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A stone is thrown vertically into the air 50 that its height /i metres above the
ground after ¢ seconds is given by h = 1.5 + 5¢ — 0.5¢°
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A 51008 is thrown vertically into the air 50 that its height i metres above the
ground after ¢ seconds is given by h = 1.5 + 5¢ — 0.5¢%
2 Wnat is the greatest height the stone reaches?
b After how many seconds does the stone reach Its greatest height?
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TOPIC 1
Functions and graphs

1.1 Overview
1.1.1 Introduction

Solving algebraic problems is one of the oldest
processes in mathematics; however, it wasn’t until the
fifteenth century that the practical notation we use today
was created. Before this, all equations were written out
in words. As far back as ancient Egypt and Babylon,
people were solving linear and quadratic equations, and
the current solving processes are similar to the origi-
nal methods. It took until the sixteenth century for a
group of Italian mathematicians to solve the general
cubic equation.

The root word for algebra, al-jabru, came from the
Arabic word for ‘restoration’. It was Arab mathemati-
cian al-Kwharizmi who, in the ninth century, wrote one of the first books on Arabic algebra containing many
of the basic proofs of algebra that we know and use today. The equals sign was first used and documented in
1557, and the use of pronumerals and + and — signs a decade earlier. Rene Descartes, a French mathematician,
introduced the concept of a graph of a polynomial equation in 1637. He was also the one to suggest that letters
at the start of the alphabet represent constants, and letters at the end of the alphabet represent variables.

The word ‘polynomial’ coming from the Greek ‘poly’ and the Latin ‘nomen’ (name) was first used in the
seventeenth century. Polynomials have many applications in a range of industries: in engineering, a polyno-
mial might be used to model the curves of rollercoasters or bridges; in economics, a combination of polynomial
functions might be used to do cost analyses; and in physics, polynomials are used to describe energy, inertia
and voltage difference, as well as the trajectory of objects.

LEARNING SEQUENCE

1.1 Overview

1.2 Linear functions

1.3 Solving systems of equations

1.4 Quadratic functions

1.5 Cubic functions

1.6 Higher degree polynomials

1.7 Other algebraic functions

1.8 Combinations of functions

1.9 Modelling and applications
1.10 Review: exam practice

Fully worked solutions for this topic are available in the Resources section of your eBookPLUS at
www.jacplus.com.au.

TOPIC 1 Functions and graphs 1



1.1.2 Kick off with CAS
Simultaneous equations

1. a. Using the calculator application, solve the following pairs of simultaneous equations.
i. 3x—2y=10 i. 2x—y=28 i. x+y=3
x+5y=2 8x—4y=1 4x + 4y =12
b. Interpret and explain the CAS results for each pair of equations.
2. a. Using the calculator application, solve the following sets of simultaneous equations.
i. 2x—-3y+z=12 i. 2x—=3y+z=12
x+y—3z=-13 4x —6y+2z=3
—x+2y—z=-9
b. An equation involving three variables defines a plane. Using the graph application in CAS, sketch
each set of equations from part a on a different set of axes. Interpret the solutions found in part a after
sketching the graphs.

Graph sketching

3. a. Using the graph application on CAS, sketch
y=x4 — x> =23x* + 3x+ 60, x € [-5,5].
Determine the x- and y-intercepts.
Find the coordinates of the turning points.
Find the coordinates of the end points.
Determine the solution(s) to the equation
—40 =x* =X = 23x* +3x+ 60, x€[-5,5].
Hence, solve —40 < x* — x> — 23x? 4+ 3x + 60, x € [-5,5].
g. For what values of k does the equation k = x* — x> — 23x? + 3x + 60, x € [—5, 5] have:
i. 1 solution ii. 2 solutions iii. 3 solutions iv. 4 solutions?
4. a. Using CAS, sketch
2 =2, x<1
Jx) =12, 2<x<3.
—2x+8, x>3

b. Determine f(—1), f(1), f(2) and f(5).
c. Solve f(x) = 1.

20T

=h

| 1 | Resources

Please refer to the Resources section in the Prelims of your eBookPLUS for a comprehensive step-by-step guide on how
to use your CAS technology.

2 Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Second Edition



1.2 Linear functions
1.2.1 Functions

A function is a set of ordered pairs in which each x-value is paired to a unique y-value. A vertical line will
intersect the graph of a function at most once. This is known as the vertical line test for a function.

A horizontal line may intersect the graph of a function once, in which case the function has a one-to-one
correspondence, or the horizontal line may intersect the graph more than once, in which case the function has
a many-to-one correspondence.

The domain of a function is the set of x-values in the ordered pairs, and the range is the set of the y-values
of the ordered pairs.

As a mapping, a function is written f: D — R, f(x) = ..., where the ordered pairs of the function f are
formed using each of the x-values in the domain D and pairing them with a unique y-value drawn from the
co-domain set R according to the function rule f(x) = ... Not all of the available y-values may be required

for a particular mapping; this is dependent on the function rule.

For any polynomial function, the implied or maximal domain is R. For example, the mapping or function
notation for the straight line y = 2xis f: R — R, f(x) = 2x.

Under this mapping, the image of 3, or the value of fat 3, is f(3) = 2 X 3 = 6, and the ordered pair (3, 6)
lies on the line of the function.

If only that part of the line y = 2x where the x-values are positive was required, then this straight line
function would be defined on a restricted domain, a subset of the maximal domain, and this would be written
as g: Rt - R, g(x) = 2x.

WORKED EXAMPLE 1

Part of the graph of the parabola y = x? is shown in the YA
diagram.
a. Explain why the graph is a function and state the (.9

type of correspondence.
b. State the domain and range.
c. Express the given parabola using function notation.

d. Calculate the value of y when x = —\/E . (=2,4) y=x
= (0.0) x
Y
THINK WRITE
a. 1. Use the vertical line test to explain a. This is a function because any vertical line that
why the graph is of a function. intersects the graph does so in exactly one place.
2. State the type of correspondence. A horizontal line could cut the graph in up to two

places. The correspondence is many-to-one.

TOPIC 1 Functions and graphs 3



b. 1. State the domain. b. Reading from left to right horizontally in the x-axis

direction, the domain is (-2, 3].

2. State the range. Reading from bottom to top vertically in the y-axis

direction, the range is [0, 9].
c. Use the domain and the function rule to  c. Let the function be /. As a mapping, it is
form the mapping. fi(=2,3] = R, f(x) = x>
d. Calculate the required value. d. f(x) = x°

Letx = —\/5.
f=V2)= (=27

=

| Resources

Interactivity: Vertical and horizontal line tests (int-2570)

1.2.2 The linear polynomial function

Two points are needed in order to determine the equation of a line. When sketching an obliqu
usually the two points used are the x- and y-intercepts. If the line passes through the origin,
point needs to be determined from its equation.

Gradient

The gradient, or slope, of a line may be calculated from m = u. This 7
. . . n=a (1, y1)

remains constant between any pair of points (x;,y;) and (xz,y,) on the line. A

The linear function either increases or decreases steadily.

Parallel lines have the same gradient, and the product of the gradients of
perpendicular lines is equal to —1. That is,

e line by hand,
then one other

}3&27 y2)

m,; = m, for parallel lines
and m;m, = —1 for perpendicular lines.

\‘x

The angle of inclination of an oblique line with the positive direction of the x-axis can be calculated from
the gradient by the relationship m = tan(@). The angle 0 is acute if the gradient is positive and obtuse if the

gradient is negative.

Equation of a line

The equation of a straight line can be expressed in the form y = mx + ¢, where m is the grad
and c is the y-value of the intercept the line makes with the y-axis.

ient of the line

If a point (x1,y;) and the gradient m are known, the equation of a line can be calculated from the point—

gradient form y — y; = m(x — x).
Oblique lines are one-to-one functions.

Horizontal lines run parallel to the x-axis and have the equation y = c¢. These are many-to-one functions.
Vertical lines rise parallel to the y-axis and have the equation x = k. These lines are not functions.
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WORKED EXAMPLE 2

Consider the line L where L = {(x,y) : 2x + 3y = 12}.

a. Sketch the line. b. Calculate the gradient of the line.
THINK WRITE
a. 1. Calculate the x- and y-intercepts. a. 2x+3y=12
y-intercept: Let x = 0.
3y=12
y=4

The y-intercept is (0,4).
x-intercept: Let y = 0.
2x =12

x=06
The x-intercept is (6, 0).

\y‘\
QD sizy=12

(6,0)

2. Sketch the graph.

A

=
r/w

b. Rearrange the equation in the form y = mx + ¢ and b. 2x+3y =12
state the gradient. 3y=—-2x+12
Note: The gradient could also be calculated using _ T2 44
rise . Y= 3
m = — from the diagram.
run

2
The gradient is m = ~3

WORKED EXAMPLE 3

Find the equation, in the form ax + by + ¢ = 0, for the line:
a. passing through the point (2, 3) and parallel to the line with equationy —3x +5 =0
b. passing through the point (—1, 6) and perpendicular to the line with equation 2y + 4x = —10.

THINK WRITE
a.  Convert the equation into the formy =mx+cand a. y—3x+5=0
state the gradient of the parallel line. This is also the y=3x-5
gradient of the desired line. Som=3
2. State the gradient-point form of a straight line y—y1 = m(x — xp)
equation.
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3. Substitute the given point (2, 3) and the gradient y—3=3x-2)

and simplify. y—3=3x+6
y=3x+9
4. Rearrange the formula into the required form, y=3x+9
ax+by+c=0. y—3x-9=0
b. 1. Convert the equation into the form y = mx+ cand  b. 2y +4x=—10
state the gradient of the perpendicular line. 2y =—4x - 10
y=-2x—-95
Som=-=2
2. Calculate the gradient of the desired line. my Xmy =—1
—2Xmy=—1
1
.My = 5
3. State the gradient-point form of a straight line y—y1 =mx—xp)
equation.
4. Substitute the given point (—1, 6) and the gradient y—6= %(x +1)
and simplify. ; 1
y—6= 7 I >
1 13
y= Ex + 5
. . 1 13
5. Rearrange the formula into the required form, = o I 5
ax+by+c=0. 2y =x+13
2y—x—13=0

WORKED EXAMPLE 4

a. Calculate, correct to 1 decimal place, the angle made with the positive direction of the x-axis
by the line that passes through the points (—3, —2) and (4, 1).

b. Determine the equation of the line that passes through the point (5, 2) at an angle of 45°.

THINK WRITE
a. 1. Determine the gradient of the line passing between a. m = S
. . X2 — X
the given points.
SR _1+2
T 443
3
7
2. State the relationship between the angle and the tan(0) = m
gradient tan(0) = :
7
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3
f=tan"' | =
an <7>

3. Calculate 0, correct to 1 decimal place.
=23.2°
b. 1. Determine the gradient from the given angle. b. tan(0) = m
m = tan(45°)
= 1
2. State the gradient-point form of a straight line y—y =mx—xp)
equation.
3. Substitute the given point (5, 2) and the gradient y—2=1x-95)
and simplify. y—2=x-5
y=x-3

Midpoint between two points

The midpoint, M, of a line cuts the line exactly in half, so M is
equidistant from point A and point B.

The coordinates of M are found by averaging the x- and
y-coordinates of points A and B.

X1 +x, Y1+,
M= (2220 7h
&)

Distance between two points

The distance between two points is the length of that line segment.

Essentially a right-angled triangle can be constructed, with the
vertical height y, — y; and the horizontal length x, — x;. Apply-
ing Pythagoras’ theorem, the formula for the distance between two
points becomes:

d= \/(x2 — X+ (0, —y,)?

B (xZ’ )’2)
M
A (e, y1)

< 0 >

/

b\
B (x27 Y2)

)f -
A<—XQ —X|—>
(x1, y1)

< 0 >
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WORKED EXAMPLE 5

Given the points (-3, 5) and (4, —6) calculate:

a. the midpoint, M, between the two points b. the distance between the two points.
THINK WRITE
+
a. 1. Write the formula for finding the midpoint between a. M = <x1 -;xz’ Y] 5 2 )
two points.
p. : L -34+4 5-6
Substitute the x- and y-coordinates and simplify. M= R

Note: It doesn’t matter which is point 1 and which is

point 2. = l_l
27 2

b. 1. Write the distance formula. b. d = \/ (r2 —x1)2+ (2 —y1)?
2. Substitute the two points into the equation and d= \/ 4 +3)2 + (=6 —5)2
simplify. o . =V + (=117
Note: It doesn’t matter which is point 1 and which is
point 2. V49 + 121

V170

3. State the final answer. The distance is \/ 170 units.

%111 Resources

Interactivity: Equations from point—gradient and gradient—y-intercept (int-2551)
Interactivity: Midpoint of a line segment and the perpendicular bisector (int-2553)
Interactivity: Roots, zeros and factors (int-2557)

Exercise 1.2 Linear functions

Technology free

1. For each of the following, state:
i. the type of correspondence
ii. the domain and the range
iii. whether or not the relation is a function.

a. (_%7) yA b. YA

(3.5€ N 0, 4)

(1,0)

A

“Y

<Y

0,0)
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c. d YA
\ 0,2)
‘ \(3’ 0
Y
€ YA f YA
(2,8)
0, 2) -
- 5 >
< 0 ;)C
(-2,-8)
Y Y

. [[IZ1 Part of the graph of the parabola y = x” is shown in the N

diagram.

a. Explain why the graph shows a function and state the type (4. 16)

of correspondence.

b. State the domain and range. y=x

c. Express the given parabola using function notation.

d. Calculate the value of y when x = —2\/5 . 2,4
. [l Consider the line L where L = {(x,y):3x — 4y = 12}. /

a. Sketch the line. < 0 >

b. Calculate the gradient of the line. Y

. Sketch the following linear functions and state the range of each.
a. fiR—->R,f(x) =9 —4x

3
b. g:(-3,5] > R, glx) = ?x
c. 2x+y=4, xe[-2,4)
2
d. y=?x+5, xe[-1,5]

. Find the equation of the line:
a. with a gradient of —3 and passing through the point (2, 6)
b. passing through the points (-2, —4) and (1, 5).
. [EIE Find the equation, in the form ax + by + ¢ = 0 for the line:
a. passing through the point (—1, 4) and parallel to the line with equation y +2x —=3 =0
b. passing through the point (2, 3) and perpendicular to the line with equation 3y — 6x = 4.
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7. a. [ Calculate, correct to 1 decimal place, the angle made with the positive direction of the x-axis
by the line that passes through the points (2, 1) and (8, —4).
. Determine the equation of the line that passes through the point (-2, 4) at an angle of 45°.
8. a. [l Given the points (2, 0) and (6, —4) calculate:
i. the midpoint, M, between the two points
ii. the distance between the two points.
. Given the points (-3, —2) and (4, 3) calculate:
i. the midpoint, M, between the two points
ii. the distance between the two points.
9. Find the value of a when:
a. the midpoint of (a, 4) and (10, —2)is (8, 1)

o

T

35
b. the midpoint of (6, a) and (-3, —2) is (5, §>

c. the distance between (1, a) and (4, 6) is /73

d. the distance between (a, 4) and (-2, —2) is \/E .
10. Consider the three points A (5, —3), B (7,8) and C (=2, p). The line through A and C is parallel to
Ox + 7y =24.
a. Calculate the value of p.
b. Determine the equation of the line through B that is perpendicular to AC.
c. Calculate the shortest distance from B to AC, expressing the value to 1 decimal place.

1.3 Solving systems of equations
1.3.1 Solving simultaneous equations with two variables

Three possible scenarios exist when we are dealing with two linear simultaneous equations. There may be

one solution only, there may be no solutions, or there may be infinitely many solutions.
If the two straight lines intersect each other at only one place, we have one YA

solution. This indicates that the gradients of the two equations are different. /

4
>o<
=Y

tions. Although the gradients of the lines are the same, the y-intercepts are

r\\

If the two straight lines have the same gradient, they are parallel lines, so YA

they never meet. Therefore, there are no solutions to the simultaneous equa- /
different. / /
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If the two straight lines have the same equation, one line lies on top of v
the other and there are infinitely many solutions. Both the gradients and the
/ 0

y-intercepts are identical.
WORKED EXAMPLE 6

Find the value of k for which the following simultaneous equations have a unique solution.

=Y

kx + 3y =1
4 + 3ky =0
THINK WRITE
1. Label the equations. kx+3y=1 [1]
4x + 3ky =0 [2]
2. There will be a unique solution for all values of &, [1]=> kx+3y=1
except when the gradients of the two lines are the 3y=1—kx
same. To find the gradient, write the equations in the y= 1—kx m= _k
general form, y = mx + c. 3 3
[2] = 4x+3ky =0
3ky = —4x
_ =4 _ 4
T " Tk
. k 4
3. Equate the gradients and solve for k. 3%
3k =12
=4
k=+2
4. Write the solution. k€ R\{-2,2}
This solution tells us that if K = +2, the equations
will have the same gradient, so for any other value
of k, there will be a unique solution.
5. Note: In this example, we weren’t required to k=2
further analyse the values of k and work out if the [1] =>2x+3y =1
equations were identical or were parallel lines. To [2] = 4x+6y =0

do this, we would substitute the values of k into the 2]+2=2x+3y =0

equations and interpret the results, as shown here. .
The gradients are the same but the

y-intercepts are not, so these lines are
parallel.
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k= -2
[1] > 2x+3y =1
[2] >4x—-6y =0
2] +=2=2x+3y =0
The gradients are the same but the

y-intercepts are not, so these lines are
also parallel.

Alternative method

An alternative method to the one shown in Worked example 6 is to use matrices, and in particular the
determinant, to find the value of k.

kx+3y=1
4x +3ky =0

Step 1. Construct a coefficient matrix.
Note: It is important to ensure that the first term in both equations contains the same pronumeral.

k 3
4 3k
Step 2. Equate the determinant to zero.
If the determinant is zero a matrix cannot be solved, which in this case means that a unique solution cannot

be found to the simultaneous equations.

Remember, if the matrix is [a Z] , then the determinant is ad — bc.

c
So, in this case:

kx3k—4x3=0

3 -12=0
3k =12
K =4
k==+2

Step 3. Interpret the result.
If k € R\{-2, 2}, this means that a unique solution exists for the simultaneous linear equations.

If k = £2 there is no unique solution — the lines are either parallel (no solution) or the same line (infinitely
many solutions). As with Step 5 in Worked example 6, in order to further analyse the values of &, both —2
and 2 would need to be substituted into the equations. Please refer to the worked example for this working.

"1 Resources

Interactivity: Solving systems of equations (int-2549)
Interactivity: Intersecting, parallel and identical lines (int-2552)

study[1])
> h0s2 > Topic 4 > Concept 1 4

Simultaneous equations with two variables Summary screen and practice questions
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1.3.2 Simultaneous equations with three variables

An equation with two variables defines a line. An equation with three variables defines a plane. If an equation
has three variables, there needs to be three different equations for us to be able to solve for the point at which
the three planes intersect (if in fact they do intersect at a single point).

There are a number of different possible outcomes when planes intersect.

No solution One unique solution Infinitely many solutions

A

The planes are identical.

Planes are parallel to one another.

There is no common point of There is a single point at which | The planes intersect along a line.
intersection. all three planes intersect.

When solving three simultaneous equations without technology, the strategy is to eliminate one of the
variables and reduce the three equations with three unknowns to two equations with two unknowns.

Solving simultaneous equations with technology becomes a straightforward problem in CAS by using the
inbuilt functions.

WORKED EXAMPLE 7

Solve the following system of simultaneous equations.
2x —3y+2z=-5
x—5y+z=1
2x+3y+z=-2

THINK WRITE

1. Label the equations and determine which of the 2x—=3y+2z=-5 [l1]
three pronumerals you are going to eliminate. x—=5y+z=1 [2]
Either x or z would be appropriate choices as the 2o Sy I=0 BN 3]

coefficients in all three equations are either the same
or a multiple of the other. Let us eliminate z.
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2. Subtract equation [2] from [3] to eliminate z and

label this equation [4].

3. We need another equation without z. In order to

subtract equation [1] from [3], multiply equation [3]

by 2. Label this equation [5].

4. Subtract equation [1] from the newly formed [5] to
eliminate z and label this equation [6].

5. We now have two equations with only x and y.

6. The standard elimination method will be used to
solve this pair of simultaneous equations. Multiply
equation [4] by 2 so that the coefficients of x are the
same. Label this equation [7].

7. Subtract equation [6] from [7] and solve for y.

8. Substitute y = —1 back into the system of equations
in order to find x. Choose one of the equations

containing only x and y.

9. Substitute the values for x and y into one of the
original equations and solve for z.

10. Write the final solution. Alternatively, CAS can be

used to solve the three simultaneous equations if the

question is technology active.

[3]-12] = x+8y=-3 4]
[B1X2=> 4x+6y+2z=—-4 [5]
[5]=[1]= 2x+9y =1 [6]
x+8 =-3 [4]
2x+9y =1 [6]
4]x2=> 2x+ 16y = —6 [7]

[7] - [6] = Ty = =17
y=-1
Substitute y = —1 into [4]:
x—8=-3
x=5

Substitute y = —1 and x = 5 into [2]:
5+5+z=1
10+z=1
z=-9
x=5y=-1,z=-9

Tl | THINK

1. On a Calculator screen, press
MENU then select
3: Algebra
7: Solve System of Equations

1: Solve System of Equations ...

Complete the entry line as

2x —3y+2z=-5
solve|Rx—5y+z=1 ,{xy,z}

2x+3y+z=-2
then press ENTER.

2. The answer appears on the screen.

System of Linear Equations

Number of equations [3

Enter variable names separated by commas

!El |Cancel|

solve|

X=5+y4z=1
20 x43 y+z=-2

‘{2~ x=3 42 2=-5

Axpz}

x=5 and y=-1and z=-9

x=5y=-1,z=-9

CASIO | THINK WRITE

1. On the Main screen, complete

© Edit Actlon imteractive

the entry line as

b=l T

sulve ({ Sx=y+2x=-5,

solve ({2x —3y+2z= -5,
x—5y+z=1,
2x+3y+z=-2},
{x,y,2})

then press EXE.

n

(x=5., y=-1,7=-4}

Alg Stenderd  Real Aad

<)

2. The answer appears on the
screen.

| Resources

Interactivity: Equations in 3 variables (int-2550)
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Simultaneous equations involving parameters

When there are infinitely many solutions to a system of equations, such as when planes intersect along a line,
we can describe the set of solutions through the use of a parameter. Conventionally, the parameter chosen is A.

WORKED EXAMPLE 8

The simultaneous equations shown have infinitely many solutions.
2x +y—4z=2
x+y+3z=-1
a. Eliminate y by subtracting the second equation from the first equation.

b. Let z = 1 and solve the equations in terms of A.
c. Explain what this solution represents.

THINK WRITE
a. 1. Label the equations. a. 2x+y—4z=2 [1]
x+y+3z =-1 [2]
2. Subtract equation [2] from equation [1]. RI-[1]=>x-7z=3
b. 1. Substitute z = A and solve for x. b. z=4
x—741=3
x=3+74
2. Substitute z = A4 and x = 3 + 74 into equation Substitute z = A and x = 3 + 74 into [2]:
[2] and solve for y. 3+7A+y+34=-1
Note: Equation [1] could also have been y+10A+3=-1
chosen. y=—-4-104
3. Write the solution. x=34+T7A,y=—-4-104,z=41
c. Interpret the solution. c. This solution describes the line along

which the two planes intersect.

TI | THINK CASIO | THINK WRITE
b. 1. On a Calculator screen, press b. 1. On the Main screen, © Edit action imersctive
MENU then select 2 xtydo 222 & complete the entry line as i‘f:%&_ﬁ%
3: Algebra S°“'°{[x+y+3‘2"1 A } solve ({2x+y —4z=2, TR, 1D oA |
7: Solve System of Equations Fi:.,_ At andyes (cna)and et x+y+3z=-11, i
1: Solve System of Equations ... | z=AhL{xy,2})
Complete the entry line as then press EXE.
x+y—4z=2 Note: the A symbol can be
solve [{x +y+3z=-1 ,{x,y, z}] found in Keyboard menu
z=141 by selecting abc then
then press ENTER. selecting afly.
Note: the A symbol can be found J
by pressing / then k. e :;
2. The answer appears on the screen.  x = 7A+3,y = =2(54A+2),z =1 2. The answer appears on the x = 74 + 3,
screen. y=—-104A -4,
z=142

study[1])
> 1052 > Topic4 > Concept2 4

Simultaneous equations with three variables Summary screen and practice questions
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Exercise 1.3 Solving systems of equations

Technology free

1

W

o

. I3 Find the value of k for which the following simultaneous equations have a unique solution.
2x+ky=4
(k=3)x+2y=0

. Find the value of m for which the following simultaneous equations have infinitely many solutions.
mx—2y=4
x+(m-=3)y=m

. Find the value of m for which the following simultaneous equations have no solution.
x+my=3
dmx+y=0
. Find the value of k for which the following simultaneous equations have a unique solution.
x+3ky=2
k—1)x—1=-6y

. Find the value of m for which the following simultaneous equations have:
a. aunique solution
b. no solution
c. an infinite number of solutions.
—2x+my=1
m+3)x—2y=-2m
. I3 Solve the following system of simultaneous equations.
2m—4n—p=1
dm+n+p=>5
3m+3n—-2p =22

Technology active

7. Solve the following system of simultaneous equations.

2d—e—f=-2
3d+2¢—f=5
d+3e+2f=11

Solve the following systems of simultaneous equations.

a. 2x+y—z=12 b. m+n—p==6
—x—=3y+z=-13 3m+5n—-2p=13
—Ax+3y—z=-2 Sm+4n—"Tp =34

c. u+2v—4w =23 d. a+b+c=4
3u+4v—2w =37 2a—b+2c=17
Bu+v-2w=19 —a—-3b+c=3

The measure of the largest angle of a triangle is 20° more than the smallest angle, and the sum of the
largest and smallest angles is 60° more than the third angle. Find the angle sizes of the triangle using
simultaneous equations.

10. Solve the following system of simultaneous equations.
w—2x+3y—z=10
2w+x+y+z=4
—w+x+2y—z=-3
3w—-2x+y=11
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11. Solve the following system of simultaneous equations in terms of a.
2x—y+az=4
(a@+2)x+y—z=2
6x+(a+1)y—2z=4

12. The simultaneous equations shown have infinitely many solutions.
x+2y+2z=1
2x—2y+2z=2

a. Eliminate y by adding the second equation to the first equation.
b. Let z = A and solve the equations in terms of A.
c. Explain what this solution represents.
13. Solve the following pair of simultaneous equations through the use of the parameter A.

xX+2y+4z=2
x—y-3z=4
14. Solve the following pair of simultaneous equations through the use of the parameter A.
x+y—2z=5
x=2y+4z=1

15. Solve the pair of simultaneous equations through the use of the parameter A.
“2x+y+z=-2
x=3z=0

16. Find the values of m and n for which the equations below have:
a. aunique solution
b. an infinite number of solutions
c. no solution.
3x+2y=-1
mx+4y=n

1.4 Quadratic functions

1.4.1 Factorisation
Review of quadratic expressions
The following techniques are used to factorise quadratic expressions.
* Perfect squares: a + 2ab + b* = (a + b)?
+ Difference of perfect squares: a> — b> = (a — b)(a + b)
« Trial and error (trinomials): To factorise x> — x — 6, we look for the factors of x> and —6 that, when
combined, form the middle term of —ux.

¥ -x—-6=x-3)(x+2)

e Completing the square: The method of completing the square will work for any quadratic that can be
factorised.
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WORKED EXAMPLE 9

Use an appropriate technique to factorise each of the following quadratic expressions.

a. 9a* — 24ab + 16b> b.6x2 —17x + 7 c.2f + 8t — 14

THINK WRITE

a. The first and last terms are perfect a. 94> — 24ab + 16b* = (3a)> — 2(3a)(4b) + (4b)*
squares, so check if the expression fits = (3a — 4b)?

the perfect square formula.
b.1. Always try to factorise by the trial and  b. 6x* — 17x + 7

error method before applying the Possible factors are:
method of completing the square. 3x>_<7
2x -1
2. Write the answer. 6x> —17x+7=0Bx=7)(2x - 1)
c. 1. Take out the common factor of 2. c. 2P +8t—14=2+4t-17)
2. Trial and error is not an appropriate =22 +4+2°-Q2)?*=7)
method here, as the only factors of 7 _ 2( (t+ 2)2 —4_ 7)

are 1 and 7, and these cannot be _» " _ 11
combined to give a middle coefficient - <(Z = )

of 4. Thus, the completion of the = 2<t +2—-v11 > <t +24+ /11 )
square method is required.

"1 Resources

Interactivity: Perfect square form of a quadratic (int-2558)
Interactivity: Completing the square (int-2559)

1.4.2 Solving quadratic equations

Polynomial equations, whether they be quadratics, cubic polynomials, quartic polynomials or polynomials
of a higher degree, can be solved using the Null Factor Law.
For example

0=x>-5x+6.

Factorising gives
0=ax’+bx+c

Applying the Null Factor Law, x=3orx=2.

The quadratic formula

Quadratic equations of the form 0 = ax? + bx + ¢ can also be solved by using the quadratic formula:

—b + Vb2 — 4ac If A > 0, there are two real solutions to the equation.
= — 2a If A = 0, there is one real solution to the equation.
The discriminant = A If A < 0, there are no real solutions to the equation.
= b? — dac
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WORKED EXAMPLE 10

Solve the following equations for x.

a.6x’—Tx-3=0 b.x’+8x+1=0
THINK WRITE
a. 1. First try to factorise by two brackets. a. 6x> —7x—3=0
BGx+1)(2x-3)=0
2. Apply the Null Factor Law to solve for x. = —%, %
b. 1. First try to factorise by two brackets. If this doesn’t b. A = b’ — 4dac
work, check the discriminant. - 82 _4x1x1

As the discriminant is not a perfect square, the

quadratic formula must be used to solve the =0

A >0, .. 2 solutions

equation.
: —b + \Vb?> — dac
2. Apply the quadratic formula. x = >
a
-8+ 1/60
: 2
-8 +2v15
a 2
3. Write the answer x=-4+1/15
TI | THINK CASIO | THINK WRITE
b. 1. On a Calculator screen, b. 1. On the Main screen, © et hotion imractie

press MENU then select N A complete the entry line as ﬂlt:[MLL}
3: Algebra =15 +4) or x=JT5 ~4 solve(> + 8x+1=0,x) ™0 sal
1: Solve then press EXE. b |
Complete the entry line
as '
solve(x® + 8x + 1 = 0,x) |
then press ENTER. |

1

i

Alg Stenderd  Aeal Red )|
2. The answer appears on x=—-\15 -4,x=+/15 -4 2. The answer appears on the x = —\/15 — 4, x =1/15 — 4

the screen. screen.

11 Resources

)

Interactivity: The discriminant (int-2560)
Interactivity: The quadratic formula (int-2561)
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1.4.3 Graphing quadratic functions

The function f:R — R, f(x) = ax> + bx + ¢, where a,b,c € R and a # 0, is the quadratic polynomial
function. If @ > 0, its graph is a concave-up parabola with a minimum turning point; if a < 0, its graph is a
concave-down parabola with a maximum turning point.

General form, y = ax®> + bx + ¢

As the x-intercepts of the graph of y = ax? + bx + ¢ are the roots of the quadratic equation ax* 4+ bx + ¢ = 0,
there may be zero, one or two x-intercepts as determined by the discriminant A = b* — 4ac.

A<O A=0 A>0

a>0 \y\ YA YA

a<0 YA YA YA

N |

If A < 0, there are no x-intercepts; the quadratic function is either positive or negative,
depending whether a > 0 or a < 0 respectively.

If A = 0, there is one x-intercept, a turning point where the graph touches the x axis.

If A > 0, there are two distinct x-intercepts and the graph crosses the x-axis at these places.

A

(=)
<Y

()
<)

()
=Y

—b + \Vb?> - dac

— > , the axis of symmetry of the
a

As the roots of the quadratic equation are given by x =

. -b .. . . . o .
parabola has the equation x = 2 This is also the x-coordinate of the turning point, so by substituting this
a

value into the parabola’s equation, the y-coordinate of the turning point can be calculated.
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Turning point form, y = a(x — h)®> + k
The simplest parabola has the equation y = x°. Its turning point is the origin, (0,0), which is unaltered by
a dilation from the x-axis in the y-direction. However, if the graph of this parabola undergoes a horizontal
translation of 4 units and a vertical translation of k units, the turning point moves to the point (4, k).
Thus, y = a(x — h)*> + k is the equation of a parabola with turning point (%, k) and axis of symmetry x = h.
If y = a(x — h)> + k is expanded, then the general form y = ax?> + bx + c is obtained. Conversely, when
the technique of completing the square is applied to the equation y = ax? + bx + c, the turning point form is
obtained.

x-intercept form, y = a(x — x1) (X — X»)

When the equation of a quadratic function is expressed as the product of its two linear factors, the x-intercepts
at x = x; and x = x, can be obtained by inspection. The axis of symmetry lies midway between the intercepts,

. . . Xy +x
so the equation for this axis must be x = LT

, and this gives the x-coordinate of the turning point. The

y-coordinate of the turning point can be calculated from the equation once the x-coordinate is known.
Expanding the equation y = a(x — x1) (x — x») will return it to general form, and factorising the general
equation y = ax? + bx + ¢ will convert it to x-intercept form.

Key features of the graph of a quadratic function

When sketching the graph of a parabola by hand, identify:
* the y-intercept
* any x-intercepts
* the turning point
* the axis of symmetry, if it is helpful to the sketch
* any end point coordinates if the function is given on a restricted domain.

The methods used to identify these features will depend on the form in which the equation of the graph is
expressed.

Similarly, when determining the equation of a parabola given a key feature, you should select the form of
the equation that emphasises that key feature.

« If the turning point is given, use the y = a(x — h)* + k form.

* If the x-intercepts are given, use the y = a(x — x;) (x — x,) form.

* Otherwise, use the y = ax* + bx + ¢ form.

Three pieces of information are always required to determine the equation, as each form involves 3 constants
or parameters.
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WORKED EXAMPLE 11

Sketch the graph of y = 9 — (2x + 1) and state its domain and range.

THINK WRITE/DRAW

1. Rewrite the equation so it is in a standard form. y=9—(2x+ 1)
y=—C2x+1)*+9

or I\\2
v+ 1)) +0
1 2
=—4 ) +9
y <x+2> +

2. State the coordinates and type of turning point. The graph has a maximum turning
1
intat { —=,9 ).
point a < 3 >
3. Calculate the y-intercept. y-intercept: Let x = 0.
y=9-(17
y=38

The y-intercept is (0, 8).

4. Calculate any x-intercepts. As the graph has a maximum turning
point with a positive y-value, there
will be x-intercepts.

Lety=0.
9—(2x+1)’=0
Qx+1)%=9
2x+1 =43
2x=—4 or 2
x=-2or |
The x-intercepts are (—2,0) and (1, 0).
5. Sketch the graph. (_1 9)
2" v
(0, 8)
y=9—(2x+ 1)
(=2,0) (1,0)
< 5 -
Y
6 State the domain and range. The domain is R and the range is
(—00,9].
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TI| THINK

1. On a Graphs page,
complete the entry line for
function 1 as
flx) =9 —Q2x+ 1)
then press ENTER.

2. To find the x-intercepts,
press MENU then select
6: Analyze Graph
1: Zero
Move the cursor to the left
of the x-intercept when
prompted for the lower
bound, then press ENTER.
Move the cursor to the right
of the x-intercept when
prompted for the upper
bound, then press ENTER.
Repeat this step to find the
other x-intercept.

3. To find the y-intercept,
press MENU then select
5: Trace
1: Graph Trace
Type “0” then press
ENTER twice.

4. To find the maximum,
press MENU then select
6: Analyze Graph
3: Maximum
Move the cursor to the left
of the maximum when
prompted for the lower
bound, then press ENTER.
Move the cursor to the right
of the maximum when
prompted for the upper
bound, then press ENTER.

5. The domain and range can
be read from the graph.

WRITE

1.1

B a1(9-5-

(2' X+ 1) zl

= 2
/ -6.67

)

X 5
\.\l‘l[\-)_g_[_).ﬁl)’_’
\

/’\ (0,8)

\(1.0) 2

=

)

\ H
\n[\»)-_u—[.» x+1)?
\

The domain is R and the range is

(—00,9].

CASIO | THINK
1. On a Graph & Table

screen, complete the
entry line for y1 as
yl=9—(2x+ 1)
then press EXE.
Select the Graph icon
to draw the graph.

. To find the x-intercepts,

select

* Analysis

e G-Solve

* Root
With the cursor on the
first x-intercept, press
EXE.
Use the left/right
arrows to move to the
other x-intercept, then
press EXE.

. To find the y-intercept,

select

¢ Analysis

¢ G-Solve

* Y-Intercept
then press EXE.

. To find the maximum,

select

* Analysis

¢ G-Solve

¢ Max

then press EXE.

. The domain and

range can be read
from the graph.

WRITE

© Flle Edit Typa

St [Shast2 Shast3 |Sheetd [Shaati
B 1=g- (24132

L1x7 &
A
a1 = [/l: \ EREEIE )
) 3
Red  Aeal )|

Red  Real

Red  Real )|

The domain is R and the
range is (—o0, 9].
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WORKED EXAMPLE 12

Determine the equation of the given graph and hence obtain the

coordinates of the turning point.

THINK

1. Select a form of the equation.

2. Use the key features to partially determine
the equation.

3. Use the third piece of information to fully
determine the equation.

4. Determine the equation of the axis of
symmetry.

5. Calculate the coordinates of the turning
point.

WRITE

As the two x-intercepts are known, the
x-intercept form of the equation will be used.
There is an x-intercept at x = —5.

= (x+ 5) is a factor.

There is an x-intercept at x = 8.

= (x — 8) is a factor.

The equation is y = a(x + 5) (x — 8).

The point (0, —4) lies on the graph. Substitute
this point in y = a(x + 5) (x — 8).

—4 = a(5)(-8)
—4 = —40a
L 1
10

1
The equation is y = E(x +5) (x — 8).

The axis of symmetry lies midway between
the x-intercepts.

=548

2

o0 5

3

3
The turning point has x = >

3
Substitute x = 7 in the equation of the graph.

1 /3 3
r=15(3+3) (%)
1 13 -13
T2

169
Ty

3 169
The turni int i =y =—= ||c
e turning point is (2 0 >
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.01 Resources

Interactivity: Quadratic functions (int-2562)

study[1])
> 4051 > Topio 1 > oncept 1 4

Quadratic functions Summary screen and practice questions

Exercise 1.4 Quadratic functions

Technology free

1. lE Use an appropriate method to factorise each of the following quadratic expressions.

a. 150> —u—2 b. 642 —28d+ 16 c. 37+12j-6
2. Use an appropriate method to factorise each of the following quadratic expressions.
a. f2—12f—28 b. g>+3g—4 c. -1
3. [fIZ1 Solve the following equations for x.
a. 8 +2x-3=0 b. 2x* —4x+1=0
4. Fully factorise and solve the following quadratic equations over R.
a. 81y’ =1 b. 472 +2824+49=0 c. 5m*+3=10m d. x> —4x=-3
e. 48p =24p> + 18 f. 39 = 4k* + 77 g. m*+3m=4 h. 4n> =8 —5n

Technology active

5. [EIZX Sketch the graph of y = 2(3x — 2)? — 8 and state its domain and range.
6. a. f:(=2,2] = R,f(x) = 3(1 — x)> + 2. What is the range of the graph?
b. Sketch the graphs of the following quadratic functions. State the range for each one.
i y=x—-2)(2x+3), x € [-2,3]
i. y=—-x>4+4x+2, xR
ii. y=-2(x+1)?>-3, xe& (=3,0]
iv. y=4Q2x-3)—1, x€R
7. Consider the quadratic function £R* U {0} = R, f(x) = 4x*> — 8x + 7.
a. Determine the number of intercepts the graph of y = f(x) makes with the x-axis.
b. Express the equation of the function in the form f(x) = a(x + b)* +c.
c. Sketch the graph of y = f(x) and state its domain and range.
8. [[IZHA Determine the equation of the given graph and hence obtain the coordinates of the turning point.
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9. Determine the equations of the following quadratic functions.
a. The turning point has coordinates (—6, 12) and the graph of the function passes through the point

1
b. The points (-7, 0), (0, —20) and (—2 5 0) lie on the graph.

The minimum value of the function is —5 and it contains the points (-8, 11) and (8, 11)
Express —x> 4+ 2x — 5 in the form a(x + b)* + c.
Hence, state the coordinates of the turning point of the graph of y = —x? + 2x — 5.
Sketch the graph of y = —x? + 2x — 5 and state its range.
Use a graphical method to show that the graphs of y = x + 3 and y = —x* + 2x — 5 never intersect.
. Determine the value of k so that the graphs of y = x + k and y = —x? + 2x — 5 will touch exactly once.
11. What are the possible values of k such that the graphs of y = 2x* and y = kx — 2 do not intersect?
12. Find the values of m for which the line y = — 3 — 2mux intersects the parabola y = x> — 1 twice.
13. Show that y = 2x — 3 is a tangent to the graph y = x*— 2.
14. a. For what values of k does the equation kx> — 3x + k = 0 have no solutions?
b. If kx? + 4x — k + 2 = 0, show that the equation has a solution for all values of k.
—2m

10.

® 20T Do

5
15. A quadratic equation has the rule (m — 1)x> + ( ) x + 2m = 0. Find the value(s) of m for which

the quadratic equation has two solutions.

1.5 Cubic functions

1.5.1 Factorisation

For polynomials of degree 3, it is necessary to remember the perfect cube patterns as well as the sum and
difference of two cubes.

Perfect cube:
a’ +3a’b + 3ab® + b = (a + b)’
a® —3a®b + 3ab*> — b* = (a — b)’
Sum and difference of two cubes:
a®+ b’ = (a+b) (a* —ab +b*)
a—-b=@->b) (a + ab +b2)

WORKED EXAMPLE 13

Use an appropriate technique to factorise each of the following cubic expressions.

a. 27y’ =27y + 9y — 1 b.x>+8
c.3y’ — 81 d. 8m* 4+ 60m> + 150m + 125
THINK WRITE
a. This is a perfect cube pattern. a. 27y’ =27y + 9y — 1
Check to see that it has the pattern of _ (3y)3 _3 (3y)2 (1) +33y) (1)2 . (1)3

a® —3a’b + 3ab® — b’ = (a — b)°. X
=Qy—1y
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b. This is a sum of two cubes pattern. b. x* +8=x+23
=@ +2)(?-2x+2%
=(x+2)(x* —2x+4)

c. 1. Remember to take out a common c. 3y =81 =3(y*-27)
factor first.

2. Now factorise using the difference of =3(° - 3%
two cubes pattern. = 3(y = 3)0% +3y +3?)
=30y -3)0*+3y+9)
d. This is a perfect cube pattern. d. 8m® + 60m?* + 150m + 125
Check to see that it has the pattern of = 2m)® +32m)>2(5) + 32m)(5)* + (5)°

3 +3a%h + 3ab* + b3 = (a + b)°.
aroarod (@+b) = 2m+5)°

Factorising cubics using the technique of grouping
To factorise x> — 3x% + 4x — 12, start by grouping two and two in the following manner.
B =32 +4x-12
— [R—
TWO TWO

=x2(x-3)+4(x-3)
= (=32 +4)

The other possible method is to group three and one. For example, to factorise x> — 7% + 4x + 4, rearrange
the expression to become

X+dx+4-722
X+dx+4-722
-

THREE ONE
=(x+2)?%-22
=(x+2-2x+2+2)

WORKED EXAMPLE 14

Factorise the following polynomials.
a.m*—n*—36—12n b.p> +2p* —4p —8

THINK WRITE

a. 1. Group the polynomial one and three and rearrange, a. m’> —n’ — 36 — 12n
taking out —1 as a common factor. = m2—n?—12n— 36

=m? — (n* + 12n + 36)

2. Factorise the group of three terms as a perfect =m? — (n+6)*
square.
3. Apply the difference of perfect squares method. =m—-—m+6)n+ (n+6))

=m-n—06)(n+m+06)
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b. 1. Group the polynomial two and two. b. p3+2p2—4p-8

TWO TWO
2. Factorise each pair. pPP+2p7—4p—8
=p(p+2)—4p+2)
= (p+2)(* - 4)
3. Finish the factorisation by applying the difference =@p+2)p-2)(p+2)
of perfect squares method. =@+ 2)2 -2

Factor theorem

When the previous methods are not appropriate for a third degree polynomial or a higher degree polynomial,
then knowledge of the factor theorem is essential. The factor theorem is an algebraic theorem that links the
zeros of a polynomial. It states the following:

A polynomial, P(x), has a factor (x — a) if and only if P(a) = 0;
that is, if a is a root of the polynomial.

Consider the factorisation of x* + 3x* — 13x — 15.

Let P(x) = x* + 3x* — 13x — 15.

By substituting integer values of x that are factors of the constant term, we aim to achieve a zero remainder,
that is, to achieve P(x) = 0. If this is so, we have found one linear factor of the cubic polynomial.

P(H=13+31)>=13(1)=15

=1+4+3-13-15
#0
P(=1)= (=1 +3(=1)>=13(=1) = 15
=—-1+3+13-15
=0
Thus, (x + 1) is a factor. The quadratic factor can then be found by long division or by inspection.
X2+2x—15
X+ 1) 34322 - 13x— 15
—(x3+ x2)
2x2—13x-15
—(2x2+ 2x)
—15x-15
—(-15x - 15)
0
—15x + 2x

or X +3x2 = 13x — 15 = (x+1) (& + 2x — 15)

2x% + 7
Completing the factorisation gives:

X +3% = 13x— 15=(x+ 1) (& + 2x - 15)
=@+ D@x+5@-3)
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WORKED EXAMPLE 15

Fully factorise 2x> — 3x% — 8x — 3.

THINK WRITE

1. Let P (x) equal the cubic polynomial. P(x)=2x>—-3x*—8x-3

2.Try P (1), P(—1), P(2) and so on to get a zero P(1)=2-3-8-3#0
remainder. P(-1)=-2-3+8-3=0

Therefore x + 1 is a factor.
3. Use long division to obtain a quadratic factor.

2x2—5x-3
X+ 1)2x3 - 322~ 8x 3
— (2x3 + 2x2)
—5x—8x
— (= 5x— 5x)
—-3x-3
-(3x-3)
0
4. Complete the cubic factorisation by factorising the P(x)=2x> —3x* —8x -3

quadratic factor into its two linear factors. = (x+ )22 = 5x = 3)

=x+1D2x+ )(x—3)

TI | THINK WRITE CASIO | THINK WRITE
1. On a Calculator page, 1. On the Main screen, select o Edit Actlon T
. ) NN
press MENU then select R « Action e e &
3: Algebra (x=3)- (e1)- (2 x41) o Transformation Ger1)-(x-3)+ (234 1)
2: Factor * factor i
Complete the entry line e factor
as s s Complete the entry line as
factor (2x”—3x"—8x—3) factor (2x° —3x% — 8x — 3)
then press ENTER. . then press EXE.
Alg Stenderd  Aeal  Rad |
2. The answer appears on 2 =33 —8x -3 = 2. The answer appears on the screen. 2x° — 3x” — 8x — 3 =
the screen. x=3)x+DH2x+1) x+DHx-3)2x+ 1)

' Resources

Interactivity: Long division of polynomials (int-2564)
Interactivity: The remainder and factor theorems (int-2565)

study[1])
LUnis384> 4052 > Topic 2 > Concopt 1 2

The remainder and factor theorems Summary screen and practice questions
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1.5.2 Solving polynomial equations
Consider again the cubic polynomial x* + 3x> — 13x — 15.
B +3x2-13x—-15=(x+1) (x2+2x— 15)
=x+DHE+5x=-3)
We will equate it to zero so that we have a cubic equation to solve.
¥ 4+3x*—13x-15=0
@+ D (¥ +2x-15)=0
@+DE+5x-3)=0

Applying the Null Factor Law, x = =1, x = =5 or x = 3.

WORKED EXAMPLE 16

Solve 2x* — 3x*> —8x —3 = 0.

THINK WRITE
1. The cubic expression was factorised in Worked 0=2x"-3x>-8x-3
example 16.

=+ DC2x*-5x-3)
=(x+D2x+ DHx—3)

1
2. Use the Null Factor Law to solve the cubic x=-1, —7 3
equation for x.

Equality of polynomials
Two polynomials P(x) and Q(x) are such that

P(x) = apX" + ap 1 X"+ @y oX + o+ aox® + a1x + agand

Q(X) = byX" + by X"+ byoX" 2 + ...+ bax® + bix + by.
P(x) is identically equal to Q(x) for all values of x (that is, P(x) = Q(x)) if and only if
a, = by, ay-1 =by_1, ay—2 = by_>...a0 = by, a; = by and ay = by.

For instance, 3x® + (m — 2)x> 4+ (m + n)x = kx> 4+ x*. You are required to find the values of m, n and k. As
the polynomials are equal to each other, we can equate coefficients to give:

k=73 m—2=1 m+n=0
n=-3
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WORKED EXAMPLE 17

If (n — 3)x* + 2n + p)x* + (p + g)x = —2x> + x?, find the values of n, p and ¢.

THINK WRITE
1. Equate the coefficients of the x terms and solve for 7. n—3=-2
n=1
2. Equate the coefficients of the x* terms and solve for p. 2n+p=1
2+p=1
p=-—1
3. Equate the coefficients of the x terms and solve for g. p+q=0
Note: as there is no x term on the right-hand side, the —14+4g=0
coefficient is zero. g=1
4. Write the answer. n=1,p=-1,g=1

study[1])
Lunis38:4 > 2052 > Topic 2 > Concopt 2 2

Equating coefficients Summary screen and practice questions

1.5.3 Graphing cubic functions

The function f: R — R, f(x) = ax®> + bx*> + ex+d, a,b,c,d € R, a # 0 is the cubic polynomial function.
Although the shape of its graph may take several forms, for its maximal domain the function has a range of
R. Its long-term behaviour is dependent on the sign of the coefficient of the x* term.

Ifa > 0, then asx — oo,y — oo and as x - —o0, y = —o00.

Ifa <0, thenas x - o0,y - —co0 and as x - —oco, y = 00.

This behaviour is illustrated in the graph of y = x*, the simplest cubic function, and that of y = —x>.

YA YA

A
Y

A

S
Y
[«

(-1,-1) 1,-1

Cubic functions of the form y = a(x — h)® + k

A significant feature of both of the graphs of y = x* and y = —x3 is the stationary point of inflection at the
origin. This point is constant under a dilation but becomes the point (4, k) following a horizontal and vertical
translation of 4 and k units respectively.
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Cubic functions with equations of the form y = a(x — k) + k have:
* a stationary point of inflection at (, k)
* one x-intercept
¢ long-term behaviour dependent on the sign of a.

The coordinates of the stationary point of inflection are read from the equation in exactly the same way the
turning points of a parabola are read from its equation in turning point form.

Cubic functions expressed in factorised form

A cubic function may have one, two or three x-intercepts, and hence its equation may have up to three linear
factors. Where the equation can be expressed as the product of linear factors, we can readily deduce the
behaviour of the function and sketch its graph without finding the positions of any turning points. Unlike the
quadratic function, the turning points are not symmetrically placed between pairs of x-intercepts.

o If there are three linear factors, thatisy = (x —m) (x —n) (x — p),
the graph cuts the x-axis atx = m,x = n and x = p.

e If there is one factor of multiplicity 2 and one other linear factor,
that is y = (x — m)?(x — n), the graph touches the x-axis at a
turning point at x = m and cuts the x-axis at x = n.

YA

y=@x—m)x—n)x—p)

A

y = =m>(x—n)

Y

If the equation of the cubic function has one linear factor and one irreducible quadratic factor, it is difficult
to deduce its behaviour without either technology or calculus. For example, the diagram shows the graphs of
y=x+3)(?+Dandy=(x>+3)(x—1).

The intercepts made with the coordinate axes can be ¥)
located and the long-term behaviour is known. However,
at this stage we could not predict that y = (x> +3) (x — 1)
has no turning points or stationary point of inflection (it (©,3)
has a non-stationary point of inflection). Nor could we y = (x>+3)(x+ 1)
predict, without numerical calculations, that there is a
maximum and a minimum turning point on the graph of
y=x+3)x%+1).

y=x24+3)(x-1)
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Determining the equation of a cubic function from its graph
Depending on the information given, one form of the cubic equation may be preferable over another.
« If there is a stationary point of inflection given, use the y = a(x — h)> + k form.

* If the x-intercepts are given, use the y = a(x — m) (x — n) (x — p) form, or the repeated factor form
y = a(x — m)*(x — n) if there is a turning point at one of the x-intercepts.

) b b\ . . .
 If an x-intercept occurs at x = —, then (x - —> is a factor. Alternatively, the rational root theorem
c c

allows this factor to be expressed as (cx — b).

e Use the general form y = ax® + bx? + cx + d if, for example, neither x-intercepts nor a stationary point
of inflection are given.

WORKED EXAMPLE 18

Sketch the graph of y = 2(x — 1)* + 8, labelling the intercepts with the coordinate axes with their
exact coordinates.

