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> Introduction

We have completely revised and updated the material to support the revised Cambridge
IGCSE ™ and IGCSE (9-1) Mathematics syllabuses (0580/0980) for examination from
2025. As in previous editions, both Core and Extended topics are fully covered so that
the book continues to offer a valuable resource for students and teachers. If you are
following the Extended syllabus, you should also ensure you learn the Core content

as you need to know this too. If you are following the Core syllabus, you can see the
Extended material and use it if you are interested but you do not need to know this.

So, what is new?

Besides the updated content and fresh new design, we have increased the number
of real-life applications and links to other subjects. You’'ll find these throughout
the course.

To align with modern thinking about maths and maths teaching, and to develop
problem-solving skills, we have added open-ended and open-middle problems,
investigations and projects that encourage communication and collaboration around
maths concepts and build thinking and reasoning into lessons.

We’ve increased the number of practice questions at the end of each chapter and
updated the past paper questions that we have included so that you get many chances
to apply your skills and make connections between different areas of mathematics as
you work through structured and integrated problems.

In line with modern thinking about how people learn best, we’ve built in opportunities
for different types of self- and peer- assessment. The feedback from these assessments
will help you decide what revision or practice you can do to improve your understanding
and/or performance.

There are also many opportunities for you to reflect on your own learning and to
think about what you can do really well and to consider what you can learn from your
mistakes. The reflection questions aim to encourage a growth mindset and develop
positive attitudes towards learning maths.

We hope that you will enjoy working through the course and that you will find the
material interesting, engaging and worthwhile.

Karen Morrison and Nick Hamshaw
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How to use this book

> How to use this book

Throughout this book, you will notice lots of different features that will help your learning. These are explained below.

IN THIS CHAPTER YOU WILL:

These set the scene for each chapter, help with
navigation through the coursebook and indicate
the important concepts in each topic.

Extended Content

Where content is intended for students who are
studying the Extended content of the syllabus as well
as the Core, this is indicated using the arrow and the
bar, as on the left here.

GETTING STARTED

These boxes contain questions and activities on
subject knowledge you will need before starting
this chapter.

KEY WORDS

The key vocabulary appears in a box at the
start of each chapter, and is highlighted in the
text when it is first introduced. You will also find
definitions of these words in the Glossary at the
back of this Coursebook.

The information in this feature will help you
complete the exercises, and give you support in
areas that you might find challenging or confusing.

APPLY YOUR SKILLS

These activities give you an opportunity to apply
your understanding of a concept to a real-world
context. You can find answers to these questions
in the digital version of the Coursebook.

Exercise 9.1

Appearing throughout the text, exercises give you

a chance to check that you have understood the

topic you have just learned about and practise the
mathematical skills you have learned. You can find the
answers to these questions in the digital version of the

Coursebook on Cambridge GO.

INVESTIGATION/DISCUSSION

These boxes contain questions and activities
that will allow you to extend your learning by
investigating a problem, or by discussing it
with classmates.

WORKED EXAMPLE 4

These boxes show you the step-by-step process
to work through an example question or problem,
giving you the skills to work through questions
yourself.

LINK

This feature presents real-world examples

and applications of the content in a chapter,
encouraging you to look further into topics.

Many of these examples, particularly ones that
link to other syllabus subjects, extend beyond the
syllabus and are presented solely for interest.

These activities ask you to think about the
approach that you take to your work, and how
you might improve this in the future.

'-. This icon shows you where you should complete
an exercise without using your calculator.

ISBN 9781009297912

© Morrison & Hamshaw 2023
Photocopying is restricted under law and this material must not be transferred to another party.

Cambridge University &ress >



Q

> CAMBRIDGE IGCSE™ MATHEMATICS: CORE & EXTENDED COURSEBOOK

MATHEMATICAL CONNECTIONS

This feature will help you to link content in the
chapter to what you have already learned, and
highlights where you will use your understanding
again in the course.

SUMMARY

SELF/PEER ASSESSMENT

Projects from NRICH allow you to apply your
learning from several chapters. They may give you
the opportunity to extend your learning beyond the
syllabus if you want to.

Past paper questions at the end of each unit give
further practice in applying your learning from the
previous chapters. Although all past paper questions
were taken from calculator-based papers, we have
marked some of the questions as non-calculator to
indicate that you could try to answer these without
your calculator for additional practice.

Answers to these questions can be found on

Cambridge GO.

If a question asks you to complete a diagram/table/
graph, you can find a printable copy of this in the Past
Paper Questions Resource Sheets, which are available
to download from Cambridge GO.

Practice Questions

Questions at the end of each chapter provide more
demanding practice, some of which may require use
of knowledge from previous chapters. Answers to
these questions can be found in the digital version of
the Coursebook on Cambridge GO.
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The coursebook contains six units that together offer complete coverage of
the syllabus. We have worked with NRICH to provide a variety of project
activities, designed to engage learners and strengthen their problem-solving
skills. A new Mathematical Connections feature creates a holistic view of
mathematics to help learners identify links between themes and topics. Each
chapter contains opportunities for formative assessment, differentiation

and peer and self-assessment offering learners the support needed to make
progress. Cambridge Online Mathematics is available through the digital/
print bundle option or on its own without the print coursebook. Learners can
review content digitally, explore worked examples and test their knowledge
with practice questions and answers. Teachers benefit from the ability to set
3 tests and tasks with the added auto-marking functionality and a reporting
dashboard to help track learner progress quickly and easily.

The digital teacher’s resource provides extensive guidance
on how to teach the course, including suggestions for
differentiation, formative assessment and language
support, teaching ideas and PowerPoints. The Teaching
Skills Focus shows teachers how to incorporate a

variety of key pedagogical techniques into teaching,
including differentiation, assessment for learning, and
metacognition. Answers for all components are accessible
to teachers for free on the Cambridge GO platform.

Digital Teacher's Resource

CAMBRIDGE

UNIVERSITY PRESS

Cambridge IGCSE™
Mathematics
Core

PRACTICE FOOK

ISBN 9781009297912 © Morrison & Hamshaw 2023 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.



> Acknowledgements

The authors and publishers acknowledge the following sources of copyright material and are grateful for the permissions
granted. While every effort has been made, it has not always been possible to identify the sources of all the material used,
or to trace all copyright holders. If any omissions are brought to our notice, we will be happy to include the appropriate
acknowledgements on reprinting.

Cambridge International copyright material in this publication is reproduced under licence and remains the
intellectual property of Cambridge Assessment International Education. Cambridge Assessment International
Education bears no responsibility for the example answers to questions taken from its past question papers which are
contained in this publication.

Thanks to the following for permission to reproduce images:

Cover Wasan prunglampoo/Gl; Inside Unit 1 Sean Gladwell/GI; Sander De Wilde/GI; Axel Heizmann/GI; Unit 2
Jasmin Merdan/GI; Ultra.F/GI; Unit 3 Michael Pasdzior/GI; Simon Mcgill/GI; David Holmes/GI; Anmbph/

GI; Dinodia Photo/GI; Cooperphoto/GI; Kenishirotie/GI; Unit 4 Courtneyk/GI; fizkes/GI; Unit 5Jill Newman/

GI; Mattjeacock/GI; Daniel Vifié¢ Garcia/GI; Unit 6 Tetra Images/GI; Unit 7 Stefan Cioata/GI; Shannonstent/GI;
Bortonia/GI; Karl Hendon/GI; Nick Brundle Photography/GI; Unit 8 Anusorn Nakdee/GI; Janiecbros/GI; Iropa/
GI; Christian Adams/GI; Drazen Zigic/GI; Unit 9 Thepalmer/GI; Mathisworks/GI; Mohamad Ridzuan Abdul
Rashid/GI; Unit 10 Victor Habbick Visions/GI; Sovfoto/GI; Unit 11 Reklamlar/GI; Walstrom, Susanne/GI; Maravic/
GI; Michael Burrell/GI; Unit 12 Da-Kuk/GI; Solskin/GI; Chinnapong/GI; Unit 13 Science Photo Library-NASA/
GI,; Sigrid Gombert/GI; AL Hedderly/GI; Jarama/GI; Nerthuz/GI; Stuart Westmorland/GI; Pal Teravagimov
Photography/GI; maogg/GI; Unit 14 Felix Cesare/GI; Barry Winiker/GI; Unit 15 Enot-Poloskun/GI; Unit 16 Inigo
Cia/GI; James O’Neil/GI; Melanie Hobson/GI; Olaser/GI; Unit 17 Randall Fung/GI; Oscar Wong/GI; AJ_Watt/GI;
Peter Cade/GI; Hudiemm/GI; Unit 18 Steve Satushek/GI; Mike Hill/GI; Norbert Schwaiger/GI; Unit 19 Future Light/
GI; Alikorkmaz/GI; Justin Paget/GI; Westend61/GI; Unit 20 Antagain/GI; Monty Rakusen/GI; Andrea Pistolesi/GI;
Yasser Chalid/GI; Unit 21 PM Images/GI; Thomas Coex/GI; Cynoclub/GI; Sirapat Saeyang/GI; Carlos/GI; Steve
Gschmeissner/GI; Ratnakorn Piyasirisorost/GI; Mellutto/GI; Tleximage/GI; Unit 22 Stocktrek/GI; Darval/GI; Peter
Dazeley/GI; Photograph By Hermann Platzer/GI; Rolfo Brenner/GI; Unit 23 Alantobey/GI; Alexander Shelegov/GlI;
Miguel Vidal/GI; Creative-Touch/GI; Elizabeth Fernandez/GI; Unit 24 Rodolfo Glcksberg/GI; Rosemary Calvert/GI;
Erica Shires/GI; Yevgen Romanenko/GI

Key GI = Getty Images

ISBN 9781009297912 © Morrison & Hamshaw 2023 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.



§ . ]
wan L L]
- -

> Chapter 1

Review of
number
concepts

anw COM T T

IN THIS CHAPTER YOU

WILL: . aalt & 11
identify and classify different types of numbers

find common factors and common multiples of numbers

write numbers as products of their prime factors : 1 : : ¥
work with integers used in real-life situations - 1Y I

calculate with powers and roots of numbers

understand the meaning of indices
use the rules of indices
revise the basic rules for operating with numbers

perform basic calculations using mental methods and with a calculator

round numbers in different ways to estimate and approximate answers.
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GETTING STARTED KEY WORDS

1

A lot of the work in this chapter is revision. Look through the chapter to

see what is covered.

a  Are there any parts of this chapter that you could confidently skip?
Explain why.

b If you only had to do three topics in this chapter, which would you
choose? Why?

Look at this completed

cross-number puzzle.

a  Write a set of clues for the
puzzle. Each clue should
include at least one of the
concepts from this chapter.

b  Find the sum of the three
greatest numbers.

Write the answer in words.

Write each of the following using only
numbers and brackets if needed.

a nine cubed

b twelve squared

¢ seven to the power of five

d the reciprocal of three to the power of two

e the reciprocal of three-quarters to the power of zero
f  nine to the power of half

g fourteen billion, ten thousand and nineteen

Look at this

Problem involving
calculation

decision diagram
for problems
involving v y

calculation. Is an approximate Do you need an
answer good exact answer?

enough? | |

v v v

base

composite number
cube

cube root
exponent

factor

index

index notation
integer

irrational number
multiple

power

prime factor
prime number
rational number
reciprocal

square number

square root

Use mental Use a Use a written
strategies calculator method

| |
YYVY
Estimate the
solution.

a  Give an example of a problem where an approximate answer is
good enough.

b How do you decide which method to use when an exact answer
is needed?

c¢  Estimates are useful for all of the methods in this decision tree.
How could you convince someone that it is important to estimate
even if you can use a calculator?

2 ISBN, 9781009297912
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1 Review of number concepts

The statue shown in the photograph is a replica of a 22 000-year-old bone found in the
Congo Basin. The real bone is only 10 cm long and it is carved with groups of notches
that represent numbers. One column lists the prime numbers from 10 to 20. It is one
of the earliest examples of a number system using tallies. What do you think ancient
civilisations used tallies for?

Our modern number system is called the Hindu-Arabic system because it was
developed by Hindus and spread by Arab traders who brought it with them when
they moved to different places in the world. The Hindu-Arabic system is decimal.
This means it uses place value based on powers of ten. Any number at all, including
decimals and fractions, can be written using place value and the digits from 0 to 9.

1.1 Different types of numbers

Make sure you know the correct mathematical words for the types of numbers in
the table.

Natural Any whole number from 1 to infinity, 1,2,3,4,5, ...
number sometimes called ‘counting numbers’.

0 is not included.
Odd number | A whole number that cannot be divided | 1, 3, 5, 7, ...

exactly by 2.

A whole number that can be divided
exactly by 2.

Even number 2,4,6,8, ...

Integer Any of the negative and positive whole | ... -3,-2,-1,0,1,2,3, ...
numbers, including zero.
Prime number | A whole number greater than 1 which | 2,3,5,7, 11, ...
has only two factors: the number itself
and 1.
Square The product obtained when an integer | 1, 4, 9, 16, ...
number is multiplied by itself.
Fraction A number representing part of awhole |1 1 1 1 13 ‘Find the pll’(?dlual
) ) a 438 3 means ‘multiply’.
number, written in the form b where a So, the product of
and b are non-zero integers. 3and4is 12,
Decimal A number that used place value anda | 0.5, 0.2, 0.08, 1.7 ie.3x4=12.

decimal point to show a fraction.

The set of real numbers is made up of rational numbers and irrational numbers.

) . . . a
Rational numbers can be written as fractions in the form b where a and b are non-zero

MATHEMATICAL

integers. The set of rational numbers includes all integers, all fractions, all terminating

CONNECTIONS

decimals and all recurring decimals. ] ]
You will deal with

rational and irrational
numbers in more
detail in Chapter 9.

Irrational numbers cannot be written as fractions. The set of irrational numbers
consists of non-terminating, non-recurring decimals. The square root of a non-square
number (such as V2), the cube root of a non-cube number (such as V12) and = are all
irrational numbers.

ISBN 9781009297912 © Morrison & Hamshaw 2023
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Some numbers, for example V=1 and other roots of negative numbers, are
not real numbers. They are neither rational nor irrational. Mathematicians call
these imaginary numbers and you may learn about them if you study maths
beyond Cambridge IGCSE.

Exercise 1.1

1  Hereis a set of numbers: {—4, —1, 0, %, 0.75,3,4,6,11, 16, 19, 25} MATHEMATICAL
List the numbers from this set that are: CONNECTIONS

a natural numbers b  even numbers ¢ odd numbers You will learn much
d integers e negative integers f  fractions more about sets in
g square numbers h  prime numbers i neither square nor prime. chaptgr 9. For now,
just think of a set as
2 List a list of numbers or
a the next four odd numbers after 107 other items that are
b four consecutive even numbers between 2008 and 2030 often placed inside
c all odd numbers between 993 and 1007 curly brackets.
d  the first five square numbers
e four decimal fractions that are smaller than 0.5
f  four common fractions that are greater than % but smaller than %
3 State whether the following will be odd or even.
a  the sum of two odd numbers
b the sum of two even numbers Remember that a
‘sum’ is the result of
c  the sum of an odd and an even number an addition. The term
d  the square of an odd number is often used for any
e thesquare of an even number calculation in early
f  an odd number multiplied by an even number mathematics, but

its meaning is very

specific at this level.
INVESTIGATION

4  There are many other types of numbers. Find out what these numbers are
and give an example of each.

a Perfect numbers Being ab.le to
; ; communicate
b  Palindromic numbers ) un!
o . information
¢ Narcissistic numbers (in other words, numbers that love themselves!) effectively is a key

21st-century skill. As
you work, think about
what you are being
asked to do in this
task and how best to
present your answers.
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Review of number concepts

Using symbols to link numbers

Mathematicians use numbers and symbols to write mathematical information in the

shortest, clearest way possible.

Exercise 1.2

1 Rewrite each of these statements using mathematical symbols.

a  19is less than 45
b 12 plus 18 is equal to 30
c 0.5isequalto %
d 0.8 isnotequal to 8.0 Remember:

= is equal to
e —34isless than 2 times —16 ) 9

# is not equal to
f  therefore the number x equals the square root of 72 < is less than
g anumber (x) is less than or equal to negative 45 < is less than or
h  is approximately equal to 3.14 equal to
. . > is greater than
i 5.1is greater than 5.01 .

= is greater than or
j the sum of 3 and 4 is not equal to the product of 3 and 4 equal to
k  the difference between 12 and —12 is greater than 12 .. therefore

the sum of —12 and —24 is less than 0

/' the positive

square root of
m  the product of 12 and a number (x) is approximately —40

2 Say whether these mathematical statements are true or false.
a 0.599>6.0 b 5% 1999 is approximately equal to 10000
c 81= 811—0 d 62+43=43+62
e 20x9=21x8 f 60=6
g -12>-4 h 199=<20
i 1000 > 199 x5 j Jie=4
k 35x5x2=#350 I 20-4=5+20
m 20-4%4-20 n 20x4%4x20

INVESTIGATION

3 Work with a partner.

a Look at the symbols used on the keys of your calculator. Say what
each one means in words.

b  List any symbols that you do not know. Try to find out what each
one means.
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1.2 Multiples and factors
Multiples

A multiple of a number is found when you multiply that number by a positive integer.
You can think of the multiples of a number as the ‘times table’ for that number.

For example, the multiples of 3are3 X 1=3,3x2=6,3 X3 =9 and so on.

The first multiple of any number is the number itself.

WORKED EXAMPLE 1

a  What are the first three multiples of 12?
b Is300 a multiple of 12?
Answers
a 12,24, 36 Multiply 12 by 1, 2 and then 3.
12x1=12
12x2=24
12%x3=36
b Yes, 300 is a multiple Divide 300 by 12. If it goes exactly, then 300 is
of 12. a multiple of 12.
300 + 12 =25

Exercise 1.3
1 List the first five multiples of:

a 12 b 3 c 5 d 8

e 9 f 10 g 12 h 100
2 Use a calculator to find and list the first ten multiples of:

a 29 b 44 c 75 d 114

e 299 f 350 g 1012 h 9123
3 List:

a the multiples of 4 between 29 and 53
b the multiples of 50 less than 400
c  the multiples of 100 between 4000 and 5000.

Here are five numbers: 576, 396, 354, 792, 1164. Which of these are multiples of 12?

Which of the following numbers are not multiples of 27?

1324 783 8l6 837 1116 |

The lowest common multiple (LCM)

The lowest common multiple of two or more numbers is the smallest number that is a
multiple of all the given numbers.

ISBN 9781009297912 © Morrison & Hamshaw 2023
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1 Review of number concepts

WORKED EXAMPLE 2

Find the lowest common multiple of 4 and 7.

Answer

M, =4,8,12,16, 20, 24, 28, 32 List several multiples of 4.

M, =7,14, 21, 28, 35, 42 List several multiples of 7. M, means the

LCM =28 Find the lowest number that appears multiples of 4.

in both sets. This is the LCM.
. MATHEMATICAL

Exercise 1.4 CONNECTIONS

1 Find the lowest common multiple of:

Later in this chapter
a 2and>S b 8and 10 ¢ o6and4 you will see how

d 3and9 e 35and55 f 6andll prime factors can be
used to find LCMs.

2 Isit possible to find the highest common multiple of two or more numbers?

Give a reason for your answer.

Factors

A factor is a number that divides exactly into another number with no remainder.
For example, 2 is a factor of 16 because it goes into 16 exactly 8 times. 1 is a factor of
every number. The largest factor of any number is the number itself.

WORKED EXAMPLE 3

List the factors of:

a 12 b 25 c 110
Answers
a F,=1,2,3,4,612 Find pairs of numbers that multiply
to give 12
1x12 F,, means the factors
2% 6 of 12.
3x4
b Fyxs=1525 Write the factors in numerical order.
1x25
5x5

Do not repeat the 5.

¢ Fi0=125,10,11,22,55 110 1x110
2 %55
5x22
10 x 11
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Exercise 1.5
1  List all the factors of:

a 4 b 5 c 8 d 11 e 18

f 12 g 35 h 40 i 57 i 90

k 100 I 132 m 160 n 153 o 360
2 Which number in each set is not a factor of the given number?

a 14 {1,2,4,7, 14} b 15 {1, 3,5, 15,45}

c 21 {1,3,7, 14, 21} d 33 {1, 3,11, 22, 33}

e 42 13,6,7,8, 14}

3 State true or false in each case.

a 3isafactor of 313 b  9isa factor of 99

c 3isafactor of 300 d  2isa factor of 300
e 2isafactor of 122488 f  12isa factor of 60
g 210is afactor of 210 h  8isa factor of 420

4 What is the smallest factor and the largest factor of any number?

The highest common factor (HCF)

The highest common factor of two or more numbers is the highest number that is a
factor of all the given numbers.

WORKED EXAMPLE 4

Find the highest common factor of 8 and 24.

Answer

Fe=1,2,438 List the factors of each number.
Fou=1,23,4,6,812,24 Underline factors that appear in both sets.
HCF =8 Pick out the highest underlined factor (HCF).

Exercise 1.6

1 Find the highest common factor of each pair of numbers.

a 3and6 b 24and 16 c 15and 40 d 42and 70
e 32and36 f 26and36 g 22and 44 h 42 and 48
2 Not including the factor provided, find two numbers less than 20 that have: MATHEMATICAL
a anHCFof2 b an HCF of 6 CONNECTIONS
3 What is the highest common factor of two different prime numbers? You will learn how
Give a reason for your answer. to find HCFs using

prime factors later in
the chapter.
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1 Review of number concepts

APPLY YOUR SKILLS

4  Simeon has two lengths of rope. One piece is 72 metres long and the
other is 90 metres long. He wants to cut both lengths of rope into the
longest pieces of equal length possible. How long will the pieces be?

5 Ms Sanchez has 40 canvases and 100 tubes of paint to give to the
students in her art group. What is the largest number of students she
can have if she gives each student an equal number of canvasses and an
equal number of tubes of paint?

6  Ajeweller has 300 blue beads, 750 red beads and 900 silver beads, which
are used to make bracelets. Each bracelet must have the same number
and colour of beads. What is the maximum number of bracelets that can
be made with these beads?

1.3 Prime numbers

Prime numbers have exactly two different factors: one and the number itself.

Composite numbers have more than two factors.

The number 1 has only one factor so it is not prime and it is not composite.

MATHEMATICAL CONNECTIONS

Later in this chapter you will learn how to write integers as products of prime
factors. One of the reasons why it is important for 1 to NOT be defined is
prime is to make sure that the prime factorisation of any number is unique.

Finding prime numbers

Over 2000 years ago, a Greek mathematician called Eratosthenes made a simple tool
for sorting out prime numbers. This tool is called the ‘Sieve of Eratosthenes’ and the
diagram shows how it works for prime numbers up to 100.
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Cross out 1, it is not prime.

Circle 2, then cross out other
multiples of 2.

Circle 3, then cross out other
multiples of 3.

Circle the next available number
then cross out all its multiples.

Repeat until all the numbers in
the table are either circled or
crossed out.

The circled numbers are the
primes.

Recognising the type
of problem helps

you to choose the
correct mathematical
techniques for solving
it.

Word problems
involving HCF usually
involve splitting
things into smaller
pieces or arranging
things in equal
groups or rows.
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Other mathematicians over the years have developed ways of finding larger and larger
prime numbers. Until 1955, the largest known prime number had less than 1000 digits.
Since the 1970s and the invention of more and more powerful computers, more and
more prime numbers have been found. The graph below shows the number of digits in
the largest known primes since 2000.

You should try to memorise the prime numbers between 1 and 100.

Number of digits in largest known prime number against year found 90000000

® 80000000

70000000

60000000

50000000

P JO Joquuny

40000000

[ ]
S13T

[ ] 30000000

° 20000000

10000000

2000 2002 2004 2006 2008 2010 2012 2014 2016 2018 2020
Year

Source: https://www.mersenne.org/primes/

INVESTIGATION

Why do mathematicians find prime numbers exciting?

One reason why prime numbers are interesting and intriguing is because there
is a lot about them that we don’t know and that mathematicians have not
been able to prove.

1  Goldbach’s conjecture (1742) is one of the oldest and best-known
unsolved problems in number theory.
a  Whatis Goldbach's strong conjecture?

b A Peruvian mathematician, Harald Helfgott, has published a largely
accepted proof of Goldbach’s weak conjecture. Find out more about this.

LINK

Today anyone can
join the search for
Mersenne prime
numbers. This project
links thousands of
home computers to
search continuously
for larger and larger
prime numbers
while the computer
processors have
spare capacity.

LINK

Prime numbers are
used in codes and
codebreaking. The
larger the prime you
use, the harder it is to
break the code. This
is why it is more and
more important to
find larger and larger
primes.
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Review of number concepts

INVESTIGATION CONTINUED

2

The Mersenne prime number search relies on massive computing power
to find large primes. There is no other way to work out where the nth
prime number will be or what the distance between large primes will

be. Riemann’s hypothesis (1859) claims you can accurately pinpoint

the distribution of prime numbers. An Indian mathematician, Dr Kumar
Eswaran published a proof for this hypothesis in 2016, but it has received
mixed responses and is not yet fully accepted.

a  Riemann built his ideas on the prime number theorem. Find out what
this is and express it in simple language.

b Is there a proof for the existence of infinitely-many prime numbers?

And just for fun ... What is an emirp? Find some examples to show what
these are.

Exercise 1.7

1

2

Which is the only even prime number?
How many odd prime numbers are there that are less than 50?

a  List the composite numbers greater than four, but less than 30.

b  Try to write each composite number on your list as the sum of two prime
numbers. For example: 6 =3+ 3 and 8§ =3 + 5.

Twin primes are pairs of prime numbers that differ by two. List the twin prime
pairs up to 100.

Is 149 a prime number? Explain how you decided.

Prime factors

Prime factors are the factors of a number that are also prime numbers.

Every composite whole number can be broken down and written as the product of its
prime factors. You can do this using tree diagrams or using division. Both methods are
shown in Worked example 5.

Remember, a product
is the answer to a
multiplication. So to
write a number as the
product of its prime
factors you write it
like this:
12=2x2x3.
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WORKED EXAMPLE 5

Answers
Using a factor tree

s

®

12
®
36=2%X2x3X%X3
Using division
2|36
2118
3] 9

33
1

36=2x%x2x3x%x3

®

48 =2Xx2x2x2x%x3

TS
| oo

w NN NN
—
N

~folo]

48 =2x2x2%x2x%x3

4

48

/N
/N

ONO

1

®

/A

®

Write the following numbers as the product of prime factors.
a 36 b 48

Write the number as
two factors.

Prime numbers only
have two factors:

1 and the number
itself. As 1 is not a
prime number, do
not include it when
expressing a number
as a product of
prime factors.

If a factor is a prime
number, circle it.

If a factoris a
composite number,
split it into two factors.

Keep splitting until
you end up with
two primes.

Write the primes in ascending order with X signs.

Divide by the smallest prime number that will go
into the number exactly.

Continue dividing, using the smallest prime
number that will go into your new answer
each time.

Stop when you reach 1.

Write the prime factors in ascending order with
X signs.

Choose the method that works best for you and stick to it. Always show your
method when using prime factors.

Exercise 1.8

1  Express the following numbers as the product of prime factors.
225 e 360
756 i 9240

a 30 b
f 504 g

SBN 9781009297912
12

24
650

(o

h

100
1125
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d

When you write your
number as a product
of primes, group all
occurrences of the
same prime number
together.
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1 Review of number concepts

Using prime factors to find the HCF and LCM

When you are working with larger numbers you can determine the HCF or LCM by
expressing each number as a product of its prime factors.

WORKED EXAMPLE 6

Find the HCF of 168 and 180.

Answer

168=2%x2%x2x%x3x7 First express each number as a product of
prime factors. Use tree diagrams or division to
do this.

180=2%x2x3x%x3x5 Underline the factors common to both numbers.

2x2x%x3=12 Multiply these out to find the HCF.

HCF = 12

WORKED EXAMPLE 7 MATHEMATICAL
CONNECTIONS

Find the LCM of 72 and 120.

You can also use

Answer prime factors to find
72=2X2x2x3x3 First express each number as a product of the square and cube

prime factors. Use tree diagrams or division to roots of numbers

do this. if you don't have a
120=2x2%x2%x3x5 Underline the largest set of multiples of each calculator. You will

factor. deal with this in
2x2x2%x3x%x3x5=360 @ List these and multiply them out to find the more el

LCM. this chapter.

LCM = 360

Exercise 1.9

1 Find the HCF of these numbers by using prime factors.
a 48 and 108 b 120and 216 ¢ 72 and 90 d 52and 78
e 100 and 125 f 154 and 88 g 546and 624 h 95and 120

2 Use prime factorisation to determine the LCM of the following numbers.
a 54and 60 b 54and 72 ¢ 60and 72 d 48and 60
e 120 and 180 f 95and 150 g 54 and 90 h 90 and 120
3 Determine both the HCF and LCM of the following numbers.

a 72and 108 b 25and 200 ¢ 95and 120 d 84 and 60
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APPLY YOUR SKILLS

4  Aradio station runs a phone-in competition for listeners. Every 30th caller Recognising the type
gets a free airtime voucher and every 120th caller gets a free mobile of problem helps
phone. How many listeners must phone in before one receives both an you to choose the
airtime voucher and a free phone? correct mathematical

. . . . techniques for

5  Liruns round a track in 12 minutes. Jaleel runs round the same track in solving(;it

18 minutes. If they start together, how many minutes will pass before they

both cross the start line together again? Word problems
involving LCM usually

include repeating

6 The number p can be written as a product of the three prime numbers x, y and z, events. You may be
where x, y and z are all different. asked how many
a  How many factors does the number p have? items you need to
'have enough’ or
Another number ¢ can be written as the product of four different primes. when something will
b How many factors does ¢ have? happen again at the
same time.

The number r can be written as a product of # different prime numbers.
¢ How many factors does r have?

1.4 Working with directed numbers

When you use numbers to represent real-life situations like temperatures, altitude,

depth below sea level, profit or loss and directions (on a grid), you sometimes need sasie Ll
to use the negative sign to indicate the direction of the number. For example, you can
show a temperature of three degrees below zero as —3 °C. Numbers like these, which
have direction, are called directed numbers. So if a point 25m above sea level is at
+25m, then a point 25m below sea level is at —25m.

Once a direction is chosen to be positive, the opposite direction is taken to
be negative. So:

if up is positive, down is negative

if right is positive, left is negative

if north is positive, south is negative

if above 0 is positive, below 0 is negative.
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Review of number concepts

Exercise 1.10

1 Express each of these situations using a directed number.

a aprofit of $100 b  25km below sea level
¢ adrop of 10 marks d againof 2kg

e alossof 1.5kg f  8000m above sea level
g atemperature of 10°C below zero h afall of 24m

i adebtof $2000 j  anincrease of $250

k  atime two hours behind local time a height of 400m

Calculating with directed numbers

In mathematics, directed numbers are also known as integers. You can represent the set
of integers on a number line like this:

109 8 76 -5-4-3-2-10 123456 7 8 910
55 N I S s

The further to the right a number is on the number line, the greater its value.

Directed numbers are important when describing temperatures. The Celsius
(or centigrade) temperature scale places the temperature at which water
freezes at zero. Positive temperatures indicate ‘above freezing’ and are
warmer. Negative temperatures are ‘below freezing’ and are colder.

When you calculate with negative and positive integers, you need to pay attention to
the signs and remember these rules:

e Adding a negative number is the same as subtracting the number. 3 + =5 = -2
e  Subtracting a negative number is the same as adding a positive number. 3 — =5 = 8§

e Multiplying or dividing the same signs gives a positive answer. —3 X —5 = 15 and

-20+-4=5
e Multiplying or dividing different signs gives a negative answer. 3 X =5 = —15 and
15+-3=-5.

Exercise 1.11

1 Copy the numbers and fill in < or > to make a true statement.

a 2018 b 419 c 12013 d e6l]-4
e -70L14 f 2014 g —200-11  h -120-20
i —-8l]o i 2002 k -1200-4 1 -320]-3
m o[]-3 n =30011 o 1201-89 p -30Jo
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MATHEMATICAL
CONNECTIONS

You will use similar
number lines when
solving linear
inequalities in
Chapter 14.

Your calculator will
have a [+/-] key that
allows you to enter
negative numbers.
Make sure you know
which key this is.
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2 Arrange each set of numbers in ascending order.

a -8,7,10,-1,-12 b 4,-3,-4,-10,9, -8
c -11,-5-7,7,0,-12 d -94,-50,-83,-90,0
3 Write down the missing integer in each of these calculations.
7+0=3 b -17+[]=83 c -7+0=-21
d s-[Ll=1 e 4-[l=67 f -8-[J=-13
g I2=[=-2 h -18+0=3 i [=3=-9
i —3xU=12 k [lx4=-16 I [CIx-4=20

APPLY YOUR SKILLS

4  Study the temperature graph carefully.

Temperature change during two weeks of January

10 The difference
g / between the
~ ; highest and lowest
G 6 A A A A A AN A temperature is also
S N
o, / called the range of
é / temperatures.
2 2
5
= 0 nZa f
A ]

) y

4

SundayM T W T F S SundayM T W T F S Sunday

14 21 28
Day of the week

a  What was the temperature on Sunday 14 January?
b By how much did the temperature drop from Sunday 14 to Monday 15?
¢ What was the lowest temperature recorded?
d  What is the difference between the highest and lowest

temperatures?
e On Monday 29 January the temperature changed by —12 degrees.
What was the temperature on that day?

5 Manu has a bank balance of $45.50. He deposits $15.00 and then
withdraws $32.00. What is his new balance?

6  Abank account is $420 overdrawn.
a  Express this as a directed number.

b  How much money needs to be deposited for the account to have a
balance of $5007?

¢ $200 is deposited. What is the new balance?

7  Adiver 27 m below the surface of the water rises 16 m. At what depth is
the diver now?
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APPLY YOUR SKILLS CONTINUED

8 Ona cold day in New York, the temperature at 6a.m. was —5°C. By noon,
the temperature had risen by 8°C. By 7 p.m. the temperature had dropped
by 11°C from its value at noon. What was the temperature at 7 p.m.?

9 Local time in Abu Dhabi is four hours ahead of local time in London.
Local time in Rio de Janeiro is three hours behind local time in London.

a Ifitis 4p.m. in London, what time is it in Abu Dhabi?
b Ifitis 3a.m. in London, what time is it in Rio de Janiero?
c¢ Ifitis 3p.m. in Rio de Janeiro, what time is it in Abu Dhabi?
d [Ifitis 8a.m. in Abu Dhabi, what time is it in Rio de Janeiro?
10 A fuel tank at a workshop should be refilled when the gauge shows 0;

however, there is a 100 litre reserve in the tank, so the level can drop
below 0 if the tank is not filled on time.

a  On 3 March, the gauge indicated 412 litres above the 0 mark.
On 31 March the level had dropped to —66 litres. Calculate the mean
rate of fuel use per day.

b  On 1 April, the tank was topped up. The workshop owner estimates
that this amount of fuel would be enough for 30 days, after which the
level should be 0. How much fuel was added to the tank?

1.5 Powers, roots and laws of indices

You know that 2 X 2 x 2 X2 =16

You can write this in index notation as:

24=16 4 <«—index
2 is the base base —»2

4 is the index

The index is also called a power or an exponent.

Square numbers and square roots

A ber i d when it i Itiplied by itself. Fi le, th f5i
NP NPV oR b - cu7icaL

’ ’ ' CONNECTIONS
The square root of a number is the number that was multiplied by itself to get the
square number. The symbol for square root is v . In Section 1.1 you

_ 52 g0 /35 = learned that the
You know that 25 = 52, so V25 = 5. product obtained

when an integer is
multiplied by itself is
a square number.
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You also know that =5 X =5 = 25. However, the mathematical convention is that the
square root sign only refers to the positive square root. This is why if you enter V25 in
your calculator you will always get the positive answer, 5.

If you want to indicate both the positive and negative square roots of 25 you need to
write £v25.

Cube numbers and cube roots

A number is cubed when it is multiplied by itself and then multiplied by itself again.
For example, the cube of 21is 2 x 2 x 2 = 8. The symbol for cubed is 3. So 2 X 2 X 2 can
also be written as 23,

The cube root of a number is the number t?gt was multiplied by itself t\;vi_ce to get the
cube number. The symbol for cube root is V . You know that 8 = 23, so V8§ = 2.

Finding powers and roots

You should know the squares of numbers from 1 to 15 (and their roots) and the cubes
of numbers from 1 to 5 as well as the cube of 10. For other numbers, you can use your
calculator to square or cube numbers quickly using the [ x* |and [ x* | keys or the

X0 |key. Use the |/ |or\ Y |keys to find the roots.

Not all calculators have exactly the same buttons. " x2 |~ x |and [ A |all
mean the same thing on different calculators. Make sure you know how to find
powers and roots on your calculator.

WORKED EXAMPLE 8

Use your calculator to find:

a 192 b 93 c V324 d V512
Answers

a 192=361 Enter 1 |[ 9 | x| =]

b 93=729 Enter 9 [ < ][ =]

c V324 =18 Enter[ V(3 |2 ][4 ][ =]

d V512=38 Enter[ 3 J(5 ][ 1 ]2 ][ =]

If you don’t have a calculator, you can use the product of prime factors method to find
square and cube roots of numbers. This method is shown in Worked example 9.

MATHEMATICAL
CONNECTIONS

To solve equations
like x> = 25, you
need to find both the
positive and negative
square roots, so if

x2 = 25, then
x=*J25 =5 and -5.
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WORKED EXAMPLE 9

Without using a calculator find:
a /324 b V512
Answers
a 324=2x2x3x3%x3x3 Group the factors into pairs,
2 3 3 and write down the square
root of each pair.
2x3x3=18 Multiply the roots together to
get the square root of 324.
V324 =18
b 512=2x2x2x2x2x2x2x2x2  Group the factors into threes,
—_— .
2 2 2 and write the cube root of
each group.
2x2%x2=8 Multiply together to get the
cube root of 512.
/512 -8

Exercise 1.12

'-' 1 Write down the value of:

a 3 b 72 c 117 d 122 e 100%
f 142 g I3 h 33 i 4 i 103
2 Calculate:

a 212 b 192 c 322 d 682 e 6

f 9 g 1003 h 18 i 30 j 2003
6 3 Find a value of x to make each of these statements true.

a xXx=25 b xxxxx=8 c xxx=121

d xXxxx=729 e xxx=2324 f  xxx=400

g xXxXxXx=238000 h  xxx=225 i xxxxx=1

i vx=9 K T=x | /x=s1

m Vx=2 n vx=1 o V6d=x

4 Use a calculator to find the following roots.

a /9 b V64 c V1 d V4 e V100

£ V0 g V81 h /400 i V1296 i V1764
k V8 | V1 m V=27 n V64 o V1000
p V216 g V512 r V729 s V-1728  t V3832
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5  Use the given product of prime factors to find the square root of each number.
Show your working.

a 324=2x2Xx3Xx3x3x3
225=3%x3Xx5x%5

784 =2%x2x2x2x7TxX7
2025=3X3 X3 x3X5x%X5

19600 =2X2X2X2X5X5X7TxX]T
250000 =2X2X2X2X5X5X5X5%X5X%X5

- 0o o N T

'-' 6 Use the given product of prime factors to find the cube root of each number.

Show your working.
a 27=3%x3x3

b 729=3x3x3x3x3x3
c 2197=13x13x13
d 1000=2Xx2x2x5x%x5x%x5
e 15625=5X5%X5x5x5x5
foo32768=2X2X2X2X2X2X2X2X2X2X2X2X2X2X2
'-' 7 Calculate:
3 3

a (/257 b (/49) ¢ (Vea) d (/32)
e V9+V16 £ /9+16 V36 +/64  h /36 + 64

g
i /100 — 36 i V100-v36  k V25x/4 I 25 x4
m Vox4 n V9xV4 o 34—6 p @

Brackets act as grouping symbols. Work out any calculations inside brackets
before doing the calculations outside the brackets.

Root signs work in the same way as a bracket. If you have v25 + 9, you must
add 25 and 9 before finding the root.

8  Find the length of the edge of a cube with a volume of:
a 1000cm? b 19683cm? ¢ 6892lmm?* d 64000cm?

9  If the symbol * means ‘add the square of the first number to the cube of the
second number’, calculate:

a 2%3 b 3%2 c 1x4 d 4x1 e 2%x4
fo4%2 g 1%9 h 9%l i 5%2 i 2%5
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1 Review of number concepts

REFLECTION

You have covered many of the concepts in this chapter earlier in your study
of mathematics.

*  Which concepts did you remember really well?
*  Why do you think you remembered these so well?

*  Did you find any new ways of doing things or better ways of explaining
things as you worked through this chapter? Share your ideas with a
partner.

Other indices and roots

You have seen that square numbers are all raised to the power of two

(5 squared = 5 x 5 = 52) and that cube numbers are all raised to the power of three
(5 cubed = 5 x 5 x 5= 53). You can raise a number to any power. For example,

5% 5x5x5=5% Youread this as ‘5 to the power of 4’. The same principle applies
to finding roots of numbers.

52=25 V25 =5

$=125 VI25=5

=625 V625=5

You can use your calculator to perform operations using any roots or squares.
The L] key calculates any power.

So, to find 75, you enter 7 __y* | 5 and get a result of 16 807.

The [ /| key calculates any root.

So, to find 4JS_I, youenter 4§ |81 and get a result of 3.

Make sure that you know which key is used for each function on your calculator
and that you know how to use it. On some calculators these keys might be second
functions.

MATHEMATICAL CONNECTIONS

You will work with higher powers and roots again when you deal with indices
in algebra in Chapter 2, standard form in Chapter 5 and rates of growth and
decay in Chapters 17 and 18.

Index notation and products of prime factors

Index notation is very useful when you have to express a number as a product of its
prime factors because it allows you to write the factors in a short form.
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WORKED EXAMPLE 10

Express these numbers as products of their prime factors in index form.
a 200 b 19683
Answers
These diagrams are a reminder of the factor tree and division methods for
finding the prime factors.
? 200 > 3 19 683
/\ 3 6561
3 2187
@ 100 3 729
/\ 3 243
3 81
@ 50 3 27
3 9
3 3
@ 25 1
® 6
=2x2x2%x5x5 =3x3x3%x3x3x3%x3x3x3
200 = 23 x 52 19683 = 37
Exercise 1.13
1 Evaluate.
a 24x23 b 35x V64 c  34+256
d 24xV7776 e V625 x 26 fogi= ()

2 Which is greater and by how much?

a 80 x 44or24x 34 b V625 x 36 or V729 x 44
Remember that

3 Express the following as products of prime factors, in index notation. anything raised to.
a o4 b 243 c 400 d 1600 e 16384 t6h euglot\/c\)/e1r of zero is
f 20736 g 59049 h 390625 9 :

4 Write several square numbers as products of prime factors, using index notation.
What can you say about the index needed for each prime?

2%380}9781009297912 © Morrison & Hamshaw 2023 Cambridge University Press
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1 Review of number concepts

The laws of indices

The laws of indices are a set of mathematical rules that allow you to multiply and divide
numbers written in index notation without having to write them in expanded form.

Make sure that you remember these three important rules.

To multiply different powers of the same number, add the indices.
For example, 32X 35 =32*5=37and 42 x 43 =472+3 =4,

To divide different powers of the same number, subtract the indices.
3

For example, 3¢ + 32 =392 = 3%and % =43-7T=4+

To find the power of a power you multiply the indices.

For example, (3%)?> =33%2=3%and (4%) 3 =42*"3=4

In general terms:

amxan:am+n am =gt =gnn (am)n:amn

Zero and negative indices

Do you remember how to work with zero and negative indices? Read through this
information to refresh your memory.

In this table, each value is % of the one to its left. For example, 5* + 5 = 53,

54 | 5% | 52 | 51 | 50 | 571 | 52 | 53| 54
IR
125 | 625

625 | 125 | 25 5 1

N

+5

[Sa0E
N
ul

The pattern in the table shows that 5° = 1. This is true for any number to the power of 0.
We can say a® = 1 (where a # 0, because 0° is undefined.).

You can also see from the table that a number with a negative index is equal to its
reciprocal with a positive index. For example: 572 = é
This is true for all negative indices.

We can say a7 = ﬁ (where a # 0).

Exercise 1.14

'-. 1  Decide whether each statement is true or false. If it is false, work out the
correct answer.

8
a #x45=4 b %:34 c #:4=48 d (8)P=8
340=1 f Tx7=7 20y h 10+ 105 = 10
e = = 9 5= : =
7—2

i (Y= j (=2=-2 K 7 I —(5)P=1

7
I
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2 Simplify. Leave your answers in index notation.

a 103x10* b 310x37 c 2x25x271 d 10°% 1073
105 126 3 e
e 1o f 126 9 T h 43=+4
i3 i G k(47 I @)
3 Substitutea=2,h=3and c= % to find the value of each expression.
a al'+p! b (ab)™? c  (a?o)! d al'ble
4 Evaluate.
a 37! b 47! c 27! d 47 e 2
5  Express each value with a negative index.
1 1 1 1
a Z b g C 7 d ?
1 1 1 1
SERTE b S E "
6  Evaluate.
-2
a (g) b 8'x103 c  122x473 d (27
1) (10 - 6)° 3 Cﬁ
32 x [~ = 342 32 4 [~
e (axQ) f = P2 b 3]

7  Rewrite each expression in the form of 3* (in other words, as a power of 3).

1
a i b 9 c 7?9 d 37
e g f 1 g % h —m

Fractional indices

Do you remember what a fractional index such as 5: means?

You can use the laws of indices to show the meaning of fractional indices.
5% 55= 56+ =51=5

You also know that V5 x V5 =5

So,5:=V3

55 53 x 5= 56+5+3) =51 =5

And V3 x5 x5 =5

So, 55=V5

In general terms, for unit fractions:

1 3

1 1
a:=va  as=va ar=va

LINK

Fractional indices
and roots are

used in many
different financial
calculations involving
investments,
insurance policies
and economic
decisions.

2 ISBN 9781009297912 © Morrison & Hamshaw 2023
4Ph copying is restricted under law and this material must not be transferred to another party.

Cambridge University Press



Review of number concepts

You can use the rule for finding the power of a power to show the meaning of
fractional indices where the numerator is not 1 (non-unit fractions).

3

(42 = 4l = 42

2 . . . . . 2
This shows that a number such as 53 can be written with a unit fraction index as (53",

You already know that you can write a unit fraction (such as %) as a root.

2 2
So 53 =(59" = (/3)
It is simpler to input the value in root form into your calculator than to enter 55,

In general terms, for non-unit fractions:

at=a" = aym = Yam

WORKED EXAMPLE 11

Work out the value of:
a 275 b 25"
Answers
s 2
a 275 = (27) ) 1
= (3)2 3= 2 X 3+ SO you square the cube root of 27.
= 9
b 25'S = 253 Change the decimal to a fraction.
3
= (/25 3 =3 X l, so you need to cube the
- 6p 2 2
- 125 square root of 25.

