MATHEMATICS
EXTENSION 2

CambridgeMATHS

STAGE 6

DAVID SADLER | DEREK WARD

INCLUDES INTERACTIVE
TEXTBOOK POWERED BY
CAMBRIDGE HOTMATHS

4 CAMBRIDGE

%l 'ty UNIVERSITY PRESS .
© Sadler & Ward 2019 Cambri

ISBN 9781 10877%54
Photocopying is restricted under law and this material must not be transferred to another party.



CAMBRIDGE

UNIVERSITY PRESS

University Printing House, Cambridge CB2 8BS, United Kingdom

One Liberty Plaza, 20th Floor, New York, NY 10006, USA

477 Williamstown Road, Port Melbourne, VIC 3207, Australia

314-321, 3rd Floor, Plot 3, Splendor Forum, Jasola District Centre, New Delhi — 110025, India
79 Anson Road, #06-04/06, Singapore 079906

Cambridge University Press is part of the University of Cambridge.
It furthers the University’s mission by disseminating knowledge in the pursuit of
education, learning and research at the highest international levels of excellence.

www.cambridge.org
© David Sadler and Derek Ward 2020

This publication is in copyright. Subject to statutory exception
and to the provisions of relevant collective licensing agreements,
no reproduction of any part may take place without the written
permission of Cambridge University Press.

First published 2020
2019 18 17 16 1514 13 1211 1098 76 54 3

Cover and text designed by Sardine Design
Typeset by authors/diacriTech
Printed in Australia by Ligare Pty Ltd

A catalogue record for this book is available from the National
Library of Australia at www.nla.gov.au

ISBN 978-1-108-77105-4 Paperback
Additional resources for this publication at www.cambridge.edu.au/GO

Reproduction and Communication for educational purposes

The Australian Copyright Act 1968 (the Act) allows a maximum of

one chapter or 10% of the pages of this publication, whichever is the greater,
to be reproduced and/or communicated by any educational institution

for its educational purposes provided that the educational institution

(or the body that administers it) has given a remuneration notice to
Copyright Agency Limited (CAL) under the Act.

For details of the CAL licence for educational institutions contact:

Copyright Agency Limited

Level 12, 66 Goulburn Street Castlereagh Street
Sydney NSW 2000

Telephone: (02) 9394 7600

Facsimile: (02) 9394 7601

Email: memberservices @copyright.com.au

Reproduction and Communication for other purposes

Except as permitted under the Act (for example a fair dealing for the
purposes of study, research, criticism or review) no part of this publication
may be reproduced, stored in a retrieval system, communicated or
transmitted in any form or by any means without prior written permission.
All inquiries should be made to the publisher at the address above.

Cambridge University Press has no responsibility for the persistence or
accuracy of URLs for external or third-party Internet websites referred to in
this publication and does not guarantee that any content on such websites is,
or will remain, accurate or appropriate. Information regarding prices, travel
timetables and other factual information given in this work is correct at

the time of first printing but Cambridge University Press does not guarantee
the accuracy of such information thereafter.

Cambridge University Press acknowledges the Aboriginal and Torres Strait

Islander Peoples as the traditional owners of Country throughout Australia.
ISBN 9781108771054 © Sadler & Ward 2019 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.



Table of contents

Introduction 4
Rationale vi
About the authors ix

—
|

Complex numbers |

1A The arithmetic of complex numbers 1
1B Quadratic equations 10
1C  The Argand diagram 18
1D Modulus-argument form 22
1E  Vectors and the complex plane 30
1F  Curves and regions in the Argand diagram 37
1G  Polynomials and complex numbers 45
1H  Chapter review exercise 54
72 Proof 56
2A  The language of proof 56
2B Number proofs 66
2C  Proof by contraposition and by contradiction 70
2D Algebraic inequalities 74
2E  Induction 80
2F  Inequalities in geometry and calculus 86
2G Chapter review exercise 93

Appendix: The fundamental theorem of arithmetic 95

<}* Complex numbers Il: de Moivre and Euler 98
3A  Powers of complex numbers 98
3B Trigonometric identities 101
3C  Roots of complex numbers 105
3D Exponential form: Euler’s formula 111
3E  Applications of exponential form 119
3F  Chapter review exercise 123
ISBN 9781108771054 © Sadler & Ward 2019 Cambridge University Press iii

Photocopying is restricted under law and this material must not be transferred to another party.



S

Integration 125
4A  The standard integrals 125
4B Algebraic manipulation 127
4C  Substitution 129
4D  Partial fractions 134
4E  Denominators with quadratics 141
4F  Integration by parts 145
4G Trigonometric integrals 150
4H  Reduction formulae 156
41 Miscellaneous integrals 161
4J  Chapter review exercise 164
Appendix: A short table of integrals 166
Vectors 167
5A  Coordinates in three dimensions 167
5B  Vectors in three dimensions 173
5C  The dot product 179
5D  Applications of the dot product 185
5E  Vector proofs in geometry 191
5F  The vector equation of a line 193
5G  Vector equations of circles, spheres and planes 204
5H  Chapter review exercise 213
Appendix: Some Geometry in 3D 215
Mechanics 218
6A  Forces and acceleration 218
6B Simple harmonic motion and time 226
6C  Simple harmonic motion and displacement 235
6D  Horizontal resisted motion 242
6E  Vertical resisted motion 248
6F  Projectile motion 257
6G  Miscellaneous problems 265
6H  Resisted projectile motion 273
61  Chapter review exercise 283
Answers 288
Index 311
ISBN 9781108771054 © Sadler & Ward 2019

Photocopying is restricted under law and this material must not be transferred to another party.

Cambridge University Press



Introduction

This resource covers the Mathematics Extension 2 syllabus and is designed to be used in conjunction
with CambridgeMATHS Mathematics Advanced Year 12 and Extension 1 Year 12. It is based on the
authors’ Extension 2 resource developed for the previous syllabus, and retains the same design and
structure, but has been re-written to cover the new syllabus implementing in 2020.

The online Curriculum Grid, Scope and Sequence, and Teaching Program are provided to guide you in
planning a sound mathematical journey through a complex syllabus.

The Exercises are divided into Foundation, Development and Enrichment to gradually lead you to
achieve your highest potential. The Enrichment questions are particularly challenging.

Essential rules, formulae and important concepts are highlighted in numbered boxes for quick reference
and revision.

Chapter review exercises are provided for all chapters.

The Interactive Textbook powered by Cambridge HOTmaths offers selected worked solutions (as an
option that teachers can choose to enable for student access), workspaces with self-assessment tools, and
access to a downloadable PDF textbook for offline use.

The Online Teaching Suite provides a test for each chapter.

Cambridge Extension 2 teaching and learning package

e Print Textbook

e Interactive Textbook powered by Cambridge HOTmaths

e Downloadable PDF Textbook

e Online Teaching Suite powered by Cambridge HOTmaths

ISBN 9781108771054 © Sadler & Ward 2019 Cambridge University Press
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vi

Rationale

The exercises

No-one should try to do all the questions! The exercises are deliberately long so that everyone will find
enough questions of a suitable standard — each student will need to select from them, and there should
be plenty left for revision. The book provides a great variety of questions, and representatives of all types
should be selected.

The Foundation section contains routine questions designed to reinforce the elementary concepts and
skills that must be mastered before more abstract and sophisticated questions can be attempted.

The Development section is graded from reasonably straightforward to diffic ult. The harder questions
may be more complicated algebraically or they may require deeper thinking. These questions are
designed to provide students with the opportunity to attempt a wide variety of problem types.

The Enrichment section is intended to extend and challenge the best students while at the same time
matching the standard of the hardest questions in the past Extension 2 HSC papers. We assume that the
examinations for the new courses will continue to contain some very demanding questions.

Syllabus coverage of the chapters

Chapter 1: Complex numbers (part 1)
Syllabus References: N1.1

NI1.2

N2.1

N2.2

Complex numbers is covered over two chapters because some of the applications of de Moivres
theorem are very demanding and need to be delayed until later in the course. The chapter starts with the
straightforward arithmetic of complex numbers in Section 1A and then moves on to quadratic equations
with complex roots in Section 1B. The Argand diagramis introduced in Section 1C which allows the
introduction of the modulus-argument form in Section 1D. Then the vector representation of a complex
number is used in Section 1E to solve geometric problems in the complex plane. In Section 1F, both
algebraic and geometric approaches are used to sketch curves in the complex plane. Finally, we discuss
complex conjugate zeroes of polynomials with real coefficients in Section 1G.

Chapter 2: Proof

Syllabus References: P1

P2
Mathematical proof requires precise logic and clarity of explanation. Section 2A introduces the
terminology and symbolic notation required in this chapter. It also emphasises the fact that logic can not
only be conveyed symbolically, but also using simple words such as and and or. In Section 2B, proofs
involving numbers (mostly positive integers) are treated. Many of these proofs are based on divisibility
arguments. Section 2C introduces indirect proof: proof by contradiction and by the contrapositive.
In Section 2D, inequalities are proven by algebraic techniques. One of the most important ideas is to

ISBN 9781108771054 © Sadler & Ward 2019 Cambridge University Press
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understand that proving LHS > RHS is equivalent to proving LHS — RHS > 0. Section 2E is proof

by mathematical induction. This builds upon and extends the work done in Chapter 2 of the Year 12
Extension 1 book. For instance, many inequalities can be proven by induction. The syllabus doesnt
specifically mention it, but a treatment of inequalities would be incomplete without a discussion of
inequalities in calculus and geometry. Such problems have occurred frequently in past Extension
examination papers. This material is covered in Section 2F. It may be appropriate to delay this section to
later in the course, such as at the end of Chapter 4, Integration.

Chapter 3: Complex numbers (part 2)
Syllabus References: N1.3

N2.1

N2.2

In Section 3A, de Moivres theorem is proven by induction and the exercise focuses on powers of complex
numbers. Sections 3B and 3C are demanding. De Moivres theorem is used in 3B to prove some
complicated trigonometric identities, and it is used again in 3C to find the complex roots of certain
polynomial equations: most typically z”= x1. This then leads to the factorisation of various polynomials.
Section 3D introduces the exponential form of a complex number via Eulers formula ¢’ = cos @ + isin 8.
Then there are some applications of the exponential form in Section 3E.

Chapter 4: Integration
Syllabus References: Cl

The intention in Section 4A is that students become familiar with the standard integrals. There was a
more comprehensive and user-friendly list provided in the previous course which would be a useful
supplement for students. Section 4B is a short section focusing on some simple algebraic tricks

for manipulating the integrand so that the primitive can easily be found. For example, copying the
denominator into the numerator of a fraction. Sections 4C to 4F develop the standard methods for
integration: substitution, partial fractions, quadratic denominators and integration by parts. Then in
Section 4G these methods are applied to trigonometric integrals. Sequences of integrals are introduced in
the difficult Section 4H, where reduction formulae are covered. Section 41 is a miscellaneous collection
of problems, where the student must determine which method is most appropriate. Often there is more
than one way to find a primitive.

Chapter 5: Vectors

Syllabus References: V1.1
V1.2
V1.3

This topic has been delayed because students will need to have completed Chapter 8 of the Extension 1
book on vectors in two dimensions. Section SA introduces coordinates in three dimensions, along

with some basic three-dimensional coordinate geometry. This will promote the transition from two-
dimensional thinking to three dimensions. Section 5B then introduces column and component vectors
in three dimensions. In Section 5C, the dot (scalar) product is defined for three-dimensional vectors,
and then applied to a wide variety of problems in Section 5D. The vector equation of a line in both two
and three dimensions is discussed in Section 5E, followed by vector equations of circles and spheres in
Section SF. The vector equation of a plane is also included, as it is mentioned in the support material.
The Cartesian form of a line in three dimensions is not discussed.
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Chapter 6: Mechanics

Syllabus References: M1.1
MI1.2
MI1.3
MI1.4

Section 6A examines forces and the resultant acceleration in terms of 7, x or v. Constant and non-constant
forces are included, as well as concurrent forces. Newtons laws are used to determine equations of motion.
Simple harmonic motion is treated in Sections 6B and 6C. The time equations are the focus of 6B, while
the displacement equations are dealt with in 6C. Horizontal and vertical resisted motion are discussed in
Sections 6D and 6E, while projectile motion is the focus of Section 6F, following on from the work in
Chapter 10 of the Extension 1 book. Section 6G is a miscellaneous set of problems, some of which are
very challenging. The intention here is to expose students to a wide variety of interesting problems. The
governing equations for resisted projectile motion in the quadratic case cannot be solved. Nevertheless,
it is shown in Section 6H that solutions can be obtained when the resistance is approximated with certain
simpler functions. The work is lengthy and extremely difficult, but it may be a suitable basis for a project
or research assignment.
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Complex Numbers |

CHAPTER OVERVIEW: One of the significant properties of the real numbers is
that any of the four arithmetic operations of addition, subtraction, multiplication
and division can be applied to any pair of real numbers, with the exception that
division by zero is undefined. As a result, every linear equation

ar+b=0 where a#0
can be solved.

The situation is not so satisfactory when quadratic equations are considered.
There are some quadratic equations that can be solved, but others, like

2?2 +204+3=0,

have no real solution. This apparent inconsistency, that some quadratics have a
solution whilst others do not, can be resolved by the introduction of a new type
of number, the complex number.

But there is more to complex numbers than just solving quadratic equations. In
this chapter the reader is shown an application to geometry and how they can be
used in higher degree polynomials. These new numbers have many applications
beyond this course, such as in evaluating certain integrals and in solving problems
in electrical engineering. Complex numbers also provide links between seemingly
unrelated quantities and areas of mathematics. Here is a stunning example. The
four most significant real numbers encountered so far are 0, 1, e and w. As will be
shown in a later chapter on complex numbers, these four numbers are connected
in a remarkably simple equation involving the special complex number 7, namely

em+1=0.

1A The Arithmetic of Complex Numbers

Introducing A New Type of Number: The investigation is begun by examining
the roots of various quadratic equations. For convenience in presenting the new
work, the method of completing the square is used exclusively.

First consider only those quadratic equations with rational solutions, such as the
2

equation z“ — 4z — 12 = 0. Completing the square:
(x —2)% =16
SO r—2=4or —4

which leads to the two roots
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2 CHaPTER 1: Complex Numbers | 1A

a=6and g=-2.
Note that « + 6 =4 and a8 = —12.

Repeating this process for a number of quadratics with rational solutions, it soon
becomes evident that if axz? + bz + ¢ = 0 has solutions o and 3 then

b
OH—ﬁ:_E and aﬁzg.

Further investigation reveals that there are some quadratic equations which do
not have rational solutions, such as 2> — 4z — 1 = 0. Completing the square:

(r—2)?=5.
Herein lies a problem since there is no rational number which when squared
equals 5. This problem is overcome by introducing a new type of number, in
this case the irrational number v/5 which has the property that (\/g) = 5.
Assuming that the normal rules of algebra apply to this new number, it follows

2 2
that (_\/5) = (\/5) = 5, so that 5 has two square roots, namely V5 and —V5.

If the introduction of this new type of number is valid then the solution may
proceed. Thus

z—2=+5or —V5
which leads to the two roots
a=2++V5 and 3=2— 5.
Note that « + =4 and af = —1.

Repeating this process for a number of quadratics with irrational solutions, it
soon becomes evident that if ax? + bz + ¢ = 0 has irrational roots a and 3 then

b
OH—/B:_E and aﬁzg.

Since this is consistent with the quadratic equations with rational solutions, it
seems that the introduction of surds into the number system is valid. Indeed
surds have been used since Year 8 and students will be proficient in their use.

Yet further investigation reveals that there are some quadratic equations which
have neither rational nor irrational solutions, such as 22 —4245 = 0. Completing
the square yields:

(r—2)%=—1.

Again there is a problem since there is no known number which when squared
equals —1. Just as before, this problem is overcome by introducing a new type
of number. In this case the so called imaginary number 7 is introduced which has
the property that i> = —1. Assuming that the normal rules of algebra apply to
this new number, it follows that (—i)? = i*> = —1, so that —1 has two square
roots, namely ¢ and —i. If the introduction of this new type of number is valid
then the solution may proceed. Thus

r—2=1¢o0r —1
which leads to the two roots
a=2+4+iand =2—1.
Note that o« + 8 =4 and
af=(2-1)(24+1)
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1A The Arithmetic of Complex Numbers 3

=22 —§? (difference of two squares)
=4+1
=5.
Repeating this process for a number of quadratics with solutions which involve

the imaginary number i, it soon becomes evident that if az® + bz + ¢ = 0 has
solutions o and ( then

b
OH—ﬁ:_E and aﬁzg.

Since this is consistent with all previously encountered quadratic equations, it
seems reasonable to include the imaginary number ¢ in the number system.

A New Number in Arithmetic: The imaginary number 4 is now formally included
into the system of numbers. It has the special property that i> = —1. This new
number ¢ will be treated as if it were an algebraic pronumeral when it is combined
with real numbers using the four arithmetic operations of addition, subtraction,
multiplication and division.

A NEW NUMBER: The new number 7 has the special property that
it =—1.

It may be used like a pronumeral with real numbers in addition, subtraction,
multiplication and division.

It is instructive to write out the first four positive powers of i. They are:
4 _ .3

it =i it = -1 i* =% xi it =4 x i
(by definition) =-1x1 =—iXx1
— =1
Writing out the next four powers of 4, it is found that this sequence repeats.
P =it xi i = it x i i =it x i i = (i*)?
=1x1 =1x(-1) =1x (—1) =1
= =1 -

It should be clear from these calculations that the sequence continues to cycle.
In general, the result can be determined from the remainder when the index is

divided by 4.

POWERS OF THE IMAGINARY NUMBER: A power of i may take only one of four possible
values. If k is an integer, then these values are:

2
i4k — 17 i4k+1 — i, i4k+2 — _17 i4k+3 = .
WORKED EXAMPLE 1:  Simplify: (a) i** (b) @7 +i°
SOLUTION:
(a) 2 = Aot (b) i i = —i i
ISBN 9781108771054 © Sadler & Ward 2019 Cambridge University Press
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4 CHaPTER 1: Complex Numbers | 1A

Complex Numbers: Since i has been included in the number system and since it
is to be treated as a pronumeral, the number system must now include the real
numbers plus new quantities like

2%,  —Ti, 5+4i and V6 —3i.

The set which includes all such quantities as well as the real numbers is given
the symbol C. Each quantity in C is called a complex number. Thus 5, 2¢ and
V6 — 3i are all examples of complex numbers. In the first case, 5 is also a real
number, and the real numbers form a special subset of the complex numbers. The
number 2¢ is an example of another special subset of the complex numbers. This
set consists of all the real multiples of ¢, which are called imaginary numbers.
Thus —7i is another example of an imaginary number.

Two NEW TYPES OF NUMBERS: Let a and b be real numbers.

COMPLEX NUMBERS:  Numbers of the form a + ib are called complex numbers.
3 The set of all complex numbers is given the symbol C.
IMAGINARY NUMBERS:  Numbers of the form b, that is the complex numbers for
which a = 0, are called imaginary numbers.

Again noting that i is treated as a pronumeral, the addition, subtraction and
multiplication of complex numbers presents no problem.

(2-30)+(B+Ti)=T7+4i, (7T+2i)—(5b—3i) =2+ b1,
3(=5 + 7i) = —15 + 214, V3(2+iV3) = 2V3 + 3i.
The following worked examples of multiplication involve binomial expansions and
the property that i = —1.

WORKED EXAMPLE 2:  Simplify:

(a) (2—3i)(5+7i) (b) (3—2i)? (c) (4+ 3i)2 (d) (2+5i)(2—54)

SOLUTION:

(a) (2—3i)(5+7i) =10 — i — 214? (c) (4 + 3i)% = 16 + 24i + 94*
=10—i+21 =16+ 24i — 9
=31—i =7+ 24i

(b) (3—2i)% =9 — 12 +4i? (d) (24 5i)(2— 5i) = 4 — 257>
—9—-12i—4 =4+25
=5—12i =29

The last three examples above demonstrate the expansions of (z +iy)?, (z —iy)?
and (x + iy)(x — iy) for real values of x and y. Note that in the final example,
the result is the sum of two squares and is a real number. This will always be
the case, regardless of the values of z and y.

THE SUM OF TWO SQUARES: Let x and y be real numbers, then
4 (x +iy)(z —iy) = 2 +

which is always a real number.

Complex Conjugates: The last result is significant and will be used frequently.
Clearly the pair of numbers x 4+ iy and = — iy have a special relationship. They
are called complex conjugates. Thus the complex conjugate of 3 + 27 is 3 — 2i.
Similarly the conjugate of 7 — 5i is 7 4 51.
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1A The Arithmetic of Complex Numbers 5

When the conjugate is required, the complex number is written with a bar above
it. Thus:

24+i=2—1 —3i = 3i

—1+4i=-1—-43 -3 —-5=-3+5¢

COMPLEX CONJUGATES:  Let z and y be real numbers, then the two complex numbers
x + iy and x — 1y are called complex conjugates.
A: The conjugate of z+iy is x+iy=x—1y.
B: The conjugate of x —1iy is x—iy=z+1iy.

Division: Just like real numbers, division by zero is undefined. Dividing a complex
number by any other real number presents no problem. As with rational numbers,

fractions should be simplified wherever possible by cancelling out common factors.

6 + 8i . —2—061 2 ,
5 =3+ 4i T:—g—m

2 9 —12+21: —4+T7
\f\/i “=1-iv2 5 5
There is a potential problem if one complex number is divided by another, such
as in 2L, As it stands, it is not clear that this sort of quantity is even allowed
3—1 ;
in the new number system, since it is not in the standard form x + iy.

4 4, 7,
r —5t+gt

The problem is resolved by taking a similar approach to that used to deal with
surds in the denominator. The process here is called realising the denominator.
Thus if the divisor is an imaginary number then simply multiply the fraction
by i/i, as in the following two examples.

1 1+ 22
WORKED EXAMPLE 3: Realise the denominators of: (a) — (b) _;)— !
i i
SOLUTION:
1 1 ) 1+ 2¢ 1+2¢ 14
— = — X - b - X =
@) GTEX b 3 i
_ L i 242
442 ETE
1. 2—1
= —=1 e
4 3

If on the other hand the denominator is a complex number then the method is
to multiply top and bottom by its conjugate, as demonstrated here.

5) o+ 21
WORKED EXAMPLE 4: Realise the denominators: (a) , (b) * :
2+ 3—4i
SOLUTION:
W b5 2o ) D252 34di
YT T 24 2 3—4i 3-4i 314
~ 5(2—1) ~ 15+26i—8
4+  9+16
- T+ 260
o ~ 5
ISBN 9781108771054 © Sadler & Ward 2019 Cambridge University Press
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6 CHaPTER 1: Complex Numbers | 1A

REALISING THE DENOMINATOR:  There are two cases.
6 A: If the denominator is an imaginary number, multiply top and bottom by .
B: If the denominator is complex, multiply top and bottom by its conjugate.

There is now significant evidence that the complex numbers form a valid number
system. It has been seen on the previous pages that the four basic arithmetic
operations of addition, subtraction, multiplication and division all behave in a
sensible way, consistent with real arithmetic.

A Convention for Pronumerals: It is often necessary in developing the theory
of complex numbers to perform algebraic manipulations with unknown complex
numbers. In order to help distinguish between real and complex variables, the
convention that will be used in this text is that the pronumerals z, y, a and b
will represent real numbers and the pronumerals z and w will represent complex
numbers. Thus in a statement like “ Let z = z+14y” it is automatically understood
that z and y are real whilst 2z is complex.

Real and Imaginary Parts: Given the complex number z = x + iy, the real part
of z is the real number x, and the imaginary part of z is the real number y. It
is convenient to define two new functions of the complex variable z for these two
quantities. Thus

Re(z) ==z and Im(z) =y
from which it is clear that

z=Re(z) +iIm(z).

WORKED EXAMPLE 5: Determine Re(z? — iz) when z =3 —i.

SoLuTION: Expanding the quadratic in z first,
22 —iz=(3—14)>—i(3—1)

=8—-6t—3i—1
=7-9,
S0 Re(z? —iz2) =17.

If two complex numbers z and w are equal, by analogy with surds, it is natural
to expect that Re(z) = Re(w) and Im(z) = Im(w). This is in fact the case.

EQUALITY OF COMPLEX NUMBERS:  If two complex numbers z and w are equal then

Re(z) = Re(w) and Im(z)=Im(w).

ProOF: Let z = x + iy and w = a + ib, and suppose that z = w. Then

T +iy =a-+ib.
Rearranging i(y —b) = a —x. (%)
By way of contradiction, suppose that y — b # 0, then
1= % , which is a real number.
y [e—

But ¢ is an imaginary number and so there is a contradiction. Thus y —b = 0 and
hence y = b. It follows from equation (%) that z = a, and the proof is complete.
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1A The Arithmetic of Complex Numbers

The careful reader will have noticed that the definitions of Re(z) and Im(z) given
above are not in terms of the variable z. Both of these functions can be expressed
in terms of z by first writing down z and its conjugate.

z=x+ 1y
zZ=x—1y
This pair of simultaneous equations can be solved for z and y to obtain:

Re(z) =1(2+%) and Im(z) =45(z—7%).

REAL AND IMAGINARY PARTS: These can be written as functions of z.

Re(z) = 3(z+%) and Im(z)=5(z—7%).

The Arithmetic of Conjugates: Since taking the complex conjugate of z simply
changes the sign of the imaginary part, when it is applied twice in succession the
end result leaves z unchanged. Thus

@: (:L‘+zy) =x—iy=c+iy==z2.
Another important property of taking conjugates is that it commutes with the
four basic arithmetic operations. For example, with addition,
(B+i)+(2—4i)=5-3i
=5+ 3,
and 3+i4+2—4i=3—i+2+4i
=5+37.
Thus (3+i)+(2—4i)=3+71+2— 4.
Notice that it does not matter whether the addition is done before or after taking
the conjugate, the result is the same. Here is an example with multiplication.
(34+1)(2—4i) =10 — 10¢
=10+ 107,
and 3+ix2—4i=(3—1)(2+4i)
=10+ 10z.
Thus (B+i)(2—4i)=3+ix2—4i.
Again notice that it does not matter whether the multiplication is done before

or after taking the conjugate, the result is the same. This is always the case for
addition, subtraction, multiplication and division.

THE ARITHMETIC OF CONJUGATES: The taking of complex conjugates is commutative
with addition, subtraction, multiplication and division.
(a) w+z=UW+7Z (c) Wz =
(b) wW—2z=W-—2Z (d) Wz =

The proof of these results is left as a question in the exercise. There are two
special cases of these results. To get the conjugate of a negative, put w = 0

into (b).
(—=2)=0—=2
=0-%
thus (—2)=—%.
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8 CHaPTER 1: Complex Numbers | 1A

For the conjugate of a reciprocal, put w =1 in (d) to get

thus 1= (z)7 .

Integer Powers: The careful reader will have noted that several of the examples used
above involve powers of a complex number despite the fact that the meaning of 2"
has not yet been properly defined. If the index n is a positive integer then the
meaning of z™ is analogous to the real number definition. Thus

=2 Xx2X ... X2
N——

n factors

or, the recursive definition may be used:

zr =z,

1

2" =z x 2" for n>1.

Just like the real numbers, if z = 0 then 2" is undefined. For all other complex
numbers, z° = 1. Again continuing the analogy with the real numbers, a negative
integer power yields a reciprocal. Thus if n is a positive integer then

_ 1
z7" = el z2#0.
As with other division by complex numbers, the denominator is usually realised
by multiplying by the conjugate. The case when n = 1 occurs frequently and
should be learnt.
1 _
Z_l = — = i_
z 2z

Indices which are not integers will not be considered in this text.

Exercise 1A

1. Use the rule given in Box 2 to simplify:

(a) i2 (c) 47 (e) % (g) i* +i* +4°
(b) Z-4 (d) Z~13 (f) Z~2010 (h) Z~7 + Z~16 + Z~21 + Z~22
2. Evaluate:
(a) 2i (b) 3+ () 1—i (d) 5—3i () =3+ 2i
3. Express in the form a 4+ ib, where a and b are real.
(a) (74 3i)+ (b — 57) (¢) (4—2i)—(3—"T1)
(b) (=8+61) + (2 — 41) (d) (3—5i)— (—4+60)
4. Express in the form x + iy, where x and y are real.
(a) (4+5i)1 (d) (—=7+ 5i)(8 — 67) (g) (2+ z')3
(b) (1+24)(3—1) () (5+14)? (h) (1—4)*
(c) (3+2i)(4—1) (f) (2 — 3i)* i) (3 —1d)*
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1A The Arithmetic of Complex Numbers 9

5. Use the rule for the sum of two squares given in Box 4 to simplify:

(a) (14 24)(1—20) (¢) (54+2i)(5b—21)
(b) (4+1i)(4—1) (d) (=4 —"Ti)(—4+ 7i)
6. Express in the form x + iy, where x and 1y are real. .

7. Let z =1+ 2¢ and w = 3 — 4. Find, in the form = + iy:

(a) (iz) (b) w+z (¢) 2z +iw (d) Im(5i —2)  (e) 22
8. Let z =8+ and w = 2 — 3¢. Find, in the form = + iy:

(a) Z—w (b) Im(3iz + 2w) (c) zw (d) 65+ =z (e) z+w
9. Let 2 =2 —14 and w = —5 — 12¢. Find, in the form = + iy:

(@) —w (b)) (1+i)Z—w @)gl (@) 5o

DEVELOPMENT

@)Re01+4og

10. By equating real and imaginary parts, find the real values of x and y given that:

(a) (z+yi)(2—3i) =—13i (d) x(1+2i)+y(2—1i)=4+5i
(c) (1+d)z+(2—3i)y =10 241 243
11. Express in the form x + iy, where x and y are real.
(a) 1 n 2 ()3+2i+3—2i
¢
VIt Ty 2—b5i ' 2+ bi
14+ iv3 ) 8451 3+8
(b) tiE, 2 &) =% " Tra
2 144v3 ¢ + 2
12. Given that z = x 4 iy and w = a + ib, where a, b, x and y are real, prove that:
=zZ4+w 1 1
(a) z+w=z+w () <—>::,z7é0
(b) z—w=z—-w z z
(c) Z0 == (f) <i>:§,w7&o
(d) 22 =(2) w/, W
13. Let z = a + ib, where a and b are real and non-zero. Prove that:
(a) z+7Z isreal, (c) 22+ (2)* is real,
(b) z—7Z is imaginary, (d) 2z isreal and positive.

- is real, show that z is imaginary or 0.
z—1i

14. Let z = a + ib, where a and b are real. If

15. Prove that if 2> = ()? then z can only be purely real or purely imaginary.

16. If z = z + iy, where x and y are real, express in the form a + ¢b, where a and b are written
in terms of z and y .

-1 _9 z—1
a) 2 b) z c
(®) (b) (c) z+1
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10 CHaPTER 1: Complex Numbers | 1B
ENRICHMENT
17. If both z + w and zw are real, prove that either z = w or Im(z) = Im(w) = 0.
1 1—2cosf
18. Given that z = 2(cosf + isinf), show that Re = .
1—2 5 —4cosb
1+sinf + icosd
19. Show that + s¥n + Z,COS =sinf + i cosf.
1+sinf —icosd
2
20. If z = cosf + isinf, show that 42 1 —it, where t = tang.
z
1B Quadratic Equations
Now that the arithmetic of complex numbers has been satisfactorily developed,
it is appropriate to return to the original problem of solving quadratic equations.
To reflect the fact that the solutions may be complex, the variable z will be used.
Quadratic Equations with Real Coefficients: The simplest quadratic equations
are the perfect square
(z — )\)2 =0
for which z2= A,
and the difference of two squares
22 -A2=0
for which z=—\or \.
It is now also possible to solve equations involving the sum of two squares, using
the result of Box 4 in Section 1A.
Given 24+ A2=0
(z+iN)(z—iA) =0 (the sum of two squares)
SO Z = —i\ Or i\.
Thus there are three possible cases for a simple quadratic equation: a perfect
square, the difference of two squares, or the sum of two squares.
WORKED ExAMPLE 6: Find the two imaginary solutions of z? + 10 = 0.
SoLuTioN: From the sum of two squares
(z+1V10)(z —ivV10) =0
SO z=—1v10 or iv10
For more general quadratic equations, it is simply a matter of completing the
square in z to obtain one of the same three situations: a perfect square, the
difference of two squares, or the sum of two squares.
WORKED ExAMPLE 7:  Find the complex solutions of 2% + 6z 4 25 = 0.
SoLuTioN: Completing the square:
(z43)2+16=0
so (z24+3+4i)(24+3—-4i)=0 (sum of two squares)
thus z=-3—41 0or —3+4i.
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1B Quadratic Equations 11

Notice that the sum of two squares situation always yields two roots which are
complex conjugates.

QUADRATIC EQUATIONS WITH REAL COEFFICIENTS: Complete the square in z to obtain
one of the following situations:

10 | A. A PERFECT SQUARE: There is only one real root.

B. THE DIFFERENCE OF TWO SQUARES: There are two real roots.

C. THE SUM OF TWO SQUARES: There are two conjugate complex roots.

There are several of ways of proving the assertion that complex solutions to
quadratic equations with real coefficients must occur as conjugate pairs. The
approach presented here will later be extended to encompass all polynomials
with real coefficients.

PROOF: Let Q(2) = az? + bz + ¢, where a, b and ¢ are real numbers. Suppose
that the equation Q(z) = 0 has a complex solution z = w. It follows that

aw? +bw+c¢=0.

Take the conjugate of both sides of this equation to get

aw? +bw+c=0.
Now the conjugate of a real number is the same real number. Further, as noted
in Box 9, taking a conjugate is commutative with addition and multiplication.
Thus the last equation becomes

a(@)* +b(W) +c=0,
that is, Qw) =0.
Hence z = w is also a complex root of Q(z) = 0. That is, Q(z) = 0 must have
two conjugate complex roots, z = w and z = w, and the proof is complete.

WORKED EXAMPLE 8: Find a quadratic equation with real coefficients given that
one of the roots is w =5 — 1.

SoLuTioN: The coefficients are real so the roots occur in conjugate pairs. Hence
the other root is w = 5 4 ¢. Thus the monic quadratic equation is:

(z—(-1))(z—(B+1) =0

or (z=5)+1i)((z—5)—i) =0
thus (z=5)2+1=0.
Finally 22 —102+26=0.

In general, a quadratic equation with real coefficients which has a complex
root z =« is

22 —2Re(a)z+aa=0,

as can be observed in the three worked examples above. The proof is quite
straightforward, and is one of the questions in the exercise.

REAL QUADRATIC EQUATIONS WITH COMPLEX ROOTS: A quadratic equation with real

11 coefficients which has a complex root z = «a is

22 —2Re(a)z+aa=0.
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12 CHaPTER 1: Complex Numbers | 1B

The Quadratic Method: Many readers will know the quadratic formula as

. —b+ Vb2 — 4dac

2a

There is a problem with this formula when complex numbers are involved. When
applied to real numbers, the symbol v/ means the positive square root, but it is
unclear what “positive” means when applied to complex numbers. It might be
tempting to say that ¢ is positive and —i is negative, but then what is to be said
about numbers like (—1+14) or (1 —1¢)? In short, it does not make sense to speak
of positive and negative complex numbers, and so the positive square root has
no meaning. Thus it is not appropriate to blindly use the quadratic formula to
solve an equation with complex roots.

Recall that the quadratic formula arose from applying the method of completing
the square. Here that process is reviewed.

Given az? +bz+c=0,
4 ly= <
SO (2+%)2 = ﬁ, where A = b% — 4ac.

Now suppose there exists a number ), possibly complex, such that A = \2.

Then (s 2) - (2)7 =0
whence (z+ %2) (z+2%2) =0 (the difference of two squares)
and so z= =22 op =X

2a 0O 2a

Thus if there is a number ), possibly complex, for which A> = A, then the
solution to the quadratic equation can be written using the last line above. If the
quadratic formula is to be applied then this method should always be followed.

THE QUADRATIC METHOD:  Use the following steps to solve az? + bz + ¢ = 0.
1. First find A = b% — 4ac.

12 2. Next find a number ), possibly complex, such that A2 = A .

—b—A —b+ A
3. Finally, the roots are z = or + .
2a 2a

WORKED EXAMPLE 9:  Solve 22+ 224+ 6=0.

SOLUTION: A =22 _-4x1x6
=20
2
- (29)’
-2 —2i\/5 —2+4 25
or
2 2
=—1-—ivVhor —1+iV5.

hence z =

Complex Square Roots: Before extending the above work to the case of a quadratic
equation with complex coefficients, it is necessary to develop methods for finding
the square roots of complex numbers.
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1B Quadratic Equations 13

The first thing to notice is that, just like real numbers, every complex number has
two square roots. The proof is quite straightforward. Suppose that the complex
number z is a square root of another complex number w then

2

ZF=w.
Further (—z)* = 22
=w.

Hence w has a second square root which is the opposite of the first, namely (—z).
Thus for example —2i has two opposite square roots, (1 — i) and (—1+¢). This
is not really very surprising since all real numbers (other than zero) have two
opposite square roots. For example, 9 has square roots 3 and —3, whilst —5 has
square roots iv5 and —iv/5. The proof that there are no more than two square
roots is left as an exercise.

Complex Square Roots and Pythagoras: A simple way to find complex square
roots is to equate the real and imaginary parts of 22 = w in order to obtain a
pair of simultaneous equations.

Given (x +iy)®> =a+ib, where x,y, a and b are real,
22 —y? 4+ 2izy = a +ib.
Equating real and imaginary parts yields
-yt =a
and zy=3b.

In many cases this pair of equations can be easily solved by inspecting the factors
of %b, as in the following example.

WORKED ExampLE 10: Find the square roots of 7 + 244.

SoLuTIiON: Let (x +iy)? =7+24i, where x and y are real,
then (22 — y?) + 2ixy = 7 + 24i .
Equating real and imaginary parts yields the simultaneous equations
2 2 _
-y =7
and xy =12.

Inspecting the factors of 12, it is clear that x = 4 and y = 3, or x = —4 and
y = —3. Hence the square roots of 7 + 247 are the opposites

4437 and —4—37.

Some readers will have noticed in the above example that 7 and 24 are the first
two numbers of the Pythagorean triad 7, 24, 25. This is no coincidence. It is
often the case that if b is even and the numbers |a|, |b| and /a2 + b? form a
Pythagorean triad then the resulting equations for x and y can be simply solved
by inspecting the factors of % b.
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14 CHaPTER 1: Complex Numbers | 1B

COMPLEX SQUARE ROOTS AND PYTHAGORAS:  Given (z + iy)? = a + ib, equate the real
and imaginary parts to get the simultaneous equations
2~y =a

13

my:%b.

If b is even and the numbers |a|, |b| and v/a? 4 b? form a Pythagorean triad
then these equations can often be solved by inspecting the factors of % b.

Quadratic Equations with Complex Coefficients: Simple quadratic equations
with complex coefficients can now be solved. All that is needed is to combine the
above method for finding the roots of a complex number with either the method
of completing the square or the quadratic method in Box 12.

WORKED EXAMPLE 11:  Complete the square to solve 22 —(246i)z+(—5+2i) = 0.

SOLUTION: Rearranging
22— 2(1+3i)z=5—2i
S0 (z—(143i))%>=(14+3i)>+5—2i

= -8+6i+5—2i,
thus (2 — (1+3i))* = -3 +4i.

Let (z+iy)? = =3 +4i

then z?2 —y? =-3

and xy = 2

so by inspection one solution is x = 1 and y = 2.

Hence (2 — (1 +3i))% = (1 + 2i)?

and thus z=(1+3i)4+ (142i) or (1+43i)— (14 2i)

that is z=2+4bi or i.

Whilst the focus here is on the quadratic method and completing the square,

those two methods should only be used when required. It is always preferable to
solve a quadratic equation by factors whenever they can be easily identified.

WORKED EXAMPLE 12: Solve 22 +4i2—3=0.
SoLuTION: Noting that —3 =4 x 3i and 4¢ = ¢ + 31,

(z+1i)(2+3i) =0
hence z=—10r —31.

Harder Complex Square Roots: Often the simultaneous equations given in Box 13
cannot be solved by inspection. Fortunately there is an identity that can be used
to help solve these equations. Recall that if

(x +iy)? = a+ib
then 2~y =a (1)
and 20y =b. (2)

Squaring these and adding:
CL2 + b2 —_ (1,2 _ y2)2 + (21‘3/)2
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1B Quadratic Equations 15

—_ ($2)2 + 21‘23/2 + (y2)2

—_ (IL‘2 + y2)2 .
Hence 2 +y? = Va2 + b2 (3)
Equations (1) and (3) now form a very simple pair of simultaneous equations to

solve. Equation (2) is used to determine whether x and y have the same sign,
when b > 0, or opposite sign, when b < 0.

SQUARE ROOTS OF A COMPLEX NUMBER:  Given (x + iy)? = a + ib then z and y are
solutions of the pair of simultaneous equations

14 -yt =a

? +y° = Va?+ b

with the same sign if b is positive, and opposite sign if b is negative.

WORKED EXAMPLE 13: Determine the two square roots of —4 + 2i.

SOLUTION: Let (z 4 iy)> = —4 + 2i. Since Im(—4 + 2i) > 0,  and y have the
same sign. Further, (—4)% + 2% = 20, so solve

z? —y? = —4 (1)
and 22+ =25 (2)
Adding (1) and (2) yields

202 = —4+ 25

SO :L‘:—\/—2+\/50r \/—24—\/5.

Subtracting (1) from (2) yields
2y =4+ 25
SO y:—\/2+\/50r \/24—\/5.

Hence :L‘+iy:—\/—2+\/5—i\/2+\/5 or \/—24—\/54—1'\/24—\/5.

In fact, the result in Box 14 can be used to develop a formula for the square
roots of any complex number, which is derived in one of the Exercise questions.
However that formula is not part of the course and should not be memorised.

Harder Quadratic Equations: Any quadratic equation can now be solved, including
those with complex discriminants. Box 14 is used to find the square roots of
discriminants that cannot be found by inspection.

WORKED ExaMPLE 14:  [A HARD EXAMPLE] Solve 2% + (4 — 2i)z + 1 = 0 by
using the quadratic method.

SOLUTION: A=(4-2i)* -4
=12—-16:—4
=8 —16¢.

Let (z +iy)? = 8 — 16i.

Now Im(8 — 167) < 0 so « and y have opposite sign, with
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2® —y® =8 (1)
and 22 +y? = /82 + 162
or 22 +9? =85 (2)
Adding and subtracting equations (1) and (2) yields

202 =8+ 8V5 . 2y°> = —8 4+ 8V/5
an
2% = 4(14V5) y? =4(-145).

2
Thus A:<2\/1+\/_—2i\/—1+\/5>
and so z:§<—4+2i+2\/1+\f—2i —1+\/5>
or§<—4+2i—2\/1+\/5+2i —1+\/5>

that is 2 = <<—2+ \/1+\/5> +i <1— \/—1+\/5>>
or <<—2— 1+\/5> +i <1+\/—1+\/5>>
Exercise 1B
1. Solve for z.
(a) 22+9=0 (c) 22+224+5=0 (e) 162 —162+5=0
(b) (z—=2)2+16=0 (d) 22—624+10=0 (f) 422 +1224+25=0
2. Write as a product of two complex linear factors.
(a) 2z* +36 (c) 22 =224 10 (e) 22 — 62+ 14
(b) 22 +8 (d) 22 +4245 (f) 22 4+2z+1
3. Form a quadratic equation with real coefficients given that one root is:
(a) iV2 (b) 1—i (¢) —1+4 2 (d) 2—iV3
4. In each case, find the two square roots of the given number by the inspection method.
(a) 2i (¢) —8 —61 (e) =5+ 12: (g) —15—8i
(b) 3+ 4i (d) 35+ 12 (f) 24 — 10¢ (h) 9 — 40:¢
DEVELOPMENT
5. (a) Find the two square roots of —3 — 4.
(b) Hence solve 22 — 3z + (3414) = 0.
6. (a) Find the two square roots of —8 + 61.
(b) Hence solve 2> — (7 — i)z + (14 — 5i) = 0.
7. Use the method outlined in Box 12 to solve for z.
(a) 22 =24 (1+i)=0 (d) 144922 +2-5=0
(b) 22 +32+ (4+6i) =0 (e) 224+ (24+4)z—13(1—i) =0
(c) 22 =624+ (9—2i)=0 (f) iz> =2(1+14i)z4+10=0
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1B Quadratic Equations 17

8. (a) Find the value of w if i is a root of the equation 2% + wz 4 (1 +14) = 0.
(b) Find the real numbers a and b given that 3 —2i is a root of the equation z? +az+b = 0.
(c) Given that 1 — 2i is a root of the equation z? — (3 +i)z+ k = 0, find k and the other
root of the equation.
1
9. Find the two complex numbers z satisfying 2z = 5 and = v (3 + 44).
Z
10. (a) Solve 22 —2zcosf + 1 = 0 for z by completing the square.
1 1
(b) Rearranging the equation in part (a) gives cosf = 5 <z + —> . Confirm this result
z
for each of the solutions to part (a) by substitution.
11. By first factoring the sum or difference of two cubes, solve for z.
(a) 22 =—1 (b) 2 +i=0
12. Consider the quadratic equation az?+bz+c = 0, where a, b and ¢ are real and b* —4ac < 0.
Suppose that w is one of the complex roots of the equation.
(a) Explain why aw? 4 bw + ¢ = 0.
(b) By taking the conjugate of both sides of the result in (a), and using the properties of
conjugates, show that a (w)2 +bw+c=0.
(¢) What have you just proved about the two complex roots of the equation?
13. Suppose that z = « is a complex solution to a quadratic equation with real coefficients.
(a) Which other number is also a solution of this quadratic equation?
(b) Hence prove that one such quadratic equation is 2> — 2Re(a)z + a@ = 0.
14. Let (z +iy)? = a + ib, then we have z? — y*> = a and 2zy = b.
(a) For the moment, assume that both a and b are positive.
(i) Sketch the graphs of these two equations on the same number plane.
(ii) What feature of your sketch indicates that there are two square roots of a + ib?
(b) Investigate how the sketch changes when either a or b or both are negative or zero.
15. Use the results of Box 14 to find the two square roots of:
(a) —i (b) —6+ 8i (c) 242iv3  (d) 10— 24i (¢) 2 —4i
16. Find the discriminant and its square roots, and hence solve:
(a) 224+ (4+2))z+ (1+2i) =0 (c) 22 +2(1—iV3)z2+2+2iV3=0
(b) 22 —2(1+i)z+ (2+6i) =0 (d) 224+ (1 —d)z+(i—1)=0
ENRICHMENT
17. Let a and 8 be the two complex roots of z*> = 1. Show that:
(a) =1, (b) o® = B and 32 = a, (c) 1+a+a?=0,
(d) the sum of the first n terms of the series 1 + a + o + a® + ... is either 0, 1 or —a?,
depending on the remainder when n is divided by 3.
18. Let a, b and ¢ be real with b*> — 4ac < 0, and suppose that the quadratic equation
az? 4+ bz + ¢ = 0 has complex solutions a = z + iy and 3 = u + iv.
(a) By considering the sum and product of the roots, show that
Im(a+3)=0 and Im(aB)=0.
(b) Hence show that o = /3.
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18 CHaPTER 1: Complex Numbers | 1C

19. Let (z +iy)? = a + ib, where b # 0. Use the result of Box 13 to prove the formula:

m+iy:j:<\/%( a2+b2+a)+i%\/% (\/m—a) ) .

Explain the significance of the term b/|b| in this formula.

1C The Argand Diagram

Mathematics requires a knowledge of numbers, and throughout high school that
understanding of numbers has been enhanced by being able to plot them on a
number line, to visualise their properties and relationships. Initially there were
the natural numbers, shown at discrete intervals on the number line.

01234 X
When negative numbers were included to create the integers, the number line
was extended to the left of the origin to show these new numbers.

3-2-101237%
Next came the rationals, the fractions which exist in the spaces between integers.
Eventually the irrationals were discovered and included, which fit in the gaps
that are somehow left between rationals. Some irrational numbers like v/2 can
be constructed geometrically, but others like e and 7 can only be approximated

to so many decimal places. The construction for V/2 is shown here along with the
positions of —%, 3 e and .

20 4
ﬂ\ n

“1-30 3122 e3 X

The number line is now full, the reals have filled it up, and there is no space left
for any new objects like complex numbers. Further, since complex numbers come
in two parts, real and imaginary, there is no satisfactory way of representing them
on a number line. A two dimensional representation is needed.

The Complex Number Plane: Keeping to things that are familiar, the number
plane would seem to be a convenient way to represent complex numbers. More
formally, for each complex number z = x+iy there corresponds a point Z(z, y) in
the Cartesian plane. Equally, given any point W (a, b) in the real number plane,
the associated complex number is w = a + ib.

Thus in the diagram on the right, the complex numbers A

4+ 1 and —3 + 3i are represented by the points A and B B- 31
respectively. The points C' and D represent the complex T

numbers —1 — 27 and 2 — 4¢. Several different names 1t A4
are used to describe a coordinate plane that is used to 3 1] 2 4x

represent complex numbers. One name is the Argand
diagram, after the French mathematician Jean-Robert i
Argand, born in Geneva in 1768. The terms complex 41 .D
number plane or z-plane are also used.
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THE ARGAND DIAGRAM:  The complex number z = x 414y is associated with the point
15 Z(z,y) in the real number plane. A complex number may be represented by
a point, and a point may be represented by a complex number.

As a convenient abbreviation, the point Z(x, y) will sometimes be simply referred
to as the point z in the Argand diagram. It is important to remember that
the complex number plane is just a real number plane which is used to display
complex numbers. By the nature of this representation, if two complex numbers
are equal then they represent the same point. The converse is also true.

The Real and Imaginary Axes: If Im(z) = 0, that is 2z = x + 04, then z is a real
number and the corresponding point Z(x,0) in the Argand diagram lies on the
horizontal axis. Thus the horizontal axis is called the real axis.

Likewise, if Re(z) = 0, that is z = 0 4 iy, then z is an imaginary number and
the corresponding point Z(0,y) in the Argand diagram lies on the vertical axis.
Thus the vertical axis is called the imaginary axis.

Some Simple Geometry: Now that the complex plane has been introduced, it is
immediately possible to observe the geometry of some simple complex number
operations. The simplest of these are the geometries of conjugates, opposites,
and multiplication by ¢, which are now investigated.

yl\
Let z=ux+ty, then the conjugate is 5 Z,
that is, y has been replaced by —y. This was encountered — W >
in the work on graphs and is known to be a reflection in -14 12 3 *
the real axis. This is clearly evident in the example of —27 ‘7z
21 =3+ 2i and 2o = 3 — 2 = Z7 shown on the right. :

16 THE GEOMETRY OF CONJUGATES: The points z and Z in the Argand diagram are
reflections of each other in the real axis.

Next, let 2z =x+ 14y, then the opposite is

. y!\
—z=—r—1y.
In this case, z and y have been replaced by —z and —y Zy,
respectively. Thus the result is obtained by reflecting the ‘ I~ R
point in both axes in succession. Alternatively, it is a 1 “1 X
rotation by m about the origin. The diagram on the right ol Nz
with z7 =1 — 27 and 290 = —1 4+ 2¢ = —z; demonstrates !

this rotation.

THE GEOMETRY OF OPPOSITES: The points z and —z in the Argand diagram are

17 ..
rotations of each other by m about the origin.

Now let z; =a+ b, then zo =12z is given by 74

20 = —b+1ia.
2 Z,(-b, a)

Consider the corresponding points Z; and Z5 shown in \
the Argand diagram on the right, where neither a nor b Z(a, b)

\

is zero. The product of the gradients of OZ; and OZ; is .
(0] X
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20 CHaPTER 1: Complex Numbers |

b a
—x = =1,
ax—b

1C

Hence OZ; is perpendicular to OZ; and the conclusion is that multiplication by ¢
is equivalent to an anticlockwise rotation by 7 about the origin. The situation is
the same even when z; is real or imaginary, but not zero, and the proof is left as

an exercise.

18

THE GEOMETRY OF MULTIPLICATION BY 4: The point ¢z in the Argand Diagram is the
result of rotating the point z by 7 anticlockwise about the origin.

Note that multiplication by ¢ twice in succession yields a rotation of 2 x & = 7.
This is consistent with the geometry of opposites, since i(iz) = i’z = —2z.

WORKED EXAMPLE 15: Let z = x+4y. Determine i Z and hence give a geometric

interpretation of the result.

SOLUTION:  iZ =i(xz — iy)
=y+tix.

This is just z with = and y swapped. Thus it is a reflection in the line y = x.

Curves in the Argand Diagram: So far attention has been given to individual
points in the complex plane. Often an equation in z will correspond to a well
known line or curve in the Argand diagram. In the simple cases dealt with here,

the equation can be found by putting z = = + iy.

WORKED ExamMPLE 16: Graph the following: 4 0 B
(a) Re(z) =2,  (b) Im(z) = —1. Re(z)=2
SoLuTION: The equations give: 5 X
(a) the vertical line x = 2 and >
(b) the horizontal line y = —1, < ) Im(z)=—)
as shown in the diagram on the right.
Note that these two lines intersect at z = 2 — 3. v
VERTICAL AND HORIZONTAL LINES: In the Argand diagram:

19 e the equation Re(z) = a is the vertical line x = a

e the equation Im(z) = b is the horizontal line y = b

e these two lines intersect at z = a + ib.
WORKED EXAMPLE 17: Let the point P in the complex
plane represent the number z = x+iy. Giventhat zZ = 9, 1
find the curve that P is on, and sketch it. 3
SoLuTION: The given equation becomes

(x+iy)(xr—iy) =9 0
S0 z® +y? =3

that is, a circle with centre the origin and radius 3.

X

a
Y

In some examples it is best to manipulate the given equation in z first, and then
substitute z+14y. It is also important to note any restrictions on z before starting.

Both of these points feature in the following example.
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WORKED ExAMPLE 18: Find and describe the curve specified by

1 1
z Z
SoLuTION: Note that in the given equation z # 0, since ya

the LHS is undefined there. Multiply both sides by the
lowest common denominator to get

Z+z=2%2 wz
=) 20 = 2 4 y? -17
or 0:$2—2$+y2
thus 1= (z—1)% 4>

that is, the circle with radius 1 and centre (1,0), excluding the origin.

=V

Write down the coordinates of the point in the complex plane that represents:

(a) 2 (¢) =3+ 5i (e) =5(1+1)

(b) i (d) 2+2i (f) (2+1)i

Write down the complex number that is represented by the point:

(a) (=3,0) (b) (0,3) (c) (7,-5) (d) (a,b)

Let 2 = 1+ 3i, and let A, B, C and D be the points representing z, iz, i’z and iz
respectively.

(a) Plot the points A, B, C and D in the complex plane.

(b) What type of special quadrilateral is ABC'D?

(¢) What appears to be the geometric effect of multiplying a complex number by 7

Let z = 34+¢ and w = 1+ 2i. Plot the points representing each group of complex numbers
on separate Argand diagrams, and describe any geometry you observe.

(a) z,iz, —z, —iz (¢c) z,Z, w,w (e) z, w, z —w

(b) w, iw, —w, —iw (d) z, w, z4+w (f) z, w,w—=z

Graph the following sets of points in the Argand diagram.

(a) Re(z) = -3 (c) Im(z) < 1 (e) Re(z) =Im(z) (g) Re(z) <2Im(z)

(b) Im(z) =2 (d) Re(z) > —2 (f) 2Re(z) =Im(z) (h) Re(z) > —Im(z)
DEVELOPMENT

Let the point P represent the complex number z = 2(cos g +isin §), and let the points
Q, R, S and T, represent z, —z, iz and % respectively. Plot all these points on an Argand
diagram.

Show that the point representing —Z is a reflection of the point representing z in the y-axis.

8. Consider the points represented by the complex numbers z, Z, —z and —Z%.

Show that these points form a rectangle by using:
(a) coordinate geometry to show that the diagonals are equal and bisect each other,
(b) the geometry of conjugates and opposites.

9. In the text it was proven that when z is complex, iz is a rotation by 7 about the origin.
Prove the same result when z is: (a) real, (b) imaginary.
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10.

11.

12.

13.
14.

15.

16.
17.

1D

CHaPTER 1: Complex Numbers | 1D

The numbers z = a + ib and w = iz are plotted in the complex plane at A and B
respectively.

(a) By considering gradients, show that OA 1L OB.

(b) Use the distance formula to show that OA = OB.

(¢) What type of triangle is AOAB?

The point P in the complex plane represents the number z. Find and describe the curve
that P is on given that

1 1

S

z Z
The complex number z is represented by the point C in the Argand diagram. Find and
describe the curve that C is on if

Re<z_6> =0.
z

Show that (z —2) (2 — 2) = 9 represents a circle in the Argand diagram.

Find and describe the curve in the Argand diagram specified by

2Z = (Re(z -1+ 32’))2.
ENRICHMENT
Sketch the curve in the complex plane specified by the given equation.
(a) Im (2%) = 2¢? (b) Re (2%) =¢*
Show that the point representing —iz is a reflection of the point representing z in y = —x.

Show that % is a reflection and enlargement of z.

Modulus-Argument Form
P(x, y)

or in terms of its distance OP = r from the origin and the
angle 6 that the ray OP makes with the positive x-axis.
The situation is shown in the number plane on the right.

yl
Recall that in the study of trigonometry it was found p
that the location of a point P could be expressed either 9
in terms of its horizontal and vertical positions, x and ¥, QJ x

The Modulus and Argument of a Complex Number: In the Argand diagram

the distance r is called the modulus of z, and owing to its geometric definition as
a distance it is written as |z|. On squaring;:

o =12

— 2?4y
= (z + i) (x —iy) (sum of two squares)

hence  [z]* = 2Z.

The angle 0 is called the argument of z, and is written 6 = arg(z). Just as with
trigonometry, 6 can take infinitely many values for the same point P. It is often
necessary to restrict the angle to just one value called the principal argument,
which is written Arg(z). The value of the principal argument is always in the
range —m < Arg(z) < w. Note the strict inequality on the left hand side, and the
use of radian measure.
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1D Modulus-Argument Form 23

There is a problem with measuring § when z = 0 because then P coincides with
the origin and there is no angle to measure. For this reason, both arg(0) and
Arg(0) are undefined. However, it should be clear |0| is defined and that |0] = 0.

MODULUS AND ARGUMENT: Let P represent the complex number z = x + iy in the
Argand diagram, with origin O.
e The modulus of z is the distance |z| = » = OP. Note that |z|? = 2Z.
20 e The argument of z # 0 is any angle arg(z) = 6 that the ray OP can make
with the positive real axis. However, arg(0) is undefined.
e The principal argument of z # 0 is the unique angle Arg(z) = 6 which is in
the range —m < 6 < 7. However, Arg(0) is undefined.

From the trigonometric definitions it is clear that

x =rcosf (1)
and Yy =rsind, (2)
from which it follows that

z=rcosf+irsind.

Notice that the modulus r is a common factor in this last expression and it is
more commonly written as

z =r(cosf +isinf)
or z=rcisf for short.

In order to contrast the two ways of writing a complex number, z = x + iy
is called real-imaginary or Cartesian form whilst z = r(cos€ 4 isinf) is called
modulus-argument form, or mod-arg form for short. Another name for mod-arg
form is polar form, because the radius is measured from the origin which acts as
a pole. Equations (1) and (2) above serve to link the two forms.

WORKED ExaMPLE 19: Express each complex number in real-imaginary form.

(a) z=4dcisT (b) z=2cis g (c) z=cis 2"

SOLUTION:

(a) z=4cosm+4isinm (b) z=2cosE +2isink (c) z=cos 3L +isin2L
=4 =V3+i =145y

WORKED ExamMpLE 20: Express each complex number in mod-arg form using
the principal argument. In part (c) give Arg(z) correct to two decimal places.

(a) z=Dhi (b) 2=3-3i (¢c) z=—-4-3i

SOLUTION: In each case let z = rcis 6, with Z the point in the Argand diagram.
(a) In this case Z is on the positive imaginary axis so
r=2>5
and =7,

hence z=5cisF.
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24 CHaPTER 1: Complex Numbers | 1D

(b) Now Z is in the fourth quadrant with e
r2=32432 1923 >
AN X
or r=3v2. RS
1 -2+ I’\\
Thus cosf = — =37 ~Z
V2
and 0=-7%,
hence z = 3V2cis (—%) . )
(c¢) In this case there is a Pythagorian triad so 4 2
r = 5 r////g,/e x
Now cosf = —% and Z is in the third quadrant ’ T
SO 0 = —m +cos % = —2.50 radians, zZ -3
hence z = 5cis(—2-50) .

FORMS OF A COMPLEX NUMBER:
e x + iy is called the real-imaginary form or Cartesian form of z.
e 7(cosf +isinf) = rcisf is called the modulus-argument form of z.

21
e The equations relating the two forms are:

T =rcosf and y =rsinf

Note that some people prefer to use tan = £ to find Argz. This alternative
formula should only be used when the quadrant is known for €, otherwise there
is a potential problem. By way of example, suppose that z = k(1 + i) for some
constant k. The alternative formula would then give

tanf =1.

s

It would be tempting at this point to write Argz = 7. Whilst this is correct
when k£ > 0, it is wrong when £ < 0. In fact when & < 0, z lies in the third
quadrant and so Argz = —%T”. And, of course, Arg z is undefined when k = 0.

Some Simple Algebra: As will be revealed over the remainder of this chapter, the
use of mod-arg form is a powerful tool, both in simplifying much algebra and in
providing geometric interpretations.

Perhaps the most obvious thing to notice is that |cisf| = 1. The geometry of
the situation makes the result obvious since if z = cos# 4 i sinf then the point
Z(cos@,sinf) lies on the unit circle. Hence |z| = OZ = 1. Here is an algebraic
derivation of the same result.

| cosf + isinf|? = cos? @ + sin” 6
=1 ,
hence |cisf] =1.
This identity has immediate applications in quadratic equations. If cisf is one

of the roots, then the constant term of the monic quadratic must be 1, as the
following worked example demonstrates.

WORKED ExAMPLE 21: Find a quadratic equation with real coefficients given
that one root is z = cisf.
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SoLuTIiON: The coefficients are real so the other root must be cis@. Thus:
(z —cish)(z — cisf) =0

or 2% — (cisf + cis0)z + cisf x cisf = 0
that is 2% —2Re(cis )z + | cish)> = 0
thus 2% —2zcos60+1=0.

The Product of Two Complex Numbers: The modulus-argument form of the
product of two numbers is a particularly important result. Let w = acisf and

z =bcis¢, with a # 0 and b # 0. Then:
wz = a(cos @ +isinf) x b(cos¢ + isin @)

=ab ((cos 6 cos ¢ — sin @sin @) + i(cos O sin ¢ + sin € cos qb))

= ab(cos(0 + ¢) + isin(d + ¢)) ,

=abcis(6 + ¢) .
Thus |lwz| = ab and arg(wz) =0+ ¢.
This yields the following two significant results:

jwz| = Jwl [2|

and arg(wz) = arg(w) + arg(z) .

WORKED EXAMPLE 22:  Let w = V3 +i and z = 1 + .
(a) Evaluate wz in real-imaginary form.
(b) Express w and z in mod-arg form and hence evaluate wz in mod-arg form.

(¢) Hence find the exact value of cos 7.

SOLUTION:
(a) wz = (V3+1i)(1+1)
=(V3-1)+i(vV3+1).
(b) Now w = 2cis §
z = \/ﬁcis& ,
hence wz = 2v2 cis(§ + )
= 2v2cis % .
(c) Equating the real parts of parts (a) and (b) yields
2v/2 cos ‘?—g =v3-1

3—-1
hence cos ‘?—g = L .
2v/2

THE PRODUCT OF TWO COMPLEX NUMBERS: Let w and z be two complex numbers.
e The modulus of the product is the product of the moduli, that is:

- ] = o] |2].
e The argument of the product is the sum of the arguments, that is:

arg(zw) = arg(w) + arg(z) (provided w # 0 and z #0.)

A question in the exercise deals with the case of division of complex numbers.
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Some Simple Geometry Again: It is instructive to re-examine the geometry of
conjugates, opposites and multiplication by ¢ using mod-arg form. Beginning
with the conjugate, recall that the result is a reflection in the real axis. Thus the
modulus should be unchanged, and the argument should be opposite.

Let z = rcisf then
Z =rcosf —irsinf
= rcos(—0) + irsin(—0)
= rcis(—0)
hence IZ| = |2|
and arg(z) = —arg(z)

that is, the modulus is unchanged and the angle is opposite, as expected.

The cases of opposites and multiplication by ¢ are more simply dealt with. Recall
that these operations represented rotations in the complex plane by 7 and 7
respectively. Thus, again, the modulus should be the same, and the argument
should be increased appropriately. Looking at opposites first:

| =zl = (1) x 2| = =1 x || = ||,
and arg(—z) = arg(—1 x z) = arg(—1) + arg(z) = 7 + arg(z) .
That is, the moduli of opposites are equal and the arguments differ by .
Similarly liz| = |i| || = |#],
and arg(iz) = arg(i) + arg(z) = 5 + arg(2) .
That is, the moduli of z and iz are equal and the arguments differ by 7. In both
cases the results are exactly as expected. Also notice that the principal arguments
of —1 and ¢ have been used. As an exercise, justify why this is correct.

The Geometry of Multiplication: Aside from the special cases above, the geometry
of multiplication is evident in the results of Box 22. The product of the moduli
indicates an enlargement with centre the origin, and the sum of the arguments
represents an anticlockwise rotation about the origin.

Consider these two transformations individually and let w = 7 cisf. When # = 0
the product wz reduces to wz = rz, which is an enlargement without any rotation.
Thus both z and 7z lie on the same ray.

When |w| =r =1 the product wz becomes wz = z cisf. Using Box 22:
w2l = ]
~ |2
and arg(wz) = argw + arg z
=0+argz.

This is simply a rotation without any enlargement. Thus z and z cis 6 both lie on
a circle of radius |z|. The following example serves to demonstrate the situation.

WORKED EXAMPLE 23: Let 2 =1 + 1.

(a) Find, in Cartesian form, the complex number w such that wz is a rotation
of z by § about the origin.

(b) Evaluate wz in Cartesian form.
(c¢) Verify that |wz| = |z|, then plot z and wz on an Argand diagram.
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SOLUTION:
(a) Clearly w =cis%g
=1(1+1iv3).
(b) wz = (1 +iV3)(1+1)
= 3((1-VB) +i(1+V3)) Ay
wz |
(¢) Now |wzl* = £((1-V3)?+ (1+3)?) PRI
—11434+1+3) / > W2
—9. ‘:\ 0] X

Hence |wz| =2
= |zl

27

THE GEOMETRY OF MULTIPLICATION: Let w = rcisf. Then the complex number wz

23 is the result of a rotation of z by 6 anti-clockwise about the origin and an

enlargement of z by factor r with centre the origin.

The corresponding geometry for the division of complex numbers is similar and

is dealt with in one of the exercise questions.

Recall that, for a real number z, the value of |z|

is the distance from the origin to x. Shifting this, |z — a| is the distance from a
to z. Although it will not be proven here, the results for shifting can also be
applied to the Argand diagram. Thus since |z| is the distance from the origin
to z, it follows that |z — w| is the distance from w to z. An algebraic proof of

this important result is the subject of a question in the exercise.

Likewise, since arg(z) is the angle at the origin between z '/

and the positive real axis, the value of arg(z — w) is the
angle at the vertex w between z and the right half of the
horizontal line through w. The situation is shown in the
diagram on the right.

WORKED EXAMPLE 24: Let points W and Z represent
w =2+ 2¢ and 2 = —1 + 57 respectively. Find:

(a) the length of WZ, VA
(b) the angle 0 that W Z makes with the positive xz-axis. Z\f

SoLuTioN: First note that 2 — w = —3 4+ 3¢.

(@) WZ=|z—ul AN
=] -3+ 31 _‘1 5 > >
=3V2
(b) 0 = Arg(z — w) (corresponding angles, parallel lines)
= Arg(—3 + 3i)
37
=7
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SHIFTING IN THE COMPLEX PLANE: Functions of complex numbers can be shifted in a
similar way to functions of real numbers. In particular:
24 e |z — w| is the distance from w to z.
e arg(z — w) is the angle at the vertex w between z and the right half of the
horizontal line though w.

Exercise 1D

1. Find |z| given:
(a) z=3 (c) z=1—1 (e) z=—-3+4i
(b) z=—5i (d) z=—V3—i (f) z=15+8i

2. Find Arg(z) given:
(a) z=-2 (c) 2=2-2i (e) z=-3+3i
(b) =z=4i (d) z2=14V3i (f) z=—-V3—i

3. Express each complex number in the form r(cosf +isinf), where r > 0 and —7 < § < 7.
(a) 2i (¢) 1+ (e) —1+V/3i
(b) —4 (d) V3—i (f) _\/Li — \/Liz

4. Repeat the previous question for each of these complex numbers, writing 6 in radians
correct to two decimal places.
(a) 3+ 4i (b) 12 —5i (¢c) =2+ (d) -1 -3¢

5. Express in the form a + ib, where a and b are real.
(a) 3cis0 (c) 4cis % (e) 2cis 3T
(b) 5cis(—%) (d) 6cis (—%) (f) 2cis (—2F)

6. Given that z =1 — ¢, express in mod-arg form:
(a) 2 (b) z (c) —2 (d) iz (e) 2 () @

7. Simplify each expression, leaving your answer in mod-arg form.
(a) Scis{5 x 2cis (c) 6cisg +3cisg (e) (élcis,%)2

3cish

(b) 3cisd x 3cis20 (@ 3 Zz 43 (f) (2cis Z)°

8. Find the distance |z — w| between the following pairs of numbers in the complex plane.
(a) w=—141i,2=1+3i (d) w=—-3+1iV3, z =3 +3iV3
(b)) w=4+2i,z=1—1 (e) w=—-1-3i,z=2+1
(¢) w=1+41iV3, z=4—2iV3 (f) w=—-1+1i,2=-2—i

9. Find Arg(z — w) for each pair of numbers in the previous question. Approximate your
answers to 2 decimal places where necessary.

10. Suppose that multiplying a complex number by w produces a rotation of € radians about
the origin. Find w in Cartesian form for the given values of 6.
(@) 3 (c) § (o) (8) %
(b) m (d) I (f) =3 (h) -3
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DEVELOPMENT

11. Let z be a non-zero complex number such that 0 < argz < 7. Indicate points A, B,

C and D in the complex plane representing the complex numbers z, —iz, (2cis %)z and
(% cis(—%))z.
12. Replace z with z + w in Box 22 to prove that for z # 0 and w # 0:

@ |2 = 12 (b) arg <5> — argz — argw

w|  [wl

13. Suppose that z; = V3 44 and 25 = 2v/2 + 2V/24.

2
(a) Write 21 and 2o in mod-arg form. (b) Hence write 2122 and == in mod-arg form.
21

14. Repeat the previous question for z; = —V3+iand 2o = —1—i.

14+1iv3
15. (a) Express :—TZ\/_ in real-imaginary form.
i

14+4v3
(b) Write 1+i and 1+ iv/3 in mod-arg form and hence express :—TZ\/_ in mod-arg form.
i

(c) Hence find cos {5 in surd form.

16. Let z1 =14 5¢ and 25 = 3 + 2¢, and let z = ﬁ.
22
(a) Find |z| without finding .
(b) Find tan(tan™'5 —tan™" 2), and hence find arg z without finding .
(c) Hence write z in the form = + iy, where x and y are real.

17. Show that for any non-zero complex number z = r cis 6:
(a) 2Z = |2|?, (b) arg(z?) = 2arg(z), (c) if |z| =1 then 7 = 2~ 1.
18. Let z be any non-zero complex number. By considering arg(|z|?), use the result in part (a)
of the previous question to prove that argz = —arg z.
19. Let z = cosf + isinf. Determine 22 in two different ways and hence show that:
(a) cos26 = cos® ) — sin® 0 (b) sin26 = 2sin6 cos 6
20. The complex number z satisfies the equation |z — 1| = 1. Prove that |z|? = 2 Re(z) by:
(a) letting z = x + iy,
(b) squaring the equation and then using the result |z|? = 2Z.
21. Given that z is a complex number satisfying |2z — 1| = |z — 2|, prove that |z| =1 by:
(a) letting z = x + iy,
(b) squaring the equation and then using the result |z|? = 2Z.
22. Let z =1+ cosf + isinf, where —m < 0 < 7.
(a) Show that |z| =2cos % and argz = £.  (b) Hence show that 27! =
ENRICHMENT
23. Let w =1 +iy; and z = x5 + iys.
(a) Show that the distance W Z between the points w and z is |z — w|.
(b) Show that the angle that the line W Z makes with the positive real axis is arg(z — w).
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24. Let z = cisf and w = cis ¢, noting that |z| = |w| = 1. Evaluate z+w in mod-arg form and
hence show that arg(z +w) = % (argz +argw). [HINT: Use the sum to product identities

cosf + cos¢p = 2COS( +¢) cos (9 ‘b) and sind + sin ¢ = 28111( +¢) cos (9 ‘b) ]

25. (a) Prove that Re(z) < |z|. Under what circumstances are they equal?
(b) Prove that |z 4+ w| < |z| 4 |w|. Begin by writing |z 4+ w|? = (z + w)(z + w).

1E Vectors and the Complex Plane

The geometry of multiplication and division became evident with the introduction
of the modulus-argument form in the previous section. Since the arguments are
added or subtracted, it is clear that a rotation is involved. Since the moduli are
multiplied or divided, it is clear that an enlargement is involved.

So far, the observed geometry of addition and subtraction has been limited. A
better understanding of these two operations is desirable and can be achieved
by yet another representation of complex numbers, this time as vectors. In this
section, a few vector tools will be introduced to help better understand complex
numbers. A more detailed study of vectors is given in the Extension 1 course.

Vectors: In the simple geometric definition used in this section, a vector has two
characteristics, a magnitude and a direction. Thus the instruction on a pirate
treasure map “walk 40 paces east” is an example of a displacement vector. The
magnitude is “40 paces” and the direction is “east”. A train travelling from
Sydney to Perth across the Nullarbor at 120km/h is an example of a velocity
vector. The magnitude is 120km/h and the direction is west.

In the number plane, a vector is represented by an arrow, which is more properly
called a directed line segment. The length of the arrow indicates the magnitude
of the vector and the direction of the arrow is the direction of the vector. In
particular, in the Argand diagram an arrow joining two points will be used to
represent the vector from one complex number to another. When naming a
vector, the two letter name of the line segment is used with an arrow above it to
indicate the direction, as in the following two examples.

YA YA
G2 A3
2
> 1 w
(0] 1 X
1 I

% . . . % . .
0Z is the vector from the origin to W Z is the vector from w = 1+1 to
z=1+iV3. z=—1+43i.

Vectors and Complex Numbers: Look further at the examples above. In the first,
—
it is natural to assume that the vector OZ represents the complex number z. But
what complex number does the vector W Z represent in the second example?
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The magnitude of a vector is the distance between the end-points of its arrow.
That is, the magnitude of WZ is |z—w|. The direction of a vector may be specified
by the angle its arrow makes with the horizontal. That is, the direction of V[TZ>
is given by Arg(z — w). Since any complex number is completely determined by

—
its modulus and argument, it follows that the W Z must represent the complex
number (z — w). This is always the case, regardless of the values of z and w.

VECTORS AND COMPLEX NUMBERS:  Let the vector from w to z in the Argand diagram

— —
be WZ. Then the vector WZ represents the complex number (z — w).

25

Equal Vectors: Suppose that two vectors E and ﬁ) represent the same complex
number. That is, both vectors have the same magnitude and direction. It makes
sense to say that these vectors are equal and to write

—_— —
AB = PQ
since there is nothing to distinguish between them.

By way of example, let Zy, Z; and Zs represent the complex numbers 1+ 2i, 241
and 3 + 3¢ respectively. Then by Box 25,

—_—
0Zy=(142i)—0
=142
—_—
and Z1Z9 = (3 + 3Z) — (2 + Z)
=1+ 2i.
That is, the same complex number is represented by both
vectors, and hence I
— —_—
OZy=7Z17Z>. 1

The diagram to the right shows the situation. Notice that
both vectors clearly have the same length and direction. o 1 2 3 x

EQUAL VECTORS: Vectors with the same magnitude and direction are equal. Equal
vectors represent the same complex number.

26

Addition and Subtraction: Consider the three points A, Va
B and C which represent the complex numbers w, w + z =W /B
and z. Now OB = (z+w) and, by Box 25, AC = (z—w). CL /
So the diagonals of O ABC have special significance. Does -
this quadrilateral have any other special characteristics?

I
1 z=w

z A
w

=V

—
The magnitude of AB is o

[(w+2) —w| =z,
—
thus AB = OC. Likewise, the magnitude of C'B is
[(w+2) — 2| = [w],

thus CB = OA. Now since OABC has opposite sides of equal length, it must be
a parallelogram. Consequently the opposite sides are also parallel.
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— —_
Hence OC=AB
— —
and OA=CB.
Thus in order to add or subtract two complex numbers geometrically, simply
— —

construct the parallelogram OABC from the vectors OA and OC'. Then the sum

is the vector OB and the difference is AC This result is most useful in solving
certain algebraic problems geometrically.

WORKED EXAMPLE 25:
moduli and acute arguments, show that Arg(w + z) =

Given two non-zero complex numbers w and z with equal

%(Arg(w) + Arg(2)).

SorLuTion: Consider the points OABC in the z-plane VA

representing the complex numbers 0, w, w 4+ z and z i B

respectively. Now OABC is a parallelogram. Further G

OA = OC, since |w| = |z|. Thus in fact OABC is a

rhombus. Since the diagonal OB of the rhombus bisects A

the angle at the vertex O, it follows that 5 >
Arg(w + z) = 3 ( Arg(w) + Arg(z)) .

1E

THE GEOMETRY OF ADDITION AND SUBTRACTION:
27

—
diagonal vector AC represents the complex number (z — w).

Let the points O, A and C represent
the complex numbers 0, w and z. Construct the parallelogram OABC. The

—
diagonal vector OB represents the complex number (z + w) and the other

WORKED EXAMPLE 26: The points OABC represent the complex numbers 0, w,
w+ z and z. Given that z — w = i(z + w), explain why OABC is a square.

SorLuTion: Firstly OABC is a parallelogram, where O—lé represents z + w and
AC represents z — w. Since z — w = i(z + w) it follows that
arg(z — w) = arg(i(z + w))
= arg(i) + arg(z + w)
= 5 +arg(z +w),
and |z —w| = |i(z + w)|
= |i| X |z + w]
=z +w|.
Thus the diagonals OB and AC are at right angles to each other and have the
same length. Hence OABC is a square.

Triangle Inequality: An important identity encountered with the absolute
value of real numbers is the triangle inequality

2l = Jyl| < 2+ 9] < [l + [y

Given that the absolute value of a real number is analogous to the modulus of a
complex number, it is not surprising that the same result holds for the modulus
of complex numbers, that is

121 = ol < 12+ w0l < J2]+ o]
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. . yl\
This result can be explained in terms of the geometry

of the addition of complex numbers. Consider only the
points O, A and B as defined previously and shown in
the diagram on the right. Recall that the three vectors

— —
OA, AB and OB represent the complex numbers w, z

and z + w respectively. Hence the three moduli |w]|, || o
and |z + w| are the lengths of the sides of AOAB.

=V

It is a well known result of Euclidean geometry that the length of one side of a
triangle must be less than or equal to the sum of the other two, thus

|2+ w| < [2] + |w],

with equality when O, A and B are collinear. Similarly the length of one side is

greater than or equal to the difference of the other two, thus

2| = |wl] <[z +wl|,

with equality again when the points are collinear. Combining these two yields

2] = |w]| <[z + w| < |z] + |wl,

and replacing w with —w throughout gives

2| = |w]| <[z —w| < [z] + |w].

These inequalities are called the triangle inequalities, after their geometric origins.

o8 | ® |12 wl] < |2+ wl < J2) + ]

2] = ol | < |2 = w] < [2] + |u]

THE TRIANGLE INEQUALITIES:  For all complex numbers z and w,

Multiplication and Division: The geometry of these two operations has already
been satisfactorily explained as a rotation and enlargement. This interpretation

is further demonstrated by the following example.

The diagram below shows the points O, U, A, B and C which correspond to the
complex numbers 0, 1, w, z and wz respectively. In AUOA and ABOC,

LBOC = arg(wz) — arg(z) Y1
= arg(w) + arg(z) — arg(z)
= arg(w)
— JUOA,

and OC  |wz|

A

C

OB~ |7
= [wl
_oa
S oU’
Hence ABOC ||| AUOA (SAS)
Note that the similarity ratio is OB : OU = |z| : 1.
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This provides a novel way of constructing the point C for any given complex
numbers w and z. First construct AUOA, then use the base OB to construct
the similar triangle ABOC' by applying the similarity ratio |z| : 1.

Other than being an application of similar triangles, this construction method is
rarely required. The geometry of the situation should always be remembered as
a rotation of w by arg(z) and an enlargement by factor |z|.

