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COPYRIGHT NOTICE

Copyright in this work is owned by Cengage
Learning Australia (“the work”). A condition of
purchase of this electronic version of the work is
that you agree to respect the copyright in the
work, abide by the Copyright Act 1968 and
specifically agree not to transfer, sell, assign,
misuse, copy or transmit an electronic or other
version of the work to any third party.

Please note: This product is accompanied by a
licence (single user, network or adoption)
governing the terms and conditions of its use.



This is a legal agreement between the you,
(the “Customer”) and Cengage Learning
Australia Pty Limited (ABN 14 058 280 149)
(the “Licensor”) which provides the terms
and conditions of this non-exclusive licence
and the limited warranty for the Product.
Use of the Product indicates an
acknowledgement that the Customer has
read and agreed to be bound by the terms
and conditions of this Agreement. If you do
not agree to these terms and conditions,
return the Product to the place of purchase
within 15 days of the date of purchase (with
proof of purchase) for a full refund

1. Licence Grant
You do not receive title to the Product.
Copyright in the Product (which includes
all images, photographs, video,
animations, audio, music and text
incorporated in the Product, including all
of the accompanying printed material) is
owned by the Licensor and/or its
suppliers and is protected by Australian
copyright laws. The Licensor grants you
a non-exclusive licence to use the
Product subject to the restrictions and
terms set out in this Agreement.

2. AlLicence allows you to:
Use the Product on your computer. The
Customer represents that they shall in
no way place the Product in the public
domain or in any way compromise our
copyright in the Material. You agree to
take reasonable steps to protect our
copyright.

3. You may not:
Alter, modify, translate, reverse
engineer, decompile, or adapt the
software or create derivative works
based on the Product. Make further
copies by any means technological,
electronic, digital whatsoever without
the written permission of the Licensor.
Rent or transfer all or any part of your
rights under this Agreement. Remove or
alter any copyright or other proprietary
notice or label attached to the software.

4. Termination
Any failure to comply with the terms and
conditions of this agreement will result
in the automatic termination of this
licence. Upon termination of this licence
for any reason, the Customer must
destroy or return to the Licensor all
copies of the software and
accompanying documentation.

5. Warranties
To the extent permitted by law, the
Licensor’s liability for any breach of the
warranty or any term implied by law into
this licence is limited to the lowest cost
of replacing the goods, acquiring
equivalent goods or having the goods
repaired.
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To the student

Nelson VICmaths is your best friend when it comes to studying
General Mathematics in Year 11. It has been written to help you
maximise your learning and success this year. Every explanation,
every exam hack and every worked example has been written
with the exams in mind.

STEP 1

Study each
Worked example

NELSON

e
#9841y d Q by using CAS or by hand.
4 Cthe IR

STEP 2

ererai
mathématics 11

Complete the
Matched example in the
Mastery Workbook

NELSON

VICmaths

The 3 steps = —

1 Find @, and Q by wsing CAS orby hand.

2 Calculate the IQR.

4 Check sch fthe bl values to see ifthey are
s | testhan theower fenc o resterthanthe general
i | uppertence

mathématics 11

each topic

STEP 3

NELSON

Cmaths.

3 v For the following data
62,3578,80,59,51

Do the Mastery

am to show that
dataisess than the lower quarile ()

i 50% of the data islessthan the median (@)

i 75% of the data is less than the upper quartie (Q,).

questions in the

For cach of the fllowing data sets

| -— exercise that are
nandoem o linked to the
Worked example

9780170448192 To the student v



vi

To the teacher

Now there's a better way to VCE maths mastery.

Nelson VICmaths 11-12 is a new VCE mathematics series that is backed
by research into the science of learning. The design and structure of
the series has been informed by teacher advice and evidence-based
pedagogy, with the focus on preparing VCE students for their exams
and maximising their learning achievement.

« Using backwards learning design, this series has been built by
analysing past VCE exam questions and ensuring that all theory
and examples are precisely mapped to the VCE Study Design.

o To reduce the cognitive load for learners, explanations are
clear and concise, using the technique of chunking text with
accompanying diagrams and infographics.

o The student book and workbook combination has been designed
for mastery of the learning content.

o The exercise structure of Recap, Mastery and Exam practice leads
students from procedural fluency to higher-order thinking using
the learning technique of interleaving.

« Exam practice includes exam-style questions and graded past
VCE exam questions with success percentages based on VCAA
performance data.

o The cumulative structure of Exercise Recaps and chapter-based
Cumulative examinations is built on the learning and memory
techniques of spacing and retrieval.

Nelson VICmaths General Mathematics 11

9780170448192
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Study Design grid

Area of study

Nelson VICmaths
General Mathematics 11 chapter

UNIT 1

1 Data analysis, probability and statistics

Investigating and comparing data distributions

Investigating and comparing data distributions

2 Algebra, number and structure

Arithmetic and geometric sequences, first-order
linear recurrence relations and financial mathematics

Arithmetic sequences and financial
recurrence relations

Geometric sequences and
financial mathematics

3 Functions, relations and graphs

Linear functions, graphs, equations and models

Linear functions, graphs, equations and models

4 Discrete mathematics

Matrices

Matrices

UNIT 2

1 Data analysis, probability and statistics

Investigating relationships between
two numerical variables

Relationships between numerical variables

2 Discrete mathematics

Graphs and networks

Graphs and networks

3 Functions, relations and graphs

Variation

Variation

4 Space and measurement

Space, measurement and applications
of trigonometry

Measurement, scale and similarity

Applications of trigonometry

viii Nelson VICmaths General Mathematics 11
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About this book

In each chapter

PR Study Design coverage

Study Design coverage and extracts
are shown at the start of the chapter,
along with a listing of Nelson MindTap
chapter resources.

Important words and phrases are printed

UNIT 2, AREA OF STUDY 3: FUNCTIONS, RELATIONS AND GRAPHS
Vari
« numerical, graphical and aigebraic approaches to direct and inverse variation
= transformation of data to linearity to establish relationships between variables, for example y and %,
yand £, and y and logyq(x)
« modeling of given non-linear data using the relationships y = ki® + ¢,y = &, where k > 0,
and y = klogio(x) + c, where k > 0.

VOE Mathematics Study Design 2023-2027 p. 36, © VCAA 2022

Video playlists ( Worksheets (2):

and iny g d inverse p

Toa resc
cengage.com.au/nelsonm

42 Nelson MindTap

Volume and capacity

in blue and listed in the Glossary and
index at the back of the book.

Important facts and formulas are

[ ]

The volume of a three-di L object or solid i ths f space it takes up. The capacity of
a three-dimensional object is the amount of liquid it can hold. We measure volume in cubic units based
on metres, and we measure capacity in units based on litres. We can convert between the two.

™
1 cubic centimetre (cm”) holds 1 millilitre (mL) '
=

Volume and capacity conversion
When calculating capacity, calculate volume first and then convert.
Lem’ = 1 millilitre (mL)

highlighted in a shaded box.

Worked examples are explained clearly

1000cm’* = 1 litre (L)
1m® = 1000 litres (L)

step-by-step, with the mathematical
working shown on the right-hand side.

s Jll WORKED EXAMPLE 4 [ ing a grouped frequency table =
Constructa grouped frequency table for the following exam scores, using intervals of size 20, and find the m
modal interval.

45,78, 80, 67, 43, 59, 32, 12, 100, 45, 58, 56, 69, 16

b

[ ]
Steps. Working
1 Write the intervals in the first column. Exam scores
2 Count the data values that fall into each interval. Score
3 Enter the frequencies in the second column. 0-<20 2
4 Make sure you place the border values 20-<10 1
(20,40, 60 etc.) in the correct interval. o o
60-<80 3
5 Add the frequency column and check that the 80-100 2
total matches the number of data values in the list. Total “
6 Find the interval that occurs most frequently. The modal interval is 40-<60.

[FEITXIEX Finding the mean and standard deviation for ungrouped data

Find the mean ¥ and the standard deviation s, rounded to two decimal places, for the ungrouped
data shown.

5,5,7,7,7,8,9,9,9,12,12,13, 15,15, 16, 18, 20

-
|

1 Startanewdocumentand 4 On the next screen, keep 7 The one-variable labels and
add a Lists & Spreadsheet the number of lists default values will be displayed in
page. setting of 1 and select OK. columns B and C.

2 Entervalues into column A. 5 In the X1 List: field, keep the 8 Scroll down to view the

3 Press menu > Statistics default setting of af ' d standard deviati
> Stat Calculations 6 Select OK. values.

> One-Variable Statistics. * Alternatively, label the column

and use the variable name.

Links to scaffolded Matched examples
in the Mastery Workbook (WB).

Using CAS provides clear instructions for

1 Tap Menu and open the 3 Tap Calc > One-Variable. 6 The mean and standard
Statistics application. 4 Leave the default settings of deviation values will be
2 Clear all lists and enter the XList as list1 and Freq: as 1. displayed.
data as shown. 5 TapOK.

%=9.90,5=498

@ Exam hack

TI-Nspire and Casio ClassPad calculators.

Exam hacks highlight valuable exam

The steps for finding the mean and standard deviation fora dataset | @
using CAS are the same as for finding the five-number summary.

58 Nelson VICmaths General Mathematics 11 780170448152
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hints and common student errors.
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Graded exercises, including Recap,
Mastery and Exam practice questions,
are linked to worked examples and
Using CAS, and include past VCE exam
and exam-style questions.

Recap questions revise skills from the
previous exercise, Mastery questions
provide skill practice, while Exam
practice applies learned skills to VCE
exam and exam-style problems.

o vorn o2v%

Past VCE exam questions are clearly
tagged and graded by colour-coded
success percentages based on VCAA data,
presented in the order: Exam 1, Exam 2.

KEY

2021 2021 exam year

<year>N Northern hemisphere exam
<year>S VCAA sample exam

1 Exam 1

2 Exam 2

C Core

M Matrices

N Networks and decision mathematics
GM Geometry and measurement

GR Graphs and relations

GT Geometry and trigonometry

BRM Business-related mathematics

NP Number patterns

Nelson VICmaths General Mathematics 11

5.3 Matrix multiplicati ANSWERS p. 506

Recap 80-100%  60-79% | 0-59%

1 XN 2007 vt ) (7% The matrix >um{ g ’2 l+[ Z ; ]ls equal to
NER afoo N
07 07 0 7
b0 5 -4 efo -4 54
22 52 2 05 22
2 Consider the following four matrix expressions.
[6 3)-[7 9] 3[130]+2[-1s]
6 0 9
> 0 4 5 4 15
A2 7 |- 0 [ H H ]
3 5] [ 41 2 5722 12
How many of these four matrix expressions are defined?
A0 B 1 c2 D3 E 4

Mastery

3 B vorkebawries ) IfA=[ 3 4 10 ],B:[(l) .c:{ ’; ?]andf): g g
for each of the following 5 41
a AB b BA ¢ BC d BD
e DC f C-20 g D'

i state whether or not the expression is defined, giving a reason.
For those that are defined
i state the order of the answer before performing the calculation.
iii do the calculation to find the answer.

o Boms) = 2§ Janana] 4552 |

a MN b M ¢ 3M-NM

Exam practice 80-100%  60-79%  0-59%

0000 0020
5 BB ) e | 2000310 000 0 isequalto
00000010
0000 0030
00 0 0 0000 0000
al0 0150 B |0060 cloo0o
000 0 0000 0060
00 0 0 0000 0000
0040 0020
p|4 1109 El21 13
0010 0010
0090 0030

9780170448192 Chapter5 | Matrices 225

For multiple-choice questions and other 1-mark
questions, the success percentage is the percentage
of students who answered correctly. For questions
worth more than 1 mark, the success percentage is
the mean percentage result scored by students.

Success percentage range | Example
80-100%  (straightforward) 83%
60-79% (standard) 62%

0-59% (complex) 45%

Note: Questions from Northern hemisphere and VCAA
sample exams do not have success percentages.

9780170448192



At the end of each chapter

VCE question analysis leads students

through a past VCE exam question that
exemplifies the chapter, discussing how
to approach the question, providing
advice on interpreting the question,
common student errors and statistics
on student performance.

ay,
“e
Video playist
Ceaemer | The following diagram shows a cargo ship viewed from above.
Wesramert,
Tom
Py

Ol VCE QUESTION ANALYSIS

2019 Examination 2 Geometry and Measurement Question 1 (4 marks)

The shaded region illustrates the part of the deck on which shipping containers are stored.
a What s the area, in square metres, of the shaded region? 1 mark

Each shipping container is in the shape of a rectangular prism.

Chapter summary for easy reference.

Cumulative examinations 1 and 2 are

Converting units of measurement

O craptor ummery

cl00¢ 100 10
Capacity
*1000 1000
N
kL L mL

mini-exams based on the format of the
VCE examinations 1 and 2, with around
50% of questions focusing on the chapter
in which they appear.

At the end of the book

EXERCISE 1.1
1 ([(Daa ]

2a i numerical i discrete, ratio EXERCISE 1.2

b i numerical i continuous, ratio T

o i numerical i discrete interval 3a

d i numerical ii- continuous, ratio e i ek

e i numerical i continuous, ratio Kiddic pack 2 0

i categorical i ordinal Snack puck 5 6%

g i categorical i nominal Family pack 7 28%

h i categorical i ordinal Havaiian pack o 2%
Potato cake pack 1 ™

i i numerical i discrete, ratio Dim s pack o "

i i categorical ordinal Total % T

K 1 numerical i discrete,ratio

I i categorical i nominal =

m i numerical i continuous, ratio

i cesorical ii_ordinal

Total number of marks: 12

& Cumulative examination 1

Reading time: 5 minutes  Writing time: 27 minutes

Use the following information to answer the next two questions.

(E= = =)
Ticliimnuohntnsng
Dot

1 The percentage of data below 10 is

A 25% B 50% C 75%

D 100% E none of the above
2 The value of Q, is

A5 B 8 c 10 D 14 E 16

Answers (with worked solutions provided

on Nelson MindTap for teachers to

allocate to students).

Glossary and index

adjacency matrix A representation of connections between
each pair of vertices of a graph. (p. 305)

adjacent vertices Two vertices that d by one

causation A relationship between two variables where
one variable is known to cause the other. (p. 277)

or more edges. (p. 302)

alternate angles Two equal angles drawn inside

aZ shape. (p. 460)

ambiguous case (in trigonometry) A situation where it is
possible to draw two different triangles that both match the
information given. (p. 468)

angle of depression The angle made between the horizontal
and a direction below the horizontal. (p. 460)

angle of elevation The angle made between the horizontal
and a direction above the horizontal. (p. 460)

apex The pointat one end of a cone and the point where
all of the triangular faces of a pyramid meet. (p. 412)

A combined Glossary and index.

9780170448192

[ ]

are A part of the ci
two radiuses. (p. 401)

acircle formed by

arclength The length of part of a circle’s

circumference. (p. 401)

area The amount of space inside a shape. (p. 397)
arithmetic sequence A sequence of numbers that is
formed by adding or subtracting a constant number to each
preceding value. (p. 81)

asset Items purchased by businesses to help them

“The single value that best represents
the distribution. (p.7)

circuit A walk with no repeated edges that starts and
finishes at the same vertex. (p. 316)

circumference The perimeter of a circle. (p. 398)

column matrix A matrix that has just one column. (p. 210)
common difference The fixed amount that is being added
10 generate each new value of an arithmetic sequence. (p.55)
common ratio The constant number being multiplied from
one value to the next in a geometric sequence. (p. 117)
communication diagram A diagram showing one-way

or two-way arrows between points indicating when
communication oceurs. (p. 238)

communication matrix A square matrix

where communication is indicated by a ‘I" and
non-communication s indicated by a ‘0. (p. 238)
composite shape A shape formed by combining two

or more shapes. (p. 402)

compound interest Interest that is added to the principal,
where the interest for the next time period is calculated
using this new balance. (p. 124)

compounding period The length of the time period before

About this book
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Video playlists

Worksheets

Skillsheets

wWB

xii

Nelson MindTap

Nelson MindTap is an online learning space that provides students with tailored learning experiences.
Access tools and content that make learning simpler yet smarter to help you achieve VCE maths mastery.

Nelson MindTap includes an eText with integrated interactives and online assessment.
Margin links in the student book signpost multimedia student resources found on MindTap.
Nelson MindTap for students:

o Watch video tutorials featuring expert teacher advice to unpack new concepts and develop
your understanding.
« Revise using quizzes, worksheets and skillsheets to practise your skills and build your confidence.

» Navigate your own path, accessing the content, analytics and support as you need it.

Nelson MindTap for teachers*: 4 .
*Complimentary access

o Tailor content to different learning needs — assign directly to the to these resources is only
student, or the whole class. available to teachers who use
this book as part of a class
set, book hire or booklist.
Contact your Cengage

» Monitor progress using assessment tools like Gradebook and Reports.

o Integrate content and assessment directly within your school’s LMS

for ease of access. Education Consultant for
o Access topic tests, teaching plans and worked solutions to each information about access
exercise set. and conditions. )
Nelson VICmaths 11-12 series
NELSON RELSON NELSON NELSON
VICmaths VICmaths VICmaths VICmaths
=29 =w=n r==wy] =
o
i - o
NELSON NELSON NELSON
VICmaths VICmaths
\fj
mé?#gri%ttii?:rs] E muthgr?mncﬂ:{! i.z_ mqthﬁ‘n;mgg ‘_2. molgrg'nngtlcs: l—i
Companion resources
Mastery Workbook
o Step-by-step scatfolding to guide students towards mastery of the course content.
o Write-in support that encourages students to show working.
o Matched examples for every worked example in the student book.
« Full integration between student book and workbook.
o Answers (worked solutions for teachers on Nelson MindTap)
Examplus
o Create and simulate exam-like conditions in minutes.
o Save time with an extensive bank of filterable and difficulty-graded questions for Year 12.
o Over 1000 past VCAA and unseen exam-style questions and solutions all in the one place.
« Extensively researched and user-tested.
Nelson VICmaths General Mathematics 11 9780170448192



TI-Nspire CAS introduction

The latest TI-Nspire model is TI-Nspire CX II CAS.

When purchasing a new handheld, you also gain access

to the student software. If you purchase a used handheld,

then you can pay an additional fee for the student software.
Alternatively, you can connect your handheld to your computer
using the TI-Nspire ™ CX II Connect web-based app, which
enables you to perform a variety of functions such as screen
captures, file transfers and operating system updates.

Note that TI-Nspire non-CAS technology is also available. It is
vital that you use the CAS technology.

TI-Nspire CX Il CAS

Student book instructions

The instructions in this student book use words instead of symbols. Most keys on the keypad are clearly
labelled with a word or an abbreviation. Four words that are used to represent less obvious keys are:

Word ‘ Key

home -
catalog .

B!

template (i+t2)
Scratchpad

Several keys have a second function highlighted in blue above the key. For example, press ctrl + x* to
access the square root function f 5

Applications

The applications available are outlined below.

CAS

cratchpad Documents
1 New

1 Add Calcutator

Add Graphs

B 3 Add Geometry

B 4 AddLists & Spreadsheet
B 5 Add Data & Statistics

6 Add Notes

7 Add Vernder DataQuest™

— @ 8 AddWidget
':.’.\ “ b @ ‘I . . & 9 Add Program EdRtor ’
A

A Add Python »

Press home to view the home page. The Scratchpad =~ When you select Documents > New from the home

options on the left are available for quick page, a list of the seven applications plus three
calculations and graphing. The Document options additional menu options will be displayed. From
on the right are used for navigation. The seven any application, press ctrl + I (for insert) to display
icons on the bottom are the main applications. this list and add a new page to the document.
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Menus

The instructions in this student book primarily use the Calculator, Graphs, Lists & Spreadsheet and Data

& Statistics applications (see Hints on page xvii). The following figures show the initial menu options for

these four applications. These menu options link to submenu options, which are not shown below. On the

handheld and software, the applications are referred to as Documents. In the student book instructions,

the applications are referred to as pages of the document (e.g. Add a Graphs page).

Calculator

¥

< 2 Number
3 Algebed

lv« 4 Calculus

@ S Probability

X € Swnistics

v v e vy .-

7 Matrix & Vector
‘¢ 8 Finance
% 9 Functions & Programs
Lists & Spreadsheet
ERUAGa o el X
N 2 Insent _ ) -

’
3 Data ’
X 4 Statistics »

»

B S Table

i

Graphs

%

& 2 View ’
T 3 Graph Entry/Edn »
R 4 Window/ Zoom »
:. S Trace ’
Q § Analyze Graph »
b

b 8 Geometry ’
O 9 Settings...

]

Data & Statistics

If your document contains more than one page, move among them by clicking on the numbered tabs at

the top of the screen. Alternatively, press ctrl + left arrow or ctrl + right arrow. To view all the pages of

a document, press ctrl + up arrow.

All menu and submenu options include numbers. The student book instructions do not include numbers.

For example, the instruction in a Calculator page for clearing all calculations is ‘press menu > Actions

> Clear History’. The shortcut is ‘press menu > 1 > 5'. For efficiency, you are encouraged to learn the

sequence of numbers for frequently used commands.

Document Settings

The document settings can be accessed in the following ways:

1 From the home page, press Settings > Document Settings.

2 From a document page, press the doc key or click on Doc at the top of the page, then select

Settings & Status > Document Settings.

3 Click on the battery icon in the top right-hand corner of the page, then select Document Settings.

Xiv Nelson VICmaths General Mathematics 11

9780170448192



The document settings shown below are the primary ones you will be using.

Document Settings

—

Eyy)

._'._'l

-
—_—

OX Cancel

The screen above shows the default document
settings. The Display Digits field is set to Float 6,
which means up to six significant figures will
be displayed.

Document Settings

[2ure e
‘ 1]

OX Cantel

There are three Angle options shown above.
Select either Radian or Degree. These two angle
settings can be toggled at any time by clicking
on DEG or RAD in the top right-hand corner of
the screen.

Templates

The template key is located to the right of the 9 key.

F VR SSTYREME A
&g ve B Elde o 40 g £ Be
o 22 %

Press template to view the template options.
Most templates will be directly inserted but

for some, you will be prompted with a dialogue
box. For example, after selecting the 3x3 matrix
template, you will be prompted for the number
of rows and columns of the matrix.

9780170448192

Document Settings

EEEN - o

Click in any field to display the options. The screen
above shows the Display Digits options. Scroll
down to select a specific number of decimal places.

Document Settings

Carviel

There are three Calculation Mode options shown
above. It is recommended that you keep the default
setting of Auto. If you require an approximate

or decimal answer, press ctrl + enter or include

a decimal point in your calculation.

2 x,x<0 Done

x=5x20

E-mr.oﬂ.\)-{

The screen above shows three examples using
templates: a 2x3 matrix, an absolute value and
a piecewise function. Many of the templates
can be accessed using keys on the keyboard,
for example, fraction, square root etc.

TI-Nspire CAS introduction
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Catalog

The catalog key is located to the right of the template key. In addition to using the menus and submenus,
you can access all the commands using the catalog. The advantage of using the catalog is that it shows
the parameters required for each command at the bottom of the screen. Optional parameters appear in
square brackets.

For example:

o aR ag st o @

exact{0.666) 111

exact(0.666,3)

exact(Expe [, Tolrancs)

Press catalog and ensure tab 1 is selected. Press E When you use the exact command to convert
to jump to the commands starting with E. Scroll . . 333

jump g 0.666 to a fraction, the answer is —.
down to exact(. The parameters for the exact 500
command appear at the bottom of the screen If you include the optional tolerance of 3 then

see red rectangle). Expr is a required parameter. 2
( gle). Exp d P L. 0.666 converts to —.
The square brackets around Tolerance means it is 3

an optional parameter.

Symbols

All symbols are listed at the end of the catalog. To access the symbol palette, press ctrl + catalog.
Frequently used symbols are available in mini-palettes by pressing the keys shown below.

m cos tan Cse Sec cot > < n f ol ®
sin' Cos'  tan'  CeC'  Se¢t Cot > < .. . ' 2 '
Press trig to access the Press ctrl + = to access the Press m to access commonly
trigonometry functions. inequalities and the constraint  used symbols.
symbol.
Nelson VICmaths General Mathematics 11 9780170448192



Hints

The instructions below provide a few hints to assist with using the four main applications.

Calculator

S

a .
DNV -

D

—
=~ .

sl T

“©

Number

Calculus 3
Probability 4
Statistics 5
Matrix &\ 8
Finance

Functons

Factor

Expand

2eros

Complete the Square
Numerical Solve

Solve System of Equations =

Polynomial Tools

0o~

Fracton Tools
A Convent Expression

-

Press menu > Algebra to access the algebra
functions. Select Solve. Other useful menu options

include Factor and Expand.

soltvelax-buex) i
b-ax
solvela: x=bwe x) bec
Koo

e
:A\‘ve',a- X =D ,.‘~) b x~¢

When multiplying variables, you must include

a multiplication sign. The first answer above is
incorrect as there is no multiplication sign between
the a and x. CAS assumes this is the variable ax,
not a x x. The second answer is correct. The third
answer shows a solve example using the variable b
instead of x.

2 x4 7em-1 5

solvel 4 znlx )-.‘.\ '{05\ 5180

x=10orx=150

Press ctrl + = to access the mini-palette for the
inequality symbols. This mini-palette also has
the constraint symbol (]), which can be used for
substitution and to restrict domains.

9780170448192

sotvel2 x+7«12x) 5

-

solvel 2 x+7=12%) =25

Enter the equation followed by ,x. Press enter
for the exact answer. Press ctrl + enter for the
decimal answer.

expand(2- (2- x+5)) Goxels

«»xp.m-l(a(." bec ') al2 bec)

uxpmd‘a' (i-b‘c” 2rarbea-¢

When you enter a left or right bracket, both
brackets appear. When you enter a number in
front of a bracket, CAS automatically inserts a

multiplication sign as in the first example above.

However, if you enter a variable in front of a

bracket, you must include the multiplication sign

or you will get an error, or an incorrect answer.

The second example above is incorrect, whereas

the third example is correct.

e |

Press ctrl + var for the store symbol, which can

[

q
J.

4

L

o

be used to store values and matrices. Note that
TI-Nspire converts all letters to lower case.

TI-Nspire CAS introduction
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Graphs & Geometry

Graphs & Geometry Settings o
—\ﬂ o ;J LRt 2
\
— ] \ /
’ ‘\ rl
- 0 |\\ . ' / .
= R e >
O \ /
& ! \'\//
ll(\)-:- *-d, 2552
QX Caniel e n:M2.0)

Press menu > Settings to view and/or change the
settings for the Graphs and Geometry applications.
The default setting for Display Digits is Float 3

so change this if you need greater accuracy. The

Graphing Angle is set to Auto but can be changed
to Degree or Radian.

The constraint command can also be used in a
Graphs page to specify a domain.

Press menu > Trace > Graph Trace to identify
points on a graph.

B2 Ve : " it ———

1 3 G JEdr

X 4 Widow! Zoem 2 ~ 2 PomOn_

TS Trace : 2 Minimum [ r;; 'P.:.n.' r.',"t .;r‘v‘mn;s'v. p)

.ﬂl!ml Gﬂph 3 Maximum ntersechon Foink(s)
&9 Table 4 Inkersection S Line -
B 8 Geometry S Inflaction 6 Segment ints & Lines »
w & dyldx « 7 Ry apes ’

89 Settings.. < 7 Inegral r< 8 Tangent asurement ¢

fl‘\)-{-’:-‘, 1<v<3y AN 8 Bounded Area 9 Vector netruction  »
<2 O 9 Analyze Conics » “s A Circle arc nsformaton »

A second option for identifying key points on a
graph is to press menu > Analyze Graph. These

options prompt you for a lower bound and upper
bound to locate the point.

A third option is to press menu > Geometry >
Points & Lines. Locate points of intersection or
place points on the graphs and move them along
the graph. Click on a coordinate to manually
change a value.

Lists & Spreadsheet

Axval Byval ¢ C -
:
1 1
: 2 4
3 - 3 a B
4 4 15 4 3 16

‘ .
. : 2
n..‘; v L ‘ \ﬂ!" ! = 8 g

The columns in the Lists & Spreadsheet application Calculations using the lists can be completed using
can be used for lists. Above, the values in the list in

column B are the squares of the values of the list in
column A. It can also be used as a spreadsheet. The
value in cell C3 is the value in cell A3 raised to the
power of 4.

the column headings A, B, C etc. Lists need to be
labelled to be used in other applications. The list
A above has been labelled x_val and list B labelled
y_val. List names cannot have spaces so spaces are
replaced by asterisks. Alternatively, press ctrl >

space bar to insert the underscore character
instead of a space.
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Data & Statistics

@
12 4
]
£ Y
>
6 4
(¢]
0. @
L LT ) T T TR ST
08 12 16 20 24 28 32 36 40
x_val

The Data & Statistics application is reliant on lists
generated in other applications. It is designed

for ungrouped data. The plot above displays the
x_val and y_val lists from the Lists & Spreadsheet
application.

Operating systems

Ensure the latest operating system is installed on
your handheld and software.

Installing the latest operating system is relatively
straightforward. Using the USB cable provided,
connect the handheld to a computer with the
student or computer link software installed.

Select Help > Check for OS Updates. If you see a
message that a new OS is available, follow the links
to install it. Alternatively, go to the TT website at
https://education.ti.com/ to download the latest
operating system. Select Tools > Install OS then
select the downloaded file.

To determine the version of your operating system,
press home > Settings > Status. At the time of
publication, the operating system for the CX II

is version 5.4.0.259.

9780170448192

1 PiotType
2 Plot Prope 2
3 Acthone &
4 Analyze
5 '-'-'uxl.w.'ln;

‘
5
6 Semings... k¢
6

0l @
08 12 15 20 24 28 32 36 40
x_val

Press menu > Plot Type to view the various
graphing options. Options 1 to 4 are for univariate
data (one list). Options 5 and 6 are for bivariate
data (two lists). Options 7 to 9 are for categorical
data (one list).

| Handheld Status

[ T

TI-Nspire CAS introduction
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Casio ClassPad introduction

The latest model of the Casio ClassPad is the fx-CP400.
The connectivity software Screen Receiver, Share Assistant
and Program Link Software can be downloaded for free.
The ClassPad Manager software emulator is a separate

program available at an additional cost.

Casio ClassPad

Student book instructions

The instructions in this student book use words instead Word ‘ Tool
of symbols. ClassPad tools are located at the top of the

screen. These tools vary with each application. Initially, Graph
these instructions will show a tool enclosed in a red

View Window @l

rectangle with the corresponding word highlighted in red.

Examples are shown. Table

Table Input

Applications

The applications available are outlined below.

MENU © MENU ©

N o Msin mwm SUqun:-
G 3 : .
i:amumy Statistics [f_-f.-nmm [’?f_:'?!mqm
Spread- Graphk P—— Y
12 =
@ shest Table [@jnlutlm Gﬁ Systam
!!30 Greph
Em tu W2l interacti
cture a2l Intersctive
Plot _ DiffCalc
——
E Conics @ g'rfghq.

= =

[u

(S

Geometry Physium

a3

g

Tap Menu to view the applications. Slide the scroll bar at the bottom of the screen
to access the full list.
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Menus

The instructions in this student book will primarily use the Main, Statistics, Spreadsheet, Graph&Table,

Sequence and Financial applications (see Applications on page xxiii). All these applications have

the #¥ (systems) and Edit menus available at the top left of the screen.

' Yiew Window
Basic Format
Greph Format
Geometry Format
Advanced Format
Financial Format
Default Setup
Main
Keyboard

Edit Action Interactive
Voriable Monoger || fax, nun |

Tap $# to view the system menu. The menu
options allow you to manage variables and
format applications.

Document Settings

Basic Format
Current Foldar
main l vl |
Number Format
Normal 1 [v
Angle
Radian I v
Advanced
Complex Format
Decimal Calculation
Assistant
W Descending Order
Verisble is Real
0y, 03 on Dats

| set || Concel || Default |

Alg Decimal Real Deg

Tap % > Basic Format. The screen above shows the
default document settings. The Number Format
field is set to Normal 1.

o Action Interactive
%1 Undo/Redo 20 B
Gut =
0 |copy
Paste
Select All
Delete
Glear All Varisbies
Clear All

Tap Edit to view the edit menu. The menu options
allow you to cut, copy, paste and delete screen
content and clear variables. The Edit menu varies
with each application.

Basic Format

Current Foldar
main l v
Number Format
Fix 3 [v
Fix0
Fix 1
Flx 2
| Fix3 |
Fix 4
Fix 5
ASSISTaNT
W Descending Order
Verisble is Real

0y, O3 on Dats

| set || concel || Default |

Alg Decimal Real Deg

Tap the Number Format field to display the
options. The screen above shows the Display Digits
options. Scroll down to fix a specific number of
decimal places.

The settings Standard/Decimal, Real/Cplx and Rad/Deg/Gra can be toggled at the bottom of the screen.

The recommended settings are Decimal, Real and Deg.

9780170448192
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XXii

Keyboard

There are nine soft keyboards available.

Math! [fne| @ | vE@ | = | »

Math? | | e |, logg| VI
MStS |l | x| X flomatl) solved
Tri o Rvtdasmiad | RS | J
. BOO toDMS| (M| | (2 | O)
Vor

sin ons tan
abc .
m <« |5 | T | ons | EXE

Alg Decimsl Real Deg (]

Press Keyboard to view the soft keyboards.
The Math1 soft keyboard is shown above.
Tap the left tabs to access the other keyboards.

Press the down arrow to view the second screen.

Mathl = o . b|c . dle|T
e PR AN
M =1 =111
m n o p g r
Trig
8 4 n v |lw| x
Var
e ¥y 1= 1€ 5 @ | cars
vi *= | Ry | 5 | ans | EXE
Alg Decimal Real Deg

From the first screen, tap Var to access the
variables. Use variables, not letters, in your
algebraic calculations.

Nelson VICmaths General Mathematics 11

Cstslog| [AlB|c|o[E[F[»
Advance [ER#y  Form
Nmber | 2 K
abExpR
abExpReg
abs(
abskxpand (
aCoel

B |lacSeq 3| EXE

Alg Decimal Real Deg

INPUT

All functions can be accessed from Catalog.
Tap on the letters at the top to jump through
the list. Press the up arrow to return to the
first screen.

alsid|rig/hlilkil];
$ zix|ec|vibinim|, A
- Spoce EXE

Alg Decimsl Real Deg i

Tap abc to access letters and symbols. Use letters
to name functions, matrices etc. Tap the tabs
at the top of the screen to access the range of
symbols. Press back to return to the main screen.
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Applications

The instructions below provide a few hints to assist with using the main applications.

o Edit Action [interactivel
%l I s l J4v Transformation ’
et Advenced

u Calculation
Complex
List
Matrix
Vector
Equation/Inequality
Assistant
Distribution/Inv. Dist
: Financial

Math! || ine ' Define

G W P NP PR N L

Moth2 [ om | om | 1y -luz.f. v |
Mathd Tl | @ | x=' [l sclved
Trig ! ! !
BOO [toDMS (™M | () | )
Var i
= sin r—m | tan | : .
vl = | % | 5g | ans | EXE

Alg Decimal Real Deg

In Main, there are two menus available to enter
functions: Active and Interactive. With the
Interactive menu, enter the expression first

then highlight and operate from there. With few
exceptions, the instructions in this student book
are written using the Interactive menu.

9780170448192
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5-2
iegom

2

S
2x4+7 | x=~1

]
solve(4sin(x)=2, x) | 0€x<180

{x=30,x=150} ,

Mathl | | jne| = Vy’l' R
Mt2 IDefine] | 5 | @ | w

eta a1 ]
{

Trig
> SHEBSIARS
Var t ' t
= = = + £
sbe : :
Tyl o= | S @ | ans | EXE

Alg Decimal Real Deg

The store () arrow is available from the Math
and Trig soft keyboards. Store can be used to store
values and matrices. Use the abc soft keyboard

to label them.

The constraint symbol | is available in the Math3
soft keyboard. Use constraint for substitution and
to restrict domains.
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Graphing

There are two main options for graphing functions and relations.

© Edit Action Interactive

flx)
2:x+3 ]

s
£ I O

x
3458 7

363
Alg Decimal Real Deg am

In Main, tap Graph to open the graph window.
Enter and highlight the function or expression
and drag it into the Graph window.

Normal

Inverse

Circle
i Vertical e
[ [
L Horizontal 2
L
z~x+3ﬂ

-4

There are several menu options available to
analyse graphs. Tap Analysis > Trace and press
the arrow keys to move along the graph. Tap

Analysis > Sketch for the options shown above.

Nelson VICmaths General Mathematics 11

© Flle Edit Type ¢

Sheet? |Sheet? Sheets |Sheetd Sheats |

y1=2-x+3 — 0

My2=y2-4 —:ﬁ
y3:[
yvd:
l¥5:0
vB:il
v Ll

TS5 A

Deg  Resl am

Tap Menu > Graph&Table. Enter the function
then tap Graph. The instructions in this student
book use the Main option because the y=is not

required, but ensure you are familiar with both
graphing methods.

X

U N >

T

[G=SolV@ «-Cal/y-cal

Modify |Root

AR

lMax

Min

fiax

y=Intercept

| Intersection

Integral ’

f(x) Inflection
Distancs

x2-4 xS0 %dx

Tap Analysis > G-Solve to identify key features

of a graph. For example, select Root to find the

x-intercepts. Select Intersection to locate points
of intersection of two graphs.
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Statistics

© Edit Calc SetGraph &
list1 list2 _ [list3 3
1 1 7 =
‘ 4 12 =
3 9 17
4 16 22
5 25 27
6
7
8
9
10
1))
12
13
14
13
16
17
18
Cahv[> £
=
Deg Auto  Decimal

Tap Menu > Statistics to open the Statistics
application. The default settings show list1,
list2, list3 etc. If required, tap on the list name
to enter a new heading. If you need to perform
a calculation, tap in the Cal row at the bottom
of the list to enter the formula.

Set StatGraphs [X]
1(2]3[4]5]6]7]8]8
Drow: @ on off I
Type: | Scatter | v
XList:  Scatter |
Ylist: wr &
ot
Freq: Histogram

Wark: ModBox v

1/
18
c&]’ ’ ‘ }:—4
< ]
[ 6l=
Deg Auto  Decimal

Tap SetGraph to set up the statistics graphs.
Tap Type: to view the graphing options for
statistical graphs. When finished, tap Set.

9780170448192

o Edit [Cale] SetGraph

Y1 One-Variable 'E
=l= Two-Yariable : —
- 1 IRegressior Linesr Reg
2| |Test MedMed Line
3| |Interval | Quadrstic Reg
g Distributic Cubic Reg
6| |Inv. Distril Quartic Reg
7| |DispStat | Logarithmic Reg
g [ | Exponentiol Reg
0 abExponential Reg
1 Power Reg
}g Sinusoids! Reg
1 Logistic Reg
13
16
17
18
Calw v
|
[ b)=
Deg Auto  Decimal

Tap Calc to view the Calculation menu
options. Tap One-Variable for the dialogue
box used to calculate statistical analysis

of a list. Tap Regression to access the
Regression submenu options shown above.

© Edit Calc SatGraph ¢

st Jistz_ Jists | |
1 1 7 e
2 2 12 '
3 3 17
4 4 22
5 o 27
6
Cal» v
S] | — o
[ &)=

| ~
%%

Deg Auto  Decimal

Tap Graph to display the statistical graph.
The graph above displays a scatterplot of
the list1 and list2 values with the linear
regression line joining the points.
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Spreadsheet

© Flle Edit Graph Cale O Flle Edit Graph Cale
s|~|alBlc|p|E[F]» 2] & |2 ]'TL"‘L'Lt
[EC= A B ¢ |

|

| 3 9

4 4 16

5 5 25

6

Bl

Tap Menu > Spreadsheet to open the Spreadsheet In the screen above, the values 1 to 5 were entered
application. Tap Edit > Fill > Fill Range. In the into column A. The formula and range entered
dialogue box, enter the formula and range. squared these values and placed them in column B.
Operating systems
Ensure you have the latest operating system installed rve——
on your handheld. \
Tap Menu then tap Settings (located in the bottom left corner
of the screen). Select Version. At the time of publication,
the latest version is 02.01.7001. ClassPad I
To download the latest operating system, go to the Australian Shriro Version 02.01.7001.0000
website at http://www.casio.edu.shriro.com.au/classpad.php.
Using the USB cable provided, connect the handheld to a computer.
Start the installation program and follow the prompts. Some of
these prompts will be on the computer and others will be on
the handheld.
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CHAPTER

INVESTIGATING AND
COMPARING DATA
DISTRIBUTIONS

Study Design coverage
Nelson MindTap chapter resources
1.1 Introduction to data distributions

What is data?

Types of data

Types of categorical data

Types of numerical data

Measures of centre and spread

1.2 Tables and charts
Frequency tables
Grouped frequency tables
Bar charts

1.3 Histograms
Histograms and grouped frequency tables
Centre and spread of histograms
Shapes of histograms
Outliers
Using CAS 1: Constructing histograms for ungrouped data

1.4 Boxplots
The five-number summary
Using CAS 2: Finding the five-number summary
IQR, outliers and fences
Boxplots
Using CAS 3: Constructing boxplots
Comparing boxplots and histograms

1.5 Dot plots and stem plots
Dot plots
Stem plots

1.6 Back-to-back stem plots and parallel boxplots
Back-to-back stem plots
Parallel boxplots
Using CAS 4: Constructing parallel boxplots
Which display do we use?
1.7 The mean and standard deviation
The mean
Comparing the mean and median
The standard deviation
Using CAS 5: Finding the mean and standard deviation for ungrouped data
Using CAS 6: Finding the mean and standard deviation for grouped data
Standard deviations from the mean
VCE question analysis
Chapter summary
Cumulative examination 1
Cumulative examination 2



Study Design coverage

UNIT 1, AREA OF STUDY 1: DATA ANALYSIS, PROBABILITY AND STATISTICS

Investigating and comparing data distributions

e types of data, including categorical (nominal or ordinal) or numerical (discrete or continuous, interval, ratio)

e display and description of categorical data distributions of one or more groups using frequency tables
and bar charts, and the mode and its interpretation

e display and description of numerical data distributions using histograms, stem plots and dot plots and
choosing between plots according to context and purpose

e summarising numerical data distributions, including use of and calculation of the sample summary
statistics, median, range, and interquartile range (IQR) or mean and standard deviation

e the five-number summary and the boxplot as its graphical representation and display, including the use
of the lower fence (Q - 1.5 x IQR) and upper fence (Q; + 1.5 x IQR) to identify possible outliers

e consideration of a range of distributions (symmetrical, asymmetrical), their summary statistics and the
percentage of data lying within several standard deviations of the mean

e use of back-to-back stem plots or parallel boxplots, as appropriate, to compare the distributions of
a single numerical variable across two or more groups in terms of centre (median) and spread (IQR and
range), and the interpretation of any differences observed in the context of the data.

VCE Mathematics Study Design 2023-2027 p. 27, © VCAA 2022
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Video playlists (8): Worksheets (27):
1.1 Introduction to data distributions 1.1 Statistical data match-up « Mean, median,

1.2 Tables and charts mode and range * Mode, median and mean

. » Measures of central tendency
1.3 Histograms

1.4 Boxplots
1.5 Dot plots and stem plots

Frequency distribution tables ¢ Frequency tables
Histograms « Shapes of distributions

Five-number summaries 1 « Five-number
summaries 2 * Boxplots  Boxplots 1
1.7 The mean and standard deviation » Boxplots 2 « Interquartile range

VCE question analysis Investigating and comparing . Stem-and-leaf plots
data distributions

1.6 Back-to-back stem plots and parallel boxplots

Box-and-whisker plots
Skillsheets (1): . Comparing group measures « Comparing city

temperatures « Comparing word lengths

» Comparing sports scores * Investigating young
drivers < Standard deviation ¢ Statistical
calculations « Statistics review ¢ Calculating
and interpreting ¢« Data and statistics crossword
* Statistics crossword

Puzzles (1):

1.4 Statistical measures puzzle

1.1 Statistical measures

To access resources above, visit

:l e N elSO n Mi ndTap cengage.com.au/nelsonmindtap
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@ Introduction to data distributions

What is data?

We live in a world where we can access data to make informed decisions. How much of climate change is
caused by human activity? Let’s look at the data. What illnesses does vaping cause? Let’s look at the data.
How can we reduce crime? Let’s look at the data.

Data is information collected through observation that can then be used to make decisions. Here is some
data based on the responses to survey questions by a group of ten students:

Survey question ‘ Data

What is the colour of your best friend’s eyes? brown, brown, brown, blue, brown, green, blue,
blue, hazel, brown

How many pets do you have at home? 0,1,1,52,0,3,1,3,2

How would you rate the current most popular song | 2,4,2,2,1,3,1,2,4,1
on Spotify from 1 to 4, where 1 = great, 2 = okay,
3 = awful and 4 = haven’t heard it?

What is the length of your handspan? 8.0cm, 7.3cm, 6.8cm, 9.2cm, 8.0cm, 8.9cm,
9.2¢cm, 7.1cm, 9.3cm, 6.5cm

What is your house number? 23,41,6,118,51,33,2,19,12,4

What was the coldest temperature (°C) -1°C, 3°C, 5°C, 0°C, -8°C, 12°C, -4°C, 2°C,

you remember experiencing? 7°C, -3°C

The information you are looking for such as colour of eyes, number of pets and temperature are called variables.

Types of data

We will be looking at eight data types. We need to know the data type before we can decide on the right way

| Categorical |

[ Ratio j [ Interval ) [Continuousj [ Discrete J [ Ordinal ] [ Nominal )

There are two main types of data:
Data

Numerical data involves numbers that can be measured or counted. One way to test this is to ask, ‘Does it

to work with data.

makes sense to add the numbers together?” For example:
o number of pets in your home
We are counting the number of pets, and adding the numbers makes sense: 2 pets + 4 pets = 6 pets
o length of your handspan

We are measuring length, and adding the numbers makes sense: 8.1cm + 7.3cm = 15.4cm
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Categorical data involves either numbers where adding makes no sense or categories that don't involve any
numbers. For example:

o colour of your best friend’s eyes e
The categories brown, blue etc. are not numbers. @ Exam hac
o the number of your house Don't fall into the trap of thinking that

because numbers are involved, the data

Adding these numbers makes no sense: .
dding these numbers makes no sense must be numerical!

house number 23 + house number 41 = house number 64

Types of categorical data

There are two types of categorical data:
Categorical

Ordinal data is categorical data that has a natural order. For example:

« rating of the current most popular song on Spotify from 1 to 4, where
1 = great, 2 = okay, 3 = awful and 4 = haven't heard it

o the number of your house
Nominal data is categorical data with #no natural order. For example:

o colour of your best friend’s eyes

Types of numerical data

Numerical data can be divided into these two types of data:

Continuous Discrete

Continuous data is numerical data that can be measured to ever-increasing levels of accuracy. For example:

o length of your handspan

This can be measured to ever-increasing levels of accuracy (8cm, 7cm, 7cm ... or 8.1 cm, 7.3 cm,
6.8cm ... or8.14cm, 7.31cm, 6.79cm ... etc.).

Discrete data is numerical data that can only take specific values and can’t be measured to ever-increasing
levels of accuracy. For example:

o number of pets in your home

This can only take whole number values 0, 1, 2, 3 ... It is impossible, for example, to have 1.5 or
2.8 of a pet.
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Numerical data can also be divided into these two types of data:

Numerical

Ratio data is numerical data that has a fixed beginning. For example:

o handspan measurements start at 0; a negative handspan is impossible.
o number of pets in your home start at 0; a negative number of pets is impossible.
Interval data is numerical data that has no fixed beginning. For example:

o temperature (°C) doesn’t begin at 0°C as we can have temperatures @ Exam hack
of =5°C, =70°C etc.

o calendar years don’t have a beginning as we can have 45BC,
2000BC etc.

Ratio and interval data can
be continuous or discrete.

Classifying data

Are
numbers
involved?
YjS/ No

Does it make
sense to add
the numbers?

No
Yes

/N |

Does the data Can you measure it
scale have a fixed with ever-increasing
beginning? levels of accuracy?

Yes 1 ( No Yes No

( Ratio ] [ Interval (Contlnuous ( Discrete J ( Ordinal ) (Nominal]

Is there a
natural order?

VL) (=0 2 VBB Deciding on the type of data
State whether the following data is

i categorical or numerical

ii nominal, ordinal, discrete, continuous, interval or ratio.
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Steps
a Height
i 1 Are numbers involved?
2 Does it make sense to add the numbers?

ii 1 Can you measure it with increasing levels
of accuracy?

2 Does the data scale have a fixed beginning?

b Hair colour

i Are numbers involved?
ii Is there a natural order?

¢ Finishing position in a 100-metre race

i 1 Are numbers involved?
2 Does it make sense to add the numbers?
ii Is there a natural order?

d Number of friends on a social media platform

i 1 Are numbers involved?
2 Does it make sense to add the numbers?

ii 1 Can you measure it with increasing levels
of accuracy?

2 Does the data scale have a fixed beginning?

e Numbers worn by football players

i 1 Are numbers involved?
2 Does it make sense to add the numbers?

ii Is there a natural order?

i 1 Are numbers involved?
2 Does it make sense to add the numbers?

ii 1 Can you measure it with increasing levels
of accuracy?

2 Does the data scale have a fixed beginning?

Working

yes
Yes, so it is numerical.

Yes, so it is continuous.

Yes, so it is ratio.

No, so it is categorical.

No, so it is nominal.

yes
No, so it is categorical.

Yes, so it is ordinal.

yes
Yes, so it is numerical.

No, so it is discrete.

Yes, so it is ratio.
yes

No, so it is categorical.

No, so it is nominal.

f The annual profit or loss of a business to the nearest cent

yes
Yes, so it is numerical.

No, so it is discrete.

No, so it is interval.

Measures of centre and spread

Two key features to look for when analysing data are centre and spread. The centre of a distribution is
a single value that best describes the distribution. We will first look at two ways of measuring the centre

of a distribution:

o The mode is the most frequently occurring data value and is often called the modal category for

categorical data.
— There can be more than one mode.

— Data with two modes is called bi-modal.

- If every data value appears exactly once, there is no mode.

9780170448192

Chapter 1 | Investigating and comparing data distributions

)
&
¢‘.

Skillsheet
Statistical
measures

Worksheets
Mean, median,
mode and
range

Mode, median
and mean

Measures
of central
tendency



o The median is the middle value. If there are two middle values, add them and divide the sum by 2.

Odd number of ordered data values
Median is the 6th data value

Even number of data values
Median is between the 6th and 7th data value

p.-3

8

3,6,7,7,7,8,13,19, 20, 20, 22 3,6,7,7,7,8,13,17, 19, 20, 22, 26
— — —

5 data values T 5 data values 6 data values 6 data values

Median
Median = 8+13_

10.5
When analysing data, we also look for the spread of
a distribution. One measure of the spread of a distribution

@ Exam hack

Not every measure of centre and spread
can be used with every data type.

is the range:
range = largest value — smallest value

The more spread out the data is, the larger the range.

Centre, spread and data types

Categorical: Categorical: Numerical
Nominal data Ordinal data data
Measures of centre
mode mode mode
median median
Measures of spread
- ‘ range range
Finding the median, mode and range
For each of the following, find the
i median ii mode i range.
Steps Working

a Number of pets ten students have at home:
0,1,1,5,2,0,3,1,3,2

i 1 Order the values from smallest to largest. 0,0,1,1,1,2,2,3,3,5

2 Find the middle value (or two middle middle values are 1 and 2
values). If there are two middle values,

dian = 1+2 15
then add them and divide by 2. medran = S pets

ii Find the most commonly occurring value. mode =1 pet

iii range = largest value — smallest value range =5 - 0 =5 pets

b Marks in a General Mathematics test for nine students:
15,19,17,6,12,18, 18,17, 15

i 1 Order the values from smallest to largest. 6,12,15,15,17,17,18,18, 19

2 Find the middle value (or two middle The median is the 5th value in the ordered list.
values). If there are two middle values,

then add them and divide by 2.

median = 17 marks

ii Find the most commonly occurring value. mode = 15, 17 and 18 marks

iii range = largest value — smallest value range = 19 — 6 = 13 marks
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EXERCISE 1.1 Introduction to data distributions ANSWERS p. 490

Mastery

1 Copy and complete the following diagram:

| Categorical |

—— ——— ———
([ Ratio | [ | (continuous | [ ] ( ] ( Nominal |

2 WORKED EXAMPLE 1 | State whether the following data is

i categorical or numerical
ii nominal, ordinal, discrete, continuous, interval or ratio.
Number of books in a home
Distance to the nearest train station from your home
Years when a solar eclipse occurred
Amount of time spent sleeping last night

Speed of an aeroplane just after take-off

- 0 o 0 T o

Sizes of pizzas from a takeaway (regular, large, family)

Numbers on the Matildas’ soccer uniforms

=2 (]

Opinion of chocolate on a scale of 1 to 5, where 1 is hate and 5 is love

Salary in dollars

j Salary classified as high, medium or low

k Number of people watching the Australian Tennis Open
I Titles of surfing magazines

m Foot length of swimmers in a squad

n Classification ratings for movies (G, PG, M, MA, R)

o Maximum temperature (Celsius) for a series of days

p State of birth of each person born in Australia

3 [£4 workep exampLE 2 | For each of the following, find the

i median ii mode iii range.

a Number of screens (phones, tablets and television) twelve students have in their home:
5,8,3,10,4,5,7,16,9,12,4,6

b Marks in a General Mathematics test for nine students:
12,9, 14, 13, 20, 15, 18, 18, 15

¢ Number of minutes it takes for eight students to get to school on a particular day:
7,3,20,9,5, 3,10, 12

d Thumb length of ten students in centimetres:

6,6,5,5,6,7,6,7,5,5
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Exam practice 80-100% 60-79% 0-59%

4 A survey was completed to collect the heights of students within a group of Year 11 students. The type
of data collected is best described as

A nominal categorical data. B ordinal numerical data.
C ordinal categorical data. D discrete numerical data.

E continuous numerical data.

5 The heights of players in a basketball team are measured. Which one of the following is correct?
A The data is both continuous and interval. B The data is both discrete and interval.
C The data is both discrete and ratio. D The data is both continuous and ratio.
E The data is both interval and ratio.

6 The marks for a spelling test of ten words were recorded as follows:
8,6,8,4,5,6,8,57,4,7,8,6,8,9
The median and mode respectively are

A 6and8 B 7and6.6 C 7and7 D 7and$8 E 8and7

7 A survey was conducted about the colour of family cars, with the following results:
grey, grey, white, grey, white, red, white, blue, red, white, red, silver
What is the median of this data?
A white B grey C red

D blue E there is no median

Use the following information to answer the next two questions.
The percentage investment returns of seven superannuation funds for the year 2002 are

—4.6%, —4.7%, 2.9%, 0.3%, —5.5%, —4.4%, —1.1%

) ©vcaa 83% The median investment return is

A -4.7% B -4.6% C —45% D -4.4% E 0.3%

9 NIV 20031cQ2 |  78% The range of investment returns is

A 2.6% B 3.5% C 4.0% D 55% E 84%

10 79% Researchers conducted a survey of 403 school leavers who had recently
entered the workforce. The aim was to determine whether the type of work they undertook was gender
related. Work type was classified as ‘trade; ‘clerical, ‘manual’ or ‘professional’ In this survey, the variables
work type (trade, clerical, manual or professional) and gender (male or female) are

A both categorical variables.
both numerical variables.
categorical and numerical variables respectively.

numerical and categorical variables respectively.

m U O W

neither categorical nor numerical variables.
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11 69% Data relating to the following five variables was collected from

insects that were caught overnight in a trap:
o colour
o name of species
o number of wings
o body length (in millimetres)
 body weight (in milligrams)
The number of these variables that are discrete numerical variables is

Al B 2 C 3 D 4 E 5

12 B 62% The level of water usage of 250 houses was rated in a survey as low,
medium or high, and the size of the houses as small, standard or large.

The variables level of water usage and size of house, as recorded in this survey, are
A both numerical variables.

both categorical variables.

neither numerical nor categorical variables.

numerical and categorical variables respectively.

m O O

categorical and numerical variables respectively.

13 (10 marks) The maximum daily temperatures (°C to one decimal place) in Melbourne during
the first week of the 2020 Australian Open are shown in the table.

Day ‘ Date ‘ Max temperature (°C)
Monday 20/01/2020 21.8
Tuesday 21/01/2020 235
Wednesday 22/01/2020 31.7
Thursday 23/01/2020 22,6
Friday 24/01/2020 24.1
Saturday 25/01/2020 27.4
Sunday 26/01/2020 23.6

a Find, rounded to one decimal place, the
i median ii mode iii range. 3 marks

b Round the original data to the nearest whole degree. Use these values to find, rounded
to one decimal place, the

i median ii mode iii range. 3 marks

¢ Explain why your answers for the median in parts a and b are different. Which of the
two answers do you think is more accurate and why? 2 marks

d  Which of your answers for the mode in parts a and b give more helpful information?
Why would finding the mode of data rounded to a large number of decimal places
usually not give helpful information? 2 marks
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@ Tables and charts

When we're dealing with a large number of data values to see patterns or draw conclusions, we need to
organise and present the data in a manageable form. When choosing a display for the data, we have to
decide which one best shows what we want to communicate.

Frequency tables

A frequency table can be used to display both categorical and numerical data. It involves counting the
number of times each data value occurs and the frequencies are often expressed as percentages of the total
number of data values.

VL) 2 B S8 Constructing a frequency table

The following is raw data collected by Patty’s Hamburger Restaurant of the types of hamburgers home
delivered to 20 people one evening, where A = Aussie burger, B = bacon burger, C = cheese burger,
H = Hawaiian burger and V = vegie burger.
\])C)B)B)B)A)B)A)\]’H)H)A’B’H)A)A)B)B)H)A
Set up a frequency table that includes both the number and percentage of each type of hamburger ordered.
Steps Working
1 Set up a table with three columns and list the Burger type ‘ Frequency ‘ Percentage
categories in the first column. Count the number | A ssie burger 6
in each category and record the frequency. bacon burger 7
Check that the total frequency equals the total
) i i cheese burger 1
number of data values given in the question.
Hawaiian burger 4
vegie burger 2
Total 20
2 Calculate the percentage for each category using Burger type ‘ Frequency ‘ Percentage
f i 9
percentage = requency oo Aussie burger 6 30%
total bacon burger 7 35%
Check that the total percentage is equal to 100% cheese burger 1 5%
.9% or 100.1% if th h
(or 99.9% or 100.1% if the percentages have Hawaiian burger 4 20%
been rounded).
vegie burger 2 10%
Total 20 100%
Frequency tables
Frequency tables
o display both categorical and numerical data
 can include frequencies or percentages
f
e percentage = LEQUEREY s 100%
total
Nelson VICmaths General Mathematics 11 9780170448192



Grouped frequency tables

For continuous data, or discrete data with a large number of values, it’s not practical to list each individual

value in a frequency table. For example, if we have whole number data values ranging between 0 and 99, @
we would need to include 100 rows in a frequency table. If our data included decimals, we would need
even more rows.

To reduce the number of rows, we use intervals that describe a range of data values such as 20-<30,
meaning any number from 20 to 30 but not including 30. A grouped frequency table is a frequency table
that uses intervals.

The following grouped frequency table shows the times (in minutes) taken by the 122 participants in

a fun run.
Time (min) ‘ Number
This means less than 30 minutes ———» 0-<30 12
This means 30 minutes or more
but less than 60 minutes 30-<60 52
This means 60 minutes or more 60-<90 42
but less than 90 minutes
90-<120 16
Total 122

The modal interval is the interval that occurs most frequently.

Grouped frequency tables

o When numerical data is continuous, or discrete with a large number of values,
numbers need to be grouped into intervals to form a grouped frequency table.

o The intervals must all be the same size.

o There should be a maximum of 15 intervals.

Constructing a grouped frequency table —
Construct a grouped frequency table for the following exam scores, using intervals of size 20, and find the we
modal interval. 0.5
45,78, 80, 67,43, 59, 32, 12, 100, 45, 58, 56, 69, 16
Steps Working
1 Write the intervals in the first column. Exam scores
2 Count the data values that fall into each interval. Score ‘ Frequency
3 Enter the frequencies in the second column. 0-<20 2
4 Make sure you place the border values 20-<40 1

(20, 40, 60 etc.) in the correct interval. 40-<60 6
60-<80 3
5 Add the frequency column and check that the 80100 2
total matches the number of data values in the list. Total 14

6 Find the interval that occurs most frequently. The modal interval is 40-<60.
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Bar charts

Bar charts help us to see patterns when dealing with categorical data. Categories can be represented on the

horizontal or vertical axis, with their corresponding frequency on the other axis.

Bar chart with vertical bars

Common pets

Bar chart with horizontal bars

Favourite chocolate companies

16 Cadbury
14 02 Ferrero
12 é Guylian
g 10 1 S Haigh’s
Qg; 8+ fgf Lindt
g 6 g Mars
4 = .
O Nestlé
3 ] Whittaker’s
Bird Cat Dog Fish Rabbit (I) I2 éll I6 ?IS ll() 1I2 1|4 1I6 1|8
Type of pet Frequency
Bar charts
Bar charts
o display categorical data
« can have vertical or horizontal bars.
Vo) <S5 B S-F Reading a bar chart
This bar chart shows the number of songs streamed over seven months by a student.
Songs streamed
July =
June | ]
e May |
5 Apr
S J
Mar [
Feb ]
Jan ]
T T T T T T
0 50 100 150 200 250 300 350

Use the graph to answer the following questions.

Steps
a Find the longest bar.
b Add the frequencies for each month.

frequency
total

¢ Use percentage = x 100%

Number of songs

a In which month did the student stream the most songs?
b How many songs were streamed over the seven-month period?

¢ What percentage of songs did the student stream in March?

Working
The student streamed the most songs in January.
300 + 200 + 100 + 250 + 150 + 200 + 50 = 1250

The student streamed 1250 songs over the
seven-month period.

1000 x 100% = 8%, therefore 8% of the songs were

streamed in March.

Nelson VICmaths General Mathematics 11
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EXERCISE 1.2 Tables and charts ANSWERS p. 490

Recap

1 What is the correct data classification for a person’s favourite ice-cream flavour?

A discrete B numerical C ordinal D continuous E nominal

2 The marks of 15 students for a maths test marked out of ten were recorded as follows:
9,7,7,7,5,10,6,8, 3,10, 9, 6, 8, 10, 4
The median and mode respectively are
A median =7, mode =7 B median = 10, mode = 7 and 10

C median = 7, mode = 7 and 10 D 7and8$8

E median = 7, mode = 10

Mastery

3a workeD ExavpLE 3 | The following is raw data collected by the Off the Hook Fish and Chippery of
the type of packs that 25 people bought one day, where K = Kiddie pack, S = Snack pack, F = Family

pack, H = Hawaiian pack, P = Potato cake pack and D = Dim sim pack.
SKSSHKESESHHPEHSEHS,S S,EEH,F
Set up a frequency table that includes both the number and percentage of each type of hamburger

ordered.
b The following is raw data collected by Kebabs R US of the types
of kebabs that 16 people bought one day, where L = lamb, @ Exam hack
C = chicken, M = mix, F = falafel and V = vegan.
C,L.L.C,V.M,C, L, EMMEV.CL,L If you are not asked to round

an answer, don’t round it.
Set up a frequency table that includes both the number

and percentage of each type of kebab ordered.

4 a WORKED ExAMPLE 4 | Construct a grouped frequency table for the following test scores, using

intervals of size 10, and find the modal interval.
28, 35, 41, 15, 8, 49, 30, 22, 39, 50, 47, 25, 38, 44, 12, 19
b Construct a grouped frequency table for the following test scores, using intervals of size 5, and
find the modal interval.
22,15, 4,25,10,4,19,0,22,17,13,0, 2,12, 14
¢ Construct a grouped frequency table for the following test scores, using intervals of size 10, and find

the modal interval.
44,32, 60, 37, 15, 58, 41, 31, 15, 9, 36, 0, 25, 30

5 [Z workep exaveLe 5 | This bar chart shows the results 250
of a poll before an election. % 200 4
How many people favour the Greens? % 150 1
Which is the most popular party in the poll? -éj 1007

¢ How many more people favour the Labor Party than z 52 i D H

the Liberal Part}’? Labor Liberal  Greens Other

d If there are 80 people who are in the ‘Other’ category,
how many people were polled altogether?

e What percentage of those polled favoured the Liberal Party?
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Exam practice 80-100% 60-79% 0-59%

Use the following information to answer the next two questions.
The following bar chart shows the distribution of wind directions recorded at a weather station at 9.00 am
on each of 214 days in 2011.

n=214
454
40
354
304
254
204
154
104

5_

0-

Frequency

North North-east  East  South-east South South-west West North-west
Wind direction

6 99% According to the bar chart, the most frequently observed wind direction was

A south-east B south C south-west D west E north-west

7 68% According to the bar chart, the percentage of the 214 days on which the wind
direction was observed to be east or south-east is closest to

A 10% B 16% C 25% D 33% E 35%

Use the following information to answer the next two questions.
The heights of 82 mothers and their eldest daughters are classified as ‘short, ‘medium’ or ‘tall’ The results are

displayed in the frequency table below.

Mother
Short Medium

Eldest

daughter

8 79% The number of mothers whose height is classified as ‘medium’ is
A 7 B 10 C 14 D 31 E 33

9 45%  Of the mothers whose height is classified as ‘tall, the percentage who have
eldest daughters whose height is classified as ‘short’ is closest to

A 3% B 4% C 14% D 17% E 27%

@ Exam hack

Questions that include the words ‘of the’
always reduce the total you are looking at.
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10 The missing information in the frequency table is Score | Frequency

A afrequency of 3 and the interval 10-<20 0-<5 5

B afrequency of 3 and the interval 15-<20 5-<10

C afrequency of 5 and the interval 15-<20 10-<15 15

D afrequency of 10 and the interval 15-<20 17

E afrequency of 47 and the interval 15-<20. 20-<25 10
Total 50

Use the following information to answer the next three questions.

A number of teenagers were surveyed on how they How teenagers rated a movie

rated a particular movie. The results are shown in
the following bar chart.

Frequency
NS TSI
(=}

1

0 .
10 | H H

O T T T T 1
5stars 4stars 3stars 2stars 1 star

far rating
11 The most common star rating for the movie is
A 1 star B 2 stars C 3stars D 4 stars E 5 stars
12 The number of teenagers who rated the movie is
A 75 B 100 C 150 D 175 E 200
13 The percentage of teenagers who rated the movie as 2 stars is closest to
A 9% B 13% C 25% D 33% E 50%

14 95% (2 marks) In a small survey, twenty-five Year 8 girls were asked what
they did (walked, sat, stood, ran) for most of the time during a typical school lunch time.

Their responses are recorded below.

sat stood sat ran sat
walked walked sat walked ran
sat walked walked walked ran
walked ran walked ran walked
ran sat ran ran walked
Use the data to
a copy and complete the frequency table Activity ‘ Frequency 1 mark
walked
sat or stood
ran
Total 25

b determine the percentage of Year 8 girls who ran for most of the time during a typical
school lunch time. 1 mark

9780170448192 Chapter 1 | Investigating and comparing data distributions 17
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15 85% (2 marks) A development index is used as a measure of the standard

of living in a country. The bar chart displays the development index for 153 countries in four

categories: low, medium, high and very high.

50 4
45
40
354
304
25
20
15+
10
5_
04

n=153

Frequency

Low  Medium  High  Veryhigh
Development index
a How many of these countries have a very high development index? 1 mark

b What percentage of the 153 countries has either a low or medium development index?
Write your answer, correct to the nearest percentage. 1 mark

@ Histograms

Histograms and grouped frequency tables
A histogram is a graphical way of displaying data from a grouped frequency table. It is effective when
dealing with large amounts of data.

Grouped frequency table Histogram
Exam scores Exam scores
Score ‘ Frequency 80 1
70 -
0-<20 23 o
20-<40 35 § 50 -
40-<60 71 2. 401
&30
60-<80 30 20
80-<100 19 10 A
0
Total 178 0 20 40 60 80 100
Scores

Following the pattern of the grouped frequency table, someone with a score of exactly 20 is recorded in the
second interval, someone with a score of exactly 40 is recorded in the third interval, and so on.

@ Exam hack

Although at first glance a histogram looks similar to a bar chart,
there are a number of differences:

o Histograms display numerical data, whereas bar charts are
best used to display categorical data.

« Histograms do not have spaces between the columns.

o Histograms are always vertical.
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Centre and spread of histograms

Histograms make it easier to compare the centres or spreads of two distributions. We refer to the modal
interval, or most frequently occurring interval, rather than the mode when looking at centres of histograms.

Here are two distributions with the same spread but different centres:

304 —

20

10
0

T T T T T T T T T
0 10 20 30 40 50 60 70 80 90 100110

Frequency

The modal interval is 30-<40.

304 —

Frequency
(3]
(=]

—_
(=]
|

N

O T T T T T T T T T
0 10 20 30 40 50 60 70 80 90 100110

The modal interval is 60-<70.

Here are two distributions with approximately the same centres but different spreads:
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The modal interval for both of these is 50-<60.

Shapes of histograms

«l
4
LIS

A histogram can also be used to describe the shape of a distribution. The shape of a distribution can be

« approximately symmetric
« asymmetric
- positively skewed

- negatively skewed.

Worksheet
Shapes of
distributions

A histogram shows an approximately symmetric distribution when the left side closely mirrors the right
side. For approximately symmetric distributions, the median is always near the line of symmetry but the

modal interval can be somewhere else.

Single-peaked
Approximately symmetric distribution

Mean
Median

14 /

12 4
10 A
8
6
4

Single peak

Frequency

0 T J
0 10 20 30 : 40 50 60 70

Line of symmetry

The modal interval is where a single peak occurs.

Here it is 30-<40.