THINK WRITE/DRAW

1. State the key feature that can be deduced from the y=2(x-1>+38
equation. This equation shows there is a
stationary point of inflection at (1, 8).
2. Calculate the y-intercept. y-intercept: Let x = 0.
y=2(-1°+8
y==6
The y-intercept is (0, 6).
3. Calculate the x-intercept in exact form. x-intercept: Let y = 0.
20— 1 +8=0
x—-17° =—4

x—1= \3/1
x=1+ {/I
x=1- \3/1
The x-intercept is (1 — % ,0).
4. Sketch the graph and label the intercepts with the YA
coordinate axes. y=2(x-1)3+38

(1,8)
(0, 6)

(14, 0)
0

A

<Y
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WORKED EXAMPLE 19

Determine the function f whose graph is shown in the diagram, expressing its rule as the product

of linear factors with integer coefficients.
YA

y=f)

(2,0)

= (075,080, _—

(0,-0.5)

THINK

1. Obtain a linear factor of the equation of the graph
that has integer coefficients.

2. State a second factor.

3. State the form of the equation.

4. Determine the equation fully.

5. State the required function.

><V

WRITE/DRAW

The graph has an x-intercept at
x=-=0.75.

In fraction form, this is x = —%.

.. (4x + 3) is a factor.

The graph has a turning point on the
x-axis at x = 2. This means (x — 2)? is
a factor.

The equation is of the form
y = a(dx +3) (x — 2)%.

1
The point (0, —0.5) or <0, —§> lies

on the graph.
Substitute this point into
y = a(4x +3) (x — 2)%.

1_ _9\2
—5 =a(3)=2)

1
—5 =12a
1
a=—-——
24

The graph has the equation
1
y=—gg4x+3) (- 2)%.

The domain of the graph is R. Hence,
the function fis given by f: R — R,

__ 1 _ )2
fx) = 24(4x+3)(x 2)".
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.°11 | Resources

Interactivity: Cubic polynomials (int-2566)
Interactivity: x-intercepts of cubic graphs (int-2567)

study[1])
> 4051 > Topio 1 > oncepts 4

Cubic functions Summary screen and practice questions

Exercise 1.5 Cubic functions

Technology free

1. [EIZHE Use an appropriate method to factorise each of the following cubic expressions.

a. 1254% —27b° b. 2¢3 + 6¢*d + 6¢d? + 2d3
c. 40p® -5
2. Use an appropriate method to factorise each of the following cubic expressions.
a. 277> — 547 + 367 -8 b. m’n® + 64
3. [[I2M Fully factorise the following polynomials.
a. 3x> —xy—3x+y b. 3y + 3y?7? — 27y — 27°
4. Fully factorise the following polynomials.
a. 9a> — 16b> — 12a + 4 b. n’p* —4m?> —4m — 1
5. [fIZH Fully factorise x> — 2x> — 21x — 18.

o

. Factorise the following expressions.

a. 7P =497 +r—-17

c. 2m’ +3m?* — 98m — 147

e. 4x? —28x + 49 — 25y?

g. vV —4—w?+4w

7. [F3 Solve 2x* — x> — 10x+ 5 = 0 for x.
Technology active

. 36V + 617 +30v + 5
L 22 -2 4271
16a> — 4b* — 12b -9
AP —1+4pg+q?

5 == QO T

8. Solve each of the following equations over R.
a. b*+50*+2h-8=0 b. =2m* +9m*> —m—12=0
c. 2X —x* —6x+3=0 d. 28 +7x* +2x -3 =0
9. a. Show that 3£* + 22/ + 37t + 10 is divisible by (¢ + 5) and hence solve the equation
32 +22¢2 +37t+ 10 = 0.
b. Show that 3d®> — 164> + 12d + 16 is divisible by (d — 2) and hence solve the equation
3d® — 164> + 12d + 16 = 0.
10. IfAX* + (B—1)x* + (B+ C)x + D = 3x> — x*> + 2x — 7, find the values of A, B, C and D.
1. Ifx° + 922 = 2x+ 1 = x* + (dx + ¢)* + §, find the values of d and e.
12. a. Given that P(z) = 57° — 32> + 4z — 1 and Q(2) = az® + bz*> + cz + d, find the values of a, b, ¢ and d if

P(2) = 0(2).
b. Given that P(x) = x> — 6x2 + 9x — 1 and Q(x) = x (x + a)*> — b, find the values of a and b if
P(x) = Q(x).

18. If 2 = 522 + Sx =S = a(x — 1)* + b(x — 1)> + c(x — 1) + d, find the values of a, b, ¢ and d and hence
express 2x> — 5x% + 5x — 5 in the form a(x — 1)° + b(x — 1)* + c(x = 1) + d.
14. Given (x + 3) and (x — 1) are factors of ax® + bx*> — 4x — 3, find the values of a and b.
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15

16.

17.

18.

19.

20.

:

their exact coordinates.

Consider the function f:[-2,4] = R, f(x) = 4x> — 8x* — 16x + 32.

a. Factorise 4x® — 8x? — 16x + 32.

b. Sketch the graph of y = f(x).

c. State the maximum and minimum values of the function f.

Sketch the graphs of the following cubic functions without attempting to locate
any turning points that do not lie on the coordinate axes.

a. y=x—x>—6x

b. y=1-4(x+17,x€[-3,2)

c. y=12(x+ 1) =3+ 1)}

K28 Determine the function f whose graph is shown in the diagram at right,
expressing its rule as the product of linear factors with integer coefficients. (0,0)
Form a possible equation for the cubic graph shown.

YA

YA

. 28 Sketch the graph of y = —4(x + 2)* + 16, labelling the intercepts with the coordinate axes with

(2,24)

X
(0.8,0) (1.5,0)

a. Show that the graph of y = f(x) where f(x) = —2x> + 9x? — 24x + 17 has exactly one x-intercept.

b. Show that there is no stationary point of inflection on the graph.
c. State the long-term behaviour of the function.
d. Given the function has a one-to-one correspondence, draw a sketch of the graph.

.0 Higher degree polynomials

1.6.1 Factorisation and solving

Many of the factorising resolving techniques covered in subtopics 1.4 and 1.5 also apply to polynomials of
degree 4 or higher.

WORKED EXAMPLE 20

Fully factorise x* — 4x* — x? + 16x — 12.

THINK WRITE
1. Let P(x) equal the quartic polynomial. P(x) = x* —4x3 — x2 + 16x —

12
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2. Try P(1), P(=1), P(2),P(=2) etc. to get a zero P(1) = 1* —4(1)> = (1)* + 16(1) — 12

remainder. —17-17
=0
Thus (x — 1) is a factor.
3. Use long division to obtain the cubic factor. B =32 = 4x+ 12
x— 1) =43 — 2+ 16x— 12
o (X4 . x3)
—3x* — x4+ 16x - 12
— (—3%° + 3x%)
—4x? + 16x — 12
— (—4x* + 4x)
12x — 12
— (12x — 12)
0
4. Let H(x) equal the cubic polynomial. Apply the Hx)=x>—3x* —4x + 12
factor theorem again to find a linear factor of the H() =13 = 3(1)% —4(1) + 12
cubic.
=13-7
#0
H2)=23-32)7°-4Q2)+ 12
=20-20
=0
Thus (x — 2) is a factor.
5. Use long division to obtain the quadratic factor. 2—x—6
x =23 =32 —4x + 12
— (7 = 2
—x> —4x + 12
— (=x% + 2x)
—6x + 12
— (=6x+ 12)
0
6. Complete the quartic factorisation by factorising Px)=x*—4x’ —x* +16x-12
the quadratic factor into its two linear factors. == Dx =22 —x—6)

=x—Dx—=2)x—=3)(x+2)

WORKED EXAMPLE 21

a.Solve x* —dx® —x2 +16x — 12 = 0.
b. Solve 2a* — 54> —=3 = 0.

THINK WRITE
a. 1. The quartic expression was factorised in Worked a. x*—4r -x+16x-12=0
example 20. (x—DE—-2)(x—-3)(x+2)=0
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2. Use the Null Factor Law to solve the quartic x—Dx—-—2)x=3)(x+2)=0

polynomial for x. x=1,2,3 -2
b. 1. The left-hand side is in quadratic form. Let m = a®>  b. 2a* — 54> —=3 =0
to help with the factorisation. Let m = a°.
2m* —=5m—-3=0
2. Factorise the quadratic. @Cm+1)(m—-3)=0
3. Substitute m = a” and factorise further where Qa’>+ 1)@*>-3)=0
possible.

Qa® + 1)a—3)a+3)=0

Note: There is no factorisation technique for the
addition of perfect squares.

4. Solve the equation. 2a® + 1 = 0 has no real solution.
3

Soa=

-+

1.6.2 Graphing quartic and higher degree polynomial functions

The function f: R — R, f(x) = ax* + bx3 + cx® + dx + e where a,b,c,d,e € R, a # 0 is the general form
of a quartic polynomial function. Its graph can take various shapes, but all of them exhibit the same long-
term behaviour. If the x* term has a positive coefficient, y — oo as x — +oo; if the x* term has a negative
coefficient, y - —oo0 as x — =+o0. Particular forms of the quartic equation enable some shapes of the graphs
to be predicted.

Quartic functions of the form y = a(x — h)* + k

The simplest quartic function is y = x*. It has a graph that has
much the same shape as y = x?, as shown in the diagram. 74

This leads to the conclusion that the graph of y = a(x — h)* + k
will be much the same shape as that of y = a(x — h)? + k and will

have the following characteristics.

Fory = a(x —h)* + k:
* if a > 0, the graph will be concave up with a
minimum turning point (%, k)
e if a < 0, the graph will be concave down with a
maximum turning point (%, k)
* the axis of symmetry has the equation x = h
* there may be zero, one or two x intercepts.

-1, 1) (1, 1)

A

=Y

0,0

Quartic functions with linear factors

Not all quartic functions can be factorised. However, if it is possible to express the equation as the product of
linear factors, then the multiplicity of each factor will determine the behaviour of its graph.
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A quartic polynomial may have up to 4 linear factors as it is of fourth degree. The
possible combinations of these linear factors are:
* four distinct linear factors:y = (x —a) (x —b) (x — ¢) (x — d)
* one repeated linear factor: y = (x — a)*(x — b) (x — ¢), where the graph has a
turning point that touches the x-axis atx = a
* two repeated linear factors: y = (x — a)*(x — b)?, where the graph has turning
points that touch the x-axis atx =aand x = b
+ one factor of multiplicity three: y = (x — a)*(x — b), where the graph has a
stationary point of inflection that cuts the x-axis at x = a.

The factorised forms may be derived from the general equation using standard algebraic techniques. Tech-
nology or calculus is required to accurately identify the position of turning points that do not lie on the

X-axis.

WORKED EXAMPLE 22

Sketch the graph of y = —x* + 8x? — 7 and hence determine graphically the number of solutions to

the equation x* — 8x*> + 3 = 0.

THINK

1. Express the equation in factorised form.

2. State the x- and y-values of the intercepts with the
axes.

3. What will be the long-term behaviour?

WRITE/DRAW

y=—x*+8x2-7

This is a quadratic in x2.

y=—@*-8x2+7)

Let a = x°.

y=—(a*>-8a+7)
=—(a—T)a-1)

Substitute back for a:

y=—-(* -7 - 1)

= —@+ VD=V + D —1)
x-intercepts: Let y = 0.

—x+ V=V E+ D) x-1)=0

Sx=xVT,x==xl1
y-intercept:
y=—x*+8x2-7
Letx =0.
Soy=-1.
As the coefficient of x* is negative,
y = —o0 as x — +00.
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4. Sketch the graph.
SHap y“y:—x4+8x2—7

€ 2 ;x
(o) /\° (17.0)
(-1, 0) (1,0
0,-7)
{r Y w}
5. Rearrange the given equation so that the graph’s The given equation is x* — 8x*> +3 = 0.
equation appears on one of its sides. This rearranges to
3=—x*+8x*

3-T=—x"+8-7
—x*t+8x*-7=-4
6. Explain how the number of solutions to the The number of intersections of the
equation could be solved graphically. graph of y = —x* + 8x> — 7 with the
horizontal line y = —4 will determine
the number of solutions to the
equation x* — 8x> + 3 = 0.

7. Specity the number of solutions. The line y = —4 lies parallel to the
x-axis between the origin and the
y-intercept of the graph
y=—x*+8x*-17.

Y)

by =—x*+8x2-7

There are four points of intersection,
so there are four solutions to the
equation x* — 8x*> + 3 = 0.
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TI | THINK

1. On a Graphs page,
complete the entry line
for function 1 as

flx) = 482 —7
then press ENTER.

. To find the x-intercepts,
press MENU then select
6: Analyze Graph
1: Zero
Move the cursor to the
left of the x-intercept
when prompted for the
lower bound, then press
ENTER. Move the
cursor to the right of the
x-intercept when
prompted for the upper
bound, then press
ENTER.

Repeat for all
Xx-intercepts.

Note: the calculator will
show approximate
values for the
x-intercepts, not exact
values.

. To calculate exact values
for the x-intercepts, open
a Calculator page and
complete the entry line
as
solve (—x4 +8x =7
=0,x)
then press ENTER.

. Return to the Graphs

WRITE

11

E f1lx)=-xteg x2-7

s ;. o € \ *
] xﬂ(\‘ﬁud:&x?‘—?

N TN
\ / \

If \\. “.‘ HI
[»3.645751{0] '\L 1 j‘ (b.64575,0)
kd r(-1.0}\ 2 [(1,0) 1 s

| \ / |

f /

/ -10 flL\')=‘.x4+‘S- .l'2—7

2

~7=02)
x=-ﬁ orx=-lorx=1 orx=ﬁ

sol\ve{-x4 48 x

CASIO | THINK

1. On a Graph & Table screen,
complete the entry line for yl
as
yl=—x*+8x> -7
then press EXE.

Select the Graph icon to draw
the graph.

2. To find the x-intercepts, select

e Analysis

* G-Solve

* Root
With the cursor on the first
x-intercept, press EXE.
Use the left/right arrows to
move to the next x-intercept,
then press EXE.
Repeat for all x-intercepts.
Note: the calculator will show
approximate values for the
x-intercepts, not exact values.

3. To calculate exact values for

the x-intercepts, go to the
Main screen and complete the
entry line as

solve (—x*+8x* =7 =0,x)
then press ENTER.

4. To find the y-intercept, select

WRITE

Anslysis & =
I 5 < B - 6

Shwat3 [Sheetd [Shasth

Rad  Fesl an

© Edit Actlon imtersctive
St = [ U]
sotve (—x+8x2-7=0, x) 4]

{x=-1x=1 == T 2=V T}

n

Mg Stenderd  Resl Rad ai|

page, double click on the N woon e Analysis
value—2.64 ... change f( \\ / I\\ * G-Solve
the value to —\/7 then cial] '\\ /‘" I\( T * Y-Intercept
press ENTER. o e ¢ ] AL, 1‘ ; 1'7 18 : then press EXE.
i - 2 f(1,0)
Double click on the flien \ / |
value 2.64 ... change the } /
value to /7 then press / S e
ENTER. :
—= i
Red  Feal an
>
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5. To find the y-intercept, m 5. Answer the question. The graph shows four x-intercepts,

press MENU then select e e N hence there are four solutions to the
5: Trace // \\\ / \ equation —x* + 8x*> =7 =0
1: Graph Trace Type “0” \ /
then press ENTER (7o) \af 7o)
Wi Fs ]'(_1'0} 2 /(1,0) E H
wice. )1 \ y
} (0'-*/:1(-)—-—" gx2-7
-10 x)="x"+8-x
6. Answer the question. The graph shows four

x-intercepts, hence there are four
solutions to the equation
87 -7=0

WORKED EXAMPLE 23

A quartic function has the equation y = a(x + b)* + ¢. The points (0, 5), (—2,9) and (4, 9) lie on the
graph of the function. Calculate the values of a, b and ¢ and state the coordinates of the turning
point.

THINK WRITE

1. Deduce the equation of the axis of symmetry. y=akx+b)*+c
As the points (=2, 9) and (4, 9) have the
same y-value, the axis of symmetry must
pass midway between them.

The axis of symmetry is the line
_—2+4

=73

x=1
Sob=-—1
2. Use the given points given to form a pair of The equation is y = a(x — 1)* + c.
simultaneous equations. Substitute the point (4, 9):
a3)* +c¢=9 [1]
8la+c=9
Substitute the point (0, 5):
a-D)*+c=5 [2]
a+c=5
3. Solve the equations. Subtract equation [2] from equation [1]:
80a =4

4. State the values required. a
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. 1 99
5. Give the coordinates of the turning point. The equation is y = E(x — 1)+ 20"

99
The minimum turning point is <1, %>

° 1 Resources

Interactivity: Polynomials of higher degrees (int-2569)

study[1])
> 4051 > Topic 1 > oncept7 4

Quartic functions Summary screen and practice questions

1.6.3 The family of polynomial functions y = x” wheren € N

One classification of the polynomial functions is to group them according to whether their degree is even
or odd.

The graph of y = x” where n is an even positive integer

The similarities shown between the graphs of y = x> and y = x* continue to hold for all polynomial functions

of even degree. A comparison of the graphs of y = x?, y = x* and y = x° is shown in the diagram.
The graphs each have a minimum turning point at (0, 0) and each contains Y
the points (—1, 1) and (1, 1). They exhibit the same long-term behaviour that as
X = +00,y — 0.
The graph of the function with the highest degree, y = x%, rises more steeply
than the other two graphs for x < —1 and x > 1. However, for -1 <x <0
and 0 < x < 1, the function with the highest degree lies below the other graphs.

L 1)

Fory = a(x — h)" + k, where n is an even positive integer:
e if a > 0, the graph will be concave up with a minimum turning point (%, k)
* if a < 0, the graph will be concave down with a maximum turning point (%, k)
* the axis of symmetry has the equation x = &
* there may be zero, one or two x-intercepts
« the shape of the graph will be similar to that of y = a(x — h)? + k
* if a > 0, the range is [k, c0)
* if a < 0, the range is (—oo, k].
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The graph of y = x” where n is an odd positive integer, n > 1

Polynomials of odd degree also share similarities, as the graphs of
y = x> and y = x° illustrate. Both y = x> and y = x° have a station-
ary point of inflection at (0, 0), and both pass through the points
(=1,-1) and (1, 1), as does the linear function y = x. The three
graphs display the same long-term behaviour that as x — +oo,
y = +o0.

As observed for even degree polynomials, the graph of the func-
tion with the highest degree, y = x°, rises more steeply than the
other two graphs for x < —1 and x > 1. However, for -1 <x < 0
and 0 < x < 1, the function with the highest degree lies below the
other graphs.

The graphs of y = a(x—h)"+k where n is an odd positive integer,
n # 1, have the following characteristics:

A

1.-1)

Fory = a(x — h)" + k, where n is an odd positive integer and n # 1:

* there is a stationary point of inflection at (4, k)

e if a > 0, the long-term behaviour is asx —» +o0,y > +
¢ if a < 0, the long-term behaviour is as x — +oc0,y - Foo

* there will be one x-intercept

¢ the shape of the graph is similar to that of the cubic function

y=akx—h)® +k.

Polynomial functions that can be expressed as
the product of linear factors

A degree n polynomial function may have up to n linear factors and
therefore up to n intercepts with the x-axis. Where the polynomial
can be specified completely as the product of linear factors, its
graph can be drawn by interpreting the multiplicity of each linear
factor together with the long-term behaviour determined by the
sign of the coefficient of x".

For example, consider y = (x + 2)°(1 — x) (x — 3)%. The equa-
tion indicates there are x-intercepts at —2, 1 and 3. The x-intercept
(=2,0) has a multiplicity of 3, meaning that there is a station-
ary point of inflection at this point. The x-intercept (3,0) has a
multiplicity of 2, so this point is a turning point. The point (1, 0)
is a standard x-intercept. The polynomial is of degree 6 and the
coefficient of x° is negative; therefore, as x - +o0, y - —o0.

Y4

(_27 O)

(0, 72)

(3,0

(1,0)

WORKED EXAMPLE 24

Sketch the graph of y = (x — 1) — 32.

THINK

1. State whether the graph has a turning point or
a point of inflection, and give the coordinates
of the key point.

WRITE/DRAW
y=(x-1°-32
As the degree is odd, the graph will have a
stationary point of inflection at (1, —32).
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2. Calculate the intercepts with the coordinate y-intercept: Let x = 0.
axes. y= (—1)5 -32
=-33
The y-intercept is (0, —33).
x-intercepts: Let y = 0.

0=@x—1)Y°-32
x=11 =32
x—1=2
x=3
The x-intercept is (3, 0).
3. Sketch the graph. YA
y=(@x-1P°-32
< 0 3,0 x

(0,-33) (1,-32)

— study[]))
(Unts 384> 4051 > Topio2 > Concepis 243 3

Graphs of f(x) = x”, where n = even positive integer Summary screen and practice questions

Graphs of f(x) = x”, where n = odd positive integer Summary screen and practice questions

Exercise 1.6 Higher degree polynomials

Technology free

1. [ Fully factorise x* — 5x* — 32x? 4+ 180x — 144.
2. K223 Solve the following for x.

a. x* =8 +17x°+2x—-24=0 b. a*+2a*-8=0
3. Solve each of the following equations over R.
a. [*=171+16=0 b. ¢*+¢*—10c? —4c+24=0

c. p*=5p +5p+5p-6=0
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4. Solve each of the following equations over R.
a. a*—10a*+9=0 b. 4k* — 101k +25=0
c. 974 —1452+16=0 d. (2 —2x)> —47(x* = 2x) —48 =0

Technology active

5. If (x +2), (x — 3) and (x + 4) are factors of x* + ax® + bx?> + cx + 24, find the values of a, b and c.

6. [IZA Sketch the graph of y = x> — x* and hence determine graphically the number of solutions to the
equation x* — x> +x —2 = 0.

7. Sketch the graph of y = x* — 6x* and hence state the number of intersections the graph of
y = x* — 6x* + 1 would make with the x-axis.

8. IlZA A quartic function has the equation y = a(x + b)* + c. The graph of the function cuts the x-axis at
x = =9 and x = —3. The range of the graph is (—oo0, 7]. Calculate the values of a, b and ¢ and state the
coordinates of the turning point.

9. Use CAS technology to sketch the graphs of y = x* — 2 and y = 2 — x°, and hence state to 2 decimal
places the values of the roots of the equation x* +x* — 4 = 0.

10. Use CAS technology to obtain the coordinates of any turning points or stationary points of inflection on
the graphs of:
a y=+x+1)x*-4)
b. y=1—4dx—x*-x3
c. y=3((x =2 (x+ 3) + 80).
Express answers to 3 decimal places, where appropriate.
11. 24 Sketch the graph of y = (x + 1)° + 10.
12. Sketch the graph of y = (x + 4) (x 4+ 2)*(x — 2)°(x = ).
13. a. A quartic function has exactly one turning point at (=5, 12) and also contains the point (-3, —36).
Form its equation.
. Sketch the graph of y = (2 + x) (1 — x)>.
i. Factorise —x* + x> + 10x? — 4x — 24.
ii. Hence sketch y = —x* 4+ x* 4+ 10x? — 4x — 24.
14. a. i. Sketch the graphs of y = x® and y = x’ on the same set of axes, labelling any points of
intersection with their coordinates.
ii. Hence state the solutions to {x: x® —x” > 0}.
b. Sketch the graphs of y = 16 — (x + 2)* and y = 16 — (x + 2)°
on the same set of axes, identifying the key features of each
graph and any points of intersection.

0O T

YA
c. Consider the graph of the polynomial function shown.

i. Assuming the graph is a monic polynomial that
maintains the long-term behaviour suggested in the
diagram, give a possible equation for the graph and
state its degree.

ii. In fact the graph cuts straight through the x-axis once
more at x = 10. This is not shown on the diagram.
Given this additional information, state the degree and 0, -2)
a possible equation for the function.

(-3,0) CLON 0 2,00 <X
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1.7 Other algebraic functions

The powers of the variable in a polynomial function must be natural numbers. In this subtopic we consider
functions where the power of the variable may be rational.

1.7.1 Maximal domain

The maximal domain of any function must exclude:
* any value of x for which the denominator would become zero
* any value of x which would create a negative term under an even root sign.
The maximal or implied domain of rational functions of the form y = f%, where both f(x) and g(x) are
X

polynomials, must exclude any values of x for which f(x) = 0. The domain would be R\{x: f(x) = 0}.
Likewise, the maximal domain of square root functions of the form y = 1/f(x) would be {x: f(x) > 0}.

For a function of the form y = 8(x) , the maximal domain would be {x:f(x) > 0}.
V()
1.7.2 The rectangular hyperbola V)

1
The equation of the simplest hyperbola is y = —. In power form
X

this is written as y = x~!. Its maximal domain is R\{0}, as the y :%
function is undefined if x = 0.
The graph of this function has the following characteristics.
* There is a vertical asymptote with equation x = 0. 0 y=0 “x
* There is a horizontal asymptote with equation y = 0.
* Asx — o0,y — 0 from above the horizontal asymptote, and
as x - —oo0, y — 0 from below the horizontal asymptote.
e Asx—> 0",y > oc0,andasx - 07,y - —oo.
e The function has one-to-one correspondence.
e The domain is R\{0} and the range is R\{0}.
As the asymptotes are perpendicular to each other, the graph is called a rectangular hyperbola. The graph

rx=0

1
lies in the first and third quadrants formed by its asymptotes. The graph of y = —— would lie in the second
X

and fourth quadrants.

Hyperbolas of the form y = ﬁ +k

The asymptotes are the key feature of the graph of a hyperbola. Their positions are unaffected by a dilation,

1
but if the graph of y = — is horizontally or vertically translated, then the vertical and horizontal asymptotes
X

are moved accordingly.

The graph of y = Lh + k has:
x —
* a vertical asymptote x = h
 a horizontal asymptote y = k
e a domain of R\{h}
e arange of R\{k}.

If a > 0, the graph lies in quadrants 1 and 3 as formed by its asymptotes.
If a < 0O, then the graph lies in quadrants 2 and 4 as formed by its asymptotes.
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Identifying the asymptotes

The presence of a vertical asymptote at x = & on the graph of y = Lh + k could also be recognised by
x —_—

solving x — h = 0. The hyperbola y = 5 a has a vertical asymptote when bx + ¢ = 0, and its maximal

X+ ¢
domain is R\ { —% }
The horizontal asymptote is identified from the equation of a hyperbola expressed in proper rational form,

+ 2 should be

. . . . 1
that is, when the numerator is of lower degree than the denominator. The equation y =

. 1 . : . .
rewritten as y = — + 2 in order to identify the horizontal asymptote y = 2.
X

WORKED EXAMPLE 25

a. Determine an appropriate equation for the hyperbola shown.

y

0,0)

i
L

=
Il <
S}

2x+5
x+1°

and state its range.

b. i. Obtain the maximal domain of y =

ii. Sketch the graph of y= Eik
x+1

THINK WRITE/DRAW
a. 1. Write the general equation of a a. Let the equation be y = Lh + k.
hyperbola.
2. Identify the asymptotes and enter The graph shows there is a vertical asymptote at
them into the equation. x=2. B
Sy=——+=k
4 x—=2
There is a horizontal asymptote at y = —4.
a
Ly = -4
7 x—2
3. Identify the known point through The graph passes through the origin.
which the graph passes and use this to Substitute (0, 0):
fully determine the equation. 0= 12 =4l
a
4=—=
2
a=-8
. -8
The equationisy = —— — 4
x—2
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i. 1. Identify what must be excluded from

the domain.

2. State the maximal domain.

1. Express the equation in proper rational
form.

2. State the equations of the asymptotes.

3. Calculate any intercepts with the
coordinate axes.

4. Sketch the graph.

5. State the range.

b. i.

2x+5
x4+ 1

y:

The function is undefined if its denominator is zero.

Whenx+1=0,x=—1.
This value must be excluded from the domain.

The maximal domain is R\{—1}.
2x+5  2(x+1)+3

x+1 x+1
2 1 3
_ 20+ 1) N
x+1 x+1
B x+1
The equation is & 2
uationis y = ——
b YT 3 +1
The graph has a vertical asymptote x = —1 and a
horizontal asymptote y = 2.
. . 2x+5
x-intercept: Let y =0iny = .
x+ 1
0= 2x+5
x+1
0=2x+5
5
X=—=
2
. . 5
The x-interceptis | — o 0
y-intercept: Let x = 0.
5
=1
=35
The y-intercept is (0, 5).
MY x+5
! YETx+1
|
11 (0,5)
_______________ j-%
: y=2
0 x
|
|
|
|
|
|
|
x=-1

The range is R\{2}.
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.°11 | Resources

Interactivity: Hyperbola (int-2573)

study[T]
| Units 384 > A0S1 ) Topic2 > Concept4 4
1

Graphs of f(x) = ot where n = positive odd integer Summary screen and practice questions

1.7.3 The truncus

1
The graph of the function y = — is called a truncus. Its rule can be
X

written as a power function, y = x2.

The graph of this function has the following characteristics.
* There is a vertical asymptote with equation x = 0.

e There is a horizontal asymptote with equation y = 0.

e The domain is R\{0}.

* The range is R*.

e The function has many-to-one correspondence.

* The graph is symmetric about its vertical asymptote.

1
The graph of y = - lies in the first and second quadrants that are created by its asymptotes. The graph of
X

1
y=-= would lie in the third and fourth quadrants.
X

The truncus is steeper than the hyperbola for x € (—1,0) and x € (0, 1). However, a similar approach is
taken to sketching both functions.

The general form of the truncus y = - +k

(x —h)?

The graph of the truncus with the equationy = (xa—h)2 +k
has the following characteristics.

* There is a vertical asymptote at x = h.

* There is a horizontal asymptote at y = k.

e The domain is R\ {h}.

o If a > 0, then the range is (k, o).

e If a < 0, then the range is (—oo0, k).

WORKED EXAMPLE 26

Sketch the graph of y = 8 —

C 23) 3 and state its domain and range.
x —

50 Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Second Edition



THINK WRITE/DRAW
2
(x—3)
The vertical asymptote is x = 3.

1. State the equations of the asymptotes. y=38

The horizontal asymptote is y = 8.

2. Calculate the y-intercept. y-intercept: Let x = 0.
=8 —
ey
e
=%

7
The y-intercept is (0, 7 5) .

3. Calculate any x-intercepts. x-intercepts: Let y = 0.
0=8-————
(x—3)
2 —_—
(x—3)?
2=8(x—13)°
1
—3)2 =_
x=3)y=7
1
—3 =4
X +5

|
— 9 — o
X ZOI'X 2

The x-intercepts are <2

| =
=
~_
7 N
w
| =
=
~

4, Sketch the graph. )

\

5. State the domain and range. The domain is R\{3} and the range is
(=00, 8).

The square root and cube root functions

The square root function has the rule y = \/; , and the rule for the cube root function is y = \3/)7 . As power

1 1 .
functions these rules can be expressed as y = x2 and y = x3 respectively.

The maximal domain of y = \/)7 is [0, o0), because negative values under a square root must be excluded.

. . . . 3
However, cube roots of negative numbers are real, so the maximal domain of the cube root function y = \/)T
is R.
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The graph of the square root function
The function y = \/; is the top half of the ‘sideways’ parabola y* = x. The bottom half of this parabola is the
function y = —\/; .

B\

A

(@]
<Y

Y
The parabola y> = x is not a function, but its two halves are. The equation y> = x could also be written as
y= i\/; . The turning point or vertex of the parabola is the end point for the square root functions y = \/;
andy = —\/; . These functions both have domain [0, o), but their ranges are [0, o0) and (—o0, 0] respectively.
The parabola y*> = —x would open to the left of its vertex. Its two branches would be the square root
functions y = \/: andy = —\/: , with domain (—o0, 0] and ranges [0, co0) and (—o0, 0] respectively.
The four square root functions show the different orientations that can be taken. Calculation of the maximal
domain and the range will identify which form a particular function takes.

YA

A

(=)
S

Square root functions of the form y = a\/x — h + k have the
following characteristics.

e The end point is (&, k).

e The domain is [/, c0).

e If a > 0, the range is [k, o0); if a < 0, the range is (—o0, k].
Square root functions of the form y = a\/—(x — k) + k have the
following characteristics.

* The end point is (&, k).

¢ The domain is (—o0, k].

e If a > 0, the range is [k, 0); if a < 0, the range is (— o0, k].
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The graph of the cube root function

The graph of the cubic function y = x* has a stationary point of inflection at the origin. The graph of y* = x
has a ‘sideways’ orientation but still has a point of inflection at the origin.
The rule y* = x can also be expressed as y = {/; . The graph of y = Q/; is shown in the diagram.

The graph y = \3/; has the following characteristics.
* There is a point of inflexion at (0, 0) where the tangent drawn to the curve would be vertical.
e The domain is R and the range is R.
* The function has one-to-one correspondence.
The graph of y = — \3/; would be the reflection of y = {/; in the x axis.

y=&

0,0

A

Y

This would also be the graph of y = y/=x, as {/—x = —y/x.

The general equationy = a\3/x — h + k shows the graph has
the following characteristics.
e There is a point of inflection at (k, k).
* The domain is R and the range is R.
. q 3
* One x-intercept can be located by solvinga\/x —h + k = 0.
e If a > 0, the long-term behaviour is x - +o00,y — +o00.
e If a < 0, the long-term behaviour is x - +o00,y — Fo0.

The long-term behaviour of the cube root function resembles that of the cubic function.

WORKED EXAMPLE 27

a. i. State the maximal domain of y = \/4 —x — 1.

ii. Sketch the graph of y = /4 —x — 1 and state its range.
b. The graph of a cube root function has its point of inflection at (1,5) and the graph cuts the
y-axis at (0, 2). Determine the rule and sketch the graph.

TOPIC 1 Functions and graphs 53



THINK

a.i. Form the maximal domain.

ii. 1.

State the coordinates of the end point.

. Calculate the y-intercept, if there is

one.

. Calculate the x-intercept, if there is

one.

. Sketch the graph.

. State the range.

. Write the general equation of a cube

root function.

. Insert the information about the point

of inflection.

. Fully determine the equation using the

other piece of information given.

WRITE/DRAW

a.i.y=\/4—x—1

The term under the square root cannot be negative.

4—-x>0
x <4
The maximal domain is (—oo, 4].

i. The end point is (4, —1).
With the domain (—o0, 4], the graph opens to the

left, so it will cut the y-axis.
y-intercept: Let x = 0.
y= \/Z —1

y=1
The y-intercept is (0, 1).

The end point lies below the x-axis and the

y-intercept lies above the x-axis. There will be an

x-intercept.
x-intercept: Let y = 0.

0=v4-x-1
V4d—x=1
4—x=1
x=3

The x-intercept is (3, 0).

y

~

“,-1

The range is [—1, o0).

Let the equation be y = a\S/ x—h +k.

The point of inflection is (1, 5).

Sy = a\3/x— 1 +5
Substitute the point (0, 2):

2=a\3/—1 +5
2=—a+5
a=3

The equationis y = 3 Vx—1 +5.

Y
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4. Calculate the x-intercept. x-intercept: Let y = 0.
0=3vx—1+5
3 _ =5
3

x—1=

5. Sketch the graph.

%111 Resources

Interactivity: Patterns of functions (int-6415)
Interactivity: The relation y? = x (int-2574)
Interactivity: Fractional power functions (int-6521)

study[T]

1
Graphs of f(x) = o where n = positive even integer Summary screen and practice questions
X

P
1.7.4 Power functions of the formy =x9,p,g e N

P
The square root and cube root functions are examples of power functions of the form y = x4, p, ¢ € N. For

the square root function, y = \/; = x% so p = 1 and g = 2; for the cube root function, y = \3/; = x%, SO
p=1andg=23.

In this section we consider some other functions that have powers which are positive rational numbers and
deduce the shape of their graphs through an analysis based on index laws.

P
Index laws enable x4 to be expressed as V/x” .
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With p, g € N, the function is formed as the gth root of the polynomial x”. As polynomial shapes are known,
this interpretation allows the shape of the graph of the function to be deduced. Whichever is the larger of p
and ¢g will determine whether the polynomial or the root shape will be the dominant function.

p

For the graph of y = x%,p, g € N:

e if p > g, the polynomial shape dominates, because the

index P >1
q

* if g > p, the root shape dominates, because the index must be in the

interval 0 < q£< 1

e if p = g, the index is 1 and the graph is that of y = x

* even roots of the polynomial x” cannot be formed in any section
where the polynomial graph is negative

¢ the points (0,0) and (1, 1) will always lie on the graph.

The basic polynomial or root shape for the first quadrant
is illustrated for p > g = index > 1, p = ¢ = index = 1 and

qg>p = index < 1.

Note that the polynomial shape lies below y
0 < x < 1 and above y = x for x > 1, whereas the root
shape lies above y = x for 0 < x < 1 and below y = x for
x > 1. It is always helpful to include the line y = x when

P
sketching a graph of the form y = x4.

= x for

P
y=x',p>q

WORKED EXAMPLE 28

Give the domain and deduce the shape of the graph of:

=
a.y=x3

THINK

a. 1. Express the function rule in surd form
and deduce how the function can be
formed.

2. Use the nature of the operation forming
the function to determine the domain of
the function.

3

b.y = x2.
WRITE/DRAW
2
a. y=2x3

The function is formed as the cube root of the
quadratic polynomial y = x°.

Cube roots of both positive and negative numbers
can be calculated. However, the graph of y = x?
lies in quadrants 1 and 2 and is never negative.
Therefore, there will be two non-negative
branches to the power function, giving it a

domain of R.
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3. Reason which shape, the root or the

b. 1.

polynomial, will dominate.

. Draw the required graph, showing its

position relative to the line y = x.

Note: There is a sharp point at the origin.

Express the function rule in surd form
and deduce how the function can be
formed.

. Use the nature of the operation forming

the function to determine the domain of
the function.

. Reason which shape, the root or the

polynomial, will dominate.

. Draw the required graph, showing its

position relative to the line y = x.

As 3 > 2 (or as the index is less than 1),

the root shape dominates the graph. This means
the graph lies above y = x for 0 < x < 1 and
below it for x > 1.

The points (0, 0) and (1, 1) lie on the graph, and
by symmetry the graph will also pass through the
point (—1, 1).

YA y=x A
2
y= x3 ///
(_1, 1) ///(19 1)
b 10, 0) x
;’/ Y

3
b. y=1x2

&
The function is formed as the square root of the
cubic polynomial y = x°.

The graph of y = x° is positive in quadrant 1 and
negative in quadrant 3, so the square root can only
be taken of the section in quadrant 1. There will

be one branch and its domain will be R* U {0}.

As 3 > 2 (or as the index is greater than 1), the
polynomial shape dominates. The graph will lie
below y = x for 0 < x < 1 and above it for x > 1.

The points (0, 0) and (1, 1) lie on the graph.

YA y=x4
; //
y=x*
//
//
7/
//
7
//
7/

PARY
0,0 ~
< - >

7
7
//
7
//
//
¥ Y
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study[1])

Graphs of functions with fractional powers Summary screen and practice questions

Exercise 1.7 Other algebraic functions

Technology free

1. Determine the maximal domains of each of the following functions.

)
a. y i b. y=v1-2x

:x+9
-2 1

. = d. = —_—
Y= ht3y Y3

2. a. [[lZZ) Determine an appropriate equation for the hyperbola shown at right.

S5x—-2
x—1"

b. i. Find the maximal domain of y =

ii. Sketch the graph of y =

and state the range.
x—1

YA

4. Sketch the following hyperbolas and state the domain and (-9, 0)

range of each.
3

4
a-y=;+5 b. y=2—

_4x+3
S 2+ 1
10

5-x

5. a. The graph of a hyperbola has a vertical asymptote at
x = =3 and a horizontal asymptote at y = 6. The point
(—4, 8) lies on the graph. Form the equation of this
graph.

c.y d. xy+2y+5=0

e. y=

b. Form a possible equation for the graph shown at right.

I

I

I

I

I

I

I

|

I

4 i

3. Sketch the graph of y = T stating its domain and range. = ---------------- -

— X ~— _ |
I

[}

I

I

I

I

I

I

I

I

I

Y

A

— 2 and state its

6. [fIZ3 Sketch the graph of y = o f2)2

domain and range. S R

7. Sketch each of the following and state the domain and range (-3, -2)
of each.

a. y=

s =_—3_2
3 —-x)? 4(x—1)2
1 _ 2532 =1

S S d.
(2x+3) Y=

+1 b. y

c.y
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8. Determine an appropriate equation for the truncus shown.
)/

Technology active YA
9. a. The diagram shows the graph of a truncus. Form its equation.

b. A function f defined on its maximal domain has a graph
y = f(x) in the shape of a truncus with range (—4, c0).
Given f(—1) = 8 and f(2) = 8, determine the equation ~]
of the graph and state the function f'using function \
notation. 0
10. [[IIZZ4 a. i. State the maximal domain of y = —v/x+9 +2

ii. Sketch the graph of y= —4/x+ 9 + 2 and state
its range.
b. The graph of a cube root function has its point
of inflection at (1, 3) and the graph cuts the y-axis at (0, 1). Y
Determine its rule and sketch its graph, locating its
x-intercept.

Determine the maximal domain and the range of y = 34/4x — 9 — 6, and sketch its graph.
b. State the coordinates of the point of inflection of the graph of

Fmm e — —

=

11.

o

1
y = (10 — 3x)3 and sketch the graph.
12. a. Give the equations of the two square root functions that form the branches of each of the following
‘sideways’ parabolas, and state the domain and range of each function.
i (y—2) =4(x-3)
i. Y +2y4+2x=5
b. Sketch the following square root functions and state the domain and range of each.
i.y=1-—143x
i. y=24/—x +4
ii. y=2v4+2x +3
iv. y=—3 —1/12-3x
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13. a. The graph of the function f: [5, 00) = R, f(x) = a\/x + b + c is shown in the diagram. Determine the
values of a, b and c.

YA

y=fx)

(6,0)

i

(5.-2)

A

=Y

Y
b. The graph of the function f: (-0, 2] — R, f(x) = VVax + b + c is shown in the diagram.

i. Determine the values of a, b and c.

ii. If the graph of y = f(x) is reflected in the x-axis, what would the equation of the reflection be?

YA

y=f(x)

A

“Y

0,0
(2s _2)

Y

14. a. Sketch the graph of {(x,y):y = V/x+2 — 1}, labelling
the intercepts with the coordinate axes with their

exact coordinates. a M
1- \3/ x+8 < . >

b. Sketch the graph of y = f(x) where f(x) = > ,
stating its implied domain and range. 0,-2)

c. Sketch the graph of g:[-3,6] — R, g(x) = \3/ —x+5 and
state its domain and range.
d. Form a possible equation for the cube root function whose
graph is shown.
e. The graph of a cube root function passes through the points
(—9,5) and (-1, —2). At the point (-1, —2), the tangent drawn
to the curve is vertical. Determine the equation of the graph.
f. Express y as the subject of the equation (y + 2)* = 64x — 128 and hence state the coordinates of the
point of inflection of its graph.
15. What is the maximal domain of the function y = 1/(2 — x) (x + 3) ? Use CAS technology to investigate
the shape of the graph.

16. [fZZ] Give the domain and deduce the shape of the graph of each of the following.
3
a. y=ux4 b. y=x

Wi~
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17. Give the domain and deduce the shape of the graph of each of the following.
1 1
a. y=x5 b. y=x8
18. For each of the following, identify the domain and the quadrants in which the graph lies, and sketch the
graph, showing its position relative to the line y = x.

(]9}
Wl

a. y=x b. y=x

25

(G198}

c.y=x d.y=x0'

1
19. a. Explain how the graph of y = x3 could be drawn using the graph of y = x.
1
b. On the same set of axes, sketch the graphs of y = x and y = x3.

1
c. Hence, obtain {x:x3 —x > 0}.

1.8 Combinations of functions

By combining together pieces of different functions defined over restricted domains, a ‘piecewise’ function
can be created. By combining together different functions using arithmetic operations, other functions can be
created. In this section we consider some of these combinations.

1.8.1 Hybrid functions

A hybrid function, or piecewise function, is a function whose rule takes a different form over different subsets
of its domain. An example of a hybrid function is the one defined by the rule

{/;, x<0

fx) =12, 0<x<2.
X, x>2

To sketch its graph, the three functions that combine to form
its branches, y = \3/; ,vy =2andy = x, are drawn on their
respective restricted domains on the same set of axes. If the
branches do not join, then it is important to indicate which end y=f(x)
points are open and which are closed, as each of the x-values
of any function must have a unique y-value. The graph of this
hybrid function y = f(x) is shown in the diagram. ©.2) 2,2)

The function is not continuous when x = 0 as the branches
do not join for that value of x. It is said to be discontinuous at (0,0)
that point of its domain. As the rule shows, x = 0 lies in the
domain of the cube root section, the point (0, 0) is closed and
the point (0, 2) is open.

The function is continuous at x = 2 as there is no break or Y

YA

A

gap in the curve. There is no need for a closed point to be shown
atx = 2, because its two neighbouring branches run ‘naturally’
into each other at this point.
To calculate the value of the function for a given value of x, choose the function rule of that branch defined
for the section of the domain to which the x-value belongs.
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WORKED EXAMPLE 29
V=X, x<-1

Consider the function for which f(x) = ¢ 2 —x*, —-1<x<]1.

\/; +1, x>1
a. Evaluate f(—1), f(0) and f(4).
b. Sketch the graph of y = (x).
c. State:
i. any value of x for which the function is not continuous
ii. the domain and range.

THINK WRITE/DRAW
—X, x< -1

a. For each x-value, decide which section of a. f(x) =42 — x2 —1<x<l1
the domain it is in and calculate its image
using the branch of the hybrid function’s
rule applicable to that section of the

\/)7+ 1, x>1
f(=1): Since x = —1 lies in the domain section

x < —1, use the rule f(x) = y/—x.

domain.
CVERVAS
VT
=
f(0): Since x = 0 lies in the domain section
—1 < x < 1, use the rule f(x) =2 —x°.
f(0)=2-0°
=2-0
=2
f(4): Since x = 4 lies in the domain section x > 1,
use the rule f(x) = \/)7 +1.
f@ =4 +1
=241
=3
b. 1. Obtain the information needed to sketch b. y = 4/—x, x < —1 is a square root function.
each of the functions forming the The points (—1, 1) and (—4, 2) lie on its graph.
branches of the hybrid function. y=2—-x% —1 < x < 1is a parabola with

maximum turning point (0, 2).
Atx=—-lorx=1,y=1. The points (—1, 1) and
(1, 1) are open for the parabola.

y=14/x + 1, x > 1 is a square root function.

The points (1,2) and (4, 3) lie on its graph.
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2. Sketch each branch on the same set of
axes to form the graph of the hybrid

function.

y
0,2) (4,3)

P =1, 1) (1,1 N

< 5 >

Y

c.i. State any value of x where the branches  c¢. The function is not continuous at x = 1.
of the graph do not join
ii. State the domain and range. The domain is R.
The range is [1, 00).

TI | THINK WRITE CASIO | THINK WRITE
a. 1. On a Calculator page, press a.1. On a Graph & Table screen,

MENU then select e ewsi complete the entry line for y1 ==

1: Actions Define f1{x)={ 5x2, ~1<x<1 as

1: Define 1,021 V=x,x< -1

Complete the entry line as
Define fl(x) =

V—x,x< -1
22, -1<x<1

VX +Lxx1

then press ENTER.

Note: the hybrid function
template can be found by
pressing the t button.

. Complete the next entry line
as

A1)

then press ENTER.
Complete the next entry line
as

110)

then press ENTER.
Complete the next entry line
as

114)

then press ENTER.

N

Done |

=, x=1
Defmeﬂ(\‘)= z-xz, ~l<x<l

e+l
ri(-1) L
#1(0) 2
rale) ?

yi=92-2 -1<x<1

Vr+1lx>1

then press EXE.

Note: the hybrid function
template can be found in the
Math3 tab of the Keyboard
menu. Click it twice for three
equations.

2. Click the Table Input icon
and complete the fields as
Start: —1
End: 4
Step: 1
then select OK.

Select the OK icon.

e L
Rad  Aeal |
Tahile put
Start: -1
End |4
Stop 1 1l

o Cancel

-1

Red  Real
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3. The answers appear on the
screen.

On a Graphs page, select f1
then press ENTER.

Note: the hybrid function
automatically appears in the
entry line for f1 as it was
previously defined on the
Calculator page.

b. 1.

2. Press MENU then select
5: Trace
1: Graph Trace
Type “—1 " then press
ENTER twice to mark the
point (=1, 1).
Type “1 ” then press ENTER
twice to mark the point (1,2) .
Press the down arrow to move
to the point (1, 1) then press
ENTER.
Note: the point (1, 1) should
be drawn as an open circle.

3. To find the maximum, press
MENU then select
6: Analyze Graph
3: Maximum
Move the cursor to the left of
the maximum when prompted
for the lower bound, then
press ENTER. Move the
cursor to the right of the
maximum when prompted for
the upper bound, then press
ENTER.

c. 1. i. Look for points where a
break in the graph occurs.
2. ii. State the domain and range.

=) =1f0)=2.ft4) =3

.f;. x=-1

E f1(=4 242, -1<x<1 =
et

05 X

Fes e 7:

{-1,1)0s

The graph is discontinuous at
x=1.

The domain is R and the range is
[1,00].

3. The answers appear on
the screen.
b. 1. Click the Graph icon.

2. Select

¢ Analysis

e Trace
Type “—17, select OK then
press EXE to mark the
point (=1, 1).
Type “17, select OK then
press EXE to mark the
point (1, 2).
Note: the point (1, 1)
should be drawn as an
open circle.

To find the maximum, select
¢ Analysis
¢ G-Solve
¢ Max

Then press EXE.

c. 1. i. Look for points where a

break in the graph occurs.

2. ii. State the domain and
range.

f(=1)=1,f0) =2,
f4 =3

© Edit Zoom Aslysis ¢

v |[%]

: xe-1

My1=12-x2, 1¢x41
Va2l

[¥2:0

[M8:0

[METHI

| sl [ v ]

: *
Popehefpog |ow ey e
2 !
¥ |
LT
Red  Aeal an
© Edit Zoom Anslysis & x
8 5 G B 35

oo 0 O L W
g; i {

Red  Aesl

xe-1

vl a2l

Red  Aaal an

The graph is
discontinuous at x = 1.
The domain is R and
the range is [1, oo].

m Resources

Interactivity: Hybrid functions (int-6414)

study[1])

Mm (070][e1=1 o105 Hybrid functions Summary screen and practice questions
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1.8.2 Sums, differences and products of functions

New functions are formed when two given functions are combined together under the operations of addition,
subtraction and multiplication. The given functions can only be combined where they both exist, so the domain
of the new function formed must be the domain common to both the given functions. For functions f and g
with domains dr and d, respectively, the common domain is dr N d.

¢ The sum and difference functions f + g are defined
by (f £ g) (x) = f(x) £ g(x) with domain d,nd,.

¢ The product function fg is defined by
(fg) () = f(x)g(x) with domain d,n d,.

Graphs of the functions f+ g and fg may be able to be recognised from their rules. If not, the graphs may
be deduced by sketching the graphs of f and g and combining by addition, subtraction or multiplication, as
appropriate, the values of f(x) and g(x) for selected x-values in their common domain. The difference function
f— g can be considered to be the sum function '+ (—g).

WORKED EXAMPLE 30

Consider the functions f and g defined by f(x) = v/4 + x and g(x) = \/4 — x respectively.
a. Form the rule for the sum functionf + g, stating its domain, and sketch the graph

of y =(f +2) ().
b. Form the rule for the product function fg and state its domain and range.

THINK WRITE/DRAW
a. 1. Write the domains of the functions a. f(x)=vV4+x
fandg. Domain: 4+x > 0
x> —4
dr = [—4, )

gx) =v4—x

Domain: 4+x > 0

x< 4

dg = (—OO, 4]

2. State the common domain. d ° >d,
g€ °
< T T T T T T T T T T T T ;x
-6 54 3 2-1 0 1 2 3 4 5 6

df N dg = [—4,4]

3. Form the sum function and state its f+g) ) =f(x)+ gx)
domain.
=V4+x+Vd—x
df+g = [_47 4]
2
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4. Sketch the graphs of y = f(x) and A
y = g(x) on the same set of axes. Add
the y-coordinates of key points
together to form the graph of

y=({+gx.

y =g

X —4 0 4
f@) 0] 2 |V8
g V8| 2| 0
fO+g@ | V8 | 4 |8

b. 1. Form the product function and state b. (fg)(x) = f(x)g(x)

its domain. =(/4+x)X(V4—x)
=v(@+x)4—x)
=116 — x?

dpg = [—4,4]
2. State the range of the function. The rule (fg) (x) = V/ 16 — x? is that of the top half of

a semicircle with centre (0, 0) and radius 4.
Therefore, the range is [0, 4].

-

g
L+ 1| Resources

»

Interactivity: Sums, differences and products of functions (int-6416)

study[1])
LUnis384 > 4051 > Topic 4 > Conoopt 1 2

Sum of two functions Summary screen and practice questions

1.8.3 Graphical techniques

Given the graphs of functions whose rules are not necessarily known, it may be possible to deduce the shape
of the graph of the function that is the sum or other combination of the functions whose graphs are given.
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Addition of ordinates

Given the graphs of y; = f(x) and y, = g(x), the graphing technique known as addition of ordinates adds
together the y-values, or ordinates, of the two given graphs over the common domain to form the graph of the
sum function y = y; + y» = f(x) + g(x).

Note the following points when applying this technique over the common domain d; N d,:
o If the graphs of f and g intersect at (a, b), then the point (a, 2b) lies on the graph of f + g.
* Where f(x) = —g(x), the graph of f + g cuts the x-axis.
o If one of f(x) or g(x) is positive and the other is negative, the graph of f + g lies between
the graphs of f and g.
* If one of f(x) or g(x) is zero, then the graph of f + g cuts the other graph.
e If f(x) — 0%, then the graph of f + g approaches the graph of f from above.
o If f(x) — 07, then the graph of f + g approaches the graph of g from below.
* Any vertical asymptote of f or g will be a vertical asymptote on the graph of f + g.

