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FINANCIAL
MATHEMATICS

1A Review of percentages 1E Understanding compound interest
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1B Financial applications of percentages ~ 1F The compound interest formula
1C Understanding simple interest 16 Working with compound interest

1D Working with simple interest
T ——

ESSENTIAL QUESTION

With so many different uses of percentages, how do you
know what type of percentage calculation to perform?




.3
What is 7 as a percentage?

The decimal 0.65 is equivalent to which
percentage?
A 65%

C 0.65%

B 0.0065%
D 0.65

What is the percentage 10%% equivalent
to as a decimal?

Which represents 35% of $200?
A 35 % $200 =

B 2% 100
C 0.35x $200

D 2% $200

What is 22% of $440?

Jackson scored 21 out of a possible 24

marks on his Maths test.

a  Write Jackson’s marks as a fraction
of the total marks in simplest form.
What is Jackson’s score as a
percentage?

Bp ?

1F p 10

Are you ready?

A book store offers a 15% discount on
all their books. What is the sale price of
a book originally priced at $25.40?

A $3.81 B $21.59

C $10.40 D $29.21

$2000 is invested for 15 months at an
interest rate of 6.4% p.a. What are the
values for the variables of the simple
interest formula?
A P=82000,R=64and T=15
P =3%2000, R=6.4and T=1.25
P =352000, R =0.064 and T=1.25
P =5§2000, R =0.064 and T =15

How many months are in 3 years?
How many quarters are in 2 years?
How many weeks are in 4 years?

d How many quarters are in 7 years?

What does 1.015* mean?

A 1.015x4

B 1+40.015

C 1.015+1.015+1.015+1.015
D 1.015x1.015x%x1.015%1.015




CHAPTER 1: FINANCIAL MATHEMATICS

1A Review of percentages

19

Percentages, fractions and decimals are different forms that can be 19% 00 0.19

used to represent the same amount. Consider this table displaying the 10% 1 0.10
. . . 10 :

equivalent forms of three different amounts as percentages, fractions 80% 4 0.80
(] g .

and decimals.

1

Consider each row of the table and use the values to help you explain how to convert:
a a percentage to a fraction
b a percentage to a decimal.

Reconsider each row of the table and use the " 210/
2 70 Off

values to help you explain how to convert:
a afraction to a percentage

b a decimal to a percentage.

The value given in the price tag above advertises a discount amount written as a percentage.
a Use your explanations from question 1 to write this percentage as a fraction and a decimal.
b What was the main difference between the calculations of this

in question 1 and the calculations performed in part a?

35% 0.35
4 Copy and complete the missing values in this table. 2
5
Remember to write the fractions in their simplest form. 012
The skills you use to convert between percentages, fractions and 1
. . . . . 8
decimals are widely used in financial calculations. 151o,
2 (1]

KEY IDEAS

>

Fractions, decimals and percentages are all closely related. To convert:

> a percentage to a decimal, divide the percentage by 100

> a percentage to a fraction, write the percentage with a denominator of 100 and
simplify the fraction if possible

> a decimal to a percentage, multiply the decimal by 100

> a fraction to a percentage, multiply the fraction by 100.

To calculate a percentage of an amount, write the percentage as a decimal and

multiply by the amount.

To write one quantity as a percentage of another, write the first value as a fraction

of the second value and multiply by 100.



1A REVIEW OF PERCENTAGES _

EXERCISE 1A Review of percentages

c
=
o
m
=
(%]
—
>
=
o
=
@
>
=
o
m
—
c
m
=
o
=<

1 Write each percentage as a decimal.
a 15% b 90% ¢ 112%  d 75% e 188%  f 0.25%

2 Write each percentage as a fraction in simplest form.

a 21% b 85% ¢ 225% d 64%
e 38% r80.2% s 110% h 53%
i 155% i 0.55% K 83% 1 0.004%

3 Write each fraction as a percentage.

3 3 7 13 1
a 3 b 3 (ST d 5 e

EXAMPLE 1A-1 Calculating a percentage of an amount

Calculate 17%% of $124.95, correct to two decimal places.

—_

15
24

=N
—
I

THINK WRITE

1 Write the percentage as a decimal and multiply 17%% of §124.95 = 17.5 $124.95
by the amount. Remember that 17% is the same - Ol(i(;S X §124.95
as 17.3. = $21.866 25

2 Round the answer to two decimal places. ~ $21.87

3 Write your answer. 17%% of $124.951s $21.87

4 Calculate each of these.

a  12% of $480 b 20% of $3000
¢ 35% of $567 d 150% of $888
e 65% of $1920 f 5% of §14 000
2 40% of $10 500 h 225% of $4880

5 Calculate each of these, correct to two decimal places.

2 11% of $145.95 b 423% of $180.99
¢ 123% of $95.55 d 45.5% of $852
¢ 17.5% of $1550.25  73% of $39.95
o 2.75% of $29.45 b 105% of $455.95




- CHAPTER 1: FINANCIAL MATHEMATICS

EXAMPLE 1A-2 Writing one amount as a percentage of another

Write $70 as a percentage of $280.

THINK WRITE
1 Write the first quantity ($70) as a fraction of the second ($280). %
2 Convert the fraction to a percentage by multiplying it by 100%. = % % 100%
3 Cancel common factors to the numerators and denominators = i X 1(1)—0%
and simplify.
100,
=—%
4
=25%

6 Write these amounts as percentages, rounding your
answers to two decimal places where appropriate.

a  $90 as a percentage of $450

=

$80 as a percentage of $130

$29 as a percentage of $150

$36.50 as a percentage of $145
$29.95 as a percentage of $58
$152.50 as a percentage of $65
$12.85 as a percentage of $94.50
$140.20 as a percentage of $255.95
$345.60 as a percentage of $180.75

AIN3INT4 ANV INIONVLSHYIANN |
= e = o o 6

o

7 Complete the missing values in this table.

Remember to write all amounts as exact values
and fractions in their simplest form.

a é 0.16
20
b 465%
c N 0.6
d o 123%
7
¢ 6
11
f I
10
g 85:%
h 35
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1A REVIEW OF PERCENTAGES

Shayden bought this scarf and at the end of winter

sold it on eBay for $6.55.

a  Write Shayden’s selling price as a fraction of the
initial price in simplest form.

b Write the fraction in part a as a
percentage and a decimal, both
rounded to two decimal places.

A store recorded the payment methods

used by customers, and found that

35% of payments were in cash and the rest

were electronic. Of the electronic payments,

five-eighths were payments by credit card,

three-tenths were electronically withdrawn from

savings accounts and the rest were debit card purchases.

a  What fraction of the total payments were in electronic form?

b Of all the electronic payments, what fraction describes the payments made with a
debit card?

¢ What percentage of electronic payments were made with a debit card?

d Show that the purchases made by withdrawals from savings accounts represent
19.5% of the store’s total sales.

e What percentage of the store’s total sales do each of the other forms of electronic
payments represent?

Two-thirds of all customers expressed satisfaction with their regular supermarket.
a  What is this fraction as a decimal, correct to two decimal places?
b Explain how the decimal from part a can be written as an exact number, rather
than an approximated number.
Write the fraction as an exact decimal.
d Represent the fraction as an exact percentage.
e What two different forms can the exact percentage in part d take?

A bookstore offers an out-of-print novel for sale with a discount of $3.50. The novel

was originally priced at $12.50.

a  Write the discount amount as a percentage of the original price,

b Briefly explain how you would write the discount amount as a fraction of the
original price. Both the numerator and the denominator must be whole number
values and the
fraction must be
in simplest form.

¢ Write the discount
amount as a
fraction of the
original price.
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12 Bruno buys raw coffee beans and roasts them to sell to customers. A 60-kg sack of
raw beans has a wholesale price of $600. After roasting them, Bruno sells the beans
for $14 per 250-g bag.

a  What is the wholesale price of the raw beans per 250 g?

b Compare the wholesale price per 250-g bag with the selling price of the
250-g bag of roasted beans.

¢ Write Bruno’s selling price as a fraction of the wholesale price using the
250-g prices.

d Convert the fraction to a percentage and briefly explain what this
percentage means to Bruno’s business.
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13 A camping store offers a 20% discount to general i ki ] ' $549.95
customers and a 26.5% discount to VIP customers. )

a  How much discount would a non-VIP customer
receive on the tent shown in the photo?

b How much discount would a

VIP customer receive on the tent?

¢ What fraction of the original price does each discount represent?

14 a Calculate 33%% of $400. b Calculate % of $400.
¢ What do you notice about the answers to parts a and b? Why do you think this is so?

15 Calculations with percentages, fractions and decimals can be simplified using some
basic number facts.

a Calculate each of these.
i 10% of $356.00 ii 5% of $356.00 iii 1% of $356.00

b Consider part a i. Describe a shortcut to calculating 10% of any amount without
using a calculator.

¢ How does your answer to part a ii compare with a i? Describe a shortcut to
calculating 5% of any amount without using a calculator.

d How does your answer to part a iii compare with a i? Describe a shortcut to
calculating 1% of any amount without using a calculator.

16 Test your methods from question 15 with each of these. Check with a calculator that
each answer is correct.

a  10% of $438.50 b 5% of $438.50 ¢ 1% of $438.50
d 1% of $229.85 e 5% of $1458.99 £ 10% of $148.35
2 1% of $295.10 h 10% of $§95.66 i 5% of $2458.45

17 a Explore how you can extend your findings from question 15. Calculate each value.
i 15% of $356.00 ii 20% of $356.00 iii %% of $356.00
b Consider each percentage value in part a. Briefly describe a shortcut to calculate
each percentage of an amount without using a calculator. (Hint: how does each
percentage relate to 10%?7?)




1A REVIEW OF PERCENTAGES _

Test your methods from question 17 with each of these. Check with a calculator that
each answer is correct.

15% of $845.80 20% of $845.80 % of $845.80
15% of $336.90 % of $1254.00 20% of $265.00
20% of $4780.95 % of $45.50 15% of $384.40

Calculations involving a percentage of an amount where the original amount is not
known can be solved using the . Consider a laptop that is discounted
by 12.5%, which amounts to $56.25.
Let x represent the original (pre-discount) price of the laptop. The discount
calculation is:
12.5% of x = $56.25.
For the unitary method, find how much 1% represents (one unit). Calculate 1% of
the original price. (Hint: divide the amount for 12.5% by 12.5.)
The original price of the laptop represents the full amount, or 100%. Use your
answer to part a to calculate 100% of the original price. (Hint: multiply the
amount for 1% by 100.)
What is the pre-discount price of the laptop?
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You can use an alternative method to the one described in question 19 to obtain the
same result.

Reconsider the initial calculation 12.5% of x = $56.25. Write the percentage as a
decimal and show that the simplifies to 0.125x = $56.25.

Look at the equation formed in part a. What operation can you perform to solve
the equation for x?

Solve the equation to determine the value for x.

How does the value you obtained in part ¢ compare with the value obtained

in 19b?

Consider the methods used in this question and question 19. Briefly explain why
they produce the same result.

Calculate the pre-discount price in each situation. Where necessary, round each
answer to the nearest cent.

A football is discounted 15%, which amounts to $12.60.

A mobile phone is discounted 10.5%, which amounts to $5.90.

Make-up is discounted $3.20 or 8.5%.

A furniture store offers a discount of $145.50 on a bedroom suite, which is
equivalent to 17.5%.

A supermarket discounts their excess

chocolates by 27%% or $5.50.

Sporting equipment is discounted 9.75%,

which amounts to $85.30.
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1B Financial applications

Chelsea works part-time job in a clothing store. Her duties include pricing the clothes.
The dress shown is currently priced at $84.95, but will go on sale with a 22%% discount.

1

of percentages

The amount of the discount in dollars can be found using a percentage of an

amount calculation. Determine this amount, correct to two decimal places.

Briefly explain how you can now determine the discounted price of the dress, and calculate the price.

Percentage discount is an example of a . The dress’s selling price can be found by

subtracting the percentage amount from 100% and finding this new percentage of the original price.

a A discount of 22%% means you pay 22%% less: new selling price = (100 — 22%)% of original price.
What percentage of the original price does this discount represent?

b Show this method produces the same selling price as question 2.

Chelsea’s duties also include marking up based on the wholesale prices the store pays for its
goods. The store has a of 110% on all items.

4

A new jacket has a wholesale price of $38. Find the actual amount of the mark-up by performing a

percentage of an amount calculation (in a similar way to the discount calculation performed earlier).

Knowing the mark-up amount, briefly explain how you could determine the new selling price for the

jacket, and calculate this selling price.

Percentage mark-up is an example of a . The jacket’s selling price can be found by

adding the percentage amount to 100% and finding this new percentage of the wholesale price.

a A mark-up of 110% means you pay 110% more: selling price = (100 + 110)% of wholesale price.
What percentage of the wholesale price does this mark-up represent?

b Show this method produces the same selling price as question 5.

KEY IDEAS

>

Selling price following a percentage discount can be calculated using the rule:
selling price = (100 — percentage discount)’ X original price
Selling price following a percentage mark-up can be calculated using the rule:
selling price = (100 + percentage mark-up)% X original price
A profit occurs when the selling price is higher than the original price and a loss occurs
when the selling price is lower than the original price.
_ profit (or loss)

Percentage profit (or loss) on the original price = ~—————— X 100%.
original price
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EXERCISE 1B Financial applications of percentages

1 Calculate each of these, rounding to two decimal places where appropriate.
a 15% of $150
b 35% of $3200
¢ 8.5% of $957.65
4 1223% of $400

EXAMPLE 1B-1 Calculating a percentage discount

Calculate the selling price after a 17%% discount on a necklace originally priced at $229.95.

THINK WRITE
1 Write a calculation for the selling price. selling price = (100 — 17%)% of $229.95
A percentage discount of 17%% means you = 82%% of $229.95
pay (100 — 173)% of the original price.
2 Write the percentage as a decimal and = % x $229.95
multiply by the amount. — 0.825 x $229.95
= $189.708 75
3 Round the amount to the nearest cent (two ~ $189.71
decimal places).
4 Write your answer. The selling price after a 17%% discount

is $189.71.

2 Calculate the selling price for
each of these.

a  25% discount on $185
175% discount on $9200
31.5% discount on $650.95
12.5% discount on $165.50
28.5% discount on $325.99
453% discount on $499.45

—p

-0 au 6
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Calculate the selling price after a 55%% mark-up is applied to sporting equipment with a

wholesale price of $600.
THINK
1 Write a calculation for the selling price. selling price = (100 + 55%)% of $600
1
A percentage {nark—up of 5'55.% mea.ms you =1 55%% of $600
pay (100 + 555)% of the original price.
2 Write the percentage as a decimal and = % x $600
multiply by the amount. =1.555 x $600
=$933
3 Write your answer. The selling price after a 55%% mark-up
is $933.
Calculate the selling price for each of these.
35% mark-up on $340 15%% mark-up on $18 600
40.5% mark-up on $844.20 125% mark-up on $350.50
265% mark-up on $1420.90 165%% mark-up on $680.95
For each of these, determine:
the selling price the mark-up or discount amount.

A smart phone is bought for $89.90 and sold later at a mark-up of 155%.

A jewellery piece originally marked at $1495.80 is offered for sale at a discount of
12.5%.

Sport shorts marked at $49.90 are offered for sale with a 35% discount.
Network cabling purchased for $2.85 per metre is marked up by 480%.

For each situation:

state if a profit or loss has been made and determine the amount
write the profit or loss amount as a percentage of the original price, correct to
two decimal places where appropriate.
Clothing is bought for $84.95 and later sold for $53.60.
A market stallholder buys fruit for $1.70 per kilogram and sells it for $5.95 per
kilogram.
A new car is purchased for $37 935 and sold later for $17 390.
A laptop is bought for $548 and sold for $652.
A bookstore buys a book for $32.95 and sells it for $47.80.
Computer games are bought at a market for $42.95 and sold later for $16.
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6 The following represent the original prices and the percentage discount or percentage
mark-up amounts offered on some goods. In each case, calculate:

i the selling price after the discount or mark-up

ii the discount or mark-up amount.

Where appropriate, round answers to the nearest cent.

a

$1285; 20% discount
$540; 185% mark-up
$346.95; 17.5% discount
$3458.99; 875% mark-up
$6240.55; 255% mark-up

7 A school fundraiser collected
$2915.65 for charity. Compare
this with the $2584.80 collected
last year.

a

How much extra money was
raised this year?

Write the increase as a
percentage of last year’s
amount, correct to two
decimal places.

8 Diana buys a radio for $141.45
and sells it later for $99.

a

b

What is the amount of the
loss Diana has made?

Write the loss amount as a
fraction of the price Diana
originally paid.

State the percentage loss on
the original price, rounded to
two decimal places.

9 For each of these:

i state the value of the profit or loss

b $1800; 153% discount
d  $450; 125.5% mark-up

f  $850.40; 62.5% discount

ii write the profit or loss amount as a fraction of the original price

iii write the profit or loss as a percentage of the original price (rounded to the

nearest 19).

original price $68, selling price $92

original price $30 000, selling price $12 850

original price $145.50, selling price $99

original price $37.95, selling price $12.50

original price $699.45, selling price $1225.50

original price $294.58, selling price $346.99
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10 A soccer club decided to purchase new
match balls at a sale. The balls were originally
priced at $84.95 each.

a Based on the advertised discount, what percentage

of the original price will the new selling price be?
b Calculate the selling price of each soccer ball.
¢ What is the amount saved following the discount?
If ordering more than 20 balls, the soccer club is eligible for an additional
5%% discount. The club decides to order 25 balls.
d How much does the club pay for the 25 balls?
e Following the bulk purchase, what is each ball worth?
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11 Bonnie is planning to hire a dress for her school formal. When she first enquired,
the hire charge was quoted as a booking deposit of $50 plus $85 on collection of
the dress. When she next contacted the store, she learned that the collection fee had
increased by 12.5%.

a  What percentage of the original collection fee will the new collection fee be?
b What amount will Bonnie pay to hire the dress, including the booking deposit?

¢ By how much has the hire charge increased, to the nearest cent?

12 Ricardo needs to purchase a new camera for his
photography course. His local camera store is
offering cameras for sale at a discount of 18%.
Ricardo is interested in purchasing the camera
shown in the photo.

a  What is the selling price of the camera
following the discount?

b As avalued customer of the store,
Ricardo receives an additional 4.5% discount.
Apply this discount to the answer in part a
to determine the amount Ricardo will pay for the camera.

¢ Isthe answer to part b the same as receiving a 22.5% (18% + 4.5%)
discount on the original price?

d  What was the total discount amount Ricardo received on this sale?

e Write the discount amount as a percentage of the original price.
The percentage in part e represents the successive discounts as a single percentage
amount. How does this single amount compare with the two successive percentage
discounts?

13 Calculate the original price in each situation. Where necessary, round each answer to
the nearest cent.

a A smart phone sells for $297.50 following a discount of 15%.

b A sports skirt sells for $37.50 after a discount of 17.5%.

¢ Jewellery sells for $229.95 after a mark-up of 245%.

L d  An artist sells her T-shirt prints for $20.95 following a 135.5% mark-up.
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14 Dennis plans to buy a new computer game for sale at a 15% discount. He is about to

15

16

17

pay when he learns that a further 4.25% has been taken off from the price.

a Dennis expected to pay $74.46 for the game. What is the selling price after the
additional discount?

b What was the original price of the game?

¢ What single calculation can be applied to the original price to determine the
selling price after two successive discounts?

James works in telephone sales and receives 2.75% commission on the total value of
all his sales plus a retainer of $450 as his gross weekly income. In a week when James’
sales total $12 452, what is his gross weekly income?

Laura earns a weekly retainer of $925.50 and 4.125% commission of the total value
of her weekly sales. Calculate her gross income for a week with each total sales value.

a $0 b $15000

c $175 d $21587
e $1648.90 f $6381.45
o $489 h $8468.20

I—

Harry applies a mark-up of
165% to the wholesale price of
all items he sells in his clothing
store. The goods and services
tax (GST) of 10% must also be
added to the marked-up price.

Harry’s newly arrived men’s

trousers have a wholesale price

of $68.

a  What is the mark-up
amount Harry needs to add

to the wholesale price?

b Calculate the selling price of the trousers after GST is included in the price.

¢ Show that the calculation for the selling price is not the same as increasing the
wholesale price by 175% (165% + 10%).

d  Write the difference between the selling price and the wholesale price as a
percentage of wholesale price.

e What single calculation will give the selling price of the trousers?

f  These prices represent the wholesale prices of different clothing items. Increase
the prices by Harry’s mark-up amount and add the GST to determine each selling
price.

ishirts $45

i jackets $87.50 . Reflect .
iii belt $29.40 Why are percentages so important
iv suit $189.95 in financial calculations? :
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1C Understanding simple interest

Last year, you were introduced to and its ,I=PXRXT.
1 Briefly explain what means in finance.

When you borrow money from a bank, you generally repay more than you borrow. This additional
repayment is known as interest.

When you invest (deposit money into a bank or other institution) rather than borrow money, interest can
be paid to you on your

2 How does interest on a differ from interest received for an investment?

3 Consider the simple interest formula, /=P X R X T.
a What do the variables in this formula represent?
b How must the value for R be written in the formula?
¢ What unit must be used for 7"in the formula?

4 Kiara’s school provides a laptop costing $1200 for each student. The laptops may be bought on a
3-year purchase plan, with interest of 6.5% p.a. for the 3 years.
a  What does the abbreviation p.a. represent?

Is this plan for a loan or an investment?

Identify the values for P, R and 7.

Use the simple interest formula to calculate /.

[ — N e -

What does your answer to part d represent?

KEY IDEAS

» Interest can be an additional charge on a loan or a bonus payment on an investment.

» Interest can be calculated using the formula /= P X R X T, where:
> [ = interest
> P = principal (the amount borrowed or invested)
> R = interest rate. The rate must be converted to a fraction or decimal.
For example, 5% would be substituted as ﬁ or 0.05.
> T = time of the loan or investment in years.
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EXERCISE 1C Understanding simple interest
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1 Calculate the simple interest in each case.
a P =3%5000, R = 6%, T =4 years

P =3%850, R = 12%, T =2 years

P =8125000, R = 8.4%, T = 3 years

P =864 000, R =3.6%, T =5 years

P =89550, R = 10%, T = 2.5 years

P =822000, R=12.5%, T = 3 years

-0 o 6 T

2 Convert each time to years.

a 24 months b 48 months ¢ 27 months d 45 months
e 7 months f 15 months ¢ 19 months h 1 month
i 52 weeks i 65 weeks k4 weeks I 312 weeks
EXAMPLE 1C-1 Working with the simple interest formula
For a loan of $12 000 at an interest rate of 8.4% p.a. for 30 months, calculate:
a the amount of simple interest charged
b the total amount repaid at the end of the loan
¢ the amount of each repayment, if equal repayments are made monthly.
THINK WRITE
a 1 Write the formula and identify the a [=PXRXT
known values. Rate must be written P =3512000
asa fractlop ora decimal and time R=84% = 84 _ 0.084
must be written in years. 100
T = 30 months = D years = 2.5 years
2 Substitute the values in the formula 1=3%12000 x 0.084 x 2.5 = $2520
and calculate 1. simple interest charged = $2520
b 1 The total repaid at the end of the b amount = $12 000 + $2520
loan is the interest added to the =$14 520
principal.
2 Write the answer. total amount repaid = $14 520.
¢ 1 The amount of each repayment is ¢ amount to be paid = $14 520
found by dividing the total amount number of instalments = 30
to be paid by the number of amount of each instalment = $14 520 + 30
instalments. = §$484
2 Write the answer. amount of each repayment = $484
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3 For each loan, calculate the:
i amount of simple interest charged
ii total amount repaid at the end of the loan
iii amount of each repayment if equal repayments are made monthly.