Two Special Cases: A vector approach is very helpful in analysing the geometry
in two special cases of division. Let z1, 22, 23 and z4 be four complex numbers
corresponding to the points A, B, C and D, and let

29— 2
2% _ A
23 — 24
so that 2o — 21 = A(23 — 24) .
Suppose that A is real and non-zero, then one vector is a multiple of the other.
Hence both vectors have the same direction if A > 0 (but may differ in length)
and opposite direction if A < 0. In either case the lines AB and C'D are parallel.
In the case where A is imaginary, the two vectors must be perpendicular, since
multiplication by 4 is equivalent to a rotation by 7. Hence AB L CD. The sign
of Im(\) determines whether the rotation is anticlockwise or clockwise.
WORKED EXAMPLE 27: Let z; and 25 be any two complex numbers representing
the points A and B in the complex plane. Consider the complex number z given
z—z
by the equation L — ¢ where ¢ is real. Let the point C' represent z.
Z9 — 21
(a) Show that A, B and C' are collinear.
(b) Hence show that AC : BC' = |t]| : |1 —t|.
SOLUTION:
. é % .
(a) First note that AB represents zo — 21 and that AC represents z — z1. Since
z—2z
L is real it follows that AB and AC are parallel. Further since A is
22 — 21
common to both lines, it follows that A, B and C are collinear.
— —_
(b) If t < 0 then AC has the opposite direction to AB —dr
and the order of the points is CAB. ‘ /
If t =0 then A and C coingide. | ‘% /B
Ifo<t<l1 t@g both AC and AB have the same C A
direction and AB has the greater magnitude. Hence £<0
the order of the points is ACB.
If t =1 then C' and B coincide. /
— \ =t
If t > 1 then the vectors have the same direction Ve
but AC has greater magnitude, so the order is ABC. “‘/’C B
In each case let |z — 21| = 7. Then: 4 0<t<1
AC : AB = |z — z1| : |22 — #1]
\ ldr
=|tlr:r ‘44:
=t : 1. e
Hence in all cases AC' : BC = |t| : |1 — t|. The three 1 B 1<t
non-zero cases are shown on the right.
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Exercise 1E

1. In the diagram on the right, OABC is a parallelogram. The ya
points A and C represent 5 + ¢ and 2 + 3i respectively. Find B
the complex numbers represented by:

(a) the vector OB,
(b) the vector AC, AG+1)
(c) the vector C'A. 0 x

2. In the diagram on the right, OPQR is a square. The point P Yt o
represents 4 + 3i. Find the complex numbers represented by:

(a) the point R, R
(b) the point Q, P(4+3i)
(c) the vector QR,

(d) the vector PR. 0 x

C(2+3i)

3. In the diagram on the right, intervals AB, OP and OQ are equal B
in length, OP is parallel to AB and /POQ = 5. If A and B 0 /
represent the complex numbers 3+ 5¢ and 9 + 8¢ respectively, find 4

the complex number which is represented by Q.

=V

4. In the diagram on the right, OABC is a square. The point A yroop
represents the complex number 2 + 1.

(a) Find the numbers represented by B and C. C

(b) If the square is rotated 45° anticlockwise about O to give
OA'B'C’, find the number represented by B’'. A

5. In the diagram on the right, AB = BC and LABC = 90°. The y4
points B and C represent 5+ 3¢ and 9 + 6¢ respectively. Find the
complex numbers represented by: C(9+6i)

(a) the vector BC,
(b) the vector BA, B(5+3i)
(c) the point A. 0 o

6. The diagram on the right shows a square ABC'D in the complex A B(4+13i)
plane. The vertices A and B represent the complex numbers
9 4+ ¢ and 4 4 137 respectively. Find the complex numbers that ¢
correspond to:

(a) the vector AB, A9 +1i)
(b) the vertex D. x

DEVELOPMENT

Q

7. In the diagram on the right, the points P and @) correspond to
the complex numbers z and w respectively. The triangle OPQ is
isosceles and the angle POQ is a right angle. s
Prove that 2% +w? = 0. 0| X
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10.

11.

12.

13.

14.

15.

16.

17.

CHaPTER 1: Complex Numbers | 1E

. In the Argand diagram on the right, ABCD is a square, ya c

and OF and OF are parallel and equal in length to AB and D
AD respectively. The vertices A and B correspond to the

complex numbers w; and wsy respectively. What complex F
numbers correspond to the points £, F', C' and D? A

In the diagram on the right, the vertices of a triangle ABC are  y4
represented by the complex numbers zq, 2o and z3 respectively.

The triangle is isosceles, and right-angled at B. 4
(a) Explain why (21 — 20)% + (23 — 22)* = 0. c
(b) Suppose that D is the point such that ABCD is a square. B

Find, in terms of zq, zo and z3, the complex number that the
point D represents. o) X

In the Argand diagram on the right, OABC is a rectangle, with B Ay
OC = 20A. The vertex A corresponds to the complex number w.
(a) What complex number corresponds to the vertex C? C

(b) What complex number corresponds to the point of intersection

D of the diagonals OB and AC?
A(o)

0 X

The vertices of an equilateral triangle are equidistant from the origin. One of its vertices
is at 1+ v/3i. Find the complex numbers represented by the other two vertices.
[HINT: What is the angle subtended by the vertices at the origin?]

Given z = 3 + 44, find the two possible values of w so that the points representing 0, z
and w form a right-angled isosceles triangle with right-angle at the point representing:

(a) 0 (b) 2 (c) w

Given that 21 =141, 20 = 2+ 6¢ and 23 = —1 + 74, find the three possible values of z4
so that the points representing zi, 2o, z3 and z4 form a parallelogram.

Suppose that the complex number z has modulus one, and that 0 < Argz < 7.
Prove that 2 Arg(z + 1) = Arg 2.

The vertices of the quadrilateral ABC'D in the complex plane represent the complex
numbers z1, 2o, z3 and z4 respectively.

(a) If 2y — 29 = 24 — 23, show that the quadrilateral ABCD is a parallelogram.
(b) If 2y — 29 = z4 — 23 and 27 — z3 = (24 — 22), show that ABCD is a square.
A triangle has vertices at points in the Argand diagram which

represent the complex numbers zq, zo and z3.
2 — 21
If

YA

= cos § +isin %, show that the triangle is equilateral.
23 — 21 P *h

In the diagram on the right, the points P, P» and Ps represent
2 Z
the complex numbers z1, 2o and z3 respectively. If 2= —3, show 1

Z1 z2 >
that OP, bisects /PO Ps. 0 X

ISBN 9781108771054 © Sadler & Ward 2019 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.



18.

19.

20.

21.

22,

23.

24.

1F

1F Curves and Regions in the Argand Diagram 37

Let 21 =27 and 29 =1 +/3i.
(a) Express z; and 29 in mod-arg form.

(b) Plot in the complex plane the points P, @, R and S representing z1, 22, 21 + 22 and
21 — %o respectively.

(c) Find the exact values of: (i) arg(z; + z2) (ii) arg(zy — 22)

(a) Prove that for any complex number z, |z|? = 2Z.

(b) Hence prove that for any complex numbers z; and zo:
|Z1 + Zz|2 + |Zl — ZQ|2 =2 (|21|2 + |Z2|2)

(c) Explain this result geometrically.

In the diagram on the right, the points P and ) represent the A
complex numbers z and w respectively.
(a) Explain why |z —w| < |z| + |w]. 0
(b) Indicate on the diagram the point R representing z + w. P
(c) What type of quadrilateral is OPRQ?
(d) If |z — w| = |z + w|, what can be said about the complex 0 x
w
number — ?
z
Z [R—
(a) Prove that the points 21, z and 23 are collinear if —>— is real.
Z9 — 21

(b) Hence show that the points representing 5 + 8i, 13 + 20i and 19 + 29i are collinear.
ENRICHMENT

The complex numbers w; and ws have modulus 1, and arguments «; and «s respectively,
where 0 < a; < az < 7.
Show that Arg (wq —ws) = 3(aq + g — ).

24— 2 29 — %
[CIRCLE GEOMETRY] It is known that arg< 1 1> + arg< 2 3) = m. Explain
2o — 21 24 — 23

why the points representing these complex numbers are concyclic.

[CIRCLE GEOMETRY| The points representing the complex numbers 0, 21, z3 and z3 are

1 1
concyclic and in anticlockwise order. Prove that the points representing —, — and —
21 % Z
R 1 22 3
are collinear. [Hint: Show that 1_1 2_1 is real.
A1 T %3

Curves and Regions in the Argand Diagram

In many situations a set of equations or conditions on a variable complex number z
yields a set of points in the Argand diagram which is a familiar geometric object,
such as a line or a circle. The main aim of this section is to provide a geometric
description for a curve or region specified algebraically. Therefore the examples
in this text have been grouped by the various geometries.
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There are two basic approaches used in this section, algebraic or geometric. The
advantage of the algebraic approach is that most readers will already be proficient
at manipulating equations in z and y. Unfortunately the geometry of the situation
may be obscured by the algebra. The advantage of the geometric approach is that
it will often provide a very elegant solution to the problem, but may also require
a keen insight. Both methods should be practised, with the aim to become
proficient at the geometric approach.

Straight Lines: Some simple straight lines have already been encountered in 1C,
such as the vertical line Re(z) = a. Here are some other examples and their
geometric interpretations.

In coordinate geometry, given the coordinates of two points A and B, the task of
finding the equation of the perpendicular bisector of AB is a lengthy one. The
equivalent complex equation is remarkably simple.

WORKED EXAMPLE 28: Let z; = 4 and 29 = —2i, and let the variable point z
satisfy the equation |z — z1| = |z — 23]

(a) Put z = z + iy and hence show that z lies on the straight line y + 2z — 3 = 0.
(b) Describe this line geometrically in terms of z; and zs.

SOLUTION: ;\f’y
(a) Substitute the values of z; and zs, then square to get
(=42 +y* =2+ (y+2)°

o (z—4)?—a?=(y+2)?2-y?

thus  —4(2x —4) =22y + 2)

SO 4—-2x=y+1

hence y+2x—3=0.
(b) Let z, z; and zy be the points P, A and B in the

Argand diagram. Since the modulus is a distance,
the given equation yields

PA=PB.

Thus either AAPB is always isosceles, or P bisects
AB. Hence P is on the perpendicular bisector of AB.

THE PERPENDICULAR BISECTOR OF AN INTERVAL: Let z; and 2o be the fixed points A

and B in the Argand diagram, and let z be a variable point P. If
29

|Z—21|: |Z—Zz|

then P is on the perpendicular bisector of AB.

WORKED EXAMPLE 29: Let zg = a + ib be the fixed point T and let z = = + iy
be a variable point P in the complex plane. It is known that

z—zo = ikzp,
where k is a real number. It is also known that P is on a straight line.

(a) Find the equation of that straight line in terms of x and y.
(b) What is the geometry of the situation?
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SOLUTION: VA
(a) The given equation expands to

1F Curves and Regions in the Argand Diagram 39

x + iy — (a+1ib) = ik(a +ib) . r\P'\

Equating real and imaginary parts yields

- / X
xr—a=—kb ) ' NN

and y—b=ka.

Eliminating & from this pair of equations gives
by —b) = —a(x —a)
or azx + by = a® + b2

Some readers will recognise this equation as the tangent to a circle. This
geometry is confirmed by examining the given equation more closely.

Since multiplication by ¢ represents a rotation of 7, it follows that for k # 0

— —
the vector T'P is perpendicular to OT'. That is, P lies on a line perpendicular
to OT. Further, when k£ = 0, z = zg, so this line passes through 7. That
is, PT is the tangent to the circle with radius OT', as shown above.

Rays: The horizontal and vertical lines in 1C and the first example above demonstrate
some of the geometry of the recently introduced functions Re(z), Im(z) and |z|.
The new function Arg(z) describes a ray in the z-plane.

WORKED EXAMPLE 30: The complex number z satisfies Arg(z) = <.

3

(a) Let |z| = r. Write z in modulus-argument form.

(b)
()
(d)

Plot z when r = 1,2, 3,4, and observe that z lies on a ray.
Explain why the origin must be excluded.
Use shifting to sketch Arg(z —2 —i) = §.

SOLUTION:

(a) z=r(cos§ +ising).

(b)

(c) Arg(0) is undefined so the origin

(d) Arg(z —2—1i) = Arg(z — (2+1))

30

3
See the first graph on the right.

is not included.

so the ray has been shifted to the
point 2 + ¢, as shown on the right.

RAYS IN THE ARGAND DIAGRAM:
e The equation Arg(z) = 6 represents the ray which makes an angle 6 with the
positive real axis, omitting the origin.
e The locus Arg(z—zg) = 0 is the result of shifting the above ray from the origin
to the point zg.

Circles and Parabolas: The circle can easily be written as an equation of a complex
variable. The parabola can also be written as an equation in z, though it is
somewhat contrived and is not a significant result. The geometric definitions of
each in terms of distances is the key.
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WORKED ExAmMPLE 31: Consider the equation |z—zg| = r for some fixed complex
number zg = a + ¢b and positive real number r.

(a) Explain why this represents a circle. State the centre and radius.

(b) Confirm the result by putting z = x + iy and finding the Cartesian equation.

(c) Expand |z — 1% in terms of z and Z. Hence determine the curve specified by
2|2 =2+ Z.

SOLUTION:

(a) The equation specifies that the distance between z
and zq is fixed. This is the geometric definition of a
circle. The centre is zg and the radius is r.

(b) Begin by squaring both sides:
2

|z — Zo|2 =r
so |(z—a)+ily—0b)*=r?
thus (z —a)? + (y —b)* = r2.

(¢) From |w|?* = w7 it follows that
z—1P2=(z-1)(z—1)
=(z-1)(z-1)
=z - (2+%) +1.
Since |2|? = z + Z, it also follows that
2 =17 =1,

that is, the circle with centre z = 1 and radius 1.

CIRCLES IN THE ARGAND DIAGRAM:  Let zg be the fixed point C in the Argand diagram,

and let z a variable point P. If
31

|z — 20| =7

then the point P is on the circle with centre C' and radius r.

WORKED EXAMPLE 32: Let S be the fixed point 1 + 2¢ and z be the variable
point P in the Argand diagram. It is known that |z — (1 4 2¢)| = Im(z). Show
algebraically that P lies on a parabola by putting z = = + iy.
SOLUTION: Squaring both sides of the given equation:

(z—1P2+y-27°=y

SO (z—-1)?=y*—(y—2)°
=4y —4
thus (x—1)2=4(y—1).

This is the equation of a parabola with vertex at 1 + ¢,
as shown on the right.

This last worked example may seem a little contrived, but it demonstrates that
there are many situations where further insight into a problem may be achieved
by considering a corresponding problem in the complex plane.
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1F Curves and Regions in the Argand Diagram

In many instances a curve divides the plane into two or more regions. In
simple cases a region is defined by the corresponding inequation. When more
intricate regions are required, two or more simple regions may be combined by
taking the union or intersection of the corresponding inequations. Some common
examples follow.

WORKED ExampPLE 33:
(a) 1<Re(z2) <3

Sketch the following regions in the complex plane.

(c) [z—241i| <1

(b) 0 < Arg(z) <% (d) |z| > |z+ 2 — 24
SoLuTION: The first three can be easily explained geometrically.
@ " ®
1 3 X
X
v v

This is 1 < z < 3, the vertical strip
between x = 1 and x = 3.

Put z = rcisf to get 0 < 6 < 7,

which defines a wedge excluding the
origin, since Arg(0) is undefined.

(c) (d) I A
1 2 3 —2+2i
- G v
-2+ T " i . i >
=2 -1 X
¢

The boundary curve is the circle
with radius 1 and centre 2—¢, and is
not included. The region includes
the centre of the circle since the
LHS of the inequality is zero there.

The perpendicular bisector of the
segment from 0 to —2 + 27 is the
boundary, and is not included. The
region includes the point —2 + 23,
since the RHS of the inequality is
zero there.

WORKED EXAMPLE 34:
(a) Sketch the regions (i) [z —i| <1 and (ii) —§ <Arg(z+1-1i) < §.

(b) Hence sketch (i) the union and (ii) the intersection of these regions.

SOLUTION:
(a) (i) A (it) A P
2 2l
1 o« 1
-1 I “ T
A
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42 CHaPTER 1: Complex Numbers | 1F

(b) The boundaries intersect at —1 4+ ¢ and, from trigonometry, they intersect
again at 5 4+ (1+ ‘/7§) and 2+ (1 — V3 Here are the graphs.

3
(i) A (ii) ) .
2|
%::1
-1 T
2

Circle Geometry: Many of the circle geometry theorems encountered in Year 10 may
be expressed in terms of a complex number. One significant result is included
here, with other examples to be found in the exercise.

WORKED ExAMPLE 35: [A HARD EXAMPLE| Let z; =3+ and 20 =1 — 4.

z—z
Describe and sketch the set of points z, where arg < 1) =7
Z — 29

SOLUTION: Let z1, 29 and z represent the points A, B and P respectively. First
note that the equation can be written as
arg(z — z1) —arg(z — 22) = 7.

—
Recall that z — z; is the vector AP, so arg(z — z1) is the direction of this vector.

Likewise arg(z — z2) is the direction of vector BP. Thus the difference is the
angle between them and is always 7. Using the converse of the angles in the
same segment theorem, it follows that P must lie on the arc of a circle with
chord AB. Further, since

y A
LAPB =75 <73
it is a major arc. As P moves along the arc from A
to B, it moves anticlockwise about the centre, because 11
angles are measured anticlockwise. Lastly, since arg(0) 177 >
is undefined, the endpoints of the arc are not included. ] \Bg 37
It simply remains to find the centre and radius of this

circle. Let C' be the centre, then

LACB =% (Angles at the centre and circumference)
hence LCAB =% (base angles of isosceles triangle.)
1

Since  Arg(z; — z2) =

it follows that AC' is horizontal, as the alternate angles are equal. Thus BC' is
vertical. Hence C' = 1 + i is the centre of the circle and AC = 2 is its radius.

THE ARC OF A CIRCLE:  Let points A and B represent the complex numbers z; and zs.
Let the variable point P represent z. The equation

32 Arg<z_zl>:a where O<a<m,

zZ— 22

is the arc AB of a circle with the endpoints excluded. As P moves along the

arc from A to B its motion is anticlockwise about the centre.
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1F Curves and Regions in the Argand Diagram 43

Sketch each straight line by using the result of Box 28, then find its Cartesian equation.
(@) |z+3|=]z=5] (b) [z—il=[z+1] (c) |z+2—=2i[=|z[ (d) [2—i]=|z—4+1]

Sketch the rays specified by the following equations. Box 29 may be of help.

(a) arg(z —4) = 3¢ (b) arg(z +1) =7 (c) arg(z—1—iV3) ==
Use Box 31 to sketch these circles.

(a) |[z4+1—i| =1 (b) |z —3—2i]=2 () |z —1+1i=Vv2

In each case sketch the boundary or boundaries of the region and then shade the region.
(a) [z —8i] > [z -4 (d) 0 <arg(z) < (g) [z >2

(b) lz=2+id| <[z —4+i] (e) -5 <arg(z) < g (h) |z4+2i| <1

(c) [z+1—id|>]z=34+1i () —F<arg(z+2+i)<F (1) 1<]z—24+1i<2
DEVELOPMENT

In each case sketch (i) the intersection and (ii) the union of the given pair of regions.
(a) [z—2+14 <2,Im(2) >0 () [z—1—-id<2,0<arg(z—1—-1i) <%
(b) 0<Re(z) <2, |z—1+4+1i <2 (f) |2/ <1, 0<arg(z+1) < §

(c) |z—2z|<2,|z=1]>1 (g) [z +1-2i| <3, —F <argz< 7§
(d) Re(z) <4, [z —-445i| <3 (h) |z =3—i[ <5, |2+ 1] <[z - 1]
Put z = z 4 iy to help sketch these hyperbolas.

(a) 2% — (%)% = 161 (b) 22— () =12i

In each case the given equation represents a parabola. Find the Cartesian equation by
putting z = x 4 iy, and hence sketch the parabola.

(a) |z—3i|=1Im(z) (b) |z+2|=—Re(z) (c¢) |z|=Re(z+2) (d) |z—1i|=1Im(z+1)
By putting z = z + iy, or otherwise, sketch the graph defined by the equation:

(a) Im(z) = |2| <mReQ_%>:o (@RBG_§>ZO

z

Sketch the arcs of circles specified by the following equations, showing the centre and

radius in each case.
(a) ar z—2 T zZ—1 (o) z— 21 T
— ] == ar = e) ar ==
& z 2 & zZ4+1 & z+ 2 6
z 3T
f °r
@ g () =5

— 1+ 1
(b) arg <Z7+Z> _T ) arg <z+ > _
3
(a) Use a diagram to show that |z—2i| > 1. (b) For which value of z is |z — 2i| =17

w| »l>|>1

z—1—1 2

A complex number z satisfies arg z =

. . . . A
11. Consider the graph in the Argand diagram on the right. /
(a) Write down an equation for this graph in terms of z. 33
(b) Find the modulus and argument of z at the point where |z|
takes its minimum value.
(c) Hence find z in Cartesian form when |z| takes its least value.
3 x
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44 CHaPTER 1: Complex Numbers | 1F

12. (a) A complex number z satisfies |z — 1| = 2. Draw a diagram and hence find the greatest
and least possible values of |z|.
(b) If z is a complex number such that Re(z) < 2 and |z — 3| = 2, show with the aid of a
diagram that 1 < |z| < V7.

13. (a) A complex number z satisfies |z — 2| = 1.
(i) Sketch the graph of |z — 2| = 1. (ii) Show that —% <argz < &.
(b) The complex number z is such that |z| = 1. Use your answers to part (a) to explain
why —& <arg(z +2) < 5.
14. The complex number w satisfies |w| = 10 and 0 < argw < 7, and the complex number
z is specified by z = 3 + 47 + w.
(a) Sketch the graph of z = 3 4+ 4i + w..
(b) Use your sketch to determine the maximum value of |z|.

(
(

)
¢) What is the value of z for which this maximum occurs?
)

15. (a) Show that the circle equation |z — zy| = r is equivalent to
2Z— (22 +Z20) + 2020 —12=0.
[HINT: Square both sides of |z — 29| = 7 and use the result |w|? = ww.]
(b) Use part (a) to write these equations in the form |z — zg| = r, and hence state the
centre and radius of each circle.
(i) 2Z+2(2+2z) =0 (ii) 22— (1+i)z—(1—4)2+1=0 (iii) é + % =1
16. Sketch the graph of the set of points z for which 2:1 is: (a) real, (b) imaginary.

17. Sketch the graph of: (a) arg(z+i) =arg(z —1) (b) arg(z+1¢) =arg(z—1)+
18. (a) The variable complex number z satisfies |z — 2 —i| = 1. Use a diagram to find the
maximum and minimum values of: (i) |z| (ii) |z — 3i]

(b) A complex number z satisfies |z| = 3. Use a sketch to find the greatest and least
values of |z + 5 — i|.

(c) The variable complex number z satisfies |z — 29| = r. Use a similar approach to
parts (a) and (b) to find the maximum and minimum values of: (i) |z| (ii) |z — 21]

(d) Confirm your answers to the previous parts by using the triangle inequality
|I2] = |wl] < |2+ w| < |2] + w].
ENRICHMENT
zZ— 21

19. Describe the graph of arg < ) = «, where « is constant, if:

Z— 22
(a) a=0 (b) 0<a< i (c)a=7F (d) §<a<m (e) a=m
20. [PYTHAGORAS] Describe the graph defined by the equation |z — z1|* 4|z — 22|* = |21 — 22|>.

21. Suppose that k|z — z1| = €|z — 22|, where k # ¢ and both are positive real numbers.

K2z — %%
(a) Show that the graph specified by the equation is a circle with centre ﬁ and
di ]{7”22 — Zl|
radius ————
R

(i) by letting z = x + iy, (ii) by geometric methods.

(b) What happens in the limit as k approaches ¢7
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1G Polynomials and Complex Numbers

A significant application of complex numbers is in the study of polynomials. This
section further develops the work on polynomials already done in the Mathematics
Extension 1 course. That work is assumed knowledge though some parts of the
theory are repeated here for the sake of convenience. The focus is on polynomials
with real coefficients and the relationships with the zeroes, particularly when they
are either complex, or real and repeated.

The crux of the work is later in this section where the Fundamental Theorem of
Algebra is presented along with some of its consequences. The theorem is left
unproven as any proof is beyond the scope of the course.

Polynomials with Integer Coefficients: If a polynomial with integer coefficients
has an integer zero x = k, then k is a factor of the constant term. This is a
significant aid in factorising a polynomial.

WORKED EXAMPLE 36: It is known that the polynomial P(z) = 2® —2? — 8z —6
has only one integer zero. Find it and hence factorise P(x) completely.
SoLuTION: The zero is a factor of 6, so the possible values are: +1,+2, +3, +6.
Testing these one by one:
P(1)=-14, P(-1) =0,
and there is no need to continue further. By the factor theorem, (z + 1) is a
factor of P(x). Performing the long division:
2 —2x -6
(IL‘+1)> 23— 2 —8x —6
3+ 22
—222—8x—6
—22% — 2z
—6x—6
—6x—6
0
Thus P(x) = (x+ 1)(z* — 22— 6)
=(x+1) ((1‘ —1)2— 7) (completing the square)
=(z+ Dz —-1-VT)(z—1+V7) (difference of two squares.)
INTEGER COEFFICIENTS AND ZEROES:  If the polynomial
33 P(z) = ap + a1 + agz® + ... + apa”
with integer coefficients ag, a1, as, ..., a,, has an integer zero x = k, then k is
a factor of the constant term ag.
PRrOOF: Since P(k) = 0, it follows that
ap + ark +ask® + ...+ ak" =0
SO ark + ask? + ... 4 a k™ = —ag
thus &k x (ay +agk + ...+ a, k™™ 1) = —ay.
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46 CHaPTER 1: Complex Numbers | 1G

Since all the terms in the brackets are integers, it follows that the result is also
an integer. Thus the left hand side is the product of two integers. Hence, as
asserted, k is a factor of ag.

Polynomials and Complex Numbers: Consider the general polynomial
P(z) =ag+ a1z +asx? +... +a,a”.

Each term in this expression involves an integer power and multiplication by a
constant. The terms are then simply added. Since integer powers, multiplication
and addition are all natural operations with complex numbers, it follows that
the polynomial can be evaluated when z is a complex number. For example if
P(z) = 2° — 22 + 4 then at x = i its value is
P(i)=4*—2i+4
=3-2.
In some examples the polynomial will be written as a function of z in order to

emphasise the fact that complex numbers may be substituted. Thus the above
example may be written as P(z) = 2% — 2z + 4.

Remainders and Factors: Here is a quick summary of certain important results
from the Mathematics Extension 1 course. In the usual notation, let P(x)
and D(z) be any pair of polynomials, where D(x) # 0. There is a unique pair of
polynomials Q(z) and R(z), such that

P(2) = D(x) x Q(x) + R(x),
and where either
deg(D) > deg(R) or R(z)=0.

This is known as the division theorem. As a consequence, if D(z) = (z — «)
then R(x) must be a constant, either zero or non-zero. Let this constant be 7.
Re-writing the division theorem:

P(z) = (z—a)xQz) +r,
whence P(a)=r,

which is known as the remainder theorem.
If R(z) = 0 then from the division theorem
P(z) = D(z) x Q(z),

so that P(z) is a product of the factors D(z) and Q(z). In particular, z — « is a
factor of P(x) if and only if P(a) = 0. This is known as the factor theorem.

The division theorem, the remainder theorem and the factor theorem are valid
for complex numbers as well as real numbers. Though these claims will not be
proven here, the results may be freely applied to solve problems.

WORKED EXAMPLE 37: Let P(z) = 2® — 222 — 2 + k, where k is real.
(a) Show that P(i) = (2+ k) — 2i.
(b) When P(z) is divided by x? + 1 the remainder is 4 — 2z. Find the value of k.
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SOLUTION:

(a) P(i)=4* -2 —i+k
=—i4+2—i+k
=(2+4+k)—2i.

(b) By the division theorem,
Plz)= (2 +1) x Q(z) + 4 —2x.
Thus P(i)=4—-2i
hence (2+4k)—2i=4—2i.
Equating the real parts gives k = 2.

Real Coefficients and Remainders: Suppose that the polynomial P(z) has real
coefficients. If the remainder when P(z) is divided by (2 — «) is [ then the
remainder when P(z) is divided by (z — @) is 3. Using the remainder theorem,
this is equivalent to the statement that if P(a) = 3 then P(a) = (3.

WORKED EXAMPLE 38:

(a) Use the remainder theorem to find the remainder when
P(2) = 2® — 22% + 32 — 1 is divided by (z —1).

(b) Hence find the remainder when P(z) is divided by (z + 7).

SOLUTION: )
(a) The remainder is: (b) Itis: P(—i) = P(1)
P(i)=i*—2i* +3i -1 =1+2i
=1+2i. =1-2:.

REAL COEFFICIENTS AND REMAINDERS:  If the polynomial P(z) has real coefficients and

34 if P(a) = 3 then P(a) = 3.

The proof is not too difficult and is dealt with in a question of the exercise.

Real Coefficients and Complex zeroes: Suppose that the polynomial P(z) has
real coefficients. If P(z) has a complex zero z = « then it is guaranteed to have a
second complex zero z = @. Further, by the factor theorem, there exists another
polynomial Q(z) such that:

Piz)=(z—a)(z—a@) x Q(z)
= (2% — (a+ @)z + a@) x Q(2)
= (22 = 2Re(a)z + |a]?) x Q(z).
Thus P(z) has a quadratic factor with real coefficients: (22 — 2Re(a)z + |af?).

WORKED ExampLE 39:  Consider the polynomial P(z) = 22% — 32 + 182 + 10.
(a) Given that 1 — 3i is a zero of P(z), explain why 1 4 3i is another zero.
(b) Find the third zero of the polynomial.
(c) Hence write P(z) as a product of:
(i) linear factors,

(ii) a linear factor and a quadratic factor, both with real coefficients.
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SoLUTION: (a) Since P(z) has real coefficients, (1 — 3i) = 1 + 3i is also a zero.

(b) Let the third zero be a, then by the sum of the roots:

a+(1-3i)+(1+3i)=3
SO a+2:%
and a:—%.

(¢) (i) By the factor theorem:
P(z)=2(z+ 1) (2 — 1+ 3i)(z — 1 — 34)
=(2z24+1)(z—14+3i)(z—1—3i).

(ii) P(z) = (22 4+ 1)(2* — 22 + 10).

REAL COEFFICIENTS AND ZEROES:
complex zero z = « then it is guaranteed to have a second complex zero z = @.

If the polynomial P(z) has real coefficients and a

35
Consequently P(z) has (2% —2Re(a)z +|al?) as a factor, which is a quadratic
with real coefficients.

PROOF: Suppose that the complex number z = « is a zero of the polynomial

P(2) =ag+ a1z +axz® + ...+ ap2",

where the coefficients ag, a1, ..., a, are all real. That is P(or) = 0. Then

P(a):a0+ala+a262+...
:a0+a1§+a2§+...

..+ a,a™  (since

+aa™

+ a,a”

..t aa™

Hence z = @ is also a zero of the polynomial P(z). Further, as shown above:

P(z) = (2 = 2Re(a)z + |a]?) x Q(2) .

Multiple Zeroes: Recall that if P(z) = (z — @)"Q(x), where Q(«) # 0, then the
value x = « is called a zero of multiplicity m. It is also the case that x = «a/is a zero
of P'(x) with multiplicity (m — 1). In fact this result is also true for polynomials
with complex zeroes but the general proof is beyond the scope of this course.
However, it is possible to prove the result in the special case of a polynomial
with real coefficients and a complex zero with multiplicity 2. This is dealt with
in a question of the exercise, and extending this to arbitrary multiplicity may be
suitable as a class investigation.

In Extension 1, the derivative result may have been applied a second time to find
a triple zero. In fact it can be extended to the general case of a polynomial P(x)
with real coefficients which has a real zero x = « of multiplicity m. The value
& = o is also a zero of each of the derivatives PY) (), for j =1, ..., (m—1).
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36 real coefficients has a real zero x = a with multiplicity m > 1.

MULTIPLE ZEROES AND HIGHER DERIVATIVES: Suppose that the polynomial P(z) with

Then z = « is a zero of cach of the derivatives PY) (z)  forj =1, ..., (m—1).

This result can be proved relatively easily by induction and is left as an exercise
for the chapter on proof. It is also true for real polynomials with complex zeroes,
and can likewise be proved by induction.

The Fundamental Theorem of Algebra: All the work encountered so far in this

section deals with finding the zeroes of various polynomials. Up to this point it
has been possible to sidestep an important question: does every polynomial have
a zero? For there is no point in searching for one if none exists.

In order to emphasise this point, consider the polynomial P(x) = 2 + 1. Clearly
this function has no real zero, and there is no point in searching for one. Yet the
polynomial does indeed have two zeroes, both of which happen to be complex
numbers: namely ¢ and —i. Could it be that there is another polynomial which
has neither real nor complex zeroes?

The answer to this question is: every polynomial with degree > 1 has at least one
zero, though that zero may be complex. This is such an important and basic fact
in the study of mathematics that it is given a title — The Fundamental Theorem
of Algebra.

37

least one zero, though that zero may be complex.

THE FUNDAMENTAL THEOREM OF ALGEBRA: Every polynomial with degree > 1 has at

Several eminent mathematicians worked on this theorem including Leibniz, Euler
and Argand. But credit is usually given to Gauss for the first proof, which he
presented in his doctoral thesis in 1799. This, or any other proof of the theorem,
is beyond the scope of this course. Although the wording given in the box above
is imprecise, it is usually sufficient for the problems encountered at this level.

The Degree and the Number of Zeroes: Although the Fundamental Theorem of

Algebra cannot be proven here, it is possible to prove two significant consequences
of the theorem. The first is that every polynomial of degree n > 1 with complex
coefficients has precisely n zeroes, as counted by their multiplicities.

This is also true for polynomials with real coefficients. To demonstrate the result,
the cubic P(z) = 2® —32% +4 = (z —2)?*(z 4+ 1) has three zeroes: the simple zero
x = —1 and the double zero z = 2.

38

THE DEGREE AND THE NUMBER OF ZEROES: Every polynomial of degree n > 1 with
complex coefficents has precisely n zeroes, as counted by their multiplicities.

PROOF: This proof uses induction, and may be better left as an exercise for the
chapter on proof.

A. Consider the general polynomial of degree one with complex coefficients:
Py(x) =ap+aix, wherea; #0.

Clearly this polynomial has one zero x = a7, where
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ol = — .
|as|?

Thus the result is true for n = 1.
Suppose that the result is true for some integer k > 1. That is, suppose that
every polynomial of degree k& with complex coefficients

Pk(m):a0+a1m+...+akmk, where a #0,

has k zeroes, xr = aq, ..., a, as counted by their multiplicities. ()

The statement is now proven true for n = k + 1. That is, it is proven that
every polynomial of degree k 4+ 1 with complex coefficents

Poi(x) =ag+arz+ ...+ app12", where ap1 #0),

has k 4 1 zeroes as counted by their multiplicities.

Now for any particular polynomial Py (x), that polynomial has at least one
zero by the Fundamental Theorem of Algebra. Let this zero be x = 1.
Then, by the factor theorem, it follows that

Pri1(z) = (2 — agy1)Qn(x)

for some polynomial Qx(x) of degree k. But by the induction hypothesis
above (xx), Qr(x) has k zeroes, all of which are thus inherited by Pyy1(x).
Hence Py11(x) has k+ 1 zeroes, x = aq, ..., ak, ait1, as counted by their
multiplicities. Clearly this follows for each and every polynomial Py ().

C. It follows from parts A and B by mathematical induction that the statement

is true for all integers n > 1.

Real Linear and Quadratic Factors: The second significant consequence of the
Fundamental Theorem of Algebra is that every polynomial of degree n > 1 with
real coefficients can be written as a product of factors which are either linear
or irreducible quadratics, each with real coefficients. In this context the word
irreducible is used to indicate that the quadratic has no real zero.

In order to demonstrate the result, notice that the polynomial P(z) = 2 — 1 can
be written as the product

Plz)=(z—-1)(2*+z+1).

The quadratic factor (2 4z + 1) is irreducible since it has no real zero.

39

REAL LINEAR AND QUADRATIC FACTORS:  Every polynomial of degree n > 1 which has
real coefficents can be written as a product of factors which are either linear
or irreducible quadratics, each with real coefficients.

ProoOF: Let P,(x) =ag+ajz+ ...+ a,x™ be a polynomial with degree n > 1
which has real coefficients. By the previous result, this polynomial has n zeroes.
Let these zeroes be z = aq, ..., a,. If none of these zeroes is complex then the
result is obviously true since then

P,(z) = ay, H(m —ag) .
k=1

If all of the zeroes are complex then the result is again obviously true. Since
P,(x) has real coefficients, the roots come in conjugate pairs, by which it is
known that n is even. Thus
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n/2

Py(x) = an [[(z — ax) x (z — %)
k=1
n/2

=a, H (:1:2 —2Re(ag)z + |ak|2> .
k=1
Lastly, if some of the zeroes are complex numbers then once again they occur
as conjugate pairs, since the coefficients of P,(x) are real. Let the number of
conjugate pairs be j, where 1 < 2j < n. Now re-order and re-label the zeroes
with the conjugate pairs listed first. Thus the first conjugate pair is ¢ = a1, a7,
and the last conjugate pair is * = o, @ .

If there are any other zeroes then they are real. The first of these is ¥ = agj41
and the last is = «a,, . So by the factor theorem, and using product notation:
n

P, () = ay x (H(:L‘—ak)(:x—a_k)) < | I (@0
k=1

£=2j+1

J n
=a, X (H (:1:2 —2Re(ag)z + |ak|2)) X H (x — )
k=1 0=2j+1
In each of the three cases the result is a product of factors with real coefficients,
which are either linear or irreducible quadratic factors. Put more simply, multiply
all the complex factors together in conjugate pairs to get irreducible quadratic
factors with real coefficients, and any remaining factors are both linear and real.

1. It is known that in each case the given polynomial P(z) has only one integer zero. Find
it and hence factorise P(x) completely.
(a) P(x)=2%—6z+4 (b) P(z) =23 +322—22-2 (c) P(z) = 2®> 322 —22+4
2. Tt is known that 1+ is a zero of the polynomial P(x) = z* — 8% + 14z — 12.
(a) Why is 1 — i also a zero of P(x)?
(b) Use the sum of the zeroes to find the third zero of P(z).
3. It is known that 1 — 2i is a zero of the polynomial P(z) = 2® 4+ 2 + 10.
(a) Write down another complex zero of P(x), and give a reason for your answer.
(b) Hence show that 2® — 2z + 5 is a factor of P(z).
(c¢) Find the third zero, and hence write P(z) as a product of factors with real coefficients.
4. Tt is known that —3i is a zero of the polynomial P(z) = 223 + 32 4 18z + 27.
(a) Write down another complex zero of P(z). Justify your answer.
(b) Hence write down a quadratic factor of P(z) with real coefficients.
(c) Write P(x) as a product of factors with real coefficients.
5. Let P(z) = 22° — 132% + 262 — 10.
(a) Show that P(3+1i) = 0.
(b) State the value of P(3 — 1), and give a reason for your answer.
(c) Hence write P(z) as a product of:
(i) linear factors,
(ii) a linear factor and a quadratic factor, both with real coefficients.
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DEVELOPMENT

6. Consider the polynomial Q(z) = z* — 62> + 822 — 242 + 16.
(a) It is known that Q(2i) = 0. Why does it follow immediately that Q(—2i) =07
(b) By using the sum and the product of the zeroes of Q(x), or otherwise, find the other
two zeroes of Q(x).
(c) Hence write Q(x) as a product of:
(i) four linear factors,
(ii) three factors with real coefficients,
(iii) two factors with integer coefficients.
7. (a) Solve the equation z* — 32 4+ 622 + 22 — 60 = 0 given that z = 1 + 3i is a root.
(b) Solve the equation z* — 62% + 1522 — 182 4+ 10 = 0 given that 2 = 1 — i is a root.
8. Consider the polynomial equation z* — 523 + 42? + 3z + 9 = 0.
(a) Show that x = 3 is a double root of the equation.
(b) Hence solve the equation.
9. Two of the zeroes of P(z) = 2* — 122° 4 592% — 1382 + 130 are a + ib and a + 2ib, where
a and b are real and b > 0.
(a) Find the value of a by considering the sum of the zeroes.
(b) Use the product of the zeroes to show that 4b* 4+ 45b% — 49 = 0, and hence find b.
(c) Hence express P(z) as the product of quadratic factors with real coefficients.
10. Suppose that P(z) = 23 + kz? + 6, where k is real.
(a) Show that P(2i) = (6 — 4k) — 8i.
(b) When P(z) is divided by 2? + 4 the remainder is —4z — 6. Find the value of k.
11. Let P(z) = 2® — 2% + ma + n, where both m and n are integers.
(a) Show that P(—i) = (1+n)+i(1 —m).
(b) When P(z) is divided by 2 + 1 the remainder is 6z — 3. Find the values of m and n.
12. Suppose that P(z) = 2° + 2% + 62 — 3.
(a) Use the remainder theorem to find the remainder when P(z) is divided by x + 2i.
(b) Hence find the remainder when P(z) is divided by: (i) = —2i, (ii) 2> +4.
13. Let P(z) = 2® — 22% + 1. Suppose that w is a root of P(z) = 0.
(a) Show that iw and 1 are also roots of P(z) = 0.
(b) Find one of the roots of P(z) = 0 in exact form.
(c) Hence find all the roots of P(z) = 0.
14. Suppose that P(x) = z* + Az? + B, where A and B are positive real numbers.
(a) Explain why P(z) has no real zeroes.
(b) Given that ic and id are zeroes of P(x), where ¢ and d are real and ¢ # —d, write
down the other two zeroes of P(z), and give a reason.
(c) Prove that ¢* 4 d* = A% — 2B.
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The polynomial P(x) = 23 + cx + d, where ¢ and d are real and non-zero, has a negative
real zero k, and two complex zeroes. The graph of y = P(x) has two turning points.

(a) What can be said about the two complex zeroes of P(z), and why?

(b) By considering P’(z), show that ¢ < 0.

(c) Sketch the graph of y = P(x).

(d) If a & ib, where a and b are real, are the complex zeroes of P(x), deduce that a > 0.
(e) Prove that d = 8a® + 2ac.

Consider the polynomial function f(z) = 2 — 3z + k, where k is an integer greater than 2.
(a) Show that f(x) has exactly one real zero r, and explain why r < —1.
(b) Give a reason why the two complex zeroes of f(x) form a conjugate pair.

(c) If the complex zeroes are a 4 ib and a — ib, use the result for the sum of the roots two
at a time to show that b* = 3(a® — 1).

(d) Find the three zeroes of f(x) given that k = 2702, and that a and b are integers.

2 IE3 n

ProvethatP(m):1+x+x—+_+...+

o 3 — where n > 2, has no multiple zeroes.

Consider the polynomial P(z) = z* + 42% + 142% + 20z + 25.

(a) Show that P(—1+ 2i) and P’'(—1 + 2i) are both zero.

(b) What can we deduce from (a)?

(c) Explain why —1 — 2i is also a double zero of P(z).

(d) Hence factorise P(z) over the complex numbers and then over the real numbers.

ENRICHMENT

In the text it was proven that if P(z) is a polynomial with real coefficients and if P(a)) = 0
then P(@) = 0. Use a similar approach to prove that if P(a) = 8 then P(a) = 3.

Let P(x) = ag+a1x+azx®+...+a,z" be a polynomial with integer coefficients. Suppose
that P(z) has a rational zero = = % where p and ¢ have highest common factor 1. Show
that p is a factor of ag and that ¢ is a factor of a,, .

Use the Fundamental Theorem of Algebra to carefully explain why every polynomial of
odd degree with real coefficients has at least one real zero.

The polynomial P(z) has real coefficients and a double complex zero z = a.
(a) Prove that z = @ is also a double zero.
(b) Explain why (2* — 2Re(a)z + |oz|2)2 is a factor of P(z).
c¢) Hence prove that P'(a) = 0.
(d) Try to generalise this result to complex zeros with higher multiplicity.
(

a) Let v and v be two numbers of the form u = a + b\/c, where a, b and ¢ are rational
numbers, with \/c an irrational constant. Let the notation u* indicate the value of u
when the sign of b is reversed. That is, u* = a — by/c.

(i) Show that u* +v* = (u + v)™.
(ii) Show that Au™ = (Au)® whenever \ is a rational number.
(iii) Prove by induction that (u™)* = (u*)" for positive integers n.
(b) Suppose that u = a + by/c is a zero of a certain polynomial with rational coefficients.
Use the results of part (a) to show that u* = a — by/c is also a zero of this polynomial.
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1H Chapter Review Exercise

Exercise 1H
1. If z=3—iand w =17 + 1, find:
(a) 62— (b) 23 (c) %
2. Write as a product of two complex linear factors.
(a) 2% +100 (b) 2% 4 10z + 34
3. Solve each quadratic equation for z.
(a) 22 —82+25=10 (b) 1622 + 162+ 13 =0
4. Find the square roots of:
(a) 5—12i (b) 7T+6V2i
5. Solve for z:
(a) 2> =52+ (T+i)=0 (b) 22 — (6 +14)z+ (14+8i) =0
6. If 3i is a zero of a polynomial P(z) with real coefficients, explain why 22 + 9 is a factor
of P(z).
7. It is known that 2 + 5i is a zero of the polynomial P(z) = z* — 82% 4 452 — 116.
(a) Why is 2 — 5i also a zero of P(z)?
(b) Use the sum of the zeroes to find the third zero of P(z).
(c) Hence write P(z) as a product of two factors with real coefficients.
8. Express each complex number in modulus-argument form.
(a) 1—i (b) —3V/3 4 3i
9. Express each complex number in Cartesian form.
(a) 4cis§ (b) V6cis(—3r)
10. Simplify:
(a) 2cis§ x 3cis § (b) 12272;29 (c) (3cis3a)?
11. Sketch the graph in the complex plane represented by the equation:
(a) |z —2i| =2 (c) arg(z +2)=—7%
(b) 2] = |z — 2 — 2 (d) argcﬁ) =3
12. Shade the region in the complex plane that simultaneously satisfies |z| > 1, Re(z) < 2
and —% <argz < %
13. Suppose that z = —1 + /34 and w = 1 + .
(a) Find 5 in the form a + ib, where a and b are real.
(b) Write z and w in modulus-argument form.
(c) Hence write 5 in modulus-argument form.
(d) Deduce that cos 2% = @
ISBN 9781108771054 © Sadler & Ward 2019 Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.



1H Chapter Review Exercise 55

14. Sketch the graph specified by the equation:
(a) 2Z2=2+7% (b) z =iz (c) |z 42| =2[z—4|
15. A triangle PQR in the complex plane is isosceles, with /P = 90°. The points P and Q
represent the complex numbers 4 — 2¢ and 7 + 3¢ respectively. It is also known that the
points P, @) and R are in anticlockwise order. Find the complex numbers represented by:
(a) the vector PQ, (b) the vector PR, (c) the point R.
16. If zy =4 —i and 29 = 2¢, find in each case the two possible values of z3 so that the points
representing 21, zo and z3 form an isosceles right-angled triangle with the right-angle at:
(a) z1 (b) 22
17. In an Argand diagram, O is the origin and the points P and @ represent the complex
numbers z; and 2y respectively.
If triangle OPQ is equilateral, prove that 212+ 292 = 2129,
18. If z; = 2cis {5 and 23 = 24, find:
(a) arg(z; + 22) (b) arg(ze — 21)
19. If z; and 2 are complex numbers such that |z;| = |23|, prove that
arg(z129) = arg ((z1 + Z2)2) .
. -1
20. If z = cisf, show that =i tané.
22 +1
1
21. The points A, B, C and O represent the numbers z, —, 1 and 0 respectively in the complex
z
plane. Given that 0 < argz < 7, prove that /OAC = ZOCB.
22. (a) By drawing a suitable diagram, prove the triangle inequality |21 — 22| > |21] — |22].
4
(b) Hence find the maximum value of |z| given that |z — —| = 2.
z
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Proof

CHAPTER OVERVIEW: There are many opportunities for presenting or reading
proofs in the Extension 1 and Extension 2 Mathematics courses. In this chapter,
the basic concepts, terminology and notation are discussed, and a few common
methods of proof are presented. Logic plays an important part in proof, but the
emphasis here is on clear argument rather than fancy notation.

Section 2A introduces the necessary language. The remaining sections each focus
on a common type of proof. Section 2B investigates various simple problems in
number theory, that is, the basic structures of the integers. Proof by contradiction
is presented in Section 2C. Algebraic inequalities are proven in Section 2D, whilst
2E introduces harder types of induction. The final section considers inequalities
in calculus, which some may prefer to postpone until after the Integration chapter.

2A The Language of Proof

This long first section introduces some basic concepts, terminology and notation
which are used in the proofs throughout the remainder of the chapter.

Statements: Statements are the basic building blocks of proof. Despite being so
fundamental, it is rather difficult to define what a statement is. Two of the
definitions given in The Macquarie Dictionary are as follows:

1. something stated
2. a communication or declaration in speech or writing setting forth facts,
particulars, etc.

The latter is perhaps more relevant to mathematical proof. Thus a statement
can be a simple sentence, such as:
n is a multiple of 3.
It may also be a mathematical declaration, such as:
let p be a prime number.
A statement may take the form of an assertion or definition, such as:
even numbers are divisible by 2,

or it may be a claim to be proven or a deduction which has already been proven,
such as:

every multiple of 6 is also a multiple of 3.

Although these four examples do not say precisely what a statement is, they will
enable discussions about statements with some agreement about what is meant.
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Logical Values: Every statement must take one of two logical values: true or false.
Using the first example of a statement above,

n is a multiple of 3

is true if it is known that n = 6, but is clearly false if it is known that n = 7.

1 LOGICAL VALUES: A statement must take one of two logical values: true or false.

Notice in this example that the logical value of a statement may change with
circumstance, but it cannot be simultaneously both true and false. There is no
integer n which is both a multiple of 3 and not a multiple of 3. Likewise a
statement cannot be neither true nor false. Given an integer n, it must always
fall into one of two categories: a multiple of 3, or not a multiple of 3.

A Proven Statement: Whilst some statements may change logical value due to
circumstance, other statements never change their logical value. The statement

34 is a Fibonacci number

is always true, as is determined by simply writing out the first few terms:
1,1,2,3,5,8,13,21,34,...

A statement which is shown to be true is said to be proven, and the evidence
used to establish the truth is called the proof. Thus the statement “34 is a
Fibonacci number” is proven, and the proof is the listing of the first few terms
of the sequence.

A PROVEN STATEMENT: A statement which is shown to be true is said to be proven,
and the evidence used to establish the truth is called the proof.

Examples and Counterexamples: Whilst it is rarely feasible, a statement can be
shown to be true by example, but care must be taken to examine every possible
case. One statement where this is feasible is:

every prime on a regular die is also a Fibonacci number.

The primes on a die are 2, 3 and 5, which are also Fibonacci numbers, so the
statement is proven. Clearly this is a contrived situation, but it serves as a
reminder that proof by exhaustive examples is sometimes possible.

In contrast, the statement

all primes are odd

is clearly false, since 2 is both prime and even. When a statement is shown to
be false by example in this way, that example is called a countererample, and
the statement is said to be disproved. It is important to note that only one
counterexample is needed in order to disprove a statement.

3 A COUNTEREXAMPLE: A statement may be disproved (shown to be false) by a single
example, called a counterexample.
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Negation: The negation of a statement changes its logical value. In English, negation
is commonly associated with the word not. Thus, whilst the statement

all Fibonacci numbers are odd
is clearly false, its negation
not all Fibonacci numbers are odd

is equally clearly true. In English, this last statement might be considered clumsy,
and so may be replaced with

some Fibonacci numbers are even.
Thus, whilst the presence of the word “not” clearly indicates a negation, its

presence as an indicator cannot always be relied upon.

It is sometimes convenient to associate negation with
complementary sets or events. By way of example:

S
let z be a Fibonacci number on a die E F
is true when x = 1,2,3 or 5 and false when x = 4 or 6.

In contrast:

let z be a non-Fibonacci number on a die

is false when z = 1,2,3 or 5 and true when x = 4 or 6. Notice that, whilst the
“not” has been modified into the prefix “non-", the logical value of the statement
has been changed as expected. All this is clearly evident in the Venn diagram
showing the set of Fibonacci numbers F' and its complementary set F.

NEGATION: The negation of a statement changes its logical value. It is commonly
associated with the word not, and with complementary sets.

Notation: It is sometimes convenient to present and manipulate statements in an
algebraic manner. Pronumerals are used to represent statements, as in:

suppose that p is the statement ‘z is a multiple of 2.’

The letter p is often used as it is the first letter of the word proposition, a synonym
for a statement. There are two symbols which are commonly used to negate a
statement. These are = and ~. Thus —p = ~p, which is said “not-p” and means:

x is not a multiple of 2.

And, Or and Negation: In the Advanced and Extension 1 work on probability
it was established that and corresponds to the intersection of sets, whilst or
corresponds to the union. Thus if F' is the set of Fibonacci numbers and T is the
set of triangular numbers on a die, then

F and T=FNT

T
— (1,3}, v
whereas For T=FuUT 4

=1{1,2,3,5,6}.

It makes sense to extend this correspondence to negation and so write:
—(F and T)=FNT,
with —(F or T)=FUT.
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Here is the Venn diagram of FNT. And here is the Venn diagram of FF N T.
S S

F T F T

S ey

Analysing the latter diagram carefully, it should be clear that the result is

S S S

E r E r E r

@ B o ua
I3

or T or both.

That is, FNT = F UT. Hence by analogy =(F and T) = —F or —T.

A practical example may help make it clear. Suppose that a school offers two
languages: French and Japanese. A student who does not study both French and
Japanese, either does not study French, or does not study Japanese, or does not
study any language.

Similar analysis gives =(F' or T') = =F and —T, which is left as an exercise.

AND, OR AND NEGATION:  The rules are analogous to the complements of intersections
of sets and unions of sets.
e The negation of and is or, so that —=(F and T) = =F or —T.
e The negation of oris and, so that —=(F or T) = —F and —T.

Implication: An implication is the relationship between two statements by which one
is a logical consequence of the other. By way of example, if

n is a multiple of 3

then it logically follows that
2n is also a multiple of 3.

In English, this is often written as a single if ... then ... statement. Thus:
if n is a multiple of 3 then 2n is also a multiple of 3.

Other words used in English for such logical deductions include: hence, thus, so,
so that, consequently, and therefore. These words will have been regularly seen
in the proofs of various theorems given in Year 11 mathematics.

Sometimes the order of the two statements is reversed in English, so care must
be taken to determine which statement is the logical conclusion of the other. For
example, the logical order of the deduction

a? is odd because a is odd
is made far clearer when it is re-written as:

if a is odd then @2 is odd.

It is good practice when writing mathematics to put the conclusion second in this
way. This order should be followed whenever it is practical to do so.
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Two other words commonly associated with implications are each and all. Here
is a similar example written all three ways.

All odd squares are one more than a multiple of 4.

Each odd square is one more than a multiple of 4.

If a number is odd then its square is one more than a multiple of 4.
The careful reader will have also realised from the examples given so far that

implication is commonly associated with subsets. Thus the odd squares form a
subset of those numbers which are 1 more than a multiple of 4.

This is perhaps more easily seen in a simpler example. S

Consider the prime numbers P and Fibonacci numbers F' F

on a die, as shown in the Venn diagram. Quite clearly: | @ 4
all primes on a die are Fibonacci numbers p 6

and it is equally clear that P C F.

IMPLICATION:  An implication is the relationship between two statements by which
6 one is a logical consequence of the other. In English, it is often written as an

if ... then ... statement. Implication is also often associated with subsets.

The mathematical notation used for implication is a double tailed arrow = which
points towards the conclusion. Thus, returning to the example of odd squares:

a is odd = @? is 1 more than a multiple of 4.

Whilst this notation is a useful tool, it should be used sparingly.

Quantifiers: The words all and some have been used in various examples above.
These words, and their synonyms, are called quantifiers because they indicate a
quantity. Thus, from above,

all of the primes on a die are Fibonacci numbers,
whereas, in contrast,

some of the primes on a die are odd. S

Whilst all often indicates subsets, the word some is often D r
associated with intersections of sets. This is made clear (e) 4
in the Venn diagram of the second example, where D is 6

the set of odds and P is the set of primes.

QUANTIFIERS: The words all and some, and their synonyms, are called quantifiers.
7 e Allis associated with subsets.
e Some is associated with intersections.

An important synonym for some is there exists. Thus, continuing with the odds
and primes on a die, it is also true to state that:

there exists a prime on a die that is odd,
there exists a prime on a die that is not odd.
It was mentioned above that, whilst logic notation is a useful tool, it should be

used sparingly. Indeed it is often clearer to write a statement in words than in
symbols. To make this point, some more useful symbols will now be introduced.

ISBN 9781108771054 © Sadler & Ward 2019 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.



2A The Language of Proof 61

Recall that:
all odd squares are one more than a multiple of 4.

The symbol ¥V means for all. Thus the above implication might be written as:
¥ a odd, a? is 1 more than a multiple of 4.

Next observe that the value of a can always be written as a = 2m + 1, where
m € Z. That is, m is an integer. So

VY'm €Z, (2m + 1) = (multiple of 4) + 1.

Lastly, the multiple of 4 can always be found. For example, 5% = 6 x4+1. To put
it another way, there exists an integer £ which is the multiple of 4. The symbol
for there exists is 3. So finally the statement becomes:

V' m € Z,3 k € Z such that (2m + 1)* = 4k + 1.

Compare this last jumble of symbols with the clear prose given in the statement
at the top of the page. The symbols have got in the way and hindered an easy
reading of the implication. Here is another pair of statements to show that the
use of symbols can be a distraction.

Not all primes are odd.
3 x € {primes} such that x # 2m + 1,V m € Z.

Of course, these symbols will be needed in certain problems, and students will
be expected to understand them when they are used in questions. Nevertheless,
symbols used in a proof or logical argument in this course should be the exception
rather than the rule.

Sufficient and Necessary: Two other terms are strongly associated with implication
and are often used in mathematical proofs or discussions about proofs. It is easiest
to explain these terms when the statement is written in if ... then ... form. So,
here is the statement about primes on a die written in that way.

If a number on a die is prime then it is a Fibonacci number.

The first part of an if ... then ... statement is called a sufficient condition. That
is, it is sufficient to know that a number on a die is a prime to guarantee that it
is a Fibonacci number. The second part of an if ... then ... statement is called
a necessary condition. That is, it is necessary to know that a number on a die is
a Fibonacci number in order for it to be prime. However, it does not guarantee
that it is a prime. It could be the number 1.

The situation is once again made clear by the fact that on the die, the primes
form a subset of the Fibonacci numbers. The subset corresponds to the sufficient
condition, and the superset corresponds to the necessary condition. A practical
example should help make it clear.

If I travel by bus then I use public transport.

It is sufficient that I travel by bus in order to use public transport, but it is
necessary that I use public transport in order to travel by bus.

SUFFICIENT AND NECESSARY: In the statement if A then B,
8 e A is a sufficient condition for B,
e B is a necessary condition for A.
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Converse Statements: Consider the following two statements.
If x is a multiple of 4 then x is even.
If x is even then z is a multiple of 4.

When the two parts of an if ... then ... statement are swapped in this way,
the result is called the converse. In this case, clearly the first statement is true,
and the converse is false. This is clear because the multiples of 4 form a strict
subset of the evens, so the converse cannot possibly be true. In other words, the
converse of a statement is not the same as the original statement.

In contrast, here are two converse statements from Year 9 geometry.
If a quadrilateral is a rhombus then it has four equal sides.
If a quadrilateral has four equal sides then it is a rhombus.

In this case both statements are true, but it is important to realise that the
converse statement is still not the same as the original. In the first statement, it
is given that the quadrilateral is a rhombus. This is called the premise, and the
conclusion is that it has four equal sides. The second statement differs because
the premise is now that the quadrilateral has four equal sides, and the conclusion
is that it is a rhombus.

CONVERSE STATEMENTS:
9 The converse of the statement if A then B is the statement if B then A.
A statement and its converse may have different logical values.

Equivalent Statements: Two statements are called equivalent if each is a logical
consequence of the other. When solving an equation, the separate steps were
called equivalent equations, which are examples of equivalent statements. Thus

2c+3=11 and 2x=28

are equivalent. The latter can be obtained by subtracting 3 from both sides of
the first. The former can be obtained by adding 3 to both sides of the second.
So each is a logical consequence of the other. This symmetry means that the two
statements can be written as an if ... then ... statement and its converse, both
of which are true.

If 22 +3 =11 then 22 = 8.
If 22 = 8 then 22 + 3 = 11.

EQUIVALENT STATEMENTS: Two statements are equivalent if each is a consequence
10 of the other. This symmetry means that the two statements can be written as
an if ... then ... statement and its converse, both with the same logical value.

Clearly equivalent statements are important and so they have special terminology
and notation. The two implications are often abbreviated into one statement
using the words if and only if. Thus, from the geometry example above:

a quadrilateral is a rhombus if and only if it has four equal sides.

When written, the words if and only if may be abbreviated to iff, or the symbol <
may be used. Here is the same statement written in those two ways.

A quadrilateral is a rhombus iff it has four equal sides.

A quadrilateral is a rhombus < a quadrilateral has four equal sides.
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Whichever of the new terminology or symbol is used, it is important to remember
that the statement is always an abbreviation of two implications. Thus

n is divisible by 3 iff the sum of its digits is divisible by 3
is a mathematical abbreviation for the two implications
if n is divisible by 3 then the sum of its digits is divisible by 3,
if the sum of the digits of n is divisible by 3 then n is divisible by 3.

Since equivalent statements can be written as a pair of S

implication statements, it follows that each corresponds r E 3
to a subset of the other. Consider the the powers of 2 on Q 5
a die, which are 1, 2 and 4, denoted by set T'. These are 6

also the proper factors of 8, denoted by set E. Thus:

x is a power of 2 on a die iff it is a proper factor of 8,
relTsxeE.

Since each set is a subset of the other, it follows that both sets are equal. That
is T'= FE, as shown in the Venn diagram above.

EQUIVALENT STATEMENTS AND SETS:  The sets corresponding to equivalent statements

11
are equal.

Recall that an implication is associated with the words sufficient and necessary.
Writing the last example of equivalence as an implication and its converse:

if x is a power of 2 on a die then it is a proper factor of 8,

if x is a proper factor of 8 on a die then it is a power of 2.
From the first of these, it is sufficient that x is a power of 2 on a die for it to be
a proper factor of 8. From the second, it is necessary that x is a power of 2 on a
die for it to be a proper factor of 8. In other words, = is a power of 2 on a die

is both a necessary and sufficient condition for it to be a proper factor of 8. A
similar situation will hold for any pair of equivalent statements.

NECESSARY AND SUFFICIENT: When two statements are equivalent, each is both a

12 . .
necessary and sufficient condition for the other to be true.

The Contrapositive: There are many examples of pairs of equivalent statements,
but one particular situation plays an important part in many proofs. By way of
example, recall that

if £ is a prime on a die then it is a Fibonacci number.
This is logically equivalent to the contrapositive statement

if x is not a Fibonacci number on a die then it is not a prime.
Notice that the two parts of the if ... then ... statement have been negated and
the order swapped. This is always the case with the contrapositive statement. It
is also always the case that an implication and its contrapositive are equivalent.
A practical example may help cement this new concept. Thus

if I own a dog then I have a pet
is logically equivalent to its contrapositive

if I do not have a pet then I do not own a dog.
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This means that an implication and its contrapositive can be written in the form
of an if and only if statement:

A implies B if and only if not B implies not A,
or, writing this entirely in symbols:
(A= B) < (~B=~A).

THE CONTRAPOSITIVE: An implication, if A then B, is logically equivalent to its
contrapositive, if not B then not A.

13

The situation is clear from the Venn diagram of the primes and Fibonacci numbers
on a die. In that case P C F, and consequently F C P. That is, if = is not a
Fibonacci number on a die then it is not prime. Here are Venn diagrams with F
and P shaded to demonstrate that F C P.

S S

F F
1 4 1 4
P 6 P 6

It is further confirmed that F C P by listing the elements of each set. Thus
F ={4,6} whilst P ={1,4,6}.

Exercise 2A

1. Identify each of these symbols.
(a) = (b) = (c) < (d) v (e) 3

2. Write down the converse of each statement, and state whether the converse is true or false.

(a) If a triangle has two equal sides, then it has two equal angles.
) If a number is odd, then its square is odd.

(c) If I am a horse, then I have four legs.

(d) If a number ends with the digit 6, then it is even.

(e) Every square is a rhombus.

(f) If v/n € R, then n > 0.

3. Indicate whether each statement is true or false.

a) Having four legs is a necessary condition for being a cat.

) Having four legs is a sufficient condition for being a cat.

(¢) Owning a car is a necessary condition for holding a driver’s licence.

(d) Owning a car is a sufficient condition for holding a driver’s licence.
)

If two statements are equivalent, then each is a necessary condition for the other to
be true.

(f) If two statements are equivalent, then each is a sufficient condition for the other to be
true.

4. Write down the negation of each statement.
(a) All cars are red. (e) If I live in Tasmania, then I live in Australia.
(b) a>b (f) If Nikhil doesn’t study, then he will fail.
(c) Hillary likes steak and pizza. (g) -3<2<8
(d) Bill is correct or Dave is correct. (h) z < =5 or x >0
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5. Write down the contrapositive of each statement.

(a) If I water my plants, then they will grow.

(b) If you do not live in Australia, then you do not live in Melbourne.

(
(

)
)
d) If I like cycling, then I do not like motorists.
)
)

(
(

c) If a triangle has three equal sides, then it has three equal angles.

If a number is even, then the next number is odd.

f) If a and b are both positive and a > b, then % < %.

e

6. Write down (in ‘if... then’ form) the two converse statements equivalent to each ‘if and
only if’ statement.
(a) A number is divisible by 15 if and only if it is divisible by both 3 and 5.
(b) A triangle has two equal angles if and only if it has two equal sides.
(c) An integer n greater than one is prime if and only if its only divisors are 1 and n.
(d) A quadrilateral is a parallelogram if and only if a pair of opposite sides are equal and
parallel.
DEVELOPMENT
7. State whether each statement is true Vo € R. If it is false, provide a counterexample.
(a) z—3<ux (c) 10 >0 (e) |—z|==
(b) 3z >z (d) z < 22 (f) |z| = Va2
8. State whether each statement is true Va,b € R. If it is false, provide a counterexample.
(a) If a > b, then a* > b* (d) If a,b< 0 and a <b, then + > 1.
(b) If a®* > b* then a > b (e) |a+b| > |a| + |b]
(c) If a > b, then a® > b* (f) la—b| > |la] — [b]|
9. Assuming that all variables are real variables, insert the correct symbol = or < in each
statement below.
(a) it is raining ... there are clouds in the sky (d) z=5...2% =25
(b) 3a=6...5a =10 () x=5...2° =125
(¢c)a>b...-b>—a (f) @ is an integer ... a” is an integer
10. Answer true or false. Assume that a, b, c # 0.
_ c a1
(a) 0 =5 < sind =3
(b) sinf = _\/Li Stanf = +1
(c) z° +y* < 1<(x,y) is a point inside the circle 2% + y? = 1
(d) a and 3 are the roots of az® +bx +c=0< é and % are the roots of cz? + bz +a = 0.
11. Suppose that p is the statement ‘Jack does Extension 2 Mathematics’ and ¢ is the state-
ment ‘Jack is crazy’. Write each of the following as English sentences.
(a) p=q (c) ~p=q (e) ~p=r~q
(b) ~(p=9q) (d) ~q=p (f) pfra
12. Write each statement as an English sentence, without any use of symbols.
1
(a) Vn € Z 3m € Z such that m > n (b)acRanda>0=a+—>2
a
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13. An implication is false if the premise is true but the conclusion is false. Otherwise it is
true. State whether each statement is true or false.

(a) 1+1=3=2+2=14 () 1+1=3=242=3
(b) 1+1=2=2+2=3 (d) 1+1=2=24+2=4

14. (a) Explain why “1 < 0” and “l is a negative number” are equivalent statements.

(b) Combine them into an if ... then ... statement. Is the result true?
15. Consider the following statements:

(1) If I do not do my homework then I will fail.
(2) If I study hard then I will pass.

If statements (1) and (2) are both true and I passed, then:
(a) Did I do my homework? (b) Did I study hard?

ENRICHMENT
16. Consider this statement:

‘If either Anna or Bryan passed the exam, then either Anna and Chris both passed or
Bryan and Chris both passed.’

If the statement is false, determine whether Chris passed or failed.

17. On a train, Pender, Sadler and Ward are the the fireman, guard and driver, but NOT
respectively. Also aboard the train are three passengers who have the same names: Dr Pen-
der, Mr Sadler and Mr Ward.

1. Mr Sadler lives in Sydney.

2. The guard lives exactly half way between Melbourne and Sydney.

3. Mr Ward earns exactly $100 000 per year.

4. The guard’s nearest neighbour, one of the passengers, earns exactly three times as much
as the guard.

5. Pender beats the fireman at pool.

6. The passenger whose name is the same as the guard’s lives in Melbourne.

Who is the driver? Clearly explain your reasoning.

2B Number Proofs

Now that the basic concepts, terminology and notation of proof are understood,
they can be put together to write proofs of simple results. The geometry studied
in Years 7 to 10 involved many such proofs, and it would be worth reviewing some
of those in light of this new understanding. In this section and in 2C, however,
attention is focused on some basic results in number theory, that is, the study of
the structures and number patterns in:

Z the integers ..—3,—-2,-1,0,1,2,3, ...
Zt the positive integers 1,2,3,...
N the natural numbers 0,1,2,3,...

A proper investigation of number theory would occupy an entire book, so only a
few simple results in divisibility are proven here.
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Divisibility: It is important to begin with a clear definition of what divisibility means.
Let a, b, m € Z and suppose that b = am. The numbers a and m are called factors
of b. Furthermore b is said to be divisible by a. (Equally, b is divisible by m.)
To put it another way, if b and a are integers and b is divisible by a then there
exists an integer m such that b = am.

14 | DivisiBiLITY: If a,b € Z and b is divisible by a then 3m € Z such that b = am.

This definition will be essential in the following worked examples, and in the
exercise questions. Although the wording of the definition may seem obscure, in
practice it is quite obvious. For example, 12 is divisible by 4 because 12 = 4 x 3.

WORKED EXAMPLE 1: Let a and b be two integers divisible by 3.
(a) Prove that (a + b) is divisible by 3.
(b) Prove that (ax + by) is divisible by 3, for all xz,y € Z.

SOLUTION:
(a) By the definition of divisibility, there exist m,n € Z such that
a=3m
and b=3n
Hence (a4 b) = (3m + 3n)
=3(m+n)

That is, (a + b) is divisible by 3.
(b) Likewise, for all z,y € Z,
(az + by) = (3mz + 3ny)
= 3(mz + ny)
That is, (az + by) is divisible by 3.

WORKED EXAMPLE 2:  Prove that a® — a is even for all a € Z.
SoLuTion: Factoring, a® — a = a(a — 1).

Now, if a is odd, then (a — 1) is even,

and if a is even, then (a — 1) is odd.

In either case, the product of an odd and even is even.
Hence a? — a is even.

Note: this is essentially proof by example, with every case examined.

WORKED EXAMPLE 3: A student claims that if an integer n is divisible by both 4
and 6 then the number is divisible by 4 x 6 = 24.

(a) Disprove this claim by finding a counterexample.

(b) Explain what has gone wrong, and determine the correct conclusion.

SOLUTION:
(a) Clearly 12=4x 3 and 12 =16 x 2,
hence 12 is divisible by both 4 and 6,
but it is not divisible by 24.
(b) The problem is that 4 and 6 have common factor 2.
Since n is divisible by 4 and 6, there exist integers k and £ such that

ISBN 9781108771054 © Sadler & Ward 2019 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.



68 CHAPTER 2: Proof 2B

n = 4k
and n = 6{
SO 4k = 6/
or 2k = 30.

Since 2 and 3 are primes, k is divisible by 3 (and ¢ is even),
so there exists an integer m such that k = 3m.
Hence n=4x3m
=12m
That is, if n is divisible by both 4 and 6 then it is divisible by 12.

WORKED EXAMPLE 4: Let n = 10z +y, where n, 2,y € ZT, the positive integers.
(a) Prove that if n is divisible by 7 then (x — 2y) is also divisible by 7.

(b) Further, prove that the converse is true.

(c) Write the result as an iff statement.

(d) Hence determine whether or not 3871 is divisible by 7.

SOLUTION:
(a) Since n is divisible by 7, 3m € ZT such that
10z +y =Tm
The key to the proof is that y has been doubled:
so  20x+2y="7x(2m)
thus —x 4 2y = 7(2m — 3x) (subtracting 21z from both sides)
or x — 2y ="T(3x—2m)
Hence (z — 2y) is divisible by 7.
(b) Since the equations in part (a) are equivalent, it follows that

10m+y:7m]<:>{1‘—23/:7(31‘—2711)].

Hence if (x — 2y) is divisible by 7 then n = 10z + y is also divisible by 7.
(¢) That is, combining parts (a) and (b),
n = 10x 4 y is divisible by 7 if and only if (z — 2y) is divisible by 7.

(d) Since the result is an equivalence relation, the divisibility test can be applied
recursively. Thus:

3871 is divisible by 7 iff 387 — 2 x 1 = 385 is divisible by 7.
385 is divisible by 7 iff 38 — 2 x 5 = 28 is divisible by 7.
Now 28 = 7 x 4 is clearly divisible by 7.

Hence 3871 is divisible by 7.

Exercise 2B

NoTE: In this exercise you may assume that all pronumerals represent integers.

1. (a) If @ and b are even, prove that a + b is even.
(b) If a and b are odd, prove that a + b is even.
(c) If a is even and b is odd, prove that a 4 b is odd.
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2. (a) If a and b are even, prove that ab is even.
(b) If a and b are odd, prove that ab is odd.
(c) If a is even and b is odd, prove that ab is even.
3. Prove that:
(a) the square of an even number is even,
(b) the square of an odd number is odd.
4. Prove that:
(a) if b and b + ¢ are both divisible by a, then c¢ is divisible by a,
(b) if b and b — ¢ are both divisible by a, then ¢ is divisible by a.
5. If b and ¢ are both divisible by a, prove that bx + cy is divisible by a for any x,y € Z.
6. If a, b, c and d are consecutive integers, prove that:
(a) a+d=b+c (b) ad =bc—2 (c) > +d* =b*+c*+4
DEVELOPMENT
7. Prove that if a — b is even, then a® — b? is divisible by 4.
8. Suppose that 2a + b and 3a + 2b are both divisible by n. Prove that a and b are both
divisible by n.
9. Suppose that a® + a and a? — a are both divisible by 4. Prove that a is even.
10. Prove that a® — a is divisible by 6 V a € Z.
11. If a is even, prove that a® + 2a? is divisible by 8.
12. Prove that a number is divisible by 6 if and only if it is divisible by both 2 and 3.
(Remember that to prove A< B, you must prove B= A and A= B.)
13. Prove that an integer is the sum of 7 consecutive integers if and only if it is divisible by 7.
14. (a) If n is odd, prove that the sum of n consecutive numbers is divisible by n.
(b) If n is even, is the sum of n consecutive numbers divisible by n? Explain your answer.
15. Prove that a 4-digit number is divisible by 3 if and only if the sum of its digits is divisible
by 3.
16. Let n = 10z + y, where n,z,y € Z™.
(a) Prove that if n is divisible by 13, then x + 4y is also divisible by 13.
(b) Prove that the converse of part (a) is true.
¢) Combine (a) and (b) into an ‘if and only if” statement using mathematical symbols.
(d) Use part (a) recursively to show that 8112 is divisible by 13.
17. (a) Show that 2" — 1= (z — 1)(z" + 2" 2 + 2" 3 + .. 422 + 2 +1).
(b) Hence prove that:
(i) 7" — 1 is divisible by 6 V n € Z™,
(ii) if ™ — 1 is prime, then a = 2 for a > 0.
18. Suppose that n = p®¢®, where p and ¢ are primes and p £ q.
(a) Use combinatorics (a counting argument) to explain why n has (a4 1)(b+ 1) factors.
(b) Hence determine the number of factors of 80 000.
19. Prove the statement: a — ¢ is a divisor of ab+ cd =a — ¢ is a divisor of ad + be.
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20.

21.

22,

23.

24.

2C

CHAPTER 2: Proof 2C

ENRICHMENT

a) Factorise a* + 4b* by adding and subtracting 4a2b°.

b

a
b

(¢) Hence prove that if @ and b are both odd, then a® + b? is not a square.

Hence prove that 545 + 454 is not a prime number.

Prove that the square of an even number is divisible by 4.

(
(
(
(

Prove that the remainder is 1 when the square of an odd number is divided by 8.

Suppose that p is a prime number greater than 30. Prove that when p is divided by 30,
the remainder is either 1 or prime.

Numbers such as 6 and 28 are known as perfect numbers because they are equal to the
sum of their factors, excluding the number itself.

(a) Confirm that 6 and 28 are perfect numbers.

(b) Prove that if 2™ — 1 is prime, then 2"~ (2" — 1) is a perfect number.
[HINT: Separate the factors of 2"~ (2" — 1) into two groups: those that are strictly
powers of 2 and those that have the factor 2" — 1.]

Suppose that I choose six of the first ten positive integers. Prove that I must have chosen
two numbers such that one is a divisor of the other. [HINT: Write each of the 10 numbers
as a power of 2 multiplied by an odd number, then use the pigeonhole principle.]

Proof by Contraposition and by Contradiction

Two methods of proof commonly used in mathematics involve negation. These are
called proof by contraposition and proof by contradiction. The latter is also given
the Latin name reductio ad absurdum, which literally means reduce to absurdity.
The reason for this will be explained later.

Proof by Contraposition: This style of proof takes advantage of the fact that an

implication is equivalent to its contrapositive. Thus when an implication is not
easy to prove directly, it may be suitable to use proof by contraposition instead.
It is important to clearly state what is being done at the outset.

WORKED EXAMPLE 5: Prove that if n? is even then n is even.

SoLuTION: The contrapositive is proven instead. That is:

if n is not even then n?

is not even,
or, more naturally:
if n is odd then n? is odd.
Let n =2m + 1, then n is odd and
n? = (2m+ 1)*
=4m* +4m +1
=2(2m*+2m) +1
which is one more than a multiple of 2, and is thus odd.
Hence, by the contrapositive, if n? is even then n is even.

15 PROOF BY CONTRAPOSITION: An implication and its contrapositive are equivalent.
Hence an implication may be proven by proving its contrapositive instead.
ISBN 9781108771054 © Sadler & Ward 2019 Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.




2C Proof by Contraposition and by Contradiction 71

Proof by Contradiction: This style of proof is based on the fact that a statement
can only have one of two values, true or false, and the negated statement must
have the opposite value. That is, if a statement is true then its negation must
be false. Hence proving a statement is equivalent to showing that its negation is
false. Thus when a statement is not easy to prove directly, it may be suitable to
show instead that the negated statement is false.

The first step is to write down the negation as an assumption. It is then shown
that this leads to an absurd statement, like —1 > 2, or it leads to a contradiction
of the initial assumption. This is why the method is also called reductio ad
absurdum. Since the negation is equivalent to a false statement, the negation is
also false. It must therefore hold that the proposition is true.

WORKED EXAMPLE 6: Prove that v/2 is irrational.

SoLuTioN: By way of contradiction, assume that V/2 is rational.

That is, assume there exist m,n € N (natural numbers) such that

Jam

n
where n > 1 and the HCF (highest common factor) of m and n is 1.
That is, the fraction has been reduced to lowest terms.
Squaring and re-arranging gives

on? =m?.
Thus m? is divisible by 2.
Now if m were not divisible by 2 then m? would not be divisible by 2.
Hence m is also divisible by 2. So let m = 2p and write

2n? = 4p?
or n? = 2p2 .
Thus n? is divisible by 2.
Now if n were not divisible by 2 then n? would not be divisible by 2.
Hence n is also divisible by 2.
That is, 2 is a common factor of m and n.
But the HCF is 1, so there is a contradiction.

Hence V2 is irrational.

PROOF BY CONTRADICTION: Proving a statement is equivalent to showing that its
16 negation is false. Begin by writing down the negation and show this leads to
a contradiction.

Notice the careful use of two contrapositive statements in the above proof. Each
is a restatement of what was proven in Worked Example 5. The proof that v/3
is irrational requires similar steps. That is:

if m were not divisible by 3 then m? would not be divisible by 3.

A problem arises at this point because that claim has not been proven. Likewise,
the proof that v/7 is irrational leads to the claim that

if m were not divisible by 7 then m? would not be divisible by 7

which also has not been proven. In this course, all such claims will be taken to
be intuitively obvious unless a proof is specifically required by the question.
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The next worked example follows a slightly different argument to show that log, 3
is irrational. This result is extremely important in music. Musicians will know
that when a fifth is played on a piano, say from A to E, it is not a pure fifth but
slightly short. A pure fifth has frequencies in the ratio 2 : 3. Thus using A440
should give E660, but on a piano it is approximately E659. This is done so that
the cycle of fifths works, and it comes about because log, 3 is irrational.

WORKED EXAMPLE 7: Prove that log, 3 is irrational.
SoLuTiOoN: By way of contradiction, assume that log, 3 is rational.
That is, assume there exist m,n € N such that
m
logs 3 = —
125) n

where n > 1 and the HCF of m and n is 1.
That is, the fraction has been reduced to lowest terms.
From the definition of logs, this can be re-written as

3=2".
Take the n'® power of both sides to get
3n — 2m

Now since n > 1 it follows that 3 is a factor of the LHS.
But clearly 3 is not a factor of the RHS, so there is a contradiction.
Hence log, 3 is irrational.

The Fundamental Theorem of Arithmetic: In the last proof it was assumed that
a positive power of 3 cannot equal a positive power of 2. Intuition and experience
certainly seem to suggest this is true, but it has not been proven. The result is
a specific case of a more general theorem. The theorem effectively states that
there is only one way to write a number in prime factored form. This is such
an important result in number theory that it is given the name the fundamental
theorem of arithmetic. Although any proof of this result is beyond the scope of
this course, it is such an important theorem that a proof has been included in
the appendix to this chapter.

Exercise 2C

1. Prove by contradiction that log; 13 is irrational.

Start by assuming that log, 13 is rational, so log; 13 = ™, where m,n € Z and m, n have
no common factors other than 1.

2. Prove by contradiction that v/5 is irrational.
Start by assuming that /5 is rational, so V5 = =, where m,n € Z and m,n have no
common factors other than 1.

3. Consider this statement for a € N: ‘If a? is odd then a is odd.’
(a) Write down the contrapositive of the statement.
(b) Prove the statement by proving its contrapositive.

4. By proving the contrapositive, prove that if m? 4+ 4m + 7 is even, then m is odd.

5. Suppose that a,b € ZT. By proving the contrapositive, prove that if ab is even, then a is
even or b is even.

ISBN 9781108771054 © Sadler & Ward 2019 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.



