.
Worked solution
Assume that the statement is true for n = k, that is, k! > 2%
Prove the statement true for n =k + 1, that is, (k + 1)! > 21,
LHS = (k + 1)!

= (k+ D!
(k+ Dk! > (k+ 1) - 2% (from initial assumption)
(k+1)-2k>2.2k(as n>4)
(k+1)-2k> 21 (RHS)
Therefore it follows that (k + 1)! > 21,

So, by mathematical induction, the statement is true for all » > 4, where n € N.

Mark allocation: 3 marks
* 1 mark for the correct statement of the assumption
¢ 1 mark for the correct statement for k£ + 1

* 1 mark for the correct logical conclusion

Question 2
Worked solution
Assume the opposite of the statement to be true: V2 + 7 <+17.
As both the LHS and RHS of the above statement are positive, it is also true that
(N2 +7)" > (N17)’
2+7+2V14 > 17
2V14 > 8
V14 >4
14>16
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Area of Study 1: Discrete mathematics

The last line above is a contradiction.
Therefore the statement V2 + V7 > V17 is false.

Therefore the statement V2 + 7 <17 has been proven to be true by contradiction.

Mark allocation: 3 marks
* 1 mark for the correct statement of the opposite assumption
* 1 mark for squaring both sides of the opposite assumption

* 1 mark for the correct logical conclusion

Question 3

Worked solution

Start by proving the statement for n = 1, that is, 11! — 8! is divisible by 3.

LHS =11 — 8 = 3, which is divisible by 3.

So the statement is true for n = 1.

Assume that the statement is true for n = £.

11*— 8% =3a, where a € N.

Now prove that the statement is true for n =k + 1, that is, 11! — 8" = 3p, where b € N.

LHS = 11#1 — 8k
=11 x 11F— 8 x 8
=3 x11¥+8 x [1F—8 x 8
=3 x [1%+ 8(11* - 8%
=3 x 11+ 8(3a)
=3(11%+ 8a)
=3b
= RHS
Note: As both 11¥and 8a € N, 11* + 84 can be taken to be some b € N.

Therefore, by mathematical induction, the statement is true foralln > 1, n € N.

Mark allocation: 4 marks

* 1 mark for proving the statement true forn =1
* 1 mark for stating the correct assumption: n =k
* 1 mark for the correct statement forn =k + 1

* 1 mark for the correct logical proof

Question 4

Worked solution

Start by proving the statement for n = 1, that is, 7' — 1 is divisible by 3.
LHS =7' — 1 = 6, which is divisible by 3.

Therefore the statement is true for n = 1.

Assume that the statement is true for n = k.

7*—=1=3a,a €N '
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Area of Study 1: Discrete mathematics

Now prove that the statement is true for n =k + 1, thatis, 7' — 1 =3b, b € N.

LHS = 7+ — 1
=7 x 7 —1
=6xT7F+7F-1
=6x 7+ 3a
=32 xTk+a)
=3b,b €N
= RHS

Therefore, by mathematical induction, the statement is true forall n > 1, n € N.

Mark allocation: 4 marks

* 1 mark for proving the statement true forn = 1
* 1 mark for stating the correct assumption: n = k
* 1 mark for the correct statement forn =k + 1

* 1 mark for the correct logical proof

Question 5
Worked solution
Assume the opposite of the statement to be true:
If nis odd, then n? + 2n + 3 is odd, or mathematically:
n=2p+1, peNandn®>+2n+3=2k+1, keN
From this definition of odd integers, it follows that
n*+2n+3=2p+1)*+22p+1)+3
=4p*+4p+1+4p+2+3
=4p*+8p+6
=2(2p*+4p +3)

This is a contradiction because n2 + 2n + 3 is assumed to be odd and yet 2(2p2 + 4p + 3) is an
even number, as it is a multiple of 2.

Therefore the statement that ‘If n is odd, then n> + 2n + 3 is odd’ is false.

Therefore the statement that ‘If n is odd, where n € N, then n? + 2n + 3 is even’ has been proven
to be true, using proof by contradiction.

Mark allocation: 3 marks

* 1 mark for the correct statement of the opposite assumption using the mathematical definition
of odd numbers

¢ 1 mark for the correct substitution of the mathematical definition of an odd number into
n*+2n+3

* 1 mark for the correct logical conclusion
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Area of Study 1: Discrete mathematics

EXAM 2
Section A

Question 1
Answer: C
Worked solution

The negation of a statement, S, is the opposite statement, that is, it is equivalent to S being
false. The statement given is a ‘for all’ statement. Its general form is ‘For all x, if A is the case,
then B is the case’. The negation of a ‘for all’ statement is “There exists an x such that A is the
case but B is not the case’. This matches only option C.

Question 2
Answer: D
Worked solution

A contrapositive is formed by negating both sides of the implication and changing its direction;
that is, by making the consequent (the ‘then’ clause) the antecedent (the ‘if’ clause) and vice
versa. So the contrapositive of ‘If A is the case, then B is the case’ is ‘If B is not the case, then
Ais not the case’. Additionally, the negation of ‘P and Q' is ‘not P or not Q. This matches only
option D.

Question 3
Answer: C
Worked solution

The function g(x, y) is used to determine the gradient and calculate an approximation for the new
y value by moving along that gradient with a horizontal distance of 4. Option C gives the correct
formula to determine the next successive y-coordinate, using Euler’'s method.

Question 4
Answer: B
Worked solution

The x value starts at 1 and increases by 0.2 for each loop, so its value after two loops will be 1.4.

Question 5
Answer: B
Worked solution

A table can be constructed to help you determine the values of f'and ¢ after the three loops.

f t
Initial values -4 -2
First loop (i = 0) 0 2
Second loop (i = 1) 4 2
Third loop (i =2) 8 6

At the end of the third loop, i is set to 3 and will not satisfy the condition of i < 3 to continue. So
the final value printed is the last value of f, which is 8.
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Area of Study 2 Functions, relations and graphs

EXAM1

Question 1

Worked solution

N

1,0\ 2 4

IS

v

Since the degree of the denominator is equal to the degree of the numerator, long division of
polynomials can be used.

)c2—1:1Jr 3

Therefore, y = s — P

It can be seen that there are vertical asymptotes at x =2 and x = 2.

Considering the long-term behaviour as x — +o0, it can be seen that there is a horizontal
asymptote at y = 1.

1
4

2 _
To find the x-intercepts, consider ;‘2 —- =0, which results in x = +1.

To find the y-intercept, evaluate the function at x = 0, which results in y = %
1 3

4 2—4
has been translated in the positive y direction by 1 unit.

that

2
The graph of y = iz —=1+ T can also be viewed as the reciprocal graph y =

x2—4
Mark allocation: 4 marks

* 1 mark for vertical asymptotes correctly drawn and labelled

* 1 mark for the horizontal asymptotes correctly drawn and labelled

* 1 mark for all intercepts correctly labelled

* 1 mark for correct shape (i.e. graph converges towards asymptotes. Graph doesn’t cross or
‘feather’ away from asymptotes)
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@ TIPS

Area of Study 2: Functions, relations and graphs

Vertical asymptotes, if they exist, can be obtained by setting the
denominator of a rational function equal to zero.

To obtain any horizontal or oblique asymptotes, consider resolving the
rational function into partial fractions. If partial fractions cannot be
used, consider using long division to resolve the rational function and to
identify the horizontal or oblique asymptote.

Consider the long-term behaviour of the graph, by considering x — +x,
to identify any horizontal or oblique asymptotes.

Question 2

Worked solution

sin(x + y) = sin(x) cos(y) + cos(x)sin(y) = %
Let sin(x — y) = sin(x) cos(y) — cos(x) sin(y) = 4
= sin(x + y) + sin(x — y) = 2sin(x) cos(y) = % + A4

= sin(x + y) — sin(x — y) = 2cos(x) sin(y) = % —A

2sin(x)cos(y) B
=> 2sin(y) cos(x) tan(x) cot(y) =
tan(x) % +4
But tan(x) cot(y) = tan(y) =1 =
5=
1, ,_3_
7t A= 5 34
44 =1
_1
4=7
e 1
SA=sinx—y) =4
Alternatively:
sin(x)
tan(x)  cos(x)
tan(y)  sin(y)
cos(y)
sin(x)cos(y)
cos(x)sin(y)

= sin(x) cos(y) = 3cos(x)sin(y)

Since

sin(x + y) = sin(x) cos(y) + cos(x)sin(y) = %
sin(x + y) = 3cos(x) sin(y) + cos(x) sin(y)
= 4cos(x)sin(y) = %

© Insight Publications
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Area of Study 2: Functions, relations and graphs

So cos(x)sin(y) = % therefore:
sin(x — y) = sin(x) cos(y) — cos(x) sin(y)
= 3cos(x)sin(y) — cos(x) sin(y)

= 2cos(x)sin(y)
1

4

Mark allocation: 4 marks

* 1 mark for correctly using the compound angle formula to correctly set up equations for
sin(x + y) and sin(x — y)
* 1 mark for correctly using the compound angle formula to add and subtract the first two equations

t
* 1 mark for obtaining the correct expression for an(x)
tan(y)

* 1 mark for the correct answer

OR

* 1 mark for the correct equation sin(x) cos(y) = 3cos(x) sin(y)
* 1 mark for the correct equation cos(x) sin(y) =%
* 1 mark for correctly obtaining sin(x — y) = 2cos(x) sin(y)

e 1 mark for the correct answer

Question 3

Worked solution

ant) = tan(arsin(2) ~ arcos( )

A compound angle formula can be used, which leads to
an(arsin(2) ) - tan(arcos(5))

) tan(aresin(4) )an (arccos (5 )

) is from a 3-4-5 triangle, the corresponding arctan expression is

|on

tan(arcsin <i> — arccos (
5 1

W

[VEN

Since the angle arcsin(

arctan (%) .

. (4 4
4 = == =
0 arcsm( 5 ) arctan( 3 )

/N ]

3

Since the angle arccos(%) is from a 5-12-13 triangle, the corresponding arctan expression is

arctan (15—2> .

_ S\ 12
13 12 9—arccos(l3) arctan(s)
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Area of Study 2: Functions, relations and graphs

Substituting these new expressions into the compound angle formula gives

) wlwn(2) 4% g
tan(arctan(3 tan arctan(5> I 3 1516
_l’_

1+ tan(arctan(%))tan(arctan(ls—z)> 1 % X 15_2 % 63

Therefore tan(¢) = —g.

Mark allocation: 3 marks

* 1 mark for using the appropriate compound angle formula
* 1 mark for finding arctan(%) and arctan(ls—z)

¢ 1 mark for the correct answer

@ TIP

=

» Become familiar with recognising when to apply compound angle

formulas.

Question 4

Worked solution

>

W

1
\ (1,3)1
1

In

3
To find the x-intercept, consider 2 ; 2 _ 0. This results in x* + 2 = 0. Therefore x =3Y-2.

3 3 3
To identify the asymptotes, the expression X2 can be re-expressed as * =2 =X+ 2 - 24+ 2,

It can be seen that x = 0 will be an asymptote. Considering the long-term behaviour as x — 4o, it
can be seen that there is also an asymptote at y = x2.

d
To determine the coordinates of any turning points, the derivative d—i should be considered.

d d
& 2x — % For turning points, it must be the case that & 0. Hence
dx X dx

2
2x — 2 0

x3=

x=1

y=3

Therefore there is a turning point at (1, 3).
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Area of Study 2: Functions, relations and graphs

Mark allocation: 3 marks
* 1 mark for sketching the graph accurately and showing its asymptotic behaviour
* 1 mark for labelling the intercepts and asymptotes accurately

* 1 mark for labelling the turning point correctly

Question 5a.

Worked solution

x+1)? B C
a2 Aty 2t a2
x+1)? Ax-22+B&x—-2)+C
x—2)?* (x—2)?

x+1D?=4A—-2)>*+B&x—-2)+C

The equation (x + 1)2 = A(x — 2)?> + B(x — 2) + C'is true for all values of x. Therefore to determine
the values of 4, B, C, three different values for x can be substituted to solve for 4, B, C, or both
sides of the equation can be expanded and coefficients can be equated to determine the values
for 4, B, C.

A=1,B=6and C=9
Mark allocation: 1 mark

* 1 mark for correctly using partial fractions and using a method to show how to obtain the
given values of 4, B, C

Question 5b.
Worked solution
yol+ s 2
d___ 6 18 _,
dx  (x—-2)?% -2
x=-1
y=-1
So (-1, 0).

Mark allocation: 2 marks

. L dy 6 18
1 mark for correctly finding the derivative PPy (R s Rl R ¢

* 1 mark for the correct answer (-1, 0)
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Area of Study 2: Functions, relations and graphs

Question 5c.

Worked solution

[©)}
>

/
y=1 /
O S /](0 %)

Mark allocation: 3 marks
* 1 mark for correctly drawing and labelling asymptotes
* 1 mark for correctly labelling axial intercepts and turning point

* 1 mark for sketching the graph accurately and showing its asymptotic behaviour

Question 6

Worked solution

tan(?) = tan(arcsin (%) + arcsec (%) )

Recognising that a compound angle formula can be used leads to

i) + arccos (2» tan(arcsin(%)) + tan(arccos (%))

tan(arcsin(10 13 B (8 12
1 — tan|{ arcsin 10 tan| arccos 13

The angle arcsin(%) is the angle € shown below in a 6-8-10 right-angled triangle.

/N []
6

Using the ratios in the triangle gives tan(arcsin(%)) = tan(0) = % = %

The angle arccos(%) is the angle # shown below in a 5-12-13 right-angled triangle.

0°

12

Using the ratios in the triangle gives

tan(arccos (%)) = tan(f) = li
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132 Area of Study 2: Functions, relations and graphs

Substituting these new expressions into the appropriate compound angle formula gives

) o)) - oo 3)

tan(arcsin(i> + arccos (—
10 13 . (8 12
1 — tan{ arcsin 10 tan( arccos ﬁ>

5
3712
5
3 12

—_—

Therefore tan(¢) = %

Mark allocation: 3 marks
* 1 mark for using the appropriate compound angle formula

* 1 mark for finding the correct values of tan(arccos(%)) and tan(arcsin(%))

* 1 mark for deriving tan(z) = %

@ TIPS

—

Recognise that arccos(%) and arcsin (%) represent angles in right-angled

triangles, and that by drawing a diagram of an equivalent right-angled
triangle, the trigonometric ratios for those angles can be easily seen.

Practise recognising the Pythagorean triples that are commonly used in
exams, such as 3-4-5, 6-8-10 and 5-12-13.

Question 7
Worked solution

The graph of f(x) = sin(x|) will be symmetrical y
about the y-axis. The graph of f(x) for x > 0 will
be the graph of y = sin(x), and the graph of f(x)
for x < 0 can be obtained by reflecting y = sin(x),

')

x >0 in the y-axis. The graph of g(x) = %x\ can

be obtained by graphing the piecewise function: 2

%xﬂf?o ) )
y= 20 20

2 P ‘\ + /’ N

_ﬁx: x < 0 /// . y \\
The point; of intenrsection of f(x) with g(x) are R /,4 \\ // \\ . g
©0,0), (=5, 1), (3 1)- T A BARNC (T A
Mark allocation: 3 marks A N

* 1 mark for accurately graphing f(x) with
labelled x-intercepts

* 1 mark for accurately graphing g(x) with
labelled x-intercepts

')

* 1 mark for correctly labelling the three points
of intersection with their correct coordinates
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Area of Study 2: Functions, relations and graphs

Question 8a.

Worked solution

3
It can be seen that 2:3x —2@( X’

) Since the degree of the numerator is larger than the

321D 3 \x2-1/
degree of the denominator, long division must be used to divide the two polynomial expressions.
2\/§< x3 ) _2V3 X 243 X
Therefore “3™( 7 7) =537 (v + 50 7) =3 (** e )
X . . . X A B
The term Z_qcan expressed as partial fractions. That is, G- DGED -1 x-T

Combining the right-hand side and equating the numerators gives x = A(x + 1) + B(x — 1).
1 1

By evaluating at x = £1, or equating coefficients, it can be found that 4 = > B= -
2x/§< x? )_2@( 1 1 )_2@ V3 \3
Therefore 3\ =—1) =3 " 26-D " 26-D) =73 *736-D 36—

Mark allocation: 3 marks

* 1 mark for correctly applying long division of polynomials, or equivalent to obtain
243 X
S (resy)

* 1 mark for correctly applying partial fractions

V3 V3 V3

* 1 mark for the correct answer 3 Xt G- 1) + 3G-1

Question 8b.
Worked solution

_ 23 _
The asymptotes of the graph of y = f(x) are y = Fxx=-lLx=1
Mark allocation: 2 marks
e 1 mark for bothx=-1,x=1

* 1 mark for y =¥x

Question 9a.

Worked solution

S k4] AN

’ g)=—R2x—1]+4|\

Mark allocation: 3 marks

* 1 mark for each of the graphs of f(x) and g(x) (up to 2 marks)

Note: Graphs must have the correct shape and intercepts.

* 1 mark for the correct coordinates of the two points of intersection of (—% %) and (% %)
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134 Area of Study 2: Functions, relations and graphs

Question 9b.

Worked solution

A
g
44
I\
fx)=x41] N
2 \
/ (4 7
) \ |
7 V373
/ \
r \
A TN, N
) 3’3 \ .y
< + 3 >
/ o \
S 4 3 0 —ll \ 4
/ : \
’ \
7 5 \
1 \
/ \
/ o}
3
/ =—Rx—1]+4\
; NSRS o
7 - T AY
’ \
’ \
g
v

Method 1: Geometry

The area of the required quadrilateral (shaded in light grey in the diagram above) can be
determined by subtracting the areas of the two smaller triangles (shaded in dark grey) from the
larger triangle (light and dark grey).

A=txaxa=-3

2
Arequired:Al A A 87%7%:%

Method 2: Integration

While not recommended, the required area can be determined using three definite integrals.
1 4
2 3

= Il(Zx— H+4—(—x-— 1)dx+_fz(2x— H+4—(x+ 1)dx+lf—(2x— H+4—(x+1)dx

3 2

required

1 4
-1 2 3
= [3x+4ddx+[x+2dv+][—3x+4dx
_% -1 %
3 T 03 3
N [fxz - 4x] a7 [TCZ - 2x],1 " [_fxz +4xL
3 2

= % square units

Mark allocation: 2 marks
* 1 mark for setting up a correct geometric or integral expression for the required bound area

* 1 mark for the correct answer of% square units

@ TIP

—

»  Always look to use symmetry and the geometry of known shapes to

find lengths, areas and volumes before considering a calculus approach.
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Area of Study 2: Functions, relations and graphs

EXAM 2
Section A

Question 1
Answer: B

Worked solution

4
x*+5.
The graph of f(x) = =S shown below.
y
A
” SR S
k\ f /f#
N pl
\\ L l \‘ //
N S~ N—"1,
N ,/ \\ 7
>Z H 3< = 45
4= S~ =X L7 S~4
_ «-r ~< .- =,
L L 0 >
-3 = =1
1
v
5

The graph has asymptotes of x=0,y=x*and y = et making options A and D true.

The second derivative of f(x) is f"(x) =2 + i—? so f”(x) > 0 for all x, which means f(x) does not

have any stationary points of inflection, making option B false.

> TIP

>

When given an equation and asked a question relating to the graph of
the equation, it is helpful to graph the equation on a CAS to visualise

the shape of the graph. This will help eliminate incorrect multiple-
choice options.

Question 2
Answer: C

Worked solution
. . d’y
Option A is false because = #0.

Option B is false because the graph has only vertical and horizontal asymptotes.

d? d
Option C is true since —); ——4<0and 2| = 0, making it concave down.
dx x=0 dx x=0

Also, the point is a local maximum.

7Ty

Option D is false because there are three asymptotes: Il
x=-1, x=1, y=1.

This can be seen using a CAS. =T

Therefore, option C is the only correct option. “‘\"iu,_l [

© Insight Publications VCE Revision Questions: Specialist Mathematics Units 3 & 4

135



136

Area of Study 2: Functions, relations and graphs

Question 3
Answer: D

Worked solution

ax>+ b _a(x>—2x)+2ax+b

Jo = x—2 x—2
ax(x—2)+2a(x—2)+t4a+b
B x—2
=ax+2a+4a_7+b
x—2
With x — c0cand y — oo, tajzb — 0.

Therefore a non-vertical asymptote has an equation y = ax + 2a. Since the asymptote has the
equation y = ax + ¢, it follows that ¢ = 2a.

Question 4
Answer: D
Worked solution

Option A is incorrect because f”(0) = 0 does not guarantee a point of inflection at x = 0. A simple
counterexample is f(x) =x*atx = 0.

Option B is incorrect because /”(0) = 0 indicates that /”(x) is stationary at x = 0. Being stationary,
f"(x) can be either constant or have a stationary point at x = 0. Either way, /”(0) may not be zero.

Option C is incorrect because 17(0) = 0 indicates that x = 0 is a stationary point. Not enough
information is given to determine the nature of this stationary point. A simple counterexample is

fx)=x+x.

Option D is correct because f”(0) = 0 indicates that /”(x) is differentiable at x = 0. If /"(x) is
differentiable, then f(x) must be differentiable at x = 0.

@/4 TIP

>

»  Thinking of possible counterexamples for questions that ask you to evaluate

the truth of five statements helps to quickly eliminate incorrect options.

Question 5
Answer: B

Worked solution

A graph of f(x) = (xx_exl)z

is shown below.

*‘Unsaved <

%
X5
n(\-)._‘__

(\'- 1)2

C 2 'S 10—
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Area of Study 2: Functions, relations and graphs

Looking at this graph and the equation, it can be seen that there is a horizontal asymptote at
y =0 and a vertical asymptote at x = 1, and that there is no oblique asymptote of y = x. Therefore
options A, C and D are all false.

A graph of f'(x) is shown below.

nL\-)--d-( x e )
dx

.
text (x-1)<

&: | |

The graph of f"(x) has two points at which f’(x) = 0. On the left of each point the gradient is
negative; on the right of each point the gradient is positive. Therefore these are minimum
turning points. We can also see that these are minimum turning points by looking at the graph of
f(x) shown at the left. Therefore option B is true.

Question 6
Answer: D
Worked solution

Use a CAS. First, factorise the denominator to reveal two vertical asymptotes at x = -3,

x = 3. Then use the proper fraction command ‘propfrac’ to find the horizontal asymptote at

y = 1. Alternatively (but less reliably), sketch the graph on a CAS and identify the vertical and
horizontal asymptotes.

& Edit Action Interactive
oii% [\ﬂjbjﬂinISim}) I_‘l)'y v _Q.}. 'Il

x"2+3x—-4 ) @

x"2-9
(x+4)+(x-1)
(x+3)+(x-3)

(x+4)+(x-1)
propFrac( (x+3)+(x=3)
3+x " 5 +1
(x+3)+(x-3) * (x+3)+(x-3) ~

factor (

|

b

<|

M_,
poea
«
o
/‘

.
T —

————

/
1

B S . Gl . S O T N L S O |
5-5-4-83-2 o 1\2 3456 7 8
[ %
A

-2
_3.

R

| % | T
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Area of Study 2: Functions, relations and graphs

Question 7
Answer: D
Worked solution

Use a CAS to sketch the graph of the numerator and denominator, and note that the domain
from (0, 2] is included in both.

1 |
y
2
[ ——
1 |
X

Secondly, note that the denominator in the question is zero when x = 1. Therefore the value of
1 cannot be part of the domain. Hence the correct answer is option D.
Section B

Question 1

Worked solution

y
A
10 » ,‘
/
S
\ /7
G.49 47
I
7
’
2 y=xX
<& / »
< G > X
—10 =5 \
s
)
f.
7
D \ , (1.0)
Y/ 4
///
L_ed” 101N
v

Mark allocation: 3 marks
* 1 mark for an accurately shaped graph that passes through the point (0, —5)
* 1 mark for accurately showing and labelling the asymptotes

* 1 mark for accurately labelling the turning points

Question 2a.
Worked solution
x=landy=-1.

Mark allocation: 1 mark

* 1 mark for writing the equation of each asymptote
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Question 2b.

Worked solution

A

2 7'y
]
1
1
1

e
:x:1 3l)
] i)

(2-+30) !
< 1 t t » X
B ) —1 % | 2 3

1
1
1
i Sty N
i y=-1
1
1
v

Mark allocation: 3 marks

* 1 mark for a sketch with an accurate shape that shows the asymptotes with their equations
and labelled end points

* 1 mark for accurately showing and labelling all stationary points and points of inflection

* 1 mark for accurately showing and labelling all intercepts

@ TIP

=z

»  Sketch the graph using your calculator. Make the scale and size of the
axes on the calculator the same as those in the question to improve the

accuracy of the sketch.

Question 3a.

Worked solution

The denominator of ffactorises to (x — 2)(x + 1).
Hence two vertical asymptotes exist.

Therefore the maximal domain is x € R\{—1, 2}.

Mark allocation: 1 mark

* 1 mark for stating x € R\{—1, 2}

@ TIPS

-

For questions that ask for the domain of a function, solve for the
denominators equal to zero for rational functions. This will show the
values of x for which the function is undefined.

When a curve is going to be used repeatedly throughout a question, it
is useful to define its equation on a CAS at the start to avoid having to
retype it multiple times.
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Question 3b.
Worked solution
. —23x —4)
The function f'can be expressed as f(x) = m+ 2x — 1.

3 2
2:x"=3:x“=9- x+10)

pmpFrac(

2
S ER )

A (3' X_4) +2sx~1

2
XaSX=2

Cax?+ b a(x*—2x)+2ax+b
foo - b S 20

Therefore, using the result from part a., there are two vertical asymptotes, x=-1 and x =2, and
one oblique asymptote, y =2x — 1.

Alternatively, using the ‘expand’ command on a CAS will yield an expression where all three
asymptotes, x=—1,x=2 and y =2x — 1, can be seen.

Mark allocation: 2 marks
* 1 mark for statingx=-1, x=2

* 1 mark for stating y =2x — 1

@/4 TIP

=

»  Rational functions, where the degree of the numerator minus the
degree of the denominator equals 1, will have an oblique asymptote of

the form y =mx + c.
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Question 3c.

Worked solution

W

IS
—
~
~
O

I'/y:2x¥1 -

w
>

=

S
—~
—
Iy

/ 51 '

(-2,0) /a0 2 ) -
< > X et
B > a9y 2 3 R
/ L/ /0.81 ~0.84) I L

=1 -

/ iy I P
7/ A P

i N (CED) t
// [ e
/I x=-1 761 x=2 1 e
v b'. \;.
Mark allocation: 3 marks . _"'
* 1 mark for the accurate shape of the graph, showing behaviours towards the asymptotes '7"’4
* 1 mark for accurately labelling intercepts and the point of inflection (or marking the point of
inflection within its vicinity) o
* 1 mark for showing the equation of each asymptote ‘:,,
Question 4a. i
Worked solution y
Stationary points occur where f”(x) = 0. -
N X2 —2x -
f(x)_(x—l)z_o -
x2=2x=0 b
Sox=0orx=2.
So £(0) = -1 and £(2) = 3. A
.~. Stationary points are (0, -1) and (2, 3). It
Mark allocation: 1 mark = .
* 1 mark for finding both stationary points . P
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@ TIP

—

»  As this question is worth just 1 mark, simply graphing f(x) and using your

calculator to find the stationary points is sufficient.

Question 4b.
Worked solution

To find points of inflection we first solve /"(x) = 0.

O

@) 1P - (- 22— 1)
f(X)— (X_ 1)4 =0

(2x — 2)(x = 2x + 1) — (x> — 2x)(2x — 2) = 0

Take out (2x — 2) as a common factor:
2x—2)x*—2x+1—x2+2x)=0

2x—=2)x1=0
2x=2
x=1

However, at x =1, f(x) is undefined since x = 1 is outside the domain. Therefore, f(x) has no
points of inflection.

Mark allocation: 2 marks
* 1 mark for using differentiation to find x = 1

* 1 mark for stating that f(x) is undefined at x = 1

OR

* 1 mark for finding the form using a CAS calculator

2
(x—1)°
* 1 mark for stating that there are no solutions to /”(x) = 0 and no points of inflection
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Question 4c.

Worked solution

x=1
"
6
y .
/ 4 '..
P
4 \ ,//’, BN
2.3 ‘
\ 5 =) / -
7/ ‘)
o} . ‘: '
7 ’ s
d _
< /, > X i -
o) = ¢
RS :
e ’
’/, o) .
7 \
/’// \ 3
Y .
7/ 4 ST
y::x,’/ e og
/,/ ‘v“ <
V4 6 i
Mark allocation 2 marks ol
* 1 mark for the correct shape of the graph with labelled asymptotes o
« 1 mark for labelling stationary points 5
e
Question 4d. -
Worked solution i g‘ :f
2y 4 1 B ', Cas
S =27 g0 = tan"(x)
J(x) g(x) '
Domain R\{1} R P
ra
T T S
Range (—oo, 1] U [3, ) (—5, f) .
ran f(x) C dom g(x), therefore the composite function exists.
~. dom g( f(x)) = dom f(x) = R{1} v
a

Notice that ranf(x) = (—o, —1] U [3, «) is the pre-image of g(x), therefore the range of g(x) is
limited to (5 —%] U [tan (3), g)

sorang( f(x)) i (—1.5708, —0.7854) U (1.2490, 1.5708) .