9780170448192

Double-peaked
Approximately symmetric distribution

Mean
Median

Double peaks

Frequency
N W
s S
1 1

—_
(=]
1

O T T T T T T T T T T
0 10 20 30 40 50:60 70 80 90 100110
Line of symmetry
When a histogram has two equal peaks, it is a

bi-modal distribution and has two modal intervals.
Here they are 20-<30 and 80-<90.
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20

The following two histograms show asymmetric or skewed distributions.

positively skewed negatively skewed
14 14
B 121 > 2 nilisina negative direction
g 10 . T g 10+
S Tail is in a positive direction b5 -—
3. 8- 3, 8-
g g
g 64 £ 64
=~ =
44 44
0 0
@ Exam hack
To help you remember which skew is positive and which is negative,
identify where the ‘tail’ of the histogram is. Think of the positive
and negative directions of a number line. If the tail is in the positive
direction, the distribution is positively skewed. If the tail is in the
negative direction, the distribution is negatively skewed.
Outliers

We can also comment on a distribution by referring to its outliers. An outlier is an extreme high or
low value in the data. Outliers can indicate an error made in dealing with the data and can sometimes
contaminate calculations and conclusions drawn from data sets. However, they can also occur without
an error being involved. Histograms often make it easier to identify possible outliers.

14 4
12
104

8 -
6 Possible outlier

1/

0

VL) (5 2 VB SR Reading and describing histograms

The following table shows the amount of sleep (in minutes) a group of 125 students had the night before

Frequency

an exam.

Amount of sleep

'
[
L

40

W W
S
T

353
v
Il

20

Frequency

—

T T T T
0 60 120 180 240 300 360 420 480 540
Time (minutes)

—
S o wn
I
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Steps Working
a How many intervals are there?

Count the number of intervals. There are nine intervals.
b How many students slept for more than 7 hours?

1 Convert the time to hours. 7 hours = 420 minutes

2 Read from the histogram. 30 +40=70

70 students slept for more than 7 hours.

¢ What percentage of students slept for less than 5 hours? Give your answer rounded to one decimal place.

1 Convert the time to hours. 5 hours = 300 minutes

2 Read from the histogram. 1+6=7

Seven students slept for less than 5 hours.

7
3 Convert to a percentage using percentage = s x 100%
percentage = frequency x 100%, = 0.056 x 100%
ot - 5.6%

rounding to one decimal place.

d Is the histogram approximately symmetric, positively skewed or negatively skewed? Does it have any
possible outliers?

The histogram has a negative tail. The histogram is negatively skewed with a
possible outlier.

e What is the modal interval?

Which interval has the highest frequency? The modal interval is 480-<540 minutes.

f Use the histogram to copy and complete the following grouped frequency table.

Amount of sleep (min) ‘ Frequency Amount of sleep (min) ‘ Frequency

0-<60 0-<60 1
60-<120 60-<120 0
120-<180 120-<180 0
180-<240 0

240-<300 6

300-<360 23

360-<420 25

420-<480 30

480-<540 40

Total Total 125

@ Exam hack

A ruler often helps when you are reading values
from histograms and other statistical charts.
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m Constructing histograms for ungrouped data

a particular school were recorded as follows:

Scores on an end-of-year mathematics examination, out of 100, achieved by 37 Year 11 students from

84,79, 99, 52, 63, 70, 65, 78,47, 72,73, 60, 52, 76, 77, 65, 71, 61, 53,
62,41, 88, 57,71, 43, 89, 74, 50, 49, 61, 72, 70, 68, 95, 58, 67, 43

Use intervals of 40-<50, 50-<60 and so on to construct a histogram for this data.

‘ "
m =

1 Start a new document and add a Lists &
Spreadsheet page.

2 Label column A as score.

* - .
ey Equal Bin Width Settings
4.
§ .'4&1'#‘:[‘0 I
g Algnhment: [m l
l.l.2- -
OK Cancel
0.
0 S0 60 70 8 9 100
score

8 Press menu > Plot Properties > Histogram
Properties > Bin Settings > Equal Bin Width.

9 Enter the following settings:

Width: 10
Alignment: 30

10 Select OK.

3 Enter the ungrouped scores as shown above.

40 S0 60 70 80 90 100
score

4 Insert a Data & Statistics page.
5 For the horizontal axis, select score.
6 Press menu > Plot Type > Histogram.

7 Ahistogram of the data will be displayed.

4 S0 60 70 80
score

S0 100

11 A histogram of the grouped data in intervals
of 10 will be displayed.

12 Adjust the Window/Zoom settings or grab
the vertical axis and drag it down to view the
full histogram.

Nelson VICmaths General Mathematics 11
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© Edit Calc SetGraph ¢

MEEEEAEEC)D

_____ list2  [list3

1 Tap Menu and open the Statistics application. 4 Tap SetGraph > Setting.

2 Clear all lists. 5 In the dialogue box, select the following:
3 Enter the ungrouped scores into list1 as Type: Histogram
shown above. XList: list1
Freq: 1
6 Tap Set.
© Edit Calc SetGraph ¢ © Zoom Anslysis Calc o [x]
velva e | | RS m - 20| O [ED | O || va i »
[ fistl stz [ist3 |9 R
7 :

LIS

7 Tap Graph. 10 A histogram of the data will appear in the

8 In the dialogue box, set the following: lower window.

HStart: 40
HStep: 10

9 Tap OK.
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EXERCISE 1.3 Histograms ANSWERS p. 491

Recap

Use the following information to answer the next two questions.

The bar chart shows the results of a survey of opinions on a new online game called Conquist.

Opinion of Conquist

Terrible | ]
Boring _:|
Okay |
Good |
Very good |
Excellent | |
0 5 10 15 20 25 30 35 40
Number of people
1 The type of data collected is best described as
A ordinal numerical. B nominal categorical. C discrete numerical.
D ordinal categorical. E continuous numerical.

2 The percentage of people that thought it was either very good or excellent, rounded to one decimal
place, is
A 13.5% B 25.9% C 29.6% D 55.6% E 75.0%

Mastery

3 For the histogram shown, state whether each of the statements are true or false.

16
14
o 12
£ 10-
T 6
4 -
2
0 :
0 10 20 30 40 50 60 70 80
a The histogram is approximately symmetric. b The histogram has a possible outlier.
¢ The histogram is double-peaked. d The histogram is negatively skewed.
e The modal interval is 70-<80. f The centre is around 40.

g The histogram is bi-modal.
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4 workeD ExaMPLE 6 | The following table shows the amount of time (in minutes) a group of students

spent studying the night before an exam.

Amount of time studying
45+
40
35

7 307

251

20 1

151

104

5 -
0

Frequenc

T T T
0 60 120 180 240 300 360 420 480
Time (minutes)

How many intervals are there?
How many students studied for less than 2 hours?

¢ What percentage of students studied for more than 4 hours? Give your answer rounded to one
decimal place.

d Is the histogram approximately symmetric, positively skewed or a negatively skewed? Does it have
any possible outliers?

e What is the modal interval?

f Use the histogram to copy and complete the

Amount of time Frequency
following grouped frequency table. studying (min)
0-<60
60-<120
120-<180
Total
5 a Draw a histogram by hand from the grouped Marks ‘ Frequency
frequency table of test results shown. 0-<10 0
b Use the histogram from part a to determine 10-<20 5
whether it is approximately symmetric,
positively skewed or negatively skewed. 20-<30 16
30-<40 25
40-<50 14
50-<60 6
Total 66

6 Scores on an end-of-year science examination, out of 100, achieved by 25 Year 11

students from a particular school were recorded as follows:
52, 45, 40, 67, 60, 73, 88, 61, 64, 73, 71, 41, 57, 48, 76, 97, 79, 59, 83, 73, 66, 71, 76, 32, 67

Use intervals of 30-<40, 40-<50 and so on to construct a histogram for this data.
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Exam practice 80-100% 60-79% 0-59%

Use the following information to answer the next two questions.

The histogram below displays the distribution of the percentage of internet users in 160 countries in 2007.

351
304

Number of countries

T T T
0 10 20 30 40 50 60 70 80 90 100
Percentage of internet users

7 2011 1cQ1 MODIFIED | (87% The shape of the histogram is best described as

A approximately symmetric. B double-peaked. C positively skewed.
D negatively skewed. E bi-modal.

8 86% The number of countries in which less than 10% of people are internet users
is closest to

A 10 B 16 C 22 D 32 E 54

Use the following information to answer the next two questions.

Time slept
18 +
16 1 S
14 1
2‘12—
g 10+
7 5
== 6
4_
2 -
0
T T T T T T T
1 2 3 4 5 6 7 8 9 10
Hours

9 What is the most appropriate description for the histogram showing how long students slept the
previous night?

A approximately symmetric with a possible outlier
symmetric with no possible outlier
positively skewed with a possible outlier

negatively skewed with a possible outlier

m U O W

double-peaked with a possible outlier

10 What is the modal interval?
A students who had 9 hours sleep
students who had 10 hours sleep
students who had more than 9 but less than 10 hours sleep

students who had more than 2 but less than 3 hours sleep

m O O W

students who had 16 hours sleep
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11 2002 1CQ5 MODIFIED | 1526 students sat for an examination. The histogram shows the distribution

of marks.

20 4
18 4
16 ~

—_
'S
I

Percentage frequency
s
1

T T T T T T T
30 35 40 45 50 55 60 65 70 75 80 85 90
Mark

The percentage of students with marks 80 or higher is closest to

A 1% B 2% C 3% D 4% E 5%

12 (2 marks) The histogram shows the distribution of life expectancy of

people for 183 countries.

50
45
40
354
30+ — —
254

Frequency

20+
154
104
54
0

40 45 50 55 60 65 70 75 80 85
Life expectancy (years)

a 77% In how many of these countries is life expectancy less than 55 years? 1 mark

b 68% In what percentage of these 183 countries is life expectancy between 75 and
80 years? Write your answer correct to one decimal place. 1 mark

13 (6 marks) The age, in years, of employees at Burger

Age (years) | Frequency

Heaven were recorded in the following grouped

15-<20 16
frequency table.

20-<25 20

25-<30 4

30-<35 5

35-<40 1

40-<45 2

45-<50 2
a How many people work at Burger Heaven? 1 mark
b Construct a histogram to display this data by hand. 2 marks
¢ How many employees are aged 40 or over? 1 mark
d What percentage of employees are aged 40 or over? 1 mark
e Describe what the histogram shows about Burger Heaven’s employment practices. 1 mark
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Worksheets
Five-number
summaries 1

Five-number
summaries 2

Boxplots
Boxplots 1

Boxplots 2

p-9

28

The five-number summary

The median is the value that divides an ordered data set in half. The quartiles are three values that divide an

ordered data set in quarters.
o Q, or the lower quartile is the median of the lower half of the data.
o Q, is the median of the whole data set.
o Q, or the upper quartile is the median of the upper half of the data.

The five-number summary provides a good overview of a distribution. It is created using the maximum
and minimum data values and the three quartiles.

Example with an odd number of data values: Example with an even number of data values:
Lower half Upper half Lower half Upper half
(3,6,7,7,7,) 8, (13, 19, 20, 20, 22) (3,6,7,7,7,8,) (13,17, 19, 20, 22, 26)
T i T A T A A
Q Q Q1=¥=7 Q, - 19420 _ 195
Minimum Median Maximum 2
Minimum Maximum
Median =2 +213 =10.5

The five-number summary

The five-number summary divides the data into segments of 25%:
o 25% of the data is less than Q,.

25% | 25% | 25%  25%
o 50% of the data is less than the median (Q,). Minimam Q' Medi é Maximum
1 edian 3
+ 75% of the data is less than Q;. Median of Median of
lower half upper half

These percentages are not exact for an odd-numbered
data set because the median is one of the data values
and we can't split a data value in half.

VL) (0 2 C B SV A Finding the five-number summary by hand

For the following data
23, 25, 35, 35, 22,49, 7, 26, 24, 31, 22, 30

a find the five-number summary by hand

b use a diagram to show that
i 25% of the data is less than the lower quartile (Q,)
ii 50% of the data is less than the median (Q,)
iii 75% of the data is less than the upper quartile (Q;).

Steps Working
a 1 Order the data from smallest to largest. 7,22,22,23, 24,25, 26, 30, 31, 35, 35, 49
2 Find the minimum and maximum value. min = 7, max = 49
3 Find the median. The median is between the 6th and 7th data values
There is an even number of data values, so in the ordered list.
find the average of the two middle points. 25+ 26

Q, = median = =255

Nelson VICmaths General Mathematics 11 9780170448192



4 Find Q,, the median of the lower half of The lower half of the data is 7, 22, 22, 23, 24, 25.

the data. ) 22 +23
Q, = lower quartile =

=22.5
5 Find Q;, the median of the upper half of The upper half of the data is 26, 30, 31, 35, 35, 49
the data. Q, = upper quartile = 3135 33
6 List the five-number summary. min =7, Q, = 22.5, median = 25.5, Q; = 33, max = 49

b 1 Draw a diagram showing the three quartiles.
7,22, 22,23, 24, 25,26, 30, 31,(35, 35, 49
Lower quartile = 22.5 Upper quartile = 33
Median = 25.5
2 Use the diagram to calculate the percentage i 3 out of a total of 12 data values are less than

of data less than each quartile. the lower quartile. % _259%

ii 6 out of a total of 12 data values are less than

the median. % =50%

iii 9 out of a total of 12 data values are less than

the upper quartile. % =75%

m Finding the five-number summary

Use CAS to calculate the five-number summary for the following data:

65,47, 61, 44, 63, 56, 65, 52, 58

A I ¢ o ; One=Variable Statistics ; A G P S ;
- = o D - =OnaVar(
T e s o |l D
2 a7 2 2 t [ » ) 58 1QuX N‘S!
: 61 3 Inchud | » 10 MedianX Sv;
< - § e Cra— O Qw 6|
s 63 - S 0K | Cancel 12 Maxx 65.) -
[ RN KEONS B TETTTOTT R KR
1 Start a new document and 4 On the next screen, keep 6 The labels will appear
add a Lists & Spreadsheet the number of lists default in column B and the
page. setting of 1 and select OK. corresponding one-variable
2 Enter the data into column A 5 Leave the X1 List default statistics will appear in
as shown. setting of a[] then select OK. column C.
3 Press menu > Statistics > Stat 7 Scroll down to view the
Calculations > One-Variable five-number summary values.
Statistics.

9780170448192 Chapter 1 | Investigating and comparing data distributions

29



«l
o‘:

Worksheet
Interquartile
range

Puzzle
Statistical
measures

puzzle

30

© Edit Calc SatGraph ¢ St Calcuiation [ %}
b 3| v | [ [ [MR I = || one-Varioble | || one-varisble [
[ ps stz i3 (g9 (| Y EE - ——
1 65 c Sy =7.7100223 (4 |
2 47 =
3 61 Freq: 1
4 44
5 63
| &
65
I .
[
3 — o]
1 Tap Menu and open the 3 Tap Calc > One-Variable. 6 The one-variable statistics
Statistics application. 4 Leave the XList default will be displayed.
2 Clear all lists and enter the setting of list1. 7 Scroll down to view the
data as shown. 5 Tap OK. five-number summary values.

@ Exam hack

If a data set is small and already ordered, it can sometimes be quicker
to find the five-number summary by hand than by using CAS.

IQR, outliers and fences

The interquartile range (IQR) is the measure of
the spread of the middle 50% of the data values.
IQR = Q3 - Q1
The IQR is usually a better measure of spread than
the range because, by looking at only the middle
50% of data, we avoid taking outliers into account.
The IQR is also used in a calculation to identify
possible outliers, which allows us to do more than
simply say something ‘looks like an outlier’.

Interquartile range and fences
IQR = Q3 - Ql

A data value is a possible outlier if it is

less than the lower fence: Q; — 1.5 x IQR

or

greater than the upper fence: Q; + 1.5 x IQR

VL) (= 2 VB SR Finding outliers

For the ordered data set
3,7,20,22,22,22,25, 25,28, 31, 34, 34, 49

Steps
1 Find Q, and Q; by using CAS or by hand.
2 Calculate the IQR.

3 Calculate the lower and upper fences.

4 Check each of the blue values to see if they are
less than the lower fence or greater than the
upper fence.

do a calculation to show whether the blue values are possible outliers.

Working
Q,=21land Q; =325
IQR=325-21=11.5

Lower fence:
Q,-15xIQR=21-15x11.5=3.75

Upper fence:
Q;+1.5xIQR=325+1.5x11.5=49.75

3 is less than 3.75 so it is a possible outlier.
7 isn't less than 3.75, so it’s not an outlier.

49 isn’t greater than 49.75, so it’s not an outlier.

Nelson VICmaths General Mathematics 11
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Boxplots

Boxplots, also known as box-and-whisker plots, display numerical data based on the five-number summary,
IQR and outliers. If there are no outliers, the whiskers show the minimum and maximum values.

Medi
Minimum o Maximum @ Exam hack

— [ The lengths of the boxes

-— and whiskers depend on the
spread of the data values in

0 2 4 6 8 10 12 each quartile.

Outliers are shown as dots. If there are outliers, the lowest outlier is the minimum value and the highest
outlier is the maximum value.

Minimum Median Maximum @ Exam hack

[ ) |
4::7 ° You need to include outliers

- * when finding the minimum
IQR Outlier 5

0 2 4 6 8 10 12

Boxplots

Boxplots provide the following information:

and maximum values.

| . Median | Maximum
| Minimum I
i | o Q | {
[ ]
! -ZS‘V _250/ !
! 25% - - 25% ! {
! -~ i Outlier
I IQR=0Q;-Q, !
I I
Lower fence = Q, - 1.5 x IQR Upper fence = Q; + 1.5 x IQR

Boxplots can also be displayed vertically.

m Constructing boxplots

Construct a boxplot for the data set
6,21, 21, 22, 23, 24, 25, 29, 30, 34, 34, 48

3 - -

Adasts & ¢ 0 R

2 2 - L

E 2

4 n o

E % . 10 15 20 25 30 35 40 45 0 5 10 15 20 25 30 35 40 45 S0

1 Start a new document and 4 Insert a Data & Statistics 6 Press menu > Plot Type >
add a Lists & Spreadsheet page. Box Plot. The data will be
page. 5 For the horizontal axis, displayed as a boxplot.

2 Label column A with the select data. The data will be 7 Move the cursor over the
heading data. displayed as a dot plot. boxplot to display the key

3 Enter the data as shown values.

above.
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© Edit Calc SetGragh ¢

[ list]  [list2  [list3

1 [}
2 21
3 21
4 22
5 23
] 24
7 25
8 29
| 30
10 34
" 34
12 48
13 —
14
15
16

1 Tap Menu and open the
Statistics application.

2 Clear all lists.

3 Enter the data into list1 as
shown above.

1:;:[«a1.,a.IRIEEI![

|Draw: © on " off
Tyve: - N v
NList: [ listt |v
|Freg! [ 1 | v
M show Outliers

(1]2]3]4]8]8[7]8]8]

© Edit Calc SatGragh ¢

4 Tap SetGraph > Setting.

5 In the dialogue box, change
the Type: field to MedBox.

6 Tap the box to select Show
Outliers.

7 Tap Set.

8 Tap on the Graph tool to
display the data as a boxplot
in the lower window.

9 With the graph window
highlighted, tap Analysis
> Trace to display the key
values.

VL) 5 VB SRR Reading boxplots

— T3

The boxplot shows the distribution of 48 student test scores marked out of 100.

Find the

a five-number summary

Steps

each group.

Nelson VICmaths General Mathematics 11

a Read directly from the boxplot.

Use the fact that quartiles divide data into
four equal groups, so 25% of the data is in

0 0,
g 1 25% [ 25% F—o—

T
20 30 40 50 60 70 80 90

Test scores

b percentage of students who scored more than 65

¢ percentage of students who scored less than 55

d percentage of students who scored between 30 and 65

e number of students who scored less than 45

f scores at the lower end that would be considered outliers

g scores at the upper end that would be considered outliers.

Working
min = 30, Q, =

T
100

45, median = 55, Q; = 65, max = 90
b Q; =65, 50 25% of students scored more than 65.

¢ median = 55, so 50% of students scored less than 55.

d Q; =65, s075% of students scored between 30 and 65.

9780170448192




e Find the percentage first and then multiply ~ Q, =45, so 25% of students scored less than 45.

by the total number. Total number of students = 48
Number of students who scored less than 45 = 48 x 25%
=12
f Use the IQR to calculate the lower fence. IQR=Q;-Q,=65-45=20
lower fence = Q; - 1.5 x IQR lower fence =45 - 1.5 x 20 =45 -30= 15
Scores less than 15 would be considered outliers.
g Use the IQR to calculate the upper fence. upper fence =65 + 1.5 x 20 = 65 + 30 =95
upper fence = Q; + 1.5 x IQR Scores greater than 95 would be considered outliers.

Comparing boxplots and histograms

If we know what the histogram of a distribution looks like, we can often have some idea of what the boxplot
will look like.

Approximately symmetric distributions Distributions with outliers
/.
— T o o 1]
The median is approximately in the middle The boxplot matches the histogram with the
of the box and whiskers are about the same length. outliers shown by dots.
Positively skewed distributions Negatively skewed distributions

—L [ 1 L [ ——

The box and whisker in the positive direction The box and whisker in the negative direction
are longer than the box and whisker in the are longer than the box and whisker in the
negative direction. positive direction.
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EXERCISE 1.4 Boxplots ANSWERS p. 491

Recap

Use the following information to answer the next two questions.

The times of runners in a long-distance race were recorded in minutes in the histogram shown.

40

30

Frequency
[\o3
(=)
1

10

0 T T T T T T T T
18 20 22 24 24 28 30 32 34 36 38 40 42

Time (min)

1 Which of the following best describes the histogram?
A negatively skewed B positively skewed with three outliers
C approximately symmetric D bi-modal

E single-peaked

2 Which of the following is not true?

A The two modal intervals are 20-<22 and 22-<24.
The histogram is double-peaked.
There are no runners with times under 18 minutes.

The number of runners with times greater than 30 minutes is over 20.

m O O @

Under 100 runners were in the race.

Mastery

3 WORKED EXAMPLE 7 J Using CAS 2J For the following data
39, 49, 76, 61, 42, 65, 62, 35,78, 80, 59, 54

a find the five-number summary by hand and verify your answers by using CAS

b use a diagram to show that
i 25% of the data is less than the lower quartile (Q,)
i 50% of the data is less than the median (Q,)
iii 75% of the data is less than the upper quartile (Q5).

4 WORKED EXAMPLE 8 ] Using CAS 3 | For each of the following data sets

i do a calculation to show whether the blue values are possible outliers
i use CAS to construct a boxplot.

a 12,23, 33, 36, 38, 40, 44, 45, 45, 48, 49, 49, 50, 52, 55, 71

b 52,73,76,81, 81,90, 90, 92, 95, 96, 96, 105, 110

c 916,19, 20, 23,23, 24, 24, 25, 25, 26, 26, 27, 27,27, 33, 35
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5 WORKED EXAMPLE 9 | For each of the boxplots below showing the distribution of 60 student test scores
marked out of 15, find the following:

i five-number summary

ii percentage of students who scored more than 7

i percentage of students who scored less than 10

iv percentage of students who scored between 7 and 9

v number of students who scored less than 5

vi scores at the lower end that would be considered outliers

vii scores at the upper end that would be considered outliers.

4 5 6 7 8 9 10

2 3 4 5 6 7 8 9 10 11
Test scores

6 For each of the following boxplots, state whether the distribution is approximately symmetric, positively
skewed or negatively skewed, and whether it has outliers, giving a reason for your answer.

Exam practice 80-100%  60-79% 0-59%

7 The boxplot shows the annual amounts earned by workers in a fast-food franchise.

e H i P

10 20 30 40 50 60 70 80
Amount earned ($1000s)

What percentage of workers earn less than $28 000 per year?
A 0% B 20% C 25% D 50% E 75%
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Use the following information to answer the next two questions.

The boxplot shows the distribution of the forearm circumference, in centimetres, of 252 people.

20 22 24 26 28 30 32 34 36 38
Circumference (cm)

8 93% The percentage of these 252 people with a forearm circumference of less than

30 cm is closest to

A 15% B 25% C 50% D 75%

E 100%

9 58% The five-number summary for the forearm circumference of these 252 people

is closest to
A 21,27.4,28.7,30, 34 B 21,27.4,28.7, 30,359
D 24.5,27.4,28.7, 30, 359 E 24.5,27.4,28.7, 30, 36

Use the following information to answer the next three questions.

C 24.5,27.4,28.7,30, 34

The boxplot shows the distribution of the time, in seconds, that 79 customers spent moving along a

particular aisle in a large supermarket.

0 50 100 150 200 250 300 350 400 450
Time (seconds)

10 83% The shape of the distribution is best described as

A symmetric. B negatively skewed.
C negatively skewed with outliers. D positively skewed.

E positively skewed with outliers.

500

11 82% The longest time, in seconds, spent moving along this aisle is closest to

A 40 B 60 C 190 D 450

E 500

12 42% The number of customers who spent more than 90 seconds moving along this

aisle is closest to
A 7 B 20 C 26 D 75

@ Exam hack

With boxplot questions, always check whether the
value you are being asked about is one of the quartiles.

Nelson VICmaths General Mathematics 11

E 79

9780170448192

Data source: www.stars.ac.uk



13 76% The following data was aoleas ‘ Mass (kg) ‘ Waist (cm)

recorded from measurements made on 12 men.

26 84 84
For these men, the median age (M) and ” - -
the interquartile range (IQR), in years,
are respectively 32 67 89
A M=37andIQR =10 32 59 75
B M=374andIQR=7.2 34 97 106
C M=374andIQR=6.9 37 112 114
D M=38and IQR =10 39 67 80
E M=38andIQR =25 40 91 101
41 98 101
43 89 94
45 117 126
51 62 82

14 (5 marks) The boxplot shows the number of cigarettes smoked per day by a sample of
120 smokers who were trying to quit.

404

351

30

251

20 4

154

104

5 4

0 4
a What is the median number of cigarettes smoked per day? 1 mark
b What is the interquartile range? 1 mark
¢ Is the distribution approximately symmetric, positively skewed or negatively skewed? 1 mark
d What percentage of people smoked less than 12 cigarettes per day? 1 mark
e Estimate how many people smoked more than 10 cigarettes per day. 1 mark

15 (5 marks) For the following boxplot

10 20 30 40 50 60 70 80

a find Q, 1 mark
b calculate the IQR 1 mark
c state the value of the outlier shown 1 mark
d explain why the outlier is incorrect. 2 marks
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A @ Dot plots and stem plots

.
Video playlist
Dot plot: d
Sensen. Dot plots
Dot plots can be used for both categorical and numerical data. They are useful as long as there are not too
many data values involved and the values are not too spread out.
= WORKED EXAMPLE 10 RVSI[sKelof oo
WB The dot plot shows the ages of student council members at a school.
p. 12 . :
: H H
o o o L3
: : : : : :
13 14 15 16 17 18
Ages of student council members (years)
a Find the
i mode ii range iii median
iv lower quartile (Q,) v upper quartile (Q,) vi interquartile range (IQR).

b What could best describe the shape of the distribution: approximately symmetric, positively skewed
or negatively skewed?

Steps Working
a i Find the most common value. mode = 18 years
ii range = largest value — smallest value range = 18 — 13 = 5 years
iii 1 Count the number of dots 1, note whether n=25; odd
it’s odd or even, and find the position of n+l 25+1 26
the median. > 2 2 13
The median is the 13th ordered data value.
2 Ifnisodd, find data value of the middle dot. 12 dot after
If n is even, find the average of the data . dgzt ?;fore . . dOt:lS
values for the two middle dots. . . : : § §
Count each column of dots from the ; ; 57 67 ;Dm - a;T
bottom up to reach the median. ?
meil an=T
iv 1 To find the lower quartile Q,, find the median = 17 years
median of the lower half. n=12; even
Count the number of dots 7, note whether n+l 12+1 13
it's odd or even, and find the position of Q. 2 2 2 6.5

Q, is between the 6th and 7th ordered data
values in the lower half.

2 Ifnis odd, find data value of the middle dot. 5 dos before f dzz ta7fter
If n is even, find the average of the data . dot 6 . Dote §
values for the two middle dots. Count each : . : sot7
column of dots from the bottom up to reach i 1 5 T b
the lower quartile. Q= % -5

Q, = 15.5 years
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v 1 To find the upper quartile Q;, find the
median of the upper half.

Count the number of dots n, note whether
it’s odd or even, and find the position of Q,.

If n is even, find the average of the data
values for the two middle dots. Count each
column of dots from the bottom up to reach
the upper quartile.

vi Use Q; and Q, to calculate the interquartile
range.

b Picture the dot plot as a histogram.

2 If nis odd, find data value of the middle dot.

n=12; even
n+1=12+1=2=6‘5
2 2 2

Q, is between the 6th and 7th ordered data
values in the upper half.

5dos after

dot7
5 dos before
Dot 7

doto Dot 6

Q; =18 years
IQR=Q;-Q, =18 -15.5=2.5 years

13 14 15

,_.
- eeeee
—_

- eeeeee
—_

% - eeceece

The distribution is negatively skewed.

Stem plots

Stem plots, also known as stem-and-leaf plots, are an alternative to histograms where actual data values
appear. The data values are ordered from smallest to largest, where the stem is made up of the leading digits
and the leaf is the last digit. Stem plots are best used up to a maximum of 50 data values. When there are

a small number of stems, we split the stem to see the distribution more clearly.

The following stem plots show the ordered data values:

80, 81, 84, 85, 89, 89, 91, 92, 92, 96, 105, 107, 108, 109, 109, 112, 114, 118

Stem plot
Stem | Leaf
8 014599
9 1226
10 |5 7 8 9 9<«———Datavalues from
1 12438 100 to 109

Key: 9|1 means 91

9780170448192

Split stem plot

Stem | Leaf
8 01 4
8 599
9 12 2
9 6
10 <——— Data values from 100 to 104
10 |5 7 8 9 9 =——— Data values from 105 to 109
11 2 4
11 8

Key: 9|1 means 91

Chapter 1 | Investigating and comparing data distributions
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Stem-and-leaf
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p.14

40

To decide whether a stem plot is approximately symmetric, positively skewed or negatively skewed, rotate
it so that the stem forms the horizontal axis, and picture it as a histogram. For example, we can see after
rotating the following stem plot that the distribution is negatively skewed.

Stem | Leaf ‘j
0 1

G W=
— o oo
—_— N = O
—_ W
[NSRNe RTN

w oo un

w oo wn

N O Y

@ o

@ o

Key: 2|0 means 20

[ov]
ool
ENES
2| Negatively skewed
O |\ D
n|co |
n|co |
< |0 | g
—|en ||~ 2
[ [+
< S| ||~ g
Q
- = o|lo|lo|— -
= ~
T |o—~ o <0 B
= )
@ N

Stem plots

o can be used with both continuous and discrete data

o are best used with up to a maximum of 50 data values

o always require a key.

L) 2 CN RS B Using stem plots

b Is there a possible outlier? Justify your answer.

Steps

a i Find the most common value.

ii range = largest value — smallest value

ii. 1 Count the number of data values #, note
whether it’s odd or even, and find the
position of the median.

2 If nis odd, find the middle data value.

If n is even, find the average of the
two middle data values.

Nelson VICmaths General Mathematics 11

The stem plot shows the test scores out of 70 for a class of 37 students. Stem | Leaf
a Find the (1) 5
i mode ii range 2 [566799
. . . 3 /2334666809
i median iv lower quartile (Q,) 4 01233455638
. o . 11
v upper quartile (Q;) vi interquartile range (IQR). 2 - g g 678

Key: 2|5 means 25

Working

Test scores of 36 and 56 each appear three times,
so this data set is bi-modal. Modes are scores of 36
and 56.

range = 69 — 5 =64

n=37;0dd
n+l 37+1 38
- =22_19
2 2 2
The median is the 19th ordered data value.
Stem | Leaf
0 5 .
1 18 values before h e median
2 566799
3 2334666 89
4 012334556 8 median=42
5 11666738
6 0579 18 values after h e median
median = 42

9780170448192




iv 1 To find the lower quartile Q,, find the n =18; even
median of the lower half. n+l1 18+1 19
= =—2-95
Count the number of data values n, note 2 2 2
whether its odd or even, and find the Q, is between the 9th and 10th ordered data values
position of Q. in the lower half.
2 If nis odd, find the middle data value. Stem | Leaf
If n is even, find the average of the (1) > 8 values before h e 9h value
two middle data values. 2 5667909
3 2334666809 Q1=3;3 =3
4 |01
8 values after h e 10h value
Q, =33
v 1 To find the upper quartile Q;, find the n=18; even
median of the upper half. n+1 18+1 19
el =—-95
Count the number of data values #, note 2 2 2
whether it’s odd or even, and find the Qs is between the 9th and 10th ordered data values
position of Q. in the upper half.
2 If nis odd, find the middle data value. Stem | Leaf
If n is even, find the average of the two 8 values before h e 9h value
. 4 (3345568 5 s
middle data values. 5 1166678 Q= Tt 3
6 [0579
8 values after h e 10h value
Qy =535
vi Use Q; and Q to calculate the interquartile IQR=Q;-Q;=53.5-33=20.5
range.
b Check any value that appears to be an outlier The 5 score may be an outlier. Check using the
against the upper or lower fence. lower fence.
Q, - 1.5xIQR =33 - 1.5 x 20.5 = 2.25
5isn’t less than 2.25, so it’s not an outlier.

@ Exam hack

Always look to see if the total number of data values is given
in the question, so you don’t waste time counting them.

Displays and data types

Categorical: Categorical: Numerical
Nominal data Ordinal data data
Displays
dot plot dot plot dot plot
bar chart bar chart histogram
boxplot
stem plot
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EXERCISE 1.5 Dot plots and stem plots ANSWERS p. 492

Recap

Use the following information to answer the next two questions.

To test the temperature control on an oven, the control is set to 180°C and the oven is heated for 15 minutes.
The temperature of the oven is then measured. Three hundred ovens were tested in this way. Their
temperatures were recorded and are displayed using a boxplot.

T

T
172 174 176 178 180 182 184 18
Temperature (°C)

1 B 70% The interquartile range for temperature is closest to

A 1.3°C B 1.5°C Cc 2.0°C D 2.7°C E 4.0°C

2 The range is closest to

A 2.7°C B 11.5°C c 12.7°C D 14.0°C E 18.0°C

Mastery

3 workeb ExAMPLE 10 | The dot plot shows the number of text messages sent by a group of students
during a one-hour period.

. 3 f f %
H . H H H H
o 1 2 3 4 5
Number of text messages sent
a Find the
i mode ii range iii median
iv lower quartile (Q,) v upper quartile (Q,) vi interquartile range (IQR).

b What could best describe the shape of the distribution: approximately symmetric, positively skewed,
or negatively skewed?

4 WORKED ExAMPLE 11 | The stem plot shows the ages of 33 customers in a store recorded one day.

Stem|Leaf

2 357777899
1111134456788
23448
9

N O G W
N W Ny o o

Key: 2|3 means 23

a Find the
i mode ii range iii median
iv lower quartile (Q,) v upper quartile (Q,) vi interquartile range (IQR).

b Isthere a possible outlier? Justify your answer.
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5 For each of the following

i find the IQR
ii do a calculation to show whether 60 is an outlier.
a . ° b ° H
[ 3 3 L3 L3 L3
° ° [ [ [ [
[ d 3 L[ d [ d [ d [ d
o [ L3 L3 L3 L3 (3
L] L] ° (] () L] ° ° () ()
10 20 30 40 50 60 © 70 8 9 100 110
C  Stem | Leaf d Stem | Leaf
1 2567 6 |0
2 66778909 7 |9
3 /035788 8 |33455578
4 |3 9 |[044456777
5 89
6 |0
Key: 7|9 means 79
Key: 1|2 means 12
6 This stem plot represents the number of goals scored per match Stem | Leaf
by the Sapphires in a netball season. The leaves in this stem Z ; g i ‘1‘
plot are not in the right order. 5 13637431
a Rewrite the stem plot so that the leaves are in the right order. g g g ; 0
b How many matches were played in the season?
Key: 6|8 means 68
¢ What was the Sapphires” highest score for a match?
d In what percentage of matches did the Sapphires score below
55 goals? Round your answer to the nearest percentage.
e What could best describe the shape of the distribution:
approximately symmetric, positively skewed or negatively skewed?
Exam practice 80-100%  60-79%  0-59%
Use the following information to answer the next two questions.
The stem plot shows the percentage of homes connected to Stem | Leaf
broadband internet for 24 countries in 2007. 1
1 |67
2 [011344
2 [57809
3 (00111223
3 |5788
4

Key: 1|6 means 16%

7 93% (2 marks) The number of these countries with more than 22% of homes
connected to broadband internet in 2007 is

A 4 B 5 C 19 D 20 E 22

8 86% Which one of the following statements relating to the data in the stem plot

is not true?
A The minimum is 16%. B The median is 30%. C The first quartile is 23.5%.
D The third quartile is 32%. E The maximum is 38%.
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Use the following information to answer the next two questions.

The dot plot shows the distribution of the number of bedrooms in each of 21 apartments advertised for sale
in a new high-rise apartment block.

4 5
Number of bedrooms

— - eo0000000
(SERTTY)
W - eeeesee

9 EIEN 91% The mode of this distribution is

Al B 2 C 3 D 7 E 8

10 82% The median of this distribution is

Al B 2 C 3 D 4 E 5

Use the following information to answer next two questions.

The marks obtained by students who sat for a test are displayed as a stem plot, as shown.

Stem|Leaf

0 0

1

2 01256

3 01113557899
4 12344677

5 0

Key: 2|1 means 21

11 94% The number of students who sat the test is

A 25 B 26 C 27 D 32 E 50

12 80% The interquartile range of these test marks is closest to
A9 B 13 C 30 D 36 E 41

13 (3 marks) The development index for each country is a whole number
between 0 and 100. The dot plot displays the values of the development index for each of the
28 countries that has a high development index.

[
[
o [
[ [ [ [
L3 L4 o o [
L3 L3 L4 L . [ L3
L] L] L] L] L] L] L] L]
T T T T T T T T T T
70 71 72 73 74 75 76 77 78 79
Development index
a 70% Using the information in the dot plot, determine the mode and the range. 1 mark

b 70% Write down an appropriate calculation and use it to explain why the country with
a development index of 70 is an outlier for this group of countries. 2 marks
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14 (3 marks) Table 1 shows the number of rainy days recorded in a high rainfall area for
each month during 2008.

Table 1

January 12
February 8
March 12
April 14
May 18
June 18
July 20
August 19
September 17
October 16
November 15
December 13

The dot plot below displays the distribution of the number of rainy days for the 12 months of 2008.

8 9 10 11 12 13 14 15 16 17 18 19 20
Number of rain days

a Copy the dot plot and circle the dot that represents the number of rainy days in April 2008. 1 mark
b For the year 2008, determine
i the median number of rainy days per month 1 mark

i the percentage of months that have more than 10 rainy days. Write your answer
correct to the nearest per cent. 1 mark

15 (5 marks) The stem plot in Figure 1 shows the distribution of the average

age, in years, at which women first marry in 17 countries.

Figure 1
Average age, in years, of women at first marriage
Stem | Leaf
24
250
26 | 6
27111347
281222336
29111
30|14
31

Key: 27| 3 means 27.3 years

a For these countries, determine
i the lowest average age of women at first marriage 1 mark

ii the median average age of women at first marriage. 1 mark
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The stem plot in Figure 2 shows the distribution of the average age, in years, at which men
first marry in 17 countries.

Figure 2
Average age, in years, of men at first marriage

Stem | Leaf

25
26 |0
27
28 |9

291099
300035679
3100 2
32159

33

Key: 32| 5 means 32.5 years

b For these countries, determine the interquartile range (IQR) for the average age of men
at first marriage. 1 mark

c If the data values displayed in Figure 2 were used to construct a boxplot with outliers,
then the country for which the average age of men at first marriage is 26.0 years would
be shown as an outlier. Explain why this is so. Show an appropriate calculation to support
your explanation. 2 marks

i8

e Back-to-back stem plots and

parallel boxplots

Video playlist
Back-to-back
stem plots
and parallel
boxplots

Back-to-back stem plots

Boxeand. Sometimes we want to compare the distribution of numerical data for two groups. For example, we may
whiskerplots  want to compare the test scores for two classes or the heights of players in two football teams. One way of
displaying and comparing two sets of data is to construct back-to-back stem plots.

A back-to-back stem plot has two sets of leaves, one on the left of the stem and one on the right. This allows
us to display all the data values for the two groups being compared, as in the example below.

Test results for two classes

This represents the

data value 52%
11A Stem 11B
5 4(2 5
75541 6 0235
9655400 7 45677899
(7)6 55 4 2@ 8 02566
10 9 2456779
4|7 =74% 7|4=74%
Largest value Smallest value
in th s leaf in this leaf
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VL) S 2 T E S -8 Working with back-to-back stem plots

Two speed cameras on different roads recorded the following car speeds (in km/h).

Camera 1: 136, 140, 123, 135, 112, 120, 116, 131, 127, 125, 130, 116, 131, 120, 130, 117, 130, 134, 123, 148
Camera 2: 67, 72, 73, 78, 90, 84, 63, 69, 71, 89, 102, 86, 69, 71, 93, 83, 80, 65, 73, 69

a Display the data with a back-to-back stem plot.

b Comment on the shape of the data for Camera 2.
¢ Calculate the median, range and IQR for the car speeds recorded by each of the two speed cameras.

d If the speed limit on the first road is 100 km/h and on the second is 80 km/h, which road has the greater
speeding problem? Provide statistical evidence for your answer.

Steps Working
a Order the data and display it using a back-to- Camera 1 Camera 2
back stem plot. 6 357999
7 1123338
8 034609 wB
9 |03
10 2 p. 16
7662 11
753300] 12
65411000/ 13
80| 14
2|11 =112km/h 10| 2 =102 km/h
b To see the shape of the data in the right leaf, Camera 2 ‘>
rotate the page 90° anticlockwise so that the 6 3579909
stem forms the horizontal axis and picture it 7112338 o=
. 8 034609 <12
as a histogram. 9 los >
Boles e
10 |2 £ ||| o
11 O ln|~|lo|lola
12
13 o -
14 —

The data for Camera 2 is positively skewed.

¢ Calculate the median, range and IQR for each Camera 1: median = 128.5km/h, range = 36 km/h,
set of data in the back-to-back stem plot. IQR = 12.5km/h
Camera 2: median = 73km/h, range = 39 km/h,
IQR = 16km/h
Compare the medians in relation to the The first road has the greater speeding problem.
speed limits to see if there are any noticeable The median speed for the first road is 128.5km/h,
differences. which is 28.5 km/h above the 100 km/h speed limit.

The median speed for the second road is 73 km/h,
which is 7km/h under the 80 km/h speed limit.
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VL) 2 CN B S B Interpreting back-to-back stem plots

Stella:

b Comment on the shape of Stella’s data.

data statistics.

Steps

a Order the data and display it with a
back-to-back stem plot, splitting the stems.
List leaves in the range 0-4 in the first half of

the split stem, and leaves in the range 5-9 in the
second half.

b To see the shape of the data in the right leaf,
rotate the page 90° anticlockwise so that the
stem forms the horizontal axis and picture it as
a histogram.

¢ Calculate the medians, ranges and IQRs from
the back-to-back stem plot.

d Use the results to decide who is the better
delivery person.

Arthur and Stella deliver flyers. The number of flyers delivered per hour over 12 hours is shown below.
Arthur: 20, 38, 23, 31, 14, 38, 28, 30, 37, 30, 24, 37

35,27, 25, 31, 27, 30, 35, 31, 24, 31, 23, 26

a Display the data using a back-to-back stem plot with split stems.

c Calculate the median, range and IQR for the number of flyers delivered by each person.

d Who would you say is the better delivery person? Justify your answer by quoting appropriate

Working
Arthur Stella
4 1
1
30 2 3 4
8 4 2 5677
100 3 0111
8877 3 55
3| 2=23flyers 2| 3=23flyers
Stella
1 <> ~ [~
1 ﬁ D~ | —
2 |34 ] F“"*F‘
[95] onn|(o|(n
2 5677
3 0111 — = AN N
3 55

Stella’s data is symmetric.

Arthur: median = 30, range = 24, IQR = 14.5

Stella: median = 28.5, range = 12, IQR = 5.5
Although the medians (30 and 28.5) are similar,
Arthur’s range (24) and IQR (14.5) are considerably
higher than Stella’s range (12) and IQR (5.5). This

means Stella’s deliveries have less variability and are
more consistent than Arthur’s, which indicates that

Stella is the better delivery person.

Parallel boxplots

Parallel boxplots are a good choice if we want to compare the distribution of numerical data for two or

more groups, particularly when the data set is large. It is also easier to compare medians and quartiles from

parallel boxplots than from back-to-back stem plots.

Here’s an example based on the test results of four classes. It’s relatively easy to find which class has the

highest median, lowest Q, or highest maximum value etc.

Class D
Class C

— T

I—

Class B l:l:

Class A

o

l—

T T T T

T
50 55 60 65 70

T T T T

T
80 8 90 95 100

Test scores

Nelson VICmaths General Mathematics 11
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m Constructing parallel boxplots

The test results of two Year 11 classes in General Mathematics are shown below.
Class A: 58, 46, 53, 52, 67, 36, 61, 49, 47, 59, 66, 53, 94, 69, 46, 44, 57

Class B: 60, 50, 70, 69, 86, 43, 60, 60, 44, 56, 49, 50, 56, 56, 42, 65, 47, 67, 25, 46
Construct parallel boxplots for the data.

1.1 B 1.2

Aclass_a & class_b ¢ 5 i

S

2 46 50

3 53 70 ]

' $2 69 (€] (6]

s 7 v. é .vL v“ ¥ ¥ .l

- S - C 3% 45 5 65 75 85 95

60 10 class_a

1 Start a new document and add a Lists & 4 Insert a Data & Statistics page.
Spreadsheet page. 5 For the horizontal axis, select class_a. A dot

2 Label column A as class_a and column B as plot of the data will be displayed.
class_b.

3 Enter the data as shown above.

1112
® 2 o
-8 .
_ '.: (%]
B Q b
2 s
. |
g S e
= = g
=3
3 45 S5 65 75 85 95 20 30 40 SO 60 70 80 90 10
class_a @class_a Oclass_b
6 Press menu > Plot Type > Box Plot. A boxplot 7 Press menu > Plot Properties > Add X Variable.
of the data will be displayed. 8 Select class_b. Parallel boxplots of the data
will be displayed.
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& Edit Calc SetGraph o

MEBORERDG

T
1 58 60 '
2 46 50 .l
3 53 70
N 52 69
5 67 88
6 36 43
7 61 GO
8 49 80
9 47 14

__[,ﬁi

2 Clear all lists.

3 Enter the data into list1 and list2.

4 Tap SetGraph to ensure both StatGraph1 and
StatGraph2 are selected.

| Set StatGraphe [ %]

1]2)3[4[5]6[7][8]8]
Oraw: @on * off
Type: B )
Xust: [ lis2 [*] |
Freg: [1 v
M show Outliers

9 Tap the 2 tab at the top of the window.

10 Ensure Draw: is set to On.

11 Change the Type: field to MedBox.
12 Change XList: to list2.

13 Tap the box to select Show Outliers.
14 Tap Set.

1 Tap Menu and open the Statistics application.

Set StatGraphs

(1 [2]sfal5]8]7][8]8]

Draw: @on ) off
Type: :
XList: [ Hist |
Freg! [ 1 |
Show Outliers

5 Tap SetGraph > Setting.

6 In the dialogue box, change the Type: field
to MedBox.

7 Leave XList: as list1.
8 Tap the box to select Show Outliers.

© Edit Colc SetGraph ¢

"”I“Iullﬁliﬂllt

llist1  [list2  |list3

3t =
15 Tap the Graph tool. The parallel boxplots will
be displayed in the lower window.

Nelson VICmaths General Mathematics 11
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VL) (5 B S E Working with parallel boxplots

The parallel boxplots below represent the average temperature (°C) in June for Victoria, New South Wales

and Queensland over a number of years.

— |
F—————N\w
I —— vic

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32
Average June temperature (°C)

Qb

a Which state has the highest median average June temperature?

b Which state has the largest range of average June temperatures?

¢ Which state’s data is best described as positively skewed?

d Which state had the lowest average June temperature?

WB
e Which of the three states has noticeably higher average June temperatures than the other two?
Refer to medians as evidence in your answer. p.18
Steps Working
a Look for the state whose median line is furthest Queensland
along the scale.
b Look for the longest boxplot, including whiskers. ~ New South Wales
¢ Look for the boxplot with its median to the left Queensland
of the box and the right whisker being longer
than the left one.
d Look for the lowest left endpoint. New South Wales
e Compare the medians shown on the Queensland has noticeably higher average June
states’ boxplots. temperatures than Victoria and New South Wales.
Queensland’s median (20°C) is much higher than
Victoria’s (10°C) and NSW’s (11°C).
Which display do we use?
Often there is more than one suitable display. Here are some guidelines to help us decide which statistical
display to use.
Display ‘ Type of data ‘ Guidelines
Bar chart Categorical data | Categories can be represented on the horizontal or vertical axis.
Histogram Numerical data Best if data has been grouped into between 5 and 15 intervals.
Can be used for a large number of data values.
Dot plot Numerical data | Best used with a maximum of 50 data values and when the data
values are not too spread out.
Boxplot Numerical data Best to read the five-number summary easily.
Stem plot Numerical data Best used with a maximum of 50 data values and to see all the
actual data values.
Back-to-back Categorical and | Used to compare the distribution of numerical data for two
stem plots numerical data groups, where the two data sets are small.
Parallel boxplots | Categorical and | Used to compare the distribution of numerical data for two or
numerical data more groups, where the data sets may be large and we want to
compare the five-number summaries.
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EXERCISE 1.6 Back-to-back stem plots and parallel boxplots ANSWERS p. 493

Recap
Use the following information to answer the next three questions.

The stem plot shows the times (in seconds) of skiers who finished Stem | Leaf

a slalom ski race. 901579
10245668
110223445
121233379
13234577
143 69
1501 2

Key: 14|3 means 143 seconds

1 The number of skiers who finished the race is

A7 B 15 C 23 D 36 E 152

2 If skiers with times under 110 seconds were of Olympic standard, the percentage of skiers of this
standard is closest to

A 12% B 22% C 25% D 27% E 28%

Mastery

3 WORKED EXAVPLE 12 | Two speed cameras on different roads recorded the following car speeds (in km/h).
Camera 1: 75, 83, 75, 84, 91, 82, 64, 69, 73, 89, 105, 88, 76, 72, 95, 84, 82, 68, 74, 68
Camera 2: 92, 100, 96, 119, 109, 109, 116, 84, 109, 100, 110, 97, 110, 114, 115, 118, 96, 111, 103, 88
Display the data with a back-to-back stem plot.
Comment on the shape of the data for Camera 2.
Calculate the median, range and IQR for the car speeds recorded by each of the two speed cameras.

If the speed limit on the first road is 80 km/h and on the second is 100 km/h, which road has the
greater speeding problem? Provide statistical evidence for your answer.

o O T 9o

4 WORKED EXAVPLE 13 | Trina and Steven deliver pamphlets. The number of pamphlets delivered per hour
over 12 hours is shown below.

Irina: 32, 29, 32, 37, 33, 36, 29, 27, 24, 33, 22, 28
Steven: 25, 33, 16, 38, 30, 32, 22, 38, 39, 32, 26, 39
a Display the data with a back-to-back stem plot with split stems.

b Comment on the shape of Steven’s data.

(2]

Calculate the median, range and IQR for the number of pamphlets delivered by each person.

Who would you say is the better delivery person? Justify your answer by quoting appropriate
data statistics.

5 Two speed cameras on different roads recorded the following car speeds (in km/h).
Camera 1: 83, 80, 69, 94, 92, 98, 63, 95, 69, 91, 90, 83, 65, 98, 69, 91, 93, 69, 89, 96, 132, 83
Camera 2: 91, 120, 116, 98, 55, 116, 96, 106, 118, 112, 98, 112, 100, 60, 120, 116, 95, 125, 90, 90, 94, 123
Construct parallel boxplots for the data.
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6 WORKED ExAMPLE 14 | The parallel boxplots below represent the maximum daily temperatures (°C)
recorded in July for three towns, Ashville, Ballinga and Colebrook, over a number of years.

S [ L Ashville
— | —— Ballinga
— —— Colebrook

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32
Maximum daily July temperature (°C)

Which town has the highest median average July temperature?
Which town has the largest range of average July temperatures?
Which town’s data is best described as negatively skewed?

Which town had the lowest average July temperature?

O o 6 T o

Which of the three towns has noticeably higher average July temperatures than the other two?
Refer to medians as evidence in your answer.

Exam practice 80-100%  60-79%  0-59%

Use the following information to answer the next three questions.

The back-to-back stem plot shows the female and male smoking rates, expressed as a percentage,
in 18 countries.

Female | | Male
9997765 1 79
86555553210 2 244456777
3 001169
4 7

Key: 2 | 7 means 27%

7 94% For these 18 countries, the lowest female smoking rate is
A 5% B 7% C 9% D 15% E 19%

8 85% For these 18 countries, the interquartile range (IQR) of the female smoking

rates is

A 4 B 6 C 19 D 22 E 23

M ©vcaa 85% For these 18 countries, the smoking rates for females are generally
A lower and less variable than the smoking rates for males.

lower and more variable than the smoking rates for males.

higher and less variable than the smoking rates for males.

higher and more variable than the smoking rates for males.

m O O W

about the same as the smoking rates for males.
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10 77% The parallel boxplots summarise the distribution of population density,
in people per square kilometre, for 27 inner suburbs and 23 outer suburbs of a large city.

Inner suburbs

— T o

Outer suburbs

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

Population density (people per square kilometre)
Which one of the following is not true?
A More than 50% of the outer suburbs have population densities below 2000 people per square kilometre.
More than 75% of the inner suburbs have population densities below 6000 people per square kilometre.
Population densities are more variable in the outer suburbs than in the inner suburbs.

The median population density of the inner suburbs is approximately 4400 people per square kilometre.

m U O W

Population densities are, on average, higher in the inner suburbs than in the outer suburbs.

Use the following information to answer the next two questions.

Samples of jellyfish were selected from two different locations, A and B. The diameter (in mm) of each
jellyfish was recorded and the resulting data is summarised in the boxplots shown.

Location A

L

Location B _[D_

0 5 10 15 20 25
Diameter of jellyfish (mm)

11 75% From the boxplots, it can be concluded that the diameters of the jellyfish taken

from location A are generally

A similar to the diameters of the jellyfish taken from location B.

less than the diameters of the jellyfish taken from location B and less variable.
less than the diameters of the jellyfish taken from location B and more variable.

greater than the diameters of the jellyfish taken from location B and less variable.

m O O W

greater than the diameters of the jellyfish taken from location B and more variable.
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12

13

14

66% The percentage of jellyfish taken from location A with a diameter greater than

14 mm is closest to
A 2% B 5% C 25% D 50% E 75%

© VCAA 62% As part of an experiment, three samples of pine trees were planted.
Each sample contained 50 trees. One sample was grown under hot conditions, one sample was
grown under mild conditions and one sample was grown under cool conditions. The parallel
boxplots show the rate of growth (in centimetres per year) of these three samples.

o —|:|:|— o o0 o Hot conditions

o —D:I— Mild conditions
—ED— Cool conditions

Rate of growth (centimetres per year)

From the parallel boxplots it can be concluded that, as conditions change from hot to mild
to cool, the rate of growth for these trees

A decreases on average and becomes less variable.
decreases on average and becomes more variable.
does not change on average but becomes more variable.

increases on average and becomes less variable.

m O O W

increases on average and becomes more variable.

2012 20Q3 MODIFIED | (4 marks) A weather station records the wind speed and the wind
direction each day at 9.00 am. The wind speed is recorded, correct to the nearest whole

number. The parallel boxplots have been constructed from data that was collected on the
214 days from June to December in 2011.

N | I
e e Sy S—
North-east —|:|:
North-west —|:]— o
South [ 1]
South-east | o —[D— o
South-west —D:I— o
West —D:]—

T T T
0 2 4 6 8 10 12 14 16 18 20 22
Wind speed (km/h)

Wind direction

a Copy and complete the following statements.

The wind direction with the lowest recorded wind speed was

The wind direction with the largest range of recorded wind speedswas | 1 mark
b Which wind direction had the greatest variability? 1 mark
Which wind directions had 50% of their speeds between 4 and 6 km/h? 1 mark
Which wind directions had outliers of 11 km/h? 1 mark
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@ The mean and standard deviation

The mean

The mean is another measure of the centre of a distribution. It is often referred to as the ‘average. The
symbol for the mean of a set of data is x (called x bar’). There are shortcuts for calculating the mean
depending on how the data is displayed.

Mean for ungrouped data: Mean for data in a grouped frequency table:
7 . sum of all values 5 o sum of (eachvalue x itscorresponding frequency)
number of values sum of frequencies
_ ZE 2
n 2f

where ¥ means ‘sum of”

Comparing the mean and median
We often need to choose between the mean and the median for the best measure of the centre.
o For symmetric distributions, the mean = the median.
« For distributions that are approximately symmetric, the mean and the median will be very close in value.
o The mean is greater than the median for positively skewed distributions.
o The mean is less than the median for negatively skewed distributions.

« Outliers usually don't affect the median, but they can often significantly affect the mean.

Mean vs Median

Choosing between the mean and the median as the measure of the centre of a distribution:

Shape of distribution ‘ Choose

Approximately symmetric distributions with no outliers | mean or median

Approximately symmetric distributions with outliers median

Skewed distributions median

VL) o N B S B Calculating the mean

The scores for the players in two nine-hole golf tournaments were recorded. For each one

i find how many players were in each tournament
i calculate the mean score, correct to one decimal place.
a Tournament 1 scores: 36, 44, 35, 47, 42, 37, 43, 39, 40, 38

b Tournament 2 scores:
Score (x) ‘ Frequency

37 2
38 4
39 7
40 4
41 1
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Steps Working

a i Count the number of data values. There are 10 players in tournament 1.
. DY — 36+44+35+47 +42+37+43+39+40+ 38
ii Use the formula ¥ = —, giving your X = T
n
answer correct to one decimal place. _401 _ 401

The mean score for tournament 1 is 40.1.
b i Find the sum of the frequencies. Sf=2+4+7+4+1=18
There were 18 players in tournament 2.

ii 1 Add an extra column to the table

Score (x) ‘ Frequency (f) ‘ xxf
and an extra row for totals. Fill in
37 2 74
the x x f column and totals.
38 4 152
39 7 273
40 4 160
41 1 41
Total 18 700
2 Use the formula x = %, giving your X = 152+ 273+ 160+ 41 700 38.9
2f 2+4+74+4+1 18

answer correct to one decimal place. The mean score for tournament 2 is 38.9.

The standard deviation M,
. e . (L
The standard deviation, like the range and the Standard deviation
interquartile range, is a measure of the spread of the o Worksheets
data. The interquartile range measures the spread The formula for the standard!deviation s Goviation
of data around the median, whereas the standard —\2 Statistical
L. _ z(x - x) calculations
deviation measures the spread of data around the 8= no1 ctaciet
- atistics
mean. The symbol for the standard deviation for review

although calculations are done using CAS. Caleulating

and
interpreting
summary
statistics

o = d
Standard deviation verses IQR sthelattziiszt‘ir::s

crossword
Choosing between the standard deviation and IQR as the measure of the spread of a distribution:

Shape of distribution ‘ Choose

Approximately symmetric distributions with no outliers | standard deviation or IQR

a set of data is s.

Statistics
crossword

Approximately symmetric distributions with outliers IQR
Skewed distributions IQR
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m Finding the mean and standard deviation for ungrouped data

data shown.
3,4,4,5,5,7,7,7,8,9,9,9,12, 12

Find the mean x and the standard deviation s, rounded to two decimal places, for the ungrouped

,13,15,15, 16,18, 20

1 Start a new document and
add a Lists & Spreadsheet
page.

2 Enter values into column A.

3 Press menu > Statistics
> Stat Calculations
> One-Variable Statistics.

One~Variable Statistics i
3§ Frequency List [y »

2 . »

] »
g T
: ok | Cancel |,
-; rah

4 On the next screen, keep
the number of lists default
setting of 1 and select OK.

5 In the X1 List: field, keep the
default setting of a[ I*.

6 Select OK.

* Alternatively, label the column
and use the variable name.

B @ C (4]
= =OneVar(
3 4 3x 199,
i+ 5 Ix* 2432,
5 5x e 5. | 493313
[ 7 Oxi= On. 4FSHSS -
B « >

7 The one-variable labels and
values will be displayed in
columns B and C.

8 Scroll down to view the
mean and standard deviation
values.

© Edit Calc SetGraph ¢

|18

, lnsn list2

ADWONOMEWN -

SR WO S

ey

1 Tap Menu and open the
Statistics application.

2 Clear all lists and enter the
data as shown.

One-Variable
it O ) |
Frog (1 [+

One-Varisble a
—=hy

=iz

(v}

3 Tap Calc > One-Variable.

4 Leave the default settings of
XList as list1 and Freq: as 1.

5 Tap OK.

6 The mean and standard
deviation values will be
displayed.

x =9.90,s5=4.98

@ Exam

hack

The steps for finding the mean and standard deviation for a data set
using CAS are the same as for finding the five-number summary.

Nelson VICmaths General Mathematics 11
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m Finding the mean and standard deviation for grouped data

Find the mean x and the standard deviation s, rounded to two decimal places, for the grouped data shown.

7

1 Start a new document and add a Lists &

Spreadsheet page.

2 Enter the scores into column A and the
frequencies into column B, as shown.

1.1
One~Variable Statistics

p=

itz [af)
—

3 Include :-l'.'.,J*".'.JI

4 15t Result Column l(u

»n
r

p——q —— — p—
A d

OK Cancel

5 -
m =

X1 List: a[]
Frequency List: b[].
7 Select OK.

6 In the dialogue box, enter the following:

Score ‘ Frequency
1 5
2 11
3 4
4 3
S 7
6 3
TI-Nspire
1 1 I:] : One-Variable Statistics
2 2 1 2 tlarr of I:E
- 3 4 3 OK  Cancel
4 4
s - . 5 7 L

S
m: o

3 Press menu > Statistics > Stat Calcuations

> One-Variable Statistics.

4 In the dialogue box, keep the default setting

of the Num of Lists: as 1.

5 Select OK.

- =0OneVar(
2 2 ME | 315152
3 3 4 Zx 104,

4 4 3¢ 416.
5 S 7 $Xi= Sn-,
G 6 3 ox:=on. 163524,

Bl - s «

8 The labels and values will be displayed in

columns C and D.

9 Scroll down to view the mean (X) value of
3.15 and standard deviation (sx) value of 1.66.

9780170448192
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list2 as shown above.

6 Tap OK.

© Edit Caolc SetGraph ¢
: One-Variable
sl [ustz__ [isis (P9 || ¥t [T [+]
1 1 5
2 2 l‘l’ . 4
3 3 1 Freq s v
4 4 3
5 5 7
6 ] 3
7 —
8
9
; & e
1 Tap Menu and open the 4 Tap Calc > One-Variable. 7 The mean (X) value of 3.15
Statistics application. 5 In the dialogue box, select and standard deviation
2 Clear all lists. the following: (s,) value of 1.66 will be
3 Enter the scores into list1 XList: list1 displayed.
and the frequencies into Freq: list2

VL) S o N B S S Working with the mean and standard deviation from a display

For each of the following displays

i find the mean and standard deviation, correct to

Steps

a . °
[ d [J [J
[ J (3 (3

L] L] (] [ ] [ ] L]

T T T T T T

17 18 19 20 21 22
Age (years)

i Use CAS by entering the data values from the
graph and selecting the mean and standard
deviation. Round to two decimal places.

ii 1 Findx —sand x +s.

2 Count the number of data values between
X —-sand X +s.

Nelson VICmaths General Mathematics 11

two decimal places

ii find the number of data values that are within one standard deviation from the mean.

Working

17,18, 18, 18, 19, 19, 19, 19, 19, 20, 20, 20, 20, 21, 22
x =19.27,s=1.28

X —-5s=19.27-128=17.99

X +5s=19.27 + 1.28 = 20.55

The values between 17.99 and 20.55 are:
18, 18, 18, 19, 19, 19, 19, 19, 20, 20, 20, 20

There are 12 data values that are one standard
deviation from the mean.

9780170448192




b StemlLeaf
567 89

W N =
BN o

17

466

8

Key: 1 | 5 means 15 years

i Use CAS by entering the data values from the
graph and selecting the mean and standard
deviation. Round to two decimal places.

ii 1 Findx —sand X +s.

2 Count the number of data values between
X —sand X +s.

15, 16, 17, 18, 19, 20, 21, 27, 32, 34, 36, 36, 44, 48
X =27.36,s=10.95

X —-s=2736-10.95=16.41

X +s5=27.36 +10.95 = 38.31

The values between 16.41 and 38.31 are:
17,18, 19, 20, 21, 27, 32, 34, 36, 36

There are 10 data values that are one standard
deviation from the mean.

Standard deviations from the mean

A lot of data in real life has what is known as a normal distribution, which has the following bell shape:

Tails off towards
zero on both sides

mode = mean = median

/

Tails off towards
zero on both sides

/

For normal distributions, we know that the following mean-standard deviation scale gives the percentages

of data lying within 1, 2 or 3 standard deviations from the mean:

34% ‘13.5% ‘ 2.35%

0.15% | 2.35% 13.5% 34% ‘ 0.15%
I [ [ I [ I [
-3s -2s —-1s X +1s +2s +3s
If X = 10 and s = 2, then this becomes
0.15% | 2.35% 13.5% 34% ‘ 34% ‘ 13.5% ‘ 2.35% | 0.15%
I [ I I I I [
-3s =25 -1s X +1s +2s +3s
4 6 8 10 12 14 16

So we know, for example, that
o 34% of the data lies between 10 and 12
o 13.5% of the data lies between 12 and 14
e 2.35% of the data lies between 4 and 6
e 0.15% of the data is less than 4

9780170448192
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VL)l 2 VT E S S Working with the mean-standard deviation scale

that have

a between 9 and 13
orange hundreds and thousands.
Steps

a 1 Write a mean-standard
deviation scale that includes the
mean and standard deviation
values given.

2 Read from the mean-standard
deviation scale.

b Read from the mean-standard
deviation scale.

¢ Add the required percentages from
the mean-standard deviation scale.

d Add the required percentages from
the mean-standard deviation scale.

b more than 29

A study found that the number of orange hundreds and thousands on a freckle chocolate button has
a normal distribution with a mean of 17 and a standard deviation of 4. Find the percentage of freckles

¢ between 17 and 25 d less than 13

Working

0.15% | 2.35% 13.5% ‘ 13.5% ‘ 2.35% | 0.15%

34% ‘ 34%
T T I T T T T
-3s -2s —-1s X +1s +2s +3s

9 13 17 21 25 29

13.5% of freckles have between 9 and 13 orange hundreds
and thousands.

0.15% of freckles have more than 29 orange hundreds
and thousands.

Add the percentages between 17 and 25:
34% + 13.5% =47.5%

47.5% of freckles have between 17 and 25 orange hundreds
and thousands.

Add the percentages less than 13:
0.15% + 2.35% + 13.5% = 16%

16% of freckles have less than 13 orange hundreds
and thousands.

VCE QUESTION ANALYSIS

Month ‘ Minimum ‘

The five-number summary for the distribution of minimum daily temperature for the months of
February, May and July in 2017 is shown in the table. The associated boxplots are shown below the table.

Five-number summary for minimum daily temperature

Q | Median | Q | Maximum

2019 2CQ3 MODIFIED ] 2019 Examination 2 Core Question 3 (6 marks)

February

5.9

9.5

10.9

13.9

22.2

May

3.3

6.0

7.5

9.8

12.7

July

1.6

3.7

5.0

5.9

7.7

Minimum daily
temperature (°C)

— = W
N o S B
1 . 1 . 1 . 1 .

oo
L_n

(=TT N
n [l .

February

May
Month

July

Data: Australian Government, Bureau of Meteorology, <www.bom.gov.au/>
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a Copy and complete the following sentence.

The middle 50% of the July minimum daily temperatures are between
°Cand MC: 1 mark

b Describe the shape of the distribution of the minimum daily temperatures (including

outliers) for February. 1 mark
¢ What is the range of the May minimum daily temperatures? 1 mark
d Is there a noticeable difference in minimum daily temperatures between the three
months? Refer to medians as evidence in your answer. 1 mark
@ Exam hack

Don't give more information than asked for. If the extra information is wrong, you will lose marks.

e Determine the value of the upper fence for the February boxplot and hence show that the
outlier is correct. 2 marks

Reading the question

o The data is presented in two ways: as five-number summaries and as boxplots.
o Make sure you are clear on what the ‘middle 50%’ is referring to.

o Note you are asked to ‘refer’ to something in part d and to ‘show’ something in part e.
Thinking about the question

o Decide whether it’s best to use the five-number summaries or the boxplots for each question part.
o A ‘show’ answer must have whatever needs to be shown at the very end.

« Think about why part e is worth two marks.
Worked solution (v = 1 mark)
a The middle 50% lies between Q, and Q;.

