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INTRODUCTION AND DEDICATION

J.B. Fitzpatrick

It is interesting to wonder whether J. B. Fitzpatrick (‘Bernie’) realised in 1983 just how popular
his book New Senior Mathematics would be. That first edition of New Senior Mathematics was
to remain in print for almost 30 years. It has stood the test of time thanks to the quality, rigour
and variety of its questions, its accuracy and its high mathematical standards.

As Fitzpatrick wrote in 1983: ‘Mathematics, like many other things, is best learnt by doing.
A student begins to appreciate the power of mathematics when he or she has achieved

a mastery of basic techniques, not after reading lengthy explanations... The emphasis
throughout the book is on the understanding of mathematical concepts” (Introduction,
New Senior Mathematics 1984).

J. B. Fitzpatrick passed away in 2008. Fitzpatrick was a respected author, teacher and figurehead
of mathematics education.

Bob Aus

Bob Aus taught in New South Wales high schools for 40 years, retiring in 2007. During that
time Bob taught all courses from Years 7 to 12 up to Level 1 / 4-unit / Extension 2. He has
marked HSC examination papers and has been involved in the standards setting process

as judge and chief judge for the three Calculus-based courses over four years. He has also
completed review work for the NSW Board of Studies and represented NSW at a week-long
review and standards setting of the upper level course from each state prior to the development
of the Australian National Curriculum for senior students.

Bob spent time as Regional Vocational Education Consultant in the North Coast region and
was a Mathematics consultant in the Hunter region. When he retired he was Head Teacher
Mathematics at Merewether High School and enjoyed teaching an Extension 2 class with

24 students.

Bob’s first publication was in 1983 and he has been involved with writing a range of textbooks
and study guides since then, including revising and updating the New Senior Mathematics
series 2nd edition in 2013.

Bob has presented talks on the three Calculus-based courses throughout the state. He has
co-written the Years 6-9 Mathematics syllabus for the Abu Dhabi Education Authority, as
well as managing the writing project for support material for this course. He also wrote the
Years 10-12 syllabus for their Calculus-based course.

This third edition of New Senior Mathematics updates it for the new Stage 6 HSC courses in
NSW to be implemented in Year 11, 2019.
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CHAPTER 1

Further work with functions

1.1 QUADRATIC INEQUALITIES

Here are some of the main properties of inequalities. In particular, you should note the operations that reverse the
inequality sign.

 Adding or subtracting the same number from both sides does not alter an inequality.
o Multiplication by a positive number does not alter the direction of the inequality.

o Multiplying both sides of an inequality by a negative number reverses the direction of the inequality:
eg. 3>2 but —6<—4after multiplying by —2.

o Taking the reciprocal of both sides of an inequality reverses its direction when both sides have the
same sign, but not if the signs are different:
eg. 5<7 but 151

5°7
- 1,1
3>—4 and 3774
It is interesting to prove this result, as follows:
Let a > b, where a, b have the same sign. Let a > b, where a, b have different signs.
Divide both sides by ab, which must be positive Divide both sides by ab, which must be negative
as a, b have the same sign: as a, b have different signs:
aib > a;bb ﬁ < % (inequality changes)
1.1 1.1
b7 b a
.11 11
“a b Ta’b

« Squaring both sides of an inequality produces a positive number on both sides, so the direction of the
inequality a* < b depends on which of |a| and |b] is larger.
Thus, if a and b are positive and a > b then a” > b” (i.e. you can square both sides of an inequality without
changing direction if both sides are known to be positive).
This can be proved as follows:
Let a > b and a, b both be positive.
Multiply the original inequality by a, which is positive:  a° > ab
Multiply the original inequality by b, which is positive: ~ ab > b’
Link the two results together: ~ a’>ab> b’
Looash
o Square root of both sides of an inequality is only defined if both sides of the inequality are non-negative.

The direction of the inequality does not change (i.e. if a > b then va > Vb, provided a is positive and b is
positive or zero).

Some methods for solving harder inequalities will now be looked at.

Chapter 1 Further work with functions 1
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Quadratic inequalities

Example 1
Solve x* — 4x > 0.

Solution
To solve a quadratic inequality you must not simply factorise it like a quadratic equation, as this is wrong:
x(x—4)>0
x>0, x—4>0
x>0, x>4
If you now substitute any negative number for x in the original inequality, you will see that it is a solution,
so x>0, x > 4 must not be the complete answer. Similarly, x = 1 is not a solution even though it is included in
x>0, x >4, so this method must be wrong. What has happened? Where is the error?

The answer is that for x(x — 4) > 0 to be true (i.e. for the product of two factors to be positive), both x and
x — 4 must be positive or both factors must be negative.

The solution can proceed as follows:

x(x—4)>0
x>0 and x—-4>0 or x<0 and x—-4<0
x>0 and x>4 x<0 and x<4
For both x > 0 and x > 4 to be true: For both x < 0 and x < 4 to be true:
x>4 x<0

Hence the correct solution is x < 0, x > 4 (which is read as ‘x < 0 or x > 4’).
Alternatively, a graphical method can be used: y

« Sketch the parabola y = x* — 4x
(concave up, cuts the x-axis at 0 and 4). y=x'-4x
« Identify the x values for which the parabola is
above the x-axis (because you are looking for the places
where y > 0). These values are the solution. 0 7 x

The graph shows that the solution is x < 0 or x > 4.

The graphical method in Example 1 has the advantage of providing a visual picture. It is also an easy method for
higher-degree inequalities.
Polynomial inequalities

o Use the factored form of the polynomial to sketch the graph of the function.

« Use the graph to identify the x values for which the graph is above (or below) the x-axis (depending on the
inequality). These values are the solution.

o If the inequality is < or 2, be careful to include the values where the graph cuts or touches the x-axis.

Example 2

= 2(x—
Solvexz(x—z)(x+1)20. y=x"(x-2)(x+1)

Solution

Sketch y = X —2)(x+1), noting the double zero at x=0
(a turning point on the x-axis), and zeros at x =2 and x = —1. 11— O \f x
Find where the graph is on or above the x-axis. The solution is
x<-1,x=0,x=>2.

2 New Senior Mathematics Extension 1 for Years 11 & 12
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EXPLORING FURTHER O

Quadratic inequalities
Use technology to solve quadratic inequalities graphically.

EXERCISE 1.1 QUADRATIC INEQUALITIES

For questions 1 to 11, solve the following inequalities.

1 x(x—1)<0 2 ¥ —2x—-15<0 34X —12x+10>0 4 x(x—1)<6
5 (x—1)(x+3)(x—2)<0 6 —3x°+10x+8<0 7 X¥(x-1)<0 8 2-x)(x-=5)(x+1)>0
9 2% _5(2%+4<0 10 2% -2(2" <-1 11 1-x<2x+1<x+4

1.2 RATIONAL FUNCTION INEQUALITIES (x IN DENOMINATOR)

Example 3

Solve >-1.

Solution
There are two important things to note here:

does not exist where x =2

1
x=2
« if you multiply both sides by (x — 2), you don’t know whether (x — 2) is positive or negative, so you don’t
know whether to reverse the inequality or not.
There are several possible methods to solve an inequality like this (see below). You should memorise the one
or two methods that you find easiest and most useful, but you should be aware of the other methods too.

o x#2,as the function f(x)=

Method 1 (algebraic method requiring consideration of all possible cases)

o>
If x > 2, multiply by (x — 2), which is positive: If x < 2, multiply by (x — 2), which is negative:
1>—(x—2) 1<—(x—2) (note change of inequality)
12—x+2 1<—x+2
-12—x -1<—x
1<x (multiplying by —1) 1>x (multiplying by —1)
x21 x<1
Both x> 2 and x > 1 must be true. Both x <2 and x < 1 must be true.
This requires x > 2. This requires x < 1.

Thus the complete solution is x> 2, x < 1.

Method 2 (algebraic method avoiding the need to consider different cases)
1

58=2

Multiply both sides by (x — 2)*, which is known to be positive (so the inequality does not change):
x—2>—(x—2)
x—22-x"+4x—4

X —3x+220

>-1 Note that x # 2.

Chapter 1 Further work with functions 3
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You can now solve this quadratic inequality using the graphical method Y
(as shown in Example 1).

The graph (at right) is on or above the x-axis for x < 1, x = 2. However, x # 2,
so the solutionis x <1, x > 2.

=x’-3x+2
Method 3 (variation on Method 2, producing an inequality in factorised form) N o /
O ——1
L1 _>_1 Notethatx#2. ! 2 i
x—2
Make the right-hand side become zero, then simplify the resulting left-hand side:
1
— 412>
S5 +120
1+(x—2) >0
x=2
x—1
>
x—2_0

Multiply both sides by (x — 2)*:
(x—1)(x-2)=0

This is the factorised form of the quadratic inequality obtained in Method 2. From this point on, the solution
is identical to Method 2.

Use the graph to find the x values for which the hyperbola is on or above
the horizontal line y = —1. You can see that this happens for all x values
from point A back to the left, including point A, and for all

x values to the right of the asymptote.

Method 4 (graphical method) bl |
1 |

- > _ 1

x—=2 L !

Sketch a graph of y = p i ok it is a hyperbola with vertical asymptote E
at x =2 and horizontal asymptote at the x-axis. 0 :
Also graph the horizontal line y =—1. ﬁ 4 E

To find the x-coordinate of the point A, solve p i 5= —1: the solution is x = 1. Thus the solution is x < 1, x > 2.
Method 5 (like the graphical method, but without drawing the graph)
1
> —
x=2 !

List all the x values that are excluded because they make the denominator become zero:
x#2 (the vertical asymptote)

Solve the inequality’s corresponding equation:

=-1
x=2
l=—x+2
x=1 This is the x-coordinate of the point of intersection of y = p i 5 and y =-1.
The x values found by these two steps are ‘critical values, to be marked | | | I T B
on a number line. Use open circles to mark the excluded (asymptotic) 3 2 -l 0 1 2 3

values. If the inequality is < or >, use open circles to mark the x values
from solving the equation; if the inequality is < or 2, use filled circles.

4 New Senior Mathematics Extension 1 for Years 11 & 12



YEAR 11

Now choose representative x values from each section of the number line and test to see whether the x values
satisfy the original inequality:

1
=(): >_ 12
Test x=0: Is 0-2)° 1?2 Yes
Testx=11: Is 1;_22—1? No
. 1 . .
e 1 1o This finds where the graph of y = —— is above the line y =—1.
Testx=3: Is (3-2) =1t Yes Thus the solution is x < 1, x>2. * 2
Example 4
1
Solve > .
x-x x*-1
Solution
Using Method 3 (from Example 3): Using Method 5 (from Example 3):
1 S 1 sox#0,1,-1 x¢0,1,—11 .
x(x=1) (x=1)(x+1) Solve — = — - l=x—x
1 1 x"—x x"—1
= >0 x=1
x(x—1) (x—=1)(x+1)
(x+1)—x Critical values are 0, 1, —1; all must be not included
ST T (i.e. open circles on number line)
x(x—=1)(x+1) I o o o I
1 >0 2 = 0 1 2
—D(x+1
Hx=—Dx+1) Test x =—2:
. 2 2 2,
Multiply by x"(x — 1)"(x + 1)": Is 21 S 12 o No
*(x - 1)(x+1)>0 (27 -2) " (27 -1)
y Test x = —%z
Is 21 > 12 ¢ Yes
(3 =9) " (=97 -1
Test x = %:
0
]A ! * Is 21 > 21 ? No
(6 -() (-
The graph is above the x-axis for -1 <x <0, x> 1, Test x=2:
which is the required solution. Is - 1 > 21 ? Yes
(@-@) (@7-1)
The solutionis -1 <x <0, x> 1.

EXERCISE 1.2 RATIONAL FUNCTION INEQUALITIES (x IN DENOMINATOR)

1 When asked to solve o 31 < %, four students began their solutions as follows:
Student A: 4<x-1 Student B: 4(x—1)<(x—1)*
Student C: xT—l >2 Student D: 4(x—1)<(x—1) noting that x # 1

(@) Which student has started their solution correctly?
(b) Explain the errors made by the other students.

Chapter 1 Further work with functions 5
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For questions 2 to 11, solve the following inequalities.

x—3 x—=2 4x-3 2
X~J _ X 70 e S
2 x+1>0 3 x+3> 2 4 2x+1_3 51—x> L
2x -3 1 7 X
L O <«_ s S
64x_5+2<0 7(X-DW—3Y_1 8 G—xXx+ﬂ> 1 9x2_1<0
2x—4 _ x+2
10573 > 2x+6 ’
11 (a) Show that f(x)= 2x n is an odd function. :
X — I
(b) Copy and complete the graph of y = 2x 1 (as shown at right). o1 =
X — '
X 1 :
(c) Hence solve 77 < 3 E
'

1.3 INEQUALITIES INVOLVING ABSOLUTE VALUE AND SQUARE ROOTS

Example 5 2
Solve |x —2| < g 2\

SOlUtion y=2-x
From the definition of absolute value, you know that |x —2| is simply
equal to x — 2 where x = 2, but it is equal to —(x — 2) where x < 2. y=x-2

Using graphical method (Method 4 from Example 3): A
Graph y=|x —2|and y= %

Note that the “V’-shaped absolute value graph consists of the 0 2 x
ray y =2 — x for x <2 and the ray y =x— 2 for x > 2. =05

The solution of the inequality |x — 2| < % is shown on the graph where the “V’-shaped absolute value graph is
below the straight line y = 262— You need to find the x-coordinates of the points of intersection A and B.

o AtA,y=2-xandy= % intersect. Solving these: x= %

o AtB,y=x-2andy= % intersect. Solving these: x=4

Thus the solution is: £ < x < 4

3
Using analytical method (Method 1 from Example 3):

For x > 2: x—2<% For x < 2: 2—x<—’2£
X <2 2<_3ﬁ
2 2
4
>___
x<4 X 3
Both x = 2 and x < 4 must be true. Bothx<2andx>%mustbetrue.
n2<x<4 .n%<x<2

Thus the complete solution is % <x<4.

6 New Senior Mathematics Extension 1 for Years 11 & 12
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Example 6

Solve |x —4|+|x+2| > 7.

Solution
Although it is possible to solve this analytically, a graphical approach is easier.
o First sketch y =|x—4| and y =|x + 2| on the same axes, writing the equations of their rays.
Remember that y =|x —4]| is made up of the ray y = x — 4 (with positive gradient) and y =4 — x.
Similarly, y = |x+2| is made up of y=x+2 and y =—x— 2.

Note that the graphs have the bases of their “V’-shapes at x =4 and x = -2.

Next, sketch y = |x — 4] +|x + 2| by determining the equations of each of its three parts:

» For x <2, find the equation by adding the ordinates (y values) that apply. Over this domain the
two rays that apply are y = —x — 2 and y =4 — x, so the equation is y = (—x — 2) + (4 — x), i.e.
y=-—2x+ 2. This can easily be sketched. At x=-2, y=-2(-2) + 2 = 6, so the ray starts at (—2,6) and is
drawn back to the left with a gradient of —2 (which is steeper than the existing rays on the diagram).
o For —2 < x< 4, the two rays that apply are y=x + 2 and y =4 — x, so the equation is
y=(x+2)+ (4 —x),ie y=6. Add this horizontal interval to the graph.

« For x> 4, the two rays that apply are y = x + 2 and y = x — 4, so the equation is y = (x + 2) + (x — 4),
e y=2x—2.
Draw this ray on the graph. It starts at (4,6) and proceeds to the right with a gradient of 2.

You have now sketched the ‘trough’-shaped graph of y =|x — 4| +|x + 2| and found the equations of each of its
three parts.

« Draw the horizontal line y = 7 on the graph and label points A and B where y =|x — 4|+ |x + 2| and
y =7 intersect.

yl
y=A-0+(x-2) y=(c-4)+(x+2)
y=2x-2
,,";:x+2
A 7 y=7 B
\‘\ 6 /‘
T y=4-x)+(x+2) e’
IR PR AT T

y=-x-2 T »
Tl P T - y=x-4
=—n 0 K X

To solve |x—4|+|x+2|> 7, you need to find the x values for which the graph is above the horizontal line y =7,
which means you need to find the x-coordinates of A and B.

« To find A, solve simultaneously y=—-2x+2and y=7: x = —%
« To find B, solve simultaneously y=2x—-2and y=7: x = %
Hence the solution is x < —%, x> %

Chapter 1 Further work with functions
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Inequalities involving square roots

Example 7
(@) Sketch y =+/1—x and state the domain of this function.
(b) On the same diagram sketch y =|x—1|. (c) Hence, or otherwise, solve |x - 1| >41-x%.
(d) Solvex—12>+1-x>.
Solution 4
(@) The sketch is shown at right. (b) . K
The domain is -1 < x < 1.
N yp-1 -
1\\\ ,,//
y=+1- xzf \\ ,’,
7{ @ \i/ -

(c) Tosolve|x—1|>+/1-x" you need to state the x values for which the ‘V’-shaped absolute graph is on
or above the semicircle. The graphs intersect at x =0 and x = 1. Also remember the domain from (a),
i.e. that the only applicable x values are between —1 and 1. Thus the solution is -1 <x <0, x=1.

Alternatively:
In this inequality, both sides are known to be non-negative y

(asV1—x” means the positive square root), so you can square
both sides and know that the inequality will not change.

(-1 2(1=22)

E-2x+121-x

2 =2x20
2
—-x2>
* ;C =l _=1 [9) 1 x
Graphing y =x" — x:
The parabola is on or above the x-axis for x <0, x > 1.
But the domain is restricted to —1 < x < 1, so the solution
is—-1<x<0,x=1.
(d) Graphing y=+1-x" and y=x—1: y
The only point of intersection is at x = 1. .
You now find the x values for which the straight line is on y=x-1 .7
or above the semicircle, keeping in mind that x values 1
must be between —1 and 1. y= 1_x2/\
Thus the solution is x = 1. , )
-1 Y A x
14 ’
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EXERCISE 1.3 INEQUALITIES INVOLVING ABSOLUTE VALUE AND SQUARE ROOTS

1
1 —<3 (Hint: The denominator is known to be non-negative.)

x
2 |(a|) On the same axes sketch y=1—|x| and y = 3x. (b) Hence solve |x| + 3x > 1.
3 (a) On the same axes sketch y = |x—2| and y = 2x. (b) Hence solve |x—2| < 2x.
4 Solve x° —|x| > 0.
5 (a) On the same axes sketch y=|x—2|and y = % (b) Hence solve [x —2|> %
6 Solve xi 1< 1. (Note: This looks like a standard problem, but in fact requires some analysis, depending on

which method you use.)

Solve 21x__:61 >1. (Hint: |2x +1] is known to be non-negative.)

8 Solve [x+1|—|x—2[>2.

N

9 (a) On the same axes sketch y=|x +1|and y =[x —5|.
(c) Solve |x+1|+|x—5|>7.

(b) Hence graph y=|x+1|+|x—5|.
(d) Solve |x+1|+|x—5|=6.

1.4 CIRCULAR AND SIMULTANEOUS INEQUALITIES

A circle divides the number plane into two regions, a finite region called its interior and an infinite region called its

exterior, as well as the set of points that make up the circle.

A parabola, cubic, quartic or hyperbola curve divides the number plane into two infinite regions, as well as the set of

points that make up the curve.

Points inside and outside a circle

A circle divides the number plane into three sets of points: the sets of points on the circle, inside the circle
and outside the circle. The set of points on a circle of centre C(h, k) and radius r is given by the equation
(x—h)*+ (y— k=1

A point P(x, y) lies on this circle if CP=r.

If CP < 1, the point P is inside the circle. If CP > r, the point P is outside the circle.

¥ y

PR LT T TN Py,
P P(x.y) , G
1 C Bl 1 c 'B
Y I R
O\\\~_—’, x O . X

The graph of (x — h)* + (y — k)’ < 1 gives the
interior of the circle.

The graph of (x — h)* + (y— k)?*> 1 gives the
exterior of the circle.

Regions involving simultaneous inequalities

Example 8

For the circle with centre (0,0) and radius 3 units, sketch the region of the Cartesian plane that includes
all points on or inside the circle that are also:

(@) to the left of the line x =2

In each case give the inequalities that define the region.

(b) on or above the line x + y = 3.

Chapter 1 Further work with functions
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Solution

(@) X +y <9, x<2 (b) Y <9, x+y>3

/ /\
NPl VA

Example 9

Sketch the region defined by y > x* and y < 2x + 3. Describe this region in words.
Solution

To find the points of intersection, solve simultaneously ¥y y

the equations y = x” and y = 2x + 3. o
This gives:  x*=2x+3 [ e
X —-2x-3=0 3
Factorise: (x+1)(x-=3)=0 i

30 x
2

Solve: x=-1,3

X
Substitute into y=2x+3: x=-1,y=1; x=3,y=9 y
Hence the points of intersection are (-1, 1) and (3, 9). )
The shaded region is the points on and above the parabola
y=x’ that are also on or below the line y = 2x + 3.
(_1) 1)

(0] X

Example 10

Describe the region of the x—y plane whose points satisfy the inequalities y <2 +x — x” and y + 2x < 2.

Solution

The graph of y = 2 + x — x* can be obtained by completing a table of values and then plotting points.
It can also be obtained by completing the square for x and then graphing according the shape and
properties of y=x":  2+x—x>=2— (x2 - x)

2—x+i)

2+£—(x
- 24-(x-4)

Hence you can graph y =24 — (x — %)2, which is the graph of y = x* turned
upside down, moved 0.5 units to the right and moved 2.25 units up:
y<2+x—x is the region below this curve.

¥+ 2x <2 is the region on or below the line y +2x=2.

As shown in the diagram, the required region is the region on or below
the line y + 2x = 2 that is contained between the ‘arms’ of y =2 + x — x°.

New Senior Mathematics Extension 1 for Years 11 & 12
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Simultaneous inequalities
Use technology to solve simultaneous inequalities graphically.

EXERCISE 1.4 CIRCULAR AND SIMULTANEOUS INEQUALITIES

1 Sketch the region defined by each inequality.
@ x*+y*>16 (b) x*+y' <4 € (x—-1>+y">9
2 Which diagram shows the region satisfying y < 1 —x* and y > |x|— 12

D
3 Sketch the region defined by each inequality.
@ (x+3)7+y’<1 (b) y<x*+1 € y=9-«
(d) y>|x]| (e) y<2x+4 (f y<]2x+4]
4 Sketch the region defined by the given inequalities.
(@) x2+y2S 1, x20,y=0 (b) (x- 1)2+(y— 1)2< L, x>0,y>0
€ y<4-x,y>0 (d) y<l|x,y>0,1<x<2
€ xX*+y' <4, y>x+2 M y=2x'—4,x+y<2
(@) y>|x-2|,y>3 (h) ySl—xz,yZO
(i) x2+y2S1,yS2x,x20 )] (x—1)2+y221,x20,yS1
5 Which graph represents the region defined by (x — 3)* + (y + 4)* < 252
A y B y C y D y
0 0 8 8
6 X X
-8 -6 O x o) 6 *

6 Sketch the region of the Cartesian plane whose boundary consists of:

(@) thecurvey= %, the ordinates at x = 1 and x = 2 and the x-axis

(b) thelines y =1 and y = 3 and the circle with centre (0,2) and radius 2 units

(c) thecircle (x—3)*+ (y— 4)* =25 and the y-axis

(d) the arc of the parabola y = 4 — x* between x = 2 and x = —2 and the x-axis

(e) the graph of y =|x —1|, the x-axis and the y-axis

(f) the circle x* + y* = 36 and the lines y =6 and x = 6

(9) the circle centred at (—2,0), radius 2 units, and the circle centred at (-2, 0), radius 1 unit
(h) the parabola y = x> — 2 and the line y = x

(i) the curve y = /x, the y-axis and the line y =2

() the semicircle y =+/1—x” and the x-axis.

Chapter 1 Further work with functions 11
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7 For the shaded region in the diagram, state whether each statement is correct or incorrect.
(@) The shaded region is defined by y <|x|and x* + y* < 4. )
(b) The shaded region is the part of the interior of the circle of centre (0,0) and (-2,2) 22
radius 2 that is below the lines given by y =|x|.
(c) The shaded region is defined by y >|x|and x* + y* < 4. ) 0 T
(d) The shaded region is the part of the circle with centre (0,0) and radius 2, \J
and its interior, that is on or below the lines given by y =|x|. >
CHAPTER REVIEW 1
1 The diagram shows the graphs of y=|x+2|and y = vV4—x’. 7 S = x2]
The solution of V4 — x> <|x +2] is: X
A 0<x<2
B —2<x<0 e
C x=-2,08x<2
D x=0 -2 0 2 X
2 Solve the following inequalities.
2 1 2 1 1 x
<~ <
(a@ 1_x>1 (b) x+3 - x (c) |x_1|>|x+1| (d) xz_l—o
€ <1 ® X <o @ |x—1l+lx+3>6  (h) x><|2x—1|
x°—x-6 x-1

o o A O

N

Sketch the region of the Cartesian plane bounded by curves y = %, x =1, x =3 and the x-axis.
Sketch the region of the Cartesian plane that satisfies y>x”—1and y <1 —|x|.
Sketch the region of the Cartesian plane bounded by the curves y > x* — 4 and y < 4 — x".

Show that the straight lines 2x + y =20 and x + y = 14 intersect at (6, 8). Hence sketch the region of the
Cartesian plane for which y >20 —2x, y< 14 —x and y 2 0 are all true.

Sketch the region in the number plane defined by (x —1)*+ (y —1)* <1 and x > 1.

Sketch the region of the Cartesian plane bounded by the curves y=x*— 4 and y = |x| + 1.

New Senior Mathematics Extension 1 for Years 11 & 12



CHAPTER 2

Polynomials

2.1 POLYNOMIALS

A real polynomial P(x) is an algebraic expression of the form P(x) = anx" + an_lx"_l +...+ax+a,, wheren,n—1,...

are all positive integers and a , a . are the coefficients, which for convenience will usually be chosen as real integers.

n—1>""
The term a x" is the leading term. If a_# 0, the polynomial is said to be of the n-th degree, or ‘degree #’

e.g. P(x) = 4x° — 2x* + x* + 5x — 6 is a polynomial of degree 5.
A real polynomial P(x) is defined for all real x and is a continuous and differentiable function of x.
P(x) =0 is a polynomial equation of degree n. Real numbers x that satisfy this polynomial equation are called the
real roots of the equation or the real zeros of the corresponding polynomial.
In the Mathematics Advanced course (see New Senior Mathematics Advanced for Years 11 & 12) you have already
investigated the roots of the quadratic equation ax’ + bx + ¢ = 0 and found that there are at most two real roots, but

there may be only one or none.

n

. . . . n -1 . . .
Similarly, any polynomial equation a x" +a,  x" +...+a x+ a,= 0 will have at most 7 real roots. (Finding these

real roots will become easier after you study the factor theorem.)
o 2x°+4x* —3x — 5 is a polynomial of the 3rd degree in x, because the highest power of x is 3.
« x'=2x+7is a polynomial of the 4th degree in x.

1
o x’+2+x and %+ 2x are not polynomials, because they include powers of x that are not positive integers.

When the leading coefficient a, = 1, the polynomial is said to be monic. x* = 2x + 7 is a monic polynomial.
A polynomial can also be described according to the subset of real numbers that contain the coefficients
A @, 1senns Gy

« 2x’—7x+1is a2nd-degree polynomial over the integers.

. %x‘r’ +2x+ % is a 5th-degree polynomial over the rational numbers (or ‘the rational number field’).
« 3x—+/6 is a 1st-degree polynomial over the irrational numbers.
o 4x°+7x— % is a 2nd-degree polynomial over the real numbers.
Example 1
Express the polynomial P(x) = x’ — x" + 6x” in standard form. Then write:
(@) itsdegree  (b) the constant term (c) the coefficient of x* (d) theleading term
(e) the greatest number of real zeros possible. () Hence solve the equation P(x) = 0.
Solution
P(x) =—x*+ x’ + 6x". In standard form (fully expanded): P(x) = -+ +6x°+0x+0
(@) degree=4 (b) constant term =0 (c) coefficient of x* =6 (d) leadingterm= -
(e) The polynomial is of degree 4, so there are at M —x'+x’+6x’=0
most four zeros. (= x—6)=0
X(x—3)(x+2)=0
sox=0,3,-2

The equation has three real roots. x = 0 is a double root.

A graph of y = x* — x* + 6x” shows that at x = 0, the curve touches the x-axis.

Chapter 2 Polynomials 13
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Operations with polynomials

You have added, subtracted and multiplied simple algebraic expressions before. With more complicated polynomials
the only difference is that more terms are involved, so you must be more careful that you don’t miss any terms.

Example 2
If A(x) = x* + 2x+ 3, B(x) =2x — 5, C(x) = 3x" = 3x* + 5x + 6 and D(x) =x" — 3x* + 1, simplify:

(@ A(x)+C(x) (b) B(x) x D(x) () D(x)—C(x) (d) A(x) x D(x) (e) A(x)+2C(x) —3B(x)

Solution
(@) Ax)+Cx)=x"+2x+3+3x"—3x*+5x+6 (b) B(x) x D(x) = (2x—5)(x" —3x*+ 1)
=3x" =2 +7x+9 =2x°—6x +2x—5x +15x° =5
=2x°—5x —6x° + 15x*+2x -5
() D(x)—C(x)=x"—3x"+1—(3x"—3x"+5x+6)
=x—3x+1-3x"+3x"-5x—6
X —3x'=5x—5
(o +2x+3)(° =3 +1)
=x = 3x + 7+ 2x°— 6" +2x+3x° —9x* + 3
=x +2x°+3x° = 3x* —6x’— 8x* +2x + 3

(d) A(x)x D(x)

(e) A(x)+2C(x) —3B(x) =x*+ 2x + 3+ 2(3x"* — 3x* + 5x + 6) — 3(2x — 5)
=x*+2x+3+6x" —6x"+10x+ 12— 6x+ 15
=6x" = 5x° + 6x + 30

EXERCISE 2.1 POLYNOMIALS

1 For the polynomial P(x) = 3x* + 2x° + 7, which statement is correct?

A degree=3 B leading term =3 C leading coefficient = 3 D constant term =3
2 Express the polynomial P(x) = x* — x’ + 6x in standard form. Then write:

(@) its degree (b) the constant term (c) the coefficient of x* (d) theleading term

(e) the greatest number of real zeros possible. () Hence solve the equation P(x) = 0.
3 Write the following polynomials in standard form and then state:

(i) the degree (i) the constant term (iii) the coefficient of x*
(iv) whether or not it is monic (v) the greatest number of real zeros possible.

(@) x*+5x+7—6x (b) 27-x (€) ax’+bx+cx*—d

(d) x(5x°—3x"+2) (e) (Bx+1)(2x’—5) M GBx*—2)
4 State whether each expression is a polynomial or not. If it is not a polynomial, explain why.

(@) x*—6x+3 (b) x+4 (©) Bx—4 d) ©+1 ©) 4—%

1

) % (@ x2+3x2—4x' (h) -’;’;tf () 2°+3x-5
5 If A(x) =x" - 5x + 1 and B(x) = 3x" — 2x* + 5x + 3, then B(x) — A(x) = ...

A 3x' 4357 —10x-2 B 3x'-3x"+2 C 3x'-3x-10x+2 D 3x'-3x*+10x+2
6 IfA(x)=3x"—2x+1, B(x) =5x—2, C(x) = 2x* = 5x* + 3x + 4 and D(x) = 2x° — 4x* = 3, simplify:

(@ Ax)+C(x) (b) B(x) x D(x) (¢) D(x)-C(x)

(d) A(x) X B(x) (e) A(x)—3C(x)+2B(x)
7 IfE(x) =x"—3, F(x) =3x+2, G(x) = x* + 2x + 1 and H(x) = x* — 3x + 2, find the polynomial for:

(a) E(x)x F(x) (b) F(x) x G(x) (c) 3G(x)—4H(x)

(d) (x—3)G(x) (e) [F(x)!’ (f) E(x) X G(x) + F(x) X H(x)
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2.2 DIVISION OF POLYNOMIALS AND THE REMAINDER THEOREM

If P(x) = 3x” + 7x + 4, then P(1) is the value of P(x) when x = 1, which is found by substituting x = 1 into the
polynomial. For example:

P(1)=3+7+4=14

P(-1)=3%x(-1)*+7x(-1)+4=0

Pla)=3a"+7a+4
You already know how to perform long division using integers (e.g. 532 + 19 = 28). You can also perform long
division of a polynomial by a linear expression or by another polynomial. For example:

X +7x+12
x+3
(*+7x+12) + (x+3), x#-3

The two ways of writing the division above are equivalent.

X #=-3

Example 3

d X+ 7x+12

, X #—3.
x+3

Fin

Solution
The condition x # —3 exists because it cannot be divided by zero.

Divide the leading term of the dividend (x”) by the leading term of the divisor x+4
(x) and write the answer (x) above the x°. oG ) 2 +7x+12

Multiply the divisor (x + 3) by the result of x* + x (i.e. x) to obtain x* + 3x. X2 43x
Subtract (x* + 3x) from (x> + 7x) to get 4x, then bring down the +12 from above. 4x+12
Divide this new leading term (4x) by x and write the answer (+4) above 7x. 4x+12
Multiply (x + 3) by 4 to obtain 4x + 12. 0
Subtract the last two lines to get a remainder of 0, completing the division.

X2 +7x+12
+3

You could also write x* + 7x + 4 = (x + 3)(x + 4) + 0:

Hence you have = x + 4, with no remainder.

Dividend = Divisor X Quotient + Remainder

Example 4
If P(x) = 3x° — 7" + 2x + 4, divide P(x) by x - 3.

Solution
Divide 3x° by x and write the answer (3x%) above the 3x°.

Multiply (x — 3) by 3x° to obtain 3x’ — 9x” and write it under 3x” — 7x".

Subtract (3x° — 9x°) from (3x° — 7x%) to get 2x% then bring down the +2x from above. 3x°+2x + 8
Divide (2x* + 2x) by x and write the answer (+2x) above —7x%. x— 3) 3x°—7x*+2x + 4
Multiply (x — 3) by 2x to obtain 2x° — 6x and write it under 2x° + 2x. 3x3 =92

Subtract (2x* — 6x) from (2x” + 2x) to get 8x, then bring down the +4 from above. 25?4 2x

2x° —6x
8x +4
8x—24
28

Divide 8x by x and write the answer (+8) above +2x.
Multiply (x — 3) by 8 to obtain 8x — 24 and write it under 8x + 4.
Subtract (8x — 24) from (8x + 4) to get 28.
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The number 28 is a constant with a degree less than the divisor, so it is not divisible by (x — 3).
Thus the remainder is 28.
28

3 2
3x"—7x +2x+4=3x2+2x+8+
x—3 x—3

or 3x —7x +2x+4=(x—3)3x"+2x+8)+28
ie. Plx)=(x-3)Q(x)+R
where Q(x) is the quotient and R is the remainder (i.e. in this case, 28). Note:

Hence:

The degree of the remainder < the degree of the divisor.
The degree of the quotient < the degree of the dividend.

When the divisor is a linear function (first degree), the remainder will be a constant.
Note also that P(x) = (x — 3)(3x” + 2x + 8) + 28, so:
P(3)=(3-3)xQ(3)+28=0+28=28

This suggests that the remainder of division by (x — 3) could be found just by finding the value of P(3), without
doing the long division.

Example 5
Divide 4x’ — 19x + 9 by 2x — 3
Solution
When writing out the dividend, include all missing terms by writing them with zero coefficients.
2%%+3x — 5 The quotient is 2x” + 3x — 5 and the remainder is —6.
3
2x—3)4x’ + 0x>—19x + 9 dx =19x+9 _ 52,3, 56
) 3 2 % —3 2x"+3x -5 %3
4x” —6x" or (4x°—19x+9)=(2x—3)(2x*+3x—5)—6
6x°—19x P(x) = (2x=3) X Q(x) =6
6x2— 9x If2x—3:0thenx:%.
~10x+ 9 P(3)=0xqQ(3)-6=-
—10x+15 This again suggests a simpler method for finding the remainder.
—6
Example 6
Divide x* +x* — 7x’ = x + 6 by x — 1.
Solution
x’+x —6

x2—1>x4+x3—7x2—x+6

x* - x?
X —6x*—x
x> —-x
—6x>  +6 )
P The remainder is zero, so this means that (x” — 1) is a factor of

x* 4+ x° = 7x* — x + 6. This then means that (x + 1) and (x— 1)
0 are also factors of x* + x° — 7x* — x + 6.
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The remainder theorem

If a polynomial P(x) is divided by (x — a) until the remainder R does not contain x, then R = P(a).

For any polynomial, P(x) = (x — a)Q(x) + R, where Q(x) is a polynomial.
Thus P(a)=(a—a)Q(a) +R
ie. P(a)=0xQ(a)+R
R="P(a)
Important considerations:

1 If P(x) is divided by x + g, as x + a = x — (—a), then R = P(—a).
2 If P(x) is divided by ax — b, as ax —b = a(x - Z), then R = P(g).

YEAR 11

Example 7
Find the remainder when P(x) = 2x’ — 6x” + 4x + 3 is divided by the following.

@ x—-2 (b)) x+3 (¢) 2x—1 (d) 3x+2
Solution
(@ R=PQ2)=2%x2"-6x2"+4%x2+3=16-24+8+3=3
(b) R=P(-3)=2x(-3)’—6x(-3)"+4x(-3)+3=-54—54—12+3=—117

(®) RZP( ) (2)—6><( )+4x£+3 Z—%+2+3 32
@) R=P(-2)=2x(-2) ~6x(-2| +ax(-2]+3=-16 -8 8,3_ 1

EXERCISE 2.2 DIVISION OF POLYNOMIALS AND THE REMAINDER THEOREM

1 Perform the following long divisions.

(@ (Bx*—2x+5)+(x—2) b) —x*+x—1)+(x—1)

() (4x’—8x*+8x—1)+(2x+1) (d) x'—3x’+6x°—5x—4)+(2x—3)
(e) (x¥’=27)+(x-3) M " +3x+5x°—6x—8)+ (x+2)
(@) (22X +7x*—7x+1)+(2x+3) (h) *=3x"+2)+(x-1)

() (C+3x"-2x+1)=("—1) () +2xX -3 +x)+(x*+1)

(K) (X —4x"+2x+3)=(x*—x+1) ) *+58—x-5)++x+1)

2 If P(x) = 2x" — 4x” + 2x — 1, find P(1), P(=3), P(a), P(-2).
3 IfP(x) =x*— 22> + x* — 4, find P(2), P(~1), P(a).
4 IfP(x)=x"—3x"+kx—7and P(2) =0, then k= ...
A 55 B 0 C -55 D -65
5 P(x)=x"—x +px2 —4x+¢q. Find p and q if P(0) =3 and P(-1) = 11.
6 P(x)=ax’ —2x"+bx+c. Find a, b and ¢ if P(0) = 12, P(-1) =3 and P(2) =

7 Using the remainder theorem, find the remainder when:
(@ x°+3x*+2x—7is divided by (x +2) (b) 3x*+7x—2is divided by (x — 4)

(c) 2y3 +y2 —2y+3isdivided by (y + 1) (d) x*—3x+5x*—2is divided by (x —4)
() x'+2x*—13x— 60 is divided by (2x + 3) ) x*—3x"+x+1is divided by 2x - 1).

8 When x° + 3x” + 7x — b is divided by (x — 2) the remainder is 20. Find b.
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9 When x* + 5x° — ax + b and ax’ + bx — 1 are each divided by (x + 1), the remainders are 7 and —6 respectively.
Find a and b.

10 When the polynomial X+ 3x" — mx + n is divided by (x + 2) the remainder is 9; when divided by (x — 3) the
remainder is 49. Find m and n.

11 Ifx* + 2x° + 3x + p and x° + x* + 9 have the same remainder when divided by x + 2, find p.

12 When 3x° — ax” — bx + 1 is divided by (x — 2) the remainder is 5; when divided by (x — 1) there is no
remainder. Find a and b.

13 When 2x° + 7x* + ax + b is divided by (x — 3) the remainder is 120; when divided by (x + 1) the remainder is —8.
Find the values of a and b.

14 LetP(x)=x’—ax’+xbea polynomial, where a is a real number. When P(x) is divided by (x — 2) the
remainder is —2. Find the remainder when P(x) is divided by (x + 1).

2.3 THE FACTOR THEOREM

When the remainder of a division is zero, the divisor is a factor of the expression being divided. For example, 2 is a
factor of 14 because 14 =2 x 7 + 0. Similarly, (x + 3) is a factor of x*+ 4x + 3 because x” + 4x + 3 = (x + 3)(x + 1) + 0.

The factor theorem states:

For a polynomial P(x), if P(a) = 0 then (x — a) is a factor of P(x).
The converse of this result is also true:

If (x — a) is a factor of P(x) then P(a) = 0.

By finding the zeros of a polynomial (i.e. values of a, such that P(a) = 0), you can factorise the polynomial. The first
factor can usually be found by trial and error, and then by long division you can find the quotient, which will have
a degree of one less than the original polynomial. You may then be able to find factors of the quotient, which must
also be factors of the original polynomial.

For example, if the original polynomial is cubic, then the quotient will be a quadratic polynomial, which you can

then factorise into real factors (if they exist). For higher degree polynomials, further trial and error may be needed
after long division until you can reach a factorisable quotient.

Example 8
P(x) = x’— x°— 14x + 24. Find one zero of the polynomial and then express P(x) as a product of linear factors.
Solution
P(x) = x° — x* — 14x + 24 is monic, so the factors of 24 can be regarded as the only possible zeros, namely
+1, 2, 3, +4, +6, £8, +12, +24: )
. x“+ x —12
P(1)=1-1-14+24=10#0, (x— 1) is not a factor 3 -
—2)x”— —14x+24
P(-1)=—1—1+14+24=36%0, (x+ 1) is not a factor x >x3 xz x
P(2)=8—4—28+24=0, (x—2) isa factor X —2x
2
Hence P(x) = (x — 2)(x* + x — 12) x°—l4x
=(x=2)(x+4)(x—-3) x’— 2x
The factor theorem could also have been used to find the zeros 3 —12x+24
and —4. You should use the method that you find easiest and quickest C12x424

in each case.
0
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Example 9

Find the linear factors of x* + x> — 7x° — x + 6.

Solution
Px)=x'+x -7 - x+6
P1)=1+1-7-1+6=0 Hence (x — 1) is a factor.

x*+x -6

x2—1>x4+x3—7x2—x+6

4 2

P(-1)=1-1-7+4146=0 Hence (x+ 1) is a factor. ol X
You now know that (x — 1)(x + 1) =x* — 1 is a factor, so you can use x*—6x’—x
this as the divisor in the long division. %3 —x
Hence P(x) =x'+x° = 76" —x+6=(x— 1)(x + 1)(x* + x— 6) 2

—6x +6

=(x—1Dx+1)(x+3)(x—2)
—6x>  +6

EXERCISE 2.3 THE FACTOR THEOREM

1 If P(x) = x* + x* — 2, indicate whether each statement is correct or incorrect.

(@ P(1)=0 (b) P2)=0 () P(-1)=0 (d) P(-2)=0
2 Use the factor theorem to factorise each polynomial over the rational numbers.
@ x +4x*—7x—10 (b) x*+2x"—41x—42 (€) 2x°+x"—22x+24
(d) 6x—5x"—12x—4 (€) 3x’+10x"+9x+2 () 2x°+7x*—10x—24
3 Use the factor theorem to find the linear factors of each polynomial over the rational number field.
(@) 5-6x—29x"+6x° (b) 4%’ +12x°—x-3 (c) 6x+35x" +34x—40
(d) 6x’—29x" — 40x — 12 (€) x’—5x"+6x () x+2x"—4x-8
4 Use the factor theorem to find the linear factors of each polynomial over the rational number field.
(@) 6x —5x" —2x+1 (b) 3x+7x"—6x (€ 2X°—7x*+7x-2
(d) 2x°+3x°—9x (e) 6+5x—2x"—x f x—x*—10x-8
The only linear factor of x* — 8 is: A x-1 B x+4 C x+2 D x-2

5
6 Find the values of a and b that make x* + 4x” + ax” — b divisible by (x— 1) and (x + 2).

7 Given that (x — 3) and (x + 2) are factors of x’ — 6x” + px + g, find the values of p and g.

8 If 5x° — 6x — 56 and 3x” — 14x + a have a common factor (x + b), find the values of a and b.

9 Given that (x — 1) and (x + 2) are factors of 6x* + ax’ — 17x° + bx — 4, find a and b and the other two factors.
0 Find the values of a and b that make 2x” + ax” — 13x + b exactly divisible by x* — x — 6.

11 Find the linear factors over the real number field of x* — 3x° — 8x + 4.

12 Let P(x) = (x — 1)(x + 3)Q(x) + ax + b, where Q(x) is a polynomial and a and b are real numbers. The
polynomial P(x) has a factor of (x + 3). When P(x) is divided by (x — 1) the remainder is 8.

(@) Find the values of a and b. (b) Find the remainder when P(x) is divided by (x — 1)(x + 3).

13 The polynomial P(x) is given by P(x) = ax® +12x” + cx — 60, where a and ¢ are constants. The three zeros of
P(x) are 2, -3 and . Find the value of .

14 When the polynomial P(x) is divided by x* — 1 the remainder is 3x — 1. What is the remainder when P(x) is
divided by x — 17
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2.4 RELATIONSHIP BETWEEN ROOTS AND COEFFICIENTS

Quadratic equations

The general quadratic equation is: ax’+bx+c=0,a#0

Dividing both sides by a: x>+ %x +£=0 (1]

Let the roots of this equation be and f3.
Hence: (x—o)(x—)=0
X’ —(a+B)x+af=0 [2]
ie. x*— (sum of roots)x + (product of roots) =0

Equating the coefficients of like powers of x in [1] and [2]:

Sum of roots: a+ﬁ=—% [3]

Product of roots: off= % (4]

The equations [3] and [4] show the relationships between the roots ¢, 8 and the coeflicients a, b, ¢ of a quadratic
equation.

Example 10

Write the quadratic equation with roots that are the squares of the roots of 2x” + 3x + 5= 0.

Solution
This can be answered without solving the original equation.

Let the roots of 2x” + 3x + 5= 0 be crand f3.
Now,a=2,b=3,c=5: a+ﬁ=—%and(xﬁ=%
The new equation is of the form:  x°— (&’ + B*)x+ a’B° =0

2
But o’ + B° = (a+ B)* - 2af, so a2+/32=(—§)—2><§:%—5= 1

2 2 4
and o’B’= 25
4
Hence the required equation is: £+ %x + % =0

ie. 4xX’+11x+25=0

Two useful identities:
1 o+ B =(a+p)’-2ap
2 & +B =+’ -3aBo+P)

Cubic equations

The general cubic equation is: ax’+bx’ +cx+d=0,a#0
Dividing both sides by a: X+ %x2+ ix + % =0 (1]

Let the roots of this equation be ¢, Band ¥.
Hence: x—a)(x—B)x—y)=0
X —(a+ B+ + @B+ ay+ By)x—aBfy=0 2]
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i.e. x’ — (sum of roots)x” + (sum of products of each pair of roots)x — (product of roots) = 0

Equating the coefficients of like powers of x in [1] and [2]:
b

Sum of roots: a+ B+y=—= (3]

a
Sum of products of each pair of roots: of+ ay+ By = i (4]
Product of roots: affy = —% (5]

The equations [3], [4] and [5] show the relationships between the roots ¢, f3, ¥ and the coefficients g, b, ¢, d of a
cubic equation.

Note: These relationships between the roots and the coefficients are not enough to find the roots of an equation
without some additional information.

Example 11

Show that o + B* + ¥* = (o + B+ 7)> — 2(0B + oy + By).

Solution

RHS = (0t + B+ ) — 2(aB + ay+ By)
=’ +of+ay+of+p°+Py+oy+Pr+y’—20B+ay+ By
=o'+ B+ 7y +20B + 20y + 2By —2(0f + oy + By)
=o'+ B +y =LHS

Example 12

If o, B, ¥ are the roots of the equation x” + 2x” + 3x + 4 = 0, find the value of the following.
@ a+pf+y (b) of +oy+ Py (©) afy d @-DBE-Dy-1)
(e) é%ﬁ M o+p+y (9) %*%*ﬁ

Solution
(@ Sumofroots=a+ pB+7y= SO

a
(b) Sum of products of pairs of roots = aff + ay+ By = 2 =3

(c) Product of roots = affy = —% =—4

(A (@-D(B-DF-1)=apy—(@B+ay+py+@+B+y-1 (9 LiLl 1 _Brroy+ap
=—4-3-2-1 a By 305ﬁ7
=-10 =—2

(O o+ F+ 7=+ )P - 2ab+ar+ fy) @ L+l Lorthre

(2P —2x3 ofp oy Py Zaﬁy
==3 ::—4
_1
2
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Another useful identity:

o’ + B+ 7y’ = (a+ B+ 7) = 2(af+ ay+ By)

Example 13

Solve the equation 2x’° — 7x” — 12x + 45 = 0, given that two of its roots are equal.

Solution
Let the roots be o, o, .

Sum of roots:
Sum of products of pairs of roots:
Product of roots:

From [1]:

Substitute into [2]:

Substitute into [1]:

Substitute oc=3, f=— 2 into [3]:

2

Substitute ot = — %, B= %9 into [3]:

2004 B=2 [1]
o’ +208=—6 [2]
oa’p=-% (3]
ﬂ:%—Za

2
o’ +70— 40’ =6

30°-700—6=0
Bo+2)(ax—-3)=0

a2+2a(z— ):—6

_ _2
a=3 or 3
__5 29
=72
_22o(_5)\__45_
LHS =3 x( 3)=-45=rus
2
LHS=(—%) x 22 = 58 » RHs

Therefore, the roots of the equation are 3, 3, -2.5.

Example 14

If the roots of the equation x° + px” + gx + r = 0 are consecutive terms of an arithmetic series, find an equation

linking p, g and r.

Solution

Let the roots be or— B, &, ox + B (i.e. three terms with the common difference f3).

Sum of roots:

Sum of products of pairs of roots:

Product of roots:

From [1]:

Substitute into [2]:

22

3a=—p (1]
ofo— B) + afo+ B) + (o — B) o+ B) =¢q
30°-B*=gq [2]
o’ =) =-r 3]
P e
?—ﬁz—q

_r

ﬁz—?—q
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2 2
Substitute into [3]: —g[%—(%—q]Jz—

{554

p(p* = 3p* +9q) =27r
p(9q—2p*) =27r

Quartic equations (4th degree)

The general quartic equation is: ax'+bx’ + cx’+dx+e=0,a#0

Dividing both sides by a: x +bx3+ X +dx+__0 (1]

Let the roots of this equation be «, S, }/and 5.
Hence: (x—o)(x—B)(x—p)(x-05)=
x* = (0+ B+ y+ O)x + (B + ay+ od + By+ BS+ y8)x” — (ofy+ oS+ oS+ Pyd)x + ofyd=0  [2]

ie. x*—(sum of roots)x’ + (sum of products of each pair of roots)x”
— (sum of products of each triplet of roots)x + (product of roots) = 0

Equating the coefficients of like powers of x in [1] and [2]:

b

Sum of roots: x+ B+ y+ 6=_E (3]

Sum of products of pairs of roots: &f8 + ay+ axd+ By+ Bé+ )/5 = £ (4]
Sum of products of triplets of roots: oty + aﬁ5 +oyd+ Byd=— E (5]
Product of roots: af3yd = E (6]

EXERCISE 2.4 RELATIONSHIP BETWEEN ROOTS AND COEFFICIENTS

1 If ovand Bare roots of the equation x* + 8x — 5 = 0, find the quadratic equation whose roots are & and g.

B

2 If ocand Bare roots of the equation x* + 4x + 1 = 0, find the value of:
(@) a+p (b) o (© o’ +p° (d) o’ +p°

3 If orand B are roots of the equation x* 4+ mx+ n =0, find the roots of nx* + (2n — m*)x + n =0 in terms of
oand B.

4 Ifo and [3 are roots of the equation px” + gx + r =0, find the following in terms of p, g and r.

1 1
(@ — + = b) —5+—5
ﬂ a2 ﬁZ
5 If azand Bare roots of the equation x° + 5x + 7 = 0, the quadratic equation whose roots are (- 8)* and
(o +B)’ is:
A X +22x+75=0 B x*+22x-75=0 C x¥-22x-75=0 D x-22x+75=0

6 Solve the equation x” — 3x° — 4x + 12 = 0, given that the sum of two of its roots is zero.

7 Solve the equation 2x° — 21x” + 42x — 16 = 0, given that the roots are consecutive terms of a geometric series.
(Hint: Let the roots be & o o)

B

8 Solve the equation 4x’ + 32x” + 79x + 60 = 0, given that one root is equal to the sum of the other two roots.

9 Solve the equation 3x’ — 17x* — 8x + 12 = 0, given that the product of two of the roots is 4.
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10 If the roots of the equation x + px” + gx + r = 0 are consecutive terms of a geometric series, prove that ¢’ = p’r.
Show that this condition is satisfied for the equation 8x° — 100x” + 250x — 125 = 0 and solve this equation.

11 Find two values of m, such that the roots of the equation x° + 2x” + mx — 16 = 0 are o, 3, o8. Using these
values of m, find o and S.

1

B

13 If two of the roots of the equation x” + gx + r = 0 are equal, show that 4¢° +27r* = 0.

12 If the roots of the equation 24x* — 52x° +18x” + 13x — 6 =0 are @, —q, B, =, find the values of o and S.

14 If the roots of the equation X +3x—2x+1=0are o, B, 7, find the value of:
@ B+ +By+0)+7 e+ p) (b) o+ By’ + 7'’
15 Solve the equation 4x” — 12x” + 9x — 2 = 0, given that two of its roots are equal.

16 Solve the equation 6x" — 11x° — 26x” + 22x + 24 = 0, given that the product of two of the roots is equal to the
product of the other two roots.

17 Solve the equation 6x* — 29x° + 40x” — 7x — 12 = 0, given that the product of two of the roots is 2.
18 Solve the equation 32x° — 48x° +22x — 3 =0, given that the roots are consecutive terms of an arithmetic series.

19 Solve the equation 8x* — 2x° — 27x” + 6x + 9 = 0, given that the sum of two of its roots is zero.

B

21 Solve the equation x* — 2x° — 3x” + 4x + 2 = 0, given that the sum of two of its roots is zero.

20 If o, B, yare the roots of 3x° + 8x* — 1 = 0, find the value of: (ﬁ+%)(j/+é)(a+l).

22 If the roots of the equation X —6x+3x*+ 12x+4=0are a, 20, B, 23, find the values of azand .

2.5 MULTIPLE ROOTS OF A POLYNOMIAL EQUATION

A polynomial of degree n has n zeros, but they are not necessarily all different. You say that c is a zero of multiplicity
r(r > 1) when the factor (x — ¢) occurs r times.

For example, if P(x) = (x — 1)’(x — 5)*(x — 6), then 1 is a zero of multiplicity three, 5 is a zero of multiplicity two and
6 is a zero of multiplicity one.

Furthermore, if x = c is a zero of multiplicity r of the real polynomial P(x), then x = c is also a zero of multiplicity
(r—1) of the derived polynomial P’(x), a zero of multiplicity (r — 2) of the second derived polynomial P”’(x), and so
on. The proof of this result follows.

If P(x) = (x — ¢)" S(x), where r > 0, S(c) # 0
then P’(x) = r(x — ¢)" ' S(x) + (x — ¢)" §'(x)
=(x—0)" " '[rS(x) + (x — 0)S' ()]
=(x-0"'Qx) [1]
i.e. the polynomial P’(x), has a zero x = ¢ of multiplicity (r — 1).
Applying the product rule to P’(x) in [1] produces the polynomial P”'(x) with a zero x = ¢ of multiplicity (r — 2).

If P(x) is a polynomial of degree #, then P’(x) must be a polynomial of degree (n — 1), P”(x) a polynomial of degree
(n—2), and so on. This property allows us to use calculus techniques to solve equations that are known to have
multiple roots.

Example 15
Solve x’— 4x” — 3x + 18 = 0, given that it has a root of multiplicity 2.
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Solution

Consider the polynomial P(x) = X —4x*—3x+ 18
Differentiate: P’(x) = 3x* — 8x— 3

Factorise: P’(x) = (3x + 1)(x — 3)

Solve: P/(x) =0: x =— %, 3

As P(x) = 0 has a root of multiplicity 2 (i.e. a double root), the solution must be either x =— % or x = 3, but not both.

%):-i—é+1+18=17ﬁ¢0

Evaluate: P( 2779 >

P(3)=27-36—-9+18=0. Thus x = 3 is a double zero.
S P(x)=(x=3)(x—3)(x—a)
As P(0) = 18: (=3) X (=3) X (-a) = 18
a=-2
Thus P(x) = (x — 3)*(x +2)

The roots of the equation are x=-2, 3, 3.

EXERCISE 2.5 MULTIPLE ROOTS OF A POLYNOMIAL EQUATION

1 The polynomial x’— x* — 5x — 3 has a double root at x = ¢. What is the value of o?

5 S
A—g B -1 CcC1 D 3

2 IfP(x) =x* — 4x° + 6x> — 4x + 1, then:

(@) show that x =1 is a zero of multiplicity 4 (b) fully factorise P(x).
3 IfP(x) =x*+x° — 3x° — 5x — 2, then:

(@) show that P(x) has a zero of multiplicity 3~ (b) fully factorise P(x) (c) solve the equation P(x) = 0.
4 IfP(x) =x" — x> — 8x + 12, then:

(@) show that P(x) has a zero of multiplicity2  (b) fully factorise P(x) (c) solve the equation P(x) = 0.
5 If P(x) = 3x" — 8x + 6x” — 24x + 40, then:

(@) show that P(x) has a zero of multiplicity 2~ (b) fully factorise P(x) (c) solve the equation P(x) = 0.

6 The polynomial P(x) = ax + bx’ + cx” + e has remainder —4 when divided by (x + 1). The polynomial has a
double root at x = 1.

(a) Show that 2a + c=-3.
(b) Hence, or otherwise, find the slope of the tangent to the graph y = P(x) where x = —1.

7 Let P(x) =x° + ax” + bx — 4, where a and b are real numbers. If (x — 2) is a factor of P(x), find the values of
aand b.

8 The polynomial P(x) = ax’ + bx + ¢ has a multiple zero at —1 and has remainder 8 when divided by (x — 1).
If a, b and c are real, find their values.

9 Solve each equation using the properties of polynomials.

(@) 4x’ —8x*+5x— 1 =0, given that it has a root of multiplicity 2.
(b) x*+4x’ —16x— 16 =0, given that it has a root of multiplicity 3.
g plicity

10 Solve each equation using the properties of polynomials.

(@) 9x’+12x”—11x+2 =0, given that it has a root of multiplicity 2.
(b) 2x*+5x° +3x° —x—1=0, given that it has a root of multiplicity 3.
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2.6 POLYNOMIAL FUNCTIONS

The function f, where f(x) =a x" + anflx"_1 +...+ax+a, (a,#0),is called the general polynomial function. This

function is defined for all real values of x and is continuous and differentiable. Following the earlier notation, P(x) is
often written instead of f(x) when defining rules for polynomial functions. For a # 0, there is:

o f(x)=ax+b (generallinear function)

o flx)= ax’ +bx+c (general quadratic function)

o flx)= ax’ +bx* +cx+d (general cubic function)

If the coefficient of the highest power of x is unity (1), the polynomial is said to be monic.

Graphs of polynomial functions

The simplest polynomial function of degree # is f(x) = x". Graphs of these basic polynomials forn=1, 2, 3,4, 5 are
shown below (with n=1, 3, 5 on the left and n = 2, 4 on the right).

n=1
7 A n=3 VA n=2
n=4
n=>5
1,1) (-1,1) (1,1)
= 0 ~ = 0 ~
(_ls _1)
Y Y
0dd functions f(—x) = —f(x) Even functions f(—x) = f(x)

Important features of f(x) = x"

1 The x-axis is a tangent to each graph at the origin (n # 1).

2 flx) =x" for even values of 1 defines even functions (see above right).
For even functions, f(—x) = f(x), so their graphs are symmetrical about the y-axis.
For example, if f(x) = X f=x) = (—x)t=x"= fx).

3 f(x) =x" for odd values of n defines odd functions (see above left).
For odd functions, f(—x) = —f(x). Because f(—x) and f(x) are opposite in sign, the graph of f for x <0 can be
obtained by rotating the graph of f for x > 0 through 180° about the origin.
For example, if f(x) = x, fl=x) = (—x)’=—x"= —f(x).

4 Recognising that a function is odd or even means that you only need to draw half of the graph in detail.
The other half can then be drawn using the symmetry properties.

5 Odd functions will have an inverse function, although some may require a restriction on the domain.

6 Even functions will not have a single inverse function, but can be split into two parts (by restricting the
domain), so that each part has an inverse function. (Inverse functions are covered in Chapter 5.)

7 Note that most functions are neither even nor odd, e.g. f(x) = ©+x, flx)=¢"

Graphs and graphing software

It is a good idea to use graphing software to check your sketches. Software-generated graphs will also allow you to
zoom in and to easily find the coordinates of important points.

Example 16
Sketch the graph of the following.

@ flx)=x (b) flx)=(x-2)° (© fl)=(x-2"+1
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Solution

(@ flx) =x=0 forx=0
Forall x <0, f(x) <0
For all x>0, f(x) >0 0
f(=a)=(=a)’, fla) =@’
= f(=x) =—f(x), so the function is odd.

b) f(x)=(x-2)°
flx)=0 atx=2

The graph of f(x) = (x — 2)’ can be obtained from the graph of f(x) = x
by a translation of 2 units to the right, parallel to the x-axis.

Forall x <2, f(x) <0
Forall x> 2, f(x) >0

The function does not pass through the origin, so it cannot be odd.
(© fl)=(x—2)’+1
flx)=0 atx=1

The graph of f(x) = (x — 2)’ + 1 can be obtained from the graph of
flx) =(x— 2)’° by a translation of 1 unit upwards, parallel to the y-axis.

