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Preface

This book addresses the syllabus requirements of Units 3 and 4 of the Mathematics
Specialist course of Western Australia.

The use of CAS/graphic calculators is seamlessly integrated into the teaching and learning
process. Questions have become more explicit in terms of the required methods and
techniques. Knowledge of CAS/graphic calculator techniques empower students to
appreciate the relative efficiencies (and accuracies) of machine based techniques against
traditional pencil and paper techniques. However, the traditional pencil and paper
techniques are the ones that convey the actual mathematical concepts and processes and
form the backbone of this book. Machine based techniques are at best interpretative
techniques.

The use of Hands-on-Tasks is continued in this book. These tasks allow students to
conceptualise mathematical concepts on their own without being explicitly “taught”. This
promotes relational understanding rather than factual knowledge of mathematical concepts
and ideas.

A fully worked out Solution Manual is available as a resource for teachers.

Dr O.T. Lee
Mathematics Department
North Lake Senior Campus






01 Complex Numbers |

01 Complex Numbers |

1.1 Complex Numbers as Ordered Pairs

A complex number consists of two parts, the real part and the imaginary part. The
Cartesian representation,

z = (real part) + (imaginary part)i
provides some distinct algebraic advantages as observed in the preceding course.

However, rather than using the "+" sign to bring the two parts together, we could
rewrite z as;

(real part, imaginary part).
In so doing we have represented complex numbers as ordered pairs.

An Argand diagram consists of a set of x-y axes. The x-axis is labelled the Real axis
and the y-axis is labelled the Imaginary axis. A complex number x + yi can be
represented on an Argand diagram either as an ordered pair (x, y) or as a vector .

For example the complex number Im

z=4+4iis represented as the point 5+ A

A (4, 4) or as a vector OA on an Argand

diagram.

However, points expressed in Cartesian {5 o T 5’ e

coordinates can be converted into points
in polar coordinates. Hence, the complex
number z =4 + 4j can also be represented

as the pointA[4\/5, %]. ST

Round brackets will be used for Cartesian coordinates while square brackets will
be used for polar coordinates.

© O.T.Lee



Mathematics Specialist Units 3 & 4

1.1.1 Complex Numbers in Polar Form

e A complex number x + yi can be represented as a m
Cartesian/ rectangular ordered pair (x, y) or as a

. (x,y) = (rcosB, rsind)
polar ordered pair [r, 0] .

e Graphically, a complex number can be represented
as a point (x, y) or [r, 0] or as a directed line

segment joining the origin to the point (x, y). rsind
e Consider the complex number  z=x+yi.
Hence x+yi=(x,y)=Ir, 0] r cosf
The modulus of z, r=/x*+y?
The argument of z, 0, is given by tan0=L where—n<0<n
X
The modulus of z is the polar distance r and the argument of z is the polar angle 6.
e Expressing x and y in terms of r and 0:
x=rcos 0 and y=rsin6.
Hence zZ=X+Vyi
=rcos 0+ (rsin0)i
=r(cos O +isin0)
=rcis©
where cis 0 is the "abbreviation" for the expression (cos 0 + i sin 0).
e Hence, in summary:
zZ=x+iy algebraic Cartesian/rectangular form
=rcis 0 algebraic polar form/cis form
=(x, y) ordered pair — Cartesian/rectangular form
=[r, 0] ordered pair - polar form.
where r= \/xz +y2
tan 0 = 4 -nt<0<m
X
e In particular:
. . . T
1=(1,0)=cis0=[1, 0] i=(0,1)=cis — =[1, —]
2 2
~1=(-1,0)=cisn=[1, 7] —i=(0,-1) =cis (—g) =1, —g]

e |n Cartesian/rectangular form, the conjugate of z=x+yiis Z = x — yi.
In polar form, the conjugate of z=rcis 0 is z = r cis (—0).

Re

© O.T.Lee 2



01 Complex Numbers |

Example 1.1

Find in exact form, the modulus and argument of—\/g + 1.

Hence, rewrite —/3 +iinexact polar (cis) form.

Solution:
toPolC[-F{32,11> -
Modulus = 3+1 =2 L [2 z[%‘]]
tan0=-1//3 in Quadrant 2 ! ;
ToTrigl—T (30 +i0 o
0= 5?“ A3 ‘ [Dmp o rlgz.[ms[%]ﬂin[%].i]

Hence,—\/§ +i=2cis %t

Example 1.2

. T ) .
Convert 2 cis 2 into exact algebraic Cartesian/rectangular form:

Solution:
toRect([2, £(m 4212 -

. T T .. T

2cis — =2cos — +isin — b Lz 2]
4 4 4
=2 +i2
Exercise 1.1
1. For each of the following complex numbers, determine its modulus and argument giving

your answer in exact form and confirm your answer by using an appropriate routine on
your calculator.

(@) 1+ +/3i (b) —1— /3i (c) V3 —i

(d) =2 +2i (e) 4i (f) —6i

Express in algebraic polar form (r cis 0):

(a) 1+2i (b) =3 +4i (c) (3/5)+(4/5)i
(d) /3 +i (e) 4 (f) —3i

Express in exact algebraic Cartesian form (a + bi):

(a) 2cis (m/2) (b) 3cis (—n/4) (c) 2 cis (5m/6)
(d) 13, —n/2] (e) [V2, 3m/4] () [5, 57/6]

For each z given below, express Z in algebraic Cartesian and algebraic polar form:
(a) z=2+3i (b) z=-1-4i (c) z=3-5i

. The complex number z has modulus r and argument 6, Find r and tan 0 if (a is real):

(@) z=a+2ai (b) z=1—-ai (c) a—2i (d) z=1/a+i

© O.T.Lee 3



Mathematics Specialist Units 3 & 4

1.2 Operations on Complex Numbers in Polar Form

1.2.1 Product and quotient of two complex numbers

e let z,=r,cis0, and z,=r,cis0,.
Then:
z,z, =[r,cis0,].[r,cis 0,]
=r,r,[cos 0, +isin 0, ][cos O, +isin0,]
=r,r,[cos 0, cos O, —sin0,sin O, +i(cos O,sin6, +sin, cos 0,)]
=r,r,[cos(0,+0,)+isin(0, +0,)]
=r,rycis (0, + 0, + 2nm) {* 2nm where required, to bring the argument
into the principal domain, -t < arg < wt}
e By a similar process:
z1 -
—lzicis(el -0, £ 2nn) { £ 2nmt where required, to bring the argument
N

into the domain, -t < arg < «t}

e Hence, in summary:

rncis®; r
ercisO, rcisO =r.rcis(0,+0,) and —1="1¢is(0,-0,).
1 1°2 2 1°2 ( 1 2) rzcisez rz ( 1 2)
. cis0,cis0,=cis (6, +0,) and c1.561 =cis(0, —0,)
SY;

In each case, the arguments need to be adjusted by adding or subtracting 2nm to
bring the arguments into the principal domain —n < argument < 7.

1.2.2 de Moivre's Theorem

e Considerz=cis9.
For any positive integer n,

zn = [cis 6]n
= (cis ©)(cis 0©)(cis 0)(cis 0).....(cis 0)(cis 0) product of n terms
=cis (n ) {argument adjusted as

required}
This result can be extended to all rational n and is known as de Moivre's Theorem.

e Hence, for all rational n,

n n
(|r| cis 0) = |r| cis (n ©) argument adjusted as required.

o [fz= ‘r‘ cis O then z 1 =(‘r| cise)_1 =i cis (—9).

|

© O.T.Lee 4



01 Complex Numbers |

Example 1.3

Without the use of a calculator, evaluate each of the following giving answers in cis form:
4cis(—5m / 6)

(a) 4 cis (m/3) x 2 cis (3n/4) (b) 20557/ 6)
Solution:
(@) 4cis (rm/3) x 2 cis (3n/4) = 8 cis (/3 + 31t/4)
=8 cis (131/12)
=8 cis (—117/12) [Argument has been adjusted]

4cis(—5m / 6)
2cis(5m/ 6)
=2 cis (—5mn/3) = 2 cis (n/3) [Arg. has been adjusted]

(b) =2 cis (—-51/6 — 51/6)

Example 1.4

Given z = 2 cis (n/4), express 27! and 7 in exact cis and rectangular form.

Solution:
7t = 2 cis (n/a)] 7 = 2 cis (~n/4)
= 2.cis (~/4) =2(1-1)
_ V2
= T(l i)
Example 1.5
Express in exact cis form.
15
N 6 b (2—-2i)
(a) (V3 +1) ® A
Solution:
(a) (V3 +i) = [2cis (w/6)]° (5) (2-2i)° _ [2J2cis(-n/4)
=64cisT (-1+ i\/§)4 [2cis(27c/3)]4
_ 128+2cis(-5n/4)
"~ 16cis(8n/3)

=8+/2 cis (~471/12)
=82 cis (/12)

© O.T.Lee 5



Mathematics Specialist Units 3 & 4

Exercise 1.2 This exercise is to be completed without the use of a calculator.
1. Express in polar form:
(a) 2 cis (w/4) x 3 cis (n/3) (b) 3 cis (2m/3) x 3 cis (7/2)
(c) 4 cis (—=/3) x 5 cis (—nt/4) (d) 2cis (—2m/3) x 5 cis (—nt/2)
(e) [2cis (n/4)]5 (f) [Bcis (—271/3)]4
(8) [3 cis (n/3)] * (h) [4 cis (-5n/6)] >
2. Expressin polar form:
(a) {2 cis (r/3)}/{cis (n/4)} (b) {6 cis (m/4)}/{3 cis (n/3)}
(c) {8 cis (r/3)}/{4 cis (-5n/6)} (d) {cis (—2m/3)}/{cis (57/6)}
4 3
(e) 1/{cis (n/3)} (f) 9/3 cis (-n/2)}
(g) 4/{2 cis (5n/6)} > (h) 5/{2 cis (~3n/4)} "
3. Given z, express z and ztin rectangular form:
(a) 2 cis (m/3) (b) 3cis (—n/4) (c) 4 cis (3m/4)
(d) 5 cis (-5m/6) (e) 2cis(0) (f) 1/{2 cis (w/2)}
4. Express each of the following in polar and rectangular form:
6 5 5 6
(a) (1+1) (b) (1-1) (c) (1+iV3) (d) (—v/3 =)
(e) (1-iV3)™° (f) (-2+2)~* (8) (V3 -)>(h) (-1-iv3)™*
5. Express each of the following in polar and rectangular form:
\3 \—4 (_\/5_,-)6
2+2i) x(1 b
(a) (2+20) x(1+1) O
(0) {2 cis (n/3} {2 cis (x/4)} (d) {3 cis (~/2)} /icis (m)}
(@) LeistT /8y 2cis(n/3)) ) {2cis(~5m / 6)}*
{4cis(-3m/ 4)}? {2cis(n/ )Y {3cis(n / 4)?
) acis(rt/3) beis(—mn / 3) (h) a’ cis(rt/ 8) V2
{81cis(n / 2)}*/? {b2cis(—2m / 3){25cis(~17n / 24)}
6. Givenw=1+ (1/x/§ )i and z = 2 cis (n/4), express each of the following in polar and
rectangular form:
.4 4 .3 . 2 .\—4
(@) iw (b) w /i (c) iwz (d) (iz)
4 5 4 5 6 4 6k 4k
(e) z /w (f) iz /w) (g) wz (h) w z forkeZ?

Let w=acisaand z=b cis p.
(@) Find w and Z.

(b) Provethat wxz = wxz.

(c) Provethat w+7z = w+z.

© O.T.Lee 6



01 Complex Numbers |

1.3 Argand Diagrams

e On an Argand Diagram (plane), a complex number can either be represented by a
point or a directed line segment. The choice being determined by the context of
the investigation or the problem.

7
‘b ]i% Hands On Task 1.1

In this task, we will investigate the geometrical properties of complex numbers.

1. Plot on an Argand diagram the line segment representing z = 2 cis (nt/4).

(a) Plot on the same diagram the line segments representing z, iz and 2L

(b) Make conjectures regarding the geometrical (or transformational) relationships

between the line segment representations of z, Z, iz and z71. For example:
“In an Argand diagram, the line segment representing z is the reflection of the line
segment representing z about the Real axis (x-axis).”

(c) Investigate the transformational relationship between |z|and |7 iz \ and \ 1 \

7

(d) Investigate the relationship between arg(z) and arg(z ), arg(iz) and arg(z_1 ).

2. Repeat Question 1 for other complex numbers in polar form to determine if the

3.

conjectures you made and relationships you investigated are true in general.

Considera=2+3iandb=2-2j.

(a) Plot on the same diagram the line segments representing a, b and a + b.
(b) Does a + b obey the parallelogram rule (as in vectors)?

(c) Investigate with other pairs of complex numbers.

1.3.1 Geometrical Properties of Complex Numbers

e The table below summarises the transformational relationship between z = r cis 0,

Z,iz,and z_l; z and zw; z and z/w where w = u cis o..

Modulus | Argument | Transformational Relationship
_ Reflection about the x-axis.
V4 r -0
Rotation anti-clockwise b 2 radians.
iz r 0+m/2 y/
1 Enlargement with factor 1/r then reflection about
7~ 1/r -0 .
the x-axis.
Enlargement with factor u then rotation
Zw ur 0+a ] . .
anti-clockwise o radians.
Enlargement with factor 1/u then rotation
z/w rfu 0—a . )
clockwise o radians.

© O.T.Lee 7



Mathematics Specialist Units 3 & 4

Example 1.6

The Argand diagram below shows the point representing the complex number z where
\z \ > 1. Plot on the same diagram, the points representing the complex numbers:

@z (b)iz (7 (d)1/z
Solution:

Im

Letz=rcis 9.

(a) Therefore, z=r cis (-9).
Hence, the point representing z is the reflection of the point representing z about
the real axis.

(b) iz=ixz=cis(n/2)xrcis® =rcis (0 + rn/2).
Hence, the vector representing iz is obtained by rotating the vector representing z,
1t/2 radians anticlockwise.

2 2 2
(c) z =(rcis®) =r cis 26.

2 2
Hence, the point representing z has magnitude |z \ and argument 2 x arg (z).

-1

(d) 1/z=(rcis©) =(1/r)cis (—6).
Hence, the point representing 1/z has magnitude 1/ | z| and argument —arg (z).
Also, since, z‘ >1,1/ | z‘ <1.

© O.T.Lee 8
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Exercise 1.3

1. Giventhatz =2+ 2j, indicate on a single Argand diagram the points representing z and:
2
@z (b) z* (c) z (d) iz (e) —z (f) 27

2. Giventhatw=1—jand z =1+, indicate on a single Argand diagram the points:
(a) w+z (b) w—2z (c) 2(w+2)
(d) (w+2) (e) 1/(w+2) (f) (w+2) (Ww+2)

3. Giventhat w=1+iand z=1 -/, indicate on a single Argand diagram the points:
(a) wz (b) w/z (c) z/w (d) wz (e)w/z (f) iwz

4. Letz=rcis O where0<0<m/2. Find in terms of r and/or O:
(a) —z (b) 7 (c) —iz (d) Z (e) 27 (f) 2+ 7
(g) 1/z (h) i/z (i) iz (i) (iZ)2 (k) 1/(zz) () z—-7Z

5. The accompanying Argand diagram shows

the point representing the complex 21
number z where |z| > 1. Plot on the
same diagram, the points representing the
complex numbers: P B
2
@z )iz ()z (d) 1z ‘o
(6)27 (f)Z+? %a:::{:ee:: :ef:}:c:e}Re
-2 —1 1 2
-2 -1
6. The accompanying Argand diagram shows Im
the point representing the complex 51
number z where |z| < 1. Plot on the
same diagram, the points representing the
complex numbers: s
2 L .
@z (b)z (¢)-z (d)1/z , .‘
(e)zz (f)Z+Z }::::,‘::::: ::::I}::::}Re

-2 -1 * i 2

© O.T.Lee 9



Mathematics Specialist Units 3 & 4

7. The accompanying Argand diagram shows
the points representing the complex
numbers w and z where
‘ W| =0.5and ‘z‘ =1. Plot on the same
diagram, the points representing the
complex numbers:

(@ wxz (b) w/z (c) z/w

d) w+z (e) w+Z (f) w+z M

8. The accompanying Argand diagram shows
the points representing the complex
numbers w and z where
\ w| =0.5 and \z\ =1. Plot on the same
diagram, the points representing the
complex numbers:

(@) wxz (b) wxzZ (c) wxz ,

d) w/z () z/w (f) w—2 K

9. The accompanying Argand diagram shows
the points representing the complex
numbers w and z where
‘W| =2 and ‘z‘ =1. Plot on the same
diagram, the points representing the
complex numbers:

(@) wxz (b) wxZ (c) wxz

. <
it
1

(d) w/z (e) z/w (f) w+z 3 3

© O.T.Lee 10



01 Complex Numbers |

1.4 Locus

¢ In this section we will look at loci specified by constraints which involve complex
numbers.

1.4.1 Locus involving Re(z) and Im(2)

Example 1.7

Sketch on an Argand diagram the locus of the point z = x + iy satisfying each of the following
conditions. In each case give the Cartesian equation or inequality of the locus.
(a) Re(z)=-2 (b) Im(z) =Re(2) (c) Re(z) +2Im(z) >3 (d) Re(z).Im(z) = 1.

Solution:

(a) Re(z)=-2 A .
Since z = x + iy, Re(z) = x.
Hence, Cartesian equation is x = -2

(b) Im(z) = Re(2) T
Since z=x +iy, Re(z) =xand Im(z) = y.
Cartesian equationisy = x 1 /Im(2) = Rel2)

} > Re

5 5

(c) Re(z) +2Im(z)>3 5+
Locus is indicated as the shaded region. S | Relz)+ 2im(z) > 3
Cartesian inequality is x + 2y >3. a2
[The line x + 2y = 3 is drawn as a dotted line.] x =

Im

(d) Re(z).Im(z)=1 <4
Cartesian equationisxy =1

t\ Re(z)Im(z) = 1

™ Re

© O.T.Lee 11
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1.4.2 Locus Involving the Modulus

L |z- z, | (where z, and k are Fixed)

o |z- z, |is interpreted geometrically as "distance" between the points representing

the complex numberszand z,.

e Hence, |z- z, | =k represents the locus of all points z that are at a constant
distance of k to the fixed point z_ .

e Thatis|z- z, | =k represents a circle with centre at z, and radius k.

e To derive the Cartesian form of the locus,
welet: z=x+yiandz, =a+bi.

Hence |z—zl|=k
becomes |(x—a)+(y—b)i|=k
Which gives \/(x—a)2 +(y—b)2 =k
Thus (x—a)* +(y—b)* = k®

This represents a circle centre (a, b) with radius k.

Example 1.8
Sketch on an Argand diagram the locus of the point z = x + yi satisfying the following
conditions: (a) |z-3+2il<2 (b) |z-3+2il<2 and |z-3-il<2
Solution: .

(@) lz-3+2il<2

Rewriting |z - (3—20) <2
Hence, the locus of z is a circular disc of radius 2

with centre located at (3, —2). F 4 Q He

(b) Rewriting |z - (3+1) |<2

The locus is the region within the disk but not on the gd
circumference of the disk, of radius 2 with centre Iy
located at (3, 1). .’/ N

R A Re
Hence,|z—3+2i|<2 and |z—3—i|<2is represented T ] \
by the common area between the two discs.

© O.T.Lee 12
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Il. |z—zl| | —zz|

This equation can be read as;
distance between z and z = distance between z and z,.

Hence, the locus is the perpendicular bisector of the line segment joining z, to z,.

Example 1.9

Sketch on an Argand diagram the locus of the point z = x + yi satisfying the following
conditions:

@) lz+2-il=lz+1-2il (b) |z+2—il>|z+1-2iland Im(z)<2.
Solution: .
@ lz+2-il=lz+1-2il
Rewriting lz—(=2+i)|=]z=(-1+2i)] .
The locus is the perpendicular bisector of the line joining e
the points (-2, 1) to (-1, 2). *5 = 5 Re

(b) lz+2—il>|z+1-2i|and Im(z) <2
The locus is indicated by the shaded region.

1 A/i
L
}
T

Re

-3

Example 1.10
Find the Cartesian equation of the locus described by:
(@) |z—4+3i|>10 (b) lz—2-3il=|z-3+3i|
Solution:
Letz=x+yi.
(a) Hence,|z—4+3i|>10 = |x+yi—4+3i| >10
|(x—4)+(y+3)il>10
2 2
Cartesian equation is (x—4) +(y+3) >100
(b) |z—=2-3il=|z-3+3i] = | x+yi—2-3il=| x+yi—3+3i|

[(x=2)+(y=3)il = [(x=3)+(y+3) il
2 2 2 2
(x—2) +(y—3) =(x—-3) +(y+3)
Cartesian equation is 2x—12y =5

© O.T.Lee 13
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lll. Miscellaneous Types

Example 1.11

Giventhata=1+/iand b =5 + 7/, sketch the locus of z, defined by:
(@ lz—al +|z-b|=]a-b|

(b) lz—al +la-bl=]z-b]

(c) ‘z+a| + |z+b| = ‘a—b|
Solution:
(a) |z—(1+i)|+|z—(5+7i)|=|(1+i)—(5+7i)| Im
(5,7)
distance distance distance ]
between between between '
z&(1,1) z&(B,7) 1.0 (
1,1)
&(5'7) t > Re
=5 5
Hence, z must be a point on the line segment
joining (1, 1) to (5, 7). -5+
b) lz—@+i)l +l@+i)-+7)]=z-(5+7i| im
distance distance distance .
between between between °T
z& (1, 1) 10 z&(5,7) G
&(5.7) = AU e
-5 5
Hence, z must be a point beyond the point (1, 1)
on the line segment joining (1, 1) to (5, 7). 5+
(c) Rewrite |z+(1+i)| + [z+(5+7)] = (1 +i) = (5+7i)]| as:
|z= (10| + |z=(-5-7)] = [(-1-i) - (-5 -7}
lz—(=1-i)| +|z=(=5-7i)| = | (@ +i) = (5+7i)|
Im
distance distance distance
between between between 5+
28 (-1-1)|  |z&(-5-7) 1)
& (5.7)
> Re

Hence, z must be a point on the line segment joining

(1, 1) to (-5, -7).

Note:

t
-5 (-1,

(-5,-7)

The distance between (1, 1) and (5, 7) is identical to the distance between (-1, —1) and (-5, 7).

© O.T.Lee

14



01 Complex Numbers |

143 Arg(z)=0 (6

For z = x + yi, with arg(z) = 6, then, tan 06 =y/x.

Rewriting, y = x tan 0.

But since (x, y) is located only in one particular quadrant, the locus is a
half-line with equation y = x tan 6 ,¥).

e Hence, arg(z) =6 inclined at angle 0 to the positive real axis with
an end point tending to (0, 0).

e Similarly it can be shown that arg(z-2z,) =6 0
to the positive real axis with an endpoint tending to z, .

Example 1.12

Sketch on an Argand diagram the locus of the point z = x + yi satisfying the following
conditions:

(a) arg(z) =-5n/6 (b) m/6<arg(z)<m/3and2<|z|<4 (c) arg(z+1)<n/3

Solution:

(a) arg(z) =-5mn/6
Locus of z is a half-line with end point tending to (0, 0) inclined at an
angle of -5 /6 to the real axis.

Re

(b) mn/6<arg(z)<m/3and2<|z|<4
The locus is indicated as the shaded region trapped between the
two half-lines inclined at angles of /6 and 7/3 respectively, with

the real axis and the two circles centred at the origin of radii 2 and 4

t /‘ Re
respectively. 5 K—J 5

(c) arg(z+1)<m/3
Rewriting, arglz— (-1 +0i)] < /3.

Locus is indicated as the shaded region with boundaries, the half-line

with end-point tending to (—1, 0) inclined at an angle of n/3 to the +—d f Re

real axis.
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1.4.4 Locus in General

e Some loci may best be drawn after rewriting the constraints in Cartesian form.

Example 1.13

Rewrite in Cartesian form:

(a) Im{w} =1 (b) z+Z =27 .
x+(y+1)i

Hence sketch the locus of z for each.
Solution:

@) .m[M} 1

x+(y+1)i

Make the denominator real:

Im{x+(y—1)ixx—(y+1)i} _1
x+(y+1)i x—(y+1)i

2,2
+(y? -1 - ,
mwxz v g+ - 2x Sil=1 .
x“+(y+1) x“+(y+1)
Hence, %=1
x“+(y+1)

2 2

X +2x+(y+1) =0
2 2

(x+1) +(y+1) =1

Therefore, the locus of z is a circle with centre at (—1, —1) and radius 1.
(b) Z2+272 =27 Im

Substitute z=x+yiand zZ = x — yi:
&+y0+w—y0=%+yTX—W)

2X =X +y
2 2 + }
x —2x+y =0 -2
2 2
x=1) +y =1
Hence, locus of z is a circle with centre (1,0) 2
and radius 1.
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Exercise 1.4
1. Indicate on separate Argand diagrams, the locus of the point z satisfying:

(@) Re(z)=5 (b) Im(z)=-3 (c) Re(z) +Im(z) =5
(d) Re(z).Im(z)=3 (e) [Re(z)]2 + [Im(z)]2 =4 (f) 4 Re(z) =1Im(z)
(g) lz—2] =4 (h) lz—1-il =2
(i) lz—=2-3il =2 G) lz+1+2il =4
(k) lz—1] = |z-1-1] ()] lz+2+il = |z=2+3il
(m) [(z-)/z-1)] =1 (n) [(z—=1-2)/(z+1+4i)| =1

2. For each of the constraints above, determine its Cartesian form.

3. Given that a = 2i and b = —4i, sketch the locus of the point z such that:
(a) ‘z—a‘+|z—b‘=|a—b‘ (b) |z—a‘+‘a—b|=‘z—b‘
() lz—bl+la-bl=]z-al

4. Giventhata=-2+iand b =4 +5j, sketch the locus of the point z such that:
(a) ‘z—a‘+|z—b‘=|a—b‘ (b) |z—b‘+‘a—b|=‘z—a‘
(c) lz+al +|z=bl=la+b

5. Giventhata=-2+2iand b =3 — 4i, sketch the locus of the point z such that:
(@) lz—al +|z-b|=|a-b| (b) [z+al +[z+b|=]a-b]
(c) lz—al +|z+b| = |a+b]|

6. Indicate on separate Argand diagrams, the locus of the point z satisfying:

(a) arg(z) =n/5 (b) arg(z) =-n/4
(c) arg(z—1+2i)=5n/6 (d) arg(z+1-2i)=-3n/4
(e) arg(z)=m/3 (f) arg(z) =—n/4

7. Sketch the following regions in the Argand plane:
(@) 2< |zl <5 (b) 2<|z-5+5i| <4
(c) |z +il < |z- ail (d) |z+1-3i] <|z+2+4il
(e) m/4 <arg(z) <5m/6 (f) arg(z) <—=/3
(g) 0<arg(z+i)<2mn/3 (h) —2mn/3 <arg(z—1+1)

8. Sketch the following regions in the Argand plane:
(a) 1z| <3 and Re(z) > -2 (b) |z—1] <2 andIm(z) <1
(c) |z| <5 and /6 < arg(z) < m/2 (d) 2<|z] <5 and —57/6 < arg(z) <m/6
(e) lz—1-il<2 and |z—-1-il <|z-1+i
(f) lz+1+il <|z-=1-i| and arg(z) < —n/4

9. Determine the Cartesian form for each of the following constraints and hence sketch

the locus of z (k is a constant):

(a) Im(z+z )=0 (b) Re[z—(1/2)] = 0

(c) Im[lz—1+(4/2)]=0 (d) (z+2)/(z—2)=ki

(e) z=k (2 +5i) + 3i (f) z—i=kzi

(g) Re(z) = |z| (h) Im(Z) = ||

() lz—i|l =2|z+1] G) lz=1+il =3|z+1-2i

© O.T.Lee 17
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10.

11.

12.

13.

14.

Given that |z— 1+ i| <1, find the minimum and maximum values for :
(a) lz] (b) arg(2).

Given that | z— 3 —4i| <5, find:
(a) the largest value for p and the smallest value for g such that p < ‘ z ‘ <q
(b) the largest value for a and the smallest value for b such that a < arg(z) < b.

Given that | zZ— i‘ <1and0<arg(z) < /4, find:
(a) the largest value for p and the smallest value for g such that p < ‘ z ‘ <q
(b) the largest value for a and the smallest value for b such that a < arg(z) < b.

Given that |z— 1+ i| <2 and Re(z) > 1, find the minimum and maximum values for :
() lz|  (b) arg(2).

Define the locus of z in each of the following Argand diagrams:

(a) (b)

Im Im

104 5

qu—
t t t > Re ] i
-10 -5 5 10
-5+
* +> Re
1 2

_10 <4

(c) (d)

Im
5 4

X

10 -5 5 10 \

-5

s

_10 -+

(e) (f)

3 A\
o
1_-

+ > Re
10
Im
5*
+ Re
\_/ 5
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02 Complex Numbers Il

2.1 The Fundamental Theorem of Algebra

e Any polynomial of degree ne Z* will have exactly n complex roots.
The proof of this theorem is beyond the scope of this book.

e That s, a polynomial of degree 10 will have exactly 10 complex roots,
some of which may be wholly real.

2.1.1 Roots of Complex Numbers

n
e Consider the equation z =x+yi where n is a positive integer.
By the Fundamental Theorem of Algebra, this equation will yield n complex
solutions for z. These solutions are called the n-th roots for z.

e A procedure of determining the n-th root of a complex number is demonstrated in
the examples that follow.

Example 2.1

2
Without the use of a calculator, solve, z =i giving your answers in Cartesian form.

Solution:
2 T
Rewriting i in cis form: z = cis(;+ 2knj keZ
1
(T 2
Hence: z= {c15(5+2knﬂ
Using de Moivre’s Theorem: z= cis(§+2k7nj keZ

By the Fundamental Theorem of Algebra, the equation will have two roots.

For k=0: zZ= cis(%) = g+£i

2

(T 2w . [ 51 \/E \/5
Fork=1: Z=Cis ZJF? =cis| — | =————.

4 2 2

Notes:
e The complex number i is written in cis form with a generalised argument.
There are an infinite number of arguments that correspond to the complex number i.
e Regardless of how many integer values of k are used, there will only be at most two distinct roots.
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Example 2.2

6
Without the use of a calculator, solve, z =—1 giving your answers in cis form.
Plot the roots on an Argand Plane, and comment on their relative locations.

Solution:
6
Rewriting in cis form: z =cis (m + 2kn) keZ
1
Hence: z= I:CIS n+2kn)] 6
. ., n  2km
Using de Moivre’s Theorem: z=cis (E T keZ
Hence, the roots are:
Im
z =Cis Ej
0 6
(n 2m (= sl
z, =cis| —+— | =cis| = - .
6 6 2 | S .
(m 4rn [ 5m [ ] 47
Z2 =CIS| —+— | = CIS| — T 1~ 3 |
6 6 6 4 A
(m 6n (T ( 5m 3 D
z,=cis| —+— | = cis| — | = cis| —
6 6 6 6 B o
(T 8m (97 . 1
z,=cis| —+— | =cis| — | = cis| ——
6 6 6 2
. (m 107 (11w . T
z,=cis| —+—— | =cis| — | = cis| ——
6 6 6 6

e The six roots of —1 are located at the vertices of a regular hexagon
inscribed within a circle centred at (0, 0) of radius 1.
e The roots are separated from each other by angles of constant size,

which in this case is 2_n = g radians.

Notes:
e Note that the first root is determined by applying de Moivre’s Theorem
to the principal argument of —1 in cis form.

2r
e The subsequent roots are separated from each other by an angle of —.
6

2n
The angular separation between the roots correspond to — where n is the number of roots.
n

e Treating the roots as vectors, clearly zp +z; +z, + 23+ 24 + 25 = 0.
That is, the sum of all the roots is always zero.
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6
Alternative Solutiontoz =-1:

Rewrite —1 in cis form:

6 .
Z =CST

Using de Moivre’s Theorem, one rootis z= cis(%j

. . 27 .
As there are six roots = the arguments of these roots differ by - radians.

2
The other roots are: z, = cis £+—Tc = cis T
6 6 2
(o 4m . [ 5w
z,=cis| —+— | = cis| —
6 6 6
(m 6w L 7m . 5
z,=cis| —+— | = cis| — | = cis| —
6 6 6 6
(T 8m (97 . T
z,=cis| —+— | =cis| — | = cis| ——
6 6 6 2
(T 10m 11w . o
z =cis| —+—— | =cis| — | = cis| ——
6 6 6

2.1.2 Formalising the method to determine the n-th roots of a number.

n
Tosolvez =x+yi:

« Let x+yi=rcis® where 0 is the principal argument of x + yi.

n
« Rewrite equation as z =rcis (0 + 2kn)

« Then, using de Moivre’s Theorem,

1
the nth roots are given by z =r" cis(9+2k—nj keZ

n n

Alternatively:

— . 0 2
« Firstrootis r" cis—. Arguments differ by —n.
n n

1
z =rn cis(g+2k—nj keZ
n n n

« The roots are:

The n-th roots of z are located at the vertices of a regular inscribed n-gon.

1
The circumscribing circle is centred at (0, 0) and has radius equal to |z | n.

2
The arguments of the roots differ by o radians.
n

The sum of all the n-th roots is always zero.
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Exercise 2.1

1.

10.

Without the use of a calculator, solve each of the following equations, giving your
answers in cis form. In each case plot the roots on an Argand plane.

3 3 4
(@) z =-1 (b) z =-8 (c)z =—4
5 5 6
(d)z =1 (e) z =32 (f) z =64

Solve each of the following equations, giving your answers in rectangular form. In each
case plot the roots on an Argand plane.

4 5 4
(@) z =i (b) z =—i () z =1+i

5 6 3
(d)z=1+\/§i (e)z+1+\/§i=0 (f) 8z +27=0

2 2
If w, zand 1 are the cube roots of 1, show that w=2z and w =2z. Plot these roots on an
Argand plane, and show using the parallelogram rule of addition, that 1 + w+z=0.

6
Solve the equationz =1.

2 3 4 5
Show that the roots of the equation may be writtenas 1, w,w ,w , w , and w , where

w is the root with the smallest positive argument.
2 3 4 5
Verifythat 1+w+w +w +w +w =0.

w is a complex number represented on an Argand diagram as a point on a circle centred
2 3
at (0, 0) with radius 1. Given that arg(w) = 2r/3, find in rectangular form, w, w and w .

State the equation for which these numbers are its roots.

On an Argand diagram, the roots of an equation are represented as the five vertices of
an inscribed regular pentagon, the circle having centre (0, 0). If one vertex is the point
(=3, 0), find the roots of the equation in polar form and the equation.

. On an Argand diagram, the roots of an equation are represented as the six vertices of an

inscribed regular hexagon, the circle having centre (0, 0). If one vertex is the point
(1, \/5), find the roots of the equation in polar form and the equation.

On an Argand diagram, the roots of an equation are represented as the eight vertices of
an inscribed regular octagon, the circle having centre (0, 0). If one vertex is the point
(1, —1), find the roots of the equation in cis form and the equation.

Find the least positive integer n, so that cis (31/5) is a solution to the equation

zn =—1. For this value of n, find all solutions to zn +1=0,incis form.

Without using your CAS/Graphic Calculator, solve, giving all roots in exact form:
3 2 4 2

(a) (z —1)(z +z+1)=0 (b) (z —1)(z +4)=0
3 2 3 3

(c) (z +i)(z +z+1)=0 (d) (z —i)(z +8i)=0
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2.2 Complex Numbers and Trigonometry

e Representing complex numbers in polar form invariably leads to a link between
complex numbers and trigonometry. As it often happens in mathematics, transfer
occurs between the different branches of mathematics, and in this case, we can
transfer the techniques developed in complex numbers to work out problems in
trigonometry.

o letz=cosO+isin0.
n n
Hence, z =(cos 0 +isin0)

n
z =cos hnO +isinnd |

1 _ _
Similarly, — =2z " =(cos O +isin0) "
z
= cos (—nB) + i sin (—nO)
1
— =cos nb —isin nb Il
zn
1 1
L+ 11; 2"+— =2cosnbd = cosnd = 3 2"+ =
2" 2 2"
1 1
|-, 2"~ =2jsinnd = | sinno=2t|"-=
zn 2i zn

e By using the Binomial Theorem and the above relationships we can rework some
common trigonometric identities.

Example 2.3 Expressing powers of sine/cosine as multiple angles.

4
1 4

Find the expansion for (z+—j . Hence, prove that cos 0 = % [ cos46 + 4 cos 20 + 3].
z

ou:on(:ﬁgl_z4+4 Gj 622(1j2+4z@3+ej4
() (03)

1 1
But z+—=2cos0, z* +——2cos46andz +— =2cos 20.
z z4 z2

4
Hence [2cos 0] =2cos40 +4[2 cos20]+6
4 1
cos 0= g[ cos40 + 4 cos 20 + 3]
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Example 2.4 Expressing sine/cosine of multiple angles in terms of powers of sine/cosine

5
(a) Expand (cos 6 +isin0) .
(b) By using de Moivre's Theorem and by equating real and imaginary parts show that

5 3
sin 50 = 16 sin 6 — 20 sin O + 55sin 6.
5 3
(c) Hence, solve 16x —20x +5x—1 =0, giving all roots in trigonometric form.
Solution:
5 5 4 3 2 2 3
(a) (cos©®+isinB) =cos 6+5cos O (isinB)+10cos O (isin B) + 10 cos 6O(isin O)
4 5
+5cos 0 (isinB) + (isin0)
5 3 2 4
=cos O —10cos Osin 6+5cos0Osin O

4 2 3 5
+i[5cos OsinB—10cos Osin 6 +sin 0] [1]

(b) Using de Moivre's Theorem:

5
(cos B +isin®) =cos 50 +isin 560 [2]
Equating the imaginary parts in [1] and [2]:

5
sin 50 = Im[(cos 6 +i sin 0) ]
4 2 3 5
=5cos Osin®—10cos Osin O+sin O

5 3
=16sin 0 —20sin O+5sin0

5 3

(c) Rewrite equation as 16x —20x +5x=1 [3]

Substitute x = sin 6,

5 3
[3] becomes  16sin 6 —20sin 6+5sin0=1 (4]
5 3

But from part (b) 16 sin 6 —20sin 0+ 5 sin 0 =sin(50).