The subtraction of ordinates is usually simpler to achieve as the addition of the ordinates of y; = f(x) and
y2 = —g(x).

Squaring ordinates

Given the graph of y = f(x), the graph of y = (f(x))*> can be deduced by squaring the y-values, or ordinates,
noting in particular that 0> = 0, 1> = 1 and (—1)* = 1.

* The graph of fand its square will intersect at any point on f where y =0 ory = 1.

* If the point (a, —1) is on the graph of f, then (a, 1) lies on the graph of the squared function.

e The squared function’s graph can never lie below the x-axis.

« Where 0 < f(x) < 1, (f(x))> < f(x), and where f(x) > 1 or f(x) < —1, (f(x))* > f(x).

Similar reasoning about the ordinates and their square roots and the domain will allow the graph of
y =4/f(x) to be deduced.

These graphing techniques can be applied to combinations of known functions where the first step would
be to draw their graphs.

WORKED EXAMPLE 31

The graphs of the functions f and g are shown.

Draw the graph of y = (f + g) (x). S
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THINK WRITE/DRAW

1. State the domain common to both Both of the functions have a domain of R,
functions. sodrndy = R.

2. Determine the coordinates of a key point At x =0, f(x) = 2 and g(x) = 4. Hence the point
on the required graph. (0, 6) lies on the graph of f+ g.

3. Deduce the behaviour of the required Atx=+2, g(x) = 0.
graph where one of the given graphs cuts Hence, the graph of f+ ¢ will cut the graph of f
the x-axis. when x = +2.

4. Use the long-term behaviour of one of As x > +o00, f(x) — 0%,
the given graphs to deduce the long-term Hence (f + g)(x) — g(x) from above as x — +co.
behaviour of the required graph.

5. Draw a sketch of the required graph.

y=(f+8x

Exercise 1.8 Combinations of functions

Technology free
1. [[IZZ) Consider the function for which:

—\3/;, x< -1

f)=3x -1<x<1.
2—x, x>1

a. Evaluate f(—8), f(—1) and f(2).
b. Sketch the graph of y = f(x).
c. State:

i. any value of x for which the function is not continuous

ii. the domain and range.

2. Sketch the graphs of each of the following hybrid functions and state their domains, ranges and any
points of discontinuity.
{/)7 , o x<1

o v = —2x, x<0 boy=d 1
YT 4 x>0 R R
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3. A hybrid function is defined by:

_ < -1
(x+1)2
f@) = 2 =x, —-1<x<L2°
8 — 2x, x> 2
a. Evaluate:
i. f(=2) i. £(2).

b. Sketch the graph of y = f(x).
c. State the domain over which the hybrid function is continuous.
4. Consider the following function.

iR = R.f(x) =

a. Show the function is not continuous at x = 1.
b. Sketch the graph of y = f(x) and state the type of correspondence it displays.
c. Determine the value(s) of x for which f(x) = 4.

5. Form the rule for the hybrid function shown in the diagram.

YA
(8, 8)
0,4)4 e
/ 4,4
- 0 X

Y

6. Form the rule for the function whose graph is shown in the diagram.
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Technology active

7. I Consider the functions fand g defined by f(x) = —\/1 4+ x and g (x) = —\/1 — x respectively.

a. Form the rule for the sum function f+ g, stating its domain, and sketch the graph of y = (f + g) (x).
b. Form the rule for the product function fg, stating its domain and range.

8. Given f(x) = x> and g(x) = x?, form the rule (f — g) (x) for the difference function and sketch the graphs
of y =f(x),y = —g(x) and y = (f — g) (x) on the same set of axes. Comment on the relationship of the
graphs at the places where y = (f — g) (x) cuts the axes.

9. [fIZ20 The graphs of the functions fand g are shown. Draw the graph of y = (f+ g) (x).

'y

10. The graphs of two functions y = f(x) and y = g(x) are drawn in the following diagrams. Use the
addition of ordinates technique to sketch y = f(x) + g(x) for each diagram.

a.

y=g)

A

x=0 x=0

11. Consider the functions f and g defined by f(x) = 5 — 2x and g(x) = 2x — 2 respectively. For each of the
following, give the rule, state the domain and the range, and sketch the graph.

a. y=(+g b. y=(-gx c. y=(g) )
12. Consider the functions f(x) = x> — 1 and g(x) = \/x+ 1.
a. Evaluate:
i. §-H0O) ii. (g)(8).

b. State the domain of the function f+ g.
c. Draw a possible graph for each of the following functions.

i. f+g i. g—f iii. fg
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13. Use addition of ordinates to sketch y = x + 1/—x.
14. Sketch the graph of y = x> — 1 and hence draw the graph of y = (x> — 1), stating the domain and range.
15. a. Consider the function defined by g(x) = (2x — 1)°. Sketch the graph of y = g(x) and hence sketch

y = (g))*.
b. Calculate the coordinates of the points of intersection of the graphs of y = f(x) and y = (f(x))? if
flx) =x° = 2x.
16. Use CAS technology to draw on screen the hybrid function defined by the rule:
—X, x<—1

Qx—1D(x=3), x>1

State the range of the function.
17. A hybrid function is defined by:

x+a, X € (—o0, —8]
Foo = Vx +2, xe (=88]
i’—c, X € (8,0)

a. Determine the values of @ and b so that the function is continuous for x € R, and for these values,
sketch the graph of y = f(x).
Use the values of a and b from part a for the remainder of this question.

b. Determine the values of k for which the equation f(x) = k has:
i. no solutions ii. one solution iii. two solutions.

c. Find {x:f(x) = 1}.

1.9 Modelling and applications

People in research occupations, such as scientists, engineers and
economists, analyse data though the use of mathematical models in
order to increase our understanding of natural phenomena and to draw
inferences about future behaviour. In this subtopic we consider some
applications of the functions that are discussed earlier in this topic.

1.9.1 Modelling with data

Consider the set of data shown in the table.

h| 15 | 235 21 | 85
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In deciding what type of model this data might best fit, a linear
model would be ruled out as the data is not steadily increasing or
decreasing. The values increase and then decrease; there are no
obvious signs that the data is oscillating or showing asymptotic
behaviour. Observations such as these would rule out an expo-
nential model, a trigonometric model and a hyperbola or truncus
model.

The data is likely to be a polynomial model with a many-to-one
correspondence. Plotting the points can help us recognise a possi-
ble model. If the variables r and 4 are time and height respectively,
then we may suspect the polynomial would be a quadratic one.
Three of the data points could be used to form the model in the
form h = ar* + bt + c, or the entire set of data could be used to
obtain the model through a quadratic regression function on CAS.
The quadratic model a(f) = —0.9¢> + 9.3¢ shows a good fit with
the data.

1.9.2 Applications of mathematical models

\
264 h(t)=-0.92+9.310 << 10.333
249 (4,23.5)
(7,21)

2, 15)

g - 9,8.5) e

UG
101112

=)
—_
N
w
~
W
o
4
o0 -
O

The variables in a mathematical model are usually treated as continuous, even though they may represent a
quantity that is discrete in reality, such as the number of foxes in a region. Values obtained using the model
need to be considered in context and rounded to whole numbers where appropriate.

Domain restrictions must also be considered. A variable representing a physical quantity such as length
must be positive. Similarly, a variable representing time usually cannot be negative. However, it is important
to read carefully how the variables are defined. For example, if ¢ is the time in hours after 10 am, then t = -2

would be possible as it refers to the time 8 am.

Exercise 1.9 Modelling and applications

Technology active

1. Consider the data points shown.

x| O 1 3 4

y| 4| 210/ 8

a. Discuss why neither a linear, trigonometric, exponential nor a power function of the form y = x" is a

likely fit for the data.

b. Assuming the data set fits a hyperbola of the form y = LZ +k,x € [0,00)\{2}:
x —_—

i. use the data to determine the equation of the hyperbola
ii. sketch the model, showing the data points.

2. The population, in thousands, of bees in a particular colony increases as shown in the table.

Month (¢) 1 2 3 4 ‘
Population in thousands (P) | 36 | 38.75| 42.5 45 ‘
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. Plot the data points p against ¢ and suggest

a likely model for the data.

Use the values when f =2 and t = 4 to

form a rule for the model expressing P in

terms of .

If the variable # measures the number of

months since January, how many bees were in the
colony in January, according to the model?

. What is the rate of increase in the

population of bees according to the model?

. A parabolic skate ramp has been built at a local park.
It is accessed by climbing a ladder to a platform as
shown. The platform is 2 metres long. The horizontal
distance from the origin is x, and the vertical distance
from the origin is y. The lowest point on the skate

32
ramp is at (5,0) and the highest point is at (9, ?)

a.

d.

e.

1
a. Show that the area, A m?, to be used for the Australian native garden is given by A = 800 + 20x — Rl

b.
c.

Find the value of a where (0, a) is the

point where the ladder connects with the platform.
What are the coordinates of the point where the
platform and the skate ramp meet?

Find the equation of the parabolic section of the
skate ramp.

V)

0,9

(eNO)

C(-1,0)0

Y

=Y

(5. 0)

Write a hybrid function rule to define the complete skate ramp system for {x: — 1 < x < 9}.
Determine the exact values of x when the skateboarder is 1.5 metres above the ground.

. ABCD is a square field of side length 40 metres. The points E and F are located on AD and DC
respectively so that ED = DF = xm. A gardener wishes to plant an Australian native garden in the region
that is shaded green in the diagram.

What restrictions must be placed on x?

2

i. Calculate the value of x for which the area of the Australian native garden is greatest.
ii. Calculate the greatest possible area of the native garden.

A B
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5. The graph of y = g(x) is shown. The graph has a stationary A
point of inflection at the origin and also crosses the x-axis at (_\/3’ 12\6)
the points where x = —\/5— and x = \/5— . The coordinates of
the maximum turning point and the minimum turning point

are (—\/g, 12\/5) and (\/3—, —12\/3_) respectively.

a. Use the above information to form the equation of the graph.

b. Hence, show that g(x) = 2x° — 10x°.

c. A water slide is planned for a new theme park and its
cross-sectional shape is to be designed using a horizontal
and vertical translation of the curve g(x) = 2x°> — 10x°.

The image of the point A, the maximum turning point Y (\B’ _12\6)
of the original curve, now lies on the y -axis. The image of the point B, the minimum turning point of
the original curve, now lies 1 unit above the x-axis. The point C is the image of the origin (0, 0) after
the original curve is translated.

The water slide is modelled by the section of the curve from A to B with the x-axis as the water level.

Yi

(Y5, 0) 0,0 [(5,0)
X

YA

<Y

Y 0
i. State the values of the horizontal and vertical translations required to achieve this model.
ii. Give the height of A above the water level to 1 decimal place.

iii. State the coordinates of the points C and B.

6. In an effort to understand more about the breeding habits of a
species of quoll, 10 quolls were captured and relocated to a small
reserve where their behaviour could be monitored. After 5 years
the population size grew to 30 quolls.

A model for the size of the quoll population, N, after ¢
years on the reserve is thought to be defined by the function

at+ b
N:RTU{0 R,N@) = .
(0} = R.N@) = —=

a. Calculate the values of a and b.
b. Sketch the graph of N against z.
c. Hence or otherwise, determine how large the quoll population T

B

can grow.
7. Aright circular cone is inscribed in a sphere of radius 4 cm,
as shown in the cross -section below. h
a. Express the radius, r cm, of the cone in terms of /. f0)
b. Write an equation expressing the volume of the cone,
Vem?, in terms of & and state any restrictions on A. 4 cm
c. Sketch the graph of V versus A. A B rem /C
d. Use the graph to find the maximum volume for the \/

cone to the nearest cm?.
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1.10 Review: exam practice

A summary of this topic is available in the Resources section of your eBookPLUS at www.jacplus.com.au.

Short answer: technology free
1. Solve the following equations.
a. 3x>—5x=4 b. 4x> —8x> =3x+6=0
c. 2m*—5m*-3=0 d. =2 +12x* —=22x+12=0
2. a. Show that m — 2 is a factor of 4m* — 11m> — 19m? + 44m + 12.
b. Hence, solve the equation 4m* — 11m> — 19m? 4+ 44m + 12 = 0.
3. If (x 4+ 1), (x + 2)and (x + 3) are factors of x* + ax® + bx? + cx — 6, find the values of @, b and c.
4. Sketch the graphs of each of the following, stating the domain and range.
4
(x —2)?
5. a. Solve the following system of simultaneous equations.

c. y=Qx+ 1) +38

1
a. y=§(x—2)4—1 b. y=1-

m+n—p=-2
3m+5n—-2p=1
Sm+4n+2p=9

b. Solve the pair of simultaneous equations through the use of a parameter, A.
2x+y—z=7
—x—y+3z=1

6. a. Sketch the graph of the hybrid function defined by the following.

Vx+1, x<0
fO)=43-x0G+1),0<x<3.
x+ 3, x>3

b. State where this function is discontinuous.
c. State the domain and range of the function.
7. Consider the functions fand g with respective rules f(x) = \/x+ 2and g (x) = V4 — x2.
a. Give the maximal domain of each function and hence state their common domain, D.
b. On the same axes, sketch y = f(x) and y = g(x), and hence sketch the graph of the function

y=(+gx).

Multiple choice: technology active
1. @ When fully factorised, 4x* — 2x*> — 36x + 18 becomes:

A. (2x—1) (2x* — 18) B. 2(2x — 1)(x — 3)? C.4x—Dx-=3)x+3)
D. 22x — 1)(x = 3)(x + 3) E. 22x — D(x* = 9)

2. I3 (x — 1) is a linear factor of 6x> — 5x*> — 2x 4 1. The solutions to the equation 6x°> — 5x> = 2x+1 =0
are:

1 1 1 1 1 1
A.x=1,—§and§ B-X=1,—§and—§ C.x=1,§and§
D.x=1,§and—§ E.x=—1,—§and—§

3. IAIfax® +bx® +ex+d=3(x—2)° +2(x = 2), then a, b, ¢ and d are respectively:
A. 3,—18,36 and —24 B. 3,18,—-36 and 24 C. 3,—18,38 and 28
D. 3,—18,38 and —28 E. 3,18,38 and —28
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4. I Find the value of k for which the simultaneous equations

2kx+(k+2)y=1
4x+ Sk+1)y=2

have infinitely many solutions.

4 4
A.k:—g B.k;é—gandk;é—l C.k=-1
4
D.k;é—landkzg E. k=1
5. [l A possible equation for the graph shown is:
A = ! 1 B. y= ! C.y= !
IR T YETY 2 .y—(x_2)2
D ! 1 E !
. y - = - . y = - —
(x=2) x—1
YA
(1,0)
~ 0 >
4—// y= -1
Y
x=2
6. I A possible equation for the graph shown is:
A y=x>(x+2)(x-3) B.y=x>(x-2)(x+3)
C.y=x>(x+2)3—-x) D.y=—x>(x-2)(x+3)
E.y=—-x(x+2)(x—-23)
YA
- (-2.0) ©.0) G0 x
Y
4
7. I The maximal domain of the function with the rule y = —— is:
Vx—64
A. R\ {4} B. R\ {64} C. (4, ) D. (64, o) E. R
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8. [T Data about the relationship between two variables, x and y, are plotted in the diagram.

YA

<Y

0

The most likely model for the relationship is:
A. linear of the formy =x—a

B. exponential of the form y = a*
1
. power function of the form y = (x — a)2

Cc

D. trigonometric of the form y = cos(x — a)
E. polynomial of the form y = (x — a)*

9. & Which of the following functions could be the rule for the graph shown?

I

n|—

N

o
<

Il

=

A. y=x B.y=x C.y=x
10. I The graphs of y = f(x) and y = g(x) are shown.

My

Y

Select the correct statement about the graph of y = g(x) — f(x).
A. The graph of y = g(x) — f(x) has no x-intercepts.

B. The graph of y = g(x) — f(x) has one x-intercept.

C. The graph of y = g(x) — f(x) has two x-intercepts.

D. The graph of y = g(x) — f(x) has three x-intercepts.

E. The graph of y = g(x) — f(x) has four x-intercepts.
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Extended response: technology active
1. a. Ifam® +bm® + cm? + dm + e = (m? +2)° — 13 (m? +2) + 42, find the values of a, b, ¢, d and e.

b. Hence, or otherwise, solve (m2 + 2)2 - 13 (m2 + 2) + 42 =0 over R.
2. For what values of m does the equation (m + 1)x> + 2x + 3m = 0 have two solutions?
3. Solve the following system of simultaneous equations.

X=y+z+w=5
2x+y—z+2w=1
x+2z—-w=0

2y =3z —=2w=-11

4. a. Givenf(x) = (x + 1)? and g(x) = —=1)(x—3), form the rule (fg) (x).
b. Sketch the graph of y = (fg) (x), showing all intercepts with the coordinate axes.
c. Hence, state the number of solutions to the equation (fg)(x) —x = 0.
5. In the figure shown, the parabola is defined by y = ax? + bx + ¢, where a, b and care constants.

o

L
The curve intersects the x-axis at points A and B. Point C is the vertex of the parabola. The curve
passes through the point (2, 3) and has a maximum turning point at (3, 4).
a. Calculate the values of a, b and c.
b. Find the coordinates of points A and B.
c. Hence, calculate the area of the triangle ABC.
d. i. Show that every member of the family of quadratic polynomials defined by
y = ax*> — 6ax + 8a + 3, a € R\{0} passes through the point (2, 3).
ii. For what value(s) of a will these parabolas have two x-intercepts?
6. Consider the polynomial y = 8 + 4x — 2x> — x°.
a. Factorise 8 + 4x — 2x* — x°.
b. Sketch the graph of y = 8 + 4x — 2x? — x° and state an interval, using integer values for x, in which its
maximum turning point must lie.

c. The cross-section of a mountain range is modelled by the curve y = \/ 8 + 4x — 2x%2 — x3 for
—2 < x < a, where x km is the horizontal distance and y is the vertical height in hundreds of metres.
i. State the largest value a can take.

ii. Expressy = \/ 8 + 4x — 2x* — x3 as the product of a polynomial f and a square root function g,
specifying the rule for each function.

iii. Using the largest value that a can take, state the ranges of the functions fand g.
iv. Sketch the functions fand g.

v. Hence, draw a sketch of the cross-section of the mountain range.
study(T])

Sit VCAA exam
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Answers

Topic 1 Functions and graphs
Exercise 1.2 Linear functions

1.

a.

b.

o

=h

o

copoTo

i. Many-to-one
iii. Yes

i. One-to-many
iii. No

i. Many-to-many
iii. No

i. One-to-one
iii. Yes

i. Many-to-one
iii. Yes

i. One-to-one
iii. Yes

Many-to-one corre

- f: [_4’9 2) _)R’f(x)
y=12

)i\
0,9

y=9-4x

i. [-3,6),[-9,7]
ii. [0,00), R

i [-2,2],[-2.2]
i. R.R

i. R,{2}

spondence

Domain: [—4, 2); Range: [0, 16]

=x2

A

Range R
Y

(0,0)

Y

10.

c. YA
(=2, 8)\
O, 4)\
< 3 0@ oN) >
4, -4
Y
Range (—4, 8]
d. YA
25
/ (5 T)
100,35
B
3
D NS
Y
13 25
R —, =
ange 33 ]
a. y=-3x+12
b. y=3x+2
a. y+2x—-2=0
b. 2y+x—-8=0
a. 140.2°
b. y=x+6
a. i. (4,-2) ii. 44/2 units
b. i. 1, l ii. /74 units
2°2
a. a=6 b. a=17
c. a=-2,14 d a=-5,1
a. p=6
b. 9y —Tx =23
c. 8.3 units

Exercise 1.3 Solving systems of equations

1. k€ R\ {—1, 4}
2.m=2
3.m=+1
-2

4. ke R\ {-1, 2}
5.a. me R\ {-4, 1}

b. m=—-4

c. m=1
6. m=2,n=2and p=-5
7.d=1,e=2and f=2
8. a.

o

e

x=3,y=2and z=-4

m=7,n=-2and p=-1
u=3,v=6 and w= -2
a=12—3,b=—3 andc=%
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10.

1M1, x=

12,

. The largest angle is 70°, the smallest angle is 50° and the

third angle is 60°.
w=1l,x=-3,y=2and z=3
_2a+2) 4a+2) 4

a(a+4)’y_ a(a+4)’z_ a
a. 3x+3z=3
A
b. x=1-A y=—=,2z=41
X Y 2,1

c. This solution describes the line along which the two
planes are intersecting.

2(4+5) )
13, x= Ly =— LZ=4
* 3 Y 3 ¢
1 2(34+2)
1. x=—,y="""T2 =
=Y 3 °
15. x =34, y=54-2,z=41

16.

a. m € R\{6},n R
b. m=6,n=-2
c. m=6,n¢€ R\{-2}

Exercise 1.4 Quadratic functions

1.

6.

a. Su-2)Q@u+1)
b. 2(3d-2)(d—-4)
c. 3(j+2-V6)j+2+16)

(f=1H(f+2)
b. (g+dg-1
c. b=Db+1

o

R |
To42
2412
b. x=
2
] o oo ]
a Y—_g z= >
5+v10
c. m= iS d x=1or3
1 3 11
e. p=jory f k—Zor7
=5 +3y17
g m=—-4orl h. n= 18

Domain R, range [—8, o).

a. [2,29)

i 3.9
YA
(2,00 x
ii VA
(2,6)
©0,2)
=Y NG
Y
Range = (—o0, 6]
i Y
< 5 >
(-1,-3)
(Os _5)
(-3,-11)
Y
Range = (-11, -3]
iv. y
7
0.) (32,9
>

Range = [-1, o0)

7. a. None
b. f(x)=4(x—17>+3
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y=4x>-8x+7
©,7)

1,3)

‘oi <

Domain R* U {0}, range [3.00).

8. y= —%(2x+ Dx—4)

3
9. a y= —%(x+6)2+12

b. y= —;(x+7)(2x+5)

1
c. y= sz -5
10. a. —(x—1)>—4

b. (1,—-4)
[+ y“

< 0 >

y=—x2+2x—5
(1, -4
0, -5)
Y
Range (—o0, —4]

d. YA
) e

- (=3,0) 0
y=-x*+2x-5

Y

d. -4
©, -5
Y
19
e. k= —Z
1. ke (-4,4)

12. m € (—00,V/2)U (Y2, 0)

13. ¥ —-2=2x-3
X=2x+1=0
A = b% — dac
=(-2-4x1x1

=4-4
=0

As A =0, the graph of y = 2x — 3 is a tangent to the graph

of y=x*-2.

14. a. ke —ooguéoo
T 2 2’

b. k> +4x—k+2=0

A=16—-4xXkX(-k+2)
=16+ 4k> — 8k

=4(k> — 2k +4)

=4(> —2k+ 17— 17+ 4)
=4[k + 1)* + 3]

=4(k+ 1>+ 12
As(k+1)* > 0,

LA+ 1)2>0

and4 (k+ 12 +12> 0

A is always greater than zero, therefore the equation
will always have a solution for all values of k.

14 14

. m€<3—2\/R 3+2\/E>\{1}

Exercise 1.5 Cubic functions
(5a — 3b)(25a° + 15ab + 9b%)

1. a.
b. 2(c +d)’
c. 52p—-1Ep*+2p+1)
2. a (3z-2)°
b. (mn+4)(m*n® — 4mn + 16)

3.a. x—DBx—-y
b. (y+2)(3y* —22)
4. a. Ba—2—-4b)Ba—2+4b)
b. (np—2m—1)np+2m+1)
5 (x+ )(x—6)(x + 3)
6. a. r=7(77+1)
b. (6v+ 1)(6v +5)
c. Cm+3)m—"T)Y(m+17)
d. 2z-DE+1)
e. 2x—=7-5y)2x—-T7+)5y)
f. 4a—2b-3)(4a+2b+3)
g v=w+2)v+w=2)
h. Qp+qg—-DR2p+q+1)

7.x=i\/§,%
8. a b=-4,-2,1
b m——1§4
- - ’2’
1
c. x=+=+ 3,5

1
d. x=-3,-land -
X and 5
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9. a. LetP() =37 +222+37t+ 10
P(=5) = 3(=5)> + 22(=5)> + 37(=3) + 10
=3%x1254+22x25-185+ 10
=—375+550 — 175
=0
. t+ 51is a factor.
1
t=-5-2and — =
an 3
b. LetP(d) = 3d®> — 164> + 12d + 16.
P2)=312)°-16(2)>+12(2)+ 16
=24-64+24+16
=0
.d— 2 1is afactor

2
d=—§,2and4

10. A=3,B=0,C=2and D =-7

1
M. d=43, e=+=
e 3

12. a. a=5,b=-3,c=4 and d= -1
b. a=-3 and b =1

13. a=2,b=1,c=1 and d = -3;
260=1DP+ (=12 +(x=1)-3

14. a=2,b=5

15. Y

y=-4(x+2>+16

(s3-29

16. a. 4(x—2)*(x+2)

b. y

y=4x>-8x2—16x + 32

c. Maximum value 96, minimum value 0.

17.

3\

(-2,0) 0,0) [(3,0)
0

A
Y

Y y=x3— x2— 6x

YA
y=1 —é(x+ 1)
(-3,2)

(0%) (1,0)

=

Y
YA y=12(x+ 1= 3(x + 1)

0,9)

(3.0)

A
Y

(-1,0) 0

Y

18. y = 2x(5x — 4)(2x — 3)

1
19. y= s+ 4)(x - 5)?

20. a. f(x) = —2x° +9x% — 24x + 17

f)=-2+9-244+17=0
s.(x—1) is a factor.
By inspection,

2 1 OF - U+ 1T = (- 1) <—2x2 +7x - 17).

Consider the discriminant of the quadratic factor
2+ Tx—17.

A =49 — 4(=2)(-17)

=49 -136

<0
As the discriminant is negative, the quadratic cannot be
factorised into real linear factors; therefore, it has no
real zeros.
For the cubic, this means there can only be one
x-intercept, the one which comes from the only linear
factor (x — 1).
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b. For there to be a stationary point of inflection, the 6.
equation of the cubic function must be able to be
written in the form y = a(x + b)® + c.
Let —2x° + 9x* — 24x + 17 = a(x + b)* + ¢
By inspection, the value of a must be —2.
=20+ 0x% = 24x + 17

=-2(x +3°b+3xb" +b°) + ¢

Equate coefficients of like terms:

x2:9=—6b=>b=—%

.". 2 solutions

X —24=—-6b>=>b"=4
y

It is not possible for b to have different values.
Therefore, it is not possible to express the equation of
the function in the form. y = a(x + b)’ + c.
There is no stationary point of inflection on the graph of
the function.

c. X—=> +00,y = F©

d.
y =x* — 6x* 4+ 1 will make 2 intersections with the x-axis.

y= -2+ 9x*—24x + 17 8. a=—87—1,b=6,c=7,(—6,7)

9. x=-175,x=1.22

10. a. Minimum turning points (—1.31, =3.21) and
(1.20, -9.32) , maximum turning point (—0.636, —2.76)
b. None
c. Minimum turning point (—2.17, —242), stationary point
of inflection (2, 20)

11. y

0, 11)
(-1, 10)
y=(x+1)°+10

Exercise 1.6 Higher degree polynomials
1. (x— Dx—=4)(x—6)(x+6)

2. a x=-1,234 b. a=+2

A
(=)
<
Y

3.a. [=+4and +1 12 y=@+4)(x+2)%(x-2)3(x-5)
b. c=-3and +2
c. p==+1,2and 3
4. a. a==+1and +3 (=2,0)
1
b. k=4_r§ and +5 (-4, 0)
c zzi% and +4
d x=28, -6, 1
5.a=2,b=-13,c=-14
Y
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13, a. y=-3@x+5*+12 Exercise 1.7 Other algebraic functions

b. YA 1
1. a. R\{-9} b. _00’5 c. R\{-3} d. R
2. a = L + 1
, T y_x+3
y=Q2+x-x) b. i. Maximal domain R\{1}
ii. Range R\{5}
0,2
20| 12 a9 \ sx-2
0 x i Y=
y=5 i
____________ :___________-
*\ :
]
«:—(0,2>
L (04,0)
Y ol *
I
c. i —(x+22%(x=2)x—3) =1
. A Al
y =+ +10x24x-24 3. y
(_2’ 0) (O’ 4) X = 0.5

14. a \
4.
1,1
(0, 0) X
y
b. YA Yx=0
(2.16) Domain R\{0}, range R\{5}
b. A
y=16-(x+2) !
| s
(-1, 15) ! "
4,0 Fol(L
L0 0,0 L[z y=2
X L__i _________ -
< b 7
- Ve X
y=16-(x+2)* /N
(0,-16) [ o.-n
\ |
|
e i y=@+3) 0+ (x—2)°, degree 6 =1 1YY

ii. y=+3)20+ Dx—2)>3(10 — x), degree 7 Domain R\{~1}, range R\{2}
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C. | A 7. a. YA i
i 4x+3
i 2x+1 !
I I
| |
0,3
e (0.1) |
““““““ [ 9 !
y =
\id—r--t N\ |
€ ; 2 > -~ ___ 1[
B v |
/! 0 :
3 | !
(_Z’ O) : Y ! x=3
| Py Domain R\{3}, range (1, o)
Domain R\{_E , range R\{2} b. YA
d. 1y
I
I
Iy +2y+5=0
i = 0
< | y=9
< 0 > ‘\
i ﬁh—l%
| #$(0,-2.5) 4
|
!

x=-2

© O
I
| L
i YTt
_ =2 E
y_x+3 :
b oy 1 _3 J:
YT %+ 2 - 20 | 1.0 .
| 0 X
Y g——J | \
i -
I
s \
1
(-4, 0) !
—
I
__________ I
1
I
| d.
x=-2!

Domain R\{-2}, range (-2, c0).

x=0
Domain R\{0}, range (-0, 5)
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a -3
Y G-y 1
3
y= 108 4R\ 1 R, y = (10-3x)
2x—-1 2
108 (13_0 0)
=—— 4 < >
e ’ \:
10. a. i. Maximal domain [-9, c0)
ii. Range (—o0,2]
12. a. i. y=24/(x—3) + 2, domain [3, o), range [2, c0);
( -9.2) y=—x+9+2 .
y = —24/(x — 3) + 2, domain [3, c0), range (—o0, 2].
(‘5 ) i. y=1/=2(x—3) — 1, domain (—co, 3],
5 range [—1, 00);
y=—/-2(x—3) — 1, domain (—oo0, 3],
range (—oo, —1].
b. i y
b. y=2\/x—1+3 y=1-3x

O, 1)
R

Lo

3

Domain [0, o0), range (—oo, 1]

Y

ii. YA
y=2V=x +4
int ¢ 19 0
x-intercep -39) C1.6)
9 (0, 4)
11. a. Maximal domain Z,oo , range [—6, o0)
YA B _
< 0 >
=34x-9-6 Y

Domain (—o0, 0], range [4, o)
. N

0,7
y=2V4 +2x+3

(=2,3)

<
<

Y

0

Y
Domain [-2, o), range [3, o)
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b. Domain R

iv YA
< 0 g YA A
/
4 o —
(4, —\/g) y= E //} X
/
/
//
/ (0’ _3\/5) //
y:_\/?,__ 2 —3x -1, 1) ) (1, 1)
/
Y < 0 £
/
Domain (—o0, 4], range (—oo, —\/ST] / ©.0)
y Y

18. a. a=2,b=-5,¢c=-2
b. i. a=-2,b=4,c=-2

i. y=—V-2x+4 +2 A y=xo

17. a. Domain R

14. a.

0,0) -

(—/inn

z
7
z

V4 Y
b. Domain R* U {0}

b.
C.
Domain [-3, 6], range [—1, 2] ,/
d. y=2vx -2 7
Ve
7\3/x +1 ) b. Domain R, quadrants 1 and 3
e. y=——— —
2
3
f. y= 4\/ x-2)-2,(2,-2) A y:x/%//
15. The maximal domain is x € [-3,2]. /,’y:x
H + //
16. a. Domain R U {0} - 0, 0) S
- > ~
“1,-17]
¥ Y
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c. Domain R, quadrants 1 and 3 b. Y

0, 0) (1, 1)

3.a il
ii. 2
YA « b
y=x,
//’ y=x025
SO AT
0 T
¥ Y x=-1
19. a. Draw y = x and construct its cube root. o R\(=1.2)
b- A o A 4. a. The branch to the left of x = 1 has the rule
o f@=V1-x,s0f(1)=0.
0 YEy The branch to the right of x = 1 has the rule f(x) = x — 2,
(-1,-1) W so f(1) = —1 (open circle).
< N — > These branches do not join, so the hybrid function is not
4,_//’/0 continuous at x = 1.
// b. A
Ve Y
c. {xix<—-1}Juf{x:0<x<1} (-3,2)
3
Exercise 1.8 Combinations of functions (-335.0)
1a f(-8)=2f-1)=-1L/f2)=0
b. YA
LD
x| Y
-« 5 (2.0 > Many-to-one correspondence
(-1, —1)/ c. x=6
Y x+4, x<0
) 5. y=44, 0<x<4
c. i. x=-1 x, 4<x<8

ii. Domain R, range R.

4
2. a §(x+3)(x+ 1), x<0
6. y=14, 0<x<?2
—2x + 8, x>3

Domain R, range R, x =0

88 Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Second Edition



7.a. y=—/1+x —V1—x,domain [-1,1] 10. a.

y=f) + gx)

y=(f+gx)
b. y=1%1-x%, domain [-1, 1], range [0, 1].

8 (f- ) =x —x

11. a. y = 3, domain R, range {3}, horizontal line through
©,3)

A

0 X

The graphs of fand g intersect when x = 0, x = 1, which Y
gives the places where the difference function has
x-intercepts.

b. y =7 —4x,domain R, range R, straight line through

(0,7) and <47'1’ O)

»*n
0,7

9.

y=0/+8®
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c. y=2(5-2x)(x—1),domain R, range <—oo, %] s

concave down parabola with turning point (Z_L’ %) and
passing through (0, —10), (1,0) and (2.5,0)

y=2(5-2x)(x-1)

12. a. i
ii. 189
b. [—1,00)

y=f(x)+gx)

b. (0,0),(1\/5,0),(—1,1)(1iﬁ,l)

2

16. ¥
y=8)—f(x)

(-1, 1ye——e(1, 1)

A

17. a. a=8,b=32

13.

b. i. k>4
ii. k=4o0rk<0
ii. 0<k<4

c. {—1,32}
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Exercise 1.9 Modelling and applications 4. a. The garden area is the area of the entire square minus the

1. a. The data points increase and decrease, so they cannot be area of the two right-angled triangles.
modelled by a one-to-one function. Neither a linear A =40 % 40 — 1 XXX x — 1 X (40 — x) x 40
model nor an exponential model is possible. 2 2

The data is not oscillating, however, so it is unlikely
to be trigonometric. The jump between x = 1 and x = 3
is a concern, but the data could be modelled by a

=1600 — %xz —20(40 — x)

1
polynomial such as a cubic with a turning point between = 1600 — Exz — 800 + 20x
x = 1 and x = 3. However, y = x" requires the point
(0,0) to be on it and that is not true for the data given. = —% X%+ 20x + 800
b. i = +6
TSI b. 0<x<40
. " . . 120 ii. 1000m?
: 4
i 5. a. y=2x3(x—\/§)(x+\/§)
! (3, 10) b. =2x(%-5)
|
! 4.8 =2 — 108
|
| y=6 c. i. Horizontal translation of \/? units to the right and
______________ IR A SR
| __ 4 . . .
©.4) ! V=G +6 vertical translation of 124/3 + 1 units upward
|

i i. (24\/? + 1) & 42.6 metres

(1,2); i. B(2v/3,1), C(V/3,12¢/3+1)

|
|
< ) i i > 6. a. a=238,b=20
| b N
Y !
2.a PCOOOS)A . emmmmmmomooooosTooooooooe
50
380420
45 N= t+2
(0, 10)
40
< =t
25 oY
“ 110,32.5) c. The population will never exceed 38.
7.a. r=\8h—h?
254
b. V=1’ —h,0<h<38
20
c. VA
< > 1
of 1 5 3 4 5 & (53 704)

Y

The data appears to be linear.
b. P =3.125t+32.5
c. 32500bees
d. 3.125 thousand per month

v= %nhz (8—h)

3.a a=2
b. (2,2)
c. y=§(x—5)2,2§x§9
2x+ 2, -1<x<0
2, 0<x<2
d y=42 2
§(x—5), 2<x<9
< (8,0)
3v/3 1 (0,0) Tk
e. x=Si ) Or)C:_Z Y
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1.10 Review: exam practice
Short answer

Si\/ﬁ

1. a x= ——
6

b. x=2,i@
c. mzi\/g
d x=1,2,3

2. a. Let P(m) = 4m* — 11m® — 19m* + 44m + 12.

If m — 2 is a factor, then P(2) = 0.

PQ) =42 -112° =192 +44(2) + 12

=4x16—-11x8—-19x4+88+ 12
+12

=64—-88—-76+88
=76—-88—-76+88
=0

.. m—2is a factor.

b. m= —%,iZand3

3. a=5b=5andc=-5

4. a. Domain R, range [—1, o)

YA
y=1
~ 00 @.0) %
—1_ 4
-2y
Y
x=2

c. Domain R, range R

YA

y

=(x+1P%+38

29 o,

< 0
Y

Y

5.a. m=-1l,n=2andp =3

b. x=8-2Ay=5A4—-9andz= 41

6. a. YA
/ﬁﬁm)
(3,6)
(1,4)
0, 3)
- 1. 0)/41(0, 1) (3,0)
> 5 ——

b. x=0andx=3

\

(

c. Domain R, range R\(4, 6]
7. a. dr=[-2,0),d; =[-2,2],drndy =D =[-2,2]

YA
(0.24+2) v=(r+gw
(-2,0) @2
Y
Multiple choice
1. D 2. A 3. D 4. E 5 B
6. C 7. B 8. C 9. E 10. C
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Extended response b. ¥

1.a. a=1,b=0,c=-9, b. m=+\/5 and +2 y=Q+x22-x)
d=0ande =20
3—-v21 3++/21 (0, 8)
2 me| —, ——
-6 -6
2,

3.x=0,y=—2,z=1,w=2 ) { ) (2,00

-« 5 >

4. a. (fa) () =@+ 1)*@x—Dx-3)

b. YA

y=(/2)x)

Y

The maximum turning point lies in the interval

-2<x<L2.
€10 < c. i.a=2
0 i, f() =24x,xe€[-2,2gx) =vV2—x,x€[-2,2]
=« iii. ran, = [0, 4], ran, = [0, 2]
iv. yA
2,4
Y fx)=x+2
2.2 0, 2)
.. 2 22 0.2) o
gx)=V2-x
5.a a=-1,b=6,c=-5 (-2,0) \(2 0
b. A (1, 0)and B (5, 0) < 0 } >
c. 8units?
d. i. y=ax’ —6ax+8a+3,a e R\{0}
Letx =2: Y
y=4a—12a+8a+3
-3 v YA
Every parabola in this family passes through the point V=18 + 4x — 2x2— x3
(2, 3).
ii. a<Oora>3 0, 242) (1,3)
6.a. 2+x%2-x)
B (-2,0) 2,0
-« 0 -
Y
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TOPIC 2
Trigonometric functions

2.1 Overview
2.1.1 Introduction

Trigonometry comes from two Greek words meaning
‘triangle’ and ‘measure’.

Trigonometry has its origins in astronomy and was used
to give coordinates for stars using spherical triangles —
the stars were thought to be fixed on a crystal sphere of
a large size. It has been hypothesised that the beginnings
of trigonometry began with Hipparchus of Nicaea around
150 BCE, as he was the first to create a table of chords from
a circle — he tabulated corresponding arc and chord lengths
for different angles. He is known as the ‘father of trigonom-
etry’. In the early ninth century an Indian astronomer,
al-Khwarizmi, produced sine and cosine tables that were
accurate; he also created the first table of tangents.

Trigonometry has been used for centuries by surveyors
and engineers. It is also used in developing computer music.
Sound travels in the form of a wave and this wave pattern can
be described by a sine or cosine function. Other applications
include calculating the heights of buildings; in microbiol-
ogy, investigating how the depth of sunlight affects algae in
terms of photosynthesis; and in oceanography, calculating
the heights of ocean tides and waves.

LEARNING SEQUENCE

2.1 Overview

2.2 Trigonometric symmetry properties

2.3 Trigonometric equations

2.4 General solutions of trigonometric equations
2.5 Circular functions

2.6 The tangent function

2.7 Modelling and applications

2.8 Review: exam practice

Fully worked solutions for this topic are available in the Resources section of your eBookPLUS at
www.jacplus.com.au.
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2.1

.2 Kick off with CAS

Trigonometric functions

The general equation of the graph of the sine function is given by y = a sin(n(x — h)) + k.

Investigate how the values of a, n, h and k affect the shape of the sine graph y = asin(n(x — h)) + k by the
following steps. (Remember that your calculator must be in radian mode). Sketch all graphs over a domain of
x € [0,2x].

1. a.

On a graph page, sketch the graph of y = a sin(x). Create a slider to change the value of a and clearly
see the effect on the shape. Alternatively, a number of graphs with different a values can be drawn on
the same set of axes; for example y = 2 sin(x), y = — sin(x), y = —3 sin(x) etc.

b. Summarise the effect of a on the shape of the sine graph.

a. On a graph page, sketch the graph of y = sin(nx). Create a slider to change the value of n and clearly

see the effect on the shape. Alternatively, a number of graphs with different n values can be drawn on

the same set of axes; for example y = sin(2x), y = sin <§> ,y = sin(6x) etc.

b. Summarise the effect of n on the shape of the sine graph.

a. On a graph page, sketch the graph of y = sin(x — &). Create a slider to change the value of / and

clearly see the effect on the shape. Alternatively, a number of graphs with different 4 values can be

. T . T .
drawn on the same set of axes; for example y = sin (x — E) ,y = sin (x + Z) ,y = sin(x + ) etc.

b. Summarise the effect of / on the shape of the sine graph.

b.

a. On a graph page, sketch the graph of y = sin(x) + k. Create a slider to change the value of k and clearly

see the effect on the shape. Alternatively, a number of graphs with different k values can be drawn on
the same set of axes; for example y = sin (x) + 2,y = sin(x) — 1,y = sin(x) — 4 etc.
Summarise the effect of k on the shape of the sine graph.

5. The general equation for the cosine function is y = a cos(n(x — h)) + k and the function behaves in a

si

milar manner to the sine function. Predict the changes made to the basic graph of cosine, y = cos(x), to

achieve the following graphs.

a.

C.

y=cos(2x) + 1 b.y=—cos<x—g>—2

y=3cos<2(x+%>> d. y=-2cos(3x)+3

_°11 Resources

Please refer to the Resources section in the Prelims of your eBookPLUS for a comprehensive step-by-step guide on how
to use your CAS technology.
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2.2 Trigonometric symmetry properties
2.2.1 The unit circle

Angles are measured in degrees or radians. To define a radian, a circle with
a radius of one unit is used. This circle is called the unit circle. When the
point P is moved around the circle such that the arc length from S to P is 1
unit, the angle SOP is defined. The measure of this angle is 1 radian, 1°.

For the blue right-angled triangle, where 6 is the angle at the origin, we
know that, by definition, the distance along the x-axis is defined as cos(6) _
and the distance along the y-axis is defined as sin(6). In addition, if we
consider the similar triangles POX (blue) and TOA (pink), the following
important facts can be observed.

Y
T
P P (x, y)]
T
| tan(6) 0
sin(6)
[] [7) ]
X
cos(6) 0 1 A y
TA
For triangle TOA, by definition, tan(@) = g—i = T; hence, TA = tan(6)
Using similar triangles, we can say that
tan(0) 1
sin(d)  cos (6)
So
in (0
tan (0) = sin (0)
cos (0)

This result is known as one of the trigonometric identities. You should learn and remember it, as it will be
used frequently in later sections.
Also, if we consider the triangle POX, then by Pythagoras’ theorem,

(sin(0))* + (cos(9)) = 1

or

sin? ) + cos’>(0) =1

This is known as the Pythagorean identity and should also be learned and remembered.
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Special values for sine, cosine and tangent

Using the unit circle and rotating anticlockwise, we can determine the values of sine and cosine for the angles

3
0, g, T, g and 2z by reading off the x- or y-axis. The value for tangent is determined by the identity
sin(0)
tan(0) = .
an(6) cos(0)
Angle (0) sin(0) cos(0) tan(0)
0 0 1 0
P
5 1 0 Undefined
b 0 -1 0
32_7r -1 0 Undefined
2r 0 1 0
: n
The first quadrant: 0° < 6§ < 90°or 0 < 6 < 5 YA
an<9<%wm0<e<;
cos (0) = ? =x
ﬁM@:%:y
tan(9) = 220 _ Y P (1, —y) P (x, )
cos(f) «x
b4
The second quadrant: 90° < § < 180° or 5 <0<r Y
Consider the point P'in the second quadrant. When @ is the angle in the blue P’

triangle at the origin, angles in the second quadrant are usually expressed as
180° — 0 or = — 0. The angle refers to the angle made with respect to the 180°—@ or 7—6
positive direction of the x-axis and in an anticlockwise direction. -X X

All angles in the second, third and fourth quadrants can be related back to ©
the first quadrant.
Remember that in the first quadrant, x = cos(#), y =sin(#) and tan(6) = X. YA
X
So in the second quadrant, using symmetry, the angles are:
cos(m—0)=—x=—cos(0)
sin(z — 6) =y = sin (6)
sin (z — 0)
t —-0)= ——
an (z = ) cos (z — 0)
.
—X
8 PHY L =
= —tan (0) *x, =)
Y
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The third quadrant: 180° < 8 < 270° or 7 < 6 < Z—E

When the point P" is in the third quadrant and 0 is the angle in the blue triangle at the origin, angles in the
third quadrant are usually expressed as 180° + 6 or 7 + 6. The angle refers to the angle made with respect to
the positive direction of the x-axis and in an anticlockwise direction.

180°+ 68 orz+6

PH

Remember that in the first quadrant, x = cos(6), y = sin(f) and tan(0) = -.

= I<

So in the third quadrant, using symmetry, the angles are: A

cos(r+60)=—x=—cos(0)
sin (7 + 0) = —y = —sin (0)
sin (x + 6)
cos (r + 0)

-

—X

= tan (0) P (x, -y)

tan (7 + 0) =

The fourth quadrant: 270° < § < 360° or 32—ﬂ <0<2r

When P is a point in the fourth quadrant and 6 is the angle in the blue triangle at the origin, angles in the
fourth quadrant are usually expressed as 360° — 8 or 2z — 0. The angle refers to the angle made with respect
to the positive direction of the x-axis and in an anticlockwise direction.

360°—0 or 276

7 X
PYVI
Remember that in the first quadrant, x = cos(6), y = sin(f) and YA
tan(6) = .
X
So in the fourth quadrant, using symmetry, the angles are:
cos 2w — 60) =x = cos (0)
sin(2z — ) = —y = —sin (0)
sin 2z — 0)
tan 2z — 0) = ——
anQr =0 = S er=0)
= - P" (—x, -y)
X
= —tan (0) Y
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The summary of the results from all four quadrants is as follows.

2nd quadrant

1st quadrant

Tan positive

sin(zx + ) = —sin(0)
cos(z + 6) = —cos(0)
tan(z + ) = tan(0)

3rd quadrant

sin(zr — ) = sin(9) sin(0)
cos(r — 0) = —cos(f) | cos(@)
tan(z — 6) = —tan(@) | tan(@)
S| A
Sin positive | All positive
T|C

Cos positive

sin(2zx — 0) = —sin(0)
cos(2zx — 0) = cos(0)
tan(2zr — 6) = —tan(6)

4th quadrant

Negative angles

Angles measured in a clockwise direction rather than in an anticlockwise direction

X
are called negative angles. -0
cos (—0) = x = cos (0)
sin(—@) = —y = —sin (@) -
sin (—0)
tan (—0) =
an (=6) cos (—0)
_
X
= —tan (0)
So
cos(—0) = cos(0)
sin(—0) = —sin(0)
tan(—60) = —tan(0)
Note: These relationships are true no matter what quadrant the negative angle is in.
WORKED EXAMPLE 1
3
If sin(0) = > and cos(a) = g, and 0 and « are in the first quadrant, find the values of the
following.
a. sin(z + ) b. cos(—a)
c. tan(0) d. cos(rr — 0)
e.sin(r + @) f. tan(2xr — @)
>
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THINK WRITE

a. 1. (7 + 0) means the 3rd quadrant, where sine is negative. a. sin(z + ) = —sin(H)
3
2. Substitute the appropriate value. = —g
b. 1. (—a) means the 4th quadrant, where cosine is positive. b. cos(—a) = cos(a)
4
2. Substitute the appropriate value. =3

c. 1. Use the Pythagorean identity to find the value of cos(6). c. sin’(0) + cos(0) = 1
cos?(f) = 1 — sin*(6)

2
cos?(@) =1 — <§>

3
20)=1-=
cos(0) 1

1
29=_
cos<(0) 7

1
20= _
cos-(60) 12

0 is in the first quadrant, so
cosine is positive. Hence,

1

s(0) = —=.

cos(0) >
(0 .
2. Use the identity tan(f) = sin(6) to find tan(6). tan(@) = sin(0)
cos(0) cos(0)

B[y

—1

d. 1. (& — 6) means the 2nd quadrant, where cosine is negative. d. cos(z — 0) = cos(6)
1

2

1
2. In part ¢ we determined cos(f) = 3 SO we can substitute
this value.
e. 1. In order to find the value of sin(a), apply the Pythagorean e. sin®(a) + cos?(a) = 1

identity. sin?(a) = 1 — cos?(a)

sinz(a) =1- <%>

16
2
=1-—
sin”(a) 5
9

2 —
sin“(a) 5

) 3
sin(a) = t3

a is in the first quadrant, so sine

. .. . 3
1s positive. Hence, sin(a) = 5
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2. ( + «) means the 3rd quadrant, where sine is negative.
3. Substitute the appropriate value.

sin(6)

f.  Use the identity tan(f) =
cos(0)

and simplify.

sin(z + a) = — sin(a)
3

5
sin2zr — a)

f. tanRr —a) = ——
cos(2z — a)

— sin(a)
cos(a)

_3
3
4
5

£l
4

Wl Resources
Interactivity: The unit circle (int-2582)
Interactivity: Symmetry points and quadrants (int-2584)

Interactivity: All sin cos tan (int-2583)

study[T))

M (0fo]y (=112 Symmetry formulae Summary screen and practice questions

2.2.2 Complementary angles

. . . . b4 3n
Sometimes angles are named relative to the y-axis rather than the x-axis, for example 5 +6or > + 6. These

are special cases, and great care should be taken with these types of examples.

The first quadrant: reference angle 90° — 6 or g -0

Remember that in the first quadrant the distance along the x-axis is defined as cos(8) while the distance along

the y-axis is defined as sin(6).

YA

P " (_x’ _y)

<Y

Pln (x’ _y)
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cos (g — 9) = sin (0)

sin (g — 0) = cos (0)

tan(f—a) sin (£ +96) _cos@® _ 1
2 cos(£+6) sin(0) tan(0)

Note: sin (g — 0) = cos() is a complementary relationship because the sum of their angles adds to g

T
The second quadrant: reference angle 90° + 6 or 5 +0
P/ Y YA
P,(_x’ )
90°+0 or 7+6 y
N
\ X
0 < >
P (=x,-y) P (6, )
Y
cos (7—2[ + 0) = —sin (0)
. T
sin (5 + 0) = cos (0)
sin(Z+4+0
tan<f+6’>= (3 )= CO.S(H) -
2 cos (% + 0) —sin (0) tan 6

The third quadrant: reference angle 270° — 6 or %ﬂ -0

270°—00r37ﬂ—9 y)

A

LY

P Y

P (—x, -y) P (x, =y)
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cos (37” — 0> = —sin (0)

sin (377[ —9) = —cos(0)
tan(%—&) sin (¥ — )=—cos(9)_ 1

cos (32 —0)  —sin(0) " tand

3
The fourth quadrant: reference angle 270° + 6 or ?n + 0

o 3z y
270 +90r7+6 o X A
P'(=x, y)
0
Y PIH - '.x
P (=x, -) P (x, )
Y
3
cos (7” + 0) = sin (0)
3
sin (; + 9) = —cos(0)
o (3;: +9> _sin(F+0)  —cos(0) 1
2 cos (3 +0) sin (6) tan (6)

WORKED EXAMPLE 2

If cos(6) = 0.5300 and 6 is in the first quadrant, find the values of the following, correct
to 4 decimal places.

a.sin(%—@) b.cos(:%”—e) c.tan(%+9)

THINK WRITE

a. 1. (g - 0) is in the 1st quadrant, so all trigonometric  a. sin (g - 9) = cos(0)
ratios are positive.

2. Substitute the appropriate value. = 0.5300
3 3
b. 1. (771- = 0) is in the 3rd quadrant, so sine is negative. b. cos <7ﬂ = 9) = —sin(0)
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2. Use the Pythagorean identity to find sin(6). sin” 0 + cos?(9) = 1
sin® 6 = 1 — cos*(0)

sin? 6 = 1 — (0.5300)2
sin(0) = +1/1 — (0.5300)?

sin(0) = 0.8480
as 0 is in the first quadrant.