Exercise 1.15

1 Rewrite each expression using a root symbol.

a 25 b 3 c 405 d 6

e 3¢ fo2s g 12 h 5
2 Write each expression using index notation.

a V5 b V8 c V13 d Vit

e (o) £ (e g 32 h 201
3 Use a calculator to evaluate.

a 25 b 275 c 8 16

e 216 f 0.125 g 46 h 1257

i 32 j 8 k 216 | 256075

Multiplication is
commutative, so

m
(a7 " is the same as

(@mr = Vam
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APPLY YOUR SKILLS

4  The number of calories a mammal uses when they are at rest can be
. 3 .
worked out using the formula C = 70 X m3, where m is the mass of the
animal in kilograms.

a  Express the formula using a root sign.

b A cathas a mass of 5.5 kilograms. Work out how many calories it
consumes while it is at rest.

¢ How many calories would a 5000 kg elephant consume at rest?

1.6 Order of operations

At this level of mathematics you are expected to carry out calculations involving more
than one operation (+, —, X and ). When you do this you have to follow a sequence of
rules so that there is no confusion about what operations you should do first. The rules

for the order of operations are:

e complete operations in grouping symbols first

e deal with powers and roots next

e do division and multiplication next, working from left to right

e do addition and subtraction last, working from left to right.

Many people use the letters BODMAS to remember the order of operations.
The letters stand for:

Brackets

Orders

Divide Multiply
Add Subtract

BODMAS indicates that indices (powers of) are considered after brackets but before
all other operations.

Grouping symbols

The most common grouping symbols in mathematics are brackets. Here are some
examples of the different kinds of brackets used in mathematics:

(4 +9) % (10 + 2)
[2(4 +9) — 4(3) - 12]
(2-[42-7)— 43 +8)] -2 x 8}

MATHEMATICAL
CONNECTIONS

You will apply the
order of operation
rules to fractions,
decimals and
algebraic expressions
as you progress
through the course.
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1 Review of number concepts

When you have more than one set of brackets in a calculation, you work out the
innermost set first.

Other symbols used to group operations are:

e fraction bars, e.g. %

e root signs, such as square roots and cube roots, e.g. v9 + 16

WORKED EXAMPLE 12

Simplify.
a 7x(3+4) b (10-4x@4+9 ¢ 45-[20x(4-23)]

Answers
a /7x7=49 b 6x13=78 ¢ 45-[20x1]=45-20=25
WORKED EXAMPLE 13
Calculate.
4+ 28 - —
17-9 b V36+4+/100 - 36
Answers
a (@A+28+(17-9) b V36+4+/100 - 36
=32+8 =9 +/64
=4 =3+38
=11

Now that you know what to do with grouping symbols, you can apply the rules for
order of operations to perform calculations with numbers.

Exercise 1.16

'-. 1 Calculate. Show the steps in your working.

a (@+7)x3 b (20-4)+4 c 50+(0+5)

d 6x(2+9) e (@+7)x4 f (100 —40) x 3

g 1l6+(25+5) h 19-(12+2) i 40+(12-4

j 100+ (4 +16) k 121 +(33+3) I 15x(15-195)

6 2  Calculate.

a @+ x(16-17) b (12-4)x(6+3) c O+4)-@4+0)
d (B3+17)+(10-15) e (@4x2)+(@8x3) f  (9x7)+(27-20)
g (105-85) = (16+4) h (12+13)+52 i (56-6%)%x(4+3)
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Simplify. Show the steps in your working.

a 5x10+3 b 5x(10+3) c 2+10x%x3

d (2+10)x3 e 23+7x2 f 6x2+(3+3)
15-5 . 16 —4

9 5xs h (A7+1)<9+2 a7

j  17+3x2] k 48-(2+3)x2 I 12x4-4x8

m 15+30+3+6 n 20-6+3+3 o 10-4x2=+2

Simplify.

a 18-4x2-3 b 14-(21+3) c 24+-8x%x(6-5)

d 42+6-3-4 e 5+36+6-8 f @®+3)x30+3)+11

Simplify. Remember to work from the innermost grouping symbols to the
outermost.

A bracket ‘type’ is
always twinned with
another bracket of
the same type or
shape. This helps
mathematicians to
understand the order
of calculations even
more easily.

a 4+[12-8-95) b 6+[2-2x0)]
c  8+[60—(2+38)] d 200 —[(4+12) - (6 +2)]
e 200 {100 —[4 % (2+8)]} f o {6+[5%x(2+30)] %10
g [(30+12)—(7+9)]x%10 h 1000 — [6 X (4 +20) — 4 x (3 + 0)]
6  Calculate.
31-10 100 — 40
a 20-4+2 b a7 TS5x4
d V100 -36 e V8+8 f J90-9

7  State whether the following are true or false.
a (1+4)x20+5=1+@4x20)+5 b
c 8+(5-3)x2<8+5-(3x%x2) d

6x(4+2)x3>(6x4)+2x3
100 + 10 = 10 > (100 + 10) = 10

8 Insert brackets into the following calculations to make them true.

a 3x4+6=30 b 25-15x9=90 c 40-10x3=90
d 14-9x2=10 e 12+3+5=3 f 19-9x15=150
g 10+10+6-2=5 h 3+8x15-9=066 i 9-4x7+2=45
i 10-4x5=30 k 6+3+3x5=5 I 15-6+2=12
1+4%x20+5=20 n 8+5-3x2=20 o 36+3x3-3=6
p 3x4-2+6=1 q 40+4+1=11 r 6+2x8+2=24

9  Place the given numbers in the correct spaces to make a correct number sentence.

a 0,2,510 O-0+0=0

b 9,11,13,18 [O-0O+0=01

c 1,3,8,1416 J-(J-D-0=0
d 456912 J+O)-C-0D=01
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Review of number concepts

Using your calculator

A calculator with algebraic logic will apply the rules for order of operations

automatically. So, if you enter 2 + 3 X 4, your calculator will do the multiplication first

and give you an answer of 14. (Check that your calculator does this!)

When the calculation contains brackets you must enter these to make sure your
calculator does the grouped sections first.

WORKED EXAMPLE 14

Use a calculator to find:
a 3+2x9 b (B3+8 x4 c B3x8-4)-2x5+1)
Answers
a 21 Enter 3 | + ]l 2| x]J 9] =]
b 44  Enter[ (L3 C+ 8 ][ =] 4]=]
¢ 9 Enter[ (3 le =] el -]
SN | | T | O |

Experiment with your calculator by carrying out several calculations, with and
without brackets. For example: 3 X 2 + 6 and 3 X (2 + 6). Do you understand
why these are different?

Exercise 1.17

1 Use your calculator to find the answers.

a 10-4x5 b 12+6+7-4

c 3+4x5-10 d 18+3x5-3+2

e 5-3x8-6+2 f 7+3+4+1

g (1+4)x20=+5 h 36-6x(3-3)

i 8+ -6x2 j  100-30x(4-3)

k 24+(7+35x%x6 I [(60 —40)— (53 —43)] x 2
m [(12+6)+9] x4 n  [100+ (4 +16)] %3

o 4X[25+(12-17)]

2 Use your calculator to check whether the following answers are correct.

If the answer is incorrect, work out the correct answer.

a 12x4+76=124 b 8+75x8=698

c 12x18-4x23=124 d (164 x(7+3x4)=176

e (82-36)x(2+6)=16 f Bx7-4)-4+6+2)=12
3 Each % represents a missing operation. Work out what they are.

a 12%x(28%24)=3 b 84x10x8=4

c 3%x707%13)=17 d 23% 11 %22%11=11

e 40*%k5*%(7T*x5)=4 f o 9%15%x(B3%2)=12

Your calculator might
only have one type
of bracket

and _)_|. If there

are two different
shaped brackets in
the calculation, such
as [4 X (2 — 3)], enter
the calculator bracket
symbol for each type.

Some calculators
have two '—' buttons:
_=Jand[ O]

The first means
‘subtract’ and is
used to subtract one
number from another.
The second means
‘make negative'.
Experiment with

the buttons and
make sure that your
calculator is doing
what you expect it
to do!
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4 Calculate.

7 x/16 52x /4 c 2+ 32
2 +7-1 b Tve-12 524410 -5
62— 11 32-3 g 3¥-5+6
207 +2 % 4) € 2x /8l V4 x5
36 -3 x/16 =30 +[18 ~ (3 — 12) + 24]
15-3223 h 5—8-32
5  Use your calculator to find the answer. Give your answers to 3 significant figures.
0.345 12.32 x 0.0378 V16 x 0.087
134 +42 %7 b 16 + 8.05 € 525008 If you have forgotten
how to round to
6 Use your calculator to evaluate. Give your answers to 3 significant figures. significant figures,
a J6AX125 b 2IX 326 ¢ VT I9 ;ii‘fntg‘lf‘;gﬁnworked
d /412362 e V322-1.17° ¢ V1.455-0.132 Section 1.7.

11,1 /1 3 a1 3
g 4\/4+4+/; h 275 +2><1.7

7  Evaluate. Give your answer to 2 decimal places if necessary. MATHEMATICAL
a V8-VT b V6 x 8 ¢ (342 CONNECTIONS
d

L\f e % X % f  (0.467)% x V900 When you work with

48 +2v7 indices and standard
5\’ . 19.23 X 0.087 form in Chapter 5,

o (3)+v@’  h V205379 - 6343 i e o you will need to

apply these skills and
use your calculator
SELF ASSESSMENT effectively to solve
problems involving
any powers or roots.

Draw up a flow chart like this one to assess your own learning.

Some sentence stems are provided below each box to help you get started.

How do 1 What did I What can |
describe my do well? improve?
understanding? ' '
I understood this easily I was very good at ... To improve I can ...
because ... I was proud of ... Next time I will ...
I struggled a bit with My best work was ... I need to revise ...
because ...

I am still not sure of ...

I am confident that I can ...
I would give myself [ ] out
of ten for this work.
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Review of number concepts

1.7 Rounding and estimating

In many calculations, particularly with decimals, you will not need to find an exact
answer. Instead, you will be asked to give an answer to a stated level of accuracy.
For example, you may be asked to give an answer correct to 2 decimal places, or to 3

significant figures.

WORKED EXAMPLE 15

Round 64.839906 to:

a the nearest whole number
b 1 decimal place

¢ 3 decimal places.

Answers
a 64.839906
64.839906

= 65 (to nearest whole number)

b  64.839906
64.839906
= 64.8(1d.p.)
¢ 64.839906
64.839906

= 64.840 (3 d.p.)

considered significant.

4 is in the units place.

The next digit is 8, so you will round up
to get 5.

To the nearest whole number.

8 is in the first decimal place.

The next digit is 3, so the 8 will remain
unchanged.

Correct to 1 decimal place.

9 is in the third decimal place.

The next digit is 9, so you need to
round up.

When you round 9 up, you get 10,

so carry one to the previous digit and
write 0 in the place of the 9.

Correct to 3 decimal places.

When a number has many digits or decimal places it is useful to round it to
significant figures (s.f.). The first significant digit of a number is the first non-zero
digit, when reading from left to right. The next digit is the second significant digit,
the next the third significant and so on. All zeros after the first significant digit are

If you are rounding to a whole number, write the appropriate number of zeros
after the last significant digit as place holders to keep the number the same size.

Rounding to 1 significant figure does not mean you will only have one digit.
When 13432 is rounded to 1 significant figure it is 10000 and not 1.

LINK

We use ‘rounding’

in all subjects where
numerical data is
collected. Masses in
physics, temperatures
in biology, prices in
economics: these all
need to be recorded
sensibly and will

be rounded to a
degree of accuracy
appropriate for the
situation.
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WORKED EXAMPLE 16

Round:

a 1.076 to 3 significant figures
b 0.00736 to 1 significant figure
¢ 23512435 to 2 significant figures

Answers
a 1.076 The third significant figure is the 7. The next digit is
6, so round 7 up to get 8.
=1.08 (3 s.f) Correct to 3 significant figures.
b 0.00736 The first significant figure is the 7. The next digit is
3, so 7 will not change.
=0.007 (1 s.f.) Correct to 1 significant figure.
c 23512475 The second significant figure is 3. The next digit is

5, so 3 will round up to 4.
= 24000000 (2 s.f.) Include the zeros and state the level of accuracy.

Exercise 1.18

1 Round each number to 2 decimal places.

a 3.185 b 0.064 c 383456 d 2.149 e 0.99

2 Round each number to the nearest 100.

a 456 b 53438 c 3012567 d  38.299 e 10060

3 Round each number to the nearest 10000.

a 629534 b 100999 c 9016 d 120064 e 155179

4 Express each number correct to:

i 4 significant figures ii 3 significant figures iii 1 significant figure
a 4512 b 12305 c 65238 d 320.55
e 25716 f 0.000765 g 1.0087 h  7.34876
i 0.00998 j 0.02814 k 31.0077 I 0.0064735
5 Change 2% to a decimal using your calculator. Express the answer correct to:
a 3 decimal places b 2 decimal places
c 1 decimal place d 3 significant figures
e 2 significant figures f 1 significant figure
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Estimating to get an approximate answer

To estimate the answer to a calculation, you need to round the numbers before you
do the calculation. Although you can use any accuracy, often the numbers in the
calculation are rounded to 1 significant figure:

3.9 X 2.1 is approximately equal to4 x 2 =8

Notice that 3.9 x 2.1 = 8.19, so the estimated value of 8 is not too far from the real value!

WORKED EXAMPLE 17

Estimate the value of:

4.6 + 3.9
—_ b V422 -51
V398
Answers
a 46+39. . S+4 Round the numbers to 1 significant figure.
———"is approximately equal to 9 9
/398 PP Y et 200
9 4.5
50" 10 ~ 0.45
Check the estimate: If you use a calculator you will find the exact

value and see that the estimate was good.
4.6 +3.9 0426 (35s1)
V398

b /422 =51 is approximately equal to V40 — 5 Begin by rounding each value to
/5 1 significant figure.

Notice that if you round 35 up to 36 you get
is approximately equal to V36 J P oo

a square number and you can easily take the
=6 square root.

A good starting point for the questions in the Exercise 1.19 is to round the numbers
to 1 significant figure. Remember that you can sometimes make your calculation even
simpler by modifying your numbers again.

Exercise 1.19

1 The calculator displays show the answers that a student got for each calculation.
Write an estimate for each calculation and say whether the calculator answer is
sensible or not.

a (7.1»+99 4.5091919192

b 4xmux3 15.39822369
¢ 5x79
d 50x79
e 3x2925 =

05
f628% 353 26.976643™
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> CAMBRIDGE IGCSE™ MATHEMATICS: CORE & EXTENDED COURSEBOOK

2  Estimate the value of each of the following. Show the rounded values that you

use.
a 23.6 b 4.3 c 7.21 X 0.46 When you are asked
6.3 0.087 x 3.89 9.09 to estimate values,
i always show the
4.82 x 6.01 48 f rounded values that
.02 72 0.V0 — 0.45+1.89)(6.5-1.9
d 2.54 + 1.09 € 254+4.09 ( X ) you use so anyone
looking at your work
23.8 +20.2 109.6 —45.1 . ) knows what you
9 47457 N 94-139 i (25274899 have done.
jo V2238 %451 k Vv9.26 x99.87 | (4.1 x(1.9*

3 Work out the actual answer for each part of question 2, using a calculator.
How good were your estimates? How could you improve them?

INVESTIGATION

Making decisions about accuracy

There will be times when you have to decide how to round values to estimate.
The place that you round to depends on the level of accuracy needed to solve
each problem.

1 What would you round to in the following situations? Give reasons for
your answers.

a Areal-life problem involving whole numbers, for example bricks or
numbers of people.

Problems involving money amounts.
Calculations using numbers in the millions.

Scientific calculations with original values to four places.

® O N T

Problems involving irrational numbers (such as ).

2 What have these students done to estimate?

, , 1
Zaf 6 X 0.518 s a atel altog X = =
>+ g Ls approxtmate Y equal to g > 4

2
Marwan m

1

, , 2x6
Ls approximately equal to X% _ 12

a  Why is each strategy useful?
b  Why do you use the = symbol in some parts of the estimation but
state 'is approximately equal to' in others?
3 What situations can you think of where it is helpful to make sure your
estimate is:
a an overestimate
b an underestimate?

3 ISBN 9781009297912 © Morrison & Hamshaw 2023 Cambridge University Press
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1 Review of number concepts

PEER ASSESSMENT

Tell ... Ask ... Give ... (TAG) feedback is a way of assessing each other’s work.

To use this method, read through your partner’s answers to Exercise 1.19.

Use the guidelines in the table to help you give a TAG feedback on their work.

| liked the way you ... Why did you ... One suggestion

| could easily under- Did you consider ... would be ...

stand because you ... Remember to ...

Would it help if you ...
The strongest part of Think about ...

your work was ... When does .. I'm confused b
Have you thought Yo

You did ... really well. about ... If you ... it might ...

SUMMARY

Do you know ...?

Numbers can be classified as natural numbers, integers, prime numbers and square numbers.

A multiple is obtained by multiplying a number by a natural number. The LCM of two or more numbers
is the lowest multiple found in all the sets of multiples.

A factor of a number divides into it exactly. The HCF of two or more numbers is the highest factor found
in all the sets of factors.

Prime numbers have only two factors, 1 and the number itself. The number 1 is not a prime number.

A prime factor is a number that is both a factor and a prime number.

All natural numbers that are not prime can be expressed as a product of prime factors.

Integers are also called directed numbers. The sign of an integer (— or +) indicates whether its value is above
or below 0.

When you multiply an integer (a) by itself you get a square number (¢?). If you multiply it by itself again
you get a cube number (a3).

The number you multiply to get a square is called the square root and the number you multiply to get a cube
is called the cube root. The symbol for square root is v . The symbol for cube root is v

You can express numbers as powers of their factors using index notation. For example, 23 means 2 X 2 x 2.
The base is 2 and the index is 3.

Any number to the power of 0is equalto 1: a® = 1.

.. . . . . S _ 1
A negative index can be written as a reciprocal fraction with a positive index: ¢ ™ = o

1
Fractional indices can be rewritten as roots: a™ = va.

For non-unit fractional indices: a7 = (Va)" = Va™.

am
The laws of indices are: a” X a" = a™*"; g oan and (a”)" = a™.
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SUMMARY CONTINUED

Mathematicians apply a standard set of rules to decide the order in which operations must be carried out.
Operations in grouping symbols are worked out first, then powers, then division and multiplication, then
addition and subtraction.

Are you able to ...?

identify rational numbers, irrational numbers, integers, square numbers and prime numbers
find multiples and factors of numbers and identify the LCM and HCF

write numbers as products of their prime factors using division and factor trees

work with integers used in real-life situations

apply the basic rules for operating with positive and negative numbers

perform basic calculations using mental methods and with a calculator

calculate squares, square roots, cubes and cube roots of numbers

apply the laws of indices to find the values of numbers written in index notation

round numbers to specified place to estimate and approximate answers.

Practice questions

- 1  Find the difference between the sum of the three largest prime numbers smaller
than 20 and the product of the three smallest prime numbers. [3]

- 2 The product of two numbers is —36 and difference between the same two
numbers is 13. Find the two possible pairs of numbers. [3]

'- 3 Find the number that is one fifteenth of its own square. [2]

- 4 Find the highest common factor of
2X2X2X3X3X3Xx3X5%XxT7TxT7Tx11x%x13

and
2X2X2X3X3X3IXTX1Ix11x13 [3]

- 5  The number 154.45ABC, where A, B and C represent the third, fourth and fifth
decimal places in the number, is rounded to 4 decimal places and the answer is
154.4574. None of A, B or C are zero.

List all the possible sets of values of A, B and C. [4]
'- 6 By expressing 1080 as a product of prime factors, determine whether 1080 is
a cube number. Explain your answer. [4]
7 a Find two numbers that have a sum of 94 and a product of 2013. [2]
b  Find two numbers have a difference of 19 and a product of 1170. [2]
o) 8  Simplify.
a 6%X2+4x5 [2] b 4x(100-15) [2]
c (5+6)x2+(15-3%x2)-6 [2] d -3x5-6x-8 [2]
e —3X(-5-6)+4x-6 [2] f o (-8+4)p+ (-2 [2]
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1 Review of number concepts
9 Insert +, —, X or + into each blank square, to make the calculation work.
a SO7-3008=11 2]
b (3 x6+8[](-2)=-28 [2]
C 10 Add brackets to this statement to make it true.
T+14+4-1x2=14 [2]
11 Use your calculator to find
53 — 32
23+ 32x 11 -2/11
Round your answer to 3 significant figures. [2]
12 a  Without using a calculator, estimate the value of
4.8 —-5.12
oY [3]
b  Use your calculator to find the difference between your estimate and
the exact answer. [2]
C 13 Arrange the following numbers in order, starting with the smallest.
3
A 4X(4+4x4) B 4i4+4
C 424_4—4 D 42—42><4+% 3]

'-' 15 a  Express 60 and 36 as products of primes.

14 Find the exact values of

a V8+V2 2] b (2+29x216 [3B] ¢ (©27+23) 2

s B m e ) g

S

b  Hence find the LCM of 60 and 36.

¢ Planet Carceron has two moons, Anderon and Barberon. Anderon
completes a full orbit of Carceron every 60 days, and Barberon completes
a full single orbit of Carceron in 36 days. If Anderon, Barberon and Carceron
lie on a straight line on 1 March 2023, on which date will this next be true? [2]

S

16 A code is developed as follows. Each letter of the alphabet is given a number, in
order from 1t026.SoA=1,B=2,C=3,...,Z=26.

For any word with three letters, the numbers corresponding to its letters are
written as powers of the prime numbers 2, 3 and 5 in order and the answers are
multiplied together.

Find the word with code 7500. (4]

SELF ASSESSMENT

Use your answers to the practice questions to assess what you already know and to
analyse your strengths and weaknesses.

What areas are you good at?
Which areas require more work?
What work will you do?
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2 Making sense of algebra

You can think of algebra as the language of mathematics. When you learn a language,

you have to learn its rules and structures. The language of algebra also has rules and

structures. What are the students in the picture opposite trying to work out? What rules

do you think these students are applying?

Algebra lets you describe and represent complex mathematical patterns in clear

mathematical language. At school, and in the real world, you will use algebra in many
ways. For example, you will use it to make sense of formulae and spreadsheets and you

may use algebra to solve problems to do with money, building, science, agriculture,

engineering, construction, economics, game design, animation and many other things.

GETTING STARTED

1

How do you write each of these using algebra? Choose A, B or C.

a axa

A 20 B 2a C &
b p multiplied by 5 and then added to 3.

A 5p+3 B 5(p+3) C p+15
¢ xcubed and then multiplied by 3.

A 33 B (3x? C 9

A class was asked to simplify four expressions containing indices.
These are the answers:

a 1 b am*n d
Write an expression they could have simplified in each case.

am—n Cc amn

These three examples contain some common mistakes that students
make in algebra.

_3x+12
15 2

3x— (x—2) = 3x— x - 2 3(“4)

5

a  Whatis the error in each example?
b  What is the correct answer?

Work in pairs or small groups. Consecutive numbers are those that follow
each other, for example 4 and 5 are consecutive.

a Use algebra to show why the sum of two consecutive numbers will
always be odd.

b Will the sum of three consecutive numbers always be even?
Use algebra to justify your answer.

KEY WORDS

coefficient

expression
formula
term

variable
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2.1 Using letters to represent
unknown values

In primary school you used empty shapes to represent unknown numbers.

For example, 2 + [ J=8 and [ ]+ ¢ =10.If 2 + [ ] =8, the[ ] can only represent 6.
But if [ ]+ ¢ = 10, then the [ ] and the < can represent many different values.

In puzzles, shapes are often used to represent unknown numbers. Sometimes the shape
can only represent one number, for example if 2 +[_]= 8 then [ ] must represent 6.
Other times, the shapes can represent many different numbers, for example if

[+ ¢ =10, then the [ ]and the < can represent many different values. When letters
can represent many different values they are called variables.

Algebra uses letters to represent unknown numbers. You could write the number
sentences above as: 2 + x = 8§ and ¢ + b = 10. Number sentences like these are called
equations. You can solve an equation by finding the values that make the equation true.

When you worked with area of rectangles and triangles in the past, you used algebra to

make a general rule, or formula, for working out the area, A: In an algebra

problem, you must
Area of a rectangle = length X width, so 4 = lw not change the ‘case’
. 1 . 1 bh of the letters being
Area of a triangle = EX base X height, so 4 = Ebh ord= 5 used. For example,
‘n"and ‘N’ can
represent different
numbers in the same
To use a formula you have to replace some or all of the letters with numbers. formula!
This is called substitution.

When two letters are multiplied together, you write them next to each other, e.g. for
[ X w you would write Iw.

Writing algebraic expressions

An algebraic expression is a group of letters and numbers linked by operation signs.
Each part of the expression is called a term.

Suppose the average height (in centimetres) of students in your class is an unknown
number, /. A student who is 10 cm taller than the average will have a height of / + 10.
A student who is 3 cm shorter than the average will have a height of 4 — 3.

h + 10 and & — 3 are algebraic expressions. Because the unknown value is represented
by &, we say these are expressions in terms of /.

LINK

Algebra is used across all science subjects. For example, in Biology algebra
is used to model biochemical networks, and linear relationships such as
heart rate (bpm) and cardiac output (how much blood your heart pumps)

can be graphed and compared. In chemistry, equations are important for
expressing relationships between quantities (for example, density, mass and
volume). Many situations in physics require motion or other physical changes
to be described as an algebraic formula, such as F = ma, which describes the
connection between the force, mass and acceleration of an object.
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2 Making sense of algebra

WORKED EXAMPLE 1

Use algebra to write an expression in terms of h (which represents average

height) for:

a aheight 12 cm shorter than average

b aheight 2a taller than average

¢ a height twice the average height

d aheight half the average height.

Answers

a h-12 Shorter than means less than, so you subtract.

b h+2a Taller than means more than, so you add. 2a is unknown,
but it can still be used in the expression.

¢ 2xh=2h  Twice means two times, so you multiply by two.

d .o g Half means divided by two.

Applying the rules

You should write algebraic expressions in the shortest, simplest possible way:

2 X his written as 2k and x X y is written as xy
h means 1 X &, but you do not write the 1

h =+ 2 is written as g and x =+ y is written as %
when you have the product of a number and a variable, the number is written first,
so 2h and not A2. Also, variables are normally written in alphabetical order, so xy
and 2ab rather than yx and 2ba

h X h is written as 4% (h squared) and /& X h X h is written as /2 (h cubed).

The % and the 3 are examples of a power or index

the power only applies to the number or variable directly before it, so 5¢*> means
SXaXa

when a power is outside a bracket, it applies to everything inside the bracket,
80 (xy)® means xy X xy X xy.

WORKED EXAMPLE 2

Write expressions in terms of x to represent:

a the number times four
b the sum of the number and five
c six times the number minus two
d half the number.
Answers
a xtimes four Let x represent ‘the number’.
=xx4 Replace "times four’ with x 4.
= 4x Leave out the X sign, write the number before

the variable.

Mathematicians
write the product

of a number and

a variable with the
number first to

avoid confusion with
powers. For example,
you would write

x X 5is as 5x and not
as x5, which is easy
to confuse with x°.
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WORKED EXAMPLE 2 CONTINUED

b  Sum of x and five Let x represent ‘the number’.

=x+5 Sum of means +, replace five with 5.

¢ Sixtimes xminustwo  Let x represent ‘the number’.

=6Xx—-2 Times means X and minus means —,
insert numerals.
=6x—2 Leave out the X sign.
d  Half x Let x represent ‘the number".
=x= 1
-2 Half means x— or +2.

X 2

) Write the division as a fraction.

Exercise 2.1

1 Rewrite each expression in its simplest form.

a 6XxXxy b 7xaxb C XXyXz

d 2xpyxy e ax4xp f xxyxI2

g S5xbXa h yxzxz i 6+x

j 4x=2y k (x+3)+4 I mxmXm+mXm
m 4Xx+5xy n ax7-2Xp o 2XxXxX(x—4)

p 3x(x+1)+2xx q 2X(x+4)+3  r @xx)+Q@Xx+4xX)

2 Let the unknown number be m. Write expressions for:

the sum of the unknown number and 13

a
b  anumber that will exceed the unknown number by five A 'sum |s.t'h e result
of an addition and

the difference between 25 and the unknown number the 'difference’
between two
numbers is the result
of a subtraction.

the unknown number cubed

a third of the unknown number plus three

-~ 0o O n

four times the unknown number take away twice the number. The order of the
subtraction matters.

3 Let the unknown number be x. Write expressions for:
a three more than x
b  six less than x

ten times x

the sum of —8 and x

the sum of the unknown number and its square

a number which is twice x more than x

@ =+ o o n

the fraction obtained when double the unknown number is divided by the
sum of the unknown number and four.
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2 Making sense of algebra

4 A boo;< ini a pl'jck of mlarkel:s czst X (iilollars.k } ) ) MATHEMATICAL
a  If the book costs $10 what does the pack of markers cost? CONNECTIONS
b  If the pack of markers is three times the price of the book, what does the
book cost? Algebra allows
¢ If the book costs $(x — 15), what does the pack of markers cost? you to translate
information given in
5 A woman is m years old. words to a clear and

short mathematical
form. This is a useful

strategy for starting
¢ Hersonis half her age. How old is the son? to solve many types

a  How old will she be in ten years’ time?

b  How old was she ten years ago?

of problems. You

6  Three people win a prize of $p. will use these skills

a  If they share the prize equally, how much will each receive? throughout the
b  If one of the people wins three times as much money as the other two, course, and you
how much will each receive? will apply them to
specific problems in

Chapter 22.

Many people use spreadsheets to store and process numerical information.
You can use formulae in spreadsheets to work out the number of one “cell’,
based on what is in other cells. These formulae follow the same rules of
algebra that you used here.

2.2 Substitution

Expressions have different values depending on what numbers you substitute for the
variables. For example, imagine you are a waiter and you get paid $8 per hour.

You can write an expression to represent your wages like this: 8/, where / is the
number of hours worked. If you work 1 hour, then you get paid 8 X 1 = $8.

So the expression 8/ has a value of $8 in this case. If you work 6 hours, you get
paid 8 x 6 = $48. The expression 8/ has a value of $48 in this case.

When you substitute values remember to write in the operation signs. 8h means
8 x h,soif h=1, or h =6, you cannot write this in numbers as 81 or 86.

WORKED EXAMPLE 3

Given that a = 2 and b = 8, evaluate:
a ab b 3b-2a c 2a° d 2ala+b)
Evaluate means find
Answers the value of'.
a ab = axb Put back the multiplication sign.
= 2x8 Substitute the values for a and b.
= 16 Calculate the answer.
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WORKED EXAMPLE 3 CONTINUED

b 3b-2a = 3xb-2Xa Put back the multiplication signs.
= 3x8-2x2 Substitute the values for a and b.
= 24-4 Use the order of operations rules
(X before —).
= 20 Calculate the answer.
c 2a* = 2xad Put back the multiplication signs.
= 2x23 Substitute the value for a.
= 2x8 Work out 22 first (grouping symbols first).
= 16 Calculate the answer.

d 2ala+b) = 2xax(a+b) Put back the multiplication signs. MATHEMATICAL
= 2%x2x%x((2+8) Substitute the values for a and b. CONNECTIONS
= 4x10 In this case you can carry out two steps Always apply the

at the same time: multiplication outside order of operations
the bracket, and the addition inside. rules you learned in
= 40 Calculate the answer. Chapter 1.

You probably don’t think about algebra when you watch animated cartoons,

insert emojis in messages or play games on your phone or computer, but

animators use complex algebra to programme all these items and to make

objects move on screen.

WORKED EXAMPLE 4

Look at these three shapes.

a x b + c
3x x+3 x+4
X X
x2"+ 1
< 2x
For each shape:
i write an expression for the perimeter
i calculate the perimeter if x = 4 cm.
ISBN 9781009297912 © Morrison & Hamshaw 2023 Cambridge University Press
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2 Making sense of algebra

WORKED EXAMPLE 4 CONTINUED

Answers
a i Xx+x+x+x=4x Add the four lengths together.
i 4xx = 4x4 Substitute 4 into the expression.
= 16 cm
b i 3x+0+1)+3x+0+1)=203x)+20+1) Add the four lengths together
and simplify.
i 2X@BxX)+2x(x2+1) = 2x@Bx4)+2x(42+1) Substitute 4 into the expression.
= 2x124+42x(16+1)
= 24+2x17
= 24434
= 58cm
€ i x+3+x+4+2x=4x+7 Add the three lengths together
and simplify
i Ax+7=4x4+7 Substitute 4 into the expression.
=16+7
=23cm

WORKED EXAMPLE 5

Complete this table of values for the formula b = 3a - 3.

0 2 4 6

Answers

Substitute in the values of a to work out b.
3x0-3=0-3=-3
313 1?2115 3x2-3=6-3=3
3x4-3=12-3=9
3x6-3=18-3=15

MATHEMATICAL CONNECTIONS

You will need to use tables of values similar to this one to find the (x, y)
coordinates of different points so you can plot graphs in Chapter 10 and

Chapter 18.
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Exercise 2.2

'-. 1 Evaluate the following expressions for x = 3.

MATHEMATICAL
- 3
a 3x b 10x c 4x-2 d «x CONNECTIONS
e 2x? f 10-x g x*+7 h X+ x2
y ) % You will learn
X X

C (-1 . A K & 20 more about

( ) J 2 3 bx algebraic fractions

L0x (4x +2) 3(x +2) in Chapter 14.
m — n [o)

6 7 Tx+9

What is the value of each expression when ¢ = 3 and b = 5 and ¢ = 2?

a abc b ¢ da+2c
d 3b-2a+c) e A+ f 4b-2a+c Alwa){s show your
substitution clearly.
g ab+bc+ac h  2(aby i 3(atbh) Write the formula
) 3pe or expression in its
o b-o+(@to) k (@+b)b-o I Z algebraic form but
replace the letters
4b | c n 402 o Aa+b) with the appropriate
m a be 2 numbers. This makes
3abe 6h2 1 2 it clear to anyone
P Tog q @+ o r (EabC) marking your work
that you have put the
s 8a t  6ab _,p. u (a2bed)? correct numbers in
Va+b a? the right places.
3 Work out the value of y in each formula when:
i x=0 i x=3 i x=4 iv. x=10 v x=50
a y=d4x b y=3x+1 c y=100-x
X 100
d y= 0 e y=ux? foy==
g y=2x+2) h y=2(x+2)-10 i y=3x

APPLY YOUR SKILLS

4 A sandwich costs $3 and a drink costs $2.

a  Write an expression to show the total cost of buying x sandwiches
and y drinks.

b  Find the total cost of:
i four sandwiches and three drinks
ii 20 sandwiches and 20 drinks
iii. 100 sandwiches and 25 drinks.
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2 Making sense of algebra

APPLY YOUR SKILLS CONTINUED

5 The formula for finding the perimeter of a rectangle is P = 2(I + w), where
| represents the length and w represents the width of the rectangle.

Find the perimeter of a rectangle if:

a thelengthis 12 cm and the width is 9cm

b thelength is 2.5m and the width is 1.5m

c thelength is 20 cm and the width is half as long

d  the breadth is 2cm and the length is the cube of the width.

6 a Find the value of the expression n?> + n + 41 when:
. -1 . —3 _s . ~ 10 MATHEMATICAL
I n= .II n= m n= v n= CONNECTIONS
b  What do you notice about all of your answers?

¢ Why is this different when n = 41? Think back to
Chapter 1 and the

different types of
DISCUSSION number that you
What is the point of algebra? have already studied.

Students sometimes ask why they have to learn algebra because they cannot
see how it is useful.

Work with a partner to prepare a short presentation to convince the rest of
your class that algebra is valuable and useful.

e Choose one of the topics in this chapter (or another algebra topic you like
and know well).

* Do research to find how this topic is useful in the real world.

*  Prepare a slide show (or other presentation) to share what you find out.
Include a description of the topic and how it is used. Provide at least
three real-life examples.

2.3 Simplifying expressions

The parts of an algebraic expression are called terms. Terms are separated from each
other by + or — signs. So @ + b is an expression with two terms, but ab is an expression
3a  ab

with only one term and 2 + D e is an expression with three terms.

The number in a term is called a coefficient. In the term 2a, the coefficient is 2; in the
term —3ab, the coefficient is —3. A term with only numbers is called a constant. So for
example, in the expression 2a + 4, the constant is 4.

Remember, terms are not separated by x or + signs. A fraction line means
divide, so the parts of a fraction are all counted as one term, even if there is a

L . a+b.
+ or — sign in the numerator or denominator. So, is one term.

C
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> CAMBRIDGE IGCSE™ MATHEMATICS: CORE & EXTENDED COURSEBOOK

Collecting like terms

Terms with exactly the same variables are called like terms. 2a and 4« are like terms;
3xy? and —x)? are like terms.

The variables and any indices attached to them have to be identical for terms to be
like terms, so 2x?y and —3x?y are like terms but 2x?y and —3xy are not. Variables in a
different order mean the same thing, so xy and yx are like terms (x X y =y X x).

You can add and subtract like terms to simplify algebraic expressions. This is known as
collecting like terms.

WORKED EXAMPLE 6

Simplify.
a 4a+2a+3a
d 2p+5g+3g-7p e

b 4a+6b+ 3a c
2ab + 3a%b — ab + 3ab?

5x+ 2y —7x

Answers

a 4a+2a+3a Terms are all like.

=9a Add the coefficients, write the term.

b 4a+6b+3a
=7a+ 6b

Identify the like terms (4a and 3a).
Add the coefficients of like terms.
Write terms in alphabetical order.

¢ S5x+2y-7x
=-2x+2y

Identify the like terms (5x and —7Xx).

Subtract the coefficients, remember the rules.
Write the terms.

(You can also write this as 2y — 2x.)

d 2p+5g+3g-7p Identify the like terms (2p and —7p; 5g and 3q).
Add and subtract the coefficients.

Write the terms.

= -5p + 8¢

e 2ab+ 3a’b - ab + 3ab?
= ab + 3a?b + 3ab?

Identify like terms; pay attention to terms that
are squared because a and a? are not like terms.

Remember that ab means 1ab.

You can rearrange the terms as long as you move the ‘=" and '+’ signs with the
terms to their right. For example:

3x—2y+ 5z

=3x+5z-2y
=52+ 3x -2y
= -2y + 3x+ 5z

Any '+' or ‘=’ that
appears in an
algebraic expression
is attached to the
term to its right.

For example: 3x — 4y
contains two terms:
3xand -4y. Ifa

term has no symbol
written before it, then
you can assume that
itis '+
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2 Making sense of algebra

Exercise 2.3

1 Identify the like terms in each set.

a  6x, 2y, 4x,x b x, -3y, %, -5y ¢ ab, 4b, —4ba, 6a
d 2, -2x,3xy,3x,-2y e 5a,Sab,ab, 6a,5 f  —lxy,—yx, —2y,3,3x
2 Simplify by adding or subtracting like terms.
a 2y+6y b 9x-2x ¢ 10x+3x
d 2lx+x e Tx—2x f 4y-4y
g 9x-—10x h y—-4y i Sx—x
i 9xy-2xy k  6pg—2qp I l4xyz — xyz
m  4x? - 2x? n  9y?—4y? o y?=2)?
p l4ab? - 2ab* q  9x%y —4x¥y r 10xy* — 8xy?
3 Simplify.
a 2x+y+3x b 4y-2y+4x ¢ 6x—4x+5x
d 10+4x-6 e 4xy—2y+2xy f 5x2—6x2+2x
g Sx+4y-—6x h 3y+4x-—x i 4x+6y+4x
j 9x-2y—-x k  12x% —4x +2x2 [ 12x2 —4x2 +2x2
m  5Sxy—2x+7xy n  xy-—2xz+7xy o 3x2-2)y2—4x?
P 5x%+3x%y —2xy q 4xy—x+2yx r Sxy—2+xy
4 Simplify as far as possible.
a 8y—-4-6y—4 b xX2—-4x+3x2-x ¢ Sx+y+2x+3y
d y2+2p+3y—-7 e x2—4x-—x+3 f o xX2+3x-7+2x

g 4xyz—3xy+2xz—xyz h Sxy—4+3yx—-6 i 8x—4-2x-3x7

5  Write an expression for the perimeter (P) of each of the following shapes and then
simplify it to give P in the simplest possible terms.

a } b XT7 C

MATHEMATICAL
CONNECTIONS

You will need to be
very comfortable with
simplifying algebraic
expressions. Itis a
skill you will need
throughout the
course for solving
equations and
inequalities, and

for simplifying
expansions.

2x + 1

1
T
d e
w1 f 4yt
2x +4 Y
X
y+7
2x
4x
g i h
2x + 1
T T 3x-2
1l
LLI
4y -2 9x
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INVESTIGATION

Magic squares

In a magic square, the sum of each row, column and diagonal is the same.
1 Is this a magic square?

5x + 2y 7y 7x + 8y
6x+ 9y | 4x+ 5y 2x+y
x+ 4y 8x+ 3y | 3x+ 8y

Copy and complete this magic square.

a-b-c¢

3 There are only four possible magic squares that use only the three terms:
x—1,xand x + 1

a  What are they?

b Do you think the same applies to the terms 2x — 2, 2x and 2x + 27
Justify your answer.

REFLECTION

Think about how you worked on question 2 in the investigation.

*  What steps did you follow to solve the problem? Could you work in a
different order? If so, how?

¢ Could you solve the magic square using fewer steps? How?
*  Will the strategies you used always work? Why?
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2 Making sense of algebra

Multiplying and dividing expressions

In Section 2.1 you learned how to write expressions in simpler terms when multiplying
and dividing them. Make sure you understand and remember these important rules:

e 3xmeans3 X xand 3xymeans 3 X x X y

e xymeansx Xy

e x?means x X x and x*y means x X x X y (only the x is squared)

° 2—ameans 20 -4

4
WORKED EXAMPLE 7
Simplify.
a 4x3x b 4xx3y ¢ 4dabx2bc d 7xx4yzx3
Answers
a 4x3x = 4x3xx Insert the missing X signs.
= 12xx Multiply the numbers first.
= 12x Write in simplest form.

b 4x%X3y = 4XxX3Xy
= 12XxXy

Insert the missing X signs.
Multiply the numbers.

= 12xy Write in simplest form.

¢ 4dabx2bc = 4dxaxbx2xbxc
= 8xaxXbxbxc

Insert the missing X signs.
Multiply the numbers, then
the variables.

= 8ab’c Write in simplest form.
d 7xX4yzx3 = TXxX4XyXzX3
84X xXyXz

Insert the missing X signs.
Multiply the numbers.
Write in simplest form.

= 84xyz
WORKED EXAMPLE 8
Simplify.
12x L 12 I g 2, 4
3 3x 70y
Answers
a  12x _ @ _&X_ Divide both top and bottom by 3 (making

the numerator and denominator smaller
so that the fraction is in its simplest form
is called cancelling).

Cancel and then multiply.

=——=—"=4
3x 3x 1 Y

You can multiply
numbers first and
variables second
because the
commutative law
(ab = ba) means that
multiplication can be
done in any order.

MATHEMATICAL

CONNECTIONS

You will learn more
about cancelling and
equivalent fractions

in Chapter 5.
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WORKED EXAMPLE 8 CONTINUED

1
xy Ixy  x c |
70y ~ 70y ~ 10 aneet
10
Qxﬂ 22X xX4 XX | < i d ltiol
3 %5 = 473”(2 nsert X signs and multiply.
_ & Cancel
2 ancel.
_ e
3
or
2% X _ 1xy 4 _ 4 - -
TXZ_ 3 % 3 Cancel first, then multiply.

Exercise 2.4

1 Multiply.
2 X 6x b 4yx2
d 2xx3y e 4xx2y
g 8yx3z h  2xx3yx2
o 4wy x2x k 9y x3xy
m  2a X 4ab n  3ab %X 4bc
p 8abc % 2ab q 4 X2ab X3¢
2 Simplify.
a 3x2xx4 b 5xx2xx3y
d xyxxzxx e 2X2X3xx4
g xXy2xdx h  2ax3abx2c
j 4XxX2Xy k 9% x2xxy
m  7xy X 2xz X 3yz n  4xy x2x%y x7

P 3x% X 2x)? X 3xy q  9x X 2xy x 3x?

3 Simplify.
Isr Lo o2
3 10 7
14rs 18r2s 10rs
e 5 o 9 Ta0r
. st . brs K
! 14rs ) r 4r

SBN 9781009297912
W

3m x4

9x %X 3y

4xy X 2xy

4y X 2x X 3y
6abc X 2a
12x2 X 2 X 3)?

2x X 3y X 2xy
4 X 2x x 3x2y
10x X2y %3
4xy? X 2x%y
9 X xyz X 4xy

2x X xp? X 3xy

12rs
d 2r
15r
h 60rs
r
: 9r
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2 Making sense of algebra

4 Simplify.
a 8x=2 b 12xy=+2x c  16x?+4xy d  24xy <+ 3xy
e 14x2+2y? f  24xy+8y g 8xy=+24y h  9x +36xy
. Txyz . 45xy K 60x2y2 | 100xy
" Tz b 20k 15xy 25x2
5 Simplify these as far as possible.
Q X é b ﬂ X g C a_b X % d Z_a X é
2 3 3 4 2 3 3 b
2a , 3b Sa. Sa a, 2b ab  a
¢ 1% 55 9 % 3
. 2a . 2a a_ 3 Sa _ 4a
A Io4x3 6 2a S NANT:

2.4 Working with brackets

When an expression has brackets, you normally have to remove the brackets before you
can simplify the expression. Removing the brackets is called expanding the expression. MATHEMATICAL
CONNECTIONS

To remove brackets you multiply each term inside the bracket by the number (and/

or variables) outside the bracket. When you do this you need to pay attention to the You will learn more
positive and negative signs in front of the terms: about expanding
x(y+tz)=xy+xz x(y—z)=xy—xz expressions to
—x(y +2) = —xy — xz —x(y—z) = =Xy + xz remove brackets in
Chapter 10.

Expanding brackets is really just multiplying, so the same rules you used for
multiplication apply in these examples.

WORKED EXAMPLE 9

Expand the following expressions.

a 2(2x+ 6) b 4(7 - 2x) c  2x(x + 3y) d  xy(2 - 3x)
Answers
a i For parts (a) to (d) write out the

[ i expression, or do the multiplication
22x+6)=2%x2x+2x%x 6 mentally.