$8000 at an interest rate of 4% p.a. over 2 years

=]

$15 000 at an interest rate of 10% p.a. over 4 years

$1250 at an interest rate of 5.4% p.a. over 3 years

e 6

$14 000 at an interest rate of 8.2% p.a. over 30 months
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e $25000 at an interest rate of 6.8% p.a. over 18 months

ons)

$6550 at an interest rate of 4.5% p.a. over 104 weeks

4 For each investment, calculate the:

i amount of simple interest earned

ii value of the investment at the end of the term.
$12 000 at an interest rate of 3% p.a. for 3 years

=]

=

$66 000 at an interest rate of 5% p.a. for 2 years

$125 000 at an interest rate of 6% p.a. for 2.5 years
$5500 at an interest rate of 4.2% p.a. for 12 months
$8250 at an interest rate of 8.5% p.a. for 15 months
$4580 at an interest rate of 3.6% p.a. for 36 months

-0 o 6

5 Calculate the simple interest, given each of these.
a P=88550, R=3.6%p.a., T=2.5years
b P =28$9500, R=3.7%p.a., T = 1.5 years
¢ P=28$22000, R=8% p.a., T =42 months
d P=3%8490, R =8.4%p.a., T = 12 weeks
e P=3%11650, R=9.6%p.a., T=15.5years
f P=3%155000, R=12.9% p.a., T = 5 months

6 An investment of $12 000 is
made at a bank that offers
an annual interest rate of
6.25% p.a. The interest is
calculated as simple interest
and the money is invested for
3 years.
a Identify the values for P, R
and T.
b How much simple interest
is earned on the investment?
¢ What is the total value
of the investment after
3 years?
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A loan of $12 000 is taken at an interest rate of 6.25% p.a. for 3 years, charged as
simple interest.

a Identify the values for P, Rand T.

b How much simple interest is charged to the loan?

¢ What is the total amount to be repaid at the end of the loan?

Consider each situation and answer in questions 6 and 7. Use your responses to
explain how you can apply and interpret
simple interest calculations in loans and

investments. a | $14000 3.8% 3.5 years
b $8 475 6.25% 12 months

For each of the values in the table on L
. c $12 390 95% 34 months

the right, calculate: :
i the amount of simple interest d | $115000 8% 120 days
ii the total amount at the end of $250000 2.95% 4.5 years
the term. f | $234580 15.85% 17 months

An electronics store offers a
purchase plan on the smart

. $2940

television shown, in which

simple interest is charged at

12.75% p.a. for 20 months.

a  What is the total amount
of interest charged for the
term?

b Using this purchase plan,
what is the total cost of the
television?

¢ If the total amount to
be repaid is divided into
equal monthly instalments
for the term of the plan,
what is the value of each
instalment?

The store offers another option for customers paying cash, which involves a discount

of 2.5% off the advertised price.

d  What is the selling price for cash customers?

e Calculate the difference in the television’s price using the two options.

Jake plans to invest his savings in a term deposit at his bank. The bank offers interest
of 4.8% p.a. for any period from 6 to 15 months and pays interest at maturity. Jake
invests $1500 for 14 months.

a Identify the values for P, Rand T.
b How much interest does Jake earn on his investment?
¢ What is the total value of Jake’s investment at the end of his term?
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1.4% p.a. on its everyday accounts,

daily balances. Consider the

A bank offers an interest rate of

01/05 | Opening balance $985.90
09/05 | Withdrawal at ATM $60.00 $925.90

with interest calculated on the

account balances shown here. 11/05 | Deposit (Pay]) $875.55 = $1801.45
The account balances following 20/05 | EFTPOS Purchase | $185.95
three of the transactions are 22/05 = Gym membership $69.50
not shown. State the missing 25/05  Deposit (Pay) $875.55

account balances.

. 31/05  Interestfor May
The opening balance of
$985.90 applies for the first eight days of the month as each new balance applies
on the date the transaction is made. How many days does each balance on this
account apply for?
For each new balance on the account, calculate the simple interest based on the
number of days each balance applies. Remember that 8 days is equivalent to
% years.
Add all the amounts from part ¢ to calculate the total interest for the month.
What is the account balance at the end of May, if the total interest is added to the
account at the end of the last day of the month?

A bank is offering these interest rates to attract investment in term deposits. Interest

is calculated at the end of the investment term.

1 to <2 months 2.5% 2.5% 2.5% 2.5%
2 to <6 months 6.25% 6.25% 6.25% 6.25%
6 to <8 months 3.25% 3.25% 3.25% 3.25%
8to <12 months 5.35% 5.35% 5.35% 5.35%
12 to <24 months 5.4% 5.4% 5.4% 5.4%

Answer these using the information in the table.

What is the minimum amount that can be invested in a term deposit?

Do the interest rates change as the amount invested increases?

The bank appears to have a special rate for a period of time. What investment

term receives this rate?

What interest rate will be offered on an investment of $45 000 for 12 months?

Calculate the amount of simple interest earned on an investment of $45 000 for

12 months.

Compare your answer to part ¢ with the option of investing the same amount

for two 6-month terms. (Assume the interest rate will stay the same for the

second term.)
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e Reconsider the option of investing $45 000 for two 6-month terms as calculated in
part d. If, at the end of the first 6 months, the interest was added to the investment
amount for the second term, how does the amount of interest for the second term
change?

f Compare all the investment options described. Which earned the greatest amount
of interest?

Some savings accounts offered by banks include bonus interest rates if certain
conditions are met. These bonus rates are seen as a reward to encourage people

to save and earn more interest. Consider Maddy’s account balance for November,
shown here. Her account offers interest at 1.2% p.a. (calculated daily) plus a bonus
4.55% p.a. if no withdrawals are made in the month and the balance increases by at
least $250 each month.

a  Will this account receive the

bonus interest rate? Provide 01/11  Opening balance $8400.90
a reason o support your 15/11  Deposit - Pay $655.80
answer.
. 19/11  Deposit —atbranch = $240.00
b Calculate the total interest .
carned for the month. 29/11  Deposit — Pay $655.80

(Hint: first determine the 30/11  Interest
account balances following
each transaction).

¢ State the final account balance for the month.

d  On the final day of the month, Maddy made an
EFTPOS purchase at a clothing store for $100 and the
transaction did not appear on her statement. How would
the balances and interest calculations have differed if the
withdrawal had appeared on the statement?

Kyna invests her savings in a term deposit at her bank. The bank offers her an
interest rate of 4.64% p.a. for a period of 3 months and will pay the interest at
maturity. Kyna invests $4250 for the 3 months.
a  How much interest does Kyna earn on her investment?
b What is the value of Kyna’s investment at the end of the term?
¢ What single calculation can be performed to determine the final value of Kyna’s

investment?
d  Use your method from part ¢ to determine the final value for each of these.

i an investment of $3500, interest rate 4.8% p.a., 2 years
ii an investment of $1800, interest rate
§4% pa. 4.5 years Reﬂect ...................................................

iii an investment of $12 000, interest rate Why must interest rates be written

6% p.a., 15 months as an annual rate and the term of
iv an investment of $25 000, interest rate i aninvestment be in years when

4.2% p.a., 4 months using the simple interest formula
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1D Working with simple interest

When the value for / is known, the simple interest
formula can be used to find the value for one of the other
variables; that is, P, R or T.

For example, Kim is considering some different purchase

options for a new music stereo system. One store offers the
system shown for sale at an interest rate of 12.5% p.a. charged
as simple interest. Kim is informed that the total amount of
interest charged for the term of this option is $375 and that the
total amount is repaid by equal monthly repayments.

1 a From the simple interest formula, which variable do you not know the value of?
b What variable does each of the given values represent?

2 Substitute the values into the simple interest formula and show that it simplifies to 375 = 1507

3 Solving the equation from question 2 will enable you to determine the value for 7.
a Explain what method you can use to find the value for 7.
b Use your method to find the value for 7. What does this value mean in relation to Kim’s purchase?

4 The selling price plus the interest amount represents the total Kim must pay for the stereo in this
payment option. What is the size of each monthly repayment?

Kim notices another stereo system advertised for $1100. The purchase option for this stereo also has
equal monthly repayments and charges $352 interest for the term of 24 months.

5 From the simple interest formula, which variable do you not know the value of?

a
b What variable does each of the given values represent?

=)
o

Substitute the values into the simple interest formula and show that it simplifies to 352 = 2200R.

=

Solve the equation in part a to determine the value for R.

¢ The answer in part b represents the interest rate written as a decimal. What needs to be done to this
decimal so that the value is written as a percentage amount?

d State the annual interest rate (p.a.) that is applied to this purchase option.

KEY IDEAS

» The simple interest formulais /= P X R X T or I = PRT.

» Strategies for solving equations can be used to find any of these quantities when

the other three are known.
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EXERCISE 1D Working with simple interest

c
=
o
m
=
(%]
—
>
=
o
=
@
>
=
o
m
—
c
m
=
o
=<

1 Calculate the simple interest in each case.
a P =3%500, R=12%, T = 4 years b P =3%3500, R =9.5%, T = 3 years
¢ P=3%850,R=2.5%,T=1 year d P =1%44 000, R = 8.4%, T = 2.5 years

2 Find the value for T in each of these.

a  How long will it take for an investment of $10 000 with simple interest rate
3.5% p.a. to earn $1400?

b How long does a loan of $1600 at an interest rate of 8% p.a. take to earn $320 in
simple interest?

¢ How long will it take for an investment of $8500 with a simple interest rate of
5.6% p.a. to earn $1428?

3 Find the value for P in each of these.

a  How much needs to be invested at an interest rate of 7% p.a. for 4 years to earn
$4200 in simple interest?

b How much is borrowed at an interest rate of 8.8% p.a. over 2.5 years to earn
$1430 in simple interest?

¢ How much is borrowed at an interest rate of 4.75% p.a. over 3 years to earn
$2850 in simple interest?

EXAMPLE 1D-1 Using the simple interest formula to find R

A loan of $12 500 is taken over 36 months. The amount of simple interest charged on the loan is
$2475. What is the annual interest rate that is applied to this loan?

THINK WRITE

1 Write the simple interest formula and identify the 1= PRT
variables. Remember that time must be written in I=2382475
years. P =512 500

T = 36 months = %g years = 3 years

2 Substitute the values into the formula and simplify. 2475=12500 X R x 3
2475 =137500 X R
2475 _ 37500 X R

h 1 h find the value for R. =
3 Use the balance method to find the value for 37500 37500

R =0.066
4 Multiply the decimal by 100 to write as a =0.066 x 100%
percentage amount. Write the answer. =6.6%

The annual interest rate is 6.6% p.a.
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4 Find the value for R in each of these.

a

What annual interest rate is applied to a loan of $8000 over 2 years if the simple
interest charged is $704?

What annual interest rate is applied to a loan of $16 000 over 4.5 years if simple
interest charged is $7560?

What annual interest rate is applied to a $25 000 investment over 30 months if
simple interest earned is $2812.50?

5 Find the missing value in each of these.

a

e 6 o

-

I=1%1000, P =$5000, R=5%, T="1
I=1%4680, P=17, R=6.5%, T = 4 years
I=13%8160, P =$64 000, R =2, T = 18 months
I=1%3864, P=$9200, R=8.4%, T="
I1=1%4320, P=7, R=4.8%, T = 4.5 years
I=2%675, P=3%22500, R =17, T=15months

6 Leanne invests a sum of money into a term deposit with her bank. Her investment

will earn her $2304 at maturity. The interest rate is 6.4% p.a. and Leanne invests the
money for 36 months.

a
b

C

7 Kevin needs to borrow the
entire cost to attend an end-
of-school year trip. A friend
loans him the money and
charges him 8.5% p.a.
simple interest over an
agreed term. In total, the
simple interest charged
totals $828.75.

a

From the simple interest formula, which variable do you not know the value of?
What variable does each of the given values represent?

How much money does Leanne invest? Hence, state the value at the end.

From the simple interest
formula, which variable
do you not know the
value of?

What variable does

each of the given values
represent?

Using the given values,

how many months has
the interest charge been based on?

Kevin agrees to repay his friend with equal monthly instalments for the term of
the loan. What is the amount of each instalment?
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1D WORKING WITH SIMPLE INTEREST _

Fatima plans to invest the money earned from the sale of her holiday house so it can
grow in value and she can purchase some land in the country. She has $312 000 to

invest following her sale and aims to have $375 000 at the end of a 2-year investment
to assist her with the land purchase.

Fatima has discovered an online term deposit that offers an interest rate of 7.4%

p.-a. with interest paid at maturity. How much interest will Fatima earn on this

investment?

Will these terms allow Fatima’s investment to grow to her required value?

What is the difference between the actual growth and Fatima’s required growth?

What annual rate of interest does Fatima require for her investment to grow to her

required value?

Use the simple interest formula to determine the value for the missing amounts.

For the missing 7 values, state the time in years.

$35000 9.5
$2180.90 $9 650 5.65
$15.93 2.95
$39 809 $110 000
$269.90 4.85
$137.15 21.5
$1890 $15000
$3163.50 $8450 29.95

If the P values in the table in question
total amount to be repaid in each case?

A term deposit advertised on radio offers an
interest rate of 6.8% p.a. fixed for 3 months.

What do you think the expression

‘fixed for 3 months’ means?

How much interest is earned on an

investment of $12 000 in this term

deposit?

What amount of money must be

invested to earn $500 in interest?
At the end of the term, the rate of
interest decreases to a new amount of
6.15% p.a. fixed for 100 days.

What amount of money must be

invested to earn the same amount as

you calculate in part b?

4.5 years

3years
5.5 years
7 months
31 days

18 months
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represent amounts borrowed, what is the
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12 Jacqui is saving money to purchase a racing
bike like the one shown. She has saved $1980
and wishes to earn the remaining amount in
interest on an investment. The best simple
interest rate she can find is 7.2% p.a.

13

14

a

For how long must Jacqui invest

the money in order to earn the extra
amount she needs?

Jacqui wants to investigate ways to earn the money more quickly through a
shorter investment. What interest rate does she need if she wishes to have the
money in 18 months?

What will the interest rate be if Jacqui wishes to have the money in 8 months?
Consider the rates you found in parts b and c¢. What issues do you feel Jacqui may
have in achieving these goals?

The statement shown is for  Date oftransaction  Description Amount
a credit card where interest ~ 05/09 Clothing store purchase $120.00
is charged from the day of =~ 09/09 BPay to Electricity provider $356.00
purchase. To avoid extra 12/09 ABC Bookstore $39.90
charges, the total amount 19/09 Ticketmaster $185.00
spent plus interest must be ~ 25/09 Party hire $150.00
paid each month. 30/09 Petrol $65.85
a Determine the amounts Interest charge for the month of September $8.94

Banks offers various interest rates depending on

owing throughout the

month and the total number of days that interest is charged on those amounts.
Remember that interest is charged from the day of purchase.

How much needs to be paid at the end of the month to avoid any extra charges?
What is the annual interest rate (% p.a.) that is charged to this credit card account?
(Hint: Use the total interest shown and remember that 4 days is equivalent to

% years.)

A
the length of the investment and the frequency of 091\0“
the interest payment. Consider these options.
| SR BoliY
a  Consider how much interest is earned in each o © p.a.
option if $10 000 is invested for 1 month. with interest paid
b Now consider how much interest is earned in at maturity

each option if $10 000 is invested for 3 months.
For option 2, the monthly interest amounts
are passed on to the investor, not added to the
investment.

Y%

Now explore what happens to the value of QD@ © p.a.
investment in option 2 if the monthly interest with interest paid
amounts are added to the investment at the end of monthly

each month.
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What is the value of the investment after the first month’s interest calculation?
This value becomes the principal for the second month.

Using the answer from part ¢, how much interest is earned in the second month
and what is the new value of the investment?

Using the new value from part d, how much interest is earned in the third month
and what is the final value of the investment?

What is the total amount of interest earned on the investment using the methods
explored in parts c—e?

Compare the amount of interest from part f with the total amount of interest you
calculated for option 2 in part b. Are the amounts the same or different? Provide a
brief explanation as to why this is the case.
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In question 14, the interest rates for the two options were different. Reconsider the
calculations in parts c—f using the same interest rate as option 1, that is, 5.4% p.a.
If the monthly interest amounts are added to the investment at the end of each
month, what will the final value of the investment be after 3 months?
(You may wish to use the parts of question 14 to assist you with this calculation.)
How does the total amount of interest using this method compare to the method
of interest calculation at maturity? (Compare your answer with option 1 in J)
Consider the final value of the investment
you calculated in part a. If planning to have
your interest paid at maturity, what amount of
money needs to be invested so that the interest
earned is the same?
If the total amount of interest from part a is
to be earned on an investment of $10 000 for

3 months, with interest paid at maturity, what
interest rate should be applied?

Consider each short-term investment. For each, calculate the total amount of interest
earned if interest is calculated:

at maturity
monthly, with interest added to the investment at the end of each month.
$10 000 at 3.6% p.a. for 2 months
$15 000 at 8.4% p.a. for 3 months
$35 000 at 12.75% p.a. for 4 months
$8400 at 21.5% p.a. for 3 months

Reconsider the amount of interest earned in each investment in question 16 with the
monthly interest amounts added to the

investment (part ii). To earn the same

amount of interest, what interest rate should

be applied to the principal if interest is

calculated at maturity?
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1E Understanding compound interest

For investments that receive simple interest, the interest is paid at the end of the investment term.
The principal and interest are combined to give the total value. Loans involving simple interest are
similar. The combined principal and interest give the total amount to be repaid.

1 Consider $5000 invested at 6% p.a. for 3 years.
a Calculate the amount of simple interest that is earned on this investment.
b What is the value of the investment after 3 years?

2 What is the amount of interest earned on an investment of $5000 at 6% p.a. for 1 year?

3 Consider the amount of simple interest earned in each of the 3 years of the investment.
Use your results from questions 1 and 2 to complete these.
a Copy and complete this table.
b If you add the individual /-values for each year in the table, 1
is this sum the same as the value you calculated in question 1a? >
¢ What do your results show you about the amount of simple interest
earned in each year of an investment?

4 Consider the investment of $5000 at 6% p.a. for 3 years, but with interest calculated during the
investment period at yearly intervals and added to the principal.
a How much interest is earned in the first year?
b Add the interest from part a to the principal. This new amount is the principal for the second year.
¢ Use the new principal value to calculate how much interest is earned during the second year.
d Add the interest from part ¢ to the principal for the second year. This new amount is the principal
for the third year.
Use the new principal value to calculate how much interest is earned during the third (final) year.
f Add the interest from part e to the principal for the third year. This new amount is the final value

(¢

of the investment.

KEY IDEAS

» Interest on the amount borrowed or amount invested is simple interest.

» Interest calculations performed at regular intervals during an investment period
with interest added to the principal is known as compound interest.
» The regular intervals over which the interest calculations are performed are known

as compounding periods.
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EXERCISE 1E Understanding compound interest

1 For each investment, state the:
i number of compounding periods
ii time length of each compounding period.

a  $5000 is invested at 4.5% p.a. for 2 years with interest calculated at the end of
each year.

b $12 000 is invested at 9% p.a. for 3 years with interest calculated at the end of
each year.

¢ $8500 is invested at 5% p.a. for 4 years with interest calculated at the end of each

c
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6 months.

d $25000 is invested at 8.4% p.a. for 2 years with interest calculated at the end of

each month.

EXAMPLE 1E-1 Calculating compound interest

$15 000 is invested at 5% p.a. for 3 years with interest calculated at the end of each year and
added to the principal amount. Calculate the total amount of interest compounded during

this time.

THINK

1 This is compound interest, as interest
is calculated and added to the principal
at regular intervals.

2 Calculate the interest earned in the
first year. Add this to the principal to
determine the principal for the second
year.

3 Calculate the interest earned in the
second year. Add this amount to the
principal to determine the principal for
the third year.

4 Calculate the interest earned in the
third year. Add this amount to the
principal to determine the final value
of the investment.

5 The amount of interest compounded
is found by subtracting the initial
principal from the final value.

WRITE

P =8§15000
R=5%p.a.=0.05
Interest is compounded yearly.

I=PRT =3$15000 % 0.05 x 1 =2$750
new principal = $15 000 + $750
=3$15750

I=PRT=3%15750%0.05x%x1=§787.50
new principal = §15 750 + $787.50
= $16 357.50

I=PRT=8%16357.50 x 0.05 x 1 = $826.88
final value = $16 357.50 + $826.88
=$17 364.38

total amount of interest compounded
=$17364.38 — $15 000
=$2364.38
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2 In each investment, interest is calculated at the end of each year and added to the
principal amount. Calculate the total amount of interest compounded during

this time.

a

e 6 T

——,

$10 000 is invested at 5% p.a. for 2 years.
$5000 is invested at 6% p.a. for 3 years.
$25 000 is invested at 8% p.a. for 3 years.
$40 000 is invested at 5% p.a. for 4 years.
$6000 is invested at 4.8% p.a. for 3 years.
$18 000 is invested at 7.2% p.a. for 4 years.

3 For each investment, calculate the amount of:

(g]

d

offers him an interest rate of 5.2% p.a.
with interest compounded annually.
Mac has $8500 to invest for 3 years.

a

Mac is investigating ways to earn more
interest on an investment. His bank

i simple interest earned over the term of the investment
ii compound interest earned if interest is compounded each year.
$12 000 is invested at 4% p.a. for 2 years.
$10 500 is invested at 5% p.a. for 3 years.
$45 000 is invested at 6.2% p.a. for 3 years.
$21 900 is invested at 8.5% p.a. for 4 years.

From the given information:
i how many compounding periods
will there be in Mac’s investment
ii how long is each compounding
period?
How much interest will Mac earn in
the first year?
Add the interest from part b to
the principal for the first year to
determine the new amount for the

principal for the second year.

How much interest will Mac earn in the second year?

Add the interest from part d to the principal for the second year to determine the
new amount for the principal for the final year.

How much interest will Mac earn in the final year of his investment?

What will be the final value of Mac’s investment?

Compare the result found in part g with the final value that would be obtained
from earning simple interest on the investment after 3 years.
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1E UNDERSTANDING COMPOUND INTEREST _

For each of the investments shown
in the table on the right, calculate the

amount of interest earned if interest $8400 12% 3 years

is compounded each year. $12 000 5.4% 4 years
. . . . $25000 3.75% 3 years

Pitia plans to invest his savings

from a part-time job. He invests $4590 3.5% 4 years

$5000 with his bank at 4.65% p.a. $150 000 6.25% 2 years

compounded annually for 3 years. $35 500 15.8% 5 years

Calculate the interest earned in

the first year of the investment and use this to determine Pitia’s principal amount
for the second year of the investment.

Calculate the interest earned in the second year of the investment and use this to
determine the principal for the third year of the investment.

Calculate the interest earned in the third year of the investment and use this to
determine the final value of the investment.

Reconsider the information from question 6. If Pitia had taken a loan for $5000 from
his bank with interest charged at 4.65% p.a. and compounded annually for 3 years,
how would this new situation compare? (Assume that there are no repayments made
until the end of the loan period.)

Laura is investigating the best option for her savings plan. She plans to invest $14 500
for 2 years and wants to find out whether she would be better off investing it with
interest calculated as simple interest or compound interest. The rates are:
Simple interest: 4.75% p.a. interest paid at maturity
Compound interest: 4.75% p.a. interest paid annually.
For the simple interest option:
how much interest is earned on the investment?
what is the final value of the investment?
For the compound interest option:
how much interest is earned on the investment?
what is the final value of the investment?
Laura’s friend tells her that the interest for both options should be the same
because they both have the same interest rate. How accurate is this claim?
Consider the interest calculations for both options in parts a and b. Compare the
amount of interest for the two options for each year. Predict what will happen to
the interest earned if the investment continues for a third year at the same rate.

Which option should Laura be advised to take?

Reconsider the information provided in question 8. If Laura’s principal now
represents a loan amount, which option would you advise Laura to take, if she makes
no repayments on the loan until the end of the loan period?

Provide a brief reason.
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10 To support her new tennis-coaching business, Lois borrows $80 000 from her bank.
She agrees to an interest rate of 6.5% p.a. compounded annually for 4 years.

a State the number of compounding periods and their length.

b What is the total amount of money that Lois must repay on her loan, if she makes
no repayments until the end of the loan period?
What is the total amount of interest?

d Instead, Lois agrees to repay the total amount in equal monthly instalments over
the 4 years. How much does she pay each month?