In general, the graph of f(x) = (x + b)" + ¢ will have the same general shape
as the graph of f(x) = x".

MAKING CONNECTIONS O

Graphing polynomial functions
Use graphing software to construct graphs of polynomial functions.

Cubic functions

A general cubic function is a polynomial function f of the 3rd degree, defined by f(x) = ax’ + bx” + cx + d, where
a, b, ¢, d are constants and a # 0. Every cubic polynomial has at least one linear factor of the form (x + ), where
ocis a real number. Factors like this can be found using the factor theorem.

Example 17
Sketch the graph of f, where f(x) = (x + 1)(x — 2)(x — 3).

Solution
At the points where the graph of f crosses the x-axis, f(x) = 0:

ie. (x+1)(x—2)(x—3)=0

x=-1,2,3

The function value will change sign from positive to negative or from negative to positive
at these points (x=-1, x =2, x=3).
o For all x < -1, each of the three factors is negative, so f(x) <0. eg x=-2:f(-2)=-20<0
o For-1<x<2,thefactors (x+1) >0, (x—2) <0, (x—3) <0, so f(x) >0. eg. x=0: f(0)=6>0
o For 2 <x <3, the factors (x+1) >0, (x—2)>0and (x—3) <0,s0 f(x) <0. eg x=25: f(2.5)=-0.875<0
o For all x > 3, each of the factors is positive, so f(x) > 0. eg. x=4 f(4)=20>0
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28

This information can be summarised in a sign diagram:

+
- } }
N =1l 0 1 2 3

=Y

At the point where the graph of f crosses the y-axis, x=0, y
s0 f(0) = 1 x (=2) X (-=3) = 6. Thus the graph crosses the y-axis at (0,6).

Note: this cubic equation has a positive coeficient of x*, so that as x
increases, y also increases (except in the domain between the two turning
points). For x > 3, f(x) > 0 for all values of x.

Sflx) = (x + 1)(x - 2)(x - 3)

Example 18
Sketch the graph of f, where f(x) = 2x* — x* — 13x — 6, and find the values of x for which 2x”* — x* — 13x — 6 > 0.

Solution
It is useful to find the linear factors of 2x° — x* — 13x — 6. (Remember there will always be at least one.)

f(1)=2-1-13-6=-18#0 so (x — 1) is not a factor

f(-1)=—2-1+13-6=4#0 so (x + 1) is not a factor
f(2)=16-4-26-6=-20#0 so (x — 2) is not a factor
f(-2)=-16-4+26-6=0 so (x + 2) is a factor

To get the other linear factors (if any), you can divide 2x’ — x* — 13x — 6 by (x + 2) and then factorise the quotient.

2x*—5x — 3 The factors of 2x° — 5x — 3 are (2x + 1) and (x — 3):
x+2>2x3— x*—13x—6 s f)=(x+2)2x+ 1) (x—3)
253+ 4x2 f(x)=0atx=—2,—%,3
—5x% —13x o Forallx<-2,f(x)<0 eg. x=-3: f(-3)=-30<0
—5x%—10x . For—2<x<—%,f(x)>0 eg. x=-1: f(-1)=4>0
— 3x—6 . For—%<x<3,f(x)<0 eg. x=0: f(0)=—6<0
= 3x-6 o Forallx>3,f(x)>0 eg. x=4: f(4)=54>0
0

This information is summarised in the following sign diagram.

+
- ! ! ! !
- ) T T
-2 =l =5 0 1 2 3

=V

Hence f(x) >0 for 2 <x < —% and for x > 3.

At x =0, f(0) =—6, so the graph crosses the y-axis at (0,—6).

Note that this cubic equation has a positive coefficient of x’, so that as
x increases, y also increases (except in the domain between the two
turning points). For x > 3, f(x) > 0 for all values of x.
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Example 19
Without showing too much detail, sketch graphs of the polynomial functions defined by the following rules.

@ y=@+2)x-1’(x+1) (b) y=x"(x-3)(x+1)
Solution
(@ y=(x+2)(x—1)°(x+1). When|x]|is large, y behaves like x".

(b)

(x—1)*>0, so the sign of y is determined by (x +2)(x + 1).

Hence y > 0 for x < -2 and for x > —1 (equality at x = 1);
y<0for-2<x<-1.

Near x = -2, y behaves like a multiple of (x + 2) and cuts
the x-axis like a straight line at x = —2. Similarly at x = —1.

[

Near x = 1, y behaves like a multiple of (x — 1)2, so that
x =1is a stationary point (minimum turning point) and -
the x-axis is a tangent to the curve at x = 1.

y=x"(x—3)(x+1)’. When |x] is large, y behaves like x".
x>0, (x+1)*>0, so the sign of y is determined by (x — 3)(x +1).

Hence y 20 for x <—1 and for x> 3 (equality at x=—1 and x = 3);
y<0for -1 < x < 3 (equality at x=0).

—_

Near x = 3, y behaves like a multiple of (x — 3) and cuts the x-axis like a straight line at x = 3.

Near x = 0, y behaves like a multiple of x* and the graph touches the x-axis at x = 0.

Near x = —1, y behaves like a multiple of (x + 1)’ and the
graph cuts the x-axis at x = —1 like a basic cubic curve,
i.e. with a horizontal point of inflection.

This sketch is not drawn to scale. The minimum between | '

Y

x=-1 and x = 0 cannot be shown at a reasonable scale 2 -l
without the other minimum being below the page.

You can use graphing software to draw this graph. As you zoom
out to find the minimum turning point between x =0 and

x =3, the curve between x =—1 and x = 0 appears to become

a straight line.

Summary of polynomial functions

n—1

IfP(x)=ax"+a " +..+ax+a, a #0,then:

1

o a0k WDN

1

For very large |x|, P(x) ~ a x".

A polynomial of odd degree always has at least one real zero (i.e. its graph cuts the x-axis at least once).

At least one maximum or minimum value of P occurs between any two distinct real zeros.

For a polynomial of odd degree, the ends of the graph go in opposite directions.

For a polynomial of even degree, the ends of the graph go in the same direction.

When the graph of a polynomial function meets the x-axis, it may cut it (single zero), touch it (double zero)
or cut it at a point of inflection (triple zero).
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Polynomial graphs, standard forms

Degree 0 (constant) yA Degree 1 (linear) yA

P(x)=c c P(x)=mx+Db b/

Does not cut . Cuts once
No zeros 0 x  One zero

o x

Degree 2 (quadratic)
P(x)=ax’+bx+c

a>0:

Cuts twice Touches Does not cut
A>0 A=0 A<O
Two zeros Double zero No real zeros

Cuts twice Touches Does not cut
A>0 A=0 A<O
Two zeros Double zero No real zeros

A quadratic polynomial may have two, one or no real zeros.

Degree 3 (cubic)
P(x)=ax’ +bx* +cx+d
a>0:

| l |
T T T T T T
1 2 X 2 o NAK 2 1O 1 2
-1 -1 I —
_ X
N Ll 2 1 2
Cuts once Cuts three times Cuts once and touches Cuts once
Triple zero Three zeros One zero, one double zero One zero
a<0:
y y
24 24

14 14

l l l l
T T T T T T
2 X —2—110/1 2 * —2—‘&8//12’“

24 _ 21
Cuts once Cuts three times Cuts once and touches Cuts once
Triple zero Three zeros One zero, one double zero One zero

A cubic polynomial may have one, two or three real zeros.

A cubic polynomial always has at least one real zero.
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Degree 4 (quartic)
4 2
P(x)=ax'+bx’ +cx* +dx+e
a>0:
Y Y Y
34 2
21
1+ 1+ — —
L L 3L A0 1 2x
— — /\ -1+
2 19 1 2% I |
T -1 9 1 ¥ 2T
Touches Touches twice Touches once, cuts twice
Quadruple zero Two double zeros Two zeros, one double zero
y y
24 )ﬂx
1T —+— 1
, , 3 b oafo] Vo
1 1 T
-4 -1 1" 7
-1+ -2 4 T L
2 - 1 27
24 34 -1
Cuts twice Cuts four times Does not cut
One zero, one triple zero Four zeros No real zeros

The addition of an appropriate constant to each equation can create a polynomial with no real zeros.
a<o:

A negative a inverts each of the six graphs above so that they open downwards, with the properties of their zeros the same.

Summary of quartic polynomials
1 A quartic polynomial may have four, three, two, one or no real zeros.
2 Ifa quartic polynomial has only one real zero, then it must be a quadruple zero.

3 If a quartic polynomial has only two distinct real zeros, then they are either a triple zero and a single zero or
they are both double zeros.

4 If a quartic polynomial has only three distinct real zeros, then they are a double zero and two single zeros.
5 If a quartic polynomial has four distinct real zeros, then it can be factorised into four real linear factors.

6 If a quartic polynomial has no real zeros, then it cannot be factorised into any real linear factors.

EXERCISE 2.6 POLYNOMIAL FUNCTIONS

1 Sketch the graph of each function and find the values of x for which: (i) f(x)=0 (i) f(x) >0
(@) f(x)=x(x—2)(x+3) (b) flx)=2(x—- %)(x +1)(2x+3) (€) flx)=x(x—- 2)2

2 Sketch the graph of f where f(x) is the polynomial given. Draw a sign diagram and label your sketch showing
the points of intersection with the axes. Find the values of x for which f(x) = 0.
@ fx)=x'-4x (b) fX)=x"+4+4x (€) f)=2¢"-x (d) fx)=x"—x"—10x—8

3 (a) Find the linear factors of 6 + 5x — 2x* — x°.
(b) Find the values of x for which: (i) 6+5x—2x"—x’=0 (i) 6+5x—2x"—x >0
(c) Sketch the graph of fwhere f(x) = 6 + 5x — 2x" — x".

4 (a) Find the linear factors of x° — 5x° + 8x — 4.
(b) Find the values of x for which: (i) x’—5x*+8x—4=0 (i)x’ —5x°+8x—4>0
(c) Sketch the graph of fwhere f(x) = x* — 5x" + 8x — 4.
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5 (a) Find the linear factors of —x’ + 2x* + x — 2.
(b) Draw a sign diagram to find the values of x for which —x’ +2x* + x — 2> 0.
(c) Sketch the graph of fwhere f(x) = —x” + 2x" + x — 2.

6 The number of zeros of the polynomial f(x) = x* — x is:
A 0 B 1 C 2 D 3

7 Describe how the graph of f(x) = x can be transformed into the graph of the following.
(@ f(0)=(x+3)’ (b) flx)=(x+3)’ -2
8 Show that the graph of f, where f(x) = x” — 8, cuts the x-axis at one point only.

9 Show that the graph of f, where f(x) = x’ — x° — 8x + 12, cuts the x-axis at one point and touches it at another.
Find the values of x at these points.

10 Show that the graph of f, where f(x) = x’ — 4x” + 8x — 8, cuts the x-axis at one point only.

11 Sketch graphs to show the general form of the following functions.

@ y=@x+1)x-2)(x+3) (b) y=x(x—1Dx-2)(x-3) () y=x(x—1)° d) y=x"(x—1)
€) y=x(x+3)Q2—-x) M y=(x-1D2x-3)(x+4)" (g y=xQx—1)(x—1)’
(h) y=x(x+2)(x—1)* () y=0Bx-5)>(x-1)> () y=x(x-1°Q2-x)’

12 Part of the graph of y = P(x) is shown, where P(x) is a polynomial of degree four:
Which of the following could be the polynomial P(x)?

A Px)=x'(x+2° B Px)=(x-2) g

—_ — 3 = — 2 2 T T T T T -
C Px)=x(x-2) D Px)=(x-1)"(x+2) 1.8 5 7 -+ %
13 Sketch graphs to show the basic features of the following functions.
@ y=x(x-2)’(x+1)" b) y=x(—1)(x—1)
() y=6-x01- %) (x+2) (d) y=(2- 2’1+ x)*(x = 3)

CHAPTER REVIEW 2

1 Perform the following polynomial divisions.
(@ (F+2x"—3x+4)+(x—1) (b) (4x* —6x° + 10x — 40) + (x + 3)
2 Use the remainder theorem to find the remainder of the following.
(@) x’—4x+3x—5 divided by (x —2) (b) x*+x’—5x"+4x — 2 divided by (x + 1)
3 Use the factor theorem to find the linear factors (over the rational number field) of each polynomial.
(@ ¥-2x"-5x+6 (b) x*+7x*+14x+8 (€ xX+5x°—x=5 (d) x*—x’—16x"+4x+48
4 Let P(x) = (x — 1)(x +2)Q(x) + ax + b, where Q(x) is a polynomial and a and b are real numbers. The
polynomial P(x) has a factor of x + 2. When P(x) is divided by x — 1 the remainder is 6.
(a) Find the values of a and b.
(b) Find the remainder when P(x) is divided by (x — 1)(x + 2).

5 LetP(x)=x’+ax’—x+1bea polynomial where a is a real number. When P(x) is divided by x — 2 the
remainder is 15. Find the remainder when P(x) is divided by x + 3.

6 The polynomial P(x) = % + ax — b has a remainder of 5 when divided by (x + 1) and a remainder of 2 when
divided by (x — 2). Find the values of a and b and hence find the remainder when P(x) is divided by (x — 3).

7 The polynomial P(x) is given by P(x) = ax’ + 15x° + cx — 72, where a and c are constants. The three zeros of
P(x) are —3, 2 and «. Find the value of a.
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8 The cubic polynomial P(x) = x° + bx* + cx + d (where b, ¢, d are real numbers) has three real zeros: —1,
o and —ao.

(@) Find the value of b.  (b) Find the value of ¢ —d.

9 The polynomial P(x) = x° — 4x* + kx + 12 has zeros o, B, y.

(@) Find the value of o+ B+ . (b) Find the value of af3y.

(c) Two of the three zeros are equal in magnitude but opposite in sign. Find the third zero and hence find the
value of k.

10 Sketch graphs of each function. For what values of x is each function positive?
@ y=@x-Dx+2)(x-3) () y=x-2)x+2° () y=x(x"-1)x+2) (d) y=x(x-2)
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CHAPTER 3
Graphing functions

In the Mathematics Advanced course, you looked at the graphs of linear, quadratic, cubic and quartic polynomials.
In this section you are going to look at the effects of applying other function rules to linear, quadratic and cubic
polynomials and drawing their graphs.

3.1 RECIPROCAL FUNCTIONS

Given the graph of y = f(x), the graph of y = ﬁ is the reciprocal function of f(x).

When graphing reciprocal functions, it is important to find where f(x) = 0, as these x values will give vertical
asymptotes for the reciprocal function.

It is also important to note that where f(x) — oo, ﬁ —0.

Example 1

In each part, use the graph of the given function to draw the graph of y = ﬁ
(@) Given y =x, draw

(b) Given y=2x+1, draw (c) Given y=1 —x, draw

_1 1 1
y—;. y= 5 y=—
2x +1 1-x
4 y
NI 7 4T 2x+1
1 y=2ix+
3 5 L
2 4 , L
14
P S
B S I 12 3 4 ° a3 20 3 4 7
24 L
34 5
4 4 al
Solution

(@) The graph of y= % is undefined at x =0, so x =0 is a vertical
asymptote.
The graph approaches y = 0 from above as x — oo.
The graph approaches y = 0 from below as x — —eo.
y =0 is the horizontal asymptote.

x= 1 where x = %1, hence the curves intersect at
x

(-1,-1) and (1, 1).
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(b) The graph of y = ! is undefined at x = —%,

2x +1
S0 X = —% is a vertical asymptote.

The graph approaches y = 0 from above as x — oo.
The graph approaches y = 0 from below as x — —co.

y =0 is the horizontal asymptote.

2x+1= ﬁ where x =—1, 0. Hence the curves intersect at

(=1,-1) and (0, 1).

1
1-x
The graph approaches y = 0 from below as x — co.
The graph approaches y = 0 from above as x — —ee.

(c) The graph of y= is undefined at x=1.

1-x=—1 wherex= 0, 2. The curves intersect at (0, 1)
- X

and (2, -1).

x =1 is the vertical asymptote and y = 0 is the horizontal

asymptote.

All these reciprocal functions are rectangular hyperbolas.

YEAR 11

Example 2
(@) Given the graph of y = x2 (b) Given the graph of y = (x — 2)°,  (c) Given the graph of y = (x 4+ 2)(1 — x),
1 1 1
draw y=—. draw y = b drawy=————.
YT Y= -2y YT+ 2)1-x)
y y
4f - A 41
34 3 - 3+
21 7 y=(x+2)(1-x)
14k 1 14k
w3202 123 4% 4320 123 4" 43l N2 s o4 ®
2+ -2 + =2 9F
34 34 34
4 + -4 + -4 +
Solution

(@) The graphofy = LZ is undefined at x = 0.
X

The graph approaches y = 0 from above as x — oo.
The graph approaches y = 0 from above as x — —co.
The function is never negative.

= % where x = £1. The curves intersect at (—1, 1) and (1, 1).
x

x =0 is the vertical asymptote and y = 0 is the horizontal asymptote.

-5
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(b) The graph of y= (

is undefined at x = 2.

—2)?

The graph approaches y = 0 from above as x — oo.
The graph approaches y = 0 from above as x — —oo.
The function is never negative.

2 1
(x=2) =27
(1,1) and (3, 1).
x = 2 is the vertical asymptote and y = 0 is the horizontal
asymptote.

x =2 is an axis of symmetry.

where x = 1, 3. The curves intersect at

(c) The graph of y= 21— is undefined at x =-2, 1.

The graph approaches y = 0 from below as x — eo.
The graph approaches y = 0 from below as x — —co.

The maximum value of (x +2)(1 — x) is % and occurs

atx=—L,
2

1 is4

G Sgnd

Thus the least positive value of

occurs at x = —%.

1
2 (x+2)1-x)
1
> L G- -

1 4.

X< x+2)(1-x) 9

<0;—2<x<1,

X 0.

¥

5\
\

y=(x—2)24-\
3

2
1
(x-2)

y=

: : T T T
-5 -4 -3 -2 -1

-2 4
-3

x=-2and x =1 are the vertical asymptotes, y = 0 is the horizontal asymptote.

x= —% is an axis of symmetry.

Each of these graphs has a vertical axis of symmetry.

Example 3

(@) Given the graph of y = x’, draw y = 1 (b)

36

3
X

Y
4 4
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Given the graph of y =x(x+ 1)(x - 2),

draw the graph of y = m
y
4 4
3 1
2 4
1 4
w32 1O\ p o3 s

y=x(x+1)(x

~2)



(c) Given the graph of y=(2 — x)(x + 1)?%
1

e —— draw th h of y=
2Dty raw the graph of y

draw the graph of y =

4“y=(2—x)(x+1)2 4 L

3 1

(d) Given the graph of y=x" +2x* + 1,
graph oty

1

X +2x% +1

24
2 y=x>+2x%+1
A |

1 1
1 1 T T

T T T T T T T
4 = ‘1_10-- x -4 -3 {2 -1
2 4
-3 +

4 L

Solution
(@) The graphofy= % is undefined at x = 0.

The graph approaches y = 0 from above as x — oo.
The graph approaches y = 0 from below as x — —oco.

X = % where x = £1. The curves intersect at (-1, —1) and (1, 1).

x
x =0 is the vertical asymptote, y = 0 is the horizontal asymptote.

The curve does not have an axis of symmetry, but has rotational (point)
symmetry about the origin.

1
x(x+1)(x—-2)
The graph approaches y = 0 from above as x — co.

The graph approaches y = 0 from below as x — —co.
x=-1, 0, 2 are the vertical asymptotes, y = 0 is the horizontal
asymptote.

(b) The graph of y= is undefined at x=-1, 0, 2.

The curve does not have an axis of symmetry.

1
(2—x)(x+1)
The graph approaches y = 0 from below as x — co.

The graph approaches y = 0 from above as x — —oo.
x =—1, 2 are the vertical asymptotes, y = 0 is the horizontal asymptote.
It looks as though y = (2 — x)(x + 1)* has a local maximum

() The graphofy= is undefined at x =—1, 2.

YEAR 11

value of 4 at x = 1. (This can be shown using calculus.)
1

m will have a local minimum value
—x)(x+

Hence y =

ofl atx=1.
4
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(d) The graph of y= >— is undefined at x = —2.2.

X +2x%+1

The graph approaches y = 0 from above as x — oo.

The graph approaches y = 0 from below as x — —oco.

x =—2.2 is the vertical asymptote, y = 0 is the horizontal asymptote.
The curves touch at (0, 1), a local minimum of the original function
becomes a local maximum of the reciprocal function.

As the Examples above show, a maximum turning point on the original function becomes a minimum turning point
on the reciprocal function (or equivalent asymptote). A minimum turning point on the original function becomes a
maximum turning point on the reciprocal function (or equivalent asymptote).

EXPLORING FURTHER °

Graphing reciprocal functions
Use graphing software to explore graphs of reciprocal functions.

EXERCISE 3.1 RECIPROCAL FUNCTIONS

1 The graph of y =2x — 1 is shown.

y
4 1
31 y=2x-1
2 4

14

4 3 2 10 x

1 ,
2x—1"

C

Which of the following represents the graph of y =

’
’

Jy=2x-1
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2 The graph of y = (2x — 1)* is shown.

S VA

T T T T
4 3 2 -1 10--

2+
-3 4
4 4

Which of the following represents the graph of y =

1,
(2x-1)*

YEAR 11

1 © 3 L2 03 % 35 b 5 3 %
1 4+ i
-2 =+ _2: 1
3 4 541 _3; 1
3 The graph of y = (2x - 1)’ is shown. y
31
2 4
14
a2 1 23 *
2k
3K
Which of the following represents the graph of y = 5 1 T ?
x_
A A C 4 : D . |
T 3 cIn
2 : x' 2: L x' 2: | ,'
1 IS
E S aNP 2 s s Pl o2 s
’ A 1
: 1 i
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4 Given the graph of y =3 — 2x, draw the graph 5 Given the graph of y=(x+ 1)(2 - x), draw

1 1
fy=r1_. the graph of y=—1_—
ARy B O T 2 %)

y Y
\&i- 4 +
3 3L

2 1 2 /\
N /-

43 2P 1N 3ot MEEY R RERE

24 2 4
3 4 -3 1
4 1 4 4
-5 +

6 Given the graph of y = x(x — 1)(x + 2), draw
1 1

the graph of y = FEEECT) ofy= i
y y

4 + 4 4

3+ 31

2 + 2 4

N\ 4+ 4

T o M )

-2 4+ 2 4

-3 4 3 1

4 + 4 1+

8 Given the graph of y = 4 — x°, draw the graph 9 Given the graph of y = x(x + 1)(2 — x), draw the

1 1
Of = . ra h Of Y T a—
4 4— x? graph oty x(x+1)(2—x)
y Y
4 4 4
3+ 3 L
2+ 2 4
1+ 1 4+
BB SR I W BRI/ A
24 2 4+
-3 4+ -3 T
4 4+ -4 +
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10 Given the graph of y = 2 + 3x — x°, draw the graph 11 Given the graph of y = x* + 2x + 2, draw the graph
1

ofy=—+-——. ofy=—5—7"—.
2+3x—x° x4 2x+2
y y
4 - 7 7
3 6 1
2 51
¥ - 3
-4 -3 2 -1 7] 3 4 2
2 4 r
34 —t—+—+ —t—+—+
-4-3-2-110 1 2 3 4 7
4 4+ 14
2 4

12 Given the graph of y = —x" + 2x — 2, draw the
raphof y=—5——.
graph oty —x*+2x-2
y

4 1+
3 L
2 4
14

3.2 SQUARE ROOT FUNCTIONS

Given the graph of y = f(x), it is often useful or necessary to draw the graph of y =/ f(x) and the graph of y* = f(x).

To graph these functions, it is important to find out where f(x) <0, as \/ f (x) is not defined for these values of x
(because the square root of a negative number is not a real number). Similarly, y2 = f(x) will not be defined for these
values of x, because y2 cannot be negative.

Remember that +/0 = 0 and /1 = 1. Therefore, for 0 <flx) <1, f(x) > flx); for flx) > 1, flx) >/ f(x).
Graphically this means that for 0 < f(x) < 1, the graph of y =,/ f(x) is above y = f(x), and for f(x) > 1, the graph of
y=,/f(x) is below y = f(x).
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Example 4

In each part, use the graph of the given function to draw the graphs of y =/ f(x) and y* = f(x).

(@) Given y = x, draw

(b) Given y=2x+1, draw

y=+/x and y’ = x. y=~2x+1 and y* = 2x + 1.

y y
T J= ‘T y=2x+1
31 3+
2 + 2 4
1 4+

w32 1208 4 ” 4320l 123 s
2 4
-3 1
4 1+

Solution

(@) The graph of y = /x is undefined for x < 0.
x=+/x atx=0, 1. Graphs intersect at (0, 0) and (1, 1).
For 0 < x < 1, the graph of y = /x is above the graph of y = x.

The graph of y” = x is undefined for x < 0 as y* cannot be negative.
It has two branches, y =+/x and y = —/x.
y=xand yz = x intersect at (0, 0) and (1, 1).

42
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(c) Given y=1-x, draw
y=+l-x andy’=1-x.

(0)

4 -3 -2-1,7] 1 3
=2 4L
=3 db
=4 db
y -_—
41 ot
e
3+ e
7
e
2 4 K
L+ y="x
-+
-4 -3 2 71,10 1 2 3 4
gL
7
e
’ -2 +
e
7
.7 =31
e
.7 -4 +
e
e
y yox
= e
4 4 e
e
3+ 7
e
2+ .7
Z
1+ 7 yzzx
7/
——t—t——f—t—t+—+—
4 3 2 -2y 2 3 4
/hl T
7
7/
R e
7/
S st
e
.7 -4 +
4
7
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(b) The graph of y=+/2x +1 is undefined for x < —%. J 2

2x+1=+/2x+1 atx= —%, 0. Graphs intersect at (—%, 0) and (0, 1). 51 //,
For —% <x<0, the graph of y =+/2x +1 is above the graph of y =2x + 1. 2 _%

The graph of y° = 2x + 1 is undefined for x < —%. 4 2

It has two branches, y=+/2x +1 and y =—+/2x + 1. P
g 1 21/ Y =2x+1
Graphs intersect at (_E’ 0) and (0, 1). /

-:1-;-5-11’1 12 3 47
///_2 —+
P
// _4 T
(c) The graph of y =+/1— x is undefined for x > 1. S pelog ¥
1 —x=+/1—x at x=0, 1. Graphs intersect at (0, 1) and (1, 0). T
\\ 3 41
For 0 < x < 1, the graph of y =1 — x is above the graph of y =1 — x. Npdl
y=Tox TR
e
-2 + \\\
-3 4 \\\
4 4+ AN
The graph of y* = 1 — x is undefined for x > 1. Ny=1-x 7
N 4 4+
It has two branches, y=+1—x and y =—+1—x. . S 1
Graphs intersect at (0, 1) and (1, 0). U
yzzl—x AN
M A
-2 + \\\
-3 + \\\
-4 + A
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Example 5

(b) Giveny=(x— 2)?, draw
y=A(x— 2)? andy2 =(x-2)%

(@) Giveny= %%, draw
y:JxTandy2=x2.

(c) Given y=(x+2)(1-x),draw

y=+(x+2)(1-x)and

¥ =(x+2)(1 - x).

Y y
=(x-2)
4 4 y:XZ 4yx y 4 1
3+ 3 1 34
21 2 L y=(x+2)(1-x)
14 14 14
43 2° 123 47 43 2a° 123 47 43l 1\ 23 4"
24 24 -
34 34 34
-4 4 44 44
Solution
(@) The graph of y=+/x" is defined for all . \ 4y ;
The function is never negative. | K
The graphs intersect at (-1, 1), (0, 0) and (1, 1). VAT
\ /
The resulting graph is the same as y = |x]|. AT
14

4 3 2 -1_10__ 1 2 3 4

-2 4L
—3 4L

4 +

The graph of y* = x” is defined for all x.
The graphs intersect at (-1, 1), (0, 0) and (1, 1).
The resulting graph is the same as the graph of y =*x.
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(b) The graph of y=+/(x —2) is defined for all x.

The function is never negative.
The graphs intersect at (1, 1), (2, 0) and (3, 1).
The resulting graph is the same as the graph of y =|x —2|.

The graph of y* = (x — 2)° is defined for all x.
The graphs intersect at (1, 1), (2,0) and (3, 1).
The resulting graph is the same as the graph of y = +(x — 2).

(c) The graph of y =+/(x +2)(1 - x) is undefined for x < -2 and x > 1.

1
The maximum value of (x + 2)(1 — x) is % and occurs at x = —5

The greatest value of \/(x +2)(1—x) is % and occurs at x = —%.
—2<x<1:0<y<15.

Further algebraic investigation shows that the graph is a semicircle
in the upper half plane, centre (—0.5, 0), radius 1.5.

The graph ofy2 =(x+2)(1 — x) is undefined for x < -2 and x > 1.
—2<x<1:-1.5<y<1.5.

Further algebraic investigation shows that the graph is a circle,
centre (0.5, 0), radius 1.5.

YEAR 11

(0]
-4 -3 2 -1 ]
2 4
-3 +

4 L

y=(x+2)(1-x)

7

/2' 5_\

\y=
N

v 1-x)

N

1 -\)’2:(

x+2)(1-x)
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Example 6
(@ Giveny=x’, drawy=\/x73andy2:x3. (b) Given y=x(x+1)(x—2), draw y = /x(x +1)(x — 2)
y P andy2=x(x+1)(x—2).
4T y
34 44
24 34
14 2 4
P 14
2 et coe : _
432 1P\ 1 3 4%
24
5l y=x(x+1)(x-2)
4+

() Giveny=(2—-x)(x+ 1)%, draw

- , , (d) Giveny:x3+2x2+1,drawy:\/x3+2x2+1 and
y=4J2-x)(x+1)"and y" =2 —x)(x+1)".

y2=x3+2x2+1.

y =(2 - 1 2
Al Q-x)(+1) o
34 4
2 3+ =D
y=x+2x*+1
/- 2 !
b : _ !
43212 143 47 et
434210 123 4%
24 -
34 21
4 4 31
4 4
Solution
(@) The graph of y=+/x’ is undefined for x < 0. 4y__y =
. ' fy=x2
x> =+x* at x=0, 1. The curves intersect at (0, 0) and (1, 1). 2
24 !/
14
4320 123 47
I,_2 T
=i
l’ -4 +
1
The graph of y = x’ is undefined for x < 0. 4}’ y =2
—+ I
The curves intersect at (0, 0) and (1, 1). 51 i fr=x
1
y* =%’ is equivalent to y = +/x’. T
14
43219\ 2 3 47
II_Z T
| =5
l’ -4 T+
1
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(b) The graph of y = \/x(x +1)(x —2) is undefined for x < -1, 1 <x < 2.

The graphs meet at (-1, 0), (0, 0), (2, 0).

For x> 2, \Jx(x +1)(x — 2) > x(x + 1)(x — 2) until the RHS becomes
greater than 1.

The graph ofy2 =x(x+ 1)(x—2) is undefined for x < -1, 1 < x < 2.
The graphs meet at (-1, 0), (0, 0), (2, 0).

(c) Thegraphof y=+/(2—x)(x + 1)* is undefined for x > 2.

The maximum turning point of y = (2 — x)(x + 1% is (1, 4), so
the maximum turning point of y = /(2 — x)(x + 1)% is (1, 2).
(-1, 0) is not called a turning point of y =~/(2 - x)(x + 1)* because

at this point the curve changes sharply, not smoothly. Instead this
point is called a cusp.

The graph ofy2 = (2 —x)(x +1)* is undefined for x > 2.

The maximum turning point of y = (2 — x)(x + 1)%is (1, 4),
so the maximum turning point ofy2 =Q2-x)(x+1)%is(1,2)
and the minimum turning point is (1, =2).

YEAR 11

y ]
4 4+ I
y=rte D=2 |
1
Nl y=\x(x+1)(x-2)
1 4+
1 1 1 'I,\ 1 ’ 1 1
T T T \ T T T
—4—3—24110\1Q34x
1= T\ !
1 \ 1
=2 d S_7
1
1
;3T
e
1

3T P =xx ADx-2)

y=02-x(x+ 1)2

VY

T
43217 1134 3 4
1

2 +

4 4

1

|

1

-3 L !
1

1

1
I
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(d) The graph of y=+/x” +2x” +1 is undefined for x < —2.2

The graphs intersect at (-2.206, 0), (=2, 1) and (0, 1).

The graph of y* = x’ + 2x” + 1 is undefined for x < —2.2.

The graphs intersect at (—2.206, 0), (-2, 1) and (0, 1).

—_
[

48

EXERCISE 3.2 SQUARE ROOT FUNCTIONS

1 The graph of y = x — 2 is shown.

A

y
3

2 4
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2 The graph of y = 1 — x” is shown. %

2 3 47

.
& 4
o 4
|-
O
—_

24
34
41

Which of the following represents the graph of y* =1 — x’?

A y B y C y
34 3

2+ 2

2/ 1 A4~
7 \ ’ N
4 N\ ’ \
I I I

T

1

| b rl | |

1
T T T T T T
3240 71 * ’1\\J1\23x -3
/_1" \ - \
\

,
o 4
w
|
&+
I
[\

T4

=2 4+ \ =2+ \
1 \ 1 \
I’ -3 T \\ II -3 T \\
! \ 1 \
3 The graph of y = x(2 — x)(x + 1) is shown. Y
41
31
24
14
1 1 1 1 1 1
T T T T T T x
-4 -3 2 1Y) 1 304
24
34
4 1

A

|

1

1

3+ \
1

Given the graph of y = x + 2, draw: 5 Given the graph of y = (x + 1), draw:

(@ y=vx+2 b) y'=x+2 @ y=+/(x+1) b) y=x+1

Y Y

44 4

34 3

2 24

1 1

— / et ——t :/ ——t—t

| 1 2 3 4 4-32-10] 123 47
24
31
4+
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6 Given the graph of y = (x + 2)(2 — x), draw: 7 Given the graph of y = x(x — 1)(x + 3), draw:
@ y=Jx+2)2-x) (b) y2 =(x+2)2—-x) @ y=x(x-1)(x+3) (b) y2 =x(x—1)(x+3)
4 y
6 1
51
41
3 1
T :
1\+
4 - —'2—'1_10_\/1 2 03 4 %
24
8 Given the graph of y = x’ + 3x° + 1, draw: 9 Given the graph of y = (1 — x)(x + 2)°, draw:

@ y=vx’+3x+1 (b) y¥=x"+3x"+1 @ y=ya-x)(x+27 (b) y=(1—-x)(x+2)
y y

[
w 4+
g

2 3 4
24
-3+
10 Given the graph of y =2 + 3x — x°, draw: 11 Given the graph of y = x* + 2x + 2, draw:
@ y=+2+3x-x’ (b) )/2:2+3x—x3 @ y=vx*+2x+2 (b) y'=x"+2x+2
7 y
6__
4+
AN
& 4 1 0 P
24
-4+
-6+ I I I
203 4%
12 Given the graph of y = —x* + 2x — 2, draw: y
4 1+
(a) y:\/—x2+2x—2 51
(b) y=—x2+2x—2 2 4
14
—— IO ——+— -

4 -3 2 -1

14+
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3.3 ABSOLUTE VALUE FUNCTIONS

Given the graph of y = f(x), it is often useful or necessary to draw the graphs of the absolute value functions
y= ‘ f(x)‘ and y = f(|x|) . Sometimes these graphs will be the same, but not always.

y =| f(x)| is defined wherever f(x) exists.| f(x)| = 0 if —o < f{x) < co.| f(x )| > 0 wherever f(x) < 0.
y = f(|x|) is the same as y = f(x) for x > 0, but different for x < 0.

Example 7
In each part, use the graph of the given function to draw the graph of y = ‘ f x)‘ and the graph of y = f{|x|).

(@) Given the graph of y=x, draw  (b) Given the graph of y=2x+1,  (c) Given the graphof y=1-x,

y =|x|. draw y =|2x+1/and y =2|x|+1.  draw y=|1—x|and y =1—|x].
y
4 + y=x
34
24
14
—4'1—3—'2—'1_ 1 203 4%

-2
34
4

Solution

(@) The graphs are the same for x > 0. 4y 1

| x| >0 for all x. Y=l

(b) The graphs of y=2x+ 1 and y =|2x +1] are the same for x > —%.
|2x +1| 20 for all x.

The graphs of y=2x+1and y = 2|x| +1 are the same for x > 0.
|2x +1|> 1 for all x.

T
* 43 2P 1 23 4
v
y:2x+1//
St
/
/ -3 T+
/ /

)/ -4 + ,/ -4+

/ /
’
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(c) The graphs of y=1—xand y =|1— x| are the same for x < 1.
|1 —x| >0 for all x.
The graphs of y=1—x and y = 1 — | x| are the same for x > 0.
1-|x/<1

1
N T
4 -3 22 -1_10__ 12 3 4
2+ A .
3 + y=1—x\\\
4 1 Ss
Example 8

(@) Given the graph of y = %%, (b) Given the graph of y = (x — 2)%, (c) Given the graph of y = (x+2)(1 — x),
drawy:‘xz‘andy:|x|2. drawyz’(x—Z)zland drawy =|(x +2)(1-x) and

y y=(x]-2)". y=(x|+2)(1—]|x).

4 4
31

/\ y=(x+2)(1-x)
X

Solution
(@) The graphs of y= ‘xz‘ and y = ]x\z are the same as (b) The graphs of y = (x — 2)*and y = ‘(x - 2)2‘ are
the original graph y = x". the same.
By the definition, |x| = v/x* so|x[ = x". The graphs of y = (x—2) and y = (x| - 2)" are the
same for x > 0.
y ) . .
Al y=2 There is a cusp at (0, 4). x =0 is an axis of symmetry.
S 1 (x|-2)*=0
2T y=(x-2*%
14+ 54
iy y=(x-2%
43 2P 123 47 \
2 4 L
-3 1 r
“T 4320 123 4"
24
-3 4
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(c) The graphsof y=(x+2)(1-x)and y = ‘(x +2)(1- x)| are the same

for2<x<1.

There is a cusp at (=2, 0) and (1, 0).

1. .
x=— isanaxis of symmetry.

The graphs of y = (x + 2)(1 — x) and y = (|x|+ 2)(1 —| x|) are the

same for x = 0.

(|x|+2) (1 —|x[) £2. (0, 2) is not a turning point.

x =0 is an axis of symmetry.

y
4 4+
3 4+
=(x+2)(1-x)
//Q/K: (|| +2)(1 - |x|)
7431'2 12l \2 3 4
!
o2t
!
; 34
1
! —4 +
1
1

YEAR 11

Example 9

(@) Given the graph of y = x°, draw y = ‘x3 ‘ and y = ‘x \3.

y

4 1
31
24

=

(c) Given the graph of y=(2 — x)(x + 1)%, draw

yz’(Z—x)(x+1)2‘andy=(2—‘x‘)<‘x‘+l)2.

Y

4 1

3 4
2 4

RV

y=2-x)(x+ 1)2

T T T T
-4 -3 -2 —lo

-2 -
-3
—4

Lq db

(b) Given the graph of y = x(x + 1)(x — 2), draw

:‘x(x+1)(x—2)‘andy=‘x’(‘x’+1)(’x‘—2).

y

—_— N W
'
T

(d) Given the graph of y = x* + 2x” + 1, draw

y=’x3+2x2+1’andy= ‘x‘3+2‘x]2+1.

y

4 1
31

y=x>+2x2+1

Chapter 3 Graphing functions
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Solution

(@

(b)

()

X = ‘x3 ‘ for x >0, i.e. the curves are identical for x = 0.

3 . . .
Also x° = ‘x‘ for x > 0, i.e. the curves are identical for x > 0.

The graph of y = ‘x ‘3 is the same as the graph of y = ‘x3 ‘
They are both the solid line in the graph.

For y= ‘x(x +1)(x — 2)’:

The graphs meet at (-1, 0), (0, 0), (2, 0).

The graphs are the same for =1 <x <0 and x > 2.
‘x(x +1)(x — 2)’ >0 for all x.

For y= ‘xmx‘ + 1)(‘x‘ = 2):

The graphs meet at (0, 0), (2, 0) and (—\/5 ,—2). This last point can be solved
using graphing software.

The graphs are the same for x > 0. There is a cusp at (0, 0).

#l( [+ 1)(x|-2) =2

For y= ‘(2 —x)(x+1)° ‘:
The graphs are the same for x < 2.
‘(2 —x)(x+1)° ‘ >0.(2,0) is a cusp.

(=1, 0) is a minimum turning point, (1, 4) is a maximum
turning point.
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y=|xP

-4 -3 -2

3

y=xy
1

1
I
1

1

T
0
1t
1
=2 +
1

3+
4 4+

-4 -3 -2

1
1

1
I
[
1
I

,|

1
5
-1+

4 4

-4 -3 -2 -1

O
1 4+

24
31
4 1




(d)

For y= (2 —|x|)(|x[+1)
The graphs are the same for x > 0.

The curves also intersect at (—\/3 5 2).
(0, 2) is a cusp. (—1, 4) and (1, 4) are maximum turning points.

(o-Jal)(s|+1) <4

For y= ’x3+ 2x°+ 1‘:

The graphs are the same for about x > —2.2.

(=2.2,0) is a cusp. (0, 1) is a minimum turning point. (—1.33,2.19) is a
maximum turning point.

For y = ’x‘3+ 2‘x’2+1;
The graphs are the same for x > 0.
%[+ 2]x[*+121

(0, 1) is a minimum turning point.

YEAR 11

y=|x+2/x[2+1

EXERCISE 3.3 ABSOLUTE VALUE FUNCTIONS

1 The graph of y = x + 2 is shown. y

Chapter 3 Graphing functions
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Which of the following represents the graph of y =|x + 22

A y B y C . y ,
34 34 34 34 -
2) 2 2 f 2
//1 T LT \ //1-- / //1--
- e PY P - : : Ny
32l 123t 32 all 2 3 Y 3 110_/2 3 32 a1 2 37
7 24 2 2+ ’ -2 2+
34 34 34 34
2.
2 The graph of y = (x — 1)” is shown.
12 3 47
24
34
4 4
. . 2
Which of the following represents the graph of y = (/x| —1)?
B y C / VY /
4 ,I \{5 T /I
\ /
2\+ 2+ /
\ /
1 \ // 1/\ //
N /7 \ 4
s ; ; - - ARSI o e
123 a2 123 3 2Pl 1 20 321203
24 24 24
34 34 34 34
2.
3 The graph of y = x(x + 2)” is shown. 4”
31
2 L
1
432N 1 2 3 4
24
34
_4 4
. . 2
Which of the following represents the graph of y =|x|(|x|+2)?
A A B yh C y y
3 41 41 - 3 A1
1 1
24/ 2\, 2\4 2+
1 1
- 1\ 1 /K\
I,I\IO Illx F—t— Il:x I,IIO —+— —N<— —+—
320 1 203 Sl 123 320 1 2 3 32Nl 123
1 1
1 _2 . _2 . 1 _2 4 1 _2 .
1 1 1
tl -3 T tl =3 T tl -3 T tl -3 T
1 1 1 1
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4 Given the graph of y =x — 2, draw:

@ y=[x-2| (b) y=|x/-2
y
4 4
3 1
2 4
14
4320 203 4 ”

14+

6 Given the graph of y = (x — 1)(2 — x), draw:
(@ y=|(x-1)(2-x)
(b) y=(x[-12~-[x)

Y
4 1

3 1
2 4
1 4+

1 1
T T T T T T
4321_10_/1 2\3 4 *
-2

-3/

8 Given the graph of y=(x —3)(x — 2)(x + 1), draw:
(@ y=|(x=3)(x-2)(x+1)
(b) y=(x[-3)(x[-2)(x+1)

5 Given the graph of y = (x +2)°, draw:

(@ y=|(x+2))

Y
6 +

5 4

(b) y=(lx+2)

(@)

-4 -3 -2 <11

2+

7 Given the graph of y = x(x — 1)(x + 2), draw:
(@ y=|x(x-1)(x+2)
(b) y=|x|(x|— 1)(x|+2)

9 Given the graph of y=

(@) y=‘x3+x2+1‘
y
4 4+
3 1
2 4

AN

X +x*+ 1, draw:

) y=|xf+[xf+1

T T T T T
0

-4 -3 2f-1 7]
-2+
-3 L

4 1+
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10 Given the graph of y = —x + 2x” + 1, draw: 11 Given the graph of y = x* + 2x + 2, draw:
(a) y=‘—x3+2x2+1‘ (b) y=—Ix+2xf+1 (a) y=‘x2+2x+2‘ (b) y=|xf+2x/+2

Y
6

5 4
4 4

I I
(0] X

1
-4 -3 2 -10°] 1 2|3 4
-2 + ——+— ——+—
0 X
51 -4 -3 2 -1°1 1 2 3 4
4 4 2 4+

12 Given the graph of y = —x* + 2x — 2, draw:
(a) y:‘—x2+2x—2‘ (b) y=—xf+2x/-2
y
4 1+
3 1
2 4+
14

4 3 2 -1

3.4 GRAPHING POLYNOMIALS BY ADDING ORDINATES

Given the graphs of two polynomial functions y = f(x) and y = g(x), the graph of a new function y = f(x) + g(x) can be
obtained by a process of adding the ordinates for each x value. This process is demonstrated in the following examples.

Example 10
The graphs of y = f(x) and y = g(x) are shown.
By drawing vertical lines and adding ordinates, draw the graph

of y = flx) + g(x). Comment on the new curve.
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Solution

On the diagram, vertical lines are drawn through important points
such as turning points, points where a curve cuts the axes, and points
where the curves intersect.

On each vertical line, the intercepts of the two curves are added
to find the position of a new point, which is marked on the line.
These new points are then joined to obtain y = f(x) + g(x).

The solid curve is the graph of y = f(x) + g(x).

This curve is above y = g(x) to the right of x =—1, and below y = g(x) to
the left of x =—1. They intersect at x = —1. y = f(x) + g(x) cuts the x-axis

y=fx) +g(x) /|,

' '
Iy 1
!
(I
1!

at (—1, 0) and (0, 0).

YEAR 11

Example 11

The graphs of y = f(x) and y = g(x) are shown.

By drawing vertical lines and adding ordinates, draw the graph

of y = f{x) + g(x). Comment on the new curve. = i)

y=8(x)

Solution

On the diagram, vertical lines are drawn through important
points such as turning points, points where a curve cuts the axes
and points where the curves intersect.

On each vertical line, the intercepts of the two curves are

added to find the position of a new point, which is marked on the
line. These new points are then joined to obtain y = f(x) + g(x).
The solid curve is the graph of y = f(x) + g(x).

This curve is above y = f(x) to the right of its turning point, and
below y = g(x) to the left of its turning point.
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Example 12

The graphs of y = f(x) and y = g(x) are shown.

By drawing vertical lines and adding ordinates, draw the graph
of y = f(x) + g(x). Comment on the new curve.

Solution

On the diagram, vertical lines are drawn through important points, such as y
turning points, points where a curve cuts the axes and points where the 20 ~

curves intersect.

On each vertical line, the intercepts of the two curves are added to find 15 +

the position of a new point, which is marked on the line. These new points
are then joined to obtain y = f(x) + g(x).

y=flx) +g(x)10 J

The solid curve is the graph of y = f(x) + g(x).

The new curve is above y = g(x) for x < 4, passing through (0, 6). They
intersect at x =4, and y = f(x) + g(x) is just below y = g(x) for x > 4.

EXPLORING FURTHER O

Graphing polynomials by adding ordinates

Use graphing software to verify the addition of ordinates for combined polynomial graphs.

EXERCISE 3.4 GRAPHING POLYNOMIALS BY ADDING ORDINATES

1 The graphs of y = f(x) and y = g(x) are shown. By drawing vertical lines and adding ordinates, draw the graph
of y = f(x) + g(x). Comment on the new curve.

(b) ()

1 1
T T T
(0]
- _é%\--

-6 +

-8 +
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(d) (e)

1+ ———

-4 -3 -2 -1

2 On the same diagram, sketch the graphs of y = x* + 2x and y = 1 — 2. Use these graphs to sketch y = x* + 1.

YEAR 11

3 On the same diagram, sketch the graphs of y = x* — 2x and y = x°. Use these graphs to sketch y = x” + x> — 2x.

4 On the same diagram, sketch the graphs of y = x* — 3x and y = x” — 3x. Use these graphs to sketch y=x’ + x° — 6x.

5 The graphs of y=x" — 2x + 4 and y = x’ — 2x are shown.

A y
3
4

C

=

3.5 GRAPHING POLYNOMIALS BY MULTIPLYING ORDINATES

Given the graphs of two polynomial functions, y = f(x) and y = g(x), the graph of a new function y = f(x)g(x) can be

obtained by a process of multiplying the ordinates for each x value. This process is demonstrated in the following

examples.
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Example 13
The graphs of y = f(x) and y = g(x) are shown. By drawing vertical lines and
multiplying ordinates, draw the graph of y = f(x)g(x). Comment on the new curve.

Solution

On the diagram, vertical lines are drawn through important points, such
as turning points, points where a curve cuts the axes, points where the curves
intersect, and points where the function value is 1 or —1.

On each vertical line, the intercepts of the two curves are multiplied to find
the position of a new point, which is marked on the line.
o x=-2: Ordinates are 3 and —1, so 3 X (1) =—3. The point on f(x)g(x)
is (=2, =3).
o x=—1: Ordinates are 0 and 0, so the point on f(x)g(x) is (-1, 0).
o x=0: Ordinates are —1 and 1, so (—1) X 1 =—1. The point on f{x)g(x) is (0, —1).

© S =
=
1 I\<

= N W R U1 NI
T TR R N SR S|

\ 11 A
\ 10 +

\\‘y=g(x) 29
\ 8 +
\‘ 7
\‘ 6 i

\\ 5 i
\\ 4 i
\)‘ 3 i
i\\ 2 1

This makes (-1, 0) a local maximum turning point.
 x=1: Ordinates are 0 and 2, so the point on f(x)g(x) is (1, 0).
o x=2:Ordinates are 3 and 3, so 3 X 3 =9. The point on f(x)g(x) is (2, 9).
o x=0.5: Ordinates are approximately —0.8 and 1.5 (-0.8) X 1.5 =—1.2.

A point on f(x)g(x) is (0.5, —1.2). The minimum turning point of y = f(x) g(x) will be near this point.

The new points are joined to obtain y = f(x)g(x).
The solid curve is the graph of y = f(x)g(x).
As x — oo, f(x)g(x) — 0. As x — —oo, flx)g(x) — —oco.

Example 14

The graphs of y = fx) and y = g(x) are shown. By drawing vertical lines
and multiplying ordinates, draw the graph of y = f(x)g(x). Comment on
the new curve.
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Solution

On the diagram, draw vertical lines through important points, such as turning
points, points where a curve cuts the axes, where the curves intersect, and
points where the function value is 1 or —1.

Multiply the intercepts on these vertical lines of the two curves and mark a
new point.

Where the horizontal line y = 1 intersects a curve it shows the x value for
which the product of the two functions is the same as the other function
value.

Where the horizontal line y = —1 intersects a curve it shows the x value for
which the product of the two functions has the opposite sign to the other
function value.

o x=-1: Ordinates are 0 and 4.5, so the point on f(x)g(x) is (-1, 0).
o x=0: Ordinates are —2 and 2, so (—2) X 2 =—4. The point on f(x)g(x) is (0, —4).

« x=1: Ordinates are —2 and 0.5, so (-2) x 0.5 =—1.5. The point on f(x)g(x)
is (1,-1.5).

« x=2:Ordinates are 0 and 0, so the point on f(x) g(x) is (2, 0).

o x=3: Ordinates are 4 and 0.5, so 4 X 0.5 = 2. The point on f(x)g(x) is (3, 2).
Join the points to obtain y = f(x)g(x).
The solid curve is the graph of y = f(x)g(x).

YEAR 11

The new curve is a quartic, the product of two quadratic functions. It is positive where the original functions
both have the same sign, zero where at least one of them is zero, and negative where only one of the functions is
negative. At (2, 0), where both f(x) and g(x) are zero, f(x) g(x) has a horizontal point of inflection.

Example 15
The graphs of y = f(x) and y = g(x) are shown. By drawing vertical lines
and multiplying ordinates, draw the graph of y = f(x) g(x). Comment

on the new curve.
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Solution

On the diagram, draw vertical lines through important points, such as
turning points, points where a curve cuts the axes, where the curves

intersect, and points where the function value is 1 or —1.

Multiply the intercepts on these vertical lines of the two curves and mark a
new point.

Where the horizontal line y = 1 intersects a curve it shows the x value for which
the product of the two functions is the same as the other function value.
Where the horizontal line y = —1 intersects a curve it shows the x value for
which the product of the two functions has the opposite sign to the other
function value.

x =—1: Ordinates are 3 and —4, so the point on f(x)g(x) is (—1,-12).

x =0: Ordinates are 2 and 2, so 2 X 2 = 4. The point on f(x)g(x) is (0, 4).
x=1:g(1) =0, so f(x)g(x) = 0 and cuts the x-axis at (1, 0).

x=2:f(2) =0, so flx)g(x) = 0 and cuts the x-axis at (2, 0).

g(x) cuts the x-axis again at 0.6 and 3.6, so f(x)g(x) = 0 and cuts the x-axis at (0.6, 0) and (3.6, 0).

x=3: Ordinates are (—1) and (—4), so (-1) X (—4) = 4. The point on f(x)g(x) is (3, 4).
o x=4: Ordinates are (—2) and 6, so (—2) X 6 =—12. The point on f(x)g(x) is (4, —12).

Drawing x = 1.5 will help locate the turning point which is at approximately (1.5, —1).

Join the points to obtain y = f(x)g(x).
The solid curve is the graph of y = f(x)g(x).

FOEE R et Rt
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The new curve is a quartic, the product of a linear and a cubic function. It is positive where the original functions
both have the same sign, zero where one of them is zero, and negative where only one of the functions is negative.
As x — *oo, f(x)g(x) — —oo. It has a greatest value of 4, which occurs at x =0 and x = 3.

EXPLORING FURTHER

Graphing polynomials by multiplying ordinates

Use graphing software to verify the multiplication of ordinates for combined polynomial graphs.

EXERCISE 3.5 GRAPHING POLYNOMIALS BY MULTIPLYING ORDINATES

Q

1 The graphs of y = f(x) and y = g(x) are shown. By drawing vertical lines and multiplying ordinates, draw the
graph of y = f(x) g(x). Comment on the new curve.
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2 On the same diagram, sketch the graphs of y = x* and y = 1 — x. Use these graphs to sketch y = x* — x°.

3 On the same diagram, sketch the graphs of y = x — 2 and y = x°. Use these graphs to sketch y = x* — 2x".

4 On the same diagram, sketch the graphs of y = x* — 3x and y = x* — 1. Use these graphs to sketch

y= (> = 3x)(x* = 1).

5 The graphs of y=x + 4 and y = x> — 2x are shown.

y:x2—2x

Which diagram represents the graph of y = (x + 4)(x” — 2x)?

A y B y C y D y

8+ 8 8+ 8 4
6+ 6 6+ 6+

4 4 4 4 1
2 F 2\ 2\ b 2 4

} } } } }
2 _20__ 2 x _20_ x 2 _20__ x 2 _20__ 2 x

44 -4 44 A4
6+ -6 6+ 6+
8+ -8 8+ 8+
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3.6 PARAMETRIC FORM OF A FUNCTION OR RELATION

It is often useful in mathematics to express two related variables (e.g. x and y) in terms of a third variable
(e.g. tor 0), so that, for example: x =f(t), y =g(t) or x =£(0), y =g (0)

Equations like these are called parametric equations and the third variable (e.g. ¢ or 0) is called the parameter.

For example, recall that the functions cosine and sine can be defined as the x- and y-coordinates respectively of a
point on the unit circle x* + y* = 1. Thus the unit circle can be represented by the parametric equations:

x=cos6, y=sin0O

where @ is the parameter. When the unit circle is described by the equation x° + y* = 1, it is said to be in
Cartesian form.

Example 16

Find the Cartesian equation of the curve and describe it in words, given the parametric equations:
@ x=ty=t+1 (b) x=2t-1,y=3t+2.

Solution

@ x=ty=t+1

Make ¢ the subject of the equation inx:  t=x

Substitute in the equation for y: y=x+1

The parametric equations represent a straight line with gradient 1 and y-intercept 1.
(b) x=2t-1,y=3t+2

Make t the subject of the equation in x:  2t=x+1

x+1
t=%T"
2
. . . a2y X+l
Substitute in the equation for y: y = 3><T+2
2y=3x+3+4
3x=2y+7=0

The parametric equations represent a straight line with gradient 1.5 and y-intercept 3.5.

Example 17
Find the Cartesian equation of the curve whose parametric equations are x=1+1, y = £'.
Solution

x=1+t (1]

y=" [2]

From [1]: t=x-1
Substitute into [2]: y=(x— 1)
Hence the Cartesian equation is y = (x — 1)’
and the graph is the parabola shown.

Example 18

Find the Cartesian equation of the curve whose parametric equations are x=1+1¢, y=t’, t > 0.
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Solution
As in Example 17, these parametric equations give the Cartesian equation ¢4
y=(x— 1)%, but there is now also the condition ¢> 0. 54
x=1+tand t >0, so the condition is equivalent to x > 1. 4T
34
Hence the Cartesian equation is y = (x — 1)* with the domain o1
restricted to x > 1, as shown. 1L
By W

Example 19

Find the Cartesian equation of the curve whose parametric equations are given by x =2sin 6, y =2 cos 6.

Describe the curve in words and sketch its graph.

Solution
Recall the Pythagorean identity: sin® 0+ cos” 6= 1.

2 2
gl X 2 X 4 292
sm9—2,sosm 0= i cosG—z,socose 7
2 2
Hence, using the identity: xZ + )/T =1

or x2+y2=4

The curve is a circle with centre at the origin and radius 2.

Example 20

Write each Cartesian equation in parametric form.
(@ 3x+y-3=0 (b) x2=4(y—3)

Solution

(c) (x—1)2+(y+2)2=9

There may be more that one set of parametric equations for each Cartesian equation, depending on how the

parameter is defined for x and y.

(2) Method 1
Rewrite the equation: y=3-3x
Lett=x: y=3-3t
The parametric equations are x =t and y =3 — 3.

(b) Rewrite the equation:
Method 1
Lettzgz tZ:y—3
x=2t y= £+3

The parametric equations are x =2t and y =" + 3.

Method 2

Rewrite the equation: y=3(1—x)
Lett=1-x: y=3t

The parametric equations are x=1—tand y = 3t.

Method 2
Rewrite the equation: = 4(y—3)
Let t=x: t2=4(y—3)
t2
=L 43
V=%

2
The parametric equations are x=tand y = tz +3.

Chapter 3 Graphing functions

67



YEAR 11

68

() The equation is the sum of two squares, which suggests that the identity sin® @+ cos” 6= 1 may be useful.
(x=17 , (+2)° _

Rewrite the equation: 9 5 1
Method 1
Let *~1 —sing and yT” =cos0O
x=3sin0+1 y=3cos0-2
The parametric equations are x =3sin 8+ 1 and y =3 cos 0 — 2.
Method 2

Swapping the position of sin @ and cos 8 would give different parametric equations.

Example 21
Sketch the graph of each curve from its parametric equations.

(@ x=t+2,y=2t (b) x:2t,y=2t2 () x=2sinB, y=2cosBO
Solution

Either use graphing software or draw up a table of values and plot points.

(@) t 2 | 4 0
-2
X 0 1 2
y —4 =2 0
(b) t -2 -1 0 1 2
x —4 -2 0 2 4
y 8 2 0 2 8
O o | s lz]lz|z|z|2a|sz]|s
6 4 3 2 3 4 6 g
x=2sinf| 0 1 2 3 2 3 2 0.5 0
y=2cos0 2 \/5 2 1 0 -1 -2 —\/5 -1
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This table gives the right half of the graph of the relation. By changing the 4
signs on values as the quadrant for 0 changes, the left half may be graphed.

Parametric equations of the parabola

The parabola x° = 4ay can be represented by the parametric equations: x = 2at, y = at’

This can be verified by eliminating the parameter: x=2at (1]
y=at’ (2]
From [1]: t= *
2a
X 2
Substitute into [2]: y = a(ﬂ)
X = 4ay

The point P(2at,at’) on the parabola is the variable point that depends on the value of £, so it is frequently called
‘the point 7.

EXERCISE 3.6 PARAMETRIC FORM OF A FUNCTION OR RELATION

For questions 1 to 14, find the Cartesian equation of the curves with the parametric equations given.

1

5
8

12

15

16
17

18

19

x=2t,y=t+2 2x=z‘,y=t2 3 x:t)y:%

x=2cosB,y=2sin6,0<0< 7 6x=t+3,y=t2—5,t20 7 x=2u—-2,y=3u+1,1<u<3

x=v,y=1-v,-1<v<1 9 x=t+2,y=t'—1 10 x=cost,y=cost,0<t<27x

1-£

2t
14 x = =
x T

x:2cos0,y:x/§sin0,0S9S2n' R

13 x=2cost,y=sint,0<t<rm

Two boats on a lake start sailing at the same time. Boat A moves on a course given by x = %, y=t+1,

while boat B moves on a course given by x =t — 2, y = =2t + 9, where ¢ is the time elapsed in hours.
(@) Find the Cartesian equation for the course of each boat. Show that the courses intersect at the point (1, 3).
(b) Do the boats collide? Justify your answer.

/4

Find the Cartesian equation for the parametric equations x = sec 6, y =tan 6, —% <0< >

Find the Cartesian equation for each of the following parabolas.
(@ x=2ty=2f (b) x=12t,y=6F
(d) x=4t,y==2¢ € x=+t,y=t+1

Sketch the graph of each curve from its parametric equations.

(c) x=t+2,y=t2

(a x=t+1,y=2t-1 (b) x:t’yzztz (©) x:%’y:tz
(d) X=4sin9,y=4cosg (e) x=snzle, y:COQS’Q

Find the Cartesian equations of the tangent and the normal for each of the following parabolas.
@ x=2ty=¢ (b) x=12t,y=6t € x=t+2,y="r (d) x=4t, y=-2¢

Chapter 3 Graphing functions
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Conchoid of Nicomedes

An interesting family of curves are the conchoids of Nicomedes. The parametric equations of these curves are
x=a+ cost and y =atant + sint. Observe the change in shape for changing values of a.