A _ 4x + 12 Follow these steps when multiplying by
ii a term outside a bracket:

*  Multiply the term on the left-hand

b i . B inside of the bracket first — shown
4\ ! " by the red arrow labelled i.
47 -2x) =4 x 7 -4 x 2x . .
A *  Then multiply the term on the right-
=28 - 8x hand side — shown by the blue

. arrow labelled ii.

e Then add the answers together.
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WORKED EXAMPLE 9 CONTINUED

c i
/N i i
2X(x + 3y) = 2x x x + 2x x 3y
v = 2x* + bxy
ii
d i

i ii
xy(2 = 3x) = xy x 2 — xy x 3x
= 2xy — 3x%y

Exercise 2.5

1  Expand:
a 2x+06) b 3(x+2) c 4(2x+3)
d 10(x - 6) e 4(x-2) f 32x-3)
g Sa+4) h 6(4+a) i 9a+2)
i 7Qc—2d) k  23c—-2d) I 4(c+4d)
m  52x - 2y) n  6(3x—2y) o 3(4y-2x)
p  4(s—4pP q 9 -y r 74t + 1)

2 Remove the brackets to expand these expressions.
a 2x(x+y) b 3yx-y) c  2x(x+2y)
d  4x(3x-2y) e xy(x-—y) f 3y@x+2)
g 2ab(9 - 4b) h 2423 - 2b) i 3d%4 - 4b)
i 4a(9 - 2b) k 5b(2-a) I 3a(4-b)
m  2x2p(y — 2x) n  4x)%(3 - 2x) o 3xyx+y)
p X*y2x+y) q 9Ix¥9-2x) r  4x)’(3 - x)

3 Given the formula for area, 4 = length X width, write an expression for 4 in terms
of x for each of the following rectangles. Expand the expression to give 4 in
simplest terms.

a b c

x+7 o1 4x

X 2x x—1
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2 Making sense of algebra

INVESTIGATION

Maths jokes

What makes maths so funny?

Look at these examples of maths jokes.

f t hadt tew dollars " Bxpand 2 (x + 3y)
for every tlme i(x +3y)

algebra helped wee, i 3y)

vl have 10x AoUaYs: " sy

If you do an internet search for ‘maths jokes’ you get about 12 million entries.

Alg ebora Wasv\:’t very
challenging W
Ancient Rowme
pecause X Was

always equal €0 g

*  What is the premise of each joke? In other words, what makes it funny?

*  Find at least two more maths jokes that you think are funny.
Tell your group why each one is amusing to you.

Expanding and collecting like terms

When you remove brackets and expand an expression you may end up with some like
terms. When this happens, you collect the like terms together (add or subtract them) to

write the expression in its simplest terms.

WORKED EXAMPLE 10

Expand and simplify where possible.

a 6(x+3)+4 b 26a+1)-2a+4
Answers
a O6x+3)+4 = 6x+18+4
= bx+22
b 206a+1)-2a+4 = 12a+2-2a+4
= 10a+6
¢ 2Xx+3)+x(x—4) = 2x2+ bx+ x?—4x
= 3x2+ 2x

¢ 2x(x+ 3)+ x(x — 4)

Remove the brackets.
Add like terms.

Remove the brackets.

Add or subtract like terms.

Remove the brackets.

Add or subtract like terms.
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Exercise 2.6

1 Expand and simplify.

a 2(5+x)+3x b 3(y-2)+4y c 2x+2(x—4)

d 4x+2(x-3) e 24+1-5 f 4x+2)-7

g 6+3(x—-2) h  4x+2Q2x+3) i 2x+3+22x+3)
i 32h+2)-3h-4 k 6d+2(d+3) I Ty+y(x—4)—4
m 2x(x+4)—4 n 2yQ2x-2y+4) o 2s(5—4s) — 4s?
P 3x@x+4)-9 q 3p+2)-4? roo2x—1)+4x—4

2 Simplify these expressions by removing brackets and collecting like terms.

a 4(x+40)+2(x-3) b 2(x-2)+2(x+3)

c 3(x+2)+4(x+5) d  8(x+10)+4(3 - 2x)

e 4(x2+2)+2(4-x? f 4p(p+1)+2p(p+3)

9 3p(4g —4) +4Gpq + 4p) h  2x(5y — 4) + 2(6x — 4xy)
i 3x(4 = 8y) + 3(2xy — 5x) j 3(6x — 4y) + x(3 = 2y)

k  3x%2(4 —x)+2(5x2—-2x?) I x(x—p»)+302x—-y)

m 4(s—2)+3s4—1) n x(x+yp) +tx(x—y)

o 2x(x+y)+2(x2+ 3xp) p x(2x+3)+3(5-2x)

q 4@2k=3)+(k-53) ro 3(4xy —2x) + 53x — xy)

Expanding brackets with negative coefficients

So far the numbers in front of the brackets you expanded were positive. You expand
brackets in the same way when there is a negative number before the bracket, but you
have to make sure you use the correct signs.

The key is to remember that a “+’ or a ‘=’ is attached to the number immediately
following it and should be included when you multiply out brackets.

WORKED EXAMPLE 11

Expand and simplify the following expressions. Remember:

a -3(x+4) b 4(y—-7)-5@y+)5) c 8(p+4)—-1009p - 6) + X+ =+

Answers tx-=-

a -3kx+4) Remember that the negative TXo=t
—3(x+4)=-3x-12 sign is attached to the 3.

—3xx=-3xand -3 x4=-12

b 4y-7)-58y+5 =4y—-28 -15y - 25 Remember that both terms
in the second bracket are
multiplied by -5.

=-11y-53 Collect like terms and simplify.
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2 Making sense of algebra

WORKED EXAMPLE 11 CONTINUED

c 8(p+4)-1009p-6)=8p+32-90p+ 60 Remove the brackets. Pay
attention to the negative signs.

=-82p+ 92 Collect like terms and simplify.

Exercise 2.7

1 Expand each of the following and simplify your answers as far as possible.

a —103p+6) b -35x+7) c  —5(4y+0.2)
d -3(¢-12 e —12Q2t-7) f —1.508z-4)
g —3(2x+5y) h  —6(4p + 59) i —9(3h - 6k)

i —2(5h+ 5k - 8)) k  —4Qa-3b-6c+4d) | —6(x2+ 652 —2)%)

2  Expand each of the following and simplify your answers as far as possible.

a 2-5x+2) b 2-5x-2)

¢ l4x-3)-4(x-1) d -7(f+3)-32f-17)

e 3¢g-7(7g—-T)+2(5¢—6) f  6(3y—-5-23y-5)

g 4x(x—4)—10x(3x + 6) h  14x(x+7)—3x(5x+7)

x2—=5x(2x — 6)
k  18pg—12p(5¢ —7)

5¢* = 2q(q —12) = 3¢
12m(2n — 4) — 24n(m — 2)

—_—

3 Expand each expression and simplify your answers as far as possible.

a 8x-233-2x) b 1lx—-(6-2x)

¢ 4x+5-302x-4) d 7-2(x-3)+3x
e 15-4(x-2)-3x f 4x-2(1-3x)—-6
g 3(x+35-45-x) h x(x—-3)-2(x—-4)

Ix(x—2)—(x—-2)
k 3x-5-GB+x)

2x(3+ x) = 3(x — 2)
2x(3x+ 1) —2(3 — 2x)

—_—

2.5 Indices

Revisiting index notation

When you write a number using indices (powers) you have written it in index notation.
Any number can be used as an index including 0, negative integers and fractions.
The index tells you how many times the base has been multiplied by itself. So:

3X3x3x3=34

axaxaxXxaXa=a

3 is the base, 4 is the index

a is the base, 5 is the index

Try not to carry out
too many steps

at once. Show
every term of your
expansion and then
simplify.
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WORKED EXAMPLE 12

Write each expression using index notation.

a XXXXXXX b xXxXxxXyxyxyxy

Answers

a XXxXxXx=xt Count how many times x is multiplied

by itself to give you the index.

b xXxxxxyxyxyxy=x3y4 Counthow many times x is multiplied
by itself to get the index of x; then
work out the index of y in the same

way.

When you write a power out in full as a multiplication you are writing it in expanded
form.

The laws of indices in algebra

The laws of indices are very important in algebra because they give you quick ways of
simplifying expressions. You will use these laws over and over again as you learn more
and more algebra, so it is important that you understand them and that you can apply
them in different situations.

Multiplying the same base with different indices

Look at these two multiplications:

32 x 34 X3 X x4

In the first multiplication, 3 is the base and in the second, x is the base.
You already know you can simplify these by expanding them like this:
3Xx3X3X3IXIX3I=36
In other words:
32x34:32+4 and x3xx4:x3+4

When you multiply index expressions with the same base you can add the indices:
xXm X xn=xm +n

WORKED EXAMPLE 13

Simplify.

XXXXXXXxXxXxXx=x7

a xXxx b  2x%yx 3xy*

Answers
Add the indices.

a X3 =x2t3=x5

b  2x%y x3xy*=2x3 xx2*1 x y'*4 = 6x3>  Multiply the numbers first,
then add the indices of like

variables.

MATHEMATICAL
CONNECTIONS

In finance, when

you apply interest

to savings, the value
increases by the same
percentage each day,
month or other fixed
period of time. This
involves repeated
multiplication by the
same number. You
will see this when

you study compound
interest in Chapter 17.

Remember, every
letter or number
has a power of 1
(usually not written).
So x means x' and
y means y'.
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2 Making sense of algebra

Dividing the same base number with different indices
Look at these two divisions:

34+ 32 and x0+ x?

You already know you can simplify these by writing them in expanded form and
cancelling like this:

IX3IXFXF XXXXXXXX XXX MATHEMATICAL
¥x¥ X XX CONNECTIONS

=3x%x3 =SXXXxXxXXx

=132 = x4 You will use the
multiplication and

In other words: division rules more

34:32=342 and 6= x2= x6-2 when you study

standard form in
When you divide index expressions with the same base you can subtract the indices: Chapter 5.

XM = xn = ym-n

WORKED EXAMPLE 14

Simplify.
a X_é b 6_‘5’5 c 10x%y?
X2 382 5Xy
Answers
a X°_ X672 = x4 Subtract the indices.
X2
b 6a° _6 a® Divide (cancel) the coefficients.
2 2
3a 3 a Remember: the
_2y a2 Subtract the indices. coefﬁaerﬁ is the
1 number in the term.
=2a3
10x%y? 10 _x3_Y? - -
Sxy = 5 X S0 % 7 Divide the coefficients.
= % X x31 x y2 Subtract the indices.
= 2x%y
The power 0

4
Any value divided by itself gives 1,so3+3=1and x + x =1 and % =1.

4
o L X

If you use the law of indices for division you can see that — = x4~ = x°
X

x4
So, you can see that i x0=1

Any value to the power 0 is equal to 1. So x° = 1.
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Raising a power

Look at these two examples:

(x3)2 = x3x x3 = x¥3 = x6 (2x3)* = 233 X 2x3 X 2x3 X 23 = 24 x x 3333 = |6y 12
By writing in expanded form like this you can see that (x3)?> = x¢ and (2x3)* = 16x'?

When you have to raise a power to another power you multiply the indices: (x™)" = x™»

WORKED EXAMPLE 15

Simplify.
a ()¢ b (3x%?)? c (P =+ (p4?
Answers
a (x3)°6=x¥¢ Multiply the indices.
= x18
b (3x*y3)? Square each of the terms to remove the

brackets and multiply the indices. A common error is to

forget to take powers

=32 x x42 x y3xz

=9x8y° of the numerical
c (Pt (p%)? Expand the brackets first by multiplying the terms. Fk;)r examplz,
Ixd . x2 indices. Divide by subtracting the indices. in part ( )youln’ee
=p¥*+p to square the ‘3" to
=pl2+p2 give 9".
= pi12-12
= po
Exercise 2.8
1 Simplify.
a x2xx° b axat c  pExy0 d X xx*
e yxy fooyixy g yxy h rxr
i 3x*x2x3 j 32 x 34 k  2mxm’ I 383 x2s*
m 5x3x3 n  8x*xx3 o 4% 2z P x2x4x>
2 Simplify.
a x0+x* b gi2+g} c pr=y? d KBk
s> x6 6x> o’
€ N f ? 9 2x3 h 3[74
: 122 . 3x4 A ot
3y s 5x° 363
3x3 16a2h> 12xy?
M 9y " T4ab ° 2xy?
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2 Making sense of algebra

3 Simplify.
a (&) b () c (N d ()
e (2x%° f  (3c2d?)? g (x*H° h  (5x%)3
i (@b) IS ko (o I (dgh?y
x2\°
m  (3x?)* n  (x%)°* o (7>

4 Use the appropriate laws of indices to simplify these expressions.

a  2x2x3x3x2x b 4x2xx3x%y ¢ dkXkxk?
d (x?)?+4x? e 11x?x4(a?b)? f o4x(x2+7)
g xX(4x-—Xx? h X8+ (x3)? i Ix3? = (XPy)?
(4x2 % 3x%) c (a’4)3 | X8 X (xy2)*
6x4 b2 (2x2)4
m (8x?)° n o 4x2x2x3+ (2x)° o M
(2xy)?

Negative indices

In Chapter 1 you learned how to use negative numbers as indices. You will now apply

those rules to expressions containing letters.
Look at these two methods of working out.

Using expanded notation: Using the law of indices for division:

3.5 XX x XX
XX T X xXxXaxXx X3+ x5 = x33
_ 1 = x72
T oxXx
- L
X2

This shows that Lz =x72
X

So, x™ = % (when x £ 0)

In everyday language you can say that when a number is written with a
negative power, it is equal to 1 over’ the number to the same positive power.
Another way of saying ‘1 over’ is reciprocal, so a=? can be written as the

. , 1
reciprocal of a% i.e. .
a

When an expression contains negative indices, you apply the same laws as for other
indices to simplify it.

When there is a
mixture of numbers
and letters, deal with
the numbers first
and then apply the
laws of indices to the
letters in alphabetical
order.

LINK

Negative indices are
often used in units in
physics. For example,
you often write
‘kilometres per hour’
as 'kmh-"".

MATHEMATICAL

CONNECTIONS

Both positive and
negative indices are
used in standard
form. You will learn
to use standard form
to write very large or
very small numbers in

Chapter 5.
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WORKED EXAMPLE 16

1 Write these with a positive index.
a x™ b y3
Answers
4_ ] 51
a X4 = F b y 3= ?
2 Simplify. Give your answers with positive indices.
2
% b 2x2x 3x-4 ¢ (3y)3
Answers
a2 _ A4 . b 2x2x3x% = %X%
¢ T 27" XX
= 2x2 _ 6
> X2+4
= ; _ i
6
¢ By = =
3y?)?
N 1
T 33 y2:3
_ 1
27y

The laws of indices can also help you find the value of an index in simple equations.
For the same base, if a¥= ", then x = n.

For example, 2* = 8. You know that 23 = 8, so 2¥ =23 and x = 3.

WORKED EXAMPLE 17

If 2x = 128 find the value of x.

Answer
2x = 128 Rewrite 128 as a power of 2. You might need to use trial
27 = 128 and improvement to do this.
Sxoo=7

Exercise 2.9

1  State whether the following are true or false.

e |
2 Write each expression so it has only positive indices.

a x7? b y-3 c  (xp)2 d 2x72

e I2x73 f 73 g 8xy3 h  12x73y™
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2 Making sense of algebra

3 Simplify. Write your answer using only positive indices.

a bi3xpt b 2x73x3x73 c 48+ 12¢
h’ 2)-3 -2\3
d F e (2X?) f (¢?
- — Lt x ab
g x3+x e a a
. B B 2x3y3 oyt m3n=® mSn?
J (x4y 2)3 x (xyS) 2 k xzy_4 x g I m_4n7 - m_2n4
(3m4n3)2 . 3mn
2mn ) 2m2n¥?
'-' 4  Find the value of x in each equation.
a 3=8l b 2v=32 c 4=l
X = L I-x = L X =
d =125 e 10 =100 f 22+1=9
g 4x%x3=36 h 3x3v=243
Summary of index laws
XX X = xmtn When multiplying terms, add the indices.
XM X = X When dividing, subtract the indices.
(xmyn = xmn When finding the power of a power, multiply the indices.
gthep p ply
x0=1 Any value to the power 0 is equal to 1.
xm= xl—m (when x # 0)

Fractional indices

The laws of indices also apply when the index is a fraction. Look at these examples
carefully to remind yourself what fractional indices mean in algebra:
x% X x%

1,1

Use the law of indices and add the powers.

X272
X!

X

In order to understand what x> means, ask yourself: what number multiplied by itself
will give x?

VX X VX =X

So, X*=Vx

y% X y% X y%

ERE RS Use the law of indices and add the powers.

I
= <

1
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What number multiplied by itself and then by itself again will give y?

VY XYY XYy =y

Soyi=¥y

This shows that any root of a number can be written using fractional indices.
So, x7 = "VX.

WORKED EXAMPLE 18

1 Rewrite using root signs.

a y: b x5 c x
Answers
1 1 1
a yi=\Jy b X =VX ¢ xI=VX

2 Write in index notation.

a /90 b V64 c Yx d Vx-2
Answers

a /90 =90: b V64 =64t

c Ux=xi d Yx=2) =(x-2)s

Dealing with non-unit fractions

Indices may contain non-unit fractions, for example x5 or yt. To find the rule for
working with these, you have to think back to the law of indices for raising a power to
another power. Look at these examples carefully to see how this works:

A non-unit fraction
has a numerator
that is not 1. For

2 (12 1 _2 2 5
xi=(x3) 3 x 2 3 example, 3 and 7 are

3 13 1 3 non-unit fractions.
yi=(yi) 25377

You already know that a unit fraction gives a root. So you can rewrite these expressions
using root signs like this:

()

3

(e = () and ()" = (17)]

3

So, xi= (%)  and yi = (V)

You can reverse the order of calculations here and the result will be the same.

X7 = xm*5 = (x%)m = (%—()m

m xL nm n m
In general terms: x7 = x"* = () =)
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2 Making sense of algebra

WORKED EXAMPLE 19

Simplify (f/?) X (ﬁ)g
Answer
3 1 3 1
(Va2)* x (Va3)® = (2%’ x (a3’
=aixal
3,1
= as5"'3
= a%*%

m
n

Apply the rule Va™ = a

Raise the powers. Simplify the fractions.

Apply laws of indices.

Form equivalent fractions and add them.

In Exercise 2.9 you worked out the value of x when it was the exponent in an equation.
An equation that requires you to find the exponent is called an exponential equation.

WORKED EXAMPLE 20

If 2x+3 = 11_6 find the value of x.

Answer
1

x+3 — —
2 1

2x+3 = D-4
x+3=-4

x==7

Rewrite the fraction as a power of 2 with a negative index.

Equate the indices.

Exercise 2.10

1

2

Simplify. 1

1 1 1 y4 ?
a  xixXxs b x2 c )ﬁ)

5 7.1 3 2x3
e a_z f gbz +=b2 g f

ai X3

i 307 i %x% +2x? k  ——sis =257
m -——xit-2x7% n %x% +2x2 o VxxVx3
Find the value of x in each of these equations.
a 2=64 b 196*=14 c x5=7

X = X = -X = l
e 3= 811 f  4x=1256 g 2= a
i 9"‘=8—1 j  3~=8l k 64v=2

X6
(5
9ks
12k3
3.1 . Remember, simplify
4 TN means to write in its
, simplest form. So, if
x2y you were to simplify
X3 x5 X x~% you would
write
1_1
= X5 2
(x=1)i=64 = xb-
31=8] = X7
1
16r=8 Y
X110
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SELF ASSESSMENT

These are the stems of a 3: 2 : 1 summary:

o =things t learned are:

o 2 questions t had were:

o 1 thing | understood really quickly was:

Youcan use a 3:2: 1 summary to assess your own learning.

Here is an example of a student self assessment for this chapter.

3 things | learnt are:

+ ndices in algebra work the same as in number

o Yow can write terms with negative indices as fractions to get
positive indices

o Culbe roots can be written using % as the tndex

2 questions ( had were:

*  How do You work with fractions whew the numerator isnw't 12

+ can you use Your caleulator to work with indices?

1 thing  understood really quickly was:

o How to use the laws of indices with Letters.

Complete your own 3 : 2 : | summary to assess your learning in this chapter.

SUMMARY

Do you know ...?

Algebra has special conventions (rules) that allow you to write mathematical information in short ways.

Letters in algebra are called variables, the number before a letter is called a coefficient and numbers on their
own are called constants.

A group of numbers and variables is called a term. Terms are separated by + and — signs, but not by X or
+ signs.

Like terms have exactly the same combination of variables and powers. You can add and subtract like terms.
You can multiply and divide like and unlike terms.

The order of operations rules for numbers (BODMAS) apply in algebra as well.

Removing brackets (multiplying out) is called expanding the expression. Collecting like terms is called
simplifying the expression.

Powers are also called indices. The index tells you how many times a number or variable is multiplied by itself.
Indices only apply to the number or variable immediately before them.

The laws of indices are a set of rules for simplifying expressions with indices. These laws apply to positive,
negative, zero and fractional indices.
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q’h copying is restricted under law and this material must not be transferred to another party.



2 Making sense of algebra

SUMMARY CONTINUED

Are you able to ...?

use letters to represent numbers

write expressions to represent mathematical information

substitute letters with numbers to find the value of an expression

add and subtract like terms to simplify expressions

multiply and divide to simplify expressions

expand expressions by removing brackets and getting rid of other grouping symbols

use and make sense of positive, negative and zero indices

apply the laws of indices to simplify expressions

work with fractional indices

solve exponential equations using fractional indices.

Practice questions

1 For a number, n, write an expression for:

a the sum of the number and 12 [1]
b  twice the number minus four [1]
c  the number multiplied by x and then squared [1]
d  the square of the number cubed. [1]

2 If nis any positive integer,
a  Write an expression that is an even number for all possible values of n. [1]
b  Explain why 2n + 1 is always an odd number. [1]

Every positive odd number p can be written in the form p = 2n + 1.
c  Write an expression, in terms of n, for the next largest odd number after p. [1]

d  Use your answer to part (c) to show that any two consecutive odd numbers
always add up to an even number. [3]

3 Walls are made from bricks with algebraic expressions written on the sides.
Each expression is made by adding the two expressions underneath, like this.

a+b

a b

a  Here is another wall. Write an expression for the brick at the top. [2]

ISBN 9781009297912 © Morrison & Hamshaw 2023 Cambridge University g?ss >
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b  Make a copy of the next wall and fill in the missing expressions. [3]

3r+ 6gq 2q —3r

2q =3r

c  Another wall is made with six bricks as before. The expressions in the bottom
bricks are 24, j, and 2k reading left to right, where 4, j and k are integers.

Explain why the top brick always contains an even number. [4]
4 Simplify.
a  9xy+3x+6xy—2x [2] b 6xy—xy+3y [2]
5  Simplify.
a’b?
a Py 21 b 2(x3)? [2] c 3xX2x%? [2]
d  (dax?)° [2] e 4x¥yxx3)? [2] f 3x7*x5x¢ [2]
3 6x76 -5)2 ; 3x ’
9 7T 4y Bl h @) S <4y> g
. 4x2p 4p>q™*  Spq”’
j k4 3] i X5 s Dl
12x77y9 30p%q* 2p7tq
6 Simplify 7x3y? X (2x)? = (4x3y)? — 4xp? X 10x° [3]
'-' 7  Find the value of (x + 5) — (x — 5) when:
a x=1 [ b x=0 M ¢ x=5 [1]

F) e 5=+
O N 2u+vl 1

Without using a calculator find s if u = %, y= 45, t=3.

Write your answer as a simplified fraction. [3]

9  Expand each expression and simplify if possible.

a 5x-2)+3x+2 [3] b Sx(x+7y)—2x2x—-y) [3]
10 a m(m—n)—nn—m) [3]
b x(y-2)+yz-x)+zx~-y) (3]
11 Simplify and write the answers with positive indices only.
_ 8x? _
a xIXx7? [2] ot 2] ¢ (2x-2)3 [2]
12 Find the value of each unknown when:
a 4 =04 21 b 3-5=22 [2] ¢ 4x67"=864 [2]
'-' 13 Ifa=3,b=2andc=—1, find the value of a’® — ¢ + bh* 2]
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2 Making sense of algebra

14 Simplify.

a  3x1X5x: 2] b (81y%): 2] ¢ (64x%): 2]
15 Find the value of x when:

1\ _ o 1 ‘o ol

a (5)_8 Pl b 3= ] ¢ 125=5 2] d 155 [
16 p=2¥andg=2"

Find, in terms of p and ¢:

a 2ty 2] b 2vtr-2 2] ¢ 2% 2]
17 Find the value of n for which: X

a wl=272 2] b 4=(32) 2]

SELF ASSESSMENT

Mark your answers to the practice questions.
Complete these statements in your book.

e ] nowknow ...

e [ need to know more about ...

e  These things went well ...

I could do betterif I ...
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Lines, angles
and shapes

|
e

IN THIS CHAPTER YOU WILL:

* use the correct terms to talk about points, lines, angles and shapes
classify, measure and construct angles

calculate unknown angles using angle relationships

‘‘‘‘‘‘

talk about the properties of triangles, quadrilaterals, circles and polygons

construct triangles using a ruler and a pair of compasses.
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70



3 Lines, angles and shapes

The photo on the previous page shows buildings and the harbour promenade in
Hamburg, Germany. The architects have made good use of lines to draw in the eye and
curves to add interest to the design. What mathematical challenges can you see in the
design of this building?

Geometry is one of the oldest known areas of mathematics. Farmers in Ancient
Egypt knew about lines and angles, and they used them to mark out fields after floods.
Builders in Egypt and Mesopotamia used knowledge of angles and shapes to build
huge temples and pyramids.

Today construction workers, surveyors and architects use geometry to plan and build
roads, bridges, houses and office blocks. Lines and angles are also used when reading
maps and in the software of GPS devices. Artists use lines and angles to get the correct
perspective in drawings, opticians use them to make spectacle lenses and tennis and
snooker players use them to work out how to hit the ball. Can you think of any other
sports where lines and angles play an important role?

GETTING STARTED

Spider diagrams like this one are useful for summarising information.

Copy the diagram into your book or work with a partner on a large sheet
of paper.

Add bullet points or simple diagrams to each topic to show what you
already know.

Add more bubbles if you need to.

Lines,
angles and
shape

Measuring
angles

Angle
Relationships

Parallel
lines

Quadrilaterals
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KEY WORDS

alternate angles
co-interior angles

complementary
angles

corresponding
angles

parallel
perpendicular

supplementary
angles

vertically opposite
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3.1 Lines and angles

Mathematicians use specific terms and definitions in geometry. You are expected to
know what the terms mean and to use them correctly in your own work. Read through
the table to remind yourself of the key terms and what they mean.

Terms used to talk about lines

Point A point is shown on paper using a
dot (-) or a cross (X). Most often

you will use the word ‘point’ to talk | 4« 7
about where two lines meet. You
will also talk about points on a grid
.- . X B(2,3)
(positions) and name these using
ordered pairs of co-ordinates (x, y).
ol X

Points are normally named using
capital letters.

Line A line is a straight (one-dimensional)

figure that extends to infinity in

both directions. Normally though,

the word ‘line’ is used to talk about A B

the line segment that is the shortest T : T
. . line AB

distance between two points.

Lines are named using starting point
and end point letters.

Parallel A pair of lines that are the same
distance apart all along their length A B
are parallel. The symbol || (or //) is T
used for parallel lines, e.g. AB|| CD.

v

Parallel lines are marked with arrows | C D

. 1 N 1
on diagrams. T z T
AB| CD

The shortest
Perpendicular | When two lines meet at right angles M distance between a

they are perpendicular to each 90° angle point and a line is

other. The symbol L is used to show v the perpendicular

that lines are perpendicular, e.g. p [ | 0 distance from the
N

MN L PQ. point to the line.

MN L PQ

7%380}9781009297912 © Morrison & Hamshaw 2023 Cambridge University Press
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3 Lines, angles and shapes

LINK

Builders, designers,
architects, engineers,
artists and jewellers
use shape, space and
measure as they work
and many of these
careers use computer
packages to plan and
design various items.
Most design work
starts in 2D on paper

or on screen and
INVESTIGATION moves to 3D for the

final representation.
You need a good

1 Study the photograph of the Harpa Concert Hall. Try to find an example understanding
to illustrate each term in the table. of lines, angles,
shape and space
to use computer-
3 Choose one of the 3D column-shaped bricks that you can see on the aided design
right-hand face of the building. (CAD) packages.

a  What is the mathematical name for this type of shape?

The photo shows the Harpa Concert Hall in Reykjavik, Iceland.
The three-dimensional glass and steel bricks used to build the walls were
inspired by the shape of basalt columns.

Shapes and solids

2 How many types of polygon can you find in the design of the walls?

b  Can you work out how many faces the shape has? How?

4  The Harpa building was designed using 3D digital modelling. The model
was shared online as people in different countries worked on the design.
Discuss these questions in groups.

a How can a 3D model help an architect design structures, lights,
ventilation, electrical wiring and plumbing?

b  What advantages does 3D computer modelling have compared to
plans drawn on paper?
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Terms used to talk about angles

Angle

When two lines meet at a point, they
form an angle. The meeting point is
called the vertex of the angle and the
two lines are called the arms of the
angle.

Angles are named using three letters:
the letter at the end of one arm, the
letter at the vertex and the letter at
the end of the other arm. The letter
in the middle of an angle name
always indicates the vertex.

arm

N

— angle

B
\ vertex

Angle ABC

Acute angle

An acute angle is >0° but <90°.

A C D M
E< >>N
F P
B

ABC <90° DEF <90° MNP <90°

Right angle A right angle is exactly 90°. X
A right angle is formed between
perpendicular lines. A right angle
is represented by a square in the Y 7
corner. XYZ=90% XYL YZ
Obtuse angle | An obtuse angle is >90° but <180°. A p 0
B ¢ R
ABC>90° PQOR>90°
Straight angle | A straight angle is 180°. A line is M
considered to be a straight angle.
N
MNO = 180°
0! MO = straight line
Reflex angle A reflex angle is >180° but <360°.

/ \ D
A C é\F
ABC > 180° DEF > 180°

ISBN 9781009297912

7pn

© Morrison & Hamshaw 2023
copying is restricted under law and this material must not be transferred to another party.

Always take time

to measure angles
carefully. This is
particularly important
when you have

to calculate using
angles you've
measured because

a careless error can
lead to several wrong
answers.
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3 Lines, angles and shapes

Revolution A revolution is a complete turn:
an angle of exactly 360°.

0
360°
Measuring and drawing angles MATHEMATICAL
The size of an angle is the amount of turn from one arm of the angle to the other. COECTIoN:
Angle sizes are measured in degrees (°) from 0 to 360 using a protractor. You will use these
skills when drawing
pie charts in
Chapter 4.
clockwise anti-clockwise If the arm of the
scale scale angle does not
centre baseline extend up to the

scale, extend the arm
past the scale. The
length of the arms of
the angle does not

LINK affect the size of the

angle.

A 180° protractor has two scales. You need to choose the correct one when you
measure an angle.

Geographers and other
geoscientists use a piece
of equipment called a
‘clinometer’ to measure
angles and calculate the
heights of cliffs on the
coastline. A clinometer
looks and behaves quite
like a protractor, but

it usually also has an
eyepiece, so that you can
easily line up with the top
of the cliff. Geologists,
engineers and surveyors
also use clinometers to
work out heights, for
example of microwave
towers and satellite dishes.
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Measuring angles <180°

When an angle is smaller than 180° you can read the size from the scale on

the protractor.

WORKED EXAMPLE 1

Measure angles ABC and PQR.
A

B C P

Answer

extend
arm BA
’ .
A7 r.ead size on
{ inner scale

B

[
Angle ABC = 50° Start at 0°

Place the centre of the protractor at B and align
the baseline so it sits on arm BC. Extend arm BA
so that it reaches past the scale. Read the inner
scale. Angle ABC = 50°

read size on
outer scale

0 )
20 100 80 [ 55572,
SONG,
0

0

k2

i ¢
Start at 0° Angle PQR = 105°

Put the centre of the protractor at Q and the
baseline along QP. Start at 0° and read the outer
scale. Angle POR = 105°

Measuring angles >180°

Here are two different methods for measuring a reflex angle with a 180° protractor.

Use the method that you find easier.
Suppose you had to measure the reflex angle ABC:

C

>

Angle ABC is >180°

If the word reflex

is not included you
can assume you are
dealing with the
angle between the
two arms (acute, right
or obtuse).

ISBN 9781009297912
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3 Lines, angles and shapes

Method 1: Extend one arm of the angle to form a straight line (180° angle) and then
measure the ‘extra bit’. Add the ‘extra bit’ to 180° to get the total size.

C
D .-D
A -
180°
A
Extend AB to point D. You know the angle of a straight Measure the other piece of the angle DBC

line is 180°. So ABD = 180°.

(marked x) and add this to 180° to find angle ABC.
180° + 130° = 310°
.. ABC =310°

Method 2: Measure the inner (non-reflex) angle and subtract it from 360° to get the size
of the reflex angle.

A

C

You can see that the angle 4 BC is almost 360°.

Exercise 3.1

1

2

For each angle listed:

state what type of angle it is (acute,
right or obtuse)

estimate its size in degrees

use a protractor to measure the actual size
of each angle to the nearest degree.

BAC b BAD ¢ BAE
CAD e CAF f CAE
DAB h  DAE i DAF

50°

Measure the size of the angle that is <180°
(non-reflex) and subtract from 360°.

360° — 50° = 310°
L ABC =310°

D

What is the size of reflex angle DA B in the diagram for question 1?
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INVESTIGATION

3 This protractor is circular.

a How is this different from the 180° protractor?

b Write instructions to teach someone how to use a circular protractor
to measure the size of an obtuse angle.

¢ How would you measure a reflex angle with a circular protractor?

Drawing angles

You can draw an angle of any given size if you have a ruler, a protractor and a sharp
pencil. Work through this example to remind yourself how to draw angles <180°

and >180°.

WORKED EXAMPLE 2

Draw each angle:

a ABC=76° b XYZ=195°.
Answers
a

B

Use a ruler to draw a line to represent one arm of
the angle, make sure the line extends beyond the
protractor.

Mark the vertex (B).

Place your protractor on the line with the centre at
the vertex.

Measure the size of the angle you wish to draw and
mark a small point.

Remove the protractor and use a ruler to draw a line
from the vertex through the point.

Label the angle correctly.

B C
b . .
¥ Y For a reflex angle, draw a line as in (a) but mark one
arm (X) as well as the vertex (Y). The arm should
extend beyond the vertex to create a 180° angle.
743880}9781009297912 © Morrison & Hamshaw 2023 Cambridge University Press
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3 Lines, angles and shapes

WORKED EXAMPLE 2 CONTINUED

180° line).

Remove the protractor
and use a ruler to draw

Y\ a line from the vertex
through the third point.

Calculate the size of rest the angle: 195° — 180° = 15°.

Measure and mark the 15° angle (on either side of the

Label the angle correctly.

To draw a reflex
angle, you can also
work out the size of
the inner angle and
simply draw that.
360° — 195° = 165°.
If you do this,
remember to mark
the reflex angle on
your sketch and not
the inner angle!

Exercise 3.2

1 Use a ruler and a protractor to accurately draw the following angles:
a ABC=280° b PQOR=30° ¢ XYZ=135
d EFG=90° e KLM=210° f JKL=355°

PEER ASSESSMENT

Exchange the angles you drew in Exercise 3.2 with a partner.

1  Use your protractor to measure each angle and give them a rating from
1 to 4 for accuracy (1 is not very accurate and 4 is extremely accurate).

2  What hints can you give people to help them draw angles as accurately
as possible?

Angle relationships
Make sure you know the following angle facts:
Complementary angles

Angles in a right angle add up to 90°.
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When the sum of two angles is 90° those two angles are complementary angles.

y L]

In general terms:

For complementary
angles, if one angle
is x°, the other must
be 90 — x° and vice
versa.

For supplementary
angles, if one angle
is x°, the other must
be 180 — x° and vice
Angles on a straight line add up to 180°. versa.

a+b=90° x+y=90°

Supplementary angles

When the sum of two angles is 180° those two angles are supplementary angles.

A 24

a+b=180° x + (180° — x) = 180°

Angles round a point
Angles at a point make a complete revolution.

The sum of the angles at a point is 360°.

R

360° a+b+c=360° a+b+c+d+e=360°
Vertically opposite angles

When two lines intersect, two pairs of vertically opposite angles are formed.

The adjacent angle
pairs in vertically
opposite angles
form pairs of
supplementary
angles because they
are also angles on a

Vertically opposite angles are equal in size.

<

straight line.
Two pairs of vertically The angles marked x are equal x+y=180°
opposite angles. to each other. The angles marked y
are also equal to each other.
8(13350}9781009297912 © Morrison & Hamshaw 2023 Cambridge University Press
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3 Lines, angles and shapes

Using angle relationships to find unknown angles

You can use the relationships between angles to work out the size of unknown angles.
To do this:

e identify the relationship

e make an equation

e  give reasons for statements

e  solve the equation to find the unknown value.

WORKED EXAMPLE 3

Find the size of the angle marked x in each of these figures. Give reasons.
Answers
a 4 | D a 72°+x=090° You are told that angle
| ' L (angle ABC = 90°, ABC is a right angle, so
comp angles) you know that 72° and
1 1 _ ono _ 790 x are complementary
x=90"-72 angles. This means that
72° x=18° 72° + x = 90°, so you
B X1y L can solve to find the
value of x.
b E ; b 48°+ 90° + x=180° You can see that 48°,
(angles on line) the right angle and
B . o . Xxareangleson a
x x = 180° =907 - 48 straight line. Angles
F x =42° on a straight line add
up to 180°. So you can
48 rearrange to make x the
subject.
K
G
c A ¢ x=30° (vertically You know that when
D opposite angles) two lines intersect,
3 the resulting vertically
0 opposite angles are
equal. xand 30° are
30° . .
vertically opposite,
& so x = 30°.
B C

In geometry problems you need to present your reasoning in a logical and
structured way.

You will usually be expected to give reasons when you are finding the size

of an unknown angle. To do this, state the relationship that you used to find
the unknown angle after your statements. You can use these abbreviations to
give reasons:

* comp angles * supp angles

® angleson line * angles round point
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Exercise 3.3

1  In the following diagram, name:

a  a pair of complementary angles b a pair of equal angles
c  a pair of supplementary angles d  the angles on line DG
e the complement of angle EBF f  the supplement of angle EBC.

D E
\L/ F
A B\C
G
2 Ineach diagram, find the value of each angle marked with a letter.

a b d Z
/.

P

27°

3 Find the value of x in each of the following diagrams.

K‘R A

L;bw
e
22
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3 Lines, angles and shapes

4  Two angles are supplementary. The first angle is twice the size of the second.
What are their sizes?

5  One of the angles formed when two lines intersect is 127°. What are the sizes of
the other three angles?

Angles and parallel lines

When two parallel lines are cut by a third line (the transversal) eight angles are formed.

These angles form pairs which are related to each other in specific ways. Although *F*, “Z’

and 'C’ shapes help
Corresponding angles (‘F’-shape) you to remember
When two parallel lines are cut by a transversal four pairs of corresponding angles are these properties, you
formed. Corresponding angles are equal to each other. must use the terms

‘corresponding’,

/ ‘alternate’ and ‘co-
interior’ to describe

them when you
answer a question.

A4
\\
A4 °
A4
\
=
o
A4

a=b c=d e=f g=h
Alternate angles (‘Z’-shape) MATHEMATICAL
When two parallel lines are cut by a transversal two pairs of alternate angles are CONNECTIONS

formed. Alternate angles are equal to each other.

You will use the
angle relationships
in this section
again when you

> > deal with triangles,
quadrilaterals,
polygons and circles

J /

- later in this chapter.

k=

Co-interior angles (‘C’-shape)
When two parallel lines are cut by a transversal two pairs of co-interior angles are
formed. Co-interior angles are supplementary (together they add up to 180°). ‘Co-' means together.

Co-interior angles are
found together on
the same side of the
transversal.
Co-interior angles
will only be equal

if the transversal

m+n=180° o+p=180° is perpendicular to
the parallel lines
(when they will both
be 90°).
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The angle relationships around parallel lines and the other angle relationships from _
earlier in the chapter are very useful for solving unknown angles in geometry. LINK
A clever application
WORKED EXAMPLE 4 of alternate angles
makes it possible
Find the size of angles a, b and c in this figure. to create a lifting
platform like the
G e/ © one in the picture.

The top platform
must stay parallel

N/ to the ground as
5 < >> B >T the platform lifts.
Can you see how
Answer corresponding and
a =47° (CAB alt SBA) CAB and SBA are alternate angles and alternate angles are
¢ = 62° (ACB alt CBT) are equal. ACB and CBT are alternate involved?
angles and equal.

a+ b+ c=180° (angles on line) Angles on a straight line = 180°.

S b=180° - 47° - 62° You know the values of a and ¢, so can
b=71° use these to find b.

Exercise 3.4

1 Calculate the size of all angles marked with letters in the following diagrams.
Give reasons.

a 67 b A A [
> s [b\40°
L[ 105 .
7
/ > AN/

d e f
hd
39° b a w

N .

h “\65°) Xy ! A A A

b

a

407 flose|

AN L
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3 Lines, angles and shapes

2 Decide whether AB|| DC in each of these examples. Give a reason for your answer.

a B C b /B o/(:
XY

A D

INVESTIGATION

General results

Mathematical reasoning doesn’t always involve numbers. You can use letters
and algebra to get results that will be true for any numbers. Results like these
are called generalisations or proofs.

1 Work in pairs. Use your reasoning skills to answer these general questions.
a Ifx+y=180,then180 - x=[]?
b Ifx+y=180,theny=[]?
¢ Ify=180-xandz= 180 — x, what is y?
d If x=yandy =z what can you say about x and z?

2 How can you show in general terms that x = y in each of these diagrams?
Share your reasoning and proof with your group.

a A c b A C
E=F Gl v H
X
B D > F
A—))—G
E B D
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3.2 Triangles

A triangle is a plane shape with three sides and three angles.

Triangles are classified according to the lengths of their sides and the sizes of their

angles (or both). Plane means flat.

Plane shapes are flat

LINK or two-dimensional
shapes.

If you fix three straight sticks or rods together in a triangle it is not possible
for the triangle to change its shape without breaking. This is why so many
engineering structures use triangles for rigidity and strength.

Scalene triangle Scalene triangles have no
sides of equal length and
no angles that are of equal
sizes.

Isosceles triangle Isosceles triangles have
two sides of equal length.
The angles at the base of
the equal sides are equal
in size.
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3 Lines, angles and shapes

Equilateral triangle Equilateral triangles have
@ three equal sides and three
equal angles (each is 60°).

60° ‘ 60°

Other triangles

angle ABC > 90°

C A
C
B
90°
e A
a b B C
A B

Acute-angled triangles ~ Right-angled triangles have Obtuse-angled triangles
have all angles <90°. one angle = 90°. have one angle >90°.

Angle properties of triangles

The three angles inside a triangle are called interior angles.

If you extend a side of a triangle you make another angle outside the triangle.
Angles outside the triangle are called exterior angles.

Look at the following diagram carefully to see two important angle properties of

triangles.
A a + b = exterior
VAN Sy N

straight line

The diagram shows two things:
e the three interior angles of a triangle add up to 180°

e two interior angles of a triangle are equal to the opposite exterior angle.

If you try this yourself with any triangle you will get the same results. But why is this
so? Mathematicians cannot just show things to be true, they have to prove them using
mathematical principles. Read through the following two simple proofs that use the
properties of angles you already know, to show that angles in a triangle will always
add up to 180° and that the exterior angle will always equal the sum of the opposite
interior angles.
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Angles in a triangle add up to 180°
To prove this you can draw a line parallel to one side of the triangle.

x + a+ y=180° (angles on a line)

but:

You don't need to
know these proofs,
soa+b+c¢=180° but you do need to
remember the rules

b = x and ¢ = y (alternate angles are equal)

The exterior angle is equal to the sum of the opposite interior angles

associated with them.

MATHEMATICAL
“ S CONNECTIONS

Some of the
so, ¢ =180° — x algebraic processes
a+ b+ ¢ =180° (angle sum of triangle) used here are

. examples of the
¢=180°—(a+ D) solutions to linear
so, 180° — (a + b) = 180° — x equations. You've
done this before, but
it is covered in more
These two properties allow you to find the missing angles in triangles and other detail in Chapter 14.
diagrams involving triangles.

¢+ x = 180° (angles on a line)

hence,a + b =x

WORKED EXAMPLE 5

Find the value of the unknown angles in each triangle. Give reasons for your answers.

Answers
a @ a 82°+30°+x=180° (angle sum of triangle)
x=180° - 82° - 30°

b x = 68°

[

b b 2x+ 90°=180° (angle sum of triangle)
2x = 180° - 90°
2x = 90°
x = 45°
84?:3}9781909.29791.2 . . © Morrison & Hamshaw 2023 Cambridge University Press
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WORKED EXAMPLE 5 CONTINUED

c W c 70°+35°+x=180° (angle sum of triangle)

‘5’ x = 180° - 105°

b x=75°

D y=75° (corresponding angles)
70° + y+ z=180°
70° + 75° + z=180° (angle sum of triangle)
x = 180° - 75° - 70°
z=35°
orz=35° (corresponding angles)

MATHEMATICAL CONNECTIONS

Many questions on trigonometry require you to make calculations like the
ones in Worked example 5 before you can move on to solve the problem.
WORKED EXAMPLE 6
Find the size of angle x, y and z.
Answers
a s a x=60°+80° (exterior angle of triangle)
x = 140°
80°
<
b E b y+70°=125° (exterior angle of triangle)
y =125°-70°
y = 55°
y 125°
c D c 40°+z=110° (exterior angle of triangle ABC)
A z=110° - 40°
c z=170°
The exterior angle
of one triangle may
4 m‘a be inside another
B triangle as in Worked
example 6, part (c).
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Worked examples 5 and 6 are straightforward, so you can see which rule applies. In
most cases, you will be expected to apply these rules to find angles in more complicated
diagrams. You will need to work out what the angle relationships are and combine
them to find the solution.

WORKED EXAMPLE 7

Find the size of angle x. A B
A An isosceles triangle
has two equal
sides and two
D e E equal angles, so if
you know that the
Answer triangle is isosceles
Angle ACB = 50° (base angles isos triangle ABC) you can mark the
two angles at the
CAB = 1800 - 500 - 500 (angle sum Of triangle ABC) bases of the equal
CAB = 80° sides as equal.
Angle ACD = 80° (alt angles)
.. ADC = 80° (base angles isos triangle ADC)
-.x=180° - 80° - 80° (angle sum of triangle ADC)
x = 20°
Exercise 3.5
1  Find the size of each marked angle. Give reasons.
a A b M c A
A A
b @ A &/
C B
B C N 0 b
2 Calculate the value of x in each case. Give reasons.
a A b
/7/®>\
1209 X 2x 4x
D C B
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3 What s the size of the angle marked x in these figures? Show all steps and
give reasons.

a X 4 b D 56°F NN c R
95° ' “ 59°
. A 68°
105 >
B

Y—=2

58°\ X
A T B D
A < b
B 295°

3.3 Quadrilaterals

Quadrilaterals are plane shapes with four sides and four interior angles.
Quadrilaterals are named and classified according to their properties.