From the five-number summary table: for July Q, = 3.7 and Q; = 5.9. This means:
The middle 50% of the July minimum daily temperatures are between 3.7°C and 5.9°C. v/

b The box and whisker in the positive direction are longer than the box and whisker in the negative
direction, so the shape is: positively skewed with an outlier

¢ range = largest value — smallest value = 12.7 - 3.3 =9.4°C

d Yes, there is a noticeable difference. The February median (10.9°C) is noticeably higher than the
May median (7.5°C), which is noticeably higher than the July median (5.0°C). v/

e upper fence = Q5+ 1.5 x IQR =13.9 + 1.5 x 6.6 = 20.5. v The outlier is 22.2, the maximum given in
the five-number summary table. This outlier is correct because 22.2 > 20.5. /

Student performance

a Students needed to use the exact values given in the five-number summary table rather than relying
on estimating the values from the boxplot.

b The question specifically said to refer to any outliers, so this needed to be done to get the mark.
¢ Students again needed to use the exact values given in the five-number summary table rather than
relying on estimating the values from the boxplot.

d Questions of this type require reasoning rather than comments about which season each month falls
in. Students should not use the word ‘average’ in their answer. They should refer to all three medians,
not just two. Referring to the difference in maximums and minimums doesn’t answer the question.

e The first mark was for the correct calculation of the upper fence and the second for a statement,
with specific values, that the outlier was greater than the upper fence. Don’t round if not asked to:
21 is incorrect.
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EXERCISE 1.7 The mean and standard deviation

ANSWERS p. 494

Recap

1 2015 2cQ2 MODIFIED | The parallel boxplots
shown compare the distribution of life expectancy
for 183 countries for the years 1953, 1973 and 1993.
The shape of the distribution of life expectancy for
1973 can best be described as

A positively skewed with no outliers.
negatively skewed with no outliers.
approximately symmetric.

positively skewed with outliers.

m O O W

negatively skewed with outliers.

2 The parallel bOXplOtS Basketballers

display the distribution of height for three

1993

1973

30 40 50 60 70 80
Life expectancy (years)

groups of athletes: rowers, netballers Netballers

and basketballers.

Which one of the following statements Rowers

is not true?

A The shortest athlete is a netballer. . ,
155 160

B The rowers have the least variable height.

C More than 25% of the netballers are
shorter than all rowers.

D The basketballers are the tallest athletes

in terms of median height.

E More than 50% of the basketballers are
taller than any of the rowers or netballers.

Mastery

165

170 175 180 185 190 195
Height (cm)

3 WORKED EXAMPLE 15 | Two groups of students were surveyed about the number of movies they had

streamed in the last month. For each group

i find how many students were surveyed

i calculate the mean number of movies streamed, correct to one decimal place.

a Group 1 movies streamed: 4,7, 2,0, 8,3,6,2,1,0,4,5, 3

b Group 2 movies streamed:

Movies (x) ‘ Frequency
0 6
1 7
2 8
3 10
4 9
5 5
6 5
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4 Find the mean x and the standard deviation s, rounded to two decimal places, for the

ungrouped data shown.

32,43, 35, 45, 31, 43, 34, 34, 35, 47, 37, 39, 42, 38, 36

5 Find the mean X and the standard deviation s, Score | Frequency
rounded to two decimal places, for the grouped data shown. 5 3
6 5
7 1
8 0
9 5
10 2

6 Find the mean, median, mode, range, interquartile range and standard deviation of the following data.
Where necessary, round answers to one decimal place.

23, 28, 29, 25, 26, 25, 29, 28, 22, 24, 21, 31, 32, 24, 27, 24, 26

7 [£4 workep exampLE 16 | P Using CAS 5 | For each of the following displays

i find the mean and standard deviation, correct to two decimal places

ii find the number of data values that are within one standard deviation from the mean.

a H o H b Stem | Leaf
[ o o °
L] L] L] L] L] L]
T T T T T T 1 2 4 6 9
17 18 19 20 21 22 2 11467
Age (years) 3 /1035899
4 3

Key: 1| 2 means 12 years

8 WORKED ExAMPLE 17 | A study found that the number of cheese puffles in a packet has a normal
distribution with a mean of 55 and a standard deviation of 3. Find the percentage of packets that have

a between 55 and 58 b less than 46
c Dbetween 55 and 64 d more than 55 of cheese puftles.
Exam practice 80-100%  60-79%  0-59%

9 88% The total mass of nine oranges is 1.53 kg. Using this information, the mean
mass of an orange would be calculated to be closest to

A 1l5g B 138¢g C 153g D 162¢g E 170g

10 71% The pulse rates of a large group of 18-year-old students are approximately
normally distributed with a mean of 75 beats/minute and a standard deviation of 11 beats/minute.

The percentage of 18-year-old students with pulse rates less than 75 beats/minute is closest to

A 32% B 50% C 68% D 84% E 97.5%
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Use the following information to answer the next two questions.

The number of DVD players in each of 20 households is recorded in the frequency table.

Number of DVD players ‘ Frequency

0 6
1 9
2 3
3 1
4 0
5 1
Total 20

11 62% For this sample of households, the percentage of households with at least
one DVD player is

A 30% B 45% C 50% D 70% E 90%

12 B 54% For this sample of households, the mean number of DVD players in these
20 households is

A 0.75 B 1.00 C 115 D 1l.64 E 2.00

13 B 60% A sample of 14 people were asked to indicate the time (in hours) they had
spent watching television on the previous night. The results are displayed in the dot plot.

1 5 6
Time spend watching television (hours)

o
[\
W
'S

Correct to one decimal place, the mean and standard deviation of these times are respectively
A x=20 s=15 B x=21 s=1.5 C x=21 s=16
D x=26 s=12 E x=26 s=13

14 BN 58% The distribution of the weights of eggs produced by a chicken farm is
approximately normal with a mean of 85g and a standard deviation of 5g. Eggs weighing 95 g or more
are classified as Extra Large. The percentage of eggs that would be classified as Extra Large is closest to

A 0.15% B 0.35% C 25% D 5% E 16%

15 The dot plot shows the number of vehicles driving past Westvale High School every minute for
a 20-minute period.

o -{eeeee

)
w
W
(&
o)
~
©

10
Number of vehicles per minute

a Find the mean.
b Calculate the standard deviation, correct to two decimal places.

¢ How many data values were within one standard deviation from the mean?
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@ Chapter summary

®

Yjs/ No

Does it make
sense to add
the numbers?

Types of data E
=
=

Are =]
numbers ®n
involved? E

=
o
g
-
(&)

No
Yes

Categorical

/N |

Does the data Can you measure it
scale have a fixed with ever-increasing
beginning? levels of accuracy?

Yes w ( No Yes No

( Ratio ] [ Interval (Contlnuous ( Discrete J ( Ordinal J (Nominal]

Is there a
natural order?

Describing data

Measure of centre

Measure of centre ‘ Use for ‘ Description

mode numerical » most frequently occurring data value

categorical o is called the modal category for categorical data

« data with two modes is called bi-modal

o if every data value appears exactly once, there’s no mode

median numerical o the middle value
ordinal o if there are two middle values, add them and divide by 2.
mean numerical o the average of all the data values
P x = m of all values for a list of data values
number of values

7 sum of (each value x itscorresponding frequency)

sum of frequencies

for data in a frequency table
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The five-number summary

25% | 25% | 25% | 25%
Minimum Q Median Q; Maximum
Median of Median of
lower half upper half
Measures of spread
Measures of spread ‘ Use for ‘ Description
Range numerical | o measures the spread of the entire data set
o range = largest value — smallest value
Interquartile range numerical | o measures the spread of the middle 50% of the data values
° IQR = Q3 - Q1
Standard deviation numerical | o measures the spread around the mean

—\2
«s5= «/Lx - %) (use CAS)
n-1

o An outlier is an extreme high or low data value.

Outliers

o A data value is a possible outlier if it is less than the lower fence Q, — 1.5 x IQR
or greater than the upper fence Q; + 1.5 x IQR

Standard deviations from the mean

0.15% | 2.35% | 13.5% | 34% 34% | 13.5% | 2.35% | 0.15%

T T T T
-3s -2s ~1s X +1s +2s +3s

Measures of centre

Measures of spread

Displays
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Data displays

Display | Description

®

Frequency table « involves counting the number of times each data value occurs

o frequencies often shown as percentages E
f

o percentage = LEQUEREY  100% E
total =
Bar chart o bars can be horizontal or vertical a
Grouped frequency « involves numerical data that has been grouped into regular intervals E
table o makes it easier to deal with large amounts of data IE
Histogram « graphical display of data from a grouped frequency table ;
o best if data is grouped into 5 to 15 intervals (1)

Dot plot « used for both categorical and numerical data
« should not involve too many data values or a large data spread

Stem plot o involves actual data values and requires a key

o best used with a maximum of 50 data values and to see all the data values

o back-to-back stem plots allow us to compare the distribution of numerical data
for two groups

Boxplot o best if we want to read the five-number summary easily
o helps to find IQR and outliers
parallel boxplots allow us to compare the distribution of numerical data for

several groups

| . Median i Maximum
! Minimum !
: ‘ Q1 * Q3 : *
°
! -25“/ _ZS‘V !
! 25% : ” 25% ! 4
| I —— | Outlier
: IQR= Q3 -Q :
1 1
Lower fence = Q, - 1.5 x IQR Upper fence = Q; + 1.5 x IQR
Describing distributions
Symmetric distributions
Single-peaked Double-peaked
Mean Mean
Median Median
144 I / Single peak : Double peaks
12 : 30 1
oy : &
g 104 : g
3 8- : 3, 20+
g | g
& 67 : &
4 2 10 +
2 i —
0 : T 0 T T T T T 1 T T T T T
0 10 20 30 ! 40 50 60 70 0 10 20 30 40 50;60 70 80 90 100110
Line of slymmetry Line of éymmetry
Modal interval: 30-<40 Bi-modal: 20-<30 and 80-<90

The mean and median are both close to the line of symmetry.
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Skewed distributions

Positively skewed

—_
[SSIN
1

—
(=}

Tail is in a positive direction

Frequency
o]
1

Frequency
o o
1 1

N
-

Negatively skewed

Tail is in a negative direction

-~

2] 1

|

(=}

The mean is greater than the median.

Distributions with outliers

I I —

o o — [T }+—

Mean vs median / Standard deviation vs IQR

Shape of distribution | Choose

Approximately symmetric distributions with no outliers

— T

mean or median

The mean is less than the median.

standard deviation or IQR

Approximately symmetric distributions with outliers

median

IQR

Skewed distributions

median

IQR
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Cumulative examination 1

Total number of marks: 10 Reading time: 4 minutes Writing time: 23 minutes

1 [EXEYN 2002 1cas MODIFIED | 1526 students sat for an examination. The histogram shows the distribution
of marks.

-
=
o
=
<
Z
=
g
X
u
u
=
-
<
-l
=
=
=
(2]

Percentage frequency
—
=)
1

i i i i i i T
30 35 40 45 50 55 60 65 70 75 80 85 90
Mark

The centre of this distribution is closest to

A 50 B 55 C 60 D 65 E 70

2 For an ordered set of data containing an odd number of values, the middle value

is always
A the mean. B the median.
C the mode. D the mean and the median.

E the mean, the median and the mode.

Use the following information to answer the next three questions.

The back-to-back stem plot shows the distribution of maximum temperatures (in °Celsius) of two towns,
Beachside and Flattown, over 21 days in January.

Beachside Flattown

9875 1 8 9
43221100 2
998765 2 8 9
32 3 33 4
8 3 556777 88

4 0012

4 56

3 The variables temperature (°Celsius) and town (Beachside or Flattown) are
A both categorical variables.

both numerical variables.

categorical and numerical variables respectively.

numerical and categorical variables respectively.

m U O W

neither categorical nor numerical variables.

4 For Beachside, the range of maximum temperatures is
A 3°C B 23°C Cc 32°C D 33°C EMSSE
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5 The distribution of maximum temperatures for Flattown is best described as
A negatively skewed. B positively skewed.
C positively skewed with outliers. D approximately symmetric.

E approximately symmetric with outliers.

6 Which of these displays could be described as positively skewed with a possible outlier?

A Stem|Leaf B S o
S s 2 e
7. | UBNES R s = & <
8 0023463829 e 72 "8 A5 Gw7 N0 1
9 O Z5 78
10 2.8 5 6.7 78
Key: 7 | 9 means 79
(o3 D  Stem | Leaf
7_
12 3
Y 13
gs- 14
B 4 15 47999
S:’ 34 16 023788
2 4 87 002445577789
14 18 |39
0 | , 19 012

Score Key: 12 | 3 means 123

T T
10 20 30 40 50 60 70 80 90 100

7 The distribution of fuel consumption of a particular model of car is approximately
normal with a mean of 8.8 km per litre and a standard deviation of 2.2 km per litre. The percentage
of this model of car that has a fuel consumption less than 6.6 km per litre is closest to

A 2.5% B 5% C 16% D 32% E 68%

8 The boxplots display the distribution of average pay rates, in dollars per hour, earned
by workers in 35 countries for the years 1980, 1990 and 2000. Based on the information contained in the
boxplots, which one of the following statements is not true?

| ]

25+

—_ (Vo3
w1 <
1 1

Average pay rate ($/hour)
=

w1
1

e

1980 1990 2000
Year

A 1In 1980, over 50% of the countries had an average pay rate less than $8.00 per hour.

In 1990, over 75% of the countries had an average pay rate greater than $5.00 per hour.

C In 1990, the average pay rate in the top 50% of the countries was higher than the average pay rate
for any of the countries in 1980.

In 1990, over 50% of the countries had an average pay rate less than the median average pay rate in 2000.

E In 2000, over 75% of the countries had an average pay rate greater than the median average pay rate
in 1980.
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Use the following information to answer the next two questions.
Joel is training for a triathlon. He swam the following times, in minutes, in his last ten races.

28,34, 22, 24, 25, 24, 26, 26, 24, 27

9 Joel's mean swim time is

A 24min B 25min C 25.5min D 26min E 27min

10 If the outlier score of 34 was removed from the set of data, which of the following would happen?
A The mean would stay the same.
The mean would have 34 added to it.

The mean would decrease.

-
=
o
=
<
Z
=
g
X
u
u
=
-
<
-l
=
=
=
(2]

The mean would increase.

m O O @

None of the above.
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Cumulative examination 2

Total number of marks: 15 Reading time: 4 minutes Writing time: 23 minutes

1 (3 marks) The histogram shows the distribution of mean yearly rainfall
(in mm) for Australia over 103 years.

304+ —_— - ——
254— — — —
Sometimes a break like 2 201 —
this is used to indicate 2 e =
that not all of the scale “{5 18
marks from g ro have __g 104 =
been included. §
Z ST =
O _ﬂ/\ T T T T T T
0 T 250 300 330 400 450 500 550 600 650 700 750 800 850
Mean yearly rainfall (mm)
a Describe the shape of the histogram. 1 mark

b Use the histogram to determine
i the number of years in which the mean yearly rainfall was 500 mm or more 1 mark

i the percentage of years in which the mean yearly rainfall was between 500 mm
and 600 mm. Write your answer correct to one decimal place. 1 mark

2 (3 marks) The dot plot and boxplot display the distribution of

skull length, in millimetres, for a sample of the same species of bird.

.
T i v LIRS BN I O BLELELEE B o B LA N
285 290 295 300 305 31.0 315 320 325 330 335 340
Skull length (mm)

o SR

T T T T T T T T T T T T
285 290 295 300 305 31.0 315 320 325 330 335 340
Skull length (mm)

Write down the modal skull length. 1 mark

Use information from the plots above to show why the bird with a skull length
of 33.5 mm is not plotted as an outlier in the boxplot. 2 marks
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3 (5 marks) Edgar has a theory that everyone always underestimates the length of a piece
of string. He asked his friends to estimate the lengths of several pieces of string and then
measured their actual lengths. He then showed the results as the following parallel boxplots.

Estimates

—] — -
Actual |:|:|

T T T T T
10 15 20 S 30 35 40
Length of string (cm)

w1

Find the following for both the estimated lengths and the actual lengths.

N
=
=
=
<
=
=
g
x
w
w
=
=
g
wd
=)
=
-
(3]

a median 1 mark
b range 1 mark
IQR 1 mark
Describe the shape of each data set. 1 mark
e Do Edgar’s results support his theory? Justify your answer by referring to medians. 1 mark
4 (4 marks) The stem plot shows the number of customers Stem | Leaf
in a store each day over a two-week period. 2 |37
3 11467
4 03589
5 |26

Key: 1 | 2 means 12 years
a Use the data to find
i the mean and standard deviation, correct to two decimal places 1 mark
ii the number of data values that are one standard deviation from the mean. 1 mark

b Assuming the data has a normal distribution, what percentage of data values would lie
one standard deviation from the mean? 1 mark

¢ What is the actual percentage of data values that lie within one standard deviation from
the mean? 1 mark

9780170448192 Chapter 1 | Cumulative examination 2 75



CHAPTER

ARITHMETIC SEQUENCES
AND FINANCIAL
RECURRENCE RELATIONS

Study Design coverage
Nelson MindTap chapter resources

2.1 Sequences
Sequences, values and rules
Types of sequences
Arithmetic sequences

2.2 Arithmetic recurrence relations
Recurrence relations
Using CAS 1: Generating sequences through recursive computation
The nth value arithmetic sequence rule

2.3 Simple interest recurrence relations
Simple interest investments and loans
Simple interest general rule

2.4 Depreciation recurrence relations
Depreciation
Flat rate depreciation recurrence relations
Flat rate depreciation general rule
Unit cost depreciation recurrence relations
Unit cost depreciation general rule

VCE question analysis

Chapter summary

Cumulative examination 1

Cumulative examination 2



Study Design coverage

UNIT 1, AREA OF STUDY 2: ALGEBRA, NUMBER AND STRUCTURE

Arithmetic and geometric sequences, first-order linear recurrence relations

and financial mathematics

e the concept of an arithmetic sequence as a function with the set of non-negative integers as its domain

e tabular and graphical display of sequences, investigation of their behaviour (increasing, decreasing,
constant, oscillating, limiting values)

e use of a first-order linear recurrence relation of the form uy = a, u
to generate the values of an arithmetic sequence

¢ use of a first-order linear recurrence relation of the form uy = a, u,,1 = u, + d where a and d are constants,
to model and analyse practical situations involving discrete linear growth or decay such as a simple
interest loan or investment, the depreciating value of an asset using the unit cost or flat-rate method

* generation of the explicit rule, u,, of an arithmetic sequence, its use and evaluation, including various
practical and financial contexts.

u, + d where a and d are constants,

n+el =

w
(©]
<
>
w
>
o
(2]
=
=
(/2]
w
Q
>
=]
=
=
(/)
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2.2 Arithmetic recurrence relations 2.2 First-order difference equations

2.3 Simple interest recurrence relations

2.4 Depreciation recurrence relations

VCE question analysis Arithmetic sequences
and financial recurrence relations

To access resources above, visit

:I e N elSO n Mi ndTa p cengage.com.au/nelsonmindtap
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Video playlist
Sequences

WB

p. 22

78

@ Sequences

Sequences, values and rules

A sequence is a list of numbers called values. Sequences can be randomly generated and have no pattern;
however, we will only be looking at sequences generated by a rule.

An example of a rule-based sequence is 5, 8, 11, 14 ... where the three dots indicate the sequence continues.
We can see that the rule involves adding 3 to generate each new value.

To analyse more complex sequences, we need to label the values in a sequence. Label the starting value u,,
the next one u,, the one after that u, and so on. So, the sequence above becomes

Uy=5u; =8 u,=11u;=14 ...

We can continue the sequence, recording it in table form and graphing it where we identify the values using
n=0,1,2,3 ...

Table Graph
n | 0 | 1 |2 | 3| 4] 5/]|6].. o
25+
u, 5 8 11 14 17 20 23 e .
20+ .
® o
Exam hack
10 2
Graphs of sequences are always *
a series of dots. Don’t join them. >
0 T T T T T T T

Labelling the values allows us to write the rule in a more efficient way, rather than saying ‘add 3 to generate
each new value’

The rule for this sequence is u,, = 5 + 3n, where n =0, 1, 2, 3 ... giving
Uuy=5+3x0=5
u=5+3x1=38
u,=5+3x2=11
U;=5+3x3=14

and so on.

Ve 4= S N B B Finding sequences from rules

For each of the following sequence rules

@ Exam hack

We can use letters other than u
for values in a sequence.

i find the first five values
ii describe in words how each new value is generated.
a u,=6+10n, wheren=0,1,2... b u,=5-2nwheren=0,1,2 ...

c u,=2",wheren=0,1,2 ... d T,=(-10)", wheren=0,1,2 ...
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Steps
a i Substitute n=0, 1,2, 3, 4 into the rule.

b i Substitute n =0, 1, 2, 3, 4 into the rule.

¢ i Substitute n =0, 1,2, 3, 4 into the rule.

d i Substitute n =0, 1, 2, 3, 4 into the rule.

i Find the pattern from one value to the next.

ii Find the pattern from one value to the next.

i Find the pattern from one value to the next.

ii Find the pattern from one value to the next.

Working
Uuy=6+10x0=06
u=6+10x1=16
U =6+10x2=26
u;=6+10x3=36
u,=6+10x4=46
Add 10 to generate each new value.
Uy=5-2x0=5
u=5-2x1=3
U,=5-2x2=1
U;=5-2x3=-1
u,=5-2x4=-3

Subtract 2 to generate each new value.

u0=20=1
u1=21=2
u,=2>=4
u,=2°=18
4
u,=2"=16

Multiply by 2 to generate each new value.
Ty=(-10)"=1

T, =(-10)" = -10

T, = (-10)* = 100

T, = (-10)’ = =1000

T,=(-10)* = 10000

Multiply by —10 to generate each new value.

Types of sequences

There are five types of sequences, as seen in the following examples.

Increasing sequence
Add 3 to generate each new value.

n 0 1 2 3 4
u 2 5 8 11 14

n

n

16

14 4 .

12 4

10

9780170448192

Multiply by 2 to generate each new value.

n 0 1 2 3 4
u 2 4 8 16 32

30

25

20 A

15

10

Chapter 2 | Arithmetic sequences and financial recurrence relations
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Decreasing sequence
Subtract 2 to generate each new value.

n 0 1 2 3 4

u 4 2 0 -2 —4

Constant sequence
Multiply by 2 and subtract 5 to generate each
new value.

n 0 1 2 3 4
u 5 5 5 5

The values of this sequence are always the same.

Limiting value sequence

n 0 1 2 3 4
u 6 5 4.5 | 4.25 |4.125

n

Divide by 2 and add 2 to generate each new value.

This sequence has a limiting value of 4. The values
tend towards 4 but never reach it.

Nelson VICmaths General Mathematics 11

Divide by 2 to generate each new value.

n 0 1 2 3 4
U 16 8 4 2 1

n

n

18 A

16 4

14

12 A

10 A

Oscillating sequence
Multiply by -2 to generate each new value.

u 05 | -1 2 -4 8

The values of this sequence switch between positive
and negative.

9780170448192



VL) (50 2 VU E S [dentifying sequence types

Identify whether each of the following are increasing, decreasing, constant, oscillating or limiting value

sequences, giving more than one option where relevant.

a/n | 0 | 1| 23| 4 .. bl n| 0|1 |2 3]4
L9l s 1| =3 =7 ] L u

d u, e u,

70 7 2.5

L4

60 24

50 - 15 =

40 - 1 . wWB

30 - : 0.5 - t p. 24

L]
L]
20 N 0 T T T T T
. 0 1 2 3 4 50
10 ;
0 T T T T T
0 1 2 3 4 5 1
Steps Working
Are the values always increasing or decreasing? a decreasing
Do the values stay the same? b oscillating
Do the values alternate between a positive number ¢ constant
i ? . .

and a negative number? d increasing

Do the values tend towards a particular value e decreasing, limiting value

without ever reaching it?

Arithmetic sequences M,
A sequence where we add or subtract a fixed amount to generate each new value is called an arithmetic w

sequence. The points in a graph of an arithmetic sequence are always in a straight line. We will be looking at ~ worksheets
. . . . rithmeti
arithmetic sequences in this chapter. eqvonees

sequences

Arithmetic

o] =19 ¢ [JE S Graphing arithmetic sequences progressions

For each of the following sequences
a 3,9,1521 ... b 20,17,14, 11 ... WB

i explain why it’s an arithmetic sequence

i find u, and u;
iii make a table showing all the values of 1, up ton =6

iv sketch a graph of the table of values in part iii

v find the slope of the straight line created by joining the points and comment on the result.
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Steps

a i Isafixed amount being added
or subtracted each time?

i Extend the sequence
by continuing the rule
if necessary.

iii List 7 in the first row of the
table and u,, in the second.
Find u,, for n =0 to 6.

iv Sketch the table of values
with 7 on the horizontal axis
and u, on the vertical axis.

v Use any two points to
calculate the slope and
compare it to the sequence.
Often the first two points are
the easiest to use.

b i Isafixed amount being added
or subtracted each time?

ii Extend the sequence by
continuing the rule if necessary.

i List # in the first row of the
table and u,, in the second.
Find u,, for n =0 to 6.

iv Sketch the table of values
with 7 on the horizontal axis
and u, on the vertical axis.

v Use any two points to
calculate the slope and
compare it to the sequence.
Often the first two points are
the easiest to use.

Working

6 is being added to generate each new value, so this is an
arithmetic sequence.

3,9,15,21,27,33 ...
U, =15,u;=33

Uy

45

40

35 A

30 A

25

20

15 ~ .

10

5_

0 T T T T T T T
0 1 2 3 4 5 6 7 M

(0,3) and (1,9)
rise 9-3 E
1

slope=—="—-=
P run 1-0

The slope is the amount being added to generate each new value.

3 is being subtracted to generate each new value, so this is an
arithmetic sequence.

20,17,14,11,8,5 ...

Uy =14, ;=5

n 0 1 2 3 4 5 6

u, 20 17 14 11 8 5 2
un
25
20 4
15 ! p
10 - *

[ ]

5 4 °
O T T T T T T T

0 1 2 3 4 5 6 7 N

(0,20) and (1,17)

rise 17-20 -3
slope=—= =—=-3
run 1-0 1

Here we are adding —3. The slope is the amount being added to
generate each new value.

Nelson VICmaths General Mathematics 11
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EXERCISE 2.1 Sequences ANSWERS p. 494

Mastery

1 WORKED EXAMPLE 1 | For each of the following sequence rules

i find the first five values

i describe in words how each new value is generated.

a u,=4+5nwheren=0,1,2... b u,=15+0.5n, wheren=0,1,2 ...
c u,=2-n,wheren=0,1,2... d V,=3" wheren=0,1,2 ...
e T,=20-5n,wheren=0,1,2... f u,=(-3)",wheren=0,1,2...

2 workep ExavpPLE 2 | Identify whether each of the following are increasing, decreasing, constant,
oscillating or limiting value sequences, giving more than one option where relevant.

a n 0 1 2 3 4 b n 0 1 2 3 4
u, 6 6 6 6 6 u, 12 22 32 42 52
c n 0 1 2 3 4 d n 0 1 2 3 4
u, 11 5 -1 -7 -13 u, -1 3 -9 27 -81
e u, f u,
10 - 354 I
8 -4 ° . ° ° L3 30
25+
6_
20
4 4 .
15 4
2 10 4 |
0 T T T T T 5 °
0 1 2 3 4 5 n *
0 T T T T T
0 1 2 3 4 5 n
g9 u, h u,
6 4 .
59 3 4
44 * 2 A
3 4 * * 14 °
2- 0 ? . | . .
1 (] 3 4 5 n
1 -1
0 T T T T T -2 4 A4
0 1 2 3 4 5 n

3 worke ExavPLE 3 | For each of the following sequences

a 105,95,85,75... b 1,7,13,19 ...

i explain why it’s an arithmetic sequence

i find u, and us

ii make a table showing all the values of u, upton==6

v sketch a graph of the table of values in part iii

v find the slope of the straight line created by joining the points and comment on the result.
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Exam practice 80-100% 60-79% 0-59%

4 The 7th value of the arithmetic sequence 0, -2, -4, -6 ... is
A -12 B -10 C -6 D -5 E O

5 Which of these types of sequences could be represented by this graph?

A increasing B decreasing C constant D oscillating E limiting value

U,

40
30 4

20 4

—-10

-20 4 .

6 The first three values in the sequence with the rule u, =4 - 51, where n =0, 1,2 ... are
A 4,9,14 B 4,-1,-6 C -1,-6,-11 D 4,-9,14 E 4,-5,-9

Use the following information to answer the next three questions.

The graph of an arithmetic sequence with values u,, where n =0, 1, 2 ... is shown.

Uy

50
45 4
40 o
35 A
30 A
25 4
20 4
15 4

10 4

7 What is the value u,?
A 2 B 16 C 20 D 21 E 22

8 What amount is being added to generate each new value?
A 3 B 6 C 8 D 10 E 16

9 If astraight line is drawn through the points, what would be the slope of the line?
A 6 B 8 C 10 D 16 E 46
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10 Which of the following rules generates the sequence 1, -5, 25, -125 ... ?
A u,=1+5nwheren=0,1,2... B u,=1-5nwheren=0,1,2...
C u,=-1+5nwheren=0,1,2... D u,=5",wheren=0,1,2...

E u,=(-5)",wheren=0,1,2...

11 (6 marks) For the following sequence

n 0 1 2 3 4 5 6 7
u, 10 6 4 3 2.5 2.25 | 2.125 |2.0625
explain why it is not an arithmetic sequence 1 mark

find ug given that each new value is generated by dividing the previous value by 2

and adding 1 1 mark

sketch the graph of the table of values given 2 marks

state the value this sequence is tending towards 1 mark

e give the name of this type of sequence. 1 mark
@ Exam hack

If you are not told to round an answer, give the unrounded answer.

@ Arithmetic recurrence relations Y

Video playlist

Recurrence relations Arithmetic
. . s . . relations

The sequences we will be looking at can be written as a recurrence relation. A recurrence relation tells us
how a particular value in a sequence can be found from the previous value in the same sequence. It consists Worksheet
of two equations: Frcorder
q . difference
equations

1 An equation telling us the first value of the series, a.

2 An equation telling us how to find a value if we know the previous value.

Calculations like this where we continually use the previous value to generate the next value are called
recursive computation (or recursion).

To find the recurrence relation for an arithmetic sequence, we need to know the common difference, d,
between the values, which is the fixed amount that is being added to generate each new value.

For example, for the arithmetic sequence 3, 8,13, 18 ...

a=3andd=5
This sequence has the recurrence relation: Ty —
Uy=3, U, =u,+5 recurrence relation
This recurrence relation is saying: The arithmetic sequence u, u;, t,, U5 ... has the
1 start with 3 recurrence relation
2 add 5 to each value to generate the next value Ug=a, U, =u,+d
3 keep going. where
It generates the sequence in this way: u, ., is the value after u
n+ n
Ug=3 a is the first value

Up=tp+5=3+5=8 d is the common difference between values.
Uy=u; +5=8+5=13
Us=u,+5=13+5=18

and so on.
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VL) (5 2 C B ST Finding arithmetic sequences from recurrence relations

For the recurrence relation

u0=5’ un+1=un_2
find
a aandd

the calculation steps.
Steps
a Useuy=a,u,+1=u,+dwhere
a is the first value
d is the common difference between values.

b 1 The first part of the recurrence relation
gives us 1.

2 The second part of the recurrence relation
tells us what to add or subtract to generate the
next value.

3 Repeat for the next two values.

4 Write down the first four values of
the sequence.

b the first four values of the arithmetic sequence generated by the recurrence relation, showing all

Working
a=>5
d=-2

Uy=>5

Uy=u;—2=5-2=3
Uy=u; —-2=3-2=1
Uy=u,—2=1-2=-1

The first four values of the sequence are

53,1,-1.

m Generating sequences through recursive computation

Find the first six values of the sequences defined by each of the following recurrence relations using

repeated steps and state whether it is an arithmetic sequence or not.

au=12, u,,=u,-4

b uy=5, u,,;=3u,+2

4-4 0
0-4 -4
~4-4 -8

1 Start a new document and add a Calculator
page.

2 Enter 12 then press enter.

3 Enter -4 then press enter.

4 Continue to press enter until the first six
values are displayed.

S 32+2 161
161- 242 485
485 3+2 1457

1 Press menu > Actions > Clear History to
remove the previous calculations.

2 Enter 5 then press enter.
3 Enter x3 + 2 then press enter.

4 Continue to press enter until the first six
values are displayed.

a This is an arithmetic sequence.

b This is not an arithmetic sequence.

Nelson VICmaths General Mathematics 11
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ClassPad
a [ o Edit Action Interactive b ["a dit Action Intersctive
] 68 () CR R a0 e [Eafsmo [ [T T
12 ] 3 (4]
5/
\ans-4 ‘ansx3+2 )
17,
Jans—4 ansx3+2 I
53/
‘ans-4 ansx3+2
161
‘ans—-4 |ansx3+2
485
ans—4 ansx3+2
1457
1 Tap Main and clear all entries. 1 Clear all entries.
2 Enter 12 then press EXE. 2 Enter 5 then press EXE.
3 Enter -4 then press EXE. 3 Enter x3 + 2 then press EXE.
4 Continue to press EXE until the first six 4 Continue to press EXE until the first six
values are displayed. values are displayed.
a This is an arithmetic sequence. b This is not an arithmetic sequence.

The nth value arithmetic sequence rule

An nth value rule is a rule to find any value of a sequence without listing all the values up to the one

The arithmetic sequence nth value rule

The arithmetic sequence u, u;, u,, U5 ... has the nth value rule

we want.

u,=a+nd

where
u, is the nth value
a is the first value

d is the common difference between values.

@ Exam hack

Don’t confuse a rule with a recurrence relation. Rules have u, =, whereas recurrence relations have u,__, = .
n- o n+l1

9780170448192 Chapter 2 | Arithmetic sequences and financial recurrence relations
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VL) 2 B S8 Finding the mnth value of an arithmetic sequence

WB

For each of the following sequences

p. 28 i explain how we know that it is an arithmetic sequence

ii find the nth value rule

i use the rule to find u,, and u;,.
Steps
a 2,7,12,17 ...

i Are we adding or subtracting a fixed amount
to generate each new value?

ii 1 Find the first value a and the common
difference d.

2 Substitute the values for a and d into the
nth value rule for arithmetic sequences
u, = a + nd and simplify.

iii Substitute the values for # into the nth value
rule of the sequence, u, = a + nd.

b u,=120, wu, ,=u,-6

i Are we adding or subtracting a fixed amount
to generate each new value?

ii 1 Find the first value a and the common

difference d.

2 Substitute the values for a and d into the
nth value rule for arithmetic sequences
u, = a + nd and simplify.

iii Substitute the values for # into the nth value
rule of the sequence, u, = a + nd.

Working

We are adding 5 to generate each new value, so this
is an arithmetic sequence.

a=2,d=5

u,=a+nd
U,=2+nx5=2+5n

The rule is u, =2 + 5n.
u,=2+5n
Uyy=2+5x20=2+100=102
Uygo=2+5x 100 = 2 + 500 = 502

We are subtracting 6 to generate each new value,
so this is an arithmetic sequence.

a=120,d=-6

u,=a+nd
u,=120+nx-6=120-6n

The rule is u,, = 120 — 6n.

u, =120 - 6n
Uyy=120-6x20=120-120=0
Ujgo =120 - 6 x 100 = 120 — 600 = —480

@ Exam hack

Always check if the question is asking you to use a recurrence relation or a rule.

EXERCISE 2.2 Arithmetic recurrence relations

ANSWERS p. 495

Recap

1 The value ug4 in the sequence -3, 1,5,9 ... is

A7 B 12

88 Nelson VICmaths General Mathematics 11
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2 How many of the following show arithmetic sequences?
i 100,95,90 ...
i 2,4,8,16...

iii n 1 2 3 4 5
u 1 7 13 19 25

n

n

40

351

30 4

25 1

20

15 4

10 A .

Mastery

8 [£Z workep exampLE 4 | For each of the following recurrence relations, find
i aandd

i the first four values of the arithmetic sequence generated by the recurrence relation, showing
all the calculation steps.

a uy=8, u, =u,+2 b u=1, wu, ,=u,-3

c uy;=20, u, ,=u,+5 d uy=-3, u,,=u,—4

4 Find the first six values of the sequences defined by each of the following recurrence
relations using repeated steps and state whether it is an arithmetic sequence or not.

a uy=15 u,, ,=u,-2 b u,=2, u, B =4u,

c uy=-8, U, ,=u,+7 d u,=40, wu, ,=0.5u,+2

5 WORKED EXAVPLE 5 | For each of the following sequences

i explain how we know that it is an arithmetic sequence
i find the nth value rule
i use the rule to find u,, and us,.
a 57911... b 100,93, 86,79 ...

c u;=20, wu, ,=u,-4 d u,=45 wu,,,=u,+10

6 For each of these arithmetic sequences, find the first value a and the common difference d.
a 11,19,27,35,43 ... b -10,-4,2,8,14 ...
¢ 31,29,27,25,23 ... d -9,-13,-17 ...

7 Generate the first five values of the arithmetic sequence if
a a=1,d=7 b a=10,d=-6
c a=9,d=3 d a=-2,d=-4

9780170448192 Chapter 2 | Arithmetic sequences and financial recurrence relations
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8 For each of these arithmetic sequences, state the value of u,, and u,,.
a 50,42,36,28 ... b -16,-25,-34,-43 ...
c 4,15,26,37 ... d -20,-13,-6,1,8 ...
9 Find a recurrence relation that generates each of the following arithmetic sequences.
a —-4,-1,2,5... b 30,21,12,3 ...
c 1,35,6,85... d 3.8,2.7,16,05 ...
Exam practice 80100%) [[60579%

10 BEN 85% The following recurrence relation can generate a sequence of numbers.

AT B T, cC T, D T, E T
11 2006 INPQ5 MODIFIED | A recurrence relation is defined by
uy=-1, u,,,=u,+5
The sequence u, u, u, ... is
A 5,4,3... B 49,14... C -1,-6,-11...
D -1,4,9... E -1,6,11...
12 The common difference, d, of the arithmetic sequence 10, 6,2, -2 ... is
A -4 B -2 C 4 D 6 E 10
13 For the arithmetic sequence described by the recurrence relation
uy=3, U, =u,+12
A d=12,u,=18 B d=12,u,=27 C d=3u,=12
D d=3,u,=36 E d=12,u,=15
14 Which of the following recurrence relations generates an arithmetic sequence?
A V,=1, V, =3V,-2 B Vy=1, V,, =5V, C V,=1, V, =6V,-4
D Vo=1, V=V, +3 E Vo=1, V,,=7V,
15 A sequence is defined by
Uuy=8, U, =u,+5
The rule for the nth value is
A u,=5n+3 B u,=5n-1 C u,=8n+5
D u,=n+5 E u,=5n+8
16 (6 marks) A sequence is defined by the recurrence relation
uy=100, wu, ,=u,—-40
a State the type of sequence defined by this recurrence relation, giving a reason for
your answer. 1 mark
b State the common difference for this sequence. 1 mark
¢ Make a table of values for this sequence showing the first four values of the sequence. 1 mark
d Find a rule for the nth value of the sequence in simplified form. 1 mark
e Use the nth value rule to show a calculation for the 48th value of the sequence after
the first value. 2 marks
Nelson VICmaths General Mathematics 11 9780170448192

Ty=10, T, =T,+3
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The number 13 appears in this sequence as
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Simple interest recurrence

BV

Recurrence relations can be used to model financial application such as investments, loans and depreciation.

Simple interest investments and loans

Interest is the fee for using someone else’s money. It applies to both investments and loans.
o For investments, the bank uses our money and pays us the interest.
o For loans, we use the bank’s money and we pay the bank the interest.

The amount that is invested or borrowed is called the principal.

Investment

m — == Principal >,
I

] Interest =—)p 4 . . .. (L4

Money coming fo the person is positive.
Loan Money going away from the person is negative. Video playlist
Principal == + Simple

— o — — interest
L — == [nterest recurrence

relations

Simple interest is a fixed amount of interest that is paid at regular time periods. When these time periods
are years, we use the term per annum (p.a.), which means per year.
We can use a recurrence relation based on the arithmetic sequence recurrence relation to show how simple

interest works for investments and loans. The starting value in the recurrence relation is the principal. The
value of the investment or loan at any time is called the balance.

Loans involve extra payments to the bank in addition to the interest payments. We will focus on investments
in this chapter.

Simple interest recurrence relations

The recurrence relation for the value u, of a simple interest investment after
n years is

u, = principal, wu,,,=u,+d

where
d=—_x u, is the fixed amount of interest paid each year
r= tiloeopercentage interest rate per year

n = the number of years.

The graph of u,, would look like this.

Total amount of interest after n years = u, — 1.

To find r use:

r=ix100%
Uy
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L) S o N B S Using simple interest recurrence relations

Steps

Used = ﬁ x 1 to find the fixed amount of

b Copy and complete the following table to find
i Suri’s bank account balance after four years

ii the first year when her balance is greater
than $4500

iii the total amount of interest earned after five
years.

Complete the table by using CAS recursive
computation to find the bank account balance
after five years.

4000
4000+200 4200
4200+200 4400
4400+200 4600
4600+200 4800
4300+200 5000

i Read the answer from the table.

ii Read the answer from the table.

Nelson VICmaths General Mathematics 11

interest each year. Round the answer if required.

Suri invests $4000 in an account earning 5% per annum simple interest.

Working

a What is the fixed amount of interest paid for each year?

r=>5, u,=4000
d=—_ x Uy
100
-2 x 4000
100
=200

The fixed amount of interest paid for each year
is $200.

n ‘ Account balance after n years ($)

0 | 4000

1 |4000 + =
2 + =
3 + =
4 + =
5 + =

n ‘ Account balance after n years ($)

0 | 4000

1 | 4000 + 200 = 4200
2 14200 + 200 = 4400
3 | 4400 + 200 = 4600
4

5

4600 + 200 = 4800
4800 + 200 = 5000

© Edit Action Interactive

Nl | & | | Sime ';“/_'_]*_-Hl'ﬂ

4000 (]

4000
ans+200

4200
ans+200

4400
‘ans+200

4800
‘ans+200

4800
‘ans+200

5000

Suri’s bank account balance after four years
is $4800.

Suri’s balance is first greater than $4500 after

three years.

9780170448192



iii Total amount of interest earned after
nyears = u, — u,.

Identify the starting value. Each value is
calculated by adding d to the previous value.

The horizontal axis is n (Years) and
the vertical axis is u,, ($).

Plot the values from the table.

¢ Write a recurrence relation, u,, for the account balance for n years.

d Sketch the graph of the recurrence relation up to n = 5 and describe the line made by joining the points.

Total amount of interest earned after five years is
s — 11y = 5000 — 4000
=$1000

Let u, = the account balance after n years.
The recurrence relation is

uy,=4000, wu,, ,=u,+200

n

u,($)
6000 -

5000 - I {
4000 -
3000 -
2000
1000 -

0 T T T T
0 1 2 3 4

T
5 n(Years)

The points form an increasing straight line.

Lo 4= S N B S8 Using recursive computation for simple interest

What is the balance after five months?
Steps
a1 Used= ﬁ x U, to find the fixed amount of

interest for each year. Add d for an investment
and subtract d for a loan.

2 Use CAS recursive computation to find the
balance after five years.

TI-Nspire

3500 3500
3500+105 3605
3605+105 3710
37104105 815
3815+105 3920
3920+105 4025

3 Write the answer.

9780170448192

Find following balances using CAS recursive computation.
a Elton invests $3500 in a bank account earning 3% per annum simple interest.

b Edwina takes out a simple interest loan of $3500 from a bank and makes monthly payments of $105.

Working
r=3,u,=3500

d=Lxu0
100

_3 x 3500
100

=$105

This is an investment, so we add $105.

© Edit Action Interactive
"l | & [ sime | S5 v | A | v [
(4]

13500

‘ans+105
ans+105
ans+105
‘ans+105

ans+105

The balance after five years is $4025.

Chapter 2 | Arithmetic sequences and financial recurrence relations
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b 1 Add for an investment and subtract for aloan.  This is a loan, so we subtract $105.
2 Use CAS recursive computation to find the
balance after five years.
TI-Nspire ClassPad
O TR | o o
- . 7S P I !
1500 1500 L Ihl 3]sl v [ 7] 'IE
3500 (]
3500-10S 3395 3500
3395-105 3290 ‘ans—=105
3 : 3395
2290-105 2185 ‘ans-105
2185-105 2080 3290
‘ans-105
- ‘ans—~105
3080
‘ans-1035
2975
3 Write the answer. The balance after five months is $2975.

Simple interest general rule

Recurrence relations can help us to understand how financial situations work but the following general rules
can be used to solve problems more quickly.

Simple interest general rule

The general rule for the value u, after n years of a simple interest investment is
u, = Uy + nd
where

U, = principal
d= ﬁ x 1, is the fixed amount of interest paid each year

r = the percentage interest rate per year
n = the number of years.

When solving for n, always round up, never down, to the nearest whole number.
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VL) 2 B SR Using the simple interest general rule

Elouise invests $7000 in an account earning 5% p.a. simple interest.
Steps Working

a Find the fixed amount of interest paid each year.

Find the value of d, using d = ﬁ X Uy, r=>5, u,="7000
rounding the answer if required. d=—" u,
100
= =N x 7000
100
=350

The fixed amount of interest paid each year is $350.
b Write a rule that will calculate the balance of the account after # years.
Decide if this is an investment or a loan This is an investment so use u, = u, + nd:
d =350, u, = 7000
u, =ty + nd = 7000 + 350n
c Use the rule to find the balance of the account after seven years.
Substitute the value of # into the rule. n=7
Substituting into u,, = 7000 + 350n:

u, =7000 + 350 x 7
= 9450

The balance of Elouise’s account after seven years
is $9450.

@ Exam hack

Remember, the general rule is not a recurrence relation. It doesn’t link one value to the next.
If a question asks you to answer using a recurrence relation, you can’t answer it with a rule.

EXERCISE 2.3 Simple interest recurrence relations ANSWERS p. 496

Recap

1 A recurrence relation is defined by

uy=-10, wu,,,=u,+6

The sequence ug, u,, u, ... it generates is
A 10,16,22 ... B -10,-4,2... C 6,-16,-26 ...
D -10,-16,-22... E 10,4,-2...

2 Which of the following recurrence relations doesn’t generate an arithmetic sequence?

A uy=4, u, , =u,-2 B u,=1, u,.,=>5u, C uy=-1, u,,,=u,—4

D uy,=8, wu,,=u,+3 E uy=3, u,,=u,+3

9780170448192 Chapter 2 | Arithmetic sequences and financial recurrence relations

95



Mastery

3 WORKED EXAVPLE 6 | Lexi invests $3000 in an account earning 4% p.a. simple interest.

a What is the fixed amount of interest paid for each year?

b Copy and complete the following table to find n ‘ Account balance after n years ($)

i Lexi’s bank account balance after four years 3000

0

ii the first year in which the balance is greater 1 |3000+

than $3250 ) =
3
4

iii the total amount of interest earned after + _

four years.
+ =

¢ Write a recurrence relation, u,, for the account
balance after n years.

d Sketch the graph of the recurrence relation up to
n =5 and describe the pattern made by joining the points.

4 WORKED EXAMPLE 7 | Find the balance after four years for each of the following using CAS
recursive computation.

a Bella invests $4800 in a bank account earning 2% per annum simple interest.

b Barry takes out a simple interest loan of $4800 from a bank and makes monthly payments of $96.

5 WORKED ExAMPLE 8 | Hugh invests $11 000 in an account earning 3% p.a. simple interest.

a Find the fixed amount of interest paid each year.
b Write a rule that will calculate the balance of the account after n years.

¢ Use the rule to find the balance of the account after eight years.

6 If u, is the simple interest account balance after n years, for each of the following
i write the recurrence relation for the account balance
ii write the rule for the account balance

ii find the balance after nine years using the rule.

a $9000 invested at 12% p.a. b $6500 invested at 4% p.a.
c $8400 invested at 3% p.a. d $7000 invested at 11% p.a.
Exam practice 80-100%  60-79%  0-59%

7 $48000 is invested at a simple interest rate of 4% per annum. Which of the following recurrence
relations can be used to model the balance of the investment after n years?

A u,=48000, wu,,, =u,+192 B u,=48000, wu,,,=u,—1920
C u;=48000, wu, ,=u,+1920 D u,=48000, u,,;=u,+19200
E u,=48000, u,, , =u,—192

8 Which of the following rules could be used to find the balance after # years of a $14 000 investment at
a simple interest rate of 2% p.a.?

A u,=14000, wu,,,=u,+280 B u,=14000-280xmn
C u,=13920+280xn D u,=14280+280xn
E u,=14000+280xn
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9 91% $4000 is invested at a simple interest rate of 5% per annum. The amount

of interest earned in the first year is
A $20 B $200 C $220 D $420 E $2000

10 90% $3000 is invested at a simple interest rate of 6.5% per annum. The total

interest earned in three years is
A $195.00 B $580.50 C $585.00 D $3585.00 E $3623.85

11 90% Sarah invests $37 000 at a simple interest rate of 4% per annum. The total

amount of interest earned in two years is
A $1480 B $2960 C $5920 D $38480 E $39960

12 (4 marks) Stephen has an investment of $10000 at a simple interest rate of 4% p.a.

a Write a recurrence relation for the balance of this investment after n years. 1 mark
b Describe what the shape of the graph of the balance will be? 1 mark
¢ Find the rule for the value of the investment after n years. 1 mark
d What is the balance of the investment after four years? 1 mark

13 (5 marks) Ashwini borrows $5000 from an unauthorised lender and is unable to pay it back.
After missing her first monthly payment, she is charged another $3000 for every month after
the first missed payment. She continues to miss her payments.

Write the values of the sequence for the money she owes after each of the first three months. 1 mark

What is the name of this type of sequence. 1 mark
c If A, is the amount of money she owes after » months, write a recurrence relation

that generates the sequence. 1 mark
d  Write the rule for A, which calculates the amount of money she owes after # months. 1 mark

e How much does Ashwini owe after five months if she continues to be unable
to pay the money back? 1 mark

Depreciation recurrence relations

Depreciation

Businesses need to purchase items to help them function, such as machines, equipment and computers.
These items are called assets. Most assets used by businesses decrease in value over time. We use the term
depreciation to describe this decrease in value. Depreciation occurs due to age, amount of use or lack of
demand. The estimate of the value of an asset at any point in time is called the future value.

We will be looking at two ways of depreciating assets in this chapter:
1 Flat rate depreciation where the value decreases with age

2 Unit cost depreciation where the value decreases with use

Flat rate depreciation recurrence relations

Flat rate depreciation calculates the future value of an asset by reducing the value every year by a fixed
amount. The amount is usually given as a fixed percentage of the purchase price. Flat rate depreciation is
the same as a simple interest loan where we subtract a fixed amount each time period.

9780170448192 Chapter 2 | Arithmetic sequences and financial recurrence relations
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Flat rate depreciation recurrence relation

The recurrence relation for the value of an asset u, after n years using
flat rate depreciation is

=u,—d

u, = initial value of the asset, u,.,=1u,

where

G= ﬁ X U, is the fixed amount of depreciation each year

r = the percentage depreciation rate per year
n = the number of years.
The graph will look like this:  u,

Total amount of depreciation after n years = u,, — u,,.

To find r use:

r=ix100%
Uy

VL) 2 CU B SRR Using flat rate depreciation recurrence relations

when the value of the industrial truck first
falls below $4500

when the industrial truck depreciates to zero.

after five years.

of 20% each year.
Steps Working
a What is the fixed amount of depreciation each year?
Used = ﬁ x U, to find the fixed amount r=20, u,=10500
of depreciation each year. d=_"« U,
100

= 20 x 10500
100

=$2100

10500

A small industrial truck is purchased by a business for $10500. Its value depreciates at a flat rate

b Copy and complete the following table to find ” ‘ Value after 1 years ($)

the value of the industrial truck after

10500 —

0
1
2
3 - =
4
5

1 Complete the table by using CAS recursive " ‘ Value after 1 years ($)

computation to find the value of the asset

10500

10500 - 2100 = 8400

8400 — 2100 = 6300

6300 — 2100 = 4200

4200 - 2100 = 2100

G| W N |= O

2100 -2100=0

Nelson VICmaths General Mathematics 11
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2 i Read the answer from the table.

ii Read the answer from the table.

iii Read the answer from the table.

value is calculated by subtracting d from the
previous value.

The horizontal axis is n (Years) and
the vertical axis is u,, ($).

Plot the values from the table.

Identify the initial value of the asset, u,. Each

The value of the industrial truck after two years
is $6300.

The value of the industrial truck first falls below
$4500 after three years.

The industrial truck depreciates to zero after
five years.

¢ Write a recurrence relation for the value of the industrial truck.

Let u, = value of the industrial truck after » years.
The recurrence relation is

Uy =10500, u,,, = u, - 2100

n

d Sketch the graph of the recurrence relation up to n = 5.

u,($)
12000

10 000 ~
8000 -
6000 -
4000 *

2000 ~ .

0 T T T T

.
0 1 2 3 4 5 n (Years)

Ve = S N B8 0F Finding the rate for flat rate depreciation

Uy =120000,  u,,, = u, — 18000

nel =

Steps
a Use the recurrence relation u,,; = u, — d

to identify d.

b Show the stepped calculations for 4, and u,
from the recurrence relation.

¢ 1 Identify what we know and what we need
to find.

2 Substitute the values into

r= i x 100%
Uy

and evaluate.

3 Write the answer.

Green Acres Gardening Service owns a mulcher that is depreciated in value using flat rate depreciation.
The value of the mulcher, in dollars, after # years, u,,, can be modelled by the recurrence relation

a By what amount, in dollars, does the value of the mulcher decrease each year?
b Showing recursive calculations, determine the value of the mulcher, in dollars, after two years.

¢ What annual flat rate percentage of depreciation is used by Green Acres Gardening Service?

Working

d = 18000

The mulcher decreases by $18 000 each year.
u; =120000 - 18000 = 102000

u, =102000 - 18000 = 84000

d =18000, u,=120000,r=7?

r= 18000 x 100%
120000

=15

The annual flat rate of depreciation is 15%.

9780170448192
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Flat rate depreciation general rule

The flat rate depreciation general rule is the same as the simple interest loan rule, where we subtract a fixed
amount each year.

Flat rate depreciation general rule

The general rule for the value u, of an asset after n years using flat rate depreciation is
u, = uy— nd
where

u, = initial value of the asset
r . -
d= 100 x U, is the fixed amount of depreciation each year

r = the percentage depreciation rate per year
n = the number of years.
When solving for n, always round up, never down, to the nearest whole number.

The last year of depreciation often involves a partial amount.

— Ve = SNBSS BB Using the flat rate depreciation general rule

A company buys a building for $2000 000 and depreciates it at a flat rate of 3% per year.

p. 35 Steps Working

a Find the fixed amount of depreciation each year.

Used = ﬁ x U, to find the fixed amount r=3,u,=2000000

of depreciation each year. d=— xu,

_ 3 x 2000000
100

= 60000

The fixed amount of depreciation paid each year
is $60000.

b Write a rule that will calculate the value of the building after » years.
Substitute the values of d and u,, into the flat rate 1, =2000000, d = 60000
depreciation general rule: u, = u, - nd. u, = uy — nd = 2000000 — 1 x 60000
The rule is u,, = 2000 000 — 60 0001

¢ Use the rule to find the value of the building after nine years.

Substitute the value of n into the rule. n=9
Substituting into
u,, = 2000000 - 60000n

Uy =2000000 - 60000 x 9
= 1460000

The value of the building after nine years is
$1460000.
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d Use the rule to find how many years it would take for the building to depreciate to zero.

1 Substitute the known values into U, =2000000, d = 60000, 1, =0,n =2
u, = u, — nd. From part b the rule is:
Letu,=0. u, =2000000 - 60000
0=2000000 - 60000n
2 Solve for n, using CAS if necessary. 600007 = 2000000
n= 2000090 _53333...
60000

3 Write the answer. When solving for n always It would take 34 years for the building to depreciate
round up to the nearest year. to zero.

(At 33 years it hasn’t quite depreciated to zero yet.)

Unit cost depreciation recurrence relations

Unit cost depreciation occurs when an asset is depreciated according to the amount of use it has had,
not according to its age. When using the unit cost method of depreciation, the amount of depreciation is
determined by applying a rate per unit of use. For example, cars are often depreciated by the number of
kilometres travelled, rather than by how old they are.

Unit cost depreciation recurrence relation

The recurrence relation for the value of an asset u, after # uses using unit
cost depreciation is

u, = initial value of the asset, u,,,=u,—d
where

d = cost per unit of use

n = the number of units of use.

The graph would look like this:  u,

@ Exam hack

The key difference between unit cost and flat rate depreciation is:
o for unit cost depreciation, # is the number of units of use

o for flat rate depreciation, # is the number of years.

VL) < o N E S A Using unit cost depreciation recurrence relations

A collector buys a limited edition original vinyl record of the Beatles’ Hey Jude for $28 000, which
depreciates by $4000 every time it’s played.

Steps Working
a Explain why this is unit cost depreciation and not flat rate depreciation.

1 Refer to ‘use’ in the answer. The amount of depreciation is determined by
applying a rate per unit of use: $4000 every time

the record is played.
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b Copy and complete the following table to find ” ‘ Value after 1 uses ($)

i the value of the record after three plays 28000

28000 -

ii how many plays it will take for the value of
the record to first fall below $10000.

G| W (N = O
|
Il

1 Complete the table by using CAS recursive " ‘ Value after 1 uses ()

computation to find the value after five plays.

0 {28000

1 | 28000 - 4000 = 24000

2 |24000 - 4000 =20000

3 20000 —-4000= 16000

4 | 16000 - 4000 = 12000

5 12000 - 4000 = 8000

2 i Read the answer from the table. The value of the record after three plays is $16 000.
ii Read the answer from the table. The value of the record first falls below $10000
after five plays.

¢ Write a recurrence relation for the value of the record.
Identify the initial value of the asset and the cost ~ Let u,, = value of the record after n plays.
per unit of use. cost per play = $4000
The recurrence relation is
Uy =28000, u,,, =1u,—4000
d Sketch the graph of the recurrence relation up to n = 5.

The horizontal axis is n (Units of use) u, ($)
and the vertical axis is u,, ($). 30000 -

Plot the values from the table. 25000 -
20000 - .
15000
10000

5000

0
0 i é é :1 ; n (Units of use)

Unit cost depreciation general rule

Unit cost depreciation general rule

The general rule for the value of an asset u,, using unit cost depreciation is
u, =u,—nd
where
u, = initial value of the asset
d = cost per unit of use
n = the number of units of use.

When solving for 7, always round up, never down, to the nearest whole number.
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VL) 2 CV B S B Using the unit cost depreciation general rule

A delivery van was purchased for $70000. The van’s value depreciates at a rate of 62 cents per kilometre.

Steps Working

a Write a rule that will calculate the value of the van after n kilometres of travel.
Substitute the values of d (in dollars) and u, d=0.62, uy=70000
into the unit cost depreciation general rule u, =70000 — 0.62n
u, = u, — nd.

b Use the rule to find the value of the van after it has travelled a total distance of 30 000 kilometres.
Substitute the value of n into the rule. n=30000
Substituting into

u, = 70000 - 0.62n
Uz0000 = 70000 — 0.62 x 30000

The value of the van after it has travelled a total —
p. 37

distance of 30000 kilometres is $51 400.

VCE QUESTION ANALYSIS ~%,
e
L 4

1
© VCAA 2020 Examination 2 Core Question 7 (4 marks)

Video playlist
Samuel owns a printing machine. The printing machine is depreciated in value by Samuel chnggifzjon
using flat rate depreciation. The value of the machine, in dollars, after n years, u,, can be :;gs;itelz
modelled by the recurrence relation and financial
recurrence
Uy = 120 000, U, 1=u,— 15000 relations

a By what amount, in dollars, does the value of the machine decrease each year? 1 mark

b Showing recursive calculations, determine the value of the machine, in dollars, after
two years. 1 mark

¢ What annual flat rate percentage of depreciation is used by Samuel? 1 mark

d The value of the machine, in dollars, after n years, u,, could also be determined using
a rule of the form u, = a + nd. Write down this rule for u,, 1 mark

Reading the question

o Note when a recurrence relation is mentioned and when a rule is mentioned.

 Partais asking for a dollar amount, whereas part c is asking for a percentage.
Thinking about the question
o Be aware that the word ‘show’ in a question means you need to include calculations.
o Are you clear on what ‘recursive’ means?
Worked solution (v = 1 mark)

a Use the recurrence relation u,,, = u, — d to identify d.

d =15000, so the printing machine decreases by $15000  each year.

b u, =120000 - 15000 u, =105000 - 15000
=105000 =90000 v/
c User=i x 100%
Uy
Substituting d = 15000, 1, = 120000 gives
r= 15000 x 100% =12.5%
120000
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d Use the rule u, = u, — nd
u,= 120000 — n x 15000
The rule is u,, = 120000 — 150007.

Student performance B0Z100% | [[60579% ) \QOER0%

a 94% This question was answered correctly by almost all students.

b 72% Students needed to show each detailed step of the two separate calculations. The final answer
on its own, or a statement using the rule rather than the recurrence relation, wouldn't get a mark.
Some students copied numbers incorrectly and left out zeros.

c 75%

d (44% Some students were unsure of the distinction between a rule and a recurrence relation.

EXERCISE 2.4 Depreciation recurrence relations ANSWERS p. 497

Recap

1 91% An amount of $800 is invested for two years at a simple interest rate

of 4% per annum. The total amount of interest earned after two years is
A $32 B $64 C $160 D $320 E $640

2 Aloan of $31 000 is taken out at a simple interest rate of 5% per annum. Which of the following

recurrence relations models the balance of the loan after n years?
A 1,=31000, u,, =u,+]155 B u,=31000, u,, =u,— 1550

C u,=31000, u,,;=u,+ 1550 D u,=31000, u,,,=u,+15500
E u,=31000, u, ,=u,-155

Mastery

3 WORKED EXAVPLE 9 | A carpet shampooer is purchased by a cleaning business for $8500. Its value
depreciates at a flat rate of 25% each year.

a What is the fixed amount of depreciation each year?
b Copy and complete the following table to find n ‘ Value after n years ($)
i the value of the carpet shampooer after three years 8500

0
ii when the value of the carpet shampooer first falls 1 |8500-
below $5000 2 -
3
4

ii when the carpet shampooer depreciates to zero.

¢ Write a recurrence relation for the value of the

carpet shampooer.

d Sketch the graph of the recurrence relation up to n = 4.

4 workeD exampLE 10 | High Tops Tree Lopping Service owns a crane which is depreciated in value

using flat rate depreciation. The value of the crane, in dollars, after n years, u,,, can be modelled by

the recurrence relation
1ty = 100000, 1, = u, — 22000
a By what amount, in dollars, does the value of the crane decrease each year?
b Showing recursive calculations, determine the value of the crane, in dollars, after two years.

¢ What annual flat rate percentage of depreciation is used by High Tops Tree Lopping Service?
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5 WORKED EXAMPLE 11 | For each of the following

i find the fixed amount of depreciation each year
ii write a rule that will calculate the value of the asset after n years
ii use the rule to find the value of the asset after six years
iv use the rule to find how many years it would take for the asset to depreciate to zero.
a A company buys a commercial building for $1 800000 and depreciates it at a flat rate of 4% per year.
b A business buys a car for $50000 and depreciates it at a flat rate of 15% per year.

¢ A commercial dishwasher is purchased for $22 500 and is depreciated at a flat rate of 9% per year.

6 WORKED EXAVPLE 12 | A collector buys a limited edition original vinyl record of Ed Sheeran’s One Life
for $14000, which depreciates by $750 every time it is played.

a Explain why this is unit cost depreciation and not flat
rate depreciation.

b Copy and complete the following table to find n ‘ Value after n uses ($)

i the value of the record after four plays 14000
14000 -

ii how many plays it will take for the value of
the record to first fall below $12000.

0
1
2
Write a recurrence relation for the value of the record. 3
4
5

Sketch the graph of the recurrence relation up to n = 6.

7 WORKED EXAVPLE 13 | A company car was purchased for $60000. The car’s value depreciates at a rate
of 54 cents per kilometre.

a Write a rule that will calculate the value of the car after n kilometres of travel.

b Use the rule to find the value of the car after it has travelled a total distance of 40 000 kilometres.

8 For each of the following, write a recurrence relation for unit cost depreciation which includes the
definition of u,,.

a A concert violin purchased for $8540 depreciates at a rate of $6 per concert.
b A truck purchased for $170000 depreciates at a rate of $2 per kilometre.
A van purchased for $90 000 depreciates at a rate of 84 cents per kilometre.

d A photocopier purchased for $18000 depreciates at a rate of 1 cent per copy.

9 For each of the following
i state whether the depreciation is flat rate or unit cost
ii write a recurrence relation for u,, stating what n represents
i find the rule for u,,
a A piece of jewellery is purchased for $10000. It depreciates by $1500 every time it is worn.
b A piece of jewellery is purchased for $10000. It depreciates by 5% of its initial value each year.

Exam practice 80-100%  60-79%  0-59%

10 76% Geoff purchased a computer for $4500. He will depreciate the value of his
computer by a flat rate of 10% of the purchase price per annum. A recurrence relation that Geoff can
use to determine the value of the computer after n years, V,,, is

A V,=4500, V,, =V, —450 B V,=4500, V,, =V, +450
C V,=4500, V,,, =09V, D V,=4500, V,,, =11V,

E V,=4500, V,

n+l

=0.1(V, - 450)
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11

12

13

14

A photocopier bought for $20 000 is depreciated at a rate of $3000 every year. Which of the following
is not true?

A The depreciation method used is flat rate depreciation.

B The recurrence relation that can be used to model this is u, = 20000, u u, — 3000, where

n+l =
u,, is the future value of the photocopier after n years.

C The rule for finding the photocopier’s value after » years is u, = u, — 30001, where u,, is the value
of the photocopier after n years.

The value of the photocopier after two years is $17000.

E The graph of the recurrence relation follows a straight line.

The value of a photocopier is depreciated using a unit cost method. Which one of

the following graphs could show the value of the photocopier as it depreciates?

A Value B Value C Value
[ ]
L] L]
° °
¢ L] ° ° L)
L]
- -
o Number of o Number of o Number of
units units units
D Value E Value

- -
o Number of o Number of
units units

GV 2017 2CQ5ab | (4 marks) Alex is a mobile mechanic. He uses a van to travel to his

customers to repair their cars. The value of Alex’s van is depreciated using the flat rate
method of depreciation. The value of the van, in dollars, after » years, u,, can be modelled
by the recurrence relation

u, = 75000, Uy, =u,—3375

a 97% Recursion can be used to calculate the value of the van after two years.

n+l

Copy and complete the calculations shown. 2 marks
1ty = 75000
u, = 75000 — = 71625
U, = - =
b i 9% Byhow many dollars is the value of the van depreciated each year? 1 mark

i 69% Calculate the annual flat rate of depreciation in the value of the van.
Write your answer as a percentage. 1 mark

2019N 2CQ6 MODIFIED | (3 marks) Marlon plays guitar in a band. He paid $3264 for a new
guitar. The value of Marlon’s guitar will be depreciated by a fixed amount for each concert

that he plays. After 25 concerts, the value of the guitar will have decreased by $200.

a Write a calculation that shows that the value of Marlon’s guitar will depreciate by

$8 per concert. 1 mark
b The value of Marlon’s guitar after n concerts, G,, can be determined using a rule.

Copy and complete the rule below by writing the appropriate numbers in the boxes.

G =‘ ‘—‘ ‘xn 1 mark

¢ What will be the value of Marlon’s guitar after he has played in 30 concerts? 1 mark
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@ Chapter summary

Sequences
« A sequence is a list of numbers called values (or terms).

o A sequence u, can be written in table form and graphed, where the x-axisis n=0, 1, 2, 3 ... and the y-axis
is u, = Uy, Uy, Uy, U ..., the values of the sequence.

o The sequences looked at in this chapter can be written as a recurrence relation where each new value is
generated from the previous value.

o Calculations that continually use the previous answer to generate the next answer are called recursive
computation.

&
<
=
=
=
(7]
=
w
=
o
g
=
(3]

Sequence types
There are five types of sequences, as seen in the examples below.

Increasing sequence

Add 3 to generate each new value. Multiply by 2 to generate each new value.
n 0 1 2 3 4 . n 0 1 2 3 4
u, 2 5 8 11 14 e u, 2 4 8 16 32
u, Uy
16 35
14 30 L]
12
o 25
10
20
8
15 !
6
. 10 .
2 5 o
0 0
0 1 2 3 4 5.7 0 1 2 3 4 5 1
Decreasing sequence
Subtract 2 to generate each new value. Divide by 2 to generate each new value.
n 0 1 2 3 4 . n 0 1 2 3 4
u, 4 2 0 -2 —4 . u, 16 8 4 2 1
n un
18
4 16
3 14
2 12
1 10
0 8
2 4 n
-1 6
-2 4
-3 2
-4 0
0 1 2 3 4 5.1
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Constant sequence Oscillating sequence

Multiply by 2 and subtract 5 to generate each Multiply by -2 to generate each new value.
new value.
n 0 1 2 3 4 e n 0 1 2 3 4
w, | 5 | 5 | 5 | 5 | 5| .. w, | 05| -1 | 2 | -4 | 8
u, u,
6 10 -
54 . . . o 8 .
44 6
3 4
2 2 .
1 0 . T . . T
0 | | | | | N ] 2 3 4 5 1
0 1 2 3 4 5.1
The values of this sequence are always the same. ] ’

The values of this sequence switch between positive
and negative.
Limiting value sequence

no| 0 | 1 | 2 | 3 | 4| .. o
u, 6 5 4.5 | 425 |4.125 6 -
Divide by 2 and add 2 to generate each new value. > 1 !
This sequence has a limiting value of 4. The values Ay — - =
tend towards 4 but never reach it. 31
2 4
1 -
O T T T T T
0 1 2 3 4 5 1

Arithmetic sequences

o An arithmetic sequence is a sequence where a fixed amount is added or subtracted to generate each
new value.

o For an arithmetic sequence ug, u;, u,, U5 ...

recurrence relation nth value rule
Ug=a, U, =u,+d u,=a+nd
where

u,,, is the value after u,,
a is the first value

d is the common difference between values.
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Simple interest investments and loans

o Interest is the fee for using someone else’s money.

o Simple interest is a fixed amount of interest that is paid at regular time periods.

o When these time periods are years, we use the term per annum (or p.a.) which means per year.
o The amount that is borrowed or invested is called the principal.

o The value of the investment or loan at any time is called the balance.