11 Frank plans to invest his money for the next
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3 years, then use the final amount as a deposit \0“ A
for a house. He has $13 500 to invest and is 091
considering these two options. Interest rate of

Option 1: Interest rate of 6.7% p.a. interest @Dlﬁ% p.a

calculated at maturity interest calculated
Option 2: Interest rate of 6.5% p.a. interest at maturity

compounded annually

a  What will the value of Frank’s investment be at

the end of the term using option 1? 1\0"\ 2
b What will the value of Frank’s investment be at o°
. . Interest rate of
the end of the term using option 2? ®
¢ If the compounded rate remains the same, @D@ /@) p.a.
what rate must be applied to option 1 to interest compounded

make this the best option? Provide working to annually
support your answer.
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1E UNDERSTANDING COMPOUND INTEREST _

Banks sometimes advertise their investment rates according to the amount of money
invested, length of the investment or the frequency of the interest payments. These
tables display interest rates offered by a bank on term deposits of any size.

1 to <2 months 2.35% 1 to <2 months 2.55%
2 to <3 months 2.35% 2 to <3 months 2.55%
310 <4 months 4.6% 3to <4 months 4.8%
4 to <5 months 3.05% 4 to <5 months 3.25%
5 to <6 months 5.0% 5 to <6 months 5.2%

Which table appears to use compound interest as the interest calculation?
Using the tables, what interest rate is earned on an investment for:

3 months with interest compounded monthly?

4 months with interest paid at maturity only?
A bank customer wishes to invest $7500 for 4 months. Calculate the amount of
interest earned on the investment with interest:

paid at maturity only

compounded monthly.
Which option would you advise this customer to take? Explain your reasoning.

Consider an investment of

$10 000 for 2 years at 4.4% p.a.

compounded annually.
What is the total value of
the investment at the end of
the term?

Imagine the terms of the

investment were altered so

the interest was compounded

6-monthly instead of annually.
How many compounding
periods are there now?
Calculate the total value of
the investment at the end

of the term?

(Hint: there are four calculations, and use % as the value for T.)
Compare the final value of the investment

using the two methods of calculation.

Which method resulted in the greater value?

Why do you think this is so?
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1F The compound interest
formula

Consider the scenario described in 1E Start thinking! on page 28, where $5000 is invested at 6% p.a.
compounded annually for 3 years. You can perform compound interest calculations another way.

1 a Calculate the value of the investment at the end of the first year. As the interest rate is 6% p.a., the
value is increased by 6%. That is, it is 106% of the value of the investment at the start of the year.
(Hint: value = $5000 x 1.06.)

b Calculate the value of the investment at the end of the second year. Increase the value of the
investment at the start of the second year (end of first year) by 6%.

¢ Calculate the value of the investment at the end of the third year. Increase the value of the
investment at the start of the third year (end of second year) by 6%.

d State the final value of the investment and the amount of interest earned after three years.

2 Compare your answers in question 1 for the value of the investment
at the end of each year to those obtained in 1E Start thinking!

uestion 4 on page 28.
q bag 1 $5000 x 1.06

3 The calculations completed in question 1 follow a pattern that - $5000 x 1.06*

can be used to obtain a rule or shortcut when calculating the 2 (55000 x 1.06') x 1.06

=$5000 x 1.062

3 ($5000 x 1.06%) x 1.06
4 If the investment period is longer than 3 years, use the pattern to ~ $5000 x 1.063

compounded value of an investment. Study the table at right to
describe this pattern.

calculate the compounded value of the investment at the end of:
a year4 b year7.

KEY IDEAS

» Compound interest calculations can be performed using the formula: 4 = P(1 + R)", where
A = compounded value of the investment (the final amount),
P = principal (the initial investment amount or amount borrowed),
R = interest rate for the compounding period, written as a decimal, and

n = number of compounding periods.

» The compound interest is the difference between the final amount and the initial amount:
compound interest = 4 — P.
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EXERCISE 1F Working with the compound interest formula

1 Use the compound interest formula to find the value of A4 in each of these.
a A=?7P=%10000,R=0.05,n=4 b 4=7 P=3%5000, R=0.06,n=73
¢ A=7P=%600,R=0.08,n=4 d A=7P=%44000,R=0.038,n=>5
e A=7 P=8%100000, R=0.015,n=8 f A=7? P=%19500, R=0.0025n=10

EXAMPLE 1F-1 Using the compound interest formula
For an investment of $12 000 at an interest rate of 4.8% p.a. for 4 years with interest
compounded annually, calculate:
a the value of the investment after 4 years
b the amount of compound interest earned.
THINK WRITE
a 1 Write the formula and identify the a A=P( + R)"
variables. Interest is compounded A=7
annually, so there are four P =5%12000
compounding periods. =48 _ 48 _
R=438%p.a. 100 0.048
n=4
2 Substitute the values into the formula A =3$12000(1 + 0.048)*
and calculate the result. Round the =$12 000 x 1.048*
answer to two decimal places. =3$14475.260 12
~ $14 475.26
3 Write the answer. The value of the investment after 4 years is
$14 475.26.
b The amount of compound interest b compound interest = 4 — P
earned is the difference between the =3$14475.26 — $12 000
final amount and the initial amount. = $2475.26

2 For each investment, calculate:

i the value of the investment at the end

ii the amount of compound interest earned.
$7500 invested at 5% p.a. for 3 years with interest compounded annually
$9000 invested at 4.5% p.a. for 3 years with interest compounded annually
$22 500 invested at 6.8% p.a. for 5 years with interest compounded annually

e 6 TS

$40 000 invested at 7.3% p.a. for 4 years with interest compounded annually
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For each investment in the table, use the
compound interest formula to calculate

the final value of the investment if 83200 6.4% 4 years
interest is compounded annually. $4530 9.8% > years

$16 000 2.85% 2 years
Calculate the amount of interest earned $25900 10.5% 3 years
in each investment listed in the table in $100 000 4,999 5 years

question $255 000 12.15% 6 years

For each investment, state the number of compounding periods, 7.
$5000 is invested at 6.7% p.a. for 4 years with interest calculated annually.
$8450 is invested at 3.9% p.a. for 3 years with interest calculated at the end of
each year.
$25 000 is invested at 8.5% p.a. for 2 years with interest calculated at the end of
each 6 months.

$35 000 is invested at 9.6% p.a. for 4 years with interest calculated at the end of
each month.

When using the compound interest formula, it is important that the interest rate
matches the compounding period. Copy and complete each of these.

When compounding annually, the interest rate must be per

When compounding 6-monthly, the interest rate must be per 6 months.
This is achieved by dividing the annual rate (p.a.) by

When compounding quarterly, the interest rate must be per quarter.
This is achieved by dividing the annual rate (p.a.) by

When compounding monthly, the interest rate must be per

This is achieved by dividing the annual rate (p.a.) by

For an investment of $3000 at 6.4% p.a. for 2 years with interest compounded quarterly:

write the given interest rate so that it matches the compounding period
state the value of R and # to be used in the compound interest formula.

THINK

1 Identify the compounding period. compounding period = %year
‘Quarterly’ means one quarter of a year.

2 Write the given annual interest rate to 6.4% p.a. = % X 6.4% per quarter
match the compounding period of % year. = 1.6% per quarter

1 State the value of R as a decimal. R=1.6%=0.016

2 Identify the number of compounding number of compounding periods
periods in 1 year. Hence, state the value in1year =4
of n which is the number of compounding n=2x4

periods in 2 years. =8
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1F THE COMPOUND INTEREST FORMULA

7 For each investment:

e 6 T ow

i write the given interest rate so that it matches the compounding period
ii state the value for R and n to be used in the compound interest formula.
$15 000 is invested at 4.8% p.a. for 3 years with interest calculated quarterly.
$22 000 is invested at 5.9% p.a. for 4 years compounded 6-monthly.
$3500 is invested at 8.4% p.a. for 2 years with interest calculated monthly.

$14 500 is invested at 9.6% p.a. for 5 years with interest calculated at the end of
each month.

Use the compound interest formula to determine the value for 4 given the

information provided in the table.

$4800 8.15% 3 years annually
$9500 8.8% 4 years 6-monthly
$18 000 4.84% 5 years quarterly
$35000 16.8% 4 years monthly
$50 000 6.95% 3years 6-monthly
$150 000 8.16% 1 year quarterly

$500 000 4.98% 2 years 4-monthly
$750 000 10.26% 3years 2-monthly

Maria and her family begin long-term planning for an overseas holiday. They invest

their savings of $16 000 for 3 years in an account with their bank, which offers them
5.75% p.a. interest compounded annually.

a
b

How many compounding periods will there be in Maria’s investment?
What is the length of each
compounding period?
Identify the values for

P, R and n.

Use the compound interest
formula to calculate the final
value of the investment.
How much interest will be
earned on this investment?
Maria estimates that she
will need $20 000 to fund
the entire overseas holiday.
If she invests the money

for another year, will she
achieve this goal?
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10 Carolyn borrows $45 000 to set up a
dance studio for her daughter. The
loan is over 4 years with interest
charged at 8.95% p.a. compounding
annually. The terms of the loan require
Carolyn to repay the total amount at
the end of the term.

a Use the compound interest formula
to calculate the total amount that
Carolyn must repay.

b How much of the amount in part a
represents the interest charge?
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11 While investigating different investment options oW A
with his bank, Bailey decided on two possibilities 09‘“
to further explore. The two options are as Interest rate of
displayed. 5D@5% p.a.
Bailey has $9000 to invest and starts out planning with interest paid
to invest the money for 3 years. at maturity

a  What would be the value of the investment at

the end of the term for each option?

. . . . 1\0“ 2
b Which option would Bailey be advised to take o’
for a 3-year investment? Provide a supporting Interest rate of

reason with your answer. é]’l:l@@% p.a.

¢ How do the answers to parts a and b change if interest compounded

Bailey invests the money for 5 years? annually

12 Sheetal is exploring the
benefits of investing with an
online bank. She finds the
bank will pay 8.6% p.a. interest
on investments over 36 months
with interest compounded
quarterly. Sheetal decides to
invest her savings of $8400 for
5 years.

a  Write the annual interest
rate as a rate per quarter.

b Use your answer from
part a to state the value for R in the compound interest formula.
How many compounding periods, #, will there be in this investment?

d  Use the compound interest formula to determine the final value of the investment.

e What is the total amount of interest Sheetal will expect to earn on this investment?
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An investment of $10 000 is made for 4 years with a bank that offers an annual
interest rate of 8.4%. Explore how the frequency of the compounding periods affects
the final value of the investment.
Calculate the final value of the investment if the interest is calculated at the end of
the term, that is, at maturity.
Calculate the final value of the investment if the interest is compounded:
6-monthly quarterly 2-monthly monthly
Use your results from part b to briefly explain what happens to the final value of
an investment as the number of compounding periods increases. Will this always
be the case?

Through a store purchase plan, Troy is informed that interest is calculated as
compound interest based on the amount borrowed. In this situation, would Troy be
better off with a plan involving a higher frequency of compounding periods or fewer
compounding periods?

Erica knows she can earn 6.8% p.a. for her investments with her bank. She plans to
invest some money for 2 years with interest compounded quarterly.
For this investments, state:
the number of compounding periods, n
the value for R to be used in the compound interest formula.
At the end of her 2-year investment, Erica hopes to have an investment that has
grown to $6500. Which variable of the compound interest formula does this value
represent?
Substitute the known values into the compound interest formula and solve the
equation for the unknown variable.

To the nearest dollar, how much should Erica invest at the start of her investment?

Consider an investment of $5000 at 5% p.a. for 5 years with interest compounded
annually.
How much interest is earned in each year of the investment?
What is the value of the investment at the end of each year during this term?
Present the growth of the investment as a line graph displaying the years on the
horizontal axis and the value of the investment on the vertical axis. You may wish
to use digital technology to present your graph.
Repeat parts a—c with the same values, but for these compounding periods:
quarterly 6-monthly monthly.
If the interest for this investment was calculated using simple interest, briefly
explain how the value of the investment could
be shown on a graph.
How will a graph displaying the
investment’s growth using simple interest
compare with the compound interest
graphs? You may wish to present all graphs
on the one set of axes.
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1G Working with compound interest

Manisha received a flyer from her bank encouraging her to
invest in a savings account so that her money would increase
in value more quickly. Manisha agreed to invest $14 000 in
an account for 2 years at an interest rate of 4.8% p.a. with
interest compounded every 3 months.

1 a How many compounding periods will there be in each
year of Manisha’s investment?
b How many compounding periods will there be for the

entire term of Manisha’s investment?
¢ The answer obtained in part b represents the value for z in the compound interest formula.
Develop a rule that can be used to determine the value for n for any compound interest situation.

2 The value for R must match the compounding period before it can be used in the compound

interest formula.

a What is the annual interest rate that is applied to this investment?

b As the interest is compounded every 3 months (quarterly), what needs to be done to the annual
interest rate to match the compounding period?

¢ Use your response from part b to write the interest rate as a percentage per quarter.

d Convert the percentage to a decimal value.
The answer obtained in part d represents the value for R in the compound interest formula.
Develop a rule that can be used to determine the value for R for any compound interest situation.

3 a From the compound interest formula, which variable do you not know the value of and what is the
value for each of the known variables?
b Use the formula to calculate the value of the missing variable.
¢ What does your answer from part b represent in relation to Manisha’s investment?
d How much compound interest is to be earned over the term of the investment?

4 How could you use the compound interest formula to find the value of P (when given 4, R and n)
or to find R (when given A, P and n)?

KEY IDEAS

» The compound interest formula is 4 = P(1 + R)".

» The amount of compound interest = 4 — P.
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EXERCISE 1G Working with compound interest
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1 Determine the number of compounding periods, n, if interest is compounded:

a annually for 3 years b 6-monthly for 5 years
¢ quarterly for 4 years d monthly for 5 years
e quarterly for 4 years and 6 months f 6-monthly for 3% years.

2 Determine the value for the interest rate per compounding period, if the annual
percentage rate (p.a.) is:
a  8.4% compounded quarterly b 9.06% compounded monthly
¢ 7.5% compounded every 4 months d  4.62% compounded 6-monthly.

3 For each investment, state:
i the number of compounding periods, n
ii the value for R to be used in the compound interest formula.
$12 000 is invested at 3.8% p.a. for 4 years with interest calculated annually.
$9500 is invested at 6.4% p.a. for 3 years with interest calculated each 6 months.

$30 000 is invested at 12.8% p.a. for 2 years with interest calculated quarterly.

e 6 T

$42 000 is invested at 8.4% p.a. for 4 years with interest calculated each month.

4 Calculate the value of A4 for each investment in question 3.

EXAMPLE 1G-1 Using the compound interest formula to find P

How much must be invested at an interest rate of 6.8% p.a. in order for the value to grow to

$5000 over 3 years, with interest compounded 6-monthly?

THINK WRITE
1 Write the compound interest formula and A=P(1+R)
identify the variables. You need to find the A = $5000
initial value (principal, P) that will grow to n=2%X3=6
$5000 (final amount, A4). 6.8% p.a. = 3.4% per 6 months
R=0.034
P=?
2 Substitute the values into the formula and 5000 = P(1 + 0.034)°
simplify. = P x 1.034%
6
3 Solve for P by dividing both sides of the 50006 =Px 1'024
. 6 1.034 1.034
equation by 1.034°, P=409116
4 Write the answer. $4091.16 will grow to $5000 over 3 years at
6.8% p.a. compounded 6-monthly.
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Briefly explain how you can use the compound interest formula to determine the
value for P, when given the value for 4, R and n.

Find the value for P in each of these.

How much must be invested at an interest rate of 10.5% p.a. in order for the value

to grow to $30 000 over 4 years with interest compounded annually?

How much must be invested at an interest rate of 5.4% p.a. in order for the value

to grow to $10 000 over 3 years with interest compounded 6-monthly?

How much must be invested at an interest rate of 6.4% p.a. in order for the value

to grow to $5500 over 5 years with interest compounded quarterly?

How much must be invested at an interest rate of 7.2% p.a. in order for the value
to grow to $8000 over 2 years with

interest compounded every month?

Use the compound interest formula

to determine the value for P,

to the nearest dollar, given the
information provided in the table.

How much interest is earned in

each case in question 7?

$5200 6.75% 3 years
$10000 4.2% 6 years
$22 000 12.5% 4 years
$16 650 15.5% 3 years
$225 000 9.95% 45 years

For an investment of $4000 that grows to $4300 after 1 year with interest compounded 6-monthly:

find the value of R as a decimal, correct to three decimal places
state the annual interest rate, correct to one decimal place.

THINK

1 Write the compound interest formula
and identify the variables.

2 Substitute the values into the formula.

3 Solve for R by first dividing both sides
of the equation by 4000. You may like
to also swap the sides of the equation.

4 Take the square root of each side
(consider only the positive square root
as R is positive).

5 Subtract 1 from each side to find R.

As there are two compounding periods in
12 months, multiply the interest rate for
6 months by 2.

A=P(l + Ry
A =34300, P=$4000,n=1%x2=2, R="?
4300 = 4000(1 + R)?

1.075 = (1 + R)?
(1+ R)?2=1.075

V(I + R)?=11.075
1+ R=1.075

1+R-1=Vv1.075-1
R =0.036 822 07
=~ 0.037

Interest rate for 6 months = 3.7%

Interest rate for 12 months = 3.7% % 2
=7.4%

annually

monthly
6-monthly
quarterly

6-monthly
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For each investment:
find the value of R as a decimal, correct to three decimal places
state the annual interest rate, correct to one decimal place.
$1000 grows to $1170 after 1 year with interest compounded 6-monthly
$2500 grows to $2800 after 2 years with interest compounded annually
$3750 grows to $4050 after 6 months with interest compounded quarterly

Consider an investment of $12 000 that grows to $15 000 over a 3-year period with
interest compounded annually.
From the compound interest formula, which variable do you not know the
value of?
Substitute the known values into the compound interest formula and show that it
simplifies to % =(1+ R)%.
To solve the equation for R, you can perform inverse operations to both sides of
the equation. (Note that the inverse operation to cubing a number is to take the
cube root of a number.)

Copy and complete the calculation shown at % =(1+R)
right to solve the equation for R. 125=(1 + R)?
The value for R in part c is the rate per (1+ R} =125
compounding period as a decimal. State this as y 1+ Ry = 3

li imal
an annual interest rate, correct to one decima 1 p 3 \/7

lace.
P 1+R-1=3125-

For each investment: R=0.077217 ...
find the value of R as a decimal, correct to
three decimal places
state the annual interest rate, correct to one decimal place.
$1600 grows to $2180 after 3 years with interest compounded annually
$10 000 grows to $11 000 after 18 months with interest compounded 6-monthly
$7500 grows to $8200 after 2 years with interest compounded 6-monthly

Jade’s parents invested $5500 for 4 years into a savings account and it grew to $8000,
with interest compounding annually.

State the values for 4, P and n.

Use the compound interest formula to solve for R.

What annual interest rate was applied to Jade’s savings account?

Briefly explain how you can use the compound interest formula to determine the
value for R when given the values for 4, P and n.

When the compounding periods are shorter than 1 year, what must be done to the
R value to determine the annual rate of interest?
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14 Use the compound interest
formula to determine:

i the value for R (as a a  $1000 $1500 3 years annually
decimal)

. b $8000 $12 000 4 years annually

ii the annual interest rate

for the information ¢ | $16000 $19 000 2 years 6-monthly

given in the table. d | $3500 $4000 1 year quarterly

. . 12 000 16 500 3 6-monthl
15 Riley aims to have $15 000 by e |S 5 gears monthiy

the time he turns 18 so that f  $25000 $29 500 2 years quarterly
he can buy a car. He opens a
savings account with his bank that pays interest at a rate of 7.2% p.a. compounded
monthly. Riley plans to keep the money invested on these terms for 3 years and needs
to know how much he should invest.
a  How many compounding periods, n, will there be in Riley’s investment?
b What is the interest rate per compounding period? Hence, state the value of R.
¢ From the compound interest formula, which variable do you not know the

value of?

d  Use the compound interest formula to calculate the amount of money Riley must
invest in order for it to grow to $15 000 over the 3-year term.
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16 An investment of $25 000 grows to $30 000 over a period of time in a savings account
that earns 5.0% p.a. with interest compounded annually.
a From the compound interest formula, which variable do you not know the
value of?
b Substitute the known values into the compound interest formula and show that it
L simplifies to 1.2 = (1.05)".
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¢ One strategy for solving the equation for n is the guess, check and improve
method. Substitute different values for n and evaluate the right side until the right
side value is greater than the left side value. This value for n represents the solution
to the equation.

1 1.2 1.05'=1.05 Right side value is too small
2 1.2 1.05%=1.1025

3 1.2 1.05%=

4 1.2 1.05%=
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d The value for n obtained in part c is the number of compounding periods for the
investment. Briefly explain how this relates to this investment.

17 For a period of time, Yousef watched his savings grow from $850 to $1100 in a
savings account that earns 4.2% p.a. with interest compounded annually.
a Use the given information to state the values for 4, P and R.
b Substitute the given values into the compound interest formula and simplify.
¢ Use the guess, check and improve method to solve the equation for n.
You may wish to use a similar table to the one used in the previous question.

d How many compounding periods did it take for Yousef’s savings to grow from
$850 to $1100?

18 For the information given in
the table, state the number of a | $900 $1200 5.0% annually
compounding periods, n, for

e e b | $12000 & $14000 3.5% annually
the initial principal to grow
into the final value ¢  $15000 | $18500 4.8% 6-monthly
d  $650 $900 10.5% quarterly
19 .Con51de.r1ng each %nvestment $35000  $42 000 6.8% 6-monthly
in question 18, write each
f | $50000 @ $55590 ?7.2% quarterly

compounding period in years.

20 In question 16 you were introduced to a method of guess, check and improve as a
strategy to determine the value of n in the compound interest formula. Investigate
other strategies that may be used to solve for n. You may wish to re-use the
information in questions 16—-18 as part of your investigations.

Write a brief report on your investigations using examples to demonstrate your
findings.
(Hint: equations such as 1.2 = (1.05)", where
the pronumeral is in the power, are known as i,
exponential equations.) : Reflect

What other areas in mathematics

can the compound interest formula
be applied to?
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Create a summary of this chapter using the key terms below. You may like to write a paragraph, create a

concept map or use technology to present your work.

percentage discount
fraction percentage decrease
decimal mark-up
percentage of an amount percentage increase
one amount as a profit

percentage of another loss

What is 22%% of $284.95, rounded to
the nearest cent?

$63.26 $64.10
$64.11 $262.45

What is the selling price following a
discount of 10.5% on $120?
$12.60 $107.40
$109.50 $132.60

An amount of $1500 is borrowed

at 6.75% p.a. simple interest for

24 months. Which set of values should
be substituted into the simple interest
formula?

P=1500, R=6.75T=24
P=1500,R=6.75T=2
P =1500, R=0.0675, T=2
P =1500, R =0.0675, T =24

What is the annual interest rate that
is applied to a loan of $20 000 taken
over 3.5 years if the amount of simple
interest charged on the loan is $2975?
0.0425% 0.354%
4.25% 14.875%

simple interest

interest loan

compound interest

principal compounding period
interest rate compounded value
time

investment

An investment of $10 000 for 4 years
earns interest at 8.4% p.a. compounded
annually. What is the value of the
investment after 2 years?

$11 750.56 $11 680

$12 737.61 $13 807.57

For an investment of $4800 for 3 years
at 3.6% p.a. with interest compounded
monthly, what is the number of
compounding periods?

3 6 12 36

Over a 4-year period, an investment
grew from $18 500 to $27 000 with
interest compounded quarterly. From
the compound interest formula, which
variable do you not know the value of?