Some of these shapes are actually ‘special cases’ of others. For example, a
square is also a rectangle because opposite sides are equal and parallel and
all angles are 90°. Similarly, any rhombus is also a parallelogram. In both of
these examples the converse is not true! A rectangle is not also a square.
Which other special cases can you think of?

Parallelogram Opposite sides parallel and equal.

Opposite angles are equal.

Diagonals bisect each other.

Rectangle Opposite sides parallel and equal.
All angles = 90°.

Diagonals are equal.

Diagonals bisect each other.
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Square

All sides equal.
All angles = 90°.

Diagonals equal.

Diagonals bisect angles.

Diagonals bisect each other at 90°.

Rhombus

All sides equal in length.
Opposite sides parallel.
Opposite angles equal.

Diagonals bisect angles.

Diagonals bisect each other at 90°.

Trapezium

One pair of sides parallel.

Kite

Two pairs of adjacent sides equal.

One pair of opposite angles is
equal.

Diagonals intersect at 90°.

The angle sum of a quadrilateral

All quadrilaterals can be divided into two triangles by drawing one diagonal.

You already know that the angle sum of a triangle is 180°. Therefore, the angle sum of

a quadrilateral is 180° + 180° = 360°.

This is an important property and you can use it together with the other properties of

quadrilaterals to find the sizes of unknown angles.

Each diagonal on a
square or rhombus
is the perpendicular
bisector of the
other because they
intersect at 90° and
divide each other
into two equal
lengths.

D L/
L 1800 180°
180° 180°
Ve
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WORKED EXAMPLE 8

a Parallelogram

A B
[/
s
b  Rectangle
P —
65°
N
y
s > R

Answers
a x=110°
y=70°
z=110°
b x4+ 65°=90°
cox=90° - 65°
x = 25°
y = 65°
c¢ Angle XKY = 360° — 70° - 145° — 80°

Find the size of each marked angle in each of these figures.

. Angle XKY = 65°
oox=180° — 65° — 65°
x = 50°

(co-interior angles)
(opposite angles of || gram)

(opposite angles of || gram)

(right angle of rectangle)

(alt angles)

(angle sum of quad)

(base angles isos triangle)

(angle sum of triangle KXY)

REFLECTION

way to do this.

When you are asked to calculate missing angles, there is often more than one

How else could you find the unknown angles in Worked example 8?

Which way makes more sense to you? Why?

Another useful
abbreviation is
|| gram instead of
parallelogram.

Exercise 3.6

1 A quadrilateral has two diagonals that intersect at right angles.
a  What quadrilaterals could it be?

b  The diagonals are not equal in length. What quadrilaterals could it NOT be?
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2 Find the value of x in each of these figures. Give reasons.

b
a »p 0 A B ¢ P 0 You may need to find

62° N w some other unknown

angles before you
LN .
§ Y T b N . A A can flnql x. If you do
ABCD is a rectangle this, write down the
size of the angle that
you have found and

d L M e f A B )
08 555 X 305 give a reason.
e
N p{y
C
3 Find the value of x in each of these figures. Give reasons.
a M P b c P N 0
£\ Y
? 70°
s 1 0
R s — R
3.4 Polygons
A polygon is a plane shape with three or more straight sides. Triangles are polygons
with three sides and quadrilaterals are polygons with four sides. Other polygons can
also be named according to the number of sides they have. Make sure you know the
names of these polygons:
pentagon hexagon heptagon
octagon nonagon decagon
A polygon with all its sides and all its angles equal is called a regular polygon.
If a polygon has any reflex angles, it is called a concave polygon.
All other polygons are convex polygons.
ISBN 9781009297912 © Morrison & Hamshaw 2023 Cambridge University Press
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Angle sum of a polygon

By dividing polygons into triangles, you can work out the sum of their interior angles.

Can you see the pattern that is forming here?

The number of triangles you can divide the polygon into is always two less than
the number of sides. If the number of sides is 7, then the number of triangles in the
polygon is (n — 2).

The angle sum of the polygon is 180° X the number of triangles. So for any polygon,
the angle sum can be worked out using the formula:

sum of interior angles = (n — 2) X 180°

WORKED EXAMPLE 9

Find the angle sum of a decagon and state the size of each interior angle if the decagon is regular.

Answers
sum of interior angles = (n—2) x 180° Sum of angles
= (10-2)x180° A decagon has 10 sides, so n = 10.
= 1440°
_ 1440 A regular decagon has 10 equal angles.
10
= 144° Size of one angle.

WORKED EXAMPLE 10

A polygon has an angle sum of 2340°. How many sides does it have?
Answers

2340° = (n-2)x180° Put values into angle sum formula.
2340 h_?

180

13 = n-2

1342 = n Rearrange the formula to get n.
215 = n So the polygon has 15 sides.

The sum of exterior angles of a convex polygon

The sum of the exterior angles of a convex polygon is always 360°, no matter how
many sides it has. Read carefully through the following information about a hexagon to
understand why this is true for every polygon.

ISBN 9781009297912 © Morrison & Hamshaw 2023 Cambridge University 5?ss>
Photocopying is restricted under law and this material must not be transferred to another party.



> CAMBRIDGE IGCSE™ MATHEMATICS: CORE & EXTENDED COURSEBOOK

A hexagon has six interior angles.

The angle sum of the interior angles (n—2)%x180°
4 x 180°

720°

If you extend each side you make six exterior angles; one next
to each interior angle.

Each pair of interior and exterior angles adds up to 180°
(angles on line).

There are six vertices, so there are six pairs of interior and
exterior angles that add up to 180°.

..sum of (interior + exterior angles) = 180°% 6
= 1080°

But, sum of interior angles = 720°

So, 720° + sum of exterior angles = 1080°
sum of exterior angles = 1080°—720°

sum of exterior angles = 360°

This can be expressed as a general rule like this:

If 7= sum of the interior angles, £ = sum of the exterior angles and » = number of
sides of the polygon

I+ E=180n
E=180n—-1
but 7=(mn—2)%x 180

so E=180n— (n—2) % 180
E=180n — 180n + 360
E =360°

You do not have to remember this proof, but you must remember that the
sum of the exterior angles of any convex polygon is 360°.
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Exercise 3.7
1 Copy and complete this table.

2 Find the size of one interior angle for each of the following regular polygons.

a pentagon b  hexagon
c octagon d  decagon
e dodecagon (12 sides) f  a25-sided polygon

3 A regular polygon has 15 sides. Find:

a  the sum of the interior angles b  the sum of the exterior angles

c the size of each interior angle d the size of each exterior angle.
4 A regular polygon has n exterior angles of 15°. How many sides does it have?
5  Find the value of x in each of these irregular polygons.

a @Wé
5

3.5 Circles

In mathematics, a circle is defined as a set of points which are all the same distance
from a given fixed point. In other words, every point on the outside curved line around
a circle is the same distance from the centre of the circle.

LINK

The shortest route between any two points on the surface of the Earth is
part of a circle which has a centre at the centre of the Earth. These circles are
called ‘great circles’. If you find a globe and look at the cities of Brasilia and
Copenhagen, try to trace what you think will be the shortest route between
the two. Can you image the circle you are tracing? Airliners often fly along
great circles, to make the distance travelled as short as possible.

A regular polygon has
all sides equal and

all angles equal. An
irregular polygon does
not have all equal
sides and angles.

The rule for the sum
of interior angles,
and for the sum of
exterior angles is true
for both regular and
irregular polygons.
But with irregular
polygons, you can't
simply divide the sum
of the interior angles
by the number of
sides to find the size
of an interior angle:
all interior angles
may be different.
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Parts of a circle

Study the following diagrams carefully and then work through Exercise 3.8 to make
sure you know and can use the names of circle parts correctly.

/ min or 2,

c‘\rcumfereb
C,

A line outside the
circle that touches
the circumference
at just one point is
called a tangent.

O is the \O

centre | |\«—— diameter ——»|

major
segment

radius

major sector

o3
Yor arc

semi-circle

semi-circle AB is a minor arc and )
angle x is subtended The angle X 1S
by arc AB subtended at the

circumference. This
means that it is the
angle formed by
two chords passing
through the end
points of the arc and
meeting again at the

Exercise 3.8 edge of the circle.

Name the circle parts shown in blue on these circles.

O O G
[ICABN _
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2  Draw fi Il circles. Use shading to show:
raw four small circles. Use shading to show LINK

a semi-circle

Look at the wheel of
a bicycle as it travels
c atangent to the circle along the road. You
can see that the road
forms a tangent to
the circular wheel at
all times.

a
b a minor segment

d angle y subtended by a minor arc MN.

3 Circle 1 and circle 2 have the same centre (O). Use the correct terms or letters to
copy and complete each statement.

circle 1

a OBisa__ of circle 2.

b DEisthe _ of circle 1.

c¢ ACisa__ of circle 2.
The plural of radi

d _ isaradius of circle 1. e pluratotradius
is radii.

e CABisa__ of circle 2.

f  Angle FOD is the vertex of a __ of circle 1 and circle 2.

MATHEMATICAL CONNECTIONS

You will learn more about circles and the angle properties in circles when you
deal with circle symmetry and circle theorems in Chapter 19.

3.6 Construction

In geometry, constructions are accurate geometrical drawings. You use mathematical
instruments to construct geometrical drawings.

Using a ruler and a pair of compasses

A ruler (sometimes called a straight edge) and a pair of compasses are the most useful
construction tools. You use the ruler to draw straight lines and the pair of compasses
to measure and mark lengths, draw circles and construct triangles.
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When you want to measure very accurately, you can use a pair of compasses to mark a
given length. This method of drawing lines is useful in geometric construction.

This example shows how to construct line 4B that is 4.5 cm long. (Because of printing,
the following diagrams are NOT TO SCALE.)

e  Use a ruler and sharp pencil to draw a straight line longer than the length you
need. Mark point 4 on the line with a short vertical dash (or a dot).

A

e Open your pair of compasses to 4.5cm by measuring against a ruler.

' 0 1 2 3 4 5

| R (S
o 1 2 3 4 5

e Put the point of the pair of compasses on point 4. Twist the pair of compasses
lightly to draw a short arc on the line at 4.5 cm. Mark this as point B. You have
now drawn the line 4B at 4.5 cm long.

A ,
/

1d§18 9781009297912 © Morrison & Hamshaw 2023
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It is important that
you use a sharp
pencil and that your
pair of compasses
are tightened.

Once you can use

a ruler and pair

of compasses to
measure and draw
lines, you can
construct triangles
and other geometric
shapes.
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3 Lines, angles and shapes

Constructing triangles

You can construct an accurate triangle if you know the length of three sides.

WORKED EXAMPLE 11

Answers
5 4
B 7 C
L
1
B 6 cm
f
B 6 cm C
f
B 6 cm
Sem 4 cm
1
B 6 cm C

Construct triangle ABC with AB =5cm, BC=écm and CA =4cm.

Always start with a rough
sketch.

Draw the longest side
(BC = 6cm) and label it.

Set your pair of compasses
at 5cm. Place the point on B
and draw an arc.

Set your pair of compasses
at 4 cm. Place the point on C
and draw an arc.

The point where the arcs
cross is A. Join BA and CA.

It is a good idea to
draw the line longer
than you need it and
then measure the
correct length along
it. When constructing
a shape, it can help
to mark points with
a thin line to make

it easier to place the
point of the pair of
compasses.

Note that these
diagrams are

NOT TO SCALE
but when you are
asked to construct
a triangle, you must
use the accurate
measurements!
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Exercise 3.9

1 Construct these lines.

a AB=6cm b CD=75mm ¢ EF=55cm
2 Accurately construct these triangles.
a A b D c G
2.4cm 1.7 cm
4cm
Scm Scm 8 cm
B 3.2cm ¢ 1 %
Scm
£ 4 cm £ yod
3 Construct these triangles.
a Triangle ABC with BC=8.5cm, AB=7.2cm and AC = 6.9cm.
b  Triangle XYZ with YZ = 86 mm, XY = 120 mm and XZ = 66 mm.
c  Equilateral triangle DEF with sides of 6.5 cm.
d  Isosceles triangle POR with a base of 4cm and PQ = PR=6.5¢cm.
4 The diagram shows a rough sketch for a logo design. AE and CF are straight lines
and AD = 8§cm.
C
B D
A - = E

a  Construct an accurate drawing using a ruler and a pair of compasses.
b Measure your diagram to find these lengths, to 1 decimal place.
i DE ii EF

REFLECTION

Read this statement about learning:
'The best way to learn something is to do it.’

a  Describe your experience of learning to construct accurate sketches.

b What did you like best and what did you like least about the practical
drawing work? Why?

¢ Is the statement about learning true for you in the context of drawing
accurate diagrams?

d s it true for you generally? Explain why or why not.
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copying is restricted under law and this material must not be transferred to another party.
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SELF ASSESSMENT

What criteria could you use to assess how successful your learning was in
this chapter?

Success criteria describe how you will know when you have learnt something.
They help you decide whether you have achieved the learning intentions for this
chapter or not.

1 Draw a table like this one:

Success criteria are
sometimes called
‘what I'm looking for'.

2 Look back at the learning intentions at the start of this chapter. Use these to
develop a list of criteria that you can use to decide whether you have met the
learning intentions. For example:

( Rnow all the key words and their meanings and ( use them in
my work.

3 Once you have your list, check your work against the success criteria.

e Place a tick (v') in the second column if you can find evidence that you
have met each one. (You are looking for how your work shows you have
achieved the criteria.)

e If you cannot find evidence, write down what you can do to improve in
that particular area.

4  Make any improvements that you need to over the next few days and then
reassess your work using the same criteria.

SUMMARY

Do you know ...?

A point is position and a line is the shortest distance between two points.

Parallel lines are the same distance apart along their length.

Perpendicular lines meet at right angles.

Acute angles are <90°, right angles are exactly 90°, obtuse angles are >90° but <180°. Straight angles are
exactly 180°. Reflex angles are >180° but <360°. A complete revolution is 360°.

Scalene triangles have no equal sides, isosceles triangles have two equal sides and a pair of equal angles, and
equilateral triangles have three equal sides and three equal angles.

Complementary angles have a sum of 90°. Supplementary angles have a sum of 180°.

Angles on a line have a sum of 180°.

Angles round a point have a sum of 360°.

Vertically opposite angles are formed when two lines intersect. Vertically opposite angles are equal.
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SUMMARY CONTINUED

Do you know ...?

When a transversal cuts two parallel lines various angle pairs are formed. Corresponding angles are equal.
Alternate angles are equal. Co-interior angles are supplementary.

The angle sum of a triangle is 180°.

The exterior angle of a triangle is equal to the sum of the two opposite interior angles.

Quadrilaterals can be classified as parallelograms, rectangles, squares, rhombuses, trapeziums or kites according
to their properties.

The angle sum of a quadrilateral is 360°.

Polygons are many-sided plane shapes. Polygons are named according to the number of sides they have,
e.g. pentagon (5), hexagon (6), octagon (8) and decagon (10).

Regular polygons have equal sides and equal angles.

Irregular polygons have unequal sides and unequal angles.

The angle sum of a polygon is (n — 2) x 180°, where n is the number of sides.

The angle sum of exterior angles of any convex polygon is 360°.

Are you able to ...?

calculate unknown angles on a line and round a point

calculate unknown angles using vertically opposite angles and the angle relationships associated with parallel lines

calculate unknown angles using the angle properties of triangles, quadrilaterals and polygons

accurately measure and construct lines and angles

construct a triangle using given measurements.

Practice questions

1 a Measure this line and construct 4B the same length in your book using
a ruler and compasses. [3]
A B
b At point 4, measure and draw angle BAC, a 75° angle. [2]
At point B, measure and draw angle 4 BD, an angle of 125°. [2]
2 Determine x in each figure. Give reasons.
a H b M P c 4
[E
R @S \7 T U
c—L5 >—D
[P [\
A N 0 B C D
(3] (2] (2]
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3 Lines, angles and shapes

d M N f v R v
X
< (1127
Q [ P
/ L [35°
R P I 7 Q
3] (4]
Study the triangle.
X Y

a  Explain why x + y = 90°. [2]
b Find yif x = 37°. [1]

Calculate angles @, b and c.
fiio) N
[ o o] 7

What is the sum of interior angles of a regular hexagon? (4]

Prove that angle NMQ = 3 X angle MON.

M
| 1
N | P 11 Q [4]
a  Find the sum of exterior angles of a convex regular polygon with 15 sides. [4]
b  Determine the size of each exterior angle in this polygon. [2]
Calculate the size of each interior angle. [1]
Explain why x = y in the following figures.
a D A | B b R
y Pl x
2
M N
P T o
C
(3] v (3]
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9  Construct triangle POR with sides PQ =4.5¢cm, QR=5cmand PR=7cm.  [3]
10 a Construct a triangle with sizes of length 5cm, 7cm and 9 cm. [3]
b  Construct the perpendicular bisector of each of the three sides.
What do you notice? [3]
¢ Draw a circle with its centre at the point where the lines intersect and
passing through each vertex of the triangle. [3]

d  Construct a different triangle and repeat b and c above.
What do you notice? [3]

11 The sum of the interior angles of a convex polygon is 5400°.
Work out how many sides the polygon has. [3]

12 The diagram shows a regular pentagon ABCDE.
a Find x. [3] b Findy. [3]

13 Regular polygon A has 10 sides and exterior angle 3x. Regular polygon B has

. 5
exterior angle —x.

3
Work out the number of sides polygon B has. [5]
14 The diagram shows a triangle and two U v N W

parallel lines. -
a  Write down angles UVP and WV Q

in terms of a and ¢. Give reasons

for your answers. [2]
b  Use your answer to a to prove that a R ¢

the sum of the interior angles of a P - 0 R

triangle is 180 degrees.
c  Write down the exterior angle RQV in terms of c. 1]

d  Use your answers to b and c to show that the exterior angle of a triangle
is equal to the sum of the two opposite interior angles. [2]

SELF ASSESSMENT

Answer these questions about your work.

Did you...

e choose the right methods and strategies?

e  show how you arrived at your solutions?

e  give reasons for any statements you made?
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> Chapter 4

Collecting,
organising and
displaying data

IN THIS CHAPTER YOU WILL:

collect data and classify different types of data

organise data using tally tables, frequency tables, stem-and-leaf
diagrams and two-way tables

draw pictograms, bar charts and pie charts to display data and answer
questions about it.
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People collect information for many different reasons. With the right information we

can answer questions, make decisions, predict what will happen in the future, compare
ourselves with others and understand how things affect our lives. A scientist might collect
information from experiments or tests to find out how well a new vaccine is working.

A business owner might collect data from surveys to find out how well the business is
performing. A teacher might collect test scores to see how well the students perform in
an examination and an individual might collect data from magazines or the internet to
decide which brand of shoes, jeans, phone or car to buy. The branch of mathematics

categorical data
class interval
continuous data
discrete data
numerical data

that deals with collecting data is called statistics. In this chapter, you will focus on asking qualitative data

questions and then collecting information and organising or displaying it so that youcan | quantitative data

answer questions. stem-and-leaf
diagram

GETTING STARTED two-way table

1 The person in the photo is doing a survey to find out whether people
in a village know what health services are available to them. What other
methods can you think of to collect data?

2 Look at these four graphs carefully. For each one, discuss:
a  what the graph shows
b how you interpret and make sense of the data shown
¢  when each type of graph is useful and what type of data is suited to
each graph
d  how each type of graph can give a misleading or wrong impression
of the data.

Number of gold medals

unicasus D QD OO OO OO OO O ( Key

- 000000000 ¢ @ -+ves
| 00 00 0@

cratBrinin| (D O OO OO O 4
| @ @ @
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4 Collecting, organising and displaying data

GETTING STARTED CONTINUED

Top medal winners 2020 Olympic Games (held Tokyo 2021)

United States

China

ROC

Great Britain Read the number of

medals from the scale

Japan

130

Medal achievements of most successful countries in Summer Olympics from 2000 to 2020
(Total medals)

130 1

120 1
110 ~ United States (USA)

100 ~

90 1 -—/—'\ . a China (CHN)
80 -

70 \-//’\ = Russia (RUS)

60 = \T/ Great Britain (GBR)

50
40 ~ o 4 Germany (GER)
30
20
10

Number of total medals

2000 2004 2008 2012 2016 2020
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4.1 Collecting and classifying data

Data is a set of facts, numbers or other information. Statistics involves a process of
collecting data and using it to try and answer a question. The flow diagram shows the
four main steps involved in this process of statistical investigation:

Data is actually the
plural of the Latin
word datum, but

in modern English
the word data is
accepted and used
as a singular form, so
e [s the question clear and specific? you can talk about a
set of data, this data,
two items of data or
a lot of data.

Identify the question
(or problem to be solved)

Analyse and interpret the data
. n you summarise the data?
. \CVahai/ trends ar: therte in talllt: data? Collect the data . .
e What conclusions can you draw o What data will you need? The '.nformat'on
from the data? e What methods will you use that is stored on
e Does the data raise any new questions? to collect it? a computer hard-
o Are thgre any restricti9ns on drawing drive or your phone
conclusions from the given data? is also called data.
In computer terms,
data has nothing to
do with statistics, it
Organise and display the data just means stored

e How will you organise the data information.

to make it easy to work with?
e Can you draw a graph or chart

to show the data clearly.
LINK

All of this work is

Different types of data very important in
the fields of human
Answer these two questions: and social sciences,

where scientists
need to present
data to inform their
Your answer to the first question will be the name of a person. Your answer to the conclusions.

second question will be a number. Both the name and the number are types of data.

e Who is your favourite singer?
e  How many people in your class wear glasses?

Categorical data is non-numerical data. It names or describes something without
reference to number or size. Colours, names of people and places, yes and no answers,
opinions and choices are all categorical. Categorical data is also called qualitative data.

Numerical data is data in number form. It can be an amount, a measurement, a time or
a score. Numerical data is also called quantitative data (from the word quantity).
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4 Collecting, organising and displaying data

Numerical data can be further divided into two groups:
e  discrete data — this is data that can only take certain values, for example, the
number of students in a class, goals scored in a match or red cars passing a point. Geographers and
When you count things, you are collecting discrete data. biologists use
e  continuous data — this is data that can take any value between two given values, both discrete and
for example, the height of a person who is between 1.5m and 1.6 m tall could continuous data.
be 1.5m, 1.57m, 1.5793 m, 1.5793421 m or any other value between 1.5 m and For example, they
1.6 m depending on the degree of accuracy used. Heights, masses, distances measure temperature
and temperatures are all examples of continuous data. You normally collect or rainfall using
continuous data by measuring. continuous scales,
but counting discrete
numbers of people
or animalsin a
One way to decide if data is continuous is to ask whether it is possible for particular place at a
the values to be fractions or decimals. If the answer is yes, the data is usually particular time.
continuous. But be careful:

® age may seem to be discrete, because it is often given in full years, but it is
actually continuous because we are getting older all the time

® shoe sizes are discrete, even though you can get shoes in half sizes,

because you don't get shoes in size 7% or7 % or7 g

MATHEMATICAL CONNECTIONS

You will need to fully understand continuous data when you study histograms
in Chapter 20.

Methods of collecting data

Data can be collected from primary sources by doing surveys or interviews, by
asking people to complete questionnaires, by doing experiments or by counting and
measuring. Data from primary sources is known as primary data.

Data can also be collected from secondary sources. This involves using existing data
to find the information you need. For example, if you use data from an internet site or
even from the pages of this book to help answer a question, to you this is a secondary
source. Data from secondary sources is known as secondary data.

Exercise 4.1

1  Draw a table like this one.

Hair colour Number of people in household

a  Add five examples of categorical data and five examples of numerical data
that could be collected about each student in your class.

b  Look at the numerical examples in your table. Circle any that will give
discrete data.
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2 State whether the following data is discrete or continuous.
Mass of each animal in a herd.

Number of animals per household.

Time taken to travel to school.

Volume of water evaporating from a dam.

Number of correct answers in a spelling test.
Distance people travel to work.

Foot length of each student in a class.

> wQu - 0 o n T

Shoe size of each student in a class.

Head circumference of new-born babies.

j Number of children per family.
k  Number of TV programmes watched in the last month.

| Number of cars crossing a bridge per hour.

LINK

In 2021, a leading college foundation in the United States identified ‘data
scientist’ as an important job with good prospects — the projected growth rate
of jobs in this field is 16% (more than triple the 5% national growth rate for
jobs in other fields). The use of computers in data collection and processing
means that data collection, display and analysis have become more and more
important to business and other organisations.

Stanford University is working with schools and education authorities to build
data science into the maths curriculum at all levels. Their point of view is that
this is much more important maths than many of the other traditional things
taught in schools.

3 For each of the following questions state:

i one method you could use to collect the data

i whether the source of the data is primary or secondary

iii  whether the data is categorical or numerical

iv  for the numerical data, whether it is discrete or continuous.
How many times will you get heads if you toss a coin 100 times?
Which is the most popular TV show among your classmates?
What are the lengths of the ten longest rivers in the world?
What is the favourite sport of students in your school?
How many books are taken out per week from the school library?
Is it more expensive to drive to work than to use public transport?

Is there a connection between shoe size and height?

>SS Q - 0 o0 N T

What is the most popular colour of car?

What is the batting average of the national cricket team this season?

How many pieces of fruit do you eat in a week?

—
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4 Collecting, organising and displaying data

4.2 Organising data

When you collect a large amount of data you need to organise it so that it is easy to
read and use. Tables (tally tables, frequency tables and two-way tables) are the most MATHEMATICAL
CONNECTIONS

commonly used methods of organising data.

You will use and
Ta||y tab|es extend these
methods of
organising data

in later chapters.
Make sure that you
understand them
now.

A tally table is used to keep a record when you count things.

Remember each tally (|) shows one item. Tallies are grouped in fives (J4]) to
make it easier to get a total when you need one.

WORKED EXAMPLE 1

Aisha wanted to find out what people thought about pop-up adverts on their
social media feeds. She did a survey of 100 people. Each person chose an
answer A, B C or D.

What do you think about this statement? Please choose one response.

Advertising should be strictly controlled on social media. Pop-up adverts
should be banned from all social media feeds.

A | strongly agree

B lagree

C Idisagree

D Istrongly disagree
Aisha recorded these results:

A B A C A € € D A €
€ € D A D D € C€ € A
B B A <€ D B B A € €
A B <€ A D B € D A B
A € @ D A € € € D A
D D C C € A B B A €
D € C D A € A B D B
€ € D A D D € C€ € A
B B A <€ D B B € € (@
A B <€ A D B € D A B

a Draw a tally table to organise the results.

b What do the results of her survey suggest people think about pop-up
advertising on social media?
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WORKED EXAMPLE 1 CONTINUED

Answers
o [Rosorse Jwly |
A WT LA LTI
B T LHTLHTI
C WT LT IHTLHTHTLHTHT
D T LT IHT T

Count each letter. Make a tally each time you count one.
It may help to cross the letters off the list as you count them.

Check that your tallies add up to 100 to make sure you have included
all the scores. (It is more efficient to work across the rows or down the
columns, putting a tally into the correct row in your table, rather than
counting one letter at a time.)

b  The results suggest that people generally don’t think advertising should

be banned on social media. 57 people disagreed or strongly disagreed.
Only 24 of the 100 people strongly agreed with Aisha’s statement. MATHEMATICAL
CONNECTIONS

By giving people a very definite statement and asking them to respond to it, Aisha has You will deal with
shown her own bias and that could affect the results of her survey. It is quite possible restrictions on

that people think some control is necessary, but not that adverts should be banned drawing conclusions
completely. However, they don’t have that as an option when they answer. The people in more detail in

in the sample could also affect the responses, so Aisha will have to carefully consider Chapter 12.

any conclusions from this survey.

Exercise 4.2

1 Balsem recorded how many students left the classroom during a lesson for
50 lessons. Draw a tally table to organise this data.

ARG ERREEUAL

aRSRane 2, 1, 2, 5 2

OIS, 2, |, 4

4 4 % 2 b 95 5 2 1 4

G2 2, 4, S5 3 b

S, 2 % 4 3 b 3 9 2.b
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4 Collecting, organising and displaying data

2 Do a quick survey among your class to find out how many hours each person
usually spends doing their homework each day. Draw your own tally table to
record and organise your data.

w

Faizel threw two dice together 250 times and recorded the score he got using a
tally table.

M

WMTIHT KT

WMT LT IHT LHT I

WMT DT HT IHT LHT T
T DA HT IHT LT IHT I
AT LHT LHT LHT LHT HT LT LT
AT LHT LHT LHT LHT KT IHT
T LT HT IHTIHT L

T LHT LHT LHT |

T KT ]

IMT1

‘Which score occurred most often?

O ([0 |([ N|oc|n | B |lw (N

—_
(@]

—_
—_

—_
N

Which two scores occurred least often?
Why do you think Faizel left out the score of one?

0 n oo

Why do you think he scored six, seven and eight so many times?

Frequency tables

A frequency table shows the totals of the tally marks. Some frequency tables include
the tallies.

This frequency table shows the number of cars there were of each colour in a car park.
It has a column for tallies and another column for the totals (frequencies) of the tallies.

White JHT KT 3
Red JHT AT LHT KT 21
Black WHT LT LHT LHT LHT AT LT | 37
The frequency

Blue LHT LT AT LT AT 1 27 column tells you

. how often (how
Sil

nver LA LT AT LT LHT LHT T T 1T 43 frequently) each
Green LM T LHT | 16 result appears in

Total 157 the data.
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The frequency table has space to write a total at the bottom of the frequency column.
This helps you to know how many pieces of data were collected. In this example the

student recorded the colours of 157 cars. This data suggests

Most frequency tables will not include tally marks. Here is a frequency table without that TB is the most
tallies. It was created by the staff at a clinic to record how many people were treated for common illness at
different diseases in one week. this clinic. However,

this does not mean

common illness in

Diabetes 30 the community. This
HIV/AIDS 40 data could have been
collected during a
Tuberculosis (TB) 60 week where there
Other 50 was a specigl TB clinic
or when patients
Total 180 collected their

medication. You need
. . . to think carefull

Grouping data in class intervals bout dots and what

you can or cannot

Numerical data can be recorded in different groups. For example, if you collected test .
conclude from it.

results for 40 students you might find that students scored between 40 and 84 (out of
100). If you recorded each individual score (and they could all be different) you would
get a very large frequency table that is difficult to manage. To simplify things, you

can arrange the collected data in groups called class intervals. A frequency table with
results arranged in class intervals is called a grouped frequency table. Look at

this example:

40-44 7
45-49 3
50-54 3
55-59 3
60-64 0
4540 MATHEMATICAL
- > CONNECTIONS
70-74
3 You will use tables
75-90 7 like these to construct
bar charts and
80-84 4 histograms. These
Total 40 diagrams give a clear,
visual impression of
The range of scores (40—84) has been divided into class intervals. Notice that the class the data.
intervals do not overlap so it is clear which data goes in what class.
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Exercise 4.3

1 Sheldon did a survey to find out how many coins the students in a class had in
their pockets or purses. These are the results:

0 2
1 2
6 3

3 1
4 0
2 0

4 6 3
0 6 5
0 0 2

6 7
4 8
4 3

2
2
5

a  Copy this frequency table and use it to organise Sheldon’s data.

® O 0N T

0 1 2

3

4 |5

6 7

on the frequency table?

How many people had only one coin?

What is the highest number of coins that any person had?

What is the most common number of coins that people had?

How many people did Sheldon survey altogether? How could you show this

2  Barkha works in a fast-food restaurant. These are the amounts (in dollars) spent
by 25 customers during one shift.

43.55
12.35
25.05
12.50
20.45

4.45 17.60 25.95
55.00 12.90 35.95
2.50 29.35 12.90
13.95 6.50 39.40
4.50 5.30 15.95

3.75
16.25
8.70
22.55
10.50

a  Copy and complete this grouped frequency table to organise the data.

0-9.99

10-19.99|20-29.99 | 30-39.99

40-49.99

50-59.99

b  How many people spent less than $20.00?

¢ How many people spent more than $50.00?

d  What is the most common amount that people spent during Barkha’s shift?

3 Lirecords the length in minutes and whole seconds of each phone call he makes
during one day. These are the results:

3min 29 s
1min 32s
3min 04 s

I min 12s

4min 12s
1min 09s
Smin 12s

4min 15s

4min 15s
2min 50s
Smin45s

3min45s

1 min 29s
3min 155
3min 29s

3min 59s

Use a grouped frequency table to organise the data.

2min45s
4min 03 s
2min 09s

S5min 01 s

Note that currency
(money) is discrete
data because when
you are paying for an
item in dollars you
cannot use a coin
smaller than one
cent.
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Stem-and-leaf diagrams MATHEMATICAL
A stem-and-leaf diagram allows you to organise and display grouped data using CONNECTIONS

the actual data values. When you use a frequency table to organise grouped data Vo wiilll wieidk wiiils
you cannot see the actual data values, just the number of data items in each group. stem-and-lesf
Stem-and-leaf diagrams are useful because when you keep the actual values, you can diagrams again
calculate the range and averages for the data. when you calculate

averages and
measures of spread
in Chapter 12.

Sociologists and geographers sometimes draw population pyramids. These
are sideways bar charts that show the numbers of people in various age
categories. These charts look similar to stem-and-leaf diagrams.

In a stem-and-leaf diagram each data item is broken into two parts: a stem and a leaf.
The final digit of each value is the leaf and the previous digits are the stem. The stems
are written to the left of a vertical line and the leaves are written to the right of the
vertical line. For example, a score of 13 is shown as:

Stem | Leaf
1 3

In this case, the tens digit is the stem and the units digit is the leaf.

A larger data value such as 259 is shown as:

Stem | Leaf
25 9

In this case, the stem represents both the tens and the hundreds digits while the units
digit is the leaf.

To be useful, a stem-and-leaf diagram should have at least five stems. If the number of
stems is less than that, you can split the leaves into two (or sometimes even five) classes.
If you do this, each stem is listed twice and the leaves are grouped into a lower and
higher class. For example, if the stem is tens and the leaves are units, you can make two
classes like this:

Stem|Leaf
1 03421
1 598756

Values from 10 to 14 (leaves 0 to 4) are included in the first class, values from 15 to 19
(leaves 5 to 9) are included in the second class.

Stem-and-leaf diagrams are easier to work with if the leaves are ordered from smallest
to greatest.
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4 Collecting, organising and displaying data

WORKED EXAMPLE 2

This data set shows the ages of customers in a café one lunchtime.
34 23 40 35 25 28 18 32
37 29 19 17 32 55 36 42
33 20 25 34 48 39 36 30

Draw a stem-and-leaf diagram to display this data.

Answers
Stem | Leaf Group the ages in intervals of ten, 10-19; 20-29
Key and so on.

1 897 .. L

> 358905 1|7 represents 17 These are two-digit numbers, so the tens digit is

3 45276634290 the stem.

4 0238 . . .

5 |5 List the stems in ascending order down the left of
the diagram.
Work through the data in the order it is given,
writing the units digits (the leaves) in a row next to
the appropriate stem. Space the leaves to make
them easier to read.
If you need to work with the data, you can redraw
the diagram, putting the leaves in ascending order.

Stem | Leaf From thls reorganised stem-and-leaf diagram you
Key can quickly see that:

; (7) § 2 589 1|7 represents 17 * the youngest person using the internet café

3 022344566709 was 17 years old (the first data item)

4 1028 e the oldest person was 55 (the last data item)

5 |5 :
®*  most users were in the age group 30-39

(the group with the largest number of leaves).

If you want to show two sets of data, you can use a back-to-back stem-and-leaf
diagram. The second set of data is plotted against the same stem, but the leaves are

written to the left.

Brand X Brand Y
Leaf Stem | Leaf
94872 0 58 Key
78723 1 4782
Brand X 8|2 represents 28 hours
8462798 2 89715 Brand Y 42 “h
79 3 7210 ran | 2 represents ours
4 2
5 1

This stem-and-leaf diagram compares the battery life (between charges) of two
different brands of mobile phone. You read the data for Brand X from right to left.
The stem is still the tens digit.
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Exercise 4.4

1 The masses of some Grade 10 students were measured and recorded to the nearest
kilogram. These are the results:

45 56 55 68 53 55 48 49 53 54
56 59 60 63 67 49 55 56 58 60

Construct a stem-and-leaf diagram to display the data.

2 The numbers of pairs of running shoes sold each day for a month at different
branches of ‘Runner’s Up Shoe Store’ are given in the table.

175,132,180, 134, 179, 115, 140, 200, 198, 201, 189, 149,
188, 179, 186, 152, 180, 172, 169, 155, 164, 168, 166, 149,
188, 190, 199, 200

188, 186, 187, 159, 160, 188, 200, 201, 204, 198, 190, 185,
142,188, 165, 187, 180, 190, 191, 169, 177, 200, 205, 196,
191, 193, 188, 200

a  Draw a back-to-back stem-and-leaf diagram to display the data.
b Which branch had the most sales on one day during the month?
¢ Which branch appears to have sold the most pairs? Why?

APPLY YOUR SKILLS

3 Ateam of biologists wanted to investigate how pollution levels affect
the growth of fish in a dam. In January, they caught a number of fish
and measured their length before releasing them back into the water.
The stem-and-leaf diagram shows the lengths of the fish to the nearest
centimetre.

Length of fish (cm) January sample

12446 Key
2101334589

3356667809 1|2 represents 12 cm
410257

5127

How many fish did they measure?

What was the shortest length measured?
How long was the longest fish measured?
How many fish were 40 cm or longer?

® O N T 9

How do you think the diagram would change if they did the same

survey in a year and:

i the pollution levels had increased and stunted the growth of
the fish

ii  the conditions in the water improved and the fish increased
in length?
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4 Collecting, organising and displaying data

APPLY YOUR SKILLS CONTINUED

4  This stem-and-leaf diagram shows the pulse rate of a group of people
measured before and after exercising on a treadmill.

Pulse rate
Before exercise After exercise
Leaf Stem | Leaf
0136872 6
3412 7
73278 8 7643
0 9 02413
1 10 31789
11 82
12 7
13
14 2
Key
Before exercise 2| 6 represents 62 beats per minute
After exercise 8| 7 represents 87 beats per minute

What was it?

a How many people had a resting pulse rate (before exercise) in the
range of 60 to 70 beats per minute?

b  What was the highest pulse rate measured before exercise?

¢ That person also had the highest pulse rate after exercise.

d  What does the stem-and-leaf diagram tell you about pulse rates and
exercise in this group? How?

Two-way tables

A two-way table shows the frequency of certain results for two or more sets of data.
Here is a two-way table showing how many people in cars were wearing their seat belts

when they passed a check point.

10

4

6

3

The headings at the top of the table give you information about wearing seat belts.
The headings down the side of the table give you information about drivers and

passengers.
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You can use the table to find out:

e how many drivers were wearing seat belts

e how many passengers were wearing seat belts
e how many drivers were not wearing seat belts

e how many passengers were not wearing seat belts.

You can also add the totals across and down to work out:

e how many drivers were surveyed

e how many passengers were surveyed

e how many people (drivers and passengers) were wearing seat belts or not wearing
seat belts.

Here are two more examples of two-way tables:

Drinks and crisps sold at a school snack shop during lunch break

How often Grade 10 and Grade 11 students use the school group chat app

18 52
26 47

Exercise 4.5

1 A teacher did a survey to see how many students in two classes were left-handed.
She drew this two-way table to show the results.

33
42

a  How many left-handed students are there altogether?
b  How many of the students in Class 10 A are right-handed?
c  Are the students in Class 10 B mostly left-handed or mostly right-handed?

d  How many students are there in the two classes?

N

Do a quick survey in your own school to find out how many left- or right-handed
students there are in two or more different classes. Draw a two-way table of your
results.
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4 Collecting, organising and displaying data

3 Sima asked her friends whether they checked their email on their phone or on
their computer. These are the responses:

Sheldon v

Leonard v v

Raj v

Penny v

Howard v v

Zarah v

Zohir v v

Ahmed v MATHEMATICAL
CONNECTIONS

Jenny v

: Make sure you

Priyanka v v understand how to

Anne draw and read a
two-way table. You

Ellen v v will use them again in
Chapter 8 when you

a Draw a two-way table using these responses. deal with probability.

b  Write a sentence to summarise what you can learn from the table.

Two-way tables in everyday life

Two-way tables are often used to summarise and present data in real-life
situations. You need to know how to read these tables so that you can answer
questions about them.

WORKED EXAMPLE 3

This table shows population data for mid-2021 with estimated figures for 2025 and 2050.

World 7 837000000 8848000000 9688000000
Africa 1373000000 1890 000000 2529000000
North America 371000000 396 000000 412000000
Latin America and 656 000000 725000000 762000000
the Caribbean

Asia 4651000000 5043000000 5192000000
Europe 744000000 742000000 731000000
Oceania 43000000 53000000 62 000000

Data from Population Reference Bureau.
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WORKED EXAMPLE 3 CONTINUED

a  What was the total population of the world in mid-2021?

b By how much is the population of the world expected to grow by 2035?

¢ What percentage of the world’s population lived in Asia in mid-2021? Give your answer to the closest
whole per cent.

d i  Which region is likely to experience a decrease in population between 2021 and 2035?
ii  What is the population of this region likely to be in 2035?
iii By how much is the population of this region expected to decrease by 20507

Answers

a 7 837 000000 Read this from the table.

b 8848000000 — 7837000000 = 101 100000 Read the value for 2035 from the table and subtract
the smaller figure from the larger.

c 4651000000 X 100 = 59.3467 % =~ 59% Read the figures from the table and then calculate

7837000000 the percentage.
d i Europe Look to see which numbers are decreasing across
the row.
i 742000000 Read this from the table.

i 744000000 — 731000000 = 13000000 Read the values from the table and subtract the
smaller figure from the larger.

Exercise 4.6

APPLY YOUR SKILLS

1 This distance table shows the flying distance (in miles) between some major world airports.

3695 3412

2673 8252 10345 1605 4586
2992 7016 1554 5757 5379 11772

544 3596 5276 8888 2943 8269
5140 8930 3098 6734 7428 11898
4477 8252 3251 6754 10564
2432 1605 6754 9193 3912
6308 4586 10564 12045 3916

a  Find the flying distance from Hong Kong to:
i Dubai ii  London iii  Sydney
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4 Collecting, organising and displaying data

APPLY YOUR SKILLS CONTINUED

b Which is the longer flight: Istanbul to Montreal or Mumbai to Lagos?

What is the total flying distance for a return flight from London to Sydney and back?

d Ifaplane flies at an average speed of 400 miles per hour, how long will it take to fly the distance
from Singapore to Hong Kong to the nearest hour?

e  Why are there some empty blocks in this table?

4.3 Using charts to display data

Charts are useful for displaying data because you can see patterns and trends easily and
quickly. You can also compare different sets of data easily. In this section you are going
to revise what you already know about how to draw and make sense of pictograms, bar
charts and pie charts.

Pictograms

Pictograms are fairly simple charts. Small symbols (pictures) are used to represent
quantities. The meaning of the symbol and the amount it represents (a ‘key’) must be
provided for the graph to make sense.

WORKED EXAMPLE 4

This pictogram shows the amount of time that five friends spent talking on
their phones during one week.

Ismat

Abbas

represents 1 hour

Nasreen

Isobel

Juliana

a  Who spent the most time on the phone that week?
b How much time did Isobel spend on the phone that week?

¢ Who spent 3% hours on the phone that week?

d Draw the symbols you would use to show 4% hours.
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WORKED EXAMPLE 4 CONTINUED

Answers

a Anna The person with the most clocks.

b 3% hours There are three whole clocks; the key shows you
that each one stands for 1 hour. The fourth clock
is only three-quarters, so it must be % of an hour.

¢ Tara She has three full clocks, each worth 1 hour, and
one half clock.

d Two full clocks to represent two hours, and a
quarter of a clock to represent 1 hours.

Exercise 4.7

1 A pictogram showing how many tourists visit the top five tourist destinations uses
this symbol.

= 500000
arrivals

How many tourists are represented by each of these symbols?
a b c d

2  Hereis a set of data for the five top tourist destination countries (2019). Use the
symbol from question 1 with your own scale to draw a pictogram to show this data.

The number of
arrivals represented
by the key should

be an integer that is
easily divided into
the data; you may
also need to round
Source: https://worldpopulationreview.com/country-rankings/most-visited-countries the data to a suitable

degree of accuracy.

Top tourist destinations

89400000 | 83700000 | 79300000 | 65700000 | 64 500000

Tourist numbers dropped dramatically in 2020 and 2021 as travel was severely
restricted due to the COVID-19 pandemic. Data scientists predict that it may
take years for the numbers to return to these 2019 levels.
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4 Collecting, organising and displaying data

3 This pictogram shows the number of fish caught by a fleet of five fishing boats
during one fishing trip.

Number of fish caught per boat

Golden rod E g E
? ? ? ? ? ? @ =70 fish
Shark bait
Fish tales g g
Reel deal é é é é é é é
Bite-me é é @
a  Which boat caught the most fish?
b  Which boat caught the least fish?
¢ How many fish did each boat catch?
d  What is the total catch for the fleet on this trip?

Bar charts

Bar charts are normally used to display discrete data. The chart shows information as a
series of bars plotted against a scale on the axis. The bars can be horizontal or vertical.

Number of days of rain

March

February

Month

January

December
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Number of books taken out of the library

250
200
<
o]
8 150 1
G
1S
2
100 A
£
Z
50 1
0 .
Jan Feb Mar Apr May

Month

There are different methods of drawing bar charts, but all bar charts should have:
a title that tells you what data is being displayed

e anumber scale or axis (so you can work out how many are in each class) and
a label on the scale that tells you what the numbers stand for

e ascale or axis that lists the categories displayed
e bars that are equally wide and equally spaced
e Dbars that do not touch for qualitative of discrete data.

WORKED EXAMPLE 5

This frequency table shows the number of people who were treated for road
accident injuries in the casualty department of a large hospital in the first six
months of a year. Draw a bar chart to represent the data. Note that bar chart’s
frequency axis should start from zero.