Investment
‘m — = Principal
— >
B R E W Interest + Money coming to the person is positive.
Loan Money going away from the person is negative.

Principal == -+
E —_ h Interest
Depreciation

o Depreciation is the decrease in value of items or assets used by businesses over time.
o The estimate of the value of an asset at any point in time is called the future value.

o Flat rate depreciation calculates the future value of an asset by reducing the value every year by
a fixed amount.

« Unit cost depreciation occurs when an asset is depreciated according to the amount of use it has had,
not according to its age.

Simple interest and depreciation summary

Simple interest Simple Flat rate Unit cost
investment interest loan depreciation depreciation
Recurrence | 1, = principal, u, = principal, u, = initial asset value, | 4, = initial asset value,
relation for | u,,, =u,+d Uy =u,—d Uy =u,—d Uy =u,—d
balance
Type increasing arithmetic | decreasing arithmetic | decreasing arithmetic | decreasing arithmetic
Graph
Rule u, =uy+ nd u, =uy—nd u, =u,—nd u, = uy,—nd
r r r .
d d=—xu, d=— xu, =— X1, d = cost per unit
100 100 100 of use
fixed amount fixed amount fixed amount
each year each year each year
% interest rate per year | depreciation rate depreciation rate -
per year per year
d d d
r=—x100% r=—x100% r=—x100%
Uy Uy )
n number of years number of years number of years number of units
of use

o Total amount of interest/depreciation after n years = u,, — u,,.

« The last year of a depreciation/loan often involves a partial amount.
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Cumulative examination 1

Total number of marks: 10 Reading time: 4 minutes Writing time: 23 minutes

1 Data relating to the following variables was collected from birds from a particular region:
o beak length (in millimetres)
o name of species
o location found
o wingspan (in millimetres)
o body weight (in grams)

The number of these variables that are continuous numerical variables is

A0 B 1 C 2 D 3 E 4
2 According to the frequency table shown, the percentage Age | Frequency
of people aged in their thirties is
0-<10 3
A 0.4% B 4% C 16%
10-<20 11
D 30% E 40%
20-<30 4
30-<40
40-<50 6
Total 40

3 The dot plot shows the distribution of the number of pets in the 22 homes in a street.

o

Ll

4

o

L3 .

4 .

o . 14

Ld LJ LJ Ld

T T T T T

] 2 3 4 5
Number of pets

The five-number summary of the number of pets is
A min=1,Q, =1, median =2, Q; =3, max =5 B min=1,Q, =1, median =3, Q; =4, max =8
C min=1,Q, =2, median=3,Q;=4, max=5 D min=1,Q, =2, median=2,Q;=3, max=5

E min=1,Q, =5 median=3,Q;=4, max=5

4 The following back-to-back stem plot shows the female and male participation in sport in 19 country

towns.
Female | | Male
99887654 1 [188
87555441000 2 [033456678
3 0114609
4 |2
Key: 5 | 2 means 25% Key: 3 | 4 means 34%
What is the lowest female participation rate?
A 0% B 11% C 14% D 20% E 41%
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5 A study found that in a packet of jelly beans the number of red jelly beans has a normal distribution
with a mean of 14 and a standard deviation of 3. What is the percentage of packets that have between
8 and 17 red jelly beans?

A 2.5% B 47.5% C 50% D 68% E 81.5%

6 How many of the following descriptions apply to u, =5, u,,,, = u,, + 4?
 recurrence relation
o arithmetic
e increasing
o decreasing

A 0 B 1 Cc 2 D 3 E 4
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7 Amanda earned $20000 in one year. At the beginning of the next year, she received a salary increase
of $450. She now receives the same increase at the beginning of each year. What will her salary be at
the beginning of the 10th year?

A $450 B $20450 C $23600 D $24050 E $24500

8 A delivery truck when new was valued at $65000. The truck’s value depreciates at
a rate of 22 cents per kilometre travelled. After it has travelled a total distance of 132 600 km, the value

of the truck will be
A $14300 B $22100 C $22516 D $29172 E $35828

9 The graph shows the first five values of a sequence.

0 T T T T
0 1 2 3 zy 8

A recurrence relation that generates the values of this sequence is

A u=2, u, ,=u,+4 B u,=2, u,, 6 =3u, C uy=4, u,,=u,+2

D u,=4, u,,=6-u, E u,=2, u,,=4u,
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10 2019N 1€Q20 | Marty has been depreciating the value of his car each year using flat rate depreciation.

After three years of ownership, the value of the car was halved due to an accident. Marty continued
to depreciate the value of his car by the same amount each year after the accident. Which one of the
following graphs could show the value of Marty’s car after n years, C,?

A C, | B c,
* L] * L
L ]
-
L]
*
-
L] - *
T T T T T T T T T T T T
0 1 2 3 4 5 6 2 0 1 2 3 4 5 6 L
c (‘Ii ‘ D ("‘H
3
* *
L ]
L ] L 3
* L]
&
* *
-
T T T T T T T T T T T T
0 1 2 3 4 5 6 n 0 1 2 3 4 5 6 4
E Cii
L3
L ]
-
*
®
L ]
T T T T T T
0 1 2 3 4 5 6 s
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Cumulative examination 2

Total number of marks: 15 Reading time: 4 minutes Writing time: 23 minutes

1 (5 marks) This table shows the percentage of women ministers in the parliaments
of 22 countries in 2008.

Percentage of Percentage of
women ministers women ministers
Norway 56 Australia 24
Sweden 48 Italy 24
France 47 United States 24
Spain 44 Belgium 23
Switzerland 43 United Kingdom 23
Austria 38 Ireland 21
Denmark 37 Liechtenstein 20
Iceland 36 Canada 16
Germany 33 Luxembourg 14
Netherlands 33 Japan 12
New Zealand 32 Singapore 0

a What proportion of these 22 countries have a higher percentage of women ministers
in their parliament than Australia? 1 mark

b Determine the median, range and interquartile range of this data. 2 marks
The stem plot displays the distribution of the percentage of women ministers

in parliament for 21 of these countries. The value for Canada is missing.

Stem (10s) | eaf (units)

e s
Now W
oW

WD N O
> =B« NV

0
1
2
3
4
5

Copy and complete the stem plot by adding the value for Canada. 1 mark

d Both the median and the mean are appropriate measures of centre for this distribution.
Explain why. 1 mark
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2 (7 marks) The graph shows the value of an investment at 6% interest p.a.

u, ($)
2700

2600
2500
2400
2300
2200

2100

2000

0 1 2

3

4

T
5 n{Years)

a Explain what the crooked line under 2000 indicates.

b How do we know from the graph that this is a simple interest investment?

Use the graph to find
c the principal

d the value of the investment after five years.

Use the following extended version of the graph to find

e U,

f after how many years the value of the investment was first greater than $3000.

u, ($)
4000
3800+
3600+
3400+
3200+
3000+
2800 .
2600 ==
2400+ @
2200+ =

20004

3 2018N 2CQ8ai-ii MODIFIED | (3 marks) Richard is selling his stereo system to help pay
for a holiday. The stereo system was originally purchased for $8500. He will sell the stereo

system at a depreciated value of $867 per year using a flat rate depreciation method. Let
S, be the value, in dollars, of Richard’s stereo system # years after it was purchased.

7 8

9

T T T T T
10 11 12 13 14 n (Years)

What is the recurrence relation that models this depreciation?

b Using this depreciation method, what is the value of the stereo system four years after

it was purchased?

¢ Calculate the annual percentage flat rate of depreciation for this depreciation method.

Nelson VICmaths General Mathematics 11
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Study Design coverage
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Geometric sequences and

recurrence relations

Geometric sequences

In Chapter 2 we looked at arithmetic sequences where we add or subtract a fixed amount to generate each
new value. In this chapter, we will look at geometric sequences where we multiply by a fixed amount, called
the common ratio R, to generate each new value. For example,

the geometric sequence 1, 2, 4, 8, 16 ... has a common ratio R = 2

the geometric sequence 60, 30, 15, 7.5, 3.75 ... has a common ratio R = 0.5.

We will only be looking at positive ratios in this chapter.

As with arithmetic sequences, we can continue the sequence, recording it in table form and graphing it

«l
. . . 4
where we identify the values usingn=0,1,2,3 ... T
Table Grap h Video playlist
u Geometric
n 0 1 2 3 4 5 cee " sequences
35 and
u 1 2 4 8 16 32 ... . recurrence
n 30 relations
= 254
R=2 Worksheets
20 Geometric
sequences
15 * )
Geometric
104 progressions 1
L]
51 °
(]
O T T T T T

When R > 1, the graph increases
by increasing amounts.

U,

60 4

60 30 15 | 7.5 | 3.75 | 1.875

50

40+
5 304 .
204
10

When R is between 0 and 1, the graph
decreases by decreasing amounts and
u,,, tends towards zero.

Geometric sequences and the common ratio R

For a geometric sequence where we multiply by a fixed amount, R, to generate each new value
any value
j P AL T

previous value
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VL) (50 2 U E S B Graphing geometric sequences

For each of the following sequences
a 2,6,18,54 ...

i explain why it’s a geometric sequence

i find u, and u,

Steps
a i Isa fixed value being multiplied each time?
i UseR = 0¥ value
previous value

iii Extend the sequence by continuing the rule
if necessary.

iv List 7 in the first row of the table and u,,
in the second. Find u,, for n =0 to 5.

v Sketch the table of values with #n on the
horizontal axis and u,, on the vertical axis.

b i Isa fixed value being multiplied each time?
i Use R = 0¥ value
previous value

iii Extend the sequence by continuing the rule
if necessary.

iv List n in the first row of the table and u,,
in the second. Find u,, for n =0 to 5.

v Sketch the table of values with #n on the
horizontal axis and u, on the vertical axis.

v sketch a graph of the table of values in part iv.

b 64,16,4,1 ...

i show three calculations for finding the common ratio, R.

iv make a table of values showing all the values of u, for n =0to 5

Working

We are multiplying by 3 to generate each new
value, so this is a geometric sequence.

R=S_3r-18 _3p_2%_;
2 6 18
2,6,18,54,162 ...

u, =18, u, =162

n 0 1 2 3 4 5
u 2 6 18 54 | 162 | 486

We are dividing by 4 to generate each new value

(or multiplying by i or 0.25), so this is a geometric

sequence.

R=E =0.25,R=i =O.25,R=l =0.25
24 16 4

64,16,4,1,0.25 ...

U, =4,u,=0.25

n 0 1 2 3 4 5
64 16 4 1 ]0.25]0.0625

Uy,

u
80
704
60
50
401
304
204
101

Nelson VICmaths General Mathematics 11
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Geometric recurrence relations

To find the recurrence relation for a geometric sequence, we need to know the common ratio, R, and
the first value, a.
For example, the geometric sequence 4, 8, 16, 32 ..., where a = 4 and R = 2, has the recurrence relation
uy=4, u,,,=2u,
The calculations required to generate the sequence for this recurrence relation are:
1 start with 4
2 multiply each value by 2 to generate the next value
3 keep going.
It generates the sequence in this way:
uy=4
Uy =2u;=2x4=38
Uy=2u;=2x8=16
Uy=2uUy,=2x16=32

and so on.

The geometric sequence recurrence relation

The geometric sequence u, u; u,, U5 ... has the recurrence relation
uO =a, un+1 = Run
where

U, is the value after u,

n+l

a is the first value

Ro_ 20y value

= ———— is the common ratio between values.
previous value

Ve = S N B S8 Finding geometric sequences from recurrence relations

For the recurrence relation
Uy = -3, Upy1 = 3un’

find

a aand R

b the first four values of the geometric sequence generated by the recurrence relation, showing all the
calculation steps.

Steps Working
a Useuy=a, u,,, =Ru,
where
a is the first value a=-5
R is the common ratio between values. R=3
b 1 The first part of the recurrence relation Uy=-5
gives u.

2 The second part of the recurrence relation tells  ©;, =3 x u,=3 x -5=-15
us what to multiply to generate the next value.

3 Repeat for the next two values. Uy=3xu; =3x-15=-45
Uy =3 XUy, =3x-45=-135

4 Write down the first four values of The first four values of the sequence are

the sequence. -5, -15, -45, -135.
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m Generating geometric sequences through recursive computation

Find the first six values of the sequence defined by the following recurrence relation using repeated steps.

Up = 7’ Upp1 = 9un

© Edit Action Interactive
2 G ) e e
7
7-9 63
639 567 ansx9
567-9 5102 %9
$102-9 45927
ansx9
45927-9 412343 ©
. ‘ansx9
‘ansx9
1 Start a new document and add 1 Tap Main and clear all entries.
a Calculator page. 2 Enter 7 then press EXE.
2 Enter 7 then press enter. 3 Enter x9 then press EXE.

3 Enter x9 then press enter. 4 Continue to press EXE until the first

4 Continue to press enter until the first six values are displayed.

six values are displayed.

The nth value geometric sequence rule

We can find an nth value rule for geometric sequences, just as we did for arithmetic sequences.

The geometric sequence nth value rule

The geometric sequence u, u, u,, u; ... has the nth value rule
u, =aR"

where
u,, is the nth value
a is the first value

any value .
R= Y is the common ratio between values.

previous value
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VLo = S N B =8 Finding the nth value of a geometric sequence

For each of the following sequences

i explain how we know that it is a geometric sequence
i find the nth value rule
ii use the rule to find u; and ug, rounding to two decimal places if necessary.
Steps Working
a 2,14,98,686 ...

14 98 686
i  Are we multiplying the same amount 5 7, T 7

to generate each new value?
We are multiplying by 7 to generate each new

value, so this is a geometric sequence.

ii 1 Find the first value a and the common a=2,R=7 —
ratio R. WB
2 Substitute the values for a and R into the u,=akR"
nth value rule for geometric sequences u,=2x7" e
u, =aR".
ii Substitute the values for # into the Us=2x7°=33614
nth value rule of the sequence, rounding ug=2x 7% = 5764801

to two decimal places if necessary.

b u,=1200, u,,,=0.75u,

i Are we multiplying the same amount We are multiplying by 0.75 to generate each
to generate each new value? new value, so this is a geometric sequence.
ii 1 Find the first value a and the common a=1200,R=0.75
ratio R.
2 Substitute the values for a and R into the u, =ar"
nth value rule for geometric sequences u, = 1200 x (0.75)"
u,=aR".
iii Substitute the values for n into the us = 1200 x 0.75)°
nth value rule of the sequence, rounding =284.765...
to two decimal places if necessary. ~284.77
ug = 1200 x (0.75)°
=120.135...
~120.14
EXERCISE 3.1 Geometric sequences and recurrence relations ANSWERS p. 498
Mastery

1 WORKED EXAMPLE 1 | For each of the following sequences
a 3,12,48,192 ... b 162,54,18,6...

i explain why it’s a geometric sequence

ii show three calculations for finding the common ratio R
i find u, and u,
iv make a table of values showing all the values of u, forn=0to 5

v sketch a graph of the table of values in part iv.
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2 Find the common ratio, R, for each of these geometric sequences.
a 11,55,275,1375 ... b 240,43,9.6,1.92 ...
c 3.2,5.12,8.192,13.1072 ... d 8,7.2,6.48,5.832 ...

3 WORKED EXAMPLE 2 | For each of the following recurrence relations, find
i aandR

ii the first four values of the geometric sequence generated by the recurrence relation, showing

all the calculation steps.
a uy=4, u,,=10u, b u,=-1, u,,,=6u,

c u,=80, u,,,=025u, d u,=12, u,,,=15u,

4 Find the first six values of the sequence defined by the following recurrence relation

using repeated steps.

Uy = 8’ Uy = 6”11

5 WORKED EXAVPLE 3 | For each of the following sequences

i explain how we know that it is a geometric sequence
ii find the nth value rule
ii use the rule to find u, and u,, rounding to three decimal places if necessary.
a 8,24,72,216... b 16000000, 2000000, 250000, 31250 ...

c u,=2240, u,,,=09u, d u,=4, u,,,=15u,

6 Find a recurrence relation that generates each of the following geometric sequences.

a 2,4,8.. b 3,1575... ¢ 5,30,180...
d 48,24,12 ... e 2,56,15.68...
Exam practice 80-100%  60-79%  0-59%

7 [EIEYN 2016s 1017 MODIFIED | The first three values of a sequence generated by the recurrence relation

P,=2000, P, =15P

are
A 2000, 3000, 4500 ... B 2000, 1000, 500 ... C 2000, 2500, 3000 ...
D 2000, 3000, 4000 ... E 2000, 1500, 1000 ...

8 2019N 1CQ17 MODIFIED | A sequence of numbers is generated by the recurrence relation
P0=2’ Pn+1=3Pn
What is the value of P5?
A 2 B 3 C 6 D 18 E 54

9 A recurrence relation is defined by
uy=-1, wu,,, =>5u,
The sequence u, uy, u, ... is
A -1,-5,-25... B -1,5-25... C -1,-6,-11...
D -1,4,9... E -1,6,11...
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10 The following recurrence relation can generate a sequence of numbers:
uy=10, wu,,,=2u,

The number 80 appears in this sequence as

A u B u, C u D u, E uy

11 Which of the following graphs could best represent the recurrence relation u, = 80, u,,,; = 2.5u,?

A u, B u, C u,

L e e, L
n n
D u, E u,
L]
L]
L]
L]
L]
L] L]
L]
L]
L]
L . I
n n

12 A sequence is defined by the recurrence relation
uy=20, u,,;=02u,
The rule that gives u,, the nth value of the sequence, is
A u,,, =02(20)" B u,, =2002)" C u,=20(0.2)""
D u,=02(-20"" E u,=20(0.2)"

n+1

13 The rule u, = 0.5(12)" could be used to find the 100th value of which of the following sequences:
A 12,144,1728 ... B 05,6,12... C 12,6,3 ...
D 05,6,72... E 0.5,12.5,245...

14 (6 marks) A sequence is defined by the recurrence relation u, = 3, u,,, = 2u,,

a State the type of sequence defined by this recurrence relation, giving a reason for

your answer. 1 mark
b State the common ratio for this sequence. 1 mark
¢ Make a table of values for this sequence showing the first four values of the sequence. 1 mark
d Find a rule for the nth value of the sequence. 1 mark
e Show a calculation to find u,, using the nth value rule. 2 marks

15 (3 marks) A rubber ball is dropped from a height of 96 metres and each time it hits the
ground, it bounces up to a quarter of the previous height.

a If h, is the maximum height the ball reaches after each bounce, write a recurrence

relation for the height of the ball after the nth bounce. 1 mark
b Show the calculations needed to find the height after the second bounce using the

recurrence relation. 1 mark
¢ What height does the ball reach after the third bounce? 1 mark
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Compound interest recurrence

BV

Compound interest vs simple interest

In Chapter 2 we looked at simple interest and how it is based on arithmetic sequences. In this chapter we
will be looking at compound interest and how is it based on geometric sequences.

Again, keep in mind that interest is the fee for using someone else’s money, and the amount that is invested
or borrowed is called the principal.

& Investment Money coming to the person is positive.
N — == Principal Money going away from the person is negative.
— Interest ==y +
Loan
Principal === +
S — — = Interest

Most investments and loans use compound interest where the interest is added to the principal, and the
interest for the next time period is calculated using this new balance. The interest is regularly calculated
at the end of a certain time period, which is called a compounding period.

VL) (A 2 B SR B Comparing compound and simple interest

Najina is investing $4000 for four years and wants to compare an investment at 10% p.a (per year)
compounding yearly to 10% p.a. simple interest.

a Copy and complete the following table for n =3 and n = 4.

Compound
Interest ($) Value of investment (3$) Interest ($) Value of investment (3$)
0|- 4000 - 4000
10 10
1 | — x 4000 =400 4000 + 400 = 4400 — x 4000 = 400 4000 + 400 = 4400
100 100
10 10
2 | — x 4400 = 440 4400 + 440 = 4840 —— x 4000 = 400 4400 + 400 = 4800
100 100
3
4

b What is the value of the compound interest investment after four years?

c After four years, how much more is the value of the compound interest investment compared to the
simple interest investment?

Nelson VICmaths General Mathematics 11 9780170448192




Steps Working

a Compound
Interest ($) Value of investment (3$) Interest ($) Value of investment (3$)
0]- 4000 - 4000
10 10
1 | — x 4000 =400 4000 + 400 = 4400 — x 4000 = 400 4000 + 400 = 4400
100 100
10 10
2 | — x 4400 =440 4400 + 440 = 4840 — x 4000 =400 4400 + 400 = 4800
100 100
10 10
3 | — x 4840 =484 4840 + 484 = 5324 — x 4000 =400 4800 + 400 = 5200
100 100
10 10
4 | — x 5324 =532.40 | 5324 +532.40 =5856.40 | — x 4000 =400 5200 + 400 = 5600
100 100
b Read from the table. The value of the compound interest investment

after four years is $5856.40.
¢ Compare the last entries in the two interest ($) 5856.40 — 5600 = 256.40

columns in the table. The compound interest investment has
$256.40 more than the simple interest investment.

Compounding periods

Compound interest is always given as a rate per year,

Compounding | Number of compounding

but compounding periods can vary: period periods per year
o Daily compounding means the interest is calculated Daily 365
every day and added to the account. Weekly 5»
o Weekly compounding means the interest is calculated Fortnightly 2%
every week and added to the account. Monthl

ont 12

o Further compounding periods are shown in the table. Y
Quarterly 4

Six-monthly

Yearly 1

Interest rates per compounding period

percentage interest rate per year

percentage interest rate per compounding period = : :
number of compounding periods per year
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VL) 2 T E SR8 Working with compounding periods

For each of the following investments, find

i the number of compounding periods per year

Steps

a i How many compounding periods are there

per year?

ii Multiply the number of compounding
periods per year by the number of years.

iii Divide the percentage interest rate per year
by the number of compounding periods
per year.

iv Convert the compounding period interest
rate to a decimal and multiply by the
principal. Round to the nearest cent.

i How many compounding periods are there
per year?

ii Multiply the number of compounding

periods per year by the number of years.

iii Divide the percentage interest rate per year
by the number of compounding periods
per year.

iv Convert the compounding period interest
rate to a decimal and multiply by the
principal. Round to the nearest cent.

ii the number of compounding periods over eight years

ii the percentage interest rate per compounding period, written as a fraction

iv the amount of interest earned in the first compounding period to the nearest cent.
a Sher-Li invests $50 000 at 4% compound interest per annum compounding daily.

b Callum invests $16 000 at 7% compound interest per annum compounding weekly.

Working
There are 365 daily compounding periods per year.

There are 365 x 8 = 2920 daily compounding
periods over eight years.

4
The percentage interest rate per day = %%.

The amount of interest earned on the first day is

A L 50000 = $5.48.
100

365

There are 52 weekly compounding periods
per year.

There are 52 x 8 = 416 weekly compounding
periods over eight years.

7
The percentage interest rate per week = 5%.

The amount of interest earned in the first week is

7 X L x 16000 = $21.54.
52 100

Compound interest recurrence relations

Compound interest investments and loans can be modelled by recurrence relations based on

geometric sequences.

Compound interest investment recurrence relation

The recurrence relation for the value u, of a compound interest investment, after n compounding

periods, is

Br r
uy = principal, u,,,=|1+ e u,
where

r = the percentage interest rate per compounding period

n = the number of compounding periods.

The graph of a compound interest investment recurrence relation will look like this:

Total amount of interest after n compounding periods = u, — u,.

Nelson VICmaths General Mathematics 11
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VL) S o N E S Finding compound interest recurrence relations

a1

following in simplest form.
5.6% per annum, compounding annually.
4.8% per annum, compounding quarterly.

3% per annum, compounding monthly.

Steps

Find the number of compounding periods
per year.

Identify u,, u,and r.

Substitute the values into u, = principal,

Uy, = (1 + ﬁ)un and simplify.

Find the number of compounding periods
per year.

Identify u,, u,and r.

Substitute the values into u, = principal,

Uy = (1 + ﬁ)un and simplify.

Find the number of compounding periods
per year.

Identify u,, u,and r.

Substitute the values into u, = principal,

Uy = (1 + ﬁ)un and simplify.

Write a recurrence relation for the account balance, after n compounding periods, for each of the
a Adamma deposited $18 000 into a savings account earning compound interest at the rate of
b Astrid deposited $14 000 into a savings account earning compound interest at the rate of

¢ Aroha deposited $15000 into a savings account earning compound interest at the rate of

Working

There is one compounding period per year.

Let u, = the account balance after n compounding

periods.

u,=18000, r = 51—6 =5.6%

5.6
u,=18000, wu,, 6 = (1 + ﬁ)u”
u,=18000, u,,,=(1+0.056)u,
1y = 18000, u,,, = 1.056u,

There are four compounding periods per year.

Let u, = the account balance after n compounding
periods.

4.
u,=14000, r = —8= 1.2%
4

1.2
Uy = 14000, Uyl =(l+ﬁ)un
uy=14000, u,,,=(1+0.012)u,
1y = 14000, u,,, =1.012u,

There are 12 compounding periods per year.

Let u, = the account balance after n compounding
periods.

1y = 15000, 7 = —- = 0.25%
12

0.25
u,=15000, wu,, 6 = (1 + W)un
uy=15000, u,,,=(1+0.0025)u,
1y = 15000, u,,, = 1.0025u,

9780170448192
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Compound interest general rule

As with simple interest, there is a compound interest general rule that can be used to solve problems

more quickly.

Compound interest general rule

The general rule for the value u,, after n compounding periods, of a compound interest investment is

where

u, = principal

r = the percentage interest rate per compounding period

n = the number of compounding periods.

Total amount of interest after n compounding periods = u,, — u,

VL) (= 2 N E 2 Using the compound interest rule

Steps

a Divide the yearly interest rate by the number of
compounding periods per year.

b Substitute the values of #, and r into the
compound interest general rule

r n
u =14+ —1| xu,and simplify.
" ( 100) ‘ Py

c 1 Substitute the value of #, the number
of compounding periods, into the rule.

2 Write the answer, rounding to the
nearest cent.

d Total amount of interest after n compounding
periods = u, — u,. Write the answer, rounding
to the nearest cent.

Ricky invests $38 000 in an account where he earns interest of 3% p.a. compounded monthly.

a Find r, the percentage interest rate per compounding period.

b Write a rule that will calculate the value of the investment after n compounding periods.

¢ Use the rule to find the value of the investment after 15 compounding periods to the nearest cent.

d Calculate the total amount of interest paid after 15 compounding periods to the nearest cent.

Working

3
The percentage interest rate per month = E%

=0.25%
n

n
u =(1+%) x 38000
100

u, = 1.0025" x 38000

n=15
u;5 = 1.0025" x 38000
=39450.209...

The value of the investment after 15 months
is $39450.21.

Find u5 - u,.

Total amount of interest after 15 months
=$39450.21 — $38000.00

= $1450.21

EXERCISE 3.2 Compound interest recurrence relations

ANSWERS p. 499

Recap

1 The first three values of a sequence generated by the recurrence relation u, = 8800, u,,,, = 0.5u,, are

A 8800, 1760, 352 ...
D 8800, 6600, 4400 ...

Nelson VICmaths General Mathematics 11

B 8800, 17600, 35200 ...
E 8800, 4400, 1100 ...

C 8800, 4400, 2200 ...
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2 The recurrence relation u, = 2, u,,,; = 3u, can generate a sequence of numbers.
The number 162 appears in this sequence as

A u B u, C u; D u, E u;

Mastery

3 WORKED ExAMPLE 4 | Talia is investing $3000 for four years and wants to compare an investment at

5% p.a. compounding yearly to 5% p.a. simple interest.

a Copy and complete the following table for n =3 and n = 4.

Compound
Interest ($) Value of investment (3$) Interest ($) Value of investment (3$)
0 |- 3000 - 3000
1 i><3000 =150 3000 + 150 = 3150 ix3000 =150 | 3000+ 150 =3150
100 100

2 % x 3150 = 157.50 | 3150 + 157.50 = 3307.50 % x 3000 = 150 | 3150+ 150 = 3300

b What is the value of the compound interest investment after four years?

c After four years, how much more is the value of the compound interest investment compared to the
simple interest investment?

4 WORKED EXAMPLE 5 | For each of the following investments, find

i the number of compounding periods per year
ii the number of compounding periods over nine years
i the percentage interest rate per compounding period, written as a fraction
iv the amount of interest earned in the first compounding period to the nearest cent.
Ross invests $62 000 at 3% compound interest per annum compounding weekly.
Rachel invests $110000 at 7% compound interest per annum compounding daily.
Monica invests $10 000 at 5% compound interest per annum compounding monthly

Joey invests $14 000 at 6% compound interest per annum compounding quarterly.

®O o O T 9o

Phoebe invests $22 000 at 8% compound interest per annum compounding fortnightly.

5 WORKED EXAVMPLE 6 | Write a recurrence relation for the account balance, after n compounding periods,
for each of the following in simplest form.

a Arideposited $20000 into a savings account earning compound interest at the rate of
3.1% per annum, compounding annually.

b Almir deposited $16 000 into a savings account earning compound interest at the rate of
2.4% per annum, compounding monthly.

¢ Aksel deposited $21000 into a savings account earning compound interest at the rate of
4.8% per annum, compounding quarterly.
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6 [£ workeD exavpLE 7 | For each of the following

i find r, the percentage interest rate per compounding period
i write a rule that will calculate the value of the investment after n compounding periods
ii use the rule to find the value of the investment after 19 compounding periods to the nearest cent
iv calculate the total amount of interest paid after 19 compounding periods to the nearest cent.
Linus invests $75000 in an account where he earns interest of 6% p.a. compounded monthly.
Elke invests $45000 in an account where she earns interest of 4% p.a. compounded quarterly.

Ingrid invests $6000 in an account where she earns interest of 8.5% p.a. compounded yearly.

o O T o

Trevor invests $34 000 in an account where he earns interest of 5% p.a. compounded six-monthly.

Exam practice 80-100% 60-79% 0-59%

7 $6000 has been invested at 10% p.a. compound interest compounding yearly. What are the two values

10

11

12

for n =2 in the compound interest table below, where interest is paid after n years?

n ‘ Compound interest ($) | Value of investment ($)

0 - 6000
1 600 6000 + 600 = 6600
2

A 660 and 6600 B 600 and 7200 C 660 and 7200
D 600 and 6000 E 660 and 7260

The recurrence relation u, = 15000, u,,,, = u, x 1.06 can represent the value of an investment of

A $6000 at 15% p.a. compounded yearly B $15000 at 10.6% p.a. compounded yearly
C $10600 at 15% p.a. compounded yearly D $15000 at 1.06% p.a. compounded yearly
E $15000 at 6% p.a. compounded yearly

80% Manu invests $3000 in an account that pays interest compounding monthly.
The balance of his investment after n months, B, can be determined using the recurrence relation

B, =3000, B, =10048 x B,
The total interest earned by Manu’s investment after the first five months is closest to

A $57.60 B $58.02 C $72.00 D $72.69 E $87.44

79% An investment of $16 000 is made at 4% interest per annum, compounding
yearly. The value of the investment after two years is

A $17280.71 B $17305.60 C $17325.71 D $21120.00 E $21897.10

Andre deposited $20000 into a savings account earning compound interest at the
rate of 3.1% per annum, compounding annually. Which one of the following recurrence relations can
be used to determine the amount in the savings account, S,, after n years?

A S,=20000, S,, =S,+620 B S,=20000, S, =1031xS,

n

C S$,=20000, S, =620xS, D S,=20000, S, =3.1xS$,+620
E S,=20000, S, =S,+3.1%620

66% The value of a compound interest investment, in dollars, after n years, V,,
can be modelled by the recurrence relation v, = 100000, V,

w1 = 1.01 V.. The interest rate, per annum,

for this investment is

A 0.01% B 0.101% C 1% D 1.01% E 101%
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13 51% Heather invests $45000 at 4% per annum for five years compounding

annually. The total amount of interest earned after five years is

A $1800 B $2100 C $9000 D $9750 E $54750 @

14 42%  $10000 is invested at a rate of 10% per annum compounding half yearly.

The value, in dollars, of this investment after five years, is given by
A 10000x0.10x5 B 10000 x 0.05 x 10 C 10000 x 0.05'°
D 10000 x 1.05" E 10000 x 1.10°

15 (5 marks) A golf club’s social committee has $3400 invested in an

account that pays interest at the rate of 4.4% per annum compounding quarterly.

Show that the interest rate per quarter is 1.1%. 2 marks

b Determine the value of the $3400 investment after three years. Write your answer
in dollars correct to the nearest cent. 1 mark

¢ Calculate the interest the $3400 investment will earn over six years. Write your answer

in dollars correct to the nearest cent. 2 marks

@ Reducing balance depreciation oK

Video playlist

Reducing balance depreciation recurrence relations Reducing

depreciation

In Chapter 2 we looked at two ways businesses deal with assets that reduce in value over time: flat rate

depreciation and unit cost depreciation. These two ways involve simple interest calculations by reducing Worksheets
the value of the asset by a fixed amount each time. MZZZ‘U‘;”ECZS“
We will now look at a third type of depreciation called reducing balance depreciation, where the value Modelling
of the asset is reduced by a fixed percentage of its value in the preceding year. With flat rate depreciation, and geometric

sequences

the asset depreciates by the same amount each year, whereas with reducing balance depreciation, the
asset depreciates by smaller amounts each year. So reducing balance depreciating depreciation involves
compound interest payments.

Reducing balance depreciation recurrence relation

The recurrence relation for the value of an asset u,, after n years,
using reducing balance depreciation is

u,, = initial value of the asset, u,,,, = (1 B ﬁ) X

where
r = the percentage depreciation rate per year
n = the number of years.

The graph of u, would look like this:  «,

Total amount of depreciation after n years = u,, — u,,.
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VL) (5 2 C T E SR Finding reducing balance depreciation recurrence relations

0 —

A factory owner purchased a machine for $12000. It is depreciated using reducing balance depreciation
at a rate of 16% per annum. Give all answers to the nearest dollar.

a Copy and complete the table to find the value of the machine after five years.

n ‘ Depreciation after n years (3$) ‘ Value after n years ($)

12000

1 16 x 12000 = 1920
100

12000 - 1920 = 10080

2 16 x 10080 = 1613
100

10080 — 1613 = 8467

Steps

a 1 Calculate the percentage of successive values
and subtract from the previous value.

Use CAS recursive computation
where possible.

Give all values to the nearest dollar, but don’t
round until after all the calculations have
been done.

[Note: Answers can vary slightly depending
on when values are rounded.]

2 Read the answer from the table.
b Read the answer from the table.
c 1 Identify u,, u,and r.

2 Substitute the values into
u, = initial value of the asset,

Uy = (1 - ﬁ)un and simplify.

b How much is the machine depreciated by after four years?

¢ Write down a recurrence relation that gives the value of the machine after » years.

Working

n | Depreciation after Value after n years ($)
n years ($)

0|- 12000
16

1 | — % 12000 = 1920 | 12000 — 1920 = 10080
100
16

2 | — x10080=1613 | 10080 — 1613 = 8467
100
16

3 | — x 8467 =1355 | 8467 — 1355="7112
100
16

4| —x7112=1138 |7112-1138 =5974
100
16

5 T00 x 5974 = 956 5974 — 956 = 5018

The value of the machine after five years is $5018.
The machine is depreciated by $1138 after four years.
Let u,, = the value of the photocopier after n years.
u,=12000, r =16

16
u, = 12000, un+1=(l—m)un
uy=12000, u,,,=(1-0.16)u,
uy=12000, wu,, ,=0.84u,

Nelson VICmaths General Mathematics 11
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L) <o o €N B Sl Using reducing balance depreciation recurrence relations

Uy =55000, u,,, =0.73u,

Steps

a 1 Use u, = initial value of the asset,

Uy = (1 - L) XU,
100

2 Solve for r, using CAS if necessary.

r=27.

solve(l-L-OJJ.r
100

Write the answer.

b Use CAS recursive computation.

TI-Nspire

55000 55000
55000 0.72 40150.00
40150 0.72 29209.50
29309.5: 0.73 21395.94
21295.935-0.72 15619.02

Find when the value is first below $20 000.

A ute is depreciated using the reducing balance method of depreciation. The value of the ute u,, in dollars,
after n years, can be modelled by the recurrence relation

a At what annual percentage rate is the value of the ute depreciated each year?

b When does the ute first depreciate to under $20000?

Working

r
Compare u,,; = (1 - ﬁ) x u, tou,,, =0.73u,.

(1 - L) -0.73
100

- 14073
100
027
100
T o027
100
r=27

© Edit Action Interactive

e[ (Bl TSI

lol;o(l—rs-o--o. 73.1) i
{r=27}

The annual percentage rate is 27%.

© Edit Action Interactive
B brJiasme] [ [
55000 I - |
| 55000. 00
‘ansx0. 78

40150.00
‘ansx0. 73

29308.50
‘ansx0. 73
\ 21395.94
‘ansx0.73

156818.08

The ute first depreciates to under $20 000 after
four years.

9780170448192
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Reducing balance depreciation general rule

The reducing balance depreciation general rule is similar to the compound interest general rule.

Reducing balance depreciation general rule

The general rule for the value u,, after n years of a reducing balance depreciation is

r n
u =(1-—| xu
g ( 100) 0

where
u, = initial value of the asset
r = the percentage interest rate per year
n = the number of years.

Total amount of interest after n years = u,, — 1,

= VLo = S N B ) Using the reducing balance depreciation rule

WB A commercial fishing company bought a boat for $200000 and is depreciating it by 25% of its value each year.
p. 48 Steps Working
a Explain why this involves reducing balance depreciation and not flat rate depreciation.
Does the depreciation involve a changing The boat is being depreciated by 25% of its value
amount or a fixed amount each year? each year. If it was flat rate depreciation, it would

be depreciated by 25% of its initial value each year.

b Write a rule that will calculate the value of the boat after # years.

Substitute the values of , and r into the 1y =200000, r = 25
reducing balance depreciation general rule ( . )n
Z=1=—] Xu,
100

n
u,= (1 - L) x 1y and simplify.
100 55\
u, = (1 - %) x 200000

u, =0.75" x 200000
¢ Use the rule to find the value of the boat after eight years to the nearest dollar.
Substitute the value of # into the rule and solve. n=238
Ug = 0.75% x 200000 = 20022.58...
The value of the boat after eight years is $20023.

EXERCISE 3.3 Reducing balance depreciation ANSWERS p. 500

Recap

1 $10000 has been invested at 5% p.a. compound interest, compounding yearly. What are the two values
for n =2 in the compound interest table below where interest is paid after n years?

n ‘ Compound interest ($) ‘ Value of investment (3$)

0 - 10000

1 500 10000 + 500 = 10500

2
A 500 and 11000 B 525and 11025 C 500and 11025
D 525and 11000 E 500 and 10500
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2 The recurrence relation u, = 27000, u,,,, = 1.05u,, represents the value of an investment of
A $5000 at 27% p.a. compounded yearly B $27000 at 10.5% p.a. compounded yearly
C $10500 at 27% p.a. compounded yearly D $27000 at 5% p.a. compounded yearly
E $27000 at 1.05% p.a. compounded yearly

Mastery

3 WORKED EXAMPLE 8 | A business purchased a workstation for $10000. It is depreciated using reducing
balance depreciation at a rate of 18% per annum. Give all answers to the nearest dollar.

a Copy and complete the table to find the value of the workstation after five years.

n ’ Depreciation after n years ($) ‘ Value after n years ($)

0 |- 10000
18

1 | — x 10000 = 1800 10000 - 1800 = 8200
100
18

2 | — x 8200 = 1476 8200 - 1476 = 6724
100

3

4

5

b How much is the workstation depreciated by after four years?

¢ Write down a recurrence relation that gives the value of the workstation after n years.

4 [Z7] WoRKED EXAMPLE S | A car is depreciated using the reducing balance method of depreciation.

The value of the car u,, in dollars, after # years, can be modelled by the recurrence relation

uy=>58000, u,,,=0.79%,

n

a At what annual percentage rate is the value of the car depreciated each year?
b When does the car first depreciate to under $20000?

5 WORKED EXAMPLE 10 | A removalist bought a truck for $250000 and is depreciating it by 20% of its value
each year.

a Explain why this involves reducing balance depreciation and not flat rate depreciation.
b Write a rule that will calculate the value of the truck after n years.

¢ Use the rule to find the value of the boat after nine years to the nearest dollar.

6 For each of the following
i state whether the depreciation is flat rate, unit cost or reducing balance
ii write a recurrence relation for u,, stating what »n represents
i find the rule for u, in simplest form.
a A colour laser printer is purchased for $20000. It is depreciated by 15% of its value each year.
b A colour laser printer is purchased for $20000. It is depreciated by 15% of its initial value each year.
¢ A colour laser printer is purchased for $20000. It is depreciated by 10 cents per page used.
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Exam practice 80-100% 60-79% 0-59%

7 74% The purchase price of a car was $26 000. Using the reducing balance method,

the value of the car is depreciated by 8% each year. A recurrence relation that can be used to determine
the value of the car after n years, C,,, is

A C,=26000, C,,,=092C, B C,=26000, C,,, =1.08C,
C C,=26000, C,, =C,+8 D C,=26000, C,,, =C,-8
E C,=26000, C,, =092C, -8

n+l

A truck was purchased for $134000. Using the reducing balance method, the value
of the truck is depreciated by 8.5% each year. Which one of the following recurrence relations could be
used to determine the value of the truck after n years, u,?

A u,=134000, wu,, ,=0915xu, B u,=134000, u,,, =1.085x%xu,
C u,=134000, wu,, ,=u,—-11390 D u,=134000, wu,,;=0.915xu,—-8576
E u,=134000, u,,; =1.085xu,—8576

57% A file server costs $30000. The file server depreciates by 20% of its value

each year. After three years, its value is

A $6000 B $12000 C $15360 D $19200 E $24000

10 2004 1BRMQ8 modified | (49% A machine is purchased for $13 000. Using the reducing balance

method of depreciation, its value after five years will be $5000. The graph that best represents the value
of the machine after each year over the five-year period is

A B C

154 154 154
2 2z . 2
S 104 ° S 10 o S 104 o
N ° N ° N
E ‘. E . E ‘

i 5 o i
<>ws 5 ° < 5 ° <><S 5 °

L ]
T T T T T T T T T T T T T T T hd T
0123456 0 1234565 0123456
Year Year Year
D E

15 15
z . z .
S 10+ . S 10+ o
N ° N
L L
= ° =] °
< — < —
S 3 . S 3

[ ]
T T T T T T T T T T T T
0123456 0123456
Year Year

11 A business purchased a computer for $4000. It is depreciated using reducing balance depreciation

at a rate of 15% per annum. What are the two values for n = 2 in the depreciation table?

n ‘ Depreciation after n years ($) ‘ Value after n years ($)

- 4000

0
1
2

A 600 and 3400 B 510 and 2890 C 600 and 510

D 15 and 4000 E 15 and 3400
100
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12 (3 marks) Phil is a builder who has purchased a large set of tools. The value
of Phil’s tools is depreciated using the reducing balance method. The value of the tools, in dollars,
after n years, u,,, can be modelled by the recurrence relation

uy,=60000, u,,,=09u,
a 74% Use recursion to show that the value of the tools after two years, u,, is $48 600. 1 mark
b 66% What is the annual percentage rate of depreciation used by Phil? 1 mark

c 79% Phil plans to replace these tools when their value first falls below $20 000. After
how many years will Phil replace these tools? 1 mark

13 58% (1 mark) Alex is a mobile mechanic. The value of his van is depreciated
using the reducing balance method of depreciation. The value of the van, in dollars, after » years,
R,, can be modelled by the recurrence relation

R,=75000, R, =0.943R,

At what annual percentage rate is the value of the van depreciated each year?

14 (4 marks) A golf club management purchased new lawn mowers for $22000.

a Use the flat rate depreciation method with a depreciation rate of 12% per annum to find
the depreciated value of the lawn mowers after four years. 2 marks

b Use the reducing balance depreciation method with a depreciation rate of 16% per
annum to calculate the depreciated value of the lawn mowers after four years. Write your
answer in dollars correct to the nearest cent. 1 mark

c After four years, which method, flat rate depreciation or reducing balance depreciation,
will give the greater depreciation? Write down the greater depreciation amount in dollars
correct to the nearest cent. 1 mark

Percentages and financial P

mathematics

Video playlist
Percentages
and financial
mathematics

Financial percentage change

As we have seen, an understanding of percentages is crucial for financial mathematics. For example, sellers
often change the price of an item for sale. When the price of an item is increased by a percentage, it’s called
a mark-up. When the price of an item is reduced by a percentage, it’s called a discount. For a mark-up the
change in price is positive, and for a discount the change in price is negative.

Mark-ups and discounts

For an item marked up by r%: For an item discounted by 7%:
q q 8 q r g g 99 q r
change in price = original price x — change in price = — (orlgmal price x —)
100 100
new price = original price + (orlglnal price x ﬁ) new price = original price — (orlglnal price x ﬁ)
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L) (5 2 VB S B E Caleulating mark-ups and discounts

The original price of a pair of jeans is $80.

a What is the change in price if the pair of jeans is

i marked up by 20%

i discounted by 12%.
b Find the new price if the pair of jeans is

i marked up by 8%

i discounted by 15%.
Steps Working
a i change in price = original price x L change in price = 80 x 20 16

100 100
The change in price is $16.00.
ii change in price = - (original price x ﬁ) change in price = —(80 x %) =-9.6

The change in price is —$9.60.
b i new price = original price + (original price x ﬁ) new price = 80 + (80 X i)

=80+64
=86.4

The new price is $86.40.

- : L . . . r . 15
ii new price = original price — (orlgmal price x ﬁ) new price = 80 - (80 X —0)

=80-12
=68
The new price is $68.

@ Exam hack

Don'’t round your answer unless you are asked to.

We can calculate the percentage change, 1, for a discount and mark-up if we know the original price
and new price. Percentage change is always a positive number.

Finding the percentage change, r

If the price of an item is marked up, then: If the price of an item is discounted, then:
new price > original price original price > new price
For an item marked up by r%: For an item discounted by 7%:
new price — original price original price — new price
p= JEWPTICE = 0TS PIICC & 100% r= BMA PCE = BEWPHCE  100%
original price original price

@ Exam hack

Make sure to divide by the original price, not the new price, when calculating percentage change.
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VL) (50 2 B S B8 Finding the percentage change, r

The original price of a pair of jeans is $80.

Steps
. hew prlce. - orlg.mal Price 0%
original price
b re original price — new price « 100%

original price

a Find the percentage mark-up if it has been increased to $100.

b Find the percentage discount if it has been discounted to $60.

Working

= 10080 00%

= 20 x 100%
80

=25%
The percentage mark-up is 25%.
80 - 60

r=

x 100%

= 20 x 100%
80

=25%

The percentage discount is 25%.

We can also find the original price if we know the new price and r.

Finding the original price

For an item marked up by r%:
100

original price = new price x ———
sinatp . (100 + )

For an item discounted by r%:
100

original price = new price x ———
sinatp . (100 = 1)

VL) 2 CNU B S < E Finding the original price

a the new price is $120 and the mark-up is 30%
b the new price is $44 and the discount is 60%.
Steps

100

a 1 original price = new price x ———
gmatp PR 00 + 1)

2 Give the answer to the nearest cent.

100

b 1 original price = new price x ———
gmatp PR 0= )

2 Give the answer to the nearest cent.

Find the original price of a pair of jeans, to the nearest cent, if

Working
original price = 120 x __100
(100 + 30)
=120x0.769...
=92.307...
The original price was $92.31.
original price = 44 x __100
(100 - 60)
=44 x 2.5
=110

The original price was $110.00.
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GST

The Goods and Services Tax (GST) is currently a 10% tax
on most sales and services in Australia. We can think of

this as a mark-up where
price without GST = original price
price with GST = new price
GST amount = change in price

r=10%

r=10%
GST amount = price without GST x 0.1
GST amount = M

price with GST = price without GST x 1.1

T price with GST

price without GS 1

VLo e S N B S Y Working with GST

Round the following answers to the nearest dollar.

i What is the price excluding GST?
ii How much of the advertised price is GST?

b A piece of software has a GST-free price of $190.
i What is the price with GST?

ii How much GST is payable?
Steps
a i Use price without GST = M
rounding to the nearest dollar. ‘
ii Use GST amount = M,

11
rounding to the nearest dollar.

i Use price with GST = price without GST x 1.1,
rounding to the nearest dollar.

ii Use GST amount = price without GST x 0.1,
rounding to the nearest dollar.

a A car is advertised at a price of $34 500, which includes GST.

Working

price without GST = @ =31363.636...

The price without GST is $31 364.
34500

GST = =3136.363...

The GST amount is $3136.

Use price with GST =190 x 1.1
=209

The price with GST is $209.

GST =190 x 0.1
=19

The GST amount is $19.

The unitary method

The unitary method is a way of solving problems by calculating the value of one unit.

L) 2 N E S B Using the unitary method

a If 12 doughnuts cost $26.40, find the cost of

i one doughnut

i one packet

Nelson VICmaths General Mathematics 11

Answer the following questions using the unitary method.

ii 200 doughnuts.
b If 6 packets of crackers weigh 570 grams, find the weight of
ii 20 packets.
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Write the known equality.
2 Identify the quantity being asked for.

3 Find the cost of one doughnut:
the unit amount.

4 Write the answer in words.

ii 1 Multiply the unit amount by the
required number.

2 Write the answer in words.
Write the known equality.
2 Identify the quantity being asked for.

3 Find the mass of one packet:
the unit amount.

4 Write the answer in words.

ii 1 Multiply the unit amount by the
required number.

2 Write the answer in words.

Working
12 doughnuts cost $26.40.
cost

. 26.40
unit amount = ——

=22
One doughnut costs $2.20.

2.2 x 200 =440

200 doughnuts cost $440.
6 packets weigh 570 grams.
weight

. 570
unit amount = ?

=95
One packet weighs 95 grams.

20 x 95 =1900

20 packets of crackers weigh 1900 grams.

If a percentage of an amount is known, then the unitary method can be used by dividing to find 1%

(i.e. one unit). The whole amount can then be found by multiplying by 100 to find 100%.

VL) (= o B S TR Using the unitary method for percentages

a What is the total population of the town?

Steps
a 1 Write the known equality.
2 Identify the quantity being asked for.

3 Divide this amount by the number of
units to find the unit amount (i.e. 1% of
the population).

4 Multiply the unit amount by 100 to find the

5 Write the answer in words.

b 1 Multiply the unit amount by the
required number.

2 Write the answer in words.

whole amount (i.e. 100% of the population).

A town has 4745 adults and its population is 65% adults.

b If 45% of the town’s population are female, how many females are there?

Working
65% of the population = 4745.
population

. 4745
unit amount = ——
65

=73
1% of the population is 73.

100 x 73 = 7300

The total population of the town is 7300.

45% of the population is 45 x 73 = 3285.

There are 3285 females in the town.

9780170448192
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The unitary method is particularly useful when comparing the prices of the same product in different sizes

to see which one is the best value.

VL) (= 2 CN B A Using the unitary method to make comparisons

and 2 kg for $8.70.

b Which size is the best value?

Steps

If necessary, convert units of measurement so
that all the units are the same.

2 Identify the quantity being asked for.

3 Divide this quantity to find the unit amounts
for each of the sizes (i.e. the cost of one
gram). Give your answer correct to four
decimal places.

b Compare to find the cheapest and write the
answer in words.

a 1 Write the known equality for each of the sizes.

Paul is buying washing powder. His brand comes in three different sizes: 350 g for $1.86, 800 g for $3.28

a What is the unit cost of each of the sizes? Give your answer correct to four decimal places.

Working
350gis $1.86
800gis $3.28
2kg is $8.70
cost

The cost of one gram in each case is:

$1.86 $3.28 $8.70
350 800 2000
=$0.0053 = $0.0041 = $0.0044

The 800 g for $3.28 is the best value because it is
the cheapest per gram.

@ Exam hack

When calculating the best value, always makes sure the
units of measurement you are comparing are the same.

EXERCISE 3.4 Percentages and financial mathematics

ANSWERS p. 500

Recap

1 Which of the following recurrence relations best models a car purchased at $32000 being depreciated
using reducing balance depreciation at a rate of 11% per annum?

A u, =0.11"x 32 000
C u,=32000, u,,, =0.11u,
E u,=32000,

n+1

u,=0.89%u,,,

B u,=0.89"x 32000
D u,=32000, u,, =0.89u,

2 A car costs $32000. The car depreciates by 15% of its value each year. After five years, its value to the

nearest cent is

A $14198.57 B $16704.20

Mastery

C $19652.00

D $24000.00 E $27200.00

3 77 workep exampLE 11 | The original price of a shirt is $60.

a What is the change in price if the shirt is
i marked up by 20%
i discounted by 9%
b Find the new price if the shirt is
i marked up by 25%
iii marked up by 6%

Nelson VICmaths General Mathematics 11

ii discounted by 12%

v marked up by 35%.

i discounted by 15%
discounted by 8%.

z
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4 WORKED EXAMPLE 12 | The original price of a pair of shorts is $50.

a Find the percentage mark-up if it has been increased to

i $70 i $85 i $60
b Find the percentage discount if it has been discounted to
i $40 i $45 i $25

5 woRKED ExAVMPLE 12 | Find the original price of a jacket to the nearest cent if

a the new price is $150 and the mark-up is 20%
b the new price is $45 and the discount is 60%
c the new price is $99 and the discount is 25%
d the new price is $200 and the mark-up is 35%.

6 WORKED EXAMPLE 14 | Round the following answers to the nearest dollar.

a A television set is advertised at a price of $2850, which includes GST.

i What is the price excluding GST? ii How much of the advertised price is GST?
b A laptop has a GST-free price of $1795.

i What is the price with GST? ii How much GST is payable?
¢ A haircut has a GST-free price of $89.

i What is the price with GST? ii How much GST is payable?
d A boat is advertised at a price of $159 106, which includes GST.

i What is the price excluding GST? ii How much of the advertised price is GST?

7 WORKED EXAMPLE 15 | Answer the following questions using the unitary method.

a If 12 cupcakes cost $14.64, find the cost of

i one cupcake ii 100 cupcakes.

b If 8 packets of nuts weighs 520 grams, find the weight of
i one packet ii 30 packets.

¢ Ifafactory can make 600 widgets in 5 days, find the number of widgets it can make in
i oneday i 30 days.

d If a theatre buys 120 seats for $10440, find the cost of

i one seat ii 600 seats.

8 WORKED EXAMPLE16J
a A school has 242 Year 11 students and Year 11 students make up 22% of its student numbers.

i How many students are at the school?
i If 35% take public transport to school, how many students take public transport to school?

b A computer file was being downloaded. The computer showed that it had downloaded 28% and
this was 112 megabytes.

i How many megabytes is the total size of the file?

ii How many megabytes have been downloaded when the download is 72% complete?

9 [Z4 workep ExavPLE 17 | For each pair of sizes

i what is the unit cost of each size? Give your answer correct to four decimal places.
i which size is the better value?

a 150mL for $2.36 or 1L for $14.80

b 36 cans for $20 or 15 cans for $8

¢ $8.40 for 500 g or $20.99 for 1.2kg
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Exam practice 80-100% 60-79% 0-59%

10 92% A phone that normally retails for $200 is discounted to $170.

The percentage discount is

A 10% B 15% C 20% D 25% E 30%

11 85% This month, a business charges $1500 to install a water tank. Next month,
the charge will increase by 3.5%. The charge next month will be

A $45.00 B $52.50 C $1545.00 D $1552.50 E $1950.00

12 83% The cost of hiring a plasterer is $86.00 per hour plus GST of 10%. The cost
of hiring a plasterer for four hours, including GST, is

A $120.40 B $309.60 C $344.00 D $352.60 E $378.40

13 77% The closing price of a share on Wednesday was $160. The closing price of

the same share on Thursday was 3% less than its closing price on Wednesday. The closing price of the
same share on Friday was 4.5% more than its closing price on Thursday. The closing price of the share
on Friday is closest to

A $157.38 B $161.98 C $162.18 D $162.40 E $172.22

14 77% An electrician charges $68 per hour to complete a job. A Goods and Services
Tax (GST) of 10% is added to the charge. Including GST, the cost of a job that takes three hours is

A $6.80 B $20.40 C $204.00 D $210.80 E $224.40

15 Which is the best buy for packets of a particular pasta?
A 2kg for $17.80 B 250g for $2.40 C 1.2kg for $10.85
D 700g for $6.30 E 400g for $3.65

16 (2 marks) The adult membership fee for a cricket club is $150. Junior

members are offered a discount of $30 off the adult membership fee.
a Write down the discount for junior members as a percentage of the adult membership fee. 1 mark
Adult members of the cricket club pay $15 per match in addition to the membership fee of $150.

b If an adult member played 12 matches, what is the total this member would pay to the
cricket club? 1 mark

17 63% (3 marks) Jane and Michael have started a business that provides

music at parties. The business charges customers $88 per hour. The $88 per hour includes
a 10% Goods and Services Tax (GST).

a Calculate the amount of GST included in the $88 hourly rate. 1 mark
Jane and Michael’s first booking was a party where they provided music for four hours.
b Calculate the total amount they were paid for this booking. 1 mark

After six months of regular work, Jane and Michael decided to increase the hourly rate they
charge by 12.5%.

¢ Calculate the new hourly rate (including GST). 1 mark
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@ Inflation and purchasing options

Inflation

Inflation occurs when prices rise over time. We can think of single item inflation rate calculations as
a mark-up calculation, where the original price and new price can be years apart.

Single item inflation rates

To calculate the single item inflation rate, , over time, use

,_ hew price — original price « 100%
original price

VL) (A 2 CV B S EE Finding single item inflation rates ~,
.
What is the single item inflation rate, r, that measures the change in price of the following items over the bh
time periods given? Give your answer rounded to one decimal place. Video playlist
nflation and
a A loaf of white bread cost 12 cents in 1952 and $2.80 in 2022. Ipurzhasing
options
b Melbourne’s median house price was $177500 in 1997 and $974 397 in 2021.
Steps Working —
. _ . . . _ WB
a 1 User= NEWPrice - orginalprice 00, r= 287002 1000 = 2233.333...
original price 0.12 o 56
2 Give your answer rounded to one decimal place. ~ The single item inflation rate is 2233.3%.
b 1 Use o REWPriCE ~ original price % 100% .o 974 397 - 177 500 « 100% — 448.956. .
original price 177 500
2 Give your answer rounded to one decimal place. ~ The single item inflation rate is 449.0%.

The official yearly inflation rate of a country is an average based on the individual inflation rates of many
items. Each year’s inflation compounds with the previous year’s inflation, so it works the same way as
a compound interest investment with the rate changing every year.

The effect of the yearly inflation rate on a single item

To find the effect of the yearly inflation rate on the price of a single item u,, after n years, use the
compound interest recurrence relation

u, = original price, u,,, = (1 + ﬁ)un

and change the value of r each year.
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VL)l 2 B SRR Working with inflation rates

i atthe end of 2023
i at the end of 2024
iii at the end of 2025.

rounded to one decimal place?

of the three years, and explain why this is so.
Steps

a i 1 Use the recurrence relation

u, = original price, u,,,, = (1 + ﬁ)un.

2 Write the answer, rounding to the
nearest cent.

ii 1 Use the recurrence relation

u, = original price, u,,, = (1 + ﬁ)un.

Use the unrounded previous answer.

2 Write the answer, rounding to the
nearest cent.

iii 1 Use the recurrence relation
ioinal ori r
u, = original price, u, =1+ 100 u,.

Use the unrounded previous answer.

2 Write the answer, rounding to the
nearest cent.

new price — original price

b 1 User= x 100%

original price
2 Give your answer rounded to one
decimal place.

¢ 1 Add the inflation rates in each of the three
years and compare this with the single item
inflation rate.

2 Refer to the compounding nature of inflation.

A country has an official inflation rate of 3.2% in 2023, 2.9% in 2024, and 2.1% in 2025.

a If the price of a loaf of white bread at the start of 2023 is $2.80, and its price rises match the official
inflation rate exactly, show the calculation that will give the price of the loaf to the nearest cent

b What is the single item inflation rate of the loaf of bread from the start of 2023 to the end of 2025,

c Show that the single item inflation rate is not the same as adding together the inflation rates in each

Working
n=1,r=32,u,=2.8

= (1 + 1—) x 2.8 =2.8896

The price of the loaf of bread at the end of 2023
is $2.89.

n=2r=2.9
r
U, =1+—1\u
: ( 100)1
= (1 + 2) x 2.8896 =2.9733...
100

The price of the loaf of bread at the end of 2024
is $2.97.

n=3r=21

= (1 + ﬂ) x 2.9733... =3.0358...
100

The price of the loaf of bread at the end of 2025
is $3.04.

‘e w x 100% = 8.5714...

The single item inflation rate is 8.6%.

32% +2.9% +2.1% =8.2%

The single item inflation rate is 8.6%.

Each year’ inflation compounds with the previous
year’s inflation.

@ Exam hack

Remember to use the unrounded calculations at each step.
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The purchasing power of money

The result of inflation is that the purchasing power of money reduces, so that the same amount of money
one year is actually worth less in the following year because it can no longer buy the same amount of goods
and services.

Purchasing power of money

To find the purchasing power of money, u,, after n years, where the inflation rates
are averaged over a number of years, use the reducing balance depreciation rule

un=(l—L)n X U
100
where
u, = original amount of money
r = the average percentage inflation rate per year

n = the number of years.

VL) S o N B S0l Calculating the purchasing power of money

Quentin has kept a $100 note in his pocket for eight years. Over that time, inflation has averaged 2.7%
each year. Find the purchasing power of the $100 note after eight years to the nearest cent?

Steps Working
a 1 The inflation rate is given as an average r=27,u,=100,n=28
over a number of years, so use the reducing 27\8
balance depreciation rule Ug = (1 - ﬁ) x 100
n
U, = (1 - L) X 11y ~ 80.3346
100
2 Write you answer, rounding to the The purchasing power of the $100 note is $80.33
nearest cent. after eight years.

Comparing purchasing options

There are a number of options when it comes to making purchases:

Cash - A cash payment is made with actual notes and coins.

Debit cards — A debit card payment is made using money in a bank account.

Credit cards - A credit card payment is made with the bank’s money. The payment will need to be repaid
when the credit card payment is due (usually a month later). If the amount is not repaid in full, the bank
will charge interest on the amount, which compounds daily.

Buy now pay later service (BNPL) — A BNPL platform payment is where only a percentage of the purchase
price (e.g. 25%) is paid at the time of purchase. The rest of the purchase price is paid in regular instalments
(e.g. 25% per fortnight). If payments are not made, a late fee is charged.

Personal loans — A personal loan payment involves a signed contract with a lender stating that the
purchased item will be paid for in instalments, usually longer term than a BNPL platform, based on a
quoted percentage rate of interest per annum. If a payment is missed, the amount of interest increases.
Failure to make the payments can result in the lender taking back the purchased item.
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Personal loans

To calculate a new balance on a personal loan, use

new balance = old balance + (ﬁ x old balance) — regular payment
where

r is the percentage interest rate per compounding period.
total amount paid = number of payments x regular payment amount

total interest = total amount paid — loan amount

VL) 2 B -4 B Understanding personal loans

Ernestine has taken out a two-year $8000 personal loan at 6% per annum, compounding monthly,
with annual payments of $354.56.

a Find the monthly interest rate.
Show the following calculations to the nearest cent.
b What is the balance of the loan
i after one month? ii after two months? i after three months?
¢ Find the total amount of money Ernestine will have paid on this loan at the end of the two years.

d What is the total interest Ernestine will pay on this loan?

Steps Working
a Divide the yearly interest rate by the number percentage interest rate per month = %%
of compounding periods per year.
p gp pery —0.5%
b new balance = old balance + i $8000 + (0.005 x $8000) — $354.56
r = $7685.44
(— x old balance) — regular payment,
100 i $7685.44 + (0.005 x $7685.44) — $354.56
where = $7369.31
ris the percentage interest rate i $7369.31 + (0.005 x $7369.31) — $354.56
per compounding period. = $7051.60
¢ total amount paid = total amount paid = 24 x $354.56
number of payments x regular payment amount = $8509.44

d total interest = total amount paid — loan amount  total interest = $8509.44 — $8000
= $509.44

VL) (0 2 N B S8 8 Comparing purchasing options

Bruce wants to buy a bicycle from Cycles Unlimited. He doesn’t have the $1500, so he is looking at his options.
a Calculate the cost of each of the following over one year to the nearest dollar.

i Bruce decides to wait six months until he has enough cash to pay for the bicycle, and it ends up
being on sale at a 12% discount.

i Bruce gets a debit card with a $5 monthly bank fee, and Cycles Unlimited has a 1% merchant surcharge.

ii Bruce uses a buy now pay later service (BNPL) of four fortnightly payments but ends up paying
a $68 late fee.

=

Bruce gets a credit card and ends up paying 22% per annum interest for 30 days, compounding
daily, because he couldn’t make the payment.

v Bruce takes out a personal loan at 20% per annum compound interest, compounding monthly,
which involves making 12 monthly payments of $138.95.

b Which option has the lowest cost?
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Steps Working

a i 1 For an item discounted by r%: new price = 1500 — (1500 X %)
new price = original price — (original price x L) =$1320
2 State the answer to the nearest dollar. cost of bicycle = $1320
ii 1 For an item marked up by r%: new price = 1500 + (1500 x ﬁ)
new price = original price + (original price x ﬁ) =$1515
2 Calculate the total bank fee for the year. total bank fee for year = 12 x $5
= $60
3 State the answer to the nearest dollar. cost of bicycle = $1515 + $60
=$1575
iii Add the late fee to the price. cost of bicycle = $1500 + $68
=$1568
iv 1 Divide the yearly interest rate by the number percentage interest rate per day = %%
of compounding periods per year.
p gp pery — 0.06%
2 Use the interest general rule for compound interest 7 = 30, = 0.06%, 1, = 1500
n 30
r 0.06
u,=1+—| xu Uzp=|1+—=| x1500
" ( 100) ’ 0 ( 100)
=1527.236...
3 State the answer to the nearest dollar. cost of bicycle = $1527
v Multiply the payment by the number of months. cost of bicycle = 12 x $138.95
=$1667.40
b Which cost is the lowest? The lowest cost is to wait 6 months and pay

cash for the item when on sale.

VCE QUESTION ANALYSIS ~',
e
L

2006 2BRMQ1ab MODIFIED ] 2006 Examination 2 Business-related mathematics Question 1ab modified (7 marks)

Video playlist
VCE question
A company purchased a machine for $60000. For taxation purposes the machine is depreciated over GanalysiS;
eometric
time. Two methods of depreciation are considered. sequences
and financial
a Flat rate depreciation mathematics

The machine is depreciated at a flat rate of 10% of the purchase price each year.

i By how many dollars will the machine depreciate annually? 1 mark
ii Calculate the value of the machine after three years. 1 mark
iii. When will the machine be $30000 in value? 1 mark

b Reducing balance depreciation

The value, u,,, of the machine after n years is given by the rule u, = 60000 x (0.85)".

i By what percentage will the machine depreciate annually? 1 mark

ii Calculate the value of the machine after three years. 1 mark

iii When will the machine’s value first fall below $30000? 1 mark

¢ Which of the two methods results in the machine depreciating faster? 1 mark
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Reading the question

o The question is comparing two methods of depreciation.

o The reducing balance rule is given in part b.

Thinking about the question

o ‘First fall below’ indicates you should use a recurrence relation.

o What does ‘depreciating faster’ mean?

Worked solution (v = 1 mark)

a i 2% % 60000 =$6000 v/
100

i Use the flat rate depreciation rule u, = u, — nd
U, = 60000, d = 6000, n =3
The value of the machine after three years is 15 = 60000 — 3 x 6000 = $42000

iii Use the flat rate depreciation recurrence relation 1, = initial value of the asset, u,,, =u, - d
Uy = 60000, u,,, =u, - 6000

Use CAS recursive computation to find when the value is $30000.

«EXR» *Noc FAD B} © Edit Action Interactive
dh .
60000 60000 v'ﬁ*[{‘v"[fdlswl‘i‘r]'l*i*l'][ :
60000
60000-6000 54000 60000
£4000-6000 43000 ‘ans-6000
54000
48000-6000 42000 'ans~6000 |
2000-6000 36000 48000
‘ans-6000
36000~6000 20000 42000 5
> ‘ans-6000 |
38000
ans=B000
30000

The machine will be $30000 in value after five years.

n
b i Use the reducing balance depreciation rule u, = (1 - ﬁ) X U,

Comparing u,,, = 60000 x (0.85)"~" with this, we can see (1 - ﬁ) =0.85.

Solve for r, using CAS if necessary.

L _1-085=0.15
100

r=15
The machine will be depreciated annually by 15%. v
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i Use the rule given: u, = 60000 x (0.85)"
The value of the machine after three years is u; = 60000 x (0.85)° = $36847.50 /

iii Use the reducing balance depreciation recurrence relation

. o . r
u, = initial value of the asset, u,,, = (1 a ﬁ) H

From partb i:
(1 - ﬁ) = 0.85,50 1,,,, = 0.85 x u,

Use CAS recursive computation to find when the value is first below $30 000.

© Edit Action interactive
1] & [ B [ TS
‘60000 - D
60000+ 0.85 51000.00 60000. 00
51000.: 0.85 43350.00 \ansx0. 85
2 . 51000.00
2350.- 0.85 36847.50 ansx0, 85
26847.5- 0.85 31220.28 43350.00
‘ansx(,. 85
31320.375- 0.85 26622.32 36847. 50
- ‘ansx0. 85
21320.38
‘ansx0. 85
26622.32

The machine’s value will first fall below $30 000 after five years. '

¢ Compare the value of the machine for each of the two methods after each year.

n ‘ Flat rate value ‘ Reducing balance value ‘ Difference
1 $54000 $51000.00 $3000.00
2 $48000 $43350.00 $4650.00
3 $42000 $36847.50 $5152.50

The reducing balance value is always less than the flat rate value and the difference is increasing, so
reducing balance depreciation v results in the the machine depreciating faster.