3
3. Substitute the appropriate values to determine cos (7” - 9> = —sin(0)
3z
608 <7 - 9)- = —0.8480
3z .. : 3z 1
c.1. | — + 0 | is in the 4th quadrant, so tangent is tan| —+0 ) = —
2 2 tan 6
negative.
2. Use the identity tan 6 = sin(9) to find the L _ 098(9)
cos(6) tan(@d)  sin(6)
reciprocal. 0.5300
~ 0.8480
= 0.6250

.. tan <377[ + 9) = —0.6250

m Resources

Interactivity: Complementary properties of sin and cos (int-2979)

study[1])
[Unts 384> 052 > Topio 3 > Concept 4

Complementary angles Summary screen and practice questions

2.2.3 Exact values

In Mathematical Methods Unit 2, you studied the exact trigonometric ratios for the angles (30°, 45°,

Wiy

’

&~y

’

N

60°). These values come from an isosceles triangle and an equilateral triangle.

30°[30°
2 2
45°
Valk Vi
45° 60°, [ 11 ,60°
1 - ] —>
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The table below provides a summary of these angles and their ratios.

Angle (0) | sin(0) | cos(0) | tan(0)
woZ | LML
6 2 2 V3
45°or = — | = |
4 | V2 | V2
o T \/? 1
60 or g T E \/?

WORKED EXAMPLE 3

Give exact values for each of the following trigonometric expressions.

a cos(z—”) b tan(7—”) C cos(—f) d sin(ll—”)
. 3 : 1 L 6 . 3
THINK WRITE
. . 2r V4
a. 1. Rewrite the angle in terms of x and find the a et == |/ = s <7r = §)
corresponding angle in the first quadrant.
2. The angle is in the 2nd quadrant, so cosine is = —Cos (g)
negative.
1
3. Write the answer. =-3
. . 1r V3
b. 1. Rewrite the angle in terms of 2z and find the b. tan (T) = tan <27z’ = Z)
corresponding angle in the first quadrant.
2. The angle is in the 4th quadrant, so tangent is = —tan <§)
negative.
3. Write the answer. =-1
c. 1. Rewrite the negative angle as cos(—0) = cos(6). C. COS <—g> = cos (g)
. V3
2. Write the answer. =7
. . . . (1lx : 7
d. 1. Rewrite the angle in terms of a multiple of 2. d. sin =)= sin (47: = §>
2. Subtract the extra multiple of 2z so the angle is = sin (27[ - g)
within one revolution of the unit circle.
3. The angle is in the 4th quadrant, so sine is negative. = —sin (g)

4. Write the answer. =
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study[1])

Exact values Summary screen and practice questions

Exercise 2.2 Trigonometric symmetry properties

Technology free
1. [ Find the exact values of each of the following.

a. tan 3—7[ b. cos 5—”

. 7 . 6
T T

d. COS(?) e. tan <—§>

2. Find the exact values of each of the following.

a. tan <5_7r> b. cos (14—”>
6 3

d. cos (—3—ﬂ> e. sin <—2—ﬂ>
4 3

3. Find exact value answers for each of the following.

a. sin (7—7[) b. cos (7—”> c. tan <5—”>
3 3 6

e. cos<7—ﬂ) f. tan <—7—ﬂ> g. Cos (f)
6 6 2

d. sin(150°)

h. tan(270°)

3
i. sin(—4r) j. tan(r) k. cos(—6x) I. sin <7ﬂ>
4. Simplify the following.
a. sin(x — 6) b. cos(bx — 0) c. tan(r + 0)
d. cos(—6) e. sin(180° + 0) f. tan(720° — 6)

5. Calculate the exact values of the following.

a. cos 7—” + cos 2—”
’ 6 3
S

c 3 tan| — ) —tan S—ﬂ d. sin” | — ) + sin 9_”
' 3 3 4
tan (122) cos(-77)
e. 2cos? (——”) -1 f (%)
4 sin (~122)

Technology active

6. [fIZ0 Evaluate the following expressions correct to 4 decimal places, given that
sin(f) = 0.4695, cos(a) = 0.5592 and tan(p) = 0.2680, where 6, a and f are in the first quadrant.

a. sin(2x — 6)
c. tan(—p)

e. cos2r — a)

b. cos(r — a)
d. sin(z + 60)
f. tan(z + f)
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7.

9.

10.

11.

12.

13.

14.

15.

Evaluate the following expressions correct to 4 decimal places, given that
sin(f) = 0.4695 and cos(a) = 0.5592, where @ and « are in the first quadrant.

a. cos(—0) b. tan(180° — 0)

c. sin(360° + @) d. tan(360° — a)

Simplify the following.

a. cos (g - a) b. tan(90° + a) c. sin(270° — a)
11 3

d. tan (Tzr - a) e. CoS <77[ + a) f. sin(90° — a)

K21 Evaluate the following expressions correct to 4 decimal places, given that
cos(f) = 0.8829 and sin(a) = 0.1736, where 6 and « are in the first quadrant.

a. sin<g+0> b. cos (%—9)
c. tan<z—9) d. sin <3—”+a>
2 2
. (T 3
e. s1n(§—a> f. tan<7+a>

Evaluate the following expressions correct to 4 decimal places, given that

sin(f) = 0.8290 and cos(f) = 0.7547, where 0 and f are in the first quadrant.

a. sin(90° — 0) b. cos(270° + 0) c. tan(90° + 0)

d. sin(270° — p) e. tan(90° — p) f. cos(270° — p)

Given that sin(@) = 0.9511 and 6 is in the first quadrant, evaluate the following correct to 4 decimal
places.

a. sinz — 6) b. sin(z — 6) c. cos (g - 9)
d. tan(f) e. cos(3r+ 0) f. tan(2x — 60)
Given that cos(a) = 0.8572 and « is in the first quadrant, evaluate the following correct to 4 decimal
places.
a. cos(180° + a) b. cos(—a)
3
c. sin <7” + a) d. tan(180° — a)
b4
e. cos(360° — a) f. tan <§ + a)
4
If sin(f) = 3 and g < f < r, find the exact values of:
a. cos(p) b. tan (f)
c. cos2(p) + sin*(f) d. cos?(p) — sin*(f)
For the given triangle, find the values of:
a. sin(0) b. tan (0) 13
c. cos(0) d. sin(90° — 6) 5
e. cos(90° —0) f. tan(90° — @) ]
a. Use the Pythagorean identity sinz(x) + cos?(x) = 1 to show that 12
tan’ (x) + 1 = ———
) cos? (x)

b. Hence, find the value of tan(x) correct to 4 decimal places, given that sin(x) = 0.6157 and 0 < x < g
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16. The diagram shows a tree casting a shadow. Find the exact value of the height of the tree and the length
of the shadow cast by the tree.

Tree
height

Shadow —— >

17. The weight on a spring moves in such a way that its speed, v cm/s, is given by the rule

V= l2+3sin<%t).
a. Find the initial speed of the weight.
b. Find the exact value of the speed of the weight after 5 seconds.
c. Find the exact value of the speed of the weight after 12 seconds.
18. The height, h(f) metres, that water reaches up the side of the bank of the Yarra river is determined by the
rule

h (@) = 0.5 cos (%) +1.0

where ¢ is the number of hours after 6 am. Find the height of the water up the side of the bank at:

a. 6 am b. 2 pm c. 10 pm.
Give your answers in exact form.

2.3 Trigonometric equations
2.3.1 Introduction

Trigonometric equations frequently involve working with the special angles that have exact values previously
discussed but may also require the use of CAS.
To solve the basic type of equation sin(x) = a, 0 < x < 2z, remember the following:
* Identify the quadrants in which solutions lie from the sign of a:
¢ if a > 0, x must lie in quadrants 1 and 2 where sine is positive
¢ if a < 0, x must be in quadrants 3 and 4 where sine is negative.
* Obtain the base value or first quadrant value by solving sin(x) = a if a > 0 or ignoring the negative sign
if @ < 0 (to ensure the first quadrant value is obtained).
» Use the base value to generate the values for the quadrants required from their symmetric forms.
The basic equations cos(x) = a or tan(x) = a, 0 < x < 2z are solved in a similar manner, with the sign of a
determining the quadrants in which solutions lie.
For cos(x) = a: if a > 0, x must lie in quadrants 1 and 4 where cosine is positive; if @ < 0, x must be in
quadrants 2 and 3 where cosine is negative.
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For tan(x) = a: if a > 0, x must lie in quadrants 1 and 3 where tangent is positive; if a < 0, x must be in

quadrants 2 and 4 where tangent is negative.

In technology active questions, by defining the domain of the equation, the CAS technology will solve the
problem without having to determine a base value or first quadrant value.

WORKED EXAMPLE 4

Solve the following equations.
a. V2 cos(x) +1=0,0 <x <2z

b. 2 sin(x) = —1.5, 0° < x < 720°, correct to 2 decimal places

c.tan(@)—1=0,-7 <0<z

THINK

a. 1. Express the equation with the trigonometric
function as the subject.

2. Identify the quadrants in which the solutions lie.

3. Use knowledge of exact values to state the first
quadrant base.

4. Generate the solutions using the appropriate
quadrant forms.
5. Calculate the solutions from their quadrant forms.
b. 1. Express the equation with the trigonometric
function as the subject.
2. Identify the quadrants in which the solutions lie.

3. Calculate the base using CAS, as an exact value is
not possible.

4. Generate the solutions using the appropriate
quadrant forms. As x € [0°,720°], there will be four
positive solutions from two anticlockwise rotations.

WRITE
a. V2 cos(x)+1=0

\/5 cos(x) = —1

cos(x) = ———
V2
Cosine is negative in quadrants 2
and 3.

T T
M s 6 o (—):
€ base 1S 4 S1Ince CoS 4

1

\/5.
V3 V3

X=r——, 1+ —

4 4
3 5n

YT

. 2sin(x) = —1.5

sin(x) = —0.75

Sine is negative in quadrants 3 and 4.

The base is sin™' (0.75) = 48.59°.

x = 180° 4+ 48.59°, 360° — 48.59°,
540° 4 48.59°, 720° — 48.59°
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5. Calculate the solutions from their quadrant forms.

Alternatively, the solve function on CAS can be

used to find the solutions (but remember to define

the domain).

. Express the equation with the trigonometric

function as the subject.

2. Identify the quadrants in which the solutions lie.

3. Use knowledge of exact values to state the first

x = 228.59°,311.41°, 588.59°,

671.41°

c.tan(@)—1=0
tan(0) = 1

Tangent is positive in quadrants 1

and 3.

The base is g since tan <E) = 1.

4
quadrant base.
. . . 7 T
4. Generate the solutions using the appropriate X= o =% aF 7
quadrant forms. As the domain is x € [—x, 7], there
will be one positive solution and one negative
solution.
. . n -3z
5. Calculate the solutions from their quadrant forms. x= yRl
T1| THINK WRITE CASIO | THINK WRITE

a. 1. Put the Calculator into
Radian mode.
On a Calculator page, press
MENU then select
3: Algebra
1: Solve:
Complete the entry line as
solve(\/a cos(x)+ 1=
0,x)10 <x<2x
then press ENTER.

2. The answers appear on the
screen.

A 1.0 i3 *Doc =

solve(JZ_ . cos‘x)+ l-O.\'] |0=x=2-

3on

a. 1. Put the Calculator into
Radian mode.

On the Main screen,
complete the entry line as
solve(\/i cos(x)+ 1=
0,x)I0 <x<2x

then press EXE.

2. The answers appear on the
screen.

© Edit Actlon intersctive

b [ T U T

sobve (v Zcos (x)+1=0, x) | 0sx<h
3x _3x
{)FT.)— [} }
0
Mg Stnderd  Pesl Aad ail
3 Sx
X=—,xXx=—
4 4

b. 1. Put the Calculator into b. 1. Put the Calculator into O Edt ction imaractive
Degree mode. e Degree mode. [Sfe- i I5 [T
On a Calculator page, press | 228,59 orx=311.41 or x=588.59 or x=671.4» On the Main screen, (x=326. SHDATTA, =011, 308(
MENU then select | complete the entry line as
3: Algebra solve(2 sin(x) =
1: Solve —-1.5,x)]0 <x <720
Complete the entry line as then press EXE.
solve(2 sin(x) =
—-1.5,0)10 <x <720
then press ENTER.

Alg  Stnderd  Real Osy Al
2. The answers appear on the x= 228.59°311.41°, 2. The answers appear on the x = 228.59°,311.41°,

screen. 588.59°,671.41° screen. 588.59°,671.41°

110 Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Second Edition



study[T]

Solving trigonometric equations Summary screen and practice questions

2.3.2 Changing the domain

Equations such as sin(2x) = 1, 0 < x < 2z can be expressed in the basic form by the substitution § = 2x.
However, the accompanying domain must be changed to be the domain for 6. This requires the endpoints
of the domain for x to be multiplied by 2. Hence, 0 < x < 27 = 2 x 0 < 2x < 2 X 27 gives the domain
requirement for 8 as 0 < 6 < 4x.

This allows the equation to be written as sin(6) = 1,0 < 6 < 4x.

WORKED EXAMPLE 5

Solve the following for x.

a.2sin2x)—1=0,0<x<2x b.2cos2x —n)—1=0,—7r<x<nm.

THINK WRITE
a. 1. Change the domain to be that for the given multiple a. 2sin(2x) — 1 =0, 0 <x <27
of the variable. Multiply each value by 2:

2sin(2x) — 1 =0, 0 < 2x < 4z

2. Express the equation with the trigonometric 2sin(2x) — 1 =0
function as the subject. 2sin(2x) = 1

1

(0p) = &

sin(2x) >

b. 1.

. Solve the equation for 2x.

As 2x € [0, 4r], each of the 2 revolutions will
generate 2 solutions, giving a total of 4 values
for 2x.

. Calculate the solutions for x.

Note: By dividing by 2 at the very end, the solutions
lie back within the domain originally specified,
namely 0 < x < 27.

Change the domain to that for the given multiple of
the variable.

Sine is positive in quadrants 1 and 2.

The base is z.

pd f/d pd T
2x=—,7——,2 — - =
X 6,775 G’ 7r+6,37r G
2_7[ Sz 137 17x
666 6

7w Sz 137 17x

Tz

.2cosx—n)—1=0,—r<x<7

Multiply each value by 2:
2c082x—n)—1=0,2n<2x<2x
Subtract z from each value:
2cos(2x—n)—1=0,-37<2x—rn<nrx
>
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2. Express the equation with the trigonometric
function as the subject.

3. Solve the equation for (2x — 7).
The domain of [-3z, x] involves 2 complete
rotations of the unit circle, so there will be 4
solutions, 3 of which will be negative and 1 of
which will be positive.

4 . Calculate the solutions for x.

2cos(2x—n)—1=0
2cos(2x—m) =1

cos2x —x) = =

2
Cosine is positive in quadrants 1
and 4.
[ ]
[ ]
The base is —.
2x—7r=73—r,—§,—27r+7§[,—27r—73—[
oy g X _F O 1
373 37 3
/4 b4 Sw T
2X:§+7f,—§+7l',—?+ﬂ',—?+ﬂ'
4z 2zm 2z Az
=3'3"3" 3
2r ¢ m® 27
x=—, =, - =
3°'3 3 3

2.3.3 Further types of trigonometric equations

Trigonometric equations may require algebraic techniques or the use of relationships between the functions
before they can be reduced to the basic form f(x) = a, where f'is either sin, cos or tan.
* Equations of the form sin(x) = a cos(x) can be converted to tan(x) = a by dividing both sides of the

equation by cos(x).

« Equations of the form sin’*(x) = a can be converted to sin(x) = i\/cT by taking the square roots of both

sides of the equation.

* Equations of the form sin’(x) + b sin(x) + ¢ = 0 can be converted to standard quadratic equations by

using the substitution A = sin(x).

Because —1 < sin(x) < 1 and —1 < cos(x) < 1, neither sin(x) nor cos(x) can have values greater than 1
or less than —1. This may have implications requiring the rejection of some steps when working with sine or
cosine trigonometric equations. As tan(x) € R, there is no restriction on the values the tangent function can

take.

WORKED EXAMPLE 6

Solve the following equations.

a. sin(2x) = cos(2x), 0 < x < 2rx

b. 2sin?(0) + 3sin(0) —2=0,0 < x <2«
c.cos’Qa)—1=0,—r<a<nr
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THINK

a. 1.

b. 1.

Change the domain to that for the given multiple
of the variable.

. Reduce the equation to one trigonometric function

by dividing through by cos(2x).

. Solve the equation for 2x.

. Calculate the solutions for x. Note that the answers

are within the prescribed domain of 0 < x < 2x.

Use substitution to form a quadratic equation.

. Solve the quadratic equation.

. Solve each trigonometric equation separately.

WRITE
a. 0<x<2rx

Multiply through by 2:
0<2x<d4xz
sin(2x) = cos(2x)
sin(2x)  cos(2x)
cos(2x)  cos(2x)

providing cos(2x) # 0

tan(2x) = 1
Tangent is positive in quadrants 1
and 3.

7
The base is —.
€ base s

2x=%,ﬂ+g,2ﬂ+g,3ﬂ+g
. Sz 97 13x
T4 404 4
. Sz 97 137
=8 88

. 2sin%(0) + 3sin(@) =2 =0

Let A = sin(6).

242434-2=0

RA-1)A+2)=0
1

A=—=or A=-2
2
But A = sin (0).

1
sin(f) = 7 or sin(f) = -2

1
sin(0) = 7
Sine is positive in quadrants 1 and 2.

[ ] [ ]
Thebaseisg.
V3 T
0=—, 71— —
6" 6
T Sm
0=—, —
6 6
sin(@) = =2

There is no solutionas —1 < sin(f) < 1.
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i S

4. Write th . 0=—, —
rite the answer. 5 6
c. 1. Change the domain to that for the given multiple c. n<aslrw
of the variable. Multiply through by 2:
2r<20<2rx
2. Use substitution to form a quadratic equation and cos’Qa)—1=0
factorise by applying the difference of perfect Let A = cos(2a).
squares method. A>2—1=0
3. Solve the quadratic equation. A-1DA+1)=0
A=1, -1
But A = cosCa).
..cos(2a) = 1 or cos(ar) = —1
4. Solve each trigonometric equation separately. cos(2a) =1
2= 2r, 0, 27w
a=-m 0, 7
cosa) = —1
0= —-m, 1
T T
a=—, —
22
9 9 g T T
5. Write the answers in numerical order. Sa=—7, —7 0, 7 "
study[T]
(Units384> 4052 > Topiod > Concept 6 3
Solving sin(nx) = k cos(nx) Summary screen and practice questions
Exercise 2.3 Trigonometric equations
Technology free
1. [F23 Solve the following equations.
a. 2cos(@)+1/3 =0for0<0<2r
b. tan(x) + /3 = 0 for 0° < x < 720°
c. 2cos(@)=1for—-n<0<nrx
2. [l Solve the following equations.
a. 2cos(30) — 2 =0for0 <0 <2x. b. 2sin2x+ 7))+ V3 =0for—z <x< 7.
3. Solve the following trigonometric equations for 0 < 6 < 2.
a. /2 sin(@) = —1 b. 2cos(d) = 1
c. tan(30)— /3 =0 d. tan(@—g)+1=0
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4. Solve the following trigonometric equations for 0° < x < 360°.

a. 2cos(x)+1=0 b. 2sin(2x) + V2 =0
5. Solve the following for 8 given that —7 < 0 < 7.

a. 2sin20)+1/3 =0  b. V2 cos(36) = 1 c. tan2@) +1=0

o

. SolveZcos<39—g)+ 3-0,0<0<2r

7. Solve the following for x given that —z < x < 7.
a. 25in<2x+%)=\/5 b. 2008(X+ﬂ')=\/§
c. tan(x — ) = —1

Technology active

8. Solve the following, correct to 2 decimal places.
a. 3sin(f) —2 =0 giventhat 0 < 0 < 2.
b. 7cos(x) — 2 = 0 given that 0° < x < 360°.
9. a. Solve the equation sin(d) + 0.5768 = 0, 0° < 6 < 360°, correct to 2 decimal places.
b. Solve sin(x) =1, -2z < x < 2.
10. Solve sin(36) = cos(20) for 0 < 6 < 2z, correct to 3 decimal places.

1
11. Solve 2sin(2x) — 1 = —Ex + 1 for 0 < x <2, correct to 3 decimal places.

12. [fIE3 Solve the equation cos?(6) — sin(f) cos(d) = 0 for 0 < 6 < 2x.
13. [ Solve {6:2 cos?(0) + 3 cos(d) = —1, 0 < 0 < 27}. The sum of the solutions is:

A. 2 B7—ﬂ c.3 DB—” Ez—ﬂ
. 2 "3 .37 "5 3

14. Solve the following for 8 given that 0 < 8 < 2.
a. tan’(@) —1=0
b. 4sin*(0) — (2 +24/3)sin@ +1/3 =0
15. Solve the following for « where —7 < @ < 7.
a. sin(a) — cos*(a) sin(a) = 0
b. sin(2a) = V/3 cos(2a)
c. sin’(a) = cos?(a)
d. 4cos>(@)—1=0

2.4 General solutions of trigonometric equations
2.4.1 General solutions

All of the trigonometric equations solved so far have been solved over a specific domain and therefore have
defined numbers of solutions. However, if no domain is given, then there will be an infinite number of solutions
to the general equation. This is because multiples of 2z can be added and subtracted to any solutions within
a specific domain. In cases such as this, a general solution is given in terms of the parameter n, where n is
an integer.

The general solution for the sine function

Consider sin(f) = a, where a is a positive value. The solutions are found in quadrant 1 and 2, and the basic
angle is in quadrant 1 and determined by 6 = sin™'(a). The angle in quadrant 2 is found by (z — 0). If we keep
cycling around the unit circle in either direction, the two solutions can be summarised as even numbers of «
adding on € and odd numbers of 7 subtracting 6.
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The general solution is

0 = 2nx + sin"'(a) or 0 = 2n + 1) — sin"'(a) wheren € Z and a € [-1,1].

The solutions if a is positive are represented in the diagram.

YA
Qn+Dr—sin"'(a) | 2nx+ sinY(a)

S
“Y

Y

Note: If a is negative, choose the basic angle to be in quadrant 4 (therefore a negative angle).

The general solution for the cosine function

Consider cos(f) = a, where a is a positive value. The solutions are found in quadrant 1 and 4, and the basic
angle is in quadrant 1 and determined by 6 = cos™!(a). The angle in quadrant 4 is found by 2z — 6). If we
keep cycling around the unit circle in either direction, the two solutions can be summarised as even numbers
of 7 adding on 6 or subtracting 6.

The general solution is

6 = 2nx + cos '(a) wheren € Z and a € [—1,1].

The solutions if a is positive are represented in the diagram.

YA
2nz + cos (a)

A

2nz - cos N (a)
Y

Note: If a is negative, choose the basic angle to be in quadrant 2 (therefore a positive angle).

The general solution for the tangent function

Consider tan(f) = a, where a is a positive value. The solutions are found in quadrant 1 and 3, and the basic
angle is in quadrant 1 and determined by 6 = tan~!(a). The angle in quadrant 3 is found by (z + 6). If we
keep cycling around the unit circle in either direction, the two solutions can be summarised as multiples of x
adding on 6.
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The general solution is

0 = nx + tan"'(a) wheren € Z and a € R.

The solutions if a is positive are represented in the diagram.

YA

nz + tan"'(a)

A
>
o
=Y

nz + tan~'(a)

Y

Note: If a is negative, choose the basic angle to be in quadrant 4 (therefore a negative angle).
We can summarise the general solutions for sine, cosine and tangent as follows:

« If sin(@) = a, then 0 = 2nx + sin"!(a) or 6 = (2n + 1)z — sin"!(a) where a € [—-1,1]
andn € Z.

o If cos(0) = a, then 6 = 2nx + cos '(a) wherea € [-1,1] and n € Z.

« If tan(@) = a, then 6 = nx + tan"'(a) wherea € R and n € Z.

WORKED EXAMPLE 7

a. Find the general solution of the equation tan(x) — \/_ = 0.

b. Find the general solution of the equation 2 cos(20) — \/_ = (0 and hence find all the solutions for
0 € [—=m,x].

THINK WRITE

a. 1. Express the equation with the trigonometric a. tan(x) — /3 =0
function as the subject.
tan(x) = \/5

2. Recognise the exact value and determine the Tangent is positive in quadrants 1 and 3.

quadrants in which the tangent function is positive. .

The base is g

3. Write the general solution for tan(x) = a. x = nx + tan"!(a)

=nz + tan~'(1/3)
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b. 1.

. Substitute the basic angle for tan‘l(\/3_ ) and

simplify.
Note that n € Z must always be included as part
of the solution.

Express the equation with the trigonometric
function as the subject.

. Recognise the exact value and determine the

quadrants in which the cosine function is positive.

. Write the general solution for cos(260) = a.

2
Substitute the basic angle for cos™ (%) and

simplify.

Divide through by 2 to find the solution for 6. This
is always best done once the solutions are written
with common denominators.

Substitute appropriate values of 7 to achieve
solutions for § € [—r, x].

V4
=n7r+§,n€Z

- 3nmr+ 7w
3
3
:M’nez
3
b. 2cos(20) — V2 =0

2c0s(20) = /2
V2
2

cos(20) =

Cosine is positive in quadrants 1 and 4.

7
The base is —.
¢ base s -

20 = 2nx + cos™! (a)

2
=2nx + cos™! (%)

T
= 2nw+ Z,neZ

8nwr &
S
4 4
B 8nr+rnw 8nw—1x
- 4 7 4
Bn+ 1w 8n— 1)z
= Z
R "€
9:(8n+1)7z,(8n—1)ﬂ’nez
8 8
9 7
1fn=9—1,0=—§”,or9=—§.
0= —?7[ is outside the domain.
fn=0,0=20r0=—2.
8 8
Both are within the domain.
T Or
Ifn=1,60=—or0=—.
n 8or 2

0= % lies outside the domain.

.". the solutions for § € [—x, 7] are
T n© nm Irx

=TTy R s
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TI | THINK WRITE CASIO | THINK WRITE
a. 1. Put the Calculator into BT *Doc s 5] | a. 1. Put the Calculator into Radian o et sctien %0 8
Radian mode. scivalanlal= (3 =0 cntone mode. . e &
On a Calculator page, 3 On the Main screen, complete rmrcmamnc13+5]
press MENU then | the entry line as 0
select solve(tan(x) — \/_ =0,x)
3: Algebra then press EXE.
1: Solve
Complete the U
entry line as
solve(tan(x) — \/_ =0,x)
then press ENTER. Ny Stnderd  Fedl Aad i)
2. The answers appear on  x = nr + g nez 2. The answers appear on the x=nr+ g nez
the screen. screen.

' Resources

Interactivity: Trigonometric equations and general solutions (int-6413)

study[1])
LUnits 384> /052 > Topio 3 > Concopt 7

General solutions of circular functions Summary screen and practice questions

Exercise 2.4 General solutions of trigonometric equations

Technology free

1. Find the general solution of the equation 2 sin(9) — 1/3 = 0.

2. Find the general solution of the equation \/? tan(20) + 1 = 0 and then find all the solutions for
0el—mn,nrl.

Technology active

3. Find the general solutions for the following.
a. 2cos(x)+1=0
b. 2sin(x) — V2 =0
4. Find the general solution of 2 sin(2x) + 1 = 0 and hence find all solutions for 0 < x < 2x.
5. Find the general solution of \/g sin (x + g) = Cos (x + g) and hence find all solutions for

—n<x<m.
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2.5 Circular functions

2.5.1 Sine and cosine functions
Circular functions, or trigonometric functions, are periodic functions such as y = sin(x), y = cos(x) and

y = tan(x).
The graph of the sine function has a wave shape that repeats itself every 2z units. Its period is 2z as shown

in its graph.
-
/4

YA

14 y = sin(x)

< T T T T
?Z/;T 3z -\ _Z z /2 3z
2 2 2 2
—1-
Y

The graph oscillates about the line y = 0 (the x-axis), rising and falling by up to 1 unit. This gives the graph
its range of [—1, 1] with a mean, or equilibrium, position y = 0 and an amplitude of 1.
The graph of the cosine function has the same wave shape with period 2.

/yﬁ\ -

The characteristics of both the sine function and the cosine function are:

e period 27w

amplitude 1

* mean positiony = 0

* domain R

range [—1,1]

* many-to-one correspondence.

Although the domain of both the sine and cosine functions is R, they are usually sketched on a given

restricted domain. . -
The two graphs of y = sin(x) and y = cos (x) are ‘out of phase’ by 5; that is, cos (x - E) = sin(x). In

other words, a horizontal shift of the cosine graph by g units to the right gives the sine graph. Likewise, a

horizontal shift of the sine graph by g units to the left gives the cosine graph; sin (x + g) = cos (x).

The periodicity of the functions is expressed by f(x) = f(x + n2x), n € Z where f'is sin or cos.

Graphs of y = a sin(nx) and y = a cos(nx)
The value of a affects the amplitude of the sine and cosine functions.
Because —1 < sin(nx) < 1, —a < a sin (nx) < a. This means the graphs of y = a sin(nx) and y = a cos(nx)

have amplitude lal.
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As the amplitude measures a distance, the rise or fall from the mean position, it is always positive. If a < 0,
the graphs will be inverted, or reflected in the x-axis.
The value of n affects the period of the sine and cosine functions.

Since one cycle of y = sin(nx) is completed for 0 < x < 2z, one cycle of y = sin(nx) is completed for

0 < nx < 2z. This means one cycle is covered over the interval 0 < x < —, assuming n > 0.

The graphs of y = a sin (nx) and y = a cos (nx) have:
. . 2x;
* period —
n
o amplitude |a|
* range [—a,al].

The graphs of y = a sin(nx) + k and y = a cos(nx) + k

Any vertical translation affects the equilibrium or mean position about which the sine and cosine graphs
oscillate.

The graphs of y = asin (nx) + k and y = a cos (nx) + k have:
* mean positiony =k

* range [k — a,k + a].

Where the graph of y = f(x) crosses the x-axis, the intercepts are found by solving the trigonometric
equation f(x) = 0.

WORKED EXAMPLE 8
a. Sketch the graph of y = 3sin(2x) +4,0 <x <2z

b. The diagram shows the graph of a cosine function. State its mean

YA
position, amplitude and period, and give a possible equation for (g 4)
the function. /3.\
-« 0 T >
3
(0,-8)¢
Y
THINK

WRITE
a. 1. State the period and amplitude of

a.y=3sin(2x) +4,0<x <27
. 2
the graph The period is i

The amplitude is 3.
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2. State the mean position and the The mean position is y = 4.
range. The range of the graph is [4 — 3,4 4+ 3] = [1,7].
3. Construct appropriate scales on the
axes and sketch the graph.

y=3sin(2x) +4

Q2r, 4)

1
< T T T T T T T >
O 2 2 3z 7 5z 3z Im 2 *
4 2 4 4 2 4
b. 1. Deduce the mean position. b. The minimum value is —8 and the maximum value is
. -8+4
4, so the mean position is y = 7= —2.
2. State the amplitude. The amplitude is the distance from the mean position
to either its maximum or minimum.
The amplitude is 6.
. T . . .
3. State the period. Atx = 3 the graph is halfway through its cycle, so its
. . 2m
period is 3
4. Determine a possible equation for Let the equation be y = a cos(nx) + k.
the given graph. The graph is an inverted cosine shape, so a = —6.
. . 2
The period is —.
n
2 2x
n 3
n=3
The mean position is y = —2, so k = —2.
The equation is y = —6 cos (3x) — 2.
TI | THINK WRITE CASIO | THINK WRITE
a. 1. Put the Calculator into X a. 1. Put the Calculator into Radian o ot toom behsls 0 %
Radian mode. f1fx)={3- sin(2- x)+4,02x52- | = mode. ERES Ll
On a Graphs page, £10={2- sin(2- x)+4,05x<2- 7 On a Graphs screen, complete 1]
complete the entry line for the entry line for y1 as H
function 1 as fl(x) =3sin(2x) +4 =010 <
fl(x) = 3sin(2x) + 4 = x<2rx
00 <x <27 then press EXE. s,
then press ENTER. A % Select the Graph icon to draw
the graph. ?
Asd  FResl )
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2. To find the endpoints, press

2. To find the endpoints,

MENU then select select
5: Trace e Analysis
1: Graph Trace * Trace

Type “0” then press
ENTER twice. Type ‘“2z”
then press ENTER twice .
NOTE: the Calculator will
show an approximate value
of 6.28 ... for 2z. To
change this, double click on

6.28 ... change the value to b Fod Fal i
27 then press ENTER. / \ //\
. To find the maximums, . To find the maximums,

[CE ofill <|

r1{x)={2- sin(2- x}+4,02c<2- n

Type “0” then select OK
and press EXE. Type ‘“27”
then select OK and press
EXE.

o
2
1-

o

press MENU then select £16)={3- sin2- 4,095 select e

6: Analyze Graph Fassain) (3.927.7) * Analysis 21| bsxszpl—
3: Maximum /\ * G-Solve

Move the cursor to the left / \ / (27.4) * Max

of the maximum when (0,4) \‘\ / \ i [ then press EXE. Use the

prompted for the lower
bound, then press ENTER.
Move the cursor to the right
of the maximum when
prompted for the upper
bound, then press ENTER.
Repeat this process to find
the other maximum.

Repeat this process to find
the other minimum.

x
4

left/right arrows to move to
the next maximum, then
press EXE.

. To find the minimums, < Dot rao {7168 . To find the minimums, © Et Zoom Malyss ¢ %
press MENU then select 10 T —— select . mﬁ;ﬁi;i{;; Em; z
6: Analyze Graph Tozssain) (3.927,7) * Analysis Wy i~d-u 2t
2: Minimum * G-Solve sai
Move the cursor to the left iR / \\ (2m.4) * Min
of the minimum when (0,4) Y / ‘\ i then press EXE. Use the
prompted for the lower N/ left/right arrows to move
bound, then press ENTER. (=1 2 (% (54\9'3/,1) = to the next minimum, then \’
Move the cursor to the right press EXE. AL
of the minimum when
prompted for the upper S e s o
bound, then press ENTER. e L

Horizontal translations of the sine and cosine graphs

Horizontal translations do not affect the period, amplitude or mean position of the graphs of sine or cosine
functions. The presence of a horizontal translation of /4 units is recognised from the equation in the form given
asy = a sin (n(x — h)) + k in exactly the same way it is for any other type of function. The graph will have
the same shape as y = a sin (nx) + k, but it will be translated to the right or to the left, depending on whether
h is positive or negative respectively.

Translations affect the position of the maximum and minimum points and any x- and y-intercepts. However,
successive maximum points would remain one period apart, as would successive minimum points.

The equation in the form y = a sin (bx — ¢) + k must be rearranged into the form y = a sin (b <x - %) ) +k

. . . . c
to identify the horizontal translation s = b
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WORKED EXAMPLE 9

Sketch the graph of the function f: [0, 37”] — R, f(x) = 4cos ( 2x + g)

THINK

1. State the period, amplitude, mean
position and horizontal translation.

2. Sketch the graph without the horizontal
translation, y = 4 cos(2x).

3. Calculate the coordinates of the end
points of the domain of the given
function.

4. Calculate or deduce the positions of the
Xx-intercepts.

WRITE
3 V4
NE [O’ 7] — R, f(x) =4cos <2x+ 5)

£(x) = 4cos (2 <x+ g))

2
The period is 77[ =
The amplitude is 4.
The mean position is y = 0.
The horizontal translation is z to the left.

YA (0, 4)

44 y =4 cos(2x)

1

=4 X =

2

=2
3
f<7ﬂ> :4cos<3ﬂ+;—r)

-1
=4 X —
2

=-2
The end points of the graph are (0, 2) and

(%)

Each x-intercept on y = 4 cos(2x) is translated g
units to the left.
Alternatively, let y = 0.
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4cos(2x+;—r):0

pd p3 pd T
24 2)=0Z <+ S <3ne 2
Cos<x+3 3 x+3 7r+3

2+7r_zr 37 Sw

R

r Tn 137

2=_7_7_

*T6 6 6

r Tr 137

x:_a_a_

12" 12" 12

5. Apply the horizontal translation to key
points on the graph already sketched and
hence sketch the function over its given
domain.

" | 1 | Resources

Interactivity: Sine and cosine graphs (int-2976)
Interactivity: The unit circle, sine and cosine graphs (int-6551)
Interactivity: Oscillation (int-2977)

study[1])
> 4081 > Topio3 > Concepis 384 4

The sine function Summary screen and practice questions
The cosine function Summary screen and practice questions

2.5.2 Combinations of the sine and cosine functions

Trigonometric functions such as y = sin(x) + cos(x) can be sketched using addition of ordinates. In this
example, both of the functions being combined under addition have the same period. If the functions have
different periods, then to observe the periodic nature of the sum function the graphs should be sketched over a
domain that allows both parts to complete at least one full cycle. For example, the function y = sin(2x)+cos(x)
would be drawn over [0, 2], with two cycles of the sine function and one cycle of the cosine function being
added together.
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WORKED EXAMPLE 10

Sketch the graph of y = cos(x) + %sin(lx) for x € [0, 2r].

THINK

1. Identify the two functions forming
the sum function.

2. State the key features of the two
functions.

3. Sketch the two functions on the same
set of axes and add together y-values
of known points.

WRITE

1
y = cos(x) + 3 sin(2x)

1
y =y + y2 where y; = cos(x) and y, = 3 sin(2x).
y1 = cos(x) has period 2z and amplitude 1.

2=z sin(2x) has period z and amplitude >

2 1)

) Cos(x) _
/

y= -
//
>K 2 S
BE Sl "27;‘\x

SN
z.

Exercise 2.5 Circular functions

Technology free

1. State the period, amplitude and range of each of the following.

a. y = 6sin(8x)
X
b. y=2—3 (-)
y cos 1
c. y=—sin(3x — 6)
d. y=3(5+ 2cos(6xx))

2. a. [lE3 Sketch the graph of y = 2 cos(4x) — 3,0 < x < 27.
b. The diagram shows the graph of a sine function. State its mean position, amplitude, and period, and
give a possible equation for the function.

YA (15,13)

¢(0,5)
2,5)

A

=)
=Y

y 05.-3)
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3

4,

3
. Sketch the graph of f: [0,27] — R, f(x) = 1 — 2sin <7x>, locating any intercepts with the coordinate

axes.
Sketch the following over the intervals specified.
a. y=-7cos(4x),0<x <=«

b. y=5-sin(x),0 <x <2x

c. y=%cos(2x)+3,—7r§x <2z

d. y=2-4sin(3x),0 <x <2x

e. y=2sin<x+§),0§x <2z

3r

T T
f.y=-4 ( —) 4, —— <x < —
y cos 3x+2 + 2_x_ 5

Technology active

(4]

o

©

10.

4
. @ A positive sine function has the general equation y = a sin(x — &) + k. The maximum value is 3 and

. [EIE3 Sketch the graph of the function f: [O, 3;] — R, f(x) = —65in <3x - 3—ﬂ> .

the minimum value is —1. The graph also passes through the point (7:, \/5 +1 ) Which of the following
could be the equation of the graph?

3 3
A.y=2$in<x—Tﬂ>+1 B.y=ZSin<x—Tﬂ) C.y=2sin<x—%>+\/§+1

. 3z . 3z
D. y = 2sin x+T +1 E. y = sin x+T +1

. a. i Solve the equation 2 sin(2x) + /3 = 0 for x € [0, 27].
ii. Sketch the graph of y = sin(2x) for x € [0, 2x].

3
iii. Hence find {x: sin(2x) < _T’O <x<2x}.

b. State the maximum value of the function f(x) = 2 — 3 cos (x + %) and give the first positive value

of x for when this maximum occurs.
K21 Sketch the graph of y = cos(2x) — 3 cos(x) for x € [0, 2x].
Sketch the graphs of y = (sin(x))*> and y= sinz(x) for x € [—r, x].
Use addition of ordinates to sketch the graphs of:
a. y=sin(2x) —4sin(x), 0 < x <2« b. y=x+sin(x),0 <x < 2x

2.0 The tangent function

2

The domain of the tangent function, y = tan(x), can be deduced from the relationship tan(x) =

.6.1 The graph of y = tan(x)

sin(x)

cos(x)’

Whenever cos(x) = 0, the tangent function will be undefined and its graph will have vertical asymptotes.

Because cos(x) = 0 when x is an odd multiple of g, the domain is R\ {x: x=02n+ l)g, ne Z}.

If sin(x) = 0, then tan(x) = 0O; therefore, its graph will have x-intercepts when x = nz, n € Z.
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The graph of y = tan(x) is shown.

i i YA i i
| i 6 i |
| I54 | |
| I | I
| L4 | !
| | ! |
| i34 | :
| P | !
i | | !
! | 14 I i
< | : | ! >
- ! ! ! ! “x
R2r 3z fm _ZT _A- T/ 3z /2n
2 2 2 2
: P2 ;
| ! _34 | |
| ! ! .
: 4 ! : y=tan(x)
: Hosq :
| i _6 | :
i L2 A :
o 3z m  _3z
2 2 2 2
The key features of the graph of y = tan(x) are:
 period &
* range R which implies it is not meaningful to refer to an amplitude
* vertical asymptotes at x = ig, 137”, co.dex =2k + 1)%, keZ

* asymptotes spaced one period apart

* x-intercepts atx = 0, +x, +2x,...l.e.x = kn,k € Z
* mean positiony = 0

e domain R\ {x: x=2n+ l)g,n € Z}

O many-to-one correspondence.

The graphs of y = tan(nx) and y = a tan(x)
The period of y = tan(x) is 7, so the period of y = tan(nx) will be f.
n
Altering the period alters the position of the vertical asymptotes, as these will now be T units apart.
n

7 . .
An asymptote occurs when nx = 5 Once one asymptote is found, others can be generated by adding or

subtracting multiples of the period.

The mean position remains at y = 0, so the x-intercepts will remain midway between successive pairs of
asymptotes.

The dilation factor a affects the steepness of the tangent graph y = a tan(x). Its effect is illustrated by

comparing the values of the functions f(x) = tan(x) and g(x) = 2 tan (x) at the point where x = g

Becausef(%) = tan (g) =1landg (%) =2 tan (%) = 2, the point <;—T, 1) lies on the graph of y = f(x)

but the point (g 2) lies on the dilated graph y = g(x).
The graph of y = a tan(nx) has:
. T
e period —
n
 vertical asymptotes T units apart
n

* mean position y = 0 with x-intercepts on this line midway between pairs of successive asymptotes.
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Also note that the graph has an inverted shape if a < 0.
The x-intercepts can be located using their symmetry with the asymptotes. Alternatively, they can be
calculated by solving the equation a tan (nx) = 0.

The graph of y = tan(x — h)
A horizontal translation of A units will move the vertical asymptotes 4 units in the same direction, but the
translation will not affect the period of the graph. An asymptote for the graph of y = tan(x — /) occurs when

x—h= g >x= g + h. Other asymptotes can be generated by adding or subtracting multiples of the

period 7.

The x-intercepts will remain midway between successive pairs of asymptotes, as the mean position is unaf-
fected at a horizontal translation. They may be found by this means or alternatively found by solving the
equation tan(x — 1) = 0.

The graph of y = a tan(nx — b) has:
e period z
n

* horizontal translation of = 2, as the equation is y = a tan (n ( - 2))
n n

* mean position y = 0.

WORKED EXAMPLE 11

Sketch the graphs of:
a.y = 2tan (3x) for x € [0, x]

b.y = —tan (Zx + g) for x € (0, 2x).

THINK WRITE
a. 1. State the period. a. y = 2 tan(3x)
The period is 73—T
2. Calculate the positions of the An asymptote occurs when 3x = g => X = g .
asymptotes.

Others are formed by adding multiples of the period.

T T T
Asymptotes occur at x = 3 + -+ — and

3 2
r & Sm .. . .
= 3 1F 3 = 3 within the domain constraint x € [0, r].
3. Calculate the positions of the The mean position is y = 0, and the x-intercepts occur
x-intercepts. midway between the asymptotes. One occurs at
. g : /7 = b4 . .
Note: An alternative method is to = <_ n _) — Z The next is a period apart at
let y = 0 and solve the 2\6 2 3
i i i T 7w 2m :
trigonometric equation for x. B= 3 + 3 + 3 and the one after that is at
2r N b4
X=—+=-=x
3 3
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4. Sketch the graph. YA ! ! :
a1
| | |
44 |1 : i
34 | i :
24 /| : :
P VA ; GV
- | i i g
4100 /a iz /24 S *
L] /3 2[/3 6
j: i i E y=2 tan(3x)
== | |
6y =% LA Y o
Y T6 X=71y Y=g
b. 1. State the period. b. y=—tan <2x 3 g)
7
= —tan (2 ( I+ = ) )
Y ( Ty
The period is g
2. Calculate the positions of the An asymptote occurs when 2x + g = g =>x=0.
asymptotes. Adding multiples of the period, another occurs at

0+Z =2, anotheratx = = + = ther at
x = — = —, another at x = — — = 7, anotner a
2 2 2 2

n 37 RY/ A 1
x=mx+ = = —, and another atx = — + — = 2x.
T2 272, "
7 /s
The asymptotes arex =0, x = =, x =7, x = 7,x = 2.
3. Calculate the positions of the The mean position is y = 0, and the x-intercepts are
x-intercepts. midway between the asymptotes.
intercepts occur at z o o I
X-1 uratx = —,x=—,x=—,x = —.
P 2T 4 4
4. Sketch the graph, noting its The graph is inverted due to the presence of the negative
orientation. coefficient in its equation, y = — tan <2x + g)
YA | | | |
&N A R N
| ] I N
44 | | | |
S0
24 i i i y=-—tan (i:x +§
I- : : : :
. | | | |
A oz !z 3n !” 5z !3_” In !2”
] 4\ 12 2\ F\i2 4\
B 1 1 1 1
R | R | L
—4 : : : :
B N |
—6 | | | |
Y | | i |
x=0 =Z = 27 —
x=3 xX=r X = > x=2r
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TI| THINK

a.1. Put the Calculator into
Radian mode.
On a Graphs page,
complete the entry line for
function 1 as
f1(x) = 2 tan(3x)
x<rm
then press ENTER.

=010<

2. To find the x-intercepts,
press MENU then select
6: Analyze Graph
1: Zero
Move the cursor to the left
of the x-intercept when
prompted for the lower
bound, then press ENTER.
Move the cursor to the right
of the x-intercept when
prompted for the upper
bound, then press ENTER.
Repeat this process to find
the other x-intercepts.

3. To draw the asymptotes,
press MENU then select
8: Geometry
4: Construction
1: Perpendicular
Click on the x-axis, then
click on the point on the
x-axis where x = =
Press MENU then select
1: Actions
4: Attributes
Click on the asymptote
then press the down arrow
then the right arrow twice
to select dashed line.
Repeat this process to draw
the other asymptotes.

WRITE

E £1{x)=§2: tan(2

0<x<7r

p n
6
-6.67 f1{x)={2- tan(3- ), 08c<r
14
lo.667y )

(2.004,0)

///

J

~5.667 f rltxi {2-anlz- ;)o_m:

JL )

P 2 (1047,0) | /'>c094 ,0) i /‘
r; !

/ i i

5667 | | flLtﬁ-{Z-tan-):).OﬁrSrr
N
687 v

| i line

I f

—

/ \B / /
p n ™

@13) Line style 1s dashed
/ /

! {
I
fl Lrj- {2- mn(3~ x},0%x<r

—]

CASIO | THINK

a.1. Put the Calculator into
Radian mode.
On a Graphs screen,
complete the entry line for

yl as

fl(x) =2tan(3x) =010 <x < =&
then press EXE.

Select the Graph icon to

draw the graph.

2. To find the x-intercepts,

select

* Analysis

* G-Solve

* Root
Press EXE. Use the
left/right arrows to move to
the next x-intercept, then
press EXE.
Repeat this process to find
the other x-intercepts.

3. To draw the asymptotes,

select

¢ Analysis

e Sketch

e Vertical
then click on the point on

. 7

the x-axis where x = —.

Repeat this process to draw
the other asymptotes.

WRITE

© Edit Zoom Nvalrsls *

| AL B

Shast1 [Sheat2 Shmﬁ]ﬁwt( Shasth
M= 1=2-tan(3-x) | 0<xn i
| |s2:0

Red  Feal

Edit Zoom wlysl; *

= §hmz_ sr-g_ra 1&wt_lﬁh_smﬁ
M= 1=2-tan (3%

)| 0gxen —_

Red  Feal

Red  Feal

The graph of y = a tan(n(x — h)) + k
Under a vertical translation of k units, the mean position becomes y = k. The points that are midway between
the asymptotes will now lie on this line y = k, not on the x-axis, y = 0. The x-intercepts must be calculated
by letting y = 0 and solving the ensuing trigonometric equation this creates.
The vertical translation does not affect either the asymptotes or the period.
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The graph of y = atan(n(x — h)) + k has:
* period z
n
* vertical asymptotes when n(x — h) = 2k + l)%, keZ
* mean positiony = k
* x-intercepts where a tan(n(x — h)) + k = 0.

WORKED EXAMPLE 12

Sketch the graph of y = 3 tan(2zx) + \/3 over the interval —— <x <

=N |
AR |

THINK WRITE/DRAW
1. State the period and mean position. y = 3 tan(2zx) + \/?
The period is = = .

P 2r 2
The mean position is y = \/3_ .

. b4 1
2. Calculate the positions of the An asymptote occurs when 2zx = 5 >xX=-.

4
asymptotes. Others are formed by adding and subtracting a period.

. 7 7
For the interval 3 <x< 3 the asymptotes occur at

1 1 3 1 1 1 d
= — - = — = - — —=——2an
YT T Y T2y
1 1 3
X=——— == ——
4 2 4
Th ot 3 1 1 3
e asymptotes are x = IS TR
3. Calculate the positions of the x-intercepts: Let y = 0.
x-intercepts. 7 7
p 3tan(2ﬂx)+\/_=0,—§§x§§
\/3_ T 1x
27x) = ———,—— < 27;x < —
tan(27x) 31 S x < 1
T T T
2 = —— — — 2 —
X 5 T 6’” G’ T 5
T Tn Sz«
2 =, s
TETe T 66
1 7 5
127 12712
4. Obtain the y-intercept. When x =0, y = 3 tan(0) + \/— = \/g .

The point (0, \/g ) is on the mean position.
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7
5. Calculate the coordinates of the end End points: Let x = ——.

points. 7
y =73 tan <27r><—§> +\/§
17
=3 tan <_Z> +\/3_
=3x1+13

=3+4/3
7
One end point is <—§,3 + \/§>

Letx=%.

y:3tan<77ﬂ>+\/3_
=3x-1+3
=-3+13

7
The other end point is <§ =3l 4F \/§>

6. Sketch the graph.
y=3 tan(2zx) + 3

v

A

' 1 1 | Resources

Interactivity: The tangent function (int-2978)
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study[T]

The tangent function Summary screen and practice questions

Exercise 2.6 The tangent function

Technology free

1. State the period and calculate the equation of the first positive asymptote for each of the following.

a. y = tan(4x) b. y=9+8tan<;)

3 4
c. y=—§ tan (?) d. y =2tan(6zx + 37)

2. [EIZH Sketch the graphs of:
a. y=3tan (%) forx € [—r, 7]

b. y = —tan(2x — r) for x € [—r, x].
3. Sketch the following graphs over the intervals specified.
a. y=—tan(2x), x € [0, z]

b. y=3tan (x+§>,x€ [0, 27]

c. y=tan<§>+\/§,xe [0, 67]
y=5\/3_tan<nx—g) _5,x€(=2,3)

Technology active

a

7
4. [lIIZA Sketch the graph of y = 3 tan(27x) — \/3_ over the interval -3 <x<

ool

5. Sketch the graph of y =1 —tan <x + g) over the interval 0 < x < 2.

o

. The graph of y = a tan(nx) has the domain (—;—r, g) with vertical asymptotes at x = —;—t and x = g only.

1
The graph passes through the origin and the point <—g —§> . Determine its equation.

7. The graph of y = tan(x) undergoes a set of transformations to form that of the graph shown.
i i YA i i
| | | |
I I I I
| P4 i |
| | | |
| | | |
| P\ o | m |
| | R0
| | | |
< i i i : >
-7 3z m\ _+* 0 I Pi3 3 "
u3 2 o, 4 2 o
I I I I
| | | |
| | | |
| | _4 - | |
i 3z i T | T | 3z
X = X = Ix== x ==
! 4 T b4 ! 4
a. Explain why there was no vertical translation among the set of transformations applied to y = tan(x) to

obtain this graph.
b. State the period of the graph shown.
c. Form a possible equation for the graph.
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8. a. Use CAS technology to find the coordinates of the points of intersection of the graphs of y = sin(2x)

and y = tan(x) for -2z < x < 27.

b. Hence, or otherwise, give the general solution to the equation sin(2x) = tan(x), x € R.

9. A hybrid function is defined by the rule

-

f(x) =1 tan (x), —

cos (x),

L

a. Evaluate:

()

b. Sketch the graph of y = f(x).

i. f(r)

<x<

Ny

—sin(x), 27x<x< —g

1N

x<2m

()

c. Identify any points of the domain where the function is not continuous.

d. State the domain and range of the function.

2. [ Modelling and applications

2.7.1 Real-life scenarios

There are many real-life scenarios where a trigonometric function can be used to model the situation.

WORKED EXAMPLE 13

The depth of water, d metres, at the end of a pier at time ¢ hours after 6 am is modelled by

d(®) = sin (%’) +2.5

a. What is the period of the function?

b. What are the maximum and minimum depths of the water?

c. What is the depth at 7 am?
d. Sketch one cycle of the graph of the function.

e. The local council is interested in when the depth of water is at least 3.1 m. For how long,
correct to the nearest minute, during a 12 hour period is the water at least 3.1 m deep?

THINK

2
a. 1. The period of a sine function is given by il
n

2. Write the answer, including units.

b. The maximum and minimum depths take into account
the amplitude of the function and the upward
translation of the graph.