January 360
February 275
March 190
April 375
May 200
June 210
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WORKED EXAMPLE 5 CONTINUED

Answer
Road accident admittances
400
350 1
300
height of
2 bar shows
é 2501 number of
g / patients against
= 200 - scale
3 MATHEMATICAL
E 150 CONNECTIONS
4
A bar chart is not the
100 same as a histogram.
scale is . .
divided A histogram is
into 50 \io 1 often used for
and continuous data.
labelled ¢ | You will learn more
Jan Feb Mar Apr May June about histograms in
] Months 1, ¢ equal width and Chapter 20.
categories are labelled equally spaced

A dual bar chart displays two or more sets of data side-by-side on the same set of axes Fort 500
to make it easy to compare the data. This chart compares the percentage of Fortune © llmle, t of ;E a 500
500 companies using different social media platforms in 2019 and 2020. yearly list otthe .
biggest companies
Percentage of Fortune 500 companies using different social media platforms (by reven ue) in
10072099 o 95 the USA. Many of
89 [] 90 the companies are
901+ 85 o
2 multinationals that
2 801 8 7 2019 loball
g 73 L] operate globally.
g 701
S 0 2020
bt
i3 501
3
5 401
<
§ 30
5 207
"L =i
LinkedIn  Twitter  Facebook YouTube Public facing Instagram  TikTok
corporate blog
Social media platform
Data source: Center for Marketing Research, University of Massachusetts, Dartmouth
ISBN 9781009297912 © Morrison & Hamshaw 2023 Cambridge University ﬁ’%s>
Photocopying is restricted under law and this material must not be transferred to another party.



> CAMBRIDGE IGCSE™ MATHEMATICS: CORE & EXTENDED COURSEBOOK

The graph shows that LinkedIn is the most popular platform, used by 99% of
companies. Use of mainstream social media decreased slightly between 2019 and

2020, but public facing blog usage increased dramatically as companies needed to
communicate with the public online during the COVID-19 pandemic. A few companies
started to use TikTok in 2020 and analysts predict this will increase as companies
target customers in the age groups that prefer this platform.

Composite bar charts

A composite (stacked) bar chart breaks the whole set of data shown on each bar

into groups.

This composite bar graph shows the percentage of the total time that different athletes
spend on three events in a triathlon. The bars are the same length because they all
represent 100% of the time taken.

Eldoret Triathlon — percentage of time
spent on each event by top five competitors

Kofi | |

Zawadi | |

Yemi |

Adama | |

Mara | |

0 20 40 60 80 100
Percentage (%)

] swimming [] Cycling [] Running

The graph shows that Zawadi spent most of the time cycling (about 80%).
By comparison, Kofi only spent about 10% of the time cycling.

This composite bar graph shows the number of students taking different computer Each colour section
programming courses. The bars are different heights because the total number of represents a share of
students increases over time. the whole. You have

to work out what that
share is by counting
along the scale from
700 the start of each

600 . Web development colour.

500 . O Java
- do

300
- [ Algorithms

200
100

Number of students enrolled in different courses

800

Number of students

2019 2020 2021 2022

Year
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In 2019, 100 students enrolled in the Algorithms course. By 2022, this had increased to
290 students. In 2020, 100 students chose Web Development. This is an increase of 30

from the 70 students enrolled in that course in 2019.

Exercise 4.8

1  Draw a bar chart to show each of these sets of data.

@ Burgers | Noodles c::irlekcejn Hot chips| Other
40 30 84 20 29

b

Eswatini 27.0

Botswana 20.7

Lesotho 22.8

Zimbabwe 12.8

South Africa 19.0

Namibia 11.6

Zambia 11.3

Malawi 8.9

Equatorial Guinea 7.3

Mozambique 10.6

(Source: www.Avert.org)

(Data taken from https://aidsinfo.unaids.org and www.avert.org.)

LINK

HIV remains a global health issue, but it is now classified as an epidemic rather
than a pandemic. In 2021, the organisation Avert reported that 37.7 million
people worldwide were living with HIV. The vast majority of these people live
in low- and middle-income countries. The countries of East and Southern
Africa are the most affected by this disease and 20.6 million people in these
countries are living with HIV. There has been an overall decrease in the rate

of new infections in this region, largely due to awareness and education
campaigns and the introduction of anti-retroviral medication on a large scale.
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2 Hereis a set of raw data showing the average summer temperature (in °C) for 20

cities in the Middle East during one year. MATHEMATICAL

CONNECTIONS

32 42 36 40 35 36 33 32 38 37 Look at the earlier

34 40 41 39 42 38 37 42 40 41 sections of this
chapter to remind
a  Copy and complete this grouped frequency table to organise the data. yourself about
grouped frequency

32-34 | 35-37 | 38-40 | 41-43 tables if you need to.

b  Draw a horizontal bar chart to represent this data.

3 A tourism organisation on a Caribbean island recorded how many tourists visit
from the region and how many tourists visit from international destinations.
Here is the data for the first six months of the year.

Display this data using a:

a  dual bar chart b  composite bar chart.

PEER ASSESSMENT

How can you decide whether another student’s bar chart is correct or not?

One way of assessing a piece of work is to write a checklist. A checklist is an

assessment tool. It is a list of statements that give the criteria you will use to

measure skills or student success in a particular area. The answer to each statement

is either ‘yes’ or ‘no’, or ‘done’ or ‘not done’.

1 Work in small groups to write a checklist to assess whether someone can draw
an accurate and clear bar chart.

e  Consider the learning outcomes for this work and what you have covered
in the lessons.

e Your statements should be clear, specific and easy to check. For example:
The chart has a clear heading [ ]yes [ Ino

e Leave space in your checklist to add comments. For example:
Your heading has spelling mistakes in it.

or
The vertical scale needs to start at 0.
Use your checklist to assess another student’s completed work in Exercise 4.8.

Use the checklist to suggest corrections, improvements or learning goals that
still need to be met.
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REFLECTION

Think about your own academic performance as you worked through the
material on bar charts and answer these questions.

*  What new things did you learn? Why are these important?

°  Were the strategies, skills and procedures that you knew or learned useful
for completing the exercises? Explain why or why not.

* Did you come to each lesson prepared to learn? (Think about your
attitude and the equipment you needed to bring.)

*  Which activities helped you to learn the most? Why?

*  Did you experience any difficulty or frustration in this work?
What did you do about it?

Pie charts

A pie chart uses slices or sectors of a circle to show data. The circle represents the
‘whole’ set of data. For example, if you survey the favourite sports played by everyone
in a school then the total number of students is represented by the circle. The sectors
represent groups of students who prefer each sport.

Like other charts, pie charts should have a heading and a key.

How lions spend a typical day How elephants spend a typical day
5% 200 8%

6% \ . .

- Sleeping 10% - Eating
7% . .
- Socialising - Sleeping
[ ] Grooming [ Not forgetting
- Attacking gazelles
- Eating gazelles
80% 82%
How jellyfish spend a typical day How pandas spend a typical day

9% 1%

- Just floating there - Being adorable

[ Absorbing food
|:| Ruining a perfectly

good day at the beach
90% 100%
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WORKED EXAMPLE 6

The table shows how a student spent one day.

On the | Complaining

School | Sleeping | Eating | Online phone | about stuff

7 8 1.5 3 2.5 2

Draw a pie chart to show this data.

7+8+1.5+3+25+2=24 First work out the total number of hours.

Then work out each category as a fraction of the whole and convert the
fraction to degrees:

(as a fraction of 24) (convert to degrees)
School = 27_4 = 27—4 x 360 = 105°
Sleeping = 2% 2%1 x 360 = 120°
Eating _ 5 _ % 21750 x 360 = 22.5°
Online = 23_4 % x 360 = 45°
On the phone _ % _ % 227,50 x 360 = 37.5°
Complaining about stuff - 22_4 % x 360 = 30°

Answer

On the | Complaining

School | Sleeping | Eating | Online phone about stuff

It is possible that

7 8 1.5 3 2.5 2 your angles, once
S S S S S S rounded, don't quite
105 120 22.5 45 37.5 30 add up to 360°. If

this happens, you

can add or subtract a

degree to or from

* Use aruler and a protractor to [ school the largest sector
measure each sector. (the one with the

[ steeping highest frequency).
|:| Eating
- Online
- On phone

- Complaining

* Draw a circle to represent the A student’s day
whole day.

e Label the chart and give it a title.
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WORKED EXAMPLE 7

This pie chart shows how Javi spent one day of the school holidays.

Javi’s day

- Sleeping
- Other stuff

|:| Computer games

a  What fraction of the day did Javi spend playing computer games?
b  How much time did Javi spend sleeping?
¢ What do you think ‘other stuff’ involved?

Answers
a 120_1 Measure the angle and convert it to
360 3 a fraction. The yellow sector has an
angle of 120°. Convert to a fraction
by writing it over 360 and simplify.
b % x 24 = 14 hours Measure the angle, convert it to

hours.

¢ Things Javi didn't bother to list.
Possibly eating, showering,
getting dressed.

Exercise 4.9

1 The table shows the results of a survey carried out on a university campus to find
out about the use of online support services among students. Draw a pie chart to
illustrate this data.

Never used online support 160
Used online support in the past 110
Use online support at present 90
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2 The table shows the home language of a number of people passing through an
international airport. Display this data as a pie chart.

English 130
Spanish 144
Chinese 98
Italian 104
French 24
German 176
Japanese 22

3 The amount of land used to grow different vegetables on a farm is shown in
the table. Draw a pie chart to show the data.

. Sweet
SquaShes Pumpklns Cabbages potatoes
1.4 1.25 1.15 1.2

4 The nationalities of students in an international school are shown on this
pie chart.

Nationalities of students at a school

[ ] Brazilian
[ French
B mdian
] American
[ ] Cninese

a  What fraction of the students are Chinese?
b What percentage of the students are Indian?

What proportion of the total students are Brazilian? Give your answer as
a decimal.

d  If there are 900 students at the school, how many of them are:
i Chinese? i Indian? iii  American? iv  French?

MATHEMATICAL CONNECTIONS

You will think about graphs that can be used for converting currencies or
systems of units in Chapter 13. You will deal with graphs showing time,
distance and speed in Chapter 21.
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4 Collecting, organising and displaying data

Line graphs

INVESTIGATION

Graphs can tell a story

a lesson.

even though there are no

Line graphs show changes over time.

1 Look at this generalised graph of noise levels in a classroom during

How does the shape of the graph and the slope of the lines tell a story

scales given on the axes?

@ Teacher
A Teacher calls groups
Students enters and @ to attention
= coming asks' @ Bell rings
2 |into for quiet and
é room, students
2 @ Teacher sets an Students leave
activity and students G feed back the
work in pairs what they @room
learned -
0 =

to changes in the graph.

Happiness level

Start of
game

Time

2  This graph shows the happiness levels of Team A's supporters during a
football match. The final score in the match is 3 goals to 2, with Team A
winning. Make up a story to fit the graph, describing the events that lead

End of
game

changes in the graph.

Time

3 What would your happiness graph look like for a normal school day?
Draw it and add notes giving the reasons or events that caused any

Some data that you collect varies over time. For example, the average temperature each
month of the year, the number of cars each hour that park in a supermarket car park

or the amount of money in your bank account each week.
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This line graph shows how the depth of water in a garden pond varies over a year.
The graph shows that the water level is at its lowest between June and August.

Depth of water in a garden pond
60

55

50 N

45

40

Depth of water (mm)

35

30 A N

0

Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec
Month of year

When time is one of your variables, you plot it on the horizontal axis.

Exercise 4.10

1  The table shows the temperature of water in a beaker as it is heated over a Bunsen
burner. The line graph shows how the temperature changes over time.

0 30 60 90 120 | 150 | 180
26 28 38 56 70 82 96

Temperature of water heating

A
100
90
80
06\ 70
\8./ 60
2 50
g 40
g
= 30 T
20
10

0 >
0 30 60 90 120 150 180
Time (s)

a  Use the graph to estimate the temperature of the water after:

i 45seconds i 110 seconds.

b How long do you think it will take for the water to reach its boiling point
(100 °C)? Give a reason for your answer.
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4 Collecting, organising and displaying data

2 The table shows the temperatures recorded at Jisan Forest Ski Resort in Icheon-si,
South Korea on one day in February. The line graph shows this data.

07:00|08:00|09:00|10:00|11:00|12:00 | 13:00| 14:00| 15:00 | 16:00

=7 -5 -3 -3 0 1 3 3 1 =1

Temperature change during the day

A

Temperature (°C)
\
[\)

-3

4

-5

-6

-7 >
oS O o o o o o o o <
>~ ©® & O — o oo < »n O
S O D H o e e o e

Time

a  Estimate the temperature at 12:30.
b At what times was the temperature lower than —3 °C?

3 Nadia’s fitness app produced this graph of her pulse rate before, during and after a
run. Nadia did some exercises to warm up and then she stayed still for a few minutes
while she waited for her running group so they could start their run together.

A

~ 150 = -

= | / \

g 100 ) /

81 '//

5

£ 50

8

=

=W 0 -
6:10 620 630 640 650  7:00  7:10

(Time am)

What was Nadia’s pulse rate before the warm-up exercises?
At what time do you think they started running? Why?
What was the highest pulse rate recorded? When was this recorded?

The group stopped running at 6:55. What happened to Nadia’s pulse after she
stopped running?

o n T wow

ISBN 9781009297912 © Morrison & Hamshaw 2023 Cambridge University ﬁ’?as>
Photocopying is restricted under law and this material must not be transferred to another party.



> CAMBRIDGE IGCSE™ MATHEMATICS: CORE & EXTENDED COURSEBOOK

SELF ASSESSMENT

Chapter Date:

The main concepts we’ve been learning are:

The things I know well are:

I would like more help with:

I need more practice at:

I’ll reassess myself on
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4 Collecting, organising and displaying data

SUMMARY

Do you know ...?

In statistics, data is a set of information collected to answer a particular question.

Categorical (qualitative) data is non-numerical. Colours, names, places and other descriptive terms are
all categorical.

Numerical (quantitative) data is collected in the form of numbers. Numerical data can be discrete or continuous.
Discrete data takes certain values; continuous data can take any value in a given range.

Primary data is data you collect yourself from a primary source. Secondary data is data you collect from
other sources (previously collected by someone else).

Unsorted data is called raw data. Raw data can be organised using tally tables, frequency tables, stem-and-leaf
diagrams and two-way tables to make it easier to work with.

Data in tables can be displayed as graphs to show patterns and trends at a glance.

Pictograms are simple graphs that use symbols to represent quantities.

Bar charts have rows of horizontal bars or columns of vertical bars of different lengths. The bar length
(or height) represents an amount. The actual amount can be read from a scale.

Dual bar charts display two or more sets of data side by side on the same set of axes.

Composite bar charts display groups within a set of data stacked on a single bar.

Pie charts are circular charts divided into sectors to show categories of data.

Line graphs use lines to plot changes in the data over time.

The type of graph you draw depends on the data and what you wish to show.

Are you able to ...?

collect data to answer a statistical question

classify different types of data

use tallies to count and record data

draw a frequency table to organise data

use class intervals to group data and draw a grouped frequency table

construct single and back-to-back stem-and-leaf diagrams to organise and display sets of data

draw and use two-way tables to organise two or more sets of data

construct and interpret pictograms

construct and interpret bar charts, dual bar charts and composite bar charts

construct and interpret pie charts.
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Practice questions

1 Salma is a quality control inspector. She randomly selects 40 packets of biscuits at
a large factory. She opens each packet and counts the number of broken biscuits it
contains. Her results are as follows:

0
1
0
3

0
1
0
2

2
2
0
2

1
3
0
2

3 0
0 1
1 0
1 0

== \ I )

2
3
1
2

— N AW

a  Explain whether this is primary or secondary data to Salma.

D W N =

b  Determine whether the data is discrete or continuous and explain

your answer.

¢ Copy and complete this frequency table to organise the data.

AW |IN|—=|O

d  Draw a bar chart to represent this data.

2 The number of aircraft movements in and out of five main London airports in
one month is summarised in the table.

o N T o

(3]
[5]

Gatwick | Heathrow Lon.don Luton Stansted
City
23696 39660 6380 10697 15397

Round each figure to the nearest thousand.

State which airport handled most aircraft movement.

State how many aircraft moved in and out of Stansted Airport.

Use the rounded numbers for all of the airports to draw a pictogram
to show this data.

3 This table shows the percentage of people who own a laptop and a mobile phone
in four different districts in a large city.

A 45 83
B 32 72
C 61 85
D 22 68

14;2'8 9781009297912
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4 Collecting, organising and displaying data

a  There are 6000 people in District A. Work out how many of them own

a mobile phone. [2]
b  One district is home to a University of Technology and several computer

software manufacturers. Explain which district you think this is. [2]
¢ Draw a dual bar chart to display this data. [5]

4  Study this pie chart and answer the questions that follow.

Sport played by students

[ Baseball
[ Cricket
[ ] Footbal
B Netban
[ Hockey

The data was collected from a sample of 200 students.

a  Explain the type of data the chart shows. [2]
b  Write down out many different categories of data there are. 2]
¢ Work out which is the most popular sport. [2]
d  Work out the fraction of the students who play cricket. 2]
e  Work out how many students play netball. [2]
f  Work out how many students play baseball or hockey. [2]
5  Study this graph carefully.

1650 1

1850 w

T

1975 w w w |i' lil represents 1 billion people

o | feRee

o2 | fpdeeed

o || FRRRRRERED

(projected)
a  What type of graph is this? [1]
b  What does each symbol represent? 1]
¢ What was the population of the world in 1650? 2]
d  How long did it take the population to double after 1650? [2]
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e  When did the world’s population reach 7 billion? [2]

f  The United Nations predicts that the world’s population will reach
9.2 billion in 2050. How would you show this on the graph? [2]

6  Two neighbouring villages, Packthorpe and Rainbridge, decide to join together
to form Football, Tennis and Bowling clubs. The table shows some information
about 80 people who have joined the teams.

a  Copy and complete the table. [3]

b  Draw a composite bar chart to show how many people take part in
each sport from each village. [5]

SELF ASSESSMENT

Use your answers to the practice questions to assess how well you are able to
organise and display data.

List the question numbers.

Rate your work on each question using this scale:
e I’'m starting to understand

e [ mostly understand

e [ understand

e T understand very well
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Unit 1

Past paper questions

1 Find the highest odd number that is a factor of 60 and a factor of 90. [1] Unit 1 Past Paper

Cambridge IGCSE Mathematics (0580) Paper 11 Q8, June 2020 Questi'ons R'esource
Sheet is available on

Cambridge GO.
2 By rounding each number in the calculation correct to 1 significant figure, estimate
the value of M
20.3 - 4.12
You must show all your working. [2]
Cambridge IGCSE Mathematics (0580) Paper 11 Q20, June 2021
3 a  Write down the mathematical name for a polygon with 5 sides. [1]
b  Work out the interior angle of a regular 18-sided polygon. [2]
Cambridge IGCSE Mathematics (0580) Paper 11 Q11, June 2021
-' 4 a Write L as a power of 2 [1]
L 2X2X2X2X2 p ‘
b i 38+3=36
Find the value of ¢. L [1]
i Simplify.
8wlo x 6ws 2]

Cambridge IGCSE Mathematics (0580) Paper 11 Q17, June 2021

NOT TO
% SCALE

BN
/o

The diagram shows two parallel lines intersected by two straight lines.

Find the values of a, b and ¢

C T e [3]
Cambridge IGCSE Mathematics (0580) Paper 11 Q10, June 2021
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6 Zachary asks the 30 students in his class which is their favourite sport.

The table shows the results.

7 12 6 5

Complete the pictogram. [Using Figure 1 in the Unit 1 Past Paper Questions Resource Sheet.]

Netball m fl
U\

Football

Hockey

Tennis

Key: EB represents 4 people (2]

Cambridge IGCSE Mathematics (0580) Paper 11 Q1, June 2021

7 A

A NOT TO
SCALE

B C b

In the triangle ABC, AB = AC and angle BAC = 38°.

BCD is a straight line.

Work out angle ACD. Angle ACD = .......ccocooiiiiiiiiiiiiiiee [3]
Cambridge IGCSE Mathematics (0580) Paper 11 Q5, June 2020

8  Simplify.
4p’q’ X pPq 2]
Cambridge IGCSE Mathematics (0580) Paper 11 Q15, June 2020
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Unit 1

9 a  Using the integers from 60 to 75 only, find

i amultiple of 17, [1]
ii  the prime numbers. [2]
b Find
i the square root of 4489, (1]
i 4 (1]
i 1274625, 1]
iv 273x242 [1]
¢ Write down the reciprocal of 7. [1]
d  Write 3.72194 correct to 3 decimal places. [1]
e Find the lowest common multiple (LCM) of 8 and 14. [2]
f  The average temperature at the North Pole is =23 °C in January and —11 °C in March.
i Find the difference between these temperatures.
.......................................... °C [1]
i The average temperature in July is 28 °C higher than the average temperature in March.
Find the average temperature in July.
.......................................... °C [1]
Cambridge IGCSE Mathematics (0580) Paper 31 Q5, June 2020
10 a  Simplify (81y6)x. 2]
b 23=4r

Find the value of p. D T [1]
Cambridge IGCSE Mathematics (0580) Paper 21 Q18, June 2019
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C > Unit 1 Project
Star polygons

Here is a five-pointed star:

If you have access
to the internet, you
can find information
to help you explain
your findings on the
NRICH website.

Go to https://nrich.
maths.org/11456 to
do this.

Draw some five-pointed stars of your own. Make sure your lines are straight.

Measure the interior angles at the five points and add them together.
What do you notice?

Here is a seven-pointed star:

Draw some seven-pointed stars of your own.
Measure the interior angles at the seven points and add them together.
What do you notice? How can you explain your findings?

Try to state and prove similar results for a star with any number of points.
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> Chapter 5

Fractions,
percentages and
standard form

IN THIS CHAPTER YOU WILL:

find equivalent fractions

simplify fractions

add, subtract, multiply and divide fractions and mixed numbers
find fractions of numbers

find a percentage of a number

find one number as a percentage of another

calculate percentage increases and decreases

increase and decrease by a given percentage

calculate reverse percentages (undoing increases and decreases)
use standard form
calculate with values in standard form.
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Sea nettle jellyfish bodies on the previous page are % protein, muscles and nerve

2
cells — the rest is water. Work out what percentage of a jellyfish’s body is water.

We use fractions and percentages on an almost daily basis, often without realising it.
For example, we use fractions to answer questions like these:

e  How far can you travel on half a tank of petrol?

e If you share % of a cake between two people, how much will they each get?

e [f three-fifths of a 100 km journey is complete, how far do you still have
to travel?

e If a shop is offering a 25% discount, what will you pay for an item costing $120?

GETTING STARTED

1 Match pairs of bubbles with the same value to find the one that has no
matching value.

J
15% of 30

K of 600
1 fl fl £ 264 350% of 9
yofzofyo
Increase 12 by 30% E

% of 75% of 130

Q

90 is 60% of [] .

2 Draw diagrams with labels or short notes to show why:

a a50% increase followed by a 50% decrease does not get you back
to where you started

b anincrease of 40% followed by an increase of 50% is not equal to
an increase of 90%.

KEY WORDS

common
denominator

denominator
equivalent fraction
fraction

lowest terms
mixed number
numerator
simplest form

standard form
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5 Fractions, percentages and standard form

5.1 Revisiting fractions

A fraction tells you what share or part of a whole amount you are working with.

For example, % of a pie means 1 of 2 equal parts of the pie and % of the students

. 3 . .
means 7 out of every 8 students. The mixed number ZZ means you are working with

2 wholes and 3 of 4 parts of another whole.
a
b
be any number and is called the numerator. The number on the bottom, b, can be any
number except 0 and is called the denominator.

Proper fractions are written in the form — where a < b. The number on the top, a, can

When you multiply or divide both the numerator and the denominator by the same
number you get a new fraction that has the same value as the original fraction. The
new fraction is called an equivalent fraction.
For example 2=2X4=£and§=ﬂ=é
P37 3xa 129357355 7
25

Notice in the second example that the original fraction (f) was divided rather than

multiplied to get % The numbers 5 and 7 have no common factor other than 1 so the

fraction cannot be divided any further. This means that 3—2 is now in its simplest form

as % This is sometimes called the lowest terms.

MATHEMATICAL CONNECTIONS

Before you work through this section remind yourself about highest common
factors (HCFs) in Chapter 1, but remember you can multiply or divide by any
factor to make equivalent fractions, it does not have to be the HCF.

WORKED EXAMPLE 1

Express each fraction in its simplest form.

3 16 21 5

T b 22 ¢ 28 d 3

Answers

a 3_3+x3 _1 b 16 _16+8_2 21 _21+7 _3
15 15+3 5 24 24 +8 3 28 28=+7 4

d g is already in its simplest form

(5 and 8 have no common factors other than 1).

Notice that in each case you divide the numerator and the denominator by
their HCF.

Fractions were
originally written with
a slant line like this:
2/5. You will often
find fractions written
like this and when
you enter fractions
online you type them
like that.

Remember, dividing
the numerator and
denominator by

the same number
simplifies the fraction.
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WORKED EXAMPLE 2

. 5 20 15 ) )
2 £V 12 ?
Which two of 5 75 and 18 are equivalent fractions?
Answer
% is already in its simplest form. Alternative method

Simplify each of the other fractions: You could have written:

20_20+5_4 55
25°25+5 5 386
15 15+3 This is called cancelling and is a shorter

5
1 18+3 6 way of showing what you have done.

5 15 .
So 5 and 1g are equivalent.

Exercise 5.1

1 By multiplying or dividing both the numerator and denominator by the same
number, find three equivalent fractions for each of the following.

.S L 3 12 g 18 . 1o
9 7 18 36 128

'-' 2 Express each of the following fractions in its simplest form.
LT .3 .9 415 s 24 108
21 9 12 25 2500 36 9 360

INVESTIGATION

Fraction diagrams
1 Read this activity and look at the solutions from three students.
[ )

Draw two lines across each rectangle to divide it into fractional
parts. Nawme the fractions you make.

Lines must go through a vertex and/or a dot, but they do not
need to go all the way across the rectangle.

Jay Mia sSam

Work on squared
or dotted paper to
make it easier to

draw the rectangles
¢ What is the smallest fraction you can make in this task? you need.

Q

What fractions did each student produce?

b Isit possible to do this and only produce two fractional parts?
If so, how?
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INVESTIGATION CONTINUED

2  The second part of the task had the same instructions but used this
rectangle with more dots on the sides.

Work in pairs or small groups to investigate how many fractions you can
make. Label your fractions.

5.2 Operations on fractions
Multiplying fractions

To multiply two or more fractions, multiply the numerators and then multiply the
denominators. Sometimes you will need to simplify your answer.

WORKED EXAMPLE 3 To multiply a fraction

by an integer you only
Calculate. multiply the numerator

3.2 5 3 1 by the integer.

2 x =z = x =ofd—

4 7 b 7 3 ¢ 82 For example,
Answers ;X3=5>7<3=17.
a 3,2_3x2_6 _3 Multiply the numerators to get the

4 7 4x7 28 14 new numerator value. Do the same

Another method is to cancel with the denominators. Then express

before multiplying: the fraction in its simplest form. An improper fraction

3,2 _3x1_3 Divide the denominator of the first is a fraction where the

AT T  2x7 14 fraction, and the numerator of the numerator is larger

second fraction, by two. :clhanhthe denomlngtor.
o change a mixe
b 2 X3 = >x3 _15 15 and 7 do not have a common number to a common
/ 7 %1 7 factor other than 1 and so cannot fraction, multiply the
be simplified. whole number part
c 3 of 4l You need to change the mixed number gn this 'caste 4) bﬁ thon

8 2 to an improper fraction. This allows cenominator and a

3 1 .3_.9 27 | h liolicati it to the numerator.

e 4§=§x§=ﬁ you to complete the multiplication. So:

Notice that the word ‘of" is replaced 1 4x2+1 9
with the x sign. Aos—S Ty
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@ Exercise 5.2

Evaluate each of the following.

2.5 1_3 1_8 2 14
Toa 3% b 2%7 ¢ 3% d 7%
50 _ 256 1 _2 2.7 4 2
2 a EX% b 1§X7 (o 27X§ d gof37
1 1 1 8 1 2 1
e 1§Of24 f 55X7Z g 8§XZOZ h 7§>< 105
Adding and subtracting fractions M AUICA
9 9 CONNECTIONS
You can add or subtract fractions that have same denominators (common
denominator). You can use equivalent fractions to make fractions with the You will use the
same denominator. LCM in this section.
. . You learnt about this in
This example shows how to use the lowest common multiple (LCM) of both Chapter 1.

denominators to find a common denominator.

WORKED EXAMPLE 4

Write each of the following as a single fraction in its simplest form.
3 5 3 5
a + 3 b 24 1 7
Answers
a % 4 g Find the common denominator.
The LCM of 4 and 6 is 12. Use this as
210 th denominator and find th
EETRET) e Forlnmofn enominator and find the Once you have a
19 equivalent tractions. common denominator,
12 Add the numerators. you only add the
) ) numerators. Never
_ 1% Chancgj;e theblmproper fraction to a add the denominators.
mixed number.
b 2§ -1 s_11_12 Change mixed numbers to improper
4 74 7 fractions to make them easier to work with.
_77_48
~ 28 28 The LCM of 4 and 7 is 28. Use this as Adding two fractions
77 — 48 the common denominator and find the can result in an
=" 8 equivalent fractions. improper fraction.
To write the fraction
= %Z Subtract one numerator from the other. in its simplest form,
rewrite it as a mixed
— 1 1 Change the improper fraction to a number.
28 mixed number.
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@ Exercise 5.3

Evaluate the following.

N N
N
2 a 4-3 b 6+ ¢ 14Ty
d 1-7; e 33-43 fosytio+as
I
i 3%—2i><% k 3%—1%+7% | 2%—3%+4%

INVESTIGATION

Fraction patterns

1

You can convert any fraction to a decimal number using your calculator.
For example, if you work out% as a decimal by dividing 1 by 2 you will get
the decimal 0.5.

Try converting the following fractions to decimals:

2 1 5 3 4 3
5 3 8 7 9 16

Which fractions in question 1 stop (‘terminate’) after a few decimal places
and which seem to go on forever? Try some more fractions and decide
which of these two groups they fall into.

Look at the dominators of the fractions that with decimals that terminate.
What do they have in common? [Hint: what are the factors of the

denominator each time?]

Now work out the decimals for:

12 3 4 5
7 7 7 7

Do the answers have anything in common?
Try the same thing with denominator 11. What about 13?

Explain any patterns that you see.

Remember to use
the correct order
of operations
(BODMAS,) here.

MATHEMATICAL
CONNECTIONS

You will revisit
multiplication,
division, addition

and subtraction of
fractions in Chapter
14 when you deal with
algebraic fractions.
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Dividing fractions

To divide one fraction by another, you multiply the first fraction by the reciprocal of
the second fraction.

To find the reciprocal of a fraction you invert it. So, the reciprocal of % is % and the
. 7.2

reciprocal of S iS5

The reciprocal of % is 2 or just 2 and the reciprocal of 5 is l

1 5

When you multiply a fraction by its reciprocal the result is always 1. For example:

1.3 3.8 a_b

gXT:L gxgzl and ZXE:L

Look at the example below to understand why this method works.
S

S 11

12 1
2

To get rid of the fraction (%) in the denominator, multiply both the numerator and
denominator by 2.

10
11 _10

5; —_—
(T

1
112
If you invert the fraction you are dividing by and multiply, you will give the same

answer with fewer steps:
5.1_5_.2_10

-2 1171 11

WORKED EXAMPLE 5

Evaluate each of the following.
3.1 3.1 S, 6.
i b 1 2* 23 c g° 2 d > 3
Answers
a 3.1_3.7 Multiply by the reciprocal of 1
472 2471 2
3 Use the rules you have learned about
) multiplying fractions.
1
=15
b 1 3. 21 1.7 Convert the mixed fractions to
4 3 43 improper fractions.
_7 x3 Multiply by the reciprocal of L
4" 7, 3
_3
4
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WORKED EXAMPLE 5 CONTINUED

c > £2= S - 2 Write 2 as an improper fraction.
8 8 1
_2x1 Multiply by the reciprocal of g
8 2 1
_ >
16
d 6., 8.1
7737773,
_2
7

@ Exercise 5.4

Evaluate each of the following.
10 .

1.1 2.3 4. 10 .
T 773 2 573 3577 RTINS
1.1 1.2 7.1 1.,1
5 45+ 6 33+53 7753755 8 37733
12y, .1 1_,2._.1
9 a @5 r§.13 b 23-15+135

Fractions with decimals
In some calculations either the numerator or the denominator, or both, might not be
whole numbers. To express these fractions in their simplest forms:

e find an equivalent fraction where both the numerator and denominator
are integers

e  check that the equivalent fraction is in its simplest form.

WORKED EXAMPLE 6

Simplify each of the following fractions.
0.1 L, 13 .36

3 2.4 0.12
Answers
a 01_01x10 Multiply 0.1 by 10 to convert 0.1 to an

3 3x10 integer.

_1 Make sure the fraction is equivalent by also
30 multiplying the denominator (3) by 10.

To divide a fraction
by an integer you
can either multiply
the denominator by
the integer, or divide
the numerator by the
same integer.
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WORKED EXAMPLE 6 CONTINUED

b 13 _13x10 Multiply both the numerator and
24 24x10 denominator by 10 to get integers.
= 13 13 and 24 do not have a HCF other than 1,
24 T .
so you cannot simplify the fraction.
¢ 36 _ 36x100 Multiply 0.12 by 100 to produce an integer.
0.12  0.12 % 100 Py ! P ?
Remember to multiply the numerator by
3600 S :
=12 100, so the fraction is equivalent.
= 300 Simplify the final fraction by cancelling.

Exercise 5.5

Simplify each of the following fractions.

0.3 0.4 6 0.7
Ty 2 05 o7 4 o

36 5 1.5 2.8 1.44
5 1—5 6 0.3XE 7 O.4XT 8 ﬁx—6

Further calculations with fractions

You can use fractions to help you solve problems.

WORKED EXAMPLE 7

|

Suppose that c of the students in a school wear glasses. If the school has 600

students, how many students wear glasses?

Answer
2 2
5 of 600 = 5 x 600
2 460"
p— J— X JE——
13 1

= 2 % 120 = 240 students

WORKED EXAMPLE 8

|

5 of the students in a school do not wear glasses. If 360 students do not wear

glasses, how many students are there in the whole school?
Answer

% of the total is 360, so % of the total must be half of this, 180.
5

This means that the total (5) is 5 x 180 = 900 students altogether.

Remember: a fraction
that contains a
decimal is not its
simplest form.

Remember: in
Worked example 3,
you saw that ‘of is
replaced by x.
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Exercise 5.6

APPLY YOUR SKILLS

1 %of the people at an auction bought an item. If there are 120 people at

the auction, how many bought something?

2 An essay contains 420 sentences. 80 of these sentences contain typing
errors. What fraction of the sentences contain errors? Write the fraction in
its simplest form.

3 28is % of which number?

4 If— of the people in a theatre buy a snack during the interval, and of
those who buy a snack 2 buy ice cream, what fraction of the people in the

theatre buy ice cream?

5 Asma, Bashir and Candice are trying to save money for a party.
If Asma saves 1 of the total needed, Bashir saves % and Candice

saves 11—0, what fraction of the cost of the party is left to pay?

6 Achefneeds 6% cups of cooked rice for a recipe of Nasi Goreng.
If 2 cups of uncooked rice with 2% cups of water make 4% cups of cooked
rice, how many cups of uncooked rice does the chef need?

How much water should the chef add?

Which strategies, skills and procedures that you learned in your earlier studies
were most useful for this work on fractions?

Did any of the activities on fractions in this chapter help you learn more
than others? Why?

5.3 Percentages

Per cent means ‘out of a hundred’. The percentage 40% means ‘40 out of every So ?@@@@@@@@F 0

hundred’. You can see in the diagram that this is equivalent to 4 out of ten people: 40% Iﬁinﬂﬂﬂﬂ“ﬂ‘ﬂ 60%

b T
-
o AR <o
ox M HNIRAN 0%
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LINK

Percentages are often used in daily life and the media. You may see signs
in shops offering '25% off’ or adverts that claim ‘90% of cats prefer a
particular brand of food’ or '80% of people using a skin product claimed an
improvement in 30 days’. Some percentages may be greater than 100%.
For example, drinking two glasses of juice could provide 120% of your daily
Vitamin C requirements.

Statistics in the media are often given as percentages to make them easier
to understand. For example, a country may report that 80% of adults have
been fully vaccinated against a disease. However, using percentages can also
be misleading. 60% of people in a survey could be 3 million out of 5 million
people or 3 out of 5 people. When actual numbers are used to report
statistics, it may be because the percentages do not sound dramatic enough.
For example, a news report may say that 300000 people countrywide have
had their power cut off due to supply problems. In a country of 65 million
people this is less than half a percent (0.46%) and if the population is

85 million this is just over% of a percent (0.35%).

Equivalent percentages, fractions and decimals

Percentages, fractions and decimals are all ways of representing part of a whole.

To convert a percentage into a decimal, divide by 100. So, 45% = % =0.45 and
3.1% = % = 0.031. (Notice that the digits move two places to the right.)
To convert a decimal to a percentage, multiply by 100. So, 0.65 = % = 65% and

0.7 X 100 = 70%. (Notice that the digits move two places to the left.)

To convert a percentage to a fraction, write the fraction with a denominator of 100
and simplify.

WORKED EXAMPLE 9

Convert each of the following percentages to fractions in their simplest form.

a 25% b 30% c 3.5%

Answers

a 259 = 25 _1 Write as a fraction with a denominator of
100 4 100, then simplify.

b 30% = 30 _ 3 Write as a fraction with a denominator of
100 10 100, then simplify.

c 350 — 35 _ 3 _ 7 Write as a fraction with a denominator of

100 ~ 1000 200 100, then simplify.

To convert a fraction to a percentage, write it as an equivalent fraction with a
denominator of 100.
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WORKED EXAMPLE 10

Convert each of the following fractions into percentages.
a 1 b 1
20 8
Answers
a 1 _1x5 Find the equivalent fraction with a
20 20x5 denominator of 100.
5
~ 100
=5%
b 1_1x125 Find the equivalent fraction with a
8 8x125 denominator of 100.
12.5
~ 100
=12.5%
You can convert any fraction into a percentage by multiplying by 100
and cancelling.

WORKED EXAMPLE 11

Convert the following fractions into percentages:

. 3 b B ¢ B
40 15 4
Answers
a 3 100_30_15_ 3.
40>< 1T -2°-> —7.5,5040—7.56
b 8 100 _160 _ 8 _aa
15>< T =3 =53.3(1d.p), 5015—53.36(1 d.p.)
c 25 100 2500 _ o
4>< 1T =4 625%

You can use a calculator to convert a fraction to a percentage. For example, to

3
convert 20 to a percentage you would enter:

3+ JCa]fo]~ 1] o]lo]r=1]

Your display will show 7.5. This is the percentage.

You do not enter a percentage sign in this conversion calculation because the
values you are entering are not percentages. The answer is a percentage.

Remember to
multiply both the
numerator and
denominator by the
same number.
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Exercise 5.7
G 1 Convert each of the following percentages into fractions in their simplest form.
a 70% b 7% c  20% d 36% e 15% f 2.5%
g 215% h 132% i 117.5% j 1084% k 0.25% |  0.002%

'-' 2 Express the following fractions as percentages.

3 7 17 3 8 50
T N T R L )

Percentage calculations

INVESTIGATION

Thinking about percentages

1 Finding a percentage of an amount
13% of 500 is 65.

a  Which of the following methods correctly find 13% of 5007

13x500 | 290 x 65 [0.013x500| 13 x500 | 13 x 100
13 100 500

b  Discuss why the other methods won't give the correct answer.

2 How does your calculator deal with percentages?

a Enter[ 2| 5| %|.

What does your display show? Why?

b  What do you need to enter on your calculator to work out that 12%
of 650 is 787 Is there any other way to work this out using your
calculator? Did you need to press the __ = | key?

¢ When you converted between fractions, decimals and percentages,
you did not use the key. Why do you need to enter a % sign in
these calculations?

d Compare how your calculator works with others in your group. Do all
calculators work the same way?

3 Using fraction or decimal equivalents show how you can work out 15%
of 500 using a fraction or a decimal (and no calculator).

Finding one number as a percentage of another

You can express one number as a percentage of another number. To do this, write the
first number as a fraction of the second number then multiply by 100.

16:215 9781009297912 © Morrison & Hamshaw 2023 Cambridge University Press
copying is restricted under law and this material must not be transferred to another party.



5 Fractions, percentages and standard form

WORKED EXAMPLE 12

a Express 16 as a percentage of 48.

Answer
16 o
18 x 100 = 33.3% (1 d.p.)
16 _1
48

3
x 100 = 33.3% (1 d.p.)

Answer
15 1
75><100—5 x 100

=20%

Answer

23
s i+ 1r2]03

First, write 16 as a fraction of 48, then
multiply by 100.

If you are working without a calculator, you
may find it easier to write the fraction in its
simplest form first.

b  Express 15 as a percentage of 75.

Write 15 as a fraction of 75, then simplify
and multiply by 100. You know that 100
divided by 5 is 20, so you don't need

a calculator.

c Express 18 as a percentage of 23.

18
To calculate —= x 100 you can use your calculator. Enter:

x |71 ][0l o] =]7826%(2d.p)

Answer
ﬁ _&_ O,
15 x 100 = 15 160%

d Express 24 grams as a percentage of 15.

Exercise 5.8

Where appropriate, give your answer to 3 significant figures.

1 Calculate:

a 5% of 300

d  120% of 300

g 2.6% of 3 metres
2  Express:

a 14 asa percentage of 35

c 17 as a percentage of 63.

3 A factory that makes mobile phone batteries estimates that 2.4% of the batteries

20% of 60 c  75% of 180
7.5% of 1000 f  90% of 50kg
%% of 55 litres.

b 3.5 asa percentage of 14

are not up to standard. If they produce 16 800 batteries, how many will be up

to standard?

4 36 people live in a block of flats. 28 of these people jog around the park each
morning. What percentage of the people living in the block of flats go jogging

around the park?
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Jaleel scores % in a test. What percentage of the marks did Jaleel get?

Express 1.3 as a percentage of 5.2.

Express 0.13 as a percentage of 520.

0 N o0 !

One orange contains 53.2 mg of Vitamin C. The daily recommended amount for
adults is 90 mg per day. Express the amount of Vitamin C in three oranges as a
percentage of the daily recommended amount.

Percentage increases and decreases

The cost of a book increases from $12 to $15. The actual increase is $3. As a fraction MATHEMATICAL
of the original value, the increase is % = % This is the fractional change and you can CONNECTIONS

write this fraction as 25%. In this example, the value of the book increased by 25% Percentages are
of the original value. This is called the percentage increase. If the value reduces (for used a lot in financial
example if something is on sale in a shop) then it is a percentage decrease. mathematics, where

interest is added on
a percentage basis to
savings or debts. You
When increases or decreases are stated as percentages, they are always will learn more about
stated as percentages of the original value. this in Chapter 17.

WORKED EXAMPLE 13

The value of a house increased from $120000 to $124 800 between August
and December. What percentage increase is this?
Answer
$124 800 — $120000 = $4800 First calculate the increase.
% increase = % x 100% Write the increase as a fraction of the
erngina original and multiply by 100.
= 133%(())0 x 100% Then do the calculation (either in your
head or using a calculator).
= 4%

Exercise 5.9

APPLY YOUR SKILLS

Where appropriate, give your answer to the nearest whole percent.

1 Over a five-year period, the population of the state of Louisiana in the
United States of America decreased from 4468976 to 4287 768. Find the
percentage decrease in the population of Louisiana in this period.

2 Sunil streamed 38 series one year and 46 the next year. Find the
percentage increase.
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APPLY YOUR SKILLS CONTINUED

3 A theatre has 450 seats. After renovation it will have 480 seats. Find the
percentage increase in the number of seats.

4  Sally works in an electrical component factory. On Monday she makes
363 components and on Tuesday she makes 432. Calculate the
percentage increase.

5 Inter-Polation Airlines carried a total of 383402 passengers in one year
and 287431 in the following year. Calculate the percentage decrease in
passengers carried by the airline.

6  Aliquid evaporates steadily. In one hour the mass of liquid in a container
decreases from 0.32kg to 0.18kg. Calculate the percentage decrease.

Increasing and decreasing by a given percentage

If you know what percentage you want to increase or decrease an amount by, you can
find the actual increase or decrease by finding a percentage of the original. If you want
to know the new value, you either add the increase to, or subtract the decrease from,
the original value.

You can also use a multiplier to increase or decrease amounts. An increase of 5%
means you will end up with 105%. This is equivalent to % = 1.05, so you can multiply

by 1.05 to work out the increased amount. A decrease of 5% will leave you with 95%.

. . 95 .
This is equivalent to ——— = 0.95 and you can use this to calculate the decreased amount.

100
WORKED EXAMPLE 14
Increase 56 by: a 10% b 15% c 4%
Answers
3 10% of 56 = 10 56 (‘Talculate 1.0% of 56 to work out the
100 size of the increase.
1y 56 =56 To increase the original by 10% add Remember that
10 this to 56. you are always
56 +5.6=61.6 considering a
percentage of the
b 1.15x 56 = 64.4 A 15% increase means 115% of the original value.
original.
115% = 1.15
c 1.04 x56 =58.24 A 4% increase means 104% of the
original.
104% = 1.04
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WORKED EXAMPLE 15

In a sale all items are reduced by 15%. If the normal price for a bicycle is $120
calculate the sale price.

Answer

100% — 15% = 85% Reducing a number by 15% leaves you with
85% of the original. So, find 85% of the

85 % $120 = $102 original value.

100

Or use a multiplier: 85% is equivalent to 1STSO =0.85

0.85 x $120 = 102

You can draw a bar model to help you with percentage calculations.

WORKED EXAMPLE 16

A licence for anti-virus software normally costs $70.00. What would you pay
for the software if you got 25% discount?
Answer
75% 100%  Draw a bar model.
| ! | A 25% discount means the
’ S0 software is now 75% of the
original cost.
100% = $70 and you need to
find 75%.
$70 . '
1% = 100 = $0.7 Divide $70 by 100 to find 1%
75% = $0.7 x 75 = $52.50 Multiply by 75 to find 75%
Exercise 5.10
1  Increase 40 by:
a 10% b 15% c  25% d 5% e 4%
2 Increase 53 by:
a  50% b 84% c  13.6% d 112% e %%
3 Decrease 124 by:
a 10% b 15% c  30% d 4% e %
4 Decrease 36.2 by:
a  90% b 35.4% c 03% d 100% e %%
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APPLY YOUR SKILLS

5 Shajeen usually works 30 hours per week. He increases his working hours
by 10% to earn enough to save for a holiday. How many hours per week
will Shajeen work now?

6 12% sales tax is added to clothing sold in a certain shop. If a T-shirt is
advertised for $12 before tax, what will it cost after tax is added?