Student performance

a i This was a straightforward use of d = ﬁ X Uy

i This was a straightforward use of the flat rate depreciation rule u, = u, — nd
i The fastest method for this is to use CAS recursive computation.
b i Anincorrect answer of 85% was common.
ii Many students achieved this answer despite having part i incorrect.
i The fastest method for this is to use CAS recursive computation.

¢ Students needed to compare the two sets of recursive computation values on CAS.
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EXERCISE 3.5 Inflation and purchasing options ANSWERS p. 500

Recap 80-100%  60-79% 0-59%

1 83% Fong’s gas bill is $368.40. If he pays this bill on time, it will be reduced by 5%.
In this case, the bill would be reduced by

A $1.84 B $5.00 C $18.42 D $184.20 E $349.98

2 Sam has driven for 858 km. Calculate the total length of his journey if this distance represents 65% of
his journey.
A 557.7km B 1320km C 1440km D 1630km E 55770km

Mastery

3 WORKED ExAMPLE 18 | What is the single item inflation rate r that measures the change in price of
the following items over the time periods given? Give your answer rounded to one decimal place.

a The average price of a new car in 1984 was $14000 and $40472 in 2021.
b A litre of milk cost 19 cents in 1970 and $1.29 in 2022.
¢ A Kkilo of sugar cost 42 cents in 1970 and $2.40 in 2022.
d The average cost of a television set in 1955 was $250 and $1277 in 2022.

4 WORKED EXAMPLE 19 | A country has an official inflation rate of 2.7% in 2023, 3.5% in 2024,
and 3.3% in 2025.

a If the price of a litre of milk at the start of 2023 is $1.29, and its price rises match the official inflation
rate exactly, show the calculation that will give the price of the litre of milk to the nearest cent

i atthe end of 2023
ii at the end of 2024
iii at the end of 2025.

b What is the single item inflation rate of a litre of milk from the start of 2023 to the end of 2025,
rounded to one decimal place?

¢ Show that the single item inflation rate is not the same as adding together the inflation rates in each
of the three years, and explain why this is so.

5 WORKED ExAMPLE 20 | For each of the following, find the purchasing power of the amounts after the
given number of years to the nearest cent.

a Gloria kept a $50 note in her pocket for nine years. Over that time inflation has averaged
2.1% each year.

b Mason hid $1000 in a shoe box for five years. Over that time inflation has averaged 3.6% each year.

¢ The Wallace family buried $26 000 for sixteen years. Over that time inflation has averaged
3.3% each year.

6 WORKED EXAMPLE 21 | Max has taken out a two-year $10000 personal loan at 9% per annum,
compounding monthly, with annual payments of $456.85.

a Find the monthly interest rate.
Show the following calculations to the nearest cent.
b What is the balance of the loan
i after one month? ii after two months? i after three months?
¢ Find the total amount of money Max will have paid on this loan at the end of the two years.

d What is the total interest Max will pay on this loan?
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7 WORKED EXAMPLE 22 | Zoltan wants to buy a gaming computer from TickTech. He doesn’t have the

$2500, so he is looking at his options.
a Calculate the cost of each of the following over one year to the nearest dollar.

i Zoltan decides to wait six months until he has enough cash to pay for the computer, and it ends
up being on sale at a 15% discount.
ii Zoltan gets a debit card with a $6 monthly bank fee, and Cycles Unlimited has a 1.5%
merchant surcharge.
iii Zoltan uses a buy now pay later service (BNPL) of four fortnightly payments but ends up paying
a $68 late fee.

iv Zoltan gets a credit card and ends up paying 22% per annum interest for 30 days, compounding
daily, because he couldn’t make the payment.

v Zoltan takes out a personal loan at 24% per annum compound interest, compounding monthly,
which involves making 12 monthly payments of $236.40.

b Which option has the lowest cost?

Exam practice 80-100%  60-79% 0-59%

8 The average price of 180 grams of tea cost 6 cents in 1901 and $3.50 in 2021. The single item inflation
rate is closest to

A 3% B 98% C 99% D 5733% E 5734%

9 Which of the following will have a single item inflation rate closest to 150%?2
A A product that was $60 ten years ago and is now $90.

A product that was $60 ten years ago and is now $110.

A product that was $60 ten years ago and is now $120.

A product that was $60 ten years ago and is now $150.

m O O

A product that was $60 ten years ago and is now $180.

Use the following information to answer the next two questions.

A country has an official inflation rate of 2.2% in 2022 and 3.8% in 2023. The price of a block of 100 grams
of chocolate was $3.50 at the start of 2022 and its price rises match the inflation rate.

10 Which of the following calculations will give the price of the block of chocolate to the nearest cent at the
end of 20232

A 35x22+35x3.8 B 3.5x1.022 x1.038 C 3.5x0.078 x 0.062
D 3.5x0.022 x 0.038 E 35x22x3.8

11 By how much did the price of the block of chocolate rise from the start of 2022 to the end of 20232
A $0.08 B $0.21 C $0.71 D $3.58 E $3.71
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Use the following information to answer the next two questions.

Twenty $100 notes were hidden in a mattress for ten years during which inflation has averaged 3.4% each year.

12 The calculation to find the purchasing power after ten years is
A (0.966)" x 2000 B (1.034)"" x 100 C (1.034)'"x 2000
D (0.966)" x 100 E (1.034)'°x20

13 What is the dollar amount of purchasing power that has been lost?
A $29 B $584 C $585 D $1415 E $1416

14 (7 marks) Laura and Luisa are planning a holiday that costs $6000. Laura will pay for the
holiday using her credit card and expects to pay the 20% p.a interest, compounding daily,
on the amount for 60 days.

a What is the daily interest rate, rounded to four decimal places? 1 mark
b What will Laura owe on her credit card after the 60 days, rounded to the nearest cent? 1 mark
¢ How much interest will Laura end up paying, rounded to the nearest cent? 1 mark

Luisa will take out a personal loan for the $6000 and pay 8% p.a. interest, compounding
monthly, for two years. She will pay monthly instalments of $271.36.

d What is the monthly interest rate, rounded to three decimal places? 1 mark
e Show a calculation that gives the balance of Luisa’s loan after one month. 1 mark
f How much interest will Luisa end up paying, rounded to the nearest cent? 1 mark
g Which of the two will end up paying less for their holiday? 1 mark
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@ Chapter summary

O,

Geometric sequences x
o A geometric sequence is a sequence where we multiply by a fixed amount, called the common ratio, R, E
to generate each new value. E
» For a geometric sequence u, U, U,, Us ... e
recurrence relation nth value rule El
uy=a, u,, =Ru, u, =aR" &
where (:F)
u,,, is the value after u,

a is the first value

Ro_ 0y value

= . is the common ratio between values.
previous value

Compound interest

« Compound interest is where the interest is added to the principal, and the interest for the next time
period is calculated using this new balance.

o The time period when the interest is added is called a compounding period.

« Compound interest is always given as a rate per year, but compounding periods can vary.

Compounding period | Number of compounding

periods per year

Daily 365
Weekly 52
Fortnightly 26
Monthly 12
Quarterly 4
Six-monthly 2
Yearly 1

percentage interest rate per year

o percentage interest rate per compounding period = - -
number of compounding periods per year

Depreciation

o Depreciation is the decrease in value of assets used by a business over time.

» Reducing balance depreciation involves compound interest calculations where the value of the asset
is reduced by a fixed percentage of its value in the preceding year.
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Compound interest and reducing balance depreciation summary

Compound interest investment ‘ Reducing balance depreciation

Recurrence relation u, = principal, u, = initial asset value,
for balance r

U1 = (1 + ﬁ)un
Type increasing geometric
Graph

n
Rule u=(1+L) X U
" 100) = °

% interest rate per compounding period | depreciation rate per year
n number of compounding periods number of years

« Total amount of interest/depreciation after n years = u, — u,,.

Mark-ups and discounts

« For an item marked up by r%: « For an item discounted by r%:

- - . r o . . r

change in price = original price x — change in price = —(orlgmal price x —)
100 100
new price = original price + (original price x ﬁ) new price = original price - (original price x ﬁ)
. _ hew price — original price « 100% e original p.rl.ce — newprice o0
original price original price
- . . 100 - . . 100
original price = new price x ————— original price = new price x ————
(100 +7) (100 - 1)

GST
The GST rate r = 10%

GST amount = price without GST x 0.1

price with GST
11

Price with GST = price without GST x 1.1

T price with GST
1.1

GST amount =

Price without GS

The unitary method
 Calculate the value of one unit.

o For percentages, calculate the value of 1% and then multiply by 100 to find the whole amount.
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Inflation
« Inflation occurs when prices rise over time.

o To calculate the single item inflation rate r over time, use

_ new price — orlglnal price % 100%

o T

original price

o To find the effect of the yearly inflation rate on the price of a single item u,, after n years, use the
compound interest recurrence relation

. . r
u, = original price, u,,, = (1 + ﬁ)un
and change the value of r each year.

o To find the purchasing power of money u,,,, after n years, where the inflation rates are averaged over
a number of years, use the reducing balance depreciation rule:

r n
u =(1-—1_ xu
" ( 100) 0

where
u, = original amount of money
r = the average percentage inflation rate per year.

n = the number of years.

Comparing purchasing options
o Cash - A cash payment is made with actual notes and coins.
o Debit cards — A debit card payment is made using money in a bank account.

o Credit cards - A credit card payment is made with the bank’s money. The payment will need to be repaid
when the credit card payment is due (usually a month later). If the amount is not repaid in full, the bank
will charge interest on the amount, which compounds daily.

o Buy now pay later services (BNPL) - A BNPL platform payment means only a percentage of the
purchase price (e.g. 25%) is paid at the time of purchase. The rest of the purchase price is paid in regular
instalments (e.g. 25% per fortnight). If payments are not made, a late fee is charged.

o Personal loans - A personal loan payment involves a signed contract with a lender stating that the
purchased item will be paid for in instalments, usually longer term than a BNPL platform, based on
a quoted percentage rate of interest per annum. If a payment is missed, the amount of interest increases.
Failure to make the payments can result in the lender taking back the purchased item.

To calculate a new balance on a personal loan, use

new balance = old balance + (ﬁ x old balance) — regular payment

where
r is the percentage interest rate per compounding period.
Total amount paid = number of payments x regular payment amount

Total interest = total amount paid — loan amount
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Cumulative examination 1

Total number of marks: 10 Reading time: 4 minutes Writing time: 23 minutes

1 The histogram displays the distribution of the percentage of mobile phone users in a number of countries.

204

154

104 ]

Number of countries

T T
0 10 20 30 40 50 60 70 80 90 100
Percentage of mobile phone users

The shape of the histogram is best described as
A bi-modal. B positively skewed. C negatively skewed.
D double-peaked. E approximately symmetric.

2 The boxplot shows the distribution of the stride length of a sample of Year 11 students, in centimetres.
The five-number summary for the stride length of these students is closest to

o e o

T T T T
62 64 66 68 70 72 74 76 78 80
Stride length {cm)

A 65.5,69.4,70.7,72,75 B 63.1,69.4,70.7,72,75 C 65.5,694,70.7,72,79
D 63.1,69.4,70.7,72,79 E 65.5,694,70.7,72,79

3 The sequence generated by the recurrence relation
u,=10, wu,,,=u,-3

is

A adecreasing geometric sequence. B an increasing geometric sequence.
C adecreasing arithmetic sequence. D an increasing arithmetic sequence.
E neither arithmetic nor geometric.

4 Which of the following is modelled by the recurrence relation u, = 23000, u,,, = u, — 1200?

n+1
A A car originally purchased for $23 000 is depreciated at a reducing balance rate of $1200 each year.
A car originally purchased for $23 000 is depreciated at a flat rate of 12% each year.

A car originally purchased for $23 000 is depreciated at a flat rate of $1200 each year.

A car originally purchased for $23 000 has been depreciated to $1200.

m U O W

A car originally purchased for $21 800 is depreciated at a rate of $1200 each year.
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5 Consider the recurrence relation

1
Uy = 4, U, 1= Eun
The first four values of this recurrence relation are
A 1,1,2,4 B 4,8, 16,32 C 42,1,0.5 D l,l,i,i E 1,2,8,16
2 2 8 16 32 2

6 A machine is depreciated at a reducing balance rate of 12% per annum. What is the shape of the graph
of V,, the value of the machine after n years?

A vV, B v, C v

7 A party caterer has a GST-free price of $5260. How much GST is payable to the nearest dollar?
A $478 B $526 C $4781 D $4782 E $5786

8 A certain brand of olive oil comes in different sizes. Which is the best value?
A 200mL for $5.60 B 450mlL for $7.85 C 800mL for $24
D 2.4L for $49 E 5L for $89

9 Milton deposited $35000 into a savings account earning compound interest at a rate of 4.1% per annum,

compounding annually. Which one of the following recurrence relations can be used to determine the
balance of the savings account, B,,, up to the start of the nth year?

A B,=35000, B,=1435xB,_, B B,=35000, B,=B, ,+1435
C B,=35000, B,=B, ,+4.1x 1435 D B,=35000, B,=1041xB,
E B, =35000, B,=41xB,  +1435

10 A country has an official inflation rate of 3.3% last year and 4.9% this year. The price of a packet of
salt and vinegar chips was $2.50 at the start of last year and its price rises match the inflation rate.
Which of the following calculations will give the price of the packet of chips, to the nearest cent,
at the start of next year?
A 2.5x1.033 x 1.049

D 25x33x49

B 25x33+25x%x49
E 2.5x0.067 x 0.051

C 2.5x0.033 x 0.049
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Cumulative examination 2

Total number of marks: 15 Reading time: 4 minutes Writing time: 23 minutes

1 (2 marks) A sample of 16 students were asked

to indicate the time (in hours) they had spent

U1 |eeee

<

] 2 4
Time spent playing games (hours)

W

playing computer games on the previous night.
The results are displayed in the dot plot.

a What is the median time spent playing computer games? 1 mark

b What is the mean time spent playing computer games? 1 mark

2 (3marks) Alicia invests $16 000 at 7.5% p.a. simple interest.
a Write a recurrence relation for the balance of this loan after n years. 1 mark
b What will the investment be worth after three years? 1 mark

¢ After how many years will the balance reach $22000? 1 mark

3 (8 marks) A club purchased new equipment priced at $8360.

A 15% deposit was paid.
Calculate the deposit. 1 mark

Determine the amount of money that the club still owes on the equipment after the
deposit is paid. 1 mark

¢ The price, $8360, included 10% GST (Goods and Services Tax). Calculate the price of
the equipment before the GST was added. 1 mark

4 (3 marks) Tony plans to take his family on a holiday. The total cost of
$3630 includes a 10% Goods and Services Tax (GST).

a Determine the amount of GST that is included in the total cost. 1 mark

During the holiday, the family plans to visit some theme parks. The prices of family tickets
for three popular theme parks are shown in the table.

Wet World Movie Journey Outback Adventure
Family ticket $82 $220 $160
b What is the total cost for the family if it visits all three theme parks? 1 mark

If Tony purchases the Movie Journey family ticket online, the cost is discounted to $202.40.

¢ Determine the percentage discount. 1 mark

5 2003 2BRMQ2ab MODIFIED | (4 marks) Brad buys a coffee machine with an initial value of

$3100. He considers two methods of depreciating the value of the coffee machine.

a Suppose the value of the machine is depreciated using the reducing balance method at
a rate of 15% per annum.

i What is the depreciated value of the machine after three years? Write your answer
correct to the nearest dollar. 1 mark
ii After how many years will the value of the coffee machine first fall below $1500? 1 mark
b Alternatively, suppose that the machine is depreciated using the unit cost depreciation
method. Brad sells 15000 cups of coffee per year and the unit cost per cup is 3.0 cents.
i Write the rule for the value, u,, of the coffee machine after n uses using unit cost

depreciation in simplest form. 1 mark

ii What is the value of the coffee machine after three years using unit cost depreciation,
rounded to the nearest dollar? 1 mark
160  Nelson VICmaths General Mathematics 11 9780170448192
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Linear functions in the form

y=a+bx

Graphing y = a + bx
A linear function (or linear equation) is an equation that can be written in the form y = a + bx, where
x and y are variables and a and b are constants. For example:

Linear functions ‘ Non-linear functions

y=11-7x y=11-7x

y=-5+2x y=—5+2x+x3

y=6x+3o0ry=3+06x y=g+3or ory=3+g
X

x
ok
The graph of a linear function is a straight line. The coordinates of points on the line are found
by substituting x values into the equation to calculate corresponding y values. Video playiist
functions
in the form
Linear graphs and tables of values y=asbx
Functions can be drawn using a table of values.
e 4= S N B8 B Drawing linear graphs from tables of values =
For the linear function y =5 — 3x WB
a find the y values for each of x =-2,-1,0, 1,2 p. 61
b use the y values to construct a table of values for the linear function .
-
c use the table of values to draw the linear function by hand. “<
Steps Working Skilsheet
a Use the linear function to calculate the y value Whenx=-2,y=-3x(-2)+5=6+5=11 S
for each x value. Whenx=—1,y=-3x(-1)+5=3+5=8 equations
When x=0,y=-3x(0)+5=0+5=5 "aranhig
Whenx=1,y=-3x(1)+5=-3+5=2 fur:icr::ie:r:s1
Whenx=2,y=-3x(2)+5=-6+5=-1 Graphing
llngar
b Set up a table of values for the linear function X o1 0 1 > L‘::::::::s
to show the x values and their corresponding
y 11 8 5 2 -1 A page of
y values. number

planes

¢ Draw a Cartesian plane and plot the points from
the table.

Number plane
grid paper

Draw a line through the points, extending it and
placing arrows on both ends of the line.

Label the graph with its equation.
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@ Exam hack

You will often see linear equations written in a different order. For example y = —3x + 5 rather than y = 5 — 3x.

m Drawing linear graphs and generating tables of values

For the linear function y = 2x — 1, draw the graph and generate a table of values for x =-2, -1, 0, 1, 2.

‘RAR"’

El n1()-2-x-1 =

11(x)m2- x=1

oy~

10 /1

-

.47

1 Start a new document and add a Graphs page.

2 In the Graph Entry Line at the top of the page,
enter 2x-1.
3 Press enter. The graph of the function will
be displayed.
Note: after pressing enter, the Graph Entry Line
will be hidden.

sa74y | x  AG= <[
2%-1

=2 =

2 x -1 -3,
y p = 0. 1.
e 1.

2. 3le

4_‘,\:\')-2-1(-1 | | a .

4 Press menu > Table > Split-screen Table.
The table of values will be displayed in the
right-hand window.

5 Scroll up to view the table forx =-2,-1,0, 1
and 2.

© File Edit Type ¢
A | S il | v= | |3 | RS )
Sheet! |Sheet2 Sheet3 Sheetd Sheets |
Myl=2-x-1 —
jv2:0 '
v4:ll
ly5:0

v6:0

v7:0 [ v |

ELICY
Deg  Real @

1 Tap Menu and then tap Graph&Table.

2 Clear all equations and enter 2x-1 into the
line for y1.

3 Press EXE to select the equation.

4 Tap the Graph tool to graph it in the
lower window.

© File Edit Type ¢

o [ <)

Sheet1 Sheet? | Sheet3 Sheetd SheetS |
Myl=2.x~1 —

ly2:0 m
ly3:1

File Memory

{x-log | ly-log
xmin : SR [
mex 7.7
scale: 1 :
dot :0.0% B
ymin :=4.6 '
mex 4.6

——aan

=m0

ot .B-

[ o] [concar | [owtau |

5 If the graph does not display, tap the View
Window tool.

6 In the View Window screen, tap Default.
7 Tap OK.

Nelson VICmaths General Mathematics 11
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O File Edit Type ¢

2 I G R B o) sl i
Sheet! |Sheet? Sheat3 Sheatd SheetS
Mivi=2-x-1 — 0

Ty2:0 l
Cy3:0

8 With the Equation window highlighted, tap
the Table Input tool.

9 In the dialogue box, set Start: to -2 and End:
to 2. Keep the Step: setting of 1.

10 Tap OK.

© Edit Zoom Analysis ¢ [x]

[y1=2x=1 [a}
1 X vl
| -2 =5 ]

-1 -3
’ R

1 1

‘ 2 3)
o T
3 [

A " N x
=S -4-4-1 o1 234567

11 Tap the Table tool.

12 The table of values will be displayed when
x=-2,-1,0,1and 2.

Determining if a point lies on a line

To determine whether a point lies on a line, substitute the coordinates into the equation of the line and

check if the result is true or false. If it’s true, then the point lies on the line, and if it’s false, then the point

doesn’t lie on the line.

VL) (5 2 B S8 Determining if a point lies on a line

your anSwer.

Determine whether the point (-2, 3) lies on each of the following lines, showing a calculation to justify

2 Write the answer.

ay=7+2x b y=3x-8
Steps Working
a 1 Substitute the coordinates into the equation x=-2,y=3
of the line, evaluate, and state whether the y=7+2x
equation is true or false. Does 3 =7 +2 x (=2)?
3-7-4
true

(-2,3) lieson theliney=7+2xas3=7 - 4.

b 1 Substitute the coordinates into the equation
of the line, evaluate, and state whether the
equation is true or false.

2 Write the answer.

x==2,y=3
y=3x-38
Does3 =3 x (-2) — 8?
3=-6-8

false

(=2,3) doesn't lie on the line y = 3x — 8 as

3=%-6-8.

9780170448192
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Identifying the slope
When a straight line is written in the form y = a + bx, a represents the slope of the line. Slopes can be

positive, negative, zero or not defined.

Positive slope Negative slope
Y y
Positive slope
Negative slope
4 x AN x
Line sloping up from left to right Line sloping down from left to right

The slope of a linear function

For a linear function y = a + bx

rise
b = slope = !
run —
. vertical distance between two points
horizontal distance between the same two points
Positive N gative Z ro slope for a B ope not defined Parallel lines hve
slope slope br izontal line for a vertical line th same slope

rise =0 run =0

N — =

WORKED EXAMPLE 3 s . rise
Finding the slope using —
run

For each of the lines shown below
i state whether the slope is positive, negative, zero or not defined
. ... . . . rise .
ii if it is positive or negative, calculate the slope of the line using — for the two points shown.
run
a Y b
4 4
2 .
gt o+l b0 Lh L4 1e g
—24 2 4
_4 T T T T 0 T T T T
-8 6 -4 =2 2 \4 6 X
i _2
4
6 -
_8 4
_10 4
Nelson VICmaths General Mathematics 11 9780170448192



c o] Y d o] y
4 4 .
2 24
% 4 20 2 4 ¢* P P R D A
—2 —24
4 44
—6 —6
Steps Working
a i Istheline sloping up or down from left The line is sloping up from left to right, so the
to right? slope is positive.
ii 1 Draw in a right-angled triangle using y
the two points and find the rise and run 61
between them. 4
27 Rise = 4
8 6 4 2°% h 4 6 8%
-2+ /Run=2
-4
rise Y 4
2 Use slope = — and simplify. slope=—=2
run 2
b i Istheline sloping up or down from left The line is sloping down from left to right, so the
to right? slope is negative.
ii 1 Draw in a right-angled triangle using
the two points and find the rise and run
between them.
—10 4
rise Ny 4
2 Use slope = — and simplify. slope =-—
run 3
¢ i Theline is vertical. The slope is not defined.
d i The line is horizontal. The slope is 0.
9780170448192
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168

The slope formula

If you know any two points on a straight line, the slope of a line can be found without drawing a graph.

The slope formula @ Exam hack

If two points on a straight line are (x;, y,) and (x,, y,) If you have a choice of two points on a

- straight line to select from, choose the two
slope= 22~ 21 . . .
p o —x that will make the calculation the easiest.
S This will often be the points that have a zero
coordinate or lie on a grid line.

VL)< 5 N B S Finding the slope from two points

Calculate the slope of the line for each of the following:
a astraight line through the points (2,5) and (4, 13)
b y

¢ astraight line drawn from the following table of values

x | =2 -1 0| 1| 2
y |16 | 11 | 6 | 1 | -4

Steps Working
a Use slope = Y27 N gor (%1, ) and (x5, ,), slope = 5= _%_ 4
X, = X; 4-2 2
and simplify.
b 1 Select two points on the line that can be (0,-2) and (2,4)
clearly read from the graph.
2 Use slope = 227N gor (x5, ) and (x5, ,), slope = 4_7(_2) _5_ 3
X, — X 2-0 2
and simplify.
c 1 Select two points from the table. (0,6) and (1,1)
2 Use slope = 22= 21 for (x,,y,) and (x,, y,), slope = 126 _=3_5
Xy = X 1-0 1
and simplify.

Nelson VICmaths General Mathematics 11 9780170448192




Identifying the y-intercept

When a straight line is written in the form Straight lines in the form y = a + bx

y =a + bx, ais the y-intercept, which is the point
For a straight line in the form y = a + bx:

where the graph crosses the y-axis.
a = the y-intercept

b = the slope
V' e) < o N B S8 Finding the straight line equation from the intercept and slope
Find the equation of each of the following straight lines by finding the y-intercept and slope.
a y b y c y
. 104 )
(4, 6) 5 4 20 2 41 6%
-2
«l
T T —4 L4 &
-4 -2 b
6 8% 9 Worksheets
Gradient and
y-intercept
Finding the
equation of
aline
Steps Working WB
a 1 Where does the graph cross the y-axis? The y-intercept = 4 o 65
2 Is the line sloping up or down from left The line is sloping down from left to right, so the
to right? slope is negative.
3 Use slope = € and simplify. slope = 3
run 2
4 Identify the values for a and b in the equation a=4
=a+ bx.
Y b=—§
2
5 Write the equation of the line. The equation of the lineis y = 4 — %x.
b 1 Where does the graph cross the y-axis? y-intercept = 2
2 Use slope = 227N o (%1, 1) and (x5, ,) slope = 6-2_ 4 _ 1
X, — X 4-0 4
and simplify.
3 Identify the values for a and b in the equation —a=2
y=a+bx. b=
4 Write the equation of the line. The equation of the line is y = 2 + x.
¢ 1 Where does the graph cross the y-axis? y-intercept = -3
2 Is the line sloping up or down from left The line is neither sloping up or down.
to right? It’s a horizontal line.
slope =0
3 Identify the values for a and b in the equation a=-3andb=0
y=a+bx.
4 Write the equation of the line. The equation of the line is y = -3.

9780170448192 Chapter 4 | Linear functions, graphs, equations and models 169



170

EXERCISE 4.1 Linear functions in the form y=a + bx ANSWERS p. 501

Mastery

1 WORKED EXAMPLE 1 | For each of the following linear functions

i find the y values for each of x =-2,-1,0, 1,2
i use the y values to construct a table of values for the linear function
i use the table of values to draw the linear function by hand.

a y=1+3x b y=4-2x c y=3-4x d y=-6+2x

2 For the following linear functions, draw the graph and generate a table of values
forx=-2,-1,0,1, 2.

a y=-2x+5 b y=x-1 c y=%x+2 d y=3x—%

3 WORKED EXAVPLE 2 | Determine whether the point (~1,5) lies on each of the following lines, showing a
calculation to justify your answer.

a y=-5+15x b y=-1-5x ¢ y=-10x-5

4 WORKED EXAMPLE 3 | For each of the lines shown

i state whether the slope is positive, negative, zero or not defined

e - . . . rise .
ii if it is positive or negative, calculate the slope of the line using — for the two points shown.
run

a y b y

-8 -6 -4 6 8 *
—4
c y d y
10 10 4
8 1 8 -
6 6

8 6 4 29 5 4 & 8 x 8 6 4 2 /3 4 ¢ sx
-2
4
-6
-8

~10 4

Nelson VICmaths General Mathematics 11 9780170448192



e y f y
64 64
44 44
24 2
6 -4 2 O 2 4 % 6 4 2 O 2 4 6%
24 24
—44 4
—6- —64

5 WORKED EXAMPLE 4 | Calculate the slope of the line for each of the following:

a astraight line through the points (5,3) and (2,9)
b y

-8 -6 -4 -2
24

—4

-8

—10

¢ astraight line drawn from the following table of values

x | 0| 4 | 7 |10
y | -1 ] 11 | 20 | 29

6 workeb ExavPLE 5 | Find the equation of each of the following straight lines by finding the slope
and y-intercept.

a y b y c y
4—/ 4- 4
3 3 34
1 24 40,2) 2+
1- 14 14
T T T T T T T T
201 2% 1 2% 1 2%
(0,-1)
=2
d y e y
4- ]
2 4 2 O 5 4x
1 21

I
[38)
[
Lot
-
M=)
—
‘/N—
®
|
i
-l

>
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Exam practice 80-100% 60-79% 0-59%

7 Which one of the following equations is linear?
5 3 4

A y=2+4x2 B y=gx—§ C y=6+4x3 D y=\/;+4 E y=2+—
X

8 82% The graph shows a line intersecting the x-axis at (4,0) and the y-axis at (0,2).

Y

0.2

The slope of this line is
A -4 B -2 C —l D 1 E 4
2 2
9
Y
2,1
0{ x
The line passes through the origin (0,0) and the point (2, 1). The slope of this line is
A -2 B -1 Cc —l D l E 2
2 2
10
Y
(1,2)
0 x
Y
On the graph the equation of the line passing through the point (1,2) is
A x=1 B y=1 C x=2 D y=2 E y=x+1

11 69% The equation of the line that passes through the points (0,4) and (2,4) is
A x=4 B y=4 C y=4x D y=4x+2 E y=2x+4

12 Which one of the following points does not lie on the straight line with equation y =1 — 3x?
A (0,1) B (2,-5) Cc (-1,4) D (-4,-11) E (-10,31)

Nelson VICmaths General Mathematics 11 9780170448192



> 13 Which of the following is the graph for y = 2 + %x ?

A y B Y
6 6 4
5
4_
4_
2+ 34
T T T T T l_
-6 -4 2 4 6%
T T T T T T T T T T T
%4—3-2-110_ 12345 6%
2
C y D y
44 6
3 o
2_
14 2

Interpreting linear functions in the
formy =a+ bx

Initial value and constant rate of change

Linear functions in the form y = a + bx can be used to model real-life problems where a is the initial value
and b is the constant rate of change (or rate). The initial value is the value of y at the start. The constant
rate of change measures the change in y as x changes. For example:

A computer support service company charges a $50 call-out fee plus $80 per hour.

This can be modelled by the linear equation

C=50+80n
where
Cis the total charge

n is the number of hours.

9780170448192 Chapter 4 | Linear functions, graphs, equations and models
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The initial value is $50, the charge before any time has passed. The constant rate of change is $80 per hour.

For each hour # increases, the charge C increases by $80.

Linear models using initial value and constant rate of change

For a linear function in the form y = a + bx:

a = the initial value

b = the constant rate of change

VL) {5 2 C B SR Working with the initial value and constant rate of change

150

100+

Charge ($)

504

0 T T T T T
0 1000 2000 3000 4000 5000
Energy (MJ)

Find the
a vertical intercept of the graph

b slope of the graph

From the equation, find the
d upfront cost

e rate of change per megajoule

nearest megajoule.
Steps
a Read from the graph.

b 1 Select two points on the line that can be
clearly read from the graph.

2 Use slope = 227N oy (%1, ) and (x5, ,)
X2 =X
and simplify.

2 Write the equation y = a + bx using the
variables given.

d Find the initial value (vertical intercept).

e Find the constant rate of change (slope).

Nelson VICmaths General Mathematics 11

f total cost of using 2200 megajoules of electricity

¢ 1 Identify a and b in the equation y = a + bx.

The TruBlu Energy Company charges its customers a combination of an upfront cost (in dollars) and
a rate per megajoule (M]) of electricity used, according to the graph shown.

@ Exam hack

To identify the constant rate of change,
look for the word ‘per’.

¢ equation of the graph using C for the total charge and m as amount of electricity used in megajoules.

g number of megajoules of electricity that have a total cost of $90, rounding your answer to the

Working
The vertical intercept is 10.

(0,10) and (5000, 160)

160 - 10
slope= ———
5000 -0
150
5000
=0.03
a=10
b=0.03
C=10+0.03m
The upfront cost is $10.

The rate of change is $0.03 /MJ or 3 ¢ per megajoule.
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f Substitute the value into the equation and solve, ~ m =2200
using CAS if necessary. C =10 +0.03 x 2200 = 76

The total cost of using 2200 megajoules of
electricity is $76.

g 1 Substitute the value into the equation and C=90

solve, using CAS if necessary. 90 = 10 + 0.03m

0.03m =80

m= 80 =2666.666...
0.03
2 Write the answer rounding to the 2667 megajoules of electricity have a total
nearest megajoule. cost of $90.
@ Exam hack

When modelling real-life problems, make sure you always use
the pronumerals given in the question, rather than x and y.

Domain of interpretation

We can use linear equations to make predictions about real-life situations. However, in real life not
every value makes sense. We need to watch out for answers that are mathematically correct but
impossible in real life. Linear models only apply to a specific range of values. These values are called
the domain of interpretation.

Lo 4= S N B S8 Dealing with the domain of interpretation in real-life problems

Sabine is organising the annual Year 11 dance. The total cost for the event will include $500 venue hire,
$280 for the DJ and $25 per head for food. The maximum capacity of the venue is 200.

a Find the linear equation in the form C = a + bn for the total cost of the event, C, for n students.
b Use the equation to find the total cost of the dance if two students attend.

¢ Explain why your answer to part b makes no sense in real life.

d Use the equation to find the total cost of the dance if 1000 students attend.

e Explain why your answer to part d makes no sense in real life.

Steps Working
a 1 Identify the initial value and constant rate The initial value = $500 + $280
of change. =$780
So a =780.
The constant rate of change is $25.
So b=25.
2 Write the total cost equation. C=780+25n
b Substitute the value of n into the equation and n=2
evaluate. Write the answer in words. C=780+25x%2
=830

The total cost if 2 students attended is $830.

¢ What would happen in real life? The dance would be cancelled if so few students

were coming.
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d Substitute the value of n into the equation and
evaluate. Write the answer in words.

e What would happen in real life?

n= 1000
C=780+25x 1000 =25780
The total cost if 1000 students attended is $25 780.

The venue has a maximum capacity of 200, so
Sabine would have to find another venue and the
cost equation would be different.

Modelling profit and loss

Linear functions can often be used to model business cost (money going out) and revenue (money

coming in). We can combine these to form the linear function

profit = revenue — cost

If the profit is negative according to this equation, then the business will have made a loss.

VL)l o CN T E S Modelling profit and loss

C=130+5n
Find the revenue equation in terms of .

Find the profit equation in terms of #.

O o 060 T o

up for this calculation.
Steps

a Use the price of one item to calculate the
revenue from selling # items.

b Use the profit equation and simplify.

¢ Substitute # = 100 into the profit equation and
write the answer.

d Substitute n = 80 into the profit equation and
write the answer.

e 1 Let profit equal 1000 and solve for n, using
CAS if necessary.

2 Round the answer according to the question.

The answer needs to be a whole number as n
represents the number of snow domes.

Snow domes are sold for $6.50 each, and the cost C of making # snow domes is given by the equation

How much profit would be made if 100 snow domes were sold?
How much profit would be made if 80 snow domes were sold?

How many snow domes need to be sold to make at least $1000 profit? Explain why you need to round

Working

revenue = 6.50 x number of snow domes sold
=6.5n

profit = revenue — cost
=6.51n - (130 + 5n)

=1.5n-130
profit = 1.5 x 100 — 130
=20

100 snow domes would make a profit of $20.
profit=1.5x 80 — 130

=-10
80 snow domes would make a loss of $10.
1.5n - 130 = 1000

n=753.33

The profit needs to be at least $1000 and selling
753 snow domes won’t quite make that profit.

So, the number of snow domes that need to be
sold is 754.

@ Exam hack

Always look at the context of the question when rounding. Sometimes the real-life context means that

it makes sense to round up to the nearest whole number, even if the decimal indicates to round down.

Nelson VICmaths General Mathematics 11
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EXERCISE 4.2 Interpreting linear functions in the form y = a + bx ANSWERS p. 503

Recap

1 A straight line passes through the points (-2,0) and (0,2), as shown in the diagram.

y

/2 ’ ’

The equation of this straight line is

A y=2x B y=x+2 C y=2x+2 D y=x-2 E y=2x-2

2 Which one of the following points is not on the line with the equation y = 5x — 2?

A

(4,18) B (6,28) Cc (3,13) D (7,23) E (1,3)

Mastery

3 worKeD ExaMPLE 6 | The United Water Company charges its commercial customers a combination
of an upfront cost (in dollars) and a rate per kilolitre (kL) used, according to the graph shown.

15000
e
% 10000+
E
o
5000+
o T T T T T
0 1000 2000 3000 4000 5000
Water (kL)
Find the
a vertical intercept of the graph
b slope of the graph
¢ equation of the graph using C for the total charge and k as the amount of water used in kilolitre.

From the equation, find the

d
e
f

9

upfront cost
rate of charge per kilolitre
total cost of using 4200 kilolitres of water

number of kilolitres of water that have a total cost of $12 000, rounding your answer to the nearest
kilolitre.

4 WORKED EXAMPLE 7 | During Australian summers, crickets chirp faster at night if the temperature

is higher. The linear equation for calculating the chirp rate, R (chirps/min), for a given temperature,
t (°C), is R = —24 + 8t.

a
b

c

Use the equation to find the chirp rate of crickets when the temperature is 26°C.
Use the equation to find the chirp rate of crickets when the temperature is 4°C.

Explain why your answer to part b makes no sense in real life.
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5 WORKED ExAMPLE 8 | Key rings are sold for $5.50 each, and the cost C of making n key rings is given

by the equation
C=110+4n
Find the revenue equation in terms of .
Find the profit equation in terms of .
How much profit would be made if 200 key rings were sold?

How much profit would be made if 50 key rings were sold?

O o 06 T o

How many key rings need to be sold to make at least $600 profit? Explain why you need to
round up for this calculation.

Exam practice 80-100% 60-79% 0-59%

6 96% Steven is a wedding photographer. He charges his clients a fixed fee of $500,
plus $250 per hour of photography. The equation that represents the total amount, $C, Steven charges,
for t hours of photography is

A C=250¢t B C=500t C C=750¢t
D C=500+ 250t E C=250+ 500t

7 93% Initially there are 5000 litres of water in a tank. Water starts to flow out of
the tank at the constant rate of 2 litres per minute until the tank is empty. After f minutes, the number
of litres of water in the tank, V, will be
A V=5000 -2t B V=2t-5000 C V=5000+ 2t

D V=2-5000¢ E V=5000t-2

8 87% A full tank holds 2000 litres of water.

Water is pumped out of the tank at a constant rate. The graph shows how the volume of water in the
tank, V, changes with time, t.

2500
2000+
1500

V (litres)

1000+
500+

0 T T T T
0 50 100 150 200

t (minutes)

The constant rate, in litres per minute, at which the water is being pumped out of the tank is

A 038 B 2.0 C 125 D 80.0 E 160.0

9 74% Justin makes and sells electrical circuit boards. He has one fixed cost of
$420 each week. Each circuit board costs $15 to make. The selling price of each circuit board is $27.
The weekly profit if Justin makes and sells 200 circuit boards per week is

A $1980 B $2400 C $2820 D $4980 E $5400

10 62% To raise funds, a club plans to sell lunches at a weekend market. The club
will pay $190 to rent a stall. Each lunch will cost $12 to prepare and will be sold for $35. To make
a profit of at least $1000, the minimum number of lunches that must be sold is

A 22 B 35 C 36 D 51 E 52
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11 52% In one month, an energy company charges a $30 service fee, plus a supply
charge of two cents per megajoule (M]) of energy used. The graph that best models this situation is

A B
150 150
D D
100 ©, 100
3 3
= =
@) )
50 50
0 T T T T T 0 T T T T T
0o 1 2 3 4 5 0 10 20 30 40 50
He rgy (MJ) He rgy (MJ)
C D A
150 150
2 2
& 100+ & 100
3 3
= =
O O
50 50
0 T T T T > 0 T T T T >
0 10 20 30 40 50 0 100 200 300 400 500
He rgy (MJ) te rgy (M])
E
150
D
£, 100
3
=
@)
50
O T T T T T
0 1000 2000 3000 4000 5000
He rgy (MJ)
12 (2 marks) Ben will use a
25000
currency exchange agency to buy some Japanese
yen (the Japanese currency unit). The graph 20000

shows the relationship between Japanese yen
and Australian dollars on a particular day. This g 150007
graph can be used to calculate a conversion 10000
between dollars and yen on that day.

5000+

0 T T T T T
50 100 150 200 250
Dollars

a Ben converts his dollars into yen using this graph. How many yen does he receive for $200? 1 mark

b The slope of this graph is the exchange rate for converting dollars into yen on that

particular day. How many yen will Ben receive for each dollar? 1 mark
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13 (3 marks) The weight of gold 700
can be recorded in either grams or ounces.
The following graph shows the relationship 600~ G567
between weight in grams and weight in ounces.
500
The relationship between weight measured in 2
grams and weight measured in ounces is shown 5 400-
o
in the equation =
4 T 300+
weight in grams = M x weight in ounces =
200
100-
0 T T T T T

5 10 15 20 25
Weight in ounces

a (53% Show that M =28.35

b 8% Robert found a gold nugget weighing 0.2 ounces. Using the equation above,
calculate the weight, in grams, of this gold nugget.

c 67% Last year Robert sold gold to a buyer at $55 per gram. The buyer paid Robert a
total of $12474. Using the equation above, calculate the weight, in ounces, of this gold.

14 51% (2 marks) A rock-climbing activity will be offered to students at a
camp on one afternoon. Each student who participates will pay $24. The organisers have to
pay the rock-climbing instructor $260 for the afternoon. They also have to pay an insurance

1 mark

1 mark

1 mark

cost of $6 per student. Let n be the total number of students who participate in rock climbing.

a Write an expression for the profit that the organisers will make in terms of .

b The organisers want to make a profit of at least $500. Determine the minimum number
of students who will need to participate in rock climbing.

15 (6 marks) This table shows the cost, C cents, of mobile phone calls under the Oz-Zone
Budget Plan, for calls of length ¢ minutes.

Length of call, ¢ (min) 1 2 5 10 15
Cost, C (cents) 102 182 422 822 1222

Find the linear relationship in the form C=a + bt.

=3

If this rule was graphed on a number plane, which variable would be shown on the
vertical axis?

Use the relationship you found in part a to calculate the cost of an 18-minute call.
What is the vertical axis intercept of the graph and what does it represent?

If a phone call is extended by 3 minutes, by how much would its cost increase?

- 0o Qo 0

How long is a phone call under this plan if it costs $5.822

Nelson VICmaths General Mathematics 11

1 mark

1 mark

1 mark

1 mark
1 mark
1 mark
1 mark

1 mark
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Simultaneous linear equations

Graphing linear relations in the form Ax + By =C

Linear equations are often written in the form Ax + By = C instead of y = a + bx. We can rewrite the equation
to make y the subject and then graph it by finding the y-intercept and slope as we've done previously, but
there is an easier way.

Graphing linear relations in the form Ax + By = C

To graph linear relations in the form Ax + By = C:

1 find the x-intercept by substituting y = 0 and solving for x

2 find the y-intercept by substituting x = 0 and solving for y

3 draw a straight line through the two intercepts.

-l
When A = 0, the graph is a horizontal line. '|:

When B = 0, the graph is a vertical line. ) )
Video playlist
Simultaneous
linear

VL) DR S SR Graphing linear relations in the form Ax + By = C by hand eauations

For the equation 4x + 3y = 8 Worksheets

erjeral
a find the x-intercept b find the y-intercept ¢ and hence, sketch the graph by hand. e e,

H Sketching
Steps Working simuelt;lenous

a Substitute y = 0 and solve the equation. Substituting y = 0 into 4x + 3y = 8 gives caquations
Intersection

Write the coordinates of the x-intercept. 4x+0=38 of lines

Solvi

4x=38 simu?t:r:fous

x=2 equations

imut

The coordinates of the x-intercept are (2,0). SI(renquu;iT)enzus

problems

b Substitute x = 0 and solve the equation. Substituting x = 0 into 4x + 3y = 8 gives
Write the coordinates of the y-intercept. 0+3y=38 —
3y=8 wB
8
y= g p. 71
2
=2

3
The coordinates of the y-intercept are (O, 2%)

¢ Sketch the graph on a Cartesian plane by
marking in the x- and y-intercepts and drawing
a straight line through the two intercepts.
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Graphing and solving simultaneous linear equations

If two linear equations are graphed on the same axes, the y
intersection of the two lines is the point that lies on both lines. 10
This point is the solution to the two simultaneous equations. _
For example, the solution to the two simultaneous equations 64
y=4+ xand 2x + y =7 is shown as the point (1,5) in the graph. "
Simultaneous linear equations can be in the form y = a + bx or y=4+x/,

Ax + By = C. We can solve simultaneous equations using CAS.

(1,5)

2x+y=7

m Graphing and solving simultaneous equations

Graph and solve the pair of simultaneous equations y = 3x — 2 and x + 2y = 10.

47

‘,”

1 Start a new document and add a Graphs page.

2 In the Graph Entry Line, enter 3x-2. Line again.

3 Press enter to graph the line.
6 Enter the relation x+2y=10.

4 Press tab or ctrl + G to display the Graph Entry

5 Press menu > Graph Entry/Edit > Relation.

7 Press enter to graph the relation.

\‘*\ (2 solve({’.“"'.'\'-2 .{x.}'})

x+2- y=10

10 1 1w

{47

y=2and y=4

8 Press menu > Analyze > Intersection. 12 Insert a Calculator page.

9 When prompted for the lower bound, use the 13
arrow keys to move to the left of the point of
intersection and press enter. 14

10 When prompted for the upper bound, use the and select OK.
right arrow key to move to the right of the 15

point of intersection and press enter. and press enter.

11 The coordinates of the point of intersection 16

(2,4) will be displayed on the screen. (2,4) will be displayed.

Press menu > Algebra > Solve System of
Equations > Solve System of Equations.
On the next screen, keep the default values

Enter the two equations into the template

The coordinates of the point of intersection

The solutionis x =2 and y = 4.

Nelson VICmaths General Mathematics 11
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© Edit Action interactiva

B3 | & | 4] simr| 55 | v !ng-l = I 7

LICY
Mg Dcimal Resl Dey @

1 Tap Main and clear all equations.

2 Enter the equations y=3x-2 and x+2y=10.
3 Tap the Graph tool to add a graph window.
4 Drag the equations into the graph window.

Note: if the graphs do not display, tap the View
Window tool and tap Default then OK.

© Edit Action interactiva

Lo [ fsw]m [ TH] E

:Mx-Z
} y-3~xb2
x42y=10
' x+2vy=10
f
(Moth (1o M (vE | x| o
| Mathe | e |y loga)| Y
}"T“:: ™ e | X hu.(l)

™ _s00 looms] 12 | <2 | O
Var

{abc MR e
vl =% [ G o [ exe ]

7 Tap Main.
8 Open the Keyboard > Math1.

© Edit Zoom Anslysis ¢

3 7 [ (5] N A JZ

y=3x-2
y-30x-2
x42y=10
x+2y=10
a
y=3ex~2

y==x/245

‘ | X
FIEAI% o|ji 234567

9 Select the simultaneous equations template.

i Intersectiony
xc=2
5%
Deg  Rsal amn

5 With the graph window highlighted, tap
Analysis > G-Solve > Intersection.

6 The coordinates of the point of intersection
(2,4) will be displayed.

© Edit Action interactiva

S [afsw]= [ TH] E

y=3x-2
y-3ox-2
x42y=10
x+2vy=10
y=3x-2 |
x+2y-10 X,y
{x=2,y=4}

o

10 Enter or copy the equations into the template.

11 Enter x,y in the lower right corner of the
template.

12 Press EXE.

13 The coordinates of the point of intersection
(2,4) will be displayed.

The solution is x =2 and y = 4.

9780170448192
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Modelling with simultaneous equations

Simultaneous equations can be used to solve real-life problems where there is more than one unknown.

Steps for solving worded problems using simultaneous equations

To solve worded problems using simultaneous equations:
1 Identify the unknowns and assign a pronumeral for each of them.
2 Set up two equations by converting the given information into mathematical symbols.
3 Solve the simultaneous equations using CAS.

4 Answer the question in sentence form.

VL) 2 B SR Solving problems using simultaneous equations

Eleanor spent $16.40 on pens and pencils. She purchased a total of 8 items. If the pens cost $2.80 each
and the pencils cost 80 cents each, how many pens and pencils did Eleanor purchase?

Steps Working

1 Identify the unknowns and assign a pronumeral ~ Let p = number of pens
for each of them. q = number of pencils

2 Set up two equations by converting the given There are 8 items, so
information into mathematical symbols. p+q=8

Pens cost $2.80 each and pencils cost $0.80 each.

cost of pens =2.8 x p
cost of pencils = 0.8 x g

total cost of pens and pencils = 2.8p + 0.8¢
Eleanor spent $16.40.

Convert units where necessary. 2.8p+0.8q = 16.4
3 Solve the simultaneous equations using CAS.
TI-Nspire ClassPad

O Edit Action lntorscuve

;L— u.: ,m,, u\ 4.] [

solvo({p - Ara }’

2.8 p+0.8: gm16.4 = I
p=5.and g=2. 2.8p40.8g=16.4|p g
{p=5,q=3}
4 Answer the question in sentence form. Eleanor purchased 5 pens and 3 pencils.
EXERCISE 4.3 Simultaneous linear equations ANSWERS p. 503
Recap 80-100%  60-79%  0-59%

1 94% A phone company charges a fixed, monthly line rental fee of $28 and
$0.25 per call. Let n be the number of calls that are made in a month. Let C be the monthly phone bill,
in dollars. The equation for the relationship between the monthly phone bill, in dollars, and the number

of calls is
A C=28+0.25n B C=28n+0.25 C C=n+28.25
D C=28(n+0.25) E C=0.25(n+28)
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2 86% A builder’s fee, C dollars, can be determined from the rule C = 60 + 55n,
where n represents the number of hours worked. According to this rule, the builder’s fee will be

A $60 for 1 hour of work B $110 for 2 hours of work C $500 for 8 hours of work
D $550 for 10 hours of work E $1150 for 10 hours of work
Mastery

3 woRKeD ExAVPLE 9 | For each of the following equations

a x+2y=6 b x-2y=-4 c 2x-y=6 d 4x+y=3
i find the x-intercept
ii find the y-intercept
iii and hence, sketch the graph by hand.

4 Graph and solve the following pairs of simultaneous equations.

a y=x+3 b y=-x+2 c 2x+y=3 d 3x-y=4
2x—y=-4 y=x+6 4x-y=3 2x—y=2

5 WoRKED ExAMPLE 10 | Beachside Ice creams sells ice cream in single cones and double cones. The
price of a single cone is $3.80, whereas the price of a double cone is $5.20. On a particular day, they
sold a total of 450 cones and their total takings for the day were $1990. How many of each type of cone
did Beachside Ice creams sell on the day?

Exam practice 80-100%  60-79%  0-59%

6 95% At a school concert, the entry fee for adults was different from the entry fee
for children. The entry fee for three adults and four children was $67.00. The entry fee for two adults
and five children was $57.50. Let x be the entry fee for an adult. Let y be the entry fee for a child. A pair
of simultaneous equations that could be used to represent the situation above is

A 3x+2y=575 B 3x+2y=67 C 3x+4y=575
4x + 5y = 67 4x + 5y =575 2x + 5y =67
D 3x+4y=067 E 4x+3y=067
2x+5y=>57.5 5x+2y=>57.5
7 65% A straight line is graphed below. 7\
An equation for this straight line is 109
A 10x+ 8y =40 B 4x+5y=40 8
C 4x-5y=40 D 5x+4y=40 6
E 8x+10y=40 44
2
0 —— .

8 65% At the local bakery, the cost of four doughnuts and six buns is $14.70.
The cost of three doughnuts and five buns is $11.90. At this bakery, the cost of one doughnut
and two buns will be

A $2.80 B $3.80 C $3.85 D $4.55 E $4.85

9 64% The fare, $F, to travel a distance of # kilometres in a taxi is given by the
rule F = a + bn. To travel a distance of 20 kilometres, the taxi fare is $18.20. To travel a distance
of 30 kilometres, the taxi fare is $25.70. The charge per kilometre, b, is

A $0.75 B $0.88 C $0.91 D $1.33 E $3.20
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10 62% For the pair of simultaneous equations 2x - 3y =7 and 3x = 5 - ,

the solution is

A x=-2,y=-1 B x=-1,y=-3 C x=-Ly=2
D x=2,y=-3 E x=2,y=-1
11 62% The graph of a straight line is shown.
An equation for this straight line is 6-
A 2x+5y=20 B 10x+4y=20 P
C 2x-5y=20 D 5x+2y=20 ]
E 4x-10y=20 NN NN

0 2 4 6 8 10 12°%

12 48% A mixture contains two liquids, A and B. Liquid A costs $2 per litre and
liquid B costs $3 per litre. Let x be the volume (in litres) of liquid A purchased. Let y be the volume
(in litres) of liquid B purchased. Which graph shows all possible volumes of liquid A and liquid B
that can be purchased for exactly $12?

Ay B y C »y

2.3) 4

6 X 0
0 e 30X
D »y E »
6
(3,2)
0 X

0

6 X

13 45% The cost, $C, of hiring a boat for x hours is given by the equation
C = ax + b where a is the hourly rate and b is a fixed booking fee. When the boat is hired for

4 hours the cost is $320. When the boat is hired for 6 hours the cost is $450. When the boat
is hired for one hour the cost is

A $65 B $75 Cc $77 D $80 E $125

14 (2 marks) Robert wants to hire a geologist to help him find potential

gold locations. One geologist, Jennifer, charges a flat fee of $600 plus 25% commission on
the value of gold found. The following graph displays Jennifer’s total fee in dollars.

50004
4000
3000 Jennifer’s

total fee
2000

Total fee (dollars

1000

2000 4000 6000 8000 10000 12000 14 000
Value of gold found (dollars)
Another geologist, Kevin, charges a total fee of $3400 for the same task.
a 60% Copy the above graph and add a graph of the line representing Kevin’s fee. 1 mark
b [41% For what value of gold found will Kevin and Jennifer charge the same amount

for their work? 1 mark
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> 15 (6 marks) The graph shows the growth of two different types h
of trees, measured from the time they were seedlings. Z:
E 51
£ /
5 3- g
e 5 Ry —— Gum
14+ O Wattle
0 6 1218243036 4248
Months
a Which tree was taller as a seedling and what was the difference in height? 1 mark
b After how many months do the trees reach the same height? 1 mark
¢ What is that height? 1 mark
d Find an equation for the height of the
i gum tree 1 mark
i wattle tree. 1 mark

e Are these equations good models for the height of the trees after 20 years? Why or why not? 1 mark

Piecewise linear graphs 2

A piecewise linear graph is a graph that is made up of more than one straight line piece. There are two Vo Pyt

types of piecewise linear graphs: line segment graphs and step graphs. {inear graphs

Line segment graphs

A line segment graph is a piecewise linear graph that joins two or more straight line pieces.
For example:

Y
10 A
s =% yo12-x The equations for this graph are:
6 E .
: This means for x values
4 y=3x -1=x<3 <—Dbetween-1and 3,
2] | including -1.
-
el ol al LI A0 334 ¢l g lx This means for x values
/] y=12-x 3<x<6 <— between 3 and6,
i including 3.
_6 4
—8 4
_10 4
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Line segment graphs are useful for displaying information that involves rates. The rate for each line segment

is the slope of the line.

VL) S VB S BB Interpreting line segment graphs

50
451
40+
354
304
25+
20 1
15+
101
54

Volume (000s L)

A rainwater tank holds 50000 litres. The line segment linear graph shows the rate at which the rainwater
tank fills with water from the start of winter.

0

Steps

a Refer to the line segments and
their slopes.

b Read from the graph and note how
the vertical scale is written.

¢ Read from the graph.

d Identify which of the line segments
has the greatest slope.

e Find the slope of the last line segment.

Convert the rate to litres per hour.

20 60 100 140 180
Time (hours)

Explain how we know the rainwater tank fills at four different rates.

Approximately how many litres does the rainwater tank hold after 160 hours?

a
b
¢ After how many hours from the start of winter is the rainwater tank filled to capacity?
d Approximately during which times does the tank fill the fastest?

e

What is the rate, in litres per hour, that the tank is filling in the last 20 hours?

Working

The graph is made up of four different line segments and
each line segment has a different slope. This means the
rainwater tank fills at four different rates.

After 160 hours, the rainwater tank holds 45 000 litres.

The rainwater tank filled to capacity after 200 hours.

The second time period has the greatest slope, so the tank
fills the fastest from approximately 10 hours to 70 hours
after the start of winter.

Slope of last line segment = rise 1

run —

_2

40

= 0.125 thousand litres per hour.
The tank is filling at a rate of 0.125 x 1000 = 125 litres per
hour in the last 20 hours.

Nelson VICmaths General Mathematics 11
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Line segment graphs where the horizontal axis measures time and the vertical axis measures distance are
called distance-time graphs. For distance-time graphs, the slope of the line segments measures speed,

which is the rate at which distance is travelled.

Ve = S N B 8 Interpreting line segment distance-time graphs

borrowed Nicky’s bike and cycled home.

a The vertical intercept of this graph is 2km.
What does this mean?

b Explain how we know Celine started
walking slower after 30 minutes.

¢ Explain how we know the horizontal line
segment represents the time Celine is at
Nicky’s house.

d How long did Celine stay at Nicky’s house?

e What is the distance between Celine’s house
and Nicky’s house?

f Calculate Celine’s cycling speed in
kilometres/hour during the last section
of her journey.

Steps
a The vertical intercept is the initial value.
What is the vertical scale measuring?

b Refer to the slopes of the line segments,
which measure speed.

¢ Refer to the vertical axis value.

d Read from the graph.

e Read the distance using the vertical scale of
the graph.

Distance from Celin€e’s house (km)

The distance-time graph below shows how Celine walked to Nicky’s house, stayed there for a while, then

Celine’s journey

35

\

1.5

\

15 30 45 60 75 920 105 120
Time (min)

Working

Celine started her journey 2km from her
own house.

The slope of the line segment after 30 minutes

is less than the slope of the line segment before
30 minutes, so Celine started walking slower after
30 minutes.

The horizontal line indicates that Celine is the
same distance (4km) from her house during this
time, so she is at Nicky’s house.

Celine stayed at Nicky’s house from the 45-minute
mark to the 90-minute mark, so Celine stayed at
Nicky’s house for 45 minutes.

The distance between Celine’s house and Nicky’s
house is 4km.

f Calculate the slope from the graph cycling speed = = . 4kn.1
o . run |  30min
in kilometres/minute and convert to K
kilometres/hour. _4

1h
= 8km/h
@ Exam hack

Always check to see if all the information is given in the same units. Convert units where necessary.
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Worksheet
Step graphs
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Step graphs

A step graph is a piecewise linear graph that has only horizontal straight line pieces. For example:

An open circle means this

/ point is not included

o—-e

\ A closed circle means this

point is included

-4 -2 2 4 6
-2

WORKED EXAMPLE 13

Interpreting step graphs

This step graph shows the daily parking
charges at a car park.

a Find the charge for parking for
i 55 minutes

ii 3 hours

iii 3% hours

iv 4 hours 20 minutes.
b What range of times can a driver park for $25?
¢ What does the arrow on the $40 step mean?
Steps
a Read from the graph.

y Parking charges
50
40 o——»
354 oO——-e0
30
25+ oo
20+
154 o—e
104 o
5 11:
i |
O 123456758 0510%
Time (hours)

Cost ($)

b 1 Find the relevant step on the graph.

Remember, a closed circle means the value
is included and an open circle means it’s
not included.

Write the answer.

¢ The arrow indicates the line continues.

y Parking charges
504
40 o——»
354 o—eo

304
25 o—e
204
154 o—e
10

5

T T T T T T T T T T
O 12345678010
Time (hours)

Cost ($)

Working
i 55 minutes parking will cost $5.
ii 3 hours of parking will cost $15.
iii 3% hours of parking will cost $25.

iv 4 hours 20 minutes of parking will cost $35.

Parking charges

504
454
404 o—»
35 o——e

30
25------- o—e
204 :
154  o—e
104
5

Cost ($)

T T T T T T T
12345678 910%
Time (hours)

For $25 the driver can park for a time that is more
than 3 hours up to and including 4 hours.

After 6 hours, the parking charge remains constant
at $40, so the maximum daily charge is $40.

Nelson VICmaths General Mathematics 11
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VCE QUESTION ANALYSIS

for some distances travelled.

Distance (km) ‘ Fare

0 < distance < 100 $100
100 < distance < 250 $160
250 < distance < 400 $220

a What is the maximum distance a passenger could travel for $160?

The fares for the distances travelled in the table are graphed below.

A
300

280
260
240 1
220 1 Y
200
180
160 N T I
140+
1204
100 0——2

80

60

40

20

Fare ($)

0 T T T
0 100 200 300 400 500 600
Distance (km)

b The fare for a distance longer than 400 km, but not longer than 550 km, is $280. Copy the
graph and draw this information on it.

Fair Go Airlines is planning to change its fares. A new fare will include a service fee of $40,
plus 50 cents per kilometre travelled. An equation used to determine this new fare is given by

fare =40 + 0.5 x distance

¢ A passenger travels 300 km. How much will this passenger save on the fare calculated
using the equation above compared to the fare shown in the table?

d Ata certain distance between 250 km and 400 km, the fare, when calculated using either
the new equation or the table, is the same. What is this distance?

e An equation connecting the maximum distance that may be travelled for each fare in the
table can be written as

fare = a + b x maximum distance

Determine a and b.

2009 Examination 2 Graphs and relations Question 1 (7 marks)

Fair Go Airlines offers air travel between destinations in regional Victoria. The table shows the fares

1 mark

1 mark

1 mark

2 marks

2 marks

9780170448192
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Reading the question

o Note the words ‘longer than’ and ‘not longer than’ and the mathematical symbols they represent.
o Part c is asking how much the passenger ‘saves” on the fare, not how much they pay.

o The maximum distances for each fare are indicated both in the table and on the graph.

Thinking about the question

o How do the words ‘longer than’ and ‘not longer than” appear on the graph?
o Part d involves calculating two different methods.

o In parte, what do a and b represent in the equation of a straight line?

Worked solution (v = 1 mark)

a Read from the vertical axis and then down to the horizontal axis, noting that the dot means the point
is included.

The maximum distance a passenger could travel for $160 is 250km.

300 1
280 o—————& v
260
240
220 S E——
200
180
160 o——————*
140 1
120 1
100 9——=*

80 1

60

40

20

Fare ($)

0
0 100 200 300 400 500 600
Distance (km)

c fare =40 + 0.5 x distance
If distance = 300 km, then fare = 40 + 0.5 x 300 = 190
So, the cost using this equation is $190.
The fare shown in the table for travelling 300 km is $220.

So, the passenger will save $30 " on the fare calculated using the equation compared to the fare
shown in the table.

d From the graph, the fare for the distance between 250 km and 400 km is $220.
The equation is fare = 40 + 0.5 x distance
To find the distance when fare = 220, solve using CAS if necessary.
40 + 0.5 x distance = 220

distance = 220 -40 =360
0.5

The distance when the two fares are the same is 360km.
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e Draw a line connecting the maximum distance that may be travelled for each fare.

. . rise . . ..
Find the slope using — and find the vertical axis intercept.
run

Fare ($)

Run =150

0 100 200 300 400 500 600
Distance (km)

slope = % = % = 0.4 and vertical intercept from the graph is 60.

The equation of the line is fare = a + b x maximum distance, so a is the vertical axis intercept
and b is the slope.

Therefore,a=60 v and b=0.4. /

Student performance 80-100%  60-79% = 0-59%

a 91% The most common incorrect answer was 249 km, suggesting confusion about
what = 250 means.

b 91% Answers without the correct open and closed circles for the endpoints were incorrect. The
most common error showed the line ending at a distance of 525km, which suggested a misreading of
the horizontal scale.

Success percentages for parts a and b were averaged.

c 60%

d 60% Students must clearly identify their answer to a question. For this question, several answers
just consisted of the line 220 = 40 + 0.5 x 360.

e 60% Some students found only the equation 160 = a + 250b and then made up a value for a
(usually a = 0) to find a value of b.

Success percentages for parts ¢, d and e were averaged.

Areas of strength
o drawing in a missing section of a step graph
o substitution into a linear equation that does not require transposition
o finding the coordinates of the intersection of two lines

Areas of weakness

o using a straight edge to draw a straight line rather than presenting a freehand line

o setting up simultaneous equations
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EXERCISE 4.4 Piecewise linear graphs ANSWERS p. 505

Recap 80-100%  60-79% 0-59%

1 The solution to the simultaneous equations 7x — y = =8 and —5x — y = 16 is
A x=4,y=36 B x=-12,y=-44 C x=-2,y=11
D x=-4,y=-36 E x=-2,y=-6

2 57% One afternoon at the beach Mr Smith bought four ice creams and three
drinks for his family at a cost of $21.40. Mrs Brown bought five of the same ice creams and two of the
same drinks for $20.80. Based on these prices, the cost of one drink is

A $2.80 B $2.90 C $3.00 D $3.30 E $3.40

Mastery

3 WORKED EXAMPLE 11 | A rainwater tank holds 20000 litres. The line segment linear graph shows the
rate at which the rainwater tank fills with water from the start of the rainy season.

20
184
161
144
124
101
8_
6_
44
24

Volume (000s L)

0 T T T T T T T
20 60 100 140

Time (hours)

T
180

[Y

Explain how we know the rainwater tank fills at four different rates.

(=3

Approximately how many litres does the rainwater tank hold after 160 hours?

(¢}

After how many hours from the start of the rainy season is the rainwater tank filled to capacity?
Approximately during which times does the tank fill the fastest?
e What is the rate, in litres per hour, at which the tank is filling in the first 80 hours?
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4 WORKED ExAVPLE 12 | The distance-time graph below shows how Volker and Herb walked from the
park to Herb's house. Volker stayed there a while and then jogged home.

Volker’s journey

Distance from Volker’s house (km)

0 T T T T T T T T
15 30 45 60 75 90 105 120

Time (min)
The vertical intercept of this graph is 1 km. What does this mean?
Explain how we know Volker and Herb started walking faster after 45 minutes?

¢ Explain how we know the horizontal line segment represents the time Volker and Herb were
at Herb’s house.

d How long did Volker stay at Herb’s house?
e What is the distance between Volker’s house and Herb’s house?

f Calculate Volker’s jogging speed in kilometres/hour during the last section of his journey.

5 WORKED EXAMPLE 13 | This step graph shows the cost of sending parcels of different weights by

air freight.

10 —
o 8-
<
‘g 6 o—e
o

4_

o
2_

Mass (kg)

a Find the cost of sending
i one parcel weighing 3.4kg
ii one parcel weighing 1.7 kg
iii two parcels, weighing 2kg and 3 kg.
b What range of weights for a single parcel can be sent for $6?

¢ Why do you think there is no arrow on the $10 step?
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Exam practice 80-100% 60-79% 0-59%

6 91% The delivery fee for a parcel, in dollars, charged by a courier company is based

on the weight of the parcel, in kilograms.

This relationship is shown in the step graph below for parcels that weigh up to 20kg.

324
30 o

O T T T T T T T T T T T T T T T T T T T T >
0123456 7 8 91011121314151617 181920
Mass (kg)

Which one of the following statements is not true?

A The delivery fee for a 4kg parcel is $20.

The delivery fee for a 12 kg parcel is $26.

The delivery fee for a 13 kg parcel is the same as the delivery fee for a 20 kg parcel.
The delivery fee for a 10kg parcel is $14 more than the delivery fee for a 2kg parcel.

m O O W

The delivery fee for a 12kg parcel is $18 more than the delivery fee for a 2kg parcel.

7 89% The graph shows the volume of water in a water tank between 7am and 5pm
on one day.

1000+
800

600 -

Volume (litres)

400+

200+

7am Szim 9a{m IOIam lllam 12 rioon ll:l)m 2;;m 3;|)m 4pl>m S;lim
Time
Which one of the following statements is true?
A The volume of water in the tank decreases between 8am and 11 am.
The volume of water in the tank increases at the greatest rate between 4 pm and 5 pm.
The volume of water in the tank is constant between 12 noon and 2 pm.

The tank is filled with water at a constant rate of 100 L per hour.

m O O @

More water enters the tank during the first five hours than during the last five hours.
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8 &' The graph shows

800

the number of people who attended a market over 00
a seven-hour time period. %;L 600
For how many hours were there at least 600 people <" 500-
at the market? & 400
£ 3004
A2 B 3 C 4 Z o0l
D 6 E 7 100+

0 T T T T T T

T
01 2 3 4 5 6 7
Time (hours)

9 72% The annual fee for
membership of a car club, in dollars, based on
years of membership of the club is shown in the 500 ¢——=
step graph.

In the Martin family: 400

600

« Hayley has been a member of the club for

300{ o—e
four years

Fee ($)

o John has been a member of the club for
20 years

200+ o

o Sharon has been a member of the club for 100
25 years.

What is the total fee for membership of the car club 0
for the Martin family?

A $200 B $600 C $720
D $900 E $940

é ll() 1I5 2I0 2I5 3I0 3I5 4I0 4IS 5I()
Years of membership

10 68% The graph shows the cost (dollars) of mobile telephone calls up to
240 seconds long.