Hence, [4] becomes sin(50) =1

Therefore 50 = /2, 57/2, 9n/2, 137/2, 177w/2

0 =n/10, n/2, 9t/10, 137/10, 17w/10

5 3
Hence, roots of equation 16x —20x +5x—1=0 are:
x = sin (nt/10), sin (1t/2), sin (97/10), sin (137t/10) and sin (177/10)
= sin (nt/10), sin (1t/2), sin (137/10)

Note:
e In part (c), the roots of the polynomial equation 16x° —20x° +5x —1=0are expressed in
trigonometric form. Alternatively, if we had substituted x = cos 6, the solutions would be
cos(0), cos(2r/5) and cos(47/5).
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2.3 de Moivre’s Theorem revisited

e For all rational n,

n n
( ‘ r‘ cis 0) = |r| cis (n 0) argument adjusted as required.

Example 2.5
. . LT . hm .
Use the method of induction to prove that (as;) = c157 forintegern>1.

Solution:

Whenn=1, LHS of statement = cis%,

RHS of statement = cisg.

Hence, the statement is true for n = 1.

Assume that the result is true for n = k.

k
. . T . k=
that is, cis— | = cis—
( 7) 7
nkﬂ
Whenn=k+1 LHS = (cis;j

k
. T . T
cis— | | cis—
( 7) ( 7j
. km LT
cis— % | cis—
7 7

(k+1)m
7

= Cis

(k+1)m

But, whenn=k+1, RHS = cis -

Hence, if the result is assumed to be true for n = k, it must be true forn =k + 1.

Having shown in the first instance that it is true forn =1,

using the result just shown, it must then be trueforn=1+1=2.
Since it is true for n = 2, it must be true forn=2+1 = 3.

Since it is true for n = 3, it must be true forn=3 +1 =4, and so on.

Hence, the result must be true for all positive integers n.
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Exercise 2.2
1)} 1
1. Find the expansion for (z——j . Use this expansion and the results z"” +— = 2 cos nB

4 z

1 4 1
and/or 2" -—— = 2i sin nO to prove that sin 6 = g[ cos40 — 4 cos 20 + 3].
z

2. Use either of (or both) the identities z"” +in =2 cos nO and 2" —in =2 sin nO and
z z
de Moivre's Theorem to prove the following:
5
(a) sin O =[sin 50 — 5 sin 30 + 10 sin0]/16
6
(b) sin 6 =—[cos 60 —6 cos 40 + 15 cos 20 — 10]/32

2 3
(c) sin © cos O =[2 cos 6 — cos 30 — cos 50]/16
(d) sin 56 + sin 6 = 2sin 30 cos 26
(e) cos 50 + cos 30 = 2cos 40 cosO

3
3. Use de Moivre’s Theorem to prove that sin 30 =—4sin 6 +3sin0.

3
Hence, use this result to solve —4x + 3x = 1, giving the roots in trigonometric form.

3
4. Use de Moivre’s Theorem to prove that cos 30 =4 cos 6 —3 cos 0.

3
Hence, use this result to solve 8x — 6x —1 =0, giving the roots in trigonometric form.

5. Use de Moivre’s Theorem to express cos 60 in terms of powers of cos 6.
Hence, use your result to solve, giving answers in trigonometric form:

6 4 2 3 2
(a) 64x —96x +36x —2=0 (b) 64x —96x +36x—2=0

6. (a) Use de Moivre’s Theorem to express cos 50 in terms of cos 0.

4 3 2
(b) Show that cos50 —1=(cos©—1)(16cos O +acos O +bcos 0+ccos0+d),
giving the values of a, b, c and d.

4 3 2
(c) Forthe valuesofa, b, cand din part (b), solve 16t +at + bt +ct+d=0,
giving all roots in trigonometric form.

-1
7. If z=cis O verify that tan0=—2—%___ Use this result to prove that:
i(z+z ™)
2
1-t 0 2
(a) cos20=——""— (b) sin26=ta—n§)
1+tan“0 1+tan“ 0

8. Use the method of induction to prove that:

(a) (cis 6)” = cisn® forintegernz1 (b) (cis 6)_n = cis (—n0) for integer n > 1

S

*(c) (cis0)n = cis9 for integern>1
n
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03 The Factor and Remainder Theorems

3.1 The Factor Theorem

e The degree of a polynomial in x is determined by the power of its highest x term.

5 4
For example, x —3x + 5 is a polynomial of degree 5.

e Consider the polynomial f(x).
o If f(k)=0,then (x— k) is a linear factor of the polynomial f(x).
e Conversely if (x — k) is a factor of the polynomial f(x) then f(k)=0.

e x=kis called a root or zero of the polynomial f(x)if f(k)=0.

e By systematically “guessing” the zeros, the factor theorem enables us to factorise
polynomials of any degree.

Example 3.1
4 3 2
The polynomial f (x) =3x + 7x +ax + bx— 2 is exactly divisible by (x — 1)(x + 2).
Without the use of a calculator:
(a) find the values of a and b. (b) express the polynomial as product of its linear factors.

Solution:
(a) Since (x — 1) and (x + 2) are factors of f(x)
f(1)=0and f(2)=0
f(1)=0 = a+b=-8 (n
f(=2)=0 = 2a—b=5 ()

Solving (1) and (II) simultaneously:
a=-1 and b=-7.

4 3 2
Write 3x +7x —x —7x—-2=(x—1)(x+2) Q(x)
2
=(x +x—2)Q(x)
4 3 2 2 2
By inspection 3x +7x —x —7x—-2=(x +x—2)(3x +4x+1)

=(x—1)(x+2)(x+1)(3x+1)

Notes:
e Q(x) is polynomial of degree 2 and is determined using a method of inspection first introduced in
Section 3.3 of Chapter 3 of the book Mathematics Methods Units 1 & 2.
e Alternatively, a method involving a process of polynomial division may be used. See Example 3.6.
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Example 3.2

4 3 2
Without the use of a calculator, factorise completely f(x)=2x —5x —24x —7x+ 10.
Solution:

The integer zeros of f(x) must be factors of 10.

Tryx=1 f(1)=0
Tryx=-1 f(=1)=0 = (x+1)isafactor.
Tryx=2 f(2)20
Tryx=-2 f(=2)=0 = (x+2)isafactor.
4 3 2
Rewrite 2x —5x —24x —7x+10=(x+1)(x+2)Q(x)
2
=(x +3x+2)Q(x)
4 3 2 2 2
By inspection: 2x —5x —24x —7x+10=(x +3x+2)(2x —11x+5)
=(x+1)(x+2)(2x-1)(x—5)
factor(Zart-Sa -24aZ-Tar+10 =
(x42)e (] Je(z=5)e(20x—1]
Example 3.3

5 4 3 2
Without the use of a calculator, solve x +x —6x —2x +4x=0.

Solution:

5 4 3 2 4 3 2
X +X —6x —2x +4x=x(x +x —6x —2x+4)

4 3 2
Let f(x)=x +x —6x —2x+4
f(-1)=0 = (x+1)isafactor.
f(2)=0 = (x—2)isa factor.
4 3 2

Hence, X +x —6x —2x+4=(x+1)(x—-2)Qx)
= (% —x—2) Q)
5(x2—x—2)(x2+2x—2)
E(X+1)(X—2)(X2+2X—2)

Hence equation becomes:
2
x(x+1)(x—=2)(x +2x—-2)=0

2527 - 4)(-2)
2

= x=-1,0,2,

=-1,0,2,-1+ 3
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Exercise 3.1 This Exercise is to be completed without the use of a calculator.

3 2
1. If (2x—1)(3x— 1) isa factorof ax +x +bx+1,find aand b.
2 3 2
2. If (2x—k) is afactor of 4x +40x + 37x+9, find k.
4 3 2 2
3. Giventhat2x —8x +11x —20x+15=(x—1)(x—3)(ax + bx+c), finda, bandc.

4 3 2 2 2
4. Giventhat—3x +12x —5x —28x+28=(x—2) (ax +bx+c),finda, bandc.

5. Factorise each of the following.

4 3 2 4 3 2

(a) x +10x +35x +50x+24 (b) x +6x +13x +12x+4
4 3 2 4 3 2

() x —x —7x +13x-6 (d) 4x —4x —9x +x+2
4 3 2 4 3 2

() 2x —x +x —x—-1 (f) x —3x +6x —12x+8

5 4 3 2 2
6. Giventhatx —2x +2x —4x —3x+ 6 is exactly divisible by x + 3,
find the remaining real factors of the polynomial.

7. Sketch each of the following curves. Indicate clearly all intercepts.

3 2 2 2
(@) y=x +3x —24x+28 (b) y=(x —4x+4)(x +2x-3)
4 3 2 4 2
() y=2x —3x —4x +3x+2 (d) y=x —13x +36
8. Solve for real values of x:
4 3 2 4 3
(@) x +7x +18x +20x+8=0 (b) x —2x +2x-1=0
5 4 3 2 5 4 32
() 3x —7x —x +7x —2x=0 (d) 6x —x —7x +x +x=0
4 3 2 4 3 2
() x —2x —5x +8x+4=0 f) x —x —x —x—-2=0

3 2
9. Solve for all real values of x, 6x —x —5x+ 2 =0. Hence, solve for all real values of x:
3 2 6 4 2
(a) 48x —4x —10x+2=0 (b) 6x —x —5x +2=0
3 2 3 2
(c) -6x —x +5x+2=0 (d) 2x —=5x —x+6=0

4 3 2
10. Solve for all real values of x, 2x —x —17x + 16x+ 12 =0. Hence, solve for all real

values of x:
4 3 2 8 6 4 2

(@) 2x +x —17x —16x+12=0 (b) 2x —x —17x +16x +12=0
4 3 2 4 3 2

(c) 12x +16x —17x —x+2=0 (d) 12x —16x —17x +x+2=0
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3.2 The Remainder Theorem

3.2.1 Quotients and Remainders

e Consider the polynomial f (x) of degree n.
If f(x)is divided by a linear expression (ax + b) then we can write:

f(x)=(ax+b) Q(x) +R.

e Q(x) is called the quotient in this case is a polynomial in x of degree (n — 1)
e Ris called the remainder and in this case is a constant.

e On the other hand if the polynomial f (x) of degree n is divided by a quadratic

2
expression (ax + bx + c), then we write:

flx)= (ax2 + bx + ¢) Q(x) + R(x).

e The quotient Q(x) is now a polynomial of degree (n — 2).
e The remainder R(x) is a polynomial of degree one (a linear expression).

7
‘b ka Hands On Task 3.1

In this task, we will explore a technique for dividing polynomials, to obtain the remainder.

2
1. Consider the polynomial x +2x+ 7.
2
If the polynomial is divided by (x — 1), then x +2x+7=(x—1) Q(x) + R.
2

By substituting an appropriate value for x into x +2x+7=(x—1) Q(x) + R, find R.
What value of x did you substitute? Why?

3 2
2. Consider the polynomial 2x + 2x — 3x+ 5. If the polynomial is divided by (x + 1),
3 2
then 2x +2x —3x+5=(x+ 1) Q(x) + R. By substituting an appropriate value for x into
3 2
2x +2x —3x+5=(x+1)Q(x) +R, find R.

3. For each of the given polynomials and divisors, rewrite the polynomial in terms of its
divisor, quotient and remainder. By substituting an appropriate value of x into the
statement you have written, find the remainder in each case.

2 3 2
(a) x +4x—9; x+2 (b) x —4x —7x+5; x—2
3 2 4 3 2
(c) -4x —5x +x—10; 1+x (d) 2x —3x +5x —10x—1; 2—x

4. Review what you have done in the first three questions. Write down an algorithm
(procedure) for determining the remainder when a polynomial f (x) is divided by a linear
expression (ax + b).
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3.2.2 The Remainder Theorem

e When the polynomial f(x) is divided by (ax — b), its remainder is given by f(%) .
o When f(x) is divided by (ax — b), let the quotient be Q(x)
and the remainder be R. The remainder R must be a constant.
« Clearly: f(x)=(ax—b)Q(x) +R
f(%) = [a(%)—b} Q(x)+R=R
« Hence, the remainder R = f(%) .

« Clearly if the remainder is 0, then x = % is a zero and

(ax— b) is a factor .

e The remainder theorem provides a simple and efficient algorithm for determining
the remainder when the divisor is a linear factor.

e When the quotient is required or when the divisor is a non-linear polynomial, a
method whereby coefficients of terms are compared may be used. Alternatively,
a procedure called polynomial division may be used. See Example 3.6.

Example 3.4

3 2
When ax +bx —3x+1isdivided by x+ 1 and 2x— 1, the remainders are 2 and 1
respectively. Find the values of a and b.

Solution:
3 2
Let f(x)=ax +bx —3x+1
Clearly f(-1)=2 = —-a+b=-2
and f(%)=1 = a+2b=12
Hence a=E and b=£.
3 3
Example 3.5

3 2
When x +ax + bx—1isdivided by (x + 1)(x — 1), the remainder is (2x + 1).
Find the values of a and b.

Solution:
3 2
Clearly X +ax +bx—1=(x+1)(x—1)Q(x)+ (2x+ 1)
Substitute x =-1 a—-b=1
Substitute x =1 a+b=3
Hence a=2 and b=1.

© O.T.Lee 31



Mathematics Specialist Units 3 & 4

Example 3.6

Without the use of a calculator, find the quotient and remainder when the polynomial

4 3 2
X +3x —2x +5x—1isdivided by x — 1.
Solution:
4 3 2
Let f(x)=x +3x —2x +5x-1

By the Remainder Theorem: The remainderis f(1)=6

4 3 2 3 2
Clearly X +3x —2x +5x—1=(x—1)(ax +bx +cx+d)+6
Comparing coefficients and constant terms:

4
Comparing the x terms

3
Comparing the x terms

2
Comparing the x terms

Comparing the constant t

3
Hence, quotientis x + 4x

and the remainder is 6.

Alternative Solution:

a=1

b—a=3 = b=4
c—-b=-2 = c=2
erms —-d+6=-1 = d=7

2
+2x+7

Using the method of polynomial division.

x3+4x2 +2x+7

propFract

O

14 +3a 3—2x 2+5Ar—1

-1

2344242 x+i+?
x=1

rH

x—1>x4+ 3x3—2x2+ 5x-1

X4—X3

4x3 —2x% +5x -1

4x3 - 4x2

2x2 +5x-1

2x2 —-2x

7x-1
7x—-7

6

3 2
Hence, quotientis x +4x + 2x+ 7 and the remainder is 6.
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Example 3.7

Without the use of a calculator, find the quotient and remainder when the polynomial
4 3 2 2
2x —3x +x —2x+1lisdividedbyx +x+1.

Solution:

Clearly the remainder is a polynomial of degree 1.

4 32 2 2
Let 2x —3x +x —2x+1=(x +x+1)(ax +bx+c)+ (dx+e)
Comparing coefficients and constant terms:

4
Comparing the x terms a=2

3
Comparing the x terms b+a=-3 = b=-5

2
Comparing the x terms c+b+a=1= c=4
Comparing the x terms c+b+d=-2 = d=-1
Comparing the constant terms cte=1=> e=-3

2 4_o 3 2 B
Hence, quotient is 2x —5x +4 propFrac¢ 2% A _ta —Zartl
P H alra+l
and the remainder is —x — 3. o - 3
2exc=0ex- - +4
x2+x+1 x2+x+1
o

Alternative Solution:

Using the method of polynomial division.

2x2 —5x+4

x2+x+1)2x4— 3x3+x2— 2x+1

2x4 + 2x3 + 2x2

3

—5x —x2 -2x+1

—5x3 —5x2 —5x

4x2—3x+1
4x° +4x+4
—-x-3

2
Hence, quotient is 2x — 5x + 4 and the remainder is —x — 3.
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Exercise 3.2

1.

10.

11.

12.

Without the use of a calculator, find the remainder and the quotient when the given
polynomial is divided by each of the accompanying expressions.

(a) x3+4x—7 (i) x+2 (ii) x2—4
(b) 3x —5x —8x + 12 (i) 261 (i) X —x+2
() 5—3x+ 6x2—4x3 (i) 1+2x (i) (2x—1)(x+1)
4 3 2 2 32
(d) 6x —5x +2x —5x+10 (i) x—2 (i) x —4 (iii) 2x +x +x-2

2
When the polynomial x + px + g is divided by x — 1 and x + 2 the remainders are 5 and 5
respectively. Find the values of p and q.

3 2
When the polynomial x + px +gx+ 1lisdivided by x + 3 and x — 2, the remainders are
10 and 9 respectively. Find the values of p and q.

3 2
The polynomial 2x + px + g has a factor (x + 1) and leaves a remainder of 16 when it is
divided by (x — 3). Find the values of p and g.

3 2
When x — px + q is divided by x —3x + 2, the remainder is 4x — 1.
Find the values of p and g.
3 2 2
When 2x —3x —10x+ 1is divided by x —x — 6, the remainder is ax + b. Find a and b.
4 3 2 2
3x +5x +ax +bx+ 13 leaves a remainder of 2x + 1 when divided by x —2x— 3.

Find a and b.

3 2 2
ax +bx —6x+ 8 leaves a remainder of 2 — x when divided by x + x—2. Find g and b.

2

5 3
. Whenx —7x +4x—2isdivided by (x — 1)(x — 3)(x + 1), the remainder is px +gx+r.

Find the values of p, g and r.

5 4 3 2 2
When 2x —x +px +gx +rx+1isdivided by (x —1)(x—2), the remainder is

2
2x +3x+ 1. Find the valuesof p,gandr.

3 2
The polynomial 2x —3ax + ax + b has a factor x — 1 and leaves a remainder of —54
when divided by x + 2. Find the values of a and b.

3 2
The polynomial ax + bx + 3x+ 2 has a factor 3x + 1 and leaves a remainder of 9x — 5

2
when divided by x — 1. Find the values of a and b.
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13.

14.

The polynomials P(x) and Q(x) are defined as follows:
8 4 3 2
P(x)=x —1, Q(x)=x +4x +ax +bx+5.

(@) Show that x— 1 and x + 1 are factors of P(x).

2
(b) Find a and b if Q(x) leaves a remainder of 2x + 3 when it is divided by x — 1.
(c) With these values of a and b, find the remainder when the polynomial

2
4P(x) + 5Q(x) is divided by x — 1.

Determine the values of a, b and c in the identity
4 2 2 2
X +X +x+1=(x +a)(x —1)+bx+c.

By using an appropriate numerical substitution or otherwise, find the remainder when
100 010 101 is divided by 9 999.

3.3 Extension to the Factor and Remainder Theorems

e In this section, we will extend the factor and remainder theorems to complex
polynomials with real coefficients.

e When the complex polynomial f(z) is divided by [z — (a + bi)],
the remainder is given by f (a + bi).

o If f(a+bi)=0 < [z—(a+ bi)]isafactor of f(z).

Example 3.8

3
The polynomial f(z) =z —1isdivided by (z—1-).
Find the remainder and the quotient.

Solution:

Rewrite [z—1-ilas[z—(1+i)].

3
Hence, the remainderis f(1+i)=(1+/) —1=-3+2i.

3 2
Let z —1=[z—(1+i)][z +bz+c]—-3+2i where b and c are complex.

2
Comparing z coefficients: b—(1+i)=0 = b=1+]
Comparing constant terms: —c(1+)-3+2i=-1

—2+2i
c= -y
1+i

2
Hence, the quotientisz + (1 + i)z + 2i and the remainder is —3 + 2i.
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3.3.1 The Complex Conjugate Root Theorem

e Let f(x) be a polynomial with real coefficients.
If a + bi is a root of f(x), then its conjugate a — bi is also a root of f(x).

e That s, for a polynomial with real coefficients, the complex roots appear as
conjugate pairs.

e For example, a polynomial with real coefficients of degree 9 will have at least one
root which is wholly real and a maximum of four pairs of complex conjugate roots.

Example 3.9 Proof of the Complex Conjugate Root Theorem

Prove that if a + bi is a root of a polynomial f (x) with all real coefficients, then its conjugate
a — bi is also a root of f(x).

Solution:

Let f(x)= a x"+a, X" +a, X" +...+a,x* +a,x+a,

Let z be a complex root of f(x). Thatis f(z)=0

n n-1 n-2 2 _
Hence, a,2" +a,.,2° ~+a,,z “+..+0,2"+a;z+a, =0

Take conjugates of both sides:

n n-1 n-2 2 _
a,z' +a, .z " +a,,z “+..+0,2" +a,z+a, =0

But a,2"+a, 2" +a, ,2"% 4. +a,2% +a,z+a,

n n-1 n—-2 2,
a,z’ +da, 1z +a,.,2 +...+0,z" +0,2+q,

n
a,z" +a, .z

—\n —\n-1 —\n—2 —\2 —
an(z) +an71(z) +an72(z) +...+az(z) +al(z)+ao

n-1 +...+c1222+c1lz+aO

2

n_
+a, ,z

Hence:

0,(2) +a,4(2) " +a,,(2) +etay(2) +ay(2)+a =0

That is: f(z2)=0 = f(z)=0.
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Example 3.10

4 3 2
Without the use of a calculator, verify that (z— i) is a factor of f(z)=z +z -5z +z—6
and hence express f(z) as a product of all its complex factors.

Solution:
4 3 2
f()=i +i —5i +i—6=0. Hence (z—i) is a factor of f(z).
By the Complex Conjugate Root Theorem, since the coefficients of f(z) are all real,

the conjugate of (z—i) = (z + i) must also be a factor.

4 3 2 2
Hence, Z +z =52 +z-6=(z-)(z+i)(z +bz+0)

2 2
=(z +1)(z +bz+¢)

By inspection:
4 3 2 2 2
Z +z -5z +z-6=(z +1)(z +z-6)

=(z—-i)(z+i)(z—2)(z+3).

factor’(z4+23—522+z—6) =
[z+3)e(z-2)(z+i ) (z—4)

Example 3.11

5 4 3 2
Without the use of a calculator, solve x —x +13x — 13x + 36x— 36 =0, giving all roots
(real and complex) in exact form.

Solution:

5 4 3 2
Let f(x)=x —x +13x —13x +36x—36.

f(1)=1-1+13-13+36-36=0 = (x—1)isafactor.
Factorising by inspection:
5 4 3 2 4 3 2
x —x +13x —13x +36x—36=(x—1)(x +bx +cx +dx+36)
4
Compare x terms: b=0
3
Compare x terms: c=13
2
Compare x terms: d=0
5 4 3 2 4 2
Hence, X —x +13x —13x +36x—36=(x—1)(x +13x +36)

= (x—1)(x +4)(x +9)

5 4 3 2
X —Xx +13x —13x +36x—36=0 = x=1,%2i,+3i
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7 6
Without the use of a calculator, solve x +x +x+1 =0, giving all roots (real and complex) in

Example 3.12
exact form.
Solution:
7 6
Let f(x)=x +x +x+1
f(=1)=
Factorising by inspection:

7

7 6

6
X +X +x+1=

-1+1+-1+1=0 = (x+1)isafactor.

(x+ 1)(x6 +1)

6
X +x +x+1=0 = x=-1lorx =-1

6
Consider x =-1.

Rewriting in cis form:

By de Moivre’s Theorem:

For k=0:

Complex conjugate:

Fork=1:

Complex conjugate:

For k= 2:

Complex conjugate:

7 6

Hence,x +x +x+1=0 = x=-1,%]|,

Note:

6
x =cis(m + 2kn) keZ
(T 2knj
X = cis| —+—
6
(T 3 1,
X=cis| = | = —+=i
6 2 2
. V31,
X = cis = ——=j
6 2 2
(=
X = cis| =
Zj
( =m
X=cis| —— | =—i
Zj
. [ 5™ \/§ 1.
X=cis| — | = ———+=j
6 2 2
[ 5m \/§ 1.
X=cis| — | = ————Zj
6 2 2
V3.1 V3,1,
2 2 2 2

e As the coefficients are all real, the complex roots appear as conjugate pairs.

6
e In Example 2.2, to obtain all the six roots of z = —1, six different values of k were required.

But in this example, using the Complex Conjugate Root Theorem, only three different values of k

was sufficient.
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Exercise 3.3

1. Without the use of a calculator, in each of the following, verify that the second
polynomial is a factor of the first polynomial. Hence completely factorise the first

polynomial.
3 2 3 2
(@) z +2z +z+2, z—i (b) z +2z +4z+8, z-2i
3 2 3 2
(c) 4z —4z +z-1, 2z+i (d) z +2z —6z+8, z—1+i

2. Find the values of a and b, where a and b are real, such that (z — 4i) is a factor of
3 2 3 2
Z +az +bz—64. Hence, factorisez +az + bz —64.

3. Find the values of a and b, where a and b are real, such that (z— 1 — ) is a factor of
3 3
z +az+b. Hence, factorisez +az+ b.
4. Find the values of g and b, where a and b are real, such that (z— 1 + 2/) is a factor of
4 3 2 4 3 2
z —2z +2z +az+b. Hence,solvez —2z +2z +az+b=0.

5. Find the values of a and b, where a and b are real, such that (z + 2 +/) is a factor of

4 3 2 4 3 2
4z +az +21z +bz+5. Hence,solve4z +az +21z +bz+5=0.

6. Find the values of a and b, where a and b are real, such that (3z — i) is a factor of

4 3 2 4 3 2
az +18z +28z +bz+3. Hence,solveaz +18z +28z +bz+3=0.

7. Without the use of a calculator, solve for z, where z is a complex number.
4 2 4 3 2
(@) z +z —2=0 (b)) z +z =2z —6z—-4=0

4 3 2 4 3 2
(c)z —4z +4z —9=0 *(d) z -4z +9z —162+20=0

*8. Without the use of a calculator, solve for x, where x is a complex number.
5 4 6 4 2
(@) x —x +x—-1=0 (b) x —x +x —1=0

7 6 8 6 2
() x —x =x+1=0 (d) x —x —x +1=0

6 4 2
*9. (x—i) and (2x + i) are factors of the polynomial 4x +9x +ax +bx+c
where g, b and c are real. Find the values of a, b and c.

6 5 4 2
*10. (x—1+i)and (x+1+i)are factors of the polynomial x +x +x +ax +bx+c

where g, b and c are real. Find the values of a, b and c.
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‘04 Functions | \

4.1 Review of Functions

e Afunction f between sets X and Y is a rule that associates each element in set X
with a unique element in set Y.
e Xis called the domain of the function f, while Y is the codomain of f.
¢ The set of all images of f in the codomain Y is called the range of f.
The range is a subset of the codomain.

e Where the domain and codomain of a function is not specified, the natural
domain is assumed: this is the largest set that qualifies the mapping rule as a
function rule. The codomain will then be the natural range of the function. This
is the set of all images corresponding to the elements in the natural domain.

e In this book, the following notations will be used interchangeably to describe
domains and ranges.

e R =(-,0)={x: xeR} e RT=(0,0)={x: x>0, xecR}
e Ry =[0,0)={x:x20, xeR} e R, =(—,0]={x:x<0, xeR}
e R—{a}={x:xza, xecR} o (a,b]={x:a<x<b, xeR}

e The “square bracket” is used to denote a closed interval, i.e. it includes the endpoint
while the “round bracket” is used to denote an open interval, i.e. it does not include the end
point.

4.1.1 Onto Functions

e Afunction f is said to be an onto function if its range is identical to its codomain.

Example 4.1

Determine if each of the following functions are onto functions or otherwise.
(@) f(x) =x+10 with domain [0, ®) and codomain R.

(b) f(x) = In (x) with domain R* and codomain R.

Solution:

(a) Range for f is {x: x>10, x€R } which is a proper subset of the codomain R.
Hence, f is not an onto function.

(b) Range for f is R which is also the codomain. Hence, f is an onto function.
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4.1.2 One to One and Many to One Functions

e Where two different elements in domain of the function f are mapped to the
same element in the codomain, the function is called a many-to-one function.
e Thatis, fis a many-to-one function if 3 a, b such that
a # band f(a)= f(b).

e Where no two elements in the domain of the function f are mapped to the same
element in the codomain, the function is called a one-to-one function.
e Thatis, fis a one-to-one function if f(a)= f(b)thena=b.
¢ Graphically, f is a one-to-one function if the graph of f passes the
horizontal line test.
« When a horizontal line is drawn through its graph,
the line must pass through no more than one point on its graph.

Example 4.2
flx) glx)

2+ 2+

The graphs of the functions f and g
are drawn in the accompanying

diagrams. Determine with reasons if '\
these functions are one-to-one or /\ —x -
many-to-one functions. \." \.“

Solution:
f is a many-to-one function as there g is a one-to-one function as there are
are at least two elements in the no two elements in the domain that
domain that map to the same image. map to the same image.
f(x) glx)
Notes:

e A function is a many-to-one function if it fails the horizontal line test.
e Clearly the graph of g passes the horizontal line test and hence g is a one-to-one function.
e As seen above, the graph of f fails the horizontal line test and hence f is a many-to-one function.
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Example 4.3
Determine analytically if each of the following functions are one-to-one or many-to-one.
(a) f)=x+10  (b) f(x)=x forx>0 (c) f(x)= (1—x)’ for xeR .
Solution:
(a) Let f(a)= f(b). = a+10=b+10
a=b

Hence, f is a one-to-one function.

(b) Let f(a)=f(b) wherea>0andb>0.
2 2

= a =b
a=ztb
But a>0and b >0, hence a =— b is not possible.
Therefore, a = b. Hence, f is a one-to-one function.

(¢) f(0O)=1 and f(2)=1.
Therefore, there are at least two elements in the domain that map to the same
image. Hence, f is a many-to-one function.

Example 4.4

2
Find the largest possible domain for f(x) = (x + 1) to be one-to-one.
Solution:

The natural domain for f is R. fis symmetrical about the line x = —1.
Hence, largest possible domain is either (—oo, —1] or [-1, «).

Example 4.5

Find the largest possible domain with the limits of the domain being numerically as close
to 0 as is possible for each of the following functions to be one-to-one.

(a) f(x) =sin (x) (b £ (x) = cos (x) (c) f(x) =tan (x)
Solution:
(a) The graph of f(x) = sin (x) “passes the horizontal ,

T T
line test” for | —, —|. ‘
[ 2 2} /\ W
. o T T / ) N\
Hence, required domain is {—E,E} 2 /1 \/
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(b) The graph of f(x) = cos (x) “passes the horizontal
line test” for [-m, 0] or [O, =].

Hence, required domain is [-m, 0] or [0, w]. /\ /\ | /\

(c) The graph of f(x)=tan (x) “passes the horizontal
line test” for (—E,EJ.
2 2

Hence, required domain is (—%%}

Notes:

The domain that makes the circular functions sin(x), cos(x) and tan(x) one-to-one functions is called
the principal domain.

The principal domain for sin(x) is conventionally set as [— g, 725} .

The principal domain for cos (x) is [0, m].

The principal domain for tan (x) is (— g, ;j .

Exercise 4.1
1. Determine if each of the following functions are onto functions or otherwise.
(@) f(x) =—2x+ 10 with domain {x: x> 1, x€R } and codomain R.
(b) f(x) = e* with domain R and codomain R.
() f(x) =x2 — 10 with domain R and codomain R.

2
(d) f(x)=x(x—2) with domain Rand codomain R.

2. The graphs of the functions f are drawn in the accompanying diagrams. Determine
with reasons if these functions are one-to-one or many-to-one functions.

(a) (b) ()
b

fx) f(x) fix)

54 / st
/ \ | /\\V » - o
x -5 T 5 5
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3. Determine analytically if each of the following functions are one-to-one or
many-to-one.

(@) F00=3-2x (b) F()=2+(x—1)°
(c) fx)=(x-1) (d) f(x)=(x—=1)(x+2)(x~-3)
(&) fix)= = (M) F0= ——

X (x=2)
(8) F)=5—(x+1) for x>0 (h) F(x) = (x=2) forx>0
(i) f(x)=sin(x) for —-t<x<m (i f(x)=cosz(x) forO<x<m

4. Find the largest possible domain for each of the following functions to be one-to-one.
2 2
(@) f(x)=(2x-3) (b) fx)=4-3(x+2)

(€ F00 = ——
(x+1)

(&) £ = ix-2?+1 (f) £(x) = y(2x—5) +4
(8) £(x) = 25— (x+2)? (h) F(x) = 4 — \[16—(x—2)2
() f(x)= Na—x? () f() = yix-1)*-1

5. Find the largest possible domain with the limits of the domain being numerically as
close to 0 as is possible for each of the following functions to be one-to-one.

+1 (d)f(x)=1—(x+2)3

(@) f(x) =sin (2x) (b) fx)= COSZ(X/Z)
(c) f(x) =tan (x + n/4) (d) f(x) = cos (x)
(e) f(x) =2 cosec (x/2) (f) f(x) =3 sin (x) + 4 cos (x)

4.2 Composition of Functions

e In this section we will explore the procedure for combining two or more functions.
e Let h represent the composition of function f followed by function g.
« This is written symbolicallyash=gof or h=gf.
« The image for x under h is written as
hix) = go f (x) = g(f (x))
or hix)=gf(x)=g(f(x)).

e The composition of two or more functions may or may not be a function.
Hence we also need to determine the mathematical conditions for which the
composition of two or more functions is a function.
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e Casel

e The diagram below shows schematically the mappings for two functions
fandg.
« The domain for f is {1, 2, 3 } and the range for f is {11, 12, 13}.
« The domain for g is {11, 12, 13} and the range for g is {16, 17, 18}.

7\ ! / e N\ !
[ 1 %——_ 11\ = N
o T ——
3 f—>—\13 o
\__/ \__/
Domain of f Range of f Domain of g Rangeofg |

Consider h=g f.

« From the schematic mappings: h(1)=g(f(1)) =g(11)=16
h(2) =g(f(2)) =9g(12) =17
h(3)=g(f(3)) =g(13)=18

« In this instance, h is a function as each element in its domain has a

unique image.
« The domain of his {1, 2, 3}
and the corresponding range is {16, 17, 18}.

e The diagram below shows schematically the mappings for two functions
fandg.
« The domain for f is {1, 2, 3 } and the range for f is {11, 12, 13}.
« The domain for gis {11, 12, 13, 14}
and the range for g is {16, 17, 18, 19}.

U ra
1> 11 =
2 ‘ 12 | =
\ 3 ,r“ 13 -
L % 7
Domain of f Range of f Domain of g Rangeofg |

« Considerh=gf.
« Clearly: h(1)=g(f(1)) =g(11)=16
h(2) =g(f(2)) =9g(12) =17
h(3)=g(f(3)) =g(13)=18
« In this instance, h is a function as each element in its domain has a
unique image.
« The domain for his {1, 2, 3} and the its range is {16, 17, 18}.
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e Case3

e The diagram below shows schematically the mappings for two functions

fandg.

« The domain for f is {1, 2, 3 } and the range for f is {11, 12, 13}.
« The domain for g is {11, 12, 14} and the range for g is {16, 17, 19}.

/’ N\

[ 1\
2
3/

\\ ¥ ’/‘

Domain of f

f

TN

/ \
11 \
12

\—13 /
4

Range of f

Domainof g

Rangeofg |

« Considerh=gf.
« Clearly: h(1)=g(f(1)) =g(11)=16
h(2)=9(f(2)) =g(12) =17
h(3) =g(f(3)) =g(13) does not exist
« In this instance, h is not a function as there is an element in its
domain that does not have an image.

e In Case 1, the composition g( f (x)) is a function.
e Note that the range of f = domain of g ={11, 12, 13}

e In Case 2, the composition g( f (x)) is a function.
e Note that the range of f ={11, 12, 13} and
the domain of g = {11, 12, 13, 14}.
e That is, the range of f — domain of g.

e In Case 3, the composition g( f (x)) is a not function.
e Note that the range of f ={11, 12, 13} and
the domain of g = {11, 12, 14}.
e That is, the range of f & domain of g.

¢ In general, the composition g( f (x)) is a function only if
the range of f < the domain of g.
¢ The range of the first function applied is a subset of the domain of the
second function applied.
e The domain of g( f (x)) is not necessarily the domain of f. See Example 4.8.

© O.T.Lee 46



4 Functions |

Example 4.6

Given that f(x)=x+4andg (x) = \/;, determine with reasons if each of the following
2 2
compositions are functions. (a) fg (b) gf (c) f (d) g.

Solution:

(a) Rangeforgis{x:x20,xe R}or R§. Domain for f is R.

Hence, range of g c domain of f. = fgisa function.

(b) Range for f is R. Domain for gis Rj.
Hence, range of g ¢ domainof f. = gf is not a function.

(c) Range for f is R. Domain for f is R.

2
Hence, range of f =domainof f. = f isa function.

(d) Range for gis R§. Domain for gis Rj.

2
Hence, range of g =domainofg. = g is a function.

Example 4.7
Let f(x) = 2x+3, and g (x) = %2 Find the rule for: (a) fg (b) gf (¢) - (d) g
X

Solution:

(a) fa(x) =F(g (x)
_ 1) 2
_f(x+2J ) x+2+3'

(b) gf () =gl f(x)
- _ 1 1
T3 = 2x+3)+2 2x+5

2

(c) £ =F(F)
=f(2x+3)=2(2x+3)+3=4x+9

(@) 0’ (x) = glgx)

g 1 B 1 _ o Xx+2
X+2 ( 1 ] 2x+5
— |+ 2

X+2

© O.T.Lee 47



Mathematics Specialist Units 3 & 4

Example 4.8

Let f(x)=x+1and g(x) = ——.
xX—2

(a) State the natural domain and corresponding natural range for f and g.
(b) Find the largest possible domain for f so that g f is a function.
(c) Using this domain for f, state the composition rule, domain and range for g f.

Solution:
(@) Natural domain for f=R. Natural range for f= R.
Natural domain forg= R —{2}. Natural range for g = R — {0}.

(b) For g f to be afunction, the range of f must be within the domain of g.

For the range of f to be within the domain of g,
the range of f must be restricted to R — {2}.

To achieve this, the element “2” must be removed from the range of f.
As f (1) = 2, this is achieved if we remove the element “1” from the domain of f.

That is, the domain of f is restricted to R — {1}.
Hence, the largest possible domain for f is R — {1}.

(c) Theruleforgfisgivenby gf(x)=g(f(x)
11

=aglx+ 1) = =
4 ) x+1-2 x-1

The domain for g f = restricted domain of f= R — {1}.
The range for g f = restricted range of g = R — {0}.

Notes:

e In part (b), since g is defined only for x # 2, g f is defined only for f (x) # 2.
Therefore x+1#2 = x#1.

e Alternatively, to determine the largest possible domain for f so that gf is a function, the following
method may be used. In this method, the composition rule is used to determine the largest possible
domain. However, this method must be used with caution as it does not always work.

See Example 4.9 and Example 4.10.

Alternative Solution to (b):
The rule for g fis givenby g f(x) =g(f(x))
11
x+1-2 x-1
From the composition rule, the largest possible domain of fis R —{1}.

=glx+1)=
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Example 4.9

2
Let f(x)=(x—1) and g(x) = \/;+1.

(a) Find the rule for fg given that fgis a function.
(b) Determine the domain and range for fg.

