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Introducing Oxford Maths 7-10 (Second edition)
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Oxford Maths 7-10 Victorian Curriculum utilises an innovative suite of print and digital resources to guide
students on a focused mathematics journey. The series makes maths accessible to students with
differing levels of understanding, increasing engagement by giving learners the opportunity to achieve
success at their own skill level while also providing comprehensive syllabus coverage.

Key features of Student Books

Complete access to all digital resources.

Australian Maths Trust (AMT) spreads offer

unigue questions designed to challenge
students and build engagement.

> STEAM projects encourage inter-disciplinary

thinking.

Measurement

Learning

intentions

- Signpost the
foundational skills
being developed in
each lesson.

Inter-year links
Provide easy access
to support and
extension material
from each of the
7-10 Student Books
as students build
knowledge year on
year.

Weeked exmmphe 134

Worked examples — o
+ QOutline a step-by-
step thought process
for solving essential Wedad syt 120

questions with direct
reference to the
exercises.

Vi — OXFORD MATHS 9 VICTORIAN CURRICULUM 2E

> Semester reviews provide an opportunity to
revise key concepts from each semester.

> NAPLAN practice allows students to revise
numeracy skills for the National Assessment

Program.
Each module opens
s with:
" * Prerequiste skills with
. reference to an online

diagnostic pre-test and

° interactive skillsheets.
: * Curriculum links to
all relevant content
descriptions in the
Victorian Curriculum.

* Materials used to
complete the exercises.

~— New theory
= Backed by the latest
pedagoglcal research to
mposte shape: » promote engagement
with the material.
+ Filled with precise
et s 130 : : o diagrams that bring key
' concepts to life, and aid
understanding.

Weked examyie 150 . [»]

HeIpfuI hints

Provide additional
o - strategies for tackling
problems.

+ Highlight important
elements of the
theory.

o + Point out common
misconceptions.

OXFORD UNIVERSITY PRESS
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designed to build

Differentiated learning
pathways

o : Rl
Understanding and ADSSIEE @RS eRENET- = - d : Each exercise is
fluency _Im:m — . ¢ e : : sepﬁrated Lnﬁo thre?
Basic exercises dedicated __, ‘i o v pathways, talloring for
to practising key . students of all skill levels.
concepts - Each pathway can be
: | tuercine 1.58: ol - b | .
3 . assigned based on
= ; results of the diagnostic
Problem solving and - pre-tests that are
reasonlng recommended at the
beginning of ever
- Comprehensive exercises mfdme & Y
bring together newideas —°
and provide engaging N
contexts from real-world @ ol
problems. . Checkpoint
- - . A section in the middle of
each module dedicated
to summarising key skills
: . and encouraging memory
v S e o Pt e retention.
A N b . Reference to an online
I €3¢ Chatengs " i - o I X
Challenge """" e ; : checkpoint quiz to gauge
Advanced exercises L, et ﬂ . student progress.

engagment and
anticipate future learning
outcomes.

Module summary

+ Condenses all the theory
from each section into
one accessible revision

page.

Integrated STEAM

prOJects
+ Take the hard work out of
cross-curricular learning
with engaging STEAM
projects. Two fully
integrated projects are
included at the end of
each book in the series,
and are scaffolded and
mapped to the Science,
Maths and Humanities
curricula. The same
projects also feature
in the corresponding
Oxford Humanities and
Oxford Science series to
assist cross-curricular
learning.

OXFORD UNIVERSITY PRESS

£ Review quastions S TA
Mathematical Beracy review

Lessans s ]
Review: Measurement
Module summary

O ]

13—

How can we
use sustainable
farming
practices so
that no one
goes hungry in
the future?

UMANITIES

[STEAM project 1]
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Review questions 5781 Multiphe chokcs

Module review

+ Additional practice
questions to
further consolidate
understanding at the end
of each module.
Reference to an online
module review quiz to
track results.
Reference to Quizlet test
to revise new terminology.

Mathematical literacy

reviews

- Acomprehensive
literacy review assesses
understanding of key
terms.

Problem solving
through design thinking

¥ . Each STEAM project

investigates a real-world
problem that students are
encouraged to problem-
solve using design
thinking.

Each STEAM project is
supported by a wealth

of digital resources,
including student
booklets (to scaffold
students through the
design-thinking process
of each project), videos to
support key concepts and
skills, and implementation
and assessment advice
for teachers.
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This Student Book is supported by a range of digital resources and features

for students and teachers on Oxford Digital. Key features

for students

Student digital access allows you to:

> view all the Student Book content in a fully accessible, reflowable format that's
delivered in bite-sized chunks so you can work at you own pace

> highlight, take notes, bookmark pages, or define words with the built-in Australian Oxford
Dictionary

> watch hundreds of short content videos and worked example videos to help you revise
anything you don't understand, catch up on things you've missed or complete your homework

> complete thousands of interactive questions and quizzes as you work through the content and
get the answers and results sent to you instantly

use a suite of Desmos calculators and graphing tools to help you complete your work.

> OxfordMaths 7 > Module 7

Measuring angles using a protractor

Angles are commonly reasured i cagrees’

o mamtn, e 3 2 I 101 P Complete course

Yo meatisne an Sngle using 3 protractor

e et cusfth proica aver h s f e g coverage in
SO g video format!

2 Place the 2000 Tine, INat reads

3 Read the scale from 0" 10 the ot aem of the Ingie

For example, this angie s 60", This meas aenent i taben from the ane
0 * s

 this & o

ard side Worked example 1A aming angies and ines Home » O

7B Worked example: Measuring and classifying angles

Measure and classity this angle.

@ Solution

Introducing Oxford Maths 7-10 (Second edition)

Watch this video to sohve the worked example

Moasuring and
° Vidoo: Moasuring and classifying anglos . Classifying sngles

viii — OXFORD MATHS 9 VICTORIAN CURRICULUM 2E OXFORD UNIVERSITY PRESS
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Key features

for teachers

Teacher digital access allows you to:

> elevate your teaching and reduce planning and preparation time with Live
Lesson mode. This Premium feature is an Australian first that lets you upgrade
from traditional print-based lesson plans to fully integrated, perfectly sequenced and
timed interactive lessons complete with classroom activities that drive engagement

and participation

personalise learning for every student and differentiate content based on student strengths
and weaknesses. Assign support or extension resources to any student in any year level using
inter-year links

identify gaps in understanding with diagnostic quizzes that generate personalised learning
pathway reports for every student based on ability. Learning pathway reports provide clear
learning goals and exercises for every lesson including interactive resources designed to target
misconceptions and give each student what they need to address them!

begin every lesson with ready-made learning intentions and success criteria
revolutionise your planning, marking and reporting with powerful analytics on student

performance and progress:

- Assessment report shows how students are performing in each online interactive
assessment, providing instant feedback for teachers about areas of understanding
Curriculum report summarises student performance against specific curriculum content

descriptors and curriculum codes
Skills report displays students’ understanding of prerequisite skills in mathematics.

"
ons 3 Lesson -
> Lesson p Home 3 Ondord Mathy 7

Reports

Home > Onord Mathe 7

assifying angles and lines

Lesson 7.1 Cl
Search for clons. group &

-
a X

- 8 Nothcations

Skills report ® LN

@ Bomnes

IEIment port | Curricun

U™ repart | o Saime

Summary
LPR

Thia lesson inchudes \ (73 inseractive
Visteroctve

2 00ditional resouIces

9 resowrces 4 o .
ive losson

Skill
N

# Custom

A 5Students 5% omm

O 7sudents  so%eumy s0%
25%
60%

B 2Swdeney 1
%@
Summary Pp—— Comparing anes 40%
e i o RIG SOO than acS angies fess Clasaitying shapes
i Substty;
ular lind tion
o Soving equations
using iwerse

operstions

Starter activity: parallel and perpendl

3 Cowrin

Homework activity e
e consimetiom el g fof B TS s o3 learming pathwoy reporis ) .
Studen » pe
L Compari
s :nmﬂ&;:‘m Classitying
Shapes Substitution Solving equations
Matthew Johng A sing inverse
0% Operations

40%
Adbiotte Gobrons

Bruno Mousson o

0%

We partner with the best to bring you the best

Quizlet

AML

AUSTRALIAN MATHS TRUST

desmos

studio pBC
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NAPLAN-
stvle NAPLAN (National Assessment Program - Literacy and Numeracy)
y . is an annual assessment for students in Years 3, 5, 7 and 9.
practice NAPLAN is made up of tests in the areas of:
assessments > reading

> writing
> conventions of language (spelling, grammar and punctuation)
> numeracy.

From 2022, all NAPLAN tests are being conducted online. OUP has
developed a number of NAPLAN-style practice assessments* for
this title, which can be accessed on Oxford Digital.

Access the practice tests on oxforddigital % -3

Practice test 1 Practice test 1
Non-calculator Calculator
Practice test 2 Practice test 2
wmaw) NoN-calculator wmaw) Calculator

’ »
i g

(4
A

D\

b
i

*These are not officially endorsed publications of the NAPLAN program and are produced independently of Australian governments.
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Online

. There are four online practice assessments available on Oxford Digital.
practice

obook™® A Oxford Maths 7 NAPLAN Practice NAPLAN-style test 1 »

The results from your practice assessments can be found under the
Reports tab on Oxford Digital.

v AMOTe HPOrt | Currculum report A report Assessment report ®

Number and algebra

8 Adding oy | 'CSubtracting

Pro-tost % | 1APlace vah g
B e so% el s 0% § whole nembers whole numbers

Student reaponses v Student (esponses Student responses Student respontes v

\

OXFORD UNIVERSITY PRESS ONLINE NAPLAN PRACTICE — Xi
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Lessons

1.1 Exponents

1.2 Products and quotients of powers

1.3 Raising exponents and the zero exponent
1.4 Negative exponents

1.5 Scientific notation

1.6 Rational and irrational numbers

Prerequisite skills

) Diagnostic pre-test
Bnosticp
e

Take the diagnostic pre-test to assess your knowledge of the
prerequisite skills listed below.

@ Interactive skillsheets
After completing the diagnostic pre-test, brush up on your

knowledge of the prerequisite skills by using the interactive
skillsheets.

v’ Order of operations

v Highest common factor

v Multiplying and dividing fractions
v Equivalent fractions

v Squares and square roots

Curriculum links

e Recognise that the real number system
includes the rational numbers and the irrational
numbers, and solve problems involving real
numbers with and without using digital tools
(VC2M9NO1)

e Apply the exponent laws to numerical
expressions with integer exponents and
the zero exponent, and extend to variables
(VC2M9AOT)

e Solve problems involving very small and very
large measurements, timescales and intervals
expressed in scientific notation (VC2M9M02)

© VCAA

Materials

v’ Calculator

, transmitted or circulated in any other form.
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Lesson 1.1
Exponents

Learning intentions
By the end of this lesson you will be able to ...

v evaluate numbers expressed in exponent form and use
exponent form for prime factorisation.

Inter-year links

1.7 Exponents and square roots
Year 8 4.1 Exponents
1.1 Exponents

} Key content video

Exponent form

Exponents
e Exponent form (or exponent notation) is used to
e - -
represent repeated multiplication. exponen
— 3%*is read as ‘3 to the power of 4’. l
— a3 is read as ‘a to the power of 3’. base —> 3* exponent form
e The base is the number or variable that is multiplied =3 X3 x3x3 expanded form
repeatedly =81 basic numeral
e 'The exponent (or index) indicates the number of times exponent
the base is multiplied. l
e If no exponent is indicated, then the base has an exponent !
of 1 base —>» a@’=axXaxa
2 = exponent form expanded form
x = x!

e Exponent form can also be used to represent powers of negative numbers.

exponent
base > (=2)° exponent form
= (-2) x (=2) x (-2) expanded form
=-8 basic numeral

— If the base is negative and the exponent is an even number, the basic numeral is positive.
— If the base is negative and the exponent is an odd number, the basic numeral is negative.

— If the base is positive, regardless if the exponent is an odd or even number, the basic numeral is positive.

Prime factorisation

e 'The prime factorisation of a positive integer is the product of all prime
factors of that integer.

} Key content video
Prime factorisation

— Prime factorisation is often expressed in exponent form with the bases listed in ascending order.

For example, the prime factorisation of 24 is: 24 =2 x2Xx 2 x 3
=29%3
e The prime factorisation of a positive integer can be found using factor trees. In factor trees, composite
numbers are broken down into pairs of factors until all factors are prime numbers.

24

N

6 4
AN
® 00 o
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Worked example 1.1A Calculating the value of a number o
in exponent form

Write the following in expanded form and evaluate.

2 4

5 _ 3 =

a 2 b (-4) c <5>
a 1 Identify the base and the exponent. The a 2°=2X2x2x2x2

base is 2 and the exponent is 5, so 2 is
multiplied by itself 5 times.

2 Perform the multiplications. =4x2x%x2x2
=8x2x2
=16x2
=32
b 1 Identify the base and the exponent. The b (-4)}=(-4) x (-4) x (-4)

base is —4 and the exponent is 3, so —4 is
multiplied by itself 3 times.

2 Perform the multiplications. Recall that if the =16 x (—4)
base is negative and the exponent is an odd =-64
number, then the basic numeral is negative.
. 2\y'_2.2.2_ 2
c¢ 1 Identify the base and the exponent. The ¢ (5) =5x5x35x%
base is % and the exponent is 4, so % is
multiplied by itself 4 times.
2 Perform the multiplications. Recall that = %
to multiply fractions, you multiply the _ 16
numerators together and the denominators - 625
together.
Worked example 1.1B Writing expressions in expanded form o
Write the following in expanded form.
a x* b (-ab)’ c 2xy’z
a Identify the base and the exponent. The base a x*=xxXxXxxXx

is x and the exponent is 4, so x is multiplied by
itself 4 times.
b Identify the base and the exponent. The baseis b (—ab)? = (—ab) x (—ab) x (—ab)
—ab and the exponent is 3, so —ab is multiplied
by itself 3 times.
¢ There are four bases in this term. Identify the C 2xy’z2=2XxXyXyXz
bases and the matching exponent. Recall that
if a base doesn’t have an indicated exponent,
then the exponent is 1. Therefore, 2, x and
z each have an exponent of 1, and y has an
exponent of 2.
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Worked example 1.1C Prime factorisation using factor trees o

Use a factor tree to express each number as the product of its prime factors. Write your answer
in exponent form.
a 20 b 315

1 Identify a factor pair by dividing the composite number by its smallest prime factor. The smallest
prime factor of an even number is always 2. Remember that if the sum of all the digits in a number
is divisible by 3, then that number is also divisible by 3, and that any number ending in O or 5 is
divisible by 5.

2 Continue to split factors into factor pairs until all remaining factors are prime.

3 Write the composite number as a product of its prime factors. Write the answer in exponent form
and list the bases in ascending order.

a 20=2x2x5
=2°x5

20 20
/\ /\
@) 10 Or 4 ©)
N N\

® 06

® O
b 315=3x3x5x7
=32x5x%x7

/315\ /\
3) 105 o /\
3 35
N N
& O e 6

v/ Remember that raising a number to an exponent and multiplying are two different operations.
For example: 24 #2 x 4;24=2x2 X 2 X 2.

v Take care when writing exponents — they should be a smaller size than the base and sit high up on the
shoulder of the base to avoid confusion between 3 and 34.

v/ When creating factor trees, remember that a branch always ends on a prime number. If the number
is composite, keep dividing! Use the divisibility tests to ensure the numbers at the end of the tree are
prime numbers.

v/ The first 10 prime numbers are: 2, 3,5, 7,11, 13,17, 19, 23 and 29.
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Learning pathways

1-8,9(a, ¢, e, g), 10, 11, 13, 1-3(b, d, f, h), 4, 6-8, 9(b, d, f, h), 1-3(g, h), 4, 6(e-h), 8(e, f), 12-14,

14,17(a, b) 12,13,15,17,19

16, 17(c, d), 18-21

%I Exercise 1.1A: Understanding and fluency

we11a 1 Write the following in expanded form and evaluate.
a 6* b 8

3 7
e (3) £ (3)
we1.18 2 Write the following in expanded form.
a 0b° b (-’
e 2pq* f —4da?b’c
3 Write the following in exponent form.
a 5x5x5x5

c (=2)° d (-3)

2 4 3 5
g (-3) h (-3)
c (—cd)? d (2pg*
g (3md)’ h 3(m2)°

c 135 d 378
g 550 h 1665
c (0.02)?
f (0.02)3
i (0.02)*
c (ab)* d (5xy)?
g (=3abc)’ h (-3abc)®

b axaxaxa
c vxkxkxovxkxovxox7
d qu X qu X qu X qu X qu
e (=h) x(=h)x(=h)
f —(hxhxh)
g nPxnPxn*xndxnxnd
h 5b6%d* x 563%d*
we1ic 4 Express each number as the product of its prime factors. Write your answers in exponent form.

a 50 b 72
e 152 f 812

5 Evaluate the following.
a (0.2)? b (-0.2)?
d (0.2)° e (-0.2)°
g (0.2)* h (-0.2)4

6 Write the following in exponent form without brackets.
a (=5* b (-5)°
e 5(xy)? f (%)6

7 Substitute in the given values and evaluate the expressions.

a x3 wherex=7

b 6a*b’, wherea=-2and b = 1

(¢
Ee

4
%>Wh€rep=3,q:5andr:—4
d 2x3+ 8x?+ x + 7, where x = 10

8 Write the following in exponent form.
a 2x2x2x3x3

c 13x13x13x13x17x17x17x17x17

€ 4Xx4xXx4XxXXxXXXX

OXFORD UNIVERSITY PRESS

b 5X5X5x5x5x5x%x6
d 101 x 101 x 103 x 103 x 103 x 103 x 103
f 7X7XXyXxyXxyXxyXxyXxyXxy
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9 Use the fact that 300 = 22 x 3 x 52 to help find the prime factors of each of the following numbers and then
write in exponent form.

a 600 b 150 c 900 d 1500
e 3000 f 1800 g 2100 h 2400

10 Express each of the following in exponent form.

a  XXXXXXX b aaabb c 3rsstit d 4eeceeceeff

I Exercise 1.1B: Problem solving and reasoning

11 Explain the mistake in each of the following. Then change the right-hand side so that the equation is correct.
a tRo=txkxtxkxtxkxtxkxtxk

b Qran)*=2xrxwXxwXwXw
c -3x(=2)*=6"

12 Substitute in the given values and evaluate each expression.
a (2x+ 3)% where x = -2

(%))3 + 4.y, where y =9

¢ ab®—ba’>,wherea=5and b=-3

<

d 2r3+ 8r?— 3r,where r = —%

13 When evaluating a negative number raised to an exponent, the sign of the basic numeral is related to whether
the exponent is odd or even.

a Evaluate each of the following.
i (1) i (—1)3 iii (—1)* iv (-1)° v (=1)°
vi (—1)7 vii (—1)8 viii (—1)° ix (-1 x (DU
b Complete the following sentences.
i  When the exponent # is odd, the basic numeral of (—1)"is
ii When the exponent 7 is even, the basic numeral of (—1)" is

¢ Decide for each of the following whether the basic numeral is positive or negative. Do not evaluate.

i (2 i (47

i (—24)% iv  (=17)1%8

v (=16)7 x (=34)! Vi (=8)1x (=5)7

.o veo 77 108 301 404
vii (=78)% x (—=81)% x (=21)68 viii ( 101) ><( 22)

14 Consider each pair of numbers written in exponent form.
i Using a calculator, evaluate each pair.

ii Describe how the two numbers are similar and how they are different in their exponent form and as a basic
numeral.
a (0.7)%and (0.07)°3
b (-0.4)°and —(0.4)°
¢ (-1.2)%and (-1.2)*
d (2.1)°and (2.01)°

15 A farmer’s herd of cattle grows by approximately 20%

each year. In 2023, the farmer had 20 cows.

a By what number can the number of cows be
multiplied by to increase it by 20%?

b DPredict the size of the farmer’s herd in 2024, 2025
and 2028. Round to the nearest whole number.
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16 Three different groups of bacteria, Bacteria A, Bacteria B and Bacteria C, reproduce at different rates.
a Bacteria A splits into two bacteria every day.
How many times larger will a population of this bacteria be
after 3, 8 and 12 days? Write your answers in exponent form.

b Bacteria B splits into two bacteria twice each day.
How many times larger will a population of this bacteria be
after 3, 8 and 12 days? Write your answers in exponent form.

¢ Bacteria C splits into two bacteria once every two days.
How many times larger will a population of this bacteria be
after 3, 8 and 12 days? Write your answers in exponent form.

1

d Populations of Bacteria A, B and C each have 3 bacteria initially.
Determine the size of each bacteria population after 3 days.

17 The lowest common multiple is the product of the largest exponent of each prime factor or pronumeral
in each term. The highest common factor is the product of the smallest exponent of each prime factor or
pronumeral in each term. Find the lowest common multiple and highest common factor of each pair of terms.
Write your answers in exponent form.
a 285x3°x52x7and2*x 3% x52x74
b a®b°c*d and a*b'>c?d*
c pg°r’s? and pgiris*

d 8x3y%z*and 12xy3z*
| Exercise 1.1C: Challenge

18 Find the smallest positive integer that the following numbers can be multiplied by to get a perfect square.
a 3 b 4 c 8 d 12 e 60

19 For each of the following, state how many different sequences of answers there are. Write your answers in
exponent form.
a A quiz that has 10 true or false questions.
b A quiz that has 10 multiple choice questions each with options A, B, C, D, E.
¢ A quiz that has 12 true or false questions and 8 multiple choice questions with options A, B, C, D, E.

20 Fill in the base and exponent using positive and negative whole numbers (integers). Find the number of
different exponent expressions that will equal 64.

= 64
21 Evaluate each of the following.
2
a i—l;,wherea: 6,b:%,andc: -2
P “3andg=2
b qz,wherep— 2andq— 3
4
r—3, where m = —0.5, = 0.2,and r = —0.7
(mm)
Interactive Worksheet Investigation CAS Quick quiz
skillsheet Writing terms in Using exponents instructions 1.1
Exponents expanded form to determine CAS basics
how card tricks
work
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Products and quotients
of powers

Learning intentions Inter-year links

By the end of this lesson you will be able to ... 3.2 Equivalent fractions

v simplify products and quotients of terms in exponent form Year 8 4.2 Products and quotients
with the same base. of powers

1.1 Exponents

Product of powers law B Sroining oresors

C . . . using products and
e When multiplying terms in exponent form with the same base, add the quot%epnts of powers

exponents and write the result with the same base. This could be verified by

writing both numbers or terms in expanded form and simplifying.

For example, 23 X 2°=2x 2 X 2x 2 X 2 x 2 X 2 X 2 is the same as 2% x 25=23%>
— 8 — 28

PxPB=23*  Pxa=ats
= )3 =a°
e To multiply terms where variables have exponents and coefficients:
1 Multiply the coefficients of each term.
2 Apply the product of powers law to add the exponents of any common bases.

3 Write the coefficient first, followed by the variables listed in alphabetical order.

Quotient of powers law

e When dividing terms in exponent form with the same base, subtract the second exponent from the first
exponent and write the result with the same base.

22 +=22=2 a-a=a"’
= D2 = a?
e Remember that quotients can be written as fractions. When simplifying fractional quotients, subtract the

exponent of the term in the denominator from the exponent of the term in the numerator.

25 5
— D5-3 @ 5-3

2’ a’

= D2 = a

e To divide terms where the variables have exponents and coefficients:
1 Divide the coefficients by their highest common factor.
2 Apply the quotient of powers law to subtract the exponents of any common bases.
3 Write the simplified coefficient first, followed by the variables listed in alphabetical order.
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Worked example 1.2A Simplifying numerical expressions using o
an exponent law

Use the appropriate exponent law to simplify each expression. Leave each answer in exponent form.

a 3%*x3? bg—z

a Product of powers law: Add exponents with a common a 3%x32=34%2
base, 3. =3¢
5
b Remember that fractions can be written as division problems. b % =82
Use the quotient of powers law to subtract exponents with a =83
common base, 8.

Worked example 1.2B Simplifying algebraic expressions using the o
product of powers law

Using the product of powers law, simplify each expression.
a 2x7 x 3x* b a*b? x ab™

a 1 Multiply the coefficients of each term. a 2x7x3x*=(2x3) xx”xx*
2 Use the product of powers law to add exponents with a =6 xx7*
common base, x. =6 x x!!
3  Write the coefficient first, followed by the variable. = 6x"!
b 1 Group the terms with common bases. Remember that b a*b? x ab'® = a®x b* x a' x b'°
a=a'.
2 Use the product of powers law to add exponents with =a3*l x p2*10
common bases, a and b.

3 Werite the variables in alphabetical order. = a*b'?

Worked example 1.2C Simplifying algebraic expressions using the o
quotient of powers law

Using the quotient of powers law, simplify each expression.

a x° - x? b a’b® = a?b

a Use the quotient of powers law to subtract exponents with a a x’-x>=x"2

common base, x. =

b 1 Use the quotient of powers law to subtract exponents b a’b®+a*b=a’"%%"!
with common bases, @ and b. Remember that b = b'.
2 Write the variables in alphabetical order. = a’b?
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: e §

v ‘Simplify’ and ‘evaluate’ are different commands:

— To simplify in this module, use exponent laws to combine the terms and hence reduce the complexity
of the expression.
— To evaluate or ‘find the value’ of a calculation or numerical expression, convert the expression from
exponent form to a basic numeral.
v Exponents only apply to the number or pronumeral immediately to the left of the exponent. For example,
in the term 4g/43, the exponent of 3 only applies to the variable /4, so 4gh’> =4 X g X h X h X h.

v/ When an algebraic term immediately follows a division symbol, the entire term is the divisor in
2

the division. For example, x* + 2x = ;—x = %
- J
Learning pathways

1-5, 6-8(1%, 3 columns), 1(f, h, j, 1), 3-9(2", 4™ columns), 10, 5-9(2", 4 columns),

9,11(a, b), 14 11(b, ©), 12(a, b), 14, 15(a~d) 10, 11(c, d), 12(b, c), 13, 15, 16

ﬁl Exercise 1.2A: Understanding and fluency

we12a 1 Use the appropriate exponent law to simplify each expression. Leave each answer in exponent form.

a 3°x3* b 7+7? c (=2)"x (=2)° d 6 x6°
e (-8B = (-8)° f 102x10° g 36 = 35 h 33=5
;o ;o 130 ey
i 75 j 9y k 135 1 2°x2°x2

2 Using a calculator, calculate the basic numeral for question 1 parts a to d.

we128 3 Using the product of powers law, simplify each expression.

a 373 xy° b g2x7g° c 208 x 3P d -6k x 2k

e —2b%x (=303 f —5g°x(-2g) x (8¢ g 3¢ x 3¢ x 3c° h p° x (=3p?) x (=5p?)
we1.2c 4 Using the quotient of powers law, simplify each expression.

a a-+da b d7+d° c gll-g d p=p’

e a4+a° f n'*=n! g = h 8x!7 + x°

5 Use the product and quotient of powers laws to simplify each expression.

a 3x° X 4x° b 5x*x 2x3 ¢ —8x2x 3x’ d —-6x'°x (-9x)
e 6x7 = 2x° f —20x°%+ (—5x?) g 4x8 = 10x7 h 15x'? = 9x*
. —24118 . —20r8 10¢” 15y™
P U 3 k 5o 1 =%
6 Use the exponent laws to simplify:
ax!3 a’b mn b*d
ax* b a’ ¢ d b2d
x* x x3 m’ X m® 6a* x a® n>xn’
¢ x? f m° g a* h n3 x n*
5d6 X d3 i 8[2 X [3 Kk _4k X 3k9 1 15@13
d° =213 —6k1 3e® x 5¢°
7 Simplify each expression.
374 67,2 5,,2 6 cd’ k*m®
a a*b* x a®b b 6m’n® x (—3mn) c = d s
e x>Xy Xx°xy? f 3g%x5h®x2g° g a’b* x a’b? h 5x%° x 3x%y°
i 9wx® x 6x°y* j 1y w’ k —6e’/" 1 —42° x (=9y3) x (—=328y7)
w5 8ef
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8 Use the exponent laws to simplify each expression.

x7 x x° 2R x k° 4a* x 3a° Sm? x 2x*
a x4 b k® ¢ 2a’ d 10x°
a’b’ x a’b® n'7p" -6jq° x 5/7¢° h 6wx° X 3wix®
asbt? n3p? x npd 157%g 9w3x* x wox3

I Exercise 1.2B: Problem solving and reasoning

9 Use the exponent laws to determine whether each statement is true or false. Explain your reasoning. For each
false statement, change the right-hand side to make the statement true.

a x>xx*=x"? b B+ =F° C y7+y:y6 d &°xaxa’=a"
3 7 Shob 3755
e mnSx pnt=mint £ 100° = 1007 = 100° g M= =

10 When simplifying a fraction with both the denominator and numerator written in exponent form, a variation
of the quotient of powers law can be used to simplify the fraction. For example:

22__1 _ 1

25 - 25-3 - 22

a Complete the following by cancelling common factors.
23 _ 2x2x2 1 1 1

1 T axax2xax2 [Ix[] 20200
2 O [(Ix 0% O .O.O
28 [ x [ x[xxIxIx] =] X
sose xOxCOxOxOx _O_[0__[0

O O

ii

57 Ix [ Ix [ x [ Ix [ Ix[]x[ ]
b Simplify the following. Write your answers in exponent form.
34 52 s 25 % 32 .. 2°x37 2° x 32

30 s TN S ERER M EEY

11 Write the following products in exponent form with prime number bases.

a 2x4x8x16x32 b 3x9x27x81 x243 c 6x36x216 d 4x16x64x256x 1024
12 Determine the values of the unknowns.

a 2°XxX3%x512x 733 =2wx 312 x 50 x 71

b ("x7%x119) x (3°%x5°%x11)=3"x 55 x7#*x11°
119x 136 x 172 x 198
11°x 13°x 173 x 194
13 Do the exponent laws for multiplying and dividing terms in exponent form work when the terms have different

i

et

c =11"x133%x17° x 19?2

bases? Explain, using 2* x 32 and »® + x° as examples.
| Exercise 1.2C: Challenge

14 Fill in the box to make the statement true.
a 2H=8 b 3U=27 c sH=25 d 10~=10000

15 Fill in the box to make the statement true. Start by writing the base on the right as a power of the base on the
left. For example: 8* = (2%)* = 23 x 23x 2% x 23 = 212

a 2 =84 b 30 =275 ¢ sH=25° d 108 =100003
e 4H=16" f 20 =326 g 61 =216 h 30 =243¢

16 Simplify each of the following expressions.
a a"b*xa't’ b a"t* =~ (a'V)

Online resources:

Interactive skillsheet Worksheet Quick quiz
@ Products and quotients Multiplying and dividing 12

of powers using exponent form
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Raising exponents and the
zero exponent

Learning intentions

By the end of this lesson you will be able to ...

v simplify expressions using the power of a power law
and the zero exponent.

Power of a power law

Inter-year links

4.3 Raising exponents and the
zero exponent

Year 8

1.1 Exponents

Key content video

} Simplifying expressions
using powers of powers

When raising a power to another power, multiply the exponents. This could and zero exponents

be verified by writing the term in expanded form and applying the product
of powers law to simplify. For example, (2%)° = 23 x 23 x 2% x 23 x 23 5 the same as (2?)° = 23*3
= P15 =215
(2%)5:2%><5 (a%)iza%xi
— 21 5 — alf
To raise an exponent by another exponent:

1 Multiply the exponent of every base inside the brackets by the exponent outside the brackets. If there
is no indicated exponent for a term, the exponent is 1 and still must be multiplied.

2  Write the coefficient first, followed by the variables listed in alphabetical order.

Every term inside the brackets should have its exponent multiplied by the exponent outside the brackets.

Example

Algebraic form

(2x%x3)=2"x3

(axb)'=a xb

(a//z X b»/)“' — awx P bnx p

(24 X 35)<~ — 24><(» X 35><(~

() =%

a_w P _ anxr
b/z - bu X p

The zero exponent

e Excluding 0, any term with an exponent of 0 is equal to 1. This is because for every non-zero base, the
exponent indicates the number of times we multiply 1 by the base. If we multiply 1 by the base zero
times, we haven’t performed any multiplications and are left with 1.

For example, 1 = "

— a(m —m)

Therefore, a® = 1

e The order of operations also applies to simplification. Calculations in grouping symbols should be
simplified first. Remember BIDMAS: Brackets, Indices (exponents), Division and Multiplication,
Addition and Subtraction.
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Worked example 1.3A Simplifying numerical expressions using o
the power of a power law

Use the power of a power law to simplify the following expressions. Give your answer in exponent form.

a (39 b (4% x7) c (%)4 d 3(22)*

a Multiply the exponent of the base by the exponent outside the a (3%H)3=3%
brackets. =32
b Multiply the exponent of every base inside the brackets by the b (43x7)2=43x2x 71x2
exponent outside the brackets. Remember that base numbers =4%x 7?2
that do not have an indicated exponent have an exponent of 1,
so7="7%.
. .. 5\* 5ix4
¢ Multiply the exponent of every base inside the brackets by the c (§> =51
exponent outside the brackets. Remember that 5 = 51, 54
=53
d Multiply the exponent of 2 by the exponent outside the d 3(2)4=3x 2%+
brackets. The exponent outside the brackets only applies to the =3x28
term inside the brackets.
Worked example 1.3B Simplifying algebraic expressions using o
the power of a power law
Using the power of a power law, simplify each expression. R
a (2x%)3 b (3a%’)? c G—f) d 4(a’b)*
a 1 Multiply the exponent of every base inside the brackets by a (2x%)3 = 213x4x3

the exponent outside the brackets. Remember that 2 = 21
2 Write the coefficient first, followed by the variable. = 23x!% or 8x!?

b 1 Multiply the exponent of every base inside the brackets by b (3a?b3)2=31x2g2*2p3*2
the exponent outside the brackets.
2 Write the coefficient first, followed by the variables listed =3%"°
in alphabetical order. = 9a*b®
3 x
c Multiply the exponent of every base inside the brackets by c <;—§C) = (_;;):3 :
the exponent outside the brackets. Recall that if the base )3
is negative and the exponent is an odd number, then the = 36
basic numeral is negative. X3
y6
d 1 Multiply the exponent of every base inside the brackets d 4(a’b)* =4 x >4

by the exponent outside the brackets. The exponent only
applies to the terms inside the brackets.

2 Write the coefficient first, followed by the variables listed = 4a®b*
in alphabetical order.
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Worked example 1.3C Simplifying expressions using the zero exponent o

Use the property a° = 1 to simplify each expression.

a 23° b 3x° c (x2)°
a Any number, excluding 0, raised to an exponent of a 23°=1
0is equal to 1.
b Any variable raised to an exponent of 0 is equal to 1. b 3x°=3xx°
Recall that an exponent only applies to the term =3x1
immediately to its left. =3
¢ 1 Multiply the exponent of every base inside the c (x)0=x>0
brackets by the exponent outside the brackets. =x°
2 Any variable to the power of O is equal to 1. =1
Worked example 1.3D Simplifying expressions using multiple o

exponent laws

Use the exponent laws to simplify each expression.

a 1 Use the power of a power law to simplify the first a (x7)° xx?=x"xx?
term. Multiply the exponent of the base inside the =x" xx?
brackets by the exponent outside the brackets.

2 Apply the product of powers law and add the =x1>*2
exponents of the common base, x. =x"

4x% x 3x° _ 4x® x 3x°
2x4 x (233 2x*x «x°

b 1 Simplify the brackets using the power of a power
law. Remember BIDMAS.

2 Simplify the numerator and simplify the denominator. = 122964 ° tj
X +

3 Divide the numerator by the denominator. Divide _ 12x"

the coefficients. Keep the base and subtract the 2%

) = 6x°

exponent of the denominator from the exponent of

the numerator. —6x1
4 Use the property a° = 1 to simplify further. =6

: e |

v/ Take care not to mix up the exponent laws.
— Across a multiplication sign, add exponents. a5 x @®> = g¢°*?

— Across a division sign, subtract exponents. a+a*=a"?
. 3 3
— Across brackets, multiply exponents. (@)?=a"3 (ab)? = a’b? (ﬂ) - %
v’ Remember that 2° = 1, not 0. %=1
- J
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Learning pathways

1-10(1%, 3 columns), 1-8(2"9, 4t columns), 2-4(e, f) 6-8(2", 4" columns), 9, 10, 12, 14,
11, 12(a-e), 14(a, b) 9, 10(c, h, j, 1), 12-14, 15(a, b), 16 15(c, d), 17-19

%I Exercise 1.3A: Understanding and fluency

we13a 1 Use the power of a power law to simplify the following. Give your answer in exponent form.

a (643 b (3%)2 c (33x4)? d (29*
3V 53y 1y
4 2 =2 1
e (5x29 £ (4) g <22> h (85>
6
i (-39 j (-39 k (=7¢x -113)7 1 (22
we13s 2 Using the power of a power law, simplify each expression.
a (bS)Z b (m4)2 c (jS)Z d (]'2)5 e (n10)8 f @11)9
3 Using the power of a power law, simplify each expression. Give your answer in exponent form.
a (x)° b 2d’ c (=5k) d Op*
8\’ x\°
_3m)? S X 2
e (-3m) t (3) g () h (¢
. . k 3 d 5
5 R —74)8 _a
i (ab) ) (m) k (=20 1 ( 3)
4 Using the power of a power law, simplify each expression. Give your answer in exponent form.
3 4
a (3x%)* b 5(a'b) c (22 d (Z—j)
7
_ 3\4 ﬁ 7o 3) 10 z 2 L 2.,9\5
e —2u?) f 3(7) w?) g 9((]6) h 23(3 %)
4 . 25\}
i 8(in) i 7(3i") K 29(24%)® 1 %(75;“—30)
we13c 5 Use the property a® = 1 to simplify each expression.
a 34° b (18)° c d (7a)°
6 Use the property a° = 1 to simplify each expression.
a 2x° b (2x)° c —7y° d (-7y)°
e —(-3¢)° f 8°+4° g 2x59-3° h m®+ m°
i n%+p° j oa®+8°+° k (x+y)° 1 (-a%*
m (53)0 n (_8)0 o -8° p _(_3)0
we13p 7 Use the exponent laws to simplify each expression.
a (x?)*xx’ b (¥ x«x’ c x¥x (x%° d (*)? x (x7)3
x* X (x%)° g (02" x (@) 6(bH* x (6°)° h £xe
x° ()3 8 186% e x et
(x9)% x x3 . 4ax 6(a®)* s (@) co o (Y
x3 X (x2)5 ! 2a* x 3a’ k (t2)5 115 1 (f) X f_z
8 Use the exponent laws to simplify each expression.
a a@d+a b —7x°=x° c (m?)3 +mb d —-18(b%° = —6(b>)*
e Y xy=18 f (k%) x k? g Sg*x2(—=g"° h 3(w®? = (w?)?
i xS =x i 4p” x 3p* = (6p°) k 16(5°)° + =2(6»)* 1 4m’ x m = 10(m?)?

9 Use the exponent laws to simplify each expression.
5(n")? x [-6(n?)?] (kB®)? x k x k°

N AR 43247 3,2
15n% x (n%)° b B x (B2 x k° c (xH% x %y
4(m3)*n? x (m?)? —3W7kS x 2h5(k)? (B))? x ac -
4 =g mn ¢ D% x —6h(k")? f i Xbesa
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10 Use the exponent laws to simplify each expression.
a (xy) x xby4 b (2k)° x (7k)? c (—3x%* d —-5(a*b)’

4 6 2 3 2\ 4 543 2
e Xx(3) £ (2 (%) h (L)
. (Bm\’ 3 \* . ( 4 )5 (4r)? (a?b?)° x (ab*)® (3e*)2(2h5)3
! ( n? ) % <k2m> ) r’p3 % por’ k (a®b)* 1 (e*h?)*

I Exercise 1.3B: Problem solving and reasoning

11 Use the exponent laws to decide whether each statement is true or false. Explain your reasoning. For each
false statement, change the right-hand side to make the statement true.

6 3\2 4
a (G'=3"xg* b -8 =-1 ¢ (3) =% a XK )kfk = k°
e 6+K=7 £ 100° = 100° = 0 g ML= h a=8"=0
12 Find the value of x that makes each statement true.
a 2x=2 b 5x52=5° c 4=1 d 7*=7*=7
2 _ Q6 Zx_ 32 6*x 63 _ 5 4 _ 20
e (992=9 £ (3) e g &X0 - h (3¢9 = 81a

13 Eden simplified 3* x (3°)3 as (3°)® = 3?7. Explain and correct her mistake.

14 A teacher tries to explain the power of a power law, and the products of power law.
Complete their working out for the following.

a (23)°=(2% x (2% x X X b (xN)*=(x7) x X X
— 23+3+[+[J+[] = x7+*O+O+0
:2,3><|:| _x7><|:|
¢ 2x3)=@2x3)x x x d (_) 2, 1 u u U4
=2X__ X__X__ X3X__ X_ X__ 3 3 D D D D []
=25 x 35 =§—D

15 We can describe multiplication in terms of repeated addition, 2 X 3 = 2 + 2 + 2, and raising to the power of an
exponent in terms of repeated multiplication, 23 = 2 x 2 x 2. However, repeatedly raising a number to the same
exponent does not require a new operation as it can be simplified to exponent form.

For example: (((2°)%)%) = 25%5%5 = 25 = 212
Write the following in exponent form with a single exponent.
a ((((B)HHHH? b (((57)7)°)° c ((((7HHHH* d ((((10°)°)%)°)°

16 A cube has side lengths of 8% cm. What is the volume of the cube in cm??

Write your answer in exponent form.

17 A rubber band is stretched to % of its current length, and this is repeated
another four times until it snaps. How many times longer was the rubber
band when it snapped than it was originally?

| Exercise 1.3C: Challenge

18 Use the power of a power to show that (a™)" = (a)".
19 Solve the following equation for x.
12x°y7 o 35y3z4 _
Tx2yt0z4 3x3

Online resources:

@ Int'e'ractive skillsheet Quick quiz

Raising exponents and the == 13
zero exponent
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p450

EEl 1 Write the following in expanded form then evaluate.

a 2° b (—3)*
FEl 2 Write the following in expanded form.
a a° b (-b)*

EEl 3 Write the following in exponent form.
a 8x8x8x8x88x8x8
c 4bx4bx 4bx 4b x 4b

b
d

Checkpoint quiz

Take the checkpoint
quiz to check your
knowledge of the first
part of this module.