WRITE/DRAW
Period = —
n
2z
5
= 12 hours
Maximum depth =2.5 + 1
=35m
Minimum depth =2.5 — 1
=1.5m
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1
c. t= 0is at 6 am, therefore, 7 am is equal to 7 = 1. d(3) = sin <£> +2.5

_ sin(g> +25

—0!5-215
=3m
d. Use the information already gathered to sketch the d(?)
graph for one cycle, or 12 hours.
Maximum = 3.5 m 35 (12.2.5)
Minimum = 1.5m 2.5 (0, 2.5) s
1.5
S0 6 12 !
1
e. 1. Solve 3.1 = d (¢). Make sure you include the domain 3.1 =sin <%) +25, 0<r<L12

in your CAS entry, otherwise you will obtain a

general solution. t=1.23,4.77 hours

2. Find the difference between the times to find the Time =4.77 — 1.23
total time the water is above 3.1 m =3.54
3. Convert the time to minutes. Multiply the hour 0.54 X 60 = 33 minutes
fraction by 60 to convert to minutes.
4. Write the answer. The depth will be at least 3.1 m for

3 hours 33 minutes.

Exercise 2.7 Modelling and applications

Technology active

1. [FZEE James is in a boat out at sea fishing. The weather makes a change for the worse and the water
becomes very choppy. The depth of water above the sea bed can be modelled by the function with

t
equation d = 1.5 sin (%) + 12.5, where d is the depth of water in metres and ¢ is the time in hours since

the change of weather began.

a. How far from the sea bed was the boat when the change of weather began?

What is the period of the function?

What are the maximum and minimum heights of the boat above the sea bed?

Sketch one cycle of the graph of the function.

If the boat is 4 metres above the seabed for a continuous interval of 4 hours, calculate / correct to

1 decimal place.

f. James has heard on the radio that the cycle of weather should have passed within 12 hours, and when
the height of water above the sea bed is at a minimum after that, it will be safe to return to shore. If the
weather change occurred at 9.30 am, when will he be able to return to shore?

¢ 200

136 Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Second Edition



2. A very young girl is learning to skip. The graph showing
this skipping for one cycle is given.

The general equation for this graph is given by & = a cos(nf) + ¢,
where /4 is the height in millimetres of the girl’s feet above the
ground and ¢ is the time in seconds the girl has been skipping.

hy

0.5, 100
100 ( )

0,0) '(1, 0)

°t
a. Find the values of the constants «, n and ¢, and hence restate the equation for one cycle of the skipping.
b. After how much time from the beginning of the turn is the girl’s feet 40 mm off the ground? Give your
answer correct to 1 decimal place.
3. The height, 7 metres, above ground level of a
chair on a rotating Ferris wheel is modelled by
the function

it
h=5-35 (—)
COS 30

where ¢ is measured in seconds.

a. People can enter a chair when it is at its
lowest position, at the bottom of the rotation.
They enter the chair from a platform. How
high is the platform above ground level?

b. What is the highest point reached by the chair?

c. How long does 1 rotation of the wheel take?

d. During a rotation, for how long is a chair higher than 7 m off the ground? Give your answer
to 1 decimal place.

4. A young girl and boy are lifted onto a seesaw
in a playground. At this time the seesaw is
horizontal with respect to the ground.

Initially the girl’s end of the seesaw rises.
Her height above the ground, & metres,
tseconds after the seesaw starts to move is
modelled by A(f) = asin(nt) + k.

The greatest height above the ground that
the girl reaches is 1.7 metres, and the least
distance above the ground that she reaches
is 0.7 metres. It takes 2 seconds for her to
seesaw between these heights.
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a. Find the values of a, n and k.
b. Draw the graph showing the height of the girl above the ground for 0 < ¢ < 6.
c. For what length of time during the first 6 seconds of the motion of the seesaw is the girl’s height above
the ground 1.45 metres or higher?
d. Sketch the graph showing the height of the boy above the ground during the first 6 seconds and state
its equation
5. The water level in a harbor, & metres below a level jetty, at time ¢ hours after 7 am is given by

h=3—-25sin <%(t— 1)>.

a. How far below the jetty is the water level in the harbor at 7:30 am? Give your answer correct to
3 decimal places.

b. What are the greatest and least distances below the jetty?

c. Sketch the graph of / versus ¢ and hence determine the values of ¢ at which the low and high tides first
occur. Give your answers correct to 2 decimal places.

d. A boat ties up to the jetty at high tide. How much extra rope will have to be left so that the boat is still
afloat at low tide?

6. At a suburban shopping centre, one of the stores sells electronic goods such as digital cameras, laptop
computers and printers. The store had a one-day sale towards the end of the financial year. The doors
opened at 7.55 am and the cash registers opened at 8.00 am. The store closed its doors at 11 pm. The
total number of people queuing at the six cash registers at any time during the day once the cash registers
opened could be modelled by the equation

t t
N(f)=458in(%> —35cos (%) +68,0<t<15

where N(7) is the total number of people queuing ¢ hours after the cash registers opened at 8.00 am.

a. Many people ran into the store and quickly grabbed bargain items. How many people were queuing
when the cash registers opened?

b. When was the quietest time of the day and how many people were in the queue at this time?

c. How many people were in the queue at midday?

d. What was the maximum number of people in the queue between 3.00 pm and 7.00 pm?

2.3 Review: exam practice

A summary of this topic is available in the Resources section of your eBookPLUS at www.jacplus.com.au.

Short answer: technology free
1. Find the exact values of the following:

2
a.sn1<—7§> b. cos(77)

sin lz d. tan ( il >
C. —_— . _—
6 6

2. Evaluate the following expressions, given that sin(6) = 0.25 and 6 is in the first quadrant.

a. sin(—0) b. cos(3z + 60)
c. tan(z + 0) ¢sm<g—9)
2
3. a. If cos(a) = 3 and Tﬂ < a < 2r, find the exact value of:
i. sin(a@)
ii. tan(a).

b. Hence, show that sin’(a) + cos?(a) = 1.
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4. Solve each of the following equations over the given domain.
a. cos(2x) =1, 2n<x<2xm

b. 4 cos? () — (2\/5 - 2) cos (8) —
c. V/3 sin(2x) =
d. 1/3 sin(6) — 2 sin(8) cos(d) = 0,0 < 0 < 2

. 2sin<2<0+ﬁ>>+1=0,—7r§957z’

f. 2cos <x+ 8) = \/EoverR

2=0,050L2n

—cos(2x), —n<x<n~x

. State the period and amplitude of the graph of y = 3 sin(2 — 5x) + 6.

b. State the period and the equation of the first positive asymptote of the graph of y = 2 — 3 tan(3x).

c. Sketch the graph of f:[0,4x] — R, f(x) =5+ 5cos (% — %)
6. Sketch the graph of f: [—7, 7] = R,f(x) = 2sin(2x) + 1.

Multiple choice: technology active
1. @@ Given that cos(0)

A. cos(5x + 6) = —0.362
B. cos(4r —60) =0.362
C. cos(r+ 0) = —0.362
D. cos(—0) = 0.362

E. cos(3z —0) = 0.362

T

2. [[I¥ The value of cos <—?> is:

V3 1

A.

N =

2 2

13 4
3. @ The exact value of cos <Tﬁ> 251n< ) \/—ta ( ”

B. —— C. —— D.

= 0.362 and 6 is in the first quadrant, which of the following is not true?

1 1 1 1 3 1
-— B.2—- — C.2+— D.4-— — E.3—\/——+—

V2 V2 V2 V2 G

.. 2sin(z—06)sin (% -0)
4. @ When simplified, becomes:
2 —2cos?(0)
in (6 0
A. M B. tan (0) C. ! D. cos (0) E. — L
1 —cosZ(0) tan(0) sin (0)

3
5. [IIg Given that cos (f) = 0.6402 and 0 < 6 < g find the value of sin <77[ — 9) correct to 4 decimal

places.
A. 0.6402 B. —0.6402 C. —0.3598
D. 1.6402 E. None of the above
6. g If 2 cos (9— g) —1=0and 0 < 0 < 2z, then 0 is equal to:
AﬂandSﬂ BSﬂ Czﬂ D ﬂand” E. ﬂand om
6 6 "6 "3 3 3 6 6
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7. I The general solution for 2 sin (x) — y/3 =0 is:
12nz+ x 12nz + 57

A. x= 7 an c ,wheren € Z
b4 Sx
B. x=—and —
X 6 an G
6 6 2
C. x= mH_”and nr ”,whereneZ
3 3
bid 2
D. x=—and —
X 3 an 3
— 4
E. x= bnz — 7 an Onz + ”,wheren eZ
3 3
8. I A possible equation for the graph shown is:
A. y = —tan(x) B. y = 2tan (x)
C. y =tan(2x) D.y=2tan(x+g>

e y=an(2(x- %))

BN —

-3y

x=0

by
[ e B e LT

1"

SN
155
NI
]
=Y

=

T
X

9. [I@ If a tangent function has an equation y = 2 tan <Z> — 1, the equation of the first positive

asymptote is:

A.x=38 B. x=4n C.x=4 D. x=2n E.x=2
10. [II¥ The range of the function with the rule f(x) = 3 — 8 cos <4 —g),OSXSEiSZ
7z 13z 7 4r
A |—, — B. |-, — c.[-1, 11 D. [-5, 11 E. [-11, —
252 sl et oersm s

Extended response: technology active

1. The temperature in degrees Celsius at Thredbo on a day in the middle of winter can be modelled by the
equation

Tt
T=2-6 (—)
COS B

where  is the number of hours after 4:00 am.

a. What are the minimum and maximum temperatures?
b. At what time(s) of the day is the temperature 0 °C?
c. When is the temperature at its maximum?

d. What is the temperature at 8:00 am?
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2. a. On the same set of axes, sketch the graphs of y = —cos(2x) and y = \/E sin (2x) for x € [—7—2[, f]_
b. Calculate the exact coordinates of the points of intersection of the two graphs.

c. Hence, state {x: \/3—sin(2x) + cos(2x) > 0, —g <x< g}

d. i. For the function defined by f(x) = 2 sin <2x - g), calculate f(0) and f (g)

ii. Sketch the graph of y = f(x) forx € [—g, g] and hence state

. T T T
: — ) > —— < x< — 3.
{x 2s1n<2 6>_0’ 2_x_2}

3. The depth of water, d metres, at the end of a pier at time ¢ hours after 10 am is modelled by

it T
d(f) = 2si (---) 25
(1) sin ¢ 3 +

What are the maximum and minimum depths of the water?

What is the period of the function?

What is the depth at 1 pm?

If a particular boat needs a depth of at least 4.2 m in order to dock, during what times, to the nearest

minute, can the boat dock?

4. For a particular incubated animal cage, the temperature can be modelled by a positive cosine curve,
T = acos (n(x — h)) + k, where T°C is the temperature, ¢ hours after 8 am. The maximum daily
temperature was 28 °C and occurred at 2 pm and the minimum was 22 °C, occurring at 8 pm.

a. What is the equation of the curve?

b. What is the temperature at 10 am?

c. The creature that lives in the incubated cage sleeps when the temperature falls below 24 °C. How
many hours a day, correct to 1 decimal place, does the creature sleep?

e oo

study[1])

Sit VCAA exam

TOPIC 2 Trigonometric functions 141



sin?(x)  cos?(x)

Answers
Topic 2 Trigonometric functions

15. a. tan’(x) + 1=

cos2(x)  cos2(x)

sin?(x) + cos?(x)

. ; . . 2
Exercise 2.2 Trigonometric symmetry properties | cos(x)
1. a. —1 b. —\/Tg c. —L - cos*(x)
V2 b. 0.7814
a X e. —\/3 f _% 16. Height h = 15V/3 m and shadow s = 15m
3V3
2 & —_L b, _% o -1 17. a. 12cm/s b. 12— %— cm/s
\/3_ c. 12cm/s
o L . e o1 18. a. 1.5m b. 0.75m
V2 2 2
V3 1 Exercise 2.3 Trigonometric equations
3. a — b. =
’ 2 2 1. a. 0= 5—” and 7—”
1 V3 1 7T 6
¢ == d 5 b. x = 120°,300°, 480°, 660°
\/?T 0 T T
c. 0=—=,=
V3 L _V3 33
e. —— =Y
2 Vi3 2 a g= X 17 3% 5m 17z 23z
g. 0 h. Undefined 127124412 12
i. 0 i. 0 b _ S _2_71 T
k. 1 Lo-1 ! 6’ 376’3
4. a. sin(0) b. cos() c. tan(0) 3. a 0= 5_”, 7_”
d. cos(6) e. —sin() f. —tan(0) 4 4
Ji boo=Z 2
W3 -1 ' 3" 3
5. a. — 5 b—2+2 CZ\/?T 09_24_”7_”&[&@
34 0/2 97979797979
d. .0 f. =2 n Sr
6. a. —0.4695 b. —0.5592 c. —0.2680
4. a. x=120° and 240°
d. —0.4695 e. 0.5592 f. 0.2680 b x 112.5%, 157.5°, 292.5°. 337.5°
7. a. 0.8829 b. —0.5318 v % 2% Sn
. 0.82 d. —1.482 5.a f=-—=,—=,— =
c. 0.8290 1 825 a 33 €
8. a. sin(a) b. — c. —cos(a) b 02_3_” Iz _x z Tz 3n
| tan(a) ' 212 12’1212 4
: S 7w 3rn Ir
d. e. sin(a) f. cos(a) - - = =
tan(a) ¢ 0=—3 333
9. a. 0.8829 b. —0.4696 c. 1.8803 g dm 57 10 1z 167 17z
d. —0.9848 e. 0.9848 f. —5.6729 6. 9°9° 9°9° 9 "9
10. a. 0.5592 b. 0.8290 c. 0.6746 , L
d. —0.7547 e. 1.1503 f. —0.6561 P AETRTS Y
1. a. —09511 b. 0.9511 c. 09511 b, x=_Z %
d. 3.0792 e. —0.3089 f. —3.0792 6 36
T T
12. a. —0.8572 b. 0.8572 c. —0.8572 . x= -7
d. —0.6008 e. 0.8572 f. —1.6645 6 4 0=073 and 241
13 a ‘% b. _‘5‘ b. x=73.40° and 286.60°
7 9. a. 0=215.23°324.77°
C. 1 d —— 37[ T
25 b. x=——, =
wa 3 .l .2 T
ca o T e 10. 6 =0.314,1.571,2.827,4.084, 5.341
Bt s o 1. x = 0.526, 1.179
13 13 "5
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T m Sk 3z
12.022,5,7, and;
13. B
14. a. «9=E3—7[5—7I7 7—7[

4 4° 4° 4

b o= %2 5%

6’3°37 6

15. a. a=-7x,0, 7

P
6’ 36”3
_ 3z mrw 3m
i S e
g a=_2FE _EZIx
3 3’3" 3

Exercise 2.4 General solutions of trigonometric

equations
1 0= 6n+ x and (3n+1)2ﬂ’ nez
3 3
6n—1
2. 0= %, n € Z. Solutions within [—z, z] are
_ Iz _x 5z llz
127 127127 12°
3. a —w,nez
8nm+n 8nm+3x
b. x= 7 ,T,neZ
12nm — 7 12nz+Trx
X B , X D s E L
7x Lz 197 23x
127127 127 12
5. x= nx = % nEZ'x——E 2—”
. - 3 P} ) - 3’ 3

Exercise 2.5 Circular functions

T
1. a. Period —,
4

b. Period 87, amplitude 3, range [—1, 5]

amplitude 6, range [—6, 6]

2
. Period —
c. Perio 3

d. Period %, amplitude 6, range [9,21]

, amplitude 1, range [—1, 1]

4. a YA
7_
y = -7 cos(4x)
N x 3k x 3t Tk ox X
4 2 4 8
-74(0,-7) (7, =)
Y
b. y
y=5-sin(x)
c.
Sz oz O oz oz 3m o gp ¥
2_1_ 2 2
Y
d YA

y=2cos(4x) -3
b. Mean position = 5, amplitute = 8, period = 2,
y = —8 sin(zx) + 5

8. fo=1-2 sm(%)
Q2n, 1)
O, 1) /
li_'\_/'s_ﬂ 13\/14"2;:
—+Y9 9
x-intercepts at x = z 5—” &[ 17—7[ — intercept =
P =39 99 3y pt =

y =2 4sin(3x)

s

_1

0. 1)

17z 257[
18 18 8

z 137

8 18
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y = sin*(x)

—9 z
N y=2 sm(x + 4)
2_
¥(0,v2) (27, V2)
< T %
0 n 2r 4
4 = —4sin(x)
2_
] 0.0~ (27 0)
Y
f. 2
_4_
-6y
b. YA
2z, 27)
5 y
6
0, 3v2) B 30)
2’ y = x +sin(x)
“0 7 BT N B a
4 12, 12 4 2 y=x
©, 0) y = sin(x) 2, 0)
< . . >
-6 z z 3z 2r x
fe) =6 sin(3x -2 2 2
i
6. A \

. _ 2z 5z 5z 1=«
Teas b X= e 3 e Exercise 2.6 The tangent function

ii. y = sin(2
lv_y\sm( Y /—\ 1. a. Period %, asymptote x = %
27,0 7
< Ol ©.9 ;\34/ \A/(; ) " b. Period 7z, asymptote x = 7”
T
-1

c. Period 54 asymptote x = 5?”

1 1
d. Period 5 asymptote x = T

27'L'< <57L’ U 5”<x< 11z
iii. X: — <x<— X — —
3 6 3 6 2. a. |
|
11z |
5 y= —r i
b. > 12 i
8. i
J <~ >
4 (=9 y = cos(2x) — 3 cos(x) - x
; i
% = c(lst\) :
N il xX=-x

2r,-2)
Yy = 3 cos(x)

144 Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Second Edition



A"

wnen

2
3 tan(27x) =3

y

y = —tan(2x — )

-2 x=-1x=0 x=1 x=2 «x

X =

y = —tan(2x)

Y

7. a. Mean position unaltered

—tan(2x) (other answers possible)

y=

C.

)+\/§

X
3

) (5),

s

_3® _
4

8. a. (+2x, 0), (x7,0), (0,0), (

\,}
—
-
|
|
N
N w

—

| N

- R
R
N =

|
N T
/N Q

n I

| .

L S N
Sl s
~— &l N
N )
— - N

| g

. —

R . =
ST e
S—" ~— =

K]

(0,¥3)
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C.

d.

2m, 1)

»__________.
™
(=]
=

K
y

NE__ s

x=—%

=
Il

. T
Not continuous at x = iz

Domain [-27, 27], range R

Exercise 2.7 Modelling and applications

1.

goowp

12.5 metres
24 hours
Maximum is 14 metres, minimum is 11 metres
dp -
=15 sm(ﬁ)+ 12.5
14
(6, 14) (24, 12.5)
(0, 12.5)
11
(18, 11)
< T T T >
0y 6 12 18 2% !
3v/3 +50
h= — ~ 13.8

3:30 am the following day
h = =50cos(2xt) + 50 b. 0.3 seconds
1.5m b. 85m ¢ 60s d. 184 s
T
=05 n==,k=12
a n=x

h hgi = 0.5sin(3 1)+ 1.2

(6,1.2)

~Y

o\ —

N T T
Ol 2 4
hoy =—0.5sin(3 1) + 1.2

§seconds
hyoy = —0.5sin ( =¢) + 1.2
boy = —VU. sm<§t>+ .

3.619 m below the jetty
55mand 0.5m

h=3-25 sin(% (t- 1))

C.

. 33 b.

12 24

“t

First maximum at ¢t ~ 10.42, first minimum at ¢t ~ 4.14
d. 5m of extra rope

112 d. 86

2.8 Review: exam practice
Short answer

V3 1 1
1. a. ——— b. —1 c. —— d ——
2 2 \/g
V15 15
2. a. —-025 b. — c ! d.
4 15 4
3 i. sin(a) \/g tan(a)
. a 1. = - 1] = -
* 3 * 2
2
5 2\’
b. sin® (a) + cos’ (a) = (—£> + (—)
3 3
U5, 4
99
=1
4 a4 yxo_F _xzmin
' T2 27202
b o= X 2% 47 Ix
' 43737 4
o 4o lr _x 5t llz
T2 127127 12
11
d. 9:0,%,7:,?”,27;
/A A Y 4
“0="3"%72%
S T
f. x—ZnE—E,x—Zmr+—2whereneZ
. 2r .
5. a. Period ?,amphtude3
b. Period %r, asymptote x = —
c.
z 5V2
oA a2 10) (4”’5’“7
52
0,5+7)
5_
f(x)=5+500$(
T T 7 % 2 % % %
2 2 2 2

X
2

1 person at 2.28pm (¢t = 6,46)

4

:
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Multiple choice

1. E
6. A

2. A 3.
7. C 8

Extended response

1. a.

e oo

Maximum temperature 8°C and minimum temperature
—4°C

8:42 am and 11:18 pm

4:00 pm

—1°C

y = —cos(2x)

y=V3sin2x) ~V37

}

X< <—5—” U{'£< <
Xt 2_x_ B x.lz_x_

. Maximum depth = 4.5

Minimum depth = 0.5

. 12 hours

. 35m

. From 1:56 pm to 4:04 pm and 1:56 am to 4:04 am.

ST}

. T=300$<%[(x—6)>+25

. 23.5°C
. 9.4 hours
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TOPIC 3

Composite functions,
transformations and inverses

3.1 Overview
3.1.1 Introduction

The use of matrices goes right back to the second
century BCE in China; however, there were some
aspects found in the fourth century BCE with the
Babylonians.

The beginnings of matrices arose through the
solving of simultaneous linear equations, some
of which are preserved in clay tablets and sur-
vive to this day. It wasn’t until the end of the
seventeenth century that there was much advance-
ment in the study of matrices — until this time
they were known as arrays. French mathemati-
cian, Augustin Cauchy, used the word determi-
nant in its current sense in 1812 (Carl Gauss had
previously used the term, but not in the current

context). Mathematician James Sylvester created the term matrix in 1850; however, it wasn’t until 1858
that English mathematician Arthur Cayley established matrices as a branch of mathematics. While many
mathematicians had used matrices before, he was the first to generalise the concept.

Matrices are used in more places than you might think. In geology, matrices are used for constructing
seismic surveys. In robotics, the inputs for controlling the robots stem from matrix calculations. Graphic
software programs or video games use matrices to transform objects on the screen. In the medical field, CAT
scans, MRIs and medical imaging all require the use of matrices to perform.

LEARNING SEQUENCE

3.1 Overview

3.2 Composite functions

3.3 Functional equations

3.4 Transformations

3.5 Transformations using matrices
3.6 Inverse graphs and relations
3.7 Inverse functions

3.8 Literal equations

3.9 Review: exam practice

Fully worked solutions for this topic are available in the Resources section of your eBookPLUS at

www.jacplus.com.au.
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3.1.2 Kick off with CAS

Inverses
Part 1

1.

On a calculation screen in CAS, define the function f(x) = 2x — 5.

2. To find the inverse, solve f(y) = x for y.

3. Define the inverse as g(x).

4. Determine f(g(x)) and g(f(x)). What do you notice?

5. Repeat steps 1—4 for the following functions.
a. f(x)=vVx-2
b. f(¥) = —(x = 1)’

6. Is the result in step 4 the same? What can you conclude about the relationship between a function and
its inverse?

Part 2

7. Open a graph screen and sketch f(x) = 5 — 3x.

8. Using the features of CAS, sketch the inverse on the same set of axes (see chapter 7 of the CAS Manual
in the Prelims of your eBookPLUS).

9. Repeat steps 7 and 8 for the following functions.

1
a. f(x) = —

x—1
b. f(x) = (x+ 1)}

N

™,
-

~ 4

.°11 | Resources

Please refer to the Resources section in the Prelims of your eBookPLUS for a comprehensive step-by-step guide on how
to use your CAS technology.
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3.2 Composite functions
3.2.1 The composite function

Composition of two functions occurs when the output of one
. . . f )
function becomes the input for a second function. X —> f >
Suppose f(x) = x> and g(x) = 3x — 1.
The composite function fo g(x) = f(g(x)) (pronounced ‘f of

g - g(f(x)
gof(x)

of x”) involves expressing g(x) in terms of f(x).
gofx’) p g 8(x) J) % PR L)
fog () =f(g())=fBx—1) fos)
=(Bx—1)°
=92 —6x+ 1

The domain of f(g(x)) = dom g(x) = R.
On the other hand, the composite function g o f(x) = g(f(x)) involves expressing f(x) in terms of g(x).
gof () =g (f () =g ()
=3 () -1
=3 -1

The domain of g(f(x)) = domf(x) = R.
Note that the order of the composition will affect the result of the composition. This means that f(g(x)) will
generally not equal g(f(x)).

%111 Resources

Interactivity: Composite functions (int-6417)

study[1])
> 4051 > Topic 4 > Concept 4 4

Composite functions Summary screen and practice questions

3.2.2 Existence of composite functions

When two functions are composed, the output of the first function (the inner function) becomes the input for
the second function (the outer function). This means that if the composition is possible, the range of the inner
function must be a subset of or equal to the domain of the outer function. It may be necessary to restrict the
domain of the inner function to ensure that its range lies completely within the domain of the outer function.
The domain of the inner function is always the domain of the composite function.

For f (g (x)) to exist, rang C domf. The domain of g (x) = dom f (g (x)).
For g (f (x)) to exist, ranf C dom g. The domain of f (x) = dom g (f (x)).
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Looking again at the functions f(x) = x* and g(x) = 3x — 1, we can

. . . S i Function Domain Range
investigate why they exist by listing the domains and ranges.

) - : fx) R [0, 00)
For f(g(x)), the range of g is R, which is equal to the domain of f, R.
g R R
RCR
ran g C domf

Therefore, f(g(x)) exists.
For g(f(x)), the range of fis [0, o0), which is a subset of the domain of g, R.

[0,00) CR
ranf C domg
Therefore, g(f(x)) exists.

WORKED EXAMPLE 1

If f(x) = e¢” and g (x) = V/x — 2, investigate whether the composite functions f (g (x)) and g (f (x))
exist. If they do, form the rule for the composite function and state the domain.

THINK WRITE
1. Construct a table to investigate the fx) =¢€* and g(x) = Vx—2
domains and ranges of the two functions.
Function | Domain | Range
J ) R [0, o)
g(x) [2,00) | [0,00)
2. Investigate whether f(g(x)) exists by [0,0) CR
comparing the range of g to the domain rang C domf

of f. Therefore f(g(x)) exists.
3. Form the rule for f(g(x)) and state the flg)=f <\/x -2 >
domain. _, iz
Domain = [2, c0)
4. Investigate whether g(f(x)) exists. (0,00) € [2, )
ranf ¢ domg

Therefore g(f(x)) does not exist.

TI| THINK

1. On a Calculator page, press
MENU then select
1: Actions
1: Define
Complete the entry line as
Define f(x) = e*
then press ENTER.
Complete the next entry line as
Define g(x) =vx—-2

then press ENTER.

Define fx)=e*

Define g(‘,\‘)= J.\'—l

Done

CASIO | THINK

1. On the Main screen, select
e Action
e Command
e Define
Complete the entry line as
Define f(x) = ¢*
then press EXE.
Complete the next entry line as
Define g(x) = \/x—_Z

then press EXE.

WRITE

© Edit Action imtersctlve

SRS

Defive f(x)=e*
Dafine 1(x)=v%-3

0

Mg Stenderd  Pesl Rad

: g-/_LYL:‘-h‘-,LT

dome

done

[+

a
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2. Investigate whether f(g(x)) and
g(f(x)) exists.

[0,0) CR

ran g C dom f
Therefore f(g(x)) exists.
(0, ) /Z [2, )

ran fZ dom g

Therefore g(f(x)) does not exist.

3. To find f(g(x)), complete the
next entry line as

Defme]{x)-ex
F(g) S O
then press ENTER. 5 i
Aelel)

2. Investigate whether f(g(x)) and [0, ) C R
g(f(x)) exists. ran dom f
Therefore f(g(x)) exists.
(0. 00)Z[2. 00)
ran f/Z dom g
Therefore g(f(x)) does
not exist.
3. To find f(g(x)), complete the
next entry line as

© Edit Actlon intersctive

e El= [ o

Done |

Detive f(x)=0* [<]
) SO
- then press EXE. Pubou v sone
,Jx‘z t(s0x))

o¥x2

o

flgto) = eV

4. The answer appears on the
screen.

a

Alg Stenderd  Asal Aad

Flgx) = V2

4. The answer appears on the
screen.

WORKED EXAMPLE 2

For the functions f (x) = /4 —x andg(x) =x — 1:

a. state why f (g (x)) is not defined

b. restrict the domain of g (x) to form a new function, z(x), such that f (h(x)) is defined

c. find f (h(x)).

THINK

a. 1. Construct a table to investigate the
domains and ranges of the two functions.

. For f(g(x)) to be defined, the range of g
must be a subset of the domain of f.

b. 1. For f(g(x)) to be defined, the range g

must be a subset of or equal to the

domain of y. The maximal range of g

will be when ran g = dom f.

. Use the restriction of the range of g to
solve for the new domain of g.
3. Define A(x).

c.Find f(h(x)) by substituting 4(x) into f(x).
Make sure the domain is stated.

WRITE

a. fx)=vV4—xand glx) =x—1

Function
J @)
g(x)

R Z (—0,4]

rang € dom f
-.f(g(x)) is not defined.

b. We want ran ¢ = dom f = (—o0, 4].

Domain
(_ o, 4]
R

Range
[0, 00)
R

x—1<4
x<5
hx)=x—1,x € (—00, 5]

c. f(h(x)) =+/4—-(x—1)
VS—x,x € (-0, 5]
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Exercise 3.2 Composite functions

Technology free

1.

10.

KN If f(x) = (x — 1)(x + 3) and g(x) = x?, investigate whether the composite functions f(g(x)) and
g (f(x)) exist. If they do, form the rule for the composite function and state the domain.

Iff(x) =2x—1and g(x) = P

and if they do, form the rule for the composite function.

> investigate whether the composite functions f(g(x)) and g(f(x)) exist,

1
For the functions f(x) = x> + 1, g(x) = \/; and h(x) = —, determine whether the following
X

compositions are defined or undefined. If the composite function exists, identify its domain.

a. fog(x) b. g(f(x))
c. h(g(x)) d. hof(x)
1
For the functions f(x) = x%, g(x) = \/; and h(x) = -2 determine whether the following compositions

are defined or undefined. If the composite function exists, state the rule and its domain.

a. fog(x) b. g(f(x))

c. h(f(x)) d. g(h(x))

The functions fand g are defined by 2 R — R, f(x) = x> + 1 and g:[-2, c0) = R, g(x) = \/x + 2. Show
that f(g(x)) exists and find the rule for f(g(x)), stating its domain and range.

1 1
Iff: (0,00) = R, f(x) = p and g: R, flx) > R, glx) = ;;

a. prove that g (f(x)) exists
b. find g(f(x)) and state its domain and range
c. sketch the graph of y = g(f(x)).

K For the functions, f(x) = v/x + 3 and g(x) = 2x — 5:
a. state why f(g(x)) is not defined
b. restrict the domain of g to form a new function, /(x), such that f(h(x)) is defined
c. find f(h(x)).
1

For the functions, f(x) = x> and g(x) = —

x —
a. state why g (f(x)) is not defined
b. restrict the domain of fto form a new function, i(x), such that g (h(x)) is defined
c. find g (h(x)).

Ifg(x) = ﬁ—zandf(xh s

a. prove that f(g(x)) is not defined
b. restrict the domain of g to obtain a function g{(x) such that (g (x)) exists.
1
For the equations f: (—o0, 2] = R, f(x) =V2—-xandg:R—> R, g(x) = i +2:
x —
a. prove that g (f(x)) is not defined
b. restrict the domain of fto obtain a function fj(x) such that g (f;(x)) exists

c. find g (fi(x)).
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11. For the equations f: [4, 00) = R, f(x) =Vx—4 andg: R — R, g (x) = x*> = 2:
a. prove that g(f(x)) is defined

find the rule for g(f(x)) and state the domain

sketch the graph of y = g(f(x))

prove that f(g(x)) is not defined

restrict the domain of g to obtain a function g;(x) such that f(g;(x)) exists
f. find f(g1(x)).

12. If £ [1, o0) = R, f(x) = —\/; + kand g: (—o0,2] = R, g(x) = x> + k, where k is a positive constant,
find the value(s) for k such that both f(g(x)) and g(f(x)) are defined.

o200

3.3 Functional equations
3.3.1 Defining functional equations

Sometimes you may be asked to investigate whether certain functions satisfy rules such as f(x+y) = f(x)+f ()

_f®

or f(x —y) = ——. In these cases the function will be defined for you. Such equations are called functional
o g !

equations.
Consider f(x) = e*. To investigate whether f(x+y) = f(x) Xf(y) is true we set up a LHS—RHS investigation.

LHS: f(x+y) RHS: f(x) X f(y)
= Wty = e xée

= &
LHS = RHS, so f(x) = ¢* satisfies f(x + y) = f(x) X f ().

WORKED EXAMPLE 3

+
Investigate whether f (x) = L satisfies the equation M =x+Yy.
x S (xy)
THINK WRITE
4= 1
1. Simplify the left-hand side of the equation. LHS: JM where f(x) = —
fxy) X
< 11 > 1
=(-+-)+—
Xy Xy
_Y +x » Xy
Xy 1
=x+Yy
2. Simplify the right-hand side of the RHS: x+y
equation.
1
3. Answer the question. LHS = RHS, so f(x) = — satisfies the equation
X
J@O+/» _
————=x+y.
J&xy)
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TI| THINK CASIO | THINK WRITE

1. On a Calculator 1. On the Main screen, select o et action mersctive

page, press MENU T P e Action (S e [ o] L‘L
then select Sy + Command D Tty "
1: Actions | * Define. i
1: Define Complete the entry line as
Cpmplete the entry Define f(x) = —
line as 1
Define f(x) = - then press EXE.

X
then press ENTER.

7]

Alg Stenderd  Rsal Aad )|

2. Complete the next 2. Complete the next entry line o et sction smersctive

entry line as as ':.*J_'..ﬂl_‘mlblil'l J_'L
[+ _ L P fO+70) _ =
fxxy) a0 true faxy 7 MU,
Norr ot || PR then press EXE. e
C . I Note: ensure the siplity (uas)
multip llelthn multiplication operator is n e
operator is used used between the variables

between the

. . x and y in the denominator.
variables x and y in

Select the simplify icon.

the denominator.

3. The answer appears

LHS = RHS, so f(x) =

3. The answer appears on the

&3
Alg Stenderd  Aeal Asd )

LHS = RHS, so f(x) = —

on the screen. satisfies the equation screen. satisfies the equation
JO+fO) _ JO+fO) _
Sf(xy) S (xy)
Exercise 3.3 Functional equations
Technology free
1. &I f(x)=-= show that this equation satisfies f(?(—];(y) =y—x
Xy
2. If f(x) = €%, state the functional equations for f (x + y) and f(x — y).
3. If f(x) = 5%, show that:
_ _f®
a. flx+y)=f(0)Xf(y) b-f(X—)’)—f—O))~

4. Investigate whether f(x) = x> satisfies the equation f(xy) = f(x) X f ().

Technology active

1
—. Which one of the following statements about 4 is not true?

A 2 _ 2
B. fx=y) = ™ o) C. [f®] =f(¥)

) _ /™
E'f<§>_f(y>

5. [ Let R\ {0} = R,f(x) =
A f)+f) = (P +y )f(xy)

D. f(xy) = f(x) Xf(¥)
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JO+fO) _

6. @ The function f has the property o) x + y for all non-zero real numbers x and y. Which one
Xy
of the following is a possible rule for the function?
A. f(x) =242 B. f(X) =x+1 C.f(x) = x
2 1
D.f0) == E f()=—
X X
7. Determine if the functions a—d satisfy the equations A-D.
1
a. f(x)=x b. f(x)=1/x o f)=- d. f(x)=e¢'
_ x\ _f _ _
A ) =f)f B. f v) o C. f(=x)=—f(» D. fx +y)=ff»)

8. a. For h(x) = 3x+ 1, show that h(x + y) can be written in the form A(x) + h(y) + ¢, and find the value of c.
1
b. Show that if h(x) = —, then h(x) + h(y) = (&’ +*) h(xy).
X

3.4 Transformations
3.4.1 Dilations, reflections and translations

There are three commonly used transformations.

* Dilations:
The point (1, 2) when dilated by factor 2 parallel to the y-axis, or from the x-axis, becomes the
point (1,4). |
The point (2,7) when dilated by factor — parallel to the x-axis, or from the y-axis, becomes the
point (1,7). 2

* Reflections:
When the point (1, 2) is reflected in the x-axis it becomes the point (1, —2).
When the point (1, 2) is reflected in the y-axis it becomes the point (—1, 2).

* Translations:
The point (2,7) when translated 2 units in the positive x-direction becomes (4, 7).
The point (2,7) when translated 4 units in the negative y-direction becomes (2, 3).

%111 Resources

Interactivity: Transformations of functions (int-2576)

study[))
> 4051 > Topio5 > Concopt 1

Transformations from y = f(x) to y = af (n(x + b)) + ¢ Summary screen and practice questions
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3.4.2 The general rule for transformations

When a function of the form y = f(x) has a number of different transformations applied to it, the general
equation becomes

y=af[n(x—h)]+k

The following transformations have been applied to y = f(x):
* It has been dilated by a factor of lal parallel to the y-axis or from the x-axis.
Each y-value has been multiplied by lal, so each point is now (x, laly).

* It has been dilated by a factor of Il_l parallel to the x-axis or from the y-axis.
n

Each x-value has been multiplied by I_ll so each point is now (ﬁ y).
n n

 If a is negative, the graph has been reflected in the x-axis.
Each y-value has changed sign, so each point is now (x, —y).
* If n is negative, the graph has been reflected in the y-axis.
Each x-value has changed sign, so each point is now (—x, y).
It has been translated % units parallel to the x-axis
Each x-value has increased by 4, so each point is now (x + A, y).
It has been translated & units parallel to the y-axis
Each y-value has increased by &, so each point is now (x,y + k)
As a general rule, when functions are written in the form y = af[n(x — h)] + k transformations should be
read from left to right, as the order is important. Sometimes there may be more than one way to describe the
order of transformations, but reading from left to right is a consistent and safe approach.

WORKED EXAMPLE 4

i. Describe the transformation that has been applied to the graph of y = x? in each of the
following examples. Sketch both graphs on the one set of axes.
ii. Find the image of the point (2,4) after it has undergone each of the transformations.

a.y =2x? b.y = 2x?) c.y = —x?
dy=(x+1)»? e.y = (x —2)? fy=x-2
THINK WRITE/DRAW
a.i. Specify the transformation that has been a. y = x has been dilated by factor 2 parallel to the
applied to y = x?, then sketch both y-axis or from the x-axis.

graphs on the one set of axes.

-ly

ii. Each x-value is doubled for its 2,4) - (2,8)
corresponding y-value.
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1
b.i. Specify the transformation that has been  b. y = x* has been dilated by factor 3 parallel to the
applied to y = x, then sketch both x-axis or from the y-axis.
graphs on the one set of axes.

—54—3—2—1?_ 12345%
Yy

ii. Each x-value is halved for its 2,4) - (1,4)
corresponding y-value.
c.i. Specify the transformation that has been c. y = x> has been reflected in the x-axis.
applied to y = x?, then sketch both
graphs on the one set of axes.

ii. All y-values change sign. 2,4) - (2,-4)

d.i. Specify the transformation that has been  d. y = x* has been translated 1 unit to the left.
applied to y = x?, then sketch both
graphs on the one set of axes.

ii. All x-values subtract 1 unit. 2,4) - (1,4
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e.i. Specify the transformation that has been e. y = x> has been translated 2 units to the right.
applied to y = x?, then sketch both
graphs on the one set of axes. y=x2
y=(x-2y
5432 _1? x
ii. All x-values gain 2 units. 2,4) - 4,4)
f. i. Specify the transformation that has been f. y = x? has been translated down 2 units.
applied to y = x?, then sketch both 8y
graphs on the one set of axes. 7
6
5
4
3
2
ii. All y-values subtract 2 units. 2,4) - (2,2)
TI | THINK WRITE CASIO | THINK WRITE
a. 1. On a Graphs page, Kl a. 1. On a Graph & Table O et toom hobys 0 %
complete the entry line 26| = screen, complete the entry sw{;‘;{:;gb; ?iﬁ;ﬂ
for function 1 as 5 " line for y1 as o —a
Fl) = 2 11 {x)=x f2(x)=x yl = 12 Bs2m.2 i
then press ENTER. — \ . = then press EXE.
Complete the entry line complete the entry line for
for function 2 as y2 as T
fax) = 3 6.67 2= 1 A
then press ENTER. then press EXE. ¥
Red  Real i r:l]l
2. Press MENU then select m 2. Select gt om s «
5: Trace \ o 4 1' ° AnalySiS 4:":': &Tﬁls;tﬁh;;s E
1: Graph Trace _— [ e Trace Wiz o
Select the graph of f1l=x* | / e2b)x" then type “2”, select OK it 5
function 1 then \\ 1( then press EXE. :
type “2” and press \ flz:4)
ENTER twice. Use the ! / % =
up/down arrows to move [ sl 02 ?
to the graph of function D 4N
2 then press ENTER. s
Red  Real ' ":m
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3. Click and drag the m 3. Select
|95y | e Analysis

graph of function 2 until :
H| | f Shat! [Shest2 Sheet3 |Shestd

. . (2,8) X Shoat? Shwat3 [Shestd [Shamth
its equation becomes s 35'% | [ B 5 * Modify By1= 102 i
F20x) = 24°. T / [ r)-2x then set the Step value to 1 ¥ =

\ / f2.0 and select OK.

Y Highlight the “1” in the
b4
i i [ERL] function entry line at the
s bottom of the screen and

press EXE, then use the
left/right arrows modify the
graph until its equation

[z L

becomes 2x%. e i
4. The answer appears on The image of (2,4) is (2, 8). 4. The image of (2,4) canbe  The modified graph goes
the screen. read from the screen. through the point (2, 8),
hence the image of (2, 4)
is (2, 8).

WORKED EXAMPLE 5

The graph y = x? is transformed so that its equation becomes y = %(Zx + 3)? — 4. Define the

transformations which have been applied to y = x?.

THINK RENE
1
1. Rewrite the equation with x by itself. y=3 <2 (X + % ))2 —4

2. Define the transformations, reading from y= x% has been:
left to right. 1. dilated by factor l parallel to the y-axis or
Note: There are other ways of writing the 2
order of the transformations. However, the
best method is to read the transformations
from left to right.

from the x-axis
2. dilated by factor 3 parallel to the x-axis or
from the y-axis
. 3.
3. translated — units to the left or 3 units in
the negative x-direction

4. translated 4 units down or 4 units in the
negative y-direction.

Sometimes you may be asked to build up an equation from a series of transformations. In these cases, you
must apply the transformation in the order that it is mentioned.
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WORKED EXAMPLE 6

The graph of g (x) = \/; undergoes the following transformations:
* translation 2 units right
* dilation of factor 3 from the x-axis

* dilation of factor % from the y-axis

e translation 1 unit down
¢ reflection in the x-axis.
Find the rule of the image of the graph.

THINK WRITE
1. Translation 2 units right means to replace x \/; - \Vx—2
with x — 2 in the equation.
2. Dilation of factor 3 from the x-axis means Vx—2 - 3Vx-2

multiply the equation by 3.

3. Dilation of factor % from the y-axis means 3Vx—2 - 3y2x -2
replace x with 2x in the equation.

4. Translation 1 unit down means to subtract 1 3V2x—2 - 3y2x -2 -1
unit from the equation.

5. Reflection in the x-axis means to multiply the 3vV2x—2 -1 > -3y2x-2 + 1
equation through by —1.

6. Write the final answer. glx) = \/; - h(x)=-3vV2x—-2 +1
Note: g(x) has not been used to denote the

transformed equation because g(x) has already
been defined as g(x) = \/; .

Exercise 3.4 Transformations

Technology free

1. [l i. Describe the transformation that has been applied to the graph of y = x* in each of the following
examples. Sketch both graphs on the one set of axes.
ii. Find the image of the point (-2, —8) after it has undergone each of the transformations.
a. y=23x° b. y=(x+2)} c. y=-x° d. y=x"+1
2. Describe the transformation that has been applied to the graph of y = sin(x) for x € [0, 2z] in each of
the following cases. In each case, sketch both graphs on the one set of axes.
a. y =4 sin(x) b. y = sin(2x)

c. y=sin(x+g> d. y=sin(x) + 2
3. Describe and sketch the transformation that has been applied to the graph of y = cos(x) for x € [0, 2x]
in each of the following cases.

1
a. y= 3 cos(x) b. y = cos(2x)

c. y= —cos(x) d. y=cos(x)—1
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4. Describe and sketch the transformation that has been applied to the graph of f(x) = ! in each of the
following cases. Give the equations of any asymptotes in each case. *
a. y=f(x-2) b. y=—f(x) c. y=3f(x) d. y=f(2x)

5. [fIE The graph of y = sin(x) is transformed so that its equation becomes y = —2 sin [2x - g] +1.

Define the transformations which have been applied to y = sin(x).

—_

X+

1
6. The graph of y = e is transformed so that its equation becomes y = ge( 2 ) — 2. Define the

transformations which have been applied to y = ¢*.
7. State the sequence of transformations that has been applied to the first function in order to achieve the
transformed function.

1
a. y:x2—>y:§(x+3)2——

3

b. y=x" > y=-2(1-xP+1

1 3 !
c.y=——>y= —
Y X Y 2x+6)
8. For the corresponding sequence of transformations in question 7, find the image of the point:
1
a. (-2,4) b. (I, 1) c. <2,§>.

9. State the sequence of transformations that has been applied to the first function in order to obtain the
second function. .
a. y=cos(x) >y =2 cos [2<x— 5)] +3

b. y =tan(x) » y = —tan(—2x) + 1
c. y=sin(x) > y=sin(B3x —z) — 1

Technology active
10. |23 T The graph of g(x) = x> undergoes the following transformations:

¢ reflection in the y-axis

e translation 4 units right

* dilation of factor 2 from the y-axis
e translation 3 units down

1
e dilation of factor 3 from the x-axis.

What is the rule of the image of the graph?

1 /x-8 2 1 2
A.f(x)=§< . > —1 B.f() = —3 Qv =4’ =3
2 2
C.f(x)=—%<x;8> ~1 D.f(x)=3<x;8> -3
1 /x—4\"
E.f(x)=§<x2 > -3

162 Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Second Edition



11.

12.

13.

14.

15.

16.

17.

18.

I3 The graph of h(x) = ! undergoes the following transformations:
* dilation of factor 3 pglcrallel to the x-axis
e translation 2 units up
 reflection in the y-axis
e translation 1 unit left
* reflection in the x-axis.
What is the rule of the image of the graph?

A. f(x)=xi+2

+1
3
B. f(X)Z—:—Z
C. f(X)=m—2
3
D. f(x):m—Z
E. f0) = 77 +2

The graph of A(x) = \3/; undergoes the following transformations:

Reflection in the y-axis, then a translation of 3 units in the positive x-direction, followed by a dilation
of factor 2 parallel to the x-axis.

Find the rule of the image of the graph.

1
The graph of /1(x) = — undergoes the following transformations:
x

Translation of 2 units left and 3 units down, then a reflection in the x-axis, followed by a dilation of
factor 3 from the x-axis, and a reflection in the y-axis.

Find the rule of the image of the graph.

The graph of h(x) = 2x*> — 3 undergoes the following transformations:

1
Reflection in the x-axis, then a dilation of factor 3 from the y-axis, followed by a translation of 1 unit

in the positive x-direction and 2 units in the negative y-direction.
Find the rule of the image of the graph.

The graph of A(x) =

) undergoes the following transformations:
X

Dilation of factor 3 parallel to the x-axis, then a translation of 3 units down and 3 units left, then a

reflection in the y-axis, followed by a dilation of factor 2 from the x-axis.
Find the rule of the image of the graph.
2x—5
=2_
x—1 x—

Show that

and hence describe the transformations which have been applied to

1 2x -5
y = —. Sketch the graph of y = x_l State the domain and range and give the equations of any
X X —

asymptotes.
State the transformations that have been applied to the first function in order to obtain the second
function. Hint: Remember dilations can affect translations.

=34/ = y=vR

State the transformations that have been applied to the first function in order to obtain the second
function.

y==20x-1Y+5-5y=x+2>-1
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3.5 Transformations using matrices
3.5.1 Introduction

All of the transformations that we have studied to date can also be achieved by using matrices. Let (x',y") be
the image of (x,y). The following is a summary of the various transformations of dilations, reflections and
translations.

Mapping Equation
Dilation of factor a parallel to the x-axisor | x' =ax =ax+ 0y
from the y-axis y' =y =0x+y
Dilation of factor a parallel to the y-axisor | x' =x =x+0y
from the x-axis y' =ay =0x+ay
Reflection in the x-axis x'=x =x+ 0y
y' ==y =0x—y
Reflection in the y-axis x'=-x =—x+0y
y' =y =0x+y
Reflection in the line y = x x'=y =0x+y
y'=x =x+ 0y
Translation defined by shifting b units x'=x+b
horizontally and c units vertically yi=y+c

It is possible to summarise the application of matrices to map the transformations, 7 ( [ ] ) , of points on
y

a curve.

study (D

Transformations using matrices Summary screen and practice questions

3.5.2 Dilation matrices

Dilation matrices can be expressed as follows.

¢ Dilation of factor a parallel to the x-axis or from the y-axis:

<-x-) [x' ] (¢ 0] [x] [ ax |
T =151 = -
|y | [y'] 10 1]yl [v]

* Dilation of factor a parallel to the y-axis or from the x-axis:
(-x_) [ x' | (1 0] [x] [ x |
T — ||~ | = =
[y ] 1yl 10 a]lly]l lay]
Consider the function y = x> dilated by factor 2 parallel to the y-axis or from the x-axis.

()=11=1 8B =[]
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Thus, x’ =xand y’ = 2y or y? =y.

So,y=x* > y? =) ory =2(x")>
Thus the transformed equation is y = 2x?.
| Resources

Interactivity: Dilation and enlargement matrices (int-6297)

3.5.3 Reflection matrices

Reflection matrices can be expressed as follows.

* Reflection in the y-axis:

( [ x| ) E4d [—1 o] [x] [ —x |
T = ’ = =
[y | [yl 10 1f]ly] | ¥l
¢ Reflection in the x-axis:
T( X )= x, _ 1 0 |x _ x
[y | [y’ 10 1]yl [-v]

¢ Reflection in the line y = x:
, L )
r(1*]) = x, _ 0 1| |x _ |V
y y 1 0f|y] B3
Consider the function y = sin(x) reflected in the x-axis.

(BD-=11=10 21011

So,x'=xandy’=—-yor -y’ =y.
So,y =sin(x) » —y’ =sin(x’) or y’ = —sin(x ).
Thus the transformed equation is y = —sin(x).

| Resources

Interactivity: Reflection matrix (int-6295)

3.5.4 Translation matrices
When the matrix [ZC?] 18 added to [i] , this is a translation of b units in the x-direction and c¢ units in the

y-direction.
Consider the function y = \/; translated by 1 unit in the positive x-direction and —2 units in the y-direction.

r([5) =1 =+ -
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So,x"=x+1lorx'—l=xandy ' =y—-2ory’ +2=y.
y=\/;—>y’+2=\/x’—1 ory' =4x'—1-2.

Thus the transformed equationisy = y/x —1 — 2.

WORKED EXAMPLE 7

Use matrices to find the equations of the following transformed functions.

a. The graph of y = % is dilated by factor 2 parallel to the y-axis.

b. The graph of y = x> is reflected in the y-axis.

c. The graph of y = tan(x) is translated % units in the negative x-direction.

THINK WRITE

a. 1. Set up the matrix transformation  a. 7 < [x] ) = [x/] = [(1) g] [x]
for a dilation of factor 2 parallel % Y %

to the y-axis. ="
2y
2. State the transformed values for x'"=xandy’' =2yory= y?
x and y.
3. Determine the rule for the Y _ 1
. 2 x’
transformed function by 5
substituting for x and y. y' ==
X

2
The transformed rule is y = —.
X

b.1. Set up the matrix transformation  b. 7’ ([x]) = [x: ] — [ -1 0 ] [X ] _ [ —X ]
for reflection in the y-axis. y y 0 1 y y

2. State the transformed values for x'=—xorx=—-x"andy’ =y
x and y.

3. Determine the rule for the y' =(—x")}
transformed function. y'=—(x )3

The transformed rule is y = —x°.

7 7
c. 1. Set up the matrix transformation  c. 7' ([x]) = [x: ] =|*+| 4 |= T
for a translation of % in the ¢ J Y 0 y
negative x-direction.
2. State the transformed values for x'=x- ;—r orx=x"+ ;—T andy’' =y
xand y.
3. Determine the rule for the The transformed rule is y = tan (x aF %)

transformed function.

166 Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Second Edition



.°11 | Resources

Interactivity: Translation matrix (int-6294)

3.5.5 Combining transformations

It is possible to combine transformations without having to take each transformation step by step. For instance,
suppose the following transformations are applied to y = x°.

r(1*])=[*"|= 1 0111 Of[x + -1
y y' 0O —-1]110 2| |y 1
This suggests that the image is obtained by dilating by factor 2 from the x-axis, then reflecting in the x-axis
and finally translating 1 unit in the negative x-direction and 1 unit in the positive y-direction.