Solution:
(a) falx) = f(g(x)
= f(x+1)
= (Wx+1-1)
= (Vx)* =x
(b) Natural domain for g is R{. Range for g is [1, o). Domain for f is R.
Hence, range for g © domain for f.
It is therefore not necessary to restrict the domain of g.
Hence, domain for f g = natural domain for g
= R,
The corresponding range of fg = Rg.
Notes:

e By just observing the rule for f g(x) = x it would “appear” that the domain for fg would be R .

e This would be incorrect as f g(x) Ef(\/; + 1) which requires x 2 0.

e As mentioned in the notes accompanying Example 4.8, caution must be used if you choose to
determine the domain or range of a composite function by observing the structure of the composite
rule.

Example 4.10
Let f(x)=In(x),x>1andg(x)=x—1.

(a) Find the largest possible domain for g so that fgis a function.
(b) Using this domain for g, state the rule, domain and range for fg.

Solution:
Natural domain forg= R. Rangeforg=R.
Given domain for f = (1, «). Range for f= (0, ).

(a) Forthe range of g to be within the domain of f ,
the range of g needs to be restricted to (1, ).
Thatis, 1<x—1<00 = 2<x<oo,

Hence, the largest possible domain for g is (2, «).

(b) fa(x)=f(g(x)=flx—1)=In(x-1).
Domain of f g = restricted domain for g = (2, ).

Corresponding range of fg = R™.
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Example 4.11

Given that fg (x) = 2 and f(x) = L, find the rule for g.
1-x x+1

Solution:
Using the rule for f: fag(x)=f(g(x))
__alx)
g(x)+1
But fgv)=—3—
1-—x
Hence, g(x) = 2
gx)+1 1-—x
g(x) —xglx) =2 g(x) +2
g(x) +x glx) = -2
(x) = =2
g 1+x
Example 4.12

2
Given that fg(x)=1+x and g(x) =x— 1, find the rule for f.

Solution:
Using the rule for g: fag(x)=f(g(x))
=f(x-1)
But fab)=1+x
Hence, fix-1)=1+ x2 [1]

let u=x—-1 =x=u+1
Substitute u=x—-1and x=u+ linto [1],

2
()=1+(u+1)

2
=u +2u+2

2
Hence, the rule for fis f(x)=x +2x+2.

Exercise 4.2

1. Giventhat f(x)=x—4andg(x)= vVx—1, determine with reasons if each of the

2 2
following compositions are functions. (a) fg (b) gf (c) f (d) g .

2. Given that f(x) = 2*¥ and g (x) = Vx+1, determine with reasons if each of the following

compositions are functions. (a) fg (b) gf (c) j‘2 (d) gz.
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10.

11.

12.

13.

14.

Given that f(x)=1—-2xand g (x) = LZ' determine with reasons if each of the
X+

2 2
following compositions are functions. (a) fg (b) gf (c) f (d) g .

1
Given that f(x)= 3* and g (x) = Py determine with reasons if each of the following
X_

compositions are functions. (a) fg (b) gf (c) f2 (d) gz.
Let f(x)=x—3,andg(x)=x2+3. Find the rule for: (a) fg (b) gf (c) f2 (d) gz.

Let f(x) = ﬁ,andg(x)ﬂ(z—l. Find the rule for: (a) fg (b) gf (c) f2 (d) gz.

Let f(x)= e*,and g (x) =1+ 2x. Find therulefor: (a) fg (b) gf (c) f2 (d) gz.

Let f(x) = ! ,and g (x) = L. Find the rule for: (a) fg (b) gf (c) j‘2 (d) gz.
1-x 1+x

Let f(x)=5—xand g(x) = 1/x.

(a) State the natural domain and corresponding natural range for f and g.

(b) Find the largest possible domain for f so that g f is a function.

(c) Using this domain for f, state the composition rule, domain and range for g f.

Let f(x) =x2 —5andg(x) = V1+x.

(a) State the natural domain and corresponding natural range for f and g.

(b) Find the largest possible domain for g so that f g is a function.

(c) Using this domain for g, state the composition rule, domain and range for f g.

2
Giventhatf(x)=(x—1) wherex>2andg(x)=1+ \/; find the largest possible
domain for g so that f g is a function. Using the restricted domain, state the rule,
domain and range for the composite function f g.

2

Given that f(x) =x + 2 and g(x) =1+ v/x—2 where x > 3, find the largest possible
domain for fso that g fis a function. Using the restricted domain, state the rule,
domain and range for the composite function g f.

Given that f (x) = In (x), g(x) = x + 1 and h(x) = sin (x); determine the rule for each of the

following and state with justification whether the composition is a function. If the
composition is a function, state the domain and range of the composite function.

(a) fgh (b) ghf

2

Given that f (x) = 5°; g(x) = x , and h(x) = 25— x ; determine the rule for each of the
following and state with justification whether the composition is a function. If the
composition is a function, state the domain and range of the composite function.

(@) fgh (b) ghf
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15. Giventhat fg (x) =x+ 3 and f(x) =x— 2, find the rule for g.

16. Giventhat fg (x) =x—2 and f (x) = 1/x, find the rule for g.

17. Giventhat fg (x) = Ll and f (x) = 2x + 1, find the rule for g.
X+

18. Given that fg (x) =x+ 4 and g(x) =1 — x, find the rule for f .

19. Given that fg (x) =2x—1and g(x) = x + 1, find the rule for f.

2
20. Giventhatgf(x)=x +1andf(x)=x+ 3, find the rule for g.

21. Giventhatgf(x)= X and f (x) = L, find the rule for g.
x+1 1-2x

4.3 Inverse of a Function

The inverse of a function is a relation that maps the image back to the original
object.
¢ The inverse of a function f may or may not be a function.
o If the inverse of a function f is also a function,
it called an inverse function.

-1
e The inverse function is denoted f .

Where the domain and codomain of a function f are specified,

-1
then the inverse function f exists only if f is a one-to-one and onto function.
o If f:X—>Y,suchthatf(x)=y,

-1 -1
f Y>> Xand f (y)=x.
If the domain of f is given or the natural domain is assumed with no mention of
-1
the codomain, then f exists only if f is a one-to-one function.
-1
o If fg(X)=gf(x)=x, theng=f .
-1
e The domain of f =the range for f

-1
The range of f =the natural (or restricted) domain of f.

1
Graphically, f exists only if the graph of f passes the horizontal line test.
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Example 4.13

Prove that if f is a many-to-one function, then the inverse of f cannot be a function.
Solution:

As f is a many-to-one function 3 a, b in the domain of f
such that a # b and f maps both a and b to a common image k.

Hence, the inverse of f will map the image k to a as well as b.
This makes the inverse of f a one-to-many mapping which is not a function.

Example 4.14

The graph of a function f is given below.

(a) Verify that the inverse of f is not a function.

(b) Find the largest possible domain for f such that the
inverse of f is a function.

(c) State the domain and range for the inverse of f
corresponding to the restricted domain of fin part (b).

Solution: I 5

(a) f is not a one-to-one function as it fails the horizontal line test.
Hence, the inverse of f is not a function.

(b) From the graph of f, f is a one-to-one function for x> 2 (or x < 2).
Hence, the largest possible domain over which f is a one-to-one function is
[2, ) or (—x, 2].

(c) The domain for the inverse of f =range for f=[0, o)
The range for the inverse of f = restricted domain for f =[2, o) or (— 0, 2].

Example 4.15

Determine with justification, if the inverse of f: R — R, f(x) = 4x+ 1is a function.
Find the rule for the inverse function if it exists.

Solution:

Clearly, f is a one-to-one function.
The range of f = codomain of f = R. Hence, f is also an onto function.
Hence, the inverse of f is a function.
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To find the inverse rule, let y=4x+1
-1
Express x in terms of y X = yT
-1
Since f(x) =y, then f (v)=x
_1 _1
Hence f W= Y-
4
. . .1 x-1
That is, the rule for the inverseis f (x) = e

Note:
e In writing the rule, the “letters” x and y are dummy variables.
It is immaterial which letter is used. What is important is the relationship that is expressed.
By convention, when stating mapping rules, the letter x is used.

Example 4.16

Determine with justification, if the inverse of each of the following functions are functions.
Find the rule for the inverse function where it exists.

@ Fx = -1’ (b) f(x) = In (x) (d) Fx) = ——
1+x

Solution:

(a) The natural domain for f is R.
f(2)=1and f(0)=1
Hence, f is not a one-to-one function within its natural domain.
Therefore, the inverse of f (within the natural domain of f) is not a function.

(b) f is a one-to-one function within its natural domain.
Hence, the inverse of f is a function.

For the inverse rule, let y = In(x)
Express x in terms of y X = ey
Since f(x) =y, f_l(y) =x=¢
Hence, the inverse rule is f_l(x) = ex

(c) f isaone-to-one function within its natural domain.
Hence, the inverse of f is a function.

For the inverse rule, let y= 1

1+x
. 1

Express x in terms of y l+x=—
y
1 1-

x==-1="2
y y
. . -1 1—x
Hence, the inverse rule is f x)=
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Example 4.17

2
The function f is defined by the rule f (x) =x + 1.
(a) Verify that within the natural domain of f, the inverse of f is not a function.
(b) Find the largest possible domain for f so that the inverse of f is a function.

-1
(c) For the domain of f defined in (b), give the rule for f and its corresponding
domain and range.

Solution:

(@) f(2)=5andf(-2)=5.
Hence, f is not a one-to-one function within its natural domain.
Therefore the inverse of f is not a function.

(b) Therulef(x)= x2 + 1 is symmetrical about x = 0.
Hence, for x>0 (or x <0), f becomes a one-to-one function.
Therefore, the largest possible domain for f so that its inverse is a function is
[0, o) or (—x, 0].

2

(c) Fortheinverse rule, let y=x +1
Express x in terms of y, x=1,y-1
-1
Since f (x) =y, f y)=x
-1
which gives f (y)=%4y-1

For f with domain [0, ), the rule for the inverse of f is f_l(x) = \/ﬁ
The domain off_1 =range of f =[1, ).

The range of f_1 = domain of f =0, ).

For f with domain (—o, 0], the rule for the inverse of f is f_l(x) =—Jx-1
The domain of f_1 =range of f=[1, «).

The range off_1 = domain of f=(—oo, 0].

Note:
. f is not a function when the natural domain of f is used.
However, if we restrict the domain of f, the inverse of f becomes a function.
. Z(y) = #Jy-1 clearly is not a function rule.

There is therefore a need to determine which rule matches the restricted domain used.
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Exercise 4.3

1. The graph of fis given below.
(i) In each case, determine if the inverse of f is a function.
(ii) If the inverse of f is not a function, find the largest possible domain for f so that
the inverse of f is a function.
(iii) State the domain and range of the inverse function.

(a) (b)

flx) f(x)
20+ 10+
10+
X : ~ X
4 -4 2 2
(d)
f(x)
2 -
> X
2
} X
2 2 4

2. Determine (with justification) if the inverses of the following functions are functions.

(@) f: R > R, F(x)=1—4x b) f: R >R, Flx)=(x=2)
2
() f(x)=(1+2x) (d) f(x)=vx+3
() fix =2 0 Fog=
X 1+x
1 2
(8) f(x)= e™ (h) f(x)=(3—2x),x>15
(i) f(x)=sin(x), mT<x<m (j) f(x)=tan (x),0<x<2m

3. For each of the following functions, find the rule for inverse relation.

@ fk9=3+2x (b flX)=-5x—4 (c) fix)= (§—4)2
(d) f(x)=1-(x=2)  (e) f(x)=(2x+5) (f) £(x) =x

(8) f(x) = e** (h) f(x) = In (1 +2x) (i) f(x)= i—x

i = l——X = = 1

() f00=-— (k) f(x) = Vx+1 () f(x) g
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4. For each of the following functions f:
(i) verify that within the natural domain of f, the inverse of f is not a function.
(ii) Find the largest possible domain for f so that the inverse of f is a function.
(iii) Using this domain for f, state the rule for the inverse of f and its corresponding
domain and range.

(a) Flx) = (x+4) (b) F)=1+(x—2) © x —1

(d) Fo)=(x+1) +1 () Fl)= —— ) ——
1+x (x—1)

(&) () = sin (x) (h) £ (x) = cos (2x) (i) £ = tan[gj

5. Giventhatf(x)= v1—x and g(x) = e*:
(a) find the rule for composite function f g and state its natural domain and range
(b) find the rule for composite function g f and state its natural domain and range

-1 -1
(c) determine the inverse functions (fg) and(gf) where they exist.

6. Let f(x)=2x+1and g(x) = L
4—-x

-1 -1

(a) Determine the rules for the inverse functions f ,g and(gf) .
. |

(b) Verifythat(gf) =f g

7. Let f(x)=+x+1 and g(x) = L
x+1

-1 -1 -1

(a) Determine the rules for the inverse functions f ,g and(fg) .
-1 -1

(b) Verifythat(fg) =g f .

2
8. Let f(x)=x and g(x) = \/; Determine the domain of fand g so that:
(a) f isthe inverse of g. (b) gisthe inverse of f.

2
9. Let f(x)=(1—x) and g(x)=1- \/; Determine the domain of fand g so that:

(a) f isthe inverse of g. (b) gisthe inverse of f.
10. Let f(x) = 1 and g(x) = i—1
. Vx+1 x2 .

Determine the domain of fand g so that f is the inverse of g.
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5.1 Absolute Value Functions

e The absolute value of a real number is the “magnitude” of the number.
. |5l=5 e |-5|=5

—X -x ifx <0
e Thatis, for xeR: ‘x|= ) .
X x ifx>0

e An absolute value function may be described as a piecewise function.
e Ify=|f(x)], then as a piecewise defined function:
—f(x) overthe interval for which f(x)<0
={ f(x) over the interval for which f(x)>0

B —f(x) overthe interval for which f(x)<0
or B f(x) over the interval for which f(x)>0"

e Across the domain for which:
e f(x) is numerically negative, the absolute value function turns these
function values positive by multiplying them with negative one.
e f(x) is numerically non-negative, the absolute value function
preserves these function values.

Example 5.1

2
Sketch the graph of y = |x —1/|. Hence, or otherwise rewrite the rule in piecewise form.

Solution:
First sketch y=x2— 1. y
5 A
For -1 < x < 1, the values of x> —1are numerically negative.
The absolute value function “turns” these values positive.
Thatis for -1 <x < 1,y=—(x2—1).
Graphically, this means that the portion of graph below the
x-axis is reflected about the x-axis. | !
T '\\ /I' T
5 -2 N g 2
For x<—1and x 2 1, the values of x” —1 are non-negative and

hence remain unchanged.
Graphically, this means the parts of the graph above the x-axis are preserved.

o _ _ —(x*-1) —1<x<1
As a piecewise defined function: y =

(x2 —1) otherwise
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Example 5.2

Rewrite y =2 — |1-x|asa piecewise function.
Hence, or otherwise, sketch the graph of y =2 — |1—x].

Solution:
Consider | 1 —x|. Critical pointis x = 1. y
For x<1, 1 - xis numerically non-negative. 5 4

Hence,|1—x|=(1—x).

For x> 1, 1 — x is numerically negative.

Hence,| 1 —x|=—(1-x). /\
Consider now 2 —| 1 —x|. 4 / — S

Forx<1,2—|1-xl=2—(1-x)=1+x / 1 2
Forx>1,2—-|1-x|=2-—(1-x)=3—-x.
x+1 x<1
Hence, y = .
3—x x>1
Example 5.3

Rewrite y = |x+1|+|x+2]asa piecewise function.
Hence, or otherwise, sketch the graph of y =[x+ 1 [+]x + 2.

Solution:
Consider | x+ 1 |+|x+2]. Critical points are x = -2 and x = —1.

Hence, the domain is divided intox<—-2,-2<x<1land x> 1.
Consider the expressions |x+1land|x+2] separately and hence | x+1]+]x+2]over each section of the
domain.

xX<-2 —-2<x<1 x>1
[x+1] —(x+1) | —(x+1) (x +1)
|x+2] —(x +2) (x +2) (x +2)
Ix+1l+[x+2| | —2x-3 1 2x +3
—2x-3 X<-2 y
Hence: y= 1 -2<x<1 5 4
2x+3 x>1
f f t > X
-4 -2 2 4
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Example 5.4

Rewrite | y |=xasa piecewise function.
Hence, or otherwise, sketch the graph of | y |=x.

Solution:

Consider | y |. Critical pointis y =0.

Fory <0, y‘ =y = —Yy=X = y=—X
Fory 20, y‘ =y = y=X

-x y<0
Hence: y=

x y=0

Alternatively:

Consider the relation | y | = x.
The inverse relation is |x| =y.
Hence, | y | = x is the inverse relation ofy= |x| .

To sketch | y | = x, sketch y= | x| and reflect the curve about the line y=X.

undefined x<0

In piecewise form, y = .
tx x>0

Example 5.5
Use an algebraic method to solve for exact values of xin | x+ 7 |>]3 — 5x]|.

Solution:

Sketch on the same set of axes y = |x+7]and
y= |3 —5x/|. Label the different pieces of the graphs.

5
AtP: x+7=—(3-5x) = X=E

AtQ: x+7=3-5x = x=—§
2

From sketch: ——<x< =
3 2

Notes:

In this method, a sketch is used to determine the equations of the intersecting pieces and to identify the end

points of the domain over which the inequality is valid.
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Example 5.6

Use an algebraic method to solve for exact values of x in |3-x|<1+2/1+3x].

Solution:

Rewrite the inequality as |3-x|-2l1+3x|<1.

-1
Critical points are x = 3 and x = 3.

-1 -1
X< — — <x<3 xX>3

3 3
[3-x] (3-x) (3-x) ~(3-x)
211 +3x]| —2(1+3x) 2(1 + 3x) 2(1 + 3x)
|3—x|—2|1+3x| 5+ 5x 1-4x -5 —-5x

5+5x x<_—1

3

Hence: |3—x|—2/1+3x|=1{ 1-4x ‘?1933.

2x+3 x>3

5+ 5x x<_?1

Consider 1-4x _?1£x£3 <1.

2x+3 x>3

Forx<_?1: 5+45x<1 = XS_—:

For_?ISxS& 1-4x<1 = x20

Butx<3. = 0<x<3

-6
For x> 3: -5-5x<1 = XZ?

Butx>3. = x>3.

Hence: |3—x|-2/1+3x|>1 for xs_?40rx20.
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Example 5.7

. . -5
The equation |2x+3|=|x+alhas exactly two solutions; x = 3 and x =—1.

Find the value of a.

Solution:
|2x+3|=|x+a|
Substitute x = - -10 +3]= = +a
3 3
-1 -5
| —=[=]—=+a
3
Hence, _—5 +a=1= 1
3 3
4
Therefore a= E or2
Substitute x = -1 |—2+3|=|—1+a|
1=|-1+al
Hence, l+a=%x1
Therefore a=0or2

-5
Hence,|2x+3|=|x+a|is satisfied by x = ? and x=-1fora=2.

Example 5.8

The equation |x+5]=]x—al+bhas solution x> 2. Find the values of a and b.
Solution:
Sketchy=|x+5|.

Sketchy=|x—a|+b to becoincidentwithy=|x+5|forx22.

Whenx=2,y= ‘2+5‘ =7.
Hence, point A has coordinates (2, 7)

From the sketch shown, the graph of y = |x—al+b
is the graph of y = | x | translated 2 units to the
right and 7 units “upwards”. ' ' ' =X

Therefore, a=2andb=7.
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Exercise 5.1

1. Rewrite each of the following in piecewise form.

*6.

*7.

*8.

10.
11.
12.
13.

14.

(@) y=1-x|
(d) y=|2x+2|
(g) y=1e*|

i) y= x €[0,2m]

o)

(m) y=|x+1|+|x+2|
(p) y=Ix(x=3)[+[x+1|
(s) y=[x—2|/(x-2)

. Solve algebraically for x.
(b) |x|>-4

(a) |x|<4

(e) Ix(x-2)|21

(h) | 2x—1|>2-x
(k) Ix—4l<2|x+1]

(n) [x(4—x)[>[x-1]

(b) y=lx+1]
(e) y=Ixix-1)|
(h) y=1in(x)|

(k) y=|x+1|+1

(n) y=|2x+1|+|x+3|

(q) lyl=2x
(t) y=(3-x)/|x-3]

(c) |x+2]>5
() | In(x) |< 1

(i) |x+1]<|x+3]

() 212 —x|<3[2x+3]|
(o) |x|+2>]4—-x|

(c) y=l-x-1]
(f) y=|x(2—x)|

(i) y=Isin(x)| xe[0,2n]
) y=l1-2x|+x

(o) y=|1—2x|—|x|
(r) |y|=x—1

(d) | 1-2x|<4

(@) Ix+1l2=—x

() l2x+1|2]1—x+3]|
(m) | x|>]1/x|

(p) |1-2x|<|x+3]-1

. The equation |x+al=|x—3has exactly one solution; at x = 1. Find the value(s) of a.

The equation |2x—4]=|x—k|has exactly two solutions; at x =—1 and at x = 3.

Find the value(s) of k.

Find the value(s) of k.

. The equation |2x—3]=|3x+k|has exactly two solutions, x =—4 and at x = 2/5.

The equation | x + a | =| x — b | has exactly one solution; at x = 2.

Find the value(s) of a and b.

The equation |2x+al=|-x+blhas exactly two solutions, x =—4 and x = 2/3.

Find the value(s) of g and b.

The equation |3x+2|=]ax—1]has exactly two solutions, x=—1/7 and x = 3.

Find the value(s) of a.

Find the value(s) of m.

. The inequality | 5x—2|>| mx—3|has solution x<—1 and x > 5/9.

The inequality | kx + 5| <| x— 1| has solution —6 < x < —4/3. Find the value(s) of k.

The solutionto | x+4 |=|x—al+bisx>—1. Find the value(s) of a and b.

The solutionto|x—5|=|x—al|+bisx>8. Find the value(s) of a and b.

The solutionto | x + 1 |=|x+ a |- b is x <—4. Find the value(s) of a and b.

Prove or disprove the conjecture that the inverse of an absolute value function is not a

function.
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5.2 Graphs of Inverse Functions
e In the previous chapter, it was noted that if f(x) =y,
then the inverse f_1 will map y back to x.
e That s, a point (h, k) on the curve y = f(x) corresponds
to the point (k, h) on the curve y = f_l(x) .

e Hence, the graph of y = f_l(x) may be obtained by reflecting
the graph of y = f (x) about the line y = x.

e The graphsofy= f(x)andy = f_l(x) should they intersect,
will intersect along the line y = x.

e The table below summarises the distinguishing features between the graphs
ofy=f(x)andy= f"(x).

y=f(x)

y=fx)

Vertical interceptaty =a

Rootatx=a

Vertical intercept aty =a Rootatx=a

Horizontal asymptote: y=a Vertical Asymptote: x=a

Vertical Asymptote: x=a

Horizontal asymptote: y=a

Example 5.9 v
10 - 1
- |
Given the sketch of y = f (x), sketch the graph of y=f 1(x) . \
\\
Solution: i
y y=X i e ] h.\.\ » *
10 =+ \\ : 0
-1 2 \
y=f) —_ 1 i '.|
\ T g E
_______ wl El . 101 l:
Nr ' "
: : V% | y=f(x) y=f"x
F————————— f————————— x T
10 : 1\ s Root at x= 2 Vertical intercept at
y=2
o il V(irtllcal intercept at Root at x= 1
IR y=
i Horizontal asymptote Vertical asymptote
y= 2 x=2
104 Vertical asymptote Horizontal asymptote
x=4 y=4
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5.3 Graphs of Reciprocals y = ﬁ

e The sketch of the curve y = % may be obtained from the graph of y = f (x)
X
by “manipulating” the graph of y = f (x).
e The point (h, k) for k # 0 on the graph of y = f (x) corresponds

1 1
to the point (h, —) on the graph of y = ——.
k f(x)

e The graphsofy=f(x)andy = % should they intersect will intersect
X
onthelinesy=+1.

e The table below summarises the distinguishing features between the graphs

ofy=f(x)andy = L

f(x)
£ y=—
y=rx RPTI
f(x)
Rootatx=a Vertical Asymptote at x=a
. s 1
Vertical intercept (0, a) where a # 0 Vertical intercept (0, —), a#0
a
Vertical Asymptote: x=b Rootatx=b
. . 1
Horizontal asymptote: y=a,a#0 Horizontal asymptote: y= —
a
) 1
Local Minimum at (h, k) where k#0 Local Maximum at (h, ;) where k#0
- 1
Local Maximum at (h, k) where k#0 Local Minimum at (h, ;) where k=0
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Example 5.10 ‘
\ 5 /
1 \\ /I
Given the sketch of y = f (x), sketch the graph of y = ——. \ /
flx)
\‘ /
Solution: \ /,
a‘\\ /,’b x
\\ /
\/\«/ ™~ y Intercept
Local Minimum 0, =
(k,-2) 2
i y=—
= X =
’ f(x)
Vertical
Roots atx =a,
asymptotes
xX=b
x=a,x=b
Vertical Intercept | Vertical Intercept
t 3 t 2
a =—— a -
y 2 y 3
. . Max point at
Min point at 1
k, -2 k ——
(k, —2) ( 5 )

Exercise 5.2
1. For each of the following graphs sketch on the same set of axes the graph of y = f % (x).
(a) (b)

10 +

10 .10

-10

-10 +

) (@)

x>

-10 +
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2. For each of the following graphs sketch on the same set of axes, the graph of y = f_l(x) .

10

-10

(a) (b)
y
10
t > x t
-10 10 -10
210 +
(c) (d)
y
20 T
10 1
- > x }
-20 -10 20 -10
,10 -4
220 +

3. For each of the following graphs, sketch on the same set of axes, the graph of y = L

.10 +

flx)
(a) (b)
y y
7 " '
(c) (d)
y y
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4. For each of the following graphs, sketch on the same set of axes, the graph of y = 1 .

(a)

(c)

10+

flx)
(b)

>

10

(d)

<

10

5. Without using a CAS/Graphic calculator, sketch the graph of y = f_l(x) .

(@) y=x+3

(c) y=+x-1

(e) y=2" -4
1

(g) y=m

(i) y= 55in(n—sxj for-5<x<5

(b) x+y=5

(d) y=2-+x+1

(f)y=4—-107%
1

h) y=5-—
(h)y 2x-10

(G) y= 5COS(%XJ for-5<x<5

1
6. Without using a CAS/Graphic calculator, sketch the graph of y = ——

(@) y=4-x

(c) y=~2-x

(e) y=in(4-x)

(8) y = x(x = 2)(x +2)

U)y=4sm(%§jﬂx—83x58

flx)
(b) 2x+5y =10
(d) y=2+2"
(f) y=(x—2)(x+4)

x+3
h) y=
(h)y=-—3

(i) y= 3COS(%XJ for—-6<x<6

© O.T.Lee



05 Functions Il

5.4 Graphs of Absolute Value Functions y = | f(x) |

The graph of y = | f (x) | may be obtained from the graph of y = f (x)
by reflecting about the x-axis any part of y = f (x) that is below the x-axis.

Example 5.11
Without the use of a calculator, sketch y = ‘ In(x+3) ‘ .

Solution:

y= [lu(x+3)|

: o First sketch y = In(x + 3).

o Reflect about the x-axis any part
of the curve that is below the

D U T—

5 X-axis.
Example 5.12
Given the sketch of y = f (x), sketch the graphs of : L,
(@ y=lfeal (b) y=—.
0]
Solution:
y {
y = 1f(x) 51 //l
/ T ////
T 7 — %
1 pd
T
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5.5 Graphsofy= f(|x|

o : : fl=x) x<0
Ify =f(| x|), then as a piecewise defined function y = .
f(x) x>0

e The graph of y =f(| x|) may be obtained from the graph of y = f (x) as follows:
e Parts of y = f (x) to the right of the y-axis remain unchanged.
e Parts of y = f (x) to the left of the y-axis are completely removed and
replaced by the reflection of the parts of y = f (x) to the right of the y-axis

Example 5.13
2
Let f(x)=x +2x—1.
(a) Determine the rule for f(|x|). Hence, rewrite f( x|) as a piecewise defined function.

(b) Hence, show that the inverse of f (| x ) is not a function.
Solution:

2
(a) Rule for f(|x|)= ‘x| +2|x‘ -1.
x> —2x+1 x<0
As a piecewise defined function f (| x|) = 5

X" +2x-1 XZO.
(b) fl2h=F(-2D=7.

Hence, f(| X |) is not a one-to-one function. Therefore, its inverse is not a function.

Example 5.14

The sketch of y = f (x) is given in the accompanying diagram. y
Sketch the graph of y = f ( |x\ ).

Solution:

<

"
=%
=

L

Parts of y = f (x) to the right of the
y-axis remain unchanged.

Parts of y = f (x) to the left of the y-axis
are completely removed and replaced
by the reflection of the parts of
| y =f (x) to the right of the y-axis.
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Example 5.15

Without the use of a calculator, sketch y = f ( |x‘ ) where f(x) = (x+ 1)(x—2).

Solution:

> x o First sketchy = (x + 1)(x —2).

e Remove the part of the curve
that is to the left of the y-axis.

e Reflect remaining curve about
the y-axis.

Exercise 5.3 This exercise is to be completed without the use of a CAS calculator.
1. The sketch of y = f (x) is given below. Sketch the graphs of (i) y = ‘f(x) | (i) y=1( ‘x| ).
(a) ' (b) 1

(c) A (d) .

(e) C (f) A
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2. Foreachy=f(x) as given below:

(i) Write in piecewise formy = f(‘x|). (ii) Sketchy= f(‘x|).

(@) y=2x+5 (b) y=3—-x () y=(x+3)(x—-3) (d) y=x2—3x—4
(€ y=2' -4  (f) y=In(x+2) (8) y =sin (x) (h) y =cos (x)

() y=va—x-2 () y=e® -2  (Wy=— ) y=——+2

*3. Given the sketch of y = f (x), sketch the graphsof (i) |y| =f(x) (i) |yl =If)].
(a) ! (b) !

y (d) y

VL A
V Vi

*4. Given the sketch of y = f (x), sketch the graphs of (i) |y‘ =f(|x‘) (ii) ‘y| =‘f(‘x|)|.
(a) A (b) |1

e
/

(c) . (d)
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5.6 Rational Functions

P(x)

e A rational function is of the form f (x) = m where P(x) and Q(x) are polynomials.
X

e If P(x) and Q(x) share a common factor (x + a), then the curve has a “hole”
or discontinuity (singularity) at x = —a.
e If P(x) and Q(x) do not share any common factors, then the curve has:
vertical asymptotes (poles) that correspond to the roots of Q(x) = 0.
e The curve has horizontal asymptotes that correspond
P(x) P(x)

to lim —— and/or lim ——.
x—+o0 Q(X) x——0 Q(X)

e f(x)is a proper rational function if the degree of the polynomial P(x) is strictly less
than the degree of the polynomial Q(x).

Example 5.16
Find the horizontal and vertical asymptotes for the following:
3
2x —3x 4x
(@ y= +4 (b)) y=—r () y= ———— (d)y=—"—
2x-3 X+2 (x=2)(x + 2) (x—3)(x+4)
Solution:

(a) Denominator2x—3=0 = x=1.5 = Vertical asymptote has equation x = 1.5.

For the horizontal asymptote: lim f(x) =4 and lim f(x) =4
X—>—00 X—>+00

Hence, the equation of the horizontal asymptote is y = 4.

(b) Equation of the vertical asymptote is x = —2.

2x . . . . . e 2x 4
—— is an improper rational fraction; using polynomial division: —— = — +2
X+2 X+2 X+2
For the horizontal asymptote: lim f(x) =2 and lim f(x) =2

X—>—0 X—>+00

Hence, the equation of the horizontal asymptote is y = 2.

Alternative Method for finding the horizontal asymptote.

The dominant term in the numerator and denominator are respectively 2x and x.

2x
Hence, lim f(x) = lim — =2.
X—>—00 X—>—00 X

= Equation of the horizontal asymptote is y = 2.

(c) Equation of vertical asymptotes are x = -2 and x = 2.

-3
Using the dominant term method: lim f(x) = lim =X 0.

X——00 X—>—0 x?

Hence, equation of the horizontal asymptote is y = 0.
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(d) Equation of vertical asymptotes are x =—4 and x = 3.

Using the dominant term method:

. X
lim — — -0 and
X—>—0 x

3 3

. 4x
lim — — +oo.
X—>+0 x

The limit in each case does not exist. Hence, there is no horizontal asymptote.

Notes:

Example 5.17

Mg x™ g+
_aoxnalx =) Im m<n m=n m>n
box"+b X" 4. 4b,
a
Equation of horizontal asymptote y=0 = bfo none
o
. 2x 2(2—x)(x+3
Without the use of a calculator, sketch: (a) y= ——— (b) y= M
(x—4)(x +2) X2 —

Solution:

(a)

(b)

X Intercept
(-3,0)

y Intercept
(0,-3)

Point of Discontinuity

-

Obvious points: x=0 = y=0
Vertical asymptote: x=-2,4

. 2x
lim — =0.
X—>—00 X

Horizontal asymptote: y =

Behaviour of curve in the
neighbourhood of the asymptotes

. Asx—>4_,y—>—oo
Asx—>4+,y—>+oo

° Asx—>—2_,y—>—oo
Asx—>—2+,y—>+oo

° Asx—)—oo,y—)O_
Asx—>+oo,y—>0+

2(2—x)(x+3)
x2-a

2(2—x)(x+3)

(x=2)(x+2)

_ —2(x+3)

T (x42)

e Simplify equation: y

5
e Asx#2,the point (2, _E) is a “hole”.

[It is a point of discontinuity/singularity.]
e Obvious points: x=0 = y=-3
y=0 = x=-3
e Vertical asymptote: x=-2

)
lim —2X =2,

x—-0no X

e Horizontal asymptote: y =
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Example 5.18
The sketch of y = w is given in the
cx” +d
accompanying diagram. Find the values of the
(0,4
constants a, b, cand d, wherea >0, b>0and c> 0. et )
Solution: \\
olution ]
The curve has zeros at x = —2 and 2. = p
— (-2,0)
= y= (x+22)(x 2). 1
cx” +d
Thatisa=2and b =2. i

The curve as a vertical intercept at y = 4.

Hence, 4= _74 = d=-1.

The curve has a horizontal asymptote with equation y = 1.
2

. X
= lim — =1
X—>+0 cx
c=1.

Hence,a=2,b=2,c=1andd=-1.

Example 5.19

. . . ax+b
Consider the curve with equation y =
X+c

if the curve has an asymptote with equation x =—2, a zero at x = 2 and an intercept at (0,-2).

. Find the constants a, b and ¢, where a > 0,

Solution:

Xx=-2isanasymptote: = c¢=2

. . ax+b
Hence, equation of curve is y=
X+2
b
Whenx=0,y=-2 = E=—2 - bp=-4
Whenx=2,y=0 = 204—4=0 — ag=2.

Hence,a=2,b=—-4andc=2.
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Example 5.20

Consider the curve with equation y =

. Without the use of a calculator, sketch this

2
x“ -1
curve and indicate clearly the intercepts, asymptotes and stationary points where they exist.
Solution:
_4x-5_ 4x-5

-1 (x=1x+1)
When x =0, y =5. Hence, the y-intercept has coordinates (0, 5).

5 5
Wheny =0, x = 2 Hence, the x-intercept has coordinates (Z , 0).

Vertical asymptotes has equations x=—-1and x = 1.

4
Horizontal asymptote has equationy = lim — =0.

gZ=4u2—n—2xmx—a

_ —4x% +10x—4 _ —22x-1)(x-2)
(x2 —1) (x? —1)?
1
For stationary points, (2x—1)(x—-2)=0 = x-= > 2.
_ 1 _ l_ l l+
Whenx-;,y—4. X3 2 12
1 dy - 0 +
Using the sign test, (E' 4) is a minimum point. dx
Wf.1enx=2‘,y=1. | | | x || 2 |
Using the sign test, (2, 1) is a maximum point. dy
+ 0 -
dx

y Intercept
(0,5)

Local Minimum

[34)

Local Maximum

(2,1)
-
; Ly ———h
T + + + T X
A\ 5
X Intercept

B
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Example 5.21
The rational function f(x) has the following properties:
f(-1)=f(3)=0, f(0)=-3, f'(x) >0forx>1, f'(x) <0forx<1,

lim f(x) = lim f(x) =1, lim f(x)—> — and lim f(x)—> —.
X—>—© X—>+0 x—>1 x—1F

Sketch the graph of y = f (x).

Solution:
f(=1)=f(3)=0 = x-intercepts are (-1, 0) and (3, 0).
f(0)=-3 = y-intercept is (0, —3).
lim f(x) = lim f(x) =1 = Horizontal asymptote has equationy = 1.
X —>—00 X—>+0
lim f(x)=—w and lim f(x)=—o0 = Vertical asymptote has equation x = 1.
x—>1 x—1"

The sketch of y = f (x) is given below.

10+

A
v

A e X
-10 -5 \ 5 10

-10 4

Note:
e x =1 s adouble asymptote.

Exercise 5.4

1. Without the use of a calculator, sketch each of the following curves and indicate clearly
the intercepts and asymptotes where they exist.

x+3 4-—-2x 6—2x 2x—8

@ y=-"— (b) y=-—— € y=—"7 (d)y==—
4x 3x+15 3x+6 6x+9

D s Ve O T Eeen e
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ax+b
2. The graphs of the rational functions y = are drawn below. In each case:

cx+d

(i) identify the equation of the curve (ii) sketchy = ‘f(x)| (iii) Sketchy = %
X

(a) (b) | (©)

ax+b

3. The sketchof y = f(x) = wherea >0

c—X
is given in the accompanying diagram.

(a) Find the values of the constants a, b and c.
(b) Sketchy=| f(x)|.

1
Sketchy = —.
(c) Sketchy 0

4. The sketch of y =

is given in the accompanying

cx” +dx
diagram.
(a) Find a possible set of values for the constants a, b,

candd. - o
(b) Sketchy= | £(x)]. | N
(c) Sketchy = i [5‘0]
f(x)
5. The sketch of y = (@a=x)x+b) wherea>0andc>d
(x+c)(x+d)

is given in the accompanying diagram.
(a) Find the values of the constants a, b, cand d.
(b) Sketchy = | f(x)].

1
Sketchy = —.
(c) Sketchy 0

6. The curvey= ox+b

has asymptotes with equation
cx+d

1
X=2,y= _E and a zero at x = 1. Find a possible set of values for a, b, c and d.
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7. Thecurvey= ﬂ has a zero at x = 1/2 and a y-intercept at (0, 1/3)
(x+c)(x+d)

asymptotes with equations x=1and x =-3. Find g, b, cand d, wherec >d.