2C Proof by Contraposition and by Contradiction 73

DEVELOPMENT

6. (a) Prove that logg 5 is irrational.
(b) Hence prove that logs 15 is irrational.
7. (a) Prove that v/11 is irrational.
(b) Hence prove that v/44 is irrational.
8. Suppose that the number n is composite and has two prime factors p; and ps. Use
contradiction to prove that at least one of p; and ps is less than /n.
9. Suppose that 3 n € N such that n? + 2 is divisible by 4.
(a) Deduce that n is even.
(b) Hence prove by contradiction that no such n exists.
10. (a) Explain why every odd number is one more or one less than a multiple of 4.
(b) Prove that the product of any two positive integers of the form 4n + 1, where n is a
positive integer, is also of the form 4n + 1.
(c) Hence prove by contradiction that any composite number of the form 4n — 1 must
have at least one prime factor of the form 4n — 1.
11. Prove by contradiction that if n € Z*, then v/4n — 2 is irrational.
12. Prove by contradiction that V3 +1 is irrational.
13. (a) Prove that V/6 is irrational.
(b) Hence prove that v/3 + /2 is irrational.
14. Prove that if 2" — 1 is prime then n is prime by proving the contrapositive.
15. Prove by contradiction that there are infinitely many prime numbers.
[HINT: Assume that p is the largest prime number and consider the number p! + 1, which
is not divisible by any number from 2 to p.]
ENRICHMENT
16. Consider the following theorem about prime numbers.
If (Va, beZ*, plab=p|a or p|b) then p is prime.
(a) State the contrapositive of the theorem.
(b) Prove the theorem by proving the contrapositive.
[HINT: Put a = p;, where p; is a prime divisor of p, and b = p%.]
17. Suppose that a, b, c and d are positive integers and c is not a square.
a d
a) Prove that if ——— + — is rational, then b*d = c(a + d).
(@ Tt , (0+d)
a d
b) Hence prove by contradiction that + — is irrational.
(b) p y Ty
18. Suppose that p is a prime number greater than 3 and that for some n € N, p" is a 20-digit
number. Prove that among these 20 digits, there are at least three that are equal.
[HINT: Use proof by contradiction and the test for divisibility by 3.]
19. Prove by contradiction that Va,b € Z™, (36a + b)(36b+ a) is not a power of 2.
[HINT: Assume that 2% is the smallest power of 2 equal to (36a 4 b)(36b + a).]
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2D Algebraic Inequalities

Two fundamental assumptions about inequalities will be used throughout this
course. They should be intuitively obvious from previous work on equations and
inequations. Those assumptions are, for real numbers a, b and c:

ifa>bthena+c>b+c,
if a > b and ¢ > 0 then ac > bc,

with similar results for a < b. The first statement means that an inequality is
unchanged when the same amount is added to both sides. In the second case
the inequality is unchanged when both sides are multiplied by the same positive
amount. A particular case of the first statement is when ¢ = —b, which gives

ifa>0bthena—5b>0.
That is, if @ > b then (a — b) is positive. The converse is also assumed true.
There is an amazing number of types of algebraic inequalities, but most can be
assigned to one of four broad categories for proving. Those are:

put everything on one side,

squares of reals cannot be negative,
combinations of inequalities,

begin with a known result.

The first category takes advantage of the last statement above.

Put Everything on One Side: In a few instances the inequality can easily be proved
by moving all terms to one side and considering the sign of that expression.

WORKED EXAMPLE 8: Let a < b be real numbers. Prove that the average of the
squares of a and b is greater than the square of the average.

SorLuTion: The corresponding inequality to prove is

a2+b2> a+b\?
2 2 '

a’® + b? _a2+2ab+b2

Now LHS — RHS = 5 1
B a’® — 2ab + b?
4
(a —b)?
4
>0 (since squares cannot be negative.)
a® +b? a+b\’
Hence 5 — < 5 ) >0
and so a2+b2><a+b>2.
2 2

Squares Cannot be Negative: The crucial step in the previous worked example was
that the square of a real number cannot be negative. That fact can be deduced
from the assumptions at the start of this section, and the proof is left as an
exercise. This important result can be used to solve numerous other inequalities.
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Arithmetic and Geometric Means: Recall from sequences and series that if a
and b are positive real numbers then the sequence a, x, b will be arithmetic if

a+b
5

The value of x is called the arithmetic mean of a and b.
Likewise, the sequence a, y, b will be geometric if
y=Vabd.

The value of y is called the geometric mean of a and b.

a+b

17 e The arithmetic mean of a and b is

e The geometric mean of a and b is Vab.

ARITHMETIC AND GEOMETRIC MEANS:  Suppose that a and b are positive.

The AM/GM Inequality: One very important result is that the arithmetic mean
is at least as large as the geometric mean. This is sometimes called the AM/GM
inequality. It is proved by noting that squares of real numbers cannot be negative.

WORKED EXAMPLE 9: Prove the AM/GM inequality.

SoLuTION: Let a and b be two positive real numbers.
Since squares cannot be negative,

(\f—\/l?f >0.

Expanding a—2vVab+b>0

SO a+b>2Vab
or a;—bZ\/@.

numbers a and b are related by the inequality

“;bz\/@

18

THE AM/GM INEQUALITY: The arithmetic mean and geometric mean of two positive

The AM/GM inequality can also be proven using circle geometry and that is

done in a worked example in Section 2E.

Combinations of Inequalities: Having established an inequality, it can be restated
using other variables and the results combined to form a new inequality.

WORKED ExampLE 10:
(a) Suppose that 1 < k < n.
(i) Show that n < k(n —k+1).
n+1

(ii) Explain why vn < \/k(n —k+1) < 5

(b) Hence prove that, for all positive integers n,

vnt < nl < <n—2|—1> .
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SOLUTION:
(a) (i) The right hand side is a quadratic in k& with negative leading coefficient:
k(n+1) — k2.

Hence its graph is concave down, and any minimum will occur at an end
point of the domain. Direct substitution of the two end points gives

Ixn=nx1=n.

(ii) The left hand inequality follows directly from part (i).
By the AM/GM inequality,

— 1
kD < k:+(n2 k+1)
< n+1.
- 2
(b) By part (a) it follows that

1
Jn<vixn< 2t

\/ﬁg\/Q(n—ng”T“ (k = 2)
\/ﬁgw/?)(n—z)g";l (k = 3)

1
N nx1g% (k = n)

Now multiply all these results together to get

(vn)" g\/(bdx'--x”)x(”X(n—l)x,,,Xl)§<n-2H>"
hence  Vam < vVl x nl < <”_+1>"

2
or vnr <nl < <n—2|—1>

This example happened to use multiplication of inequalities. Other examples
may require addition, subtraction or division. Multiplication and division should
be avoided unless it is guaranteed that the quantities involved do not change sign.
Otherwise it is not known whether the direction of the inequality is affected.

Begin with a Known Result: Many problems begin with a known result from which
another inequality is to be obtained. An important example of this is the relation

2l + Iy] = |z + | = |l — Iyl
which is known as the triangle inequality. This was proven in the chapter on
complex numbers by using geometry. In the following Worked Example the left

hand inequality is proven algebraically.
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WORKED EXAMPLE 11:  Use the fact that |a| > a to prove that |z|+|y| > |z +y|.

SOLUTION: Square the left hand side to get

(I +y)? = 2® + 2|y +
> 2% 4 22y + 3> (since |a| > a)
so (Jz]+1y))* > (z+y)*.
Now take the square root of both sides to get
lz| + |y| > |z + y] (since Va? = |a| on the RHS.)
The proof of the other part of the triangle inequality is left as an exercise.

In other problems restrictions are placed on the variables, such asa+b+c =1,

from which it follows that ab + ac 4+ bc < é The usual approach is to begin

manipulating the expression and at crucial steps apply the given restrictions.

In some instances the solution also involves changing the value of a fraction by
altering the numerator or denominator. For example, decreasing the numerator
or increasing the denominator will reduce the value of the fraction. This is clearly
evident in the following numerical example.

(SR )
=N

ol w

> = >

The strategy is used twice in the next worked example, along with a restriction.

WORKED EXxAMPLE 12: Let a, b and ¢ be three positive real numbers. It is known
that a +b > c.
a+b S _¢

Show that .
(a) Show tha T

a b c
h — >0.
(b) Hence show t at1+a+1+b 1+c_0
SOLUTION: ( )( o b
a+b)(1+c)—c(l+a+
LHS — RHS =
(2) (I+a+b)(1+c)
(a+b)—c
C (14+a+b)(1+e)

< c—c
“(14+a+b)(1+c¢)
Thus LHS — RHS > 0, and hence LHS > RHS.

(since a +b>c)

a b C a b a+b
i > _
(b)1+a+1+b 1+c_1+a+1+b 1+a+0 (by part (a))
__e& b _ e __ b
“1+a 14b 1+a+b 1l+a+bd
a b a b

“Tra 14b 1ta 110
since decreasing the denominators increases the subtracted fractions.

a b c
H — >0.
ence1+a+1+b Trc=
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Exercise 2D
1.
2.

10.

11.

12.

CHAPTER 2: Proof 2D

Given that a > 1, prove that a® > 1 by proving that LHS — RHS > 0.

Prove these inequalities for a,b € R. [HINT: Begin with LHS — RHS.]

2 b2 2 42 b 2
(a) a®+b% > 2ab (b) 25+ 5 22 () & —; 2(‘“; )

1
Prove that a + — > 2 for a > 0.
a

Prove, for a,b > 0, that:

(a) L(a+b)>Vab (b) ta+2b> Vab

If a > b > 0, prove that:

(a) a* —b>b*—a (b) a® —b® > a®b — ab?

(a) Given that z and y are non-negative, prove that = +y > 2,/xy.

(b) Hence prove that (z +y)(z + 2)(y + 2) > 8zyz, where z is also non-negative.

DEVELOPMENT

Suppose that p, ¢ and r are real and distinct.
(a) Prove that p? + ¢ > 2pq.
(b) Use part (a) three times to prove that p? 4 ¢* + r% > pq + qr + rp.
(¢) Given that p+ g+ r =1, prove that pg+ qr +rp < é
[HINT: Begin with (p+ ¢ +r)* = 1 and use part (b).]
Suppose that a, b and ¢ are real numbers.
(a) Prove that a* +b* 4 c* > a®b® + a®c® + b2c?.
(b) Hence show that a*b* + a*c? + b*c® > a*be + b*ac + c*ab.
(c) Deduce that if a + b+ ¢ = d, then a* + b* + ¢* > abed.

Suppose that a, b and ¢ are positive.

(a) Prove that a® + b* > 2ab.

(b) Hence prove that a* + b* + ¢* > ab + bc + ca.

(c) Given that a® + b® + ¢* — 3abc = (a4 b+ ¢)(a® 4+ b* + ¢ — ab — be — ca),
prove that a® + b3 + & > 3abe.

W=

(d) If z, y and z are positive, show that x + y + z > 3 (zyz)3.

(a) Prove that 1+ z > 21/ for = > 0.
(b) Suppose that z,y,z > 0 and (14 z)(1+y)(1+ z) = 8. Prove that xzyz < 1.

(a) Expand <% _ 9>4.

a

at bt a? b2
(b) Hence prove that o + po +6>14 <b_2 + §> for a,b € R.

2 2
(c) Deduce that $—2+y—2+624<£+g> for z,y > 0.
Y Z y

(a) Suppose that a, b, ¢ and d are positive.

2 b2 2 d2
Use the fact that a® + b® > 2ab to show that a+ 1— ¢t > Vabed.

> Ywzxyz for w,x,y, z > 0.

(b) Hence show that W
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13.

14.

15.

16.

17.

18.

19

2D Algebraic Inequalities

a) Show that a® + b® > 2ab for all real numbers a and b.
(a)

b) Hence show that a® + b + ¢ — ab — be — ca > 0.
(

¢) Deduce that for all positive real numbers a, b and c:
(c)

(a+b+c)? > 3(ab+ be + ca)

(d) Suppose that a, b and ¢ are the side lengths of a triangle.
(i) Explain why (b — ¢)? < a*.
(ii) Deduce that (a4 b+ ¢)* < 4(ab + be + ca).

Suppose that a, b and ¢ are positive.

a

b

1 1 1
(b) Hence show that (a + b+ ¢) <E + 3 + E) >9.

b
(a) Prove that — + — > 2.
a

C C

79

b
(c) (i) Provethat a®+4b* > <E + —> abc, and write down similar inequalities for b® + ¢?

and ¢ + a®.
(ii) Hence prove that a® + b + ¢* > 3abc.

(iii) Deduce that 24 b + £ > 3.
b ¢ a

. . b .
In the previous question we proved that % 4+ — > 2 for a,b > 0. Use this result to prove

a
that ab(a + b) + be(b+ ¢) + ca(c + a) > 6abe for a, b, ¢ > 0.

Suppose that z and y are positive.

1 1 4
(a) Prove that — 4+ — > .
r Yy T+y
1 1 2
(b) (i) Prove thatﬁ+?2$—y.
(ii) Use part (i) and th f part (a) t that — 4 = > 9
ii) Use part (i) and the square of part (a) to prove that — + — > —.
P d P P >y T (z+y)?

It is known that |a| > a for any real number a.

Let x and y be any two real numbers. Use the above result to prove the triangle inequality

=yl > [l = lyl].
[HINT: Begin with LHS* — RHS? ]
[Triangle inequality with complex numbers]

(
(

a) Let z = z + iy be a complex number. Prove algebraically that Re(z) < |z|.
b) Let z and w be two complex numbers. Prove that |z + w| < |z| + |w].
Begin by writing |z + w|? = (z + w)(z + w) .

(c) Under what circumstances is |z + w| = |z| + |w|?

ENRICHMENT

1+ab+1+bc+l+ca>3
1+a 1+0 14+c¢ = 7

. Given a, b, ¢ > 0 and abc = 1, use the AM/GM inequality with three terms to prove that
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20. (a) Suppose that a,b,c,a+b—c,a+c—b and b+ ¢ — a are all positive.
(i) Prove that (a +b—c¢)(a+c—b) < a®.
(ii) Hence prove that (a +b—c¢)(a+c—b)(b+ ¢ —a) < abe.
(b) Now consider a triangle ABC with side lengths a, b and c.
(a+b—c)(a+c—0b)
4bc '

(ii) Deduce that sin 1 Asin$Bsin3C <

(i) Prove that sin® 14 =

| =

a b c 3
21. If a,b,c > 0, prove that + + > —.
b+c a+c a+b 2

[HINT: Begin by adding one to each fraction on the LHS.]

2E Induction

Induction is an important topic in the Mathematics Extension 1 course, and
candidates in Extension 2 are expected to be proficient at the two main styles
already met, sums and divisibility. The Exercise questions include problems
which review this work. Induction will further be applied to inequalities and
verifying formulae for sequences specified recursively.

Review of Induction: Recall that there are three main parts to an induction proof.
First, the statement is verified for any initial terms. The second step proves the
implication that if the statement is true for some integer k£ then it is true for the
next integer (k + 1). Each proof then concludes with an appeal to the principle
of mathematical induction.

WORKED ExAmMPLE 13: Prove by mathematical induction that

Y (-1 =5(-1)"n(n+1)

j=1

for all positive integers n.

SoLuTION: This is just the n™ partial sum of the sequence Tj = (—1)7 52,
so let S, = Z T;
j=1
=—12422 -3+ ..+ (-1)"n?.
Also recall that for the partial sums of any sequence
Sn+1 = Sn + Tn+1 .
A. When n =1, LHS = (-1)! x 1?
=-1
and RHS = 2(-1)" x 1 x 2
=-1
= LHS
so the result is true for n = 1.
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B. Assume the statement is true for the positive integer n = k.

That is, assume that S = 2(—1)Fk(k + 1) (1)

Now prove the statement for n = k + 1. That is, prove that
Sp1 = (=D (b + 1) (k +2).

But LHS = Si + Tk
so by the induction hypothesis (f):
LHS = 1(—=1)"k(k + 1) + (-1)*"!(k + 1)
= 3D R+ 1) (= k4 20+ 1))
(=DM (k+1)(k +2)

= RHS.

C. It follows from parts A and B by mathematical induction that the result is
true for all integers n > 1.

Harder questions may involve divisibility problems. In other cases the statement
may only be true for values of n in some specified sequence. The easiest way to
manage this is to replace n with the formula for the m™ term of the sequence.
The next Worked Example demonstrates both situations.

WORKED ExaMPLE 14: Prove by mathematical induction that 3™ —2" is divisible
by 5 when n is a positive even integer.

SOLUTION: Since n is even, put n = 2m.
Now show that 3%™ — 22™ is divisible by 5 for m € Z*.

A. When m =1,3?" —-22m =9 4
=5x1
so the result is true for m = 1.

B. Assume the statement is true for the positive integer m = k.
That is, assume that 32% — 22% = 5p_ for some integer p. (1)
Now prove the statement for m = k + 1.
That is, prove that 32(FT1D — 22(k+1) ig divisible by 5.
Now 321 _ 92(k+1) — 32k g _ 92k 4
so by the induction hypothesis (}):
32(k+1) _ 92(k+1) _ (5p + 22F) x 9 — 228 x 4
=45p+ 228 x 5
= 5(9p + 2%)
which is divisible by 5.

C. It follows from parts A and B by mathematical induction that the result is
true for all integers m > 1, and hence is true for all positive even integers n.

Proving Inequalities: Often it is necessary to prove an inequality by induction, thus
combining the techniques of this section with those presented in Section 2D. In
many cases, the best approach for the inequality is to put everything on one side.
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WORKED EXAMPLE 15: Prove by mathematical induction that 2" > n? for all
integers n > 10.

SOLUTION:
A. When n = 10, LHS = 2%°
= 1024
and RHS = 103
= 1000

so the result is true for n = 10.

B. Assume the statement is true for the positive integer n = k.
That is, assume that 2% > k* (t)
Now prove the statement for n = k + 1. That is, prove that

2k+1 > (/{I—I- 1)3‘
This will be done by proving LHS — RHS > 0.
LHS — RHS = 2" — (k +1)3
=2x 2" — (¥ 4+ 3k + 3k + 1),
so by the induction hypothesis (f):
LHS — RHS > 2k® — (k* + 3k? + 3k + 1)
=k*— (3k*+3k+1)
> k3 — (3k? + 3k? 4+ 3k%) (since k > 1)
= k*(k—9)
>0 (since k£ > 10.)

C. It follows from parts A and B by mathematical induction that the result is
true for all integers n > 10.

Proving Recursive Formulae: Recall that sequences can be defined using an initial
value and a recursive formula. For example, consider the sequence defined by
T,=T,_1+2n, forn>1, where T} =2.

The first few terms of that sequence are 2,6, 12, 20, 30,42, ... It appears that a
simpler formula for this sequence is

T,=n?>+n

and this can be proved by mathematical induction.

WORKED EXAMPLE 16: For the sequence defined recursively by
T,=T,_1+2n, forn>1, where 1T;=2,

prove by mathematical induction that
T,=n?>+n, foralln>1.

SOLUTION:
A. Whenn=1,RHS =12 +1
=2
so the result is true for n = 1.
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B. Assume the statement is true for the positive integer n = k.
That is, assume that Tj, = k* + k (1)
Now prove the statement for n = k + 1. That is, prove that
Tppr=(k+1)2+(k+1)
=k*+3k+2.
From the given recursion formula:
LHS =T, +2(k+1)
so by the induction hypothesis (f):
LHS =k* + k+2(k + 1)
= k* + 3k +2
= RHS.
C. It follows from parts A and B by mathematical induction that the result is
true for all integers n > 1.
Notice how easy this last induction proof was. It is generally the case that
recursive formulae are easy to prove by induction, but there are exceptions.
Exercise 2E
1. Prove by induction that for all positive integer values of n:
(a) > r=in(n+1) (d) Y (2r—1)2=in@2n-1)(2n+1)
r=1 r=1
1)=1 1 2 -
(b) ;r(r+ ) =3n(n+1)(n+2) (e);r(r+l) m——
2 1
== 1)(2 1 f =
2. Prove by induction that for all positive integer values of n:
(a) 5™ + 3 is divisible by 4 (d) 9"F2 — 4™ is divisible by 5
(b) 2°" + 6 is divisible by 7 (e) 6" —bn + 4 is divisible by 5
(c) 5™ 42"t is divisible by 3 (f) 4™ + 6n — 1 is divisible by 9
DEVELOPMENT
3. Prove by induction that for all positive integer values of n:
(a) 1+ (1+2)+ (1 +2+43)+--+(1+2+34---+n)=3n(n+1)(n+2)
(b) B+23 433+ 40’ =(1+2+3+---+n)°
[HINT: Use question 1 part (a).]
4. Prove by mathematical induction that for even positive values of n:
(a) n? + 2n is a multiple of 8 (b) n® + 2n is a multiple of 12
5. Prove by mathematical induction that for odd positive values of n:
(a) 7"+ 2" is divisible by 9 (b) 7" +13™ 4 19" is divisible by 13
6. Prove these inequalities by mathematical induction:
(a) n*>3n—2forn>1 (b) 2" > 1+ 3n forn >4
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10.

11.

12.
13.

14.

15.

16.
17.

CHAPTER 2: Proof 2E

(a) Prove by induction that (14 ¢)™ > 1+ cn for all integers n > 2, where ¢ is a non-zero
constant greater than —1.

1\" 1
(b) Hence show that <1 - 2—) >3 for all integers n > 2.
n

(a) Solve the inequation z? > 2z + 1.
(b) Hence prove by induction that 2" > n? for all integers n > 5.

In each case a sequence has been defined recursively and then a formula given for the nth
term. Use mathematical induction to prove each formula.

(a) f Ty =1and T, = Tp,—1 +n for n > 2, then T, = %n(n +1) forn > 1.

(b) If Ty =1 and T,, = 2T},_1 + 1 for n > 2, then T}, = 2" — 1 for n > 1.

(c) If Ty =5 and T}, = 2T,,_1 + 1 for n > 2, then T}, = 6 x 2"~ — 1 for n > 1.

) 3,1 —1

n
IfTy=1and T,, = ——— fi > 2, then T,, =
1 an T, 1 or n > en T

forn > 1.

d
(a) By differentiating from first principles, show that d—(m) = 1.
T

d
(b) Use mathematical induction and the product rule to show that — (:L‘") = na""! for

dx

all positive integer values of n.

Prove by induction that the interior angle sum of a polygon with n sides is (n —2) x 180°.
[HINT: Dissect the (k + 1)-gon into a k-gon and a triangle.]

Prove by induction that a polygon with n sides has %n(n — 3) diagonals.

Prove by induction that n lines in the plane, no two being parallel and no three concurrent,
divide the plane into (n* +n + 2) regions. [HINT: The (k + 1)th line will cross the other
k lines in k distinct points, and so will add &k + 1 regions.]

Prove by mathematical induction that every set with n members has 2" subsets. [HINT:
When a new member is added to a k-member set, then every subset of the resulting
(k 4+ 1)-member set either contains or does not contain the new member.|

Prove by induction that for all positive integer values of n:

1 1 1 1 1
(a) ﬁ+§+§+”‘+§§2_ﬁ
1><3><---><(2n—1)>i
2x4x---X2n — 2n

(b)

Prove by induction that n® — n is divisible by 24 for odd positive values of n.

[Formulae for APs and GPs] Use mathematical induction to prove each result.
(a) Ty =aand T,, =T,_1 +d for n > 2, then T, = a+ (n — 1)d for n > 1.
(b) ¥ T) = a and T}, = rT),_; for n > 2, then T}, = ar™~! for n > 1.
(¢c) If Sy =aand S, —S,—1 =a+ (n—1)d for n > 2, then

S, = %n(Qa +(n— 1)d) for n > 1.
(d) If S; =aand S, —S,_1 = ar""* for n > 2 and r # 1, then
a(r"™—1)

r —

S, = forn > 1.
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24.

2E Induction 85

Suppose that a,b > 0 and n is a positive integer.
(a) Prove the inequality a™ ™' + " > a"b 4 b"a.
a™ +b"

b n
b) Hence prove by induction that at?d < for all positive integers n.
2

1
2v/n+1
1 1 1
(b) Hence prove by induction that 1 + 3 + 3 ++ —<y/n,forn>T7.
n

(a) By rationalising the numerator, prove that vn +1 — /n >

(a) Prove the identity 2 cos Asin B = sin(A + B) — sin(A — B).
(b) Hence prove by induction that for all positive integers n,

. 1
sin(n — 5)6
%—|—COS¢9—|—COSQ¢9—|—"'—|—COS(TL—1)!9:M

2 sin %9
(a) Prove that for positive values of x and y,
ZTil>9
y T
(b) Hence prove by induction that for positive values of ay, as, ..., an,

11 1 )
(1 Faz+-dan) (—F =4+ —)>n”
1 2 n

(c) Deduce that cosec® 6 + sec? @ + cot? @ > 9 cos? 6.
ENRICHMENT

In each case a sequence has been defined recursively and then a formula given for the nth
term. Use a stronger form of induction to prove each formula.

(a) Ty =3, T, =6,and T,, =3T,,_1 —2T,,_o—1 for n > 3, then T,, = n+2" for n > 1.
(b) IfTy =8, Ty, =34,and T,, =87T,,_1 — 15T,,_5 for n > 3, then T,, = 5" +3" for n > 1.
(¢) fTy =12, T, =30,and T,, = 5T,,_1 — 6 T,,_o for n > 3, then

T,=3x2"+2x3" forn > 1.
(d) ¥ To=T,=2,and T,, =2T,,_1 + Tj,_o for n > 2, then
Tn:(l+\/§> —l—(l—\/ﬁ) for n > 0.

(a) Prove the inequality
e () (D (e ) ety
2 31 5 6 2k —1 2k)° (2k+1)(2k+2)
(b) Hence prove by induction that for all n > 2,
n@+1+1+~~% ! >>@+U<1+1+1+~4~L>
3 5 2n —1 2 4 6 2n

Define .S,, as the sum of the products of all the pairs of distinct integers that can be formed
from the first n positive integers.

So, for example, S3=1x2+1x3+2 x 3.

Prove by mathematical induction that S, = o;(n — 1)(n)(n + 1)(3n + 2) for n > 2.
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25. A squad of n footballers put their training tops out to wash. When the washing has
finished drying, each player takes a training top, but it is found that no-one has their own.
This situation is called a derangement. Let D, be the number of derangements.

(a) In some derangements, Ben and another player have each other’s top. Explain why
the number of these derangements is (n — 1)D,,_o, for n > 2.

(b) Find a similar formula for the remaining derangements and hence show that
D,=(mn—-1)Dy,_1+ (n—1)Dy_o, forn>2.

(c) Use the above result to show that
Dy —nDp_1 = (1) x (Dn_1 —(n— 1)Dn_2) , forn>2.

(d) Find Dy and Ds, then prove by induction that D,, —nD,_; = (—1)", for n > 1.
(=1)"

r!

(e) Hence prove by induction that D,, = n! Z foralln € Z™.
r=0

2F Inequalities in Geometry and Calculus

The questions in this section often require the calculus of integration or curve
sketching. Consequently it may be appropriate to delay this section to later in
the course, such as at the end of the Extension 2 Integration chapter.

An Inequality Using Geometry: The AM/GM inequality was proven algebraically
in Section 2D. Here is a geometric proof of this important result. It has the
advantage of allowing readers to see how the inequality works, and identify the
special case of equality.

WORKED EXAMPLE 17:  Prove the AM/GM inequality for positive real numbers a
and b using circle geometry. That is, prove that

a;bz\@

and identify when the two sides are equal.

SOLUTION:

Construct line segment PQ with |PQ| = a + b.
Construct the circle with diameter |PQ| and centre O.
The radius of this circle is clearly

b
r=2 ;— (the arithmetic mean.)

Let V be the point that divides PQ in the ratio a : b.
Construct chord UW perpendicular to PQ at V.
Hence V bisects UW, so let UV = VW = z.
Now 2 =ab (product of intercepts of intersecting chords)
S0 x = Vab (the geometric mean.)
Finally, the longest chord in a circle is a diameter, hence
T>T

b
that is % > Vab

with equality when UV is also a diameter. That is, a = b.
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An Inequality Using Calculus:

Many inequalities arise through the study of calculus and ) |
geometry. As a very simple example, using an upper and Y=y
a lower rectangle to approximate the area between the
hyperbola y = % and the z-axis for 1 < x < 2 gives

[SE—,

1
§<10g2<1.

Often knowledge of other topics is also required. The 1 2 X
following worked example makes use of calculus and a
geometric series to find an approximation for log% which
is accurate to two decimal places.

WORKED ExampLE 18: Consider the geometric series
Sop =1—h—+h?—...+h%",
where 0 < h < 1.

1
(a) Show that Ss,,_1 < 1—|——h < Sop.

(b) Integrate the previous result between h = 0 and h = x, where 0 < z < 1,
and hence write down a polynomial inequality for log(1 + x).

(c) Use n =3 to estimate the value of log 3 .

SOLUTION:
(a) Now Sop1=1—h+h*>—h3+. . —p2!
1—(=h)*"
= by GP th
_ 1— h2n
 1+h
1
< T+h (increase numerator)
and Son =1—h+h?>—...+h™"
1— (_h)2n+1
= by GP th
1+ p?nt!
 1+h
1
> 7 (decrease numerator)
1
hence Ss,,_1 < 1—|——h < Sop, .
(b) /IS dh</r ! dh</IS dh
0 2n—1 0 1 + h o 2n
h? h2 1" z h? p2rt1®
he - [1 1 h] h— ...
or [ 5+ 2n]0< og(+)0<[ 5 T +2n+10
$2+$3 $2n<1 143)< $2+$3 . 22+l
sor——+4+——...—— <lo r)<r——4+——...
2 3 on 08 2 "3 2n + 1
ISBN 9781108771054 © Sadler & Ward 2019 Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.



88 CHAPTER 2: Proof 2F

1 1 1 1 1 1 3 1 1 1 1 1 1 1
2813161 T 700 381 <1085 <5 —5+31 61" 760 384 T 596
259 3 909
S0 510 <logs < 5535
or 0-4047 < log 2 < 0-4058

These calculations suggest that log% = 0-405, correct to three decimal places.
The actual value is 0-40547, correct to five decimal places.

Exercise 2F

1. (a) A regular dodecagon is drawn inside a circle of radius 1cm
and centre O so that its vertices lie on the circumference, as
shown in the first diagram. Determine the area of ANOAB,
and hence find the exact area of the inscribed dodecagon.

(b) (i) Use the formula for tan 26 to show that tan15° = 2 — /3.

(ii) Another regular dodecagon is drawn with centre O, so
that each side is tangent to the circle, as shown in the
second diagram. Find the area of AOGH and hence find
the exact area of the circumscribed dodecagon.

(c) By considering the results in parts (a) and (b), show that
3<m<12(2—V3)=324.
2. (a) Use Simpson’s rule with three function values to approximate
the area under y = sinx between z =0 and z = .

(b) Hence show that m = 13(4 — V/3), which is accurate to two
decimal places.

1
3. The points A, P and B on the curve y = — have z-coordinates
x

1, 1% and 2 respectively. The points C' and D are the feet of the
perpendiculars drawn from A and B to the z-axis. The tangent
to the curve at P cuts AC and BD at M and N respectively.

(a) Find the areas of trapezia ABDC and M NDC.
(b) Hence show that 2 <In2 < 3.

4. The diagram shows the points A(0, 1) and B(—1,e™!) on the curve
y = €*, and the point C(—1,0) on the z-axis. The tangent at

A
P(—%,e_%) intersects OA at M and BC' at N. g /
(a) Determine the exact area of the region bounded by the curve, 4 M
BC, CO and OA. 3 P
(b) Find the area of trapezium OABC. v
(c) Show that the area of OM NC'is equal to CO x PQ, and hence ‘ : >
find the area of the trapezium. c 00 o

(d) Hence show that (3 + V5) < e < 3.
5. Suppose that m < f(z) < M in the interval a < 2 < b. Use a diagram to help prove that

b
m(b—a)g/ F@)dz < M(b—a).
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DEVELOPMENT
1

6. The diagram shows upper rectangles for the graph of y = —. A
x

(a) By considering appropriate areas, show that

11 1
Lt St g+t~ >log(n+1).

2 3
(b) What do you conclude about the infinite series : S
1+ L + E +...7
2 3
7. (a) Show, using calculus, that the graph of y = Inx is concave down throughout its
domain.

(b) Sketch the graph of y = Inx, and mark two points A(a,lna) and B(b,Inb) on the
curve, where 0 < a < b.

(c) Find the coordinates of the point P that divides the interval AB in the ratio 2 : 1.

(d) Using parts (b) and (c), deduce that 3 Ina+ 3Inb < In(3a + 2b).

8. Let f(z) =" e, where n > 1.
(a) Show that f'(z) = 2" e ™®(n — ).
(b) Show that (n,n"e™") is a maximum turning point of the graph of f(z), and hence
sketch the graph for z > 0. (Don’t attempt to find points of inflexion.)
(c) Explain why z"e™* < n"e " for x > n. Begin by considering the graph of f(x) for
x> n.
(d) Deduce from part (c) that (1+ )" <e.

9. The function f(z) is defined by f(z) = = — log,(1 + z?).
(a) Show that f’(z) is never negative.
(b) Explain why the graph of y = f(x) lies completely above the z-axis for = > 0.
(c) Hence prove that e” > 14 22, for all positive values of x.

10
10. Consider the function y = e* <1 — %) .
a) Find the two turning points of the graph of the function.
Discuss the behaviour of the function as + — oo and as + — —oo.

b)
(c) Sketch the graph of the function.
d)

~10
From your graph, deduce that e* < <1 — i) , for z < 10.

10
10 10
11 10
(e) Hence show that <E> <e< <§> .

11. (a) Let a, b and ¢ be the lengths of the sides of a triangle and let ZA be opposite side a.
Use the cosine rule to help prove that [b —c| < a <b+c.
That is, prove that one side of a triangle is longer than the difference between the
other two sides and shorter than the sum of the other two sides.

(b) Hence prove for any two complex numbers z and w that

121 = fowl| < 12 w] < |21 + .
(¢) Under what circumstances is ‘|z| - |w|‘ =|z+w|?
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12. In this question you may assume that simple exponential curves are concave up.
(a) Show by direct calculation that: (i) 6% < 3 x 5%, (ii) 5 x 6% < 2 x 76,

(b) The points A (—%, 3_%) and B(0, 1) lie on the exponential curve y = 3”. The points

1 T
B and C (%, (2) 6) lie on the exponential curve y = (3)".

(i) Use part (a) to show that the gradient of chord AB is greater than 1 and the
gradient of chord BC is less than 1.

(ii) Hence show that 3 <e < 3.

13. Let |[t| < 1 and let N be a positive integer.

(a) Show that 14>+t + ... + 2V < R
t2N+2

11—

(c) Integrate the result in part (a) between 0 and x, where 0 < z < 1. Hence show that:

x3 b p2N+1 1 1+ 2
T+ —+—=+...+ < = log .

(b) Show that the difference between the two is

3 5) 2N +1 2 l1—=z
. @ j2N+2 T L 2N+2
(d) Explain why e dt < T2 dt.
0 0

(e) Use parts (b) to (d) to show that
A B 22N+1 14z
li —+—4... =11 .
NI—I>I<I>O<$+3+5+ +2N+1> 20g<1—1‘>

(f) Hence find log2 correct to three decimal places.

1
14. The diagram shows the graph of y = r for t > 0. Py

Let x > 1 and o > 0.

(a) By considering upper and lower rectangles, show that

0< %alogm <z,

f

~V

/2

1
(b) Hence show that lim < ogac) =0, for all & > 0. 1 X
xa

xr— 00

15. (a) Let n > 1 and k be positive integers. Use lower rectangles to prove that

k+1
" 1
1—%§/ —dx.
nk T

|
(b) Hence prove that / —dx — oo as k — oo regardless of the choice of n.
1 X
n+x
16. Consider the integral / n dt.
x

(b) Hence show that lim (1+ %)n = e” for any given value of z.

n—oo

(a) Use upper and lower rectangles to show that < nlog (1 + %) <zx.

(c) Use trial and error to determine how big n needs to be so that (1 + %)n = e” correct
to three decimal places when x = 0-1.
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ENRICHMENT

17. The diagram shows the curves

y=logx and y=log(x—1), Y1

and k—1 rectangles constructed between x = 2 and z = k+1,
where k > 2.

A

(a) Show that:

k41
(i) / log(z — 1)dx = klogk — k+1
2

k41
(ii) / logxde = (k+1)log(k +1) —logd — k+1
2
(b) Deduce that k¥ < kle* ™1 < 1(k+1)*! for all k > 2.

18. The diagram on the right shows the curve y = f(«) in the interval
a < x < b where f”(x) > 0. The corresponding chord is C'D

and MN is tangent to y = f(x) at P where z = 2£b |

(a) Use areas to briefly explain why

(b—a) f <a+b> (/‘f ) dz < ( <_®f();f()

(b) Hence show that, for n =2, 3, 4, ...,

4 < 1 1 1 1 +1
2n—1)2 n-1 n 2\(n—-1)2 n2/)’

(c) Deduce that

11 1 1 /1 1 1
A sttt <l<s+(ogtogtgt

32 52 7?2
(d) Show that

L 1+1+1+ <1+1+ +
2\32 42 5?2 32 52 72 '

3

3
H how that — — < -
(e) Hence show tha < Z < 1

19. (a) Show that/ Inxdr=nlnn —n—+1.
1

1/23 4  k kel X

(b) Use the trapezoidal rule on the intervals with endpoints 1, 2, 3, ..., n to show that

/ Inzdz > lnn+In(n —1)!
1

(c) Hence show that n! < n"tz ¢!=" Nore: This is a preparatory lemma in the proof

of Stirling’s formula n! = V2« n"tz e~ ", which gives an approximation for n! whose

percentage error converges to 0 for large integers n.
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20. (a) Prove that log, x <z —1 for z > 0.
(b) Suppose that p1, pa, ps3, ..., pn are positive real numbers whose sum is 1.
n

Prove that Z log, (np,) < 0.

r=1
(c) Let zy, 2, x3, ..., T, be positive real numbers.
Prove that —* R B e e > (1‘1$2$3...$n)%

n

21. [A proof that e is irrational]

n
1
For positive integer values of n, let S,, =1+ Z —.
r!
r=1

1,
(a) Prove by induction that e — S,, = ¢ / —'e_z dx for all positive integer values of n.

o N

(b) From (a) deduce that 0 < e— .5, < ; for all positive integer values of n.

_ 3
(n+1)!
(c) Use (b) to deduce that (e — S,,)n! is NOT an integer for n =2, 3, 4, ...

(d) Show that there cannot exist positive integers p and ¢ such that e = b
q
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2G Chapter Review Exercise

Exercise 2G

1. Write down the converse of each statement, and state whether the converse is true or false.
(a) If a quadrilateral is cyclic, then its opposite angles are supplementary.
(b) If two numbers are both odd, then their sum is even.
(c) Every rhombus is a parallelogram.
2. Write down the negation of each statement.
(a) All mathematicians are intelligent.
(b) Suzie likes Physics and Chemistry.
(c) If T am on vacation, then I am not working.
3. Write down the contrapositive of each statement.
(a) If T am a bicycle, then I have two wheels.
(b) If a number is odd, then its last digit is not 6.
(c) A square has four equal sides.
4. Write down (in ‘if... then’ form) the two converse statements equivalent to each ‘if and
only if’ statement.
(a) A number is even if and only if it is divisible by 2.
(b) A quadrilateral is a parallelogram if and only if its diagonals bisect each other.
(¢) a is divisible by b if and only if 3 ¢ € Z such that a = bc.
5. Prove that:
(a) the sum of three consecutive integers is divisible by 3,
(b) the product of three consecutive even numbers is divisible by 8,
(c¢) the product of two consecutive even numbers is divisible by 8.
6. Prove that the remainder is 1 when an odd square number is divided by 4.
7. Prove that an integer is divisible by both 3 and 5 if it is divisible by 15.
8. If n is odd, use divisibility arguments to prove that n® — n is divisible by 24.
9. If the integer n is not divisible by 3, prove that n? + 2 is divisible by 3.
10. (a) Show by expanding that if n is odd,
"+ l=(r+ D)@ -2 " 2 ).
(b) Hence prove that if n is odd:
(i) 2™ + 1 is divisible by 3,
(ii) 2™™ + 1 is divisible by 2™ + 1.
11. Prove by contradiction that:
(a) V/7 is irrational, (b) logs 7 is irrational.
12. By proving the contrapositive, prove that if a? is even then a is even.
13. (a) Prove that z +y > 2\/xy for =,y > 0.
(b) Hence prove that (a + b)(1 + ab) > 4ab for a,b > 0.
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14.

15.

16.

17.

18.

19.

20.
21.
22,
23.

24.

25.

CHAPTER 2: Proof 2G

Prove by induction that for all positive integer values of n:
n

(a) > (r+1)x2" =nx2"

(b) Y r’(r+1)=Hn(n+1)(n+2)(3n+1)

Prove by induction that for all positive integer values of n:
(a) 6" + 4 is divisible by 5,
(b) n® + 2n is divisible by 3.

(a) Prove by induction that for all positive integer values of n:

(om) (w) () 2 ()

1 1 1
hat is th | fli 1-—= l-=)...|1—-—= 7
(b) What is the value o ng&( 22>< 32> < (n+1)2>

Prove by mathematical induction that:

(a) n(n+ 2) is divisible by 4 for even positive values of n,
(b) 3™ 4 7" is divisible by 10 for odd positive values of n,
(c) 4™ 4+ 5™ + 6" is divisible by 15 for odd positive values of n.

Use mathematical induction to prove that if 7y = 3 and T, = T,,_1 + 4n for n > 2,
then T,, = 2n? + 2n — 1 for n > 1.

For a certain sequence, a; = 1 and a,,+1 = v2a, + 1 for n > 1.
Prove by induction that a, < 3 for n > 1.

Prove by induction that n! > 3™ for n > 7.
Prove by induction that, for n > 1, the nth derivative of xe™* is (—1)"(x — n)e ~.
Prove, for n > 3, that the exterior angle sum of a convex n-sided polygon is 360°.

(a) Prove by induction that 2" > n, for all positive integers n.

(b) Hence show that 1 < {/n < 2 for n > 2.

c¢) Suppose that a and n are positive integers. It is known that if {/a is rational, then
S that d itive int It is k that if {/a is rational, th

it is an integer. What can we deduce about {/n, where n is a positive integer greater
than 17

b d
(a) Use the fact that v ; Y > J/xy, for z,y > 0, to prove that # > Vabed,

for a,b,c,d > 0.
a+b+c 1

(b) (i) Show that —5 =1 <a+b+c+

b
1 ence prove that arore > Vabce.
ii) H hat “2C > Vabe

a+b+c
— )

Suppose that abc is a 3-digit number, with a —c¢ > 1. If we subtract cba from abc and then
add the result of this subtraction to the number obtained by reversing its digits, prove
that the answer is 1089.
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Appendix: The Fundamental Theorem of Arithmetic

The fundamental theorem of arithmetic is not part of the Extension 2 course.
Its proof is included here firstly because the theorem is so important in the
study of number theory and secondly to justify its use in several proofs earlier in
this chapter, most notably in proving that log, 3 is irrational. The proof of the
theorem relies on several other results, which also need explanation and proof.

THEOREM: Suppose that two integers a and b have HCF = d.
Then (a — bq) is divisible by d.

PROOF: Both a and b have factor d, so there exist integers m and n such that

a=md and b=nd.
Thus a — bg = md — ndq
=d(m —ngq).
Hence (a — bq) is divisible by d.

Using the division algorithm, for integers a and b it is always possible to write
a=bg+ry where 0<r;<b,

and where ¢; and r; are integers. It follows from the above proof that both b
and r; are divisible by d, the HCF of a and b. Now repeat the division algorithm
to get

b=r1ga+7r2 where 0<ry<ry,

and where ¢o and ro are integers. Once again it follows that both ry and o are
divisible by d. Now continue the process to get a decreasing sequence of positive
remainders 71, ra,... which must therefore terminate. Further, every term in
this sequence is divisible by d. Consequently the last term in this sequence of
remainders is d itself, the HCF of ¢ and b. An example should help convince the
reader of this.

Finding the HCF of 81 and 66:

81 =66 x1-+15 1]
66=15x4+6 2]
15=6x2+3 3]
6=3x2.

Thus the HCF of 81 and 66 is 3.

More significantly, when the division algorithm is written out like this, the result
is a set of equations that can be used to write the HCF as a sum of multiples of
the original numbers. It is simply a matter of working backwards through the
equations. In this case:
3=15—-6x2 (from [3])

=15— (66 —15x4) x 2 (from [2])

=15%x9—66 x 2

=(81—-66) x9—66 x2 (from [1])

=81 x9—-66x11.

In other words, using these two algorithms, it is always possible to find the values
of z and y such that ax + by = d. In this case, x =9 and y = —11.
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It is appropriate to pause at this point to give a remarkable proof that /n is
either an integer or irrational whenever n is a positive integer.

THEOREM: If n € Z then either \/n € Z or \/n is irrational.

PROOF: Suppose that y/n is rational. Then Ja,b € Z such that
a
Vn = 3
or byvn=a ()
where b > 1 and the HCF of a and b is 1. Thus, from above, there exist integers
and y such that

ax +by=1.
Multiply this equation by \/n to get

V= (av/n)z + (bvn)y.
Now use the result of equation (xx) to get:
Vvn = (bn)x + (a)y.

The RHS of this last equation is a sum of products of integers, and must therefore
be an integer. Hence if v/n is rational then it must be an integer. Otherwise /n
is irrational.

Here is another useful theorem that will be needed.

THEOREM: If the HCF of prime p and integer a is 1, and if integer ab is divisible
by p, then b is divisible by p.

ProoOF: Since the HCF of p and a is 1, 3x,y € Z such that
ar +py =1

thus abx + pby =b.
But ab is divisible by p, so put ab = mp to get

mpx + bpy = b
that is p(mx 4+ by) =b,
by which b is divisible by p.
As a consequence of this proof, if an integer n is divisible by prime p then p
divides at least one factor of n. The proof of this stronger result can be done by

induction, and is left as an exercise. With these tools, it is now possible to prove
the fundamental theorem of arithmetic for positive integers.

THEOREM: If a positive integer n can be written as the product of its primes
in two ways, then one is a rearrangement of the other.

PROOF: Suppose, by way of contradiction there exists a positive integer n which
can be written as the product of its prime factors in two different ways. Then let
those products be

n=p1 Xp2X...XpP=4q1 Xq2X...Xq,
where, for the sake of simplicity, it is assumed k& < £. Then, by definition,
q1 X g2 X ... X qq is divisible by p; .
It follows from above that p; must divide one of these prime factors. Let this

be g;. But if one prime divides another then they must be equal. That is p; = g;.
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Now re-order and re-label the primes so that p; = ¢;. That is:

N=pP1 XP2X...XPr=¢q Xq2 X...Xq Wwith p =q.
Cancel this prime p; so that

n

p—:p2 XPaX... XD =Qq2Xq3s X ...XqQqp.

1
Now repeat the above argument with pa, ps, . .. pk, (or write it out properly using
induction) to get
n
P1 X p2 X ... X Pk

But a product of primes cannot equal 1. Hence k = ¢ and each prime p; is equal
to a corresponding prime g;.

=1=qr+1 X Q2 X ... X qp.

THE FUNDAMENTAL THEOREM OF ARITHMETIC:  If a positive integer n can be written as
two different products of primes

19 N=p; XPoX...XPxg=q1 X G2 X...Xqy,

then k& = ¢ and the primes pi,po, ..., pr are a re-arrangement of the primes
91,92, - --54e-

Note that the above proof can be adapted to include negative integer values of n,
and this is left as an exercise.
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Complex Numbers II:
de Moivre and Euler

CHAPTER OVERVIEW: This chapter continues the study of complex numbers
begun in Chapter 1. In that chapter it was shown that the Extension 1 work on
polynomials could be broadened to include complex numbers. In this chapter,
complex polynomial equations are investigated further by considering equations
of the type 2™ — 1 = 0, which have as their solutions the complex roots of unity.

The key to solving these equations is de Moivre’s theorem, which is presented in
Section A. One consequence of this theorem is that trigonometric identities can
be quickly and easily developed, and some common identities are investigated
in Section B. Section C deals with finding the complex roots of numbers, and
deducing relationships between those roots. Complex polynomials are then used
to develop Euler’s famous result
e = cosf +isinf

which is the focus of Section D. The chapter concludes with applications of this
formula to trigonometry and roots of complex numbers.

3A Powers of Complex Numbers

Recall that when complex numbers are mulitplied the arguments are added, viz:
arg(wz) = arg(w) + arg(z) .
Now put w = z = cisf. That is, both are equal and have modulus 1. Then:
2 =zxz
= cis(6 + 0) (adding arguments)
= cis 26.
Next put w = 22, so that
2 =22xz
= cis(26 + 0) (again by adding arguments)
= cis 36.

These initial calculations suggest the simple relationship
z" = cisn#d

whenever |z| = 1, at least for positive integers n. In fact the result is true for all
integers, which is now proven.
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3A Powers of Complex Numbers 99

de Moivre’s Theorem: Let z = cosf + isinf. It can be proven that
2" = cosnf + isinnf

for all integers n. The proof is in two parts, beginning with a proof by induction
for n > 0. Conjugates are then used to extend the proof to negative integers.

Proor: As always with proof by induction, first prove the result true for the
starting value.

A. Whenn =20
LHS = 2° RHS = cos 0 + isin0
=1, =140
since z # 0. = LHS.

Hence the statement is true for n = 0.
B. Suppose that the result is true for some integer k > 0, that is

2% = cos k6 + isink6 . ()
Now prove the statement for n = k + 1. That is, prove that
2P = cos (k4 1)) +isin ((k+1)6).

LHS = 2% x 2
= (coskf + isinkf) x (cosf + isinf) (by the hypothesis (1))
=cos ((k+ 1)0) +isin ((k + 1)6) (by the sum of arguments)
= RHS.

Hence the result is true for n = k + 1.

C. Tt follows from parts A and B by mathematical induction that the statement
is true for all integers n > 0.

D. Finally, extend the result to the negative integers.
To do this, consider the value of 27" when n is a positive integer.

2 "= (z_l)n

=(z)" (since |z| = 1)
= (cos(—0) +i sin(—9))"
= cos(—nf) + isin(—nbh) (by part C, since n is positive,)

and the proof is complete.

DE MOIVRE'S THEOREM:  Let z = cos 8+ sin § be a complex number with modulus 1.
1 Then for all integers n,

2" = cosnf + isinnd .

One immediate consequence of the above theorem is that if z = rcisf then
2" = r"cisnf. Thus if r > 1 and # > 0 then as n increases so too does the
modulus and argument of z™. That is, the points representing z" lie on an

anticlockwise spiral.

By way of example, the table below shows the values
of 2" in the case when z = iv/2 for integer values of n 2
between —4 and 4.

n|l—4| —-3|-2 -110 1] 2 314 -2 4 x
n| 1|, 1 |_1|_,1 - _9 | _;
2 d s | 3| s | 1] iV2 ] -2 | —i2v2 |4
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Exercise 3A
1.

CHaPTER 3: Complex Numbers Il: de Moivre and Euler 3A

The corresponding points are shown in the graph above and are joined with a
smooth curve. Notice that the spiral does not cut the axes at right angles.

A more practical application is to quickly simplify integer powers of complex
numbers, as in the following example.

WORKED EXAMPLE 1:  (a) Write z = —/3 4 4 in modulus-argument form.
(b) Hence express 2z’ in factored real-imaginary form.

SoLuTION: (a) It should be clear that z = 2(cos 3F + i sin 2T).
(b) Using de Moivre’s theorem,

2" =2"(cos 3 4 isin 22)7
= 128(cos =g~ o + isin 337)
= 128(cos 5~ + isin ")

6
= 64(V3 —1i).

WORKED ExAMPLE 2:  For which values of k is (1 + )" imaginary?

SoLuTion: Now (1 +i) = v/2(cos T + isin )
S0 (1+14)F = V2F(cos &E + isin &F) (by de Moivre)

Tl'

which is imaginary when is an odd multiple of 7.

Thus %’r = w where n is an integer,
that is k=4n+ 2,
hence k=...,—6,-2,2,6,10,...

Write each expression in the form cis n#:
(a) (cos@ + isind)® (c) (cos26 + isin26)* (e) (cosf —isinf)~"
(b) (cosf +isinf) > (d) cos@ — isinf (f) (cos36 —isin36)?

Simplify as fully as possible:
(a) (cos® +isinf)®(cosf + isinf) =3
(cos @ — isinf)*

(cos 30 + i sin 30)5(cos 20 — i sin 26) 4
(cos46 — isin4f)—7

(b)

Write each expression in the form a + b, where a and b are real:
(a) (cos T +isinZ)? (c) (cosZ +isinZ)® (e) (cos3E —isin3x)~0
(b) (cosZ +isinZ)? (d) (cos 2 +isinZr)~? (f) (cos3Z —isin3Z)*

(a) Write 1 +4 in the form r(cos € + isinf).
(b) Hence, or otherwise, find (1 + 7)*7 in the form a + ib, where a and b are integers.

Let z = 14 4V/3.
(a) Express z in mod-arg form.
(b) Express z'! in the form a 4 ib, where a and b are real.

Let z = —V/3 + 1.
(a) Find the values of |z| and arg z.
(b) Hence, or otherwise, show that 27 4+ 64z = 0.
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10.

11.
12.

13.

14.

15.

16.

17.

18.

3B

3B Trigonometric ldentities

(a) Express V3 — i in mod-arg form.
(

(¢) Hence express (v/3 —4)7 in the form x + iy, where 2 and y are real.

b) Express (v/3 — )7 in mod-arg form.

)
)
)
(a) Express —1 —4v/3 in mod-arg form.
(b) Express (—1 —4v/3)® in mod-arg form.
(¢) Hence express (—1 —iv/3)® in the form z + iy, where & and y are real.
(a) Express z = v/2 — iv/2 in mod-arg form.
(b) Hence write 2?2 in the form a + ib, where a and b are real.

DEVELOPMENT

Show that:

(a) (1+4)' is purely imaginary (¢) =1+ is a fourth root of —4
(b) (1 —1iv/3)? is real (d) —v/3 — i is a sixth root of —64
If k is a multiple of 4, prove that (—1 4 4)* is real.

(a) Find the minimum value of the positive integer m for which (v/3 + i)™ is:
(i) real, (ii) purely imaginary.
(b) Evaluate (v/3 + i)™ for each of the above values of m.

(a) Prove that (1+44)" + (1 — )" is real for all positive integer values of n.
(b) Determine the values of n for which (1 +¢)" 4+ (1 —14)" = 0.

Use de Moivre’s theorem to prove that
(—V34+i)" — (—=V3 —i)" = 2"l sin ban g

(a) Show that if n is divisible by 3 then (1 4+ v/3i)*" + (1 — V/3i)? = 22n+L,
(b) Simplify the expression if n is not divisible by 3.

1+ cos26 +isin20\"
Show that = cis 2n#.
oW tha <1+0052c9—isin2c9> cnen
Prove that (14 cosa +isina)® + (1+ cosa — isina)® = 28+ cos 2ka cos® La.

ENRICHMENT
Let z = cis -, where n is a positive integer. Show that:

(a) 1+z+22 4 +2"1=0 (b)) l+z+22+ - +2"" =1+icotZ

Trigonometric Identities

A useful application of De Moivre’s theorem involves combining it with binomial
expansions to obtain various trigonometric identities.

WORKED EXAMPLE 3:
(a) Express cos 36 in terms of powers of cos6.

(b) Hence show that z = cos § is a solution of 82% — 62 —1=0.
(¢) Find the value of cos % cos % cos ZF.

101
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102  CHapTer 3: Complex Numbers Il: de Moivre and Euler

SOLUTION:
(a) Let z = cos@ + isin6, then
23 = (cos @ + isinf)?

so by de Moivre’s theorem

3B

cos 360 + isin36 = cos® 0 + 3i cos® Hsinh — 3cosHsin? 6 —isin’h.

Take the real part to get
cos 36 = cos® § — 3 cos fsin® @
= cos® @ — 3cosf(1 — cos? )
=4cos®H — 3cosb.
(b) Let = = cos6, so that

423 — 31 = cos 36.

Thus 423 — 31 = % when 0 = % .
Hence 8z°—6x—1=0 has solution x = cos Z .

9
(¢) The roots of the cubic in (b) are & = cos where cos 360 =

of cos 360 = % which give distinct values of cos§ are 6 = §, %’r

by the the product of the roots,

g 5 m _ 1
COS g COS 55~ COS “g- = 5 .

WORKED EXAMPLE 4:
(a) Let z = cos@ + isinf. Show that 2z — 27" = 2isinnb.
(b) Expand (z — 27 1)°.

The solutions

and %’r. Hence,

)
(¢) Use parts (a) and (b) to show that 16 sin® § = sin 50 — 5sin36 4+ 10sin#.
)

(d) Hence find / * sin®0.df.

s

4

SOLUTION:

(a) 2" —2z"=2"—2" (since |z| = 1)
= 2¢Im(2")
= 2i Im(cosnb + isinnf) (by de Moivre)
= 2isinnd.

() (z—271)5=2° =528 +102 — 1027 + 5273 — 277,
(c) Rearranging part (b),
(z—2 1) =(2°—27%) =5(2* —273) +10(z — 27 1)

so  (2isinf)® = 2isin50 — 10i sin 30 + 20i sin § (by part (a))

thus  16sin® 6 = sin 560 — 5sin 30 + 10 siné .
(d) Dividing by 16 and integrating yields

2 1 2
/sin50d0:— sin50 — 5sin 30 + 10sin 6 do

16 J=
4 4 7-r
1 Z
_ 1 —COS50+5C0830—1OCOSH
16 5 3

w3

_O_L<L_L_E>
16 \5v2 3v2 V2
_43V2
=50 -
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Exercise 3B
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1. (a) Use the identity cos 360 + isin36 = (cosf + isinf)? to show that:
(i) cos30 = 4cos® — 3cosh (ii) sin36 = 3sinf — 4sin® 0
3tand — tan3 6
1—3tan?6
2. Use similar methods to the previous question to show that:

(b) Show that tan 36 =

4tanf — 4 tan> 0

(a) cosdh = cos? 0 — 6 cos® 0sin? 0 + sin* 0 (c) tandf = 1 —6tan®6 + tan* 4

(b) sin4f = 4 cos® §sinf — 4 cosf sin® 0
3. Let z = cosf +¢sinf.
(a) Use de Moivre’s theorem to show that z" + 27" = 2 cosn#.
(b) Show that (z + 2z~ 1)* = (2* + 27%) + 4(2* + 272) + 6.
(¢) Hence show that cos®# = £ cos46 + % cos 20 + 2.

4. Repeat the methods of the previous question to show that:
sin?§ = %cos40 — %00520 + % .
(Start by showing that z" — 27" = 2isinn#.)
DEVELOPMENT
5. (a) Use the methods of question 3 to show that
cos” 0 = 7= (cos 56 + 5 cos 30 + 10 cos 0) .

vl

(b) Hence evaluate / cos® 6 df.
0

6. (a) Use de Moivre’s theorem to prove the identity

cos6a = 32 cos® v — 48 cos* o + 18 cos® av — 1.

(b) Hence show that the polynomial equation 3225 — 482 + 1822 — 1 = 0 has roots

x=cosZZ forn=1,3,57,9, 11.

127
(c) Use the product of these six roots to deduce that cos {5 cos 5t — 1

12 = 1
4tand — 4tan® 0

7. The identity tan46 =
© 10eriity tat 1 —6tan® 6 + tan* 6

was derived in Question 2.

(a) Use this identity to show that the equation z* + 42 — 62% — 42 + 1 = 0 has distinct

_ s 51 9 137
roots x = tan {¢, tan 3¢, tan Jg, tan 5.
(b) Hence show that tan® %% + tan® 3% + tan® 5% + tan® 7% = 28.

8. (a) Use de Moivre’s theorem to show that
sin50 = 16 sin” 6 — 20sin®  + 5 sin 6.

(b) Hence show that the equation 162° — 202 + 52 — 1 = 0 has roots z = 1, sin =, sin

13 17 10
1 T 1 T
S1n 0’ S1n o -

(c) By equating coefficients, or otherwise, find the values of b and ¢ for which

Jorie
10°

162 + 1623 —42? —dz + 1 = (43/:2 + bx + 0)2, and hence explain why the equation

162* + 162> — 422 — 42 + 1 = 0 has two double roots.

(d) Use part (b) to show that the equation 16z* + 162 — 422 — 42 4+ 1 = 0 has roots

91 137 177

x = sin 7, sin 7%, sin =>*, sin <. Does this contradict part (c¢) which asserts that

10° 10° 10 ° 10 -
the equation has two double roots?
3T

(e) Hence find exact values for sin 5 and sin 5.
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104  ChapTer 3: Complex Numbers Il: de Moivre and Euler 3B

9. (a) Express cos76 in the form A cos” 6 4 Bcos® § + C cos® 6 4+ D cos 6.
(b) Use the substitution z = 4 cos® 6 to show that the equation 2® — 72% + 14z — 7 = 0
_ 2w 2 3w 2 5w
has roots @ = 4 cos” {7, 4 cos” 3, 4 cos” 77
(c) Hence evaluate:

2 3w 2 5w se 4 7 4 3w 4 51
I3 T cos” 5% (ii) cos® {5 + cos™ 55 4 cos™ 37§

(i) cos® & + cos
10. (a) Show that sin®f = =(sin560 — 5sin 30 4 10 sin 6).
(b) Hence solve the equation 16 sin® § = sin 50 for 0 < § < 27.
5tan® — 10 tan® 6 + tan® 6
1—10tan®6 + 5tan* @
(b) Hence show that the equation 2* — 102% + 5 = 0 has roots = + tan %, ttan %’r

(¢) Deduce that tan I tan2X = V5 and that tan? T + tan® 2 = 10.

11. (a) Use de Moivre’s theorem to show that tan 56 =

12. Let z = cos@ + isiné.

1 1
(a) Show that 2cosnf = z" + — and that 2isinnf = 2" — —.
z" z"

(b) Hence show that:

1 1 1 1
128cos®fsin*0 = (2" + = ) — 22+ =) =32+ =) +3 2+
27 25 23 z
(¢) Deduce that cos® §sin* = a7 (cos 76 — cos 56 — 3 cos 30 + 3 cos ).

13. Consider the polynomial equation 52* — 1123+ 1622 — 11245 = 0, which has four complex
roots with modulus one.
Let z = cis#.

(a) Show that 5cos26 — 11 cosf 4+ 8 = 0.

(b) Hence determine the four roots of the equation in the form a + ib, where a and b are
real.

sin 860

14. (a) Use de Moivre’s theorem to express ————
sin 6 cos 0

as a polynomial in s, where s = sin 6.

(b) Hence solve the equation 2° — 62* + 102 — 4 = 0, leaving the roots in trigonometric
form.

ENRICHMENT

15. Let n be a positive integer.
(a) Use de Moivre’s theorem to show that:

sin(2n + 1) = 2"71Cy cos® fsinf — 21 C3cos? 2 hsin® 0 + - - - + (—1)"sin®" T 0
(b) Hence show that the polynomial P(z) = 2"*1Cy 2™ — 2"*1C32" 1 4 ... + (—1)" has
) where k =1,2,3, ..., n.

roots of the form cot? T
2n+1

s 27 nw n(2n —1)
Deduce that cot? t2 -+ + cot? = .
(c) Deduce that co <2n+1> +co <2n+1> +---+co o+ 1 3

(d) Use the fact that cot § < 4 for 0 < § < Z to show that:

1+1+1+ +1 (2n+1)2>7T2
2n(2n—1) =~ 6

12 " 22 " 32 n?
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3C Roots of Complex Numbers

3C Roots of Complex Numbers

Recall from a previous worked exercise that the points in the Argand diagram
which represent z", where n is an integer, lie on a spiral whenever |z| # 1. When
|z| = 1, it should be clear that the points lie on the unit circle. Further, if
z = cosf + isinf then the angle at the origin subtended by successive points is

arg(z") — arg(2" ') = arg <;_1>

= arg(2)

=40.
That is, the angle is constant. Thus successive points are regularly spaced about
the unit circle.

For example, the sketch on the right shows the points z™ VA S
forn=1,2,3,4,5,6, where z = cos % 44 sin % Note that 2/4/» C P
ZS // N ) 1
arg(z) = 1 = 28°39’, o 2
Z |
which is the angle subtended at the origin by any pair of -1\ X

successive points. It should be clear that 27 + % =A4r . .
is irrational, and hence none of the points coincide, even
for larger values of n. In that sense, this is not a very
interesting example.

Roots of Unity: Significant configurations of points arise when equations of the form

2" =1

are solved. There are always n solutions and the points are equally spaced about
the unit circle in the complex plane. These numbers are called the roots of unity,
for obvious reasons.

105

RoOTSs OF UNITY: These are the real and complex solutions of the equation

2" =1

the n points are equally spaced around the unit circle.

where n is an integer. When the solutions are plotted in the Argand diagram,

The situation is best demonstrated by example.

WORKED EXAMPLE 5:

(a) Solve 2% = 1.

(b) Plot the solutions on the unit circle in the complex plane.
(i) What is the angle subtended at the origin by successive roots?
(i) What regular polygon has these points as vertices?

(c) Let a = cis(—%). Show that the list 1, o, o, o®, o* and o’ includes all six

roots of 2% = 1.

(d) Let 8 = cis 3. Which roots of 2% = 1 can be written in the form ™,

where m is an integer? What polygon has these points as vertices?
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SOLUTION:
(a) Let z = cisf and note that 1 = cis2k7, where k is an integer. Thus

cis66 = cis 2k (by de Moivre)
SO 60 = 2km
hence 0= %’r .

Apply the restriction —7 < 6 < 7 to obtain all the distinct solutions. Thus
- < %’r <
so —-3< k <3.
Hence the six roots of 2° = 1 are
cis(—2), cis(—%), 1, cis &, cis 2 and —1.
(b) The graph on the right shows these six roots.
(i) Clearly the angle at the centre is .
(ii) These are the vertices of a regular hexagon.

(c) Using de Moivre’s theorem, the given list is:

1,cis(—%),cis(—2F) ,cis(—3F) = -1,
cis(—4F) =cis &2 and cis(—3F) =cis .

This is the same list as given in the answer to part (a), but simply in a
different order.
(d) Now ™ = cis 22T by de Moivre’s theorem. Hence arg(s™) is a multiple

3
of 2; . Thus the only possible values that 8™ may take are:

27r

cis(—2),1 and cis 2

That is, only these three roots can be written as a power of 3. The points in
the Argand diagram form the vertices of an equilateral triangle.

There are several important features to observe in the worked exercise above.
First, there are six solutions, as assured by the fundamental theorem of algebra.
Secondly, the principal argument of 1 is deliberately not used in the working.
The reasoning is that if the sixth power of a complex number is equal to one
then 66, the argument of the sixth power, could exceed the limits of the principal
argument before being reduced. This is borne out by the root z = cis(—%’r) for
which 2% = cis(—27) = cis 0. Nevertheless, the values of the roots in the solution
are written with their principal arguments.

FINDING THE ROOTS OF UNITY: To solve z" = 1, begin by letting z = cosf + isinf
and by noting that 1 = cos 2kw + ¢ sin2kw. Thus, by de Moivre’s theorem:

cosnb + isinnf = cos 2km + isin2kw

so that nf = 2kw. Then apply —7 < 6 < 7 to find the restrictions on k.

Further, any power of a root will always coincide with one or other of the roots.
In the case of o™ in the Worked Example, each of the other roots was visited
one by one as m increased. In the case of 8™, only some of the other roots were
obtained.
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3C Roots of Complex Numbers 107

Roots of Complex Numbers: The technique for finding roots of unity can be
adapted to find the roots of any complex number. The trick is to allow both
the modulus and the argument to be unknown. It is then a matter of equating
moduli and arguments. Once again, the roots are equally spaced around a circle.

WORKED EXAMPLE 6: Find the cube roots of 8:.

SoLuTioN: That is, solve the equation z* = 8i.
Begin by letting z = rcis# and putting 8i = 8 cis(§ + 2km), then:

r®cis 30 = 8 cis(Z + 2km) (by de Moivre.)
Equate the moduli to get r = 2, and from the arguments
0 — (4k+1)m
= =T

For the principal argument in the solution

< (4k—g1)7r <7

SO —6< 4k+1 <6 . P
thus k=-1,0,1 \_\22
and the three roots are: 2cis(—%), 2¢is & and 2cis 5T .

That is —21, V3+iand —V3+ 1, which lie on the circle with radius 2.

The techniques can now be used to find the exact values of the trigonometric
functions at certain rational multiples of 7, as in the following worked exercise.

WORKED EXAMPLE 7:  Consider the equation z° + 1 = 0.
(a) Find the roots of this equation and show them on the Argand diagram.
(b) Factorise 2° + 1:
(i) as a product of linear factors,
(ii) as a product of linear and quadratic factors with real coefficients.
™ 3T

(c) Evauate cos ¢ + cos = .

(d) Let o be a complex root of z° + 1 = 0, that is o # —1.
(i) Show that 1 —a +a? —a® +a* =0.
(ii) Find a quadratic equation with roots (a* — ) and (o? — o).

us

(e) Put a = cis £ in part (d), and hence evaluate cos

5
SOLUTION:
(a) Let z = cisf and note that —1 = cis(2k + 1), where k is an integer. Thus
cisb0 = cis(2k + 1)w (by de Moivre)
S0 50 = (2k + 1)m
hence 0= w .

Apply the restriction —7 < 6 < 7 to obtain all the distinct solutions. Thus
< @ <

so —5<(2k+1)<5 cis® 21

or —-3< k <2.

A

Hence the five roots are: 5

e 3N
cis(—3F), cis(—%), cis ¥, cis 2 and —1, -1 /

or in conjugate pairs,

- eisE

\ . cis(—3%)
3 g 3T _
=, cis = and —1.

. T .—71- .
cis £, cis §, cis
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108 CHapTer 3: Complex Numbers Il: de Moivre and Euler 3C

(b) Using the roots of the given equation,
2> 4+1=(z+1)(z—cisE)(z —cis T)(z — cis &) (z — cis 3?”)
= (z+1)(z* —2zcos T + 1)( > —2zcos3E 4+ 1).
(c) By the sum of the roots

01s—+01s—+c1s—+c1s——1—0

hence 2COS5—|—2COS5 =1,
that is cos—+cos%’r = %
(d) (i) Since « is a complex root,
a®+1=0
so (a+1D)(1l-a+a?—a*+a*)=0 (from GP theory)
thus l—-a+a®—a®+a*=0 (since a # —1)
(i) The sum of the roots is —a 4+ o? — a® + a* = —1 from part (i).
The product of the roots is
(@ —a)(a®—a®)=a’ —a" —a® +a*
=—a+a?—a’+at (since o® = —1)

= 1.

Hence the required quadratic is 22 + 2 —1=0.
(e) With a = cis ¥ the roots of the equation in part (d) are

ot —a=-at-a (since o’ = —1)
—(a+a) (since |a| = 1)
= -2 COSg,
and o —a® =a® +a” (since a® = —1)
=a®+a? (since |a| = 1)
= 2cos 2;

Also, by direct calculation
—1;\/5 or —145\/5 7

Z =
hence, matching the positive and negative roots,
cos ¥ = 1+4\/_ and cos <& 5 = H'\/_

Exercise 3C

1. (a) Find the three cube roots of unity, expressing the complex roots in both rcisf and
x + iy form. Use the restriction —7 < 6 < 7.

(b) Show that the points in the complex plane representing these three roots form an
equilateral triangle.
(c¢) If w is one of the complex roots, show that the other complex root is w?.
(d) Write down the values of:
(i) w? (i) 1+ w + w?
(e) Show that:
() (1+w?)? =1
(i) I1-w-w)(l-w+uw)(l+w—-w?) =8
(iii) (1 —w)(1 —w?)(1 —wH(1 -w®) =9
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3C Roots of Complex Numbers 109

2. (a) Solve the equation 2® = 1, expressing the complex roots in the form a + ib,
where a and b are real.

(b) Plot these roots on an Argand diagram, and show that they form a regular hexagon.

(¢) If v is the complex root with smallest positive principal argument, show that the other
three complex roots are o, o~ and a2

(d) Show that 20 — 1 = (22 — 1)(2* + 22 + 1).

(e) Hence write z* + 22 + 1 as a product of quadratic factors with real coefficients.
3. (a) Find, in the form a + ib, the four fourth roots of —1.

(b) Hence write z* + 1 as a product of two quadratic factors with real coefficients.
4. (a) Find, in the form a + ib, the six roots of the equation 2° + 1 = 0.

(b) Hence show that 264+ 1= (22 +1)(22 = V32 +1)(22 + V32 +1).

(c) Divide both sides of this identity by 2%, and then let z = cis § to show that:

cos 30 = 4 cosf(cos 6 — cos F)(cos b — cos 5F)

5. (a) Find, in mod-arg form, the five fifth roots of <.

Find, in mod-arg form, the four fourth roots of —i.
Find, in the form a + ib, the four fourth roots of —8 — 8V/31.
Find, in mod-arg form, the five fifth roots of 16v/2 — 16v/21.

DEVELOPMENT

6. (a) Find the five fifth roots of —1, writing the complex roots in mod-arg form.

b) If o is the complex root with least positive principal argument, show that a®, " and
(

a? are the other three complex roots.

Show that o = —a? and that o = —a*.
Use the sum of the roots to show that a + a® =1 4 o? + o*.

)
)
a) Find the seven seventh roots of unity.
)
)

7. (
. . 2 4 6 _ _ 1
, = —=.
(b) By considering the sum of the roots, show that cos % + cos 3 + cos = 3
(c) Write 27 — 1 as a product of one linear and three quadratic factors, all with real

coefficients.
(d) If « is the complex seventh root of unity with the least positive principal argument,
show that o2, o, a*, a® and a® are the other five complex roots.

(e) A certain cubic equation has roots a4+ a®, a4+ ” and o® +a*. Use the relationships
between the roots and coefficients to show that the equation is 23 + 2% — 2z — 1 = 0.

8. (a) (i) Find the five fifth roots of unity, writing the complex roots in mod-arg form.

(ii) Show that the points in the complex plane representing these roots form a regular
pentagon.

By considering the sum of these five roots, show that cos %’r +cos ™ = —%.

) :

) Show that 2° — 1= (2 —1)(z* + 22 + 22 + 2+ 1).

(ii) Hence show that z* 4+ 2% 4 2% + 2z + 1 = (2* —2COS2?WZ—|—1)(Z2—2COS4?WZ+1).
)
)

1+v/5

By equating the coefficients of z in this identity, show that cos £ = %

1
Use the substitution = v+ — to show that the equation 22 +z —1 = 0 has roots

U
2 cos %’r and 2 cos 4?”.
H s 2r _ 1
(ii) Deduce that cos ¥ cos % = ;.
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110  CHapTer 3: Complex Numbers Il: de Moivre and Euler 3C

9. (a) Find the ninth roots of unity.
(b) Hence show that:

P+ +1=(2"—2cos L 2+ 1)(2* —2cos T 2+ 1)(2* —2cos F 2 + 1)
(c) Deduce that:
208360 + 1 = 8(cosf — cos 2%)(cos# — cos 4T)(cos  — cos &T)

9 9 9
10. Let w = cis %’r

(a) Show that w", where k is an integer, is a solution of the equation z° = 1.
(b) Show that w + w? +w3+w4+w5+w6+w7+w8 - 1.

(¢) Hence show that cos 2F + cos {* = cos 5.
(d) Deduce that cos % cos %’r cos T = 1.

11. Let p = cos 7 +isin 2%, The complex number o = p + p® 4 p* is a root of the quadratic
equation 2% + ax + b = 0 where a and b are real.
(a) Prove that 1+ p+p*+ ...+ p°=0.
(b) The second root of the quadratic equation is 5. Express (3 in terms of positive powers
of p. Justify your answer.
(c¢) Find the values of the coefficients a and b.

(d) Deduce that —sinZ + sin 2F + sin 3% = \/77

ENRICHMENT

12. (a) (i) Use de Moivre’s theorem to express cos46 and sin46 in terms of cosf and sin 6.
4tanf — 4 tan® 0
1 —6tan?6 + tan* 6’

—124 _ ~11
(iii) Deduce that tan™" = = 4tan™" 3.

(b) Hence find the four fourth roots of 7 + 244 in Cartesian form.

(ii) Hence prove that tan46 =

13. (a) Show that the equation (z + 1)® — 2% = 0 has roots z = —1, —3 (1 =i cot %’r), where
k=1,2,3.
(b) Hence show that:

(z41)% = 2% = £(22 4+ 1)(22% + 2z + 1) (42 + 42 + cosec® £ ) (42° 4 4z + cosec® 32

(c) By making a suitable substitution into this identity, deduce that:

05169 — sin'0 9 = < c0s 20(cos” 20 + 1)(cos® 260 + cot® £)(cos® 26 + cot* 3X)

14. Suppose that w® =1 and w # 1.
Let k£ be a positive integer.
(a) What are the two possible values of 1 + w® + w

(b) Use the binomial theorem to expand (1 4+ w)™ and (1 + w?)™, where n is a positive
integer.

(c) Let £ be the largest integer for which 3¢ < n.
Show that:

(5)+(5)+(5)++(5) =5 @ +0+w) + 1+
(d) If n is a multiple of 6, show that:

(D) + () e+ () -y
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3D Exponential Form: Euler's Formula 111

15. Consider the equation (z + 1)?" + (z — 1)®" = 0, where n is a positive integer.
(a) Show that every root of the equation is purely imaginary.
(b) Let the roots be represented by the points Py, Ps, ..., P, in the Argand diagram, and
let O be the origin.
Show that:

OP12—|—OP22—|——|—OP2n2:2TL(2TL—1)

3D Exponential Form: Euler’s Formula

It was established in Chapter 1 that integer powers of a complex variable z
behave predictably, according to the normal rules of arithmetic and algebra. In
particular, polynomials in z have been studied and polynomial equations have
been solved, such as finding the nth roots of unity earlier in this chapter. It
is appropriate to now turn attention to other functions and consider how they
behave when the variable is a complex number. The calculus of functions of
complex variables is not available in this course and so any investigation will
naturally be severely retricted. Consequently, this section will concentrate on
one significant result which can be derived through integer powers of z. That
result is:

e* = et = e"(cosy + isiny)
or more specifically, dividing through by e”,
e = cosy + isiny.

This last identity is known as Euler’s formula.

Extending the Exponential Function: In Year 9 the trigonometric functions were
introduced using right angled triangles. In Years 10 and 11 those definitions were
extended to include angles of any magnitude. This was done very carefully so
that the new definitions still worked in right angled triangles.

Similarly, polynomial functions were introduced in Years 10 and 11. These were
then extended to include complex polynomials in the first chapter on complex
numbers. This was done carefully so that all the results were consistent with real
polynomials.

This idea of extending functions will now be applied to the exponential function
to allow complex numbers to be used. It will be done carefully so that the results
for complex numbers are consistent with the real function e”. The index rule for
multiplication plays a key part in the process. Thus, for real numbers a and b:

e? x e = ettt
The rule needs to be the same even when a and b are replaced with complex
numbers. That is:

z1 z1+22

el xe”? =¢

That means that when z; = x is real and z, = ¢y is imaginary, the result is
ez—i—zy =% x ezy7

however, there is still the problem of understanding what e?¥ means.

ISBN 9781108771054 © Sadler & Ward 2019 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.



112

CHaPTER 3: Complex Numbers Il: de Moivre and Euler

Trying to evaluate e” x €?Y poses all sorts of problems. If y = 0 and z is a rational
number like % then all is good, but what if x is irrational? Irrational powers have
not been defined or studied at high school. Worse still, if y £ 0 then the second
factor has an imaginary index and, as yet, there is no way of knowing whether
or not such quantities even exist.

Addressing the first objection; expressions with irrational powers, like eﬁ, can

be defined through sequences. In this case put
V2

eVe= lim e"",
n—oo

where u,, is a sequence with limiting value V2.

The problem of imaginary indices can be overcome using a process called analytic
continuation. This technique is a very powerful tool which is studied in detail at
university level. In the context of this course, the process is greatly simplified.
Essentially e€” is redefined using a polynomial and a limit. The polynomial is then
evaluated replacing = with iy and the limit taken. Finally, the result is assumed
to be the value of €" in order to be consistent with the definition of e®.

Two methods are presented in this text for this task. One is given below and the
other is given in a series of questions in the following exercise. Both methods are
very difficult and it is not expected that they be memorised. Nevertheless they
should be followed and understood.

Redefining the Exponential Function: Consider the following sequence of special

polynomials, each with repeated zero at x = —n and with degree n.
T n
E,(z)= <1 + —> where n > 1.
n
The first three such polynomials are:
El(x) =1l+uz )
22
E2($)21+1‘+Z7
2 3
x x
E =1 — 4+ —.

It can be shown, for all real values of x, that lim E,(z) = e®. That is:

e’ = lim <1—|—£> .
n—oo n

A question in the exercise develops a proof of this. The value of €?¥ is now defined
to be the result when x is replaced by ¢y. That is:

eV = lim E,(iy)

— lim <1+ﬁ> .
n— o0 n

The advantage of using this expression as the definition of ¢ is that E, (iy) is
a complex polynomial and so it behaves predictably. The disadvantage of doing
this is that the right hand side involves a limit. Fortunately, that limit can be
greatly simplified.

3D
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Euler’s Formula: Let <1 > =r(cos@ +isind). Then:

E,(iy) = ( (cosf + isin 0))
= r"(cosnf + i sinnf) (by de Moivre’s theorem,)
hence e = lim r"(cosnd + isinnd).

n—oo

Now the modulus is given by r* = (1+ (£)?).
Thus P = (14 (£)?)F

1
and so lim " = lim ((1 + Z—z)”2> -
1

= lim (eyZ) E (by the definition of e* for real x)

n—oo

=1.

Notice that the limit was applied in two stages: first the bracketed term and
then the index. Splitting a limit up like this can often lead to the wrong answer.
Although it will not be proven here, splitting the limit gives the correct answer
in this case because both limits exist and are finite.

Next consider lim (cosnf+isinnf). The value of nf can

D
be determined in this limit from geometry. B
In the diagram on the right, the point D represents the y
complex number 7(cos §+isin @) and O is the origin. The
real and imaginary axes have been omitted to simplify

the diagram. Clearly OC = 1 and CD = £. Sector Q
OBC has been added and the point A is the foot of the
perpendicular from B to OC.

Notice that AOAB and AOCD have equal angles and so are similar. From the
hypotenuse of each, the similarity ratio is

2
OB:0D =1:4/1+%;,

and hence the ratio of areas is 1: (14 Z_z)
Now consider the areas of the two triangles and sector. It should be clear that

‘AOAB‘ < ‘sector OBC" < ‘AOCD‘.