1 [1 o] [x -1
= +

vy 10 =2] |y 1]

[ X’ [ x -1
= +

|y’ | -2y 1

[ . x—1

[y’ ] - »—2y+1

1
Thusx’=x—1orx=x/+1andy/=—2y+1ory=—§(y/—1).
So,

1
y=x3—>—§(y’—1)=(x’+1)3
y =2+ 1)1 +1

The transformed equation is y = —2(x + D3 +1.

WORKED EXAMPLE 8

Use matrices to dilate the function y = \3/; by factor % parallel to the x-axis, reflect it in the y-axis

and then translate it 2 units right. Write the equation of the transformed function.

THINK WRITE
1
1. Specify the transformation The dilation matrix is [ 2 O]
matrix for the dilation. 0 1
. . . .. |-1 0
2. Specity the transformation The reflection matrix is [ 0 1]
matrix for the reflection.
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3. Specify the transformation
matrix for the translation.

4. Form the matrix equation by
combining the transformations
in the correct order.

5. Apply the transformations to
form the equation of the image.

6. State the transformed values for x’
x and y.

7. Determine the rule for the

The translation matrix is [ 3 ]

1 _
o[- - 0
(D Y P | e (M
y .
1 ] B}
—= O0|[x 2]
o 1t L
- .
X —=X
= 2
=72
.Y i
!
_ —§X+2
Y

1
—§x+20rx:—2(x/—2)andy/:y

Thus y = {/; becomes y’ = {/—=2(x' — 2).

transformed function. The equation of the transformed function is
y= \3/—2()( -2).
TI | THINK WRITE CASIO | THINK WRITE
1. Write down the The dilation matrix is % 0 1. Write down the transformation The dilation matrix is
transformation matrices for matrices for the dilation, 1 0
the dilation, reflection and 0 1 reflection and translation. 2
translation. The reflection matrix is 0 1

2. On a Calculator page, press
MENU then select
3: Algebra
1: Solve
then complete the entry line
as

1

solve [ o ] =| 2
yr

0

then press ENTER.

Note: xr and yr represent
the transformed values of x
and y.

h

The translation matrix is [ 2 ]

X=-2- (,\‘:-—2) and y=yr

']

2. On a the Main screen, complete
[ A the entry line as

2];.}’ - 1
X —
solve [ ] =(2
yT
0 1

o VL] (6]

0

then press EXE.
Note: xr and yr represent the
transformed values of x and y.

The reflection matrix is

oY

The translation matrix is

2
0
© Edit Actlon imtersctive

EEE=E0E0 S

e STH{E bz bl

{x==2exT+8, ¥=yT}

=

]

Alg Stenderd  Real Rad dll
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3. Complete the next entry line 3. Complete the next entry line as o et action mersctive

as = ) i y= \3/; lx = —2(xT = 2) f'@ﬂfﬂ;?@%‘,‘;{@l’l,i,,i‘:[,‘
xrlaf= OL|[- . L e
y = Vil = —2(xr - 2) l([y,] [2 I and y = yT T ] g]xq.
0 1) 7 J 1 1 ==2axT 4+, vy T,
and y = yr e g by copying and pasting the P Co : _;r.’_ VT3
by copying and pasting the , ) previous answer, then press EXE.|™™ .
. .V-J\(;l\"‘z‘ {xr=2) and y=pr lm(=gexT+3) 3
previous answer, then press 5 i
ENTER. 3
B [\'7—2])
W o el Al @
4. The answer appears on the The equation of the transformed | 4. The answer appears on the The equation of the
screen. function is y = ‘3/_2(X -2). screen. transformed function is

y= \5/—2x+4.

Exercise 3.5 Transformations using matrices

Technology free

1
1. The graph of y = cos(x) is dilated by factor 3 parallel to the x-axis. Use matrices to find the

equation of the transformed function.

1
2. The graph of y = = is reflected in the x-axis. Use matrices to find the equation of the transformed
X
function.
1
3. The graph of y = \/; is reflected in the y-axis, dilated by factor 3 from the x-axis, and then is shifted

left 2 units. Write the transformation matrix that represents these transformations.

1
4. The graph of y = ¢" is dilated by factor 7 from the y-axis, then dilated by factor 3 from the x-axis. Write

the transformation matrix that represents these transformations.

5. [IZJ Consider the graph of y = x*. This graph is dilated by factor 2 from the x-axis. It is then translated
1 unit in the negative x-direction and 1 unit in the negative y-direction. Using matrices, find the equation
of the transformed function.

1
6. Consider the graph of y = cos(x). This graph is reflected in the x-axis, dilated by factor 3 parallel to the

x-axis and finally translated 5 units in the positive x direction as well as 3 units in the negative

y-direction. Find the equation of the transformed function.
7. Using matrix methods, find the image of the point (-2, 5) under the following sets of transformations.
a. Reflection in the x-axis, then a dilation of factor 2 from the x-axis, followed by a translation 2 units
right
b. Dilation of factor 2 from the y-axis, reflection in the y-axis, then a shift down 2 units

c. Translations 3 units left and 1 unit up, a reflection in the y-axis, then a dilation of factor 3 parallel to

the x-axis
8. The following matrix equation was applied to the function defined by y = 2(x — 1)%.

(D=1 2| [+ 12

Find the rule for the transformed function and describe the transformations that were applied to y = x°.

X
y

+
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9. The following matrix equation was applied to the function defined by y = cos(x).

X
y

+

(b)-=11=1s ]

Find the rule for the transformed function and describe the transformations that were applied to
y = cos(x).

Loy

10. The transformation 7: R?> — R? is defined by

(X =¥ = -1 0 2 1
y v’ 0 3 y 0
Find the image of the curve y = 4/x 4+ 1 — 2 under the transformation 7. Describe the transformations
that were applied to the curve.

Technology active

11.

12,

13.

14.

15.

16.

I The following matrix equation was applied to the function defined by y = x>.

(¥l = x'f_ 12 Off=x + —4
y y' 0 —1f1ly 0
What is the rule for the transformed function?
1 1
A y=-2(x+4)> B.y= —g(x+4)3 C.y= —g(x—4)3
3 1 3
D.y=-8(x+4) E.y=—§(x—4)
[ The transformation T: R?> — R? is defined by
(1% = x"{_|1 O x4 -3
y y' 0 -2f\ly 1])
. 1 . .
The image of the curve y = — under the transformation 7' is:
X
2 2 2
Aly=——""-+1 B.y=- -2 C.y=———+1
YT T o3y YT T a3y YT Tt
1 2
D.y=——+1 E.y=— -2
YT oG- ap YT Tt

2
1 +4
If f(x) = x* and g(x) = 3 (x > > — 1, create a matrix equation which would map f(x) to g(x).

Iff(x) = l and g(x) = —

1 + 4, create a matrix equation which would map f(x) to g(x).
X X —

X
y

+ , where a, b

The transformation T: R — R is defined by T < [;] > = [(1) 0]
a

2 1
and c are non-zero real numbers. If the image of the curve g(x) = o 3is h(x) = —, find the values
X X

The transformation 7 R? — R? is defined by T < [;C] > = [g 2] < ;C 2 ), where

a, b, c and d are non-zero real numbers. If the image of the curve g(x) = —(3x — 1)? + 2 is h(x) = 12,
find the values of a, b, ¢ and d.

of a, b and c.

+

170 Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Second Edition



3.0 Inverse graphs and relations

3.6.1 Inverses
The relation A = {(—1,4), (0, 3), (1,5)} is formed by the mapping

-1-4
0-3
1-5

The inverse relation is formed by the ‘undoing’ mapping:

4 - —1
350
5-1

The inverse of A is the relation {(4, —1), (3,0), (5, 1)}.

The x- and y-coordinates of the points in relation A have been interchanged in its inverse. This causes the
domains and ranges to be interchanged also.

The domain of A = {—1,0, 1} =range of its inverse, and the range of A = {3,4,5} = domain of its inverse.

* For any relation, the inverse is obtained by interchanging the x- and y-coordinates
of the ordered pairs.
* Domains and ranges are interchanged between a pair of inverse relations.

3.6.2 Graphs of inverses

When finding the inverse of a relation graphically, we reflect the relation in the line y = x. Consider the
equation y = 2x + 1.

Y)

Inverse

<Y
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The line y = x acts as a mirror. The inverse is the same distance from the line as is the original graph.
The coordinates of known points, such as the axial intercepts, are interchanged by this reflection through the
mirror. We can see that the line y = 2x + 1 cuts the y-axis at (0, 1) and the x-axis at (—0.5, 0), whereas the
inverse graph cuts the y-axis at (1, 0). When sketching a graph and its inverse, the line y = x should always
be sketched.

WORKED EXAMPLE 9

a. Sketch the graph of y = x> — 2x — 3.

b. On the same set of axes, sketch the graph of the inverse.

c. State the type of mapping for the parabola and its inverse, and whether the relations
are functions.

d. Give the domain and range for each of the graphs.

THINK WRITE
a. 1. Determine where the given function a. y-intercept, x = 0:
cuts the x- and y-axes. y=-3
x-intercept, y = 0:
X =2x-3=0
x=3)x+1)=0
x=3orx=—1

A turning point occurs when x = 1:
y=(1)*-2(1)-3

=—4
~TP = (1,-4)

2. Sketch the graph of the parabola.
Note: When sketching graphs and
their inverses, the scale on both axes
needs to be relatively accurate so that
distortions do not occur.

b. On the same set of axes, sketch the b.
inverse by interchanging the
coordinates of all important points
such as axial intercepts and the
turning point.
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c. Comment on the types of mapping for c. The parabola y = x> — 2x — 3 is a many-to-one

the two graphs. mapping, so it is a function. However, the inverse is
a one-to-many mapping and as such is not a
function.

d. State the domains and ranges for both ~ d. For y = x> — 2x — 3:
graphs. Remember that the domain of
the original graph becomes the range

of the inverse and vice versa.

Domain = R
Range = [—4,00)
For the inverse:
Domain = [—4, c0)

Range = R
TI | THINK WRITE CASIO | THINK WRITE
a. 1. On a Graphs page, 11 a. 1. On a Graph & Table screen, 0 it tom o 0 X
complete the entry line Bl c16)-x2-2.x-3 = complete the entry line for y1 S P EE I B R

for function 1 as asyl =x* —2x -3
flx) = K —2x-3 \ / then press EXE.
then press ENTER. : X Select the y = icon and change

the input format to x =.
Complete the entry line for x2

e \;/ﬂ[,\‘]—xz—l-.r—l_’.o

%k as x2 = yl(y)
then press EXE.
Select the graph icon.
w
Rad  Real |
2. To find the x-intercepts, m 2. To find the x-intercepts of y1, o et zoom Miysis » X
press MENU then \“e'1 f select 73 P (<] BV O
select \ /  Analysis ]
6: Analyze Graph \\ ;’l e G-Solve
1: ZeroMove the cursor | (:1,0) ‘g" - r,(z,o) = * Root
to the left of the fibd=-2x-3 \} /] Press EXE to mark the
x-intercept when R/ coordinates of the first
prompted for the lower g x-intercept on the graph, use the

bound, then press
ENTER. Move the
cursor to the right of
the x-intercept when
prompted for the upper
bound, then press
ENTER.
Repeat this step to find
the other x-intercept.

3. To find the y-intercept,

left/right arrows to move to the
next x-intercept, then press
EXE.

Red  Real )

© Edit Zoom Anslysis x

[ R 3 I8

m 3. To find the y-intercept of y1,

press MENU then 1 / select
select \ / e Analysis
5: Trace x\ {.f e G-Solve
1: Graph TraceType — (-1,0) ‘g\l : ;(l ) = * y-Intercept
“0” then press ENTER ti(dx?-2:x-2 \| J.-" then press EXE.
twice. (0,20

-6.67

Red  Real )|
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4. To find the minimum,
press MENU then
select
6: Analyze Graph
2: Minimum
Move the cursor to the
left of the minimum
when prompted for the
lower bound, then
press ENTER. Move
the cursor to the right
of the minimum when
prompted for the upper
bound, then press
ENTER.

(-1,())'.Ll

10 \

1)=x?-2.x-3 \}

-6.67

(0.-3)N./

4. To find the minimum, select

e Analysis
¢ G-Solve
e Min

then press EXE.

Rad  Real

. 1. To sketch the graph of b. 1. To find the points of interest
the inverse, press = e on the inverse graph, select
MENU then select aG)l = e Analysis
3: Graph Entry/Edit . 7 * Trace.
2: RelationComplete — bi0) ‘ - ?{( 20 = Use the up/down arrows to [lx
the entry line as £1(e)=x2-2: x-3 '\\. / move from the graph of y1 to | jue:
f1(y) = xthen press (0,-3)N./ the graph of x2, then use the [ ——
ENTER. - (1,-4) left/right arrows to locate the
x- and y-intercepts, and the 1
14 . .
I I bk turning point. /-
\"\..-‘ *""J—T" Fod el o)
(gt oo
[to Y 10
b2 x-a \| S|
(0,2
(1,-4)
-6.67
2. To find the points of K]
interest on the inverse \e< 1 [ af)
graph, press MENU \ Jk_,_,ﬁ«'-»f"’_—
then select e ( (0,2 f'
5: Trace ,' ti"g‘j . ;'(3»0) :
1: Graph Trace Use the i ﬂ[\,]_l\.'zajz,)r, :\:('o:-:y‘ e, :
up/down arrows to (0.-2)N./ ]
move from the graph to 55 (1,-4)

the inverse graph, then
use the left/right
arrows to locate the x-
and y-intercepts, and
the turning point.

3.6.3 Inverse functions

As we have seen in the previous examples, the inverses produced are not always functions. Any function that
is many-to-one will have an inverse that is one-to-many, and hence this inverse will not be a function.

Only one-to-one functions will have an inverse that is also a function.

If we require the inverse of a many-to-one function to also be a function, the domain of the original graph
must be restricted in order to ensure its correspondence is one-to-one. Achieving the maximum possible
domain is always preferred, so many-to-one graphs are often restricted about the turning point or an asymptote.

174 Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Second Edition



When sketching a graph and its inverse function, if the graphs intersect, they will do so on the line y = x,
since interchanging the coordinates of any point on y = x would not cause any alteration to the coordinates.

WORKED EXAMPLE 10

a. Consider the graph of y = x> — 2x — 3 from Worked example 9. The domain is restricted
to x € (— o0,a], where a is the largest possible value such that the inverse function exists.
Determine the value of a.

b. Sketch the restricted graph of y and its inverse on the same set of axes.

c. Give the domain and range for both graphs.

THINK WRITE
a. The turning point is (1, —4), so to a. The x-value of the turning pointis 1, so a = 1.
maximise the domain, we restrict y
about this point.
b. Sketch the graph of y = x> —2x—3 for b. Fory = x> —2x — 3, x € (o0, 1]:
X € (— 00, 1]. Due to the restriction, x-intercept = (-1, 0),
there is only one x-intercept. y-intercept = (0,-3) and TP = (1,-4).
Interchange the coordinates of the For the inverse,
x-intercept and turning point, and x-intercept = (=3, 0),
sketch the graph of the inverse by y-intercept = (0,-1)
reflecting the graph in the line y = x. and sideways TP = (-4, 1).

Inverse

c. State the domain and range for this c. Fory=x>—2x-3:
function and its inverse. Domain: x € (—o0, 1]
Range: y € (—4, 0]
Inverse:

Domain: x € (—4, o0]
Range: y € (-0, 1]
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Exercise 3.6 Inverse graphs and relations

Technology free

1. [lfE a. Sketch the graph of y = (1 — x)(x + 5) and its inverse on the one set of axes. Show all axis
intercepts and turning point coordinates.
b. State the mapping for each graph and whether it is a function or a relation.
c. Give the domain and range for the function and its inverse.
2. a. Sketch the graph of y = \/)7 .
b. By reflecting this function in the line y = x, sketch the graph of the inverse relation.
c. State the type of mapping for y and its inverse and state whether the inverse is a relation or a function.
3. For each of the following relations, sketch the graph and its inverse on the same set of axes. Include the
line y = x.

a. YA b.

34

;/

‘_2'-1.'5-1'—0'.510_ 051152 %

2

3]

4

Y

c YA d

4_
3_

123 /4%

1
4. a. Sketch the graph of y = —3- 1, showing all important features.

b. On the same set of axes, sketch the inverse function, again showing axis intercepts.
5. Identify which of the following functions are one-to-one functions.

a. f(x) = cos(x) b. gx)=1—-x>
1

c. h(x)=V4—-x2 d. k(x) =2+ 3,X¢3

x —

Technology active
6. I Which of the following has an inverse that is a function?
1
A y=x—1 B. x> +y’=1 C.y=
x—1

D.y=1V1-x? E.y=10
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7. I Identify the function and inverse function pair.

10.

11.

12.

13.

A.

. The graph of x = (y — 2)? is shown in blue.

The inverse relation is one of the other two graphs shown. Choose
whether option A or option B is the inverse, giving clear reasons for
your decision.

a.

b.

/ 2+
\

Use CAS to sketch the graph of y = 9x — x* and its inverse on the
one set of axes.

Determine the points of intersection of y and its inverse that occur
along the line y = x, correct to 3 decimal places.

1
Use CAS to sketch the graph of y = 3+ —, x € R* and its inverse
X

on one set of axes.
Determine the points of intersection of y and its inverse, correct to 3 decimal places.

K21 a. Consider the graph of y = (1 — x)(x + 5). The domain is restricted to x € (— co, a], where a is
the largest possible value such that the inverse function exists. Determine the value of a.

b.
c.

Sketch the restricted graph of y and its inverse on the same set of axes.
Give the domain and range for both graphs.

Consider the graph of y = —(x — 3)°. State the largest positive domain for the given function so that its
inverse is a function. Sketch the restricted function with its inverse on the one set of axes.

-~ ® 20T

Sketch the graph of y = (x + 4)(x — 2).

On the same set of axes, sketch the graph of the inverse relation.

State the type of mapping for the parabola and its inverse.

Is the inverse a function? Give a reason for your answer.

Give the domain and range for each of the graphs.

What is the largest domain to which y could be restricted so that its inverse is a function?
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15.

16.

g o0 T o

p

c

Sketch the graph of y = x* and its inverse on the same set of axes.
State the type of mapping for the graph and its inverse.
Is the inverse a function? Give a reason for your answer.
Give the domain and range for each of the graphs.
1
Sketch the graph of y = -
X
On the same set of axes, sketch the inverse relation.

c. State the mapping for each graph and indicate whether the rule describes a function or a relation.

Restrict the domain of y = - where x consists of negative values only, so that its inverse is a
X

function. State this domain.
Using this restricted domain for y, sketch the graph of y and its inverse on a new set of axes. State the
domain and range of each function.

Given y = 2x> — 12x + 13 with a domain of (—oo, a], find the largest value of a so that the inverse of y is

a function.

3.7 Inverse functions
3.7.1 Notation for inverse functions

If the inverse of a function fis itself a function, then the inverse function is denoted by f~!.
For example, the equation of the inverse of the square root function, f(x) = \/; , can be written as
@) =x*,x>0.

In mapping notation, if £;[0, o0) = R, f(x) = \/)T , then the inverse function is f~': [0, c0) = R,

) =22

The domain of f~! equals the range of f, and the range of f~! equals the domain of f; that is,

df—l = rf and rf—l =df

. . . .1 . .
Note also that the inverse function f~! and the reciprocal function J_‘ represent different functions: ! # —.

study(]))

Note that £~ is a function notation and thus cannot be used for relations which are not functions.

1
f

Inverse functions Summary screen and practice questions

3.7.2 Finding the equation of an inverse

In the previous section, we saw that an inverse is graphed by reflecting the given function in the line y = x. We
follow the same procedure to determine the rule of an inverse. That is, the x and y variables are interchanged.

Consider the linear function f (x) = 2x+ 1. As fis a one-to-one function, its inverse will also be a function.

To obtain the rule for the inverse function, f~', the x and y variables are interchanged.

Inverse: Lety=f(x), swapxandy
x=2y+1
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Rearrange the rule to make y the subject of the equation.

2y=x-—-1
_1o
y=7&=-D
S RTCEE IO

The function f (x) = 2x + 1 has a domain of R and range of R.

1
The inverse function f~! (x) = 3 (x — 1) has a domain of R and range of R.

WORKED EXAMPLE 11

Consider the functiony = (x + 2)2. Find the rule for the inverse and indicate whether this inverse
is a function or a relation. Give the domain and range for both.

THINK

1.

To obtain the inverse, interchange the x and y
variables.

Rearrange to make y the subject of the equation.

Comment on whether the inverse is a function or a

relation.

WRITE

y=(x+2)

Inverse: swap x and y.
x=(y+2)>
+2)?%=x

y+2=4/x

y=+4/x —2

Asy=(x+ 2)%isa many-to-one
function, the inverse will be a
one-to-many relation. Therefore, it is
not a function.

4 . State the domain and range for both rules. y=x+ 2)? has a domain of R and a
range of [0, o).
y= i\/— — 2 has a domain of [0, co)
and a range of R.
TI | THINK WRITE CASIO | THINK WRITE
1. On a Calculator page, 1. On the Main screen, select O Eit dction iaractie
press MENU then 2 o e Action R EHEOEE0 8
Define flx)~{x+2)* “ Detive f(x)=(x+2)2 [<]
select ¢ Command aucl
1: Actions ' ¢ Define g
1: Define Complete the entry line as
Complete the entry Define f(x) = (x + 2)?
line as then press EXE.
Define f{x) = (x +2)°
then press ENTER.
[+
Alg Stendsrd sl Aad an
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2. Press MENU then ; *Doe 5 s i 2. Complete the next entry © it Action ntarective
select 3 g line as et il [ [T
Define flx)-{x+2)* Detive f(x)=(x+2)2 [<]
3: Algebra elf)=xs) solve(f(y) = x,y) donel
. solvel =x,, solve (£ () =x, ¥)
1: Solve y==[x =2 and x20 or}'ﬂ»[.:—2 and x20 then press EXE. {y=—¥x-2, 7=x-2}
Complete the entry o
line as
solve(f(y) = x,y)
then press ENTER.
Alg Stendard  Aeal Rad |
3. The answer appears The inverse function is 3. The answer appears on the ~ The inverse function is
on the screen. y= i\/—‘ — 2 with domain [0, co0) screen. y= i\/_ — 2 with domain [0, o)
and range R. It is not a function. and range R. It is not a function.

g
)

%11 Resources

Interactivity: Inverse functions (int-2575)

3.7.3 Restricting domains

In some cases, the domain will need to be included when we state the equation of the inverse. For example, to
find the equation of the inverse of the function y = \/; , interchanging coordinates gives x = \/)7 . Expressing

X = \/)7 with y as the subject gives y = x>. This rule is not unexpected since ‘square root” and ‘squaring’ are
inverse operations. However, as the range of the function y = \/; is [0, o), this must be the domain of its

inverse. Hence, the equation of the inverse of y = \/; is y = x? with the restriction that x > 0.
Other examples involve restricting the domain of f so that the inverse is a function.

WORKED EXAMPLE 12

Consider the function f: [0, 0)—R,f (x) = x2 +2. Fully define the inverse, f -1

THINK WRITE
1. Let y = f(x), then interchange the xand y =~ Let y = f(x).
variables. Swap x and y.
Inverse: x = y> + 2
2. Rearrange to make y the subject of the Y=x-2
equation. y=1 \/m
dom f=ran f~!
Sy=\Vx—=2
3. Determine the domain of f~! dom f~! =ran f=[2, o]

4. Use the full function notation to define f =l 12, o) > R, f L @) =Vx-2
the inverse.
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3.7.4 The point of intersection of f(x) and f~1(x)

The point where f(x) intersects with its inverse can be found by solving f(x) = f~!(x). However, this can often
be a difficult equation to solve. As y = f(x) intersects with y = f~!(x) along the line y = x, there is actually
a three-way point of intersection: f(x) = f~'(x) = x. Therefore, it is preferable to solve either f(x) = x or
f~!(x) = x to find the point of intersection.

WORKED EXAMPLE 13

Consider the quadratic function defined by f(x) = 2 — x%.

a. Form the rule for its inverse and explain why the inverse is not a function.

b. If the domain of f is restricted to (— o0, a), find the maximum value of a so that the
inverse exists.

c. Sketch the graph of f(x) = 2 — x? over this restricted domain, and use this to sketch its
inverse on the same diagram.

d. Form the equation of the inverse, y = f~!(x).
e. At what point do the two graphs intersect?

THINK WRITE/DRAW
a. 1. Interchange x and y coordinates to form  a. Let y = f(x).
the rule for the inverse. Inverse: swap x and y.
x=2—y
yY=2-x
y=+V2-x
2. Explain why the inverse is not a The quadratic function is many-to-one, so its
function. inverse has a one-to-many correspondence.
Therefore, the inverse is not a function.
b. To maximise the domain, restrict the b. TP = (0,2)
graph about the turning point. Therefore, a = 0.
c. 1. Sketch the graph of the function for the  c. f(x) = 2 — x?
restricted domain. y-intercept: (0, 2)
x-intercept: Let y = 0.
2-x=0 since x € (— oo, 0).
=2

.,
I

x-intercept: (— \/5 , 0)
Turning point: (0, 2)

YA
0, 2)
y =f()7‘
:(_\B, 0/ 0 :x
Y >
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2. Deduce the key features of the inverse.
Sketch its graph and the line y = x on the
same diagram as the graph of the
function.

d.  Use the range of the inverse to help
deduce its equation.
Note: When you write the answer, the
domain must also be included.

e. Choose two of the three equations that
contain the required point and solve this
system of simultaneous equations.
Note: As the graph and its inverse
intersect along the line y = x, then the
y-value of the coordinate will be the
same as the x-value.

For the inverse, (2, 0) is an open point on the
x-axis and (0, —\/5 ) is the y-intercept. Its graph
is the reflection of the graph of f(x) = 2 — x2,

X € (— 00, 0) in the line y = x.

. From part a, the inverse of f(x) = 2 — X2 is

y2=2—x

SLYy=+V2—x

The range of the inverse must be (— o, 0) (the
domain of the original graph), so the branch with
the negative square root is required. Therefore the

equation of the inverse is y = —\/2 — x.

f1(x) = =2 — x, domain = (-, 2]

. The point of intersection lies on y = x.

Solving x = f(x):
x=2—-x% x € (—,0)

X4+x-2=0
x+2)x—=1)=0
x=-2,1

Reject x = 1 since x € (— o0, 0), .. x=—-2.
Therefore the point of intersection is (-2, —2).

WORKED EXAMPLE 14

Consider the function f:(—o0,a] » R, f(x) =x*—6x + 4.

a. Find the largest possible value of a so that f ~! exists.

b. Find f~'(x) and sketch both graphs on the same set of axes.

c. Find the point(s) of intersection between y = f(x) and y = f~!(x).
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THINK

a. 1. To find the largest possible value of a for
which f~! exists, find the turning point.
To do this, complete the square.

2. State the turning point.

3. The largest possible value of a for which
! exists, is the x-value of the TP.

4. Rewrite the full function.

b. 1. Interchange x and y coordinates in
turning point form to form the rule for
the inverse.

2. Since f(x) has a restricted domain of
(—o0, 3], this implies that the ‘range’ of
the inverse is (—oo, 3].

The domain is restricted to the
y-value of the TP.

3. Sketch the graph of y = f(x) from the
restricted domain.

WRITE
a. Let y=f(x)

=> y:x2—6x+4
y=(x—-37°-9+4

y=@x-37%-5
TP = (3,-5)
sa=3

fi(=0,3] > R, f(x)=x>—6x+4
y=(x— 3)2 -5
Inverse: swap x and y
x=@y-3)?-5
x+5=(—3)

+\Vx+5=y—3

3+Vx+5=y

Fl®=3-vx+5
Fl[-5 0> R fl@x=3-1Vx+5

f@)=@x=-3y"-5
y-intercept: (0, 4)

TP : (3, -5)
x-intercept:
0=@x-3)7-5
5=@x-3)°
+V5 =x-3
3+v5=x

Since x < 3, then the x-intercept is

(V5.

y=fx)
0,4)

A
A

0] \3-+5,00 *

(3’ _5)
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4. Deduce the features in the inverse
function. Sketch its graph on the same
axes of the graph of y = f(x) and the line
y=2x.

To find the point(s) of intersection
between y = f(x) and y = f~! (x), let
f(x) = x as any point of intersection will
lie on the line y = x.

Rewrite the equation into general
form and solve using the quadratic
formula.

For the inverse, there is a closed point at (=5, 3).
There is a point (4, 0) on the x-axis and a point

(O, 3-— \/§> on the y-axis.

x €[5, o].
y A
y=f(x)
5.3 (0,4 Y=

f=@x=-37-5

Let f(x)=x
(x=32-5=x
X —6x+9-5=x
¥-—Tx+4=0

=DV -4 @)

2(1)
L 7 +1/33
a 2

Disregard x =

7-4/33

2

7-14/33
=
(7—\/§ 7—\/§>
~ 2 T 2

7+\/§a§7+\/§
> a

2
When x =

> 3.

3.7.5 Composite functions with inverse functions

Because each output of a one-to-one function is different for

each input, it is possible to reverse the process and turn the out-  x —>-|

>y —>|

puts back into the original inputs. The inverse is the function
that results from reversing a one-to-one function. Essentially, the
inverse function is an ‘undoing’ function.

So, if we take the inverse function of the original function or evaluate the function of the inverse function,

in effect the two operations cancel each other out, leaving only x.
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—1
Consider g(x) = 3x+ L and g~ (x) = .

Therefore,

FUF'®) =xand f~(f (x) = x.

3

g =¢ <9L1> and & @) =g Gx+ 1)

3
3x+1-1
x—1 - -
()
_3x
=x—1+1 =3
=X =X

Exercise 3.7 Inverse functions

Technology free

1.

EZ=X0 Consider the function y = x>. Find the rule for the inverse and indicate whether this inverse is a
function or a relation. Give the domain and range for both.

Consider the function y = - Find the rule for the inverse and indicate whether this inverse is a function
X

or a relation. Give the domain and range for both.
For each of the following functions, find the rule for the inverse and indicate whether this inverse is a
function or a relation. Give the domain and range for the inverse.

a. y=%(x—3) b. y=(x—5)°
c. f: [-4,0] - R, f(x) = V16 —x2 d y=x-1)>°
1
e. y—\/; f. y—m+2

EIZHA Consider the function f: (—00,2) = R, f(x) = — Fully define the inverse, .

1
(x=2)>
Consider the function f: [3, c0) = R, f(x) = V/x — 3. Fully define the inverse, f~'.

1
If f(x) = x+—2,x # —2, verify that:

a. f(F~' () =x b. f(f(x) = x.

. If k(x) = x> — 1, verify that:

a. k(k7'(x)) = x b. k~1(k(x)) = x.

EZH Consider the quadratic function f(x) = (x + 1)* defined on its maximal domain.

a. Form the rule for its inverse and explain why the inverse is not a function.

b. If the domain of f1is restricted to [b, o), find the minimum value of b so that the inverse exists.

c. Sketch the graph of f(x) = (x + 1)? over this restricted domain, and use this to sketch its inverse on
the same diagram.

d. Form the equation of the inverse, y = f~! (x).

e. At what point do the two graphs intersect?

Find the point of intersection between f (x) = 24/x + 2 and its inverse.
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10. Indicate whether each of the following functions has an inverse function. In each case, give a reason for
your decision. If the inverse is a function, write the rule for the inverse in function notation and sketch
y = f(x) and y = f~!(x) on the one set of axes, including the point of intersection if it exists.
a. f R—=R, f(x)=x*
b. f R—>R, f(x)=2x>-7x+3

c. fi[-3,3] >R, f(x)=V9—x2

d. fi[-2,00) > R, f(x) =Vx+2
4x—7
11. Given f(x) = x—z, find the rule for f~!, then sketch y = f(x) and y = f~!(x) on the same set of axes.

Include the point(s) of intersection on your graph.
12. a. Given f(x) = (x + 2)?, restrict the maximal domain of fto only negative x-values so that its inverse is
also a function. Write the inverse in function notation.

b. Given f(x) = —V/25 — x?, restrict the maximal domain of fto only positive x-values so that its
inverse is also a function. Write the inverse in function notation.

2
13. Given thatf(x) =1/1 - % , use CAS to view the graph and hence define two inverse functions, !,

using function notation with maximal domains. Sketch each pair of functions on separate axes.
14. Given f(x) = x*> — 10x + 25 with a domain of [a, o), find:
a. the smallest value of a so that f~! exists

b. f~1(x).

Technology active

15. Consider f: [=2, 4) = R, f(x)=1— %

. State the domain and determine the range of f.
. Obtain the rule for f~! and state its domain and range.
. Sketch y = f (x) and y = f~'(x) on the same diagram.
. Calculate the coordinates of any point of intersection of the two graphs.
16. Consider f: D — R, f(x) = V1 —3x:
a. Find D, the maximal domain of f.
b. Obtain the rule for f~!(x) and state its domain and range.
c. Evaluate the point(s) of intersection between y = f(x) and y = f~!(x).
d. Sketch y = f(x) and y = f~!(x) on the same set of axes.
17. EBAIf f: (00, al = R, f(x)=x>=2x—1:
a. find the largest possible value of a so that ! exists
b. find f~!(x) and sketch both graphs on the same set of axes
c. find the point(s) of intersection between y = f(x) and y = £~ (x).
18. If fi [1, o] = R, f(x) = Vx—1:
a. find f~!(x)
b. sketch the graph of y = f~!(f(x)) over its maximal domain

o ((5))

O T o

[
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3.8 Literal equations

3.8.1 Introduction

Equations with several pronumerals are called literal equations. Rather than the solution having a numerical
answer, the solution will be expressed in terms of pronumerals, also called parameters.

WORKED EXAMPLE 15

Solve the following equations for x.

a.mx +ny =kx —z b. — —

THINK WRITE
a. 1. Collect the x terms on the left-hand side. a.mx+ny=kx—z
mx —kx =—z—ny
2. Take out the common factor of x to leave only one x(m — k) = —z —ny
instance of x on the left-hand side.
. . . =% =1
3. Divide both sides by m — k. x=
m—k
. Z+ny
T m—k
. . . 2m 3
b. 1. Multiply both sides by the common denominator b. - =
X m+x X
of x(m + x).
p(m + x) — 2mx = 3y(m + x)
2. Expand the brackets. pm + px — 2mx = 3my + 3xy
3. Collect the x terms on the left-hand side. px — 2mx — 3xy = 3my — pm
4. Take out the common factor of x to leave only one x(p —2m — 3y) = 3my — pm
instance of x on the left-hand side.
.. . 3my — pm
5. Divide both sides by p — 2m — 3y. =
p—2m—3y
TI | THINK WRITE CASIO | THINK WRITE
a. 1. On a Calculator page, oc < a. 1. On the Main screen, complete o ax Aot Grctin
press MENU then A P e the entry line as f#:%%%}J—}
select hom solvemxx+nxy=kxx—z,x)| [F.?;;’j.wf.. }f’
3: Algebra then press EXE. anpiiy G
1: Solve Select the simplify icon. (="
Complete the entry line Note: be sure to include the
assolve(mXx+nXy= multiplication operator between
kXx—2z,x) L the variables in the terms
then press ENTER. mx, ny and kx.
Note: be sure to include
the multiplication g
operator between the S =
variables in the terms
mx, ny and kx.
2. The answer appears on ~ x = wre 2. The answer appears on the x=2 re
k—m k—m
the screen. screen.
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3.8.2 Simultaneous literal equations

These equations are solved by applying the methods of elimination and substitution. Once again, the solutions
will be in terms of parameters. As a rule, if you are solving for n pronumerals, you will need n equations to
solve for all the unknowns.

WORKED EXAMPLE 16

Solve the pair of simultaneous equations for x and y.

mx—y=k
x+ny=2d
THINK WRITE
1. Label the equations. mx—y==k [1]
x+ny=2d [2]
2. Use the elimination method to solve these [2] X m: [3]
equations. Multiply equation [2] by m so that the = mx + mny = 2dm

coefficients of x are the same in both equations, and
label this equation [3].
3. Subtract [3] from [1] to eliminate the x terms. mx—y==k [1]
mx + mny = 2dm [3]
[1]—[3]:
—y —mny =k —2dm
4. Take out the common factor of y to leave only one (=1 —mn) =k — 2dm
instance of y on the left-hand side.

5. Divide both sides by —1 — mn and simplify. y= %
_ k—2dm
" 1+mn
6. Substitute y = — 22" into [1]. e <_k_2d’"> —k
14+ mn 1 +mn
Note: Equation [2] could also have been chosen. k —2dm
e 1+ mn -
= ke — k—2dm
1 +mn
7. Simplify the right-hand side. o e, S 2T
1 +mn
_ k(1 +mn) k—2dm
T 1+mn  1l+mn
_ k+ kmn — (k —2dm)
- 1 + mn
_ kmn + 2dm
T 14mn
_ m(kn+2d)
T 1l+mn
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8. Divide both sides by . _ mn +2d)

~ m (1 +mn)
kn + 2d
1 +mn
TI | THINK WRITE CASIO | THINK WRITE
1. On a Calculator page, ¢ 1. On the Main screen, complete o et o merective
& : B b [ [ O T
press MENU then select | saya{m: x—y=k and x+n- y=2- dixy) the entry line as iﬁ&uﬁl&f&i&l{u#{}
. 2 2 d m— —V = 42 edem—k |
3: Algebra asd b e & d B X solve({mXx—y=kx+nXy el k)
1: Solve it i =2d},{x,y}) i
Complete the entry line then press EXE.
assolve(mXx—y= Note: be sure to include the
k and x+nxy = 2d, x,y) multiplication operator between
then press ENTER. ‘ the variables in the terms mx
Note: be sure to include . and ny.
the multiplication
operator between the l
variables in the terms mx e lm
and ny.
2d + k 2dm — k 2d + k 2dm -k
2. The answer appears on x= 22T and y= i 2. The answer appears on the x= 2T and y= i
mn + 1 mn + 1 mn + 1 ’ mn + 1
the screen. screen.

Exercise 3.8 Literal equations

Technology free
1. [fZH Solve the following equations for x.

a. my—nx=4x+kz b. — — ==

2. Given that A
px+y

= 2, solve the equation for y.

3. Solve the following equations for x.

kx+d

+ y=—2k b mx+ny=x+q
X+ 3y p
m 3k k 2d
——k=—+m d. =
X X m+x m-—x

4. [IIZ8 Solve the pair of simultaneous equations for x and y.
x+y=2k
mx+ny=d
Technology active

5. Solve the following pairs of simultaneous equations for x and y.

a. nx—my=k b. nx+my=m
nx +my=2d mx+ny=n
6. Solve the following pairs of simultaneous equations for x and y.
a. 2mx +ny =3k b. i+X=2
2a b
mx +ny=—d
2x 4y Q
b a

TOPIC 3 Composite functions, transformations and inverses 189



7. Solve the following system of simultaneous equations in terms of a.

2x—y+az=4
(a+2)x+y—z=2
6x+(@a+1)y—2z=4

3.9 Review: exam practice

A summary of this topic is available in the Resources section of your eBookPLUS at www.jacplus.com.au.
Short answer: technology free

1
1. Consider the equations fR — R, f(x) = x> —4 and g: (2,0) = R, g(x) = ——.

x—2

. Prove that f (g(x)) is defined.
. Find the rule for f (g(x)) and state the domain and range.
. Prove that g (f(x)) is not defined.
. Restrict the domain of f(x) to obtain a function fj(x) such that g (f;(x)) exists.
. Find g (f; (x)) and state the domain.
;C — ;, X # 2.

x—1

is expressed in the form
x—=2 X —

O o 0 T o

2. A function has the rule y =

a. Find the values of m and n if + n.

1
b. Describe the transformations that have been applied to y = — to obtain y = al 7 X # 2.
X X —

X —

1
c. Sketch the graph of y = 7 X # 2. State the domain and range, and give the equations of any

—
asymptotes.
d. Find the rule for the inverse, and state its domain and range.
e. Specify whether the inverse is a function or a relation. Give reasons for your answer.
f. Sketch the graph of the inverse on the same set of axes as the original function. Include the points of
intersection on your graph
3. Indicate whether each of the following functions has an inverse function. In each case, give a reason for

your decision. If the inverse is a function, write the rule for the inverse function in function notation.
3

a.f:R—>R,f(x)=% b. £ R = R, f(x) = 2x*
c. fFR->R,f(x)=Bx—1) d. £ [-5,5] = R, f(x) = V25— x2
e. f[3,0] >R, f(x) =4x-3

4. a. The graph of f(x) = \/; undergoes the following transformations:
reflection in the x-axis, then a dilation of factor 2 from the y-axis, followed by a translation of 3 units

1
right and 1 unit down, and a dilation of factor 3 from the x-axis.
What is the equation of the transformed function, g(x)?
b. The graph of f(x) = (x — 2)? undergoes the following transformations:
1
dilation of factor 3 parallel to the x-axis, reflection in the x-axis, and a translation of 3 units in the

negative x-direction and 2 units in the positive y-direction.
What is the equation of the transformed function, g(x)?
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5. a. The graph of y = x? is reflected in the line y = x, followed by a dilation of factor 3 parallel to the
x-axis, then the graph is translated down 1 unit and across 3 units to the right.
i. Write the matrix equation for the transformation.
ii. Find the image of the point (2, 4).
b. Find the image of each of the following equations under the transformation defined by the matrix

equation given below. T(M) ) [i] i [3 (1)] [;] " [_;]

1
ioy=-— i y=—/x iii. y = e iv. y=4x*— 1
X
6. a. Consider the functional equation defined by f(x — y) = % Determine if the following functions

satisfy this equation.
i f(x)=x° i. f(x)=¢e" iii. f(x) = 2%

b. Consider the functional equation defined by f(x) = f (& — x). Show that the function f(x) = sin(x)
obeys this rule.

c. For g(x) = 4x + 2, show that g(x + y) can be written in the form g(x) + g(y) + ¢ and find the value of c.

Multiple choice: technology active
1. @& If g(x) =2x— 1 and h(x) = (x + 1)?, then g (h(x)) is equal to:

A 2x +4x+1 B. 4x? C.2x° +4x—1 D. 2x— D(x+1)* E. 4(x+ 1)?
2. I For the functions below, which of the following compositions is not defined?
f=4/x+1
g =21
h(x) =2x+1
A. g (h(x)) B. g (f(x) C. h(f(x) D. f (g(x)) E. h(g(x))
3. & If g(x) = VVx — 1, then g (h(x)) would exist if:
1
A. R\ {0} = R, h(x) = = +1 B. Ii:R > R, h(x) = (x — 1)
X
1
C. h:[-1,00) > R, h(x) = —(x + 1)2 D. i:R\ {—1} - R, h(x) = P

E. :R - R, h(x) = x
4. [ Iff(x) = %, which of the following functional equations is true?
A fO+fO) =f(x+y) B. f(0) —f() =f(x—y) C.f() X f(y) =f(xy)

D. f() +f(y) =f(xy) E. f(x) —f() =f(xy)
5. @ If the graph of y = sin(x) is reflected in the x-axis and dilated by a factor of 4 from the x-axis and

1
by a factor of 3 from the y-axis, then the resulting equation will be:

A.y=4sin<—§> B.y=—4sin<§) C. y = 4sin (=3x)

1
D.y= ~2 sin(3x) E. y = —4sin(3x)
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6. I The graph of the function f(x) = x> is transformed so that its new rule is f(x) = % Qx— 1) +4.

The transformations that have been applied to f(x) = x> are:

A. dilation by a factor of % parallel to the y-axis, dilation by a factor of 2 parallel to the x-axis, a
translation of 1 unit in the negative x-direction and a translation of 4 units up

B. dilation by a factor of % parallel to the y-axis, dilation by a factor of 2 parallel to the x-axis, a
translation of 1 unit in the positive x-direction and a translation of 4 units up

C. dilation by a factor of % parallel to the y-axis, dilation by a factor of % parallel to the x-axis, a
translation of 1 unit in the negative x-direction and a translation of 4 units up

D. dilation by a factor of % parallel to the y-axis, dilation by a factor of % parallel to the x-axis, a
translation of 1 unit in the positive x-direction and a translation of 4 units up

E. dilation by a factor of 2 parallel to the y-axis, dilation by a factor of % parallel to the x-axis, a

translation of 1 unit in the negative x-direction and a translation of 4 units up
7. I The following matrix equation is applied to y = \/; .

{H) R e I I
This causes y = /7 to be:

A. reflected in the x-axis and dilated by a factor of 2 from the y-axis
B. reflected in the y-axis and dilated by a factor of 2 from the y-axis
. reflected in the y-axis and dilated by a factor of 2 from the x-axis

(&

1
D. reflected in the y-axis and dilated by a factor of 3 from the x-axis
E

. reflected in both axes and dilated by a factor of 2 from the x-axis
8. @ The rule for the inverse of the graph shown would be:

YA

©, 1
y=0 \»

< 0 :x
Y
x=-1
A y= 1 +1 B.y= C.y= ! 1 D.y= ! E.y= ! 1
'y_x 'y_x+1 'y_x 'y_x—l 'y_x—l
9. @ For the function f(x) = (x + 1)(x — 3) to have an inverse function, its maximal domain:

A. must be restricted to [0, co) B. must be restricted to [1, c0)
C. must be restricted to [—4, c0) D.isR

E. must be restricted to (—oo, 0]
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10. I3 The inverse of the function defined by f: [—1, 0] = R, f(x) = (x + 1)? would be:

A fli[=1,00) = R, f7(0) = y/x — 1 B. 7 [=1,00) = R, fTI(x) = —/x = 1
C./ [-l,00) > R, f1(x) = (x + 1) D. f7': [0,00) = R, f7'(x) = y/x — 1
E. f71:[0,00) = R, f7'(x) = —y/x — 1
P _
11. I3 Solve rn ip for x
_n=p _n+p _ —(n+p)

A'x_Z(p—n) B. x= > c.x_T
D. x= it 4 E. x= ntp

: > . .

Extended response: technology active
1. Consider the function defined by f(x) = 2(x — 3)>.
a. Sketch this graph, giving the domain and range of the function.
Find the rule for the inverse.
Sketch this inverse on the same set of axes that you used for f(x) = 2(x — 3)%.
Restrict the domain of fto the form of [a, oo] so that the inverse is also a function.
State the rules for the restricted f and f~! using function notation.
Sketch the graphs of fand f~! on one set of axes.
g. Show that f (f~'(x)) = x.

2. Consider the function defined by the rule f: D — R, f(x) = v/(3x — 6) — 1 where D is the maximal
domain for f.
a. Find D.
b. Describe the transformations that would have been applied to y = \/; in order to achieve y = f(x).
c. Write a matrix equation that defines these transformations and solve the matrix equation to confirm

this is correct.

d. Define the rule for the inverse function f~! and give its domain and range.
e. Sketch the graphs of y = f(x) and y = f~'(x) on the same set of axes.

-0 2 0T

1
3. a. Iff [3,00) = R, f(x) = x>+ kand g: [2,00) = R, g(x) = — + k, where k is a positive constant, find
X
the value(s) of k such that both f (g(x)) and g (f(x)) are defined.

+
0 b|ly| |d

are non-zero real numbers. If the image of the curve g(x) = —v/2x —2 + 21is f(x) = \/)7 , find the
values of a, b, c and d.
4. a. If g(x) = 4/3sin(x) — 2, show that it obeys the functional equation defined by
g(x)? + 4g(x) + 4 = 3 sin(x).
b. If h(x) = 1 — x?, show that it obeys the functional equation defined by x>h(x) + h(1 — x) = 2x — x*.

study[1])

Sit VCAA exam

b. The transformation T: R?> — R? is defined by T < [;] > = [a O] * ¢ , where a, b, c and d
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Answers 10. a. ranf & domg
[0, 00) Z R\{1}

Topic 3 Composite functions, Therefore g (f(x)) is not defined.
transformations and inverses b i = V2 m e (oo 2
Exercise 3.2 Composite functions c. g(it)) = A1 +2,x € (-00,2]\{1}
1. f(g(x)) = (x — D(x + D(x* + 3), domain = R
g(f(—x)) — (x _ 1)2(x + 3)2,d0main =R 11. a. ranf C domg
) [0, 00) C R
2. f(g) = P 1, domain = R\ {2} Therefore g (f(x)) is defined.
g(f(x) do;cs not exist. b. g (f(x)) = x — 6, domain = [4,00)
3. a. fog(x)is defined, domain = [0, co). c. Y
b. g(f(x)) is defined, domain = R.
c. h(g(x))is not defined.
d. hof(x)is defined, domain = R.
4. a. fog(x)is defined, fog (x) = x, domain = [0, c0). ]
b. g(f(x)) is defined, g (f(x)) = Ixl, domain = R.
c. h(f(x)) is not defined.
d. g (h(x))is not defined.
5. rang C domf \
[0,00) C R d. rang & domf
Therefore f(g (x)) is defined. [—,2,00) Z[4,0)
flg ) =[0x + )3 where domain = [-2, c0) and Therefore f(g (x)) is not defined.
Ry  pio = (o)
[0, 00) € R\{0} flgix) =Vx2-6.
Therefore g (f(x)) is defined P
b. ¢(f(x)) = x*, domain x € (0, o), range = (0, 00) f- domain ( o \/g] v [\/g, °°>
12. ke [1,3]
C. y
0 Exercise 3.3 Functional equations
3.3
fO-fO») _"Ft5H
= 1. LHS: = :
y=8(f(x) Fxy) _3
) %0,0 x _3y+3x . 3
xy oy
_ =30 -x 2
Y h Xy -3
=y—x
7. a. ranggdomf _ . fO-fo _ _
R Z (=3 o0) LHS = RHS; therefore, —f(xy) =y—x.
b. h(x)=2x-5,x € [l,)
e fh())=v2x—2,x€e[l,) z f(”y)_?((?)f@)
8. a. ranf Zdomg FE=n=25"
[0, 00) & R\{4) "
3. a. LHS:f(x+y)=5"
b. h(x)=x2,x€R\{—2,2} RHS‘f(x)+f(y)=5x><5y
c. g(h(X))=x2—4’xeR\{—2,2} = 5%

LHS = RHS; therefore, f(x + y) = f(x) X f(y).

9. a. rang C domf b, LHS: I
Therefore g (f(x)) is not defined. RHS: 70 =5 = 57
1
b- 100 = (x—3)2 -2 LHS = RHS; therefore, f(x — y) = %
i 1
X E (—oo, —\—5 +3] U [\/—5 +3,oo>
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f@) = 2 satisfies f(xy) = f(X) ().

4.
5. B
6. D
7 Satisfies A and B
Satisfies A and B
Satisfies A, B and C

Satisfies D

hx+y)=3x+y) +1
=3x+3y+1
=Cx+D+Gy+1) -1
=h(x)+h(@) -1

Therefore, ¢ = —1.

b. LHs:h(x)+h(y)=l3+l3
X3y

® oo o

3 y3 +x3
x3y3
1
RHS: (" + ) h(xy) = (¢ + ) x —
(xy)
_ x + y3
T8y

LHS = RHS; therefore, i (x) + h(y) = (> + y*) h (xy).

Exercise 3.4 Transformations

1. a. i. Dilated by factor 3 parallel to the y-axis or from the
X-axis.
y
3
1 -
i. (=2,-8) > (-2,-24)
b. i. Translated 2 units to the left or in the negative

x-direction.

i. (=2,-8)—>(—4,-8)

c. i. Reflected in the x-axis
i. (=2,-8)—(-2,8)
d. i. Translated up 1 unit or in the positive y-direction.
i. (=2,-8)—(-2,-7)
2. a. Dilated by factor 4 parallel to the y-axis or from the

X-axis
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1 1
b. Dilated by factor 3 parallel to the x-axis or from the b. Dilated by factor 3 parallel to the x-axis or from the

y-axis y-axis
1y ©, 1) Q2r, 1)
1.5 y = cos(2x)
y= Sil’l(zx) 05
< T T >
A =

c. Reflected in the x-axis

y
7 1 y = —cos(x)
c. Translated = units to the left or in the negative
x-direction. 0.5
T3 2|,, “x
2
2, 1)

d. Translated down 1 unit or in the negative y-direction

YA
0.5

(0, 0) (27, 0) x

-1.54

_2_\1 y = cos(x) - 1

4. a. Translated 2 units to the right or in the positive

x-direction, y = ; asymptotes x = 2,y =0

. 1 .
3. a. Dilated by factor 3 parallel to the y-axis or from the x—=2

X-axis.
YA

Y

(0,0.5) (27, 0.5)

:
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b. Reflected in the x axis, y = _l; asymptotes x = 0, b. y = x° has been reflected in the x-axis, dilated by factor

X 2 parallel to the y-axis or from the x-axis, reflected in
the y-axis, translated 1 unit to the right or in the positive
x-direction, and translated 1 unit up or in the positive
y-direction.

y=0

c. y= )—lc has been dilated by a factor of 3 parallel to the

1
y-axis or from the x-axis, dilated by factor 3 parallel to

the x-axis or from the y-axis, translated 3 units to the
left or in the negative x-direction, and translated down
1 unit or in the negative y-direction.

x=0)

c. Dilated by factor 3 parallel to the y-axis or from the 8. a. (-2,4)— (—5, %) b. (I,1) = (0,-1)

c. <2, %) - (=2,0)

9. a. y = cos (x) has been dilated by factor 2 parallel to the

x-axis, y = —; asymptotes x = 0,y = 0.
X
7)

y-axis or from the x-axis, dilated by factor % parallel to

the x-axis or from the y-axis, translated 5 units to the

right or in the positive x-direction, and translated up
3 units up or in the positive y-direction.
b. y = tan(x) has been reflected in both axes, dilated by

Yx=0 1 . .
* factor 3 parallel to the x-axis or from the y-axis, and

. 1 .
d. Dilated by factor 3 parallel to the x-axis or from the translated up 1 unit or in the positive y-direction.