A P R n

The annual interest rate on an
investment compounded quarterly is
8.25% p.a. What is the interest rate per
compounding period?
8.25% 2.0625%
0.0825% 0.020 625%



Write each percentage as a decimal.
24% b 35.8% ¢ 163% 4 0.272%

Write each percentage as a fraction in
simplest form.
86% 235% 155%
8.65% 133% 0.0512%

Calculate each of these.
15% of $685 170% of $9500
175% of $98.50

Write $85 as a percentage of $680.

Write $39.95 as a percentage of
$72.50, rounding your answer to
two decimal places.

A CD priced at $23.95 is sold at a sale
for $12.45. Write the selling price as an
exact percentage of the original price.

The following parts a— list the original
prices and the percentage discount or
percentage mark-up on some goods.
In each case, calculate:
the selling price after the discount
or mark-up

the discount or mark-up amount,
rounding to the nearest cent.

$2550; 15%% discount
$899.50; 125% mark-up
$18 045; 38.4% mark-up
$1945.90; 37.5% discount

For each of these:
state the value of the profit or loss
write the profit or loss as a
percentage of the original price
(rounded to the nearest 1%).
original price $139.85, selling price
$171.30
original price $27 490, selling price
$9813.95

Calculate the simple interest if:
P = 82500, R = 6%, T = 3 years
P =828 000, R =4.25%, T = 5 years

1 CHAPTER REVIEW

For each investment, calculate:
the amount of simple interest
earned
the value of the investment at
the end.
$150 000 at an interest rate of
4.8% p.a. for 3% years.
$9450 at an interest rate of
2.95% p.a. for 5 months.

Find the missing value in each of these.
Remember to write the value for Ras a
percentage, and time in years.

1=13308, P=3%3850, R=6.4%,T="

I1=1%765,P="7 R=4.25%,

T = 12 months

1=13%9843.75, P =35000, R =7,

T = 2.5 years

In each investment, interest is calculated
at the end of each year and added to
the principal amount. Calculate the
total amount of interest compounded
during this time. Show the value of
the investment at the end of each
compounding period.

$15 000 is invested at 4.5% p.a. for

3 years.

$6850 is invested at 6.4% p.a. for

4 years.

Use the compound interest formula to
determine the value for 4, given the
information provided in the table.

$2 250 ?7.5% 2years = annually
$18 750 9.2% 4years = quarterly
$150000  6.24%  4years = 6-monthly

Find the missing value in each of these,
correct to two decimal places.
A=17 P=85650, R=0.058,n=3
A=820000,P=?, R=0.08,n=4
A =8$10000, P=$8000, R=7,n=6



CHAPTER 1: FINANCIAL MATHEMATICS

$10 000 is invested at 6.5% p.a. simple interest
for 18 months. Which set of values should be
substituted into the simple interest formula?

. 1 . .
What is 255% written as a decimal?

The percentage value 12%% is equivalent to

which fraction in simplest form? _ _ _
1 L ol 5 P=10000,R=6.5,T=1.5
5 5 500 5 P=10000, R=0.065T=1.5
Which percentage is closest in value to 197? P=10000, R=6.5,T=18
80% 81% 82% 83% P =10000, R=0.065,T=18
Jaymee saved $112 towards an iPod that retails ~ Questions 11 and 1?2 refer to this information.
for $248. Her savings as a percentage of the A loan of $15 750 is charged a simple interest rate
amount required is closest to which? of 9.8% p.a. for a period of 2 years.
45% 55% 221% $136

How much interest is charged to the loan?

The calculation of 17%% of $190.70 can be
performed by completing which one of these?

17.75 x $190.70 17.34 x $190.70 Bryce invests $1845 at 4.5% p.a. simple
0.1775 % $190.70 interest. He hopes this investment grows to at

17.75 = 190.70 x $100 least $2000. From the simple interest formula,

What is the total amount to be repaid?

which variable do you not know the value of?

A store offers computer accessories at a I P R T
discount of 22.5%. A hard drive is originally ) )
priced at $145.95. Which of these shows the How much needs to be invested at an interest

calculation for the sale price? rate of 5.25% p.a. for 3 years to earn $1500 in

simple interest?

22.5% of $145.95 122.5% of $145.95
77.5% of $145.95 Questions 15-18 refer to this information.
$145.95 = 77.5% of $145.95 An investment of $25 000 is made with a bank that

. . . offers 4.75% p.a. interest compounded 6-monthly.
Questions 7 and & refer to this information. ) )
, . . The investment is made for 4 years.
A men’s clothing store applies a mark-up of

How many compounding periods are there for
the term of the investment?

115.25% to the wholesale price of their clothing to
determine the selling price to the public.

A pair of jeans has a wholesale price of $85. Which represents the value used for R in the
What is the mark-up amount on these jeans to compound interest formula?
the nearest dollar? 4.75 0.0475
Which shows the correct method to calculate 0.02375 0.011 875
the selling price of the jeans? Which calculation gives the final value of the
$85 + 15.25% of $85 investment at the end of the term?
$85 + 215.25% of $85 A =$25000(1.023 75)*
1.1525 x $85 215.25% of $85 A =$25000(1.023 75)3

A =$25000(1.0475)*

Vanessa sells her jewellery for $25 per piece.
A =3$25000(1.0475)3

This price includes her profit margin of 150%,

applied to her cost price. What is the cost price How much interest is compounded over the
to Vanessa of each jewellery piece? term of the investment?



Missy invests $4500 with a bank who offers
her interest at a rate of 6.6% p.a. with interest
compounded monthly. The term of the
investment is 2 years. Which statement is not
correct?
There are 24 compounding periods for the
investment.
The rate per compounding period is 0.55%.
The amount of interest earned on the
investment is $594.
The value at the end of the investment is
close to $5130.

Questions 20 and 21 refer to this information.
An investment of $5850 is made for 4 years with a
bank that offers an interest rate of 6.45% p.a. with

interest compounded annually.

‘What is the value of the investment after the
second year?

How much interest is earned through the entire
term of the loan?

Susan made an investment of $12 000 for 4 years
with her bank with interest compounded quarterly
throughout the term. The interest rate earned on
the investment varied at different stages.

In the first year, the interest rate was 5%% p.a., for
the next 2 years the interest rate remained fixed at
5.7% p.a., and the rate increased to 6.2% p.a. for
the entire final year.

How many compounding periods were there for

the term of the investment?

Consider the annual interest rates stated. What

value for R would be used in the compound

interest formula in the:

first year second 2 years final year?

Determine the value of the investment at the
end of the first year.
State the values for P, R and n you would use

to calculate the growth in the investment from

1 CHAPTER REVIEW “

Consider an investment of $16 000 that grows
to $20 000 over a 3-year period with interest
compounded annually. From the compound
interest formula, which variable do you not
know the value of?

A P R n

Questions 22 and 24 refer to this information.
Over a 5-year period, Ingrid’s parents invested
$9000 for her into a savings account where interest
was calculated 6-monthly. Over that time, the

investment grew to $12 000.

Which correctly displays the calculation after
substituting the values into the compound
interest formula?

$12 000 = $9000(1 + R)!©

$12 000 = $9000(1 + R)’

$9000 = $12 000(1 + R)'°

$12 000 = $9000(1 + R)*°

What was the annual interest rate applied to
the investment?

the start of the second year to the end of the
third year.

What was the value of the investment at the end
of the third year?

What was the value of the investment at the end
of the term?

How much interest did Susan earn on the
investment?

Write the interest from part ¢ as a percentage
of the original amount invested, correct to

two decimal places.

Susan had hoped that her investment would grow
to $15 500 by the end of the term.
Keeping the compounding periods the same,
what annual interest rate would Susan have had
to receive to achieve her desired final value?
If the compounding periods were increased to
monthly, how does the answer to part | change?
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Every day, people borrow money in one form or another to make large purchases.
Such purchases may be from money obtained through the use of a credit card,
store purchase plans or by a loan with a bank. The common feature in all these
cases is that the money is expected to be repaid, generally with interest, and with
payments made monthly.

In this chapter, you have performed compound interest calculations for loans
where it is assumed no repayments are made until the end of the loan period.

In reality, interest is calculated each month when a repayment is due. Since
repayments are being made each month, the loan amount is reducing and so
the amount of interest charged each month changes. This is known as reducible
interest. Your task is to perform calculations for a loan of $5000 at 12%% p.a. over
2 years to determine which of two options is better for repaying the money.

* Option 1:interest is calculated as simple interest on the amount borrowed

¢ Option 2: interest is calculated on the amount owing at the time of calculation

- ...................................................................................................................................
Your task 8
8
g
8
8

8

You are to:
» calculate the interest for the first option if simple interest is charged on the loan
* work out the total amount to be repaid and the amount of each monthly repayment for option 1

e compare to option 2 (reducible interest loan). Calculating the amount of each monthly repayment
is beyond the scope of this course but
itis $236.54. Each month, interest is
added to the balance owing and a

repayment is made. Complete the 1 $5000.00 $52.08  $236.54  $4815.54
table at right for a full 24 months. 2 $481554 $50.16  $236.54  $4629.16
The first 3 months have been done

for you. 3 $4629.16  $4822  $236.54  $4440.84

* calculate the total interest charged on the loan if reducible interest is applied

* compare the two loans by writing the interest charged on the reducible interest loan as a
percentage (per annum) on the amount borrowed

* investigate the repayment options and methods of interest calculations offered by stores through
their purchase plans and the methods various banks apply to their loans.

Include all necessary working to justify your answers.

.
..........................................................................................................................................................
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You may like to present your findings as a report.
Your report could include:

* anadvertising brochure displaying tables com-
paring values

* aPowerPoint presentation
* atechnology demonstration
e other (check with your teacher).
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BN ESSENTIAL QUESTION o

Algebra can show relationships between variables.
How can expanding and factorising algebraic
expressions be useful?




Write each term in expanded form.
i —3m il wxy

iii 7a%b iv 10p3¢%r

Write the coefficient of each term

shown in part a.

Give two examples of a like term for
each term shown in part a.

What does 8a + 4b + T7a + 3b
simplify to?

A 22ab B 15a+7b

C 12a+10b D 22

What does 5x — 2x + 9x simplify to?
A 16x B 16

C 12x D 12

Evaluate each expression after
substitutinga = 5and b = —2.

a a+4b b 3p?

¢ Sab-1 d 2a*>—=7b+ 6a

For each shape, find
i the perimeter ii the area.

9gm

Are you ready?

2B ) 5 Consider x8.

a Identify:
i the base
ii the index or power.
Write the term in expanded form.
What does x° x x? simplify to?
A x12 B x*
C 12x D X%
Simplify:

i x6+x2 0 (x9)2

What does 3(m + 4) expand to?
A 3m+4 B 3m+7
C 3m+12 D m+7
Expand 2(k — 1) to remove the
brackets.

Find the highest common factor (HCF)
of each pair of terms.

a 6aand 24 b 8band 12

¢ c*and 5¢ d 7dand 7p

¢ 4xyand -8x [ 18m?and 27m

Fill in the gaps to make true statements.
a 2kx__ =20k
5x _ =40n

b
c 3xxX__ =-15xy
d Tpx___ =28p?

(/3)? simplifies to:

AV3 BYV6 C3 DY
Simplify (V11)2.

Complete this statement using a surd:
5=(__).

Complete these fraction calculations.

_3
11
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2A Working with algebraic terms

State whether each of these statements is true or false.
Provide a reason for deciding that a statement is false and I R U
rewrite it to make the statement true.

1 The expanded form of 7mnpis 7+ m+n + p.

The of Tmnp is 7. F
The coefficient of x is 0. A L S

The 3k — 6m°® + 4 has three terms.

The coefficient of the second term in the expression 3k — 6m> + 4 is —6.
The in the expression 3k — 6m* + 4 is 3.
2x%y and —5x2y are

a3 and 342 are like terms.

e w0 N S U A WN

abc + abc = a*bc2.

—
<

6ab + 5a — ab simplifies to 10ab.

KEY IDEAS

» Terms containing exactly the same pronumerals are called like terms. The order of the

pronumerals can be different.

» Like terms can be added (or subtracted) by adding (or subtracting) the coefficients of
the terms. Terms can be multiplied or divided whether they are like terms or unlike

terms.

» When multiplying algebraic terms, multiply the coefficients together first and simplify
the products of any pronumerals that are the same using index notation. For example,
kXxk= /(2.

» When dividing algebraic terms, the division problem should be written as a fraction.

Writing algebraic terms in expanded form can help identify the common factors.
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EXERCISE 2A Working with algebraic terms

1 For each term:
i write the term in expanded form
ii identify the coefficient
iii write an example of a like term.
a 3abed b —4mn
¢ xp? d 9k mp

EXAMPLE 2A-1 Evaluating algebraic expressions

If a=3,b=-1and ¢ =2, evaluate:

2 abe3 b 2ab + ac — 5bc
THINK WRITE
2 Substitute the known values and simplify. a a*hc?
=32x-1x23
=9x-1x8
=-72
b Substitute the known values and simplify. b 2ab + ac — Shc
=2X3X—-1+3%X2-5%Xx-1x%x2
=-6+6+10
=10
2 Ifa=1,b=3and ¢ = -2, evaluate:
a abc b ab+ bc
¢ ac—2bc d a*h?
e 3ab’*c—ac f TJac + 3bc — dac
| ¢ b+ be3 h 2db + 3ac®> = b?

EXAMPLE 2A-2 Adding and subtracting like terms

Simplify 7bd — 6bd + bd.

THINK WRITE
Simplify like terms by adding or subtracting the coefficients. 7bd — 6bd + bd
Work from left to right (7—6=1and 1 + 1 = 2). =bd+ bd

=2bd
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3 Simplify each expression.

a2 8x—5x+6x b 3ab — 4ab — 9ab c 42 +32+ 5?2

d TmPn + 2m*n — m*n e da+ 6d+ 8a+3d f k=3m+5m+7k

¢ 44+8y—-2-11y h a®+6a—5a+a i 3xy+2xr—xp+ 2
i a+ab*+3a—2ab? ko 2x3 4 6x2— x3 —3x2 I wxy+xy+wx+ 7xy

EXAMPLE 2A-3 Adding and subtracting algebraic terms

THINK

1 Rearrange the expression so that like terms
are grouped together. Check that the + or —
sign in front of each term has moved with
that term.

2 Simplify like terms by adding or subtracting
the coefficients.

Simplify 4m?n + 2m — m*n + n® — Tm — 2nm?.

WRITE
4mPn + 2m — mPn + n? — Tm — 2nm?
=4m*n — m*n — 2nm? + 2m — Tm + n?

=m?n — 5m + n?

4 Simplify each expression.

a Sa+2b—a+3b+7a—5b b 6mn—3n—n+2n*+m—Tmn
¢ x+4x?—8x+1+5x—x? d 2x%y—5x%y —4dxy+3+7xy—38
e PP -3p+2p3+6p2—-9+3p f a?b + 4a® + 8ba* — b* + 3ab* — 5a?

EXAMPLE 2A-4 Multiplying algebraic terms

Simplify: 2 6xy X —=3wp b p3g X Skpg X m.
THINK WRITE
a 1 Multiply the coefficients together (6 X —3 = —18). a 6xy X =3wp
Write in expanded form (optional). =18 XxXyXwXp
2 Simplify by leaving out the multiplication signs = —18pwxy
and write the pronumerals in alphabetical order.
b 1 Multiply the coefficients together (1 X 5 X 1 = 5). b p*q x Skpg x m
Write in expanded form. SSXpXpXgXkXpXgXm
2 Write the product of any pronumerals that are =5xpP’x@xkxm
the same in index notation (p X p X p = p? and
q%q=q).
3 Simplify by leaving out the multiplication signs = Skmp3q?
and write the pronumerals in alphabetical order.
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5 Simplify each expression.

a Sab X 2cd b =7xy X 3mn c 4dkp Xk

d  6ac x —8ad e 9x2 X Swxy t —m*n x —kn

g TxX=3xX%Xx h 4c’d X abc % 3d i —6kp x g%kp x k

i b2 x —4d* x —ad k =10mn? x m?>x =2m?n 1 5a*bc3 X a’c x 8ab*

EXAMPLE 2A-5 Dividing algebraic terms

Simplify 12ab?c + (8ab).

THINK WRITE
1 First write the division problem as an algebraic fraction. 12ab*c + (8ab)
_ 12ab*c
8ab
3 1, 1
2 Cancel the coefficients (divide 12 and 8 by the HCF of 4). —2Xaxbxbxc
Cancel any common pronumerals from numerator and 28 X Xb
denominator.
3 Simplify the numerator and the denominator. _3x ; j: } >>: [1) ¢
_ 3be
2
6 Simplify each expression.
a abc+b b 6mnp + (mp) c 8wx + (4wy)
d 7ab = (14bc) e 3e*fg = (efh) f 6ab*c = (15hc)
¢ —12m?n + (8mnp?) h 10a?bc < (=5abcd) i —kA3y? = (—2k%x)?)

7 If a=3, b=-2and c = 4, evaluate each expression. (Hint: simplify each expression

AIN3INT4 ANV INIAONVLSHYIANN

first.)

a 4a+3b+2c—2a—-c+b b 9ab+ 7a—10a + ab
¢ a’b+ ab? + a’c — 2a°b + 5a’c d 3abc x b*c X 6a

e 12a*h*c = (3bc?) f ac? x 2ab’ + (8a%bc)

8 The surface area of this box can be
calculated using the expression
2w + 2lh + 2wh.
Calculate the surface area of the box for
each set of dimensions.
a [=25cm,w=15cm, h=10cm
b I=05m,w=03m,A2=02m
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9

10

11

12

13

14

15

16

17

18

The perimeter, P, of this semicircular
mat can be calculated using the
formula P = %nd +d. If d=80 cm,
calculate the perimeter correct to one
decimal place.

The formula for the area, A, of a circle with
radius r is 4 = nr2. Calculate the area when r = 5 cm.
Leave your answer as an exact value containing .

. . . 4
The formula for the volume, V, of a sphere with radius r is V' = 373, Calculate the
volume when r = 3 mm. Leave your answer as an exact value containing .

c

Using Pythagoras’ Theorem, ¢ =\ a? + b2 b
Calculate cif ¢ =6 m and b = 8 m.

a

Write the perimeter of each shape as an algebraic expression in simplest form.

a y+3 b 3x‘—4 'y "
2x ‘

x—1 g =2y + 1 T +5y-3

[T ™1
THF

xty 4y

3x-2
Calculate the perimeter of each shape in question 13 when x =7 cm and y = 2 cm.

Write the area of each shaded shape as an algebraic expression in simplest form.

a 6a b mptm c
[T ! ]
+ +2a 5b
0= =4 7b j } f
1 } [ 4(1
d e 8a f b

3a 4b
3b
10a

Calculate the area of each shape in question 15 when ¢ =4 m and b = 3 m.

The area of a rectangle is 20k2.
a If the length is 5k, write an expression for the width of the rectangle.
b If the width of the rectangle is 12 m, calculate the area of the rectangle.

The area of a right-angled triangle is 15xy.
a If the base length is 6x, write an expression for the height of the triangle.

b If the height of the triangle is 10 cm and x = 4 cm, calculate the area and the base
length of the triangle.
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19 A rectangular swimming pool has a semi-circular spa
of radius x metres set into it.

20

21

a

2A WORKING WITH ALGEBRAIC TERMS _

Write an expression for:

i the total perimeter of the spa

ii the area of the spa.

If the length of the pool is

quadruple the radius of the spa

and the width is triple the radius

of the spa, write an expression

using x for:

i the outside perimeter of the

rectangular pool containing
the spa

ii the area of the pool and spa.

When x = 2, calculate:
i the area of the spa
ii the area available for swimming

iii the length of edging needed around both the pool and the spa (include the

curved edging needed for the spa).

Consider the top surface of a metal washer, which is

an annulus.

a

Decide whether each statement is true or false

Write an algebraic expression for the area of the
top surface of one washer.

List three possible values for x to give an area between
400 mm? and 500 mm?.

Write an algebraic expression for the

total length of the outer and
inner edges of one washer.
Use your values from part b
to calculate the total length of
the outer and inner edges of
one washer, correct to one
decimal place.

for all values of x, y and z. Provide examples to demonstrate each answer.

a
b

c
d
e
f

xXty=y+tx

X—y=y-—x

YV = px . :
y. g . i Reflect
XTy=y+x g :
(x+))+z=x+(+2) i Why do like terms make it

i possible to add or subtract
i algebraic terms?

x=y-z=x-(—2)
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2B Review of index laws

Numerical and algebraic terms can be written in (or ). ycx o powcr\‘

s

Two examples are 33 and x*. They each have a and an or . 3= and

Terms in index form can be written in expanded form. \ base

4 -

X XXXxXXxXXx

index form expanded form
Terms in index form can be combined or simplified using the

1 An example to demonstrate the index law ¢ X @" = @™ * " is shown at right. 3y 2
. . @’ Xa
a Explain how this example demonstrates the law.

. . =aXaXaXaXa
b Provide another example to demonstrate this law. Choose numbers for

= 5
o . =a
the indices and use either a number or pronumeral for the base. Geg
=a
2 Provide two examples to demonstrate each of the following index laws.
You may like to discuss them first with a classmate.

m
a ag"=qgt=qgnn b (am)n = gmn c (Cl % b)m = g" X pm d (%)m _ %

3 Use the index laws in question 1 and parts a and b of question 2 to simplify each expression.

Copy and complete the working shown.

a x> xx*4 b x¢+x2 c (X3
:X5+— —X6_— :x3><_
= x— = x— = x—
» The index laws can be used to simplify expressions that have terms Index laws
written in index form. arxXat=qnt"
([I” - (’/I = ([/)7 -n
» The index laws for multiplying or dividing terms in index form (@)’ = g
only apply when the bases are the same. (a X by" = " X b™
('u‘ m _q"
» Any base raised to the power of zero is equal to one; that is, a® = 1. \E) AT
1 =l 1 —-m I m g
» The properties ™ = —, @™ = —-and —,; = @” can be used to write
a a a

terms with positive indices only.
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EXERCISE 2B Review of index laws

c
=
o
m
=
(%]
—
>
=
o
=
@
>
=
o
l
—
c
m
=
o
=<

1 Use the appropriate index law to simplify each expression.

a a+a b (b*? ¢ O xed
d &+ d e P xy f (m')?
1
g nP=n b hx hS i X5
4
i @ k WW | a**xaxa

2 The index laws also apply to terms with negative indices. Simplify each expression.

a x> X x7? b m*+m3 ¢ (k7072
d y—6 X y10 e at=a?® f (d—5)3
g pxyixy? h n77xn73 %' ix2xxSxx

EXAMPLE 2B-1 Writing terms with positive indices
Write each term with positive indices.
1243p73
~7,2
am'n b 406
THINK WRITE
2 1 Write the term as a product of two factors. a mn?
=m~ xn?
2 Write the first factor with a positive index using the = % X n?
property a " = ai’”' The second factor already has a _1 y n’
positive index. However, you may like to write it as a m27 1
fraction (denominator is 1). = :1_
3 Simplify.
I 12a3h73
b 1 Cancel 12 and 4 by a common factor of 4 and simplify. b -
4¢70
_ 12437
(40
_3a’h?
== 1
- 3% h5 x
2 Write the term as a product of factors. =3Xax b X ¢ 0
3 Write each base that has a negative index with a positive =3Xxg3x # x 0
index. Use the properties a™* = ai’” and a‘L’” =am.
3,6
4 Simplify. - 3‘1‘756
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[ Write each term with positive indices.

X5 Od k3 XTIyt
243b6 3p~4gS wAx=Sy7 k3mSnS
6d%e7’f 1a3p3c¢™ ! Ll

3 6
4’ at 82 v
7 b2 2973 =
3k™2n3 271a3 ¢ w2x 6~ la’h3

9p~° b™4d? 571y78 2m~n®

Use the appropriate index laws to simplify each expression.