O T T T T T T T T
0 30 60 90 120 150 180 210 240
Time (seconds)

The cost of making a 90-second call followed by a 30-second call is

A $1.00 B $1.20 C $1.25 D $1.50 E $1.75

11 5% The graph shows

a distance-time graph for a car travelling E :gg:

from home along a long straight road over % 300+

a 16-hour period. T 250-

In which one of the time intervals is the ‘*E igg:

speed of the car greatest? g 100+

A 0to 5 hours B 5to9 hours A 501

C 9to 12 hours D 12to 14 hours 0 133 4567850021 14151
E 14 to 16 hours Time (hours)
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12 A supermarket sells roasted chickens. :I

For the first four hours after cooking, the roasted chickens B

are sold at full price. After this time, the selling price of each 1(1):

roasted chicken is reduced. The price of a roasted chicken, 94 )N

$P, at any time up to six hours after cooking is shown in the s 89

step graph. Z: o—
A roasted chicken is sold five hours after cooking. By how i |

much has the full price of the roasted chicken been reduced? 34

A $3 B $4 C $8 ]

D $9 E $12 R

Time after cooking (hours)

13 (4 marks) The line segment graph shows the income tax payable in a particular country.

Income tax payable

224

20+

18

161

14+

124

101

Tax payable (x $1000)

O T T T T T T T T T
20 30 40 50 60 70 80 90
0%

rate Taxable income (x $1000)
a What is the income range for the first two tax rates? 2 marks
b Find the tax payable on each of the following incomes from the graph.
i $30000 1 mark
i $84000 1 mark
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14 (3 marks) Kyla owns and manages a truck and car care business. After a major repair
on a truck, one of the mechanics took it on a long test drive. The test drive started at 12 noon. After four
hours, the mechanic stopped to rest for one hour and then returned to the workshop. The graph below
shows the truck’s distance from the workshop, d, in kilometres, and the number of hours of test driving,
n, after 12 noon.

2801
2401
— 200
Z 160
= 1204
80

404
0 T W

T T T T T T hd T
01 2 3 4 56 7 8 9
n (hours)

a 8% At what time of the day did the mechanic arrive back at the workshop? 1 mark

b 8% Find the average speed, in kilometres per hour, of the truck during the first four
hours of the test drive. 1 mark

c (43% On the return trip, the truck travelled at an average speed of 80 km/h. The
equation of the line segment VW that represents this part of the test drive is of the form
d = k - 80n. Find the value of k. 1 mark

15 (3 marks) Customers who visit Rumi’s shop park their cars in an
underground car park. The graph below shows the total charge for parking, in dollars,
according to the number of hours parked in one visit.

154
14+
134
124
114
10 o——o
9_
84 o—
7_
6_
50———m—————o
4_
3_
2_
1_
0 1 2 3 i 5
Time (hours)

Charge ($)

a On Monday, Leon parked in the underground car park for two hours and Lucy parked
for one-and-a-half hours.

What was the total combined charge for Leon and Lucy? 1 mark

b Customers who park for more than four hours are charged $11.50 if they do not stay
longer than five hours. Copy the graph and add this information. 1 mark

¢ Another customer, Pam, parked in the underground car park on both Tuesday and
Wednesday. Each day she parked for more than two hours but less than four hours.
Pam was charged less than $20 in total for these two days.

Write down the two possible amounts that Pam could have been charged. 1 mark
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@ Chapter summary

Linear functions in the form y=a+ bx

o A linear function is an equation that can be written in the form y = a + bx, where x and y are variables
and a and b are constants.

o The graph of a linear function is a straight line.

o The coordinates of points on the line are found by substituting x values into the equation to calculate
corresponding y values.

o Functions can be drawn using a table of values.

o To determine whether a point lies on a line, substitute the coordinates into the equation of the line and
check if the result is true or false.

o For a straight line in the form y = a + bx:

a = the y-intercept = the y value when x = 0

rise 1 vertical distance between two points
b = the slope = =— - -
run —  horizontal distance between the same two points
Positive Negative Z roslope fora Slope not defined Parallel lines have
slope slope horizontal line for a vertical line the same slope

rise =0 run =0

N — =

Interpreting linear functions

o When interpreting linear functions in the form y = a + bx:
a = the initial value
b = the constant rate of change

o We can use linear equations to make predictions about real-life situations, but not all calculated values
make sense in the real world.

« Linear functions can be used to model the cost and revenue for a business.
o Profit of a business is also a linear function and can be calculated using

profit = revenue — cost

Simultaneous equations

o To graph linear relations in the form Ax + By = C:
1 find the x-intercept by substituting y = 0 and solving for x
2 find the y-intercept by substituting x = 0 and solving for y
3 draw a straight line through the two intercepts.

o When B = 0, the graph is a vertical line.

o If we graph two linear equations on the same axes, the intersection of the two lines is the point that lies on
both lines.

o The point of intersection of two lines is the solution to the two simultaneous equations.
o Simultaneous linear equations can be in the form y = a + bx or Ax + By = C.

o Both forms of linear equations can be solved using CAS.
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o To solve worded problems using simultaneous equations:

1 Identify the unknowns and assign a pronumeral for each of them.

®

2 Set up two equations by converting the given information into mathematical symbols.
3 Solve the simultaneous equations using CAS.

4 Answer the question in sentence form.

Piecewise linear graphs

o A piecewise linear graph is a graph that is made up of more than one straight line piece.
o A line segment graph is a piecewise graph that joins two or more straight line pieces.

o The rate for each line segment in a line segment graph is the slope of the line.

&
<
=
=
=]
(7]
=
w
=
o
<
=
(4]

« Distance-time graphs are line segment graphs where the horizontal axis measures time and the vertical
axis measures distance.

o The slope of the line segments in a distance-time graph measures speed, which is the rate at which
distance is travelled.

o A step graph is a piecewise graph that has only horizontal straight line pieces.
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Cumulative examination 1

Total number of marks: 12 Reading time: 5 minutes Writing time: 27 minutes

Use the following information to answer the next two questions.

— {1 —
MR R i (s () e
Data

1 The percentage of data below 10 is

A 25% B 50% C 75%

D 100% E none of the above
2 The value of Q, is

A 5 B 8 C 10 D 14 EFQLE

3 The sequence 4, 9, 24, 69 ... is generated from the recurrence relation ¢,,, = Rt, — 3, where ¢, = 4.
The value of R is
A 2 B 3 C 5 D 7 Ennl'S

4 A machine is purchased for $36 000. Its value depreciates at a rate of $0.16 for each
unit it produces. On average, the machine produces 24 000 units a year. Using the unit cost method
of depreciation, the value of the machine after six years of use is closest to

A $3840 B $7200 C $12960 D $23040 E $32160

5 K The price of a one-way airfare between two cities varies each day according

to demand.

o On Monday the price is $160.

o The price on Tuesday is 25% greater than the price on Monday.

o The price on Wednesday is 10% less than the price on Tuesday.

 The price on Thursday is 25% less than the price on Wednesday.

« The price on Friday is 20% greater than the price on Thursday.

o The Saturday price is the same as the Friday price.

The price on Saturday is

A $150 B $162 C $176 D $288 E $330

6 Sam and Charlie each invest $5000 for three years. Sam’s investment earns simple
interest at the rate of 7.5% per annum. Charlie’s investment earns interest at the rate of 7.5% per annum
compounding annually. At the conclusion of three years, correct to the nearest cent, Sam will have

A $86.48 less than Charlie. B $86.48 more than Charlie.
C $132.23 less than Charlie. D $132.23 more than Charlie.

E the same as Charlie.
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7 Which linear equation matches this graph? ¥

Use the following information to answer the next two questions.

The volume of water that is stored in a tank over a 24-hour period is shown in the graph.

6- ™

A y=4-4x B y=4+4x = 2
C y=—4+x D y=-4-4x 4 E
3 <

E y=4-x 2- =
1- =

T T T T T T T T T T <

—5—4—3—2—_110_ 12 3 4N5 & * ﬁ

-24 m

=

=

<

-l

=

=

-

(3]

3

500+

'S

&

S
1

Volume (litres)
W
<
T

[y

<

<
|

—

<

=3
|

0 T T T T T T T T T T T T
12am 2am 4am 6am 8am 10am 12pm 2pm 4pm 6épm 8pm 10pm 12pm

Time

8 What is the difference in the volume of water (in litres) in the tank between

8am and 6 pm?

A 50 B 100 C 120 D 200 E 400

9 The rate of increase in the volume of water in the tank (in litres/hour) between

8am and 10am is

A 37.5 B 50 Cc 75 D 125 E 150

10 The cost in dollars, C, of making # pottery mugs is given by the equation
C =150 + 6n. A loss will result from selling

A 60 mugs at $9.00 each B 70 mugs at $8.50 each C 80 mugs at $7.50 each
D 90 mugs at $8.00 each E 100 mugs at $9.50 each

11 For the pair of simultaneous equations 4x = 7 — y and 5x + 7y = 3, the solution is
A x=-2,y=-1 B x=-2,y=1 C x=1,y=3
D x=-1,y=2 E x=2,y=-1

12 The cost of hiring one motorbike for up

30| o—
to 4 hours is shown in the graph. Two motorbikes were hired. X
The total charge for hiring the two motorbikes was $45. 20 R

Cost ($)
s

The time for which each motorbike was hired could have been

A 1 hour and 2 hours B 1 hour and 3 hours 5
C 1.5 hours and 2 hours D 1.5 hours and 3 hours 0 . ]. 3 é Y >
E 2 hours and 3.5 hours Time (hours)
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Cumulative examination 2

Total number of marks: 17 Reading time: 4 minutes Writing time: 26 minutes

1 (2 marks) This dot plot shows the minimum daily temperatures (°C) in Hobart over a three-week period.

* *
* * . * * . * .

* * * . * . * . . . *

T T T T T T T T T T T

2 -1 30 ¢ L2 38408 5 6'W7 8

Minimum daily temperatures (“C)

a What is the mode? 1 mark
b Find the IQR. 1 mark

2 (3 marks) The snooker table at a community centre was purchased

for $3000. After purchase, the value of the snooker table was depreciated using the flat rate
method of depreciation. The value of the snooker table, V,, after # years, can be determined
using the recurrence relation

Vy=3000, V,, =V, - 180

n

a What is the annual depreciation in the value of the snooker table? 1 mark
b Use recursion to show that the value of the snooker table after two years, V,, is $2640. 1 mark
¢ After how many years will the value of the snooker table first fall below $2000? 1 mark

3 2012 1BRMQ7 MODIFIED | (2 marks) The following graph shows the decreasing value of an
asset over eight years.

250000~
200000+

(dollars)

150 000 - e
= 100000 *
50000

0

H_
o
o
o~
w
e
4
&%

n (Years)

a What type of depreciation is being used? 1 mark

b If u, is the value of the asset over # years, and rate of depreciation is 14%, write the rule
for calculating the value of the asset over n years. 1 mark
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4 (4 marks) At the Gum Flat Fun Park there are many attractions. One that
appeals especially to the younger visitors is the train Puffing Polly. The distance-time graph
represents a train trip for Puffing Polly from Frog Hollow to Eagle Hill, stopping at two
stations on the way.

N
=
=
=
<
=
=
g
x
w
w
=
=
g
wd
=)
=
-
(3]

Distance from Frog Hollow (metres)

A
Time after leav ng Frog Hollow {minue s)
a What is the total time for which Puffing Polly is stopped at the two stations on the way? 1 mark
b i Which line segment of the graph represents the section of the trip when Puffing Polly
is travelling the fastest? 1 mark

i Find its speed for this section of the trip, stating clearly the units used in your answer. 2 marks

5 (6 marks) Kami wants to hire a car for the three days of a long weekend and is choosing
between two rental companies.

CarsRus charges $45 per day plus $1.85 per kilometre.
WeRent charges $80 per day plus $1.55 per kilometre.

a If dis the distance travelled in kilometres, and C is the cost in dollars, write an equation
representing the cost of hiring a car for three days from

i CarsRus 1 mark
ii WeRent. 1 mark
b i After how many kilometres will the cost for hiring a car be the same for both companies? 1 mark
ii What is the cost at this time? 1 mark

¢ If Kami plans to drive an average of 100 km each day on the long weekend, which plan
would be better for her and what would be her cost? Give reasons for your answer. 2 marks
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Study design coverage

UNIT 1, AREA OF STUDY 4: DISCRETE MATHEMATICS

Matrices

e use of matrices to store and display information that can be presented in a rectangular array of rows
and columns such as databases and links in social networks and road networks

e types of matrices (row, column, square, zero and identity) and the order of a matrix

e matrix addition, subtraction, multiplication by a scalar, and matrix multiplication including determining
the power of a square matrix using technology as applicable

e use of matrices, including matrix products and powers of matrices, to model and solve problems,
for example costing or pricing problems, and squaring a matrix to determine the number of ways pairs
of people in a network can communicate with each other via a third person

¢ inverse matrices and their applications including solving a system of simultaneous linear equations

¢ introduction to transition matrices (assuming the next state only relies on the current state), working
with iterations of simple models linked to, for example, population growth or decay, including informal
consideration of long run trends and steady state.

VCE Mathematics Study Design 2023-2027 p. 29, © VCAA 2022
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L @ Introducing matrices

ia

Video playlist
Introducing
matrices

What do databases, costing and pricing, quantum mechanics, and links in communication, social and road

networks have in common? They can all be modelled by matrices.

The order of a matrix

Matrices are collections of numbers arranged into rows and columns inside square brackets. The order
of a matrix tells us how many rows and columns it has. We always write the order in the form number of
rows x number of columns, so Matrix Q is a 4 x 2 (pronounced four by two) matrix. The numbers in the
matrix are called elements. Matrix Q has 4 x 2 = 8 elements.

Column1 Column 2
5 12 | =—Rowl

_ 9 0 | =— Row2
Q= 17 22 | <—Row3
1 19 <— Row 4

Order of a matrix

Order of a matrix = number of rows x number of columns

A matrix with m rows and n columns has order m x n.

— VL) < 5 N B S B Understanding the order of matrices

WB The table shows the quantity (in grams) of the main ingredients used to bake a batch of various types
p. 77 of muffins.

Type of muffin
Ingredient | Choc Chip ‘ Apple ‘ Savoury ‘ Banana ‘ Berry
Sugar 120 80 50 75 100
Flour 255 130 150 175 150
Butter 125 90 130 160 175
Find the
Steps Working

a matrix M that could be used to show this information, stating its order and number of elements

120 80 50 75 100

Rewrite the information in the table M=| 225 130 150 175 150
as a matrix. 125 90 130 160 175
@ Exam hack The order of M is 3 x 5.

M has 15 elements.
The order of a matrix with m rows

and n columns is m x n (‘m by n’).
The number of elements in a matrix
is m x n (‘m times n’). Even though
they both have a x, they represent two
different things.
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b matrix that could be used to show the quantity of flour used for apple muffins and state its order

Find the information in the table and [130]

write as a matrix. The orderis 1 x 1.

¢ 1 x 5 matrix that could be used to show the quantity of butter needed for each type of muffin
Find the information in the table and [ 125 90 130 160 175 ]
write as a matrix with the given order.

d 5 x 1 matrix that could be used to show the quantity of sugar needed for each type of muffin

Find the information in the table and 120
write as a matrix with the given order. 80
50
75
100
e 1 x 3 matrix that could be used to show the quantity of each ingredient needed for a batch of
berry muffins
Find the information in the table and [ 100 150 175 ]

write as a matrix with the given order.

f 3 x 1 matrix that could be used to show the total quantities of each main ingredient needed if batches of
all the five muffin types are made.

120 + 80 + 50 + 75 + 100

Find the information in the table and 255+ 130 + 150 + 175 + 150
write as a matrix with the given order. 125 +90 + 130 +160 + 175
425
=| 860
680

g Copy the following labelled matrix showing the information from the table and fill in the missing
numbers. The ingredients are shown by S = sugar, F = flour and B = butter.

S F B

Choc Chip | 120 255 O

Apple O 130 90

8v oury 50 O 130

Banana O 0O 160

Berry o O 0O
S F B
Find the information in the table and Choc Chip | 120 255 125
complete the matrix. Apple 80 130 90
§ voury 50 150 130
Banana 75 175 160
Berry 100 150 175
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Types of matrices

Type of matrix ‘ Description

‘ Examples

‘ Order of examples

Row matrix | A matrix with just one row. [ 7 -3 15 ] [ 9 -3 00 ] Ix3and1x4
Column A matrix with just one 31 2xland3x1
matrix column. g; ] 25
- 50
Square A matrix that has the same 7 12 0 8 4x4and 2 x2
matrix number of rows as columns. -3 9 =25 0 -12
6 -1 0 O -4 1
| 10 -6 13 4
Zero A matrix where all the 0 0 3x2and1x6
matrix numbers are 0. 00 [ 000 0O0TO ]
0 0
Identity A square matrix where all 1.0 0 0 4x4and2x2
matrix (I) the elements in the diagonal 7= 01 00 I = [ 1 0 ]
(also called from top left to bottom right 0010 01
the unit are 1, and every other 0001
matrix) element is 0. We use I to
indicate this matrix.

identity matrix.
[0 0
00 14 0
al|l 0 O b50 c| O
00 -91 0
(100 0 0 0

01 0000

g 001000 e[1 111 1]
000100

0000T1°0

(000001

Steps Working

Does the matrix have

o just one row (row matrix) or just one column
(column matrix)

o the same number of rows and columns
(square matrix)

o all zeros (zero matrix)

o lsitin the diagonal from top left to

bottom right and zeros everywhere else
(identity matrix)?

VL) 2 N E S8 [dentifying types of matrices

For each of the following matrices state the order and whether it’s a row, column, square, zero or

a 5 x 2, zero matrix

b 4 x 1, column matrix

(==l
(==l

¢ 3 x 3, square matrix, zero matrix

d 6 x 6, square matrix, identity matrix

e 1 x5, row matrix

Nelson VICmaths General Mathematics 11
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EXERCISE 5.1 Introducing matrices ANSWERS p. 506

Mastery

1 workeD ExAMPLE 1| The table shows how different types of tickets were sold to a school production

of Fame.
Sold by school office ‘ Sold online | Sold at theatre
Student ticket 172 67 30
Adult ticket 3 139 10
Concession ticket 0 65 9
Teacher ticket 11 15 17
Find the

a matrix F that could be used to show this information, stating its order and number of elements

b matrix that could be used to show the number of adult tickets sold by the school office and
state its order

4 x 1 matrix that could be used to show the number of tickets sold at the theatre
3 x 1 matrix that could be used to show the number of concession tickets sold in each of the
different ways

e 1 x4 matrix that could be used to show the number of each type of ticket sold online

f 4 x 1 matrix that could be used to show the totals sold for each of the four tickets types.

g Copy the following labelled matrix showing the information from the table and fill in the missing
numbers. The ticket types are shown by S = student, A = adult, C = concession and T = teacher.

S A CT

Office 172 O o O
Online 67 139 O O
Theatre O O 0O 0O

2 WORKED EXAMPLE 2 | For each of the following matrices, state the order and whether it is a row, column,
square, zero or identity matrix.

' 10 0
a |l b |0 10 c[o0o000]
L 0 [0 0 1
Lo o . 100 0
d|lo1o0 e |1 ¢ [0 100
1 01 1 0010
- 000 1

3 Answer true or false to each of the following statements.
A 6 x 10 matrix has 60 elements.

A 5 x 7 matrix has 7 rows.

A 4 x 1 matrix is a column matrix.

If a matrix has 3 elements, it has to be either a row matrix or a column matrix.

O o 060 T 9o

An identity matrix with five 1s has 25 elements.
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Exam practice

80-100%

60-79%

0-59%

4 95% The matrix shows the airfares (in dollars) that are charged by Zeniff Airlines
to fly between Adelaide (A), Melbourne (M) and Sydney (S).

From
A M S

0 8 &9
85 0 99
97 101 O

A
M
S

To

The cost to fly from Melbourne to Sydney with Zeniff Airlines is

A $85 B $89

C $97

D $99

E $101

5 B 93% The number of tourists visiting three towns, Oldtown, Newtown and
Twixtown, was recorded for three years. The data is summarised in the table.

2004 | 2005 | 2006
Oldtown 975 1002 1390
Newtown 2105 1081 1228
Twixtown 610 1095 1380

The 3 x 1 matrix that could be used to show the number of tourists visiting the three towns in the

year 2005 is

8 [

A [ 975 1002 1390 |

1002
D | 1081 E
1095

6 BN 92% The order of the matrix

A 2x2 B 2x3

1002 1081 1095 |
975 1002 1390
2105 1081 1228
610 1095 1380
2 2
2 2 |is
2 2

C 3x2

975
C | 1002
1390

D 4 E 6

r@ll © vcan 75% The number of people attending the morning, afternoon and evening sessions
at a cinema is given in the table. The admission charges (in dollars) for each session are also shown in

the table.

Session
Morning Afternoon Evening
Number of people attending 25 56 124
Admission charge ($) 12 15 20

A column matrix that can be used to list the number of people attending each of the three sessions is

A [ 25 56 124 ] B
12

D | 15 E
20

Nelson VICmaths General Mathematics 11

12 15

25
56
| 124
[ 25 56 124
20

c[12 15 20 |
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8 What type of matrix is[ 8 g (1) ]?

A zero matrix B identity matrix C 3 x 2 matrix

D square matrix E 2 x 3 matrix

9 For the following matrices:

3 5 -2 2 6 3
J= K=| 5 L={ 4 1 -2 M=[12]
6 2
1.1 50 8
which statement is true?
A All of these matrices are square matrices. B Kisal x 3 matrix.
C L has 10 elements. D Jis an identity matrix.
E Misal x 1 matrix.
7 00
10 Which of the following is not true about M=| 0 0 0 |?
0 0 9
A Misa 3 x 3 matrix B M is a column matrix C M is asquare matrix
D M has9 elements E M has seven zero elements
11 The orders of the matrices that could be used Senior students’ favourite takeaway food

to represent the information in the table are
A 6x20r2x6 Pizza 32 15
B 6x2only Chicken 38 27
C 2x6only Fish and chips 30 33
D 7x30r3x7 Hamburgers 9 32
E 7x3only Kebabs 5 2

Other 3 7

12 2012 1MQ7 MODIFIED | (4 marks) A store has three outlets, A, B and C. These outlets sell dresses,
jackets and skirts made by the fashion house Ocki. The table lists the number of Ocki dresses, jackets

and skirts that are currently held at each outlet.

Size10 | Size12 | Size14 | Size16
Outlet A 2 dresses 3 jackets 1 skirt 4 jackets
Outlet B 1 skirt 1 jacket 3 jackets 1 dress
Outlet C 2 skirts 2 dresses | 2 dresses 1 jacket

a Write the 1 x 4 matrix that gives the number of Ocki clothing items held in each size in

Outlet B. 1 mark

b What is the name given to this type of matrix? 1 mark
¢ The incomplete matrix is designed to show the D J S
total number of Ocki dresses (D), jackets (J) and skirts (S) Size1o0 [ 2 0 O
held in each size at the three outlets. Size12 | O O O
Sizel4 | O O O
Sizele | O O O

i What is the order of the matrix? 1 mark

ii Copy and complete the matrix. 1 mark
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Video playlist
Matrix
addition,
subtraction
and scalar
multiplication

Worksheet
Addition and
subtraction
of matrices

214

Matrix addition, subtraction and

scalar multiplication

Equal matrices

For two matrices to be equal, they must have the same order and have all the same elements in the

= °
:

same places.

Ul

Soif[ 8 3 ]=[ 8 3]thenx=7. But
4 x 4 7

Ul U1
Ul U1
Ul U1

(G20} |
[E—

Addition and subtraction of matrices

Only matrices that have the same order can be added or subtracted. To do this we add or subtract each pair
of corresponding elements. The answer we get has the same order as the original two matrices.
For example:

2 -7 + 1 3 _ 2+1 -7+3 _ 3 4
1 3 5 12 11+5 3+12 16 15
A + B = C
Order: 2x2 + 2x%x2 = 2x2

2 -7 _ 1 3 _ 2-1 -7-3 _ 1 -10
11 3 5 12 11-5 3-12 6 -9
A - B C
Order: 2x2 - 2x2 = 2x2

Adding and subtracting matrices @ Exam hack

When adding or subtracting matrices, add or subtract pairs Matrix questions often use the
of corresponding elements. word ‘defined’ If something is

For addition or subtraction of matrices to be defined, they defined, it means it is possible.
If it’s not defined, then it

is impossible.

must have the same order.

The answer has the same order as the matrices being added
or subtracted.

Scalar multiplication

A scalar is a regular number that isn’t in a matrix. When we multiply a matrix by a scalar, we multiply each
element by the scalar. Scalar multiplication can be done to any matrix. The answer we get has the same
order as the original matrix. For example:

5 2 4x 5 4x2 20 8
ax | 7 -3 | = | 4x7 4x(-3) | = | 28 -12 © Exam hack
120 4x12 4x0 43 0 We don’t always write the

multiplication sign between

Order: 3% _ 3% 2 the scalar and the matrix.
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Multiplying a matrix by a scalar

When multiplying a matrix by a regular number called a scalar, multiply each element by the scalar.
Scalar multiplication is defined for any matrix.

The answer has the same order as the original matrix.

VL) <o o B <8 Adding, subtracting and multiplying matrices by a scalar
0 12 2 50 30 7
IfA=| -2 [,B=| -4 |,C= - and D = , calculate each of the following,
-2 8 4 1 3 4
10 8
giving a reason if the addition or subtraction is not defined.
aA-B b C+D c 11C diB e A-2B f 5A+D
Steps WB
1 Check that the matrices have the same order. o
p-
2 Add or subtract corresponding elements.
3 Multiply each element by the scalar.
Working
0 12 0-12 -12
aA-B=| -2 |- 4 |=| -2+4 |= 2
10 8 10-8 2
b C+D-= 2 50 4 30 7 (_| 2+3 =540 0+7 |_ 5 -5 7
-2 8 4 1 3 4 -2+1 8+3 4+4 -1 11 8
e l1Ca11x| 2 -5 0 |_| 1m1x2 11x-5 11x0 |_[ 22 -55 0
-2 8 4 1I1x-2 11x8 11x4 -22 88 44
i x 12
1 12 1 3
d ~B=-x| -4 |=| —x-4 |[=| -1
4 4 8 4 5
1 x 8
4
0 12 0 24 0-24 -24
e A-2B=| 2 [-2x| -4 |[=| 2 |-| =8 |=| —2+8 |=| &
10 8 10 16 10 -16 -6
f 5A + D isn’t defined because the order of 54 is 3 x 1 and the order of D is 2 x 3. Matrices must have the
same order for addition to be possible.
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m Addition, subtraction and scalar multiplication of matrices

3 -5 10 12 2
GiventhatQ=| 11 6 17 |[andR=| -3 4
-2 15 0 22 14

1
7 |, evaluate 4Q — 2R and 3Q + 7R.
-7

o
L

oo S E 8 o
B [ e fe &0 g0 o Bo

0
(3

g (2]
o 22

1 From a Calculator page, press the
template key.

2 Select the 3x3 matrix template.

5 Enter the values for matrix Q.

6 Press ctrl > var to store the matrix as the

letter q.

7 Press enter.

3 =5 10 3 -5 10
11 6 17|™¢ 11 6 17
=2 15 0 =2 15 0
14 2 1 122 1
=3 4 71T -3 4 7
22 14 -7/ 22 14 -7

9 Create a new 3x3 matrix and enter the values
for matrix R.
10 Press ctrl > var to store the matrix as the
letterr.

Create a Matrix

Number of columns:

OK Cancel

3 In the Create a Matrix screen, keep the default

values of 3 rows and 3 columns.

4 Select OK.

3 -5 10 31 -5 10
11 6 17|79 11 6 17
-2 15 0 -2 15 0

8 The matrix is now stored as the letter q.

4og-2r -12 -24 28
50 16 54
=021 32 14
3g+Tr 93 -1 37
12 46 100
148 143 -49

11 Use the matrices stored in q and r to complete

the matrix operations.
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© Edit Action Interactive © Edit Action Interactive © Edit Action Interactive
e e [ [ [ S 6 [E]sm]A [ [T '«’.lIh-ImIse-.I‘_*v[vIW]vE
000 o[ -510) 03 510
IUUUl 118 17|2q 118 17|22
goo -2150 -2150
3 -5 10
11 6 l?l
-2 150
0
L a2 |
| Math! ||| ine | M [\/i x| ® 'i :_W | Line _BT?IN x 9” j“"’“ Line| ™ | V@ | = | @
m:ﬂ'o'lniw!‘_“'ﬁﬂ'c'lntwmtﬂ'o'lntﬂ
P | 40 0| = [ | | [ o] o) e g | | Wi o oo /e | I
I—V—If—— (m0)| [™] |[%5] EU ﬂ‘-’ h Vor (o) (=] [88] E; ﬁ‘:’ ;—“v;r*-ﬁl(.u (*=]] [%8] gm ﬁ:’
(e L8 | cos tan | @ | 2 I P | sin cos [tan | @ | ¢ f—é—‘lrdn cos |tan | & | ¢
1 Open the Main application 4 Enter the values for 7 The matrix is now stored
and clear all values. matrix Q. as the variable q.
2 Open the Keyboard and 5 Tap the store arrow to store
tap Math2. the matrix as the variable q.
3 Tap on the 2x2 matrix 6 Press EXE.
template twice to create
a 3x3 matrix.
© Edit Action Interactive O Edit Action Interactive

| e [l Sme it ] |4 ] ]: 'i’-lIb'Ifi‘JI‘*-'I‘;‘-‘fI [+ ]:

3 =510
[u 6 17]w -12 =24 3a
2150 50 16 54

3 =510 -52 32 14

Iu 8 nl 3g+Tr

-2150 | [03 -1 37
122 1 12 48 100
[-3 & 7 l" ‘ 148 143 -49
22 14 -7 ‘

122 1
-34 7

22 14 -7

8 Create anew 3x3 matrixand 10 Use the matrices stored in q
enter the values for matrix R. and r to complete the matrix

9 Tap the store arrow to store operations.
the matrix as the variabler.
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VL) (5 2 VB S E Finding missing elements in matrix equations

Find the value of x, y and z in each of the following.

o] s 2)8 2]

b3[x 2 -1]+2[4 5 y]-[14 z 1]

Steps Working

a Using the elements in the same row and column x-1=4 12-(-5)=y 7-2z=-3
of each matrix, write down equations involving x=5 y=17 2z=10
the unknowns. z=5

Solve, using CAS if necessary.

b Using the elements in the same row and column 3x+8=14 -3+2y=11 6+10=2z2
of each matrix, write down equations involving 3x=6 2y =14 z=16
the unknowns. x=2 y=7

Solve, using CAS if necessary.

e =0 S N B SE Working with matrices using addition, subtraction and

scalar multiplication
The cost prices of four different laptops in a store are $890, $999, $1300 and $1950. The selling price of
each of these four laptops is 1.4 times the cost price.
Steps Working

a Show a matrix calculation involving a column matrix that will give the selling price of each laptop.

890
999
1300
1950

Use scalar multiplication. 1.4 x

b If the selling price also needs to allow for a $60 commission for the salesman, show how this can be
included in the matrix calculation.

890 60
Use matrix addition. 14x| 292 |4 €0
1300 60
1950 60

c The store has a sale where laptops with a cost price less than $1000 have their selling price reduced
by $30, and laptops with a cost price greater than $1000 have their selling price reduced by $90.
Show how this can be included in the matrix calculation of the selling price.

890 60 30

Use matrix subtraction. 1ax| 292 |4 60 || 30
1300 60 90

1950 60 90
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EXERCISE 5.2 Matrix addition, subtraction and scalar multiplication ANSWERS p. 506

Recap 80-100%  60-79% 0-59%

1 98% Kai has a part-time job. Each week, he earns money and saves some of this
money. The matrix shows the amounts earned (E) and saved (S), in dollars, in each of three weeks.

300 100
270 90
240 80
How much did Kai save in week 2?
A $80 B $90 C $100 D $170 E $270

2 Matrix T has 4 rows and 3 columns. How many elements does it have?
A3 B 4 c 7 D 12 E 16

Mastery

3 [P WORKED EXAMPLE 3 | Given the matricesA=[ _; g },B=[ 3 -12 [,¢=[ -1 4 Jand

D= [ g i }, calculate the following, giving a reason if the addition or subtraction is not defined.

a C+D b A-D c 4C
d éB e C-10B f 3A+D

4 Given that M = [ g g } and N = [ g _i }, evaluate the following using CAS.

a 3M+3N b 5M+4N ¢ 6M-4N d 12N-3M

5 workeD ExaMPLE 4 | Find the value of x, y and z in each of the following.

5 X 9
sl 71l 7023 b |7 x| 4|65
1 8 9 9 4 y 3 10 z
3 4 z
10 5 19 34 51
c5[’7C ;’]+2[5y}=[§; 37] d 3| 4 x |+4/ 0 6 |=] 2z 45
- 118 z 8 7 y 2 19 29

6 WORKED EXAVPLE 5 | The cost prices of three different wireless earbuds in a store are $79, $199
and $399. The selling price of each pair of these wireless earbuds is 1.3 times the cost price.

a Show a matrix calculation involving a column matrix that will give the selling price of each pair
of earbuds.

b If the selling price also needs to allow for a $15 commission for the salesman, show how this can
be included in the matrix calculation.

¢ The store has a sale where wireless earbuds with a cost price less than $100 have their prices reduced
by $20 and wireless earbuds with a cost price greater than $100 have their prices reduced by $45.
Show how this can be included in the matrix calculation of the selling price.
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Exam practice

7203 2 |43 1O |5 equal to
0 4 1 6
A5 2 2 B 3 7 c 6 2 2 D 3
1 10 3 26 1 10 3 2
. 10 37 4 .
8 9% If 0 1 + N , then d is equal to
A -11 B -10 c 7 D 10

[«=l S}

9 o 3|
A 4 3 B 6 1 1 c 4 3 D 5 1
4 -5 2 -4 4 2 2

10 B9 87% Consider the following four matrix expressions.

E L N U E R B F T H

How many of these four matrix expressions are defined?
A0 B 1 C 2 D 3

1 8% The matrix[ 1236 ]is equal to

80-100%

60-79% 0-59%

5[54]
3 8
E 11

E[36]
7 4

lle s

w03 e[l 3] e 0 ]eufg2] el 13

0 2 0 2 -12 12

12 4 2] 42 sequate

AlS8 4 g |11 1 c 16 8 D | 24
2 10 5 13 4 20 6

12
30

|

-12

38 34
31 40

13 Consider the matrix equation 2 x [ 2 ? ] + W= [ ? 5 } Which one of the

12 -2
15 -2

following is matrix W?

LTS CE U S e B

Nelson VICmaths General Mathematics 11
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@ Matrix multiplication

Multiplying matrices

Matrix multiplication involves multiplying the elements of each row in the first matrix by the elements of
each column in the second matrix, and then adding them. For example:

(I1x7)+(2x8)+(3x9)=50 (1x10)+(@2x11)+(3x12)=68
1 2 3 j 10 50 1 2 3 7 50 68
456 | |8 |- L5 | x| 8 1] =
9 12 9 12
A X B = C A x B = C >
i
Order: 2x3 3x2 2x2 Order: 2x3 3x2 2x%x2
Video playlist
7 10 7 10 Matrix
[ 1 2 3 :| » 8 11 _ l: 50 68 :| |: 1 2 3 :| N 3 11 ~ [ 50 68 :| multiplication
4 : 6 9 12 122 4 > 6 9 12 122 167 Worksheet
Multiplying
matrices
(4x7)+(5%x8)+(6x9)=122 (4x10) + (5x 11) + (6 x 12) = 122
@ Exam hack

We don’t always write the multiplication sign between matrices.

Matrix multiplication order

Matrix multiplication AB = Cis only defined if the number of columns in A is the same as the number of
rows in B. The product matrix C has the same number of rows as A and the same number of columns as B.

AB = C
@ Exam hack
Order: (m x m) (n x q) _ (m x q) Order is important when
multiplying matrices! Except in
some special cases, AB = BA.
Product is defined

Multiplying by identity matrices
As we've seen, the identity matrix I is a square matrix where all the elements in the diagonal from top left to

bottom right are 1, and every other element is 0. Multiplying the identity matrix with another matrix leaves
the other matrix unchanged. It acts like a 1 does when multiplying regular numbers. For example:

(= )

0 1
0 5
1 9

S N W

1
=5
9

S N W

1
0
| 0

12 18 11

- 1
15 10 13 ||
12 18 11 |

(= e

0
0 =[15 10 13]
1
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Powers of matrices

Matrices can be raised to powers in a similar way to regular numbers. For a matrix A:
A’=AxA
A'=AxAxA

and so on.

Only square matrices can be raised to a power. For non-square matrices the product is not defined.

AA - A?

Order: (m x m) (m x m) = (m x m)

Product is defined for square matrices

AA

Order: (m x m) (m x n)

RA

Product is not defined for non-square matrices

Multiplying matrices

When multiplying matrices AB = C:
 multiply the elements of each row in A by the elements of each column in B, and then add them
o the product is defined if number of columns in A equal number of rows in B
o C has the same number of rows as A and the same number of columns as B.
When raising matrices to powers:
« only powers of square matrices are defined

o the power of a matrix will always have the same order as the original matrix.

VL) 2 C B SR Multiplying matrices

4
IfA = 3.6 ,B= 2 51 ,C= [ 1 6 2 ] and D=| 9 |, for each of the following
1 0 0 4 7 7

a AB b BA ¢ BC d BD
e CD f B g A’+5A
i state whether or not the expression is defined, giving a reason.

For those that are defined

ii state the order of the answer before performing the calculation

i do the calculation to find the answer.
Steps Working
a i Do the number of A has order 2 x 2, B has order 2 x 3

columns in A equal the  ymber of columns in A = number of rows in B
number of rows in B?

So AB is defined.
ii How many rows does 2x2)(2x3)=(2x3)
A have? AB has order 2 x 3.
How many columns Note: Giving the answer as (2 x 3) is incorrect. You can only use brackets
does B have? in the working.
Nelson VICmaths General Mathematics 11 9780170448192



Calculate AB.

Do the number of
columns in B equal
number of rows in A?

Do the number of

columns in B equal the

number of rows in C?

Do the number of

columns in B equal the

number of rows in D?

How many rows does
B have?

How many columns
does D have?

Calculate BD.

Do the number of
columns in C equal
number of rows in D?

How many rows does
C have?

How many columns
does D have?

Calculate CD.

Is B a square matrix?

Is A a square matrix?

How many rows does
A have?

How many columns
does A have?

Is the sum possible?

9780170448192

Al 36251
1 0o 47

B3x2)+(6x0)=6 (3x5)+(6x4)=39 (3x1)+(6x7) =45 ]

Ix2)+(0x0)=2 (Ax5+(0x4)=5 (Ax1)+((0x7)=1

[ 6 39 45
2 5 1

B has order 2 x 3, A has order 2 x 2.

number of columns in B = number of rows in A
So BA is not defined.

B has order 2 x 3, C has order 1 x 3.

number of columns in B # number of rows in C
So BC is not defined.

B has order 2 x 3, D has order 3 x 1.

number of columns in B = number of rows in D
So BD is defined.

2x3)(3x1)=(2x1)

BD has order 2 x 1.

BD=[2 5 (2x5)+(5x9)+(1x7)}=[62}

5
0 4 ;] ; =[(0><5)+(4><9)+(7><7) 85
Chas order 1 x 3, D has order 3 x 1.
number of columns in C = number of rows in D
So CD is defined.
(1x3)(3x1)=(1x1)
CD has order 1 x 1.

cp=[1 6 2 ] =[ ax)+@6x9+@x7) |=[ 72 ]

N O W

B is a not square matrix.

Only powers of square matrices are defined, so B’ is not defined.
A is a square matrix.

Powers of square matrices are always defined, so A” is defined.
2x2)(2x2)=(2x2)

A has order 2 x 2.

5A has order 2 x 2.

Matrices must have the same order to be added, so A2 + 5A is defined.

Chapter 5 | Matrices
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iii Calculate A% + 5A.

(B3x3)+(6x1) (3x6)+(6x0)
Ix3)+(0x1) (Ix6)+(0x0)

)|

m Multiplication and powers of matrices

Create the two matrices and store them
as variables a and b.

3 For part a, remember to insert a

multiplication sign between the a and b.

Perform the calculations as shown above.

ifA=| ° 3 |andB=| 1 ~2 | find
2 6 0 3
a AB b B® c 3A%-B%A
TI-Nspire ClassPad
«EXR» ves [ © Edit Action Interactive
¢ 2} EF i o] O
26 26 [s 3]o¢ o
[1 -2]_.:, [1 -2 *8
0 X B
ab 5 -1 1 =2
5 [0 3°]e®
»8 [1 -6560 [‘ -3
0 6561 03
ab
i [140 252 5 -1
12 -36) _ 214
:b‘
[1 -6560
0 6561
,3¢'2_4>3"
[140 2521
12 -38) 2

1 Create the two matrices and store them
as variables a and b.

2 Perform the calculations as shown above.
When you use variables instead of letters,

there is no need to insert multiplication signs.

Nelson VICmaths General Mathematics 11
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EXERCISE 5.3 Matrix multiplication ANSWERS p. 506

Recap 80-100%  60-79% 0-59%

1 97% The matrixsum[ g -4 }+[ ; ; ]is equal to

5
Al 0 B 0 0 c |2 -4
0 7 0 7 0o 7
p |0 5 4 4 E 0 4 5 4
2 -2 5 2 2 5 =2 2

2 Consider the following four matrix expressions.

[6 =3]-[-7 9] 3[130]+2[-18]

6 0 9
of 12 27 |-4| 0 [g-g+ ;;Hg}
3 5 4 -
How many of these four matrix expressions are defined?
A0 B 1 C 2 D 3 E 4
Mastery
0 5 3
3 P WORKED EXAMPLE 6 | IfA=[ 3 4 10 ],B= 1 ,C=[ _; ? }andD= 0 2|
for each of the following > 4 1
a AB b BA ¢ BC d BD
e DC f C*-2C g D'
i state whether or not the expression is defined, giving a reason.
For those that are defined
ii state the order of the answer before performing the calculation.
iii do the calculation to find the answer.
a B usnocas2) IfM=| 2 ¢ |andN=| 2> 2 | find
8 3 2.8 3.6
a MN b M c 3M-NM’
Exam practice 80-100%  60-79%  0-59%
0 0 0O 00 20
2 11 3 001 0/1.
5 YN 2014 1Ma1 | (92% is equal to
0000001 0|
0 0 0 O 0 0 30
(00 0 0 000 0] 0000
A0 0150 g |00 6 0 c 00 0 O
00 0 O 00 0O 00 6 0
(00 0 0 000 0| 0000
(00 4 0 (00 2 0]
D 4 1 1 9 E 211 3
00 1 0 0 010
00 9 0 00 3 0
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6 [N zorr iz ) (625 1fA=[<; ;],B=[3

3 L S 1 A 1

} and C = [ (1) }, then AB + 2C equals

w N
[R—"

1 0 0 O 2 0
01 0 0 0 -1
7 [ o) (61 -2 equals
[zora o 0100 0 5u) -1 equa

0 0 0 1 2 0
0 2 2 4 0
A 0 B 2 c -2 D 0 E 2
0 2 -2 0 2
0 2 2 4 0

8 85% The matrix[ 1215 3 }can also be written as

-6 0 24
12 15 3
A 12 1 - 24 B
[12 15 3]+[ =6 0 24] [_6HO+Z4]
c |3 4 5 1 p Lyl 4 51
6 -1 0 4 3 -2 0 8

9 80% Matrix A has three rows and two columns. Matrix B has four rows and
three columns. Matrix C = B x A has

A two rows and three columns. B three rows and two columns.
C three rows and three columns. D four rows and two columns.

E four rows and three columns.

10 If Mis a3 x 3 matrix, then the matrix I that will give MI = M is

1 11 11 1 00 1 o 0 0 1
A1l 11 B 11 cC |0 10 D [0 1] E 010
1 11 11 0 0 1 1 00
6 12
19
11 If the matrix product AB exists, where A = | 21 4 |, then which one of the following could be the
matrix B? 1732
5 29
3
2 2
A5 63 1] B | 2 c|s
11 9
1
4
2
D E 4 11
H [4 1]
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12 Which one of the following products cannot be found?

3 1 0 3 6 1 2 5
Al275]6 301][201” c|3]7 68
2 L 7 3 5 9
7 15 [
05 16
3 6 20] E382[7 61244]
72 12 8 13 14 21 8 52 1 6
11 1 -
19 BB ez ) 7881 Leta=| 2 [ B=[ 0 9 Jandc=[ 2]
Using these matrices, the matrix product that is not defined is
A AB B AC C BA D BC E CB

8 1 3 12 . 30 96
XY 20121MQ2 | (72% = = - ]
14 [ 2012 1mQ2 | IfA { 4 2 }andB [ 5 o },then matrix AB [ 54 48 ]

The element 24’ in the matrix AB is correctly obtained by calculating

A 4x6+2x0 B 4x3+2x6 C 3x4+12x1
D 4x2+8x2 E 8x3+1x0
5 4 1 7
15 @marks) A=| 11 8 ,B=[1§ 9 12 ],C=[i’ g]andD= 308
7 6 > 9 2

Which pair of matrices can be added?
Give a reason why the matrix product AC exists.

¢ Which two of the possible matrix products formed by pairs from the given matrices
is of order 3 x 3?2

d  Which two of the possible matrix products formed by pairs from the given matrices
is of order 2 x 2?

e Which matrix can be raised to a power? Give a reason for your answer.

Inverse matrices

The inverse matrix

1 mark

1 mark

2 marks

2 marks

2 marks

We have seen that multiplying the identity matrix I with another matrix A leaves A unchanged. It acts like

a 1 when multiplying regular numbers.

SoAI=]JA =Aislikesaying7x1=1x7=7.

The inverse matrix A~ is the matrix which when multiplied by A results in the identity matrix I. It acts like

the inverse of a regular number.

So AA™ = AT'A =T is like saying7x%=%x 7=1.

9780170448192

Chapter 5 | Matrices

)
&
O‘.

Video playlist
Inverse
matrices

227



WB

p. 85

228

For example, where A =

—
[\ IO,
w
—_—

aat[5 7 3 7 ]| 3x3+7x(=2) 5x(-7)+7x5 15-14 35435 |_[1 0]_;
23] 2 s 2x3+3x(=2) 2x(=7)+3x5 —6 -14+15 0 1

ol 3 75 7] 3x5+(-7)x2 3x7+( 15-14 21-21]_[1 0]_;
-2 5 2 3 2x5+5x%2 —2><7+5x3 —10+10 -14 +15 0 1

If the matrix A~! is the inverse of the matrix A, then
AAT =ATA=T

Only square matrices have inverses.

Not all square matrices have inverses.

A and A™" always have the same order.

Finding the determinant and the inverse of a matrix

To find the inverse of a matrix, we first need to find the determinant. We will start with 2 x 2 matrices.

The determinant

For a matrix A =| ¢
c

Z ], the determinant is det (A) = ad — bc and

oL [d—b]= 1 [d—b]
det(A)| —¢ a ad -bc| ¢ a

The determinant only exists for square matrices.

The inverse does not exist when det (A) =

VLo 4= S N B S8 Finding the determinant and inverse of a 2 x 2 matrix
For each of the following matrices, find
i the determinant (if it exists)
ii the inverse (if it exists).
3 -1
aaA=|2 38 bB=|’ 3 ® @ & A dD=| 4 8
2 6 5 2 2 10
7 =2
Steps Working
a i Isitasquare matrix? yes
a b : ) i b det(A)=3x6-8x2
For c 4l use determinant = ad — bc. _18-16
=2
3 4
ii Is the determinant equal to 0? Al = 6 -8 |_ 3 (=] 3 4
21 -2 3 -1 E -1 -1.5
If not, use inverse = —[ d -b }
ad-bc| ¢ a
Nelson VICmaths General Mathematics 11 9780170448192



b i Isitasquare matrix? yes
a b d ) i b det(B)=7x2-3x5
For -4l use determinant = ad — bc. _14-15
-1
i Is the determinant equal to 0? B! = —1[ é -3 } = [ é _; }
If not, use inverse = [ d b }
ad -bc| —¢ a
¢ i Isitasquare matrix? yes
a b _ det(C)=4x10-20x2
For c 4l use determinant = ad - bc. — 40 — 40
=0
i Is the determinant equal to 0? det(C) = 0, so C™! doesn’t exist.
If not, use inverse = 1 d b
ad -bc| —¢ a
d i Isitasquare matrix? no
a b det (D) doesn’t exist.
For g0 use determinant= ad — bc.
c
ii Is the determinant equal to 0? Only square matrices have inverses,
4 b so D! doesn’t exist.
If not, use inverse = B
ad —bc| —¢ a

We can use CAS to find determinants and inverses. For a 2 x 2 matrix it may be quicker to do it by hand, but
for higher order square matrices the calculation is more complex, and we will always use CAS.

m Finding the determinant and inverse of a matrix

ForA=| - , find

PP w
N R R
R RO

i det(4)

1 .10 1 -1 0 1410 1410 P sl
1.3 gt 111 1 3 1™* <111 SRR T
1 21 TR 1 21 I 2 1 3-8 3
aurle) c 2SS &

1 7 -2

B & 1§

271 0.2 -0.2 02

0.4 ~06 0.6

06 L4 -04)

4 Find a™ ' to calculate the
inverse matrix.

1 In a Calculator page, create 2 Press menu > Matrix &

a 3x3 matrix and store it as Vector > Determinant.

the variable a. 5 Press ctrl + enter for the

3 Enter a and press enter to

find the determinant. approximate answer.
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© Edit Action Interactive © Edit Action Interactive © Edit Action Interactive
& [aafsme B [ TN [C]or[Rafsm]m v ] [E]E-TRa]sm]m] [ ]
’ls -1 oI 4] la -1 ol B (o 4]
-11 1|%a -11 1|%a ‘
1
2 1 g A % "3%
3 -10 3 -10 g.-.9:8
l-ll 1 l-n 1l §°5%F
1 2 1 A | 3 1 2
In det (a) NG
-5 ans
0 0.2 -0.20.2
-0.4 -0.6 0.8
0.6 1.4 -0.4

5 Find a™' to calculate the
inverse matrix.

1 In the Main application, 2 Tap Interactive > Matrix >

create the 3x3 matrix and Calculation > det.

store it in for the variable a. 3 In the dialogue box, enter a.

4 Press OK.

6 Tap the Convert tool to
display the matrix in
decimal form.

When the determinant of a matrix is equal to 0, it is known as a singular matrix. The inverse of a singular
matrix does not exist. When attempting to find the inverse of a singular matrix, CAS will display an

€rror message.

' © Edit Action Interactive
“fs 3 3 el o[l [ TE T
8 -4 = =
[4 -zl'1 *Emor: Singular matrix” 'w([s -4]) A
8 -4 '[‘ i
8 -4
Undefined

Solving simultaneous equations using matrices

We looked at simultaneous equations involving two unknowns in Chapter 4. Simultaneous equations can be
4x+y=6

41 ” x ]=[ 6]
2 2
2x+9y =20 ’ 4 0

Matrices can be used to solve simultaneous equations with a large number of unknowns. Simultaneous

written in matrix form. For example:

can be written as [

equations with two unknowns involve a 2 x 2 matrix, simultaneous equations with three unknowns involve
a 3 x 3 matrix and so on.
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We will use CAS to solve the matrix equations but we will also look at how to solve examples with two
unknowns by hand. The solution involves calculating the inverse of the square matrix. This means if there
is no solution to the simultaneous equations, the determinant of the matrix will be zero.

L) (=0 2 B SR Solving simultaneous equations with two unknowns using matrices
Solve the following simultaneous equations using matrices, showing all the steps.
5x+3y=13
6x +4y =16
Steps Working
1 Write the simultaneous equations > 3 e s
. . 6 4|y 16
in matrix form.
2 Find the determinant of the matrix. det=4%x5-3x6
=20-18 =
=2 WB
- -1 p. 86
3 Find the inverse of the square matrix > 3 a2 -1
. . . 6 4 2| -6 5 -3 25
in the matrix equation. -
4 Multiply by the inverse on the left of both g _;g H 2 i ” ; } - [ g _ég ” }Z }
sides of the matrix equation and simplify. - ' ’
A matrix multiplied by its inverse is the 1 (1) [ ;C/ ] = [ g _;g H }2 }
identity matrix. - ’
A matrix multiplied by the identity matrix ; } = g _;g H }Z ]
is unchanged. L )
5 Multiply the matrices on the right of ; } = ig : ig ] = [ % }
the equation. : -
Equate the elements to solve the X=2y=
simultaneous equations.

@ Exam hack

When solving simultaneous equations using matrices, always multiply
by the inverse on the left of both sides of the matrix equation.
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We can use CAS to solve simultaneous equations with two or more unknowns. When writing the
simultaneous equations as matrix equations, insert a zero where a pronumeral is missing.

m Solving simultaneous equations using matrices

Solve these simultaneous equations using matrices.

2x+3y—z="7
3x+2z=2
xX+y+z=7

1 Write the simultaneous equations as a matrix equation.

2 3 -1 x 7
30 2| y|=]2
11 1], 7

z 3 x| |7 Va3 <313 7 X==2

solvell3 o 2 ['[y[*|2]*V= :-25 3 |2 y=5
» b = -~ .

11 1)) |7 i1 ” 2=4

x==2 and y=5 and z=4

2 In a Calculator page, set up the matrix
equation using 3x3 and 3x1 matrices.

5 Alternatively, find the inverse of the 3x3
matrix and multiply it by the 3x1 matrix on

3 To create a 3x1 matrix, use the 3x3 matrix the right-hand side of the equation.

template, then select 3 rows and 1 column.

4 Solve the matrix equation for the variables
%,y and z.

1 Write the simultaneous equations as a matrix equation.

2 3 -1 | x 7
30 2| yl=]2
11 1], 7

© Edit Action Interactive

© Edit Action Interective

il [l [ [T

(x.y.z)] il 23-11"! 17 [
lS 02 I x[2]
7

(X"Z.Y'S.Fl)‘ o G
=211
5
4 )

5 Alternatively, find the inverse of the 3x3
matrix and multiply it by the 3x1 matrix on
the right-hand side of the equation.

| -

x

I
[ >

23-!
solve| |13 0 2

o

2 In the Main application, set up the matrix
equation using 3x3 and 3x1 matrices.

3 To create a 3x1 matrix, tap twice on the 2x1
matrix template.

4 Solve the matrix equation for the variables
X,y and z.

The solutionisx=-2,y=5andz=4
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VL) (5 2 VB S8 Solving problems using inverse matrices

A factory has three identical robots that assemble three different models of computers (A, B and C).

computer models.

Robot 1 assembles three model As, two model Bs and five model Cs in 113 minutes.
Robot 2 assembles one model A and three model Bs in 56 minutes.
Robot 3 assembles two model Bs and one model C in 40 minutes.

Let a = the amount of time in minutes it takes for a robot to assemble one model A.
Let b = the amount of time in minutes it takes a robot to assemble one model B.
Let ¢ = the amount of time in minutes it takes a robot to assemble one model C.

a Write three simultaneous equations in terms of a, b and c.
b Write the simultaneous equations in matrix form.

¢ Solve the matrix equation and hence, find how long it takes a robot to assemble each of the three

Steps Working —
a Use the information in the question to write 3a+2b+5c =113 e
three simultaneous equations. Write the a+3b -56 p. 87
pronumerals so they line up under each other. b +c =40
b Rewrite in matrix form, adding zeros where (3 2 5 a 113
necessary. 1 301 0b|=| 5
02 1 ¢ 40
¢ 1 Solve with CAS by finding the inverse [ a 11
of the 3 x 3 matrix and multiplying by b =] 15
the inverse on the left of both sides of the ¢ 10
matrix equation.
2 Write the answer. It takes a robot 11 minutes to assemble model A,
15 minutes to assemble model B, and 10 minutes
to assemble model C.
EXERCISE 5.4 Inverse matrices ANSWERS p. 507
Recap 80-100%  60-79%  0-59%
1 2
1 2020 1MQ2 MODIFIED | (79% Matri 0 3 i 2 031
o atrix A = 1o and matrix B = 15 20l
4 5
Matrix Q = A x B. The element in row 4 and column 1 of matrix Q is determined by the calculation
A 0x0+3x5 B I1x1+2x0 C Ix2+2x4
D 4x1+5x0 E 4x2+5x%x4
2 X 2005 wics | 8a% LetA=| ' O [ B=| 2 ! landc=| 1 I
0 1 1 0 -1 1
Then A*(B - C) equals
A 1 2 B 1 0 c 3 6 D 3 0 5 10
2 -1 0 -1 6 -3 0 -3 10 -5
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Mastery

3 workeD ExAVPLE 7 | For each of the following matrices, find

i the determinant (if it exists) i the inverse (if it exists).
a A| 6 2 b Bo| 10 5 c co| 9 43
8§ 1 4 2 -7 -1 2
4 p=| -10 5 o E-| 0 -1 ¢ po| 12 12
-1 1 1 0 12 12

4 For each of the following matrices, A, find

i det(A) i A7

2 -1 2 5 1 4 4 3 6
al1l 00 b 0 -2 1 c 2 -10 7

4 =2 0 -1 -4 1 -1 -8 1

5 WORKED EXAMPLE 8 | Solve the following simultaneous equations using matrices, showing all the steps.

4x -y=-5
x-3y=7

6 Solve each of the following simultaneous equations using matrices.

a Sx-y+2z=1 b x+y+z=12 ¢ 10x-5y=-40
-x-3y=-5 2x+2y-3z=9 xX+3z=7
x+5z=19 -xX+y-z=-4 4y —z=38

7 WORKED EXAVPLE 9 | A worker assembles a particular model of laptop, printer, modem and router.

They assemble

o two laptops, five printers, three modems and one router in 167 minutes
o four laptops and ten printers in 240 minutes

o six printers, twelve modems and three routers in 273 minutes

o five modems and two routers in 82 minutes

Let a = the amount of time in minutes it takes her to assemble one laptop.
Let b = the amount of time in minutes it takes her to assemble one printer.
Let ¢ = the amount of time in minutes it takes her to assemble one modem.
Let d = the amount of time in minutes it takes her to assemble one router.

a Write four simultaneous equations in terms of g, b, ¢ and d.
b Write the simultaneous equations in matrix form.

¢ Solve the matrix equation and hence, find how long it takes her to assemble each of the four items.

Exam practice 80-100%  60-79%  0-59%
4 2 8 x 7
8 82% The matrixequation| 2 0 3 || y |=| 2 |canbe used to solve the

system of simultaneous linear equations 0 3 -1 z 6

A 4x+2y+8z=7 B 4x+2y+8z=7 C 4x+2y+8z=7
2x+3y=2 2x+ 3y =2 2y +3z=2
3x-y=6 3y-z=6 3x-2z=6

D 4x+2y+8z=7 E 4x+2y+8z=7
2x+3z=2 2x+3z=2
3y-z=6 3x-2z=6
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9 78% Which one of the following matrices has a determinant of zero?

A 0 1 B 1 0 c 1 2 D 3 6 E 4 0
1 0 01 3 6 2 4 0 -2
0 -3 2 X 11
10 75% The solution of the matrix equation| 1 1 1 y |=] 5 |is
-2 0 3 z ]
1 2 2 -11 11
A | 24 B | -1 c |1 p| ¢ E| s

11 73% A system of three simultaneous linear equations is written in matrix form

as follows.
1 -2 0 X 4
1 0 3 y |=| 11
0 2 -1 -5
One of the three linear equations is
A x-2y+z=4 B x+y+3z=11 C 2x-y=-5
D x+3z=11 E 3y-z=-5

12 2011 1Ma3 MODIFIED | Each of the following four matrix equations represents a system of
simultaneous linear equations.
_| 5
3

13 x|_[4 21
0 2 y 8 4 2
1 o] x|_[4 0 3 [ s
0 2 y 8 0 2 12
How many of these systems of simultaneous linear equations don’t have a solution?

A0 B 1 C 2 D 3 E 4

= = R

=

13 64% Consider the following system of three simultaneous linear equations.

2x+2z=5
x-2y=0
y-—z=-1

This system of equations can be written in matrix form as

2 1 x 5 [ 2 0 1] x 5
Al1 21 yl|=]| o B|1 -2 0l y|=]| o0
11| -1 0 1 -1, -1
2 1 5| x 5 (2 1 0] « 5
cl1 =2 y |=| o D|1 201 y|=]| o0
1 -1 -1 | , -1 1 -1 0 |, -1
2 1 5 X
E|1 =2 0=y
1 -1 || -1 Z
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14 41% A worker can assemble 10 bookcases and four desks in 360 minutes, and eight

bookcases and three desks in 280 minutes. If each bookcase takes b minutes to assemble and each desk

takes d minutes to assemble, the matrix [ Z } will be given by
Al 15 2 360 g | 10 4 360 c 3 4 360
4 -5 280 8 3 280 -8 10 280

JEN|

15 Yvette needs to buy a total of nine pens and markers. Five pens and four markers
will cost $31.00. Four pens and five markers will cost $32.00. Let p be the cost of a pen. Let m be the
cost of a marker. Consider the following matrix equations.

360
280

E [12 ][ 360]+[§][ 280 |

(o] [5 a]a (p ] [2]4s]

ERRREREE ERNEN ER
5 _4

pl__1] 4 =5 32 pl_| 9 9| 3

m | ol -5 4] 3 m |7 4 5|31
9 9

How many of the matrix equations above could Yvette solve to get a matrix that contains the price of
a pen and the price of a marker?

A0 B 1 c 2 D 3 E 4
[ ©vcaa 69% (3 marks) Tickets for a school function are sold at the school office, the

function hall and online. Different prices are charged for students, teachers and parents. The table
shows the number of tickets sold at each place and the total value of sales.

School office ‘ Function hall ‘ Online
Student tickets 283 35 84
Teacher tickets 28 4 3
Parent tickets 5 2 7
Total sales $8712 $1143 $2609

For this function

o student tickets cost $x
o teacher tickets cost $y
o parent tickets cost $z.

a Use the information in the table to find the missing values of this matrix equation.

283 28 5 X 8712
O 4 030 Yy |=| 1143 1 mark
84 3 7 z 2609
b Use the matrix equation to find the cost of a teacher ticket to the school function. 2 marks
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@ Matrix applications

Costing and pricing matrices

Matrices can be used to solve costing or pricing problems involving different product categories.

VL) (= 2 B S Solving costing and pricing problems using matrices

A health food store owner purchases small packets of peppermint tea for $2.50 each and large packets of

peppermint tea for $3.50 each. In the last two weeks, she has purchased the number of tea packets shown.

Small peppermint
tea packets

Large peppermint
tea packets

Week 1 86 70
Week 2 64 52 al
P4
| £ 4
Steps Working
Video playlist
a Find the two matrices that can be multiplied to give the total purchase cost of packets of peppermint Vatrix

licati
tea in each of the two weeks and complete the multiplication. State the total peppermint tea costs for sppreeene

each week.

We need a matrix product that calculates

Week1 | 86 70 || 2.5 |_| 460 WB
Week2 | 64 52 || 35 342

number of small peppermint tea packets x cost P88
The total peppermint tea cost for week 1 is $460.

of small peppermint tea packets + number
The total peppermint tea cost for week 2 is $342.

of large peppermint tea packets x cost of large
peppermint tea packets.

b The health food store owner sells goods at 175% of the cost price. She recorded her purchase costs over
the last two weeks for peppermint tea and three other teas in the following table.

Week1 | Week 2
Peppermint tea
Apple tea $473 $542
Chamomile tea $628 $745
Ginger tea $263 $220

i Represent these costs in a 4 x 2 cost matrix, C.

ii Using scalar multiplication, represent the selling prices of these goods in a 4 x 2 matrix, S.

i The table already has 4 rows and 2 columns. 460 342
Fill in the missing information from part a. c=| 473 542
628 745
263 220
" . 175 .
ii Convert the percentage to a decimal and 175% = — =1.75 as a decimal
multiply the cost matrix by the decimal. 100
460 342
S =175C = 1.75| 473 >42
628 745
263 220

805.00  598.50
827.75  948.50
1099.00 1303.75
460.25  385.00
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c i Create a profit matrix.

ii Calculate the total profit to be made if all goods purchased over these two weeks are sold.

i To create a profit matrix: profit =S - C
profit = selling price — cost price [ 805.00 598.50 460 342
_| 82775 94850 | | 473 542
1099.00 1303.75 628 745
460.25  385.00 263 220

345.00 256.50
354.75 406.50
471.00 558.75
197.25 165.00

ii The total profit can be found by adding all total profit = 345.00 + 256.50 + 354.75 + 406.50 +

of the elements in the profit matrix. 471.00 + 558.75 + 197.25 + 165.00
=$2754.75

Communication diagrams and matrices

Matrices are useful when investigating how people and systems communicate. Communication links can
be shown either by a diagram or a matrix. Communication diagrams show the direct links with arrows.
Communication matrices are square matrices that show the direct links with ‘1’s and ‘0’s everywhere else.
Links with the same sender and receiver are called redundant links. These don’t count as communication,
so the diagonal from the top left to the bottom right of communication matrices are always all ‘0’s.

Communication diagram Communication matrix
A B Receiver
A B C D
Al 0 0 0 1 A communicates with D
M =8 nder Ié 8 g (1) }
D c D|1 0 1 0 | Dcommunicateswith C

Direct links shown by ‘I’s in a communication matrix are called one-step communications. Two-step
communications are communication that occur via another link. For the matrix M, A has a two-step
communication with C but not a one-step communication: C: A — D — C.

@ Exam hack

Communications can be one-way A communication matrix
(A to B but not B to A) or two-way
(A to B and B to A). Don’t confuse
this with one-step and two-step

communications. o has all zeros in the diagonal from the top left to the

bottom right, indicating redundant links where the

o isasquare matrix where a ‘1’ indicates direct one-step
communication and a ‘0’ indicates non-communication

sender and receiver are the same

o can be used to find two-step communications where
communication occurs via another link.
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VL) S o N B S B Working with communication matrices and diagrams

Steps Working

a The communication matrix M shows how direct messages can be sent between four people: Arnie (A),
Billie (B), Cathy (C) and Detlev (D).

Receiver
A B C D
A 01 00
B 0 0 1 1
M =
Sender pa 01 0 1
D 1 01 0

i List who each person can send direct messages to.

ii Explain why the diagonal from the top left to the bottom right is all zeros.

iii Draw a communication diagram showing the communication links given in the matrix. —

iv. How could Detlev get a message to Billie in two steps? WB
i Look at each row in order. Arnie can send direct messages to Billie. p. 90
A ‘I’ means the person can send Billie can send direct messages to Cathy and Detlev.
a direct message. Cathy can send direct messages to Billie and Detlev.

Detlev can send direct messages to Arnie and Cathy.

ii Refer to redundant links. The diagonal represents links where the sender
and receiver are the same. This isn’t considered
communication, so they are redundant links.

iii Draw a diagram with arrows that match A B
the list of possible direct messages.

D C

iv Find how the message could be passed Detlev — Cathy — Billie
on in two steps. or

Detlev — Arnie — Billie

b Write the communication matrix for the B Q R
following communication diagram.
U S
T
Set up a 6 x 6 square matrix where a Receiver
‘I’ indicates communication and a ‘0’ P QRS TU
indicates non-communication. P [ 010000 T
Q 1 01000
Sender R 010100
S 0 01 01 O
T 00 01 01
U 000010
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Using two-step communication

Squaring a communication matrix gives us the number of two-step communications. The values that appear
in the top left to bottom right diagonal of the squared matrix give the number of two-step communications
where the sender and receiver are the same. These are redundant links that should be ignored.

M | M?
Number of one-step Number of two-step
communications communications
Receiver Receiver
A B CD A B CD
A 0 0 01 A 1 01 0
B 0 0 01 B 1 01 0
Send Send
B Cc o101 B Cc 101
D 1 010 D 01 0 2
No one-step communication 1 two-step communications
from A to C. from A to C.
@ Exam hack Using two-step communication
While M? gives the number of two-step For a communication matrix M

communications, we need to look at M to

« M? gives the number of two-step communications
find what the two-step communications are.

o the values in the diagonal from the top left to the
bottom right of M are redundant two-step links.

= VL) 2 N E S B8 Working with two-step communication

wa For the communication matrix representing the connections between four computers, find the following.
p. 92 To
A B CD
A 01 01
M = From B 1 010
C 1 1 01
D 1 01 0

a The number of ways C can connect with A by connecting directly to one other computer.
b The list of all the two-step connections from A to C.
¢ The total number of redundant two-step connections.

d The list of redundant two-step connections from D to D.

Steps Working
a Find M’ using CAS and read the number of To
two-step connections from the matrix. A B C D
A 2 0 21
MoFom B |1 20 2
21 21
D 1 2 0 2

There are 2 ways C can connect with A by
connecting directly to one other computer.

b Use M to find the two-step connections. The two-step connections from A to C are

A—B—=CandA—D—C
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¢ Add the values in the top left to bottom right The total number of redundant two-step
diagonal of M. connections is
242+2+2=8
d Use M” to find the number of redundant two- There are two redundant two-step connections
step connections. from D to D:
Use M to find the redundant two-step D—A—-DandD—-C—D
connections.
EXERCISE 5.5 Matrix applications ANSWERS p. 507
Recap 80-100%  60-79%  0-59%

1 How many of the following matrices have an inverse?

1 2 3 4 4 4 20 2 0 0
4 5 6 5 5 5 30 3 0 0
7 8 9 6 6 6

A0 B 1 c 2 D 3 E 4

2 41% The solution of the simultaneous equations

X+z=6
2y+z=38
2x+y+2z=15
is given by
[ x ] [ =3 -1 2] 6] [ x ] [1 01 6
Aly|=|-=2 0 1 8 B |y |=|021 8
2] L4 1215 - 21 2| 15
B R R N x| [ -1 1 o] s
cly|= 21 21% 8 D|y|=|-2 o0 1] 8
- 15 2 -1 0|l 15
‘ 2 -1 0 L2
x -1 -1 1 6
E|y|=|-2 0 1 8
- 2 1 -1 15
Mastery

3 WORKED EXAMPLE 10 | The manager of a garden supply store purchases small solar garden lights for

$3 each and regular solar garden lights for $5. In the last two weeks, he purchased the number of solar
garden lights shown.