CHAPTER REVIEW 3

1 Given the graph of y = x + 4, draw: é’
__1 |
(a) )’—x+4 6+
(b) y=vx+4
() y=|x+4 —t—
1 2 4
d) v=
@y (x+4)
) y'=x+4
M y=|x[+4
2 Given the graph of y = x* — 4, draw: 6y
) 4
a =
() 4 x2—4 4T y=x*-4
(b) y=/x*—4 2y
@ y=lx' =4 R R
1 2+
d y=—"—"3
, (9522—4)2 -2
@ y'=+-4 6
0 y=|x7-4
3 Given the graph of y = x> — 2x + 3, draw: y
6 L
1
a) y=———
@ x’=2x+3 1
(b) y=+vx’-2x+3 2 N
=x-2x+3
(€ y=|x"—2x+3 R I
(d) y'=x-2x+3 - ZO 2 47
(e) y:‘x3‘—2|x|+3
4 1L
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4 Given the graph of y = f(x) and y = g(x), draw:
@ y=/fx)+gkx)
(b) y=/(x)g(x)

5 For each set of parametric equations given, (i) sketch the graph of the curve; (i) find the Cartesian equation of
the curve.

(@ x=2-t,y=t+2 (b) x=3t,y=3t2 () x=5sinH, y=5cos0O
6 The point P(t + 3, — 5) is a variable point on a parabola. Find the Cartesian equation of this parabola.

7 Match the parametric equations to their Cartesian equations. (The Cartesian equations A B C D may be used
more than once.)

(@ x=2ap,y=—ap’ (b) x=ap’,y=2ap (€) x=-2ap,y=—-ap’ (d) x=2ap,y=ap’

A y2 =4ax B yz =—4ax C x= 4ay D x*= —4ay

8 x=t-2,y=2t—1 are the parametric equations for a parabola. Find the Cartesian equation.
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CHAPTER 4

Further trigonometric identities

4.1 SUM AND DIFFERENCE OF TWO ANGLES

You can derive formulae for the trigonometric functions of sums and differences of angles, i.e. formulae for

cos (0 £ ¢), sin (0 £ ¢) and tan (6 £ ¢), in terms of trigonometric yA

functions of the angles 8 and ¢.

First, obtain a formula for cos (8 — ¢), then deduce formulae for the Q(cos ¢, sin @)
others from it. P(cos, sin6)

Starting from A, mark a unit circle to show ZAOP = 0 and ZAOQ= ¢ o Ax:’i -
(where 8 > ¢ for convenience), as shown. The coordinates of P and Q are re
thus (cos 6, sin ) and (cos ¢, sin @) respectively, and ZPOQ = 60— ¢.

Using the distance formula: ~ PQ* = (cos — cos ¢)° + (sin 6 — sin ¢)°

=2 —2(cos O cos ¢+ sin O sin ¢) [a]
Using the cosine rule in APOQ:  PQ’*=1+1—2cos(£POQ)
=2-2cos(6- ¢) [b]
Equating [a] and [b]: 2 —2cos(0— ¢) =2 —2(cos 6 cos ¢ + sin O sin @)
: cos (60— ¢) = cos O cos ¢ + sin O sin @ (1]

This formula [1] is true for all values of 8 and ¢.
By writing (—¢) in place of ¢, remembering that cos (—¢) = cos ¢ and sin (—¢) = —sin ¢, you also have:

cos (6 + ¢) = cos 6 cos ¢ — sin Osin @ (2]
Similarly, with (90° — 0) in place of Oin [1]:
cos [90° — (6 + ¢)] = cos (90° — 6) cos ¢ + sin (90° — ) sin ¢

And using the complementary angles formulae, i.e. cos (90° — &) = sin @ and sin (90° — &) = cos &:

sin (B + @) = sin O cos @ + cos O sin ¢ (3]
Writing (—¢) in place of ¢ in [3]: sin (0 — @) = sin 6 cos (—@) + cos 8 sin (—¢)
sin (B — @) = sin 6 cos ¢ — cos O sin ¢ (4]
Combining these for the tangent functions: tan(6+ ¢) = sin(6+9)
cos(6+¢)
_ sinfcos@+ cosBsin @

" cosfcos¢g—sinBsing

Dividing numerator and denominator by cos 8 cos ¢ (cos 6 cos ¢ # 0):

tan 6 + tan¢@

tan (6 + ¢)=m

(5]

And for (60— ¢): tan (60— @) = Z)r;((z:f);

_ sin@cos¢—cosOsing
cos@cos@+sinfsin¢g
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tan6 — tang

(0= =1 nbtns
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Example 1
Find the expansion for each expression, simplifying where possible.

(@) sin(3x+2y) (b) cosa+p) (c) tan(A +45°)
Solution

(@) sin(3x+2y) =sin3xcos2y+ cos3xsin2y (b) cos(2a+ B) =cos20cos B—sin2asin B

tan A+ tan45° _1+tanA

o) —
(c) tan(A+45°%)= 1-tan A tan45° 1—tan A

Example 2
Simplify each expression.

(@ sin(Qo+ B)cos B—cos(Qo+ P)sinB (b) cos(20—30)cos26+ sin (20— 3¢x) sin26
Solution
By recognising the form of the equation, the two-angle expansion can be used in reverse:

(@ sin(Qa+ B)cosB—cos(2a+ P)sin f=sin [+ ) — B] =sin2«a

(b) cos(20—30)cos20+ sin (20— 3¢)sin20=cos[(20—3a) — 20]
=cos(-3a) =cos3c

Alternatively, the expressions on the LHS can be expanded and like terms collected. For example, the solution to

(a) becomes:

sin (2a+ B) cos B— cos 2o+ B) sin B= [sin 2cccos B+ cos2asin B]cos f— [cos2a cos B— sin 2aesin B]sin B
= sin 20t cos® B+ cos 2a sin B cos B— cos 2a cos Bsin B+ sin 2a sin® B
= sin20¢[cos’ B + sin® B] = sin 2«

Example 3

If 6and ¢ are acute angles and sin 6= % and tan ¢ = %, find, without using a calculator, the exact value of the
following expressions:

(@) sin (6+ ¢) (b) cos (60— ¢) (c) tan (6- ¢)

Solution
Draw right-angled triangles for each ratio and use Pythagoras’ theorem to find the third side.

sin 0= % tan ¢ = %
5
_4 3 q 24 24 25
cosf== sin=%2=
5 ¢ 25
3 4
tan == -7
4 cos ¢ = B

Chapter 4 Further trigonometric identities
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(@ sin(60+¢)= ;m 0 cos ¢)4+ cgz@ sin ¢ (©) tan (6— )= tan0 — tan¢
=_><l+§><_ 1+ tan@tan@
5 25 25 3 24
_17 A=
125 - ,3.24
(b) cos (60— @) =cosBcosd+ sinOsin ¢ 1+ZX7
_4,7 .3,24 _21-96
5%2575% 25 T 28472
_100 __75
125 ~ 100
_4 _.3
5 T4
EXERCISE 4.1 SUM AND DIFFERENCE OF TWO ANGLES
1 Expand:
(a) sin(A+2B) (b) sin(2x—y) () cos(2x—3y)
(d) cos(26+ 60°) (e) tan(6+ @) () tan(A—135°)
2 Simplify:
(a) sinAcos(A—B)+cosAsin(A—B) (b) cos(0+ a)cos (60— o) +sin (6 + o) sin (60— )
() sin2AcosA —cos2AsinA (d) cos60°cos30° — sin 60° sin 30°
tan6—tan20° tan2¢ +tano . .
(e) m (f) m (g) Sin (iA +tB) COoS (A + B) — COS (2A + B) Sin (A + B)
. . . tan3x—tanx
(h) COS(39+ O()COS(29+ O()+Sln(39+ O!)Sln(9+ OC) (|) m
3 The expression tan(A +B)+tanC simplifies to:
1—tan(A+B)tanC
A tanA+tanB+tanC B tan(A-B+0QO) C tan(A+B-0C) D tan(A+B+0O)
4 (a) Find the exact value of sin 38° cos22° + cos 38°sin 22°.
. tan119°+tan 16°
(b) Find the exact value of Tt 19°an16°"
(c) Find the exact value of cos 165°. (d) Expand and simplify sin (x +40°) + sin (x — 40°).

5 Write the expansion of cos (A + B). From this, deduce the expansion of cos (A — B).

6 Write the expansion of cos (0 — ¢). Write (90° — 6) in place of 6 to deduce the expansion of sin (6 + ¢).

7
ﬂ)
(@) sin(60—9) (b) cos(6+9) (c) tan(6— ¢)

8 IftanA=4,tanB= %, and A and B are acute angles, then A—B=...

A 45° B 30° C o60° D 135°

9 Iftana=2 and cos B= Q, where 0 < B< o< 90°, evaluate the following without using a calculator.

3 13
(@) sin2c (b) tan2o () cos(ax—P)

7 If Oand ¢ are angles between 0° and 90°, sin 8= %, tan ¢ = =, find the following without using a calculator.

J6++2
i
(b) Using the expansion of tan (A + B), prove that tan75° =2 + V3.

10 (a) Using the expansion of sin (A + B), prove that sin 75° =
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11 Find the value (in simplest surd form) of:
(@) cos75° (b) tan15° (c) cosl15°

12 Use the expansion of sin (A + B) to evaluate sin 195°.

YEAR 11

4.2 DOUBLE ANGLE FORMULAE

Using the sum-and-difference-of-two-angles formula [2] (see previous section), writing 6 in place of ¢:
cos (0+ @) = cos 0 cos ¢ — sin O sin @ (2]
cos(0+ 6) =cosOcosO—sinBsin O
c0s20=cos’ 6—sin’ 0
From sin’ 0+ cos’ 0 = 1: cos20=2cos’6—1 [7]

c0s20=1-2sin’ 0
Similarly, using formula [3] and writing 8 in place of ¢:

sin (0 + @) = sin 6 cos ¢+ cos O sin ¢ (3]
sin (6 + 6) = sin 6 cos 6+ cos Osin O
sin26=2sin 6 cos 0 [8]

And using formula [5], writing 6 in place of ¢:

tanf+tang

tan (6+ ) = 1-tan@tang ]
tan@+tan@
tan (0+ 6) = 1—tan@tan@
tanZB:ﬂ,tanG;til [9]
1-tan“ @

The double angle formulae can be used in many different ways.
For example, as 40 =2 X 26, therefore sin 40 =2sin26 cos26.

This result can be further simplified by again using the double angle formulae to obtain an expression in terms of 6:

sin40 =2 x 2sin 6 cos 0 x (cos” @ — sin” 6) = 4 sin O cos O (cos’ O — sin” 6).

Also, sin0=2 sing cos g, so it is possible to express a function of an angle in terms of half the angle.

Example 4
If tanA = —%, 90° < A < 180° and cos B= %, 0° < B < 90°, write the exact value of the following.
(@) sin(A —B) (b) cos2A (c) tan(A+B) (d) sin 2B
Solution
Draw diagrams to show the given ratio for each angle, then use the diagrams to find the other ratios for the angle.
ind=2 inB=12

s1nA—54 5 y smB—13 ,

cosAz—g 3 A cosB:% = 12

tanAz—% -4 0 e tan B = 12 3B .

> o| 5 x
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(@) sin(A—B)=sinAcosB—cosAsinB

(b) cos2A =cos’A —sin*A

_3y45 ,4,12_63 _(—4Y _(3Y =z
51375713765 ‘( 5) (5)‘25
tan A +tan B . o
(c) tan(A+B)= I—tnAtanB (d) sin2B = sinB cosB
12 5
_ Tit¥ 33 =2X3% 13
1+2x12 56
_120
169
Example 5
cos30 sin 360 sin 2+ sin o
(@ Prove that ~n0 " cosd - 2cot26. (b) Prove that [T cos 20 fcos g — rAn .
Solution
cos30 sin 30
(@ LHS= 227,527 (b) Method 1
sin@ = cos@ . .
sin 2¢ +sin @
_ c0s 36 cos O +sin 36 sin 6 LHS=1+c032a+cosa
- sin 6 cos 6 , .
_ 2sinacosa+sina
=w 1+2cos* r—1+cos o
1sin26 )
0 _ sino(2cosor+1)
:2?052 "~ cosa(2cosor+1)
sin 26 .
sino |
=2cot260 =RHS = o5l if 2cosa+1#0
=tan o =RHS
Method 2
In the denominator, use formula [7] to directly
replace 1+ cos 20 with 2 cos” o.
Example 6
If cosx = —% and % < x < 7, find the value of: (@) sinx (b) sin2x
Solution
From the diagram (drawn to show the given ratio for the angle):
4
(@) sinx= g (b) sin2x=2sinxcosx i \x
-3
=2 x(-3)
=2X 4 X 1
_ 37
8

76
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Example 7
Simplify:

(@ cos% cos%—sin% sin% (b) sin(%—9)+sin(%—¢) (c) sin(%—x)cos(%—x)
Solution

(@) cos %cos % —sin 7; sin % = cos (% + %) (using formula [2] from page 75)

—ne T _
—cos2 0

(b) sin(%—6)+sin(%—¢) =cos 0+ cos ¢

(c) sin(%—x)cos (%—x) XZSin(%—x)cos(%—x)

T _
4 x)

[22)
-
=
[\S)
—_

(using double-angle formula [8] from page 75)

D= D= =

T -1
s1n(2 2x) 2c052x

EXERCISE 4.2 DOUBLE ANGLE FORMULAE

1 (@) By writing sin360as sin (20 + 0), write sin36 in terms of sin 6.

(b) Hence write cos 360 in terms of cos 6. (c) Hence write tan 360 in terms of 6.

2 Ifsinf= %, 90° < 6 < 180°, evaluate (in surd form):

(@) sin26 (b) cos26 (c) tan26. (d) In which quadrant is 26?
3 Simplify:
sin 2A 1. 250 cind 2200 _ 2200
(@) T cos oA (b) 231n20tan0 (c) cos“260—sin"260 (d) cos“30° —sin“30

(e) sindxcos4x () 1+cos(180°+26) (g) sinxcosxcos2x (h) 2sin2xcos2x

() (sin@+cosB)* (j) (sinA—cosA)’ (k) % for 6=22.5° () sin*50°+ sin*40°
—tan
. o o 1—cos 26 2a.
(m) sin (45° — x) cos (45° — x) (n) T¥cos 20 (0) 2cos”3x—1

4 Ifsin@z%,%ﬁ 0< ﬂandtan(]):l

24°
(@ sin(6-¢)  (b) cos(6-¢)

0<¢< %, find the value of:

(c) tan (6-9¢)

5 Simplify:
@) 1+tan2(§—a) (b) 1—cos’(r+6) © sin9c05(§—6)+cosesin (%—0)
(d) ZCOSZ%—I (e) 1—sin9cos(%—0) (f) sin(x— 6)cos¢— cos(mr— 6)sin@
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4.3 HALF-ANGLE FORMULAE—THE t FORMULAE

The double-angle formulae has been established: sin2A =2sin A cos A
cos2A = cos” A —sin” A

tan2A = 12‘5:17n2AA) tanA #+1
—tan
Just as A is the half-angle of 24, similarly % is the half-angle of A, so you can use these results to obtain:
inA=2sind cos A
sinA =2sin 5 085
CosA = coszé - sinZ%
2 A
tanA = ta—nzz, tan4 % +1
1—tan“ 4 2

A 2t
If youlet t = tanj, then: tanA= -

Using the right-angled triangle, in which tan4 = {, you can obtain the ratios:

2
. A t A 1
sin4 = and cos4 =
2 1442 2 142
Hence: sinA=2 sinAcosA and: COSA= cos? Aa_ sin’ A
2 2 2 2
1 2
I S U
1+£5 1+£ 1+27 1+t
Y 1=t
14t 1+
These results, known as the ‘¢t formulae) can be summarised as follows:
If t=tan A, then: tanA= 2
2 1-t*
2t 2
sinA= 3 bt 2t
1+t
_¢2 A
cosA= L t2 ;
1+t 1-t¢
Example 8
Given that tan A = %, find the exact values of sin 2A and cos 2A.
Solution
_5 _5. . 2t _1- t?
tanA—12 e} t—12. szA_1+t2 COSZA_1+t2
2
_2%§ _1-(&)
- 2 - 2
1+(5) 1+(%)
_120 _1o
~ 169 ~ 169
Note: If a calculator is used to find intermediate values then the answer will be only approximate.
For example, tan A = % s0 A =22°37',2A = 45° 14, sin2A ~ 0.70998, while % ~0.71006 (both to five d.p.)—

close, but not the same.
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Example 9
_cos@+sinf—-1_ . 0
Use the f formulae to prove that: c0sO—snO+1- BNy
Solution
LHS = cos@+sinf -1

cos@—sinf+1

2
1=, 2t _,
i+ 14t

- 2
(1—t2_ 2t2+1)
1+t 1+¢
(1= +2t—(+£2) ) (1= -2t +(1+1)
1412 1+t

C1-tr42t—-1-#°
C1-£2 -2t +1+1
_2t-2t

2-2t
_2t(1—1t)
T 2(1-1)

== tanngHS

EXERCISE 4.3 HALF-ANGLE FORMULAE—THE t FORMULAE

1 Ift= tan%, then sinA + cosA=...
142t —t° 2 —2t+1 c (1-t)
2 2 2
1+t 1+t 1+t
2 Simplify:
@) 2tan9° (b) 1—tan?15° ©) 1+tan?22.5°
1—tan?9° 1+tan’15° 2tan22.5°

3 Ift=tan %, express each of the following in terms of ¢:

(@) sinA—cosA (b) 3sinA+4cosA () 2cosA—sinA
cotA—tan A 1. A
_ il 1—=sin A tan<
(€) cotA-tand (") cot A+tan A ) 2 2
—tanA .
tan A—tan4 i) cot%— Jcot A ) 1+sinA+cosA
cot4 +tanA 1+sinA—cosA
1—cos@
4 Ift=tanQ, then ——=...
2 sin @
2 2
A 0 B 1+t c 1-2t+t D ¢
t 2t
5 Ift=tan g, solve for t the equation tan 6= d.
6 Ift=tan %, solve for ¢ the equation 12tan A =5, 180° < A < 270°.

7 Iftang = %, prove that bcos 0+ asin 6= b.

8 If sec 80— tan 6= x, prove that x = }%

Chapter 4

(1+t)’
1+£2

(d) cotA
A

(h) 1+tan A tan-
) sin A+ sin%
14cos A+cos4
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4.4 USING IDENTITIES TO SIMPLIFY EXPRESSIONS AND PROVE RESULTS

When working with some trigonometric equations, you will also need to use the Pythagorean identities learnt in the
Mathematics Advanced course:

sin” @+ cos*6=1 sin®0=1—cos* cos’0=1—sin’0
sec0—tan’0=1 sec0=1+tan’0 tan® O=sec’ 60— 1
cosec’@—cot’ =1 cosec’0=1+cot’ 0 cot? 0= cosec’ 60— 1
Example 10

20+sin26 -1
Prove that Eone Ry = tan0.

c0s260 —sin260 +1

Solution

cos260 +sin260 —1
cos260 —sin260 +1
: 1—2sin*0+2sinBcosO—1
2cos’0—1-2sinBcosO+1
_2 sin @(cos @ — sin Q)
2 cosB(cosO —sinB)
_ sin@
cos@
=tan 0 = RHS

LHS =

Notice how two different expansions for cos 26 are used in Example 10 above. To decide which expansion is the best
to use in each part you must consider the —1 in the numerator and the +1 in the denominator. The aim is to remove
these constants by using the appropriate form.

Using cos 26 = cos” 6 — sin” @ would have made the question more complicated. Try this to see for yourself.

EXERCISE 4.4 USING IDENTITIES TO SIMPLIFY EXPRESSIONS AND PROVE RESULTS

Prove the following identities (questions 1 to 21):

1 sinA+cosAtanB_t (A +B) 2 sin29cos€—cosZQsin9_t 0
cosA—sinAtanB % + c0s20cos6 +sin20sinh "
3 tanA—tanB _ sin(A— B)

tanA+tanB  sin(A+B)

4 sin(0+ @)sin (60— @) = sin* 6 — sin’ o

sin3A  cos3A _ o o 2
5 SinA — CosA 6 tan(45 +A)+tan(‘45 —A)—m
7 cosdx=8cos'x—8cos’x+ 1 8 sin20+1 = COSOJFS%HO
cos20  cos@—sinf
cos@+sinf cosf@—sinf 1—cosx x
9 cos@—sin0+cos(9+sin0 =2sec20 10 sinx :tani
11 sinA+sin(90°—A)+1 (A 1o sinx+l-cosx _l+tan}
sinA—sin(90°—A)+1~ 2 sinx—1+cosx 1—tan%

13 sin(A+ B+ C)=sinAcosBcos C+ sinBcosCcos A + sin Ccos A cos B — sin A sin Bsin C
What is the resulting identity if C is replaced by (90° — B)?

14 cos(A+ B+ C)=cosAcosBcosC—cosAsinBsinC — cosBsinCsinA — cos Csin A sin B
What is the resulting identity if B is replaced by (90° — C)?

New Senior Mathematics Extension 1 for Years 11 & 12



15

17

19

21
22

23
24

25
26

27

28

29
30

31
32

33

34

35

36
37

38

39

YEAR 11

tan’6—tan’ o 16 sin’ @+ cos’ 0 1

tan (0 + a)tan(@—a):m m=l—§sin26
e 18 cotle+y) = o T
%:t P 20 tan (6+ 45°) tan (0— 45°) = -1
R .

IftanA = %, express the following in terms of p and q.

(@) gsinAcosA +psin’A (b) psin2A +qcos2A

If A, B and C are the angles of a triangle, prove that cos A cos B—sin Asin B + cos C = 0.
Given that sin18° = i(\/g— 1), find cos 36° in surd form.

Find tanx in terms of tan @ if tan 0= w.

0s(0—x)
Three points P, Q, R are in a horizontal plane. Angles RPQ and RQP are ¢ and f3 respectively. If PQ is x units
. . . o _ xtanatanf
in length, show that the perpendicular distance y from R to PQ is given by y = anat@ng’
Using the double-angle formula for tan 6, find tan 22.5° in simplest surd form.
cos’ (% - x) — sin’ (% - x) simplifies to:
A cos2x B sin2x C cosx D sinx
If tan 0= % and 1< 0< 37”, find the value of: (@) sin@ (b) cos 6 (c) cos26
If 1 <x<mand cosx = —5, find the value of: (@ sinx (b) sin2x (c) tan2x
If coseca = —% and T< o< 32” , find the value of: (@) coto (b) tan2«x
Prove the following.

(a) 2cos(%+x)cos(%—x)=c082x (b) tan(6+ )tan(e—%)=—1

29— T _p|= l tanx—1
(c) (sec 0 1) tan( > 0) tan @ (d) tan(x 1 ) prv——
1—sin(%—2x)

_ .y _
(e) Sinox =tanx tan(4 A)+tan( A) 2sec2A
Iftanx—%, tany = §and0<y<x<—, prove that x —y = 4
. . 2tan@ 2 27
Simplify: a) —2BNY here =7 b) 2cos"3x— 1 where x =<>~
plify:  (a) R 3 (b) 5

By expanding each term on the left-hand side, prove that sin(@ + %) sin (9 - %) =sin’ 6 — i

1—cos26
<p<Z = f— _
Ifo<o< >> prove that tan@ 5 cos20" Hence show that the exact value of tan isv/2—1.
(@) By writing expansions for sin (A + B) and sin (A — B), find a simplified expression for
sin (A + B) + sin (A — B).

(b) By writing 8= A + Band ¢ = A — B, find an expression for sin 8+ sin ¢ as the product of two
trigonometric functions.

If sec@—tan6== show that sin 6=-%. (Hint: Use ¢ formulae.)
sin2Q
If 4tan (o — B) = 3tan @, prove that tan = T cosia
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40 Use the factors of x° — y° to show that cos® @ —sin® § = (1 - isin2 29) cos20.

41 Iftan O=t, express sin20and cos20 in terms of t. Find the values of ¢ for which
(k+1)sin260+ (k—1)cos20=k+ 1.

42 If A, B and C are successive terms of an arithmetic series, prove that sin A + sin C= 2sin Bcos (B — A).
2 2

43 IfcosO= % and0< 6< %, express tan 6 and sin 260 in terms of / and m.
m

44 If tan o= ktan 3, show that (k— 1) sin (o + ) = (k+ 1) sin (— ).

45 Show that 4 sin@ sin(@— %) sin (9— ZTE) =sin 36.

4.5 TRIGONOMETRIC PRODUCTS AS SUMS OR DIFFERENCES

In section 4.1 you established the formulas for the sum and difference of trigonometric functions (here rewritten
using the variables A and B):

sin (A + B) =sin A cos B+ cos A sinB [1

sin (A — B) =sin A cosB— cos A sin B [2

cos(A + B) =cosA cosB—sin A sinB [3

c0os(A — B) =cosA cosB +sinA sinB [4

Add [1] and [2]: 2sinA cosB=sin(A + B) +sin(A — B) [a
= sin (sum) + sin (difference)

Subtract [2] from [1]: 2cosA sinB=sin(A + B) —sin(A — B) [b]

= sin (sum) — sin (difference)

Add [3] and [4]: 2cosA cosB=cos(A + B) + cos(A — B) [c]
= cos (sum) + cos (difference)

Subtract [3] from [4]: 2sinA sinB=cos(A — B) — cos(A + B) [d]

= cos (difference) — cos (sum)

]
]
]
]
]

These results are summarised below.
sinA cosB = % (sin (A + B) + sin (A — B)) cosA sinB= % (sin(A + B) — sin (A — B))

c0SA cosB= % (cos (A + B) + cos(A — B)) sinA sinB = % (cos(A —B) —cos(A + B))

Example 11
Express each product as a sum or difference of trigonometric functions:

(@) 2cos5xsinx (b) 2sin4A sinA () cos36cos50 (d) sin36cosf
Solution

(@) 2cos5x sinx = sin (5x + x) — sin (5x — x) (b) 2sin4A sinA=cos(4A —A) —cos(4A +A)

=sin 6x — sin4x = cos3A — cos5A
. 1,. .
(©) cos30cos50= %(cos(39+ 56) + cos (39— 56)) (d) sin30cosO= > (sin(30+ 6) +sin (30~ 6))

1,. .
(cos 80+ cos (—26)) =5 (sin46+ sin26)

(cos 86+ cos26)

N = D=
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Sums or differences as products

Let 0=A+ Band ¢=A — B, giving 6+ ¢ =2A and 6 - ¢ =2B.

Hence A = O%gb and B= Q—;P

Substitute in [a]: sin @+ sin ¢ = 2sin ( 4 er ¢ ) cos (9%(?)
0+ 0-9¢
Substitute in [b]: sin 6 — sin ¢ =2 cos 2 sin| —

¢

0|+

N————

COS(0;¢

N——

?]
Substitute in [c]: cos @+ cos ¢ =2 cos (

YEAR 11

L _(6+0)  (6-¢
Substitute in [d]: cos ¢ — cos 8= 2sin 2 sin| —
0+ 0—
or cos 80— cos ¢ =—2sin (205) sin (2¢)
Example 12

Convert the following sums or differences into products:

(@) sin6x— sin4x (b) cos3A —cos5A

Solution

(@) sin6x—sin4x=2cos ( > >

=2cos 5x sin x

6x+4x) ) (6x—4x
sin | ———~

(c) cosSO+cosZO=2cos(%) cos(@) (d) sin3x+sinx=251n(3x+x) C

=2cos50cos30

) (b) cos3A —cos5A =—2sin

() cos86+cos26 (d) sin3x+sinx

(3A+5A) sin(3A_5A)
2 2
=-2sin4A sin (—A)

=2sin4A sinA
os (3x—x)
2

2
=2sin2x cosx

Example 13

sin@ + sin360 + sin50
=tan30.

Slaery et cosO+cos30+cos50

Solution
sin@ + sin360 + sin56

LHS =
c0s0 + cos30 + cos50

_ (sin560+sin6) +5sin36
" (cos560 +cosB) + cos30
_ 2sin30co0s260 +5sin360
"~ 2c0s360c0s20 +cos30

_ sin36(2 cos26+1)
"~ c0s36(2cos260+1)

_ sin30
" cos30
=tan360=RHS
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EXERCISE 4.5 TRIGONOMETRIC PRODUCTS AS SUMS OR DIFFERENCES

1 2co0s605sin20 can be written as:

A cos40—cos80 B cos86+cos460 C sin80-sin46 D sin86+sin46
Express each of the following as sums or differences:
2 2sin46cos20 3 2cos3A cos5A 4 cos4A sin2A
5 sin(6+ ) cos (60— @) 6 2cos(45°+ A) sin(45°— A) 7 cos(20+ ) cos(20— )

8 2cos(3a+2p) sin(a— PB) 9 2sinfsin26 10

11 sin(3x+y)cos(3x_y) 12
2 2

14 cos75° cos45° 15

sin40 sin (-2 6)

2sin75°cos 15° 13 sin(A — B) sin(A + B)

sin(A+B) cos(A_B)
2 2

cos(0+2¢) sin(20+ ¢)

2sin (0+ @) cos (80— ¢) 16

17 sin100° sin 130° 18 2sin36cos O 19

20 2sin2A cos4A 21 2cos3Asin7A

22 cos5x 4+ cosx may be written as:

A 2sin3x cos2x B 2cos3xsin2x C -2sin3xsin2x D 2cos3xcos2x

Express the following as products:

23 sin3x —sinx 24 sin(x+ o) —sinx 25 cos(x+h) —cosx

26 sin(0+ o) +sin (0— @) 27 cos 9+O!) +cos(9—05) 28 cos(A+B+C)—cos(A—B+0C)
2 2

29 cos(2x+y) +cos(x+2y) 30 sin(90° — A) +sin (90° — B) 31 sin(90° — A) + cos3A

32 cosx+ cos(x+120°) + cos (x + 240°)

33 cos(2A+B)—cos(A+2B) 34 cos(A+B+C)+cos(A—B-0C) 35 sin2x +sin3x

36 sin(2A +2B) —sin(2A —2B) 37 sin165° —sin 105° 38 sin 8- cos ¢
39 cos75° — cos45° 40 sin50° + cos20° 41 sin(A—B) —sinA
42 cos80° — sin50°
Prove the following results.
. sy (10)

45 COSX —cos 3x _ sin2A —sin2B _ tan(A — B)

=—tan 2x 46

84

sinx —sin 3x
cos(0+a)—cos(0—a) _
sin(@ + o) + sin(6 — )
49 sin50+sin360—2sin260 cos0=2sin26 cos30

47 —tan o

51 sin’50—sin*360=sin86sin26

53 c0s35° + c0s45° + cos75° + cos 85° = 2 cos 5° cos 20°

54 2c0s37.5°sin7.5° = %

56 sin10° + cos40° =sin70°
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48
50
52

55

57

sin2A +sin2B ~ tan(A + B)
sinx +sin(x+ y)+sin(x +2y)
cosx +cos(x+ y)+cos(x+2y)

=tan (x +y)
sin2x + sin4x + sin 6x = 4 cosx cos 2x sin 3x

sin 35° —sin 25° = \/5 sin 5°

sin 25° sin 35° — sin 20° sin 10° = %

sin48°+sinl12° _ /3

c0s48° + cos12° 3
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58 %:COQX 59 cos(A+ B) cos(A — B) =cos*A —sin’B
Cosx —cos3x
sinf+sin76 _ 3 sin(0+¢)—sin(6-¢)

60 sin 36 + sin 560 =2cos26-1 cos(0+¢)—cos(0—¢) cot

62 C(.)S7SZ+C.0315§ -3 63 sin A +sin(A+ B)+sin(A+2B) — tan (A + B)
sin75° —sin15 cosA+cos(A+ B)+cos(A+2B)
sin(n+1)0+2sinn@ +sin(n—-1)0 _ 0

64 cos(n—1)0—cos(n+1)6 _COtE

65 If oo+ B+ y=m, show that sin20+ sin2f3+ sin2y = 4sin o sin Bsin ¥.

4.6 OVERVIEW OF TRIGONOMETRIC EQUATIONS

Equations of the form sin@=sina

Example 14

Find all values of 6 for which sin0@ = %

Solution ¥y 4

ing=1 Q P
sin@ 2

T
. 0 o E c _E . E -2
. sin@=sin 3 sm(ﬂ 6)’ sm(27t+ 6)"" 6

Consider a coordinate diagram. \

=
ZXOP = 6

£x0Q=r-%
The ray OP defines an infinite number of angles in the first quadrant. If you rotate OP about the origin (either
clockwise or anticlockwise), then during each revolution it is along the original ray OP once.

Each full rotation increases the angle by 27, so you find that OP is the terminal ray defining the angles:

o Zon+Z ax+ Z . for anticlockwise rotation

6 6 6
o 27+ %, —4+ %, -6+ %, ... for clockwise rotation.
This result can be summarised as: 17+ % where n=0,+2, 4, ... [1]

6
or: nx180°+ 30° (in degrees)

Similarly, the terminal ray OQ defines an infinite number of angles:

7-Z 35— Z 57— foranticlockwise rotation

6 6 6
—T— %, 37— %, —5T— %, ... for clockwise rotation.
This result can be summarised as: n7—% where n==1,+3,15,... [2]

6
or: nx180°—30° (in degrees)

Statements [1] and [2] can be written together as:
O=nmr+(-1)" %
or: 0=nx180°+ (—1)"x 30° (in degrees)
Note: (—1)" is 1 when # is zero or even, and is —1 when 7 is odd.

Following Example 14 above, the general solution to the equation sin 8 = sin & can be written as:

O=nr+(-1)" (in radians)
0=nx180°+ (-1)"o° (in degrees) for any integer n.
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The general solution of trigonometric equations has not been included in this course. This material is included

to show why you have to be very careful to consider all possible results in the given domain when solving
trigonometric equations.

The pattern for this general solution can also be seen by considering the value of 6 at the points of intersection of the
curves y=sinfand y = % (from Example 14), as shown in the following diagram.

From symmetry, you can observe that the line y = % intersects the sine curve at values of 0 that are % units to the
right of nw where n =0, £2, +4, ... and that are % units to the left of nwwhen n =41, 43, ...

Both of these solutions are contained in the statement: 0 =nx +(-1)" %

I’l7l'+l n even or Zero

or: 0= 6
nﬂ—%, n odd
Example 15
Solve sin(e + 1) =—1 foro<o<on
1)
Solution
: 1
Sin 0+£):—7
B
sin < 0 in third and fourth quadrants: sin(e + %) =sin 57”, sin %
0+ = 57Z, 7
4 4 4
9=, 3%
2
Equations of the form cosf@=cosa
Example 16
Find all angles 6 for which cos 8= %
: P
Solution A
cos 0:%

A
%m(

; — T _t /3
ie. cos@=cos 3,cos(27t 3), cos(27r+3),...

]
Ry

In the diagram, OP defines the angles: %, 27t+%, 47t+%, T
3
and OQ defines the angles: —%, 27— %, 475—%, ...
These results can be summarised as: 6 =2n7 i% where 7 is any integer \ 0

or: 0=nx360°t60° (in degrees)
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Following Example 16, above, the general solution to the equation cos 8= cos ¢ can be written as:

0=2nr* (in radians)

0=nx360° £ o° (in degrees) for any integer n.
The pattern for this general solution can also be seen by considering the value of 8 at the points of intersection of the
curves y =cos@and y = % (from Example 16), as shown in the following diagram.

1
1 Il A Il
T z 27 3 0
3
y=cosb

From symmetry, you can observe that the line y = % intersects the cosine curve at values of 6 that are % units
to the left and right of 2 nwr where n=0, 2, +4, ... i.e. 6 =2nrx * %

Example 17
Solve 2 cos (3x + 30°) + /3 = 0 for 0° < x < 360°.

Solution
2cos(3x+30°) =—/3

cos (3x+30°) = —g
cos 0< 0 in second and third quadrants: cos (3x + 30°) = cos 150°, cos210°, ...
As 0° < x <360°, thus 0° < 3x <3 x 360°, so two more revolutions are needed.
3x+30°=150°, 210°, 510°, 570°, 870°, 930°
3x=120°, 180°, 480°, 540°, 840°, 900°
x=40°, 60°, 160°, 180°, 280°, 300°

Equations of the form tanf=tana

Example 18
Find all the angles for which tan 8= 1, where 0 is in radians.
Solution
tan6=1 y P
: — /) T T
i.e. tan = tan 7y tan(rc+ 4), tan(27r+ 4),... <”+£>

In the diagram, OP defines the angles: %, 2+ 472:+%,

A
'S
r\\
=N

o]
<Y

and OQ defines the angles: 7+ %, 3m+Z 57+ %, ...
T

These results can be summarised as: 6=nx+ 4 where 7 is any integer

or: 0=mnx180°+45° (in degrees)
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Following Example 18, the general solution to the equation tan 6 = tan o can be written as:

0=nr+ o (in radians)
0=nx180° + o (in degrees) for any integer n.

y

: : DT ) :
The pattern for this general solution b | | | |
can also be seen by considering the ~ ------ E— RAL - :F ————— - ,:, -~k - 4: ————— - - E ———————
value of 6 at the points of intersection ! Do V! V! : !
of the curves y=tan and y =1 o L M o) /A : A
(from Example 17), as shown in the -3 E -2 E ” E % E 7 E w8
diagram at right. : : : | |

| | | , [ y=tand |

From symmetry, you can observe that the line y = 1 intersects the tangent curve at values of 6, which are % units to
the right of nw where n =0, £1, 12, ...

Example 19

Solve tanx =3 cotx for —-r<x< 7.

Solution
tanx=3cotx
3

tanx
tan’x =3

tanx =

tanx=+./3

Solution is in all four quadrants: x =—m+ %, —% %, T— %
x=—27 2
3

EXERCISE 4.6 OVERVIEW OF TRIGONOMETRIC EQUATIONS

1 Solvefor0<x<2m.

T
3

T
3°3

(@) sinx=1 (b) cosx=0 () tanx=-1 (d) J3cosecx =2 (e) secx=-2

) cotx=+3 (g) 25in(x—%)+l =0 (h) cos %:1 (i) 2sin’x=1 () sinx=0.3894
2 The solution to 4cos’x—1=0 for 0 < x < 27mis:

ot enE o tmas o cnuminus
3 Solve for—-r<x< 7.

(@) cos’x—2cosx+1=0 (b) sin*x=sinx (c) cos2x=sinx

(d) sin’x=1-cosx (€) cos2x=2+cosx () tan2x=cotx

(g) cos2x=cosx (h) 2sinx=secx () tan’x=tanx
4 The solution to 2 cos (2x — 60°) = /3 for 0° < x < 180° is:

A x=45° B x=145° C x=30° 330° D x=15° 145°
5 Solve for0< 0<27.

(@) V2sin26+1=0 (b) tan(@—%) = -3 (c) cosZGcos%— sin26 sin%:O.S

(d) tanO=sin26 () tanB=cot@ (f) sin360+sinf=0 (g) sin46—sin260=0
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6 Solvefor—-r<0<m.
(@) cos360=cos@
(d) tan(29—%)+1=0
7 Solve for 0° < x <360°.

(@) 4+sinx=6cos’x

8 Solve for0 <6< 2.
(@) tan’0—tan6=0
(d) sin20=tan®

(b)
()

(b)

(b)
(e)

2c0s20=4cos6-3
2cos(29—%)= \/5

sinx = cosx

tan9=sin O
sin360=sin20

(c) 3tan260=2tan6
(f 2sin®O+cosO=1

() 1+2cos’x=5sinx

(c) sec20=cosec26

YEAR 11

4.7 SIMPLE TRIGONOMETRIC EQUATIONS

There is no general method for solving trigonometric equations and inequalities, but there are certain standard
procedures and types, as illustrated in the examples below.

Example 20
Solve the equation 3sin260=1.5,0< 0< 7.
Solution
3sin260=1.5 This solution can be checked graphically by using graphing
sin260=0.5 software to find the intersection of y =3sin20and y = 1.5.
0< < 7w means that 0 <2 < 27 Over the domain 0 < 0 < 7 these functions intersect only twice.
29— I 5T If the domain is increased, there will be two more intersections
T 6’6 for each domain increase of 7 units.
. -t 5S¢
Hence: 0= 17 12
Example 21
. 7\ 3
Solve the equation cos|2x “6I= 72 0<x<2m
Solution
Let 0=2x—Z: cosf= N3
6 2
. g Ur rmoxllw n 1z
Hence: 0= 6> 66 6 2t 2mtT .
From the limits: 0<x<2m
0<2x<4rm
But2x:9+%z 0<f+%Z<4r
T cp<pgmr_TU
¢ = 60<4r ¢
—_r r lrx 4 17
0= 6 6 , 2T+ 6,27t+ 6
_n__r xllx .1 18V;4
2x 3 56 6 ,2n'+6,27r+ 3
—0. & g T
2x=0, 3 2T, 3 , 4T
0 LI
x=0, 6,7'1:, 6 2T
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Example 22

Find the values of x for which cos2x <— \/7 0<x<2m

Solution
First solve the equation, then solve the inequality graphically.
; 1
Solve the equation: cos2x = —= 0<x<2rm
q N ( )
2x = %, %T 21 4 , 2T+ 74 (as 0 £ 2x < 4m, around the circle twice)
=T 1% 9n 157
8 8’8 8
Now sketch the graph of y = cos2x for 0 <x <27, y
bt e e = elsa .
8 Y 2 ¢ LN LN

Use the diagram to find where the graph of

¥ = cos2x is on or below the line y = % o)

oIy——---

and

1
< ” <x< I
Hence cos2x < D for =< x< 3

w15
for 3 <x< 3

EXERCISE 4.7 SIMPLE TRIGONOMETRIC EQUATIONS

1 Solve for values of 8 and x between 0 and 27 inclusive:

(@) sinezg (b) tanx=-1 (c) cosx=-0.5 (d) J3tanf=1
(e) sin20= —% (f) cosecH=-2 (@ cot2x=+/3 (h) sec20=+2
2 Solve between 0° and 360°: (@) cosx=0.4 (b) 4tan260+3=0

3 The solution to v/2sin20+1=0 for 0 < O< 27 is:

st Irx YAk 4 sm 7w 13x 151w sm 7rm 13m 151
A 4’ 4 B 8§ 8 c 8§28’ 8 8 D 4> 42 4 4
4 Solve for—-r<x< 1 (@ 2cos2x+1=0 (b) ~2sin2x—1=0
5 Solve between 0 and 27 inclusive:
: r\_ 1 _m\__ m\_1 O AN
(@) sm(9+4)—\/5 (b) tan(0 3) J3 (c) cos(2x+3) > (d) 251n(2x 6) 1
(e) tan(20 )+1 0 2cos(2x—%):x/§ (9) sin20=- cos% (h) sinx=cosx
6 Solve for 0° <x<360°: (a) cos(2x+60°)=0.7242 (b) 5sin(2x—70°)+4=0
7 If 0 < x <2, the solution to sinx < \/25 is:
<Z <Z or x> 28 <x<Torx>2t <x<Zor2f <<
A xX<3 B XSForx2y C 0« syorxz D 0<x <3 r3_x_2ﬂ:
8 If0<x<2mssolve: (a) smx>é (b) cosx<% (c) sinx>0 (d) cosx > g
(e) sinx<1 (f) cosx>0 (g) tanx>1 (h) J2cosx>-1
9 Solvefor0<x<m: (@) s1n2x>% (b) cos2x<0
10 Solve for—-wr<x< m: (@) 2sin2x<+/3 (b) 2cos2x>-1
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4.8 TRIGONOMETRIC EQUATIONS INVOLVING ANGLE FORMULAE

You have already solved simple trigonometric equations, you can now use the angle formulae found in this chapter
to solve harder equations.

Example 23

Solve the equation sin2x =3 cosx, 0 < x < 27.
Solution
Assin2x=2sinxcosx: 2sinxcosx=3cosx
cosx(2sinx—3)=0
. cosx=0 or sinx=1.5

Because |sinx| < 1, the only solution is cos x = 0.

Example 24

Solve the equation cos2x cos o — sin 2xsin ¢ = —0.5, 0 < x < 27, where o=

N

Solution
Use the expansion of cos (A + B) to simplify the LHS:

cos 2xcosa — sin 2x sin o= cos (2x + o)

Hence, as o= %z cos(2x+%): —0.5
2x+%=2%,47”,2n+2f,27r+43”
- 7r Sz 197
=526
o= Z 7% 5T 197
4> 127 4’ 1

Example 25

Solve for 0 < 6 < 7, the equation sin26 cos 8= sin 30 cos 26.

Solution
sin26 cos 6 =sin 30 cos26.
Convert each product to a sum: %(sin 26+ 0) +sin (26— 0)) = %(sin (36+26) +5sin (36— 20))
sin36+ sin = sin56+ sin O
Simplify: sin360=sin560
Rewrite: sin50=sin360
Solve: 560=36, 1—36,2n+ 36, 371— 36,47+ 36,5m— 36, 67+ 36, 71— 36.
0<0<m20=0,2m4rm, ...
60=0, 7

and 80=r, 37, 57, 7.
_m 3m 5 7w

87878 8" T 3 5w 7w
The complete solution is: 6=0, S g 8 8"
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Example 26

Solve for 0 < O < 7, the equation cos 36+ cos 6= cos26.

Solution
cos360+ cos 0= cos20

Convert the LHS to a product: 2 cos( 39; 9) cos ( 392_ 0 ) =cos260

2c0s260 cos 0= cos26
Rearrange: cos260 (2cos0—1) =0

Solve: cos20=0 or cos 0=

DO [ —

20=",37 o 9:%.

371'.
4

The complete solution is: 6= %, %,

EXERCISE 4.8 TRIGONOMETRIC EQUATIONS INVOLVING ANGLE FORMULAE

1 Solve: (@) cos20=cosb,0<60<2rm (b) 2cos20=4cos0—-3,0<0<2rm
() 3tan20=2tan6,0<0<2r1 (d) tanB@+2cotf=3,0°<6<360°
2 The solution to 5sinx = 2secx for 0° < x < 180° is:
A x=11°47"or78°13’ B x=23°34"or156°26’
C x=26°34"or 63°26’ D x=53°8or126°52’
3 Solve: (a) cos2x cos%—sian sin% = %, 0<x<2m (b) sin2x cos%+cos2x sin%= g, —-T<x<nm
4 The solution to sin 0= cos20for 0 < 0L 2 is:
_7r 1z - 7n 1w =T 5z 31 - 5¢
A66’6 862’6’6 066’6’2 D06,6
5 Solvetan0=sin260,0< <27 6 Solve cos’6=2cos> g, 0° <6< 360°.
7 Solve sin3x cosx — cos3x sinx = g, 0<x<2m. 8 Solve tan260=2tan6,0< 0< 27
9 Solve for 0 < < 7, the equations:
(a) sin46cosB@=sin36cos260 (b) sin360cos260=sin560 cos460 (c) cos20sin 0= cos360sin20
10 Solve for 0 < x <27, the equations:
(@) 2cos (x+%) cosx=1 (b) 2sin3xsinx=1
(c) sinxcos (x—%) =0.3 (d) cos2x cosx=cos3x
11 Solve for 0 < 6 < 7, the equations:
(@) sin46-sin26=cos360 (b) cos@+cos26+ cos360=0
(c) sin (0+%) + sin (0+%) =1 (d) sin46+sin20=sin36+ sin O
12 Solve for 0 < x <27, the equations:
(@) sin2x—sinx=cos2x—cosx (b) sinx+sin2x+sin3x=0
(c) cos2x—cosx+1=0 (d) cos3x—cos2x+cosx=1

92 New Senior Mathematics Extension 1 for Years 11 & 12



CHAPTER REVIEW 4

R 1-t? _.. 0 tanf—tan% sin 260 — sin @
1 Simplity: (a) e where t = tan 5 (b) W (c) 0320 —cos0 £1

2 Solve 2tan2x — 1 =0 for 0° < x < 360°.
3 Simplify:
(@) sin(6+ @) cos d— cos(O0+ @) sin ¢ (b)

0
2tan?

38 (c) sinx cosx cos2x cos4x
2

1—-tan

4 (a) Show that cos (A + B) = cosA cosB(1 — tan A tan B).

(b) Suppose that 0< A< % and 0<B< % Show by deduction that if tan Atan B=1 then A+B=2Z

7.
5 Show that: (a) % =secO—tanf (b) tan’6= %, given that cos26#—1.

6 Use the expansion of tan 2A to show that the exact value of tan 22.5° = /2 — 1. Hence find the exact value of
tan11.25°.

7 Solve the following equations for 0 < x < 7.

(@) cos3x=cos2xcosx (b) cos3x+cos5x+cos7x=0

8 Solve for—-r<x< 7.
(@) cosx—sinx=1 (b) sin4x—sin2x=0 (c) cosx—\/3_sinx:1
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CHAPTERS

Inverse functions

5.1 INVERSE FUNCTIONS

Perform the following activities, either using graphing software or by hand. Be sure to adjust the sizing of your
graphs so that both axes have the same scale.

Reflection in the line y = x

On a Cartesian plane, sketch the graph y = x and plot the points (1, 3) and (-2, 4). Reflect the points in the line y = x
and consider how the reflection changes each of the coordinates.

You should see that when a point is reflected in the line y = x, ‘what was x becomes y and what was y becomes x’

In general, the point (a, b) becomes the point (b, a) on reflection in y = x. The midpoint of these two points is

a+b a+b
2 bl

MAKING CONNECTIONS O

Reflection in the line y = x
Use technology to explore the reflection of points in the line y = x.

), which is on the line y = x.

One-to-one functions )
y y
0] X
O X O X
flx)=x g(x) =x%x20 hx) = x°

A one-to-one function is a function that has no ordered pairs with the same y-coordinate. Any line parallel to the
x-axis will intersect the graph of a one-to-one function no more than once. It is said that such graphs pass the
horizontal line test. This means that in the diagrams above, g(x) and h(x) are examples of one-to-one functions.

Note that f(x) is not one-to-one, because a straight line parallel to the x-axis could intersect the graph of f(x) at two
points, e.g. (—a, a’) and (g, a*). This means that the graph of f(x) is a two-to-one function.

An example of a many-to-one function is s(x) = sin x. But a function #(x) =sinx, 0 <x < % is a one-to-one
restriction of s(x).

One-to-one functions are significant because of their properties when reflected in the line y = x. This is important in
the development of inverse functions. For example, the reflection of the graph of y = x” in the line y = x is the parabola
y* = x, which is the graph of a relation and not a function (see the left diagram below).
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The reflection of the graph of y = x” in the line y = x is the
positive branch only of the parabola y* = x, i.e. y = ++/x.
This (the diagram on the right) is the graph of a function.
The graph of a function will pass the vertical line test

(i.e. no vertical line can cut the graph more than once).
The graph of a one-to-one function will also pass

the horizontal line test (i.e. no horizontal line

can cut the graph more than once).

If f(x) is a one-to-one function, then the reflection of its graph in the line y = x is the graph of a function,
i.e. if a graph passes the horizontal line test then its reflection in the line y = x will pass the vertical line test.

YEAR 11

Example 1

Define a restriction on the domain of f, where f(x) = x* — 4x + 5, so that fis one-to-one.

Solution

flx)=(x— 2)*+ 1: the graph of fis a parabola (concave up)

with vertex at (2,1).

fis thus one-to-one for x > 2 or for x < 2.

Thus: f (x) =x"—4x+5,x>2 and £(x) =x'—4dx+5x<2
are both one-to-one restrictions of f.

These restrictions give the largest possible domains for which

fis one-to-one. (Of course, any narrower restriction, such as
2 .
£,(x) =x" —4x+ 5, x 2 5, would also give a one-to-one

function.)

2,

1 { W
T T
3

1
T T
32-10] 1 2

The dashed graph represents

f(x):x2—4x+5forxS2.

The solid graph represents
f(x) =x"—4dx+5forx>2.

Increasing and decreasing functions

A function f defined on the interval a < x < b is said to be strictly monotonic increasing when, for all x, and x, in
the domain, if x, > x, then f(x,) > f(x,). This means that the curve always slopes upwards to the right, as shown in

the left diagram below.

Qp——d - -l - - -

Similarly, a function is said to be strictly monotonic decreasing when, for all x, and x, in the domain, if x, > x, then
f(x,) < f(x,). This means that the curve slopes downwards to the right, as shown in the right diagram above.

Functions that are strictly monotonic increasing or decreasing are clearly one-to-one.

Inverse functions

Consider two operations such that each is the ‘reverse’ of the other. For example, the cube of 2 is 8 and the cube root of

8 is 2. The cube function defined by f(x) = x>, x € R (i.e. ‘x is a member of the set of real numbers’), and the cube

root function, defined by g(x)=%/x, x € R, are said to be a pair of inverse functions: f(2) = 8 and g(8) = 2.
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If you cube any real number x and then take the cube root of the answer, the result is x again. Likewise, if you take
the cube root of any number x and then cube the answer, the result is x.

f(x)=x g(x)=3x Thus you can define, for any pair of inverse functions:
fle)=(e)”  g(f)=Yf() f(g)=g(f(x)=x
= (3/; )3 =3/x’ If you denote g(x) as f ' (x) (meaning ‘the inverse function of f°):
=x

=x (@)= (f(x)=x

The square of 2 is 4, but in the reverse operation 4 has two square roots, £ 2. If you wish to return to 2 in the square
root operation, you must take the positive square root.

This means that the square function, defined by f(x) = x%, x>0 and the positive square root function, defined
by g(x) = \/; ,x 20, are a pair of inverse functions. For the inverse to define a function, the functions must be
one-to-one.

flx)=x> (x=0) g(x)=+x (x2>0)
flg)=(g))’ g(f(x)=yf(x)

=(x) =x* Thus  f(g(x)=g(f(x)=x

=x =x ifx>0 ie. f(f_l(x)):f_l(f(x)=x where g(x) = f'(x)
Example 2
Find the inverse function f~" for the function f where f(x) = 2x + 4.
Solution
You require f_l, such that: f(f_l(x))z x= f_l(f(x))

2f N (x)+4=x
iLe. f‘l(x)=%(x—4)

It is now easy to show that: f~'(f(x))= %[(2x+4)— 4]
=10x)
=x

Hence f x)= %(x —4) is the rule defining this inverse function. You now need to find the domain and
range of f .

Let d;and r, denote the domain and range respectively of f, and d ., and r - denote the domain and range
respectively of .

Consider a few typical elements of df, e.g. 0,1, -2, 3. Under the rule f(x) = 2x + 4:

This correspondence can be represented by the ordered pairs (0,4), (1,6), (-2,0), (3, 10).

Every real number in d, has a corresponding real number image in r..

The inverse mapping is obtained by operating ' on the elements of . This means that these elements can now
be regarded as belonging to d ., i.e. 7, =d 1.
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For example: f71(4)=%(4—4)=0 f_1(6):%(6—4):1

f(0)=-2 f71(10)=3
This inverse correspondence can be represented by (4,0), (6,1), (0,-2), (10,3).

The elements 0, 1, —2, 3 that belong to the range of ' can be identified as the elements of the domain
off,andsor,,=d,.

YEAR 11

The two diagrams in Example 2, considered together, show that an element x €d ; is mapped back to itself by the
composite function f( f~'(x)). This is as required by the general defining property f(f'(x))=x.
Example 2 illustrates several important general properties of inverse functions.

1 d;= e and ry = dfq , so the domain and range are interchanged between a function and its inverse.

2
corresponding points.

midpoint of PQ are [%(a+b),%(b+a)}, which is a point on the graph of y = x for any a and b. Hence
y = x bisects the line segment PQ so that P and Q are mirror images of each other in this line.

The graph of £~ is thus seen to be a reflection of the graph of fin the line y = x. This is very useful when
sketching graphs. It also follows that any intersection between the graphs of fand f ' must be on y = x.

The diagram shows the graphs of fand f ' for Example 2.

o

The property that (x,y) and (y,x) are on the graphs of fand fo)=2x+4

f " respectively provides an alternative means of finding f .
For example, the function f of Example 2 is defined by:

y=f(x)

ie y=2x+4

(1,6)

for xed; and yer, o Y Soy=x
for xeR and yeR

Hence f~' is defined by: Q)

x=2y+4 for yeR and xeR

If (a, b) is a point on the graph of f, then (b, a) is a point on the graph of f . On the graphs these are called

Representing P(a,b) and Q(b, a) as corresponding points on the graphs of fand f~, the coordinates of the

(interchanging x and y)

1

ie. y= 5

(x—4) for xeR, yeR

Thus: f_1 (x)= %(x —4) as before.

Existence of inverse functions

Not every function has an inverse function. The graphs of a function and its inverse must be reflections of each other
in the line y = x. When the graph of a one-to-one function is reflected in y = x, the reflection is itself the graph of

a function. But when the graph of a many-to-one function is reflected in y = x, the reflection is not the graph of a
function—it is the graph of a relation (which would fail the vertical line test), so it cannot be called f .

A function fwill have an inverse function f " if and only if fis a one-to-one function.
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Example 3
Investigate the existence of an inverse function where fis defined by f(x) = x*.
Solution y _
fis not a one-to-one function. Its graph, the parabola y = x%, Sy =x
produces the parabola with equation y* = x when reflected in the ,

y=x [ y=x

line y = x. This latter parabola consists of an upper branch
y=+/x and a lower branch y = —x: it is the graph of a relation

N0 X
with two values of y for each value of x in the domain (except \
x =0). Therefore, f ! does not exist.

Example 4

Investigate the existence of an inverse function where fis defined by f(x) = x*, x > 0.

Solution
This is a restriction of the function in Example 3. In this case there is only the right-hand branch of the parabola
y =x’, which is the graph of a one-to-one function. Hence f ' exists and can be determined as follows.

Method 1 (using algebraic definition) Method 2 (using reflection property)
You require f ! such that f ( f (x)) =x. Lety=x".
0, ( f ‘l(x))z =x Interchange x and y: x =y’
f(x)=2/x Which one? Make y the subject: y=+x Which one?
The range of f ' consists of non-negative numbers, so | The range of f ' consists of non-negative numbers,
take the positive square root. so take the positive square root.
T x)=x o )=

Example 5

Consider the function y=——.
x
(@) Explain why the largest possible domain of the function is x > 0.

(b) Use calculus to show that the function has no stationary points and is strictly monotonic increasing for
all x in its domain.

(c) Show that the graph of the function does not meet the x-axis.

(d) Find y when x is a very small number and also when x is a very large number. Hence state the range
of the function.

(e) Explain why an inverse function exists.
1

(f) Sketch the graph of y = I and its inverse on the same axes.
X

(9) Find the equation of the inverse function, carefully specifying any restrictions on its domain.

Solution

(@) x>0 because you can’t take the square root of a negative number and you can’t divide by 0.

-4 dy 1.5 .9 _ 1
(b) y=—x2 S =sx 2 de ===
dy dx 2 dx 5

P 0, so there are no stationary points.

x3
. . dy s .
For all x in the domain, Ix >0, so the function is increasing.
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(c) There are no solutions to —% =0, hence no x-intercepts.
X

(d) Asx—0, y——co;as x — oo, y—0; range is y <0

(e) Inverse function exists because f is strictly monotonic increasing (one-to-one).

® Y o (@ fis y= —ﬁ with domain x > 0 and range y < 0

S y=x - 7" has domain x < 0 and range y > 0

. To find the equation of f ', interchange x and y:
y=11) x=——-L
: Jr

. Make y the subject: y = Lz

x
e y=f® Remember the restriction on the domain of £,
. ie. x<0.

. s 1
. Hence the inverse function is f Y(x)= —,x<0.
x

Example 6
f(x) is defined by f(x) =x'—2x—1,x<1.

(@) Sketch y=f(x) and the inverse function y= f ' (x) on the same diagram.
(b) State the domain and range of .

(c) Find the equation of the inverse function.

3-4/13

(d) Show that fand f intersect where x = 0

(e) Show that the gradient of the tangent to y = f(x) at the point (-1,2) is —4. Hence find the coordinates
of the point on y = f ~!(x) where the gradient is —0.25.

Solution

(@) y=x"—2x-1isa concave-up parabola with vertex
at (1,-2). y ‘
It cuts the y-axis at (0,—1) and cuts the x-axis at (-2,1)¢ V=) y: .
(1++/2,0) and (1 —+/2, 0).
As the domain of f is restricted to x < 1, its graph (-04L,0)| -
is the left half of the parabola. (-1,0) o O(o T x
The graph of f " is then obtained by reflection o =)
in the line y = x. (0,-1)

(b) For f ' the domain is x > -2 and the range is y < 1.

(€) fisy=x"-2x—1 1,-2)

Interchange x and y: x=y"—2y—1
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(d)

(e)

Make y the subject:

Method 1 (complete the square) Method 2 (quadratic formula)

Y =2y=x+1 y'=2y-x-1=0
y2—2y+1:x+2 This is a quadratic in y witha=1,b=-2
(y—1)2=x+2 and c=—(x+1).

y-1=tx+2 = 2222 — 4+ 1)

y=1++/x+2 2
Which one? w

The range of f'is y <1, so it must be:

y=1-+x+2 2

Which one?
The range of f~'is y <1, so it must be:

y=1-+/x+2

To find the point of intersection, you would usually solve simultaneously the equations of the two curves.

However, for these two equations you need to solve x* — 2x —1=1— +/x+2, which is a formidable task.

A better way is to remember that a function and its inverse intersect on the line y = x.
Now you can find the solution of X —2x—1=xie x*—3x—1=0.

3+4/13

The solution is x = 5

However, fand ™' intersect at one point only (as shown in the diagram on p. 99). The second solution
is a different point of intersection that would exist if the entire parabola were intersected with the line
y = x (instead of only half the parabola).

From the diagram, you can see that the required value in this case is the smaller of the two solutions,
3—+/13

2

so the point of intersection is at x =

y=x2—2x—1 %=2x—2

At x = -1, the gradient of the tangent is —4.
At corresponding points in the reflection in y = x, the product of the gradients of a function and its
inverse must be 1, so f_1 has a gradient of —0.25 at the point (2,-1).