Mark allocation: 2 marks ] ..
* 1 mark for the implied domain B
* 1 mark for the range S
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Question 4e.

Worked solution

Find the points of intersection of f(x) and g(x):
J(x) = h(x)

Sox=1.1250rx=>5.

Area of M = jjlzsh(x) — f(x) dx =12.519

£ Edit Zoom Analysis @ (x]
b KNV 1= La

Sheet1 [Sheet? |Sheet3 [Sheetd |Sheet5 |

Myl:-\:z—-\:"'] ]
x-1

M 3:2:%—1——)( L]

Cya:0
[]y5:0

—13 / Y
|Lower=1.12 ]Upp r=5

| Jdv=—12. 5486395[| AmI=12. 5186391
EIE3

Mark allocation: 2 marks
* 1 mark for the integral with correct limits

¢ 1 mark for the correct answer

@4 TIP

=

»  Always sketch the graph to see the area required.

Question 4f.
Worked solution

The volume of the solid of revolution generated by rotating A around the line y = 1 can be found
by translating both f(x) and A(x) 1 unit in the negative direction of the y-axis, and rotating the
bounded area around the line y = 0 (i.e. the x-axis).

5
Volume =z[ " (h(x) = 1)* = (f(x) — 1)* dx = 365.591
Mark allocation: 3 marks

* 1 mark for using the volume of the solid of revolution formula to find the area bounded by the
two functions

* 1 mark for the translation of graphs or any other equivalent methods

¢ 1 mark for the correct answer
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Question 5a.

Worked solution

h_ 4
dx (x— 1)

d
Turning points occur when d—i =0.

__ 4
(= 1)?

>x=-landx=3

S =4

JB3)=4

So the coordinates of the turning points are (-1, —4) and (3, 4).
Using a CAS:

1

=0

Mark allocation: 2 marks
* 1 mark for finding the turning point (3, 4)
* 1 mark for finding the turning point (-1, —4)

@ TIP

—

»  Using a CAS to sketch the graph and find the turning points is a good

way of checking the accuracy of the solution, as well as any graphs
sketched in subsequent questions.

Question 5b.
Worked solution
dy_ 8
dx* (x—1)°3
When x = 3:

dy _ 38

dx* (3-1)°

=1
2

d
As EJ; >0, when x =3, (3, 4) is a local minimum.

Mark allocation: 2 marks
* 1 mark for using the second derivative at x = 3 to determine the type of turning point

* 1 mark for concluding that (3, 4) is a local minimum
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In ‘show that’ questions, even though the result may be known or

obvious, some form of working must be given that proves or justifies the
result; for example, showing how the second derivative has been used
to determine the type of turning point.

Question 6a.
Worked solution

Stationary points occur when the derivative is equal to zero.

1) = —%}Exfl;f —0 = x=-1

21
Sof(—l)=ﬁ— 1=-3.

So the coordinates of the stationary point are (—1, —%)

Mark allocation: 2 marks
* 1 mark for equating the first derivative to zero

e 1 mark for the correct coordinate

Question 6b.
Worked solution

A function is concave up when f"(a) > 0.

A(x +2
o=

, A1 +2) g
O e S V!

Since /"(-1) = % > 0, the stationary point (—1, —%) is concave up. Since it is concave up, the
point must be a minimum turning point.

Mark allocation: 2 marks
* 1 mark for finding the second derivative, substituting x = —1 into it and evaluating

* 1 mark for concluding that the stationary point is concave up — and hence a minimum turning
point — based on the evaluation of the second derivative

Question 6¢.
Worked solution

A point of inflection occurs when f"(a) = 0.
dx+2)

S@O=1G—1=0
=> x=-2

2(2
Sof(—2)=(_2(7_3)2—1=—%.

So there is a point of inflection at (—2, —%)
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Explanatory note

The result /”(a) = 0. doesn’t always result in an inflection point at x = a. An inflection point is
when the concavity of a curve changes at that point; that is, the sign of the second derivative
changes so further investigation is sometimes necessary.

For instance, the second derivative of f(x) = x* is f"(x) = 12x%. Substituting x = 0 into the second
derivative would give f”(0) = 0. However when you check the sign of the second derivative either
side of x = 0, /"(x) will always be greater than zero. Therefore there is no sign change at x =0
and the concavity of the curve has not changed. Thus x = 0 is not a point of inflection.

4(x +2
For f"(x) = ()(Cx_il)z,f”(x) <0 forx <-2 and f"x) > 0 for x > —2. Therefore there is a sign change at

x =—2, so a point of inflection exists at x = 2.
Mark allocation: 2 marks
* 1 mark for equating the second derivative to zero and finding x = -2

* 1 mark for the correct coordinate of the point of inflection

Question 7
Worked solution

Solving for the second derivative equal to zero gives x = 0.808718. So the x coordinate of the
point of inflection is 0.81, to two decimal places.

227525 +7> 2> +10

dx”

solve

3 2

20 x7 =3 x“=9 x+10

—_—|=0x

N
x“=-x-2

x=0.808718 &~

2- (0.808718)>-3- (0.808718) 2-9- 0.80871¢

(0.808718)2-0.808718-2
-0.843418

Taking a random value on either side of x = 0.808718 and calculating the second derivative will
show if the point is a point of inflection:

£7(0.5) =-1.97531 and /(1) = 1.5

As there is a change of sign either side of x = 0.808718, the point (0.81, —0.84), to two decimal
places, is a point of inflection.
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Mark allocation: 2 marks
* 1 mark for finding (0.81, —0.84)

* 1 mark for showing that the second derivative changes sign either side of x =0.808718

Question 8a.

Worked solution

2e7 is defined for all values of x, however V5x2 — 1 is undefined for values of x that give a

negative value under the square root sign, which are x € (# g)

This can also be found using a CAS.

Therefore the domain of the function is x € R\(ﬂ, g)

5
Finding the range, at x = g orx= g f(x)=0.

As x — w, 2e2 — oo, Therefore f(x) — © as x — .
So the range of f(x) is [0, ).

Mark allocation: 2 marks

¢ 1 mark for a domain of x € R\(?, g) or similar

* 1 mark for a range of [0, )

@ TIP

>

For a question where f(x) is used extensively throughout, defining f(x)
on a CAS at the start of the question allows for increased efficiency in
working through the question.

*Unsaved <

Define](x)=2- e

Question 8b.

Worked solution

As x — —oo, f(x) — 0.

Therefore there is an asymptote at y = 0.
Mark allocation: 1 mark

* 1 mark for giving the equation of the asymptote: y = 0.
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Worked solution

Area of Study 2: Functions, relations and graphs

Calculate the derivative by hand using the product rule, or use the derivative command on a

CAS to find the first derivative of f'(x) =

~ (5x2+ 10x — De2

V5x2 -1
1.1
1ne - T ~3
I
domam(r(\‘),\‘) - Js_ IS_
~Cxs or <o
c c
d X
d—(r(v)) | %
2 (5 x“+10 x—l) e
Js-x3—1

~(\30 +5) V30 -5

Solving f'(x) = 0 for x give3x=forx= 5
[ T
v o
ax (5 ,\")OIO r—l) el

\30 -5

As x =

So the x-coordinate of the stationary point is x =

Mark allocation: 2 marks
* 1 mark for calculating f"(x) =

* 1 mark for calculating the x-coordinate of the stationary point: x =

JS x3-1 B
wl'-'e{:—l[.‘{\ ))-O,\)

{J30 +5) 30 -5
X or X=
s

g
=

5 is not part of the domain of f(x) (see part a.), we can discard it.

—(+30 + 5)
—

(5x7 + 10x — De3 or equivalent
V5x2 -1

—(+30 + 5)
5

When finding solutions, such as x-coordinates, ensure that you check
that they are located within the domain of the relation.

© Insight Publications
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Question 8d.i.
Worked solution

Making use of the ‘solve’ function on a CAS to evaluate f/"(x) = 0 gives

11
wlve‘— x})=0,x g
dx

(20 +5) 30 -5
X orx
5 5
2
A solv —j()(v))-o,\'
dx*

x=-4 06133 or x=0.683169

<

x=-4.06133...,x =0.683169...

Rounded to two decimal places gives x = —4.06, x = 0.68.

Mark allocation: 1 mark

* 1 mark for solving f”(x) = 0 and getting x = —4.06, x = 0.68

Question 8d.ii.
Worked solution

To show that the found x values are points of inflection, we need to show that there is a change
of concavity around those points. This can be done by substituting points on either side of those
x values into f/”(x) and seeing if there is a change in sign on either side of that point.

Alternatively, you can sketch a graph of f”(x) on a CAS and look for a change in concavity
around the x values.

ll(\')-"d;(ﬂ\))
d\"‘

First, consider x values in the vicinity of x = —4.06.

It can be seen that f”(x) > 0 for x <—4.06 and f"(x) < 0 for x > —4.06. As f"(x) = 0 at x = —4.06
and changes sign on either side of x = —4.06, there is a change of concavity around x = —4.06.
Therefore x = —4.06 is a point of inflection.

Now consider x values in the vicinity of x = 0.68.

It can be seen that /”(x) < 0 for x < 0.68 and f"(x) > 0 for x > 0.68. As there is a change in sign on
f"(x), there is a change of concavity around x = 0.68. Therefore, x = 0.68 is a point of inflection.

Mark allocation: 2 marks
* 1 mark for showing that x = —4.06 is a point of inflection

* 1 mark for showing that x = 0.68 is a point of inflection
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Question 8e.
Worked solution

Use the ‘analyse’ function on a CAS graphing window to help find the coordinates of the points
of interest.

A
Y
C W
] W
f W
Mt
has

Mark allocation: 3 marks
* 1 mark for the accurate shape of the graph

* 1 mark for accurately labelled points of inflection and stationary points, correct to two
decimal places

* 1 mark for showing the horizontal asymptote of y = 0 with a label

> TIP

>

» To increase the accuracy of your sketch, make sure the scale on your
calculator graphing window matches that of the axes provided in the

question and add grid lines.

Question 9a.

Worked solution

t €0, x]

socos@ € [—1, 1]

Hence the domain is 2 cos(®» — 2 € [—4, 0] and the range is sin® € [0, 1].
Mark allocation: 2 marks

* 1 mark for the correct domain

* 1 mark for the correct range

© Insight Publications VCE Revision Questions: Specialist Mathematics Units 3 & 4



152 Area of Study 2: Functions, relations and graphs

Question 9b.
Worked solution
y
)
1
/ N\,
/ \ | y-intercept
A O 0 AY
B V) Y, V) >
) N o) X "

_—

Mark allocation: 2 marks
* 1 mark for the correct elliptical shape

* 1 mark for both end points labelled with their coordinates

@ TIP

—

»  Ensure your curves are drawn with a single smooth line.

VCE Revision Questions: Specialist Mathematics Units 3 & 4 © Insight Publications



Area of Study 3 Algebra, number and structure

EXAMI1

Question 1
Worked solution
b= +Dz*=z2-z—iz
2Z2z-U+D)=zc—-1-1)
Z2z-0+D))-zE-A+D)=0
-0 +D)E2-1=0
Sz=0,1+14, %1
Mark allocation: 3 marks
* 1 mark for correctly factorising each side of the equation
* 1 mark for setting the equation equal to zero and factorising

e 1 mark for the four correct solutions

Question 2a.

Worked solution

v_1+3i 2-i
zZ 240 2-i
_5+5i
5
=141
F|=VP+1 =2

Mark allocation: 2 marks

* 1 mark for correctly simplifying %

* 1 mark for correctly showing ‘%] =42 and Arg(%) =%

¥ TIPS

Do not attempt to convert z and v into polar form. You must simplify
‘:é and then convert to polar form.

L4

Y first as
L

Minimise errors by recognising that 1 +i = \/fcis%, without having to
calculate the modulus and argument.
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Question 2b.

Worked solution

Arg(g) = Arg@

Alternatively, solving for Arg(z%.):
v_ 1+3i —1-2i

zi —1+2i —1-2i
_5-5i
5

=1-i

s(3) - ()

=—tan (1) = —%

Mark allocation: 2 marks

)
)

* 1 mark for the correct answer for Arg(

|< Nif<

* 1 mark for the correct answer for Arg(

N

Question 3
Worked solution

Since P(1 —\3i)=0 = z=1—3i is a solution.

As all the coefficients are real, z =1 + V3i is also a solution (by the complex conjugate root

theorem).

Therefore

P =(GE-1+3)z-1-3i)(Ez o)
=(z=1)*+3)(z—0¢)

=(z2 =2z +4)(z — ¢), where c€R.

Since z2—2z+4)(z—c)=2—(a— 1)z> + (b> + 4)z - 8, it follows that ¢ = 2. So z =2 is a solution.

Therefore the solutions of P(z) are z=1—3i, 1 + V31, 2.
Hence
(z2—2z+4)(z—2)=2z>—4z>+8z— 8

=z’ —(a—1z?+ (b*+4)z—8
Equating the coefficients and solving for ¢ and b gives
a—-1=4=a=5
b*+4=8=b==%2

VCE Revision Questions: Specialist Mathematics Units 3 & 4
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Mark allocation: 4 marks

1 mark for using the complex conjugate root theorem to find the solutions z =1 + V3
* 1 mark for finding the third solution (z = 2)

* 1 mark for correctly calculating a

* 1 mark for correctly calculating b

@z TIPS

=

When finding solutions to a complex polynomial in which all
coefficients are real, make use of the complex conjugate root theorem
to find additional solutions.

When expanding (z — 1 — V3i)(z — 1 + V3i), use the difference of two

2

squares formula: (z — 1)> - ({(3)i) = (z—1)>+3.

Question 4
Worked solution
Method 1: Complex division

Multiply the numerator and denominator by the complex conjugate of the denominator:

\/f+\/€ix2\/§+2i_2\/5+2\/§i+2mi—2\/€

2N3—2i 2\3+2i (2@)2 + ()2

_2V2i+6V2i _ 82 .
16 16

2.
=i

The modulus of the number is

‘Q‘ _\2

2 2

As gi lies on the positive imaginary axis of the Argand plane, in polar form it will have a
principal argument of %

V2 +6i . 2 <7r)

Therefore the polar form Ofﬂls — cis(y

5)-
Method 2: Polar form

Let the numerator be z, = V2 + V6i and the denominator be z, = 23 — 2i.
The modulus of z, is [N2 +V6i] = 2+2.

e - T
The argument of z is tan ‘(6) = tan"'(\3) =3

Therefore the polar form of z is Zﬁcis(g).
The modulus of z, is [2V3 - 2i| = 4.

i a2 \__z
The argument of z, is tan ( 2\/?) 6
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Therefore, in polar form, z, is 4cis<—%).

77 ve 22eis(3)

23 -2i 4cis(—%) '

Using complex division in polar form gives

2\/§cis(3) 2\Fc1s(———l)
wis(Z) 4

Q.(n)

=701s 5
V2 +6i. 2 . /&
Therefore the polar form of - “=—""-is 5~ c1s(§).

It follows that

Mark allocation: 3 marks

* 1 mark for using an appropriate technique to derive %i
* 1 mark for determining the modulus and argument of \/251

* 1 mark for deriving the correct final answer of—ms(%)
OR

* 1 mark for finding the correct polar forms of the numerator and denominator of

V2 +6i
2V3 - 2i

* 1 mark for using division of complex numbers in polar form

« 1 mark for deriving the correct final answer of%cis(l)

2
@/4 TIP

—

» Become familiar with how to perform multiplication and division of
complex numbers in polar form, as sometimes it is a more efficient way

to work through a problem than using Cartesian form.

Question 5
Worked solution

Since all the coefficients of z are real, conjugate root theorem applies. Thus z =2 + i is another
solution of the equation.

Since z=2 —iand z =2 + i are solutions of the equation, (z —2 + i) and (z — 2 — i) are both linear
factors of z> — 6z + az —a + 3.

Expanding (z — 2 + d(z — 2 — i) gives z> — 4z + 5, which is a quadratic factor of z* — 6z> + az — a + 3.

Method 1: Equating coefficients

Let z — b be a linear factor of z3 — 6z + az — a + 3.
Expand the linear and quadratic factors:
(z=b)z>—4z+5)=2>+(—b—4)z*+ (4b + 5)z— 5b

Now compare the coffecients of z3 + (=b — 4)z> + (4b + 5)z — 5ht0 2> — 62> + az —a + 3.
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For coefficients of z2:
~-b—4=-6

b=2
For coefficients of z:
4b+5=a

a=13

Method 2: Polynomial long division
To find the value of a, use polynomial long division to divide z° — 6z% + az — a + 3 by its quadratic
factor, z2 — 4z + 5:
z—2
22 =4z +5)z23— 6z +az—a+3

This gives a third linear factor of z — 2 and, since this quotient should have a remainder of zero,
gives two equations for the value of a.

Ha—-5=8
2)—a+3=-10
Sa=13

a = 13 satisfies both equations and gives the required remainder of zero.

Method 3: Substituting the original solution

Substituting the original solution into the equation gives

2-i)*-62—-i)+aR-i)—a+3=0
—13+a+13i—ai=0

Equating the coefficients of either the real part or the imaginary part of the equation gives a
solution of a = 13.

Mark allocation: 3 marks
* 1 mark for determining the second solution using the conjugate root theorem

* 1 mark for setting up the correct quotient for polynomial long division, or correctly expanding
and equating coefficients

* 1 mark for deriving the correct value of a = 13

OR

* 1 mark for correctly substituting the solution of z =2 — i into the equation

* 1 mark for equating the coefficients of either the real or the imaginary part of the equation

* 1 mark for deriving the correct value of a = 13

@ TIP

=

» A complex polynomial of degree n, where n is an odd integer and all
coefficients are real, will always have n — 1 complex solutions that

appear as conjugate pairs and one real solution.
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Question 6

Worked solution

Letw=2z3
witw+1=0

w2+w+l+—l+1=0

4774
1V 3
(w+3) -3
1, V3.
W__EiTl
z3:—%+§iorz3:—%—§i

In polar form:

3= cis(%) orz= cis(*%)
Letting z = rcis(), de Moivre’s theorem can be used to solve for z.

First three solutions:

r3cis(30) = cis <E>

3
r=1
302+ dUn ke Z
2+ 6k
0 =9
p_2r Su 14z
9> 9> 9
As the principal values of the argument have the domain 0 € (—=, x), 6 = —%, 29—”, %

Therefore the first three solutions are z = cis <—%> cis <%”> cis (%)

Other three solutions:

Since the coefficients of z¢ + z* + 1 are all real, the solutions of z¢ + z3 + 1 = 0 will obey the
conjugate root theorem.

Therefore the other three solutions are z = cis(%), cis(—%), cis(—%).

Mark allocation: 4 marks
* 1 mark for rewriting the equation as a quadratic and finding the two correct solutions for z* of
1,3. 1 3.
_§+§ and _E_jl
* 1 mark for correctly writing the solutions for z3 in polar form

* 1 mark for using de Moivre’s theorem to find the first three solutions in polar form, using the
correct principal arguments

* 1 mark for using the conjugate root theorem (or other method) to determine the other three
solutions in polar form, using the correct principal arguments
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&)

TIP

When using de Moivre's theorem to find the roots of a complex
polynomial in polar form rcis(0), always check the argument of each

root, #, at the end of your calculations to ensure that 0 € (-, =], as
required.

Question 7

Worked solution

First, convert 8 — 8+3i to polar form by finding the modulus and argument:
— V64T 64 %3
=4 x64=2x8=16

0= tan’1<—£> =tan'(—3) = _g

Alternatively, the argument, ¢, can be determined by sketching a diagram on the Argand plane
and using trigonometry:

Im(z)

A

< t » Re(z)
8

_8\3 +
v 8 — 83i

CQ i T
©. 8= 8V3i = 16cis(-3)
To find the fourth roots we must solve the equation z* =8 — 83, z € C.
Letting z = rcis(d) and applying de Moivre’s theorem gives

ricis(46) = 16cis(—£)

3
r=316 =2
49=—§+2kz,kez
—1 + 6k
0="T53" ke
_ o, 5t _lx , _1lx_ Tx
0= 0=12 =12 =12 =12

Therefore, in polar form using the principal argument, the fourth roots of 8 — 8v3i are

2c1s< 172 ) 2c1s(12) z —2c1s<?2> z —2c1s<11127r>
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Alternatively, we could use the periodicity of the solutions (% _2r_ E) to write

4 2
4—16015( 3) 16c1s<53”) 16c¢is (1:1;7t) 16c¢i <1;7r>
Zzzcjs( 12) 2015(?72[) 2c1s<11127r) 2c1s<11727r> 2cls<—%>

Mark allocation: 3 marks

1 mark for correctly converting 8 — 83 to the polar form 16cis<—£)

3
* 1 mark for using de Moivre’s theorem to set up the equation rcis(40) = 16cis(—§)
* 1 mark for finding the four roots in polar form with the correct modulus and principal

arguments:

2015( 172 ) 2015( P ) z, = 2cis (%), z, = 2cis <%)

You should be able to recall the exact values for all trigonometric ratios
f” Zand radians.

in right-angled triangles involving angles o

Remember that an equation of the form " =4, a € C will have n
solutions that lie on the circumference of a circle in the Argand diagram

at an angular separation of radlans Once you find one solution in

polar form, you can add 5~ 2 to the argument of that solution to find
another solution.

Question 8a.

Worked solution
(V3D + (1 =30 = (2cis(%)) + (2eis(-5))

_2SCIS<57T +25015< 537T>

3
= 32c0s(2E) + 32sin(2E )i + 32c0s (—3F) + 32sin(—3E )i
~ 2 x 32¢0s(°F)
gl
- 32

Mark allocation: 2 marks
1 mark for converting both 1 +~3i and 1 — V3i into polar form

¢ 1 mark for correct answer of 32
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Question 8b.

Worked solution
kr kr
k k —
2c1s<3)+2 01s< 3> 128

2"cos<]; ) + 2"sm<k3 )z + 2"cos(—%> + 2"sm<—%> =128

2"cos<k3 ) + 2"sm<k3”>z + 2kcos<%) - 2"sin(%)i =128

24+ c0s<k37r> =128 =27

Case 1: Case 2: Given that cos(k”) %: “:,—‘
km) _ 1y L B

cos(?>—l 2“><2—27

Therefore: 2k =27 R

% =2 o
k=6

Alternatively, since cos(%) =1, then 2% =27 e
k=6

Mark allocation: 2 marks
e 1 mark for correct answer of k=6

e 1 mark for correct answer of k=7

EXAM 2 =
Section A |

Question 1 I
Answer: C ‘ '4:
Worked solution

The graph is a circle centred at (-1, 1) with a radius of 2.

Options A and D represent rays, so can be eliminated.

rrL
Option B represents a circle centred at (-1, 1) with a radius of 4, so can be eliminated.
Option C represents a circle centred at (-1, 1) with a radius of 2, so is therefore the correct
response.
So the circle can be represented by {z: |z — (i — 1)| = 2}.

ez
Question 2
Answer: D B
Worked solution i :
Let z = rcis@ and 2v3 + 2i = \(2V3)? + 22 cis(%) = 4cis<%).

Ao ‘

Hencez4—4c1s(6). -,
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From de Moivre’s theorem, z" = r"cis(n6), it follows that

z¥=4cis (%)

AT i (LT
z—\/Zc1s<4(6+2k7z)>,wherekeZ

z= @cis(%(% + an) ) where k € Z

So z=2cis (—%), ﬁcis(—%), \2 cis (%) and V2 cis (%)

On the diagram given in the question, only points z, and z, match solutions to the equation.
Therefore the answer is option D.

Question 3

Answer: D

Worked solution

The polynomial P(z) factorises as follows:

z3 4+ 2iz* + 9z + 18i = z*(z + 2i) + 9(z + 2i)
=(z2+9)(z + 2i)
=(z = 3i)(z + 3i)(z + 2i)

So the solutions to P(z) = 0 are z = —2i, —3i, 3i.

Since all roots of P(z) are complex, P(z) has no real roots and the correct response is option D.

Question 4

Answer: A

Worked solution

Using de Moivre’s theorem:

z3 = r3cis(360) and z = rcis(—06).
Then, using division in polar form:

3 ricis(36) ) .
ZZT =m= r2cis(36 — —0) = r3cis(46)

Question 5
Answer: D

Worked solution

The relation |z — 2 + 3i| = 2 represents the circle (x — 2)*> + (y + 3)? = 4. This can be shown as
follows:

(z-24+30EZ—-2-3D=4
(x+yi—2+3)(x—iy—2-3i)=4
[(x=2)+iy+)][(x-2)—i(y +3)] =4
(x=2P+(+3)3=4
Option A represents the perpendicular bisector between two points, which is a straight line.
Option B represents the equation of a circle with radius V2.
Option C represents the perpendicular bisector between the two points, which is a straight line.

Option D represents the equation of a circle with radius 2.
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&)

TIP

» Remembering the different representations of the subsets of a plane
(such as rays, lines and circles) is an efficient way to eliminate multiple-

choice options without resorting to algebra.

Question 6
Answer: C
Worked solution

Since all the coefficients of P(z) = 0 are real, the complex conjugates z=—iand z =2 — i are also
roots. Since three roots have already been stated, the addition of the two complex conjugate
roots means that the minimum degree of P(z) is 5.

Question 7
Answer: A
Worked solution

Use the ‘expand’ command on a CAS.

_ _ .4 B _1 __3
Therefore a partial fraction form of the expression is -7 T3r where 4 = 3 and B = 3
Question 8

Answer: A

Worked solution
From the conjugate root theorem, the other solutions are z = —3ai and z = 2a — 2ai.
So the quartic polynomial can be expressed as
(z = 3ai)(z + 3ai)(z — 2a — 2ai)(z — 2a + 2ai) = (2> — (3ai)?) ((z — 2a)? — (2ai)?)
=(z2+ 9a*)(z* — 4az + 8a?)
=z*%—4az’ + 17a°z* — 36a°z + 72a*

Alternatively, use the ‘expand’ function on a CAS to get the correct answer.

expand((z—3- a- i)- (z+3- a- i)- (2—2- a-2-a i’
4

2 2 9 2
24—4- az°+17-a“-z°-36-a”-z+72-a

&)

TIP

»  When all coefficients are real, make use of the conjugate root theorem

to find additional solutions to complex polynomials.
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Question 9

Answer: B

Worked solution

The Cartesian equation of the line is y =x — 1.

Option A'is incorrect, as it represents rays.

Option D is incorrect, as it represents the equation of a circle centred at (-2, —3) with a radius of 4.
Options B and C represent equations of perpendicular bisectors.

Furthermore, option C cannot be correct. Substituting z =2 + i, a point on the line, into
|z—2—i|=|z+ 1 +2i| gives |0| #|3 + 3i|. Therefore the line shown is not the perpendicular
bisector described.

Option B is correct because the perpendicular bisector of the points (2, -2) and (-1, 1) is the line
x=-1,x=1,y=1, which matches the line shown in the graph.
Im(z)

A

Rerpendicular
bisector

1D

< > Re(z)

[ NSRRI SR Y

(2,-2)

v

Alternatively, if you define z as x + yi on a CAS, you can generate the Cartesian relation of the
line, as shown below.

x+y'i—>Z x—{—y.i
|z—2+2i|=|z+1i] x4 x+y 2+ 4 p+8=x 2. x+p>2-p+2
solve(yx>—4-x+y>+4-y+8=Ax2-x+y>2-y+2,y) y=x-1
Question 10
Answer: C

Worked solution
Given that 0 < Arg(z,) < g, z, is in the first quadrant.

Given that z and z z, are symmetric in the imaginary axis, z z, is in the second quadrant, as
illustrated by the following diagram.

2172 z

A
v

Let 0 =7 — Arg(z)).
Arg(zz) = % +0= % + % — Arg(z)) = — Arg(z,)
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Also, Arg(z,z,) = Arg(z,) + Arg(z,).
o Arg(z) + Arg(z) = m — Arg(z))
o Arg(z) = — 2Arg(z))

Another approach, using the same diagram:

2172 z;

A
v

Let Arg(z,) = 0, and Arg(z,) = 0,, then:
Arg(zz)) =0, + 0,
0, +0,=m—0
0,=m—20,
Therefore option C is true.

Option A is incorrect because the question gives information only about angles, not magnitudes.
Not enough information is given to determine whether option A is true.

Option B is incorrect because Arg(z,) may not be greater than Arg(z,). That depends on the size
of Arg(z)).

Option D is incorrect because if z, = 1, then Arg(z,) = 0. In this case, Arg(z,) = Arg(z,z,) and
therefore z and z z, are in the same quadrant and not symmetric in the imaginary axis.

£

> TIP

>

Questions that ask ‘which one of the following is (or is not) true?’ will
usually require a process-of-elimination approach. Working through the
four multiple-choice options systematically, and not rushing to select

the first one that seems plausible, will reduce the likelihood of making a
careless error.