7 Inits first year, 21300 people attended shows at the Oyler Theatre.
The theatre decided to advertise more and this led to a 23% increase in
its audience numbers for its second year. How many people attended
shows in the second year?

8 The village of Trigville had 153000 residents. A flood caused 17% of
the residents to move away. What was the population of Trigville after
the flood?

9  Anthea’s screen time report said she spent 12 hours on screen during
one week. The next week, this had reduced by 12%. How much time did
she spend on screen in the second week? Give your answer in hours and
minutes to the nearest minute.

10 A population of bacteria is increasing at a rate of 15% per hour. What is
the percentage increase after 4 hours? Give your answer correct to
2 decimal places.

11 Due to surplus production, oil prices decrease by 12% in January and
then by a further 12% in February. A newsreader reports that the price of
oil has decreased by 24%. Is that correct? Justify your answer.

12 The number of passengers using a new ride-share service is increasing by
x% each year and is expected to double in 5 years. What is the value of x
correct to 1 decimal place?

DISCUSSION

13 Discuss these questions about percentage increases and decreases in
small groups. Be prepared to explain your answers to the class.

a  Two students start with the same number of points. Student A's
points increase by 10% each day. Student B’s points decrease by
10% each day. Will the original number of points have doubled and
halved on the same day? Justify your answer.

b Which results in more points: doubling the original number or a 40%
increase followed by a 50% increase? Why?

¢ Which of these offers gives cheaper data when you are buying
airtime?
*  50% discount from the price of data
*  50% extra data free
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PEER ASSESSMENT

Assess your partner’s work in Exercise 5.10.

Provide feedback using these three headings:
e  What went well?

e  How could your work be better?

e  What steps can you take to improve?

Some sentence starters that you can use for each heading are given in the table.

to ...

The things that went well were ... | To improve you can ... Your next step should be ...
You are good at ... Try to ... To make this even better
The best part of your work was ... | Next time you need to ... youcan ...
You can be proud of ... If you do this again you could ... Lt;\/t%u'd be good if you could
From your work | learned how to | To help you understand this ... Ask for help on ...
improve my own work by ... .

Look at ... in your coursebook

Focuson ...

Reverse percentages

Sometimes you are given the value or amount of an item after a percentage increase or

decrease and you need to work out what the original value was. To solve these reverse
percentage questions, it is important to remember that you are always dealing with
percentages of the original values.

WORKED EXAMPLE 17

A store is holding a sale in which every item is reduced by 10%. A jacket in
this sale is sold for $108.

Calculate the original price of the jacket.

Answer
90 . o .
700 X X= 108 The new cost is 90% of the original.
X = % x 108  To solve for x, multiply both sides of the equation by

. 0
Original price = $120 the reciprocal Ofﬁ

Itis important to remember that undoing a 10% decrease is not the same as

increasing the reduced value by 10%.

If you increase the sale price of $108 by 10% you will get 19, $108 = $118.80,
100

which is a different (and incorrect) answer.
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You can use a bar model to help you with reverse percentage calculations.

WORKED EXAMPLE 18

A shop advertises a laptop for sale for $320 during a 20% off sale.
What was the original price of the laptop?
Answer
100% =2 Draw a bar model.

‘ N 20% has been taken off, so $320
| $320 | | is 80% of the original cost.
N g y

80%
1% = % =$4 Divide $320 by 80 to find 1%
100% = $4 x 100 = $400 Multiply $4 by 100 to find 100%

Exercise 5.11

1 If 20% of an amount is 35, what is 100%?

2 If 35% of an amount is 127, what is 100%?

3 245is 12.5% of an amount. What is the total amount?

4 The table gives the sale price and the per cent by which the price was reduced for a

number of items. Copy the table and complete it by calculating the original prices.

52.00 10
185.00 10
4700.00 5
2.90 5
24.50 12
10.00 8
12.50 7
9.75 15
199.50 20
99.00 25

APPLY YOUR SKILLS

5 Ashop keeper increases the cost price of items by 22% before selling
them. The selling price (after the increase) of ten items are given below.
For each item, work out the cost price.

a $2500 b $200.00 ¢ $1450 d $23.99 e $15.80
f $4580 g $29.75 h  $129.20 i $0.99 j $0.80
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APPLY YOUR SKILLS CONTINUED

6  Seven students were absent from a class on Monday. This is 17.5% of
the class.

a How many students are there in the class in total?

b  How many students were present on Monday?

7 Ahatshop is holding a 10% sale. If Jay buys a hat for $18 in the sale, how
much did the hat cost before the sale?

8  While Suresh is training for a race, he reduces his weight by 5% over a
3-month period. If Suresh weighs 76kg at the end of three months, how
much did he weigh before he started training?

9 The water in a pond evaporates at a rate of 12% per week. If the pond
now contains 185 litres of water, approximately how much water was in
the pond a week ago?

5.4 Standard form

LINK

Very small and very
large numbers occur
often in chemistry;
the carbon atom
mass, given here, is
just one example.
The reason this
happens a lot is
because the subject
usually deals with
very small objects in
very large numbers.

e There are an estimated 1000000000 000000000000000 stars in the universe.
e  The star Betelgeuse has a mass of 21880000000 000000000000 000000000kg.
e Asingle carbon atom has a mass of 0.0000000000000000000000000199kg.

Standard form

It is clumsy and impractical to write out very large and very small numbers like is also called
this. You might make mistakes and add or miss out zeros in calculations. We use scientific notation or
standard form to express very small and very large numbers as a number multiplied exponential notation.

by a power of 10.
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Writing numbers in standard form

You can write any number in standard form by writing it as a number between 1 and
10 multiplied by a suitable power of 10. In algebraic language we say that any number
can be written in the form 4 X 10", where 1 =< 4 < 10 and # is an integer.

The numbers at the start of this section can be written in standard form as 1 X 102,

2.188 x 103 and 1.99 x

10726,

When a number is in standard form, the index (power of 10) tells you how many places
the digits have moved and whether they have moved to the right or left.

WORKED EXAMPLE 19

Answer
3.2

3200000
3.2

320000 = 3.2 x 10°

Write 320000 in standard form.

Write the number with the decimal point after the first non-zero
digit to get a number between 1 and 10.

Work out how many places the first digit needs to move to get back
to its original place. In this case, the 3 needs to move five places to
the left to get back to its original hundred thousands position.

Work out the index (power of 10). In this case, the original
number is bigger than 3.2 so the index will be positive.

In other words, to move the digit 3 back to its original position
you would need to multiply by 10°.

a 0.004
Answers
a 12 3
NN
0.00 4
4.0
=4 x 1073

WORKED EXAMPLE 20

1 Write each of the following numbers in standard form.

b 000000034=34+107 12345567

b 0.00000034

Start with a number between 1 and 10, in this
case 4.

Compare the position of the first digit: ‘4’ needs
to move three places to the right to get from the
new number to the original number. In Worked
example 19 you saw that moving five places to
the left meant multiplying by 105, so moving
three places to the right means multiply by 10-3.

Notice also that the first non-zero digit in 0.004
is in the 3rd place after the decimal point and
that the power of 10 is —3.

L NN
=34x10"7 0.000000 34=34x107

The first non-zero digit in 0.00000034 is in the
7th place after the decimal point so the power
of 10is -7.
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Exercise 5.12
@ 1 Write each of the following numbers in standard form.

a 380 b 4200000 c 45600000000

d  65400000000000 e 20 f 10

g 103 h 5 i 0.004

j  0.00005 k 0.000032 I 0.0000000564
e’ 2 Write each of the following as an ordinary number.

a 24x10° b 3.1x108 c 1.05x 107

d 99x103 e 7.1x10! f 3.6x10™

g 1L6x1078 h  2.03x107 i 8.8x1073

APPLY YOUR SKILLS

3 Agrain of rice has a mass of 25mg.
a Convert this to kilograms.
b  Write the mass in kilograms using scientific notation.

4  The closest star to our Sun is Proxima Centauri at a distance of
40208 000000000km. Express this in scientific notation.

5 Astack of 500 sheets of paper is 42mm thick. Express the thickness of
one sheet of paper using scientific notation.

When converting from standard form back to an ordinary number, the power
of 10 tells you how many places the first digit moves, not how many zeros
there are.

Your calculator and standard form

On modern scientific calculators you can enter numbers and calculations in standard
form. Also, if an answer has too many digits to fit on the screen, your calculator will
display it in standard form.

Calculators can display answers in standard form on one line like this:

5.98¢-06
This is 5.98 x 107%

or on two lines with the calculation and the answer, like this:

£.23e23+4.11 o
This is 2.56 x 10%

2.56sc4
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5 Fractions, percentages and standard form

INVESTIGATION

Standard form on a calculator

1 How does your calculator deal with standard form?
a Find the button or the "Exp| or _EE | button on your calculator. Different calculators
These are known as the exponent keys. work in different
b  Enter these calculations. Check that you get the correct answers. ways and you need
C 2134 x 108 i 3124 x 106 to understand how
: : " : your own calculator
Answers: i 21340 ii  0.000003124 works. Make sure you
¢ Did you have to enter x 10? Why? know what buttons to
use to enter standard
2 Here are ten calculator displays giving answers in standard form in form calculations and
different ways. how to interpret the
(o3 o05) (28% -08) (4o o09) (183 ©1) (BMadet | display and convert
your calculator
answer into an
(3.23¢13 ] (2876e-04) (302els | (BOWGe-te | [5.8234 19) ordinary number.
a  Write out each answer in standard form.
b  Arrange the ten numbers in order from smallest to largest.
If you are asked to give your answer in standard form, you need to interpret

the display and write the answer correctly. If you are asked to give your answer
as an ordinary number then you need to apply the rules you already know to
write the answer correctly.

Exercise 5.13

1

Enter each of these numbers into your calculator using the correct function key
and write down what appears on your calculator display.

a 42x10"? b 18x103 c  27x10°
d 134x1072 e 1.87x107° f  423x107
g 3102x10* h 3.098 x 10° i 2076x107%
Use your calculator. Give the answers in standard form correct to 5 significant
figures.
a  423¥ b 0.0008 +9200° ¢ (1.009)°
d 123000000 + 0.00076 e (97 x 876)* f  (0.0098)* x (0.0032)3
8543 x 9210 9754
0.000034 (0.0005)*
Use your calculator to find the answers correct to 4 significant figures.
a  9.27x(2.8x10% b (4.23x1072)3 ¢ (32x107)+(7.2x 10
d (3.2x10™%? e 231x(1.5x1079 f  (43x10°)+(2.3x107)
g V3.24x107 h V42x10% i V1126 %107
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APPLY YOUR SKILLS

4 Ahardware designer is trying to work out whether a small cuboid shaped
chip will fit into the available space in a new smartwatch. The chip
has a volume of 7.927 x 10~ m. The space available is also a cuboid
0.000000327 m long. 0.0000002m wide and 0.000 116 m high. Will the
chip fit into this space? Show your working.

5 Data storage (in computers) is measured in gigabytes. One gigabyte is
230 bytes.

a  Write 2% in standard form correct to 3 significant figures.

b  There are 1024 gigabytes in a terabyte. How many bytes is this?
Give your answer in standard form correct to 1 significant figure.

Calculating in standard form without a

Calculator MATHEMATICAL
. ) i ) . CONNECTIONS
Sometimes you may have to perform calculations using numbers written in standard
form without using your calculator. The laws of indices
are covered in
Multiplying and dividing Chapter 1 and
When numbers are written in standard form you can use the laws of indices to multiply revisited in Chapter 2.

and divide them without using a calculator.

WORKED EXAMPLE 21

Write each of the following in standard form.

a (3x10%x(2x10 b (2x103x(8x107) c  (2.8x10% =+ (1.4 x 104
Answers
a (3x10%x(2x100=(3x2)x(10°x 109 Rearrange the calculation.
=6 x 10%* Use the laws of indices where appropriate.
=6 x 10" Write the number in standard form.
You may be asked to convert your answer to an ordinary number. 6.0 x 10"
To convert 6 X 1011 into an ordinary number, the ‘6’ needs to jlo9 8 765 4 321
move 11 places to the left: 60000000000 00
b (2x10% x(8x107) = (2 x 8)x (103 x 107) The answer 16 X 100 is numerically correct but it is not
=16 x 1010 in standard form because 16 is not between 1 and 10.
You can change it to standard form by thinking of 16 as
16 x 100 =1.6 x 10 x 100 1.6 x 10.
= 1.6 x 10"
c o . o _ 2.8 %10
(2.8 x 10%) + (1.4 x 104 T4x10°
2.8 _ 10¢
=== X —
1.4 104
=2x 1064 Subtract the indices to divide the powers.
=2x10?
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5 Fractions, percentages and standard form

Adding and subtracting

In Chapter 2 you learned that you can add and subtract like terms. In standard form,
like terms are identical powers of 10. For example, 1.2 x 103 and 3 x 103 are like terms
and you can add them to get 4.2 X 103,

The numbers 9 x 109 and 3 x 108 have different powers of 10, so these are not like
terms and you cannot simply add them. Instead you can manipulate the expressions to
make like terms. For example, you can write 3 X 108 as 3 x 10° x 102 (because

10° x 102 = 10%) and then you can write this as 300 X 10° and add it to 9 x 10°.

If you are using a calculator you don’t need to manipulate the expressions.
You just enter the calculation correctly to get the answer.

WORKED EXAMPLE 22

Write each of the following in standard form.
a (9x109 + (3 x 108 b (5x1073) - (1.5x10
Answers
a (9%x109+ (3 x108)=9x10%+ 3 x 106 x 102 3 x 108 is equivalent to 3 x 10% x 102
= 1069 + 3 x 109 Remove the common factor.
= 10%9 + 300) Calculate 3 x 102 = 300
= 10%(309) Add the numbers.
=3.09 x 108 Write the answer in standard form.
b G5x103-(1.5x10%=50x%x10"%-15x10"* 5 x 1072 is equivalent to 50 x 104
=104 (50 - 1.5) Remove the common factor and
= 1074 (48.5) subtract the numbers.
=4.85x 1073 Write the answer in standard form.

You can also add or subtract numbers in standard form by rewriting them as ordinary
numbers to add or subtract and then convert the answer back to standard form:

9 x 106 =9000000 and 3 x 108 = 300000000
So, (9 x 109) + (3 x 108) = 9000000 + 300000000

= 309000000
=3.09 x 108

When you solve problems in standard form you need to check your results
carefully. Always check that your final answer is in standard form and make
sure that the number part is between 1 and 10.
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Exercise 5.14

—

N

w

Write each of the following in standard form.

a (2x103)x4x107) b (1.4 x 108 x (3 x 10%

c  (1.5x1013)2 d (12x10% x (11 x 10?)

e (0.2x10'7)x (0.7 x 1016) f  (9x10'7)+(3x10%)

g (@x10"7)+(4x10'% h  (1.5x108) = (5 x 10%

i (24%x10%) +(8x10%) i (144 x107) = (1.2 x 10%

k m I (4.9 %x10% % (3.6 X 10%)
(3.4 x 10%) ’ '

Write each of the following in standard form.

a (3x10%+@4x10% b (4x10%—(3x10°

¢ (27x10%+ (5.6 x10% d (7.1 x10% - (4.3 x107)

e (58x10%— (2.7 10%)

Write each of the following in standard form.

a (2x107%x(4x107°) b (1.6 x1078) x (4 X 1074

¢ (1.5x1079) x (2.1 x 1073) d (11 x107) x (3 x10?)

e (9x10'7) +(4.5x1071%) f  (7x1072)+(1x101%

g (4.5x10%+(0.9x 107 h (11 x1079) x (3 x10%) = (2 x1073)

For some calculations, you might need to change a term into standard form
before you multiply or divide.

4

Write each of the following in standard form.
a (B1x10%H+(2.7%x107? b (B2x107H)-(3.2x%x107?)
c  (7.01 x10%) + (5.6 x 1071 d (1.44x107%) —(2.33 x 107

APPLY YOUR SKILLS

Find the number of seconds in a day, giving your answer in standard form.

The speed of light is approximately 3 X 108 metres per second. How far
will light travel in:

a 10 seconds? b 20 seconds? ¢ 102 seconds?

REFLECTION

Think about the work you have done on standard form.

Did you find the examples clear and helpful? Explain why or why not.
Which class activity helped you learn the most? Why?

What do you think your teacher could have done differently to help you
understand this work better?
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to which 10 is raised
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of the first non-zero
digit after (to the
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5 Fractions, percentages and standard form

SELF ASSESSMENT

How well do you understand standard form and how to calculate with numbers in standard form?

1  Use this scale to give yourself a rating of 1, 2, 3 or 4.

| know what we are | mostly know what we | | think | need more | really don't
trying to do. are trying to do. practice. understand this at all.
| understand how to | understand most of | | get confused when I need help with all
convert numbers to the work on converting | | have to convert aspects of this work.
and from standard numbers to and from numbers to and from
form. standard form. standard form.
| can calculate using | can do most of | cannot do many of
standard form. the calculations but the calculations.
. find some of them
| can clearly explain confusin
this work to someone g
else.

2 If you rated yourself 3, 2 or 1, write down the next step you will take to improve your rating.

SUMMARY

Do you know ...?

An equivalent fraction can be found by multiplying or dividing the numerator and denominator by the
same number.

Fractions can be added or subtracted, but you must make sure that you have a common denominator first.

To multiply two fractions you multiply their numerators and multiply their denominators.

To divide by a fraction you find its reciprocal and then multiply.

Percentages are fractions with a denominator of 100.

Percentage increases and decreases are always percentages of the original value.

You can use reverse percentages to find the original value.

Standard form can be used to write very large or very small numbers quickly.

Are you able to ...?

find a fraction of a number

find a percentage of a number

find one number as a percentage of another number

calculate a percentage increase or decrease

find a value before a percentage change

do calculations with numbers written in standard form.
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Practice questions

2:§ 1 Calculate %(% + %) giving your answer as a fraction in its lowest terms. [4]

2 93800 students took an examination.
19% received grade A.
24% received grade B.
31% received grade C.
10% received grade D.
11% received grade E.
The rest received grade U.

Calculate the percentage of the students who received grade U. [2]
b  Calculate the fraction of students who received a grade B?

Give your answer in its lowest terms. [2]
¢ Work out how many students received grade A. [2]

3 During one summer there were 27 500 cases of Salmonella poisoning in Britain.
The next summer there was an increase of 9% in the number of cases.
Calculate how many cases there were in the second year. [3]

4 Abdul’s height was 160 cm on his 15th birthday. It was 172cm on his 16th
birthday. What was the percentage increase in his height? [3]

5 Timur’s salary increases by 10% after one year and then another 20% after the
next year. Timur explains that his salary will have increased by a total of 30%
over the two years. Explain why Timur is incorrect and work out his actual

salary increase over that time. [3]
_ ab
6 n= Py
If a =3 x 10%and b = 2 x 107, determine the value of n. Give your answer in
standard form correct to 3 significant figures. [3]

7  Alight year is the distance light travels in a year. The speed of light is 3.0 X 103
kilometres per second.

a  Calculate, to the nearest kilometre, the number of kilometres in one
light year. (2]

b Proxima Centauri is 4.0 X 1013 kilometres from our Sun. Work out how
many light years there are in 4.0 x 10'3 kilometres. Give your answer to
3 significant figures. [2]

¢ There are approximately 0.625 miles in a kilometre. Calculate the speed
of light in miles per second, giving your answer in standard form, to
3 significant figures. [2]

8  Between January 2020 and January 2021, Mongolia’s population increased by
1.6% to 3.352 million.
Calculate Mongolia’s population in 2020, giving your answer to
the nearest 1000. [3]
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5 Fractions, percentages and standard form

9 x=ax10",y=5bx%x10"and 100 < ab < 1000

Find xy in standard form. [3]
10 The value of a car decreases by 12% per year. A car is two years old and its value

is now $3875.

a  What was the car’s value when it was one year old? [2]

b  What was the original price of the car? [2]

c If the value of a car decreases by x% per year and the original value of the
car is $V/, find a formula (in terms of x, V" and n) for the value of the car
after n years. [3]

11 The value of a painting increases by 2% per year. The painting was bought on
1 January 2021 for $1800. During which year will the painting first be worth
more than $25007? [3]

SELF ASSESSMENT

Analysing your mistakes can help you improve.

Consider any questions that you got wrong.

e Did you understand the question and know what to do? If not, what can you
do about this?

e Did you make any errors in your calculations? If so, what can you do to avoid
these errors in future?
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6 Equations, factors and formulae

Have you seen any of the equations in the image on the previous page before?
What do they mean?

Equations are a used to easily record and manipulate mathematical problems. Drawing
straight lines or curves can take a lot of time, but you can write their equations quickly,
and formulae for calculating areas of shapes and volumes of solids can be recorded
using a few easily remembered symbols.

You can use formulae to help you work out how long it takes to cook your dinner, how
well your car is performing or how efficient the insulation is in your house.

GETTING STARTED

In each diagram, the numbers or expressions in any pair of circles add up to
the number or expression in the square between them. Copy and complete
each diagram by working out the missing numbers or expressions.

6.1 Solving equations

1 think of a number, x. If I multiply my number by three and then add one, the answer is
13. What is my number?

To solve this problem you need to understand what is happening to x and then

undo the operations in reverse order. This diagram (sometimes called a function
machine) shows what is happening to x, with the reverse process written underneath.
Notice how the answer to the problem appears quite easily:

W

W3

Sox=4.
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You can reach the solution more efficiently using algebra. Follow the instructions in
the question:

1 | The number is x: X

2 | Multiply this number by three: 3x

3 | Then add one: 3x+ 1

4 | The answer is 13: 3x+1=13

This is called a linear equation. ‘Linear’ means there are no powers of x other than one.

LINK

Accounting uses a lot of mathematics. Accountants use computer
spreadsheets to calculate and analyse financial data. Although the programs
do the calculations, the user has to know which equations and formulae to
insert to tell the program what to do. Most computer systems use the same
rules for the order of operations.

MATHEMATICAL CONNECTIONS

You will study equations of straight lines in Chapter 10. Any equation in the form
y = mx + cis the equation of a straight line. This is why equations involving only
the first power of x and constants are known as linear equations.

You can change the way an equation is written without changing the solution (the value
of x for which the equation is true), as long as you do the same thing to both sides of
the equation at the same time.

Follow the reverse process shown in the function machine on the previous page but
carry out the instruction on both sides of the equation:

3x+1=13
3x+1-1=13-1  (subtract one from both sides) Always line up the
3y =12 '=" signs becausg this
makes your working
3x _ 12 . . much clearer.
373 (divide both sides by three)
x=4

Even if you can see what the solution is going to be easily you must show
working.

Sometimes linear equations contain brackets, and sometimes they can also have
unknown values (like x, though you can use any letter or symbol) on both sides of the
equals sign.

Worked example 1 shows you how to solve some different types of linear equations.
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6 Equations, factors and formulae

WORKED EXAMPLE 1

An equation with x on both sides and all x terms with the same sign:

a Solve the equation 5x -2 =3x + 6

Answer
5x—-2=3x+6
5x—-2-3x=3x+6 - 3x Subtract 3x from both sides.
In—2=6 You could subtract
xTe= 5x from both sides
2x—-2+2=6+2 Add 2 to both sides. instead, but this gives
2x =8 a negative coefficient
2x_8 Divide both sides by 2. of x which is clumsy to
2 2 work with.
x=4

An equation with x on both sides and x terms with different signs:

b Solve the equation 5x + 12 =20 - 11x

Answer
5x+12=20-11x
5x+ 12+ 11x=20-11x+ 11x  This time add 11x to both sides, so

16x + 12 = 20 you have a positive number of x’s
16x+12-12=20-12 Subtract 12 from both sides.
16x =8
T6x _ 8 Divide both sides by 16.
16 1
1
=~

An equation with brackets on at least one side:

¢ Solve the equation 2(y — 4) + 4(y + 2) = 30

Answer
2y -8+ 4y +8=30 Expand the brackets.
6y =30 Collect like terms.
oy _30 Divide both sides by 6.
6 6
y=5

An equation that contains fractions:

d Solve the equation gp =10

Answer
6 . .
7P % 7=10x7 Multiply both sides by 7. Unless the question
bp =70 asks you to give your
bp 70 - , answer to a specific
= Divide both sides by 6. degree of accuracy,

you should leave it as

Write the fraction in its simplest form. a fraction.
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WORKED EXAMPLE 1 CONTINUED

An equation with fractions and variables in the denominators
21 4-x
e Solve the equation 33" x
Answer
2 1 4 -x . .
bx 33 = bx ox The lowest common denominator is
x 6x, so multiply both sides by 6éx.
dx+2=4-x
dx+x=4-2 Collect x terms on one side and
Sx =2 numbers on the other.
X = % Divide both sides by 5.
Leave your answer as a fraction.

MATHEMATICAL CONNECTIONS

You will deal with equations that have expressions containing unknowns in the
denominator again in Chapter 10 and Chapter 14.

Some equations have an expression with x as the power. These types of equations are
called exponential equations.

WORKED EXAMPLE 2

Solve each equation to find the value of x.

a 3x1=81 b 32¢=2 c I =9

Answers

a 31 =81 Notice that 81 is the 4th power of 3.

331 = 34

x+1=4 The powers must be the same.
3x=3 Subtract 1 from both sides.
x=1 Divide both sides by 3.

b (2°5x=2" Write both terms as powers of 2.
25x =21 Remove the brackets using the index laws.
S5x=1 Equate the indices.

X = % Solve for x.

c 33Xt 1=(32%x Write both terms with the same base (as powers of 3).
3x+1 = 3 Remove the brackets using the index laws.
x+1=2x Equate the indices.
x=1 Solve for x.
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Exercise 6.1

1 Solve the following equations.

a 4x+3=31 b
c 6x-1=53 d
e 9y+7=52 f
g 12-7=14 h

2 Solve the following equations.

a 12x+1=7x+11 b 6x+1=7x+11 c 6y+1=3y-38

d llx+1=12-4x e 8-8=9-9 f %x—7:ix+8
3 Solve the following equations.

a 4x+1)=12 b 22p+1)=14

c 83tr+2)=40 d 5m-2)=15

-+

e —5n-6)=-20
4 Solve for x.

a T(x+2)=4(x+5)

e 4+22-x)=3-25-x)

8x+42=2
7x —4 =—-66
11n—19 =102
206t + 3 =106

~2(x+2)=4x+9

4x—-2)+2x+5)=14
3x+ 1) =2(x+ 1)+ 2x

REFLECTION

How do you know
you have the right
answer each time?
What can you do
with your answer
to check?

20p—D+73@p+2)=T(p—4)

b
¢ Tx-QGx+11)=6-(5-3x) d
f
h

g 2p-1)-73p-2)=7(p—4) 32x+5) - (Bx+2)=10

5 Solve for x.

2x+1 2 3 _
3 =8 b 3,+1— c 5x+11—21
x+3 2x— 1 3x _
d 7 =X e 3 =3x f 7+5—2x
6 Solve the following equations.
3 0.1 9 2.3 5+8  20x+4)
@ XTI b Xt 77 € Tx T w
x—-1 1 _x-3 4 1_4. 1 4 5
3 9 o ¢ ntsT3tse  f o iiTis
7  Solve the following equations for x.
a 3%=27 b 234=32 c 8.1%v=1]

d  5206xtD) = 25 e  43x=)xtl f 93t = 97443

In question 7 you needed to be able to see the connections between powers
of numbers. How can you make sure you are ready to ‘spot’ connections when
they come up?

Some of the numbers
in each equation are
powers of the same
base number. Rewrite
these as powers and
use the laws of indices
from Chapter 2.
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6.2 Factorising algebraic expressions

You have already learnt how to expand brackets to simplify expressions and solve
equations. It can sometimes be helpful to carry out the opposite process and put
brackets back into an algebraic expression.

Consider the algebraic expression 12x — 4. This expression is already simplified, but
notice that 12 and 4 have a common factor. In fact the highest common factor (HCF)
of 12 and 4 is 4.

Now, 12=4x3and4=4Xx1.
So, 12x—4=4%x3x-4x1

=4(3x-1) MATHEMATICAL
. ) CONNECTIONS
Notice that the HCF has been ‘taken out’ of the bracket and written at the front.
You find the terms inside by considering what you need to multiply by 4 to get 12x You learnt how to find
and —4. HCFs in Chapter 1.

The process of writing an algebraic expression using brackets in this way is called
factorisation. The expression 12x — 4 has been factorised to give 4(3x — 1).

Worked example 3 shows some factorisations that are not quite so simple.

WORKED EXAMPLE 3

Factorise each of the following expressions as fully as possible.

a 15x+ 12y b  18mn - 30m
¢ 36p?q - 24pg? d 15(x—2)—20(x—2)
e 6bbx—15cx+ 10cy — 4by f  ax+ by+ atx + bty
Answers
a 15x+ 12y The HCF of 12 and 15 is 3, but x and y
have no common factors.
15x + 12y = 3(5x + 4y) Because 3 X 5x = 15xand 3 x 4y = 12y
b 18mn - 30m The HCF of 18 and 30 = 6 and the HCF

of mnand mis m.

18mn — 30m = 6m(3n — 5) Because 6m x 3n = 18mn and

6m X —5 = —30m. Make sure that you

have taken out all

¢ 36p’q - 24pg? The HCF of 36 and 24 = 12 and p?q the common factors

and pg? have common factor pg. (the highest common
P P factor). If you don't

then your algebraic

36p?q — 24pg? = 12pg(3p — 2g) Because 12pqg % 3p = 36p?q and

12pq x —2q = =24pc?. expression is not
Sometimes, the terms can have an expression in brackets that is common to fully factorised.
both terms.
d 15(x-2)-20(x — 2)} The HCF of 15 and 20 is 5 and the HCF
_ — V3 e (y —
15(x — 2) — 20(x — 2)° of (x—2)and (x — 2)3is (x — 2).
= 5(X - 2)[3 - 4(X - 2)2] Because 5(X - 2) x 3= 15(X - 2) and Take care to put in a”

5(x = 2) X 4(x — 2)? = 20(x — 2)°. the bracket symbols.
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6 Equations, factors and formulae

WORKED EXAMPLE 3 CONTINUED

You also need to be able to factorise expressions in the form

ax + bx + kay + kby.

You can do this by collecting like terms and factorising the x and the y

terms separately.

e 6bbx—15cx+ 10cy — 4by

= (6bx — 15¢cx) + (10cy — 4by)

= 3x(2b — 5¢) + 2y(5¢c — 2b)
= 3x(2b - 5¢) — 2y(2b - 5¢)
= (2b - 50)(3x — 2y)

f  ax+ by+ atx + bty
= ax + atx + by + bty

=ax(1+ 1)+ by(1 +1)

= (ax + by)(1 + 1)

Collect like terms.

Factorise the x and y terms separately.

Take a common factor of —1. The bracket
(2b = 5¢) is now a common factor.

Collect like terms and factorise the x
and y terms separately.

The HCF of ax and atx is ax and the
HCF of by and bty is by.

The bracket (1 + t) is a common factor.

Exercise 6.2

1

Factorise.

a 3x+6 b 15y-12
e 2x-4 f 3x+7

i 2x+4y j  3p-15¢

Factorise as fully as possible.
a  2lu—49v + 35w

c  3x?+3x

e 9m>—-33m

g 36x% + 24x°

Factorise as fully as possible.
a  ldm?n® + 4mPn?

c  mn?+ 6m*n2(8m + n)
e %x“ + %x
g S(x+1P—4(x+1)>

i T3y = 14x3? + 21x)?

(o]

A~

> = 0o U

8 — 16z d
18k — 64 h
13r — 26s |

35+ 25¢
33p +22
2p +4q + 6r

3xy + 3x
15pg + 21p
90m? — 80m?

32pq — 4pq?

17abc + 30ab*c
1 3
24t

3(x—4)+5(x—4)
6x3 + 2x* + 4x°

xB+y)+2y+3)

Once you have taken
a common factor
out, you may be left
with an expression
that needs to be
simplified further.
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> CAMBRIDGE IGCSE™ MATHEMATICS: CORE & EXTENDED COURSEBOOK

4 For each of the following expressions, either state that it is fully factorised, or
complete the factorisation

a 4dx+12 b 3(15x + 5y) ¢ ab(3a* - 4ab)
d 5123+ 2157 e 2x%3(6xy —10x3y?) f 5223 +21x?

5  Factorise as fully as possible.
a 3x+4y+6x+8y b 3x—-4y+6x—-8y ¢ dax+4day+ 6ax + 6ay

d 10X’ —15x2-4x3+6 e xX2-=2x—)>-2
f X2—dm>+4m-1 g 8ax + 10ay + 12bx + 15by
h  abx + bey + abex + bc2y i ax—by+ kax — kby

6 A rectangular field is 40 m long and (12x + 30) metres wide.
a  Find the perimeter of the field and factorise your answer as fully as possible.
b  Find the area of the field and factorise your answer as fully as possible.

7  Two of the angles in a triangle are 3x and 4y degrees. Find an expression for the
third angle and factorise your answer fully.

8 a Givena=3x10"and b =9 x 10m*3, find the value of a + b, factorising your
answer completely.

b Why is this answer not in standard form?
What would the answer be if written in standard form?

INVESTIGATION

Sums of consecutive numbers

1  Take any three consecutive positive whole numbers and add them up.
Do this for at least four sets of numbers.

2 What do your answers all have in common?
3 Now let your first whole number be n.
a  What would the next two whole numbers be?

b  Add the three numbers up and factorise your answer.
How does this relate to your answer for question 2?

4  Now repeat questions 1, 2 and 3 for sets of five consecutive whole
numbers? What happens? What about seven consecutive numbers?

5 Now repeat questions 1 and 2 for sets of four consecutive whole
numbers? What happens? What about six consecutive numbers?

6 Investigate this further by trying different numbers of consecutive
integers.
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6 Equations, factors and formulae

6.3 Rearranging formulae

Formulae are very often expressed with one variable written alone on one side of the
‘=" symbol (usually on the left but not always). The variable that is written alone is
called the subject of the formula. For example:

s=ut+ %at2 (s is the subject)

F=ma (F is the subject)
b+

X =M (x 1s the subject)

2a

Sometimes it is more helpful to have a different variable as the subject so you need to
know how to change the subject of a formula. In the formula v = u + at the subject is
currently v, but you can change the subject by rearranging the formula.

For example, to make «a the subject of this formula:

v=u+at Write down the starting formula.
v—u=at Subtract u from both sides (to isolate the term containing a).
—u

—a Divide both sides by 7 (notice that everything on the left is divided by 7).

You now have ¢ on its own and so now « is the subject of the formula.

Usually we rewrite this so the subject is on the left:
_v—u

t
Notice how similar this process is to solving equations.

Make the variable shown in brackets the subject of the formula in each case.

WORKED EXAMPLE 4

a x+y=cly
c X+y=2z(x

Answers

a x+y=c
=y=c—x Subtract x from both sides.

b a-b
- =d

=a-b=cd

Multiply both sides by c to clear the fraction.

=a=cd+b Make the number of b's positive by adding b to

both sides.
Subtract cd from both sides.

=a-cd=b
So,b=a-cd

Rewrite so the subject is on the left.
c x+y=z
=VX=z-y Subtract y from both sides

=x=(z-y? Square both sides.

MATHEMATICAL

CONNECTIONS

You will learn more
about rearranging
formulae in Chapter
22.

Another word
sometimes used for
changing the subject
is 'transposing’.

Remember that you
must always do the
same thing to both
sides of a formula.
This ensures that the
formula you produce
still represents the
same relationship
between the
variables.

= is a symbol that
can be used to mean
‘implies that'.
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Exercise 6.3

Make the variable shown in brackets the subject of the formula in each case.

1 a a+b=c (a0 b p-—g=r (r) c fh=g (h)
d ab+c=d (b)) e %Zc (a9 f an-m=t (n
2 a an-m=t m b an-m=t (@ c X—Zy=t (x)
d x;“:c x) e xc—-y=d () f a-b=c (b
3 a p—g:z " b x;“:c b) < am-my=t (m)
d 4-< @ e Tl=c @ f x ©)
4 a Jb=c ) b Vab=c by ¢ alb=c (b)
d Vb+tc=c () e Jx-b=c (b f %=c )

APPLY YOUR SKILLS

5 The perimeter of a rectangle can be given as P = 2(/ + w), where [ is the
length and w is the width of the rectangle.

a Make wthe subject of the formula.

b  Find wif a rectangle has a length of 45cm and a perimeter of 161cm.

6 A small plane is about to take off from an aircraft carrier. The plane is
pushed forwards using a steam device, so that it accelerates at a rate
controlled by the ship’s crew.

The pilot knows that if u = initial speed, and v = speed at time t seconds,
then:

v=u+ at
where a is the acceleration and t is the time that has passed.

a Rearrange the formula to make t the subject so the pilot can easily
calculate the time for any given values of u, v and a.

b  Calculate the initial speed of the plane if the speed at 2 seconds is
78m/s and the plane is accelerating at a rate of 33.64m/s2.

7 If the length of a pendulum is | metres, the acceleration due to gravity is
gms=2and T is the period of the oscillation in seconds then:

_ oL
T—ZTT\/;

Rearrange the formula to make | the subject.
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6 Equations, factors and formulae

SELF ASSESSMENT

1  Three success criteria for this chapter are given in the table. For each one,
write down how your work showed that you achieved that success criterion.
One example has been given for each criterion.

A Derive and solve | showed the tnverse operations and got
linear equations in | the correct solutions for almost all of
one unknown. the equations.

B Factorise ( worked out the HCF of coefficients
expressions correctly.

by extracting
common factors.

C Change the t rearranged formulae to get the variable
subject of  wanted on its own on one side of the
a formula. equals sign.

2  Write down two things that you understand and can do very well.
3 Write down two things that you can do to improve your work even further.

SUMMARY

Do you know ...?

A variable is a letter or symbol used in an equation or formula that can represent many values.

A linear equation has no variable with a power greater than one.

Solving an equation with one variable means to find the value of the variable.

When solving equations, you must make sure that you always do the same thing to both sides of the equations.

Factorising is the reverse of expanding brackets.

A formula can be rearranged to make a different variable the subject.

Are you able to ...?

solve a linear equation

factorise an algebraic expression by taking out any common factors

rearrange a formula to change the subject.

Practice questions

2
2  In mountaineering, in general, the higher you go, the colder it gets. This formula
shows how the height (in metres) and temperature (in °C) are related.

. 3p
1 Giventhat T =

, calculate p when 7= 11. [3]

height increase
Temperature drop = ——F——

200
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a  The temperature at a height of 500m is 23 °C. Find the temperature when

you climb to 1300 m. [3]
b  Calculate how far you need to climb to experience a temperature drop
of 5°C. [3]

c  Sabina wants to change the model so it can be used for a different season of
the year. Sabina decides the model should be:

height increase — 12

Temperature drop =

q
Sabina knows that the temperature drops by 13 °C after a height increase of 700 m.
Find the value of ¢, giving your answer to 1 decimal place. [3]
3 Rearrange % = % to make y the subject. [2]
Factorise x4)% + 7x%y — 3x3)3. [3]

My number is x.
3 more than 80% of my number is twice as large as 2 more than 60% of my number.
Find my number. [4]

6 The sum of three consecutive odd numbers is 69. Find the smallest number. [3]

In a multiple choice test three marks are given for a correct answer and one mark
is deducted for each incorrect answer. Jamal answers 14 questions and scores
22 marks. If # is the number of questions Jamal got right:

a  Write down an expression for the number of questions Jamal got wrong. [1]

b  Write down and simplify an expression for the number of points Jamal
scored in the test.
Form and solve an equation to find how many questions Jamal got right. [3]

8  For a temperature F degrees Fahrenheit, the equivalent temperature 7" degrees
Celsius is given by the formula:

T= g(F - 32)
a  Rearrange the formula to make F the subject. [3]
b  The temperature in Canada, one December morning is —8 °C.
Find this temperature in degrees Fahrenheit. [2]
c  Find the temperature at which the Fahrenheit and Celsius measurements
are the same. [3]
9 A
G X cm H
(x+14)cm (x +14)cm
E r (12 + 2x) cm
(x +5)cm
B C
(x + 14)cm D (2x +3)em 1
a  Find the perimeter of triangle 4 BC. Simplify your answer as
fully as possible. [2]
b Find the distance EF in terms of x. [2]
191218 9781009297912 © Morrison & Hamshaw 2023 Cambridge University Press
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6 Equations, factors and formulae

¢ Find the distance FG in terms of x.

d  Find the perimeter of shape DEFGHI in terms of x.

Simplify your answer.

e You are given that the perimeters of both shapes are equal.

Form an equation and solve it for x.

f  Find the perimeters of both shapes and the area of DEFGHI.

10 The diagram shows a rectangle.
The dimensions are given in cm.

a  Find and simplify an expression for the

perimeter of the rectangle. 2]
b  Form and solve an equation to 4x+1)
find x. [3]

c  Find the perimeter of the rectangle. [2]

d  The area of the rectangle is 15% larger
than the area of a square.

3x+2

Find the side length of the square, giving your answer to

2 decimal places.

11 Rearrange a + 1. ¢ to make b the subject.

Vb
12 Factorise completely 4p3¢* + 8p2q + 2ap g> + 4a

13 Solve for x.
42x-3 = 95+2(x-3)

342(x+1)

SELF ASSESSMENT

List three things that you did well.

What could you improve?

What skills did you use here that you learned earlier or in other sections of work?
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> Chapter 7

Perimeter, area
and volume

calculate areas and perimeters of two-dimensional shapes

calculate areas and perimeters of shapes that can be separated into
two or more simpler shapes

calculate areas and circumferences of circles

calculate areas and perimeters of circular sectors

X use nets for three-dimensional solids
calculate volumes and surface areas of solids

calculate volumes and surface area of pyramids, cones and spheres. g PR by A z




7 Perimeter, area and volume

The glass pyramid at the entrance to the Louvre Art Gallery in Paris reaches to a
height of 20.6m. It is a beautiful example of a three-dimensional object. A smaller
pyramid — suspended upside down — acts as a skylight in an underground mall in front
of the museum.

Where have you seen pyramids or any other three-dimension objects used in architecture?
Why do we need to know how to work out volumes and surface areas of these objects?

GETTING STARTED

Imagine you have six 1cm by 1cm square tiles. What fraction of each of the
following shapes could you cover with the tiles without cutting or folding
any of them and without the edges of any tile falling outside the shape?
Simplify your answers as far as possible.
a | L b [1TT] c
4cm
12 cm 8 cm ]
]
n u 3cm
12cm [ ] [
3cm 12cm
d e f
L
4 cm 2 cem 4em
.
4 cm 4 cm 2cm 4 cm 2cm
3cm

7.1 Perimeter and area in two
dimensions

Perimeters appear everywhere in real life. Geographers may be interested in the length
of an island’s coastline. Gardeners may need to know the distance around the edge

of a lawn, so they know how many border plants to order. A sports centre building a
running track will need to work out the distance around the edge.

Polygons

A polygon is a flat (two-dimensional) shape with three or more straight sides. The
perimeter of a polygon is the sum of the lengths of its sides. The perimeter measures
the total distance around the outside of the polygon.

MATHEMATICAL CONNECTIONS

“Two-dimensional’ means that you need two different pieces of information to
find any given point on the shape. Usually you will use x- and y-coordinates for
two dimensions, but you can also use a bearing and a distance, for example.
You will learn about bearings in Chapter 15.
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The area of a polygon measures how much space is contained inside it.

Two-dimensional shapes Formula for area

Quadrilaterals with two pairs of parallel sides Area = bh

) f T
L b a/

< b » P h —» «—— h —m
rhombus rectangle parallelogram
Triangles bh

_1 oh
Area—zbhor >

v
€ [/ JEREEREEE >
a+b)h
Area = %(a + b)h or (T)
<-e-- a--—--- >
A
h
v O
D b ---eeeees >
Here are some examples of other two-dimensional shapes. It is possible to find areas of
other polygons such as those
on the left by dividing the
shape into other shapes such
as triangles and quadrilaterals.
kite regular hexagon irregular pentagon

Units of area

If the dimensions of your shape are given in cm, then the units of area are square
centimetres and this is written cm?. For metres, m? is used and for kilometres, km? is
used and so on. Area is always given in square units.

You will also see

A =|x wfor the area
of a rectangle. The
two formulae are
equivalent, here the

If an area is given in cm?, this tells you the number of 1cm x 1cm squares you base, b, is equivalent

need to cover exactly the same area. to the Ieng.th, l
and the height, h,

is equivalent to the
width, w.
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7 Perimeter, area and volume

WORKED EXAMPLE 1

a Calculate the area of the shape shown in the diagram.
] T

Scm ji 6cm —>

“«-— 7cm —m>

Answer

Divide the shape into two simple polygons: a rectangle and a triangle.
Work out the area of each shape and then add them together.

| L]

Scm Sem [ 6cm ——>

[ 1 []

«— Tcm —m—>

rectangle triangle
Area of rectangle = bh = 7 X 5 = 35cm? (substitute values in place of b and h)
Area of triangle = %bh = % x5x%x6= % x 30 = 15cm?
Total area = 35 + 15 = 50cm?

b The area of a triangle is 40cm?. If the base of the triangle is 5¢cm, find

¢ Asquare has area 36cm?. Find the perimeter of the square.

Answer

If x is the length of each side of the square, then:
x? =36
x =136 =6bcm

There are four equal sides, so the perimeteris 4 x 6 = 24cm.

the height.
Answer
= % X bxh Use the formula for the area of a triangle.
40 = % x5xh Substitute all values that you know.
=40x2=5xh
= h= % = % =16cm  Rearrange the formula to make h the subject.

You do not usually
have to redraw the
separate shapes,
but you might find
it helpful.

You can write the
formula for the
area of a triangle in
different ways:

OR =(%b)><h
_ 1
OR —bX(zh)

Make sure that you
include the formula
you use in your
working.

You learnt how to
rearrange and solve
linear equations in
Chapter 6.

It can be confusing
to include units in all
your working, but,
where it is possible,
always give units in
your final answer.
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Exercise 7.1

1 By measuring the lengths of each side and adding them together, find the
perimeter of each of the following shapes.

a b

2 Calculate the perimeter of each of the following shapes.

a «7Tcm —» b 2.5m 2.8m
u A ]
1.9m
4 cm 4cm [] ¥ [
/ \ 8.4m
< 10 cm >
[ ] N
«—T72m—> \

3 Calculate the area of each of the following shapes.
a b <« 6m —> [of

— |
/ <«— 4cm —>

4 A triangular plate of glass forms part of a large stained-glass window.

a If the base of the plate is 45cm and the height is 2.6 m, calculate the area of
the glass plate, giving your answer in:

i com? i m?
b Another triangular section of the window has area 0.54 m? and base 30cm.
Find the height of the section in cm.