Ta3 X 2a° 104 = (25h°) (K?)7 x k™4
THINK
1 Multiply the coefficients. Ta® x 2a°
=14 x a3 X g°
2 Use an index law to multiply the terms with the same base. =14 xa°
Write the base and add the indices. (3 + 6 =9)
3 Simplify. = 144°
1 Write the expression as a fraction and insert the 10AM + (25h%)
multiplication sign between the coefficient and . _ 104"
25I°
10 x Al
25 xR
.. . . 2 hll
2 Divide the coefficients. Cancel the coefficients by a =5%X s
common factor of 5.
3 Use an index law to divide the terms with the same base. = % X ho
Write the base and subtract the indices. (11 — 5 = 6)
6
4 Simplify. _ 246 o 200
5 5
1 Use an index law to simplify the first term. Write the base (K37 x k™
and multiply the indices. (2 X 7 = 14) =kl x
2 Use an index law to multiply the terms with the same base. = k10

Write the base and add the indices. (14 + (=4) = 10)

Use the appropriate index laws to simplify each expression.

2x6 x 7x3 x7 % 3x73 x3 % x8 x x#
5x9 X x x 4x72 8x0 = (2x9) 30x7 = (5x3)
6x° + (14x%) 12x10 = (8x7) (x3)> x x?

(x0)* x (x9)? x7 % 2x8 x (x2)* (x*)3 x (x5)8 x 5x77
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Simplify each expression. Write your answer using positive indices only.

X3 x x73 2x74 x x7!

4x8 x 5x3 x x R

3x77 = (12x%) 9x6 = (15x10)

(x—4)6 X 10x18 3x6 % (x—1)7 X (x3)2

Tx~3 x 3x0 x 2x72
6x* + (3x79)
(x—3)2 X x5

(x—2)7 X (X—S)—l X (x—3)4

What is the value of a term in index form with a power of zero?

Write the result for each of these.
30 1000 m?

Use the property ¢’ = 1 to simplify each expression.

34" (Ba)® 8m’
(—SX)O aO + bO jO - kO
2c0 +4g° w0+ x0 =0 (m+n)°

Use the index laws to simplify each expression.

PERREN Axll = ol
24(x%)7 = (x7)? X0 x x = x7
657 X 300 X 22 b A(xY = (x4
6x7 % 2x% = (4x7) 2(x%)? = (x%)3

Use the index laws to simplify each expression.

a* x (a’)? 2x7 x 6x*
a’ 3x3 x 8(x*)?
THINK

1 Simplify the numerator. First multiply indices to remove
brackets (3 X 2 = 6), then add indices (4 + 6 = 10).

2 Divide the numerator by the denominator. Keep the base
and subtract indices (10 — 7 = 3).

1 Simplify the numerator and simplify the denominator.

2 Cancel the coefficients. Keep the base and subtract indices.

3 Use the property a° = 1 to simplify further.

59 +5

(8m)°
P+p°
(x%)?*

(x4)2 = x38
(x5)0 X x3 X x_2
xS X (x4)2 - x6

3(x3)* x 5x74 = (x2)*

a'?
617

=43

2x7 x 6x4

3x3 x 8(x*?

o 12xM
T 24x3 x X8
_12x1

— 24x1

0

)
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Use the index laws to simplify each expression.

x> X x© 8x* x X7 Sxt x4y
x3 xS 10X5

3x® X dxm XX (2)° ) x (x72)°
123 x4 (x*?

S X (x7)? X0 0 () x X7
2516 4 x x3 4 x (x3)4
219 x 8(x?)° 4(x9)° ¥ 10(x*) (Nt x x x X
4x—3 X x7 8x4 X (x3)8 x9 X (x3)5 X xG

Simplify each expression.

X5)9 x xhy3 20557 X 84%h (%) X 86
pell w3 a4 X 2B

e wx 3 a’h’
8/615 x 343pl! I8 % (3 4x1318 5 3x(y 2y

6k3n’ x k°n® 18¢0d” x cd () x 12x%(33)?

Use the index law (a X b)" = a™ X b™ to write each expression without brackets.

(a x by (k x py’ 4 xc)y

(7x Pt (xp)* (cd)’

(Bw)? (62)° 2p)~®
Use the index law (%)m = me to write each expression without brackets.

(3 (&)
) (e

Write each expression without brackets using positive indices only.

Sl

(x x )™ (4% a)™* @ xn!
6p)~ Gp)? (k)™
G @ @y
G () (=)

Use the index laws to simplify each expression. Write your answer using positive
indices only.

(ab)* x a’b? (4p)* x (6p)? 2y
d> _ (dy 5w\3
R
6 ~4h>\4 4 3
(52) (=) () < (5
(676)2 o (5a)’ (m°n*)’ x (m°n)* 2x)°0*)?
a3n2 c8n‘5 (mn3)5 (4x4y5)3
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Use the index laws to decide whether each statement is true or false. Explain your
reasoning. For each false statement, change the right side to make the statement true.

X7 x x x xT=xl4 (Say¥=5x%xa
_kO =—1 a2b3 X a3b4 — alzblz
7 5

Tod = 6 =X mys _ m>
SRR (p=m
w6><w6_0 (b5)4><b2_

wi2 - (b3)7 -

85 2p2 2 4\ 11
a’b’  ah” _ m=\3 _ (n*\-1 _m"
AP (7) x (ﬁ) ot

Find the value of x that will make each statement true.
axxa3:a12 bx:1
o5 = C6 — C4 (dB)x - dlz
1 1

X = — X —
e =28 y y3

myx _ (m’ w¥ Xt
(=0 ikl
(2a¥)’ = 32a* kXm’ X Kom* = k>m?
(n3)x X n* _ 5 a’h N a7(b2)3 _

) n P I
Write three possible sets of x and y values to make each statement true.
m* X m¥ = m? prEp=p
(ax))’ = 436 (kX)y =1

Simplify each expression.

3x+4,x—2
2ay,b +3 5.3b-2 m- n -
Xy X X Y mnx - 5
5 X 24

Write 7 in simplest index form with a base of 2.

34x X 92x

Write 7% x 3%

in simplest index form with a base of 3.

3x X
Use the appropriate index laws to simplify %

Find the value of x and y to make each statement true.
a*b X ay(bx)y = q12p33

X X+
ab’  a D Sbl4
a’b’ = @b’
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2C Expanding algebraic
expressions

1 A is an expression with two terms. Write three examples of a binomial.
2 (x+3)(x—5)isanexample of a . Explain what the term binomial product means.
3 This area model shows a rectangle divided into two sections. a
a What is the length and width of the rectangle? T
. . b rectangle 1
b Explain how this area model can be used to demonstrate b+ ¢)
a(b + ¢)=ab + ac. c rectangle 2 l
4 This area model shows a rectangle divided into four
sections.
a What is the length and width of the rectangle? a b
b Explain how this area model can be used to ¢ rectangle 1 rectangle 3
demonstrate
(a+b)(c+d) =ac+ad+ bc+ bd. (ctd)
d rectangle 2 rectangle 4
-— (a + b) _—
KEY IDEAS
» The distributive law can be used when expanding expressions to remove brackets.
) S ) AN
» For one pair of brackets, the distributive law is: a(b + ¢) = ab + ac abt+tco)=axb+axc
» For two pairs of brackets, the distributive law is: (ml)

+ b)(c +d)=ac+ ad+ bc + bd.
(a + b)(c+d) =ac+ ad+ bc d —aXoFxaxd+bXe+bxd
» (a+ b)(c + d)is a binomial product as each factor is an expression with two terms.

» The difference of two squares rule: (¢ + b)(a — b) = a*> — b>.

» The expansion of a perfect square rule: (¢ + b)> = a*> + 2ab + b> or (a — b)> = a*> — 2ab + b*.

» The index laws can be used when multiplying algebraic terms.
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EXERCISE 2C Expanding algebraic expressions

EXAMPLE 2C-1 Expanding expressions with one pair of brackets
Expand each algebraic expression to remove the brackets.
a 7(m+Y5) b 3x(x—4) ¢ —a(2b + 9a)
THINK WRITE
a Use the distributive law. Multiply each term inside the a T(m+5)
brackets (2 and 5) by the term in front NN =7Xm+7X%X5
of the brackets (7). Simplify each term. T(m +5) =Tm+ 35
b Use the distributive law. Multiply each term inside the b 3x(x—4)
brackets (x and —4) by the term in front ‘SR =3xXx+3x%x(—4)
of the brackets (3x). Simplify each term. ¥ = 4) =3x2- 12x
¢ Use the distributive law. Multiply each term inside the ¢ —a(2b + 9a)
brackets (26 and 9a) by the term < X\ =(—a) X 2b+ (—a) X 9a
in front of the brackets (—a). —a(2b + 9a) = —2ab — 94>

1 Expand each algebraic expression to remove the brackets.

a 3a+7) b 5(b-4) ¢ 2(6-0¢) d 4(1+d

e —6(e+3) f =7(f-2) g “3g-1 h =9(5-h)

i x(x+2) i 29— 4) K kil +5) L =3p(p- 1)
m mQ3n + k) n 4a(3b + 6¢) o —w(w— 8x) p —2p(2+ 5p)

- Expanding expressions with one pair of brackets
EXAMPLE 2C-2 using an index law

Expand each algebraic expression to remove the brackets.
a xXA(x3+6) b SI3m*(k> — 2m?)
THINK WRITE
2 Multiply each term inside the brackets (x> and 6) a xX3(x3+6)
by the term in front of the brackets (x?). Simplify =xZxXx3+x2%X6
by using an index law if appropriate. = x> + 6x?
(x2 X x3 — x2+3 - xS)
b Multiply each term inside the brackets b SK3m*(Bk> — 2m?)
(3k® and —2m?) by the term in front of the brackets = 5I3m* x 3k> + 5k3m* x (=2m?)
(5k*m®). Simplify each term using an index law. = 15k3m* — 10k3m®
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Expand each algebraic expression to remove the brackets.

a*(a +4)
&8 - &)
mn(m? + n?)
2UAPA3IE — Tp)

b(bS - 2)

—x(x? + x3)
3xp(2xy — x%y%)
—8x2y3(x3y — 2xp%)

Expand and simplify each algebraic expression.
2(x +5)+7x 4y -7 + 15
-3x(2—x)+5x*+x p3 — 8p + 5p(1 — p?)

Expand and simplify each algebraic expression.
4x—2)+2(x+5) m(m + 8) + 6(m — 3)
KOS +2)+ S0 +1) ¢ 3p 02 = 2) + 2p(p° + 6)

Expand each algebraic expression to remove the brackets.

Ale-1)

_2y4(y3 + x2)
d4a’b3(a* + bd)
—3ah3(4ab* + 9a’b®)

m(n + 6) — 3m

X3 -2x) - x°

2a(3a + 1) — 3(2 — 4a)
503207 +3) = 20(7y* - 4)

(m+35)m+2) (x+7)(x—4)

THINK

Use the distributive law. Multiply each term inside
the second pair of brackets (n and 2) by the first
term in the first pair of brackets (/1) and then the
second term in the first pair of

S+ 2
brackets (5). Simplify each term. (m )(i) )

1 Use the distributive law. Multiply each term
inside the second pair of brackets (x and —4) by
the first term in the first pair of brackets (x) and
then the second term in the
first pair of brackets (7).

P
(x+7(x—4)
Simplify each term. N

2 Simplify any like terms (—4x + 7x = 3x).

(m+5m+2)
=mn+2)+5mn+2)
=mn+2m+ 5n+ 10

(x+7ND(x—4)
=x(x—4)+7(x—4)
=x2—4x+7x-28

=x2+3x-28

Expand each algebraic expression to remove the brackets.

(a+4b+2) (c+3)d+6)

(x +6)(y +8) k+5@-1)
x-9y -4 2m+3)(n+t1)
(3a — 2b)(5¢ — 4d) (x+2)(x+5)
(m =3)(m—11) P-4 -2

(4x + T)(x+3)
6p+52p+17)

(3a +2)(a - 5)
Q2x + 3)dx - 1)

(m+7)(n+5)
(f=2)(g+3)
(4x + 53y - 7)
+90r -1
(5= k)6~ k)
Bw—T)(w—2)
5y =2@y—4)
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2C EXPANDING ALGEBRAIC EXPRESSIONS _

Expand (x° — x?)(x? + 4) to remove the brackets.

THINK
1 Multiply each term inside the second pair of (x> = xH)(x3+4)
brackets (x3 and 4) by the first term in the first pair =x(x*+4) - x¥(x3+4)
of brackets (x°) and then the second term in the =X+ x4-x2xx3-x*x4

first pair of brackets (—x?2).
2 Simplify each term using an index law. =x8 +4x° — x° —4x?

3 Simplify by combining the like terms. = x84+ 3x% — 452

Expand each algebraic expression to remove the brackets.

(x> + 5)(x +3) P+Hx2-1) X =73 +2)
(x*=3)(x* - 6) (X0 + xH)(x + 7) (x7 = X2+ 1)

(2 + X (x* + %) (x° + x¥)(x° — x2) (3 = ¥ + x)
(2x2+5)@dx3 - 1) (3x% — 2x)(5x% + x%) (6x2 — 5x%)(3x° — 4x3)

Expand each binomial product.
(x +2)(x—2) (k+TNk—=17) (m + 8)(m — 8)
(w=06)(w +06) y-D+1D (a+b)a—b)
Describe the pattern or shortcut you can see. What is special about the two
binomial factors that are multiplied together?
This pattern is known as the difference of two squares. The rule can be written as:
(a + b)(a — b) = a*> — b%. Why do you think the rule is called the difference of two
squares?
Does it matter whether the product is (a + b)(a — b) or (a — b)(a + b)? Explain.
Use the rule to expand each binomial product.

(a—3)a+3) (x + 10)(x — 10) (m + n)(m — n)
B+x)(3-x) (1 +d)(1l-d 2x = 52x+5)
(2 -3k)(2 + 3k) (4g + h)(4g — h) (5y +2w)(Sy — 2w)

Expand each binomial product.

(x+3)(x +3) +8y+38) (a+b)a+b)
(k= 5)(k = 5) (p—6)p—06) (x=»x—y)
Describe the pattern or shortcut you can see. What is special about the two

binomial factors that are multiplied together?

This pattern is known as the expansion of a perfect square. The rule can be
written as:

(a + b)> = a* + 2ab + b2.

Why do you think the rule is called the expansion of a perfect square?
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d  Use the rule to expand each algebraic expression.

i (a+2) i (x+5) i (p+ 4y
iv (y + 10)2 v (k+9)? vi (m+ n)?
vii (5 + x)? viii (1 + 24 i Gw+7)

¢ Whyis (a — b)? = a> — 2ab + b? also an expansion of a perfect square?
f Use the rule to expand each algebraic expression.

| (a-3) i (b - 4y i (x - 9)2
iv (n—11)? v (2 - x)? vi (g —h)?
vii (4w — 1)? viii (5= 2y)? ix 3m—2p)?

9 Use the rules to expand and simplify each expression.

a (xX2+2)(x*-2) b (x2-5)(x%+5) ¢ (X2+P)(2-y?)
d (2 +4) e (x2-3) o3 =1)y7
10 a For the rectangle at right, write the area as a product u : 0
of two factors (show brackets).

b Expand the expression to remove brackets. 1 T 2x om
¢ When x = 4, calculate the area using your answer to: u ; []

. .. (5x +3)cm

i parta ii part b.

d Compare your answers in part c. How does this show that you have expanded the
area expression correctly?
e Calculate the area when:
i x=10 il x=2.5.

11 For each shape:
i write the area as a binomial product
ii expand the binomial product to remove brackets

iii calculate the area when x = 3.

(x +12) mm

U 412¢€ 14021 »
Ux 4072 4: 30 »

S8 VALERRER FURRIDE 1454 &
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12 A rectangular piece of

13

14

15

2C EXPANDING ALGEBRAIC EXPRESSIONS

30 cm

cardboard is 30 cm long and : | Ix cm

20 cm wide. A square of side
length x cm is cut at each
corner so that the cardboard
can be folded to form an
open box.

a

20 cm

Write an expression S -
containing x for:

i the length

ii the width
iii the height of the box.
Draw a labelled diagram

of the open box.

Write an expression for:
i the volume of space contained in the box
ii the inner surface area of the box.

Simplify each expression by expanding to remove any brackets.

If x = 3, calculate:

i the volume of space contained in the box

ii the inner surface area of the box.

Show that (x2 + y3)2 expands to x4+ 2X2y3 + y6'

Expand the expression (x? + p¥)(x? — 13).

The height of a cylindrical
biscuit container is 5 cm
longer than its radius.

a

If the radius is x cm,

write an expression

for the height of the
cylinder.

Using the formula V = nr?h,
show that the volume within
this cylinder can be written

as x> + Smx2.
Suggest a value for x that produces a

volume between 1000 cm? and 2000 cm?.

Write an expression for the surface area ...
inside the cylinder. Reflect

Use your value for x from part ¢ to :

What type of binomial products cang
calculate the surface area inside the : '

i be expanded using a shortcut or
cylinder. iorule?
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2D Factorising algebraic
expressions

The expression 5(x + 3) is said to be in factor form, because it

shows the product of factors; that is, 5 X (x + 3). In this case,
factor form —» expanded form

S5(x + 3) SXx+5X%X3
Sx + 15

there are two factors: 5 and (x + 3).

In the previous section, you used the distributive law to change

an expression from factor form to expanded form.

You can also change an expression from expanded form to
£ P P expanded form —> factor form

factor form by using the same law in reverse. This process is sx+15 = 5(x+3)

called factorising.
1 Look at the terms 8x and 20. What is the ( )?
Describe how you might use the HCF to factorise 8x + 20 to obtain 4(2x + 5).

Show how using the HCF of x can be used to factorise x> + 9x.

A W N

Show how using the HCF of (x + 2) can be used to factorise y(x + 2) + 3(x + 2).

KEY IDEAS

» The distributive law can be used to write expressions in factor form. One of the factors
needs to be the highest common factor (HCF) of each term in the expression.

» To factorise an expression, you write the HCF of each term at the front of a pair of brackets
with the other factor of each term inside the brackets.

» axXbt+taXc=aX((b+c)orab+ac=a(+ c)

» The difference of two squares rule can be used to factorise expressions of the form a? — b2.
The rule is > — b* = (a + b)(a — b).

» The expansion of a perfect square rule can be used in reverse to factorise expressions of the
form a® + 2ab + b2. The perfect square rule is a> + 2ab + b% = (a + b)>.

» Always check whether you can take out a common factor first.

» You can check whether you have factorised correctly by expanding the result and comparing
it to the original expression.
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EXERCISE 2D Factorising algebraic expressions

EXAMPLE 2D-1 Factorising simple expressions using common factors

Factorise each expression.
2 3m+21 b a>—4a
THINK WRITE
a 1 Identify the HCF of 3m and 21. (HCF = 3.) Write each a 3m+21
term as a product of the HCF and its other factor. =3xm+3x7
2 Use the distributive law. Write the HCF at the front of a =3xX(m+7)
pair of brackets and the other factor for each term inside. =3(m+7)
b 1 Identify the HCF of a? and 4a. (HCF = a.) Write each b a*—4da
term as a product of the HCF and its other factor. =aXa+ax(—4)
2 Use the distributive law to factorise the expression. =aX(a—4)
=ala—4)
[ 1 Factorise each expression.
a Sa+35 b 30b+6 c 24+ 33¢ d 12d+8
e 8e—18 f 35-21 o 24+ 16g h 10 —40h
i 97+ 9% i 16w —28x k m?+2m I n*—6n
| m Sa+ a* n 9p—p? 0o 3¢*+3q p 2r2—8r

EXAMPLE 2D-2 Factorising more complex expressions using common factors

a1

b1

Factorise each expression.
a 2pqr + 4pr b 9m3k — 15mk?

THINK

Identify the HCF of 2pgr and 4pr. (HCF = 2pr) Write
each term as a product of the HCF and its other factor.

Write the HCF at the front of a pair of brackets and
the other factor for each term inside the brackets.

Identify the HCF of 9m’k and —15mk?. (HCF = 3mk)
Write each term as a product using the HCF.

Use the distributive law to factorise the expression.

WRITE

a 2pqr + 4pr
=2pr X g+ 2prx2
=2prx(q+2)
=2pr(q +2)

b 9k — 15mi?
= 3mk % 3m?* + 3mk x (—5k)
= 3mk x (3m* — 5k)
= 3mk(3m? — 5k)
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Factorise each expression.

bed + cd 6ab + 6b 15xy — 9x

mpq + kmnp 4a’b + 3ab 2xy — 2x%y

a’b + 1lab? m3 + 5m? 8p° — 4p?

6x7 + 10x2 m3n + m?n 3p3q + 3pg?
35x%y + 5x3y? 124°b* - 9a°b* 20g%h? + 28g%h¢
da +8b + 12c 6xy + 3x%2 + 15wx 2h® — 4h* + 6h

Complete the following to factorise each expression by removing a negative HCF.

—2ab — 4a® —10x3 + 35x
=(-2a) X ___ +(-2a)x2a = x2x*+__ x(=7)
==2a(___ +2a) =_ 2x*-17)

Factorise each expression by removing a negative HCF.

—6mn — 18 —3ab — 3bc -2 =10y
—18x2 - 9x —4k + 8k? —20a3 — 30a
—12x%y + 14xy -+ w’ —4b3 + 2b% — 6b*

Using the binomial factor (x — 5) as the HCF, show that y(x — 5) + 2(x — 5)
written in factor form is (x — 5)(y + 2). In the same way, show that
4a(3 +k*) =93 + k*) = (B + k*)(4a - 9).

Factorise each expression using a HCF which is a binomial factor.

a(x +3)+ 5(x+3) m(k —2) +4(k —2)
Y@y +5+20y+5) x(x=-1D+9(x-1)
k(k +6) — 3(k + 6) pp—9)—6(p—9)
74 —a)+ a4 - a) 3n(2n —5) +4(2n - 5)
x(y*+2)+8(y*+2) a*a—4)+3(a—4)
2x(2+ 1) =502+ 1) 5x(7 = x3) +2(7 - x%)

Factorise x> + 3x + 4xy + 12y by grouping terms.

THINK

1 Check for a HCF of all four terms (none). Group the terms X2+ 3x +4xy + 12y
‘two and two’ and identify the HCF for each pair of terms. = (x2 + 3x) + (4xy + 12))
HCEF of first pair is x and HCF of second pair is 4y.

2 Use the distributive law to factorise each pair. =x(x+3) +4p(x +3)

3 Write the binomial factor of (x + 3) at the front of a pair of =(x+3)(x+4y)

brackets and the other factor for each term inside the brackets.
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Factorise each expression by grouping terms.

ab +4b + 3a + 12 x2—Tx+2xy— 14y mn + 5m — 6n — 30
@+ 2a+ 5a+ 10 X2-x+4x—4 >+ 8c—3c-24
6y —3)2+8—4y pP+2p*+5p+10 X+ x2+3x2+3
2m3 +4m —3m* -6 A+ 42+ 5+ 13 xy— 15+ 5y — 3x

Expand (x + 5)(x — 5) using the difference of two squares rule.

Explain how you can factorise x> — 25.