0)
(y)° d 3(xy)°

UXUXUXU
—TXRXRERXEXhXhXxhxhxh

EEl 4 Write the following numbers as a product of their prime factors. Express your answer in exponent form.

a 28 b 72

C

484 d 270

E®l 5 Use the exponent laws to simplify each expression. Express your answers in exponent form.

8> x 8°

b 57x74x53x78
68
6°
314 X 1012
d 36x10°
F®l 6 Use the exponent laws to simplify each expression.

C

a®*xa’

b 4518 x (=3b7c?)
ul

—
—15pi7g2

d —21p3¢*

F®l 7 Use the exponent laws to simplify each expression. Write your answer in exponent form.

37 x 3
39
k23
L R7 x k8
Gl
Cl4t7
9d7zw* <_25d”w“>
4 Joa2w? * \ " 6dw?
FEl 8 Use the exponent laws to simplify each expression.
a 87° b =7

a

C

- (49)° d 7a°+ (8b)°

FEE] 9 Use the exponent laws to simplify each expression. Write your answers in exponent form.

C

3p5\
(=3a%7)° d ‘(ﬁ)

a (34)6 b (]'5)9
EE] 10 Use the exponent laws to simplify each expression. Write your answers in exponent form.
*x (12)3
th
b 2&D° x (3¢)°
(3g 11

(BGm''n')3 x (5mn®)°

(5m®n")? x (5m*n3)°

(&°p)° x 6 (°p)°
(pH°
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Lesson 1.4
Negative exponents

Learning intentions
By the end of this lesson you will be able to ...
v evaluate or simplify expressions with negative exponents.

Inter-year links

Year 8 2.3 Multiplying and dividing
fractions

1.2 Negative exponents

Key content video

Negative exponents } Negative exponents

e When a number is multiplied by its reciprocal (or multiplicative inverse), the
result is 1, the multiplicative identity. That is, for non-zero a and &:

— aand é are reciprocals as a x é =1,

— % and % are reciprocals as % X g = 1,

e The reciprocal of a fraction is found by swapping the numerator and denominator.
e A power with an exponent of —1 is the reciprocal of the base.

e A power with a negative exponent is the reciprocal of the base with the positive exponent.

Q=

e For any non-zero number a, and positive integer #::
-3 1 -
2 ==
2 3
L =g
23 a
e The exponent laws apply to expressions containing terms with negative exponents.

Worked example 1.4A Determining the reciprocal o

Determine the reciprocal of each of the following.

3 1
az bZ c 3 d 2x eﬂ

-1 -1
1 To find the reciprocal of a term, apply a (i) = % b (%) = %
an exponent of —1. -4

2 Write the base with an exponent of —1 3\
as a fraction if it is not already. (T)
1
3

3 Find the reciprocal of the fraction. =
Swap the numerator and denominator »
and remove the —1 exponent. e <L) - 2x

4 Simplify the result. =2x
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Worked example 1.4B Writing simple terms with positive exponents o

Write each term with a positive exponent.
a 373 b 7+ c x73 d (2x)?

3\ 3 75\
1 Write the base with a negative exponent as a a 373= <T> b 7%= <T)
fraction if it is not already. _ < 1 ) 3 _ ( 1 >4
2 Find the reciprocal of the fraction and remove 13 17
the minus sign in the exponent. =33 =3

3 Use the power of a power law to remove the

-3 -
brackets. c x73= (%) d Qu7’= (%)
4 Simplify the result. _ ( 1 ) ’ _ (%)2
X X
_1 =1
X3 2x)?
-1
T 4x?
Worked example 1.4C Writing fractions with positive exponents o
Write each fraction in exponent form with a positive exponent.
1 1 2\ 3x)7
2 3= b G ¢ (3) a ()
1 Write the base with a negative exponent as a a 1 __ 1 b 1 1
-2 -2 -1 = —
fraction if it is not already. 3 <%> @0 <%> '
2 Find the reciprocal of the fraction and remove __1 __ 1
the minus sign in the exponent. (%) : (%) !
X
3 Use the power of a power to remove the —1x 32 —1x 2x
brackets. 1 1
=32 =2x
4 Simplify the calculation. Dividing by a fraction
is the same as multiplying by the reciprocal. c (2 B3 5\? d ( ﬂ) -2 ( V. )2
- (3) =) ) =
5 Simplify the result. 53 32
= 23 = 32,2
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Worked example 1.4D Writing terms with positive exponents

Write each term with positive exponents.
Sx4

a x>y b 7

a 1 Worite the term as a product of two factors and write
the base with a negative exponent as a fraction.
2 Find the reciprocal of the fraction and write the
exponent as a positive number.
3 Simplify the result.
b 1 Write the term as a product of three factors and
write the base with a negative exponent as a fraction.
2 Find the reciprocal of the fraction and write the
exponent as a positive number.

3 Simplify the result.

¢ 1 Cancel 6 and 3 by a common factor of 3.

2 Write the term as a product of four factors and write
the base with a negative exponent as a fraction.

3 Find the reciprocal of the fraction and write the
exponent as a positive number.

4 Simplify the result.

6a’b% _ 6°a’b>?

3¢4 T Bl
_2a’b?

c
=2X

4

a7><<—

:Zxa7><bi
_2a’c*
=<5

>

Worked example 1.4E Simplifying expressions with negative exponents o

using exponents laws

Use an appropriate exponent law to simplify each expression. Write your answers using positive exponents.
c (57%%x53

a 3°x37 b 2¢-273

a 1 Apply the product of powers law to multiply the
terms. Write the base and add the exponents.
2 Find the reciprocal of the fraction and write the
exponent as a positive number.
b Apply the quotient of powers law to divide the
terms. Write the base and subtract the exponents.
c 1 Apply the power of a power to simplify the first
term. Multiply the exponent of every base inside the
brackets by the exponent outside the brackets.
2 Apply the product of powers law to multiply the
terms. Write the base and add the exponents.

3  Write the term with a positive exponent.
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a 35 X 3—7 - 35+(—7)

= 3’2
-1
= 32
b 24=273=240Y
=27
c (59)?x53=562x53
— 5—12 X 53
- 5—12+3
= 5’9
-1
= 59
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) L)

v/ Keep the exponent laws and the rules for negative exponents close by until they become second nature.

a' =1 am="1 1 _ g
a a//] a m
v/ If you want to move a term from the numerator to the denominator, remember that a 1 is left in its place,
not zero.
a_a 1
For example: £ 5=1 %3
L 1
a1 b
_ 1
a’'b
v/ Don’t confuse negative exponents with negative numbers. For example: 273 = % and 2% = —(23)
- /
Learning pathways
1-12(1%t, 2" columns), 1(c, d, g h), 2(c, f), 3-12(3¢, 4*" columns), 1(c, f, h), 6-12(4* column),
14, 15(a-d), 16, 19, 21, 22 14, 15(e-h), 17, 20-23, 25 13, 14, 15(e-h), 18, 22, 24-28
0450 I Exercise 1.4A: Understanding and fluency
we14A 1 Determine the reciprocal of each of the following.
8 1 _
a = b 5 c -3 d 3w
1 I 1 2
e f g 5y h u
we148 2 Write each term with a positive exponent.
a 57! b 8! c (-2)7!
d x! e p! f QGuw)!
3 Write each of the following in exponent form with a negative exponent.
1 _1 _
a % b 13 c 5 d -8
e % f x g 1 h 3w
5y
. 4 . 5 w 3
i3 i g k 3 1 o
4 Write each term with a positive exponent.
a 47 b 2°¢ c (-9 d (-5
e 778 f 107 g at h x7
i R0 i om? kK u? 1 g
5 Write each fraction in exponent form with a negative exponent.
1 1 1 1
a 3 b 1 s d —5)°
1 _ 1 1 1
¢ e F 1 g h
.1 .1 1 1
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we1ac 6 Write each fraction in exponent form with a positive exponent.

1 1 1 1

a 55 b 5% C O d 39

1 _1 1 1

€ (_7) -5 f 4—2 g x—7 h y—3

.1 .1 1 1
1 674 ] Z—35 k (5 [) —4 l (T/l‘U) -15

7 Write each fraction in exponent form with a positive exponent.
-2 -1 -3 4
() () < () @ (-9)°
_ _ s _
e (i) t (5 e (5) b (-3)

AL S RN

we14p 8 Write each term with positive exponents.

a x%y? b mbn c ald d 2kp3
e 5Sa’b? f —4x w2 g a‘b>c h k3mn3
i 7b%cd j 3x2y 7z k —12pVg~18y2! 1 —-34;75p78
9 Write each term with positive exponents.
a> k™6 h™ ed
a o b r5d c = d -
u’ 3x? 8h’ —6d7°
e f IRl 8 % h =5
. —4m” .oy 68~ 1417
ST ) 6e k —igm 1 350m
10 Write each term with positive exponents.
m3n* 8cd> c 4k7n"3 d 37lg3¢73
P 2e-6 6p~* b3d*
m=n 57 1k2x3 —5¢*r™ b4y 10
€ 771k72 f 2u75w8 g P7153 372g715k717
[74u73 R _473[788;,!41 a97b71056153 k402[812

we 1.4t 11 Use an appropriate exponent law to simplify each expression. Write your answers in exponent form with
positive exponents.

a 47°x 42 b 7Px 74 c 276x28 d (-3)'x(-3)7
e 57 x5 £ (-2)* = (-2) g 959 h 36+ 3
i 47148 j 1077 =10 k 2117°9x211° 1 138 =138

12 Use an appropriate exponent law to simplify each expression. Write your answers in exponent form with
positive exponents.

a (57)? b (324 c (—27H d (37H)*x3?

e (67)x 6! f (423 x @3> g P x9°x9? h 454;—65_2

. 75 %73 . 28%x (273 K (99-12)-6 x 9915 1 (15798 x (157)°
1 77_4 < 77 ) bE (998)—5 (1511)12

13 Using a calculator, calculate the basic numeral for parts a to fin question 11. Write your answers as integers
or fractions.

14 Use an appropriate exponent law to write each expression without brackets using positive exponents only.
a (axb)”’ b B3xx)?® c @ xy!
d (7k) e (2p) f (mk)™!

I Exercise 1.4B: Problem solving and reasoning

15 Find the value of x that makes each statement true.

o1 -1 v 1 r_ 1
a 2 —? b 5 —? c 3 —§ d 6 —F
M oo 1 M a1
e ¥ =15 f 3= 8 3" =35 h 10" = 1556060
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16 A microscopic worm is 4= mm in length. Using a calculator, write this
length in millimetres:
a as a fraction
b as a decimal.

17 The time it takes for light to travel 3 m is about 1078 s. Using a
calculator, write this time in seconds:

a as a fraction
b as a decimal.

18 The diameter of a strand of human hair is about 5-° m. Using a calculator, write this measurement in metres:

a as a fraction
b as a decimal.

19 Investigate the powers of base 2.
a Complete this table.

Exponent form 23 24 23 22 2! 20 27! 272 273 274 273

Basic numeral 32 16 8 1

SN,

b Describe the pattern you can see in the table.

¢ Following the pattern, write 27° as a fraction.

d Given 2'°is 1024, write the value of 271° as a fraction.
e Given271is lé—8’ write the value of 27.

20 Investigate the powers of base 3.
a Complete this table.

Exponent form 33 34 33 32 3! 30 3! 32 3-3 34 373

Basic numeral 81 27 1

\O|—

b Describe the pattern you can see in the table.

Following the pattern, write 37° as a fraction.

(o]

d Given that 3% is 6561, write the value of 372 as a fraction.
. . 1 . B
e Given that 377 is 5187 write the value of 37.
21 Investigate the powers of base 10

a Complete this table.

Exponent form 10* 10° 10? 10! 10° 107! 1072 1073 10
Basic numeral 100 ILO 1—(1)0
b Describe the pattern you can see in the table.
¢ Write the value of each of the following terms as a whole number.
i 10° ii 10°¢ iii 107 iv 10® v 10°
d Write the value of each of the following terms as a fraction.
i 107 ii 10°° iii 1077 iv 1078 v 107
e Write 107! as:
i afraction ii a decimal.

f Write each of the following terms as a decimal. Hint: Use the matching fractions from your table.
i 1072 ii 107 iii 10
g Worite each fraction in part d as a decimal.

h Explain any shortcuts you used to obtain your answers to parts ¢ to g.
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22 Investigate a shortcut to perform calculations involving powers |
of 10.

a Without using a calculator, find the whole number value of

each of the following.
Hint: What shortcut can you use when multiplying by a
positive power of 10?

i 2x10* ii 7x10° iii 3 x 10°
iv 4 x 10" v 9x 107

b Write each expression as a fraction involving positive
exponents.
i 5x107 ii 8x 107 iii 2 x 1073
iv 7 x 10 v 6x107°

¢ Without using a calculator, find the decimal value of each result in part b.
Hint: What shortcut can you use when dividing by a positive power of 10?
d Use your results from part ¢ to describe a shortcut that can be used when multiplying by a negative
power of 10.
23 Consider the relationship between multiplication, division and reciprocals.

a Complete the following by writing the missing numerals and operation.

. L2 .. 2 L]
i 2x3'=2x===—=2[ |3 ii 2-3"'=—=2x==2[ |3
] [ [ ] [ ]
b Explain the connection between multiplication, division and reciprocals.
24 Investigate the effect of taking the reciprocal of a reciprocal.

a Evaluate the following.

—1\1
i (3 i (5 iii ((%) )
b Use exponent laws to explain why (a™))~! = a.
¢ Explain what (a!)~! = @ means in terms of reciprocals.

25 Write the following as products without fractions by using negative exponents.
3
For example: 9yi2 = 9x3y2
2 _3 x* 1
2% b Sy 4 o

| Exercise 1.4C: Challenge

a

26 Use an appropriate exponent law to simplify each expression. Write your answer using positive exponents only.

a x*xx* b x? xx! c 4x?x2x° d 5x78 x 6x3
e 3x"xx7’ f x>+x g x10+x7 h 4x*+ (2x732)
i 6x7°% =+ (18x%) i 8x7 = (14x') k (x2)3 x x* 1 (x*)° x x°
m (x73)3 x 4x? n 2x3x (x71)3 o (x)?2x (x)! p (xy)7

27 Write all answers from question 26 that have a positive exponent using a negative exponent.

28 Write a™ + a" in each of the following different forms.

O O_ 0+ 1 _ 1
a aIxaV=a =
al x gl ™ g+

c a"=a'=a" "=ag +aY=oP-U

Online resources:

Intergctlve skillsheet Quick quiz
Negative exponents = @4
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Lesson 1.5
Scientific notation

Learning intentions

By the end of this lesson you will be able to ...

v convert between scientific notation and basic numerals, and
identify significant figures in a number.

Inter-year links

Support  Place value
1.1 Place value
Year 8 1.1 Rounding and estimating

8.4 Logarithmic scales

} Key content video
Scientific notation

Scientific notation

e Scientific notation (or standard form) is a simple way of writing significand
very large and very small numbers.

e A number is written in scientific notation if it is the product of a

s . . . 1230 = 1.23 X 10°

number, the significand, a, between 1 (inclusive) and 10 (exclusive) or .- numeral  scientific notation

—1 and —10, and a power of 10, written in exponent form.

— Thatis, a x 10", where 1 <a < 10 or —10 < a £ —1 and m is an integer. significand
e When the value of a is positive:
R . e .
If m is a positive integer, the number is larger than or equal to 10. 0.00123 = 1.23 x 10°
— If m is a negative integer, the number is between 0 and 1. basic numeral  scientific notation

— If m is zero, the number is between 1 and 10.

e The exponent laws can be used to perform operations on numbers in scientific notation.

e To convert a number in scientific notation to a basic numeral, the exponent indicates the number of
places the decimal point is moved.
— If the exponent is positive, move the decimal point to the right.
— If the exponent is negative, move the decimal point to the left.

e To write a number in scientific notation, place the decimal point after the first non-zero digit and
multiply by the appropriate power of 10.

exponent of 4 exponent of 4
3.1500 x 10* = 31500 31500 =3.15 x 10*
\NANANY WANANS
move 4 spaces to the right move 4 spaces to the left
exponent of -2 exponent of -2
004.2 X 102 = 0.042 0.042 =4.2 x 102
WA/ Ay
move 2 spaces to the left move 2 spaces to the right

e While we can write the expanded notation of a basic numeral using powers of 10, scientific notation

uses only the highest power of 10 from the expansion.
highest power of 10

v

Expanded notation: 315.042 =3 x 10>+ 1 x 10' + 5 x 10°+ 4 x 102+ 2 x 1073
highest power of 10

;

Scientific notation: 315.042 = 3.15042 x 10?
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Significant figures B oo res

e Significant figures are the number of digits in a number that contribute to the level of accuracy.
e When counting significant figures, count the first non-zero digit from left to right.
— All non-zero digits are significant.
For example, 7.789 has four significant figures as all are non-zero.
— Zeros between two non-zero digits are significant.
For example, 4056 has four significant figures including the zero between 4 and 5.
— Leading zeros are not significant.
For example, 0.051 has two significant figures. All the zeros are leading zeros.
— Trailing zeros to the right of the decimal after the last non-zero significant digit are significant.
— Trailing zeros in an integer are not significant.
For example, 8300 has two significant figures. The zeros are not significant in the integer.

e If a number is already in scientific notation, all numbers in the significand are significant.
For example, 2.301 x 10 “ has four significant figures.

Worked example 1.5A Converting numbers written in scientific notation o
to basic numerals

Write each number as a basic numeral.
a 2.4 x10° b 7.1 x10°8

a When multiplying by 10°, move the decimal point six spaces to a 2.699998
the right. Add trailing zeros where necessary.
2.4 x 10° = 2400000
b Multiply by 10-% is the same as divide by 10%. When dividing by b 000000007.1
WCANAANANNS

108, move the decimal point eight spaces to the left. Add zeros
where necessary. 7.1 x 1078=0.000000071

Worked example 1.5B Converting numbers written as basic numerals o
to scientific notation

Write each number in scientific notation.
a 230000 b 0.000 856

a Count the number of places the decimal point in 230 000 would a 230000
be moved to produce 2.3. The decimal point needs to be moved Nt
five places to the left, so the exponent is 5. 230000 = 2.3 x 10°

b Count the number of places the decimal point in 0.000 856 would b 0.000856
be moved to produce 8.56. The decimal point needs to be moved T

four places to the right, so the exponent is —4. 0.000856 = 8.56 x 107

28 — OXFORD MATHS 9 VICTORIAN CURRICULUM 2E OXFORD UNIVERSITY PRESS

This work must not be reproduced, stored, transmitted or circulated in any other form.



Provisioned to Campion Education (Aust) Pty Ltd on 20/09/2024 under licence.

Worked example 1.5C Identifying significant figures o

How many significant figures are shown in each number?
a 5.42 b 20803 c 6.200 d 4000 e 0.0082

a All non-zero digits are significant. a 5.42 has three significant figures.
b Zeros between non-zero digits are significant. b 20 803 has five significant figures.
¢ Zeros at the end of a decimal number are significant. ¢ 6.200 has four significant figures.
d Zeros at the end of an integer are not significant. d 4000 has one significant figure.
e Zeros to the left of the first non-zero digit in a decimal e 0.0082 has two significant figures.
number are not significant.
Worked example 1.5D Writing numbers in scientific notation using o

significant figures

Write each number in scientific notation with the number of significant figures indicated in brackets.
a 53726 (2) b 0.08403 (3)

a 1 This number has five significant figures. Round to two a 53726 = 54000
significant figures (the nearest thousand). Remember
that zeros at the end of an integer are not significant.
2 Write in scientific notation. =5.4x10*
b 1 This number has four significant figures. Round to b 0.08403 = 0.0840
three significant figures (the nearest ten-thousandth).
2 Write in scientific notation. Remember that zeros at =8.40 x 1072
the end of a decimal are significant.

: i §

v Multiplying a number by 10 zncreases each digit’s place value by 1 column. Move the decimal point one

place-value space to the right and insert a zero where necessary.

5.23 x10=52.3

5.23 x 100 = 523.
5.23 x 1000 = 5230.

v Dividing a number by 10 decreases each digit’s place value by 1 column. Move the decimal point one
place-value space to the /eft and insert a zero where necessary.

5.23 +10=0.523
= 14

5.23 +100 = 0.0523
== 1Y

5.23 +1000 = 0.00523
WANAY
g J
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Learning pathways

B nd i i i h h
101%, 2% columns) 2a. . €. ) 16660, 26,4, 1. b, ) 340 3(e, . 0) 4, 5-6(3%, 4" columns),
3(1%, 2" columns), 4, 5-6(1%, 2 |:| columns), 4, 5-6(2, columns), 7-8(3 column), 9-10(3, 4™ columns),
columns), 7-8(15t column), 9-10(1%, 7-8(2" column), 9-10(2n9, 374

14,15, 18, 19, 24, 25, 27, 28
2M columns), 11, 12, 17, 20, 22 columns), 13, 16, 21, 23, 26

E™ ) Exercise 1.5A: Understanding and fluency

1 Calculate each of these.
Hint: Move the decimal point an appropriate number of places.

a 5.4x100 b 7.36 x 10000 c —1.8x1000
d 4.05x 100000 e 2.753 x 1000000 f 61—8
g 8.22 h =2.76 PRAE
1000000 10000 100000
2 Write each number as a power of 10.
a 100 b 1000 c 10000 d 100000 e 1000000
f 0.1 g 0.01 h 0.001 i 0.0001 j 0.00001
we1sa 3 Write each number as a basic numeral.
a 3.2x10° b 8.14 x 10° c —5.0x10? d -2.345x 107
e 1.1x10* f 6.4x1073 g 7.28 x 10°¢ h 9x 107
i —-3.02x10° j —5.41x1072 k 4.5x 10" 1 6.12x107°
m 5.7 x 107! n 1.3068 x 10° o 2.7316 x 10~*

4 Calculators use different methods for entering in and displaying numbers in scientific notation. Most scientific
calculators have a button for entering numbers in scientific notation quickly. It is usually labelled with a bold E,
Exp, x 10* or x 10". Check with your teacher if you cannot
find this button. To use the button, type the significand,
press the scientific notation button, and then type the
exponent of 10.

a Use a calculator to verify each number in question 3.

b Were there any numbers that could not easily be
displayed on your calculator? Explain.

5 Basic numerals can be written in expanded notation with
powers of 10 to show the place value of each digit. For
example, 23.41 =2 x10'+3 x 10°+ 4 x 107" + 1 x 1072,
Write the following numbers in expanded notation.

a 4500 b 7320000 c 200000 d -190
e 3216 f 0.0063 g 0.00000018 h 0.05
i -0.0000702 j 0.427 k 11220 1 0.000004
m —568.2 n 0.000249 o 679300 p -0.0102
we1se 6 Write each number in question 5 in scientific notation.
we1sc 7 How many significant figures are shown in each number?
a 345 b 25000 c 5072 d 400
e —809 f 0.59 g —0.003 h 1472
i 48.062 j —7.300 k 36020 1 0.00904
8 How many significant figures are shown in each number?
a 2.4x10° ¢ 1.900 x 107 e —3.206 x 10~°
b 5.06 x 10 d 8.0x10° f 7.00 x 10°
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9 Round each number to the number of significant figures indicated in brackets.

a 2.58x10° (2) b -5.037 x 10* (3) c 9.1042 x 10° (4) d -6.00 x 10° (2)
e 458 (2) f 73051 (4) g 1279 (1) h 40008 (1)
i —-5.1437 (3) j 0.0349 (2) k -42.0607 (4) 1 0.852 (1)

we 150 10 Write each number in scientific notation with the number of significant figures indicated in brackets.
a 327 (2) b 48654 (3) c —-190760 (4) d 2621 (1)
e 0.4031 (3) f -0.0544 (2) g 0.000207 193 (4) h -0.008327 (1)
i 758.4 (2) j —-20703.02 (4) k 40.155 (3) 1 54007.63 (5)

11 Consider the following numbers A—H.

A 3.4 x10* B 2.03 x 107 C -0.58 x 10° D 60.34 x 10?
E 0.009 F —4.19x10° G 700 x 10° H 9x10+*

a Which numbers are written in scientific notation?
b Which numbers are written with three significant figures?
¢ Which numbers are larger than 10?

d Which numbers are less than 1?

I Exercise 1.5B: Problem solving and reasoning

12 Write each approximate measurement in scientific notation.
a A medium-sized grain of sand has a length of 0.0005 m.
b The Cooby Creek Reservoir has a capacity of 23000 ML.
¢ The thickness of the epidermal layer of skin on your eyelid is 0.048 mm.
d An estimate for the world’s population in 2050 is 9300 000 000.
13 Write each approximate measurement as a basic numeral.
a The number of times the wings of a hummingbird flap in a minute is 6.4 x 10°.
b The diameter of a virus is 8 x 107> mm.

¢ The distance from the Sun to Earth is 1.496 x 108 km.

d The radius of an electron is 2.8 x 107'3 cm.

14 Complete the table below by writing the numbers as a product with each of the powers of 10. Underline the
answers that are in scientific notation. The first row has been completed for you.

1234.56
1.23456 x 10°

4.0191
0.0040191 x 10°

0.0492
0.0000492 x 10°

0.007 40
0.00000740 x 10°

10°
102
10!
100
107!
1072
1073

X [ X | X [ X | X |X|X

15 We can perform arithmetic operations in scientific notation. Multiplication and division can be performed by
multiplying or dividing the significands and then using the product and quotient of powers laws to multiply or
divide the powers of 10. For example:

(2.1 x 107) x (8.4 x 103)
= (2.1 x8.4) x (107 x 10%)

(2.1 x 107) = (8.4 x 10%)
= (2.1 =8.4) x (107 = 10?)

=17.64 x 101° =0.25 x 10*
= (17.64 = 10) x 101+ =(0.25 x 10) x 10*!
=1.764 x 10" =2.5x%x10°
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Evaluate the following products and quotients. Write your answer in scientific notation.

a (1.7 x10% x (4 x 10% b (8x107") = (4 x10% ¢ (-5x107%) x (-9 x 10%)

d (=6 x 10 = (1.5 x 10%) e (4.1 x10) x (=3 x 10%) £ (7.2x102) = (2.4 x 107
16 Addition and subtraction require digits with the same place value to be added together. Therefore, in scientific

notation, both numbers must be written using the same power of 10 so that the digits in the significands have
the same place value relative to the decimal point. For example:

(2.1 x 10%) + (8.4 x 103) (2.1 x1072) - (8.4x1073)
= (2.1 x 10%) + (0.084 x 10) = (2.1 x 1072 — (0.84 x 10?)
= (2.1 +0.084) x 10° =(2.1-0.84) x 102
=2.184 x 10° =1.26 x 107
Evaluate the following sums and differences. Write your answer in scientific notation.
a (3.4x10% + (7.3 x 10% b (8.52x10% — (1.6 x 103 c (6.03x1073) + (2.7 x 10
d (82x1073) - (3.5%x107? e (-9.8x10% + (-7.7 x 10% f (1.01 x10% - (7.5 x 10

17 Light travels at a speed of approximately 3.00 x 10!° cm/s. How many kilometres does it travel in 1 hour?
Give your answer in scientific notation.

18 Earth revolves around the Sun at an average speed of 10° km/h.

a What distance does Earth travel in 1 day?

b How many days would it take Earth to travel 9.6 x 10® km?

19 The Australian $1 coin has a mass of 9 g and a thickness of 3 x 107! cm.

a Sarah has a pile of these coins on her desk. She stacks as many of them as she can on
top of each other between two shelves in a bookcase. The distance separating the shelves
is 26 cm.

i How many coins are in the stack?
ii What would be the mass of these coins?

b Ben takes Sarah’s stack of coins and places them end-to-end in a line. The line stretches
to a length of 2.15 m. What is the diameter of a $1 coin?

20 The Sunis 1.52 x 108 km from Earth. Light from the Sun travels towards Earth at a speed of 3 x 10% m/s.
How long does it take this light to reach Earth? Give your answer to the nearest minute.

21 Numbers can be rounded to a certain number of significant figures.
a Round each of the following to one, two and three significant figures.

i 1.901 ii 1.994 iii 1.997 iv 2.003 v 2.006 vi 2.098
b Explain how the significant trailing zeros are important in determining to how many significant figures a
number is rounded.

22 Consider 0.41, 0.0000000000012 and —0.000034.
a Round each number to one significant figure.

b Assume, only for this question, that we included leading zeros as significant. Round each number to one
significant figure.

¢ Explain why not including leading zeros as significant is more useful than including them. Consider how
including them is similar to rounding to a place value or number of decimal places.

23 Explain the mistake each student made.
a Jane rounded 4.1025 to three significant figures as 4.103.

b Kaleb rounded 0.0432 to three significant figures as 0.04.
¢ Lisa rounded 102 948.3618 to three significant figures as 102 900.
d Marius rounded 102 948.3618 to three significant figures as 103.

24 Scientific notation is very useful when converting between different units of time.
a Write the following in seconds in scientific notation.

i 47 minutes ii 14 days iii 40 weeks iv 1 year (not a leap year)
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b Write the following in the unit in brackets, correct to three significant figures.

i 10000 seconds (hours) ii 1000000 seconds (days)
iii 1000000000 seconds (years) iv. 1000000000000 seconds (millennia)
25 We use metric prefixes for very large and very small measurements. These are closely related to engineering

notation or engineering form, which is similar to scientific notation.
A number written in engineering notation is the product of a number, the significand, a, between positive or
negative 1 (inclusive) and positive or negative 1000 (exclusive) and a power of 1000 written as a power of 10
in exponent form. That is, a x 10*”, where 1 < a < 1000 or —1000 < a < —1 and m is an integer.
For example, 3.456 x 10°% 34.56 x 10° 345.6 x 107° are in engineering form, while 0.3456 x 10° 3456 x 10°,
345.6 x 1073 are not in engineering form.

Prefix | Abbreviation Meaning Power of 10
tera T one trillion of the unit 1012
giga G one billion of the unit 10°
mega M one million of the unit 10°¢
kilo k one thousand of the unit 10°
milli m one-thousandth of the unit 1073
micro 0 one-millionth of the unit 10°¢
nano n one-billionth of the unit 10
pico p one-trillionth of the unit 10712

a Worite the following in seconds in engineering form.

i 7.3 kiloseconds (7.3 ks) ii 9.1 microseconds (9.1 us)

iii 54 nanoseconds (54 ns) iv 82 teraseconds (82 T's)

v 129 megaseconds (129 Ms) vi 974 picoseconds (974 ps)
b Write the following times in engineering form using the appropriate prefix.

i 5.601 x 107 seconds ii 9.2 x 10° seconds

iii 4.31 x 1073 seconds iv 7.88 x 1077 seconds

v 8 x 107% seconds vi 1.0356 x 10" seconds

| Exercise 1.5C: Challenge

26 Sound travels at 330 m/s, whereas light travels at 3 x 10° kmy/s.

A timekeeper stands at the end of a 100 m straight
running track. The starting gun at the beginning of the
track goes off.
a How long does it take:
i for the sight of the smoke to reach the timekeeper
ii for the sound of the gun to reach the timekeeper?

b What advice should you give the timekeeper in order to
have an accurate recording of the time of the race?

27 The circumference of a hydrogen atom is 7.98 x 10~ cm. How far would a line of 1 million hydrogen atoms
stretch if placed next to each other?

28 Consider the multiplication problem 23 x 32 x 43 x 535 Write the exact answer in scientific notation.

Online resources:

Interactive Investigation Investigation CAS Quick quiz
skillsheet Measuring large Accuracy instructions 15

Scientific units in our solar in science Scientific
notation system experiments notation
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Lesson 1.6 |
Rational and irrational numbers

Learning intentions

By the end of this lesson you will be able to ...

v differentiate between rational and irrational numbers,
and simplify surds.

Inter-year links

1.7 Exponents and square roots
Year 8 4.5 Roots
2.1 Surds (10A)

Rational and irrational numbers

e A real number is a number that can be represented by a point on a number line.

e The real number system is made up of rational numbers and irrational numbers.

e Rational numbers are numbers that can be written as a fraction where both the numerator and
denominator are integers. The set of rational numbers includes integers, fractions, terminating decimals
and recurring decimals.

e Irrational numbers are numbers that cannot be written as fractions with both the numerator and
denominator being integers. The set of irrational numbers includes surds and other non-terminating,
non-repeating decimals.

Real numbers

Rational numbers Irrational numbers
[
I I
Integers Fractions Non-terminating and
Positive whole numbers I non-repeating decimals
Zero | | Vs
Negative whole numbers .. . 45.462 83...
Terminating Recurring 3
decimals decimals
0.5 0.9
-12.45 0.123 :
Key content video
SU rdS 012455 —73.7373... } Roots and surds

o A perfect square is the square of an integer. For example, 1, 4, 9, 16, 25, ... are perfect squares.
e A surd is an irrational number expressed as a root that cannot be simplified.
— 2 cannot be written as a fraction, integer or recurring or terminating decimal, so it is a surd.
— 4 can be simplified to 2, so it is not a surd.

e The roots of fractions and decimals may be either rational or irrational numbers.

— \% can be simplified to %, SO g is a rational number.

— \/% is an irrational root that cannot be simplified, so it is a surd.

— V1.44 can be simplified to 1.2, so V1.44 is a rational number.

— V0.9 is an irrational root that cannot be simplified, so it is a surd.

e Exact value refers to a value given precisely as measured or recorded, not rounded V=1

off. Surds are a way to represent irrational numbers as exact values. They can be V2 = 1.414 214...
rounded off to designated significant figures to give approximate values. \V3 =~ 1.732 051...
e Surds can represent many types of roots, such as the square root, V2, the cube N4 =2

root, 3\/5, or the fourth root, 4\/5
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Basic rules for square roots

o The inverse operation of taking a square root of a number is raising

the number to an exponent of 2.

e The inverse operation of raising a number to an exponent of 2 is

taking the square root of the number.

e A square root can be written as the product of the square roots

of its positive factors.

—~
S}
~—
o
1
\S}

wls &

(lay'=a

u‘

V22=2 Va’=a

I
X
o

Vab = Va x\b

e A square root divided by a square root can be written as the = 2 ﬂ =<
square root of the quotient. 3 \a b
i i i Key content video
Simplifying square roots to surds P
e To simplify a square root with a perfect square factor:
1 Rewrite the number as a product of its factors, including the square number. V12 =4 x 3
2 Write the square root as a product of the square root of the factors. =V4 x V3
3 Simplify the perfect square roots. =2x\3
4 Multiply the remaining square roots and simplify the expression. =23
Worked example 1.6A |dentifying rational and irrational numbers o
Determine whether each of the following numbers is rational or irrational.
a 0.26 b —% ¢ —VIT d Vi6
e 2334 f 6.584 381 257... g 9

0.26 is a terminating decimal. A terminating decimal can be

written exactly as a fraction: 0.26 = % So 0.26 is rational.

Fractions are rational numbers, so —% is rational.

—V11 is approximately equal to —=3.316 624 79...
This is a non-terminating and non-recurring decimal, which
cannot be written as a fraction, so —V11 is irrational.

V16 simplifies to 4.
Integers are rational numbers, so V16 is rational.

2.354 represents the recurring decimal 2.354 545 454...
Recurring decimals are rational numbers, so 2.354 is rational.

6.584 381 257... is a non-terminating decimal number.
Its decimal place values do not have a pattern of repeating
digits, so 6.584 381... is irrational.

19 is approximately equal to 2.080 083 823...

This is a non-terminating and non-recurring decimal, which
. . 3 . . .
cannot be written as a fraction, so V9 is irrational.
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0.26 is a rational number.

—% is a rational number.
—V11 is an irrational number.
V16 is a rational number.
2.354 is a rational number.

6.584 381 257... 1s an irrational
number.

9 is irrational.
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Worked example 1.6B I|dentifying surds o
Which of the following numbers are surds?
a 9 b 2V6 c 425
a V9 can be simplified to 3, so V9 is not a surd. a 9 is not a surd.
b 2V6 =2 x6 b 26 is a surd.
V6 = 2.449 489 743..., 50 26 is a surd.
c 4V25 =4 x\25 ¢ 425 is not a surd.

V25 can be simplified to 5.
425 = 4 x 5 = 20, which is rational.

So 4V25 is not a surd.
Worked example 1.6C Simplifying surds o
Simplify the following surds.
a V8 b V22 ¢ V108
a 1 Rewrite the number as a product of its factors, including the a V8 =vV4x2
square number 4.
2 Write the square root as a product of the square roots of the =V4 x V2
factors using Vab = Va x Vb.
3 Simplify the perfect square roots. =2xV2
Multiply the remaining square roots and simplify the expression. =22
b Rewrite the number as a product of its factors. There are no b V22=V2x11
square number factors so V22 is already in its simplest form. =2 x V11

Therefore, V22 is already
in its simplest form.

¢ 1 Rewrite the number as a product of its factors, including the c V108 =V4 x9x3

square numbers 4 and 9.

2 Write the square root as a product of the square roots of the =V4 x V9 x 3
factors using Vab = Va x Vb. =2x3x1V3

3 Simplify the perfect square roots and multiply together. =6x1V3
Multiply the remaining square roots and simplify the =6V3
expression.
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Worked example 1.6D Writing simplified surds as square roots o

Write the simplified surd 4V3 as the square root of a single number.

1 Write the simplified surd as a product of the integer and 443 = 4 x 3
square root.
Rewrite the integer as a square root using a = Va?. =16 x 3
Multiply the square roots together using Va x Vb = Vab. =V16 x 3
=48

: e |

v/ Some people think that decimals are more ‘exact’ than fractions. However, mathematicians prefer
fractions because it is never possible to tell if a decimal has been rounded, truncated or if it has only been
measured to a certain number of decimal places. This uncertainty is not an issue with a fraction which
has integers for both its numerator and denominator.

v/ Remember that factor trees can help to determine square number factors as a number that is multiplied
by itself to give a square number. For example, 3 X 3 = 32 = 9 is a perfect square factor of 54.

54

N

6 9

N
® 06 o

v/ If there are no repeated prime factors in a surd, then the surd cannot be simplified.

v Simplifying surds is an important skill for Year 11 and 12 Maths.
o /

Learning pathways

A1—10,13,16,17 |:| 2,3,5-11,14,17,19, 20 Q 2,3,6,7-9,11,12, 15, 18, 20-22

%I Exercise 1.6A: Understanding and fluency

1 Match each number below with the correct term from the list I-VIL.

a % I recurring decimal

b 45.71032658... IT integer

c 9 ITI terminating decimal

d V23 IV fraction

e 0.154715471547... V surd

f 6.21376429 VI non-terminating and non-recurring decimal
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we16a 2 Determine whether each of the following numbers is rational or irrational.

a % b -5 c V3 d V64 e 2.548247001...
f 5.684 g —g h -3V5 i 5% i -15
k V9 1 V8 m V125 n 0.001002142... o V32
we168 3 Which of the following numbers are surds?
a 21 b V16 c V64 d 6
e %x/ﬁ £ 5V5 g 327 h 27
i V3 i 33 k @ 1 g

4 Use your calculator to help you write a decimal approximation, rounded to four decimal places, for
each of the surds in question 3.

5 Which of the irrational numbers in question 2 are surds?
we16c 6 Simplify the following surds.

a 20 b V27 c 28 d 50

e V72 f V800 g V147 h V384

i V432 j V847 k V486 1 V891
we16p 7 Write each of the following simplified surds as the square root of a single number.

a 3V5 b 46 c 23 d 2Vit1

e 5SV10 f 8V7 g 13V3 h 12V5

8 'The coefficient of a surd represents the number of surds that have been added together. This is similar to the
coefficient of a variable.

For example:
V2 +V2+V2+V2+V2=5%xV2=52
a Write each of the following sums in the form aVb.
i V3+V3+V3+vV3 i V5+V5+45 iii V6 + V6 + V6 + V6 + V6 + V6 iv V10 + V10

b Write the following as repeated sums.

i 5V3 ii 2V6 iii 8V2 iv 3VI1
9 State whether each of the following numbers is rational or irrational.
4 1 Vi6 1
a \1g b \12 s 4 Vi
2V6 \ﬁ V6 \ﬁ
N6 £ 4= NO h -~
i 2 ® 49

10 The Greek letter 7 (pi) is used as the symbol for a number commonly used in mathematics
(equal to 3.141592...). Is mr a rational or irrational number? Provide a reason for your answer.

11 When simplifying a surd, write the number as a product of its prime factors to help you find the
square factors. You can do this by pairing repeated prime factors. For example:
VBXxT7x7x7x7x11x11x11
=\V3x (ITx7)x(7x7)x(11x11) x 11
=V3 x V7 x 7 x V7 x 7 x V11 x 11 x V11
=7x7x11xV3x11

= 539433
Simplify the following by pairing repeated prime factors.
a V2x2x2x3x%x3x5 b V3x3x3x3x5x7x11x11
c V24x32x3x5x%x7 d V23 x3x5°
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I Exercise 1.6B: Problem solving and reasoning

12 Consider the two fractions % and %
a Use your calculator to help you determine the approximate value for each of \E and %, correct to six

decimal places.

b Are the two fractions equivalent? Explain.