Question 11
Answer: D
Worked solution

By circle geometry, the radius of a circle is always perpendicular to its tangent at the point where
the radius intersects the circumference. Therefore the ray Arg(z + 2 + i) = 0 is perpendicular to
the path |z — 3 + 4{| = 2 when it goes through centre of the circle at (3, —4).

A

A
v
=

b o

/ N\

(5, 74

O N

v
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Forming a right-angled triangle using the points (-2, —1) and (3, —4) allows us to deduce that
tan(f) = —

<;Q77P

>

W|Ww

»  Visualising your thinking is an essential tool in Specialist Maths. An
algebraic approach to this question would prove very laborious, but a

rough sketch often shows the solution very quickly.

Question 12
Answer: C
Worked solution

z*=a + bi has four solutions, equally spaced around the circle with radius |z|. So each solution
can be found by rotating a previous solution by 360°+ 4 = 90°.

Let one solution be x + yi. The next solution must then be i(x + yi).
Sum of all solutions = (x + yi) + i(x + yi) + i*(x + yi) + i*(x + yi)

=xtyitxi—y—x—yi—xity

Roughly sketching four equally spaced points on an Argand diagram
produces the same result without the need for algebra.

Question 13
Answer: B
Worked solution
If z=a + bi, then
zi® _ (@ + bi)a — bi)i]’
z+Zz a+bi+a—bi
_iMa?+ b?)?
N 2a
_ —(a?+b?)?
N 2a

_ _1 2
= IRed) [Re) + Im(2)]

«EE mm *‘Unsaved <
Define z=a+b § Done
(: con)[:) l')’: _“(’;‘b:)‘:
z+conjlz)
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&)

TIP

» Defining z =a + bi on a CAS and using it to perform the algebraic

operations is an efficient way to solve a problem such as this.

Question 14
Answer: D

Worked solution

Arg(z +4 —5i) = —Z can be expressed as the Cartesian equation y=—3(x+4)+5,x>—4

3
Arg(z+2+1i)= % can be expressed as the Cartesian equation y =x + 1, x > 2.

Equating these two equations and solving for x gives x = 4v3 — 8.

[1 1.1 mm* *Unsaved <
solvelxr1=-f3  (x+d)+5x)  x=4 ({2 -2)

Substituting this x value into either Cartesian equation gives y = 4v3 — 7.
Therefore the point of intersection is (4vV3 — 8, 4V3 — 7).

@ TIP

=

»  Sketching the rays is a good way to visualise the situation and gain a

sense of where the point of intersection is.

Question 15
Answer: C

Worked solution

If a, b, ¢, d € R, then we know that all solutions must be either real or occur in conjugate pairs.
This comes from the conjugate root theorem. Option C is the only option that satisfies this

condition.

Qe TIP

>

»  You must remember that conjugate pairs are reflections in the real
axis; that is, they have the same real component but the sign of the

imaginary component is reversed.
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Question 16
Answer: D

Worked solution

() -2(3)
z 201s< 3 2c1s 3

Then z2 = 2%cis (2 x &%) = deis (X ) = 4cis(-5F)

3 3 3
= () (o) ()
=—2-2V3i
Question 17
Answer: A

Worked solution
First, rewrite the question as z" = 2cis (%)

Next, using de Moivre’s theorem, note that the modulus of the solutions must be A2 and that the
argument of the first solution must be % It follows that the answer must be option A.

Question 18
Answer: D
Worked solution

Using m = tan(#) and remembering that a line with equation Arg(z — (a + bi)) = 0 passes through
the point a + bi, we find the Cartesian equations of each line to be

Arg(z —20) = % = Im@) =Re@ +2
Arg(z — 8) =% = Re@ =28
Argz—-(10+2)) =7 = Im@ =2

Now sketch each line and use the formula for the area of a triangle to find that the bounded area
is 32 units?. Use a CAS for convenience.

1
-10} 1 2 3 4 5 &6 7 © 8
[ [T
Deg  Real
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Section B

Question 1a.
Worked solution
The polar form of a complex number has the general form u = rcis(6).
Sor=+22+22
r=22
0= tan“(%)
0-%
Sou= ZQcis(%).
Mark allocation: 2 marks
* 1 mark for showing calculations to find » = 2v2 and ¢ =%

* 1 mark for stating u = 2\5cis(%)

Question 1b.
Worked solution
If z=x + iy, then
|z+z=4
x—iy+x+iy=4
|2x| =4
2x =4
x=2
Mark allocation: 2 marks
* 1 mark for showing calculations that lead to [2x| = 4

e 1 mark for the line equation x =2

Question 1c.
Worked solution
If z=x + iy, then
(z—2-2i)z—2+2))—4=0
(x+iy—2-20)(x—iy—2+2)—4=0
[(c=2) +ily =2 [(x—2) iy ~2)] —4=0
(x—2)2—ix—2)y—2)+ix—2)y—2)— iy —2)>—4=0
=22+ —2>-4=0
> x-22+(y—2)2=4
Mark allocation: 3 marks
* 1 mark for showing that [(x —2) +i(y —2)][(x —2) —i(y —2)] —4=0
* 1 mark for expanding the expression using difference of two squares

* 1 mark for the Cartesian equation (x —2)*+ (y —2)*=4

number and structure 169
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Question 1d.

Worked solution
Im(z)

A
5 y' N
31/ AN
2 w
FAY J
"N < ) » Re(2)
. 5 43 2 I 45
A 2
‘» 2 v
o~ 4
& 5 v
- v
R Mark allocation: 3 marks
.5 * 1 mark for accurately sketching the line from (0, 0) to u

* 1 mark for accurately sketching v= {z: |z + z| = 4}

* 1 mark for accurately sketchingw = {z: (z—2—-2i)(Z -2 +2i)—4=0}

[N
N Question 1e.
‘. Worked solution
i = The area of a sector is given by 4 = %rze.
Given that 6 = % then the area of the sector is 4 =% X 22 x %= % units2.
5 Mark allocation: 2 marks
., ' * 1 mark for using the formula 4 = %,,29
g ‘ * 1 mark for the answer% units?
SV
- Question 2a.i.
- "., Worked solution
B Polar form is given by rcis(0).
. r=ere2-a
P,
: 6 =tan! (%) = %
" So, in polar form, z, = 4cis(%).
7 :' Alternatively, using technology:
(23 +2:2)»Polar = 0
e 4

| Mark allocation: 1 mark

* 1 mark for the correct polar form of 4cis(%)
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Question 2a.ii.
Worked solution

Since all coefficients of the equation are real, one of the other solutions is the complex
conjugate of z,.

Soz, =23 - 2i.

Then

(z-2V3-2)z-2V3 +2i)z+a) =2 +4(1 —\3)z2 + 16(N3 + 1)z + 64
(22 =43z +16)(z + a) =z + 4(1 —3)z2 + 16(1 — 3)z + 64

By equating coefficients, it can be seen that a = 4.

Soz =—4.

Alternatively, using technology:

csolvelz?+4-(1-/3 |22 +16-(1-[3 )-z+64=0"
2=2-\/;+2-i orz=2-\/;—2-i orz=-4

Mark allocation: 2 marks
* 1 mark for the correct root of z, = 243 — 2i

¢ 1 mark for the correct root of z,=—4

Question 2b.

Worked solution

Lade ST
5 4 3 ""‘4 >

> Re(z)

* 1 mark for the correctly plotted and labelled root z, = 23 +2i

v

Mark allocation: 3 marks

* 1 mark for the correctly plotted and labelled root z, = 23 —2i

* 1 mark for the correctly plotted and labelled root z, = —4
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Question 2c.
Worked solution
Iz — 43|=|z| is equivalent to
b + iy = 43| =x + iy
(x—43)2+y2=x2+)2
Expanding and collecting like terms leads to
—8\V3x+48=0
sx=f =2

“ 7 =23, 2i)

» Re(z)

I 2, = (3, -2i)

Mark allocation: 3 marks
* 1 mark for showing that \(x — 4v3)? + y2 = {x? + »?
1 mark for getting the Cartesian equation x = 2v3

1 mark for correctly sketching the line |z — 4v3|=|z| going through the points z, = 243 +2i
andz,=2vV3 —2i

Question 2d.

Worked solution

The segment described is the area of a sector (formed by z , z, and the origin) less than the area
of a triangle (formed with vertices at z, z, and the origin).

b3
Area === x £ x 42— 1 x 4 x 243
27 2
-84z
_8r— 1243

3

Alternatively, use the area of a segment formula: 4 = %ﬂ(e —sin()), with » =4 and 6 = %
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So the area is
4-3+(-sn(5))

-(5-%)

_8r— 1243
3

Mark allocation: 2 marks

* 1 mark for subtracting the area of a triangle from the area of a sector, or using the area of a
segment formula
87 — 1243

* 1 mark for the correct answer of —3

Question 3a.

Worked solution

Letz=x+iy, thenz+ 1 +i=2]z—1—1i.

> k+iy+1+i="2x+iy—1—i

S (G D2+ (p+1)2 =24 — D>+ (y — 1)?
G+D2+(p+1)=26c—-D*+2(y— 1)

X+ 2x+ 1+’ +2p+ 1 =2 —dx+2+2y> -4y +2

O0=x?—6x+t1+y*—6y+1
Completing the square:
0=(x-32-9+1+(@-32-9+1
=>@x-3)2+(-3)72=16
Alternatively, squaring both sides gives |z + 1 +i?=2|z— 1 — ]~
Using the fact that zz = |z|%, gives
C+A+iNE+A—i)=2—(1+i)E—(1-1i)
zz+(1—Dz+(1+Dz+ A+ —-D)=2[zz— A —dz— (1 +DHz+ (1 +)(1 — )]
z-30+i)E-31-i)—18+2=0
z-31+)z-31-i)=16
Once again, using the fact that zz = |z, the equation can be rewritten as
z—-3(1+i)>=16
z— (3 +3i)|=4
From here, the Cartesian equation of the circle can be read as (x — 3)> + (y — 3)> = 16.

Alternatively, if you define z as x + iy on a CAS, you can generate the Cartesian relation of the
curve, (x — 3)*+ (y — 3)* = 16, as shown below.

X+y-i—z xX+y-i
|z 1+i]=\2 + |z—1—i] AXZH2 e x+y 2420y +2=2- (122 x4y 22y +2)
completeSquare (x2+2-x+y?+2-y+2=2 (x2-2-x+y>-2-y+2) x,y) (x-3)~(y-3)*=16
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Mark allocation: 3 marks

* 1 mark for showing that /(x + D? + (y + 1)> = V24/(x = D>+ (y — 1)?
* 1 mark for showing that 0 =x*—6x + 1 + y? — 6y + 1 or similar

* 1 mark for showing that (x —3)*+ (y —3)*=16

OR

« 1 mark for expressing |z + 1 +i> =2z — 1 —i?as (z+ (1 + ) + (1 —i)) =2 — (1 + ))EZ — (1 — i)

KN * 1 mark for showing that |z — (3 + 3i)| = 4
- . " * 1 mark for showing that (x —3)*+ (y —3)* =16
Question 3b.
-'»,_ Worked solution
S Im(z)
5 10}
[ ., /// \\\
\: .Z\ :/ \
e / \
o (3,3
g \\ //
=i < N / » R
‘ -10 5 I~ < o "

T e .
..; \"\5

e vy Mark allocation: 2 marks

"-,'-' » 1 mark for sketching a circle centred at (3, 3)

‘:,’ * 1 mark for giving the circle the correct radius
-

.

o

.‘ ‘ A
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Question 3c.
Worked solution

Factorising the equation using a CAS gives (z -3 +i)(z—7 —3i) = 0.

cFactor(zz—(10+2- i)- Z+24+2- i.z)

(e=(3-0))- (- (7+3-9))

So the solutionsare 4 =7+3iand B=3 —i.

The plotted points are
Im(z)

—
=)

— ~
// \\
/. \
/ \
\\ //
“To s 0\\\ e s o k@

Mark allocation: 2 marks
e 1{markfor4=7+3iandB=3—i

* 1 mark for plotting and labelling points correctly

@ TIP

=

»  When labelling points with coordinates on the complex plane, an %’
should not be included on the vertical coordinate, as the labelling of

the Im(z) axes already implies that the coordinate is imaginary.
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Question 3d.

Worked solution

z,= Zli
= (7 - 30)i
=3+7
Im(z)
/// \\\
</ AN
/ \
\\ //
4 > £ » R
~10 s 0] 5 o k@

W

Mark allocation: 2 marks
* 1 mark for showing that z, = 3 + 7i

* 1 mark for plotting and labelling the point correctly

Question 4a.
Worked solution

Divide z3 — 3iz> + 4z — 12i by z — 3i:

z2 +4
z—3i)z° = 3iz> + 4z — 12i
z3—3iz?
4z — 12i
4z —12i

S8 =3z + 4z — 12 = (z — 3i)(z* + 4)

=(z—3i)(z* — (20 = (z — 3i)(z + 2i)(z — 20)

Therefore the other two factors are z + 2i and z — 2i.

Mark allocation: 2 marks

* 1 mark for using long division or an equivalent method to derive z* + 4

* 1 mark for factorising z2 + 4 to find the other two factors
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TIP

&)

It is very important that you know the difference between the terms
‘show’ and ‘verify’. Because this is a ‘show that’ question, simply
multiplying the three factors together and getting z° — 3iz2 + 4z — 12i will

not suffice. Were it a ‘verify that’ question instead, the multiplication of
the three factors would be enough.

Question 4b.
Worked solution

|z + 2i| = 2 represents a circle translated 2 units down with a radius of 2.
Re(z)

A

N

A

> Im(z)

4 2 2
/ AN
/ \
\ /
L /
\\ //

Mark allocation: 1 mark

* 1 mark for sketching the correct circle
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Question 4c.
Worked solution

Im(z) > Re(z) represents the region y > x.
Re(z)

A

N
AY

N

< . > Im(z)

A\ 4

Points (0, 0), (-2, —2) and the centre of the circle (0, —2) form a right-angled triangle. The area
of the shaded region is a quarter of the area of the circle less than the area of the right-angled
triangle.

1 1
Area=Z>< 7r(22)—§(2 Xx2)=mx—2
Mark allocation: 2 marks

* 1 mark for showing the shaded area or describing the required area as the subtraction of the
area of a triangle from the area of a quarter of a circle

e 1 mark for the correct area

Question 4d.i.
Worked solution

The boundary defined by Arg(z — 3i) = % has a y-intercept at (0, 3) and a gradient of 1, therefore
y=x+3.

Mark allocation: 1 mark

* 1 mark for the correct equation

@ TIP

=

»  The principal argument of 7 is restricted: Arg(z) € (-, 7).
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Question 4d.ii.
Worked solution

|z + 2i] = |z + k + 5i| represents the perpendicular bisector of the line between the points (0, —2)
and (—k, —5).

A
}R
/
/
1
/
/
s
/
/
< 19) / >
-10 5 5 1 1
0.-2)¢ < / i
4 Y
/ (=k,=3)
/
v

This bisector intersects the shaded region when it has a gradient less than zero or greater than 1.
The gradient between points (0, -2) and (%, -5) is_ik_i_(_oz)= %

For perpendicular lines, the product of the gradients of the two lines will be equal to —1.

The gradient perpendicular to the line between the points (0, -2) and (-, —9) is —%.

This perpendicular gradient needs to be less than zero or greater than 1.

Ecou-£s
k>0Uk<-3
SLk<-3Uk>0
Mark allocation: 2 marks
* 1 mark for calculating the required gradients of the line or alternative correct working

e 1 mark for the correct values of &

Question 5a.i.

Worked solution

Substitute w = 3 + 3i into P(z):

Pow) = (V3 +30) = 2V3(\3 +3i)" + 12(¥3 + 31)
= =243 + 12v3 — 36i + 12V3 + 36i
=0

Therefore w = V3 + 3i is a solution to P(z) = 0.
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180 Area of Study 3: Algebra, number and structure

Alternatively, assume that w = V3 + 3i is a solution of P(z) = 0. It follows that z — V3 — 3i must also
be a factor. Now use polynomial division with the new factor as the divisor:

22+ (=3 + 3i)z
z—3 =303 - 2322 + 122
23 + (=3 — 3i) 22
023+ (—V3 +3i)z2 + 12z
(3 +3i)z2+ 12z
0z2+ 0z

RS As the remainder is zero, it has been shown that z — V3 — 3i is a factor, and therefore that
-2 w =3 + 3iis a solution of P(z) = 0.

Alternatively, taking out a common factor of z from P(z) = z3 — 2+/3z% + 12z gives
2(z2 = 2V3z + 12).
. Completing the square on the bracketed term:

S = z2(-V3)"-3+12)
s =Z((z—\/§)2+9)

= z((z - \/§)2 - 91'2)

. Using the difference of two squares gives
t 2z =3 +3i)(z - V3 - 3)

- From this it can be seen that z — V3 — 3i is a factor, which means z = \3 + 3i is a solution.
~. Therefore it has been shown that w = V3 + 3i is a solution of P(z) = 0.

Mark allocation: 1 mark

1 mark for showing that w = V3 + 3i is a solution to P(z) = 0, using substitution, polynomial
division or factorisation techniques

Question 5a.ii.
o Worked solution
P(z) =z — 23322 + 12z = 0 can also be expressed as P(z) = z(z2 — 23z + 12) = 0.
Therefore z = 0 is a solution.
Using the conjugate root theorem, z = V3 — 3i is the other solution.

< 2 Solving on a CAS could also be used for this question.

cSolve(23-2 Jz_-zz+l2-z-0,z)
z-J3_+3- iorz-ﬁ—.’.- forz=0

* Mark allocation: 2 marks

* 1 mark for calculating z= 0

e 1 mark for calculating z = V3 — 3i
*,
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Question 5b.

Worked solution
Im(z)

N

=3 +3i

» Re(2)

Mark allocation: 2 marks
* 1 mark for correctly plotting and labelling any two solutions

* 1 mark for correctly plotting and labelling the third solution correctly

Question 5c.i.

Worked solution

(V3 + 3i) x 2
=3 -3i) x—1
—3 +3i

Mark allocation: 1 mark

wi?

1 mark for calculating wi? = —3 + 3i

Question 5c.ii.

Worked solution
Im(z)

IS

wiZl=-\3 + 3i =343i

N
I

Qlo

A

> Re(z)

N
1T

o
|

(9%)

Mark allocation: 1 mark

* 1 mark for correctly plotting and labelling wi? on the Argand diagram
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Question 5c.iii.

Worked solution

Looking at the graph, it can be seen that wi? is a reflection of w in the imaginary axis.
OR

It can be calculated that point w makes an angle of% with the real axis, hence tan™

5)%

““’|l=\1) w|;1

It can be calculated that wi?> makes an angle of T with the real axis, hence tan- (

Therefore wi? is a rotation of§ anti-clockwise about the origin from w.

Mark allocation: 1 mark
* 1 mark for explaining that wi? is a reflection of w in the imaginary axis
OR

* 1 mark for explaining that wi? is a rotation of% anti-clockwise about the origin from w

Question 5d.
Worked solution

The Cartesian equation of a circle is (x — h)* + (y — k)* = r%, which can be stated as
« —o?*+ (v — b)*=r? in the context of this question.

Given that w =3 + 3i, wi> = —V3 + 3i and 4i are on the boundary of the circle, we can set up the
following simultaneous equations:

(V3 —a) + @3- b=
(—3-a) +G-b2=7
O-a)?+ @4 -b)P=r?

Solving these equations gives a=0,b =2, r =2.

(V3 -0)*+(z-2) 2=
soivell (. /7 —a)2+(3-)2 2 067}

(0-a)2+(4-2)2wr?
-2 and a=0 and >=2 or =2 and =0 and b=2

Therefore ¢ =2i and r = 2.

Mark allocation: 3 marks
* 1 mark for setting up the simultaneous equations
* 1 mark for calculating ¢ = 2i

* 1 mark for calculating r = 2
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Question 6a.

Worked solution
Im(z)

[e)

u(l1,5)

i

v(4, 1)

A

» Re(z)

[@)}

Mark allocation: 1 mark

* 1 mark for both points labelled and in the correct locations, as shown

> TIP

=

»  Consider the real component to be the x value and the imaginary

component to be the y value.

Question 6b.

Worked solution

|lu — v| represents the distance between the two points, which is 5 units. Use the Pythagorean
distance formula or recognise that these points lie on a 3-4-5 triangle. Hence:

VG = D2+ (1 —4)2
=42+ 32

= 5 units

Mark allocation: 1 mark

e 1 mark for the answer of 5 units

@ TIP

=

»  When you see questions with the vertical bars of the modulus operator,

you should be thinking about the distance between the two points on
either side of the negative sign.
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Question 6c¢.i.
Worked solution

The equation represents all points on the complex plane (Argand diagram) that are 1 unit away
from point v. These points are represented by the circle below.

Im(z)

6
U

S

z—v|=1

< » Re(2)
y (¢

[@)

Mark allocation: 2 marks
* 1 mark for any circle drawn

* 1 mark for drawing a circle with its centre at (4, 1) and with a radius of 1

@ TIP

>

» Remember that 7 represents any complex number on the plane that
satisfies the condition given by the equation. Compare this with v, which

represents a defined, fixed point.

Question 6c.ii.

Worked solution
EDP=EDXEDXED=CED X (D =i
Mark allocation: 1 mark

e 1 mark for the answer of i

@/4 TIP

=

» If using a CAS for this calculation, ensure that you have set it to complex

mode.

VCE Revision Questions: Specialist Mathematics Units 3 & 4 © Insight Publications



Area of Study 3: Algebra, number and structure

Question 6c¢.iii.
Worked solution

Method 1: Use a CAS to solve for z, then plot each solution as a point on the Argand diagram.

& Edit Action Interactive
solve((z—(4+i))3=i.z)
V8 .80 V3 3_1}
{z=4.z- 2 +4+ 7 7 +4+ 2
D
Alg Standard Cplx Rad (m

Method 2: Use the answer from part c.i. to identify that one solution will lie at v —i = 4.
Then use de Moivre’s theorem to identify that the remaining solutions will lie on the circle with
radius 1 and be separated by an angle of 120°.

Im(z)

6
\9)

S

Z3 )

< 1 7 ] » Re(z)

@)

Mark allocation: 2 marks
* 1 mark for the solution at (4, 0)

¢ 1 mark for other two solutions in the correct locations

@ TIP

=

» Be on the look out for questions like these where you can use the

answer to a previous part to help find the solution.
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Question 6d.
Worked solution

Rays are straight lines that emanate from a given point. Their orientation is measured anti-
clockwise from the real axis. Hence the answer is a straight line with an open end point at the
origin that makes an angle of 120° with the real axis.

Im(z)

6

X )
N\ 4
2n
Arg(z) =3~
\,
\\
B L L0 y 4 > Re

"

[

Mark allocation: 2 marks
* 1 mark for any line making the correct angle with the real axis
* 1 mark for an open end point at the origin and the line in the correct position

@ TIP

—

»  Think of Arg(z) as being the same as Arg(z — 0) to help you to remember

that this ray emanates from the origin.

Question 6e.
Worked solution

First, sketch the rays on the diagram. Then identify the triangle of interest. Finally, calculate
its area.

Im(z)

6

N\ )
N\
Arg(z) = 23—7[
\ o]
\
< > Re(z)
o /4 o | © 4 | ¢
v )
FArg(z—u) = 7%771
4
6
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Find the equations of the rays in Cartesian form and then the point of intersection:
Arg) = 23—7[ — y=—3x
Arg(z—u)=_T?m — y=x+4
—-\3x=x+4
x=2-2V3

.. Area =% x 4 x (=2 +23)

Area=4\3 — 4
Mark allocation: 3 marks
* 1 mark for sketching the ray from x or for finding its Cartesian equations
* 1 mark for finding the point of intersection of the rays

e 1 mark for the correct answer

> TIP

>

»  When finding Cartesian equations of rays, it can be useful to remember

that the gradient is m = tan(@).
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Area of Study 4 Calculus

EXAMI1

Question 1
Worked solution
x+ e —x2—2x-3=0
When x = 1:
2¢"—6=0

Differentiate both sides of the equation with respect to x:
L+ e —x-20-3) =L
e+t Dednr-2-0

v _ o

(x+1e e 2x+2—e
dv_2x+2—e’

dx  (x+1)e”

Substituting x =1 and v = log 3 gives

dv_2+2-3_1

Zd 6 6

Acceleration = v%
X
1

.. The acceleration when x=1is 6 log 3 m s>

Alternative method for finding %:

(x+1e —x*—2x—3=0

,_X*+2x+3
x+1
“lo <x2+2x+3)
v g x+1
Cx2+2x+3
Letu—7x+l
du _ (2x+2)(x+1) = (x*+2x +3)
dx (x+1)2
_x?+2x—1
(x+1)?
v=log u
dv_1__ x+1
Zdu U x4+ 2x+3
Ldv _x?+2x—1 x+1
dx (x+1)? x?+2x+3
x2+2x—1

TGt D+ 2x +3)
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When x=1:
%=236=%and v=log, 3

Acceleration = v%
* 1

~. The acceleration when x =1 is ¢log, 3 m s
Mark allocation: 4 marks
e 1 mark for the correct value of v when x =1

* 1 mark for correctly differentiating both sides of the equation with respect to x

dv

¢ 1 mark for the correct evaluation of Ix

¢ 1 mark for the correct answer

@ TIP

=

» Itis easier to obtain vﬂ using implicit differentiation rather than

dx
explicitly expressing v as a function of x and then differentiating.

Question 2

Worked solution

/4

3 3
| (tan2x + tan*x) dx = [ tan2x(1 + tan2x) dx
0 0
3
= [ tan%x(sec?x)dx
0

Let u = tan(x):
du _ . >
:}'dx sec’x
_T _
x—§=>u—\6
x=0=>u=0

% \3
o[ (tan2x + tan*x)dx = [ u2du
0 0

=3
Mark allocation: 3 marks

* 1 mark for correctly setting up the integrand for a substitution of « = tan(x)
* 1 mark for obtaining a correct integrand with respect to u

¢ 1 mark for the correct answer
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@ TIP

—

»  Use the substitution u = tan(x), as its derivative sec’x is a factor of the

integrand.

Question 3
Worked solution

dy
5—3)/\/)7

Use the separation of variables technique to antidifferentiate.

=> I%dy=f3\/fdx

3
log |y|=2x2+c¢
y=ewhenx=1, so
> loge=1=2+c
>c=-1
loge\y\zzx%—l

2x3-1

vi=e
y =4 eZ)m?*l

Loy=eX¥ asy>0.

Mark allocation: 3 marks

* 1 mark for correctly integrating using the separation of variables

* 1 mark for correctly evaluating the constant of antidifferentiation

¢ 1 mark for the correct answer

Question 4

Worked solution
dx

a 2cos(2¢f)

dy .
- 2sin(2¢)

-y @
Length ({ (dt +\ dt

3
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Mark allocation: 2 marks
* 1 mark for correctly setting up the integrand representing the curve length

¢ 1 mark for the correct answer

Question 5a.

Worked solution

d N1 = b2x?

X arccos(bx) B S—

= arccos(bx) —x - b 1.1 (2620 (1 — b)) 2
1-b6x> 2 b
bx bx

= arccos(bx) — N - V1 — b2x2
= arccos(bx)

Mark allocation: 1 mark

* 1 mark for correctly differentiating using both the product rule and the chain rule

Question 5b.
Worked solution

y= arcsin(Zx) arlld y = arccos(x) intersect at x :ﬁ’ where a=2 and b =1, giving

IRV A R

75
= Area required = [ [arccos (x) — arcsin(2x)]dx
0

€
V5

— 2
Area =[x -arccos(x) — V1 —x2 — <x - arcsin(2x) +1f4x>
0

. 1 —4x? %
Area = [x -arccos(x) — V1 —x? —x - arcsin(2x) —f]

N|—
X
G
N———
|
e
L
|
N —
N——

Area = (%arccos <%> - \E - %arcsin(%) -

ou () (3) -5

. arccos (%) = arcsm(%)
5)

= Area = (%arccos(
3
2

N[ W

ﬁ

—%= 3 _2 square units

. Area =

S

Mark allocation: 3 marks
* 1 mark for setting up the correct integrand that represents the required area
* 1 mark for the correct antiderivative

¢ 1 mark for the correct answer

© Insight Publications VCE Revision Questions: Specialist Mathematics Units 3 & 4

191



192

N

rf,j

Area of Study 4: Calculus

Question 6a.

Worked solution

LHS =log (1) +1°-1=0+1-1=0=RHS
Mark allocation: 1 mark

¢ 1 mark for the correct evaluation

Question 6b.

Worked solution

Using log laws, the relation can be written as log x —log y +x* -y =0.

Now use implicit differentiation:

1 1dy dy
X Ve T T 0

At point (1, 1), we have

dy dy
- +2-—=0
dy 3

dx 2

Since the tangent passes through (1, 1), the equation of the tangent (using the formula

Y=y, =mx—x))Iis

3
y=1=5G-1)
2y—2=3x-3
and so3x—2y—1=0.