Factorise each expression.

x> =49 16y* — 81 9m® — 36n° (k+22-1
THINK
1 Check for common factors (none). Write as a difference x2—49
of two squares. =x2-72
2 Factorise using the difference of two squares rule. =(x+7(x-17
a’>—b*>=(a+b)a—b)wherea=xand b=17.
1 Check for common factors (none). Write as a difference 16y% — 81
of two squares. =(4y)> =92
2 Factorise using the difference of two squares rule. =4y +9)4y-9)
1 Check for common factors (yes). Take out the 9m® — 36n2
HCEF of 9. = 9(mb — 4n?)
2 Write the expression in brackets as a difference of = 9[(m?)* — (2n)?]
two squares.
3 Factorise using the difference of two squares rule. = 9(m? + 2n)(m> — 2n)
1 Look for common factors (none). Write as a difference (k+272-1
of two squares. =(k+2)?2-12
2 Factorise using the difference of two squares rule. =k+2+1)k+2-1)
3 Simplify the expression in each pair of brackets. =(k+3)k+1)

Factorise each expression.

x2—4 a*— 36 100 — 3?2
640> -9 25 = 49p? 4a®> — 81b?
3m> -3 8k* — 18 (xp)*> — 16w?
mb — n? 4a'% — 36h° (xX2p)? — w*
(h+3)>=25 (c=4)2-9 Q2-x2-x2

1= (a+ by 4-(y-52 (x+3)2 = (x — 6)
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Factorise each expression.

x>=3 y+4)2>-11
THINK
1 Check for common factors (none). Write as a x2-3
difference of two squares. =x2 - (/3)?
2 Factorise using the difference of two squares rule. =(x+V3)(x = 3)
@ = b= (a + b)(a — b) where a = x and b = 3.
1 Check for common factors (none). Write as a y+42-11
difference of two squares. =(y+4)2 - ([11)
2 Factorise using the difference of two squares rule. =(y+4+ 1)y +4-V11)

10 Factorise each expression. (Hint: use a surd to write a square term.)

a x*-17 b a*>-13 ¢ 19-y?
d 16k -5 e (pt8)R-2 f (m-47-6
o (x+TP-3 b= 12— 19 L d-172-17

11 a Expand (x + 5)? using the expansion of a perfect square rule.

b Explain how you can factorise x> + 10x + 25.

12 a Expand (y — 8)? using the expansion of a perfect square rule.

b Explain how you can factorise y> — 16y + 64.

13 Factorise each expression using the perfect square rule.

a x>+ 12x+ 36 b m?+8m+ 16 ¢ p>+20p+100
d y2—-6y+9 e x2—14x+49 f g2—4g+4

¢ 1+2a+d® h 25— 10x + x? i 81 —18bh+ b2

iow? 4 2wx + X2 k k2= 2km+ m? I 9x2+12x+4

14 a Write an expression for the missing side length for each rectangular item.

area of welcome mat is area of stained glass panel is
(x* = 100) cm? (2x% + 3x) cm?

b Write an expression for the perimeter of each item in factor form.
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16

17

18

19

20

21

2D FACTORISING ALGEBRAIC EXPRESSIONS

A rectangle has an area of (18x — x?) cm?.
a  Write this in factor form.
b List the expressions for the length and width of the rectangle.

¢ Suggest values for the length and width of three different rectangles that would fit
these expressions.

A triangle has an area of (20x — 4x?) mm?.

a List possible expressions for the height and base length of the triangle.

b Suggest values for the height and base length of three different triangles that
would fit these expressions.

Consider an odd number represented by the pronumeral #.

a  Write expressions for the next two odd numbers.

b Write an expression for the sum of these three numbers.

¢ Factorise your expression from part b. Explain how this relates to one of the three
odd numbers.

d Use the shortcut you found in part c to find the sum of 423, 425 and 427 without
adding.

e Investigate a shortcut for adding five consecutive odd numbers. Show your
working.

f Use the shortcut you found in part e to find the sum of 2671, 2673, 2675, 2677
and 2679 without adding.

Completely factorise each expression.
a (@a+1)>—4@a+1) b y(B3x—2)—3x+2 ¢ (5m+2)2—=@2-3m)
The top of a donut is in the shape of an annulus with an

inner radius of (¢ — b) cm and an outer radius of (2a + b) cm.
Show that the area of the annulus is 3na(a + 2b) cm>.

In question 17, you found expressions for the sum of three

and five consecutive odd numbers.

a Investigate shortcuts for finding the sum of an even number
of consecutive odd terms. Start with two, then four, then six

consecutive odd numbers, where the first term is n.

b Find the sum of this list of numbers without adding.
73,75,77,79, 81, 83, 85, 87, 89, 91

The difference between two numbers is 7 and the difference

between the squares of the two numbers is 105.

What is the sum of the two numbers? e :
Reflect :

What is the difference between
i factorising and expanding an
i expression?
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2E Factorising quadratic trinomials
of the form x° + bx + ¢

If a binomial is an expression with two terms, how many terms does a have?
What is a ? Use an example to help you explain.

Consider the binomial product (x + 3)(x + 4).

a Show how (x + 3)(x + 4) expands to x> + 7x + 12.

b Which terms have been multiplied together to produce: i x*? i 12?

¢ Which terms have been multiplied together and the results added to produce 7x?

4 Consider the quadratic trinomial x> + 4x + 3. In factor form, the expression is a binomial product of
theform (__+_ )}(__ +_ ).
a To obtain x2, what should the first term be in each pair of brackets?
b To obtain 3, what should the second term be in each pair of brackets?
Show thisin (x + __)(x + __). (Hint: what two whole numbers multiply to give 3?)
¢ Expand the binomial product you have written in part b. Do you obtain 4x as the middle term?

5 Now look at factorising x? + 12x + 20.
a To obtain x2, what should the first term be in each pair of brackets?
b To obtain 20, what could the second term be in each pair of brackets? List three different factor
pairs of 20. Show each factor pair in the form (x + __ )(x + _ ).
¢ Expand each binomial product from part b. Which one produces the middle term of 12x?
d Explain why this quadratic trinomial was a little more difficult to factorise than the previous two.

6 Can you describe the pattern you are using to find the terms in the binomial product? Write a list of
steps that you can follow.

KEY IDEAS

» Quadratic trinomials can be factorised to produce a binomial product.
» To factorise a quadratic trinomial of the form x? + bx + ¢, identify two numbers m and n that
multiply to give ¢ and add to give b. That is, x*> + bx + ¢ = (x + m)(x + n).

» Always check whether you can take out a common factor first.
» The perfect square rule a*> + 2ab + b?> = (a + b)? can be used to factorise expressions of the form

x% + bx + ¢ where ¢ = (1727)2 That is, x2 + bx + (g)z = (\ A g)z

e 2
» To use the perfect square rule, the term (;) can be added to x> + bx to complete the square.

» To factorise more difficult quadratic trinomials, the perfect square rule and the difference of two
squares rule are used in the method called ‘completing the square’.
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EXERCISE 2E Factorising quadratic trinomials of the form

XS+ bx +c

[ 1 Identify which two numbers multiply to give the first number and add to give the
second number.

a 7,8 b 16,10 c 45,14
d 60,16 e 36,13 f 24,11

2 Use your results from question 1 to factorise each quadratic trinomial.

a x2+8x+7 b x>+ 10x+16 ¢ x*+ 14x+45
d x2+16x+60 e x2+13x+36 f X2+ 11x+24
EXAMPLE 2E-1 Factorising simple quadratic trinomials
Factorise each quadratic trinomial.
a xX2+8x+12 b x2+13x+30
THINK WRITE
a 1 Show x as the first term in each set of brackets a2 x2+8x+12
(so x2 is obtained). =(x )(x )
2 Identify factor pairs of 12. 12:1x12,2%x6,3x4
3 Check which factors add to 8. (2 and 6) 1+12=13,2+6=8,3+4=7
4 Write the expression in factor form. X2+ 8x+12
(Check your result by expanding.) =(x+2)(x+6)
b (Shorter method shown.) b x2+13x+ 30
1 Show x as the first term in each set of brackets. 3x10=30
2 Identify a factor pair of 30 that adds to 13. 3+10=13
(3 and 10)
3 Write the expression in factor form. =(x+3)(x+10)
(Check your result by expanding.)

3 Factorise each quadratic trinomial.

a x2+3x+2 b x2+5x+6 x2+11x+10

c
d x>+ 12x+27 e x*+7x+10 f x>+9x+14
g xX>+6x+9 h x>+ 12x+11 i X2+ 11x+18
i X2+ 12x+32 k x2+16x + 63 1 x2+ 14x + 40
m x2+ 11x+ 30 n x2+13x+22 o x2+15x+36
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Identify which two numbers multiply to give the first number and add to give the
second number.
8,7 6, =7 —-35,-2 -15,2 -8,-2 30, —11

Use your results from question 4 to factorise each of these quadratic trinomials.
x2+7x -8 x2-T7x+6 x2—2x-135
x2+2x-15 x2-2x-8 x2—11x+ 30

Factorise each quadratic trinomial.

X2+ 6x—17 x2=3x-10 x2—Tx+ 12
THINK
1 Show x as the first term in each set of x>+ 6x—7
brackets (so x? is obtained). =(x )(x )
2 Identify factor pairs of —7. One factor must =7:1x-7,-1%x7
be positive and the other negative.
3 Check which factors add to 6. (=1 and 7) 1+(-7)=-6,-1+7=6
4 Write the expression in factor form. X2+ 6x—17
(Check your result by expanding.) =(x—D(x+7)
1 Show x as the first term in each set of x2=3x-10
brackets. =(x )x )
2 Identify factor pairs of —10. —10: 1 x-10, -1 x 10,2 X =5, -2 %X 5
3 Check which factors add to —3. (2 and —5) 1+(-10)=-9,-1+10=9,
2+(=5=-3,-2+5=3
4 Write the expression in factor form. x2=3x-10
(Check your result by expanding.) =(x+2)(x-9)
1 Show x as the first term in each set of xX2—Tx+ 12
brackets. =(x ) x )
2 Identify factor pairs of 12. Only look at the 12: =1 x =12, -2 X =6, -3 X —4
negative factor pairs.
3 Check which factors add to —7. (—3 and —4) -1+ (-12)=-13,-2+(-6) = =8,
=3+ (-4)=-7
4 Write the expression in factor form. x2="Tx+12
(Check your result by expanding.) =(x—-3)(x—4)
Factorise each quadratic trinomial.
X2+ 4x - 12 x2—8x—20 x2—5x+6
x2+6x—27 x2—13x+40 x2—-x-20
x2+4x-21 x2— 14x + 33 x2—-3x-28
| X2+ x—=12 x2=7x-18 x? = 15x + 56
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Factorise each quadratic trinomial by first taking out a common factor.
2x2+ 18x + 16 3x2+ 15x + 18 7x% + 14x — 56
—=5x% = 35x = 60 —4x2 + 28x — 40 6 — 5x — x?

Expand (x + 3)? using the expansion of a perfect square rule.
Use your answer to part i to factorise x2 + 6x + 9.
Expand (x — 9)? using the expansion of a perfect square rule.
Use your answer to part i to factorise x> — 18x + 81.
Factorise each quadratic trinomial to produce a perfect square.
x>+ 8x+ 16 X>+4x+4 x> —=12x + 36
X2+ 16x + 64 x2—10x + 25 x2 —20x + 100

Copy and complete each expression to produce a perfect square. To find the missing
term is called to ‘complete the square'.

X2+ 6x+__ = (x+3)? X2+ 10x+__ =(x+5)?
xX2—8x+__ =(x—4)7? X2 =dx+__ =(x—-2)
X2 +2x+_ =(x+1)? x2—l6x+__ =(x—8)?

Explain how you can work out what term needs to be added to an expression to
complete the square. Look at your answers to question 9 to help you.
What term should be added to x? + 12x to complete the square?

Explain why (g)z should be added to x? + bx to complete the square.

Add a term to each expression to complete the square.

X2+ 8x X2 — 14x
THINK
1 Use the coefficient of the x term to find the Term needed to complete the square
missing term. Halve the coefficient and then — (§)2
square it. That is, find (g)z where b = 8. — 4%
=16
2 Write the expression obtained after Perfect square expression is
completing the square. X2+ 8x + 16.
1 Use the coefficient of the x term to find the Term needed to complete the square
missing term. Halve the coefficient and then — (_714)2
square it. That is, find (3)2 where b = —14. = (=7)?
=49
2 Write the expression obtained after Perfect square expression is

completing the square. x? = 14x + 49.
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Add a term to each expression to complete the square.

x2 + 14x x2 — 6x
x2 + 20x x2—12x

x2+ 18x
x2 + 22x

Factorise each perfect square expression you made in question

Think about how you would factorise x> + 6x + 7. Discuss your ideas with a

classmate.

If x* + 6x + 7 is written as (x> + 6x + 9) — 2, explain how this could be factorised
using the perfect square rule and the difference of two squares rule. This method
is called factorising by completing the square.

Factorise each quadratic trinomial by completing the square.
X2+ 6x+7 x2=2x—-4

THINK

1 Form a perfect square (complete the square)
using the first two terms. Halve the coefficient of
the second term and then square it.

2 Write the expression obtained after completing
the square.

3 Rewrite the given quadratic trinomial using the
perfect square expression. Compensate for adding
9 by subtracting 9 so that the overall expression is
unchanged.

Simplify =9 + 7.

Factorise the perfect square expression.

Write as the difference of two squares.

Factorise using the difference of two squares rule.

Shorter method shown)
Form a perfect square (complete the square)

_—s N A

using the first two terms. (_72)2 =(-1)=1.
Remember to compensate for adding 1 by
subtracting 1.

Simplify -1 — 4.

Factorise the perfect square expression.
Write as the difference of two squares.

N & W N

Factorise using the difference of two squares rule.

Term needed to complete the
square for x? + 6x

_ (6
=(3)

= 32

=9

Perfect square expression is
X2+ 6x+9.

X2+ 6x+7
=(xX2+6x+9)-9+7

=(x2+6x+9)-2
=(x+3)2-2

= (437 -2y
=(x+3+2)(x+3-2)
x2=-2x—4
=(x>=2x+1)—-1-4

=(x2-2x+1)-5
=(x-172-5

= (=17 =57

=(x = 1+/5)(x—-1-5)
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2E FACTORISING QUADRATIC TRINOMIALS OF THE FORM x2 + bx + ¢ _

14 Factorise each quadratic trinomial by completing the square.

15

16

17

18

19

20

21

22

a
d

(=]

x2+8x+9 b x2—10x+ 14
x2+2x-5 e x2—6x—4
x2+10x—4 h x2-14x + 46

c xX?+4x-6
f x2—12x+13
i x2+8x+7

Consider this rectangular tile, which has all lengths in centimetres. The expression for

the width is x + 5 and the expression for the area is x> + 12x + 35.

a

a

Factorise the expression for the area of the tile.

List the two factors that multiply to give the
expression for the area.

What is the expression for the length of this tile?

If x = 8, calculate the area using:
i values for length and width
ii the expression x? + 12x + 35.

The area of the painting within the frame is
(x2 + 9x — 36) cm?. Write an expression for the
missing side length of the painting.

Write three possible values for x.

Find the area of the painting using your answers to part b.

Find the value of x that gives an area of 646 cm?.

Factorise x> + 6x + 5 by completing the square.

Look at your answer to part a. Is there an easier way of obtaining this? Explain.

Choose the most appropriate method to factorise each expression.

a
d

x2+ 15x + 44 b x2—2x-15
3x2—18x + 24 e 5x2-45

c x2+4x+1
f 2x2-8x

Explain why each expression cannot be factorised using the methods covered so far.

a
d

Factorise each expression by completing the square.

a

d

x2+9 b (x—3)*+16
x2—4x+5 e (x+2)*—4x

x2+3x-1 b x2—x-17

X2+ TIx+7 e x2—11x+15

Factorise each expression, if possible.

a
d

2x2 + 6x — 56 b x2—3x+5
12+ x— x2 e 98 —2x2

What values can k have so that each quadratic
trinomial can be factorised using the methods
covered so far?

a

x2—6x+k b x2+20x+k

(x+1)>+4
X2+ 12x + 40

-6

c xX2+5x+5
f x2—9x-2

¢ x3+3x2—18x
f 4x2+25

How do you know that an
¢ expression has been factorised?
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2F Working with

N A W N

algebraic fractions

.. 3 . .
To simplify ?x’ you cancel a common factor in the numerator and denominator.

What is the common f3a10tor?
. . + . .
Can you simplify XT by cancelling a common factor? Explain why or why not.

x+3 different from 37x?

Can you simplify w

In each case, state whether you can simplify the algebraic fraction by cancelling a common factor.

8x b x—2 c 2x d x(x+1)
4 X 3 X

7 f 18 x(x +5) h x—4
7-x 10x & 4x+5) 2x — 4)

For those algebraic fractions in question 5 where you can cancel by a common factor, write the

How is

by cancelling a common factor? If so, write the simplified fraction.

(¢

simplified fraction. Compare your results with those of a classmate. Discuss any that you don't agree on.

Summarise when you can and cannot simplify an algebraic fraction by cancelling a common factor.

KEY IDEAS

>

To simplify an algebraic fraction, cancel any factors that are common to the numerator and
denominator.

To multiply algebraic fractions:

> factorise where possible

> cancel factors that are common to the numerator and denominator

> simplify by multiplying the numerators together and the denominators together.

To divide algebraic fractions:

> change from a division problem to a multiplication problem by replacing the division sign with
a multiplication sign and turning the fraction that follows upside down (take the reciprocal)

> proceed as for a multiplication problem.

To add (or subtract) algebraic fractions:

> find the lowest common denominator (LCD) by finding the lowest common multiple (LCM) of
the denominators

> rewrite each fraction as an equivalent fraction with this LCD

add (or subtract) the new numerators and write as a single fraction

> simplify the numerator.

v
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EXERCISE 2F Working with algebraic fractions

EXAMPLE 2F-1 Simplifying algebraic fractions
Simplify each algebraic fraction.
Sx p 3 +2) =4+ 1)
Y Sxy 6 S x+3)(x-4)
THINK WRITE
a 1 Look for common factors. It may be easier to include a SSTX
multiplication signs so that the factors are easily seen. Y 5% x
Common factors are 5 and x. = Sxxxy
Ig o 1
2 Cancel each factor in the numerator and denominator. = _B5XX
BXXXy
3 Simplify the expression. =1
y
b 1 Look for common factors. Cancel 3 in the numerator and b 3(XT+2)
denominator. 213 (x+2)
-6
2 Simplify the expression. You cannot cancel further as 2 is _x+2
not a factor in the numerator. 2
¢ 1 Look for common factors. Cancel (x — 4) in the numerator %
and denominator. =1 (e—2)(x + 1)
(x + 3)(x—=4),
2 Simplify the expression. Note that brackets are no longer _x+1
needed around x + 1 and x + 3. x+3
_C 1 Simplify each algebraic fraction.
= 3x Ox 8x 4xy
o - - = 7
i 6 b 9xy © 2x d 6y
a4 2(x + 3) 8(x — 5) x(x —4) 3x(x + 1)
= SR T0 b= g~ L T
= ; 6 j 2x(x + 6) " 10(x + 2) | 5x
z XX T 0) X+ 2)
> 6(x—17) 6x 8x x(x—9)
; 2 Simplify each algebraic fraction.
m (x=2)(x+5) - (x=O)(x+4) (= Dx+3) e+ T)(x+2)
z T D -2) x-2x+4) ° (x+3x+1) (x + 7)(x - 8)
=<
. (x+4)(x-9) ¢ x—Dx+1 x(x +8) h 4x(x — 3)
(x+4)(x—-95) x+D(x—-1) g (x +8)(x—2) 8(x—3)
2x—2)(x+2) . TIx(x+5) 3x—3)(x+9) I 10x(x + 2)(x + 3)

=

2x+2)(x—4) | 2Ix(x-5) 6(x + 2)(x - 3) Sx(x + 3)(x +2)
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Simplify each expression.

4x _x+6 (= DE+2) . (x-Dx+5)
x+6 8x x=—Hx+3) x—-Dx+3)
THINK

1

Look for common factors. They are 4, x and
x + 6. Cancel each factor in the numerator
and denominator.

Simplify each fraction.

Multiply the numerators together and the
denominators together.

Change the division problem to a multiplication
problem.

Look for common factors. They are (x — 1) and

x—Dx+2) . (x—D(x+59)

x=-dHx+3) x-NDx+3)

:(x—l)(x+2)x(x—7)(x+3)
x=dHx+3) (x—-Dx+)9)

= e Dx+2) o (x=DA3)

(x + 3). Cancel each factor in the numerator and (X =HxA3) =D +5)
denominator.
Simplify each fraction. _x+2 x X~ 7
Note that no further cancelling can be done. X4 xS
Multiply the numerators together and the _(x*+)(x=7)
denominators together. Keep in factorised form. (X =Hx+3)
Simplify each expression.
3x _x+2 x—3 y Sx x+4 x+1
x+2 6x X x—3 x+1 x+4
6x . 2x x+7 x+7 8x . 8
x=5 x-5 4x  20x 2x+1 " 2x+1
4)c(x—1)>< x+3 3x+4) _ 4x-—-2) 5(x+3)xx+1
x+3 2x—1) 2(x—2) 3 x+1 Sx
2(x—6) . x—6 x+11 . x+11 Ix(x—1) . 3x
x+6 ~x+6 3x(x+2) " 6(x+2) 6(x+35) 2x+5)

Simplify each expression.
(x—=3)(x+4) y (x=5x+1)
(x=2)x+1) (x=3)(x+2)
x+dHx+35) . (x=5x+4)
x=-Dx+2) x—=-2xx-1
6(x + 5)(x —95) y (x—=1D(x+2)
(x=2)(x+2) 3x+5x-1)
Cx-DBx+2) . x+2)2x—1)
Bx—=2)(x+1) (Bx+1D(Bx-2)

(x+2)(x+3) (x+6)(x—2)
(x=2)(x+6) (x+3)(x-1)
x="NDx+1)  x-—dHx+1)
x+3)(x=-7) (x+9Dx-4)
(x+3)x+8)  Ax(x+2(x - 6)
dx(x+2)(x—3) (x+3)(x+6)
5x3x=5)  _ 103x = 5)(x +8)
Qx+5)(Ix—4) " (Ix - 4)(2x + 5)
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Factorise each expression.

x2-3x—-4 2x2+6xxx2—5x+6 xP-x—-12 . x¥*+2x-3
x2 —4x x—2 x2-9 x2—-16 ~x*+8x+16
THINK
. o x2—-3x—4
1 Factorise each expression in the numerator B v
and denominator. ; Y
_(x=Hx+1)
T o x(x—4)
2 Look for common factors. Cancel (x — 4) = %
in the numerator and denominator. M=)
3 Simplify the expression. =X : !

Note that you cannot cancel further as x is
not a factor in the numerator.
2x2+6xxx2—5x+6
x=2 x>=9
_ 2x(x+3) v (x—=2)(x-3)
x—2 (x+3)(x-3)

2 Look for common factors. They are = 2x0eA3) o e 2) (e 3)

— 12 -2

(x + 3), (x — 2) and (x — 3). Cancel each xX=2z (x+3)(x=3)
factor in the numerator and denominator.

1 Factorise each expression in the numerator
and denominator of the fractions.

3 Simplify each fraction. = 2Tx X %
4 Multiply the numerators together and the = 2Tx
denominators together. — oy

xXP-x—-12 . x*+2x-3
x2—-16 ~xX+8x+16
x2-x-12_x*+8x+16
x:—-16 x2+2x-3
= Hhx+3) x+Hx+4
x+4d)x—-4) (x—-D(x+3)

1 Change the division problem to a
multiplication problem.

2 Factorise each expression in the numerator
and denominator of the fractions.

_ A 3) ) e )+ 4)
(x+4)x=4), (- Dx+3)

3 Look for common factors. They are
(x—4), (x + 3) and (x + 4). Cancel each
factor in the numerator and denominator.

4 Simplify each fraction. = % x X * 411
5 Multiply the numerators together and the = i t ‘1‘

denominators together.
Note that no further cancelling can be
done.
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Simplify each expression. Remember to factorise first.

x2 + 5x x=2 X%+ 4x
x+5 x2—2x 3x + 12
x2+6x+38 x2+x-6 X2+ 5x
x2+ 10x + 24 x% + 3x 2x% + 10x
x2-36 x2-3x-10 Tx2 — 14x
x2+7x+6 xX2-x-6 x2+5x—14

Simplify each expression.

AIN3INTd ANV INIAONVLSYIANN |

x+2 ><xz+x—6 4x + 8 ><x2—4x+3
x2+4x+3 xz—4 x2+x-2 2x— 6
X2-49  x*-1 X2=2x—-8 . x?+8x+12
xX2+7x  x2-x x2-3x—-4 xX2+5x-6
6x2—24x _xZ+6x+5 x2+8x+15_ x2+10x+ 16
3x2+ 15x 7 2x2+ 2x x2+9x+8 x2—x-12
x?—-25  x?+2x-35 x?—-8x—20 . x*-100
x2—-4 " x2+5x-14 x2+10x+21 " x2-3x-18

Simplify each expression.