¢ Use your results to comment on the relationship between fractions written in the forms \/% and % .
d Is % a rational number or an irrational number? Provide a reason for your answer.
e Worite each of these fractions in the form \/% to help you decide if it is a rational or irrational number.
V32 ii Vis iii 7
2 E] 28

13 Perfect squares can help us estimate the value of a surd under the square root.
a Calculate:
i V4 ii V9
b Between which two consecutive integers does V5 lie?
¢ How does knowledge of perfect squares help you decide which two consecutive integers a square root
lies between?
d Between which two consecutive integer values do each of these square roots lie?
i V11 ii —20 iii V131 iv —V48 v V180 vi V300
14 Prime factorisation can be used to simplify surds.

a Factorise the following numbers by writing them as a product of their prime factors.

i 288 ii 270 iii 980 iv 1125
b Hence, simplify the following surds.
i V288 ii V270 iii Vo980 iv V1125

15 When simplifying products of surds, writing the numbers as products of their prime factors before multiplying
can help you to find the square factors. Pair repeated factors from both sets of products. For example:

VIs xV6 =vV3x5xV2x3

=V2x3x3x5
=V9x2x5
=9 x V10
=310
Simplify the following by first writing the numbers as a product of their prime factors.
a V21 x V14 b V27 x33 c V30 x V18 d V42 x 231
16 A square has an area of 64 cm?. - ; 0
a What is the length of each side of the square?
b Calculate the length of the diagonal of the square:
i asan exact value ii rounded to two decimal places. 64 cm? 1
17 Find the side length of each of the following squares:
i asan exact value ul ; ]
ii rounded to two decimal places.
a [0 } O b [ 1 4 Cc ] } ]
51 mm?
T 35 cm? T
- % - T 95 cm? T
m ; O
1 | [
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18 Geometric constructions can be used to locate surds on the number line. For example, draw a square on the
Cartesian plane with side length equal to 1 and the bottom left corner at the origin as shown. Pythagoras’
theorem tells us that the length of the diagonal is equal to:

VA2 +12) =A + 1) =12.
Sketch the circle with radius equal to V2 centred at the origin. The point of intersection between the circle and
the positive half of the x-axis shows the location of V2 on the number line.

y

Copy the given construction to locate V2 on the number line.

Use a square with side length equal to 2 to locate V8 on the same number line.

Use a square with side length equal to 3 to locate V18 on the same number line.

Simplify V8 and V18.

e How does your answer to part d relate to the locations of V2, V8 and V18 on the number line?

a o o ®

19 Given a surd in the form Vx , explain why the value of x must be non-negative when the value of # is even,
but the value of x can be negative when the value of » is odd.

| Exercise 1.6C: Challenge

20 Complete the working below to write 0.36 as a fraction.

a Let: x =0.363636...
100x =
100x — x = —0.363636...

99x =

_UJ

¥ =99

: 3z _LJ

So: 0.36 = 11

b Explain why multiplying x by 100 was helpful in this case.

21 Write each of these recurring decimals as a fraction.

a 0.14 b 021 c 048 d 1.73
22 Write each of these recurring decimals as a fraction. Show all your working.
a 0.333333333... b 024 c 0785 d 041
e 0.56 f 318 g 4.25 h 3.5126
Interactive skillsheet Interactive skillsheet CAS instructions Quick quiz
Terminating, non- Simplifying surds Simplifying surds 1.6

terminating and
recurring decimals
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Review: Exponents

Module summary

Exponents
exponent

l

base —> 3¢

=381

exponent form
=3 X 3 x 3 x 3 expanded form
basic numeral

Prime factorisation
315

®

Product of powers law

2'x 2=2"" axa=a"
=2° =a

315=3x3x5x%x7
=32x5x%x7

Negative exponents

Quotient of powers law

-1
(2] 21
2 (1 2

scientific notation

significand

0.00123 =1.23 x 107

basic numeral scientific notation

move 4 spaces to the right

move 2 spaces to the left

exponent of -2

|

004.2 x 102 =0.042
A/

1 _ 1 1 _ 1
25 =23 =253 a-a=a" 23 - ) -3 a—m_ a -m
g G
Power of a power law ! 1
l 3 l m
(2})5 — 25><F (aZ)IS — a2><3 2 a
- 21,< - a6 2'3 am
= X = = X —
! 1 ! 1
The zero exponent law =2 —
20=1 a’"=1
Scientific notation
significand exponent of 4 exponent of 4
1230 =1.23 x 10° 3.1500 x 10* =31500 31500 =3.15 x 10¢
basic numeral AT AN

move 4 spaces to the left

exponent of -2

|

0.042 =4.2 x 102
OF

move 2 spaces to the right

Significant figures

7.789 has four significant figures
4056 has four significant figures
0.051 has two significant figures

8300 has two significant figures
2.301 x 10 “ has four significant figures

Surds

* Irrational numbers are non-recurring and non-terminating

decimals

* Surds cannot be simplified to remove the root

* Surds are exact values

* Raising a number to the exponent of 2 and taking the square

root of a number are inverse operations

(2)*=2 (a)y=a

V2°=2

@=a
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mH Review questions 1.7A: Review quiz @ Quizlet
™" Mathematical literacy review penee T your e
knowledge of this working individually
The following key terms are used in this module: module. orin teams.
* accuracy e index e prime factor » significant figure
e Dbase * integer e prime factorisation » standard form
e basic numeral e irrational number e prime number e surd
e BIDMAS e leading zero e product » trailing zero
e decimal point * metric prefix * quotient e zero exponent
e expanded form * negative exponent e rational number
e exponent e perfect square * real numbers
e exponent form e place value e reciprocal
e factor e positive exponent e rounding
e factor tree * power e scientific notation

Which key term can be used to help find the prime factorisation of a number?
2  Which description best explains the term prime factorisation of a number?
A the sum of two or more prime factors that equals the given number
B the product of two or more integers that equals the given number
C the product of two or more prime factors that equals the given number
D the product of two or more composite numbers that equals the given number
3 Use one of the numbers 7, 12 or 15 to clearly explain the difference between factors and prime factors.
Show how 24 can be written in expanded form and exponent form.
5 Complete the following sentences using words from the key terms list.
a The of a value written in is the number or variable that is multiplied repeatedly.
b Raising a number to a negative exponent is the same as raising the of the base to a
6 Determine if the following statements about significant figures are true or false. If they are false, give an
example to support your claim.
a All non-zero digits are significant.
b All zeros are not significant.

¢ All leading zeros are not significant.

=}

All trailing zeros are significant.

Review questions 1.7B: Multiple choice

EEl 1 Which of the following is not equivalent to 9(xy)*?

A 9 X xyXxyXxyXxy B —32x%y* C 9x*y? D 9xxxxyyyy
EEl 2 Which of the following is the prime factorisation of 360?
A 62x10 B 4x9x10 C 2°x32x5 D 22x32x10
2
EF1 3 Which expression shows ?gzzi in simplified form?
6ab’ ab’c b 6ab’
18a B 3a’c c 3a D 18a?
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EE1 4 Which statement does not correctly represent one of the exponent laws?

4
A wmPxm?=m>"? B (%) :x74 C ow+w=a"3 D a°xa=a®
EEl 5 Using the exponent laws,% fully simplifies to:
10x° 5x° 5x7 5
4x8 B 2 c 2x8 D 2x°
6 Which of the following is not the reciprocal of %?
3 -1 4\ 1
A g B 3x4 ¢ (3) T
7 Which statement is false?
1_ - o1 1 _ 55 3 s_ 1
Al=7 B 42=L C 5;=3 D 7 7%=
FEl 8 Which number is equivalent to 6.4724 x 10%?
A 0.64724 B 647.24 C 0.064724 D 64724
Ff 9 What is the value of 9.1517 x 1072 when rounded to three significant figures?
A 9.151 x 1072 B 9.15x 1072 C 9.1517 x 10! D 9.1517 x 107?
M 10 Which of the following numbers is irrational?
A 0.064 B (& C V64 D V64
Review questions 1.7C: Short answer
EEl 1 Evaluate the following. .
a 3¢ b (-5)° c -4 a (3) e (0.6)° £ (1.2

FEl 2 Write the following in exponent form.
a 17x17x17x17x17x 17 b —5b% x =5b* x =5b* x —=5b* x —5b%

b'd> _ b*d>  b*d b
6n> “6n> “6n? 6n?

C —10XfXfXfXUXVXUXVXVXVXV d

EEl 3 Simplify each expression using the exponent laws.

a a''xa b =5 c (&)?
d 1847 = (54d") e (&) x (e)? £ 5004360+ 1¢°
EEl 4 Simplify each expression.
a m3n4 X m9nll b (3k5[2)3 X (2k313)4
m’n’ QR P)?

5 Write each term with a positive exponent. ,
-5 —11)-3 1 _i> )
a s b (-11) ¢ 75 a (-2
6 Consider the properties of negative exponents to answer the following questions.
a Using the fact that 4% = 65 536, write the value of 478 as a fraction.

b Using the fact that 773 = ﬁ, write the value of 73.

FE] 7 Write each number as a basic numeral.

a 5.876 x 10* b 9.02x10°
FEl 8 Write each number in scientific notation.
a 540000 b 0.00076

EF] 9 A scientist estimates that there are 3.40 x 10* bacteria in one sample and 4.6 x 10° in a second sample.
Write the total number of bacteria:

a as a basic numeral b in scientific notation.
EE 10 State the number of significant figures in each part of question 7.
Er 11 Simplify the following surds.

a V128 b V1089
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Review questions 1.7D: Mathematical modelling

1 Thy and Asha are playing a game. They are using dice rolls and coin flips to generate the product of three
numbers in exponent form per round. They each roll the dice to determine the value of the bases and
exponents and flip the coin to determine if each exponent is positive or negative.

The products generated after each round are multiplied together and simplified with the goal to end up with
the least number of remaining factors after three rounds.
The table below shows the numbers Thy and Asha got in their three rounds.

Thy Asha
Round 1 24x43x 573 13x3°%x 573
Round 2 32x5°x 673 273 x 3! x 64
Round 3 270 x 23 x 34 35 x42x 53

a Use the facts that 4 = 2?2 and 6 = 2 x 3 to write Thy and Asha’s round 1, 2 and 3 numbers in exponent
form with positive exponents using only the bases 2, 3 and 5.

b Determine Thy and Asha’s final number for their game by multiplying their round 1, 2 and 3 numbers
together and simplifying the products in exponent form with positive exponents.

¢  Who won the game with the least number of factors? Hint: Find the sum of the positive exponents.
Did the winner have the smaller value? Explain.

e 'Thy and Asha decide to play one more round of the game.
What products do Thy and Asha each need to generate to end up with a total product of 1 respectively?

f 'Thy and Asha decide to change the rules so that they can choose which base gets which exponent.
Their products from the first two rounds are given in the table below.

Thy Asha
Round 1 473 x 54 x 6° 273 x572x%x6*
Round 2 1°x23%x 34 373 x 44 x 52

Determine the product of round 1 and 2 for Thy and Asha respectively. Write the products in exponent form.
g For round 3:

e Thy gets the bases 2, 4 and 6 and the exponents —6, —4 and 1.

e Asha gets the bases 1, 5 and 5 and the exponents —4, 3 and 6.

i Determine which exponent should go with which base so that Thy and Asha each get the minimum
number of factors remaining for the game.

ii Who wins this game and by how many factors?
2 Consider powers with prime number bases.
a Complete the following table.

Base (n) n’ n’ n* n’ nt n’
3
5
7
11
13
17
19

b Describe the patterns in the final digits for the different powers of each prime number in part a.

¢ Predict the last digit of #'% for each of the prime numbers in part a.

d Use the patterns you observed in part a to predict the last digit of (a x b)!% for the following products.
i 3x5 ii 3x7 iii 3 x 11 iv 7 x 19
v 13x17 vi 32x7 vii 132 x 17
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3 In ]ur(lie 501251, t;le popfulatior;1 of eac'h Ahustral%an ﬂjtatebvlvas State | Population at 30 June 2022 (*000)
recor ef . The figure for éac ' state is shown 1n. e .ta e. NSW 3153.6
a Which states and territories have a population listed to: :

. o Vic 6613.7

i four significant figures

. .. Qld 5322.1

ii five significant figures? SA 18205
b Copy the table and add three additional columns. :
¢ In the first new column, write the population of each WA 27853

state and territory in full. Tas S71.5
d In the second new column, round each population to its NT 250.6

leading digit. ACT 456.7
e In the third new column, write each population in Source: ABS

scientific notation to one significant figure.
f Use your answers from part d to determine the following. Write the values in scientific notation.
i  Which state or territory has the highest population?
ii Which state or territory has the lowest population?
iii Calculate the difference between the highest and the lowest population.
iv Calculate the total population of SA,Tas, ACT and N'T combined.
v Calculate the total population of Australia.
g The actual total population value recorded at the end of June 2022 was 25978935. Calculate the difference
between your answer to f part v and the actual value. Why is there a difference?

Checklist ]

Now that you have completed this module, reflect on your ability to do the following.

I can do this I need to review this
Convert terms between exponent and expanded form D Go back to Lesson 1.1
Evaluate numbers in exponent form Exponents

Express integers as a product of prime factors

Simplify products of terms in exponent form with the same base I:] Go back to Lesson 1.2

Simplify quotients of terms in exponent form with the same base Products and quotients
of powers

Raise a term in exponent form to another exponent I:] Go back to Lesson 1.3

Simplify expressions and evaluate calculations involving the zero Raising exponents and

exponent the zero exponent

Write a term with a negative exponent as a term with a positive exponent I:] Go back to Lesson 1.4
Write a term with a positive exponent as a term with a negative exponent Negative exponents

Apply exponent laws to simplify and evaluate numerical and algebraic
expressions with negative exponents

Convert between scientific notation and basic numerals I:] Go back to Lesson 1.5
Identify significant figures in a number Scientific notation

Round a number to a given number of significant figures

Determine whether a number is rational or irrational D Go back to Lesson 1.6
Determine whether a root is a surd or not Rational and irrational
Simplify surds numbers

Write simplified surds as square roots

N A A A A |
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Lessons

2.1 Simplifying

2.2 Expanding

2.3 Factorising using the HCF

2.4 Factorising the difference of two squares
2.5 Factorising quadratic expressions

Prerequisite skills

Diagnostic pre-test

= Take the diagnostic pre-test to assess your knowledge of the
prerequisite skills listed below.

@ Interactive skillsheets
After completing the diagnostic pre-test, brush up on your

knowledge of the prerequisite skills by using the interactive
skillsheets.

v Equivalent fractions

v Exponent laws

v’ Highest common factor

v Expressions and equations

Curriculum links

e Simplify algebraic expressions, apply
the distributive law to expand algebraic
expressions including binomial products,
and factorise monic quadratic expressions
(VC2M9AQ2)

© VCAA

Materials

v’ Calculator
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Lesson 2.1
Simplifying

Learning intentions Inter-year links
By the end of this lesson you will be able to ... “ Year 8 5.3 Adding and subtracting
v simplify algebraic expressions. algebraic terms

1.3 Simplifying

Key content video

TermS and EXpI’ESSIOI’lS } Terms, expressions and

. . . equations
e A pronumeral is a letter or symbol that is used in place of a number. a

Pronumerals can be used to represent an unknown or a variable.

. . . . oronumerals
e An expression is a quantity that is represented by a sequence of numbers F

. . coefficients constant
and/or pronumerals that are connected by mathematical operations. ngﬁk
e An equation consists of a pair of equivalent expressions, one on either side EE

of an equal sign.
For example, 15x — 2y + 5 = 0 is an equation.

term + term + term
e A term is a single pronumeral, number or the product or quotient of
numbers and pronumerals. expression

e A coefficient is the number multiplying any pronumerals in an algebraic
term and is usually written first.

— A term is said to be positive or negative depending on whether its coefficient is positive or negative.

e A constant is a term without any pronumerals. Constants can be considered as coefficients of a term
where the pronumeral has a zero exponent.

Adding and subtracting algebraic terms

e Like terms contain the same pronumerals in expanded form.
Key content video

Adding and subtracting
For example, xvz, 4yxz, and 7zxy are all like terms. algebraic terms

— The order of pronumerals can be different in two like terms.

— You can write terms containing exponents in expanded form to determine
whether they are like terms. For example, a?b = a X a X b and ab?* = a X b X b, so a?b and ab? are not
like terms.a

3a’b=3xaxaxb
\l/

exponent form expanded form

e Like terms can be added or subtracted by adding or subtracting the coefficients of the terms.
For example, a’b + 2a*b = 1a%b + 2a%b = 3a°b.

Multiplying algebraic terms

e To multiply algebraic terms:

' Key content video
Multiplying algebraic terms

1 Write the coefficients and pronumerals for each term 3ab x (—2a%b?) =3 x (-2) x a®>*?x b'*?
in expanded form, without expanding exponent form. = —6a°b’

2 Multiply the coefficients together.

3 Apply the product of powers law to multiply the pronumerals in exponent form. Keep the
base and add the exponents.

4 Simplify by leaving out the multiplication signs. Write the coefficient first, followed by the
pronumerals listed in alphabetical order.
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’ Key content video
Dividing algebraic terms

Dividing algebraic terms

e Remember that quotients can be expressed as fractions.

For example, x ~ 7 = %

e o divide algebraic terms:
1 Write the coefficients and pronumerals for each term in expanded form, without expanding
exponent form.
2 Divide the coefficients by the HCE
3 Apply the quotient of powers law for the division of pronumerals 6a°b’ _ > x a’ x b’
3¢’ ' xatxb
=2Xx a3 xb!

in exponent form. Keep the base and subtract the exponents.
4 Worite the coefficient first, followed by the pronumerals listed in

alphabetical order. =2a’b’
Worked example 2.1A Adding and subtracting algebraic terms o
Simplify each expression where possible.
a 10a—6a+a b 4xy+ 2x — Sxy
c —5bc+2b—3cb—g d 6x%y— 3y —2y%x + y°

a Identify like terms and simplify by adding and a 10a—6a+a=(10-6+ 1a
subtracting the coefficients. = 5g

b 1 Rearrange the expression so that like terms
are grouped together.
2 Simplify by adding and subtracting the
coefficients.

c¢ 1 Rearrange the expression so that like terms
are grouped together. Check that the
+ or — sign in front of each term has moved
with that term.
2 Simplify by adding and subtracting the
coefficients. Remember that fractional

coefficients can be written in two ways,
SO g = %b.

d 1 Rearrange the expression so that like
terms are grouped together. Check that the
+ or — sign in front of each term has moved
with that term. Note that xy? and x?y are not
like terms.

2 Simplify by adding and subtracting

the coefficients. Rearrange pronumerals in
alphabetical order.

OXFORD UNIVERSITY PRESS

d

4xy + 2x — Sxy = 2x + 4xy — Sxv
=2x+ (4 - 5xy
=2x—xy

—5bc + 2b — 3cb —gz —Sbe— 3cb + 2b —g

= (-5-3be+ (2-1)

- —8bc+%b

6x%y — 3y — 2y2x + 33 = 6x%y — 37 + y7 — 2y°x

= 6x%y + (=3 + 1)y® — 2xy?

= 6x%y — 2y% — 2xy?
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Worked example 2.1B Multiplying algebraic terms

Simplify the following products.
a 4de x 7ab

Write in expanded form.
Multiply the coefficients together.

W N =

Simplify by leaving out the multiplication signs.
Write the pronumerals in alphabetical order.
Write the coefficients and pronumerals

for each term in expanded form, without
expanding exponent form.

2 Multiply the coefficients together. =-

3 Apply the product of powers law to simplify =
pronumeral products by adding exponents
with the same base, so x 2 x x = x 2*+!
and y’xy3=y3+3,

4 Simplify by leaving out the multiplication signs. =-

Worked example 2.1C Dividing algebraic terms

Simplify the following quotients.

b 5x%y° x (—2kwxy?)

a 4dexTab=4xdxexTxaxb

=28xdxexaxb
= 28abde

b 5x%y° x (—2kwxy?)

=5Xxx2X Y X (=2) xkxwxxxXy>

10X x2 xS 3 x kxw

—10xx*xySx kxw

10kw X3 y®

—15xy b 8a’b
10x 2a2h2
.. —15xy —-15Xxxy
a 1 Write in expanded form. Tox 10 % x
_15° 1
2 Cancel the coefficients, and divide —15 and = %
10 by the HCF of 5. Cancel any common XX
pronumerals from the numerator and
denominator.
3 Simplify the numerator and the denominator. = —373)

b 8a’b _ 8 xa’xb

Write the coefficients and pronumerals

for each term in expanded form, without

expanding exponent form.

2 Divide each coefficient by the HCF. Write
the rest of the expression as a product of
fractions, each with only one pronumeral.

3 Apply the quotient of powers law to simplify

pronumeral quotients. Keep the base and

subtract the exponents.

4 Usea™= % to write the pronumeral as a

fraction with a positive exponent.
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) (L)

v/ Recall the rules for writing algebraic notation.

— Products are simplified by leaving out the multiplication sign and placing the coefficient first.
For example: 7 x x =7xand 7 x (x + 2)=7(x + 2)

— When a pronumeral is multiplied by 1, the 1 is not shown.
For example: 1 x x = x

— Quotients are represented by fractions.

Forexample:x#7:%and x+2)=7= x-;z
— Terms with fractional coefficients can be written in two ways.
Lx_1
For example: - =5

v/ Write pronumerals in a term in alphabetical order to help identify like terms correctly.
For example: ba’c = a’bc
v/ Recall the rules for multiplying and dividing positive and negative numbers.
+ X — = - + X+ =+

— XAt =— - X —=+

v/ 'Take care not to mix up the exponent laws and definitions. Exponent law Example

— Across a multiplication sign, add exponents. Product of powers law | a5 x a* = a5+

— Across a division sign, subtract exponents. Quotient of powers law | a5 = a* = g3

— Across brackets, multiply exponents. Power of a power law (@) = @53

— Zero exponent: a’ =

— Negative exponent: ! :%
\ %
Learning pathways

1,2, 3-4(1% col 5,

6 g cilu:?n;"g":z 13015 column) 3-4(2M column), 5, 6-8(2™ column), 9, 10, 5, 6(3 column), 7, 8(3" column), 9, 10,

' ’ ' 13(2" column), 14(a, ¢, f), 17-20, 22, 23 13(3" column), 14(a, c, f), 17-20, 22-24

14-16, 21

%I Exercise 2.1A: Understanding and fluency

1 Consider these terms: 3x, 7xy, —x, 2x%, xw, 20x
a Which are like terms?

b Explain how you can tell.
¢ What is the coefficient of each term?

2 List each group of like terms from these terms: 2ba?, 3a, 26%a, 6a°, aaa, 6a, 3aab, 6ab*, 6a*a, 6a*b, 3abb

we21A 3 Simplify each expression where possible.

a 6a—4a+8a b 4k -5k-Tk

c X2+ 3x2+ 2x2 d 3cd + cd — 9cde

e 3x+4y+9x+ 2y f 7a+5b—-3a+b

g m—2p+4p+ 8m h 3+5&k-2-6k

i 4dxy + 3x% — xy + 2x% j d+deé+d- 54

k 5m*+7—-m>-35 1 abc + ab+ ac + 3ab
4 Simplify each expression.

a 6x+3y—x+2y+5x—4y b 8ab—4b—-b+ b® + a— 3ab

c 2k+3km—6k+ 4+ 4k —km d 4 -7x*-3x+5+6x-9

e 9a-4a>+a*+5a*-3—-"7a f  wPn+ 3m? + Snm? — 20* + dmn® — 3m?
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WE2.18 6

we2.1c 8

Simplify each expression by first using exponent laws.

a 7a>+53a)’+ (=5a)? - 9aa

c 92d? — (6¢cd)? + 15(cd)? + 9d*c?
2.3 ,.4 .5

€ ffl + 371 + (ef')O + 971

Simplify each expression.

a 2ab x 3cd

d 4km x (—6kn)

g 6a’b X 3acd

6
T

i mnx4dnx kn

—5bbb + 40b%b — (2b)° + 2(—3b)*

2
r(pg)* + #+ pPaqr + p°q°r + pgir

4y 1
2" Bxy) !
b —5xy x 4mp
e 7jp x 8bpt
h —10hk x 2hkp

k —5xy x x* x (=3xv)

Simplify each expression by first using exponent laws.

a (5a°2%)2 x 3(a*z%)*

c S(emx)’ x c¢(=2mx)> x mx (=2¢c)?

2x 1 3x?

-1

+ +
yo2xTyTt oy

9gh x g

—x%y X (—ay)
i 3bx(=2b) xb
1 8abc x 7a’c x b?

b (=3by%)° x (=2yb7)*
d 4(dn2w)’ x 11(d*n>w=3)*

e (5331712[5)_1 X (610p4[2)0 X (_3e4p6[7>—2 f
Simplify each expression.
abc kmn
—16w Tef
d Sxw ¢ —14ef
18ab dmn
& T3ac h
6x°%y 15mn?
—-2x 9m

Simplify each expression using exponent laws.

1248\
a (48d3)
d (2k’3p4)5

18(k3p%) 2

» (24

1.6xy742°
0.8 (x?2%)* (y227)°

10 Simplify each expression. Hint: First write each as an algebraic fraction.

a m'pq -~ m*
d —5km = (—10mp)
g —12x%y = [8(xy2)’]

b -2adde’ + (a®¢)
e 7a*bc - (abd)?
h -ab’cd =~ (—2abc*)™

11 Determine whether each statement is true or false.

a Two like terms can be added to form one new term.

b Any term can be subtracted from another term to form one new term.

—6(g72¢%u3)’ x 4(—g*q~*u’) 3 x = 7(g 2 qu")~*

12c¢d
3d
—5xy
—20x
18a?
3a
—3a’bc
12ab

(=7ubr=5)"2
44 035(/%)°
L1 " 0.0777

6ax + (—2ac)
3mrtw? - (In’w)?

i 8km?n = [-12(RPmn)~?]

¢ Two terms can be multiplied to form one new term only if they are like terms.

d Any term can be divided by another term to form one new term.

I Exercise 2.1B: Problem solving and reasoning

12 Students in a class were asked to simplify three algebraic expressions. Three sets of working for each
expression are shown below. One set is correct and the other two sets contain errors.

For each expression, choose the correct set and then identify the errors in the other two sets of working.

a Expression 1:4a—-3b+2+2a+8b—7

Set A
da—-3b+2+2a+8b—-7
=4a+2a+2+7+3b+8b
=6a+9+11b

Set B
da—-3b+2+2a+8b—-7
=4a+2a+2-7-3b+8b
=6a—5+5b

Set C
4a—-3b+2+2a+8b-7
=4a—-2a+2-7-3b+8b
=2a+9+5b
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b Expression 2: —3ab x 4bc

Set A Set B Set C
—3ab x 4bc —3ab x 4bc —3ab x 4bc
=-3x4xaxb*tlxc =-3x4xaxb*tlxc =-3x4xaxbtixc
= —12ab%*c =12xaxb*xc =—12xaxbx2xc
= 12abc = —24abc
¢ Expression 3: 4a%bc - (8abd)
Set A Set B Set C
4a’bc - (8abd) 4a%be = (8abd) 4a’bc - (8abd)
_ 4a’bc _ 4a’bc _ 4a’bc
~ 8abd 8abd 8abd
_4dxa*Pxbxc _4xa’xbxc _4xa*xbxc
T 8xaxbxd 8xaxbxd 8xaxbxd
_A at b 1 _Aat b 1 A a2 b 1
Ty Ay Ty a ey TR ANy
:l><a2-1><1><c><l :l><1><1><c><l :lxaz’lxlxcxl
2 d 2 d 2 d
:2 d :L :ﬁ
““ 2d 2d
13 Simplify and then evaluate each expression using x = 3 and y = 2.
a S5x—6y+7y+3x b 3xy—8xy— xy c 5xx 3y

a4 10x

Xy
g x+y—2xy+5y—x

e xy X xy?

h xx3x—-2x>+4x—y

14 Simplify and then evaluate each expression using a = 2, b = —1 and ¢ = 5.
b 7ab+ 4a - 5a+ ab

d 2abc x bec x 5a
f 3ac® x 4ab + (9abc)

a 3a+2b+7c—a—5c+b
c a*b+ ab?® + ac — 3a*b + 2ac
e 18ab’c + (6bc)

f 6x*y+ (2xy)
i xyll - (x4y8)

15 Write the perimeter of each shape as an algebraic expression in simplest form.

a 2x — 1
3x
4y
x+2
y+1

b 2x+ 1

Ly — 2

1y [

[T
5

cC [T ™ 0O
[ ; []
3x+5

16 Calculate the perimeter of each shape in question 15 for x =4 cm and y = 5 cm.

17 Write the shaded area in each shape as an algebraic expression in simplest form.

a 4x
[T ! L]
+ +5y
[ ; [
c
3x
6y

b =
O, 0
Tx
d
Y
2y

18 Calculate the area shaded in each shape in question 17 for x =3 mand y = 2 m.
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19 The area of a rectangle is 16xy.
a If the length is 8x, write an expression for the width of the rectangle.
b If the length of the rectangle is 16 m and v is 5 m, calculate the width and the area of the rectangle using
the result from part a.
20 The area of a right-angled triangle is 6x?.
a If the base length is 4x, write an expression for the height of the triangle.
b If the height of the triangle is 12 c¢m, calculate the area and the base length of the triangle using the result
from part a.
21 A rectangle has a width of k.
a If the length of the rectangle is twice the width, write an expression for:
i the perimeter of the rectangle
ii the area of the rectangle.
b Calculate the perimeter and the area of the rectangle when 2 = 5 cm.
22 Lana plants a 1-metre-wide flowerbed around a square section of lawn.
a If the lawn has a length of x metres, write an expression for:
i the perimeter of the lawn
ii the area of the lawn
iii the perimeter around the outer edge of the flowerbed
iv the area of the flowerbed, given that the total area of the lawn and
flowerbed is (x* + 4x + 4) m?.
b When x = 8, calculate:
i the area of the flowerbed
ii the length of edging needed around the inner edge of the flowerbed
iii the length of edging needed around the outer edge of the flowerbed

iv the area to be mown.

| Exercise 2.1C: Challenge

23 Consider the shaded region of this shape.

] i N
- jl N yt == 3y

] | []

4x

a Worite an algebraic expression for the area of the shaded region.
b If x =4 cmand y = 5 cm, calculate the area of the shaded region.
¢ Write an expression for the total length of the outer and inner edges of the shape.
d Use the values from part b to calculate the total length of the outer and inner edges of the shape.
e If x =12 cm and the area of the shaded region is 210 cm?, determine the total length of the outer and inner

edges of the shape.
24 Write ((2x)7 x (4x)7 x (8x)3 = (16x)*)® in the form 27x".

Online resources:

Interactive Interactive Interactive Worksheet Quick quiz
skillsheet skillsheet skillsheet Simplifying 2.1
Like terms Multiplying terms Dividing terms algebraic

expressions
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Expanding

Learning intentions .
8 ) Inter-year links

By the end of this lesson you will be able to ... S 5.6 Expanding

v use the distributive law to expand algebraic expressions. 4 Bremne e

The distributive law e b
>

. 0 q .. . expressions
e A binomial is an expression containing two terms that are either added or

subtracted. Key content video

For example, x — 7, 2x + y and x? + y? are all binomials. } Expanding binomial

o 81 9 : g . products
e A trinomial is an expression containing three terms that are either added or

subtracted. For example, x — 7 + v, 2x> + 2y+ y and x> + 2xy + y? are all trinomials.

e The distributive law is used to distribute or expand products over addition and subtraction.

a(b+c) =ab+ ac

A

a(b+c+d) =ab + ac + ad

Note: The distributive law only applies if the expression inside the brackets is not raised to the power of
any exponent (other than 1). For example, in a(b + ¢)?, (b + ¢)? needs to be expanded first to remove the
exponent before being multiplied by a.

e To expand algebraic expressions with one pair of brackets:

1 Multiply each term inside the brackets by the term outside the brackets.
2 Simplify the results by performing any multiplication, addition and subtraction.
e The distributive law for expanding over a binomial product is: (a + b)(c + d) = ac + ad + bc + bd

(a+b)(c+d) =ac+ ad + bc + bd
7

e To expand binomial products:

1 Multiply each term inside the second pair of brackets, ¢ and d, by each term in the first pair of
brackets, a and b.
2 Simplify the results by performing any multiplication, addition and subtraction.
e Where possible, expanded expressions should be simplified.

e The distributive law for expanding a binomial product can be derived by treating the first binomial as a
single term and then applying the distributive law for expanding over one pair of brackets.

(a+b)(c+d) =(a+bc+ (a+bd
=c(a+b) +d(a + b)

™

=ca+cb+ da+ db

=ac +ad + bc + bd
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Worked example 2.2A Expanding over one pair of brackets

Expand and simplify each expression using the distributive law.

a

-5@Ba +8)

Multiply each term inside the
brackets by the term outside

the brackets.

Simplify the results by performing
the multiplications. Take care with
+ and — signs when simplifying.
Multiply each term inside the
brackets by the term outside the
brackets. Enclose negative terms in
brackets to avoid errors.

Simplify the results by performing
the multiplications. Remember the
product of two negative numbers
gives a positive number.

b —-3a(5a—-4b+ 3¢)

a 50Ba+8) =-5x%x3a+ (-5 x8

=—-15a-40

>

b —-3a(5a-4b+ 3¢c) =-3a x Sa+ (-3a) x (-4b) +

(=3a) x (3¢)

=—15a%+ 12ab — 9ac

Worked example 2.2B Expanding binomial products

Expand each algebraic expression to remove the brackets.
a (a+9)b+2)

Multiply each term inside the
second pair of brackets, b and 2,
by the first term in the first pair of
brackets, a, and then the second
term in the first pair of brackets, 9.

Simplify each term.

Multiply each term inside the
second pair of brackets, x and —6,
by the first term in the first pair of
brackets, x, and then the second
term in the first pair of brackets, 4.
Simplify each term.

Simplify the resulting expression.
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b (x+4)(x-6)

a (a+9)b+2)=axb+ax2+9xb+9x2
27

=ab+ 2a+9b+ 18

b (x+4)(x—-6)=xxx+xX(-6)+4xx+4XxX(-6)
&7

=x?—6x+4x—24

=x?—-2x—-24
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-

v/ When multiplying by a negative term, use brackets for clarity.

For example: —7p(3qg — 4) = —7p x 3¢+ (=7p) x (—=4)

Simplify, simplify, simplify!

other bracket.

(a+ b)(c+d) =ac+ ad+ bc+ bd

Show all your working to avoid arithmetical errors and to ensure all signs are correct.

After expanding expressions containing brackets, always simplify your results by looking for like terms.

When expanding a binomial, remember to multiply every term in one bracket by every term in the

Learning pathways

1-8(1%t column), 9-15, 17, 1-8(2" column), 11-16,
19, 21 18, 20, 22, 24

1-8(3" column),
11, 15, 16, 19-25

%I Exercise 2.2A: Understanding and fluency

WE2.2a 1

WE2.2B 6

Expand each algebraic expression to remove the brackets.

a 4(a+3) b 7(b+5)
d 5d-1) e 6(4+¢
g -3(+4) h -8(h-5)
i -5@2-)p k k(p+6)
m 6(3m + k) n n(2p + 4q)

Expand and simplify each algebraic expression.

a 2Q2ab + 4bc + 6ac) b -3(xy+x+y)

d a*(a? - b>+ 2ab) e —%(4pq —16p + 32q)
Expand and simplify each algebraic expression.

a 3(x+2)+8x b 11+5(p-1)

d -70-y)+4y+3 e Sk+2+4(h—-k)
Expand and simplify each algebraic expression.

a 2(x+5)+3(x—-6) b 8k—-3)+5k+4)
d x(x+1)+3(x+4) e mim+2)+3(m+2)
Expand and simplify each expression.

a 3a(4z+)5) b 8b(7 + 5v)

d -5d(4w +5) e —6¢(8v—-09)

g 4¢Qg— 71 h —64(5r— 7h)
Expand each algebraic expression to remove the brackets.

a (a+3)(b+4) b (c+2)d+7)

d G-9F%-5) e 2a+7)(b+3)
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e )

3(c—2)
=-2(f+38)
-4(x-9)
a(b—4)
x(x = 7y)

—(m? — n®+ 2m*n?)
4abc(4b + 2a + 8c¢)
8

alb+4) — 2a

m(m — 6) — m?

3p+7) -4G5-p)
yo-35-20-5

2¢(7 — 3x)

—10e(4t + 3u)
39(4ik + 57k)

(m+35)(n+1)
(5c+2)(3d - 4)
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7 Expand each algebraic expression to remove the brackets.

a (a+2)(a+3) b (x+5)(x+10) c (d+4)(d-6)
d (W+3)(v-28) e (k=7)(k+9) f (m—-6)(m+3)
g (Be—-2)(e—4) h (7a-8)(Ba-1) i BGy-5Cy-1
8 Expand each algebraic expression to remove the brackets.
a S-ak+4 b (x+6)3-x) c (2c+3)(5-40
d (11d-9¢)(4d - 6e) e (6p+59)(8q—"7p) f (x+2)(x-3)+3x*-8x+5

g (C+x) +x) h (4x*+7)(12 - 5x?) i +2)x+3)+(x+1DKx+5)

I Exercise 2.2B: Problem solving and reasoning

9 Expand each algebraic expression to remove the brackets.
a (a+3)(a-3) b (b+2)(b-2) c (c+5)(c-5)
d B3p-8)Bp+8) e (h—-1DM+1) f (kB+m)(k—m)
10 Describe the pattern or shortcut you can see in question 9. What is special about the two binomial factors that
are multiplied together?
11 The pattern you observed in question 10 is known as the difference of two squares. This rule can be written as:
(a+b)(a—-b) =a®- b
a Why do you think the rule is called the difference of two squares?
b Does it matter whether the product is (a + b)(a — b) or (a — b)(a + b)? Explain.
c Use the rule (or shortcut) to expand each algebraic expression.
i (x—-2)(x+2) ii W+9)wW-9) iii (m + 6)(m — 6)
iv (3d — 10)(3d + 10) v (m+n)(m-—n) vi B+x)(3 -x)
12 The difference of two squares rule can be used to simplify numerical expressions.
a Use the difference of two squares rule to expand (100 + 3)(100 — 3).
b Use your answer to work out the result for 103 x 97.

¢ Work out the result for each product without using a calculator.

i 102 x98 ii 95 x 105
iii 1001 x 999 iv 994 x 1006
13 Expand each algebraic expression to remove the brackets and simplify.
a (a+2)(a+2) b b+7)b+7) c (c+4d)(c+4
d Bp-50Bp-5) e (h—-1M-1) f (m+n)(m+n)

14 Describe the pattern or shortcut you can see in question 13. What is special about the two binomial factors that
are multiplied together?
15 The pattern you observed in question 14 is known as the expansion of a perfect square. This rule can be
written as: (a + b)? = a* + 2ab + V.
a Why do you think the rule is called the expansion of a perfect square?
b Use the rule (or shortcut) to expand each algebraic expression.
i (x+3)? ii (y+6)? iii (m + 2)?
iv (46 + 11)2 v (m+ n)? vi (5 + x)?
¢ Is (a— b)?>=a?— 2ab + b? also an expansion of a perfect square? Explain.
d Expand each algebraic expression.

i (a-2)? ii (b—4) iii (¢ —7)?
iv (Sw — 6)? v (k-p)? vi (3 —x)?
16 Expand each algebraic expression.
a 2xBw-5x+ 7y—42) b (Ba+5b-6)2x + 3y)
c (x+3y+6)2x+y+3) d x+2)(x*+6x+7)
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17 The area of the large rectangle in this diagram can be determined in two ways:

Area of large rectangle = total length x width

Area of large rectangle = area of rectangle 1 + area of rectangle 2

=length 1 x width + length 2 x width

a For Diagram 1 and Diagram 2 below:

i write an expression for the area of the large rectangle by

multiplying the total length by the width

ii write an expression for the area of the large rectangle by adding
the areas of rectangle 1 and rectangle 2.

Diagram 1
3

2

7

rectangle 1

rectangle 2

Diagram 2
X

2

length 1

length 2

width

rectangle 1

!

total length

rectangle 2

l

5

rectangle 1

rectangle 2

b Use the rectangle below to explain how a(b + ¢) can be expanded to obtain ab + ac.

a

b| rectangle 1

o

rectangle 2

b +0)

18 The area of the largest rectangle in this diagram can be determined in two ways:

Area of largest rectangle = total length X total width

Area of largest rectangle = area of rectangle 1 + area of rectangle 2 + area of rectangle 3 + area of rectangle 4
= width 1 x length 1 + width 2 x length 1 + width 1 x length 2 + width 2 x length 2

width 1

width 2

length 1

length 2

rectangle 1

rectangle 3

rectangle 2

rectangle 4

<«——total length ———

a For Diagram 1 and Diagram 2 below:

total width

i write an expression for the area of the large rectangle by multiplying the total length by the total width

ii write an expression for the area of the large rectangle by adding the areas of rectangle 1, rectangle 2,
rectangle 3 and rectangle 4.

Diagram 1

9]

a

6

4

rectangle 1

rectangle 3

rectangle 2

rectangle 4

b

rectangle 1

o

rectangle 3

d| rectangle 2

rectangle 4

(a+b)—

(c+d)

Diagram 2

m

W

19 Which of the following is not equivalent to 3(x + 2)(x + 8)?

A Bx+6)(x+8)

OXFORD UNIVERSITY PRESS
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k

2

rectangle 1

rectangle 3

rectangle 2

rectangle 4

(k+2)
b Use this rectangle to explain how (a + b) (¢ + d) can be expanded to obtain ac + ad + bc + bd.

D

(m + 3)

(3x + 6)(3x + 24)
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20 Consider the rectangle on the right. ,

[T ! L]
a Worite the area of the rectangle as a product of two factors.
b Expand the expression to remove brackets. T T8 cm
¢ When x = 3, calculate the area using your answer to: u ) m
(2x +5) cm

i parta ii partb.
d Compare your answers in part ¢. How does this show that you have expanded the area expression
correctly?

21 For each of the following rectangles:

i write the area as a binomial product

ii expand the binomial product to remove brackets
iii calculate the area when x = 5.

a

(x +2) cm

22 A rectangular trampoline is 6 m long and 4 m wide. Safety matting that is p metres wide is to be placed around
the perimeter of the trampoline.

a Draw a labelled diagram of the top of the trampoline and the matting around it.
b Write an expression for:

i the total length of the trampoline and matting ii the total width of the trampoline and matting.

¢ Write an expression for the total area taken up by the trampoline and matting. Simplify the expression by
expanding to remove any brackets.

d Worite an expression for the area of the matting only.
e If p = 2, calculate the area taken up by:

i the trampoline ii the trampoline and matting iii the matting.
| Exercise 2.2C: Challenge

23 Expand and simplify each expression.

a (10y—-7)? b x*(x*—x?) c (=-5K*+5)
d (°+ 3y)? e a(@+4)—a(a+9a) f Xy (ot + 2w)

24 Show that the expression (a — b)? + (¢ — d)? is equivalent to (b — a)? + (d — ¢)*.

25 A rectangular piece of paper is x cm long and y cm wide. The paper is torn along a line ~—ycm—
parallel to its width, forming a square of side length y cm and another rectangle.
a Write the dimensions of the newly formed square and rectangle. ycm
b Prove that the area of the original rectangle is the same as the total area of l

the two new shapes.