Exponential and logarithmic functions

Exponential and logarithmic functions, which you have met in the Mathematics Advanced course, provide a very
good example of inverse functions.

. . . . y
An exponential function has the form f(x) = a”. The base a is any positive real
number except 1; the domain is R and the range is R" (the set of positive real fo=a y=x
numbers). It is a strictly monotonic increasing function, i.e. a one-to-one function,
without having to restrict its domain.
(La),”

Let y :f(x) =a \)/ g(x) =log x

Interchanging xand y: x=d’ yv oD
y=log, x (definition of a logarithm) = 7(1, 0) *

100
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The function g, where g(x) =log,_ x, is called a logarithmic function. Its domain is R* (the range of f ) and its range is
R (the domain of f). It is also a strictly monotonic increasing function.

Hence log, a* = x for all real x (i.e. for all x in the domain of the exponential function), and a'%* = x for all x > 0
(i.e. for all x in the domain of the logarithmic function).

It should be noted that for any pair of inverse functions fand g, fis the inverse of g and g is the inverse of f.

MAKING CONNECTIONS O

Inverse functions
Use technology to explore the graphs of inverse functions and their properties.

EXERCISE 5.1 INVERSE FUNCTIONS

1 Which of the following are one-to-one functions?

A flx)=x-2 B flx)=x"-2x+1,x>1 C flx)=v4-x>

D f(x)=9-x E f(x)=9L F f(x)=|9-x G fx)=9-«
-x

H f(x)zcosx,OSxS% I f(x)=cosx J f(x)=x3—4x,—ZSxS2

2 Find the largest possible domain for which the following are one-to-one increasing functions.
1
(@) flx)=V4-x* (b) f(x)=vx*-4 © f)=="7
d) f(x)=3x—x e) f(x)=x"+6x+8
3 For each of the following, find the inverse function and state the domain and range of the inverse.

(@ f(x)=2x—-4 (b) f(x)zxz—l,xZO () glx)=+x-3 d) f(x)= 9-x>,-3<x<0

) fix)=x M f)=x+2%x<-2 (9 fx)=x"+2x,x20 (h) f(x)=log, (x+1)
. . . 1
(i) fx)=2-~+x-2 () gx)=4/(56-x)-1 k) fx)=2"x>0 ()] h(x)=m,x>—l
4 (a) Sketch the graphofy= ot
(b) State two domains for which the function f(x) = 1-1-% is one-to-one. (State the largest possible domain in
x

each case.)
(c) Find and graph the two functions that are the inverse of the functions defined in (b).

5 Explain why the following functions do not have an inverse function. Suggest suitable restrictions to their
domain so that the restricted functions will have an inverse.

@ fx)=+a’-x* (b) fx)=4-x (©) f(x):%

6 Show that the following pairs of functions are inverses by showing that f(g(x)) = g(f(x)) = x.

X

(@ f(x)=2x-1andg(x)= %(x+1) (b) f(x)= % and g(x) =log,2x

(c) f(x)=\/16—x2,—4SxS0andg(x):— 16—x*,0<x<4

1 x+1

1 _ -

,x> 2+ and o(x) = , x>0
2x—1 2 g() 2x

d) f(x) =2x—x%x>1 andg(x)=1++/1-x,x<1 (e) flx)=
7 f(x)= V4—x?*, -2 < x<0. The inverse function is given by:

A X+y’=4 B y=v4-x>,-2<x<2 C y=+4-x",0<x<2 D y=—v4-x",0<x<2
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8 (a) Showthaty= x* — 9x + 6+/3 has turning points at (\/5, 0) and (—\/5 , 124/3 ).
(b) Use the ‘sum of roots’ (covered in section 2.4) to find the other point where the graph cuts the x-axis.

(€) Let f(x) =x’ — 9x + 63 for the restricted domain —/3 < x <+/3. Sketch the graph of y = f(x) and explain
why the inverse function f'(x) exists.

(d) State the domain and range of ' (x).

(e) Sketchy= f’l(x).

() Find the equation of the tangent to the curve y = f ' (x) at the point where the curve cuts the x-axis.

9 (a) Show that y=e¢"— 1 is a monotonic increasing function.
(b) Show that the graph of y = ¢" — 1 has a gradient of 1 at the point (0,0).
(c) Carefully sketch y = ¢" — 1, y = x and the inverse function on the same diagram.
(d) Show that the inverse function is y = log, (x + 1).
(e) Solvelog,(x+1) <x.

5.2 INVERSE TRIGONOMETRIC FUNCTIONS

The inverse sine function

The trigonometric function y = sin x is a many-to-one function (see graph below left). The reflection of y = sinx in
the line y = x is shown below right. It has the equation x = sin y, but clearly it is not a function.

There are infinitely many ways to restrict the domain of y = sinx to make it one-to-one. Mathematicians have agreed
that the most useful restriction is —% <x< %, so you will now consider the function f(x) = sinx, —% <x< % The
graph of this is shown below left, and its reflection can be seen in the line y = x is shown below right.

Note that the reflection is that part of x = sin y for which —% <y< %

’ Y
T =siny-Z<x<Z
—sinx,-Z<x<Z x| y=siny-5<x<3

1 g 22 2
: 5 : - : : < , —

_J_Zr .7_2r -2 -1 1 2
14
_T|
2 2

By restricting the domain of y = sinx to —% <x< % , a one-to-one function is formed, whose inverse is that part of
%. Our final concern is how to make y the subject of this inverse function. The answer

is to say that y = sin”' x, where y = sin”' x means ‘that part of x = sin y for which —% <y< %

x = siny for which —%S y<
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Note that this raised number notation™" here is different to y = sin’x, where the > means y = (sinx)".
Here y = sin~' x does not mean y = (sinx) ", as that would be y = cosec x.
Instead, there is a new function, the inverse sine function, y = sin ' x or y = arcsin x.

Note the following features of the inverse sine function: y
« increasing function y=sinx
T
o domainis-1<x<1 27T

3 . -1 . P
Remember: ‘you can only take sin”™ of values from -1 to 1 inclusive’
e rangeis —%Sy S%
.. -1 _. . )
Remember: sin” gives values from —% to % inclusive I} 0 I

o vertical tangents at the endpoints
« gradient of 1 at (0, 0)

o for all x in the domain, f(-x) = —f(x), i.e. it is an odd function. 2
Hence sin™' (—x) = —sin "' x.

YEAR 11

Graph the functions y = sin (sin"' x) and y = sin"' (sinx) for —277 < x < 27 using graphing software or by completing

a table of values.
Note:
e y=sin (sin”'x) or y = sin (arcsin x) exists only for values of x between —1 and 1 inclusive;
y = sin (sin”" x) is equivalent to y = x for this entire domain.

. y= sin~ (sin x) or y = arcsin(sin x) exists for all real x, but it is equivalent to y = x only for —% <x< %

Its graph has a ‘sawtooth’ shape.

MAKING CONNECTIONS

Inverse sine functions
Use technology to explore the graphs of the sine function and its inverse.

=

Example 7

Find the exact values of the following. (@) sin™' (%) (b) sin™’ (—%) (c) arcsinl.2
(d) sinfl(sin 1.2) (e) arcsin(sin %) (f sin_l(sin 71')

Solution

(@ As-1< % <1, sin (ﬁ) exists. It is the number y or angle y° (i.e. in radians), such that —% <y< %

52

and whose sine is 5 Hence sin

aV3_x
2 - .

3

(b) Similarly, sin”! -1 can be evaluated as a number y or angle y, such that —Z < y <Z | whose sine
2 y gey 2=-7=73
1 _l 1 _1 _l e —
is > Hence sin ( 2) = ;6Z .

Alternatively: sin”' x is an odd function, so sin" (—%) =—sin! (%) = —% .

(c) 1.2 is not within the domain —1 < x <1, so arcsin 1.2 does not exist.

(d) 1.2 is within the domain —% <x<Z sosin'(sinl.2)=1.2.

2 bl
(e) % is within the domain —% <x< %, SO arcsin(sin %) = %
() mis outside the domain —% <x< %, so sin”' (sin ) # 7. Instead, sin”' (sin7) = sin' 0 =0.
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Example 8
By first considering the domain and range, sketch y =3 sin™' (2x — 1).

Solution

)
Remember, ‘you can only take sin”" of values from —1 to 1 inclusive, 37” +
so, —1 <2x—1<1. Solving this inequality: -l e ]
=J5S8In X —
0 < x <1 is the required domain. " g
ol
Similarly, ‘sin”" gives values from —% to % inclusive, so the range of 3sin”~" (2x — 1) , v -
-1 1 2
is —37” <y< 37” (i.e. 3 times the range of y = sin”" x). Zi
In other words: —% <sin~'(2x—1)< % ~71

3xl

Multiplying by 3: —37” <y< 37”

The inverse cosine function

The trigonometric function y = cos x is a many-to-one function (see graph below left). The reflection of y = cos x
in the line y = x is shown below right. It has the equation x = cos y, but clearly it is not a function.

274

y
=Z |
2
2w+
3z
”-
/\ /’Y‘zcosx/\ E*COS}/
" ox3x-z Jr |0 A 7z Aroom osw * -2 1 _ﬂ'% 2
2 2 | 2 2 2
_ 2l
Eig

There are infinitely many ways to restrict the domain of y = cos x to make it one-to-one. Mathematicians have
agreed that the most useful restriction is 0 < x < 7, so you will now consider the function f(x) =cos x, 0 S x < 7.
The graph of this is shown below left, and its reflection can be seen in the line y = x is shown below right.

Note that the reflection is that part of x = cos y for which0<y <.
y

Do

y=cosx, 0<x<m 2

Ycosy, 0<y<m
1-\
% 0 T n X 2 0 1 2 *
2 4l 2

By restricting the domain of y = cos x to 0 < x < 7, a one-to-one function is formed,

whose inverse is that part of x = cos y for which 0 < y < 7. %
This function is the inverse cosine function, y= cos 'xor )y = arccosx, T+
where y = cos ' x means ‘that part of x = cos y for which 0< y < 7’

Note the following features of the inverse cosine function:

|

y=cos'x

104

decreasing function
domainis -1<x<1
Remember: ‘you can only take cos " of values from —1 to 1 inclusive

rangeis0<y<rw
< 71 L3 . . >
Remember: ‘cos " gives values from 0 to 7 inclusive

vertical tangents at the endpoints
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o gradient of -1 at (0,%
« the function is neither even nor odd, but it does have rotational symmetry about its y-intercept.
o In particular: for any x in the domain, the sum of the function’s heights at x and —x will always be 7:
cos ' (=x)+cos'x=1
cos ' (=x) =m—cos ' x
Graph the functions y = cos (cos' x) or y = cos (arccos x) and y = cos ' (cosx) or y =arccos (cos x) for -2r<x<2rx
using graphing software or by completing a table of values.

Note:
« y=cos(cos 'x) exists only for values of x between —1 and 1 inclusive;
y = cos(cos ' x) is equivalent to y = x for this entire domain.

« y=cos ' (cos x) exists for all real x, but it is equivalent to y = x only for 0 < x < .
Its graph has a ‘sawtooth’ shape.

MAKING CONNECTIONS O

Inverse cosine functions
Use technology to explore the graphs of the cosine function and its inverse.

Example 9

Find the exact values of the following. (a) cos_l(—%) (b) cos(arccos(—%)) (c) cos™ (c 23 )

(@ arccos(cos?Z) (@) sinfcos!(~3)) ) tan(arccos(-2))

Solution
(@) Method 1 Method 2
e o o)
Thencosy:—% and 0<y<m =7 %
Soy= % :%
=il 1 3w
;. COS [——=|=2%
%)%
(b) cos(arccos x) =xfor -1 <x <1, so cos (arccos( %)) = —%
(c) cos ' (cosx) =x for 0 < x < 7, so cos™ (cos 2?7[) 2?7[
(d) ST is not in the domain 0 < x < T, SO arccos | cos By Y4
3 3 3
The solution is: arccos (cos ST”) arccos (cos %) %
() Method 1 Method 2
sin (cos_1 (—%)) = sin%r sin (cos_1 (—%)) =sin (71'— cos™ %)
_\f3 =sin (7r— %)
T2
= smz?ﬂ
_\3
2
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Method 2 here shows a good approach. When you have to take an inverse trigonometric function
of a negative value, use the symmetry properties of the inverse trigonometric functions:

sin”' (=x) = —sin"'x cos ' (-x)=m—cos ' x tan”' (-x) = —tan"' x

This process ensures that the function is evaluated with a first quadrant angle.

() Method 1 Method 2
Let arccos (_%) =0 Use the symmetry properties:
Then cos 6 = _% and0<O< T arccos (—%) = —arccos " (%) and tan(mw—6)=-tan0
So Ois a second quadrant angle. tan (arccos (_ % )) i (71'— Jrccos % )
Need to evaluate:
tan (arccos (—%)) =tan® =—tan (arccos %)

Eeoem eRl s ks Now find the exact value of tan (arccos ;).

y 3
Let =arccos 2
s T 3
5 1 . cos@ :% (where O1is acute)
1 1 0 1 1 1
20 Jo T T T % Now evaluate tan (arccos %) =tanf.
The diagram below shows that if cos 8= % then tan 0= g:

Ois in the second quadrant, cos@= —%
3
Need to find the value of tan 6. 6
S tan (arccos (—%))z tanez—g 5 2
Hence tan|arccos (—;) = —ﬂ.
3 2
Example 10 S
State the domain and range of the function y =2 cos™ (2x + 1). 3n
Hence sketch the graph of the function. 27T
Solution ! T
y=2cos'(2x+ 1)
It is only possible to take the inverse cosine of values between —1 and 1 S
inclusive, so -1 <2x+ 1< 1. |
1
Solving this, the domain is -1 <x < 0. -1 . 0 1
As the inverse cosine gives values between 0 and 7 inclusive: 2

0<cos '(2x+1)<7
0<2cos ' (2x+1)<2rm

~.rangeis 0<y<2rxw
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The inverse tangent function

The trigonometric function y = tan x is a many-to-one function (see graph below left). The reflection of y = tanx in
the line y = x is shown below right. It has the equation x = tan y, but clearly it is not a function.

1
| 1 Y | |
Y =tan
| : | | 2w
1 2 1 1 3
| 1 | e —ret=C AN I S
| 1 1 1 2 | _—
1 ! 14+ 1 1 T
| I | | {
1 I 1 i e g
A VA /. i ]
3z fr_zx /|0 2 [x Bzhr * x> . F
2 2 il 2 ) P
1 ! 1 1 -
1 ! 1 1 Z/
1 ! 1 1 == -
] 1 2+ ] ] 2 —
1 ! 1 1 Yy
: : : : i
1

There are infinitely many ways to restrict the domain of y = tanx to make it one-to-one. Mathematicians have agreed

that the most useful restriction is —% <x< % , 50 you will now consider the function f(x) = tanx, —% <x< %

The graph of this is shown below left, and its reflection in the line y = x is shown below right.

Note that the reflection is that part of x = tan y for which —% <y< %
.Y
! y
| Vyetanx-T<x<X ... A
X nytanx, 2<x<2 )
' ' x:tany,fz<y<%

—— —————
3r -n _=m Oz x 31z 21 *
T g 2 2 © ¥

| | 1
1 1 2

By restricting the domain of y = tan x to —% <x< %, a one-to-one function is formed, whose inverse is that part

of x = tan y for which —%<y<%.

This function is the inverse tangent function, y = tan™' x, or y = arctan x, where y = tan"' x means ‘that part of

T

x=tany for which —5<y< %

Note the following features of the inverse tangent function:

. . . y

« increasing function

o domainisallreal e
Remember: ‘you can take tan™" of any real value’ S = tan x

e rangeis —%<y<% 0 x
Remember: ‘tan”" gives values from —% to % not inclusive’ | REEEEEEE TR

 horizontal asymptotes at y= i%

o gradient of 1 at (0,0)

o forall x in the domain, f(—x) = —f(x), i.e. it is an odd function.
Hence tan™" (—x) = —tan "' x.

Graph the functions y = tan (tan™ x) and y = tan™ (tanx) for -2 77 < x < 2 7w using graphing software or by completing
a table of values.

Chapter 5 |Inverse functions 107



YEAR 11

108

Note:
« y=tan(tan ' x) or y = tan (arctan x) is equivalent to y = x for all real x.
o y= tan”' (tanx) or y=arctan (tan x) exists for all real x except x = i%, i?’T’r,

It is equivalent to y = x only for —% <x< % Its graph looks like an infinite set of parallel intervals with open

circles on each end.

MAKING CONNECTIONS

Inverse tangent functions
Use technology to explore the graphs of the tangent function and its inverse.

Q

Example 11

Find the exact values of the following.

(a) arctan(%) (b) tan(tan™'1) (c) arctan(tan(%)) (d) tan_l(tan(—%))

Solution
(a) arctan (L) =2 1t is the value of 6, between —% and % (not inclusive), for which tan 6= %

576

(b) tan(tan'1)=1 (c) arctan (tan (%)) = %, as % is between —% and % (not inclusive).

Y4

(d) tan™ (tan (—4%)) is not equal to —4?”, because —2% is not between —Z and %

3 2
Using the symmetry properties that tan 6 and tan x are odd functions, and that tan (7 + 6) = tan 6:

tan”! (tan (—47”)) =tan" (—tan (47”)) =—tan”! (tan (47”)) =—tan™’ (tan (%)) --Z

Example 12
Find the exact value of sin (2 tan™ %)
Solution
y

Let tan™ % =X
Thus tanx=% and —%<x<%
Hence x can be represented as a first quadrant angle. 5 1
Then: sin (Ztan_1 %) =sin 2x \ x

=2 sin x cos x ¢ 2 x

(&3

_4
5
Example 13
; : -14 -1(_4
Find sm[cos 5+tan ( 3)}
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Solution y
: -14 -1(_4) | -14 . _-14
sm[cos 5+tan ( 3):| sm[cos 5 tan 3:|
=sin (x — y) where x=cos_1% and yztan%% /
5 4
=i -14 -14)_ 14 -14
—sm(cos 5)cos(tan 3) cos(cos 5)sm(tan 3) 5 ;
Using expansion of sin (x — y):
y
cosﬂ%:x,socosngandOSxSn’ x
iV 1 d T T 0 (G0 (40 X
tan 3=)>80 tany—g and -5 <y<5

Hence both x and y can be represented as first quadrant angles:

sin [cos_1 2 tan™ (—é)} =s$in x cos y —cos x sin y

R

25

Example 14

Prove that sin”' x + cos ' x = % for-1<x<1.
Solution

Let @=sin"'x .. sino=x where —ﬂﬁaS%

Recall that cos(

. % —o=cos x (noting that O= cos™' x only when cos 8= x and 0 < < 7)
T

o =l = - —
L 5 —sin x=cos 'x sosm1x+coslx=%
You should remember this result: sin™' x + cos ' x = —725 for-1<x<1

This can be proved by an alternative method involving differentiation which will be looked at later in section 11.7
(page 252).

You could also verify it by graphing y = sin™ x + cos " x.

Example 15
Solve 2sin ' x + cos ' x = %
Solution
Using the result of Example 14, the equation becomes: 2sin™" x + % —sin"'x= %
.o -1 — _E
sSin X 6
X =sin (—%)
=L
T2
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EXERCISE 5.2 INVERSE TRIGONOMETRIC FUNCTIONS

1 cos 'x—cos' (~x) =
A & B 2cos'x—-7 C 2cos'x D o
2 Find the exact values of the following (if they exist).
(@) arcsinl (b) arcsin0 (¢) arcsin(-1) (d) arcsin % (e) arcsin (_ %) (f) arccosl

(g) arccos0 (h) arccos(-1) (i) arccos% () arccos (-@) (k) arctanl (I) arctan(-1)
(m) tan"'/3 (n) tan”’ (—%) (o) sin_l(sin%) (p) sin"' (sin80°) (@) sin_l(ssz”)

n sin_l(sin(—%)) (s) cos™ (cos%) () cos™ (coszT”) (U) cos™ (cos(—%)) (v) tan_l(tan%)

3 Evaluate the following.

(@) cos (sin_1 %) (b) tan (tan_l (_ﬁ)) (c) tan'(tan 245°) (d) cos™'(cos540°)

(e) cos (taln_1 (—\/5 )] (f) cos [2 sin”’ %) (9) cos (2 cos™! %) (h) sec (sin_l (—%))
4 Show that:

-1 — 1; E li -1 —é =
(@) tan " 4—tan ==y (b) sin 5+sm ( 5) 0
-15 -15 _ 1 13_ -1(_3\_zm
(c) tan 5o 3= 2 (d) cos tan ( 4) 5
. -13 . -124 1§ 17 _ . -13
() 2sin” z=sin 55 (f) sin 5+tan 54 = €08 =
-15 -116 _ -14

(g) sin 3+ tan €3 =08 %
5 Find the exact values of the following.

(@) sin [s }+ sin [sm ! (—%)} (b) sin [sm 13 4 gin™ (—%)]

(c) cos[sm = +sin 14} (d) sin(2tan 1%)

(e) cos[tan li—COS 1%} (f) sin [cos_1%+tan_1(—%)}

1 4 -112

(9) tan[tan 3T tan 13:|
6 Provethat: (a) sin”' (x)= cos 'V1-x%,0<x<1 (b) cos'x=sin"V1-x*,0<x<1
7 Sketch graphs of each of the following, stating their domain and range.

(@) y=251n_1x (b) y= 2sin”' 3x () y= 3sin” (2x+1) (d) y= 3sin'2x+ 1

(e) y=2tan'x  y=2tan" (x—1) (@) y=2cos™ (%)

(h) y=2 sin”! (=x) () y=sin (cos ' x), by first simplifying sin (cos ' x)

8 Consider the functions f(x) =2 sin”' (2x—1) and glx)=2 sin”' (1 - 2x).

(@) Find the domain and range of each function.
(b) Show that g(x) = —f(x).
(c) Sketch the graphs of the two functions.

9 Solve the following equations. For part (), answer correct to two decimal places and check your solution by
substituting values back into the original equation.

(@) sin'xcos'x=0 (b) sin'(1—x)+2cos ' (x—1)= % (¢) sin"'xcos'x=-1
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10 Solve the following pairs of simultaneous equations.

(@ 2sin'x+cos'y= —% (b) sin"'x+cos'y= —%
sin”'x—2cos 'y = —ZTE cos ' x—sin"'y = 51—721'

11 (@) Show thatsin(sin'x—cos 'x)=2x*—1for-1<x<1.
(b) Show thatif -1 <x<1then-1<2x"—1<1.
(c) Hence solve sin™' x — cos ' x=sin"' (5x — 4).

12 Prove that f(x) = tan(cos ' x) is an odd function.

13 1ff(x) =3 cos™!(%

2

), determine the inverse function f ' and specify the domain and range of f~'.

14 (a) Sketch the graph of y = sin”'x + cos ' x. (b) Hence find J._ll (sin_1 x+cos”! x) dx.

CHAPTER REVIEW 5

1

(@) Find the vertex and intercepts of the parabola y = x° — 2x — 8.

(b) State the restricted domain (containing x = 0) for which f(x) = x° — 2x — 8 has an inverse function.

(c) Find the equation of the inverse function f (x).

(d) Sketch y=f(x) and y= f'(x) on the same graph.

(e) Show that y=f(x) and y = f~(x) intersect where x* — 3x — 8 = 0. Find the exact value of ¢,
the x-coordinate of the point of intersection T.

() Find the gradient of f'(x) at T.

Find the exact value of the following: (a) tan /3 (b) cos™ (—%) (c) sin(sin'1)

2

YEAR 11

(d) sin™ (sin %) (e) sin™ (sin 7?7[) () sin (2tan_1 %) (9) tan(2cos ' (-0.4))

Show that: (@ tan™' (%)+ tan”' (%) =tan '2 (b) tan™ (%)— tan ™" (%) =sin™" (%j

For each of the following, state the domain and range and sketch the graph.

(8) y=2cos” & (b) y=%sin_1 (2x—1) © y:%sin_l (1-2x) (Hint: 1 - 2x=—[2x—1])
d) y= % —sin' 2x (€) y=cos (sin”' x)

Find the equation

of the normal to the curve y = tan™' (2x + 1) at the point on the curve where y = —%.

Sketch the graph of the inverse function of y = 3 cos™' %

(@) Sketch both y=sin"'xand y = cos' x on the same number plane.

s —1
sin” x
Hence determine the domain of the function y =log, ( - j

cos X

sin”' x

(b) Find the intercepts of the graph of y =log, [ = ) with the coordinate axes.

(c) Show that the function y=log, (

COoS X

sin”!

= j is increasing for all x in its domain.
cos  x

s —1
(d) Sketch the graph of y=log, ( 2 )

cos'x
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CHAPTER 6

Permutations and combinations

6.1 FUNDAMENTAL COUNTING PRINCIPLE

If an outcome can happen in m different ways, and a second outcome can happen in # different ways, then the total
number of ways in which the two outcomes can happen together is m X n.

Total number of ways=mxn where m =number of ways first outcome can happen
n = number of ways second outcome can happen

For example, this simply means that if you have 5 different shirts and 7 different hats, then the total number of
different selections of a shirt and hat is 5 x 7 = 35.

This is known as the multiplication principle.

Example 1
There are four roads from town A to town B, and three roads from town B to town C.
How many different ways are there to travel by road from A to B to C?

Solution
Consider the first road from A to B. After this road there are three ways to travel from B to C.

Similarly, after taking the second road from A to B there are then three ways to go from B to C.

As there are 4 different ways from A to B, and after each of these there are 3 different ways to go from B to C,
there are in total 4 X 3 = 12 ways to go from A to B to C (i.e. from A to C via B).

Example 2
The old New South Wales black-and-yellow number plates showed three letters and three digits. How many
different number plates could be made?

Solution
There are 26 letters of the alphabet and 10 digits to choose from.

Number of different number plates = 26 x 26 x 26 x 10 X 10 X 10 = 26” x 10° = 17576 000

Example 3
In how many different ways can six people A, B, C, D, E, F be arranged:

(a) inarow of 3 (b) in arow of 62
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Solution
(@) There is a choice of 6 people for the first place.

There is a choice of 5 people for the second place, as one person already occupies the first place.
There is a choice of 4 people for the third place, as two people have already been used.
Hence there are 6 x 5 X 4 = 120 different ways to fill the three places in the row.

This problem could also be considered using a diagram to represent the places:

| 6 | 5 | 4 | Each number shows how many ways there are to fill each place.

Using the fundamental counting principle, this gives 6 X 5 x 4 = 120 different ways.

(b) The same method as in part (@), continued for six places:

6 5 4 3 2 1 Number of ways =6 X5x4Xx3Xx2x1=720

Factorial notation

Factorial notation uses an exclamation mark ! as a short way to write the product of consecutive positive integers.
The answer to Example 3(b) above can be written as 6!, which means the product of the consecutive integers from 6
to 1.

6! is read as ‘6 factorial or ‘factorial 6’ In general, the product of n consecutive positive integers from n to 1 is
written n! and read as ‘n factorial.

nl=nn—-1)(n-2)Xx...x3x2x1

Make sure you know how to use the n! key on your calculator.

Example 4
A group of 6 boys and 5 girls decide to go to the movies.
(@) In how many ways can the boys sit together in a row?
(b) In how many ways can the girls sit together in a row?
(c) Inhow many ways can the whole group sit together in a row?

(d) Why is the answer to part () not the product of the answers in parts (a) and (b)?
Solution

(@) The 6 boys can sit together in 6! ways, i.e. 720 ways.

(b) The 5 girls can sit together in 5! ways, i.e. 120 ways.

(c) The group of 11 people can sit together in 11! ways, i.e. 39916 800 ways.
(Note: This answer is best written simply as ‘11!” rather than as 39916 800’)

(d) In part (c) there is no grouping by gender, so 11 different people are being arranged in one big group.
But multiplying the answers to parts (a) and (b) would keep the two groups separate, only finding half the
number of ways a group of 6 people can sit in a row with a group of 5 people.

EXERCISE 6.1 FUNDAMENTAL COUNTING PRINCIPLE

1 There are five roads from town A to town B, and two roads from town B to town C. In how many different
ways can you travel by road from A to B to C?
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2 A man has three pairs of shoes, four suits and six ties. How many different sets of shoes, suits and ties can he
wear?

3 In how many ways can seven books be arranged in a row?

4 A Mathematics test contains 20 multiple-choice questions. Each question has four possible answers, A, B, C
and D. If a student guesses every answer, in how many different ways can the answers be given?

5 A restaurant menu has three choices of soup, five choices of main course and three choices of dessert. How
many different meals of soup, main course and dessert are possible?

6 There are 10 candidates for school captain and vice-captain. The number of different ways they might be
selected is: A 90 B 45 C 10 D9

7 New South Wales black-and-white number plates consist of three letters, two digits and one letter. How many
different number plates can be made?

8 How many arrangements of the letters of the word PENCIL are possible?

9 In how many different ways can A, B, C, D, E be arranged:

(a) in a row of three (b) in a row all together?

10 The newer New South Wales black-and-yellow number plates consist of two letters, two digits and two letters.

(@) How many different number plates can be made?
(b) What is the reason for changing the number plates from three letters and three digits to two letters, two
digits, two letters?

11 The Olympic teams from eight countries are swimming in the 200-metre relay final. How many different
finishing results are possible? (Assume no tied results.)

12 The digits 0 to 9 are used to make 10-digit numbers (not beginning with zero). How many different numbers
are possible if:

(@) each digit can be used only once (b) each digit can be used any number of times?

6.2 PIGEONHOLE PRINCIPLE

The pigeonhole principle is a way of understanding how a number of items can be placed into a number of containers.
Traditionally, mathematicians have illustrated this concept by using the example of placing pigeons into pigeonholes.
For example, if you have five pigeons and four pigeonholes, then one of the pigeonholes must contain at least two
pigeons.

If you place one pigeon in each pigeonhole, then the only way that you can place the remaining pigeon is to put it in
with one of the pigeons already in a pigeonhole.

If (n + 1) items occupy n containers, then at least one of the containers must contain at least two items.

Proof

If each container contains at most one item, then #n containers will contain » items.

Thus any additional items must go into a container already containing an item.

Hence the statement is true: at least one of the containers must contain at least two items.

This result may be extended to:

If n items are sitting in k containers, where 7 > k, then there is at least one container with at least Z* items in it.

k
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Proof
Assume there are no containers that have at least % items. Hence every container has fewer than % items.
Total number of items < 2 x k = n, as there are k containers.

k
This says that the number of items is less than #, which contradicts the initial statement that there were # items.

Hence the assumption ‘assume there are no containers that have at least % items’ must be false.

Thus, there is at least one container with at least % items in it.

k

Another example of this principle is that if you pick up four gloves, then you must have either at least two left-hand
gloves or at least two right-hand gloves: % = 2. The actual set of possible outcomes is {4L, 3L1R, 2L2R, 1L3R, 4R},

which verifies the statement.

Example 5
(@) You have a drawer full of red and blue socks that have not been arranged in pairs. Socks can be worn on
either foot. What is the least number of socks that you must take from the drawer to be sure that you have
one pair of the same colour?

(b) Explain why any 27-word sequence in this book must have at least two words that start with the same letter.

Solution
(@) In this example the socks are the items and the colour of the socks are the containers. Thus there are two
containers, so you need three items to be sure that you have two items in the same container.

Hence you must select three socks from the drawer to be sure that you have one pair of the same colour.
You would have either three socks of the same colour or two socks of the same colour and the other sock
the remaining colour.

(b) There are 27 words (items) that can start with one of the 26 different letters of the alphabet (containers).
By the pigeonhole principle, two of the words must start with the same letter.

Example 6

There are seven pigeons sitting in three pigeonholes.

Explain why one of the pigeonholes must contain at least three pigeons.

Solution

n=7k=3s00=2=51
k 3 3

Hence one pigeonhole must contain at least 2% pigeons, but since part-pigeons are impossible, it must contain

three pigeons.

EXERCISE 6.2 PIGEONHOLE PRINCIPLE

1 How many cards must be selected from a standard pack of 52 playing cards to make sure that you have two
cards of the same suit?

2 Ifyou select five cards from a standard pack of 52 playing cards, at least how many must be of the same suit?

3 There are three pairs of socks in a drawer, coloured brown, grey and black. They are not paired up. How many
socks must be selected from the drawer to be sure that you have a pair of the same colour?
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4 Six pairs of shoes, of different colours and styles, have been thrown into the bottom of my wardrobe. It is dark.
What is the minimum number of shoes I need to take from the wardrobe to be sure I have a matching pair?

5 Twenty-five students attend a class reunion and shake hands with each other. If no students shakes hands with
the same person twice, explain why two students will each have shaken the same number of hands.

6 There are 400 students attending a Senior College. Explain why at least two of them will celebrate their
birthday on the same day.

7 (a) When taking pairs of numbers from the integers 1 to 8, list all the pairs of integers that add up to 9.
(b) How many numbers do you need to select from the integers 1 to 8 to be sure that you have a pair of
numbers that add up to 92

8 Prove that in a group of 13 people there are two people who were born in the same month.

6.3 PERMUTATIONS

A permutation is an ordered selection or arrangement of all or part of a set of objects.

It is very important to remember that permutations are used when the order is important!

Example 3(b) above is an example of the number of arrangements of a set of six objects. Example 3(a) is an example
of the number of arrangements of three members of a set of six objects. Note that in general:

« the number of arrangements of » different objects is !

o the number of arrangements of three objects taken from a set of # different objects is n(n — 1)(n — 2).

n(n—1)(n-2)(n-3)(n—4)x...x3x2x1 _ n!
(n—=3)(n—4)x...x3x2x1 ~ (n=3)

Consider the following statement: n(n —1)(n—2) =

Example 7
From a standard pack of 52 playing cards, the set of hearts (¥) are taken. In how many ways:
(@) can the 13 cards be arranged in a row

(b) can 6 of the 13 cards be arranged in a row?

Solution
(@) 13 cards can be arranged in 13! ways.

(b) 6 out of 13 cards can be arranged in 13 X 12 x 11 X 10 X 9 x 8 =1235520 ways.

This could be written as 13t _ 131 1235520 ways.
13-6)! 7! Y

Number of permutations "P,

The symbol "P_means the number of arrangements (i.e. ordered subsets, permutations) of any # different objects
taken r at a time (or in other words, the arrangements of r objects taken from a group of n objects). This denotes the
number of ways of filling r places with the » different objects that are available (r < n).

Using the diagram notation from Example 3 above:

"P = | n | n—1 | n—2 | | n—r+1 |

The first place can be filled in n ways, because any one of the n objects can occupy this place. When the first place
has been filled in any one of these ways, there remain (n — 1) objects, any one of which can occupy the second place.
By the fundamental counting principle, each way of filling the first place can be associated with each way of filling
the second place, so the number of ways of filling the first two places is n(n — 1).

Similarly, after the first two places have been filled in any one of these ways there remain (n — 2) objects, any one of
which can occupy the third place. Hence the first three places can be filled in n(n — 1)(n — 2) ways. Continuing this
pattern, the number of ways of filling r places is given by:
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"P=n(n—-1)(n-2)...(n—r+1)

_nn-1)(n-2)...(n-r+1)(n—r)! ]
B (n—r)!

o Nl
- b= (n—r)! 2]
Similarly, note that the symbol "P, would denote the number of ways of filling # places with n objects available:
From [1]: "P, =n(n—1)(n-2)...(n—n+1)
=nn—-1)(n—-2)X...Xx3x2x1=n!

" n! n!
But from [2]: P, R CE ]

n!
. |l=—
Hence you have:  n!=7;

For consistency, 0! is therefore defined to be equalto 1: ~ 0!'=1

Example 8
(@) In how many ways can a first, second and third prize be awarded in a class of 10 students?

(b) In how many ways can a Mathematics prize, a Physics prize and a Chemistry prize be awarded in a class
of 10 students?

Solution
(@) This question is asking us to find how many different arrangements of three students can be selected
from 10 students.

Number of ways = '°P, = 10 X 9 X 8 =720
(b) In this question each student could win any or all of the prizes, so permutations are not used.

Number of ways =10 X 10 x 10 = 1000

EXPLORING FURTHER a

Permutations
Use technology to explore the calculation of numbers of permutations.

Arrangements with restrictions

Example 9
In how many ways can six students and two teachers be arranged in a row if:

(@) the two teachers are together (b) the two teachers are not together

(c) there are at least three students separating the teachers?

Solution
(@) If the teachers are together they can be regarded as one ‘unit’ Thus there are seven ‘units’
(six students plus the unit of two teachers) to be arranged in a row. This can be done in 7! ways.

However, the two teachers (label them A and B) can be arranged among themselves in 2! (i.e. two)
ways, AB or BA.

". Number of arrangements = 2! X 7! = 10080
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(b) Number of arrangements without restriction = 8!
Number of arrangements with the teachers together = 2! x 7!

Number of arrangements with the teachers not together = 8! — 2! x 7!

=8X7!-2x7!
=6x7!=30240
(c) There is a restriction on the places to be occupied by the teachers, so it is easiest to arrange the teachers first.
If teacher A is in the first position then teacher B
can occupy the fifth, sixth, seventh or eighth
position, as shown:
A B B B B

Similarly, for all the possible first positions of A there are:
« 4 arrangements of A and B with A in first position
« 3 arrangements of A and B with A in second position
« 2 arrangements of A and B with A in third position
« 1 arrangement of A and B with A in fourth position
o 1 arrangement of A and B with A in fifth position
o 2 arrangements of A and B with A in sixth position
« 3 arrangements of A and B with A in seventh position
« 4 arrangements of A and B with A in eighth position.
". There are 20 different ways of arranging A and B (i.e. the sum of the above arrangements).
For each of these 20 arrangements there are six places left, which can be filled by the students in 6! ways.

". Number of arrangements (total) =20 x 6! = 14400
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Example 10
How many different arrangements of the letters of the word TUESDAY are possible if:

(@) the three vowels are together (b) the first and last places are consonants

(c) the consonants and vowels occupy alternate positions?

Solution
The vowels are A, E, U; the consonants are D, S, T, Y.

(@) As the three vowels are together they can be regarded as one unit.

Thus there are five units (the four consonants plus the group of vowels) to be arranged in a row.
This can be done in 5! ways.

Also, the three vowels can be arranged in 3! ways.
Total number of arrangements = 3! X 5! =720
(b) There are restrictions on the first and last places, so fill them first.
o There are four consonants, so the first place can be filled in 4 ways.
o After the first place is filled, the last place can be filled in 3 ways.

« The remaining five places can be filled without
restriction in 5! ways. | 4 | 5 | 4 | 3 | 2 | 1 | 3 |

Total number of arrangements = 4 x 3 x 5! = 1440
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(c) The consonants (C) and vowels (V) occupy alternate positions, as
shown in the table on the right. There are more consonants than | C | Vv | C | Vv | C | Vv | C |
vowels, so the consonants must occupy the end places.

The four consonants can fill their places in 4! ways. The three vowels can fill their places in 3! ways.

. Total number of arrangements = 4! x 3! = 144

Arrangements in a circle

The number of ways of arranging n different objects in a circle, regarding clockwise and anticlockwise arrangements
as different, can be shown to be:

!
% =(n-1)! (This is shown in Example 11 below.)

In a circular arrangement there is no start or finish, so to count the arrangements one object needs to be fixed as the
‘starting’ object.

Example 11

In how many ways can the four people, Alexia, Bronwyn, Chanda and Divya, be arranged in a circle?
Solution

Method 1

There is no first place to fill, so any one person can be fixed as the ‘starting’ person (or the ‘fixed position’) and
the other three people arranged around her. This can be done in 3! ways.

A
Method 2
The diagram at right shows an arrangement of the four people (labelled with the first
letter of each name, A, B, C, D). D B
If A, B, C, D are kept in the same position relative to each other and then moved
all one place clockwise, they still have the same arrangement—the arrangement has .

not changed.

If A, B, C, D were arranged in a straight line and they were all moved along one position to the right (so that the
fourth position moved to the first position), then the arrangement would have changed.

(alsfc|p] [pfals]c| [c|pfaB| [B]c|D|[A]

You should be able to see that for every one arrangement of the group in a circle, there are four different
arrangements of the same group in a straight line.

.. Number of circular arrangements = Number of linear arrangements + Number of elements

4!

1=
43.6

Mutually exclusive operations—the addition principle

In Example 9(c) above there are two teachers A and B seated in a row and separated by at least three students.

A could occupy the first position and B the fifth position or A the first and B the sixth or A the first and B the
seventh, and so on. Arrangements like these are said to be mutually exclusive, because they cannot both be true at
the same time. For example, ‘A is first and B is fifth’ excludes the possibility that ‘A is first and B is sixth’—these two
descriptions cannot both be true at the same time.
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Example 12
How many numbers greater than 6000 can be formed using the digits 3, 4, 6, 8, 9 if no digit can be used
more than once per number?

Solution

Numbers containing either four digits or five digits can be formed.

For four-digit numbers, the first place can be filled in three ways by either 6, 8 or 9.

After the first place is filled (in any one of these three ways), four digits remain, any one of which can occupy
second place. Following the multiplication principle, the second place can be filled in four ways, the third place in
three ways and the fourth place in two ways:

". Number of arrangements =3 x4 x 3 x2 =72 | 3 | 4 | 3 | 2 |
4!
(4—3)

or Number of arrangements = 3 X ‘P, =3 x 72

For five-digit numbers the first place can be filled in five ways, the second in four ways, and so on.

". Number of arrangements =5 x4 X3 X2 x 1=120 |l 5 | 4 ]3| 2] 1]
_sp ot _
or Number of arrangements =P, = G- 120
You cannot form a four-digit number and a five-digit number at the same time. These two operations are
mutually exclusive.

". Total number of arrangements = 4-digit arrangements + 5-digit arrangements =72 + 120 = 192

EXERCISE 6.3 PERMUTATIONS

1 Simplify: (@) °P, () P, (¢) P, (@) °P, () °P, @& P, (@ "P, (h)"P,

N ! !
2 Simplify:(@) 5! (b)) 4 (©) 8 (d 7 (e g_: ) Z*: @) 18£| (h) ﬁ

3 How many different arrangements can be made using three of the letters of the word SUNDAY?
4 In how many different ways can five people be arranged in a row?
A 20 B 60 C 120 D 720
5 In how many ways can a first, second and third prize be awarded in a class of eight students?
6 How many different arrangements of the letters of the word MINOR are possible if:
(a) the two vowels are next to each other (b) the first and last letters are consonants?

7 In how many ways can four different consonants and four different vowels be arranged in a row, if:
(@) the four vowels are together (b) the first and last letters are consonants
(c) the vowels and consonants occupy alternate positions?

8 In how many ways can four girls and three boys be arranged in a row, so that:
(@) the boys are always together (b) the girls and boys occupy alternate places?

9 How many five-digit numbers can be formed using the digits 2, 3, 5, 6, 8, 9 if no digit can be used more than
once per number? How many even numbers can be formed?

10 Five different magazines and four different books are arranged in a row with the books standing together.
Indicate whether each statement below is a correct or incorrect step in the calculation of the total number of
arrangements.

(@) 5!x5! (b) 6!x4! (c) 9! (d) 17280
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11 Five swimmers and five runners are to be seated alternately in a row (i.e. alternating so that no two swimmers
or two runners sit next to each other). In how many different ways can this be done?

12 How many four-digit even numbers can be formed using the digits 3, 4, 7, 8 if:
(@) no digit is repeated (b) digits may be repeated?

13 How many numbers greater than 4000 can be formed using the digits 3, 5, 7, 8, 9 if repetition is not allowed?

14 How many numbers of seven digits can be formed using the digits 1, 2, 3, 4, 5, 6, 7 if:
(@) the numbers all begin with 1 and end with 2 (b) the numbers are all odd?

15 In how many ways can five different Mathematics books, four different Physics books and two different
Chemistry books be arranged on a shelf if the books in each subject must be together?

16 In how many ways can three doctors, three nurses and three patients be arranged in a row if the three patients
must be together?

17 Find the number of possible arrangements of the letters in the word PENCILS if:
(@) ‘E’isnextto T (b) ‘E’ comes before T (c) there are three letters between ‘E” and T.
18 How many five-digit numbers can be formed from the digits 1, 2, 3, 4, 5 if the same digit can be used more
than once per number and each number is:
(@) divisible by 5 (b) an even number (c) an odd number (d) divisible by 4?

19 A car holds three people in the front seat and four in the back seat. In how many ways can seven people be
seated in the car if two particular people must sit in the back seat and one particular person is the driver?

20 If 6Pr =120, find the value of r.

21 In how many ways can five lawyers and three judges be arranged in a circle if the judges are always to stand
together?

22 In how many ways can six people be arranged in a circle if two particular people are always:
(@) together (b) separated?

23 A father, a mother and six children stand in a ring. In how many ways can they be arranged if the father and
the mother do not stand together?

24 Four actors and four comedians are seated alternately at a round table (i.e. alternating so that no two actors or
two comedians sit next to each other). In how many ways can this be done?

25 The ratio of the number of arrangements of (2n + 2) different objects taken # at a time to the number of
arrangements of 27 different objects taken » at a time is 14:5. Find the value of n.

26 If 2"Pn =8x*7'P  find the value of n.

n-1°

27 Prove from the formula for "P_that: " lPr ="P +rx"P |

28 Show that: "P_= "_zPr +2r X ”_2Pr_1 +r(r—1) x "_ZPV_Z

29 In how many ways can five writers and five artists be arranged in a circle so that the writers are separated? In
how many ways can this be done if two particular artists must not sit next to a particular writer?

6.4 ARRANGEMENT OF n OBJECTS WHEN SOME ARE IDENTICAL

The number of ways of arranging # objects in a row when p of the objects are identical, and g of the objects are
identical (but different to the others), and so on, is not #! but instead:

n!

plq!...

(This is shown in Example 13 below.)
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Example 13

In how many ways can the six letters of the word MAMMAL be arranged in a line?

Solution

There are six letters, of which three are ‘M’ and two are ‘A’.
6!

31x2!
6X5X4%X3x2

T 3x2%x2 L

One of the 60 arrangements is MMMAAL. If the letters ‘M’ were different, e.g. M, M,, M, then this arrangement
could be six different arrangements (3!):

M,M,M,AAL M MM,AAL MM MAAL MMMAAL MMMAAL MMM AAL

.. Number of arrangements =

Without the subscripts, all these arrangements are the same. This is why 6! is divided by 3! in the calculation
of identical object arrangements.

Similarly, the two letters ‘A’ have 2! arrangements the same, so the result is also divided by 2!.

EXERCISE 6.4 ARRANGEMENT OF n OBJECTS WHEN SOME ARE IDENTICAL

1 In how many ways can the letters of MOTOR be arranged in a line?

2 In how many ways can the letters of NEWCASTLE be arranged in a line?

!
A 4 B 8! c 9 D %

3 The letters of PRINCIPLE are arranged in a line. In how many ways:
(a) can this be done (b) can the letters ‘P’ be next to each other?

4 In how many ways can the letters of PERMUTE be arranged if:
(@) consonants occupy the first and the last places
(b) the vowels and the consonants occupy alternate places?

5 (a) In how many ways can the letters of PRECISION be arranged?
(b) In how many of these arrangements do the vowels occupy all the ‘even’ places (second, fourth,
sixth, eighth)?
6 How many arrangements can be made of the letters of DEFINITION if:
(@) theletters T do not occupy the first or last place (b) the letters T are together?

7 How many arrangements of the letters of TOMATO are possible if the letters ‘O’ are never next to each other?
Indicate whether each statement is correct or incorrect.

6! 51 6 5l
@ 2> ) 5 © Jrxz—y @120

8 How many arrangements of the letters of PARRAMATTA are possible?

9 Seven cubes, identical except that four are red and three are black, are arranged in a row. How many different
arrangements are possible?

10 Three blue, three white and three red balls are placed in a row.

(@) How many different arrangements are possible?
(b) In how many of these arrangements are the red balls together?

11 How many seven-digit numbers can be formed that contain all the digits 2, 3, 3, 3, 4, 5, 62
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12 Find the number of different ways in which # students can stand in a row when two are boys, the rest are girls,
and the boys all stand together.

13 Five drummers and five singers sit together in a row.
(@) In how many ways can this be done?
(b) In how many ways can this be done if a particular drummer must not sit between two particular singers?

14 In how many ways can four people be accommodated at a hotel if there are four rooms available? (Assume that
each room has enough beds for everyone.)

6.5 COMBINATIONS

A combination (or ‘selection’) is an unordered permutation of all or part of a set of objects.

Note: For combinations, the order is not important.

Consider a set of four people, A, B, C and D. In groups of two people at a time, they can be arranged as follows: AB,
AC, AD, BC, BD, BA, CD, CA, CB, DA, DB, DC.

There are 4P2 =12 arrangements.

However, the number of combinations (selections) of two people at a time is only six. For example, AB and BA are
two arrangements, but only one combination—the order in which they are combined does not matter. A and B can
be arranged together in 2! ways, but combined in only one way.

The six different combinations (selections) are as follows: AB, AC, AD, BC, BD, CD.

Thus there are Z 12 6 combinations.

212
4
The number of combinations of four people taken two at a time is represented by the symbols *C, or [ } and you
L a. 'p 12 2
can write: "C, = S1=75 = 6.
Example 14
How many groups of three can be selected from the four people A, B, C and D?
Solution
The selections are: ABC, ABD, ACD, BCD.
4
P, 4x3x2
. . N _
Number of combinations ="C, = T 3% 4

Number of combinations "C_or (:’]

n
The symbol "C_ or ( J denotes the number of combinations of n different objects taken r at a time. Each
r

combination consists of a group of r different elements that can be ordered in r! ways.
Note the difference between ordered and unordered sets of objects:
+ An ordered sample of r objects taken from # different objects can be chosen in "P_ways.
+ An unordered sample of r objects taken from  different objects can be chosen in "C_ways.
An unordered sample can be ordered in ! ways.
Hence r!x"C ="P,
n) "p

VIC — — r
r r r!

_n(n—-1)(n-2)...(n—r+1)
B r!
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This result can be written differently using factorial notation:

ne :(nj: n(n—1)(n-2)...(n—r+1)x(n—r)!

r rlx (n—r)!

n~ (M) n!
oo}

_7x(7-1)X..X(7=34+1) 7X6X5
- 3! T 3x2x1

7' 7X6X5
3731(7-3)1 3x2x1

Hence, for example: 7C3 35 or 'C 35

Example 15

In how many ways can a group of four people be selected from ten people if:
(@) there are no restrictions (b) the oldest person is included in the group
(c) the oldest person is excluded from the group?
(d) What proportion of all possible groups contain the oldest person?

Solution

. 100 10X9%8X7
() Number of ways = "C, = 317 5— 5= 25 3x2x1

(b) Automatically including the oldest, the selection is now for three out of nine people.

9~ 9 9x8x7
Number of ways ="C, = 310-3)1 ~ 3x2x1

(c) Excluding the oldest, the selection is now for four out of nine people.

9. 9 9x8XTX6

Number of ways ="C, = J15—1y = Tx3x2x1

(d) 84 out of the 210 possible sets contain the oldest person.
2

210 5

=210

=84

=126

Proportion = =40%

You can use the "C key or function on your calculator to check your answers to this work.

It is a good idea to write the numerical expression for the "C result and to practise the numerical simplification. This
practice will help you to simplify the algebraic expressions that can occur in this work.

MAKING CONNECTIONS °

Combinations
Use technology to calculate the number of combinations of n different objects taken r at a time.

Important result

From the definition for "C :

n— _ h — n! n _ n _ n! _ n!
Cr_(rj_ ri(n—r)! and C”r_(n —r) T (n=-)n—=(m=r))!  (n—r)r!

n n
Thus: "C ="C _ or ( }:( ]
r n—r

This means that the number of combinations of #n objects, taken r at a time, is equal to the number of combinations
of n objects taken (n —r) at a time.

For each set of r objects selected, there is a set containing (n — r) objects is left behind. Thus there must be the same
number of sets containing (n — r) objects as there are containing r objects.
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9% —
CoToo—er - exal ~ 3 - G
This useful result allows you to simplify your calculations by calculating smaller factorials:
9 9 9! _ 9IxX8X7 _
R I TCE) A T
Example 16

A class consists of 15 students, of whom five are prefects. How many committees of eight students can be
formed if:

(a) there are no restrictions (b) each committee contains exactly two prefects

(c) each committee contains at least two prefects?

Solution

= 6435

() Number of committees = 15) (15) 150 15Xx14X13x12x11x10x9
8 ) |7 ) 7'1(15=-7)! 7!

(b) The class contains five prefects and ten non-prefects. You have to select two prefects and six non-prefects.

e g T s g | e e i
umber of ways of selecting two prefects=|  |=rz—y="—"7—=

o 101 (10 10! 10X9x8x7
Numberofwaysofselectmgsmnon-prefects—(6J_(4j_4!(10_4)!_ o - 210

5 10
Number of committees = (2] X ( ; j =10x210=2100

(c) The committees may consist of:
o two prefects and six non-prefects o three prefects and five non-prefects

o four prefects and four non-prefects o five prefects and three non-prefects

These results are mutually exclusive, so the results are added.

st 3} -G

:5><4X10><9><8><7+5><4><3X10><9><8><7><6+§X10><9><8><7+1X10><9><8
2X1  4X3x2X1 3X2X1 5X4x3x2x1 1 4Xx3x2Xxl1 3x2x1

=2100 + 2520 + 1050 + 120 = 5790

Doing the numerical calculations by showing this working-out will help you to develop the skills you will

n
need to simplify expressions involving ( ] It’s tempting to just write the first line of working and then use
r

your calculator, but you shouldn’t do that!

Note: Part (c) could also be calculated by finding how many committees contain only one or zero prefects,

then subtracting this from the total number of committees without restrictions.

15 10 10 5
Number of committees = — - X =5790
8 8 7 1
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Example 17
In how many ways can four runners and three swimmers be arranged in a row if there are eight runners and five
swimmers to select from?

Solution
First select the total group of seven runners and swimmers, then arrange the group in a row:

o four runners and three swimmers can be selected in °C, x °C, ways.
o The group of seven can be arranged in 7! ways.
Number of arrangements = °C, x °C, x 7!

_ 8X7x6X5_ 5x4

= .
Ix3x2x1 " 2x1 x7!=3528000

This answer is not °P, x °P,, because the group has to be selected before it can be arranged. When selecting the
group the order is not important, so the number of ways the group of seven can be selected is °C, x °C,. After the
group is selected they can then be arranged in a row.

Example 18

Prove that: "*"C ="C +"C_"C,+"C_,"C,+...+"C,'C,_ +C

1 r

G CH

2

Solution
The symbol "*"C_denotes the number of selections, each of r objects, when you select from two sets containing
m and n objects respectively.

The r objects can be selected as follows (assuming 7 is not greater than either m or n):

r objects from m and no objects from n in "'C_ways
or (r— 1) objects from m and one object from n in "C_ "C, ways
or (r—2) objects from m and two objects from n in "C_"C, ways

and so on until:

no objects from m and r objects from # in "C_ways.
These selections are mutually exclusive, so they are added to obtain the final result:
mC ="C +"C,_"C,+"C _,'C,+...+"C)’C,_,+"C"C,_ +"C,

2 1

Example 19
Prove that: "*'C, ="C,+"C, ,

Solution
Method 1

The symbol "*'C, denotes the number of selections, each of k objects, when you select from two sets containing n
objects and 1 object respectively.

The k objects can be selected as follows (assuming k < n):
« k objects from the set of n and none from the set of one in "C,'C, = "C, ways
o (k—1) objects from the set of n and the other one object in "C,_,'C, ="C, _, ways.
Note that 'C,=1and 'C, = 1.
These two selections are mutually exclusive, so they are added to obtain the final result:
n+1Ck — an + an_l
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Method 2
Use the result for "Cr in factorial notation:

_n! n!
LS Rm=k) T k=D (n—k+1)!

"C,+"C,_

= n!( 1 + 1 ]
k'(n=k)! (k—=1)!(n—k+1)!

o n—k+1 k from k'=k(k—-1)!

_n'(k(k—l)!(n—k+1)!+k(k—l)!(n—k+1)!) {and (n—k+1)!=n—k+1)x(n—-k)!
nl'(n+1)

T K n+1-k)! Note: n-k+1)=(n+1-k)

_ (n+1)!

T kl(n+1-k)!

:n+le

Combinations of any number of objects
The symbol "C_can also be described as representing the number of r-subsets in a given set, where 0 < r < n.

If no specific value of r is stated, r can assume any value between 0 and # inclusive. Hence the number of subsets that
each contain at least one element, i.e. the number of non-empty subsets in an n-set, is "C1 + "C2 + "C3 +...+ ”Cr.
From a set of n objects, each object can be dealt with in two ways: it can be included or it can be excluded. The
number of ways of dealing with the # objects is thus 2 X 2 x 2 X... to n factors, or 2". But this includes the case
where all n objects are excluded, so the number of combinations of at least one object is 2" — 1.

”C1+”C2+”C3+...+”Cr:2”—1

Example 20

How many selections can be made from five different books, taking any number of books at a time?

Solution
The books can be selected one at a time, two at a time, or up to five at a time.

Number of selections = 5C1 +5C2+5C3+5C4+5C5
=5+4+10+10+5+1
=31=2"-1

Example 21
In how many ways can four people be divided into:

(@) an A pair and then a B pair (b) any pairs?
Solution

(@) Number of ways the A pair can be selected = 4C2 =6
Number of ways the B pair can now be selected = 1

. Number of ways an A pair and a B pair can be selected=6 X1 =6
After the first pair is selected, there is only one pair left for the B pair.

In this question you are distinguishing between the two pairs selected by calling them A and B.
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(b) Number of ways of selecting two people from four =“C, =6
Let the people be W, X, Y, Z, so the six possible pairs are WX, WY, WZ, XY, XZ, YZ.

Unlike in part (@), the order of selecting the two pairs now does not matter, so WX and YZ is not

considered different to YZ and WX. ic 6
Thus the number of ways of dividing four people into two pairs = 2—,2 =3= 3
Example 22
In how many ways can six people be placed into three groups containing:
(@) three, two and one people respectively (b) two people in each group?
Solution

(@) Three people can be selected from the six people in 6C3 ways.
From the remaining three people, two people can be selected in °C, ways.
This leaves one person for the last group.

6 3
Number of ways ="C, X °C, X 1

G 3| _6x5x4_
=363 G- 1T 2 -0

(b) Two people can be selected from six people in 6C2 ways.

From the remaining four people, two people can be selected in 4C2 ways.

This leaves two people for the last group.

You might distinguish between the groups, e.g. by calling them X, Y, Z.

The number of ways people can be put into three distinct groups of 2 = 6C2 X 4C2 x1=90

If the groups are indistinguishable (i.e. do not have names), then you have to divide the total number
of arrangements by 3! (the number of arrangements of the three groups).

°C,x"Cyx1_90 _

3 =

Number of ways people can be put into any three groups of two =

EXERCISE 6.5 COMBINATIONS

1 Simplify, without using your calculator:

7 9 8 12 12 15
@ 'C, (b) °C, (€ °C, d “C, (e [ 4J (f) ( j

1
@ ﬁ () m 0 'c, 0 (”) ®'C 0 (”)
9 4 2 4 " k

2 Evaluate:
@ “c, (b) *c, © *c, @ "C.

15 18 16 48
e h
@ (loj M (11) @ (8) ") [45]
3 In how many ways can three books be selected from eight different books?

4 How many different hands of five cards can be dealt from a standard pack of 52 playing cards?

5 In how many ways can a jury of 12 people be chosen from 20 people?
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The number of ways of picking six numbers from 45 numbers is:
A *C B “P C 6x%C D 6x"P

6 6

In how many ways can a set of two cooks and three waiters be selected from five cooks and four waiters?

How many different selections can be made by taking three of the digits 4, 5, 6, 7, 8, 9?

In how many ways can a committee of four teachers and five parents be formed from eight teachers and seven

parents?

From eight lawyers, seven clerks and five judges, how many different groups could be formed that contain
five lawyers, four clerks and three judges? Indicate whether each answer is correct or incorrect.

@ *c, (b) °P,x’P,x°P, (©) *C,x’C,x°C,

(d) 19600

In how many ways can eight different rabbits be divided into a group of five and a group of three?

A committee of six is selected from ten people, of whom A and B are two. How many committees can

be formed:

(@) containing both A and B (b) excluding A if B is included?

In how many ways can three cards be selected from a standard pack of 52 playing cards if:

(@) at least one selected card is an Ace (b) no more than one selected card is an Ace?

In how many ways can a team of three runners and four hurdlers be chosen from six runners and seven

hurdlers?

A committee of seven politicians is chosen from ten Liberal members, eight Labor members and
five independents. In how many ways can this be done to include exactly one independent, at least three

Liberal members and at least one Labor member?

A team of 11 is chosen from 15 cricketers. Five of the 15 cricketers are bowlers only, two are wicketkeepers
only and the rest are batters only. How many possible teams can be chosen that contain:

(@) four bowlers, one wicketkeeper and six batters
(b) at least four bowlers and at least one wicketkeeper?

From seven teachers and five students, a committee of seven is formed. How many different committees can
be selected if teachers and students are both represented and the teachers are in a majority?

From four oranges, three bananas and two apples, how many selections of five pieces of fruit can be made,

taking at least one of each kind?

In horse racing, a ‘trifecta’ is when the first three horses are picked in the correct order, while a ‘quinella’ is
when the first two horses are picked in any order. In a ten-horse race, what is the number of possible:

(@) trifecta combinations (b) quinella combinations?

In how many ways can a jury of twelve people be chosen from ten women and seven men so that there are at

least six women and not more than four men?

In how many ways can a group of three or more be selected from nine?

In how many ways can a committee of three women and four girls be chosen from seven women and six girls

so that if the eldest woman is serving on the committee then the youngest girl is not?

How many (a) selections or (b) arrangements, consisting of three consonants and two vowels, can be made

from eight different consonants and four different vowels?