. 1 1
y-axis, y = ~=; asymptotes x = 0,y=0. c. y = sin (x) has been dilated by factor 3 parallel to the
¥ x-axis or from the y-axis, translated g units to the right
or in the positive x-direction, and translated down 1 unit
or in the negative y-direction.
10. A
< 0 1. D
3/ x—06
12. =1/
f@ ==
Yx=0 3
. o 18. f() = ————+9
5. Reflected in the x-axis, dilated by factor 2 parallel to the 2-x)7?

y-axis or from the x-axis, dilated by factor % parallel to the 14, f() =—=18(x— 1)> + 1

x-axis or from the y-axis, translated % units to the right or 15. f(x) = Epi 6
in the positive x-direction and translated up 1 unit or in the 2x—5
positive y-direction. 16. y= T—1
: 1 : : 2-1)-3
6. Dilated by factor 3 parallel to the y-axis or from the x-axis, = -
x—1
dilated by factor 2 parallel to the x-axis or from the y-axis, ) | 3
translated 1 unit to the left or in the negative x-direction and = 2=
translated down 2 units or in the negative y-direction. x—1 x—1
3
. 1 . — _—
7. a. y = x* has been dilated by factor 3 parallel to the y-axis 2 =1 .
. X — .
or from the x-axis, translated 3 units to the left or in the Relative to y = Y= 52 has been reflected in the
negative x-direction, and translated down % units or in y-axis or the x-axis, dilated by factor 3 parallel to the y-axis

or from the x-axis, translated 1 unit to the right or in the

the negative y-direction. positive x-direction, and translated 2 units up or in the
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positive y-direction. Domain = R\ {1} and range = R\ {2};

asymptotes x = l andy = 2
YA

10. y=3y/—x — 6

The original function, y = 4/x 4+ 1 — 2, has been translated
1 unit to the right or in the positive x-direction, reflected in
the y-axis, and dilated by factor 3 parallel to the y-axis or

Y

y=2
__________ -
- Nyl
< o >
i
i
: x=1
I
I

17. Reflection in the x-axis, reflection in the y-axis, translation
. o 1 .
5 units right, dilation by factor 3 parallel to the x-axis or

from the y-axis, translation 3 units up.

1
18. Reflection in the x-axis, dilation by factor 3 parallel to the

y-axis or from the x-axis, dilation by factor 3 parallel to the
x-axis or from the y-axis, translation 3 units left, translation

E units u
2 P-

Exercise 3.5 Transformations using matrices
.y =-cos(2x)
1

-

2.y=—;
[ —1 O] [_2]
3. 1|+
— 0
_O 2
[ 1
alz ®
L0 3

5. y=2(x+1D*-1

6. y = —cos [Z(x—%r)] -3

7. a. (=2, 5) = (0, —10)
b. (=2,5) = (4,3)

c. (-2,5) - (%,6)

8. y=(x+27>-2
1
The original function, y = xz, has been dilated by factor —

2
parallel to the y-axis or from the x-axis, translated 3 units to

the left or in the negative x-direction, and translated down 2
units or in the negative y-direction.
V4
9. y=—cos(x—Z) -2
The original function, y = cos (x), has been reflected in the
. T . . -,
Xx-axis, translated 1 units to the right or in the positive

x-direction, and translated 2 units down or in the negative
y-direction.

from the x-axis.

1. B
12. E
/ 2 0 _
e[ =[0]={o 1][]+[5]
y y 0 = |[» -1
2
[ 1 1
’ — 0 —
14.T<|:x:|>=|:x,:|= 3 x]+ 3
y y y
| 0 -2 4
1 3
15.a—§,b—1,C—§
16. a=3,b=-1,c=—=,d=-2

1. a.
b. y = (1 —x)(x+5)is a many-to-one function
The inverse is a one-to-many relation.
c. y=(1 —x)(x+5): domain = R, range = (—00,9]
Inverse: domain = (—o0, 9], range = R
2. aandb.

c. y= \/; is a one-to-one function. The inverse is a
one-to-one function.
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3. 5. b,d
6. C
7. C
8. A is the correct option, as the given function has a turning
point at (0, 2) and option A has a turning point at (2, 0).
9. a.
b. (2.828,2.828),(0,0),(—2.828, —2.828)
10. a. Y)
< 0
¥ \
b. Pointof intersection = (3.532, 3. 532)
11. a. a=-2
4. a and b. b. YA A

(2,9 /7

9.-2)

Inverse
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c. y: domain (— o0, —2], range (— o0, 9]
Inverse: domain (— o0, 9], range (— o0, —2]

12. Domain = [3, o)

YA A
Inverse ///
©.3) V=
73,0
< 0 >
//
//
//
//
//
//
» Y y=-x-3)7

13. aand b.

c. y=(x+4)(x—2): many-to-one
Inverse: one-to-many

d. The inverse is not a function, as a one-to-many
correspondence indicates a relation. Also, the inverse
can only be a function if the original graph is a
one-to-one function, and this graph is a many-to-one
function.

e. y:domain = R, range = [-9, o0)
Inverse: domain = [-9, ), range = R

f. (—oo, —1]or[—1, o)

14. a.

b. y = x’: one-to-one; inverse: one-to-one

c. The inverse of y is a function because y is a one-to-one
function.

d. y=x’: domain = R, range = R
Inverse: domain = R, range = R

15. a and b.

Inverse

1 .
c. y = —: many-to-one function
2

Inverse: one-to-many relation
d. (=, 0)

e. y= )%: domain = (—o0, 0), range = (0, )

Inverse: domain = (0, 00), range = (—o0,0)

Inverse

Exercise 3.7 Inverse functions

1. Inverse: y = \3/; , one-to-one function.
Domain for both = R, range for both = R

1
2. Inverse: y = +——, one-to-many relation (therefore not a
X
function)
y:domain = R\ {0}, range = (0, o0)
Inverse: domain = (0, ), range = R\ {0}
3. a. y=3(x+ 1); one-to-one function with domain = R and
range = R
b. y=5+ \/; ; one-to-many relation with
domain = [0, c0) and range = R

c. f ~1(x) = =/ 16 — x2 ; one-to-one function with
domain = [0,4] and range = [—4,0]

d y=1+ \3/)7 ; one-to-one function with domain = R and
range = R

e. y= x%; one-to-one function with domain = [0, c0) and
range = [0, o)
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; one-to-many relation with d. f(x) =vx+2, x € [-2, 00): one-to-one function;

x—2 —1 —1 2
: [0, 00) = R, x)=x"-2
domain = (2, o) and range = R\ {1} f ){t

4. f: (=00,0) = R, f~' (1) = — /_)l_c +2

5. f71:[0,00) > R, f7 () =2 + 3

f. y=1=+

A

6. [Tl = % -2

1
a. f(f')=———
1 242
X
— 1 ///
- T //
T
=X }/
» 1
b. [T (f)=—-2
X2
=x+2-2

=X

7. k' = Vit
a k(') = (\3/x+ 1 )3 —1

=x+1-1
=X

b k()= Vo — 1+ 1
= V_XT

=X

8. a. y = #4/x — 1; the inverse is not a function as f(x) is not
a one-to-one function.
b. b=-1

Y

12. a. Restrict the domain to (—oo0, —2].
7110, 00) = R f7M () = —/x =2
X b. Restrict the domain to (0, 5].
=500 = R, f7' () = V25 - &2
13. Two possible domains are [-2, 0] and [0, 2]. Both have a
range of [0, 1].
FR:0,11 = R, 7 () = =2v/1 =22 or
Fr: 10,11 = R, () =21 = 22

d. f7'(x) = y/x — 1, domain = [0, c0)
e. No intersection

9. 2+2V3.2+2V/3)

10. a. f (x) = x*: many-to-one function; inverse: one-to-many
relation
b. f(x) = 2x* — 7x + 3: many-to-one function; inverse:
one-to-many relation 14.a. a=5

b. ') =5 +/x, x€[0, 0o
c. f(x) =V9—x2, x € [-3,3]: many-to-one function; VANEY) Vx [0, o0)

i : one-to- i . 15
inverse: one-to-many relation 15. a. Domain = [~2, 4), range = < ]

33
~1 . 15
b. f7 (x) = =3(x — 1); domain = -33|
range = [—2,4)
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18. a. [Tl =x"+1,x €0, )
b. f7'(f(x)) = x; domain = [1, c0)

YA
y=x
1 (8)
< T >
0 1 x
. . .. (33 Y
d. Th t of int 18 P B
e point of intersection is (4 4) . 42
’ 3
1
16. a. D= (—oo, §]
1 12 1 Exercise 3.8 Literal equations
b. f7 (x) = = — =—; domain = [0, ), range = 00, =
fTw=3-3 [0, c0), rang ( 3] 1 Cmy—ke L 2pe=3C
c. The point of intersection is S AT - = 2p —m—3c
—3+\/13’—3+\/13 ‘ x(1=2p)
2 2 2y=——
m+2
6k -
d. 3 a yo YOk+D b, x=P4""
3k m-—p
x_m—3k d x_km—2dm
T om+k T 2d+k
d —2kn 2km —d
4, x = , ¥y =
m-—n m-—n
5 . k+2d  2d—k
' )
b. x=0,y=1
3k+d 2d + 3k
6. a. x= , y=-—
m n
b x— 4ab _ 2ab
T avn YT axb
17. a. a=1 7y 2atd o 4a+2) 4
b. f'(0) = —Va+2 + Lxe -2 0) T ward YT aard T a
y=f
3.9 Review: exam practice
Short answer
1. a. For f (g (x)) to exist, the range of the inner function, g (x),
must be a subset of or equal to the domain of the outer
function, f(x).
(0,0) CR
rang C dom f
Therefore, f (g (x)) is defined.
1
b. = -
Fe@) ===
Domain = (2, ), range = (—4, o)
c. The point of intersection is 3-v13 7 3-v13 . c. For g (f (x)) to exist the range of the innelr function, f(x)
2 2 must be a subset of or equal to the domain of the outer
function, g (x).
[-4,00] € (2,00)
ranf ¢ dom g

Therefore, g (f (x)) is not defined.

0. fir (=00, ~V6 ) U (V6.00) = R f) =2 -4
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e g(iw) = 5—
Domain = (—oo,—\/g) U (\/g,oo)

.a. m=landn=1
b. Translation of 2 units right and 1 unit up

c. y= ﬁ + 1; domain = R\ {2} and range = R\ {1}
Asymptotes: x =2 and y = 1

Y

\

y= % + 2, domain = R\{1} and range = R\{2}
x—
e. The inverse is a one-to-one function.

f. y)

I
|
0 i i
e IR A ()
yd : |
’ | |
7 I |
’ | |
7 | |
s | |
¥ | |
| |
| |
| |
Y ! !
x=1 x=2
. . - _ 3
a. One-to-one inverse function: /~:R — R, f~'(x) = V/3x
b. Not a function, as it is a one-to-many mapping.
c. Not a function, as it is a one-to-many mapping.
d. Not a function, as it is a one-to-many mapping.
e. One-to-one inverse function: f -1 [0, 0) = R,
f_l(x) =x>+3
x—-3
La g =-% 5 -1 b. g(x)=-Cx+7)>+2

S (R R R N

i. (2,4)— (15,1)

2 /1
b. i.y=x+1+3 ii. y=3- E(x+1)

1
iii. y=e20tD 43
. i. No ii. Yes
b. LHS =f(x)
= sin (x)
RHS =f (7 — x)
=sin (7 — x)

iv. y=@x+1)>+2

iii. Yes

Because sin (x) is positive in the 2nd quadrant,

sin (z — x) = sin (x).

Therefore,

LHS = RHS

f)=f(x-x)

c. gx+y)=4x+y)+2

=4x+4y+2
=@x+2)+@y+2)-2
=g +g() -2

Se=-=2

Multiple choice

1. A 2. D 3. A 4. C 5. E
6. D 7. B 8. C 9. B 10. D
11. C

Extended response
1. a and c. The domain of fis R and the range of fis [0, o).

b. y=3+ \/g; domain = [0, o) and range = R

d. [3,00).
e. fi[3,00) = R, f(x) =2(x—3)?

7110, ) —>R,f(x)=\/§+3
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Y

0,3)

¥
f(F'w)
=X
. D=[2,0)

. One possible answer is:

1
Dilated by a factor of 3 parallel to the x-axis or from the

y-axis, translated 2 units to the right or in the positive
x-direction and translated 1 unit down or in the negative
y-direction
2
-1

1
(N )R I M
y y y
(x+ 1)* +2 with

0
Lol =R, ) =

range = [2, o)

W —= =

T

k>3
a=2,b=—-1,c=-2andd =2

LHS = g(x)* +4g (x) + 4
- (\/3 Sin(x) — 2)2 +4 (\/3 Sin(r) — 2) +4
= 3sin(x) — 44/3sin(x) +4 + 44/3sin(x) — 8 +4
= 3sin(x) — 4\/3 sin(x) + 4\/3 sin(x) + 8 — 8

= 3 sin(x)
RHS = 3 sin(x)

LHS = RHS
g(x)* + 4g (x) + 4 = 3sin(x)

. LHS=x*h(x) + h(1 —x)

=1-x)+1-(1-x)?

= - +1-(1-2x+x%)

=2 —x' =1+ 2+ 27

4

=2x—x
RHS = 2x — x*
LHS = RHS:

Phx)+h(l—x)=2x—x*
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TOPIC 4

Exponential and logarithmic

functions

4.1 Overview
4.1.1 Introduction

Exponential functions are used to describe situations
where a quantity grows or decays at a particular
rate that is directly proportional to the value of the
function. An example is continuously compounded
interest.

Exponential functions can have any base; however,
the one of most interest is when the base is e. e is
a mathematical constant, equal to 2.718 281 828 ...
Swiss mathematician Jacob Bernoulli first discov-
ered the value in 1683 while studying compound
interest, but it was another Swiss mathematician,
Leonhard Euler, who gave the value the symbol we
still use today. Consequently, the constant e is also
called Euler’s number. Euler is the only mathemati-

cian to have two numbers named after him, the other being y (gamma), which is often called Euler’s constant.

Exponential functions naturally occur in many aspects of life, such as population growth — not only of
people, but also in scientific research in modelling the population growth of bacteria, for example. In chem-
istry, the rate at which radioactive substances decay — that is, how long it takes for an element to decay by
50% (its half-life) — is described by exponential functions. This value is constant no matter how much of the
element is present at the beginning. For example, Carbon-14 has a half-life of 5730 years, meaning that 50 g
of carbon will decay to 25 g after 5730 years. It will take another 5730 years for the 25 g to become 12.5 g,

and so on.

LEARNING SEQUENCE

4.1 Overview

4.2 Logarithm laws and equations
4.3 Logarithmic scales

4.4 Indicial equations

4.5 Logarithmic graphs

4.6 Exponential graphs

4.7 Applications

4.8 Review: exam practice

Fully worked solutions for this topic are available in the Resources section of your eBookPLUS at

www.jacplus.com.au.
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4.1.2 Kick off with CAS

Exponentials and logarithms
Part 1

On a calculation screen in CAS, define the function f(x) = el
To find the inverse, solve f(y) = x for y.
Define the inverse as / (x).
Determine f(h(x)) and & (f (x)).
Repeat steps 1-4 for the function f(x) = log,(x + 5).
What can you conclude about the relationship
between exponentials and logarithms?

Part 2

7. Use CAS to solve the following equations for x.
a. 3¢ —2 =3¢k

. klog,Bmx+2)=d

.2Y>3
. 2x+l — 3x—2

2B

o 0 T

15

%11 Resources

Please refer to the Resources section in the Prelims of your eBookPLUS for a comprehensive step-by-step guide on how
to use your CAS technology.

4.2 Logarithm laws and equations
4.2.1 Introduction

Logarithm is another name for the exponent or index. Consider the following indicial equations:

Exponent or index Exponent or index
N2 N2
Base number = 10% = 100 Base number = ¢* =y

Written as logarithms, they become:

log,,100 = 2 & Exponent or index log,(y) = x ¢ Exponent or index
T T

Base number Base number

Euler’'s number, e

The number e is known as Euler’s number after the eminent Swiss mathematician Leonhard Euler, who first
used the symbol. Its value is 2.718 281 828 45... Like &, e is an irrational number of great importance in
mathematics. Most calculators have keys for both 7 and e.

The expression log,(x) or In(x) is called the natural or Napierian logarithm, and can be found on your
calculator as ‘In’. The expression log,,(x) is the standard logarithm, which traditionally is written as log(x)
and can be found on your calculator as log.

The logarithms have laws that have been developed from the indicial laws.
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4.2.2 Laws of logarithms

Law 1. a" X a" = a"™" < log,(m) + log,(n) = log,(mn)
To prove this law:
Letx = log,(m) and y = log,(n).
Soa*=mand @’ = n.
Now a™ X a" = a™*"
ormn = at.
By applying the definition of a logarithm to this statement, we get
log, (mn) =x+y
or log,(mn) = log, (m) + log,(n).

Law 2. ¢" +a" = a"™" & log,(m) — log,(n) = log, <ﬂ>
n
To prove this law:
Let x = log,(m) and y = log(n).

Soa* =mand &’ = n.
X

Now — = a*™
a’
m
or— =da7’.
n

By converting the equation into logarithm form, we get

m
1Oga <_) =XxX-y
n
m
or log, <;> = log,(m) — log,(n).
Note: Before the first or second law can be applied, each logarithmic term must have a coefficient of 1.
Law 3. (a")" = a™ < log,(m") = nlog,(m)

To prove this law:
Let x = log,(m).

So a* =m.
Now (a*)" = m"
or a™ = m".

By converting the equation into logarithm form, we have
log,(m") = nx
or log,(m") = nlog, (m)

Applying these laws, we can also see that:
Law 4. As a’ = 1, then by the definition of a logarithm, log,(1) = 0.
Law 5. As a! = a, then by the definition of a logarithm, log,(a) = 1.

Law 6. a* > 0, therefore log,(0) is undefined, and log,(x) is only defined for x > 0 and a € R*\{1}.
Another important fact related to the definition of a logarithm is
a8 = .
This can be proved as follows:
Let y = '°2,
Converting index form to logarithm form, we have
log, (y) = log, (m).
Therefore y = m.
Consequently @'°%(™ = m,
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In summary, the logarithm laws are:

m
n

log, (x) is defined for x >0 and a € R*\ {1}

1. log,(m) + log,(n) = log,(mn)
2. log,(m) —log,(n) = loga( )
3. log,(m") = nlog,(m)

4. log,(1) =0

S. log, (@) =1

6. log, (0) = undefined

7.

8. a'%%m = p,

WORKED EXAMPLE 1

Simplify:

a.log,(64) + log,(16) — log,(256)
log;(16)

“ Tog,(64)

THINK

a. 1.

b. 1.

. Apply the law log,(m) — log,(n) = log, (m)

Express all the numbers in base 4 and, where
possible, apply the log law
log,(m") = nlog,(m).

. Apply log,(a) = 1 and simplify.

Apply the law nlog,(m) = log,(m").

n
and simplify.

1
. Convert 3 37! and apply log, a = 1.

. Apply the law nlog,(m) = log, (m").

Note: The 16 and 64 cannot be cancelled, as
when they are with the log function, they
represent single numbers. Therefore, the 16 and
64 cannot be separated from their logarithm
components.

. Cancel the logs as they are identical.

b. 21log;(7) — 21og;(21)

/1
Cl.lOgs(4 @).

WRITE

a. log,(64) +log,(16) —log,(256)
= log,(4%) + log,(4%) — log,(4*)
= 3log,(4) + 2log,(4) — 4log,(4)
=3X1+2x1-4x%1

= |l
b. 2log;(7) — 2log;(21)
= log;(7?) — log;(212)

3
=10g3 (ﬁ)

7 2
= o (57)

1
= 2log;, <§>

= 2log;(37")

= —2log;(3)

=-2

log,(16)

“ Togy(64)

10%3(24)

- log;(2%)
41log,(2)

~ 6log;(2)
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d. 1. Convert the surd into a fractional power and

simplify.

2. Apply the laws nlog, m = log, m" and
log, a=1.

(e

= log, ((5-4)i>

= 10g5(5")

= —logs(5)
= -1

Solving logarithmic equations involves the use of the logarithm laws as well as converting to index form.
As log,(x) is only defined for x > 0 and a € R*\ {1}, always check the validity of your solution.

WORKED EXAMPLE 2

Solve the following equations for x.
a.log,(64) = x
c. (log,(x))* = 3 —2log,(x)

THINK

a. 1. Convert the equation into index form.
2. Convert 64 to base 4 and evaluate.
b. 1. Rewrite 3 in log form, given log, 2 = 1.

2. Apply the law log,(m") = nlog(m).

3. Simplify the left-hand side by applying
log,(mn) = log,(m) + log,(n).

4. Equate the logs and simplify.

c. 1. Identify the quadratic form of the log
equation. Let a = log,(x) and rewrite the
equation in terms of a.

2. Solve the quadratic.

3. Substitute in a = log,(x) and solve for x.

b.log,(3x) + 3 =log,(x —2)
d.log,(2x) + log,(x + 2) = log,(6)

WRITE
a. log,(64) =x
4* = 64
4 =8
Sox=3
b. log,(3x) + 3 = log,(x — 2)

log,(3x) + 31og,(2) = log,(x — 2)
log,(3x) + log,(2%) = log,(x — 2)
log,(3x X 8) = log,(x — 2)

2dx=x—2
23x = =2
2
X=—-——
23

c. (log,(x))* =3 —2 log,(x)
Leta = log,(x).
a*=3-2a
a?+2a-3=0

(a=—1)(a+3)=0

a=1,-3
log,(x) =1 log,(x) = -3
x =21 i x=273
SLx=2,=
T
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d. 1. Simplify the left-hand side by applying

log,(mn) = log,(m) + log,(n).
2. Equate the logs and solve for x.

3. Check the validity of both solutions.

d. log,(2x) + log,(x + 2) = log,(6)

log,(2x(x + 2)) = log,(6)

2x(x+2)=6

2% +4x-6=0

*+2x-3=0

x—DE+3)=0
x=1,-3

x = =3 is not valid, as x > 0.

4. Write the answer. x=1
TI | THINK WRITE CASIO | THINK WRITE
d. 1. On a Calculator page, d. 1. On the Main screen, complete o et setion marsctive
2 : B b |18 S|l v] [+ ]
press MENU then select solve(in(2- x)+ln(x+2)=]n(6},x) x=1 i the entry line as ::vc(lul2:?+:n-(”\+2)=ln(8).x)%
3: Algebra : solve (In(2x) + In(x + 2) = [
1: Solve In(6), x) i
Complete the entry line then press EXE.
as solve
(In(2x) + In(x + 2) =
In(6), x) U
then press ENTER.
Alg Stenderd  Aeal Rad )|
x=1 2. The answer appears on the x=1

2. The answer appears on
the screen.

screen.

study[1])

Logarithmic laws Summary screen and practice questions

4.2.3 Change of base rule

The definition of a logarithm, together with the logarithmic law nlog,(m) = log,(m"), is important when
looking at the change of base rule.

Suppose
By definition,

y = log,(m).
a’ = m.

Take the logarithm to the same base of both sides.

log, (a”) = log, (m)

y log,, (a) = log,, (m)

_ log,, (m)
Y log,, (a)
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Therefore,

log,, (m)
log, (@)

WORKED EXAMPLE 3

a. Evaluate the following, correct to 4 decimal places.

i. log,(5) ii. log 1 (11)
3

log, (m) =

b. If p = logs(x), find the following in terms of p.

i.x ii. log, (81)
THINK WRITE
a. i. Input the logarithm into your calculator. a. i. log;(5) = 0.8271
ii. Input the logarithm into your calculator. ii. log (11) = —2.1827
3
b. i. Rewrite the logarithm in index form to findan expression forx.  b. i. p = logs(x)
x=>5°
ii. 1. Rewrite log (81) using log,(m") = nlog, (m). i. log,(81)
=log,(9%)
=2 log,(9)
. logy(9)
2. Apply the change-of-base rule so that x is no =2
logy(x)

longer a base.

Note: Although 9 has been chosen as the base = 2] !
in this working, a different value could be 0go(x)
applied, giving a different final answer.
. 1
3. Replace x with 57 and apply the law =2
ny — logy(57)
loga(m ) =n loga(m)~ 2
p logy(5)
TI| THINK CASIO | THINK WRITE
a. i. 1. On a Calculator page, a.i.1. On the Main screen, complete LR )
complete the entry line the entry line as log; (11) i‘—’]{lJ“MJ—L’
3 | [4]
as log % (11) then press then press EXE. a o
ENTER. | i
7]
Alg Standsrd  Fieal Rad )
2. The answer appears on  log; (11) = —2.1827 2. The answer appears on the log; (11) = —2.1827
the screen. 3 screen. 3
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Exercise 4.2 Logarithm laws and equations

Technology free

1.

10.

Express each of the following in logarithmic form.

a. 6° =216 b. 28 =256
d. 107 =0.0001 e. 573 =0.008
EZ=3 Simplify the following.
a. log,(49) + log,(32) — logs(125)
log, 25
“ Jog, 625
Simplify the following.
a. 7log,(x) —9log,(x) + 2log,(x)

b. log,(2x — 1) + log,(2x — 1)’
c. log,o(x — 1)* = 2log,,(x — 1)
Simplify the following.

a. log,(256) +log,(64) —

c. log4<6 é)

logs(32)
' 3log,(16)
Simplify the following.
a. log;(x —4) +log;(x — 4)?
c. logS(xz) + logs(x3) — Slogs(x)
K23 Solve the following for x.
a. logs(125) =x
c. 3(log,(x)* =2 = 5log,(x)
Solve the following for x.
a. log;(x) =5
Find the value of x.
a. log;(81) =x
c. log (121) =2
Solve the following for x.

log,(128)

a. log,2x—1)=-3

log;(4x—1)=3

3 logyo(x) +2 =5 log;((x)

2 log,(x) —log,(2x — 3) = log,(x — 2)
log,(x) +2 log,(4) — logy(2) = log,(10)
- (log, x)* = log,(x) +2

Rewnte the following in terms of base 10.
a. logs(9)

x ~@ 0 o

Technology active

R

c. 3* =81
f.71=7
5log;;(6) — 5 log;,(66)

log, <\7/ l_éS >

51og,(49) — 5log,(343)
log, ( 16 >
256
6 10g2(\/;)
log, (x3)
log,(2x + 3)* — 2log,(2x + 3)

log,(5x + 1) +log,(5x + 1)* — log,(5x + 1)?

log,(x = 1) +2 =log,(x + 4)

log,(4x) + log,(x — 3) = log,(7)
log;(x —2) —log;(5 —x) =2
log, (m) =x
log,(—x) =
1
log, <—> =3
X
log,o(x) —log,,(3) = log,,(5)
log,o(x*) — log,o(x + 2) = log,o(x + 3)

log,,(2x) — log;(x —1) =1

j. (log;o(x) (loglo(xz)) —=5log,,(x)+3=0

logg(x —3) + logg(x+2) =1

log;(12)
2

11. [l a. Evaluate the following, correct to 4 decimal places

a. i logs(12)

b. If z =log;(x), find the following in terms of z.

i. 2x

(1

ii. log.(27)
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12. Evaluate the following, correct to 4 decimal places.

a. logy(7) b. log, (%)
13. If n = logs(x), find the following in terms of n.

a. S5x b. logs(5x?) c. log (625)
14. Solve the following for x, correct to 3 decimal places.

a. ¢¥ —3=log,2x+ 1) b. x* — 1 = log,(x)

15. Find x, correct to 4 decimal places, if (3 log;(x)) (5 log;(x)) = 11 log;(x) — 2.
16. Express y in terms of x for the following equations.

a. log,,(y) = 21og,(,(2) — 3log,,(x) b. log,(y) = =2 + 2log,(x)

2
c. logy(3xy) = 1.5 d. logg (f) + 2 =logg(2)

17. Solve the equation 8log (4) = log,(x) for x.
18. a. Find the value of x in terms of m for which 3log,, (x) = 3 + log,, 27, where m > 0 and x > 0.

100n° 3
b. If log,,(m) = x and log,,(n) =y, show that log, < " > =2+ 2 S5x.

ms\/; 2

4.3 Logarithmic scales

Logarithmic scales are used in the calculation of many scientific and mathematical quantities, such as the
loudness of sound, the strength (magnitude) of an earthquake, octaves in music, pH in chemistry and the
intensity of the brightness of stars.

WORKED EXAMPLE 4

Loudness, in decibels (dB), is related to the intensity, 7, of the sound by the equation

0

where I, is equal to 1072 watts per square metre (W/m?). (This value is the lowest intensity of
sound that can be heard by human ears).
An ordinary conversation has a loudness of 60 dB. Calculate the intensity in W/m?.

THINK WRITE

I
1. Substitute L = 60 and simplify. L =10 log,, (,—)
0

60 =10 log,, <TI‘12>
60 = 10 log,,(10"1)
6 = log,,(10"1)
2. Convert the logarithm to index form and solve for . 10° = 10'%/
1=10"°W/m*
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WORKED EXAMPLE 5

Using the same formula as in Worked example 4, if the intensity is doubled, what is the change in
the loudness, correct to 2 decimal places?

THINK WRITE

i
1. Determine an equation for L. Ly =10log,, <10—112>

=101log,, (10"1;)

= 10log,,(10'?) + 101og,, (1))
= 1201log,,(10) + 101log,,(I;)
=120 + 101log,,(1)

21
2. The intensity has doubled, therefore I, = 21;. L, =10log,, <—1>

=iz
Determine an equation for L. 10
= 101og,,(2 x 10'21})

= 101log,5(2) + 101og,,(10'?) + 101og,,(/;)
=3.010 + 1201log,,(10) + 101log,,(;)
=3.01 + 120 + 10log,,(11)

3.Replace 120 + 10log,,(1;) with L;. =3.01+L,

4. Answer the question. Doubling the intensity increases the
loudness by 3.01 dB.

Exercise 4.3 Logarithmic scales

Technology free

1.

K The loudness, L, of a jet taking off about 30 metres away is
1

known to be 130 dB. Using the formula L = 10 log, <I_> , where
0

I is the intensity measured in W/m? and Iy is equal to 10~'2 W/m?,
calculate the intensity in W/m? for this situation.

Your eardrum can be ruptured if it is exposed to a noise which has an

I
intensity of 10* W/m?. Using the formula L = 10 log,, <I_> , where
0

I is the intensity measured in W/m? and I, is equal to 10~'2 W/m?, calculate
the loudness, L, in decibels that would cause your eardrum to be ruptured.

Questions 3-5 relate to the following information.
Chemists define the acidity or alkalinity of a substance according to the formula

pH = —log,, [H+]

where [H"] is the hydrogen ion concentration measured in moles/litre.
Solutions with a pH less than 7 are acidic, whereas solutions with a pH greater than 7 are basic. Solutions
with a pH of 7, such as pure water, are neutral.
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3.

4,

Lemon juice has a hydrogen ion concentration of 0.001 moles/litre. Find the pH and determine whether
lemon juice is acidic or basic.

Find the hydrogen ion concentration for each of the following.

a. Battery acid has a pH of zero. b. Tomato juice has a pH of 4.

c. Sea water has a pH of 8. d. Soap has a pH of 12.

Technology active

5.

10.

Hair conditioner works on hair in the following way. Hair is composed of
the protein called keratin, which has a high percentage of amino acids.
These acids are negatively charged. Shampoo is also negatively charged.

AL |

When shampoo removes dirt, it removes natural oils and positive

charges from the hair. Positively charged surfactants in hair conditioner are

attracted to the negative charges in the hair, so the surfactants can replace

the natural oils.

a. A brand of hair conditioner has a hydrogen ion concentration of 0.000 015 8 moles/litre. Calculate the
pH of the hair conditioner.

b. A brand of shampoo has a hydrogen ion concentration of 0.000 002 75 moles/litre. Calculate the pH of
the shampoo.

The moment magnitude scale measures the magnitude, M,

of an earthquake in terms of energy released, E, in joules,

according to the formula

where K is the minimum amount of energy used as a basis of
comparison.
An earthquake that measures 5.5 on the moment magnitude

scale releases 10'3 joules of energy. Find the value of K,
correct to the nearest integer.

An earthquake of magnitude 9.0 occurred in Japan in 2011, releasing about 10'7 joules of energy. Use
the formula from question 6 to find the value of K correct to 2 decimal places.

Two earthquakes, about 10 kilometres apart, occurred in Iran on 11 August 2012. One measured 6.3 on
the moment magnitude scale, and the other one was 6.4 on the same scale. Use the formula from
question 6 to compare the energy released, in joules, by the two earthquakes.

=1 To the human ear, how many decibels louder is a 20 W/m? amplifier compared to a 500 W/m?

I
model? Use the formula L = 10 log,,, (1—>, where L is measured in dB, I is measured in W/m? and
0

Iy = 1072 W/m?. Give your answer correct to 2 decimal places.
The number of atoms of a radioactive substance present after ¢ years is given by

N() = N()e_mt.
a. The half-life is the time taken for the number of atoms to be reduced to 50% of the initial number of

e log,(2)
atoms. Show that the half-life is given by .
m

b. Radioactive carbon-14 has a half-life of 5750 years. The percentage of carbon-14 present in the
remains of plants and animals is used to determine how old the remains are. How old is a skeleton
that has lost 70% of its carbon-14 atoms? Give your answer correct to the nearest year.

216 Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Second Edition



11. A basic observable quantity for a star is its brightness. The apparent magnitudes m; and m, for two stars
are related to the corresponding brightnesses, b; and b,, by the equation

b
my —my = 2.5 log,, <b—;> .

The star Sirius is the brightest star in the night sky. It has an apparent magnitude of —1.5 and a
brightness of —30.3. The planet Venus has an apparent magnitude of —4.4. Calculate the brightness of
Venus, correct to 2 decimal places.

12. Octaves in music can be measured in cents, n. The frequencies
of two notes, f] and f;, are related by the equation

n = 12001log, (?) .
1

Middle C on the piano has a frequency of 256 hertz; the C
an octave higher has a frequency of 512 hertz. Calculate the clplEI|lFlcg|lAalB
number of cents between these two Cs.

13. Prolonged exposure to sounds above 85 decibels can cause hearing
damage or loss. A gunshot from a 0.22 rifle has an intensity of about (2.5 x 10'3)1;.
Calculate the loudness, in decibels, of the gunshot sound and state if ear protection should be worn

1
when a person goes to a rifle range for practice shooting. Use the formula L = 101log,, <I—>, where [
0

is equal to 1072 W/m?, and give your answer correct to 2 decimal places.
14. Early in the 20th century, San Francisco had an
earthquake that measured 8.3 on the magnitude scale. In
the same year, another earthquake was recorded in South
America that was four times stronger than the one in San

E
Francisco. Using the equation M = 0.67 log,, <E ),

E
where M is the magnitude of the earthquake and % is the

ratio between the largest and smallest waves, calculate the
magnitude of the earthquake in South America, correct to
1 decimal place.

4.4 |ndicial equations

4.4 1 Introduction

When we solve an equation such as 3* = 81, the technique is to convert both sides of the equation to the same
base. For example, 3* = 3%: therefore, x = 4.

When we solve an equation such as x* = 27, we write both sides of the equation with the same index. In
this case, x> = 33; therefore, x = 3.

If an equation such as 5** = 2 is to be solved, then we must use logarithms, as the sides of the equation
cannot be converted to the same base or index. To remove x from the power, we take the logarithm of both sides.

logs (5%) = logs (2)
2x =logs (2)

1
X = ) logs (2)

Note: If a* = b, a solution for x exists only if b > 0.
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Remember the index laws:

° am X an — am +n
ca"+a" =a"
° ( am)n = amn
e (ab)" = a™b™"

- (ﬁ)m _a b#0

—n

b/ b
ed’=1,a#0
m _ 1
*a —a—m,a;EO
1
°a;=”\'/¢7
o am = \/a".

Also remember that a* > 0 for all x.

WORKED EXAMPLE 6

Solve the following equations for x, giving your answers in exact form.

a. 4% x 16 = 256 b.7"3-3=0
c.(5=255"+1)=0 d.3% —-9(3)+14=0
THINK WRITE
a. 1. Convert the numbers to the same base. a. 4¥x16>*=256
43x X (42)3—)6 — 44
2. Simplify and add the indices on the 43% x 452 = g4*
left-hand side of the equation. 47+6 = 4*
3. As the bases are the same, equate the x+6=4
indices and solve the equation. ==
b. 1. Rearrange the equation. b. 7°%-3=0
773 =3
2. Take the logarithm of both sides to base 7 log, (73 = log,(3)
and simplify. x—3=1log,(3)
3. Solve the equation. x =log;(3)+3
c. 1. Apply the Null Factor Law to solve each  c. (5" —25)(5*+ 1) =0
bracket. 5-25=0 or 5+1=0
5° =25 5=-1
2. Convert 25 to base 5. 5 > 0, so there is 5% =52
no real solution for 5* = —1. x=2
d.1. Let a = 3* and substitute into the d. 3% -9(3%+14=0
equation to create a quadratic to solve. Leta = 3*:

a@—-9a+14=0

2. Factorise the left-hand side. (a=T)Ya-2)=0
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3. Apply the Null Factor Law to solve each a—T7=0o0r a-2=0

bracket for a. a="17 a=2
4. Substitute back in for a. 3*=17 3¥=2
5. Take the logarithm of both sides to base 3 log;(3) = log;(7) log;(3*) = log;(2)
and simplify. x =logs(7) x =log;(2)
TI | THINK WRITE CASIO | THINK WRITE
d. 1. On a Calculator page, press d. 1. On the Main screen, complete o et wtion smersctive
MENU then select T i) & the entry line as solve L i - - ) 4
vz -9 - x —-9(3%)+14=0, x
3: Algebra Bl 66) (-9 (¥) +14=0x) T F_}
1: Solve Tnl) o mE) then press EXE. " e
Complete the entry line as |
solve
(3*-9(3") +14=0,x)
then press ENTER. J
7]
Alg Stenderd  Asal Rad )|
In(2 In(7 In(2
2. The answer appears onthe  x = n(2) or x= n(?) 2. The answer appears on the  x = n(2)
In(3) In(3) In(3)
screen. screen.
_In(7)
" In(3)

study[1])
LUnis384> 4052 > Topic 1 > Concopt s 3

Indicial equations Summary screen and practice questions

Exercise 4.4 Indicial equations

Technology free
1. [l Solve the following equations for x.

a. 371 x 277 =81 b. 10771 -5=0

c. @ —16)4"+3)=0 d. 2(10%) =710 +3 =0
2. Solve the following equations for x.

a. 28 - L =0 b. 22 -9=0

c. 3¢¥ -5¢-2=0 d. e¥-5¢=0
3. Solve the following equations for x.

a. 7%1=5 b. 3*-93"-1)=0

c. 255 -5-6=0 d. 6(97) =199 +10=0
4. Solve the following equations for x.

a. 16 x 2%+ =g b. 2x 3 =4

c. 259 -12= —1—? d. 4+ =31
5. Solve the following equations for x.

a. 221 -3)+4=0 b. 2(5!"%)-3=7
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6. Solve the following equations for x.

a. ¢ 2-2=7 b. e +1=3 c. e¥ =3¢ d. " +2=4
7. Solve the following equations for x.
5
a. e =e"+12 b. ¢f =12 —-32¢7* c. e¥—4=2¢ d. ¢f—12=——
ex
8. Solve (log, (4m))* = 251 for m.
1
9. a. Simplify x~! — —
I4x~1

b. Solve 237 x 3743 x 6" = | for x.
10. Solve the following for x.
a. " =2n, where k € R\{0} andn € R*
b. 8™ x 4°" = 16, where m € R\{0}
c. 2¢™ =544, where m € R\{0}

Technology active

11. Solve the following for x, correct to 3 decimal places.

a. 2°<03 b. (0.4)" <2.

12. If y = m(10)™, y = 20 when x = 2 and y = 200 when x = 4, find the values of the constants m and n.

13. If y = ae ™,y = 3.033 when x = 2 and y = 1.1157 when x = 6, find the values of the constants a and k.
Give answers correct to 2 decimal places.

14. The compound interest formula A = Pe’” is an indicial equation, where A is the amount of interest, P is
the principal, r is the annual interest rate and ¢ is the number of years. If a principal amount of money, P,
is invested for 5 years, the interest earned is $12 840.25, but if this same amount is invested for 7 years,
the interest earned is $14 190.66. Find the integer rate of interest and the principal amount of money
invested, to the nearest dollar.

4.5 Logarithmic graphs
4.5.1 The graph of y = log,(x)

The graph of the logarithmic function f: R* — R, f(x) = log,(x), a > 1 has the following characteristics.

For f(x) = log,(x), a > 1:

¢ the domain is (0, o)

e the range is R

¢ the graph is an increasing function

* the graph cuts the x-axis at (1,0)

e asx—0,y— — o0, so the linex = 0 is an
asymptote

* as a increases, the graph rises more
steeply for x € (0, 1) and is flatter for x € (1, ).
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— m Resources

0‘ Interactivity: Logarithmic graphs (int-6418)

— study[]))
LUnis384> 4051 > Topic 3 > Concopt 2 2

Logarithmic functions Summary screen and practice questions

4.5.2 Dilations

Graphs of the form y = nlog,(x) and y = log,(mx)

The graph of y = nlog,(x) is the basic graph of y = log,(x) dilated by factor n parallel to the y-axis or from
1

the x-axis. The graph of y = log (mx) is the basic graph of y = log,(x) dilated by factor — parallel to the
m

x-axis or from the y-axis. The line x = 0 or the y-axis remains the vertical asymptote and the domain remains
(0, ).

YA YA
y =nlog,(x)
y = log, (mx)
1
(1,0) (WW
-« 0 > < 0 ;x
Y Y
x=0 x=0

study[T]

Transformations of logarithmic functions Summary screen and practice questions

4.5.3 Reflections
Graphs of the form y = —log,(x) and y = log,(—x)
The graph of y = —log,(x) is the basic graph of y = log,(x) reflected in the x-axis. The line x = 0 or the y-axis
remains the vertical asymptote and the domain remains (0, o).

The graph of y = log,(—x) is the basic graph of y = log,(x) reflected in the y-axis. The line x = 0 or the
y-axis remains the vertical asymptote but the domain changes to (—co, 0).

y) YA

y = -log,(x)
y =log, (=x)

(1,0) D

A
]

(=]
Y
e}

\

<<

x=0 x=0
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4.5.4 Translations
Graphs of the form y = log,(x) — k and y = log,(x — h)
The graph of y = log,(x) + k is the basic graph of y = log (x) translated k units parallel to the y-axis. Thus the
line x = 0 or the y-axis remains the vertical asymptote and the domain remains (0, co).
The graph of y = log,(x — h) is the basic graph of y = log, (x) translated / units parallel to the x-axis. Thus

the line x = O or the y-axis is no longer the vertical asymptote. The vertical asymptote is x = 4 and the domain
is (h, c0).

YA YA |
y=log,(x)+k i
]
I
(a, 1 +k) i y = log, (x—h)

: /

S0 x S0 ! (1+h,0) X
|
]
|
]
\ Y ,

x=0 x:h

WORKED EXAMPLE 7

Sketch the graphs of the following, showing all important characteristics. State the domain and
range in each case.

a.y =log,(x —2) b.y =log,(x +1) + 2 c.y= %loge(Zx) d.y = —log,(—x)
THINK WRITE/DRAW
a. 1. The basic graph of y = log,(x) has been a. y =log,(x — 2)
translated 2 units to the right, so x = 2 is the The domain is (2, 00).
vertical asymptote. The range is R.
2. Find the x-intercept. x-intercept, y = 0:
log,(x—=2)=0
=x-2
l=x-2
x=3
3. Determine another point through which the When x =4, y = log,(2).
graph passes. The point is (4, log,(2)).
4. Sketch the graph. YA
y =log,(x-2)

(3’ 0) (4’ IOge (2))

x

oA
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b. 1.

The basic graph of y = log,(x) has been
translated up 2 units and 1 unit to the left, so
x = —1 is the vertical asymptote.

. Find the x-intercept.

. Find the y-intercept.

. Sketch the graph.

. The basic graph of y = log, (x) has been

1
dilated by factor 7 from the x-axis and by

1
factor = from the y-axis. The vertical

asymptote remains x = 0.

. Find the x-intercept.

. Determine another point through which the

graph passes.

b. y=log,(x+1)+2

The domain is (—1, co).

The range is R.

The graph cuts the x-axis where y = 0.
log,(x+1)+2=0

log,(x+1)=-2
e2=x+1
x=e?-1

The graph cuts the y-axis where x = 0.

y=log,(1)+2
=)

YA

y=log,(x+1)+2
e

(e —1,0)

A

S
Y

1
.y = 1 log,(2x)

The domain is (0, o).
The range is R.

x-intercept, y = O:

1
1 log,(2x) =0

log,(2x) =0
¥ =2x
1=2x

1

T2

When x =1,y = log,(2).
The point is (1, log,(2)).
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4. Sketch the graph.

d. 1. The basic graph of y = log, (x) has been
reflected in both axes. The vertical
asymptote remains x = 0.

2. Find the x-intercept.

3. Determine another point through which the
graph passes.

4. Sketch the graph.

Ji
—llo (2x)
y - 4 ge
(1, log.(2))
CE
2
y
x=0

d. y = —log,(—x)

The domain is (—co, 0).
The range is R.

x-intercept, y = 0:

—log,(—x) =0
log,(—x) =0
e =—x
x=-1

When x = -2, y = —log, (2).
The point is (-2, — log,(2)).

y
y= _loge (—X)

(-1,0)
:/$/ 0 X
(_2’ _loge (2))
x=0

TI| THINK WRITE

d. 1. On a Graphs page, (K]
complete the entry line £1{x)=-1n(~x)]

for function 1 as

1) = = In(=x) })
then press ENTER.

10 1

£1(x)=-1n{-x)

CASIO | THINK WRITE

d. 1. On a Graph & Table screen,
complete the entry line for y1
as yl = —In(—x)
then press EXE.

Select the Graph icon.

© Edit Zeom Anslysis x

s O 25 (<] Y [ 5 0

Rad  Real |
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2. To find the x-intercept,
press MENU then select
6: Analyze Graph
1: Zero
Move the cursor to the
left of the x-intercept
when prompted for the
lower bound, then press
ENTER. Move the cursor
to the right of the
x-intercept when
prompted for the upper
bound, then press
ENTER.

3. To find a second point,
press MENU then select
5: Trace
1: Graph Trace
Type “—2” then press
ENTER twice.

Note: the calculator will
give decimal coordinates,
not exact values.

—_—

f1 (\')-‘ln('.\')

6671y * Analysis
* G-Solve
e Root
- (Loly - = then press EXE.
R =

¢ Analysis
e Trace

X press EXE.

values.

2. To find the x intercept, select

© Edit Zoom Anslysis ¢

DR B E

M« 1==lo(=x)
[ |s2:0

Sihest! [Shest2 Shest3 |Shemtd She

Red  Real

3. To find a second point, select

Type “—2” then select OK and

Note: the calculator will give
decimal coordinates, not exact

[ ]

Red  Feal

The situation may arise where you are given the graph of a translated logarithmic function and you are
required to find the rule. Information that could be provided to you is the equation of the asymptote, the
intercepts and/or other points on the graph. As a rule, the number of pieces of information is equivalent to the
number of unknowns in the equation.

WORKED EXAMPLE 8

The rule for the function shown is of the form y = log,(x — a) + b. Find the values of the constants

a and b.

Y

2
@-3.0

A

/ x

TOPIC 4 Exponential and logarithmic functions 225



THINK WRITE
1. The vertical asymptote corresponds to the value The vertical asymptote is x = —3, therefore

of a. a must be —3.
Soy =log,(x+3)+b.
2. Substitute in the x-intercept to find b. The graph cuts the x-axis at (¢> — 3, 0).
0=log,(e*?—=3+3)+b
—-b = logg(ez)
—b=2
b=-2
Soy=log,(x+3)—2
3. Write the answer. a=-3,b=-2

Exercise 4.5 Logarithmic graphs

Technology free

1. Sketch the following graphs, clearly showing any axis intercepts and asymptotes.
a. y=log,(x)+3
b. y=1log,(x) =5
c. y=log,(x)+0.5

2. Sketch the following graphs, clearly showing any axis intercepts and asymptotes.
a. y=log,(x —4)
b. y=1log,(x+2)
c. y=log,(x+0.5)

3. Sketch the following graphs, clearly showing any axis intercepts and asymptotes.
a. y= %loge(x)
b. y =3log,(x)
c. y=6log,(x)

4. Sketch the following graphs, clearly showing any axis intercepts and asymptotes.
a. y =log,(3x)

b. y=log, (=
e (1)
c. y = log,(4x)
5. [fIEd Sketch the graphs of the following functions, showing all important characteristics. State the
domain and range for each graph.
a. y=log,(x+4) b. y=log,(x)+2 c. y=4log,(x) d. y=—log,(x—4)
6. Sketch the graphs of the following functions, showing all important characteristics.
a. y=log;(x+2)-3 b. y =3logs(2 —x)
X

c. y=2log,(x+ 1) d. y=log, (—5)

7. Sketch the following graphs, clearly showing any axis intercepts and asymptotes.
a.y=1-2log,(x—1)
b. y =log,(2x+4)

1
c. yzzloge(§>+l
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8. [l The rule for the function shown is y = log,(x — m) + n. Find the values of the constants m and n.

YA

(e+2,3)

A

LY

Y

x=2
9. The graph of a logarithmic function of the form y = alog,(x — h) + k is shown below. Find the values of

a, h and k.
YA

A

-

(1,0
0,-2)

Y

=)

x=-1
Technology active

10. I3 The logarithmic function with the rule of the form y = plog,(x — g) passes through the points (0, 0)
and (1, —0.35). The values of the constants p and ¢ are:

A.p=—m,q=l B.p=0,g=-1 C-p=—ﬁi(2),q=—
D.p:—m,qz—l E.pzm,qzl
11. The equation y = alog,(bx) relates x to y. The table below shows values for x and y.
x 1 2 3
y |log,@ | 0 w

a. Find the integer values of the constants a and b.
b. Find the value of w correct to 4 decimal places.

11
12. The graph of y = mlog,(nx) passes through the points (-2, 3) and <—§ 5) Show that the values of m

7
and n are 1.25 and —25 respectively.

TOPIC 4 Exponential and logarithmic functions 227



4.0 Exponential graphs
4.6.1 The graph of y = &*

Exponential functions are those of the form f: R — R, f(x) = a*
where the base a € R*\{1}.

The index law a° = 1 explains why the graph of y = a* must
contain the point (0, 1). The graph of y = 2* would also contain
the point (1, 2), while the graph of y = 3* would contain the point
(1,3).

As the base becomes larger, exponential functions increase
more quickly. This can be seen in the diagram comparing the
graphs of y =2% and y = 3*.

1
The index law a™* = — explains why for negative values of x
a

the graphs of y = 2* and y = 3" approach the x-axis but always lie
above the x-axis. The x-axis is a horizontal asymptote for both of
their graphs and for any graph of the form y = a*.

Exponential functions of the form f: R — R, f(x) = a~* where

1
a € R*\{1} have base —. This is again explained by index laws, as
a

a
1 X
rather than y = <§> .

1 X
The graph of y =27 or <§> must contain the point (0, 1), and

1" . :
at=—= (—) . However, it is often preferable to write y = 27*

1
other points on this graph include (-1, 2) and <1, 5) .

y=2"

1,2

y=3
———y=2"
(1,3
(1,2)
- 0.1 y=0
D 0 “x

A

The graph of y = 2* illustrates a ‘growth’ form, whereas the graph of y = 27 takes a ‘decay’ form. The

two graphs are reflections of each other in the y-axis.

WORKED EXAMPLE 9

Consider the function f(x) = —5".
a. Evaluate f(2).

b. On the same set of axes sketch the graphs of y =5,y = —5* and y = 57*.

c. Express y = 57 in an equivalent form.

THINK WRITE/DRAW
a. Calculate the required value. a. f(x)=-5"
Note: —52 ?é (—5)2 f(2) — _52
=-25

b. 1. Identify points on each curve.

b. y = 5" contains the points (0, 1) and (1, 5).

y = —5" contains the points (0, —1) and (1, -5).
y = 57" contains the points (0, 1) and (-1, 5).
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2. Sketch the graphs on the same

axes.
1,-5)
y=-5"
1 X
c.  Write an equivalent form for c. Since 57 = <§> , an alternative form for the

the given rule.

1 X
ruleis y = <§> ory = 0.2%.

011! Resources

Interactivity: Exponential functions (int-5959)

study[1))

Exponential functions Summary screen and practice questions

4.6.2 The exponential function y = &*
Remember that e = 2.71828]1...

As 2 < e < 3, the graph of y = ¢” lies between those of y = 2* and y = 3%, and has much the same shape.

The graph of y = ¢* has the following key features.
e The points (0, 1) and (1, e) lie on the graph.
* There is a horizontal asymptote aty = 0.
* The domain is R.
e The range is R™.
* The function has one-to-one correspondence.
e Asx = 00,y = o0, and as x - —oo,y — 07,

YA
y=e*
(1,¢)

. Ao

A
=Y
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The graph shows an ‘exponential growth’ shape. Mathematical models of such phenomena, for exam-
ple population growth, usually involve the exponential function y = e*. Exponential decay models usually
involve the function y = e™".

The graph of y = ¢™ is shown.