X cm

Interactive Interactive Worksheet Investigation CAS Quick
skillsheet skillsheet Expanding It's a mystery instructions quiz

Expanding Expanding Expanding 22
over one pair binomial
of brackets products
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Factorising using the HCF

Learning intentions
By the end of this lesson you will be able to ...

Inter-year links

) ) . . ) . 2.4 Factors and the highest
v factorise algebraic expressions using a variety of technigues. common factor

Year 8 5.7 Factorising

1.6 Factorising

' Key content video

The highest common factor (HCF)
of an expression

Factorising using the HCF

e The highest common factor (HCF) of two or more Algebraic expressions HCF
algebraic terms is the ‘highest’ or ‘largest’ combination of 4t Tx .
coefficients and pronumerals that are factors of every term.

. . 6m + 12mn + 8mp 2m

e The HCF of two or more algebraic expressions can be another
algebraic expression, like a binomial. 15a%c + 9a’c 3a’e

e To identify the HCF of an expression: x(x-D+2(x -1 (x—1)

1 Find the HCF of the coefficients.
2 Find the HCF of the pronumerals.
3 Multiply the factors from steps 1 and 2, and then simplify.

Factorising algebraic expressions

e Factorising an algebraic expression is the process of writing an expanding —— 5
algebraic expression as a product of its factors. It is the opposite to 7(a+2)=7a+ 14
expanding an algebraic expression. <«— factorising

e An expression is in fully factorised form if the HCF of the factors 2x? — 6x = 2x(x — 3)
is 1. expanded form factorised form

e An expression is in expanded form if it has no brackets and is simplified.
e o factorise an expression:

2 Write the HCF in front of the brackets. Inside the brackets, divide each 7 7
term in the original expression by the HCE

3 Simplify the bracketed expression. Both the HCF and the bracketed =7@+2)
expression are factors of the original expression.

1 Identify the HCF of the expression. 1 2
Ta+ 14 = 7[7—“ 2

Factorising by grouping terms B) Faciorsng by rouning

. ] . . terms
e To factorise an expression with four terms by grouping:

1 Identify pairs of terms with common factors. Group the pairs of terms, remembering to move the
positive or negative sign with the term.

2 Factorise each pair of terms by dividing out the HCE

3 Factorise using the binomial factor and simplify the expression. Both bracketed expressions are
factors of the original expression.

X+ 2x-3x—-6=x(x+2)—-3(x+2)

=(x+2)(x-3)
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Worked example 2.3A [dentifying the HCF

Find the highest common factor (HCF) of each pair of terms.

a 24 and 84 b a?b and b’ac

a 1 Worite the prime factorisation for each
number.

2 Multiply the common factors to find
the HCE

b 1 Write each term in expanded form.

2 Multiply the common factors to find

the HCE

¢ 1 Find the HCF of the coefficients.
The negative sign can be represented using
the factor ‘—1°.
Find the HCF of the pronumerals.
Multiply the common factors to find the
HCE Simplify the product.

¢ 12x%*y? and —18x%y

24 =2%x2%x2x3
84 =2%x2x%x3x7

HCF=2x2x3
=12

a?b=axaxb

blac=bxbxaxc

HCF=axb
=ab

The HCF of 12 and —18 is 6.

The HCEF of x%y? and x>y is x2y.
The HCF of 12x2y® and —18x3y is 6x2y.

Worked example 2.3B Factorising algebraic expressions

Factorise each expression.
a 6a+18 b x*-T7x

a 1 Identify the HCE
2  Write the HCF in front of the brackets.
Inside the brackets, divide each term
by the HCE
3 Simplify the bracketed expression.
b 1 Identify the HCE
2  Write the HCF in front of the brackets.
Inside the brackets, divide each term
by the HCE
3 Simplify the bracketed expression.
Use the exponent laws to help you.
c¢ 1 Identify the HCE

2 Write the HCF in front of the brackets.
Inside the brackets, divide each term
by the HCE

3 Simplify the bracketed expression.
Use the exponent laws to help you.
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c 10R*m? + 15k%*m

HCF = 6
6a+18=6(52+18)

1 6 1

=6(a+3)
HCF = x

=x(x—-7)
HCF = 5k*m
10R3m? + 15k*m
_ 5kzm<103k3m2 15‘k2m>

5'k*m * 5'k*m
= 5kR*mQ2k3 2m? ' + 3R> 2m! )
= 5k2m(2km + 3)
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Worked example 2.3C Factorising using an HCF that is a binomial factor o

Factorise each expression.

a yx+3)+7(x+3) b 4kQ2 —-m)-52 —m)
a 1 Identify the HCE It is the a HCF=(x+3)
binomial factor (x + 3). et 3) Tt 3
) . 3 y(x A+ X+
2 Write the HCF in front of the y(x+3)+7(x + 3) = (X+3)< G+3)  (x+3) >

brackets. Inside the brackets,
divide each term by the HCE

3 Simplify the bracketed =(x+3)Ww+7)
expression.
b 1 Identify the HCE It is the b HCF =2 -m)
binomial factor (2 — m). 4h(2 50 5
. . —m —m
2 Worite the HCF in front of the 4r(2 —m)=52 —m) = 2 —-m) ( Q- Ga-m )

brackets. Inside the brackets,
divide each term by the HCE

3 Simplify the bracketed =2 -m)(dk-15)
expression.
Worked example 2.3D Factorising by grouping terms o

Factorise xy + 2x + 3y + 6 by grouping terms.

1 Check for an HCF of all four terms. Group the xy+2x+3y+6=(xy+2x)+3By+6)
terms in pairs and identify the HCF for each HCF of xy and 2x is x.
pair. Make sure to write the plus sign between HCF of 3y and 6 is 3.
the two pairs of grouped terms.

2 Factorise each pair of terms by dividing out xy+2x+3y+6=x(yv+2)+3@y+2)
the HCE
3 Factorise using the binomial factor (y + 2). =Ww+2)(x+3)

Simplify the expression.

: I

v/ When looking for the highest common factor, remember to consider any coefficients and all pronumerals.
v/ The divisibility rules can help you to find the HCE Recall that a number is:

— divisible by 2 if the number is even
— divisible by 3 if the number’s digits add to a multiple of 3
— divisible by 5 if the number ends in O or 5.

v/ The great thing about factorising is that you can always check your answer by expanding the brackets!

A
2x—-16=2(x-8) =2x-16
o %
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Learning pathways

21001 2% coamns 11,12, 15, 1002, 3 coumns), 13-16, -9, 7106 3 colurmn)
16(a, b), 17 18, 20, 21, 24 i
I Exercise 2.3A: Understanding and fluency
we23a 1 Find the highest common factor (HCF) of each pair of terms.
a 4and?28 b 6and 10 c 15and 35
d d%and 3d e 2eand 2k f 3and -6
g 12 and -8 h 94 and —15/2 i 24x? and 36x
2 Find the HCF of each pair of terms.
a bcand cd b 2xyand 2y ¢ 18mnand —9m
d abcd and bdf e 8xyand 28y f 6k*and —10k
g pand 11p? h 45aband —40cd i 3pgand 6p
3 Factorise each expression using the HCFs from question 2.
a bc+cd b 2xy+ 2y c 18mn—9m
d abcd + bdf e 8xy+ 28y f 6k*— 10k
g p+11p? h 45ab — 40cd i 3pg+6p
4 Find the HCF of each pair of terms.
a a*andd’ b 5b°and 3%° ¢ 16¢° and -2¢
d 6d%z7 and 6d3z° e 7¢%° and 1478 f —20/x'? and 6f3x°
g -—-2g%and —2gh° h 12:%° and —18;3%k8 i OytzBand —xlly’z16
we238 5 Factorise each expression.
a 10x+5 b 3y-21 c 8k+12 d 15-6d
e 28x+ 21y f 20n-50 g x*y+ 3xy* h wm? — 9n’m
6 TFactorise each expression.
a 20ab- 5b b 8d + 8cde c 15x* + 10x d 4k - 22k
e 30n-— 18»? f 16a*>+a g 2/ — 14h h 6p+ 6p?
7 Factorise each expression. Remember to use the exponent laws to help you simplify.
a 24m°® + 16m* b 21¢r? + 35¢%r° c 1512 - 518
d 120d° + 6¢4d* e 7e'Yf3-7ef3 £ 3052k + 2747k
g a'b*’ + BPed h Smpqg—3np°¢ i uwwy’2 + vwdx?s?
8 Factorise each expression by factoring out a negative HCE Remember that —5mn = —1 x 5 x m X n.
a —5Smn—10n b —14xy - 7x c —6¢+ 6¢d
d —a>-3a e —4k* -2k f —8x?+ 8x
g —-12-3xy h —16m — 10m? i —9x%y + 18xy
we23c 9 Factorise each expression.
a x(w+4)+2(w+4) b yx-1)+7(x-1) c ala+6)—3(a+6)
d p(5-n)+805 -n) e 3kd -k -54-Fk f 2x(3x—-4)+93x—-4)
g 4gg+ 1)+ (2g+1) h 2h@8n—-d) - (8n-4d) i 3a(7x+ 6y) + 26(7x + 6y)
we23p 10 Factorise each expression by grouping terms.
a ab+ 5b+4a+20 b xy—6x+7y—42 c mn+4m—2n—38
d y»+3y+5y+15 e R—T7k+2k—14 f 6x+ 18+ x>+ 3x
g a>—T7a-2a+ 14 h pP>+5p—-2p—10 i 62—2c+9-3
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I Exercise 2.3B: Problem solving and reasoning

11 Explain the difference between expanding an expression and factorising an expression.
12 For each of the rectangular shapes below:
i write an expression in simplest factorised form for the perimeter

ii calculate the perimeter when x = 5.

a b

(4x — 3) cm

13 Write an expression for the missing side length of each rectangular object, given the area shown.

a area of rugis (8x + 20) m? b area of stained glass panel is (m? + 15m) cm?

m cm

14 Write an expression for the perimeter of each item in question 13 in factorised form.
15 Expressions with more than two terms can be factorised in the same way as those with two terms. For example,
to factorise 8a + 12b — 6¢, write the HCE, 2, in front of the brackets and divide each term inside the brackets

by the HCE So, 2<% + 17% - @> = 2(4a + 6b — 3¢). Factorise each expression.

2
a 27x—9y+ 15z b 45p-50q9-5
c 4 —20¢+ 405 — 60k d d+ad+a°
e 18b3%¢c° — 36b%c* + 24b8¢° £ 84r28 + 71517 + 491314 + 141°68
16 We can take fractions out as a factor so that all terms in the brackets no longer involve fractions. For example:
5,.5,_10 .5
§Cl + gb =% a+ 6b
=+(2ax6+26x6)
-1
= 6(IOa + 5b)
-5(10’a L)
= 6( 5 775
=22a + b)
g .
Factorise each of the following expressions..
5,43 9,43 5,15 Ty — 3
a Sx+35y b 5g+5h c 2p+4q d 3= n
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17 A rectangle has an area of (10x — x?) mm?.
a Worite the area in factorised form.
b Use your answer to part a to suggest possible expressions for the length and width of the rectangle.
¢ Suggest values for the length and width of three different rectangles that have the given area.
18 A triangle has an area of (21x — 3x?) cm?.
a List possible expressions for the height and base length of the triangle.
b Suggest numerical values for the height and base length of three different triangles that have the given area.

19 A square-based prism has a volume of (9x° + 45x?) cm?® and a height of (x + 5) cm. Determine the length of
the square base of the prism in terms of x.

20 Consider the expression x*> + 3x — 4x — 12.
a Factorise the expression by grouping the first two terms together and the last two terms together.

b Perform the factorisation again by grouping the first and third terms together, and the second and fourth
terms together.

¢ Compare your answers to parts a and b.

21 A number is represented by the pronumeral 7.

a Worite down the next two consecutive numbers in terms of 7.

b Worite the sum of these three consecutive numbers.

(g}

Factorise your expression from part b. Explain the answer.

d Investigate to see whether the same outcome results from the sum of three consecutive even numbers.

| Exercise 2.3C: Challenge

22 In question 21, an odd number (three) of consecutive numbers were added together. Investigate to see the
outcome when an even number of consecutive numbers are added together. Write a factorised expression for
the sum of 10 consecutive numbers, where the first number is 7.

23 Fully factorise each of the following expressions.

a x(v+5) —(By+15) b p2¢—3)-29g+3 c 2(@*-3a)+ (9 -3a)

24 A circle of radius » cm fits within a square as shown in the diagram.

Write a factorised expression for the area of the square not covered by the circle.
Leave your answer in terms of r and 7.

25 It is possible to take any term or expression as a factor of another expression by
dividing it out. For example, to take 7 out as a factor of 3x + 5, write the 7in |  =-mm--mo-ooe-

front of the brackets; inside the brackets, divide each term by 7.
_~(3x,5
So,3x+5—7< 5 +7>.

a Take 5 out as a factor of 9x + 17.

b Take 12 out as a factor of 12x% + 3x + 6.
¢ Take x out as a factor of 3x? + Sxy + vy
d Take x + 2 out as a factor of 7(x + 2)? + 5(x + 2) + 9.

Online resources:

Interactive Interactive Worksheet Investigation CAS Quick quiz
skillsheet skillsheet Factorising Surface area instructions \===j > 3

Factorising Factorising of a soft Factorising
using the HCF by grouping drink can
terms
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Checkpoint quiz
s

Take the checkpoint
quiz to check your
knowledge of the first
part of this module.

p458

BX] 1 Simplify the expressions.
a —3a+6b—5a—-8b+12a—-5
b 9%—-r+4-6+52+2—1¢
c 7x*—4x*—3x+ 2+ 8x — 3x% — 5x°
d 7cd*—7d?*+ 2¢c— 8d* — 3d’c + 5dd

EXl 2 Simplify the expressions.
a Sax (=7b)
b —8ac x 3a x (—2bc)
45gh
20g

187%u
c] 54tu?

C

Bl 3 Simplify the expressions.
a (=5a°b%? x (=2a*b*)°
443\3
b (_72k b )
16k°p
e @ x (Lere)
3
d —42(x*y22%)* = [-63 (xy3z72)%]

EX] 4 Expand the following.

a 8(a+3) b —-42b-5)
c 3¢(7-y) d 9d2d-1)
B¥1 5 Expand and simplify the following.
a S(w+7) —-2w+6 b 8-3(x-9) +2x
¢ 10y—(12—5y) +3 d 2(z+2) +3(-5
E¥]1 6 Expand and simplify the following.
a (p+2)(v+5) b 4-q9w+3)
c (r+6)(r—-2) d 2t-5Q@r-7)
B¥1 7 Expand and simplify the following.
a (a*+2a*>)(@>+5) b (b>—3b)(b+8)+2b>—4b+1
c (c+2)(c—9) —4(—-2) d 6-d@d-d)+Q@Rd+1)3Bd-1)
EXE] 8 Factorise the following.
a 6a+9 b 126-36
c —28c—-7 d 8d*+ 36d
Bl 9 Factorise the following.
a 2m(Bg+2)+50Bg+2) b 8 —3) —nlh-3)
c plg+7r) —(q+7n) d 2x(x+3)-5(x+3)
Xl 10 Factorise the following by grouping terms.
a ab+ 5a+4b+ 20 b 12¢cd—8c-21d+ 14
c 15¢f—5Se+3f—1 d x>+ 6x+ 5x+ 30
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Factorising the difference
of two squares

Learning intentions 9
By the end of this lesson you will be able to ... o
v factorise the difference of two squares.

Inter-year links
Year 8 5.7 Factorising
1.6 Factorising

The difference of two squares

e Binomials that have the same terms but one different sign, such as @ + b and a — b, are conjugates of
each other.
e If a pair of conjugates are multiplied together, (a + b)(a — b), then the middle terms add to zero and the

solution is the difference of two squares: )
Key content video

(a+b)(a—b)=a’+ab— ab— b } Factorising the difference
=a’ -0 of two squares

Factorising the difference of two squares

e The difference of two squares rule can be used to factorise expressions of the form a? — b*
a?—b*=(a-b)(a+ b)

1 Check for common factors. Write the factor in front of the brackets. 3x2-12 =3(x*—4)
Inside the brackets, divide each term by the factor.

2 Worite the expressions in the brackets as the difference of two squares. =3(*-2%
3 TFactorise using the difference of two squares rule. =3(x-2)(x+2)
Worked example 2.4A Factorising simple expressions using the °

difference of two squares rule

Factorise the following expressions.
a x*—-25 b 36 —y?

a 1 There are no common factors. Write the a x?—25=x>-752
expressions as the difference of two squares.
2 Factorise using the difference of two =(x-5x+)5)
squares rule with a = x and b = 5.

b 1 There are no common factors. Write the b 36 -3)y’=6%—17
expressions as the difference of two squares.

2 Factorise using the difference of two =6-y(6+Yy)
squares rule with a = 6 and b = y.
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Worked example 2.4B Factorising expressions using the difference o
of two squares rule

Factorise each quadratic expression.
a 97°-16 b 4k% - 9m?

a 1 There are no common factors. Write the a 99?2—-16=(3y)?—42
expressions as a difference of two squares.
Use brackets to show the square of the
term with a coefficient and a pronumeral.

2 Factorise using the difference of two =@y-4)CBy+4)
squares rule with a = 3y and b = 4.
b 1 There are no common factors. Write the b 4k*—9m? = (2k)> — (3m)*?

expressions as a difference of two squares.
Use brackets to show the squares of the
terms with a coefficient and a pronumeral.
2 TFactorise using the difference of two = 2k —-3m)(2k + 3m)
squares rule with a = 2k and b = 3m.

Worked example 2.4C Factorising complex expressions using the o
difference of two squares rule

Factorise each quadratic expression.
a 2x>—8y? b (m+4)?2-1

a 1 Check for common factors: 2. Write the a 2x?—8y*=2(x*—-4y?)
factor in front of the brackets. Inside the
brackets, divide each term by the factor.
2 Write the expressions as a difference of =2(x*—-(2y)?»
two squares.
3 Factorise using the difference of two =2(x—2y)(x+ 2y)
squares rule with a = x and b = 2y. Write
the factor of 2 before the brackets.
b 1 There are no common factors. Write the b (m+4)?>—-1=(m+4)>-12
expressions as a difference of two squares.
Use brackets to show the square of the
term with a coefficient and a pronumeral.
2 Factorise using the difference of two =(m+4-1)(m+4+1)
squares rule witha =m + 4 and b = 1.

3 Simplify the expression in each pair of =(m+3)im+5)
brackets.
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(e |

[ v/ Memorise the first 16 square numbers to help you with factorising and mental arithmetic.
v/ You can check your factorisation by expanding the brackets! N\
v Simplify the expression inside the brackets before you give your final answer. @=9"=(a=-9)(a+9)
v/ The difference of two squares rule only applies to two square terms that are —a®2—-9a + 9a— 92
subtracted, not added together. For example, x> — 4 can be factorised using the — o8]
rule but x? + 4 cannot.
\ /
Learning pathways
1230529 coumns) 5o [ G 650 00, 1, 516,15, () 45 SO Se 705 0,11,
19(a, ¢, e, g), 20(a, c), 21
%I Exercise 2.4A: Understanding and fluency
1 Consider the expression (3x + 7)(3x — 7).
a Expand (3x + 7)(3x — 7) using the difference of two squares rule.
b Explain how to factorise 9x? — 49.
we2.4A 2 Factorise each expression.
a x*—36 b a*- 100 c 99—y
d 49 —«x? e 81-4° f 16 —1?
we248 3 Factorise each expression using the difference of two squares rule.
a 25m* -4 b 49 — 64¢ c (ab)*-9
d x* - o’ e pP—q¢r f v’ —d*wm?
g (57k)? — (6mn)? h 81a°0* - 4934° i 144p°¢> - 121722
we24c 4 Factorise each expression.
a 3x*-12 b 18p? - 50
c 500 -245g% d 7-28u?
e 367*-100 f 6400-1210022
g 6x’—6y’ h pg*-pr’
i we - d? j 36dk*—164ds*
k 162a%b* — 242a%d? 1 9x-81x°
5 Factorise each expression.
a (k-3)-16 b (7-m)?-1
c 9-(w+2)? d 4-(a+2)
e (y+52%—x° f uw>-(-9)?
g Cp+4)y-p h (9-4m)*-m?
i (x+3)?2-—%° i (@+6)?2—(r-5)?
k (7x-4)>—- 3x-15)? 1 z+1)2-(2-1)
6 Factorise each expression.
a —x*+36 b -16+ c -25+9n
d —-494% + 64n? e —(rp)r+1 f —r2u?+ wix?
70 — OXFORD MATHS 9 VICTORIAN CURRICULUM 2E OXFORD UNIVERSITY PRESS

This work must not be reproduced, stored, transmitted or circulated in any other form.



Provisioned to Campion Education (Aust) Pty Ltd on 20/09/2024 under licence.

7 Factorise each expression.

2_4 2_ 25
at 9 b r 19
81 _ 2 9 p_121
©C 167" d 100 ~ 144
L 2 L wZ B x2
¢ 5i% 33 f 169~ 196
8 Factorise each expression. Hint: It might help to convert each decimal to a fraction first.
a z*-0.16 b y-1.21
c 0.04-x? d #-0.0025
e 0.49¢>-0.017° f 0.0144-0.0121k%
9 Factorise each expression as the difference of two squares. Hint: Use the exponent laws.
a x°-9 b 36—y
c z22-49 d 4p-25
a* _ 81 30,50
€ 1611 f %+ 1

I Exercise 2.4B: Problem solving and reasoning

10 The difference of two squares rule can be applied to numerical expressions.
a Write each of the following differences as a product.

i 14242 ii 10%2-152
iii 992 - 98 iv 16 -64
v 169-9 vi 225-196

b Evaluate each difference in part a using the product.

¢ Write the following products as a difference of two square numbers.

i 8+5(@©-9 i (12 +18)(12-18)
iii (30 +1)(30-1) iv 12x6
v 40 x (=20) vi 13x15

d Evaluate each product in part ¢ using the difference.
11 Without using a calculator, work out the value of each problem. ,
a 63— 37 b 15.19° - 14.81° ¢ (£2)- (2)2
12 Consider two consecutive numbers, z and (7 + 1).
a Worite a simplified expression to represent the difference between the squares of the two numbers.
b If nis an integer, what type of number is the difference of the squares of two consecutive numbers?

13 A square has side lengths of x cm. A second square has side lengths 2 cm longer than the first square. Write a
factorised expression to represent the difference between the areas of the two perfect squares.

X cm

x + 2cm
14 Use the difference of two squares rule to write each expression in its simplest factorised form.

a x*-16 b x*—»8
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15 An annulus (plural annuli) is a 2D shape that looks like a donut, with a circle cut
out of the centre of another circle. The radius of the larger circle is labelled as R
and the radius of the smaller circle is labelled as .

a Write an expression, in terms of  and R, for the area of the annulus.
Remember, the area of a circle with radius of r units is 772,

b

b Factorise the expression from part a.

Calculate the area of the following annuli. Write your answers correct to two
decimal places.

i ii iii

) P

b

16 A square annulus is similar to an annulus but uses squares instead of circles.
The square annulus shown has integer side lengths where the larger square has a side length 2 cm greater

than the smaller square. If the shaded area of the square annulus is 24 ¢cm?, determine the side lengths of the
two squares.

17 A landscaper has designed a concentric circle pattern for the lawn at a university. The innermost circle of
lawn has a diameter of 1 m and is surrounded by a concrete ring that is 0.25 m wide. The concrete ring is
surrounded by a 1 m-wide ring of lawn. Three more rings of concrete and two more rings of lawn of the same
width surround the original circle.

a Worite a calculation using the radii lengths for the area of
concrete needed.

b By factorising, show that the area of concrete needed is given
by 0.257(5 +4.75+3.75+3.5+25+225+1.25+ 1) m%

72 — OXFORD MATHS 9 VICTORIAN CURRICULUM 2E OXFORD UNIVERSITY PRESS

This work must not be reproduced, stored, transmitted or circulated in any other form.



Provisioned to Campion Education (Aust) Pty Ltd on 20/09/2024 under licence.

18 Show how (x + 1)(x + v)? — (x + 1) (x — y)? can be written in its simplest factorised form of 4xy(x + 1).

19 We can factorise the difference of any two terms by using square roots. For example, x — vy can be factorised to
(VX + \¥) (¥x — \¥). Factorise the following to the product of conjugates. Remember to evaluate square roots
and simplify surds where possible.

a a-5 b »¥-7 c ¢-8 d 3d-16
e 4e—-45 f 2/2-75 g xX*—»y° h 8x?-12y?

| Exercise 2.4C: Challenge

20 If the length of a rectangle is given by / = x + y and the «—l=x+y——m>

. . A
width is given by w = x — v, then the area of any rectangle, [
A =[x w, can be expressed as the difference of two squares
A=x*-1y2
For each of the following rectangles, state the side lengths A=Ixw w=x-y
(x and y) of two squares, where the difference in the areas
of the squares is the same as the area of the rectangle.
\d
a 10 m b 10 m
4 m 4 m
8m 8m
10 m
10 m
c 13 m d 16 m
6 m 6 m
7 m 7 m
16 m
13 m

21 A rectangle has a length 6 cm longer than its width. The rectangle’s area is y* — x*. What is the value of x* in
square centimetres?
22 There are other rules we can use to expand and factorise algebraic expressions.
a Expand (x + ) (x* — xy + 1?).
b Use your result in part a to factorise x> + 8.
¢ Predict the factorised form of x> — 8.
d Use expansion to verify that your prediction in part ¢ is correct.

23 These are the known facts about two numbers: the difference between two numbers is 5 and the difference
between the squares of the two numbers is 155. What is the sum of the two numbers?

Online resources:

Interactive skillsheet @ CAS instructions Quick quiz

Factorising the Factorising 24
difference of two
squares
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Factorising quadratic
expressions

Learning intentions Inter-year links
S

By the end of this lesson you will be able to ...

upport  Multiples and factors

factorise monic quadratic trinomials.
v g 2.4 Factors and the highest common

factor
Year 8 5.7 Factorising

1.7 Factorising quadratic expressions

Quadratic trinomials

e A quadratic expression is an algebraic expression that contains a squared pronumeral, with no
exponents greater than 2 in the expression.
For example, 672, x> + 5, k? + 14k + 30 and 45 — a? are all quadratic expressions.

e An expression with three terms is called a trinomial.

e A quadratic trinomial is an expression of the form ax? + bx + ¢, where a and b are coefficients and c is
a constant.

ax® + bx + ¢

expanding

<

X +4x+3=((x+1D(x+3)

— ais the leading coefficient

— b is the coefficient of the linear term

— ¢is the constant term quadratic trinomial binomial product

. . . expanded form factorised form
e Many quadratic trinomials can be factorised to produce a

binomial product.

Factorising monic quadratic trinomials

e A monic quadratic trinomial is a quadratic trinomial in which the leading

factorising

Key content video

. . } Factorising monic
coefficient is equal to 1. quadratic trinomials

x?+ bx + ¢
e Expanding a binomial product of the form (x + m) (x + n), where m and » are constants, gives a
quadratic trinomial of the form x2 + bx + c.

&+ m)(x + n) = x(x + m) + nlx + m) x> "

= x% + mx + nx + mn ) 1
=x%+ (m + mx + mn % x? X
=x?+bx+c ¢
where b=m +nand c=m X n T Ch
e The process can be reversed to factorise quadratic m mx mn

trinomials of the form x? + bx + ¢, by finding two numbers l

(m and n) that add to give b and multiply to give c. G+ 1) ‘

For example, x> +4x+3=x>+ 3+ Dx+ 3 x 1)

= (x+3)x+1) Area = x> + (m + n)x + mn
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Worked example 2.5A Finding the numbers for a given product

and sum

>

Identify which two numbers add to give the first number and multiply to give the second number.

a sum: 5, product: 6 b

a 1 List the factor pairs of 6. Remember that
if the positive/negative sign is changed
for both factors then the product is the
same, so for each factor pair, consider
both combinations of positive and negative
values.

2 Add the factor pairs together and

determine which pair adds to 5.

List the factor pairs of —8. Remember

that a negative multiplied by a positive

is a negative, so for each factor pair,

consider both combinations of positive and

negative values.

2 Add the factor pairs together and

determine which pair adds to —2.

List the factor pairs of —6. Remember

that a negative multiplied by a positive is

a negative, for each factor pair, consider

both combinations of positive and

negative values.

2 Add the factor pairs together and

determine which pair adds to 1.

Worked example 2.5B Factorising simple quadratic trinomials

Factorise the quadratic trinomial x? + 7x + 10.

1 List the factor pairs of the constant term, 10.
Remember that if the positive/negative sign is
changed for both factors then the product is
the same, so for each factor pair, consider both
combinations of positive and negative values.

2 Add the factor pairs together and identify
which pair adds to the linear coefficient, 7.

3 Worite the expression in factorised form.

4 Check your result by expanding.

OXFORD UNIVERSITY PRESS

sum: —2, product: —8 c

sum: 1, product: —6

a 1x6=6—> 1+6=7
—1x(-6)=6—> -1+ (-6)=-7
2X3=6— 2+3=5
2x(-3)=6—>-2+(-3)=-5

The numbers are 2 and 3.
b -1x8=-8—> -1+8=7
1x(-8)=-8—>1+(-8) =-7
2%x4=-8— -2+4=2

2% (—4) = -8 > 2+ (—4) = -2

The numbers are 2 and —4.

c -1x6=-6—> —-1+6=5
1x(=6)=—=6—->1+(=6) = -5
3x2=-6-> -3+2=-1

3% (=2)=-6—3+(=2) =1

The numbers are 3 and —2.

>

1x10=10— 1+10=11

—1x(=10) =10 > —1 + (=10) = —-11
2%x5=10— 2+5=7

—2x(=5)=10—> -2+ (=5)=-7

The numbers are 2 and 5.
X2+ 7x+10=(x+2)(x+5)

Check: (x +2)(x+5) =x*>+2x+ 5x + 10
=x2+7x+ 10
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Worked example 2.5C Factorising more complex quadratic trinomials o

(+and -)
Factorise each quadratic trinomial.
a m*+2m-3 b x*—7x-8
1 List the factor pairs of the constant term. a 1x(-3)=-351+(3)=-2
Remember that if the positive/negative sign is 1x3=-3—>5 —-1+3=2
changed for both factors then the product is m*+2m—-3=m+3)m—-1)
the same, s'o fo'r each factc')r' pair, cons1de'r Check: (m +3) (m—1) = m* — m + 3m — 3
both combinations of positive and negative 5
| =m*+2m-3
values. b 1 x (_x) =-8—>14+ (-8 =-7
2 Add the factor pairs together and identify -1x8=-8—> —-1+8=7
which pair adds to the linear term. 2x(-4)=-8-22+(4=-2

-2x4=-8—>-2+(4)=2
x2—Tx—-8=(x-8)(x+1)
4 Check your result by expanding. Check: (x —8) (x + 1) = x>+ x — 8x — 8

=x>-7x—-8

3 Write the expression in factorised form.

Worked example 2.5D Factorising quadratic trinomials by first taking o
out a common factor

Factorise by first taking out a common factor.

a 2x?—14x+ 12 b —x?+4x-3
1 If the coefficient of x? is not 1, check for a a 2x?—14x+12=2(x*>—-T7x+6)
common factor of the three terms. Write 1x6=6— 1+6=7
the HCF in front of the brackets. Inside the —1x(-6)=6—> -1+ (=6)=-7
brackets, divide each term by the HCE 2x3=6-— 2+3=5
A common factor can be —1. 2x(-3)=6—>-2+(-3)=-5
2 Factorise the expression inside the brackets. 2 =Tx+6) = 2(x = 6)(x = 1)
List the factor pairs of the constant term. Check:2(x —6) (x — 1) =2(x* —x — 6x + 6)
3 Add the factor pairs together and identify =2(*=7x+6)
. . } =2x>—14x+ 12
which pair adds to the linear term.
' o . b —x>+4x—-3=—(x*>—4x +3)
4 Write the expression in factorised form. 1x3=3s 143=4
5 Check your result by expanding. -1x(-3)=3—>-1+(3)=-4

- —-4x+3)=—-(x-3)(x—-1)
Check: —(x—3)(x—1)=—(x>—x—3x+3)

=—-(x*—4x+3)
=—-x*+4x-3
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[ v/ The order of the binomial products doesn’t matter. This is because of the commutative law for
multiplication. For example: 2 X3 =3 x2and (x — 2)(x+3)=(x+3)(x — 2)
v/ The order of the terms in a quadratic trinomial does not change the value of the expression. This is
because of the commutative law for addition. For example: x* + 6x + 8 = 6x + 8 + x” = 8 + x” + 6x
v/ Always look for the HCF of the three terms before factorising. Simpler expressions are usually easier
to factorise!
v/ You can check your factorisation of the binomial products by expanding the brackets!
PR
X*+4dx+3=((x+1(x+3)
=x*+3x+x+3
=x*+4x+ 3
If the constant term, ¢, is positive, then both factors have the same sign. So:
— if b is positive, then both factors are positive
— if b is negative, then both factors are negative.
If the constant term, ¢, is negative, then one factor is positive and the other is negative.
- /
Learning pathways
gzzgz 2: zz:z::g ‘71'_13’ 1-3(3° column), 6-11, 13,14, 4(c,T,i, ), 5(c, 1) 6(c, i, 1), 7-11, 14,15,
16(ad), 18 16(b, e, f, h, i), 18,19, 21(a, , €) 16(d, g, h, i), 17, 20, 21(b, d, f), 22, 23
%I Exercise 2.5A: Understanding and fluency
we2s5Aa 1 Identify which two numbers add to give the first number and multiply to give the second number.
a sum: 5, product: 4 b sum: 6, product: 8 ¢ sum: 13, product: 22
d sum: 9, product: 20 e sum: 10, product: 24 f sum: 7, product: 12
g sum: 13, product: 42 h sum: 12, product: 35 i sum: 8, product: 16
2 Identify which two numbers add to give the first number and multiply to give the second number.
a sum: 2, product: —8 b sum: —1, product: —6 ¢ sum: —8, product: 12
d sum: 3, product: —10 e sum: —8, product: —9 f sum: -5, product: 6
g sum: 5, product: —6 h sum: —6, product: —27 i sum: —12, product: 11
3 Use your results from question 1 to factorise each of these quadratic trinomials.
a x*+5x+4 b x>+6x+8 c x*+13x+ 22
d x*+9x+20 e x*+ 10x + 24 f x>+ 7x+12
g x4+ 13x+42 h x*+ 12x + 35 i x¥*+8x+16
we2se 4 Factorise each quadratic trinomial.
a a?+4a+3 b ¥¥+9+ 14 c Z+7c+6
d & +10d+ 21 e ?+8+7 f f2+8f+15
g £+ 11g+28 h 72+ 134+ 36 i x*+9x+ 18
j A+ 14+45 k &+ 11k + 30 1 y*+13y+40
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5 Use your results from question 2 to factorise each of these quadratic trinomials.

a x>+2x-—8

d x*+3x-10
g x>*+5x-6
we2sc 6 Factorise each quadratic trinomial.
a a?+2a-3
d &+5d-14
g g£+g-12
i 7#-10/+16
WE 2.5D 7

a 3x°+9x+6
¢ 5x*+ 15x-20
e —6x%+ 36x— 30

bx—-x-6

e x*»—-8x-9

h x*—6x—27 i
b »¥¥-2b-15 c
e ¢ — 10e+ 24 f
h 7-8h+ 15 i
k k*+3k-18 1

Factorise each quadratic trinomial by first taking out a common factor.

b 2x*+ 16x + 30
d —4x*>—-20x — 24
f —x>—2x+35

8 Factorise each quadratic trinomial by first taking out a common factor.

a ax’+ 8ax + 12a
¢ 10cx? = 10cx — 300c¢
e p*x*+ 13p°x + 30p?
9 Factorise each quadratic expression.
a x*—-6x+9

10 Factorise each quadratic expression.

a x*-25
c x>-25x
e x?—49x

b bx?—11bx + 28b

x> —8x+ 12
x>—5x+6
x> —12x + 11

c—5+4
£ -3f-10
x?—5x—24
y-y-2

d —-2dx* + 34dx—120d

f ¢x? + 15gx? + 44x%°

b x*+0x-9 c

b x*-10x+ 25
d x>+ 14x + 49
f x>-49

x>—6x+0

11 Factorise each quadratic by first reordering and simplifying the terms of each expression.

a 21+ 10a+ a?

c 3c+c-18

e —24-10e-¢

g 10g+70+g+7g+2
50 — 20x — x* + 7x — 86

e

b 2b-35+
d 48+2d- &
£ 10f/- /- 16
h

2h+5+n-19-3h

I Exercise 2.5B: Problem solving and reasoning

12 Consider a quadratic expression of the form x*> + 6x + c.

a Determine all positive integer or zero values of ¢ such that the expression can be factorised. Write both the

expanded and factorised forms for each value of c.

b Determine all negative integer values of ¢ greater than or equal to —40 such that the expression can be

factorised. Write both the expanded and factorised forms for each value of c.

¢ When the coefficient of x is positive, how can you tell if the factors are both positive or if one is positive and

one negative?

13 Consider a quadratic expression of the form x?> — 6x + c.

a Determine all positive integer or zero values of ¢ such that the expression can be factorised. Write both the
expanded and factorised forms for each value of c.

b Determine all negative integer values of ¢ greater than or equal to —40 such that the expression can be
factorised. Write both the expanded and factorised forms for each value of c.

¢ When the coefficient of x is negative, how can you tell if the factors are both positive or if one is positive

and one negative?
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14 Consider a quadratic expression of the form x* + bx + 64.
a Determine all positive integer values of & such that the expression can be factorised. Write both the
expanded and factorised forms for each possible value.
b Determine all negative integer values of b such that the expression can be factorised. Write both the
expanded and factorised forms for each possible value.
¢  When the constant term is positive:
i  how can you tell if the factors need to be positive or negative
ii is the coefficient of x the sum or difference of the positive values of the factors?
15 Consider a quadratic expression of the form x*> — bx — 64.
a Determine all positive integer or zero values of b such that the expression can be factorised. Write both the
expanded and factorised forms for each possible value.
b Determine all the negative integer or zero values of b such that the expression can be factorised. Write both
the expanded and factorised forms for each possible value.
¢ When the constant term is negative:
i how can you tell which factor must be positive and which must be negative
ii is the coefficient of x the sum or difference of the positive values of the factors?
16 Use the expansion of a perfect square rule, (a + b)? = @> + 2ab + b and (a — b)? = a> — 2ab + b* , to completely
factorise each quadratic trinomial as a perfect square.

a x*+8x+16 b y*— 10y + 25 c ¥+20+1
d (22)?%-12z2+9 e 9w’ + 42w + 49 f 377-12h+ 12
g -k —-18k-81 h f2+2fc+¢° i (5p)>—40pq + (49)*

17 Consider quadratic trinomials of the form ax®> + bx + c.
a Describe how you can check if a quadratic trinomial is a perfect square.
b The following quadratical trinomials cannot be factorised as a perfect square. Explain why.
i ¥*+6x-9 ii x*+6x+9 iii x>+ 3x+9 iv x>+ 6x+ 3

18 A rectangle has an area of (x*> + 9x + 18) m? and a width of (x + 3) m.
a Determine the expression of the length, in m, of the rectangle.

b Write the area, in m?, of the rectangle as a product of its length
and width. Area = x>+ 9x + 18 x+3

¢ If x = 2 m, calculate the area of the rectangle, in m?, using:
i the product of the length and width
ii the expression x?> + 9x + 18.

19 Consider the two rectangular objects below.
a Write an expression for the missing side length for each object.

i area within frame is (x> + 7x — 18) cm? ii area of billboard is (9y* — 16) m?

By—-4)m
b Find the value of x that gives an area of 152 ¢cm? for part i.
¢ Find the value of y that gives an area of 425 m? for part ii.
d Determine the positive values of x and y such that the areas of the rectangular objects is zero.
e Substitute x = 1 and y = 1 into the length, width and area expression, and state why they are not
appropriate for the items.
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20 Two friends, Melissa and Lena, want to renovate their square-shaped xm
backyards by adding a full-length rectangular porch and planting a
rectangular section of grass with garden beds on either side. Both

A
Y

friends want to have the same width for their porches and their garden
beds but have different-sized backyards, so they decide to use algebra
to determine the area of grass that they need for both. They’ve already grass
decided on the width of their porches, and have narrowed down the area xm
of grass to four options:
Option 1: (x> - 5x + 6) m?
Option 2: (x> — 7x + 10) m? porch
Option 3: (x> —4x + 4) m?
Option 4: (x> - 6x + 8) m?
a Factorise the quadratic expression for each of the four options.

b Consider the factors of each equation and relate them
to the possible side lengths of the grass. Judging from
Melissa and Lena’s four options, what is the width of
Melissa and Lena’s porches?

¢ Lena also suggested the grass areas (x> — x — 6) m? and
(x* + x — 6) m?. Explain why Melissa said these areas
wouldn’t be possible.

d Melissa and Lena decide to have 2 m of space either
side of the lawn for their garden beds. Which quadratic
expression did they decide on?

e If Melissa’s backyard is 6 m by 6 m, determine what area

of grass she will plant.
f If Lena’s backyard is 7.5 m by 7.5 m, determine what area of grass she will plant.
g Determine how much area Melissa and LLena will each have for planting flowers.