In how many ways can four Physics books and three Mathematics books be arranged on a shelf if a selection

is made from six different Physics books and five different Mathematics books? In how many of these

arrangements are all the Physics books next to each other?
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25 In how many ways can three glasses and two plates be arranged in a row if a selection is made from five different
glasses and four different plates? In how many of these arrangements does a glass occupy the middle position?

26 How many words (i.e. any arrangements of letters) containing three consonants and two vowels can be formed
from the letters of the word PROMISE?

27 If, ”C6 = ”C4, find the value of n.

28 In how many ways can nine books be distributed among a teacher, a parent and a child, if the teacher receives
four, the parent three and the child two?

29 In how many ways can eight different toys be divided into two unequal groups?
30 In how many ways can eight basketball players be divided into four groups of two?

31 In how many ways can n objects be shared between two people? (‘Shared’ means that each person gets
at least one.)

32 From the definition of "C,, prove each of the following:

@ "c+"C. . =""'C_, (b) "C +2x"C,_, +"C,_,=""*C,
© "c,="""*lxrc (d) "*"C,="C,+"C,'C,+"C,"C,+"C,

+3
() "C="C+3x"C_,+3x"C _,+"C_,

33 The ratio of the number of combinations of (2n + 2) different objects taken # at a time to the number of
combinations of (2n — 2) different objects taken n at a time is 99:7. Find the value of .

6.6 COUNTING TECHNIQUES IN PROBABILITY

This section builds on the counting techniques developed earlier in the chapter. A brief summary of the necessary
knowledge follows.

Factorial notation
nl=nn—-1)(n—-2)...x3x2x1 0l=1
Permutations
A permutation is an ordered selection or arrangement of all or part of a set of objects.

 The number of arrangements of n different objects is n!

. . . . n!
o The number of arrangements of r objects selected from » different objects is "P, = i=r)i

o The number of ways of arranging »n objects when there are p identical objects of one kind, g identical objects
!
of another kind, etc. is ﬁ
Combinations

A combination is an unordered selection of all or part of a set of objects.
A combination (or ‘selection’) is an unordered permutation (or ‘arrangement’).

- . . . . n n!
« The number of combinations of r objects selected from # different objects is "C, = (r ) = n=r)

Useful results

ne~ | B n! n n o) n!
C’_(rj_r!(n—r)! and C”‘T_[n—rJ_(n—r)!r!

Thus: "C,="C,_, or (”]:( " J
r) \n—r
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This means that the number of combinations of # objects taken r at a time is equal to the number of combinations of
n objects taken (n —r) at a time.

Probability
P(A)= number of favourable outcomes 0<P(A)<1 P(Z)— 1- P(A)
~ number of possible outcomes ’ ~ ~ - B
Mutually exclusive events: P(A or B) =P(A) + P(B)
Not mutually exclusive events: P(A or B) = P(A) + P(B) — P(A and B)
Independent events: P(A and B) = P(A) x P(B)
Example 23

PINs (Personal Identification Numbers) are short number codes used as a security device.

(@) How many four-digit PINs can be made using the digits 0, 1, 2,... 9?2

(b) What is the probability that someone can randomly guess the four-digit PIN?

(c) Asa further security measure, some financial institutions require a four-symbol code that is made
using the 26 letters of the alphabet and/or the digits 0-9. How many different four-symbol codes
can be created?

(d) What is the probability of someone correctly guessing one of these four-symbol codes?

(e) What is the probability of someone correctly guessing the four-digit PIN and the correct
four-symbol code?

Solution
_ i : _ 1 __1
(@) Number of PINs = 10" = 10000 (b) P(guessing PIN)= To7 ~ 10000
(c) There are 26 letters of the alphabet and 10 digits. Number of codes = 36" = 1679616

. 1 1
(d) P(guessing symbol code)= 367 1679616
1 1

) 1
(e) P(guessing both PIN and symbol code)= Tof X 36% ~ 16796160000

Example 24
In horse racing, a ‘quinella’ is when the first two horses are picked correctly (in any order). In a twelve-horse race,
what is the probability of picking the quinella, assuming that each horse is equally likely to win?

Solution

12 horses total, two picked for a quinella: Number of quinella combinations = >C, = 66
Only one of these combinations wins: ~ P(winning quinella) = %

Example 25

Eight people in total, including two people A and B, randomly arrange themselves in a straight line. What is the
probability that:

(a) A and B are next to each other (b) A and B are not next to each other
(¢) A and B occupy the end positions (d) there are at least three people between A and B?
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Solution
(@) Eight people can be arranged in a row in 8! ways = 40320
As A and B are next to each other, consider them as one unit.
This unit and the other six people can be arranged in 7! ways.
A and B can be arranged in two ways (AB or BA).
Total ways of arranging the people =2 x 7!

2x7! 2x7! 1

8~ 8x7! 4
(b) P(A and B not next to each other)=1—P(A and B next to each other)= —i = %
() A and B can be placed at the ends in two ways (A at the beginning and B at the end, or B at the beginning
and A at the end). The remaining six places can be filled in 6! ways.
Total number of ways with A and B at the ends =2 X 6!
2x6!_ 2x6l 1
8 8x7x6! 28

(d) A diagram helps to visualise the possibilities:
A B___,A____B__A B_ A B.

_A___B__, _A_ B_, _A B.

_A B, __A_ B.

___A___B

A and B can be swapped, so this gives 10 x 2 = 20 arrangements for A and B with 6! ways of filling the
remaining six places.

P(A and B next to each other) =

P(A and B occupy end positions) =

Total number of favourable arrangements = 20 X 6!
20x6!  20x6! 5
8! 8x7x6! 14

P(at least three people between A and B) =

Example 26
A bag contains nine cubes: three that are white and six that are black. Two cubes are drawn at random without
replacement. Calculate the probability that both cubes are black.

Solution
Method 1

Number of ways two cubes can be selected from nine cubes without replacement =°C,
Number of ways the two cubes can be black =°C,

6
_°C, 6x5_2x1_ 5
P(both cubes are black) = 9C2 = o1 X ox3- 12

Method 2

Let A be the event ‘black cube in the first draw’” and B be the event ‘black cube in the second draw’
Each cube is equally likely to be selected, so P(A) = g

The outcome of the second draw is dependent on the outcome of the first draw:

if event A has happened then there are eight cubes left, of which five are black.

Hence P(B|A)=3

Now P(AB)=P(A)><P(B|A)=g>< 5

12

oo
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Example 27

A group of nine people contains three teachers and six students. A random sample of five people is selected.
What is the probability that it contains: (@) exactly two teachers (b) not more than two teachers?
Solution

(@) Exactly two teachers means the sample contains two teachers and three students.

9
Number of ways of selecting five people from nine people = [5]

3
Number of ways of selecting two teachers from three teachers = (2j

6
Number of ways of selecting three students from six students = (3)
. 3) (6
Number of ways of selecting two teachers and three students =|  |x

Hence: P(two teachers and three students) = 5

3 6
9\ (9 2)*(3 6X5x4 _ 4x3x2x1 _ 10
_ ) _ _ X 5% X3x2xX1 _
Remember(Sj—(J. P(two teachers and three students) = (9J =3X 3% 2 X1 X Ox8xX7x6 " 21

5

(b) Not more than two teachers means either zero teachers and five students, one teacher and four students
or two teachers and three students.

. (6
Zero teachers and five students can be selected in ways.

FHEHCH) e

Hence:  P(not more than two teachers)= 9J 126 )

Example 28
From a set of five cards numbered 1, 2, 3, 4, 5, two cards are selected at random without replacement.
(@) What is the probability that both cards are odd-numbered?
(b) If the cards are used to make a two-digit number, what is the probability that this number is odd?

(c) If the cards are used to make a two-digit number, what is the probability that this number has one
odd digit and one even digit?
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Solution
(@) Number of different two-card selections = C,=10
Number of two-card selections where both are odd => C, x 2C0 =3
P(both cards are odd) = %

(b) Method 1
The second digit must be odd, so the order is important.
Number of odd numbers formed = 3P1 X 4P1 =12

Number of two-digit numbers formed =P, = 20

P(odd two-digit number formed) = % = %

Method 2
To be an odd number, the cards must be odd-odd or even-odd.

P(0dd number ) = P(0dd, odd)+ P(even, odd)

_3.,2.,2.3
=5Xyt5Xy
_12

20
_3

5

() One even digit and one odd digit: number of ways=2x3=6
Number of different two-card selections = 5C2 =10

P(one even digit and one odd digit) = % = %
If you consider the order: P(one even digit and one odd digit) = % = % (i.e. the same answer)

Example 29

A box contains 10 pairs of headphones, two of which are defective. A sample of three pairs of headphones is drawn
at random from the box without replacement. Find the probability that not more than one pair of headphones is
defective.

Solution
Number of possible selections = 10C3 =120

Number of favourable selections = [0 defective] + [1 defective]

‘0 defective’ means that 0 (none) of the two defectives are selected and three of the eight non-defectives are
selected,
. 2 8
i.e. “C, X "C, ways.
‘1 defective’ means that one of the two defectives is selected and two of the eight non-defectives are selected,
ie. 2C1 X 8C2 ways.

8X7X6 8x7
= 3% %1 +2X %1 =56+56=112

Number of favourable selections = *C, x *C; + °C, x *C,

P(not more than 1 defective) = % = %
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Example 30

A scientific study of penguins uses the ‘capture-recapture’ technique. In the first stage of the study, 36 penguins are
caught, tagged and then released. Later, in the second stage of the study, some penguins are again captured from
the same area. Of these penguins, 27 of them are found to be tagged, which is 30% of the total number captured
in this second stage.

(@) Inthe second stage of the study, how many penguins are captured in total?

(b) Calculate the estimate for the total population of penguins in this area.

Solution
(@) 271is30% of total captured, N: 27=0.3N
N= % =90 Hence 90 penguins were captured.

(b) P is the total population of penguins in the area.

. 27 36
Use the ratio: 90" P
36%90
pP= A 120
36 . L
or: 03=+% The penguin population is about 120.

EXERCISE 6.6 COUNTING TECHNIQUES IN PROBABILITY

1 Five cards are drawn at random from a standard pack of 52 playing cards. What is the probability that:
(@) they are all from the same suit  (b) they include four Aces  (c) they include three 10s and two 9s?

2 A bag contains five red balls and four white balls. Three balls are withdrawn without replacement. The
probability of drawing at least two red balls is:
A o 5 ¢ o D B

3 A student writes a random three-digit number using the digits 1-9. What is the probability that the three
digits in the number are all the same?

4 In horse racing, a ‘trifecta’ is when the first three horses are picked in the correct order. In a 10-horse race, what
is the probability of picking the trifecta, assuming that each horse is equally likely to win?

5 A bag contains three white balls, four red balls and five black balls. Three balls are drawn at random without
replacement. What is the probability that they are: (a) different colours (b) the same colour?

6 From a group of seven teachers and five students, a random selection of seven people is made. What is the
probability that the selection contains at least four teachers?

7 A committee of three judges and four lawyers is to be chosen from six judges and seven lawyers. What is the
probability that it contains a particular judge and a particular lawyer?

8 Five cards are drawn from a standard pack of 52 playing cards (without replacement). What is the probability
of drawing at least three Aces?

9 A person correctly picks the first and second horses in a race of 10 horses. If each horse was equally likely to
win, what is the probability of this?

10 The letters of the word PROMISE are arranged in a row. What is the probability that there are three letters
between P’ and ‘R’?

11 Six giraffes randomly arrange themselves in a line. What is the probability that the tallest giraffe and the
shortest giraffe are together?
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12

13

14

15

16

17

18

19
20

21

22

23

24

25

26

27

28

Four different trucks and three different cars are parked in a row. What is the probability that the trucks and
the cars occupy alternate positions?

A car’s number plates contain three letters of the alphabet followed by three numerals. How many number
plates like this can be made? What proportion of these would contain three letters the same and three
numerals the same?

The letters of the word INDEPENDENCE are arranged in a row. What is the probability of all the letters ‘E’
being together? Indicate whether each statement below is a correct or incorrect step in solving this problem.

(@) Number of arrangements of the letters = (b) Number of ways that the letters ‘E’

12!
4!1312!
her — 9!

are toget er_m

() Number of ways that the letters ‘E’ are together = 3031

(d) Probability of the letters ‘E’ being together = %

A carton contains a dozen eggs, of which three have a double yolk. If three eggs are taken to make a cake, find
the probability that the three eggs all have double yolks.

A team of six is selected from 10 people. What is the probability that the youngest and oldest people are on the
team?

A box contains five red cubes and four white cubes. Three cubes are drawn in succession without replacement.
What is the probability that: (@) the first two cubes are red and the third cube is white
(b) any two cubes are red and one cube is white?

An angler has caught 15 fish, of which three are undersized. A random sample of three fish is drawn without
replacement by an inspector. The angler is fined if one or more of the fish in the sample is undersized. What is
the probability that the angler is fined?

Eight different jackets are divided into two piles. What is the probability that there will be four in each pile?

A party of 12 people, including A and B, are arranged at random in a straight line. What is the probability that
A and B are not next to one another?

A box contains 15 memory cards, of which 5 are defective. If a random sample of 6 memory cards
is drawn from the box (without replacement), determine the probability of there being 0, 1, 2, 3, 4, 5 defective
memory cards in the sample.

An urn contains 12 distinguishable cubes of which five are red and the remainder black. If a random sample
of six cubes is drawn without replacement, calculate the probabilities of 0, 1, 2, 3, 4, 5 red cubes in the
sample.

Two boxes each contain eight balls. In box A there are three black and five white balls; in box B there are
one black and seven white balls. For each box, find the probability that two balls chosen at random without
replacement will both be white.

A sample of three coins is selected without replacement from a handful of eight coins that consists of four 10c
coins and four 20c coins. What is the probability that the sample contains at least two 10c coins?

A hand of five cards is dealt from a standard pack of 52 playing cards. What is the probability that it contains
at least one Ace?

From a group of 12 people, of whom eight are painters and four are carpenters, a sample of four is selected at
random. What is the probability that the sample contains at least two carpenters?

Box A contains six white and four black balls. Box B contains two white and two black balls. From box A, two
balls are selected at random and placed in box B. Two balls are then selected at random from box B. What is
the probability that exactly one of these two balls is white?

From a set of 10 cards numbered 1-10, two cards are drawn without replacement. What is the probability that:
(a) both numbers are even (b) one is even and the other is odd
(c) the sum of the two numbersis 12  (d) both numbers are even and the sum of the two numbers is 12?
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29 The letters of the word TOMATO are arranged in a row. What is the probability that:
(@) the two letters ‘O’ are together (b) the two letters ‘O’ are not together?

30 The letters of the word TUESDAY are arranged at random in a row. What is the probability that:

(@) the vowels and consonants occupy alternate positions (b) the vowels are together
(c) the vowels are together and the letter “I” occupies the first place?

31 Four girls and four boys arrange themselves at random in a row. What is the probability that the girls and the
boys occupy alternate positions?

32 Six different robots, including A and B, arrange themselves at random in a row. What is the probability that:

(@) A and B occupy the end positions (b) A and B are not next to each other
(c) there are at least three robots between A and B?

33 The digits 1, 2, 3, 4, 5, 6 are used to form numbers that contain two or more digits. The same digit cannot be
used more than once in a number. What proportion of the numbers formed are even numbers?

34 Five cards are selected with replacement from a standard pack of 52 playing cards. What is the probability that
the selected cards include:

(@) exactly three hearts (b) four Aces (¢) no hearts?

35 A game involves choosing six numbers from a set of 44 numbers.

(@) What is the probability of winning (i.e. choosing the six numbers correctly) in a single game?
(b) If you play four games, choosing a different set of numbers for each game, what is the probability that one
of your games will win?

36 A scientific study uses the ‘capture-recapture’ technique. In the first stage of the study, 48 possums are caught,
tagged and then released. Later, in the second stage of the study, some possums are again captured from the
same area. Of these possums, 24 of them are found to be tagged, which is 40% of the total captured in this
second stage.

(@) In the second stage of the study, how many possums are captured in total?
(b) Calculate the estimate for the total population of possums in this area.

An interesting problem—who shares your birthday?

Example 31
In a random group of people, what is the probability that at least two people in the group have the same birthday (i.e.
the same day and month, but not necessarily the same year)? This example investigates this problem.

(Note: 29 February and leap years will be ignored, assuming instead 1 year = 365 days.)

(@) Inagroup of four people, what is the probability that there is at least one birthday shared?

(b) Inagroup of 10 people, what is the probability that there is at least one birthday shared?

(c) Ina group of n people, what is the probability that there is at least one birthday shared?

(d) For what value of n is there a 50% chance that at least two people in the group have the same birthday?

Solution
(@) If two people have their birthday on different days, then there are 364 days on which the second person
could have been born.

In a group of four people, the probability that no two people are born on the same day = % X % X %
. : . . 364363362
Probability of at least one birthday in common =1— 365 X365 X 3¢5 ~ 00164
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(b) Ina group of 10 people:
364 363 362 355 P,

Probability that no two people are born on the same day = 365 X365 X365 X X365 = 3650

364

Probability of at least one birthday in common =1— 365118 ~0.1411

(c) Inagroup of n people: -

Probability that no two people are born on the same day = 36SZ

364 P
n

365"

364
(d) To find a 50% chance you must solve the equation: 1— 7 L=0.5

n
364 J2)
n

Probability of at least one birthday in common =1—

That is, solve for n the equation:

This cannot be done analytically, but by substituting values for 7 you can find the answer by trial and error.

From (b) you know # > 10. Trying n = 20: % =0.556
Trying n = 25: By ~0.4012
365>
Trying n =22: E ~0.5234
365

364P
Trying n = 23: 2 ~0.4917
ying 36523

Hence the closest value of n is 23.

An interesting problem similar to the birthday investigation above is the ‘Hermit Problem;, which you may wish
to research.

6.7 EXPANSION OF (1 + x)", PASCAL’S TRIANGLE

By multiplying to expand the brackets, it can be shown that (1 + x)" is equal to the following:

n=0: (1+x)°=1
n=1: 1+x)'=1+x
n=2: (1+x)7’=14+2x+ x°
n=23: (1+x)°=143x+ 33> + x°
n=4: (1+x)*'=14+4x+ 6x* + 4x° + x*
n=>5: (14+x)°=145x+10x"+10x" + 5x* +x°
n=6: (1+x)°=1+6x+ 155" +20x° + 15x" + 6x° + x°
You can see that in each case, the expansion of (1 +x)" for n=1, 2, 3,... is a polynomial of degree  in the variable x.
The coefficients of the successive powers of (1+x)° 1
the expansion of 1 + x can be arranged in a (1+x)! 1 1
triangular pattern called Pascal’s triangle, (1 +x) 1 2 1
as shown on the right. 1+ x)? 1 3 3 1
(1+x)* 1 4 6 4 1
1+x) 1 5 \ 10 5 1
(1+x° 1 6 15 6 1
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Pascal’s triangle
Create and explore the construction of Pascal’s triangle.

Properties of Pascal’s triangle
1 The first and last number in each row is 1.

2 Every number not at the end of a row is the sum of the two numbers in the row above it to the left and right
(e.g.10=4+6, 15=5+10, 20=10+ 10).

3 The number of terms in each row is one more than the value of .
4 The second and second-last terms in each row are the value of n.
These properties enable the expansion of (1 + x)" to be written for any integer value of n. For example:
n=7: (1+x) =1+7x+21x* +35x +35x* + 21x° + 72° + (eight terms)
n=_8: (1+x) =1+ 8x+28x” + 56x° + 70x* + 56x° + 28x° + 8x” + x° (nine terms)
Unfortunately, using these properties of Pascal’s triangle to find the coefficients of any particular expansion requires

all the previous rows. For example, to expand (1 + x)'? in this way you would first need all the rows up to n= 11 to
find the 12th row of Pascal’s triangle.

However, there is a more efficient way to find the coefficients. You can establish a relationship for the coeflicients for
the expansion of the general case (1 + x)".

To do this, you can use the notation "C_ in place of the coefficient, where the right subscript r is the power of x and
the left superscript # is the power n. Previously defined as the number of combinations of # different objects taken r
at a time, ”Cr, is also by definition the coefficient of x" in (1 + x)".

Thus you can write the general expansion of (1 +x)" as:

(1+x)"="C,+"Cix+"C,x* +...+"C x"+...+"C x"
n
ZZnC xr
r
r=0

If you write g in place of x and multiply both sides by 4", you obtain:
n_ _n b !
(a+b)' =a (1+E)
2 r n
:a”[”CO+ ”Clé+ ”Cz(éj +...+ ”C,(é) +...+ ”Cn(é) J
a a a a
="C,a"+"Ca" 'b+"Ca" b+, +"C.a" b+, +"Cb"
ZZnCran—rbr
r=0

This is the binomial theorem. Notice that in each term the sum of the powers in a” "b" is n — r + r = n. As the power
of a decreases with each term, the power of b increases by the same amount.

Example 32

Write the expansion of (1 + 2x)*, using Pascal’s triangle to obtain the coefficients.
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Solution
Write: (1 +2x)*= 4C0 + 4Cl(2x)1 + 4C2(2x)2 + 4C_,,(Zx)3 + 4C4(2x)4
From Pascal’s triangle: 4C0 =1,"C,=4,"C,=6,"C,=4, 4C4 =1
(1+2x)*'=1+4x2x+6x4x*+4x8x" +1x 16x"
=1+ 8x+24x" + 32x” + 16x*

Example 33

Write the expansion of (1 — x)’.
Solution

Write: (1 -x)’= 3C0 + 3C1(—x)1 + 3C2(—x)2 + 3C3(—x)3
From Pascal’s triangle: 3C0 =1, 3C1 =3, 3C2 =3, 3C3 =1

1-xP1=14+3x(=x)+3xx*+1x (=)
=1-3x+3x"—-x"

Example 34
Write the simplified expansion of (1 +3 )

Solution

(1+J§)6 =°C, +°C, x3+°C, x(\/g)z +°C, x(\/§)3 +°C, x(ﬁ)4 +°C, x(\/§)5 +°C, ><(\/§)6
=1+6><\/§+15><(\/§)2 +20><(\/§)3+15><(\/§)4 +6><(\/§)5 +(\/§)6
=14 6+/3 + 45+ 603 + 135+ 54/3 + 27
=208 +120/3

Example 35

Find the coefficient of a* in (1 + 5a)°.

Solution

Method 1
(1+5a)’=14+5x5a+10 % (5a)*+10 % (5a)° + 5 x (5a)* +...

After the required term is found, there is no need to find succeeding terms.

(1+5a)’ =1+ 25a + 250a* + 1250a° + 3125a" + ...

The coefficient of a* is 3125.

Method 2

For the expansion, you can write T, = > CT,= > Cl(Sa)1 and so on, leading to the general term T | = 5Cr(Sa)'.
For the term in a', r = 4: T,="C,(5a)" = 5 x 5'a" = 31254"

Hence the coefficient of a* is 3125.

Example 36

5 5
Use the expansion of (1— %j to find an approximation for (%) correct to four decimal places.

140 New Senior Mathematics Extension 1 for Years 11 & 12



YEAR 11

Solution
This can be written as an expansion: (2)5 = (1 - Ljs
100 100
=1—5xﬁ+10x10102—10><10103+...
_, 5,1 10
100 10000 1000000 "

=1-0.05+0.001-0.00001 +...
=0.9510

As the accuracy is only to four decimal places, the terms smaller than 0.00001 are insignificant and can
be ignored.

5
(%) =0.9510 correct to four decimal places.

EXERCISE 6.7 EXPANSION OF (1 + x)", PASCAL’S TRIANGLE

1 Use Pascal’s triangle to find the expansion of each of the following.
(@ (1+x)° (b) (1 +x)® () (1+b) (d) 1+2x)° () (1+4x)°

M 4+ @ a0 0 a-a' 0 a-2' 0 [(1+}]

6 5
(K) (1—%) () (1+%") m 1+2° @ 1-2' () (x+%)
2 Find the coefficient of x* in the expansion of:
@ (1+x)* (b) (1+x) ) 1-x d (1+3x)° (¢) (1+2x)° () (1-3x%*
5
3 Find the coefficient of ° in the expansion of: (a) (1+ 2b)* (b) (1-4b)’ (c) (1 +2—3f7)
4 The coefficient of x* in the expansion of (X—\/E )6 is:

A 30 B 30 C -60 D 60
6
5 Find the fourth term in the expansion of: (@) (1 +x)° (b) (1-2a) (c) (1+%)

6 Write the simplified expansion for each of the following. (a) (1+\/§ )4 (b) (1 £ )3
© (1+5) @ (1+243) @ (1-3v2)' ) (1+§J

7 Use the expansion of (1 - %) to find the value of each expression correct to four decimal places.
§ooel e
(@ (10) ®) {3 © {100

6.8 MORE PASCAL’S TRIANGLE EXPANSIONS

You will now consider expansions of the type:
n

(a+b)"="Cya"+"Cia" 'b+"C,a" > +..4"C,a" b +..+"CH" =Y. "C,a"Y

r=0

where the "C_are the numbers in the (n + 1)-th row of Pascal’s triangle.

Chapter 6 Permutations and combinations 141



YEAR 11

Example 37

Write the expansion of (a + x)°.

Solution
(a+x)°= 5Coasxo + 5Cla‘lx1 + 5C2a3x2 + 5C3azx3 + 5C4alx4 + 5C5a°x5

where the °C_ are the numbers in the sixth row of Pascal’s triangle.
(a+x)°=a’+ 5a*x + 10a°x* + 102> + 5a'x* + x°

After writing the expansion, you can check your result by adding the powers on the variables in each term to
check that the sum is 5.

Example 38

Write the expansion of (2 + x)*.

Solution
Coefficients are the numbers in the fifth row of Pascal’s triangle:
C+x)'=1x2%"+4x 2% + 6 x 2% + 4 x 2" + 1 x 2%*
=16+ 32x+24x" + 8% + x*

Example 39
Write the expansion of (2a — b)°.

Solution
Coefficients are the numbers in the sixth row of Pascal’s triangle:
(2a—b)°=(2a)’ +5 % (2a)* X (=b)' + 10 x (2a)® x (=b)* + 10 x (2a)* X (=b)* + 5 x (2a) x (=b)* + (-b)’
=32a° — 5% 16a’b + 10 x 8a°b* — 10 X 4a°b’ + 10ab* — b’
=32a" — 80a’b + 80a’b* — 404’V + 10ab* — b°

Example 40

4
Write the expansion of (x+%) .

Solution
Coefficients are the numbers in the fifth row of Pascal’s triangle:
4
(x+l) =x*+4x° ><l+6x2 ><L2+4x><i3+i4
X X X x~ X

4 1
=x'+4x’+6+—+—
X X

In this example, two terms that were functions of x create a constant term in the expansion. You can say that
‘the term independent of x” (i.e. the term without an x) is 6.
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EXERCISE 6.8 MORE PASCAL’S TRIANGLE EXPANSIONS

1 Use Pascal’s triangle to find the expansion of the following.
(@) (2+x)’ (b) (3+x) (©) (b+2)* (d) (a+b) € (x-y)°

" B-x’° (@ 2-a° M) Gy—2x0" () (x_%)‘l 0 (x2+%j6

2 Write the simplified expansion for each of the following. (a) (2+\/§ )4 (b) (4—\/5 )3
© (V2+v5) @ (V5+3) @ (2v3-3v2) 0 (Vo+243)
7
3 Write the coefficient of x° in the expansion of: (@) (3 +x)° (b) 2-x) (c) (x + %)
4 The coefficient of x in the expansion of (2x + 5) is:
A 32000 B 4000 C 224000 D 1792 ]
6
5 Find the term independent of x in each expansion. (a) (2x+3)* (b) (x +%j (c) (x +L2)
X

6.9 PASCAL’S TRIANGLE RELATIONS AND THE BINOMIAL THEOREM

There are two separate Pascal’s triangle relations: one for the outer coefficients and another for the other (inner)
coefficients.

Pascal’s triangle relation—outer coefficients
(a+b)"="Cya"+"Ca" 'b+"C,a" *b* +...+"C.a" b +.. +"C "
Whena=1andb=0: (1+0)"="C/(1)"+0+0+...

. "Cy=1
Whena=0andb=1: (0+1)"=0+0+...+"C (1)"
. "C =1
Pascal’s triangle relation—inner coefficients
A+x)""'=""C+""'Cx+"'Cx* +..+ "I Cx" +.+TIC, X

x(1+x)"" = ICx+"'Cx +...+IC

r

r n—1 n—1 n—1 n
X o+ CLxT +Cyx

Adding the above two lines, the left-hand side becomes:  (1+ )" x14+x)" T =1+ x) A+ x)" T =1+ x)"
Hence:
(1+x)"=""'C, +(”’1C0 + ”’1C1)9c+(”’lc1 + ”’lcz)x2 +.. .+(”’1C,_1 + ”’1Cr)x’ +.. .+(”’1C

n—

-1
,+"C
Comparing these two expansions for (1 + x)", you now have:

(1+x)"="Cy+"Cix+...+"C.x"+...4+"C x" (1]
1+x)"=""C, +(”‘1C0 + "‘lcl)x+. . .+(”‘1C,_1 + ”‘IC,)x’ +..+"'C_x" (2]
Equating the coefficients of x: "C,=""'C,_,+"7'C, for1<r<n-1

In terms of Pascal’s triangle, this result is equivalent to saying that a term in one row is the sum of the two terms in
the row above to the left and to the right (e.g. °C, ="C, +“C,).
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The formula for "C,
The formula for "C_can be proved by mathematical induction. (For a discussion of induction, see Chapter 9.)
Whenn=4, (1+x)"=1+4x+ 6x* + 4x° + x*.

The ratios of successive coeflicients are:

4_n 6_3_n-1 4_2_n-2 1_n=3
11 4727 2 ‘63 3 !
Thus, the coefficients in this expansion from left to right are:
o 1 . . B0l . Bn-1l n-2
1 1 2 1 2 3

This may lead you to guess that perhaps "C, = n(n _113((;1 ; ; )>.<.‘.'(.nx—rr 1) ,1<r<n.

Call this statement S(#). The coefficient of "C, has already been shown to be 1.

Step 1 ~ Prove that statement S(n) is true for n =2.
(I+x)’=142x+x*= 2Cox0 + 2C1x1 + 2sz2
D2 12420 2 2-1
S CO_ 1, CI—T, CZ_TXT_
- S(2) is true.

Step 2 Assume S(n — 1) is true (to show that if S(n — 1) is true, then S(n) is true).

i.e. assume that ""!C = (n-1)(n—2)(n-3)...(n—r) is true.
r I1X2X3X...Xr

First, for r = 1: assume that ”_1C1 = HT_I from the statement S(n — 1).

It has previously been shown that "~'C, =1.

1

Adding these results using the Pascal’s triangle relation (also shown previously):
nCI — n—lCO + n—lcl

"C, = 1+nT_1 = ?, which agrees with the statement S(n).
(n—-1)(n-2)(n-3)...(n—r+1)
XX 3% X (r—T) from the statement

Now, for r > 2,i.e.r—12=1: assume that ”_ICr_l
S(n —1). Again using the Pascal’s triangle relation:
nCr:n—ICr_1+n—1Cr
_(n-1)(n-2)(n-3).. n—-r+1) (n-1)(n-2)(n-3)...(n—r)
I1X2x3X...x(r—1) IX2X3X...Xr
_(n=-1)(n-2)(n-3)...(n—r+1) s
IX2X3X...x(r—1)
:n(n—1)(n—2)(n—3)...(n—r+1) as 14
1X2X3X...Xr r ¥

r

Assuming S(n — 1) is true, this now proves the statement S(n) for r > 2 (which was also already proved
for r=1 above).

Step 3 Conclusion
S(n) is true for r > 1 if S(n — 1) is true (Step 2)
S(2) is true (Step 1)
. by induction, S(n) is true forn =22, r>1

144 New Senior Mathematics Extension 1 for Years 11 & 12



YEAR 11

Note: This formula for "C_can now be used to obtain binomial expansions without having to construct the rows of
Pascal’s triangle.
n! Z
Another useful form of this formulais: "C,=———=
Torlin—-r) \r
Binomial theorem—alternative approach

The expansion of (1 + x)" can be thought of as the product of # factors, each of which is (1 + x). The term containing
x" must be found by selecting x out of any r of the n factors and 1 out of the remaining (r — 1) factors. The coefficient
of x" is therefore equal to the number of ways of selecting r lots of x from a total of n lots of x. Hence by definition
the coeflicient of x" is "Cr. By making r=0, 1, 2, 3, ..., n in succession you can obtain the coefficient of each term.
Thus:

n
2
(1+x)" =1+"Cx+"Cox* +..+"C.x" +..+x"= Y "C.x"
r=0

The coefficients "C, and "C, are both equal to 1.
Making x =% and multiplying both sides by a" gives the expansion for (a + b)":

(a+b)"=a"+"Cia" b+ "Cya" b’ +..+"C,a" b +.. 40" =), "Ca"
r=0

Note:
o The expansion of (a + b)" contains (n + 1) terms. "C,a" "b" is the (r + 1)-th term and is called the
general term.
« If you write —b in place of b, the expansion becomes:
(a=b)'=a"-"Ca" 'b+"C,a" b* —...+"C,a" " (~b) +...+(=b)" = 2(—1)r "C.a"'b’

r=0
The terms are alternately positive and negative.

o Because (a+b)"=(b+a)"and"C,="C

n—r>

any term from one end of the expansion of (a + b)" is the same

term counted from the opposite end of the expansion of (b + a)".

Example 41
Write the expansion of (2x — y)°.

Solution
(Zx—y)5 =(2x) — 5C1(2x)4y+ 5C2(2x)3y2 - 5C3(2x)2y3 + 5C4(2x)y4 —yS
=32x"—80x" y+80x’y*> —40x°y’ +10xy* — °

Example 42

Find the coefficient of x* in each expansion. (a) (1 +x)° (b) (Bx-2)

Solution

n
(The alternative notation ( )= "C, is used below. Either notation may be used.)
r
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Method 1

6 6 6 2 6 3 6 4
(@ (1+x) :1+[ljx+(2jx +(3]x +(4jx +...

The expansion does not need to be written out in full; only far enough to find the required term.
6! 6xX5x4! 6X5

= = 15
412! 41x2 2

6
Coefficient of x*: [4)

6 6 6

(Recall from earlier in the chapter that ( J = ( J = ( } _6x> 15, which can simplify the
. 4 6—4 2 2x1

calculation.)

(b) (3x—2)" =(3x)" ="C,(3x)°x2+7C,(3x)’ x2* = "C,(3x)* x 2 +...

7X6X5

4
3o x1 X 81X 8x

Term in x*% (1) X 7C3 x3*'x2%xt =
Coeflicient of x*: =22 680
Method 2

r

(@) Inthe expansion of (1+x)% T, =| |x
r

6
Term in x* T, = (4])54 = 6L5x4 =15x"
Coefficient of x*: 15
7
(b) In the expansion of (3x —2)’, T,,, =[ J(3x)7r(—2)r
r
The term for x* requires 7 —r=4,sor=3.

7X6X5

4_ 4
~3Ixox1 X81x8x" =-22680x

Term in x* T, = (;](Sx)4(—2)3 =

Coefficient of x* —22 680

Example 43
Write the sixth term in the expansion of (2x — 3y)8.

Solution
The general term is °C, (2x)"(=3y)®". This is the (7 + 1)-th term: T., = °C,(2x)" (-3y)*"
For the sixth term, r+1=6,s0r=5: T, = 8C5(2x)5(—3y)3 (Remember 8C5 = 8C3)

X7 X
:(_1)3§x;xixzs33x5)’3

=-48384x"y’

EXERCISE 6.9 PASCAL’S TRIANGLE RELATIONS AND THE BINOMIAL THEOREM

1 Without using a calculator, find the value of:

5 N 0 7 9 15
@ °c, ®) °c, © "C, ) @ © [ 4] ® [u)
2 Write the expansion of: (@) (1 +x)° (b) (2x+3y)* () (F*+a) (d) (a+%)
@ @y 0 (55 @ [2y—3%] 0 -2 ) [“7—317]
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3 Find the coefficient of x° for each expansion.

(@) (x+2) (b) (x-3)' (€ (4-x)’ (d) 3+x)° @ x+17 (M (Bx-2)
4 Write the fourth term in the expansion of:

(@) (x+2) (b) (x-3)' (€ (4-x)’ (d Gy+x° (&) @x+y" M (Bx-22)°

6
5 The fourth term in the expansion of (g—é) is:

a
A 20 B 20 c 12212 b _ 12?2

6 Write and simplify the required term for each.
(@) the fourth term of (%+ E'mj8 (b) the seventh term of (2%_%)“
(c) the fifth term of (a—z—fT (d) the fourth term of (x —%)n

7 Find the coefficient of:
18 b\ 3\
(@) x*in (x + ;) (b) x'7in (2x* —3x)"* (c) a’b*in (3&—5) (d) @’in (2(1—5)

8 Write and simplify the (k + 2)-th term of (a + b)*".

CHAPTER REVIEW 6

1 A coin is tossed, a die is rolled, and a card is selected from a standard pack of 52 playing cards and its suit
noted. Which would be the best form to display the possible outcomes of this experiment: table, list or
tree diagram?

2 A bag contains four discs, each of a different colour. How many different arrangements can be made of
four discs if:

(@) they are selected at random one at a time and placed in a row until the bag is empty
(b) one disc is selected at random, its colour is noted and it is put back in the bag before the next disc
is selected?

3 How many different arrangements can be made of the five vowels 4, e, 7, 0, u?
4 How many different four-digit numbers can be formed from the digits 2, 3, 4, 5, 6, 7, 8 if:
(@) none of the digits are repeated (b) the digits may be repeated?

5 How many four-digit or five-digit numbers greater than 4000 can be formed using 0, 2, 4, 5, 7 if:

(@) none of the digits are repeated
(b) the digits may be repeated
(c) none of the digits are repeated and the numbers formed are even?

6 (a) How many arrangements of the letters in the word ISOSCELES are possible?
(b) How many arrangements of the letters in the word ISOSCELES are possible if the consonants and vowels
must alternate?

7 In how many ways can a cycling team of four riders be selected from a squad of ten riders?
8 A committee of six is chosen from 14 people. In how many ways can this be done?

9 A mixed volleyball team of eight players is selected from eight males and nine females. In how many ways can
this be done if the team must have an equal number of male and female players?
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10

11

12

13

14

15

16

17

18
19

20

21

22

23

A commiittee of five is to be selected from a class of 30 students.

(@) In how many ways can this be done?
(b) After the committee is selected, one person is elected chairperson and another is elected secretary. In how
many ways can these positions be filled?

In how many ways can five people be seated in a five-seater car if only two people have a licence to legally
occupy the driver’s seat?

(@) In how many ways can a committee of three parents and four teachers be chosen from six parents and
eight teachers?

(b) The members of the committee are seated in a row of seven chairs on a stage. In how many different ways
can they be seated?

(c) Find the number of ways of seating this committee if the parents refuse to sit at the ends of the row.

(d) What is the probability that for a chosen committee, the parents do not sit at the ends of the row?

A box contains four marbles labelled 2, 3, 4, 6. If two marbles are drawn at random from the box, what is the
probability that their sum is greater than 7?

The letters of the word CONSIDER are rearranged. What is the probability that the rearranged set of letters
will begin with ‘SI'?

Three-digit numbers are formed using the digits 1, 2, 3, 4, 5, 6, 7. If none of the digits are repeated, what is the
probability of forming an even number?

The letters of the word ARRANGEMENT are arranged in a row.

(@) In how many ways can this be done using all the letters?

(b) What is the probability that the vowels are all together?

Three cards are selected from a standard pack of 52 playing cards. What is the probability that at least one of
the cards will be a King?

If a coin is tossed six times, what is the probability of obtaining exactly three heads?

Seven-digit numbers are formed using all the digits 2, 2, 3,4, 6,7, 7.

(@) How many different numbers can be formed?

(b) What is the probability that the number formed is odd?

(c) What is the probability that the number formed is greater than 4 000000?
(d) What is the probability that the number formed is less than 7000 000?

A test consists of six multiple-choice questions. Each question has four possible answers: one that is correct
and three that are incorrect. Amanda randomly selects an answer to each of the six questions.

(@) What is the probability that Amanda selects four correct and two incorrect answers?
(b) What is the probability that Amanda selects four or more correct answers?
(c) What is the probability that Amanda selects at least one incorrect answer?

Four ordinary six-sided dice are rolled. What is the probability that exactly three of the dice roll a 5? Leave

your answer in unsimplified form.

A four-person team is chosen at random from seven women and nine men.
(@) In how many ways can the team be chosen?
(b) What is the probability that the team will consist of four men?

Mr and Mrs Zeno and their four children go to the theatre. They are randomly allocated six adjacent seats in a
single row. What is the probability that Mr and Mrs Zeno are allocated seats next to each other?
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CHAPTER 7

Rates of change and their application

7.1 RATES OF CHANGE WITH RESPECT TO TIME

The gradient as a rate of change was introduced in the Mathematics Advanced course. This chapter will extend
that topic.

There are many practical situations in which the change in a physical quantity can be described mathematically. The
speed of a car depends on the rate at which the distance it travels changes with respect to time. The rate of change in
the population of Australia depends on the number of people alive at a given time, together with the birth rate, the
death rate and the immigration/emigration rate.

You have seen that the rate of change of a function is the derivative of that function. Hence if you have information
about a real-life situation expressed as a function of time, then the rate of change of this can be calculated by finding
the derivative of this function.

Example 1
The volume of water in a cylindrical tank of constant cross-section is given by V=257 (100 — t) m’, where ¢ is
the time in minutes.

(@) How much water is in the tank initially?
q4v

(b) If v gives the rate at which water flows out from the bottom of the tank when a tap is opened, fin T

dt

and comment on your answer.

(¢) How much time does it take for the tank to empty?

Solution
(@) t=0: V=257rx100=25007rm’

v _

The water is flowing out of the tank at a constant rate.

(c) The tank is empty when V' =0:257(100 — ) =0
t =100 minutes
This could also be solved by considering where the graph of V' =257(100 — ¢) cuts the t-axis.

8000

G000 - V =257 (100 - 1)

4000 +

2000 +

T T T T T
10 20 30 40 50 60 70 80 90 100

The graph cuts the t-axis (that is, reaches V'=0) at t = 100, so the tank is empty after 100 minutes.
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Example 2

A large cube of ice has edges of length 10 cm. As it melts its volume decreases at a constant rate of 25cm’ per hour.

(2) What is the initial volume of the cube of ice?
(b) What is the volume of ice remaining after 2 hours?
(c) Obtain a formula for the volume Vem® remaining after ¢ hours.

(d) How much time will it take for the ice to melt completely?

Solution

(@) Volume of cube of ice = 10* = 1000 cm”.

(b) After 2 hours, the volume melted = 25 x 2 = 50 cm’.
Volume remaining = 1000 — 50 = 950 cm”.

(c) After t hours, the volume melted = 25 X t = 25tcm”’.
V' =1000 — 25t¢.

(d) V=0:1000—25¢t=0, so t =40 hours.
It takes 40 hours for the cube of ice to melt completely.

EXERCISE 7.1 RATES OF CHANGE WITH RESPECT TO TIME

1 When concentrated chemical solutions are allowed to evaporate slowly, crystals are formed. The surface area
of a particular crystal is given by A = 0.8>, where A is mm® and t is days of evaporation. The rate at which the
surface area is increasing after 4 days is:

A 0.8 mm’day" B 1.6 mm’day C 6.4 mm’day’ D 12.8 mm’day"

2 The length of the sides of a square, xcm, is given by x = 4¢ + 1 where ¢ is in seconds.

(@) At what rate is the length of the side of the square increasing at t seconds?

(b) At what rate is the length of the side of the square increasing when t =5 seconds?
(c) Write an expression for the area A cm” of the square as a function of .

(d) At what rate is the area of the square increasing when ¢ = 5 seconds?

3 A petrol pump delivers petrol at the rate of 4 litres per minute.

(@) How much petrol is delivered in 5 minutes?
(b) If Vlitres of petrol are delivered in ¢ minutes at this rate, find an expression for V in terms of t.
(c) How much time will it take to deliver 45 litres of petrol?

4 A tank holds 50000 litres of water. The water drains from the tank in 40 minutes. The volume of water

remaining in the tank after t minutes is given by V'=50000(1 - > where V is measured in litres.

40
(@) Find the rate at which the water is draining from the tank after: (i) 5 minutes (ii) 10 minutes

(iii) 20 minutes.
(b) How much water remains in the tank after 20 minutes?
(c) How much time will it take until only half the initial volume of water remains in the tank?
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2
5 The volume of water in a tank is given by V'=1000 — 2¢ + L where V is measured in litres and ¢ is

. . 1000
in minutes.

(@) How much water is in the tank initially, assuming it was full?

(b) Find an expression for 47 asa function of t.

(c) At what rate is the water flowing out of the tank at 25 minutes?
(d) How much time will it take to empty the tank at this rate?

av
6 The rate at which solvent in a nail polish evaporates is given by = %(1 - %), where V mL is the volume
of solvent present and ¢ is in seconds.

(@) What is the initial rate of evaporation of the solvent?
(b) When does the evaporation of the solvent stop?

7 An electric current exists whenever electric charges move through a surface. The quantity of charge Q in
coulombs (C) that has passed through a surface after time f, measured in seconds, is given by
- d
Q=1 —6t*+ 12t + 5. The current, in amperes (A), where 1 A=1Cs' is given by d—? . Find the current when:

(@ t=0.5s (b) t=1s.
(c) What is the initial charge? (d) When does the current stop flowing?

7.2 VELOCITY AND ACCELERATION AS RATES OF CHANGE

Particle is the term used for a body that behaves as if all forces acting on the body are acting through a single point.
This means that the body can be represented as a single point, regardless of its actual size and shape. This definition
of a particle means that quite large bodies, e.g. trains, can still be classified as ‘particles’ provided this condition
applies.

Displacement
—x—s Consider a particle, represented by a point P, moving in a straight line X" OX.

——t——t—— ~ The displacement x is the particle’s position relative to the fixed point O. It may be a
¥ o a p positive or negative number, according to whether P is to the right or left of O. The origin
of the motion is not necessarily at O, so when ¢ =0, P may be (for example) at the point A.

Velocity
Consider the equation x = f(t), which gives the position coordinate x of a particle moving in a straight line at time .

x At time ¢, the particle is at A, and at time (¢ + h) the particle is at B, as shown
in the diagram. Thus in the small time interval / the particle has changed its
position by an amount k = f(t + h) — f(1).

Bloooo o __. (t+ b, fit + b)) The average velocity in this time interval = % = W, h=#0.
Wy S

Ap=mmmm= T h ! k=fte =0 The instantaneous velocity of the particle at time ¢ is defined by

0 P t }lll’l‘éw This may be denoted by v(t), f'(t), % or x:

V(t):f,(t)=%=i=£imw

—0
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Velocity is defined as the rate of change of position (i.e. of displacement) with respect to time, or as
the time rate of change of position in a given direction.

Velocity can be positive or negative, depending on the direction of travel.

Speed is the magnitude of the velocity and is always positive.

Acceleration

Acceleration is defined as the rate of change of velocity with respect to time.
Acceleration, like velocity, can be positive or negative.

Positive acceleration indicates that the velocity is increasing, while negative acceleration
indicates that the velocity is decreasing (which is often called deceleration or retardation).

(Note: ‘increasing velocity’ is not necessarily ‘faster speed’; it only means acceleration in the direction of
positive displacement.)

If velocity is denoted by v(¢), then the average acceleration over the time interval from ¢ to (t + h) is W

. v(t+h
im

The instantaneous acceleration at time ¢ is defined by | # This may be denoted by v'(¢), a(t),

d dzx h—0
”(t), &Y 2= ori:
S dt’ dt’
7 _d_zx_--_l- V(t+h)_V(t)
a(t)=v'(t) = i =i=lm h
Summary of important motion terms
‘initially’: t=0 ‘at the origin’: x=0
‘at rest”: v=0 ‘velocity is constant’: a=0
Units and symbols
Physical quantity Unit Symbol
Time s t
. x
Displacement cm, m (or s in Physics)
- - dx .
. 1 1 ax
Velocity | cms ,ms v, g%
- - dv d’x .
. 2 2 2 2
Acceleration cms 5, ms a 1o T X

Note that s’ is the abbreviation for second, ‘cm’ for centimetre and ‘m’ for metre.

Constant acceleration due to gravity on Earth can be assumed to be 9.8 ms™ (=10ms ™).
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Example 3
A particle is moving in a straight line, so that its displacement x metres from a fixed point O on the line at time
t seconds (¢ > 0) is given by x = £ — 2¢* — 4t.
(@) Determine expressions for the velocity and acceleration of the particle.
(b) Find when the particle is at rest.
(c) Find when the acceleration is negative.
(d) By drawing the graph of the velocity function, comment on the velocity when the acceleration is negative.

(e) When is the acceleration positive? What does this mean for the velocity of the particle?

Solution
(@) x=£-21"—4t
Differentiate: % =34t 4
sv=30—4t—4
Differentiate again: d_;,f =6t—4
s.a=6t—4

(b) Atrestwhenv=0: 3£ —4t—4=0
(Bt+2)(t-2)=0
t=-2,2
As t >0, the particle is at rest after 2 seconds.
() a<0: 6t—4<0

2
t< 3
@ 7
12+
10 +
8
6 L
41
2 t=%| |
D 1 2 3t
I
-4 :
6 1

When ¢t < % the velocity function is a decreasing function and the velocity is negative. It obtains its least

value when ¢ = %

(e) The acceleration is positive when t > % This means the velocity is increasing when ¢ > %, and since the

graph of the velocity is getting steeper it means the velocity is increasing at an increasing rate.

EXPLORING FURTHER °

Displacement, velocity, acceleration

Use technology to explore the relationship between the displacement, velocity and acceleration
of a particle.
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EXERCISE 7.2 VELOCITY AND ACCELERATION AS RATES OF CHANGE

1 A particle is moving in a straight line, so that its displacement x metres from a fixed point O on the line at time

t seconds (t > 0) is given by x = 2t° — 5¢° — 4t.

(@) Find the velocity and acceleration of the particle at any time ¢.

(b) Find the initial velocity and acceleration.

(c) When is the particle at rest?

(d) When is the acceleration zero? What is the velocity and displacement at this time?

A particle is moving in a straight line so that its displacement x metres from a fixed point O on the line at time
t seconds (t > 0) is given by x = £’ — 3.5 — 6t.
(@) Find expressions for the velocity and acceleration of the particle.
(b) Find when the particle is at rest.
(c) Find when the acceleration is negative.
(d) By drawing the graph of the velocity function, comment on the velocity when the acceleration
is negative.
(e) When is the acceleration positive? What does this mean for the velocity of the particle?
A particle moves in a straight line. Its velocity v ms" at time ¢ is given by y = 5 — 10

t+1
(@) Find the initial velocity.

(b) Find the acceleration of the particle when the particle is at rest.
(c) Sketch the graph of v for ¢t = 0, showing any intercepts and asymptotes.

The graph shows the displacement x of a particle moving along a x
straight line as a function of time ¢.

Which statement best describes the motion of the particle at the point P?

A The velocity is negative and the acceleration is positive.

B The velocity is negative and the acceleration is negative.

C The velocity is positive and the acceleration is positive.
D The velocity is positive and the acceleration is negative. t

The displacement of a particle moving along the x-axis is given by x = 2t — i,

where x is the displacement from the origin in metres, ¢ is in seconds and t > 0.

(@) Find the expression for the velocity v and draw the graph of v against ¢.

(b) What value does the velocity approach as t increases indefinitely?

(c) Find the expression for the acceleration a and draw the graph of a against ¢.
(d) Show that the acceleration of the particle is always negative.

A particle is moving along the x-axis. The displacement of the particle at time ¢ is x metres. At a certain time,
v=—4ms'anda=3ms ",

Which statement describes the motion of the particle at that time?

A The particle is moving to the left with decreasing speed.

B The particle is moving to the left with increasing speed.

C The particle is moving to the right with decreasing speed.

D The particle is moving to the right with increasing speed.

A driver takes 3 hours to travel the distance between two points A and B on a country road. At time ¢ hours
after passing A, the driver’s speed vkmh™ is given by v = 60 + 40e™".

(@) Calculate the speeds when the driver passes points A and B.
(b) Write the acceleration in terms of: (i) ¢ (i) v
(c) Sketch the velocity-time curve and comment on the motion for large values of ¢.

A particle moves in a straight line so that its displacement x from a fixed origin at any time ¢ is given
by x(t) =2(1 —¢™).
(@) Find x(0), x(0) and X(0). (b) Sketch the graph of x(t). (c) Find t when x(t) = 1.
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9 A body starts from O and moves in a straight line. At any time ¢ its velocity is given by x = 6¢ — 4. Indicate
whether each statement below is correct or incorrect.

(@) x=3r—-4t+C (b) x=3—4t (c) x=3—4t (d) x=6
10 A body starts from O and moves in a straight line. At any time ¢, its velocity is * — 4. Find, in terms of ¢:

(@) the displacement x (b) the acceleration.

11 The velocity vms ™" at time ¢ seconds (¢ > 0) of a body moving in a straight line is given by v = 6¢* + 6t — 12.
Find the acceleration at any time t.

12 A particle is projected vertically upwards from a point O with an velocity of 25ms™" and a downward
acceleration of 10ms >

(@) Find its velocity and height above O at any time ¢.
(b) What maximum height does the particle reach?
(c) At what time has its velocity been reduced to half the velocity of projection?

13 A body is projected vertically upwards with an initial velocity of 30ms™". It rises with a deceleration of
10ms™

(@) Find its velocity at any time ¢. (b) Find its height hm above the point of projection at any time t.
(c) Find the greatest height reached.  (d) Find the time taken to return to the point of projection.

14 The velocity vms™' of a body moving in a straight line is given by v = 3¢* — 2t — 1. Find the acceleration at any
time ¢.

7.3 EXPONENTIAL GROWTH AND DECAY

A quantity has exponential growth when it increases by a constant percentage of its whole over a given time period.
This means that the larger the quantity at the start, the bigger the increase will be. For example: if a country of 100
million people and a country of 10 million people are each growing their populations at an annual rate of 10%, then
the first country’s population increases by 10 million next year while the second country’s population increases by
only 1 million.

The following table shows values of X (quadratic growth) and 2* (exponential y ! ,
growth) for selected values of x. Corresponding graphs for x > 0 are shown at right. 8T = 2," .
Note how exponential growth far exceeds quadratic growth as x increases beyond
the value x=4.

x 0 1 2 3 4 5 6 10 | 100
X’ 0 1 4 9 16 25 36 100 | 10*
2" 1 2 4 8 16 32 64 | 1024 | =10 %

In 1972, a political think-tank called the Club of Rome published The Limits to Growth, a controversial but
influential study of the possible interactions between various kinds of linear and exponential growth and decline in
global systems of population, pollution, natural resources, food and other factors.

The general principle behind their models of exponential growth can be appreciated if you imagine the vertical axis of
the exponential graph above to represent the growth of a quantity (e.g. population or pollution) and the horizontal axis
to represent time. An increase of 1 unit of x (‘time’) from x = 1 to x = 2 causes only a small absolute increase in y, from
y=2to y=4. You could imagine this might represent world population growth in past centuries. However, an increase
of one unit of ‘time’ from x =10 to x = 11 causes y to increase by more than 1000.

This illustrates the enormous increases that can occur when an exponentially growing variable becomes large enough
to reach the steeply rising part of the curve. (Of course, global population growth is more complicated than a simple
exponential curve, but the general principle of exponential change is the important point to remember.) Exponential
decline can be equally dramatic, which is one reason for concern about the use of non-renewable resources.
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There are many examples of exponential growth and decay in the physical world, including population growth, the
growth of bacteria, radioactive decay, rates of heating and cooling, the decrease in atmospheric pressure at higher
altitudes, the decrease in light intensity through water or glass, and the fading away of sound vibrations. In each
case, the quantities follow the exponential law (exactly or approximately):

« y=Aé"™ for exponential growth
« y=Ae™ for exponential decay (or ‘exponential decline’).

For y = Aé™, you have: % = kAe™

:ky

. d _ ky is the exponential rate of change.

dx

This means that exponential growth occurs when the rate of change of a quantity y with respect to another quantity
x is proportional to y. For example:

o The rate of growth of a colony of bacteria is proportional to the number of bacteria N present at any time,
. dN _
le. "= kN.

» The rate of decay of a radioactive isotope is proportional to the mass of that isotope present at any time, i.e.

am
dt

« The rate of cooling of a body is proportional to the difference between the temperature of the body and the

temperature of the surrounding medium, i.e. 40 _ —kO, where 0 is the temperature difference at any time.

(This is Newton’s ‘law of cooling’) dt

=—kM. (The negative sign indicates decay, meaning the amount is reducing over time.)

« The rate of decrease of atmospheric pressure with respect to height above sea level is proportional to the

pressure at that height, i.e. P _ _yp,

% —
« Light passing through a transparent medium loses its intensity. The rate of loss of light intensity with respect

to the distance is proportional to the light’s intensity at the distance, i.e. a _ —kI.

dx
d
In each case there is a differential equation of the form LA ky. A differential equation is an equation that involves

derivatives. dx
It is important to understand the role played by the constants A and k in the equation y = Ae™.
e Atx=0,y=Ae’=A,so if x>0 then A is the initial value of .

« Because d_ ky, k is the growth rate and influences the slope of the curve.

dx

For y = Aé"™: « Ais the value of y when x=0 « kis the growth rate.
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Example 4

The annual growth rate of the population of two towns P and Q are 10% and 5% respectively of their populations
at any time. If the initial population of P is 20000 and of Q is 10000, find their populations 3 years later.

Solution
Let N be the population at any time ¢ years.
dN dN

For P i =OIN For Q: & =0.05N
o N=Ae"" o N=A"
At t=0: N=20000, so A =20000 At t=0: N=10000, s0 A =10000
So: N=20000e"" So: N=10000e"""
Att=3: N=20000e"" Att=3: N=10000e""
N = 27000 N=12000

The answers are given to the nearest thousand.

N(000) » The graphs indicate the roles played by A and k. Because A is the value of N
0T when t =0, it is the point where the curve crosses the N-axis.
2o N =20000¢" The graph for P is steeper than the graph for Q. This indicates the role of k,
the growth rate. The population of P grows more rapidly than the population
_/Q of Q.
10 N = 10000¢%5 <
(0] i i ; t (years)

Note that exponential growth or decay is continuous, so k indicates the instantaneous rate of change. Compare this
to the growth of money invested at compound interest: interest is calculated periodically, so change only happens at
fixed intervals (e.g. daily, monthly, quarterly, yearly).

Example 5

A vessel containing water is being emptied. The volume V(¢) cubic metres of water remaining in the vessel after
t minutes is given by V(t) = Ae ™.

(@) If V(0) =100, find the value of A. (b) If V(5) =90, find the value of k. (c) Find V(20).

Solution
(@) When t=0, V=100, so: A=100
(b) When ¢t =5, V=90, so: 90 = 100 *
09=¢"*
- =5k =1log 0.9

k=-0.2log 0.9~ 0.02
(€  V(b) = 100 s

V(20) = 100e ** = 67 (Note that without rounding, this answer is closer to 66.)
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Example 6
The pressure of the atmosphere, measured as P kilopascals (kPa), decreases with the altitude # km above sea level
approximately according to P = 101¢ **". Find the rate at which the air pressure falls with respect to height above

sea level when: (@) h=5 (o) P=20

Solution
P=101¢"*
ar _ 021
ah - 0.2 x 101e
dP _ ~0.2h . dP
= —20.2¢ (1] Here [1] gives gn s function of h, while
or: Z—IZ =-0.2P (2] [2] gives fl—h as a function of P.
P(kPa)
(@ h=5: Z—i:—zoz‘l —7.43 101
The pressure falls at a rate of 7.43 kPa/km
when h =5. P=101e02
90 4P __ —_
(b) P=20: % =-02x20=—4
The pressure falls at a rate of 4kPa/km | -
when P = 20. 0 é 1o hm)
Example 7

The mass M of a radioactive substance is initially 10 grams. Twenty years later the mass of remaining radioactive
substance is 9.6 grams.
(@) Find the annual decay rate, given that the rate of decay of a radioactive substance is proportional to the
mass of the substance present at any time.
(b) In how many years will the mass of radioactive substance be halved?

Solution
It is known that d;;[ —kM. You know that M = Ae ™ is a solution to this differential equation.
(@ t=0,M=10,so: A=10
t=20, M=9.6: 9.6=10e "
. =20k =log 0.96
k=—21og 0.96 = 0.002
(b) If k=0.002: M =10 "%
M=5: 5=10e "

G002 _ 05 or 002 o
. 0.002t =log,2
t=500log, 2 =~ 347

The mass of radioactive substance will be halved after about 347 years.

Note: The time taken for half of an amount of radioactive substance to decay is called the half-life of the substance.
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EXERCISE 7.3 EXPONENTIAL GROWTH AND DECAY

11If d _ 2y and y = 5 where x = 0, express y as a function of x.

dx
2 1If ii—lj =-0.5N and N = 100 when ¢ =0, then N expressed as a function of ¢ is:
A N=100¢"" B N=100e"" C N=0.5¢" D N=0.5¢""
3 Ifcil_ctz =0.4Q and Q=50 when t =0, express Q as a function of ¢.
4 1If % =—3yand y =20 when t =0, express y as a function of .
51f CL—A;I =-0.01M and M =10 when ¢ =0, express M as a function of ¢.

6 Ify= Ae™ y=1000 when =0, and y = 368 when ¢ = 2, find the values of A and k.
7 If N= A", N =200 when t =0, and N = 1478 when = 5, find the values of A and k.

8 If P=Ae™, P=76 where h =0, and P = 28 when h = 5, indicate whether each of the following statements is
correct or incorrect.
(a) A=76 0) =L () k= 0.210ge(%) (d) k=0.20

9 The population of a city increases at a rate that is proportional to the current population. If the population
of the city was 100000 in the year 2000 and 120000 in the year 2010, express the population P in terms of
t years after 2000.