Thus, using the usual formulae for ‘sector OBC ‘ and ‘AOCD‘, and applying the
ratio of areas to determine ‘AOAB‘, this inequality gives

1 Y
2><1><n Y
n

and thus

1+4
Hence in the limit as n — oo this gives:
y< lim nf <y.
n—oo
That is lim nf =y.

n—oo
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Finally, combining this limit with the one above for ™ yields the desired result:

e = lim r"(cosnf + isinnd)

n—oo
=1X (cosy +isiny).

That is e = cosy +isiny,

exactly as stated at the start of this section. This is often referred to as Euler’s
formula, as it was first published by the Swiss mathematician Leonard Euler in
1748 in his Introductio in analysin infinitorum. It is a remarkable result. It
shows that the trigonometric and exponential functions are all related by way
of the imaginary number ¢. Because of this connection with trigonometry, the
pronumeral y in Euler’s formula is often replaced with an angle 6.

EULER'S FORMULA: For real numbers 6 the value of ¢ is defined to be

e = cosf + isiné.

This means there are now three ways to write a complex number z.

x4 iy =r(cosf +isinf) = re’

The last expression is sometimes called the complex exponential form. Each of
the last two expressions is called polar form, since each involves a radius r and
an angle 6. As encountered in the previous chapter on complex numbers, the
principal argument is normally used for 6.

A Check for Consistency: It is important that this new result is consistent with the
definition of the exponential function for real variables. There are two essential
characteristics: that e® = 1 and that e® x ¢® = ¢*™®. These characteristics are
now checked. Firstly:

e? = cos0+ isin0
=14¢x0
=1.
Now let z; = x1 4+ ty1 and 25 = x5 + iy2. Then:
€71 X 72 = P11 ¢ T2 tiY2

e*1(cosyy +isiny;) X e*2(cosys +isinys)

gt1tee ( cos(y1 + y2) + isin(y; + yz))
— T1t@2ati(yity2)
= et (after re-ordering the index.)
Applications: Euler’s formula has been derived and checked for consistency with the
definition of the exponential function for real variables. It can now be confidently

applied to solving various problems involving complex numbers.

WORKED EXAMPLE 8: Write z = —1 + iv/3 in complex exponential form.
SoLuTIiOoN: The Argand diagram on the right shows the e
2im

situation. Clearly r =2 and 6 = %’r Hence z = 2¢e73 . Zy V3

T \\\2
Notice that if w = 2e 3" then w and 2 represent the
same point in the complex plane, because their arguments ™ s
differ by a multiple of 2w. As usual, the principal value -1 x
of the argument is given in the solution above.
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3D Exponential Form: Euler's Formula 115

WORKED EXAMPLE 9:  Show that ¢™ + 1 = 0, known as Euler’s identity.

SoLuTIoN: Re-write the LHS in mod-arg form to get
™ +1=cosm+isinT+1
=—-14+ix0+1
=0

WORKED EXAMPLE 10: Use Euler’s formula to write cos@ in terms of e.

SoLuTION: Euler’s formula is

0

e =cosf +isinf.

Replacing 6 with —6, and using the symmetry of cosine and sine, yields
e % = cosf —isinf.

Adding these:

2cosf = e + 7
or cosf = % (ew + e_w) .
Two important observations can be made at this point. The first is that the
conjugate of % is its reciprocal e~%. as shown in the first few lines of working.
This makes sense because it was previously established that

1

m == (COSQ—FZSIHQ) .

Secondly, the result for cos @ now makes it algebraically clear why it is an even
function. Replacing § with —6:
cos(—0) = 3 (e_w + ')
_ % (ei9+e—i9)
= cosf.

This is hardly surprising. The exponential form of cosf was derived using the
fact that cos6 is even.

Euler and de Moivre: De Moivre’s theorem can now be written using complex
exponential form, though its proof is best done by relying on mod-arg form.
WORKED ExamMpPLE 11: Prove the exponential form of de Moivre’s theorem:

(ew)n = ¢ for integer values of n.

SoLuTION: First revert to mod-arg form:

(ew)n = (cosf + isinf)" (by Euler)
= cosnf + isinnd (by de Moivre)
= ¢in? (by Euler)

It is essential to note here that de Moivre’s theorem was only proved for integer
values of n. Hence the index rule for powers of complex exponentials is only valid
when the power is an integer.

EULER AND DE MOIVRE: The complex exponential form of de Moivre’s theorem is

5 (ew)n — oinf provided n is an integer.
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Exercise 3D
1.

CHaPTER 3: Complex Numbers Il: de Moivre and Euler 3D

Simplify:
(a) (ei9)3 (C) (€2i9)4
(b) (=)’ (@ ()7

Simplify as fully as possible:

(a) ot o2i0 (c) (e4i(9)_2 % (e—2i9)_5
610 e210)3 (=310 ™4
(b) = (d) (€*) ( . )
e (=)
Express each of these complex numbers in exponential form.
(a) 2i (c) —6 (e) =3 —3i

(b) 1+ (d) —1+V3i (f) 2v3 —2i
Express each of these complex numbers in Cartesian form.

(a) be'™ (c) de™"™/2 (¢) 2v/2e77"/4
(b) eiTr/B (d) 2€5i7r/6 (f) 4\/56—21'#/3

DEVELOPMENT

. Let z=1++/3i and w = 1 — i. Find, in exponential form:

(a) zw (c) z?;w
(b) = (@ =~

. By first converting to exponential form, find, in Cartesian form:

() (V3+i) @ (3-£) "
(b) (—1+i)5 (d) (—3—3\/§i)4

) 1
+Zauadw: !

V2 V2

Use the exponential forms of z and w to show that:

(a) 210 —w!® =2 (b) T+2+22+ 25+ 20 = (V2+1)

1
Suppose that z =

. Use the exponential forms of 1 +v/3i and 1 — i to show that:

(a) (1+\/§z’)5(1—i)4+ (1—\/§i)5(1+z‘)4 = 128
(1+v33)°  (1-V3i)

b + =—
(b) (1—4)" (1+i)*
9. If z = ¢¥, prove that:

1 4

(a) 14 2* = 2cos 26 cis 26 (b) tE cis40
14274

10. If z = re', prove that:
. ) 1 ; 2 Li(m—30)
(a) (1— z)z2 _ \/57,28%@(89—#) (b) +/3i _ 2e3
z T
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12.

13.

14.

15.

16.
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Express the number in brackets in exponential form, and hence find the positive values
of n for which:

(a) (1+14)" is real, (c) (\/5 - z) is real,
(b) (1 —14)" is purely imaginary, (d) (l +3 Z) is purely imaginary.

(a) Use the fact that e? = cos@ + isin@ to prove that:

(1) " + e = 2 cosnb (ii) €™ — e~ = 2jsinnd
(b) Hence find trigonometric expressions for:

(1) 63 9 —329 (1V) 2i0 +€ _|_ 2 +€—i9 _|_ €—2i9
(619 + 6—19) (V) 63 0 6 _|_ e—i& _ €—3i9

0 —19)

111 €

a) Find an expression for cos in terms of e.

(a)
(b) Hence show algebraically that cos6 is an even function.
)

c) Similarly, show that sin is an odd function.

(
(d) Determine whether tan#, cot 6, sec and cosec are even, odd or neither.

Expand fully:
(a) (z + 26”/2) (z - 26””)

(b) ( _ em/3) (z _ e—in/?,)
(c) (+2) ( Qei”/S) (z - Qe—iﬂ/?))
0 (o= VB0 (V) (V) e v

Suppose that re?’ = se’®, where both r and s are positive, and where both 6 and ¢ are
the principal values.

(a) Show algebraically that r = s.
[HINT: Take the modulus of both sides and use the fact that  and s are positive.]

(b) Show that —27 < ¢ — € < 27, and hence show that 6 = ¢.
(¢) Why is the result obvious from geometry?

ENRICHMENT

1
The diagram to the right shows y = p for z > 0. Consider the )

1
portion of this curve for 1 < z < 14 —, where n is a positive

n
integer. 1
(a) By comparing areas, show that —

- §10g<1+l>§l, Plea 2
n+1 n n

1 n
(b) Hence show that lim <1 + —> =e.

n—oo

(c) Use a suitable substitution in the result of part (b) to show that

lim <1 + E) =e".
n— oo n
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17. In this question we will derive an infinite series for e®. )

(a) The graph on the right clearly shows that e’ > 1for 0 <t < z.
Integrate both sides of the inequality from 0 to x to show that
e’ >1+ux.

(b) From part (a), e’ > 1+t for 0 <t < x. Integrate both sides 1
of the inequation from 0 to x to show that e* > 1+ x + %1‘2.

(c) Continue to integrate in a similar fashion to show that

oo

e® > E(x) for x > 0, where E(z) = Z
n=0

(d) Now consider the function h(z) = e~® x E(x). Show that h'(z) = 0 for all real .
(e) Hence show that in fact e* = E(x) for all real x. This is called the power series of e”.

:E'I”L

n!

18. In this question we will derive infinite series for cosx and sinx. The previous question
used integration. A different approach is used here.

(a) Suppose that cosz can be approximated with a polynomial. Since cosz is even, the
polynomial should also be even, so let this be

c(z) = ag + azz® + agx* + ..

(i) Substitute x = 0 into cosz and ¢(z) to find the value of ag .
2

(ii) Given that g3 COST = —cos, it makes sense to put ¢”(z) = —c(z). Equate the
x

coefficients of like powers of x to find as and a4 .

e —1)ng2n

(iii) Show that c(x) = ;:0 %

(b) Suppose that sinz can be approximated with a polynomial. Since sinz is odd, the
polynomial should also be odd, so let this be

. This is called the power series of coszx.

s(x) = a1z + asz® + asz® + ...

(i) Substitute x = 0 into the derivatives of sinz and s(z) to find the value of a; .
2
(ii) Given that o) sinz = — sin x, it makes sense to put s”(z) = —s(x). Equate the
x
coefficients of like powers of x to find a3 and as .

0 (_1)nm2n+1
(111) Show that S(l‘) = nzzo W
(c) Now consider the special function h(z) = (c¢(z) — cosz)? + (s(z) — sinz)?.

(i) Show that ¢/(z) = —s(x) and that s'(z) = c(x).
(ii) Show that h'(x) = 0 and hence deduce that h(z) = 0 for all real x.

(iii) Explain why ¢(z) = cosx for all real x, and s(z) = sinz for all real x.

. This is the power series of sinzx.

19. The function F(z) in Question 16 involves powers of x. Hence it is expected to behave

properly when z is replaced with the imaginary number 6.
(a) Let € = E(i6). Write out and simplify the power series for e’
(b) Re-arrange this power series and hence show that

e = cosh +isinb.
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3E Applications of Exponential Form

3E Applications of Exponential Form

Euler’s formula is a powerful tool that can be used to write elegant solutions to
problems involving exponential identities, trigonometric identities and roots of
complex numbers.

Exponential Identities: A significant characteristic of the exponential form is that
it is periodic. This is easy to prove using the corresponding trigonometric form.

WORKED EXAMPLE 12:  Show that the exponential function e'? is periodic with
period 2. That is, prove the identity ¢'(**2™) = ¢ for all 6 € R..

SowuTion: €0+ 2RT) — cos(0 + 2km) + i sin(6 + 2k)
= cosf +isind

— 819

119

6 period 2. That is:

et (0+2km) _ oif for all 8 € R.

THE EXPONENTIAL FUNCTION IS PERIODIC:  The exponential function e is periodic with

This result will be essential when using the exponential form to find the roots of
complex numbers, later in this section.

Trigonometric ldentities: The trigonometric identities developed in Section 3B can
also be proven usmg exponential forms. In many cases, it is simply a matter of
replacing z with ¢, To demonstrate, compare the following with Question 3 of
Exercise 3B.

WORKED ExamMPLE 13: Use the exponential form of cosf to show that

cost = %(005404—4005204—3) .

SoLuTioN: First note that cosf = % (ew + e_w) . Thus:
cost § = LG (e + e_w)4
_ % (6149+4€i29+6+4€—i29+6—i49)
%(%(eme ey 14 x %(6129 Femi20) 1 3>
= %(005404—4005204—3) .

The solution above relied on the exponential form of cosf, which was derived in
Section 3D. The exponential form of sin 8 is equally important and its derivation
is left as an exercise. The result for tan @ is simply the ratio of these two.

functions in exponential form. They are:

cosf = % (ew + e_w) and sinf = % (ew — e_w)

THE EXPONENTIAL FORMS OF SIN AND C0S:  Euler’s formula can be used to write these

The above exponential forms of sine and cosine can also be used to confirm other
trigonometric identities. Here is a harder example.
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120  CHapTer 3: Complex Numbers Il: de Moivre and Euler 3E

WORKED ExamMPLE 14: Use the exponential forms to verify that

cosa — cos 3 = —2sin <a_+ﬁ> sin <a — ﬁ) .
2 2

SorLuTion: To make the algebra easier, let A\ = at

a—p
2

and p =
Next note that (A + ) = a and (A — ) = . Then:
RHS = -2 x % (ei’\ — e_i’\) X % (ei“ — e_i“)

_1 (ez’mu) _ i) =i 4 e—z’mu))

[

—_ % (eia _ ei,@ _ e—i,@ + e—ia)
=1 +ei) = L +e7F)
= LHS.

Roots of Complex Numbers: The exponential form can also be used to find roots
of complex numbers. The periodic nature of €' is a crucial part of the solution.

WORKED ExAMPLE 15: Find the cube roots of 2 + 2 in exponential form.

SoLuTION: First note that 2 4+ 2i = 22542k Tt » = r ¢ be a cube root,

then 2 =2+2i
gives  r3eid? = 28 ¢i% T2ikm (by de Moivre)
Equating the moduli and arguments:
3 =23
o =2
and 30 =74 +2kn
_m 2km
SO 9 = 12 + 3
~ 7w(1+8k)
12
hence, using the principal arguments (k = —1,0, 1),
0 T 7'(‘ 3T
=—— or — —.
127 12"

Finally, 2 =V2e" T or V2T or V2e'T .

Exercise 3E

1. Consider the equation 2% = 24, whose roots are the two square roots of 2i.

(a) Write 2i in exponential form with principal argument.

(b) Hence write 27 in exponential form with a general argument.
(4k+ 1D)m

—

(d) Hence write down the two roots of the equation in exponential form with principal
arguments.

)
(¢) If z = re?, show that r = v/2 and 0 =
)

(e) Express the two roots in Cartesian form.
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4 = —1, whose roots are the four fourth roots of —1.

2. Consider the equation z
(a) Write —1 in exponential form with principal argument.
(b) Hence write —1 in exponential form with a general argument.
(2k+ 1)m
—

(d) Hence write down the four roots of the equation in exponential form with principal
arguments.

)
(c) If z = re®, show that » = 1 and 0 =
)

(e) Express the four roots in Cartesian form.

3. Consider the equation z> = —i, whose roots are the three cube roots of —i.
(a) Write —i in exponential form with principal argument.

(b)
(¢) If z = re’, show that r = 1 and § = —
(d)

Hence write —i in exponential form with a general argument.

4k + 1w

— 6

Hence write down the three roots of the equation in exponential form with principal
arguments.

(e)
(a) Use the result e’ = cos# + isinf to show that €™ 4+ =" = 2 cosnb.
(b) Show that (ew + e_w)3 = (e3w +e7 %) +3 (ew + e ).

(c) Use parts (a) and (b) to derive the identity cos® 6 = 1 cos 36 + 2 cos .

Express the three roots in Cartesian form.

5. Use similar methods to the previous question to prove the identity sin® 6 = % sin 0—% sin 36.

DEVELOPMENT

6. (a) Show that z* + 16 = (z - 26”/4> (z - 26_”/4) (z - 263”/4) (z - 26_3”/4).

(b) Hence show that z* + 16 = (z2 —2V2z+ 4) (z2 +2V2 2+ 4).

(c) Confirm the factorisation in the previous part by writing z* 4 16
as (z4 + 822 + 16) — 822,

7. (a) Show that z° + 1= (z+1) (z - e”/5) (z - e_i”/5) (z - 63”/5) (z - 6_3”/5).

(b) Hence show that z° +1 = (z + 1) (z2 —(2cos %) z + 1) (z2 + (2cos Z) z + 1).

¢) Deduce that 2cos2® — 2cosZ 4+ 1 = 0, and hence find the exact values of cosZ
2 5 5 5
and cos <.

8. (a) Derive the exponential forms of cosé and sin# given in Box 7.
(b) Use these results to verify the following trigonometric identities.
(i) cos26 = cos®H — sin® 0 (iii) cos(a+ B) = cosa cos 3 — sin asin 3
(ii) sin26 = 2 cosfsinf (iv) sin(a + ) = sinacos B + cos asin

9. (a) Use the methods of question 4 to write cos® ) in terms of cos 66, cos 46 and cos 26.

g 1
(b) Hence show that /4 cos® 0 df = &TTZLM
0

10. (a) Find sin® and sin® 6 in terms of sines of multiples of 6.

(b) Hence show that sin®# cos? § = = (2sin6 + sin 36 — sin 50).

3
(c) Hence, or otherwise, evaluate / sin® 6 cos? 6 df.
0
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11.

12.

13.

14.

15.

16.

17.

CHaPTER 3: Complex Numbers Il: de Moivre and Euler

Consider the polynomial equation 5z* — 1123 + 162>
roots with modulus one, and let z = ¢

(a)
(b)
()

Suppose that 1 —i=¢

i0
Show that €™ 4+ ¢~ = 2 cosnf.
Hence show that 5cos20 — 11 cos6 + 8 = 0.

Find the four roots of the equation in Cartesian form.

ati wwhere a,b € R and - <b< 3.

Find the exact values of a and b.

Consider the equation z

(a)
(b)

()

Express cos(A + B) + cos(A — B) in terms of cos A and cos B.

2
Similarly, prove that sin« + sin 8 = 2sin a+’6 cos %’6

Given that o and 8 are real, deduce that ew‘ + e = 2cos &£ 2 eilath)

Hence prove that cos a + cos 3 = 2 cos =32

Use the exponential forms of cosf and siné given in Box 7 to verify each identity.

(i) cosa + cos 3 = 2cos a—+’6 cos T’g (ii) sina +sin 3 = 2sin a+’8 cos O‘T_’g

Write down the exponentlal form of tan#.

2tan6
Hence verify that tan 26 = % .
1 —tan®6
Write down the sum of the geometric series z + 22 + 2% 4+ - - - 4 2™.

Hence, by putting z = €?, show that:

10

sin = n@sm
sin@ +sin20 +sin360 4+ - - - +sinnf =

(
0

wl»—t N[

(n—1)7

Deduce that sin % + sin 27” + sin 37” +---+sin = cot %

ENRICHMENT

Use the exponential form of tanf found in Question 14 to verify that

tana + tan 8
t S
an(a + ) = 1 —tanatanf’

ntl _ 1, where n is a positive integer.

Find the roots of the equation, expressing them in exponential form.
Hence show that
n
L2 4 2=l 2 2y H <z2 (200822’”)24—1)
k=1

o 37
Deduce that 2" sin 5 +1 sin Tra T sin a1 -sin 52— 2n+1 =+2n+ 1.

3E

— 112+ 5 = 0, which has four complex
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3F Chapter Review Exercise
Exercise 3F

1. Simplify:

(a) (cosf + isin®)>(cos26 4 isin26)? b (cos® +isind)?
(b) Leosh+ ismb).
(cosf — isinf)

(%)’

2. Evaluate —.
(%)

3. (a) Write 1 — 4 in mod-arg form.
(b) Hence find (1 — )" in Cartesian form.

4. (a) Use de Moivre’s theorem to evaluate (V3 4 )12 + (v/3 — i)'2.
(b) If n is a positive integer:

(i) prove that (v/3 4 4)" 4+ (v/3 — i)™ is real,
(ii) determine the values of n for which (v/3 4 4)™ + (v/3 — i)™ is rational.
5. (a) Use de Moivre’s theorem to find cos 66 and sin 66 in terms of powers of cos f and sin 6.
2t (3 — 10> + 3t4)
1 —15t2 + 15t4 — 167
1\* 1\*
6. (a) Expand <z + ;) and <z - —> .

z

where ¢ = tan 6.

(b) Hence show that tan 66 =

(b) By letting z = cos# + isin@, prove that cos® 6 + sin® @ = 1(cos460 + 3).

1
1
7. Suppose that w is a complex cube root of —1.

(a) Show that the other complex root is —w?.

(b) Evaluate (6w + 1)(6w? — 1).
8. Solve the equation z® — 8 = 0, writing the roots in the form re®.

9. Find, in mod-arg form:
(a) the three cube roots of 2 + 2i, (b) the six sixth roots of i.

10. Suppose that z = 40/3eim/3 _ 4ebin /6.

(
(

a) Simplify z, writing your answer in exponential form.
2 3
z z z
Show that =+ | = - | =2i.
) Show a8+z<8> +<8> i
) Find the three cube roots of z in exponential form.

11. (a) Show that (z — 2717 = (27 —277) = 7(2% — 27°) +21(2 — 273) = 35(z — 27 1).
(b) If 2z = cos + isinf, show that z — 27! = 2isinf and that (2" — 2z™") = 2i sinné.
)

)

Hence prove that sin’ 6 = g; (35sin6 — 21sin30 4 7sin 560 — sin 76).
Find / (35sin6 — 64sin” 6) do.
12. Use de Moivre’s theorem to prove that cos 56 = 16 cos® 6 — 20 cos® 6 + 5 cos 6.

Hence solve the equation 16z? — 2022 4+ 5 = 0, giving the roots in trigonometric form.

)
)
¢) Show that cos 75 cos 3% = \/Tg‘
)
)

If u = 222 — 1, show that 4u? — 2u — 1 = 0.
Deduce the exact value of cos £.
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13. (a) Derive the exponential forms of cos# and sinf given in Box 7.
(b) Use these results to verify each trigonometric identity.
(i) 2cos®# =14 cos26 (iii) cos(a — ) = cosacos 3 4 sin asin 3
(i) 2sin?f =1 — cos26 (iv) sin(a — ) = sina cos 8 — cos asin
14. (a) Find the seven seventh roots of —1 in mod-arg form.
(b) Hence show that'
(i) cos % + cos 23X >+ cos 57” =1
(i) 2741 = (z+ 1) (2> —2zcos T +1) (2% — 2zcos 3 + 1) (2* — 2z cos 3F + 1)
(iii) 28 =25+ 2 =23+ 22 —2+1
:(z2—2,zcos§+1)( 2200837”4—1) (z —2200857”4—1)
(c) Divide both sides of the identity in (b)(iii) by 2, and hence show that:
2c0s30 —2cos20+2cosf—1=38 (cos@ — cos%) (COSO cos 37”) (COSO — €oS 57”)

15. (a) Find the fifth roots of unity in exponential form.

(b) Let a be the complex fifth root of unity with the smallest positive argument, and
suppose that ©w = o+ o* and v = o2 + a°.

(i) Find the values of v + v and u — v.
(ii) Deduce that cos %’r =1 (\/5 — 1).

16. Let z = cosf + isinf and suppose that n is a positive integer.

(a) Show that 2" 4+ 27" = 2 cosnf.

(b) Prove that 2cos Asin B = sin (A + B) —sin (4 — B).

(c) Hence show that (z*" + 2" 72 +2*""* 4+ ... 4+ 27*") sin6 = sin (2n + 1) 6.

(d) Use the previous part and the result cos 34 = 4 cos® A — 3 cos A to prove the identity:
sin 76

8cos® 20 + 4 cos®20 — 4cos20 — 1 = —
sin 6

17. Use the exponential forms of cosf and sinf given in Box 7 to verify that

sina — sin 8 = 2 cos O‘;’g sin *5% s

18. Suppose that n is an integer greater than 2 and w is an nth root of unity, where w # 1.
(a) By expanding the left-hand side, show that

(142w +3w” + 4w’ + -+ nw" ) (w—1) =

1 -1
(b) Using the identity -z , or otherwise, prove that
22—-1 z—2z71
1 ~ cost) —isinf
cos20 +isin20 —1 2isinf
(c) Hence, if w = cos 2% + isin 2%, find the real part of 1.
w [e—
(d) Deduce that 1+ 2cos 2% + 3 cos & 4 4 cos & + 5 cos 5 = —3.

e) By expressing the left- hand side of the result in part (iv) in terms of cos T and cos 2T,
5 5
find the exact value of cos £.

ISBN 9781108771054 © Sadler & Ward 2019 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.



Integration

CHAPTER OVERVIEW: The art of integration is a skill that all mathematicians

must possess, as integrals arise in all areas of mathematics. For example, in the
dx

logx

As integration is an art form, it requires plenty of practice to become proficient.
Thus students are encouraged to attempt as many of the exercise questions as
possible in the time they have available.

seemingly unrelated topic of prime numbers the integral / appears.

The work in this chapter builds on the content of the Mathematics Extension 1
course. A methodical approach is needed to study the material. In particular,
it is important to be able to recognise the different forms of integrals, and to
quickly determine which method is best used.

The first five sections are relatively straightforward, being based on algebraic
manipulation. In Section 4F the new method of integration by parts is introduced,
which is based on the product rule for differentiation. Section 4G covers various
harder types of Trignometric integrals. Section 4H introduces the concept of
integrals that can be referenced by an index, and the corresponding reduction
formulae. The chapter concludes with a set of miscellaneous questions. These
provide an opportunity to practise choosing the most efficient method to apply.

4A The Standard Integrals

Students will know that each examination is accompanied by a Reference Sheet,
which includes various integrals. Most of these have already been encountered
in the Mathematics Extension 1 course. The appendix to this chapter includes
a table of similar integrals as well as some other common integrals that will be
needed in this course. The ability to manipulate any integral formula in simple
ways is expected of all students.

dx

WORKED ExamMPLE 1: Evaluate /2 —_—.
0 3+ 4x?

SoLuTioN: Take out a factor of i to get:

/% dx _1/% dx
o 3+4x2 4 ), (@)24—1‘2

1
1 2 1 (2z\]?
==X — [tan ! <— (Reference Sheet)
1 V3 v3/ 1o
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Exercise 4A

CHAPTER 4: Integration 4A
1
= — tan ' L
2V/3 V3
™

1. Use the Integral Calculus section of the HSC Reference Sheet to determine each of these
indefinite integrals.
2
(a) /€4I dz (c) /sec2 svdz (e) /ﬁdm
1
b inbx d d d z
()/smmm ()/3$_4m (f)/?)d:L‘
2. Use the Integral Calculus section of the Reference Sheet to find:
1 9 8 4x + 2
1 1
_ d d f 2z(z% +1)%d
(b)/\/25—1‘2d$ ()/9+1‘2 v ()/1‘(1‘+ ) dx
3. Use the Integral Calculus section of the HSC Reference Sheet to evaluate each of these
definite integrals.
‘o, o 13
2d —d d
(a)/oe2 x (c) /_416+m2 x (e) /_2 53,
<b>/% 290 d <>/1 L : 2
sec” 2z dx d —dz f / cos xsin” x dx
0 0 V2—a? (0 0
DEVELOPMENT
4. Find:
1 2 1+sec?x
a ——e=z dx C xsec? 22 dx i |
()/ x? ()/ (e)/w+tanx o
cos 3z 9 e
b —d d 5% d -
()/1+sin31‘ o ()/ v (f)/1/1_€2zd:x
5. Evaluate:
4 1 1
dx 3 dx
(a)/(l—x)3dm (c)/ _dr ) / e
0 o 1+ 322 (€) 0o V4—9z2
o [ g @ [ o p [Tt
x x P
o 1+a? 0 € +1 ()/0 1+tanxd$
ENRICHMENT
52 1
6. Evaluate / dx.
. Tlnz
1 1
7. Use the derivative of il to find / n_;: dx.
x x
1
2 3
8. Use the derivative of zsin™* z to show that / sin~!zdx = % + % - 1.
0
%
9. Use the derivative of tan® z to find / tan® z dz.
0
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4B Algebraic Manipulation 127
4B Algebraic Manipulation

Many of the integrals encountered contain fractions which require some sort of
rearrangement before proceeding. In the first worked example that follows the
numerator is almost identical to the denominator.

2?2 -1
WORKED EXAMPLE 2: Determine /2—d:1:.

x4 +1
SoLuTioN: Noting that 22 — 1 = (22 + 1) — 2 the fraction may be separated.

2 2
x4 —1 x 1 2
/ dx = / AL dx
| 2+1 x22+1
2
=[1- d
/ 2+ 1 v
=z —2tan a4+ C.
In harder problems long division may be required. In some cases the numerator
is close to a multiple of the denominator, as in the next worked example.
43 — 222 4+ 1
WORKED ExampLE 3: Find /$dm.
2¢ — 1
43 — 222 4+ 1 2022z — 1)+ 1
SOLUTION: e e dr = r Qe 1)+ dz
2z —1 2z —1
1
= [ 222 d
/ SR

=22+ Llog|22 — 1|+ C.

Using a Common Factor: Some rational functions are easier to deal with after
multiplication or division by a common factor. The result is a numerator which
is the derivative of the denominator.

1 €2z -1
WORKED EXAMPLE 4: Evaluate / 5 dx .
_1 € T 4 1
SoLuTioN: Multiply numerator and denominator by e~ to get:  y4
1 2x 1 xT —x
e —1 et —e 1
/ 5 dx = / —dx 1 T4
_1€I+1 _1€I+€_I n | ;
B 11
= [log(e” +e™)]_, 1
= log(e+e ') —log(e™ +¢)
=0. (Why is this obvious from the graph?)
Notice in the solution that the primitive log(e® + e™*) is written without an
absolute value. This is because e” +e™* is always positive, and hence the absolute
value function is redundant. In this text, the absolute value will normally be
omitted whenever it is redundant.

Two New Integrals: The final two integrals in the appendix will be new to most
readers. The result for the last integral is proven here using a very clever trick.
Like the previous worked example, multiply through by a common factor.
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/ Lo (w+Va?ta?)
ViE t a2 ViE T @ (2 + ViR + )

_ [ ==Y

/ (z + V22 + a2 )

_ / I+ 7o)

) @+ Va2 +a?)
Looking carefully at the last line, notice that the numerator is the derivative of
the denominator and hence

1
——d
/ Va2 +a?
The second last integral in the table may be done in a similar way, which is a
question at the end of the exercise.

z = log(z + Va2 +a?) + C.

Exercise 4B

1. Determine the following by rewriting the numerator in terms of the denominator.

T r—1 r+1
(a)/x_ld:x (b)/m+1dz‘ (c)/x_ld:x
2. Evaluate the following.
1 2 1 2
r—1 T 3—=x
(a)/o el (b)/o g (c)/o S

3. Evaluate the following. In each case, begin by rewriting the given fraction as two fractions
by separating the terms in the numerator.

2 Yoz +1 b1- 21
() 11—z (b) / $+2 dx (c) / 1‘2 dr  (d) / ST
/1_1:2 0 1"—1: 0 1"—1: 0 4+$2

0

d
4. (a) Let y = log(z + V22 4 a?). Find and simplify d—y
x

b) Hence find a formula for /
(b) Va2 + a2
4
1
c¢) Use this formula to determine: / —dz, (ii / —dx
(© ) va?+3 (i) —avVa?+9
DEVELOPMENT

3

5. (a) Given that ® = 2(2* + 1) — 2, determine / T s
x2+1

(b) Given that 2®> = (2 + 1) — 1 and that 2® + 1 = (z + 1)(2® — 2 + 1),

3
determine / dx.
r+1

(c¢) Use similar approaches to those shown in parts (a) and (b) to determine the following.

Q) / ;_3 do (iif) / 1+1@z du ) \/i_xdm
(i) / x;j_ld:x (iv) / \/;F_xdm (vi) / xf_i do

6. Evaluate these by first muliplying or dividing by an appropriate factor.
2 2 1
e +1 e’ V3g 41
@ [ Gqde 0) [ s © :
1 e*—1 o € +e Lz + 1
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7. By using long division or otherwise, determine:

2 3 0,2 2
(a) /me (b) /wm (c) /de
x+1 x—2 1+ 22

d
8. (a) Let y =log(z + V2 — a?), where z > |a|. Find and simplify d—y
x

(b) Hence find a formula for dx , where x > |al.

1
/ Va2 —a?
1 3 1
¢) Use this formula to determine: (i / ———dx (ii / ——dx

ENRICHMENT

9. Divide numerator and denominator by an appropriate factor to help determine

/ ! dx
z+T

10. Use a similar approach to that shown in the text to prove that, for |z| > |al,

$:10g‘$+\/$2—a2‘—|—0.

1
| ==

4C Substitution

Many of the techniques used in integration are derived from differentiation. This
is not so surprising since the two processes are essentially mutually inverse. One
particularly useful technique is substitution which is the integration equivalent of
the chain rule for differentiation, and is sometimes called the reverse chain rule.

The Integral Form of the Chain Rule: Suppose that F is a function of u, which
is in turn a function of x. Further suppose that F'(u) is a primitive of f(u).
Differentiating F' with respect to x and applying the chain rule gives:

d dF  du
P A
SO %F(u):f(u)xu/.

Integrating both sides of this result

/<d% F(u)> dm:/f(u) < da

or F(u)+C:/f(u)><u/d:L‘.

It is this last result which proves most useful for integration. Thus if an integrand
can be expressed as a product, where one factor is a chain of functions f(u) and
the other factor is u’ then the primitive can immediately be written down.

THE INTEGRAL FORM OF THE CHAIN RULE:  If F'(u) is a primitive of f(u) then
1 /f(u)xu/d:x:F(u)+C.
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CHAPTER 4: Integration 4C

Substitutions: In the simplest examples, the primitive can be determined mentally.
For example, an easy integral involving the exponential function is

/2$€I2dl‘ = +C.
In harder examples a formal procedure should be followed.
22
WORKED EXAMPLE 5: Determine / ————dx by a suitable substitution.
Vad +1
2
x
SoLuTION: Tet [ = / ——dz and put u = 2> + 1, then
Vad+1 ’

du

— =322

dx
or Tdu = z? dx (treating the derivative like a fraction.)
Th 1 / L d

us = | —=du
3Vu
=2Vu+C.

Hence Iz%\/m3+1+0.
Notice that the final step of the solution is a back substitution to get the integral I
in terms of z. It is important to remember to do this.

Substitutions and Definite Integrals: It is equally important to follow this formal
procedure when definite integrals are involved, paying particular attention to the
limits of integration. However, the back substitution step is not needed.

. o 2 sinz
WORKED EXAMPLE 6: Use a suitable substitution to find / —_—
o (I4cosz)3
2 sinz
SoLuTioN: Let I = / ————— dz and put u =1+ cosz to get
o (1+4cosz)
du yl\
— = —sinx
dx
SO —du =sinz dx . 1+-—--
When rz=0, u=2, " )"C
2
and when r=7, u=1, -1
T 1
thus 1= / — du
9 U
17t
[2U2] 2
—1_1
— 2 8
-3
=3.
The step where the limits are expressed in terms of the substitute variable is
important. Had this step not been done then the wrong answer is obtained since
7 1 112
—du=|—
/0 u? [2U2] 0
which is undefined at the lower limit. Again notice that the derivative is treated
like a fraction in the third line of the solution.
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Harder Examples: In simple examples like those above, candidates are expected to

determine the appropriate substitution for themselves. In harder problems the
substitution will be given. Implicit differentiation may also be required.

1
r+x

WORKED EXAMPLE 7:  Use the substitution v = v/z to determine / dx .

SOLUTION: Tet [ = / and note that u? = z, so:

dx
T+
du
20 — =1
ud:z:
or 2u du = dzx .

2
Hence I:/ 2udu
uc +u

B 2du
_/u+1
=2log(u+1)+C

=2log(vz +1)+ C.

Take Care with Substitutions: There are many integrals which require a careful

choice of substitution so as to avoid subsequent difficulties. For example, the
correct choice of substitution in the previous worked example is u = /= .

On first inspection, it would seem to make no difference to make the alternate
substitution u? = x, however observe what happens in the denominator.

z+Vr=u?+Vu? =+ |ul.

Thus in this case a new complication has been introduced, namely the absolute
value function. In general, the best choice of substitution is of the form u = f(z).

In some instances it is more natural to use a substitution of the form = = g(u).
Then the domain of w is restricted to avoid any later complication. This is often
the case with trigonometric substitutions.

1
WORKED ExaMPLE 8: Evaluate / v/ 4 — 22 dx using a suitable substitution.
0

1
SoLuTiON: Let [ :/ V4 — 22 du.
0

The integrand is the upper semi-circle with radius 2, r1
so put x = 2sinf with —ggegg. 2
This means that cosf > 0. /\h
Differentiating dx = 2cosf df. | 1 2
When xr=0, 0=0,

1

and when r=1, stin_l(i):%.

%
Thus I:/ 2cos0 V4 — 4sin0 db
0

= / ’ 4 cos B Vcos? 0 db (by the Pythagorean identity)
0

A

=V

= /6 4cos* 0 df (since cosf > 0)
0

131
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132 CHaPTER 4: Integration 4C

iy

= / ’ 2(1 + cos 20) do (by the double-angle formula)
0

i
6

= [2«9+sin20]
=4

0

Notice that in the solution v'cos? 6§ = | cos@|, but this is further simplified to cosé
since it is known that cos @ > 0 in the specified domain. Further observe that the
same outcome would have been achieved by substituting 6§ = sin™! 3, since the
range of inverse sine is also —% <0< % A trigonometric substitution should
always be made in this manner, with the inverse function in mind.

Two Guidelines for Substitutions: The infinite variety of integrals that may be
encountered makes it impractical to give a specific recipe for choosing the correct
substitution. However the following two guidelines may help, and can be observed
in practice in the previous worked examples.

e Try to replace the part of the integral which causes difficulty, such as the
innermost function in a chain of functions. In particular, if the integral
involves square-roots of sums or differences of squares then a trigonometric
substitution is likely to work.

e It is better to use a substitution which is a function v = f(x) rather than a
relation x = g(u). If a relation must be used then it is often best to restrict
the domain in a similar manner to an inverse function.

Exercise 4C

1. Find these integrals by the reverse chain rule, then do them again using a suitable substi-
tution.

(a) / 2w(z® + 1) da (©) / %dm () / \/%dm
(b) /3m2(1+z3)6dm (d) /(3_4%)5611‘ () /\/%dm

2. Use a suitable substitution where necessary to find:

(a) /;ziz dz (c) /%dz (e) /1f$4 dz

sec? x coS /T z?
(b) / e @ [ () / s

3. Use a suitable substitution where necessary to evaluate:

1 4 z
r+1 4

a 23(1 4 32%)? dx c ——dx e /
()/0 ( ) (c) s Vali 213 (e) ;

1 > e?
(b) /0 \/%—xzdm (d)/0 sin* z cos z da (f)/1 ln%d:z:

DEVELOPMENT

tan? z sec? z dx

1
4. (a) Use a suitable substitution to help evaluate / z(x —1)° dx.
0

(b) How could this integral have been evaluated using just algebraic manipulation?
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4C Substitution 133

5. Use the given substitution to find:

(a) /IL‘\/IL‘+1dIE [put u = vV + 1] (c) /1:%‘% dr [put u==x
(b)/Hlﬁdm fput w = 1+ /] (d) \/%d

6. In each case, use the given substitution to evaluate the integral.

T2y ol
(a)/o mdzx [put u = 2 + x| (c)/o 5+\/§dl‘ [put u = /]

(b)/OIL‘\/4—IL‘dIL‘ [put v = v4 — z] (d)/4 mdm [put u = /]

7. In each case, use the given substitution to determine the primitive.

1 T
(@/WW [put u = /] (b)/ —

8. In each case use the given trigonometric substitution to evaluate the integral. You may
assume that 0 <60 < 7.

Bl

]

x [put u=+e2* — 1]

dr [put u=Vz+1]

1 1
(a) /m dr [put z = tan6) (c) N T dz [put x = 5cosd]

x? 1
(b) /74_—:132 dr [put z = 2sin6)| (d) /m dr [put z = tand]

3

——dx.
vaz 41 v

(b) How could this integral have been evaluated using just algebraic manipulation?

V2
9. (a) Use a suitable substitution to help evaluate /
0

2
10. (a) Use a suitable substitution to show that / Va—ax2de =% — ‘/7§ .
1

(b) Redo this problem by geometric means.

% .
11. Let I:/ T
o SInx +cosx

3
(a) Use the substitution u = § — x to show that I = / L
o Sinx+coszx
(b) By adding the two equal integrals, find the value of I.
T dinx
12. Show that ———dr=1ZI.
(a) Show tha /0 1+cosz 0 2
rsinz

b) Let [ = ——dx.
(b) Let /0 1+Cos2a:d$

(i) Use the substitution u = m — = to show that [ = %2 - I

(ii) Hence evaluate I.

ENRICHMENT
2

Y =
V1 — 22

(b) How could this integral have been evaluated using algebra then geometry?

*I

i~

1

2
13. (a) Use a trigonometric substitution to show that /
0
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134  CHaPTER 4: Integration 4D

14. Consider the indefinite integral I = / Clearly the domain of the integrand is

dx
zVr? -1
disjoint, being « > 1 or z < —1. Thus it seems appropriate to use a different substitution
in each part of the domain.

(a) Find I for z > 1 by using the substitution u = /22 — 1.
(b) Find I for x < —1 by using the substitution u = —v/ 22 — 1.
4 dx

gre 22V/22 — 4
4
(b) Take the limit of this result as ¢ — 0" and hence find /
2

15. (a) Use a suitable substitution to determine where € > 0.

dx
2222 — 4

4D Partial Fractions

In arithmetic, when given the sum of two fractions, the normal procedure is to
combine them into a single fraction using the lowest common denominator. Thus

1 1 5

3 * 2 6
Unfortunately when the fractions are functions and integration is involved, this

is exactly the wrong thing to do. Whilst it is true that

3 n 2 B 5r+ 1
r+2 x—1 224x—2

)
when considering the corresponding integrals,

/ 3 n 2 d / S5r+1 d
r= | ————— dx
x+2 z-1 24 x—2 ’

it should be clear that the left hand side is far simpler to determine than the
right hand integral. So:

1 2
/Ld— S 4 dz

2rr-27 " Jzr2 11
=3log|z +2|+2loglz — 1|+ C.
This example is typical of integrals of rational functions. It is easiest to first

split the fraction into its simpler components. In mathematical terminology, the
fraction is decomposed into its partial fractions.

A Theorem About Partial Fractions: Consider the rational function
P(z)
A(x) x B(x)’
where P, A and B are polynomials, with no common factors between any pair,
and where deg P < deg A + deg B. It is always possible to write

Plx) _ Ra(z)  Rp(z)

A(x) x B(z)  A(x) B(z) ’

where the remainders R4 and Rp are polynomials with deg R4 < deg A and
deg Rp < deg B. However, the proof is beyond the scope of this course.
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4D Partial Fractions 135

Linear Factors: In the simplest examples, A(x) and B(z) are linear. Since the
degrees of R4 and Rp are less, they must be constants, yet to be found.

1
WORKED EXAMPLE 9:  (a) Decompose v into its partial fractions.
(x —1)(z+3)
6
r+1

b) Hence evaluate — —dx.
(b) /2 (x —1)(z+3)

z+1 A B

SoLuTION: (a) Let where A and B are unknown

(x —1)(z+3) - :L‘—1+:L‘+3’

constants. Multiply this equation by (x — 1)(x + 3) to get:
r+1=Ax+3)+ Bz —1)

or r+1=(A+B)x+ (3A—-B).

Equating coefficients of like powers of x yields the simultaneous equations

A+ B=1
3A—-B=1.
These can be solved mentally to get A = % and B = % Thus
sl ) B
(x—1)(x+3) x—-1 x+3°
6
z+1
b) Hence —— dx yA
(b) /2 (x —1)(z+3)
1 1
1
=3 d
2/2 -1 2437 -3 1

HV

. - | :
= %{log(l‘— l)—l—log(:L‘—l—?))L ! 2 6

= %((log5 +1og9) — (log1 + log 5))
=log3.

This method of equating coefficients of like powers of x is usually only convenient
in straightforward examples like this one.

Finding the Constants by Substitution: A more general method of finding the
unknown constants in partial fractions uses substitution. In many cases it is also
a quicker method.

3x —5
WORKED EXAMPLE 10: Decompose 70 into partial fractions.
(r—=3)(x+1)
3x—5 A B
SoLuTION: Let :E = + , where A and B are unknown

(x=3)(z+1) =zz-3 =x+1
constants. Multiply this equation by (z — 3)(z + 1) to get:

3t—5=A(x+1)+ B(x—-3).

When o = 3, 4=4A
SO A=1.
When z = —1, —8=—-4B
SO B=2.
— 1 2
Thus 3 5 =

(x —3)(z+1) :L‘—3+:L‘+1'
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136  CHaPTER 4: Integration 4D

The careful reader will have noticed a point of contention with the solution. The
fraction is undefined when z = 3 and when z = —1, yet these values were used
in the substitution steps. How can this be valid? The answer is that some of the
detail of the solution has been omitted. Here is a more complete explanation.

3z — 5 A B
Si - h ~1,3,
mee G- t1) r-3 w1 e
it follows that 3r—5=A(x+ 1)+ B(zr — 3) where x # —1,3.

Now this last equation is true whenever x # —1, 3. That is, it is a linear equation
which is true for at least two other values of . Hence it is an identity, and so it is
true for all z, including x = —1 and « = 3. Thus these values can be substituted
to determine A and B. It is not necessary to give this complete explanation as
part of a solution, but students should be aware of it.

Numerators with Higher Degree: In slightly harder problems, the degree of the
numerator is greater than or equal to the degree of the denominator. In such
cases, the fraction should be expressed as a sum of a polynomial and the partial
fractions. Long division may be used at this step, but it is often easier to use a
polynomial with unknown coefficients, as in the following worked example.

3 -3
WORKED ExAMPLE 11: Determine /wdm.
x2 — 3z +2
3 3
— -3
SoLuTion: First note that — o3 _ Tt ,
2 =3x+2 (z—2)(z—1)
2 +x—3 C D
let —— = Ax+B
s0 1€ C—@-1n rPt It
thus 2 +r—-3=(Az+B)(z—-2)(x—1)+C(x — 1)+ D(x —2).
Equating the coefficients of 3, A = 1.
Atz =1 —1=-D so D=1.
Atz =2 7T=C.
Atz =0 —-3=2B-T7-2
SO B=3.
> 4+z-3 7 1
Finall L 3+ 4= 4
Aty /1‘2—31‘4—2 v /JH— +m—2+m—1 o

=127+ 32+ Tlog|z — 2|+ log |z — 1| + C.

The Cover-up Rule: There is an even quicker method to determine the constants
of the partial fractions, provided that the original denominator is a product of
distinct linear factors, and provided that the degree of the numerator is less than
the degree of the denominator. The trick is to multiply by just one linear factor

at a time.
7T—b5x . . .
WORKED ExamMPLE 12: Express in partial fractions form.
(z+1)(x—2)(x—3)
7 —bx Cl 02 03

SoLUTION: Let = . *

¢ (x4 1)(z—2)(x—3) 1‘+1+1‘—2+1‘—3 ()

) 7— b5z Cy(x+1) Cs(x+1)
1 — =
() x (x + 1) gives T3 |+ p— o
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4D Partial Fractions 137

12
soat x = —1 - Cl:wzl‘ ) 2
(%) X (z —2) gives o 1_)(;_ 5 _ ll(‘l_‘k—l ) Oyt %
-3
soat z =2 02:3X7(_1):1.
Finally G +71_)(5;p$_ 5= 01{:_—1 3) C2l(,$__23) Lo
soat z =3 03:4;1:_2‘
Hence 7—ba _ 1 1 2

(z+1)(x—2)(x—3)

rz+1

+:L‘—2_:L‘—3'

This method of finding the constants is sometimes called the cover-up rule. Look
carefully at how the three constants are determined. For each constant, the
matching linear factor is effectively omitted, or “covered up”. Thus for Cy, (z+1)
is left out of the original fraction. For Cs, (x —2) is excluded, and for C3, (z — 3)
is omitted from the original fraction. In each case, the resulting rational function
is then evaluated at the corresponding value of z. With practice, most students
should be able to determine the constants mentally using this method.

Proof of the Cover-up Rule — Extension:

P(x)

Q(x)

Proor: Consider the rational function

Here is a proof for the general case.

where deg P < deg (), and where

Q(x) is a product of distinct linear factors, that is

Qx)=Cx(x—ay)x (x—az) X ..

= CH(:L‘—ai)

X (= ay)

(note the use of product notation, H)

1
P C C C Cp
Let (z) _ & 2 4y 4
Qx) z—a; x—ay T — ag T — an
Multiply this last equation by (x — ag) to get
P — Ci(x — Co(x — Cplx—a
@)@—ay) Cilz—a) Clz-a) o Culz—a)
Q(x) T —ay T — asy T — an,

Now take the limit as x — a; . All terms except Cy on the right hand side are

zero and so:

Cp - P(x)(x — ag)

hence Cp =

C H(ak —a;)

i#k

(that is, cancel the kth linear factor)

The mathematical notation may seem difficult, but the result is exactly as before.
To get the kth coefficient C), omit the kth linear factor from the denominator

and evaluate the rest of the fraction at x = ay.
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138  CHaPTER 4: Integration 4D

Quadratic Factors: In certain instances, the denominator of the rational function
being considered will have a quadratic factor with no real zero. For example, in
3z + 10
(z—2)(@ + 1)
the quadratic factor (z? + 4) has no real zero. Thus the denominator of the
rational function cannot be expressed as a product of real linear factors.

Nevertheless, the method for finding the partial fraction decomposition remains
essentially the same. And since the only requirement is that the degree of the
numerator is less than the degree of the denominator, it follows that for any
quadratic factor the numerator can be a linear polynomial.

3z + 10
(x —2)(x2+4)

WORKED ExAMPLE 13: (a) Rewrite in its partial fractions.

3 10
(b) Hence determine / = 326)4(;2 Yy dz .
3 10 A B C
SoLuTION: (a) Let s = = i , where A, B and C are

(r—2)(x2+4) z—-2 2244
unknown constants. Then
3r4+10= A(2* +4) + (Bz + C)(x — 2)
Atz =2 16=84 so A=2.
Equating coefficients of 22 yields
0=24+B so B=-2.

Atz =0 10=8-2C
SO C=-1.
3z + 10 2 2¢+ 1

Th - _ ‘

B @-2@2td)  r-2 22+4

3z + 10 2 2z 1

b) H dz = - - d

(b) ence/(m—Z)(m2+4) v /1‘—2 2214 2244

=2log |z — 2| — log|z® + 4| — S tan (%) + C'.

PARTIAL FRACTIONS: Here is a summary of the techniques in this section.
e Make each numerator have degree one less than its denominator.
e Use the cover up rule when there are distinct linear factors.

2 e Substitution, simultaneous equations or equating coefficients may also be used
to determine unknown constants.

e Use a polynomial with unknown coefficients or long division for numerators
with higher degree.

Repeated Factors: Recall that a polynomial factor which has degree greater than
one is called a repeated factor. For example in the denominator of the fraction
88—z
(x—2)2(x+1)’

the factor (z — 2)? is a repeated factor since its index is two. When a partial
fraction question involves repeated factors, normally the initial decomposition
is given in the question and it is simply a matter of finding the values of the
unknown constants.
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4D Partial Fractions 139

(a) Find the real numbers A, B and C such that

8—=x A n B C
(x—2)2(z4+1) z2-2 (x—2)2 z+1°
1
] _
(b) Hence evaluate/o ($_2)2(2+1) dz .
SOLUTION:
(a) Now §8—x=A(x—2)(x+ 1)+ Bx+1)+C(z —2)2.
Atz =-1 9=9C so C=1.
Atz =2 6=3B so B=2.
Atx=3 b=4A+8+1
SO A=-1.
1
H d
(b) emce/0 (ff_Q 1) x Ay
1 2 1
_/0 IL‘—|—1 (r—2)2 _IL‘—Qd:E
2 ! 2
log(x + 1) ———log|m—2|] -1
2 . | Y
= (log2+2—logl) — (logl + 1 —log?2) (\. iz 7
=1+ 2log2.
Exercise 4D
1. Decompose the following fractions into partial fractions.
2 4x z—1
(2) (x—1)(x+1) (c) 2 -9 (¢) 242 —6
1 T 3x+1
b) —m d f
(b) (x—4)(x—1) (@) —3z+2 ®) (x —1)(z2+3)
2. Find:
2 3r—2 dx +5
—d d
Sl == Y A e O [ Traern®
4 22 4+ 10 10z
b ———d d d f ——d
()/IL‘2—|—4IL‘—|—3 o ()/IL‘2—|—21L‘—3 . ()/21‘2—1‘—3 o
3. Evaluate:

6 1
(a)/4 $2_4d1‘

03
(b) /2 IL‘2+IL‘—2d$

4. Determine:

2 -2 +5
D e e

5. Find the value of:
1+ 2z — 422

(2) /0 (x 4+ 1)(422 +
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140  CHaPTER 4: Integration

DEVELOPMENT

6. Find:

4D

2x + 3 4x + 12
(2) /(1‘—1)(1‘—2)(21‘—3) de (b) /x3—6m2+8xd””

7. Evaluate:

7 3245 2 132+ 6
(a)/z @ D@t n™ “”/I PR —o

202 +1 B

dx

C
8 (a) (i) Let —— =A+—+ R Find the values of A, B and C.

(x —1)(x+2) r—1
202 + 1
(ii) Hence find / Lt x
(x —1)(z+2)
(b) Use a similar technique to part (a) in order to find:

(i)/(ac2—21‘+3 i (ii)/( 322 — 66 i

z+1)(x—2)
9. (a) (i) Find the values of A, B, C' and D such that
23— 322 —4 C D
(z+1)(z—-3) r+1 -3
(ii) Hence evaluate / 1 w dz
o (z+1)(z—-3)

4.3 A2 -3
(b) Use a similar method to evaluate / e i dz .
9 (z4+2)(z-1)
10. (a) (i) Find the values of A, B and C such that

3z% — 10 4. B . C
—4xr+4 r—2 (r—2)2

. 322 — 10
(11) Hence ﬁnd /mdl‘

(b) (i) Find the integers A, B, C' and D such that
3x+7 A B C

x+4)(zr—5)

D

+ + +

(z—12(z—-22 z-1 (z—-12 z-2

.. 3z 47
(ii) Hence find / = 1)z —2) dz .

11. Show that:

(x—2)*

6 228 2 144z
dr=31In2—2In3. b /
(a)/4 T2 2 () s A—o) (21 1)

2 —1 A B Cz+D
1‘44—1‘2_1‘ 22 2 +1

NEEw: -1
(b) Hence show that / o doe = (7 — 2V/3).

12. (a) Let

Find A, B, C and D.

1 X
V3

13. Use appropriate methods to find:

o R
(b)/w2+1dm (d)/Ldm

[ 2 - 5x+6
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4E Denominators with Quadratics 141

ENRICHMENT

14. Use a similar approach to Question 10 for repeated factors to show that

1

2 Sr — x°
dr=4—-3In3.
/_% @+1PE@-n" '

15. (a) In the notation of the text, if Q(x) is a product of distinct linear factors, one of which
(

) . P(x)(z—ay)
— then Cy = lim ———=
is (x — ag), then Cy Jim 0

. Use this result to prove that
P(ar)
Q' (ay)
[HINT: What is the value of Q(ay)?]
(b) Use this formula to redo Questions 6(b) and 7(b).

Cr =

4E Denominators with Quadratics

Many practical applications yield integrals with a quadratic in the denominator.
In the simplest cases it is a matter of applying the following four results:

1 1 x 1
——  dr=—tan ' = /7(11‘:111‘1‘4—\/1‘2—&2‘
/ Va2 —a?

a? + 2 a a

dr = sin™* 2 dr =1n (ac + a2+ a2>

1
/ Va2 + a?

. Although a formula exists for this, it is

|

Another common integral is
22 — g2

not part of the course. It is expected that candidates determine the primitive by
use of partial fractions whenever this type of integral is encountered.

1
4
WORKED EXxAMPLE 15: Evaluate/ —dx.

1 $2 —4
4 4
SoLuTioN: N = e
V4 @-2@+2)’
let 1 A + =
so le = .
(r—2)(x+2) -2 x+2 3
— X
Then by the cover-up rule A =1 and B = —1. 2 1 2
1 1
4 1 1
H dr = — d
enee /;1$2—4 v /;1$—2 IZ‘-'—Q v

1
= {log |x — 2| — log(z + 2)]

= (log1 —log3) — (log3 —log1)
= —2log3.

Quadratics with Linear Terms: Frequently the quadratic will have a linear term,
such as in 3 + 2z — 2. In these instances the method is to complete the square
to obtain either the sum of two squares or the difference of two squares.
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142  CHaPTER 4: Integration 4E

WORKED ExAMPLE 16:

Find /;dl‘
V34 2z — 22

SorLuTion: Completing the square in the denominator:
1 1
/ ——dx = / ——dx
V3 + 2z — 2? Vi —(x—1)2
1
——du where u=z—1
/ V4 —u?

— —1u+C
:sm_lz lyo.

Notice that the solution uses a substitution. This step may be omitted by using a
result from the Mathematics Extension 1 course. Recall that if F'(x) is a primitive
of f(z) then

/fax+b ~F(ax +b)+C.

The result is a combination of shifting and stretching along the z-axis. A shift
does not affect the area under a graph, but a stretch does, hence the factor %

1
———, the primitive is F'(z) = sin~?
= thep (z)

with @ = 1 and b = 1. Thus it is permissible to write

without showing any working. Here is a similar example.

In Worked Example 16 above, f(x) = 5

dr =sin™" 1 4 C,

1
WORKED ExAMPLE 17: Find the value of/ L dx
1 7 + 4$ + l‘z

SorLuTion: Completing the square in the denominator: )

1 1 3
I I e
——dr = dx /
L T+4r + a2 134+ (4444 2?)

! 9
:/ T 5 dr -2-1 1 X
13+ (242)?
1
9 1242
/3 tan™ \/5’7]—1
~rE-D

—

C»J
=2lE

:|

QUADRATICS WITH LINEAR TERMS:  Complete the square, then use the result
3 /fcwH—b ~F(ar+0b)+C,

where F(x) is the primitive of f(z).

Linear Numerators: So far in all the worked examples the numerator has been a
constant. When the numerator is linear it is best to carefully split it into two
parts. The first term should be a multiple of the derivative of the quadratic in
the denominator. The second term will then be a constant.
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dr + 3
2+ 9

4o + 3 2z 3
SOLUTION: der =2 d d
/:z:2+9 . /m2+9 $+/:L‘2+9 o

=2log(z” +9) +tan"" £ + C.

WORKED ExAmPLE 18: Determine/ dx .

In harder examples the quadratic will also contain a linear term. The following
is such an example and requires the last integral formula in the appendix.

0

2 3
WORKED ExAMPLE 19: Evaluate ik S e
1V 2 +2x+2
SOLUTI(gN:
2 3
_ o srts dr
1V 242 +2
0 0
2 2 1
_ [ 22 / 1 &
1 V24242 1/ (x+1)2+1

= [ 1‘24—21‘4—2]:4— [log((m+1)+ (m+1)2+1)]i
=2v2 -2 +log(1+V2) —log1
=2(vV2—1) +log(1+V2).

4 LINEAR NUMERATORS:  When the numerator is linear it is best to split it into a
multiple of the derivative of the quadratic in the denominator plus a constant.

Rationalising the Numerator: In much previous work it has been convenient to
rationalise the denominator when a surd appears. In contrast, when calculus is
involved it is often more convenient to rationalise the numerator instead.

WORKED ExampLE 20: Find / \ / z+1 dz .
r+7

SoLuTION: Rationalising the numerator

r+1 r+1
——dr = | ———dx
x+7 V2 +8x+ 7

r+4 / 3
= | — dor — | ——dx
V2 +8x+ 7 V2 + 8z +7

_ $—+4dm_/ 5 dx
=) Vmrseat R
:\/$2+8$+7—310g‘(1‘—|—4)—|—\/(IE+4)2—32‘—|—C.

Notice that in the first line of working, by rationalising, the numerator has become
linear. This is typical of the questions done in this section.

5 RATIONALISING THE NUMERATOR:  When calculus is involved it is often convenient to
rationalise the numerator.
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Exercise 4E

NoTE: Two further standard integrals are required in this exercise:

1 1
_ and 7dm:ln‘m+\/m2—a2‘
/m /m

1. Find these integrals. Parts (e) and (f) require the two new standard integrals above.

dm:ln(m+ x2+a2)

(a) /94—1—1‘2d$ (c) /w21_9d1‘ (e) /\/ﬁdm
(b) /ﬁdm (d) /9—1352 da () /\/ﬁdm

2. Determine the following. Parts (e) and (f) require the two new standard integrals above.
1 1 1
a ———dx c —dx e / ——dx
()/1‘24—41‘4—5 ()/\/94—81‘—1‘2 (¢) Va2 —6x + 13
1 1 1
b / - dx d / ———dx f / ——dx
(b) z? — 4z + 20 (@) V20 — 8z — a2 ® VArZ + 8z + 6

3. Evaluate the following. Parts (e) and (f) require the two new standard integrals above.
3 0 3
1 1 1
a —————dx c ——dx e / ——dx
()/1 2 —-2x+5 ()/_1\/3—21‘—1‘2 (¢) —1 Va2 +2x+10

5 4 1 3 1 )
b /7611‘ d /—d f / ——d
(b) 1 @? =6z +13 (@) 0 V3+4dx — 422 ! ® N !

DEVELOPMENT

4. Find:
O s L b =L @ |
D e e Ll U
5. Find t}21e value of: , ,
(a) /0 e (©) /1 i (e) _H/%dm

! z+3

2 0

r+1 / x
b —d d ——d f ——d
()/1 22— dz 15" (@) ~1V3—2x—2? ! ® 0 Va?+4zr+1 !

6. Determine each primitive.

(a) /\/de (b) /\/ﬁdm (©) /\/Edm

7. Evaluate:

(a) /jﬁdm (b) /_01 ffjdm () Al\/gdm

ENRICHMENT

2
|
8. (a) Why is it not valid to evaluate / 1 dx using the techniques of this section?
0 — X

2
(b) Nevertheless, show that its value is lim / T dr=n-2.
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4F Integration by Parts 145

9. (a) Show that 2® +32% +5x +1= (z+ 1)(z* +22+2) + (z — 1).
(b) Hence or otherwise show that
O 23 + 322 + 5041 1

VT w=svi-4) -2+ V2),

4F Integration by Parts

Whilst there are well known and relatively simple formulae for the derivatives of
products and quotients of functions, there are no such general formulae for the
integrals of products and quotients. Nevertheless, as was found in the previous
two sections, certain quotients can be integrated relatively easily. In this section,
a method of integration is developed that can be applied to certain types of
products. It begins with the product rule for differentiation.

d

N -
ow d

(uwv) = vu'v +uv'.

Swapping sides and integrating yields

/u/vdm+/uv/dzx:uv,
hence /uv/dac:uv—/u/vdzx.

This last equation provides a way to rearrange an integral of one product into an
integral of a different product. The formula is applied with the aim that the new
integral is in some way simpler. The process is called integration by parts.

WORKED ExaMPLE 21: Use integration by parts to find /IL‘SI dx .

SOLUTION:
Let I = /IL‘SI dz

:/uv/dm,
!/ xT

where U= and v =e
SO =1 and v =2¢€".

Hence I =uv— /u/vdm

:IL‘SI—/SIdIL‘

=ze® —e"+C
or I=e"(z—-1)+C.

Notice the lack of any constant of integration until the process is finished.

INTEGRATION BY PARTS: The integral of the product u v’ can be rearranged using
integration by parts, viz:

6
/uv/dac:uv—/u/vdzx.
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4F

Reducing Polynomials: When one of the factors of the integrand is a polynomial,
it is common to let u be that polynomial. In that way the new integral, which
depends on v/, will contain a polynomial of lesser degree. That is, the aim is to

reduce the degree of the polynomial.

WORKED EXAMPLE 22: Evaluate / (x4 1)sinx dx.
0

SOLUTION:

Let I:/ (r+1)sinz dx
0

iy
:/ uv' dz,
0

where w=(x+4+1) and v =sinz
and v = —cosz.

hence I =7+ 2.

yi

A

a
=V

REDUCING POLYNOMIALS: Integration by parts may be used to reduce the degree of
a polynomial. Let u be that polynomial and v’ the other factor.

Repeated Applications: It may be necessary to apply integration by parts more
than once in order to complete the process of integration. In simpler examples it

may be possible to do some of the steps mentally.

1
WORKED EXAMPLE 23: Evaluate/ e dr .
0

SOLUTION: .
Let I:/ 22e " dx
0

! —
and put w=2> and v =e°

SO v =2r and v=-—e
" 1
Then I = { - 1‘28_1]0 + / 2xe” " dx (by parts.)
0

The second term is another integral of a product.
Soput w=2r and v =e "

with u =2 and v=—e

yi

Q=

1 1
Thus [ = —e  + <[— 21‘6_“”] + / 2e” " d:L‘) (by parts again)
0 0

1
=—e 1 -2 71— {QB_I]

0
=2—5e L.
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4F Integration by Parts 147

Exceptions with Polynomials: Although it is common to reduce the degree of a
polynomial using integration by parts, there are many exceptions. In this course
these exceptions typically involve the logarithm function.

WORKED EXAMPLE 24: Determine /mlogmdzx.

SOLUTION:

Let I:/:L‘logzxdac

and put uw =1logx and o =
1

SO u = and v =

Thus I = $2”logz — / 122 x Lz (by parts)

x

= %:1/:2 logz — / %IL‘dIL‘

= &8
(V]

= 12?logz — 12° + C
or I=212*2logz—1)+C.
Integrands where v/ = 1: The prime number 5 has only two distinct factors,

namely 1 x 5. A function may be treated like a prime in a similar way:

sin'z=1xsin"'z.

This somewhat artificial form of factoring is applied to facilitate integration by
parts. It is then usual to put u equal to the function and v’ = 1.

N

WORKED EXAMPLE 25: Find the value of/ sin”!zdx.

0
SOLUTION: VA
2 T+
Let I :/ sin~! zdx :
0 n
3 o 4
:/ 1 xsin"!ade. _‘1 1 1 p
0 2
Put w=sin"'z and v =1
1 _z1f
SO W =—— and v==x. 2

V1 — 22
1 3 x
Thus[z[:xsin_lzxr—/ ——dx by parts
o) e (by parts)
1
:[IL‘SiH_IIL‘—F 1—:1:2]2
0

= [(sxZ2+/2)-(0+1)
(15 42)

The careful reader will have seen that there is a much simpler way to do this
integral. The key is in the diagram. The area shaded is the difference between
the areas of the rectangle, width % and height ¢, and the unshaded portion. That
unshaded portion involves a very simple integral along the y-axis.
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148  CHaPTER 4: Integration 4F

This example highlights the importance of a diagram to see the most efficient
solution. In this case, it would be better to integrate along the y-axis than to use
integration by parts. It is left as an exercise to show the result is the same.

A Recurrence of the Integral: Integration by parts may lead to a recurrence of
the original integral. It is then simply a matter of collecting like terms.

WORKED EXAMPLE 26: Find a primitive of e® sinx .

SOLUTION:

Let 1= /ez sinx dx

and put uw =sinz and o =e¢”

SO w =coszx and v=¢c".

Then I =e*sinz — /ez cos z dx (by parts)

Now put u =cosz and v =¢”

!/

SO u = —sinw and v =¢".

Thus [ =¢e"sinx — <ez cosx + / e’ sinx dm) (by parts again)

x

=e”(sinx —cosx) — [
or 2] =¢e*(sinx — cosx)
hence I = %ez(sinm —cosz)+ C is the general primitive.

In this example it was important to apply the method consistently. Notice that u
was always the trigonometric function and v” was always the exponential function.
As an exercise to highlight the significance of these choices, repeat the worked
exercise but put u = ¢” and v’ = cos x at the second integration by parts.

As a final note, there is no constant of integration in the second last line of the
solution to Worked Example 26, yet the last line includes a constant. There is
nothing to be alarmed about here. The process has led to a specific primitive
I= %ez(sinm — cosz) and, as with any indefinite integral, the general primitive
is then obtained by simply adding a constant at the last step.

Exercise 4F
1. Find:
(a) / ze® dz (©) / (2 + 1)e* da () / (2 — 1) sin 2 da
(b) / e da (d) / 2 cos da () / (22 — 3) sec? z da
2. Evaluate:

(a) /Oﬂwsinxdx (©) /f sec? z da () /01(1 _ )e da
(b) /0% xcosx dx (d) /01 ze*® dx (f) /0 (x +2)e” dx

-2

3. Use integration by parts with v' = 1 to find:

(a) / Inz d (b) / In(2?) da () / cos— 2 dz
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4F Integration by Parts 149

Find tllle value of: . .

(a) / tan~! z dz (b) /1 Inx dx (c) /1 In/z dx

In eacoh case use integration by parts to increase the power of x.

(a) /:L‘ln:L‘d:L‘ (b) /IL‘21HIL‘dIL‘ (c) /IZ—fd:L‘
DEVELOPMENT

Use repeated applications of integration by parts in order to find:
(a) /IL‘2€I dx (b) /:L‘2 cos z dx (c) /(1]{11‘)2 dz

These integrals are more naturally done by substitution. However, they can also be done
by parts. Use integration by parts and then redo each integral using a suitable substitution,
in order to compare the efficiency and ease of each method.

1 5 1 4
(a) /0 s(@—1)dz (Q4) () /0 oo F1da () /0 oA =z dz (Q6b)

. Determine: (a) /ez cosxdr  (b) /e_z sinx dx

iy
2

%
Evaluate: (a) / e cosxdr  (b) / €’ sin 2x dx
0 0

Use integration by parts to evaluate:

(a) / sin™! z da (b) / v cos ' xdx (c) /0 4z tan™" z dr
0 -

Show that: .

(a) / z®cos2zdr =% (c) / sin(lnz) dz = $e(sinl — cos 1) + 3
0 1

(b) / 2’ sin 32 dv = 87 — 16 (d) / cos(lnz) dx = 3e(sinl 4 cos1) — %
0 1

(a) Determine /:L‘ln:r: dz. (b) Hence find /IL‘(IHIL‘)2 dz.

Use trigonometric identities and then integration by parts to show that:

s

2 . T R
(a) / rsinzcosrdr = 3 (c) / xtan2$dm:§—g—2—%ln2
0 0

(b) /2:L‘sin2:1:d:1::%(7r2+4) (d)/0 2*(cos’ x —sin’x) do =
0
ENRICHMENT

Determine formulae for the following:

(a)/\/mczm (b) /ln(:L‘—l— 2+ a?)da (c)/ln(ﬁ\/mMm

15. Determine:
(a) / x sinx cos 3z dx (b) / x cos 2x cos x dx (c) / €’ sin 2x cos x dz
3 1
16. Evaluate: (a) / zsin~tzdr (b) / z?tan !z da
0 0
N 1

17. Let s be a positive constant. Show that lim te St dt = — -

N—oo 0 S
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150 CHaPTER 4: Integration 4G

4G Trigonometric Integrals

Trigonometric integrals arise frequently in practical applications. This section
contains those integrals more commonly encountered, and is grouped by type.

Powers of Cosine and Sine: There are two methods for the integral
/ cos™ xsin" x dx

depending on whether the constants m and n are odd or even. If both are even
then it is best to use the double angle identities.

s

2
WORKED ExXAMPLE 27: Evaluate / 4 cos® x sin® z dx
0

SoLuTioN: Apply the double angle formula for sine to get: VA

3
/ 4 cos® x sin® z dx
0 !

:/ sin? 2z dx L R
0

=V

NE]

1 —cosdzdx (cosine double angle formula)

Il
N[
S—

. Z
[1‘ — i sin 4m]
0

PNERENIT

In the second method one or both of m and n is odd. Work with cosine if m
is odd, otherwise work with sine. The odd index of the chosen trigonometric
function can be reduced to 1 via the Pythagorean identity, cos® z +sin® z = 1. Tt
is then a matter of making a substitution for the other trigonometric function.
The result is a polynomial integral.

WORKED EXAMPLE 28: Determine /C083 zsin?zdz.

SOLUTION:
Let 1= / cos® zsin® z dx

= / cos (1 — sin? ) sin” z dx (by Pythagoras.)
Put u =sinx,

so that du = coszdx,

then I= /(1 —u?)u? du

:/ 2 _wtdu

_1,3_1,5
=3u —gu’+C
= %sin?’m— %sin5m+C’.
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4G Trigonometric Integrals 151

POWERS OF COSINE AND SINE:  Given an integral of the form /Cosm xsin” x dz:

e if m and n are both even then use the double angle identities,
e if either m or n is odd then use the Pythagorean identity and a substitution.

Powers of Secant and Tangent: There are three general methods for the integral
/ sec x tan™ x dx ,

again depending on whether the constants m and n are odd or even. There are
also two special cases which should be dealt with first.

When m = 0 and n = 1 the situation is trivial, viz:

/tanxdm:/smx dx
Cos T

= —log|cosz| + C.

A very clever trick is required for the other special case when m = 1 and n = 0.

t
/Sec$d$:/secx(secx+ anz) e

(secz +tanx)
/ sec x tanx + sec? x
= dx
secx + tanz
= log|secz + tanx| + C'.

Notice that in both special cases the result is a logarithmic function since the
numerator of the integrand is the derivative of the denominator.

THE INTEGRALS OF THE TANGENT AND SECANT FUNCTIONS:

/tan:z:d:z‘ = —log|cosz|+ C

/sec:z‘d:z‘:log|sec:x+tan:x| +C

Now for the general cases. If m and n are both even then separate out a factor
of sec? x and substitute u = tanx to get a polynomial integral. The Pythagorean
identity 1 + tan® 2 = sec? z may be required, particularly when m = 0.

WORKED EXAMPLE 29: Find /tan41‘d:1:.

SOLUTION:
/tan4 rdr = /taua2 zsec® x dr — /taua2 zdx (by Pythagoras)

= / tan? x sec® x dx — / sec’z —1dx (by Pythagoras again)
:/u2du—/sec2:xd:x+/ld:x where u = tan z

:§u3—tanzx+1‘+0

zétan3zx—tanm+1‘+0.
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152 CHaPTER 4: Integration 4G

iy

4
WORKED ExAaMPLE 30: Show that / sec* rtan?zdx = 1% .
0

iy

4
SOLUTION: Let I = / sec* z tan® z dx
0

w3

so I= / sec? z (tan? z + 1) tan® z dz (by Pythagoras.)
0
Put wu=tanz, A

1
then I:/ (u? + 1)u? du 4L
0

1
:/ ut +u? du
0

=V

X |

= [Lu? 4 L2 =R
5 3 0

_ 8

15

If n is odd then factor out the term sec z tanx and substitute © = sec x to obtain
a polynomial integral. The Pythagorean identity may be required.

s

3
WORKED ExXAMPLE 31: Determine the value of / sec® ztanx dr .
0

s

3
SoLuTioN: Let I = / sec® r tanx dz

yl\
0

3
SO I:/ sec® x x sec x tanx dz . 83

0
Put u:seczm, —z iz X
then I:/ u? du

1

1,3 2
= =U :|
{3 1

Wl

Whenever m is odd and n is even it is best to integrate by parts. Once again the
Pythagorean identity may be required.

WORKED ExampLE 32: Find /sec3 xdx.

SOLUTION:

Let I= / sec® x dx

:/sec2m X secx dx .

Put U = secx and v =sec’z

/
SO u =secrtanzx and v =tanx.

=secxrtanx —

Then I =secztanz — /sec ztan® z da (by parts)
/ sec z(sec’ z — 1) dx (by Pythagoras.)
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4G Trigonometric Integrals 153

Thus I:sec:z‘tan:z‘—/se03mdzx+/seczxdm,

S0 I =secxtanx — I 4 log|secx + tan x| (from the special case)
or  2I =secxtanz + log|secx + tanz|,

hence I = % (secxtanz + log|secz + tanz|) + C'.

POWERS OF SECANT AND TANGENT:  Given an integral of the form /secm xtan™ x dx:

10 e if m and n are both even then factor out sec? z and substitute u = tanz
e if n is odd then factor out the term sec z tanx and substitute u = secx
e if m is odd and n is even then use integration by parts

Products to Sums: There are three standard formulae for converting products of
trigonometric functions to sums. These will be familiar to some readers and are
easily proved by expanding each right hand side.

ProDUCTS TO suMs:

sin A cos B = % (sin(4 — B) + sin(4 + B))
1 cos Acos B = £(cos(A — B) + cos(A + B))
sin Asin B = £ (cos(A — B) — cos(A + B))

These formulae can be applied to simplify an integral, as in the following example.

WORKED ExampLE 33: Find /cos 3xcos2x dx .

SOLUTION: /cos 3zcos2zdr = 4 /cos x + cos dx dx (products to sums)

:%sinm—l—%sin&x—l—c.

The t-substitution: The t-substitution, namely ¢ = tan ¢, should be well known to
all readers, being part of the Mathematics Extension 1 course. The aim here is
to transform a trigonometric integrand into a rational function.

WORKED ExAMPLE 34: Show that /2 4 dr =log3.

o B+dcosx
ERN
SoLuTION: Let [ = / _—
o d3+5Hcosx
— z
Put dtt = tan 3 cos ()
then — = %sec2 5 >
dr % X
=3(1+1¢%)
2dt
S dr =
? Ty
1— ¢
ith =
wi cos T T
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Exercise 4G
1.

CHAPTER 4: Integration 4G

! 4 2 dt
Thus 1= 5 X
0 3451t 1+2

Let 1 A, B (partial fractions)

= rtial fractions
C erne-t 2+t 2-¢ P
then A=1 and B=1 (by the cover-up method.)
H 1 /1 ! + ! dt
11 = _ R
enee 0 2+t 2t

1
- [log(Z 1) —log(2 — t)]o
=log3.

THE ¢-suBSTITUTION: Use this to transform a trigonometric integrand into a rational
function. Let ¢t = tan Z, then:

12 2t 12 2t 2 dt

T cosa/::1+t2 simz‘:1+t2 with d$:1+t2

tanx =

Find:

(a) / cos 3 da (b) / sin dz () / tanz da (d) / cot 2 dz

. Find each of the following integrals by substituting either © = sinx or u = cosz. You may

also need to apply the Pythagorean identity cos? z 4 sin?z = 1.

(a) / cos  sin® z dx (c) / sin® z dx (e) / cos® x dx

(b) / cos? rsinx dx (d) / cos® x dx (f) / sin® z cos®  dx
3. Use the double angle formulae to evaluate:
B 3 T
(a) / sin? z dx (b) / cos® z dx (c) / sin” z cos” x dz
0 z 0
4. Use the substitution v = tanx to find the following. You may also need to apply the
Pythagorean identity 1+ tan®z = sec? x.
(a) / sec’ z dx (b) /taua2 xdx (c) / sec* z dx (d) /tan4 xdx
DEVELOPMENT
5. Evaluate:
2 3 . 3 .. 3 " -3 2
(a) / cos® x sinx dx (c) / sin® z cos x dx (e) sin® x cos” x dx
0 0 0
g 3 3 .5 e 2 3
(b) / cos® x dx (d) / sin® z dx (f) sin® x cos” x dx
0 0 0
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4G Trigonometric Integrals 155
6. Determine:
(a) / cos* z dx (b) / sin z dx (c) / sin z cos* z dx
7. Show that: )
3 T
(a) / sec? ztan®z dr = V3 (c) / sec’ rtanz dr = 3
0 0
3 I
(b) /FSQC2IL‘taHSIL‘dIL‘:2% (d) /0 tan’ z dr = $(2In2 — 1)
-5
8. Use the t-substitution to evaluate:
: ! d b : 1 d : _ d
(a)/o 1+sinz v ( )/0 4+ 5cosx v (c) /_% o+ 3sinx v
9. In each case use a suitable trigonometric substitution to evaluate the integral.
1 1 1
(a) / V1—2a2dx (b) / 23\ 1+ 22 dx (c) / 21 — 22 dx
0 0 0
10. Let I = /sin:z:cosa:d:z:.
(a) Find I using a suitable substitution. (b) Find I by the double angle formulae.
(c) Show that the answers to parts (a) and (b) are equivalent.
11. Evaluate: i}
T 3
(a) / (tan® 2 + tanz) da (b) / (cosz — cos® z) du
0 -3
12. Evaluate:
L 2 5 g 4
(a) / sin” x sec” x dx (b) / sin® x sec” x dx
0 0
13. Find these integrals by first converting the products to sums.
(a) / sin 3z cos z dz (b) / cos 3z sinz dz (c) / cos 6 cos 2x dx
14. Evaluate these definite integrals by first converting the products to sums.
I I 3
(a) / sin 3z sinz dz (b) / cos 4z cos 2z dx (c) / sin4z cos 2z dx
0 0 0
15. Use the substitution ¢ = tan § to determine:
1 1 1
—d b d d
(2) /1—|—COSIL‘ o (b) /1+sin:1:—cos:z‘ . (c) /3sinm+4cosa: o
o 1+tan g
16. (a) Use the t-substitution to show that [ seczdz =In T tant
— tan Z
2
(b) Show that the primitive in (a) is equivalent to In [sec x + tanx| 4+ C.
ENRICHMENT
17. In the chapter on complex numbers it was shown that (cis#)® = cis30. Use this result to
help determine / cos® 0 df.
18. Use integration by parts and the fact that /sec zdr = In|secz + tan x| + C to show that
T oa _ 11
/0 sec $d$—7§+§ln(1+\/§).
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4H Reduction Formulae

Readers will be familiar with sequences and series, such as the odd numbers,
1, 3,5 7,... or wu,=2n-1,

or the powers of 2,
1,2,4,8 ... or u,=2""1.

In this section, sequences of integrals are considered, such as the sequence

B B B B
/ sinmdm,/ sinzmdm,/ sinxdx, ... or In:/ sin"x dr .
0 0 0 0

Of particular interest are the equations which relate the terms of the sequence.
Continuing with this example, it can be shown that

In:"T_lxIn_z for n>2.
Such equations are called reduction formulae, because they enable the index to
be reduced, in this case from n to n — 2. In practical terms, this means that
if one of the integrals in the sequence is known then other terms can be simply
calculated from it without the need for further integration. Returning to the
example above, since

z
2

11:/ sinzdr =1,
0

it follows that I3 = %II = %,
_ 47 _ 8

and Is = = I; = 2.