Mark allocation: 3 marks

* 1 mark for correctly differentiating both sides of the equation with respect to x

d
¢ 1 mark for the correct evaluation of d_i

* 1 mark for the correct equation

Question 7

Worked solution

ver-T4xlog (x*+ 1)
0 x2+1

e— 1

=2£ 2+11og (x2+ 1)dx

Let u=log (x*+ 1), giving

du __2x
dx  x?+1

x=Ve’—1=u=log,(e’)=2
x=0=>u=log (1)=0

_ 2x
_2(! x2+1

log (x> + 1)dx

VCE Revision Questions: Specialist Mathematics Units 3 & 4
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o du
2£u e dx

o

2u du

=4-0=4
Mark allocation: 3 marks

* 1 mark for correctly setting up the integrand for a substitution of u = log_(x*+ 1)
* 1 mark for obtaining a correct integrand with respect to u

e 1 mark for the correct answer

> TIP

—

2x

e UL factor

»  Use the substitution u = log (x* + 1) since its derivative,

of the integrand.

Question 8

Worked solution
dy _ eO.Sx

dx 3y
=> f3y% dy= feo'i*dx

2y%= 2" + ¢

If y=1when x=0, then
>2=2+c

=>c=0

2y2=2e">

¥
y

[SS]IS T N1[08)

0.5x

e
es

Mark allocation: 3 marks

* 1 mark for correctly integrating using the separation of variables
* 1 mark for correctly evaluating the constant of antidifferentiation

¢ 1 mark for the correct answer

@ TIP

=

» Use the separation of variables technique to antidifferentiate.
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Question 9

Worked solution

Let s, (1) = the downward displacement of the lift floor # seconds after the cup is dropped.

Let s .(r) = the downward displacement of the cup ¢ seconds after the cup is dropped.

= h=s(3) =5(3)
Using s = ut + %atzz

lift floor: u=v,a=0

=> s, ()=wt

- (d)-4

coffee cup: u=v,a=g

gr
= Sc(t)zvt‘i‘T

- o34

Solve for #:
)l
orh= 28 _ 1.225 metres

Mark allocation: 4 marks

* 1 mark for correctly expressing / as s
* 1 mark for the correct evaluation of s

¢ 1 mark for the correct evaluation of s

¢ 1 mark for the correct answer

Qé TIP

=

There are several ways to answer this question. The simplest method
is to realise that since the initial speed downwards of the coffee cup

equals the (constant) speed of the lift, we can model this situation as an
object dropped from rest at a height #Z metres above the ground.
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© Insight Publications



Area of Study 4: Calculus

Question 10
Worked solution

Using implicit differentiation gives

Substitute the coordinates of point (2, %) into the differentiated equation to find the gradient.

1, .49 1 x 2zdy_
2 4T 6 3 Y

B -q5rE1
@(12—2n>:ﬁ+n—3
dx 3 6

d_y:n—3+\/§:n—3+\/§
dx 212 —2nx) 24 — Arx

Mark allocation: 3 marks
* 1 mark for correctly differentiating the equation on both sides, using implicit differentiation
* 1 mark for substituting the coordinates of the point into the equation

* 1 mark for giving the gradient in the correct form

Question 11a.
Worked solution

The inflow of salt, in kg s, is 0 x 5 =0.

- 1 x __10x  _ 2x
The outflow of salt, in kg s ,|3200+5t_10tx10 200 - 57— 40 — 1
%=inﬂow—outﬂow=0— 4()2)it
de __ 2x
dt 40—t

Mark allocation: 1 mark

* 1 mark for showing appropriate working

Question 11b.

Worked solution
dx 2x

From the result given in part a., E+ 30 —1- 0.
Separate the variables:
dx __2dt
X T t—40
Integrate both sides of the equation:
dx _ ¢ 2dt
5= It — 40

Injx| + ¢ =2 In|t — 40|
In(x) + ¢ =In(z — 40)?

where c is a real constant and x > 0.
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Apply the initial conditions to find c:

In(10) + ¢ = In (- 40)>
¢ = In(1600) — In(10) = In(160)

Solve for x:
In(x) + In(160) = In (¢ — 40)>
In(x) = In(z — 40)> — In(160)

_40 2
ln(x) = ln<%>
_(t—40)°

*=7160

Mark allocation: 3 marks

* 1 mark for separating the variables and correctly integrating both sides of the differential
equation

* 1 mark for applying the initial conditions to find ¢

t —40)?
* 1 mark for providing the correct answer of x =%
Question 12a.
Worked solution

Express the acceleration as v%:

dv

av _ 3
Vi~V + 16v

Separate the variables and integrate both sides:

v-dv _
Jv3+16v_Idx
dv  _
Jv2+16_fdx

=> %arctan(%) =x + ¢, where c is a real constant.

Apply the initial conditions to find c:

%arctan(%) = % +c

__ T
=>cCc= 16

1 v\ _ . T
=> Zarctan(z) =X 16
Rearrange to get the velocity:
_ _
v=4 tan(4x 4>
Mark allocation: 3 marks

* 1 mark for selecting an appropriate acceleration formula, such as a = v%, to equate the
acceleration to, and for appropriate integration techniques

* 1 mark for using the initial conditions to find ¢

* 1 mark for finding the equation of the velocity in terms of x
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&)

TIP

»  When given acceleration as a function of velocity and the initial
conditions are given in terms of displacement and velocity, express the

acceleration in the form a = v%.

Question 12b.
Worked solution

Substitute x =g into this equation:

8§ 4

ven(3-)

1

v=4tan(4><z—l)

=4ms”

Mark allocation: 1 mark

* 1 mark for correctly calculating the velocity

Question 13
Worked solution

The translated function is g(x) =f(x + %) = arctan(Z(x + %) - 7r) = arctan(2x).
The volume when rotated about the y-axis is given by V== rx2 dy.

Rearranging the function to make x the subject gives x = %tan(y).

Therefore the volume is

=3 [an() dy= Isecz(y)—ldy
%[tan(y) K

%[ ———tan(O)-i-O]
k. 3——)

53V3 — )

N‘*“

Mark allocation: 4 marks

* 1 mark for defining g(x)

* 1 mark for deriving the equation V= nj4tan2(y)dy
* 1 mark for correctly integrating the integrand

« 1 mark for deriving the equation V= %(3\5 )
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@ TIP

—

»  Remember to use the identity 1 + tan?(#) = sec?(@) to integrate the volume.

Question 14a.

Worked solution

Use the formula j (X'(5))> + (V/(1))* dt for the length of a curve.

The parametric eduations for the position vector are
x(t) =26+ 3and y(1) =517+ 1

= X(¢) = 12¢° and y(t) = 6¢°

Substituting these values into the formula for the length of a curve and simplifying gives the

required result:
[ NA2697 + (6692 di = [[N14400+ 3612 di
= foz6z5\/m dt
= foz6z5\/z2T4 dt

Mark allocation: 1 mark

* 1 mark for showing the appropriate working to achieve the required result

Question 14b.

Worked solution

Begin with f026z5\/m dt.
Now let u = #* + 4.

When ¢t =0 then u=4, and when =2, u = 8.
Therefore % =2t=>dt= %
So j02615\/m dt= f48615w % = j483t4\m du-
Sinceu=r+4=>r=u—4.
[ 36N du =3, (u—4)* % udu
= 3f48(u2 —8u+16) x uzdu
=3["u3 — 8ud+ 16ubdu

8
= 3[%u% - %u% + 33—2u%]4

This is as required.

NS

So it follows thata=%5, b=
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Alternatively:

To evaluate j02615 N2+ 4 dt, letu=1r>+4 so that %= 2t=> % = tdt.
Note also that 1> =u — 4 = t* = (u — 4).
Thus whent=0, u=4 and when¢t=2, u=28.
The integral becomes
gff(u - 4)2Wdu = 3I4S(u2 —8u+16) u%du
= 3J48(u% —8u3 + 16u3)du
8
- 3[%u%— 8 x 2ud+16 % %M%L
8
)
2 1 32

Mark allocation: 4 marks

* 1 mark for demonstrating the appropriate substitution u = > + 4 and adjusting the terminals
* 1 mark for correctly stating 3]48(u —4)? x uzdu

* 1 mark for correctly deriving d = 3laus — bus + cu%]i

* 1 mark for correctly determining the values of ¢, b and ¢

2 TIPS

=

Remember to adjust the integrand terminals when performing
integration by substitution.

Be aware that once a variable has been substituted, a linear substitution
may be possible to simplify the integral.

Question 15a.
Worked solution
Apply Euler’s method to find x, and y,:
X, =x,+ h
=0+0.5
=0.5

dy
WEV g

o0 Yo

~3+0.5 x5
=3
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Apply Euler’s method again to find x, and y:
xX,=x +h

=05+0.5

=1

_ dy
yz _yl + h ax“yl

~3+05x—92

_107
36

Thus an estimate of (x,, y,) is (1, %)

Mark allocation: 2 marks

* 1 mark for correctly applying Euler’s method

* 1 mark for deriving the correct estimate of (1, %)

Question 15b.

Worked solution

The curve needs to go through the point (0, 3).

1
a j/%—/——/q__\\\\\\ ~
/ '// VAP et SN NAN NN \\ \
AR RN AR Y
R P RS R ER

W5 TNNNINEINE
7 P - — A — e — = ~ \.

Mark allocation: 1 mark

* 1 mark for accurately sketching the solution curve

@4 TIPS

-

Work ahead and use the solution from part c. to produce an accurate

sketch.

The solution curve should always be drawn between slope lines or
right on top of a slope line. It should not cross a slope line at a different
angle to that line.
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Question 15c.
Worked solution

Separate the variables and integrate both sides:

d__x
dx  y?
[y dy = [—x dx

3 2

where c is a constant of integration.

Apply the condition y(0) =3 to find c:

3)* 2
(3) :_%+C
c=9
3 2

Making y the subject gives

2
y={-Z+27

Mark allocation: 2 marks

* 1 mark for using the appropriate integration techniques

2
* 1 mark for deriving the solution y =\3/—% +270or 5=—

Question 16

Worked solution

3

2 2
N R NS S B
£2x2+3x+ldx 3(!(2x+1)(x+1)dx

Using decomposition by partial fractions on the integrand gives

1 __ A4, B
Qx+D&x+1) 2x+1 x+1

1=AG+1)+BQ2x+1)

Letting x = —% gives 4 =2 and letting x=—1 gives B=—1.

I 2
Qx+D&x+1 2x+1 x+

2

1

(I(Zx + D+ l)dx
2

|

2 1 dx
Qx+D &+D

0
3[log 2x + 1| — log |x + 1\]z

Hence

3

Il
w

-3 [loge 2xx++ 3 ]2

0
= 3<loge<%) - 1oge(1))
= 3loge<%)

2
1 and the required integral becomes JW

Area of Study 4: Calculus 201

i
3 C
3x+1dx' -7
.
p °
‘w,
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Mark allocation: 3 marks
* 1 mark for using decomposition by partial fractions
* 1 mark for the correct antiderivative of the integrand

* 1 mark for the correct answer in the specified form: 3loge(%>

<:é2 TIP

>

»  Remember that for any linear function ax + b, fﬁ dx = %logel ax + b|+c.

Question 17

Worked solution
- b P
sin(xy) + x cos(xy) X X +y)+yr+ 2xydx =0
d d
sin(xy) + xzcos(xy)d—i: + xycos(xy) + y* + 2xyd—£ =0
. T .
At point (5, 1).

n(3) + (3 os(3) g+ Feos3) * 1+ 25) 00

dy
1+1+7‘L'%—0

@_ 2

dx T

The gradient of the normal is given by —Z—;= 7

The equation of the normal line at point (% 1) can be determined using point slope form:
1=/ _T
y-1=5(x-3)
2

gy

Mark allocation: 5 marks
* 2 marks for correctly performing implicit differentiation on each term of the relation to obtain

d d
sin(xy) + xZCOS(xy)d—z +xy cos(xy) +y? + 2xyd—i: = ( or an equivalent expression

Note: Award only 1 mark if at least two terms have the correct implicit differentiation.
. dy /4

* 1 mark for correctly evaluating I at (5, 1)

* 1 mark for the correct gradient of the normal line: %

2
* 1 mark for the correct equation of the normal line: y = %x +1 —”7 or equivalent
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&)

TIP

Both the product and chain rule must be used to implicitly differentiate

sin(xy).
4 (sin(xp))

d
= cos(xy) X ()

dy
=cos(xp)\y+ X e

Question 18

Worked solution

The integral can be evaluated using integration by parts.

Let u=2x:
du _
abc_2
dv _ (X).
Leta—cos(“).

v=[dv= [cos (%)dx =4 sin(%)

Using the formula for integration by parts, [u % dx =uv — fv% dvx, it follows that
= X T . X 2r B 2z . X
£2xcos(z>dx = 72x . 4s1n(4)]0 £4sm<1) . 2dx

= :8x sin (%)]2” -8 i”sin(%) dx

0
_ :g - sin(%) - 0] -8 [_4‘305(%)]2”

167 + 32(c0s (%) - cos(0)>

=l6r—32
Mark allocation: 4 marks
* 1 mark for the correct expressions for u, v and their derivatives
* 1 mark for the correct integral derived using the formula for integration by parts
* 1 mark for the correct antiderivative

¢ 1 mark for the correct answer of 16z — 32
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Question 19

Worked solution

2
V2f 2x+ 8
V:nfo ( x)§+2>dx

V2(2x+8
:njo (x2+2>dx

_ vz 2x 2 8
_E[Io x2+2dX+Io x2+2dx]

g \2
=x[log,(x* +2)] + [@aman(%)]

= n(log,(4) —log (2)) + n(%arctan(l) - %arctan(O))

-fioe (4) < 5)

=n(log,(2) +\2 7)
Mark allocation: 4 marks
* 1 mark for writing the correct integral for the volume of rotation
* 2 marks for the correct antiderivatives

* 1 mark for the correct value for the volume of rotation in the specified form

Question 20
Worked solution

To perform integration by parts, we must identify which terms we will assign « and v/,
respectively.

Let u =log (2x), then v’ = %
2
3

1 3
LetVv =x2, then, v=5x2.

Therefore

4

Ifﬁ log (2x) dx = [%x%loge(Zx)]] - %ffx Tdx
_2 _2 _202.9]"
=3 ®log 8 ~Slog, @~ 3 [3x3]

=16log (2) — %loge@) - g(S -1

_46

28
3 log (2) — 9

Mark allocation: 3 marks

* 1 mark for evidence of performing integration by parts (i.e. correctly selecting « and v)
4

* 1 mark for the correct answer of [%x%loge(z)c)] —%j]4x%dx (or equivalent)

1

* 1 mark for correct answer of 437610&(2)_2978
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»  If you get stuck when performing integration by parts, look for a term

that you know how to differentiate and consider setting that term equal
to u.

Question 21

Worked solution

The surface area of the solid of revolution can be found by evaluating the general formula

v, e\
S=1[2 w+60d.
‘f X dy ly

In this specific case:

y1=(\5)2=2
,n=(V€f=6
X =y
de _ 1
dy 24y

Therefore the integral to evaluate the surface area is

S=j27t\/)7-11+ (ﬁ)zdy

6
1
=21 [\ -l + 5= d
!y 4y

Ne)
N

w ‘

Mark allocation: 4 marks

* 1 mark for the correct expression for@

dx

* 1 mark for the correct integral for the surface area

e 1 mark for the correct antiderivative

e 1 mark for the correct answer of

© Insight Publications
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Question 22
Worked solution

The required surface area can be found by evaluating the integral
= ot (XY (ﬂ)z

5= Jony (%) + (Z) ar.

For this specific parametric curve:

@ =

dt

dy _
dt

4¢

4

Therefore the integral that gives the surface area becomes

V3
S=[2x-4t\N(@4D>+ (4)? dt
0
V3
=8z [ tN16£2+ 16 dt
0

V3
=32z [ (NP + 1 dt
0

| 31"
=327 [g(l‘z + 1)2]

0

=3§—”[(V§2+ D@+ 1)

_ 327 o

_ 224z
3

Mark allocation: 3 marks
* 1 mark for the correct integral for the surface area

e 1 mark for the correct antiderivative

224n
3

e 1 mark for the correct answer of

Question 23
Worked solution

The required integral can be evaluated using two iterations of integration by parts, then using
integration by recognition. To find an antiderivative of e*cos(xx), first use integration by parts to
find the indefinite integral [e*cos(zx) dx -

For the first iteration:
Let u = cos(mx), hence % = —zsin(7xx).

Let % =e*,hence v= [dv= [erdx=e".

Using the formula for integration by parts, [u % dx =uv — Iv% dx, it follows that

fe"cos(nx) dx = e*cos(mx) — fex - —msin(zx) dx
= e*cos(mx) + 7 [e* - sin(mx) dx
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Integration by parts can be used a second time to evaluate [e* - sin(zx) dx:

Let u = sin(zx), hence % = 1 cos(mx).

dv

Let 7-=e*, hence v=[dv = [e*dx =e". So:

[e* - sin(mx) dx = e*sin(mx) — [e* - mcos (mx) dx

= e*sin(mx) — nfexcos(nx) dx

Combining the results from the first and second iteration of integration by parts gives
fexcos(nx) dx = e*cos(mx) + nfef - sin(7zx) dx
= e*cos(mx) + m(e*sin(mx) — 7 [e* cos(mx) dx)

= e*cos(mx) + we*sin(mx) — nzjex cos(7mx) dx

This equation can be rearranged to obtain an expression for the required antiderivative.
[e*cos(mx) dx + 72 [ ex cos (mx) dx = e cos (x) + me* sin(mx)
(w2 + 1) [e* cos (mx) dx = e*(cos(mx) + msin(mx))

X, + .
IexCOS (nx) dx = € (005(7([;)2 . 7;)511’1(7[)())

This result can be used to evaluate the initial definite integral.

e*(cos(mx) + 7 sin(7x)) ?
(x> +1)

2
Jex cos(mx) dx =
1 1

=n21+1(e2+e)

_e*te
n*+1

Mark allocation: 5 marks

* 1 mark for the correct first iteration of integration by parts

* 1 mark for the correct second iteration of integration by parts

* 1 mark for the correct expression for antiderivative of e*cos(zx)

* 1 mark for using the antiderivative of e*cos(zx), with correct terminals to write an expression
for the required definite integral

e’te

m?+1

¢ 1 mark for correct answer of

Question 24a.
Worked solution

The maximum number of rats will occur when the rate of growth is zero.

P=0, P=200
Therefore the maximum number of rats predicted by the model is 200.
Mark allocation: 1 mark

* 1 mark for the correct maximum population of 200 rats

© Insight Publications VCE Revision Questions: Specialist Mathematics Units 3 & 4

207



208

Area of Study 4: Calculus

Question 24b.
Worked solution

dpP __P
dt 200

dr_ 100
dP~ 200P — P?

dt _ 100
dP ~ P(200 - P)

P> _200P P
100 100

—2P(1 - 5h5) =2P

Using decomposition by partial fractions gives

100 4, B
P(200—P) P 200-P

100 = 4200 — P) + BP
P=0—-4=1

P=200—> B=

N |—

100 ZL(L+ 1 )
P200—-P) 2\P 200 P

Using this result:

j_zt): (% * 2001—13)

Integrating both sides with respect to P yields a general solution to the differential equation

2t=log (P) —1og (200 -P)+ C, C€R.

Note that absolute value signs are not needed on the argument of the natural logarithms, as

P <200.

Substituting the initial conditions to find the value of C gives

0 =log(5) - log (200 — 5) + C

C=log,(122) = log, (39)

Therefore the particular solution to the differential equation is

2t=log (P) —log (200 — P) + log,(39)

2= 102‘3e<20309}—)P)

82[:397P
200—-P

200e? — Pe* = 39P
200e? = 39P + Pe*
200e? = P(39 + e*)

200 e
39 + e

P(t) =

VCE Revision Questions: Specialist Mathematics Units 3 & 4
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Mark allocation: 4 marks

dt 100
dP ~ P(200 - P)
* 1 mark for the correct application of decomposition by partial fractions

* 1 mark for writing the differential equation in the form -5

* 1 mark for the correct general solution to the differential equation of
2t =log (P) — log (200 — P) + C or equivalent expression

200 e*
39 + e

* 1 mark for the correct particular solution to the differential equation in the form P(¢) =
or equivalent expression with P(r) as the subject

Question 25
Worked solution

As the information provided is in parametric form, the parametric form of arc length must be used.

i) (&)
d

Substituting the expression for =~ it and E’ and integrating fromtr=0to = % gives

§
[ N(=2sin® — 25in(20)* + (2 cos®) — 2 cos(20))* dt
0

%
= [V4sin2(®) + 8sin(®)sin(20) + 45sin?(20) + 4 cos(t) — 8 cos(cos(20) + 4 cos2(27) dt
0

We have 4sin’() + 4 cos?(®) = 4 and 4sin*(2¢) + 4cos*(2¢) = 4 by Pythagoras’ theorem.

s

3
= [ V8 sin(sin(21) — 8 cos(Hcos(20) + 8 di
0

8 sin(®sin(21) — 8 cos(Hcos(21) = —8(cos(®cos(21) — sin(Hsin(21)) = —8 cos(31) using compound angle
formulas.

%
= [\8—8cos3n d
0
8 — 8 cos(31 can be simplified to 16sin2(%>, using the double angle formula cos(26) = 1 — 2sin*(0).

cos(31) =1 — 2sin? <3t>

2
Therefore
5 T
[ V8 —=8cos(Bndi=[416 sm2(7> dt
0 0
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Mark allocation: 3 marks

* 1 mark for constructing the expression for arc length

3
[ N(=2sin(» — 25in(2))* + (2 cos(t) — 2 cos(21))? dt
0

* 1 mark for applying Pythagoras’ theorem and compound angle formula to simplify the

%
expression for arc length [ V8 — 8 cos(37) dt
0

¢ 1 mark for correct answer ofg

@/4 TIPS

=

Refer to the formula sheet when working with double angle or
compound angle formulae. Whilst you may not remember them, you

may be expected to use them within a question.

When calculating the arclength of a curve, aim to make the expression
inside the square root a perfect square either by factorising or using
trigonometric identities.

EXAM 2
Section A

Question 1
Answer: C
Worked solution
Let u = log_(x).

Then%=%=>dx=x du and

x=e*=>u=log(e’)=5b

x=e'=>u=log, (e’)=a

log ()]
% dx gives

Substituting into T
h 1,4
LSI g’—xxdu

_ LSb %4 du

@ TIP

—

» Don't forget to change the values of the terminals according to the

substitution used.
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Question 2

Answer: A

Worked solution

x,=2, y,=0and 2=0.1

Using Euler’s method gives

x,=2+0.1=2.1 and y, =0+0.1(2° -2 x2)=0.4
x,=21+0.1=22and y,=04+0.1(2.1° =2 x2.1) = 0.9061
¥,=0.9061 +0.1(2.2° =2 x 2.2) = 1.5309

Question 3
Answer: D

Worked solution

a=v -
dx

— sin (x)—d(sizc(x))

= sin(x) cos(x)

Rearranging the double angle formula sin(2x) = 2 sin(x) cos(x) gives a = %sin(zx).
Alternatively:

_d(1
a= dx(2 v2>

~ &)

= sin(x)cos(x)

— Jsin(2v)

Question 4

Answer: B

Worked solution

Option A does not give a gradient of zero when x =0, so can be eliminated.
Option C is the differential equation of a cubic, so can be eliminated.

Option D is the differential equation for a square root function and doesn’t always give the
correct direction for y in the first and fourth quadrants. Hence option D can be eliminated.

Option B is the differential equation for a circle and also has the correct directions of the
gradients, so is the correct answer.
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Question 5

Answer: D

Worked solution
Letu=2-x=>x=2—-u

Then %:—1 = dx = —du.
X

Whenx=-1=>u=3andwhenx=-5=>u=7,s0

dx= |

I'3—2x 322w iy
SN2-x T4 !

Alternatively, a CAS calculator can be used to calculate the value of the given integral and then
used to check the value of each option in turn until one option is found to have the same value
as the given integral.

@ TIPS

Don't forget to change the values of the terminals to match the
substitution used.

Re{nember to use the properties of integral terminals, such as
=, f@)dx = [ f(x)dx, to get the correct final answer.
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Question 6
Answer: D

Worked solution

Option A has the direction field:

y
\\ \\ o) ¢
| \ \ VXN N——
\ \ N
\ \ AN U N /
\ \ 1 .
VANNNNNNN—— 1/ )]
\ -
\NANNNNSN+— /1 /]
< F—f>x
LA N N S I A
\ /
\ /
VANNNN——x /]
1 / / /
NNNN~——Y /|1
// // //
NN N—~— /) / / /
o) // // //
Option B has the direction field:
y
// // // o) 4
[ 11/ /|7 ~—=~\\
// // //
A A VA G s NN N
/ / / 1
[ L]/ ==Y\ \\
/
/
/ VAN VA AV S AN VR A
< / a
L 0 7
VA A N NN U G
/ / Ve i NN \ \ \\
1 \
YA AVAraEcE SN VAN N AN \
\\
/s = — N\ \ \ \
2 |

Therefore option D is correct.

Area of Study 4: Calculus

Option C has the direction field:

Y
/ / 2} / /
[ AR VA GV A B B
/l // // //
[Nl r 78770711
/I // 1 // //
[/ 07777 1]
/ / /
i / i
A AV e //
< | > X
AR AN
/ |
/ /
// / S~ NN N~ — / //
f 1 /
[ |/ =N\ \N—=,/ /]
/ /
/ /
[/ /=~ NNY NN~/
/ o) /
A /

y
/ N A /
/=~ N NN NN ~+/ (]
/ |
i /
/ /4 —=NN\NN\\N—~r1/ /
/ 1 /
/ 1 !
/ / /=N NN~ /
/ /
! !
{ VAV A i Sl A /
«—— —f> x
AR AR
/I // // /I
L7 s 070701 ]|
,I // 1 // ,I
N RV AVAD VAN SV BN B
f f f f
| Pl 77070707 |
/ / o) / |
/ 1 1 1 I

d
Alternatively, if we look at the behaviour Ofd_i for x =0 and y > 0, we can see in the direction field

d d
given that d—i: < 0. This eliminates options B, C and D because d—;} > ( for these values of x and y.

d
If we then look at the behaviour ofd—;/ forx=-1 and y > 0, we can see in the direction field given

d d
that d—i > 0. This then eliminates option A because d_i <0 for these values of x and y.
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@ TIP

—

When graphing the direction field on a CAS, set the scale and size of
the axes to the same as those used in the question. This will make it
easier to see and compare the direction field to the one in the question.

When doing this, only three options at most need to be checked. Either
the correct option is one of the three or, if all three are wrong, the
remaining option is the correct response.

Question 7

Answer: C

Worked solution

Implicitly differentiating the function gives cos(y) — xsin(y)% + sin(x)% + ycos(x) = 0.
Substituting point ( ) and then simplifying gives

cos(%) ~Fsin(5) g +sin(3) G + Seos(3) =0

1 \3zdy dy iy
2 4 dx ' dx
<_L)_ 1
4 ) dx 2
(A=) %
2
dy 2
dx  g\3 —4

Using a CAS gives

"

: n ]
.;fll‘ ssly)+ysinl)=2,x == and Y=
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Option C has the direction field:

Option A has the direction field:

Question 8
Answer: B
Worked solution
Method 1

~ "~ A [} el O R GION G « o v <. = \
N e / ... . R A £ ,.\ ’ (0 ~ o ...\0 G 3 ’ .
R T e e Ty - - o ST
LA \ [ .Q . v 2 D (o 2 ) 6.\ se . ¢ « c g ¢
= =
A A
¥ Y
VA WD PP NG G U WY d ,, _/ v 17
A
VR R A St SN NN N N U N U U O T 20 S O W A
\o Y Y
VAN AV VAN G deuie i AN NANE NANR UANR SR I D S T U R
N \
Al T Al
VR AR VAR G deale sl NAND NAN N VR SR B I o N W W O e a4
A | e}
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RN e e N N P SN SN SN o /(7
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) | © /
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4 LA o e | = #
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AR VYA
EEERRERERERRRA N NEREES © |
IR RN N NN NN < N
I A o o o \
DR R R R R RN SN NN IR NS a N
I e o o B T c
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= =
A A
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B e e et st e Bl T (R (VY V4 “ ,_ SASLTSLL IS AL LS LS XA LSS LSl
———t— AN/ / / \\ _ 7/ 7/ 7/ 7/ 7/ 7/ /A7 L7 7/ 7/ 7/ 7/ 7/ 7/ 7/
1 \
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Il \
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R S T 22y \ . SASAS L AT AL LIS XS LTSNS0
# 1 \ °© ~+
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<0 for these values of x and y.

dx

dy
VCE Revision Questions: Specialist Mathematics Units 3 & 4

0 and x > 0, we can see in the direction field given

Therefore option B is the correct answer.
. dy
If we look at the behaviour of I for y
d
that d—i: > 0. This eliminates options A, C and D because
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Question 9
Answer: D

Worked solution

Letu=x+2.
du _ _
Then—d =l=>du=drandx=u—2.
X

If x=-1, 2,thenu=1, 4, so

f(x2+ DNx+2 dx= f((u—2)2+ Duz du
-1 1

4 4
= [~ 4u+4+Duzdu= [W?—4u+5u du
1

If you can’t algebraically derive an answer, evaluate the integral given

in the question and then evaluate all the options. Whichever option
matches the evaluation of the integral in the question will be the
correct answer.