(x+a)x+b)

8. Thecurvey=
(2x+c)(x+d)

has a zero at x = 1, a y-intercept at (0, 1/2) and asymptotes
. . 1 1 . .
with equations x =2, x = —3 andy = > Find all possible sets of values for a, b, c and d.

(ax +b)(cx +d)
(x+e)(x+f)

asymptote with equation y =1 and poles at x = 3 and x = —3. Find a possible set of
values for the integersa, b, ¢, d, e and f, wheree>f.

9. Thecurvey= has a zero at x = 1 and a y-intercept at (0, 2/9), an

10 Without the use of a calculator, sketch each of the following curves and indicate clearly
the intercepts, asymptotes and stationary points where they exist.

2
X xX-2
(@) y=— (b) y= ——— (€) y=—
X" -4 X" +x-2 X +1
2 2
2x° +800 X“+3
(d) y="—— () y=%
X~ +3x

11. Sketch the graph of the rational function f (x) given that it has the following properties

e f(0)= f'(0) =0 e f'(x)>0forx<—2and-2<x<0
o f'(x)<0forO<x<2andx>2 e Ilim f(x)= lim f(x) > -
x—2" x——2"
o |lim f(x)= lim f(x) > e Ilim f(x) = lim f(x)=1
x—>-2" x—2" X—>—0 X—>+%0

12. Sketch the graph of the rational function f (x) given that it has the following properties:

e f(0)= f'(0) = f"(0) =0 e f'(x) <0forall values of x except 0 and + 3
e Iim f(x)= lim f(x) > - e Ilim f(x)= Ilim f(x) >

x—>-3" x—3" x—3" x—-3"
e |lim f(x)= lim f(x)=0

X—>—00 X—>+00

13. Sketch the graph of the rational function f (x) given that it has the following properties

e f(1)= f(-1)= f'(0) =0 e f'(x) >0forx<0
e f(x)<0forx>0 e Ilim f(x) = lim f(x)=-1
X—>—00 X—>+00

14. Sketch the graph of the rational function f (x) given that it has the following properties

e f(0)=0, f'(0)=f'(4/3)=0 e f'(x) >0forO<x<1land1<x<4/3
e f'(x) <0forx<0,4/3<x<2andx>2 e Ilim f(x) = lim f(x)=1
X—>—00 X—>+00
o |im f(x) = lim f(x) > o |im f(x)= lim f(x) > -
x—1" x—2" x—2" x—>1"
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5.6.1 Rational functions with oblique asymptotes

P
e Consider a rational function of the form f(x) = % +ax+b
X
P(x) . . .
where m is a proper rational function and the constant a # 0.
X

o If P(x) and Q(x) share a common factor (x + a), then the curve has a “hole”
or discontinuity (singularity) at x = —a.
e If P(x) and Q(x) do not share any common factors, then the curve has:
vertical asymptotes (poles) that correspond to the roots of Q(x) = 0.
o This function does not have any horizontal asymptote.
e This function has an oblique asymptote with equation y = ax + b.
P(x P(x)

« As x — + 0, as —— is a proper rational fraction, — — 0
Q(x) Q(x)
and f(x) > ax+b.
Example 5.22
2
+3x-4
Consider the curve with equation y = % Without the use of a calculator:
X+

(a) express y = Plx) +ax+b where L) is a proper rational fraction and a # 0.
Q(x) Q(x)
(b) state the coordinates of all intercepts and the equations of all asymptotes of this curve.

(c) sketch this curve, indicating all essential features.

Solution:
(a) Using polynomial division: X+2
2 - - ) 2
Hence, y = X +3x—4 = 6 +x+2. x+1|x"+3x-4
x+1 x+1 )
X +x
Or by inspection: x*+3x—4 _ Xx(x+1)+2x(x+1)-6 2x—4
o ox+1 x+1 2X+2
_ (x+1)(x+2)-6 -6
B x+1
= +x+2.
x+1

(b) When x=0, y=-4. Hence, the y-intercept has coordinates (0, —4).
2
Wheny=0,x +3x—-4=(x+4)(x—1)=0 = x=-4,1
Hence, the x-intercept has coordinates (-4, 0) and (1, 0).

Vertical asymptote has equation x = —1.
Oblique asymptote has equation y = x + 2.
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(c) The sketch of the curve is given in the
accompanying diagram.

/'/Oblique Asymptote
y=Xx +2

Exercise 5.5

1. For each of the following curves y = f (x), without the use of a calculator:

(i) express y = LX)) +ax+b where % is a proper rational function and a # 0.
X X

(ii) state the coordinates of all intercepts and the equations of all asymptotes
(iii) sketch this curve, indicating all essential features.

2 2
(x+1)(x—2) (2—x)(x+3) x“+3x—4 x“—5x+4
@y=——""—— Mb)y=——"—"— (c)y=——"— (d) y=——
x—1 X+ X+2 X—2
2. For each of the following curves y = f (x), without the use of a calculator:
P P
(i) express y = ﬂ +ax+b where ﬁ is a proper rational function and a # 0.
Q(x) Q(x)
(ii) state the coordinates of all intercepts and the equations of all asymptotes
(iii) state the coordinates and nature of the stationary point(s)
(iv) sketch this curve, indicating all essential features.
2 2 2 3
X +1 —Xx“—x-1 X =3 X
(a) y= (b) y=——— () y= *d) y=—
X X—=2 x° -1
X3 +bx* +cx+d 4 y
*3. The sketch of y = is given in the 15+
x> +n I
. . % (1,0)
accompanying diagram. (-1,0) 19

(a) State the equation of the oblique asymptote.
(b) Find the values of the constants b, ¢, d and n.
(c) Sketchy=| f(x)|.

(0,-1
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6 Vectors |

6.1 Vectors in Three Dimensional Space

e The accompanying diagram shows the x-y-z
axes in three dimensional space. The axes are
mutually perpendicular. In this book, the
convention used in labelling the axes follows
the right-hand rule.

e Straighten your fingers keeping them together
(with the thumb perpendicular to the fingers) so
that the open palm is aligned with the x-axis
and the fingers point in the direction of the
positive x-axis. 4

e Hold your thumb steady and wave your fingers

with a 900 turn so that the open palm is now at
right angles to the x-axis. The direction of your
fingers is the direction of the positive y-axis.

e Move your hand in the direction of your thumb.
This is direction of the positive z-axis.

e Asin the case of the x-y axes, the point of
intersection between the x, y and z axes is
called the origin with coordinates (0, 0, 0).

e Each point in space can be described by a set
of three numbers (x, y, z). For example,
(1, 2, 3) locates the position of a point P which
is 1 unit, 2 units and 3 units respectively in the X
direction of the positive x-axis, positive y-axis
and positive z-axis.

e The position vectorof P, OP=i+2j+3 k
where i, j and k are unit vectors in the positive
X, positive y and positive z directions

respectively. X

1 4’
AlternativelyOP=<1,2,3>0rOP = | 2

3

e Notethatu=<1, 2, 3 >represents a free
(floating) vector parallel to OP.

e Using Pythagoras Theorem, the magnitude of

op, |opr| = V12+22+32 =14
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6.1.1 Magnitude and Orientation

e Ingeneral,ifu=<a, b, c>,
o then the magnitude of u is given by

‘u| =\/az+b2+c2.

¢ The orientation (or direction) of u is
described using direction cosines:
a b c
<cosaq,cosfP,cosy>=< —, —, — >
| u u u |
where a, 3 and y are the angles u makes
with the x-axis, y-axis and z-axis respectively.

This, however, is beyond the scope of this book.

X

6.2 Algebraic & Geometrical Properties of 3D vectors

e The algebraic and geometrical properties of 2D and 3D vectors are similar.

e The vector ka where k is a constant, is a vector parallel to a but with a magnitude
that is ‘k‘ times that of a. That s |ka| = ‘k‘ X |a|
e If k>0, then ka and a are in the same direction.
o If k<0, then ka and a are parallel but in opposing directions.

. n 1
e Unit vector paralleltoa, a = ma .

a
e Giventhatu=ai+bj+ck and v=pi+qj+rk,then:

eutv=(atp)i+(btq)j+(ctr)j
e the scalar productis: (ai+bj+ck).(pi+qgj+rk)=ap+bqg+cr

e Properties of the scalar product:
2
cu.u=lul euU.V=V.U
e Au.uv=Au(u.v) e (U+tV).Ww=Uu.W+V.W
ew.(U+tv)=w.u+w.v e (e+f).(g+h)=e.g+e.h+f.g+f.h
e Consider two vectors u and v, inclined at an angle of 0 to each other.

e The scalar product u.v= |ulx|v|cos 6.

u.v
e COSO =

juv]

« uandvare perpendicular < u.v=0.

© O.T.Lee 83



Mathematics Specialist Units 3 & 4

Example 6.1

In the accompanying diagram, draw and indicate the line
segments representing the vectors:

(a) u+v (b) u—wv.
Solution:
(a)
b
A

¢

\
RPN, WSS

u+v

(b)

Note:

In vector addition, the arrow
that completes the triangle
always points from the tail
of the first vector to the tip
of the second vector.

Note:

In vector subtraction, the
arrow that completes the
triangle always points to the
first vector, which in this
case is u.
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Example 6.2

Given that AB=<6, 5,10 >and AC=< 3, 11, 1 >, find the position vector of B if the position
vector of Cis <10, -3, 4 >.

Solution:

AC=0C-0A = <3,11,1>=<10,-3,4>-0A = OA=<7,-14,3>
AB =0B - OA = <6,5,10>=0B-<7,-14,3> = 0OB=<13,-9,13>
That is, the position vector of Bis <13, -9, 13 >.

Example 6.3

The points A, B and C have position vectors<-1,2,0>,<2,-5,3>and<0,4,-3>
respectively. Find: (a) BC (b) ‘AB| (c) the distance between A and B.

Solution:

(a) BC=0C-0B=<0,4,-3>-<2,-5,3>=<-2,9,—6>.

(b) AB=OB-0A=<2,-5,3>-<-1,2,0> [(Z 5. 31-1-1, 7,81 0
=<3,-7,3>, 72

normi[2 -7 3 ]»

AB| = /32 +(=7)2 +3% = J67. Ve

(c) The distance between A and B = |AB \ = J67.

Hence,

Example 6.4

The points P, Q and R have position vectors<5,-2,-1>,<-3,4,3>and<-3,6,1>
respectively. Find:

(a) ‘ PQ‘ PR | (c) avector parallel to PQ but with the same magnitude as PR.
Solution:
(a) PQ=<-3,4,3>—-<5,-2,-1> —
_ 1.1 RAD AYTO REAL L
=<-8,6,4>. 'H & 3e 2 1] 5 6 4] &
Hence, | PQ| = (-8)> +6% +4% =229. nomn([-8 6 4]} 229
»[-3: 6 5 -2 - [ 8 2]
(b) PR=<-3,6,1>—-<5,-2,-1> n 2J) 233
=<-8§,8,2>. 2+J29 -unitv{[-8 8 2])
. foc7 ..‘__bll'_ﬁ
Hence, | PR| = /(-8)%> +82 +22 =24/33. — U

(c) Unit vector in the direction of PR

1
= ~—<-8,8,2>.
2433
. . 1 \957
Hence, required vectoris 2+/29 x ——<-8,8,2>= ——~-<-§,8,2>.
a 2433 33
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Example 6.5
Find a and b if that the points P (a, 5, 10), Q (3, 8, 5) and R( 5, —1, b) are collinear.

Solution:
3 a 3—-a 5 a 5-a
PQ=0Q-0P=|8|—| 5 |= 3 PR=OR-OP=|-1|—-| 5 |=| -6
5 10 -5 b 10 b-10

Since, P, Q and R are collinear, then the line segments PQ and PR must be parallel.

3—-a 5-a
Thatis PQ=APR. Hence = 3 |=A] -6

-5 b-10
. . 1
Comparing j components 3=—6A = A= =3
. , 1 11
Comparing icomponents = 3-a= -3 (5-a) = a= 3

1

Comparing k components -5= -5 (b—10) = b=20

Example 6.6

The points A and B have position vectors < 3, 5, 10 > and < 10, —6, 20 > respectively. Find the
position vector of the point K if K divides the line segment AB in the ratio 3:1.

Solution:

From the given sketch:

3 3 parts 1 part
AK=ZAB = 4AK=3AB

4 (OK — OA) = 3 (OB — OA)

— OK= %(OA+ 308)

1 1
OK=Z [<3,5,10>+3<1O,—6,20>]=Z<33,—13,70>

Example 6.7
Find the acute angle between<2,3,4>and<-3,5, 2 >.

Solution:

Let the angle between the two vectors be 6. ‘

<2 4>e<— 2> 1 angle([2y 3541, [-32, 5,210 . ]
Then, cos 0 = 3, 3,5, - 7 % 59.1959
|<2, 3,4>||<-3, 5,2>| J29+/38
- 0=59.2
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Example 6.8
Find a vector of magnitude 20 which is perpendicularto <4, 5, -2 >.
Solution:

<2,0,4>isperpendicularto<4,5,-2>as<2,0,4>.<4,5,-2>=0.

1
Unit vector parallel to<2,0,4>is —<2,0,4 >.

V20
1
J20

Hence, one required vector = 20 x <2,0,4>=420<2,0,4>.

Exercise 6.1

1. Inthe accompanying diagram, draw and indicate the line segments representing the
vectorsu+vand u—v.

(a) (b)

2. Point A has position vector6i—4j+8k. AB=4i+7j—6k. Find the position vector of:
(a) the point B. (b) the point C given that 2AC = BA.

3. The position vectors of P and Q are < -2, 3, k> and < 4, -5, 10 > respectively.
(a) Find the value(s) of k if |oP| = 20. (b) Find the value(s) of k if |pQ| =20.

4. GiventhatPQ=<38,-5,2>and PR=<4,1,-7 >, find the position vector of Q if the
position vector of Ris <4, -2, -1 >.

5. The points K and L have position vectors <0, 3,-4>and <5, 0, 3 >.
(a) Find a unit vector parallel to KL.
(b) Find a vector in the same direction as LK but with a magnitude of 10.

6. The points A, B and C have coordinates (1, 1, 2), (0, 1, —1) and (1, 0, —2) respectively.
(a) Find a vector that is parallel to AB but with the same magnitude as AC.
(b) Find a vector that is parallel to AC with magnitude half that of BC.
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7.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

E, F and G have position vectors<—2,5,3>,<0,0, 2>and <-3, 5, 7 > respectively.
(a) Find a vector that is the same direction as EF but with the same magnitude as FG.
(b) Find a vector that acts in a direction opposing EG and with a magnitude of 10.

Find in exact form a unit vector parallel to u = < —k, k, 2k >, where k> 0.
Hence, find in exact form a vector

(a) parallel and in the same direction as u with magnitude 5

(b) parallel but in the opposite direction to u with magnitude 10

Giventhata=i—k and b =—j+k, find two vectors parallel to a + 2b with magnitude
equal to that of b.

Giventhata=2i+5jandb=—3i+kk,findkif|a+b| =/50.

Givenu=<1,1,-2>v=<0,k —k>and w=<0, —k, 0>, find the exact value(s) of k if
|U—V+2W| = |u|

Givenu=<0,1,-2>v=<-1,0,-2>andw=<1,1,0>, finda and 3 given that:
(@) au+Pv=w (b) av+PBw=u

Prove that the vectors < 3,-2,5>and < 12, -8, 20 > are parallel.
Find the relationship between o and B if the <1, o, 2 >and < 2, —[3, 4 > are parallel.

The position vectors of A, Band Care<5,7,10>,<a, 4, B >and < 2, a, B > respectively.
Find the o and [ if AB is parallel to OC.

The position vectors of K, Land Mare<1,3,5>,<5,7,a>and<—4,-2,3>
respectively. Find the relationship between o and f if K, L and M are collinear.

Find the position vector of K if it divides the line segment joining the points with the
following position vectors in the stated ratio:
(a) <1,-1,2>and<-5,3,6>; 1:2 (b) <-4,0,8>and<0,8,12>; 3:2

The point with position vector <0, 2, 5> divides the line segment AB in the ratio 1:4.
Use vectors to find the position vector of B if the position vector of Ais < 8, 6, —10 >.

The point with position vector < 4, 1, 5 > divides the line segment PQ in the ratio 3:2.
Use vectors to find the position vector of P if the position vector of Qis< -2, 5, 10 >.

Use scalar products (where appropriate) to find the acute angle between the vectors:
(a) <0,3.0>,<3,0,0> (b) <1,1,1>,<-1,0,-1>
() <-2,1,1>,<0,4,-3> (d) <-1,2,4>,<2,0,3>

Determine if the following pairs of vectors are perpendicular, parallel in the same
direction, parallel in opposing direction or otherwise.

(a) <1,1,-7>,<7,7,2> (b) <1,3,1>,<8,24,-8>

() <2,0,-4><-1,0,2> (d) <3,-2,2>,<9,-6,6>
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22. Use scalar products (where appropriate) to find a vector:
(a) of magnitude 5 and perpendicularto<0,-2, 3>
(b) of magnitude 100 and perpendicularto <3,5,-3 >
(c) of magnitude 10 and perpendicularto<1,5,-2 > and parallelto< 10,0, 5 >
(d) of magnitude 20 and perpendicularto <1, 3, -8 > and parallel to < 10, 10, 5 >.

23. Letu=<1,0,2>andv=<-1,b,-2>.
Findaand bif |ul = |v| anduand vare perpendicular.

24. letu=<a,b,3>andv=<4,aq,3>.
Findaand bif lv| = lul anduand vare perpendicular.

*25. Use a method involving scalar products to find a and b if the acute angle between
<1,0,1>and<a,b,0>is 60°. Hint: Let < a, b, 0 > be a unit vector.

*26. Use a method involving scalar products to prove that no vector of the form<a, 0, b >
is inclined at angle of 600 with the vector < 1, 2, 0 >, where a and b are real numbers.

6.3 Projections and Resultants

Projections and resultants were
introduced in Unit 1 of the
Mathematics Specialist course.

Vector Rejection
of uontov

v

Vector Projection
of uontov

e The vector projection of u onto v is the vector component of u that is parallel to v.
The magnitude of the vector projection of u onto v is called the scalar projection
of uonto v.

e The scalar projection of uontov=u.v.

o The vector projection of u onto v, proj,u = (u. v)v.

e The component of vector u that is perpendicular to v is known as the vector
rejection of u onto v.
Using the resultant rule for vectors, the rejection of u onto v,

rej,u = u— proj,u
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Example 6.9

Givenu=<4,0,2>andv=<3, \/5,2>.
(a) Find the scalar projection of uontov. (b) Find the vector projection of u onto v.
(c) Find the vector rejection of u onto v.

Solution:

<3,4/3,2>.

(a) v=<3,+/3,2> = \?=%

N 1
= Scalar projection ofuontov=<4,0,2>. Z <3, \/5,2>=4.

(b) projyu =4x 7 <3,V3,2>=<3,43,2>.

(c) rej,u=<4,02>-<3+3,2>=<1,-+3,0>.

Example 6.10

A body in equilibrium is acted on by four forces < —200, —100, 400 > newtons,
< 250, -500, 100 > newtons, < 400, 200, 400 > newtons and T Newtons respectively.
(a) FindT. (b) Find the direction T makes with the positive z-axis.

Solution:
(a) Resultant force =< -200, —100, 400 > + < 250, —500, 100 > + < 400, 200,400>+T=0
Hence, T =<-450, 400, -900 > .

(b) The positive z-axis is represented by <0, 0, 1 >
Hence, angle with the x-axis is given by

cos 0 = <0,0,1>.<-450, 400, —300> Engle (L, By 11, [-458, 468, —90817 A‘
" <0, 0,1>|x|<-450, 400, —900 > _ e 2154[]
=900
© 504469
0=146.2"
Exercise 6.2

1. Givenu=<1,11>andv=<2,2,-1>. Without the use of a calculator, find the vector
projection of: (a) uontov (b) v onto u.

2. Givenu=<0,1,2>andv=<2,-1,-2>. Without the use of a calculator, find the
vector projection of: (a) uontov (b) v onto u.
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10.

11.

12.

13.

14.

. Givenu=<1,2,0>andv=<3,2, \/5 >. Without the use of a calculator, find the vector

rejection of u onto v.

Givenu=<-2,-2,1>andv=<0, 2, 3>. Without the use of a calculator, find the
vector rejection of v onto u.

Giventhatu=<1,0,1>+<0,-1, 0>, find the vector projection and rejection of u onto:
(a) <2,-2,2> (b) <-5,5, -5 >.

Giventhatu=<2,1,3>+<3,-9, 1>, find the vector projection and rejection of u onto:
(a) <4,2,6> (b) <-3,9,-1>.

Given that the vector projection and rejection of uontovare<3,5,-2>and<2,0,3 >
respectively, find the cosine of the angle between u and v.

Given that the vector projection and rejection of uontovare<5,1,-2>and<1, 11,8 >
respectively, find the cosine of the acute between u and v.

The vector components of u parallel and perpendiculartovare<1, 2,2 >and
<2,-2,1>respectively. Without the use of a calculator, find the cosine of the angle
between u and v.

A body is acted on by three forces < 200, 0, 0 > newtons, < 0, 400, 0 > newtons and
<0, 0, 500 > newtons respectively.

(a) Find the vector representing the resultant force.

(b) Find the magnitude of the resultant force.

(c) Find the direction the resultant force makes with the positive x-axis.

A body is acted on by three forces < 1000, —500, 4000 > N, < 0, 8000, 6000 > N
and < 3000, 2000, 0 > N respectively.

(a) Find the vector representing the resultant force.

(b) Find the magnitude of the resultant force.

(c) Find the direction the resultant force makes with the positive z-axis.

A body is subject to four forces a = < -300, 200, 0> N, b =< a, 300, 200 > N,

¢ =<500, 400, B > N and d =< 700, 900, —200 > N respectively. Find a and B if:
(a) the resultant force is parallel to the y-axis

(b) the resultant force is parallel to a

(c) the body is in a state of equilibrium.

A body is acted on by three forces u =< 600, 0, 200 > Newtons, v = < 800, a, 200 >
Newtons and w = < 1000, —[3, 400 > Newtons respectively. Given that the resultant
force is parallel to u and has a magnitude of 800V10 Newtons, find o and B.

A body is acted on by three forcesu =< a, 0,400 > N, v =< 400, 500, B >N and
w=<0,y, 500 > N respectively. Given that uis perpendicular to vand vis perpendicular
to w and that the resultant force has magnitude 5005 N, find a, B and y.
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6.4 Vector Cross Product

a p
o letu=|b|andv=|g

(o r

e The cross product between u and v is a vector that is perpendicular/normal to
both u and v. The direction of the cross product is determined using the right
hand rule.

e The cross product is represented by u x v and is given by:

b g Determinant of matrix
\«—— | formed by the jand k
c r components of u and v.
a
a p
b|x|qg|=]|- <+—| Negative of determinant of
c , cr matrix formed by the i and k
a p components of u and v.
b
qa \ Determinant of matrix
formed by the i and j
br—cq components of u and v.
= | —(ar —cp)
ag—bp

e Clearly from the x-y-z axes:
in:k jxk:i kxi:j

e The vector cross product is anti-commutative.
That is: uxv=—(vxu).

e The vector cross product is distributive over vector addition .
That is: ux(Vv+w)=uxv+uxw.

° ‘ ux v| = ‘ u| | v | sin 0, where 0 is the acute angle between u and v.
[The proof of this result is required in Exercise 6.2, question 16.]

e Clearly, if uis parallel tov, 6 =0 or m and \ u x v| =0.

That is, the cross product between two parallel vectors is always zero.
o Conversely, if the cross product between two vectors is zero,

then the two vectors are parallel.

o The area of the parallelogram defined by the vectors u and v is ‘ ux v| .
[The proof of this result is given elsewhere in this book.]

e That s, the area of the parallelogram defined by the vectors u and v
is given by the magnitude of the cross product between u and v.
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Example 6.11
Prove that: (a) ixj=k (b) jxk=i (c) kxi=j (d) ixj=—(jxi)
Solution:
(a) 1 0 (b) 0 0
ixj=10|x|1 jxk=|1|x|0
0 0 0 1
01 1 0
00 0 1
0 1
10 00
=| — = O :k = | — = O =1
00 01
1 0
10 00
01 1 0
() 0 1 (d) 0) (1
kxi=|0|x]|0 —(jxi)=—=]]1|x|0
1 0 0 0
0 o0 10
10 00
0
01 0 1 0
1T oof| T "7 7o of| T °
0 -1
0 1 0 1
0 o0 10
=k=ixj
Example 6.12

Find a vector of magnitude 50 that is normal to both<1,3,-1>and<2,1,1>.

Solution: N S =
crossPCl 3 [k 1|
3 1 [—1} [1]
-1 1 4
1 2 4 -3
1 2 -3
3 |x(1]|=|~- =|-3 4
1 1 -1 1 c SExunity (| -3 |
- - -5
1 2 282
31 -15.42
4 4 . 25z
1
Hence, required vector = 50 x \/_0 -3 |=+450]|-3
5
=5 -5
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Example 6.13

Given<1,-1,1>x<2,m,n>=<1,4,3>findmandn.

Solution:
<1,-1,1>x<2,mn>=<1,4,3>
-1 m 1 2 1
< T ) >=<1I4I3>
1 n 1 n|l |[-1 m
<-n—-m,-n+2,m+2>=<1,4,3>
= m=1 and n=-2
Example 6.14

The angle between the vectors a and b is 600, find \ axb | if \ a| =10 and \ b | = \/5

Solution:
‘axb| = |a‘ ‘b| sin600
=10 x /3 x ? =15
Example 6.15

Letu=<2,2,1>andv=<2,1, 2> Withoutthe use of a calculator:
(a) find sin 6, where 0 is the acute angle between u and v.

(b) verifythat‘uxv|=‘u||v|sin9.
Solution:
() cos 0 = <2,2,1><2,1,2> _ §
<2,2,15|<2,1,2>] 9
/ 2
Hence, sin 0 = 1—(§j =ﬁ
9 9
2 1 2 2| |2 2
(b) luxv| =< )= ) >
1 2 1 2|2 1

= \ <3,-2,-2> \ =\/ﬁ
Hence, |uxv‘=|u‘|v‘sin6

|u\ |v\sin6=3x3x

© O.T.Lee 94



06 Vectors |

Example 6.16

The sides OA and CB of a parallelogram OABC are congruent to the vector< 1, 2,2 >. The
remaining two sides are congruent to the vector < 1, 0, 1 >. Without the use of a calculator,
find the area of: (a) the parallelogram OABC (b) the triangle OAB.

Solution:

(a) Area of OABC = \<1,2,2>x<1,0,1>\

2 0
2 1

11
2 1

11
2 0

=‘< , >

7

= \ <2,1,-2> \ =3units2

1 2
(b) Area of AOAB = > x Area of OABC = ; units

Exercise 6.3

1. Without the use of a calculator, prove that: (a) kxj=—i. (b) ixk=—j.

2. Without the use of a calculator, prove that:
(a) (2i) x (3j) = 6k (b) (i+j)xk=i—j (c) ix(j+k)=—j+k.

3. Without the use of a calculator, find a vector that is perpendicular to both:
(@) 2i+j+2kand 3i—2j+k (b) —i+2j—3kand 4i— 3k.

4. Without the use of a calculator, find a unit vector that is normal to both
<1,2,1>and<-1,1, 2>.

5. Without the use of a calculator, find a vector of magnitude 30 that is perpendicular to
both <1,1,0>and<1,0,1>.

6. Find the value of the pronumerals in each of the following:
(@) <2,0,3>x<2,b,-1>=<-2,8,4>
(b) <1,-1,m>x<n,-1,3>=<-1,1,1>

(c) <a,b,0>x<4,-1,2>=<-4,-6,5>.
(d) <1,-3,2>x<a,-1,b>=<14,10, 8 >.

7. The angle between the vectors aand b is 450, find |a><b| if |a| =20 and |b| = 2\/5.
8. The angle between the vectors a and b is 1500, find ‘b X a‘ if ‘a‘ =2 and |b| =4,

9. The angle between the vectors a and b is 1200, find ‘aXb‘ if ‘a‘ = \/§ and ‘b| =12.
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10. Without the use of a calculator, use a vector cross-product to find sin 6, where 0 is the
acute angle between:
(@) <2,1,-1>and<3,0,4>
(b) <—1,2,-4>and<1,-1,3>.

11. Without the use of a calculator, use a vector cross-product to find cos 6, where 0 is the
acute angle between<3,0,1>and<0, 2,-1>.

12. The sides OA and CB of a parallelogram OABC are congruent to the vector < 3,—-4, 0 >,
The remaining two sides are congruent to the vector < 1, 2, 2 >. Without the use of a
calculator, find the area of:

(a) the parallelogram OABC
(b) the triangle OAB.

13. The sides PQ and SR of a parallelogram PQRS are congruent to the vector< 1, 2,4 >.
The remaining two sides are congruent to the vector < 3, -2, 2 >. Without the use of a
calculator, find the area of:

(a) the parallelogram PQRS
(b) the triangle PSR.

14. Prove that: (@) uxv=—-vxu
(b) mu x nv=mn(u x v) where m and n are scalar constants.

15. Prove that: (@) (@+b)xc=(axc)+(bxc)
(b) ax(b+c)=(axb)+(axc)

2 2 2 2
*16. Provethat|a><b\ =|a\ ‘b| —(aeb) .
Hence, prove that |axb‘ = |a‘ |b‘sin6.
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07 Vectors Il

7.1 Vector Equation of a Line

Consider the line L which passes through the y

fixed point A and which is parallel to vector d. d
Let the position vector of the point A be \ \
OA=a. A

Let R be a variable point on the line L.
Let the position vector of R be OR =r.

Clearly OR=0A + AR. Line L

Since line L is parallel to d, AR must be parallel 0 \ X
tod. Hence, AR=Ad.

Therefore,r=a+Ad.
That is, the position vector of any point on the line L in the x-y plane can be
written in this form.

Consider now the line L in 3D space which
passes through the fixed point A and which is
parallel to vector d.

Let the position vector of the point A be
OA=a.

Let R be a variable point on the line L.
Let the position vector of R be OR =r.

Clearly OR=0A + AR.

Since line L is parallel to d, AR must be parallel to d. Hence, AR=Ad.

Therefore,r=a+\d.
That is, the position vector of any point on the line L in 3D space can be written in
this form.

Hence, the vector equation of a line passing through the fixed point with position
vector a and parallel to d is given by:

r=a+7»d,\

position vector of any point on line

M \
\ direction vector of line

position vector of fixed point
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Example 7.1

Find the vector equation of the line passing through the point with position vector
—2i+3j+6kand:

(a) parallel to the vector i— j+2k (b) the point with position vectori+6j—k.
Solution:

(a) Vector equation of lineisr=(-2i+3j+6k)+A(i— j+2k)
=(-2+AN)i+(3—A)j +(6+2A) k

(b) The required line passes through the points with position vectors -2 i+ 3j+ 6 kand
i+6j—k.
Hence, the direction vector of the line is of the form
(-2i+3j+6k)—(i+6j—k)=-3i—-3j+7k
Therefore a possible vector equation of the required line is
r=(—2i+3j+6k)+A(-3i-3j+7k)=(-2-3AN)i+(3—-3N)j +(6+7A)k

Example 7.2
Determine if the point with position vector < —1, —6, 5 > lies on the line
r=<-1,2-3>+i<0,-5,5>.

Solution:

Since r represents the position vector of any point on the line, then r = < —1, -6, 5 > must satisfy
r=<-1,2-3>+1<0, -5, 6>.

Consider <-1,-6,5>=<-1,2-3>+A<0,-5,5>.
Comparing i-components: -1=-1

Comparing j-components: 2—-5A=—6 = A=1.6

Comparing k-components:—3+5AL=5 = A=1.6

Therefore, r=< -1, —6, 5 > satisfies the equationr=<-1,2-3>+A <0, -5, 5 >.
That is, the point with position vector < -1, —6, 5 > lies on the given line.

Example 7.3
A line has equation y = 4x — 5. Find the vector equation of this line.

Solution:

The gradient of the given line is 4. Hence, this line is parallel to < 1, 4 >.
An obvious point on the given line is the vertical intercept (0, —5).
Hence, the given line passes through (0, —5) and is parallel to < 1, 4 >.
Therefore, its vector equationisr=<0,-5>+A<1,4>.

Note:

® Gradient = 4 means one unit to the “right” is accompanied by 4 units “upwards”.
Hence, line is parallel to < 1, 4 >.
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Example 7.4

Use a vector method to find the position vector of the point of intersection between the

linesr=<-1,1,3>+A<1,2,1>andr=<2,1,8>+A<1,-1,2>
Solution:

r=<-1,1,3>+i1<1,2,1>
=<-1+A, 142\, 3+A>

and r=<2,1,8>+u<1,-1,2>
=<2+, 1-—u 8+2u>.

Rewrite equations as

At the point of intersection,
<=1+4+X1+20,3+A>=<2+u,1—,8+2u>.

The two lines are
traced as the value of
A changes. However,
they do not have to
“trace” at the same
pace. Hence, start by
changing the “A” in
the second equation
into “u”. This makes
sure that the two lines
trace independently

Comparing components: —-1+A=2+ (n
1+2A=1—-p (1)
3+A=8+2u (1)
Solve | and Il simultaneously: A =1, u=-2. —1+a=2+y
1+2a=1-3

Substitute A =1, u=-2 into (lll),

La=1yw=-2%}

a true statement is obtained.
Hence, the two lines meet at <0, 3, 4 >.

Example 7.5

Use a vector method to show that the lines with equationsr=<1,-1,2>+A<-2,1,1>and

r=<1,1,-1>+A<3,-1,1>are non-intersecting.
Solution:
Rewrite equations as r=<1-20-1+2A,2+A>
and r=<1+3y,1—-p -1+pu>

At the point of intersection,
<1-20-1+X2+A>=<1+43, 1y, -1+pu>.

Comparing components: 1-—-2A=1+3u (n
1+r=1-p (1)
2+h=—1+p ()

Solve | and Il simultaneously: A =6, u=-4.

Substitute A = 6, u = —4 into (lll), a false statement is obtained.
Hence, the two lines do not intersect.
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7.1.1 Parametric Equation of a Line in 3D

e The vector equation of the line L passing through the point with position vector a
and parallel to vector d is given by r=a + A\d.

X a; dq
e In3Dspace,letr=|y|,a=|a, |andd=|d,
z a3 d3
X 0, d;
e Hence, the equation of the line can be writtenas |y | = |a, | +A| d;
z a3 d3

e Comparing the i, jand k components:
X=daq, + 7\,d1
y=a;+Ad,
Z=0a3+ \d3

This set of three equations is referred to as the parametric equation of the line L.

7.1.2 Cartesian Equation of a Line in 3D

e The vector equation of the line L passing through the point with position vector a
and parallel to vector d is given by r=a + A\d.

e The equivalent parametric equation of line L is
X=01+Ad;
y=a+Ad,
Z=0a3+ \d3

e Reorganising the parametric set:
X—aq _ y—a, _ Z—03 _
dy d, d3

This is referred to as the Cartesian equation of a line in 3D space.
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Example 7.6

Find the parametric equation of the line passing through the points with position vectors
<1,—-1>and <4, 3 >. Hence find the Cartesian equation of this line.

Solution:
Direction vector of line, d=<4,3>-<1,-1>=<3,4>,
Hence, vector equation of line is r=<1,-1>+A<3,4>.
Parametric equation of line is x=1+3A
y=-1+4\

-1 +1

Cartesian equation of line is XT = yT
= 4x—-3y=7

Example 7.7

Find the parametric equation of the line passing through the points with position vectors
<2,5,10>and <3, 4,12 >. Hence find the Cartesian equation of this line.

Solution:

Direction vector of line,d=<3,4,12>-<2,5,10>=<1,-1, 2 >.

Hence, vector equation of line is r=<2,510>+XiA<1,-1,2>.
Parametric equation of line is X=2+A
y=5-»1
z=10+2A
. L -10
Cartesian equation of line is x—2=5-y= 2 -
Example 7.8
. . . . . . X 47
Find the vector equation of the line with Cartesian equation 3 =y+2-= .
Solution:
Parametric equation of lineis: x=3A,y=-2+A,z=4-2\.
X 0 3 0 3
Hence, vector equation of lineis |y | =| -2 |+A| 1 | = r=|-2|+A| 1
z 4 -2 4 -2
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Exercise 7.1

1. Find the vector equation of the line passing through the point with position vector a
and parallel to vector d :
(@) a=2i+j,d=4i+5j—k (b) a=5k,d=2j—k

1
(c)a=<1,1,-1>,d=<1,2,-1> (d) a=< \/5,0,1>,d=<0,—1,§>

2. Find the vector equation of the line passing through the points with position vectors
aandb:

(@) a=-2j,b=2k (b) a=i+2j+k,b=3i+5j-2k
1 -2 0.5 0.4
(c)a=|2|,b=| 1 (d)a=|-01|,b=|-0.5
5 7 0.4 0.1

3. Determine the value of A if the point with position vector <5, 8, 7 > lies in the line:
(a) r=<1,2,-3>+A<2,3,5> (b) r=<15,13,-23>+A<2,1,-6>

4. The point with position vector <m, -9, —10 > lie on the line
r=<12,3,4>+X<4,6,7>. Findm.

5. The point with position vector 107+ 8 j +19 k lie on the line
r=-2i+mj+3k+A(3i+j+4k). Find m.

6. Determine which of the points<9,1,8>,<-7,-3,-4>,<13,-2, 11 > lie on the line
r=<1,-1,2>+A<4,1,3>.

7. Find the vector equation of the line with equation:

(@) y=—2x+3 (b)y=43—x—1 (c) 3x+4y=12

8. Aline has vector equationr=<1, 3>+ A <—1, 3>. Find the gradient of this line.
Hence, or otherwise, find the equation of this line in the form y = mx + c.

9. Aline has vector equationr=<A + 3, 1 —2A >. Find the parametric equation of this line.
Hence, or otherwise, find the equation of this line in the form ax + by = c.

10. Find the vector equation of the line passing through the point with position vector a
and parallel to the given line:
(@) a=—=i+2j, r=Q2i+j—k)+Ai—3j)
(b)) a=<1,24>,r=<(1+2XL),(2—-1), (-A) >

1 1+A 0 2+31
-1
(c)a=|-4|,r=| A-5 (dya=|2|,r= 5
5 3L-4 10 25
4
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11.

12.

13.

14.

15.

16.

17.

18.