This is obviously a significant saving of effort since it was not necessary to find

the primitives of sin® z and sin® z in order to evaluate Is and Ir. It should be
clear from this that reduction formulae are of particular importance.

Note that the convention is to evaluate the sequence index before the integral is
evaluated. Thus, once again using the same example,

%
IOZ/ 1dx
0

Identities: In a few cases the reduction formula can be generated by use of an identity,
as in the following example.

NE]

s

4
WORKED ExamPLE 35: Let I,, = / tan" z dx .
0

1
(a) Show that I,, = —— ~In2 forn > 2.
n

(b) Evaluate I; and hence find I5.

SOLUTION:
T 2 2
(a) I, = / tan""“x (sec”x — 1) dx (by Pythagoras, for n > 2)
0
T 2 2 T 2
= / tan™ " “ x sec” r dr — / tan™"“ x dx
0 0
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4H Reduction Formulae

t n—1 %
thus I, = [M] —dp—2
n—1 ],
1
= — 1,9 forn>2.
/”L [e—
1
(b) I :/ tanz dx A
0 z yi= (tan x)°
= {— log(coszx)]o 11
_1 ‘ >
= 5 log2. —z 17% z X
Thus I;=4%-1
11
573 log 2 s
and I5 = i — 13
= %logQ — i .
By Parts: Many examples of reduction formulae use integration by parts.
WORKED EXAMPLE 36: Let [,, = / (logx)™ dx
1
(a) Show that I, = e —nl,_y for n > 1.
(b) Hence show that I3 =6 — 2e.
SOLUTION: .
(a) I, = / 1 x (logx)™ dx
1
= {:p(logzx)”] —/ x x 2(logz)" ! du (by parts)
1 1
=(e—0)— n/ (logz)" ! dx
1
=e—nl,_1.
(b) h:/lm
1
=e—1. A
Thus 6L =e— 1
=1, [
12 =€ — 2[1 )"C
=e—2,
and I3 =¢e— 31
=6—2e.

By Parts with an Identity:

1
WORKED ExAMPLE 37: Let I, = / (1 —2?)"dx.
0

(a) Use the identity 2 = 1 — (1 — %) to show that I,,
(b) Evaluate I and hence find I3 .

ISBN 9781108771054 © Sadler & Ward 2019
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Some examples use integration by parts and an identity.

_1 forn > 1.

Cambridge University Press

157
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SOLUTION:
(a) Apply integration by parts first to get:
1

In:/ z2(1— 2" dx

0

1 1
_ [§x3(1—m2)"]0—/ L x (—2n2)(1 — 22" da
0

1
=0+ %"/ 22 x 2?(1— 2" tda
0

= %n 732(1 - 1‘2)n_1 - 1‘2(1 — 1‘2)n dx (by the identity)

0
50 Iy=21, 1 —2I,.
thus %In = %"In_l
_ 2n
or I, = —2n+3ln_1 formn>1.

4H

1 A
(b) I :/ 22 dx 4
0 1]
= % . O 4 ((%9%)
Thus I = 2l ; : >
- 2
15
I=3%I y=x(1=x)’
_ 8
=3
and 13 = 812
16
315
Exercise 4H
. n tan""1
1. (a) Given that I,, = [ tan" z dz, prove that I,, = 1 In for n > 2.
n [e—
(b) Hence show that I = %tam5 x — %tam3 x+tanx —z + C
2. (a) If I, = /m"ez dx, show that I,, = 2"e¢” — nl,_; for n > 1.
(b) Hence show that /1‘361 dz = (2% — 32% + 62 — 6)e” + C.
3. (a) If I, = / z(Inz)" dz, show that I, = 3€* — inl,_y for n > 1.
1
(b) Find Iy and hence show that Iy = 1(e* — 3).
2
4. Let u,, = / cos" z dx .
0
(a) Use integration by parts with v' = cosx to show that
2 : 2 n—2
un:(n—l)/ sin“zcos" “xdx forn > 2.
0
(b) Hence show that u, = (n — 1) (tn—2 — up).
(c) Deduce that u,, = "T_lun_g for n > 2, and hence evaluate us.
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10.

11.

12.

4H Reduction Formulae

DEVELOPMENT

A~

. Let Tn:/ sec” xdx .
0

(V2 n-2
n—1 n—1
You will need to use integration by parts and a trigonometric identity.

(b) Deduce that Ts = 22

(a) Show that T,, = Tp—o for n > 2.

us

2
. Let Cn:/ x" cosxdr, where n > 0.

0
(a) Prove that C,, = ()" —n(n —1)Cp_2, for n > 2. (b) Hence evaluate Cs.

n

x
S that I,, = dx.
uppose tha / T
n—1
(a) Use algebraic manipulation to show that I,, = 7~ In2
n—
25
(b) Hence find / 12 dz.
! 9 2n
(a) If I, = / (1 —2%)" dz, show that I, = ot I, forn > 1.
0 n
(b) Evaluate I and hence find I4.
! 3 3n
(a) If u, = / z(1 —z°)" dz, show that u, = 32 Unt for n > 1.
0 n

(b) Show that up = 3 and hence evaluate .

Suppose that J,, =
PP / v1-— IL‘2
(a) Show that J, ((n 1) Jpg — 2" V1~ :1:2> for n > 2.

x
[HINT: Do this by parts with u = 2"~ ! and v/ = ———]

V1—22

2

x
b) Hence determine / ——dx
(b) =

3
Let u,, = / sin™ z cos? z dz.
0

(a) Show that w, = (Z—jr;) Up_o, for n > 2.

[HINT: Do this by parts with u = sin” ! 2 and v’ = sin z cos® z.]

(b) Hence show that uy = 35 .

1
Consider the integral I,, = /
0
(a) Show that Iy = 22— 2.
1
(b) Show that I,,_1 + I, = / 2" Y1+ xdx for n > 1.
0

Photocopying is restricted under law and this material must not be transferred to another party.
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. . 2v2 —2nl,_
(c) Use integration by parts to show that I,, = —\/_2 n 1" L forn > 1.
n
(d) Hence evaluate I5 .
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160 CHaPTER 4: Integration 4H

13. (a) Show that (1 +¢*)" "' +#2(1 4+ )"t = (1 +*)™

(b) Put P, = / (1 + tz)n dt. Use integration by parts and part (a) to show that
0

P, = —2n1+1 ((1 + l‘z)nm + ZnPn_l) for n > 1.

(c) Hence determine Pj:
(i) by the reduction formula, (ii) by using the binomial theorem.

(d) Hence write 1+ 32” + 82* + 22° + £2® in powers of (1 + 2?).

1
14. Let Tn:/ 2"V1 — xdx.
0

2
(a) Deduce the reduction formula T}, = o Tp—1 for n > 1.
2n +3

(b) Show that T5 = 2=.

! 1)!
(¢) Use the reduction formula to help prove by induction that T,, = % ntl
n !

ENRICHMENT

1 1
15. Let I, = / (1 —2*)"dz and J,, = / 2?(1—2%) " du.
0 0

(a) Apply integration by parts to I,, to show that I,, = 2n J,,_; for n > 1.
2n

(b) Hence show that I,, = 1 I, forn>1.

(¢) Show that J, = I,, — I,+1, and hence deduce that J,, =

n -

2n+3
(d) Hence write down a reduction formula for J,, in terms of J,,_; .

%
16. Forn =0, 1, 2,...1et[n:/ tan™ 6 df .
0

(a) Show that I; = £In2.
1
(b) Show that, forn >2, I,, + I,,_o = —-
n [e—

(¢) For n > 2, explain why I,, < I,,_o, and deduce that

1 1
<<
2(n+ 1) 2(n — 1)

(d) Use the reduction formula in part (b) to find I5, and hence deduce that 2 <In2 < 2.

3
17. Suppose that I,, = / cos nx sec x dx.
0

2 . (n—Dm
sin
n—1 3

[HINT: Write nx as (n — 2)x + 2x.]

(a) Prove that I, = — I, 5 forn > 2.

s

3

b) Evaluate cos bx sec x dx.

(
0
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41 Miscellaneous Integrals

As was stated in the chapter overview, integration is an art form and requires
much practice. In particular, it is important to be able to recognise the different
forms of integrals, and to quickly determine which method is best used. To that
end, this section has been included. The exercise contains a mixture of all integral
types. Some questions can be done by more than one method. It is up to the
reader to determine which method is the most efficient.

Exercise 4l
1. Evalualte: 5
z? 2z + 2 3 3COSIL‘
—d — — d

(2) /_1 G+z5)2 (C)/2 +r3)z—1) " Stz
T 2

(b) / xsinx dx (d)/ ? 1dIL‘
0 o z+1 4 — 9:1:2

2. Find:

CoA

0 [ e
)/ﬁdfﬁ (d) /md‘f /:L‘2+6:L‘+25d

w

0 | 7

3x cos3x dx

(b) / 1+ (o) /:L‘Blnmdm

14 22
(c) /SiIlIL‘ cos* z dx (f) /sim3 2z dx
3. Show tlhat:
(a) /0 e P dr =2-2 (f)

(b) /2 sin® z cos® z dz = & (g)
0

X

/
1 /O !
O [ G-t o) [Tt 5w
/,
/

@ [Ta-attae= g (i)
(e)/oﬂdm:g—l ()

1+ z2
DEVELOPMENT

4. (a) Find the rational numbers A, B and C such that
x—1 A Bz +C

:L‘3+1_:L‘+1+:L‘2—:L‘+1'
1.3
(b) Hence showthat/ :Egjdmzl—%lnz
0o T +1

5. Use integration by parts to show that /IL‘ e dr = —%€_I2(1 +23)+C.

s

3
6. (a) Evaluate / sec* zdx.
0

(b) Hence evaluate / sect z dx .
0

w3

ISBN 9781108771054 © Sadler & Ward 2019 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.



162  CHaPTER 4: Integration

7. In each case let t = tan% in order to show that:

3 1 3 1
——dr=1In3 b / de =7
(&) /0 3+ 5cosx R (b) o cosx —2sinx + 3 T

8. (a) Find the values of A, B, C' and D such that

4t A N B +Ct+D
(1+8)2(1+#2) 1+t (1482 1+

% .
(b) Hence use the t-substitution to evaluate / ST g
o 1l+sinz
64 1
9. Use the substitution © = </x to show that : W dr=11—-6 ln% .
10. Find / vV a? — x? dx using:
(a) the substitution § =sin™' Z, (b) integration by parts.
1 2
5 —dx
11. Show that de=1(r+InZ).
(a) Show tha /0 AT 20)(1 1 27) r=5(m+1In)
2 cos

(b) Hence find /2
0

12. (a) Find integers P and @ such that

1+ cosx + 2sinx

dx using the substitution ¢t = tan

z

PR

8sinz + cosx — 2 = P(3sinx 4+ 2cosx — 1) + Q(3 cosz — 2sinx) .

i —2
(b) Hence find / 8sina + cos s dz .

3sinx + 2cosx — 1

13. (a) If T, = / sin” x dx, show that T, = "T_lTn_z for n > 2.
0
(b) Hence show that T5Ts = 3.

14. (a) Let I, = / (Inz)™ dx and show that I,, = e — nl,_1 for n > 1.
1

(b) Hence evaluate Is.

ENRICHMENT

1 n—1
15. Let[n:/ xidm,fornzl,Z,?),...

(a) Show that I; =1n2.
1

(b) Use integration by parts to show that I,,.1 = I, — T

(¢) The maximum value of * 1 for0<ax<1,is %

T+
Use this fact to show that ,,11 < %In .
1
n gn—1 :

(d) Deduce that I,, <

(e) Use the reduction formula in part (b) and the inequality in part (d) to show that

2 17
§<1H2<ﬂ.
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4] Miscellaneous Integrals 163

. T cosx + 2sinx 1
diﬂzz,ShOWthat/o md$:ﬁ(l6ln2—ﬂ')

1

16. Given that/ —_—
o 9+ 3coszx

142 _
17. (a) Use the substitution u = ¢t — ¢t~ to show that / 11—#1 dt = \/Li tan—! % +C.

(b) Alternatively, use the result (14t*) = (1+t%)2—(v/2t)? and partial fractions to show
1+ -1 1 -1
that /H_—#ldt— T5tan” (V2t+ 1) + s tan~ (V2 — 1)+ C.
: : : 11417
(¢) The formulae in parts (a) and (b) agree when applied to the integral 174 dt
P
provided pg > 0. When pg < 0 the formula in (a) is incorrect. Why might that be?

18. Consider the two new functions coshz = 1(e* + e™*) and sinhz = $(e” —e™*).

In2
1
Show that dv=1ttan™'1.
o a/o Beosha — 3simha o 2 00 3

1
In(1
19. Suppose that I:/ Mdm.

0 1+IL‘2

s

I
(a) Use the substitution x = tané to show that [ = / In(1 + tan ) d6.
0

g 2
(b) Next, use the substitution v = 7 — 6 to show that I = / In{ ——— ] db.
0 1+ tand

(¢) Finally, deduce that I = $7In2.
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4J Chapter Review Exercise
Exercise 4J

1. Find:

(a) /meIde (1 +22) () /Ldm

2 —2x —3

@ [
(b) / xff_ldm / cos® zsinz da (f) / e~ dg
@ | et

2. Find: 5
T+

d

1‘2+21‘+5 (e)/w+1 v

(a) [ tan®zdx
z 322 +2
dx d / sxd
NeEe (d) [ weosgeda ®) / P @

3. Use the given substitution to find:

(a) / mdm put z = 2sinf] ?

(b) / 62;; dz [put u = €”]

dz [put u = /]
1
-1 4cosm

4. Evalante:

1
)/ 22/ 23 + 1dx / sin® z da (e) / 221 — zdx
-1 0 0

5 1 z
2z 81‘ 1.
(b) /4 g P dx / (f) /0 sin 5z cos 3z dx
5. Evaluate: . )
3 ¢+ x+ 18
in3xd d
(a)/o ST AT ( )/0 x3 + 922 + 9z + 81

2 3-7x 4 3
o) [ (o) /2 V16~ 2% da

3
sin? z cos® 2 dx (f) / e** sin mx da
0
6. Use the glven substitution to find:

o f
h
/ d:L‘ [put u = vz + 1]
o)

Vr+1

dx ut t = tanx
9 8sin’z [P ]

c) /0 Va4 —x)dx [put = = 4sin® 4]

51
(d) /3 dz [put ¢ = tan ]
0 COSX

1
7. (a) Given that I, = / z"e” dx, prove that I,, = e —nl,_;.
0
(b) Hence show that I5 = 120 — 44e.

8. (a) Derive a reduction formula for I,, in terms of I,,_; given I, = /1‘3(111 x)"dx.

(b) Hence show that /1‘3(1111‘)3 dzx = zt <32(1n1‘)3 —24(Inx)* + 12Inz — 3) +C.

128

[put ¢ = tan 2]
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4) Chapter Review Exercise 165

2 on —1
9. (a) If I, = / sin®" x dz, prove that I, = nTlgn_g.
0 n

s

(b) Hence find /2 sin® z dz.
0

1
10. (a) If I,, = / (14 22)™ dx, prove that (2n + 1)1, = 2" + 2nl,_;.
0

s

(b) It J, = / sec?™ 6 df, show that J,, = I,,_; and hence find a reduction formula for .J,,.
0

(c) Evaluate /4 sec® 6 df.
0

sin 2nx

2
11. (a) Given that I,, = / - dx, prove that I,, = sin(2n — 1)z + I,—1.
sinx 2n—1
% sin 6z

dz.

(b) Hence find /

o sinz

12. (a) Use the substitution u = a — = to prove that / f(x)dx = / fla—x)dz.
0 0

- .
rsinx mln3
(b) Hence show that / ——dr =
0o 3+sin“z 4
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166  CHaPTER 4: Integration 4K

Appendix: A Short Table of Integrals

Here is a short table of integrals. Each integral in the first group is a simplified
form of one found in the examination Reference Sheet. Students may find this
table helpful whilst studying this chapter, but should aim to become proficient
at using the examination Reference Sheet as soon as possible.

The group of three extra integrals at the bottom are only occasionally needed
in Mathematics Extension 2, and do not appear in the examination Reference
Sheet. Students are expected to be able to apply unfamiliar integral formulae
like these when they are given.

COMMON INTEGRALS

n _(am+b)"+1
/(am+b) dx = At 1) +C
/eaz—&—bdm:éeaz—&-b_'_c
!/
f(z) =In|f(z)|+C
1
/s1naﬂc+b —acos(aﬂc+b)+0
1
/cos (ax +b)d = sin(ax +b) + C
/sec (ax +b)d lt:zaulfl(czx4—l))+C’
1 .1
/ﬁdl‘:ﬂn E—FC

1 1
/*dm:—tan_1§+0
a a

a? + x2

OTHER INTEGRALS

1
/secawtanawdw =—secar+C, a#0
a

:ln(w+ 362—&2)4—0, x>a>0

1
| e

:L‘:ln(x+ 1‘24—&2)4—0

1
- d
/\/1‘24—&2
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Vectors

CHAPTER OVERVIEW: The work on vectors, begun in the Extension 1 course, is
now broadened to include vectors in three dimensions. Once again, the focus is
on geometric problems involving points, lines and angles. Three dimensions often
makes these problems more complicated, but in many cases the theory developed
in Extension 1 applies in a similar way.

A good knowledge of the coordinate system is essential to better understand how
vectors work in three dimensions. The first section in this chapter introduces that
coordinate system and presents some of its basic features. Section 5B formally
extends vectors to three dimensions, and adds the new basis vector k to the list of
standard basis vectors, ¢ and j. The dot product is reviewed in Section 5C. The

definition is extended to three dimensions, and several applications are considered
in Section 5D. Then follows a section on vector proofs in geometry. Section 5F
develops the vector equation of a line. This is necessarily a long section, as it
compares and contrasts the vector equations with previous work in coordinate
geometry. The chapter concludes with a number of other applications of vectors,
including circles, spheres, planes and some simple curves.

5A Coordinates in Three Dimensions

Right-handed Coordinates: The familiar two-dimensional
coordinate system has the z-axis drawn horizontally with
positive to the right, and has the y-axis drawn vertically
with positive up the page. Consequently, a rotation about
the origin from the positive z-axis to the positive y-axis is
anticlockwise. The configuration is called a right-handed ‘\
system. This is because when a person’s right hand is ‘ & -
placed with the edge of the palm resting on the page, _i_ 1 12345
such as when holding a pencil, the fingers curl in the
same anticlockwise direction. The situation is shown in
the diagram on the right.

— 0 W A 'S

=V

The Coordinate Axes in Three Dimensions: A third axis is required for drawing
graphs in three dimensions, which is labelled the z-axis. The direction of the
z-axis needs to be determined. Following the conventions established for two
dimensions, the three axes should be at right angles to each other, and oriented
in a right-handed way.
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168  CHapPTER 5: Vectors 5A

Start with an xy-coordinate plane. Then imagine that a z
right-handed screw is placed upright at the origin. The

direction the screw advances when turned anticlockwise, I
from x-axis to y-axis, is taken to be the positive direction

of the z-axis. This is also the direction of the thumb on y
the right hand, with fingers curled anticlockwise. The
configuration is shown in the diagram on the right.

Another way to view this is to sit on the floor in the z

corner of a room where two walls and the floor meet, all Bﬂ
at right angles to each other. To the right, along the line

where one wall meets the floor, is the positive z-axis. To
the left, along the line where the other wall meets the
floor, is the positive y-axis. The positive z-axis is up the
vertical line where the two walls meet.

<

How to draw the axes: Drawing a good representation of a three dimensional
object on a page requires perspective, which may be difficult for those who are
not artistically talented. Mathematicians use two common approaches to draw
simple objects like cubes and rectangular prisms. Here they are showing the unit
cube (with edge length 1) with one corner at the origin.

ZA ZA

In the first instance, the y-axis is horizontal and the z-axis is vertical as though
they lie in the plane of the page. The z-axis is drawn at about 40° to the
horizontal, below and to the left of the origin on the page. This is a simplistic
attempt to show perspective, as though the z-axis is coming up out of the page.
It represents what is seen when standing in a room looking at the corner where
two walls and the floor all meet. It has the advantage of being easy to draw,
but is not a correct representation of perspective, and so some figures will look
distorted when drawn this way.

In the second case, the z-axis is horizontal and the z-axis is vertical as though
they lie in the plane of the page. The y-axis is drawn at about 40° to the
horizontal, above and to the right of the origin on the page. This is another
simplistic attempt to show perspective, as though the y-axis is heading into the
page. It represents what is seen when looking into a glass display cabinet near the
bottom left corner. Again, it has the advantage of being easy to draw, but is not
a correct representation of perspective, and so some figures will look distorted.

It is worthwhile practising these two approaches so that realistic looking pictures
and graphs can be drawn quickly. Of course, those who are artistically talented
may wish to draw the axes and other objects in genuine perspective. In many
instances, the diagrams in this text have been drawn in true perspective.
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5A Coordinates in Three Dimensions 169

The Coordinate Planes: Each pairing of the variables z, y and z corresponds to
a coordinate plane. Thus there are three coordinate planes in three dimensions:
the zy-plane, the xz-plane and the yz-plane. Each pair of planes meets at right
angles along a line which is the common axis. Thus the xy-plane and yz-plane
meet at the y-axis. All three planes meet at a single point, the origin.

In one dimension, the origin divides the number line into z
two opposite rays. In two dimensions, the two axes divide
the plane into four regions called quadrants. In three
dimensions, the three coordinate planes divide space into
eight regions called octants. This is demonstrated in the
diagram of the coordinate planes on the right.

xz-plane

Planes Parallel with the Coordinate Planes: Recall that
in two dimensions the equation x = 1 represented a line
parallel with the y-axis. In three dimensions it is a plane
parallel with the yz-plane. Likewise the equation y = 3
is a plane parallel with the xz-axis. The equation z = 2
is a plane parallel with the zy-plane. Notice that in each
case, the two letters not used in the equation indicate
the parallel plane. Further observe that the three planes,
together with the coordinate planes, form the six faces of
a rectangular prism, as shown in the diagram.

The Coordinates of Points: Notice that the three planes x = 1, y = 3 and z = 2
in the last example intersect at a point. The coordinates of this point are written
(1,3,2). That is, the coordinates of a point are written as an ordered triple,
in alphabetic order (z,y, z). Also notice that this point is in the octant where
all three coordinates are positive. This is called the first octant. Though rarely
needed in this course, octants are numbered from 1 to 4 with z > 0, corresponding
to the four quadrants in two dimensions, and from 5 to 8 with z < 0.

THE COORDINATES OF POINTS: The coordinates of a point in three dimensions are
1 written as an ordered triple, in alphabetic order, (z,y,z). The point with
coordinates (a, b, ) is where the three planes z = a, y = b and z = ¢ intersect.

Pythagoras: The formula for the distance between two points can be extended to
three dimensions. Consider the distance OP, from the origin to the arbitrary
point P = (z,y, z) in the diagram below. Let @ be the foot of the perpendicular
to the zy-plane, and let R be the foot of the perpendicular from () to the z-axis.
Using Pythagoras’ theorem in AOPQ,

OP* = 0Q” + 2°, i
and in AOQR, F
00% = 22 442 . o/ F
Combining these two gives the result R x 4
OP% = 22 + 42 + 22, S

Now suppose that the distance is measured to S(z1, y1, 21) instead. Then, by the
shifting results established in Extension 1,
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SP?=(z—z1)’+(y—mn)’+ (z— 21)°.
Notice that the change of equation for shifting in three dimensions works in the
same way as in two dimensions. That is, in order to shift up by 21, replace z with
(z — z1). Finally, for the specific point T' = (g, Yo, 20), the distance formula in
three dimensions is

ST? = (zg — 21)* + (Yo — y1)* + (20 — 21)*.

THE DISTANCE FORMULA:  The distance from S(z1,y1, 21) to T = (x0, Yo, 20) is

ST? = (zo — x1)* + (yo — y1)® + (20 — 21)* .

WORKED EXAMPLE 1: Find the distance from A(1,—-2,1) to B(—1,3,5).

SoLUTION: Applying the formula above,
AB® = (-1-1>+ (3+2)*+ (5—1)*
=4425+16
=45
Hence AB =35

Midpoint Formula: The midpoint formula in two dimensions can be stated in words
as the averages of the coordinates. In three dimensions, the statement is the
same. Thus if M (z,y, z) is the midpoint of the interval joining P(x1,y1, 21) and
Q(l‘z, Y2, ZQ) then

1+ T2 _ ity and Z:«21+Zz
2 Y 2 2
The usual proof of the formula in two dimensions uses congruent triangles. That
method of proof works equally well in three dimensions, and is left as an exercise.
Later in this chapter it will be possible to prove the result in three dimensions

using vectors.

WORKED ExAMPLE 2: Find the midpoint of AB in the first worked example.
L3).

SoLuTioN: Taking the averages of the coordinates, the midpoint is (0, 3,

THE MIDPOINT FORMULA: Let M(x,y,z) be the midpoint of the interval joining
P(x1,y1,21) and Q(x2, Y2, 22) then

T+ T2 :y1+yz and Z:Z1+Z2
9 Y 2 2

Tr =

Graphing Objects and Relations: Graphing relations in three dimensions can be
notoriously difficult. Fortunately, often all that is needed in this course is a simple
rectangular prism, so plot the vertices and then join them.

WORKED EXAMPLE 3: Draw the rectangular prism with faces parallel with the
coordinate planes, for which the end points of one space diagonal are the origin
and the point (—2,2,4). Add this space diagonal to the diagram and find the
centre of the prism.
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Note: a space diagonal joins opposite vertices and passes zAn E F
through the solid. In this case, because of symmetry, it D G
passes through the centre of the prism. Rl
SoLuTION: The eight vertices are: O(0,0,0), A(—2,0,0), 4] B
0(07270)7 B(_27270)7 D(07074)7 E(_27 74)7 G( ) 74) O’// >
and F(—2,2,4). : c vy

The space diagonal OF is shown dashed and blue in the diagram. The centre of
the prism is the midpoint of OF, (—1,1,2).

Exercise 5A

171

1. Name the three coordinate planes and write down their corresponding equations.

2. In which octant does each of these points lie?

(a) (_27 37 1) (C) (27 _37 1) (e) (27 _37 _1)
(b) (2737_1) (d) (_2737_1) (f) (_27 _371)

3. Suppose that P is the point (3,2,5). Write down the coordinates of the image of P under
each of these transformations. (Assume that the orientation of the axes is the same as the

diagram on the top of page 2.)

(a) P is translated 6 units down,

(b) P is translated 8 units backwards,

(c) P is translated 10 units to the right,

(d) P is translated 5 units forwards and 7 units up,

(e) P is translated 3 units to the left and 4 units down,
(f) P is reflected in the xy-plane,

(g) P is reflected in the yz-plane,

(h) P is reflected in the zz-plane,

(i) P is rotated about the z-axis through 180°.

4. The diagram shows a cube of side 2 units.
(a) Write down the coordinates of its vertices.
(b) Find the length of a face diagonal.
(c) Hence find the length of a space diagonal of the cube.
)

(d) Write down the equations of the planes corresponding to the
faces of the prism.

5. The diagram shows a rectangular prism with vertex C' which has
coordinates (2,4, 3).
(a) Write down the coordinates of A, B, D, P, (@ and R.
(b) Find the length of the face diagonal OB.
(c) Hence find the length of the space diagonal BR.
)

(d) Write down the equations of the planes corresponding to the
faces of the prism.

6. The diagram shows a triangular pyramid OABC.
(a) Find the area of the base OAB.

(b) Hence find the volume of the pyramid. 3 4
x4 By
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7. A triangle has vertices O(0,0,0), A(2,6,3) and B(—3,5, —8).
(a) Find the lengths of the three sides.
(b) Hence show that the triangle is right-angled.
8. A triangle has vertices A(3,—1,-3),B(1,—5,7) and C(—1,3,3). If M and N are the
midpoints of AB and AC respectively, show that M N is half the length of BC.
9. An interval has endpoints P(—6, —8,14) and Q(—10, 20, 22).
(a) Find the midpoint M of the interval PQ.
(b) Hence find the points X and Y that divide the interval PQ in the ratios 1 : 3 and
3 : 1 respectively.
10. Show that the points P(1,0,0),Q(—3,—1,1) and R(—2,3,4) lie on a sphere with centre
C(-1,1,2).
11. If the distance from the point (z,z +5, 2 — 2) to the point (1,0, —1) is 2v/6 units, find the
value of x.
12. A triangle has vertices A(4,2,6), B(—2,0,2) and C(10,—2,4).
(a) Show that the triangle is isosceles.
(b) Show that the exact area of the triangle is 6v/19u?.
13. The equation 3z 4 4y + 62z = 12 represents a plane in three dimensions.
(a) What is the equation of the intersection of this plane with the zy-plane?
(b) Write down the equations of the intersection of the given plane with each of the other
coordinate planes.
(c) What type of geometric object is each of these intersections?
(d) What geometric fact is confirmed in this question about two non-parallel planes?
ENRICHMENT
14. The diagram shows a rectangular prism with vertex P which has
coordinates (a, b, c).
Use the converse of Pythagoras’ theorem to prove that angles
PRO, PSO and PTO are right-angles.
15. Consider the surface in three dimensional space with equation 22 + y? = 4.
(a) What is the significance of the fact that there is no term in 27
(b) What is the intersection of the surface with the horizontal plane z = k7
(c) Describe the surface.
(d) Sketch the surface.
16. Consider the paraboloid with equation z = z* + y.
(a) Explain why z > 0.
(b) What is the intersection of the paraboloid with the horizontal plane z = k7
(¢) What is the intersection of the paraboloid with the xz-plane?
(d) Sketch the paraboloid.
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5B Vectors in Three Dimensions

Vectors were developed carefully in the Extension 1 course and so many of the
results are unchanged in three dimensions. Nevertheless, here is a quick review
of that work.

A Review of Vectors: A vector has two characteristics, a length and a direction.
Thus there is a strong connection between a vector and a directed line segment.
There are three ways to denote a vector, 0—14, a, or a. The first two notations will
be used in this text. The length of vector g is indicated by |a|. The zero vector Q
has zero length, that is |Q| = 0, and has no specified direction.

Vectors may be treated as pronumerals when combined
with real numbers in addition and subtraction, such as
3a+2b. Addition and subtraction may be represented as
the diagonals of a parallelogram. Thus in OAPB, where

— — —
OA = g and OB = b, the diagonals are OP = ¢ + b and
Ezl =ag—0b

The product of a number and a vector, such as 3a, is called scalar multiplication.
The number itself is called a scalar. The result is a new vector. If b = Aa and if
A > 0 then b has the same direction as @ but |b| = A|a|. If A < 0 then b has the
opposite direction. When A =0, b =0 and [b| = 0.

All these results are also true in three dimensions, however there is an issue with
drawing vectors in three dimensions. In two dimensions, the direction of a vector
is simply shown by a directed line interval. When a three dimensional problem
is drawn on a page, there is potential for ambiguity. The most obvious examples
of this are optical illusions. Consequently, many problems will rely more heavily
on component form, column vectors and ordered triples, instead of diagrams.

WORKED ExAMPLE 4: The diagram shows the unit cube OABCDEFG. Let
0—14 =71, O—C>’ =j and O—ﬁ = k. By writing each expression in terms of 7, j and £,
show that
OA+ AB + BF = OC + CG + GF
and describe the resultant vector.
Sorution: LHS =i+j+k
RHS=j+k+2
=itj+k (addition of vectors is commutative)
= LHS.

—
The resultant vector is OF which is the space diagonal of the unit cube.

Component Form in 3D: The vectors ¢ and j in the last worked example are the

familiar basis vectors used in two dimensions. In three dimensions, a third vector
must be included in the basis, which is the unit vector k, aligned with the z-axis.
These three vectors, ¢, j and k, are the standard right-handed orthonormal basis
vectors in three dimensions.
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Corresponding to each point A(z,y, z) in three dimensions is the position vector

—
a = OA which can be written in component form as
a=xi+tyj+zk.

Like the two dimensional situation, vectors in three dimensions can be combined
by taking the same combination of their components. Thus for the two vectors
u=m11+y1j + 21k and v = x2i + Y2 + 22k, and for the two scalars A and p,

A+ pw = (A + pze)i+ (Ayr + py2)j + (Azy + pze)k

WORKED EXAMPLE 5:  Find 2u —v wheny=1+4j —3kand v=2i—j + k.

SoLuTioN: 2u—v=(2x1-2)i+(2x4+1)j+ (2% (=3) - 1)k
=9j — k.

Of course, such simple calculations will be done mentally in future.

4 BASIS VECTORS IN 3D:  These are the unit vectors ¢, j and k, aligned with each of

the coordinate axes.

Column Vectors in 3D: In many instances, manipulating vectors in component
form is unwieldy, and it is better to use column vectors, as in two dimensions. Of
course, in three dimensions the column vectors have one more component. Thus,
the vector @ = xi + yj + 2k is written either using brackets

x x
a= |y or using parentheses a=\|vy
z z

Like the situation in two dimensions, there is a strong link between the vector
a = xi+yj+zk and the point A(z,y, z), and @ may be called the position vector
of A. In order to avoid confusion between a column vector and the coordinates
of a point, square-brackets are mostly used for column vectors in this text.

It immediately follows that in this notation the basis vectors are

1 0 0
i=[o|, j=|1], k=]o0],
0 0 1
0
and the zero vector isQ) = | 0
0

Vector combinations can now be written more compactly, with all components
grouped in the one place rather than spread across the page. Thus for the two
vectors u = r12+y1j + 21k and v = z9i + Yo + 22k, and the scalars A and p,

T T2
AUApu=Afyr | +u|y2
Z1 | ?2
ATy + prs
= | A+ py2
Az1 + pza |
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COLUMN VECTORS IN 3D:
e The vector ¢ = xi + yj + zk is written as

T T
a= |y or a=1v
z z
e The basis vectors are
5 1 0 0
1= 10}, J=111, k=10
0 0 1

e Vectors are combined in the natural way. Thus,

T T2 ATy + pxs
Ayt | Hu|y2 | = | Ay + pye
z1 z2 Az1 + pzo

WORKED EXAMPLE 6: Given ¢ = i+ j and b = i + j + 3k, determine g + b.
Draw the situation, showing the vectors as position vectors, and indicating the
parallelogram for addition of vectors.

SOLUTION:

2
2
3

The diagram on the right shows the parallelogram in true
perspective. In this case, the parallelogram is easily seen
because ¢ and b lie in a vertical plane. In many problems
the parallelogram will be harder to observe.

a+b=

Magnitude of a Vector: Suppose that the point A(z,y, z) corresponds to
—
the position vector ¢ = OA. That is ¢ = zi + yj + zk. Then it is clear that

la| = |OA]|, the distance from the origin to the point A. The distance formula in
three dimensions was developed in Section 5A, and applying it here gives

la]* = 2% +y* + 2°.

Notice that if z = 0 then this reduces to the familiar two dimensional formula.

WORKED EXAMPLE 7: Find the unit vector in the same direction as

a=-2i—j+3k.

SoruTion: Clearly |g/|2 = 14, so the unit vector with the same direction is

-2
=R 1
a= —1

= \/ﬁ 3
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THE MAGNITUDE OF A VECTOR:  The magnitude of @ = zi + yj + zk is given by

a|* = 2% +y* + 2°.

In two dimensions, the direction of a non-zero vector was often associated with
the angle it made with an axis. This is harder to visualise in three dimensions,
but the angle a vector makes with each of the three axes can still be calculated.

—
WORKED EXAMPLE 8: Calculate the angle that ¢ = OA makes with the r-axis,
where A = (2,3,4). Give your answer correct to the nearest degree.

SoLUTION: The situation is sketched on the right. The

angle required is Z/AOB, which lies in the sloping plane A(2,3,4)
of NAOB.

laf® =29 y
S0 OA =29 0
and OB =2 (the z-coordinate of A.)
Thus /AOB = cos™! -2 x

V29
= 68° (to the nearest degree.)

Ratio Division: Vectors can be used to derive a formula for the coordinates of a point
that divides a given interval into a specified ratio. Suppose that the position
vectors of the points A and B are g and b respectively. Further suppose that AB
is divided into the ratio k : £ by the point P with position vector p. The diagram

below on the right shows the situation.

From the given ratio it follows that AP = kLHAB and so

— PR
= 250k -a).
Hence, by vector addition,
—_— — —
OP =0A+ AP
=a+ -0

_ k k
= (1 - gr)e+ rigb

¢ k
redt+ k+zb'

Thatis  p = 7 (la+kb).

Once the components of p have been calculated by this formula, the coordinates
of P can immediately be written down.

WORKED EXAMPLE 9:

(a) Find the coordinates of P that divides interval AB in the ratio 1 : 2, where
A=(1,-3,2) and B = (=5,6, —1).

(b) Check the result by calculating ‘E‘ and ‘E ‘
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SOLUTION:
(a) In this case k = 1 and ¢ = 2, so from the above result
1 1 -5
p=3 2x [=3|+| 6
2 —1
-3
= 0

1

3
0
1

Hence P = (—1,0,1).
(b) First, using subtraction of vectors

AB=b—a
—6
=19
-3
thus AB* =36 481+ 9
=126
and AB =3V14.
. -2
Likewise AP = | 3
-1
SO AP =14

=1AB (as expected.)

RATIO DIVISION:  Suppose that interval AB is divided into the ratio k : £ by point P.
Further suppose that the corresponding position vectors are @, b and p. The
7 coordinates of P can be found by the vector equation

p= 57 (la + kb) .

When P lies between A and B, as in the above derivation of the formula, it is
said that P divides AB internally. When P lies outside the interval AB it is said
that P divides AB externally. The only change to the formula in this case is that
one of k or ¢ is made negative. The proof of this result is left as an exercise.

Exercise 5B

—
1. For the given point P in each part, express the vector OP, where O is the origin, first
(i) as a column vector, then (ii) as a component vector.

(a) P(2,-3,5) (b) P(—4,0,13) (¢) P(a,—2a,—3a)
2. Find the length of ¢ and a unit vector in the direction of g if:
(a) a=4i—3k (b) a=1i+2j -2k

3. Find [y and find ¥ in column vector form given: (a) v = —1i—4j+k (b) v=>5i+3j—4k
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4 -3
4. Ifp=|-2| andg= | —6 |, find:
7 9
(a) 2p+q (b) 12p+ 4| (c) p—5¢ (d) |p— 54|
5. The points P and @) have position vectors 2i +7j — k and 5¢ — 5j + 3k respectively. Find:
—
(a) PQ (b) Cﬁ} (c) the distance PQ
6 -2
— —
6. The position vectors OA and OB are | 0 | and | —3 | respectively. Find:
-3 -1
— — —_—
(a) BA (b) AB (c) |AB|
DEVELOPMENT
3 [—927] 14
7. Giventhata=| 5 | and b= | —4 |, find A; and Ay such that A\ja + b= | 26
-1 | 4 ] —18
-1 [0 ] 4
8. Given that ¢ = 2 |,b=|-2| and ¢ = 3 |, find A1, Ay and A3 such that
0 1] —2
-7
A1@+ A2b+ Azc = | —14
7
-1 0 3 0
9. Points A, B, C and D have position vectors | 4 |, |2 |, [2]| and | 8 | respectively.
-3 1 5 —7
—_ —
(a) Show that AB and C'D are parallel.
— —
(b) Determine whether AD and BC' are parallel.
10. Use vectors to show that the points A(—2, —1,0), B(0, 5, —2) and C'(4, 17, —6) are collinear.
11. Given the points A(5,4,7), B(7,—1,—4), C(—1,—-3,-5) and D(-3,2,6), use vectors to
show that ABCD is a parallelogram.
12. The points A, B and C have position vectors 3i — 8j — 2k, 2i +4j + 5k and —2i —2j + k
respectively. Find the position vector of the point D so that ABCD is a parallelogram.
13. Suppose that A is the point (2, 1, 3). Follow the method of Worked Example 8 to determine,
—
to the nearest degree, the respective angles that OA makes with the x,y and z axes.
2 5
14. The points A and B have position vectors | —1 | and | 5 | respectively. Find the
-2 -8
position vector of the point that:
(a) divides the line segment AB internally in the ratio 1 : 2,
(b) divides the line segment AB externally in the ratio 1 : 2.
15. The points A and B have position vectors —43 — 3j + 5k and 62 — 85 + 10k respectively.
Find the position vector of the point that:
(a) divides the line segment AB internally in the ratio 2 : 3,
(b) divides the line segment AB externally in the ratio 2 : 3.
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The diagram shows a cube of side length one unit.
(a) Write AC in component form.
(b) Find |AG).

—
(c) Use vectors to find |OH|, where H is the centre of the
square face BCGEF.

ai by B Y
Suppose that ¢ = | as | and b= | by |. Carefully write proofs of these distributive laws.
as b3

(a) (A1 4+ A2)a = A1a + Aaa, where A, A2 € R. (b) AMa+0b) = Aa+ Ab, where A € R.
ENRICHMENT

Three vectors a,b and ¢ in 3-dimensions are said to be linearly independent if the only
solution to the equation A1a + Asb + Azc = 0 is the trivial solution A\ = Ay = A3 = 0.

Determine whether or not each set of vectors is linearly independent.

1 1 0 1 1 0
(@) a=|1],b=|2],c=|-1 by a=[1],b=]2],c=]-1
1 0 1 1 0 2

The points A(—2,2,5), B(5,7,3) and C(—3,4,1) are three vertices of a parallelogram.
Find the three possibilities for the point D, the fourth vertex of the parallelogram.

Suppose that ¢ and b are non-zero and non-parallel. Show that if Aa 4+ ub = fa + mb then
A=/ and p=m.

The Dot Product

Recall from Mathematics Extension 1 that the dot product is also called the
scalar product. The reason for this is that the result is a scalar. However, in this
text the term dot product is used, so as to avoid potential confusion with scalar
multiplication of a vector.

Dot Product in Geometric Form: Geometrically, the dot product in two
dimensions is identical to three dimensions. Both situations involve the angle
between two position vectors. There are three points associated with the position
vectors and in three dimensions there is only one plane that passes through those
three points. Thus, despite the extra freedom of configuration available in three
dimensions, the action takes place in a plane. In other words, the dot product is
always a two dimensional operation regardless of the situation.

Since there is no difference, any result established geometrically in two dimensions
can equally be applied in three dimensions. In particular, for non-zero position
vectors g and b, the dot product is defined to be:

a-b=|af |b] cosd

where 6 is the non-reflex angle between them. But if either vector is zero, then
the dot product is zero. Thus,

a-0=0.
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THE DOT PRODUCT IN GEOMETRIC FORM: The geometric definition of the dot product
for three dimensions is the same as for two dimensions.
e a-b=|al|blcos® whenever a # (0 and b # Q
e g-b=0 whenevera=0or b=0

Other useful results that follow from the two-dimensional case include:

Magnitude: a-a=|al? thus |a| = \/gj
Commutative Law: a-b=b-a

Associative Law: AMa-b)=(Xa)-b

Distributive Law: a-(b+¢)=a-b+a-c

The Cosine Rule: la—b]* =|a|* + |b]* —2a-b

All these results apply to any vectors. Of particular importance, however, is the
following result for non-zero perpendicular vectors.

Foralla#0Q and b#0, a-b=0ifand onlyifa 1L b.

9 PERPENDICULAR VECTORS: Foralla #0 and b#0, a-b=0if and only if @ L b.

From the geometric definition of the dot product in Box 7, and from the range
of cos 0, it follows that

—la| b <a-b<|a|lb,

which is sometimes called the Cauchy-Schwarz inequality. Thus the dot product
and magnitude of a vector are consistent with the absolute value function for real
numbers, for which

—le| <@ <zl

The vector inequality can also be derived using the dot product and the fact that
the magnitude of a vector must be positive.

Consider the quadratic function Q(t) = |a — tb|?. Clearly Q(t) > 0 for all t € R..
Now Q(t) = (a—1tb) - (a — tb)

= la|* — 2ta - b+ [y
The coefficient of #* is positive so Q(t) has a minimum value at

t_@&
e
a-b)?
fOI' Wthh Qmin = |Q|2 - (~|Q|A2)
a-b)?
Hence 0<|al* - (~|Q|;)
Rearranging, (a-b)* < |a|?|b]?
and hence —lallb] <a-b<lal|bl.

The Triangle Inequality In Vector Form: The triangle inequality has been derived
for real numbers and for complex numbers. In vector form, this inequality is

[lal = 18l| < la+ bl < lal + [8].

Here is a proof of the right hand inequality. Begin by squaring the middle term.
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la+b* = (a+b) (a+b)
= la]* +2a-b+ [b]*.
And so, from the Cauchy-Schwarz inequality developed above,
|+ b* < lal? + 2|al [b] + (5]
= (la| +[0])*.
Hence |a+b| < |a| + [b].

The proof of the left hand inequality is a question in the exercise.

WORKED EXAMPLE 10: Verify the inequality |a + b| < |a| + |b| for the vectors

1 2
a= | —2 and b= 1|3
3 1
SoruTioN: It should be clear in this case that |a| = |b|, and
la]* =a-a
=1+4+9
— 14,
S0 la| + [b] = 2V14.
3
Also at+b= |1
4

thus la+b|* =26.
2
Now [a+b=26 and (ja+[b) =56,
2
so e+ < (lal+ 1)
hence  |a+0b| < |a| +b).

THE TRIANGLE INEQUALITY IN VECTOR FORM: For all ¢ and b,

10
[lal = 10| < la+ b < Jal + 4.

The Dot Product in Component Form: Suppose g and b are the non-zero vectors

aq bl
a= | as and b= by
as b3

Notice the use of subscripts in the components, with 1
for the z-component, 2 for y, and 3 for z. This notation
may be new to some readers, but it is commonly used by
mathematicians when dealing with vectors.

As in two dimensions, the component form of the dot
product is obtained by applying the cosine rule to the
associated triangle, as shown in the diagram on the right.

— 2 — 2 — 2 — | —
Thus ‘BA‘ :‘OA‘ +‘OB‘ —Q‘OA‘ ‘OB‘COS@
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50 la = b|* = a|” + [b]* — 2|a] [b] cos [1]
but la — b = (a1 — b1)? + (ag — b2)* + (a3 — bs)®
= (a1 + a2® + az®) + (b1” + ba® + b3?)
-2 (a1b1 + agby + agbg)

thus la —b]* = |a|* + [b]* — 2 (a1b1 + azbs + asbs) . 2]
Equating the right hand sides of [1] and [2], it is clear that

|a [b| cos = a1by + azba + asbs,
that is, a-b=a1by 4+ asby + asbs.
Clearly the last line is valid even if ¢ = 0 or b = 0. Consequently this algebraic

expression is sometimes used as the definition of the dot product, instead of the
geometric definition. Also notice that if ¢ and b lie in the xy-plane then

a-b=aiby + asbo (because a3 = bz = 0 in the xy-plane.)
In other words, the component formula in three dimensions is consistent with the
two dimensional formula.
WORKED EXAMPLE 11:  Verify the inequality —|a| [b] < a-b < |a| |b] for

a=1—-2j+3k and b=2i+3j+k.

SoLuTioN: From Worked Example 10, |a| = |b] = V14, so

laf |b] = 14.

Also a-b=2—-6+3
= —1.

Thus -14<-1<14

that is, —|a| [b] < a-b < |a| [b], as expected.

THE DOT PRODUCT IN COMPONENT FORM:

Let a = a1+ CLQZ—F ask and b = b1+ bzl—F b3k then
11
a-b=a1by + azbs + azbs,

which is valid even when ¢ =Q or b =0.

Although it will not be needed very often in this course, this last formula may
also be written using summation notation.

3
Q‘Q:Zaibi-
i=1

WORKED ExAMPLE 12: Consider the three vectors

1 _1
V2 2 2
u=|%lv=|3 | w=]|"3
0 1 1
V2 V2
Use appropriate dot products to show that the three vectors are orthonormal.
That is, they are mutually perpendicular, and each is a unit vector.
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SoLuTioNn: First calculate the magnitudes of the vectors.
> =u-u W =v-v w]? =w-w
1,1 1,1, 1 1,1, 1
=3+t3+0 =1ti1ts3 =1t1ts
-1 -1 -1
Thus all three are unit vectors. Now check they are perpendicular.
1 1 1 1 11,1
wr=patastl ww=ss-aatl vw=—aogt
Hence the three vectors are unit vectors and mutually perpendicular.
WORKED ExAMPLE 13: Find any values of X for which @ and b are perpendicular,
A A—1
where a= 1|1 and b= 2
2 —4
SorLuTion: The vectors will be perpendicular if ¢ - b = 0.
a-b=X—-\+2-8
thus N —-A-6=0,
SO A=-2or 3.
-2 -3
When A = —2 the vectorsare a=| 1 and b= 2 |,
2 | —4
3 2
and when A\ = 3 the vectorsare a= |1 and b= 2
] —4
Exercise 5C
1. Find the value of ¢ - b if:
(a) |a| =4, |b] = 6 and the angle between g and b is 45°,
(b) |a] = 5,|b] = 8 and the angle between g and b is 120°.
2. Find g - b given:
(a) a=3i—j+5kand b=2i+6j +k
T T2
(b) a= |y | and b= |y
21 Z9
(c) @ =aii+azj+ aszk and b= byi + baj + b3k
3. Given @ = a1i + azj + ask, prove that a-a = lal?.
4. Suppose that ¢ =2i —7j + 3k and b = —41+ j + 5k.
(a) Find @ - b.
(b) What can we conclude about g and b?
13 2 3
5. Giveng= |23|,b=| 1 | and¢c= | —2 |, show that g is perpendicular to both b and c.
7 -7 1
ISBN 9781108771054 © Sadler & Ward 2019 Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.



184  CHapTER 5: Vectors 5C
-3 8
6. Giveng=| 9 | andb=| 4 |, find:
6 —10
(a) a-a (b) 2b-b (c)a-b (d) a-(a+b)
DEVELOPMENT
7. Confirm that the Cauchy-Schwarz inequality is satisfied in each case below.
1 2
(a) a= |2].,b=| 6 (b) @ = —i+3j,b=—6j + 2k
2 -3
8. Confirm that the triangle inequality holds for each part in the previous question.
2 4 -2 -3
9. The points A, B, C and D have respective position vectors [3 |, | 1], | 9 | and | 1
5 3 -5 2
—_— —
Show that AB and C'D are perpendicular.
10. Find any values of A for which @ and b are perpendicular.
2 3 —4 A
-5 —2 2 -\?
11. Find a vector that is perpendicular to both ¢ — j 4+ 2k and 2i + j — 3k.
ay b1
12. Givenag= |as |,b= [ by | and A € R, prove that g - (\b) = A (Q-Q).
as b3
13. Let @ = aii+ azj + ask, b = b1i + baj + bsk and ¢ = c1i+ c2j + c3k.
Prove the distributive law: a - (Q+g) =a-b+a-c.

14. A set of three vectors in three dimensions is called orthonormal if each is a unit vector
and the three vectors are mutually orthogonal (that is, perpendicular). In each part show
that the three vectors are orthonormal.

1 1 1 -1 0
(&) u=—72|1l,u=—72|1 |,w=10
o) TVE e [T
1] 1 \1[ 1 _\%5
D) u=—7% 0|, 0=7% V6|, w="72| V2
V2 1] 2v2 | ) V2| /3
15. Given three non-zero vectors a, b and ¢, prove that:
(a) ifa- (b+¢) =b-(a—c) then ¢c- (a+b) =0,
(b) if (g . Q) c= (Q . g) a then g and ¢ are parallel or b is perpendicular to both.
16. Given two non-zero vectors ¢ and b, prove that:
(a) if a + b and a — b are perpendicular then |g| = [b],
(b) if [a + b| = |a — b| then g and b are perpendicular.
17. The points A, B and C have position vectors a, b and ¢ respectively relative to the origin O.
— — — — — —
If AB 1. OC and BC 1 OA, prove that AC | OB.
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Given that |a| =2,[b| =3 and ¢ - b =5, find |a + b

Given that |u| = 2v2, [u] = 2v3 and u - v = —4, find |u — v|.
In the notes, the right hand inequality of the triangle inequality is proven. Adopt a similar
approach to prove the left hand inequality, that is, ‘|g| — |Q|‘ < l|a+Db|.

ENRICHMENT

Two vectors g and b are such that g+ b is perpendicular to ¢ and |b| = |a|v/2. Show that
2a + b is perpendicular to b.

A vector in 3-dimensional space makes angles of «, # and + with the =,y and z axes
respectively. Prove that cos® o 4 cos? 3 + cos?y = 1.

Applications of the dot product

The most obvious use of the dot product is to find the angle between two position
vectors. Rearranging the geometric formula for the dot product gives

a-b

lal |6

The right hand side is evaluated using the algebraic definition in Box 11. Note
that there will only ever be one solution to the trigonometric equation. This is

because the geometry of the situation requires that the angle must be non-reflex.
That is, 0° < 0 < 180°, and so

= cos _— .
|af (0]
WORKED ExAMPLE 14: Find the angle at the origin subtended by AB for the

points A = (1,1,2)and B = (-2, 3, —1). Round the answer to the nearest degree.
SoLuTION: Let ZAOB =6, and let ¢ = OA and b= O—é, then

cosf =

1 —2
a= |1 and b= 3 |,

2 -1

S0 la>=14+1+4

or la] = V6,

and b2=4+9+1

S0 o] = V14

with a-b=-24+3-2

=-—1.
Thus 0050:_—1

2v/21

and hence 6 =96° (to the nearest degree.)

Direction Cosines: In two dimensions, it is easy to demonstrate the direction of a

vector by drawing a graph. If the angles with the axes are needed then they can
be measured from that graph. The problem with this is that any measurement is
just an approximation, and in three dimensions the angles cannot be measured
from a graph because perspective distorts the angles.
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One way to deal with the angles between a vector and the coordinate axes is to
use the dot product. Suppose that the angle 6 between g and the unit vector @
is required, where @ is aligned with one of the coordinate axes. Then

a-u=lal x1xcosb

SO cosf = LIQ .

la]~ =~

But - a is simply the unit vector @ so

la|
~

cos=a-u.

Thus replacing the unit vector u with each basis vector gives the cosine of the
angle between @ and the corresponding coordinate axis. Hence they are called
direction cosines. But

o~

-J=asz, a-k=mas.

)

@'12617

In other words, the direction cosines of a vector are simply the components of the
corresponding unit vector. It is therefore not surprising that the direction of a
vector in three dimensions is completely determined if the three direction cosines
are known.

—
WORKED EXAMPLE 15: Evaluate the direction cosines for ¢ = OA, where A is
the point (2, 3,4). Hence give the angle to each axis correct to the nearest degree.

SoruTion: First calculate |a|.

lal*=4+9+16
=29.
Hence the direction cosines of g are:

-~ o~

61:\/%—9, ay = s and agz\%_g.
The corresponding angles with the axes are:

LAOX =68°, LAOY =56° and [LAOZ =42°.

DIRECTION COSINES:  The direction cosines of a vector g are the components of the
unit vector a, viz:

12

-j =as, a-k=nas.

)

@'i:al7

Projections in 3D: Like the dot product, a projection involves two non-zero vectors
and hence the action takes place in a plane. Thus the results for projections
established in two dimensions apply equally in three dimensions. Nevertheless,
here is a quick derivation of the formula for the projection of g onto b.

— —
Let @ = OA and b = OB in three dimensions. Once
again, there is only one plane which passes through all
three points. Thus it is possible to find a point P in OB
such that AAOP lies in this plane and OB 1 PA.

—
Now OP = \b (OP||OB)
— _— —
so PA=0A-OP
=a— Ab.
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—_— =
Also OB-PA=0 (OB L PA.)
Hence b-(a—Ab)=0
or b-a—Ab-b=0

th Ao (B
us = QQ .

The vector O—l>D = Ab is called the projection of g onto b, and is written
. (b-a b
proj,a = b)Y

WORKED EXAMPLE 16: Find the projection of OA onto OB for A = (4,2,-3)
and B =(—1,1,1).
— —
SoLuTION: TLet ¢ = OA and b = OB. Clearly b-b = 3.
a-b=—4+2-3

-1

) 5
SO proj,b=—=| 1
< 3 1

187

PROJECTIONS IN3D:  The formula is the same as for two dimensions, viz:

13 . _Q-Qb
prOJ’ég’,_ Q.QA,‘

The above formula is often the most convenient way to calculate the projected
vector. However, it can also be determined from the unit vector b by observing

that b-b = [b|?. Thus:

) b-ab
proj, a = W m
SO proj, & = (E- Q)E
or  proj,a= (g cosO)b.

From this alternative formula, it is clear that the length of the projection is
Iproj, a| = |af cos @,

which could have been deduced just as easily from trigonometry in AOAP.

A special case of projection onto a unit vector occurs when b is one of the basis

vectors. For example, when E =k

=9
proj, a = |af cos 0k
as
lal ~

= azk.

= |q| (from the direction cosine)

That is, the projection of a vector onto a basis vector gives the corresponding
component vector. Of course, this is intuitively obvious, but at least the example
demonstrates that the projection does what is expected.
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14

PROJECTIONS AND COMPONENTS:  The projection of a vector onto a basis vector gives
the corresponding component vector.

Perpendicular Distance: A projection can be used to find

the perpendicular distance between a point and a line.
The diagram to the right shows line AB with point P
not on the line. Let @ be the point on the line that is

closest to P, then PQQ 1 AB. More significantly A—C§
— —
is the projection of AP onto AB. The distance that is

—_— —_— -
required is then |PQ| = |AQ — AP)|.

—_ —
For simplicity, put AB =b and AP = p. Then

thus

—
and hence |PQ| =

— .
AQ = proj, p

— .
PQ =projyp—p

wolye 1]

WORKED EXAMPLE 17: Find the perpendicular distance from P = (2,1,0) to
the line through A = (—1,0,2) and B = (1,1, 3).

— —_
SOLUTION: Let p = AP =3+ 1j — 2k and b= AB = 2i + 1j + k. Then

SO

b]* = 6

b-p=5
-
proj, p = 6 1
1

Thus if @ is the point on AB nearest to P then

hence

. .
PQ =projyp—p

2 3
5)
1 -2
1 —8
=z -1
17

PQ| = 3% (about 3-1358.)

15

PERPENDICULAR DISTANCE:  To find the perpendicular distance from the point P to
—_— —
the line AB, first let b= AB and p = AP. Then

distance =

oiyp 1]

Although the above derivation of the distance formula assumed that P was not
on the line, the formula also works when P is on the line. The proof of this result

is left

as an exercise.
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Exercise 5D
1 2
1. fg= (2| and b= | 1 |, find:
1 -1
(a) a-b (b) |a| and |b) (c¢) the angle between g and b.
2. Find cos @, where 0 is the angle between ¢ and b.
2 2 1 2
0 —2 -1 -1
3 -1 3
3. If 4 is the angle between ¢ = | —2 | and b= | 3 |, show that cosf = .
_3 4 24/143
4. Find, correct to the nearest degree, the angle between v, and vo given:
3 1] 5 -2
(a) vi=|2|,v2= 12 (b)) vi=1 3 |,va=1| 2
1 3 -1 —6
3 ] b
5. Suppose that ¢ = | —2 . Use the standard result proj,a = <b b> b to confirm that
. b

the respective projections of a onto each of the standard basis vectors i, J and k are the

components of g, that is, 3¢, —2j and 5k.
DEVELOPMENT

6. Find the projection of ¢ onto b given:

3 4
() a=i+j—k b=20—2j—k M) a=|2[,b=|1
| 2] | —1
7. Find the length of the projection @ onto b given:
(1] 8
() a=2i+3j—2k, b= 4i—2j+5k (b) a=|1],b= |4
3 1

8. AABC has vertices A(2 7,—12), B(—1,5,-5) and C(4,

(a) Write BA and BC in component form.
(b) Hence show that ZABC = 90°.

—_

,—4).

(c¢) Find the side lengths of the triangle and show that they satisfy Pythagoras’ theorem.

9. AABC has vertices A(3,—3,1), B(—2,1,2) and C(4,0, —1).
(a) Write AB and AC as column vectors.
(b) Hence find ZBAC correct to the nearest degree.

10. APQR has vertices P(—4,—1,6), Q(—5,3,4) and R(—3,4,—7). Use the scalar product

to find ZPQR to the nearest minute.

11. AABC has vertices A(1,0,-1), B(1,1,1) and C(0, 1, —1).

_ 1
(a) Show that cos LZACB = 5

(b) Use the formula area = 1absinC to find the area of AABC.
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12.

13.

14.

15.

16.

17.

18.

19.

20.

CHAPTER 5: Vectors 5D

Let P, A and B be the points (—4,3,—1),(3,2,1) and (0, —4, 1) respectively.
(a) Find AP and AB.

— —
(b) Find proj,p, where AP = p and AB =b.

(c¢) Find the perpendicular distance d from P to the line AB using d = ‘projﬁ p— B“

Use the approach of the previous question to find the perpendicular distance from the
point P to the line through A and B.

(a) P=(3,-2,1),A=(1,—-11,—-4),B=(9,3,8)
(b) P=1(0,0,3),A=(1,2,1),B=(4,0,0)

A cube with side length a has vertices at O(0,0,0), A(a,0,0), B(a,a,0), C(0,a,0),
D(0,0,a), E(a,0,a), F(a,a,a) and G(0, a,a). Use vector methods to show that the acute
angle between the diagonals AG and CFE is arccos %

A rectangular prism is 1 unit by 2 units by 3 units. By giving its vertices appropriate
coordinates, find the three possible values of cos, where 0 is the acute angle between a
pair of diagonals of the prism.

The diagram shows a triangular pyramid. Its base is a right-angled 4
isosceles triangle, and its perpendicular height AD is equal to the
length of the equal sides of the base. By giving the vertices of
the pyramid appropriate coordinates, use vector methods to show
that the acute angle between the front face ABC and the base

4 -1_1 B
BCD is cos 7

C

The pOSlthIl vectors of the Vertlces ofa tetrahedron (that is, a triangular pyrarmd) ABCD
are OA— =51+ 22j + 5k, OB—2+2j+3/<: OC’—4z+3j+2/<:and OD— —i+2j—3k
respectively.

(a) Find £CBD.

(b) Show that AB is perpendicular to both BC' and BD.

(c) Calculate the volume of the tetrahedron.

The points A and B have position vectors O—1>4 = 2i+j — 2k and _O—E = 61— 3j + 2k. The
point P lieson AB and AP: PB=X:1— )\, where A € R.

(a) Show that OP = (24 4\)i+ (1 — 4\)j + (4\ — 2)k.

(b) Find the value of A for which OP and AB are perpendicular.

(c¢) Find the value of A\ for which ZAOP = /BOP.

6 -2
Find the possible values of \ if the angle between a = | =2 | and b= | —4 | is cos™! %.
3 A

The points A, B and P have position vectors a, b and p = Aa + (1 — A\)b, where X\ € R.

(a) Prove that A, B and P are collinear.
(b) Given that ¢ =i+ j, b =4i—2j+ 6k and O is the origin, find the two values of A for
which ZAOP = 60°.
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ENRICHMENT
— —
21. The position vectors of the points A, B and C are OA = 9i+7j — k, OB = 3i — 11j + 5k
and OC = 5i — 5j — k

(a) Find the area of AABC.

(b) Suppose that D lies on AB so that AD : AB = 1: 3 and E is the midpoint of C'D.
Find the position vectors of D and E.

(c) Show that OF is perpendicular to the plane ABC by showing
that it is perpendicular to both E and A—C>’

(d) Hence find the volume of the tetrahedron OABC.

22. The diagram on the right shows a triangular pyramid OABC. Let
|AXY Z| denote the area of AXY Z.

Prove that |AAOB|? 4+ |ABOC|? 4+ |ACOA|* = |AABC|?.

5E Vector Proofs in Geometry

Whilst vectors provide a powerful tool for tackling problems, in many instances
in geometry the Euclidean proofs studied in Years 7 to 10 are by far the simplest
and best. However, there are a few cases where vector proofs are both efficient
and elegant. This short section considers some of those proofs. As a general rule,
the problems involve lengths or right angles.

WORKED ExamMpPLE 18: Point C is outside a circle with centre O. The points
of contact of the two tangents from C to the circle are A and B. Let 0—14 = a,
O—é =} and O—C>’ = ¢. Prove the following.

(a) Tangents CA and C'B subtend equal angles at the centre O.

(b) CA=CB.

SoLuTION: Let the radius of the circle be 7.

(a) The angle between a radius and tangent at the point of contact is 90°.

Hence (c—a)-a=0
thus ca=a-a
=r?,
Likewise c-b=r?.
Thus cra=c-b
or |c|r cos LAOC = |¢|r cos LBOC
SO /AOC = /BOC.

(b) Next consider the square of the length of AC.
lc—af=(c—a) (c—a)
= e[’ —2¢-a+|af?
=lcf* —2¢-b+[b*  (by part (a))
= lc— 0.
Hence |c—a| =lc—b],
that is, AC = BC'.
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Exercise BE
1.

2.

CHAPTER 5: Vectors 5E

Use vectors to prove that a quadrilateral is a parallelogram if its diagonals bisect each other.

The diagram on the right Shﬂs rectangl(ﬁABC with diagonals
that are perpendicular. Let OA = g and OC = c¢.
(a) What is the value of ¢ - ¢?

C B
900

ieY
\
\
N
\
\
/
/X
/
/

(b) Write OB and AC in terms of a and c.
(c) Hence prove that OABC' is a square.

In the diagram on the rlght O is the centre of the circle and OM
bisects the chord AB. Let OA = a, OB = b and OM = m.

(a) Show that a-a=25"b.

(b) Show that Em: Q,)~ : Em —a)=(m—2b) - (m—Db). Ak

(c) Hence prove that OM 1 AB. A~_M B

Using a similar approach, prove the converse of the theorem in the previous question.
DEVELOPMENT

In the diagram on the right, AB and CD are equal chords of a
— — — —

circle with centre O. Let OA =q, OB =b, OC = ¢cand OD = d.

(a) Explain why |b—al* = |d — ¢/*.

(b) Use part (a) to show that a-b=c-d.

(c) Hence show that ZAOB = /COD.

The diagram on the right shows trapezium OABC with OA||CB.
The midpoints of the non-parallel sides OC and AB are M and C B

— — —
N respectively. Let OA = q¢,OB = b and OC = c.

(a) Show that MN = s(a+b—c).
(b) Explain why b — ¢ = k a, where k is a constant. 1) y
(c) Hence show that M N is parallel to OA and CB.

A quadrilateral is a four sided figure in a plane. In this question, suppose that the
definition of a quadrilateral is extended to include the case in three dimensions where
the four vertices do not all lie in a plane. Let OABC be such a quadrilateral with vertices
at O(O, 0, 0), A(al, as, ag), B(bl, bz, bg) and C(Cl, Co, 63).

Given that M, N, P and R are the respective midpoints of OA, AB, BC and CO, use
vectors to prove that M N PR is a parallelogram.
The cube OABCDEFG has vertices 0(0,0,0), A(a,0,0), B(a, a,0), C(0,a,0), D(0,a,a),
E(0,0,a), F(a,0,a) and G(a,a,a), where a > 0.
(a

) Use a scalar product to find the angle between the two face diagonals OF and OD.
(b) What type of special triangle is AOFD?
)

)

(c
(d) Find ZFXD, where X is the centre of the cube. (This angle is the bonding angle of
carbon tetrachloride.)

What special name is given to the triangular pyramid OBDF?
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9. In the diagram on the right, PL and PM are the perpendicular C
bisectors of 81des AB and BC of AABC’ and N is the midpoint

of AC. LetAB—u BC—UandPL—w

N M
(a) Find PN in terms of v and w. B
(b) Hence prove that the three perpendicular bisectors of the sides
—_— —
of a triangle are concurrent by proving that PN - AC = 0. A L B

10. [A Theorem of Euler] The diagram shows convex quadrilateral D
ABCD in two dimensions. The midpoint of diagonal AC is M;
and the midpoint of diagonal BD is M. It is known that c

AB? + BC? + CD? + DA = AC? + BD? + A(MMs)?. "

That is, the sum of squares of the sides is equal to the sum of
squares of the diagonals plus 4 times the square of the distance 4
between their midpoints.

—
Use the result |v|* = v-v to write a vector proof of this theorem. Begin by letting AB = b,
— —
AC =cand AD = (.

ENRICHMENT

11. Suppose that OABC is a trapezium with parallel sides OA and C'B such that OA = 3 CB.
If F and F are the respective midpoints of the diagonals OB and AC, use vectors to prove
that EFBC is a parallelogram.

12. Asin Question 7, suppose that the definition of a quadrilateral is extended to include the
case in three dimensions where the four vertices do not all lie in a plane. Use a vector
approach to prove that the sum of the squares of the sides of such a quadrilateral is equal
to the sum of the squares of the diagonals plus four times the square of the distance
between the midpoints of the diagonals. That is, repeat Question 10 in three dimensions.

[HINT: Take the origin as one of the vertices and then specify general coordinates for the
other three vertices.]

5F The Vector Equation of a Line

One of the advantages of vectors is that the derivation of certain results and
the equations of certain objects are the same both in two dimensions and in
three dimensions. For example, the formula for the projection of one vector onto
another is always

. (b-a b
proj, a = @ 9

The focus of this section is on the vector equations of lines, as they too have the
same form in both two dimensions and three dimensions.

Lines Through the Origin: Let O be the origin and let B

be another point with position vector b. Consider the /‘
line OB. Let R be a variable point in OB with position '/’ﬁ |4
vector r. It follows that OV||OB and hence 5 b
7 = Ab.
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Thus the position vector of every point in OB is obtained as A varies, as shown
in the diagram above, and this is the vector equation of the line OB.

The proper name for the equation is a parametric vector equation , since it involves
a parameter \. Notice that the argument used to derive this equation is valid
regardless of whether the situation is in two dimensions or in three dimensions.

WORKED ExaMPLE 19: Find the vector equation of the line through the origin
and the point B(2,3).

SoruTion:  The point B has position vector b = 2i + 3j. Let r = zi + yj. Then
the equation of OB is
r=2Ab,

e [ [

LINES THROUGH THE ORIGIN: The line through the origin and another point B with
position vector b has vector equation

r = Ab.

16

The Parametric Equations: The components of the vector equation in the last
worked example are
T =2\
y=3\.
These are called the parametric equations of the straight line. They form a pair
of simultaneous equations with parameter A. The parameter can be eliminated
to give the familiar Cartesian equation

_ 3
y—il‘.

In the worked example there is no restriction on the domain of the parameter,
and so the whole line is obtained. However, setting 0 < A < 4 would yield

Y= %1‘ with 0<2z <8 (since z=2\.)
That is, the result is the portion of the line between the origin and (8,12).
There are many curves which can be defined through parametric equations. Some
of these will be encountered in the next section. In simple cases like the one

above, the parameter is eliminated and any restrictions noted in order to find the
Cartesian equation.

WORKED EXAMPLE 20: Determine the Cartesian equation of the line
T 2 .
= —1<u<l.
[y] ,u[_4] with 1<u<1
SoLuTion: The parametric equations are
r=2u with —-2<z<2
and y=—4p=-22u).
Hence the result is the line segment
y=-—2x, —-2<zx<2.
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Note that in this example the parameter was labelled p. Any symbol can be used.
However, the Greek letter A is often used for problems involving lines because it
is equivalent to the letter £.

The Direction Vector and the Gradient: In two dimensions, the direction vector
b of the vector equation r = Ab and the gradient m of the Cartesian equation
y = ma are closely related. The vector b = b1i+ bsj specifies how x and y change
as A varies. In particular, the coordinates of R for A = 0 and 1 are:

)\ZO,R:(O,O) and )\Zl,R:(bl,bz).
From this it is clear that by is the rise and b is the run. Hence the gradient is

m= :—2 provided b1 #0.
1

The restriction b; # 0 means that the line cannot be vertical.

Thus it is sometimes convenient to put b; = 1 so that b, = m and the gradient
appears explicitly in the vector equation. This gives

HRIHI

WORKED ExaMPLE 21: Write the equation of the line y = —2z in vector form.

SOLUTION: [m] = A[ 1 ]
Y —2

THE DIRECTION VECTOR AND THE GRADIENT: The two equations of a non-vertical line

through the origin in two dimensions are r = Ab and y = maz. From this
17

m=— (b; #0), and putting by =1 gives b= [7”111] .

The Direction Vector and General Form: Whilst the connection between the
direction vector and the gradient is important, it fails for vertical lines in two
dimensions. The situation is made much clearer when the vector equation is
compared with the general form of the equation of a straight line.

As before, let b = b1+ baj . Then r = Ab has parametric equations

xr = bl)\
Yy = b2)\
from which it follows that
by = box.
So in general form the equation is
box — b1y =0.
Now compare this with the usual notation for general form,
Ax 4+ By =0.
The simplest solution is that by = —B and by = A. Since the right hand side of
each equation is zero, another solution is by = B and by = —A.
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Either solution will work because —Bi + AZ and Bi— Al' are opposite vectors, and

opposite vectors are parallel. Thus the two solutions give parallel lines through
the origin, that is, the same line. Hence it is a matter of convenience which
direction vector is used when solving a problem. Using these two identities, it is
easy to switch between vector form and Cartesian form.

WORKED EXAMPLE 22: Write down the vector form of the line 3y = 4x.

SoLuTioN: The general form of the equation is 4z — 3y = 0.
In this case put b; = 3 and by = 4, so the equation is

ML

THE DIRECTION VECTOR AND GENERAL FORM: If the vector equation r = Ab represents
the same line as Ax + By = 0 then either

S RN |

The advantage of using Box 18 to convert between vector and Cartesian form is
that it works for all lines, including vertical lines. When deciding which direction
vector formula to use, choose the one which gives fewer negatives in the answer.

WORKED EXxAMPLE 23: Find the vector equations of the z-axis and y-axis.

SoLuTion: The equation of the x-axis is y = 0. Choosing the second solution in

Box 18 gives b = [1

0] = 4. Thus the vector equation of the z-axis is r = Ai.

The equation of the y-axis is x = 0. Choosing the first solution in Box 18 gives

b= [(1]] = j. Thus the vector equation of the y-axis is r = pj.

In fact both answers were obvious from the definitions of 7 and j.

The Line Through a Given Point: Let O be the origin and V_ 7y
let A and B be two other points with position vectors g 4 7
and b respectively. Consider the line £ through A parallel %
with OB. Let R be a variable point in ¢ with position
vector r. It follows that AR||OB and hence

r—a = Ab. -0 =

Thus the position vector of every point in £ is obtained as A varies, as shown in
the diagram above, and this is the parametric vector equation of the line.

It is important to observe that the equation r —a = Ab is consistent with the way
a function changes when its graph is shifted. The line OB with equation r = Ab
has been shifted so that it passes through the point A with position vector a.
Consequently the variable vector r has been replaced with r — g. Despite this
significant result, it is more common to write the equation as

r=a+ \b.
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5F The Vector Equation of a Line 197

WORKED EXAMPLE 24: Find the vector equation of the line through A parallel
with OB, where A = (—2,—1,3) and B = (1,0,1). Then determine whether or
not C' = (0, —1,4) is on this line.

SoLuTION: The vector equation is simply

T [—2] 1
yl =(-1]+X]0
Z | | 3 ] | 1]
The point C will be on the line if there is a solution to
0 1 [—2] (1]
-1 =]-1]14+X{0
4 3 | 1]
1] 0 -2
SO A0l =]-1] —-]-1
| 1] | 4 ] 3 ]
1] [2
or A0l =10
| 1] |1

Clearly this last equation has no solution and hence C does not lie on the line.

THE LINE THROUGH A GIVEN POINT: The vector equation of the line with direction b
which passes through a point with position vector g is

19 r=a+A\b.

Alternatively, shift » = Ab by a to get r —a = \b.

0

WORKED EXAMPLE 25: Show that B] = [C

] + A [7"111] is equivalent to the

gradient—intercept formula in two dimensional coordinate geometry.

SoLuTion: The parametric equations are
T= A
y=Am-+c

thus by substitution it is clear that
y=mzx+c,

which is the gradient—intercept formula in coordinate geometry.

The Line Through Two Given Points: In the two point method of coordinate
geometry, the first step is to use the given points to determine the gradient of
the line. Likewise, for the vector equation, the first step is to find the direction
vector of the line. Let the points A and B have position vectors ¢ and b. Then
the direction is given by

—
AB=(b—a).
It is now a trivial matter to write down the vector equation of AB, which is
r=a+Ab-a).
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198 CHapTErR 5: Vectors 5F

WORKED ExAMPLE 26: Consider the points A(—1,—2,3) and B(—2,1,0).
(a) Evaluate AB.

(b) Hence determine the vector equation of AB.

— —
SoLuTION: Let OA =g and OB = b.

()  AB=b-a
[—27] -1
= 1 | —|(-2
| 0 ] 3
F
=13
.__3_
(b) Thus the line is
T [—17] -1
y| =-2|+X]| 3
z 3 -3

THE LINE THROUGH TWO GIVEN POINTS:  Suppose that A has position vector ¢ and B
has position vector b. The vector equation of the line AB is

20
r=a+Ab-a).

Line Segments: A line segment is simply the result of restricting the parameter in
the vector equation of a line. The most significant example is the case of the line
through two points, viz

r=a+Ab—a).
Re-arrange this equation to get
r=(1-Na+Ab

which is a special case of the ratio division formula in given Box 6. That is,
the point R divides the interval AB in the ratio A : (1 — A). Thus as A varies
between 0 and 1, the point R occupies every location in the interval AB. Hence
the equation of the line segment is

r=a+Ab—a) for 0<A<1.

Clearly A = 0 gives r = q, the position vector of A, and A = 1 gives r = b, the
position vector of B. Thus as A increases, the point R moves from A to B.

WORKED EXAMPLE 27: Find the vector equation of the line segment AB where
A=(-1,2)and B = (3,3).

. - 4 .
SOLUTION: In this case AB = 1180 the equation is

B]:{;]+AH] for 0 <A< 1.
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5F The Vector Equation of a Line

Parallel and Perpendicular Lines: Consider the lines with vector equations

ri=a1+Mbi and 1o =as+ Aa2bs.

If the lines are parallel then their direction vectors must also be parallel. That is

b1 = pba .

If the lines intersect and they are perpendicular then their direction vectors must

also be perpendicular. That is
b1-b2=0.

It may seem strange to include the qualification that the
lines intersect when discussing perpendicular lines. It is a
necessary qualification because two direction vectors can
be perpendicular in three dimensions but the lines do not
meet. A simple example occurs in the unit cube shown on
the right. Clearly the lines OA and E'F' do not intersect.
Yet their direction vectors are ¢ and j, and i-j = 0. That
is, the direction vectors are perpendicular.

In some instances it is useful to say that the lines OA and E'F are perpendicular,
but this is very unusual. If the need ever arises to do this, it must be made clear

in any working that the lines do not intersect.

The proper name for lines in three dimensions that are not parallel and do not
meet is skew lines. However, the direction vectors do not need to be perpendicular
in skew lines. For example, AB and EG form another pair of skew lines in the

unit cube shown above.

WORKED EXAMPLE 28:
(a) Find the point where the following lines intersect.

-1 1
ri=10]4+Ax]|-1
L 5 - L 2 -
- .
ro=12|+p|-1
L 5 - __2_

(b) Hence show that the two lines form a right angle at the point of intersection.

SOLUTION:
(a) At the point of intersection 71 = ro. Equating the first two components:

—1+A=-5+3u

199

and A= 2— pu.
Adding these gives
—1=-3+2pu,
so ¢t =1 and hence A = —1. Thus from rs the point of intersection is
-5 3 -2
2 |+1x | —-1|={1
5 -2 3
As a check, substituting A = —1 into r; gives the same point.
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200 CHAPTER 5: Vectors 5F

(b) Taking the dot product of the direction vectors:
1 3
—1|-|-1] =34+1-4
2 —2
=0
and hence the lines are perpendicular.

Note that the check in the final line of part (a) above is essential, as will be
demonstrated in a later example with skew lines.

PARALLEL AND PERPENDICULAR LINES:  Let b; and by be the directions of two lines.
o If the lines are parallel then b1 = ubs .

21 e If the lines intersect and are perpendicular then by - b = 0.
e Lines in three dimensions that are not parallel and do not intersect are called
skew lines.
Perpendicular Vectors in Two Dimensions: For a given Tma

vector in two dimensions it is easy to find a perpendicular

vector. Suppose a = xi + yj is the position vector of the By x)\ A, ¥)
point A in the Argand diagram. Thus A represents the \'\ ’ R
complex number o = x + iy. The result of rotating A by \'\// Re
90° about the origin is 8 = i, and 8 = —y +4x. Let this (- -») )
represent B with position vector b = —yi+xj. It follows 0 =)

that ¢ and b are perpendicular, as can be checked by the
dot product.

Continuing this process, the complex numbers «, ic, i’ and i3a correspond to
the vectors g, b, —a and —b. That is, the vectors

G ] e ]

form a sequence where each subsequent vector is the result of a rotation by 90°.
Further, every vector in this sequence has the same magnitude. This feature
proves useful in certain problems.

The next worked example also requires a direction vector for a line in general
form. In this case, the line does not pass through the origin. Fortunately, the
result in Box 18 also applies to lines written in the form Az 4+ By + C = 0. That
is, the direction vector is either —Bi + Aj or Bi — Aj.

WORKED EXAMPLE 29: What is the vector equation of the line perpendicular to
2x — 3y + 4 = 0 which passes through the point (—5,6)?

SoLuTION: From Box 18, a direction vector of the given line is B] .

. . . 2
Thus a vector perpendicular to the given line is [_3] .

Hence the required line is
T -5 2
M)
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PERPENDICULAR VECTORS IN TWO DIMENSIONS:

In the sequence of vectors

G ] e 2]

each subsequent vector is the result of a rotation by 90°. Further, every vector

in this sequence has the same magnitude.

Skew Lines and Inconsistent Equations: Skew lines do not intersect. Trying to
find a point of intersection by equating components yields a set of inconsistent
simultaneous equations.

WORKED EXAMPLE 30: Determine whether or not the following lines intersect.

2 1

2 —1
R R
ro=12|+p|-1
__1_ __2_

SoLuTion: Equating the first two components:
24+ A=2+p
and —14+22=2—pu.
Adding these gives
1+3X=14
by which A = 1, and so g = 1. Substituting these into the z-components gives
2-1+#—1-2.

Since the equations are inconsistent, the lines do not intersect.