Ensure you change the terminals when making the substitution. Options
that have the same terminals as those given in the initial integral will be
incorrect and can be eliminated.

Question 10
Answer: A
Worked solution

dy ) )
If i arcsin(x)e?, then
2

e
1—x

Y — 1 2 2}!@ +
P arcsin(x)2e e =

e

- ; 2 ; 2
arcsin(x)2e? x arcsin(x)e® + =

d2 . 2y
=> KJZ] = 2arcsin?(x)e® + e

Substituting point (

1
2
2y 1
> W: 2 X arcsin2(§> X g4 0+

VCE Revision Questions: Specialist Mathematics Units 3 & 4 © Insight Publications
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Question 11
Answer: D

Worked solution

For parametric equations, the length of the curve is given by j (X)) + (y'(1))* dt.

Substituting x'(r) = -8 cos(26) and y'(¢) = —4sin(2¢) into the curve length equation, with terminals of
t,=0and ;,=7, gives

V(=8 cos(20)? + (=4 sin(20)? dt

z
[
0
%
= [V64cos2(20) + 16sin*20) dt
0

i
4 J V4 cos2(2p) + sin2(21) dt
0

%
4 [ V3 cos2(20) + (cos2(21) + sin2(20) dt
0

:
4 [\3cos22n) + 1 dt
0

Question 12
Answer: D
Worked solution

First, find the derivative of each parametric equation. By hand is easiest. Then use a CAS and
the distance formula, as follows:

x'(0) =1 —cos(®), (9 = sin(H)

distance = T\/(l —cos(§)? + (sin(6))* db
0

distance =8

Answering options A, B or C could result from the incorrect use of this distance equation, such
as forgetting the square root, forgetting to differentiate or not squaring etc.

Question 13

Answer: B

Worked solution -

Remember that the correct volume is given by IZ(4ﬁsin(2x))2 dx.
Option A works and simply incorporates 7 into tohe integral.
Option B is the correct answer because 1 — sin(x) # sin?(2x).
Option C works because 2 sin(x)cosx) = sin(2x).

Option D works because the integral shown gives the same answer.

© Insight Publications VCE Revision Questions: Specialist Mathematics Units 3 & 4
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Question 14
Answer: D
Worked solution

Consider the flow of diesel in minus the flow of diesel out, as follows:

o o d0 200
dt =7 dt gyr 130+5¢
49 _do _do
dt  dt  dt our
4o _ 200
“dr TP T 130+ 51

£

> TIP

=

»  You must remember that the rate of diesel flowing out is equal to the

concentration of diesel in the tank multiplied by the rate of flow of
mixture out of the tank.

Question 15
Answer: A
Worked solution

Note that the gradient is zero whenever x = 1. This means that the equation must be equal to zero
when x = 1. Also note that the gradient is undefined when y = —1. This means that the denominator
must be zero when y = —1. Option A is the only answer that satisfies both of these conditions.

@ TIP

—d

»  Familiarise yourself with your CAS calculator’s facility to draw slope fields.

Question 16
Answer: C
Worked solution

Set up a spreadsheet to calculate y when x = 4. The columns are shown below.

& Flle Edit Graph Calc
2] B [ [=] ]| ]
A B [ _C |
y dy/dx
0
0.1 1.21
0.221 1.4652
0.367521.77778
.545298 2. 16342
. 761639 2.64246
. 025885 3. 24142
. 350027 3. 99505
. 749531 4. 94916
. 244447 6. 16445
. 860892 7.72178

£

D00 =1 OO B W DO =
WWwWwwwWwhwww
nofe Jo |e je |a |a e |®

OO O e W N - W

BB e OO
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When using Euler’s method, remember to use the formulay =y  +hy'(x, ), where the
increment or step size is represented by #.

Section B

Question 1
Worked solution

This question is asking for the arc length.

J. T+ (@) dx

:f;\jl + (1 7(x*4—1)2)2 dx

=3.5483
=3.55
Or, using a CAS:

Mark allocation: 1 mark

* 1 mark for correct arc length: 3.55

> TIP

=

» Using a CAS to find the arc length of a curve is a much more efficient

and accurate method than using the formula and calculating by hand.

Question 2a.i.

Worked solution
L (T= 4 xsin () = L(T=22) + L (xsin(x)

d(sin™' d
L

_ X X I
= + o + sin7!(x)

Vi-x2 A1-

= sin"!(x)

This is an inverse sine function that exists for x € [-1, 1].

Mark allocation: 2 marks
* 1 mark for the domain x € [-1, 1]

* 1 mark for determining sin"!(x)

© Insight Publications VCE Revision Questions: Specialist Mathematics Units 3 & 4
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Question 2a.ii.

Worked solution

If [sin"' (x) dx = [NT =7 +xsin ™' (x), then [sin"!(5) dv = V4 —x7 +xsin”' ().

2
Therefore [2sin™! (%) dx = 2(@ + xsin”! (%) )

Mark allocation: 2 marks

* 1 mark for using the result of part a.i. to find an antiderivative

* 1 mark for Z(W-i-xsin’l (%))

Question 2b.i.

Worked solution

b
When rotated about the y-axis, volume is given by V= [zx2dy.

Rearranging to make x the subject gives x =2 sin(y - g) +4.

Whenx=2=y=0andwhenx=6=>y=r.

So the volume of the solid generated by rotating the curve about the y-axis is
V= In (2 sin(y - %) + 4)2.

Alternatively, when solving for x using a CAS, x =4 — 2cos(y).

So the volume of the solid generated by rotating the curve about the y-axis is
V= In(4 —2cos(y)? .

Mark allocation: 1 mark

. . F . T 2 f
* 1 mark for showing the integral V= |z (2 s1n<y - 5) + 4) or V= [z(4—2cos(y))* dy
0 0

Question 2b.ii.
Worked solution

V=177.653
=177.65 cm?

Mark allocation: 1 mark

* 1 mark for correctly evaluating 177.65 cm?

VCE Revision Questions: Specialist Mathematics Units 3 & 4 © Insight Publications
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Question 2c.

Worked solution
dy

The differential equation describing the change in height is - 3t.
b odu_ 1
dx du dx o — (§_2)2
So a differential equation relating the change in radius to the change in time is
dy _dv &
dt —dy dt
—2q1- (3-2) -3

= 6111 - (§—2)2
—~30yd— (e 4y or 61— (5-2)

Mark allocation: 3 marks

d
* 1 mark for recognising that%: 3t
. o . dy 1
* 1 mark for using substitution to find S
X X 2
2q1-(3-2)

. dx _ (X _ oY o 9 —
1markfordt—6t\/1 (2 2) or =314~ (x— 4y

When a value is given in a question and has a rate of change unit, this
value is often a differential equation that is to be applied to solve
the problem. For instance, 37 cm s~! is equivalent to the differential

d
equation % = 3¢. Wording such as ‘changes with respect to’ also

indicates a differential equation.

© Insight Publications VCE Revision Questions: Specialist Mathematics Units 3 & 4
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Question 2d.

Worked solution

&3 a= = a2
S R

C(x—4) 32
s1n<2) 2+C

Applying the conditions x =2, r=0 gives
sin'(-1)=¢

=T
N =>c= >

-1 X_4>:3l‘2_7l'
= SIn ( ) )

B x—4:Sin<3t2—7r)
2 2

32— 7r>

:x=4+251n< 5

. Alternatively:
From part c.

s @ _
-0 < dt

2
Applying initial conditions y =0 when =0 gives y = %

From part b. it is known that x = 2sin(y - %) + 4.

2 2 _
So substituting y = % givesx=4+2 sin(%).
: > O Mark allocation: 3 marks

< — 2
Y * 1 mark for the integration by separating the variables to get sin! (%) = % + ¢ or for

i ing & _ _3r
integrating g 3ttogety= > te
2
* 1 mark for finding ¢ = —% or for applying initial conditions to get y = %

32— n)
2

v
“1’ e 1 markforx=4+2sin(

VCE Revision Questions: Specialist Mathematics Units 3 & 4 © Insight Publications



Question 3a.

Worked solution

Arc length is given by fx 1+ (f(x))? dx.

Area of Study 4: Calculus 223

The derivative of the curve f(x) is ' (x) = o g)(x ~o)

So the arc length is \
9 3 2 T
1+ d =
I5\/ (v—(x—S)(x—%) : SR
O e
= 5\jl+—(x—5)(x—9)dx G
_ ol 9 2
R e T
S0a=9,b=-5c=-9 ora=9,b=-9, c=-5. [0
Mark allocation: 2 marks e
. 3 =
* 1 mark for finding /'(x) = ———= -~ .
e 1 mark for the correct values of ¢, b and ¢
Question 3b. .
Worked solution B _"_'
Evaluating the definite integral found in part a. gives : \Q'
o[ 9
J \/1 G5+ & -
=10.3978...
~10.398 cm
-
arrLﬁnf"sin' rM;‘l+3;Jt x,5 '9\ 10.3978 7 |
Mark allocation: 1 mark -
e 1 mark for the correct answer of 10.398 cm -
l’." °
.‘ ‘. A

© Insight Publications
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Question 3c.i.
Worked solution

The volume generated when a curve is rotated about the y-axis is given by V= anxz d

Rearranging the equation of the curve in terms of y gives x = 2Sin<%<y 32”)> +7.

2
Therefore the definite integral for the volume is 7= nf(:” [2 sin(%(y - %)) + 7] dy.

Alternatively, V= njo [7 2cos(3>] dy.

Mark allocation: 1 mark

2
* 1 mark for a correct definite integral: V= n[ [Zsm(%( 3”)) +7] dy or

V_,rjo [7 2cos( )] dy

L Question 3c.ii.
Worked solution

Evaluating the integral found in part c.i. gives
e _ [, (1 3m
S V—nfo [2s1n<§(y > )) +7] dy
- =1510.05 cm?®

Using a CAS to evaluate the integral from part c.i. gives a volume of 1510.05 cm?.

- Im 1510.05

2
3 ; =
Je—
2
+7] dy
2

-

2:sin

T Mark allocation: 1 mark

e 1 mark for a correct answer: 1510.05 cm?

< Question 3d.
rf,j
Worked solution

Newton'’s law of cooling i is d =—KT—-T).

d _
S = KT = 20).

.’ . . . dT
Separating the variables gives =+ T~ 20)

Substituting 7, = 20 gives

—k-dt.

Integrating both sides gives

3 I(T S0y = | kdi
= log (T'—20)=—kt+c
=> T—20=¢ e

=> T=20+be™, where b= e

VCE Revision Questions: Specialist Mathematics Units 3 & 4 © Insight Publications
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So a=20.

Applying the initial conditions gives
90 =20 + be *°

=>b=70

To find &, substitute 7= 60 and =15, and solve for %.
60=20+70e '3

_ 1 40
= k=13 10&(70)

=0.037

~0.04

Therefore a =20, =70 and k= 0.04, and the temperature of the coffee is given as
T=20+70e0%.

Alternatively, we have

Integrating both sides over the given conditions to find k gives
60 15

9[) (T- 20) 0
[log, (T — 20)] gg = [kl

—k-dt

> logé(%) =—15k

= k=—=log,(3) = 0.037...

=0.04

This then gives I(T ) =[-0.04-dt.

Integrating both sides gives
log, (T—20)=-0.04t + ¢
=> T—20 =00
T=20+ be "% where b= e

So a = 20.
Applying the initial conditions gives

90 =20 + pe 004x0
=>b=70
Therefore a =20, b =70, k= 0.04 and the temperature of the coffee is given by T'=20 + 70¢7%,
Mark allocation: 3 marks
* 1 mark for separating the variables and integrating both sides of the equation

* 1 mark for applying the conditions in the question to get « = 20, » =70 and k£ = 0.04, correct to
two decimal places

* 1 mark for stating the equation: 7'=20 + 70e

© Insight Publications VCE Revision Questions: Specialist Mathematics Units 3 & 4
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Question 4
Worked solution

The length of the curve is given by L = [ "1+ (f'(x))’ dx.
Use a CAS to find the derivative.

3 2
da 2:x7=3x"=9-x+10
EEO| dx

e “ipo 2 (\'4~2'.\‘3~4~ .\'+14.)

T," (rz—.\'—?.)z

2
X =x=2

} 2
~ Then the integral is L — Iolj\/l N <2x4(;22i3x—_8;c)-2i- 28> dx.

9 Evaluating the integral for L gives 5.12327.

The length, correct to two decimal places, is 5.12.

TN Mark allocation: 2 marks

P 2
o * 1 mark for showing L = jolj\jl - <2x4(;22f3x__8;)j 28) dx

e * 1 mark for stating a length of 5.12

Question 5a.
- Worked solution
- -, | V= H-thz dy

‘o Rearranging the equation to make x the subject gives x = 4sin(%).

2
> V= nfoh <4 sin(%)) dy
= 16x foh sin? (g)dy
") Using the trigonometric double angle formula sin?(6) = %(1 —cos(26)) gives
=> V= 167tf0h %(1 —cos(y))dy
ol =8z [y —sin(y)];
. = 8x|h — sin(h) — 0 + sin (0)]
=8x[h —sin(h)]

Mark allocation: 2 marks

o * 1 mark for 8z[y — sin(y)]; or using an appropriate trigonometric identity to get
h ]
167rf0 (1 = cos(y))dy
“ * 1 mark for correctly showing the volume is 8z [/ — sin(4)]

VCE Revision Questions: Specialist Mathematics Units 3 & 4 © Insight Publications
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Question 5b.i.

Worked solution

dv dv
&= 162*\h and 5= 8x(1 — cos(h)).

Then

dh _dhdV
dt dvde

_ 1 2
= 81l —cos(m) < 167 Vh =

_ 27\h
1 —cos(h) B

Mark allocation: 2 marks
+ 1 mark for 47 = 8x(1 - cos(h) SR

dh _dhdv __ 2z\h
dt dvVdt 1—cos (h) M

* 1 mark for showing =~

Question 5b.ii.

Worked solution -\

One-quarter of the depth is % cm.

a_ VG . =

=1 /= — 1901 cms™, correct to two decimal places. =
I 1-cos (Z) |

So 5~

Mark allocation: 1 mark

e 1 mark for cg: =19.01 cm s’

Question 5c.i.
Worked solution pe

Euler’'s method, in the context of this question, is # ,, = h +step size, V =V + step size x ;,lh ,
where step size = h = and V,=2n(x - 242), using the result from part a.

qv
When - =8x(1 - cos (h)), then / =3 t3=75and (
z dV r
V=V, + d e 1
_ _ 4 _ T -
= 2a(z —22) + G 87[(1 cos(4))
~7.7492 ...
=17.75 cm? (correct to two decimal places) ' .
Euler's method can also be used with a CAS. .
euler(B- b (l-cos(x)),x‘y.{ 1,2 }.2- b (n—2-> | .T‘ ‘
4 2 T s N
[0.785398 1.5708 ]
1.96768 7.74916
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Mark allocation: 2 marks
* 1 mark for evidence of using Euler’s method to find the answer

¢ 1 mark for an estimate of 7.75 cm?®

Question 5c.ii.

Worked solution

From part a., the volume is given by 8z [/ —sin(h)]. So if h= % cm, then the volume is
87[[%— sin (g)] ~ 14.346 cm®,

Therefore the estimate is an underestimate of the volume.

Mark allocation: 1 mark

* 1 mark for finding the correct volume and concluding that the estimate is an underestimate

Question 6a.
Worked solution
Inflow: pure water with 0 mg L= pumped into the tank at 50 L min-".

Outflow: mixture pumped out at 100 L min—".

%= inflow — outflow

X _ oy 50— X x 100

dt 12 000 + 50z — 100¢
Cdx 0 —100x

“dt 12000 — 507

Mark allocation: 1 mark

* 1 mark for clearly showing the derivation of inflow and outflow and concluding
dc _ —100x

that” 7 =17600 - 507

Question 6b.

Worked solution

dc ~ —100x

dt 12000 — 50¢

1 _ 1
I =t00x = {7000 =307

dt

—ﬁloge x| = —%logeln 000 — 507 +¢
log |x| = 2log, |12 000 — 50¢| —100c
log, |x|=1log, (|12 000 — 504 ) + log, (&%)
log,|x|=log_ (e (|12000 — 50¢ )*)

Let 4 = e Then [x|=4(]12000 — 504 )>.

Substituting the initial condition into this equation to find 4 will determine the sign within the
absolute brackets.

x = A(12000 — 50¢)

VCE Revision Questions: Specialist Mathematics Units 3 & 4 © Insight Publications
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Given that initially there was a volume of 12000 L, with a concentration of fluoride being 3 mg L™":
Atr=0, x=12000 x 3=36000, so
36000 = A4 (12 000)2

(36000 _ 1
(12000)> ~ 4000

__1 -
x= 4000(12 000 — 507)*

—# 2 2
x = 705 (12.000° — 1200000 + 2500°)
x= %ﬁ ~300¢ + 36000

Mark allocation: 3 marks
* 1 mark for establishing the integrals (the second line of the solution above is sufficient)
* 1 mark for correct integration resulting in the expressionx =4 (12 000 — 50¢)* or equivalent

* 1 mark for substituting the initial conditions and manipulating algebraically, leading to the
answer

@/4 TIP

—

A common mistake is to omit the absolute value when integrating
logarithms, or to go directly from an expression that includes an

absolute value to one that doesn't. High-level responses will use the
initial condition to justify the step that takes them from an expression
that includes an absolute value to one that doesn't.

Question 6c¢.i.
Worked solution
When pure water is pumped into the tank, 7= 12000 — 50¢.

When the concentration of fluoride reaches 2 mg L=, the amount of fluoride is
x=2V=2(12000 - 50).

Substitute this into the equation for x in terms of ¢ from part b. to find the time when the
concentration reaches 2 mg L":

2(12000 - 50¢) =3 £ = 300t + 36 000

t=80o0r¢=240

t =240 is not a valid solution, as V=0 at this time.

So at 1=80, V'=28000, x =16 000.

New inflow: 1 mg L' pumped into the tank at 100 L min".

Outflow stays the same: mixture pumped out at 100 L min".

% = inflow — outflow

dx _ B X

ar ~ 17100 = o566 100 — 1007 < 100
dx _ X

& 100 &

© Insight Publications VCE Revision Questions: Specialist Mathematics Units 3 & 4
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Mark allocation: 2 marks
e 1 mark for the correct volume

* 1 mark for setting up the differential equation

Question 6c.ii.

Worked solution

With initial conditions 7 =0 and x = 16 000, using a CAS calculator gives x = 8000 ¢ s + 8000.
When the concentration reaches the prescribed limit of 1.5 mg L™, x = 1.5V= 1.5(8000) = 12 000.

12 000 = 8000e 50 + 8000
t=380log,(2)
t=155.45

Therefore, to the nearest minute, it will take 56 min for the concentration to drop below the
prescribed limit.

Mark allocation: 2 marks
* 1 mark for the correct equation for x in terms of ¢

e 1 mark for the correct time, to the nearest minute

Question 7a.
Worked solution

The volume of the curve can be found from y = njv:hxz dy.

R . _5x2 ) . , .Y
earranging y =g 5 to make x? the subject gives x? = st 9.

So the volume at a depth of # metres is V= njohxz dy= njohgs—y +9 dy.

9y? !
Integrating gives V' = 7[[ T 9y]

Substituting in the terminals gives a volume of V= 7[[% + 9h]

Mark allocation: 2 marks
* 1 mark for showing V' = njhg—y +9dy

9 h
* 1 mark for showing V:E[LO 9y] _,r[%Jr 9h]

Question 7b.

Worked solution

Or(h+ 5
From parta., V= ﬂ[%-l- 9h] dV—M

©an = 5
From the information supplied, the change in volume with respect to time can be expressed
as % = volume in — volume out = V342 —0.2. So
dh _dh  dV
dt —dv’™dr
97r(h 75y < (B3 -02)
2 _
:59;@?74&)1’ as required.

VCE Revision Questions: Specialist Mathematics Units 3 & 4 © Insight Publications
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Mark allocation: 2 marks
v _ On(h + 5)

* 1 mark for finding - 5 =\3h -
* 1 mark for using ‘g; g—lh/ X 6i,—rt/and showing calculations that get the required result

Question 7c.
Worked solution

Euler’s method in the context of this questionis 7 | =t + stepsize, h = h + step size x % :
where the step size is 2. h=h,

t,=17 and h,=3.44.

dh _5\V3 h? - _ _
IfE m then l‘l— 15+2=17 and
@
h = h +2 x dil,
B 5((3.44)2—1
=344+ 2x 75 3441 5)
~4.29052 ...

=4.29 m, correct to two decimal places.

Using Euler’s method on a CAS gives

*Unsaved <>

%
3 n2
euler(i,—lh{l 17}3 44,2)

9- 5 (#+5)

15 17 ]
344 429052

Mark allocation: 2 marks

* 1 mark for evidence of using Euler’s method to find an estimate

¢ 1 mark for an estimate of 4.29 m

(Q

» In questions involving Euler's method, it is enough just to show the
values generated by the formula when more than two steps are

> TIP

—

required.
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Question 7d.i.

Worked solution

The volume of the tank for any given time, ¢, can be expressed as 200 + 15¢ — 10z =200 + 5¢.
From the description:

inflow=0x15=0

_ X . 2x
outflow =556737 * 10 =755
dx . B _a2x . 2x
dr = inflow — outflow =0 20+7° 4017
dx 2x
Therefore di +4O+t_0'

Mark allocation: 2 marks

* 1 mark for setting up the inflow and outflow rates

dx 2x
dr a0+ 0

* 1 mark for correctly showing steps that lead to

Question 7d.ii.
Worked solution

. .o dx 2x
Starting with Y20+
Integrating both sides:

J@__J 2dt
X T )30 +1

= In(x) = —2In(40 + ) + ¢, 40 +¢>0

. . . dx dt
and then separating the variables gives P TEE

= In(x) = ln(m> +c

Substituting x = 20 when ¢ = 0 and solving to find c:

In(20) = In (m) te
¢ =1n(20) ~ In( 55 ) = In20 x 1600)
~ 1n(32 000)
In(x) =In (ﬁ) +1n(32 000) = 14%)
32000
(40 + p)?

Mark allocation: 3 marks

1 mark for showing [dx _ _|_2dt or equivalent
X740+

* 1 mark for finding ¢ = In(32 000) or an equivalent value

32000
(40 + 1)?

* 1 mark for obtaining the result x =
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&)

TIP

Using the deSolve (TI-Nspire) or dSolve (CASIO) function can help you
get the final answer if you don’t know how to show the steps that lead
to it.

Question 8a.

Worked solution
dx _
dt

@:ng: cos®
dx dt dx —2sin(®

dy __cot®
dx 2

e
sin(?), a’t_COS(t)

Mark allocation: 2 marks
e 1 mark for each derivative

* 1 mark for using the chain rule

> TIP

>

» Be sure to show that you are using the chain rule by showing how you

will multiply the derivatives together.

Question 8b.
Worked solution
N3 cot®
6 2
31
3 tan(®
tan(t) =3
_T
=3

.. x=-1, giving <71, g)

Mark allocation: 2 marks
* 1 mark for the correct ¢ value, found from equating the gradient with the derivative

e 1 mark for the correct coordinates
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Question 8c.

Worked solution

(e +2)

y=1\1 4

Mark allocation: 2 marks
* 1 mark for the correct integral expression and terminals

e 1 mark for the final answer

@ TIP

>

»  You might correctly note that this 3D shape has twice the volume of a

unit sphere. If you are using this method, explain your thinking so you
are awarded the method mark as well as the answer mark.

Question 9a.
Worked solution

The rate of paint flowing into the tank is equal to the rate flowing out, so we consider the change
in the amount of red paint.

dx

dx X

ax  _ sl — |
di 2 Lmin' and di o 100 x 5 L min
dx_dv _dv

dt  dty dtour

@:2_5_x:200—5x

dt 100 100

dx _40—x

dt 20

Mark allocation: 2 marks
* 1 mark for correctly stating the rate of red paint in and out

* 1 mark for IN — OUT, and for simplifying the fraction

@ TIP

>

» You must remember to multiply the concentration of red paint (in litres

per litre) by the rate of change of volume (in litres per minute).
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Question 9b.
Worked solution

dat__ 20
dx 40—x

t=-20log |40 — x|+ ¢

I3
x=40+ Ae 20, 30 A==+e.

Because x=75,t=0 => 4 =35.
x=40+35¢ %

Mark allocation: 4 marks

* 1 mark for finding the reciprocal

* 1 mark for finding the antiderivative

* 1 mark for substituting the initial conditions

* 1 mark for the constant of integration and the final answer

> TIP

—

» By changing the constant of integration from + ¢ to 4, you can remove

any confusion caused by the modulus sign.

Question 9c.

Worked solution

X

r (0,75)
80 &
60

40 - I ——

20

10 20 30 40 50 60

Mark allocation: 2 marks
* 1 mark for the end point at (0, 75)

* 1 mark for the shape of the graph, and for the asymptote labelled with its equation

> TIP

—

» You can draw the graph even if you don't correctly answer part b.
Initially there are 75 litres of red paint, and ultimately it will approach

40 litres. Hence the shape must be as shown.
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Question 9d.
Worked solution
This time the volume in the tank is reducing by 3 L min".

dx  _ -1 dx  _ X -1
di 2L min™' and di o 100—3t><8me

di_dv _dv
dt  dty dtour
ﬂzz_L
dt 100 — 3¢

Mark allocation: 2 marks
* 1 mark for a correct expression for volume: (100 — 3¢)

e 1 mark for the final answer

@ TIP

=

»  When a differential equation question asks you to ‘write down’ an
equation without asking you to solve it, the answer is likely to involve

two variables. In this case, the variables are x and «.

Question 10a.
Worked solution
Using a constant acceleration formula, with u =0, x=44.1, a=9.8, v= "2, gives
vZ=u’+2ax
v2=12(9.8)(44.1)
v2=1864.36
v=294ms!

Mark allocation: 2 marks
* 1 mark for using the constant acceleration formula

* 1 mark for working leading to 29.4 m s™'

@ TIP

=

»  State the known values and the required variable to help you to decide

which formula to use.
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Question 10b.
Worked solution
a=-04@+0.6)> ms™
dv__ 2(00+0.6)

dt 5
a5
dv 2(v+0.6)? ;
= v_— 5 e )
! 29I.4 2(p+0.6)2dp e
R T N
2v+0.6) 12 ‘
_ 30 _302t-49) B
VETar+1 06 O V=TT ek
Mark allocation: 3 marks : ~7

* 1 mark for antidifferentiating %

* 1 mark for the correct use of initial conditions (terminals) to find the constant of integration 5,

¢ 1 mark for the final answer in the correct form Vo
Question 10c. e
Worked solution : -
Up until t=4.08 s, the coconut is sinking in the water. After that, it reverses direction and slowly .
rises to the surface.

There are three parts to the answer. -
The coconut sinking underwater (a distance of 7.33 m over 4.08 s). ;"’ ‘o
w(t)=0 '
t=4.08 “ff
Twoar=133 =,

The coconut rising in the water to the surface (23.53 — 4.08 = 19.45 s).

o Edit Actlon Intersctive < .

24| 4o [laafsime it v [ 44|+ | _. e

T T=5 TS I 0 .- W
4. 08
[ vt e
1]
T.330056713
X
-mtw“ t'{ildI;:-?.33505511x>ﬂ.x]
4. 08

{x=23. 52756219}
i :

Alg Decimal Real DOeg

The time of 23.528 s is from the time the coconut hits the water and so already incorporates the
4.08 s from above.
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The coconut initially falling through the air to get to the water in the first place, so ¢ = \f2 X9‘§4'1 =3s.

The total of the three components is 26.53 s.

Mark allocation: 4 marks

* 1 mark for finding the time spent in the air

* 1 mark for finding the time spent sinking

* 1 mark for finding the time spent rising in the water

* 1 mark for the final answer, correct to one decimal place

Question 11a.

Worked solutions

Two equations can be written from the information provided:

8850 = 7-3000(1-2%%) 1]

5 _ _ 6000
8850- 5= r-6000( 1 - 9990) 2]

Solving the simultaneous equations [1] and [2] gives values of =3 and K = 18000.

Mark allocation: 2 marks
e 1 mark for the correct value of =3

¢ 1 mark for the correct value of K =18000.

Question 11b.
Worked solution
Solving the differential equation using a CAS yields

180000 e¢*
e¥+59

P(t) =
a=18000

b=3

c=59

Mark allocation: 3 marks

* 1 mark for the correct value of a = 18000
* 1 mark for the correct value of b =3

¢ 1 mark for the correct value of ¢ =59
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Question 11c.
Worked solution
The maximum rate of growth occurs at a time when

d*P _

dar 0
—95580000 - e*(e3 — 59) —0
(e’ +59)° B
B log,(59)
t=—73—
log (59
P(%) =90000
Mark allocation: 2 marks
] loge(59)
e 1 mark for the correct time value oft=f

* 1 mark for the correct population value of P =90000

Question 11d.
Worked solution
The population and rate of growth will both be increasing from ¢ = 0 up to the point of inflection

log (59
of the curve described by P(¢), which occurs at% (known from part c.).