Small solar Regular solar

garden lights garden lights
Week 1 133 98
Week 2 75 62

a Find the two matrices that can be multiplied to give the total purchase cost of solar garden lights in

each of the two weeks and complete the multiplication. State the total of solar garden light costs for
each week.
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b The manager sells goods at 155% of the cost price. He recorded his purchase costs over the last two
weeks for solar garden lights and three other items in the following table.

Week1 |  Week2
Pots $1060 $1555
Gardening tools $3029 $1124
Solar lights
Wheelbarrows $896 $2130

i Represent these costs in a 4 x 2 cost matrix, C.
ii Using scalar multiplication, represent the selling prices of these goods in a 4 x 2 matrix, S.
¢ i Create a profit matrix.

i Calculate the total profit to be made if all of the goods purchased over these two weeks are sold.

4 WORKED EXAMPLE11J

a The communication matrix M shows how direct messages can be sent between four people:
Ahmed (A), Beth (B), Crystal (C) and Daniella (D).

Receiver
A B CD
A 01 00
M = Sender B 1011
C 0 0 01
D 1 01 0

i List who each person can send direct messages to.

ii Explain why the diagonal from the top left to the bottom right is all zeros.
iii Draw a communication diagram showing the communication links given in the matrix.
iv. How could Crystal get a message to Ahmed in two steps?

b Write the communication matrix for the following communication diagram.

P Q R

5 WORKED EXAMPLE 12 | For the communication matrix representing the connections between four

computers, find the following.
To

A D

A 0 0

M = From g (1) }

1 0

o~oco W
cor~—~= 0O

D

The number of ways B can connect with A by connecting directly to one other computer.

T o

The list of all the two-step connections from B to A.

The total number of redundant two-step connections.

(¢}

The list of redundant two step connections from C to C.
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Exam practice 80-100%
6 Which one of the following could be a one-step communication matrix?
010 010 010 1 11
A1 00 B 1 00 cC| 100 D1 0O
1 01 1 00 2 00 1 0 0

60-79% 0-59%

m
—_——
o O

7 Given the following matrix M is a two-step communication matrix, which of the statements is false?

To

ABCD

A 2001

MoFrom B |2 100
ome 0 21
D|l111o0

There is one two-step communication from C to D.
There are two two-step communications from B to A.
There are two two-step redundant links from C to C.

There is one two-step communication from A to C.

m o O w >»

There are no two-step communications from B to D.

W o veaa 86% The diagram shows the direct
communication links that exist between Sam (S), Tai (T), Umi (U)
and Vera (V). For example, the arrow from Umi to Vera indicates
that Umi can communicate directly with Vera.

A communication matrix can be used to convey the same information. Vera

In this matrix:

Umi

e a ‘1’ indicates that a direct communication link exists between a sender and a receiver

o a ‘0’ indicates that a direct communication link does not exist between a sender and a receiver.

The communication matrix could be

Receiver
S TUYV
S 01 0 1 S
T 0 0 0 1 T
A B
Sender vlo1 o1 Sender U
14 1 01 0 14
Receiver
S T UV
S|101 01 S
T|10 0 0 1 T
C Sender vlo1 o0 o D Sender U
Vv 1 1 1 0 Vv
Receiver
ST UV
S 01 0 2
E Sender r1oo0o0 2
U 01 0 2
14 2 2 2 0
9780170448192

Receiver
S T UV
01 01
1 0 01
01 01
1 110
Receiver
S T UV
01 01
0 0 01
01 01
1 11 0
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9 78% A company makes Regular (R), Queen (Q) and King (K) size beds. Each bed
comes in either the Classic style or the more expensive Deluxe style. The price of each style of bed, in
dollars, is listed in a price matrix P, where

R Q K
p= 145 210 350 | Classic
185 270 410 | Deluxe

The company wants to increase the price of all beds. A new price matrix, listing the increased prices
of the beds, can be generated from P by forming a matrix product with the matrix M, where

Mo| 120
0 135

This new price matrix is

A | 145 210 350 g | 23490 340.20 567 c 174 252 420
185 270 410 299.70 43740 664.20 222 324 492

174 252 420 E 195.75 283.50 472.50
249.75 364.50 553.50 249.75 364.50 553.50

10 BN 70% Peter bought only apples and bananas from his local fruit shop.

A B
The matrix N = lists the number of apples (A) and bananas (B) that Peter bought.

[3 4]
The matrix C = [ 81? } ’; lists the cost (in dollars) of one apple and one banana respectively.
The matrix product, NC, gives
A the total amount spent by Peter on the fruit that he bought.
the total number of pieces of fruit that Peter bought.
the individual amounts that Peter spent on apples and bananas respectively.

the total number of pieces of fruit that Peter bought and the total amount that he spent.

m O O W

the individual number of apples and bananas that Peter bought and the individual amounts that
Peter spent on these apples and bananas respectively.

11 BN 61% Apples cost $3.50 per kg, bananas cost $4.20 per kg and carrots cost
$1.89 per kg. Ashley buys 3kg of apples, 2 kg of bananas and 1kg of carrots. A matrix product
to calculate the total cost of these items is

3 ][ 350
A | 2| 420 B[3 2 1] 350 420 1.89 ]
1| 189
3
c [ 350x2 420x3 1.89x1 | D | 2 |[ 350 420 1.89 |
1

3
E [ 350 420 189 ] 2
1
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12 54% The communication matrix below shows the direct paths by which messages
can be sent between two people in a group of six people, U to Z.

Receiver

UVvWwXY Z
ulo1 101 1]

\%4 1 01 01 O
SenderW 1 1 01 01
X 01 0 01 1

Y 0 01 1 01
Z|1 1011 0|

A ‘I’ in the matrix shows that the person named in that row can send a message directly to the person
named in that column. For example, the ‘1" in row 4, column 2 shows that X can send a message directly
to V. In how many ways can Y get a message to W by sending it directly to one other person?

A0 B 1 c 2 D 3 E 4

13 B 88% (3 marks) Three types of cheese, Cheddar (C), Gouda (G) and
Blue (B), will be bought for a school function. The cost matrix P lists the prices of these
cheeses, in dollars, at two stores, Foodway and Safeworth.

p_| 680 530 620 | Foodway
730 490 6.15 | Safeworth

a What is the order of matrix P? 1 mark

The number of packets of each type of cheese needed is listed in the quantity matrix Q.

8 | G

Q=|11 | G

3 B
b i Evaluate the matrix W = PQ. 1 mark
ii At which store will the total cost of the cheese be lower? 1 mark

14 (2 marks) The travel company has five employees, Amara (A), Ben (B),
Cheng (C), Dana (D) and Elka (E). The company allows each employee to send a direct
message to another employee only as shown in the communication matrix G. The matrix G
is also shown below.

Receiver Receiver
A B C D E A B C D E
Al 0 1 1 11 Al 2 21 21
B 1 01 00O B 1 21 21
G=Sender C | 1 1 0 1 0 G*=Sender C |1 2 2 1 2
D01 0 01 D|1 0110
E|O0O0O0T1DO0 E|O0O 1 0 0 1

The ‘1’ in row E, column D of matrix G indicates that Elka (sender) can send a direct
message to Dana (receiver). The ‘0’ in row E, column C of matrix G indicates that Elka
cannot send a direct message to Cheng.

a 89% To whom can Dana send a direct message? 1 mark

b 71% Cheng needs to send a message to Elka, but cannot do this directly. Write down
the names of the employees who can send the message from Cheng directly to Elka. 1 mark
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15 68% (4 marks) A manufacturer sells three products, A, B and C, through
outlets at two shopping centres, Eastown (E) and Noxland (N). The number of units of each
product sold per month through each shop is given by the matrix Q, where

A B C

Q- 2500 3400 1890 | E
1765 4588 2456 | N

a Write down the order of matrix Q. 1 mark

The matrix P shown gives the selling price, in dollars, of products A, B, C.

14.50 A

P =1 21.60 B

19.20 C
b i Evaluate the matrix M, where M = QP. 1 mark
ii What information do the elements of matrix M provide? 1 mark
¢ Explain why the matrix PQ is not defined. 1 mark

% Transition matrices

18

Video playlist
Tranettion Constructmg transition diagrams and matrices
A state is a condition at a point in time. A transition matrix is a square matrix that shows a change from
one state to another, where the change follows the same rules each time. The following transition diagram
and matching transition matrix show how shoppers at two shopping centres, Eastfield and Highland, change

the centre they visit from one week to the next.

Transition diagram Transition matrix
25% This week
E H
e o0 075 0.1 | E
T=|* : Next week
[ 025 0.9 ] g oM

10%

o 75% of shoppers who shop at Eastfield one week will shop at Eastfield the next week

o 25% of shoppers who shop at Eastfield one week will shop at Highland the next week
e 90% of shoppers who shop at Highland one week will shop at Highland the next week
e 10% of shoppers who shop at Highland one week will shop at Eastfield the next week

We will only be looking at situations where each of the columns in the transition matrix add up to 1,
which means the total number involved in the transition stays the same.

Transition diagrams and matrices

Transition diagrams Transition matrices
o show transitions using percentages e are square matrices
or decimals « show the transitions as decimals
o have all the arrow percentages from a single « have each column adding up to 1

1 0
ERS add o I o show transitions that are 0.

o don’t show transitions that are 0%.
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VL) S o N B S < Constructing transition matrices

ii construct the matching transition matrix.

i All the arrow percentages from a single point
add up to 100%.

Solve for the unknowns, using CAS if
necessary.

ii Convert all the percentages to decimals and
construct the matrix.

1 Setup a2 x 2 matrix using R for ‘rain’ and
D for ‘dry’ with a transition from “This day’
to ‘Next day’ Enter the percentages from the
question as decimals.

2 Enter the remaining elements of the matrix by
using the fact that the columns of a transition
matrix must add up to 1.

Construct transition matrices for each of the following.

Steps Working
a For this transition diagram showing changes from one year to the next x
i findx, y,z

60%

For arrows from A: x + 35 + 25 =100

x=40%
For arrows from B: 60 + y + 20 = 100
y=20%
For arrows from C: 70 + 20 + z = 100
z=10%
This year
A B C
04 02 02| A
035 0.6 0.7 | B Nextyear

025 02 01 | C

b A long-term study has established that in a particular town, if it rains on any day, there is a 75% chance
of it raining the next day, and if it is dry on any day, there is an 80% chance it will be dry the next day.

This day
R D
0.75 R
T =
[ 08 } D Next day
This day
R D
72| 075 02 | R \origay
025 08 | D

9780170448192
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Interpreting transition matrices

VL) (= S N E S E Interpreting transition matrices

A polling company has established a pattern of voter behaviour in a particular electorate regarding the
three major political parties, Labor (L), Coalition (C) and Greens (G). The pattern from one election
to the next has been incorporated into the transition matrix T, where

This election
L C G

0.75 0.1 0.5 L
T=|0 08 0 C Next election
025 0.1 0.5 G

In a previous election, 43 536 people voted Labor, 32750 voted Coalition and 11206 voted Greens.
a How many people who voted Labor in this election are expected to vote Greens in the next election?

b How many people who voted Coalition in this election are expected to vote Coalition in the
next election?

¢ How many people are expected to vote Labor in the next election?

d If 47% of the people voted Coalition one year, what percentage are expected to vote Greens in the
next election?

Steps Working
a Locate the relevant element in the transition 0.25 of people who voted Labor in this election are
matrix and multiply by the number of voters. expected to vote Greens in the next election.

0.25 x 43536 = 10884 voters
b Locate the relevant element in the transition 0.8 of people who voted Coalition in this election
matrix and multiply by the number of voters. are expected to vote Coalition in the next election.
0.8 x 32750 = 26 200 voters
¢ Locate the relevant elements in the transition LtoL,CtoL,GtoL

matrix, multiply by the number of voters in each (.75 » 43536 + 0.1 x 32750 + 0.5 x 11206 = 41530

case, and add. 41530 voters are expected to vote Labor in the

next election.

d Locate the relevant element in the transition 0.1 of Coalition voters are expected to vote Greens
matrix and multiply by the percentage. the next election.

0.1 x47% =4.7%

The state matrix

The power of transition matrices is that they can be used to make predictions. We can do this by multiplying
the transition matrix by a state matrix, which shows the numbers in each category at a point in time.
The initial state matrix contains the numbers at the start.

43536 | L
In the previous worked example, the initial state matrixis| 32750 | C
11206 | G
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To predict how many people will vote for each party in the next election, we calculate

075 0.1 05 43536 | L 41530 | L
0 08 0 32750 | C =| 26200 | C
025 0.1 0.5 11206 | G 19762 | G

So at the next election, we predict 41 530 will vote Labor, 26 200 will vote Coalition and 19762 will
vote Greens.
To predict how many people will vote for each party five elections from now, we use powers.
5
0.75 0.1 05 43536 | L 50532 | L

0 08 0 32750 | C =| 10732 | C
025 0.1 0.5 11206 | G 26228 | G

So five elections from now, we predict 50 532 will vote Labor, 10732 will vote Coalition and 26 228 will
vote Greens.

@ Exam hack

The rule for finding the state matrix S, after » transitions is Remember the importance of order

S,=T"S, with matrices. Always multiply the

transition matrix on the left.
where

T is a transition matrix

S, is the initial state matrix.

m Finding state matrices using the rule

A market research company has analysed the petrol-buying patterns of motorists in two petrol stations
in a small town, GasStop (G) and Oils (O). It has established that the movement between the two occurs

according to this transition matrix.

This week
G 0]

T = 045 025 | G Next week
0.55 0.75 | O

This week, 745 motorists went to GasStop and 389 went to Oils. How many motorists go to each petrol
station after six weeks?

11

0.45 0.25].; [o.qs 0.25 P ’354.4]
0.55 0.75 0.55 0.75 779.6
[745]..,0 [745]
289 289
1 Ina Calculator page, create a 2x2 transition 3 To find the number of motorists after six
matrix and store itin t. weeks, calculate t®xs0.

2 Create a 2x1 initial state matrix for the
number of motorists and store it in s0.

Rounding to the nearest whole number, 354 motorists went to GasStop and 780 went to Oils.
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© Edit Action Interective © Edit Action Interactive
DoCnEg b T[T
0.45 0. 25 £8xs0
0.55 0. 75 [ 354.4)
[0.45 0.25]" l779-3]’,
0.55 0,.75) 0
745
(2500
[745“’
389)

1 In the Main application, create a 2x2 3 To find the number of motorists after six

transition matrix and store it in t. weeks, calculate t®xs0.

2 Create a 2x1 initial state matrix for the
number of motorists and store it in s0.

Rounding to the nearest whole number, 354 motorists went to GasStop and 780 went to Oils.

@ Exam hack

Round to the nearest whole number if it makes sense to
do so, even if the question doesn’t specifically ask you to.

Long-term trends

Although transition matrices involve constant change, in the long term the state matrix often gets to

a point where it stops changing from one transition to the next. This is called the steady-state matrix
(or equilibrium state matrix). The transition changes continue to occur, but they reach a point where
they are cancelling themselves out, so the result ends up the same as the previous one.

To find the steady-state matrix we need to use the state matrix rule to show that the state matrix is the
same for two consecutive high powers (e.g. 39 and 40).

02 05 038 3400
For example, for the regular transition matrixabove T=| 0 0.2 0.1 [and Sy=| 2100
08 03 0.1 800
r 1391 - r - - r -
02 05 08 3400 04894 0.4894 0.4894 3400 3083
S;e={ 0 02 0.1 2100 |=| 0.05674 0.05674 0.05674 2100 |=| 357
| 08 03 0.1 | | 800 | | 04539 04539 04539 | 800 | | 2860 |
r 1407 - r - - r -
02 05 0.8 3400 0.4894  0.4894  0.4894 3400 3083
Sep=[ 0 02 0.1 2100 |[={ 0.05674 0.05674 0.05674 2100 |={ 357
| 08 03 01 | | 800 | | 04539 04539 04539 | 800 | | 2860 |
3083
So the equilibrium state matrixis| 357
2860
@ Exam hack

For the questions you will be asked, 39 and 40 are high
enough to find the steady-state matrix, though any other
higher pair of consecutive powers can also be used.
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VL) (5 2 B S EE Finding the steady-state matrix

A fleet of delivery vans starts each day at one of two depots, A or B. By the end of the day, the vans end up
at either of the two depots according to the following transition matrix.

This day
A B

To| 075 045 | A Noigar
025 055 | B

At the start of a particular day, there are 100 vans at depot A and 120 vans at depot B.
Steps Working

a Find the steady-state matrix.

1 Use CAS and the rule S, = T"S, for two large So= [ }gg } ‘; , choose n =39 and 40

consecutive values of n.

39
s _r¥s _| 075 045 100 |_| 141
¥ 71 025 055 120

40
g _ o _[ 075 045 } [ 100 ]~[ 141 }
40 — (U -

0.25 0.55 120 79
2 Are the two state matrices the same? S0 =5, 50 [ 1‘7% } ’; is the steady-state matrix.

b How many vans will be at each depot in the long term?

Read from the steady-state matrix. In the long term, 141 vans will be at depot A and
79 vans will be at depot B.

¢ What percentage of vans are at depot B in the long term? Round your answer to the nearest percentage.

Calculate from the steady-state matrix. In the long term, 27—290 = 36% will be at depot B.

VCE QUESTION ANALYSIS

© VCAA 2006 Examination 2 Matrices Question 2 (7 marks)

A new shopping centre called Shopper Heaven (S) is about to open. It will compete for customers with
Eastown (E) and Noxland (N). Market research suggests that each shopping centre will have a regular
customer base, but attract and lose customers on a weekly basis as follows.

80% of Shopper Heaven customers will return to Shopper Heaven next week
12% of Shopper Heaven customers will shop at Eastown next week
8% of Shopper Heaven customers will shop at Noxland next week

76% of Eastown customers will return to Eastown next week
9% of Eastown customers will shop at Shopper Heaven next week
15% of Eastown customers will shop at Noxland next week

85% of Noxland customers will return to Noxland next week
10% of Noxland customers will shop at Shopper Heaven next week

5% of Noxland customers will shop at Eastown next week

9780170448192 Chapter 5 | Matrices

WB

p. 95

al
o‘:

Video playlist
VCE question
analysis:
Matrices

251



252

a Use this information to copy and complete the below transition matrix T (express
percentages as proportions, for example, write 76% as 0.76).

This week
S B LN
S
T = E Next week
N

During the week that Shopper Heaven opened, it had 300000 customers. In the same
week, Eastown had 120000 customers and Noxland had 180000 customers.

b Use this information to copy and complete the below column matrix, K,,.
S

K, = E
N

¢ Use T and K|, to write and evaluate a matrix product that determines the number
of customers expected at each of the shopping centres during the following week.

d Show, by calculating at least two appropriate state matrices, that, in the long term,
the number of customers expected at each centre each week is given by the

194 983
matrix K =| 150513
254 504

2 marks

1 mark

2 marks

2 marks

Reading the question

o Note part c asks to write and evaluate.
o Part d states you need to show at least two matrix calculations.
Thinking about the question

» Both parts a and b show you what the matrices should look like.

o How do you show the long-term trend for state matrices?

Worked solution (v = 1 mark)

a Convert all percentages to decimals. For example:
80% of Shopper Heaven customers will return to Shopper Heaven next week and
12% of Shopper Heaven customers will shop at Eastown next week

are entered in the transition matrix as

This week
S E N
0.80 S
T=| 012 E Next week
N
This week
S E N

0.80 0.09 0.10 | S
T=| 012 0.76 0.05 | E Nextweek v
0.08 0.15 085 | N

o The instructions clearly state to write percentages as decimals in the transition matrix.

o Part c is asking you to write the matrices you are multiplying, as well as to calculate the answer.

Nelson VICmaths General Mathematics 11
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300000 | S
b K,=| 120000 | E v
180000 | N
0.80 0.09 0.10 |[ 300000 268 800
c K, =TK, =| 012 0.76 0.05 || 120000 |=| 136200 | /
0.08 0.15 0.85 || 180000 195 000

There are 268 800 at Shopper Heaven, 136 200 at Eastown and 195000 at Noxland. /
d Find two consecutive high powers of T that give the same result for T"K,,.
Any two consecutive high powers which are 39 or higher give the result.

One correct answer is:
39

0.80 0.09 0.10 300 000 194 983
K; = T¥K, =| 0.12 0.76 0.05 120000 |=| 150513

0.08 0.15 0.85 180 000 254 504
and

40

0.80 0.09 0.10 300 000 194 983
K, =TYK, =| 0.12 0.76 0.05 120000 |=| 150513 | /

0.08 0.15 0.85 180 000 254 504

and this is the same as K»°.

Student performance 80-100%  60-79% 0-59%

a 78% Some students wrote percentages despite being asked for proportions. Some simply copied
the figures in order, as printed into the three columns. The percentage, 8%, was sometimes written
as a proportion of 0.8.
b (78%
Success percentages for parts a and b were averaged.
46% The expression and the result were both required for full marks.
d (46% There was more than one correct answer. Calculations involving any two consecutive high

powers that are 39 or higher were correct. The long-term trend is shown by stating the two state
matrices are the same.

Success percentages for parts ¢ and d were averaged.

EXERCISE 5.6 Transition matrices ANSWERS p. 508
Recap 80-100%  60-79%  0-59%
'l ovcaa 90% The matrix shows how five people, Receiver
Alan (A), Bevan (B), Charlie (C), Drew (D) and Esther (E), A B C D E
can communicate with each other. Alo 101 0
A ‘1’ in the matrix shows that the person named in that row B 10000
can send a message directly to the person named in that Sender C | 0 0 0 1 1
PR D|1 0100
column. For example, the ‘1" in row 3 and column 4 shows that Elo o1 o0 o
Charlie can send a message directly to Drew. Esther wants to
send a message to Bevan. Which one of the following shows
the order of people through which the message is sent?
A Esther - Bevan B Esther — Charlie - Bevan
C Esther - Charlie - Alan - Bevan D Esther - Charlie - Drew - Bevan

E Esther — Charlie - Drew — Alan — Bevan
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2 72% The cost prices of three different electrical items in a store are $230, $290
and $310 respectively. The selling price of each of these three electrical items is 1.3 times the cost price
plus a commission of $20 for the salesman. A matrix that lists the selling price of each of these three
electrical items is determined by evaluating

230 230 230 20
A 13x| 290 |+[20] B 13x| 290 |+1.3x20 C 13x| 290 |+]| 20
| 310 | | 310 310 20
230 20 230 + 20
D 13x| 290 [+13x| 20 E 13x| 290+ 20
| 310 | 20 | 310+20

Mastery

3 WORKED EXAMPLE13J

a For this transition diagram showing changes from one year to the next

i findx,y, z

ii construct the matching transition matrix.

b Construct a transition matrix for the following situation.

If a train arrives at a certain station on time, the next train has a 95% chance of being on time.
If a train arrives late, the next train has a 70% chance of being late.

4 WORKED EXAMPLE 14 | A colony of birds migrates to three different locations A, B and C. The birds
change their location each year according to the transition matrix T, where

This year
A B C

035 02 03 | A
T=| 025 055 0 B Nextyear
04 025 07 | C

This year there are 440 birds in location A, 620 birds in location B and 280 birds in location C.
How many birds in location B this year are expected to be in location A next year?
How many birds in location C this year are expected to be in location C next year?

How many birds are expected to be in location A next year?

o O T o

If 52% of the birds were in location A one year, what percentage are expected to be in location C
the next year?

Nelson VICmaths General Mathematics 11 9780170448192



5 A market research company has analysed the takeaway buying patterns of people
regarding two chains, Sammy’s Seafood (S) and Karl’s Kebabs (K). It has established that the movement

between the two occurs according to this transition matrix.

This week
S K

T = 0.2 055 S Next week
0.8 045 | K

In the current week, 9840 people bought from Sammy’s Seafood and 7680 bought from Karl’s Kebabs.
How many people go to each fast food outlet after

a 3 weeks b 5 weeks ¢ 10 weeks?

6 WORKED EXAMPLE 15 | A fleet of trams starts each day at one of two depots, A or B. By the end of the
day, the trams end up at either of the two depots according to the following transition matrix.

This day
A B
095 0.15 | A
T =
[ 0.05 0.85 } p Nextday

At the start of a particular day, there are 40 trams at depot A and 100 trams at depot B.
a Find the steady-state matrix.
b How many trams will be at each depot in the long term?

¢ What percentage of trams are at depot A in the long term? Round your answer to the nearest percentage.

7 State whether each matrix could be a transition matrix, giving a reason when it would not be possible.

1 0 0 0
0.1 0.2
a {g.s g.?] b [8.461 8.;5] c | 03 o1 g |0 051 0
5 0. . 25 06 0.7 0 O 0 1
0 05 1 0
Exam practice 80-100%  60-79% 0-59%
From
P Q
— o , _| 06 07 | P
8 87% T is a transition matrix, where T = 04 03 | Q To.

An equivalent transition diagram, with proportions expressed as percentages, is
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'}l ©VCAA 86% Families in a country town were asked about their annual holidays. Every

year, these families choose between staying at home (H), travelling (T) and camping (C). The transition

diagram shows the way families in the town change their holiday preferences from year to year.

A transition matrix that provides the same information as the transition diagram is

H

0.30
A T=| 075
0.65

0.30
C T=| 045
0.25

H

0.30
E T=| 030
0.40

From
T C

0.75 0.65
0.50 0.20
0.20 0.60

From
T C

0.30 0.40
0.50 0.20
0.20 0.60

From
T C

045 0.25
0.50 0.20
0 0.60

ONT O~

a~8T

To

To

To

50%

H

0.30
B T=| 045
0.25

0.30
D T=| 045
0.25

From
T C

0.30 0.40
050 0
0.20 0.60

From
T C

0.30 0.40
0.50 0.20
0.20 0.40

To

a~8T

10 84% In a country town, people only have the choice of doing their food shopping
at a store called Marks (M) or at a newly opened store called Foodies (F). In the first week that Foodies

opened, only 300 of the town’s 800 shoppers did their food shopping at Marks. The remainder did their

food shopping at Foodies. A state matrix S, that can be used to represent this situation is

300
A SO:[ 800
300
P SO:[ 500

M
F

M
F

Nelson VICmaths General Mathematics 11
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11 63% A coffee shop sells three types of coffee, Brazilian (B), Italian (I) and
Kenyan (K). The regular customers buy one cup of coffee each per day and choose the type of coffee
they buy according to the following transition matrix, T.

Choose today
B I K
08 01 01 | B

T=[0 08 01 I Choose tomorrow
0.2 0.1 0.8 K

On a particular day, 84 customers bought Brazilian coffee, 96 bought Italian coffee and 81 bought
Kenyan coffee. If these same customers continue to buy one cup of coffee each per day, the number
of these customers who are expected to buy each of the three types of coffee in the long term is

A Brazilian 85 B Brazilian 87 C Brazilian 88
Italian 85 Italian 58 Italian 86
Kenyan 91 Kenyan 116 Kenyan 87

D Brazilian 89 E Brazilian 116
Italian 89 Italian 89
Kenyan 83 Kenyan 58

12 BN 56% Australians go on holidays either within Australia or overseas. Market
research shows that

» 95% of those who had their last holiday in Australia said that their next holiday would be in Australia
o 20% of those who had their last holiday overseas said that their next holiday would also be overseas.

A transition matrix that could be used to describe this situation is

A | 095 B | 095 || 020 c | 095 09
0.20 0.05 0.80 020 0.20
0.95 0.20 g | 095 080
0.05 0.80 0.05 0.20

13 EY 51% A colony of fruit bats feeds nightly at three different locations, A, B and C.
Initially, the number of bats from the colony feeding at each of the locations was as follows.

This night Location Number of bats

A B C A 1568

0.8 0.1 0.2 A B 1105
T=| 01 06 01 | B Nextnight

01 03 07 | C C 894

The bats change feeding locations according to the transition matrix T. If this pattern of feeding
continues, the number of bats feeding at location A in the long term will be closest to

A 1254 B 1543 C 1568 D 1605 E 1725
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14 2008 1MQ7 MODIFIED | (2 marks) A large population of mutton birds migrates each

year to a remote island to nest and breed. There are four nesting sites on the island, A, B, C
and D. Researchers suggest that the following transition matrix can be used to predict the
number of mutton birds nesting at each of the four sites in subsequent years. An incomplete
equivalent transition diagram is also given.

This year

A B C

04 0 02
|03 1 0I5
0.15 0 0.55

01 0 0.1

a Copy and complete the transition diagram.

b If 2800 mutton birds nest at site C in 2008, how many of these are predicted to nest at site

A in 20097

D
0
0
0
1

Next year

OO w

40%

A

100%

1 mark

1 mark

15 (3 marks) The ability level of students in a music school is assessed regularly

and classified as beginner (B), intermediate (I) or advanced (A). After each assessment,
students either stay at their current level or progress to a higher level. Students cannot be
assessed at a level that is lower than their current level. The expected number of students at
each level after each assessment can be determined using the transition matrix, T.

a The element in the third row and third column of matrix T| is the number 1. Explain

Before assessment

B
0.50

T, =| 048 0.80 0
0.02 0.20

B

I After assessment
A

what this tells you about the advanced-level students.

Let matrix S, be a state matrix that lists the number of students at beginner, intermediate
and advanced levels after n assessments. The number of students in the school, immediately
before the first assessment of the year, is shown in matrix S,,.

20
So=| 60
40
b i Write down the matrix S, that contains the expected number of students at each

level after one assessment. Write the elements of this matrix correct to the nearest

whole number.

ii How many intermediate-level students have become advanced-level students after

one assessment?

Nelson VICmaths General Mathematics 11
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@ Chapter summary

Introducing matrices
» Matrices are collections of numbers arranged into rows and columns inside square brackets.

o Order of a matrix = number of rows x number of columns.

o A matrix with m rows and n columns has order m x n.

o A matrix with m rows and n columns has mn elements (e.g. a 5 x 3 matrix has 15 elements).

Types of matrices

Type of matrix ‘ Description ’ Examples ’ Order of examples
Row matrix A matrix with just [ 7 23 15 ] [ 9 3 0 0 ] I1x3and1x4
one row.
Column matrix A matrix with just ) 31 2xland3x1
one column. 45 ] 25
| 32 50
Square matrix A matrix that has the 2 12 0 8 4x4and2x2
same number of rows 3 9 -2 5 0 -12
as columns. 6 -1 0 0 —4 1
10 -6 13 4
Zero matrix A matrix where all [0 0 3x2and1x6
the numbers are ‘0’ 0 0 [ 00000 0O ]
00
Identity matrix (I) | A square matrix where 100 0 4x4and2x2
(also called the all the elements in the ! 0100] 10
unit matrix) diagonal from topleftto |~ | 0 0 1 0 o1
bottom right are 1} and 00 01
every other element is
‘0> We use I to indicate
this matrix.

Matrix addition and subtraction

o When adding or subtracting matrices, add or subtract pairs of corresponding elements.

o For addition or subtraction of matrices to be defined, they must have the same order.

o The answer has the same order as the matrices being added or subtracted.

Scalar multiplication

o A scalar is a regular number that isn’t in a matrix.

o When multiplying a matrix by a scalar, multiply each element by the scalar.

o Scalar multiplication is defined for any matrix.

o The answer has the same order as the original matrix.

9780170448192
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Matrix multiplication
When multiplying matrices AB = C:

o Multiply the elements of each row in A by the elements of each column in B and add them.

Ix7)+(2x8)+(3x9)=50

1 2 3 ] 10 50
45 6 X 8 11 =
9 12
A X B = C
Order: 2x3 3x2 2x2

o The product is defined if the number of columns in A = the number of rows in B.

o C has the same number of rows as A and the same number of columns as B.

AB = C
Order: (m x n) (n x gq) = (m x q)
Product is defined

Multiplying the identity matrix with another matrix, leaves the other matrix unchanged.
o When raising matrices to powers:
« only powers of square matrices are defined

o the power of a matrix will always have the same order as the original matrix.

Inverse matrices
« If the matrix A™! is the inverse of the matrix A then AA™' = A™'A=1.

o Only square matrices have inverses.
« Not all square matrices have inverses.

« Aand A™" always have the same order.

a b
d

Al 1 d -b |__1 d -b
det(A)| —¢ a ad -bc| —¢ a

o The determinant only exists for square matrices.

For a matrix A = [ }, the determinant is det (A) = ad — bc

o The inverse does not exist when det (4) = 0.
 Use CAS to find determinants, inverses, and to solve simultaneous equations.
o Solving simultaneous equations using matrices involves finding the inverse.

o When the determinant of a matrix is equal to 0, it is known as a singular matrix.
The inverse of a singular matrix does not exist.
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Communication matrices

A communication matrix M is a square binary matrix where

O

« a ‘1’ indicates direct one-step communication and a ‘0’ indicates non-communication

o the top left to bottom right diagonal has all ‘0’s, indicating redundant links where the sender and receiver
are the same

« M? gives the number of two-step communications where communication occurs via another link.

Transition diagrams and matrices

Transition diagrams

« show transitions using percentages

&
<
=
=
=]
(7]
=
w
=
o
g
= =
(3]

« have all the arrow percentages from a single point add up to 100%

o don’t show transitions that are 0%.

Transition matrices

o are square matrices

 show the transitions as decimals
o have each column adding up to 1

« show transitions that are ‘0’

The state matrix
« The rule for finding the state matrix S, after » transitions is
S,=T"S,
where
T'is a transition matrix
S, is the initial state matrix.
o For large n, the state matrix S, often stops changing and becomes the steady-state matrix.

o To find the steady-state matrix check that two large consecutive values of n give the same state matrix
(e.g. 39 and 40).

9780170448192 Chapter 5 | Matrices 261



Cumulative examination 1

Total number of marks: 14 Reading time: 5 minutes Writing time: 32 minutes

Use the following information to answer the next two questions.

The bar chart shows the results of a quality control survey of parts manufactured at a factory.

Quality of parts

Very poor
Poor
Fair

God
Very good

E cellent

T
0 5 10 15 20 25 30 35 40
Number of parts

1 The type of data collected is best described as
A categorical and nominal data. B numerical and ordinal data.
C categorical and ordinal data. D numerical and discrete data.

E numerical and continuous data.

2 The total number of parts surveyed was
A 20 B 40 C 120 D 125 E 132

3 RN 2019n 1017 MODIFIED | A sequence of numbers is generated by the recurrence relation

uy=2, u,,,=3u,-1
What is the value of u;?

A 2 B 5 Cc 11 D 41 ELRID?

4 2013 1BRMQ8 MODIFIED | A car is purchased for $25000. The value of the car is to be depreciated
each year by 20% using the reducing balance method. By how much has the car been depreciated after

four years?
A $5000 B $10240 C $12200 D $12800 E $14760

5 An investment property was purchased for $600000. Over a 10-year period, its

value increased to $850000. The increase in value, as a percentage of the purchase price, is closest to

A 42% B 25.0% C 29.4% D 41.7% E 70.6%
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Use the following information to answer the next two questions.

The number of unemployed people since the year 2000 in a particular area is declining at a steady rate,
while the number of jobs available is rising, according to the graph.

n

— b
-——- hk mploy d

Numbers (000s)

-
=
=
=
<
=
=
g
x
w
w
=
=
g
wd
=)
=
-
(3]

Years after 8

6 How many people were unemployed in the year 2000?
A 6 B 30 C 50 D 15000 E 50000

7 When the number of unemployed people equalled the number of jobs, approximately how many people
were unemployed?

A 6 B 30 C 15000 D 30000 E 50000
3}
8IfP=| 5 andQ=[ 2 -3 4 ],thentheorderofPQ is
-1
A 1x1 B 3x1 C 1x3 D 3x3 ER2E%3

9 A carpenter can make four coffee tables and seven stools in a total of 33 hours.
The carpenter can make two coffee tables and three pencil boxes in a total of 12 hours. The carpenter
can make five stools and one pencil box in a total of 10 hours. The time, in hours, that it takes to make
one coffee table is closest to

A 2 B 3 C 4 D 5 E 6

10 The number of individual points scored by Rhianna (R), Suzy (S), Tina (T),
Ursula (U) and Vicki (V) in five basketball matches (F, G, H, I, ]) is shown in matrix P below.

Match

PGy HETT Y

2 VRIS R SR I V12

4 7 25 3 (S

P=|6 4 0 0 5 | T Player

186, SIER43 SSRI{RR

05 3 A0SV
Who scored the highest number of points and in which match?
A Suzy in match I B Tinain match H C Vicki in match F

D Ursulain match G E Rhianna in match J
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11 2009 1MQ5 MODIFIED | A, B, C, D and E are five intersections joined by roads as shown in the
diagram. Some of these roads are one-way only.

A B

The matrix indicates the direction that cars can travel along each of these roads.
In this matrix
o 1lin column A and row B indicates that cars can travel directly from A to B

o 0in column B and row A indicates that cars cannot travel directly from B to A (either it is a one-way
road or no road exists).

To intersection

A B C D E

A @ 100 1L ©

B 001 00

M = From intersection C 0 0 0 01
D 0 01 01

E 001 00

Cars can travel in both directions between intersections
A AandD B BandC C CandD D DandE E CandE

12 The cost of fruit at a stall, in dollars per kilogram, is shown in the table.

Apples $2.50
Pears $3.20
Bananas $1.90

Sean wants to buy 2 kg of apples, 1kg of pears and 3kg of bananas. Which one of the following matrix
products will result in a matrix that contains the total cost of Sean’s fruit purchase, in dollars?

2.50
AL 2803 (w350 B[21 3] 25 320 19 |
1.90
[ 2 | 250 2" 0 o | 250
c| 1| 32 D0 1 0] 320
|3 ]| 1.90 0 0 3 || 1.9
[ 250
E |32 ([[2 1 3]
| 1.90
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13 [ERIZYY 2018 1MQ6 MODIFIED | A transition matrix, V; is shown.

This month
1L, I M

06 06 02 0.0 L
e el R0-2580.0°5 Q1 eI A R month
03 00 08 04 F

00 02 00 05 | M

The following transition diagram has been constructed from the transition matrix V. The labelling in
the transition diagram is not yet complete.

-
=
=
=
<
=
=
g
x
w
w
=
=
g
wd
=)
=
-
(3]

The proportion for one of the transitions is labelled x. The value of x is

A 20% B 50% C 60% D 70% E 80%

14 2016 1MQ7 MODIFIED | Each week, the 300 students at a primary school choose art (A), music (M)
or sport (S) as an afternoon activity. The transition matrix shows how the students’ choices change from

week to week. In the first week there are 100 students in each activity.

This week
A M S

05 04 0.1 A
T=| 03 04 04 | M Nextweek
02" 02 " 0.5 S

Based on the information, it can be concluded that, in the long term
A no student will choose sport.

B all students will choose to stay in the same activity each week.

C all students will have chosen to change their activity at least once.
D more students will choose to do music than sport.
E

the number of students choosing to do art and music will be the same.
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Cumulative examination 2

Total number of marks: 19 Reading time: 5 minutes Writing time: 26 minutes

1 (2marks) This boxplot represents the amount of pocket money, in dollars, earned by a
sample of 48 children.

—{ ] -

5 10 15 20 25 30 35 40 45

Pocket money ($)
a What percentage of children earned less than $15? 1 mark
b How many children earned $22 or more of pocket money? 1 mark

2 (4 marks) Hugo is a professional bike rider. The value of his bike will be
depreciated over time using the flat rate method of depreciation. The graph shows his bike’s
initial purchase price and its value at the end of each year for a period of three years.

10 000 -
9000
8000 4
7000
6000
5000 1
4000
3000
2000
1000

0 T T T
0 ] 2 3
Time (years)

Value of bike ($)

a What was the initial purchase price of the bike? 1 mark
b i Show that the bike depreciates in value by $1500 each year. 1 mark

i Assume that the bike’s value continues to depreciate by $1500 each year.
Determine its value five years after it was purchased. 1 mark

The unit cost method of depreciation can also be used to depreciate the value of the bike. In
a two-year period, the total depreciation calculated at $0.25 per kilometre travelled will equal
the depreciation calculated using the flat rate method of depreciation as described above.

¢ Determine the number of kilometres the bike travels in the two-year period. 1 mark

3 (2marks) N-mart sold a computer for $1600 in May. They reduced the price of all goods
by 20% for their June sale, and then increased their June prices by 20% at the start of July.

a What was the overall percentage change to the price of the computer from May to July? 1 mark

b If N-mart had instead decided to decrease the $1600 computer to $1200 in their June
sale, what would be the percentage price decrease? 1 mark
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4 (2 marks) The distance-time graph shows the first two stages of a bus

N
journey from a school to a camp. =
=)
=
240 | <
220 =
200 E
7 180 A x
g 160 ag ¢ 2 -
e Bagye w
£ 140 - >
a _ -—
g 120 4 :
2 T i

S 100 A
Y 1 14 2
§ 80 fa gel E
2 T =)
A ] o

40

20 -

O T T T T T T T T T T T T
§ hool 0 ! 2 3

Time (hours)

a At what constant speed, in kilometres per hour, did the bus travel during Stage 1
of the journey? 1 mark

b For how many minutes did the bus stop during Stage 2 of the journey? 1 mark

5 (2 marks) Elena imports three brands of olive oil: Carmani (C), Linelli (L)

and Ohana (O). The number of 1 litre bottles of these oils sold in January 2021 is shown in matrix J.

2800 C
IS RIV.00 i
2400 0]
What is the order of matrix J? 1 mark

Elena expected that in February 2021 the sales of all three brands of olive oil would
increase by 5%. She multiplied matrix ] by a scalar value, k, to determine the expected
volume of sales for February. Write down the value of the scalar k. 1 mark

6 2012 2MQ1 MODIFIED | (4 marks) Matrix F shows the flight connections for an airline
that serves four cities, Anvil (A), Berga (B), Cantor (C) and Dantel (D). In this matrix, the
‘I’ in column C row B, for example, indicates that, using this airline, you can fly directly

from Cantor to Berga. The ‘0’ in column C row D, for example, indicates that you cannot
fly directly from Cantor to Dantel.

To
VAR BEA@GRSD)

A 01 00

F = From g (1) (1) 8 (1)

D 0 010

a Copy and complete the following sentence.

On this airline, you can fly directly from Berga to and . 1 mark
b List the route that you must follow to fly from Anvil to Cantor. 1 mark
Evaluate the matrix product G = KF, where K=[11 1 1]. 1 mark
d In the context of the problem, what information does matrix G contain? 1 mark
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7 2008 2MQ4 MODIFIED | (3 marks) At the end of each academic year, students at the
university will have either passed (P), failed (F) or deferred (D) the year. Experience has

shown that

o 88% of students who pass this year will also pass next year
« 10% of students who pass this year will fail next year

+ 2% of students who pass this year will defer next year

» 52% of students who fail this year will pass next year

o 44% of students who fail this year will fail next year

o 4% of students who fail this year will defer next year

o 65% of students who defer this year will pass next year

o 10% of students who defer this year will fail next year

o 25% of students who defer this year will defer next year.

Twelve hundred and thirty students began a business degree in 2007. By the end of the 2007
academic year, 880 students had passed, 230 had failed, while 120 had deferred the year.
No students have dropped out of the business degree permanently.

a Copy and complete the following transition matrix.

This year
12 g JD)
I s LD
O O O | F Nextyear
ofFaf ok || B 1 mark

b Write a matrix product that calculates the state matrix for the end of the
2009 academic year. 1 mark

c Use the state matrix from part b to predict the number of business students
who will defer the 2009 academic year. 1 mark
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Study Design coverage

UNIT 2, AREA OF STUDY 1: DATA ANALYSIS, PROBABILITY AND STATISTICS

Investigating relationships between two numerical variables
e response and explanatory variables
e scatterplots and their use in identifying and qualitatively describing the association between
two numerical variables in terms of direction, form and strength
e informal interpretation of association and causation
e use of aline of good fit by eye to make predictions, including the issues of interpolation and extrapolation
¢ interpretation of a line of good fit, its intercept and slope in the context of the data.

VCE Mathematics Study Design 2023-2027 p. 35, © VCAA 2022

Video playlists (4): Worksheets (6):
6.1 Explanatory and response variables 6.2 Scatterplots and association ¢ A page of
6.2 Scatterplots scatterplots ¢ Correlations matching game

6.3 Lines of good fit 6.3 Significant figures * A page of scatterplots

. . . . » Height vs shoe size
VCE question analysis Relationships between

numerical variables @

» To access resources above, visit

:I Ke N elSO n M I ndTap cengage.com.au/nelsonmindtap
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Explanatory and response variables

Dealing with two numerical variables

Most of the statistical examples we've looked at so far involved only one variable. The examples involving
back-to-back stem plots and parallel boxplots explored the association or relationship between a numerical
variable and a categorical variable. In this chapter, we will be exploring associations between two
numerical variables.

Here are some examples of questions that involve analysing the association between two numerical variables.
o Is there an association between age and the amount of time spent sleeping?
o Can the number of social media friends be used to predict the number of real-life friends?
« Can the length of common colds be explained by the amount of vitamin C a person takes?

o What is the relationship between the number of books in a home and NAPLAN literacy results?

Identifying explanatory and response variables

It's important to decide which of the variables is the explanatory variable and which is the response
variable. An explanatory variable is a variable that we expect to predict or explain the changes observed
in another variable, which is called a response variable.

In some situations, it’s clear which of the two is the explanatory variable. For example, if researchers wish to
investigate the association between age and the amount of time spent sleeping, they look at how a person’s
age can affect the amount of time a person spends sleeping (not how the amount of time spent sleeping

can affect a person’s age). So, age is the explanatory variable and the amount of time spent sleep is the
response variable.

@ Exam hack

When deciding which is the explanatory variable, look for the words ‘explain
changes’ or ‘predict’ in the question. If they don’t appear, think about which
of the variables is the most likely to affect the other variable.

Ve = SN B S B [dentifying explanatory and response variables

For each of the following, identify the explanatory variable, giving a reason for your answer.
a Can the number of social media friends be used to predict the number of real-life friends?
b Can the length of a common cold be explained by the amount of vitamin C a person takes?

¢ What is the relationship between the number of books in a home and NAPLAN literacy results?

Steps Working
a 1 Identify the two variables. number of social media friends and number of
real-life friends
2 Do the words ‘explain changes’ or ‘predict’ Number of social media friends is being used to
appear in the question? If not, which variable predict the other variable, so it is the explanatory
is most likely to affect the other? variable.
b 1 Identify the two variables. length of a common cold and amount of vitamin C
2 Do the words ‘explain changes’ or ‘predict’ Amount of vitamin C is being used to explain

appear in the question? If not, which variable ~ changes to the other variable, so it is the
is most likely to affect the other? explanatory variable.

9780170448192 Chapter 6 | Relationships between numerical variables
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¢ 1 Identify the two variables. number of books in a home and NAPLAN

literacy results

2 Do the words ‘explain changes’ or ‘predict’ NAPLAN literacy results are not likely to
appear in the question? If not, which variable  affect the number of books in a home, but the
is most likely to affect the other? number of books in a home may affect NAPLAN

literacy results.

So, number of books in a home is the
explanatory variable.

EXERCISE 6.1 Explanatory and response variables ANSWERS p. 509

Mastery

1 workeD ExaMPLE 1| For each of the following, identify the explanatory variable, giving a reason
for your answer.

O o 060 T 9o

Can the length of time a person sleeps be predicted by the amount of coffee they drink?

Can an AFL team’s position on the ladder explain changes in the crowd size at an AFL match?

Is there an association between the score in a mini-golf tournament and the age of the person?
What is the relationship between the price of a house and the number of bedrooms in the house?

Is there an association between the amount of alcohol consumed and the number of car accidents?

2 For each of the following, identify the response variable.

a

A criminologist analysed data on the number of crimes committed per month in a big city and
the number of police officers patrolling the city.

A study was undertaken to see whether a particular species of Australian cricket chirps faster
at night if the temperature is higher.

Exam practice 80-100%  60-79%  0-59%

3 A study is conducted to investigate the relationship between the monthly water cost of a household and

the number of teenagers in the household. The response variable is

A
C
E

nominal. B categorical.
the household cost. D the monthly water cost.
the number of teenagers in the household.

4 Research is undertaken to see whether the amount of study time the day before a Year 11 mathematics

test can predict test scores. Which of the following statements is not true?

A

m O O W

The response variable is fest score.

The explanatory variable is amount of study the day before test.
Both variables are ordinal.

The response variable is numerical.

The explanatory variable is numerical.
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5 a 2008 2004 MODIFIED | The arm spans (in cm) and heights (in cm) for a group of 13 boys have
been measured. The aim is to find whether arm span can be predicted from height. Name the
explanatory variable.

b i 2019 2CQ4a MODIFIED | '84% The relative humidity (%) at 9am and 3 pm on 14 days in I

November 2017 was measured with the aim of predicting the relative humidity at 3 pm (humidity

3 pm) from the relative humidity at 9am (humidity 9am). Name the explanatory variable.

ii Would it make sense to undertake a study where the other variable was the explanatory variable?
Give a reason for your answer.

Scatterplots

Constructing scatterplots

«l
P 4
A scatterplot can be used to investigate the association between two numerical variables. Scatterplots >
are constructed by plotting points on a Cartesian plane, where the horizontal or x-axis is used for the Video playlist
explanatory variable and the vertical or y-axis is used for the response variable. Scatterplots

Explanatory variable (x) 5 5 10 10 15 20 20 20
Response variable (y) 10 12 10 17 20 10 15 20

To construct a scatterplot from a table:
1 decide which variable is the explanatory variable (x) and which is the response variable (y)
2 set up an appropriate scale for each axis and label them clearly with the variable names

3 plot each pair of data points from the table using a dot (o).

8 atterplot

y
25 A
20 4 ° °
2 : @ Exam hack
<
‘g 15 4 °
I ! To remember which axis is used for which
g 10 4 . . . variable, use the fact that ‘explanatory’
§ (20,10) starts with ‘ex’ for x-axis.
5 .
0 T T T

T T
0 5 10 15 20 25 X
¥ planatory variable
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m Constructing a scatterplot

The number of hot drinks sold at a milk bar per day and the day’s maximum temperature were recorded

over a period of two weeks.

Temperature 33 272218 | 29|38 |36 |24 |25 |29 |34 |21 |19
No. of drinks sold 28 | 29 | 54 | 76 | 48 | 18 | 39 | 42 | 61 | 36 | 49 | 68 | 53

Construct a scatterplot for this information.

W
o
!
drinks
8
@
@
®
o

2 3 2 o ®
3 27 2 52 @ » ®
4 2 54 20 -2
= 18 7% v 16 18 20 22 24 26 28 30 32 34 36 38
m: o el
1 Start a new document and add a Lists 4 Insert a Data & Statistics page.
& Spreadsheet page. 5 For the horizontal axis, select temp.
2 Label column A as temp and column B 6 For the vertical axis, select drinks.
as drinks.

7 A scatterplot of the data will be displayed.
3 Enter the data from the table, as shown above.

© Edit Colc SetGraph ¢ © Edit Colc SetGraph ¢
[ [va R [ e - M EBEEEEECE
list]  [list2  [list3 (s list1  [list2  |list3
1 35 25 1 35 25
2 33 28 . 2 33 28 .
3 27 29 3 27 29
4 22 54 4 22 54
5 18 786 5 18 78
[ 28 a8 6 29 48
o| 3| 38 s Q
3 24 a2 3 8
10 25 61 [ 8= 39
1 29 36 ;
12 34 49 d
13 21 68 =
" 19 53 "
15 je==aui el
16 - = ~
17 e B =
18 o
| Cal» a 9
j«] ] > = ,'
[15]= . __I A A A A L} [} Illtll;l
Deg Auto  Decimal e | Deg Auto  Decimal a
1 Tap Menu and open the Statistics application. 4 Tap Graph*. A scatterplot of the data will be
2 Clear all lists. displayed in the lower window.
3 Enter the data from the table into list1 and *There is no need to change SetGraph as the
list2, as shown above. default settings are for a Scatterplot of list1

and list2.
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Interpreting scatterplots

To interpret a scatterplot, we need to understand what each of the variables represents and how it’s
being measured.

L) (S 2 G E S8 Interpreting scatterplots
A study was conducted on how long people Time spent at exhibition vs age
of various ages spent at an exhibition at the 25 4
Melbourne Aquarium and a scatterplot :
was plotted of the data. 207
g 154 . -
g
E 10 .
=
54 ° °
wWB
0 T T T T T
0 5. 10 15 20 25
Age (years) p- 97
Steps Working
a What is the explanatory variable?
The explanatory variable appears on age (years)
the horizontal axis.
b What is the response variable?
The response variable appears on the time (min)
vertical axis.
¢ How many people were in the study?
Count the number of dots. 10 people
d What does the orange dot represent?
Read from both axes. a 15-year-old who was at the exhibition for 10 minutes
e How many teenagers were in the study?
Read from the horizontal axis and count 5
the dots between 13 and 20.
f What was the shortest time spent at the exhibition?
Read from the vertical axis. 5 minutes
Scatterplots and association M,
: . : . (1
There are three ways that scatterplots can be used to describe the association between two numerical variables.
Worksheets
1 Direction Scatterplots
aer ]
Positive association Negative association association
. . A page of
° :. ° °® .'. ° scatterplots
. .o. ° L .... Correlations
° L0 '.: .’ matching
o o.: ° ‘...° o game
The direction of a positive association rises from The direction of a negative association falls from
left to right. This indicates that the y (response) left to right. This indicates that the y (response)
variable tends to increase as the x (explanatory) variable tends to decrease as the x (explanatory)
variable increases. variable increases.
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p. 98

276

Data in general follows a straight
line pattern.

3 Strength
& ong association

Data points are all reasonably
close together.

Non-linear
.. °
L[] L]
[ ] ° ° °
° L]
°® ® e
L] L]
L]
o. L4 .
e o o
® oo

Data does not occur in a straight
line pattern but does follow
a curved pattern.

Moderate association

Data points are more spread
out than a strong association.

No association

Data is randomly scattered
and shows no pattern at all.

Weak association

Data points are widely spread out.

VL) = S NS B S8 Scatterplots and association

ii Refer to the variables.

ii Refer to the variables.

ii Refer to the variables.

For each of the following scatterplots

explain what this means in terms of the variables.

i describe the association between the two variables in terms of direction, form and strength

b i Isthe data sloping up or down?

¢ i Isthe data sloping up or down?

Does the data follow a straight line pattern?

How spread out are the data points?

a g b ., c d

S g - 4

.g . .. § S e : (= ; .o O

> oY g o I3 < RS b - . LIS

S - :..n o 5 ° = —5 7 ° '{':Q' 3 C e

= ° a5 °

% i L g .. . = ° . . g o] ° J

= *%% @ o’ *te T .u.. '....o

< °® ) i B .

2 ° E . 1 Ce

D T T T T T = T T T T T T T T T T T T T T T

Car speed Amount of tea drunk Foot length Time spent exercising

Steps Working
a i Isthe data sloping up or down? negative, linear and strong

The distance to a destination decreases as car

speed increases.

no association

Does the data follow a straight line pattern?

How spread out are the data points?

There appears to be no association between amount

of tea drunk and the time spent exercising.

Does the data follow a straight line pattern?

How spread out are the data points?

positive, linear and moderate

Hand span tends to increase as foot length increases.

Nelson VICmaths General Mathematics 11

9780170448192




d i Isthe data sloping up or down? negative, linear and weak
Does the data follow a straight line pattern?
How spread out are the data points?

ii Refer to the variables. There is some evidence to suggest that weight

decreases as time spent exercising increases.

Association and causation

If two variables have an association, it doesn’t necessarily mean that one causes the other. Association is not
the same as causation. For example, a store recorded the following monthly sales of air conditioners and
sunglasses over a year.

Jan ‘ Feb ‘ Mar | Apr | May ’ Jun ’ Jul ‘ Aug ‘ Sep ‘ Oct ‘ Nov ‘ Dec

Number of air
L 74 65 50 25 21 20 11 12 70 71 82 91
conditioners sold

Number of
310 | 243 | 180 | 91 63 62 35 37 | 223 | 243 | 266 | 292
sunglasses sold

These sales numbers give the following scatterplot. 320
The scatterplot indicates that there is a strong 300+ °
positive association between the variables 280
number of air conditioners sold and number of 2604 °
sunglasses sold. However, clearly neither one 2 240+ e e
of these variables is causing the other. What’s § 220 e
more likely is that another variable, outdoor é; 200 ~
=t
temperature, is contributing to the changes 2 1801 .
in both of them. £ 160+
=)
. . L £ 140-
It is relatively easy to show an association E
_ , Z 120
between two variables. It's much harder to 100
show that one variable causes a change in %0 .
another variable. 60 v
40 "

T T
10 20 30 40 50 60 70 80 90
Number of air conditioners sold

VL) (5 2 CNU B S Exploring causation —=|

For each of the following associations between pairs of variables, suggest another variable that could be

the underlying cause of the association between the two. p. 99
Steps Working

a A positive association between the number of mobile phones sold in Melbourne and the amount spent
on Thai takeaway in Melbourne

Which variable might be causing changes Population changes could be the underlying cause
in both? of the association between the two.

b A negative association between ski jackets sold ($) and fans sold ($).

Which variable might be causing changes Outdoor temperature changes could be the
in both? underlying cause of the association between
the two.

¢ A positive association between the height of children and mathematical ability.

Which variable might be causing changes Age could be the underlying cause of the
in both? association between the two.
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EXERCISE 6.2 Scatterplots ANSWERS p. 509

Recap

1 A study is undertaken to investigate the association between the amount of chocolate eaten before bed

and the length of nightly sleep. Which of the following statements is true?

A
B

Amount of chocolate eaten is the response variable.

The study is investigating whether length of nightly sleep can explain changes in amount of
chocolate eaten.

Length of nightly sleep is the explanatory variable.
Amount of chocolate eaten is the explanatory variable.

The study is predicting the amount of chocolate eaten from the length of nightly sleep.

2 A consumer group conducts research to determine whether the price of a laptop is affected by its weight.

The weight of 50 laptops is measured and each weight is recorded next to their price on a spreadsheet.

The explanatory and response variables are, respectively

A

B
C
D
E

the 50 laptops and their prices.

the price of the laptop and the weight of the laptop.
the weight of the laptop and the price of the laptop.
the prices of the laptops and the spreadsheet.

the consumer group and the study.

Mastery

3 [d Using CAs 1 ] The number of customers in a store over a two-week period was recorded and the results

are shown below.

Time (days) 2 3 4 5 6 7 8 9 10 | 11 | 12 | 13 | 14
Number of customers 92 | 63 | 79 | 81 | 64 | 102 | 71 | 86 |119| 86 | 78 | 111 | 92

Construct a scatterplot for this information.

4 [ZZ workep exampLE 2 | A study was made on how long people Time spent at enclosure
of various ages spent at an enclosure at the zoo and a scatterplot 25
was plotted of the data. T2 e e ‘
a What is the explanatory variable? % 154 .
. . g 10+ oo oo ¢
b What is the response variable? = .
¢ How many people were in the study? o+
0 10 20 30 40 50
d What does the orange dot represent? Age (years)
e How many people in their 20s were in the study?
f Why could we reasonably conclude that the two people

who stayed for the shortest time were together?
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5 worKED ExAMPLE 3 | For each of the following scatterplots

i explain what this means in terms of the variables.

i describe the association between the two variables in terms of direction, form and strength

a b c d

1
1 1 1 1
[ ]
[ ]
(]
Test scores
L]
[ ]

1Q
[ ]
[ ]
[ ]
[ ]
Size of kitchen
1
. (]
[ ]
L ]
[ ]
Sales of sunscreen

Amount of milk consumed Income per household Amount of sunshine Time absent from school

6 For each pair of variables, state whether they would generally have a positive association, a negative

association or no association.

number of chocolate bars eaten and how many pets a person owns
kilojoules consumed and weight gained

alcohol consumption and reaction time

height and the number of hours sleep a person has per night

temperature and number of people at a beach

- 0 o 0 T o

time spent travelling home and distance from home

7 workeD ExaMPLE 4 | For each of the following associations between pairs of variables, suggest another

variable that could be the underlying cause of the association between the two.
A negative association between the number of people injured skiing and the number of swimsuits sold.

b A positive association between the fotal consumption of avocados in Victoria (kg) and the number
of VCE students.

¢ A positive association between the amount of money spent going to the movies in a household ($)
and the number of mobile phones in a household.

d A positive association between the number of ambulances in a state and the number of teachers.

e A positive association between hand-eye coordination in children and handspan.

Exam practice 80-100% 60-79% 0-59%

8 67% There is a strong positive association between a country’s Human

Development Index and its carbon dioxide emissions. From this information, it can be concluded that

A increasing a country’s carbon dioxide emissions will increase the Human Development Index
of the country.

B decreasing a country’s carbon dioxide emissions will increase the Human Development Index
of the country.

C this association must be a chance occurrence and can be safely ignored.

D countries that have higher human development indices tend to have higher levels of carbon
dioxide emissions.

E countries that have higher human development indices tend to have lower levels of carbon
dioxide emissions.

9780170448192 Chapter 6 | Relationships between numerical variables 279



9 The scatterplot shows that Wife’s height vs husband’s height

A there is no association between a husband’s height and 1:(5): .-
a wife’s height. = 1754 1.
B there is a strong negative linear association between ;:’ 170 .
a husband’s height and a wife’s height. éo 165+ .
C there is a non-linear association between a husband’s é 1609 .
height and a wife’s height. * 1;5): . :. ?
D there is a moderate positive linear association between s+
a husband’s height and a wife’s height. 190199 lgﬂsﬂffnlj‘s’ i;sglhio(iﬁf)wo 1%
E there is a strong positive linear association between
a husband’s height and a wife’s height.
10 Eleven people of different ages ran around an oval for Number of laps around oval vs age
30 minutes. The number of laps they ran was recorded L]
and the results are displayed in the scatterplot. . 12]
Which one of the following statements is false? < 104 e
A The youngest person in the group ran the most laps. _“.; z' R
B Age is the explanatory variable and number of laps § 4: . .
is the response variable. 2 1
C The association between age and number of laps

O T T T T T T T T
] 0 10 20 30 40 50 60 70 80
can be described as strong. Age (years)
D The association between age and number of laps
can be described as positive.

E The association between age and number of laps
can be described as non-linear.

11 2004 20Q1a MODIFIED | (2 marks) The table gives the heights (m) and weight (kg) of a
sample of nine people. On the scatterplot, the points representing the data for seven of these

people has been plotted with height on the horizontal axis and weight on the vertical axis.

Height (m) | Weight (kg)

1.65 68 o5 |
1.68 63 90
°
1.72 79 85
Z
1.73 65 < 807 o o
= °
20 75
1.74 70 §
70 °
1.77 79 .
65 °
1.78 81 60 T T T T T T T
1.86 77 1.601.651.701.751.801.851.90 1.95
Height (m)
1.92 88

a 92% Copy the scatterplot and plot points representing the data for the remaining
two people (shown in bold in the table) on it. 1 mark

b If these nine people were teenagers, what other variable could be the underlying cause
of the association between height and weight? 1 mark
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12 2007 20Q3a MODIFIED | (2 marks) The table displays the mean surface temperature (in °C)
and the mean duration of warm spell (in days) in Australia for 13 years selected at random

from the period 1960 to 2005. This data set has been used to construct the scatterplot.

Mean duration of
warm spell (days)

Mean surface
temperature (°C)

13.2 214
60
13.3 16.3 .
2. 551 °
13.3 27.6 z 504 s
134 32.6 2 454 °
g °
13.4 28.7 g 40+ o
13.5 30.9 o 357 °
£ —
13.5 45.9 £ 307 .
= 254
13.5 35.5 g o
S 20
13.6 40.6 .
15
13.7 42.8 =
13.7 49.9 13.0 132 134 136 13.8 14.0
Mean surface temperature (°C)
13.7 55.8
13.8 53.1

a 8% The scatterplot is incomplete. Copy and complete the scatterplot by plotting
the bold data value given in the table. Mark the point with a cross (x). 1 mark

b What other variable could be the underlying cause of the association between
mean surface temperature and mean duration of warm spell? 1 mark

13 (3 marks) The annual rainfall and number of bushfires in a region were recorded over 8 years
and the results are shown.

Rainfall (cm) 14 19 28 22 24 23 20
No. of bushfires 32 26 10 18 11 9 21
Sketch a scatterplot for this information. 1 mark
b Interpret the scatterplot in terms of direction, form and strength. 1 mark

¢ What other variable could be the underlying cause of the association between
annual rainfall and number of bushfires? 1 mark

14 (3 marks) People were asked how many years of education they had (including primary and
high school as well as university and TAFE etc.) and asked how many children they had.
The results are shown below.

Years
of education

18 |13 (13 (12|17 |17 |18 |16 10|19 |19 |18 |22 |16 | 16

Number
. 4163|121 2|07 |13 |4|2]|1]|2
of children
a Draw a scatterplot for this information. 1 mark
b Describe the association shown in terms of form, direction and strength. 1 mark
¢ Write a brief sentence to describe the association between the two variables. 1 mark
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Lines of good fit

Rounding to decimal places

Dealing with data often involves giving approximate rather than exact answers, so rounding is important.
Rounding involves replacing a number with an approximate value. We have already come across rounding
to decimal places. For example:

28.3597 rounded to the nearest tens is 30 @ E hack
Xam nac
rounded to the nearest units (or whole number) is 28

rounded to one decimal place is 28.4 Don't round off too early! If you
are working with CAS, keep

all the decimal places in the
rounded to three decimal places is 28.360 calculation and don’t round off
to the stated number of decimal
places until the very end.

rounded to two decimal places is 28.36

rounded to four decimal places is 28.3597

rounded to five decimal places is 28.35970

Rounding to decimal places

When rounding to a number of decimal places
o look at the next digit, and round down if it is 0-4 and round up if it is 5-9
o if 9s need to be rounded up, round the 9 to 0 and carry the rounding over to the next digit on the left

« include trailing zeros in decimals, if necessary.

Rounding to significant figures
When dealing with data, it often makes sense to round to significant figures rather than to decimal places.

In the following examples, the significant figures are in red.

Example No. of significant | What type of digits are What type of digits are not
figures significant? significant?
29.418 5 non-zero digits
530.0027 7 non-zero digits and zeros
between non-zero digits.
4.650 4 non-zero digits and trailing
zeros in decimals
0.0065 2 leading zeros in decimals
800 1 trailing zeros in whole number

When rounding to significant figures, use the same rounding rules as for rounding to a number of
decimal places:

» ‘0-4 round down’ and ‘5-9 round up’

@ Exam hack

Don’t confuse ‘rounding
to significant figures’ with

e.g. 27501 rounded to two significant figures is 28 000

 round the 9 to 0 and carry the rounding over to the

next digit on the left the'number of significant
e.g. 3.9722 rounded to two significant figures is 4.0 figures. For example, 497
497 rounded to two significant figures is 500 rounded to two significant

figures is 500, but 500 has one

o include trailing zeros in decimals, if necessary onificant fi
signiricant rigure.

e.g. 4 rounded to two significant figures is 4.0
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Significant figures

Significant figures:
o any non-zero digit

o zeros between non-zero digits

Not significant figures:
o leading zeros in decimals

« trailing zeros in whole numbers.

o trailing zeros in decimals.
When rounding to significant figures, use usual rounding rules:
o ‘0-4 round down’ and ‘5-9 round up’
 round the 9 to 0 and carry the rounding over to the next digit on the left

o include trailing zeros in decimals, if necessary.

@ Exam hack

Note that the two methods of rounding can give very different results.
10618.028 rounded to two decimal places is 10618.03.
10618.028 rounded to two significant figures is 11 000.

Rounding to decimal places versus significant figures —|
Round each number to we
i two decimal places ii two significant figures p. 100
a 2.414 b 7.368 ¢ 0.5561 d 34700
e 15.881 f 95008.037 g 34.8976
Steps Working
a i Focus on the first two decimal places. 2.414 rounded to two decimal places is 2.41.
ii Focus on the first two significant figures. ~ 2.414 rounded to two significant figures is 2.4.
b i Focus on the first two decimal places. 7.368 rounded to two decimal places is 7.37.
ii Focus on the first two significant figures. ~ 7.368 rounded to two significant figures is 7.4.
¢ i Focus on the first two decimal places. 0.5561 rounded to two decimal places is 0.56.
ii Focus on the first two significant figures. ~ 0.5561 rounded to two significant figures is 0.56.
d i Focus on the first two decimal places. 34700 rounded to two decimal places is 34 700.00.
ii Focus on the first two significant figures. 34700 rounded to two significant figures is 35000.
e i Focus on the first two decimal places. 15.881 rounded to two decimal places is 15.88.
ii Focus on the first two significant figures. ~ 15.881 rounded to two significant figures is 16.
f i Focus on the first two decimal places. 95008.037 rounded to two decimal places is 95008.04.
ii Focus on the first two significant figures. ~ 95008.037 rounded to two significant figures is 95000.
g i Focus on the first two decimal places. 34.8976 rounded to two decimal places is 34.90.
ii Focus on the first two significant figures. ~ 34.8976 rounded to two significant figures is 35.
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Finding a line of good fit
A line of good fit is a straight line that represents the data Scatterplot
on a scatterplot and helps us to make predictions. We find

v 25 .
a line of good fit ‘by eye, which means finding the straight 2 20 Line of good fit
line on a scatterplot that £15
o is close to all the points glo
g s
o has approximately as many points above the line as below 8 0
. ~ ~ 0 5 10 15 20 25
may pass through some of the points, none of the points, Explanatory variable
or all of the points.
We .can find the equati01.1 of th'e line of good .fit by finding @ Exam hack
the intercept on the vertical axis and calculating the slope.
Always select points that are easy to read from the graph. The best way to draw a line of good

fit is to use a clear plastic ruler.

Line of good fit equation

The equation of the line of good fit is
response variable = a + b x explanatory variable
where
a = the intercept of the line on the vertical axis
_ rise

b =—— = the slope of the line
run

Making predictions

We can use the equation of the line of good fit to make predictions by substituting values into it and solving.
The equation can be used to predict within the original data range, which is called interpolation, as well as
outside the original data range, which is called extrapolation. Predictions based on extrapolation are not

as reliable as those based on interpolation because we cannot be certain that the equation applies to values
outside the range of the data values we have.