21 We can factorise quadratic trinomials by splitting the linear term once we have determined the two factors and
then using grouping. For example, two numbers that add to 7 and multiply to 12 are 3 and 4 so:
X2+ T7x+12=x>+3x+4x+ 12

=x(x+3)+4x+3)
=x+3)(x+4)
Factorise each of the following by splitting the linear term and using grouping.
a x*+5x+4 b x>’+6x+8 c x4+ 13x+ 22

d x*+3x-10 e x>»-8x—-9 f x*-5x+6

| Exercise 2.5C: Challenge

22 Factorise each quadratic expression.

a (3x)’+503x) — 14 b (11x)?+ 2(11x) — 80 c (5x)?—12(5x) + 32
d (x+2)2+3(x+2)-4 e (x—4)2-11(x—-4) + 30 f (x-9)?2+14(x-9) +45
g (3x)’—(3x) —42 h (2x)? + 7(2x) — 30 i (8x)?+32(2x) — 48
23 Write each expression in its simplest factorised form.
a (x)?-13x*>+ 36 b (x?)?-12x> — 64 c (x)?+ 24x*>-25
Interactive skillsheet Worksheet Quick quiz
?
@ Factorising quadratic Factorising quadratic 2.5
expressions expressions
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Review: Algebra

Module summary

Terms and expressions

pronumerals
coefficients constant

\1 SX/\— 2_};\4- 5/

erm +term + term

expression

Multiplying algebraic terms
3a°b x (2a°0%) =3 X (-2) x a® T2 x b2

Adding and subtracting like terms

* Like terms contain the exact same pronumerals
with the same exponents.

Like terms: xyz, 4yzx, 72xy
Not like terms: ab?, a’b

* Like terms can be added and subtracted
by adding and subtracting their coefficients.

a’b + 2a%b = 1a?b + 2a%b = 3a%b

Factorising using the HCF

factorising

2x% — 6x = ZTx(x'— 3)

HCF of
2x% and 6x

= -6a’b’
Dividing algebraic terms
2
6’ _ Bxa xb
3a’b A% adx b
=2xa Pxb!
= 2a*h?
Expanding

Use the distributive law to expand brackets.

a(b+c¢) =ab+ ac

(a+b)(c+d) =ac+ ad + bc + bd
2

Factorising by grouping terms

X+ 2x=3x—-6=x(x+2) -3+ 2)
=(x+2)(x-3)

Difference of two squares

expanding

>

(a+b)(a-b) = azr— b?

<

factorising

Expansion of a perfect square
expanding

(a +b)2 =+ 2ab + b?

<

factorising

Factorising monic trinomials

x>+ bx + ¢

* Find two numbers that add to give b and multiply
to give c.
+mx+n =xx+m + nlx+m
=x? + mx + nx + mn
=x2+ (m+ mx+ mn
=x?+bx+c
where b=m +nand c=m x n

¢ Substitute those two numbers into the binomial
product factorised form.

factorising

x2+4x+3:(x+i)(x+3)

<

expanding
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mH Review questions 2.6A: Review quiz Quizlet
P . . . = Take the review Test your knowledge
Mathematical literacy review qUiz 1o assess of this module by
your knowledge of working individually
this module. or in teams.

The following key terms are used in this module:

e binomial e distributive law e leading coefficient ° term
e binomial product e expand e like terms e trinomial
e coefficient e expanded form e linear term e unknown
e conjugates e exponent form e monic quadratic e variable
e constant e expression trinomial
e constant term e factorise e pronumeral
« difference of two * highest common * quadratic expression
squares factor (HCF) e quadratic trinomial

1 Complete the following sentences using words from the list of key terms.

a An algebraic expression contains one or more LA has only two terms and a
has three terms.

b A has three terms and the leading coefficient of the x* term is 1.
¢ In a quadratic trinomial, the is the term with x and the term with no pronumeral is called the
d is the opposite process to expanding. The first step is to identify if there is a

2 For the expression 9x? — 6x + 12, match the following in the left-hand column with a key term in the
right-hand column.

a 12 I leading coefficient
b 99X xXx II constant term
c -6 111 linear term
d X v quadratic expression
e 9 A% highest common factor
f 9x? — 6x + 12 VI expanded form
g —6x VII variable/pronumeral
3 VIII coefficient

Review questions 2.6B: Multiple choice

2
EZl 1 Which expression shows 6ab’c ;) simplified form?

18a’c
6ab? ab’c b? b

A 18a B 3a%c c 12a D 3a

EXl 2 Which is not a like term to 4ab*?
3

AL B 4ba’ C -4ba D 2bab’
X3 Ifx=-3andy=2,then —5y°x?is equal to:

A -360 B 360 C -540 D 540
EZ1 4 Which expression is equivalent to 8 — 2(3 — 5g)?

A 18 - 30g B 10g+2 C 10g+ 10 D 2-10g
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EZ1 5 Which expression is not equivalent to (3x + 4)(2y — 5)?

A 2y3Bx+4)-5CBx+4) B 6xy - 20
C 6xy—15x+ 8y —20 D 3xQ2y—-5) +4Q2y-15)
E¥1 6 Which expression cannot be expanded using the difference of two squares rule?
A (x+6)(x—-6) B (7-p(7+p)
C (d+5d-2) D (¢g+9(—q+9)
E¥] 7 Which statement is incorrect?
A d+3)d-T7)=d*+4d-21 B (e—6)=¢—-12¢+ 36
C m—4(m+4)=m?>-16 D 2b6+5)(3b6—-2) =6+ 116-10
EE] 8 The simplest factorised form of the expression 9x> — 3x? is:
A 3(3x?—x%) B 3x’(3 —x)
C x?(9 - 3x) D 3x(3x — x?)
EE] 9 Which of the following is not a factor of 12x2y — 24xy??
A x? B 12xy
C 12 D 6y
EE] 10 The expression 3x — 2 is not a factor of which expression?
A 24xy + 15x - 18y — 10 B 6(3x-2) —y(3x-2)
C 3x(5y+9) —2(5v+9) D 21x— 14
EX] 11 The expression @? — 49 factorises to:
A (w—7)? B (w-7)(7-w)
C (w+7)(w-7) D (7+ w) (7 - w)
EX] 12 The simplest factorised form of the expression 36 x%z — 100 y?z is:
A 4z(5y + 3x)(5y — 3x) B z(6x + 10y)(6x — 10y)
C 4z(6x — 10y)(6x — 10y) D 4z(3x+ 5y)(3x — 5y)
B 13 The expression (a — 3)% — 9 factorises to:
A (@a+6)a-12) B (a-12)(a+6)
C a*>-6a D a(a-6)
Xl 14 The expression 2 + 3¢ — 18 factorises to:
A @+90(-2) B (r-6)(+3)
C t+6)(t—-3) D (#-9@+2)
X 15 The simplest factorised form of the expression 3y? — 33y + 84 is:
A30-Nl-4 B By-7By-4
C By-21)(v-4) D 3yv+7(+4)
EX 16 Which of the following is not equivalent to 5> — 8b + 16?
A (b-4)? B (4-10)?
C (b-4)4-b) D @4-b)4-b)

Review questions 2.6C: Short answer

EZl 1 Simplify each expression.

a 15t—7t+ 8¢ b a-7p—-11p+ 12a
c 3k+5km—"Tk— 15+ 2k — 4km d 6m?n — 2m? + Tnm? + 111 — dmn? — 3m?
EXl 2 Simplify each expression.
a 4xy x 11xyz b 9mnp x 2mp x 4n?
c 15de + (18df) d 11klmn = (=22kim?)
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E¥1 3 Expand each product.

a 4(z-7) b -8(5-3y) c 5x(7 - 6w)

d w+3)a@-4 e (57+6)(8 -390 f (Op+119)(Tm— 3n)
B¥1 4 Expand and simplify each expression to remove the brackets.

a 5(a+2)-3(7-a b (b-11)(6+2) c (Bc—2){4c-5)

d (d+w)(d-w) e (6+e)? f (f-9)?
E¥1 5 Expand and simplify each product.

a x*(x3 —x?) b y324(y° — 2?) c (x5 —v)(®+ %
EE] 6 Factorise each expression.

a 4a-24 b 36p¢> + 144pq c 7d8—-d) —4(8-d) d Se+ 15¢f+ 2 + 6f
EE]l 7 Factorise each expression.

a 6z°—5z* b 9d%y + 15dx? ¢ —36r'%%u’ — 967713’ d a’b*7d + a®b>Pd’ + a*bcdd’
EE]l 8 TFactorise each expression.

a 24x*(x>+ 2) — 8x(x*+ 2) b r+QU+5+0+q0p-3) c 4x?+ 16x—6x— 24
EX] 9 Factorise each expression using the difference of two squares rule.

a a’—64 b 121 - % c 36m* — 49n?

d (p+1)’-4 e 22-32 £ (f+4)?—(f-5)?
EZ} 10 Factorise each expression.

a y"0—go° b ¢?—(¢g+4)? c —r+100 d —-64+81;2
11 Factorise each expression.

1962169, b 1;#—% c —f—;+% d 0.040? - 1.21

EX] 12 Factorise each quadratic trinomial.

a a?+6a+5 b ¥*-7b+12 c F+4c-21 d 4*-16d-36
Xl 13 Factorise each quadratic trinomial.

a 15+ 8x+ x? b 60 + 20x — 5x? c 32x—2x*-120 d 240 — 6x — 3x?
Xl 14 Factorise each quadratic expression.

a 98 —2x? b 16y? + 64x? c x>—10x+ 25 d 9x? - 36x

Review questions 2.6D: Mathematical modelling

1 Expressions in the form (x + a)? — b* can be factorised using the difference of two squares rule.

a Factorise each of the following using the difference of two squares rule.
i (x+8)2-9 ii (x—10)2-16 iii (x+11)2-25

b Describe the connection between the numbers in the brackets in factor form and the values of a and b
in (x + @?— b form.

¢ Expand each of the following.
i (x+8)2-9 ii (x—-10)?2-16 iii (x+11)2-25

d Describe the connection between the coefficient of x in the expanded form and the value of a in
(x + a)? — b* form.

e Describe the connection between the constant in the expanded form and the values of a and 4 in
(x + a)? — b? form.

f Fill in the spaces so that the expressions are equivalent.
i e+ P-4 =x2+6x+5 =@+ D+ ]
i x-52-[ | == [x+[ |=@x-9D&x-1
iii (x| D2 J=x? e 14x-51=(x -] Dx+] ]
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2 Malak and Samara are investigating how to quickly add the positive integers from 1 to 7:
1,2,3,4,5,..,n

Malak finds the expression %n(n + 1) and Samara finds the expression (n + 1)22_ (n + 1), 4
which will give the sum of the integers from 1 to 4, if n = 4. Visually, the first four positive 2 >
integers can be represented using bars. 1
a Expand both of Malak’s and Samara’s expressions to show that they are equivalent.
b Calculate the sum of the first five positive integers:
i by manually computingthesum 1 +2+3+4+5 ii by using one of the expressions.
c Calculate the sum of the first 100 positive integers.
Malak decides to investigate the sum of the first # positive even numbers: 2, 4, 6, 8, 10,..., n
Malak finds the expression 7% + n, which will give the sum of the
positive even numbers from 2 to 8, if n = 4. Visually, the first four even
numbers can be represented using double bars. 4| 4
i Factorise n? + n. 7 | 313
ii Calculate the sum of the first 100 positive even numbers. 1 (1
iii Describe the connection between the sum of the first z positive even
numbers and the sum of the first 7 positive integers.
e Samara decides to investigate the sum of the first » square
numbers: 1,4, 9, 16, 25,..., n.
Samara finds the expression %(n2 + n)(2n + 1), which will give the alalala
sum of the square numbers from 1 to 16, if n = 4. Visually, the first 31313
four square numbers can be represented using squares of bars. 1 2]2
i Expand %(n2 +n)2n+ 1).
ii Calculate the sum of the first five square numbers using Method 1 and Method 2:
Method 1: manually computing the sum 1 + 4 + 9 + 16 + 25
Method 2: using one of the expressions
iii Calculate the sum of the first 100 square numbers.
Checklist
Now that you have completed this module, reflect on your ability to do the following.
I can do this I need to review this
D Simplify algebraic expressions involving addition and subtraction D Go back to Lesson 2.1
D Simplify algebraic expressions involving multiplication and division Simplifying
D Expand algebraic expressions of the form a(b + ¢) D Go back to Lesson 2.2
D Expand algebraic expressions of the form (a + b)(c + d) Expanding
I:] Find the HCF of two or more algebraic terms D Go back to Lesson 2.3
I:] Factorise algebraic expressions by identifying and dividing by the HCF Factorising using
I:] Factorise algebraic expressions by grouping terms the HCF
D Factorise expressions in the form a? — »? D Go back to Lesson 2.4
D Factorise complex expressions using the difference of two squares rule Factorising the
difference of two squares
[ ] Factorise monic quadratic trinomials by finding the numbers [ ] Go backto Lesson 2.5
required for a given product and sum Factorising quadratic
D Factorise monic quadratic trinomials by first taking out a common expressions
factor
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Lessons

3.1 Solving linear equations

3.2 Solving linear inequalities

3.3 Plotting linear relationships

3.4 Gradient and intercepts

3.5 Sketching linear graphs

3.6 Determining linear equations

3.7 Midpoint and length of a line segment
3.8 Direct proportion

Prerequisite skills

@ Diagnostic pre-test
Take the diagnostic pre-test to assess your knowledge of the
prerequisite skills listed below.

@ Interactive skillsheets
After completing the diagnostic pre-test, brush up on your

knowledge of the prerequisite skills by using the interactive
skillsheets.

v Substitution

v Order of operations

v Expanding over one pair of brackets
v’ The Cartesian plane

v Finding the length of the hypotenuse

Curriculum links

e Recognise that the real number system
includes the rational numbers and the irrational
numbers... (VC2M9ONO1)

e Sketch linear graphs of equations in various
algebraic forms, using the coordinates of
2 points, and solve linear equations (VC2M9A03)

e Find the gradient of a line segment, the midpoint
of the line interval and the distance between 2
distinct points on the Cartesian plane (VC2M9A04)

e Use mathematical modelling to solve applied
problems involving change, including financial
contexts involving simple interest; formulate
problems, choosing to use either linear or
quadratic functions... (VC2M9A06)

e Experiment with the effects of the variation
of parameters on graphs of related functions,
using digital tools, making connections between
graphical and algebraic representations, and
generalising emerging patterns (VC2M9A07)
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d or circulated in any other form.




Provisioned to Campion Education (Aust) Pty Ltd on 20/09/2024 under licence.

Lesson3.1
Solving linear equations

Learning intentions .
8 Inter-year links

By the end of this lesson you will be able to ... . . N
. . L . 6.6 Solving equations using inverse
v solve linear equations using inverse operations. operations

Year 8 6.3 Solving equations with the
unknown on both sides

3.1 Solving linear equations

Linear equations

e An equation is a mathematical statement that shows equivalence equals symbol
between the expression on the left-hand side (ILHS) and the l
right-hand side (RHS) of the equation. 3n+ 10,=40
e An equation may contain one or more pronumerals ; ¥<
(such as x, v, a or b) that represent values, sometimes referred to left-hand side of  right-hand side of
as unknowns. If the pronumeral represents an unknown that can equation (LHS) equation (RHS)

have more than one value, then it is called a variable.
e A linear equation is an equation containing only pronumerals that are raised to a power of 1 and no
two such pronumerals are multiplied together.

Linear equations | Non-linear equations
y=x y=x
n_ mn —
7 2 2 ) §
3 _ B ey content video
2a -~ gb =10 a’+6b=0 ’ Solving linear equations

Solving linear equations using inverse operations

e A solution is a value for an unknown that makes the Operation Inverse operation
equation a true statement. 43 _3

e To check whether a value is a solution to an equation, _3 43
substitute that value into the equation to see whether it <3 =3
makes a true statement. 3 3

e To solve equations using inverse operations, identify
and apply the inverse operation(s) required to reverse the operation(s)

and isolate the unknown on the LHS of the equation (x = ...). /\/\/_\

— For equations involving more than one operation, inverse operations
must be performed in the reverse order to BIDMAS. B ID M A S
— A useful shorthand is to put the inverse operation in brackets to the
right of the equation for each line of working out.
— "To solve an equation in which the unknown appears on both sides of the equation, use inverse
operations to eliminate the pronumeral term from one side of the equation, then solve the equation
using inverse operations.

For example, 4x—2=3x+1 (-3x)

g=2=1 (+2)
m=3
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Worked example 3.1A Solving two-step equations using inverse operations o

Solve the following equations using inverse operations.

a§—5:7 b 10=-2(x+6)

a Identify and apply the inverse operations to both sides of a

e 3-5=7  (+9)
the equation in the reverse order of BIDMAS, and then 3
write the solution to the equation. % =12 (x3)
x =36
b Divide both sides by —2, remembering that the sign b 10=-2(x+6) (= (-2))
changes when you multiply or divide by a negative 5=x+6 (=6)
number. Subtract 6 from both sides. Note that —11 = x x=-11
is the same as x = —11.
Worked example 3.1B Solving three-step equations using inverse o
operations
Solve the following equations using inverse operations.
_7x _ -x—4 _
a 12= 5 9 b 3 = 1

a Identify and apply the inverse operations to both sides of a 17— Tx 9 (+9)
the equation in the reverse order to BIDMAS, and then 2

write the solution to the equation. 21 = 77x (x2)
42 =7x =7
x=6

b Identify and apply the inverse operations to both sides of b x-4 1 (3)
the equation in the reverse order to BIDMAS, then write 3 .
the solution to the equation. Note that —x = 7 is not the x—-4=3 (+4)
solution, as the —x has a coefficient of —1. -x=7 (= (1)

x=-7

Worked example 3.1C Solving equations with the unknown on both sides o

Solve each equation for x.
a 4x+7=2x-3 b 3Q2x+1)=-17 - 4x

a 1 Eliminate the pronumeral term from one side of the a 4x+7=2x-3 (—2x)
equation by subtracting the pronumeral with the
smaller coefficient, 2x, from both sides of the equation.

2 Solve the equation using inverse operations. 2x+7=-3 -7
2x=-10 (=2)
x=-5
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b 1 Remove the brackets by expanding the expression b 3Q2x+1)=-17-4x
on the left-hand side of the equation.

2 Eliminate the negative pronumeral term by adding 6x+3=-17-4x (+4x)
4x to both sides of the equation.
3 Solve the equation using inverse operations. 10x +3 =-17 -=3)
10x = =20 (+=10)
x=-2

: Lot |

v/ Writing the inverse operation beside the appropriate line of working out is a great P )
way to keep track of your calculations! 3 5=7 (+35)

v Remember that you have to apply the inverse operation to both sides of the equation.

v Remember to define your pronumerals before writing equations to represent the variables in worded
problems. For example, let 7 = number of eggs in a carton or let w = weight of eggs (grams).
Note: ‘n = eggs in a carton’ would not be correct, as a pronumeral must always represent a quantity.

Similarly, ‘w = weight of eggs’ would not be correct because it doesn’t specify a unit of measurement.
- J

Learning pathways

1-6,7(a, ¢, f, g), 8-14,
. 167 o 1B |:| 2-13, 15, 16, 18, 19, 23(a, b) Q 2-5,7(e-h), 9, 11-13, 16(c, d), 20-23

8| Exercise 3.1A: Understanding and fluency

p462

wes1a 1 Solve the following equations using inverse operations.

_ x+3 _ X 5 _ 2x _
a 4x+5=29 b—2 =4 c 7 2=7 d 5—4
e —2(x+6)=28 f —17=-3x-5 g 9=2+6 h xg“:—l
i —20=4(x-2) i —5x+1=16 K ‘73’“:—18 1 £47=4
wes.1B 2 Solve the following equations using inverse operations.

a 3x5+4:2 b —2x+1:7 c 5(x2—1):20 d 40+ 3) -2 =30
e xgz—szo £ 1:%”3 g 3:—7me h —5x+2)-7=3
2=2028) i -16=4(5-0+4 k 6=2-4 1 25352

3 Solve:
x—2.9 _ x—4 _ 3x _ Sx+2 _
a T—l b 3 +11.2=9 c 7 1.9=6.2 d 3= 4.6

4 Linear equations with brackets can be solved using two different methods.
a Solve 5(x — 2) = 20 by first dividing both sides by 5.

b Another way to solve this equation is first to expand the expression on the left-hand side. Try this method.
Do you obtain the same solution?

¢ Solve 5(x — 2) = 18 by first dividing both sides by 5.
Solve 5(x — 2) = 18 by first expanding the expression on the left side.
Which method did you find easier to use when solving 5(x — 2) = 18? Explain.
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5 Solve the following equations using the appropriate method from question 4. Where relevant, write the solution
as an improper fraction.
a 4x-1)=8 b 3(x+7)=-6 c 2(x-3)=5
d 5x+4)=8 e —4(x+2)=-24 f -6(x-2)=1

6 Consider a linear equation with the unknown in the denominator.

a What value of x would make 1_xZ = 3 a true statement?

b What is the first step to solving this equation using inverse operations?

c Solve % = 3 using inverse operations. Use substitution to check that your solution is correct.

7 Solve the following equations using inverse operations. Use substitution to check that your solution is correct.

a 10-) b 2l=—7 c 18-3 a 24-_6
11 _ 8 _ 9.6 _ 1_
c 7—2 f 7——5 g T—Z h —7—3

wes.ic 8 Solve each equation for x.
a 6x+5=4x+9 b 3x—-11=x+3 c 3x—-8=6x-5 d -15-2x=4x+3
e 3x+7=-3-2x f 9x—-4=10x-11 g 10—-x=7x—-22 h -5x-5=11-x
9 Solve each equation for x. Use substitution to check that your solution is correct.
a 3(x-2)=8x-1 b 2x—-1=5kx-2) c 2(3x—-4)=5x-1 d -3(-2x-1)=-18 —x
e 4x+3)=5x+1) f 5x+9)=-3x-7) g -6(1-x)=3x-8) h —-6(x+1)=-10(x-13)
2x+5_x—-4

3 3
a 'The first step to solving this equation using inverse operations is to multiply both sides by 3. Multiply both

10 Consider the equation

sides of the equation by 3 to obtain an equivalent equation.
b Solve the equation obtained in part a. Use substitution to check that your solution is correct.
11 Solve:

3x—4_x+6 p SXx+2_2x-7 c 2x+3_15—4x d 4C2x+1) _x-17

a 7T T 4 7 T 11 9 9
Sx—1_x+5

2 3 -
a 'The first step to solving this equation using inverse operations is to find a common denominator. Write an

12 Consider the equation

equivalent equation where the fractions have a common denominator.
_Gx-1)  _ (x+5)

b Solve the equation obtained in part a, using the method from question 10. Use substitution to check that
your solution is correct.

13 Use the method in question 12 to solve the following equations. Use substitution to check that your solution is correct.

dx+1 _3x+ 2 13x —8 _4x—2 2x—1 _4x+ 11 x+15_x+9
a 73 777 b0 =3 ¢ T3 T 9 d —=7—=%

I Exercise 3.1B: Problem solving and reasoning

14 Trent is sharing a bag of jellybeans equally with three of his friends and finds that there are two left over. Consider
the number of jellybeans that each person receives, including Trent, if there were 34 jellybeans in the bag.
a Define a pronumeral to represent the unknown quantity in this problem.
b Use this pronumeral to write an equation to represent the problem.
¢ Solve the equation using inverse operations.
d How many jellybeans did each person receive?

15 Lily is saving to buy a pair of sneakers that cost $395. She is able to save
$70 per month. If she currently has $115, consider the number of months
it will take for Lily to buy the shoes.

a Define a pronumeral to represent the unknown quantity in the problem.
b Use this pronumeral to write an equation to represent the problem.

¢ Solve the equation using inverse operations. d In how many months can Lily buy the shoes?
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16 For each problem, set up an equation and solve it using inverse operations.
a Darnell buys three model planes online for a total cost of $590, which
includes the delivery charge of $35. What is the cost of each model plane?

b Emma and Maggie score a total of 35 goals in a basketball match. Maggie
scores seven more goals than Emma. How many goals did Emma score? <

. . . . ow
¢ The perimeter of a rectangular playing field is 100 m. If the length is 12 m
longer than the width, what are the dimensions of the playing field?
d The cost of hiring a party venue is $500. There is a $26 per person charge for food. If Kasey has a budget
of $2700 for the party, what is the maximum number of people that can attend?
17 Nylah and Josh have the same amount of money.
Nylah buys seven sushi rolls and has $1.50 left over.
Josh buys four sushi rolls and has $12 left over.

a If x represents the cost of one sushi roll ($), which
equation fits this situation?
A 7x+ 150 =4x+ 12 B 7x+1.5=4x+12
C 7x—-15=4x-12 D 7x—-150=4x-12
b Solve the equation to find the cost of one sushi roll.

18 The length, /, of a rectangle is twice its width, zv.
a Write an expression for the perimeter, P, of the rectangle in terms of /.
b If the perimeter of the rectangle is 60 m, find the width of the rectangle.

19 Violetta cooked sausages for the school sausage sizzle. Each sausage was placed in bread with tomato
sauce. Twenty of these were sold with mustard. Half of those left were sold with fried onions. If there were
18 sausages sold with fried onions, how many sausages did Violetta cook?

20 One angle in a triangle is 30°. The second angle is twice the size of the third angle in the triangle. Find the size
of the largest angle.

21 The sum of three consecutive integers is 13 more than the smallest of the three numbers. Identify the three
numbers using algebra.

| Exercise 3.1C: Challenge

22 The linear equations you have dealt with have sometimes been equal. That is, for a particular value of the
pronumeral, the left- and right-hand sides are equal. The linear equations 2x + 5 =2x + 5,3x + 5 = 3x + 5 and
3x + 6 = 3x + 6 are equal for all values of x. That is, regardless of the value of x, the equations are always equal.
The linear equations 2x + 5 = 2x + 6, 3x + 5 = 3x + 6 and 3x + 4 = 3x + 6 are equal for no value of x. That is,
regardless of the value of x, the equations are never equal.

a For each of the following, determine whether the equation is always, sometimes or never equal.

i 2x+5+3x=1+5x+4 ii 7x-2+4=3x+4x-6 iii 2x+3x-5=6x-9

iv 15-12x=-34x+5) v 4(6x+ 10) =83x+5) vi 43 -4x) +x=4-3(5x-3)
b When are the two sides of a linear equation with one pronumeral equal?

¢ In which cases are the two sides of a linear equation with one pronumeral never equal?

23 Solve the following equations for x. Use substitution to check your solution.
3x+2 S5—x_5x+1,7x-2 b Sx—1_x+5

a 75 tT3 2 ' 2 3

Online resources:

Interactive Interactive Worksheet CAS Quick quiz
skillsheet skillsheet Solving linear instructions 3.1

Sx—1_x+5
2 3

+1 c +x

Solving equations Solving equations equations Solving
using inverse with the unknown equations
operations on both sides
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Solving linear inequalities

Learning intentions

By the end of this lesson you will be able to ...
v solve and represent linear inequalities using a
number line.

Inter-year links

operations
Year 8 6.9 Solving linear inequalities

3.7 Solving linear inequalities

Linear inequalities

e An inequality is a mathematical statement that compares the values of two unequal expressions.
Inequalities are written using inequality signs, like the ones shown in the table below.

Inequality sign Meaning Example Meaning of example
% ‘is not equal to’ x#2 x 18 not equal to 2
< ‘is less than’ x<2 x is less than 2
> ‘is greater than’ x> 2 x is greater than 2
< ‘is less than or equal to’ x<2 x is less than or equal to 2
> ‘is greater than or equal to’ x>2 x is greater than or equal to 2

e A linear inequality is an inequality containing pronumerals only raised to the power of 1 and no two
pronumerals are multiplied together.

is
greater

][]
] o [ % o L

Representing linear inequalities on a number line

e Inequalities involving a single variable can be represented on a number line, using rays and line

segments to represent all of the values that satisfy the inequality (see the table on the next page).

On a number line:

— a line or line segment indicates that all the values the line passes through are included in the possible
range of values for the variable

— aray (arrowed line) indicates that the possible values for the variable have no limit and continue to
positive or negative infinity in the direction indicated

— a closed circle (solid dot @) indicates that the endpoint value is included, meaning the value is either
‘less than or equal to’ (<) or ‘greater than or equal to’ (=) the value represented by that point on the
number line

— an open circle (hollow dot O) indicates that the value is not included, meaning the value is either
‘less than’ (<) or ‘greater than’ (>) the value represented by that point on the number line.

6.6 Solving equations using inverse
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Inequality | Number line representation Meaning

x#k < x is not equal to &
k X

x<k «<————9° x is less than %
ic X

x>k o> x is greater than &
ic X

x<k I x 1s less than or equal to &
ln2 X

x>k > . x is greater than or equal to %
k

Solving linear inequalities

e In most cases, if the same operation is performed on both sides of an }
inequality sign, the result is an equivalent linear inequality of a different
form and the possible values of the unknown remain the same.

Key content video
Solving linear inequalities

e Inverse operations can be used to solve linear inequalities. However, the inequality sign is reversed when

both sides of the inequality are multiplied or divided by a negative number.
For example, 5 - 2x < 1 -5
2x<-4 (= (=2))

x>2

Worked example 3.2A Representing linear inequalities on a
number line

Write the inequality represented by each of these number lines.

— 5 «——0 <
a — 7T TT>X b T T T T T T 1 C T T T
123456 -8 -7 -6 -5-4-3-2 -2 -1 0
a 'The line has a closed circle at 3, indicating a x>3

that x can be equal to 3. The ray points to the
right, indicating that x can be any value greater
than 3. So x is greater than or equal to 3.

b The line has an open circle at —4, indicating b x<—4
that x cannot be equal to —4. The ray points to
the left, indicating that x can be any value less
than —4. So x is less than —4.

¢ The line has an open circle at 1, indicating that ¢ x =1

x cannot be equal to 1. A ray continues on in
both directions, indicating that x can be any
other value. So x is not equal to 1.
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Worked example 3.2B Solving linear inequalities

Solve each of these inequalities.

a %—8£0 b -2>10x+3

a 1 Apply the inverse operations to both
sides in the correct order.

2 Check your solution. Substitute x = 32
into the LHS of the inequality. The
result should equal the right-hand side
(RHS). Then substitute any value for
x that is less than 32 into the original
inequality to check the inequality sign.
The result should be less than or equal
to the RHS.

b 1 Apply the inverse operations to both
sides in the correct order.

2 Write the solution with x on the LHS,

reverse the inequality sign if needed.

3 Check your solution. Substitute x = _1
into the RHS of the inequality. The
result should equal the LHS. Then
substitute any value for x that is less

than —% into the original inequality to

check the inequality sign. The result
should be less than the LHS.

c¢ 1 Apply the inverse operations to both
sides in the correct order.

2 Write the solution with x on the LHS,
reverse the inequality sign if needed.

3 Check your solution. Substitute x = —28
into the RHS of the inequality. The
result should equal the ILHS. Then
substitute any value for x that is greater
than —28 into the original inequality to
check the inequality sign. The result
should be less than the LLHS.

OXFORD UNIVERSITY PRESS

c 3>—1—§

7850 (+9)

§38 (% 4)

x <32
Check by substituting x = 32 into§—8£0.

_32_
LHS—4 8

=0

=RHS (For x = 32, LHS = RHS as required.)
Check by substituting a value less than 32
(for example, x = 8).
LHS =2-3

=-6

-6 <0 (For x < 32,LHS < RHS as required.)
-2>10x+ 3 (- 3)
-5>10x (= 10)
U,

x<-3

Check by substituting x = —% into -2 > 10x + 3.
RHS = 10(—%) +3

=-2

=LHS (Forx= f%, [LHS = RHS as required.)
Check by substituting a value less than _1

2
(for example, x = —2).
RHS =10(-2) + 3
=-17

-2>-17 (Forx< f%, LLHS > RHS as required.)
3>—1—§ (+1)
4> —% (x 7))
-28 < x
x> =28
Check by substituting x = —28 into 3 > -1 — %
RHS = -1 - =28
=-1+4
=3
=LHS (For x = —-28, LHS = RHS as required.)
Check by substituting a value greater than —28
(for example, x = 0).
RHS =-1-9
=-1
3>-1 (Forx>—-28, LHS > RHS as required.)
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Worked example 3.2C Solving inequalities with the unknown on both sides o

Solve each of these inequalities.

a 7x-223x-10 b 4-5x<3-8x
1 Use inverse operations to a 7x-223x-10 (-3x)
remove the pronumeral on 4x—-23>-10 (+2)
the side where the coefficient 4x > -8 (=4
is a number less than the x>0
coefficient on the other side. Check by substituting x = =2 into 7x — 2 > 3x — 10.
2 Identify and apply the LHS =7(-2)-2
correct inverse operations, - _16
in order, to both sides of RHS = 3(=2) - 10

the inequality. =-16 (For x = —2, LHS = RHS as required.)

3 Check your solution by Check by substituting a value greater than —2 (for example, x = 0).
substituting appropriate LHS =7(0) -2
values for x into the original -

inequality to see if true RHS = 3(0) - 10
inequalities result.

=-10
-2>-10 (For x > =2, LHS > RHS as required.)
b 4-5x<3-8x (+ 8x)
4+3x<3 -4
3x < -1 (+3)
x<-%
Check by substituting x = —% into 4 — 5x < 3 — 8x.
—4_5(-1
LHS = 4-5(-3)
17
3
RHS =3-8(-1)
= % (For x = f%, [LHS = RHS as required.)

Check by substituting a value less than —% (for example, x = —1).
LHS =4-5(-1)
=9
RHS =3 -8(-1)
=11
9<11 (Forx< f%, LLHS < RHS as required.)

) G )

v/ Be careful when multiplying and dividing inequalities by negative numbers.

v/ If you need to swap the LHS and RHS of an inequality, remember to reverse the inequality sign so that it
is still pointing towards the lesser expression. For example, if 5 < x, then x > 5.

v/ When solving linear inequalities with the unknown on both sides, always remove the pronumeral on
the side where the coefficient is less. That way you will always have a positive value for the remaining
coefficient. Remember, 4 > 2 but -4 < -2.

L )
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Learning pathways

1-4, 5(1%, 2" columns), 2-3(2" column), 5-7(3", 4t columns), 2-3(2" column), 6-7(e-h), 8(e-i),
6,7, 8(a-e), 9, 10(a-c), 11, 13 8(e-i), 9-13, 14 9,10, 12, 14-18

I8 | Exercise 3.2A: Understanding and fluency

pa62
1 Worite each of the following statements as an inequality.

a Two is less than three.
b Three is greater than two.
¢ Three is greater than or equal to two.
d Negative three is less than or equal to negative two.
e 'Three is not equal to negative three.
f Negative three is not equal to three.

we32a 2 Write the inequality represented on each of these number lines.

< @ o>
a T T T T T T > X b T T T T T T ™ X
1 2 3 4 5 6 7 -1 0 1 2 3 4 5
° N . o
C T T T T T T > X d T T T T T T T X
-6 -5 -4 -3 =2 -1 0 -6 -5 -4 -3 =2 -1 0 1
< o < N
€ T T T T T T T T X f T T T T T T T T T T T X
-6 -5 -4 -3 -2-120 1 2 -2 -1 0 1 2 3 4 5 6 7 8 9
g T T T T T T T X h T T T T T T T T T T T T T T X
-2 -1 0 1 2 3 4 -7 -6 -5 4 -3 -2-10 1 2 3 4 5 6
3 For each of these inequalities, show the possible values of x on a number line.
a x>4 b x<3
c x=>2-2 d x<0
e x#2 f x#-2
4 Apply operations i-viii to each side of the following inequalities. Ensure the correct inequality symbol is
written between the two numbers.
a —-4<9 b x>6
i Add five ii Subtract nine
iii Multiply by three iv Multiply by one-half
v Multiply by negative three vi Multiply by negative one-half
vii Divide by three viii  Divide by negative three
wes2e 5 Solve each of these inequalities.
a x+5>19 b %330 c —20>4x d -3x>-15
e 7<—1i0 f §+10311 g 2x-9x>-11 h 26> 14—4x
i x+3>12 j S(kx+3)<50 k x1—58>_3 1 1<10x+ 14
m 12-14x> 14 n -17<-6x+ 12 o —-6(x—-4)<13 p -11(3x+5)>40
6 Solve each of these inequalities and show the solution on a number line each time.
a 3x+2>-13 b 1-7x<-6 ¢ 5-%<2 d x54<5
7—x 2+ x 3x 8—x _
e 3 > -1 f ke 3 g 3 5<4 h = 3<=-2
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wes.2c 7 Solve each of these inequalities. Use substitution to check your solutions.

a 4x-3>2x+5 b 7x+1<3x-7 c 5x-929-x d 2x+4<5x-8
e 3—-x>4x-2 f x+11>7-3x g 8-3x<18-5x h 1-6x>-3x-5
8 Solve each of these inequalities by first expanding to remove brackets.
a 2(x-3)>x+5 b 4x-7<3(x+2) c Skx+1)=2-3x-11
d 32x-5) <7x+4 e 9(x+5) <10(x+6) f 3Bx-1)<-2(kx-4)
g 4(x+3)=22(05x-3) h 22-x)>3(1-2x) i 53-2x)<-4Q2x-7)
9 Solve each of these inequalities. Use substitution to check your solutions.
d%>% e x;4245x £ 4x6—1<3xi-1
10 Solve the following inequalities.
a 1.2x-54>10.8 b 32-42x<-52 c 2x-33>-03
d -62x+58>-12.8 e 20.1-2x<17.6 4+ 3x f 329x+142<253x-12.4

I Exercise 3.2B: Problem solving and reasoning

11 Write an inequality statement to represent each of the
following situations. Use a pronumeral for the unknown
quantity each time.

a A boat is sold for at least $750000. What could the
boat have sold for?

b o fit in an economy class seat on an aeroplane, a
person must be less than 200 cm tall. What could be
the height of a person in such a seat?

¢ AVespa cannot travel faster than 55 km/h. At what
speeds could a Vespa travel? |

d To fit in a new sleeping bag, a person must be less i
than 196 cm tall. How tall could a person be to fit in
the sleeping bag?

12 Emily and Klaus are selling watermelons at a market. They start with 20 melons and agree to share any that are
left at the end of the day.

a Write an expression for the number of melons they each will take home if they sell x watermelons.

b Emily and Klaus aim to take home no more than three watermelons each. Use your expression from part a
to write an inequality for this situation and then solve it.

¢ How many watermelons can they sell to meet their goal?

13 Ella runs a business selling candles where customers can pay for delivery or pick them up from her store. She
sells each candle for $2.50 and can mail a package containing one candle for $3, two candles for $5.50 and
four candles for $10.

A customer has $26 to spend on candles. They live too far away to visit the store, so they must pay the delivery fee.

a How many candles could they buy if each candle is packaged individually?

b If the candles in part a are packaged in groups of two, can the customer afford an extra candle and the
delivery fee?

¢ The customer decides to prioritise buying packs of four candles instead. If they have enough money left
over, they will buy a pack of two candles or a single candle. How many candles can the customer afford
now? Make sure to include the delivery fee in your calculations.
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14 Hassan is deciding how many packs of playing cards he should buy. Each pack costs $3 and he has $25 in
his wallet.

a Write an inequality to represent this situation and then solve it.
b List the number of packs of playing cards Hassan could possibly buy.

15 When performing the same operations on both sides of an inequality, the direction of the inequality sign
sometimes needs to be changed.

a Square all parts of the following inequalities. Ensure the correct inequality symbols are written between
the numbers.

i 2<3 ii -2>-3 iii 2>-3 iv -2<3
1.1 s 1 1 .e
A% §>§ V1 —§<§ vii —2#2

b Explain why we need to be careful when squaring both sides of an inequality.

¢ Apply the reciprocal to all parts of the following inequalities. Ensure the correct inequality symbols are
written between the numbers.

. 1 . 1
i 3>2 ii —3<2
iii -3 <—% iv 3>—%

1 1 . 1 1
v §<§ A% —§<§

d Explain why we need to be careful when applying the reciprocal to both sides of an inequality.

| Exercise 3.2C: Challenge

16 A company makes and sells two products: X and Y. It costs the company $4 for each of product X to be made
and $5 for each of product Y. The company needs the cost of producing the two products to be no more than
$100 per day. Let x be the number of product X the company makes and let y be the number of product Y the
company makes.

a Worite an inequality describing the cost of producing products X and Y for one day.

b State two other inequalities that must be true given that x and y represent the number of each product.
¢ Determine the greatest number of product X that could be produced in one day.

d Determine the greatest number of product Y that could be produced in one day.

Determine the greatest number of product X that could be produced in one day if 8 of product Y
are produced.

17 Solve each of these inequalities.

a @—3«3 b 3(7x2_4)—8<6x+4
Sx -1 ,x—2 x—4 x+3

c 3 + 7 >3 d 3 5 > 1
4Cx+1) 7 -2x 3x+4 x+4_x-5

e 5 + >22x+ 1 f 5 6 <73

18 Solve each of these inequalities.
a -3<5-2x<7 b 15<5(1;2x)<25
X 5 Sx
C —2<4—§<8 d ISE—?<1O

Online resources:

Interactive Interactive Worksheet Desmos activity Quick quiz
skillsheet skillsheet Solving linear Point collector —— Wi
Representing Solving linear inequalities

linear inequalities inequalities
on a number line
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Plotting linear relationships

Learning intentions 9
| | . Inter-
By the end of this lesson you will be able to ... o
Support

v plot linear relationships using tables of values and equations.

Year 8

Linear relationships

e The relationship between two variables can be represented by an algebraic
equation, a table of values, a set of coordinate points, or a graph.

e A linear relationship is a relationship between two variables, the
independent variable and the dependent variable, which produces a
linear graph.

e A linear graph is a straight line on a Cartesian plane.

e 'The independent variable is the quantity that does not depend on the
other variable.

e The value of the dependent variable depends on the value of the
independent variable.
e [t is conventional for the independent variable to be:
— listed in the top row of a table of values
x -2 -1 0 1
y -1 1 3 5

— listed first in a pair of coordinates
(-2,-1), (-1, 1), (0, 3), (1,5), 2, 7)
— shown on the horizontal axis.
Independent variable: x
Dependent variable: y

Plotting linear relationships

e A plot is composed of individual coordinate points.
A linear graph is a continuous line made up of an infinite number of
coordinate points.

e To sketch a graph from an equation, follow these steps:

1 Construct a table of values by selecting values for x, then
substituting each value of x into the equation to find the
corresponding value of y.

Write out the coordinate points listed in the table.
Plot the coordinate points on the Cartesian plane.