. . log,(59)
Therefore the correct interval is r € |0, f .

Mark allocation: 1 mark
loge(59)]

e 1 mark for correct time interval value of r € [O, 3
Question 11e.
Worked solution
The third minute is the time interval between t=2 and ¢ = 3.

The amount of new bacteria produced during this time interval can be found by evaluating
P(3)— P(2)=21664.6 =~21665.

Mark allocation: 1 mark

* 1 mark for the correct integer population value of 21 665 bacteria
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EXAMI1

Question 1
Worked solution
x — 2 =sin(2f)

. 1 —cos(2¢)
y=2sin?(¢) =2 X——s = 1- cos(27)

= 1 —y=rcos(2f)

S (x—2)2+ (1 —y)*=sin*(2t) + cos*(2t) =1
or(x—2)*+@y—-12%=1

Mark allocation: 2 marks

* 1 mark for correctly expressing y in terms of cos(2¢)

* 1 mark for the correct equation

@/4 TIP

—

»  Use the double angle formula to express y in terms of cos(27) so that the

Cartesian equation is easily found.

Question 2a.
Worked solution
b-c=(2i+j+nk)-(4i+3]+6k)

=>b-c=8+3+6n=0

=>6n=-11
. n=—£
c 6

Mark allocation: 1 mark

e 1 mark for the correct answer
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Question 2b.
Worked solution

Qi+ j+nk)- (2i+nk)

cost = V5 +n? x N4+ pn?
4 +n? 3

0= -
Z ST S xNd V10
=>V4+n2: 3
V5+n2 N10

\10(4 +n?) =35 + n?
=40+ 10n>=45+9n?
>n’=5

n=%\5

Mark allocation: 2 marks
* 1 mark for the correct equation for cos(6) in terms of n

¢ 1 mark for the correct answer

@ TIP

=

» The angle between a vector and a plane is the angle between the vector

and the component of the vector in the direction of the plane only.

Question 2c.

Worked solution

Vectors a, b and ¢ are linearly dependent if b = ma + p¢c, where m,p € R and are not both zero.

Hence b =2i+ j+ nk=3mi+2mj+2mk +4pi + 3pj + 6pk

=>3m+4p=2
2m+3p=1
2m+6p=n

3m+4dp=2=>6m+8p=4
2m+3p=1=>6m+9p=3

=>p=-1
>m=2
>n=-2

.. Vectors a, b and ¢ are linearly independent if » € R\{-2}.

Mark allocation: 2 marks
* 1 mark for finding correct values of m and p, where b=ma + p¢

e 1 mark for the correct answer
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@ TIP

—

»  First determine the value of n for which the vectors are linearly

dependent.

Question 3a.

Worked solution

A\ 4

o C

I

For N to be closest to C, CN must be perpendicular to O4.

=

B —_—
Let 04 =i+2j—kand OC =2i—j—2k.
The scalar resolute of OC in the direction of the equation of 04 =|ON|.

_(vee(o)vee@) _ 2-2+2 2

Vel TE2 17 6

Mark allocation: 1 mark

ON

e 1 mark for the correct answer

Question 3b.

Worked solution

—_—

0C| =22+ (-1 + (22 =9 =3
Using Pythagoras’ theorem:

CN?=0C?— ON*?

_g_4
_96

Mark allocation: 2 marks
« 1 mark for the correct evaluation of |OC]|

¢ 1 mark for the correct answer
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Question 4
Worked solution
[(t)=2i+4j
i(t)=2ti+ 4@' +c
£(0)=¢=-2i -3k
£(t)=2ti+4tj—2i—3k
= 1(¢) =2t —2)i +4tj -3k
r(t)= (=201 +2¢2 j-3tk +d
r0)=d=i-j+2k
t(t)= (- 201+ 2] -3tk+i—-j+ 2k

Area of Study 5: Space and measurement

()= -2t+Di+ Q- 1Dj+ 230k

rQ)=i+7j- 4%k
£(2) ~ 1(0) = 8] — 6k

1@~ r(O)] =8+ (-6 =10

Therefore the particle is 10 metres from its initial position after 2 seconds.

Mark allocation: 4 marks

* 1 mark for the correct velocity vector i (¢)

* 1 mark for the correct position vector 1 (¢)

* 1 mark for the correct vector r(2) — £ (0)

¢ 1 mark for the correct answer

Question 5

Worked solution

x = arcsin(f) = ¢ = sin(x)

y =201 -2 = y=2sin?(x)y1 — sin(x)
y = 2sin?(x) cos(x)

Mark allocation: 1 mark

* 1 mark for the correct equation

Question 6a.

Worked solution
04| =2/oc]
= \m?>+(39)" =2/0¢| =20
m?+39 =400
m? =361
m=+\361 =+19

Mark allocation: 2 marks

« 1 mark for showing that \m? + (39)" = 20

* 1 mark for the correct answer (expressed as a square root is acceptable)
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It is important to check the conditions given in the question to ensure
that you give the correct number of solutions when more than one
solution is possible.

Question 6b.
Worked solution
_— —
04 -0C _1
— | — 5
04 |oc]
L, 6xm+0x8+0xV39 _1
10\m? + (439’ >
N —3m__ _1
5Vm?+39 S

3m=Vm?>+39 . m<0
Om?*=m?+ 39

8m? =139
_ .39 _ 78
m‘i{;‘i4
\78

But m<0, ..m= 4

Mark allocation: 2 marks

* 1 mark for showing thats_?’—mz%

m?+ 39

¢ 1 mark for the correct answer

Question 7
Worked solution

Begin by assuming that the vectors are linearly dependent and can be expressed in the form
¢ =ya+ b, where y, 1 € R.

Determine the values of y and 4 by setting up and solving the following simultaneous equations.
i components: 5 =3y — 24 [1]

J components: 1=y —24 [2]

k components: d =—-2y — 441 [3]

[1] - [2] gives

=>5-1=3y—y—21—-21

>4=2

Therefore y=2.

Substituting y = 2 into either equation [1] or [2] and solving for A gives 1 = %
Substituting y=2 and 2 =% into equation [3] gives d = —6.

If d = -6, then the vectors are linearly dependent.

Therefore for the vectors to be linearly independent, d € R\{-6}.
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Mark allocation: 3 marks

Area of Study 5: Space and measurement

* 1 mark for expressing the vectors as a linear combination (in the form ¢ = ya + 1b)

* 1 mark for finding the value of d that makes the vectors linearly dependent

* 1 mark for stating that 4 € R\{—6}

Question 8a.

Worked solution

The centre of the base will be the mid point of the line joining the opposite corners of the square

base.
15 1

The coordinate of the centre is therefore (7 PR 0), with a corresponding position vector of

— 15.,15.
OM = 21+ 2J+015.

Mark allocation: 1 mark

* 1 mark for the correct position vector of 12—51 +

Question 8b.
Worked solution
Method 1: Trigonometry

A right-angled triangle is formed by the position
centre of the pyramid’s base to its vertex.

owl- () (57 -3

15
oM
2

Method 2: Dot product

- () (57 -3¢

l—sj + 0k or, more simply, %j, + 12—51

_ > . .
vectors OM, OD and a straight line from the

o) (5 - = -

074‘-()—1>‘:(1_5)2+<1_5)2:22_5

2 2 2

. . 225
cos(@)=2M-0D __ 2 __15

owlon 15177

Mark allocation: 3 marks
* 1 mark for the correct magnitude of oM

* 1 mark for the correct magnitude of oD

[

* 1 mark for the correct value for cos(6) of i

|
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Question 8c.

Worked solution

a=152=225
h=a\2
V=%ah =%= 300V2

Mark allocation: 1 mark

* 1 mark for the volume of the pyramid in the correct form: = 3002

@ TIP

=

» The VCAA formula sheet contains several useful measurement formulas,

including that for the volume of a pyramid.

Question 9

Worked solution
|a|=V36+9+4 =49 =7
lb|=\m>+n>+4=3
=>m?+n*=5
a-b=6m+2n+6

The scalar resolute of a in the direction of b is given by

. a-b
a-b=-"77
b
20 _6m+2n+6
3 3
14=6m+2n
7=3m+n

We now have two equations relating m and », and they can be solved by substitution:
n?=(7-3m)>*=9m*—42m + 49, so

m?+OOm?—42m+49)=35
10m?—42m+49=35
10m?—42m+44=0
5m*=2lm+22=0
S5m*=10m—11lm+22=0
Smim—2)—11m—-2)=0
Gm—1Dm—-2)=0

_, 1
m=2, 5

m=2,asmeZ
n=7-32)=1

VCE Revision Questions: Specialist Mathematics Units 3 & 4 © Insight Publications



Area of Study 5: Space and measurement 247

Mark allocation: 4 marks

* 1 mark for determining the first equation relating m and n: m* + n*=15, or equivalent

* 1 mark for determining the second equation relating m and n: 7= 3m + n, or equivalent
* 1 mark for the correct value of m: 2

¢ 1 mark for the correct value of n: 1

Question 10a.

Worked solution

/] 3 —4

PQ=<3>—C>=<2>=ﬂﬁ+ﬁ—%
3 5 -2 )

(2 3 -5

PR=<4>—Q>=<%J=—$—$+%
7 5 2 B

Mark allocation: 2 marks
* 1 mark for the correct expression for @

* 1 mark for the correct expression for PR

Question 10b.
Worked solution

A vector noln)al to th_e) plane containing P, O and R can be found by evaluating the vector cross
product of PQ and PR.

]k

— — J
0=POXPR=-4 2 -2
-5 =5 2

=(@4-10i-(8-10)j + (20 + 10)k = —6i + 18] + 30k
Simplifying with a common factor of 6 gives n=—i +3j + 5k.

Mark allocation: 2 marks
* 1 mark for the correct determinant or correct formula to evaluate the cross product

* 1 mark for the correct vector for n.

Note: Any vector parallel to n = —i + 3] + 5k should be taken as a correct answer (i.e. vectors of
the form m(=i+3j + 5k), m € R.)
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Question 10c.
Worked solution

The vector equation of the plane can be determined using the normal vector n found previously
in part b.

X

r-n=a-n,wherer= <J/> and a is the position vector of any point on the plane.
zZ

X 1 3 1
6)-(2)-()- (5
z -5 5 -5
Evaluating the above scalar product yields a Cartesian equation for the plane of x — 3y — 5z =-25.

Mark allocation: 2 marks

* 1 mark for the correct vector expression for the plane, found using the scalar product or
equivalent valid method

* 1 mark for the correct Cartesian equation of the plane of x — 3y — 5z =—25 or equivalent

Question 11a.
Worked solution

The coordinates of any point on L will be described by

2+ 3t X
t)y= 3-t |= <J/>
—4 +2¢ z
Substituting the coordinates of a point on L into the equation of plane I1, then solving for ¢, gives
2+3t)+33—1t)—-5-4+2t)=9
-10t+31=9

—10¢=-22

11
5

It follows that the intersection point will be described by
2+3(2) 8

@)= 3-@ |=|!
-4 +2(2) 0

t

Therefore the point of intersection of L and I is (%

[(GEN
(1)

).

* 1 mark for correctly substituting values for x, y, z in terms of ¢ into equation of plane I1

Mark allocation: 3 marks

* 1 mark for the correct value of =2 for the intersection point

* 1 mark for the correct coordinates of the point of intersection: (8, 1, 0)
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Question 11b.

Worked solution

Let ¢ be the angle between L and the normal vector to plane II.
By symmetry, we know that sin(6) = cos (% —~ 6) = cos(4).

Using the scalar product to find cos(¢):

W),

‘ ‘ ‘rr 7

As ¢ is acute, cos(4) >0
Therefore cos(¢) = g

Therefore sin(0) = cos (5 — 0) = cos(¢) = @

Mark allocation: 3 marks

* 1 mark for choosing the correct vectors to find the angle between L and the normal vector to
plane 1

* 1 mark for setting up the correct scalar product expression or equivalent to determine the
cosine of the angle

* 1 mark for the correct value of sin(#), in the specified form of%

Question 12a.

Worked solution

2 3 1
Points 4, B and C will have position vectors of a = <3> b= <—4> and ¢ = <—2), respectively.
1 5 4

A vector equation of a line passing through 4 and B can be found by evaluating
r(t)=a+ub-a)

O40)
o ()3

Mark allocation: 2 marks

* 1 mark for the correct vector expression for a line using the position vectors of any two points
on the line

* 1 mark for any correct vector equation of a line through 4 and B. Note: There are many
correct expressions. The expression given by the worked solution is the most common one.
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Question 12b.

Worked solution

Area = %\(b—@) X (¢c—a)

e ]k
=31 -7 4
-1 -5 3
I S
=571 7J 12k
~~N194
2

Mark allocation: 3 marks

* 1 mark for the correct expression, found using vector cross product, which could be evaluated
to find the required area

* 1 mark for the correct evaluation of vector cross product

e 1 mark for the correct area

Question 12c.
Worked solution

Possible position vectors and coordinates of D are

2 2 4
oo (- ()
1 1 2

- D, has coordinates (4, 1, 2).

2 -2 0
D2=a+(9—b)=<3>+<2>=<5>
1 -1 0

D, has coordinates (0, 5, 0).

3 -1 2
D,=btc-—a=|-4)+|-5])=|9

5 3 8
D, has coordinates (2, -9, 8).

Mark allocation: 3 marks

* 1 mark for each correct possible coordinate of point D (up to 3 marks)

g
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Question 13a.
Worked solution

1+2¢
From the vector equation L it can be seen that a point on L, will have position vector < 4+1¢ >
t

The minimum distance from 4 to L, will occur when the vector from 4 to L, is perpendicular to
the direction of L .

1+2t-3 2t—-2
The vectorfromAto L is|{ 4+t+2 |J=| t+6 |
t+2 t+2

Now use the dot product to find the value of 7 such that the vector from 4 to L is perpendicular
to the direction of L .

2t—2 2
<t+6>-<1>=0

t+2 1
2Qt=2)+(t+6)+(+2)=0

6t+4=0

__2
=73

Therefore the point closest to 4 has position vector

-2\ . C 2 _1.,.10. 2 . 110 2
r(7>_1+43 3(2L+J+15)— 3l+3J 315andhascoord|nates( 33 3).

~1

Mark allocation: 3 marks

* 1 mark for the correct scalar product expression to find the value of 7 such that the vector from
A to L, is perpendicular to the direction of L,
* 1 mark for the correct value of = —%

* 1 mark for the correct coordinates of closest point: (—%13—0—%

Question 13b.
Worked solution

The minimum distance is given by

10
3
6

= =
2

3
4
3

_1
3
10

3
_2
3

Mark allocation: 1 mark

2493

¢ 1 mark for the correct minimum distance of 3 units

© Insight Publications VCE Revision Questions: Specialist Mathematics Units 3 & 4

25]



252

Area of Study 5: Space and measurement

Question 13c.
Worked solution
L, will have the vector equation r, (s) = 3i — ZJ' -2k +s(—81+ 3j +-k), s €R.

L, and L, intersect when

1+2¢ 3 —8s
4+t )= -2+3s
t -2 -5

The above vector equation yields three linear equations for s and
1+2t=3-8s [1]
4+1=-2+3s [2]
t=-2-s [3]

Substituting equation [3] into [2] gives
44+ (2-5)="2+3s
s=1

Evaluating equation [3] with s =1 gives t=-2 — 1 =-3.
Verifying that solution for s and ¢ also works in equation [1]:
1+2(-3)=3-8(1)

-5=-5
Therefore L, and L, intersect when s =1 and ¢ = -3. s
The point of intersection will have position vector r (=3) =r1,(1) = < 1>, which corresponds to
coordinates (-5, 1, -3). -3
Mark allocation: 4 marks
* 1 mark for the correct vector equation of L,
* 1 mark for the equation position vectors of points on L, and L,

* 1 mark for the correct values of parameters s and ¢ that correspond to the point of intersection
ofs=1land¢t=-3

* 1 mark for the correct coordinates of the point of intersection: (-5, 1, -3)

Question 14a.
Worked solution

For two planes to be perpendicular, the scalar (dot) product of the two normal vectors must be
zero.

(i+2j-k)-(i+]+pk) =0
1-2-p=0
p=3

Mark allocation: 1 mark

* 1 mark for equating the dot product of the two normal vectors equal to zero and solving for p
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Question 14b.
Worked solution

We can find the cross product of the normal vectors of I1 and I1, to obtain a vector that is
perpendicular to both normal vectors I1, and IL,.

1]k
n={1 2 -1|=71-4j-k
1 1 3

Therefore the Cartesian equation of a plane is given by 7x — 4y — z = ¢, where ¢ is a constant.
Substituting the point (1, 2, 1) to determine the value of g gives ¢ = 2.

Therefore the Cartesian equation of the plane is given by 7x — 4y —z=-2.

Mark allocation: 2 marks
* 1 mark for determining the cross product of the normal vectors of I1, and I1,: n =71 —4j — k

* 1 mark for correct answer of 7x —4y —z=-2

Question 14c.
Worked solution
To find the distance from 4 to B, we must first find the coordinates of 4 and B.

The equation of line L can be expressed in parametric form to determine the coordinates of any
point along the line.

@y, zy=(1+11+3¢ 1—-60)

To find point 4, the point (x,y,z)=(1 +1¢, 1 + 3¢, 1 — 6¢) can be substituted into the Cartesian
equation of IT, and then solve for 7.

A+ +20+3n—-U—-60=15
2+13t=15
t=1
Therefore, the coordinates of 4 are (2, 4, —2).

To find point 4, the point (x, y, z) = (1 +¢, 1 + 3¢, 1 — 61) can be substituted into the Cartesian
equation of I1, and then solve for 7.

1+D+A+30+3(0-60=5

5—14¢t=5

t=0

Therefore the coordinates of B are (1, 1, 1).
The vector 45 is given by —i —3j + 3k.
Therefore ‘ﬁ \ =+19.
Mark allocation: 3 marks
* 1 mark for determining the coordinate of 4
* 1 mark for determining the coordinate of B

» 1 mark for correct answer of V19
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EXAM 2
Section A

Question 1
Answer: B

Worked solution

. . . . N ~ b ) )
K The scalar resolute of a in the direction of b is given by a-b, where b IHI%QL +2j + k). So
,, @'6:%(3i+mj—315)~(21+2j+1~<):5
: ~1@+2m)=5s
X >m=06
o Question 2
Answer: B

Worked solution

Velocity vectors of the two particles are i =2j + —4jand § =614+ 3].

Two vectors are perpendicular when their dot products are equal to zero. So
iy B§=2x61+-4x3=0
=12t-12=0

=>r=1

Question 3
-9 Answer: D
Worked solution
Start off by finding the value of A that makes the vectors linearly dependent.

Write each component of ¢ as a linear combination of a and b.

i component: 2m—n=3 [1]
J component: —m +3n=1 [2]
“:,, 2 k component: 2m —2n =1 [3]

Rearranging equation [1] gives n =2m — 3.
Substituting » into equation [2] and solving for m and n gives m=2, n=1.
Substituting m and » into equation [3] gives 1 = 2.

. This value of 4 makes the vectors linearly dependent, so option A is incorrect because the
question is asking for values that make the vectors linearly independent.

-,
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Options B and C are all incorrect because they include 1 =2 in their possible values of 4.
Therefore option D is correct because it provides values of A that make the vectors linearly
independent.

<;Q TIP

=z

When attempting questions about linearly dependent/independent
vectors, start off by showing linear dependence. Then take the time to
carefully read your answer so that you are giving the correct response

for the context of the question; that is, if the question is about linear
independence, you give the response for linear independence and not
linear dependence.

Question 4
Answer: B
Worked solution

The vector resolute of a =i+ 4j + 2k perpendicular to b = 2i + 2j — k is given by

»  Ensure you are familiar with the language of the vector projections, in
particular which formula is associated with the projection. This will help
you choose the correct formula when given the context of the question.

Question 5

Answer: A

Worked solution
a

1 .
a1~ 541+ 3k). So

The scalar resolute of b in the direction of a is given by b-4, where 4 =

bra =521~ 3j + ck)- (~4i + 3K)
—3(-8+3¢)
=>c=16

© Insight Publications VCE Revision Questions: Specialist Mathematics Units 3 & 4

255



256 Area of Study 5: Space and measurement

Question 6

Answer: D

Worked solution

If the vectors are linearly dependent, then ¢ = ma + nb.
Equating the components of the vectors gives
icomponent: 1 =4m — %n

Jj component: 1 =—6m + 6n

k component: y=2m — 12n

Rearranging the j component gives n = I +66m

WIN

Substituting » into the i component and solving for m and n gives m = % n=
Substituting m and n into the k component gives y=-7.

Only option D matches this value of y.

Question 7
Answer: A

Worked solution

E

The angle between the vector a and the y-axis is given by 8 = cos‘( ) where 3, is the vector

made of the components of a in the direction of the y-axis. So
- -1 _—1
o (i)

()
=109.471
=~ 109°

=)

Question 8

Answer: D

Worked solution

_) . . % . .

MP =2i+7)—-3k, OP=-51+2j—4k

Since M, P and Q are collinear (i.e. MO = kPQ) and |[MP|=|0P|, it follows that 7P = PO.

—_ > —_—> - —_—
. 00 =OP + PQ = OP + MP =3 +9j — Tk
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Question 9
Answer: B
Worked solution

Let the angle be 6.
(21 + 5k)- (mi — 3j) o
cos(0)=—5: S =
21+ 5K lmi— 3]l  N22+ 52m? + (=3)?

2m

Given that 0 is less than £, 0 < cos(9) < 1, then 0 < —=2 < |
iv i 3 cos(d) , 30(m? % 9)
. 2m
Consider —=———=<1
\29(m? +9)
2m <+29(m?+9) is true for m € [0, «).
. 2m
Now consider —=——=>0
\29(m? + 9)
2m >0
*m>0
Question 10
Answer: B
Worked solution
A sketch of the arrangement is shown below.
1
/1 Ne
. o\ NI
4| R A0 p |
NG~

A circle of origin (0, 0) is shown with a radius of 2.

It can be seen that the line AC passes through the centre of the circle and is the diameter of the
circle. From the vector proof, the angle subtended by a diameter in a circle is a right angle. So
<ABC is a right angle.

Therefore option B is true.

Alternatively, exploring the side lengths:
4B =3 -1 +(\3-1 =22
AC|=\Q3) + @2 =4

B =3 -1 +(1+3) =22

As ‘E‘ = ‘B_C> , we can say that the triangle is isosceles, which eliminates option A.

The diameter of the circle is 4 units, so the base of the triangle formed is 4 and the height is 2.
So the area of the triangle is 4 square units, which eliminates option D.
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. . —> —
Finding the dot product of BC and BA4:
BA = (-3 - Di+ (3 - 1)

BC=(3-Di+ (3 +1)j

— —

=>B4A -BC=(-V3-1DN3 -1+ 3-1)K3+1)

=242
=0

Therefore there is a right angle at z4ABC, making option B true. This also makes option C false
because if one angle in a triangle is a right angle, the remaining two must be acute angles;

therefore there are no obtuse angles in the triangle.

Question 11
Answer: C
Worked solution

b

L
(20— j—2k)-(51 + N2 + 3k)

1w

cos(0) =

iy

V22 (P (22052 + (V2) + 32

_4-\2
18

Then cos(20) =2 cos(@) — 1

o (4-2Y
_2X< B )‘1
_ 42 8
81 9
Question 12

Answer: D

Worked solution

To find the area, the vector component ofP_Q) perpendicular to PS is needed to find the height of

the parallelogram.

— — —\—
PG - (PG - PS)PS=2i+2j -k~ |(2i+2) - k)

= 2§ +2j~k — [-2]

—6i + 8k
=2i+21—1~<+—( 5 3
— i +2j+3k
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The area of the parallelogram will be
— — 2\ ==
PG - (PO - PS)PS|PS| =

=10V5

4,3
5l+2J+51~<

—61 + 8k|

Alternatively, the area of the parallelogram can be found by calculating ‘P_Q) X P_S)’
_— —>
PQ x P§=161—10j + 12k

PG x PS|=10v3

Question 13 7
Answer: C e
Worked solution

First, use the modulus to find a relationship between « and b.

v=ai—6j+bk

v =N@?+ (62 + (0)? =36 +a’ + b?

NG =36+ + 5
56=36+a>+ b> DS
20=a*+b? .

Now use the scalar (dot) product to find a further relationship.

b=24-10a

Finally, solve the two equations simultaneously.
20=qa?+b?
b=24-10a
20=a*+ (24 - 10a)? re
a=2,b=4 ‘
and
278 356

“=To1- b =101 -
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Question 14

Answer: A

Worked solution

First, antidifferentiate using the initial position to find the position vector as a function of time.
t®=3ti—e'j

2

. _ 3. .
..z(t)—zg e'jte¢

(0 =7i+\3j —k

ne=T7i+ (B +1)j-k

2
.znn=(%§+7ﬁﬂ%V§+1—dh—k

Now, find the position at the two end points (i.e. 2 and 6) and divide by 4.
3¢ : iy
@ = <7+7);+(«5+ 1 —e)J—lg
_1(6) —1(2)

Va7 62

(61i+ (3 +1-e)j—k)— (13i+ (3 +1-ed)j—k)
vav = 4

48i + (e* —e%)j
Var = 4

2_ ,6
VaV:121+(e 4e)J.

Question 15

Answer: C

Worked solution

Points 4 and B have position vectors a=1i—3j+ 7k and b = 4i — 6] — 2k, respectively.
The direction of line segmentﬁ =b—-a=4i-6j—2k— (i -3j+ 715) =31—3j-9%.

Only options C and D describe a line that is perpendicular to line segmentﬁ because the
scalar product of 3i —3j — 9k and 4i + j + k is zero.

The line described by option C passes through point 4, whereas the line described by option D
passes through point B. Therefore option C is correct.

Question 16
Answer: D
Worked solution
. . C 14 _
The signed distance between I1, and the origin is N 2.

: . o -21 _
The signed distance between I1, and the origin is e 3.

Therefore the distance between I1, and I1, is 5.
To be the same distance from I1, as I1 , I1, must be 7 units from the origin.

As 11, is parallel to IT, its equation should be of the form 2x + 3y + 6z = 49.
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If we multiply this equation by a factor of 3, we obtain 6x + 9y + 18z = 147.

Therefore option D is correct.

Question 17

Answer: C

Worked solution

By inspection, the direction of the line is d =2i —3j -2k and a nordmal vector to the plane is
‘n

n=2i-3j—4k.The angle between d and n is given by 6= cos™! <|(~1”r~1|> ~19.0°.

The angle between the line and the plane is therefore 90°-19.0°= 71.0°, giving option B as the
correct answer.

Section B

Question 1a.
Worked solution

Let x=2—3cos(t)and y =1 —2sin(z).
_ -1
X732 and sin(t) = %

Recall that cos?(¢) + sin?(¢) = 1. It follows that

(x—_32)2+<y—_21 )2 =1
G2 6o

Hence cos(t) =

1

Mark allocation: 2 marks

1
+ 1 mark for cos(r) =*=% and sin(1) =

—_9)2 - 1)?
] 1markfor(x 92) +(y4 ) =1

Question 1b.

Worked solution

y
A
4
3
7 N
|
< » X
A 3
o}
3
Jr
5
v

Whent=0,x=-1and y=1.

_
Whent—z,
Whent=z,x=5and y=1.

x=2andy=-1.
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Mark allocation: 2 marks
* 1 mark for accurately drawing the ellipse

* 1 mark for at least one arrow showing an anti-clockwise direction

»  Testing different values of 7 in parametric equations to find the
Cartesian coordinates is a useful way of determining the direction of
motion.

Question 1c.
Worked solution

The i component of the position vector of the walker and the dog is the same for all time, so it

needs to be shown that the j component of the position vector of the walker and the dog is the
5t N

same at t="¢"
Walker:

When Z—F, the J component is 1 —2s1n<56 )J =1- lj = OJ’.
Dog:

5 . . 24 x5 . . .
When t=%, the j component is 5 — 6”_4J:4_4J:0J'

Since the i and j components of r, and r | are the same at t— =% then the walker and the dog

collide at t—%”

Mark allocation: 2 marks
* 1 mark for equating the j components of the position vectors at ¢ = 5—67[

* 1 mark for a concluding statement that the walker and the dog collide because they have the
Sz

same position vector at 1=
Question 1d.
Worked solution
The velocity vectors can be found by differentiating the position vectors:

t, =3sin()i—-2cos(#)j and i = 3sin(#)i + %J

When z—%”
<><—> andt, - 35n(5)i+ 2

3..24
1+\/—Jandr =51 +5—J
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The angle between the velocity vectors is given by

H:C"Sl(éWniQ)
{ Girsi)-(3i+5ai)
= Ccos 2 2 2
1G) ~cor(3) + ()
=cos™! %+2§f
VG) @y (3) + (2

=3.579946343
=3.6°
Mark allocation: 3 marks

* 1 mark for correctly differentiating the position vectors

I..W
* 1 mark for using 8 =cos™!