SKEW LINES AND INCONSISTENT EQUATIONS:
yields a set of inconsistent simultaneous equations.

23

Equating the components of skew lines

Exercise 5F

NoTE: Throughout this exercise A and p are real parameters.

1. A line ¢ passes through the point (—1,3) and has direction vector 27 — J-
(a) Sketch the line.

(b) Write down a vector equation for the line.
(¢) What is the gradient of the line?
(d) What is the Cartesian equation of the line?

2. A line has Cartesian equation y = %IL‘ —4.
(a) Find the position vector of the point on the line where z = 3.
(b) Use the gradient of the line to find a direction vector for the line.

(c) Hence write down a vector equation of the line.
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3. (a) Consider the line with equation x — 3y + 12 = 0.
(i) Use Box 18 to write down a direction vector for this line.
(ii) Write down the position vector of an intercept.
(iii) Hence write down the vector equation of the line.
(b) Follow the same method to find the vector equation of these lines.
(i) 2+3y=6 (i) y =3 (i) z = —5
4. By eliminating A from a pair of parametric equations, find the Cartesian equation of each
line.
x -3 1 . . . .
(a) v =1 5 +A 4 (b) £=>5i+2j + A(=2i+ 3j)
. o . —4 3
5. Determine whether or not each point lies on the line r = 9 +A| 5|
(a) (2,-8) (b) (—13,17) (c) (8,—20)
6. Write down a vector equation for the line that:
(a) passes through the point (7,0, —5) and is parallel to the vector —4i — 65 + 9k,
—6
(b) passes through the point (3,4, 5) and has direction vector | —7
-8
7. Write down a vector equation for the line that:
(a) passes through the point (3, —2, —4) and is parallel to the line
r=2—2j+k+A5i—3j—k),
(b) passes through the point (—1, —1,2) and is parallel to the line
e=di- ik AGi+ b+ 1)
4 -2
8. Determine whether or not each point lies on the liner = | =7 + A | 3
-1 —6
(a) (87 _137 11) (b) (_47 57 _25)
DEVELOPMENT
9. (a) Consider the line with Cartesian equation = + 2y — 4 = 0.
(i) Write down a direction vector for this line.
(ii) Thus write down a direction vector which is perpendicular to this.
(iii) Hence write down the vector equation of the perpendicular line through (2, —3).
(b) Likewise find the vector equation of the line perpendicular to x — y + 3 = 0 which
passes through (1, —2)
. T T 1 . .
10. Given r = [y] ,a = [y ] and b = [m]’ show that the vector equation r = a + A\b is
1
equivalent to the point—gradient formula y — y; = m(x — ).
11. Find a vector equation for the line AB given:
(a) A(4,3) and B(6,0) (b) A(=7,5) and B(—13,-8)
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Find a vector equation for the line PQ given:
(a) P(—1,3,1) and Q(2,4,5) (b) P(7,—11,14) and Q(17,9, —16)

Find the parametric vector equation of the interval AB where:

(a) A=(1,-2), B=(5,4) (b)y A=(-1,1,-2), B=(2,3,-1)
—4 6

Show that the linesr = | 3 | + A | =15 | and r = 2i —5j — 4k + A(—4i+ 105 + 16k)
-1 —24

are parallel.

Find the point of intersection of each pair of lines.

4 1 7 6
(a) r=|8|+A|2|andr=|6]|+pu |4
3 1 5 5
[ 7 4 -2 5
b)yr=|-3|+X|-1|andr=| 1 [+pu|-3
8 2 10 —4

Show that the lines 11 =1 —k + A(2i— j + k) and 1o =i+ j + pu(—4i + 3j — 3k) are skew.
(You must show that they are not parallel and do not intersect.)

In each case either show that the given lines are skew or find their point of intersection.

3 2 -2 1

(a) vi=|-2|+A|-1]|andwe=|-2|+pu|2
3 1 4 3
3 2 2 —1]

b)) vi=|1]+A| 1 |andwe=|-1|4+p| 2
4 -1 1 3 |

The line ¢; passes through the points (2,0,1) and (—1,3,4), while the line ¢y passes
through (—1,3,0) and (4, —2,5).

(a) Find the point of intersection of ¢; and /5.
(b) Find, to the nearest tenth of a degree, the acute angle between ¢; and /5.

Find the value of a for which the lines r = 2i + 95 + 13k + A(i + 2j + 3k)
and r = ai + 7j — 2k + p(—i + 2j — 3k) intersect.

Consider the line with vector equation r = {_04] +A B] , and let P be the point (-2, 3).

(a) Write down the coordinates of any two points A and B on the line.

(b) Find AP and AB.

(¢) Find proj, p, where AP = p and AB = b.

(d) Find the perpendicular distance d from P to the given line using d = ‘projﬁ p— Q‘.
-1 1

Repeat the previous question for the point P(1,—1,1) and the liner=| 1 | +A |0
0 2
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2 1 1 1
22. Consider the linesyv; = | 1 | +A | 2| andwe = | -2 | +p | —2
-2 3 1 3
(a) Explain why the lines are parallel.
(b) Write down the position vector of a point on vs.
(c) Use the method in Question 17 to find the distance between these parallel lines.
23. Suppose that ¢ = —i —2j, b = 3i + 2j and ¢ = 2i + 3j, and let A, B, C' and D be the
points in the Cartesian plane with respective position vectors a, ¢ +b, a+ b+ c and a + c.
(a) Show that ABCD is a rhombus.
(b) Find vector equations for the bisectors of angles DAB and ABC.

0 -1
24. Suppose that the points A, B, C and D have respective position vectors [ 1|, | —1],
2 0
4 3
0| and |1 ]| relative to an origin O, and M is the midpoint of AC.
1 2

(a) Find the position vector of M.
(b) Find a vector equation for the line BD.
(c) Show that M lies on the line BD.

(d) Find the ratio BM : M D.

25. The points A and B have position vectors ¢ and b respectively. Describe the part of the
line AB that is represented by the vector equation r = a + A(b — a) if:

(a) 0<A<1 (b) A>1 (¢) A<0
ENRICHMENT
—2 1
26. A line /¢ has vector equationr = [ 1 | + A | 0 [, P is a variable point on £ and A is
2 -1

the point (1,1,1).
(a) Find |A—P>| in terms of A.

(b) Hence find the minimum distance from A to £.
(¢) Show that the minimum distance found in (ii) is the perpendicular distance.

(d) Repeat (ii), this time using the dot product of AP and the direction vector of .

(e) Repeat (ii) yet again, this time by choosing a point B on ¢ and finding the length of

the projection of BA onto £.

5G Vector Equations of Circles, Spheres and Planes

Circles in Two Dimensions: The equation of a circle in two dimensions is most
easily found by using the geometric definition. Thus, the variable point V' with
position vector v will lie on the circle with radius r and centre the origin if

lu| =r.

Notice that this equation is consistent with the equation of a circle in the Argand
diagram, viz |z| = r. This is hardly surprising, since vectors have already been
used in conjunction with complex numbers in an earlier chapter.
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WORKED ExaMPLE 31: Determine the point on the circle with centre the origin
and radius 2 which is closest to the line 2x 4+ 4y — 15 = 0.
SoLuTION: From the diagram on the right, the point P V4
lies in the first quadrant, and lies on the line through the \ 33/
origin perpendicular to the given line. 2\
By Box 18, a direction vector of the given line is {_24] . ﬁ \‘i
. 2 ENE
Hence by Box 22 a perpendicular vector is nE
/=2
Th ding nit vector is — [2]
e corresponding unit vector is —— .
. - 2 |2 . .
Double this to get OP = —— with radius 2.
V20 | 4
. . . _ l i
Hence the required point is P = ( NG \/5>
Circles with Other Centres: Now suppose that the circle [v| = r is shifted so that
the centre is at C' with position vector ¢. Then, from the shifting results,
lu—c|=r.
Once again, the equation is consistent with |z — «| = r, which is a circle with
centre « in the Argand diagram.
. 2 1] . . .
WORKED ExaAMPLE 32: The line v = 1 + A 9 intersects the circle with
centre ¢ = _12 and radius 3 at P and (). The midpoint of chord PQ is M.
Find the coordinates of M.
SoLuTioN: The equation of the circle is ‘Q —c ‘ = 3. Solving simultaneously with
the equation of the line gives
2
1 1 a2
s 2 a]] -
S0 1+ N2+ (B+20)*=09.
Expanding brackets and collecting terms:
5A+14A+1=0.
Then P and () correspond to the roots of this equation.
The midpoint corresponds to the average of the roots, which is
A=l
- _7T
5
Hence the midpoint has position vector
2 711
w=[i]-2[s]
and so M = (%,—%)
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CIRCLES IN TWO DIMENSIONS:  Let v be the position vector of a variable point on the

o4 circle with centre ¢ and radius r. Then

lu—cf=r.

Spheres: The form of the vector equation of a sphere is identical to that of a circle
in two dimensions. Thus the sphere with centre the origin and radius r is

jof =
Likewise, the sphere with centre c is

lv—c|l=71,
where, of course, each vector has three components since the situation is now
three dimensional.
WORKED EXxAMPLE 33: Find the cartesian equation of the sphere with centre
¢= —i—j — k which passes through @ = 2{ +1j + 5k.

SoLuTION: The radius is given by

r=la—cf
—32+22+62
— 49.

The equation of the sphere is ‘ v — 9‘2 =72, so in Cartesian form this gives

(z+ 12+ (y+1)2+ (2 +1)> =49

SPHERES: In three dimensions, let v be the position vector of a variable point on
the sphere with centre ¢ and radius r. Then

25

lu—cf=r.

Circles and Parameters: Consider the vector equation
v=c+acosf +bsind

where |a| = |b] = 7 and a-b = 0. This is the parametric vector equation of a circle
with centre ¢ and radius r. The form of the equation is the same in both two and
three dimensions. In the simplest case, ¢ =7 and b = j in two dimensions.

WORKED EXAMPLE 34: Find the Cartesian equation of the curve with vector
equation v = (i + 2j) +icosf + jsin6.
SoLuTioN: First rewrite the equation as
‘Q—i— 21‘ = ‘10089 +lsin9‘
S0 (x—1)>+ (y — 2)* = cos® 0 +sin? §
thatis (z—1)?+ (y—2)%>=1.
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CIRCLES AND PARAMETERS:  Let |a| = |b| =r and ¢ - b= 0. Then
26 v=c+acosf +bsinb

is the parametric vector equation of a circle with centre ¢ and radius r.

The proof that the equation represents a circle is easy in two dimensions.
yv—c=gqgcosf+ bsind
thus ‘Q—gf = ‘gcos@+bsin0‘2
= (acosf + bsinh) - (acosf + bsinb)
= |a|* cos® 6 + 2a - beos Osin @ + |b|? sin? @
= |a|* cos® 6 + [b|*sin” 0 (since a - b= 0)
= r%(cos? 0 + sin” 0) (since |a| = [b] =)
hence ‘Q —9‘2 =72,
That is ‘Q—Q‘ =r,
which is the equation of a circle in two dimensions.
Putting & = 0 in this equation gives v = ¢ + a, and when 6 = 7 the equation
becomes v = ¢+ b. Thus as 6 increase, the variable point with position vector

v rotates around the circle with the same orientation as the angle from g to b.
In Worked Example 34, 7 to j is anticlockwise, so the circle is traversed in an

anticlockwise direction, starting at (2,2) when 6 = 0.

WORKED ExAMPLE 35: Consider the vector equation v = ¢ + acosf + bsinf

1 -1 0
where ¢ = [_J,Q— [_1] and ¢ = [2]

(a) Show that this is a circle by finding its Cartesian equation.

(b) Where on the circle is # = 0 and in which direction is the circle traversed as
0 increases?

SOLUTION:

(a) Once again, use the vector magnitudes to solve this:

220 =L 2] o

SO 22 + (y — 2)% = (cosf — sinh)? 4 (— cos§ — sin 6)?

cos? 6 — 2 cosfsinf + sin® 0
+ cos? 0 + 2 cosOsin O + sin? @
= 2(cos? § 4 sin? §)
that is 22 + (y —2)* = 2.

This is the equation of a circle with centre (0, 2)

and radius v/2. ya
1
(b) When@zO,Q:[l] and ()
2,,
-1 el —
when@z%,Q:[l], =3 70=0 |
-1 1 X
so the circle is being traversed clockwise, as seen in
the diagram on the right.
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Other Parametric Curves: The parametric vector equation of a circle is one of a
myriad of useful curves defined using vectors. Vector equations are often easier
to apply in three dimensions because the corresponding Cartesian equations are
too complicated or cannot easily be found. The spiral used in the diagram at the
beginning of the chapter to demonstrate right-handed coordinate systems is such
an example. Its vector equation is

x 2cosf
y| = | 2sinf for 0<6<6m.
1
z 50
In contrast, curves in two dimensions can often be written in Cartesian form by
solving the simultaneous equations formed from the components of the vector

equation. When those equations involve trigonometric functions, the solution is
often found using various trigonometric identities, like the circle above.

An amazing application of parameters is a Bezier curve. This is truly modern
mathematics, being developed independently by mathematicians at two French
car manufacturers in 1959 and 1960. Originally developed for technical drawings
of automotive parts, they are now extensively used in many other applications,
particularly those involving computer graphics. The curves are remarkably simple
to construct, being based on the ratio division of intervals.

The following worked example uses a simple quadratic Bezier curve. Given three
points in vector form, the Bezier curve joins the first and last with a smooth
curve by cleverly using the middle point. In this case, the curve is a parabola.

1

WORKED EXAMPLE 36: Let gg = 1 » A1 = (3) and g = § )
0 3 (3)
(a) Find vector equations of the point By which divides AgA; in the ratiot : 1—t,

and the point B; which divides A1 A5 in the same ratio.

(b) Hence find the vector equation of the point P which divides ByBj in the
ratiot : 1 — ¢, for 0 <t < 1.

(¢c) Show that P = Ay when ¢t = 0, and that P = A; when t = 1.
(d) Find the Cartesian equation of P.

SOLUTION:
(a) Using the formula in Box 6:

bo = (1—1t)ao +tar

b= (1-1t)a1 +tas
(b) Likewise:

p=(1—1t)bo+th
(1—1t)%a0 + (1 - t)tay
+H(1—t)ar +t%as
that is p = (1 —t)%ao + 2(1 — t)tay +t°a  for 0 <t <1.

This is the quadratic Bezier Curve from Ag to Ay using Aj;.
(c) At t =0, the second and third terms are clearly zero, leaving p = qo.
At t =1, the first and second terms are clearly zero, leaving p = a;.
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(d) First write the vector equation in component form.

] oo -o[ 2]

Now writing out the components as simultaneous equations:
r=—(1—1)2+ (1 —t)t+ 2
y=06(1—t)t+ 3¢

Expanding and simplifying these equations gives:

y
3
2
r=3t—1 AO /i’ \\\
2 \
2y =12t — 9t PR N
= 3t(4 — 3t)
S0 2u=(z+1)(4—(z+1)) (from Ag to As)
that is y=3(z+1)(3—=x) for —1 <2 <2, ’
The curve is shown as the solid curve on the right between Ay and As. The
dashed part of the curve shows the rest of the parabola. Notice that the

intervals AgA; and A;As are tangent to the parabola. This is always the
case with a quadratic Bezier curve.

Extension — Planes: The parametric vector equation of a circle in Box 26 has two

direction vectors and one parameter. Although the circle lies in a plane, only
the points on the circle can be obtained using that parameter. In order to reach
all points in a plane, two parameters are needed. A familiar example in three
dimensions is the zy-plane. Every point in the plane can be reached using

u=aL+Yyj.

In this case, the parameters are the coordinates x and y, and the direction vectors
are the standard basis vectors ¢ and j.

In general, let O be the origin and let A and B be two other points with position
vectors g and b respectively, and where ¢ # \b. That is, ¢ and b are not parallel.
There is only one plane which passes through these three points, and the vectors
a and b lie in that plane. Although it will not be proven in this course, the
position vector of every point in this plane through the origin can be written as

v=2Aa+pb.

One way to think of this is that A and p give the coordinates of each point for
the non-standard basis vectors g and b.

WORKED EXAMPLE 37: The point (3,2,1) lies in the plane through the origin
with equation
1
=A|1|+p
1

Find the value of A\ and pu.

IS S
W N =

SoLuTioN: The component parametric equations are:
3=A+pu
2=X+2u
1=A+3u

It should be clear that A =4 and p = —1.

209
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Now shift the plane v = Ag + pb so that it passes through the point P with
position vector p, and so that it remains parallel with the direction vectors g

and b. Then applying shifting results gives the new equation
v—p=Aa+pub.

This is more commonly written as
v=p+Aa+pb.

WORKED EXAMPLE 38: A plane passes through the points A(1,2,1), B(—1,0,1)
and C(0,—1,2). Find its equation:

(a) in vector form, (b) in Cartesian form.

SOLUTION:

(a) Two direction vectors for the plane are

. 2 N 1
BA= 1|2 and BC=|-1
1 0] 1
thus, using point A, the equation of the plane is
T [17] 2 1
yl =12 +A|2|+p|-1
z | 1] 0 1

(b) The component equations are

r=14+2\+p 1]
y=2+2\—p 2]
z=1 + 3]
Now take [1] — [3] and [2] + [3] to get

T —z=2\
y+2z2=34+2X
hence y+z=3+x—=2

or rT—y—2z=-3.

PLANES: Let a # Ab. That is, ¢ and b are not parallel. The parametric vector
equation of a plane through the point P with position vector p and parallel

27 with the vectors @ and b is

v=p+Aa+pb.

Exercise 5G

NoTE: Throughout this exercise A and p are real parameters.

1. A circle has centre (6, —9) and radius 2v/7. Write down:
(a) a Cartesian equation for the circle,
(b) a vector equation for the circle,

(c) a pair of parametric equations for the circle.
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2. A sphere has centre (—2,7, —4) and radius 9. Write down:
(a) a Cartesian equation for the sphere,
(b) a vector equation for the sphere.

3. Write down a Cartesian equation for:

. -5

~ —10

4. Write down a vector equation and a Cartesian equation for the circle with parametric
equations z = 5 + 2v/2cosf and y = —3 + 2v/2sin @ for 0 < § < 27.

3
=3V5, (b) the sphere |[r — | =1 || =11.
8

(a) the circle

5. Find a vector equation for:

(a) the circle 22 + y? — 62 + 8y = 0, (b) the sphere 22 +y* +2°+2—2y—52 = 0.
)
6. Show that the point P(8, —5,2) lies on the surface of the sphere |r — | =3 || = 7.
—4
—2
7. Determine whether A(—4, —5,6) lies inside or outside the sphere |r — | 4 || =3V15.
—1

8. A circle has vector equation (ﬁ —(2i+j - 15;)) . (1; —(2i+j - 15;)) = 20. Write down the
centre and radius of the circle.
9. A circle has vector equation r(t) = (2cost +1)i + (2sint — 1)j.
(a) Write down a pair of parametric equations for the circle.
(b) Eliminate the parameter to find the Cartesian equation of the circle.
DEVELOPMENT
10. A function is defined by the vector equation r(t) = (t —2)i + (t* — 2)j, for t > 0.
(a) Find the Cartesian equation of the function.
(b) Hence state the domain of the function.
(c) Sketch the graph of the function.
11. Suppose that the point A has position vector ¢ = 3¢ — J-

(a) Write down a vector equation for the circle passing through A with centre at the
origin.
(b) Explain why the tangent to the circle at A has vector equation (r—(3i—j))-(3i—j) = 0.

(c) Hence find the Cartesian equation of the tangent.

12. A line has equation r = {_11] + A B] and a circle has equation

ﬁ—[lHZ\/ﬁ.

(a) Write down a pair of parametric equations representing the line.
(b) Hence find the points of intersection of the line and the circle.

5 -3
13. Two spheres have equations [r — | =6 | | =7and |r — | 2 = 5. Show that the spheres
3 7
touch each other at a single point.
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14.

15.

16.

17.

18.

19.

CHaPTER 5: Vectors 5G
0

Two spheres have equations |r| =3 and [r — [0 | | = 4.
)

(a) Explain why the circle of intersection of the two spheres is parallel to the zy-plane.
(b) Determine the centre and radius of the circle of intersection.

-3 7
A line ¢ and a sphere S have equations r = | 16 | + X\ | —12
-9 3
and (z —3)? + (y +4)? + (2 + 2)? = 81 respectively. Find the points where £ intersects S.
-2 3
A line has vector equationr = | 3 | + A |4
4 5)

(a) Write down a set of three parametric equations representing the line.
(b) Hence determine the point of intersection of the line and the plane 2x + 4y — z = 55.

Find the Cartesian equation corresponding to each of the following vector equations.
(a) r(t) =3 (e"+e )i+ (e —e) J (b) r(t) = (2sint)i + (2sinttant)j

ENRICHMENT

The vector equation of a plane has the form r = ¢+ Ab+ uc, where g is the position vector
of a point in the plane, and b and ¢ are non-parallel direction vectors (that is, non-parallel
vectors that are both parallel to the plane).

Suppose that a plane P passes through the points A(1,—1,0), B(2,3,1) and C(3,4, —2).
(a) Find a vector equation for P.

(b) Find the Cartesian equation of P.

Show that the vector ai+bj +ck is perpendicular to the plane az +by+cz = d by showing
that it is perpendicular to two non-parallel direction vectors of the plane.

20. Sketch the curve defined parametrically by the vector equation:
(a) r(t) = (t — 2sint)i + tzl (b) z(t) = (3cost)i + (3sint)j + tk
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5H Chapter Review Exercise

Exercise 5H

NoTE: Throughout this exercise A and p are real parameters.

1. Find the length of @ and a unit vector in the direction of g given @ = 61 — 3j + 2k
2. The points A and B have position vectors 3¢ —j — 6k and —2¢—5j + k respectively. Find:
— —
(a) AB (b) BA (c) the distance AB
— —
3. Show that AB and CD are parallel for the points A(6,12,7), B(10,2,—15), C(—4,1,5)
and D(—2, —4, —6).
4. Use vectors to show that the points A(2,3, —1), B(5,—1,1) and C(—4, 11, —5) are collinear.
4 6
5. Giveng= | -3 | and b= | 2 |, find:
5 -2
(a) a-a (b) b-b (c) a-b (d) (@+b)-(a+b)
-1 1 -2 3
6. The points A, B, C and D have position vectors | 4 |, [0|, | 1 | and | 2 | respec-
5 2 -3 -1
tively. Show that AB and C'D are perpendicular.
7. Find the value of A for which ¢ = (A +4)i +2j + 4k and b = 2i + (A — 4)j + k are
perpendicular.
8. Find the exact value of cos#, where 8 is the acute angle between the vectors
—2 1
a=|-3|andb= | -2
2 1
9. Find the projection of @ onto b given @ = 2i + j — 3k and b= 4i — 3j — 2k.
10. Let P, A and B be the points (2,3, 1), (1,0, —2) and (0, —1, 1) respectively.
(a) Find AP and AB.
— —
(b) Find proj, p, where AP = p and AB =b.
(c) Find the perpendicular distance d from P to the line AB using d = |proj, p — Q‘.
11. AXY Z has vertices X (—5,7,3), Y (5,—2,6) and Z(3,—5, —4). Use the scalar product to
find ZXY Z correct to the nearest degree.
12. Use vectors to prove each of these theorems.
(a) The midpoints of the sides of a rhombus are the vertices of a rectangle.
(b) The midpoints of the sides of a rectangle are the vertices of a rhombus.
13. Write the linear equation y = 2z + 3 in parametric vector form by letting x = .
14. Find the Cartesian equation of the line r = 2{ — 4j + A(3i + j).
15. A line £ has vector equation © = —6i + 4j + 3k + A(2{ + j — 2k). Find the points of
intersection of ¢ with the yz, xz and xy planes.
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6 -5
16. Determine whether or not each point lies on the liner = | —4 [ + A | 2
-3 7

(a) (—4,0,13) (b) (16, -8, —17)

17. Find a parametric vector equation for the line PQ given P(1,1,—1) and Q(2,—1, 2).

18. Find the point of intersection of each pair of lines.

6 2 -3 5)
(a) r=|5|+A|l|landr=| 7 | +pn|—4
3 4 2 -7

(b) 7= ~Ti—1j + 7k + M2+ 3j — 4k) and 1 = 9 — 45 — 16k + (40 — 3] — 5k)

19. A sphere has centre (3, —4,2) and radius v/7. Write down:
(a) a Cartesian equation for the sphere,
(b) a vector equation for the sphere.

2
20. Show that the point P(5, —1,4) lies outside the sphere [r — | 3 =7.
-1
21. Find a vector equation for the sphere 2% + y? + 2% — 4 — 10y + 122 + 41 = 0.
22. Find the points of intersection of the line r = 47 — 5j + k + A\(20+ 135 — 11k) and the
sphere (z +2)? + (y — 3)* + (2 + 4)* = 125.

23. Find the Cartesian equation corresponding to each of the following vector equations.

@ 20 = @i+ (125 )4

o) 10 - (125 ) i+ (5w )4

(c) r(t) = (sint) i+ (sin2t)j
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Appendix: Some Geometry in 3D

The three fundamental objects of geometry are points, lines and planes. Because
they are so fundamental, it is difficult to give precise definitions of them, just as
it is difficult to define precisely what a number is. The following descriptions of
points, lines and planes don’t really say what they are, but will enable discussions
about them with some agreement about what is meant.

Point: A point marks a position. As it is a location, it has
no size. In diagrams, points are marked with a dot or
cross-hair, like those on the right. Italic capital letters

o P x Q
are used to label points.

Line: A line has no breadth, but extends infinitely in opposite
directions. In diagrams, lines are drawn with a ruler, like /
the one on the right. Italic lower case letters are used to

label lines.

The word line always means straight line, and does not include curves. A line
can also be thought of as the path of a point moving in a fixed direction, like the
path of a thin beam of light. It is assumed that a straight line is the shortest
path between two points.

Plane: A plane has no thickness, but extends infinitely in all

directions. In diagrams, a plane is drawn as though it is a
sheet of paper shown in perspective, like on the right. In
this text, a region within a plane will usually be labelled

by its vertices.

In the same way that a line is the path traced by a point moving in a fixed
direction, a plane is the path traced by the line moving in a second fixed direction.
A practical example is the edge of a ruler, representing the line, as it is dragged
across a desk, representing the plane that is traced out.

The word plane always means flat plane, and does not include curved surfaces
like cylinders, cones or spheres. A line joining any two distinct points in a plane
lies entirely within it.

Defining a Plane: It will be assumed that there is only one
plane which passes through three distinct fixed points.
The three points are said to define the plane. It is why
a tripod never wobbles, regardless of how uneven the
ground it is placed on.

Now consider the line AB and the point C. Since the
same three points have been used, it is clear that there is
only one plane which passes through a line and a point
which is not on the line. Thus a plane can also be defined
in this way.

Further, consider the two lines AB and AC. Since the
same three points have been used, it is clear that there
is only one plane which passes through two lines that
intersect in a single point. Thus a plane can also be
defined in this way.

9%
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Finally consider the line AB and the line parallel with
AB through C. Once again, the same three points have
been used so it is clear that there is only one plane which
passes through two parallel lines. Thus a plane can also
be defined in this way.

Arrangements of Lines in a Plane: There are precisely two arrangements of lines
in planes. Either they are parallel or they intersect. This is demonstrated in
the diagrams above for the last two ways to define a plane. There are four
arrangements when there are three lines, and these are shown below.

Arrangements of Planes in Space: There is a similar arrangement of planes in
space corresponding to each of the arrangements of lines in a plane. Two planes
in space can either be parallel or intersect in a line, as shown below.

And here are the arrangements of three planes in space corresponding to the
arrangements shown above of three lines in a plane.
In addition, three planes in space can also intersect at a
point, as shown on the right. This diagram shows the
special case when each plane is at right angles to the
other two. Three planes in space intersecting at a point
do not have to be at right angles to each other. A simple
example is a tetrahedron, where pairs of triangular faces
are at 71° to each other, yet each group of three meets
at a common vertex.
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Arrangements of Two Lines in Space: As noted above, if two distinct lines are
parallel then they define a plane, and two lines which intersect in a point also
define a plane. There is a third possible configuration of two lines in space where
neither are the lines parallel nor do they intersect.

Consider two parallel planes. For any line drawn in one
plane, it is always possible to draw a line in the other
which is not parallel with the given line. An example
of the situation is shown on the right. Pairs of lines like
these which are not parallel and do not intersect are called
skew lines.

Once again, a tetrahedron provides a practical example of D

the situation. The opposite edges AB and C'D are clearly

not parallel and clearly do not intersect, and hence they

are skew lines. As an exercise, try to identify any pair y C
of parallel lines, each pair of intersecting lines, and each

pair of skew lines. Then extend the exercise to each of B

the Platonic solids.

There is much more that could be said about geometry in three dimensions.
What has been included here are the essential concepts and configurations that
are likely needed in the study of points, lines and planes through vectors.

ISBN 9781108771054 © Sadler & Ward 2019 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.



Mechanics

CHAPTER OVERVIEW: Some practical applications of calculus in mechanics are
considered in this chapter. Simple mathematical models enable solutions to be
found in terms of the familiar functions of this course.

Problems later in the chapter require some knowledge of Newton’s laws of motion,
and that acceleration be written as a function of x. Preparation for that is done
in Section 6A. Next, simple harmonic motion is presented, firstly in terms of time
in Section 6B, and then in terms of displacement in Section 6C.

The work in Sections 6D and 6E takes the first step in making the theory of
motion more realistic by introducing a resistive force. Horizontal motion with
friction, and vertical motion in a resisting medium with constant gravity are
considered. In the following section, projectile motion is first reviewed and then
extended to include a resistive force proportional to the velocity, based on the
work done in 6E. The chapter concludes with a collection of various problems
which either extend the theory learnt to new situations or are harder examples
of applications of that theory. One specific example investigated is the simple
harmonic motion approximation for a pendulum.

6A Forces and Acceleration

In the problems encountered in this chapter, the equations of motion are either
specified explicitly or given indirectly, such as by a balance of forces. Whilst this
is not a course in physics, a basic understanding of the laws of motion is required.

Some Assumptions: A significant simplification is the assumption that an object
may be represented by a point mass, often called a particle. If the scale of the
motion is large compared with the object, such as in the case of a ball bearing
thrown 5m, then this assumption is reasonable. A second significant assumption
is that air is an ideal fluid and is not particulate in nature. At low to medium
speeds this is a satisfactory assumption.

A third assumption is that the forces due to the orbit of the earth around the
sun and due to the rotation of the earth on its axis are negligible in the problems
being considered. By way of example, in the problem of projectile motion without
air resistance, the acceleration due to gravity at the surface of the earth is about
9-8m/s®. The acceleration due to the orbit of the earth is about 6 x 10™*m/s?,
and at the equator the acceleration due to the rotation of the earth is about
0-034m/s?. Thus this third assumption seems reasonable.
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6A Forces and Acceleration 219

Newton’s Laws of Motion: The equations of motion encountered in this course
are all derived from Sir Isaac Newton’s laws of motion, contained in his book
Principia, published in 1686. It is written in Latin, the scientific language of the
day. An early translation of the laws is as follows:

Law I Every body continues in its state of rest or of uniform motion in a
straight line except in so far as it be compelled by impressed force
to change that state.

Law II The rate of change of momentum is proportional to the impressed
force and takes place in the direction in which the force acts.
Law III To every action there is an equal and opposite reaction.

In the second law, momentum is defined to be muv, the product of mass with
velocity. The standard units used are kilograms, metres and seconds. The unit
of force is called the newton, with 1N = 1kgms™2. If these SI units are used

then, in the second law, the constant of proportionality is 1. Thus

d
J —
dt(mv),

and if the mass is constant then
F =ma where a=1v.
If other units are used then these equations must be appropriately modified.

It may seem strange to state that the mass is constant, but in many cases the
mass is certainly not constant, such as a rocket as its fuel is burnt. In this course,
however, the mass is always assumed to be constant.

NEWTON'S SECOND LAW OF MOTION:  When a force F' newtons is applied to a constant
pp
1 mass m kg, which is free to move, the resulting acceleration is e ms~2, where

F=ma

In many situations it is simply a matter of integrating the force equation in order
to find the other details of the motion.

WORKED ExAMPLE 1: A body of mass 4kg is acted upon by a variable force
F = 48(5 — t) newtons for 5 seconds. If the body starts from rest at © = 0 then
what is its final velocity and how far has it travelled?

SoLuTionN: From Newton’s second law, after dividing through by the mass,
dv

— =60 — 12¢.
dt

Integrating, v = 60t — 6t> + C'.

At t = 0 the velocity is v =0, so C = 0 and
v = 60t — 6t>.

Hence at t =5, v = 150 m/s.

Integrating again gives the displacement:
x=30t> -2t 4+ D.

At t =0 the body isat x =0, so D = 0 and
z = 30t% — 2>

Hence at t = 5, x = 500 m.
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Resolution of Forces: When two or more forces act on a body, the problem can often
be solved by resolving the forces. Typically the forces are resolved horizontally
and vertically to determine the equations of motion. Usually a force diagram,
called a free-body diagram, is helpful at this step. The sum of the components
can then be used in Newton’s second law.

WORKED EXAMPLE 2: In a conical pendulum, particle P
of mass m hangs from a ceiling on a wire of length £. The
wire makes a constant angle o with the vertical and P
moves around a circle with constant angular velocity w.
Let r be the radius of the circular motion and let h be
the height of the cone traced out by the wire.

(a) Draw a free-body diagram of the situation.

(b) The horizontal force required to keep the particle in circular motion is mrw?,

directed towards the axis of the cone. By resolving the forces horizontally
and vertically, obtain an expression for w in terms of ¢, o and g.

(¢) The period of the motion is 2. Show that when ¢ = % (about 0-994 m) the
period is always less than 2 seconds.

SoLuTION: Let T be the tension in the wire.

T
(a) The diagram is shown on the right. o
(b) The vertical component of tension is T cosa. The only 3
other vertical force is due to gravity and is —mg, the minus U
sign indicating a downwards force. As there is no vertical
acceleration, the sum of the vertical forces is zero. Thus mg
Tcosaa—mg=20
or T cosa = myg (1)
The horizontal component of tension keeps the particle in
circular motion. So
T sin o = mrw? (2)
Now in the cone sina = 7 so from equation (2)
T = mrw?
or T = mlbw?
Substitute this result into (1) to get
mlw? cosa = mg
2 g
SO =
lcosa
or w = J_
lcosa
(¢) From the given formula for the period,
. {cosa
period = 27
g
= 2\/cos (when £ = % )
Hence the the period is always less than 2 seconds,
with period — 27 seconds as o — 07 .
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6A Forces and Acceleration 221

Other Forms of Acceleration: There are some problems
where the equation of motion is more naturally expressed %
v

using displacement. For example, it is easy to measure
the displacement = of one end of a spring when a mass
m is hung from it. It is found that x is proportional to R m
the force so the resulting equation is

0= —kx (for some constant k.)

In order to do anything meaningful with this equation it is necessary to rewrite
the acceleration v as a derivative in x instead of ¢. This is done as follows.

d d d
d—: = d—;} X d_:f (by the chain rule)
d
= d—U X v (by the definition of velocity)
x
dv dv
th =v—
Y T
Putting this into the equation of motion for the spring gives
dv I
v— = —kx
dx

which is a variable separable differential equation.

WORKED EXxaMPLE 3: A spring is hung from a ceiling and extended a distance
a metres then released from rest. It is found that the equation of motion for the
spring is & = —x, where x metres is the displacement of the end of the spring at
time ¢ seconds. Show that —a < x < a.
dv
SoLuTION: Replace the acceleration & with Ud— and double to get
x
dv
20— = -2z
dx
which is variable separable. Next integrate both sides to get
v:=C —2?

for some constant C. But at t =0, = a and v = 0 so

0=C—a?
thus C' = a?, and rearranging the equation gives
2?4+ =a?.
Graphing v against z, this is the equation of a circle, and hence —a < x < a.
Note that this does not prove that the end of the spring ever reaches z = —a.

That will be done later in this chapter.
Notice that the equation was doubled in the first line of the solution above. This
made the integration easier. There is another approach which is often used.

d?*z dv

-5 =

§+>

=1 (U X V) (by the product rule)
d*x d
that is —— = — (20?) .
dt? dx (2 )
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222  CHAPTER 6: Mechanics 6A

WORKED EXAMPLE 4: A particle starts at the origin with velocity v = 1m/s. It
is found that its displacement = metres at time ¢ seconds satisfies & = e 22,

(a) Find an expression for v? in terms of z.
(b) Explain why the velocity must always be positive.
(¢) Hence show that v — v/2 as t — 0.

SOLUTION:

(a) From above

) =
SO % (Uz) =2¢7 %"
thus v =C —e "
for some constant C'. Now apply the conditions v(0) = 1 and x(0) = 0.
1=C-1
SO C=2
and hence Vi =22,

(b) Now at t =0, z = 0 and v = 1, so the particle begins moving to the right.
That is, x becomes positive and v is positive. In order for v to change sign, it
must first be zero, which cannot happen for z > 0. Hence v remains positive.

(¢) Since v? =2 —e™2%, v > 1 for all time and hence as t — 00 50 t00  — 0.

Thus lim v? = lim v?
t—oo T—00
= lim 2—¢ "
Tr— 00
=92 ,

and since v > 0, take the positive square root to get tlim v =12
—00

OTHER FORMS OF ACCELERATION: The four common forms of acceleration are

d%z dv dv d
2 _— — = _ = — l 2 .
w2 a Ve a (2)

In each problem, choose the form most suitable for integration.

1,2

Integrating Twice: When acceleration is written as — (20 ), integration will often

dx
yield v? as a function of z, such as v? = a? — 2% in Worked Example 3. Rewriting
this equation:

which is a non-linear first order differential equation. Such equations are usually
too difficult to solve in this course, and no further progress is possible.

If, however, the sign of v can be established then the appropriate square root can
be taken and a second integration performed. The sign of v may be determined
either mathematically (as in Worked Example 4) or, more typically, from the
physics of the situation.
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6A Forces and Acceleration

WORKED EXAMPLE 5: Experiments suggest that acceleration due to gravity is
inversely proportional to the square of the distance to the centre of the planet.
Thus, if z is altitude and R is the radius of the earth then

d’z = —k where k is a positive constant
dt2 (v + R)2 P '

The negative sign indicates the acceleration is downwards.

An object is dropped from x = R. Let g be the acceleration due to gravity at
the surface of the earth.

(a) Show that the object hits the ground with speed +/Rg.

(b) Find an expression for the time taken in terms of z, R and g.

SoLuTIOoN: Given that & = —¢g at « = 0, it follows that —¢g = —kR 2.
Hence k = R?g.
(a) Rewrite the given differential equation as
% (v*) = —2k(z+ R)™?
o v? =2k(z+R)'+C
Using the initial condition v = 0 at x = R,
C =—-kR %

2k k
Hence v? = TR iy

" 2R — (z+ R)
x4+ R

x
L
R

= Ryg <f; 4__ i) (from the value of k above.)

Clearly at = 0, v?> = Rg and hence the speed is \/Rg.

(b) From the physical situation, the velocity is always negative. Thus

R—=z
v=—1/Rg X
g R+z
so taking reciprocals and rearranging yields

dt R+x
v/ R — = .
gxd:z: R—=x

R+z
Integrating, Rgxt=— | ———=dx
grating, /Ry s

——/< K + - >dac
\/R2—:L‘2 \/R2—:L‘2
S0 VRgt=—Rsin"'(£)+/R2—22+D.

Butx=Ratt=0so
0=—Rsin'1+D

and D:%.

Rnm . /(= z?
Hence t = ; § — Sin <;> + 1-— ﬁ

223
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Exercise 6A
1.

CHAPTER 6: Mechanics 6A

In each part, the velocity v is given as a function of x. It is known that x = 1 when ¢t = 0.

Express: (i) ¢ in terms of z, (ii) x in terms of t.

(a) v==6 (c) v=—6x3 (e) v=1+2*
(b) v=—62"2 (d) v=e"2" (f) v =cos’z

d
In each motion of the previous question, find # using the result & = %(%UQ)

d
In each part, the acceleration Z is given as a function of . By replacing & with %(51;2),

express v? in terms of z given that v = 0 when z = 0.

. 1 1 1
(a) & = 6a2 b) ¥ = — 7= d) 2 =——
(b) &=— () &=5—7 A &= 170
d
In each part, the acceleration & is given as a function of v. By replacing & with d_lt}’

express t in terms of v.

2
(a) & =77 and when t =0, v =0 (¢c) #=24v and whent=0,v =1
v
.. 2 1
(b) # =v* and whent =0, v =35

. D dv
In each part, the acceleration Z is given as a function of v. By replacing & with v —,

dx

express x in terms of v.
2

(a)i‘:%andwhenmzo,vzl (¢) =24 v and when x =0, v =0

(b) i:§andwhenm:0,U:6
v

A particle of mass m moves in a straight line subject to a force F. At time ¢, the
displacement of the particle is = and the velocity is v. The particle was initially at rest at
the origin.

(a) If F =6t —4 and m = 2, find  when t = 4.
(b) If F =2z + 1 and m = 1-5, find the positive value of v when x = 3.

1
If F =
(¢) —

and m = 0-25, find t when v = 4.

1

(d) If F = n and m = 0-5, find  when v = 3.
v

DEVELOPMENT

Three forces act on an object of mass 2kg. These forces are represented by the vectors
12i+23j, 91— 7j and —5i+14;. Calculate the magnitude and direction of the acceleration
of the object.

The diagram on the right shows two forces of magnitude

— —
20N and 15N represented by the vectors OA and OB. B A
— — 15N 20N
(a) Express OA and OB as component vectors.
(b) Calculate the magnitude of the resultant of the two 54° 32°
forces, correct to the nearest newton. 0

(c) Determine the direction of the resultant, correct to the
nearest degree.
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6A Forces and Acceleration 225

Tom can paddle his canoe with a force of 20N. He starts paddling from a point on the
south bank of a river and steers the canoe at 90° to the bank. He experiences a force of
6 N acting due east due to the current, and he also has to contend with a force of 4N due
to a breeze blowing from the north-east.

(a) Express the resultant force on Tom and his canoe as a component vector.

(b) Hence find the magnitude (in newtons to one decimal place) and direction (in degrees
to one decimal place) of the resultant force.

[A formula from physics] A particle moves with constant acceleration a, so that its equa-
tion of motion is & = a. Its initial velocity is u. After ¢ seconds, its velocity is v and its

. . d .
displacement is s. Use d—(%zﬂ) for acceleration to show that v? = u? + 2as.
x

A ball is thrown vertically upwards at 20m/s. Taking g = 10m/ s2, upwards as positive,
and the ground as the origin of displacement, the equation of motion is then & = —10.

(a) Show that v? = 400 — 20z, and find the greatest height.

(b) Explain why v = /400 — 202 while the ball is rising.

(c) Integrate to find the displacement—time function, and find how long it takes the ball
to reach its greatest height.

Assume that a bullet, fired at 1km/s, moves through the air with deceleration proportional
to the square of the velocity, so that & = —kv? for some positive constant k.

d
(a) If the velocity after 100 metres is 10m/s, use & = v d—U to find x as a function of v,
x

then find how far the bullet has travelled when its velocity is 1 m/s.

d
(b) If the velocity after 1 second is 10m/s, use & = d—: to find at what time the bullet has

velocity 1m/s.

A particle has acceleration & = ™%, and initially v = 2 and z = 0. Find v? as a function

of x, and explain why v is always positive and at least 2. Then briefly explain what
happens as time goes on.

A particle has velocity v = 6 — 2z, and initially the particle was at the origin.
(a) Find the acceleration at the origin.
(b) Show that ¢t = —%In ‘1 - %IL“, and hence find x as a function of t.

(c) Describe the behaviour of the particle as t — oc.

An object is initially at rest at the origin. It moves in a straight line away from the origin
with acceleration 2(1 4 v)m/s. Find, correct to 3 significant figures:

(a) how long it takes for the velocity to reach 20m/s,

(b) the distance travelled when the velocity reaches 20m/s.
A particle P of mass m starts from the origin O with velocity « and moves in a straight
x

line. When OP = x, where x > 0, the velocity v of P is given by v = u + k:

, where k is a

positive constant.

(a) Prove that the force acting on P is at all times proportional to v, and state the
constant of proportionality.

(b) Given that the velocity is 3u at the point A, find:
(i) the distance OA in terms of k and u.
(ii) the time, in terms of k, taken by P to move from O to A.
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6B

CHAPTER 6: Mechanics 6B

A particle of mass 0-5kg is acted upon by a force F' = (1‘ — l) newtons. Initially the

2
particle is at rest 5 metres on the positive side of the origin.
(a) Find v? in terms of z, and hence explain why the particle can never be at the origin.

(b) Find where the speed of the particle is 25 m/s, justifying your answer, and describe
the subsequent motion.

A particle of mass 2kg is subject to a force of 6z% newtons. Initially the particle is at
z = 1 with velocity —v2m/s.

(a) Find v* as a function of .

(b) Then find the displacement—time function, and briefly describe the motion.

The acceleration of a particle moving in a straight line is given by # = 3(1 — 2?), where
x metres is the displacement of the particle. Initially the particle was at the origin with
velocity 4m/s.

(a) Find v* as a function of z.
(b) Does the particle ever change direction? Justify your answer with clear reasoning.

ENRICHMENT

Newton’s law of gravitation says that an object falling towards a planet has acceleration
& = —kaz ™2, for some positive constant k, where z is the distance from the centre of the
planet. Show that if the body starts from rest at a distance D from the centre, then its

2k(D — x)

speed at a distance x from the centre is o)
x

A projectile is fired vertically upwards with speed V from the surface of the Earth.

(a) Assuming the same equation of motion as in the previous question, and ignoring air
resistance, show that k = gR?, where R is the radius of the Earth.

(b) Find v? in terms of = and hence find the maximum height of the projectile above the
centre of the earth.

(¢) [The escape velocity from the Earth] Given that R = 6400km and g = 9-8m/s?, find
the least value of V' so that the projectile will never return.

The velocity of a particle moving on the positive z-axis is given by v = (8 - 36_2t) m/s.
(a) Show that / 3 U dv= /2 dz.
—v
(b) Find, correct to 3 significant figures, the distance travelled by the particle as its speed
increases from Om/s to 7m/s.

Simple Harmonic Motion and Time

Many things naturally exhibit repeated patterns or oscillations. The human body
provides many examples such as the heart beating, the lungs breathing or the
vocal chords vibrating. Elsewhere in nature there are the waves on a beach, the
tides of the ocean or the phases of the moon. Man-made phenomena include the
regular motion of a piston in a steam engine or combustion engine, or the regular
ebb and flow of traffic caused by the phases of traffic lights. The mathematics
behind each of these examples is extremely complicated, but each can be based
on the oscillations observed in the graphs of the sine and cosine functions. This
is what will be studied in the next two sections.
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6B Simple Harmonic Motion and Time 227

Simple Harmonic Motion: The shape of the graph of z = sint is called sinusoidal.
A translation, dilation or any combination of these two does not change the basic
shape. Thus the graphs of functions like 2 = 3 cos(2t + 7) are also sinusoidal.
Whenever the graph of displacement x versus time ¢ for a particular motion is
sinusoidal, that motion is called simple harmonic motion, or SHM for short.

Accommodating the combinations of translations and dilations, both vertically
and horizontally, the equation of simple harmonic motion is commonly written
in one of two ways:

x = acos(nt + a) + ¢,
x = asin(nt + ) + c.
Sometimes a third equation is used and that will be discussed later.

The physical meanings of the values a, n and ¢ are the XA
same in both these equations. The constant c¢ is called |
the centre of motion, as the wave oscillates symmetrically
either side of the horizontal line x = ¢, as seen in the
graph on the right. The value a is the amplitude of the /
motion because the wave moves at most a away from the
centre. Thus z always lies in the range c—a < x < c+a.
The constant n is used to calculate the period = 27”, which
is the time between two peaks or two troughs.

[= [

xX=c+a

=
Il
o

IR

c—a

~V

At any time t the quantities (nt + «) and (nt + ) are each called the phase of
the motion, as their values determine the location, rather like the way that time
dictates the phases of the moon. The constant angles a and (3 are each called
the initial phase of the motion, as they determine the initial displacement. When
t = 0 the two forms of the equation give

acosa+c=asinf+c
and so cos a = sin f3.

Hence the angles are complementary and 3 = 7 — «, though it is not necessary
to memorise this formula.

WORKED EXAMPLE 6: A particle is moving in simple harmonic motion according
to the equation » = 2sin(5t + ) + 3.

(a) Write down its centre, amplitude and extremes of displacement.

(b) Determine the period, initial phase and location at ¢ = 0.

(c) Determine when the particle is next at the same location.

SOLUTION:

(a) The centre is x = 3, the amplitude is 2 so the extremes are x = 1 and x = 5.
(b) The period is 27 + § = 4, with initial phase §. Att =0, r =2sin% +3 = 4.
(¢) Solving z = 4 gives

2sin(5t+§) +3 =4
thus sin(t+ %) = 3
o T R
or Tt=0,%,2m,. ..
that is t:0,§,4,...

Hence the particle is next at © = 4 when t = %.
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CHAPTER 6: Mechanics

The function in this last example is the one graphed above in the discussion. By
chance, both the values of a and c are integers whilst both n and § are irrational.
In general, there are no restrictions except that each is a real number.

6B

SIMPLE HARMONIC MOTION:

A particle with displacement x at time ¢ is in simple

harmonic motion if either

x =acos(nt+a)+c

The centre of motion is ¢, the amplitude is a and the period is 27

or

x =asin(nt+ 5) + c.

™

The

quantities (nt+ «) and (nt+ ) are each called the phase of the motion. Each
angle o or 3 is called the initial phase.

SHM and Transformations:

that order can be reversed.

As stated earlier, motion which is simple harmonic
may be the result of shifts or dilations. The transformations applied to = cost
in order to obtain x = a cos(nt + «) + ¢ are investigated in Extension 1. Here the
horizontal transformations will be done first and the vertical second. Of course,

First shift x = cost left by a to get # = cos(t + «). Both of these functions have
period 27. Now stretch horizontally by factor % to get x = cos(nt+ a)) which has
period 27” Next stretch the wave vertically by factor a, giving x = a cos(nt + ).
Finally shift the graph up by ¢ so that the centre, also called the mean position,
is at = ¢. A similar sequence of transformations is applied to x = sint. The five
graphs that follow show such a sequence from x = sint to x = 2sin(§¢ + %) + 3.

yl\

2TE/;

r =sint

JANA!

stretch = by 2

/ s i W\Zt
3 3 3
2,,

r = 2sin(5t + §)

shift left by &
r = sin(t + §)

A

XA

N\

VAN

1
VARENY

Wl

stretch ¢ by
r =sin(§t +

11

noo17 f
3 3

Wl

shift up by 3

r=2sin(Ft+§) + 3

vz
b?
L

RIS
N~—

vV~

In a few cases it may be convenient to apply the horizontal transformations in
the opposite order by writing z = a cos (n(t + %)) + c. In this case a horizontal

stretch by factor % is followed by a shift left by <. The value &

called the phase shift.
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6B Simple Harmonic Motion and Time 229

Choosing the Origin: In many practical problems the location of the origin is not
specified or may be changed without significantly altering the problem. In such
problems, the origin should be chosen so that the equation of simple harmonic
motion is one of the following four cases.

x = acosnt — the motion starts at the top and moves downwards,
= —acosnt — the motion starts at the bottom and moves upwards,
x = asinnt — the motion starts at the centre and moves upwards,

x = —asinnt — the motion starts at the centre and moves downwards.

Notice that in each case ¢ = 0. In the first case @ = 0, and in the second case
«a = 7w which accounts for the negative sign. Likewise, in the third case 8 = 0
and in the fourth case 0 = .

WORKED EXAMPLE 7: A weight is hung from a stand on a table by a spring and
set in vertical motion. The weight oscillates between 15cm and 35 cm above the
table, and it takes 2 seconds to complete one cycle. It is found that the motion
of the weight may be modelled by simple harmonic motion.

(a) What is its height above the table %s after it passes through the lowest point?

(b) For how long in each cycle is the weight at or below 18cm? Approximate the
answer correct to two decimal places.

SoLuTION: Let the centre of motion be x = 0, 25cm above the table. The
problem involves time after the bottom of the wave, so let ¢ = 0 there. The
amplitude of the motion is @ = 10 and the period is 2 = 27” so n = m. Hence put

x = —10cosnt

o 3 . .
(a) At t = 3 the displacement is

x = —10cos %Tﬂ
=52 15 cm[
hence the height is 25 + 5v/2 = 32:07 cm.
(b) The question is equivalent to solving x
—10cosmt < —7 \10 /\ /
or cosmt > 0.7 : ; >
For equality, the first positive and negative solutions Wq 1 \2/ !
-10

are t = +0-253, thus the weight is at or below 18cm
for about 0-51 seconds each cycle.

CHOOSING THE ORIGIN:  Whenever possible, choose the origin of displacement and
time so that the equation of motion is one of the following cases:

= acosnt — the motion starts at the top and moves downwards,

= —acosnt — the motion starts at the bottom and moves upwards,

x
x
x asinnt — the motion starts at the centre and moves upwards,
x

= —asinnt — the motion starts at the centre and moves downwards.

Speed and Acceleration: In simple harmonic motion the displacement z is given
as a function of time t. Hence it is easy to differentiate to find the velocity and
acceleration. For simplicity here, assume that the centre of motion is the origin.
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Let x = acos(nt + «) Let x = asin(nt + f3)

then & = —nasin(nt + ), then & = nacos(nt + ),
and i = —nacos(nt + ). and i = —nlasin(nt + ).
Hence &= —n’z. Hence &= —n’z.

Several important observations can be made from this algebra. The maximum
speed is |#| = na, which occurs when |sin(nt + «)| = 1, or (nt + «) = 5 + k.
At these values cos(nt + @) = 0 and so x = 0. That is, the maximum speed
of an object in SHM occurs as it passes through the centre of motion. Further,
the minimum speed is zero, which occurs when (nt + «) = kw. At these values
|x| = a. That is, the minimum speed corresponds with the turning points at the
extremes of the motion.

The maximum acceleration is |#| = n?a, which occurs when |cos(nt + )| = 1,

or (nt+ «) = kmw. At these values |z| = a. That is, the maximum acceleration of
an object in SHM corresponds with the extremes of the motion, as it is changing
direction. The minimum acceleration is zero when (nt + «) = § + kn. At these
values |z| = 0. That is, the minimum acceleration occurs as the object passes
through the centre of motion.

WORKED EXAMPLE 8: An object is in simple harmonic motion with a period of
% seconds. At a certain moment its position is 3 cm above the centre of motion,
and it is moving towards the centre of motion with speed 24 cm/s.

(a) Determine its equation of motion and hence find its maximum speed.

(b) Find when it next has the same displacement, correct to two decimal places.
SoLuTION: Let the centre of motion be = 0. Let the moment it is observed

correspond with ¢ = 0. From the period, n = 27 <+ §. That is n = 6. Since it is
initially moving downwards, the velocity is initially negative.

Let x = acos(6t + «)
then & = —6asin(6t + «) .
At t =0, from the given information,

acosa =3 (1)
and —6asina = —24
or asina =4. (2)
Squaring and adding, it is clear that

a® =25

thus a=>5 (a>0.)

From equations (1) and (2) it follows that « is acute, so
a=cos % = 0-9273
(a) The maximum speed is |Z| = 6a = 30 cm/s.
(b) The object will return to its original position when
5 cos(6t + o) = 5 cosa
so  cos(6t+ a) = cosa
The first time this happens is, by the symmetries of cosine, when
6t +a=21—«
thus t=2%(r—a)=0T74s.
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SPEED AND ACCELERATION:
e The maximum speed is at the centre of motion where the acceleration is zero.
e The maximum acceleration occurs at the extremes of the motion where the

speed is zero. That is, at the stationary points.

The Differential Equation for Simple Harmonic Motion: Above it was shown:

for x=acos(nt+ «a) and for x = asin(nt + ()
i = —n?acos(nt + a), i = —n’asin(nt + ).

Look carefully at the expressions for displacement and acceleration. It should
be clear that in both cases the acceleration is related to the displacement by the
autonomous second order linear differential equation

F=—-n’z.

Applying Newton’s formula for force gives F = —mn?z. This means that the
force required to keep an object in SHM is proportional to its displacement. The
negative sign indicates that the force is directed towards the centre of motion. The
equation may be used to test whether or not a given motion is simple harmonic
with centre the origin. If the centre is « = ¢ instead then this equation becomes

i=-n*(x—c),

and the proof of this is left as an exercise.

THE DIFFERENTIAL EQUATION FOR SIMPLE HARMONIC MOTION: If an object is moving in
simple harmonic motion with centre x = ¢ and period 27” then

6 i=-n*(r—c).

Consequently the force associated with this motion is directed towards the
centre. This equation may be used as a test for simple harmonic motion.

Another Form of Simple Harmonic Motion: In some problems where the initial
displacement and velocity are known, it may be best to use the following form:

x = Acosnt + Bsinnt .

It is easy to show by differentiation that this is an equation for SHM.

i = —nAsinnt + nB cosnt
and & = —n%Acosnt —n’Bsinnt
= —n?(Acosnt + Bsinnt)
thus &= —-n’z.

By the test in Box 6, this differential equation confirms that the motion is simple
harmonic with centre z = 0 and period 27”

WORKED ExaMPLE 9:  Once again, an object is in simple harmonic motion with
a period of % seconds. At a certain moment its position is 3 cm above the centre
of motion, and it is moving towards the centre of motion with speed 24 cm/s. Let
the equation of motion be x = A cosnt + Bsinnt.

(a) Determine the values of n, A and B.

(b) Use the t-formulae to find when the object is next at its original position.
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SOLUTION:
(a) As in the previous worked example, n = 6, and
x = Acos6t + B sin6t
SO = —6Asin6t + 6B cos 6t .
At t = 0 the displacement is x = 3 so

A=3
and the velocity is £ = —24 so
6B =-24
thus B = —4.

Hence x = 3 cos6t — 4sin6t.
(b) The object will return at the first positive solution of
3cos6t —4sinbt = 3.
Put 7 = tan 3¢, then this becomes

1—72 27
e
thus 3372 —8r =3+372
or 67+ 87 =0.
Hence for the first positive solution
——
viz t=2(r—tan~"3) = 0-74s (as before.)

ANOTHER FORM OF SIMPLE HARMONIC MOTION:  In some problems for which the initial
displacement and velocity are known, it may be best to use

x = Acosnt + Bsinnt.

This corresponds to simple harmonic motion with centre x = 0 and period 27”

Exercise 6B

1. A particle is moving in simple harmonic motion about the origin. Its displacement x cm
after ¢ seconds is given by x = 12 cos 7.

(b) Differentiate to find v and & as functions of ¢, and then show that & = —%21‘.
(¢) What are the initial displacement and velocity of the particle?
(d
(

When is the particle first at the origin?

e) How long is it between visits to the origin?

2. A

(a) What are the amplitude and period of the motion?
(a

Write down the amplitude and period of the motion.
Sketch the displacement function for 0 < ¢ < 1.
Find the velocity and acceleration as functions of time.

(b
(c
(

)
)
)
particle moves so that its displacement x metres after ¢ seconds is given by x = 2 sin4rt.
)
)
)
d)

Find the acceleration as a function of displacement and hence show that the particle
is moving in simple harmonic motion.

(e) Find the first two times at which the particle is at rest, and find the acceleration at
each of these times.

(f) What is the greatest speed of the particle?
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4

e

3. A particle is moving in simple harmonic motion with displacement x =
of metres and seconds.

sin7rt, in units

(a) Show that the particle is initially at the origin.

(b) Differentiate to find v and # as functions of time, and show that & = —m2z.
(¢) What are the amplitude and period of the motion?
(d) What are the maximum distance of the particle from the origin and the maximum

speed?
(e) Sketch one period of the graphs of z, v and % against time.
(f) Find the next two times the particle is at the origin, and the velocities then.
(g) Find the first two times the particle is stationary, and the accelerations then.

4. In each of the following parts find ¢ and n, and hence write the displacement function in
the form z = asinnt.

(a) A particle moving in SHM with centre the origin and period 7 seconds starts from
the origin with velocity 4m/s.

(b) A particle moving in SHM with centre the origin and amplitude 6 metres starts from
the origin with velocity 4m/s.

5. (a) A particle’s displacement is given by = = bsinnt + ccosnt, where n > 0. Find v and
# as functions of t. Then show that i = —n?x, and hence that the motion is simple
harmonic.

(b) By substituting into the functions for z and v:
(i) find b and c if initially the particle is at rest at z = 3,

(ii) find b, ¢ and n, and the first time the particle reaches the origin, if the particle is
initially at rest at x = 5, and the period is 1 second.

6. A particle moving in a straight line started from the origin with velocity 4mcm/s. Its
displacement after ¢ seconds is given by = = a sin 7t.

(a) Prove that the motion is SHM.
(b) Find the value of a.
(c¢) Find the first two times that the speed of the particle is 2w cm/s.

7. A particle’s displacement is = 12 — 2 cos 3t, in units of centimetres and seconds.

(a) Differentiate to find v and & as functions of ¢, show that the particle is initially
stationary at x = 10, and sketch the displacement—time graph.

(b) What are the amplitude, period and centre of the motion?

(¢) In what interval is the particle moving, and how long does it take to go from one end
to the other?

(d) Find the first two times after time zero when the particle is closest to the origin, and
the speed and acceleration then.

(e) Find the first two times when the particle is at the centre, and the speed and acceler-
ation then.

8. A particle is moving in SHM according to the equation x = 6sin(2t + 7).
(a) What are the amplitude, period and initial phase?
(b) Find # and #, and show that # = —n?z, for some n > 0.
(c) Find the first two times when the particle is at the origin, and the velocity then.
(d) Find the first two times when the velocity is maximum, and the position then.
) Find the first two times the particle returns to its initial position, and its velocity and
acceleration then.
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DEVELOPMENT

A particle is oscillating in simple harmonic motion about the origin with period 24 seconds
and amplitude 120 metres. Initially it is at the origin with positive velocity.

(a) Write down functions for z and v, and state the maximum speed.

(b) What is the first time when it is 30 metres: (Answer correct to four significant figures.)
(i) to the right of the origin, (ii) to the left of the origin?

(c) Find the first two times its speed is half its maximum speed.

A particle moves in simple harmonic motion about the origin with period 7 seconds.
Initially the particle is at rest 4 cm to the right of O.

(a) Write down displacement—time and velocity—time functions.

(b) Find how long the particle takes to move from its initial position to: (i) a point 2cm
to the right of O, (ii) a point 2cm on the left of O.

(c¢) Find the first two times when the speed is half the maximum speed.

The equation of motion of a particle is z = sin?¢. Use a double-angle identity to put the
equation in the form x = x¢g — a cosnt, and state the centre, amplitude, range and period
of the motion.

A particle moves according to & = 3 — 2 cos® 2t, in units of centimetres and seconds.
(a) Use a double-angle identity to put the equation in the form x = xy — a cos nt.

(b) Find the centre of motion, the amplitude, the range of the motion and the period.
(¢) What is the maximum speed of the particle, and when does it first occur?

The displacement z cm of a particle after ¢ seconds is given by z = 2 + 3 cost + 3v/3 sint.
(a) Find & and hence prove that the motion is simple harmonic.
(b) Where is the centre of motion?
(¢) What is the period?
(d) Express 3 cost 4+ 3v/3sint in the form A cos(z — ), where A > 0 and 0 < 6 < 3
(e) Hence state the amplitude and the initial phase.

)

(f) Within what interval does the particle oscillate?

A particle’s displacement is given by x = bsinnt + ccosnt, where n > 0. Find v as a
function of t. Then find n, ¢ and b, and the first two times the particle is at the origin, if:

(a) the period is 47, the initial displacement is 6 and the initial velocity is 3,

(b) the period is 6 and when ¢t = 0, x = —2 and & = 3. (In this part write the times
correct to 3 decimal places.)

Given that x = asin(nt + «) (in units of metres and seconds), write v as a function of
time. Find a, n and v if a > 0, n > 0, 0 < a < 27 and:

(a) the period is 6 seconds, and initially z = 0 and v = 5,
(b) the period is 37 seconds, and initially z = —5 and v = 0,
(c) the period is 27 seconds and initially x = 1 and v = —1.

Given that x = acos(2t + «), find a and o if a > 0, —7 < o < 7 and:
(a) initially z = 0 and v = 6, (b) initially z = 1 and v = —2V/3.

A particle is moving in simple harmonic motion according to x = acos(gt + «), where
a>0and 0 < a < 27. When ¢t = 2 it passes through the origin, and when t = 4 its
velocity is 4 cm/s in the negative direction. Find the amplitude a and the initial phase «.
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A particle is moving in simple harmonic motion with period 87 seconds according to
x = asin(nt + «), where = is the displacement in metres, and a > 0 and 0 < a < 27.
When t =1, x =3 and v = —1. Find a and « correct to four significant figures.

A particle moving in simple harmonic motion has period 7 seconds. Initially the particle
is at = 3 with velocity v = 16 m/s.

(a) Find x as a function of ¢ in the form z = bsinnt + ccosnt.

(b) Find z as a function of ¢ in the form x = acos(nt — ¢), where a > 0 and 0 < & < 27.
(¢) Find the amplitude and the maximum speed of the particle.
)

(d) Find the first time the particle is at the origin, using each of the above displacement
functions in turn. Prove that the two answers obtained are the same.

The temperature at each instant of a day can be modelled by a simple harmonic function
oscillating between 9° at 4:00 am and 19° at 4:00 pm. Find, correct to the nearest minute,
the times between 4:00 am and 4:00 pm when the temperature is:

(a) 14° (b) 11° (c) 17°

The rise and fall in sea level due to tides can be modelled by simple harmonic motion. On
a certain day, a channel is 10 metres deep at 9:00 am when it is low tide, and 16 metres
deep at 4:00 pm when it is high tide. If a ship needs 12 metres of water to sail down a
channel safely, at what times (correct to the nearest minute) between 9:00 am and 9:00 pm
can the ship pass through?

Show that for any particle moving in simple harmonic motion, the ratio of the average
speed over one oscillation to the maximum speed is 2 : 7.

ENRICHMENT
The motion of a particle in a straight line is governed by the displacement function
r = 4sin(3t + §) + 2sin 3t.

(a) Prove that the motion is simple harmonic.
(b) Find the amplitude.

A particle moving in SHM about the origin starts at = 1. At the end of each of the first

two seconds the particle is at x = 5. Prove that the period of the motion is —3-
cos™1 2
5

(Let the displacement function be x = a cos(nt + «).)

Simple Harmonic Motion and Displacement

The focus of the previous section was on the displacement-time function for simple
harmonic motion. In this section it is the differential equation

i=—-n*(zx—c)
that takes centre stage. Firstly it will be used as a test for simple harmonic
d?*z
motion. Then the identity = — (102) will be used with integration to find

a2 dx \?
the velocity as a function of displacement.
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Simple Harmonic Motion and the Differential Equation: In the last section it
was shown that if a particle is in simple harmonic motion with centre x = 0 and
period 27” then

T=-n"z.

There is a clever way to prove the corresponding result when the centre is not
zero. Let y = x + ¢, then the particle is in simple harmonic motion with centre

y = c. Now
r=y—c

SO T=1y

and T=17.

Hence by substitution, the above differential equation becomes

j=-n’(y—c).
Finally, since the choice of pronumeral was arbitrary, if a particle is in simple
harmonic motion with centre x = ¢ and period 27” then

i=-n*(x—c).

This equation may be taken as a test for simple harmonic motion. That is, if
the displacement of a particle satisfies this equation then the particle is in simple
harmonic motion. The proof that the motion is simple harmonic is given later.

WORKED ExamMPLE 10: The displacement xz cm of a particle at time ¢ seconds
satisfies & = —4(x — 3). The particle is initially at x = 3 with velocity 6 cm/s.
Determine the displacement-time function and find when the particle is first at

the origin.
SOLUTION: Since # = —2%(z — 3), the particle is in simple harmonic motion with
centre x = 3 and period w. The particle starts at its centre with positive velocity,
So put
r =3+ asin2t.
Thus T = 2acos2t
soatt =0 6 = 2a
and hence xr =34 3sin2t.
The particle will be at the origin when
sin 2t = —1
or 2t:...,—§,37”,%”,...
so the first positive solution is
t=3r
T

6C

particle satisfies the equation

i=-n*(z—c)

then it is in simple harmonic motion with centre x = ¢ and period 27”

SIMPLE HARMONIC MOTION AND THE DIFFERENTIAL EQUATION: If the displacement of a

The proof that the motion must be simple harmonic is relatively straightforward
when the centre is x = 0. The substitution y = x + ¢ can then be used to extend
the proof to motion with other centres.
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PROOF: Suppose that # = —n?z. Regardless of the values of (0) and (0), it
is always possible to find a and « such that z(0) = asina and #(0) = na cos a.
(The proof of this is left as an exercise.) Now consider the function

u=x—asin(nt + «)

Firstly, u(0) = z(0) — asina

=0.
Next, i =% — nacos(nt + «)
o 4(0) = &(0) — na cos a

=0.
Further, i = & — n®asin(nt + a)

= —n’z — nasin(nt 4+ a)
S0 i = —n’u.

d
Th — (34*) = —n?
us (30%) nu
d

or Tu (u2) = —2n%u
hence u? = C —n*u® for some constant C.
Now apply the initial conditions u(0) = %(0) = 0 to get C = 0.
Thus u? = —n*u?.

But u is a real function and squares of reals are either positive or zero. Thus the
only solution to this equation is that u = 0 for all £. Hence

x = asin(nt + «)
and the motion is simple harmonic.

It is now possible to revisit Worked Example 3, concerning the motion of a spring.
In that problem,

Ir=—x

and thus the motion is simple harmonic with centre x = 0. The initial conditions
are £(0) = —a and £(0) = 0, so it follows that the displacement-time function is

T = —acost.
It is now clear that x takes all values in the range —a < x < a as t varies.

Velocity as a Function of Displacement: Starting with the differential equation
for acceleration

() == =)

d o 2
or E(U):—Qn (x —c)
thus v? =D —n*(z —c)?.
Now at each extreme of motion, the velocity is zero, thus

0= D —n?a®.
That is D = n?d?
and v =n%a® —n?*(xz —c)?
or U2:—TL2 ((IL‘—C)2—CL2).
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Notice that the term inside the outer brackets is a monic quadratic with its
square completed. This formula can be used to determine the centre, period
and amplitude of the motion, however it must be derived each time, and not
quoted. In practice it is better to first check that the motion is simple harmonic
by differentiation, thus finding the centre and n. Then set v = 0 to find the range
and amplitude.

WORKED ExAmPLE 11: The motion of a particle satisfies v* = —2z% + 8z + 10.
Show that the motion is simple harmonic then determine the period, centre of
motion, range and amplitude.

SoLuTION: Firstly, differentiate to find the acceleration.

i‘:i(—m2+4m—5)

dx
= 2z+4
=-2(x—2).

Hence the motion is simple harmonic with n = v/2. The period is 7v/2 and centre
is x = 2. Now put v = 0 to find the range.

2?2 —4r—5=0
or (r+1)(x—5) =0,
so the extremes of the motion are x = —1 and x = 5. Taking the average confirms

the centre is x = 2. Taking the difference and halving gives amplitude a = 3.

VELOCITY AS A FUNCTION OF DISPLACEMENT: First check that the motion is simple
9 harmonic by differentiation, and so find the centre and n. Then set v = 0 to
find the range and amplitude.

Finding the Equation of Motion from the Graph: Tt is easy to determine the
equation of simple harmonic motion from its graph. It is simply a matter of
determining the shifts and stretches applied to sine or cosine. A quick example
is included here as a reminder of the process.

WORKED EXAMPLE 12: The motion of a body is plotted XA
in the graph on the right. Assuming the motion to be 5y
simple harmonic, find the displacement-time function.

SoLuTION: The period is 4 = 27” hence n = 3.
The extremes of motion are z = —1 and z = 5. 1 4

The centre is the mean ¢ = % =2.
The amplitude is half the range = % =3.
Hence = = 2 + 3sin(§t 4 a) with a acute so that the initial velocity is positive.

1

Now i =3 cos(3t + )

and the velocity is zero at the extreme when t = % Thus
0 = cos(§ + )

™ i
whereby & +a =73
SO a=3z.
— 3 s
Hence Tz =2+ 3sin (g(3t+2)) .
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The displacement x metres of a particle after ¢ seconds is given by x = 3 cos 2t.
(a) Find expressions for v and # as functions of ¢, and for # and v? in terms of x.
(b) Find the velocity and acceleration of the particle at x = 2.

The motion of a particle is governed by the equation & = —9z (in units of metres and
seconds). The particle is stationary when z = 5.

(a) Integrate to find an equation for v?.
(b) Find the velocity and acceleration when x = 3.
(¢) What is the speed at the origin?

. A particle is oscillating according to the equation & = —16x (in units of centimetres and

seconds), and its speed at the origin is 24 cm/s.
(a) Integrate to find an equation for v?.

(b) What are the amplitude and the period?

(c) Find the speed and acceleration when x = 2.

A particle moves in SHM according to the equation & = —4z (in units of metres and
seconds). The amplitude is 6 metres.

(a) Find the velocity—displacement equation, the period and the maximum speed.

(b) Find the simplest form of the displacement—time equation if initially the particle is:
(i) stationary at z = 6, (iii) at the origin with positive velocity,
(ii) stationary at z = —6, (iv) at the origin with negative velocity.

(a) The motion of a ball on the end of a spring is modelled by the equation & = —256x

(in units of centimetres and seconds). The ball is pulled down 2cm from the origin
and released. Find the speed at the centre of motion.

(b) The motion of another ball on the end of a spring is modelled by Z + 2 = 0 (in units
of centimetres and seconds), and its speed at the equilibrium position is 4 cm/s. How
far was it pulled down from the origin before it was released?

[In these questions use the formula v? = n?(a® — 2?).]

(a) A particle moving in simple harmonic motion has period § minutes, and it starts from
the mean position with velocity 4m/min. Find the amplitude.

(b) The motion of a buoy floating on top of the waves can be modelled as simple harmonic
motion with period 3 seconds. If the waves rise and fall 2 metres about their mean
position, find the buoy’s greatest speed.

DEVELOPMENT
A particle oscillates in SHM between two points A and B that are 20 cm apart. The period
is 8 seconds. Let O be the midpoint of AB.
(a) Find the maximum speed and maximum acceleration.
(b) Find the velocity and acceleration when the particle is 6 cm from O.
The amplitude of a particle moving in simple harmonic motion is 5 metres, and its accel-

eration when it is 2 metres from its mean position is 4m/s?. Find the speed of the particle
when it is at its mean position, and also when it is 4 metres from its mean position.

A particle is moving in SHM with period 7 seconds and maximum speed 8 m/s. Find the
amplitude, and find the speed when the particle is 3 metres from its mean position.
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A particle moves in a straight line so that its acceleration is proportional to its displace-
ment z from the origin O. When 4 cm on the positive side of O, its velocity is 20 cm/s
and its acceleration is —6% cm/s?. Find the amplitude of the motion.

A particle moves in simple harmonic motion with centre O, and passes through O with

speed 10v/3 cm /s. Determine the speed of the particle when it is halfway between its mean

position and an endpoint.

A particle moving in simple harmonic motion about the origin starts at the origin with

velocity V. Prove that the particle first comes to rest after travelling a distance of V/n.

[The general case] Suppose that a particle is moving in simple harmonic motion with

amplitude a and equation of motion # = —n?xz, where n > 0.

(a) Use integration to prove that v? = n?(a® — 22).

(b) Find expressions for: (i) the speed at the origin, (ii) the speed and acceleration
halfway between the origin and the maximum displacement.

(a) A particle moves in a straight line according to the equation v? = —92% + 18z + 27.
Prove that the motion is simple harmonic, and find the centre of motion, the period
and the amplitude.

(b) Repeat part (a) for:

(i) v* = 80 + 64z — 162> (iii) v* = 222 —8x — 6
(ii) v* = —92% 4 108z — 180 (iv) v? =8 — 10z — 322

(a) Show that the motion defined by x = sin® 5¢ (in units of metres and minutes)

satisfies & = —n?(z — ¢), for some ¢ and some n > 0, by:

(i) first writing the displacement function as = 3 — 3 cos 10¢,

(ii) differentiating x directly without any use of double-angle identities.
(b) Find the centre, range and period of the motion, and the next time it visits the origin.
A particle moves in simple harmonic motion according to the equation & = —9(z — 7), in

units of centimetres and seconds. Its amplitude is 7 cm.
(a) Find the centre of motion, and hence explain why the velocity at the origin is zero.

(b) Integrate to find v* as a function of z, complete the square in this expression, and
hence find the maximum speed.

(c) Explain how, although the particle is stationary at the origin, it nevertheless moves
away from the origin.

A particle is moving according to the equation x = 4 cos 3t — 6 sin 3t.

(a) Prove that the acceleration is proportional to the displacement but oppositely directed,
and hence that the motion is simple harmonic.

(b) Find the period, amplitude and maximum speed of the particle, and find the magni-
tude of the acceleration when the particle is halfway between its mean position and
one of its extreme positions.

The motion of a particle is governed by the equation by z = 3 + sin 4t 4+ /3 cos 4t.
(a) Prove that & = —16(x — 3), and write down the centre and period of the motion.

(b) Express the motion in the form x = z¢ + asin(4t + «), where a > 0 and 0 < o < 27.
(c) Find the first three times that the particle is at the centre, and its speed there.
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19. A particle moves according to the equation x = 10 + 8 sin 2t + 6 cos 2t.

(a) Prove that the motion is simple harmonic, and find the centre of motion, the period
and the amplitude.

(b) Find, correct to four significant figures, when the particle first reaches the origin.
ENRICHMENT

20. [Simple harmonic motion is the projection of circular motion onto

A
a diameter.] A Ferris wheel of radius 8 metres mounted in the v : Zorba
north—south plane is turning anticlockwise at 1 revolution per
minute. At time zero, Zorba is level with the centre of the wheel / R
and north of it. x Jg°
(a) Let z and y be Zorba’s horizontal distance north of the centre
and height above the centre respectively.

Show that x = 8 cos 27t and y = 8 sin 27t.
(b) Find expressions for Z, g, # and §j, and show that & = —472z and §j = —472y.
(¢) Find how far (in radians) the wheel has turned during the first revolution when:
(i) z:y=V3:1 (i) :9=—-V3:1 (iii) & =g

21. A particle moves in simple harmonic motion according to & = —n’z.

(a) Prove that v = n?(a? — 22), where a is the amplitude of the motion.

(b) The particle has speeds v; and vy when the displacements are x; and x5 respectively.
Show that the period T is given by

IL‘12 - IL‘22

T =27 3 R

V2™ — V1

and find a similar expression for the amplitude.

(c) The particle has speeds of 8cm/s and 6cm/s when it is 3cm and 4 cm respectively
from O. Find the amplitude, the period and the maximum speed of the particle.
22. A particle moving in simple harmonic motion has amplitude a and maximum speed V.
Find its velocity when x = %a, and its displacement when v = %V. Prove also the more
general results

lv] = V/1—2a2/a? and |x| = ay/1 —v2/V2.

23. Two balls on elastic strings are moving vertically in simple harmonic motion with the same
period 27 and with centres level with each other. The second ball was set in motion «
seconds later, where 0 < a < 2w, with twice the amplitude, so their equations are

x1 =sint and xo = 2sin(t — a).

Let x = sint — 2sin(¢ — «) be the height of the first ball above the second.
(a) Show that & = —z, and hence that z is also simple harmonic with period 27.
(b) Show that the greatest vertical difference A between the balls is A = /5 — 4 cosa.

What are the maximum and minimum values of A, and what form does z then have?
4T

1-37%
times are they level in the time interval 0 <t < 277

(c) Show that the balls are level when tant = where T' = tan 1. How many

(d) If the distance between the balls is known to be greatest when ¢t = 0, what values
could « have, and what forms does z have?
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6D Horizontal Resisted Motion

If an object moves horizontally then gravity may be effectively ignored. Typically
the object is not entirely free to move as there is usually a resistive force, due to
friction for example, which acts in the opposite direction to the velocity. In the
problems of this section, the equations of motion will either be specified in the
question or will need to be determined by balancing forces.

Two Common Integrals: A large number of problems encountered in this section
and the next result in integrals of the form

v’ v’
/a+bvd$ or /a+bvzd$'

Notice that in both cases the numerator is a multiple of the derivative of the
denominator. Hence the results are logarithmic functions. Thus

/ /
/ v dm:%x bv dx
1
b

for some constant C. And in the second instance

/ v’ d:z:—ix/ 20w’ e
a+bv?2 " 2 a + bv?
= 3-log(a+ bv®) + D.

Notice that in both cases no absolute values are used. In the practical problems
that require these integrals, the quantities will generally be positive, and so no
absolute value is needed. Every question should be routinely checked, however,
and the absolute values re-inserted if they are required. These formulae will be
used in the examples without further explanation.

WORKED EXAMPLE 13: A rowing eight crosses the finish line with speed 5-5m/s,
and stops rowing. In a greatly simplified mathematical model, the boat is slowed
by two drag forces. The skin drag is due to the surface area in contact with the

water and is equal to 1—10771112. The form drag is due to the shape of the boat
pushing the water aside and is equal to Wlomv. Thus the force equation is
i — m(v + 10v?)
B 100

where z is the distance past the finish line, and v is the speed of the boat.
(a) Find v as a function of x.

(b) How far, correct to the nearest metre, does the boat eventually travel as it
comes to a stop?

SOLUTION:
(a) Divide through by the mass m and use # = v'v to get
oo — — v+ 1002
100

then re-arrange and integrate with respect to x:

100’ 1
de = | ——dz.
/1+10u o / 10"
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So log(1 + 10v) = —% +C (for some constant C.)
At x = 0 the boat speed is v = 5-5 so
C = log(56)
14 10v T

h 1 =——.

ence log < 56 > 10
Thus 1+ 10v _ B

51§

or v = 1—10(566_1_% —1) .

(b) Let v — 0% in the third last line above to get

T 4 1
10 ®\56
thus x = 101og(56)

=40m

In fact, according to this mathematical model, the boat never stops moving and
only approaches this distance in the limit as ¢ — co. As an exercise, find v then x
as functions of ¢t and hence explain why this is the case.