= Vo) < o N B S5 Working with the line of good fit equation

we A line of good fit has been drawn on the following
p. 101 scatterplot showing the time spent by people 254
of various ages at a particular carnival game. ]
ERRE
Sl e
g 7
o ]
£
=
57
0 ] T T T T T
0 5 10 15 20 25
Age (years)
Steps Working
a Find the intercept of the line.
Where does the line touch the vertical axis? intercept = 8
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b Calculate the slope of the line, correct to two significant figures.

1 Choose two easy-to-identify points on the line. ~ (0,8) and (25,19)

. 19 —
2 Calculate the slope from these two points, slope = rise _19-8
- . . run  25-0
giving the answer to the required rounding. B
25
=0.44

rounded to two significant figures
¢ What is the equation of the line of good fit?

Use response variable = a + b x explanatory time = 8 + 0.44 x age
variable, where a is the intercept and b is

the slope.

d i Use the line to predict the number of minutes a 16-year-old would spend at the carnival game,
rounding to two significant figures.

Substitute the value into the equation in time = 8 + 0.44 x age
place of age and solve for time, giving the =8+0.44x 16
answer to the required rounding. =15.04

A 16-year-old would spend 15 minutes at the
carnival game, rounded to two significant figures.

ii State whether this prediction involves interpolation or extrapolation, giving a reason.

Was the value used within or outside the 16 is within the original data range of 5 to 20 years,
original data range? so this involves interpolation.
e i Use the line to predict the number of minutes a 23-year-old would spend at the carnival game,

rounding to two significant figures.

Substitute the value into the equation in time = 8 + 0.44 x age
place of age and solve for time, giving the =8+0.44x23
answer to the required rounding. =18.12

A 23-year-old would spend 18 minutes at the
carnival game, rounded to two significant figures.

ii State whether this prediction involves interpolation or extrapolation, giving a reason.

Was the value used within or outside the 23 is outside the original data range of
original data range? 5 to 20 years, so this involves extrapolation.

f Which of the predictions in parts d and e is more reliable? Justify your answer.
Decide which of the two is the more reliable The prediction for the 16-year-old involves
prediction and justify your decision. interpolation, so it is more reliable than the

prediction for a 23-year-old, which involves
extrapolation.
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Interpreting a line of good fit

The equation of a line of good fit can help us make statements about the two variables involved.

Interpreting a line of good fit equation

We interpret the equation of a line of good fit
response variable = a + b x explanatory variable
by saying
o the interceptisa
This means the response variable is a units when the explanatory variable is zero units.

o theslopeis b
This means on average the response variable increases/decreases by b units for every 1-unit
increase in the explanatory variable.

Use the word ‘increases’ when b is positive and ‘decreases’ when b is negative.

Replace the words in bold with the appropriate variable names or units of measure for each variable.

— e 4= S N B4 Interpreting a line of good fit equation

WB A study of the association between the age and price of a particular car model has resulted in the line

p. 103 of good fit equation
price =35000 - 3670 x age

where the price is measured in dollars and the age in years.

a Identify and interpret the intercept. b Identify and interpret the slope.
Steps Working
For the equation of the line of good fit a intercept = 35000
response variable = a + b x explanatory variable This is the price when the age = 0.
where a = the intercept of the line This means that the car cost $35000 when it
b = the slope of the line was new.

b slope=-3670

This means on average the price of the car
decreases by $3670 for every 1-year increase
in the age.

@ Exam hack

Make sure you always write the line of good fit equation using the
variables names. You will lose a mark if you write it using x and y.
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VCE QUESTION ANALYSIS

2015 2CQ384 MODIFIED | 2015 Examination 2 Core Questions 3 &4 (6 marks)

Male life expectancy (years)

a Name the response variable.

of strength, direction and form.

male = 3.6 + 0.88 x female

@ Exam hack

204

The scatterplot plots male life expectancy (male) against female life expectancy (fenale) in
1950 for a number of countries. A line of good fit has been fitted to the scatterplot as shown.

NS UL [ U U U R g R [ |
25 30 35 40 45 50 55 60 65 70 75
Female life expectancy (years)

b Describe the association between male life expectancy and female life expectancy in terms

The slope of the line of good fit shown is 0.88.
c Interpret the slope in terms of the variables male life expectancy and female life expectancy.

The equation of the line of good fit is

In a particular country in 1950, fermale life expectancy was 35 years.

d Use the equation to predict male life expectancy for that country.

If the question doesn't ask for rounding, don’t round the answer.

e State whether this prediction involves interpolation or extrapolation, giving a reason that
refers to a data range from the graph.

1 mark

1 mark

1 mark

1 mark

2 marks

Reading the question

the graph.

Thinking about the question

o In partb, three things are required.

» Note that the slope of the line of good fit has been given so you don’t need to find it from

o Part e is worth 2 marks, so you need to give a reason.

o Be clear on what ‘interpreting’ the slope means.

o You need to quote the data range in your answer for part e to get full marks.

9780170448192
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Worked solution (v = 1 mark)

a The label of the vertical axis gives the response variable. There is no need to include ‘(years).
male life expectancy
b Most of the data points on the scatterplot are close to the line of good fit, so it’s a strong association.
The data is sloping up, so it’s a positive association.
The line is straight not curved, so it’s a linear association.
strong, positive, linear

¢ When the slope b is positive, it means that the response variable on average increases by b units for
every 1-unit increase in the explanatory variable.

Male life expectancy on average increased by 0.88 years for each 1-year increase in female
life expectancy. v/

d Substitute fernale = 35 into the equation male = 3.6 + 0.88 x female.
male = 3.6 + 0.88 x 35 = 34.4 years

e 35 is within the female life expectancy data range on the scatterplot from 27 to 74 /, so this
involves interpolation.

Student performance 80-100%  60-79% 0-59%

a Writing just male is not enough.
b 63% Many students did not state the form as linear.

c (40% This question was not well answered, with many students describing the scatterplot instead of
interpreting the slope of the line as asked. The increase in male life expectancy needed to be related
to 1-unit (year) increase in fernale life expectancy. Answers such as ‘On average, male life expectancy
increased by 0.88 years for every increase in female life expectancy’ were not accepted.

d 78%

e Students need to include the data range values for full marks.

EXERCISE 6.3 Lines of good fit ANSWERS p. 510
Recap
1 Consider the following scatterplot. M
Which statement best describes the association between M and H? e
A no association B non-linear association o: g 0*
e ©
C negative, linear and weak D positive, linear and weak o0’
[ ]
[ ]

E positive, linear and strong

2 A large study of secondary-school male students shows that there is a negative

association between the time spent playing sport each week and the time spent playing computer games.
From this information, it can be concluded that

A male students who spend a lot of time playing computer games do not play sport.

B encouraging male students to spend less time playing sport will increase the time they spend playing
computer games.

C encouraging male students to spend more time playing sport will reduce the time they spend playing
computer games.

male students who spend more time playing sport tend to spend less time playing computer games.

E male students who tend to spend more time playing sport tend to spend more time playing
computer games.
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Mastery

3 [£7] workeD ExavPLE 5 | Round each number to

i two decimal places ii two significant figures.
a 8532 b 43.948 ¢ 0.251 d 46000 e 82.687
f 14.0049 g 3.8974

4 WORKED EXAVPLE 6 | A line of good fit has been drawn

. . . 2

on the following scatterplot showing the time spent by z 2(5)

people of various ages watching a busker. E5s
g

a Find the intercept of the line. g 10
&

b Calculate the slope of the line, correct to

[T ]

two significant figures. 0 5 10 15 20 25
What is the equation of the line of good fit? Age (year)

i Use the line to predict the number of minutes a 14-year-old would spend watching the busker,
rounding to two significant figures.

i State whether this prediction involves interpolation or extrapolation, giving a reason.

e i Use theline to predict the number of minutes a 24-year-old would spend watching the busker,
rounding to two significant figures.

i State whether this prediction involves interpolation or extrapolation, giving a reason.

f Which of the predictions in parts d and e are more reliable? Justify your answer.

5 workep ExavPLE 7 | For each of the following lines of good fit
i identify and interpret the intercept. ii identify and interpret the slope.

a A study of the association between the age and value of a collectible figurine has resulted in the line
of good fit equation

value = 240 + 90 x age
where the value is measured in dollars and the age in years.

b A scatterplot showing the association between the age and price of a particular model of mobile
phone has resulted in the line of good fit equation

price = 1850 — 300 x age
where the price is measured in dollars and the age in years.

¢ A line of good fit fitted to a scatterplot showing the association between the age and value of
a particular video game has the equation

value =105 — 28 x age

where the value is measured in dollars and the age in years.

Exam practice 80-100%  60-79% 0-59%

6 How many significant figures does 4060.0030 have?
A 2 B 3 C 4 D 7 E 8

7 A calculation gives an answer of 23.672 930 64. Which of the following is true?
A The answer rounded to three decimal places is 23.672.

The answer rounded to three significant figures is 23.6.

The answer rounded to three significant figures is 23.0.

The answer rounded to three decimal places is 23.6.

m O O W

The answer rounded to three decimal places is 23.673.
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8 Which one of the following shows a line of good fit?
A B » Cc

9 20031cQ8 MODIFIED | (89% Eighteen students sat for a 15-question multiple-choice test. The
number of errors made by each student on the test and the time they reported studying for the test

was recorded. The equation for the line of good fit for the data is
number of errors = 8.8 — 0.120 x study time

Using the line of good fit, it can be estimated that, on average, a student reporting a study time of
35 minutes would make

A 4.3 errors. B 4.6 errors. C 4.8 errors. D 5.0 errors. E 13.0 errors.

10 B 73% The maximum wind speed
and maximum temperature were recorded each day
for a month. The data is displayed in the scatterplot 297 .
and a line of good fit has been fitted. The response
variable is temperature. The explanatory variable is
wind speed. The equation of the line of good fit is
closest to

A temperature = 25.7 — 0.191 x wind speed

B wind speed = 25.7 — 0.191 x temperature
C temperature = 0.191 + 25.7 x wind speed B 0 5 10 15 20 25 30 35 40
D wind speed = 25.7 + 0.191 x temperature Wind speed (kmh)
E temperature=25.7 + 0.191 x wind speed
11 B 62% A line of good fit has
been fitted to the scatterplot to enable distance, in 100'5 .
kilometres, to be predicted from time, in minutes. 907
The equation of this line is closest to 80_; )t i
A distance = 3.5 + 1.6 x time - 70_5 . ’
B time = 3.5+ 1.6 x distance %; EEE .
C distance = 1.6 + 3.5 x time é 40_5 . o
D time=1.8 + 3.5 x distance - 305 o .
E distance = 3.5 + 1.8 x time 20—§ ° ?
0] oo

LA AR LA IARAE R L T
0 5 10 15 20 25 30 35 40 45 50
Time (minutes)
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Use the following information to answer the next two questions.

The lengths and diameters (in mm) of a sample of jellyfish

20

were recorded and displayed in the scatterplot. The line
of good fit for this data is shown.

The equation of the line of good fit is
length = 3.5 + 0.87 x diameter

T T T T T
4 6 8 10 12 14 16 18
Diameter (mm)

12 2007 1CQ8 MODIFIED | (61% = From the equation of the line of good fit, it can be concluded that
for these jellyfish, on average

A there is a 3.5mm increase in diameter for each 1 mm increase in length.
there is a 3.5 mm increase in length for each 1 mm increase in diameter.
there is a 0.87 mm increase in diameter for each 1 mm increase in length.

there is a 0.87 mm increase in length for each 1 mm increase in diameter.

m O O W

there is a 4.37 mm increase in diameter for each 1 mm increase in length.

13 The intercept of the line of good fit is
A 0.87mm B 3.5mm C 4mm D 6mm E 7mm

14 201810Q10 MODFIED | (51% In a study of the association between a person’s height, in centimetres,
and body surface area, in square metres, the following line of good fit was obtained.

body surface area = -1.1 + 0.019 x height
Which one of the following is a conclusion that can be made from this line of good fit?
A An increase of 1 m” in body surface area is associated with an increase of 0.019 cm in height.
An increase of 1cm in height is associated with an increase of 0.019 m” in body surface area.
There is no association between a person’s height and body surface area.

A person’s body surface area, in square metres, can be determined by adding 1.1 cm to their height.

m O O

A personss height, in centimetres, can be determined by subtracting 1.1 from their body surface area,
in square metres.

15 BN 47% The equation of a line of good fit for the lengths (in metres) and wingspans
(in metres) of eight commercial aeroplanes is

wingspan = =2.99 + 0.96 x length
From this equation it can be concluded that, on average, for these aeroplanes, wingspan
A decreases by 2.03 metres with each one metre increase in length.
increases by 0.96 metres with each one metre increase in length.
decreases by 0.96 metres with each one metre increase in length.

increases by 2.99 metres with each one metre increase in length.

m O O

decreases by 2.99 metres with each one metre increase in length.
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16 2019 2004 MODIFIED | (9 marks) The relative humidity (%) at 9am and 3 pm on 14 days
in November 2017 is shown in the scatterplot with a line of good fit.

Relative humidity (%)

0 T T T T T T
0 20 40 60 80 100 120
Humidity 9am

Name the explanatory variable.

Determine the value of the intercept of the line of good fit and interpret it in the context
of the data.

¢ Determine the value of the slope of the line of good fit and interpret it in the context
of the data.

1 mark

2 marks

2 marks

d Determine the equation of the line of good fit, rounding the values to two significant figures. 2 marks

e Use the line of good fit equation to predict the humidity at 3 pm if the humidity at
9am was 33% and 62%, respectively, to two significant figures. Explain which of these
predictions is more reliable, giving a reason.

Nelson VICmaths General Mathematics 11
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O,

@ Chapter summary

Explanatory and response variables E
o An explanatory variable is a variable that we expect to predict or explain the changes observed in another E
variable, which is called a response variable. E
o If the words ‘explain changes’ or ‘predict’ don't appear in the question, decide which of the two variables is »
the most likely to affect the other variable. E
Scatterplots &
There are three ways scatterplots can be used to describe the association between two numerical variables: f-=>
1 Direction
Positive association Negative association
2 Form
Linear Non-linear No association
3 Strength
& ong association Moderate association Weak association

Association and causation

o Just because two variables have a strong association, it doesn’t necessarily mean that one causes the other.

o It is relatively easy to show an association between two variables. It's much harder to show that one
variable causes change in another variable.
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Rounding

Rounding rules
¢ ‘0-4 round down’ and 5-9 round up’
o round the 9 to 0 and carry the rounding over to the next digit on the left

o include trailing zeros in decimals, if necessary.

Significant figures

Significant figures: Not significant figures:
« any non-zero digit « leading zeros in decimals
« zeros between non-zero digits « trailing zeros in whole numbers.

o trailing zeros in decimals.

Line of good fit
A line of good fit is a straight line that represents the data on a scatterplot and helps us make predictions.
We find a line of good fit ‘by eye’ that

« is close to all the points
o has approximately as many points above the line as below
« may pass through some of the points, none of the points, or all of the points.
The equation of the line of good fit is

response variable = a + b x explanatory variable
where

a = the intercept of the line on the vertical axis

_ rise

b = — = the slope of the line.
run

Making predictions

o We predict values by using the equation of the line of good fit and substituting values into it and solving.
o Predicting within the original data range is called interpolation.

o Predicting outside the original data range is called extrapolation.

o Predictions based on extrapolation are not as reliable as those based on interpolation.

Interpreting a line of good fit equation

We interpret the equation of a line of good fit response variable = a + b x explanatory variable by saying:

o the intercept is a
This means the response variable is a units when the explanatory variable is zero units.

o theslopeisb
This means on average the response variable increases/decreases by b units for every 1-unit increase in
the explanatory variable.

Use the word ‘increases’ when b is positive and ‘decreases’ when b is negative.

Replace the words in bold with the appropriate variable names or units of measure for each variable.
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Cumulative examination 1

Total number of marks: 10 Reading time: 4 minutes Writing time: 23 minutes

1 The histogram shown is best described as

357
30

b
w1
|

20

-
=
o
=
<
=
=
g
x
11}
w
>
-
<
i
=
=
=]
(3]

Frequency (count)
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8 ore

A negatively skewed. B positively skewed.
C symmetric. D negatively skewed with outliers.

E positively skewed with outliers.

2 The sequence generated by the recurrence relation u, = 10, u,,,,; = u, - 3 is
A a decreasing geometric sequence. B an increasing geometric sequence.
C adecreasing arithmetic sequence. D an increasing arithmetic sequence.

E neither arithmetic nor geometric.

3 A machine is purchased for $50 000 and is depreciated on a reducing balance basis at a rate of 12% per
annum. Which of the following would best match the shape of the graph of n against V,, the value of the
machine after n years?

A v, B v,
Y -
*
*
. *
. *
*
.0
[ N - = —
n n
C v, D v
*
s *
.
L ]
.
.
. .
* o o
n H
E v,
.
*
.
.
*
*
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4 The equation of the line shown on the graph is 7
8_

A y=x-6 B y=x+6 4
C y=6-x D y=-6 6
E y=6 |
4_

24

T _|4 T |20_ T éx
27—

5 The total cost of one ice cream and three soft drinks at Catherine’s shop is $9.

The total cost of two ice creams and five soft drinks is $16. Let x be the cost of an ice cream and
y be the cost of a soft drink.

The matrix[ ; }is equal to

6 Research is undertaken to see whether stress scores can predict scores for a particular test. Which of the
following statements is not true?

A A line of good fit can be drawn for this data.
A scatterplot can be drawn for this data.
The variable test score is ordinal.

The explanatory variable is stress score.

m U O W

Both variables are numerical.

7 Which one of the following shows a line of good fit to data that has a strong negative association?

Ay B » C vy
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The number of mice in a colony as weeks pass can be modelled by a line of good fit with the equation

number of mice = 12 + 10 x number of weeks.

8 Which one of the following statements is true?

A

m U O W

9 Which one of the following statements is false?

A

m U O @

Use the following information to answer the next two questions.

The number of mice on average increases by 12 for every one week that passes.
The number of mice on average decreases by 12 for every one week that passes.
The number of mice on average increases by 10 for every one week that passes.
The number of mice on average decreases by 10 for every one week that passes.

The number of weeks on average increases by 10 for every extra mouse in the colony.

-
=
=
=
<
=
=
g
x
w
w
=
=
g
wd
=)
=
-
(3]

The model predicts that the number of mice in the colony is continually increasing.
The number of mice in the colony after two weeks is 32.

The initial population of mice in the colony was 12.

The number of mice in the colony after 10 weeks is 112.

It will take four weeks for the number of mice in the colony to reach 60.

10 The equation of a line of good fit is used to predict the fuel consumption, in
kilometres per litre of fuel, from a car’s weight, in kilograms. The equation predicts that a car with
a weight of 900 kg will travel 10.7 km per litre of fuel, while a car with a weight of 1700 kg will travel
6.7 km per litre of fuel. The slope of this line of good fit is closest to

A

-250 B -0.005 C -0.004 D 0.005 E 200
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Cumulative examination 2

Total number of marks: 18 Reading time: 5 minutes Writing time: 27 minutes

1 (2 marks) Bungee jumpers must be weighed before they jump. The weights, in kg,
of 40 jumpers were recorded in the following table.

Weight (kg) | Frequency

30-<40 3

40-<50 8

50-<60 10

60-<70 10

70-<80 7

80-<90 2

Total 40
a Which statistical graph is the best choice to display this information? 1 mark
b How would you best describe the shape of the distribution? 1 mark

2 [EIIYN 20165 2cQ7 MODIFIED | (2 marks) Hugo is a professional bike rider. The value of his bike
will be depreciated over time using the flat rate method of depreciation. The value of Hugo's

bike, in dollars, after # years, V,, can be modelled using the recurrence relation
V,=8400, V,, =V, - 1200

n+1
a Using the recurrence relation, write down calculations to show that the value
of Hugo's bike after two years is $6000. 1 mark

b Hugo will sell his bike when its value reduces to $3600. After how many years will Hugo
sell his bike? 1 mark

3 (3 marks) The Fantastic Fellows retail store sold a television for $1200 in 2023. At the start
of 2024, it increased all its prices by 10%. At the end of 2024, it has a “10% off” clearance sale.

a What are the terms for the percentage price increase at the start of 2024 and the
percentage price decrease at the end of 2024? 1 mark

b What was the overall percentage change to the price of the television from 2023 to the

end of 2024? 1 mark
¢ If the store had instead decided to increase the $1200 television to $1500 at the start
of 2024, what would the percentage price increase have been? 1 mark
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4 (3 marks) A travel company arranges flight (F), hotel (H), performance (P)

and tour (T') bookings. Matrix C contains the number of each type of booking for a month.

85
C 38
24
43

=] 55) a5

a Write down the order of matrix C. 1 mark

A booking fee, per person, is collected by the travel company for each type of booking.
Matrix G contains the booking fees, in dollars, per booking.

E N PUT
G=[40 25 15 30]

N
=
=
=
<
=
=
g
x
w
w
=
=
g
wd
=)
=
-
(3]

b i Calculate the matrix product J= G x C. 1 mark

ii What does matrix ] represent? 1 mark

5 (8 marks) Happy Home Loans recorded the data on the following scatterplot to see if there
was an association between the loan interest rate and the number of home loan applications
over a year. A line of good fit has been fitted to the data.

» 507
g
S 40
=
% d
2 307
=) ]
&G .
2 201
E
=193
O - T T T T T
0 1 2 3 4 5
Interest rate (% p.a)
State the explanatory variable and response variable. 1 mark
For each variable, state whether it is discrete or continuous. 1 mark

¢ Determine the value of the slope of the line of good fit and interpret it in the context

of the data. 2 marks
d Determine the equation of the line of good fit, rounding the values to the nearest

whole number. 2 marks
e Use the equation of the line of good fit to predict the number of applications if the interest

rate was 2.5% p.a. and 5% p.a., rounding to the nearest whole number. Explain which of

these predictions is more reliable, giving a reason. 2 marks
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@ Introducing graphs and networks

Network diagrams and graphs

One of the most famous mathematical problems in history involved seven bridges that spanned a river in
the German town of Konigsberg (now Kaliningrad, Russia). It became a challenge to see if someone could
complete a walk in a way that crossed each bridge only once. No one had managed to do it, but no one could
prove that it was impossible. The problem was finally solved in 1735 by the Swiss mathematician Leonhard
Euler (pronounced ‘Oiler’), who invented a new diagram called a network diagram and a new area of
mathematics called graph theory.

Konigsberg (north)

Island 1 E i

Bridge

Konigsberg (south) : !

In modern times, graph theory is used to represent real-life situations such as road systems, maps and
friendship networks. The Google search engine is based on graph theory.

ige

Bridge
Brig

Brj

Bridge
“ Bridge

A network is a group of interconnected elements such as people, places or things, and a network diagram
shows these connections. Network diagrams are usually called graphs, so we will be using the term ‘graph;
although these are different to the graphs you’ve come across before.

Vertices, edges and isomorphic graphs

A graph consists of points called vertices that are connected by lines called edges. Two vertices that are
connected by one or more edges are called adjacent vertices. A vertex is usually labelled by a single capital
letter, but it can also appear without a label. Edges are indicated by the two vertices they connect. A graph
with vertices A, B, C and D and edges AB, AC, BC and DC is shown below drawn in four different ways.

e B
A B D B 2
<, A
¢ D c A b
C C
Although these four graphs look different, they show exactly the same network of connections, so they are
considered the same graph. In all four of these graphs

A and B are connected
A and C are connected
B and C are connected
Cand D are connected

Graphs that show exactly the same connections are called isomorphic graphs.

@ Exam hack

When deciding whether graphs are isomorphic, look closely
at the labels of the vertices and where the edges cross.
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VL) 2 VB S B [dentifying isomorphic graphs

For each of the following pairs of graphs, state whether or not they are isomorphic and give a reason
for your answer.

a A B B € b

c AL

D D

c 5 c D c

4 p # J
Steps Working
Do the graphs have the same number of vertices? a These two graphs are not isomorphic because,
Do the graphs have the same number of edges? although they have the same number of vertices

Do the graphs show exactly the same connections? and edges, not all the connections are the Sam?'
In the first graph, C and D are connected, but in

the second graph they aren’t.

b These two graphs are not isomorphic because
they have different numbers of vertices and edges.

¢ These two graphs are isomorphic because they

show exactly the same connections.

Features of a graph

Faces are the enclosed regions of a graph. Before we count faces, we need to check that no edges are
crossing. If they are, we will need to redraw the graph with no crossings where possible.

This graph has six faces. Note that
o the loop at D where an edge starts and ends at the same vertex creates a face
o the two multiple edges between A and E create a face

o the region outside the graph counts as a face.

The degree of a vertex is the number of edges connected to that vertex. For the
above graph: B has degree 3, D has degree 4, and E has degree 5. A loop adds 2 to
the degree of a vertex because it’s connected to the vertex twice.

The degree sum of a graph is the sum of the degrees of all the vertices. For any graph
degree sum = 2 x number of edges
This means the degree sum is always even.

An isolated vertex, which is a vertex with no edges connected to it, has degree 0.

Features of a graph

degree = 4
Edge

degree =2

Vertex Multiple edges

Lt degreesum=2+4+2+4+0=12
® Isolated vertex degree sum = 2 x number of edges =2 x 6 = 12

degree =0 degree =4

Loop
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VL) (5 2 B S8 [dentifying the features of graphs

For each of the following graphs

i count and list the vertices, edges and faces

Steps

a i Count and list the number of vertices
and edges.

Count and list the number of enclosed
regions plus the region outside the
graph.

i Find the degree of each vertex and
add them.

Show that multiplying the number of
edges by 2 gives the same result.

b i 1 Redraw the graph to uncross the
intersecting edges that have no vertex
at the point of intersection.

2 Count and list the number of vertices
and edges.

Count and list the number of
enclosed regions plus the region
outside the graph.

ii Find the degree of each vertex and
add them.

Show that multiplying the number of
edges by 2 gives the same result.

i show that the degree sum is twice the number of edges.

oF
Working
5 vertices: A, B, C, D, E
8 edges: AB, AC, AD, BC x 2, CD, CE, DE
5 faces: 4 enclosed and 1 outside the graph

Vertex A B C| D | E | Sum

Degree K} 3 5 3 2 16

degree sum = 2 x number of edges
=2x38
=16

7 vertices: A, B, C, D, E, F, G

11 edges: AB, AC, AD, BC x 2, BD, CD, CE, DE, EE, EG

7 faces: 6 enclosed and 1 outside the graph

Vertex A | B C| D | E F

G | Sum

Degree K] 4 5 4 5 0

1 22

degree sum = 2 x number of edges
=2x11
=22

@ Exam hack

Watch out for edges that cross without a vertex at the
intersection. Your count of the number of faces in the
graph will be wrong unless you redraw the graph by

uncrossing the edges.

Nelson VICmaths General Mathematics 11
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Adjacency matrices

Adjacency matrices can be used to describe graphs by showing the number of edges connecting each pair
of vertices. For example:

Graph Adjacency matrix Description
B A BCD o lloopAtoA
A L]
Al1 11 o 3 edges between B and C
B|10 30 o 1 edge between A and B,
C 1 3 01 Aand C,Cand D
5 a Do o1 0

o 0 edges everywhere else

Adjacency matrices

Adjacency matrices
o show the number of connections between each pair of vertices of a graph
o are always square matrices

o have row 1 = column 1, row 2 = column 2 and so on.

L) (=0 2 N E S8 Finding adjacency matrices

Represent the following graph using an adjacency matrix. A E
B oG
/D
@
F
Steps Working
1 Set up the square matrix with the vertices as row A BCDETFG
and column labels. Alo o o010 0]
Fill in the first row by counting the connections B
between A and each of the other vertices. g
E
F
G
2 Fill in the first column by copying the first row. A B CDETFGQG
Aloooo0 10 0]
B |0
Cc|o0
D] o0
E |1
F|lo
G| o
3 Continue the steps for each row and column. A BCDEFG
A0 00010 0]
B|10OOOT1TUO0O0O
c|00O010O0O0
D|{0O1 10000
E 1 00 0 0 2 0
F|100O0O?2T00
G|0O0OO0OOUO OO 0O
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EXERCISE 7.1 Introducing graphs and networks ANSWERS p. 511

Mastery

1 WORKED EXAMPLE 1| For each of the following pairs of graphs, state whether or not they are isomorphic

and give a reason for your answer.
a B D b E G E F
B D & ‘&
D H
E

c d

2 woRKED ExAMPLE 2 | For each of the following graphs

i count and list the vertices, edges and faces
i show that the degree sum is twice the number of edges

a M N b

3 For each graph below, find the number of
i vertices ii isolated vertices i edges
iv faces v loops vi vertices with even degrees

vii pairs of vertices with multiple edges and find the degree sum.

a G ] H b c
I I
d A e B f M A
K
Be C D A ¢
G C
E D
E
N
4 WORKED EXAMPLE 3 | Represent each of the following graphs using an adjacency matrix.

a b A c B
A oD
c
A D
B c
E
C
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Exam practice 80-100% 60-79% 0-59%

5 95% A graph that can be drawn from the adjacency matrix

A B C D E
A|l0O 1 001
B|{1 01 01
cC|01 01 2
D|0 01 01
E|l1 1210
is
A A B A B A B
E c E c E \/ c
D D D
D A B E A B
E \,/ C E \/ C
D D
6 93% Consider the following graph.
B
A
C

D

An adjacency matrix that could be used to represent this graph is

Alo 201 B[o 201 clo1 01
201 1 0011 200 1
0101 0001 0101
1110 [0 0 0 0 1110
D[o 2 01 E|[1 201
01 11 210 1
01 11 0110
001 11 (00 1 1

7 92% Which one of the following graphs contains a loop?

- =
R
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8 89% The number of edges in the graph is
A 5 B 7 C 8
D 10 E 11

9 X 87% The sum of the degrees of all
the vertices in this network diagram is

A 6 B 7 C 8
D 9 E 10

10 B 85% The number of vertices with an odd
degree in the network diagram is

Al B 2 c 3
D 4 E 5

11 B 83% Two graphs, labelled Graph 1 and Graph 2, are shown.

Graph 1 Graph 2

The sum of the degrees of the vertices of Graph 1 is

A two less than the sum of the degrees of the vertices of Graph 2.
one less than the sum of the degrees of the vertices of Graph 2.
equal to the sum of the degrees of the vertices of Graph 2.

one more than the sum of the degrees of the vertices of Graph 2.

m O O

two more than the sum of the degrees of the vertices of Graph 2.

12 BN 81% A network is represented by the following graph.

Which one of the following graphs could not be used to represent the same network?

A B Cc D E
13 &Y 61% In the network diagram shown, the number P
of vertices of even degree is
r—— O
A 2 B 3 C 4
D 5 E 6 g
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14 (2 marks) In a competition, members of a team work together to complete
a series of challenges. The members of one team are Kristy (K), Lyn (L), Mike (M) and Neil (N).
In one of the challenges, these four team members are only allowed to communicate directly
with each other as indicated by the edges of the following network diagram.

K L M N
Kristy #——¢ Lyn
x|l0 100
L 1 01 0
M|0 f 01
Neil &——@ Mike N 0 g 1 0

The adjacency matrix also shows the allowed lines of communication.
a 79% Explain the meaning of a zero in the adjacency matrix. 1 mark

b 79% Write down the values of fand g in the adjacency matrix. 1 mark

15 N (3 marks) The Sunny Coast Cricket Club has five new players join its team:
Alex, Bo, Cameron, Dale and Emerson. The graph below shows the players who have played
cricket together before joining the team. For example, the edge between Alex and Bo shows
that they have previously played cricket together.

Alex

Emerson

Dale

» Cameron

95% How many of these players had Emerson played cricket with before joining the team? 1 mark
b (58% Who had played cricket with both Alex and Bo before joining the team? 1 mark

¢ 91% During the season, another new player, Finn, joined the team. Finn had not played
cricket with any of these players before. Copy the graph and represent this information. 1 mark

@ Types of graphs

Connected graphs

A connected graph is a graph where there is a path from any vertex to any other vertex. For example:

Connected graphs Not connected graphs

A
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~ Planar graphs

P4
(T . ;
Planar graphs are connected graphs that can be drawn so no edges are crossing. It doesn't matter whether
Worksheet it’s actually drawn with crossed edges. What’s important is how it can be drawn.

Planar graphs
This is a planar graph. Although two edges are crossing, it can be redrawn so that no edges cross.

A B A B

Redraw

ﬁ

This is not a planar graph. It’s possible to redraw it so that some of the edges aren’t crossing, but it’s
impossible to redraw it with no edges at all crossing.

B B

— X7

E D E D

Trying to uncross the last two edges always results in a different cross.

Euler’s formula
Euler’s formula applies to graphs that are both planar and connected:

number of vertices + number of faces — number of edges = 2

or
vif-e=2
Graph Features ‘ Euler’s formula
A B connected v=4,f=4,e=6
5 planar sov+f-e=4+4-6=2
4 Euler’s formula works for
1 this graph.
C 3 D
B connected Euler’s formula doesn’t work
not planar because, although it’s connected,
A C it isn’t planar. We can’t identify
all the faces if we can’t uncross all
the edges.
E D
not connected | Euler’s formula doesn’t work
3 planar because although it’s planar, it

isn’t connected. For this graph:
v=8,f=3,e=8
givingv+f-e=8+3-8=3
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Euler’s formula

For connected planar graphs
v+f-e=2

where
v = the number of vertices
f=the number of faces
e = the number of edges.

The formula is often rearranged to give Euler’s formula:

vif=e+2
VL) (5l 2 VB SR Verifying Euler’s formula
For the graph shown N =
a redraw it to show it is a planar graph i wB
b state whether or not it is a connected graph, giving a reason p.107
¢ verify that Euler’s formula works or show that it doesn’t. g & O
Steps Working
a To uncross the edges, move edge LO around the N
outside of the graph. L
Q@ ¢ /¢
The graph can be redrawn without any edges
crossing, so it is a planar graph.
b Use the definition of a connected graph. There is a path from each vertex to every other
vertex, so it is a connected graph.
¢ Count the number of vertices, faces and edges, N
and substitute into Euler’s formula to see if the L
result is 2. s/ |7
1|2 6
3
Q@ » /¢
v=6,f=7e=11
v+f-e=6+7-11
=2
Euler’s formula works for this graph.
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VL) <H el o N E SE Using Euler’s formula

a A connected planar graph has 13 edges and 6 faces. How many vertices does it have?

b A connected planar graph has 11 vertices and 5 faces. How many edges does this graph have?

Steps Working
a Substitute the known values into Euler’s formula  Substitute e= 13 and f=6into v + f— e = 2.
and solve to find v. v+6-13=2
v=2-6+13
-9

The number of vertices is 9.

b Substitute the known values into Euler’s formula  Substitute v=11and f=5into v + f—e=2.

and solve to find e. 11+5-¢=2
e=11+5-2
=14

The number of edges is 14.

Subgraphs

A subgraph is part of a larger graph. It can only have vertices and edges that are in the larger graph.
] K J K ] K
I:j> L and % are both subgraphs of L
N M N N M

As with all graphs, it doesn't matter whether the edges are drawn curved or straight.

VL) S o N B SEEE dentifying subgraphs

For each of the following graphs, state whether it is a subgraph of this graph, giving reasons for
your answers.

) I H b, A @ © > d f
g H
v w @
C F C F

Steps Working
Does the graph contain only vertices and edges a Itis a subgraph because it only has vertices and
from the original graph? edges from the larger graph.

b It is a subgraph because it only has vertices and
edges from the larger graph.

¢ Itis not a subgraph because it has two edges
(BD and EC) that are not in the larger graph.

d It is not a subgraph because it has three edges
connecting F and H and the larger graph has

only two.

Nelson VICmaths General Mathematics 11 9780170448192




EXERCISE 7.2 Types of graphs ANSWERS p. 511

Recap

1 92% The graph represents a friendship network. K L

The vertices represent the four people in the friendship network: Kwan (K),
Louise (L), Milly (M) and Narelle (N). An edge represents the presence

of a friendship between a pair of these people. For example, the edge

N M
connecting K and L shows that Kwan and Louise are friends.
Which one of the following graphs does not contain the same information?
Ay N B K L C M L D N M E N M
p
K 1 N M N K K L K L
2 76% The sum of the degrees of all the vertices in the graph is
A 6 B 8 CcC 9 D 11 E 12 o

Mastery

3 WORKED EXAMPLE 4 | For each of the following graphs

i redraw it to show it is a planar graph
i state whether or not it is a connected graph, giving a reason
i verify that Euler’s formula works or show that it doesn’t.

cC N O d B E

a H 1 b C
C
D M¢ » P A I F
G J B D G
E L Q
F E H
A

4 WORKED EXAMPLE 5 |

a A connected planar graph has 8 edges and 5 faces. How many vertices does this graph have?

b A connected planar graph has 10 vertices and 6 faces. How many edges does this graph have?

¢ A connected planar graph has 9 vertices and 10 edges. How many faces does this graph have?

5 workeb ExavPLE 6 | For each of the following graphs, state whether it is a subgraph of

giving reasons for your answer.

aAO b ,
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Exam practice 80-100% 60-79% 0-59%

6 89% A connected planar graph has seven vertices and nine edges. The number of
faces that this graph will have is

Al B 2 Cc 3 D 4 E 5

7 2004 1NQ1 MODIFIED | 83% A subgraph of the graph

B C
E
A D 7]
F
is
A B C B B »C C
A E n 2 E
F
F
D / E C
A A E
F

8 76% A connected planar graph has 12 edges. This graph could have
A 5 vertices and 6 faces. B 5 vertices and 8 faces. C 6 vertices and 8 faces.

D 6 vertices and 9 faces. E 7 vertices and 9 faces.

of edges that need to be added to make this a connected graph is
Al B 2 Cc 3
D 4 E 5

9 74% Consider the following graph. The smallest number
\ °
[ ]

10 68% A connected planar graph has 10 edges and 10 faces. The number of vertices
for this graph is

A 2 B 5 C 8 D 12 E 20
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11 67% The graph on the right is a subgraph C
of which of the following graphs?

A® oD
A C B B »C C C
- A
A D A »D A b
D oC E B
Ae oD A c
D

12 66% A connected planar graph has 10 vertices and 15 edges. A number of edges
are removed to leave a connected graph with 10 vertices and 3 faces. The number of edges that were
removed is

A 4 B 5 C 6 D 7 E 8

13 58% Consider the planar graph shown.

Which one of the following graphs can be redrawn as the planar graph
on the right?

| z % | é % | @
D § E E
14 Four graphs are shown below. How many of these graphs are planar?

T

4
15 Which one of the following is a planar graph with five vertices and two faces?
A 4 D B 4 B C 4 C
B
E
E
c D D E

B c
D 4 E B
D A
B E
E D
C C
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@ Walks and weighted graphs

Types of walks

Graphs can be used to solve travelling and exploring problems where we want to find the shortest route

between different locations. These problems involve moving from one vertex to another via an edge and

are described by listing the vertices that are visited in order. You will need to know the following definitions

when dealing with travelling and exploring problems.
A walk is a sequence of connected vertices.
A-B-E-C-E-D is an example of a walk in this graph:
In a walk, edges and vertices can be repeated.

In this example, the edge EC is travelled along
twice and the vertex E is visited twice.

A trail is a walk with no repeated edges.
A-B-E-C-D-E is an example of a trail in this graph:
In a trail, vertices can be repeated. In this example,
the vertex E is visited twice.

A circuit is a walk with no repeated edges that starts
and finishes at the same vertex.

A-B-E-C-D-E-A is an example of a circuit in this graph:

In a circuit, vertices can be repeated. In this example,
the vertices A and E are visited twice.

A path is a walk with no repeated vertices.

A-B-E-C-D is an example of a path in this graph:

A cycle is a walk with no repeated vertices that starts
and finishes at the same vertex.

A-B-E-C-D-A is an example of a cycle in this graph:

Nelson VICmaths General Mathematics 11
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Types of walks

Walks that: ‘ Trail | Circuit ‘ Path ‘ Cycle
have no repeated edges v v v v
have no repeated vertices v v
start and finish at the same vertex v v

Walk classification chart

Does the walk
have repeated
edges?

Does the walk
Walk have repeated

vertices?
Yes wi
Does the walk Does the walk
start and finish start and finish
at the same at the same
vertex? vertex?

( cirout | ( mal )] [ cyle | [ Path |
VL) < o N B Sy A Classifying walks shown on a graph =

For each of the following walks, state whether it is a trail, path, circuit, cycle or a walk only, and give wB
a reason for your answer.

T

p. 110

a n
tart

b n
tart

C tart

<7

d tart nd e tart
nd —

N N\
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Steps

ask the three questions, in this order, for each one:
1 Does the walk have repeated edges?
2 Does the walk have repeated vertices?

3 Does the walk start and finish at the
same vertex?

Use the Walk classification chart on page 317 and

Working

a

cycle: no repeated edges, no repeated vertices
(except the first and last vertex), and starts
and finishes at the same vertex

circuit: no repeated edges, a repeated vertex,
and starts and finish at the same vertex

trail: no repeated edges, a repeated vertex,
and doesn’t start and finish at the same vertex

path: no repeated edges, no repeated vertices,
and doesn’t start and finish at the same vertex

walk only: repeated edge

VL) (50 2 B SR Classifying walks from a list of vertices

Use the Walk classification chart to ask three
questions, in this order, for each one:

1 Does the walk have repeated edges?
2 Does the walk have repeated vertices?

3 Does the walk start and finish at the same
vertex?

cycle or a walk only, and give a reason for your answer.

Byron is trekking along paths on Wombat Island. For each
of the following walks, state whether it is a trail, path, circuit,

a

a C-E-B-A-F-E-D b D-C-E-B-A-F

¢ D-C-E-B-A-F-D d D-C-E-B-A-F-E-D
e C-D-E-F-A-B-E-D f F-E-B-A-F-E
Steps Working

trail: no repeated edges, a repeated vertex E, and
doesn’t start and finish at the same vertex

path: no repeated edges, no repeated vertices,
and doesn't start and finish at the same vertex

cycle: no repeated edges, no repeated vertices
(except the first and last vertex), and starts and
finishes at the same vertex

circuit: no repeated edges, a repeated vertex E,
and starts and finish at the same vertex

walk only: repeated edge (DE is the same
edge as ED)

walk only: repeated edge FE

Nelson VICmaths General Mathematics 11
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Weighted graphs and shortest paths

A weighted graph (sometimes just called a network) is a graph where extra information such as distances,
times or costs is labelled on the edges.

The weighted graph here shows the distances, in kilometres, by road between several towns. Note that
the lengths of the edges don't need to match the weight. For example, the edge showing a distance of
30km doesn’t have to be drawn three times as long as the edge showing a distance of 10km. As with all
the graphs we've been dealing with, it doesn’t matter what length the edges are drawn or whether they

are curved or straight.
30 17
A

We use weighted graphs to solve shortest path problems. These are problems involving finding the shortest
distance, shortest time or least cost from a starting point to an end point. For example, in the above graph
we might want to find the route from S to W with the shortest distance.

Vo) S S N E Sl Finding the shortest path

The network shows the travel times, in minutes, along

a series of roads. Find the shortest time, in minutes,
that it takes Phil to travel from his house to Jill's house
by listing all the options.

Steps Working
1 Add labels to the vertices.

2 List the path options and calculate the total time ~ Phil-F-E-Jill takes 6 + 4 + 5= 15min
of each option. Phil-A-B-C-Jill takes 1 + 2 + 10 + 7 = 20 min
Phil-A-B-D-C-Jill takes 1 + 2 +3 + 3 + 7 = 16 min
Phil-A-B-D-E-Jill takes 1 + 2 +3 + 3 + 5 = 14min

3 Write the answer. The shortest time needed for Phil to travel to
Jill's house is 14 minutes.
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EXERCISE 7.3 Walks and weighted graphs ANSWERS p. 512

Recap
1 76% A connected planar graph of 15 edges has 8 faces. The number of vertices in
this graph is
A 3 B 7 Cc 9 D 23 E 25
2 Which one of the following graphs is not planar?
A B Cc D E

Mastery

3 workeb ExaMPLE 7 | For each of the following walks, state whether it is a trail, path, circuit, cycle
or a walk only, and give a reason for your answer.

a End b Start (o] Start @ End

AN ANy /N
N/ N\
. N N

d Start @ End e Start

/N /

s/
/N

4 [ZZ workep exampLes | Elke is hiking along tracks in the Ranges National Park. For each of the following
walks, state whether it is a trail, path, circuit, cycle or a walk only, and give a reason for your answer.

ce B A !
D g
A K
E G
a K-H-I-J-H-G-K b C-E-B-A-F-D-C ¢ A-F-G-K-H
d G-K-H-I-]-K-H-G e D-E-C-D-F-G f G-K-J-I-H-K-G

5 WORKED EXAMPLE 9 | The network shows the travel times, in minutes, along a series of roads. Find the
shortest time, in minutes, that it takes to travel from Summerton to Trentdale by listing all the options.

16 Trentdale
15

Summerton 6
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Exam practice 80-100% 60-79% 0-59%

.l ©vcaa 93% The network shows the 4

1
distances, in kilometres, along roads that connect ) ‘7 1
the cities of Austin and Boyle. The shortest distance,  Ayutin Boyle
in kilometres, from Austin to Boyle is
A 7 B 8 c 9
D 10 E 11

7 2020 INQ2 MODIFIED | (88% Consider the graph.

Which one of the following is not a cycle for this graph?

A ABCDFEGA B BAGEFDCB
C CDFEGABC D DCBAGFED
E EGABCDFE

8 2008 1NQ3 MODIFIED | (89% A cycle for the graph is
A KJIHGLFEDK B DKLIJHGFED
C DEFGHIJKD D JIKDLHGFE
E GHILKJILDEFG

9 BN 88% Consider the following graph.
Which one of the following is not a path for this graph?
A PRQTS B PQRTS C PRTSQ
D PTQSR E PTRQS

to a vertex already used is

Q
T
10 The total number of paths connecting A and C without returning 4 3
D
A3 B 4 Cc 5 D 7 E 8 F
E

11 The graph represents six towns and the roads connecting

them. The distance between the towns (via the roads) is

written on the edges.

The difference between the longest route and the
shortest route between town A and town F (without
passing a town more than once) is

A 137km B 173km C 307km
D 310km E 480km
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12 66% The network shows the

distances, in kilometres, along a series of roads that
connect town A to town B. The shortest distance,
in kilometres, to travel from town A to town B is

A9 B 10 Cc 11
D 12 E 13
13 For the graph shown, how many of the following are possible? B
walk circuit trail cycle path A =/\_ c
A 0 B 1 C 2
D 3 E 4 !
D

14 2019 2NQ1 MODIFIED | (3 marks) Fencedale High School has six buildings. The network
below shows these buildings represented by vertices. The edges of the network represent

the paths between the buildings.

Office

Science
laboratories

Mathematics .
classrooms Gymnasium
a 9% Which building in the school can be reached directly from all other buildings? 1 mark
b A school tour is to start at the office, visiting each building only once.
i What type of walk is this route? 1 mark
ii '93% Copy the diagram below and draw in a possible route for this school tour that
finishes at the office. 1 mark
Office
B A --s
y ; RS --0 Library »
Science ! /’ ,/"/_’:/"'/ !
laboratories . /-7 I'Computer
| K | rooms
Mathematics - - _ . : et .
classrooms 7777 Gymnasium
9780170448192
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15 2010 2NQ2 MODIFIED | (3 marks) The diagram shows a network of tracks (represented by
edges) between checkpoints (represented by vertices) in a short-distance running course.
The numbers on the edges indicate the time, in minutes, a team would take to run along each track.

Checkpoint Y

A challenge requires teams to run from checkpoint X to checkpoint Y using these tracks.
a 78% What would be the shortest possible time for a team to run from checkpoint X
to checkpoint Y? 1 mark
b Teams are required to follow a route from checkpoint X to checkpoint Y that passes
through every checkpoint once only.
i What type of walk is this route? 1 mark

ii 78% Copy the network diagram and on it draw in the route from checkpoint X
to checkpoint Y that passes through every checkpoint once only. 1 mark

16 (8 marks) Leonhard Euler showed it was impossible to complete a walk in Kénigsberg that
visited both sides of the river and the two islands by crossing each bridge only once.

Konigsberg (north)

Bridge
BI' Id ge :
Br1dge

Island 1

Island 2

Bridge
~ Bridge \

Konigsberg (south) %i,*
a Ina graph showing this, are the bridges vertices or edges? 1 mark
b Draw a graph of the Konigsberg bridge problem that includes the names of the
four locations. 1 mark
¢ What sort of walk was Euler investigating? 1 mark

The German mathematician Carl Hierholzer went one step further than Euler and proved
that for a trail without repeated edges to be possible, a connected graph has to have exactly
zero or two vertices of odd degree.
d List the degree of each of the four locations and use Hierholzer's proof to show that it

is impossible to visit the locations by crossing each Konigsberg bridge only once. 2 marks
e Redraw the graph deleting one edge connecting Kénigsberg (north) and Island 1 and

explain how this now makes a trail without repeated edges possible. 2 marks
f Add numbered arrows to your graph to show a trail that has no repeated edges

(called an Eulerian trail). 1 mark
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Worksheets
Minimum
spanning trees

Shortest
paths and
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324

Minimum spanning trees

Trees and spanning trees
A tree is a connected graph with no loops, multiple edges, or cycles.

This graph is an example of a tree: E

D

These are not trees:

E E E E
A <‘ A ! < A B ; A B ;
\ D D D D
C C C C
not a connected graph contains a loop contains multiple edges contains a cycle

A spanning tree is a tree subgraph that connects all the vertices of the original graph. Every connected
graph has at least one spanning tree.

The three spanning trees for A B

are shown below: c

o A treeis a connected graph with no loops, multiple edges or cycles.

o The number of edges in a tree is always one less than the number of vertices.

Spanning trees
o A spanning tree is a tree subgraph that connects all the vertices of the original graph.

o Every connected graph has at least one spanning tree.
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L) (5 2 CNU B S [dentifying spanning trees

Which of the following graphs are a spanning tree of the

graph shown? For those that are spanning trees, verify
that the number of edges is one less than the number of
vertices. For those that aren’t spanning trees, give a reason.

a b 4 E G c A4 E G
H H
gd P Bd D
F F
@ I © I
d A E G e A E G f
H H
B b 7 B P i —
C 1 C 1 wWB
Steps Working p. 113
Is it connected? a This graph is not a spanning tree.
Does it have all the vertices of the original graph? It is not connected.
Does it have no loops? b This graph is not a spanning tree.
Does it have no multiple edges? It has an edge (CI) that isn’t in the original graph.
Does it have no cycles? ¢ This graph is not a spanning tree.
It has a cycle.

d This graph is a spanning tree.
It has 9 vertices and 8 edges.

e This graph is a spanning tree.
It has 9 vertices and 8 edges.

f This graph is not a spanning tree.

It has a loop.

Minimum connector problems

Spanning trees are used to solve minimum connector problems. These problems, like the shortest path
problems, involve weights on the edges of the graph that represent quantities like distance and cost.

A minimum connector is the minimum weight path connecting all the vertices in a graph. This is different
to the shortest path, which is the minimum weight path between two particular vertices and doesn’t have
to contain all the vertices in a graph.

To solve a minimum connector problem, we need to find the minimum spanning tree, which is the
spanning tree with the smallest total weight. Minimum spanning trees are used when connecting
broadband networks like the NBN, water pipe systems and in real-time face recognition software.
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=S| VL) (5 2 VB S B R Finding minimum spanning trees by inspection

we Find all the spanning trees for the network shown, and hence, 5
p. 114 find the total weight of the minimum spanning tree.
Y s
4
A B C
Steps Working
1 Work out how many edges need to be A spanning tree has 4 vertices and 3 edges. The
removed from the graph to create a original graph has 4 edges, so we need to remove
spanning tree: one edge to create a spanning tree.

e The number of edges in a tree is always
one less than the number of vertices.

* A spanning tree has the same number
of vertices as the original graph.

2 Remove each edge in turn to see which
options result in a spanning tree. Calculate 3

the total weight of each spanning tree and Remove edge BC.

&
- w}

=
5]
@)

find the one with the smallest total weight.

Total weight of spanning tree = 15

Remove edge BD.

=~
w
> o)

b
=
9}

Total weight of spanning tree = 17

o

Remove edge CD.

S

B C

Total weight of spanning tree = 12

o

8 Remove edge AB.

B

[ ]
A B C
This isn’t a connected graph, so it’s not a tree.

The total weight of the minimum spanning tree is 12.

Greedy algorithms

When graphs become more complex, it becomes too difficult to solve problems like shortest path and
minimum connector by inspection. In these cases, we solve them by using a greedy algorithm. A greedy
algorithm is a series of steps where at each step a choice is made that is the best at that moment. So, for

a shortest path and minimum connector problem, it involves choosing the smallest weight at each time.

Prim’s algorithm is a greedy algorithm that gives a series of steps to find a minimum spanning tree for
a graph.
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Prim’s algorithm for finding a minimum spanning tree

1 Start at any vertex and choose the edge with the lowest weight connected to this vertex.

2 Look at all the edges connecting to the vertices you've chosen so far (not just the last vertex connected)
and choose the edge with the lowest weight that doesn’t connect to a vertex already in the tree.
If there are edges with equal lowest weights, choose one of them.

3 Repeat step 2 until all the vertices in the graph are included in the tree.

@ Exam hack

Questions don’t always say to use Prim’s algorithm, but
you can use it for any minimum spanning tree problem.

VL) (=0 2 B S8 B8 Finding minimum spanning trees using Prim’s algorithm

Use Prim’s algorithm to find the minimum spanning tree for the B 1 c
weighted graph shown, and hence, find the total weight of the
minimum spanning tree. ) . 7
A i D
5 5
E

Steps
1 Start at any vertex and choose the edge with the lowest weight connected to this vertex.

2 Look at all the edges connecting to the vertices you've chosen so far (not just the last vertex connected)
and choose the edge with the lowest weight that doesn’t connect to a vertex already in the tree. If there
are edges with equal lowest weights, choose one of them.

3 Repeat step 2 until all the vertices in the graph are included in the tree.

Working
Lowest
weight
1 1 1
B C B @ C B C B C
Lowest ©) ®) 3 3
weight @ 7 2 7 2 @ 2 %
—> —> Lowest —>
weight 4
Start A D A @ D A @ D A D
©) 5 (5) 5 (5) 5 Equal (5) (5) Equal
lowest lowest
E E E weight E weight

With the next step all the vertices have This gives us two minimum spanning trees
been included: with the same total weight:

1 1 1 1

B » C B C B ¢y C B e C
3
2 7 2 7 2 2
4 4 4 4
A »D or A D A D or A D
5 5 5 5 5 5
E E E E

The total weight of the minimum spanning treeis 1+2+4 +5=12.
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~s, VCE QUESTION ANALYSIS
‘ L 4

1
2012 2NQ1 MODIFIED | 2012 Examination 2 Networks and decision mathematics Question 1 (5 marks)

Video playlist
Introducing
graphs and The total length of pipe that supplies water from a pump to the eight locations on a farm
netWOI’kS . . . . . . . . . . .
(including the house) is a minimum. This minimum length of pipe is laid along some of the

edges in this network. (All distances are in metres.)

A T 8
70 -7 b N ot O
B ; s 50 Ne® o “. 90
Lot 40,' So, & ot 382
- IS =2 .
o ' R s b
. ) --9 House ’ ' .
- ! 80 -7 [\ ' N
S g o3 Y 70, 4 Pump
ROLEN R s i ; )
RV T f \ 4 :60 L’
; ] .
. ;1200 ] ot
70 - p )
5 ; v i .
5 , 2 i 80 Dam
N -
gilsy W S sep ok
. '
. ’l P 0 ~\~ k "'
0o S
e 2

Determine the shortest distance between the house and the pump. 1 mark
b How many vertices on the network diagram have an odd degree? 1 mark
¢ The farmer has found a way of travelling from his house to the pump and visiting

all locations only once. What type of walk is this? 1 mark
d Copy the diagram and on it draw the minimum length of pipe that is needed

to supply water to all locations on the farm. 1 mark
e What is the mathematical term that is used to describe this minimum length of pipe

1 mark

in part d?

Reading the question
o What is the definition of a degree of a vertex?
 Be clear on the definitions of different types of walks.

o Part d asks you to draw the minimum length of pipe, not calculate its length.

Thinking about the question
o You need to know the difference between a shortest path problem and a minimum connector

problem.
o Part a refers to the shortest distance between two vertices.

Part d refers to the minimum distance between all the vertices.

Worked solution (v = 1 mark)

a By inspection the shortest distance is 160 metres.

b Counting the number of edges connecting to each vertex tells us there are 2 v vertices that have
odd degrees.

¢ Does the walk have repeated edges? No
Does the walk have repeated vertices? No

Does the walk start and finish at the same vertex? No

The walk is a path.
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d Using Prim’s algorithm:

Shortest 40

LT 40,‘ ~~ House .-~ /1 .90
o: | - K
Start‘\ | 80_--% 70,
e /0120 60

N 701" “
90, 40/‘\\50

70 N ,f:/?‘\\
W;t \I:Iousg’ K : \\\
tai'f‘x ' 80/’,:,.‘: // E <

e A N20 160

Equal Equal
shortest shortest

:"""""""‘Z.\
70 P 70,71
./(" S House.-~ /1 90
’H — Start‘\‘ . 80 .--"% ,

Pump ~e” ! ‘\120/,’

. . Pump
N 70, Ny -
Dam “ : L) 89’
90, 407 K Dam
et 80 L
____________ ®

*~ House.-~

: @)
,ﬂ — tart =77 ‘, X .,

i

T N120

- N
Pump
Dam

L,/ Shortest

All the vertices have been included.

e This is a minimum spanning tree. v/
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Student performance
This was straightforward.
A large number of incorrect responses ranged from 1 to 7.

This relies on students being clear on the definitions of walks, trails, paths, cycles and circuits.

o O T o

This question was not well done by many students. The following was a common incorrect answer:

40

This answer may have been found by starting at the pump and then selecting the shortest edge from
only the very last vertex connected, rather than any of the already-connected vertices. After choosing
the third edge (from the pump) marked 40, the edge marked 60 should have been selected next,
rather than just choosing the smallest edge that immediately followed the 40. Using Prim’s algorithm
is a weakness that needs to be addressed.

e Many students gave incorrect answers such as shortest path and others.

EXERCISE 7.4 Minimum spanning trees ANSWERS p. 513

Recap

1 RGNV 2010 1NQ1 MODIFIED D
- J The graph <4
B

is a subgraph of which one of the following graphs?

A A B B 4, B C a B D A B E A B
D
C D C«ED C D ¢

2 Hunter rides his bike to school each day. The edges of the network shown
represent the roads that Hunter can use to ride to school. The numbers on the edges give the distance,
in kilometres, along each road.

School

What is the shortest distance that Hunter can ride between home and school?

A 10km B 11km C 12km D 14km E 23km
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Mastery

3 WORKED ExAMPLE 10 | Which of the following graphs are

E G
. . A
a spanning tree of the graph on the right? For those that are H
spanning trees, verify that the number of edges is one less than B ‘
the number of vertices. For those that aren’t spanning trees, ‘v
¢ )

give a reason.

F

d e 4 E G f
H
B D
C I
F
4 WORKED ExAMPLE 11 | Find all the spanning trees for the network shown, 2
and hence, find the total weight of the minimum spanning tree. S \7
3
3
5 WORKED EXAMPLE 12 | Use Prim’s algorithm to find the minimum B 10 c
spanning tree for the weighted graph shown, and hence, find the total 3 9
weight of the minimum spanning tree. 4, K |7
A D
4

6 The Plumbtree plumbing company has been hired to connect
five huts in a national park with running water. The weighted
graph shows the distances, in metres, from the water source W
to each of the five huts. Use Prim’s algorithm to find the
minimum spanning tree, and hence, find the minimum length
of piping needed to connect to all five houses.

H1

Exam practice 80-100% 60-79% 0-59%

7 The minimum number of edges to be removed from this graph A
to create a spanning tree is 5
Al B 2 c 3 P
D 4 E 5
E F G
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8 91% Which of the following graphs is a tree?

A B C

G P

9 81% Which one of the following is not a spanning tree for the network?

10 78% The vertices of the graph represent nine

computers in a building. The computers are to be connected with
optical fibre cables, which are represented by edges. The numbers
on the edges show the costs, in hundreds of dollars, of linking

these computers with optical fibre cables.

Based on the same set of vertices and edges, which one of the following graphs shows the cable layout
(in bold) that would link all the computers with optical fibre cables for the minimum cost?
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11 76% For this network, the length of the

minimum spanning tree is
A 30 B 31 C 35
D 39 E 45

12 75% The length of the minimum spanning 4

tree for this network is 11 V 12
A 15 B 22 C 28

4
4
13 70% The minimum spanning tree for this

network will include the edge that has a weight of 9 10
A3 B 6 C 8

D 9 E 10 8

1 2 4 5
- 3 - 7 - 6

14 (83 marks) James, Dante, Tahlia and Chanel

are four children playing a game. In this children’s game,

seven posts are placed in the ground. The network shows

the distances, in metres, between the seven posts. The aim of
the game is to connect the posts with ribbon using the shortest
length of ribbon. This will be a minimum spanning tree.

a Copy the diagram and draw a minimum spanning tree for this network on it. 1 mark
b Determine the length, in metres, of this minimum spanning tree. 1 mark
¢ How many different minimum spanning trees can be drawn for this network? 1 mark

15 (2 marks) At the Farnham showgrounds, N 70,

. . . ' P P
eleven locations require access to water. These locations \ N
. . 60, 608
are represented by vertices on the network diagram shown. LT 60 ‘
. . . 70 s 601
The dashed lines on the network diagram represent possible 70 60 ¢ 40 50’:/ 70
water pipe connections between adjacent locations. The o e 50 !
numbers on the dashed lines show the minimum length e

of pipe required to connect these locations in metres.
All locations are to be connected using the smallest total length of water pipe possible.
a Copy the diagram and on it show where these water pipes will be placed. 1 mark

b Calculate the total length, in metres, of water pipe that is required. 1 mark
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@ Chapter summary

Features of a graph

degree = 4
Edge

degree =2

Vertex Multiple edges

degree = 2

® Isolated vertex
degree =0 degree = 4
degreesum=2+4+2+4+0=12
degree sum = 2 x number of edges =2 x 6 = 12

Loop

Adjacency matrices

Adjacency matrices

o show the number of connections between each pair of vertices of a graph
o are always square matrices

o have row 1 = column 1, row 2 = column 2 and so on.

Types of graphs

« Isomorphic graphs are graphs that show exactly the same connections.

o A planar graph is a connected graph that can be drawn so that it doesn’t have any edges crossing.
o A connected graph is a graph where there is a path from any vertex to any other vertex.

o A subgraph is part of a larger graph.

o A weighted graph is a graph where extra information such as distances, times or costs is labelled
on the edges.

o A tree is a connected graph with no loops, multiple edges, or cycles.
The number of edges in a tree is always one less than the number of vertices.

o A spanning tree is a tree subgraph that connects all the vertices of the original graph.
Every connected graph has at least one spanning tree.

o A minimum spanning tree is the spanning tree with the smallest total weight.

Euler’s formula
o For connected planar graphs
vef-e=2
where
v = the number of vertices
f=the number of faces

e = the number of edges.
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Types of walks

o A walk is a sequence of connected vertices.

o A trail is a walk with no repeated edges.

o A circuit is a walk with no repeated edges that starts and finishes at the same vertex.
o A path is a walk with no repeated vertices.

o A cycle is a walk with no repeated vertices that starts and finishes at the same vertex.

Does the walk
have repeated
edges?

Does the walk
Walk have repeated
vertices?
wi
Yes (

Does the walk Does the walk

start and finish start and finish
at the same at the same
vertex? vertex?

No

( cireut | ( Tail ) [ oyce ) [ Path |

Walk summary

Walks that: ‘ Trail ‘ Circuit ‘ Path ‘ Cycle
have no repeated edges v v v v
have no repeated vertices v v
start and finish at the same vertex 4 v

Finding the shortest path
» A weighted graph is a graph where extra information is labelled on the edges.

o The shortest path can be found by inspection if the graph isn’t complex.

Finding a minimum spanning tree
o A tree is a connected graph with no loops, multiple edges, or cycles.
o The number of edges in a tree is always one less than the number of vertices.
A spanning tree is a tree subgraph that connects all the vertices of the original graph.
o A minimum spanning tree is the spanning tree with the smallest total weight.
o Use Prim’s algorithm for complex graphs:
1 Start at any vertex and choose the edge with the lowest weight connected to this vertex.

2 Look at all the edges connecting to the vertices you've chosen so far (not just the last vertex connected)
and choose the edge with the lowest weight that doesn’t connect to a vertex already in the tree. If there
are edges with equal lowest weights, choose one of them.

3 Repeat step 2 until all the vertices in the graph are included in the tree.
o Prims algorithm is an example of a greedy algorithm, which is a series of steps where at each step a choice

is made that is the best at that moment.
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Cumulative examination 1

Total number of marks: 13 Reading time: 5 minutes Writing time: 30 minutes

1 The variables height (less than 1.83m, 1.83 m and over) and enthusiasm for playing
basketball (low, medium, high) are

A both ordinal variables.
both nominal variables.
a nominal and an ordinal variable respectively.

an ordinal and a nominal variable respectively.

m U O W

a numerical and an ordinal variable respectively.

2 An asset purchased for $10000 is depreciated by a flat rate of 15% in the first year and a flat rate of
30% each year thereafter. Which calculation gives the value of the asset after three years?

A 10000 - 1500 — 3000 — 3000 B 10000 - 1500 — 3000
C 10000 - 3000 — 3000 — 3000 D 10000 - 1500 - 1500 — 3000
E 10000 - 1500 - 1500 — 1500

3 An internet car market site charges $120 to advertise a car for sale. The car is sold
for $15000. The $120 charge as a percentage of the selling price of the car is

A 0.008% B 0.08% C 0.80% D 1.20% E 1.25%

4 The Domestics Cleaning Company provides household cleaning services. For
two hours of cleaning, the cost is $55. For four hours of cleaning, the cost is $94. The rule for the cost of
cleaning services is cost = a + b x hours where a is a fixed charge, in dollars, and b is the charge per hour
of cleaning, in dollars per hour. Using this rule, the cost for five hours of cleaning is

A $19.50 B $97.50 C $99.50 D $113.50 E $121.50

5 BN Four matrices are shown.

3 41 5 8§ 5 0
w=| 6 X=[2 ] v-[7 1] A R
2 06 27
Which one of the following matrix products is not defined?
A WxY B XxW C YxX D ZxW E ZxY
6 The best description the association between y
the two variables shown in the scatterplot is | .
A no association £
700
B weak
600
C non-linear
500
D moderate
400 .
E linear ot *
200 ?
100 .
0 ? 7 T T T T T T T
Qg Il A TALE T 7By 0.
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7 Which one of the following adjacency matrices could be used to represent the graph?

-
5 . =
I 2 2
=
g
5 & Z
3 =
g
] 1 . o
ACLO 400 © B [R5 OFROS O 0) C' SO OB, w
Ea0i%0 0 B 2 0%0 .0 0% OIS0V 0 ~
ILowil @il © 00 320 © 0 @ F0* 1T X0 -
0. O Jb @ Jl 0O 0 0 4 0 OF O © Nkl j
0 0 01 O el © 0.5 O {050 S0 =
: - 1 =
. - - - -
D| O OO0 O0 O E |1 1 1 0 O (&)
00 00 SRR O )
LI ® @ 0 il 11,0
0 01 0O 0 01 1 1
0T O 1f 0 O 0 e 1
8 Which of the following graphs is not a subgraph of this graph?
Ae
B D
c
oF
A A B p C B D D Ae EC»—IE
= E 3 c E B¢ oF F

Coe——oF

9 Consider the graph with five isolated vertices shown.

To form a tree, the minimum number of edges that must be added to the graph is

A1l B 4 C 5 D 6 E 10

10 Consider the following graph.

Which one of the following statements is not true for this graph?
A This graph has seven vertices. B There are no isolated vertices.
C All vertices have an even degree. D Six of the vertices have the same degree.

E The sum of the degrees of the vertices is 14.
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11 Consider the graph. Euler’s formula will be verified for this graph. What values of

e, vand f will be used in this verification?

A e=5v=5f=2 3 BE5028 =8 C e=6,v=5,f=2
D e=6,v=5,f=3 E e=6,v=6,f=3

12 In the graph shown, the vertices represent electricity transformer substations.
The numbers on the edges of the graph show the length, in kilometres, of cables that connect these
substations. What is the minimum length of cable, in kilometres, that is necessary to make sure that
each substation remains connected to the network?

A 65 B 71 E 77
13 Consider the weighted graph shown.

How many different minimum spanning trees are possible?

A 2 B 3 C 4 D 5 E 6
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Cumulative examination 2

Total number of marks: 17 Reading time: 4 minutes Writing time: 26 minutes

1 (4 marks) This dot plot shows the number of children in each family living on Willard Crescent.

0 1 4 5 6 7 8
Number of children per family
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What is the mode? 1 mark
What is the median? 1 mark

¢ If the outlier 8 is removed from the data set, explain why there is no effect on
i the mode 1 mark

ii the median 1 mark

2 2019 20Q7d MODIFIED | (1 mark) Phil is a builder who has purchased a large set of tools
for $60000. He depreciates the value of the tools by a flat rate of 8% of the purchase price
per annum. Let V, be the value of the tools after n years, in dollars. Write down a recurrence

relation that could be used to model the value of the tools using this flat rate depreciation.

3 (2 marks) Three television channels, C;, C, and C;, will broadcast the
International Games in the town of Gillen. Gillen’s 2000 residents ar