[y lIEp |
* 1 mark for the correct angle: § =3.6°

Question 1e.
Worked solution

Speed of the dog is given by speed = [ |.

5z,
Soatr= 6
speed = [t |
2 2
=20 50 V() + (5) —21ams

Mark allocation: 2 marks

1 mark for showing (%>2+<%>2

¢ 1 mark for the correct answer: 2.14 ms~!

Question 2a.i.

Worked solution

Area of Study 5: Space and measurement

i
> atr= ? Z to find the angle between the velocity vectors

The distance can be found using the formula [r (7)) — 1t ,(¢)I.

Substituting 7, =0 and ¢, = 34—” and then evaluating gives

)01 (1202 3E) 1200 <)« (2 3) 3200 -3

4
=8
=22 km

Mark allocation: 1 mark

e 1 mark for correct final answer: 242 km
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Question 2a.ii.
Worked solution

Speed is given by ’ie(’)\- So i, = 4sin(20)i + 4cos(24)j. Then

2 2
i(;(%)‘: 4sin(2 X %)1 + 4cos<2 X %)J ‘ = \j<4sin<2 X %)) + <4cos<2 X %)) =4 kmmin™!

Mark allocation: 2 marks

* 1 mark for finding i, = 4sin(21)i + 4 cos(2¢)]

¢ 1 mark for the correct final answer: 4 km min~

Question 2b.

Worked solution

For a collision to occur, Geoff and Daneesha must have the same position at the same time.
Equating the i and j components of the position vectors and solving simultaneously gives

1 —2cos(2t)=a +sin(t) [1]

2sin(2t) +3=3-cos(t)  [2]

_z _
:>t—2 and a = 2.

\
2'sinf2-£)+3=3-cosls)’ 2 }.JI("‘:K“

([1-2-cosl2: t)ma+sinit)
sc-lveL 2 {

f=15708 and g=2

Solving equation [2] to get ¢ = % can be done as follows.
25sin(2¢) = —cos(?)
= 4sin(t) cos(z) + cos(¢) =0
= cos(f)(4sin() +1)=0
So either cos(¢) =0 or 4sin(z) + 1 =0.
For cos(¢) =0, t=% is the only solution inside the domain.
For 4sin(¢) +1=0= sin(?) = —%, there is no solution inside the domain.
Thus 1=7.

2
Substituting t=% into either position vector will give the coordinates of the collision, which are

t(5) = (1-2e05(2 5 5) )i +(2sin(2 2 §) +2);
=(,3)
Mark allocation: 3 marks
* 1 mark for equating the i and j components of the position vectors
* 1 mark for correctly finding a =2

* 1 mark for the correct coordinates of the collision: (3, 3)
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&)

TIP

»  When solving trigonometric equations using a CAS, it is a good idea to

restrict the domain to that indicated in the question. This will ignore
solutions that are not in the required domain.

Question 2c.
Worked solution

The parametric equations that describe the motion of Daneesha’s path are x — 2 = sin(¢)
and —(y — 3) = cos(?).

These give the following Cartesian equation for a circle: (x —2)*+ (y —3)*=1.
The initial position of Daneesha is when 7= 0, which gives the coordinate (2, 2).

From part b., we know that Daneesha and Geoff collide at (3, 3), therefore Daneesha is
travelling in an anti-clockwise direction. So Daneesha’s path with the direction given is

<

A
5
4 AN
7
3
) \\
N /
< » X
454329 4 3
o}
2
4
v

Mark allocation: 2 marks
* 1 mark for sketching a circle of radius 1 with a centre at (2, 3)

* 1 mark for indicating a path that is anti-clockwise

Question 2d.
Worked solution

The angle between two moving particles is found by finding the angle between the velocity
vectors.

From part a.ii., the velocity vector for Geoff is t, = 4sin(2¢)i + 4 cos(27);.
The velocity vector for Daneesha is £, = cos(9)i + sin(?)].
So the angle between the velocity vectors when t=% is given by
. T . T
[ 56(2) 6(3)
. T . T
£6(2)l:(2)

< (0 —4)) - (0i +)) >
= COS

0= cos

V02 + (=4)2(0)2 + (1)2

o ()

T
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Mark allocation: 3 marks

* 1 mark for finding £, = cos(9)i + sin(?)]

. T . V4

i(5) - i(~
—G(Z) D(2)> or similar

* 1 mark for using 6= COS](IIG(%)HID(%N

* 1 mark for the correct angle of =

Question 3a.

Worked solution

Starting with drone S:
t

Letx=4-— cos(z) andy=2- 2sin(%>.

> (s~ 4)=cos(§) and "= sin(5)

If cos2<%) + sinz(%) = 1, then the Cartesian equation of drone S can be modelled by the

-2
4

ellipse @x — 4?2 +—— =1.

Alternatively, using the parametric graphing feature on a CAS, you could graph the parametric
equations to get an ellipse and be able to read the Cartesian equation from the graph.

0sr=4- pi tstep=0.13

=667

-6.67

Test some values of ¢ to determine the direction of movement.
When ¢=0:1,(0) = (4 — cos(0)i + (2 — 25in(0))j = 31 + 2

_T.
When t—2.

ty(5) = (4= cos() )i+ (2-2sin(F) )i

~3.29i +1.29j

So drone S is moving in an anti-clockwise direction.
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For the delivery drone:

2
Letx=%andy=4 ,then2x=¢ = y= 4—2—x

Therefore the Cartesian equation of drone S can be modelled by the straight line y =4 — 3

Alternatively, using the parametric graphing feature on a CAS, you could graph the parametric
equations to get a straight line and be able to read the Cartesian equation from the graph.

I o~ :
2 ey
x2(l)=— ¢
2 xl( ]*4—-:05(?
= =
() 4*T| yl(r]=2—3- sm(%)l w\ .
066,28 tstep=0.13 T 1 : 16
2
k xz(:}=T
2
-6.67 k — y2(r)=4—T

Test some values of ¢ to determine the direction of movement.
02

w50 ($)- (o)
When 1=2: ¢ (1)-( )1+(4—1§)4 L1

Drone D is moving in the positive x direction and negative y direction.

The graph is shown below.

[©)}

Delivery drorlle (0,14)

N

Surveillance drone

NG
~
o}
NG
(4’ 0 (03 0)
< 0 > x
-6 4 0 2 4 6

(@)

Mark allocation: 3 marks
* 1 mark for showing correct curves with labels
* 1 mark for showing the direction of movement of the drones

* 1 mark for correctly labelling intercepts
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Question 3b.

Worked solution
V.V

The angle between the drones is given by 6 = cos™ (|;SH;D ) att=+6, so
Ysll¥p

sin(z).

= (9

2t.
; v, =11 3]
70 Therefore
B (Bsin( )i~ cos(F)i) - (i -23%4)
0=cos™! ~
V6. V6 ). 6 246
e 7sin{—5~ Ji—cos\ 5] 61_T
=2.106...
’ =2.1°
3 Mark allocation: 2 marks
L * 1 mark for finding the velocity vectors

* 1 mark for an angle of 2.1°, correct to one decimal place

2 Question 3c.
Worked solution
Both drones must be shown to go through the same point but at different times.

g It can be found that the curves of the drones intersect at the points (3, 2) and (4.8, 0.8).

-6.67

ﬁ“" Take the points and find the value of ¢ for which the delivery drone is at those positions. Then
substitute this value of ¢ into the position vector of drone S to show that, although the drones
cross paths, they don’t collide.

So for point (3, 2):
o o= (a-D)j=siey
=>t=6
Then the position of drone S at ¢ =6 is

. )= (4— COS@»H (2 ‘2“‘1(%))3

~3.66i +0.12]
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Then for point (4.8, 0.8):
(0 =Di+ (4-5)j=48i+08]
=>1t=9.6

Then the position of drone S at r=9.6 is

1, (V9.6)= (4 - cos<\/927>>i+ (2 - 2sin<V%7>>J

~3.981 +0.0004]

Area of Study 5: Space and measurement

Therefore the paths of each drone intersect, as the points (3, 2) and (4.8, 0.8) are common to
each path. However, the drones are not at these points at the same time and therefore do not

collide.

Mark allocation: 3 marks

* 1 mark for finding the positions that the drones have in common

* 1 mark for showing that the drones are not at (3, 2) at the same time

* 1 mark for showing that the drones are not at (4.8, 0.8) at the same time

Question 3d.
Worked solution

The speed of the surveillance drone is given by

v = fysin(g)i = cos(3)]
=J<%sm<%>>2+<—cos<5>>

\j 4 sm + cos? \/ 4 cos

2

As the maximum value of cosz<%) =1, it follows that

1,3

>V, .= Z-i-z=1krnmin’1

Mark allocation: 2 marks

* 1 mark for showing \j% sin2<%) + cosz<%) or similar

* 1 mark for the maximum speed
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Question 3e.
Worked solution

The distance between the two drones is

(- so(5) £ (- 20n()-45),

~{(4-cos(§) ~5) = (2-20m(4) 45

Graphing the distance equation and finding the minimum point yields a minimum distance of
1.1 km at a time of 3.1 min.

‘-m el » *Doc <

\ 6.67 7Ty
\\

' \/ \}/3.05. 1.14)

-10 ' 1 ' ' 10

N g

-6.67 i

\2
-~
—dp—

Alternatively, using calculus:

; ) _ 2\ (1 Y
Let y be the distance between the drones, then y = (4 - cos(f) - 7) + (2 - 2sm<z) -4+ ?) .

Now differentiate the distance and set the derivative equal to zero to find the time. Then
substitute the time into the distance equation to find the minimum distance.

t £ =
Define_l-‘(r]= 4—::05(—)—— +|2-2- sin(—]’

2/ 2 2
Done

solve! 4, 1'EFJ}=0.r
[dr{ ]

a

=-2.07722 or £=0,620795 or =3.05051
10.62079538969796) 3.78338
W2.05051) 1.13604

Therefore the minimum distance is 1.1 km at a time of 3.1 min.
Mark allocation: 2 marks

* 1 mark for setting up the distance relationship

b= (s-eos())-5) + (- 2sn(§) -4+5)

¢ 1 mark for a minimum distance of 1.1 km at a time of 3.1 min

@ TIP

=

When finding the maximum/minimum distance between two moving
objects, graphing the distance formula is a useful way of visualising

where or what is the maximum/minimum point, and thus finding the
required value.
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Question 4a.
Worked solution
r,(0)=elit+ej=i+ej

0,(0)= (e = Di+e = (e~ Di+]

initial distance =+[((e — 1) — 1)2+ (1 —e)2 =V2e2 — 6e + 5

Mark allocation: 2 marks
* 1 mark for finding the initial positions

¢ 1 mark for the correct distance

Question 4b.

Worked solution

Equate the i components of the ant and beetle:
eft — e*ZHl — 1

Mark allocation: 1 mark

* 1 mark for forming the correct quadratic equation

Question 4c.
Worked solution

Substitute 1= loge<—% + \/e + %) into the j components of the position of the ant and beetle.
Forr, (¢), e Poe(-3\e+ i) = 1.4865. Forr, (1), e (-3 +\+4) = 0.8177.

Since t= loge<—% + x/e + %) is the only time the ant and the beetle have the same x-coordinate
and their y-coordinates are not the same at this time, the ant and beetle never collide.

Alternatively, equating the y-coordinates of the ant and the beetle gives

=3+l t

el =e~
el —et=(
e(e=1)=0
e'#0
el —1=0

This is not the same time at which they have the same x-coordinate, therefore they never
collide.

Mark allocation: 2 marks
* 1 mark for finding the y-coordinates of the ant and beetle

* 1 mark for concluding that they never collide, as the two values are not equal
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Question 4d.
Worked solution

Equate the i and j components of the ant and the beetle with different variables 7 and s as they
arrive at the same position at different times.

icomponents: e’'=e " — 1

j components: e = e

Solve simultaneously: 1= 0.415531461 and s = 0.2465943829
Substitute into r, (¢): 1, (0.415531461) = 0.6600i + 0.7815]

Therefore the point of intersection of the paths is (0.6600, 0.7815).

Mark allocation: 2 marks
* 1 mark for setting up the two equations for the i and j components

* 1 mark for the correct x and y values of the intersection

Question 4e.

Worked solution

The direction of travel is given by the gradient of the path.
£, () =—ei—3e]

t,()=—2e™> i —e”]

The paths intersect when ¢ = 0.415531461 and s = 0.2465943829 (from part 4d.). Substitute these
time values into the gradient functions to find the direction of each path.

£,(0.415531461) = —0.6599894288] — 2.344372805

£,(0.2465943829) = —3.3199788581 — 0.7814576018

To find the angle, use dot product.
) cosl( £,(0) 1,(5) )
INOING]

4 1-0.6599894288 x —3.319978858 + ~2.344372805 x —0.7814576018
\(=0.659)% + (—2.344)% - 4[(-3.319)? + (- 0.781)?

=61.03°

Mark allocation: 2 marks
¢ 1 mark for differentiation

* 1 mark for finding the angle

@ TIP

—

»  Use the ‘store’ function in your CAS calculator to avoid copying and

typing lengthy decimal places during calculations.
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Question 5a.i.

Worked solution

r,(t) = (4sec(t) —3)i + (tan(z) + 1)] is equivalent to
x=4sec(t)— 3 and y=tan(z) + 1

=X Z 3 - sec(f) and y — 1 =tan(?)

2
Using sec?(z) — tan?(¢) = 1 gives the Cartesian equation G J1r63) -(y-1)Y=1

Mark allocation: 2 marks

* 1 mark for%z sec(f) and y — 1 =tan(¢), and using the relation sec?(¢) — tan?(¢) = 1 to get the
Cartesian equation

2
* 1 mark for the Cartesian equation: G J1r63) —y-1)*=1

Question 5a.ii.

Worked solution

[}

»
. A (12.45,4.73)
//,
77
o) 4’,
//
< /, . > X
15 | Jeo”7[ 5 | © 10 | 15
‘X7 2
YEat g
4
6

v

When the end points r=0 and ¢t = % are substituted into the position vector, it can be seen that

the baseball is moving from left to right.

The equations of the asymptotes of a hyperbola are given by y — k= ig(x —h).

Substituting the relevant values from the Cartesian equation of the hyperbola and rearranging to
make y the subject gives

yo1=tg(x+3)

J’_

+1

EN|OS

>y +1 ory=-

FNISERNY

>y +

ENEN BN N[N
_,;l,_. -|>|>'<

or y=—%+

As there is a restricted domain on the parametric equations, and due to the direction of motion
of the baseball, the asymptote with a negative gradient is rejected and the only asymptote to be

sketched is y = % + %

Mark allocation: 3 marks

* 1 mark for accurately sketching the hyperbola and a labelled asymptote
* 1 mark for labelling the end points accurately

* 1 mark for correctly indicating the direction of motion of the baseball
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Question 5b.
Worked solution

Crossing paths but not colliding means that the baseball and pigeon will occupy the same
coordinates but at different times.

Sketching the graphs of the paths of the baseball and the pigeon gives the following, where the
intersection is approximately at (1.69, 1.61).

B R
Ty

N
S R
N (1.69,161) —
\_\ /,///'
-~ sl

1 d \\l

\

||

|
b 1 1 3 X

For the baseball, point (1.69, 1.61) is 1, (t) = (4sec(t) — 3)i + (tan(¢) + 1)j = 1.691+1.61].

Solving for ¢ over the time interval common to both paths gives ¢ = 0.549322...

Define b(f)=[4 sec(y)

-3
Definep(r)=[2 cos{_? f} 3 5in(2 I)] Done

solve [4- sec(f)-3=1.6 9,r]|0 <r<£
4

t=0.549322

Substituting #=0.549322... into r,(¢) = 2 cos(24)i + 3sin(2¢)] gives

r,(0.549322) =2 cos(2 x 0.549322)i + 3sin(2 x 0.549322)j =~ 0.91i + 2.67j

Similarly, for the pigeon the point (1.69, 1.61) is r,(¢) = 2cos(2¢)i + 3sin(2¢)j = 1.691 + 1.61].
Solving for ¢ over the time interval common to both paths gives 1= 0.282116....
Substituting 7= 0.282116... into ¢, (¢) = (4sec(¢) — 3)i + (tan(z) + 1)] gives

r,(0.282116) = (4sec(0.282116) — 3)i + (tan(0.282116) + 1)j = 1.16] + 1.29j

t=0.549322 []

p(0.549322) [0.909608 2.67177)

solve(z cos(z r)-l lSE-'-‘_r]lEJ<.'-=-E
4

£=0.282116

»(0.282116) [1.16463 1.28985]

Therefore the baseball and the pigeon cross paths at point 1.69i + 1.61j but at different times.
Hence they do not collide.

Alternatively:

Solve the following simultaneous equations to calculate when the baseball and pigeon have the
same coordinates, but at different times.
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Let ¢, be the time for the baseball and ¢, be the time for the pigeon.
4sec(t) —3=2cos(2t)

tan(¢) + 1 = 3sin(2t))

t,=0.54835... and ¢, = 0.28340...

Substituting these values for ¢ into the baseball and pigeon position vectors gives the
coordinates (1.6872..., 1.6108...).

Substituting #=0.28340... into r, (¢) = (4sec(¢) — 3)i + (tan(¢) + 1)j shows that the baseball is at a
different position at the time that the pigeon passes through the common point.

r, (0.28340) = (4s¢c(0.28340) — 3)i + (tan(0.28340) + 1)j = 1.17i + 1.29j

Mark allocation: 3 marks
* 1 mark for finding the position that the baseball and the pigeon have in common

* 1 mark for finding the time at which the baseball and the pigeon pass through the common
position

* 1 mark for showing that when either the baseball or pigeon is at position 1.691 + 1.61j, the
other object is at a different position

Question 5c.
Worked solution

The distance between the baseball and the pigeon is given by

L~ 1y = (4sec(r) =3 — 2c0s(20)i + (tan(r) + 1 = 3sin(20))]|

=(4sec(t) — 3 —2cos(2f))* + (tan(¢) + 1 — 3sin(2¢))?

Graphing the distance equation and finding the minimum point gives a minimum distance of
0.60 m at a time of 0.31 s.

(0.308,0601)

1.3X

Alternatively, using calculus:
Let y(7) be the distance between the baseball and the pigeon, then
W(t) =~(4sec(t) — 3 —2cos(21))* + (tan(z) + 1 — 3sin(2))*.

Now differentiate the distance and set the derivative equal to zero to find the time. Then
substitute the time into the distance equation to find the minimum distance.
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Definr:_)-(l)-j(‘i s-:-c(r)—3—2 cos(2 r))3+(tanl'
Done
3, =0 3084932
A :olw(-g-(\r(())-0,(}[0::;1 ¢
dt 4
(0.308492) 0.601244

Therefore the minimum distance is 0.60 m at a time of 0.31 s.
Mark allocation: 2 marks
e 1 mark for the minimum distance: 0.60 m

e 1 mark for the time: 0.31 s

@/4 TIP

=

When finding the minimum/maximum distance between two moving
objects, graphing the distance formula is a useful way of visualising

where or what is the maximum/minimum point, and thus finding the
required value.

Question 6

Worked solution
x+2 .
5 =cos® and y = sin(®

e (552)

\)

—
I

/

=
|+

\S]
—

S

y:

So y >0 because 7 € [0, x].

Mark allocation: 2 marks
* 1 mark for using Pythagorean identity

* 1 mark for rearranging and explaining why the positive values are chosen

@ TIP

—

»  For ‘show that’ questions, you should show all lines of working as if

done tech-free even when you are sitting a tech-active exam.
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Question 7a.

Worked solution

—_ = = — | =
OP=OA+AP=OA+ZAB

_3..1
OP—4g+4b
—_— D — | = | =
OM = OB + BM =08 + 5 BA
> _1 1
OM =7b+5(a—b)

;-1 1
QM_zg 4b

Mark allocation: 2 marks

* 1 mark for deriving the expression for OP

* 1 mark for deriving the expression for QM

Question 7b.i.

Worked solution

— =
OX = A0P

Mark allocation: 1 mark

* 1 mark for the answer, expressed correctly

Question 7b.ii.
Worked solution

. . -
First, find vector AX.

— —_— —
AX =—04 + OX

BZ-@-F%@—#—%IQ
— (31-4\ ..
AX‘( 4 )3”4'9

If this vector is parallel to O_B), then there is no vector in the a direction; that is:

3A—-4
4

0
_4
A=3

Mark allocation: 2 marks

. . -
* 1 mark for finding vector AX

* 1 mark for finding the correct value of 4
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Question 7c.i.

Worked solution

— — —
OX = 00 + uOM

Mark allocation: 1 mark

e 1 mark for the correct answer

Question 7c.ii.
Worked solution

We now have two different expressions for OX in terms of 2 and u. We can equate the

coefficients of vector a to give 331 g

3 —
Equating the coefficients of vector b gives 1= Tﬂ

Q

~

Solving these simultaneously gives u = 2 A=

Mark allocation: 2 marks
* 1 mark for the two equations

¢ 1 mark for the correct answer

Question 8a.

Worked solution

2 1 -3
By inspection of the parametric equations, r = <5> + s( 1 > + t< 2 >
8 -2 -1

Mark allocation: 1 mark

* 1 mark for the correct vector equation of IT,

Question 8b.
Worked solution

A vector normal to IT, can be found using the vector cross product of two vectors in the plane.

v (1)(2)-(3)

A vector equation of IT, can now be determined, which can be used to write a Cartesian
expression.

()o-()
0-(G)-0-C)

3x—=5y—z=-27
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Mark allocation: 2 marks
* 1 mark for the correct normal vector to I,

* 1 mark for the correct Cartesian equation for IT : 3x — 5y —z=-27

Question 8c.
Worked solution

I1, contains both  and L. Therefore a vector normal to I1, can be found by evaluating the vector
cross product of 7, and a vector in the direction of L.

3 -5 25
n,=n x¢c=\-5|x 5)= 17
-1 —4 -10

As in the previous part of the question, we can use 7, to determine a vector, and hence a
Cartesian expression for II..

X 25 3 25
<)/> 17 )J=11]-1 17
z -10 13 -10
25x+ 17y — 10z =-38
Mark allocation: 2 marks

* 1 mark for the correct normal vector to I1,

* 1 mark for the correct Cartesian equation for I1,: 25x + 17y — 10z = —38

Question 8d.

Worked solution

3 5 -2
First, find a vector from P(5, 4, 14) to any pointon I1,: u = < 1 > - < 4 ) = <—3>
13 14 -1

Next, find the vector projection of 4 on z,, a vector from P(5, 4, 14) to I1, that is perpendicular
to IL..

—175
78

Finally, the position vector of the reflection of P(5, 4, 14) across the plane I1, can be found by
evaluating P +2v, where P is the position vector of P(5, 4, 14).

-175 20
5 78 39
—119|_1| 37
(1)1
35 616
39 39

This corresponds to coordinates (% g—g %)
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Mark allocation: 3 marks

* 1 mark for the correct expression for a vector, v, from P(5, 4, 14) to I1, that is perpendicular
to I,

* 1 mark for the correct expression using v that can be evaluated to find the position vector of
the reflected point
20 37 616)

* 1 mark for the correct coordinates of the reflected point: (@ 39° 39
Question 8e.i.

Worked solution

Since line L lies in plane I1,, any point on L will also satisfy the equation for II..

Using the equation for L, r,(¢) = 3i + j + 13k + #—5i + 5] — 4k), the position vectors and, hence,
coordinates of two points on I1, can be determined.

r,(0)=3i+j+13k

r,(1)=-2i+6j+9%

So the coordinates of two points on plane I1, are (3, 1, 13) and (-2, 6, 9).

These coordinates can now be substituted into the equation for I1, to find the values of ¢ and d.
133) +29(1) + ¢(13) = d [1]

13(=2) +29(6) + c(9) =d 2]

Solving the simultaneous equations [1] and [2] gives ¢ = 20 and d = 328.

Mark allocation: 2 marks

* 1 mark for finding the coordinates of any two points on I,

e 1 mark for the correct values of ¢ =20 and d = 328

Question 8e.ii.
Worked solution

First, find the angle, 6, between the normal vectors of IT, and IL,, using the dot product.

13 3
2)()
cos(0) = f;) _31 .
&))
20 -1
0=124.6°

The angle between the planes is therefore 180° — 124.6° = 55.4°,

Mark allocation: 2 marks
* 1 mark for finding the angle between normal vectors of IT, and II,

* 1 mark for the correct value for the angle between the planes: 55.4°
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Question 9a.

Worked solution

Area:%‘P_Q) X P_R)‘

(2)-(2)
0 r
V54

2

1

2

To find the required values of r such that the area of the triangle is less than 2, solve the
inequality.

5T 4
2

(5.2

<2

3 ¥4

5 over the domain » € <

The minimum area is the minimum value of
which is 1.

-aﬂ?zﬂ?)
5 5
Mark allocation: 3 marks

* 1 mark for setting up the correct inequality for the area

—aﬂ?zﬂ?)
75

* 1 mark for correct range of r € ( 3

e 1 mark for the correct minimum area: 1

Question 9b.
Worked solution

— — 2r
gzPQXPRz(V)
2

X\ [2r 1 2r
<y> A r)=10])| 7

z 2 0 2
2rx +ry+2z=2r
Mark allocation: 2 marks

* 1 mark for the correct normal vector to the plane

* 1 mark for the correct Cartesian equation of the plane

Question 9c.
Worked solution

Distance to the origin is given by

g 12r] |27
1] 57244
Mark allocation: 1 mark
. . 27|
¢ 1 mark for the correct expression for distance: d =———
P 5+ 4
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Question 9d.

Worked solution
|27
)
5

de [0,

Mark allocation: 1 mark

* 1 mark for the correct range of values for d: d € [O, %)
Question 10a.
Worked solution
If planes are parallel, their normal vectors are also parallel. Therefore by inspection:
a=-2x-1=2
b=-2%x3=-6
Therefore equation for I, is —2x + 2y — 6z = 10 or equivalently —x +y —3z=5.
Distance between planes will be given by
8+5 _ 1311
VPrcnir3

Mark allocation: 3 marks

¢ 1 mark each for correct values of ¢ and b

¢ 1 mark for correct distance: 131\1@

Question 10b.
Worked solution
If I1, is perpendicular to IT, then the normal vector of I1, is parallel to IT.,.

Therefore using the point given on I1,, a second point on I1, can be found by adding any scalar
multiple of the vector normal to I, to the given point on II,.

Given pointon I1: (3, 1, 4)
Second pointonIl: (3, 1,4)+(1,-1,3)=(4,0,7)

The two points on I1, can then be substituted into the general equation for I, to find the values

of a and b.
—-2(3) + a(l) + b(4) = 10 [1]
—2(4) + a(0) + b(7) = 10 [2]

Solving the above simultaneous equations yields a = 4—70 b= 17—8

Mark allocation: 3 marks
* 1 mark for finding two points on I1,

e 1 mark each for correct values of ¢ and b
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EXAMI1

Question 1a.
Worked solution
—= S
u=x=xzx N o«
10 g
V100 i
n=160=+1.645=160+1.6

1584 <u<161.6

1= 160 + 1.645 x

Mark allocation: 2 marks
* 1 mark for correctly substituting the values into u =x + z x %

¢ 1 mark for the correct answer

Question 1b.i. .
Worked solution :
Hyp=157 o
H:p> 157 |
Mark allocation: 1 mark

e 1 mark for the correct answer =

Question 1b.ii.

Worked solution e Vo
-« o

6

p= Pr<z >M> — Pr(z > 2) = Pr(z > 1.96)
V36

= p=0.025

Mark allocation: 1 mark P

e 1 mark for the correct answer

Question 1b.iii.
Worked solution .

.. Reject the null hypothesis since p = 0.025 < 0.05. A

Mark allocation: 1 mark

* 1 mark for the correct explanation
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Question 2a.
Worked solution

The sample mean, %, is the middle of the confidence interval, so

__6.98+5.02
* 2

Therefore

. N
+
L 6H196x e

= 1.96 x %= 0.98

=6

=6.98

And so

_4x0.98
ST71.96

O :4><0.98:2
2 x0.98

Mark allocation: 2 marks

¢ 1 mark for the correct mean

¢ 1 mark for the correct evaluation of s

Question 2b.
Worked solution
S Hyiu=4.5

. H:u<4s

3 4-45\ . (—05
- p‘Pr(Z< 5 >‘Pr(0.25>

V36
=Pr(z<-2)
= p=0.025
.. Reject the null hypothesis since p =0.025 < 0.05.
Mark allocation: 4 marks
* 1 mark for the correct null and alternative hypotheses
;, * 1 mark for the correct evaluation of z
i « 1 mark for the correct value of p

* 1 mark for the correct reason for rejecting the null hypothesis

Question 3a.