Find the Cartesian equation of the line with vector equation:
(@) r=(5i—-2j—k)+X2i—3j+5k) (b) r=<(-1-2A),(5+A),(3—4)1)>

(c) r= 3+27\,_2_2)\,2 (d) r=<1,-1,-1>+A 3,_—1,3
4 3 4 355

Find the Cartesian equation of the line passing through the point with position vector a
and parallel to the given line:

(@) a=-i—2j+2k, r=(-2i+3j+5k)+A(i—3j+6k)

(b) a=<-1,-5,6>,r=<(4-2A), (2+5)\), (-5—-2A) >

Find the Cartesian equation of the line passing through the points with position vectors
(a) <0,0,0>and<5,5,5> (b) <-1,3,4>and<5,6,-4>
(c) <3,4,-1>and<2,4,1> (d) <10,5,-5>and<10,6,-5>

Find the vector equation of the line with Cartesian equation:

y—2 3-z z-5
a) xX="—+ = —— b) x=0,-1-y=
(a) : . (b) V=3
1+2x -1-2 5+ 3z -1+4x 1-3 2+ 6z
(e - — - (d) ==
3 4 5 5 6 -3

Find a vector that is normal to < 2, 5, —1 >. Hence, find the vector equation of a line
passing through the point with position vector <1, 2,3 >and normalto< 2,5, -1 >.

Find the vector equation of a line passing through the point with position vector
1+4A S

<2,2,-2>and perpendicular to the liner=<-1-2A,3 -,

A line has vector equationr=<a, b,c>+ A <u, v, w>. Find:
(a) the parametric equation of this line (b) the Cartesian equation of this line.

Use a vector method to find the position vector of the point of intersection (where it
exists) between the lines:

(@) r=<1,2,1>+A<4,5,1>andr=<5,1,2>+u<4,8,1>

(b) r=<-1,3,-2>+A<1,10,5>andr=<3,4,26 >+ A<1,-10,9 >

*19. Find the value(s) of m given that the lines with vector equations

r=<1,2,-1>+A<1,-1,4>andr=<5,1,4>+u<1, 2, m>are non-intersecting.

*20. Find the algebraic relationship between m and n if the line with vector equation

21.

r=<m,-1,1>+A<2,-1, 3> intersects the line with vector equation
r=<-3,-1,-1>+u<6,-2,n>.

Find the acute angle between the lines with vector equations:
(a) r=<0,0,0>+A<0,1,0>andr=<1,1,1>+A<1,0,0>
(b) r=<0,-1,1>+A<1,2,-1>andr=<1,1,0>+A<2,-2,1>.

*22. Find the equation of a line passing through < 1, 2, 1 > that is perpendicular to both

r=<A,(-1-2A), (1+2A)>andr=<—2A, (2+2), (5+2A)>.
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7.2 Scalar Product Equation of a Line in 2D

e Consider Line L which passes through the
point A with position vector a. Let Line L be

perpendicular to vector n.

e Let R with position vector r be any point on

Line L.

e C(Clearly, AR is also perpendicular to n.

e Hence, AR.n=0.

ButAR=r—-a. = (r—-a).n=0
r.n=a.n

y

~LinelL

e In summary, in 2-dimensions, the scalar product (dot product) equation of a line
passing through the point with position vector a and perpendicular (normal) to the

vector n is:

1
v
r-n=da.

Y A

n

A

e

Position vector of any point on line

Position vector of fixed point on line

Vector perpendicular to line

Example 7.9

Find a scalar product equation of the line passing through the point with position vector

5i+ 6jand perpendicular to the vectori+ 2.

Solution:

Scalar product equation of lineis r.(i+2j)=(5i+6j).(i+2j) = r.(i+2j)=17.

Example 7.10

Find a vector equation of the line with scalar product equationr.(4i—5j) = 20.

Solution:

Let <0, k> be a point on this line. = <0,k>.<4,-5>=20 = k=-4.

Hence, < 0, —4 > is a point on thi

s line.

The given line is perpendicular to < 4, =5 >. Hence, the given line is parallel to < 5, 4 >.
Therefore, a vector equation of this lineisr=<0,-4>+A<5,4>.
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Exercise 7.2

1.

(a) Given that the point<—1, 0 > lies on the liner.<2,-3>=k. Find k.
(b) Given that the point < 3, k> lies on the liner.<0,5>=20. Find k.
(c) Given that the point<5, 4 > lies on the liner.<k, 6 >=-10. Find k.
(d) Given that the point < k, =7 > lies on the liner.< k, 3 >=4. Find k.

Determine with reasons if the points:
(@) <2,-4>and < 10, 9 > lie on the line with equationr.<8,-7>=38
(b) <—6,12>and < -3, 5 > lie on the line with equationr.<11,5>=-6

Find a scalar product equation of the line passing through the point with position vector
(a) =51i+ 3jand perpendicular to the vector 2i—3j

(b) 2i—4jand perpendicular to the vector —5i+ 10 j

(c) —i—2jand parallel to the vector 3i—10j

(d) 10i—2jand parallel to the vector4i+5j

Find a scalar product equation of the line passing through the point with position vector
(a) 2i+5jand perpendiculartothe liner=i+2j+A(6i+j)

(b) =8 i+ 3jand perpendiculartotheliner=i+2j+A(3i—-4j)

(c) —12i—5jand parallel totheliner=—i+4j+A(3i+8j)

(d) 7i—9jand parallel to the liner=-5i—-2j+A(-2i+7j)

Find a scalar product equation of the line passing through the point with position vector
(a) 8i+6jand parallel to the liner.(i+2j)=5

(b) 0.5i+0.9jand parallel to the liner.(-4i+3j)=12

(c) 15i—20j and perpendicular to the liner.(10i—3j)=-30

(d) —2.5i—5.6jand perpendicular to the liner.(0.8i+2.7j)=5

Find a vector equation r = a + Ad of the line with scalar product equation:
(@) r.(i-2j)=12 (b) r.(5i+8j)=-10 () r-(—V3i+4j)=5V3

Find the position vector of the point of intersection (where possible) between the lines:
(@) r=<1,1>+X<3,0> andr.<0,5>=3

(b) r=<3,0>+2<4,-1> andr.<1,4>=10

(c) r=<0,8>+A<-5,1> andr.<-5,1>=-18

(d) r=<7,9>+A<1,1> andr.<-3,-1>=6.

Find the acute angle between the lines with equations:
(@) re<0,1>=3andr.<0,-2>=5 (b) re<2,-1>=5andr.<-1,3>=4

Use scalar products to prove that the following lines are perpendicular:

(@) r=<1,0>+2A<1,1>,r=<0,1>+A<1,-1>

(b) r=<5,9>+A<8,7>r=<2,1>+X<-7,8>

(c) re<10,15>=5,r.<15,-10>=6 (d) re<-1,-3>=5,r.<3,-1>=-9
() re<3,1>=5,r=<0,2>+A<3,1> (f) re<2,-1>=5,r=<3,4>+21<2,-1>
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7.3 Vector Equation of a Plane

e Consider the plane I1 which passes z n
through the fixed point A with
position vector a. Let vector n be
perpendicular to the plane II.

e Let point R with position vector r be
any point on the plane IT.

e The points Aand R formaline L on
the plane IT and is therefore also
perpendicular to n.

e Hence, AR.n=0.
ButAR=r—-a. = (r—-a).n=0
r . n = a . n
e In summary, the vector equation of a plane passing through the point with
position vector a and perpendicular (normal) to the vector n is:
v
r L n = a L n
A A

b 4

e

Position vector of any point on plane Position vector of fixed point on plane

Vector perpendicular to plane

P
]

the origin to the plane. Hence, for the plane with equation r. n =y,

e For the plane with equationr.n=p, | represents the shortest distance from

‘ Y ‘ represents the shortest distance from the origin to the plane (Section 7.6.1).

e The vector equation r.n =a.nis ambiguous and must be read in context.
¢ In a 2D context, it represents the scalar product equation of a line passing
through the point with position vector a and perpendicular to vector n.
¢ In a 3D context, it represents the vector equation of a plane passing
through the point with position vector a and perpendicular to vector n.

7.3.1 Cartesian Equation of a Plane

o letr=<x,y,z>,n= <Nq,np,Nn3 > and a = <04q,0;,03 >,

r-n=a.n — <X V,2>. <n1,n2,n3> = <01,02,a3> . <n1,n2,n3>

n1X+ n2y + n3z d where d = alnl + 02n2 +a3n3
e mX+ny+n3z =d is the Cartesian equation of a plane with normal
<nq,ny,n3 >. Note that the coefficients of x, y and z are the components

of the vector normal to the plane.
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Example 7.11
Given that the point<1,1,5 > lieson the planer.< 3, 1,-4 >=k. Find k.
Solution:

Substitute < 1, 1, 5 > into the equation of the plane, <1,1,5>.<3,1,-4>=k.
3+41-20=k = k=-16.

Example 7.12

Determine if the points with position vectors <1, 1, 4>and < 5, —1, 8 > lie on the plane with
equationr.<-1,3,2>=10.

Solution:

Substitute < 1, 1, 4> into LHS of equation of line. = <1,1,4>.<-1,3,2>=10.
Hence, < -1, 3, 2 > lies on the plane.

<5,-1,8>.<-1,3,2>=8#10. Hence, <5, -1, 8 > does not lie on the plane.

Example 7.13

Find the vector equation of the plane passing through the point with position vector
—2i+3j+ kand perpendicular to the vector -3+ 2 k.

Solution:
Vector equation of planeis r.(—3i+2k)=(-2i+3j+k).(-3i+2k)
= r.(-3i+2k)=8

Example 7.14

Find the vector equation of the plane perpendicular to the vector < 2, -2, 5 > and containing
the line with equationr=<1—2X, 3 +4XA, -1+ 21 >.

Solution:

Line is perpendicular to < 2, —2, 5 > as the line lies on the given plane.

Let A =0.

Hence, the point with position vector < 1, 3, —1 > lies on the given line and hence lies on

the given plane.

Therefore, vector equation of planeisr.<2,-2,5>=<1,3,-1><2,-2,5>
r.<2,-2,5>=-9
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Example7.15

Find the position vector of the point of intersection between the liner=<2A,1+A,3-A>
and the planer.<-1,1,4>=3.

Solution:

Substitute r=<2)A,1+A,3-A>intor.<-1,1,4>=5.
<20, 1+A,3-A>.<-1,1,4>=3
= -5A+13=3 = A=2
Hence, point of intersection has position vector <4, 3, 1 >.

Example 7.16

A plane passes through the points A, B and C with position vectors<1,2,1>,<-2,-1,4>
and < 2,1, -2 > respectively. Without the use of a calculator, find the vector equation of the
plane in the formr.n=k.

Solution:

AB=<-2,-1,4>-<1,2,1>=<-3,-3,3>
AC=<2,1,-2>-<1,2,1>=<1,-1,-3>

Let n be a vector normal to the plane containing the points A, B and C.
Clearly AB x AC will be normal to the plane.
Hence, n=AB x AC

-3 3 -3 3| |3 -3
-1 -3 1 -3]"|1 -1
=<12,-6,6>=6<2,-1,1>

=< , = , >

Hence, vector equation of planeisr.<2,-1,1>=<1,2,1>.<2,-1,1>
r.<2,-1,1>=1

Note:
e As<12, —6,6>=6<2,—-1,1> both<12, —6, 6 >and <2, -1, 1 > will be normal to the plane.

Example 7.17
Find the Cartesian equation of the plane with equationr.<2,-1,4 >=10.
Solution:

Letr=<x,y,z>.
Hence,<x,y,z>.<2,-1,4>=10 becomes 2x —y + 4z =10.
The Cartesian equation of the plane is 2x —y +4z=10.
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Example 7.18
Find the vector equation of the plane with equation x — 2y + 4z = 8.

Solution:

Rewrite x—2y+4z=8as<x,y,z>.<1,-2,4>=8.
Hence, vector equation of planeisr.<1,-2,4>=8

7.3.2 Alternative form for the vector equation of a plane

Line L

e Let the point A with position vector a lie on the plane II.
Let b and c be two non-parallel vectors that lie on the plane I1I.
Let R with position vector r be any point on the plane I1I.

e Clearly OR=0A + AR
r=a+AR
e Since AR is on the same plane as the non-parallel vectors b and c,
we can express AR in terms of b and c.
e LetAR=Ab+pc.
e Hence
r=a+\Ab+pc.

e Hence, the vector equation of a plane passing through the point with position
vector a and containing the non-parallel vectorsbandcisr=a+A b+ puc

Example 7.19

A plane passes through the points A, B and C with position vectors<1,2,1>,<-2,-1,4>
and < 2, 1, -2 > respectively. Find the vector equation of the plane.

Solution:
AB=<-2,-1,4>-<1,2,1>=<-3,-3,3>
AC=<2,1,-2>-<1,2,1>=<1,-1,-3>.

Hence, vector equationisr=<1,2,1>+A<-3,-3,3>+u<1,-1,-3>.
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Exercise 7.3

1. (a) Given that the point<—1,0, 5 > lies on the planer.<1,4,-3>=k. Find k.
(b) Given that the point < -2, 6, k > lies on the planer.<2,-2,8 >=-25. Find k.
(c) Given that the point< 1, -2, -5 > lies on the planer.< 3, k, -2 >=16. Find k.
(d) Given that the point <2, k, —10 > lies on the planer.< 2,5, k>=10. Find k.

2. Determine with reasons if the points:
(a) <2,2,-4>and < 5,-4, 5 > lie on the plane with equationr.<1,4,-2>=18
(b) <5,9,-11>and < 3,5, 6 > lie on the plane with equationr.<1,4,5>=-6

3. Find the vector equation of the plane passing through the point with position vector
(@) —i+2j+ 3 kand perpendicular to the vector4i+3 k
(b) 2i—4j+ 6 kand perpendicular to the vector-3i+7j+ 10k
(c) <4, 8, -3 > and perpendicular to the vector< 1, 4,1 >

2 4
(d) | -5 | and perpendicular to the vector | 8
8 -11

4. Find the vector equation of the plane perpendicular to the vector n and containing the
line with the given equation:
(@ n=—i+2k,r=i+4j—-5k+X\(8i+j+4k)
(b) n=<3,-2,-2>,r=<3,-2,-5>+A<-2,-8,5>
() n=<-4,7,9>r=<3+X,-2-2\,1+4+2A>

(d) n=<1,10,-10>,r=< 1+4127“, _12”‘, 1+54>” >

5. Find the position vector of the point of intersection between the given line and plane:
(@) r=-3i—-2j+4k+A(i+2j—4k);r.<3,1,-4>=36
(b) r=<2+3A,1+5A,11-6A>r.<7,-6,5>=-15
(c) PTX = y—j’ =z+8;r.<10,15, -4 >=138
-3L 5+2% -1-2) 67

(d) r=<71 ’ >;r.<3l71_4>=7
4 5 4 2

6. Find the vector equation of the plane in the form (i) ren=k (ii) r=a+Ab+puc
passing through the points with position vectors:
(a) <0,0,0>,<0,1,0>,<0,0,1> (b) <1,2,5>,<5,2,1>,<2,1,5>
() <-2,3,4>,<-7,-4,2>,<6,3,-4> (d)<4,10,8>,<6,8,-5>,<3,5,9>

7. Find the vector equation of the plane in the form r.n =k passing through the point
with position vector a and the given line:
(@) a=—i+j+k,r=2i—3j+5k+A(i—j+2k)
(b) a=<1,4,7>r=<2,2,2>+L<6,1, 8>

8. Find the vector equation of the plane in the form r.n =k passing through the lines with
equation:
(@ r=i—j+ k+Mi—j+2k)andr=—i+2j—-5k+A(3i+j—2k)
(b) r=<1,2,3>+A<2,7,1>andr=<4-x,2+7\,7—-31>
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9. Find the vector equation of a plane passing through the point with position vector a and
parallel to the given plane.
() a=<1,2,-5>;r.<2,8,9>=30 (b) a=<2,5,8>;r.<—6,3,1>=-10

10. Find the vector equation of a plane passing through the point with position vector a and
perpendicular to the given plane.

(a) a=<4,-5,3>;r.<-1,0,6>=5 (b)) a=<-3,7,5>;r.<1,2,-3>=20
11. Find the Cartesian equation of the plane with vector equation:

(@) r-<0,0,3>=5 (b) r.<0,-2,0>=5

() re<-2,-4,3>=10 (d) r.<5,2,-6>=125
12. Find the vector equation of the plane with Cartesian equation:

(@) x=5 (b) x+y=1

(c)y+z=6 (d) 2x—3y+4z=8

*13. Find the point of intersection between the planes r.<1,-4,1>=10,
r.<-1,2,-1>=-4andr.<2,4,1>=5

7.3.3 Angle between line and plane

e Ais apoint on the line L with equation
r=a+Ad. The line L intersects the plane
with equation r.n =p at B. Kis the foot
of the perpendicular from the point A to
the plane.

e The angle between the line L and the
plane is ZABK = q.

o Let Z/BAK=0. Clearly, 0 is the angle
between d, the direction vector of the line L, and the normal vector n.
den

=d.n
d

e Hence, cos 0 =

n|
_1 ~ R
= 0O=cos (den)
e Buto=90 0.
o o] -1 .
Hence, the angle betweenr=a+Xdandr.n=pis90 —6=90 —cos (d.n).

e Alternatively, sina=cos® = sina=de.n.

-1 .
Hence, the angle betweenr=a+Adandr.n=pissin (d.n).
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Example 7.20

Find the acute angle between the liner=<1- 2\, A, 2 + 3A > and the plane
r.<3,1,2>=-4.

Solution:
The line with equation r=<1—2A, A and 2 + 3A > has direction vectord=<-2, 1,3 >

The plane with equationr.<3,1,2>=-4 has normal vectorn=<3,1, 2 >.

The angle between d and n is given by:

<-2,1,3>.<3,1,2> _ 1
cos 0 = = —
|<-2,1,3>||<3,1,2> 14

83,9848

angle{[-2,1,31,[3, 1,212 H

0

o)
= 0=859

o
Hence, the acute angle between the line and plane is 90 -85.9=4.1 .

Alternatively:
-1/ <-2,1,3>.<3,1,2>
Angle between line and plane = sin
[<-2,1,3>(|<3,1,2>|
-11 o
=sin — =41
14

7.3.4 Angle between two planes

e The angle between two planes ABCD
and CDFE is given by ZMKN.

e MK and NK are lines respectively on
each of the planes and are each
perpendicular to the line of
intersection between the two
planes.

D

e Let the equations of the planes ABCD and CDEFber.m=p;andr.n=p;
respectively.

o Let ZMKN = 6. nis normal to KN and m is normal to KM. Quite clearly the angle
between m and n is also 6.

e Hence, the angle between the planes
r.m=pjandr.n=p;isthe angle between the normal vectors of the two planes

-1
and is given by cos (me.n).
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Example 7.21
Find the acute angle between the planesr.<1,2,-2>=5andr.<-1,-1,2 >=-4.
Solution:
The plane with equationr.<1, 2, -2 >=5is perpendicularto<1, 2, -2 >.
The plane with equationr.< -1, -1, 2 >=—-4 s perpendicularto<-1,-1,2 >.
Hence, the angle between the 2 planes = angle between the two normal vectors.

Angle between <1, 2,-2>and <-1, -1, 2 > is given by
<1,2,-2>.<-1,-1,2> -7
<1,2,-2>|<-1,-1,2> 36

- 0=162.3"

cos 0 =

162.2845

angled[1,2,-21,[-1,-1,212 ":“

0

Hence, acute angle between the two planes = 180 — 162.3 = 17.7°.

Exercise 7.4

1. Use vector methods to find the acute angle between the following lines and planes:
(@) r=<1,1,-4>+A<3,0,4>r.<0,0,1>=5
(b) r=<-1+2\,3\,1-A>r.<0,1,1>=-4

(€) p=< —», 5= TLt2h 133512

4 5 3
(d) x=1+A,2y=A,3z=1+A;x+4y—z=1

2. Theliner=<4+3)\,1-3A,1+A>isinclined at an angle of 60 to the plane
r.<a,—-2,1>=4. Finda.

3. Theliner=<4,1,-3>+A<3,b,2>isinclined at an angle of 450 to the plane
r.<1,4,5>=20. Find b.

4. Find the vector equation of the line passing through the point with position vector
< 3,2,—1>and perpendicular to the planer.<5, 2, -8 > =16.

5. Use vector methods to find the acute angle between the following planes:
(@) r.<0,0,1>=5;r.<0,1,0>=2 (b) r.<0,-1,0>=3;r.<1,0,0>=10
(¢) r.<1,2,-1>=-3;r.<3,-1,4>=13
(d) re<5,-4,3>=6;r.<-5,2,10>=15

6. The acute angle between the planes with equationsr.<a, 3,5>=10and
r.<-5,1,4>=30is 450. Find a.

7. The acute angle between the planes with equationsr.<1, b, -2 >=10and
r.<1,2,0>=20is30 . Find b.
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8. Find the algebraic relationship between m and n if the planer.<-1, m,n>=12 s
inclined to the planer.<1, 1, 0> =15 at an angle of 60 .

9. Find the acute angle between the planes 2x + 3y —5z=10 and —x + 2y + 4z = 4.

10. Find the vector equation of the plane which passes through the point with position
vector < 2, 1, -2 > and is perpendicular to the planer.<3,1,-2>=6.

7.4 Vector Equation of a Sphere

e Consider the point R with position
vector r on the surface of a sphere of
radius k and centre A with position
vector a.

e C(Clearly, AR=0OR-0A.
= AR=r-a.

e |AR| =radius of the given sphere
= |AR| =|r-al =k. x

e That s, any point R, with position vector r, on the surface of the sphere, satisfies
the equation lr-al=k.

e Hence, the vector equation of a sphere with radius k and centre with position
vector a is:

N
position vector of any point on sphere radius of sphere

position vector of centre of sphere

e Rewritingr=<x,y,z>anda=<a,,a,, a3 > |r—a| = kbecomes

2 2 2 2
(x—ay) +(y—az) +(z—a3) =k which isthe Cartesian equation of a sphere of
radius k with centre located at (a4, a», az)

e Using a similar method, it may also be shown that the vector equation of a circle
with radius k and centre with position vector a is lr—al =k

© O.T.Lee 114



07 Vectors Il

Example 7.22
Find the vector equation of a sphere with centre at (3, 4, 2) and radius 1.
Solution:

Vector equation is lr—< 3,4,2>|=1.

Example 7.23

2 2 2
Find the vector equation of the sphere with Cartesian equationx +y +z —2x+4y=11.

Solution:
2 2 2
Rewrite equation: X —2x+y +4y+z =11
2 2 2
Completing squares: (x—1) +(y+2) +z =11+1+4
2 2 2
(x—1) +(y+2) +z =16
Hence, vector equation is | r-<1,-2,0> \ =4,
Example 7.24

Use a vector method to determine if the point with position vector < 1, 6, —1 > is outside, on
or inside the sphere with equation lr—< 3,2,2> | = 4.

Solution:

Distance from point to centre of circle = | <1,6,-1>-<3,2,2> | =|<-2,4,-3> |

= (22 +42 + (37 = V29

Since this distance > radius of sphere (= 4), the given point is outside the sphere.

Example 7.25

Use a vector method to find the position vector of the points of intersection (if any) between
theliner=<-1,1,2>+XA<1,2,—-1>and the sphere lr—< 1,1,1> | = \/E

Solution:

Substituter=<-1+2A,1+2A,2—-A>into |r—<1, 1,1> | = \/E
= |<—1+k,1+2k,2—k>—<1,1,1>|=\/§
l<—2+0,20,1-A>]=+/5
(240 + @) +(2-2) =5
A=0,1
Hence, required position vectors are: r=<-1,1,2>and<0,3,1>.

{x=0,x=1}

[solve'i (—2+a )2+ 2 )2+ 1 —ar ) 2= hl_-’”
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Example 7.26

Prove that theliner=<3,0,2>+A<2,2,-1>is atangent to the sphere
lr-<2,1,-1> | = J10.

Solution:

Substitute r=<3+2%, 21, 2—A>into |r—-<2,1,-1> | = J10.
= |<3+20,2,2-%>-<2,1,-1>| =10

2 2 2 1
(1+2)) +(2A—-1) +(3—A) =10 = k=§.

Hence, there is only one point of contact.
= The given line is a tangent to the sphere.

(=4)

solve((1+2a 02+ (2a—10"2+(3-a )" 2=18 ﬂ

Exercise 7.5

1. Find the vector and Cartesian equations of a sphere with the stated centre and radius.
(a) centre (3, 4, 0), radius =3 (b) centre (-1, 2, 2), radius =5
(c) centre (-1, 2, -5), radius = J10 (d) centre (1, 4,-5), radius =4

2. The point (3, 2, 1) lies on the sphere with equation lr—<5,4,1> | = k. Find k.

3. The points (-3, -1, 1), (1, -2, —2) and (-3, 2, —2) lie on the sphere with equation
lr-a | =5. Find a.

4. Determine if the indicated points are outside, on or inside the stated spheres.
(a) (1,5,-1), l[r—<-1,-2,1>| =7 (b) (-3,2,-6), [r-<2,-1,5>[=13
5. Find the vector equation of the following spheres:
2 2 2 2 2 2
(@) x +y +z +2x—4y+6z=11 (b) 3x +3y +3z —3x—9y+6z=2
6. Find the point(s) of intersection (if any) between the given line and sphere.

(@) r=<0,4,1>+1<1,2,-1> |r—<4,0,2>| =7
(b) r=<1,1,2>+A<-1,1,1>, |r—-<1,-1,2>| =6

7. Provethattheliner=<1,1,2>+A<-1,0, 0>is a tangent to the sphere with equation
lr-<-1,0,1>|=+2.

8. Provethattheliner=<1,0,2>+XA<-2,1,-2>is atangent to the sphere with
equation |r—<0, -1,1> | = \/E

9. Find the equation of a sphere passing through the points (-1, 2, 2), (1, -2, -2),
(-1,-1, 1) and (1, 1, 2).

10. Find the circle of intersection (if any) between the given sphere and plane.
(a) |rl =10,x=6 (b) lrl=3,y=5

11. Find circle of intersection (if any) between the spheres:
(@) |rl=5lr-<1,00>]=5 (b) [r-<1,0,1>| =4,

r-<1,0,0> | =5
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7.5 Shortest Distance between point and line

e ltisrequired to find the shortest distance Line L
between a point B with position vector b and
the line L with equationr=a + Ad.

e Let M be the foot of the perpendicular
from B to the line L.

e Scalar Product Method
e The closest distance is | BM ‘ where BM «d = 0.
e Cross Product Method
e Let A with position vector a is a point on the line L.
Let O be the angle between AB and the line L.
e Shortest distance = | BM | = |AB \ sin ©
b—a)xd
_|p_qlltb=a)xd]
[b-al|d|
_|b-axd]
||
=|(b-a)xd|
e Hence, the shortest distance between the point with position vector b

and the line with equationr=a + Adis | (b—a)xa |

Example 7.27

Without the use of a calculator, find the minimum distance between the point P with
position vector <2, 1, 4> and the line L with equation r=<2+X, A, -1 - A >.

Solution:
Let M be the foot of the perpendicular from B to TPTAI: -
the line L. [z 1 41]
defi =l 24y =y —1-x]
PM=<2+A, A, -1-A>-<2,1,4> EHnS mhx HamEaTATHE P
= —A — Jy mixi—p
_<}\" A 1, A=5> [x -x-1 -x-5]
dotP([x —x—1 -x-5 [s[1,-1,-112
Direction vector of lineisd=<1, -1, -1 >. 3extd
solye( 3 x+6=8, x2 ¢ 23
x=-
= <A-A-1,-A-5>.<1,-1,-1>=0 noFmimg—2-p2
= A=-2 L Vie

Hence, shortest distance between P and given line
= [<n-A-1,-1-55]
= |<-2,1,-3>] =14
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Alternative method using the cross product

Equation of line: r=<2+)\,-A,-1-A> = Apointonthelineis<2,0,-1>.

Direction vector of line d=<1,-1,-1> = d= % <1,-1,-1>.

Hence, shortest distance is = \ (<2,1,4>-<2,0,-1>)x I 1,-1,-1> \

NE]

1
= _-1<0,1,5>x<1,-1,-1>
1 |
1 1 -1l o 1] ]o 1 1
=7‘< , = , >=—|<4,5,—1>
V3|5 -1 |5 -1’1 -1 3
= 14
Alternative method using CAS calculator
Let M be a point on the line L.
PM=<2+A,—A,-1-A>-<2,1,4>=<A,-A—-1,-A—-5>
Using fMin command: HfMincnormc[x,—x—l,—x—sn,x:n “:-’H
minimum value for |PM| = V14 {Minvalue=y14 yx=-2}

7.6 Shortest Distance between point and plane:

e Itis required to find the shortest distance between a point A with position vector a
and the plane [] with equationr.n=p.

7.6.1 Scalar Projection Method

e Let B be any point on the plane [].

e The shortest distance between A and the
plane [] is | KA | where K is the foot of
the perpendicular from A to the plane.

e But \KA| onto n, the vector normal to the plane
=|BA.A|=|(a-b). A

e Hence, the shortest distance between A with position vector a and the plane
r.n = pis given by the | (@—b)en ‘ where b is the position vector of any point on
the plane. The absolute value is necessary as distance is always non-negative.
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e Consider the plane with equationr. n = p (the normal vector is a unit vector).
¢ The shortest distance between the plane and the origin is

‘ (O—b)-;l ‘ = ‘ b-lA1 | where b is any point on the plane.

e Since bis on the plane, b . n-= p. Therefore, the shortest distance is ‘ p ‘ .

P‘_

e Hence, the shortest distance between the plane r.n = p and the origin is |

S0

Example 7.28

Find the shortest distance between the point A with position vector < 2, 3, -4 > and the
plane with equationr.<1,2,-2>=7.

Solution:

The point< 1, 3, 0>is on the given planeas<1,3,0>.<1,2,-2>=7.
The normal vectorn=<1, 2, -2 >.

~ 1 [Z:3,-41%a £
Hence n = —<1,2,-2>. [2 3 -4]
3 [1,3,81%b
Therefore, [1,2,-275n [1 3 6]
the shortest distance between A and the plane _ (12 -2]
1 abs{dotP {unitYini, a-b 5
=|[<2,3,,—4>—<1,3,o>].§<1,2,—2>| n

= |<1,0,—4>.§<1,2,—2> | = 3 units

Alternative Method

Vector equation of line normal to plane through point A is
r=<2,3,-4)+2<1,2,-2>=<2+XA,3+2\,—4-2L>.
Let K be the point where this line meets the plane.
At K: <2+A,3+20,-4-21>0<1,2,-2>=7
16+9A=7 = A=-9.
Separation vector fromAtoK=A<1,2,-2>=-1<1,2,-2>
Hence, shortest distance = |—1 <1,2,-2> \ = 3 units

Exercise 7.6

1. Use a vector method to determine the minimum distance between the point with
position vector a and the given line:
(@) a=<1,0,1>andr=<1,1,-1>+A<4,-1,0>
(b) a=<-2,6,-4>andr=<0,2,-5>+A<-2,0,4>
(c) a=<0,0,0>andr=<1+3A,-1+5A,4—-L>
(d) a=<4,2,-4>andr=<3-2)A, 4+, -3-A>
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*4,

*5.

*6.

10.

11.

12.

13.

14.

The minimum distance between the point P with position vector < 1, 0, k >and the line
r=<1,2,-5>+1<0,2,-2>is5+2. Find k.

The minimum distance between the point P with position vector < k, 1, 1 > and the line

r=<-2,0,-1>+A<2,1,-1>is \/;TO Find k.

Aisapointontheliner=<1,-2,1>+A<-2,1,—1>. Bisa pointon the line

r=<2,1,-1>+u<4,-1,2>.

(a) Show that these two lines are non-intersecting.

(b) The two lines are closest together when BA is perpendicular to both lines.
Find the closest distance between these two lines.

A and B are respectively points on the linesr=<1+A, A, 1—-3A>and

r=<1-Xx4+3\ —1+2A>.

(a) Show that these two lines are non-intersecting.

(b) The two lines are closest together when BA is perpendicular to both lines.
Find the closest distance between these two lines.

Find the minimum distance between the lines:
() r=<2,5,1>+A<0,-1,2>and r=<3,2,2>+A<2,0,-1>
(b) r=<1+A, 4\, 5> and r=<2—-X,3+A,—A>.

Find the shortest distance between the point with position vector a and the given plane.

(a) a=<0,0,0>;r.<2,1,2>=6 (b) @a=<0,0,0>;r.<1,2,-2>=-6
(c) a=<4,0,3>;r.<1,0,0>=5 (d) a=<5,1,0>;r.<0,1,0>=6
(e) a=<2,-2,4>;r.<1,-1,2>=42 (f)a=<8,4,-4>;r.<2,2,-1>=10.

The shortest distance between the point with position vector < 2, b, 5 > and the plane
r.<-1,1,2>=10is 10. Find b.

The shortest distance between the point with position vector <1, 5, —1 > and the plane
r.<2,1,c>=10is 1. Findc.

Find the shortest distance between the given line and the given plane:
(@) r=<-1+A,A,1-3L>r.<3,0,1>=8
(b) r=<2-%A,3+A,-A>r.<0,2,2>=2.

Use a vector method to find the shortest distance between the planesr.<2,2,1>=10
andr.<2,2,1>=12.

Use a vector method to find shortest distance between the planesr.<1,-2,2>=5
andr.<-2,4,-4>=38.

Find the shortest distance between the surface of the sphere | r‘ =1
and the planer.<1,2,-2>=4.

Find the shortest distance between the centre of the sphere | r-<1,2,1> | =1
and the planer.<2,1,3>=4.
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08 Vectors lll

8.1 Vector Functions

e Consider the vector r=ti+ 2t j where t is a variable.
As t changes, the vector r changes.
We describe the vector r as a vector function with parameter t.

e The position of a moving object can be described in vector form by stating its
coordinates in terms of time t. The x and y components (or zcomponent) are
expressed as functions of time.

Example 8.1

The position vector of a moving particle at time t seconds is given by
r(t)=<2,4>+t<1,—-1>. Findthe Cartesian equation of the path of this particle.

Solution:
Parametric equation of path: x(t)=2+t
y(t)=4—t
Hence, Cartesian equation is X+y=6
Example 8.2

The position vector of a moving particle at time t seconds is given by

t+1
r(t)= L J Find the Cartesian equation of the path of this particle.

t2—
Solution:
Parametric equation of path: x=t+1
2
y=t -1
Rewrite t=x-1
Substitute into y:
2

Hence, Cartesian equation is y=(x—-1) —1.

That is, the path traced by the particle is a parabola.
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Example 8.3

The position vector of a point P at time t seconds, is given by r (t) =2 cos (t) i+ 3 sin (t)j .
Determine the parametric equation and Cartesian equation of the path traced by P.
Sketch the path, indicating its direction.

Solution:
The parametric equation of the path is

x=2cos(t) y=3sin(t)

Rewriting the parametric equation,

cos (t) = % sin (t) = %

2 o2
Butcos t+sin t=1:

2 2

= Cartesian equation of the path is XT+y? =1. a4

That is, the path traced by the point P is an ellipse.

The sketch of the path is given in the accompanying diagram.

Direction of motion: r(0)=<2,0>
Close to t =0, as tincreases, x decreases and y increases.
Hence, P moves in an anti-clockwise direction
from the point (2, 0)

Exercise 8.1

1. Find the Cartesian equation of the path traced by the point P with position vector r (t),
where t represents time. Sketch the path, indicating the direction of motion.

(@) r=2ti (b) r=-4tj (c) r=ti+4j

(d) r=-3i+tj () r=—ti+2tj (f) r=(1-t)i+tj
(8) r=ti+t2j (h) r=t2i+tj (i) r=(1+t2)i+2tj
(i) r=(1+t)i—t3j (k) r=ti+te'; (1 r=(%)i+(t—%)]

2. Find the Cartesian equation of the path traced by the point P with position vector r (t),
where t represents time. Sketch the path, indicating the direction of motion.

(a) r=<sin(t), cos (t) > (b) r=<cos(t), 2sin (t) >

(c) r=<-2sin(t), cos (t) > (d) r=<3cos(2t), 2sin(2t) >
(e) r=<1+cos(t),2—sin(t)> (f) r=<1-2sin(t), 4+ cos (t) >
(g) r=<sin(2t), cos (2t) > (h) r=<sin (2t), cos (t) >
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8.2 Applications involving vector functions

¢ In this section we will work with particles moving in a plane as well as in space.

Example 8.4

At 0600 hours, particle A starts moving with constant velocity< 1, 3, -5 > ms_1 from the
point with position vector < 2, 1, -5 > metres.

(a) Find the position vector of A after 5 seconds

(b) Find when Ais 100 metres from the origin.

Solution:

(a) Position vector of A after 5 seconds
OA(5)=<2,1,-5>+5x%x<1,3,-5>=<7,16,-30>m.

(b) Position vector of A after t seconds Sefre SO STEil 3. 51E
OA(t)=<2,1,-5>+tx<1,3,-5> done

ac5y
=<2+t,1+3t,-5-5t> [7 16 -38]
solvelnormialEr =180, F)
Hence, Distance to the origin {t=-17.7966, t=16. 8423}
]

| 0A(t) = \/(2+t)2 +(1+3t)% +(-5-5¢t)° .

When distance = 100 m:

\/(2 +1)% +(1+3t)% +(-5-5¢t)> =100
Use the “Solve” command: = t=16.04 (reject —17.76)
Hence, A is 100 metres away from the origin 16 seconds after 0600 hours.

Example 8.5

At 0800 hours, the position vectors of objects A and B are < —-25, 10, 40 > km and

<50, -20, 10 > km respectively. A and B travel with constant velocity < 10, -5, =5 > and
<-5,5,-10> kmh  respectively.

(a) Find the position vectors of A and Bt hours after 0800 hours.

(b) Find when A and B are 60 km apart.

(c) Find the minimum distance between A and B and state when this occurs.

Solution:

(a) Position vector of A after t hours OA(t) =<-25,10,40>+tx<10,-5,-5>
=<-25+10t,10 - 5¢,40 -5t >

Position vector of B after t hours OB(t) =< 50,-20, 10>+ tx<-5,5, -10>
=< 50-5t,-20 + 5t, 10 — 10t >
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(b) Displacement vector between A and B after t hours AB(t) = OB(t) — OA(t)
AB(t) =<50-5t,—20 +5t, 10 — 10t > — < —-25 + 10t, 10 — 5¢, 40 — 5t >
=<75-15¢t,-30 + 10t, —30 — 5t >.

Distance between A and B after t hours = | AB(t)] .
But, | AB(t)| = 60.
Hence, \/(75— 15t)% + (=30 +10t)? + (=30 -5t)* =60
= t=2.1126,5.1732 hours.
Hence, A and B are 60 km apart at 1007 hours and 1310 hours.