5  The following shapes can all be divided into simpler shapes. In each case find the
total area.

Draw the simpler
shapes separately
and then calculate the
individual areas, as in
Worked example 1.
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7 Perimeter, area and volume

c «—49cm —>» d < >
T 2. 1cm
T | L] | L]
5.3cm
5.4 cm
8.2cm
7.2 cm « 3.4 cm > 7.2cm
,,,,,,, [ 1 ]
[ 1 ]

<« 7.84cm —>

6 For each of the following shapes you are given the area and one other
measurement. Find the unknown length in each case.

b Write down the
a <« bh —> C «— g —>
— — formula for the area
T in each case.
132 o L4 em Substitute into the
289 em? | 17 em formula the values
that you already
= know and then
O «—loem ——— rearrange it to find
the unknown quantity.
d R e «— 6cm —>«—h —>
b
v
<«— 6cm—>
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APPLY YOUR SKILLS

7  How many 20cm by 30cm rectangular tiles do you need to tile the
outdoor area shown?

] O A n ]
T 09m
1 ¥ ]
2.6m <« [7m—>
) .
< 4.8m >

8 The image shows a tree decoration, made with
three triangles of exactly the same shape but
different sizes.

a The dimensions of the middle triangle

are % of the dimensions of the bottom T
. . . 6.75 cm
triangle, and the dimensions of the top l

triangle are 2 of those of the triangle
3 <« 135cm——>

in the middle. Work out the area of the whole
decoration, giving your answer to 1 decimal place.

b  Another decoration is made in the same way, but the base of the
bottom triangle is xcm and the height is ycm. Find the area of the
shape as a simplified fraction of xy.

9 Sanjay has a square mirror measuring 10cm by 10cm. Silvie has a square
mirror which covers twice the area of Sanjay’s mirror. Determine the
dimensions of Silvie’s mirror correct to 2 decimal places.

10 The flag of Guyana is rectangular, with some triangular patterns as shown.

a The official flag of Guyana measures 152cm by 91cm. Find the area
of the flag that is yellow or white. Give your answer in square metres.

b  What fraction is green?

¢ Explain how you know that the black and red area is the same as the
white and yellow area.
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7 Perimeter, area and volume

11 For each of the following, draw rough sketches and give the dimensions:
a  two rectangles with the same perimeter but different areas
b  two rectangles with the same area but different perimeters
c two parallelograms with the same perimeter but different areas
d  two parallelograms with the same area but different perimeters.

12 Find the area and perimeter of the rectangle shown in the diagram.

MATHEMATICAL
4y -2)
NOTTO CONNECTIONS
SCALE You will need to use
some of the algebra
from Chapter 6.
3y +2 A+ +3

3y+4

13 A trapezium has parallel sides of length ¢« cm and 3a cm. The parallel sides are a
distance « apart and the area of the trapezium is the same as the area of a triangle
with base a cm and height ¢> cm. Find the area of the trapezium.

14 A rectangle is three times as long as it is wide. If the area of the rectangle is
243 cm?, find the perimeter of the rectangle.

INVESTIGATION

Increasing areas

1  Calculate the area of a square of side 2cm.

MATHEMATICAL

2 How many times larger than the area of a 2cm X 2cm square is the area CONNECTIONS
of a 6cm x 6cm square?

You can continue
this investigation
for volumes later

3 How many times larger than the area of a 2cm X 2cm square is the area
of a 10cm % 10cm square?

4  Find the areas of some more squares and try to work out what is on in the chapter.
happening to the area when you multiply the lengths of each side by the What happens to the
same number. volume of a cube or

cuboid if you double,

5 Now calculate the area of a right-angled triangle, with shorter sides 4cm e e

and 7.cm. lengths of the edges?
6  If the shorter sides double, triple or quadruple in length, what happens to This idea is continued
the area each time? in Chapter 11.
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Circles

Circles appear in many places in our everyday lives, for example circular roundabouts,
running tracks with semi-circular ends and circular markings on a basketball court.

MATHEMATICAL CONNECTIONS

dircumferg,, You learnt the names of the parts of a circle in

Chapter 3.

-
QO’

This diagram is a reminder of some of

O is the the parts.

centre

\0

diameter

A diameter is a line that passes through
the centre of the circle.

Finding the circumference of a circle

Circumference is the word used to identify the perimeter of a circle. Note that
the diameter = 2 X radius = 2r. The Ancient Greeks knew that they could find
the circumference of a circle by multiplying the diameter by a particular number.
This number is now known as ‘z’, which is the Greek letter ‘pi’. 7 is equal to
3.141592654... This is only the start of the number; 7 is an irrational number, so
the decimal places go on forever and never repeat.

You can find the circumference of a circle using formulae that uses either the radius
or the diameter:

Circumference = m X diameter
=mnd (where d= diameter)

= 2zr (where r = radius)

Finding the area of a circle

There is a simple formula for calculating the area of a circle. Here is a method that
shows how you can work out the formula:

Consider the circle shown in the diagram. It has been divided into 12 equal parts and
these have been rearranged to give the diagram on the right.

helght =r

<7base=—>< 2 = o ———>»

The parts of the circle are narrow, so the shape almost forms a rectangle with height
equal to the radius of the circle and the length equal to half of the circumference.
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7 Perimeter, area and volume

The formula for the area of a rectangle is area = bh, so:
Area of a circle is approximately equal to

% X 27r X r (Using the base and height shown in the diagram on the previous page.)

= mr? (Simplify.)
If you try this yourself by dividing a circle into a greater number of parts that are even
narrower, you will notice that the right-hand diagram will look even more like a rectangle.

This indicates (but does not prove) that the area of a circle is given by: 4 = 7r2.

You will now look at some examples so that you can see how to apply these formulae.

MATHEMATICAL CONNECTIONS

BODMAS in Chapter 1 tells you to calculate the square of the radius before
multiplying by .
WORKED EXAMPLE 2
For each of the following circles calculate the circumference and the area.
Give each answer to 3 significant figures.
a b
Answers
a Circumference = nd Area = 7r?
=7 X8 r= d
2
=25.1327... =g x 42
is approximately equal to 25.1Tmm (3 s.f.) =1 x16
= 50.265...
=50.3mm? (3 s.f)
b  Circumference = 2xr Area = mr?
=2X7mX%X5 =7 %52
= 31.415... =7 x25
is approximately equal to 31.4cm (3 s.f) =78.539...
=785cm? (3 s.f)

Your calculator should have a __m_| button. If it does not, use the approximation
3.142, but make sure that you write this in your working. Make sure that you
record the final calculator answer before rounding and then state what level of
accuracy you rounded to.

Note that in (a), the
diameter is given and
in (b) the radius is
given. Make sure that
you look carefully at
which measurement
you are given and use
the correct formula.
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WORKED EXAMPLE 3

Calculate the area of the shaded region in the diagram.

Answer

Shaded area
= area of triangle — area of circle.

Area = %bh - r?

= % x 18 x 20 — 7 x 2.52 Substitute in values of b,
handr.
20 cm = 160.365...
=160cm? (3 s.f.) Round the answer. In this

case it has been rounded
to 3 significant figures.

«— 18cm ——mF— >

Exercise 7.2

1 Calculate the area and circumference in each of the following. Give your answers
to 3 significant figures where necessary.

a b c
0.8 m

You should always try to use exact values in the calculation, rather than finding
decimal approximations for the radius and diameter. This will mean you are
not introducing rounding errors.
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7 Perimeter, area and volume

2  Calculate the area of the shaded region in each case. Give your answers to
3 significant figures where necessary.

b «— 8cm ——> C

7S

100ecm ——— <«— 3cm —»

APPLY YOUR SKILLS

3 The diagram shows a plan for a 1

rectangular garden with a circular

pond. The part of the garden This is a good

example of a problem

not covered by the pond is to be 10 m T hich q
covered by grass. One bag of grass n which you nee ;o
seed covers five square metres of ca;’ry lou_t a sesrles ©
lawn. Calculate the number of bags calculations. Set your
of seed that are needed. work out in clear steps
to show how you get
to the solution.
1.2m

12m >
4  The diagram shows a road sign.
If the triangle will be painted
white and the rest of the sign
will be painted red, calculate the
area covered by each colour to
1 decimal place.

5 Sixteen identical circles are to be cut from a square sheet of fabric with
sides of 0.4m. Find the area of the leftover fabric (to 2 d.p.) if the circles
are made as large as possible.
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APPLY YOUR SKILLS CONTINUED

6  Two friends usually order a large pizza to share. The large pizza has a
diameter of 24 cm. This week they want to eat different things on their
pizzas, so they decide to order two small pizzas. The small pizza has a
diameter of 12cm. They want to know if there is the same amount of
pizza in two small pizzas as in one large. Work out the answer.

Exact answers as multiples of

Piis an irrational number so you cannot write out its exact value as a decimal. You can
approximate it using a rounded decimal, or by using fractions that are similar in value,
but none of these methods give the exact answer.

If you are asked to give an exact answer in any calculation that uses pi it means you
have to give the answer in terms of pi. In other words, your answer will be a multiple
of pi and the 7 symbol should be in the answer.

If the circumference or area of a circle is given in terms of 7, you can work out the
length of the diameter or radius by dividing by pi.

For example, if C = 57cm the diameter is Scm and the radius is 2.5cm (half
the diameter).

Similarly, if 4 = 257cm? then 12 =25 and r =25 = Scm.

WORKED EXAMPLE 4

For each calculation, give your answer as a multiple of 7.

a  Find the circumference of a circle with a diameter of 12cm.
b  What is the exact circumference of a circle of radius 4mm?
¢ Determine the area of a circle with a diameter of 10m.

d Whatis the radius of a circle of circumference 2.87cm?

Answers

a C=12rcm Multiply the diameter by 12 and remember
C=nd to write the units.

b C=2xr Use this version of the formula since you
C=2xnx4=8rmm have been told the radius.

c A=nqr?

r=5m,soA=mx52

A=25mm

d C=2ar
So,r=%
r=%= 1.4cm
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7 Perimeter, area and volume

Exercise 7.3

1 Find the circumference and area of each shape.
Give each answer as a multiple of 7.

14 cm 9-2mm
6 cm 6 cm

2 For each of the following, give the answer as a multiple of .

a Calculate the circumference of a circle of diameter 10cm.

b A circle has a radius of 7mm. What is its circumference?

¢ What is the area of a circle of diameter 1.9cm?

d  The radius of a semicircle is 3cm. What is the area of the semicircle?

3 Acircle of circumference 127t cm is precision cut from a metal
square as shown.

b  What area of metal is left after the circle has been cut out?
Give your answer in terms of 7.

4  The diagram shows two concentric circles.
The inner circle has a circumference of 147 mm.
The outer circle has a radius of 9mm.
Determine the exact area of the shaded portion.

Arcs and sectors

a  What is the length of each side of the square? K /

The diagram shows a circle with two radii (plural of radius) drawn from the centre.

. . . e . a,
The region contained in-between the two radii is known as a sector. r%o
Notice that there is a major sector and a minor sector.

minor

A section of the circumference is known as an arc. sector

The Greek letter 0 represents the angle subtended at the centre.

Notice that the minor sector is a fraction of the full circle. It is % of
the circle.

. . .0 . j
The area of a circle is 772. The sector is 360 of the circle, so we can replace major sector
‘of” with X’ to give:

-0
Sector area = 360 X 7r
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The circumference of a circle is 27rr. The sector is % of the circle, so the length

of the arc of the sector is % of the circumference. So:

-0
Arc length = 360 X 27r

Make sure that you remember these two special cases:
e If # =90° then you have a quarter of a circle.

e If # = 180° then you have a half of a circle. This is known as a semicircle.

WORKED EXAMPLE 5

Find the area and perimeter of the shapes. Give your answer to 3 significant
figures.

"\
> m Note that for the

/ perimeter you need
0 to add 5m twice
because you need
Answer to include the two
straight edges.

_ 0 a2 230 2 2 _ 2
Area = g, o X mr2 = 2.5 X X 52 = 6.544... = 6.54m? (3s1)

Perimeter = =0 x 277+ 2r= =% x 2 x 1 x5+ 2 x5 = 12.617...

360 360
=12.6m (3s.f.)
b
Note that the base
of the triangle is the
diameter of the circle.
Remember to divide
the circle area by two
to find the area of the
semicircle.
Answer
Total area = area of triangle + area of a semicircle
1 1 1 1
Area=—-bh+ - =-X8Xx 6+ -m X 42=49132...
2777 2™ T2 2"
is approximately equal to 49.1cm? (3 s.f)
Perimeter = V52 + V52 + % x 2 X 4 =27.0cm (3s.f)
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7 Perimeter, area and volume

WORKED EXAMPLE 5 CONTINUED

c
Notice that you have
ﬂ not been told the size
@ of 6. You need
to calculate it
(0 = 360 — 65).
Answer
360 - 65 295
=7 2 26V = O 22 £72 =
Area 360 <" 360 X X4 360><7r><16 41.189...
is approximately equal to 41.2 cm?
Perimeter=%x 27r + 2r=% X2XgX4+2X%xX4=28594...
is approximately equal to 28.6cm

Exercise 7.4
1 For each of the following shapes find both the area and the perimeter.

Give your answers to 3 significant figures. ' .
b d To find the perimeter
a /4 . ¢ 0 you need the arc
X length, so calculate
6cm & 0 15 39cm that separately.
/ - 8Scm —> . 09%17.2cm
: l

e T f T g T h «—6m—»
154 m 0.28 cm 4.3 cm
C]l |
o 14 m

2  Find the area of the coloured region and find the arc length / in each of
the following. Give your answers to 3 significant figures.

a — | —
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3 Find the area and perimeter of the following.
Give your answers to 3 significant figures.

a 'r{ b cm—»
7/ .

4  The diagram shows a circular sector, drawn from the centre of the Earth with an

arc along the equator.

1 nautical mile

1 \
Earth’s 60

centre B
~The Equator

When the angle at the centre of the Earth is % of a degree, the arc length along

the equator is known as 1 nautical mile. Given that the Earth’s diameter is
approximately 12760 km, find the length of 1 nautical mile in metres. Give your
answer to the nearest metre.

90 m
0
The diagram shows a running track
of length 400m. The two straight
d edges are both 90m in length.
Find the diameter, d, of the two
semicircular sections. Give your
v answer to 1 decimal place.
90 m

6  Goro rolls pizza dough into a single circular pizza base of diameter 28 cm, but
Huan asks for four identical, smaller pizza bases with the same thickness instead.
Work out the diameter of each of the smaller pizza bases.

7  The diagram shows a slice of circular cake, seen from above. The radius of the r
cake is equal to the arc length and the area of the top of the slice is 40.5cm?.
Find the radius of the cake.
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7 Perimeter, area and volume

8  For each of the following find the area and perimeter of the coloured region.
Give your answer in terms of 7.

a A b A Cc 300 A
8 cm 10 cm
6 cm 12m
O v [ o v
< S5cm «—9%cm——m>
d B e 30°
«—— Sm ——>
8.4 cm

8.4 cm

A
Y

[1 [] A\

8m —

9  Find the perimeter and area of each shape. Give your answer to 3 significant figures.
A b

8 cm
1.3 cm
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10 Arjun has two designs for badges.

Badge A is a parallelogram. It is to be painted gold except for a semicircular
section. The diameter of the semicircle is the same as the height of the
parallelogram, 4 cm.

Badge B is a triangle with base 16 cm and height 2cm. All of the triangle is to be
painted gold. The area to be painted is 18 cm? more than the area to be painted on
badge A.

Calculate the value of 4. Give your answer to 3 significant figures.

7.2 Three-dimensional objects

The focus of the rest of this chapter is three-dimensional objects, but you will use many
of the formulae for two-dimensional shapes in your calculations. A three-dimensional
object is called a solid.

Nets of solids

A net is a two-dimensional shape that can be drawn, cut out and folded to form a
three-dimensional solid.

This is the net of a solid that you should be quite familiar with. Cardboard boxes
start out as a flat

shape. The cardboard
is then folded along
carefully chosen lines,
A1 C 4 which become the
edges of the box. Try
unfolding a box to
see how it was made.

A C

B D

If you fold along the dotted lines and join A C
the points with the same letters then you will :
form this cube.

You should try this yourself and look carefully
at which edges (sides) and which vertices
(points or corners) join up.
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7 Perimeter, area and volume

Exercise 7.5

1 The diagram shows a cuboid. Draw a net for the cuboid.

2  The diagram shows the net of a solid.
a  Describe the solid in as much detail as you can.
b  Which two points will join with point M when the net is folded?

¢ Which edges are equal in length to PQ?

3 A teacher asked her class to draw the net of a cuboid cereal box. These are the
diagrams that three students drew. Which of them is correct?

a b c

S T
R U
PQ VW
o X
N Y
M V4

If you find it difficult

to visualise the

solution to problems
like this, you can build
models to help you.

4  How could you make a cardboard model of this
numbered octahedron? Draw labelled sketches to

show your solution.
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5  The diagram shows the net of a cuboid.

<« 6cm—>

2cm
<>

20 cm

¢2 cm

<« 6cm—>

a Find the surface area of the cuboid in cm?2.
b  Find the volume of the cuboid in m3.

7.3 Surface areas and volumes of solids

The flat, two-dimensional surfaces on the outside of a solid are called faces. You can
find the area of each face using the techniques from earlier in this chapter. The total
area of all the faces is the surface area of the solid. It can be helpful to

The volume is the amount of space contained inside the solid. If the lengths are given draw the net of a

in centimetres, then the volume is measured in cubic centimetres (cm?) and so on. solid when trying to
find its surface area.

We measure the amount of water flowing over a waterfall in cubic metres per
second. The maximum flow of water over the Iguazu Falls in South America
was 45700 cubic metres per second, on 9 June 2014. This is the equivalent
to more than 18 standard Olympic swimming pools being emptied over the
waterfall every second!

Cuboids

A cuboid has six rectangular faces, twelve edges and eight vertices.

If the length, width and height of the cuboid are @, b and ¢ (respectively) then you can
find the surface area by thinking about the areas of each rectangular face.
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7 Perimeter, area and volume

Notice that the surface area is exactly the same as the area of the cuboid’s net.

Surface area of cuboid = 2(ab + ac + bc)

«—(C—P|l¢——q—>

<—w—><—m—T-><—@—><—n—>
o

aXb

The volume of a cuboid is its length X width X height.

Volume of cuboid =a b ¢

A
Q
A\

Prisms

A prism is a solid whose cross-section is the same all along its length. (A cross-section
is the surface formed when you cut parallel to a face.)

/

length

cross-section /

Prisms are often named according to the shape of their cross-section. For example,
a triangular prism has a triangle cross-section, a pentagonal prism has a pentagon
cross-section and so on.
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A cuboid is a prism with a rectangular cross-section, so you may sometimes see it
called a rectangular prism.

L length length
\ « “«

cross-section cross-section

You can calculate the surface area of a prism by working out the area of each face and
adding them together. There are two ends with area equal to the cross-sectional area.
The remaining sides are all the same length, so their area is equal to the perimeter of
the cross-section multiplied by the length:

Surface area of a prism = 2 X area of cross-section + perimeter of cross-section X length

You can calculate the volume of a prism by working out the area of the cross-section
and multiplying this by the length.

Volume of a prism = area of cross-section X length

Cylinders
A cylinder is not a prism, because the cross section has curved edges. The cross section
of a cylinder is a circle and is the same all along its length, so a cylinder is a ‘tube’.

Deep sea divers
carry tanks filled with
compressed air on
their backs. These
tanks are usually
shaped like cylinders,
making it easy to
calculate the volume

and to work out how
much air is left.

-« h —

A cylinder can be ‘unwrapped’ to produce its net. The surface of the solid consists of
two circular faces and a curved surface that can be flattened to make a rectangle.

Curved surface area of a cylinder = 27rh

and

Volume of a cylinder = wrh

2mr »

If questions ask for
exact answers to
surface area and
volume calculations
where 7 is part of the
formula, you must
give your answer as a
multiple of .

«— >
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Exercise 7.6

1  Find the volume and surface area of the Sem
solid with the net shown in the diagram. 3em
3cm | 5cm
4 cm
11 cm
3cm 4 cm
- 5cm
3cm
5cm

2 Find (i) the volume and (ii) the surface area of the cuboids with the
following dimensions:

a length = 5cm, width = §cm, height = 18cm
b length = 1.2mm, width = 2.4 mm, height = 4.8 mm

APPLY YOUR SKILLS

3 The diagram shows a bottle crate. Find the volume of the crate.

e

80 cm

Cola |

60 cm
#*

< 90 cm >

4  The diagram shows a pencil case in the shape of a triangular prism.

Calculate its:

a volume b surface area.
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APPLY YOUR SKILLS CONTINUED

5 The diagram shows a cylindrical drain. Calculate the volume of the drain.

6 A 32cm long cardboard cylinder has a radius of 2.5cm.
a  What s the exact volume of the cylinder?
b  Some papers are rolled inside the cylinder and both ends are sealed

What is the surface area of the sealed tube?

7  The diagram shows the solid glass case for a clock. The case is a cuboid
with a cylinder removed (to fit the clock mechanism). Calculate the
volume of glass required to make the clock case.

10 cm

8 cm

8 A storage company has a rectangular storage room 20m long, 8 m wide
and 2.8 m high.

a How many cardboard boxes with dimensions Tm x 0.5m x 2.5m
can fit into this storage room?

b  What is the surface area of each cardboard box?

When the maximum number of cardboard boxes are stored,
what volume of empty space is left in the room?

21:518 9781009297912 © Morrison & Hamshaw 2023 Cambridge University Press
copying is restricted under law and this material must not be transferred to another party.



7 Perimeter, area and volume

9  Find the volume and surface area of this solid.

Pyramids

A pyramid is a solid with a polygon-shaped base and triangular faces that meet
at a point called the apex.

You can find the surface area of a pyramid by finding the area of the base and
the area of each of the triangles and adding them all together.

You can find the volume of a pyramid by using the following formula:

Volume = % X base area X perpendicular height

The perpendicular height is the shortest distance from the base to the apex.

In general, the
Cones perpendicular
distance from a point
to a line is the shortest
distance to the line.

A cone is a not a pyramid, because it has a circular base and a curved surface.
The length / is known as the slant height and / is the perpendicular height.

MATHEMATICAL CONNECTIONS

The slant height can be calculated using Pythagoras’ theorem, which you will
meet in Chapter 11.

The curved surface of the cone can be opened out and flattened to form a sector of
a circle.

Curved surface area of cone = 7r/

If you are asked for the total surface area of a cone, you must work out the area of the
circular base and add it to the curved surface area.
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You can calculate the volume of a cone using the following formula:

Volume = %wrzh

TIP

Spheres
The diagram shows a sphere with radius r. Remember, if you
are asked for an
Surface area of a sphere = 4712 exact answer you
must give the answer
4 as a multiple of 7
= — 3

Volume of a sphere = 3™ and you cannot use
approximate values
in the calculation.

and

A hemisphere is half a sphere.

Questions on circles or spheres will involve either a radius or a diameter and
you will need to remember to use the right one in the right formula. Have you
made any errors? How can you use the letters in each formula to help you
remember whether you use the radius or diameter?

Exercise 7.7

1 The diagram shows a beach ball. Giving your answers in terms of , find:
a the surface area of the beach ball
b  the volume of the beach ball.

40 cm
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2  The diagram shows a metal ball bearing that is completely submerged in
a cylinder of water.

Find the volume of water in the cylinder.

30 cm

The equator divides
"""""" - the Earth into two
halves called the
northern hemisphere
3 The Earth is roughly spherical with an approximate diameter of 12800 km. and jche southern
What is the approximate volume of each hemisphere? Give your answer to hemisphere.
3 significant figures.

<« I5cm ——>

4  The Great Pyramid at Giza originally had a square base of side 230.6m and
perpendicular height 146.7m. Assuming that the Great Pyramid is a true pyramid,
find its original volume. Give your answer to 3 significant figures.

LINK

The Great Pyramid - the largest and tallest of the Pyramids in Giza, Egypt - is

one of the Seven Wonders of the Ancient World. It once stood at 146.6m and
the side length of the square base was 230.6 m. With the smooth stone casing
now largely removed, the height has reduced to 138.5m and the base length

is approximately 230m.

5  The diagram shows a rocket that consists
of a cone placed on top of a cylinder.
Giving your answers in terms of , find:

a  Find the surface area of the rocket
b  Find the volume of the rocket.
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6 The diagram shows a glass pyramid ornament. The base is a regular hexagon.
Find the volume of the ornament. Give your answer to 3 significant figures.

20 cm

LN

«—8cm—>

7  The diagram shows a child’s toy. It is made by joining half of a sphere
to a cone.

a  Find the volume of the toy.
b  Find the surface area of the toy.

8  The sphere and cone shown in the diagram have the same volume.
Find the radius of the sphere.

9  The volume of the larger sphere (of radius R) is twice the volume of the smaller
sphere (of radius r). Find an equation connecting r to R.

&
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10 A hollow metal tube is made using a sheet of metal that is Smm thick. The tube is
35 cm long and has an exterior diameter of 10.4cm.

Draw a rough sketch of the tube and add its dimensions.

b  Write down all the calculations you will have to make to find the volume of
metal in the tube.

Calculate the volume of metal in the tube.

d  How could you find the total surface area of the outside plus the inside of
the tube?

11 When a solid (usually a cone or a pyramid) is cut along a plane parallel to its base
it is called a frustum. The frustum in this diagram was originally a pyramid with a
vertical height of 15cm. Calculate the volume of the frustum.

<«—3cm—>

12 Amira want to make two open containers. These are the nets of the containers she
will make.

i «<—9cm—> i — b
T A

Scm

tab

18.8 cm

tab
“«— U —>

<]

3

<)
3

«——9Qcm—>

<)
3

“«— U —>— W

tab

a  Amira plans to paint the outside of each container. Use the information
on each net to calculate the total area to be painted. Give your answer to
2 decimal places where necessary.

b  Amira will use the containers to hold a sweet mix of seeds called mukhwas.
Calculate the volume of mukhwas that each container can hold. Assume they
are filled level with the opening.

ISBN 9781009297912 © Morrison & Hamshaw 2023 Cambridge University E%s>
Photocopying is restricted under law and this material must not be transferred to another party.



> CAMBRIDGE IGCSE™ MATHEMATICS: CORE & EXTENDED COURSEBOOK

SELF ASSESSMENT

Draw a flow chart like this one to assess your understanding of perimeter, area
and volume.

How do I describe What did I do well? ‘What can I improve?
my understanding?

Perimeter:

* * Look back to
Area: Chapter 1 if you need

some suggestions for
sentence stems to
get started.

Volume:

SUMMARY

Do you know ...?

The perimeter is the distance around the outside of a two-dimensional shape and the area is the space
contained within the sides.

Circumference is the name for the perimeter of a circle.

If the units of length are given in cm then the units of area are cm? and the units of volume are cm?.
This relationship is also true if the lengths are measured in mm, m, km and so on.

A sector of a circle is the region contained in-between two radii of a circle. This splits the circle into a
minor sector and a major sector.

An arc is a section of the circumference.

Prisms, pyramids, spheres, cubes and cuboids are examples of three-dimensional objects (or solids).

A net is a two-dimensional shape that can be folded to form a solid.

The net of a solid can be useful when working out the surface area of the solid.

Are you able to ...?

recognise different two-dimensional shapes and find their areas

give the units of the area

calculate the areas of various two-dimensional shapes

divide a shape into simpler shapes and find the area

find unknown lengths when some lengths and an area are given

calculate the area and circumference of a circle

calculate the perimeter, arc length and area of a sector

recognise nets of solids

find the volumes and surface areas of cuboids, prisms and cylinders

find the volumes and surface areas of solids that can be broken into simpler shapes

find the volumes and surface areas of pyramids, cones and spheres.
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7 Perimeter, area and volume

Practice questions

1 A piece of rope is wound around a cylindrical pipe 18 times. If the diameter
of the pipe is 600 mm, find the length of the rope. [4]

2  Find the perimeter and area of this shape.

NOT TO
6 cm SCALE

9cm [4]

3 A cylindrical rainwater tank is 1.5m tall with a diameter of 1.4m.
What is the maximum volume of rainwater it can hold? [3]

4 Anice cream maker likes to make perfect hemispherical shells of ice cream in
perfect cones of wafer. If the gigantic cone is completely filled, calculate the total
volume of ice cream used. Give your answer exactly, in terms of 7.

L
{
O
l [5]

5 A beach umbrella consists of eight sectors of a circle of radius 1.2m and angle at
the centre of 40 degrees.

The sectors are all joined together to make an umbrella. Find the area of the

top of the umbrella. [3]
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6 A company logo is constructed from three identical circles.

The centres of the circles are 8§ cm apart.
a  Calculate the perimeter of the logo.

—
98]
—

b  Calculate the area of the logo.

—
(98]
[t}

c  For a new logo the distance between the centres of the circles is changed
to 11 cm. Calculate the percentage increase in the perimeter. [3]

7 A wooden paperweight is made in the shape of a cuboid, with a triangular prism
carved out.

6 cm

7cm

Scm
Calculate the volume of wood used to make the paperweight.
Give your answer in:
a  cubic centimetres [4]
b  cubic metres.

—
)
—
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7 Perimeter, area and volume

8  This pyramid has a square base and four identical triangular sides.

«——Rem——>

The perpendicular height is §cm.

The pyramid is cut in half parallel to its base to form a frustum of height 4cm.
The sides of the square at the top of the frustrum are all 6¢cm.

Calculate the volume and the surface area of the frustum. [6]

SELF ASSESSMENT
Check your answers and then give yourself some personal feedback about your

work on these practice questions.

Use these sentence stems:

e You are already quite good at ...

e  You can get better at dealing with ...
e These hints will help you improve ...
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of combined events
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8 Introduction to probability

Your genes are made up of DNA that determines the characteristics you are born with.
The probability of two unrelated people having a matching DNA profile is very rare,

approximately m or 0.000 0001%. Scientists can use the genetic profiles of

parents to determine the probability of their children inheriting certain characteristics
or conditions. For example, if a child’s parents both carry the gene for a condition like
cystic fibrosis or sickle cell anaemia, the probability that the child will be born with the
condition is % or 25%. Does this mean that a couple who have four children will have
three children without the condition and one with it? Why?

GETTING STARTED
Most modern calculators are able to produce random numbers. Usually, KEY WORDS

there will be a number with the word ‘ran’ or ‘ran#’ written on it. For most, if

you press this button and then press the = button, it will give you a random bias
decimal between 0 and 1. combined events
1 Try to work out how to use the random number button on your calculator. event
2 Play a game of 'higher or lower’ with yourself. experimental
*  Start by getting a random number from your calculator. probability

*  Guess whether the next number will be ‘higher’ or ‘lower’. independent events

e  Find another random number and work out whether it was "higher’ mutually exclusive
or ‘lower’ than the previous number. events

e Were you correct? outcomes

e If yes, take another go; if no, stop. probability

*  Write down the number of turns you take without getting it wrong. relative frequency

sample space
3 Think about how you can maximise your chances of being correct. piesp

For which numbers would you most sensibly choose ‘higher'? sample space
What about lower? diagram
theoretical

probability

8.1 Understanding basic probability tial

Think about rolling dice. You cannot accurately predict what number you will roll,
but you do know what the possible outcomes are. The set of all possible outcomes
(1,2, 3,4, 5 or 6) is called the sample space. Any subset of the sample space is called
an event. For example, rolling 2, 4 or 6 is an event. This can be described in words as
getting an even number. We say that the event ‘getting an even number’ occurs if the
outcome of rolling the dice is a 2, 4 or 6.

Probability is a measure of how likely an event is to happen. Something that is
impossible has a value of zero and something that is certain has a value of one. The
range of values from zero to one is called a probability scale. A probability cannot be
negative, nor can it be greater than one.

The closer a probability is to zero, the less likely the event is to happen. The closer the
probability is to one, the more likely the event is to happen.
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Performing an experiment, such as rolling a dice, is called a trial. If you repeat
an experiment, by carrying out a number of trials, you can find the experimental
probability of an event happening. This fraction is often called the relative frequency.

number of times desired event happens

PA) = number of trials

or, sometimes:

number of successes
number of trials

P(A) =

P(A) means the probability of event A happening.

WORKED EXAMPLE 1

A person is blindfolded and asked to throw darts at a dartboard.

If they hit the dartboard 15 times out of 125 throws, estimate
the probability they hit the dartboard on their next throw.

20
Answer 12
number times the person hits dartboard
P(six) = -
number of trials
_ 15
125
=0.12

You can use fractions, decimals or percentages in probability, but fractions are
often best (especially if the decimal is recurring). You should write fractions in
their simplest form.

Relative frequency and expected occurrences

You can use relative frequency to work out how many times you expect something
to occur over a large number of trials. For example, if you know that the relative
frequency of rolling a four on particular dice is 18%, you can work out how many
times you would expect to get a four when you roll the dice 80 or 200 times.

MATHEMATICAL CONNECTIONS

Remember that a percentage is a fraction with denominator of 100. If a probability

. .. 18 9 . .
(©) _ =
is 18%, then it is 100 = 50 when written as a fraction.

Experimental
probability is an
estimate of how likely
something is. The
more data you collect
in your experiment,
the more accurate
your probability
estimate will be.
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Introduction to probability

18% of 80 = 14.4 and 18% of 200 = 36, so if you rolled the same dice 80 times you
would expect to get a four about 14 times and if you rolled it 200 times, you would
expect to get a four 36 times.

Remember though, that even if you expected to get a four 36 times, this is not
guaranteed and your actual results may be very different.

Theoretical probability

When you flip a coin you may be interested in the event ‘getting a head’ but this is only
one possibility. When you flip a coin there are two possible outcomes: ‘getting a head’
or ‘getting a tail.’

If all the possible outcomes are equally likely, you can calculate the theoretical
probability of an event by counting the number of favourable outcomes and dividing
by the number of possible outcomes. Favourable outcomes are any outcomes that
mean your event has happened.

Using the example from the start of the chapter, if you roll an unbiased dice and want
to find the probability of getting an even number, then the favourable outcomes are
two, four or six. There are six possible outcomes and three of them are favourable.

If A is the event ‘you get an even number’, then: N
P(A) = number of favourable outcomes _ 3 _ 1 ’
number of possible outcomes 6 2

Outcomes are equally likely because there is something about the experiment that
makes them so. In the example of the dice, all of the faces on a fair dice are the same
size and shape.

Of course, a dice may be weighted in some way, or imperfectly made, and this can be
true of any object discussed in a probability question. Under these circumstances a
dice, coin or other object is said to be biased. The outcomes will no longer be equally
likely and you may need to use experimental probability.

WORKED EXAMPLE 2

The numbers one to six are written on six identical cards. The cards are
shuffled and placed face down on a table. If a card is selected at random,
what is the probability of obtaining:

a athree b aneven number ¢ a prime number?
Answers
a PQ)= % There is only one way of picking a three, but
six possible outcomes (you could select a
1,2,3,4,5,6).
b Pleven number) = 3_1 There are three ways of picking an even
6 2 -
number, giving three favourable outcomes.
¢ P(prime number) = % = % The prime numbers you could pick are 2, 3

and 5, giving three favourable outcomes.

In some countries,
theoretical probability
is referred to as
‘expected probability’.
This is a casual
reference and does
not mean the same
thing as mathematical
‘expectation’.

Questions will usually
tell you whether an
object or experiment
is unbiased.
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WORKED EXAMPLE 3

A card is drawn from an ordinary park of 52 cards. What is the probability that
the card will be a king?

Answer

P(king) = % = 11_3 Number of possible outcomes is 52.
Number of favourable outcomes is four, because

there are four kings per pack.

A set of 52 playing cards four suits: hearts, diamonds, clubs and spades.
Hearts and diamonds are red. Clubs and spades are black. Each suit is made
up of numbers 2 to 10 and an ace, jack, queen and king.

WORKED EXAMPLE 4

Nasir has 20 socks in a drawer.

Eight socks are red, ten socks are blue and two socks are green. If a sock is
drawn at random, what is the probability that it is green?

Answer

P(green) = 2 _1 Number of possible outcomes is 20.

Number of favourable outcomes is two.

WORKED EXAMPLE 5

Nine teams of painters were each given one letter from the word
HOLLYWOOD to paint. Each painting team was given a letter at random.
Find the probability that a team of painters was asked to paint:

a the letter 'Y’ b the letter 'O’

¢ the letter 'H’ or the letter 'L d the letter 'Z'.

Answers

a PY)= % Number of favourable outcomes is one (there is

only one "Y’).
There are nine possible outcomes in total.

b PO = % = % Number of favourable outcomes is three.

¢ PHorl)= % = % Number of favourable outcomes=number of
letters that are either 'H’ or 'L’ = 3, since there is
one 'H’" and two ‘Ls.

d PZ) = % =0 Number of favourable outcomes is zero (there

are no 'Z's).
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The probability that an event does not happen

Something may happen or it may not happen. The probability that an event happens
will usually be different from the probability that the event does not happen, but the
two combined probabilities will always add up to one.

If A is an event, then A’ is the event that 4 does not happen and P(4') =1 — P(A4)

When you talk about A’ you usually refer to it as ‘not A’
Sometimes you may see A used instead of A’

WORKED EXAMPLE 6

The probability that Jas passes a driving test is % What is the probability that
Jas fails the driving test?

Answer

INVESTIGATION

Talking about probability

P(fails) = 1 — _% P(fails) = P(not passing) = 1 — P(passing)

wWIN

Many people try to use probability terms, but dont fully understand the
statement they are making. How would you explain what is wrong with each
of the following statements?

1 Ina'true or false’ quiz with ten questions, you are certain to get five right
if you guess.

2 Inarowing race a team can win, lose or draw, so the probability they
o
win is .
3
3 Ifyou roll a dice ten times and get four sixes, the dice must be biased.

4  There are 16 red socks and 24 blue socks in a drawer. If you pull ten socks
out of the drawer there will always be more blue socks than red socks.

5 The sign by the ice cream stall says that the probability of rain today is %,
but it is raining, so the probability it rains today must have always been 1.

Exercise 8.1

1 A six-sided dice is thrown 100 times and the number five appears 14 times.

a  Find the experimental probability of throwing a five, giving your answer as a
fraction in its lowest terms.

b  Write your answer to part (a) as a percentage.

When the probability
an event happens

is equal to the
probability the event
does not happen,
both probabilities

must be equal to %
This probability is
sometimes referred
to as ‘evens’.

Probabilities are
most often given as
decimals or fractions,
but you can also use
percentages. For
example, you can
write a probability

of%as 50% or a

probability of 0.32
as 32%.
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2 The diagram shows a spinner that is divided into exactly eight equal sectors.
Ryan spins the spinner 260 times and records the results in a table:

Number 1 2 3 4 5 6 7 8
Frequency 33 38 26 35 39 21 33 35

Calculate the experimental probability of spinning:
a the number three b  the number five

¢ an odd number d afactor of eight.

3 A consumer organisation carried out tests to find the average lifetime of a new
brand of solar lamp. The results of the tests are summarised in the table.

t'LfLTSe of lamp, 0<L< 1000 1000 < L < 2000 | 2000 < L < 3000 3000 < L
Frequency 30 75 160 35

a  Calculate the relative frequency of a lamp lasting for less than 3000 hours,
but more than 1000 hours.

b If a hardware chain ordered 2000 of these lamps, how many would you
expect to last for more than 3000 hours?

4 A survey was carried out where people were asked to choose their favourite type
of film from five categories. The bar chart shows the results.

Favourite type of film

28
24
20
16 |
2+ 1 -

Frequency

8.7 _— _— |

4.7 _— _— _— _— |

0
Comedy Adventure Action Horror  Other

Film type

How many people took part in the survey?

Q

b Another person joins the group and is asked the same question. Estimate the
probability that the person chooses ‘adventure’.

c  The survey was carried out in a village with a total population of 480.
If everyone in the village was asked the question, estimate the number of
people that would choose ‘horror’.

5 Research shows that the probability of a person being right-handed is 0.77.
How many left-handed people would you expect in a population of 250007

6 A flower enthusiast collected 385 examples of a Polynomialus mathematicus flower
in Peru. Just five of the flowers were blue.
One flower is chosen at random. Find the probability that:

a itisblue b itis not blue.
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8 Introduction to probability

7 A bag contains nine equal sized balls. Four of the balls are blue and the remaining
five balls are red.
What is the probability that, when a ball is taken from the bag:

a itisblue b
¢ it neither blue nor red d

it is red
it is either blue or red?

8 A bag contains 36 balls. The probability that a ball chosen at random is blue is i
How many blue balls are there in the bag?

9  Liu shuffles an ordinary pack of 52 playing cards. If he draws a single card at
random, find the probability that the card is:

a aking b
¢ ablack card d

SELF ASSESSMENT

An exit ticket is a useful way of assessing how well you have understood the
concepts covered in this section.

a spade
a prime-numbered card.

1 Complete the activities on this exit ticket.

Events | A B C D
Throwing Drawing a red | Throwinga 7 | Getting heads
a number card from a using a regular | 14 times when | !
greater than set of 12 red, | dice. you toss a coin |
2 on a regular | 12 white and 6 20 times. :
dice. blue cards.

a  Which event has a probability of 0?
: b What is the probability of event B not happening?
¢ Calculate the probability of A happening.
'd  What type of probability is described in event D?

2  Which emoji best describes how you feel about this work?
Choose one of these or draw your own.

Ok el
C e R TF

3 Wirite a sentence explaining why you chose that emoji.

8.2 Sample space diagrams

The probability space, or sample space, is the set of all possible outcomes. You can
draw a sample space diagram to show all outcomes clearly and use it to work out the
probability of different events.

In some countries, these might be called ‘probability space diagrams’.
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WORKED EXAMPLE 7

One red dice and one blue dice are thrown at the same time and the numbers showing on the dice are
added together. Find the probability that:

a thesumis?7 b the sumisless than 5
¢ the sum is greater than or equal to 8 d the sumis less than 8.
Answers

Blue

The diagram shows that there are 36 possible sums, so there are 36 equally likely outcomes in total.

6 1
2 F=357%
6
b P(|essthan5)——36—

There are six 7s in the grid, so six favourable outcomes.

The outcomes that are less than 5 are 2, 3 and 4. There are six
favourable outcomes for these numbers.

¢ P(greater than or equal to 8) = 5 The outcomes greater than or equal to 8 (which includes 8) are
36
8,9,10,11 or12.
= % These give 15 favourable outcomes.
5 7
d P(lessthan 8) =1 - =12 P(less than 8) = P(not greater than or equal to 8)

= 1 - P(greater than or equal to 8)

Exercise 8.2

1 An unbiased coin is thrown twice and the outcome for each is recorded as H
(head) or T (tail). A sample space diagram can be drawn as shown.

a  Copy and complete the diagram.

b  Find the probability that: _W
i the coins show the same face ii  the coins both show heads T
iii  there is at least one head iv  there are no heads.

H T

H TH
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2 Two unbiased dice are thrown and the product of the two numbers is recorded.
a  Draw a suitable sample space diagram to show all possible outcomes.
b  Find the probability that:
i the productis 1
ii  the productis 7
iii  the product is less than or equal to 4
iv  the product is greater than 4
v the product is a prime number
vi the product is a square number.

The diagram shows a spinner with five equal sectors numbered 1, 2, 4, 6 and 8§,
and an unbiased tetrahedral dice with faces numbered 3, 5, 7 and 9. The spinner
is spun and the dice is thrown, and the greater of the two numbers is recorded.
If both show the same number then that number is recorded.

a  Draw a sample space diagram to show the possible outcomes.
b  Calculate the probability that:

i the greater number is even

ii  the greater number is odd

iii  the greater number is a multiple of 3

iv  the greater number is prime

v the greater number is more than twice the smaller number.

4 An unbiased cubical dice has six faces numbered 4, 6, 10, 12, 15 and 24. The dice is
thrown twice and the highest common factor (HCF) of the two scores is recorded.
a  Draw a sample space diagram to show the possible outcomes.

b  Calculate the probability that:

i the HCF is 2 -

.. . MATHEMATICAL
ii  the HCF is greater than 2

iii.  the HCF is not 7 CONNECTIONS
iv. the HCF is not 5 You learnt about

v the HCFis 3 or 5 highest common

factors in Chapter 1.
vi the HCF is equal to one of the numbers thrown. actors in -hapter

Computer programming and software development uses probability to
build applications (apps) such as voice activated dialling on a mobile phone.
When you say a name to the phone, the app chooses the most likely contact
from your contact list.
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(3,

Two dice are thrown and the result is obtained by adding the two numbers.
Two sets of dice are available.

Set A: one dice has four faces numbered 1 to 4 and the other eight faces
numbered 1 to 8.

Set B: each dice has six faces numbered 1 to 6.

a  Copy and complete the sample space diagrams for each set.

Set A Set B
+ 1 2 3 4 5 6 7 8 + 1 2 3 4 5 6
1 1
2 2
3 3
4 4

5
6
b  In an experiment with one of the sets of dice, the following results were
obtained:
Dice score Frequency
2 15
3 25
4 44
5 54
6 68
7 87
8 66
9 54
10 43
11 30
12 14

By comparing the probabilities and relative frequencies, decide which set of
dice was used.

PEER ASSESSMENT

1  Work with a partner. Look at the sample space diagrams your partner has
drawn in Exercise 8.2.

2  Use the following criteria to assess each other’s sample space diagrams.
Highlight any problematic areas and provide corrections or suggestions for
improving the diagram.

Criteria:

e All possible outcomes are correctly indicated.

e  The diagram is easy to read and interpret.

e  You can find the probability of different events easily.
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8 Introduction to probability

REFLECTION

Sometimes giving students marks and asking them to do corrections does not
help them to improve their mathematical understanding. It can be more useful
for the person marking the work to write one or two questions such as:

*  Have you checked that all the possible outcomes are shown?

e Did you draw a clear diagram?

How do you think someone asking questions could help you to overcome
difficulties and understand the work better?

8.3 Combining independent and
mutually exclusive events

Sometimes you will need to calculate the probability that two events happen, one after
the other. You might also need to calculate the probability that either of two events
happen. In this section you will learn some rules for calculating the probability of
combined events.

Independent events

If you flip an unbiased coin once, the probability of it showing a head is 0.5. Whatever
happened the first time, if you flip the coin a second time the probability of it showing

a head will still be 0.5. The result of the first throw has no influence on the result of the
second throw. Situations like this are called independent events.

Imagine you have a bag containing different coloured balls. If you choose a ball, note
its colour, replace it and then choose another, the choice of the first ball does not
influence the choice of the second ball. These events are also independent.

MATHEMATICAL CONNECTIONS

If you do not replace the first ball the events will not be independent. There is
one ball less for the second choice so the probabilities will have changed.
You will think about situations like this in Chapter 24.

You can calculate the probability that two independent events, A and B, both occur:
P(A4 happens and then B happens) = P(A) X P(B)

or Note that this formula
P(A and B) = P(A4) X P(B) is only true if A and B
For example, when flipping two coins, are independent.