Join the points using a straight line.
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year links
The Cartesian plane
5.4 The Cartesian plane
6.5 Plotting linear relationships
3.3 Sketching linear graphs

Key content video
Independent and
dependent variables

7 (2,7
5+4—e(1;5)

3-¢9(0,3)

Key content video

Plotting linear
relationships
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Worked example 3.3A Plotting linear relationships from a table of vaIueso

Use the table of values to construct a plot of the relationship between x and y. Is the relationship linear or
non-linear?

x -2 -1 0 1
y -5 -3 -1 1 3
1 Worite out the coordinate points listed in the (-2,-5), (-1,-3), (0, -1), (1, 1), (2, 3)
table. y
3 0(2,3)
2 Plot the points on the Cartesian plane. 5
3 Consider whether the points form a straight 14 e

line. As the points form a straight line, the

relationship is linear. _'4 _'3 _'2 _'1 0 1 1 3 ix
1

2

(-1,-3)e-3-

—4-

(-2,-5)e —5-

The relationship is linear.

Worked example 3.3B Graphing linear relationships from an equation o

Plot a graph of y = —x — 3 by first completing a table of values for x from —3 to 2.

1 Construct a table of values for x from —3 to 2. 3 2 _ 0 1 5
Substitute each value of x into the equation to

find the corresponding value of y.

_330 b} _23_1 b} _13_2 > 03_3 b} 13_4 >
2 Write out the coordinate points listed in ( )> ( ) ( ) ( ) ( )

2, -5
the table. ( )
3 Plot the points on the Cartesian plane. Y
1 —
4 Join the points with a straight line. (-3,0)
T T T 1
-4 -3 1 2 3 4x
(_29
(0, -3)
—4 (1,-4)
s 2,-5)
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Worked example 3.3C Identifying independent and dependent variables o

Identify the independent and dependent variables in the following relationships. Explain why for each case.
a  Age (years) 10 11 12 13
Height (cm) 140 148 154 160

<

Distance (km)

—
o N B 0O NG
[ T A I T

2 4 6 8 10 12
Time (hours)

¢ The number of oranges you put in a juicer and the volume of orange juice produced by the juicer

a In a table of values, the values of the a Independent variable: Age because a person

independent variable are listed in the first row
and the values of the dependent variable are
listed in the second row. To explain why height
depends on age, think about which variable
cannot change without the other.

b In a graph, the independent variable is shown
on the horizontal axis and the dependent
variable is shown on the vertical axis. To
explain why distance depends on time, think
about which variable cannot change without
the other.

¢ The volume of orange juice depends on the
number of oranges you put in a juicer. To
explain why, think about which one is required
to make the other.

ages constantly, but their height might not
change.

Dependent variable: Height because as a
person ages their height changes.

Independent variable: Time because time
passes regardless of an object’s movement.
Dependent variable: Distance because
something cannot move without time
passing.

Independent variable: Number of oranges
because oranges cannot be made from
orange juice.

Dependent variable: Volume of orange

Juice because the amount of orange juice
depends on the number of oranges put in the

juicer.

-
v Remember that in Cartesian coordinates, the x-coordinate is always listed first, followed by
the y-coordinate. Y
y . (-4, 1)
v/ When constructing plots and
sketches, always label your x- and x-coordinate: horizontal distance y-coordinate: vertical distance
y-axes and label your graph with from the origin from the origin
the equation of the graph.
- /
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Learning pathways

A 1, 2(a-e), 3-9, 12 |:| 2(f-i), 3-10, 12-14 Q 2(h, i), 3, 5-11,13-15

I Exercise 3.3A: Understanding and fluency

p46a

we33A 1 Consider the following table of values.
a Construct a plot of each relationship between x and y.

i x |[-3]|-2]|-1]0 1 2 3 ii | x [-3|-2|-1 1 3
y |2|-1]0 1 2 3 y |11 ] 6 3 2 3 6 | 11

iii | x [-3|-2|-1] 0 1 2 3 iv| x | -3 |-2]-1 1 2 3
y | 10| 9 8 7 6 5 4 y |[-27|-8| -1 0 1 8 | 27

b Classify each relationship as linear or non-linear.
We33B 2 For each of the following linear relationships, construct a table of values for x from —3 to 3 and then write out

the coordinate points listed in the table.

a y=x+2 b y=x-4 c y=3-x
d y=2-x e y=—-x-3 f y=4x
g y=2x+1 h y=3x-2 i y=4-2x
wes3c 3 Identify the independent and dependent variables in the following relationships. Explain why for each case.
a | Radius (cm) 1 2 3 4 b | Numbersold | 20 | 40 | 60 | 80
Area (cm?) 3.14 | 12.57 | 28.27 | 50.27 Revenue () 100 | 200 | 300 | 400
C ~ y d y
8 40 1000
~— 7]
7]
2 30 ¥ 800 -
a e
2 204 8 6004
g 20 :
= 2
f" 10 g 400 -
= 0 T T T T z 200 -+
10 20 30 40 %

Distance (cm) 0 T T T T
Q Q Q Q
N N N N
O OEES
Number of words
e 'The amount of breath used to play a note on a flute and the volume of the note produced
f The chance of drawing the ace of spades from a standard deck after removing cards that are not the ace of

spades and the number of cards remaining in the deck

4 Consider each of the following relationships.
a Complete the following tables of values using the equations provided.

i x+y=24 ii xy=24
x 0 3 6 9 | 12| 15| 18 x |—-12| -6 | -2 2 6 12
y y
ili y=x(x+2) iv x=4y—-2
x |-3|-2|-1]0 1 2 3 x
y y |-3|-2|-1|0 1 2 3

b DPlot the coordinates from the tables of values and classify each relationship as linear or non-linear. Do not

attempt to join the points with curves or lines.
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I Exercise 3.3B: Problem solving and reasoning

5 Explore the similarities and differences of the following linear relationships.
a Sketch a graph of each linear relationship on the same set of axes by first constructing a table of values.
i y=x ii y=2x iii y = 3x iv y=4x
b Describe the similarities and differences between each of the four graphs.
¢ Describe the relationship between the coefficient of x and the steepness of the corresponding graph.
d Without using a table of values, sketch an approximate graph of the following relationships on the same set
of axes.
i y=>5x ii y=3.5x
e Use your answers to parts b and ¢ to describe the graph of y = 0.5x.
6 Explore the similarities and differences of the following linear relationships.
a Sketch a graph of each linear relationship on the same set of axes by first constructing a table of values.
i y=—x ii y=-2x iii y=-3x iv y=—-4x
b How do these graphs differ from those sketched in question 5?
¢ Describe the relationship between the coefficient of x and the feature of the graph identified in part b.
d Without using a table of values, sketch the graphs of the following relationships on the same set of axes.
i y=-5«x ii y=-15x
7 Explore the similarities and differences of the following linear relationships.
a Sketch a graph of each linear relationship on the same set of axes by first constructing a table of values.
i y=x ii y=x+1 i y=x+2 iv y=x+3
b Describe the similarities and differences between each of the four graphs.
¢ Describe the relationship between the equations and corresponding graphs.
d Without using a table of values, sketch an approximate graph of the following relationships on the same set
of axes.
i y=x+4 ii y=x+1.5
8 Explore the similarities and differences of the following linear relationships.
a Sketch a graph of each linear relationship on the same set of axes by first constructing a table of values.
i y=x ii y=x-1 i y=x-2 iv y=x-3
b Describe the similarities and differences between each of the four graphs.

Describe the relationship between the equations and corresponding graphs.

(¢}

d Without using a table of values, sketch an approximate graph of the following relationships on the same set

of axes.
i y=x-4 ii y=x-5
9 Use your answers to questions 5 to 8 to match each equation with its corresponding graph.
a y=x+2 b y=2x c y=—-x-1 d y=-0.5x
A y B y C y D y
2
14 14 14
14
/_'2 210 1 2 x _’}\0 1 -1 0 N -1 1 X
~1 -1 -1 14

10 Use your answers to questions 5 to 8 to sketch the graphs of the following linear relationships. In each part,
sketch the two graphs on the same set of axes.

a the graphsofiy=2x,andiiy=2x+1
b the graphsofiy=-x,andiiy=-x-1
¢ Describe the relationship between the first and second graph in parts a and b.
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11 Javier is training for the cross-country race. He runs laps of the oval every other day and records the number of
laps he runs.

Day 1 3 5 7 9 11 13
Number of laps 3 3.5 4 4.5 5 5.5 6

a Identify the independent variable and dependent variable.
b The table above can be used to sketch a graph on a Cartesian plane.
i What feature(s) of the table of values indicates that the graph is likely to be linear?
ii Hence, what is the minimum number of points you need to plot to sketch the line?
¢ Sketch the relationship on a Cartesian plane and extend the line to day 25.
d Use the graph to determine:
i the number of laps Javier should run on day 17 ii the day Javier should run 8 laps.
12 A bus is hired for a school trip to the snow. The school pays $250 towards the bus hire and charges each
student an additional $40.

a If m is the total amount of money collected for bus hire and
n students go on the trip, write an equation for the relationship
between m and 7.

b Identify the independent and dependent variables in the relationship.
¢ Calculate how much money would be collected for bus hire if:
i 0 students go on the trip ii 20 students go on the trip.

d Use your answer to part ¢ to sketch a graph of this relationship
using a scale from 0 to 30 along the horizontal axis.

Is the relationship linear? Explain.
Use the graph to find the total amount of money collected if 30 students go on the trip.
Use the graph to determine how many students need to go on the trip to collect a total of $850 for bus hire.

=20 - I B ¢

The hire cost of the bus is $1300. Use the graph to determine the minimum number of students who need
to go on the trip to cover the hire cost.

13 The formula FF = 1.8C + 32 describes the relationship between temperatures in degrees Celsius, C, and
temperatures in degrees Fahrenheit, F.
a Plot the graph of this relationship. Show a scale from —50 to 50 along the horizontal axis.
b Use the graph to find the temperature in °F for 30°C.

¢ Use the graph to find the temperature in °C for —22°FE

| Exercise 3.3C: Challenge

14 Use the graph in question 13 to find where the temperature in °C has the same numerical value as the
matching temperature in °FE

15 For each of the following pairs of linear relationships, plot two graphs on the same Cartesian plane to
determine the coordinates where the two lines intersect.

a y=x+1landy=2x b yszandy:%x
c y:%x—landy:—x+2 d y+2x=12and3y+x=16
Interactive Interactive Worksheet Investigation CAS Quick quiz
skillsheet skillsheet Plotting How accurate instructions 33
Plotting linear Classifying graphs isa'rule Graphing
relationships variables of linear of thumb’ functions
relationship temperature
formula?
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Gradient and intercepts

Learning intentions A Inter-vear links
By the end of this lesson you will be able to ... "y _
Support  The Cartesian plane

v identify the gradient and the x- and y-intercepts of a linear
graph.

Year 8

Features of linear graphs

e The features of a linear graph include its x-intercept, y-intercept and
gradient.

e The x-intercept is the point where the graph crosses the x-axis.

e The y-intercept is the point where the graph crosses the y-axis.

e The gradient is a numerical measure of the slope of the graph. It is also
referred to as the rate of change between the two variables.

increase in the value of x

positive

gradient increase in

the value
of y

decrease in
the value
of y

negative
gradient

increase in the value of x

e The gradient of a linear graph is constant.

e The value of the gradient is the number of units that the graph
increases in the y-direction for every one unit that it increases in the
x-direction.

o The formula for the gradient, m, between any two points, (x , v,)
and (x,v,), is:

Y, =V,

5.4 The Cartesian plane
6.8 Finding linear equations

3.3 Sketching linear graphs

} Key content video
Gradient and intercepts

Y1 y-intercept
3\< (0, 3)
2 —
x-intercept
4, 0)

(x;, )

T T
1 2 3 4 35X

(Xl’ yz)

Y=

_yl

m=_4_"1
Xy = X

e Gradients can be positive, negative, zero or undefined.

Positive Negative Zero

Undefined

y y y

y
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Worked example 3.4A Determine the gradient of a line segment

Find the gradient of each of the following line segments.

a

y
3

2—
1

>

¢ the line segment between the points (3, 2) and (-2, 5)

al

Identify the coordinates of the endpoints
of the line segment and label one as (x,, y,)
and the other as (x,,y,).

Substitute the points into the gradient
formula and simplify the result where
possible.

Identify the coordinates of the endpoints
of the line segment and label one as (x, y,)
and the other as (x,, y,).

Substitute the points into the gradient
formula and simplify the result where
possible.

Identify the coordinates of the endpoints
of the line segment and label one as (x,, y,)
and the other as (x,, y,).

Substitute the points into the gradient
formula and simplify the result where
possible.

OXFORD UNIVERSITY PRESS
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(1, 2), (xzﬂyz) =(3,3)

2~
X, =X
3-2
3-1
1
2

(-1, 3), (XZ, yz) =(2,-3)

Y, =)

X, =X

-3-3
2-(-1
-6

3

-2

(3> 2)3 (Xz, yz) = (_23 5)
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Worked example 3.4B Determining the gradient, x-intercept and o
y-intercept of a graph

For each of the linear graphs shown, determine the:

i gradient ii x-intercept iii y-intercept.
a v b v
3 6
2 5
17 4
I | | | 3
- 1 2 3 «x 5
1
Ry B R e
a i Identify any two points on the line and a i (x,y)=(1L-1),(&,y,)=(1,3)
label one as (x,,v,) and the other as = Ym0
(x,, y,). Substitute the points into the T
gradient formula and simplify the result — 3-(1
where possible. 41‘ -D
2
=2
ii State the coordinates of the point at which ii x-intercept: (—%, O)
the graph crosses the x-axis.
iii State the coordinates of the point at which iii y-intercept: (0, 1)
the graph crosses the y-axis.
b i The graph is a horizontal line, so it has a b i Gradient=0
zero gradient.
ii The graph does not cross the x-axis, so it ii no x-intercept
does not have an x-intercept.
iii State the coordinates of the point at which iii y-intercept: (0, 4)

the graph crosses the y-axis.

v/ The order in which you substitute points into the formula for the gradient
of a line won’t affect your final value. Just make sure the x- and
y-coordinates of a given point match up vertically!

Learning pathways

2(2, 3 columns), 3-5,

2(3 column), 3, 4(c, e), 6, 8, 11-15
7-10, 12, 13, 14(a-c) Q (37 column), 3, 4(c, )

A 1, 2(1%, 2" columns), 3-9, 11, 13
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o I Exercise 3.4A: Understanding and fluency

we34A 1  Find the gradient of each line segment.

a b [J

Y Yy Y
4 6 5
J / > 4—/
2- 4 \\\\ 3
1 3 —
e | 0 T T T 1 2 14
-1 1 2 3 4 5% i a
™0 T 1 ; 1
—_11{ 2 3 7]
Y

2~V
2 T %

2 Use the formula m = z to calculate the gradient of the line segment joining each pair of points.

a (2,4)and (5,6) b (3,1)and (7,4) ¢ (1,2)and (4,8)

d (4,6)and (7,5) e (—2,5and (3,7) f (0,8)and (1,5)

g (-1,-6)and (-1,-1) h (0,5) and (1, 0) i (-4,-3)and (-1,4)
j (-3,3)and (-3,-5) k (-5,-6) and (-4, -8) 1 (-9,3)and (-6, 3)

3 Classify the gradients of the following lines as positive, negative, zero or undefined.

a y b v c _ y d ‘ y
1 2+ o I ‘ 1+
- 14 PR I..,, = T 1
ir_‘_flqix T T 33 2 _—110 - =il _—110— 1 2
__110_ 2 x ‘
—2- , =2 —2-
—3 _27“

we34B 4 For the linear graphs shown, determine the:

i gradient

ii x-intercept

iii y-intercept.

a Y b y ¢ \ ¥
4 34 \ 3
3 2 L2
\ |3
24 / 14
14 , T 10 T —]3 —IZT’_O_ i i é x
1 —1— T _—11- g
210 A 2 3% TN
_1_/, . BN
7 134 —4
d y e oy f y
4 16 31
3 15 24
2+ ‘k;-‘ N, 14
1 34 T 1
\ —4-322-10| 1 2x
L 5 o T 1 ZT N
3-2-10] 1 2 3x 14 -2+
-2 ~ ol 1 1 1 -3+
-3-2-1") 1 2 3 x
-3 —]1-\‘ -4
14 -2 -5

5 Consider the following pairs of points.

i Plot each pair of points on the Cartesian plane and join them with a straight line to form a line segment.

ii Determine the gradient of the line segment.

¢ (3,7)and (4,4) d (-4,5) and (2,-3)
MODULE 3 LINEAR RELATIONSHIPS — 109
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6 Consider the following pairs of points.

i Plot each pair on the Cartesian plane and then join them with a straight line. Ensure your lines cross

both axes.

ii Determine the x- and y-intercepts of the line, if they exist. Write the intercepts as coordinates.

a (2,2)and (5,8) b (1,2) and (3, 6) ¢ (-6,6)and (-4, 3)

I Exercise 3.4B: Problem solving and reasoning

7 Consider the graph on the right.
a Determine the gradient of the following line segments:
i 4B ii AC.
b Compare your answers to part a and describe the relationship between
the gradient of a line and the gradient of line segments on that line.
8 'There are two types of special lines.
a Consider the line from question 3 part d.
i Find the gradient of the line.
ii Explain why the gradient of a vertical line is undefined.
b Consider the line from question 3 part a.
i Find the gradient of the line.
ii Explain why the gradient of a horizontal line is zero.
9 Consider the four linear graphs on the Cartesian plane on the right.
a Calculate the gradient for the following line segments.
i 4B ii BD iii CD iv AE
b Use your answers from part a and your observations in question 9 to
determine the gradient for the following line segments.
i DE ii BC iii DF iv FG
10 Kane calculates the gradient of the line segment joining (2, 8) and (6, 5),
as shown below. Identify Kane’s error and calculate the correct value for
the gradient of the line segment.

Kane

d (-

2,1) and (-2, -3)

11 Todd and Bridget calculated the gradient of the line segment joining (—1,9) and (3, —3), as shown below.

Explain why both students have produced correct calculations.

Todd Bridget
I _9-(=%
37— (-1) mT T -1-3

_ -1 _ 12

== =23

= — — _3

12 Complete the table below.

x, =X, 8 -20 4

yz _yl _4 - 16 30
: 3 4] 1] _2 _

Gradient 5 5 = S 7 5
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13 Consider these linear graphs.
a Complete the following table by calculating the gradient and identifying the coordinates of the y-intercept

of each graph.
v iii i Equation Gradient y-intercept
i y=2x-3
i y= —%x +5

iii [y=x+4

iv [y=-2x-1

vt v y=4x

vi |y=2
T
2

(S8%
>
W
o —
KN

—6-
\/

b What pattern can you see in the table that allows you to identify the gradient and the y-intercept from the
equation for the graph?
¢ Determine the gradient and y-intercept of the linear graphs with the following rules:
i y=6x+4 ii y=x-5 ili y=-3x
| Exercise 3.4C: Challenge
14 Determine the value of the unknown in each of the following.
a A line with a gradient of 3 passes through the points (1, 4) and (x, 10).

b A line with a gradient of —2 passes through the points (1, 4) and (3, y).
A line with a gradient of 2 passes through the points (1, 4) and (3, v).

c
d A line with a gradient of 2 passes through the points (0, 4) and (3, v).

e A line with a gradient of —% passes through the points (1, 4) and (3, v).

f A line with a gradient of % passes through the points (-1, —4) and (x, 8).
15 The gradient of a line is 2 and it passes through the points (0, 4) and (x, v).
a Worite an equation for the gradient of this line.
b Rearrange the equation in part a to solve for y in terms of x.
¢ The gradient of another line is 2 and it passes through the points (1, 4) and (x, y).
i  Worite an equation for the gradient of this line.

ii Rearrange the equation in part ¢ to solve for y in terms of x.

Online resources:

Interactive skillsheet Worksheet Investigation Quick quiz
Gradients Finding the gradient of a Rise and run 34
linear graph
Interactive skillsheet Worksheet Desmos activity
Intercepts Identifying features of a Which is steepest?
linear graph
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p469

1

El 2

B 4

E 5

6

E7

B s

9

Checkpoint quiz
& Take the checkpoint
quiz to check your

knowledge of the first

. . art of this module.
Solve the following equations for x. P

a §+2:—7 b 4(x+2) =28

c 4;’“:—2 d 52x-3)-8x=-1

Solve the following equations for x.

a 2t_4 b 3=18 c 2=038 a 10-02s

Solve the following equations for x (variables on both sides).

a Sx+7=2x-5 b 7-4x=6x—-13 ¢ 7(x—3)=-56—-x d 8Q2x+7) =43x+11)
Jamie orders five equally priced video games online for a total cost of $409.70, which includes the delivery
charge of $9.95.

a Define a pronumeral to represent the unknown quantity in this problem.

b Use this pronumeral to write an equation to represent the problem.

¢ Solve the equation using inverse operations.

d What is the cost of each game?

Represent the values of x for each inequality on a number line.

a x<5 b x>-3

cC X#2 d x>4

Write the inequality that is represented on each of these number lines.
< O

g T T T T X

(=}
-
[\8]
w9 —|
=
W
[=)}

< O >
b <« T T T T T X
3 4 5 6 7 8
([ =
© = T T T T T X
-7 -6 -5 -4 -3 2 -
< L J
d T T T T T T>X

Solve the following inequalities.

a 6x>18 b —4x>20
c —13<§—8 d 7-3x<4
e 4x+7#6x+ 13 f 48x—-4)<3@3x+2)

Consider the following tables of coordinate points.
i Plot the points from the following tables.

ii State whether the graph is linear or non-linear.

a | x| -3|-2|-1]0 /1] 2]3 b | x| -3|-2|-1|0]1]2]3
y |10 8| 6| -4] 2] o y |45| 4 [35] 3 [25] 2 |15
c | x |-3] =2 |-1] 0o |1 2 |3 d| x|-3|=2|-1l0]|1]2]3
y | 5]|225|0 |-175|-3|-3.75|-4 y |20 2]4]6|8]|12

Sketch a graph of each of the following linear relationships by first completing a table of values for x from
-3 to 3.

a y=2x—-5 b y=5-—x« c y=-3x+1 d y=-2x-3
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EX] 10 Identify the independent and dependent variables in the following relationships.

2 | Length (cm) 5 10 15 20
Volume (cm?) 125 | 1000 | 3375 | 8000

b y
3500 |
3000 |
2500 -
2000 |
1500 -
1000 -
500

T T 1T 1T T T T°71
0123456789x

Number of burgers

ries

Calo

¢ Time spent playing a video game and the number of achievements unlocked

X 11 State whether the following lines have a gradient that is positive, negative, zero or undefined.

X 12 Determine the gradients of the lines that pass through the following pairs of points.
a (1,5 and (3,11)
b (-1,3) and (2, —6)

(0, 5) and (3, 0)
d (-6,-2) and (-1, -8)

X 13 State the x- and y-intercepts of the following lines as coordinates.

(o]

a y b y
7_
4_
\{
4
3_
2_
1_
T T T
T 1 T T 1 -4 -3 /-2 1 *
0
-1 1 2 N 5 6%
¢ y
2_
1_
T 1 T T ol I I 1
48 7 —?—M 1 2 3%
\
2
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Sketching linear graphs

Learning intentions
By the end of this lesson you will be able to ...
v sketch linear graphs using a variety of methods.

Inter-year links

Support  The Cartesian plane
5.4 The Cartesian plane
Year 8 6.5 Plotting linear relationships

3.3 Sketching linear graphs

Key content video

SketChing |inear graphs With } Skgtchinglineargraphs
. using intercepts
two intercepts o

e A minimum of two coordinate points are required to sketch a y
linear graph. 2
e The x-intercept is the point where the linear graph crosses x-intercept 1 —

. x=-3,y=0
the x-axis and y = 0. N s

T 1
1 2 3 X

y-intercept

e The y-intercept is the point where the linear graph crosses
the y-axis and x = 0.

2N x=0,y=-2
e Sketch a linear graph with two intercepts by first finding the {\
x- and y-intercepts: =3
1 Determine the x-intercept by substituting y = 0 into
the equation of the line and solving for x. y
2 Determine the y-intercept by substituting x = 0 into the equation 4 / y=2x+3
of the line and solving for y. (0,3)
3 Plot and label the x- and y-intercepts on the Cartesian plane.
4 Draw a straight line through the two points. 3 1o
For example, to sketch the graph of y = 2x + 3: ( 2’ )
For x-intercept, let y = 0: For y-intercept, let x = 0: I 1 1 ix
0=2x+3 y=2x0+3
-3=2x y=0+3 —2—
x= —% y=3
) 3 y-intercept: (0, 3)
x-intercept: (_f’ 0)
Sketching linear graphs with one intercept
e There are three cases in which a linear graph has only one intercept:
Description General equation Intercept Gradient
Vertical lines x=a x-intercept: (a, 0) undefined
Horizontal lines y=>b y-intercept: (0, b) 0
Lines that pass through the origin Y = mx origin: (0, 0) m

where a, b and 72 are constants.
e o sketch a linear graph that passes through the origin (0, 0), determine a second point on the graph
by substituting any value of x into the equation and then solve for y.
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The gradient-intercept method

e The equation for all linear relationships can be expressed in
gradient-intercept form shown below, where:
— m is the gradient of the line

— c¢is the y-coordinate of the y-intercept.
y=mx+c
/ N

gradient y-intercept
e Gradient-intercept form can be used to identify the gradient and
y-intercept, enabling us to sketch the graph.

For example, the equation of the linear graph on the right is
vy = 2x + 3. It has a gradient of 2 and y-intercept at (0, 3)
som =2 and ¢ = 3.

Worked example 3.5A Calculating x- and y-interc

y=2x+3

epts o

Determine the coordinates of the x- and y-intercepts of the graphs of the linear relationships:

a x+5y=10 b y=3x—-4

a 1 To determine the x-coordinate of the a For x-intercept, let y = 0:
x-intercept, substitute y = 0 into the x+5(0)=10
equation and solve for x. The coordinates x+0=10
of the x-intercept have the form (x, 0). x=10

x-intercept: (10, 0)
2 To determine the y-coordinate of the For y-intercept, let x = 0:
y-intercept, substitute x = 0 into the 0+ 5y=10
equation and solve for y. The coordinates Sy=10 (= 5)
of the y-intercept have the form (0, y). y=2
y-intercept: (0, 2)

b 1 To determine the x-coordinate of the b For x-intercept, let y = 0:
x-intercept, substitute y = 0 into the 0=3x-4 (+4)
equation and solve for x. The coordinates 4 =3x (= 3)
of the x-intercept have the form (x, 0). - %

x-intercept:

(50)

2 To determine the y-coordinate of the For y-intercept, let x = O:
y-intercept, substitute x = 0 into the y=3(0)-4
equation and solve for y. The coordinates =0-4
of the y-intercept have the form (0, y). =-4
y-intercept: (0, —4)
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Worked example 3.5B Sketching linear graphs with two intercepts o

Sketch a graph of 4x — y = 8 by first finding the x- and y-intercepts.

1 Determine the x-intercept by substituting
v = 0 into the equation and solving for x.
Determine the y-intercept by substituting
x = 0 into the equation and solving for y.

2 Plot and label the x- and y-intercepts on the
Cartesian plane.

3 Rule a straight line through the points. Label
the graph with its equation.

y
For x-intercept, let y = 0: 1-
4x-0=8
4x=8 (- 4) 0
x=2 =14
x-intercept: (2, 0) —27]
—3-
For y-intercept, let x = 0: 4
40)-y=238 s
0-y=8 I~
=8 (- (1) -6
y=-3 7

y-intercept: (0, —8)

Worked example 3.5C Sketching linear graphs using the
gradient-intercept method

Sketch the graph of y = —%x + 3.

1 Identify the gradient, m, and the y-intercept,
¢, by comparing the equation to the general
gradient—intercept form y = mx + c.

2 Compare the gradient with the gradient
formula. Identify values of y, — y, and x, — x,
that result in the gradient. Make sure x, — x, is

a positive value.

3 Plot a point at the y-intercept and label the
coordinates (0, 3).

4 Identify a second point. The numerator of
the gradient tells us to move down by 1 unit.
The denominator of the gradient tells us to
move to the right by 2 units.

5 Rule a straight line through the points. Label
the graph with its equation.
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Worked example 3.5D Sketching linear graphs that pass through o
the origin

Sketch the graph of y = —3x.

1 The x- and y-intercepts are both (0, 0) so the For x-intercept, let y = 0:
graph passes through the origin (0, 0). 0=-3x (- (-3))
Determine a second point on the graph by x=0
substituting any value of x into the equation

. x- and y-intercept: (0, 0)
and solving for y.

For a second point, let x = 1:
y=-3(1)
=-3
Second point: (1, —3)
2 Plot and label the two points on the
Cartesian plane. 1

3 Rule a straight line through the points and AT
label the graph with its equation. =3 =2 1 1 2 3

Worked example 3.5E Sketching vertical and horizontal lines o

Sketch a graph of the following linear relationships.
a x=4 b y=-2

a 'The graph of x = 4 is a vertical line that a v x=4
passes through the point (4, 0). Rule a vertical 14
line through (4, 0) and label the x-intercept. (4,0)
Label the graph with its equation. 210 1 2 3 4 5 x

b The graph of y = —2 is a horizontal line that b y
passes through the point (0, —2). Rule a —
horizontal line through (0, —2) and label the 3210 1 2 3 x
y-intercept. Label the graph with its equation. 0,-2)
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e
v To find the x-intercept of a linear relationship, set y = 0 and solve for x.
v To find the y-intercept of a linear relationship, set x = 0 and solve for y.
v/ Find the x- and y-intercepts before you start sketching, so that you can plan the scale on the axes of your

st

Cartesian plane.

v/ Always label your graph with the following information:
— the equation of the graph
— any x- and y-intercepts.

v A linear graph can be sketched using any two distinct points on the graph.

- /
Learning pathways
A1—7,9,11,13,14 |:| 3-8, 10, 12-14, 16, 18 Q 3,6,7,12-19
;-EE’I Exercise 3.5A: Understanding and fluency
wessa 1 Determine the coordinates of the x- and y-intercepts of the graphs of the following linear relationships.
a x+4y=12 b y=x+4 c 2x+y=6
d y=x-5 e y=-2x+38 f y=3x-6
g Sx+y=-10 h y=—-x+7 i yv=4-x
2 Sketch the linear graphs that have the following x- and y-intercepts.
a x-intercept: (2, 0), y-intercept: (0, 1) b x-intercept: (—3, 0), y-intercept: (0, 5)
¢ x-intercept: (—1, 0), y-intercept: (0, —1) d x-intercept: (%, 0), y-intercept: (O, —%)
we3se 3 Sketch a graph of each of the following linear relationships by first finding the x- and y-intercepts.
a 4x+y=4 b y=x-2 c —2x+3y=6
d y=-3x+3 e Sx+y=-5 f y=2-x
g 2y=2-4x h 3y-9x+12=0 i 4x-3y-8=0
4 Identify the gradient, m, and the coordinates of the y-intercept of the linear graphs with the following
equations.
a y=2x+5 b yv=4x+1 c y=-3x+7 d y=-5x-3
e y=x—-6 f y=1-x g y:%x+2 hy:%—S
i y:—%+% i v=9 k y=-7x 1 y:S—%x
wessc 5 Sketch the graph of each linear relationship using the gradient—intercept method.
a y=2x—4 by:%x+1 c y=-3x+5
dy:%x—Z e y=-5x-1 f y=—%x+3
g y=3x-4 h y=x+6 i y=-x-3
WE35D 6 Sketch the graphs of the following linear relationships.
a y=3x b y=-2x c y=6x d y=-x
we3se 7 Sketch the graphs of the following linear relationships.
a x=1 b y=4 c x=-3 d v=0
8 Use the most appropriate method to sketch the graph of each linear relationship.
a 2x-—5y=10 b yv=4x+2 c x+y=6 d y=-3x
e y=7 f y=6-3x g x=1 h y=4x-4
i x+3y-9=0 j yv=x k y=-3x+5 1 y=-7
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I Exercise 3.5B: Problem solving and reasoning

9 Without sketching, determine how many axis intercepts the graph of each relationship has.

a y=10 b y=2x+1 c x=-12
d y=15x e Sx—-y=25 f x+y=1
g V=x h x=1 i —2yv=-7x
10 Which of these three graphs is a correct sketch of 3x + 2y = 6? Identify the errors in the other two options.
A YA B Ya C YA
4- . 4-
\ \;\ 3
2 2 -
1 1 14
3210 102 3ux 3210 1 2\3 4 x :—'3/2 10 123 4 x
-2 -2 -2
-3 -3 -3
Y Y Y

11 Decide whether each statement about the graph of y = 3x + 6 is true or false. Correct each false statement.
b The x-intercept is 2.

d The point (1, 9) lies on the line.

f The gradient of the line is 3.

a The y-intercept is 6.
¢ The relationship is linear.
e 'The line passes through the origin.

12 Decide whether each statement about the graph of vy = —4x is true or false. Correct each false statement.
b The y-intercept is O.

d The point (1, 4) lies on the line.

f 'The gradient of the line is —%.

a 'The x-intercept is —4.
¢ The line passes through the origin.
e 'The gradient is negative.

13 Explore the similarities and differences of the following linear relationships.
a Sketch the following lines on the same set of axes:
2x+3y=12,2x+3y=18,2x+3y=0and 2x + 3y = —12
b State the similarities between the equations and their graphs.
¢ Describe the impact of the differences between the equations and their graphs.
14 Explore the similarities and differences of the following linear relationships.
a Sketch the following lines on the same set of axes:
2x+3y=12,2x—-3y=12,-2x+3y=12and -2x -3y =12
b State the similarities between the equations and their graphs.
¢ Describe the impact of the differences between the equations and their graphs.
15 Determine the gradient of the following lines by finding and using the x- and y-intercepts.
a 3x-5y=30 b 7x+6y+9=0 c 10y=3-5x d 8x=4y-3
16 Tony is buying a skateboard on a purchase plan where he makes a regular payment

each week. He creates the formula y = 300 — 25x to describe the relationship
between the amount still owed in dollars (y) after a number of weeks (x).

g

a Explain why Tony has chosen to solve for y (amount still owed in dollars)
in terms of x (number of weeks), rather than the other way around.
Hint: Think about the relationship between the variables.

b Sketch the graph of this relationship by first determining the coordinates
of the x- and y-intercepts.

¢ What does the y-intercept represent on this graph?
d What does the x-intercept represent on this graph?
Describe the purchase plan Tony is using. When will he be able to bring his skateboard home?
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17 A rainwater tank has a capacity of 1500 L and feeds a drip system to
water the garden. At the beginning of April, the tank is full, but it is empty h\ S5,
at the end of the last day of the month. Let x represent the number of days el
from the start of April and y represent the number of litres of water in the

tank. Assume a constant rate of water use and no further rain during April.
a Explain why this relationship can be represented by a linear graph.

<

Determine the coordinates of the x-intercept for this relationship.

Determine the coordinates of the y-intercept for this relationship.

Use an appropriate method to sketch the graph of the relationship.

Use the graph to estimate the number of litres of water in the tank at the end of the day on 10 April.

- 0o o 6

Use the graph to estimate when there is 600 L of water left in the tank.

| Exercise 3.5C: Challenge

18 Consider a linear relationship where the sum of ax and by is a constant.

a Explain why the reciprocals of @ and b are respectively the x- and y-intercepts of ax + by = 1.

b Explain how you could find the x- and y-intercepts of linear equations in the form ax + by = d.

¢ For the equation ax + by = d, write an expression for d in terms of a and b such that the x-intercept is equal

to b and the y-intercept is equal to a.

19 The gradient—intercept form y = mx + c is a specific case of the gradient—point form y = m(x — &) + k,
where (4, k) is a point on the line. For example, y = 2(x — 3) + 4 passes through the point (3, 4) and

v =2(x + 3) — 4 passes through the point (-3, —4).

a Substitute (4, k) = (0, ¢) and show that the equation 36}—
v =m(x—h) + kbecomes y = mx + c. S
b Sketch the following lines by plotting the point (%, k) and i
then use the gradient to plot another point in the same way 4 (€
you would using the gradient—intercept method. 31
i y=-3x-2)+6 ii v=3(x-2)+6 y=2(x+3) -4
e 5 _ P |
111y_2<x+3> 4 iv y= 4(x+7>+10 . ; .
¢ Determine the coordinates for the x- and y-intercepts of —6 =5 -4 -3 -2 /1 23 456

v =m(x—h) + kin terms of m, & and k.
d Follow the steps below to determine a new general form for ~ ~ 2(x=3) +4

writing a linear relation in terms of the x-intercept.
i Substitute (4, k) = (b, 0).

ii Explain what you can do to the equation y = mx + ¢ to
write it in this form.

(_33 _4)

iii Explain how you can use this form to determine the
x-intercept.

e Use your method from part d to write the following equations in the new general form and determine their

x-intercepts.

i y=3x-12 ii y=2x-5 ili y=-3x—-12 iv y=2x+5

Online resources:

Interactive skillsheet Investigation Desmos activity = Quick quiz
Sketching linear Making a stained glass Marble slides: Lines 35
relationships using window
intercepts
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Determining linear equations

Learning intentions

By the end of this lesson you will be able to ...
v determine the equation of a linear graph.

Determining the equation of a
linear graph

e To find the equation of a linear graph in the form of y = mx + ¢,

determine the value of the:
Y, =Y
X, =X

— gradient, /7, for any two points (x,,y,) and (x,,v,): 72 = ;
— y-coordinate of the y-intercept: (0, ¢)
For example, this linear graph has a gradient of 3 and a y-intercept
at (0, 6).
m = 3 and ¢ = 6 so the equation of the graph is y = 3x + 6.

e For lines with only one intercept, the equations can be determined
using the following general equations where a, b and /2 are constants.

Inter-year links

Year 8

6.8 Finding linear equations

3.3 Determining linear equations

Key co

ntent video

Determining linear
equations

y
7

y-intercept ¢
(0, 6)

gradient =%

=3

x-intercept
(_ 2 ) 0) .

/

— A vertical line with an x-intercept at (a, 0) is given by —I3 /2 —Il 10_ 1I x
x = a.
For example, the graph of the equation x = —1 is a el P
vertical line with an x-intercept at (-1, 0). y

— A horizontal line with a y-intercept at (0, b) is given by 37
y=>b. y=-2x 2]
For example, the graph of the equation y = -2 is a horizontal
line with a y-intercept at (0, —-2). |

— A line that passes through the origin (0, 0) with gradient Q, 0.) (.3’ 0)0 T
m 1s given by y = mix. 1 2 4 7
For example, the graph of the equation y = —2x passes © __21)_ y=2
through the origin and has a gradient of —2. 2 O

-3

Worked example 3.6A Determining the equation of a linear graph given o
the gradient and the y-intercept

Determine the equation of a linear graph with a gradient of —3 and a y-intercept of (0,7).

Identify the values of gradient, m, and the y-coordinate m= -3
of the y-intercept, ¢, and then substitute into the gradient-

intercept form, y = mx + c. c=17

y=-3x+7
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Worked example 3.6B Determining the equation of a linear graph

Determine the equation of each of the following linear graphs.

a y
5

a 1 Determine the value of the gradient, z,
by identifying two points on the graph
and substituting them into the gradient
formula.

2 Determine the value of the constant, ¢, by
identifying the y-coordinate of the
y-intercept.

3 Substitute the values of m and ¢ into the
general equation for a straight line.

b 1 Determine the value of the gradient, m,
by identifying points on the graph and
substituting them into the gradient formula.

2 Determine the value of the constant, c,
by identifying the y-coordinate of the
y-intercept.

3 Substitute the values of m and ¢ into the
general equation for a straight line.

122 — OXFORD MATHS 9 VICTORIAN CURRICULUM 2E

b y
(-1,3)% 3

f I |
5 41 0
2 100\ 1

—2

a (xlsyl) = (_23 0)3
(x,,,) = (0, 4)

_yZ_yl

X TX

__4-0
0-(-2)

=2

m

y-intercept: (0, 4)
c=4

y=mx+c
y=2x+4

b (xlsyl) = (_13 3)>
(% ¥,) = (0,0)
=)

m ==
X, %

__0-3
- 0-(-1)

=-3

y-intercept: (0, 0)
c=0

y=mx+c
y==-3x+0
y=-3x
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Worked example 3.6C Determining the equation of a linear graph 0
given two points

Find the equation of the linear graph that passes through the points (6, 5) and (2, —3).

1 Calculate the value of the gradient, . = Yy, — Y,
~x, =X
2 Substitute the value of the gradient, m, into the 52_ (_13)
general equation for a straight line, y = mx + c. =T %6-2
_8
4
=2
y=2x+c¢
3 Select one of the two coordinates, substitute From the point (6, 5):
the values of x and y into the partially letx=6andy=>5:
completed equation, and solve for c.
5=2(6) +¢
5=12+4+c¢ (-12)
c=-7
4 State the equation of the line. y=2x-17

v The different methods for finding the equation of a line can be overwhelming, so remember that you just
need to find the gradient, 7, and the y-intercept (0, ¢), which you can then substitute into the formula for
a linear graph, y = mx + c.