10 In a certain bacterial culture, the rate of increase of bacteria is proportional to the number of bacteria present.
(@) If the number of bacteria doubles every 3 hours, find the hourly growth rate.

(b) If the original bacteria population is 10*, what is the population after 9 hours?
(c) After how many hours are there 4 x 10* bacteria?

11 The rate of decay of a radioactive isotope is proportional to the amount of the isotope present at any time. If
one-half of a given quantity of the isotope decays in 1600 years, what percentage will decay in 100 years?

12 The number of bacteria N in a colony after t minutes is given by N = 10000¢”*. Find:
(a) the number of bacteria after 10 minutes
(b) the time required for the original number to double.
(c) Find the rate at which the colony increases when: (i) =10 (i) N=20000

13 A vessel filled with liquid is being emptied. The volume V cubic metres of liquid remaining after ¢ minutes is
given by V= Voefkt.

(@) Show that dd_\t/ =—kV.

(b) If one-quarter of the vessel is emptied in the first 5 minutes, what fraction remains after 10 minutes?
(c) At what rate is the liquid flowing out:
(i) after 10 minutes (i) when one-quarter of the vessel is empty.

14 For a period of its life, the increase in the diameter of a tree approximately follows the rule D(t) = Ae", where
D(t) is the diameter of the tree t years after the beginning of this period.

(@) If the diameter is initially 50 cm, find the value of A.
(b) If D’(t) =0.1D(t), find the value of k.
(c) After how many years is the diameter 61 cm?
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20
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The charge Q (measured in coulombs) on the plate of a condenser t seconds after it starts to discharge is given
by the formula Q = Ae™.

(@) If the original charge is 5000 coulombs, find the value of A.

(b) If‘;—? = 2000 when Q = 1000, find the value of k.

(c) Find the rate of discharge when Q = 5000.

The rate of increase in the number N of bacteria in a certain culture is given by 6;—];] =0.15N, where t is time

in hours.

(@) If the original number of bacteria is 1000, express N as a function of t.

(b) After how many hours has the original number of bacteria doubled? What is the rate of increase at
this time?

Sunlight transmitted into water loses intensity as it penetrates to greater depths according to the law

I(d) = 1(0)e ™, where I(d) is the intensity at depth d metres below the surface. If (300) = 0.31(0), find:

(a) the value of k (b) the depth at which the intensity would be decreased by one-half.

The rate of increase of the population P(¢) of a particular island is given by the equation % P(t)=kP(t), where
t is time in years. In the year 2000 the population was 1000 and in 2010 it had decreased to 800.
(@) Find k, the annual growth rate. (b) In how many years will the population be half that in 2000?

A substance decomposes at a rate equal to k times the mass of the substance present. If initially the mass is M,

find the mass m at time t. If k= 0.1, find the value of ¢ for which m = %

A heated body is cooling. The excess of its temperature above that of its surroundings is 6= Ae ™, where @is
measured in °C and ¢ is in minutes.

(@) Attime t=0, 8= 80. Find A.

(b) If the temperature of the surroundings is 20°C and the body cools to 70°C in 10 minutes, find:

(i) the body’s temperature after 20 minutes (i) the time taken to reach 60°C.
The number N of bacteria in a colony grows according to the rule ‘ii—];] = kN. If the original number increases
from 4000 to 8000 in 4 days, find the number after another 4 days.
dN __ N

A population of size N is decreasing according to the rule where ¢ is the time in days. If the

dr 100’
population is initially of size N, find how much time it takes for the size to be halved, to the next day.

A radioactive substance decays at a rate that is proportional to the mass of radioactive substance present at any
time. If 10% decays in 200 years, what percentage of the original radioactive mass will remain after 1000 years?
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7.4 HARDER EXPONENTIAL GROWTH AND DECAY

This is an extension of the work on exponential growth and decay that you studied in the previous section, where,

you considered the equation CZN = kN. That solution was found to be N = Ae", where A is the initial value of N. It is a

useful exercise to derive this result by integration.

Example 8
Show by integration that the solution to ii = = kN is N = A", where A is the value of N when t =0

Solution
dN
Reciprocal of both sides: e 1
" dN kN 1 1
‘ 1 t= %log,3 2 log,
Integrate with respect to N: t= IWdN | N
1 t=log, 7
t= Eloge N+C
kt=log,
When t=0, N=A: 0:%10g2A+C %:e’“
C:—%logeA N=Ae"

dN
Solution of —- dt
dN

Ve = k(N — P) means that the rate of change of N is proportional to the excess of N over a fixed quantity P.

= k(N — P) where k and P are constants

This can be applied to several real-life physical processes.

Given LZ—I;] =k(N —P), where k and P are constants, it is easy to show that a solution of this equation is N = P.

If N=P, then ‘fi_]j =k(P—P)=0; because P is a constant, differentiating the equation N = P with respect to  also

gives ZN 0.
It can also be shown by substitution that N=P + Aé™ is a solution to —— = k(N — P):
LHS= CZ:I RHS=k(N—P)
= Ake" =k(P+ Aé" - P)
= Ake" = LHS
It is important to be able to derive this result by integration.
A —kN-P)
dt 1

Reciprocal of both sides: N#P

dN ~k(N-P)’
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. 1 1
Integrate with respect to N: t=1 deN
t:%loge(N—PHC, N>P

k(t—C)=log,(N-P)
N-p=£""9
N-P=¢"xe*¢
Let A=¢*C (aconstant): N-—P=Ae"

N=P+ A"

Ifii—l;]=k(N—P) then N=P+ A

Ifk<0, Ae® —0as t — oo and hence N — P from above.

Example 9
N is increasing according to the equation dd_zj =0.4(N —50). If N = 60 when ¢ = 0:

(@) show that N =50+ Ae"* is a solution to this equation, where A is a constant
(b) calculate the value of N when ¢ = 20.

Solution
(@) Differentiate N = 50 + Ae®*: (Z—Jj =04Ae""
Rewrite N=50 4+ Ae®*:  Ae™*=N-50
Substitute into ”il—lj =0.4Ae"": ‘Z—Zj =0.4(N -50)

Hence N =50 + Ae®* is a solution to the equation Cz—lj =0.4(N -50).
(b) Att=0,N=60: 60=50+A
A=10
o N=50+10¢""
Att=20: N=50+10¢"
N =29860

Example 10
The mass M of a particular southern right whale is modelled as M =55 — 54¢” where M is measured in tonnes,
t is the age of the whale in years and k is a positive constant.

(@) Show that the rate of growth of the whale’s mass is given by the differential equation dd—A;I =k(55-M).
(b) What is the birth mass of the whale? (i.e. at t=0)

(c) When the whale is one year old, its mass is 10 tonnes. Show that k= ln[g].
(d) What is the mass of the whale when it is 10 years old (to the nearest tonne)?

(e) If male southern right whales grow to about 55 tonnes and females grow to about 85 tonnes, determine
the gender of this whale, giving reasons for your answer.
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Solution
(@ M=55-54¢™"
o 9 0 dM —sk
Differentiate with respect to t: T 54ke
Rewrite M =55 — 54¢ ;54" =55-M
Substitute into M = 54ke . L k(55— M)
dt dt
, . dM
Hence the rate of growth of the whale’s mass is e k(55— M).
(b) Att=0: M=55—54¢ (c) Att=1,M=10: 10 = 55— 54¢7*
M=55-54=1 54¢* =45
The birth mass of the whale is 1 tonne. e k_45_5
54 6
—101n(gj ek = 6
(d) Att=10: M=55-54e =%
101n| 9
M=55-54¢ g k=ln[g]

M =46.3
The mass of the whale to the nearest tonne
is 46 tonnes.

() Ast—oo: M —55-54¢ "
M — 55
The limiting mass of the whale is 55 tonnes,
so it is most likely to be a male.

YEAR 11

Newton’s law of cooling

Newton’s law of cooling states that the cooling rate of a body is proportional to the difference between the
temperature of the body and the temperature of the surrounding medium:

ilj—f =—k(T—M) where T is the temperature at any time ¢

and M is the temperature of the surrounding medium (a constant).

Example 11
The original temperature of a body is 100°C, the temperature of its surroundings is 20°C and the body cools to
70°C in 10 minutes. Assuming Newton’s law of cooling, i.e. C[lj—f =—k(T —20), where T is the temperature of the
body at time ¢, find:

(@) the temperature of the body after 20 minutes (b) the time taken to cool from 100°C to 60°C.

Solution
dT
7 = k(T =20)
Reciprocal of both sides: ‘o= = T20
eciprocal of both sides: AT " kT=20 1*
Integrate with respect to T: t= —% jﬁdT

tz—%loge(T—20)+C, T>20

—k(t— C) =log, (T - 20)
T—20=¢ -0
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Let A = ¢ (a constant): T=20+Ae™
When =0, T = 100: 100=20+A
A =80
When t=10, T=70: 70 =20+ 80¢ %
-0k _ 50 _
e =25=0625

—10k =log,0.625
—10k = —0.47

k=0.047 (using the approximate logarithm value)

. T=20+80e """

(@) When t=20: T=20+80e "
T=51.25
After 20 minutes the temperature is
approximately 51.25°C.

The graph of T'= 20 + 80¢ "' shows that the
temperature of the body never falls below the

temperature of the surroundings. As t — oo, T — 20

from above.

(o) When T = 60:

60 = 20 + 80¢ 0"
e—0.047t _ 40 =05

~ 80
—0.047t=1og,0.5
—0.047t = -0.6931
t=14.7
The temperature reaches 60°C after approximately
14.7 minutes.

T

100

70F---2 T =20 + 80e~0-047¢

P0)] |

Wilhelmy’s law

Many chemical reactions follow a law that states that the rate of the reaction is proportional to the
difference between the initial concentration of the reagent (i.e. the chemical reacting) and the amount
transformed at any time:

=k(a—x), 0<x<a

where a is the initial concentration and x is the amount transformed at time ¢.

164

Example 12

. . dx . o . .
A chemical reaction follows the rule v k(a—x), where a is the initial concentration and x is the amount of the

New Senior Mathematics Extension 1 for Years 11 & 12

reagent transformed at time . Thus when ¢ =0, x = 0. If a = 10 and after 2 minutes x = 4, find the concentration
of the reagent after 5 minutes.



Solution
dx
Z7=k(10-x), 0<x<10
Reciprocal of both sides: £=¥, 0<x<10
dx  k(10—x)
Integrate with t to x: t—lJ.Ld
ntegrate with respect to x: =% ) To=x %
kt=-log,(10 —x) + C
When t=0, x=0: O=—10g610+C
C=log, 10
kt=1log, 10 —log, (10 — x)
10
kt=log, T
. . 10 kt
Use inverse functions: ———=e¢
10_.x_ —kt
10
10— x=10e™ *

x=10(1—e ™) fort>0

Note that the asymptote of the graph is x = 10, approached from
below. This is consistent with the restriction 0<x<10fort>0. 4T "=

Whent=2,x=4:  4=10(1-¢ )

o = — = =
wu
~

(0]
04=1-¢*
=06
Reciprocal of both sides: ~ e** = % or  inverse functions: —2k=1log, 0.6
2k=loge(%) ~2k=-0.51
k= %loge(%) k=0.255
When t=5 x=10(1—¢") ie. x=10(1-¢%
A 3
But: e =0.6 . x=10(1 — e
—5k __ —Zk%_ §§~0279
e =) =(5) =0 x=10(1 - 0.279)
x=10(1-0.279) x=10-2.79
= U2 10— x=2.79
10 —x=2.79

Hence the concentration is 2.79 units after 5minutes. (Remember that (10 — x) is the concentration remaining.)

YEAR 11

From the previous examples, it can be seen that if k <0 then as t — oo, N — P.

dN
Given ks k(N — P), where k and P are constants, if k < 0 then lim N = P.

t—>o0
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EXERCISE 7.4 HARDER EXPONENTIAL GROWTH AND DECAY

1 Nis decreasing according to the equation cii—lj =—0.4(N —-30). If N=60 when t=0:

(@) show that N=30+ Ae ** is a solution of this equation, where A is a constant
(b) calculate the value of N when t=5.

2 Nis increasing according to the equation 62—];] =0.2(N —40). If N=50 when t=0:

(@) show that N=40 + Ae"* is a solution to this equation, where A is a constant
(b) calculate the value of N when ¢ = 10.

3 The original temperature of a body is 120°C, the temperature of its surroundings is 50°C and the body cools to

70°C in 10 minutes. Assuming Newton’s law of cooling, i.e. ili—z =—k(T —50) where T is the temperature of the
body at time ¢, find:

(@) the temperature after 20 minutes (b) the time taken to cool to 60°C.

4 If N=70 when t = 0, which expression is the correct solution to cil_lj =—0.5(N—-20)?

A N=20+50"" B N=20+50e"" C N=20-50"" D N=20-50e""
5 A metal bar has a temperature of 1230°C and cools to 1030°C in 10 minutes when the surrounding

temperature is 30°C. Assume Newton’s law of cooling, i.e. ccll—]; =—k(T —30) where T is the temperature of the
body at time ¢.

(@) Show that T'=30 + 1200e ™ satisfies both Newton’s law of cooling and the initial conditions.

(b) Find the temperature after 20 minutes. (c) Find the time taken to cool from 1230°C to 80°C.

6 Water at 20°C is placed in a freezer where the air is at a constant temperature of —10°C. The temperature
of the water falls to 15°C in 5minutes. Assume Newton’s law of cooling, i.e. il—f =—k(T +10) where T is the
temperature of the body at time .

(@) Show that T=—10+ 30¢™ satisfies both Newton’s law of cooling and the initial conditions.
(b) Find the temperature of the water after another 5 minutes (when ¢ = 10).

7 A body whose temperature is 180°C is immersed in a liquid that is at 60°C. In 1 minute the temperature of the
body has fallen to 120°C. Assume Newton’s law of cooling, i.e. il—f =—k(T —60) where T is the temperature of
the body at time ¢.

(@) Show that T'=60 + 120¢ ™ satisfies both Newton’s law of cooling and the initial conditions.
(b) At what time would the temperature of the body have fallen to 90°C?

8 A current of i amperes (or ‘amps’) flows through a coil of inductance L henrys and resistance R ohms. The
o ._E =Rt : : . .
current at any time is given by i = E(l —e L ), where E is the electromotive force (i.e. the voltage) in volts.

Show that L£+Ri =E.

dt
9 A vessel is filled at a variable rate so that the volume of liquid in the vessel at any time ¢ is given by
V=A(1l-¢e™).
(a) Show that ii_‘t/ =k(A-V). (b) Ifa quarter of the vessel is filled in the first 5 minutes, what fraction

is filled in the next 5 minutes?
(c) Show that limV =A.

f—>00

10 A rectangular vessel is divided into two equal compartments by a vertical porous membrane. Liquid in
one compartment, initially at a depth of 20 cm, flows into the other compartment, initially empty, at a rate
proportional to the difference between the levels in each compartment. The differential equation for this

process is % =k(20—2x), where xcm is the depth of the liquid in one of the vessels at any time ¢ minutes.

(@) Show that x=10(1 — ). (b) Ifthe level in the second compartment rises 2 cm in the first
5 minutes, at what time will the difference in levels be 2 cm?
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11 Ina certain chemical process, the amount y grams of a certain substance at time ¢ hours is given by the
formula y =3+ ¢ ™.

(@) Show that Zt =—k(y-3).
(b) Ifinitially y decreases at a rate of 0.08 grams per hour, find the value of k.

(c) Find the rate of change when y = 3.5. (d) What values can y take?

YEAR 11

7.5 RELATED RATES OF CHANGE

Rates of change were introduced earlier in this chapter. You will now look at more sophisticated applications of rates

of change.

Problems with related rates arise when there is a function that relates two variables, e.g. x and y, where both

dy d
variables are also functions of another variable, e.g. time ¢. For example, you may need to determine —- ar ) when d_)zf is
dy d
known. In such cases it is necessary to use the chain rule, d)zf dz f;tc

Remember that in a context like this, ‘increasing’ means a positive rate of change while ‘decreasing’ means a negative

rate of change.

Example 13

(@ Ifv= —n’r and dr

i 5, find the expression for =

\%4
dt’
dr . ds
(b) IfS=4nr’and =2 find the expression for a@r
(c) fV= %nf and S = 47, find the expression for Z—g

Solution
dv _ 4 2 as _ dv dS _
(a) I =37 3r (b) = 8mr (c) I =4’ £ =8nr

av _ o2 ds _ds. dr dv _dv dr

dr dt " dr " dt ds " dr " ds
dv _dv. dr dr _o dr _ 1

dr ~ dr dt ar — ds ~ 8rxr

dr _ ds dv 1
—=5 @ _ &v _ 2 L

dt T 8mr x5 S 4rr” X S
dv _ ds dv

dt dr =0 ds = 2
AV _ o o

T 207r

As % is the same in parts (a) and (b), these results can be used to find the answer to part (c) in this case.

Example 14
If x="5¢t cosorand y =5t sino — % gt’, where orand g are constants, find:

dy dy

(@) the expression for I 82 function of ¢ (b) the expression for T when ¢t =2
(c) ifa= % and g= 9.8, find the value of% when t=2.
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Solution
(a) %=5cosa (b) t=2 (c) a= %,g=9.8
. 1 d 5sina— g X2
=5t sin ot — = gt* 4y _ 2T gt
d}’ 28 dx 5coso dy Ssin%—2x9.8
d—y=SSin(x—gt dy Ssino—2g e .
t “—=—° 5cos—
dx 5cosa 4
d_dy  dt
dx ~ dt " dx 2 196
dy 2
dy dx 5
dy \dt N
dx  (dx d
dt %:—4.544
dy _5Ssina—gt
dx  5cosa
Example 15
. 3 . dy dzy
Given x=t'—1and y = £, find as functions of ¢: (@ — (b) —5
dx dx
Solution
dx _ 4 _3t dx
(@) dt_zt 15 dc 27 dt 2
y=t3 dz_y i d_ :i d_y Xﬂ
J dx? dx\d dt\ dx | dx
Y _3p d
dt da(ay =i(2)=§
ax dit Jdx d_ 1
d)’_ > 1 3t dx 2t
PRkl Ty dy_3,1_3
dx? 27 2t 4t
Example 16

A spherical balloon is being inflated so that its radius increases at the constant rate of 3 cm/min. At what rate
is its volume increasing when the radius of the balloon is 5cm?

Solution

. dv _dv _dr
BY the chaln rule. W_WXE
But  V=3mr
) av 2
So: W—‘lﬂ'r
av_dav_dr .,
Thus: W—WXE—‘UTT’ X3
_..  av_ 2
For r=5: W—MCXS X3
= 3007rcm’/min

dt

If r is the radius of the balloon, its volume is V = 4 7+, Given dr =3, need to find av for r=5.

dt
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Example 17

A vessel containing water has the shape of an inverted right circular cone with base radius 2 m and height 5m.
The water flows out of the apex of the cone at a constant rate of 0.2 m>/min. Find the rate at which the water level
is dropping when the depth of the water is 4 m.

Solution
Let the depth of the water be h m, the radius of the cone at the water T
level be rm and the volume of the water be Vm® at time ¢t minutes. :
The volume of the water at any time tis V = %m’zh. |
dv _ dh N
Given —- =02 need to find id when h=4. L@
— is negative: the volume is decreasing, because the water is flowing kot
out of the vessel. Vo
SR N N

To find the link between r and A, use similar triangles.

From proportional sides: Ui Z
h 5 3
_2h B
r== E
Volume: V= %ﬂ'rzh E r
. 2h 1 _(2h) 5
Substitute r=g V_§ﬂx(?j xh ap
_Agh’ E
75 , !
dv  4rmh X
H 5 —_
ence T =
Chain rule: 69; 6;‘2 ZIZ
Arh? dh
2= %G
dh_ 5
dt — 4zh?
dh 5 5
h = 4: —_—
When h dt 4 X16 64w
=—0.0249 m/min

Thus the water level is decreasing at a rate of 0.0249 m/min.

Alternatively: V and h are both dependent on time, so you can differentiate both sides of the volume equation
with respect to time.

anh’
V= 75
dV 4T d 3
7 =75 %)
. ) _4r_d 5\ dh
Chain rule: == dh(h) T
_4r < 3H X dh
75 dt
2
‘?t/ —0.2, so: —0.2—472:? x% as before.
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Example 18

The volume of water in a hemispherical bowl of radius 10cm is V = %ﬂ:xz(30— x), where xcm is the depth of
water at time t.

The bowl is being filled at a constant rate of 277cm’/min.

At what rate is the depth increasing when the depth is 2 cm? ﬂ
Solution —4
Given (il_‘t/ =27, need to find g when x = 2. v

dt
The related variables are V, x and t.

v=1 37X 2(30—x) Method 1 Method 2
=10 2_1 3 dV dV dx d_x = d_x X d_V
B X A dr dt—av’™di
A% 5 dx dx 1
= 20mx—mx” = wx(20-x) 2m=mx(20—x)X 7 —ﬂx(ZO )
de _ 2 d_x 2
dt — x(20—x) dt ~ x(20—x)
dx - L
When x = 2: e cm/s
As an extension to thlS question, you might ask: ‘At what depth is the depth increasing at a minimum rate?’

This is the same as asking: ‘For what value of x is i?; a minimum?’

Note that the formula for the volume of water in the hemispherical bowl at any depth a can be calculated by
finding the volume generated by rotating the circle with equation x° + y* = 100 between y =10 —a and y = 10.

Example 19

A ladder 10 m long has its upper end against a vertical wall and its lower end on a horizontal floor. The lower

end is slipping away from the wall at a constant speed of 4 m/s. Find the rate at which the upper end of the ladder
is slipping down the wall when the lower end is 6 m from the wall. What is this rate when the upper end is very
close to the ground?

Solution
At any time t, the lower end of the ladder is xm from the wall and the upper end is ym above the ground.

Given fi =4, need to find Zy when x = 6.

By Pythagoras’ theorem: x*+ y* =100 2

y=4100-x% 0<x<10 !

—y=%( 00— x) X (—2x)

d (0] (x,0) X
\/100 x* a e
dx dy _dy dx
N
% w4
VJ100—x2
Atx=6 =~ Do _AX6 _ 4

dt — J100-36
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The top of the ladder is descending at the rate of 3 m/s when x = 6.

The equations show that asy — 0, x =10 and % — —oo. This means that the speed of the upper end of the ladder

is increasing as it falls (until it suddenly stops when it reaches the ground).

YEAR 11

Example 20

A radar tracking station is located at ground level, vertically below the path of an approaching aircraft flying
at 900 km/h at a constant height of 10000 m. The tracking station transmits a radar beam that turns to follow the
aircraft perfectly as it approaches. Find the rate in degrees per second at which the radar beam is turning when
the aircraft is at a horizontal distance of 3 km from the station.

Solution

S represents the tracking station and x is the horizontal displacement of the aircraft at time ¢.

Find % when x =3000m.

Converting units:

dx
Hence: TF

Right-angled triangle:

Chain rule differentiation:

de
Reciprocal of both sides:
Chain rule:
dx
For v i —250:

From the triangle, with x = 3000 m:

From the triangle:

Hence

1000
3600

900km/h = 900X >~

= =250

~ 10000
" tan@

] =10000x% (—1)(tan8) > x sec* O

m/s=250m/s

=10000(tan 6)~"

=—10000><°°SZ‘5'><L2
sin“@ cos“6
=-10000cosec>6
d_9__sin29
dx 10000
do d9 dx
dq o dx N dr
__sin’6 ><d_x
10000~ dt
do sin’@ sin’0
= 10000 < (7250)="45
10000 10
tand=—5565=73
10
sinf=—
/109
d@ 1 ><100 5
dt ~ 407109~ 218
5

Note: The initial expression for x could have been written x = 10000 cot 6.

~218

X @ degrees per second

=1.3 degrees per second

~<—— 900 km/h A

— radians per second

V109
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EXERCISE 7.5 RELATED RATES OF CHANGE
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1

10

11
12

13
14

15

16

If A = 7r’ and C = 27r, the expression for Z—é is given by:
1

C r p 1
r

d
If x* + y* = 144, find the value of d_)t/ when % = 0.6 and x =5, given that x and y are both positive.

Ifv= % 7x*(60 — x) and ii_‘tf =2r, find the expression for

dx

dt’

d
(@) If x=4tand y =2t find the expression for % in terms of ¢.

d
(b) Hence find the expression for Y in terms of x.

dx

Given V= % mr*hand r= %, answer the following questions.

(@) Find the expression for V in terms of h. (b) If % = 0.6, find the expression for %

(c) Find the value of % when r=1.

2t 1-¢*

(@ Ifx= dy
1+

7 and y = r find the expression for I in terms of £.
2

(b) Hence find d—); as a function of t.
X

d
(@) Ifx=¢+4tand y=3t+t, find the expression for % in terms of t.
2

d d
(b) If % =1, find the values of x. (c) Find d—}; as a function of t.
x

Water is being poured at a constant rate of 3cm’/s into an inverted right conical vessel whose apex angle is 90°.
At what rate is the water level rising when the depth is rcm?

A lamp is 6 m directly above a straight footpath. A person 2m tall walks along the footpath away from the light
at a constant speed of 1 m/s. At what speed is the end of the person’s shadow moving along the path? At what
speed is the length of the shadow increasing?

Given A= xv100—x? and % =(.3, the value ofili—ix when x = 8 is:
72 72 7 7
A 73 B 3 ¢ 73 D 3
. . - 7 oo dx dy
A particle moves on the circumference of the semicircle y =v4—x~. If b find I Atx= 1.

A melting snowball is decreasing in volume at a constant rate of § cm*/min. If the melting snowball is always a
perfect spherical shape, find the rate at which its radius is changing when the radius is 4 cm.

A particle is moving along a curve with equation y = x*. If % =2atx=3, find % at that instant.

The perimeter of a circular sector is 20 cm. The radius is increasing at a rate of 5cm/s.

(@) At what rate is the angle of the sector changing when the radius length is 10 cm?
(b) At what rate is the area changing when the radius is 10 cm?

A ladder 5metres long is standing vertically, flat against a vertical wall, while its lower end is on the horizontal
floor. The lower end moves horizontally away from the wall at a constant speed of 1 m/s while the upper end
stays in contact with the wall. Find the speed at which the upper end is moving down the wall 4 seconds after
the lower end has left the wall.

Sand is poured into a heap in the shape of a right circular cone whose semi-vertex angle is ¢, where tano = 3.

™

When the height of the cone is 16 cm, the height is increasing at a rate of 2 cm/min. At that instant, at what
rate is the volume increasing?
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When a certain gas expands at constant temperature, its pressure P and volume V are given by the relation
PV'* =k, a constant. At a certain instant the pressure is 25g/cm” and the volume is 32 cm’. If the volume is
increasing at the rate of 5cm’/s, at what rate is the pressure changing at that instant?

A kite 50 metres above the ground is being carried horizontally by the wind at a rate of 4m/s. If the kite’s string is
always perfectly straight, how fast must the length of the string be increasing when the string is 100 metres long?

Sand is poured into a heap at a constant rate of 4 cm’/min, so that the heap is in the shape of a right circular
cone whose height is always equal to the radius of the base. When the heap is 10 cm high:

(@) how fast is the height increasing (b) how fast is the area of the base increasing?

A boat is pulled in to a wharf by a rope at a speed of 20 m/min. If the rope is attached to a point on the boat 7m
vertically below the wharf, at what rate is the rope being drawn in when the boat is 24 m from the wharf?

A straight railway track and a straight road intersect at right angles. At a given instant a car travelling at

40km/h and a train travelling at 50 km/h are moving away from the intersection and are 40 km and 30km

from the intersection respectively.

(@) The car and train continue moving in straight lines without changing their speed. One hour later, at what
rate is the distance between the car and the train changing?

(b) At what rate would the distance between the car and train be changing if they were both travelling
towards the intersection?

Two straight roads meet at an angle of 60°. Car A starts from this intersection and travels along one road at
40km/h. One hour later, car B starts from the intersection and travels along the other road at 50 km/h.
Three hours after car A starts, at what rate is the distance between cars A and B changing?

A conical tank with a vertical axis has a semi-vertical angle of 45°. Water, initially at a depth of 5 metres, leaks
out through a hole at the bottom of the tank at a rate of 0.24/4 m*/min when the depth is s metres. Find the
rate at which the depth is decreasing when the depth is 4 metres.

The height of a right-angled triangle is 6 cm and its base is increasing at a constant rate of 2 cm/s. At what rate
is the hypotenuse increasing when its length is 10 cm?

A loading chute is in the shape of a square pyramid with base length 10 m and depth 8 m. Liquid is poured in
at the top at a rate of 4m’/min. At what rate is the level rising when the depth is 4m?

Grain is ejected from a chute at a rate of 0.1 m*/min to form a heap on a flat horizontal floor. The heap is in the
form of a circular cone of semi-vertical angle 45°. Find the rate (in metres per minute) at which the height of
the cone is increasing at the instant 3 minutes after the opening of the chute.

In triangle ABC, AB=10cm, AC=12cm and angle A is increasing at the rate of 0.1 radians per second.
At what rate is:

(@) the area of AABC increasing (b) the length of BC increasing, when angle A is % radians?

A spherical mothball evaporates at a rate proportional to its surface area so that its volume Vcm® and radius r

. dv . o
after t weeks are related by the equation — =—4kznr?, where k is a positive constant.

dr dt
(a) Show that pr —k.

(b) If the initial radius of the mothball is 1 cm and the radius after 10 weeks is 0.5 cm, express r in terms of ¢.

The volume V and surface area S of a sphere of radius r are given by V = %m’3 and S = 47tr° respectively.
av av _  dr
(a) Show that T S and I S%.

(b) A spherical ball of radius 24 mm is immersed in an acid bath so that its volume decreases at a changing
rate equal to three times its surface area (while remaining constantly spherical). How much time does it
take to reduce to one-eighth of their original size: () theradius (i) the volume
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30 (a) Show that the formula for the volume V of a right circular cone of base radius r and height h can be

1
3

(b) Water flows out through a hole at the vertex angle of an inverted cone, whose angle is 60°, at a rate equal
to 7 times the square root of the depth of the water at any time. At what rate (in cm/s) would the water
level be dropping when the depth is 9 cm?

expressed as V =+ h’ tan” &, where o is the semi-vertex angle.

CHAPTER REVIEW 7

1 A particle is moving along the x-axis and is initially at the origin. Its velocity v metres per second at

time t seconds is given by v = .
& YV o4 s?

(@) What is the initial velocity of the particle?
(b) Find an expression for the acceleration of the particle. () When is the acceleration zero?
(d) What is the maximum velocity attained by the particle and when does it occur?

The growth of the number of internet users in the USA was modelled as an exponential function N = Ae",
where N is the estimate for the number of internet users (in millions) and ¢ is the time in years after
1 January 2001.

(a) At the start of 2001 (¢ = 0) there were 124 million internet users in the USA. At the start of 2009 there
were 220 million. Find A and k.

(b) How many internet users would you expect there to be at the start of 20122

(c) In what year would you expect the number of internet users in the USA to first exceed 300 million?

A full water tank holds 4000 litres. When the tap is turned on, water flows out from the tank at a rate of
av

v 110 + 17t — #* litres per minute, where V is the volume in litres and ¢ is the time in minutes since the tap

was turned on.

(@) At what time is the tank emptying at a rate of 50litres per minute?
(b) At what time does the water stop flowing out of the tank?

Given that N = 200 + 70¢", which expression is equal to C;—I;[?

A k(200 - N) B k(N -200) C k(270-N) D k(N-270)
The number N of bacteria in a colony grows according to the rule ‘Z—Ij = kN. If the original number increases
from 5000 to 10000 in 6 days, find the number of bacteria after another 6 days.

dN __N
dt 40
population is initially of size N, find how much time it takes for the size to be halved (rounded to the

A population of size N is decreasing according to the rule , where t is the time in days. If the

next day).

A radioactive substance decays at a rate that is proportional to the mass of radioactive substance present at any
time. If 10% decays in 400 years, what percentage of the original radioactive mass will remain after 1000 years?

The radius of a cylinder increases at a constant rate of 0.1 cm per minute while its height remains constant at
10 cm. At what rate is the volume of the cylinder increasing when the radius is 2cm?

Rain is falling and collects in an inverted cone so that the volume collected increases at a constant rate of
4 wcm® per hour. If the radius r of the cone is half its height h, find the rate (in cm per hour) at which the
height is increasing when h = 3.
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A cup of hot coffee at a temperature T°C loses heat in a cooler environment. It cools according to the

law ‘/Zl_’{ = —k(T— T, ), where t is the time elapsed in minutes, T, is the temperature of the environment in

degrees Celsius and k is a constant.

(@) At recess, Mr Masters makes his cup of coffee with water at 100°C. The temperature in the staff room is
25°C when he places his coffee on his desk. Three minutes later his coffee is just the temperature he likes
it, 75°C. Find the value of k.

(b) Before Mr Masters gets a chance to drink his coffee, he leaves the staff room to help a student with a
maths problem about exponential growth and decay. What is the temperature of the coffee when he
returns, 5 minutes later?

Cream taken out of a refrigerator has a temperature of 3°C. It is placed on the table in a room of constant
temperature 24°C. After ¢ minutes the temperature, T°C, of the cream is given by T= A — Be***, where A and
B are positive constants.

How much time does it take for the cream to reach a temperature of 8°C?

d
Given x = 40t and y = 56t — 16°, then the expression for —1 is given by:

d
dy s dy _7-4¢ dy _ dy_ 1
A KT a B ™ s C 4 =°U-4) D dx ~ 5(7 —4t)
IfP= 1‘0/0 an %=4, find the expression for d—P

dt

(@ Ifx=2 (t + %),y = Z(t - %), find an expression for % in terms of ¢.

2
(b) Find d—); as a function of t.
dx
A spherical balloon is being filled with air at the rate of 100 cm’/min. At what rate is the radius of the balloon
increasing when the radius is 5cm?

A circular oil slick floats on the surface of still water. Its area is increasing at a rate of 10 m*/min. At what rate is
the radius (r metres) increasing?

A point P moves on the curve y = x’ so that its x-coordinate increases at a constant rate of 5 units
per second. Whenx=1: (a) at what rate is the y-coordinate of P increasing

(b) at what rate is the gradient of the curve increasing?

A vessel is shaped so that when the depth of water in it is xcm, the volume of the water is Vcm’, where
V =108x + x’. Water is poured into the vessel at a constant rate of 30 cm’/s. At what rate is the water level
rising when its depth is 8 cm?

A trough Imetres long has a cross-section in the shape of an isosceles triangle with base length 2a metres and
height b metres. Water leaks from the trough at a constant rate of cm*/min. Find the rate at which the water

level is falling when the depth of the water is %metres.

A metal sphere is dissolving in acid. It remains spherical and the rate at which its volume decreases is
proportional to its surface area. Show that the radius of the sphere decreases at a constant rate.

A circular cylinder with height 6 cm and base radius 4 cm sits on a table with its axis vertical. A point source
of light moves vertically up at a speed of 3 cm/s above the central axis of the cylinder, thus casting a circular
shadow on the table. Find the rate at which the radius of the shadow is decreasing when the light is 4 cm above
the top of the cylinder.
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CHAPTER 8

Trigonometric equations

8.1 SOLVING TRIGONOMETRIC EQUATIONS USING
THE AUXILIARY ANGLE METHOD

The auxiliary angle method of solving trigonometric equations involves changing an equation of the form
asinx * bcosx = c into the form rsin (x + &) = ¢, which is then easier to solve. In this form, o is called the
auxiliary angle.

This method can also be used to change acosx £ bsinx = ¢ into the form rcos (x ¥ &) = c. In both cases, the
constants a, b, r and o are positive real numbers.

For example, to express asinx + bcosx in the form rsin (x + ):
Let asinx + bcosx =rsin (x + )
=r(sinxcos o+ cosxsin o)
=rsinxcos o+ rcosxsin o

This is an identity, so the coefficients of sinx and cosx on each side must be the same.
ie. a=rcoso

b=rsina
. a’+ b =71 (cos’ a+sin’ )
Hence: " =a’+b’
r=+a’+b* because r is a positive real number.

. . a ) b
From the coeflicients, there is also cos ot = - and sina = P

As a and b are positive constants, so cos o and sin ¢ are also positive. This also means that ¢ is in the first quadrant
sink b
cosot a’

(i.e. it is an acute angle), such that tanar =

Hence, the auxiliary angle method gives:  asinx + bcosx =rsin (x + &)
which then allows you to obtain: asinx — bcosx=rsin (x — o)
acosx+ bsinx=rcos(x— o)

acosx —bsinx=rcos (x+ )

/ . . b
In each case, r =+/a’+b* and o is an angle in the first quadrant such that tano = 2

Example 1
Express: (@) 3sinx —cosx in the form rsin (x — @) (b) 3cosx—4sinx in the form rcos (x + o).
Solution

(@) /3sinx—cosx=rsin(x—a)
=r(sinx cosa —cosx sin)

=rsinx cos —rcosx sine
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Equate coefficients of sinx and cosx: rcosor = V3 (1]
rsinor=1 (2]
[11°+[2]% 7’ (cos’or+sin’ o) = 4
=4
r=2 (asr>0)

Hence from [1] and [2]: cosax = # and sinor =%

As cos orand sin ¢ are both positive, o is in the first quadrant, such that tana=—=, i.e. ¢ = %

G

From the first equation: ~/3sinx—cosx = 2sin (x - %)

(b) 3cosx—4sinx=rcos(x+ )
a=3,b=4: r=v3*+4>=5
4

tanor = 3 0= 53°§8’

3cosx—4sinx=5cos (x+ 53°8")

Example 1 illustrates two different auxiliary angle methods that may be used. You should practise both.

Important uses of the auxiliary angle method

o Writing asinx + bcosx in the form rsin (x + @) tells you that the greatest and least values of the function are
rand —r respectively. This makes sketching functions like y = asinx + b cosx much easier.

o Writing asinx + bcosx in the form rsin (x + ) allows you to solve equations of the type asinx + bcosx =c.

Example 2

Sketch the graph of y =~/3sinx—cosx, 0 < x < 27.

Solution

Example 1 (a) has already shown that /3 sinx —cosx = 2sin(x - %) Hence: y= 2sin(x - %)

At the endpoints of the domain, x=0and x=27: y= 2511‘1(—%) = 2sin(2ﬂ—%) =-1

The greatest value of y is 2, where: 1= sin(x —%)
_T_1x 4
672 2
xzzTﬂ' 1L y=\Bsinx—cosx
The least value of y is =2, where: -1= sin(x— E) | | |
6/ "o /f_r 2 m sz oam X
_m_3rm LY 3 6 3
*TeT 2
_5r 24
=3
The graph crosses the x-axis where: sin(x—%) =0
__
X 6 0, 7t7
= /n
*~6 6
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Example 3
Solve the following equations.
(a) 3sinx—cosx=1,0<x <27 (b) 8cosx+6sinx=-3,0°<x<360°
Solution
Method 1
(@) Example 1 (a) has already (b) Useacosx+ bsinx=rcos(x—a).
shown that </3 sinx — cosx = ZSin(x —%) 8cosx +6sinx=-3
a=8,b=6: r=+8+6"=10
23in(x—£)=1 6
6 tano=8=075 so ar=36°52"
; w)_1
Sm(x—g)—z ". 10cos(x—36°52")=-3
_T_T ST cos (x—36°52")=-0.3
*“676 6 ( )
x—36°52"=107°27, 252°33’
e % T
x=144°19, 289°25’
Method 2

You can express sinx and cosx in terms of tan% for all values of x, except x =+, £37, +57, ...

(because tan Z is undefined for those values).

2 2

The t formulae (see Chapter 4) give sinx = Lz, cosx = 1—t2 .
1+t 1+t
2
(a \ESinX—cosx: ,L,0<x<2rm: 2ﬁ§ _1—t2=1, where t = tanﬁ
1+t° 1+t 2

2\/§t—(1—t2):1+t2

23t—1+t2 =1+

V3t=1
%:%forosgﬁﬂ
x=%for0§x£27r

X. . .
Because ¢ = tan is undefined at x = 7, you must now separately test whether x = 7 is a solution.

x=m: LHS=+/3sin7 — cosm=0— (—1)=1=RHS
Hence x = mis also a solution. The complete solution is x = %, .
8(1—t2) 12f
2 + 2
1+t 1+t
8 — 8t +12t=-3 -3¢
58 —12t—11=0

=-3

(b) 8cosx+6sinx=-3,0°<x<360°

1241444220
= 10
tan %Z 3.108,-0.708  (to 3 d.p.)
g = 720107, 144° 42" for 0° sgs 180°

x =144°20",289° 24" for 0° < x < 360°
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(Note the slight difference in the answers due to the rounding error when solving the quadratic equation.)

X . . .
Because £ = tan > is undefined at x = 7, you must now separately test whether x = 180° is a solution.

x=180°: LHS=8cosm+ 6sinwt=—-8+ 0=—-8 % RHS

Hence x = 180° is not a solution of the equation.

Important note:

If you use the t formulae substitution to solve equations of the type acosx + bsinx = ¢, you must also test to see
whether x = tn7 is a solution of the equation. The use of the t formulae to solve a variety of equations will be
covered later in this chapter.

EXERCISE 8.1 SOLVING TRIGONOMETRIC EQUATIONS USING

THE AUXILIARY ANGLE METHOD

1 Express each of the following in the form rsin (x + ).

(@) sinx+ cosx (b) 3sinx++/3cosx

(c) 5sinx+12cosx, 0° < a<90° (d) 2sinx+ cosx, 0° < o< 90°
2 Express each of the following in the form rsin (x — ).

(@) sinx —+/3 cosx (b) 2sinx—3cosx, 0°< o< 90°

(c) 2sinx—cosx, 0°< a<90° (d) 3sinx—3cosx

3 Express each of the following in the form rcos (x — ).

(@) cosx+sinx (b) 24cosx+ 7sinx, 0° < ox<90°

(€) 2cosx+2+/3sinx (d) 3cosx+2sinx, 0°< o< 90°
4 Express each of the following in the form rcos (x + ).

(@) cosx—sinx (b) J3cosx—sinx

(c) 8cosx—sinx, 0°< < 90° (d) 5cosx—3sinx, 0°< o< 90°

5 Which expression is equivalent to 8 sinx — 15 cos x?
A 17cos(x—61°56") B 17sin(x—61°56")
C 17cos(x+61°56") D 17sin(x+61°56")

6 Find (i) the maximum and (i) the minimum value of the following expressions. Also find the smallest
positive values of x for which the maximum and minimum occur.

(@) sinx —+/3cosx (b) cosx+sinx (c) 24/3cosx —2sinx
(d) 5sinx+12cosx (answer in degrees)

7 Solve:
(@ cosx+sinx=1,0<x<2m (b) cosx++/3sinx=2,0<x<2rm
(€) 3cosx+2sinx=+/13, 0° < x < 360° (d) 3sinx—+/3cosx=+/3,0<x<27
(e) 6sinx+ 8cosx=-5,0°<x<360° () 4cosx+3sinx=-1,0°<x<360°
(g) cosx—+/3sinx=2,0<x<27w (h) cosx—sinx=-— ,—%Sxﬁ%t

() 3sinx+4cosx=-2,—-180°<x<180° (j) J2sinx—cosx=1.5, 0° < x < 360°

8 Sketch the graph of f(x)=~/3cosx—sinx, 0 < x <27. Use your sketch to find the values of x for which:
@ fx=1 (b) f(x)>1
9 Sketch the graph of f(x) = cosx + sinx, —7 < x < 7. Use your sketch to find the values of x for which:

@ flx)=-1 (b) f(x)>-1
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8.2 SOLVING QUADRATIC TRIGONOMETRIC EQUATIONS

Example 4

(@) Solve the equation tan® 0+ tan O —2 =0, 0°< 6< 360°.
(b) Solve the equation cos’x=2cosx, -T<x<T.

Solution
(a) Factorise: (tan@ — 1)(tan 6 +2) =0
tan6=1 or -2
0=45°,225° or 116°34’,296°34"
Solution is 8= 45°, 116°34’, 225°, 296° 34’.

(b) Rearrange: cos’x—2cosx=0
Factorise: cosx(cosx—2)=0
. cosx=0 or 2

Because |cosx| < 1, the only solution is cosx = 0.
T

s I=

Example 5

Solve the equation sec’x — 2tanx = 4 for 0 < x < 27.

(Trigonometric values rounded to 3 d.p. where necessary.)

Solution
The trigonometric functions are different, but they can be linked by the identity sec’x = 1 + tan’ x:
sec’x—2tanx =4
1+tan’x—2tanx =4
tan’x — 2tanx —3=0
(tanx—3)(tanx+1)=0
tanx=-1 or 3
x=m-24 2w~ 7,1.249, m+1.249

_3r Ir
X=5"% 1.249, 4.391

EXERCISE 8.2 SOLVING QUADRATIC TRIGONOMETRIC EQUATIONS

1 Solve for values between 0 and 27 inclusive:

(@) tan’x-1=0 (b) sin’x—sinx=0 (¢) cos’0—2cosO+1=0

(d) V3tan’x+tanx=0 (e) 4sin’6=1 () sin’x—sinxcosx=0
2 If0 < 0< 27, the solution to 2cos’0—1 =0 is:

rn 3m sSm I 3w Sm Im _3n _m &3

A 4> 4 B 4> 4 c 4> 4> 4> 4 D 4> 4° 4 4

3 Solve for values between 0 and 27 inclusive:
(@) 2cos’0—3cos0-2=0 (b) 2cos’O+sinf=1
(c) 2sin6—3cosH=2 (d) (2cosx+1)(sinx—1)=0
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4 Solve for 0 < x < 360°:

(@) 2tan’x+tanx =15

(b) 5cos’x+2sinx=2

5 If 0< <27, then the solution to 3sin’ @ — 4 cos 8+ 1 = 0 is (approximately or exactly):

A 0=0.841, 5.442
6 Solve for0< 0<2rm:

B 60=1.969,4.315
(@) 3tan’#—3tan’O—tanO+1=0

C 6=2301,3.983 D 9=2T”,4T”

(b) cos’ 0—2cos* O+ cosO=0

8.3 SOLVING EQUATIONS USING ANGLE FORMULAE, INCLUDING

YEAR 12

THE t FORMULAE

In Chapter 4, you solved trigonometric equations using the angle formulae. More complex trigonometric equations

will be considered in this section.

When you are using the ¢ formulae to solve an equation, because tan 2 is undefined you must substitute 6 = 7 or

180° into your equations to check that you have not missed a possible solution.

Example 6

Solve the equation 2 sin (x + 5?”) =sinx, for 0 < x<2m.

Solution
2(sinxcoss?ﬂ+cosxsin5?ﬂ) =sinx
2sinx X (—%) + 2cosx X % =sinx

—J/3sinx + cosx =sinx

(1++/3)sinx=cosx
1

J3+1

x=10.3509, 7+ 0.3509
x=0.351, 3.493

tanx =

Example 7

Solve for 0 < x <2 (@) 4cosx=cosecx

Solution
(@) 4 cosx = cosec X (b)

4cosx=.L

sin x
4sinxcosx=1
2sin2x=1
sin2x=0.5
5o T 5T 13w 177

66 6’ 6

n 5m 137w 171w

T2 12

(b) cos4x —cos2x=0

cos4x —cos2x=0
2c08*2x—1—cos2x=0
2c08*2x — cos2x—1=0
(cos2x—1)(2cos2x+1)=0
cos2x=1, cos2x=-0.5 or ax 87 10
_ 2t 2w or 1Um
2x=0,2m, 47 or 2x= 3°3°3° 3
_o T 2r _4Am 5S¢
x_0)3)3”3)372n
This equation could also have been solved by writing
cos4x = cos 2x.
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Example 8

Solve for 0 < x<2m: (@) cos3x=cos2xcosx (b) sin7x — sinx =sin3x

Solution
(@) cos3x=cos2xcosx

cos3x = %(cos 3x + cosx)

2cos3x=cos3x+ cosx
cos3x=cosx
3Xx=x,2m— %, 2+ X, 4T — X, 4w+ X, 6T — X, 6T+ X, 8T — X

2x=0,2m 4w, 6 or 4x= %n, 4r, 671, 81T
T T
=V, ’2 = ’—)2
x=0,m 2w or x > T, > T
The solution is x =0, %, T, ’%T, 27
(b) sin7x — sinx = sin 3x
2 cos4x sin 3x = sin 3x
sin3x(2cos4x—1)=0
sin3x=0, cos4x=0.5
nw 57 7n 1lrm 13w 177 197 231

3x=0,m 2m, 3m, 41, 57T, 67T or 4x=§,?,7,7, 3° 3° 3° 3

_om 2m _4m 5t ., . _m 5w 7n lr 137 177 197 237
>33 32 3”7 12127127 127 127 127 127 12
x=0 & 5T 7x 2m 1w 13w 4m 17w 19w 57,

C12°3’12° 120 3712070 120 37 120 120 3

Example 9

(@) Use the expansion of sin (260 + 0) to obtain an expression for sin 36 in terms of sin 6.
(b) Hence find the roots of 4x° — 3x + 0.5 =0.

Solution
(a) sin360=sin (2 6+ 06) (b) Letx=sin6: 4sin’ O— 3sin O+ 0.5=0
=sin 26 cos 0+ cos2 Osin O 3sinf —4sin’ 6=0.5
=2sin 60 cos 0 cos O+ (1 — 2sin” 6) sin O sin39=l
=2sin 6 cos’ O+ sin @ — 2sin’ O 2
=25in @ (1 — sin’ 6) + sin @ — 2sin’ O 39=", Sl, 137 ,177r,257r,297r
=2sin6 —2sin’ O+ sinO— 2sin’ O 6° 6" 6 6 6 6
sin30=3sin @ — 4sin’ O G=LZ 2 L Wi 2505 20
1818’ 18 > 18 > 18 ’ 18
Cn T 5T 25T
Hence the roots are x = sin 18’ sin 18 sin 18
Example 10
Solve 5cos 0 — 2sin 6 =2 for 0°< 6<360° using the ¢ formulae.
Solution i
tztanQ,sinQZ 2t2,c059=1_7t2,tan0= 2t2.
2 1+¢ 1+¢ 1—¢
o . = 2t
Substitute into the equation: 5% > —2X =2
1+t 1+t
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Simplify: 55t —4t=2+2f

78 +4t—3=0
(7t—3)(t+1)=0
_
t=3,-1
0°< % < 180°: g =23° 12/, 180° — 45°

0=46°24’, 270°.
Test whether 8= 180° is a solution: LHS = 5cos 180° — 2sin180°=—-5 -0 #2

This equation could also have been solved using the auxiliary angle method.

Example 11

(a) Show that sin (A + B) + sin(A — B) = 2sin A cosB.

+ p—

(b) By using suitable substitutions for A and B, show that sinx + siny = 2sin (%) cos ( o 5 4 )

(c) Hence solve sin 2x + sin4x = sin 6x for 0 < x < 7.
Solution

(@) LHS=sinA cosB+ cosA sinB + sinA cosB — cos A sin B

=2sinA cosB
(b) Letx=A+Bandy=A-B.
+y xX=)y

Adding these equations: A = al Subtracting the equations: B= —~=

+ —
Substitute these results in (a): sinx + siny = 2 sin( X > ) ) cos ( X 5 ) )

(c) Use the result in (b) on the LHS: sin2x + sin 4x = 2 sin 3x cos(—x) = 2 sin 3x cosx
Use the double angle formula sin 2x = 2 sinx cos x on the RHS:  sin 6x = 2sin 3x cos 3x
2 sin 3xcos(—x) = 2sin 3xcos 3x
2sin3x cosx =2sin3x cos3x (cos x is an even function, so cos (—x) = cos x)
2sin3x (cosx — cos3x) =0
sin3x=0 or cosx—cos3x=0
3x=0, 1, 2w, 3% or cos3x=cosx

x=0,%,277r,n’ or 3x=x2m—Xx2n+x, 47— x
2x=0,4x=2m, 2x=2m, 4x =41
-0
x—0,2,7r
.. 21
1 = ,E,E) > JT.
Solution is x=0 32 3 TT.

Example 12

Solve the equation cos4x +sin3x=0for 0 <x < 7.

Solution
Rewrite equation: cos4x = —sin 3x

Sine is an odd function, so: —sin 3x = sin (—3x): cos 4x = sin (—3x)

Use sin 6= cos(% - 9) to rewrite equation: cos 4x = cos (% + 3x)
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_T _(Z T _[Z (T (T
4x—2+3x,27r (2+3x),27r+(2+3x,47r (2+3x),67r (2+3x),87r (2+3x)
oo B o 3% _5m o _7m 1 157

2’ 2’ 2’ 27 27 2

1w 3r © 11w 157

T4 140 14

As 0 < x < 7, the solution is x = 3

14°

EXERCISE 8.3 SOLVING EQUATIONS USING ANGLE FORMULAE, INCLUDING THE t FORMULAE

1 Solvefor0<x<2m:

2 .

(@) sin(x+%)=cosx (b) sin(x+%)=cos(%—x) (c) ZSin(X“‘%):sinx
n
(d) sin(x“‘%):cos(x—g) (e) 4tan(X—%)=tan(x—%) (] cotx+cot(x+%):3
2 Solvefor 0 <x<2m
(@) 2cosx=cosecx (b) 4sinx=secx (€) 4cosx=-/3cosecx
(d) 3sinx=secx (e) tanx=cosec2x () sin2x+cos2x=1

3 Solve for 0 < x < 27, using the double angle formulae:

(@) cos2x—cosx=0 (b) cos2x—sinx=0 (c) sin4x+sin2x=0 (d) tan4x+tan2x=0
4 Solvefor0<x<m
(@) cos5x=cos4x cosx (b) sin5x — sinx =sin3x
(c) sin7x cosx =sin4x cos4x (d) sin2x+ cos2x=sinx —cosx
5 Solve0<x<2m:
(@) 3sin2x+4sinx—2=0 (b) 4(sin’2x—sin’°x)=1 (C) tan2x=tanx (d) tan2x+3tanx=0
6 Solve 0<x<m:
(@) cos’x—sin’x=1 (b) tanx+ cotx=2 (c) tanx+2cotx+secx=0
7 Solve 0<x<2m:
(@) 3sinx+4cosx=5 (b) cosx+3sinx=2 (c) 10tanx—2secx=5 (d) sin2x=1+ cos2x

8 Show that if a* + b> < &, the equation acos 8+ bsin 6= ¢ has no real roots.

9 The equal sides of an isosceles triangle are x cm and the third side is 2y cm. The equal
angles are each 6 and the height of the triangle is & cm, as shown.
If the perimeter of the triangle is four times the height, find the size of the angles of the
triangle to the nearest minute.

10 Solve each equation:

(a) tan”’ (%) —tan" (%) =tan’ (é) (b) tan”" (2x) + tan”" (3x) = tan ' (1)

11 (a) Use the expansion of cos (26 + 6) to obtain an expression for cos 30 in terms of cos 6.
(b) Hence find the roots of 8x° — 6x — +/3 = 0.

12 (a) Use the expansion of tan (20 + 6) to obtain an expression for tan 30 in terms of tan 6.

(b) Use this result to show that tan 15° = 2 — /3. Justify your answer.
() Use the expansion of tan (45° + 30°) to find the exact value of tan 75°. Compare this answer to the other
result obtained in (b).
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13 Solve each equation using the ¢ formulae, for 0° <0< 360°.
(@ 2sinB+cosf=1 (b) 5cosf+3sinf=4 (c) 2cosecO—4cotO=3

14 Solve each equation using the ¢ formulae, for 0 < x < 27.

(@ sinx+cosx=1 (b) 7cosx—24sinx=5 (c) 6sinx+8cosx=5
15 Solvefor0<x< .
(@) cos4x=cos2x (b) tan2x=cotx (c) sin3x=sinx (d) cos3x=sin2x

16 Solve for0<O6< 7.

(@) c0539=sin(%—9) (b) sin29=cos(9—%) (c) c0529=sin(9+%) (d) sin(@—%)zcosze

17 Solvefor0<x< .
(@) sin3x+sinx=0 (b) sin2x+ cos3x=0 () tan2x+cot3x=0

18 (a) Giventhat251n9cos¢=sin(0+(1))+sin(9—q)),showthatsinA+sinB=Zsin(A;B)cos(A_B).
(b) Hence solve for 0 <0<
(i) sin36=sin560+sin 6O (i) sin20+sin30+sin40=0
(iii) sin@+sin260+sin360+sin460=0 (iv) sin560+sin30=sin46+ sin260

19 (a) Giventhat2c030cos¢=cos(9+¢)+cos(0—(])),showthatcosA+cosB:2cos(A+B)cos(A_B).

2 2
(b) Hence solve for 0 < x<2m:
(i) cosbx+cosx=cos3x (i) cosx+cos3x=cos5x+cos7x (iii) cos5x+ cosx+cos7x+cos3x=0

CHAPTER REVIEW 8

1 (a) Express 2+/3 cos (9+%)—2cos 0 in the form Rcos (6 + &), where R> 0 and 0< <%.

(b) Hence, or otherwise, solve 24/3cos(0+Z)|-2cos@=1for 0 < O< 2.
6

2 (a) Express3sinx +4cosx in the form rsin (x + o) where 0< o < %
(b) Hence, or otherwise, solve 3sinx + 4 cosx =5 for 0 < x < 2. Give answer(s) to two decimal places.
(c) Write the general solution for 3sinx + 4 cosx = 5.

1—cos26 T

15cos20 to find the exact value of tan s

4 Show that the cubic equation 8x’ — 6x + 1 = 0 can be reduced to the form cos30 = —% by substituting x = cos 6.
From this, deduce the following:

3 Use tan’6=

21 4w _ T 21 4w _ T
(@ cos g T cos=gr=cosg (b) sec % tsec Ty 6+ sec 9

T 27 ar _ 2T 221 24w _
(c) sec g Sec g sec =g = 8 (d) tan 9 +tan 9 +tan 9 = 33

5 It can be shown that cos 30 =4 cos’ 6 — 3 cos 6. Use this result to solve cos 30+ cos 20+ cos 8= 0 for 0< 0 <27
6 (a) Expand cos(2A + B) and hence prove that %cos30 =cos’0— %cos 0.
(b) By writing x = kcos 8 and giving k a suitable value, use the formula proved in part (a) to find the three
3z ¥/ T

roots of the equation 27x’ — 9x = 1. Hence write the value of the product cos % €08 g~ 08 == €08 g

7 If tan ¢, tan 3, tan ¥ are the roots of the equation 2 —(a+ 1)x*+ (c— a)x — c =0, show that a+B+y=nn+Z%

4
8 Solvesinx=cos5xfor0<x< .

9 (a) Find A and B in terms of x and y such that sinx + siny =2sin A cos B.
(b) Find the solution of sin 8+ sin26+ sin30=0for0 <0< 7.
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CHAPTER 9
Proof by mathematical induction

The nature of proof by induction
You can often see that a particular pattern seems to apply to a situation, and you may then attempt to formulate a
rule that applies to that situation. For example, you might note that 1 is a factor of 420, so is 2, so is 3, so is 4 and so
is 5. From these observations you might make the statement that ‘every positive integer is a factor of 420, or in other
words ‘n is a factor of 420 for all positive integers »’. This statement is clearly wrong: n =9 is a counter-example
which proves that the statement is false (because 9 is a positive integer and not a factor of 420).
It only takes one counter-example to disprove a general statement.
For example, can you find counter-examples to disprove the following statements?

« n’+n+11is a prime number for all integers n > 1.

« 1’ —n+41is a prime number for all integers n > 1.

More importantly: how do you prove that a general statement is true? Even if you demonstrate that a statement is true
for the first 1000000 cases, that would still not prove the statement to be true in all cases.

Mathematical induction is a method of proof that can be used in exactly these circumstances (for example, to prove
that something is true for all positive integers #, or for all positive integers n greater than a specified starting value,
or for all positive odd integers n).

A proof by induction consists of a three-step process, the final step being a conclusion.

1 Prove that the statement is true in the first case possible.
2 Prove that if the statement is true in any one case (i.e. for n = k), then it must also be true in the next case
(i.e. for n =k + 1, or for n = k + 2 if the statement is true for even integers only, etc.).
3 Write a conclusion:
The statement is true for n = k + 1 if it is true for n = k. (As proved in step 2.)
The statement is true for n =1 (i.e. for the first possible case). (As proved in step 1.)
Thus the statement is true for all integers n > 1.

In step 2 it is proven that there is the potential for a ‘chain reaction’ to occur: if it is true for any one case then it is
also true for the next case, which means that it is also true for the case after that, and so on forever.

In step 1 it is proven that it is true in the first case: this is like flicking the switch to start a chain reaction or pushing
over the first domino of an infinite line of dominoes. The infinite cascade of falling dominoes means that the
statement is true for all appropriate values of # from the starting value to infinity.

You will now look at several different types of problems that require proof by induction.

9.1 MATHEMATICAL INDUCTION INVOLVING SERIES

Note the following pattern: 1=1
1+3=4
1+3+5=9

1+3+5+7=16

Observe that the sum of n consecutive odd numbers starting from 1 is always 7",
Can you prove this? Yes, this can be proved by induction. (See Example 1.)
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Example 1
Prove that 1 +3+5+... + 2n— 1) =" for all integers n > 1.

Solution

The two methods shown below are equivalent, but Method 2 introduces a symbolic representation of the
statement being proved. When you are familiar with Method 2 you will find that it requires less writing than
with Method 1.

No matter which method you use, you must always write all three steps and use the appropriate words
emphasised below (or their equivalent) in each step.

Method 1

Step 1 Prove that the statement is true for n=1.

Whenn=1: LHS=1 RHS=1°=1
LHS = RHS .. the statement is true for n =1

Step 2 Assume the statement is true for n = k, where k is any integer greater than or equal to 1.

ie. assumethat|1+3+5+...+(2k—1)|:k2 [a]

Now prove that the statement will be true for n =k + 1 if it is true for n = k.

ie provethat 14+3+5+...+Q2[k+1]-1)=(k+1)

LHS =1+3+5+...+(2[k+1]-1)

=[1+3+5+...+ (k- D|+Q[k+1]-1)

using [a]: =K+ (k+1)
(You can only prove this is true when n = k + 1 if it is true when n=k.)
= (k+1)
=RHS
Step 3 Conclusion
The statement is true for n = k + 1 if it is true for n =k (Step 2)
The statement is true for n =1 (Step 1)

.. by induction, the statement is true for all integers n > 1.