Zix + E 7=3 _ x—3
5 3 4 6
THINK
1 Identify the lowest common denominator 2% %
(LCD). The lowest common multiple (LCM) of w3 x5
5and 3is 15. So LCD is 15. Write each fraction =35 X373%3
as an equivalent fraction with denominator 6x Sx
of 15. = E + ﬁ
2 Write as a single fraction. — 6x 1"'55X
3 Simplify the numerator. = 11175x
1 Identify the LCD. The LCM of 4 and 6 is = > _X - 3
12. So LCD is 12. Write each fraction as an v=5 3 x—3 2
equivalent fraction with denominator of 12. =7 X3¢ %3
_3(x—5 2(x-3)
12 12
2 Write as a single fraction. _3x=9) 1—22(x —3)
3 Expand and simplify the numerator. _3x- 151; 2x+6
x—9

12
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Simplify each expression.

X X X X X X X X
373 277 63 8710
2x X 3x_x 4x | 3x ¥ X
32 4 8 5 7 2 9
Simplify each expression.
x+1 x+5 x+2 x—4 x—-3 x-1 x+4 x+2
2 "3 5 76 4 "% 3 4
x—-6 x-3 x+1 x+4 2x+3+x—7 x+5+2x+1
8 12 2 10 3 5 6 9
4x+7 5x-3 3x-1 2x-5 4-x x—4 X2+2 X243
3 2 4 5 7 3 5 8
Find the algebraic expression for ¢ where % + 2 Z LY. 4_ >
- +
Find the algebraic expression for b where % s 5 2_x 1 012
Simplify each expression using the most appropriate method.
X 2x | x Sx , x x 4x Sx 3x
37572 37872 376 8
2 3 s 4.12 5 v 202 = 1dx , x+2
7 T 10x " x x x> 7 4 6x? 3
Simplify each expression using the most appropriate method.
x2+x—20Xx2—4x8x2—40x X ><x2—49;x2—5x—14
X>—6x+8 x?—25" 4x>+ 8x x+7 3x  xXP-4x-12
3x2+3xxx2—7x+12+x+5 x2+9x+18;3x+18+3x—5
x=3 6x% + 6x 3 2x+6  Sx-—1 8
. S 2
Simplify b + 35, using 10x as the LCD.
Simplify each expression.
4,1 3_4 1,5 11 9 .2 . 7_3
3x  2x 4x Tx x 2x 4x 6x 15x  5Sx 6x 8x
N 4 .
Slmphfyx +2+mus1ng (x + 2)(x + 5) as the LCD.
Simplify each expression.
2 N 5 1 + 3 4 2
x+1 x+3 x—4 x+t6 x+3 x+2
6 5 3x + 2x 4 5
x—5 x-—-1 x+2 x+4 2x+1 3x-2

Find two sets of algebraic expressions for

a, b _ 5x-1
aandbwhere§+§— 6

Find three sets of algebraic expressions for

m_ n_x
mandnwherej—Z—é‘.
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26 Factorising quadratlctrlnomlals
of the form ax® + bx +¢

So far you have factorised quadratic trinomials of the form ax? + bx + ¢ where a = 1. In this topic
section, you will look at two different methods that can be used to factorise more difficult expressions.
Let's first develop one of these with a simple quadratic trinomial such as x2 + 5x + 6.

1 Identify a, b and c if x> + 5x + 6 is of the form ax? + bx + c.

2 To factorise x* + 5x + 6 previously, you looked for two numbers that multiply to give 6 (c) and add to
5 (b). What are the two numbers?
Identify the values of ac and b. What two numbers multiply to give ac and add to give b?
Compare the two numbers you found in questions 2 and 3. Why are they the same in this case?

You can use these two numbers to split the middle term. Copy and
X2+ 5x+6

=x2+2x+__x+6

complete the working shown at right.
Factorise the last expression in question 5 using grouping ‘two and two’.
Does it matter in which order the middle term bx is split? Compare
factorising x> + 2x + 3x + 6 and x? + 3x + 2x + 6 using grouping.

8 This factorising method is called and can be used for quadratic trinomials
where a # 1. Repeat questions 3, 5 and 6 to factorise 2x> + 11x + 12.

9 Check your answer by expanding the result you obtained in question 8.

KEY IDEAS
» There are a number of ways to factorise a quadratic trinomial of the form ax? + bx + c.
> Splitting the middle term
- . . Example A
1 Identify two numbers that multiply to give ac . .
2 6x*+ 17x+5 ac=30,b=17
and add to give b.
. . = 2 5 =]
2 Use these two numbers to split the middle term =6x2+2x+15x+5 ;i i: - ?2
(bx) so the expression has four terms and can . : . :
| . . : + -+
be factorised by grouping 'two and two'. See 22iEheas lD)am S1en )
Example A. = Gx+ D2x +5)
> Cross-multiplying
1 Identify factor pairs of the first term (ax?) and Example B
the last term (c¢). 6x-+17x+5 \ 1
c c : c o
2 Cross-multiply to check which pair produces the =(@Bx+ D2x+)5) sz)§+5§

middle term (bx). See Example B. 15x +2x=17x
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EXERCISE 2G Factorising quadratic trinomials of the

form ax® + bx + ¢

1 EBach quadratic trinomial below is in the form ax? + bx + ¢. For each one:
i identify ac and b
ii find two numbers that multiply to give ac and add to give b
iii use the two numbers to split the middle term into two terms.
a 2x2+5x+2 b 3x2+11x+6 ¢ 42+ 17x+4
d 3x2+10x—8 e 6x2—7x-3 f 5x2—-13x+6

2 Factorise each expression using grouping 'two and two'.
a2 3x?+2x+9x+6 b 4x?+x+16x+4 ¢ 22+ x+4x+2
d 6x2—9x+2x—-3 e 3x2-2x+12x-38 f 5x2-3x-10x+6

EXAMPLE 2G-1 Factorising a quadratic trinomial by splitting the middle term

Factorise 3x2 + 10x + 8 by first splitting the middle term.

AJIN3INT4 ANV INIONVLSHIANN |

THINK WRITE
1 Work out ac and b where a =3, b =10 and ¢ = 8. 3x2+ 10x + 8
ac=24,b=10
2 Identify two numbers that multiply to give 24 and 4x6=24,4+6=10
add to 10.
3 Use the numbers 4 and 6 to split the middle term. 3x2+ 10x + 8
=3x2+4x+6x+8
4 Factorise by grouping ‘two and two’. Note that the =x(B3x+4)+2(3x+4)
same result is obtained if the middle term is split =Bx+4)(x+2)
into 6x + 4x.

3 Factorise each quadratic trinomial by first splitting the middle term.

a 2x2+7x+6 b 3x2+5x+2 ¢ 4x2+12x+5
d 7x2+9x+2 e Sx2+14x+8 f 2x2+9x+9
o 6x2+Tx+2 h 10x2+17x+3 i 8x2+ 14x+5
i 2x2+ 15x+ 18 k 12x2+7x+1 I 5x2+19x+ 12

4 Factorise each quadratic trinomial by first splitting the middle term.
a2 3x2-8x-3 b 4x?+5x-6 ¢ 2x2-9x+10
d 5x2—-x—4 e 8x2+10x—-3 f 4x2+4x-15
g Ix*—18x+38 h 12x2+x-1 i 3x2-11x-20
i 6x2—19x+ 14 k

10x2+9x—9 I 12x2-23x+5
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5 One way of expanding (2x + 5)(x + 3) is to write one binomial factor (2x +5)
above the other as shown at right.
a To obtain the quadratic trinomial: (x +3)

i which two terms are multiplied to give the first term?
(Hint: follow the green arrow.)

ii which two terms are multiplied to give the last term?
(Hint: follow the orange arrow.)

iii which terms are multiplied and the results added ¢) NOTE The middle
to give the middle term? (Hint: follow the blue term is worked out by
arrows. Start with 2x X +3 +...) cross-multiplying.

b Use your answers to part a to write the quadratic trinomial.
¢ Compare this to expanding (2x + 5)(x + 3) in the following way.
2x+5)(x+3)=2x2+6x+5x+15 S R
=22+ 11x + 15 (2x+5\)(£+/‘3)

Can you see why it is the same?

6 Use the diagrams below to expand each pair of binomial factors by working out:
i the first term ii the last term iii the middle term.
(Hint: use cross-multiplying to work out the middle term.)
a (2x +1) b (5x -2) ¢ (B3x +4) d (4x -5

A A
(x +4) (x -1 2x -3) (3x +2)

Factorise 2x2 + 13x + 15 using cross-multiplying.

THINK
1 Identify factor pairs of the first term. 2x2+ 13x + 15
Choose pairs that have x in each term. factors of 2x% 2x and x
2 Identify factor pairs of the last term. factors of 15: 1 and 15, 3 and 5
Since the middle term is positive, you only 2x +1) (2x +15)
need to look at positive factors of 15. A s PaS |
+ +
3 Test these factor pairs. Use cross- 3(: N _)31 2(x+ 15 ) _ 17
multiplying to check which combination x+x = 3lx (no) * x = 17x (no)
gives the required middle term of 13x. (2x +3) 2x +5)
(x +95 (x +3)
10x + 3x = 13x (yes) 6x + 5x = 11x (no)
4 Write the quadratic trinomial as the 2x2+ 13x + 15
product of two binomial factors. =(2x+3)(x+)5)

Remember that the binomial factors
are written one above the other in the
combinations above.
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7 Factorise each quadratic trinomial using cross-multiplying.

a 2x2+7x+3
d 3x2+17x+ 10
4x2+ 12x+ 5

(=]

b 3x2+8x+5
e 4x2+11x+6
6x2+25x + 14 i

h

c S5x2+12x+7
f 7x2+30x+8
10x2+ 13x+ 4

Factorise each quadratic trinomial using cross-multiplying.

5x2-3x-2 6x>—11x+4
THINK
1 Identify factor pairs of the first term

and the last term. It is easier to always
use positive factors for the first term.

Use cross-multiplying to check which
combination gives the required middle
term of —3x. Note: you don’t need to
test all the combinations. Stop when
you have identified the correct one.

Write the quadratic trinomial in
factorised form.

Identify factor pairs of the first term
and the last term. Since the middle
term is negative, only look at negative
factors of 4.

Use cross-multiplying to produce
—11x. Since there is no common
factor in the trinomial, you do not
need to check any combinations

that have a common factor in the
expression within brackets; that is, 6x
with —4 or —2, and 2x with —4 or —2.

Write the quadratic trinomial in
factorised form.

5x2-3x-2
Factors of 5x% 5x and x
Factors of —2: —1 and +2, +1 and -2

(5x —1) (5x +2)

(x +2) (x -D
10x — x = 9x (no) =5x + 2x = —3x (yes)

5x2—3x -2
= (5x+2)(x - 1)
6x2—11x +4

Factors of 6x% 6x and x, 3x and 2x
Factors of 4: —1 and —4, —2 and —2

(6x —1) (Bx —4)
A A
(x -4 2x -1)
—24x — x = —-25x (no) —3x —8x =—11x (yes)

6x2—1lx+4
= Bx - 4)2x - 1)

8 Factorise each quadratic trinomial using cross-multiplying.

a 3x2+7x-6
d 7x2+4x-3
5x2—13x+6

(=]

9 Factorise each quadratic trinomial using cross-multiplying.

a 6x2—-11x-10
d 8x2-14x-15
o I5x2—-x-2

b 5x2-9x—-2 ¢ 2x2-11x+12
e 3x2-2x-38 f 2x2-x-15

h 9x2+8x—1 i 4xr-21x-18
b 4x2+8x—21 ¢ 10x2-9x+2
e 6x2+x—12 f 9x2+18x—16
h 8x2+13x—-6 i 6x2-25x+4
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10 Factorise each quadratic trinomial using your preferred method. Where appropriate,
take out any common factors first. (Hint: the common factor can be negative.)

a 4x2+10x+6 b 12x2+27x+6 ¢ 10x2+38x—8
d 8x2+22x+15 e 6x2+3x-30 f 12x2-8x—-4
g —4x?—-6x-2 h —12x2-2Ix+6 i —6x2—17x - 12

11 Simplify each expression. Remember to factorise first.
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‘ 2x2+ 15x + 18 b 3x +4  4x*+18x+ 14

. x+6 332 + 13x + 12 ¢ ox +2

q 6x2—5x+1 5x2—28x—12 ¢ —8x2+4x +40
332+ 14x -5 I —15x+18 22xX—x—-10

12 Simplify each expression.

55X -8x+3  2x+x-1 b 2x2+ 13x+21  3x2—14x+8

S| 232 —Tx+3 DTl —x-2 T X—x-12

42+ 13x - 12 | 12x%—5x -3 , 4x>+28x+49 | 2x*—x-—28

2+ 13x+20  6x2+17x+5 ‘ 4x2 - 49 " 2x2+ 15x + 28
3x°+6x =24 15x*+x-2 ¢ 2x3-x>=3x . xX*-9%

3 T7x+2 6x + 24 222 +9x—18 2 +9x+ 18

Factorise 2x? + 12x — 1 by completing the square.

THINK
1 First check if the expression can be factorised by splitting 2x*+ 12x — 1
the middle term or using cross-multiplying. (no) Since the = 2(x2 + 6x — %)
coefficient of x? is 2, take out a common factor of 2.
2 Work with the first two tergns inside the brackets = 2[(x2 +6x+9)-9- %
to complete the square. (S) =32=9. Remember to
compensate for adding 9 by subtracting 9.
3 Simplify -9 — 3. =2[(x2 + 6x +9) - %
4 Factorise the perfect square expression. = 2[(x +3)2 - %
. . _ 5 ([19)
5 Write as the difference of two squares. = 2[(x +3)? - ( 7) ]
. . . _ 19 19
6 Factorise using the difference of two squares rule. Note that = 2(x +3+ —)( x+3- —)
the factor of 2 remains outside the two pairs of brackets. 2 2
13 Factorise each quadratic trinomial by completing the square.
a 3x2+ 18x+21 b 2x%—20x+40 ¢ 5x2+10x—30
d 3x2+12x+3 e 2x*—12x-3 f 4x>+8x—1

6x2—24x -5 h 3x2+24x+1 i Ox2—18x+2

=]
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14 a Factorise 4x2 + 7x — 2.

15

16

17

18

19

b Show that —4x? — 7x + 2 factorises to (1 — 4x)(x + 2).
(Hint: —4x2 — 7x + 2= —(4x2 + 7x — 2).)
¢ Factorise each quadratic trinomial.
i 2x2+x+3 i —3x2+16x—-5 iii =5x2—=3x+ 14
iv —4x2+5x+6 v —6x?—x+2 vi =25x%2+10x — 1

An algebraic expression for the width of a 100-euro note is
x + 7 and the expression for the area is 2x> + 11x — 21.

a Factorise the expression for the area of one note.
b What is the expression for the length of this note?
¢ If x =75 mm, calculate the area using:

i values for length and width

ii the expression 2x? + 11x — 21.

d The area of an Australian $100 note is 102.7 cm?. Compare this with the area of a
100-euro note. Which note is larger and by how much?

A quilt is twice as long as it is wide.

a  Write an algebraic expression for the area of the quilt if
the width is x cm.

Fabric is added to the edge of the quilt to form a border.

b How wide is the border if the total area of the quilt is now
(2x? + 27x + 81) cm?? (Hint: first factorise the expression.)

¢ What is the length and width of the new quilt if 1566 cm?
of fabric was used for the border?

Decide if each of these expressions can be factorised using one of the methods
covered so far. For those that can, write the expression in factorised form.
a 2x2+4x+6 b 15x2-2x—8 ¢ 3x2-12x+3
d 4x2-8x+16 e —2x2+12x-22 f —6x%+ 69x — 189

The rectangular floor of Storage unit A has an area of (8x? + 2x — 15) m?. The length

of the square floor of Storage unit B is the same as the smaller floor dimension of

Storage unit A. Assume x > 4 m.

a  Write expressions for the dimensions of the floor for each storage unit.

b Write an expression for the total floor area of both storage units.

¢ The area of the floor of Storage unit C is equivalent to the total area for Storage
units A and B. In terms of x, what could be the dimensions of the rectangular
floor of Storage unit C?

Factorise each quadratic trinomial by completing Rflt """""""""""""""""""""""""""
: Reriec ]
the square.
a 2x2+3x—4 b 4x2—5x-=2 i Which factorising method did you
e 324 x—1 d %xz 5y 47 fmd eagest to use with quadratic
i trinomials?

e 5x2+5x-3 f —6x2—18x-3
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Create a summary of this chapter using the key terms below. You may like to write a paragraph, create a
concept map or use technology to present your work.

coefficient base difference of two squares binomial factor

constant index perfect square quadratic trinomial

like terms index laws expanding completing the square

evaluating binomial product factorising splitting the middle term

index form distributive law highest common factor lowest common multiple

What is the expanded form of 54253? What is the factorised form of

SXaxb SXa2x b3 3(a—2)— b(a—2)?
S5xaxaxbxbxb ) 542 x b3 (a=2)3-0b) (a=2)(b-3)

(a—2)(3+b) (a+2)3+b)
What is the value of —3(xy)? when

x=-2andy=4? Which of these is a binomial product?
-192 192 96 576 X2(3x +2) x2 X y?

: o (x+2)(x-4) 4x(x = 3)
What is the simplified form of

X2 x (x4 Which of these is a quadratic trinomial?
O 24 X20 14 52+ 4 213 +4x2 — 6
2 + - 4x — 2 + 2
What does %);_yz simplify to? X+o5x-3 Y 3x
+
3 What is the algebraic fraction 3xx +4)
9 el 9x~1y3 9 6x
xy? X Xy in its simplest form equivalent to?
What is the expanded form of x+2 2 ; 4
2 3 4y0
612 w(4w’ + 31%)? 3(x + 4) Xx + 4)
247w + 1815w 10 247w + 1818w 6 Ty
242w + 1815w 1) 24°2w3 + 188w Cox x
What is 3 + 1 equal to?
What is the expanded form of 3y 11x 3y 11x
(x = 4)(x + 3)? 7 12 12 7
X2+ x+12 X2+ x—12 _ .
2o+ 12 JETR What is the factorised form of
@ 9x? + 21x + 10?
What is the fully factorised form of Ox + 5)(x +2)
8x2y3 + 12x3? Ox + 10)(x + 1)
8x2y(y? + 4x) 4x%y(2y% + 3x) Bx+35(Bx+2)

dxy(2xy? + 3x2) 1 dxp(2y* + 3x) Bx+10)(3x + 1)



Simplify each expression.
4xy — 10xy + x% — 4x% + 2x%p — 5x)?
ab* + (ab)* = 3a’b* + 2a°b — 4b%a
pqa=5pq +p*>—q> = (3p)* + (2¢)°

Name the like terms in each list.
3abc?, a*b*c?, —2a*b3c, (2abc)?
Sxyz?, =2z%xy, 3yz2x, 4x%y*)?
20°¢, ~(p@*, p* X g % =q. (p + q)°

If a=-2,b=-1and c =3, evaluate
each expression.

a*+ b*+ 2

abc — ab*c — 3+ b

(a+b)>—(c—a)

Write each term in simplified form with
positive indices.
xy~3 4a’h™! 18p3q1r?
X%y 12a~%b* 15p7 g%

Simplify each expression, writing the
answers with positive indices.

(x2)3 X x 2+ x4

(P*q77 = plq xpTlq

(2a*) 3 x (3ab™)72 = 12b°

Expand each expression, giving your
answer in simplest form.

(2x2 - 4)(3x2 +5)
(2x + 3y)(2x — 3y)
(3x2 — 4)?

Expand and simplify.
3(x2-2)— x(x +5)
=2x(3 — x) + 5x(2 — 3x)
x(x+1D)—x(x—1)+ x(x—3)

Factorise each expression by grouping
terms.

X2 =3x—4x+12

X+xr-x-1

16x + 6x2 — 32 — 12x

2 CHAPTER REVIEW

Use the difference of two squares rule
to factorise each expression. Write your
answer in simplest form.

18x2 — 8)?

(x = 3)> = x?

(x+2?=(x-2)7

Factorise each expression, including
surds in your answer if necessary.

x2y? - 13
(x+1)%-3
7= (a—1)
Factorise each expression.
X2+ 8x + 12 x2—2x—63
-x2+6x—8 —6x% — 6x + 36

Factorise each expression by first
completing the square.
X2+ 10x + 20 x2=8x—1

Simplify each expression.
x2—4 ><xz+x—12
xX2-x—-6" xX+x-6
xX2-5x+6  x*X+x—-6
x-16 ~x*-3x—4

Simplify each expression.

3x  4x
43
x—2 3—-x
4 5
4x-1 3-2x
2 8
4 5

3x ' 4x

Factorise each expression.
3x2+29x + 18 b 8x2+ 10x — 3
2x2 = Tx =22 12x2-17x+ 6

Factorise each expression, if possible.
2x2+ 12x — 4 5x% = 20x + 30
6x2+21x—90 4 —4x?+12x -2
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Simplify each expression, writing answers
with positive indices.

—2x X 4xy X =3)?

4a*bh? x =3b% = 8a3b

12pg* = 3p%q X 2¢q

What is the factorised form of 4x2 — 9)2?
(2x + 3y)? (2x + 39)(2x — 3y)
(2x = 3y)? (4x + 9y)(4x — 9y)

Expand each expression to remove the
brackets.

(5x + 2y)(5x — 2y)

(x=6)(x+1)

(3x = 2p)?

Answer true or false to each statement. If the
answer is false, give the correct answer.

. . 1
5x!is equivalent to 5y

. . 1
If a* is equivalent to Pl the value of x
is 5.

6

If m*xXm’=mb xXy=6.

Simplify each expression, writing answers
with positive indices.
(a—2b4c—1)—1
6x20/—3)2
8x~1y~4
L)
2p7q

-2

Simplify each expression.

1,1 1
2 e T
3 1
x—1 x-3
E
y X
2,73
What is % equivalent to?

5xt 1
2y 2y
5 Sy

Factorise each expression by first completing
the square. Leave any terms in surd form if

necessary.
x2+2x -1
x2—6x+4
x>+ 5x-2

If x=—-4,y=0.5and z = —1, evaluate each
expression.

xpz+ (x+y+2)?

xy? — yz? — xz*

X+ty~-z—Xxyz+txy
Simplify each expression by expanding and
collecting like terms.

(a+b)>=(a—b)>

* =92 = (x =P

(pz — q3)2
Simplify each expression.

3x—6 y 4x + 8

2x+4 9x-9

x2—1

xt—1

X2=TIx+12  x*—6x+8
x2-9 T x2+x-6

Completely factorise each expression.
(d=12=-3d-1)
x(y +3)—2y? - 6y
Xt -t

Give the value of k& which would make each
expression a perfect square.

x2=-3x+k
x2+5x+k
X2+ TIx+k

What is (2x? — 3%)? equivalent to?
4x> = 12x%p3 + 9y3
4x* = 6x%% + 9y0
4x* — 12x%3 — 9y°
4x* = 12x%p3 + 90



If (x — 2)? has a value of 9, what possible
values could x take?

Simplify each expression.
2x—3 ,3—-2x
9 "6
5 4
x—-1 2-x
4,2
Xy yz

Answer true or false to each statement. For
any false statements give your reasoning.
—3km?n, 2m%kn and knm? are like terms.
a + a* + &’ simplifies to af.
If p = —1and g = -2, the value of
q = p*is =2.

A triangle has an area of (x> — 9) cm?.
Suggest possible expressions for the triangle’s
base and height.

Each statement is false. Change the right side
to make the statement true.
1

(m3n72)7l = 2

Pt =g r=p
ab +1 = ab +a

What can x2 — 2x — 8 be factorised as?
(x—4(x-2) (x+4)(x-2)
(x—4)(x+2) (x+4)(x+2)

Factorise the expression x2 + bx.