Learning pathways

1(1%t, 2 columns), 2, 1(29, 37 columns), 3(b, e, g, h), 1(3"9, 4 columns), 3(f, h),
3,4(a, ¢ e, 8), 5, 6(a-e), 4(b, d, f, h), 5, 6(e-h), 7(b, d, f), 4(b, d, f, h), 5, 6(e-h), 7(b, d, f),
7(a, c, e), 8,11(a, b), 13 9,10, 11(a, b, d), 13, 14(a, b) 10, 11(c, d), 12-15

p475

ml Exercise 3.6A: Understanding and fluency

1 Identify the gradient, m, and the coordinates of the y-intercept of the linear graphs with the following

equations.
a y=2x+5 b y=4x+1 c y=-3x+7 d y=-5x-3
e y=x-6 f y=1-x g y:%x+2 hy:%—S
i y:—%+% i v=9 k y= -7x 1 y:S—%x
we36A 2 Determine the equations of the lines in the following graphs in the form y = mx + c.
a gradient: 3, y-intercept: (0, 4) b gradient: -2, y-intercept: (0, 10)
¢ gradient: 1, y-intercept: (0, —7) d gradient: —12, y-intercept: (0, —1)
e gradient: —1, y-intercept: (0, 20) f gradient: 5, y-intercept: (0, 0)
g gradient: %, y-intercept: (0, %) h gradient: —%, y-intercept: (0, 0)
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we3ee 3 Determine the equation of each of the following linear graphs.

y
8-

a

-2

N —

o —

~—

10 1112 %

99 —

&~

o\ —

~ -
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1
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wessc 4 Find the equations of the linear graphs that pass through each pair of points.

a (1,-20) and (11, 0) b (2,4)and (3,2)

¢ (-1,6) and (3,2) d (-4,-12) and (-2, -6)
e (2,5) and (1,3) f (9,-4)and (11,6)

g (-1,-2)and (5,-5) h (6,-3)and (9,1)

5 Find the equation of the linear graphs below. Recall that the general equation for a vertical line is x = a and the
general equation for a horizontal line is y = b, where a and b are constants.

a kY b y

7 2

6 14

T T T T T T,
—7—6—5—4—3—2—_11_ 1 2 3

40 80 X

T T
0 2/7

-2/7-

2./7

4/|7

6/|7 8/|7x

347
—4/7
=517+
—6/7-

2/34 <

1/3+

T
13 O

—-1/3 <

6 Determine the equations of the linear graphs that have the following intercepts.

a x-intercept: (4, 0), y-intercept: (0, 12) b x-intercept: (-5, 0), y-intercept: (0, 10)
¢ x-intercept: (3, 0), y-intercept: (0, —21) d x-intercept: (-6, 0), y-intercept: (0, —24)
e x-intercept: (—1, 0), y-intercept: (0, 10) f x-intercept: (18, 0), y-intercept: (0, 6)

g x-intercept: (5, 0), y-intercept: (0, —2) h x-intercept: (—6, 0), y-intercept: (0, 9)
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7 Identify two integer coordinates on each linear graph and use these to determine their equations.
a b
8- 7

C
e y f y
3 3
24 24
11 b
J4 J3 Jz JIO i é é i % é % x J4 352 (1 i é é A é é % é x
—2- =2
—3- =3
—4- =4
—5- =5+
—6— —6-
—7-
—8-
—9-
~10-

| Exercise 3.6B: Problem solving and reasoning
8 Azami invests some money into a simple interest account. After 2 years the account has $2500 and after
5 years the account has $3400.
a Identify the independent variable and the dependent variable.
b Determine the equation that gives the amount in Azami’s account, $4, after » years.

9 Roland recently started a business and realised his profits were increasing at a constant rate. After 7 days of
being open, he had made a profit of $450, and after 14 days, he had made $870 in profit.

a Write a linear equation that gives the amount of profit, $, that Roland earns after n days.

b Being overly optimistic about his launch, Roland uses his model to predict the profit he will earn 1 year
(365 days) after opening. What is the predicted profit Roland will have earned exactly one year (365 days)
after opening?
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10 As water drips from the ceiling of a cave it creates a long crystalline
formation that hangs from the ceiling called a stalactite. A specific
stalactite is measured to be 85 centimetres long in 2010 and then

10 years later it is measured to be 87 centimetres long.

a Identify the independent variable and dependent variable.

b Determine a linear equation for the growth of the stalactite, g,
in centimetres, 7 years after 2010.

¢ Use your equation to estimate the age of the stalactite in 2010.
What year did it begin to form?

11 Determine the equation of the lines with the following tables of values.

a x -3 -2 -1 0 2 3
y -32 -23 -14 -5 4 13 22
b x -3 -1 9
y -2 1 4 10 13 16
c x 10 20 30 40 50 60 70
y 48 51 54 57 60 63 66
d x 1 4 16 25 36 49
y 28 22 12 -2 -20 —42 —68

12 A carpenter sells his wares based on the cost of the materials and the time spent crafting. A particular
collection all cost the same in materials but take different amounts of time to craft. A piece that takes 16 hours
to craft costs $845 and a piece that takes 28 hours to craft costs $1385. The carpenter then marks up the total

cost by 120% to sell.

a Write the equation that gives the total cost, $C, for a piece in this collection that takes » hours to craft.

b Write the equation that gives the revenue, $R, for a piece in this collection that takes » hours to craft.

¢ Werite the equation that gives the profit, $P, for a piece in this collection that takes 7 hours to craft.

13 Consider each of the linear relationships, labelled i-vi.

a Factorise the right-hand side of each of the equations.

b Find the x-intercept of each of the equations.

¢ Describe the connection between the factor form in part a and the x-intercept in part b.

i y=3x+12

iv y=6x—38

| Exercise 3.6C: Challenge

ii y=-5x—15

v y=21-"T7x

iii y=2x-10
vi y=16x—-40

14 Find the equations of the linear graphs that pass through each pair of points.

a (%, O) and (0,%)

b (

23

1
5)

5

e (-3)md(-5-3)

15 The product of the gradient, m, and y-intercept, ¢, for a particular line is 99. The sum of the gradient and

y-intercept is 20.

a Write the two possible equations for the line.

b Find the coordinates of the point where the graphs of the two equations intersect.

Online resources:

Interactive skillsheet
Determining linear equations

Worksheet
Writing the rule for horizontal

and vertical linear graphs
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36

Desmos activity
Land the plane
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Midpoint and length of
a line segment

Learning intentions

By the end of this lesson you will be able to ...
v determine the midpoint and the length of a line segment on
the Cartesian plane.

Inter-year links

1.7 Exponents and square roots
Year 8 7.3 Pythagoras' theorem

Key content video

Midpoint of a line segment B Vidnoint and fength of

. . : . . a line segment
e The midpoint of a line segment is the point located exactly halfway between

the endpoints of the line segment. The coordinates of two endpoints of a

y .
line segment (x , v,) and (x , y,) can be used to find the midpoint. y (053,)
) *|  midpoint
. . X, + X, aF
midpoint = ( ! N 1 y2>
2 2
— The x-coordinate of the midpoint is the average of the x-coordinates 1] Ceay)
of the endpoints. o
— The y-coordinate of the midpoint is the average of the y-coordinates 0 .{] Cx
of the endpoints.
Length of a line segment .

o The formula for the length of a line segment can be determined by drawing  y, -
an appropriate right-angled triangle and using Pythagoras’ theorem. If the
coordinates of two endpoints are (x , y,) and (x , y,), then the two shorter

side lengths of the triangle are a = x, — x, and & = y, — y,. The distance, c, Y1
between the two points is the length of the hypotenuse, and can be found 0
by taking the positive solution to Pythagoras’ theorem.
¢t =a’+ b’
Worked example 3.7A Determining the midpoint of a line segment o

Find the coordinates of the midpoint of the line segment joining (-1, 4) and (7, 9).

1 Calculate the x-coordinate of the midpoint by ,_qordinate of the midpoint = —1+7 _ 4
averaging the x-coordinates of the endpoints.

2 Calculate the y-coordinate of the midpoint by  y-coordinate of the midpoint = 4 '5 2 _ %
averaging the y-coordinates of the endpoints.
3 Write the coordinates of the midpoint. Coordinates of the midpoint: (3, %)
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Worked example 3.7B Calculating the length of a line segment o

Calculate the length of the line segment joining (—1, 4) and (7, 9), correct to one decimal place.

1 Define the points (x,, y,) and (x,, y,). The Let (x;, y,)=(-1,4) and (x,, v,) = (7,9)
order of the points does not affect the result.
2 Determine the lengths of the two shorter sides  a=x, — x, b=y,—y,
of the corresponding right-angled triangle. =7-(-1) =94
=8 =5
3 Substitute the shorter side lengths into c=a+
Pythagoras’ theorem and solve for c. 32=82+52
=64 + 25
=89

4 Use a calculator to evaluate the root and round ¢ =89
the answer to one decimal place as specified by ¢ =~ 9.4 units
the question.

v/ Take care when finding the horizontal or vertical distances between two points — watch carefully for any
changes in sign!

v/ When finding the distance between two points, it may help to plot the two points on the Cartesian plane
and identify a suitable right-angled triangle before applying Pythagoras’ theorem.

Learning pathways

1, 2-3(1% column), 4-7, 2-3(2™ column), 4, 8, 9, 2-3(g-1), 4, 8, 10(c, d),
9, 10(a, b), 11 10(b, ), 12, 13(a), 15 12, 13(b), 14, 16-18

I | Exercise 3.7A: Understanding and fluency

1 State the coordinates of the midpoint of the following line segments.

a y b y
2 0 I S S A A
] 4 123456
0 T T 1 - -2+ o——
100 1.2 3 4 3
c ¥ d v
® 6 3
5 2 /
44 1
3 T T T T
0 x
2 1 2 3 4
1_
T T
43219 x
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We37A 2 Find the coordinates of the midpoint of the line segment joining each pair of points.
a (1,4) and (3, 10) b (2,5) and (8, 3)
c (1,0) and (5,2) d (2,6)and (2,10)
e (0,5) and (8,9) f (3,-4)and (7,6)
g (2,-1)and (6,7) h (-3,-4) and (5,-4)
i (—4,-2)and (-2,2) (3,9) and (4, 8)

o

k (5,0)and (8,11) 1 (-5,7) and (5,-7)
we37B 3 Calculate the length of the line segment joining each pair of points, correct to one decimal place.
a (2,5 and (3,7) b (3,4) and (5, 8)

c (6,2)and (9,3) d (-4,5) and (-4,9)
e (2,—-4)and (4,2) f (5,0)and (8, —-4)

g (0,—-1)and (1,-2) h (7,8)and (-7,8)
i (4,-3)and (6,0) (-3,6) and (-2, 2)

to

k (-5,-4)and (-1, -2) 1 (6,-5)and (-6,5)
4 For each line segment, find:
i the midpoint ii the length (to one decimal place) iii the gradient.
a YA b Y
5 44
4- 3
Ny \ 2
2+ 14
15 < S Y VR S S
s 32 W12 3 4x
T T 0 T T T T T T D’C
-2 4] 123456 ‘//éf
—2- —34
v —4
\4
c y d y
8 1+
7_ T T T T T T T T T T 0 T x
| -10-9-8-7-6-5-4-3-2 .| 1
6 1
5- —2-
4 —3
3 —4-
2+ -5
14 —6-
T T % T T T 0 | T x _7_
—-6-5-4-3-2_% 12 s
-2 -9

5 Calculate the distance between the midpoint and one of the endpoints of each of the line segments in
question 3.

6 The midpoint of a line segment AB has the coordinates (6, 4). If point 4 has the coordinates (2, 3),
find the coordinates of point B.

7 The midpoint of a line segment CD has the coordinates (-5, 1). If point D has the coordinates (4, —7),
find the coordinates of point C.
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I Exercise 3.7B: Problem solving and reasoning

8 A point, A, on a circle has the coordinates (-1, —1).
a If the centre of the circle is at (2, 3), calculate the radius of the circle.

b Identify the coordinates of another point on the circle that forms a diameter with point A.

9 Calculate the perimeter of AABC, correct to one decimal place.

YA
4_

34
2]
14 B

A

<
=T

T T T T
5432 01 203 4
_2_

U‘_
QY

C
—3-
Y

10 Calculate the perimeter of each shape, correct to one decimal place.

a
b
c
d

triangle with vertices at (-3, -2), (-2, 4) and (4, 2)

square with vertices at (—1, 2), (2, 5), (5,2) and (2, -1)
rectangle with vertices at (—4, -2), (2,4), (4, 2) and (-2, —4)
trapezium with vertices at (-3, 3), (1, 5), (3, 3) and (2, -2)

11 A yacht race follows a triangular course that has been mapped onto a Cartesian plane. The scales on the axes

represent distances in kilometres. The race begins and ends at the origin.

12 Consider this parallelogram drawn on a Cartesian plane.

a
b

Calculate the length of each leg of the race, correct

to one decimal place.

y (km) ,
24+
20 ®-... leg 2
ll' .~.> .....
16 ; R 4
leg1 ; "‘,o
12 / -
871 Rdn leg 3
Start \4: E ,»‘/

Finish — io

T T T T T T T
4 8 12 16 20 24 28

=Y

(km)

Calculate the total distance covered during the race, correct to one decimal place.
An observer’s boat is located close to the midpoint of the second leg of the race. Determine the distance
between the observer’s boat and the finishing point, correct to one decimal place.

List the coordinates of the vertices of the parallelogram.

Find the coordinates of the midpoint of:

i the longer diagonal

ii the shorter diagonal.

What do you notice about your answers to part b?
Calculate the perimeter of the parallelogram.

Find the difference in length of the two diagonals,

correct to one decimal place.
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y (Cm);\
4-

P 3 o
2]
14

This work must not be reproduced, stored, transmitted or circulated in any other form.

MODULE 3 LINEAR RELATIONSHIPS — 131



Provisioned to Campion Education (Aust) Pty Ltd on 20/09/2024 under licence.

13 A shape (in blue) is drawn on a Cartesian plane. A smaller shape (in orange) is then formed by joining the
midpoints of the vertices of the original shape.
In each case:
i find the perimeter of the blue shape (to one decimal place)
ii find the perimeter of the orange shape (to one decimal place)

iii compare the perimeter of the orange shape to the perimeter of the blue shape.

a y (cm) b y (cm)
3 . 4
34 3
— 2—.
1 1
| O, I . S S L L N
-5 -4/-3 210 1 2 3 4 s¥(m ] 1% (em)
15
4

14 A quadrilateral, ABCD, has vertices at A(—4, 2), B(—1,4), C(3, —=2) and D(0, —4).The scales on the axes
represent distances in metres.

a Determine the length of each side of the quadrilateral, correct to one decimal place.

b Determine the coordinates of the midpoint of each diagonal.

¢ Determine the distance between each vertex and the midpoint, correct to one decimal place.

d Use your answers for parts a—c to identify the shape of the quadrilateral ABCD. Explain your reasoning.

e Hence use the correct formula to determine the area of the quadrilateral, correct to one decimal place.

| Exercise 3.7C: Challenge
15 Consider a triangle, ABC, with vertices at A(3, 6), B(—1, —2) and C(-5, 2).

a Prove that triangle ABC is an isosceles triangle. State any dimensions in simplified surd form.
b Calculate the area of the triangle using your knowledge of the midpoint and length of a line segment.

16 Prove that quadrilateral ABCD with vertices at A(-5, 3), B(—1,5), C(3, —=2) and D(—1, —4) is a parallelogram.
State any dimensions in simplified surd form.

17 A line segment has endpoints at A(—1, —1) and B(2, 5). If point C lies between A and B such that AC is % the
length of AB, determine the exact coordinates of C.

18 A line segment has a midpoint at the origin, a length of 10 units and a gradient of 2. Determine the
coordinates of the two endpoints. Write your answer in simplified surd form.
Hint: Sketch a diagram and then consider only one half of the line segment.

Online resources:

Interactive skillsheet Interactive skillsheet Investigation Quick quiz
Midpoint of a line Length of a line From square to triangle 3.7

segment segment
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Direct proportion

Learning intentions
& ‘ Inter-year links
By the end of this lesson you will be able to ...
Support  Multiplying and dividing whole
v identify and solve problems related to direct proportion. TS

Year 8 3.7 Rates
4.6 Direct and inverse proportion

} Key content video
Direct proportion

Direct proportion v =k
e yis said to be directly proportional to x if: \
— whenx =0 y=0 k = constant of proportionality
=0,y=
= rate of change
— the rate of change of y with respect to x is constant. rate ot change

= gradient y

e Direct proportionality is denoted using the symbol o<. 5{¥E=2x
o If y < x, then the equation for the relationship between x and y is y = kx, where £ is 4+

the rate of change of y with respect to x and is called the constant of proportionality. 3|
e 'The graph of y = kx is a straight line that passes through the origin (0, 0) and has a 24

gradient of k. 1

For example, in the relationship represented by the graph to the right, the constant

of proportionality is 2. 0 1 2 3%
Worked example 3.8A Identifying direct proportion o

Determine whether y is directly proportional to x in each of the following relationships. If the relationship is
not directly proportional, provide a reason for your answer.

a x 0 1 2 3 4 b v
0 -7 -14  -21 -28
0 7
a 1 Checkthatx =0 wheny=0. a Whenx=0,y=0.

2 Check whether the rate of change is %} = _T7 =-7 % = _?21 =-7
constant. To determine the rate of change y_-14 _ _7 y_=28_ 4
from a table of values, calculate > % for each X 2 X 4
pair of coordinates excluding (0 0).

3 State whether or not y o< x. v is directly proportional to x.

b 1 Checkthat x =0 wheny = 0. b The graph passes through the origin (0, 0).

2 Identify whether the gradient of the graph The graph of y versus x is non-linear and,
is constant. therefore, does not have a constant gradient.

3 State whether or not y o< x. v is not directly proportional to x.
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Worked example 3.8B Finding the constant of proportionality

>

Find the constant of proportionality if y o< x using the given information, then write the equation for each

directly proportional relationship.

a y=18whenx=3

b

N we

—

x 0 2 4 6 8
y 24 48 72 96

(=]

10 *

1 If yec x, v = kx. Substitute the given
values into y = kx and solve for k.

2 Substitute into the general equation
v = kx.

1 Select any pair of values in the table and
substitute the corresponding values of
x and y into y = kx, then solve for k.

2 Substitute into the general equation
v = kx.

1 As the graph passes through the origin,
(0, 0), to find the gradient, k&, select
any point on the graph, substitute the
corresponding values of x and y into
v = kx, then solve for k.

2 Substitute into the general equation
v = kx.
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a

b

vy =kx
Letx=3and y=18:

18=kx3
18=3k (+3)
k=6

y = 6x

x 0 2 4 6 8
y 0

vy =kx
Letx=2andy=24:
24 =k x 2

24 =2k (+2)
k=12

y=12x

y

3

2

5,1
1

0 T T T T T T T T T T

1 2 3 4 5 6 7 8 9 10X
vy =kx
Letx=5andy=1:
1=kx5
1 =5k (+5)

k

=

wn|— W

y
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Worked example 3.8C Solving simple rate problems °

Jamie completes a 200 metre sprint in 40 seconds.
a Assuming Jamie runs at a constant speed, sketch a graph of Jamie’s distance, d, from the starting line
against the time, ¢, for the duration of the sprint.
b From the graph of Jamie’s run:
i determine the gradient of the graph
ii express Jamie’s average speed as a rate.
¢ Determine the equation for the relationship between d and .
How far had Jamie run after 10 seconds?

a Plot the endpoints: a d
Start £ = 0 s, Jamie is d = 0 m from the 200+
starting line: (0, 0). 150
End 7 = 40 s, Jamie is d = 200 m from the £
starting line: (40, 200). < 1004

50

0 5 10 15 20 25 30 35 40t

t(s)
b i To find the gradient, select the points b i m=Ir
(0, 0) and (40, 200), and calculate _ 200
_ rise, =30
run s
ii The rate of change of d with respect ii Speed = 5 m/s
to ¢ is the same as the gradient of the
graph of d vs. t. Jamie runs 5 metres per
second.
¢ The equation for direct proportion c d=5t
is v = kx, where & is the constant of
proportionality.
d Substitute time, ¢ = 10 seconds, into the d Let:=10:
equation and solve for the distance, d. d=5(10)
=50m

v/ Direct proportion is an example of linear algebra and linear graphs. Remember that for the relationship
v = kx, where &k = constant of proportionality = rate of change = gradient.

v/ For a relationship to be directly proportional, the constant of proportionality, 2, must be a constant, but it
can still be fractional, irrational or negative!
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Learning pathways

/\ 1-4,6,7 |:| 1-3, 5,6, 8, 9(a-e) Q 1,3,5,6,8-10

ml Exercise 3.8A: Understanding and fluency

p476

We38A 1 Determine whether y is proportional to x for each of the following relationships. If the relationship is not
directly proportional, provide a reason for your answer.

a x 0 1 2 3 4 b x 0 1 2 3 4
y 0 4 8 12 16 y 0 1 8 27 64
cl x|l o] 1] 21]3]4 alx|ol1]2]3]| 4
y | 0 | -9 |-18|-27|-36 y | 1| 21416 8
e v f v
0 X 0 X
g v h y,
0 x /-
0 X
1y i
—
0 X 0 X

2 Identify and state the constant of proportionality for each relationship.

a y=4x

b m=-10n

¢ h=3.5t
X

d v=3

we38B 3 Find the constant of proportionality using the given information, then write the equation for each directly
proportional relationship.

a y=50forx=5 b y=63forx=-7
c y=16forx =064 d y=-12forx=18
e | «x 0 1 2 3 4 f x 0 5 10 15 20
y 0 -6 -12 -18 24 y 0 25 50 75 100
g x 0 10 20 30 40 h x 0 2 4 6 8
y 0 -5 -10 -15 -20 y 0 10 20 30 40
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1y j y
5+ 25
4 20-
34 154
2 10
1+ 5

0 1 2 3 x 0 1 2 x

k ¥ Y
3 2
2
1 1

o < r I T 1 1 11
1 2 3 4 5 6 7 8 9 10% S s Y S A H

(=]

wessc 4 Julian earns $24 an hour working at the local deli.

a Let c represent Julian’s earnings (in $) and 7 the number of hours
he works during an 8-hour shift.

i Sketch a graph of ¢ against z.
ii Determine the gradient of the graph.
b Express Julian’s hourly wage as a rate.
¢ Determine the equation for the relationship between ¢ and «.

d If Julian has to leave halfway through the 8-hour shift, how much
will he earn in total?

| Exercise 3.8B: Problem solving and reasoning

5 The graph on the right shows the distance travelled by a car over time. d (km)
a Describe the car’s journey, including the speed at which the car is

travelling at different times in the journey. 180+

b Worite an equation for the relationship between d and 7 during 120-

the first hour of the journey. 60
¢ Write an equation for the relationship between d and ¢ during
the second hour of the journey.
d Is d o< 1?2 Why or why not?
6 'The cost, C dollars, of building a house is directly
proportional to the area, A, of the floor space in

square metres. It costs $90000 to build a house

with a floor space of 150 m?.

a Given C « A, determine the constant of
proportionality.

b Write an equation for the relationship between
Cand A.

¢ Use your answer from part b to calculate the

floor space of a house that you could build with
a budget of $126 000.
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7 A physiotherapist sees 160 patients every week. |
a If the physiotherapist works 40 hours each week, on average,
how many patients does the physiotherapist see per hour?
b On average, how many minutes does the physiotherapist
spend with each patient?
¢ If the physiotherapist wishes to earn at least $10 000 every
week, what is the minimum he must charge each patient?
8 Jasmine lives 1200 m from school. She walks to school each day
at a speed of 1 m/s. Nelson lives 4.5 km from school. He rides
in a car to school each day at a speed of 15 m/s.

a If both Jasmine and Nelson arrive at school at 8.30 am, what time did each student leave home?

b Jasmine and Nelson live 4.8 km apart. They plan to meet each other one morning and both leave their
homes at 9.00 am. At what time will they meet?

| Exercise 3.8C: Challenge

9 Tom is riding in a cycling event. His distance from the start line at given times is recorded. The table shows
values for r (number of hours) and d (distance from the start line in km).

t 0 1 4 9 16
d 0 20 40 60 80

a Plot the points on a Cartesian plane and then join them with a smooth line.
b Is the relationship between ¢ and d an example of direct proportion? Explain.
c¢ Complete this table.

vt
d 0 20 40 60 80

d Plot the points on a Cartesian plane and join them with a smooth line.

(¢

Is the relationship between V7 and d an example of direct proportion? Explain.
f Determine the constant of proportionality for the relationship
between V7 and d and hence write an equation for the relationship.

g What distance is Tom from the start line after 36 hours?
10 The graph below shows the journeys made by two friends between towns A and B.
Both friends leave their homes at midday and arrive at their destinations 2 hours later.
Helena travels at a constant speed from town A to town B. Julia travels at a constant speed for the first hour,
then rests for 15 minutes before continuing on to town A at the same speed travelled as Helena.
Determine how far each of them was from town A after travelling for half an hour.

town B
160+

town A

Distance from town A (km)

'midday Zpm  Lime

Online resources:

Interactive skillsheet Investigation Desmos activity Quick quiz
Direct proportion How much gold is actually Marcellus the Giant 3.8

in a piece of gold jewellery?
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Lesson 3.9 ]
Review: Linear relationships

Module summary

Linear inequalities Intercepts
» To find the y-intercept, let x = 0.
Inequality | Number line representation Meaning + To find the x-intercept, let y = 0.
x#k x is not equal to %
k * y
x<k <—<" N x is less than & 4 y-intercept
k x-intercept
x>k o—> x is greater than & \
T X
k 0 x
x<k D — N x is less than or equal to &
k
x>k | — x is greater than or equal Gradient-intercept form
T x
k to & y=mx+c
/ .
gradient y-coordinate
of y-intercept
Length Gradient
y=2x+3
_ 2 2 =y, Y . YV, 7Y,
Length = \/(XZ—XI) —(yz—yl) m= X, =%, 4 Gradient = m
=325 40
Y (%25 ) y
- (x5 ¥2)
Y2 Vs
-
X
V1o (o 1) Y1+ (o y1)
T T
0 0 x, x, X
Midpoint Direct proportion
) ) X1 + Xy M1 + % » Two variables, x and y, are in direction proportion when:
Midpoint = 5
2 2 —-x=0,y=0 y
54 y=2x
y — the rate of change of y with
(x5 v2) res . 4
) ) pect to x is constant
Y2 1 midpoint 3.
Yo x — Y= bx 2
Vi ( 14
*1 1) k = rate of change
T T _ . A
0 x, x, ¥ = gradient ' . 0 1 2 3%
= constant of proportionality
x=-2 =4x
Linear graphs with one intercept y Y
44 1,4)
(0,3)
Description General equation Intercept Gradient |y =3 3
Vertical lines x=a x-intercept: (a, 0) | undefined 2
Horizontal lines y=5b x-intercept: (0, b) 0 1
Lines that pass V=X origin: (0, 0) m (_%’ o (OI’ ) R
through the origin -3 2 -1 10 1 2 3x
where a, b and 7 are constants.
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I Review questions 3.9A:
Mathematical literacy review

p477

The following key terms are used in this module:

e Cartesian plane
e constant
e constant of

gradient

gradient—intercept
form

Review quiz
= ake the review
quiz to assess your

knowledge of this
module.

linear graph
linear inequality
linear relationship

Quizlet

Test your knowledge
of this module by
working individually
or in teams.

rate of change
variable

x-intercept

proportionality independent variable midpoint y-intercept
e coordinate points inequality number line
* dependent variable inverse operations parallel
e direct proportion e linear equation e perpendicular

Complete the following sentences using words from the list of key terms.

a A linear is a mathematical statement that compares two unequal expressions. The result can be
plotted on a

b A is a relationship between two variables that produces a straight line when drawn on the

c A is a mathematical statement that compares two equal expressions. It contains a

that has a power of 1 and is not multiplied by another variable.

Given two linear relationships in gradient—intercept form, y = mx + b, what do the values of m in each equation
tell us? State true or false for the following statements.

a They indicate if the variables are directly proportional.
b They indicate if the line is horizontal.

¢ They indicate what the y-intercepts are.

d They indicate what the x-intercepts are.

e 'They indicate the rate of change of each relationship.

Explain the difference between the following terms using one or both of the following equations
as an example.
Equation 1: y=3x+ 1 Equation 2 involving cost and time: C = 6¢

a 'The constant in the gradient—intercept form of a linear equation and the constant of proportionality.

b A lnear relationship and a directly proportional relationship.

Review questions 3.9B: Multiple choice

(3.1 B
Bl 2

3

B4
(3.3
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The solution to the equation 3x — 9 = 12 is:

A x=1 B x=7 C x=12 D x=13
The value of x in the equation 5x — 2 = 3x + 7 is:

A2 B 1] c2i D 41
What is the solution to 2x — 1 < 5?

A x>3 B x<3 C x>2 D x<2
Which of the following values of x satisifies the inequality 60 < 2x + 12?

A 36 B 24 C 12 D 6
Which point does not lie on the graph of y = 2x — 4?

A (0,-4) B (1,-2) C 4,4 D (-1,-2)
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EZl 6 The gradient of the linear graph shown below is:

A -2 B -1 cl D 1
A 7 The gradient of the line segment joining the points (-2, 4) and (7, —4) is:

A B -3 C % D —%
EZl 8 A line with a gradient of 0:

A is vertical B is horizontal

C is undefined D increases from left to right

EEl 9 At the point where a line crosses the x-axis:

A x=y By=—x Cy=0 D x=0
Xl 10 The y-intercept for the graph of 2y = 3x — 4 is:

A (0,-4) B (0,-2) C (0,0) D (0,2)
X 11 In a linear graph, v = mx + ¢, the pronumeral ¢ represents the:

A y-intercept B x-intercept C gradient D origin
A 12 A linear graph has a gradient of 3 and a y-intercept of (0,—2). The equation of the graph is:

A y=-2x+3 By:%x—z C y=3x-2 D y=-3x+2
13 The length of the line segment joining (3, 5) and (7, 9) is closest to:

A 4 B 5 C o6 D 7
14 The coordinates of the midpoint of the line segment joining (3, 5) and (7, 9) are:

A (5,7) B (7,5 C (2,2 D (4,8)

EX) 15 For which graph is y « x?

Ay' B yl Cy| Dy|

Review questions 3.9C: Short answer

EZl 1 Solve each equation using inverse operations.

a 3x—-4=2 b 2=4-3x c 4(x-3)=3 dg—zz—l
EZl 2 Solve each equation for x.

a 7x—-3=4x+9 b x+8=1-6x
EZl 3 One more than three-fifths of the class is 16 people.

a Define a pronumeral to represent the unknown quantity in this problem.

b Use this pronumeral to write an equation to represent the problem.

¢ Solve the equation.

d How many people are in the class?
EF] 4 Write the inequality that is represented on each of these number lines.

== «—0 o e
a «T—T7T—T T T*X b «—4— 77—« C ST T T T T T TX
-5 -4 -3 -2 -1 -12 -11 -10 -9 -8 -2-1012 3 4
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E®1 5 Solve each of these inequalities.
a 5-2x<7 b 2—-x>10+2x

EEl 6 Complete a table of values from x = —2 to x = 2 for each linear relationship, and then plot the relationship
between x and y.

a y=x+5 b y=x-5 c y=—x+5 d y=—x-5
[ 7 TFor each linear graph shown, determine the:
i gradient ii x-intercept iii y-intercept.
a y b y

— 1

\
|
1
w
I |
)
I |
To
——
o+
—
~
8

c y d y
1 2
T T 0 T T T T .
-4-3-2-1"1 1 2 3 4 X F -
R 3-2-19\1 2 3 4%
-3 2

[ 8 Find the gradient of the line segment joining each pair of points.
a (2,3)and (-2,-3) b (-3,-2)and (-2,-3)
Xl 9 TFor the graph of each linear relationship below, determine the coordinates of the:

i x-intercept ii y-intercept.
a 2x+3y=18 b 3x—y=6 c y=4x-2
d 2y=5x-3 e x—2y=4 f —y=4-x

[EX 10 Use your answers from question 9 to sketch each linear graph.
EX] 11 Use the most appropriate method to sketch the graph of each linear relationship.

a 3x+2y=4 b 4-2x=3y c y:%x dyZS—%x

e yv=5 f 2x+3y+6=0 g y:%x—Z h x=-7
X 12 Write the equations of the linear graphs with the following properties.

a gradient: 4, y-intercept: (0, —2) b gradient: l, y-intercept: (0, 0)

¢ gradient: 0, y-intercept: (O, —%)
X 13 Find the equation of each of the following linear graphs.

a y b y
34 5
2 4-
14 3]
EERE -
1_
T 1 N I R —

-3-2-17 1 2 3 4 5%

2
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c y d y
2 5
i 4

I
{9%)
I
[\S)
1L
-
N_
(98)
N
@_
\]_
®

14 Determine the equations of the linear graphs that pass through each pair of points.

a (-5,2)and (1,-4) b (100, 39) and (-47, 39)
¢ (—3,4) and (6, —8) d (7,12) and (-3, 4)
15 For the line segment that joins each of the following pairs of points, find the:
i midpoint ii length (correct to one decimal place).
a (2,3)and (8,7) b (-4,6) and (-3,5)
¢ (2,-4) and (-2,4) d (-3,-1)and (2,-9)

X 16 Determine whether x is directly proportional to y in each of the following relationships. If the relationship is
not directly proportional, provide a reason for your answer.

atxlol1|l21]3]a4 by T o366 ] 912
0o 1| 4] 916 y | 0 [-15]| -3 |-45| -6
c vy d Y
0 x
0 x

Review questions 3.9D: Mathematical modelling

1 David decides to visit his friend Steve who lives 6 km D
away. It takes him 60 min to get there if he walks quickly. 6
This can be shown in the graph of distance, D, in
kilometres, from Steve’s house and time, #, in minutes. ~
a Determine the gradient of the graph. g 4
b Express David’s average speed for walking as a rate in QR
km per minute. 21
¢ Determine the equation for David’s journey in
gradient—intercept form using the variables D and t. 0 | | | | | | |

0 10 20 30 40 50 60 70°

d Steve decides to meet David halfway. What is this
t (min)

distance from his home?

e Steve leaves home on a skateboard at the same time as David leaves and gets to the halfway point after
20 minutes. Plot this point on the graph and draw in line segments to show Steve’s journey and him waiting
to meet David.

f How long did Steve have to wait to meet David?
g Express Steve’s average speed when riding his skateboard as a rate in km per minute.
h Determine the equation for Steve’s journey in gradient—intercept form using the variables D and .
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2 a The shape below is made from seven line segments. Determine the linear equation and an inequality
showing the values of x or y involved to produce each line segment in the following table.

y Line Linear x- or y-values
5.0 segment equation involved
4.5

A y=1 2<x<3
4.0
3.5 B 1<y<_
3.0+

C
2.5
2.0+ D 25<x<4
1.5

E 1<x<25
1.0+ A
0.5 F

0 0.51.01.52.02.53.03.54.045* G

b Complete the table of linear equations and corresponding inequalities showing the values of x or y involved
to produce the line segments for this shape.

Line Linear x- or y-values
segment equation involved
0, @) A
F
4 B
-
a D ©
2
-1,0) (1,0) b
E
B C
F
(Oa _a)

3 A rectangle, DEFG, has vertices at D(-2, —1), E(0, 1), F(3, -2) and G(1, —4).
a Draw the rectangle on the Cartesian plane.
b Calculate the lengths of all the sides of the rectangle, correct to one decimal place.

¢ Using your sketch, identify the coordinates of the y-intercepts of the line segments:

i DE ii EF iii DG iv FG.
d Find the gradients of the lines through:
i DE ii EF iii DG iv FG.

e Point Pis the midpoint of DE, point Q is the midpoint of EF, point R is the midpoint of FG and point S is
the midpoint of DG. Find the coordinates of:

i P ii O iii R iv S.
f Describe the shape of the figure PORS. Justify the statements you make.
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4 The cross-section of a building is drawn on a Cartesian plane with the scale on the axes showing length in
metres. The x-axis represents ground level.
a On the same Cartesian plane, sketch the graph of:
i 4dy—-x=12 ii y:S—%x.
b o represent the cross-section of the building, shade the area between the graph of 4y — x = 12 and the

x-axis from x = 0 to x = 4, as well as the area between the graph of y = 5 — %x and the x-axis between
x=4and x = 8.

¢ The tallest point of the building is 4 m.
i  What is the distance from the top of the roof to the lower edge of the roof, correct to one decimal place?
ii What is the positive gradient of the roof?

iii If a chimney is to be placed halfway along the slope of the roof on the side with the positive gradient,
describe its position on the Cartesian plane.

Checklist

Now that you have completed this module, reflect on your ability to do the following.

I can do this I need to review this
Solve linear equations using inverse operations D Go back to Lesson 3.1
Solve linear equations with the unknown on both sides using Solving linear equations

inverse operations

Represent linear inequalities using a number line D Go back to Lesson 3.2
Solve linear inequalities using inverse operations Solving linear inequalities
Plot linear relationships using tables of values and equations D Go back to Lesson 3.3
Identify independent and dependent variables Plotting linear relationships
Identify the x- and y-intercepts of a linear graph D Go back to Lesson 3.4
Determine the gradient of a line segment from a graph or by Gradient and intercepts

using two given coordinate points

Determine the x- and y-intercepts of a linear graph from its equation D Go back to Lesson 3.5
Sketch linear graphs with intercepts Sketching linear graphs
Sketch vertical and horizontal lines

Sketch linear graphs that pass through the origin

Sketch linear graphs using the gradient-intercept method

Determine the equation of a linear equation when given its graph D Go back to Lesson 3.6
Determine the equation of a linear relationship when given two Determining linear equations
points

Determine the midpoint of a line segment on the Cartesian plane D Go back to Lesson 3.7

Calculate the length of a line segment on the Cartesian plane Midpoint and length of a
line segment

Identify when two variables are directly proportional to each other D Go back to Lesson 3.8
Find the constant of proportionality between two quantities Direct proportion
Solve simple rate problems

N s I e A A e I (O
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Lessons

4.1 Solving quadratic equations

4.2 Plotting quadratic relationships

4.3 Sketching parabolas using intercepts

4.4 Sketching parabolas using transformations
4.5 Other non-linear relationships

Prerequisite skills

il Diagnostic pre-test
e
=

Take the diagnostic pre-test to assess your knowledge of the
prerequisite skills listed below.

@ Interactive skillsheets
After completing the diagnostic pre-test, brush up on your

knowledge of the prerequisite skills by using the interactive
skillsheets.

v Solving equations using inverse
operations

v Factorising quadratic expressions

v Factorising the difference of two squares

v The Cartesian plane

v Translations

Curriculum links

e |dentify and graph quadratic functions, solve
quadratic equations graphically and numerically,
and use null factor law to solve monic quadratic
equations with integer roots algebraically, using
graphing software and digital tools as appropriate
(VC2MSAQ5)

e Use mathematical modelling to solve applied
problems involving change, including financial
contexts involving simple interest; formulate
problems, choosing to use either linear or
quadratic functions or other simple variations;
interpret solutions in terms of the context;
evaluate the model and report methods and
findings (VC2M9A06)

e Experiment with the effects of the variation
of parameters on graphs of related functions,
using digital tools, making connections between
graphical and algebraic representations, and
generalising emerging patterns (VC2M9A07)

© VCAA

Materials

v Calculator v Graph paper
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Lesson4.1_|
Solving quadratic equations

Learning intentions © .
, , )29 Inter-year links
By the end of this lesson you will be able to .. .
6.2 Terms, expressions and
v solve simple quadratic equations using the Null Factor Law. equations
Year 8 6.4 Solving simple quadratic
equations

4.1 Solving quadratic equations

Quadratic equations

e A single variable quadratic equation is an equation that, when expanded, has its variable raised to an
exponent no more than 2.
e The general form of a quadratic equation is: ax? + bx + ¢ = 0 where a = 0.

e A monic quadratic equation is a quadratic equation in which the leading coefficient, a, is 1.
The general form of a monic quadratic equation is x> + bx + ¢ = 0.

The Null Factor Law

e The Null Factor Law states that if the product of factors is 0, then at least one of the factors must be 0.
Given the factors a and b,if o x b =0,then o =0 or b = 0.

e Applying the Null Factor Law to quadratic equations in factorised form, (x + p)(x + ¢) = 0:
if (x+p)(x+q)=0,thenx+p=0o0rx+q=0.

Solving quadratic equations Key content video

. . .. Solving quadratic
e To solve a factorisable quadratic equation in general form: equations

1 Factorise the quadratic expression.
2 Apply the Null Factor LLaw by equating each factor to 0.
3 Solve each linear equation.
For example, x> + 2x —3 =0
x+3)(x—1)=0
x+3=00rx—1=0
x=-3orx=1

e Quadratic equations can have 0, 1 or 2 real solutions.

Type of quadratic equation Example Number of real solutions
x2+3x+2=0
Factorised form is (x + @) (x + b) = 0, x+Dx+2)=0 5
where a = b x+1=0o0rx+2=0
x=—lorx=-2

x>+2x+1=0

Factorised form is a perfect (x+1)?=0 1
square: (x + @2 =0 x+1=0
x=-1
ax? + bx + ¢ = 0 cannot be factorised 5
x*+x+1=0 0
for some values of a, b and ¢
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Worked example 4.1A Solving factorised quadratic equations o
Solve each quadratic equation.
a (x-6)(x+2)=0 b x(x-4)=0 c 2x+1)@x-3)=0
1 Check that the quadratic equation is in a x—-6)(x+2)=0
factorised form and is equal to 0. x—6=00rx+2=0
x=60rx=-2
2 Apply the Null Factor Law by equating each b x(x—4)=0
factor to 0. x=0orx—4=0
x=0orx=4
3 Solve each linear equation. c Cx+1)@x-3)=0

2x+1=0o0rd4x—-3=0
2x=—-1lor4x=3

_ 1.3
X=-—5orx=7
Worked example 4.1B Factorising and solving quadratic equations o
Solve the quadratic equation x*> — 3x — 10 = 0.
1 Factorise the quadratic equation. x2—3x—-10=0
x+2)x-5=0
2 Apply the Null Factor LLaw by equating each x+2=00rx—-5=0
factor to O.
3 Solve each linear equation. x=-2orx=>5

Worked example 4.1C Rearranging quadratic equations before solving o

Solve x? + 12 = 8x.