= - - - rFs
(c) Distance between A and B, (ne BCESLTES, 18 0T, Séogi ]
> > 5 Define bOEI=[50, —28, 1B1+£X[-5,5,—+
d= \/(75—15t) +(-30+10t)° +(—30—5t)° ; done
solvelnormib(Fi—a(Frir=60,F)
Use “fMin” command: {t=2.1126,1=5.1732}
.. fHin{normib(FI—alFrd, F,8,122
Minimum value for AB = 52.7 km Mirdalue=52. 7291, t=3. 64237
when t = 3.6429 hours i.e. 1139 hours. p

Example 8.6

At 6.00 am, the position and velocity vectors of objects A, B and C are respectively
<-20,50,40 > km, < 15,5, 4 > kmh ; <50, 10, 20 > km , < 20, 25, 14 > kmh _ and
<10,60,-10>km and <0, —10, 25 > kmhil. If the respective velocities are maintained,

show that: (a) A and B will collide, stating when this will occur, (b) A and C will not
collide.

Solution:

Position vector of A after t hours OA(t) = < —20 + 15t, 50 — 5t, 40 + 4t >.
Position vector of B after t hours OB(t) = < 50 — 20t, —10 + 25t, 20 + 14t >.
Position vector of B after t hours OC(t) = < 10, 60 — 10t, —10 + 25t >.

(a) For A and B to collide, OA(t) = OB(t);
= <—-20+15t,50—5t,40 + 4t > =< 50— 20t, —10 + 25t, 20 + 14t >.

Comparing i components: —20+ 15t =50 - 20t = t=2
Comparing j components: 50-5t=-10+25t = t=2
Comparing k components: 40 + 4t =20 + 14t = t=2

Since, the i, j and k components of OA and OB are identical fort = 2,
A and B collide at 8.00 am.

(b) For A and C to collide, OA(t) = OC(t);
= <—-20+15t,50—-5¢ 40 + 4t>=<10, 60— 10t, —10 + 25t >.

Comparing i components: —20+15t=10 = t=2
Comparing j components: 50-5t=60-10t = t=2
Comparing k components: 40+4t=-10+25t = t=50/21+#2

Since, the i, j and k components of OA and OC do not produce a common value for t,
A and C will not collide.
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Example 8.7

The position vectors of two moving objects A and B at time t hours are given by
ra=<1+t,-2+2t,t+4>andrg=<5-1t,1+t, 2t + 3 > respectively.

(a) Show that the two objects do not collide.

(b) State the coordinates of the point of intersection of the paths of these two objects,

if it exists.
Solution:
(a) At collision: <1+t -2+2t,t+4>=<5—-t, 1+t 2t+3>
Comparing i components: l+t=5-t = t=2
Comparing j components: —2+2t=1+t = t=3#2
Since, the i, and j components do not produce a common value for t,
A and B will not collide.
(b) Equation of path for Ais of the form ra=<1+a,-2+2a,a+4>.
Equation of path for A is of the form rge=<5—-b,1+b, 2b+ 3 >.
At the point of intersection:
<1l+a,-2+2a,a+4>=<5-b,1+b,2b+3>
Solve simultaneously: l+a=5-b — =
1+a=50-3 -
—2+2a=1+b —2+2a=1+y
a+4=2b+3 AR A PR
=f =2
= a=z,b=E {x'a’”'a}
3 3 [l+ar,—2+2a, a+4] Ix=%
. . . . (10 8 1
Hence, point of intersection of pathsis | —,—,— |. [E g E:I
3 33 2 3z
o
Note:

e In this example, the two objects do not collide but the paths do intersect.

Exercise 8.2

1. The position vector of a moving body P at time t is given by r = 2t i — 4t j. The position

vector of a second moving body Q at time tis givenbyr=(2+t)i+ (% -9)j.

(a) Determine if the two bodies collide and give the time of collision if collision occurs.
(b) Determine the vector equations of the paths of A and B.

Hence, or otherwise, determine the point of intersection of the two paths.

2. The position vector of a moving body P at time t is givenbyr=ti+(1+t)j. The
position vector of a second moving body Q at time t is given by r= (2t — 1) i + 3t}.
(a) Determine if the two bodies collide and give the time of collision if collision occurs.
(b) Determine the vector equations of the paths of A and B.

Hence, or otherwise, determine the point of intersection of the two paths.
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10.

At 1000 hours, particle B starts moving from the point P < 5, 2, =10 > metres with

-1

velocity<1,1,5>ms . Find: (a) the position vector of B after t seconds
(b) when B is 100 metres from P

(c) when B is 100 metres from the point Q with position vector < 6, 8, 20 >.

Particle D travels with a constant velocity of < a, b, ¢ > km/h and passes the points
<10, -40,40 > km and <0, —20, 10 > km at 6 am and 8 am respectively. Find:
(@) a,bandc (b) when and where D crosses the x-z plane.

At 0800 hours, the position vectors of objects A and B are < 150, —100, 400 > m and
< 550, —400, —200 > m respectively. A and B travel with constant velocity
-1
<50, -20,-50>and < —25, 50, 40> ms respectively.
(a) Find when A and B are 150 m apart.
(b) Find the minimum distance between A and B and state when this occurs.

-1
At 12 noon, object H travelling with constant velocity < 90, —100, 100 > ms is sighted at
the point with position vector < 0, =100, 200 > m. At 1.00 pm object J travelling with

constant velocity < —50, 100, 100 > msi1 is sighted at the point with position vector
< —200, —240, —200 > m respectively. Use vector methods to find:

(a) the minimum distance between H and J and state when this occurs

(b) when H and J are 1000 m apart.

At 0800 hours, the position and velocity vectors of particles A and B are respectively
<100, 90, 80 > m , < 10, —40, 60 > ms  and < 200, 150, ~80 > m and

-1
<22,-42.4,66.4>ms . If these velocities were maintained show that A and B will
collide stating when and where the collision will occur.

At 6 am, hot-air balloons A and B leave their anchorage points located at < —-20, 50, 0.2 >
km and < 7, 80, 0.35 > km with constant velocities < 20, 80, 0.8 > kmh_1 and

-1
<-16, 40, 0.6 > kmh respectively. Use a relative velocity method to show that if these
velocities are maintained, A and B will collide. State where and when this collision will
occur.

At 2 pm, remotely controlled drone P leaves its base located at < 50, —20, —0.3 > nautical
miles with constant velocity < 70, 50, 2 > knots. One hour later, another drone Q leaves
a base located at < 345, 165, 0.2 > nautical miles with constant velocity < -80, —40, 3 >
knots. Use a relative velocity method to show that if these velocities are maintained,

Q will intercept P. State where and when this interception will occur.

At 7.00 am, the position and velocity vectors of particles A, B and C are respectively
-1 -1

<1,5 -10>km,<6,4,5>kmh ;<6,-5,20>km,<3,6,—-1>kmh and
-1

<9,1,2>kmand<4,5,2>kmh . Ifthese velocities were maintained, use vector

methods to determine which of these particles will collide. State when and where the
collision(s) will occur.
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11. The position vectors of submersibles R and S at time t seconds are given by
rp =<0,-500,-40 >+t<Xx,y,z>m and

rs =<800,-1300, -80> + t < 4, 6, —0.15 > m respectively.

(a) Findin terms of x, y and z, the velocity of R relative to S.
(b) Find the initial displacement of S relative to R.

-1
(c) Given that |< X, V,2Z >| = 4/50.04 ms , and all velocities are maintained with the
two submersibles eventually colliding, use your answers in (a) and (b)
tofind x, y and z.

12. The position vectors of objects A and B at time t seconds are given by
ro=<1,2,-4>+t<-1,2,01>m and rg =<-19,-13,-1>+t<x,y,z>m

respectively. Given that | < X, Y,z >| = V10, and all velocities are maintained with the
two objects eventually colliding, use a relative velocity method to determine x, y and z.

13. Find the point of intersection (if they exist) of the paths of the particles A and B as given
below:
(@) ra(0)=<0,0,0>m, v4 =<0,0,0>m/s;
rg(0)=<6,10,-10>mand vg =<-2,1,2>m/s
(b) rs(0)=<-10,5,10>m, v4 =<0,0,0>m/s;
rg(0)=<0,0,0> mand vg =<-2,1,2>m/s
(c) ra(0)=<20,-5,-10>m, v4 =<10,-5,-14 >m/s;
rg(0)=<-30,10,8 >mand vg =<20,-5,-2>m/s
(d) r4(0)=<80,-70,200>m, v, =<-20,-10,-40 > m/s;
rg(0)=<-10,-100, 90 > m and vg =< 30, 30,10 >m/s

14. At 8 am, the position vectors of unmanned aerial vehicles A and B are
< —200, 100, 2 > km and < 100, —20, 1 > km respectively. A and B travel with constant

-1
velocity < 70, 250, 1 > and <30, 70, 2 > kmh respectively. Determine if the two
vehicles collide or if the paths of these two vehicles intersect or none of the above.

-1
15. At 1 pm, object E flying with constant velocity < 10, 10, 0.3 > ms s sighted at the point
with position vector < 20, 0, —1.4 > m. At 1 pm object F flying with constant velocity

-1
<8,10,0.2 >ms is sighted at the point with position vector < 30, =90, 0.9 > m.
Determine if these two objects collide or if the paths of these two objects intersect or
none of the above.
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8.3 Further applications involving vector functions

Example 8.8

A target is located at the point A with position vector < 50, 20, 10 > metres. An archer
located at M with position vector < 0, —20, 2 > metres, launches an arrow at the target with

velocity u msi1 . Aslight breeze is blowing with constant velocity <1, 1,-1> msil. Assume
that the arrow travels with constant velocity. Use vector methods to find:
(a) the distance between the archer and the target
(b) the actual velocity of the arrow if u = < 50, 40, 8 > and hence show that the arrow
will not hit the target

(c) u, given that ‘ u| =60 msi1 , if the arrow is to hit the target
(d) Find the time of flight in (c).

Solution:

(a) MA=<50,20,10>-<0,-20,2>—- =<50,40,8>
Hence, distance between archer and target
= | <50, 40, 8 >| =2/1041 =64.53 metres.

(b) Resultant velocity of arrowv=<50,40,8>+<1,1,-1>=<51,41,7>.
To hit the target, the resultant velocity v must be parallel to MA.
Consider <51,41,7>=A<50, 40, 8>.

Comparing components, X: 51=50L = A =51/50

y: 41 =400 = \=41/40.
As two different values of A are obtained, v is not parallel to MA.
Hence, the arrow will not hit the target.

(c) Resultant velocity of arrow,v=u+<1,1,-1>.
Let t seconds be the time of flight.
For the arrow to hit the target, vx t = MA.

1k

jS-t2—164-t+4164
t

Hence, solvelans=56E, )
t(u+<1,1,-1>)=<50,40,8> fen ag “;’1'8999"‘=1'9534}
50 40 80 _?—1 ?—1 ;+1:||t=1.|35338
= UuU=< T -1, T -1, T +1>. [46.4662 26.9730 2.5946]]
But, u‘ = 60.

2 4 2 2 2
(2 -1) +(—O -1) +(§+1) =60
t t t
t=1.0534 (reject—1.0990)

Hence, to hit the target,
u=<46.47,36.97, 8.59 >.

(d) Time of flight, t = 1.05 seconds.

© O.T.Lee 128



08 Vectors Il

Exercise 8.3

1. Atargetis located at the point A with position vector < —-10, 40, 20 > metres. An archer
located at M with position vector < 10, —20, 10 > metres, launches an arrow at the

target with velocity u msil. A wind is blowing with constant velocity <-1, -1, 1 > msil.

Assume that the arrow travels with constant velocity. Use vector methods to find:

(a) the distance between the marksman and the target

(b) the actual velocity of the arrow if u = < 20, —60, —10 > and hence show that the
arrow will miss the target

(c) u, given that ‘ u| =65 msi1 , if the arrow is to hit the target
(d) Find the time of flight in (c).

2. Paintball player P is located at the point with position vector < 200, 0, —20 > metres.
Paintball player Q located at the point with position vector < 10, —20, 15 > metres,
shoots a paintball at P. A slight breeze is blowing with constant velocity <2, -1, -1 >

ms_l. Assume that the paintball travels with a constant speed of 90 ms_l. Assume also
that P is unaware that he is being shot at and remains stationary. Use vector methods
to find:

(a) the velocity with which Q should fire the paintball if it is to hit P

(b) the time taken for the paintball to reach the P.

3. Paintball player A located at the point with position vector < 20, 0, 20 > metres, shoots a
paintball at player B located at < —20, 20, 10 > metres. A slight breeze is blowing with

-1
constant velocity < 1, -2, -2 >ms . Assume that the paintball travels with a constant

speed of 90 ms_l. Use vector methods to determine:
(a) the velocity with which A should fire the paintball if it is to hit B
(b) if B manages to avoid the paintball if B has a reaction time of 0.8 seconds.

4. Aninsectlocated at A< 4, 5,10 > m flies towards a target located at B< 10, -4, 9 >
-1
metres. A slight breeze is blowing with constant velocity <1, -1, -1 >ms . The insect

can fly with a maximum speed 10 msil. Use vector methods to determine:

(a) the velocity with which the insect should fly for it to reach B in minimum time
(b) the minimum time of flight from A to B

(c) the velocity with which it should fly from B back to A in minimum time

(d) the minimum time of flight from B to A.

5. A remote controlled drone located at A < 3, 40, 10 > km is to be flown 200 km to reach a
target located at B. AB is parallel to <4, 5, -2 >. A wind is blowing with constant

velocity<2,2,5> kmhil. The drone can be flown with maximum speed 80 kmhil.

Use vector methods to determine:

(a) the velocity with which the drone shown be flown for it to reach B in minimum time
(b) the position vector of the point B

(c) the velocity with which it should be flown from B back to A in minimum time

(d) the minimum time of flight from B to A.
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09 Geometric Proofs using Vectors

9.1 Plane Geometry

e This section extends the work started in the previous unit (Chapter 12 of Units 1
& 2) on the use of vector methods to prove properties of several planar shapes.

Example 9.1 Internal Division of a line segment

The collinear points A, B and C have position vectors a, b and ¢ respectively. The point B
divides the line segment AC internally in the ratio A : p, where A >0and pu>0.

1
That is, HAB = ABC. Prove that b = T(ua +1c).
+p

Solution:

LAB=ABC = pu(b—a)=A(c—b)

ub +Ab =\c+ ua
1
b= a+\ic).
x+u“‘ )

Example 9.2 The Cauchy—Schwarz Inequality & The Triangular Inequality
Given the vectors a and b, prove that:
(a) la.b| <|al|b| The Cauchy-Schwarz Inequality
(b) la+b| <|al +|b]. The Triangular Inequality
Solution:

(a) a«b= ‘a| |b‘ cos O where 0 is the angle between a and b.
la.bl=lal[b]|cosb|
But -1<cos0<1 = ‘c059|51

a.b‘s|aHb|.

Hence,

(b) la+b| =(a+b)-(a+b)
=ged+beb+2a.b
“lal’+|b|*+2a-b

Since\a-b\s|aHb| = a-bs\a||b\.
2 2 2
a+b| <lal"+ bl +2]allb]
2
<(lal +1Ibl)

= \a+b| < |a\ +\b|.

Hence,
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Example 9.3 Property of a rhombus
Prove that the diagonals of a rhombus are perpendicular.
Solution:
Let OABC be a rhombus with OA parallel to CB. Cc B

Let OA=aand OC=c.
As OABC is a rhombus,

al =lcl.

Diagonals: OB=a+c
AC=-a+c 0 > A

OB.AC=(a+c).(-a+c)
=—agea+aec—cea+cec
=—lal*+ lc|®
=0

Hence, the diagonals are perpendicular.

Example 9.4 Area of Parallelogram

OABC is a parallelogram with OA parallel to CB. Let OA=aand OC =c.
Prove that the area of the parallelogram OABC is \ ax c\ .

Solution:

Let O be the angle between a and c. C B

Let K be the foot of the perpendicular from C to OA.

Hence, ‘CK‘ = ‘OC| sin

=‘c|sin6. O K

Area of OABC = |OA| x | K|
= |a‘ X ‘c| sin

= |axc‘.

Exercise 9.1

1. The collinear points A, B and C have position vectors a, b and c respectively. The point B
divides the line segment AC externally in the ratio A : p where A >0 and p > 0.

That is, tAB = ACB. Prove that b = %(}m —\e).
M_

2. The collinear points A, B and C have position vectors a, b and c respectively. The point B
divides the line segment AC in the ratio —A : p where A >0and pu>0.

1
That is, uBA = ABC. Prove that b = —k(ua —\e).
M_
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3. Given the vectors a and b, prove that:
(@) |lal - Ibl]<la-bl

2 2 2 2
b) la+b| +|a-bl"=2]al +2|b]".

4. Consider AOAB with OA =a and OB = b. If OM is a median of the triangle,
prove that OM = %(a +b).

5. In quadrilateral OABC, if M and N are the midpoints of OA and CB respectively,
1
prove that MN = > (OC + AB).

6. Prove that the sum of the lengths of any two sides of any triangle is always greater than
the length of the remaining side.

7. Prove that in a parallelogram, the sum of the squares of the lengths of the diagonals is
equal to the sum of the squares of the lengths of its sides.

8. Prove that the midpoints of the sides of a quadrilateral form a parallelogram.

9. Cis the midpoint of the line segment AB. D is a point not on the line AB
such that DC = CA. Use vector methods to prove that DA is perpendicular to DB.

*10. Three line segments are congruent to the non-parallel vectors a, b and c respectively.
Prove that these line segments form a triangle iff a+ b +c=0.

11. PQRS in the accompanying diagram is a convex P
qguadrilateral. The diagonals intersect at O. Prove that V Q
the sum of the lengths of any two opposite sides of the
guadrilateral will always be less than the sum of the
lengths of the two diagonals.

12. O s the centre of a circle circumscribing AABC with A
OA=a,0B=band OC=c. Mis a point such that
OM =m.

Prove thatif m=a + b + c then
AM.BC=BM.AC=CM.AB=0.

[The point O is called the circumcentre and the
point M is called the orthocentre of the triangle.]
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13. Consider AABC where the vertices have position
vectors a, b and c respectively. The point M with
position vector m is the midpoint of the side BC.

The point K with position vector k is such that
AK = 2KM.

(a) Prove that k= %(a +b+c).

T
=

(b) Hence, deduce that the medians of a triangle
are coincident.

<
O

[This point is called the centroid of the triangle.]

14. AOAB is such that OA = a and OB = b. Prove that the area of AOAB = % | axb ‘ .

15. OABC is parallelogram with OA =a and OC =c.
P is a point on OA such that OP = LOA where
0<A<1. Qisapointon AB such that AQ = uAB
where 0 < p< 1. Use vector methods to prove that

the area of ACPQ cannot exceed half the area of the
parallelogram OABC.

16. Consider AOAB with OA =a and OB =b.
P is a point on OA such that OP =A0A and S
is a point on OB such that OS = LOB where
where 0 <A < 1. QandR are points on AB
such that PQRS is a parallelogram. Use vector
methods to prove that the area of

parallelogram PQRS cannot exceed half the
area of AOAB.
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9.2 Geometry in 3D Space

e In this section, we will explore some geometrical properties of shapes in 3D space.

Example 9.5

The point A has position vector < a, B, y >. Prove that the shortest distance between the

ao+bB+cy+d

point A and the planeax+ by +cz+d=0is
\/az +b% +c2

Solution:

Vector equation of planeisre.<a, b, c>=—d.

. . . d . .
Clearly, the point with position vector <——, 0, 0 > lies on this plane.
a

Hence, shortest distance between point and plane is:

d 1
D= ‘ (<al B,V>_<__,0;O>)°— <aIbIC> |
a \ a® +b% +c?
1
= | <a+i,B,v>-— <a,b,c> |
a Va2 +b% +c?
ao+bB+cy+d
Va? +b% +¢?
Example 9.6
OABCDEFG is a cuboid (rectangular prism) with OA = u, OC A’
=vand OE =w. O isthe origin of the x-y-z axes. &
Prove that the volume of the cuboid is | (uxv)ew ‘ . T 5
Solution: WY Gl
S
Area of the base OABC = |u x v|. ab \C\
Height of cuboid is lw|. » ol B R

Hence, volume of cuboid = | u x v\ \ w|
But u x vis parallel to w,

o o

that is, the angle between uxvand wis0 or 180 .
. o .
—(uxv) w orcos 180 = —(uxv) w

Hence, cos Oo=
luxv]w] luxv]

w|
= i‘uxv| |w‘ =(Uxv)ew
Hence, \uxv| |w\ = | (u><v)-w|.

Therefore, volume of cuboid is \ (uxv)ew | .
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Exercise 9.2

1. OABCDEFG is a rectangular prism. O is the

origin of the x-y-z axes. The position vectors

of vertices A, Cand Earea,cand e " G

respectively.

(a) Provethataxc=»XAe.

(b) Prove that the area of BCEF is
|a><(e—c)|.

(c) Misthe midpoint of AB. Prove thatthe | -~ | 7 -

1 1
areaofAMEDisE|CX(a+Ec—e|. A
(d) Prove that the volume of the wedge x

OABCGF=-§|(axc).eL

2. OABCDEFG is a cube. O is the origin of the x-
y-z axes. The position vectors of vertices A, C

and E are a, c and e respectively. £ °
(a) Show that the equation of the largest
possible sphere that can fit into the cube F =
. a c e 1
Is|r_<_l_l_> =_|a‘
2 [ L >
(b) The cube fits into a sphere. Show that
equation of the smallest possible sphere A
that the cube can fitinto is g °
a c e "
r-<—,—-, - >| == |a+C+e|
2 2 2

3. OABCDEFG is a parallelepiped. O is the
origin of the x-y-z axes. The base OABC is a
rectangle. The edges AF, BG, CD and OE are 4

all parallel and congruent. The position

vectors of vertices A, Cand E are F
a, c and e respectively. The angle between / /
OE and the z-axis is 6. o) fc J
(a) Prove that OG + BE = 2e. V
(b) Prove that total surface area of A /
OABCDEFG yd
=2[laxc| +[axe| + |exel] s
(axc)ee

(c) Prove that cos O = .
laxc|e|

(d) Prove that the volume of OABCDEFG is | (axc)ee | .
[The volume of a parallelepiped = Base Area x Perpendicular Height.]
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4. VOABC is a rectangular pyramid. O is the ih
origin of the x-y-z axes. The vertex V is
vertically above the centre K of the
rectangular base OABC. The vertices V, A
and C have position vectors v, a and ¢
respectively.

(a) Prove that the total surface area of the
pyramid is |vxa‘ + ‘vxc‘ + ‘axc|.
(b) Prove that the area of AVAC is

%\(a—v)x(c—v)\.

1
(c) Prove that the volume of the pyramid is 3 | (axc)e v\ .

5. ABCDEF is a wedge with congruent rectangles B
ABCD and EFCD with equations
re<2,1,2>=10andr.<1,2,2>=4
respectively. | DA| = ‘ DE ‘ = \/ﬁ .

(a) Prove that CD is parallelto< 2,2, -3 >.
(b) Prove that DE is parallel to < 10, -7, 2 >.
(c) Prove that DA is parallel to <7, -10, —2 >. D

1717

8

(d) Prove that the area of AADE = 1

6. ABCDEF is a wedge with congruent rectangles B
ABFE and CDEF with equations
re<1,1,2>=6andr.<-1,1,1>=3
respectively. | EA\ = \ ED \ = \/E .

(a) Prove that EF is parallelto< 1, 3, -2 >.

(b) Prove that ZAED = cos ! (g} .

(c) Use a vector method to prove that the area of AAED = 7.
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10 Systems of Linear Equations

10.1 3 x 3 Systems

e A3 x3system refers to a set of 3 simultaneous linear equations in 3 variables.
doX+ a1y +ax=4as
boX + b1y + bzX = b3
CoX+C1y +CoX=C3

e As noted in Section 7.3, the equation of a plane may be expressed as a linear
equation in three variables. Hence, a system of three linear equations in x, y and z
may be expressed geometrically as three planes in the x-y-z space.

e For aset of three planes in 3D space, three major scenarios are possible.

e The three planes meet at a common point.
« The 3 x 3 system has a unique set -
of solutions.

e The three planes are all coincident
or two planes are coincident and meet the
third plane along a common line
or the three planes meet along a common line. s,
« The 3 x 3 system has an infinite Y
number of solutions. |

\v‘.\\ >
& =
 The three planes are all parallel . S
or two planes are coincident and parallel to the @ >
i \'\«-‘///
third plane -

or two of the planes are parallel but not the third

or the three planes form the “lateral faces”

of a triangular prism. =
« The 3 x 3 system has no solution. \“
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10.2 3 x 3 Systems with Unique Solutions

e In this section, we will consider only those 3 x 3 systems that have unique
solutions. We will learn to use the Gaussian elementary row operations method to
determine the unique solution.

10.2.1 The Gaussian Elimination Method for 3 x 3 Systems

e The Gaussian elimination method makes use of augmented matrices, elementary
row operations and back substitution to solve a set of simultaneous equations.

e The equations are first rewritten as augmented matrices.

e For example: x+y+z=1
X+3y+2z=2
2x—y+2z=-1
1 1 1)1
Rewritten as an augmented matrix: |1 3 2| 2
2 -1 2|-1
b N
coefficients of x, y and z. constants

e An augmented matrix in echelon form (triangular form) is one where all entries
above or below any one of the diagonals in the coefficient part are zero.
1 2 3|10 1 0 02 0 0 3|2 1 2 3|2

e|/0 2 1|5¢,1 2 0(0|,|0 2 1(0},|2 2 0]O0
0 0 1|3 2 2 1|3 1 2 1|3 1 0 0|3

are examples of augmented matrices in echelon/triangular form.

e An augmented matrix in echelon form permits the immediate retrieval of
the value of one of the variables. Values for the remaining variables are
then obtained by back substitution.

O NN
= R W
'—\
o

1
o Consider the augmented matrix in echelon form | 0
0

w un

for a system with variables x, y and z.

« The third line is equivalent to the equation z = 3.
We have an immediate solution for z.

« The second line is equivalent to 2y + z = 5.
Butz=3 = y=1.

« The first line is equivalent tox + 2y + 3z =10
Butz=3andy=1 = x=-1.

« Hence, the solution to this systemisx=-1,y=1and z=3.
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[ ]
o O
o ~» O
= O O

2
0 | is an augmented matrix in reduced echelon/triangular form.
3

o All entries in a diagonal of the coefficient part are 1
and all other entries are 0.

e It allows immediate reading of the solutions of the system.
If the are variables x, y and z, thenisx=2,y=0and z = 3.

e In summary, the Gaussian elimination method uses elementary row operations to
reduce an augmented matrix into echelon form. This will allow the retrieval of an
immediate solution. Back substitution is then used to determine the rest of the
variables.

e Row operations are similar to the “tweaking of pairs of equations”
to eliminate a variable.

o It is not always necessary to end with an augmented matrix in echelon
form.

Example 10.1
Solve each of the following augmented matrices with variables x, y and z:
1 0 0}2 0 0 3|3 1 2 -1]|2
@ |1 2 0|0 (b)|O 2 1(21| (|0 1 0|5
2 2 1|3 1 2 1|3 2 -1 0|3
Solution:
(a) Fromrow 1: x=2
From row 2: x+2y=0 = y=-1
From row 3: 2x+2y+z=3 = z=1
Hence: x=2,y=-landz=1
(b) Fromrow 1: z=1
From row 2: 2y+z=1 = y=0
From row 3: X+2y+z=3 = x=2
Hence: x=2,y=0andz=1
(c) Fromrow 2: y=5
From row 3: 2x—y=13 = x=4
From row 1: X+2y—z=2 = z=12
Hence: x=4,y=5andz=12
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Without the use of a calculator, use Gaussian elimination to solve for x, y and z in:

Example 10.2
2x—y+4z=15
3x+2y—z=5
X+y+z=4

Solution:

Gaussian Elimination

Algebraic Elimination

Rewrite system as an augmented matrix
with the third equation ahead of the rest:

1 1 1|4
2 -1 4 |15
3 2 -1|5

Apply row operations on Row 1 & Row 2
and Row 1 and Row 3:

11 1] 4
2xR1-R2—>R2 |2 3 -2 |-7
3xR1-R3—>R3 (0 1 4 | 7

Apply row operations on Row 2 & Row 3:

11 1|4

0 3 -2|-7

3xR3—-R2—>R3 |0 0 14 |28
Fromrow 3, 14z=28 = z=2

Substitute z = 2 into Row 2: y=-1
Substitute z=2,y=-1intoRow 1: x=3

Hence,x=3,y=-1,z=2.

Rewrite the equations as:

X+y+z=4 I
2x—y+4z=15 I
3x+2y—z=5 1]

Eliminate x from | & Il:
Ix2 2x+2y+2z=8 la
la -1l 3y—2z=-7 v

Eliminate x from | & llI:
Ix3 3x+3y+3z=12 Ib
b — Il y+bz=7 Vv

Hence, equations are reduced to:
3y—2z=-7 v
y+4z=7 \Y

Eliminate y from IV & V:

Vx3 3y+12z=21 Va
Va -1V 14z =28
= z=2
Substitute z=2 into V:
y=-1
Substitutez=2,y=-1into I:
x=3.

Hence,x=3,y=-1,z=2.

Notes:

e As seen in the example above, the Gaussian elimination method is a “trimmed down” version of the

method of algebraic elimination.

e The row operations applied are identical to the operations applied to the equations in the algebraic

method.

e Where possible, rearrange the order of rows/equations so that the first coefficient (pivot element) is

one. Conventionally, we wish to obtain a triangle of zeros at the bottom left.
This is achieved by: (i) combining rows 1 and 2, (eliminate x from equations | & I1)
(ii) combining rows 1 and 3 (eliminate x from equations | & IlI)
(iii) combining the “new” rows 2 and 3 (eliminate y from resulting equations).
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Example 10.3
Without the use of a calculator, use row operations to solve:
2x—y+2z=-1
x+y+z=1
X+3y+2z=2
Solution:

Rewrite the system as: x+y+z=1
X+3y+2z=2
2x—y+2z=-1

1 1 1|1

Rewrite as an augmented matrix: 1 3 2|2

2 -1 2|-1

Use row operations to create a lower triangle of zeros:

1 1 111
R1-R2—>R2 0 2 -1|-1 [1]
R1x2—R3—R3 0 3 03

1 1 111

0 -2 -1|-1 [2]

R2x3+R3x2—R3 (0 0 -3 3

From row 3: -3z=3 = z=-1 11 11 -
From row 2: 2y-z=-1 = y=1 rrefcfl 3 2 2
2 -1 2 -1
: +y+z= =
From row 1 x+y+z=1 = x=1 Teei
B 181
Hence: x=1y=1,2z=-1 B a1 -1
O
Notes:

e |t is customary to rearrange the equations so that the element in the first row and first column (called
the pivot element) is “one”. The row operations are much simpler when the pivot is “one”.

e The augmented matrix in [2] is in echelon form.

e However, notice that the augmented matrix in [1] is not in echelon form but yields an immediate
solution and back substitution would be successful.

As such, it would have been sufficient to stop at [1].

e Hence, if during the process of reducing an augmented matrix into echelon form, an immediate
solution emerges and back substitution would be successful, it is no longer necessary to proceed to
obtain an echelon form.

e The “rref”command available on CAS calculators, produces an augmented matrix
in reduced echelon form. [rref: reduced row echelon form]
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Exercise 10.1 This exercise is to be completed without the use of a calculator.

1. Solve for x, y and z (in the usual positions) corresponding to the augmented matrices.

3 —% 6 1 -4 1]|-4 1 % % 1

(a) 1 5 |11 b) |0 1 ¥ |% o 1 210

o 1|2 0 0 173 0O 0 1|2
1 %7 3 16 01 0]|-4
1/ |10
(d) 1 %' (e) 1 0]1 (f) |0 1 2
0 1| 3 01 1|2 1 0 1|3
1 1|7 1 1 |-5 2 0 0|4
(g) |0 2 8 () {O -1 1 |-7 i1 -1 4 |-6
2110 0 4 -1]13 1 1 -1|38
2. Use elementary row operations to solve:

(@) x+2z=7 (b) 2x+y=0 (c) 2x—y+4z=12 (d) -3y—-4z=1
2x+y=16 X+2z=4 Idx+y=6 3x—-4z=4

—2y+9z=-3 -2y +9z=19 —3x+2y+z=4 —2y+4x=1

3. Use Gaussian elimination to solve for x, y and z in:

(@) 2x+y+z=7, 3x+2y—2z=15 and x— 2y +2z=-8

(b) 2x+3y+2z=0, 3x+2y+4z=13 and x+y+z=2

() x+y+z=12, x—y+z=3 and2x+3y—-3z=6

(d) x+y+2z=4,x+y—2z=3 and3x+4y+2z=12

4. Use an augmented matrix method to solve:

(a) 2x—y—-z=0 (b) 2x+ 5y =180 -6z
dx—-y+2z—-4=0 6x+2z=20+3y
2x+2y+z—-4=0 S5y —2z=45-7x

(c) 2/x+3/y—1/z=-7 (d) —x2+2y2+zz=2
3/x+2/y+1/z=-3 2% — 2y2 +37=5
5/x—1/y+3/2=2 W +y —57=6

5. Use the method of elimination to solve:

(@) x+y+z=-1 (b) x+2y+3z=1
X+2y+z=1 2x+y—3z=-9
2x+y+z=0 x+3y+z=-7
X+y+2z=-5 X+y—z=-7

6. Givena=<1,-1,1>andaxb=<1, 4,3 >, use Gaussian elimination to find b.

7. Givenb=<2,1,1>andaxb=<6,-13,1 >, use Gaussian elimination to find a.
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10.3 Existence of Solutions for 3 x 3 Systems

e At the start of this chapter, it was mentioned that a 3 x 3 system can either have:
¢ a unique set of solutions
¢ an infinite set of solutions
¢ no solutions at all.

e In this section, we will explore in greater detail the conditions that cause
3 x 3 systems to be divided into these three possibilities.

e Unique Set of Solutions

Consider which reduces to

(R
01 o
[ SR S

rref([

ENNAR ]
| I
1k

O O R, N R P
o r O Wk P
R O o hMNE
O L B WN
@@
Lol )

——
oD@ e
— e
L 1

e This system has a unique set of solutions.

o All three equations are different and form a
non-contradictory consistent set.

e The three non-parallel planes meet at a
common point.
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e Infinite Number of Solutions

1112

1
Consider |1 1 1|2, |1
11 1(2) (2

1
1
rrefil1 1 1 2
3
which reduces respectively to {1 1z
8@ 6o
1 1 12 1 0 1(2 1 1 0(1

00| &|0 0 11 rref(|1 11 2
0

o Note that in each instance, each term in the i1 6B @B
third row of the reduced augmented matrices is r-ref(|:1 132 3}
zero. 3

« This means there is insufficient aa

—_
—

information to determine a unique set of =
solutions.

« Hence, these systems have an infinite
number of solutions.

e The first system consists of three identical rows. 2
« All 3 planes are coincident.
« Hence, there are an infinite number of -
points of contact.

¢ The second system consists of two identical
rows and a non-contradictory third row.
« There are two coincident planes and one ]
other plane not parallel to the coincident ' i
planes. | |
« These planes meet along a common line. ’
« Hence, there are an infinite number of
points of contact.

e The third system consists of three rows but the
third row is a linear combination of the first two

rows (R3 =R1 + 2 x R2). /\~
« These 3 non-parallel planes form a sheaf

of planes meeting along a common line. =\
« Hence, there are an infinite number of \k =
points of contact.
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e No Solution

Consider T 11 o =
11 1]2) (11 1]2) (11 1]2 1112y ™G
11 1(3(,/1 1 1]|2],|1 1 1[3/&]|1 1 2]3 ] ;;é?
11 1(4) (11 1(3) (12 1(3 2 2 3|6 e
which respectively reduces to rrefe 1 i 1 g
11 1|0) (11 1]0) (1 0 1]0 11 0|1 11 8]
00o0|1|,|0 00[1[,|0 1 0|0|& |0 0 1|0 e
o0 oo|o) (ooo|o/ \looof1 0 00[1 1112
rrefif1 1 1 3
[t 21 3] }
¢ In the reduced matrices, note that in each instance, é ? é g
there is one row that is contradictory: R2, R2, R3 g q o S
and R3 in systems 1, 2, 3, and 4 respectively. rrefd ; ; g 2
Each of these rows imply that 0 = 1. ) Tt toea]
« Hence, these systems have no solutions. 3 3 é ? |
a -
o The first system consists of three “contradictory”
rows.
« The three planes are all parallel.
« Hence, these planes do not intersect.
e The second system consists of two identical rows
and a third row that “contradicts” the first two. \ s

« There are actually only two coincident R
planes parallel to the third plane.
« Hence, these planes do not intersect.

e The third system consists of two contradictory
rows (R1 & R2) and a third consistent row.

« There are two parallel planes and a third
non-parallel plane.

« Hence, the first two planes do not intersect.
But the third intersects the first two and
hence, there is no common point/line of
intersection between these planes.

e The fourth system consists of two consistent rows
but the third row “contradicts” a linear 3
combination of the first two rows (R3 # R1 + R2). 3

« These three non-parallel planes will meet to
form the “lateral faces” of a triangular
prism.

« Hence, these planes do not intersect.
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e In summary, for the augmented matrix in echelon form:

o o N
o = W
s &~ B
Q »un ©

o If p#0, then the system has a unique set of solutions.
e If p=0and g =0, then the system has an infinite number of solutions.
e If p=0and g=0, then the system has no solution.

e If any of the equations are multiples of each other, or the equations are linear
combinations of each other, then the system has an infinite number of solutions.

o If the coefficient parts of any two equations are multiples or linear combinations
of each other but “contradict” in the accompanying constants, then the system
has no solution.

e For example: . x+y+z=1and 2x+2y+2z=1.
The coefficients in the second equation are each twice
those of the first equation, but the constant in the
second equation is not twice the constant in the first
equation.

. X+y+z=1,x+2y+3z=4and 2x+3y+4z=8.

The LHS of the third equation is the sum of the first two
equations but the right hand side is not.

Example 10.4
1 -1 1 5

For the augmented matrix [0 1 5 6 |,
0 0 (p-(p+2)|p+2

find the value(s) for p so that the given system has:
(a) aunique set of solution (b) no solution (c) an infinite number of solutions.

Solution:
(a) For a unique set of solutions: (p—1)p+2)#0
Hence: p#land p#-2,p eR.
(b) For no solution: (p—1)(p+2)=0and p+2+#0
Hence: p=1.