Method 2
Let S(n) be the statement that 1 +3 +5+ ... + (2n— 1) = n” where nis a positive integer.

Step 1 Prove that S(1) is true.

LHS=1 RHS=1°=1
LHS = RHS - S(1) is true
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Step 2 Assume S(k) is true.

i.e. assume that |1+3+5+...+(2k—1)|:k2 [a]

Now prove that S(k + 1) is true if S(k) is true.

ie.provethat 1+3+5+...+Q2[k+1]-1)=(k+1)
LHS =1+3+5+...+(Q2[k+1]-1)
=[1+3+5+...+2k-D|+2lk+1]-1)
using [a]: =K+ (2k+1)
= (k+1)
=RHS

Step 3 Conclusion
S(k + 1) is true if S(k) is true (Step 2)
S(1) is true (Step 1)
.. by induction, S(n) is true for all integers n > 1.

Example 2
2_ n(n+1)2n+1)

Prove by induction that 1> + 2> + 3* + ... + 6

for all positive integers n.

Solution
2_ nn+1)2n+1)

Let S(n) be the statement that 1>+ 2° + 3+ ... + 1 G

Step 1 Prove that S(1) is true.

, where n is a positive integer.

I+ 1D)2x1+1) _12)3) _

LHS=1’=1 RHS= < =1
LHS =RHS oo S8(1) is true
Step 2 Assume S(k) is true for a positive integer k.
i.e. assume that |12+22+32+... +k2|:w [a]
Now, prove that S(k + 1) is true if S(k) is true.
i.e. prove that P+22+3+ ... +(k+1)}= (k+1)(k +62)(2k +3)
LHS=(12+ 2"+ 3%+ ... + K|+ (k+1)?
using [a]: :w+(k+l)2
Now look at the RHS: you want (kgl) as a factor.
LHS = (kgl)(k(2k+1)+6(k+1))
_(k+D)(, 0
= (2K +7k+6)
_ (k+1)(k+62)(2k+3) — RHS
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Step 3 Conclusion
S(k + 1) is true if S(k) is true (Step 2)
S(1) is true (Step 1)

.. by induction, S(n) is true for all integers n > 1.

Example 3
. . 3n(n+1) .
Prove by induction that n + (n+ 1)+ (n+2) + ... +2n= > for all integers n > 1.
Solution
3n(n+1) e
Let S(n) be the statement thatn+ (n+1)+(n+2)+... +2n= 3 for positive integer .

Step 1 Prove that S(1) is true.

LHS=1+ (2x1) (Note that the sum on the LHS starts with n and finishes with 2#.)

=3
RES = 3><1(21+1) _;
LHS = RHS = S(1) is true
Step 2 Assume S(k) is true for an integer k > 1.
i.e. assume that | k+(k+1)+(k+2)+...+2k | = 3k(l;+1) [a]
Now prove that S(k + 1) is true if S(k) is true.
ie provethat (k+1)+(k+2)+...+2(k+1)= 3(k+1)((2k“)“)

Note that when n = k + 1, the sum on the LHS starts with (k + 1) and finishes with 2(k + 1).

LHS=(k+ 1)+ (k+2)+...+2k+ (2k+ 1)+ 2k +2)

Now you have a problem! At this point you need to use the substitution of line [a], but you are missing the
first term (the k). In going from S(k) to S(k + 1) you have lost the first term but gained two extra terms on the
LHS.The solution is to break up the extra two terms (2k + 1) + (2k + 2) as a k term and a (3k + 3) term.

LHS = k+ (k+1)+ (k+2) +... + 2k |+ 3k +3)

3k(k+1)
2

~3(k+1)

)

= RHS

using [a]: = +3(k+1)

[k+2] taking the common factor of —3(k2+ )

Step 3 Conclusion
S(k + 1) is true if S(k) is true (Step 2)
S(1) is true (Step 1)

.. by induction, S(n) is true for all integers n > 1.
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1

2_1’12(H+1)

If S(n) is the statement that n + 2n+3n+... +n =5 then S(5) represents the statement:
A 1+2+3+...+5=¥ B 1+2+3+...+25=25>2<26
C 1+2+3+...+25=252><6 D 5+10+15+20+25=252><6

Prove each of the following by induction for all positive integers n.

2

4

10

12

13

15

16

18

19

21

22

24

1+2+3+...+n:n(n2+1) 3 14244+...+2"1=2"~1
2+5+8+...+(3n—1):w 5 a+(a+d)+(a+2d)+..+(a+(n-1d)="[2a+(n-1d]
a+ar+ar2+...+ar"_1=—a(:n__11) 7 1+r+r2+r3+...+r"_1:11__r:
1x2+2x3+3x4+...+n(n+1)=w

1x3+2x4+3x5+...+n(n+2):w
4“04*756*"'*(”3*3”5):M 11 1>1<2+2>1<3+3>1<4+“'+n(n1+1):n:l-l
2>1<3+3>1<4+4>1<5+“'+(n+1)1(n+2):2(nn+2)

2 2 2 2

11<3+32><5+5§<7+"'+(2”—1I;(2"+1)=2n((2nntrll)) 1>1<3+3>1<5+5>1<7+"'+(2n—1)1(2n+1):2nn+1
(@ 13+23+33+...+n3:nz(++l)2.Henceﬁnd lim(13+23+3z+"'+n3)

n—eo n

(b) Hence show that 1’ +2° + 3’ + ..+’ =(14+2+3+... +n)’.

(n+1)+(n+2)+...+2n:@ 17 1x1'+2x21+3x3!+...+nxnl=(n+1)-1
1x2°+2x2"+3x 2%+ ... +nx2"'=1+(n-1)x2"
12434554+ n— 1= =1 20 P—2+3 st + (1) p2e C) nED)

3 2

I1X244X22+9x2°+ ... +n*x2"=(n*=2n+3)x2""' -6

L3 7 42, 0L 23 2x2'+3x2%+4x 2+ .+ (n+1)x2"=nx2""!
2 4 8 on "

e o . nn+1)2n+1)(3n’ +3n-1)

I'+2°+3 +..4+n = 30 (For those who like an algebraic challenge.)

9.2 PROVING DIVISIBILITY BY INDUCTION

The following points are essential for understanding a proof by induction where the assertion involves divisibility.

o Ifan integer N is divisible by an integer d, then N = d X g, where q is an integer.
For example, 18 is divisible by 3 because 18 = 3 X 6 (where 6 is an integer). But 19 is not divisible by 3 even

though 19 =3 x 6%, because 6% is not an integer.

o The integers are closed under addition, subtraction and multiplication. This means that whenever you add,
subtract or multiply integers, the answer will always be another integer. This is not true for division: some
divisions of integers give integer answers, but others do not.
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Example 4
Prove by induction that 4" — 1 is divisible by 3 for all integers n > 1.

Solution
Let S(n) be the statement that 4" — 1 is divisible by 3 for integer .
Step 1 Prove that S(1) is true.
4' —1=3, which is divisible by 3. (Note: The LHS-RHS style of proof can’t be used here.)

= S(1) is true.

Step 2 Assume S(k) is true for an integer k > 1.
i.e. assume that 4"—1=3M where M is an integer
4 =3M+1 [a]
Now prove that S(k + 1) is true if S(k) is true.
ie. prove that 4" —1 is divisible by 3
4 1=4ax4" -1
using [a]: =4(3M+1)—1
=12M+3

=3(4M+1) which is divisible by 3, because it is a multiple of
3 and 4M + 1 is an integer (as integers are closed
under multiplication and addition).

Step 3 Conclusion
S(k + 1) is true if S(k) is true (Step 2)
S(1) is true (Step 1)

.. by induction, S(n) is true for all integers n > 1.

Example 5
Prove by induction that 3" + 7" is divisible by 10 for all positive odd integers n.

Solution
Let S(n) be the statement that 3" + 7" is divisible by 10 for positive odd integer .
Step 1 Prove that S(1) is true.

3' + 7' =10, which is divisible by 10.
= S(1) is true.

Step 2 Assume S(k) is true for an odd integer k > 1.

i.e. assume that 3*+7°=10M  where M is an integer

3k =10M -7 [a] (Note: 7% could have been made the subject instead of 3k.)

Now prove that S(k + 2) is true if S(k) is true.
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(Note the S(k + 2) instead of S(k + 1), as this is working with odd integer values of 7.)

k+2

i.e. prove that 3%+ 7% is divisible by 10

3k+2 k+2

+ 72 =323k 7P 7

using [a]: =9(10M — 7°) + 49 x 7F
=90M - 9Xx 7" +49x 7*
= 90M + 40 X 7*

=10(9M + 4 x 7%
This is divisible by 10, because it is a multiple of 10 and 9M + 4 x 7" is an integer.

Step 3 Conclusion
S(k + 2) is true if S(k) is true (Step 2)

S(1) is true (Step 1)

.. by induction, S(n) is true for all odd integers n > 1.

EXERCISE 9.2 PROVING DIVISIBILITY BY INDUCTION

1 If k and M are integers, which of the following expressions does not always generate an integer?
A IM+4x7k B 9M-4x7k C 9M+4x7k D IMx4x7k

Prove the following by induction.
2 5"+ 3 is divisible by 4 for all positive integers n. 3 3" — 1 is divisible by 8 for all positive integers 7.
4 3" +2"is divisible by 5 for all odd integers n>1. 5 5"+ 2(11") is a multiple of 3 for all positive integers n.
6 (a) Factorise k(k+ 1)(k+2)+3(k+1)(k+2).
(b) Hence prove that n(n + 1)(n + 2) is divisible by 3 for all positive integers n.
7 3% +2""%is divisible by 5 for all positive integers n. 8 7" —2"is divisible by 9 for n > 2.

9 3" — 1 is divisible by 80 for all positive integers 7. 10 5"+2x 11" is divisible by 3 for all positive integers 7.

11 2% — 1 is divisible by 7 for n > 1

12 6"+ 10n — 6 is divisible by 5 for all positive integers 7.
13 3%"*!+ 2" 'is divisible by 7 for all positive integers .
14 (a) Show that (k +3)’ =k’ + 9k* + 27k + 27.

(b) Hence prove that the sum of the cubes of three consecutive positive integers is divisible by 3.

2n+1

15 Prove that the polynomial (x — 1)"** + x*"*" is divisible by x* — x + 1 for all positive integers #.

(Note: In step 2, you can't say (x — 1)kJr2 ¥ =P - x+ 1)M where M is an integer. You must
say (x — l)k+2 42 = (x* — x + 1)M(x), where M(x) is a polynomial, and continue this through
the rest of the proof.)

16 Prove that x" — 1 is divisible by x — 1 for all positive integers 7. (Use x**"

k+

—1=x 1—xk+xk—1.)
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9.3 WHEN INDUCTION DOESN’T WORK

A single counter-example is enough to disprove a result.

Some proofs by mathematical induction seem to be correct, but turn out to be incorrect. The most likely reason is that you
have failed to prove step 1, i.e. that the result is true at the beginning (usually for n = 1). This means that the assumed result
(n = k) is false, so when you prove the result true for n = k + 1, you are proving it from an incorrect assumption.

Example 6
Let S(n) be the statement: #n* — 7 is an odd integer, for all positive integers 7.

(a) Show that if S(k) is true, then S(k + 1) is true. (b) IsS(1) true? (c) Is S(n) true for any n?
Solution

(@) Let S(k) be that k* — k is an odd integer.
Statement: S(k+ 1): (k+1)* = (k+ 1) is an odd integer.
(k+1)7%—(k+1)
=(k+1k+1-1)
=k(k+1)
=k —k+2k
=S(k) + 2k
= 0dd + Even = Odd
Hence the result is true for n =k + 1 if it is true for n = k.

(b) S(1)is that 1> — 1 is an odd integer and since this result is 0, then S(1) is false.

. . 2 . c 2 .
(c) S(n) is never true because when # is even, n” — n is even, and when 7 is odd, n” — n is even.

Example 7
Use mathematical induction to prove that 2" - 1 is prime if 7 is prime.

Solution

n 2 3 5 7
Using a table of values to explore this for some values of n:

2n-1| 3 7 31 | 127

This suggests that the result works, although finding a pattern for the prime numbers for # is not possible.
The next prime values for n are 11, 13, 17, 19, 23, ...

Any non-prime value for 2" - 1 is enough to say the original statement is false. Testing these values finds
for n=11: 2" - 1 =2047. As 2047 = 23 X 89, this is not prime, so the initial assumption is false.

The result cannot be proved by mathematical induction.

EXERCISE 9.3 WHEN INDUCTION DOESN’T WORK

1 Let S(n) be the statement: #° + n is an odd integer.

(a) Show that if S(k) is true, then (k + 1) is true. (b) Is S(1) true? (c) Is S(n) true for any n?
(d) If the statement is not true, what change do you need to make to make it true? Prove your new statement.

2 Given ’+ 4 +7*+ ...+ (3n—z)2=§(6n2 -3n-1).
(a) Show that if S(k) is true then S(k + 1) is true. (b) IsS(1) true? (c) Is S(n) true for any n?
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3 Itis stated that n> — n + 41 is prime for n > 1.

(@) Is this statement true for n=1? (b) Is this statement true for n =2?

(c) Isthis statement true for n = 5?

(d) Isit possible to find a value of n for which this expression does not give a prime number? Justify your answer.
(e) Is the given statement true or false?

4 Let S(n) be the statement: n° — n is an odd integer.

(a) Show that if S(k) is true then S(k + 1) is true.
(b) Is S(1) true?
(c) Is S(n) true for any n?

CHAPTER REVIEW 9

1
2

W

© 0 N O O b

Prove by induction that -2 + 2 + 6 + ... + (4n — 6) = 2n(n - 2) for all integers n > 1.

n+1 2n—1
+5

Prove by induction that 4 is divisible by 21 for all positive integers #.

Prove by induction that 7" — 1 is divisible by 3 for all positive integers n.
Prove by induction that 6 + 24 + 60 + ... + n(n + 1)(n + 2) = nin+ 1)(n2— 2)(n+3) for all positive integers n.
. . 3.1, 5 n+2 .
Prove by induction that =~ + >+ — + ...+ ————=1—-————for all integers n > 1.
Y 4 6 96 n(n+1)2" (n+1)2" 8
Prove by induction that 5" + 121 — 1 is divisible by 16 for all positive integers 7.
Prove by induction that 7" + 6" is divisible by 13 for all odd positive integers 7.
Prove by induction that 2 X 1! +5x 2! + 10 x 3! +... + (n*+ Dn! = n(n+ 1)! for all positive integers .
Prove by induction that LR T S L =" _forall integers n > 1.
4 28 70 (Bn-2)3n+1) 3n+1 -
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CHAPTER 10

Vectors in two dimensions

10.1 INTRODUCTION TO VECTORS

Vectors give you a way to move around the Cartesian plane by moving a certain distance in a particular direction, by
considering the direction to be split into horizontal and vertical parts. For example, if you walk 40 m east, then 30 m
north, how far are you from your starting point, and in what direction?

This concept has many applications in Physics and is expanded to three dimensions in the Mathematics Extension 2
course. Vectors are used in kinematics and dynamics (motion), hydrodynamics (motion of a fluid), heat flow in
solids, electromagnetism and many other real-life scientific applications.

Scalar quantities and vector quantities

A scalar quantity is one that is completely specified by its magnitude (size) and, if appropriate, its unit of
measurement. Examples of scalar quantities include mass, length, speed, temperature and time.

Note that temperature is a scalar quantity, even though it may have a negative value (depending on the measurement
scale being used). A negative temperature value indicates its relative magnitude and does not imply that temperature
is oriented in any ‘direction.

A vector quantity is one that is completely described by its magnitude and direction (and, if appropriate, its unit of
measurement). Examples of vector quantities include:

o displacement (change in position of an object)

« velocity (time rate of change of displacement or position)

o acceleration (time rate of change of velocity)

o force (a push or a pull that can affect the motion of an object)

« weight (the gravitational force acting on an object—this is not the same as the mass of an object, which is
scalar)

« momentum (the product of an object’s mass and velocity).

Consider the vector quantity of displacement. In order to fully specify the displacement of an object, it is necessary
to know how far it is from its starting point (magnitude) and the direction in which it has moved.

Example 1 N
Sarah walks from point O to point C, via points A and B. c 200 m B

(2) What distance has she walked?

(b) What is her position relative to her starting point? 80 m 80 m
Solution ~

(@) Sarah walks a total distance of 480 m. 0 200 m A

(b) Sarah is 80 m directly north of her starting point at O.
This is her displacement from O.
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Vectors and vector notation

A vector quantity can be represented by a directed straight line head

B
segment with an arrowhead (on the line segment) indicating its
direction and the length of the line indicating its magnitude.
The beginning of the vector is called its tail and the end is 2 2
called its head.

The vector with a tail at point A and head at point B is il A
denoted AB. Alternatively, it is also common to use a bold lower-case letter
to denote a vector, e.g. a, or an italic lower-case letter with a tilde underneath, e.g. a.

You will find it easiest to use AB or a in handwritten text.

Magnitude of a vector

The magnitude of a vector is a measure of its size or length and is a scalar quantity.

The magnitude of vector AB is written ‘A—B, the magnitude of vector g is ] !
written |a|, and the magnitude of vector a is written |a | "
48°
The diagram at right shows a vector OA of magnitude 10km in a direction N48°E. 0 E

Vector algebra

Equality of vectors

Two vectors are equal if and only if they have the same magnitude and the same direction, regardless of
their positions.

In the example below, a=b=c.

Negative of a vector

B B
The negative of vector AB = a is the vector —AB = BA = —a.
—_— a —-a
—a has the same magnitude as g but with opposite direction. BA is the vector drawn y, Y,
from B to A, whereas AB is the vector drawn from A to B. Therefore, BA = —AB and
the direction is reversed. A A

The zero vector

The zero vector, denoted 0, is a vector of zero magnitude. Its direction cannot be defined.
Adding a vector to its negative will produce the zero vector.

a+(-a)=0
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Scalar multiplication of vectors

Multiplying a vector by a scalar (a number) k, where k € R, the set of real numbers, k # 0, results in a vector with
k times the magnitude and parallel to the original vector.

o If k>0, then ka has the same direction as g, _% a
but has k times the magnitude. g\_

o If k=0, then ka=0.
o If k<0, then ka is in the opposite direction ‘R

to a and has k times the magnitude.

Addition of vectors

The triangle rule for the addition of vectors

To add two vectors g and b, the vectors are

placed with the head of g at the tail of b. a
The resultant vector or vector sum is a vector
joining the tail of g to the head of b. This

vector addition forms a triangle, hence the
triangle rule for vector addition, sometimes

called the head-to-tail rule.

b

Also, for AABC, AB+BC=AC ora+b=c.

The parallelogram rule for the addition of vectors

If two vectors to be added have the same initial point, they can be added by drawing a parallelogram rather than
moving one vector to the head of the other vector. The diagonal of the parallelogram, drawn from the initial point to
the final point, represents the vector sum. This works because adding b to a is the same as adding a to b.

The diagram shows that a+b = b+ g = ¢ and this rule is known as the
parallelogram rule for addition of vectors.

The parallelogram rule for addition of vectors illustrates that vector
addition is commutative.

For parallelogram OABC, you can also write OA + AB = OB and OC + CB = OB.

MAKING CONNECTIONS ¢ a

Addition of vectors
Explore the parallelogram rule for the addition of vectors.
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Example 2
Draw diagrams to show:

(8 (a+b)+¢ (b) a+(b+o)
Solution

(@) (b)

a+b+9

a

@+h+c=arbrg=a+brc

Vector addition is also associative. If three vectors g, b and ¢ are added, then a+(b+c)=(a+b)+c=a+b+c.

This method can be extended to any number of vectors (sometimes called the polygon rule for vector addition).

Example 3

Draw a diagram to show a+b+c+d.

Solution

Subtraction of vectors
Subtraction of a vector is defined as addition of

its negative. That is, to subtract b from g,
add-btog,andsoa—b=a+(-b).

IR

MAKING CONNECTIONS

Subtraction of vectors
Use technology to explore the subtraction and addition of vectors.

If a vector is subtracted from itself, the result is the zero vector: a—a = 0.
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Example 4
Given the three vectors g, b and ¢, as shown, construct the following:
(@ a+b b
d a .
(b) c+a y =
(€) b—¢
Solution
(@) To add two vectors g and b, (b) To add two vectors ¢ and g, the (c) To subtract vector ¢ from
the vectors are placed with the vectors are placed with the head vector b, the vector —c is
head of a at the tail of b. of ¢ at the tail of a. placed with the head of b at
The resultant vector or vector The resultant vector or vector the tall Of_g'
sum is a vector joining the sum is a vector joining the tail The resultant vector or vector
tail of a to the head of b. of ¢ to the head of a. sum is a vector joining the

tail of b to the head of —c.
b

S
I

e
2

Example 5
ABCD is a parallelogram. If AB = g and BC = b, express each of
the following vectors in terms of g and b.

(@) DA () AC  (c) BD

Solution D
(@) Asaparallelogram has sides (b) Start at A and get to C by (c) Startat B and get to D by
equal in magnitude and following a path around the following a path around the
direction, the other sides can edges. These edges add to edges. These edges add to
also be labelled. give AC. give BD.
a Either BD =BA+AD
AC = AB+ BC (or BD = BC+CD)
=a+b BD=-a+b
or ~ ~ = 12 —_ @
AC=AD+DC
=b+a

DA has the same magnitude
as b in the opposite direction.

DA=-b
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EXERCISE 10.1 INTRODUCTION TO VECTORS

1 Given three vectors g, b and ¢, as shown, construct the following:
(@ a+c  (b) c+b

© a-b (d) c-a :

1&s}

2 ABCD is a parallelogram. If AB = g and BC = b, express each
of the following vectors in terms of g and b.

(a) CD (b) AD
(c) CA (d) DB

3 ABCD is a quadrilateral. If AB = a, BC = b and CD = ¢, express each of
the following vectors in terms of g, b and c.

(@) AC (b) AD
(c) DA (d) DB

4 ABCD is a trapezium with DC parallel to AB and one-and-a-half times the
length of AB. If AB =g and BC = b, express each of the following
vectors in terms of g and b.
@ CD (b) CA
(c) AD (d) DB

5 Ifall the short line segments shown are the same length, express the I el G F
following in terms of g and b.

(2) OP (b) OG (¢) OQ (d) CE B E
(e) AB (f DI (@ FQ (h) DE+EO 7/
0 a A c D
6 BC is parallel to OA and twice its length. Express the following in o 4 A
terms of g and b.
(@ AB  (b) AC :
B c

7 From the diagram, find the following in terms of g, b, c and d.

(@) VY (b) VZ (c) Wz

8 In AABC, AB =g, BC = b and CA = ¢. Which one of the following statements is true?
A a+c=b

C

[vy)

+b+c=0
+

1S

+

Q
1S

e}

=0 D

[ip}

=a
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9 In the quadrilateral ABCD, which one of the following statements is true? B
A AB+BC=CD+DA ¢
B AB+BC=CD-DA A
C AB-BC=CD-DA
D AB+BC=-CD-DA

10 In the parallelogram ABCD shown, the point of intersection of the b C

diagonals is O, where O is the midpoint of both AC and BD. B
a
A D
B
F
D
E

The vector OC is equal to:

1 1
A S(a-b) B S(a+h) C

1Q

|
1S
O

N [ =

11 AABCis a triangle with AB =g and AC = ¢. D and E are the midpoints of
AB and AC respectively. F is a point on BC such that FC = 2 x BF.

(@) Express the vectors BC and DE in terms of aandc.
(b) Compare the vectors BC and DE. A

(c) What geometric property of a triangle does the answer to part (b) demonstrate?

C

(d) Express the vectors BF and FC in terms of g and c.
(e) Show that AF = %(2@ +¢).

12 ABCD is a parallelogram in which AB = b and AD = d and E is the midpoint of BC.
(@) Express AC in terms of b and d.
(b) Express AE in terms of bandd.
(c) Express DE in terms of b and d.

(d) If Fisapointon DE and DF = %D—E, express DF in terms
ofband d.
(e) Find AF in terms of b and d, and hence show that F lies on AC.

(f) Find the ratio AF : FC.

10.2 VECTORS IN TWO DIMENSIONS

Position vectors on the Cartesian plane y

» P(x. )
A position vector is a vector drawn with its tail at O, the origin. Position
vectors are used to represent points by a distance and a direction rather
than two numbers (the coordinates). You can draw position vectors on the
Cartesian plane and represent them with ordered pairs as well as a length
and a direction. 0 X

The position vector of any point P(x, y) relative to a fixed origin O on

the Cartesian plane is uniquely specified by the vector OP, as shown in
the diagram. That is, the vector OP represents the position vector of point
P(x, y) relative to O.
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For example, the diagram at right shows the position vector of Y
point A(3, 2) relative to O. The position vector is OA, where T AG,2)
A has coordinates (3, 2). 2T
1 4
3 2% 12 3 "
2+
-3 1+
Position vectors
Use technology to explore position vectors on the Cartesian plane.
Example 6
Draw the following position vectors on the Cartesian plane.
(a) OA, where A is (-3, 2) (b) a, the position vector of (1, -3)
Solution
(@) Vector is drawn from the initial point at the (b) Vector is drawn from the initial point at the
origin O to the given coordinates. origin O to the given coordinates.
/ y
34 =1
0i’T 21
1+ L
T s T T
32171 1 2 3 ) _1_10__ 12 3 °
-2 4 1o g
g 1 L3t

A position vector can be represented by a coordinate pair (a, b). This represents the vector that is a units
from O in the positive x direction, and b units from O in the positive y direction. This can be represented as a

b

the positive x-direction and b units in the positive y-direction can be represented in this way.

a)[a
column vector ( b)’ [ :| or by the coordinates (a, b). Any vector that is equivalent to a translation of a units in

. 3) — (3
If A has coordinates (3, 2), then the position vector OA can be represented by the column vector (2 ): OA = [2]

The magnitude of a position vector

— (a
The magnitude of a position vector OA = (b) can be calculated using Pythagoras’ theorem.

‘m‘ =a’+b*.
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For example, the magnitude of the position vector OA =[ ] is ‘5;\‘ = /32 +2% =/13 units.

YEAR 12

Example 7

Draw the following position vectors on the Cartesian plane.

1
(@) g, the position vector of ( 2).

Solution

(@) a represents a vector which is 1 unit from O in

. —4
o o5-( )

(b) OB represents a vector which is —4 units from
O in the positive x direction (4 units in the

the positive x direction and 2 units from O in the
positive y direction.

Vector is drawn from the origin to the point (1, 2).

LA(L2)

1

negative x direction) and 3 units from O in
the positive y direction.

Vector is drawn from the origin to the

Equal vectors

Equal vectors do not have to start at the same point. To be equal, they only need
to have the same magnitude and direction.

Although the position vector of the point A(3, 1) starts at the origin, the coordinate

pair (3, 1) can be used to represent any vector whose head is three units across and one
unit up from its tail. However, none of the other vectors can be called position vectors.

Vectors will also be equal if and only if they are expressed using the same

coordinates. For example, the vector

vector |:;:| ifa=bandc=d.

| will only be equal to the

Example 8

Given d = (2, 5), specify an ordered pair for each of the following.

Solution

point (-4, 3).
y
4 L
B(-4, 3)
o 3+
2 4
OB l
4320 12 5 4"
Lo It
gt
4 1
y
4 4
3 1
2.1
e
¢ 2T
/3 =+
—4 -
@2 () ~d

(@) As this vector has twice the magnitude, each coordinate will be multiplied by 2.
2d = (4, 10).

(b) As this vector has the same magnitude but in the opposite direction to d, each coordinate must also be

negated (multiplied by —1).

The vector —d is represented by the ordered pair (-2, -5).
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Example 9
. _( 4
Given e=

J, specify a column vector for each of the following. (a) %g (b) -3¢

Solution
(@) As this vector has half the magnitude, each coordinate is multiplied by %

2
The vector %g is represented by the column vector (_3].

(b) As this vector has three times the magnitude but in the opposite direction to e, each coordinate must
also be negated (multiplied by —3).

-12
The vector —3e is represented by the column vector ( 18 )

EXERCISE 10.2 VECTORS IN TWO DIMENSIONS

1 If vector a is represented by the ordered pair (2, —6), specify an ordered pair for each of the following vectors.

(a) 3a (b) Ja (©) —a (d) 0.4a

—4
2 If vector b is represented by the column vector ( s } specify a column vector for each of the following vectors.

(a) —2b (b) 5b © b @ -2

3 If ¢ is the position vector of (6, —3), represent each of the following as an ordered pair.

(a) —c (b) 2 © -3¢ (d) 15¢

4 If c is the position vector of (6, —3), represent each of the vectors as a column vector.

(@) —¢ (b) 2 © -3¢ (d) 15¢

5 Represent each of the vectors in the plane shown
as an ordered pair.

@ a (b)
(d) 4 (€)

(c)
(f)

st
1= 1O

t I'Ox
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6 Represent each of the vectors in the plane /4
shown as a column vector.

10

11

(@

(d) 4 ()

a ) b (©)

1S,

149
—_
=
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If vector g is represented by the ordered pair (3, -5), then which of the following represents the vector —24?
A (-6,10) B (6,-10) C (10,-6) D (-10,6)
Which of the following represents the vector from the point (2, 6) to the point (-1, 8)?

3 2 -3 2
A ) B 3 C 5 D 3
Draw the following vectors on the Cartesian plane.
(@) a, the position vector of (2, 4) (b) b, the position vector of (—4, 0)
(c) ¢, the position vector of (=3, —-5) (d) OD, where D is (-1, 3)
(e) OE, where E is (2, -4) (f) OF, where Fis (0,-3)
Draw the following vectors on the Cartesian plane.

1 -2 -3
(@) g, the position vector of ( 3) (b) b, the position vector of ( 5 J (c) ¢, the position vector of (_ 4
— 1 — 0 — —2

(d) OD, where D is ( 2) () OE, where E is ( 5) (f) OF, where Fis ( J
(@) Find the column vector form of the vector g, which has an initial point (-3, 4) and finishes at the point (5, 9).

(b)

()

(d)

(e)

Find the column vector form of the vector b, which has an initial point (5, —1) and finishes at the point
(=6, -17).

11
If the vector ¢ = ( ) has an initial point (2, 1), determine the coordinates of its terminal point.

-7
If the vector d = ( 13) has a terminal point (12, —2), determine the coordinates of its initial point.

Sketch representations of the vector e = ( ) with initial points at:

(i) (0,0) (i) 3,1) (iii) (5,-3) (iv) (-5,5) v) (-2,-2).
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12 The points A, B and C have coordinates (-2, —3), (2, 3) and (8, —1) respectively.

206

(@

(b)
(c)
(d)
(e)

Find the vectors AB, BC and AC and express them in column vector form.
Find ‘IB R" and A—C‘
Use Pythagoras’ theorem to prove that AABC is a right-angled triangle.

Find the coordinates of a point D such that ABCD forms a square.
Find the coordinates of the point of intersection of the diagonals of the square ABCD.

>

13 OABCis a parallelogram with OA = g and OC = c. X is the midpoint of AB as shown.

(@
(b)
()
(d)

(e)
14 (a)

(b)
()

(d)
()

Find the vectors OB and OX in terms of g and c.

Find the vector CX in terms of a and c.

If Yis a point on CX, such that CY = %ﬁ, find CY in
terms of @ and c.

Find OY and hence show that Y lies on OB.
Find the ratio QY : YB.

The position vectors of points A and B are (-3, 6) and (2, 9)
respectively. Find the position vector of the midpoint of AB.
Let the position vectors of points A and B be g and b
respectively. Find the position vector of the midpoint of AB.
The position vectors of points D and E are (1, 7) and (5, 3)
respectively. Find the position vectors of the points of

trisection of DE.
Let the position vectors of points D and E be d and e respectively. Find the position vectors of the points
of trisection of DE.

Let the position vectors of points A and B be a and b respectively. Let P divide AB in the ratio m : 1 so
that AP _ ™ Show that the position vector of point P is —+—g+—"—p.
AB m+n m+n~ m+n~

10.3 VECTORS IN COMPONENT FORM

A unit vector is a vector with a magnitude of one unit. To obtain a unit vector from a given vector, divide that vector
by its own magnitude.

If vector g has a magnitude of |a

vector g by its own magnitude |a

, then a unit vector in the direction of g, denoted by 4, can be found by dividing

. . a
.Thatls,gz‘L.
gl

: . o : . A a .
The unit vector in the direction of g is denoted a, where g = ﬁ and ‘g‘ =1 y
a 51
4 1
Recall that a vector can be represented as an ordered pair (x, y) or as a column 314 5
24 ]
X
vector ( } where the first value represents the distance parallel to the x-axis and the 11/ 5
y 1 1 1 IN 1
second value the distance parallel to the y-axis. -3 -2 -1 lo__ 12 3 %
This information can also be defined using the vectors i and j, where i is a vector of o4
magnitude one unit in the positive x-direction and j is a vector of one unit magnitude 31
in the positive y-direction. The vectors i and j are unit vectors.
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For example, the vector a defined by the coordinates (2, 5) or the column vector (S) can be written as g = 2i +5j.

YEAR 12

The form g = xi + yj is called component form or i, j form of a 4
vector. The vector a may also be represented in column 2t
. 4
vector form as| |
y A
(0] xi %
Writing vectors in component form
Example 10 y
Express the vector g in component form. \\2
(3
b 110 L[ 2%
11
21
Solution )

Vectors are drawn from the tail of the vector across and then
up (or down) to meet the head of the original vector, labelled
as xi and yj.

Oiginal vector in terms of the components xi + yj: a=-3i+4j

1R

A3j

When finding the components of a vector, start at the tail end. It does not matter whether you first move parallel to
the x-axis (to find the i component) or parallel to the y-axis (to find the j component).

Magnitude of a vector in component form

To find the magnitude in component form you can use Pythagoras’ theorem,

as the components form a right-angled triangle. For example,
if a=5i—2j:

|a| = 5" +(-2)
=29

When finding the magnitude of a vector, use only the positive square root value.

Chapter 10
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Resolving vectors into component form

If a vector g of magnitude |a| makes an angle 0 with the positive x-axis, 4
then:gz’g]cos@g’ﬂg‘sin@j. 1[
The horizontal component of the vector g is \g‘ cos 0 i and the vertical a :
component is|a|sin6;. |alsin(®) ] -
The process of specifying a vector of known magnitude and direction in
component form is called resolving the vector. 0

Ol lalcos(®) i x

Example 11
Resolve the vector a into component form a = xi + yj, given g has a magnitude of 6 units and has a direction
of 50° to the positive x-axis. Give answers correct to two decimal places.

Solution
la|=6and 6=50°
If a vector a of magnitude |g| makes an angle 6 with the positive x-axis, then a = ]g] cosOi + ‘ g‘ sin6j.
gz‘g‘cos@g’+‘g|sin9j
= 6c0s(50°)i +65in(50°) j
=3.86i +4.60]

Addition and subtraction of vectors in component form

Addition and subtraction of vectors can be done by adding or subtracting the i components and the j components.

Fora=xi+yjandb=x,i+y,] then: Similarly:

a+b=(xi+yj)+(xi+j) a~b=(xi+yj)=(xi+rj)
=xitX%ity )ty =(x—-x)i+(n—72)]
= (i +x)i+(n+y2)]

Fora=xi+yjandb=x,i+y,j:
a+b=(x+x)i+(n+y:)]

a=-b=(x,—x)i+(n—,)Jj

Xl X2 .xl + X2 Xl .x2 Xl - x2
In column vector notation, this can be written as + = and - = respectively.
N V2 Nty N V2 =)

Scalar multiplication of vectors in component form
ka = k(xg' + yj)

X kx
In column vector notation, this can be written as k[ ): [ J
y

=kxi+kyj ky

If a=xi+ yj, then ka = kxi+kyj
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Example 12
Giveng=i-5jandb=-3i+2j,find: (a) a+b (b) b—a (c) 4a+7b
Solution

(@) Sum of the vectors in component form: g+lgz(£’—5j)+(—3£+2j)

(b)

()

Group the coefficients of the components together and simplify: = (1—-3)i + (-5+2)j
=—2i-3j N

Sum of the vectors in component form: b—a= (—31’ + 22) — (1’ — 52)

Group the coefficients of the components together and simplify: = (-3 —1)i + (2 —(=5))
=—4i+7j ~

Sum of the vectors in component form: —4a+7b= —4(£ - 51) +7 (—31‘ + 21)
= —4i +20j - 21i +14j

Group the coeflicients of the components together and simplify: = (—4 — 21)i + (20 +14)
=25 +34j ~

Equality of vectors in component form

Ifa=xi+yjand b=x,i+y,j,then a=bifand onlyif x; = x, and y, = y,.

Example 13
Find the values of mand n it 7i —5j = (3m+1)i +(4n—-9)j.

Solution
Equate coeflicients of the vector components and solve the resulting equations:

i components: 7 =3m + 1

3m=6

m=2

j components: —=5=4n—9

dn=4

n=1
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Relative position vectors . 3y
You have already looked at position vectors that represent the

position of one point in relation to the origin. A relative position 1
vector represents a point’s position in relation to another point.

The position vector of B relative to A is given by AB. 1
In the diagram shown OA = 3i —2j and OB = —i + 3j.

The position vector of B relative to A is AB, where AB=AO+OB. —I3 —Iz —I1 0 i é
Now, AB=—-0A + OB -1
.. AB=0B-O0A ,

= (~i+3j)-(3i-2j)
=—4i+5] -3+
Example 14

The position vector of point A on the Cartesian plane is OA = 12i —5 j and the position vector of point B is
OB = —-7i + 6. Find the position vector of A relative to B.

Solution
The position vector of A relative to B is BA. Write the rule to find BA: BA = BO+OA

.. BA=0A-OB
Substitute the components and simplify: BA = (1 2i-5 ]) - (—7 i+6 ])
=19i —11j

Parallel vectors

Two vectors are parallel if they are scalar multiples of each other:
If b = ka, where k is a real number, then b is parallel to a.

For example,ifa=i—-3jandb=4i-12}, thenlg=4(£—3j).

-~ b=4a,so b is parallel to a.

Example 15
Consider the three vectors ¢ =—2i +3j,b=8i —5j and ¢ = —8i +12j. Which two vectors are parallel?
Solution
Look at the vectors to see if a scalar multiplier exists for any of them: ¢ = —8i +12j
= 4(-2i +3j)
= 4g

Vectors a and c are parallel.
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Unit vectors in component form

1

Recall that a unit vector has a magnitude of 1 and 4 =

1Q

Therefore, if a = xi + yj, thena = ¥(xi + )’j)-
~ ,x2+y2 ~

It is usually better to express the unit vector with a rational denominator, so a = ~—5—= (xg' +y j).
x*+y ~

A unit vector is a ‘direction finder;, in that it determines a vector’s direction but not its magnitude.

Ifg:x£+yz,thené=%(xi+yz) or ézM(xg+yz).

X"ty
Example 16
Find the unit vector g for each of the following vectors.
(a) a=4i-3j (b) a=-5i+8;
Solution

(@) Divide the original vector by its magnitude to get a unit vector: g = %(4 i—3j )

(b) Find the magnitude of the vector: ‘g‘ =J(=5)* + 8
=89

Divide the original vector by its magnitude to get a unit vector: g = L(—Si +38 j)
~ 89 -o=
Y
=50 (-5i+8)
Unit vectors can be used to find vectors in a specified direction.
Example 17
Givenc=3i—-6j:
(@ find¢ (b) find vector d of magnitude 5 in the direction of c.
Solution

(@) Find the magnitude of the vector: ’g‘ = /3% +(-6)
= /45
=35

Find the unit vector by dividing the vector by its magnitude: ¢ = ﬁ(S i—6j )

- ¢ (i)

(b) Multiply the unit vector in the direction required by the required magnitude: d = %( i—2j )
V(-2
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EXERCISE 10.3 VECTORS IN COMPONENT FORM

1 Express each vector shown in component form. Y
5 1
@ a (b) & € ¢
@ d @ ¢ o /
: :
54328 123 4 s
o4
5 d
e
— 4 +
-5 +
2 Find the magnitude of the following vectors.
(@) a=5i+4j (b) —4i+7j () 7i-24j () -5 (¢ 9j () -8i-5i
3 Resolve the following vectors into component form xi + yj, correct to two decimal places.
(@) ahas a magnitude of 15 units and has a direction of 35° to the positive x-axis.
(b) b has a magnitude of 23 units and has a direction of 121° to the positive x-axis.
(c) chasamagnitude of 10 units and has a direction of —45° to the positive x-axis.
(d) d has a magnitude of 36 units and has a direction of —175° to the positive x-axis.
4 Givena=4i—-5jandb=3i+2j,find: (@) a+b (b) b—a (c) 2a+7b (d) 3a-5b
5 Find the values of m and n for —6i +7j = (4m —2)i + (5 2n)j.
6 Find the values of the unknown pronumerals in the following equations.
(@ 5i—4j=3ai+2bj (b) (x+2y)i+yj=-3i+7j
(©) (2g+1)i~(3h~-1)j=3(hi+2gj) (d) (3p-18)i+(3q-8)j=2p(i+2j)-q(2i-j)
() (x*+5x)i+(y’=1)j=—6i+7] () (" —4x)i+(y*+9)j=2i+10j

7 The position vectors of points A and B on the Cartesian plane are OA =5i —3jand OB =7 i —6j, respectively.
Find the position vector of A relative to B. )

8 The position vectors of points C and D are OC = —8i +12 jand OD =13i -23 J» respectively. Find:
(a) DC (b) [DC|
9 In parallelogram ABCD, AB=3i + 4jand AD = —2i — 5j. Find:
(@ CD (b) CA () DB (d) |AB| (e) |CAl (® |DB|
10 Giveng =-13i +20j and b = 2j +15, find:

(@ |g —b| (b) the value of x so that the vector xa+4b is parallel to the x-axis.

11 Given vectorsa=5i+4j,b=—-4i+7j and ¢ = —i —9j, with 3@+ 2b—vc parallel to the y-axis, find the value

of v.
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16

17
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19

20

21

22

23

24

Which one of the following vectors is parallel to the vector f =14i —6?
A a=28i+12j B b=14i+6j C c=-14i-6j D d=-28i+12]
Which one of the following vectors is parallel to the vector @ = 5i — 3 j and has a magnitude of 2+/34?
A %1—%]' B 10i-6j C —5i+3j D -10i-6j
For position vectors OF = 2i —7j and OG = —4i +5 j, what is the value of‘ﬁ’?
A 6V3 B 65 C 210 D 237
Find the unit vector parallel to each of the following vectors.
(8) 8i+6j (b) 3i-6; (© -2i+9j @ -i-12j
Forb=3i—-9j:
(a) find I} (b) find vector ¢ in the direction of b with a magnitude of 15.
Given a =2i—3jandb = 6i + j, find ¢ for ¢ = 2a - 3b.
Given g =i—3jandb = —3i + 2}, find the vector ¢ in the direction of b where |¢| =|a|.
What is the unit vector in the direction of ¢ = =2i +5j is?

1 . . 1 . . 1 . . 1 . :
A (- B (- cC (- D (-

7( 21+51) 29( 21+5Z) \/5( 21+51) \/ﬁ( 21+51)
Which of the following vectors is parallel to b = —5i + 5 and has a magnitude of 5?

N e V2 ( el 52 ciies
A W(_51+51) B 5(—51+SZ) C 7(_51+51) D T(—51+SZ)

OABC is a parallelogram in which OA = 3i+2j and OC = 2i - 3j.

(@) Find ABand CB. (b) Find the diagonals OB and CA.

Let M, N and P be the midpoints of AC, OB and OA respectively.

() FindON and OM.  (d) Find CP and BP.

AABC has vertices defined by the position vectors OA = —2i + 3, OB =4i— 5j and OC = 6i — 9J.
(@) State the coordinates of the vertices of AABC.

(b) Find the vectors AB, BC and AC. (c) Find ’A—B

i

R]‘and‘ﬁ‘.

AOAB is a triangle in which OA = 6i and OB = 4. The point M with position vector OM = xi + yj is
equidistant from O, A and B. B )

(@) Find the values of x and y. (b) Find the vectors AM, MB and OM.

(c) Find the values of ‘ AM

378| and | O,

>

OABC is a parallelogram in which vectors OA = 2i —4 j and OC = 3i + 2.

YEAR 12

(@) Find vectors AB and CB. (b) Find the vectors OB and AC, the diagonals of the parallelogram.
() Find the vectors OP and OQ, where P is the midpoint of OB and Q is the midpoint of AC. What can you

say about the points P and Q? o
(d) Find the vectors OR and CR, where R is the midpoint of AB.

Chapter 10 Vectors in two dimensions
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25 OABC is a square in which vectors OA = 3i —2j and OC = 2i +3j. M is the midpoint of AB and N divides CB
internally in the ratio 1:2.

(@) Find the vectors OB, AC, OM, ON and NB. (b) Find the length of the diagonals,

@‘ and ‘ﬁ‘
26 (a) Ifa=3i-4jandb=—4i+3j, find d and b.

(b) Hence find the exact values of x and y, such that 2xa + 3 yé =i+j.

(c) Ifc=4i—8jandd=8i+4j,find¢andd.

(d) Hence find the exact values of v and w, such that 2v¢ + 3wd =i + j.

27 (@) Ifa=3pi+4pj, p>0and|a| =2, find the exact value of p. (b) Hence find a.
(c) Find the vector b which is parallel to g, if |b| = 10.
(d) Ifc=7qi+24qj,q>0,and|c| =4, find the exact value of g. (e) Hence find ¢.

() Find the vector d in the direction of ¢ where |d| = 50.
(9) Find the vector with magnitude 10 that is parallel to the vector b+d.

10.4 SCALAR PRODUCT OF VECTORS

The scalar product (also called the dot product or the inner product) is a way of multiplying two vectors. The
result of this multiplication is a scalar quantity (with magnitude but no direction). The scalar product of two vectors
aand b is written as g e b (read as ‘a dot b).

There is also another product operation on vectors, the vector product or cross product, which is written as axb

(read as ‘g cross b’). The result of this multiplication is a vector quantity. This is beyond the scope of this course.

If Ois the angle between the positive directions of two
vectors g and b, then the scalar product is defined to
beaeb=|a||b|cosb.

1S
S
1
)
IS

For a straight angle, 0=m,s0oaeb = —‘ngg’ as cos T=—1.

Example 18

Given |a| =5 and|b| = 6, find the scalar product of @ and b, correct to two decimal places, in each of the following.

(@) (b)

a
b
Z b
40° 140°
a

Solution
@ aeb=allb|cosd ® asb=a]blcosd
=5X6Xcos40° =5X6X cos140°
=2298 =-2298
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Special cases of the scalar product
Parallel vectors

If g and b are parallel vectors in the same direction, then g ¢ b =|a||b| cos0°.

As cos 0° = 1, this means: g b =|a||b|

If a and b are parallel vectors but in opposite directions, then: ge b = ‘g‘ ‘ lg‘ COST

= el

a
- e
b
—_— >
a
- e
b

--—

Equal vectors

If a=1b, then =0 (just as for any parallel vectors), so the scalar product is the magnitude squared:

aea ‘ cos0°

Il
1Q
1Q

a
—_—
b
B

2

1

Perpendicular vectors
Two vectors are said to be perpendicular or orthogonal if the angle between their directions is a right angle (90°).
If g and b are perpendicular vectors, then: ae b =|a||b| cos%

a

=|a|b[>0 -
=0
Also, ingIg:’ngg‘cose=O,then|g‘ =0 or |b|=0 orezg

This leads to an important property of perpendicular vectors: if the scalar product of two non-zero vectors is zero,
then the vectors are perpendicular.

If g e b =0 for non-zero vectors g and b, then g and b are perpendicular.

An important property of the unit vectors i and j is that they are perpendicular, so that i e j = jei =0.

Also, using the property of parallel vectors: i e = je j=1.

Scalar product for vectors in component form

In component form, for @ = x,i+ y,j and b = x,i + y, j, the scalar product is:
aeb= (xﬂ + )’1]) (le +}’2])

:(xlxz) l’l xl)/z (1 ) ylxz ( ) )’1)’2)(2'1)
=X X+ )y, as iei=je ;] and i e j=je*i=0

Consider two vectors, @ = x;1 + y, j making an angle 6, with the x-axis and b = x,i + y,j making an angle 6, with
the x-axis. The angle between the vectors is 0= 6, — 6,.

aeb=|al|b cos6
=|al|] cos (6, —6,)
=1al|b|(cos 6, cos B, +sin 6, sin 6, )
=|al cos 6, |b| cos 0, +|a| sin 6, | b| sin 6.

=xX1%t )12
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For a=x,i+ y,j and b = x,i + y, j the scalar product
of the vectors in component form is ae b = x,x, + y, ,.

This means there are two basic expressions for the scalar product: aeb =|a||b|cos€ = x,x, + y, .

Geometric interpretation of the scalar product

Three vectors form the triangle AAOB and the length of each side is the
magnitude of the vector forming that side.

The cosine rule states that‘g—lg‘z=|g|2+]£)‘2—2|g||lg|c050.

Using the properties of the dot product, the left-hand side can be written as:

g +[b[" - 2/a[b|cos6
g +[b[" ~2/a[b|cos6
—2‘ Hb‘cos@

’ Hb|cos€

Rewriting the cosine rule:

g ~2ap+ \

~bf
i
—2aeb
ash

Example 19
Find the scalar product ae b, given g =2i+5j and b = —3i + 4.

Solution
ash=(2i+5])s(-3i +4))

Multiply the coefficients of the like components and sum together: aeb =2 x (-3) +5x 4
=14

Algebraic properties of the scalar product
The scalar product has the following algebraic properties.

1 The commutative law: geb=beq
This property follows immediately from the definition g ® b =|a||b|cos6 since |a||b| =|b||a|.

2 The associative law, including multiplication by a scalar:
(ma)eb=m(aeb), where m is a real number.

This property also follows directly from the definition, although it is necessary to distinguish the
cases m < 0 and m > 0.

3 The distributive law:
ae(b+c)=aeb+aec
The distributive law can be verified using the geometric interpretation of the scalar product and assuming
that the projections of b and ¢ on a are both positive.
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From the diagram: aO(b+c 2’ Hb+g‘c059

‘ ’ ‘W‘ as‘lg+g‘cos(9=‘ml

Also: QOQ+QOQ=‘Q‘X‘O—M‘+‘Q‘X‘W‘

=|a| x|ON]|
zaO(b+C) 0
4 An important result involving the distributive law is (a+b)(a—b) =|a|’ —|b|":
(a+b)e(a—b)=aea—aeb+bea—beb
=aea—beb since aeb=bea

~[p|’

af

Finding the angle between two vectors

The scalar product can be used to find the angle between two vectors. Let 6 be the

angle between the directions of vectors g and b as shown.
aeb=|a|b|cos®

Note: It is usual to consider 6 to be the smaller of the two possible angles between the two vectors. Either way, the
smaller angle and the larger (reflex) angle will be equivalent for any scalar product, because cos (6) = cos (27 — ).

Example 20
Find the angle in degrees, correct to two decimal places, between vectors a=3i —2jand b=4i + j.
Solution
Scalar product of the vectors: geb:aeb = (31' - 2j)(4£’ + j)
=3x4+(-2)x1
=10

Magnitudes of the vectors: ‘g‘ = 3> +(=2) |b| = (4 +1°
=13 =17

} and simplify: 6 = cosl(

\]

(i)

= 47.73° (correct to two decimal places)

1S

1

1Q
S

EXPLORING FURTHER o

Angle between two vectors
Use technology to explore the angles between vectors.
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EXERCISE 10.4 SCALAR PRODUCT OF VECTORS

1

0 N O a »

10

11

12

13

Consider the vectors g, b, ¢, d and
e as shown.

Find the angle between the following
pairs of vectors.

(@ aandb (b) aandc (€) aandd (d) gande (e) bandc
(f) bandd (9) bande (h) candd () cande () dande

Given |a| =8 and |b| =7, find the scalar product of @ and b for each of the following, correct to two decimal
places where necessary.

(@) (b) ()

1
1

65° 65°

65°
b b b
@ .2 (e) “ (M
-— . b
b b N

Find the scalar product g e b for the following:

(@ a=3i+2jandb=5i+3j (b) a=-3i+4jandb=2i+5j (c) a=4i—-5jandb=-3i+8j
(d) g=—4£—~32 andl3=7g—~6z (e) g=—2£—92 andlgz—7g—~42 (v g=2£—1£z andl~7=6£+z N
Show that the vectors @ =3i +7j and b =7i — 3 are perpendicular.

Find the vector d that is perpendicular to ¢ = 4i — 3 and has a magnitude of 10.

If the vectors e =7i —5jand f = xi -3 are perpendicular, find the value of x.

If ¢=—6i+2j, find: (@) aea (b) |a| (c) aea interms of |a|

For any vector g, find the value of each of the following, in terms of |a| where necessary.

(@) gea (b) aea (©) ae(-9)

If a is parallel to b, express g b in terms of |a| and |b)|.

Find the angle, correct to the nearest degree, between each of the following pairs of vectors g and b:
(@ a=3i+2jandb=3i+5j (b) a=-3i+2jandb=5i+6j (C) a=4i—jandb=23i+4]
(d) a=-2i—4jandb=4i+3j (e) g:—5£—6zand@:—7g—2j () a=8i+4jandb=-3i+6j

Which vector is perpendicular to f = —5i + 2j with magnitude 122
12 12 12

A g:m(Si—Zz) B b %(21451’) Cc Q=E(2£—5_j) D 4:5(—21451)

Vectors @ = xi —2j and b = —6i + yj are perpendicular. What are possible values of x and y?

A x=landy=3 B x=landy=-3 C x=-2andy=-6 D x=2andy=6

The angle between the vectors @ = —5i —2j and b = 3i + j is closest to:
A 3° B 40° C 140° D 177°
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14 The points A, B and C have position vectors OA = —2i —3j, OB =2i +3j and OC = 8i — j.
(a) Find the vectors AB, BC and AC in component form.

(b) Find \ZE

RZ‘ and

(d) Find the position vector of a point D such that ABCD forms a square.
(e) Find the vector BD, the other diagonal of the square ABCD.
(f) Show that the diagonals of the square ABCD bisect at right angles.
15 ABCD is a kite with AB= AD and CB = CD, as shown.
(@) Show that the quadrilateral ABCD whose vertices have position vectors B
OA=2i+j,0B=2i+4j,0C=8i+7jand OD = 5i + j respectively, is a kite.

(b) Find AC and BD and hence show that the diagonals of this kite cross at
right angles.

(c) Express BD, BC and DC in terms of P, q and r, where AB= p, AC= q and AD = r.

(d) Explain why BC e BC = DC ¢ DC and use this equation to show
that peg=qer.

(e) Hence show that the diagonals of a kite cross at right angles.

AC ‘ (c) Show that AABC is a right-angled triangle.

YEAR 12

10.5 PROJECTIONS OF VECTORS

Any vector can be resolved into a sum of two vectors that are perpendicular to each other. It is usual to resolve the
vector into two perpendicular components with one in a specified direction (e.g. parallel to a given vector) and the

other perpendicular to that specified direction.

Scalar projection

A scalar projection of a vector can be
thought of as like the shadow of a wire when
the sun is overhead. (The original vector is
the wire.)

In the diagrams, vector c is the vector

e

projection of vector g in the direction 0
of vector b. < ~

The magnitude of ¢, [¢|, is the scalar projection of vector g onto vector b.
Using trigonometry, cos@ = ||£||
a
By definition, g e b =|al|b|cos, so aeb = g|]l~)|“i’|
a4
=t
g/ =2°8
oyl
~ b o«
solc|=aebas==b
clmastaoy =t
The scalar projection of g onto b is g e 1:7, where g Ol:) = £l|;|lz
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Example 21
Consider the vectors a =5i — j and b =3i + 4.

(@) Find the scalar projection of a onto b. (b) Find the scalar projection of b onto a.
Solution ,
(@) Findb= o] by first finding|b|. (b) Find 4= ﬁ by first finding|al.
= z
b=3i+4 a=5i~j:|a| =5+ (-1
|b|=3*+4° =426
N a 1 1 g
b re el
e ~ = l [
b= | 5(3£+4Z) Scalar projection beg:

Scalar projection g b : bea= (31 + 4[) *

aeb=(5i-j)ez(3i+4j) _ 15 4
T s _ 1L
_1 v26
5 _ 11426
C .11 26
The scalar projection of g onto b is = i
The scalar projection of b onto g is L > 626'

In general, the scalar projection of a onto b does not equal the scalar projection of b onto a.

Vector projection

In each of the diagrams above, vector ¢ is the vector projection of vector a
onto b. The vector projection of a onto b is a fraction of b, for example, %lg

where m and n are real numbers.

Now, ¢ =[c|

S

:(gol:a)b

The vector projection of g perpendicular to b is: a—¢

[lw bl
1S

—a—(ae

)

The vector projection of g onto b is (g o I:?)l:)

The vector projection of g onto b can also be expressed as g: g b.
The vector projection of a perpendicular to b is a — (g o 1:9)1:9
The vector projection of g perpendicular to b can also be expressed as a — g:g b.
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Example 22
Consider the vectors a =2i —5j and b = —2i + 3.
(@ Find the vector projection of g onto b. (b) Find the vector projection of g perpendicular to b.
Solution )
(@ Find@zmbyﬁrstﬁnding‘lg’. (b) Finda- (g l:))l:)
~ AV . . —19 . )
a—(aeb|lb=2i-5j——=|-2i+3
b=-2i+3j:|b| =/(-2)" +3 2—(g+B)2=2i-5] 13( i+3j)
- i o 38..57.
o 1 13 BB AN ELANEY
EZLZ__21'+3]' _12. 8.
b] JE( ) T 13t 13!
Scalar projection: g ® b: = _%(3£‘ + 22)
b=(2i-5j)e—=(-2i+3j)
202 L=>] N ER ] The vector projection of g = 2i —5j perpendicular
-4 , 15 : 15n A .
=2 4022 tob=—2i+3jis -~ .
\/EJF\/E 0b i+3jis 13(31+21)
il )
J13
Vector projection: (a . Z:)) !:;:
(aOb)b—Tx\/_( ~2i +3j)
=19
=13 ( 21+3])
The vector projection of g =2i —5j onto
_ =19 . ;
b=-2i+3jis 3( 21+31)'

Note: The scalar product of the parallel and perpendicular vector projections should be equal to 0. This can be
used to check the projections obtained.

EXERCISE 10.5 PROJECTION OF VECTORS

1 For each of the following pairs of vectors, find the scalar projection of g onto b.
(@ a=4i—jandb=3i+4] b) a=4i+3jandb=3i+2j  (c) a=8i+3jandb=-3i+8j

(d) a=-3i+2jandb=5i+6j (e) a=-2i—3jandb=4i+5j () a=-5i—6jandb=-7i—-2j
2 For each of the following pairs of vectors, find the vector projections of a onto b.

(@ a=4i+3jandb=3i+2j (b) a=4i—jandb=3i+4j () a=8i+4jandb=-3i+6j

(d) a=-3i+2jandb=5i+6j (e) a=-2i—3jandb=4i+7j () a=-5i—6jandb=-7i-2j
3 For each of the following pairs of vectors, find the vector projections of g perpendicular to b.

(@ a=4i+3jandb=3i+2j  (b) a=4i—jandb=3i+4]j (€) a=8i+4jandb=-3i+6]

(d) a=-3i+2jandb=5i+6j (e) a=-2i—-3jandb=4i+7j () a=-5i—6jandb=-7i—-2j

4 For the following vectors, find the scalar projection of b onto a.
(@ a=4i+3jandb=3i+2j (b) a=4i—jandb=3i+4j
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5 For the following vectors, find the vector projection of b onto a.
(@ a=4i+3jandb=3i+2] (b) a=4i—jandb=3i+4]

6 Fora=-2i—-3jand b=-2i+2j, the scalar projection of g onto b is:

2 13 13

7 The vector projection of 3i +2j onto —i + 2 isl —i +217|. What is the vector projection of 3i + 2
proj t+2j 1+2) s\"Lt2) proj t+2j

perpendicular to —i +2;j?

A %(3£’+21) B %(—Z+2j) C %(21‘+l‘) D 2i+j
8 Consider two vectors @ =—i+7jand b=5i+4j.

(@) Find the scalar projection of g onto b. (b) Find the vector projection of g onto b.

(c) Find the scalar projection of b onto 4. (d) Find the vector projection of b onto a.
9 Consider two vectors @ =3i —4jand b=2i -2j.

(@) Find the scalar projection of a onto b. ) (b) Find the vector projection of g onto b.

(c) Find the vector projection of g perpendicular to the direction of b.

(d) Hence, express the vector @ = 3i — 4 in terms of projections onto and perpendicular to b =2i —2j.

10 For any two vectors g and b, state the meaning of each of the following.
(@) aeb (b) aeb () aeb

11 g, b and ¢ are unit vectors in the Cartesian plane.

.

(@) Show thata =cosai+sinaj. ~
(b) Derive similar expressions for b and c.
(c) Findgebandaec. b

(d) Hence deduce the compound angle formulas
cos(ot— ) = cosorcos B+ sinasin B and B
cos(o+ B) = cosacos B —sinasin 8. B -

123}

10.6 VECTORS IN GEOMETRIC PROOFS

Many geometry theorems can be solved using vector methods.