Generalised Solutions: 1t is often efficient to solve a certain problem once, using
suitable pronumerals in place of the various constants. Once this generalised
solution is found, it is simply a matter of substituting the values of the constants
to get the final solution. In the next worked example it is a particularly useful
technique as a ratio of speeds is specified.

WORKED EXAMPLE 14: An object of mass m moves horizontally, starting at the
origin with velocity Vi > 0. It experiences a resistance due to friction which is
proportional to the square of its speed and in the opposite direction.

(a) Find an expression for the velocity v in terms of the displacement x.

(b) For a certain 5kg object the resistance is equal to %02. Find how far the
object has travelled when it has slowed to i of its initial speed.
SOLUTION:

(a) Let k be the constant of proportionality for the frictional force. Since it is
opposite in direction to the velocity, and there are no other forces:

. 2 v
mi = —kv ,
dv k kv
or v-—=——? S
dx m
v’ k
SO —=—.
v m
Integrating with respect to z:
v k
—der=— | —dz.
v m
Thus logv = —£2+C (for some constant C')
or v = e motC
S0 v = Ae~kz/m (where A = e.)
Atz =0 Vo =A
thus v = Voe ke/m
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(b) Here k = -

5> m=>5and v = iVo. Thus

1 _ e—z/50

4
or /0 =4,
Thus = =501log(4)
= 69m.

Other Methods: Numerous methods can be used to solve the equations encountered.
The above worked example is now extended to demonstrate two of those methods
appropriate to the course. In the first case, the derivative is treated like a fraction,
and in the second case, definite integrals are used. Teachers and students are
encouraged to investigate other techniques, such as separation of variables, using
an integrating factor, and treating (v?) like a variable.

WORKED EXAMPLE 15:  Starting with v = Voe **/™ find the displacement as a
function of time.

dx
SoLuTioN: First replace v with the derivative pTE

d_IE - —kx/m
dt
Now treat the derivative like a fraction to get
ﬁ B ekr/m
dz - Vo '
kx/m
me
Th t=—+C.
us Vo +
Recall that at t =0, x = 0, so
m
0=—+C
Wy
m
C=—-—
o Vo
hence t= /{:ﬂVo (e’”/m — 1) .
Finally, re-arrange this equation to get,
m
m </<:Vot + m)
or r=—log| —— | .
k m
WORKED EXAMPLE 16: Starting with mo = —kv?, find the time taken for the

object to reduce in speed from Vj to %Vo.

SoLuTion: Once again, treat the derivative like a fraction and re-arrange.
a  m
dv  kv?’

Thus the time can be written as a primitive function of v as follows:

T(v) = / <— %) dv.

In this question, the time required is the value of ¢t = T(%Vo) —T(Vy).
But, by the Fundamental Theorem of Calculus, this is just a definite integral.
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m 2%
),
_2m m
ko KV
_m
_k_%,

Notice that no constant of integration needed to be found because a definite
integral was used. Now that the method of definite integrals has been established,
the technique can be used in future problems without the need for the detailed
explanation given above.

Exercise 6D

1. A certain drag-racing car of mass M kg is capable of a top speed of 288 km/h. After it
reaches this top speed, two different retarding forces combine to bring it to rest. First
there is a constant braking force of magnitude %M newtons. Secondly there is a resistive

force of magnitude ﬁM v? newtons, where vm/s is the speed of the car, acting against

a parachute released from the rear-end of the vehicle. Let x metres be the distance of the

car from the point at which the two retarding forces are activated.

120 + 802
(a) Show that x = 901n <;>

120 + v2
(b) Hence calculate, to the nearest metre, the distance that the drag-racing car travels as
it is brought from its top speed to rest.

2. A monorail of mass 10000 kg is pulling out of a station S. Its motor provides a propelling
force of magnitude 10000 Newtons, and as it moves it experiences a resistive force of
magnitude 100v? Newtons, where v metres per second is its velocity.

(a) Show that the maximum speed the monorail can attain is 36 km /h.
100
(b) Show that z = 50 1n<

—— |, where x metres is the distance the monorail has
100 — v?
travelled from S.

(¢) What percentage (to the nearest per cent) of its maximum speed has the monorail
reached when it has travelled 50 metres?

3. A particle of mass mkg experiences a resistance of kv? newtons when moving along the
z-axis, where k is a positive constant and v is the speed of the particle in metres per
second. The maximum speed attainable by the particle is u metres per second under a

P
variable propelling force of — newtons, where P is a positive constant.
v

P dv P [ 1 v
(a) Show that k = B (b) Show that gl <ﬁ - $>
(c) Prove that the distance travelled as the speed changes from fum/s to Zum/s is
M metres.
3P

(d) When the brakes are applied, the propelling force is no longer in operation. If the

maximum force exerted by the brakes is B Newtons, prove that the minimum distance
. . . omud P
travelled in coming to rest from a speed of um/s is 5P In(1-+ Bu metres.
U
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DEVELOPMENT

4. A simple model of a door closing mechanism is a spring and
dashpot. The spring pulls the door closed and the dashpot, a
gas or oil filled piston, resists the motion, which ensures that
the door does not close too fast and slam shut. A schematic
diagram is shown on the right.

For a particular door with mass m, the force exerted by the
spring is —2my and the resistance from the dashpot is —3my,
where y is the displacement of the door from the doorjamb.

doorjamb 4 door

(a) What is the significance of the minus sign in each force?
(b) Write down the equation of motion for the door.

(c) Show that, if y = f(¢) and y = g(t) are both solutions to the equation of motion, and
if A and B are constants, then y = A f(t) + B g(t) is also a solution.

(d) It is known that the function y = e** is a solution of the differential equation.

Show that the only possible values of the constant k are k = —1 and k = —2.

(e) From parts (c¢) and (d), a solution of the differential equation is

y= Ae ?' + Be .

d
4 _ 1. Find the values of A and B.

When ¢t = 0, it is known that y = 0 and 7

5. The engines on a submarine of mass m deliver a maximum driving force of F' newtons.
The water resists the motion with a force proportional to the square of the speed v.

dv 1

at— m

(b) The submarine increases its speed from v; to ve. Show that the distance travelled
during this period is

m 1 F — kv,?
— x lo — .
ok 0% \F — kg2
6. As a particle of unit mass moves in a straight line, the only force acting on it is a resistance,

which is in the opposite direction to its velocity, v. The size of this force is v+v>. Initially
the particle is at the origin and has velocity @, where @ > 0.

(a) Explain why (F — k:vz) where k is a positive constant.

U ial fracti how that the time ¢ is given by ¢ — 1log, ( 0+ ")
(a) Use partial fractions to show that the time ¢ is given by ¢t = 5 log, m .
(b) Hence find v? as a function of t.

(c) Determine the limit of v as t — oo, and hence explain why v is always positive.

(d) Show that the velocity is related to the displacement x by the formula
r=tan ' Q —tan"lw,

and hence find lim z.

t—o0

(e) Does it follow that = = tan™" < Q-v )? Justify your answer.

1+ Qu
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1 A B
7. (a) Find the values of A and B such that = + .
(2) E-0Gro)  @—v)  Gio)
(b) A body with mass m = 4-5 x 10%kg is acted upon by a force of 10*(6 — v) N where v
is its speed in metres per second. It also experiences a resistance proportional to the
square of its speed. That is:

a0t
dt  m

(6—0—]{:1}2).

(i) Its maximum speed is 2m/s. Find k.

(ii) Show that the body attains a speed of 1-5m/s, starting from rest, in a little over
2 minutes and 41 seconds.

8. When a jet aircraft touches down two different retarding forces combine to slow it down.
If the aircraft has mass M kg and speed vm/s then there is a constant frictional force of
2M newtons due to the brakes and a force of 10%)00 Muv? newtons due to the reverse thrust

of the engines. The reverse thrust does not take effect until 3 seconds after touchdown.

Let x be the distance in metres of the jet from its point of touchdown and let ¢ be the
time in seconds after touchdown.

(a) The jet’s landing speed is 72m/s. Show that v = 66 and x = 207 at the instant the
reverse thrust of the engines takes effect.
20000 + 662
b) Show that when ¢ > 3, x =207 + 5000 1n | ——
(b) Show that when x + n<20000+v2>
(c) Reverse thrust is shut down when the aircraft reaches a speed of 36 m/s. How far
from the point of touchdown, correct to the nearest metre, does this happen?

(d) The brakes alone are then used to reach the taxi speed of 7m/s. How far from the
point of touchdown, correct to the nearest metre, does the plane reach its taxi speed?

9. A box of mass m is pushed across a floor with a constant force mP. As the box moves it
is also retarded by a force due to friction of mkv, where v is its velocity and k is a positive
constant. The box is initially travelling with velocity V;.

(a) Write down a force balance equation and hence show that the speed which results in

zero nett force is Vy = %.
(b) Integrate once to show that v =V} (1 - (1 - %) e_kt>. Hence find tlim v.

(c) Draw a graph of v versus ¢ in the case when: (i) V; >V, (ii) V; <V

(d) Find the time taken for the box to accelerate from v = éVO to v = %VO.

10. A particle is moving along the z-axis. Its acceleration is given by
d?x 52z
a2 a3
and it starts from rest at x = 1.

(a) Explain why the particle starts moving in the positive x direction.

Va2 +4x -5

(b) Let v be the velocity of the particle. Show that v = ——————— for =z >1.
x
(c) Describe the behaviour of the velocity of the particle after the particle passes x = % .
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11. An object is moving across a flat surface for which the friction is proportional to v*/? and
in the opposite direction. That is, the acceleration is given by the equation
dv
v—
dx
where v is the velocity when the object is at x, and k is a positive constant. Initially the
particle is at the origin with speed Vj > 0.

= —ko®/2,

kx
2/Vy
(i) What values can = take, and where is the particle when it stops moving?
(b) (i) Find z as a function of the time ¢.
(ii) Review your answer to part (a)(ii) in light of this result.

(a) (i) Integrate with respect to x and hence show that Vi =1-
V 0

ENRICHMENT

12. When a certain object is pushed across a polished floor, the resistance due to friction is

proportional to v3/2, where v is its velocity. The resulting equation for acceleration is
@ =1-0%2,
dt

Initially the object is at rest.

dt 2
(a) Use the substitution u = /v to show that — = o
du 1—u3

(b) Use partial fractions to show that

dt_2< 11 1+2u

du 3

3 1
X — X )
1—u+2 1+u+uz 2 (u+%)2+(§)2)

21 L+yv+v o V3
(c) Henceshowthatt—g<§xlog<m>—\/§tan < ))

6E Vertical Resisted Motion

In this section it is assumed that when a particle of mass m travels vertically
through a fluid such as air, water or oil, only two forces act on the particle,
namely a force due to gravity and a resistance R to the motion. Typically it is
found that the resistance is proportional to a power of the speed |v|. Thus

|R| = mk|v|" for some constant k .

Although n can take various values, only the cases n = 1 and n = 2 will be
studied in any detail in this course.

It is also observed that the resistance is opposite in direction to the velocity v.
Thus a more convenient form of the resistance is:

R = —mkjv|" .

Normally this is further simplified by selecting a coordinate system in which the
velocity is positive, so that |v| = v and

R=—mkv™.
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For simplicity, the case of a projectile fired vertically is considered here. The
trajectory is naturally divided into two parts, the journey up and the journey
down. These parts will be considered separately.

The Upward Journey: Suppose that a particle of mass m is 7

fired upwards with initial velocity Vy through a resisting
medium under the influence of gravity g. Let y be the height
of the particle above the point of projection at time ¢. That
is, upwards is the positive direction as shown in the diagram
on the right. Also note that y =0 when t = 0. 0

[
A
i
I
I
I
I
I
I
I
I
i

COORDINATES FOR THE UPWARDS JOURNEY:  In most circumstances it is best to put the
origin at the initial position with upwards as the positive direction.

10

The only forces acting on the particle are the resistive force and the weight. Thus
the net force F' is

R
F=—mg—mkv" l
or mjj=—mg— mkv" B "TV
so  §=—(g+kv"). mg

Thus the differential equation and set of initial conditions for the motion are:
j=—(g+kv"),

whilst at ¢t = 0,
y="V

and y=20.

In any given problem, at each step, the differential equation is integrated and then
the initial conditions are used to determine any unknown constant of integration.

THE UPWARD JOURNEY: For a given value of n, integrate the differential equation

j=—(g+ko").

11 Determine any constant of integration by applying the initial conditions.
Att=0, =W
y=0

WORKED EXAMPLE 17: A particle is projected upwards in a medium for which
the resistance to the motion is one fifth of the mass times the velocity and opposite
in direction. The initial velocity is 30m/s. Let y be its height in metres above
the point of projection after ¢ seconds. Use g = 10m/ s2, so that

j=—(10+tv).
Find y as a function of the velocity v and hence find its maximum height.
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d
SoLuTion: Noting that § = Ud_v , it follows that
Yy

dv o0 + v
V— = —
dy 5
v dv 1
SO — ===
50 +v dy 5
50 dv 1
or 1- —=——.
50+v )/ dy 5

Integrate with respect to y to get:

, 500 __/1
/<” 5010) W= 5

Thus v —50log(50 +v) = —fy + C.

At t = 0, the particle is at the origin and v = 30, so
C =30 —501og 80
Hence v —501og(50 +v) = —y + 30 — 501og 80 .

Rearrange this equation to get, after a few lines of algebra,

50
y:5<30—v+5010g< 8;;”)) .

At the maximum height v = 0, thus

Ymax = O (30 + 501og %) (about 32-5 metres.)
0

The Downward Journey: Suppose that a particle of mass m
is allowed to fall from rest through a resisting medium under
the influence of gravity g. Let y be the distance below its
initial position at time t. That is, downwards is the positive
direction as shown in the diagram on the right. Also note
that y = 0 and y = 0 when ¢t = 0. 2

0
T

|

|

|

|

|

|

|

|

!
v
[

COORDINATES FOR THE DOWNWARDS JOURNEY: In most circumstances it is best to put

12 .. . .
the origin at the initial position with downwards as the positive direction.

The only forces acting on the particle are the resistive

force and the weight. Thus the net force F' is R
F =mg— mkov™ - "lv
or mi =mg— mkv" mg

SO ij=g—ko".
Thus the differential equation of motion is:
§=g— k"

whilst at ¢ = 0, the initial conditions are

y=0
and y=0.
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In any given problem, at each step, the differential equation is integrated and then
the intial conditions are used to determine any unknown constant of integration.

j=g—kv™.
13

att=0, =0
y=0

THE DOWNWARDS JOURNEY: For a given value of n, integrate the differential equation

Determine any constant of integration by applying the initial conditions. In
the case where the object is dropped from rest these are:

WORKED ExaMPLE 18: A particle falls from rest through a medium for which
the resistance is proportional to the velocity and opposite in direction. Let y be
the distance in metres below its initial position after ¢ seconds. Assume that

jy=g—kv.

a) Find v as a function of ¢.

(
(b
(c

Hence show that the terminal velocity is lim v =

)
) t—o00
)
)

e

Find y as a function of ¢.

(d) Show that if i is large enough then the approximate time to reach the ground

aty:hisgivenbyt:%h+%.

SOLUTION:
(a) Since §j = v it follows that
v=g—kv
ko
S0 Py

Integrate with respect to time to get:

/ BLUEp /—kdt
g— kv

thus  log(g — kv) = —kt + C} .
At t = 0, the velocity is zero, thus

Cy=logg.
Hence log(g — kv) = —kt + logg.

Rearrange this equation to get

log <g — k:v> = —kt
g

— kv
SO J =e M
g
or v = %(1—6_’“)
b) lim v = lim 2 (1 —e ¥
( ) t—o00 t—o0 k ( )
_ g
£(1-0)
g
=1,
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(c) From part (a),y = £ (1 — e™*") . Integrate with respect to time to get:
y=1(t+1e ")+ 0y,
Att=0 0=42(0+%)+C
SO Co=—%.
Hence y=2(t+ ¢ (e_kt -1)).
(d) If h is large enough then t is also large, so that e ** = 0. Thus
he )
and t= % + % .

Terminal Velocity: The terminal velocity of an object is most often associated with
falling bodies, but is sometimes referred to in other problems. As demonstrated
in the above worked example, one method of finding the terminal velocity is to
find v as a function of ¢ and then determine the limit

Ve = lim v(t).
t—o0
A simpler approach is to recognise that the terminal velocity corresponds to zero
acceleration. Thus in the above worked example

Ozg—k’VT
SO VT:%

14 | TeERMINAL VELOCITY: This is easily found by putting ¢ = 0.

An Object Thrown Down: In this case, the equation of motion is the same as for
the downward journey above. Let the initial speed be U. There are three cases
of note: 0 < U < Vp,U =Vyr and U > Vp. It can be shown that when U = Vp
the velocity never changes, so that the displacement function is simply

y:VTt.

Students should ensure they are able to prove this result for themselves. The
other two cases are dealt with in the exercise and the following example.

WORKED EXAMPLE 19:  An object is thrown downward with initial speed twice
its terminal velocity. Its motion is affected by gravity and air resistance, which is
proportional to the square of its speed. Put the origin at the point of projection
with downward as positive. The velocity v satisfies the equation

=g — kv?
with the initial condition that v(0) = 2Vp, where Vi = /1.

v
(a) Let w = —. Show that w satisfies the equation
T

W= —(w” = 1)/gk

and state the initial condition for w.
(b) Use partial fractions to help find ¢ as a function of w.
(c) Hence find the time taken for the object to reduce in speed from 2V to %VT.
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SOLUTION:
(a) It should be clear that v = Vpw and v = Vpw, thus
VTU} =g — k:VT2w2
=g - gu’
. g
= (1 —w?)-Z
S0 w=(1-w )VT
= —(w* —1)\/gk.
The initial condition is v(0) = 2V, so from the substitution it follows that
VT w(O) = QVT s
hence  w(0) =2.
(b) Treating the derivative like a fraction
at -1
dw — (w? —1)\/gk
r dt -1
or = -_ -
IV dw (w+1)(w—1)
Let - 4 B
(§] =
(w+1)(w—1) w+1 w—1
then by the cover-up rule A== and B = —%.
1
And so 2+/gk _
w+1l w-—1
Now integrate to get
2t\/gk = log(w + 1) —log(w — 1)+ C,
and from the initial condition
0=log3+C
hence 2t+/gk log w+1) —log(w—1)—log3,
; 1 w41
or = ) .
2\/ E\Bw—1)
(¢) When v = 15 Vr it follows that w = ¢ so
. 1 11+ 10
= o
2\/ng &\301-10)
_ log7
2k
Notice that the equation in part (b) can be solved for w to get
362t\/9_k +1
W= —"-—="—
362t\/9_k —1
3e2t\/9_k +1
sothat v=Vp x ————.
3e2t\/9_k —1
It should be clear that the numerator of the fraction is always greater than the
denominator. Hence the velocity is always greater than the terminal velocity.
More specifically, the velocity is always decreasing, quickly at first and then at a
decreasing rate as it approaches the limiting value Vr from above. That is, the
graph of v(t) is concave up with a horizontal asymptote.
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Exercise 6E

1. Anobject of mass 5 kg is projected vertically upwards with velocity 40 m/s and experiences
a resistive force in Newtons of magnitude 0-2v%, where v is the velocity of the object at
time t seconds. Assume that g = 10m/s?.

d —250 — v?
(a) Show that W

dt 25
(b) Find, correct to the nearest tenth of a second, the time to reach its maximum height.
dv dv
(¢c) Use — = v— to help find the maximum height, correct to the nearest metre.

dt dy

2. An object of mass 0-5kg is projected upwards with velocity 40m/s and experiences a
resistive force in Newtons of magnitude 0-2v, where v is the velocity of the object at
time ¢ seconds. Assume that g = 10m/s>.

—50 — 2v

—

(b) Show that the object takes 31n42 seconds to reach its maximum height.

(¢) Show that the maximum height reached is (100 4+ 432 In %) metres.

(a) Show that & =

3. An object of mass 100 kg is found to experience a resistive force, in newtons, of one-tenth
the square of its velocity, in metres per second, when it moves through the air. Suppose
that the object falls from rest under gravity, and take g = 9-8m/s?.

(a) Show that its terminal velocity is about 99 m/s.
(b) If the object reaches 80% of its terminal velocity before striking the ground, show that
the point from which it was dropped was about 511 metres above the ground.

DEVELOPMENT

4. (a) An object of mass 1kg is projected vertically upwards from the ground at 20m/s.
The body is under the effect of both gravity and air resistance which, at any time,
has a magnitude of 4—10122, where v is the velocity at time t. Put g = 10 m/sQ, and take
upwards as the positive direction.

(i) Show that the greatest height reached by the object is 20 In 2 metres.
(ii) Show that the time taken to reach this greatest height is 7 seconds.

(b) Having reached its greatest height the particle falls back to its starting point. The
particle is still under the effect of both gravity and air resistance. Take downwards as
the positive direction.

(i) Write down the equation of motion of the object as it falls.
(ii) Find the speed of the object when it returns to its starting point.

5. An object is projected downwards with initial velocity V. The air resistance at speed v
has magnitude mkv, where k is a positive constant. Take downwards as the positive
direction.

1 —kV,
(a) Show that ¢t =  log, (gg_kvo )

(b) Hence show that v = (1 — e ")+ Voe " and that the terminal velocity is 2.

)
(c) Integrate again to show that » = ¢+ kVo—g (1—e*).
)

k2
(d) Suppose that the terminal velocity of this object is 20m/s, and that g = 10 m/s2. The
object is thrown vertically downwards from a lookout at the top of a cliff at precisely
the terminal velocity. At the same instant, a similar object is dropped from the same
height. Show that the distance between the two falling objects after ¢ seconds is
40(1 — e_%t) metres, and hence state the limiting distance between them.
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6. A particle of mass 10kg is found to experience a resistive force, in newtons, of one-tenth of
the square of its velocity in metres per second when it moves through the air. The particle
is projected vertically upwards from a point O with a velocity of u metres per second. The
point A, vertically above O, is the highest point reached by the particle before it starts to
fall to the ground again. Assume that g = 10m/s?.

a) Show that the particle takes v/10tan™! —%— seconds to reach A from O.
(a) V

1010
(b) Show that the height OA is 50 loge(%) metres.
1000u?
(¢) Let w be the velocity of the particle when it returns to O. Show that w? = m .

7. (a) A particle of mass m falls from rest, from a point O, in a medium whose resistance
is mkv, where k is a positive constant and v is the velocity at time ¢.

(i) Prove that the terminal velocity V is V = % .
(ii) Prove that the speed at time ¢ is given by V (1 - e_kt).

(b) An identical particle is projected upwards from O with initial velocity U in the same
medium. Suppose that both particles begin their motion simultaneously.
(i) Prove that the second particle reaches its maximum height at ¢ = %ln %.

(ii) Prove that the speed of the first particle when the second particle reaches its

maximum height is T

8. A particle P; of mass mkg is dropped from point A and falls towards point B, which
is directly underneath A. At the instant when P; is dropped, a second particle Ps, also
of mass m kg, is projected upwards from B towards A with an initial velocity equal in
magnitude to twice the terminal velocity of P;. Each particle experiences a resistance of
magnitude mkv as it moves, where vms™! is the velocity and k is a constant.

a) Show that the terminal velocity of Pj is g, where g is acceleration due to gravity.
k

1 3
(b) Show that the time taken for particle P, to reach velocity v is t = z In < +gk: > .
g+ kv

(c) Suppose that the particles collide at the instant when P; has reached 30% of its

terminal velocity. Show that the velocity of P, when they collide is -9 ms L.

10k

2
9. (a) Consider the function f(x) =z — g _ 2¢g1n <E> , forx>g.
x g

(i) Evaluate f(g).
2
(ii) Show that f'(z) = <1 - 2) .
x
(iii) Explain why f(z) > 0 for z > g.
(b) A body is moving vertically through a resisting medium, with resistance proportional
to its speed. The body is initially fired upwards from the origin with speed V;. Let y

metres be the height of the object above the origin at time ¢ seconds, and let g be the
constant acceleration due to gravity. Thus

&y
a2

You may assume that this equation is valid for all £ > 0.

=—(g+kv), where k>0.
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256  CHapTER 6: Mechanics 6E

(i) Find v as a function of ¢, and hence show that
Ky = (g +kVo)(1 —e™™) — ght.
(ii) Find T, the time taken to reach the maximum height.
(iii) Show that when t = 27T,
Ey = (g + kVp) — g%zvo —2gIn <%kvo> )
(iv) Use this result and part (a) to show that the downwards journey takes longer.

10. An object of mass 1kg is dropped from a lookout on top of a high cliff. Let the acceleration
due to gravity be 10m/s?.
(a) At first, air resistance causes a deceleration of magnitude 1—101;, where v m/s is the
speed of the object t seconds after it is dropped.

(i) Taking downwards as positive, explain why its equation of motion is
LT 1
=10 — {5v,

where z is the distance that the object has fallen in the first ¢ seconds.

dv 100 — v
ii) Show that — = ———
(ii) Show tha T 100

it is 40 metres below the lookout satisfies the equation

V + 100log, (1 —155) + 4 =0.

, and hence show that the speed V of the object when

(b) After the object has fallen 40 metres and reached this speed V', a very small parachute

opens, and air resistance now causes a deceleration to its motion of magnitude 1—101;2 .

(i) Taking downwards as positive, write an expression for the new acceleration & of
the object, where x now is the distance that the object has fallen in the first
t seconds after the parachute opens.

(ii) Show that v? = 100 — (100 — Vz)e_%z, and hence find the terminal velocity of
the object.

(iii) Show that t seconds after the parachute opens,
1 (v+10)(V —10)

5 lOge .

(v —10)(V 4 10)

(iv) The solution to the equation in part (ii) of part (a) is V' = 25:7m/s. How long
after the parachute opens does the object reach 105% of its terminal velocity?

t =

11. A projectile is fired with velocity V' = 30m/s at an angle of 45° to the horizontal. Air
resistance is proportional to the velocity. Thus the equations of motion are

d?z dx d?y dy
ae = e M g T T
where it is known that k = §. Take g = 10m/s”.
(a) Show that, at time ¢, the horizontal displacement is x = 45(1 — e_t/3)\/§.
(b) Find a similar expression for the vertical displacement y as a function of ¢.
45\/2
)

(d) Accurately plot the function in (¢) and use it to estimate the range.

(¢) Hence show that y = (1 + v/2)z — 90 log <

(e) By way of comparison, show the trajectory for no air resistance on the same graph.
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ENRICHMENT

12. The case of vertical resisted motion where n = 1 can be solved without the need to divide
the journey into two parts, and was assumed in Question 9(b). Use the equation

§=—(g+kv)

with initial conditions v(0) = Vj and y(0) = 0 to show that the correct terminal velocity
Vp = —{ is obtained. Also show that the height at any time after the particle reaches its
maximum height is consistent with the result given in the text for the downward journey.

13. The equations of motion for a projectile with air resistance proportional to the square of
the speed are

i=—k(u>+v))2u and ©=—g—k(u®+v)rv,
where v = # is the horizontal component of velocity and v = g is the vertical component of

velocity. There is no known solution to this pair of equations. Nevertheless the trajectory
can be approximated and plotted by following the steps below.

In this case, the initial speed of the projectile is 30 m/s, the angle of projection is 45°, and
k= %. Take g = 10m/s? . Give your answers correct to 2 decimal places.

d t+0t) —ult
(a) (i) Recall that, from first principles, &~ lim u(t+9t) = u(®)

dt  6t—0 ot
enough, % = u(t+ 52 —ult) . Show that

u(t + 6t) = u(t) (1 — kot (u(t)® + U(t)2)%) .

(ii) Find similar expressions for x(t + 0t), y(t + dt) and v(t + dt).

(b) Tt should be clear that u(0) = v(0) = 15v/2, and that (0) = y(0) = 0.
(i) Use part (a)(i) with ¢ = 0 and 6t = 0-1 to find the approximate value of u(0-1).
(ii) Similarly find the approximate values of v(0-1), x(0-1) and y(0-1).

(c) What are the approximate values of u(0-2), v(0-2), z(0-2) and y(0-2)?

(d) Use a spreadsheet or appropriate mathematical software to continue to find z, y, u

and v in time steps of 0-1. Hence plot the trajectory of the projectile. What is the
approximate range, correct to the nearest metre?

. Hence, for §t small

6F Projectile Motion

In this section, harder questions on projectile motion are considered. There are
also some questions involving projectile motion with air resistance, however, these
are very limited as solutions can only be found in one case, when the resistance
is proportional to the velocity. There is no new theory, but the following two
examples indicate the difficulty of the questions that may be asked.

WORKED ExamMpPLE 20: A fielder in a women’s cricket team finds she can catch
a ball with greatest ease when the height of the ball is between y; and y., where
yo < y1. A ball is hit which has range R and reaches height A > y;. The fielder
will catch the ball on its downwards trajectory at height y, y» < y < y;. If the
fielder positions herself to catch the ball at distance x from the point of projection,
what is the length of the interval that x can lie within? Give the answer in terms
of y1, y2, R and h. Assume air resistance is negligible.
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258  CHapTER 6: Mechanics 6F

SorLuTion: This is a trick question, which is about roots of quadratic equations,
not projectile motion. Since the range is R the equation of the trajectory may
be written as

y=azx(R—x)
The vertex of the parabola is (1R, h) so
h = iaR2
4h
thus =7

From the diagram, the closest the fielder can be is at 7, where x; and z] are
roots of the quadratic equation

ar(R—x) =1y );z'
viz az? —aRx+1, =0.
Now (1 — x3)? = (21 + 2})? — day o] i
and using the sums and products of quadratic roots y
2
(21 —a})* = R? -4 R
g y1 R x5 X7 x x, X
= T

Hence, taking the positive square root

(x1 —z7) :Rﬁll—%.
. . * Y2
Likewise (2 —x3) = Ry |1 - T

From the symmetry of the parabola, the required distance is

(22— 1) = 4 ((22 = 3) — (@1 — a))

()

WORKED EXAMPLE 21: A projectile is fired with velocity vector V = 15¢ + 305.
Air resistance is proportional to the velocity. Thus the equations of motion are

d?z dx d*y dy
e T 7 R TR
where k = % and g = 10.

Find z(t) and y(t). Hence determine the Cartesian equation of motion.

SoLuTioN: This time the question is a genuine projectile motion problem. The
differential equation for the horizontal component is:

d(z) 1.
Tat o
which is the equation for exponential decay, thus
i = Ae7/5,
Att=0 15=A

d
hence @ _ 15e7t/5,
dt

ISBN 9781108771054 © Sadler & Ward 2019 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.



6F Projectile Motion 259

Integrating a second time
=B — 715 /5
and at ¢ = 0 the projectile is at the origin so
B=175
thus x=75(1—e7t/%).
Now solve the differential equation for the vertical component of motion.
M
dt
which is shifted exponential decay, thus,
j=Ce /5 — 50
Att=0,30=C —50,s0 C =80 and hence
dy

— = 80e7t/° — 50
at o

Integrating a second time
y = —400e/% — 50t + D
and at ¢ = 0 the projectile is at the origin so

= —L1(50+¢)

D =400
and y = 400(1 — e7/%) — 50t. (1)
Now from above
x=75(1—e7t/?) (2)
SO 7570 = 75—«
75
t/5 _
or e =
75
d t=>51 . 3
an og <75 — $> (3)

400 75
Thus combining (1), (2) and (3) gives: y = 75$ — 2501og <757> .
—x

Exercise 6F

1. A projectile is fired with velocity V' = 40m/s on a horizontal plane at an angle of elevation
a = 60°. Take g = 10m/s?, and let the origin be the point of projection.

(a) Show that & = 20 and § = —10t + 20v/3, and find z and y.

b) Find the flight time, and the horizontal range of the projectile.
(¢) Find the maximum height reached, and the time taken to reach it.
d)

An observer claims that the projectile would have had a greater horizontal range if its
angle of projection had been halved. Investigate this claim by reworking the question
with a = 30°.
2. A projectile is fired at a speed of 39m/s and at an angle of elevation of tan™* 15—2 It just
clears a tower at a horizontal distance of 30 m from the point of projection.
(a) Obtain, by integration, expressions for &, ¢, x and y, taking g = 10m/s?.
(b) Find the height of the tower.

(c¢) Find, in m/s correct to one decimal place, the speed of the projectile as it clears the
tower.

(d) Does the projectile reach its greatest height before or after it clears the tower?
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260 CHapTER 6: Mechanics 6F

3. A pebble is thrown from the top of a vertical cliff with velocity 20m/s at an angle of
elevation of 30°. The cliff is 75 metres high and overlooks a river.

(a) Derive expressions for the horizontal and vertical components of the displacement of
the pebble from the top of the cliff after ¢ seconds. (Take g = 10m/s?.)

(b) Find the time it takes for the pebble to hit the water and the distance from the base
of the cliff to the point of impact.

(c) Find the greatest height that the pebble reaches above the river.

(d) Find the values of # and ¢ at the instant when the pebble hits the water. Hence
find the speed (to the nearest m/s) and the acute angle below the horizontal (to the
nearest degree) at which the pebble hits the water.

(e) The path of the pebble is a parabolic arc. By eliminating ¢ from the equations for z
and y, find its equation in Cartesian form.

4. A plane is flying horizontally at 363-6 km/h and its altitude is 600 metres. It is to drop a
food parcel onto a large cross marked on the ground in a remote area.

(a) Convert the speed of the plane into metres per second.

(b) Derive expressions for the horizontal and vertical components of the food parcel’s
displacement from the point where it was dropped. (Take g = 10m/s%.)

(¢) Show that the food parcel will be in the air for 2v/30 seconds.

(d) Find the speed and angle at which the food parcel will hit the ground.

(e) At what horizontal distance from the cross, correct to the nearest metre, should the
plane drop the food parcel?

5. Ming hit a golf ball from level ground with initial speed 50m/s at an angle of 45°above
the horizontal. The ball hit the clubhouse 75 metres away. Take g = 10m/s?.
(a) Show that the ball hit the clubhouse after %\/iseconds at a point 52-5 metres above
the ground.

(b) Show that the velocity of the ball when it struck the clubhouse was 5v/58 m/s at an
angle of tan™! % above the horizontal.

6. Jeffrey hit a golf ball that was lying on level ground. Two seconds into its flight, the
ball just cleared a 28-metre-tall tree which was 24+/5 metres from where the ball was hit.
Let V' m/s be the initial speed of the ball, and let # be the angle above the horizontal at
which the ball was hit. Take g = 10m/s?.

(a) Show that the horizontal and vertical components of the displacement of the ball from
its initial position are = Vit cos@ and y = —5t% + Vit sin.

(b) Show that V cosf = 12v/5 and V sinf = 24.
(¢) By squaring and adding, find V. Then find 6, correct to the nearest minute.
(d) Find, correct to the nearest metre, how far Jeffrey hit the ball.

DEVELOPMENT

7. A ball is thrown from level ground at an initial speed of V' m/s and at an angle of projection
of a above the horizontal. Assume that, ¢t seconds after release, the horizontal and vertical
displacements are given by x = Vtcosa and y = Visina — % gt2.

x x
(a) Show that the trajectory has Cartesian equation y = sin a cos o — Ir .
cos? 2V2

V?sin2
(b) Hence show that the horizontal range is - omea
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(¢) When V' = 30m/s, the ball lands 45 metres away. Take g = 10m/s>.
(i) Find the two possible values of a.
(ii) A 2-metre-high fence is placed 40 metres from the thrower. Examine each trajec-

tory to see whether the ball will still travel 45 metres.

A ball is thrown with initial velocity 20m/s at an angle of

y!\
elevation of tan™! %.
20ms™

(a) Show that the parabolic path of the ball has parametric

equations z = 12t and y = 16t — 5t2.
(b) Hence find the horizontal range of the ball, and its great- tan”'L

est height. & x

tan 4

(c) Suppose that, as shown opposite, the ball is thrown up
a road inclined at tan™? % to the horizontal. Show that:

(i) the ball is about 9 metres above the road when it reaches its greatest height,

(ii) the time of flight is 2-72 seconds, and find, correct to the nearest tenth of a metre,
the distance the ball has been thrown up the road.

Sofia threw a ball with velocity 20m/s from a point exactly one metre above the level
ground she was standing on. The ball travelled towards a wall of a tall building 16 metres
away. The plane in which the ball travelled was perpendicular to the wall. The ball struck
the wall 16 metres above the ground. Take g = 10m/s?.

(a) Let the origin be the point on the ground directly below
the point from which the ball was released. Show that, V1
t seconds after the ball was thrown, z = 20fcosf and
y = —5t% + 20tsinf + 1, where 6 is the angle above the
horizontal at which the ball was originally thrown.

(b) The ball hit the wall after T' seconds. Show that

16 m
1m

4 =5Tcosf and 3 = 4T sinf — T?. 0 >
(c) Hence show that 16 tan®# — 80tanf 4 91 = 0. 16m

(d) Hence find the two possible values of 6, correct to the nearest minute.

Glenn the fast bowler runs in to bowl and releases the ball ya
2-4 metres above the ground with speed 144km/h at an 2-4
angle of 7° below the horizontal. Take the origin to be the 144 km/h
point where the ball is released, and take g = 10 m/s?.

(a) Show that the coordinates of the ball ¢ seconds after its
release are given by

7

Q
=V

x =40tcos7°, y =24 —40tsin7° — 5t%.

(b) How long will it be (to the nearest 0-01 seconds) before the ball hits the pitch?
(c) Calculate the angle (to the nearest degree) at which the ball will hit the pitch.

(d) The batsman is standing 19 metres from the point of release. If the ball lands more
than 5 metres in front of him, it will be classified as a ‘short-pitched’ delivery. Is this
particular delivery short-pitched?
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11. Two particles P, and Ps are projected simultaneously from

the points A and B, where AB is horizontal. The motion Vi [6
takes place in the vertical plane through A and B. The
initial velocity of P; is V; at an angle 6; to the horizontal, A 0

and the initial velocity of P» is V5 at an angle 65 to the
horizontal. You may assume that the equations of motion A B
of a particle projected with velocity V' at an angle 6 to the
horizontal are x = Vtcosf and y = —%gt2 + Vitsin@.
(a) Show that the condition for the particles to collide is V; sinf; = Va sin 6.
(b) Suppose that AB = 200 metres, Vi = 30m/s, §; = sin™* %, 0y = sin~* %, g =10m/s?
and that the particles collide.
(i) Show that Vo = 40m/s, and that the particles collide after 4 seconds.
(ii) Find the height of the point of collision above AB.
(iii) Find, correct to the nearest degree, the obtuse angle between the directions of
motion of the particles at the instant they collide.
12. A particle is projected from the origin with initial speed 30 m/s at an angle of 60° above
the horizontal. It is subject to gravity as well as air resistance proportional to % of its
velocity in both the horizontal and vertical directions, so that & = —%j: and §j = —10— %y.

(a) Show that & = 15¢75" and § = 15 ((4 + ﬁ)e—%t - 4).
(b) Show that z = 90 (1 - e_%t).

(c) Show that the particle reaches its greatest height when ¢ = 6 In (

443
|

(d) Find, correct to the nearest metre, the horizontal distance travelled when the particle
reaches its greatest height.

13. A cricketer hits the ball from ground level with a velocity of VA
magnitude 20m/s at an angle of elevation a. It flies towards
a high wall 20 metres away on level ground. Take the origin 20m/s
at the point where the ball was hit, and take g = 10m/s>. hm
(a) Show that the ball hits the wall when h = 20 tana — 5 sec? av.
(b) Show that j—a(sec a) = sec atan a. 5 & >
(¢) Show that the maximum value of h occurs when tana = 2. 20m
(d) Find the maximum height.

(e) Find the speed and angle (to the nearest minute) at which the ball hits the wall.

14. A stone is propelled at an angle of 6 above the horizontal from the top of a vertical cliff
40 metres above a lake. The speed of propulsion is 20m/s. Take g = 10m/s%
(a) Show that x(¢) and y(t), the horizontal and vertical components of the stone’s dis-
placement from the top of the cliff, are given by
x(t) = 20t cosf, y(t) = —5t% + 20t sin 6.
(b) If the stone hits the lake at time T seconds, show that
(x(T))? = 40072 — (5T — 40)>.

(c) Hence find, by differentiation, the value of T that maximises (m(T))z, and then find
the value of # that maximises the distance between the foot of the cliff and the point
where the stone hits the lake.

ISBN 9781108771054 © Sadler & Ward 2019 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.



6F Projectile Motion 263

15. A particle P; is projected from the origin with speed V at an angle of elevation 6.

(a) Assuming the usual equations of motion, show that the particle reaches a maximum
V2sin? 0
height of oy
(b) A second particle P, is projected from the origin with velocity %V at an angle %0 to
the horizontal. The two particles reach the same maximum height.

(i) Show that # = cos™ 4. (ii) Do the two particles take the same time to reach

this maximum height? Justify your answer.

V2sin 2«

16. (a) Prove that the horizontal range of a projectile is ——————, where V' is the initial
g

speed, « is the angle of projection and gm/ s? is the acceleration due to gravity.

(b) A garden sprinkler sprays water symmetrically about its vertical axis at a constant
speed of V' m/s. The initial direction of the spray varies continuously between 15° and
45° above the horizontal.

(i) Explain why, from a fixed point O on level ground, the sprinkler will wet an
2 2

annulus with centre O, inner radius 2 metres and outer radius — metres.

(ii) Deduce that by appropriately locating the sprinkler relative to a rectangular gar-
2

Vv
den 6 m by 3m, the entire garden can be watered provided that 20 >1+/7.
g

17. A particle is projected from the origin with speed V' at an angle of o above the horizontal.
It is subject to both gravity and an air resistance proportional to its velocity, so that its
horizontal and vertical components of acceleration while it is rising are given by & = —kz
and §j = —g — ky.

. _ . g . —kt 9
(a) Show that & = V cosae™* and = <E+Vsma>e — %

k2 k k
(¢) When the particle reaches its greatest height, show that it has travelled a horizontal
V2 sin 2
2(g+Vksina)

\% V si
(b) Hence show that z = c]?sa (1- e_kt) and y = < g 4 sma> (1- e_kt) 9,

distance of

ENRICHMENT

18. A projectile is fired from the origin with velocity V' and angle of elevation «, where « is
acute. Assume the usual equations of motion.
2

Vv
(a) Let k = 20" Show that the Cartesian equation of the parabolic path of the projectile
g
can be written as

z?tan® a — 4kx tana + (4ky + 2?) = 0.
(b) Show that the projectile can pass through the point (X,Y") in the first quadrant by
firing at two different initial angles a; and as only if X? < 4k? — 4kY.

(c) Suppose that tana; and tanasy are the two real roots of the quadratic equation in
tan« in part (a). Show that tana; tan s > 1, and hence explain why it is impossible
for a7 and as both to be less than 45°.
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19. The diagram shows the parabolic path of a particle that is
projected from the origin O with speed V at an angle of «
above the horizontal. It lands at P, which lies on a plane
inclined at an angle of 3 to the horizontal. When the particle
hits the plane, its direction of motion is perpendicular to the
plane.

Let OP = d, and assume that the horizontal and vertical dis-
placements of the particle from O are given by x = Vtcosa
and y = Vitsina — %gtz.

(a) Write down the coordinates of P in terms of d and £3.
(b) By substituting the coordinates of P into the displacement equations, show that

2V2 cos? o
d=———— (tanacos 3 —sin ).
oa (tanacosf—sing)
(c) By resolving the horizontal and vertical components of the velocity at P, show that
gdcos 3
cot f = ———— —tana.
b V2 cos?

(d) Deduce that tana = cot 3 4 2 tan .
20. (a) Consider the function y = 2sin(z — 6) cos z.

d
(i) Show that d—y = 2cos(2z —6). (ii) Hence, or otherwise, show that
T

2sin(x — 6) cosx = sin(2z — 0) — sin 6.

(b) A projectile is fired from the origin with velocity V at an
angle of a to the horizontal up a plane inclined at 3 to
the horizontal. Assume that the horizontal and vertical vV
components of the projectile’s displacement are given R PX.Y)

by z = Vitcosa andy:Vtsina—%gt%
(i) If the projectile strikes the plane at (X,Y), show that B
2V?2 cos? a(tan a — tan 3) & o

X = .
g

(ii) Hence show that the range R of the projectile up the plane is given by

y!\

=V

R 2V?2 cos acsin(a — 3)
N gcos2 3
2
iili) Use part (a)(ii) to show that the maximum possible value of R is ————.
(if) Use part (a)(ii) b ey

(iv) If the angle of inclination of the plane is 14°, at what angle to the horizontal
should the projectile be fired in order to attain the maximum possible range?

21. A tall building stands on level ground. The nozzle of a water sprinkler is positioned at a
point P on the ground at a distance d from a wall of the building. Water sprays from the
nozzle with speed V' and the nozzle can be pointed in any direction from P.

(a) HV > \/97d, prove that the water can reach the wall above ground level.

(b) Suppose that V' = 24/gd. Show that the portion of the wall that can be sprayed with
water is a parabolic segment of height %d and area @ d?.
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6G Miscellaneous Problems

There is no new mathematical theory presented in this section. Instead it is a
collection of harder problems deemed to be within the scope of the syllabus. The
list of problems presented here is not intended to be exhaustive. Teachers and
students are encouraged to find other practical applications of the mathematics
they have encountered, and to solve those problems. When attempting questions,
students are encouraged to draw a diagram, where appropriate, as often a problem
is more simply solved from the diagram.

WORKED EXAMPLE 22: A car of mass m is travelling at a constant speed Vm/s.
The brakes are applied, resulting in a constant deceleration until the car comes
to a stop. Given that the car stops in £m, find the force exerted by the brakes.

SoLuTION: Let vm/s be the speed of the car x m beyond where the brakes are
first applied. Since deceleration is involved, let the acceleration of the car be —a,
with a > 0, so that

d 1,2 &) |
o (3v7) = —a. el .
Integrating, %02 = —azr +C. 0 X
At x =/, v=0so0o C = al. Thus the velocity is given by
%02 = —ax + al.
Atz =0, %VO2 =al
Vo2
th = —.
us a 50
Hence the force required to stop the car is:
F =m(—a)
_mV02
-

Notice that for any given force, the distance is proportional to the square of the
speed. Thus a car going just 10% above the speed limit will require a distance 21%
greater to stop. This is obviously a significant issue for road safety.

Variable Gravity: One particular type of problem that can be solved in this course
is motion with variable gravity, as shown in previously Worked Example 5 and
here in the following example.

WORKED EXAMPLE 23: The acceleration experienced by an object due to gravity
is inversely proportional to the square of the radius » metres between the centre
of the earth and the centre of the object, and is directed towards the centre of
the earth. Thus, ignoring all other forces, the equation of motion is:

d?r _k
a2z 2’
Assume that the earth is a sphere of radius R and that the acceleration due to
gravity at the surface of the earth is g. The object is projected vertically with
initial velocity V.
(a) The smallest initial velocity for which the object never returns to the earth
is called the escape velocity. Show that the escape velocity is Vy = \/Qg—R

(b) Given that V, = y/2¢gR, find the time taken to reach an altitude of R.
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SOLUTION:

(a) Begin by finding the value of k. At the surface of the earth r = R, so

k

hence k=gR?.
Next, re-write the acceleration in terms of velocity v and radius r.

d  , 29 R?

- (v*) =- 2

dr r

29 R?
S0 =2y Cy  (for some constant C1).
r r
Whent=0,r=Rand v =1} so 2R
Vo? = 2gR + C4 A
thus Cy = Vo2 —2¢9R
29 R?
and v = g +Vo? —29R.
r
Since the object never returns, 7 must always increase, otherwise © < 0.
So take the limit as 7 — oo to get
lim v? = Vp% — 2gR

r—00

which must be positive or zero. (Squares cannot be negative.) Thus
Vo? —2gR >0

hence Vo > vV29R.
That is, the escape velocity is V) = \/2¢gR.
For the earth, these quantities are approximately:
g=10m/s’, R = 6400km and V = 8v/2 = 11-3km/s.

(b) In the case of the escape velocity, v* = ﬁ, which is continuous for r > 0,
and is never zero. Hence v can never change sign. Since it is initially positive,
it must remain positive. Thus take the positive square root to get

dr 29 R?
dt r
1 dT‘
or 72 x%:R\/Zg.
Integrating, %7‘% = Rt\/2g + Cs (for some constant Cs .)
Whent=0,r =R so
Cy = 2R3,
Thus Rt\/2g = % (7‘% — R%)
and t= 3}‘{\_2/5 (r%—R%) .
Hence at » = 2R the time is
_ 2
t = g42s(2RV2R — RVR)
= %(4 —V2) (about 690s for earth.)
ISBN 9781108771054 © Sadler & Ward 2019 Cambridge University Press



6G Miscellaneous Problems 267

Projectile Motion: There is an enormous number of different questions that can be
asked on this topic. Some of those included in the subsequent exercise may also be
appropriate for Mathematics Extension 1 candidates. Equally, many worthwhile
questions have been omitted simply for the sake of space.

WORKED EXAMPLE 24: An object is projected from the origin O at an angle
a with initial speed V. At a particular point P(x,y) on the trajectory, the

gradient of OP is tan 8 and the gradient of the tangent to the trajectory at P is

dy

i tan 8. You may assume that
x

y = Visina — %gt2
and x =Vtcosc.

4V si
(a) Show that the time taken to reach P is % .
g
(b) Hence show that tan« = 3 tang.
SOLUTION: J
(a) At P tanf3 = J and & _
x dx
SO y__ dy
x dz’
dy _y
Al ===z
>0 de &
thus y__ Q
x x
“© Vtsimoz—%gt2 :_Vsina—gt
Vicosa V cosa
or Vsina—%gt:gt—Vsina
thus 2V sina = %gt
4V sin
and = —.
39
(b) Using the value of ¢ found in part (a),
dy
tanf = — —
anf T
g (74‘/35;“0‘) — Vsina
N V cosa
~ 4Vsina — 3V sina
N 3V cos
thus tan 8 = S
3cosa

or tana = 3tan(.

Simple Harmonic Motion: A harder application of simple harmonic motion is in
the small angle approximation of the motion of a pendulum. It is also an example
of how a force may be resolved into its components in different directions, rather
like the resolution of the initial velocity in projectile motion.
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WORKED EXAMPLE 25: A mass m is suspended from a
fixed point on a light inextensible wire of length L. The
ball is set in motion, swinging back and forth along an
arc in a vertical plane. At time ¢t the angle that the wire
makes with the vertical is 8. The only forces acting on
the ball are the tension T acting along the wire normal
to the arc, and gravity acting vertically.

(a) Resolve the force due to gravity normally to find 7'

d*0 in6
(b) Next, resolve the force tangentially to show that i _gsll;n .
(¢) Under what circumstances can the equation in part (b) be approximated with
a0 gb 0
a2 L~

(d) Att =0, the ball is released from rest at an angle 6 = 6, where 6 is positive.
Use the result of part (c) to show that 6 = 6 cos ( 2 t).
(e) What is the speed of the ball at the bottom of the swing?

SOLUTION:

(a) Since the length of the wire does not change it follows that
the sum of the normal forces is zero. Thus

T —mgcosd =0

or T =mgcosh.

(b) The only force acting tangentially is the component of
weight, which is mgsin 6. From observation, the force acts
in the opposite direction to the displacement, L. Hence

d2
mﬁ (HL) = —mgsinf
d?0 gsinf
SO — =
dt? L
(¢) When 6 is small, it follows that sin€ = 6 so
0 g
a2 L’
(d) The previous result is the equation of simple harmonic motion with n? = £

Hence the general solution is

Hzacos(\/%t+¢) where -2 <¢<7%
SO éz—a\/%sin(\/%t+¢).
At ¢ = 0, the velocity is zero. That is 0L = 0, so

0= —ay/%sin(¢)
hence ¢ =0 (for ¢ in the specified domain)
and Hzacos( %t) .
At t = 0, the initial angle is 6y = acos0
hence a = 6,
and 0:00008( %t) .
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Here is a simpler argument. The motion is SHM and starts from rest hence
a cosine solution is appropriate, since the cosine function has a stationary
point at ¢t = 0. It follows that the initial displacement is the amplitude.

(e) At the bottom of the swing 6§ = 0, so
cos ( 2 t) =0
that is It=73+km.
The speed is v = ‘HL , SO
v = ‘—HOL\/%sin (\/%t) ‘
= ‘—OOL\/%sin (2 + ]{37'(')‘ (at the bottom of the swing)

= Hong.

Exercise 6G

1. An object falls from the top of a building. An office worker sees the object fall past a
window 2m high in %s. Assume that air resistance is negligible and use g = 10m/s?.
Let y be the height of the object above the bottom of the window at time ¢.

(a) Show that y = H — 5t*, where H is the distance from the bottom of the window to
the top of the building.

(b) Use part (a) and the information given in the question to form a pair of equations.
Solve these simultaneously to find the value of H.

2. A projectile is fired vertically under the influence of gravity alone. Let the acceleration
due to gravity be g = 10m/s®. Thus the height y; at time t satisfies ; = —10. The
projectile is fired with initial speed of 16 m/s. One second later another projectile is fired
from the same point.

(a) Find the time for the first projectile to reach its maximum height. Hence find this
maximum height.

(b) Let the initial speed of the second projectile be v. Show that its height is given by
Yo = —5(t —1)* + ot —1).

(¢) Find v given that the two collide when the first has reached its maximum height.

3. Ignoring air resistance, a hot-air balloon has two forces acting on it: a constant buoyancy
force B and the force due to gravity. Suppose that when the mass of the balloon is M it
descends with a downward acceleration d > 0. Ballast of mass m is thrown out and the
result is that the balloon ascends with upward acceleration a > 0.

(a) Write down two force balance equations for the information given.
a+d

a+g’

(b) Hence show that m = M

4. The acceleration due to gravity at distance r from the centre of the moon is given by
d?r R?
proi —9—2 , where R = 1737 km is its radius and g = 1-625 m/s2 is the acceleration due
r
to gravity at the surface of the moon. A projectile is fired vertically from the surface with
initial velocity V.
(a) Derive an expression for v?, the square of the velocity of the projectile, in terms of 7.

(b) The maximum altitude of the projectile is R. Determine Vj.
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5. The bob of a pendulum is released from rest. The initial angle
between the wire and the vertical is 6y and the tension along the |
wire is Ty. At time t after it is released, the angle between the wire
and the vertical is # and the tension is T. You may assume that
the only forces acting on the bob are due to the tension acting
along the wire and gravity acting vertically. Let the mass of the A\
bob be m and the length of the wire be L. J

(a) Resolve the forces on the bob normally and tangentially to mg
obtain the equations of motion.

do d*0  d /4
(b) Let w = e Show that i @(gw ) .

(¢) Hence show that w” = —2-(T — Ty).

6. The deck of a ship is 1 m below a wharf at low tide and is 0-4 m above the wharf at high
tide. On a certain day the ship has a precious cargo that can only be safely offloaded when
the deck is above the level of the wharf. On that day, low tide is at 1:10 am and again
at 1:35pm. Given that the tide can be modelled with simple harmonic motion, between
what times in the morning can the cargo be safely offloaded?

DEVELOPMENT

sina +1

7. (a) Show that tan(§ + §) =
cos

(b) The Cartesian equation of a projectile fired at angle 5 and velocity V is
2

y:—g—;se02ﬁ+mtanﬁ.

Write this equation as a quadratic in tan (.

(¢) In a game of netball the Goal Attack is about to shoot for goal. The line joining the
net and the point of projection of the ball makes an angle a with the horizontal. Let h
be the height of the net above the point of projection. Let V' be the minimum speed
required to score a goal. That is, there is only one angle of projection § at which the
shot may be taken with speed V.

(i) Let the coordinates of the net be (z,y). Show that V* —2gyV? — g?22 = 0.
(ii) At the net, y = h and z = hcot . Show that V? = gh(1 4 coseca) .

(iii) Write down an expression for tan 4 and hence use part (a) to show that § = 745 .

8. The Cartesian equation of a projectile fired at angle 8 and velocity V may be written as

2 2
Qg—‘;taﬁe—xtan0+<y+g—$2>:0. (%)

(a) Let this quadratic equation for tan# have two solutions, tan 6, and tan 6.

Show that tan(6; 4 02) = ——
Y

(b) Suppose that for a certain point P(a,b) there is only one solution for 6.

. . b
Prove that this angle is = § + 3, where tana = —.
a

(c) Each point that can be hit by the projectile lies on or below a parabola. By considering
the discriminant of equation (x), find and describe that parabola.
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A number of ball bearings are fired at the same moment, from the same point and with
the same speed V' but at different angles of projection in the same vertical plane. Ignoring
air resistance, the time equations for the position of each ball bearing are

x = Vitcosa; and y = Vitsina; — %gt2

where o is the angle of projection of the '8 ball bearing. Show that at any time, all the
ball bearings lie on a circle, and find the centre and radius of this circle.
[HINT: Eliminate o; from the above equations.]

A thrill-seeker goes bungy-jumping from a point O on a bridge above a river. Let z be
the distance below O and let v be the velocity of the thrill-seeker towards the river.

d
(a) The person free falls for a distance ¢. Thus e (%02) =gfor0<a </
x

Show that v? = 2g¢ when = = £.
(b) For z > ¢, the bungy cord begins to slow the person down according to the equation
d

- (3v%) =g —gk(z—0)

where k is a positive constant.
(i) Show that v? = 2gx — gk(x — £)? for x > £.
(ii) Show that the furthest the thrill seeker reaches is

:zma,{:%(1+ké+\/l+72k€).

(iii) Find zpax in terms of ¢ when k¢ = 4.

An object is fired vertically upwards with initial speed Vjpm/s from ground level. Ignoring
air resistance, the acceleration due to gravity varies with height = above ground level
according to the equation
2

4 ) ——

dx \? (R+ x)?
where R is the average radius of the earth, and v is the velocity of the object.
(a) What is the significance of the negative sign?
(b) Find an expression for h, the maximum height reached, in terms of R and V.
(c) Giventhat R = 6-4x10°m and Vi = 500m/s, evaluate h correct to the nearest metre.
The temperature B of a beaker containing a hot chemical, and the temperature W of

a cooler water bath in which the beaker is placed, both satisfy Newton’s law of cooling.
Thus the temperatures are related by the equations

% =—k(B-W) and % =3kK(B-W),

where k is a positive constant.

(a) By differentiating %B + W, show that %B + W = C, where C is a constant.

(b) Initially the beaker is 120°C and the water bath is 22°C. Find C' and hence show that
dB
o=

(c) Solve the above equation to find B as a function of time.

(d) After ten minutes the temperature of the beaker is 92°C. Find the temperature of the
beaker after a further ten minutes.

(e) What is the eventual temperature of the water bath?

k(4B —112).
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272  CHaPTER 6: Mechanics 6G

13. A model for the population, P, of elephants in Serengeti National Park is
21000
T T4 3e 3
where t is the time in years after the end of 2008.
(a) Show that P satisfies the differential equation

dP P P
= (1-—).
dt 3< 3000)

(b) What was the population at the end of 20087
(¢) What does the model predict that the eventual population will be?
d) What was the annual percentage rate of growth at the end of 20087
)
)

(
14. (a) Show that the focal length of the parabola y = bz — ax? is ﬁ .
(b) The usual Cartesian equation of the trajectory of a projectile is
2
gsect o
=xt —x?x
y=xtana —x 5772

(i) Find the coordinates of the vertex of this trajectory.
(ii) Find the focal length of the trajectory.
(iii) Hence find the equation of its directrix, and the coordinates of the focus.

15. As water empties from a water cooler through a small hole at the bottom it is found that
the depth of the water satisfies the equation

dy
- A—
dt vy,

where k is a positive constant and y is the depth of water. Initially the depth of the water
is yo and it takes T seconds to fully drain.

t
(a) Show that Y11 for0<t<T.
Yo T
(b) Suppose that it takes 15 seconds for half the water to drain out. How long does it

take to empty the full cooler?

16. A bead of mass m slides along a wire in the shape of the curve y = %IL‘z/B, where 0 <z < 1.
At time ¢, let the bead be at P(z,y), where x and y are functions of ¢t. The coordinates
of P satisfy the equation

%mi‘z + %mg)z +mgy = F,
where E and g are constants.
(a) When t = 0 the bead is released from rest at the point (1, 2). Find E.

39(3 - 2y)

Show that © = 1‘1/33), and hence show that g% =
342y

)
(c) Find y and & when the bead is at the origin.
) It is known that

“ /1
/ ’/1+udu:sin_1a+1—\/1—a2 for 0<a<l.
0 — U

Use this result to find the time it takes for the bead to travel from (1, 3) to the origin.

(e) As an exercise, use the methods of integration in Chapter 4 to prove the above result.
What is peculiar about the case a =17
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ENRICHMENT

17. In this question you may assume that the trajectory of a projectile is a parabola, and that
its directrix is independent of «, the angle of projection. Suppose it is found that there is
only one angle at which a projectile may be fired from point A to pass through point P.
(a) Use geometry to show that the focus of the trajectory is on the line AP.

(b) Now prove the result algebraically. You may need the results of Question 14.

6H Resisted Projectile Motion

In what follows, it is assumed that a particle of mass m is projected from the
origin with initial velocity vector ugi+wvpj and is under the influence of gravity in

a medium with resistance. Typically the resistance is proportional to |v| or |v|?.
The main focus of this section is the case where the resistance is proportional
to |u|%. There is no analytic solution to this problem, but solutions can be found
in various cases where it is appropriate to approximate the resistance with another
function. As will be seen, the mathematics is quite complicated but may provide
a rewarding investigation for students able to take on the challenge.

Vectors and Calculus: It is often convenient to use vectors for projectile motion.
However, rates are involved so the derivative is required, and the derivative of a
vector has not yet been defined. Here is an outline of what is required.

Suppose that a particle has position vector p(t) = x(t) i + y(t) j at time ¢. The
velocity of the particle is then defined to be

v=lim & (p(t+ 1) ~p(t))

which is analogous with the definition for a simple function of time. Expanding
this definition to the component form gives

hm<xa+hy—ﬂoi+ya+M—y@)>7

v =
- h—0 ]

h ~ h >~

thus v =a2(t)i+y(t)].

Likewise the acceleration vector is defined to be
a=lim & (u(t +h) — (1))

= pim (HED 00 SO 250 ),

h ~ h =~
thus @ =2(t)i+§(t)]
As can be seen from each case above, it is simply a matter of differentiating the

components to obtain the required result. Though it will not be needed here, the
same is true in three dimensions, and the proof is left as an exercise.

h—0 ]

Many interesting results arise from this definition of differentiation. The most
obvious is that the velocity vector is tangent to the path of the particle at each
point. This is easily shown in two dimensions as follows. The gradient at any
point on the path is

dy dy dt

— = — X — by the chain rule

ix " at ¥ dr ™ )

=y(t) = z(t) (treating the derivative like a fraction.)
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274  CHaPTER 6: Mechanics 6H

But the right hand side is the gradient of the line segment which represents the
velocity vector. That is, v is parallel with the tangent at each point on the curve.

Resistance Proportional to Velocity: As in Section 6E, the governing equations
of projectile motion for resistance proportional to velocity are

d?z dx d?y dy

— =—k— and ——S=-—-g-—-k=

a2 dt a2z~ 7T Ve
for some constant k. These equations may be derived by resolving the forces in
component form. The free body diagram shows a particle at p with velocity v.
There are two forces acting on the particle: its weight —mgj and a resistance B

which is proportional to its speed and in the opposite direction to its velocity.
Thus R = —mk|v|v

)4
= —mkuy =7 }
and so ma = —mky — mgj ‘/ﬁ>
— ; R
or a=—gj—kuv. =

The components of this vector equation give those for z
and y above, and are used in Exercise 6E Question 11.

Resistance Proportional to the Square of Velocity: The free body diagram
is essentially the same when the resistance is proportional to the square of the
velocity, however now

R = —mk[y*v
= —mklv|y
and so a = —gj — k[v|v.
Writing out the components of this equation yields
0= —k(u? 4+ v?)7 u (1)
and 0= —g—k:(u2+vz)%v, (2)

where u = & is the horizontal component of velocity and v = gy is the vertical
component of velocity. These are coupled highly non-linear differential equations,
due to the term |v| = (u? + Uz)% appearing in each. There is no known solution
to these equations. If a trajectory is required, the best that can be done at school
level is to approximate the curve with a series of little straight line elements. This
is the method outlined in Question 13 of Exercise 6E.

An Erroneous Approximation: Whilst the equations for projectile motion where
the resistance is proportional to the square of the velocity cannot be solved, some
progress can be made in certain cases by making suitable approximations. The
key is to simplify the term |v| = (u® + Uz)%. Great care must be taken when
making any approximation, otherwise the resulting solution will not be valid and
will have little or no meaning.

It is instructive to consider an erroneous approximation where insufficient care
has been taken. Then some correct approximations will be considered later in
light of what is discovered here.

Suppose that in the horizontal component of motion, & = —k(u® + Uz)% u, the

2

term v is set to zero. This approximation gives the much simpler equation
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U= —l{:\/@u,
and since u > 0 by observation, it follows that
= —ku?.
This has solution
Ug
YT T kuot
and z = +log(1+ kuot)

where ug is the horizontal component of the initial velocity.

Now suppose that in the vertical component of motion, o = —g — k(u® + 02)% v,

the term u? is set to zero. This approximation gives the much simpler equation

v=—g— k:\/v_20,

and replacing Vv? with v then gives
V=—g—kv?.

This has solution

v = \/%tan(ﬁ — gkt
cos(0 — \/g_k:t)‘

and Y= %log p—

where 6 = tan™! (\/% Uo) and vg is the vertical component of the initial velocity.

It may be attractive to be able to obtain a solution like this, but there are several
serious flaws in the result. The most obvious is that v — —oc ast — Lk(0+ Z)-
g

That is, an infinite velocity has been reached in a finite time, which is physically
impossible. Here is what has gone wrong. Clearly v changes sign over the course
of the trajectory, being positive during the upward journey and negative during
the downward journey. Thus replacing V2 with v puts air resistance in the wrong
direction for the downward journey and the result is acceleration to infinity.

In reality Vo2 = |v], by one of the definitions of the absolute value function, and
so at this point the equation should be © = —g — k|v|v. Whilst this equation
can be solved by considering upward and downward journeys separately, there is
little point in doing so as there are other issues with the original approximations.

The two different approximations for (u2+v2)% are inconsistent. In the horizontal
component v? is set to zero so that (u® 4 02)% is replaced with u. This is a valid
approximation only if u > |v| (u is much bigger than |v|), which only happens
when the angle of projection is small, so called low-angle trajectories. In the
vertical component u? is set to zero so that (u® + v®)? is replaced with |v]. This
is a valid approximation only if |v| > u (|v| is much bigger than w), which only
happens when the angle of projection is great, so called high-angle trajectories.
It is not possible for a trajectory to be both low-angle and high-angle. That is,
the two approximations are inconsistent.

To emphasise the point, approximating (u® + 02)% with w or v is the same as
approximating the hypotenuse of a right-triangle with its altitude or base. Thus
it is guaranteed that, at any moment in time, at least one of these is in error by at
least V2 —1 = 41%. Indeed, when the velocity vector is at 45° to the horizontal,
both approximations are in error by this amount.
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For these reasons, the above approximations and solutions should be discarded.
The results are unreliable as they were obtained from inconsistent approximations
and an error, replacing Vv? with v instead of |v]. In some cases, plotting the
equations above gives a solution curve which is not far from that obtained by the
numerical approximation as outlined in Exercise 6E, but this is more a matter of
good fortune rather than good design.

Low-angle Trajectory: When the angle of projection is small, the initial vertical
component of velocity will be small. Further, the vertical velocity will approach
zero near the turning point. Thus it is clear that u > v for the entire journey.
Consequently (u? + Uz)% = |u| and |u| = u, since the horizontal component of
velocity is always positive by observation. Thus equations (1) and (2) above may
be approximated with

i = —ku? (3)
and 0=—g—kuv. (4)
These equations are relatively easy to solve. Also, because the approximation is
valid at every point on the curve, there should be good agreement between the

solutions of (3) and (4) and the solutions of (1) and (2). Solving (3) first, which
is variable separable,

_ Uo
YT T kuet
and z = +log(1+ kuot) .
Equation (4) then becomes
kugv
1+ kugt
This equation can be solved by rearranging it as follows.
(14 kuot)0 + kugv = —g(1 + kuot).
Notice that the left hand side is the derivative of a product, so

%((1 + /{:uot)v) = —g(1 + kuot)

which, after integration, applying the initial conditions and a few lines of algebra,

g1+ kugt) Yo+ oL

V=—g—

glves v 2kug 1+ kugt
g (1= (1 + kuot)?) 1
= — log(1 + kupt) .
and Y (2]{7U0)2 vo + 2]{7U0 ]{IUO Og( + ot )

High-angle Trajectory: When the angle of projection is nearly a right angle, the
horizontal component of velocity is tiny and so v > wu for the majority of the
1
journey. Consequently (u? + v?)2 = |v| and so equations (1) and (2) above may
be approximated with
U= —ku|v| (5)
and 0= —g— kvlv|. (6)
As with vertical projections, the upward and downward journeys are considered
separately. For the upward journey, |v| = v so that

U= —kuv
and v=—g—kv?.
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The solution for the vertical component was given above and is

v = \/%tan(ﬁ— Vgkt)
1 <cos(¢9—\/g_k:t)>

d =_1
an y k 8 cos @

where 6 = tan™! (\/% Uo) and vg is the vertical component of the initial velocity.

Notice that v = 0 when t = —2

ok
The equation for % then becomes
i = —ur/gk tan(6 — \/gkt)
which is variable separable. A few lines of working yield
B ug cos 6

 cos(0 —\/gkt)

Now put ¢ = (0 — \/gkt) to get

ug cos 0 (6=\/gk1) b do
- sec

Vgk /9

[ ug cos 0 ) 1+ tan% (0=/ok0)
—_— O _ =
I \/g_ki & 1—tan 0
_ 0—+/gk
[uacost |~ tan? (0=+/gk1)

Vok 1+ tan$

2

0

[ug cos @ ](9_\/9_“)

= logtan (T — 2
= Lo an (- ¢) 9
_ ugcost log (tan(% -2+ %\/gk:t))

0

. .. ) << ‘
, 8o this solution is valid for 0 <t < o

(see Exercise 4G Q16)

Vak tan(Z — 2)
For the downward journey, |v| = —v so equations (5) and (6) become
U = kuv

and 0= —g+kv?.
Notice that the terminal velocity is Vp = —y/£.

The solution of the vertical component is:

g VI TV
v=—y =
PN R

1
and y:Elog<

2sect
1 2 g+ k’Uo2

log \/5(67\/9_’“4—6_7\/9_’“)

or Yy =

where 7 =t —
g

put the result for v into the horizontal component to get

. s g eT\/g_k - e_T\/g_k
u=—ku (/= X
k eT\/g_k+e—T\/g_k
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which is variable separable yielding
B 2ugq cos 6
o™V 9k i o~V 9k

although, for the purposes of integration, it is better to write

e_T\/g_k

1+ e_zT\/g_k .

2 0
Thus == % Z — Llogtan(Z — &) — tan™" (6_7\/9_’“)] .

Note that near the top of the trajectory v — 0 and thus u > v in that vicinity.
Consequently the approximation (u? + Uz)% = |v| is not valid near the turning
point. Thus it is expected that the high-angle trajectory approximation will be
good for most of the journey, but poor near the turning point.

u

u = 2ug cosf x

For those familiar with them, the integration for the downward journey would be
much simpler were the hyperbolic trigonometric functions available, since then

v = —\/%tanh(T\/ch) ,
Yy %log (sec@sech(T\/gT{:))
and u = ug cos O sech(r+/gk ) .

Mid-angle Trajectory: When the angle of projection is about 45°, both components
of the velocity will be roughly equal for a significant portion of the trajectory. It
seems reasonable then to approximate (u? —|—U2)% with either v/2u or v/2|v|. That
is, equations (1) and (2) will be approximated with

0= —kvV2u? (7)
and b =—g—kV2|vlv, (8)
Notice that these equations are similar to the erroneous approximation that began
this discussion. The two crucial differences are the factor of v/2 and the presence

of the absolute value function |v|, with the need to divide the trajectory into
upward and downward journeys.

Further notice that equation (7) may be obtained by replacing k with kv2 in
equation (3). Thus equation (7) has solution
Ug
U= — "
1+ kf\/5 ugt

and r = k—\1/§ log(1 + kV2uot) .

Likewise, equation (8) may be obtained by replacing k with kv/2 in equation (6).
Thus equation (8) has solution for the upward journey

v = ’/kgﬁ tan(f — \/ gkv/2t)
cos(0 — / gk\/2 t))

and Y= k—\1/§ log < p—

where # = tan~! < kTﬁU()) and vy is the vertical component of the initial

velocity. Notice that the vertical velocity is zero when ¢t = \/6];—\/5, so this solution
g

is valid for 0 <t < 6};\/5. The solution for the downward journey is
Vg
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g e™V gkv2 _ e~ TV gkV/2
— X
k\/§ eT\/ gk\/i _|_ e_T\/ gk\/i

y = 1 2 g+ ]{3\/§U02
kv/2 Vv (67'\/ gkV2 | o=TV gkﬂ)

where 7 =t —

v =

and log

0

Vgkv2

Graphs of the Approximations:
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esisted Projectile Motion

, that is, the time after starting the downward journey.

A

N

N

yl\ yl\ yl
61 61 1
5000 5¢ t
4 4 1}
3/ 3 o 1
1 Voo 1t \
1234567 1234567
High-angle trajectory Mid-angle trajectory Low

a = 75° a = 45°

In each case the initial velocity is |vg| = 10, acceleration due to
the coefficient of resistance is k = 0-1, the terminal velocity is

1234567
-angle trajectory
a=15°

gravity is g = 10,
Vr = 10 and the

angle of projection is . The solid line is the appropriate approximation. The
dashed line is the solution to the full equations (1) and (2) obtained numerically

using a vector form of the fourth order Runge-Kutta method,

an advanced and

extremely reliable approximation method which is studied in some university
courses. The trajectory with no resistance is shown with a dash-dot line. As
predicted in the discussion above, the high-angle approximation is less accurate
near the turning point and consequently also on the downward journey, but is
close to the actual trajectory overall. The mid-angle also breaks down near the
turning point as foretold, but again is a good approximation overall.

As was expected, the low-angle approximation gives excellent results. Notice the
change in vertical scale in the third graph. Even with this vertical exaggeration,
the difference between the full equation solution and the approximation is barely

noticeable.

The Exercise Questions:
on resisted projectile motion. A few examples for the case w
proportional to the velocity have been included in Sections 6E

There is a limited number of questions that can be asked

here resistance is
and 6F.

The questions in the following exercise involve the approximations considered
above for when resistance is proportional to the square of the velocity. There
are two questions on the low-angle trajectory and one each on the other two
approximations. They are difficult, mostly due to the complicated integration

required. Consequently there are no Foundation level questions.

The solutions are

lengthy, and so the style of the questions may not be suitable for an examination
or similar assessment. Each question, however, would make an excellent basis for

a project or research assignment.
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Exercise 6H

DEVELOPMENT

1. [Low-angle Trajectory] A particle is projected from the origin with speed 10 m/s at an

angle of inclination of 15°. Resistance is proportional to the square of the speed at each
point in the trajectory and the constant of proportionality is l—lom where m is the mass

of the particle. Assume that the acceleration due to gravity is 10 m/ s2. Also assume that
the speed may be approximated by (u2 + Uz)% = u. The equations of motion are thus

U= —3u’ (3)
and b =—10 — Fsuv. (4)

(a) Show that the horizontal and vertical components of the initial velocity are

5v2 (V3 +1) 5v2 (V3 -1)
U= ——">= and yYyg=—-—"™H—=.
2 2
(b) Consider the horizontal component of motion.
(i) Equation (3) is variable separable. Determine u in terms of uy and ¢.
(ii) Hence determine x in terms of ug and t.
(c) Consider the vertical component of motion.
(i) Use the answer to part (b)(i) and equation (4) to show that

d
= ((10 + uot)v) — 1010 + uot) .

10(10 4+ ugt)  10(vo + 52)
2U0 10+ upt

(d) Set v = 0 and hence find the time taken to reach the maximum height, as well as the
coordinates of that point. Give the answers correct to two decimal places.

(ii) Show that v = — and hence find y.

2. [Low-angle Trajectory] A particle is projected from the origin with velocity ugi + voJ

with units of m/s. Resistance is proportional to the square of the speed at each point

in the trajectory and the constant of proportionality is km where m is the mass of the

particle. Assume that ug > vg so that the speed at each point in the trajectory may be

approximated by (u2 + Uz)% = u. Also assume that the acceleration due to gravity is a

constant gm/s?. Finally assume that there are no other forces acting on the particle.

(a) By considering the horizontal and vertical components of force, write down equations
for @ and .

d
(b) Use the result © =u U to find u as a function of .

dz
(c) Hence find z(t) and thus determine wu(t).

d
(d) Use the answers to parts (a) and (c¢) to show that 7 ((1 + /{:uot)v) = —g(1 + kugt).

g(1+ kugt) ~ vo+ m
2]{7U0 1+ kaot
Use z(t) and y(t) to determine the Cartesian equation of the trajectory.

Show that v = —

and hence find y(t).

d
Determine il .

dx

Hence show that the trajectory has a turning point at

1 o 2kugug + g\ 2kugug + g o 2kugug + ¢ _ 2kugvg
ok 8 (2kug)? 8 (2kug)? )
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ENRICHMENT

3. [High-angle Trajectory] A particle is projected from the origin with speed 10 m/s at an
angle of inclination of 75°. Resistance is proportional to the square of the speed at each
point in the trajectory and the constant of proportionality is %Om where m is the mass
of the particle. Assume that the acceleration due to gravity is 10 m/ s2. Also assume that
the speed may be approximated by (u? 4 02)% = |v|. The equations of motion are thus

i = —15ulv| (5)
and b= —10 — Fvlv|. (6)
(a) Show that the horizontal and vertical components of the initial velocity are

5vV2 (V3 -1) 5vV2 (V3 +1)
Uy = ———"- vg=—7"—""=.
2 2
(b) The Upward Journey: In this case |v| = v.
(i) Show that v = 10tan(f — t), where tan = i\/ﬁ (\/5 + 1).
(ii) Explain why 0 <t¢ < 6.

and

cos(f — t)>‘

(iii) Then show that y = 10log <
cos 6

(iv) Hence show that the maximum height is ymax = 10 log <%\/ 6+ \/§>

d
(v) Use part (i) and equation (5) to show that 7 (u cos(f — t)) =0.

(vi) Hence show that u = ug cos € sec(f — t).
(vii) Given that /sec ¢ dop =log|secd + tan@| + C, use the substitution ¢ =60 —t in

part (vi) to find an expression for x in terms of ug, § and ¢.
(viii) Hence show that the z-coordinate of the turning point is

P (2 (o o 5 vE (V1))

6+ /3

(c) The Downward Journey: In this case |v| = —v.

d d
(i) Put 7 =t — 0 and hence find d_u and — in terms of u and v. Then write down
T T

the corresponding initial conditions for 7 = 0 in terms of ug and 6.
10 (e™ —e™ 7
(ii) Use partial fractions to show that v = —Q.
et +e7 7
et +e” 7
(iv) Put y = 0 into part (iii) to find 7 and hence find the total time of flight.

2secl
(iii) Hence show that y = 10log <i>

d
(v) Now use part (ii) and equation (5) to show that e ( (e +e™7) u) =0.

(2ug cosf)e™ "
1+ 6—27'
(vii) Show that 2 = wug cos 0 log(secd +tan ) when 7 = 0. Then use part (vi) with this
initial condition to find x in terms of ug, 6 and 7.
(viii) Use the value of 7 in part (iv) to determine the range of the projectile in terms
of ug and @, then approximate this to three decimal places.

(vi) Hence show that u =
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4. [Mid-angle Trajectory] A particle is projected from the origin with speed 10m/s at an

angle of inclination of 45°. Resistance is proportional to the square of the speed at each
point in the trajectory and the constant of proportionality is l—lom where m is the mass

of the particle. Assume that the acceleration due to gravity is 10 m/ s2. Also assume that
the speed may be approximated by (u? + Uz)% = v/2u = v/2|v|. The equations of motion

are thus
0= —Y2y? (7)
and v=-10— \1/—05 lv|v, (8)

(a) Use the answers to either Question 1 or Question 2, appropriately modified, to write
down u(t) and x(t).

(b) Use equation (8) to determine v(t) and hence y(t) for the upward journey. For what
values of ¢ is this solution valid?

(c) Hence find the coordinates of the turning point of the trajectory, first in exact form,
and then approximated to two decimal places.

(d) Derive the formulae for y(7) and v(7) given in the text for the downward journey.
Then replace g and k with the values specified here and simplify the results. In this
case T =1 — %.

(e) Use the formula for y(7) to determine the total time of flight.

(f) Hence determine the range of the trajectory correct to two decimal places.
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6I Chapter Review Exercise

Exercise 6l

1. In each part v is given as a function of x, and it is known that x = 1 when ¢ = 0. Express:
(i) ¢ in terms of z, (ii) z in terms of ¢t.

(a) v=2x—1 (b) v = —622

2. In each motion of the previous question, find # in terms of z.

3. In each part the acceleration # is given as a function of z. Express v? in terms of z given
that v = 0 when z = 0.

(a) 2=6 (b) & = sin6x
4. Given that £ = 4v, and v = 2 when ¢ = 0, find ¢ as a function of v.
1
5. Given that & = 3y’ and v = 1 when x = 0, find x as a function of v.
v

6. A particle of mass m moves in a straight line subject to a force F. At time ¢, the
displacement of the particle is = and the velocity is v. The particle was initially at rest at
the origin.

(a) If F =18t and m = 3, find x when ¢t = 2.
(b) If F =42 — 3 and m = 2, find the positive value of v when x = 4.
1
(c) If FF = 1 and m = 0-5, find ¢t when v = 6.
v
(d) If F =24 v? and m = 2, find  when v = 2.

7. Two forces I and F5 are acting on a particle P of mass 2kg. F} has magnitude 40 N and
acts in the north-easterly direction, while F5 has components 40 N due north and 20N due
east. Calculate the magnitude and direction (both to 3 significant figures) of the resultant
acceleration of P.

8. A plane lands on a runway at 100m/s. It then brakes with a constant deceleration until
it stops 2km down the runway.

(a) Explain why the equation of motion is & = —k, for some positive constant k. By
integrating with respect to z, find k, and find v? as a function of z.