(c) For an infinite number of solutions: (p—1)(p+2)=0and p+2=0
Hence: p=-2.
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Example 10.5

1 -1 1 4
For the augmented matrix [0 1 1 -3 |,
0 0 p>-1|g-2

find the value(s) for p and g so that the given system has:
(a) aunique set of solution (b) no solution (c) an infinite number of solutions.

Solution:
2
(a) For aunique set of solutions: p —1#0 with g eR
Hence: p#l and p#-1, p e R withg eR
2
(b) For no solution: p —1=0 with g—2#0
Hence: p=11 with g#2, g eR.

2
(c) For an infinite number of solutions: p —1=0 with g—2=0
Hence: p =11 with g=2.

Example 10.6

The planes A, B and C respectively have equations
2x—y+3z=1, x+2y—z=2 and x—-8y+9z=-4.

Describe the geometrical relationship between these planes.

Solution:
2 -1 3
Form the augmented matrix: 1 2 -1 2
1 -8 9|4
Using elementary row operations:
2 -1 3 1
2-13 1 o
R1—-R2x2—>R2 0O -5 5 (-3 ref<[i 38 ;1 iJ

R1-R3—R3 0 15 -15| 9 1221

2 -1 3|1 o1 -1 3

a8 B @
0 -5 5|-3
R2x3+R3—R3 0O 0 OO

Hence, the system of equations has an infinite number of
solutions.

The normals to the planes are respectively <2, -1, 3 >,
<1,2,-1>and<1,-8,9>.

Hence, the planes are all non-parallel and meet along a
common line.
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Example 10.7

The planes A, B and C respectively have equations
X+y+z=3, x—-2y+z=6 and x—-y+kz=m.
Find the value(s) of k and m so that these three planes:
(a) intersect at one common point, stating the point of intersection
(b) meet along a common line, stating the equation of this line in parametric form
(c) form the “lateral faces” of a triangular prism.

Solution:
1 1 13
Form the augmented matrix: 1 -2 1|6
1 -1 k|{m
Using elementary row operations:
11 1 3
R1-R2—>R2 0 3 O -3
R1-R3—R3 0 2 1-k|{3-m T 1 =
rref(|:1 -2 1 Eui|
1 -1 km
1 1 1 3 168 —'(‘:’15%4
0 3 0 -3 B1e -
B a1 0=
R2x2—-R3x3—>R3 0 0 -3(1-k)|3(m-5) ! -1

(a) When 3 planes intersect at a common point, the system has a unique set of solutions.

For a unique set of solutions: k#z1l and meR

From row 2: 3y=-3 = y=-1.

Fromrow3: —-3(1-k)z=3(m-5) = z= ':__15

From row 1: x+(—1)+m_5=3 - X=m_—5+4
k-1 —k

Point of intersection has coordinates [T_ks +4,-1, 7(1—_15)

(b) When 3 planes meet along a common line, the system has infinite number of

solutions.

For more than one solution: k=1 with m=5.

From row 2: y=-1.

From row 1: x-1+z=3 = x+z=4

z=4-—x.
Hence, equation of common line: x=t y=-1,z=4—-t,teR.

(c) When 3 planes form a prism, the system has no solutons.
For no solutions: k=1 and m#5 meR.

Notes:
The Cartesian equation of the common line in (b)isx=4 —-z=t,y=-1
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Exercise 10.2

1. Explain why the following sets of simultaneous equations have no solutions:

(a) X+y+z=2 (b) 2x+y—-z=-2
2X+2y+2z2=-4 X+2y+z=0
X+2y+z=2 3x+3y=-1

2. Explain geometrically why the planes represented by the following equations do not
intersect at a common point.

(@) x—y+3z=18 (b) —x+y-2z=-3
—Xx+y—-3z=15 4x+2y—62=16
2x+y+z=-2 5x+y—-4z=8

3. Explain why the following sets of simultaneous equations have more than one solution:
(@) x—y+2z=5,2x—2y+22=10& 2x+y+z=-2
(b) x+2y+3z=4,x+2y—-2z=0&2z=1

4. Explain geometrically why the planes represented by the following equations have a
common line of intersection.
(@) x+2y—3z=1,—x+y+z=1 & x+5y—52z=3
(b) x+y—-2z=-3,4x+2y—6z=16 & S5x+y—4z=19

5. Find the value(s) of the unknowns for each of the following systems to have
(i) a unique set of solution, (ii) no solution and (iii) an infinite number of solutions.

1 11 7 11 1 7
(@ |0 1 2] 5 (b |lO 1 2 5
0 0 p|g-1 0 0 3—p|2g-1
11 1 7 11 2 7
(c) |0 0 p+1] 5 d |0 1 -1 5
01 2 |-1 0 0 (p-1)(p+2) |g-1
1 2 1 10 1 4 1 5
e) |0 3 4 flo -1 -2 3
0 0 (p+1)(p+2)|p+2 0 0 p-3 p2—9

6. The planes A, B and C respectively have equations
2x—y+3z=1, x+2y—-z=2 and -2x+y-—-3z=-2.
Describe and provide a sketch showing the geometrical relationship between these
planes.

7. Describe and provide a sketch showing the geometrical relationship between the planes
with equations:
—Xx+2y+4z=1, x—2y=2+4z and 3x-6y=12z.
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8.

10.

11.

12.

13.

14.

Describe and provide a sketch showing the geometrical relationship between the planes
with equations 5x+2y+3z=4 2x—3y—-z=1 11x—-7y =k
for(a) k=7 keR (b) k27 keR

Describe and provide a sketch showing the geometrical relationship between the planes
with equations x+3y+4z=4 2x+y+3z=3 5x—10y -5z =k
for(a) k=-5 kel (b) k-5 keR

Find the value(s) of k so that the planes represented by the given equations:
(i) do notintersect
(ii) intersect at a point, stating the coordinates of the point of intersection
(iii) intersect along a common line, stating the parametric equation of this line.

(@) x—7y+5z=3 (b) x—-4y+3z=9
X—y+3z=-1 2x—y+z=17
3y—-z=k 3x—-5y+kz=16

For what values of k does the system, x+ 11y +2z=0, x+2ky+z=0, kx+y+z=0
have solutions other thanx=y =z=0.

Consider the system of equations: x+y+2z=8, 2x+y—z=-5and 3x—y + kz = 3.
11 1 8

The augmented matrix for this system of equationsis reducedto |0 1 3 21 .
0 0 a+bk |63

Determine the values of g and b.

Consider the planes with equations:

x+3y+z=16 X+4y=-3z+23 x=19-2y -4z X+5y+3z=p
(a) Write the augmented matrix for the corresponding system of equations.
#H # #|H
O # # | #
(b) Reduce the augmented matrix into the form |
0 0 #|#

(c) Hence find the value of p for which the planes intersect at a common point.

The augmented matrix for a system of equations is

1 -1 2 3 2
0o 1 2 -1 3
0 0 4 1 5
0 0 0 (k-1)(k+2) |k*+3k+2

Find the value of k if the system:
(a) has no solutions (b) more than one solution (c) a unique set of solution.
Find the solutions in (b) and (c).
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1 -1 0)(a b c 100 1 -1 0|1 00
15. The augmented matrixfor |0 2 -1{|d e f|=|0 1 0]is {o 2 -1|/0 1 0
1 0 1)lg h i 001 1 0 1/0 0 1
1 0 O|la b ¢
Use row operations to reduce the augmented matrixto [0 1 0|d e f
0 0 1|g h i
1 -1 o)?!
Hence, find [0 2 -1
1 0 1

16. A certain protected mammal has a maximum life span of 10 years. Let x;, x, and x3 be
the numbers of the mammal in each of the age groups 0 — 1 years, 2 — 8 years and 9 —
10 years respectively, and y4, y, and y3 be the corresponding numbers after one
calendar year. The numbers x1, X3, X3, V1, ¥2, and y3 satisfy the equations:

0.05x1 +0.75x, + 0.2x3 = y4
0.85x; + 0.99x, =y,
0.2x; =y3

If at the start of 2015, there were 1 340, 2 108 and 340 in the corresponding age groups,
use your calculator and an elimination method to find the corresponding numbers in
each age group at the start of 2014.

*17. A minipak consists of 2 chocolate eclairs, 1 mintie and 2 lollipops. A midipak consists
of 3 chocolate eclairs, 1 mintie and 7 lollipops. A maxipak consists of 5 chocolate
eclairs, 2 minties and n lollipops. Jane had 94 chocolate eclairs, 38 minties and 166
lollipops. Use your calculator and the method of Gaussian elimination to find the value
of n so that each and every type of sweet available is used up. The composition of
each pack is as stated.

*18. The diagram below shows the 8
flow (in litres/hour) of fluid N
through a network of pipes. The \ N
numbers or letters indicate the A /\0 5
flow rate through the pipe — s —>7y-10 —— 500
concerned. Assume that no fluid N\

is lost in the process.
(a) Find the values of x, y and z
when k = 2.
(b) Comment on the flow
network when k < 0.
(c) Find the value of k for which the network flow as indicated becomes impossible.
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11 Differentiation

11.1 Review of Rules of Differentiation

In this section we will review and extend the rules of differentiation as covered in
Mathematics Methods Units 1 & 2 and Mathematics Methods Units 3 & 4.

e The table below lists the derivatives for several commonly used functions.

Function Derivative
n n-1
X nx
ef(X) f'(X)ef(X)
f'(x)
Inf(x) —
f(x)
sin x CoS X
CoS X —sin x
2 2
tan x sec x=1+tan x
2 2
cot x —cosec x=—(1+cot x)

e The table below lists the rules for differentiation.

For u = u(x), v = v(x) and constants a and b:

Linear Rule
i[au+bv] = aﬂ + bﬂ
ax ax dax

For u = u(x):

The Chain Rule
d d du
dxf( ) duf( ) ™

For u = u(x) and v = v(x):

The Product Rule d dv  du
—(uv) = u—+v—
dx dx  dx
For u = u(x) and v = v(x):
The Quotient Rule ﬂ_uﬂ
dlu dx  dx
ax| v v2
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Example 11.1
Without the use of a calculator, find % for each of the following:
X
3 2 1-2
(@) y= /1+e* (b) y=(1—-2x) sin mx (c) y= LZX) (d) y=10°%%
1+x
Solution:
1
(@) y=+y1+e® = (1+e2)2
1
Using the Chain Rule y_1, (1+e%) 2 x2e%¥
dx 2
) er
1+ %

3 2
(b) y=(1-2x) sin mx
Using the Product and Chain Rules:

dy 2 L2 3 _
d—= 3.(1—2x) .(-2)xsin mx + (1—2x) x2sinTxCcosmx x T
X

2 2 3
=—6(1—2x) sin mx + ©w(1—2x) sin 2nx

tan(1—2x)
V==

(c)

1+x
Using the quotient rule:

ﬂ: (1+x2)><(—25ec2(1—2x)) — (2x)tan(1-2x)
dx (1+x%)?

—2(1+x2)sec2(1—2x) — 2xtan(1-2x)

(1—x2)2
(d) y - 10C05X
Cosx
Rewrite as: y = en10
- ecosxlnlo
Hence: % =—In10sin x ecosxlnlo
X

=—In 10 sin x 10°°%% .
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Example 11.2
. ., dy .
Without the use of a CAS calculator, find d_ if:
x
2
A 1 1
@y=ini-e' o) y=SE0 @y @) =i [
1-x (1—x)

Solution:
4
(@) y=ln(1-e™™) = y=4in(1-e*)

dy 4e™”
dx 1-e¢7*

Hence:

_ In (1+x2)

b
(b) y 2

Using the quotient rule:

(1—x2)(12’(2j — (<2x)In (1+x2)
+ X

dX (1_X2 )2

2x(1-x%) + 2x(1+x%)in (1+x%)
(1+x2)(1-x?)?
2x[1—x% + (1+x%)In (1+x%)]
(1+x%)1-x%)

(c) y=1In(xsinx) = y=Inx+Insinx
Hence: a -1 4 203X
dx x sinx
1
= — +cotx
X
(1+x) 1 1
d =In = y==In(l+x)—=In(d-x
(d) y T—x) y=Sh+x)=2in{l=x)
dy 1 -1
dx 21+x) 2(1-x)
.
(1+x)(1—x)
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Example 11.3
. 2 dzy
Given that y = cos x, prove that — +4y =2,
dx?
Solution:
2
y =C0s X

. . . Trigonometric Identities
Differentiate with respect to x:

dy . .2 2
—— =2cosx x(-sinx) e sin x+cos x=1
dx , )
= -2 sin(x) cos(x) e sec x=1+tan x
=—sin 2x 2 2

. . . e cosec x=1+cot x
Differentiate again:

dzy ® sin 2x =2 sin x cos x
—5 = —2 cos 2x 5 5
dx e COS 2X = cOs X —sin X
L i ion: 2
eft Hand Side of Expression =9 cosx—1
dzy 2
—— +4y=-2cos 2x+4cos x _ .2
dx2 =1-2sin x
2 2
=—-2(2cos x—1)+4cos x=2
2
d
Hence, —g +4y=2.
dx
Exercise 11.1 To be completed without the use of a calculator.
1. Differentiate each of the following expressions with respect to x:
4 _ 2
(a) (1—+x) (b) y1-2e7 (c) (sin x + cos 2x)
2
(d) /1+in(d+x) (e) e X (f) sin (1 + mx)
24
(g) In (1 + cos mx) (h) e’ (i) In(1-x)
(i) cot (1+x) (k) sec eX* (1) 22+
2. Differentiate each of the following expressions with respect to x:
2 2 2
(@) x sin wx (b) /x et (c) (1+2x) tan wx
2 2 2 2
(d) e In (cos x) (e) e “**sin nx (f) cos 2xsin x
2 2
(g) In(xtanx) (h) e In(xe*™) (i) X In+/1+e
2 -2x
2 2
() In| 2X— (k) e in | X ) x In|XE
1+x 1-x (1+x)?
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3. Differentiate each of the following expressions with respect to x:

1+ x2 Jx sin2x
(a) (b) (c) ————
1-2x 1+\/; 1+cos2x
2Xx —2C0s X
(d) e (e) e—. (f) ln— v 1+2x
1+e 2% 1-2e"% 1+2x
2 sinx X
X e . e
(8) ——- (h) ——— (i) tan -
In(d+e“") l+e 1+e
[XJ [1co§x) 0 Ina 1+ x*
(i) er*” (k) e\1tsinx i)

4. Find the first and second derivatives with respect to x for each of the following.

(@) (1+vx) (b) 1 (©) cos’ 2x

. 2
(d) In(1+x) (e) e "X (f) tan x
2 dzy
5. Giventhaty=(x +4x+1)sinx, find —
dx
. 2 dzy
6. Given that y =sin x, prove that — 4y = 2.
dx
2 2
3 d d
7. Given that y = Insin 2x, prove that 3—y + (—yj +36=0.
dXZ dax
. 3 .
1- d -1 d sinx—2
8. Giventhaty= >InX , prove that: (a) 9. - (b) : = 5 -
cosx dx 1+sinx dx (1+sinx)

11.2 Differentiating Parametric Functions

e Two variables x and y are said to be described parametrically if the rule is
described in terms of a third variable, called the parameter.

2
e For example, the rule y = x + 1 can be described parametrically as:

2
x=tand y=t +1.

In general, a parametric relationship between x and y is described in the form:
x=f(t) and y=g(t).

(dyj
e To find ﬂ, we first determine ﬂ and % and use ﬂ = dt .
dx dt dt dx (dxj

dt
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Example 11.4
. dy . 3 2 _
Find ™ interms of xfor: (a) x=1+t, y=3t —1(b) x=sint, y=cost
x
Solution:
3 2 2
(a) x=1+t = % =3t and y=3t -1 = ﬂ=6t
dt dt
Hence: ﬂ = bt
dx  3¢2
22
Tt 1
(x—1)3
(b) x=sint = ax =cost and y=cost = a =—sint
dt dt
Hence: ﬂ = —ﬂ.
dx cost

2 2
Butcos t+sint=1 = cost=4%

y

sint

Hence:

. X
\/l—x2

dx

\/1 sin’ t

Exercise 11.2

1. Find % Answers should be expressed in term
x

2
(@) x=1+t y=3t -1

2 1
(c) x=t y=t+ =
t
., dy .
2. Find d_ Leave answers in terms of t.
Ix
1 1
(@) x=t—— y=2t+—
t t
1 1 1 1
() x==|t+— =—|t——
2 t 2 t
., dy .
3. Find d_ Leave answers in terms of x.
X
() x=2cost y=2sint
3 3
(c) x=cos t y=sin t

N 1—sin2t

s of x where possible.

1 2
(b) x==, y=t
t
1 2
(d)X=—2 y==
t t
3 2
(b) x=2t +t y=3t —t
(d) x= 1+2t _ 1+t .
1-t 1-2t
(b) x=2—-2cos2t y=4-2sin2t
(d) x=sint y = cos 2t
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11.3 Implicit Differentiation

2 2
e Consider the expressionx +xy—y =4.

In this expression, the variables x and y are related implicitly.

The direct algebraic relationship between x and y is not obvious, as we are not

able to without much difficulty, express y in terms of x (or x in terms of y).

e To find the derivative of f(y) with respect to x, we use the chain rule as follows:

d =9 Y
dxf(y) dyf(y)x ™

. For example:
d . d . dy
—sin(y) = —sin(y)x—
™ (v) o (v) i
dy
= cos(y) —
(v) ™

Example 11.5

., dy . 2 2 2 2
Find — for the following: (a) x +xy—y =4 (b) x e¥ +xy=0.

dx

Solution:

2 2
(@) x +xy—y =4
Differentiate both sides of the expression with respect to x:

2

+taiy-y

oz Th2r )

2=4s1’s.'|-":'

=2y

I

dy dy _
2x + DHXE]_ZVE = irpDiFF Car
Hence ﬂ = _(ZX——i_y)
dx (x—=2y)

2 2
(b) x ¥ +xy=0
Differentiate both sides of the expression with respect to x:

2 2
[2xe¥ +x &Y ﬂ]+[2xy+x ﬂ]=0
dx dx

dy _ 2(y+e”)
dx  x(e¥ +1)

Hence:
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Example 11.6
2
2 d d
Given that x y —sin(x) = 0, prove that x? —y+4x—y+(x2 +2)y =0.
dx2 dx
Solution:
2
xy—sin(x)=0
: o 2 dy
Differentiate implicitly: 2xy + X pro cos(x)=0
X
2
2d
Differentiate implicitly again: [2y + ZXQ] + [ZXQ + X _y] +sin(x) =0
dx dx dx?
2
2d
Reorganise: X ay +4xﬂ +2y+sinx=0
dx dx
2 ¢ 2
x Y +4xﬂ +2y+xy=0
dXZ dx
2
2d 2
X —y+4xd—y+(x +2)y=0
dXZ dx
Note:

e In this example, there is no need to find dy/dx explicitly. By differentiating implicitly twice and with
some reorganisation, the required proof was obtained.

Example 11.7

For |x‘ < 1, differentiate x = sin y implicitly with respect to x.
d . _ 1

Hence, prove that —sin 1x = .
dx 1— x>

Solution:

xX=siny = y= sin"tx.

Differentiate x = sin y implicitly with respect to x:

dy
l=cosyx —
Y dx
ﬂ_ 1
dx cosy Y

2 2
Butcos y+siny=1 = cosy=1% \/1—sin2y =t \/1—x2

d _ 1
Hence: —sin 1x R
dX l_X ‘

[Reject —+ 1—x? , as the graph of y = sin"1x hasa positive gradient throughout.]
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Example 11.8

Given that x = x(t) and y = y(t) and z = z(t), determine Z—? for each of the following:

X2

2
(a)A=l+siny (b) A=4nxy (c) A= >
X 1+y

Solution:
1
(@) A== +siny
X
Differentiate implicitly with respect to t:
dA 1 dx dy

— = ——Xx— +COSyx —.
dt X2 dt dt

1 (dxj (dy)
= ——| = |+cosy | —|.
x2 \dt dt
2
(b) A=4nxy

Differentiate implicitly with respect to t:

d—A =47 (Zx%ny + xzxﬂ .
dt dt dt

dt
2
(€ A=——
1+y
Differentiate implicitly with respect to t:
2 dx 2 ., dy
1+y7)x2x— — X“ x2y—
dA _ 1+y7) ~ Vs
dt @+y?)

2, dx 2 dy
2x(1+ — = 2Xy—
_ T+yo) ydt.

(1+y?)?

Note:
e This example introduces the use of implicit differentiation for functions defined in terms of several
variables which are in turn defined in terms of a common parameter.
e The function A is defined in terms of x and y. x and y in turn are defined in terms of the parameter t.
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Exercise 11.3 To be completed without the use of a calculator.

1. Determine d— for each of the following:

dx
2 2 2 2 2 2
(@) x +3xy+y =0 (b) x —xy—y =3 () xy+yx=x
2 2 X y 2
(d) x ++xy +y =5 () ye +xe =y (f) x in(y) +xy =4x

2. Determine d— for each of the following:

dx

2 cosy

(@) x cosy+ysinx=-2 (b) sinycosx+xe =5
y .
(c) 4xtany+ cos xy = 3x (d) cos(e)+In(siny)+xy=7
2

@ L+l _¢=0 (f)x=2;

X y y +2y—-1

3. Given that x = x(t) and y = y(t) and z = z(t), determine Z—? for each of the following:

2 2 .
(a) A=x +y (b) A=sinx+cosy (c) A= e 2X + 00
2
(d) A=xy (e) A= e *sinmy (f) A=xIn(1+tany)
% 2x ;
(g) A== (h) A= -5 (i) A= 1Y
y 1+e” 1+cosx
2 4
2 2 2 d 1—
4. If(1+x )y =1-x,show that Yo 4 .
dx 1—X4
2 2
5. Ifx +y —2y 1+ x? =0,showthatﬂ=;.
dx (1+x%)
2 d’y (d
6. Ifx —y =1, provethaty—y+[ yj =1.
dx? dx
2 d2y dy| dy
7. Ify —2xy—2x=0, prove that (x—y)——-—| —-2| =0.
dx? dx|dx
2 d’y d
8. Ifyex—Zsin (x) =0, prove that —y+4—y+5y 0.
dX2 dx
i d?
9. Ify=—cos(x) s!n(x),provethat y +2ydy =0.
cos(x) +sin(x) dx? dx
2
24 2
10. Ify= L,provethat X ay +4xﬂ +(x +2)y=0.
x? dx? dx
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_ d’y d
11. Ify = 2e ¥ sin x, prove that Y 49, 5y =0.
dXZ dax
12. For |x‘ < 1, differentiate x = cos y implicitly with respect to x.
_ -1
Hence, prove that icos 1y = .
dx 1-x2

13. Differentiate x = tan y implicitly with respect to x.
d _ 1
Hence, prove that —tan 1y =
dx 1+x

R

11.4 Logarithmic Differentiation

e We can combine the use of the rules of logarithms and the technique of implicit
differentiation to differentiate complicated expressions. This composite technique
is often known as logarithmic differentiation.

Example 11.9
Find . for each of the following: (a) y = 2\/; (b) y= x—1 .
dx x+1
Solution:
@ y=2"

Take logarithms of both sides:
n(y) = i (2%)

In(y)= Jx In(2)
Differentiate implicitly:

10y o
ydx 2+/x
dy ()
A X
dx Y 2 \/;
2 )

2/x
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x—1
b) y=,—
by x+1
Take logarithms on both sides:
In(y)=tn | X2
x+1

In(y) = %{ In (x— 1) — In (x + 1)]

lay 1] 1 1
ydx 2[x-1 x+1

dy _ z{;}
dx 2| (x—1)(x+1)

1
1 3

(x—1)2(x+1)2

Differentiate implicitly:

Exercise 11.4

1. Use the technique of logarithmic differentiation to differentiate
the following expressions with respect to x:

(a) 2¥ (b) x* (c) 2%

(d) Xlnx (e) Xsinx (f) Xcosx)
X 1 * . Inx

(8) (1+x) (h) ” (i) [Inx]

2. Use the technique of logarithmic differentiation to differentiate
the following expressions with respect to x:

1+x 1+ x2 14+ x—x2
R e e
(1+x%)2 (1-2x)3 2+~/x)?
) AL Al f) LINT
@ (1-2x3) ) (x+2)* ¥ Wx-1)3
2x 1+x . 1+ x2
(€) \ 1-3x U v (i) 1.2
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12 Applications of Differentiation

12.1 The Gradient Function for Implicit Functions

e This section extends the concept of the gradient function introduced in
Mathematics Methods Units 1 & 2 and Mathematics Methods Units 3 & 4, to
implicit functions.

e Recall that for the curve y = f (x), the gradient function is % = f'(x).
X

d
e The gradient of the curve at (a, f (a)) is &

= f'(a).

X=a
e The gradient function of an implicitly defined curve f(x, y) =0,
is given by a = g(x,y).
dx
dy

e The gradient of the curve at (a, b) is given by —
X x=a,y=b

=g (a, b).

Example 12.1

2 2
Find the equation of the tangent to the curve x +y —8x— 6y + 17 =0 at the point with
coordinates (2, 1).

Solution:
2 2

x +y —8—-6y+17=0

Differentiating implicitly: 2x + ZyQ— 8 — 6ﬂ =0
dx dx

Substitutex=2,y=1 4+2ﬂ—8—6ﬂ=
dx dx
- Yo

dx

Therefore, the gradient of tangent at (2, 1) is given by m = —1.

Hence, equation of tangent is y—(1)=-1[x—(2)]
y=-—x+3

Notes:
e Notice that the gradient of the tangent can be obtained without determining the expression for dy/dx.
e Unless required, it is not necessary to obtain an explicit expression for dy/dx.
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Example 12.2
2
A curve has equation y +xy—2=0. Find the coordinates of the points on this curve where
1
the gradient of the curve is _E'
Solution:

2
y +xy—2=0
Differentiating implicitly with respect to x:

dy dy
2y | — | +y+x|—|=0
y(dxj ! (dxj

vy __y

dx  (x+2y)
When gradient = 1 : v __1
3 (x+2y) 3
= y=x

2 2

Hence: X +x =2=0
= x=%1

Whenx=1,y=1 and whenx=-1,y=-1.
Therefore, required points are (—1, —1) and (1, 1).

Exercise 12.1
1. Find the equation of the tangent to each of the following curves at the indicated point:
3 3
(@) x +y +3xy—1=0 at the point where x=2

2 2
(b) x +xy +3xy—1=0atthe pointwherex=1
(c) xcos (y) +y=m/3 at the point where x =0
(d) xIn (2 +y)+xy =1 at the point where y = —1.

X
2. A curve has equation y e + cos (x) = 2. Find the equation of the tangent to this curve at
the point where x = 0.

3. Acurve has equation ,/1+y +xy=2. Find the equation of the tangent to this curve at
the point where y = 3.

2 2
4. Acurve has equation x +y +2y—4=0. Find the coordinates of the points on this

curve where the gradient of the curve is 2.

2 2
5. Acurve has equation x +y +xy—4=0. Find the coordinates of the points on this

curve where the curve is parallel to the line y = x.
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2 2
6. A curve has equation 2x +y +xy—2=0. Find the coordinates of the points on this

curve where the curve is parallel to the liney =3x + 1.

2
7. Acurve has equation x +siny—1=0. Find the coordinates of the points on this curve

where the curve is parallel to the liney = -2x + 3.

2 2
8. Find the equation of the tangent(s) to the curve xy + x y =2 thatis:
(a) parallel to the x-axis (b) parallel to the y-axis.

3 2 2
9. Consider the curve with equation 2y — 3y —-3x —12x=12. Find the equation of the

tangent to the curve that is parallel to the: (a) y-axis (b) x-axis.

2
10. Consider the curve with equation x + 27w cos y +2ny = 0. Find the equation of the

tangent to the curve that is parallel to the: (a) y-axis (b) x-axis.

12.2 Related Rates

e Considery = f (x) where x = g(t), to find the rate of change of y with respect to t,
d
we differentiate y implicitly with respect to t: ay = —f(x)xﬂ.
dt  dx dt

e Hence, the rate of change % is related to the rate of change %

Example 12.3
0.05
Fory=10e X, where x = f (t), find %, given that when x =0, % =1.2.
Solution:
0.05x
y=10e

Differentiate implicitly with respect to t:
0.05x
ﬂ =05e %

dt
When x =0, % =1.2.
dt
0.05(0)
Hence, % =05e (1.2)

=0.6
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Example 12.4

The volume of a spherical balloon is increasing at a rate of 1 cm per minute. Find the rate of

4 3
change of the radius of the balloon when the volume of the balloon is ?n cm .

Solution:
. 4 3
Volume V of sphere of radius r: V= Enr .
Clearly, V and r are each functions of time t.
. e . av 2 dr
Differentiate implicitly with respect to t: —=4nr —
dt dt
When V = 4?“, radiusr=1cm.
Sinced—v=1: 1=4nﬂ
dt dt
dr 1 )
Hence: — = — cm per minute.
dt 4n

Example 12.5

A ladder 7m long rests against a vertical wall, and is standing

on flat ground. The bottom of the ladder is being pushed

along the ground and towards the wall at a steady rate of 0.1

ms . How fast is the top sliding up the wall when the bottom Wall
. ladder

is 2 m out from the wall?

y
Solution:
ground X
Let x and y be the horizontal and vertical distances of the bottom of
the ladder from the foot of the wall.
) 2 2

Using Pythagoras’ Theorem, X +y =49,
Differentiate implicitly with respect to t (x and y are both functions of time t):

dx d

2x—+ 2y—y =0
dt dt

The rate at which x changes, % =—0.1 (constant).
Also, when x=2,y=+/45 = 3«/5.
Hence, when x = 2:

202)(~0.1)+23v5) %Y. =
dt

dy_\/g -1

—=—ms
dt 75
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Example 12.6

Elle who is 1.8 m tall walks beneath a street lamp that is 9 m above ground level. If Elle

-1
walks at a speed of 1 ms  towards the lamp, find the rate with which the length of Elle’s

shadow is changing when she is 4 m from the street lamp.

Solution:

Let the distance between Elle and the lamp be x cm.
Let the length of Elle’s shadow be y cm.

Using similar triangles:

Y _x+y 1.8 m
1.8 9 T P
< > X
y= i . y
4
Differentiate implicitly with respect to time t:
dy 1
dt 4 dt
When%=—1 %=lx—1
dt 4
1 1
=——ms
4
Example 12.7

AABC is an isosceles triangle with sides AB = AC =10 cm.
ZBAC = 0 radians. ZBAC changes at a rate of 1 radian per
minute. Find the rate with which the length of side BC is

changing when ZBAC = g radians.

Solution: B
10 cm
Let BC=xcm.
2 2 2
Using the cosine rule: x =10 +10 —2x10x10xcos O

2
x =200-200cos 6
Differentiate implicitly with respect to time t:

ZX% =200$in6d—e
dt dt
dx _(100sin6 ) dB
dt X dt
100sin =
d—e=1andwhen6=£,x=10cm: X _| T8
t 3 dt 10

= 5\/5 cm per minute.

10 cm
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Example 12.8

The light beam in a lighthouse 1 km offshore from a straight coastline is rotating at 2
revolutions per second. Find how fast the beam of light is moving along the shoreline when
the beam is at a point which is 1 km from the point directly opposite the lighthouse.

Solution:

Let K be the point on the shoreline directly opposite the
lighthouse L. Hence, LK =1 km.

Let path of light beam be LB where B is the point where the light
beam meets the shoreline.

Let KB = x km and ZKLB = 0 radians.

shoreline K X B

1km |

In ALKB: tan 6 = x
Differentiate implicitly with respect to time t:

do . .
— = 2 revolutions per second = 47 radians per second.

2
Whenx=1,sec6=\/5: = E=(\/E) x 47

= 8n km per second.

Exercise 12.2

1. Fory=.,/1+x,wherex=f(t), find % given that when x = 3, % =0.4.

2. Fory=In(1+5x), where x=f(t), find % given that when x =0, % =-0.5.

2 2
3. Forx +y =100 where x>0andy >0, and where x =f(t) and y = g(t), find:

(a) /2 given that when x = 6, ax =0.2 (b) ax given that wheny =5, a =-0.3.
dt dt dt dt

1
4. Forxy +sin(y) = > wherex=f(t)and y = g(t) suchthat 0 <y < g, find:

(a) ﬂ given that when x =0, % =0.2 (b) % given that when y = E, ﬂ =2.
dt dt dt 6 dt

-1 2
5. The side of a square is increasing at the rate of 0.2 cms . When the areais 25 cm ,
find the rate at which (i) the area and (ii) the perimeter of the square is changing.

6. The diameter of the iris (assumed circular) of a mammal is dilating at a rate

-1
of 0.01 mms . Find the rate at which the (i) circumference (ii) area of the dilated
opening is changing when the radius of the dilated opening is 0.5mm.
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7.

10.

11.

12.

13.

14.

15.

Rain water is being channelled by downpipes into a cylindrical rain water tank at a rate

3
of 0.2 m per minute. If the rain water tank has a base radius of 5 m, find the rate at
which the depth of the water level is changing when its depth is 0.5 m.

-1
The radius of a spherical balloon is increasing at a constant rate of 1 cms . Find the
rate with which: (i) the volume and (ii) the surface area of the balloon is changing when
the radius is T cm.

The surface area of a spherical balloon undergoing inflation is increasing at a rate
2 -1
of 10cm s . Find the rate at which (i) the radius and (ii) the volume of the balloon is
2

changing when the surface area is 2 000 cm .

3
Wheat grains falls from a conveyor belt onto a conical pile at the rate of 2 m per
minute. The radius of the base of the pile is always equal to half the height of the cone.
Find the rate at which the height of the conical pile is changing when the height is 5 m.

3
Water is leaking from the base of an inverted cone at a rate to Tt cm per minute. The

base radius and height of the cone are 20 cm and 50 cm respectively. Find the rate with
which the height of the water level measured from the apex of the cone is changing

3
when the volume of water left in the cone is 5t/6 cm .

(o]
An empty inverted right circular cone of semi-vertical angle 30 and height 100 cm is

filled with water. Water is siphoned into the cone from the open end at a steady rate of
3
5cm per minute. Find the rate with which the water level is changing when the water

level is 50cm from the vertex of the cone.

A ladder 10 m long rests against a high tension electricity pole, and is standing on flat
ground. The bottom of the ladder is being pulled along the ground away from the foot

-1
of the pole at a steady rate of 0.1 ms . How fast is the top sliding along the pole when
the bottom is 3 m out from the foot of the pole?

A ladder 8 m long standing on flat ground, rests against a wall. The top of the ladder is

-1
sliding down the wall at a steady rate of 0.2 ms . How fast is the bottom of the ladder
sliding along the ground when the top is 2 m from the foot of the wall?

Jason who is 1.7 m tall walks beneath a light source that is 15 m above ground level.

-1

If Jason walks at a speed of 5 kmh away from the base of the light source, find the
rate with which the length of Jason’s shadow is changing when he is 4 m from the base
of the light source.
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16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

Aimee walks beneath a street lamp that is 10 m above ground level. If Aimee is 125 cm
tall and walks at a speed of 20 m per minute towards the lamp, find the rate with which
the tip of Aimee’s shadow is changing when she is 2m from the base of the street lamp.

A balloon is released from ground level at a point 50 metres from an observer who is

-1
also at ground level. The balloon ascends vertically at a rate of 1 ms . Find the rate
with which the angle of elevation of the balloon from the observer is changing when the
balloon is at a height of 50 m.

A boy standing on a cliff is “tracking” a boat through a telescope as the boat approaches
the base of the cliff directly below him. The telescope is 100 m above the water level
and the boat is approaching a point on the base of the cliff directly below the telescope,
in a direction that is perpendicular to the coast line with a speed of 2 ms™*. Find the rate
at which the angle of depression of the telescope is changing when the boat is 200m
from the base of the cliff.

2 2
A toy train is moving anti-clockwise around a circular track with equationx +y =169.

At the point (12, 5), the x-coordinate of the train is decreasing at a rate of 1 cm per
second. Find the rate with which the y-coordinate of the train is changing at this instant.

2 2
A toy train is moving clockwise around a circular track with equation x +y =100 at
the rate of one revolution every minute. Determine how fast the x-coordinate of the
train is changing at the instant the train passes through the point (6, 8). Measurements
areincm.

The light in a lighthouse 2.5 km offshore from a straight coastline is rotating at
3 revolutions per minute. Find how fast the beam is moving along the shoreline when
the beam is at a point which is 1 km from the point directly opposite the lighthouse.

Object A is located at P 20 m East of Object B. Object A starts moving Northwards at a

rate of 10 ms  while object B starts moving Westwards at 5 ms . Find the rate of
separation between the objects A and B after 30 seconds.

Particle A is located 500 m North of O and particle B is located 800 m West of O. A
starts moving Southwards at a rate of 5 ms_1 while B starts moving Eastwards at
10 ms_l. Find the rate of approach between A and B after 10 seconds.

The Dockers Bridge passes over the West Coast Freeway. The freeway is 20 m below
the bridge and at right angles to it. A car travelling at 12 ms * on the bridge is directly
above another car travelling at 24 ms *on the freeway. Find how fast the cars will be
separating 1 minute later.

The hands of an analogue clock” are 18 cm (minute hand) and 12 cm (hour hand) long
respectively. Determine the rate at which the distance between the tips of the hands is
changing at 9 o’clock.
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13 Anti-Differentiation

¢ In this chapter we will review and extend the rules of anti-differentiation as
introduced in Mathematics Methods Units 3 & 4.

13.1 Anti-Differentiation as the reverse of Differentiation

e Recallthatif - f(x) = f'(x), then j Flix)dx= f(x) +C.
dx

Example 13.1

cos(2x)

Given that di{xsin(ZxH

} = 2x cos(2x) , findjxcos(Zx) dx .
X

Solution:

cos(2x)

Clearly, since di{xsin(2x)+ } = 2x cos(2x)
X

cos(2x) )

IZxcos(Zx) dx = xsin(2x)+

cos(2x) N

ZIxcos(Zx) dx = xsin(2x)+ k

_[xcos(Zx) dx = %[XS“’](ZX)-F COS(ZX)} +C

Exercise 13.1
1. Given that di[xsin(x)+cos(x)] = x cos(x), find Ixcos(x) dx .
X
. d X . X . X
2. Given that d—[e (sm(x)+cos(x))} =2e cos(x), find _[e cos(x) dx .
X
. d .
3. Given that d—[xln(x)—x] = In (x), find '[Zln(x) dx .
X

4. Given that i[xex —exJ =xeX, find _[xex +x dx .
dx
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10.

11.