Background knowledge
It is useful to recall the properties of triangles and special quadrilaterals, in particular:
« atrapezium is a quadrilateral with one pair of opposite sides parallel

o aparallelogram is a quadrilateral with both pairs of opposite sides parallel. It has the properties that both
pairs of opposite sides are equal, both pairs of opposite angles are equal and the diagonals bisect each other

« arectangle is a parallelogram where one angle is a right angle. It has all the properties of the parallelogram,
as well as that each angle is 90°, the diagonals are equal, and each diagonal divides the rectangle into a pair
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of congruent triangles

« asquare is a rectangle with a pair of equal adjacent sides. It has all the properties of a rectangle, as well
as that all sides are of equal length, the diagonals bisect the angles of the square, the diagonals bisect each
other at right angles, and the diagonals divide the square into four congruent right-angled triangles

« arhombus is a parallelogram with a pair of adjacent sides equal. It has all the properties of the parallelogram, as
well as that all sides are of equal length, the diagonals bisect the angles of the rhombus, the diagonals bisect each
other at right angles, and the diagonals divide the rhombus into four congruent right-angled triangles

« asquare can also be defined as a rhombus with one angle a right angle

« akite is a quadrilateral with two pairs of adjacent sides equal. The opposite angles between the pairs of
non-equal sides are equal.

Vector proof involving sides of a triangle

Example 23
Use vector methods to prove that the line segment joining the midpoints of two sides of a triangle is parallel to
the third side and half its length.

Solution -
Consider AABC, where P and Q are the midpoints of sides AB and BC respectively. B
Let AB =g and BC =b- /\
P is the midpoint of AB and Q is the midpoint of BC, g Q
soﬁ%zlaandmzlb- \
2~ 2~ . o A C
Express vectors required in terms of g and b: AC = AB+ BC PQ=PB+BQ
~e =S (a+b)
. po=Llac
o PQ= > AC

Thus, PQ is parallel to AC and half the length of AC.

Vector proof involving sides of a right-angled triangle

Pythagoras’ theorem is used extensively throughout Mathematics, particularly in measurement and trigonometry.
You have used it throughout this topic on vectors to calculate the magnitude of a vector. Pythagoras’ theorem can be
proved using vector methods.

Example 24
Use vector methods to prove Pythagoras’ theorem: in any right-angled triangle, the square on the hypotenuse is
equal to the sum of the squares on the other two sides.

Solution . -
Consider AABC. Let AB=gand AC=c. C
.. BC=BA+AC

=—a+c c

=c—a
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By Pythagoras’ theorem: AC’=AB +BC’ or ’A—CF:‘E‘2+‘K"2
Use scalar product of vectors to find ‘A_C’2 - ’A—C‘z =ACeAC
:g.g
=l¢["
If g and b are perpendicular vectors, then aeb=0. As AB and BC are perpendicular, ABe BC = 0.
Thatis, ae(c—a)=(c—a)*a=0.
Now: ge(c—a)=aec—aea=0
U0 pee=g0d

If g and b are parallel vectors, then aeb =|a||b|.

Now: ¢ea=|a/|a|

=af
so|AB[ =[af* and (c~a)(c~a)
=cec—cea—aectaeq
=cec—ceg as gec=aqgeq fromabove
SLhEmEeD B CUE=aod
=l¢l" ~|af
Thus|BC[" =[c[* ~|af
— 2 2
So:|AC| =|¢|
=[al*+(|c["~/al")
~[48["+[5c[

EXERCISE 10.6 VECTORS IN GEOMETRIC PROOFS

1 Consider the parallelogram OABC where OA = g and OC = b. Express OB

1S

A

and CA in terms of @ and b. Hence show that the diagonals of a parallelogram ?
meet at right angles if and only if it is a rhombus.
2 Consider the parallelogram ABCD, where AB=gaand AD =d. y ; ¢
Prove that the midpoints of the sides of a parallelogram join to form
a parallelogram. aH F
A E B
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Consider the quadrilateral ABCD, as shown.
Let AB=g, BC=b,CD=cand DA=d.
Which one of the following statements is correct?
A a-c=b-d B a+b=c+d
C a+tc=b-d D a+c=-b-d

Consider the circle with centre O and radius OA = a. Band C are points on the
circleand BC = b.

Which one of the following statements must be true?
1

A a==b

a=50

C ash=beb

1

Use vector methods to prove that the midpoint of the hypotenuse of
a right-angled triangle is equidistant from all vertices.

Use vector methods to prove that, if|¢|* =|a|” +|b|” for AABC, then ZACB is a right angle.

ABCD is a rectangle.

(@) Prove that the diagonals of a rectangle bisect each other. A

(b) Prove that the diagonals of a rectangle are equal in length.

BDEF is a parallelogram contained within a triangle ABC, as shown.
Let AF =g, BD = b and F be the midpoint of AB.

(@) Find the vector AE in terms of g and b.

(b) Use vector methods to prove that BD = %E

ABC is a triangle with AB =g and AC = b. X is the midpoint of BC as shown.
(@) Find BX and AX.
(b) Find 2(ﬁ-ﬁ+ﬂ-ﬁ<).

YEAR 12

1

A

B
A
a

A

b

=7

M
B b C
B
c a B

nd B
b

X
a C

F B
E\/D

C
A
X C

B

Apollonius’ theorem relates to the length of a median of a triangle to the lengths of its sides. In any triangle,
the sum of the squares on any two sides is equal to twice the square on half the third side together with twice

the square on the median which bisects the third side.

— 2 — 2 —2 — 2
(c) Prove this, i.e. prove that‘AB’ +‘AC‘ =2(‘AX‘ +‘BX‘ )
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10

Consider the parallelogram OABC where OA =g and OC = b.
(@) Find the diagonals OB and AC in terms of g and b.

(b) Find the sum of the squares of the lengths of the sides of the
parallelogram in terms of g and b.

(c) Find the sum of the squares of the lengths of the diagonals OB
and AC in terms of @ and b.

(d) Hence prove that the sum of the squares of the lengths of the
diagonals of a parallelogram is equal to the sum of the squares of the lengths of the sides.

CHAPTER REVIEW 10

1

10

Four vectors, a, b, ¢ and d, are shown in the diagram. Which one of the
following statements is true?

A at+c=b+d B
C a+b+c+d=0 D

(A W

+b=c+
+

1S

c=a+

QL

In the parallelogram ABCD shown, the point of intersection of the diagonals is O.
The vector OD is equal to:

1
A Lia-b) B

C Zb-a D

1
2 ~
If vector g is represented by the ordered pair (-2, 3), then the vector —3a is represented by the ordered pair:
A (-6,9) B (-6,-9) C (6-9) D (69
The vector that runs from the point (-3, 1) to the point (3, —2) can be represented by the column vector:

6 6 -6 0
A B C D

3 -3 3 -3

Which one of the following vectors is parallel to the vector f = —6i +4;?
A a=24i-16] B b=3i+2j C c=-24i-16] D d=-3i-2j

Which one of the following vectors is parallel to the vector a = —3i + 7 and has a magnitude of 2/582

A -24i+28] B ‘%1'*%1 C 3i-7j D —6i+14j
Given position Vectors@:—31’+4z and OB = 4i +3j, what is the value of‘A—B’?

A 2 B 5V2 C 25 D 7V2
Ifa=—4i+2jand b=i—4j,then 2a—bis:

A —51'—22~ B :6£'+10Z C —91'+82 D —101'—42

What is the magnitude of the vector a=4i —2j?
A 2 B 23 C 25 D 20

Which of the following vectors is parallel to the vector 2i + 3 and has a magnitude of 24/13?
A —4i+6] B 4i-6j C 6i+9j D —4i-6j
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13

14

15

16

17

18

19

20

21
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What is the unit vector in the direction of g = —3i — j ?

A plnl) gl e le) R gl

What vector is perpendicular to f = 4i — j and has magnitude 52

1 /. . 1 . 5 (. . 5
a=——=|i+4j) B b=—(4i—-j)] C c¢=—=(i+4 D d=——(4i-
° \/ﬁ( j) 2 \/ﬁ( i-}) < \/ﬁ(~ j) - \/ﬁ( i-})
The vectors @ = 3i —xj and b = 2i +5j are perpendicular. What is the value of x?
15 6 6 15
A -5 B -z C s D 5
The angle between the vectors a = 2i +3j and b = 3i — j is closest to:
A 75° B 89° C 91° D 105°
Ifa=2i+5jand b =4i — j, the scalar projection of g on to b is:
3 3 3 3
—_ B — C — D =
V17 J15 V13 17

The vector projection of i —3j onto i +5j is — %( i+5 j). What is the vector projection of i —3j perpendicular

tog’+51’?
A glival) B 6D e ies)) D 2(i-3))

ABCD is a trapezium where DC is parallel to and twice the length of AB. Let AB =g and BC =b.
Therefore, DA is equal to:
A a+b B —a-b C b-a D a-b

ABCD is a trapezium with AB parallel to and three times the length

of DC. If AB = a and BC = b, express each of the following vectors in
terms of g and b.

(@) CD (b) AC

(c) AD (d) DB

Label the following vectors that have been drawn on the y
Cartesian plane: 44

3 L

® g the position vector of (-3, 2) 1

— —4 1+
® OB where Bis 3 L] L]
432 PN 12 3 4t
* ¢ the position vector of Ll
e OD where Dis (1, -4) 3T
4 4

Given g = -2i —5j and b = 3i — j, find the following vectors in component form.
(@ a+b (b) 3b-2a (© -2a-7b

Given g = —=2i —5j and b = 3i — j, calculate the magnitude of the following vectors.

(@ |a+D| (b) |3b-24] () |-2a-7b]
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22

23

24

25

26

27

28

29
30

31

32

33

34

5 -3
Given vectors ¢ = (2) and d = ( g ), find the following vectors in column vector form.
(@) 4c-3d (b) 7d—8c

The position vectors of points A and B are OA =15i —7 jand OB =—6i —19 J» respectively.

(@) Find the vector AB in component form. (b) Calculate ‘ﬁ%‘

Find the magnitude of each of the following vectors.

() a=10i+24; (b) b=—6i-3j

Resolve the following vectors into component form xi + yj. Give answers correct to two decimal places.
(@) a has a magnitude of 16 units and makes an angle of 48° to the positive x-axis.

(b) b has a magnitude of 24 units and makes an angle of 148° to the positive x-axis.

Find the exact values of the unknown pronumerals in the following vector equations.

(@) (2a—3b)i—2bj=5i-12j (b) (2f+5)i+(8-7¢g)j=f(3i-2j)+2g(i+4j)
(c) (az - 9a) i+ (2b3 + 1)1 =107 -5 (list multiple solutions)

Consider the vector g = —9i - 3j.

(@) Find a. (b) Find the vector b in the direction of g with a magnitude of 5.

Find the scalar product g e b, given the following pairs of vectors.

(@) a=—4i+jandb=2i+7j (b) a=3i—7jandb=6i-j

Calculate the scalar product and hence show that the vectors a = —3i + 5j and b =10i + 6 j are perpendicular.
For each of the following pairs of vectors, find the scalar projection of g onto b.

(@ a=3i—4jand b=6i+3j (b) a=—-5i+2jandb=i—7j

Fora=2i-5jand b=4i+j, find:
(@) the vector projection of g onto b (b) the vector projection of g perpendicular to b-

The points A, B and C have coordinates (2, =5), (5, 9) and (-9, 12) respectively.
(@) Find the vectors AB, BC and AC in column vector form. (b) Find ‘A—B

|BG and |G
(c) Show that AABC is an isosceles triangle.
(d) Find the coordinates of a point D such that ABCD forms a rhombus.

(e) Find the coordinates of the point of intersection of the diagonals of the rhombus ABCD.

(@) Ifa=—4ei+2ej,e>0and|a ‘2 = 40, find the exact value of e. (b) Hence, find 4.
(c) Find the vector~lg that is parallel to g with |b| =10.

(d) Ifc=4fi-3fj, f >0and |g|2 =250, find the exact value of f. (e) Hence find ¢.
(f) Find the vector d in the direction of ¢ where|d |2 =20. (9) Findb—d.

Consider two vectors a=2i—5j and b= -3i — j.
(@) Find the scalar projection of g in the direction of b. (b) Find the vector projection of a onto b.
(c) Find the vector projection of a perpendicular to the direction of b.

(d) Hence, express the vector g = 2i —5j in terms of projections parallel to and perpendicular to b = —3i — j.
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35 AABC is right-angled with M being the midpoint of the hypotenuse AC, as shown. c
Let AM =aand BM =b.
(@) Find AB and BC in terms of @ and b. A

(b) Prove that M is equidistant from the three vertices of AABC. Y

36 OABC is a parallelogram where OA = a and OC = ¢. M and N are the midpoints of AB and BC respectively.

(@ Draw a diagram of parallelogram OABC, showing the given vectors and midpoints.
(b) Find the vectors OM and ON in terms of a and ¢ and show them on your diagram.

(€) Hence find the vector MNin terms of @ and c.

(d) Find vector AC in terms of @ and ¢ and show this on your diagram.

(e) Pisa point on OM such that OP =%W. Find the vector OP in terms of @ and c.

() Qisapointon ON such that OQ =%OW. Find the vector OQ in terms of aand c.
(@) Show that vector MN is parallel to and half the magnitude of AC.
(h) Find vectors AP, PQ and QC, and hence prove that the diagonal AC is trisected at P and Q.
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CHAPTER 11

Applications of calculus

11.1 VOLUMES OF SOLIDS OF REVOLUTION

You have seen that the area of a region bounded by a line y = r, the x-axis and the y
ordinates x = 0 and x = / can be found by adding up the areas of all the rectangles r
of width Ox and height r between x = 0 and x = h, as dx becomes vanishingly

h
small: A= (sl)lcrz)lozo“f(x)(?x.

Ox h

h h

This area is given by the definite integral A = J. rdx, which is A = j rdx =[rx]} = rh.
0 0

You should recognise this as the area of a rectangle of sides r and h.

Consider what happens when the area bounded by y = r, the x-axis and the ordinates x = 0 and x = h is rotated about
the x-axis to form a solid of revolution, as shown in the diagram below to the left. The solid of revolution formed is a
cylinder of radius r and height h.

y The rectangles of side r and width dx have become circular disks of radius r and
i thickness x. The volume of this disk is given by AV = 7( f (x))2 Ox. Adding all the disks as
B h
Cat Ox gets shmaller gives V = Elim 27[( f (x))2 Ox, which is given by the definite integral
o x—0
S . V=] rax "
R 0
Vo h
Ve Thus the volume is V = nI r’dx = ﬂ[rzx]z = mtr’h, which you should recognise as the
\\ Il\\ Il 0
T e volume of a cylinder of radius r and height .
When the arc CD of the curve y = f(x) on the intervala < x < b is L S D
rotated about the x-axis, the volume of the solid of revolution
formed is given by: c
b b
V:ﬂj (f(x))zdx or V=7Z'J. yzdx
a a (o) bl x
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Example 1
Calculate the volume of the solid formed when the portion of the line y = 2x between x =0 and x=3 is
rotated about the x-axis. What is the name of the kind of solid formed?

Solution ,
Draw a diagram: Volume=7z:J. y* dx
y a
1 g 2
y=2 /i =7[J. (2x) dx
' 0
| )
| :47[J x"dx
i 0
(0] ' x 373
’ =47r[);}
0
=47(9-0)
=367 units®

The solid is a right circular cone of base radius 6 and height 3.

Volumes of solids of revolution—formal development

Consider a continuous function fin the interval a <x < b. If

the plane section ABDC is rotated about the x-axis then a solid is
generated with circular vertical cross-sections, as shown in

the diagram on the right. This solid is called a solid of revolution.
P(x, y) is a point on the curve y = f(x) and Q(x + &x, y + 8y )

is a point close to P. The ordinate PM describes a circle of area 7y’
and QN describes a circle of area 7w (y + 5)/)2.

The typical lower rectangle PRNM describes a cylinder of volume
my* 6x and the typical upper rectangle describes a cylinder of
volume 7z(y + 8y)” . If a typical layer PQNM describes a solid of
volume 8V, then:

ny’ dx < V< 7r(y+ 8y)*6x

Thus: 271)/ 5x<V<27r (y+6y) 6x

Aséx —0: V=lim Zﬂyz&c

0x—0
b 2
:J. Ty dx
a

=7 ’ % dx
J.7

Hence, volume of a solid of revolution:

b
V:”Ja y*dx where y = f(x)
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Example 2
Find the volume of a right circular cone of height /# and base radius r.

Solution
The cone can be considered as a solid of revolution generated y Ah1)
by rotating the right-angled triangle OAB about the x-axis. o
X>)
The equation of OA is y = %
b -—
V= ﬁj y* dx 0 <<( *
h 2.2 2 h
V=nr rf dx:”—gj x? dx 1 b=
o h h™ Jo ox
h
ar’| x
W3,
2 3
nr- _h
3
=l 7
=37 h
Example 3

Find the volume of a sphere of radius r.

Solution
The volume of a sphere can be considered as the volume generated by rotating the semicircle defined by
y= \r? = x?, —r < x <r, about the x-axis.

¥y Hence:

V:n'J.ryzdx where y =+/r" - x

= ﬂ'J.r (r2 —xz)dx because y* = r*— x
3 r

— 2, _X

-a| -]
3 3

= 3_ Lo || =3 2=

(-5 - r+3n

_4_.3

=37

Example 3, above, proves the formula for the volume of the sphere—a formula that you have used for many years.
The formula for the area of a circle A = 77 can similarly be proved using calculus.

Example 4
The part of the parabola y = x* between x = 1 and x = 3 is rotated about the y-axis. Calculate the volume
generated.
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Solution
9
y=x x=Ly=Lx=3,y=9 V=7£'J. x*dy where x” = y
1

9
V=r| yd
ﬂflyy
Rk
.
7]
1

= 407 units’

Rotating about the y-axis

When the arc CD of the curve x = g(y) on the interval ¢ < y < d is rotated
about the y-axis, the volume of the solid of revolution formed is given by:

d
V=7rL (g(y))2 dy or Vzﬂjcdxzdy

0 x
Example 5
Find the volume of the solid formed when the area bounded by the parabola y = 4 — x* and the x-axis
is rotated about: (a) the x-axis (b) the y-axis.
Solution
(@) Rotate about x-axis: (b) Rotate about y-axis:
y
P(x.y)
2 5 4
V:ﬂjzy dx where y =4—x" V=;;J x> dx where x* =4y
2 2, 4 04
=71'J’72(16—8x +x )dx :njo (4—y)dx
_ 8 2T 27!
0
— 64 , 32 64 32
—n((32—?+?)—(—32+?—?)) =r((16-8)-0)
_512xw units® = 87 units’
- 15
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Example 6
Calculate: (@) the area bounded by the curve y = e'*, the coordinate axes and the line x = 2
(b) the volume obtained by rotating this area about the x-axis.
Solution ,
@ y=e"y=0,x=2 RES (b) Volume = 7[_[ y* dx where y = "™,
= 0
2 y
Area = J e dx 2 y
0 = ﬂj e* dx
0
|: 2 15x T
=3¢ _ [ 3x7?
2(3 o
== — e 1 — E 6 = 0 1
3 ( ) o] — g (¢ =) ~of *
2(e’ -1 6
= u ~12.72 units® _ 7t(e 1)
S 3
~421.4 units’
Example 7

Find: (@) the area bounded by the curve y =log, x, the x-axis and the ordinate x = 2

(b) the volume of the solid of revolution formed by rotating the area bounded by the curve y =log x,
the coordinate axes and the line y =log 2 about the y-axis.

Solution
2
(@) Area:J. log, x dx
1

Instead of trying to evaluate this integral directly, draw a diagram.

y
This problem requires the area of the shaded region BCE. It
can be obtained by finding the area of the rectangle ABCD and
log,2 |2 = subtracting the area ABED.
5 B c Because y = log_ x, you can write x = e’.
loge 2
0 /i 2 ¥ Atx=2,y=log,2: Area ABED = j e’ dy
0
loge 2
—[e
=[],
— elogeZ _ 60
=2-1
=1

Area ABCD =2log 2
. Area BCE=2log 2 -1
~ 0.386 units’
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loge 2
(b) Volume = ”J ’ x> dy where x = ¢’

loge 2 2y

e’ dy

Il
N
[=} (=]

loge 2
e’ ]
0

o2loge2 _ eo)

3r .. 3
—— units
2

NN NN N
~ —~

N
|
—
N—
Il

Example 8
Find the volume generated by rotating about the x-axis the area beneath the curve y = % between x = 4
and x=9. *
Solution
Volume = 72:_[9 2 dx where y = ——
R4 y Jx y
’1 :
= ~ d 1 |
9 |
= r[log, x|, o j i
=7 (log, 9-log, 4) :

=rlog, 2.25
~ 2.548

EXPLORING FURTHER a

Solids of revolution
Use graphing software to graph and calculate the volume of solids of revolution.

Volume by rotating the region between two curves

When the region bounded by two curves y = f(x) and y = g(x) is rotated y
about the x-axis, the volume of the solid of revolution formed is given by

V= 7r'|-b([f(x)]2 — [g(x)]z)dx, where a and b are the abscissae of the points

of intersection of the two curves, a < b and f(x) = g(x).

If the region is rotated about the y-axis, the equation of each curve must first
be written as a function of y, i.e. x =f—1(y) and x = g—1(y), and the ordinates
of the points of intersection used, namely c and d, as shown in the diagram.

d 2 2
The volume of the solid of revolution is given by V = n'J‘ ([f_1 (y)] - [g_l (y)] )dy.
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Example 9

The curve y = x° — 3x” + 3x and the line y=x intersect at (0, 0), A and B.
(a) Find the coordinates of A and B.
(b) Calculate the shaded area between the curves.

(c) The shaded region between the curves from O to A is rotated about the
x-axis. Calculate the exact volume of the solid formed.

(d) The shaded region between the curves from A to B is rotated about the
x-axis. Calculate the exact volume of the solid formed.

(e) Hence find the volume of the solid formed when the shaded region between the curves from
O to B is rotated about the x-axis.

Solution
(@ x-3x"+3x=x
X =3 +2x=0
x(x*=3x+2)=0
x(x—1)(x-2)=0
x=0,1,2
y=0,1,2
A(1,1) and B(2, 2)

(b) Area= I:(x3 —3x* +3x— x)dx+ Ilz(x —(x3 —3x? +3x))dx
= Jj(x3 —3x7 +2x>dx+ Ilz(—x3 +3x° —2x)dx

1 4 2
—x3+x2] +[—%+x3—x2]
0 1

1
NN

—1+1—0+(—4+8—4—(—}1+1—1))
= — unit’

(¢) Volume from Oto A = ﬂfl{(x3 —3x? +3x)2 —xz}dx
(

x®—6x° +15x* —18x° +8x2)dx

7 4 3!
_ X 6 5 9x | 8x
=T - x +3x > + 3 ]0
_(L_ _9.8_
—77:(7 1+3 2+3 0)
:13—7Tunits3
42

2
(d) Volume from A to B= 727.[ {x2 —<x3 —3x7 + Sx)z}dx
1

2
= —nJ‘ (x6 —6x° +15x* —18x° + 8x2)dx
1

7 4 37?2
[_39_8_]

7 2 "3
- (128 _ _yy 04 (1 _9_.8
= 77:(7 64 +96 72+3 [7 1+3 2+3:|)
zzg—ﬂunitf
42
_13m 297w _ .3
(e) Volume from O to B= %) +—42 = T units
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EXERCISE 11.1 VOLUMES OF SOLIDS OF REVOLUTION

1 Find the volume of the solid of revolution formed by rotating about the x-axis the arc of the parabola
y=x"between x=0and x = 3.

2 Find the volume of the solid of revolution formed by rotating about the x-axis the line y = 2x between
x=0and x=4.

3 A cone is formed by rotating about the x-axis a segment of the line y = 3x between x = 0 and x = 4. The definite
integral used to calculate the volume of this solid is:

4 4 4 4
A j 9x? dx B 7Z'J. 3x% dx C J 3x%dx D 7L'J. 9x% dx
0 0 0 0
4 (a) Find the equation of the line passing through the points (1,0) and (3,4). y (3,4)
(b) A cone is formed by rotating about the x-axis the segment of the line joining
the points (1,0) and (3,4). Calculate the volume of the cone.

5 The semicircle y =+/9— x” is rotated about the x-axis. Calculate the volume of the sphere generated.

6 The region bounded by the parabola y = x — x* and the x-axis is rotated about y
the x-axis. Find the volume of the solid formed.

7 Find the volume of the solid formed when the region bounded by the parabola y = 1 — x* and the x-axis
is rotated about: (@) the x-axis (b) the y-axis.

8 The region bounded by the parabola y = (x — 2)* and the coordinate axes is rotated about the x-axis. Find the
volume of the solid generated.

9 Find the volume of the solid generated when the segment of the line joining the points (0, 3) and (6,0) is

rotated about: (@) the x-axis (b) the y-axis.
10 A rugby ball has a volume approximately the same as the volume generated Y
by rotating the ellipse 9x” + 16y” = 144 about the x-axis. Find its volume. f

1
/4

11 Find the volume of the solid formed when the region bounded by the parabola y = 9 — x* and the coordinate
axes is rotated about: (@) the x-axis (b) the y-axis.

12 (a) Find the equation of the line through the points (3,0) and (4, 10).
(b) A drinking glass has the shape of a truncated cone. The internal radii of the base and the top are 3 cm and
4 cm respectively and its depth is 10 cm. If the base of the glass sits on the x-axis, use integration to find its
capacity.
(c) Ifthe glass is filled with water to a depth of 5cm, find the volume of water in the glass.

13 A hemispherical bowl of radius a units is filled with water to a depth of % units. Use integration to find the
volume of the water.
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238

14

15

16

17

18

19

20

21

22

23

24

25

26
27

Find the volume of the solid formed when the region bounded by the parabola Y

y=4—x"and the line y = 1 is rotated about the y-axis. /4 \

[\
£ O A
A solid is formed by rotating about the y-axis the region bounded by the parabola y = x* — 2 and the x-axis.
Indicate whether each statement below is a correct or incorrect step in calculating the volume of the solid formed.

V2 2 2 0 yz 0
(a) V=7rJ. (x*-2)dx  (b) v=nj (y+2)dy () V=x|5+2y d) V=2r
0 -2
-2
Use integration to find the volume of the sphere generated when the circle x* + y* = 16 is rotated about
the x-axis.

The area under the curve y = 2x+/1—x” between x = 0 and x = 1 is rotated about the x-axis. Using the
trapezoidal rule with four subintervals, find an approximation for the volume of the solid correct to
two decimal places.

Find the volume of the solid formed when the ellipse 4x” + y* = 16 is rotated about: y
4
(@) the x-axis (b) the y-axis.
0 [, x
A region is bounded by the curve v/x + \/; = 2 and the coordinate axes. e
(@) Calculate the area of the region.
(b) Calculate the volume of the solid generated when the region is rotated about the
X-axis.
(c) Calculate the volume of the solid generated when the region is rotated about the
y-axis. 0 I x
4

The region bounded by the curve xy = 1, the x-axis and the lines x =1 and x = g, for a > 1, is rotated about the

x-axis. Find V, the volume generated. Hence find lim V..
a—oo

The area bounded by the parabola y = 2x — x°, the y-axis and the line y = 1 is rotated about the x-axis. Find the
volume generated.

Find the volume of the solid generated by rotating the region bounded by the parabola y = 1 — x> and the lines
x=1,y=1about: (@) the x-axis (b) the y-axis.

Find the volume of the cone formed by rotating the segment of the line x + 2y = 4 that is cut oft by the axes
about: (@) the x-axis (b) the y-axis.

Use the trapezoidal rule with five function values to estimate the volume of the solid formed by rotating the

curve y = L 5 about the x-axis between x = -2 and x = 2.
+ X

The area under the curve y = ¢ * between x = 0 and x = 1 is rotated about the x-axis. Find the volume of the
solid of revolution.

Find the volume generated when the curve y = ¢, 0.5 < x < 1.5, is rotated about the x-axis.

5

Find the volume generated when the curve y = ¢ "% —2 < x <2, is rotated about the x-axis.
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Find the volume generated when the curve y = ¢ + ¢ * between x = —1 and x =1 is rotated about the x-axis.

(@) Find the area of the region bounded by the curve y = ¢, the coordinate axes and the line x=a, a > 0.

(b) Find the limit of this area as a — oo.

(c) Find the volume of the solid generated by rotating the region in (a) about the x-axis and find the limit of
this volume as g — oo.

Find the volume of the solid generated by rotating about the x-axis the region enclosed by the curve

y2 = % the x-axis and the ordinates x =1 and x = 3.

1
x—2

Find the volume of the solid generated by rotating about the x-axis the area beneath the curve y =
between x =6 and x = 11.

(@) Given a > 1, sketch the curve y =log, x for 1 < x < a. Find the area enclosed by the curve and the lines
y=0andx=a.

(b) The region enclosed by the curve y =log, x and the lines x =0, y =log,a and y = 0 is rotated about the
y-axis to form a solid of revolution. Find the volume of this solid.

Sketch the curve y = % for values of x from x = % to x = 1. This part of the curve is rotated about the y-axis to
x

form a solid of revolution. Find its volume.

Sketch the curve y = \/41— from x =0 to x = 5. The region enclosed by the curve, the x-axis and the
+x

ordinates x = 0 and x = 5 is rotated about the x-axis. Find the volume of the solid formed.

2
x—7
x-axis. Find the volume of the solid formed.

Vx+1

The region enclosed by the curve y = ==~ and the x-axis between x =3 and x = 5 is rotated about the x-axis.

The region enclosed by the curve y = and the x-axis between x = 8 and x = 10 is rotated about the

Find the volume of the solid formed.

(@) Sketch the region bounded by the curves y = 2(x*~1) and y=1- X

(b) Calculate the area of the shaded region.

() The region bounded by the y-axis and the curves y = 2(x* — 1) and y = 1 — x” for x > 0, is rotated about the
y-axis. Calculate the volume of the solid of revolution generated.

The curve y = V2 cos(%x) meets the line y = x at the point A(1, 1), as shown in the diagram.

(a) Find the exact value of the shaded area. y

(b) The shaded area is rotated about the x-axis. Calculate the volume of the 24 ~
solid of revolution formed. y

(c) The shaded area is rotated about the y-axis. Write the integral for 2 (o

this volume. 1
(d) By using a combination of exact integration and the trapezoidal rule,
as appropriate, calculate the volume of the solid in (c).

y=\/5cos(%x)

—_—

In the diagram on the right, the parabola y = 4x — x” and the line y = 2x intersect © 2"
at the points (0, 0) and (2, 4).
(@) Calculate the area of the region between the curves. N
(b) The shaded region between the curves is rotated about the x-axis to form a solid (2,4)
of revolution. Calculate the exact volume of this solid.
(c) The shaded region between the curves is rotated about the y-axis to form a solid
of revolution. Calculate the exact volume of this solid. y=dx-x
(0,0) (0,4)
1 x
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40 (a) Sketch the region bounded by the curve y =1++/x and the lines y =1 and x=4.
(b) Calculate the area of this region.
(c) This region is rotated around the x-axis to form a solid. Calculate the volume of this solid.
(d) Calculate the volume of the solid formed if this region is rotated about the y-axis.

2
41 (a) On the same diagram sketch the graphs of x° + y* = 1 for -1 <x <0 and XT +y*’=1for0<x<2.

2
(b) An egg is modelled by rotating about the x-axis the curves x* +y*=1for -1 <x<0and X~ + y* =1
for 0 < x <2 to form a solid of revolution. Find the exact value of the volume of the egg.

42 A bowl is formed by rotating the curve y = 8log, (x — 1) about the y-axis for 0 <y < 4.

(@) Calculate the volume of the bowl (capacity), giving your ~ »=8log.(-x-1) y =8log, (x~1)
answer correct to one decimal place.

(b) This bowl is to be moulded out of plastic with vertical
sides and a solid base 0.5 units thick. The cross-section
of the bowl is shown in the diagram, right. Calculate the
volume of plastic used to make the bowl. -3 2 +—0 + 2 30X

11.2 INDEFINITE INTEGRALS AND SUBSTITUTION

Some integrals can only be solved using particular substitutions for the variables. In this Mathematics Extension 1
course, any substitutions needed to find an integral are given.

Integration using a substitution can be considered as the converse of the method of differentiating a composite
function—it’s like using the chain rule backwards.

The aim of a substltution is to transform an integral into one that involves a standard result,

e.g. ju du= —u "1+ C. Variable substitution works as follows:

Let y= jf(u)du where u = g(x)

P fw
dy dy du
But dx ~dudx
du
= )< T

yzjf(u)x%dx

This ‘backwards’ form of the chain rule is convenient when the substitution of u = g(x) allows a function to be

expressed as the product of % and a function of u. For example:

o Iff(x)= 2x°(x> = 1)* then you can substitute u = x —1. As j =3y’ , you can write 2x* as 3 x 3x?, so that
) is written: f(x) =3 (x" =1)" x (3x7)

§u4% where u = x> —1
o If f(x)=xV1+x", you can see that 2x is the derivative of 1 + x°, so if you make the substitution u = 1+ x*

1
2 du whereu=1+x2and@=2x.

i 1 =1
and write x as 2(2x), then f(x) R e
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° Iff( )_72)3,

u=x"+2x and write x + 1 as—(2x+2) then f(x)—

you can see that 2x + 2 is the derivative of x> + 2x, so if you make the substitution

1,73 du

dx’

o If f(x)=x~/1—x, then you can make the substitution u=1—x. As x=1—u, %% = 1, s0:

f(x)=—x1-xXx(-1)
=—(1—u)u% x%
=_( 1 du
u2

—u%)xﬁ
=(u§

) du
=f(“)E

Nl’—‘

dx

YEAR 12

Example 10

4
Find: (a) ijz (x3 - 1) dx using the substitution u = x =1

(b) J.xxll +x” dx using the substitution u =1+ x°

2 du
(b) u—1+x,dx

IxV1+x2 dx = %J‘Zx\/1+xz dx
= %J‘u% x%dx

_1(,3
—2ju du

u:+C

2x

oo

X

W

DN [—

(1+x2)P +C

QI |—

(c) J‘ i 5 dx using the substitution u = X+ 2x.
x +2x
Solution
@ u=x —1,% 3x*
J3x2(x3—1)4dx=ju X%dx
=ju4du
_15
=gu +C
_1(.3_ 1V
=1(x*-1) +C
(€) u=x"+2x Zu—2x+2

dx = %j(2x+ 2)(x2 +2x)_3 dx

1,3
_2J”

[

X +2x)

_11,-3

—zju du

_1 1

‘2X( 2)”‘ wC
-1

Zﬁﬁ'c

4(x +2x)

A quick way to check your answer is to differentiate it to see that it gives the integrand.
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Example 11
Find: (a) J.x\/I — x dx using the substitution u=1—-x (b) j \/1t+—t dt using the substitution u =1+t

() I(3x —5)" dx using the substitution u = 3x — 5.

Solution
u

(a) uzl—x,g—x:—l,le—u

del—x dx = I(l—u)u% x%dx
(=1)dx

du (note that du = (-1)dx)

du

(b) u=1+t, dt_l t=u—1 () u=3x-— S,d =3
u—1_du (3x—5) dx =1 |3(3x—5)"dx
J.\/1+ jfxthdt J 3.[
1 1 Iu ><—dx
=j(u2—u 2)(1)dt 3
11 =§ju du
=J u2—u? |du (note that du = (1)dt)
=lxlyic
3 . 3 5
2 Ea ES
=3ut—2ur+C =L(3x—50 +C
§(1+t)2 2(1+¢)2+C

EXERCISE 11.2 INDEFINITE INTEGRALS AND SUBSTITUTION

4
1 Find: (a) JZx(xz - 1) dx using the substitution u = X -1
2(.3 3 . o 3
(b) J3x (x + 4) dx using the substitution u = x" + 4
(c) J.xZ\/x3 +1dx using the substitution u = X +1.

2 Find: (a) J.(Zt +1)’ dt using the substitution u =2t + 1

2x . . . 2
(b) J dx using the substitution u=x"—4
Vx?t—4
(c) J.(Zx + 1)(x2 +x+ 2)5 dx using the substitution u = x* + x + 2.
3 Using u=2x+3, J’dix3=
(2x+3)

A 4(2x+3)'+C B %+C C —4(2x+3)’+C D ‘712+c
4(2x +3) 4(2x +3)
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4 Find: (a) J-(3 — 2x)° dx using the substitution u = 3 — 2x

(b) j?”c—+12dx using the substitution u = 3x°4+2x+5
(3x2 +2x+ 5)

4
(c) J(xz - 2x)(x3 —3x* 4 1) dx using the substitution u = x—3x"+1.

5 Find: (a) I3x2 (x3 + 1)4 dx using the substitution u = X +1

(b) j Jltitz dt using the substitution u=1— t
(c) I(Sx - 5)% dx using the substitution u = 3x — 5.

6 Find: (a) j2tm dt using the substitution u =1 — £
(b) Jxv a® —x* dx using the substitution u = a-x
(c) jz Q/ZZT dz using the substitution u = Z+1.

7 Find: (a) J y+/y +1dy using the substitution u =y + 1

x . . o
(b) J 1) dx using the substitution u=x—1

(c) J‘ X dx using the substitution u =2x — 1.

V2x—1
8 (a) Find J-xlel +x° dx using the substitution u =1+ x.
(b) Find J.xlel + x° dx using the substitution u = X
(c) Why is the substitution in (a) easier to use than the substitution in (b)?

d
9 % = x/x* —4 and y =2 at x=~/5. Use the substitution u = x’ — 4 to find y in terms of x.

10 If f'(x) = x32x+1 for all x and f(0) = 2, use the substitution u = X +1to find f(x).

11 Z—’; = ﬁ and x = 10 when t = 0. Use the substitution u = £* — 2t + 4 to find x in terms of .

12 Given that % = ﬁ and r(0) = 0, use the substitution u =1 — r to find r in terms of 6.

13 Atany point where x > L the gradient of a curve is given by % =/2x —1. If the point (2.5,9) is on the curve,
use the substitution u =2x — 1 to find the equation of the curve.

14 Given that % = m and x = 0 when t = 0, use the substitution u =4 — x to find x in terms of .

11.3 DEFINITE INTEGRALS AND SUBSTITUTION

When using a substitution to evaluate a definite integral you must take care with the limits of integration. The
original limits are for values for x, but after substitution the variable will become u (or some other new variable), so
the limits similarly need to become values for u (or the other new variable). To do this, substitute the limits into the
change-of-variable equation to find the limits for the new variable.
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Example 12
2

Evaluate: (a) J. 2x+/x*—1 dx using the substitution u = X -1
1

3
(b) j x+/4— x dx using the substitution u =4 — x

(c) J x +1 dx using the substitution u = x +1.

Solution
@ u=x -1, %o () u=d-x %=
Limits: forx=1,u=1°-1=0 x=4—u,s0x\/4—x=(4—u)\/;
2
forx=2,u=2"-1=3 o —xJ4—x=wu—-4)u
2 3
J.wa/xz—ldx=J’ \/;xd_“dx Limits: forx=-5u=4+4+5=9
1 0 dx forx=3,u=4-3=1
S L 3 1
=_[0“2du J x\/4—xdx=.[ (u—4)\/ax%dx
=5 9
3P 1/ 3 1
=[%M2} =J. (u2—4u2Jdu
0 9
Ao 5 3
_5(32—0)_2\/5 | 207 — 150 2
5 3
du ’
au _ 5 3
() u=x+1, I 3x* =(%—%)—(%x92—%x92)
Limits: forx=0,u=1
forx=1u=1"+1=2 2 8 2,3 ,8,3
. ) . g 53 5 3
sz(x3+1) dlej ut x 2% gy
0 3 1 dx :—ﬂ

_1 ? 4

—3J1u du
_1[15T
- [5“1
_1[, 5P
_15[” ]1

1l _1)=31
_15(32 1)_15

w

Useful result

b a
I f(x)dx = —J f(x)dx  Ifyou reverse the limits of integration, you change the sign of the integral.
a b

3

3 1
In Example 11(b) the integral J;(uz —4u? )du could have been written as —J?( 2 —4y? )du

Check that this integral gives the same answer.

EXERCISE 11.3 DEFINITE INTEGRALS AND SUBSTITUTION

1
1 Evaluate: (a) I xv1—x” dx using the substitution u=1— X
0

2
(b) J. x~/2— x dx using the substitution u =2 —x

© j
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L5 2 _2x . _ _ P
Evaluate: (@) —~===—dx using the substitution u = 2x — x

2
05 \2x—x

3
(b) J. x~/x —1dx using the substitution u=x—1
2

0.5
(c) J X dx using the substitution u=1— X’
—0.5

1-x°

Ng
Using the substitution u =1+ X, J X dx=...
0

\/1+x2

A 05 B 1 cC 2 D J3-1

4
Evaluate:  (a) J- (2x— 3)(x2 —3x+ 2)2 dx using the substitution u = x* — 3x + 2
3

2
(b) | —%— dx using the substitution u = x* + 2
2 2 8
0 (x + 2)

4
(c) J. /2t 4+ 1 dt using the substitution u =2t + 1.
1.5

1
Evaluate: (a) J. ﬁdt using the substitution u=1+1¢
0 +

N

1 4
(b) J 3x* (x3 - 1) dx using the substitution u = -1
0
(c) J. xva® — x* dx using the substitution u = a’—x
ﬁ 3/ 2 2
Evaluate: (a) j zAlz"+ 1dz using the substitution u=z"+1
0
3
(b) j x+x* — 4 dx using the substitution u = x—4
2
5
(c) J- \2x —1dx using the substitution u =2x — 1.
1
3
Evaluate: (@) J. ¥4y +1dy using the substitution u=y + 1
0
4
(b) J. xv16 — x* dx using the substitution u =16 — X
0

1
() J. x(3x —1)" dx using the substitution u = 3x — 1.
-1

2x
\/4—3(2
2

2x . o 2
(b) Evaluate J. dx using the substitution u = x".
1 y/4—x?

(c) Why is the substitution in (a) easier to use than the substitution in (b)?

dx using the substitution u = 4 — x”.

2
(a) Evaluate J
1

Using the substitution u =1 — x%, calculate the area bounded by the curve y = xv1— x?, the x-axis and the
linesx=0and x=1.

Find the area of the region bounded by the curve y= \/j—, the x-axis and the lines x =+/2 and x =+/5.
x" =1
Sketch the curve defined by y* = x°(1 — x) and find the area of the loop. Use the substitution u =1 — x.

If f(x) = x*(x — 3), calculate the area between the x-axis, the lines x = 4 and x = 6 and the curve y=+/f(x).
Use the substitution u = x — 3.
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13 Calculate the area of the region bounded by the curve y= 7;6 , the x-axis and the lines x = 0 and x =2+/3.
Use the substitution u = x° + 4. Vx©+4

Useful result
You may have noticed that for an integral of the form J F/(x)(f(x))" dx, using the substitution u = f(x) gives

%: f’(x) so that the integral becomes: Jf’(x)(f(x))n dx = Ju” du
_ 1 n+l1 “+1
a1t +C n+1(f( ))

If you can recognise that J. f '(x)( f (x))" dx = ﬁ( f (x))nJr1 + C, you can obtain your answer faster. This result will

be especially useful in section 11.6 (page 250) when integrating powers of trigonometric functions.

11.4 INTEGRATION OF sin®x AND cos’x

Jsinz xdx and Jcosz xdx cannot be found without using a substitution. However, a useful substitution comes from the

formulae for cos2x. This may not be given in a question, but you must be able to use it when necessary.

s 2 22
The important results are as follows: €os2x =cos x —sin"x
s 2 22 2
Using cos™x + sin“x = 1: cos2x=2cos" x -1
2 1+cos2x
cos”x ===

Thus: Icosz xdx = %J.(l +cos2x)dx

_1 1
= 2(x+2sm2x)+C

_1 1.
= 2x+451n2x+C

Similarly: cos2x=1-2sin’x

.2 1—cos2x
sin x—T

Thus: jsinz xdx = %J(l—cost)dx

= l(x—lsin2x)+C

2 2
1, 1
=5% 4s1n2x+C
Example 13
(a) Find 3Jsin2xdx. (b) Evaluatej cos® xdx. (c) Find Jcosz3xdx.
2
Solution
(a) 3-[sin2xdx:3X%j(l—c052x)dx
_3 sin2x 3x 3sin2x
—2(x > )+C— > 4 +C
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T n
(b) J4ﬂcoszxdx:%-l.4ﬂ(l+c052x)dx (c) jcos 3xdx—%j(1+cos6x)dx
T2 2
x l( s1n6x)
1[x+ sm2x} 2
2 2 =z 6
2 §+Slr112x+c
| 1l v (_7w, 1
—2[4+25m2 ( >t
W
- 2(4 272 0)
13z 1)_1
=3(%F+3)=§6m+2)
Example 14
Find the area bounded by the curve y = sin’x, the x-axis and the ordinates at x = % and x = %
Solution .
Sketch the function. Area = Jlﬂz sin” x dx
6
y

4
_1[24_
= 2J% (1—cos2x)dx

05T _ l[x _sin2x }%
2 2 Iz
6
| | |
@) ¢ ' ' ; ' _llr_1lg - (Z_ly,
0;[5 1 1.5” 2 2.5 —2[2 5 sinz (6 2sm3):|
6 2
_1f(z_g_m, 1,3
‘2(2 0-g+2% 2)
1z \B)_4r+3\3 .
= 2( 3 + 4 )— square units
Example 15

The region under the curve y = cos 2x between x =—

of the solid of revolution formed.

Solution
Sketch the function.

/3
4

T
Volume=7 | * y?dx
_

S

y/3

= ﬂJ.Z cos® 2x dx

NN

-t
=5 _%(1+cos4x)dx

T
_T sin4x |4
S

2
T\ T (- _ ; i
—2[ +0 ( 4+0)} ) cubic units

Z and x = Z is rotated about the x-axis. Calculate the volume
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EXERCISE 11.4 INTEGRATION OF sin’x AND cos’x

1 Find: (a) IZcosz xdx (b) IZ sin” x dx (c) Jsinz gdx
(d) J.Zcosz %dx (e) Jsinz 3xdx 1] Jcosz 4xdx
2 Evaluate: (a) _[f 2sin” x dx (b) J.OZ sin® x dx (c) J‘E cos” xdx
6
(d) Li” cos® %dx (e) 4j‘fsin2 4xdx 1] 2.[3 cos’ 3xdx
2 12 6

3 The region under the curve y = sin x between x = 0 and x = 7 is rotated about the x-axis. The volume of the
solid of revolution formed is given by:

T .2 T . T .2 T .2
A J. sin” x dx B EI sinx dx C ﬂj sin” x dx D ﬂj sinx” dx
0 0 0 0
4 The region under the curve y = cos x between x = % and x = % is rotated about the x-axis. Find the volume of

the solid of revolution formed.

5 The region under the curve y = sinx between x = 0 and x = 7 is rotated about the x-axis. Find the volume of
the solid of revolution formed.
6 The gradient at the point (x, y) of the function y = f(x) is given by % =sin” x. The curve passes through the
point (0,—2). Find y where x = %
2 d
71If —)2/ =2cos’x and when x=Z, 2 = 0, y =0, then find y in terms of x.
dx 2’ dx

8 The region bounded by the curves y = cos 2x and the x-axis between x = 0 and x = Z is rotated about the
x-axis. Calculate the exact value of the volume of the solid of revolution formed.
9 The region bounded by the curves y = sin 3x, the x-axis and the ordinate x = 7L is rotated about the x-axis.
. . 12
Calculate the exact value of the volume of the solid of revolution formed.
10 The region bounded by the curves y = sinx, y = cos x and the x-axis between x =0 and x = % is rotated about
the x-axis.
(@) Find the point of intersection of the two curves.
(b) Calculate the exact value of the volume of the solid of revolution formed.
11 The region bounded by y = sinx, y = cosx and the y-axis between x =0 and x = % is rotated about the x-axis.

Calculate the exact value of the volume of the solid of revolution formed.

12 (a) Sketch the region bounded by the curve y =sinx + cosx and the coordinate axes in the first quadrant.
Show the intercepts on the axes.
(b) Calculate the area of the region in part (a).
(c) The region in part (a) is rotated about the x-axis to form a solid of revolution. Calculate the volume of the
solid formed.

11.5 INTEGRALS OF THE TYPE jf’(x)(f(x))"dx

You have seen this type of integral before (e.g. with integrals like IZx(xz +1’dx= i(x2 +1)* +C). This section will

consider trigonometric integrals such as jcosxsm xdx, i.e. where f(x) =sinx and f’(x)= cosx. In trigonometric

integrals of this type the substitution will not always be given.
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Example 16

T
(a) Find Jcosx sin® x dx. (b) Evaluate I ﬂz sinxcos® x dx.
3

Solution
(@ Jcosxsinzxdx: Let u =sinx, % =Cosx

J.cosxsin2 xdx= J.uz x@xdx

dx
:Juzdu
_1.3 1.3
—3u +C 3sm x+C

If you can recognise that Jcosx sin® xdx is of the form J.f'(x)(f(x))2 dx = %(f(x))3 +C,
then you can write the answer immediately as J.cosx sin” xdx = %sin3 x+C.

du _

4
(b) Jﬂzsinxcoszxdx: Letu:cosx,a——sinx For x = forx=%,u=0
3

W[

=1.
)u_zy

T
= 0
J‘z sinxcos’ xdx = J —u? Xd—ux du
.4 1 dx
3 2

0
2
:_[1_” du
2

0 3
1,3 ol (l) -1
_[ 34 L 0+3X(2) 24

1
Note: The result Jf —u’du= _[02 u” du (reversing the limits of the integral and changing the sign of the
2

T T
integrand) could have been used. Also: J.”z sinxcos’xdx = —J. ”2 (—sinx)cos® xdx
3 3

Substitution simplified
If you treat du like a fraction, then du Xdx=du.
dx dx

If u = sinx, then % =cosx can be written as du = cos x dx.

You are really replacing f’(x)dx by du. This makes the algebra involved much simpler.

Example 17

Find J.tanzxseczxdx.
Solution
Let u = tan x, du = sec’ xdx: Jtanz xsec’ xdx = Juz du

_1.:3 _1..3
—3u +C 3tan x+C
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EXERCISE 11.5 INTEGRALS OF THE TYPE [f’(x)(f(x))"dx

1 Find: (a) Jsinxcosz xdx (b) Jtanx sec’ xdx (c) Jsinx cos’ xdx
(d) J.cosx sin xdx (e) J(1+c052x)sinxdx 1] Jsinxcosxdx
2 Evaluate: (a) IE sinxcos’ xdx (b) Jw sin® x cosx dx (c) Jf tan x sec” x dx
X T
3z z z
(d) fﬂz sinx cosxdx (e) JO 2sinfcos>0d6 ) J.% cos® (x - %)dx

11.6 INTEGRALS INVOLVING TRIGONOMETRIC SUBSTITUTION

If an expression of the form a” — x” occurs in the integrand, the standard trigonometric substitutions x = asin@
or x = acos @ will help to find the integral. If an expression of the form a’ + x* occurs in the integrand, then the
standard substitution is x = atan®.

Note: In this course, if these substitutions are needed they should be given in the question.

Example 18

2
Evaluate .[o Ja—x%dx using the substitution x = 2 sin#, —% <6< %

Solution

—2sin0 —E<g<X. dx _

x=2sin0, 2_0_2’d0 2cos @

\/4—X2 :\/4—4sin26=\/4c0320=‘2c030|:2c039 because —%SQS% s cos020

Limit for x=2: 2=2sin6, sinf=1, 92%

Limit for x = 0: 0=2sin6, sin6=0,0=0 _[02 /4—x2 dx:J‘OEZCOSBXZ—sze
=J‘052<:0s9><2c050d9
, :2.[072 cos’0d6
(>
—2.[0 (1+cos268)d6
T
O ey :2[9+lsin20}2
2 0
:2[£+lsim—(o+lsmoﬂ

22 2

0 2 ’ =2><%=7r

Geometrically, the graph of y=+/4— x> between x =0 and x = 2 is the quarter of a circle with equation
x” + y* = 4 (in the first quadrant). This integration thus proves the formula for the area of a circle: A = 77”.

Areazin'r2 =i><n'><4=n' when r=2.
Note: If the restriction on @had been different, e.g. £ < < 37 then cos6> 0 would not be true and you would

2 —2°
not be able to use v/4— x> =+/4cos’@ =2 cos 6. Instead, you may have needed Va—x* =+4c0s*0 =—2cosb.

Remember: Always take care with trigonometric substitutions and check the sign of the function for the given domain.
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Example 19

1]
Evaluate -[o i s dx using the substitution x = tan 6.
+x

Solution
Method 1 Method 2
dx 5 1 1 1 2
x=tan@, — =sec” 0: 5= = x=tan®, dx =sec"0dO
de 1+x° 1+4+tan"0 sec” @ o -
o - Limitforx=1: 1=tan6, =2
Limit for x=1: 1=tan9,9=z o 4
Limit forx=0: 0=tan8, 6=0 Limit forx=0: 0=tan6, 6=0
1] o 1
1] i1 dx I dx=J.4—sec29d9
dx=|* xdo 0 2 0 2
J.01+x2 B e 0 d0 1+x ﬂ1+1tan 0
g — 4 2
_ 1 < sec’0d0 IO Sec26’><sec 6do
0 sec’6 .
¥4 _ |4
:J04d9 —j do
T
_1plE_X =[0]s =
=[0lt=% =%
Example 20
Findj 1-smx g using the substitution u = x + cos x.
X+cosx
Solution
. l-sinx , rdu
u=x+ cosx, du = (1 — sinx) dx: Jx+cosx =
=Inful+C

=In|x+cosx|+C

This example involves an indefinite integral, so you must remember to resubstitute for u at the end to make
the answer a function of x.

EXERCISE 11.6 INTEGRALS INVOLVING TRIGONOMETRIC SUBSTITUTION

4
1 Evaluate _L\/ 16— x” dx using the substitution x = 4sin 6. What shape have you just found the area of?

1
2 Evaluate JO xV1—x* dx using the substitution x = sin.

2 d.
3 Evaluate J;) 1 ol > using the substitution x =2tan 6.
+Xx

0.5
4 Evaluate J 5 using the substitution x = sin 6.

(1- X)2

T
5 Evaluate j *sin’ xcos’ xdx using sinxcosx = %sin 2x.
8
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1
2 X
6 Evaluate Iz ——=dbx using the substitution x = cos 6.
1
241-x7

1-x* : -
X dx using the substitution x = cos6.

7 Evaluate Jl
valu
L
0
8 Evaluate_[ . dx 5 using the substitution x =1 tan6.
“$1+4x 2

4
9 Evaluate JO xv16—x” dx using the substitution x = 4sin 6.

V3
10 Evaluate Jo 5 L 5 dx using the substitution x = 3 tan 6.
+Xx

T sec’x
11 Evaluate J“ dx using the substitution u = tanx + 3.

0 (tanx+3)*
tanx

¢ dx.

12 Use the substitution u = tan x to find .[ 5
cos” x
sinx —cosx

13 Use the substitution u = cosx + sinx to find J -
sinx +cosx

g 1 d ~
14 (a) By writing secx =———, show that a(secx) =secxtanx.

(b) Using the substitution u = 1 + secx;, find J%dx.
Summary of integration techniques
° J-f(u)x%xdx:_[f(u)du . Jsinzxdxz%J(l—COSZx)dx
o [F(f@) de= ()" +C e fcos?xdr=1[(1+cos2x)dx
11.7 DIFFERENTIATION OF INVERSE TRIGONOMETRIC FUNCTIONS
The result dy d_x=1
dx dy
Proof Demonstration
Let y = f(x). Differentiate both sides with respect to y: Lety=x"—1 x=(y+ 1)%
d d
2 (y)=— d _2
&)=y ;i_y: 312 d—;:%(yﬂ) ’
x
d dx . .
1=—(f(x))x 5= (using chain rule on RHS)
dx( ) dy %x y—3x2><%()/+1) 3
dy dx
1=—"X— x2
dx dy =
) (y+1)3
Hence £ = )
“ () "
dy ()
X
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Derivative of sin"'x )
sin”' x is defined for -1 < x < 1. z
z+
Lety=sin"'x .. x=sinywhere—Z<y<Z
2 2 y=sin"x
2 cos y
v I I
dy _ 1 - T T -1 o *
L= noting that cosy #0 ... - % <y<Z 1
dx cosy & 4 257573
Now, using cos’ y +sin’y = 1: 1 Which one? z
dx  +\1-sin’y 27T
As y is an angle in the first or fourth quadrants, cos y must be positive.
d 1 1
s 2 —= > for-1<x<1
dx \/1 —sin” y \/1 -X
Note that the derivative is not defined at x = *1 (the graph of sin”' x J
has vertical tangents at its endpoints). d_( sin"'x)= —l<x<l1
2
Also note that the derivative is positive for all x in its domain * 1-x
(as sin”' x is an increasing function).
. . 1 X
Derivative of sin™'=
a
y
sin”' 2 is defined for —a < x < a. zl X
a 2 | y=sin?! 3
—sin'X =—asiny, - E<y<Z
Let y =sin 2 x=asiny, -5 <y<s | |
dx -a 0 a ¥
—=acos
dy 4
rd
d 1 2
Lo for—-E<y<Z
dx acosy 2 2
d
ie. d—y:% for—-a<x<a di(sin‘lﬁ)z 1 ,—a<x<a
* Ja'-x * a a’—x
0 . 1 y
Derivative of cos™'x
cos ' x is defined for -1 <x < 1. i
Lety=cos 'x .. x=cosy,0<y<m
—x=—siny = y=cos'x i(cos_lx)=— 1 ,—l<x<1
dy 2 dx V1-x°
dy
Pl forO<y<m
dx  siny |
d 1 _I 0 1 X
ie. L=_ for-1<x<1 ! !
dx 1-x*

As for the derivative of sin”" x, the last step again uses cos’y +sin’y = 1.
Note that the gradient is negative for all x in the domain.

Note also that the domain of the derived function is different to the domain of cos™' x. Why?
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. . 1 X
Derivative of cos™ 3
cos’lg is defined for —a < x < a.

Let y=cos ™ x=acosy,0<y<m

QR

—asin y

X

-1
=Cos —
Y a

|

Cdy 1

“dx  asiny
A1
R IS

forO<y<rm

~ for-a<x<a

Derivative of tan'x
tan' x is defined for all x.

Lety=tan 'x x=tany,—% <y<%

X 2
=sec”y

dy

=1+tan2y
Ldy_ 1

' dx—1+tan2y

1

=1+x

T /A
for > <r<3

for all x

2

- 14X
Derivative of tan 1;

tan”' % is defined for all x.

Lety=tan_l% x:atany’_%<y<%

d—x—asec2
F J

= a(1+tan2y)

oy 1

dx a(l+tan’ y)
a

2 2
a +x

T T
for—i <Y<y

for all x

=, —a<x<a

5 for all x
x

Example 21

Find the derivative of cos ' (2x + 1), stating the values of
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Solution
cos ' (2x+1) is defined for—1<2x+1<1 y
ie. for-2<2x<0
-1<x<0 T
Hence cos ' (2x + 1) is defined for —1 < x < 0. y=cos™ (2x +1)
Lety= cos ' (2x+1)
=cos'u whereu=2x+1 1=
dy_dy du NE
dx du dx :
1 :
“he -
5 105 |© *
=———= provided-1<x<0
J1-(2x+1)
2

 Jax(x+1)

YEAR 12

Example 22

Find the derivative of xcos ' (2x + 1), stating the values of x for which the derivative is defined.

Solution
Following the previous example and using the product rule:

%(xcos_l(2x+l))=x X m+cos_l(2x+l)
—2x

-1
= 7'——4x(x D +cos™ (2x+1)

On the RHS, the first term is defined for —1 < x < 0 and the second term is defined for —1 < x < 0. Thus the
complete RHS is defined for —1 < x < 0 and these are the values for x for which the derivative is defined.

Example 23

Differentiate sin™* (cosx). Hence sketch the graph of y = sin” (cosx) for—T<x < 7.

Solution
Lety= sin”" (cosx)
=sin'u where u=cosx

dy dy du
L= L T T
dx du dx X - ) 0 2 T

1

= X (—sinx)
N1-u? y -

(1R
(ST
(1R

—sinx

- 2
1—cos”x
—sinx
Vsin® x
—sinx

~ |sinx]
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Now |[sinx|=sinx for sinx>0,ie.for0O<x<m
=—sinx for sinx <0, ie for-r<x<0

=SIMX ] for0<x<m
. d_y sinx

21N

. = sin™! (cos x)
dx |-—sinx _ 1 g

—sinx

for-m<x<0

0
T

Z—y is not defined when x = -, 0, 7. If there were B
X

no restrictions on the domain, the graph would

repeat itself (i.e. it would be periodic with period 27).

The range is —% <y< % and the derivative is not

defined for any values of x=nm, n=0,+1, %2, ...

Note that these sharp peaks are not turning points, because the function here changes sharply instead of
smoothly. The point where the function changes sharply is called a cusp.

21N
NI A
N

Example 24
a ifferentiate sin ~ x + cos  x. ence show thatsin” x+cos x=%
(@) Differentiate sin™" ! (b) H how th ! 175
Solution
1 1
(a) = (sinx+cos ' x)= — =0
dx \/l—x2 \/l—x2

(b) sin ' x+ cos ' xis a constant as its derivative is 0.
The value of the constant can be found by evaluating the function at any x in its domain.
Where x = 0: sin_10+cos_10:0+%:%
sin”"'x+cos ' x= % (You may wish to verify this by substituting other values for x.)

EXERCISE 11.7 DIFFERENTIATION OF INVERSE TRIGONOMETRIC FUNCTIONS

1 The derivative of sin™* 3x is:
1 3 1 3
A

B ——— C —— D
V9—x? J1-9x2 1-9x° 9—x?

2 Differentiate the following.

@ y= tan”' 5x (b) y=3 tan” (1 — x) () y= tan” x° d) y= (tan”' x)*

@ y=tn'(Vx) @ y=wn'e @ y=e™ () y=c'tan’x

i y= sin™ (%) G y= 2cos™ (37’6) k) y= loge(sinflx) 0 y= loge(cosf1 2x)°
il L _ 1 _ l . -1 _ . -1

(m) y=sin (x) (n) y_cos"lx (0) y=58inx (P) y=xsin (\/;)

2
(@) y= cos™ (i x2 ) N y= cos ' x+ cos (—x) (s) y=tanx tan"'x (t) y=tan™ (\/ x* - 1)
+X

3 Find the equation of the tangent to the curve y =2tan"' (2x + 1) at the point on the curve where x = —1.
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