Worked solution

: Let 7 be the normal random variable X — Y.
{ To find Pr(X — Y > 0) = Pr(W > 0), the mean and standard deviation of 7 is needed.
o'y E(W)=EWX)—-E(Y)=175-165=10
var(W) = var(X) + (—1)? var(Y) =32+ 42=25
=>sd(W)=5
T sop(m=0)=pr(z> 0510 —prz > -2)= 0975

VCE Revision Questions: Specialist Mathematics Units 3 & 4 © Insight Publications



Area of Study 6: Data analysis, probability and statistics

Mark allocation: 2 marks
* 1 mark for finding the mean and standard deviation of the normal random variable W

* 1 mark for calculating that the Pr(#W > 0) = 0.975

£

> TIP

=

» Itis important to remember the approximate probabilities associated

with z-values of 1, +2 and £3 in a standard normal distribution.

Question 3b.

Worked solution

Let W be the normal random distribution of the mean difference in mass, so W =X - Y.
Then E(W) = E(X) — E(Y) = 175 — 165 = 10.

For a 95% confidence interval, the value of z is 1.96, so the integer value to use in the
calculation is 2.

The confidence interval is given by

(-2t ) = <1o—°\/15m, 1o+2\/150_0>
=(10-2x0.5,10+2 x0.5)
=(9,11)

Mark allocation: 2 marks

* 1 mark for defining W and finding that E(W) = 10

* 1 mark for determining the correct interval

Question 4
Worked solution
First, write an expression for the expected value of 2X + 4Y to find the value of m.
EQ2X +4Y) = 2E(X) + 4E(Y) = 2(m) + 4(5)
2m + 20 =26
m=3
Find the variances of X, Y and 2X + 4Y by squaring the standard deviations.
Var(X)=12=1and Var(Y) = (\Nn)* = n.
Next, write an expression for Var(2X + 4Y) to determine the value of #.
Var(2X + 4Y) = 23 Var(X) + (4*)Var(Y)
36=4+16n
n=2
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Mark allocation: 3 marks
* 1 mark for writing the correct expression for E(2X + 4Y)
* 1 mark for writing the correct expression for var(2X + 4Y)

* 1 mark for calculating the correct values of m and n: 3 and 2, respectively

Question 5
Worked solution

We can write a linear combination of random variables 4 and B to calculate probabilities relating
to the difference, D, between 4 and B. D will also be a random normal variable.

D=A4-B

E(D)=EMA)-EB)=12-12=0

Var(D) = Var(4) + Var(B) = (3)> + (4)* =25

5, = \Var(D) = V25 = 5

Pr(D|>9.8) =Pr(D <—9.8) + Pr(D >9.8) =2 x Pr(D > 9.8)

D-E(D _
=2xp« Uf )>9% 0>=2XPﬂZ>19®

=0.05

Mark allocation: 3 marks
* 1 mark for finding the correct mean and variance of 4 — B

* 1 mark for writing a correct probability statement for the difference of the scores being greater
than 9.8

* 1 mark for the correct value for the required probability of 0.05

<QQ77P

=

»  The variance of the difference of two random variables is the sum of the

variances of those variables: Var(4 — B) = Var(4) + Var(B).

Question 6
Worked solution

G and R are independent random variables.

E(G) =75
Var(G) =17 =1
E(R) =170
Var(R) =2%2=4

Let G, where i =1, ..., 6, be a random variable with a mean of 75 and standard deviation of 1.
Let R, where i =1, ..., 7, be a random variable with a mean of 70 and standard deviation of 2.
A random variable, B, representing the mass of a bag of apples, can be written as

B=G +G,+..+G +R +R+..+R.
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The mean of B is
E(B) =E(G,) + E(G,)) + ... + E(G) + E(R) + E(R)) + ... + E(R))
=6xT75+7x70
=450+ 490
=940
The variance of B is
Var(B) = Var(G, + G, + ...+ G+ R +R +..+R)
= 12Var(G,) + 12Var(G,) + ... + 1?Var(G,) + 12Var(R ) + 12Var(R,) + ... + 12Var(R))
=6x12+7x22
=6+28
=34
Hence sd(B) = V34.

The mass of a bag of apples that is a random variable, B, has a mean of 940 g and a standard
deviation of V34 g.

Mark allocation: 3 marks
* 1 mark for writing the correct linear combination of G and R to represent B
* 1 mark for the correct value for the mean of B: 940 g

1 mark for the correct value for the standard deviation of B: V34 g

@ TIPS

=z

—

Remember that Var(G, + G, + ...+ G, + R + R, + ... + R ) # Var(6G + 7R)

Writing the incorrect linear combination for the mass of a bag as
B = 6G + 7R would suggest that you are taking the mass of one green apple

and one red apple and multiplying those masses by 6 and 7, respectively, to
obtain the mass for a bag. The correct linear combination for the mass
of a bag, B, requires that you obtain a different random value for the
mass of each apple in the bag.

Question 7a.
Worked solution
The volume of one ice cube is given by V=3 x 3 x H=9H.

Since the height of each ice cube is independent, the total volume of ice is given by
T=9H, +9H, + ..+ 9H,.

E(D) = 9E(H1) + 9E(1{2) +...+ 9E(H6)
E(D) =108 cm?
Mark allocation: 1 mark

¢ 1 mark for correct answer of 108
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Question 7b.

Worked solution

To determine the standard deviation, we first must calculate the variance.
Var(7T) = 92Var(H1) + 92Var(Hz) +...+ 92Var(H6)

_81
Var(7T) = 6
N
Ty om

o

Mark allocation: 2 marks

* 1 mark for calculating the variance of %

¢ 1 mark for correct standard deviation of -

@ TIP

—

Ensure that you understand the difference between a sum of
independent random variables and a scalar multiple of a random
variable. Whilst it may be seen that E(X, + X)) = EQ2X), where X|

and X share the same distribution, the variance does not behave in the

same way; that is, Var(X| +X) # Var(2X).

EXAM 2
Section A

Question 1
Answer: C
Worked solution
u=E(Z)=EQ2X-3Y)
=2E(X) — 3E(Y)
=2x9-3x6
=0

Var(X) =0, =5=25
Var(Y)=o0,=2=4
Var(Z) = 2?Var(X) + 32Var(Y)

=22x25+32x4

=136
o=+Var(Z) =136
=234
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Question 2
Answer: D
Worked solution

A type | error occurs when the null hypothesis is rejected when true, which eliminates option A
because the null hypothesis is true. This means that a type | error cannot occur.

The p-value is less than the significance level, which eliminates option C.

When the p-value is less than the significance level, the null hypothesis is rejected, which
means option B is incorrect.

Therefore a type Il error would occur if the null hypothesis is false and not rejected, which
makes option D the correct response.

Question 3
Answer: B

Worked solution

A 90% confidence interval is closest to

- s - S\ _ 12
(x Z\/ﬁ,x+2\/ﬁ) <168 . 17150 m)
=(166.388, 169.612)

Using a CAS:
¥y 1: Actions »
L5 2: Number » -
x= 3: Algebra »
fead: Calculus »
@ 5: Probability »
1 Stat Calculations ¥

1 _6: Statistics
2817 Matrix & Ve Stat Results i
Data Input Method
Maths P S

»

X o Data
3:2-Sample z Interval...  kibutions N [stats |
4: 2-Sample t Interval... i .

S: 1-Prop z Interval... Tests R

6: 2-Prop z Interval...

7: Linear Reg tIntervals...
8: Multiple Reg Intervals... 0/99 0/99

11 1 1
zInterval 12,168,150,0.9: stat results

A
"Title" "z Interval"
"CLower" 166.388
"CUpper" 169.612

v

99

1[3)

"R 168
"ME" 1.61162
"n" 150
"o" 12

&)

TIP

»  To avoid rounding errors, always use more accuracy during a calculation

than is required in the final answer.
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Question 4
Answer: A

Worked solution

py=p =065
—~_ 0o 25
sd(x) = NN
Pr(Y < 63.5) = Pr(Z < %) — 0.02889
V10
~0.0289
Question 5

Answer: D
Worked solution
The mean is given by
w=E(W)=EQ2X)+E(-3Y)
=2E(X) — 3E(Y)
=2x9-3x7
=-3
The standard deviation is given by
o =+/Var(W) = +/Var(2X) + Var(-3Y)
=22 Var(X) + (—3)*Var(Y)
~\Ex4T+9x 22
=~100
=10

Question 6
Answer: B
Worked solution
‘Does not exceed 202 grams’ is the same as ‘less than or equal to 202 grams’, so
Pr(Y < 202) = Pr<Z < M)
V16
=0.945

£

> TIP

>

In probability questions, pay close attention to the way the question
is worded. For instance, in this question, ‘does not exceed’ is the same
as ‘less than or equal to'. So be aware of the wording so that you know

whether you are trying to calculate the probability for a ‘less than’ or
‘more than' interval.
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Question 7
Answer: B
Worked solution

Atype | error is when the null hypothesis is rejected when it is true. In this scenario, the null
hypothesis is that the growth rate is the same.

Option B is the only option that meets the type | error guidelines. ‘Concluding that the growth
rate is higher than average when using the special fertiliser’ represents rejecting the null
hypothesis, and ‘when in fact it is not’ represents the null hypothesis is true. Therefore option B
is a type | error.

Question 8
Answer: C

Worked solution

The sample mean is the average of a confidence interval: x = w = 68.25.

For the lower limit of a confidence interval, we have 65.18 = 68.25 — zﬁ.

For a 95% confidence interval, use z = 1.96.

L \@(68.559g 65.18) _ 15 |3

These results are closest to option C: 68.25 and 12.15.

Question 9

Answer: C

Worked solution “
Since Pr(m < X <n)=10.95 and mTJr” =125, then Pr(X < m) = 0.025 and Pr(X > n) = 0.025.

Using the inverse normal function, we get m = 109.3 and »n = 140.7, correct to one decimal place.

inyNorm(0.025,125,8)

invNorm(0.975,125,8)

Note: 7 ; = 125 indicates that 125 is the mid point between m and n. This means m and n are
the same distance away from 125, making them symmetrical about the mean. ‘2

Question 10
Answer: D
Worked solution
For this question we are trying to find Pr(—10 < Y — X < 10). So
E(Y-X)=E(Y)—E(X)=138—-125=13
Var(Y = X) = Var(¥) + (—1)*Var(X) = 15? + 82 = 289
= s(Y - X)=+289 =17
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Using the normal CDF function on a CAS gives Pr(-10 < Y- X< 10) = 0.3419.

Note: The wording ‘within 10 minutes’ means that the recharge time of brand Y could be
10 minutes greater or 10 minutes less than that of brand X, leading to Pr(—10 < Y — X < 10).

Question 11
Answer: A
Worked solution
Let C be the number of hot chips sold in a randomly selected week.
Let F be the number of flake sold in a randomly selected week.
Consider Pr(4C — 5.5F > 0):
The mean is given by
1w=E@4C—5.5F)
=4E(C) - 5.5E(F)
=4x220—-55%x170=-55
The standard deviation is given by
o =Var(4C - 5.5F)
=[42Var(C) + (-5.5)* Var(F)
=42 x 232 +5.52 % 152
=+15270.25

Entering 1 and g into a CAS will show that the probability is Pr(4C — 5.5F > 0) = 0.3281.

Question 12
Answer: D
Worked solution

Let X be the number of hours of sleep per night of a student chosen at random from this
population.

The 90% confidence interval is given by (f — kg Xt k%), where Pr(—k < Z < k) = 0.90.
Using a CAS will show that k£ = 1.64485.
The width of this 90% confidence interval is = Zk% = (.05, and given that 6 = 0.7, then

_(2ka \'_ (2% 1.64485 x 0.7\ _

- (o.os) - ( 0.05 ) =2121
Question 13
Answer: D

Worked solution

To test for improvement, define an alternative hypothesis that postulates fewer days to recover
than the null hypothesis, so option D is true.
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Question 14
Answer: D
Worked solution

The z-score for a 97% confidence interval is approximately 2.17.

Ifx + z% =222+2.17 % % = 223.356, then solving for n gives n = 64.0236.

Therefore the sample size is 64.

Question 15

Answer: D

Worked solution

For the sample of lemon trees selected u = 48, sd(X) = %
Therefore Pr(X < 50) = 0.889664... = 0.8897.

11 mm *Unsaved <

4 0.889664
norm Cdf] (-w, 50,48, ——)

f6

Question 16
Answer: B
Worked solution

The null hypothesis assumes that the mean drawn from the population is the same as that
stated and that any difference we observe is due to the variation in the samples. Therefore
H : 1= 650.

0

The alternative says that the mean is an overestimate, so the value of 650 is more than the
population’s true mean. Therefore H,: u < 650.

Question 17
Answer: D
Worked solution

The key point here is that the 10 games are independent. Therefore the mean total score is
simply the sum of the expected score in each of the 10 games; that is, 10 x 20 = 200. Similarly,
the variance of the total score is the sum of the variance of each game; that is, 10 x 5 = 50.
Hence option D is correct.

Contrast this with the situation where the events are not independent. In this situation, we would
use the familiar rules E(aX + b) = aE(X) + b and Var(aX + b) = a*Var(X). Combinations of these
rules provide the incorrect options.
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Question 18
Answer: D

Worked solution

An approximate 90% confidence interval for u is (x —1.644...
The width of this interval is 2 x 1644"'%

leads to
2 x 1.6448. %
2% 1.6448. 210 = 140.2
= 2428

Therefore the answer is 24, which is option D.

Section B

Question 1a.

Worked solution

L5 _NI5
sd(¥) = 7= 20

Mark allocation: 1 mark

e 1 mark for sd(X) = 2£05

Question 1b.

Worked solution

Hyu=95and H:pu#9.5.

Mark allocation: 2 marks
e Tmarkfor H:u=9.5
e Tmarkfor H:u+#9.5

@ TIP

=

=388.4 —248.2

X+ 1.644.. —)

. Equating this with the interval given and then solving

» Looking for words like ‘increase’, ‘decrease’ and ‘not’ in the question’s
description will help you to determine the alternative hypothesis and

whether a one-tailed test or a two-tailed test must be used.
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Question 1c.i.
Worked solution

Because of the alternative hypothesis, H,: u # 9.5, a two-tailed test is required. So the p-value
must be calculated accordingly. So

p-value =2 x Pr(X <9 | u=9.5)
=2 Pr(259£95'5>
20
=2 xPr(Z<-2.58199)
=2x0.004912
=0.009824
=0.0098

Because a two-tailed test is non-directional, both tails must be considered in the calculation of
the p-value. So the p-value is double the value of a single-tailed test.

Mark allocation: 2 marks
e 1 mark for 2 x Pr(ZS 9~ 9'5>

V15
20

* 1 mark for determining that the p-value is 0.0098

Question 1c.ii.
Worked solution

Since the p-value found for this sample is less than a = 0.05, the null hypothesis, H , is rejected
and the alternative hypothesis, H ,is accepted. So the sample selected supports the sports
shoe store’s belief.

Mark allocation: 1 mark

* 1 mark for stating that /7 is rejected in favour of /4, and that the sample supports the sports
shoe store’s belief

Question 2a.
Worked solution
Let X be the distribution of the sample means.

The standard deviation is then

sd(Y) =%

Mark allocation: 1 mark

e 1 mark for the correct answer
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Question 2b.
Worked solution

Begin by finding the 90% confidence interval by using a CAS.

1 1
zinterval 3,66.9,100,0.9: stat. results

-~
“Title" "z Interval"
"Clower" 664065
"l_Upp-r 07 39’5
v

RN 1r.:: 1y
o el 1 04934‘\0

‘e |o|-_I |l:ancel!

- |_ of_n; ]

v The confidence interval is (66 4065, 67.3935).

» Note that the formula (f \ﬁ, X+ z() where z = 1.65, can be used to find the 90%
' confidence interval.

Equate the confidence interval found with the confidence interval given in the question and
solve for k, and £,, correct to one decimal place.

o 66.9 — k, = 66.4065 and 66.9 + k, = 67.3935.
=k =0.5and k,=0.5.

e Mark allocation: 2 marks
<. * 1 mark for finding the 90% confidence interval: (66.4065, 67.3935)

* 1 mark for the correct answer: k£, = 0.5 and k£, = 0.5

- Question 2c.
‘o Worked solution

Since the quality control tester claims the diameter exceeds the production company’s mean,
R this is an uppertail hypothesis test.

The null and alternative hypotheses are then
H: =669

H:p>66.9

<. Mark allocation: 1 mark

* 1 mark for H: u=66.9 and H: u> 66.9

Question 2d.

Worked solution

An expression for the p-value is Pr(X > 67 | u = 66.9).
The p-value is then

N Pr(X > 67 | u = 66.9)

- .- =Pr<Z> 67 —366.9)

WL =03694
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Alternatively, using a CAS to evaluate the p-value gives

- T

= zTest 66.9,3,67,100,1: stat. resuits A
po: [66.9 “Title" "z Test"
ng 0333333
J “PUAY 0369441
n | 100 )" 67
"y 00
o 3
'OK] ]Cancel‘ = v
) mn

Mark allocation: 2 marks
1 mark for the expression Pr(X > 67 | u = 66.9)

* 1 mark for the correct p-value: 0.3694

Question 2e.
Worked solution

Since the p-value (0.3694) is greater than 0.05, we cannot reject the null hypothesis at the 5%
level of significance. There is insufficient evidence to support the quality control tester’s claim.

Mark allocation: 1 mark

* 1 mark for stating that we cannot reject the null hypothesis and there is insufficient evidence
to support the quality control tester’s claim since p > 0.05

Question 2f.
Worked solution
The critical z-value for the test is 2.326.

So to find the minimum value of the sample mean we solve 2.326 =§_3ﬂ, which gives the

100
minimum value as 67.5978 = 67.6 mm.

Mark allocation: 1 mark

¢ 1 mark for the correct answer: 67.6 mm

Question 3a.
Worked solution
H:p=270 cm
H:p>270 cm

Mark allocation: 1 mark

* 1 mark for stating the correct hypotheses
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Question 3b.

Worked solution

p-value = Pr(X > 274 | u = 270) = 0.0297, correct to four decimal places.

Alternate

g.:z:s'e'é

70

@ fm =N
SN«
&

Ha: p > po

|E| |cancel|

3

zTest 270,15,274,50,1: statresults

"Pitle”

"z Test"

"Alternate Hyp" "p> p0”"

o 0

"PVal"

R
"y
vg"

1.88562
0.029672
274.
50.
15.

As p <0.05, H, should be rejected at the 5% significance level.

Mark allocation: 2 marks

* 1 mark for the correct p-value: 0.0297

* 1 mark for stating why H_ should be rejected

Question 3c.

Worked solution

For H, not to be rejected at the 5% significance level, the p-value must be greater than 0.05.

The critical value for a right-tailed test at the 5% significance level is z = 1.645. So

274 - 270
(&)

Rearranging for n gives

1.645 =

_ (15 x 1.645)2
274270

n=38.0535

As n must be an integer, sample sizes of 38 and 39 must be checked to determine if their
respective p-values are greater than 0.05.

For n =38, p=0.0501, which is greater than 0.05.

zTest 270,15,274,38,1: stat.results

"Title"
"Alternate Hyp"
ngh
"PVal"

ng
"m"
"o

"z Test"
"> po"
1.64384
0.050104
274.
38.
15.
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For n =39, p=0.0479, which is less than 0.05.

zTest 270,15,274,29,1: statresults

"Title" "z Test"
"Alternate Hyp" "p> p0" | | )

= 1,66533

"PVal" 0.047923
e b 274
o i 39.
"o 15.

So the largest sample size is 38.

Mark allocation: 2 marks
274 — 270

(&)

* 1 mark for a sample size of 38

e 1 mark for 1.645 =

> TIP

—

» Remember that both the rounded-up and rounded-down answers,
however unlikely one or the other may appear to be, must be checked

to ensure that your answer meets the requirements of the question.

Question 3d.

Worked solution

Conclusion: That the fertiliser increases the height of mature sunflowers when it actually has no
effect.

Mark allocation: 1 mark

* 1 mark for stating the correct conclusion

Question 3e.

Worked solution

Atype Il error is failing to reject H  when it is false, which would mean selecting a sample mean
that is less than 274.935 cm. So

Pr(type II error) = Pr(accept H, when false | H, = u)
= Pr(X <274.935 | u=274)
=0.6703

15 0.670308

normCdf{-=,274.935,274,

fs0

Mark allocation: 2 marks
1 mark for Pr(type II error) = Pr(X < 274.935 | u = 274)
* 1 mark for a probability of 0.6703
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Question 4a.

Worked solution

Let J be the number of sales by Jafan in a randomly selected week.
E(J)=21.5,sd(J)=3.8

Pr(J > 20) = 0.6535

Mark allocation: 1 mark

* 1 mark for the correct probability

Question 4b.

Worked solution

Let C, be the commission earned by Liv in a randomly selected week.
Let C, be the commission earned by Jafan in a randomly selected week.

Let random variables L and J be the number of weekly sales made by Liv and Jafan
respectively.

Pr(C, > C) = Pr(C, — C,>0)

E(C, - C)=E(125L — 110J) = 125E(L) — 110E(J)
=125x15.8—110 x 21.5 =-390
sd(C, — C,) =+/Var(125L — 110J)
=+/1252Var(L) + (—-110)*Var(J)
=1252x 3.82+ 1102 x 3.82

Pr(C, - C,> 0) = 0.2688

Mark allocation: 2 marks

* 1 mark for forming the expressions for the mean and standard deviation of the difference

between Jafan’s and Liv's commissions

* 1 mark for the correct probability

@/4 TIP

=

When random variables are combined, the overall variance generally
increases. This is the case even when considering a combination that

involves subtraction, such as C, - C,. If you calculate that the variance of

a combination of random variables is much smaller than the variances
of the individual random variables, it is likely that you have forgotten to
square the negative number in the calculation.
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Question 4c.

Worked solution

Let Liv’'s new commission be x.

E(C, — C)=E(xL — 110J) =xE(L) — 110E(J)
=xx15.8—-110x21.5=15.8x — 2365

Pr(C, - C,>0)=0.5

Transform this to the standard normal distribution:

0-E(C -C)\
PI'<Z> W) =0.5

0-E(C —C) B
sd(C, —C)
E(C.—C)=0
15.8x —2365=0
x =149.68
Liv’'s new commission needs to be $149.68.
Alternatively:

The expected value of the combination must now be zero (if they each have the same chance of
earning more).

E(xL —110J)=xx 158 - 110 x21.5=0
Sox=149.68
Mark allocation: 2 marks
* 1 mark for finding an expression of E(C, — C)) for Liv’s new commission

* 1 mark for finding Liv’s new commission

Question 4d.
Worked solution
Hy:u=15.8
H:p>15.8

Mark allocation: 1 mark

* 1 mark for the correct null hypothesis and the correct alternative hypothesis

> TIP

—

Look for specific words like ‘improved’, ‘increased’, ‘decreased’,
‘bettered’ and so on as indications that you should be using a one-tailed

test. When no such language is present, a two-tailed test should be
used.
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Question 4e.
Worked solution

Let X be the number of sales Liv makes when wearing her new suit in a randomly selected
week.

EX) =pu= 15i3,n= 8, sd()?)=%

p-value =Pr(X > 17.5 | u=15.8) =0.1029

Mark allocation: 2 marks

* 1 mark for an expression of the p-value

¢ 1 mark for the correct answer

Question 4f.
Worked solution

Since the p-value (0.1029) is greater than the significance level (0.05), Liv does not have
enough evidence to conclude that the new suit has improved sales.

Mark allocation: 1 mark

¢ 1 mark for the correct conclusion

Question 4g.
Worked solution

A type Il error occurs when the null hypothesis is not rejected when it should be. Increasing
the significance level means that the null hypothesis is more likely to be rejected, which would
indeed lead to fewer type Il errors. However, increasing the significance level increases the
probability of type | errors, whereby a null hypothesis is rejected despite being true.

Mark allocation: 2 marks

* 1 mark for explaining why increasing the significance level decreases the chance of making a
type Il error

* 1 mark for stating that this will increase the chance of making a type | error

Question 5a.

Worked solution

The distribution of the charging time of the sample of batteries can be described as
- 12V

X N(335, (1%) )

Pr(334 < X < 336) = 0.595343.

Let the distribution of the samples be described as Y ~ Bi(2, 0.595343).
Then Pr(Y=0) = 0.1637457...

So the probability that neither random sample has a charging time between 334 min and
336 min is 0.164.

0.595343

binomCdf(2,0.595343,0,0) 0.163747
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Alternatively:
Pr(X <334 U X > 336) = 0.40466...

Hence the probability that both sample means are outside the range of 334 min to 336 min is
0.40466 x 0.40466 = 0.16375, which rounded to three decimal places is 0.164.

Mark allocation: 2 marks

1 mark for correctly finding Pr(334 < X < 336) = 0.595343 and using it as the probability of
success in a binomial distribution

* 1 mark for the correctly rounded answer: 0.164

OR

* 1 mark for finding the probability that the charging time is outside the range of 334 min to
336 min is 0.40466

* 1 mark for the correctly rounded answer: 0.164

Question 5b.
Worked solution
For this question we are trying to find Pr(‘)?l - X, > 5) =1-Pr(-5<X, - X,<5).
Thenlet Y=X — X, where
E(Y)=E(X,-X)=0

Var(Y) = Var(X, — X))

-~ (vis5) * (its)
100 100
_72
25
> sd(Y) = g
So ¥~ N<O, %)
Therefore

Pr(\X,—X,|>5)=1-Pr(-5<X,—X,<5)
=1-Pr(-5<Y<3)
=0.003216...
Correct to three decimals places, the probability is 0.003.
Mark allocation: 2 marks

* 1 mark for using linear combinations and defining the distribution of ¥
* 1 mark for the probability of 0.003

Question 5c.

Worked solution

H: p =335 H:u>335
Mark allocation: 1 mark

e 1 mark for H: u=335and H: u> 335
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Question 5d.i.

Worked solution

p-value = Pr(X > 337 | u = 335) = 0.009, correct to three decimal places.

Alternate Hyp

x a B

I w - w
w N W

n

200
Ha: p > o

X

&| |Cancel|

zTest 335,12.337,200, 1: stat results
"Title™
"Alternate Hyp"
ot
"PVal"
ngh
o
g

"z Test"
"H> o
2.35702
0.009211
337
200
iz

Mark allocation: 1 mark

* 1 mark for a p-value of 0.009

Question 5d.ii.

Worked solution

Since p < 0.05, H, should be rejected at the 5% significance level.

Mark allocation: 1 mark

* 1 mark for stating that since p < 0.05, H, should be rejected at the 5% significance level

Question 5e.
Worked solution

Pr(X >X |u=335)=0.05

N200

X —335
= Pr Z>CT=1.6449 =0.05

= ¥ =336.39574...

= X_= 336.3957 min, correct to four decimal places.

Mark allocation: 1 mark

¢ 1 mark for 336.3957 min

Question 5f.

Worked solution

Atype Il error is failing to reject /, when it is false.
Pr(type Il error) = Pr(do not reject H | u = 337)
=Pr(X < 336.3957 | u = 337)

=(.238, correct to three decimal places
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zTest 337,12,336.3957,200,-1. stat results
“Title" "z Test"
"Alternate Hyp" "p<up0"
Hoptt -0.712174
"PVal" 0.228178
B 336.396
' b 200
"g" 12.

Alternatively:

m 12 44 *Unsaved —

norrnCdr(-w,336 3957,337,

12
J200

0.238178

Mark allocation: 1 mark

e 1 mark for 0.238

Question 6a.
Worked solution

The mean of these 10 values is 751.3.
Mark allocation: 1 mark

* 1 mark for the correct answer, rounded to one decimal place

Question 6b.
Worked solution

Use a CAS to find a confidence interval, as shown below.

probability and statistics

C-Level 0. 95 |
|20 | Lower 738. 9041
%|751.3 Upper [763. 6959
n10 %|751.3
n1o
o
IOneSampleZint m

(738.9, 763.7)

Mark allocation: 1 mark

* 1 mark for the correct values, to one decimal place, separated by a comma and in round

brackets

Question 6¢.
Worked solution

12.4

Mark allocation: 1 mark

* 1 mark for the correct answer, rounded to one decimal place
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@ TIP

—

»  You can think of the margin of error as the distance between the mean

and the edge of the confidence interval.

Question 6d.
Worked solution

You need to calculate 95% of 200 to find the answer, 190.

Mark allocation: 1 mark

¢ 1 mark for the correct answer

Question 6e.

Worked solution

Use the inverse standard normal distribution to find the value of %.
Pr(-k<Z<k) =0.75

k=1.15

Mark allocation: 2 marks

* 1 mark for using the inverse standard normal distribution

* 1 mark for the correct answer, rounded to two decimal places

@ TIP

=

» Use the command ‘invnorm’ in your CAS.

Question 6f.
Worked solution

Using the formula for margin of error (MOE) gives

B (2.580)2 B (2.58 x 20)2

MOE 3
n=294.88
S.on=295

Mark allocation: 2 marks

* 1 mark for using the value of 2.58 (as the z-score that corresponds to a 99% confidence
interval)

¢ 1 mark for the correct answer: 295
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