2 2
Differentiate e with respect to x. Hence, find _[xex dx .

cos(x)
Differentiate e

with respect to x. Hence, find Isin(x)ecos(x) dx .
Differentiate e_x [sin(x) + cos(x)] with respect to x. Hence, find I[e‘x sin(x)] dx .
Differentiate (x2 +2x+2) e_x with respect to x. Hence, determine J.[xze_x] dx .
Differentiate e_x[l + x] with respect to x. Hence, determine I[x(e_x —1)]dx.

2
Differentiate x [2 In (x) — 1] with respect to x. Hence, determine J{x[x+ln(x)]} dx .

Given that f (x) = g'(x), h (x) = k'(x), where g(x) = (\/; + 1)2 and k (x) = eX , find:
(a) j F(x) dx (b) j h(x) dx (c) j F(x) + h(x) dx (d) j x+ f(x) dx.

13.2 Anti-differentiation |

e The table below lists the anti-derivatives for several commonly used functions.

Function Anti-derivative
n Xn+1
X wheren=-1 +C
n+1
" fax+b)™"
(ax+b) wheren=-1 2+
n+1
F/(x).LF(x)]" where n=-1 [BACY)
n+1
mx
emx e . C
m
f(x)e™ o0,

. Ia fx)+bg(x)dx = ajf(x) dx + bJ.g(x) dx for constants a and b.
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Example 13.2
n+1
For n # —1, prove that If’(x).[f(x)]" dx = e~ +C.
n+1
Solution:

Lety = [f(x)]"™ forn=-1.

Differentiating using the chain rule: di[f(x)]'”1 = (n+ 1) [F(x)]" x f'(x).
X

Hence: [+ D17 < F0x dx = [FO™ +k
(n+1) [ LFOAN" x F(x) de = [FOA™ + &

n+1
[roarsoarax = L, ¢
n+1

Note: e This result is merely the reversal of the chain rule for differentiation.

Example 13.3
Without the use of a calculator, anti-differentiate each of the following with respect to x:
2
X“ +3x 1 2 2
@ —— (b) (c) (x +1)
X J1-2x
Solution:
2
(a) IX *3x dx = J.x_z +3x73 dx
X
3
1 > _sc
X 2x
1 _1
(b) j dx = [(1-2x) 2 dx
1-2x
1
—97x)2
= M +C
(3)-2
= —J1-2x +C
(c) J.(x2 +1)2 dx = [x* +2x% +1dx
5 3
=X, 2 +1+C.
5 3
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Example 13.4

Without the use of a calculator, anti-differentiate each of the following with respect to x:

> 3x
(@) x4/1+x (b) >

1-x
Solution:
2 3x 3 -
(a) fx 1+x% dx = J.x(1+x2)2 dx (b) J. - dx = —2_[—2x(1—x2) 2 dx
. 1 \J1-x
= —J.Zx(1+x2)2 dx 5 1
2 3| (1—x°)?
= —— | — | + C
p
= 1 M +C
2 % 1
= 3(1-x%)2+C
1 2 3
==(1+x%)2 +C
3
Example 13.5
Without the use of a CAS calculator, integrate each of the following with respect to x:
1-e* X
(a) — (b) ——
e eZX
Solution:
1-e* “x X _ 1 ~2x
(a) J. dx = J.e —1ldx (b) I " dx = _—4J‘—4xe dx +C
e e
1
=——x+C = _le_zxz +C.
e* 4
Exercise 13.2 To be completed without the use of a calculator.
n+1
1. For n#—1, prove that J‘(ax+b)’7 dx = lox+b)" |
a(n+1)

2. Anti-differentiate each of the following with respect to x.

2 3 1 2
< by —>_ dy —2
(@) Jx () N (C) 2t +1)3 @ 1-4x
2
(e) (x+1)° ) "2 (€) ( +1) (h) (€ - 1)
X
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3. Integrate each of the following with respect to x.

23 _2,2 2
(a) 4x (1+x) (b) 3xy1-2¢ (0 —=— (d) -
(1-x7) J1+x3
3
2 3 2-2x 1 1 1
(&) e+ 1) +20) () ———— (g) —2(1——j (h) —=(1++x)*
(2x—x7) X X \/;
4. Integrate each of the following with respect to the appropriate variable.
0.05x
2e 1 Ax 2
a b) ——— c) Ve d
(@) = b) 55 (©) v @ 3
2
X _ o2 2 1+2e)?
(@) (2e* +1 f (@) |+ () E22e )
e e e

5. Integrate each of the following with respect to the appropriate variable.
2

xe? 3x Tk 2x

(a) 2 (b) > (c) xe (d) e
&) (x+1e’ 2 () eX1+eX) @) e -1 () ——
(1+2e”)

13.3 Anti-derivative of fix)

f(x)
e Since %lnf(x) = % = J‘j;((;()) dx =Iln f(x) +C.
e In particular: Ildx =Iln x +C.
X

Example 13.6

Without the use of a CAS calculator, integrate each of the following with respect to x:

(@) = (b) —>*

2X l—x2
Solution:
-2
1-3x X 3 3x 3 —-2x
@ g d=[Td gy [ odes =[x
3 2
=—i—iln‘x|+c =—Zmml1-x|+c
2x 2 2
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13 Anti-Differentiation

Without the use of a CAS calculator, integrate each of the following with respect to x:

Example 13.7
@ < (b) — 2
1+3e% Ix(1-x)
Solution:
2x 2Xx

4 4 6

(a) [ dx = = [ =5 dx
1+3e“* 67 1+3e°

4
® IJ§u—J7

Exercise 13.3

1. Integrate each of the following with respect to x.

(a)

1+3x

2

(e) (1—%
X

2. Find the anti-derivative

(a)

x —8x
Se—Zx

142 %X

(d)
& it x)

3. Find:
(@) [1d(x*)

(b)

2
= gln‘14—3ezx

L,

(1-+/x)

=8n|1-x|+cC

2—5x

1 3
X

of:

(b) jx“ d(x?)

(x —2)2

(c) Ixz d(x4)

To be completed without the use of a calculator.

(1+2x)
3x

(d)

(h)
2x -1

x2+2x+1

(c) (1+x)3

e2x _ e—2x
() 2x -2x
e’ +e
1

xIn(x)

(d) j1+& d(v/x)
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13.4 Standard Trigonometric Integrals

e The following table gives the anti-derivatives of some trigonometric functions
involving linear factors (without the constants of integration).

Function Anti-derivative
- +b
sin (ax + b) M
a
i +b
cos (ax + b) sinax+b)
a
2 tan(ax + b)
sec (ax + b) -
a
2 —cot(ax + b)
cosec (ax + b) 4

¢ In many instances, the use of certain trigonometric identities is required.
Listed below are some of the commonly required trigonometric identities.

2 2
sin A+cos A=1

2 2 2 2
1+tan A=sec A e 1+ cot A=cosec A

sin2A=2sin Acos A

2 2
cos 2A=cos A—sin A

2

=2cos A-1
2

=1-2sin A

Example 13.8

Without the use of a calculator, determine: (a) Isin(%—Zx) dx (b) Isecz(l—nx) dx.

Solution:
- —cos(%—Zx)
a sin(——2x)dx = — +C
(a) Jsint;—2x) -
1 T
= —cos(——2x) +C
2 4
1-—
(b) Isecz(l—nx) dx = fan(l-mx) +C

—TT

1
=——tan(1-mx)+C
T
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Example 13.9

Without the use of a calculator, determine: (a) J.cos(x) 1-sin(x) dx (b) Isiancosx dx.

Solution:
1
(a) fcos(x) 1—sin(x) dx = —J'—cosx(l—sinx)2 dx
3
_ (1—sinx)2 N
3
2
2 §
=—=(1-sinx)2 +C
3
(c) _[siancosx dx = j(ZSiI’]X cos x) cosx dx

—2_|.—sinx(cosx)2 dx

3
_ 2(cosx) i
3

2
=— —cosax + C.
3

Example 13.10

Without the use of a calculator, determine:

3cos2x
a) |tan(mx+1) dx b —dx
(@) I ( ) ( J.1+sin2x
Solution:
(a) [tan(ux+1) dx = IM
cos(nmx +1)

1 ¢—msin(mx+1)

—m? cos(mx+1)

—— In|cos (mx +1)| +C
T

(b) J- 3cos2x __[ 2c052x

dx
1+sin2x 1+5|n2x

; ln|1+sin2x| +C
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Example 13.11
Without the use of a calculator, determine:
(a) I1+tan2 nx dx  (b) I (1+tan2 x)tan3 x dx

Solution:

(a)

I1+tan2 X dx = J.secz(nx) dx

1
= — tan(mx) + C
T

(b) I(1+tan2x)tan3xdx = Iseczx(tanx)a dx

tan4x +C

4

(c) I 1+ cot? 2x)cot2 2x dx

1
(c) j (1+ cot? 2x)cot2 2x dx = —2.[ —2cosec? 2x (cot2x)2 dx

3
=ix(COt—2X) +C

-2 3

1
= ——cot3 2x +C
6

Exercise 13.4

To be completed without the use of a calculator.

1. Integrate each of the following with respect to the appropriate variable:

(a) cos (2x) (b) 2 sin (1 -—2t)

(c) sec2 (1 +2x)

(d) tan (mx) (e) 2 cosecz(%j (f) 3C02t3x
(&) \/E (h) 5+cosz(nx+1) (i) —2+sin2(nx)
sin2(1+nt) 3cosz(nx+1) 35in2(nx)

2. Integrate each of the following with respect to x:

(@) 5sin (2x) cos4(2x)
(d) cosecz(x) cotg(x)

SeC2 X

h) —— %
(h) +/1+tanx

2 3
(g) cosec x (1 + cotx)

(b) cos (1—x) sin3

(e) cosx (1 +sin x)3

(c) 3 secz(x) tan (x)

(f) sin 2x \/m
(i) cosec?2x

(1+ cot2x)4

(1-x)

3. Integrate each of the following with respect to x:

cos(2mx) sin(2x +1)

1—sin(2mx) 1+cos(2x+1)
(d) secz(x) (e) 3cosec2(2x)

1+2tan(x) 1+2cot(2x)

cos(2x)+sin(2x)

cos(2x)—sin(2x)

cos(x) esntx)

() 1— 2€sin(x)
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4. Anti-differentiate each of the following with respect to x:

2 2
(a) sin (2x) cos (2x) (b) cos (2x) sin (4x) (c) cos x—sin x
.2 2
2 2
(d) 1—2sin 2x cos(2x) (f sin® x +cos” x
sin(x)cos(x) 2cos® x
5. Anti-differentiate each of the following with respect to x:
2 2 4
(a) 1+tan 2x (b) (1 +tan 2x) tan 2x (c) (1+tan2x)‘/1+tanx
(d) 1+tan’ x ( 1+tan? 2x 1+tan’ x

— e) ——— f —— =%
(1—|-2tanx)3 A T+tan2x 3—-2tanx

6. Anti-differentiate each of the following with respect to x:
2 2 4
(a) 1+ cot 2x (b) (1 + cot mx) cot mx () 1+ cot? x)\/1+ cotx

2 2 2
1+cot” x 1+cot” x 1+cot™ x
(d) ——— (e) —— [ =9

(f)
(1—cotx)4 A4 +3cotx 2+cotx

7. Determine the integral of each of the following, with respect to x:
(a) sin (3x) cos (2x) — cos (3x) sin (2x) (b) cos (4x) cos (x) + sin (4x) sin (x)
tan(x)+tan(2x)

(c) sin (m/6) cos (mx) + cos (/6) sin (nx)  (d) 1— tan(x)tan(2x)

8. Determine:

(a) Ild(cosx) (b) Jsinx d(sinx) (c) Itan(\/;) d(\/;)

13.5 Integration of Trigonometric Functions in General

e Inintegrating trigonometric functions, quite frequently, the use of trigonometric
identities is required.

13.5.1 Even powers of sin (ax + b) and cos (ax + b)

e The double angle cosine formula is used to successively reduce the even power
of the sine/cosine function to a unit powered term involving a multiple angle.
The unit powered multiple angled term can then be integrated without difficulty.

2 1+ cos2A

e COs A=
2
2 1- 2A
e Sin A:%
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Example 13.12

2 4
Find the anti-derivative with respect to x for: (a) sin (2x) (b) cos (x).
Solution:
2 —
(a) sin (2x) = 1-cos(4x)
2
Hence J.sin2(2x) dx = %Jl—cos(4x) dx

_ l[x— sin(4x)} iC
2 4

(b) cos4(x) = [cosz(x)]2

_ [1 + COS(ZX)}Z
2

= % [1+2cos(2x) +cos? (2x)]

T

1+ 4
1+2cos(2x) +L(X)}

3 1
= E +2cos(2x)+ Ecos(4x)}

e

|
|

3 1
Hence: Icos4(x) dx 7X+sin(2x)+§sin(4x)} +C

Notes:
e Note that the double angle formula was used twice, once in statement [1]
and again in statement [2] to successively bring the power of the cosine term from 4 down to 1.
e Clearly the method becomes inefficient when the power is large.
In such instances a reduction formula is used.

-1 n-2

1 . n n—-1
[cos"xdx = —sinxcos” “x + —=[cos" “xdx

. -1 . n—1 n-1, . p—
[sin"x dx = —cosxsin” "x + Tjsmn 2x dx

The use of these formulae, however, is outside the scope of this book.
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13.5.2 Odd powers of sin (ax + b) and cos (ax + b)

e Forintegrals involving odd powers of sin (ax + b) or cos (ax + b):
¢ the odd powered integrand is separated into an even powered term

and a term of power one
o the term with the even power is rewritten in terms of the complementary

2 2
trigonometric function using the identity sin A+ cos A=1
o the resulting expression is then integrated using the formula

n+1
[roatroar ax = L ¢
n+1

e Alternatively, a substitution method may be used.
This will be discussed in the Section 13.5.

Example 13.13 See Example 13.16

5
Find the anti-derivative of cos 3x, with respect to x.

Solution:
5 4
Rewrite cos 3x = cos 3x cos 3x
= cos 3x (cosz3x)2
=cos 3x(1- sin23x)2
=cos3x(1-2 sin23x + sin43x)
= cos 3x — 2 cos 3x sin23x + cos 3x sin43x
Hence:

J-coss 3xdx = Icos3x—2cos3x sin3x+ cos3xsin? 3x dx

in3 1 1
>InSX —-2x —J3cos3x(sin3x)2 dx + —'|‘3»cos3x(sin3x)4 dx
3 3 3

. . 3 . 5
- sin3x 8 1 (sin3x) N 1 (sin3x) .
3 3 3 3 5

|

. 3 .5 !
2sin 3x+sm 3x i C [ ccoscarrSaa
u}
5 3= sin( 15 x)425- 5in( 9« x 1+158- sin( 3. x)
T2

= 1 sin3x —
3

Note:
e For trigonometric integrals, depending on the technique used, several equivalent answers are possible

e The accompanying screen-dump from a CAS calculator gives the solution in terms of sines of multiple

angles, instead of powers of sines.
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n m
13.5.3 Integrals of sin (ax + b) cos (ax + b)

e If nand m are both even, then the double angle formula is used to reduce both

powers to unitary.

e If at least one of n and mis odd, use the method described for odd powers
to “split” the odd powered term.

Example 13.14

2 2 2 3
Integrate each of the following with respect to x: (a) sin x cos x (b) sin xcos x.

Solution
(a) Identity: sin x cos x =
2 2
Hence, sin X Cos X =
Therefore:

sin2x

sin2x )2
2

sin2 2x

(1—cos4xj
2

(1—cos4x)

Ok, DR, D[P, —

Jsinz(x)cosz(x) dx = %fl—cos4x dx

1

8

x

4

2

3

2

2

_SII‘I4X] iC

(b) Rewrite:

Sin X COS X = sin X COS X COS X

O
f-:sinczwz(cns(znzdz

o
4 x—sinld4-x)
a2

Hence:
Isinz(x)cos3(x) dx

2 2
=sin x (1 —sin x) cos x
. 2 . 4
= COs X sin x — cos x sin x

= J.cosx sin2 x—cosxsin4 X dx

sin3x

sin5x

3

5

+C

0
fcsincz) 32 ¢cosCa)) Tdar
il

—(sinfx))7 + (sin(x))3
=1 ]
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Exercise 13.5 To be completed without the use of a calculator.
1. Integrate the following with respect to the appropriate variable:
2 4 2
(a) sin (4x) (b) sin (mx) (c) cos (1—2t)
2 .3 3( X
(d) cos (2mx) (e) sin (2mt) (f) cos (7)
.o 3 . . 5 X
(g) sin (mt) (h) cos (1 —mx) (i) sin 1—7
2. Integrate the following with respect to the appropriate variable:
2
(a) sin(mt) cos(mt) (b) sinz(%x)cos(%x) (c) sin(3mx) cos (37x)
. o mx 2 mx 2 3
(d) 2sin (mx) cos(mx) (e) sin (7j cos (7j (f) sin (mt) cos (mt)
3 2 in3 3
(g) sin (2x) cos (2x) (h) S'"ZX (i) °°52X
cos” x sin® x

13.6 Integration using the Method of Substitution/Change of variable

lety = If(x) dx . [1]

Since differentiation is the reverse of anti-differentiation: Z—y = f (x).
X

Assume that x can be written in terms of another variable u.
That is, x = g(u). Hence, f (x) = f (g(u)).

Using the chain rule, ﬂ = ﬂx%
du dx du
dy dx

Hence, — = f(x)x—
du fx) du

= fg(u)) x %

Anti-differentiate with respect to u: y= J.f(g(u)) Z—X du [2]
u

Compare [1] with [2]: j Fx) dx = j f(g(u))-d—" du
du

What we have done in [3] is to convert an integral with x as the variable to an
integral with u as the variable. This procedure is known as integration with a
change of variable or integration using a substitution.
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e We shall now discuss a more “mechanical” approach to the method.

e Consider the expression  f(g(x)) x g'(x).

o letu=g(x) = au g'(x).
dx

From first principles: g'(x) = lim [M}
dx—0 ox
H
= lim | —
dx—0| Ox
_du
Ox

= du=g'(x) xdx

This can be expressed as du=g'(x) xdx.

du and dx are referred to as differentials.

e Thatis, if % =g'(x) = du=g'(x) xdx.
X

e Anti-differentiate f (g(x)) x g'(x) with respect to x:
[ Flgla)xg'(x) ax.
In the integral:

e replace f(g(x)) with f (u)
e replace g'(x) x dx with du.

Hence: j Flgx))xg'(x) dx = j f(u) du where u = g(x).

¢ In this approach, we seem to have “violated” the idea that % is a symbol by itself
X

and Jf(g(x))xg'(x) dx as another symbol by itself.

However, in this instance, it is formally acceptable by the mathematical
community.
e The symbols, dy, dx, du etc. are considered as differentials

and hence can be manipulated as algebraic terms.
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Example 13.15

Integrate the following with respect to x using the suggested substitution:

2
(a) (X__lj U=x+1

(b) x\1-x* u=(1-x)

x+1
Solution:
d
(a) u=x-1 = _u=1 = dx=du.
dx
2 2
Also, -1y (u=2
x+1 u
2 2
-1 -2
Hence: J(X j dx=J(u—J du
x+1 u
4 _
= Il——+4u 2 du
u
4
=u—4ln|ul-—+C
u
4
= (x+1)————4n|(x+1)| + C
(x+1)
4
= x————A4n|(x+1)| +K
(x+1)
2 1
(b) u=1-x = du=-2xdx = dx=—2—du
X
1
Also X«/l—xz = xu? It is not necessary to convert

= 1
Hence J.x 1—x2 dx = Iqu X ——du

the integrand completely to an
expression in u. With
“foresight” the remaining “x”
term will be eliminated in the
steps that follow.

1

2x

= —%Jui du

3

2
Y e

3

3
=— —(1_X2)2 +C
3
The algorithm then becomes:
1. Find the differential equivalent to dx.
2. Convert f(x) into an expression h (u) involving the new variable u.
This does not have to be a complete conversion. .
3. Integrate h (u) with respect to the new differential.
4. Express the final answer in terms of x.
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Example 13.16 See Example 13.13

5
Use the substitution u = sin 3x to find the anti-derivative of cos 3x, with respect to x.

Solution:
u=sin3x = du=3cos3xdx = dx= du
3cos3x
5 4
Also, cos 3x = cos 3x cos 3x

2 2
= cos 3x (cos 3x)
2 2
= cos 3x (1 —sin 3x)
2 4
=cos 3x (1 — 2 sin 3x +sin 3x)

2 4
=cos3x(1—-2u +u)

Hence: Icos5 3xdx = J.cos3x (1—2u2 +u4)>< du
3cos3x
1
=—J‘1—2u2 +u* du
3
3 5
= 1 u_2L+u_ + C
3 3 5
_ l sin3x— 2sin’3x N sin® 3x ‘C
3 3 5
Exercise 13.6 To be completed without the use of a calculator.
1. Integrate each of the following with respect to x using the suggested substitution:
6
(@) (1+2x) u=1+2x (b) /1-2x u=1-2x
2 3 3
(c) 4x X*+1 u=x +1 (d) \ x(1+x2) u=1+ x2
2 2 3
(e)z—x u=9-4x (f)L u=x —8
9—4ax? x3-8
2. Integrate each of the following with respect to x using the suggested substitution:
(a) 4++/x u=4+x (b) x4/1+x u=1+x
2 4
() x J1-x u=1-x (d) (x+1) y1+2x u=1+2x
2
+1
(e) = u=2x+1 (f) = U=x+2
2x+1 (x+2)2
2 1
(8) X u=x+4 (h) u= \/;

2++/x
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3. Integrate each of the following with respect to x using the suggested substitution:

2 2 2 2
(@) 2x cos (x ) u=x (b) 3xsin(x +1) u=x +1

2 2 2 2 2

(c) xsec (2x) u=2x (d) 4xtan (x) u=x
2 2 2 3 3
(e) xcos(2x +1) u=2x +1 (f) x sin(2+x) u=2+x

4. Use an appropriate substitution to integrate the following with respect to x:

(1+\/;)3 [1+ln(x)]2 X+2 X +x-1
(a) Y (b) — k)2X+3 (d) 7Ij57_
(e) X1 ) —* (@) xsin () ) <o)
Jx+9 1++/x Ix
Sin(l) cos(e™¥) X X2
. X ; ky —— ) ——
0 X 0 e* . cos?(x?) 0 sin®(x3)

13.6.1 Integration using Trigonometric Substitutions

e In this section we will deal with integrals which are not necessarily trigonometric
in form but using a substitution that is trigonometric in form.

Example 13.17
1

Find: f dx using the substitution x =sin 6.

1- x2
Solution:

x=sin® = dx=cos0db

Also ! = !
\ll—x2 \ll—sinze
1
cosO
1 1
Hence, I dx = J' (cos 6 do)
1 52 cos0
=j1de
=0+C
=sinix +C
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Example 13.18

Find: J\/l—xz dx using the substitution x =sin 6.

Solution:

x=sin® = dx=cos0do

Also \ll—xz =\/1—sin29 =cos 0

Hence, I 1-x2 dx = Icoszede

= lJ‘1+c0526 do
2

) 1{e+5|n26}+c

2

Since, x=sin® = 0= sin"1x.
Also, sin 20 =2 sin 0 cos 0

=25in 0 V1—sin20 =2xy/ 1—x?

[ 1 _
Hence, J. 1-x% dx = E[sin 1x+x\/1—x2}+c.

Exercise 13.7 To be completed without the use of a calculator.

1.

2.

3.

Integrate each of the following with respect to x, using the suggested substitution.

(a) 2x x=2sin0 (b) X X =§c056
Va—x? 9—4x 2
1 1
() —— x=tan 0 (d) —— x= 2tan@
1+x 25+9x 3

Integrate each of the following with respect to x, using the suggested substitution.

(a) 1 x=2cos0 (b) __ x=ic056
J4—x2 9 4x? 2

(c) 1-x2 x=sin0 (d) 4—x? x=2cos0
x-1 2x+1

(e)

x=sin0 (f) ——— x=4cos0

V1-x? 16— x°

Integrate each of the following with respect to x, using the suggested substitution.

2
(a) ta"4" U = tan(x) (b

1
cos X ) cosz(x)1/3tan(x)+2

,u=3tan (x) +2
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13.7 Integration using Partial Fractions

13.7.1 Proper Fractions

L . . A .
e A proper fraction is a rational function % where the degree of the denominator
X

is greater than the degree of the numerator.

. . . X2 +2 X3 +2
5 is a proper fraction, while and 5
X“+6x+5 X~ +6x+5 X“+6x+5
are improper fractions.

For example,

e Animproper fraction can be converted into an expression involving a proper
fraction using polynomial division (other procedures are available) .

o If % is an improper fraction, then using polynomial division,
X
we can rewrite the fraction as: Al =Q(x) + M
B(x) B(x)

where Q(x) is the quotient,
R(x) is the remainder which is of a lower degree than B(x) .

13.7.2 Partial Fractions

N 1 _ 2x+3
x+1 x+2 (x+1)(x+2)

e Consider the sum of the proper fractions,

2
e The fraction _2x+3 is a sum of several simpler proper fractions.
(x+1)(x+2)
2x+3 1 1

That is, = + .
(x+21)(x+2) x+1 x+2

These simpler fractions are called partial fractions.

e The decomposition of a rational function into its partial fractions is determined by
several rules.

Rule 1 Proper Fractions
Only proper fractions may be decomposed into its partial fractions.

e Hence, an improper fraction cannot be decomposed into its partial fractions.

Rule 2 Unique linear factors
Corresponding to a linear factor (ax + b) in the denominator of a proper fraction,

where A is a constant.

there exists a partial fraction of the form
ax+b
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Example 13.19
X

dx .
(x+1)(x-2)(2x-1)

Use partial fractions to determine '[

Solution:

X _ A N B N C
(x+1)(x-2)2x-1) x+1 x-2 2x-1
Ax—2)2x—-1)+B(x+1)(2x—-1)+C(x +1)(x —2)

(x+1)(x=2)(2x—-1)

Hence x=Ax—2)(2x—1)+B(x+ 1)(2x—1) + C(x + 1)(x — 2)

Since the identity above is true for all values of x, we can determine the values of A, B and C by simply
substituting several convenient values of x .

Substitute x=-1, 9A=-1 — A= _%
X = 2; 98 = 2 j— B = ; — —
1 9 1 92 P a2 (13"~ ]
_ _ _ -2 1 2
X=3 2¢73 = =3 (2 1) 5-(x#1) 5(x-2)
-1 2 2
Hence: I X dx = I + _ dx
(x+1)(x—-2)(2x-1) 9(x+1) 9(x—-2) 9(2x-1)

=— lZn|x+1| + Eln|x—2| - lln|2x—1| +C
9 9 9

(x—2)?

— | +C
(x+1)(2x—1)

1
= —n
9

Alternatively for partial fractions involving linear factors the Heaviside Cover-up Method may
be used.
X A B C
= + +
(x+1)(x-2)2x-1) x+1 x-2 2x-1

Use the Heaviside cover-up method: S S— =_1
(x=2)2x-1)|,__,4 9
B= X | _-2
(x+1)2x-1),_, 9
X -_2

T xrDx-2) 1 9
2

The constant above a linear denominator, is the value of the fraction sum corresponding to the zero of the
linear denominator but with the linear denominator in the fraction sum covered-up.
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Rule 3 Repeated linear factors

n
Corresponding to a factor (ax + b) in the denominator of a proper fraction, where n is a
positive integer, there exists n partial fractions of the form:

A A A An

(ax+b)" (ax+b)?2 (ax+b>  (ax+b)"
where Ay, A,, A3, A, are constants.
Example 13.20
L . . X . X
Decompose into its partial fractions —_—. Hence, determine _[—2 dx.
(x+1)(x—1) (x+1)(x-1)
Solution:
Applying Rules 2 and 3:
X A B C
= + +
(x+1)(x-1°% (x+1)  (x-1) (x-1)
_ Alx=1 +Blx+1)(x—1)+C(x +1)
(x+1)(x —1)2
2
Hence, x=A(x—1) +B(x+1)(x—1)+C(x+1)
Substitute x = —1 ~1=4A = A= —%
x=1 1=2C — C= %
x=0 0=A-B+C = B=%
— 1
Therefore: X > = ! + ! + 5
(x+1)(x-1)" 4x+1) 4x-1) 2(x-1)
Hence:
J-—X 2dx=J. 1 + 1 + lzdx
(x+1)(x—1) 4x+1) 4x-1) 2(x-1)
1 1
== I x+1] + S| x-1] - ——— +C
4 4 2(x—1)
N L V| D S
4 |(x+1)| 2(x-1)
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Rule 4 Non-reducible quadratic factors

2
Corresponding to a non-reducible quadratic factor ax + bx + c in the denominator of a
Ax+B

proper fraction, there exists a partial fraction of the form 5

(ax +bx+c).

where A and B are constants.

Example 13.21
+1
Use partial fractions to determine .[X—z dx.
(x—1)(x~+1)
Solution:

Applying Rules 1 & 4:
x+1 A N Bx+C

(x—1)(x% +1) T - 21
AKX +1)+(Bx+C)(x—1)
- (x —1)(x% +1)

2
Hence, x+1=A(x +1)+(Bx+C)(x—1)
Substitute x=1 2=2A = A=1
x=0 1=A-C = C=0
x=2 3=5A+2B+C = B=-1
Therefore X+1 = ! + z—x
(x-1(x“+1) x-1 x“41
Hence:
+1 1
Jo = [
(x=1)(x* +1) x=1 x%4+1)

= ln|x—1| — %ln‘x2+1 +C
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Exercise 13.8 To be completed without the use of a calculator.

1. Use partial fractions to integrate each of the following with respect to x:
X x+3 3x-1
(a)

b C
X+2 (b) 2x+1 (© 1-2x

2. Use partial fractions to integrate each of the following with respect to x:
1 x—1 5x-1

@ ——— (b) —————— ) —————
(x+1)(x-1) (2x+1)(x-3) (Bx+2)(2-x)
2
(d) 2x+1 (e) X =1 () x—1
2x% —5x+2 (x+2)(x-3) (x+1)(x—=3)(x +2)

3. Use partial fractions to integrate each of the following with respect to x:

x+1 2x—1 2x+1
(@) —— (b) —— c) ————
x(x—1)? X% (x+1) (x +1)%(x+2)
3 _ 3
(d) x2 e) ();+1)(x 1) (9 . X -;1
(x=1)%(x+1) (x—4)(x+2) X~ —6x° +9x

4. Use partial fractions to integrate each of the following with respect to x:
2
x-1 x-1 3x° -2
(a) ——— (b) . (c) ~
(x+1)(x“+1) (x+1)(x“+x+1) (x—=1)(x*+x-1)
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14 Definite Integration

14.1 Integrals involving partial fractions

e The concept of definite integration was first introduced in Mathematics Methods
Units 3 & 4.

e This section extends the concept of definite integration to integrals requiring the
use of partial fractions.

Example 14.1

1 x4
Without the use of a calculator, evaluate I ——dx.

) (x=1)(x-2)
Solution:

x+1 A B
Integrand: = +
(x—-1)(x-2) x-1 x-2

x+1=A(x—2)+B(x—1)

Substitute x=1 A==-2

Substitute x =2 B=3.
-1 -1

Hence: IX—de = J. —2 + 3 ax
) (x=1)(x-2) ) (x—1) (x-2)

[~2in] x~1]+30|x-2[]

| x—2? r
=1 [n
(x—1)2

-2

= lng—ln_—m}
4 9

243
In| == |.
(256)
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Exercise 14.1 To be completed without the use of a calculator.

1. Evaluate each of the following integrals

-1
2x—1
@) -2[(x+1)(x—1) ax (®) J(x+1)(x+2) (C) _jz(x—l)(x—Z) g

2. Evaluate each of the following integrals

(b) sz 1 () jz"—+6dx
2x —X 0 X +3x+2

X
(@ -([(x+1)(x+2) ox

3. Evaluate each of the following integrals

1 2 3 3
(a) I—X 5 2 dx (b) I—3 x=2 dx (c) j—3 )2( dx
0(x+1) (x+2) S X +x"—=x-1 2 X" =x"—x+1
4. Evaluate each of the following integrals.
3 2 1 2_ _
5)2( dx+1 dx J- 2x—-9 dx () J~ dx
5 (x*+1)(x-1) (x +x+2)(x+1) (x +2)(x +1)

14.2 Method of Substitution

e This section extends the concept of definite integration to integration
using the method of substitution.

b
e To evaluate If(x) dx using the substitution u = g(x):
a
1. Find the differential equivalent to dx.
2. Use the substitution to convert the limits from x = a and x = b into
u =k and u = m respectively.
3. Convert f(x) into an expression h(u) involving the new variable u.
This does not have to be a complete conversion. .
4. Integrate h(u) with respect to the new differential.

5. Substitute limits to obtain answer.
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Example 14.2
Evaluate each of the following using the suggested substitution:

1
(a) jx 1—x dx u=1-x (b) j x=2sin0.

0 oy 4-— X2
Solution:

(a) u=1-x = dx=-—du.
Limits: x=0 = wu=land x=1 = u=0.

1 0
Hence: J'x«/ 1-xdx = —I(l—u)ﬁ du
0 1

01 3
=—Iu2—u2du
1
3 5 0
_ w2 w2
|3 5
1
_ 4
15

(b) x=2sin® = dx=2cos6dd

Limits: x=0 = 0=0and x=1 = sin(0)=1/2 = 0=n/6

Hence: x2c0s0 do

O'—.I—‘

5
\/ —x? L/ —4sin’0
— x2c0s0d0
\ 4(1—sin G

—  _x2cos0db
4cos® 0

1} 1}
O'—.m\:\ O'—.m\;l

1d6

1] 1
L | o'.—,m\_j
D
[E—
Oola

ola
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Exercise 14.2

1. Evaluate each of the following using an appropriate substitution:

1 1 1 9 4x e X
(a) £1/2+«/;dx (b) (J)-4_J_dx (c) _leX_ldx (d) {mdx

2. Evaluate each of the following using an appropriate substitution:

Jn kil
Jr EY 2
I 2xsinx? dx (b) I 2xsec2(x2) dx (c) J.(cosx) (sinx) dx
0 0 0

3. Evaluate each of the following using an appropriate substitution:

2
[ 2
(a) Im (b) IW (c) JO. 1-4x° dx

14.3 Area of Regions Trapped between Curves

e In this section, we will extend the concept of the area trapped between curves,
first introduced in Mathematics Methods Units 3 & 4.

o If f(x)>g(x)fora<x<b,the area of the region y
trapped between y = f (x) and y = g(x) and the lines
x=aand x = b is given by:

b
A= [flx)-g(x) dx

e Where the use of a CAS calculator is permitted:
the area of the region trapped between the curves
y=f(x) and y = g(x) and the lines x = a and x = b is given by

A= [|f0)-glo] ax.

e In this case, it is not necessary to locate the relative positions
of the two curves.
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Example 14.3

1
Without the use of a calculator, find the area trapped between the curvesy =x, y = — and

the lines x = % and x = 2.
Solution:

1 . .
The curves y = — and y = x intersect at the point
X

where x = 1.

1 1
For region A, E <x<1,they= = curveis
X

consistently “above” the y = x curve.
Hence, the area of the trapped region is given by:

X

. . H “" ” 1
For region B, 1 <x <2, the y = x curve is consistently “above” the y = — curve.

Hence, the area of the trapped region is given by:
21
Area (B) = J- x——dx
X

Hence, the area of the trapped region is:

Area = (an—i) + (E—lnzj
8 2

9 2
= = units .
8

X

Lax] KN ]
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Exercise 14.3

Questions 1 to 4 (inclusive) are to be completed without the use of a calculator.

1.

*5.

Determine the area of the region trapped between these two curves.
2 2
(@ y=x(x—-1),y=x(3-x) (b) y=x —4,y=-3x
2 2
(c) y=x(x —1),y=3x (d) y=x,y=+/x

Find the area of the region trapped between the two given curves and the given lines.

1 1
(a) y=——,y=—x,x=—2andx=—5 (b) y=x,y=x(x—1),x=-1,andx=1
X

(c) y=sin(x),y=cos(x),x=0andx=g (d) y=e2x,y=e_ ,x=1

Determine the area of the region trapped between these two curves.

2 2
(@) y=Ix+1],y=1-x (b) y=—Ix—1l,y=1-x
2
() y=Ix-2l,y=x (d) y=Ix-1l,y=x -1
Find the area of the region trapped by:
2
(@) y=e",y=e",y=e (b) y=x-2,x=4-y
2 — 2
(C)y=2—x,y=x (d) y=——,y=2-x,x=0,x=1.
x+1 X+2
Determine the area of the region trapped by:
(@) y=sinx,y= —ix+1, the y-axis (b) y=cosx,y= z—x—l, the y-axis
T i
The shaded region in the accompanying diagram is y
bounded by the curve, y = X and the lines
(x—4)(x+4)
y=—x,x=-1and x=2. Use a calculus method to find
the area of the shaded region. ] % X

The shaded region in the accompanying diagram is

2
bounded by the curve, y = _ 4 and the lines §
(x—4)(x+4) 1

y =—x,x=-2and x=2. Use a calculus method to find
the area of the shaded region. ; :
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8. The shaded region in the accompanying diagram is

\ 16— x°

y=2and x =1 2. Use a calculus method to find the area
of the shaded region.

bounded by the curve y = __r and the lines l '

bt —t—+ ——f> X

9. The shaded region in the accompanying diagram is

bounded by the curve y = 4/ 9 —4x% and x-axis. s+
Use a calculus method to find the area of the shaded
region.

10. Use your CAS calculator to determine the area of the region trapped between the
following curves:
(@) y=2+cosx,y=x,x=0 (b) y=2+cos(x),y=x,x=-2

2 2
(c) y=2+sin(x)andy =x (d) y=2+sin(x), y=x,x=4.

11. Use your CAS calculator to determine the area of the region trapped between the
following curves:
2 2
(a) y=xe ™ ,y=0,x=¢%1 (b) y=xcos(x),y=0,x=%1
(c) y=xinx,y=0,x=0.5,x=2 (d) y= COSXE’SinX,y=O,X=i'1

*12. Use your CAS calculator to determine the area of the region trapped between the
following curves:
2 2
(a) x=y ,x=4 (b) x=y ,x+y—2=0
2 2 4 4
(c)y —4x=0,y +4x—-16=0 (d) x=y ,x=2-y

3
*13. Find the area of the region trapped betweeny=x ,y=3x-2
and the lines x = -3 and x = b for:
(a) 3<b<-2 (b) —2<b<1 (c) b>1.
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14.4 Volume of Revolution

14.4.1 About the x-axis

y = f(x) y = flx) |

a b x v b X

e Consi