P(flipping two heads) = P(Heads) X P(Heads) = = X

| —

| —
I

=

ISBN 9781009297912 © Morrison & Hamshaw 2023 Cambridge University 5?6S>
Photocopying is restricted under law and this material must not be transferred to another party.



> CAMBRIDGE IGCSE™ MATHEMATICS: CORE & EXTENDED COURSEBOOK

Mutually exclusive events
If you throw a normal dice and let:

A = the event that you get an even number
and

B = the event that you get an odd number

then 4 and B cannot happen together because no number is both even and odd at the
same time. You can say that 4 and B are mutually exclusive events.

MATHEMATICAL CONNECTIONS

When you throw a dice, the events ‘get an even number’ and ‘get a number
less than four’ are not mutually exclusive because if you throw a two, both
events occur at the same time. You will learn more about these sorts of events
in Chapter 24.

For two mutually exclusive events 4 and B, you can calculate the probability that either
A or B occurs:

P(A or B) = P(A4) + P(B) Note, this formula
For example, when rolling a normal dice, only works if A ano! B

11 are mutually exclusive.
P(even number or odd number) = P(even number) + P(odd number) = 5 + 5= 1

Worked examples § and 9 demonstrate how you can use these simple formulae for
independent and mutually exclusive events.

WORKED EXAMPLE 8

Noa and Sunja are both taking a music examination independently.

The probability that Noa passes is % and the probability that Sunja passes is %
What is the probability that:

a both pass? b neither passes? c atleast one passes?

d either Noa or Sunja passes (but not both)?

Answers
a P(both pass) = P(Noa passes and Sunja passes) ~ The outcomes are independent so use the formula:
3 5 15 5 P(A and B) = P(A) X P(B)
"4 6 2478

b  P(neither passes) = P(Noa fails and Sunja fails P(fail) = P(not pass)

_ _3 _3 =1 — P(pass)
( 4)’<(1 6) P
1T 1
=— X —
4 6
_ 1
S 24
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WORKED EXAMPLE 8 CONTINUED

¢ P(atleast one passes) = 1 — P(neither passes)

12?3
24 24
d  P(either Sunja or Noa passes) ‘Noa passes and Sunja fails’ and, ‘Noa fails and Sunja

passes,’ are mutually exclusive because they cannot

= P(Noa passes and Sunja fails both happen at the same time. So use the formula:

or Noa fails and Sunja passes) P(A or B) = P(A) + P(B), where

_3 <1 4 1.3 A = Noa passes and Sunja fails

4 6 4 6

3 5 and
= — 4+ —

284 24 B = Noa fails and Sunja passes
T 24
_1

3

It is not possible to pass and fail an exam at the same time. This is why the
events are mutually exclusive.

WORKED EXAMPLE 9

Simone and Rami are playing basketball. The probability that Simone shoots
the ball into the net is 0.1. The probability that Rami shoots the ball into
the net is 0.2. Simone's success or failure at shooting the ball into the net |
independent of Rami’s and vice versa.

Simone and Rami take one shot each. Find the probability that:

a both shoot the ball into the net

b Simone shoots the ball into the net, but Rami does not

¢ exactly one ball is shot into the net.

Answers

a P(both shoot the ball into the net) = 0.1 x 0.2 = 0.02

b  P(Simone shoots the ball into the net but Rami does not) = 0.1 x (1 — 0.2)
=0.1%x0.8=0.08

¢ P(exactly one ball is shot into the net) = P(Simone shoots the ball into the
net and Rami does not or Simone does not shoot the ball into the net and
Rami does)

=0.1%x0.8+09x0.2
=0.08 +0.18
=0.26
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With a partner, discuss some examples of mutually exclusive events. Try to
think of real-life examples and not just numbers on a die or the faces of a coin.

Exercise 8.3
'-. 1 A standard six-sided dice is thrown twice. Calculate the probability that:

. Usually "AND" in
a  two sixes are thrown 0
probability means you
b two even numbers are thrown will need to multiply
¢ the same number is thrown twice probabilities. ‘OR’
d the two numbers thrown are different. usually means you will

need to add them.

@ 2 A bagcontains 12 coloured balls. Five of the balls are red and the rest are blue.

A ball is drawn at random from the bag. It is then replaced and a second ball is
drawn. The colour of each ball is recorded.

a  List the possible outcomes of the experiment.

b  Calculate the following probabilities. Give your answers as percentages to
3 significant figures.

i The first ball is blue.

i The second ball is red.

iii.  The first ball is blue and the second ball is red.
iv. The two balls are the same colour.

v The two balls are a different colour.

vi  Neither ball is red.

vii At least one ball is red.

3 Devin and Tej are playing cards. Devin draws a card, replaces it and then shuffles
the pack. Tej then draws a card. Find the probability that: MATHEMATICAL
CONNECTIONS
both draw an ace

a

b  both draw the king of Hearts You will learn how to

¢ Devin draws a spade and Tej draws a queen calculate probabilities
. for situations

d  exactly one of the cards drawn is a heart where abjects are

e Dboth cards are red or both cards are black not replaced in

f  the cards are different colours. Chapter 24.

4  Kirti and Hussein are both preparing to take a driving test. They each learned to
drive separately, so the results of the tests are independent. The probability that
Kirti passes is 0.6 and the probability that Hussein passes is 0.4. Calculate the
probability that:

a  both pass the test

neither passes the test

Kirti passes the test, but Hussein does not pass
at least one of Kirti and Hussein passes

® QO 0N T

exactly one of Kirti and Hussein passes.
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8 Introduction to probability

*  What did you find most difficult to fully understand in this chapter?
°  Why was this difficult for you to understand?

SUMMARY

Do you know ...?

Probability measures how likely something is to happen.

An outcome is the single result of an experiment.

An event is a collection of favourable outcomes.

Experimental probability can be calculated by dividing the number of favourable outcomes by the number
of trials.

Favourable outcomes are any outcomes that mean your event has happened.

If outcomes are equally likely then theoretical probability can be calculated by dividing the number of
favourable outcomes by the number of possible outcomes.

The probability of an event happening and the probability of that event not happening will always sum up
to one. If A4 is an event, then 4’ is the event that 4 does not happen and P(4) = 1 — P(A).

Independent events do not affect one another.

Mutually exclusive events cannot happen together.

Are you able to ...?

find an experimental probability given the results of several trials

find a theoretical probability

find the probability that an event will not happen if you know the probability that it will happen

draw a sample space diagram

recognise independent and mutually exclusive events

do calculations involving combined probabilities.

Practice questions

1 A bowl of fruit contains three apples, four bananas, two pears and one orange.
A child chooses one piece of fruit at random. Find the probability that

they choose:

a abanana [2]
b  apear or a banana [2]
c amango. [1]
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2
=93
= 4

A shape is chosen at random from these quadrilaterals: square, rectangle,
rhombus, parallelogram, trapezium and kite. Each shape is equally likely
to be chosen.

Find the probability that:

a the chosen shape has four sides of equal length [1]
b  the chosen shape has three sides [1]
c the chosen shape has at least one pair of parallel sides [2]
d the angles in the chosen shape are all equal. [2]
A four-sided dice has faces numbered 1, 2, 3 and 4. The dice is thrown on the
table. The probabilities of each of the four faces landing flat on the table are
as shown.
Face 1 2 3 4
- 2 1 S 1
Probability 9 3 18 s
a  Copy the table and fill in the four empty boxes with the probabilities
changed to fractions with a common denominator. [3]
Which face is most likely to finish flat on the table? [2]
¢ What is the probability that face 3 does not finish flat on the table? [2]

Josh and Soumik each take a coin at random out of their pockets and add them
together to get an amount. Josh has two $1 coins, a 50c coin, a $5 coin and three
20c coins in his pocket. Soumik has three $5 coins, a $2 coin and three 50c pieces.

a  Draw a probability space diagram to show all the possible outcomes for

the sum of the two coins. [4]
b  Find the probability that the coins will add up to $6. [2]
c  Find the probability that the coins add up to less than $2. [2]
d  Find the probability that the coins will add up to $5 or more. [3]

A six-sided dice is biased so that the probability of rolling a 5 is l, the probability

of rolling a 6 is % and the probabilities of rolling a 1, 2, 3 or 4 are all equal.

The dice is rolled twice and the result recorded each time.

a  Calculate the probability of rolling a 3 on the first roll. [2]
b  Calculate the probability that the total of both rolls is 12. [3]
¢ Calculate the probability that the product of both rolls is 12. [3]

Two fair spinners, one in the shape of a square with sides numbered 1, 2, 3, 4, and
one in the shape of a regular pentagon with sides numbered 1, 2, 3, 4, 5 are spun
at the same time.

a  Draw a sample space diagram to show all possible outcomes.
Use a comma to separate the numbers on each spinner. For example, record
the outcome ‘a 3 on the square spinner and a 4 on the pentagon spinner’
as 3, 4. (3]
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8 Introduction to probability

b  Event 4 is ‘the total of the scores is 5.
Event B is ‘the scores have a difference of 1°.
Find the probability of the events:

i A [2]
i B [2]
ii Aand B [3]
iv. A or Bor both. [3]
c i Useyouranswer to part (b) to show that the result,
P(A or B) = P(A) + P(B), is not true for these events. [3]
i Why is the result not true for these events? [2]

SELF ASSESSMENT

How well do you understand the work on probability?
Copy the headings. Write short points under each one.

e My strengths

e  Evidence of my strengths

e My goals for the next set of practice questions
e My plan to reach the goals
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Past paper questions

1

TN
s

Write these numbers in order, starting with the smallest. Unit 2 Past Paper

13 5.6% 0.065 5 Questions Resource

201 ' ’ 89 Sheet is available on
Cambridge GO.

(2]
Cambridge IGCSE Mathematics (0580) Paper 11 Q3, June 2020

The probability that a train is late is 0.15.
Write down the probability that the train is not late.

(1]
Cambridge IGCSE Mathematics (0580) Paper 11 Q7, June 2021

A cone has radius 4.5 cm and height 10.4 cm.
Calculate, in terms of 77, the volume of the cone.

[The volume, V, of a cone with radius r and height i is V' = %m’zh.]
(2]
Cambridge IGCSE Mathematics (0580) Paper 11 Q11, June 2020

Factorise completely.

21a? + 28ab
(2]
Cambridge IGCSE Mathematics (0580) Paper 11 Q13, June 2020

A bag contains green balls and red balls only.
A ball is taken at random from the bag.
The probability of taking a green ball is 0.38.

Write down the probability of taking
a ared ball,

b  ablue ball.

(1]

Cambridge IGCSE Mathematics (0580) Paper 11 Q4, June 2019
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Unit 2

'-. 6 Write down the following numbers in standard form.
a 640000

b 0.0006
[1]
Cambridge IGCSE Mathematics (0580) Paper 11 Q7, June 2019

7 A bag contains blue, red, yellow and green balls only.
A ball is taken from the bag at random.

The table shows some information about the probabilities.

Blue Red Yellow Green
0.15 0.2 0.43

a  Complete the table. [Using Figure 1 in the Unit 2 Past Paper Questions Resource Sheet.]

2]
b  Abdul takes a ball at random and replaces it in the bag.
He does this 200 times.

Find how many times he expects to take a red ball.
[1]
Cambridge IGCSE Mathematics (0580) Paper 21 Q4, June 2020
8  Work out $1.20 as a percentage of $16.
[1]
Cambridge IGCSE Mathematics (0580) Paper 11 Q2, June 2019

9 a  Write the number 0.0605 in standard form.

b Calculate (1.63 X 102) x (2.47 x 1071).

Give your answer in standard form.

(1]

Cambridge IGCSE Mathematics (0580) Paper 11 Q16, June 2020
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10 The diagram shows the net of a triangular prism on a 1 cm? grid.

a  Write down the mathematical name for the type of triangle shown on the grid.

(1]
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Unit 2

b i  Measure the perpendicular height of the triangle.

ii  Calculate the area of the triangle.

iii  Calculate the volume of the triangular prism.
[2]
Cambridge IGCSE Mathematics (0580) Paper 31 Q3, June 2020

11 a  Simplify 8a + 3b — 2a + b.

b  Calculate the value of 4x?> + xy when x =3 and y = —2.

¢ Solve these equations.

i %zzo

i 3x—-5=16

i SQx+1)=27

d  Make r the subject of this formula.
p=3r—-5
[2]

Cambridge IGCSE Mathematics (0580) Paper 31 Q9, June 2019

12

NOT TO
SCALE

3m

The diagram shows the surface of a garden pond, made from a rectangle and two semicircles.

The rectangle measures 3 m by 1.2 m.
a  Calculate the area of this surface.
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b  The pond is a prism and the water in the pond has a depth of 20 cm.
Calculate the number of litres of water in the pond.

(3]

c  After a rainfall, the number of litres of water in the pond is 1007.
Calculate the increase in the depth of water in the pond.

Give your answers in centimetres.
(3]
Cambridge IGCSE Mathematics (0580) Paper 41 Q5, June 2019

13 a

NOT TO
SCALE

The diagram shows a solid cone and a solid hemisphere.

The cone has radius 2.4 cm and slant height 6.3 cm.

The hemisphere has radius R cm.

The total surface area of the cone is equal to the total surface area of the hemisphere.
Calculate the value of R.

[The curved surface area, 4, of a cone with radius r and slant height /is 4 = 7rl.]

[The curved surface area, A, of a sphere with radius r is 4 = 4]

(4]
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Unit 2

NOT TO
SCALE

The diagram shows a solid cone with radius 7.6 cm and height 16 cm.

A cut is made parallel to the base of the cone and the top section is removed.
The remaining solid has height 12 cm, as shown in the diagram.

Calculate the volume of the remaining solid.

[The volume, V, of a cone with radius r and height i is V' = %mﬂzh.]

[4]

Cambridge IGCSE Mathematics (0580) Paper 41 Q3, June 2021
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e > Unit 2 Project
Odds and evens

This set of numbered balls is used to play a game: If you have access to
the internet, you can

A
@ @ explore the outcomes
of each game and
@ @ @ draw a graph of

the results using an

To play the game, the balls are mixed up and two balls are randomly picked interactive on the
out together. For example: NRICH website.

Go to https://nrich.
@ @ maths.org/4308 to
do this.
The numbers on the balls are added together: 4 +5=9
If the total is even, you win.

If the total is odd, you lose.

How can you decide whether the game is fair?
Here are three more sets of balls:

Think carefully

B C D @ about what makes

@ @ @ @ @ @ a game fair before
@00 OGO o T

Which set would you choose to play with, to maximise your chances of winning?
Why?

What proportion of the time would you expect to win with each set of balls?
Explain your reasoning.

Can you find a set of balls where the chance of getting an even total is the same
as the chance of getting an odd total?

e How many sets of balls with this property can you find?

e What do you notice about the number of odd and even balls in your sets?
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Sequences,
surds and sets
s 4 3 )9 -

IN THIS CHAPTER YOU WILL:
use the nth term to find terms from later in a sequence

describe the rule for continuing a sequence

find the nth term of some sequences

generate and describe sequences from patterns of shapes

distinguish rational and irrational numbers

express recurring decimals as fractions

simplify, calculate and solve problems with surds
use set language and notation to describe sets
find complements, unions and intersections of sets

represent sets and solve problems using Venn diagrams.
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GETTING STARTED KEY WORDS

1 Here is a number sequence. complement
27,23,19,15 ... (of a set)

consecutive

a Inyour own words, describe what a number sequence is.
element
b If Ty means the first term in the sequence, what does T, mean?
empty set
¢ What will the next term be? Why? exact value
d Itis possible to work out the value of the 20th term (or any term) intersection
without listing the numbers. How could you do this? . ..
rationalising the
2 In everyday English, the word ‘rational’ means well thought out or logical denominator
and ‘irrational’ means going against reason or illogical. recurring decimal
What do the words rational and irrational mean in maths? sequence
b  Why is 7 an irrational number? set

¢ Whyis 0.66666... rational even though its decimal part continues set builder notation

to infinity? subscript notation
3 Read this information about the doctors on the Venn diagram. subset
e Top left region is set A = {doctors that perform surgery} surd
*  Top right region is set B = {doctors that are specialists} term
®  Bottom region is set C = {doctors that treat children} terminating decimal
union

How many doctors perform surgery?

) universal set
b How many doctors perform surgery or treat children?

Venn diagram

¢ How many doctors are specialists who do not do surgery and who
do not treat children?

d How many specialists treat children and perform surgery?

4  Consider the set of positive whole numbers less than 20. Draw a
Venn diagram to show the relationship between even numbers and
prime numbers.

This Venn diagram shows nine doctors in three overlapping sets.
What properties could you use to put the doctors into sets?
What do you know about the doctor in the dark grey region

in the centre of the Venn diagram?
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9 Sequences, surds and sets

9.1 Sequences

A sequence is set of numbers (or a pattern) that follow a particular order. Each number
in a sequence is called a term. Terms that follow each other in a sequence are called
consecufive terms.

The position of a term is given using T, so T; is the first term, Ts is the fifth term and
T, is any term.

The terms in a sequence usually follow a rule. You can use the rule for a sequence to
work out which term comes next or the value of any term in the sequence.

There are different kinds of sequences.

Arithmetic sequences have a common (constant) difference between the terms.

For example, the sequence 2, 6, 10, 14, ... has a common difference of +4 and the
sequence 100, 92, 84, 76, ... has a common difference of —8. Arithmetic sequences are
linear sequences.

Non-linear sequences do not have a common difference between the terms.

Geometric sequences involve multiplying or dividing by a common ratio. For example,
each term in the sequence 3, 6, 12, 24, ... is found by multiplying the previous term by 2
and the sequence 800, 400, 200, 100, ... is formed by dividing the previous term by 2.

Some sequences involve powers:
e quadratic sequences involve square numbers. For example, 1, 4, 9, 16, ...
e  cubic sequences involve cube numbers. For example, 1, 8, 27, 64, ...

The term-to-term rule

Here are some sequences with the rule that tells you how to keep the sequence going:
2,8, 14, 20, 26, 32, ... (get the next term by adding six to the previous term).
You can show this pattern by drawing it in this way:
2 8 14 20 26 32
+6 +6 +6 +6 +6

1111

l.=. — = —

3 4816 (divide each term by two to get the next term).

This diagram shows how the sequence progresses:

1 1 1 1

2 4 B 16
+2 +2 +2

1

+2
1,2,4,8, 16, 32, ... (multiply each term by two to get the next term).

In diagram form:

1 2 4 8 16 32
X 2 X 2 X 2 X 2 X 2

LINK

Sequences of
numbers are often
used in cryptography,
the science of
codebreaking. In

a simple code,

the letters of the
alphabet (which
already form a clear
sequence) can be
matched to letters
or numbers in
another sequence.

If you know the
patterns defining the
sequence, you can
crack the codes.

LINK

Chemists often
need to understand
how quantities
change over time.
An understanding
of sequences can
help chemists to
understand how a
reaction works and
this allows them to
predict what their
results will be.
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The rule that tells you how to generate the next term in a sequence is called the term-
to-term rule. These rules are usually given in words and they tell you which operation
to use to work out the next term.

Exercise 9.1
1  Draw a diagram to show how each of the following sequences continues and find
the next three terms in each case.
a 57,9,11,13, ...
c 3,9,27,81,243, ...
e 8,52 -1,-4,..
g 6,48,3.6,24,1.2, ...

3,8, 13, 18,23, ...
0.5,2,3.5,5,6.5, ...
13,11,9,7,5, ...
2.3,1.1,-0.1,-1.3, ...

> - 0o U

2 Find the next three terms in each of the following sequences and explain the rule
that you used in each case.

a 1,-3,9,-27,... b Mo, Tu, We, Th, ... c a,cfjo,..

INVESTIGATION

3 The first term (T;) of a sequence is 5. The term-to-term rule for the
sequence is ‘add x'.

Find the value of x that will give you each of these sequences:
a every second term is not an integer

b every second term is a multiple of 10

c T,<T,.

Relating a term to its position in the sequence

The term-to-term rule is useful for finding the next few terms in a sequence. However,
if you are asked to find the 20th term or the 100th term it is not efficient to list all the
terms. If you can work out an algebraic rule for generating the terms you can use it to
find the value of a term in any position.

To find the rule you have to work systematically with the term number and the value of
each term. Tables are very useful for doing this.

This table shows the term number and the value of the first five terms in a sequence.

1 2 3 4 5
5 8 11 14 17

You can see that the difference between the terms is 3. This tells you something about
the algebraic rule.

If you multiply each term number (%) by 3, you get:

1 2 3 4 5
5 8 11 14 17
3 6 9 12 15
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9 Sequences, surds and sets

By comparing the value of each term with the value of 37, you can see that the term is
2 more than 3# each time.

This means that each termis 3 X n + 2 or 3n + 2.
This is called a position-to-term rule.

An expression for the term in position # is called the nth term (or general term). So for
this sequence the nth term = 3n + 2.

Notice that the common difference between each term in the sequence is the value that is
multiplying 7 (the coefficient of 1) in the nth term rule. This happens with any sequence
for which you move from one term to the next by adding (or subtracting) a fixed number.

You can use this rule to find the term in any position by substituting the value of » into
the rule. For example:

e the 45th term = 3(45) +2 =137

e the 90th term = 3(90) + 2 = 272.

WORKED EXAMPLE 1

a  Find the general rule for the nth term of this sequence.
2,6,10, 14,18, 22, 26, ...
b  Find the 40th term of the sequence.

Explain how you know that the number 50 is in the sequence and work
out which position it is in.

d Explain how you know that the number 125 is not in the sequence.

Answers
a 2 6 10 14 18 22
N AN AN AN A A
+4 +4 +4 +4 +4

The common difference between terms is +4, so 4 X n will appear in the rule.

Make a table to show the position of each term and include the values for 4n.

1 2 3 4 5 6
2 6 10 14 18 22
4 8 12 16 20 24

Each term is 2 less than 4n, so the rule for the nth term is 4n — 2.

b 40th term .. n =40 To find the 40th term in the sequence substitute
4 x40 -2 =158 n = 40 into the nth term formula.

¢ 4n-2=50 If the number 50 is in the sequence there must be
a value of n for which 4n — 2 = 50. Rearrange the
rule to make n the subject.

dn-2 = 50
4n = 52 Add 2 to both sides.
n = % =13  Divide both sides by 4.
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WORKED EXAMPLE 1 CONTINUED

Since this has given a whole number, 50 must be the 13t term in
the sequence.

d 4n-2=125 If the number 125 is in the sequence then there
must be a value of n for which 4n — 2 = 125.
Rearrange to make n the subject.

4n =127 Add 2 to both sides.
127 . .
n=—= 31.75 Divide both sides by 4.

Since n is the position in the sequence it must be a whole number and it is
not in this case. This means that 125 cannot be a number in the sequence.

There are other ways of knowing that 125 is not in the sequence. For example,
you can see that 4n — 2 is always an even number, but 125 is odd, so it cannot
appear in the sequence. It is important, though, for you to understand how

to use algebra to answer parts (c) and (d) because when sequences become
more complicated you may have to use algebra.

Worked example 2 shows you how to find an expression for the nth term when there is
no common difference between the terms.

WORKED EXAMPLE 2

Find an expression for the nth term of the sequence 2, 5, 10, 17, 26 ...

Answer .
You may recognise

that the numbers in
this sequence are
all 1 greater than

2 5 10 17 26
N AN AN AN the sequence of
+5 +7 +9

1st difference + 3

Work out the difference between terms in the sequence. This is known as the
first difference.

square numbers and
be able to answer
the question by
inspection.

The first difference is not constant so work out the second difference:

2 5 10 17 26
1st difference  + 3 +5 +7 +9

N AN AN

2nd difference  + 2 + 2 +2

The second difference is constant. This means the sequence is quadratic and
the rule will involve n?.
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WORKED EXAMPLE 2 CONTINUED

Make a table to show the position of each term and include a row for the
values of n2.

1 2 3 4 5
2 5 10 17 26
1 4 9 16 25

Each term is 1 greater than the value of n?, so the nth term is n? + 1.

All quadratic sequences have a constant second difference.
If the sequence is cubic it will have a constant third difference and the rule for the
sequence will involve 7.

The general term of a quadratic sequence is in the form an? + bn + c.

This table shows the first four terms in the general sequence and their first and
second differences.

1 2 3 4
a+b+c 4a +2b+c | 9a+3b+c |lba+4db+c
3a+b S5a+b Ja+ b
2a 2a

The table shows that for any quadratic sequence:

e thelsttermisa+b+c¢

e  the 2nd term minus the Ist term (T,— T))is3a + b
e the 2nd difference is 2a.

This gives us a way to work out the general term for complex quadratic sequences.

WORKED EXAMPLE 3
Find the nth term of the quadratic sequence 2, 8, 16, 26, 38 ...

Answer

a+b+c= 8 16 26 38
3a+ b= +8 +10 + 12 1st difference

N A/
2a= +2 +2  2nd difference

Once you have values for each expression you can make equations to find a, b
and c.

2a=2,s0a=1 Find the value of a first.
3a+b=56 Find b by substituting the value of a.
31+ b=6,sob=3

If you are not told

the sequence is
quadratic, you will
need to check that
the second difference
is constant before
using this method.
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WORKED EXAMPLE 3 CONTINUED

at+tb+c=2 1+3+c=2 Find cby substituting the values of a and b.

4+c=2,s0c=-2

The nth term is n? + 3n -2 Insert the values of a, b and cinto the
general term an? + bn + c.

Exponential sequences

Consider the sequence 20, 100, 500, 2500 ...

You find each term by multiplying the previous term by 5. This type of sequence is
called an exponential sequence and expression for the nth term will involve an exponent
(in terms of n).

Listing the terms can help you find the rule:

T, 20 x5

T, 20X 5x5=20x52

T, 20x5x5%x5=20x%x5

You can see that for each term the exponent is one less than the term number.
So for the nth term, the exponent will be n — 1:

T, 20 x 5#-1

In general terms, for any geometric sequence with a common ratio » and the first term a,
we can say the nth term = a X 771,

Combinations of sequences

If you add or subtract equivalent terms of two or more sequences together to form
a new sequence then you can find the nth term of this new sequence by adding or
subtracting the nth terms of the original sequences.

WORKED EXAMPLE 4

Complete this table of sequences.

A 5 8 11
B 2 5 10
C 7 13 21

MATHEMATICAL
CONNECTIONS

You will work with
these types of
sequences involving
real-life situations
such as population
growth, compound
interest and
depreciation when
you deal with
growth and decay in
Chapter 17.
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9 Sequences, surds and sets

WORKED EXAMPLE 4 CONTINUED

Answer

The terms in sequence A go up by 3 each time. It is a linear sequence with
common difference 3 and nth term 3n + 2.

The terms in sequence B are each 1 greater than the square number sequence.
So the nth term is n? + 1.

In sequence C, each term is found by adding the equivalent terms of
sequence A and B together: 5+ 2 =7,8 + 5 =13, and so on. You can find the
nth term in a similar way.

The completed table is:

A 5 8 11 14 3n+2
B 2 5 10 17 n?+1
C 7 13 21 31 n’+3n+3

Exercise 9.2

1 Write down the next three terms in each of the following sequences.
a 3 7 11 15 19
b 4 9 16 25 36
c 23 19 13 5 -5

2 List the first three terms and find the 20th term of the number patterns given by
the following rules, where T = term and n = the position of the term.

a T,=4-3n b T,=2-n c T,,Z%n2
_ _ -3 =253
d T,=n(n+DHn-1) e T”_1+n f T,=2n

3 Find the (i) 15th and (ii) nth term for each of the following sequences.

a 57,9,11,13, ... b 3,8,13,18,23, ...
c 3,9,27,81,243, ... d 0.5,2,3556.5,... In any sequence n
e 8,52 -1,-4,.. f 13,11,9,7,5, ... must be a positive
g 6,48,3.6,24,12,... h 2,8,18,32, 50, ... integer. There are no
negative ‘positions’
4  Consider the sequence: for terms. For
example, n can be 7
43 129 209 28’ 367 443 525 because |t iS pOSSib|e
a  Find the nth term of the sequence. to have a 7th term,
b Find the 500th term. but n cannot be ~7
. , , as it is not possible to
¢ Which term of this sequence has the value 236? Show full working. have a —7th term.
d  Show that 154 is not a term in the sequence.
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5 The following information is given about a quadratic sequence.
S 1
A AN A/
wameee [ ] [
N7
2nd difference +3
Copy the diagram and write the correct values in the empty boxes.
6 Consider the sequence:
3,8,15,24,35 ...
a  Show that this is a quadratic sequence.
b  Determine the value of the 6th term.
c  Write an expression for the general term.
d  Work out the 20th term.
7 If x+1and —x + 17 are the second and sixth terms of a sequence with a common
difference of 5, find the value of x.
8 If x + 4 and x — 4 are the third and seventh terms of a sequence with a common
difference of —2, determine n when T, = x.
9 a  Write down the first five terms in the sequence with nth term 2#°.
b  Use your answer to part (a) to find the nth term for each of the
following sequences:
i 3 9 19 33 51
i 4 16 36 64 100
i 7 25 55 97 151
c  Now consider the sequence:
5 6 11 20 33
Copy and complete the table to show how the terms in this sequence compare
to those in the sequence with nth term 2n2.
1 2 3 4 5
5 6 11 20 33
2 32
3 =12
Find the nth term of the sequence of differences.
e  Use your answers to work out the nth term of the sequence:
5 6 11 20 33
10 Use the general from an? + bn + ¢ to find the nth term for each of the
following sequences.
a 5,12,23,38,57, ... b 13,17, 23,31, 41, 53, ...
2 6:215 2;81 009297912 _ ©Morrison & Hamshaw 2023 Cambridge University Press
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9 Sequences, surds and sets

11 Given the sequence —4, —2, 4, 14, 28, 40, ...

a  Show that this is a quadratic sequence.

Determine the next term, T5.

b
¢ Determine the nth term of the sequence.
d

Calculate Ts,.

12 For the sequence 2, 6, 12, 20, ...
a  Write down T5and T,

Write an expression for the nth term in this sequence.

b
¢ Determine the value of Ts.
d  Which term has a value of 110?

13 An ancient myth involves the ruler putting a gold coin on the first square of
a chessboard, two coins on the second square, four on the third square and
continuing to double the number of coins up to the 64th square.

a  Write an expression for the number of coins on the nth square.

b  Determine the number of coins on the 64th square?

c  Write an expression for the number of coins on the nth square if the sequence
changesto 1, 3,9, 27, ...

Some special sequences

You should be able to recognise the following patterns and sequences.

Square numbers

— 2
T,=n

A square number is the product of multiplying a whole
number by itself.

Square numbers can be represented using dots
arranged to make squares.

( XXX X

(X XN N

eoo eoo0o0o0

o0 oo eoe0o0o

° (X eoo (X XN X
4 9 16 25

Square numbers form the (infinite) sequence:
1,4,9,16,25, 36, ...

Square numbers may be used in other sequences:

111 1
4'9"16'25"
2, 8,18, 32,50, ... (each term is double a square

1
number,
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Cube numbers A cube number is the product of multiplying a whole

number by itself and then by itself again.

3
2
7
1 2
1 2 3

Cube numbers form the (infinite) sequence:
1,8, 27,64,125, ...

Triangular numbers Triangular numbers are made by arranging dots

] to form either equilateral or right-angled isosceles
T, = En(n +1) triangles. Both arrangements give the same number
sequence.

- 3
T,=n

._]

._]

- oo
o 0o
o o
o 0o
00 O0O0

o

o 0o
00 O0O0
o 00 0o

&}
w

T

—

4 5

Triangular numbers form the (infinite) sequence:
1,3,6,10,15, ...

Fibonacci numbers Leonardo Fibonacci was an Italian mathematician
who noticed that many natural patterns produced
the sequence:

1,1,2,3,58,13,21, ...

These numbers are now called Fibonacci numbers.
They have the term-to-term rule ‘add the two previous
numbers to get the next term’.
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INVESTIGATION

Fibonacci patterns

You can find Fibonacci patterns in flower petal arrangements, leaves on plant
stems, pine cones, pineapples and the arrangement of seeds in a sunflower.

1 Look at this pine cone carefully.

a Identify the clockwise and anti-clockwise spirals. Count and record
how many there are of each.

b  Count sections from the centre. Can you identify the 1, 1, 2, 3,
5, ... pattern?

2 Find another example to show Fibonacci patterns in nature. Your example
could be a real object or a clear photograph or diagram.

3 The ratio between terms in the Fibonacci sequence gives an approximate
value of 1.618. This value is known as the golden ratio.

a Investigate where the golden ratio is used in art and architecture.

b  Provide a simple diagram and explanation of what the golden
ratio means.

Generating sequences from patterns

The diagram shows a pattern using matches.

Pattern 1 Pattern 2 Pattern 3

° °
) ) P) [} PR
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The table shows the number of matches for the first five patterns.

1 2 3 4 5
3 5 7 9 11

Notice that the pattern number can be used as the position number, n, and that the
numbers of matches form a sequence, just like those considered in the previous section.

The number added on each time is two but you could also see that this was true from
the original diagrams. This means that the number of matches for pattern # is the same
as the value of the nth term of the sequence.

The nth term will therefore be: 2n + something.

Use the ideas from the previous section to find the value of the ‘something’.
Taking any term in the sequence from the table, for example the first:
n=1,s802n=2x1=2.But the first term is 3, so you need to add 1.

So, nthterm = 2n + 1

Which means that, if you let ‘m’ be the number of matches in pattern » then,

m=2n+1.

WORKED EXAMPLE 5

The diagram shows a pattern made with squares.

- [ [TT]

a  Construct a sequence table showing the first six patterns and the number
of squares used.

b  Find a formula for the number of squares, s, in terms of the pattern
number ‘p’.

¢ How many squares will there be in pattern 100?

Answers

a
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WORKED EXAMPLE 5 CONTINUED

b 4pisin the formula

lfp=1thendp=4

4+3=7
so,s=4p+3
If p=5then

4p+3 =20+ 3 =23,

Notice that the number of squares
increases by 4 from shape to shape.

This means that there will be a term "4p’

in the formula.

Now, if p = 1 then 4p = 4. The first term
is 7, so you need to add 3.
This means that s = 4p + 3.

Check: if p = 5 then there should be 23
squares, which is correct.

the rule is correct.

¢ Forpattern 100, p = 100 and s = 4 x 100 + 3 = 403.

Notice that ‘p’ has been used for the pattern number rather than ‘»’ here. You can use
any letters that you like — it doesn’t have to be n every time.

Exercise 9.3

For each of the following shape sequences:

i draw a sequence table for the first six patterns, taking care to use the correct letter
for the pattern number and the correct letter for the number of shapes

i find a formula for the number of shapes used in terms of the pattern number

iii  use your formula to find the number of shapes used in the 300th pattern.

a n=1 n=2 n=3
I O
b p=1 p=2 p=3
O OO0
O O
O
Nambrol ot e
c r=1 p=2 p=3
A A AAA AAAA
A A A
AN A A
AAA A
AAAA

Number of _
. t=5
triangles

N
Il
[}
~
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o
=
Il
—_
3
1}
(3]
=
Il
(95)

[T]
[

[T]
[

[T]
[

Number of
squares

Subscript notation

The nth term of a sequence can be written as u,. This is called subscript notation and
u represents a sequence. You read this as ‘u sub n’. Terms in a specific position (for
example, the first, second and hundredth term) are written as u;, u,, u;o, and so on.

Term-to-term rules and position-to-term rules may be given using subscript notation.
You can work out the value of any term or the position of a term by substituting
known values into the rules.

WORKED EXAMPLE 6

The position to term rule for a sequence is given as u, = 3n — 1.
What are the first three terms of the sequence?

Answer

Substitute n =1, n =2 and n = 3 into the rule.
uy=3MN-1=2 For the first term, n = 1
u=3@2)-1=5

uz=3@3)-1=8

The first three terms are 2, 5 and 8.

WORKED EXAMPLE 7

The number 149 is a term in the sequence defined as u, = n? + 5.

Which term in the sequence is 1497

Answer

149 =n2+5 Find the value of n, when u, = 149.
149 - 5 = p2

144 = n? n? = 144 has solutions n = 12 and
12 = n n = —12, but we cannot have a —12th

termson=12.

149 is the 12th term in the sequence.
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Exercise 9.4

1 Find the first three terms and the 25th term of each sequence.

a wu,=4n+1 b u,=3n-5 c un=5n—%
d u,=-2n+1 e un=%+l foou,=2n-1
g u,=n h u,=5+2""1

2  The numbers 30 and 110 are found in the sequence u, = n(n — 1).
In which position is each number found?

3 Which term in the sequence u, = 2n? + 5 has a value of 167?

4  For the sequence u, = 2n> — 5n + 3, determine:
a the value of the tenth term.
b  the value of n for which u, = 45.

(3,

The term-to-term rule for a sequence is given as u,, | = u, + 2.
a  Explain in words what this means.

b  Given that u; = —4, list the first five terms of the sequence.

9.2 Rational and irrational numbers

You already know about decimals and how they are used to write down numbers that
are not whole. Some of these numbers can be expressed as fractions, for example:

_1 _3 _1 _1
0.5= > 25= 3 0.125 = g 0.3333333... = 3
and so on.

Any number that can be expressed as a fraction is known as a rational number. If you
cannot express the number as a fraction, it is an irrational number.

Notice that there are two types of rational number: terminating decimals (i.e. those
with a decimal part that doesn’t continue forever) and recurring decimals (the decimal
part continues forever but repeats itself at regular intervals). Irrational numbers
produce decimals that have non-repeating, non-terminating decimal parts.

Recurring decimals can be expressed by using a dot above the repeating digit(s):
0.333333333...=0.3  0.302302302302... = 0.302
0.454545454... = 0.45

At this level, it is fine
to simply say that a
rational number can
be expressed as a
fraction. However,
when mathematicians
use the definition

of rational number
to prove that

some numbers

are irrational, they
need to say that the
fraction is expressed
in its lowest terms.
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Exercise 9.5

1  Say whether each number is rational or irrational.
1

a 7 b 4 c -7 d 3.147
e 7 f V3 g V25 h 0
i 045 i -0.67 k232 | %
m  9.454545... n V123 o 2w p 32
2 Show that the following numbers are rational.
a 6 b 2% c 0427
d 038 e 112 f 3.4
3 Find a number in the interval —1 < x < 3 so that:
a Xxisrational b  xisa real number but not rational
c  Xxisaninteger d  xisa natural number.

INVESTIGATION

4 Which set do you think has more members: rational numbers or irrational
numbers? Why?

5 Mathematicians also talk about imaginary numbers. Find out what these
are and give one example.

Converting recurring decimals to fractions

What can we do with a decimal that continues forever but does repeat?

Is this kind of number rational or irrational?

As an example we will look at the number 0.4.

We can use algebra to find another way of writing this recurring decimal:
Let

x=0.4=0.444444...

Then

10x = 4.444444. .

We can then subtract x from 10x like this:
10x = 4.444444. ..

x = 0.444444. ..
9x = 4
ax =2
9
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This example shows that you can write the recurring decimal 0.4 as a fraction.
This means that 0.4 is a rational number.

Remember that the dot above one digit means that you have a recurring decimal.

If more than one digit repeats we place a dot above the first and last repeating digit.
For example, 0.418 is the same as 0.418418418418418... and 0.342 = 0.3422222222....

Every recurring decimal is a rational number. It is always possible to write a recurring

decimal as a fraction.

WORKED EXAMPLE 8

Use algebra to write each of the following as fractions. Simplify your fractions

as far as possible.

then, 100x = 24.242424...
99x =24.24 - 0.24

0.934934...
1000x = 934.934934...
1000x = 934.934934...

(o X =

a 03 b 024 c 0934 d 0.524
Answers
a x =0.33333... Write your recurring decimal in algebra. It
10x = 3.33333... is easier to see how the algebra works if
you write the number out to a handful of
decimal places.
Subtract:
10x = 3.33333... Multiply by 10, so that the recurring digits
x=0.33333... still line up.
9x=3 Subtract.
_3_1 Divide by 9.
—X=973
b Let x= 0.242424... (1

)
Multiply by 100.

99x = 24 Subtract (2) — (1).
SO, X = 24_8 Divide both sides by 99
' X=59 =33 ivi [ y 99.

Notice that you multiply by 100 to make sure that the 2s and 4s start in the
correct place after the decimal point.

This time we have three recurring
digits. To make sure that these line up
we multiply by 1000, so that all digits
move three places.

x= 0.934934...

Notice that the digits immediately after
999x = 934 the decimal point for both x and 1000x
934 are 9, 3 and 4 in the same order.

¥~ 999

Sometimes you

may see irrational
numbers shown
with a bar above the
recurring digits.

For example, 3.265 =
3.265656565...
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WORKED EXAMPLE 8 CONTINUED

d x= 0.52444444...
100x = 52.4444444...
1000x = 524.444444. ..
1000x = 524.444444. ..
100x = 52.4444444...

900x = 472
472 _118
" 900 225

Multiply by 100 so that the recurring
digits begin immediately after the
decimal point.

Then proceed as in the first example,
multiplying by a further 10 to move the
digits one place.

Subtract and simplify.

In this method you need to subtract two different numbers in such a way that the
recurring part disappears. This means that sometimes you have to multiply by 10,
sometimes by 100, sometimes by 1000, depending on how many digits repeat.

Exercise 9.6

1 Copy and complete each of the following by filling in the boxes with the correct

number or symbol.
a Let x=0.6
Then 10x =
Subtracting:
10x =
-x=0.56
x=
So xX=

Simplify: x=| |

b Letx =0.17
Then 100x=| |
Subtracting:

100x= |
-x=0.17

[ Ix= |

So, «x=[ |

2 Write each recurring decimal as a fraction in its lowest terms.

a 05 b o.i c 08 d 024

e 061 f 032 g 0618 h 0233

i 0.208 j 0.02 k 0.18 | 0.031

m 245 n 3.105 o 250 p 54+45
qg 236+3.63 r 017+071 s 09 t 999

Once you have
managed to get the
recurring decimals
to start immediately
after the decimal
point you will need
to multiply again, by
another power of 10.
The power that you
choose should be the
same as the number
of digits that recur. In
part (c) the digits 9, 3
and 4 recur,

so multiply by

103 = 1000.
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INVESTIGATION

1 a

f
9

a

[

Recurring decimals

Write down the numerical value of each of the following:
i 1-009 i 1-099 i 1-0.999
iv 1-0.999999999

Comment on your answers to (a). What happened to the answer as
the number of digits in the subtracted number increased? What did
the answer get closer to? Will it ever get there?

Use algebra to express 0.6 and 0.2 as fractions in their simplest form.
Express 0.6 + 0.2 as a recurring decimal.

Use your answer to (c) to express 0.6 + 0.2 as a fraction in its lowest
terms.

Now repeat parts (c), (d) and (e) using the recurring decimals 0.4 and 0.5.

Explain how your findings for part (f) relate to your answers in parts

(a) and (b).

2 Ateacher asked a class to find the greatest number that is less than 4.5.
Jeevan gave the answer 4.4.

Why is Jeevan not correct?

Ryan then suggests that the answer is 4.49999.
b Why is Ryan not correct?
Jamila then suggests the answer 4.49.

Is Jamila correct? Give full reasons for your answer, including any
algebra that helps you to explain. Can you think of a better answer
than Jamila’s?

9.3 Surds

Some number have roots that can be written as rational numbers. For example, V4 = 2,

V216 = 6 and vV2.25 = 1.5.

Roots that cannot be written as rational numbers are called surds. v2 , V7 and V2.2 are
all surds. For any root, if VX is an irrational number, the root is a surd.

A surd is an exact value. If you use a calculator to find V2 you get an approximate
value of 1.414213562 ... When you are asked for an exact value, you should leave your
answer in surd form.

MATHEMATICAL CONNECTIONS

Surds are used to calculate exact values in trigonometry and you will re-use the
skills you learn here in Chapter 15. Surds may also be useful in physics when you
deal with resultant forces and velocities and in electronics for determining peak-
to-peak voltages. The reality, however, is that for most real-world applications,
people may use surds in calculations to avoid rounding errors, but in the end
they will often work with an approximate number value rather than a surd.
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WORKED EXAMPLE 9

Square ABCD has an area of 6 cm?. Calculate:

a the exact length of each side A B
b the length of diagonal AC correct to 3 d.p.
s d

A

D C
Answers
a Area=¢%s50s=V6 You are asked for an exact length, so leave

the answer as a surd.

b g2-g24+¢ ABC is a right-angled triangle, so use

Pythagoras’ theorem.

d? = (/6)? + (/6)?
d2=6+6

d?2=12

d=/12 =3.464cm

The general rules that you already know for working with roots apply to surds

as well.

WX)?2 = x VA = VA xJE=2x2=4
VIT)Y = V1T x V1T = 11

x2 = x /62 =36 =6

XX Y = /Xy JEx\(T6=2x4-8

This is the same as:

VE % [T6 = [EX 16 = /64 = 8
f+\ﬁy=y V64 + /4 =8+2=4
(6@ =% - 164

You can apply these rules to simplify and manipulate surds so that you can solve

problems involving exact values.
Remember that

Si |f . d 3V7 is 3 x /7 written
IMpliTying suras using algebraic
conventions.

This is not the same

as W, which is the
To simplify a surd, use the fact that /Xy = vX X /3 to write the surd as a product of cube root of 7.
smaller roots, one of which is a perfect square.
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WORKED EXAMPLE 10

Simplify each expression.

a 50 b 2/18 c -3/80 d 3/12x2V3
Answers
a  Factors of 50: 25 x 2 Find the factors of 50. One needs to be a square number.
V50 =25 x 2 Write V50 as the product of two smaller roots.
=5x2 Work out the root of the perfect square.
=5V2 Write the answer in simplest form.

b Factorsof 18:9 x 2

2/18 =2 x/9 x V2 Write V18 as the product of two smaller roots.
=2x3xy2 Work out the root of the perfect square.

Multiply the integers.
=6V2 Write the answer in simplest form.

€ Factorsof 80: 16 x5

-3V/80 = -3 x /16 x /5 Write V80 as the product of two smaller roots.

=-3x4x/5 Work out the root of the perfect square.
Multiply the integers.

=-12/5 Write the answer in simplest form.

d  Factorsof 12: 4 x 3 3 is prime, so you don't need to simplify V3.
3/12 x 2V/3 =3 x4 x /3 x2x/3 Write /12 as a product of two smaller roots.
=3x2x/3x2xV3 Simplify.
=12 %3 xV/3 Multiply the integers.
=12x3 Square the surds (remember vX X VX = x).
=36

Choose factors that are perfect squares (4, 16, 25, 36, 49 ...) and use the
greatest possible square to have fewer steps in your simplifying.

You can see from part (a) in Worked example 10 that if you simplify V50, you get 5v2.

You can use inverse operations to write simplified surds in the form of v7.
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