1 Rearrange the equation so that one side of x>+ 12 =8x
the equation is equal to 0, and the x? term is xX*-8x+12=0 (— 8x)
positive.
2 Factorise the quadratic equation. (x-=2)(x—6)=0
3 Apply the Null Factor LLaw by equating each x—2=0o0rx—-6=0
factor to 0.
4 Solve each linear equation. x=2orx=6
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Worked example 4.1D Solving quadratic equations with common o
factors

Solve each quadratic equation.

a 2x2+22x+36=0 b —x?+10x=25
a 1 Take the highest common factor (HCF) out of the a 2x2+22x+36=0
quadratic expression. 2(x*+11x+18) =0

2 Divide both sides by the HCE Note that you can never B ==

2(x*+11x+18) 0
2
divide both sides by the variable, x, in case x = 0. -

3 Factorise the quadratic equation. x*+11x+18=0
x+2)x+9)=0

4 Apply the Null Factor Law by equating the factors to 0. x+2=00rx+9=0

5 Solve each linear equation. x=-2or x=-9

b 1 Rearrange so that the right-hand side is 0. b —x?+ 10x =25
—x?+10x-25=0
2 'Take out the HCE Remember, the HCF can be —1. ~1(x*=10x+25) =0

. 2 _
3 Divide both sides by the HCE I _1]0’“ +25) _ o

4 TFactorise and apply the Null Factor Law. Remember, x2—10x+25=0
there is only one solution when the factorised form is a (x=53)2=0
perfect square. x—5=0

5 Solve the linear equation. x=5

) CEEs)

v/ Watch for changes in sign when solving quadratic equations for x.
(x+6)(x—2)=0 — x=-6o0orx=2

v/ Although it is possible to add and subtract multiples of x, you must not divide both sides of an equation
by x in case x = 0, since dividing by 0 is undefined.
For example,

x? = 5x (- 5x) 5 = e (= x)
xX*=5x=0 x=5
x(x=5)=0 Solution x = 0 is missing! %

x=0orx=5 v

v Always check the coefficients for a highest common factor (HCF). You can factor out the HCF from any
quadratic equation, ax? + bx + ¢ = 0, by dividing on both sides. This is because % = 0 for any HCE
For example,

3x’—15x +12x=0 —> x*-5x+4=0
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Learning pathways

/\ 1.2aceg),3-11,13,16 |:| 1, 2(b, d, f, h), 4-10, 12-15, 17 Q 1,5-7,9,10, 12, 14-18

%I Exercise 4.1A: Understanding and fluency

1 Which of the following are quadratic equations?

a x*—-2=0 b 3(x+1)=0 c x*+x=5 d x¥»+5x+6

e 2x*+x—-4=0 f ¥*+8=0 g 6x+1=2x-5 h ¥*»+7x=x-3
2 Use substitution to check whether the value in brackets is a solution to the given quadratic equation.

a x—4dHkx-5=0 =5 b (x+2)x—-8)=0 (x=2)

c x(x—6)=0 (x=13) d x¥*+8x+7=0 (x=-1)

e x¥*—4x+4=0 (x=-2) f x*—49=0 (x=17)

g x*—2x-15=0 (x=-3) h x»-8x+12=0 (x=-4)

3 Solve each of the following linear equations.

a x+3=0 b x-6=0 c 4x-8=0 d 3x+1=0
we4.1A 4 Solve each of the following quadratic equations.

a (x+2)(x-3)=0 b (x—7)x—-1)=0 c (x+4Hx-4=0

d x(x—6)=0 e (x+5kx+1)=0 f x(x+2)=0

g (x—-8)x+8) =0 h Cx+2)(x-7)=0 i x(x-11)=0

i Cx+3)(x-5=0 k (4x—-2)4x—-2)=0 1 Bx+5Cx+3)=0
we418 5 Factorise and then solve each quadratic equation.

a x*’+7x+10=0 b x¥*-3x+2=0 c xX*+5x=0

d x¥»-3x=0 e x*-36=0 f x*+10x+21=0
weaic 6 Rearrange, factorise and then solve each quadratic equation.

a x*—-2x=8 b x*=1 c x?=-8x

d x*+3=4x e 6x=-x2-9 f 1=2x-x?

7 Use substitution to check that your solutions for questions 5 and 6 are correct.

Solve each quadratic equation.

a 2x+8)(kx-2)=0 b 3(x—-1kx-4)=0

c -7(x+6)(x—6)=0 d -5x(x+9)=0
we41p 9 Solve each quadratic equation by first dividing both sides by the highest common factor (HCF).

a 3x°+9%+6=0 b 2x*+8x=0 c 2x’—-4x-16=0

d 3x>-12x+12=0 e —-5x*—5x+10=0 f —4x>+8x=0

g —x*—10x-21=0 h -3x?-24x-48=0 i —2x+32=0

10 Solve each equation.

a x>+ 14x+48=0 b 3x?2-12x=0 c x—x*=0

d ¥»-64=0 e —x*’-2x+3=0 f —-x*+8x-16=0

g —x*’+5x=6 h 2x?>+50=-20x i 20 =5x?

11 Quadratic equations may have 0, 1 or 2 real solutions.
a Determine how many real solutions each of the following quadratic equations has.
i x—-4dHkx-7)=0 i k—4Hkx-4)=0 ili ¥*+4=0
b Identify and describe the feature(s) of each equation in part a that result(s) in the number of real solutions
that the equation has.
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I Exercise 4.1B: Problem solving and reasoning

12 Determine the number of real solutions to each of the following equations.
a x»+3x-10=0 b x*-4=0 c x¥*—-6x+9=0 d ¥»+1=0
e x*+7x=0 f x*+12x+32=0 g x*—x-72=0 h ¥»+2x+5=0
13 The length of a rectangular mouse pad is 8 cm longer than its width (w).
a Write an expression for the area of the mouse pad in terms of z.
b Expand the expression.

¢ The area of the mouse pad is estimated to be 560 cm?. Write an
equation for the area of the mouse pad.

d Factorise and solve the equation. Which value of w is a feasible
solution in this scenario? Explain.

e State the dimensions of the mouse pad.
14 The area of a rectangular sand pit is 35 m?. The length is 2 m longer than the width ().
a Write a quadratic equation to represent this scenario.
b Solve the quadratic equation.
c State the dimensions of the sand pit.
15 The width of a laptop screen is 12 cm less than its length. If the area

of the screen is 640 cm?, use algebra to determine the dimensions of
the screen.

16 Alec throws a tennis ball back on to the court from the spectator
stand. The height of the ball above the surface of the tennis court can
be represented by the quadratic relationship 2 = —4(z + 1) (z — 2),
where / is the height in metres after ¢ seconds in the air.
a What is the height of the ball after:
i 1second ii 2 seconds?
b What is the height of the ball when Alec releases it from his hand?

¢ How long does it take for the ball to hit the tennis court after it is thrown?

Explain why there is only one time value for your answer to
part ¢ even though you have solved a quadratic equation that
has two solutions.
17 The height above the ground, /%, of a firework rocket, x seconds

after it is launched, is given by the equation 2z = —5x? + 40x.

a When is the rocket at a height of 60 m above the ground?

b Why are there two solutions? Explain the significance of each
solution.

| Exercise 4.1C: Challenge

18 An equation containing a pronumeral that is taken to the power
of three (and no higher) is called a cubic equation. Use the

Null Factor Law to solve the following cubic equations.

a (x-1Dx-3)x-5=0 b x(x+6)(x—6)=0
c (x+1D)(x-4)2=0 d Cx-4)Bx+1)dx-6)=0
Interactive skillsheet Worksheet CAS instructions Quick quiz
Solving quadratic Solving quadratic Solving equations 41
equations equations
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Lesson4.2
Plotting quadratic relationships

Learning intentions .
8 Inter-year links

By the end of this lesson you will be able to...
v identify the key features and plot graphs of quadratic
relationships.

Support The Cartesian plane
5.4 The Cartesian plane
Year 8 6.5 Plotting linear relationships

Key content video

Key features of parabolas ) Fioting quadratic

. . .. relationships
e 'The graph of a quadratic relationship is called a parabola.

e The key features of a parabola include:

— a turning point (or vertex)

= A positive leading coefficient gives the parabola an upright

shape and a minimum turning point. x-Intercepts

= A negative leading coefficient gives the parabola an nverted

. . . <
shape and a maximum turning point. 0
Upright Inverted
y maximum  y

turning point
/

y-intercept
4

turning point

\ X X
minimum

turning point

— x- and y-intercepts
= All parabolas have one y-intercept.
= Parabolas can have zero, one or two x-intercepts.

no x-intercepts 1 x-intercept 2 x-intercepts

/\

— a vertical axis of symmetry, which passes through the
x-coordinate of the turning point.
= When a parabola has two x-intercepts, the axis of
symmetry passes through their midpoint. <

For example, the parabola on the right has x-intercepts at —2 25
—2 and 4. So the axis of symmetry is x = 1, and the
x-coordinate of the turning point is 1.
vy
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Plotting quadratic relationships

To plot the graph of a quadratic relationship,

create a table of coordinate points and join the
points on a Cartesian plane with a smooth curve.

1 Construct a table of x- and y-values by

selecting values for x, then substituting each

value of x into the relationship to find the
corresponding value of y.

Write the coordinate points from the table.

Plot the coordinate points on a Cartesian
plane.

4 Join the points using a smooth curve to form

a parabola and label the graph with its
equation.

x -1 0 1
y=x*=-2x 3 0 -1
(_13 3)3 (03 0)3 (13 _1)3 (23 O)J (33 3)
y
5 y=x*-2x
4
(-1,3) 31 3,3)
2
(0, 0) (2,0)
-2 -1 9 1 /2 3 4 X
—1-
(13 _1)

Worked example 4.2A |dentifying the key features of a quadratic graph o

For the quadratic graph shown, identify:

a

o o6 o

the coordinates of the x-intercepts
the coordinates of the y-intercept
the coordinates of the turning point

whether the turning point is a maximum or minimum

the equation of the axis of symmetry.

graph crosses the x-axis.

b State the coordinates of the point where the

graph crosses the y-axis.
State the coordinates of the point where the
graph changes direction.

parabola, so it is a maximum turning point.
State the equation of the axis of symmetry.
It is the vertical line which passes through
the turning point.
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State the coordinates of the points where the

The turning point is the highest point on the

y
54

i

y=-x*+2x+3

-3 2 410 1 2

x-intercepts: (—1, 0) and (3, 0)

y-intercept: (0, 3)

turning point: (1, 4)

maximum turning point

axis of symmetry: x = 1
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Worked example 4.2B Plotting quadratic relationships o

Sketch a graph of y = x?> — 2x — 1 by first completing a table of values for x from —1 to 3.

1 Construct a table of values for x from —1 to 3.

. . ; x -1 0 1 2
Substitute each value of x into the equation to 5 5
find the corresponding value of y. y B B B
2 List the coordinate points. (=1,2), 0, =1), (1, =2), (2, =1, (3, 2)
y
3 Plot the points on a Cartesian plane. sy xr=log=tt
4 Join the points with a smooth curve. Label the 4
graph with its equation. N
-1,2) 24 (3,2)
1

e
v/ Rather than drawing ‘hairy’ parabolas, try y y
starting at the turning point and then drawing 5 5
two smooth symmetrical curves through 4+ 4+
the other plotted points. 3 3
2 2
1+ 14

S22 123% 323912 3%
v/ Draw a short horizontal dash where the turning > 5
point is to ensure the parabola does not end up 5- 5
with a pointy turning point. 4 4-
3 3
2 2
1 1

329123 32912 3%

v/ Take care when reading a question. If you are asked to find the x- and y-intercepts, then you must give
your answer as coordinates. So write the coordinates of the intercepts as (5, 0) and (0, —1), instead of
x=5andy=-1.
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Learning pathways

A 1(a c e gi),2-4,7,910,12 |:| 1(b,d, f, h), 2,3,5,6,8,911-14

Q 1(d, f, h), 2 3,6,8,9,11-15

%I Exercise 4.2A: Understanding and fluency

we4a2a 1 For each quadratic graph, identify:
i the coordinates of the x-intercepts, if any
ii the coordinates of the y-intercept
iii the coordinates of the turning point
iv whether the turning point is a maximum or minimum

v the equation of the axis of symmetry.

a kY b v
54 5
44 4
34 3
2 24
14 14
3 ST EEERE

d € y
10-
/ 8-
T T T T lx N
1 2 3 45 6 4
2_
\ —6/5-4-3-2 O] 1 2
_4_
g y h y
6' 1_
5- T
4- 1
3_
2_
1_
240 1 2x
_1_
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2 For each quadratic relationship:

i complete the table of values

ii plot the graph

iii identify the axis intercepts and the turning point, and then state the equation of the axis of symmetry

iv state whether the turning point is a maximum or minimum.

a y=x>+2x—-8

x |-5|-4|-3|-2|-1|0 2|3
Yy

b y=9-—x«?
x |-4|-3|-2|-1|0 |1 3|4
3

we428 3 For each quadratic relationship:

i plotits graph by first completing a table of coordinate points, using the x-values given in brackets
ii identify the coordinates of the x- and y-intercepts and the turning point, and state the equation of the axis

of symmetry.

a y=-x>—6x-35
b y=x*—-4

c y=x>-2x—-15
d y=x>+4x

e y=—-x"+2x

f

y=x*—6x+9

(-6 t0 0)
(=3 to 3)
(=4 to 6)
(-5t0 1)
(-1to 3)
(0to 6)

I Exercise 4.2B: Problem solving and reasoning

4 Consider the x- and y-intercepts of a parabola.

a How many x-intercepts do each of the following parabolas have?

ii

Yy
2_

14
0
—1-
—2-
—3-

]

m \ y=x2+2

y=—-x2+4x—4

2 4 %

—

N_

b’)_
=Y

\

4 v

b Can a parabola have more than two x-intercepts? Explain.

¢ How many y-intercepts does each parabola in part a have?

d Describe the link between the y-intercept of a parabola and the general form y = ax? + bx + c.

5 For each of the following parabolas state the number of:

i x-intercepts

il y-intercepts.

a Parabola with a minimum turning point at (-3, 1)

b Parabola with a maximum turning point at (10, 0)

6 Find the equation of the axis of symmetry if the x-intercepts of a quadratic graph are:
a (-3,0) and (5,0)
b (5,0) and (6,0)
c (-2,0)and (1, 0)

d (=2,0) and (-1, 0).
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7 The graph below shows the height, %, (in metres) of a firework rocket ¢ seconds after it is launched.

h (m)

a
b

[

8 Alani’s hair clip falls to the ground while she is on a roller coaster.
The position of the clip as it falls can be described by the relationship
h =100 — 47, where / is the height of the clip above the ground in metres
after ¢ seconds.

a
b

d

€

30+
25+

(1.61,25.84)

20+
154
10+

5

t(s)
I T S S R

From what height is the rocket launched?
What is the maximum height of the rocket to the nearest metre?

For how long is the rocket in the air?

Plot the graph of the relationship for #values from 0 to 5.

Why should the parabola only be drawn for z-values between 0 and 5
(not values less than 0, or values greater than 5)?

What is the height of the clip above the ground after:
i 2s
ii 3s?

From what height above the ground did the hair clip start to fall?

How long did it take for the hair clip to hit the ground?

9 Consider the graph of y = x> — 3x — 10 shown below.

YA

c
d

10 Determine the equation for the axis of symmetry of a parabola that has:
x-intercepts at (2, 0) and (8, 0)

a
b

[

—124
\ 4

Identify the x-coordinates of the x-intercepts from the graph.

Solve the quadratic equation x*> — 3x — 10 = 0 by first factorising the quadratic expression and then
applying the Null Factor Law.

Compare your answers for parts a and b. What do you notice?

Explain how you can use the graph of y = x> — 3x — 10 to solve x> — 3x — 10 = 0.

x-intercepts at (-3, 0) and (3, 0)

one x-intercept at (—4, 0). Hint: Draw a rough sketch of the parabola and consider the midpoint.
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11 Solve the following quadratic equations using the provided graphs.

a x>-9%+20=0 b x>+11x-24=0
y
7 — A2
y=x2—-9x + 20 6 y=-x*+1lx—-24
; 5
_ "
1- 3]
I | | | | [ [ 27
—110123456x 1
—'110_ 128456789
c 2x*+7x+3=0 d -2x2+12x—-18=0
y
2_
ix
19 y=-2x2+ 12x— 18
T T T~ 1
-10 1 2/3 \4 *
14
=22+ 7x+3 4
y=2x x+3 4 2

12 The axis of symmetry of a quadratic graph is x = —4. If the graph passes through the x-axis at (-8, 0),
determine the coordinates of the second x-intercept.

13 Use the graph of y = x> — 3x — 10 in question 9 to write an inequality to show the values of x which satisfy
x*—3x—-10<0.

| Exercise 4.2C: Challenge

14 The equation for a graph with x-intercepts at (=7, 0) and (5, 0) is written as y = (x — p) (x — ¢), where p and ¢

are constants.

a Determine the x-intercepts of y = (x — p)(x — ¢) in terms of p and q.

b Hence identify appropriate values for p and g and write the equation for the graph.

¢ Determine the minimum value of y.

d Determine the equation for a graph with x-intercepts at (—7, 0) and (5, 0) and a maximum value of 36.

15 Kim throws a javelin. The position of the tip of the javelin can be represented
by the quadratic relationship y = —0.05x% + 1.5x + 1.55, where y is the height
above the ground and x is the horizontal distance from where the javelin was
thrown. Both x and y are in metres.

a Plot the graph of this relationship. Use 0, 5, 10, 15, ..., 30 as the x-values in
the table.
b At what height off the ground was the javelin thrown?

¢ Lety = 0 and solve the quadratic equation for x.
Hint: Start by multiplying both sides of the equation by —20.

d What horizontal distance did the javelin travel before hitting the ground?

e What was the maximum height reached by the javelin?

Online resources:

Interactive skillsheet Investigation CAS instructions Quick quiz
Plotting quadratic Calculating the second Graphing functions 4.2

relationships difference
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Sketching parabolas using
intercepts

Learning intentions

By the end of this lesson you will be able to ...

Inter-year links

v sketch bol ing it dvint . 6.4 Substitution
SKetCn a parapola using Its X- ana y-intercepts.
P & J P Year 8 6.2 Solving linear equations

4.3 Sketching parabolas

Sketching parabolas using intercepts B) Sicccnng parabois

X X using intercepts
e Jo sketch a graph means to identify the shape and key features of the graph

and use them to draw the graph.

e 'The axis intercepts of some quadratic relationships can be used to sketch the corresponding graph. Find
the coordinates of all axis intercepts and the turning point and plot them on the Cartesian plane before
joining them with a smooth curve.

e To find the x-intercepts of y = ax*+ bx + ¢: y=x2+2x -3

1 Substitute y = 0 into the quadratic relationship. Lety=0:
x?4+2x—-3=0
2 Factorise the quadratic equation. x+3)x-1)=0
3 Solve the equation by applying the Null Factor Law. x+3=0o0rx—1=0
x=—-3orx=1
x-intercepts: (=3, 0) and (1, 0)
e To find the y-intercept, substitute x = 0 into the quadratic relationship. Letx=0:
— When a quadratic relationship is in the general form y=(0)2+20) -3
y = ax?+ bx + ¢, the y-intercept is (0, ¢). y=-3

. .. . y-intercept: (0, —3)
e The turning point is located on the axis of symmetry. When there

are two x-intercepts, the axis of symmetry passes through their
midpoint. To determine the turning point of such a parabola:

1 Calculate the x-coordinate by finding the midpoint %= %
of the two x-intercepts.
=-1
2 Calculate the y-coordinate by substituting the Letx=-1:
x-coordinate into the quadratic relationship. y=(C12?+2(-1)-3
=—4
Turning point: (-1, —4)
y
e Plot the axis intercepts and turning point on the Cartesian plane y=x2+2x—3
and join them together with a smooth curve in the shape of a
parabola. Label the graph with its equation. (=3, 0) 0 / 1,0y *
0,-3)
-1,-4)
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Worked example 4.3A Finding the coordinates of the x- and y-intercepts o

For each quadratic relationship, find the coordinates of the:
ii y-intercept.
b y=x>+7x+ 10

i x-intercepts

a y=x>-6x

i 1 To find the x-coordinate a i y=x?>-6x b i y=x+7x+10
of the x-intercept,

substitute y = 0 into the

For x-intercepts, let y = 0: For x-intercepts, let y = O:

quadratic relationship.

Factorise the quadratic x?—6x=0 x2+7x+10=0
equation. x(x—6)=0 (x+2)(x+5)=0
Apply the Null Factor x=0orx—6=0 x+2=0o0rx+5=0

x=0o0orx=6 x=-2orx=-5

x-intercepts: x-intercepts:

(0, 0) and (6, 0) (=2,0) and (-5, 0)

ii To find the y-coordinate of il y=x2—6x ii y=x*+7x+10
the y-intercept, substitute For y-intercept, let x = 0:
X = 0 into.the quadratic y=(0)2 - 6(0)
relationship and solve for y. -0

Law to solve the
equation.

For y-intercept, let x = 0:
y= (O)z +7(0) + 10
=10

y-intercept: (0, 0) y-intercept: (0, 10)

>

Worked example 4.3B Finding the coordinates of the turning point
using the x-intercepts

Find the coordinates of the turning point of y = (x + 3)(x — 9).

1 Identify the coordinates for the x-intercepts. x-intercepts: (=3, 0) and (9, 0)

2 Calculate the x-coordinate of the turning point x = #
by finding the midpoint of the x-intercepts. 6
=2
=3
3 Calculate the y-coordinate of the turning Letx=3:
point by substituting the x-coordinate into the  y= (x + 3)(x — 9)
quadratic relationship. =3B3+3)3-9
=6 x (—6)
=-36

Turning point: (3, —36)
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point with its coordinates.

Find the x-intercepts by substituting y = 0 into
the relationship.

Divide both sides of the equation by the
coefficient of x?, which is —1, so that the
equation is of the form x? + bx + ¢ = 0.

Factorise the quadratic equation.

Apply the Null Factor Law to solve each linear
equation for x.

Find the y-intercept by substituting x = 0 into
the relationship and solving for v.

Find the coordinates of the turning point.

Mark the x- and y-intercepts on the axes, plot
the turning point, then draw the parabola.
Label the equation of the graph and the
coordinates of the turning point.

Worked example 4.3C Sketching parabolas using the intercepts

y=—x*+4x+5
For the x-intercepts, let y = 0:
—x*+4x+5=0
—(x*—4x-5)=0
x?—4x-5=0
x+1)x-5=0
x+1=00rx—-5=0
x=—-lorx=>5
x-intercepts: (—1,0) and (5, 0)
For the y-intercept, let x = O:
y=—(0)?+40) +5
=5
y-intercept: (0, 5)
For the turning point:

= —12+ 5
_4
T2
=2
Letx=2:
y=—2)?*+42)+5
=-4+8+5
=9
Turning point: (2, 9)
y 2,9

y=-x*+4x+5

(5, 0)

Al 5

e

-

when sketching parabolas.

v/ For any given quadratic relationship, y = ax?+ bx + c:

if @ > 0, then the parabola has a minimum turning point

if o < 0, then the parabola has a maximum turning point.

>

Sketch the graph of y = —x? + 4x + 5 by first finding the x- and y-intercepts. Label the turning

(Emez)

v/ Label your working out so that it is clear that you are calculating the x-intercepts, the y-intercept and the
turning point. This can make it easier to check your calculations on a test.

v/ Always label the key features of a graph such as the x-intercepts, the y-intercept and the turning point

)
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Learning pathways

:2 2,1 i(a, b, d, i), 4, 5, 6(1%, 2" columns), |:| 2-5, 6(2™, 3 columns), 8-11, 13, 15 4,5,6(3", 4" columns), 8, 10, 11, 13,
. 15,16, 17
%I Exercise 4.3A: Understanding and fluency
1 For each quadratic relationship, find the coordinates of the:
i x-intercepts il y-intercept.
a y=+7kx-5) b y=3x—-2)(x-06) c y=0Cx+12)(4x+8)
we43A 2 For each quadratic relationship, find the coordinates of the:
i x-intercepts ii y-intercept.
a y=x-2x b y=x*+8x c y=x>+6x+8
d y=x*—8x+ 12 e y=x’—4x-5 f y=x-9
we43e 3 Find the coordinates of the turning point for each quadratic relationship.
a y=x(x—-4) b y=x-3)x-5) c y=x+4)(x—-6)
d y=—(+1)(x+3) e y=(x-2)(x+2) f y=—-(x+2)(x—-4)
g yv=x(x+3) h y=—-x(x+7) i y=2x-2)x—-198)

4 Sketch the graph of each quadratic relationship by first finding the x- and y-intercepts. LLabel the turning point
with its coordinates.

a y=(x+2)(x+4) b y=&+3)x-3) c y=x(x-2)
d y=-(x-2)(x-6) e y=(x—4)? f yv=Qx—-Hx-6)
5 Consider the graphsof y = (x + 3)(x — 1) and y = —(x + 3) (x — 1). y
a Identify the x-intercepts for each graph. 3_ y=(x+3)(x-1)
b Find the turning point of each graph. 2+

¢ Describe the similarities and differences between the two graphs.

EWE:
y=—(x+3)(x-1)

wea3c 6 Sketch the graph of each quadratic relationship by first finding the x- and
y-intercepts. Label the turning point with its coordinates.

a y=x>—-6x+5 b y=x*+4x-12 c y=—-x*+6x+7 d y=x+4x
e y=—-x>—8x—12 f y=x>—-4 g yv=x’+2x-15 h y=10x—-x°
i y=x>-6x—-7 i y=x*-5x k y=16-x? 1 y=-x*+x

I Exercise 4.3B: Problem solving and reasoning

7 Match each graph with its rule from the options below.
a V4 b YA ¢ YA

S U W A 7

0 X 0

RY

< 5 ;
o | U
¥ Y A/
Ay=x>+x-6 B y=-x*-x+6 C y=x*-x-6
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8 A parabola with a maximum turning point is called an inverted parabola. Explain how you can tell whether a
parabola is upright or inverted from its equation. You may refer to your answers to question 6 as examples in

your explanation.

9 Without sketching the graph, decide whether these equations describe upright or inverted parabolas.

a

d

y=x>-2x-3 b y=x*-100 c y=—-x*-8x+15
y=—-x>+6x e y=9x>—-10x f y=81-4x

10 Consider the graph shown to the right.

a
b

Is the parabola upright or inverted?
How many y-intercepts does the parabola have? List the coordinates of the YA y=(x = 3)2
y-intercept(s).

How many x-intercepts does the parabola have? List the coordinates of the 97
x-intercept(s).

What are the coordinates of the turning point?

Describe the relationship between the x-intercept(s) and the turning point.

Describe the relationship between equations of the form y = a(x — p)? 0
(where a and p are constants) and the coordinates of the turning point. v

11 Sketch the graph of each quadratic relationship. Label the turning point with
its coordinates.

a
b
c

d

(S

y=x-1)
y=—(x+ 2)?
y=x*+8x+ 16
y=x*—4x+4
y=—x>—6x—-9

12 Consider the graph shown to the right.

a
b

Is the parabola upright or inverted? y

How many y-intercepts does the parabola have? List the coordinates of the
y-intercept(s). 0 x

How many x-intercepts does the parabola have? List the coordinates of the
x-intercept(s). y=-x*-1
What are the coordinates of the turning point?

Describe the relationship between the equations of the form y = ax? + ¢
(where a and ¢ are constants) and the coordinates of the turning point.

13 Rhys fires an arrow from a bow. The path of

the arrow can be represented by the quadratic
relationship 2 = —0.1(d + 1)(d — 15), where

& is the height above the ground and d is the
horizontal distance from where the arrow was
fired. Both % and d are in metres.

a Sketch the graph of this relationship by first
finding the intercepts and turning point.
b Between what two values of d does the graph
represent the path of the arrow?
¢ How high does the arrow reach?
At what height above the ground was the
arrow fired?
e What horizontal distance did the arrow fly
before hitting the ground?
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14 A soccer ball is kicked off the ground. The path of the
ball can be represented by the quadratic relationship
y = —0.2x* + 2.4x, where x is the horizontal and y is
the vertical distance from where the ball was kicked
(in metres).
a Sketch the graph of this relationship by first finding
the intercepts and turning point.

b What was the maximum height of the soccer ball?

¢ What horizontal distance had the soccer ball travelled
when it was at its maximum height?

d What horizontal distance did the soccer ball travel
before hitting the ground?

15 During a game of netball, Ayca throws the ball to her teammate Siegrid. The ball’s position is described by the
equation & = —4¢%> + 2t + 2, where & is the height of the ball above the ground, in metres, and ¢ is the time the
ball spends in the air in seconds.

a If Siegrid catches the ball 0.5 seconds after Ayca throws it to her, from what height does Siegrid catch the ball?

b List the coordinates that represent the point at which the ball is thrown and the point at which it is caught.
What do you notice about the height of the ball in each case?

¢ Use your observations from part b and the symmetry of the parabola to determine the coordinates of the
turning point.

d Hence, sketch the graph from ¢ = 0 seconds to z = 0.5 seconds.
What is the maximum height of the netball?

| Exercise 4.3C: Challenge

16 The equation for a quadratic graph with at least one x-intercept can be expressed in factorised form:
y=alx=p)(x—q).
The values of p and ¢ are equal to the x-coordinates of the x-intercepts. The value of a can be determined
by substituting the coordinates of any other point on the graph into the values for x and y. Determine the
equation of each of the following quadratic graphs in factorised form.

a y b y
2 351 (2,32)
1 30

17 Find the equation of the parabola that has only one x-intercept at (3, 0) and passes through the point (-1, 6).

Online resources:

Interactive skillsheet Investigation Quick quiz
Sketching parabolas Fencing the chicken =) 43

using intercepts run

OXFORD UNIVERSITY PRESS MODULE 4 NON-LINEAR RELATIONSHIPS — 165
This work must not be reproduced, stored, transmitted or circulated in any other form.



Provisioned to Campion Education (Aust) Pty Ltd on 20/09/2024 under licence.

p485

1

£ 2

£ 3

42

+2 3

+3 g

23 R

43 )

] 10 A cannon is fired up into the air as an experiment. The

Checkpoint quiz

Take the checkpoint
quiz to check your
knowledge of the first

. . . t of thi dule.
Solve each quadratic equation using the Null Factor Law. part oS moddie

a (x—4)x-3)=0 b (x—2)x+2)=0
c x+9)x+9)=0 d x(x+4)=0
Solve the following quadratic equations.

a x>—12x+35=0 b x*?+3x-28=0
c x>—-12x+36=0 d x>-81=0

Solve the following quadratic equations by first identifying the HCE

a 2x2-32=0 b 8x?—16x—64=0
c —2x?-12x-10=0 d 45x-3x*=0

For the quadratic graph shown on the right, identify:
the coordinates of the x-intercepts 1
the coordinates of the y-intercept y=-x-2x+8
the coordinates of the turning point

whether it is a maximum or minimum turning point

o o6 o o

the equation of the axis of symmetry.

Sketch a graph of y = 2x? — 8 by first completing a table of
values for x from —3 to 3.

A quadratic graph has a minimum turning point at (5, 0).
a What is the equation of the axis of symmetry?

I S ST

b What are the coordinates of the x-intercept(s)?

T T T T
. . . . - 3 210
For each quadratic relationship, find the coordinates of the: 5 714 3 =2 1_1. 1

—
W
2

i x-intercept(s)
ii y-intercept.
a y=x>+3x
b y=2x>-50
c y=x>+2x—-38
d y=x>—16x+ 64
Find the coordinates of the turning point for each quadratic relationship.
a y=x-2)(x+4) b y=x(x—4)
c y=((x—-6)(x+6) d y=-(x-8)(x-12)
Sketch the graph of y = x* — 4x + 3 by first finding the x- and y-intercepts and the turning point.
Label the turning point with its coordinates.

height, %, in metres, of the cannonball above the ground

is given by 2 = 15d — d?, where d is the horizontal

distance, in metres, from where the cannonball is fired.

a Sketch the graph of this relationship by first finding
the intercepts. Label the turning point with its
coordinates.

b How far from the cannon does the cannonball land?

¢ What is the maximum height reached by the
cannonball?
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Sketching parabolas using

transformations

Learning intentions
By the end of this lesson you will be able to ...

v sketch quadratic relationships in turning point form using

) Year 8
transformations. -

8.3
9.1
43

Inter-year links

Translations
Transformations

Sketching parabolas

Sketching parabolas using transformations

e The graph of y = x? is an upright parabola with a minimum
turning point at the origin, (0, 0).

e Quadratic relationships can be written in turning point form:
y=alx—h)?+ k.
— The coordinates of the turning point are (/, k).

e Transformations can be performed on the graph of y = x?
to sketch a graph of y = a (x — 4)? + k.

Key content video
Sketching parabolas
using transformations

e A dilation by a factor of ¢ in the y-direction: T
— enlarges the parabola in the y-direction if @ > 1
— compresses the parabola in the y-direction if 0 < o < 1.

o A reflection in the x-axis takes place if « = —1.
— If o < 0 and « # —1, then both a dilation and
reflection take place ko> 0up
p ’ k < 0 down

e A horizontal translation moves the parabola / units:
— to the rightif 2 > 0
— to the leftif /2 < 0.

T
-2

|
[=

S
——]
o
o

vertical translation of % units

y=a(x—h)? +k

e A vertical translation moves the parabola % units: dilation horizontal translation of / units
— upif k>0 a > 0 upright h > 0 right
. 1 < 0 inverted h <0 left
— downif & < 0. ’
e A sequence of transformations can be applied to the graph of y = x°.
— Dilations and reflections should be applied before translations.
Dilations Reflections Translations
y y
v = 2x7 3 y=X 5
y=x? Y= (x—1)2+2
2
reflection
in the x-axis/’ 3
v = x ; 5
1. 3 1 2 3% (1}, 2) % vertical
y=px 14—V translation
| twoO units up
T % B3 2 40 1 2 3%
9 =2 —1Jhorizontal
translation
one unit right
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Worked example 4.4A Sketching a parabola using one transformation o

Sketch the graph of each quadratic relationship by first sketching the graph of y = x?> on a Cartesian plane
and then performing the transformation. Label the turning point on each graph with its coordinates.
a y=x>-3 b y=2x c y=—-x°

a 1 Identify the transformation. The a

relationship is in the form y = x? + k, where
k = =3, so the graph of y = x?> undergoes a
vertical translation of 3 units down.

2 Sketch the graph of y = x? and label its
turning point, (0, 0). Translating this point
down 3 units gives the turning point of
y=x>-3as (0,-3).

3 Sketch the graph of y = x> — 3. It has the —
same shape as y = x2, with its turning point
at (0, —3).

b 1 Identify the transformation. The b
relationship is in the form y = ax? where
a = 2, so the graph of y = x? is dilated by a
factor of 2 in the y-direction.
2 Sketch the graph of y = x? and label its
turning point, (0, 0). Stretch this curve in
the y-direction by a factor of 2. This means
that for any given x-coordinate, the point

on y = 2x? is twice as tall as the point on

S

(0,0) x
y=x%

3 Identify the turning point. Doubling the
y-coordinate of (0, 0) leaves the point
unchanged, so the turning point is (0, 0).

c 1 Identify the transformation. The c
relationship is in the form y = ax? where
a = —1, so the graph of y = x? is reflected
across the x-axis.

2 Sketch the graph of y = x? and label its
turning point, (0, 0). Reflect the curve
across the x-axis. Observe that the
minimum turning point of y = x? at

(0, 0) becomes the maximum turning point 0,070
of y = —x2.
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Worked example 4.4B Sketching a parabola using multiple o
transformations

Sketch the graph of each quadratic relationship by performing transformations on the graph of y = x2.
Label the y-intercept and label the turning point with its coordinates.

a y=—(x+3)? b y=x-2)2-1

a 1 Find the y-coordinate of the y-intercept a y=—(x+3)?
and mark it on the y-axis. Tetx = 0:
2 Identify the transformations. The y=—(0+3)2
relationship is in the form a(x — /)2 = -9
so the graph of y = x*: y
e isinvertedasa=—1 (=3, 0)

e is translated 3 units to the left as /7 = —3.
The turning point (%, k) is (=3, 0).

2
v 3
inverted horizontal translation of
3 units to the left

3 Sketch the graph.

y=—(x+3)

b 1 Find the y-coordinate of the y-intercept b y=x-2)2-1
and mark it on the y-axis. Tetx=0:
2 Identify the transformations. The y=(0-2)2-1
relationship is in the form (x — /)2 + & =4-1
so the graph of y = x*: =3
e s translated 2 units to the right as 7z = 2 y
e istranslated 1 unit down as 2 = —1.
The turning point (4, k) is (2,-1). 3

y= G
/A

horizontal vertical
translation translation -14
of 2 units of 1 unit 2,-1)
to the right down

3 Sketch the graph.

: e §

¢/ In turning point form:
) , _ y=alx—h)?>+k
— vertical translations are determined by the
constant outside the brackets
— horizontal translations are determined by  horizontal translation of /2 units  vertical translation of % units

=)
<_
ot

the constant inside the brackets with x.
v/ Itis always helpful to label the key features of your graph before sketching. The turning point, y-intercept,
and a dashed line for the axis of symmetry will help you sketch an accurate parabola.

v/ Remember that dilations and reflections must be performed before any translations.
. %
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Learning pathways

A 1-9, 10(a-d), 11(a, ¢, e, f), 12, 14, 16

2-8,10, 11(b, d, f, h), 12, 15-17, 7, 8, 10(f-i), 11(b, d, f, h), 13, 15, 16,
18(a-e), 19(a-c) 18-20

ﬁl Exercise 4.4A: Understanding and fluency

1 Complete the descriptions of transformations below.
a To sketch the graph of y = x? — 10, the graph of y = x? is translated units
b To sketch the graph of y = (x — 5)2, the graph of y = x? is translated units
¢ To sketch the graph of y = (x + 12)2, the graph of y = x? is translated units
d To sketch the graph of y = x* + 8, the graph of y = x? is translated units

we4.4a 2 Sketch the graph of y = x? on a Cartesian plane, then perform a vertical translation to sketch the graph of each

quadratic relationship on the same set of axes. Label the turning point on each parabola with its coordinates.
a y=x+3 b y=x*+1 c y=x’-2
d y=x>+6 e y=x’-4 f y=x*+9

3 Sketch the graph of vy = x* on a Cartesian plane, then perform a horizontal translation to sketch the graph
of each quadratic relationship on the same set of axes. Label the turning point on each parabola with its
coordinates.
a y=(x-3) b y=(x-1) c y=(x+ 2)?
d y=(x+4)? e y=(x-15) f y=(x+7)?

4 Sketch the graph of y = x? on a Cartesian plane, then perform a dilation to sketch the graph of each quadratic
relationship on the same set of axes. Label the turning point on each graph with its coordinates.
a y=2x* b y:%x2 c y=3x2

5 Add the graph of y = —x? to the Cartesian plane from question 4. Sketch the following graphs by reflecting
your answers to question 4 across the x-axis.
a y=-2x° b y:—%x2 c y=-3x2

6 Complete the following descriptions of transformations.
a To sketch the graph of y = (x + 2)2 — 3, the graph of y = x? is translated units and

units
b To sketch the graph of y = —x? + 4, the graph of y = x?is across the x-axis and translated
units
wea4e 7 Sketch the graph of each quadratic relationship by performing transformations on the graph of y = x2.

Label the turning point on each parabola with its coordinates.
a y=—(x—2) b y=(x-2)??+3
c y=—(x+6)° d y=—x2+4
e y=(x-1)32-2 f y=—x>-3
g v=—(x+4)?’+6 h y=—-(x-7)?*-5

8 For each quadratic relationship:
i identify whether its graph is an upright or inverted parabola
ii find the coordinates of the x- and y-intercepts
iii write the coordinates of the turning point
iv sketch the graph of the relationship.

a y=(x-2)?-1 b y=-(x+1)2+9
c y=x-372-4 d y=-(x+4)?%+1
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I Exercise 4.4B: Problem solving and reasoning

9 Consider the quadratic graphs below, each sketched using the rule y = a(x — /)2 + k. For each graph:.

i State whether the parabola is upright or inverted.
iii Decide whether a is positive or negative.

2

b

iv Determine the values of % and k.

14

:

10 Match each graph with its equation from the list provided below.

y
a
1
T T T T
2%\1 2
d y
3_
2_
T T
321 % 1 *
2
3
g y
5_
©,4) 4
2_
1_
_4,0)
T T T T T T T O
~7 -6 =5 —4 -3 =2 -10|

A y=(x-372+2
Dy=—-(x+3)2+2
Gy=x*-4
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b

y
2
14

T T T
| 3/4 7% 65—4—3—2—0_1x
-2 -2
-3 -3
—4— 4

y
4_
3_
2
T
-3-2-10 1 *
_2_
CRRE

(0, —4.5)

B y=—(x-3)2+2
E y=(x-2)°-
H y=J(x+4)

c y

ii Identify the coordinates of the turning point.

I~

|
=y
-
N

0o —
-
W —

|

(=Y
——
™ —

w —
-
W —
o —

o —|
-
W
o\ -

C yv=(x+3)*-

0,-4)

F y=-(x+2)?2+3

I y=-J(x-3)
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11 Write the equation for each of the quadratic graphs described below. Assume each parabola has the same
shape as y = x?; that is, the dilation factor is +1 or —1.

a
C

€

g

upright, turning point at (3, 7) b upright, turning point at (-2, 5)
inverted, turning point at (2, 4) d inverted, turning point at (6, —1)
upright, turning point at (9, 0) f inverted, turning point at (0, 4)
inverted, turning point at (-1, —2) h upright, turning point at (0, —5)

12 Consider the quadratic relationship y = (x — 4)? + 5.

a
b

C

What are the coordinates of the turning point?
What is the smallest y-value that this relationship can have?

Is there a maximum value for y? Explain your answer.

13 Consider the quadratic relationship y = —(x + 1)? + 2. What is the maximum y-value in this relationship?

Explain.

14 Jenna throws a netball to a teammate. The height of the ball can be represented by the relationship
h=—(d - 2)? + 6, where / is the height in metres and d is the horizontal distance from where Jenna throws
the ball.

a
b

What are the coordinates of the turning point of this relationship?
What is the value of z when:

i d=0

ii d=4?

Sketch the graph of this relationship from d = 0 to d = 4.

d Use the graph to find:

i the height at which the ball left Jenna’s hands

ii the maximum height of the ball during the pass to her teammate.

15 The path of a firework follows the relationship y = —(x — 10)? + 100, where y is the height of the firework for a
horizontal distance, x, from where it was launched. Both x and y are in metres.

a

b

C

Sketch the graph of this relationship from when the firework was launched to when it landed on the ground
after exploding. Hint: Use the fact that a parabola is symmetrical.

What was the maximum height of the firework?

How far from the launch pad did the firework land?
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