(b) Find: (i) the velocity after 1km, (ii) where it is when the velocity is 50 m/s.

(c) Explain why, during the braking, v = +/10000 — 5z rather than v = —v/10000 — 5z .

(d) Integrate to find the displacement—time function, and find how long it takes to stop.

9. When fired under water, a torpedo moves with deceleration proportional to its velocity,
so that & = —kv for some positive constant k. Its initial speed is %km/ s, and its speed
after it has gone 50 metres is 250 m/s.

d
(a) Use & =w d—U to find v as a function of x, then find x as a function of ¢.
x
(b) Show that it takes % In 2 seconds to go the first 50 metres, and describe the subsequent
motion of the torpedo.

10. A particle moves with acceleration & = —2e™* m/s”.
(a) Initially it is at the origin with velocity 1m/s. Find an expression for v
(b) Explain why v is always positive, and hence find the displacement as a function of time.
(c) Describe what happens to the particle as t — oo.
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11. The acceleration of a particle moving in a straight line is given by # = a + bv?, where a
and b are positive constants. Initially the particle was at rest at the origin. Show that:

(a) v* = % (e** —1) (b) v= % tan (\/Et)

12. A particle is oscillating in simple harmonic motion with acceleration & = —16x. At time
t=0,x=1and &z =4.
(a) Show by integrating that v* = 16(2 — z?).
(b) What is the maximum displacement of the particle?

(c) Find = as a function of ¢ in the form z = a cos(nt + «).
13. The displacement x at time ¢ of a particle moving on the z-axis is given by
z =54 /3sin3t — cos 3t.

Prove that the motion of the particle is simple harmonic.
Express V/3sin 3t — cos 3t in the form Rsin(3t — ), where R > 0 and 0 < o < 5
What are the amplitude and the centre of the motion?

a

)
b)
()
(d) When does the particle first reach its maximum speed?

14. A particle is moving in simple harmonic motion. Its maximum speed and acceleration are
2m/s and 6 m/s® respectively. Find the amplitude and period of the motion.

15. A piston in a car engine is moving up and down in simple harmonic motion with an
amplitude of 5cm. The mass of the piston is 0-5kg and it is making 60 oscillations per
second. Find:

(a) the maximum speed of the piston, in m/s correct to one decimal place,

(b) the maximum force acting on the piston, correct to the nearest newton.

16. A particle is oscillating on the z-axis about the origin. It passes through the point A,
where = 0-01 metres, with speed 0-09m/s and it passes through the point B, where
x = —0-02 metres, with speed 0-06 m/s.

(a) Show that the amplitude of the motion is V10 petres.

125
(b) Show that the motion has period 5—% seconds.
(¢) Find, correct to the nearest hundredth of a second, the time that the particle takes

to move directly from A to B.

17. An aircraft of mass M kg moves along a horizontal runway, starting from rest. The air-
craft’s engines exert a constant thrust of 7' newtons and, when the speed of the aircraft
is vm/s, it experiences a resistance of magnitude kv?, where k > 0.

When the speed of the aircraft is V m/s, show that it has travelled

M (L) met
an T2 metres.

18. An object of mass 2kg is projected vertically upwards with initial speed 20 m/s. It expe-

riences air resistance of magnitude 1—101}2 newtons, where vm/s is the speed of the object

after ¢ seconds. Take g = 10m/s?.
(a) Show that the object reaches a maximum height of 101n3 metres.

(b) Find, correct to 3 significant figures, the speed of the object when it reaches half its
maximum height.
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19. A child drops an air-filled balloon of mass 30 grams from a bridge 6 metres above a river.
The balloon experiences air resistance of magnitude 0-6v newtons, where v m/s is the
speed of the balloon after ¢ seconds. Take g = 10m/s?.

(a) Write down an equation of motion for the balloon’s descent.
(b) Show that the terminal speed of the balloon is 0-5m/s.

)
(c) Show that v =1 (1 —e2").
)

(d) How long does it take, to 2 significant figures, for the balloon to reach half its terminal
speed?

20. A particle of mass m falls from rest in a medium in which the resistance to its motion
is mkv, where k is a constant and v is the speed of the particle. As the particle falls,
v approaches a limiting value of V.

(a) Show that % = % (V —w).

(b) Find the time it takes for the particle to reach a speed of %V.

2
(c) Show that the distance fallen when a speed of %V is reached is % <1n2 — %)

21. A particle P; is projected vertically upwards from a point A with initial speed U. At the
same instant, a second particle P, also of mass m, is dropped from a point B directly
above A. The distance H between A and B is equal to the maximum height that P;
would reach were it not to collide with P,. As the particles move, they each experience
air resistance of magnitude mkv?, where k& > 0 and v is the speed. At the instant the
particles collide, P, has reached exactly 50% of its terminal speed. Let y; be the distance
of P, above A, and y» the distance of P, below B.

(a) Show that V = \/%

1
(b) Show that y; = —In

g+ kU?
2k

e 2>, where vy is the speed of P;.
g U1

(¢) Hence show that H = - (1+ L
C ence snow a —2]{311 V2 .

g

. 1
(d) Given that yo = % In P
4

1
has fallen a distance of — In —.
2k 3

, show that, at the instant the particles collide, P;

V
(e) Deduce that the speed of P; at the instant the particles collide is —.

V3

22. A projectile has initial velocity vector 48¢ + 36;.
(a) Obtain, by integration, expressions for &, ¢, z and y, taking ¢ = 10m/s?,
(b

(c

(d) Find, as a component vector, the velocity of the particle after 1.6 seconds.

) Find the maximum height reached by the projectile.
) Find the horizontal range of the projectile.
)

23. A particle is projected from the origin and follows a parabolic path with parametric

equations z = 12t and y = 9t — 5t2 (where x and y are in metres).

(a) Show that the Cartesian equation of the path is y = 3z — 2;2%.

(b) Find the horizontal range R and the greatest height H.
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(c) Find the gradient at = 0, and hence find the angle of projection.

(d) Find & and § when ¢t = 0. Hence, by resolving these components, find the initial
velocity, and confirm the angle of projection.

(e) Find when the particle is 4 metres high, and the horizontal displacement then.

24. Eve tossed an apple to Adam who was sitting near him. Adam caught it at the same height
that Eve released it from. Suppose that the initial velocity of the apple was V = 5m/s,
at an angle of tan~! 2 above the horizontal.

(a) Find the initial values of & and 7.

(b) Find &, =, y and y by integrating & = 0 and § = —10, taking the origin to be the
point of release of the apple.

(c) Find the greatest height above the point of release reached by the apple.

(d) Show that the apple was in the air for % 5 seconds, and hence find the horizontal
distance travelled by the apple.

(e) Find # and y at the time Adam caught the apple. Then show that the final speed was
the same as the initial speed, and the final direction was the opposite of the initial
direction.

(f) The path of the apple is a parabolic arc. By eliminating ¢ from the equations for x
and y, find its equation in Cartesian form.

25. A bullet is fired horizontally at 200 m/s from a window 45 metres above the level ground
below. It doesn’t hit anything and falls harmlessly to the ground.

(a) Write down the initial values of & and .

(b) Taking ¢ = 10m/s?® and the origin at the window, find &, z, 4 and y. Hence find the
Cartesian equation of the parabolic path.

(c) Find the horizontal distance that the bullet travels.

(d) Find, correct to the nearest minute, the angle below the horizontal at which the bullet
hits the ground.

26. A ball is thrown up a hill which is inclined at 30° to the horizontal. The initial velocity of
the ball is 30 m/s at an angle of 45° above the horizontal. Suppose that the ball is thrown
from the origin O at the foot of the hill, and it lands at a point P on the side of the hill.

(a) Starting with & = 0 and § = —10, show that the parabolic path of the ball has
parametric equations x = 15v/2¢t and Yy = 15v2¢t — 5¢2.

(b) Find the Cartesian equation of the parabolic path.
(c) Hence show that OP = 60 (\/5 - 1) metres.
27. A cannon can fire a shell with an initial speed V and a variable angle of elevation .

Assume that ¢ seconds after being fired, the horizontal and vertical displacements x and y
of the shell are given by x = Vtcosa and y = Visina — %gtz.

(a) Show that the Cartesian equation of the shell’s path may be written as
gr?tan® o — 22V2 tana + (2yV? 4 gz?) = 0.
(b) Suppose that V = 200m/s, g = 10m/s* and the shell hits a target positioned 3km

44++/3

horizontally and 0-5km vertically from the cannon. Show that tan o = 3 and
hence find the two possible values of a, correct to the nearest minute.
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28. A small paintball is fired from the origin with velocity 14m/s towards an 8 m high wall.
The origin is at ground level and is 10m from the base of the wall. Suppose that the
paintball was fired at an angle of # above the horizontal.

(a) Starting with & = 0 and §j = —9-8, show that z = 14t cos# and y = 14tsinf — 4-9¢°.
(b) Show that the trajectory of the paintball has Cartesian equation

241
Yy =mz — m”t z?,  where m = tané.
40
(c) If the paintball hits the wall at height A metres, show that m = 2 + v/3 — 0-4h and
hence determine the maximum possible value of h.

(d) Suppose that there is a large hole in the wall, the bottom of which is 3-9 metres above
the ground and the top of which is 5-9 metres above the ground. Determine the values
of m for which the paintball will pass through the hole.

29. A particle of mass m is thrown from the top, O, of a tall building with initial velocity u at
an angle of a above the horizontal. The particle experiences the effect of gravity as well
as a resistance proportional to its velocity in both the horizontal and vertical directions.
The equations of motion are given by & = —k& and § = —ky — g, where k is a constant
and g is the acceleration due to gravity.

(a) Show that & = ue ™ cos .

(b) Show, by differentiating, that § = —kt _

((kusina + g)e g) satisfies the vertical

T =

equation of motion.
(c) Find the value of t at which the particle reaches its maximum height.
(d) What is the limiting value of the horizontal displacement?
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Answers to Exercises

Chapter One

Exercise 1A (Page 8)
1) ~1 )1 ( —i (d)i

@i -1 @1 MO

2@ —2i (b) 3—i (0 1+i (d) 5+3i (9 —3—2i
3a) 12—2i (b) —6+2i (0 1+5i (d) 7— 113

4a) —5+4i (b) 5+5i (0 14+5 (d) —26+82i
€24 +10i () —5—12 (9 2+ 115 (h) —4
(i) 28 — 96i

5@ 5 (b) 17 (c) 29 (d) 65
6(a) —i (b) 1—27 (c) 3+2¢ (d) 1—2i () —1+3¢
N —¢+ 2

7@ —2—i (b) 4—3i () 3+7i (d) 3 () —3+4i
8@a) 6+2i (b) 18 () 19—22i (d) 8—i (e) 1+2¢
9a) 22+ 197 () 6+15i () 4—2i (4 2— 35
(e) 6

10a) x =3 and y=-2 ) z=2andy= -1
(g x =6 and y = (d)xz%andyz%
(e) mz%andyz—%

@) 75— 150 B 1 (0 —55 @ —4—2i

16(a) ST (b) ToLERY (g IS
Exercise 1B (Page 16)

la) 2z =43 b) 2 =2+4i () 2 = —1+21¢

A 2=3%i (@ z2=3+3i 2=-3+2
2@) (z — 6i)(z +6i) () (z— 2V2i)(z + 2V21i)
© (z—=1-3))(z—14+3i) ) (z+2—1i)(z+2+1)
(@ (z—3+V5i)(z—3—V5i)

0 (z+3—Li)z+5+%0)
3@ 224+2=0 () 22—224+2=0

© 224+2245=0 @ 22—42+7=0
4a@) £(1+14i) ) £(2+17) (o £(—1+39)

C

)
)

(d) £(64i) () £(24+3i) (H £(5—1) (g) +(1—41)
(hy £(5 — 44)

5a) +(1—2i) b)) z=2—do0r 1+

6(a) =(1+3i) ) z=4+ior3—2i
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7@ z=1—7o0rt (b) z2=—-3+2ior —2i () z =
A+ior2—i (d) z = —2+4ior $(3—i) (e) 2= —5+i
or3—2i ) z=3+10r —1—3t

8a w=—-1 () a=-6and b=13

() k =8 —1i and the other root is 2 + 3.

9 z=+(2+1)

10(a) cos @ + isinf or cosd — isin

1) 2= —lor s +¥3i () z=ior +¥%& — L
12(a) z = w satisfies the equation. () They are
complex conjugates.

13@) @

14(@)() .

15@) +o5(1—i) () £V2(1+2i) © £(V3+1i)
(d) £v2(3 — 2i)

() i(\/\/5+1—z'\/\/5—1)

16(a) —2 — i+ (\/\/§+1+z‘\/\/§—1>

(b) 1+i:t<\/\/5—1—i\/\/5+1)

(© —14+iv3+ (\/i—z‘\/é)

(d) %(—l+iﬁ: <\/\/ﬁ+2—z‘\/\/ﬁ—2)>

19 The term b/|b| is the sign of b.
It is 1 when b > 0, and —1 when b < 0.
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Exercise 1C (Page 21)

1@ (2,0) ®) (0,1) (o (=3,5) @@ (2,-2)

(@ (=5,=5) ® (=1,2)

20 —3+0i=-3 () 0+3i=3i (9 7—5i
d) a-+bi

3(a) "o

31
\
\

(b) A square. () An anticlockwise rotation of

90° about the origin.

4(a) YA (b) YA
iz, 13
P N 21 /.W
A PN w1
=N N AN = I
Sl 1 /30X 2\l 1L X
—Z - / '2 —iw
3 e
=T hiz
In (a) and (b) the points form a square.
(c) A (d) A
LW
i s Erw
e w7
= ; > 2+ o T
Qb3 X 1/ iy
24 N z /;/:/1// — >
w 1 34 X

With O the points form
a parallelogram.

Conjugate pairs are re-
flections in the real axis.

(e) A (f) yh
w w
2+ ~ 24 .
s e
BN NVANE BN
3, 1

Again, in (e) and (f) the points are the vertices of
a parallelogram.
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5(a) A yh (b) Py
’ 2| Im(z)=2
3 X R
Re(z) =]-3 X
v
(c) YA (d) A ya
< 1 >
3> _2 3>
X X
v
(e) YA (f) yh
27
X 1 X
Re(z)|=Im(z) 2Re(z) = Im(z)
(e) YA (h) « YA
| — /
,  x X
<
6 YA 8 3z
S, 12
11 ,‘P -z z
_2: _1 \\\ //: —> _ - - — >
R 1Y o —z z
21

10(c) right-isosceles

11 Tt is the circle centre (0,—1) with radius 1,
omitting the origin.

12 Tt is the circle centre (3,0) with radius 3, omit-
ting the origin.

14 It is a parabola with focus the origin and di-
rectrix x = 1.
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15(a) i b)

-

Exercise 1D (Page 28)
)3 M5 ©V2 @2 @5 @17
)

200 7 ) 5 (0 —F (d) Z (e T’T M —3
3(a) 2cis % (b) 4cism o V2cisZ T (d) 2cis (—%)

() 2cis &% (f) cis (—3—”)

4(a) 5c¢is(0-93) (b) 13 cis(—0-39)

(© V5cis(2-68) (d) V10cis(—1-89)

5@ 3 () —5i (0 2V2+ 2V2i

(@ —V2+Vv2i ® —1-+3i

6@ V2cis (—Z) ®) V2cisZ (0 V2cisE

(d V2cisT (e 2cis (%) (® %cis (-3)
)

d) 3v3 — 3i

7(a) 10cis3 (b) 9c1830 (0 2cisT  (d) Scisa
(e) 16 cis 2= 5 f) 8cis&Z 7
8a) 2v2 () 3V2 (96 ) 4V3 @5 ® V5
%) 7 () =3 (@ —%F @ F (e 093 (53°)
G} —2 03 (—117°)
10@) i (b -1 (o 3(1 +iv3) () %(—I—Fi)
@ 3(—V3+i) O —i @® J5(1—10)
() —3(1+iV3)
11 VA
C
q\
\\ .A
2r fr
3 /2 ,D(OD=1r)
0 \\\\’;\\\\OB X
13(a) 21 = 2cisg and 20 = 4cis] (b)) 2122 =
8cis51—’2T and i—f = 2cis 75
14 2 = 2cis 3F \/_c1s(—7")
21729 = 2\/_c1s 15 and 2 = ‘é_ cis 2Z 12
) 3((VB+ 1) +i( 3—1) b) V2cis 7

© 7(xf+1)

16 V2 () T (9 1+i
24 z+w—2cos<—¢)c1s< )
25(a) When Im(z) =
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Exercise 1E (Page 35)
@) 74+4i (b) =3+2i () 3—2i

2@ —34+4i ) 147 (¢ —4—37 (d) -7+
3 —3+6¢

4(a) B represents 1 + 3i, C represents —1 + 2¢
b) —V2+2v2i

5@ 4+3i () —3+4i (c) 2+ Ti

6(a) —5+12i (b) —3 —4i

8 F represents ws

(
(
—wy, F represents i(ws — w1),
C represents wsy + i(we2 — w1) and D represents
w1 + i(way — wy).

9(a) Vectors BA and BC represent z; — 2o and
23 — 23 respectively, and BA is the anticlockwise
rotation of BC' through 90° about B. So z1 — 23 =
i(z3 — z2). Squaring both sides gives the result.
(b) 21 — 22 + 23

10(@) 2wi (b) sw(l + 20)

11 —2and 1—+3i

12@ w=—-4+3tord—3i () w=—-1+4+7ior

T+i (0 w=2(7T+1)or 2(—1+T7i)
13 —2+ 26, 12i, 4
18(a) z; = 2cis 5, 22 = 2cis T (©0) 35 (i) S5

19(c) The sum of the squares of the diagonals of a
parallelogram is equal to the sum of the squares
of its sides.

20(c) parallelogram (d) arg 2 = 7, so < is purely
imaginary.

23 Use the converse of the opposite angles of a
cyclic quadrilateral.

24 Take the argument of the fraction in the hint.

zZ3 — Z

zZ9 — 21
are the angles at 0 and z; which, by the angles in

The result is arg <§> — arg( 1). These
22

the same segment theorem, are equal. Finally, use
the result of Question 24.

Exercise 1F (Page 43)
1(a) YN N (b)
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(d)
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=V

(e) ¥ ®
2
X
10b) V3cis T = ¥3(1+iV3)
11(a) arg(z + 3) = 3 (b |z| = %, argz =
© -9+ 323
12(a) VA b) A
(2,\3)
2. 21 gl
/_\ \/7 i \\\\\
D% —2] ;\ .
y
3and 1
13@)0 4

(b) This is simply part (a) shifted left by 2.

14(a) VA
\’Z\
4 10 .
3 X
(b) 15 (c) 9+ 121

b)i) |z + 2| = 2, centre —2, radius 2
() |z— (1+14)| =1, centre 1+ 4, radius 1
(i) |z — 1] =1, centre 1, radius 1
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16(a) The line through 1 and ¢, omitting <.
(b) The circle with diameter joining 1 and ¢, omit-
ting these two points.

7@ 4 / (b) m
1 X 1 X
/ _1
18(a) A (b) YA
31 3

£

1+-4{=> ‘ >
i > =5 X
Do, D
) V5+1land VE—1 +26+ 3 and V26 — 3
(i) 2v2+1 and 2v2—1
lzo| — 7| < |2] < |z0] +7
|zo0 — 21| —r| <|z—21| < |20 — 21| + 1
19(a) straight line external to z; and z3 (b) major
arc (c) semi-circle (d) minor arc (e) interval

between z; and z9

20 It is the circle with the interval joining z; and
zo as diameter.

21(b) The graph is the perpendicular bisector of
the line joining z; and zs.

Exercise 1G (Page 51)
1@) (z—2)(z+1-V3)(z+1+V3)

b) (z—1)(z+2-V2)(z+2+V2)

© (x—1)(z—1-V5)(z—1+V5)

2(a) The coeflicients of P(x) are real, so complex
(b) 6

3(a) 1 + 2i; the coefficients of P(x) are real, so
complex zeroes occur in conjugate pairs.

(© P(z) = (z+2)(2® - 2z +5)

4(a) 3i; the coefficients of P(z) are real, so complex
b) 22 +9

zeroes occur in conjugate pairs.

zeroes occur in conjugate pairs.
(© P(z) = (22 +3)(2* +9)

5(b) 0; the coefficients of P(z) are real, so complex
zeroes occur in conjugate pairs.

©@ P(z)=(2z—1)(¢—3—14)(z —3+1)

i) P(z) = (22 —1)(2* — 62 + 10)
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6(a) The coeflicients of Q(z) are real, so complex

zeroes occur in conjugate pairs. (b) 3+ /5,
3-V5

©) (z—2i)(z+2i)(z—3—V5)(x—3+V5)

i) (22 +4)(z—3-V5)(z—-3+5)

i) (2 +4)(2® — 6z +4)

7@ x=1+3i,30or—2 b)) x=1F+70r2+1

8b) v =3, —1 4+ L4, L Ly

%) a=3 () b=1

(© (2% —62+10)(2* — 62+ 13)

100) k=3

b)) m=7,n=—4

12() =7 —4i (b)) —7T+4i (@) 227
13b) P(z) = 1(z* —2)(22* - 1)

s0 one root is z = V2.
© V2, 55, —V2, —5,
and iv/2, 4%/517 —iv/2, —%ﬁi

14(a) P(z) has minimum value B, when x = 0.
Since B > 0, it follows that P(x) > 0 for all real
(b) —ic,
P(z) are real, so complex zeroes occur in conju-

values of x. —id; the coefficients of

gate pairs.
y A

Al
]

16(a) The minimum stationary point is at =z = 1.
f(1) = k—2 > 0. Hence the graph of f(z) has
only one z-intercept which lies to the left of the

15(a) They form a con- (¢
jugate pair, since P(z)
has real coefficients.

=V

maximum stationary point at x = —1.
(b) f(x) has real coefficients (d) —14, 74124
17 HINT: consider P(x)— P'(z)

18(b) —1 + 2i is a double zero of P(z) (c) The
coefficients of P(z) are real and —1 + 2i counts as
two of the zeroes of P(z), so its conjugate —1 — 2i
must also count as two zeroes.

d P(2) = (z4+1-2i)%(2+142i)? = (22 +22+5)?
22(b) (z—a)?(z—@)? is a factor. () HINT: Begin
by writing: P(z) = (z — 2Re(a) + |Oé|2)2 X Q(z)
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Review Exercise 1H (Page 54)

1(a) 1 —5i (b) 18 — 267 (c) 5+ 2
2(a) (z+10d)(z—10i) (b) (z+5—3i)(z+ 5+ 3i)
3@ z2=443tord4—3i (b) z = —%—&—%i or —%—%i
aa) +(3 — 20) +(3+ V21i)
5(a) z—2+zor3—z (b) 2=24+3i0ord—2
6 37 = —3i is also a zero, so (z—3i)(243i) = 2°+9
is a factor.
7(a) The coefficients of P(z) are real. (b) 4
(c) P(z) = (z — 4)(2* — 42 + 29)

8(a) \/_c1s(——) (b) 6cis 2F

9a) 4 —V3-V3i

10(a) 6 cis %’T (b) 2cis50 (c) 9cisba

11(a) YA (b) A

4 \
2 2420

|

[\S)
=V
—_

12

A !
_1‘\\ (JJI\F x
:ii<‘/ RN
13(a) 1( )+ 2(V3+1)i (b) z=2cis % and
w=V2cisT () V2cis3Z
14(a)  y4 (b) YA
1m 2
wz x -2 2 X
1 ol
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(c) YA

15(@) 3+57 (b) =5+3¢ () —1+¢

16(a) 1 — 54, 7+ 3i (b) 3+ 63, —3 — 21
18@) 2% () &
21 Use similar triangles.

220b) V5+1
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Chapter Two

Exercise 2A (Page 64)
1(a) equality (b) implication (c) equivalence

(d) for all (f) there exists

2(a) If a triangle has two equal angles, then it has
two equal sides. True. (b) If the square of a
number is odd, then the number is odd. True.
(¢) If T have four legs, then I am a horse. False.
(d) If a number is even, then it ends with the digit
6. False. (e) Every rhombus is a square. False.
® If n >0, then v/n € R. True.

3(a) True (b) False (c) False (d) False (e) True
H True

4(a) Not all cars are red. (Alternatively, some cars
are not red.) () a <bora }b (¢ Hillary does
not like steak or she does not like pizza. (d) Bill
and Dave are both wrong. (e) I live in Tasmania
and I don’t live in Australia.  (f) Nikhil doesn’t
study and he passes.

@ r<—-3orx>8 (h —5<x<0

5(a) If my plants do not grow, then I haven’t wa-
tered them.  (b) If you live in Melbourne, then
you live in Australia. (¢ If a triangle does
not have three equal angles, then it does not have
three equal sides.  (d) If I like motorists, then I
do not like cycling. (e) If a number is even, then
the previous number is odd. () If £ > 1, then
a < b or a and b are not both positive.

6(a) If a number is divisible by both 3 and 5, then
it is divisible by 15. Conversely, if a number is
divisible by 15, then it is divisible by both 3 and
5. (b) If a triangle has two equal sides, then it has
two equal angles. Conversely, if a triangle has two
equal angles, then it has two equal sides. () If
the only divisors of the integer n, where n > 1,
are 1 and n, then n is prime. Conversely, if n is
prime, then its only divisors are 1 and n. () If
a quadrilateral has a pair of opposite sides that
are equal and parallel, then it is a parallelogram.
Conversely, if a quadrilateral is a parallelogram,
then it has a pair of opposite sides that are equal
and parallel.

7(a) true  (b) false, 3 x (—=1) < —1 (¢ true
@ false, 3 > (3)° (@ false, | — (—1)] # —1
(f) true

Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.



296 Answers to Exercises

8(a) false, 2 > —3 but 2% < (=3)2 (b false,
(=3)? > 22but —3 < 2 () true (d) true () false,
12+ (=) <[2|+]| =1 ® true

9a) = b < (< W= (< H=
10(a) false (b) false (c) true (d) true

11(a) If Jack does Extension 2 Mathematics then
(b) Jack does Extension 2 Math-
(c) If Jack does
not do Extension 2 Mathematics then he is crazy.

he is crazy.
ematics and he is not crazy.

(d) If Jack is not crazy then he will do Extension
2 Mathematics. (e) If Jack does not do Exten-
sion 2 Mathematics then he is not crazy. () If
Jack does Extension 2 Mathematics then he is not
necessarily crazy.

12(a) For each integer there always exists a larger
integer. (b) The sum of any positive real number
and its reciprocal is greater than or equal to two.
13(a) true (b) false (c) true (d) true

14(a) They are both false.

(b) If 1 < 0 then 1 is a negative number. True
15(a) yes — consider the contrapositive of (1)

(b) unknown — studying hard is a sufficient condi-
tion for passing, but it is not a necessary condition
16 If either Anna or Bryan passed, then Chris
passed. So since the statement is negated, Chris
failed.

17 Pender is the driver.

Exercise 2B (Page 68)
1(a) [HINT: An even number has the form 2n,
where n € Z.] (b) [HINT: An odd number has
the form 2n + 1, where n € Z.]

4a) [HINT: If b is divisible by a, then b = ka for
some k € Z.]

6(a) [HINT: Let the consecutive integers be n — 1,
n, n+1 and n + 2]

8 [HINT: Find a pair of simultaneous equations.]
10 [HINT: Factorise the expression, then explain
why it is divisible by both 2 and 3.]

13 [HINT: Let the consecutive integers range from
n—3ton+3]

14(b) No. There will always be a remainder of 3.
15 [HINT: A 4-digit number with digits a, b, ¢, d
has value 1000a + 1006 + 10c + d.]

16(c) Vr,y,€ Z7 : [Elm €Zt: 10z +y= 13m}

= EIk:eZ+:z+4y:13k}

ISBN 9781108771054
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18(a) A factor of n is of the form p°q?, where

c € {0,1,2,...;a} and d € {0,1,2,...,b}. So
there are a 4+ 1 possible values for ¢ and b + 1
possible values for d. So by the multiplication
principle, there are (a + 1)(b+ 1) possible factors
of n. (b) 40

19 [HINT: Consider the expression (a —c)(b—d).]

Exercise 2C (Page 72)

3(a) If a is even then a? is even.

10(a) An odd number lies between two consecutive
multiples of 4. It is one more than the smaller
multiple of 4 or one less than the larger multiple
of 4.

16(a) If p is not prime then 3 a,b € ZT such that
plab=pfa and p/b.

Exercise 2D (Page 78)
6(b) Use part (a) three times.
8(a) Use Question 6(b) with p = a® and so on.
(b) In part (a) replace a® with ab and so on.
(c) Use parts (a) and (b).
9(c) Use part (b).
(d) Use part (c) with a® = 2 and so on.

at _ 4a® 4® | b*
1(a) %4 — 24 +6- 25 4+ b
12(a) Use the given AM/GM inequality twice on
the RHS.
13(d)(i) The triangle inequality: the length of any
side is less than (or equal to if the points are
collinear) the sum of the other two sides.
(i) Use part (i) three times then add.
14(b) Expand the LHS and use part (a).
(@) Begin with LHS — RHS.
16(a) Begin with LHS — RHS.
18(c) When 2z = kw, with k > 0, or when either
z=0orw=0.

Exercise 2E (Page 83)
8(a) r>1+V2orz<1—+2

25(a) Ben may pair (n — 1) other players. In each
case there are (n — 2) remaining players. In each
case, the number of derangements for those play-
ers is D,,_o. Hence multiply to get (n — 1)D,—o.
d D1 =0,Dy=1
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Exercise 2F (Page 88)
) |AOAB| =%+ em?® | 3 cm?

b)i) |AOGH| = (2 —V/3) cm?,

dodecagon area = 12(2 — v/3) cm?
) Z(4+V3)

3@ 3 and 3
(

square units.

4@ (1 —e ")sq. units () 2(1+ e ')sq. units
1

(c) €2 s8q. units

6(b) It diverges to infinity.

(
7(C) ( a+2b In a-g? Inb )
(

8(b) «y

n _—x

y=x"e
4.,@;
n X

10(a) (0,1) is & maximum turning point, (10,0) is
a minimum turning point.
b) y > oc0asx — oo, and y — 0 as x — —o0.

(c) YA

10 X

11(c) When z = kw, with £ < 0, or when either
z=0o0rw=0.
12(a)(i) 6° = 46656, 3 x 55 = 46875
(@) 5 x 6% =233280, 2 x 7% = 235298
13() 0-693
16(c) n =9
18(b) In part (a), put f(z) =z 2%, a = (n—1) and
b=n.
0@@) Put f(x) =2 —1—logz.
Show that y = f(z) is concave up for all x > 0.
Show that f(x) has a global minimum at x = 1.

(c) Put Pr = m so that Zpr _—
r=1
Also np, = £, where p = w
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Review Exercise 2G (Page 93)

1(a) If the opposite angles of a quadrilateral are
supplementary, then it is cyclic. True. (b) If
two numbers have an even sum, then they are
both odd. False.
rhombus. False.

(c) Every parallelogram is a

2(a) Not all mathematicians are intelligent.

(b) Suzie does not like Physics or she does not like
Chemistry. (¢ I am on vacation and I am
working.

3@ If I don’t have two wheels, then I am not a
(b) If the last digit of a number is 6,

(c) If a quadrilateral

bicycle.
then the number is even.
does not have four equal sides, then it is not a
square.

4(a) If a number is divisible by 2, then it is even.
Conversely, if a number is even, then it is divisi-
ble by 2.
bisect each other, then the quadrilateral is a par-

(b) If the diagonals of a quadrilateral

allelogram. Conversely, the diagonals of a paral-
(¢ If 3 ¢ € Z such
that a = bc, then a is divisible by b. Conversely, if
a is divisible by b, then 3 ¢ € Z such that a = bc.
16(b) 5
23(c) From part (b), {/n is not an integer, so it is

lelogram bisect each other.

not rational.
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Chapter Three

Exercise 3A (Page 100)
1(a) cis50  (b) cis(—30)
(e) cis70 () cis(—60)

2(a) cis76 (b) cis(—56)
3() =1 (b) —i (c) SA R

2
X=g

(c) cis80  (d) cis(—0)

Li@) —%+ L
1 1. 3

© z+5 0 2

a) V2cis T ()256+25Gi

5@ 2cisZ  (b) 1024 —1024v/34
6(a) 2, ‘%T
7(a) 2cis (%) (b) 128cis 3% (9 —64V/3 + 64i

8a) 2cis (—&) () 32cisZ (9 —16+ 1634
9a) 2cis (—F) (b) 2°%
(b) —64, 8i

[y
N
)
D
w

Exercise 3B (Page 103)

5(b) =
8c b=2,c=-1
9m 137 __ 3 177

(d) No, since sin = 10 = s1nl—0 and sin =T o = sin 5o
() sin 75 = ‘/54 sin 3T 10 = ‘/_4“
9(a) 64cos’ § — 112 cos’ O + 56 cos® § — 7 cos
@6 7 @ I

s T T 1w
10(b) 6 = O,EF Sz
13(b)z:% zor3:t—z
14(a) 8(1 — Os + 245 — 165°)

(b) x =2sin%F for n = +1,+2, £3

Exercise 3C (Page 108)

j — ta 2T 1 3 .
l(a) cisO =1, cis 5 = —5 + 524,
cis (~3) =—5 - %7 @il @0
S TIEAN R P
13- @ (P -z+ )P +2+1)

I RS U U T T U SRS U
IR v Rl v Rl L v Aok
b) (22 = V22 +1)(22+V22+1)
RN O R P ST Y
5(a) C1s (_71_76)7 C18 (_%)7 C18 10° CIS% =1, ClS?—ﬂ
b) cis (—3F), cis (—F), cis 3T, cis IF

(
(c 1+\/§z —1—\/31,\/_—1 —V3+i
(

)
d) 2cis (—4F), 2cis (—55), 2cis (—75), 2cis T%
c

20 20°
2 183—7T

- 31 . (_3m
6(a) —1, cis I, cis (—Z), cis 2%, cis (—3X)

7(a) 1, cis (£3F), cis (:i:“) cis (£%)
(€ (z—1) x (2* —2cos & z + 1)x

ISBN 9781108771054
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(22 = 2cos & 2+ 1) x (2 2cos Tz +1)
8(@)i) 1, cis 57<:1s( ), cis4E 5 ) c1s( )
9a) cis 2% for k = —4, -3, -1,0,1,2,3,4
11(b) ,B—p +p° +p ©a=1,b=2
12(a)(i) cos46 = cos™ 6 — 6 cos? 0 sin? 0 + sin* 6,
sin40 = 4 cos® Osin @ — 4 cos Osin® 0
b) £+ (3+z) \/—(1—32)
14(a) 3 when k is a multiple of 3, 0 otherwise.
= Z (n) w" and
T
r=0
n _ Z (n) w?r
T
r=0
15(a) The roots are —i cot
fork=1,2,3,...,2n.

)
)

b) (1+w)"

(1+w?)

(Qk 1)7'r

Exercise 3D (Page 116)
1() 632'9 (b) e—6i9 (©) eSiG (d) elOiG
2a) e (b) 0 () €20 (d) 20

3a) 272 (b) V2t (o 66 () 2e27/3
e) 3\/§€_Siﬂ/4 (f) 4e—i7T/6
@) —5 (b) 1+8i (o — ~V34i (€ 2—2i

) —2v3 —6i

a) 22 ¢im/12 (b) %6—72'77/12
d) 2\/2 ellin/12
6f@) —64 (b) 4—4i (0 —L+ L
(d) —648 — 648+/3 i

0 8\/§€3iﬂ/4

11(a) n is divisible by 4 (b) n = 2,6, 10, .

(c) nis divisible by 6 (d) n = g, g, 125, .

12b)i) 2isin360 (i) 4cos?6 (i) —8isin® 6

(iv) 2cosf (2cosb + 1) (v) 2(sin36 —sinf) i

13(a) cosf = (e’ +e7 )  (d) tan6, cotd and

cosec f are odd, sec @ is even

14@) 22 4+4 ) 22—24+1 (© 22+8 (@) z*+4
15(b) €'(?=9 =1 with —27 < ¢ — 0 < 27.

This has only one solution, which is ¢ — 8 = 0.
(¢) If two complex numbers are equal, then they
represent the same point in the Argand diagram.
Hence the moduli are equal and the principal ar-

guments are equal.

Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.



Answers to Chapter Four 299

Exercise 3E (Page 120) Chapter Four

1a) 20 = 262 (b) 2i = 261 (512%7) p ez

d) z = V2e 3/t \/2eim/4 Exercise 4A (Page 126)

(€ 2= —1—i1+i @) 1e**+C () —Lcosbz+C (o 2taniz+C
2a) —1 =™ (b) —1 =TT Ly @ fln[3z—4/+C [ 4\/_+O n 5 +C
d z=e 377/4 —z7'r/4 i7T/4 e3im/4 2a) — (2; D +C (b) sin” %4.0

(e) z =

Vvt vttt oty @ get 40 @ jrani 540
3a) i =e /2 (b) —i=e /22T ey ) 2n(1: tz+1)+C O @ +1)°+C
(c

(d) z = ei™/2 =im/6 o—5im/6 3(a) ( 1) 0L @I @I @ ML
€ =i, — i, —¥3 _ 1 aa) e +C (b)§1(1+sm3z)+0
7(c) cos T = 54+1,COS?7T=\/_ L (© stanz®+C (d) 3 +C’
9(a) cos® O = 3%C0869+—COS49+ c0s20+ () In|x + tanz|+ C (f) n et +C
10(a) sin® 0— jsma——smsa 5@ —20 (b) $In2 (o 3“—\/5 (d) %ln@TJrl (e 7%
sin® 6 = 16 sin 56 — 16 5 gin36 + 2 s1n9 (c) f—870 f In2
1) 2=+ Lior 2+ 6 In2
12a=1m2b=-7% 7 s 4 o
13(a) 2cos Acos B _ 9 7 —%
oif _ o—if
1) tanf = i(ei® + e~if) Exercise 4B (Page 128)
15(a) 2= la) z+njz—1+C @ 2—2njz+1+C
7@ z =€ for k=0,1,2,...,2n (© z+2lnjz—1]+C
20) 1-In4 () 1—1In5 (@ 7—1

Review Exercise 3F (Page 123) 30) 2— 35 ) Z+1In2 (9 3(m—1Ind)
1(a) cis76 (b) cis66 () I+ %1 2
2 -1 2 2
36 +/3cis (CZ) (o) —64 -+ 64i 4(a) W () log(x + Va2 +a?)+C
4@) 23 ()ii) n is even or a multiple of 3 i) log (1: + V2 + ) +C (i) 2log3
5(a) cos® —15 cos §sin? §+15 cos? fsin* §—sin® 6, 5(a) % ln(z +1)+C
6 cos® fsin 6 — 20 cos® §sin® 6 + 6 cos § sin® 6 (b) %3 _ % to—lnjz+1]+C
6@ 2z +42°+6+4277 + 274, () & + 2 +1:+1n|1:— 1|+C
4464274 20 (i) %3 1:+tan Lo+ C i) z—In(l +e%)+C
7b) —43 _ _ W) 2(z—4V2+2+C ) —22+2)VI—z+C
8 2= 26_”/27 262#/67 2¢57m/0 (vi) %1‘2 -2 ln(l‘ +4)+C

a) V2cis 3 for k= ~7,1,9 6f@) In(e+e 1) ®) 1S (g & 4+1In2
(b) cis X2 for k = —-11,-7,-3,1,59 7@ $2°+Injz+1/+C @) 22°+3n|z—2|+C
10(a) 8e/6 (o) 26~ 11iT/18 9pim/18 9o13im/18 © 741 +22) +C

7 1
11(d) —7cos30 + % C(;ST59 —7—ﬂcos 799:—0 . () 21 _ ) log( + m) L C
12(b) = = cos 75, COS 73, COS 77, COS 75 (€) 2 —a
14(0) cis &2 for k = —5,—3,-1,1,3,5,7 @) log (= + Va2 — 5) e
15(?) eF5 for k= —4,-2,0,2,4 @ log <3+\/g) ~log (1_,_2\/5)
b)) —1 and V5 1+v5
18 —1 (o %g 9 2In(1+z)+C
ISBN 9781108771054 © Sadler & Ward 2019 Cambridge University Press
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Exercise 4C (Page 132)
1a) (2 +1)°+C ®) t(1+2*)"+C
© —7==+C mjuc

(e) \/172 2+ C 1\/1+z4+0
2(a) 251n2z +C (b) 1+tanz +C (0
d) 2sinvz+C (e ttan"'a?+C

i(nz)®*+C

3(vV3—2)
@< @31 02

3
4(a) —4—12 (b) Begin by writing z = (x — 1) + 1
5@) 7 )(1+z)\/1+z+0
(b)

3
+\/E—1n(1+f))

) tan~ty/e2r — 1+ C

6@ 5 b 22 ©4+10n2 @ %

7@ 2tan ' (VZ) +C () 2(z —2)Vz+1+C
( 1

8a) i +C () 2sin ' — 1422+ C
(@ —¥222 1 (O @

) —iV1+a224C

25x
9(a) % (b) Begin by writing 2° = z(2* + 1) — .
10(b) The region is half a segment.
1) =
12(b)i) =
13(b) Begin by writing 2% = 1 — (1 — 2?).
14(a) tan~ ' /22 —14+C; () tan P /22 — 14+Cy
156) ¢ — V4(;it§) g

Exercise 4D (Page 139)

1 1 1 1 2
1(a) 71w (b) =D 3D (©) Fﬁ;m
@527 @ sy tsem O 1tas
@ In|jz—4] —Inlz —2|+C

) 2In|z + 1| —2In|jz + 3|+ C
© 4ln|z—2|—Injz - 1|+ C
() 3lnjx — 1| —In|z+ 3|+ C
@ Injz+1|+In|2z + 3|+ C
M 2ln|z+ 1]+ 3In|2x — 3|+ C

3@) 7In5 () In2 (9 Ing (d 3In2
4@ In|z — 2| —2tan"tz + C
b) In|2z + 1| — 3 In(z* +3) + C

(
(© tan~'2 4+ 3In|z| —In(z® + 1)+ C

5@) 2 —In2 () 7+In2 () In4—3In3

6(a) 51n|z—1|+71n|z—2|—121n|2z—3|+0
) 2Inlz|—5ln|z — 2|+ Iln|z - 4|+ C

7(a) 51n3 In2 () 2In3 —8In2

8ai) A=2,B=1,C=-3

i) 2c+In|lz —1] —3In|z +2|+C

b)i) x +1n|x—2|—2Inlz+ 1|+ C

(
(a)

(
(
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(i) 3z +2In|z+4|+In|lz -5+ C
9a)i) A=1,B=-1,C=2,D=—1
i In3+In2—1 (b 12+1n2

10@@) A=3, B=12C=2

() 3z +12Injz — 2| - 25 +C

b)) A=23, B=10,C = —23, D = 13
(i) 23In|Z=t| -1 — A3 4 O

120) A=0,B=—-1,C=0,D =2
13@) z+Injz -1 —Injz+ 1|+ C

) z+2In|z —1| —In|z|+C

(© “lz4+njz| - i@+ 1)+ C

d z+9Inlx —3| —4lnjz - 2|+ C

(@ 22° —z+ 5|z —4lnjz+ 1|+ C

0 32°+22° + 7o+ 16In|z — 2| —Infz — 1|+ C

Exercise 4E (Page 144)
1(a) ltan_1 $+C () sin™! s+C
(© %ln m+3‘+0 (@ gln|3 3” +C

e) ln‘z+ \/9+z2‘+0 () ln‘z+\/z2—9‘+0
2@ tan '(z+2)+C () tan"! (2) +C
(@ sin "I+ 0 (@ sinT EHE 4O

@ Info =3+ Va2 = 62+ 13| + C
M Lln 1:—}—1—&—1/172—}—21:—}—%‘—&—0

3@)F BT (©F @735 (@3 @ In3
a) In(2? + 22+ 2) —tan Yz + 1)+ C

b) 2In(z®+ 22 +10) — 2 tan~' L 4+ C

) —\/6z—z2+3sin_1%_3+0

d) —\/4—2z—z2+23in_1”3—\;%1+0

(e) \/z2+2z+10—ln‘z+1+\/z2+2z+10‘+
C

® \/z2—2z—4+41n‘z—1+\/z2—2z—4‘+0
5@ $In2+%Z () $(37—Ind) (© In2-% (@) 2—
V33— (¢ 3In(3+2v2) — 42

(f)1n<1+\/§>+\/6—1
1:—\/1—1:2+C'

() 6+ —a2+3sin~! 221 4 O
© VvV 1—ln‘z+\/ - ‘+O
@) Z+V3-2 (b 3sin~' i

2\/_ V3 +1n (32:'2‘{/_—)

8(a) \/ﬁ is undefined at z = 0.

6(a) sin~
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Exercise 4F (Page 148)
1@ e(z—1)+C () —e “(z+1)+C

(©) —631(31: +2)+C (d) rsinx + cosx + C
() —5(z —1)cos2z + §sin2x + C

0 2z — 3)tanz+21n(cosz)+0
2@ 1 b)) Z-1 (9 T —1ln2 @ Le?+1)
@e ' M lte?

3@ z(Inz—1)+C ) 2z(lnz—-1)+C
€ zcos tx—+1—224+C
4a) T—1In2 )1 (o 3
5@ 1z°(2lnz—1)+C |
(€ —i(lnz+1)+C
6(a) (2 — 2z +2%)e” +C
b) z?sinx + 2z cosz — 2sinzx 4+ C
c) 1:(1n1:)2 —2zlnz+2x+C
Ta) —% b 2(1+v2) (o &
(cosz +sinz)+C
e “(cosx +sinz) + C
9a) £(e" —2) (b) £(eT +2)
Se(m—V3) ) LT (g T2

b) 12°(3Inz — 1)+ C

a)

S B

)
12(a)
b) 1z* (2(lnz)*> —2Inz+1) + C
14(a) %(z a2 — 22 +a’sin~H(&)) + C
(b) zln‘z+\/z2+a2‘—\/z2+a2+0

(© zln‘z—F Va2 —a?| = Va2 —a2+C

15(a) 5 (sin 4z — 4z cos 4z +8x cos 2z —4sin 22)+C

(b) 15(3zsin3x + cos3x + 9z sinz + 9cosz) + C

(c) %e (sin3z — 3cos3x + 5sinx — 5cosx) + C
6@ S(3V3—m) ®) H(r+2In2-2)

Exercise 4G (Page 154)
1(@) sinz+C () —cosz+C (¢ —In|cosz|+C
(d) In|sinz|+ C

2@ isin’z+C () —cos’z+C

cos®z —cosx+C (d) sinz — gsm x+C
sin

(o)

in® z 3sln z+sinz +C

B i ol

5 & =

sin* z—gsm x4+ C
3a) 7 ) {5 (@ §
4(a) tanx +C (b) tanx —x + C

o stan’z+tanz+C (d) 3 tan’z—tanz+a+C

50) 7 B 3 © 51 @ g © 15 0 5o
6(a) =

a) 35(sindx + 8sin2z +122) +C

(
(

(b) LQ sindx — 8sin 2z + 12x) + C

() To57(24x — 8sindx + sin8z) + C

8@ 1 () $In2 (o i(tan '2+tan"'3) =2
%) § b F(1+vV2) (©
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10(a) 1sin’z+C1  (b) —1cos2z + O
1) 1 ) L

12) 5 (b) 3

13(a) —5 cosdx — ; cos2z + C

b) —3 cos4x 4 5 cos 2z + C
o) 16 sin 8x + % sindx + C
4@ 7 b ¢ (© 3
15(@) tan 3 +C (b) In

) 7
)
%1 ‘1+2tan2 +O
1

(
(

tan &
1+4+tan %

2—tan £

17 1sin360 +sin®6 + C

3

Exercise 4H (Page 158)

3b) 1(e* —1)
a0 =
6ib) (Z)° —30(%)* +360(%) — 720
4 2
7b) L — 2 +1n(1+2%) +
8b) Io=1, Iy = +5
90b) s = oo
10b) Jo = —%1‘ 1—22+ %sin_lz—&—C
12(d) 1(14v2 — 16)
13(d) g((l +22)t + 8(1+2%)% + B (1+2%)°
21+ 2?) + 38
2n

15d) Jp, = ——= Jn—

(d) on 13 1
16(d) I5 = 1 (2In2— 1)
1) § -5

Exercise 4l (Page 161)

la) & B 7 (© i @ 2-2In3 (9 2v2-1
(f) 118

) V1+224+C () tan 'z +iln(l+2?) +C
o —tcos’"z+C (d)] ‘2;:11‘4—0

1:41n1:—1i61:4+0 (f 6cos 217—%C08217+O
tan™! ”3+3 + C (h) zsin3xz + %cos?)z + C

)\/4+1:+C'

NN

winy

Z+3 z\/m—FC'
11(b) (77+1n )

2 P=2Q=-1

(b) 2z —In|3sinz 4+ 2cosz — 1|+ C
14(b) 6 — 2e

17(c) If pg < 0, then 0 € [p, g] and u is undefined
at t =0.
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Review Exercise 4J (Page 164)

1) Le”+C b) 2@ +1)+C (@ H1+22)°+
C @ —1cos'z+C (e 3ln|z—3|+n|z+1|+C
() —%ze‘h — ie_h +C

2a) tanz —z+C () 2(3+2)F —6(3+2)7 +C
© 3 tan”" (57)

(d) 3zsingz+9coszz+C (e z+In|z+1[+C
® 2n|z|+ 3 In(z*+1) + C

3@ ;7= +C ) iln (gi;}) +C

2vr —4In(2+vz) +C

%tan_1 (% tan %z) +C

C

(c)
(d)

4a) 6 () In6 (© 75 @ 2—3In (0 1= M
5@ 5 b 14—2F (0 & (@ 75+1In3

@ 5 —2v3 (@ 23
Il o & ©7 @ n@2+V3)
I

15
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Chapter Five

Exercise 5A (Page 171)

1 The zy-plane with equation z = 0, the zz-plane

with equation y = 0 and the yz-plane with equa-
tion z = 0.

2@) 2nd (b) 5th () 4th (@) 6th () 8th (/) 3rd
3@ (3,2,—1) (b) (=5,2,5) (o (3,12,5)

(d (8,2,12) (o (3,-1,1) (® (3,2,-5)

® (—3,2,5) () (3,-2,5) @) (3,-2,-5)

a@ A(2,0,0), B(2,2,0),C(2,2,2), D(2,0,2),
0(0,0,0), P(0,2,0),Q(0,2,2), R(0,0,2)

b 2v2 (© 2v3 @ 2=0,y=0,2=0,
r=2,y=2,2=72

5@ A(2,0,0), B(2,4,0),D(2,0,3),
P(0,4,0),Q(0,4,3), R(0,0, 3)

b 2v5 (© V29 @) z=0,y=0,2=0,
r=2,y=4,2=3

6(a) 6u® (b) 10u®

7) OA=7,0B=17V2,AB =173

b) OA?2 +OB? = AB?, so LAOB = 90°.

8 BC =2V21,MN =+21=1BC

9@a) M = (-8,6,18)

b) X =(-7,-1,16) and Y = (-9, 13, 20)

11 z=-1

12(a) AB = AC = 2V14

13(a) 3z + 4y = 12 (b) 3z + 6z = 12 with the
xz-plane, 4y 4+ 6z = 12 with the yz-plane (c) a
line (d) They intersect in a line.

15(a) z can take any real (d)
value.

(b) circle 22 + y2 =4

(c) It is the curved sur-

777~

(TTT T T 7

face of a cylinder with
radius 2. The diagram
shows the portion from

z=0to z =4.
16(a) A sum of squares (d)

can never be negative.
(b) circle z% + y2 = k.

(c) parabola z = z2.
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Exercise 5B (Page 177)

2 7 —4
1(a) [—3 20— 3j+ 5k (b) [ 0 } ,—4i + 13k
5 ] 13
a
(c) [—Qa ,ai — 2aj — 3ak
—3a |
2@) la| =5,a=3i— 2k
b) la| =3,a=3i+ 3] — 3k
N
3@) ol =3v2, 0= | —4v2
L V2
T 5vV2
) [l =5V2, 5 =15 | 3v2
| —4v2 ]
[ 5 19
4(a) —10} (b) V654 () [28} (d) V2589
23 —38

5) 30— 12j + 4k (b) —3i+12j — 4k (9 13

8 -8
6a) | 3 } (b) [—3} © V77
| —2 2
7\ = 27 Ao = —4
8 M =—-1,=3X3=-2
— —
9a) CD = —-3AB (b) They are not parallel.
— — — —
10 BC =2AB, so AB and BC are parallel.
12 —1—14j — 6k
13 58°,74°,37°

3 -1
14(a) [ 1 } (b) [—7}
—4 4
15(a) —57 + 7k (b)) —247 + - 5k
—
16@ AG =—i+j+k b V3 (© 4

18(a) No, since —a +b+c=0 (b) Ye
19 (—10,-1,3), (4,9, 1), (6,5, 7)

[=2)

2]

Exercise 5C (Page 183)

)
) 0 (b) They are perpendicular.
a) 126 (b) 360 (c) —48 (d) 78
) =21 <8<21 (b) —20< —-18<20
)

10@ A=8 (b)) A=—35or3
11 One such vector is ¢ + 7j + 3k.

18 V23
19 2V7
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Exercise 5D (Page 189)
3

1@ 3 (b Both V6. (o

2a) 2 (b) %2

4(a) 44° (b) 87°

=
&
©IN
5]
|
©IN
IS
|
=
&
G
1
win
—_ 1

— —

8(a) BA=3i+2j— Tk, BC=5i—4j+k
(© AB =62, BC =42, AC = V104 = 2v/26

N ) . 1
9@) AB=| 4 |,AC =] 3 (b) 78°
1 -2
10 117°49
11b) 3 u?
-7 -3 ~1
— —_—
12) AP = | 1 | ,AB = | —6 b | -2
-2 0 0
(c) 7 units
13(@) 3 units () 2¥7 units
15 2,38

T

17() 90° (¢ 20u?

— — —

18a) OP=0A+XAB ) A==+ (© A=

44

19 A—4OI' ~ %5

20b) A=2or 3
— —

21(a) 12v/10u? () OD = Ti+j+k, OE = 6i—2j

d) 80u?

3
10

Exercise S5E (Page 192)

—5

—
20 0 () OB=ag+c,AC=c—aq

3(a) equal radii

—_ —
6bb) CB||OA

8(a) 60° (b) equilateral
(all 4 faces are equilateral triangles)
(d) cos™' (—%) = 109°28'

%) su+w

(a)
(a)
5(a) equal chords
(b)
(a)

(c) regular tetrahedron

Exercise 5F (Page 201)
1(a) 4

(b) Using basis vectors:
r=(—i+3j)+A(2i—j),
13 AER

\ (© —3
) d y=—357+

N[
N[
ot

-1 X
2i-j

2@) 3i—2j () 3i+2j
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© =32 +A3i+2j),\eR

3(a)(i 3
(a)(i) 1

(i) The z- and y-intercepts are [ 0 } and

0
(i) Using the y-intercept, T = 4} + A

y=4z +17 () 3z +2y =19
5(a) yes (b) yes (c) no
r= 71—5[<;+/\(—41—61+9]g)

R

7@) =30 —2j — 4k + A5 — 3] — k)
(b) £ =—1—j+2k+Ai+2j+3k)
8(a) yes (b) yes

oo | %] o [ w [ 5]l
NAROEE

11(a) 7 = 4i+ 3j + A(24 — 3j)

(b) T = —Ti+5j + A(62+ 13j)

Note that there are many possible answers.
12@) 7= —i+3j +k+A3i+j+4k)

(b) £ =Ti— 115 + 14k + A(102 + 207 — 30k)

)]
L f] e

1
15(a) (1,2,0) () (3,—2,6
17@) —i+ k (b) skew
18(a) (1,1,2) (b) 70.5°

—~

20(d) 11Y5

v

21 = units

22(a) v1 and vy have the same direction vector.

b) i—2j+k (0 V5
23(b) For LBAD: 1 = (—i—2j) + Ai+j),
for LZABC: 1 =2i+ p(—i+j)

2 -1 4
—
24(a) OM = [4 b) r= [—1}+/\[2}
3 0 2
d 3:1
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(b) The
ray with endpoint B in the direction of b — a.

25(a) The interval or line segment AB.

() The ray with endpoint A in the direction of
a—2b

26() V/2)2 — 8\ +10 (b) V2
Exercise 5G (Page 210)
1@ (z—6)>+ (y+9)* =28
(b) 7’—[6 H:Q\/?

(© z=642VTcosh, y=—9+2V/7sinb
2) (z+2%+ @y -7+ (2+4)?*=81

—2
(b) | — [ 7} =9
—4

3) (z+5)°+ (y+10)* =45
b) (z -3+ (y+1)?+(z—8)*=121

=[]

=2v2, (z - 52+ (y+3)? =8

1
T2
=5 ) z—[l} = V30

7 inside

8 centre (2,1, —1), radius 2v/5

9a) x = 2cost + 1,y = 2sint — 1 (b) (v — 1)% +

(y+1)*=4
2 ya

0@ y = (z+2)° -2 (9

(b) [—2,00)

—2+\2
_/&
_2,,
11(a) |r| = V10  (b) The radius and tangent are
perpendicular. () y = 3x — 10
12@) z=32\+1,y=2)1—-1
(b) (_27 _3) and (47 1)
14(a) Both spheres have centres on the z-axis.
(b) centre (0,0, 2), radius 2
15 (4,4, —6) and (11, -8, —3)
16(a) t =3\ —2, y=4 4+ 3,2 =5\+4
() (7,15,19)
17@) 22 —9y> =1 (b) y = £ =&

=V
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1 1 2

18@ r=|—-1|+AX|4]|+p| 5 | isa possible
0 1 -2

equation. (b) 13z — 4y + 3z =17

20(a)

t < 0:dash,t > 0:solid

Review Exercise 5H (Page 213)
1a=7a="5i—3j+2k

2(a) —51 45+ 7Tk () 5i+4j — Tk (9 3V10
5(a) 5 ()44 (¢ 8 (d) 110
7 A=

8 cosf = -5

o Hi- %F—@z@

17 -1 -1

— —_—
10@) AP = |3| ,AB = | -1 b = | -1
3 3 3

(c) 2V50 units

11 81O 0

13 r = +A
“T s

14 x—3y=14

5 (0,7,-3), (~14,0,11), (3, 4,0)

2

16(a) no (b) yes

17 r=i+j—k+Ai—2j+3k)

18(a) (2,3,—5) () (—3,5,—1)

190) (-3 +(y+4)>+(:—-2)>*=7
-3

b) [r— | —4||=V7

2

-9 -
2 r—| 5 ||=2V6
| —6 ]
2 (4,-5,1) and (6,8, —10)

23a) y = 2= ) 2° +y° =1, where y # —1.

(© y==+2xy/1— 22
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Chapter Six

Exercise 6A (Page 224)
1a) t=g(x—1), z=06t+1

b) t = (1 —2%), z=(1-18)%
©t=1@2=1),z=12t41)"%

(d) t=1(e* —€), z =+ 1In(2t +¢?)

(@ t=tan 'z — I, z-tan(t—&- 3

() t =tanz —tanl, x = tan~ (t+tan1)

2@ 2=0 (b) &=—-T22"" (0 &=1082"

d) &= —2e"% (9 &=2x(1+2?)

Hx=-2 cos31:sin1:

3@ v? = 423 (b) =21 —e®) (v =
Inf2z+1| (@ v*=tan"' iz

ga) t=2 () t=2-1

(0 t =In|%Y|
5a) v =4lnjv| ®) x = %1}3 —24
(c) 1:—11+21n‘2+v
6@) 16 b 4 (04 (@9

7 17m/s? at an angle of tan™

1 2 above the hori-

zonti
8(a) OA = (20cos32°)i + (20sin32°)j,
OB = (~15¢0s54°)i + (15 5in 54°)j
(b) 24N () 70° above the positive horizontal di-
rection or 020° T

a) (6 —2V2)i + (20 — 2v2)j

above the horizontal

(b) 17-5N, 79-5°

11(a) 20 metres (b) Upwards is positive, so while
the stone is rising its velocity is positive.

( t=2— 20208 4 — 20t — 5¢7,

2 seconds 501

12(a) x = 150 — n|v|7 x = 150 metres
In10

1000 /1 1
t=—2 (- ) t=10L
99 (v 1000)’ i

13 v = 6 — 2¢7®. The acceleration is always
positive, and the velocity is initially 2. Hence
the velocity is always increasing with minimum 2.
The particle continues to accelerate, but with lim-
iting velocity V6.
14a) #=—12 ) 2 =3(1—e"2") (¢ Ast — oo,
the particle moves to the limiting position z = 3.
15(a) 1-52s (b) 848 m
T b)) 2ku ) kln3

= 2(z — 5)(x +4). v* cannot be negative.
(b) x = 6m (z = —5 is impossible, because the
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particle can never pass through the origin). The

particle moves forwards with increasing velocity.

2
(b) © = ————. The particle

(t+V2)2

starts at x = 1 and moves backwards towards the

18(a) v2 = 223

origin, its speed having limit zero, and position
having limit the origin.
19(a) v*> = 6z — 22> + 16
graph of v? against z.)
21b) v* = V24 29R*(1/x — 1/R),

H =2gR?/(2gR —V?) (¢ 11-2km/s
22(b) 12In2 — 3-5 =4-82m

(b) Yes. (Sketch the

Exercise 6B (Page 232)

1(a) 12cm, 4 seconds

b) v = —6msin5t, ¥ = —37? cos 5t (¢ 12cm,
Ocm/s (d) After 1 second (e) 2 seconds
2() 2m, s b)  xa
(c) v = 8mcosdrt,
& = —327? sin 4t 2y
d) &= —1672x ‘ % A% ‘ R
() & = —327° at t = % V% VI 1
and & = 32n” at t = 2 -2t
f 8w m/s
3(b) v=4cosnt, T = —4rsinmwt
( a=32,T=2seconds (d) 2m,4m/s
(& x4
x XA
e R 47
S~y
XA
N/ ;
4l /2 t
4]

¢t =1 (when v = —4m/s) and ¢ = 2 (when
v=4m/s) (g t=1 (when & = —4rm/s®) and
t =3 (when & = 47 m/s?)

(@) * = 2sin 2t

(b) x = 6ssin %t

5(@@) v = bncosnt — cnsinnt,

S

& = —bn?sinnt — cn? cosnt = —n’z

(b)i) ¢ =3 and b =0, so z = 3 cosnt.
(i) © =5cos2wt, 15

6b) a=4 (0 55,25

ISBN 9781108771054
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7 x4 (a) v = 6sin3t,
14 T = 18 cos 3t
12 b) a =2,

10 7

T = 2% seconds,

centre x = 12
() 10 <z < 14,

7 seconds

T . At both times, |v| = 0 and

Wl
Y
~V

=

_ 27 —
(d) t—Tandt—T

i=18cm/s’. (e t=7F andt=73.
At both times, |v| = 6cm/s and & = 0.cm/s?.

8(a) amplitude: 6, period: =, initial phase: 7
(b) & =12cos(2t + §), & = —24sin(2t + 3),

= —4x,son = 2.

(c) t:%whenv:—lQ,t:%’Twhenv:H
(d) t:%ﬂandt:%,whenz:ﬂ
() t=mand t =27, when v =0 and & = —24

9(a) = = 120sin {5¢, v = 107 cos F5t, 10mm/s
(b)i) L2sin™! 1 = 0-9652 seconds

i) 12+ L2sin~"
and 8 seconds
10(@) * = 4cosdt, v = —16sin4t b)) {55 (i)
(€) 54 seconds and g—z seconds
1mr=1-1cos2t,20=1%,2,0<2<1, 7w
12@) x =2 —cosdt (b) xp=2,1cm, 1 <z <3,
s (o 4cm/s when t = §

13b) =2 (¢ 2ms (d) 6cos(t — F) () 6, =%
H —4<x<8

14 v = bncosnt — cnsinnt

(a) n= %,c:G,b:& %’Ts and %’Ts

(b) n=7%,c=-2,b=2 about 0-582s

and 3-582s

i = 12-97 seconds (c) 4 seconds

S

ol

15 v =ancos(nt+a) @n=% a=0a=1
(b)n=§,a:37”,a:5 (c)nzl,oz:%”7
a=v2

16(a) a =3, a0 = —%

b)) a=2,a=7%

17 a:32ﬂ‘/§,o¢:%

18 a =5, a = 2.248

19(a) =z = 4sindt + 3cos4t (b) x = 5cos(4t — ),
where € = tan™! % (¢ 5m, 20m/s

t=F—2tan '3, t=2+42tan" "%
20(a) 10:00am (b) 7:33am (c) 12:27pm

21 11:45am to 8:15pm

23(b) 21/5 +2V3
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Exercise 6C (Page 239)

@) v = —6sin2t, &£ = —12cos2t, ¥ = —4x,
v2 =4(9—2%) () £2v/5m/s, —8m/s?
2(a) v? = 9(25 — 2?)

b) v=+12m/s, & = —27m/s* (¢) 15m/s
3(a) v> = 16(36 — z?) (b) 6cm, 3 seconds
o |v] =16v2cm/s, & = —32cm/s

4(a) v* = 4(36 — 2?), 7 seconds, 12m/s
(b)i) T =6cos2t (i) x = —6cos2t

(i) * =6sin2t (v) = —6sin2t

(@) 32cm/s (b) 8cm

6(@) a =1 metre (b) 4" m/s

7() 2Fem/s, 2 cm/s

(b) ﬁ:27rcm/s7 :t% cm/s?

8 5v2m/s, 3v2m/s

9 4,2V7m/s
10 v* = —3(a?
11 15cm/s
13(b)ii) When x = 0, |v| = an.

— 16%), so the amplitude = 16.

(i) When 2 = 1a, |[v| = 3v3an and & = —Lan®.
14(a) & = —9(x — 1), centre: x = 1, period: 2?,

amplitude: 2 (b)i) & = —16(x — 2), centre: x = 2,
, amplitude: 3 i) £ =—-9(x — 6),
centre: = 6, period: 2%, amplitude: 4

i) & = —2(x + 2), centre. z = —2, period: V2,
amplitude: 1 (v) & = —3(z+ %), centre: z = —%,
period: 27/v/3, amplitude: 2%

15@)i) # = 50cos 10t = —100(z — 1)

(i) & =—50(2sin®5¢t — 1) = —100(z — 3)

(b) centre: z = 1,

period: 5

range: 0 < x <1,
period: ¥ minutes, { = ¢
16(a) centre: x = 7. Since the amplitude is 7, the
extremes of motion are x = 0 and z = 14, and the
particle is stationary there.

b) v? = 9(49 (- 7)2), 21cm/s

(c) Although the particle is stationary for an in-
stant, its acceleration at that time is positive (it
is actually 63m/s%), and so the velocity immedi-
ately changes and the particle moves away.

17(a) £ = —9x (b) period: %’T, amplitude: 21/13,
maximum speed 6v13, |Z| = 9v/13

18(a) =3, 5 (b) v =3+ 2sin(4t + F)

0 1= %552, o =&

19(a) & = —4(x — 10), centre: x = 10, period: T,
amplitude: 10

() 3= — Itan™!'3 (=7 —tan"'2=2.034)
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20(b) & = —167sin 27t, § = 167 cos 2rt,

& = —327% cos 27t, §j = —327° sin 27t
(@@ % or I& (@) Z or AT (i) 2F or IF

11221‘12 — 11121‘22

21(b) a = > >

V1 — U2
(¢) 5cm, 7 seconds, 10 cm/s
2 v=3VV3orv=-3VV3
z:%a 30r1::—§a\/_
23(b) When o« =7, A =3 and =z = 3sint.
When a =0, A=1 and x = —sint.
(¢) twice (d) When a = %, x = V3cost.

When a = 5;, = —Vv3cost.

Exercise 6D (Page 245)
1(b) 360 metres

c) 0%
4(a) The force of the spring is directed towards
the origin.The resistive force is in the opposite
direction to the velocity. b) y+3y+2y =20
© A=—-1,B=1
6(b) v> = m  Jlim v =0. Since
v # 0, it can never change sign. (d) tan ' Q
(e) Yes. Since @) and v have the same sign,
an ' Q —tan"'v =tan~! 1%?;@ . In contrast,

evaluate each side when Q = V3 and v = —V/3.

@) A=B=1 ®)i) 1 (i)t=z27log (2+§§j
8(c) 878 metres (d) 1190 metres

9(a) F'=mP — mkv ve

b) v =7

(d) +log2 Vo>V,

10(a) At = = 1 the acceleration is positive.
(c) The velocity approaches 1 from above.
1)) 0 <z < 2% and v = 0 when z = 2%,

k
& . 2V
o) @ = 245 (1- 72
(i) tlim T = 2\{?’ and hm v=0.
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Exercise 6E (Page 254)

1(b) 1-9 seconds (c) 25 metres

4(b)(i) 113—; = 400475” (i) 10\/§m/s
5(d) 40 metres

9@)i) 0 @) f'(z) > 0 for x > g. That is, f is

g+kVo>

increasing for = > g. (b)) T = %ln (
g

10b)i) & =10—%v* ) 10m/s (v) ¢ = 1-446
1) y =452+ V2)(1 — e */3) —30t (@) R =44
re . x=45\2
20.50 no rems/t/a}picg\
15-5¢ - )

=V

20 40| 60 80

Here is the trajectory for 0 < ¢ < 4. The dotted
line is the trajectory for no air resistance.

13(@)i) x(t + dt) = z(t) + 5t u(t)
y(t + t) = y(t) + otv(t)

oft +6t) = v(t) (1 ket (u(t)® + v(t)Q)%) — got
(b)) u(0-1) = 20-51
(i) v(0-1) =19-51, 2(0-1) = 2-12, y(0-1) = 2-12
(0 u(0-2) = 19-86, v(0-2) = 17-89, x(0-2) = 4-17,
y(0-2) =4.07 (d) R=54
yi\
22.51 ____..no resistance
172} -

=V

20 40 60 80

Exercise 6F (Page 259)
la) = =20t, y = —5t> + 20V3t (b) 4V/3 seconds,
80V/3 metres (o) 2v/3 seconds, 60 metres

(d) It is false. The horizontal range would not have

changed, although the flight time would have been
4 seconds and the maximum height would have
been 20 metres.

2a) & = 15,9 = —10t+36,x = 15t,y = —5t°+ 36t
(b) 52m () 21.9m/s (d) after

3(a) = = 10V/3t, y = —5t% + 10¢

(b) 58, 50v/3 metres (c) 80 metres

(@ 44m/s, 67° (@) y = —ga® + Jzu
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4@ 101m/s (b) = = 101t, y = —5t* (d) 149m/s,
tan~! 201‘51_ = 47019’ below the horizontal

(e) 1-106 km

6(c) V =36, 0 =41°49" (d) 129 metres

7(c)i) a = 15° or 75°

(i) It will if o = 75°, but not if o = 15°.

8(b) range: 38-4 metres, height: 12-8 metres

(c)ii) 33-3 metres

9(d) 60°15" or 72°54'

10b) 0-36s (c) 12° (d) No, it lands 4-72 metres
in front of him.

11(b)(i) 16 metres (i) 112°

12(d) 27m

13(d 15 metres () 10m/s, 63°26

14(c) T =4, 0 = 30°

15(b)(ii) Yes. The vertical components of their ini-
tial velocities are equal, and they are both subject

to the same force (gravity) acting in the vertical
direction.

18(c) For 0° < a < 45°, 0 < tana < 1. Hence if
a1 and as are both less than 45°, then the two
roots of the quadratic both lie between 0 and 1.
But the product of these roots is greater than 1,
so a1 and as cannot both be less than 45°.

19(a) (dcos G, dsinf)

20(b)(iv) 52°

Exercise 6G (Page 269)
1(b) 6-05m

2 125,123 m (¢ 243 m/s

3a) B—Mg=—-Md, B—(M—m)g=(M-—m)a
2gR?

4@) v = Vo’ +

(b) Vo = +/gR =1680m/s

d20 _gsinf
T= 0, =
5(a) mg cos dt2 T
6 5:09 am to 9:36 am
gz? 2 gz _
V2
(c)ii)) tan 3 = Jhoota
8(c) 2% = —%( - —2) with focal length ¥ and
vertex (0, ‘2/—;)
9 centre = (0, —3gt*), radius = V¢
10(b)(iii) 2/
11(a) The acceleration is downwards.
2
(b) h= % () 12524m

120) C =112 () B =4(16 4 14e”7F!/4)
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d) 78°C (e) 64°C
13(b) 2100 (¢) 3000 (d) 10%

- V2sin2a V2sin?a o V2cosZa
1ap)) (Lgn2e Vo (i) Yoge—e
- v? _ ( V?sin2a V2 cos2a
(i) y = 2g7S_< 2g T 29

Notice that the directrix is independent of a.
15() 15(2 + v/2) s, which is about 51-2s.

16(@) 3mg (o ¥* = 3g, and since y is decreasing
to that point on the curve, § = —/3g. i = 0.
@ 22 (5+1)

(e) The integral is improper.

Exercise 6H (Page 230)

10uyg 10 4 uopt
1b)i) v = ——— (i) z = 10log | ————
(b)(i) w 10 + ugt (i) x 0 og< 10 )
10 (100 — (10 + ugt)?)

(i) y = (2u0)?

(g 100 10,10+ upt
0" S0 ) w0 B\ 10 '

Note that v simplifies to
_ 10wy — 100t — Sugt?
- 10 + uqt
but this is harder to integrate.

@ t = = (vV2ugvo + 100 — 10) = 0-23s
x _5log(w) =2:03m

y = W ((2uovo+100) log (W) —2U0Uo)
=0-29m

2a) u=—ku?and v = —g—kuv. (b) u=uge **
— Llog(1 4 kunt ___ Yo
(© @ = £ log(1 + kuot), u T 7 ot
1 — (1 + kugt)?
© y= 9( ( ot) )
(Qka)
g
— log(1 + kugt
+ (Uo + 2kU0> ka Og( + 1o )
_ gl —e*) g \ =
0 v= (QkUO)Q Tt Qka Uuop
dy _germ g 1
® dr — 2kug? Tt 2kuo ) ug
3(b)(ii) At the top of the trajectory, v = 0 when
t=20 (vii) x = ugcosflo M
- v b= o & sec ¢ + tan ¢
. du_uv dd_v__l()()—v2
0 0™ E T T 10

with 4 = ugcosf and v =0 at 7 = 0.
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(iv) 7 = log(sec + tand),
t =0+ log(sec§ + tan6)
\/5(\/5 +1)

= tan~!

+1og< <2m+\/_(\/_+1)>> = 1.6255

(vii) £ = ugcosf <log(sec 0 + tan 0)

+35 - 2tan~! (6_7) )

(viii) Tmax = Ug COS 0( log(sec 6 4 tan 6)
+5 —2tan" (ks ) ) = 3025m

5v2
4a) u = T+¢ , & = 5v2log(1 + 1)

(b) v = \/50v/2 tan(f— v/2t) with 6 = tan~—! \/ 2
cos(f — v/2t) 0

= 21 for0<t< —

and y 5\/_og< e ) r0 < <5

(©) Ymax = 5\/_10g(sec 0) = 5v/2log m

9

= 1.89m at 2 = 5v2log <1+%> = 327m
\/_ T\/_ —7'(1/5
(d v Wax S ¢
eTV2 L T V2

24/1+ 32

y=5v2log | s
10 M +tan_1 Q
t i v2 ?
(e) - \4/§
f 5:67m

Review Exercise 61 (Page 283)
1(a) t = %1n|21: -1,z = %(e% +1)
b) t=g(e " —1),z=(1+6t)"

2a) =22 —1) (b) &=T722>
3@ v? =12z

b) v = (1 — cos 6z)

4 t= iln%

5 x=0v>—1

6@) 8 () 2v5 (¢ 12 (d) In3

7 41.8m/s%, 035-3°T

8@a) &= —35m/s, v> =10000 — 5z

b)) v =>50v2m/s (i) z = 1500 metres

() The plane is still moving forwards while it is
braking. (d) @ = 100t — 2¢*, 40 seconds

9@ v =500 — 5z, z =100 (1 —e ")

(b) The torpedo moves to a limiting position of
x = 100 as the velocity decreases to zero.
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310 Answers to Exercises

10(@) v> = e™® (b) v is initially positive, and is
never zero. x = 2Ini(t+2) () Ast — oo,
x — oo (slowly) and v — 0.

12b) V2 (0 z=V2cos (4t + %)

13(b) 2sin (3t — %) () the amplitude is 2, the

centre isz =5 (d) t = {5

2 21
14 S m, 38

3
) 18-8m/s (b) 3553 N
)

36t (b) 64-8m () 3456m (d) 48i+ 207

23(b) R = 21-6 metres, H = 4-05 metres

(¢ tan™'3 (@) 15m/s

(e) t =0-8, when x = 9-6, and t = 1, when x = 12
24(a) Initially, # = v5 and § = 2v/5.  (b) & =
Vo, z=tv5,9=—10t+2V5, y = —5t> + 2t\/5
(© 1 metre (d) 2metres (e) & =5, Y= —2v/5,
v=>5m/s, 0 = —tan"'2 () y=2zx — 2>

25() @ = 200, y = 0 (b) £ = 200, x = 200t,

g =—10t, y = —5t>, y = —gg52° (0 600 metres

75m d) 0 8<m<12o0r28<m<32
29(c %1n<1+%sina) (d) %cosa
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acceleration, 221 de Moivre’s theorem, 99

AM/GM inequality, 75, 86 powers of complex numbers, 98

Argand diagram, 18 roots of complex numbers, 107
circle geometry, 42 roots of unity, 105

circles, 39 trigonometric identities, 101
curves, 20 de Moivre and Fuler, 115
curves, 37 direction cosine, 185
parabolas, 39 direction vector, 195
rays, 39 and general form, 195
regions, 41 and gradient, 195
straight lines, 38 divisibility, 67

arithmetic mean, 75 dot product, 179

chain rule, 129 component form, 181

column vector, 174 equation

complex number plane, 18 of a circle, 204

complex numbers, 4 of a line, 193

of a plane, 209
of a sphere, 206
equivalent, 62
Euler’s formula — exponential form, 113
Euler’s identity, 115
Euler and de Moivre, 115
exponential form, 113

argument, 22
arithmetic, 1
conjugates, 4
conjugates, 7
division, 5

Euler’s identity, 115
imaginary numbers, 4

3 roots of complex numbers, 120
i;naginary part, 6 exponential identities, 119
mod-arg form, 22 for all, 60

force, 219

modulus, 22
polar form, 22
polynomials, 45
powers of i, 3

resolution, 220
fundamental theorem of algebra, 49
fundamental theorem of arithmetic, 72, 95
geometric mean, 75

owers, 98
P geometry and complex numbers, 19
real part, 6 -
.. . addition, 32
realising the denominator, 5 .
conjugates, 19
vectors, 30

multiplication by 4, 20
multiplication, 26
opposites, 19
subtraction, 32
geometry in three dimensions, 215
gravity, 265
imaginary axis, 19
implication, 59
inconsistent equations, 201

complex square roots, 12
general case, 14
Pythagoras, 13

contrapositive, 63

converse, 62

coordinate axes, 167

coordinate planes, 169

coordinates of a point, 169

counterexample, 57

ISBN 9781108771054 © Sadler & Ward 2019
Photocopying is restricted under law and this material must not be transferred to another party.

Cambridge University Press



312  Index

induction, 80
inequalities, 81
recursive formulae, 82
review, 80
inequality, 74
AM/GM, 75, 86
calculus, 87
geometry, 86
integration, 125
algebraic manipulation, 127
chain rule, 129

denominators with quadratics, 141

partial fractions, 134
powers of cos and sin, 150
powers of sec and tan, 151
products to sums, 153
rationalising the numerator, 143
reduction formulae, 156
standard integrals, 125
substitution, 129
t-substitution, 153
integration by parts, 145
irreducible, 50
line, 196
segment, 198
through a given point, 196
through two given points, 197
lines, 193
parallel and perpendicular, 199
skew, 201
logical value, 57
midpoint formula, 170
mod-arg form, 23
product, 25
necessary, 61
negation, 58
Newton — laws of motion, 219
parallel and perpendicular lines, 199
parametric equations, 194, 206, 208
partial fractions, 134
cover-up rule, 136
finding constants, 135
linear factors, 135
quadratic factors, 138
repeated factors, 138
perpendicular distance, 188
perpendicular vector, 200
polar form, 23
polynomials, 45
complex numbers, 45
integer coefficients, 45
remainders, 47
projectile motion, 257, 267, 273
projection, 186
proof by contradiction, 71
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proof by contraposition, 70
Pythagoras, 169
quadratic equations, 10
complex coefficients, 14
complex roots, 11
real coefficients, 10
quadratic method, 12
quantifiers, 60
ratio division, 176
rationalising the numerator, 143
real axis, 19
reduction formulae, 156
regions, 41
resisted motion, 242
downward journey, 250
horizontal, 242
projectile, 273
upward journey, 249
vertical, 248
resolution of forces, 220
right-handed, 167
roots of complex numbers, 107, 120
roots of unity, 105
scalar product, 179
set, 58
complement, 58
equal, 63
intersection, 60
subset, 60
shifting — in the complex plane, 27
simple harmonic motion, 226
acceleration, 229
differential equation, 231, 236
displacement, 235
pendulum, 267
speed, 229
time, 226
transformation, 228
standard integrals, 125
statement, 56
proven, 57
substitution, 129
sufficient, 61
sum of two squares, 4
t-substitution, 153
terminal velocity, 252
there exists, 60
triangle inequality, 32, 76
vector form, 180
trigonometric identities, 101, 119
trigonometric integrals, 150
powers of cos and sin, 150
powers of sec and tan, 151
products to sums, 153
variable gravity, 265

Photocopying is restricted under law and this material must not be transferred to another party.

Cambridge University Press



Index 313

vectors, 173
column vector, 174
component form, 173
direction cosine, 185
dot product, 179
equation of a circle, 204
equation of a line, 193
equation of a plane, 209
equation of a sphere, 206
magnitude, 175
parametric equations, 194, 206, 208
perpendicular, 200
projection, 186
proof, 191
review, 173
scalar product, 179

vectors and complex numbers, 30
addition, 31
equal vectors, 31
subtraction, 31

velocity — function of displacement, 237

z-plane, 18

zeroes, 47
degree and number, 49
multiple, 48
real coefficients, 47
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