The graph of y = ¢~ has the following key features. A

e The points (0, 1) and (—1, e) lie on the graph.
e There is a horizontal asymptote aty = 0.
e The domain is R. Loz

 The range is R™.
* The function has one-to-one correspondence. '\—>

e Asx - —00,y - o0, and as x — o0,y — 07, 0 y=07*
* The graph is a reflection of y = ¢* in the y-axis.

A

Sketching the graph of y = ae™ + k
A vertical translation affects the position of the horizontal asymptote of an exponential graph in the same way
it does for a hyperbola or truncus. The graph of y = ¢* + k has a horizontal asymptote with equation y = k. If
k < 0, then y = ¢* + k will cut through the x-axis and its x-intercept will need to be calculated.

To sketch the graph of an exponential function:

¢ identify the equation of its asymptote

 calculate its y-intercept

* calculate its x-intercept if there is one.

If the function has no x-intercept, it may be necessary to obtain the coordinates of another point on its graph.

The graph of y = ae™ + k has the following key features.
* There is a horizontal asymptote aty = k.
* There is one y-intercept, obtained by letting x = 0.
* There is either one or no x-intercept. The relative position of the asymptote and y-intercept
will determine whether there is an x-intercept.
If a > 0, the range is (k, ).
If a < 0, the range is (— oo, k).

The values of @ and n in the equation y = ae™ + k are related to dilation factors, and their signs will affect
the orientation of the graph. The possibilities are shown in the following diagrams and table.

J ********** & j ********** ﬁ

a>0,n>0 a>0,n<0 a<0,n>0 a<0,n<0

230 Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Second Edition



Dilation factors

Graph behaviour

a>0,n>0

Asx — —o0,y — kt

a>0,n<0

Asx — oo,y — k*

a<0,n>0

Asx —> —oo,y = k~

a<0,n<0

Asx —> o0,y = k=

Sketching the graph of y = ae"*™" + k

Under a horizontal translation of % units, the point (0, 1) on y = ¢* is translated to the point (%, 1) on the graph
of y = ¢, The y-intercept is no longer (0, 1), so it will need to be calculated.
By letting x = & for the horizontal translation, the index for the exponential will be zero. This simplifies

the calculation to obtain another point on the graph.

For the graph of y = a¢"*™ + kwhenx=h,y=ae’ +k=>y=a+k.

WORKED EXAMPLE 10

Sketch the following graphs and state the domain and range of each graph.

ay=2"+1
THINK
a. 1. State the equation of the asymptote.

2. Calculate the y-intercept.

3. Calculate any x-intercepts.

4. Locate another point if necessary and
sketch the graph.

5. State the domain and range.

b. 1. State the equation of the asymptote.

b.y=3—3¢2

c.y= —%ex"'l

WRITE/DRAW
y=2e"+1

The asymptote is y = 1.
y-intercept: Let x = 0.

y=2¢"+1
y=2+1
y=3

The y-intercept is (0, 3).
As the y-intercept is above the positive
asymptote, there is no x-intercept.

Growth shape

The domain is R and the range is (1, c0).
y=3-— 36_%
The asymptote is y = 3.
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2. Calculate the y-intercept.

3. Calculate any x-intercepts.

4. Locate another point if necessary and
sketch the graph.

5. State the domain and range.

c. 1. State the equation of the asymptote.

2. Calculate the y-intercept.

3. Calculate any x-intercepts.

4. Locate another point if necessary and
sketch the graph.

5. State the domain and range.

y-intercept: Let x = 0.
y=3-3¢"

y=0

The y-intercept is (0, 0).

(0, 0) is also the x-intercept.
Ifx=-2,theny =3 —3e <0.
A

A

Y

The domain is R and the range is (—o0, 3).
1

— _ _x+l
y 2€ '
The asymptote is y = 0.
y-intercept: Let x = 0.

_ __ 041
=
1
===

4
. . e
The y-intercept is <0, ~2 >
There are no x-intercepts as the x-axis is an
asymptote.
Letx = —1.
)

— __
Y=y

1

=——e
4
1
Another point on the graph is <—1, _4_1>
YA

The domain is R and the range is R™.
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4.6.3 Determining the equation of an exponential function

The form of the equation is usually specified along with the given information needed to determine the equa-
tion. This is necessary because it could be difficult to decide whether the base is e or some other value. The
number of pieces of information given will also need to match the number of parameters or unknown constants
in the equation.

The asymptote is a key piece of information to obtain. If a graph is given, the equation of the asymptote
will be apparent. Insert this value into the equation and then substitute coordinates of known points on the
graph. Simultaneous equations may be required to calculate all the parameters in the equation.

WORKED EXAMPLE 11

a. The diagram shows the graph of y = ae* + b. Determine the values of a and b.

b. The graph of y = a x 10" contains the points (2,30) and (4, 300). Form its equation.

THINK WRITE
a. 1. Insert the equation of the asymptote into a.y=ae +b
the equation of the graph. The asymptote is y = 3. This means b = 3.
The equation becomes y = ae* + 3.
2. Use a known point on the graph to fully The graph passes through the point
determine the equation. 4

<_1,3__ .
e

Substitute this point into the equation.

4 =il
3——=ae " +3
e

4

a
e

e
a=—-4
The equation is y = —4¢* + 3.
3. State the values required. a=-4b=3
b. 1. Substitute the given points in the equation. b. y = a x 10~
(2,30) = 30 =ax 10*

(4,300) = 300 = a x 10*
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2. Solve the simultaneous equations.

3. State the equation.

ax10%* =30 [1]
ax 10% =300 [2]
Divide equation [2] by equation [1]:
ax10* 300
ax 102 30
10%* =10
2k=1
1
k==
2

1
Substitute k = 3 in equation [1]:

ax10' =30
a=3

The equation is y = 3 X 102.

TI | THINK
a. 1. On a Data & Statistics

page, label the first
column x and the third
column y. Enter the

x -coordinates of the two
known points in the first
column and the
corresponding
y-coordinates in the third
column.

. Label the second column
expx. Select the function
entry line for expx and
complete the entry line as
¢", then press ENTER.
Select Variable Reference
for x when prompted,
then select OK.

. On a Calculator page,
press MENU then select:
6: Statistics
1: Stat Calculations
3: Linear Regression
(mx+b) ...

Complete the fields as
X List: expx

Y List: y

then select OK.

Conflict Detectea

x: Column or Variable?

‘Varlable Reference

|E<-| ICancel|

|l. near Regression

X List: | expx =

Save RegEqa to: | 1

Frequency List: | 1

Include Cateaones: ¥

VLnst:.y;

>

IO_KI |Can:eli

CASIO | THINK WRITE

a. 1. On a Statistics screen, relabel
list] as x and list3 as y. Enter
the x-coordinates of the two
known points in the first column
and the corresponding
y-coordinates in the third
column. 12

© Edit Csic SetGraph o

2. Relabel list2 as expx. Select the
function entry line for expx at

the bottom of the list and
complete the entry line as e*,
then press EXE.
12
13/
1
15
18
17
18/
18
Lo e [+
e~ (x)
Red  Auto  Gtavard il
3. Select
e Calc U Lingar fieg
. ALlst: v
* Regression st Thlﬁ'_wﬁl
* Linear Reg Froct ‘—IL
Copy Farmuls: off v
Complete the fields as Copy Fesldual: o [v)
XList: main\expx
YList: main\y
then select OK.
[ oK ] [ Cancz] ]
18
18
e [0~ (x.. | o
W oo =
Rsd  Auto  Gtandard |

234 Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Second Edition



LinRegMx expxy,1: CopyVar stat.RegEqn £1% f '“;::x“: %]
“Tile"  "Linear Regression (mx+b)"
"RegEqn” "me x+b"
"m" -4.
Nph 3,
e 1
ST =1.
"Resid" HELY
- =]
i
Calw, "o~ Cx. [ v ]
<l I
Cal= e~ (x)
Red  Auto  Gtandard |
4, The answer appears on The answer is of the form 4. The answer appears on the The answer is of the
the screen. y = mx + b, where m = —4, screen. form y = ax + b,
x = ¢, and b = 3. The equation is where a = —4, x = ¢,
— X .
y=—4e" +3. and b = 3. The equation
isy=—4e" +3.

4.6.4 Inverse functions
The exponential function can also be thought of as the inverse of the logarithmic function.

Consider the exponential function y = e*. To achieve the inverse, the x and y variables are interchanged.
Therefore, y = e* becomes x = ¢”. If we make y the subject of the equation, we have y = log,(x).

This can also be shown graphically.
Y

Rule y=¢€* y = log,(x) = In(x)
Type of mapping | One-to-one One-to-one
Domain R (0, o)

Range 0, o) R
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Exercise 4.6 Exponential graphs

Technology free

1. [EZEHE] Consider the function f(x) = —10*.
a. Evaluate f(2).
b. On the same set of axes, sketch the graphs of y = 10%, y = —10" and y = 107",
c. Express y = 107 in an equivalent form.
. [EEZE Sketch the following graphs and state the domain and range of each.
a. y=-2¢"-3 b. y=4e* -4 c. y=>5¢"7

N

3. Sketch the graph of each of the following exponential functions and state their long-term behaviour as
X — 0.
4 _
a.y=§><10x b. y=3x4""
_x 2\
C.y=—5><32 d_y:—g

4. For each of the following functions, sketch the graph, state the range and identify the exact position of
any intercepts the graph makes with the coordinate axes.

1
a.y=e"-3 b. y=—-2¢"—1 c.y=§e_4x+3
x+1
d y=4-—¢* e. y=4e>642 f.y=1—e 2

5. a. Sketch the graph of y = 2¢!73* — 4, labelling any intercepts with the coordinate axes with their exact
coordinates.
b. Sketch the graph of y = 3 X 2* — 24 and state its domain and range.
. [ZEEN a. The diagram shows the graph of y = ae* + b. Determine
the values of a and b. YA
b. The graph of y = a x 10** contains the points (4, —20) and
(8,—-200). Form its equation.

(<]

Technology active

A

7. I The graph of y = a X € contains the points (2,36) and (3, 108).
The exact values of ¢ and k are

A. a=2k=1log,3) B.a=4,k=3
C.a=4,k=1log,3) D.a=6,k=1o0g,3) v
E.a=6k=3

8. a. The graph shown is of the function f(x) = ae* + b. Determine the

values of a and b and write the function as a mapping.

A

Y

0,0
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b. The graph shown has an equation of the form y = Ae™ + k. Determine its equation.

YA
(-1,4+¢?
S0
, (0,5)
T y=4
< 0 >
Y

c. The graph of y = 2> 4 ¢ contains the points (0, —5) and (3, 9).
i. Calculate the values of b and c.
ii. State the range of the graph.
d. The graph of y = Ae*~? + B contains the point (2, 10). As x — —c0, y — —2.
i. Calculate the values of A and B.

6
ii. The graph passes through the point <a, 2 < - - 1) ) Find the value of a.
e

9. For each of the following functions, state the domain and range. Define the inverse function, f~!, and

state the domain and range in each case.
a. f(x) =2log,(3x+3) b. f(x) =log,2(x—1))+2 c. f(x)=2log,(1-x)—-2

10. For each of the functions in question 9, sketch the graphs of fand f~! on the same set of axes. Give the
coordinates of any points of intersection, correct to 2 decimal places.

11. For the functions defined by f(x) = 2* and g(x) = 27, sketch the graph of the difference function
y = (f — g)(x) and state its domain, range and rule.

12. Use addition of ordinates to sketch the graph of y = ¢™ + ¢*

4.7 Applications

Logarithmic and exponential functions can be used to model many real-life situations directly.
For some exponential models that are functions of time, the behaviour or limiting value as t — oo may be
of interest.

WORKED EXAMPLE 12

If P dollars is invested into an account that earns interest at a rate of r for ¢ years and the interest
is compounded continuously, then A = Pe”, where A is the accumulated dollars.

A deposit of $6000 is invested at the Western Bank, and $9000 is invested at the Common Bank
at the same time. Western offers compound interest continuously at a nominal rate of 6% per
annum, whereas the Common Bank offers compound interest continuously at a nominal rate of
5% per annum.

In how many years, correct to 1 decimal place, will the two investments be the same?

THINK WRITE
1. Write the compound interest equation for each of A = Pe"
the two investments. Western Bank: A = 60000

Common Bank: A = 9000¢%%*
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2. Equate the two equations and solve for ¢. 6000e%%" = 900005

CAS could also be used to determine the answer. AL _ 9000
€005t 6000
3
0.017 _ >
=3
3
0.01z =1 —
oe. (3)
0.01z = 0.4055
. 0.4055
0.01
t = 40.5 years

WORKED EXAMPLE 13

The population of foxes on the outskirts of a city is starting to increase.

Data collected suggests that a model for the number of foxes is given

by N(t) = 480 — 320e="%, t > 0, where N is the number of foxes

t years after the observations began.

a. How many foxes were present initially at the start of the observations?

b. By how many had the population of foxes grown at the end of the first /\
year of observations? X

c. After how many months does the model predict the number of foxes
would double its initial population?

d. Sketch the graph of NV versus ¢.

e. Explain why this model does not predict the population of foxes will
grow to 600.

THINK WRITE/DRAW
a. Calculate the initial number. a. N(1) = 480 — 32070
When ¢ = 0,
N(0) = 480 — 320¢°
=480 — 320
= 160
There were 160 foxes present initially.
b. 1. Calculate the number after 1 year. b. Whenr =1,
N(1) = 480 — 320793
~ 242.94
After the first year 243 foxes were present.
2. Express the change over the first year in Over the first year the population grew from
context. 160 to 243, an increase of 83 foxes.
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c. 1. Calculate the required value of z. c. Let N=2x160 = 320.

Note: An algebraic method requiring 320 = 480 — 320e 0%
logarithms has been used here. CAS 320e%% = 160
technology could also be used to solve o031 — 1

the equation. 2

1
e =
Og€<2>
f= !
= —1lo —
03 8¢\ 2

3
t ~ 2.31
2. Answer the question. 031 x12~4
The population doubles after 2 years and 4 months.
d. Sketch the graph. d. N(t) = 480 — 320e™ %%

The horizontal asymptote is N = 480.
The y-intercept is (0, 160).

N =480 - 320e — 0.3¢

! g

e. Give an explanation for the claim. e. The presence of an asymptote on the graph shows
that as r — oo, N — 480. Hence N can never reach
600. The population will never exceed 480
according to this model.

Exercise 4.7 Applications

Technology active

1.

EI=8 A deposit of $4200 is invested at the Western Bank, and $5500 is invested at the Common Bank at

the same time. Western offers compound interest continuously at a nominal rate of 5% per annum,

whereas the Common bank offers compound interest continuously at a nominal rate of 4.5% per annum.

In how many years will the two investments be the same? Give your answer to the nearest year.

If $1000 is invested for 10 years at 5% per annum interest compounded continuously, how much money

will have accumulated after the 10 years?

a. An investment triples in 15 years. What is the interest rate that this investment earns if it is
compounded continuously? Give your answer correct to 2 decimal places.

b. An investment of $2000 earns 4.5% per annum interest compounded continuously. How long will it
take for the investment to have grown to $9000? Give your answer to the nearest month.

The number of parts per million, n, of a fungal bloom in a stream ¢ hours after it was detected can be

modelled by n(f) = log, (t + %), t > 0.

a. How many parts per million were detected initially?

b. How many parts of fungal bloom are in the stream after 12 hours? Give your answer to 2 decimal
places.

c. How long will it take before there are 4 parts per million of the fungal bloom? Give your answer
correct to 1 decimal place.
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5. JIZEE] The population of possums in an inner city suburb is starting to increase.

10.

Observations of the numbers present suggest a model for the number of possums
in the suburb given by P(f) = 83 — 65¢7%%, ¢ > 0, where P is the number of
possums observed and 7 is the time in months since observations began.

a. How many possums were present at the start of the observations?

b. By how many had the population of possums grown at the end of the first
month of observations?

c. When does the model predict the number of possums would double its
initial population?

d. Sketch the graph of P versus t.

e. Explain why this model does not predict the population of possums will
grow to 100.

Let P(t) = 200 4+ 1000 represent the number of bacteria present in a petri
dish after ¢ hours. Suppose the number of bacteria trebles every

8 hours. Find the value of the constant k correct to 4 decimal places.

An epidemiologist studying the progression of a flu epidemic decides that
the function

3 _
P(t)=Z(1—e ), k>0

will be a good model for the proportion of the earth’s population that will contract the flu after # months.
If after 3 months ﬁ of the earth’s population has the flu, find the value of the constant k, correct to 4
decimal places.

Carbon-14 dating works by measuring the amount of carbon-14, a radioactive element, that is present in a
fossil. All living things have a constant level of carbon-14 in them. Once an organism dies, the carbon-14

in its body starts to decay according to the rule
0 = Qpe 0000 124

where ¢ is the time in years since death, Qy is the amount of carbon-14 in milligrams present at death and

Q is the quantity of carbon-14 in milligrams present after ¢ years.

a. If it is known that a particular fossil initially had 100 milligrams of carbon-14, how much carbon-14,
in milligrams, will be present after 1000 years? Give your answer correct to 1 decimal place.

b. How long will it take before the amount of carbon-14 in the fossil is halved? Give your answer correct
to the nearest year.

Glottochronology is a method of dating a language at a particular stage, based on the theory that over a

long period of time linguistic changes take place at a fairly constant rate. Suppose a particular language

originally has Wy basic words and that at time ¢, measured in millennia, the number, W(¢), of basic words

in use is given by W(7) = W,(0.805)".

a. Calculate the percentage of basic words lost after ten millennia.

b. Calculate the length of time it would take for the number of basic words lost to be one-third of the
original number of basic words. Give your answer correct to 2 decimal places.

Andrew believes that his fitness level can be modelled by the function

F()=10+2log, (t+2)

where F'(¢) is his fitness level and ¢ is the time in weeks since he started
training.

a. What was Andrew’s level of fitness before he started training?

b. After 4 weeks of training, what was Andrew’s level of fitness?

c. How long will it take for Andrew’s level of fitness to reach 15?
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11.

12.

13.

14.

15.

In 1947 a cave with beautiful prehistoric paintings was discovered in Lascaux, France. Some charcoal
found in the cave contained 20% of the carbon-14 that would be expected in living trees. Determine the
age of the paintings to the nearest whole number if

Q — Qoe—O.OOO 1241

where Qy is the amount of carbon-14 originally and ¢ is the time in years since the death of the
prehistoric material. Give your answer correct to the nearest year.
The sales revenue, R dollars, that a manufacturer receives for selling x units of a certain product can be
modelled by the function
X

R()=800log, (2+ 525 ).
Furthermore, each unit costs the manufacturer 2 dollars to produce, and the initial cost of adjusting the
machinery for production is $300, so the total cost in dollars, C, of production is

C(x) = 300 + 2x.

a. Write the profit, P(x) dollars, obtained by the production and sale of x units.

b. Find the number of units that need to be produced and sold to break even, that is, P(x) = 0. Give your
answer correct to the nearest integer.

The value of a certain number of shares, $V, can be modelled by the equation

V= ke™

where ¢ is the time in months. The original value of the shares was $10 000, and after one year the value

of the shares was $13 500.

a. Find the values of the constants k and m, giving answers correct to 3 decimal places where
appropriate.

b. Find the value of the shares to the nearest dollar after 18 months.

c. After  months, the shares are sold for 1.375 times their value at the time. Find an equation relating
the profit made, P, over the time the shares were owned.

d. If the shares were kept for 2 years, calculate the profit made on selling the shares at that time.

The population, P, of trout at a trout farm is declining due to
deaths of a large number of fish from fungal infections.
The population is modelled by the function

P=alog, (1) +c

where ¢ represents the time in weeks since the infection started.

The population of trout was 10000 after 1 week and 6000 after

4 weeks.

a. Find the values of the constants a and c. Give your answers
correct to 1 decimal place where appropriate.

b. Find the number of trout, correct to the nearest whole trout, after 8 weeks.

c. If the infection remains untreated, how long will it take for the population of trout to be less than
1000? Give your answer correct to 1 decimal place.

The mass, M grams, of a radioactive element, is modelled by the rule

M =a-log,(t+Db)

where ¢ is the time in years. The initial mass is 7.8948 grams, and after 80 years the mass is

7.3070 grams.

a. Find the equation of the mass remaining after ¢ years. Give a correct to 1 decimal place and b as an
integer.

b. Find the mass remaining after 90 years.
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16. In her chemistry class, Hei is preparing a special solution for an experiment that she has to complete.
The concentration of the solution can be modelled by the rule

C = A log, (kt)

where C is the concentration in moles per litre (M) and ¢ represents the time of mixing in seconds. The

concentration of the solution after 30 seconds of mixing is 4 M, and the concentration of the solution

after 2 seconds of mixing was 0.1 M.

a. Find the values of the constants A and k, giving your answers correct to 3 decimal places.

b. Find the concentration of the solution after 15 seconds of mixing.

c. How long does it take, in minutes and seconds, for the concentration of the solution to reach 10 M?

17. Manoj pours himself a mug of coffee but gets distracted by a phone call before he can drink the coffee.

The temperature of the cooling mug of coffee is given by T = 20 4 75¢7%92 where T 'is the

temperature of the coffee r minutes after it was initially poured into the mug.

a. What was its initial temperature when it was first poured?

b. To what temperature will the coffee cool if left unattended?

c. How long does it take for the coffee to reach a temperature of 65°C ? Give your answer correct to
2 decimal places.

d. Manoj returns to the coffee when it has reached 65°C and decides to reheat the coffee in a
microwave. The temperature of the coffee in this warming stage is T = A + Be™*%'_ Given that the
temperature of the reheated coffee cannot exceed 85°C, calculate the values of A and B.

e. Sketch a graph showing the temperature of the coffee during its cooling and warming stage.

4.8 Review: exam practice

A summary of this topic is available in the Resources section of your eBookPLUS at www.jacplus.com.au.

Short answer: technology free
1. a. Solve the following equations for x.
i. 2log,(x) —log,(x — 1) =log,(x —4)
ii. 2log,(x+2)—log,(x) =log,3(x—1)
iii. 2 (log,(x))* = 3 — log,(x")
b. Express y in terms of x for the following equations, giving any restrictions for x.
i. log,(y) =2log,(x) —3 i. log;(9x) — log3(x4y) =2

644> 3y
c. If log,(p) = x and log,(g) = y, show that log, =3-3x+—=.
(7o)
2. The pH of a substance is a value that defines the acidity or alkalinity of that substance. It depends on the
concentration of the hydrogen ion, [H+] in moles/litre, and is calculated according to the formula

pH = —log,, [H*].

Solutions with a pH less than 7 are acidic, solutions with a pH greater than 7 are basic, and solutions with
a pH of 7 are neutral.
a. For each of the following, find the pH and state whether the solution is acidic, basic or neutral.
i. Vinegar has a hydrogen ion concentration of 0.01 moles/litre.
ii. Ammonia has a hydrogen ion concentration of 10~!! moles/litre.
b. Find the hydrogen ion concentration for each of the following.

i. Apples have a pH of 3. ii. Sodium hydroxide has a pH of 14.
3. Solve the following equations for x.
a. ¥ =8 +15=0  b. 2¢* —35=9¢" c. 2°+18x2™ =11
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4. Solve the following equations for x.
a. 3% %92 =27 where k€ R\{0} andm € R b. 3¢ — 4 = 67, where k € R\ {0}

5. Sketch the graphs of each of the following, showing any axis intercepts and the asymptote(s). State the
domain and range in each case.

a. y=log,(x—-1)+3 b. y=1log,(x+3)—1

c. y=2log,(—x) d. y=-log,(x —4)
6. Sketch each of the following over the implied domain, and state the range.

a. y=6x2"1-12 b. y=1 (7 +5)

7. The loudness of plant machinery at a manufacturing business is modelled by the equation
1
L =10log,, (I_)’ where L is the loudness in decibels (dB), I is the intensity in watt/m? and
0

Iy = 107'% watt/m?2.

a. If the loudness of the plant machinery at this business is known to be 90 dB, calculate the intensity for
this situation.

b. Calculate the loudness of the plant machinery if the intensity is 107° watt/m?.

Multiple choice: technology active
1. @ Simplifying 3log,(5) + 2log,(2) — log,(20) gives:
1 1
A. loge<£> B. log,(109) C. log,(480) D. 2log,(5) E. 6loge<§>

2. @ The table below gives values for x and y that relate to the equation y = alog,(bx). Find the exact
values of a, b and m.

x 1 2 3
y | —3log,(2) 0 m
9 1 27
A. a=—3,b=2,m=10ge<z> B. a=—3,b=§,m=loge<Z>
1 3 1 3
C.a=—3,b=§,m=3loge<§> D.a=3,b=§,m=loge<§>
1 3
E. a= 3, b= E,m = 310ge<§>
3. [ If 5log,y(x) — log;o(x*) = 1 + log,,(y), then x is equal to:
10 10
Ay B. 10y c. /10y D. — E. {/—
y y
4. Y The exact solution of the equation 3% —4 x 3+ 1 =0 is:
A.x=0x=-1 B.x=0,x=1 C.x=-1,x=1
D.x=§,x=1 E.x=§,x=—l
5. [IId If x = 5 is a solution to the equation log,(ax + 3) = 4, then the exact value of a is:
log,(4) -3 e et et -3
A —— B. - c.—-3 D. E. 10.3196
5 2 5 5
6. [ C02-102.02) ig equal to:
1 2
A. 310ge<§> B. 0 c. 1 D. x* —3x E. %
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7. [0 The expression log,(m) + log,,(p) + log,(n) is equal to:

A 1 + 1 n 1 B 1 + 1 n 1
" log,(m)  log,(p)  log,(n) log,(n) ~ log,(m) ~ log,(p)
C. — 1 - 1 - 1 D. 1 + ! + !
log,(m) log,(p) log,(n) log, (m) ~ log,(p) log,(n)
1 1 1

E. + +
log,(mp) ~ log,(mn)  log,(np)
8. [ The function £ has the rule h(x) = alog,(x —m) + k, where m and k are positive constants and a is a
negative constant. The maximal domain of / is:

A. RT B. R\{m} C. R\{n} D. (m,n) E. (m, )
9. [ If 7¢** = 3 then x equals:
3 3 log, (3) log,(3) alog,(3)
A. =1 B. al = C. D. —— E. ——
7 8 o8 <7> a alog,(7) log,(7)
10. [ loge(4e3x) is equal to:
A. 12x B. log,(12) +x C. log,(e'™) D. 3xlog,(4) E. log,(4) + 3x
11. @ A possible equation for the graph shown is: v
A
y=2
-« 0 >
Y
ALy=2-¢ B.y=2-¢" C.y=2+¢€" D.y=2+¢" E.y=e"-2

Extended response: technology active
1. a. The graph of the function f: (=5, 00) = R, f(x) = log,(x + 5) + 1 is shown.
YA

y=log,(x+5+1
(0, log,(5) + 1)

(e -5,0)

<

4
— 4
o
=Y

x=-5 Y

i. Find the rule and domain of f~!, the inverse function of f.
ii. On the same set of axes, sketch the graph of f~!. Label the axis intercepts with their exact values.
iii. Find the coordinates of the point(s) of intersection correct to 3 decimal places.
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b. The graph below has the rule g(x) = log,(x — h) + k, where h and k are constants.

YA

y=g)

A

<Y

0,0

i. State the value of A.
ii. Show that k = —log,(2).

. . x—nh .
iii. Hence, rewrite the rule in the form g(x) = log, <—), where c is a constant.
c

2. Carbon-14 dating measures the amount of radioactive carbon-14 ) )
in fossils. This can be modelled by the relationship : - : %
0.0001241 ‘ : R o
Q= Qoe”
where Q is the amount, in milligrams, of carbon-14 currently
present in the fossil of an organism, ¢ is the time in years since
the organism’s death, and Qy is the initial amount,
in milligrams, of carbon-14 present. i
a. A fossil shell initially has 150 milligrams of carbon-14 present. l" .
How much carbon-14 will be present after 2000 years?
Give your answer correct to 3 decimal places.
b. Find the number of years it will take for the carbon-14 in the shell to be halved. Give your answer
correct to the nearest year.

c. Suppose the amount of carbon-14 in the shell is %. Find an equation relating » to ¢. Hence, find how
n

long it will be before the amount of carbon-14 in the fossil shell is %. Give your answer to the
nearest year.

3. The population of quokkas in a small corner of south-western
Western Australia is currently described as vulnerable. The
once-plentiful population of quokkas was drastically reduced
after dingoes, foxes and wild pigs found their way to Australia.

Conservation efforts and dingo, fox and wild pig control prograns
have seen quokka populations recovering in some areas. In the
Northern Jarrah forest, one of the areas where these conservation
practices occur, there were known to be about 150 quokkas

in 2008. Conservationists produced a model for the increase in
population, which was given by

P=alog,(t)+b

where 7 is the time in years since 2007 and a and b are constants. There were estimated to be about 6000
quokkas present in the forest in 2013.
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a.
b.

Determine the values of a and b. Give your answers correct to the nearest integer.

Calculate the number of quokkas that is expected to be present in 2020. Give your answer correct to
the nearest integer.

Given that quokkas have a life expectancy of about 10 years, the model for the actual population is
revised to

Pgr =P —-025P =0.75P

where Py is the revised population.
i. Find the equation relating Py to ¢, the number of years since 2007.
ii. Calculate the revised population prediction for 2020. Give your answer correct to the nearest
integer.

4. In some parts of the world there have been measles (rubella) epidemics. For one such epidemic in Wales,
the number of people in the population infected was modelled by the rule

P (1) = A"

where ¢ is the number of days after the epidemic began. At the beginning of the epidemic, 200 cases were
reported to authorities, but 30 days later there were 1000 cases.

a.
b.
c.

5. A kettle was filled with water and the water heated to 98 °C. The kettle was then switched off at 1 pm and

Calculate the values of the constants A and k. Give k correct to 4 decimal places.
Calculate the expected number of cases after 60 days. Give your answer correct to the nearest integer.
How long will it take for the number of cases to reach 6000? Give your answer correct to 1 decimal
place.

Thirty-eight thousand young people in Wales were at risk of contracting measles because they had not
been immunised against rubella. If the epidemic went unchecked, how long would it have taken for all
these young people to be infected? Give your answer correct to 1 decimal place.

the water began to cool. By 3 pm, the temperature of the water was 58 °C.
The temperature, T °C, of the water ¢ hours after 1 pm is modelled by the rule 7 = Ae™* + 18.

o 0 T o

e

Calculate the value of A and k.

What is the temperature of the water at 11 pm? Give your answer to 1 decimal place.
Sketch the graph of T versus ¢.

After what time will the temperature of the water be less than 22 °C?

What happens to the temperature in the long term?

6. A biologist conducts an experiment to determine conditions that affect the growth of bacteria. Her initial
experiment finds the growth of the population of bacteria is modelled by the rule N = 22 X 2/, where N is
the number of bacteria present after # days.

a.
b.
c.

study[]))

How long will it take for the number of bacteria to reach 28167

What will happen to the number of bacteria in the long term according to this model?

The biologist changes the conditions of her experiment and starts with a new batch of bacteria. She

finds that under the changed conditions the growth of the population of bacteria is modelled by the
66

1 4 2¢-02°

i. Show that in both of her experiments the biologist used the same initial number of bacteria.
ii. What will happen to the number of bacteria in the long term according to her second model?

rule N =

Sit VCAA exam
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Answers
Topic 4 Exponential

and

logarithmic functions
Exercise 4.2 Logarithm laws and equations

1. a. logs216=3
c. log;81 =4
e. log50.008 = -3

2. a. 4
1

2
3.a 0
b. 3log,(2x—1)
c. log;o(x—1)

4. a. 7 b. =5

d -2 e. —

k. = 62

=

1
e
log;(9)
log,,(5)

11. a. i. 1.2770
b. i.2x3%

10. a.

12. a. 1.7712

13. a. 5"+! b. 1+2n

14. a. x =—0.463,0.675
b. x=0451,1

15. 1.5518, 1.4422

16. a. y=

17. 16, —

18. a. x=3m

log, 256 =8

log,7=1
-5
-1

e T ~av

1

log,(2x + 3)
2log,(5x + 1)

e

[=3
|
—_
)
]

o
—
w

=
|
—_

L
—_
o
8]

log,,(12)
log,o (%)
i. —1.2619

[=3

<
Il
2
=

log,, 0.0001 = —

b. log,, m = x,s0 10° = m, and log,, n =y, so 10’ = n.
log ( 100n? ) log 100(10°)2
w| ——~— =08 |—
mi\/n (1095(10)2
10% x 102V>
105 % 102

10°% 102 3
= log10

=log,

1 05x

cva()

(2 + 7 - 5x> log,, 10

3y
=24+ =
+ 5 -5

Exercise 4.3 Logarithmic scales

1.
. 160 dB

. Lemon is acidic with a pH of 3.

A 0N

0 N O O

11.
12,
13.
14.

10 W/m?

a. 1 Militre b. 0.0001 M/litre
1078 M/litre d. 107" M/litre
. a. 4.8, acidic b. 5.56, acidic
. 61808
. 3691.17

. The magnitude 6.4 earthquake is 1.41 times stronger than

the magnitude 6.3 earthquake.

. The 500 W/m? amplifier is 13.98 dB louder.
10.

a. 0.5Ny = Noe™
1

—mt

2
e (L) 2
og\5 )= —mt
log,27") = —mt
—log,(2) =—
log,(2) =
_ log,(2)
T oom
b. 9988 years
—437.97
361 cents

133.98 dB, so protection should be worn.
The magnitude of the South American earthquake was 8.7.
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Exercise 4.4 Indicial equations b.

y“ y= loge (X) - 5
1 1
1. a. 3 b. Elog,0(5)+ 3
1
c. 2 d. log;,(3),log,, <§>
1 < 0 50 :x
2. a. -9 b. 5 l0gs(9) .0
c. log,(2) d. log,(5)
1 1
3. a 3 log,(5) + 3 b. 0,2 , . Y
c. logs(3) d. log, <§) or log, <§) ¥=0
7 C. yA
4. a. -3 b. log;(2) -1
lo 3
c. 0,1 d. ge—(“)
log,(12)
5.a 1 b. 0
. a. 2log,(3)+2 b. 4log,(2)
c. log,(3) d. —4/log,(2), 1/log,(2) < 5
7. a. 2log,(2)
b. 2log,(2), 3log,(2)
c. log, (\/§+ 1)
d. log, <6—\/31>, log, <\/31 +6) y
5 x=0
3" 1
& T Ixaw 2. a YA i y = log,(x—4)
1 L (10, log,(6)
9.a —-—x-1 b. lor3 |
x |
I
10. a. % ~  log,(2n). k € R\[0} and n € R* i
I
. 43—, m € R\{0} i
|
V57 +5 < i >
e L1 < + ),mER\{O} 0 ! X
m 4 i
I
11. a. x < —1.737 b. x> —0.756 |
I
12.m=2andn=% v xi4
_ k _ 2 b. y‘\
13. a =5,k =025 m
14. P =$10000, r = 5% (0, log, (2))
(-1, 0)

A

Exercise 4.5 Logarithmic graphs
1. a. y‘\

y=log,(x) +3

=Y
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A 4. a. y=log,(3x)

y=log,(x +0.5) YA
%’

i
]
I
]
I
]
|
! (0.5, 0)
= i 0 x “ol ’
| (5-9)
L F0.10g,0.5)
i
I
| \
. x=0
: b. y = log (E>
=105 A
1
3. a. y=—log,(x)
; T
A 4,0)
-~
0 X
1
y = —+log,(x)
(1,0 1=
< >
Y
x=0
‘ c. y=log,(4x)
A YA
b. v = 3log,(x) y = log, (4x)
YA
y = 3log, (x)
0] f0.25,0) B
D “x x L 0
5. a Y\
E y=log, (x +4)
I
| '/-_'
' (-3,0) i (0, log, (4))
v=0 < | >
c. y=6log,(x) I )
YA i
I
I
|
=61
y=6log, (x) Ny
x="4
- (1,0) o b Domain = (-4, c0), range = R
< % yl\

y=log,(0)+2

1,2)

A
/

of [ez0 ¥

=
]
o

Y
x=0

Domain = (0, o0), range = R
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[+ )’“
y =4log,(x)
/(2,4/10&(;)
- o] /1,0 “x
Y
x=0
Domain = (0, ), range = R
d. y“
y= _loge (.X' - 4)
o G0
< 5 >

Y

Domain = (4, ), range

V)

y =3logs(2-x)

(0, 3logs (2))

<
0

X
(6, -log, (2))

x=4

R
\
y=logz (x +2)-3

(25,0)

(0,1og3(2) -3)

y=2logo(x+ 1)

(1, 210g1(L(2))

A

>

0,0) X

d YA
y =10gz(—§)
‘\(_2, 0)
< >
1,-Dx"
x=0
7

7.a. y=1-2log,(x—1)

M\

y=1-2log,(x—1)

:0 —\ic
Y
x=1
b. y=log,(2x+4)
| Y,
I
I
i
I
| y=log,(2x + 4
I
I
i ©, log, (4))
< | >
I
:/—1.5, O)Ol *
I
x=2
c = llo <§> +1
" y_ 2 ge 4
YA
y= %logﬂ(§)+1
(4&_(%’/'
) “x
\
x=0
m=2,n=2
= L, h=-1, k=-2
log,(2)
1
=-1,b==
a. a 3
b. —0.4055
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12. (=2,3) = 3 = mlog,(~2n) (1]

(_%,%) = % =mlog, (—;) (2]

(11 -[2]:

3— = =mlog, (=2n) — mlog, (—

N N —

=m (log2 (—2n) — log, (—

- (e ()

=mlog, (4)
=mlog, 2*

=2m

m= —

a4

Substitute m = 45_1 into [1]:

5
3= 1 log, (—2n)

12
5= log, (—2n)
12
25 =-2n
12
n=23%+-2
A

Exercise 4.6 Exponential graphs

1. a. =100
b. Y
(-1, 10)

y=10~

NS ol

Y

y=-2¢"-3

Domain R, range (—oc0, —3)

y=4e3 -4

0,0

Y

[

(1,-10)

X — o0,y = 0"
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(0, 4¢7°+2)

Y
Range (2, o)

4. a (0,1-¢79%)
(log,(3), 0)
_______________22:—3
Range (-3, o) 5. a.
b.
(0, 2¢ — 4)
"\ Hla-rog@.0) *
y=2e!"3%_4
Y
c. YA b. YA
y_le4x+3 y=3x2"-24
0,35)—~——______ < (3,0) o
'_______________3)_:_3 - 0 ')C
-« » 0,21
~ ( ) v= 24
A Z25
Range (3, o) . Y
Domain R, range (—24, o0).
6.a. a=-2,b=2
b. y=-2x10%
7. C
8. a. a=-11,b=11,fR—> R,f(x)=—1le" + 11
b. a=1,n=-2,y=e>+4
c. .b=-1,c=-7 i. (=7,00)
d i.A=12,B=-2 i. a=1
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. f) = 2loge(3(x + 1)), domain = (-1, 00) and 11. y = 2" — 27", domain R, range R

range = y
)= —e2 — 1, domain = R and range = (—1, o)
L f) = loge(2(x — 1)) + 2, domain = (1, o) and
range = R y=(f-8x

)= %ex_z + 1, domain = R and range = (1, o)

. f(x) =2log,(1 —x)— 2, domain = (—o0, 1) and -
range = R 0,-1) y=-gW

1
F7') =1 =¢2%, domain = R and range = (—o0, 1)

12,

T Exercise 4.7 Applications
i (O,_%) (2log.(3). 0) 1. 54 years
: 2. $1648.72
§ y0.77.-0.77) 3. a 7.32%

b. 33years 5 months

YA

2 parts per million
2.96 parts per million
47.2 hours

18

12

1.62 months

YA

(3.68, 3.68)

oo w

y=log,2(x-1)+2)

(1.23,1.23)

coow

e

+

O
.

<
<

>
>
X

0

Y
e. The population cannot exceed 83.

. 0.1793

. 0.0003

. 88.3 milligrams b. 5590 years

a. 88.57% lost b. 1.87 millennia

10. a. 11.3863
b. 13.5835
c. 10.18 weeks

11. 12 979 years

270) -
_-(0.81,-0.81)

=
7
e
© ® N o
Q
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X
12. a. P(x) = 800log, (2 + ﬁ) ~300 - 2x
330

k=10000, m = 0.025
$15 685.58
P = 13750¢°%%" — 10000
$15059.38

a = —2885.4, c = 10000

b. 4000

22.6 weeks

a=12.5,b=100

7.253 ¢

A =1.440, k = 0.536

. 3.002M

c. 32 minutes 14 seconds

95°C

The temperature approaches 20°C.
8.24 minutes

A =85 B~ -30

TA

c

13.

a0 oo

14.

o

o

15.

T

16.

oo

17.

P oo Ty

(0,95 7504 750-0062

T= _ —0.051
(8.24, 65) 85-30e

Y

oA

4.8 Review: exam practice
Short answer

1. a. i g i. 4 ii. 2, 6i4
b. i.y=x—2(x>0) ii. y=i(x>0)
8 x3

3
. 644> oo | 8442
c. logy = 1084
g p?
3
= log, (64) + log,\ g2 | —log, (p3)
3
=log, (43) + 3 log, (q) — 3log, (p)
3
=3log, (4 + 3 log, () — 3log, (p)

3
=3+ 3 log, (¢) — 3log, (p)

Substitute x = log,(p) and y = log,(q):

644> 3
10g4< 4 >=3+§log4(q)—3log4(p)

P’\a
3
=3+7y—3x
3y
=3-3x4+ 2
x+2

T

o

o

i. 2, acidic ii. 11, basic
i. 0.001 moles/litre ii. 107" moles/litre
x =1log,(3), x =1log,(5)
b. x=1log,(7)
c. x=1,log,(9)
3—4m
.a x= , where k € R\ {0} and m € R

o

k

24422
= 110ge<+T>,wherekeR\{0}

y=log,(x—-1)+3
YA

y=log,(x—1)+3

1
(;+ 1,0)

A
Y

Y x=1
Domain = (1, o), range = R
b. y=log,(x+3)—-1

YA

y=log,(x+3)-1

} (0, log.(3)-1)
(el-3,0)/]0

A

Y

I
I
| Y

x=-3
Domain = (-3, o), range = R
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c. y=2log,(—x)

y = 210ge(_x)

YA

(=1,0)

Y

0

x=0

Domain = (-0, 0), range = R
d. y=—log,(x—4)

YA f
|y =log,x-4)
|
I
I
I
I
I
|
I
I
I
I
]
I
I
:
LN (5,0)

~— ERe——

]
i
I

Y ! x=4

Domain = (4, ), range = R

. a. Range (—12, c0)

Y

\ y=6x2-1-12
(2,0)

A

Y

7. a. 0.001 watt/m?
b. 60dB

Multiple choice

1.
6.
11.

D
E
A

2. E
7. B

Extended response

1. a.

o
o

oo o T

eooo

i. y=e7' =5, domain =R

i. £ (log,(5)+1,0), (o,é - 5)

Y

0,1og(5)+ 1)
y=fx)

(-4.998, —4.998)|

1
S0
¥ .l Y

x=-5

ii. (—4.998, —4.998), (3.091, 3.091)
i. h=-=-2
i. y=log,(x+2)+k

Substitute (0, 0):

0=1log,(2) +k

k= —log,(2)

iii. g(x) =log, <x ; 2)

117.054 milligrams

5590 years

n = e"00124 118 560 years
a=3265,b=150

8525 quokkas

i. Pr =2448.75log, t+112.5
ii. 6393 quokkas

P(t) = 20060536
4986 cases

63.5 days

97.9 days

. A=80,k=-3%log, (5) ~ —0.3466

b. 20.5°C

TOPIC 4 Exponential and logarithmic functions 255



. TA

(0, 98)

T = 80e-03466/ 4 18

0
. After approximately 9:38 pm

. The temperature drops to no less than 18 °C.

. 7 days
. Ast— oo, N = oo.

C.

N=22x2t=0
N=22x2°
=22x1

=22
66

N=———t
1+ 2e02
_ 66
T ] 4 2e-02%0
_ 66
E
=22
Initially there are 22 bacteria in each model.
The population will never exceed 66.

=0
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REVISION: AREA OF STUDY 2 Algebra
TOPIC 4

For revision of this entire area of study, go to your
studyON title in your bookshelf at www.jacplus.com.au.
Select Continue Studying to access hundreds of
revision questions across your entire course.

e Select your course
VCE Mathematical Methods
Units 3 & 4 to see the entire
course divided into areas of
study.

Prci:

e Select the area of study ot
you are studying to navigate
into the topic level OR Lnitas

select Practice to answer all
practice questions available

for each area of study.
Y jacaranda

e Select Practice at the topic level e At topic level, drill down
to access all questions in the topic. to concept level.

oL et WL

iifferentiation

» | Arncifsreraaban Fractice —

¥ —

=

s ance (AREIES

Fraciks _— N

Dclis -ht

OTOT—

Qeranon | i o | jacaranda
Q ey orceptcode jacaranda

e Summary screens provide
revision and consolidation Antstterantiata ST Sl rerior i
of key concepts.

— Select the next arrow
to revise all concepts
in the topic.

- Select this icon |i*.
to practise a more
granular set of questions
at the concept level.

oy * The of can be
y y=fx) used to calculate the areas under curves exactly.

« Itstates: Area= [ fix)dx = [F(n)]' = Fb)- Fia)
where a and b are the terminals of I Sx)dx and
are the lower and upper values of f(x).

> j: fx)dxis called the definite integral.

> f(x)is called the integrand.
) L = » F(x) Is the antiderivative of f(x)

Q MMas072 jacaranda
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TOPIC 5
Differentiation

5.1 Overview
5.1.1 Introduction

One of the most important branches of mathemat-
ics is calculus, the mathematical study of contin-
uous change, of which there are two subfields:
differential calculus and integral calculus. This
topic and topic 6 are concerned with differential
calculus. The word ‘calculus’ comes from Latin,
meaning ‘small pebble’.

Calculus is thought to have been developed in
the 17th century by mathematicians Isaac Newton
and Gottfried Leibniz. There was a well-known
argument, known as the calculus controversy or
‘Great Sulk’, over who was actually the first inven-
tor, and hence which country deserved the credit
(England or Germany, respectively). Each of two
mathematicians claimed that the other stole his
work. Liebniz had his results published first; how-
ever, Newton derived his first. Today, the consen-
sus is that they both independently contributed to
the invention of calculus—Leibniz about 8 years
after Newton. Leibniz is also given credit for intro-
ducing the calculus notations that are used today,

d
such as the d—y notation and the integral symbol.
X

LEARNING SEQUENCE

5.1 Overview

5.2 Review of differentiation

5.3 Differentiation of exponential functions
5.4 Applications of exponential functions
5.5 Differentiation of trigonometric functions
5.6 Applications of trigopnometric functions
5.7 Review: exam practice

Fully worked solutions for this topic are available in the Resources section of your eBookPLUS at
www.jacplus.com.au.
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5.1.2 Kick off with CAS

Gradients and tangents of a curve

1.

a.

b.

T a0

1
Using the graph application on CAS, sketch the graph of f(x) = -2—x3 —2x%

Using the derivative template, sketch the graph of the gradient function, f’(x), on the same set of axes
as f(x).

Repeat this process for f(x) = —(x — 1)*> + 3 and f(x) = x* + x> — 7x® — x + 6. Use a different set of
axes for each f(x) and f'(x) pair.

. What do you notice about the positions of the turning points and x-intercepts? What do you notice

about the shapes of the graphs?
On a new set of axes, sketch the graph of f(x) = (x — 1?2 -2.
Draw a tangent to the curve at x = 2.

YA
fO)=@—12-2
Tangent
A Je-n *
N

What is the equation of this tangent, and hence, what is the gradient of the parabolic curve at x = 2?7
Draw a tangent to the curve at x = —1. What is the gradient of the curve at this point?

Open the calculation application on CAS and define f(x) = (x — 1)* — 2.

Determine the derivative function, f’(x), and calculate f'(2) and f'(—1).

or Resources

Please refer to the Resources section in the Prelims of your eBookPLUS for a comprehensive step-by-step guide on how
to use your CAS technology.
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5.2 Review of differentiation
5.2.1 The derivative of a function

The gradient of a curve is the rule for the instantaneous rate of change of the function at any point. The
gradient at any point (x, y) can be found using differentiation by first principles.

Consider the secant PQ on the curve y = f(x). The coordinates of P are (x, f(x)), and the coordinates of Q
are (x + h, f(x + h)).

The gradient of the secant, otherwise known as the average rate of change of the function, is found in the
following way.

y =f(x) Secant

X
// x+h
/ Tangent

rise _ fe+h) —fx) _ fe+h)—f(x)

Average rate of change =
verag g run x+h—x h

As Q gets closer and closer to P, & gets smaller and smaller and in fact is approaching zero. When Q is
effectively the same point as P, the secant becomes the tangent to the curve at P. This is called the limiting
situation.

Gradient of the tangent at P = %insw

fx+h)—f)

orf’(x) = Illin(l) -

In this notation, f’(x) is the derivative of the function, or the gradient of the tangent to the curve at the

d
point (x, f(x)). f'(x) is also the gradient function of f(x), and d_y is the gradient equation for y with respect
by

to x.
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WORKED EXAMPLE 1

Consider the function f(x) = (x + 2)(1 — x).

a. Sketch the graph of the parabolic function, showing axis intercepts and the coordinates
of any turning points.

b. If P is the point (x, f(x)) and Q is the point (x + A, f(x + h)), find the gradient of the secant
PQ using first principles.

c. If P is the point (—2, 0), determine the gradient of the tangent to the curve at x = —2.

THINK WRITE/DRAW
a. 1. Find the axis intercepts and the a. y-intercept: x = 0
coordinates of the turning points. sy=2

x-intercept: y = 0
x+2)(1-x=0
x+2=0o0r1-x=0

x=-2,1
Turning point:
—2+1 1
3= = ——
2 2
—(-1i2) (14
Y=\ "2 2
3 » 3
272
9
4
The turni int i LY
e turning pointis { —=, = |.
I 21
2. Sketch the graph of the function. YA
1 1
(-523)
©,2)
(-2,0) (1,0)
< 7 >
y=x+2)(1-x)
Y
b. 1. Expand the quadratic. b. f(x)=x+2)(1 —x)
=—x>—x+2
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2. Find the gradient of the secant PQ by

applying the rule

h) —
gradient of secant = M
and simplifying.

. Find the rule for the gradient of the
tangent at P by applying
lim LD —f®)
h—0 h

2. Substitute x = —2 into the formula
for the gradient of the tangent.

Gradient of secant:

fa+h-f®

Gradient = 0
=+ -+ +2-(—x*—x+2)
B h
_ 2+ 2+ M) —x—h+24+x>+x-2
B h
B —x>—2xh—h? —h+ x>
B h
B —2xh—h*—h
- h
_h(=2x—h-1)
B h
=-2x—h-1

c. The gradient of the tangent at P is given by
fa+h)—fx) _
——— =

lim lim(-2x —h—1)
h—0 h—0
=-2x—1
Gradient at P = —2x — 1.
x = -2 = gradient= -2 X -2 — 1

=3

TI| THINK WRITE

a. 1. On a Graphs page, (K
complete the entry line for £1{)=lx+2)- (1)

CASIO | THINK

a. 1. On a Graph & Table
screen, complete the

WRITE

© File Edit Type ¢

function 1 as

A® =x+2)(1-x)
then press ENTER.

[t otz s s St
entry line for y1 as o 2)-(1-x) —0
yl=@+2)(1-x) b
s then press EXE.
Select the graph icon to |t
draw the graph. e 2

ﬂ[\]=L\‘+3]' (l—x}

2. To find the x-intercepts,

. To find the x-intercepts,

press MENU then select 6677 select T
6: Analyze Graph * Analysis TR R——
1: Zero ~ * G-Solve

Move the cursor to the left L. ey ; e = * Root

of the x-intercept when £ - e With the cursor on the

prompted for the lower / \ first x-intercept, press

bound, then press / e nL\):\sz,- (1-2) EXE. Use the left/right

ENTER.

Move the cursor to the
right of the x-intercept
when prompted for the
upper bound, then press
ENTER.

Repeat this step to find
the other x-intercept.

arrows to move to the
other x-intercept, then
press EXE.

Red  Ausl an
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. 1.

. To find the y-intercept,

press MENU then select
5: Trace

1: Graph Trace

Type “0” then press
ENTER twice.

. To find the maximum,

press MENU then select
6: Analyze Graph

3: Maximum

Move the cursor to the left
of the maximum when
prompted for the lower
bound, then press
ENTER.

Move the cursor to the
right of the maximum
when prompted for the
upper bound, then press
ENTER.

To find the gradient of the
tangent to the curve at

x = —2, press MENU
then select

6: Analyze Graph

6: dy/dx

Type “—2” then press
ENTER.

. The answer appears on

the screen.

(o,

I\

2)

£y

N(1.0) 3
\

f1(x)=fe+2): (1-x)

-6.67

£1(x)=lx+2): (1-x)

£1fx)=f+2): (1-2)

The gradient of the tangent to the
curve at x = —2 s 3.

3. To find the y-intercept,

. 1.

select

* Analysis

* G-Solve

* Y-Intercept
then press EXE.

. To find the maximum,

select

e Analysis

¢ G-Solve

* Max

then press EXE.

To find the equation of
the tangent to the curve
at x = =2, select

e Analysis

e Sketch

* Tangent
Type “—27, select OK
then press ENTER.

. The answer appears on

the screen.

© Edit Zoom Anslysis ¢ x

Aed  Real |

I / X

] |
==} d
y=33c+6
Fod el an|

The equation of the tangent
appears at the bottom of the
screen. The gradient is the
coefficient of the x term.

The gradient of the tangent to
the curve at x = =2 is 3.

study[]])
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