This factorised expression can represent the
area of a rectangle. What are the
dimensions of the rectangle?

This figure can represent the
rectangle. Label each line segment

square with this added shape is (x + é) .

with its pronumeral length.
Imagine the small rectangle on
the right is cut in half vertically,

and one half is moved below to
a horizontal position. Label the

pronumeral length of each line )

segment.

2 CHAPTER REVIEW m

Completely factorise each expression.
16x% — 48x + 36
2 -y

ab — 3b% — 6ab + 24>

Simplify each expression, giving your answer
with positive indices in the base indicated.

2 % 43
8 ;54 (base 2)

27 x 374+ 92 (base 3)
125+ 572 %625 (base 5)

Find a value for a, where 4y 4x 3 = 2x - 3.

2 6 3
Simplify each expression.
4 + 3 12
x—-1 x+1 2-3x 3x-2

Simplify each expression.
4x2—11x -3 o 16x2 + 24x — 40
8x2+22x+5 4x% - 36
6x%2+ 19x + 10 25 — 4x2
3x2-10x—8 ~ 2x2— 13x + 20

What does —2x2 + 14x — 13 factorise to?

s 3+ D)3

27 2 2 2
BCRE MR LAER
o3+ =35
A 33

A shape can be added to the lower right
corner, making the total shape that of a
square. Describe this added shape, and give its
dimensions.

An expression for the total area of the large

2
2

Find the sum of the individual areas in the
larger square, and complete this expression:

x+g)2: + + +

Simplify the expression on the right side.
Describe how this illustrates the method of
completing the square.
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CONNECT

...............................................................

...............................................................

John has enough materials for 40 m of
fencing to make a rectangular enclosure
for his geese. He needs to work out the
best dimensions for the enclosure so that
the geese have the largest area possible to
walk around in. He decides to use algebra
to help him.

...................................................................................................................................
:

Your task :
:

:

:

Follow these steps to complete this investigation. Show all relevant diagrams and working.

 Show that the area of the enclosure is (20x — x%) m? if one side of the rectangle is x m long.

* Advise John on the dimensions to use for constructing the geese enclosure so that it has the largest
area possible. Clearly show your reasoning. (Hint: Use the factorised form of the expression for area.
You may like to use a spreadsheet to help you.)

¢ (alculate the area of the enclosure using these dimensions.

* Work out how the dimensions and hence the area would change if a gate that is 1 m wide is included in
the design.

* If Johnis offered a shed for the geese which is 3 m long and 2 m wide, investigate the best use of his
fencing so that the geese still have the largest area possible to roam around in and can access the
shed. (Assume the 1-m wide gate is included.)

* Afeed box is in the shape of an open rectangular prism. Its length is twice the width and the sum of
the height and width is 75 cm.
— Assign a pronumeral for the width of the feed box and use this to write algebraic expressions for
the length and height of the box.
— Write an expression for the volume of feed the box can hold and the inner surface area. Show each
in simplified factor form.
* Find the dimensions of the feed box so it has the largest volume possible. What is the inner surface
area of this box?
* Find the dimensions of the feed box that meets the conditions above and has the smallest inner
surface area. What volume does this box have?
As an extension, consider this problem.
 Three rectangular enclosures have areas of (x> — 4) m?, (x° — 4x + 4) m? and (—x° + 3x + 4) m?.
Which enclosure has the largest area? Start by finding expressions for the length and width of each

rectangle. What values can x have? Include all necessary diagrams and working to justify your
answer.

.
..........................................................................................................................................................



2 CONNECT

You may like to present your findings as a report. Your report
could include:

a booklet containing calculations, diagrams and plans
a poster showing labelled diagrams and plans

a PowerPoint presentation

a technology demonstration

other (check with your teacher].
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3A Understanding rational and @ 3E Writing surd fractions with
irrational numbers a rational denominator
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3B Multiplying and dividing surds @ 3F Fractional indices
3C Simplifying surds @ 3G Understanding logarithms
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ESSENTIAL QUESTION

How are rational and irrational numbers represented
and how can different operations be applied to them?
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Which of these numbers is a perfect
square?

A8 BV2 C 144 D 128

Calculate each of these values.

a V81 b Y8 ¢ V256 4 Y81

Represent the recurring decimal 0.13 to
12 decimal places.

Represent each recurring decimal in an
appropriate shorthand form.

a 0.562626262...

b 12.58013013013...

¢ 45454545454 ...

d 0.841284128412...

A right-angled triangle has its smaller
side lengths marked ¢ and b and its
hypotenuse length marked ¢. Which is
the correct statement for Pythagoras’
Theorem for this triangle?
Aa+b=c B a>+b*=¢?
Ccec=a>+1D? D =3+ b?

Are you ready?

3B b 6 Calculate the area of each shape.

a square with side length 12 cm

b rectangle with length 15.5 m and
width 5 m
triangle with base length 25 mm and
perpendicular height 14 mm

d circle with diameter 10 cm

State the prime factors in index form for
each number.

a 50 b 72 ¢ 48 d 100

What is the expression 5(x — 6)
equivalent to?
A 5x-130
C 5x+30

B 5x-11
D —-25x

Expand each expression to remove the
brackets.

a (x+2)(x—=7) b (x+6)(x+6)

¢ (x=4x+4) d Bx-7)7

Calculate each of these values.

1 1 1 3.5 5 2
“s bty sty d 95
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3A Understanding rational and
Irrational numbers

The number system you have worked with up to now is called the . Real numbers are
divided into two main groups, and . Rational numbers can be written
exactly as fractions and irrational numbers cannot be.

1 a Give some examples that show a whole number can be classified as a rational number.
Give some examples that show how any can be classified as a rational number.
¢ Give some examples that show how any that is not a recurring decimal can
be classified as an irrational number.

2 a Use your calculator to write a decimal approximation for the number \'5. Write the number to
seven decimal places.

b Repeat part a for each of these numbers. i3 i V6 i V2 iv V10
¢ Calculate the value of each of these numbers. i ﬁ i V36 i V81 iv V100
d What is the difference between your answers to part b and your answers to part ¢?

3 a Briefly explain why the answers to question 2a and b are all examples of irrational numbers.
b Why aren’t the answers to question 2c irrational numbers?

4 Numbers that cannot be calculated exactly but can be written with a Real numbers
root sign, for example, ﬁ, %, %, ... are called . I

Surds are irrational numbers. Which numbers in | |

question 2 are surds and which are not? Rational numbers Irrational numbers
) (non-terminating
5 The real number system can be displayed | | and non-recurring
visually, as shown in this figure. Copy the Integers Fractions Decimals decimals and surds)
diagram and provide at least two examples  |(positive, negative (terminating and
for each of the classifications. and zero) recurring)

KEY IDEAS

» The real number system is made up of rational numbers and irrational numbers.
» Rational numbers are numbers that can be written exactly as fractions.

» Whole numbers (integers), fractions, terminating decimals and recurring decimals are examples of

rational numbers.
» Irrational numbers are numbers that cannot be written exactly as fractions.
» Surds are numbers that can only be written exactly by using a root sign.

» Surds and non-terminating decimals that are not recurring are examples of irrational numbers.
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EXERCISE 3A Understanding rational and irrational numbers

[ 1 Match each number below with a term from the list A—F.
a % A recurring decimal
b 45.710 326 58... B integer
c -9 C terminating decimal
d V23 D fraction
e 0.154715471 547 ... E surd
f 6.213764 29 I non-terminating and non-recurring decimal

EXAMPLE 3A-1 Identifying rational and irrational numbers

Determine whether each number is rational or irrational.

2 0.26 b —2 e =11

d 16 e 2.354 [ 6.584381257...

THINK WRITE

a 0.26 is a terminating decimal. Terminating decimals can a 0.26 is a rational number.
be written exactly as a fraction (0.26 = %).

b Fractions are rational numbers, so —% is rational. b —% is a rational number.

¢ —V 11 cannot be calculated exactly (= —3.316 624 79...). ¢ —y11 is an irrational
It is a non-terminating and non-recurring decimal which number.

cannot be written as a fraction, so —V 11 is irrational.

d 16 can be calculated exactly (\/1_6 = 4). Whole numbers d 16 is a rational number.
are rational numbers, so V16 is rational.

¢ 2.354 represents a recurring decimal (2.354 545 454...). ¢ 2.354is a rational number.
Recurring decimals are rational numbers, so 2.354 is
rational.

f 6.584 381 257... is a non-terminating number. The f 6.584 381257...isan
decimal place values do not have a pattern of repeating irrational number.

digits, so 6.584 381 257... is irrational.

2 Determine whether each number is rational or irrational.

a % b =5 ¢ 3
d Vo4 e 2.548247001... f5.684
¢ -3 b -3/5 iS5t
i -L5 kK V9 1 V8
m V125 n 0.001 002 142... o V32
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Determine which of these numbers are surds.

V9 V2 2/6 425

THINK
V9 can be calculated exactly (V9 = 3), so /9 is not a surd. V9 is not a surd.
V2 cannot be calculated exactly (= 1.414 213 562...), V2 is a surd.

so V2 is a surd.

2@ =2X ﬁ Since Jg cannot be calculated exactly 2/6 is a surd.

(= 2.449 489 743...), 2/6 also cannot be calculated exactly.
So, 2V6 is a surd.

425 = 4 x [25./25 can be calculated exactly (V25 = 5). 425 is not a surd.

4@ =4 x 5 =20, which is rational. So, 4@ is not a surd.

3 Determine which of these numbers are surds.

a V21 b V12 ¢ 33 d—m e 2/4

g %[9 h 5[5 i 4\[64 | —3\,/27 k 3\/3
V100 V6 V6
y--- g — + A

m nos o y5-1 p 3+V3 q 36

r =6
=21t
22 _
4

4 For each of the surds in question 3, use your calculator to write a decimal

approximation rounded to four decimal places.
5 Which irrational numbers in question 2 are surds?

6 Calculate each value without using a calculator.

a V121 b 5@ ¢ —-4/64

e 4016 + /64 r 36 +V64 o V36 + 64

i V25 + 144 i —@—J? k 2 100—”?

m 472 n (/36) o V256 — 4/16
7 Which of these are rational numbers and which are irrational?

a —V8l b % ¢ V0.64

¢ 3.358204721... f 84 g -3

i 1.369 i 4.435353535... k V20.25

m V0.125 N 5.250052255... o V027

P
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8 Of the irrational numbers in question 7, which are surds?

9 State whether each number is rational or irrational.

. F b F T

16 12 J5 16
R

I ZR N 6 e
10 Pi (symbol 1) is a number commonly used in mathematics.

a Is m rational or irrational? Provide a reason to support your answer.

b Using the figure in 3A Start thinking! (page 104) that classifies numbers within the
real number system, where would n be best placed?

11 Use your calculator to find the value of each expression, correct to four decimal places.

a V5+1/6 b 2/3+\11 ¢ V30 -V15
d 4/8-2/10 e V71x\5 r 43 x 37
s 2J24 =8 h (207 — 4/3) i??
S ) 305

! H11 2+3 3+5

s — —

. . 5
12 Consider the two fractions ( and —.
s s -
a Use your calculator to determine the approximate
value for each fraction to six decimal places.
b Are the two fractions equivalent? no
e !, N
between fractions written in the form gggg
%
4 and the form |4 o0o00oe0
gnm 0
Provide a reason to support your answer. nag%g
e Write each fraction in the form JE and hence
b (0 [ « [+
decide if it is a rational or irrational number.
32 V15 .7

2 3 V28

Calculate V4 and V9.
Between which two whole numbers will \/3 lie?

¢ Use your results to comment on the relationship

5 . .
d Is j; a rational number or an irrational number?

13

=]

¢ How does a knowledge of perfect squares help in determining which two whole
numbers a surd will lie between?

d Between which two whole number values will each of these surds lie?
i V11 i =20 i V131
iv —\/48 v 180 vi V300
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14

15

16

17

18

19

20

As you have seen, the decimal value obtained from a calculator for a

surd is an approximation, while the surd represents the exact value. A 1

a Use Pythagoras’ Theorem to show that the exact length of the 2
hypotenuse in this diagram is 5.

b Write a decimal approximation for the length of the hypotenuse to two decimal
places.

Pythagoras’ Theorem can be applied to determine the exact position of a surd on the

number line. Using the surd /5 from the previous question, the figure shows how to

construct the right-angled triangle on the number line.

a Using a pair of compasses, place the compass point at 0 and open the arms to
meet the end of the hypotenuse. Draw an arc to meet the number line as shown.
This point represents the exact position of V5. Accurately copy this diagram.

1

f T — Number line

o 1 255 3
b Add a new triangle to the previous \

triangle as shown. Use Pythagoras’

Theorem to show that the length of the 1

new hypotenuse is V6.

» Number line

T
4

on
—_
\S]
w

¢ Repeat part a to determine the exact
position of JE on the number line.

Using the information shown in question 15, show how you would represent these
values on the number line:

a V2and V3 b Jl_O,\/Hand\/E ¢ 26 and \27.

A square has an area of 64 cm?.
a  What is the length of each side of the square?
b Calculate the length of the diagonal of the square:

i as an exact value ii rounded to two decimal places.

Repeat question 17 for a square with these areas.
a 35cm? b 51 mm? ¢ 95cm?

2 Multiply the side length of each square in questions 17 and 18 by V2. Compare
these results with the diagonal lengths you obtained. What do you notice?

b Use Pythagoras’ Theorem to prove that the diagonal of any square is always V2
multiplied by the side length.

Show that each of these decimals is a rational number by writing them as a fraction
in simplest form.

a 04 b 0.65 c 049 d 1.6 e 2.57 f 0.851
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21 You have seen that recurring decimals are rational numbers. For example, 0.6 is
equivalent to % You can verify that % =0.666 666 ... by performing 2 ~ 3 on a
calculator. To write a recurring decimal as a fraction (and to show it is rational),
you can follow a series of steps.

a  Match each Step 1-6 shown below with its corresponding Line of working A—F in
the calculation below. Write the lines of working in the correct order.

Steps Lines of working

1 Let x represent the recurring decimal. A 0.6= %

2 Multiply the decimal by 10 to write an B x= 8
equation for 10x. C 10x = 6.666 666...

3 Form a new equation from the two D Let x =0.666 666...
equations for x and 10x. Subtract the F 10x — x
terms on the left side of each equation and =6.666 666 ... — 0.666 666 ...

subtract the numbers on the right side of F ox=6
each equation.
Simplify the resulting equation.

5 Divide both sides of the equation by 9 to
obtain x on the left side and a fraction on
the right side of the equation.

6 Write the recurring decimal as a fraction in
simplest form.

b Why did you multiply x by 10 in the calculation above? How did this help you
obtain a whole number on the right side of the equation in step 4?

22 Use the method shown in question 21a to write each recurring decimal as a fraction.
Check your answers with a calculator.

a 0.2 b 0.7 c 23 d 5.6
23 a Copy and complete the working shown Let x =0.363 636...
at right to write 0.36 as a fraction. 100x =
b Explain why multiplying x by 100 was 100x — x = —0.363636...
helpful in this case. (Hint: did you 99x =

obtain a whole number on the right

. . . x = —
side of the equation in step 4?) 99
S0 0.36 = ﬁ
24 Use the method shown in question 23a to
write each recurring decimal as a fraction.
a 0.14 b 0.21 c 048 d 1.73
25 Write each recurring decimal as a fraction.
Show all working. B . Reflect
a 0.333333333... b 0.24 :
=— .. . i What are some similarities
¢ 0.785 d 041 e 0.56 :

_ . _ i and some differences between
f 3.18 g 4.25 h 3.5126 i rational and irrational numbers?
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3B Multiplying and dividing surds

You can perform operations with surds just like with other types of numbers. In this task, you will
investigate how to multiply and divide surds. You will need a calculator to perform your initial
calculations. Ensure your calculator can show surds as exact values rather than decimal approximations.

1 Consider the multiplication of two surds such as V5 x 7.
a Use your calculator to determine the result. Your calculator should display the result as a surd.
b Repeat part a for each of these expressions. i V2 x5 i V3 x\7

2 Observe your results for each calculation in question 1. Use your results to explain how two surds in
the form Va x /b can be multiplied without using a calculator.

3 Now consider 3/2 x 4/7.
a Enter the calculation into your calculator to determine the result.
b Repeat part a for each of these expressions. i 36 x5 i 27 x 4/11

4 Look at your results for each calculation in question 3. Use your results to explain how two surds in
the form a/b x ¢\d can be multiplied without using a calculator.

5 Consider the division of two surds such as /45 = m .
a Enter the calculation into your calculator to determine the result.

b Repeat part a for each of these expressions. i V55 =11 i @

Vs

6 Look at your results for each calculation in question 5. Use your results to explain how two surds

in the form Va = Vb (or g) can be divided without using a calculator.

815

7 Now consider .
4/3

a Carefully enter the calculation into your calculator to determine the result.

b Repeat part a for each of these expressions. i 6/18 ii @
2/6 507

8 Look at your results for each calculation in question 7. Use your results to explain how two surds

in the form Ng[ (or a/b + ¢/d) can be divided without using a calculator.
c

KEY IDEAS

» When multiplying surds, multiply the surd parts and write the product beneath the square root
sign, and multiply any whole number parts separately. Write the whole number part first followed

by the surd part. Va xVb=Vaxbanda/bx eJd=ax ¢ x\bxd
» Similarly, when dividing surds, divide the surd parts and divide the whole number parts.

@+ﬁ:i:\/(l+b zmduﬁ+(v@)zﬂ:(0+(')><\//>+¢/
Vb eld
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EXERCISE 3B Multiplying and dividing surds

EXAMPLE 3B-1 Multiplying two surds
Calculate each value, writing your answer in surd form.
a V6 x5 b 5/3 x 8/11
THINK WRITE
a Identify the values under the root sign and a V6 x5
multiply them. =J6x5
=30
b 1 Multiply the surd parts and multiply the whole b 53 x 811
number parts. =5x8x 3 x\11
2 Write the product of the whole number parts =40 x{3x11
first and the product of the surd parts under the =40 x 33
root sign. =40/33

Do not use a calculator for the questions in this Exercise.

1 Calculate each value, writing your answer in surd form.

a 7 x\5 b V3 x |11 c 2x=7 d =15 %7
e V13xY5 =2 xy1l g V7x\3 h 19 x5

i V7 x 311 i 53 x 42 k=42 x 7111 1 12y6 x =3/5
m 11Y2 x 6/17 n 8/6 x8/7 o 4/3x-6/11 p 123 x11/5

2 Calculate each value.

AIN3INT4 ANV INIAONVLSYIANN |

a 1x\7 b 3x\3 ¢ 2x\2 d V66
e 5x\5 f =1Ix=/11 g J10xV10 h V9x\9

3 What did you notice about each result in question 27

4 Calculate each value, writing your answer in surd form where appropriate.

a 33 x\3 b =1L x 71l ¢ 4/2x5/2 d 6/5%2/5

e V3x32 156 x2/5 o —42x8/13  h 12/3x4/11

i 2(12x 73 i 25x3020 kB3 x-82 1 3Tx315

m —12/6 x =6/7 WIsx213 o 15(10x—%7  p -10/17 x 1.1/5

=
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Calculate each value, writing your answer in surd form.

V42 =6 @
/6 W12
THINK
Identify the values under the root sign and divide V42 =6
them. =42 = 6
=7
Divide the surd parts and divide the whole 36\/\/@
number parts. W12
_36x160
9 %12
=(36+9)x\J60 =+ 12
=4 X \/g
= 4\/3
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10

Calculate each value, writing your answer in surd form.

a 342 b V248 c V15+1V15 d V15+ -3

V42 - V56 ) . .

= TR o 418 =3 h 22740 = (11Y3)
—24/35 . 16/50 o N .

e N kK —12060+3/6 1 8/355=(16/11)

Calculate each value.

a V32+1V2 b 24 =V6 c V54+V6 d V40 =V10
What did you notice about each result in question 6?

Calculate each expression, writing your answer in surd form.

a 1215+=3 b 3524+ (78) ¢ —12/48 = (4/24)

18/35 -32/42 . 35/5
d — e f ——=
N7 -8/6 -15
g 2 h 240 + (5/48) i 12027
T -8/3 432
For the calculation 6y3 x 3\/5, show that the result is 18V6.
Consider 24\/%. By dividing the whole number parts and dividing the surd parts,

820

show that the result is 3v2.
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11 Consider the fraction %
a Briefly explain the method you would use to simplify this fraction.
b Simplify the fraction.
¢ Look at the surd fraction in question 10.

i What is the highest common factor of the whole number parts in the
numerator and the denominator?

ii What is the highest common factor of the surd parts in the numerator and the
denominator?

d Cancel the common factors of the whole number parts and the surd parts of the
fraction and show that the result is the same as you obtained in question 10.

5V24 . V24
1s not the same as ——.
/6 506

13 Calculate each expression, writing your answer in fractional surd form.

12 Show that

Remember that 6/15 + 35 is equivalent to 6/15

V35
2 6015 =15 , 12030 ¢ 4434 = (28/22)
16/6
i —20(75 . 36y35 ; 225
25/45 16/7 -33/5
o 8ﬁ£4 hVTS = @E) 932+ 18/38
i 43 x 6 . 92 x5 : 8y21
To3fe V18 12/14
14 Simplify each expression.
/54 81 _
a 76 b 100 ¢ V32 x Sﬁ
V3 36
d = e 512 x-2/3 o=
V27 9
o T8 x\18 h 4/6 x (8 x 6/12 i 8/45+5/5
i V32 . —4(75 : -5/343
T 168 15/3 15/7
15 Simplify each fraction, writing your answer in fraction form where appropriate.
, 35 %46 L, 57 x V6 Lo 12748
6/3 25/14 3/2 x 5/6
i 11Y132 . 83 x 28 . 45 x =324
411 x -2/6 66 x 2 510 x 62
B3 x15xy8 . W12 x310x —6/7 . -5/6x2/28 x /44

1
V6 x 912 5/8 x 8/15 321 x —4/18
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16 Squaring a number is multiplying the number by itself. Find the value of each

expression.

a (/5)? b (/8 ¢ (27

d (7 e (92 r(15)
¢ (/25) h (757 i @5y
i @ley ko (8/3) I O/11)

17 Study the answer to each part of question 16.
a Does the square of a surd in the form JZ or ay b result in a rational or an

ININOSVIY ANV INIATOS W3IT408d |

irrational answer?

b Prove that your answer to part a will always be true.

18 Simplify each expression.

2 (x)? b (aby?

e ey xey 4 Vx+yxlx+y
19 Find the value of each expression.

ey

¢ (-3F ¢ (o

20 For each shape, calculate:
i the area, correct to two decimal places

ii the exact area.

a [ 4 b
[ L]
5(2 cm 5y3 cm
1 [
g ] 67 cm
52 cm
C d 15 mm
NG i
f cm 23 cm 6 2 em
3J7 cm =
25 mm
e f
83 m
23 m

6V5 m
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21 The glass in a ship’s porthole has a

diameter of 5/6 cm.

a  What is the radius of the glass
panel?

b Calculate the exact area of the
glass panel.

¢ Briefly explain why the area of
the glass panel is not a surd value
and is not classified as a rational
number.

22 For each shape, calculate:
i the area, correct to two decimal places

ii the exact area.

a b c
46 cm

23 A laptop screen has an area
of 18215 cm? and a height
of 13y3 cm. What is the
width of the screen?

8

[T

24 A circle has an area of
6m cm?. Calculate the exact
radius of the circle and the
diameter.

25 A semi-circle has an area

St
of32m.

Calculate its exact diameter.

26 A square has a diagonal length of 6y6 cm. Calculate its area.
27 Reconsider the sector in question 22¢. Calculate the exact perimeter of this figure.

28 Consider a square with dimensions expressed
in surd form of the type Va. Is it possible that U ——— 5

the value representing the perimeter can be the Reflect
same as the value representing the area of this : How are the rules for multiplying
square? Explain your answer. i surds similar to the rules for

i dividing surds?
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3C Simplifying surds

1 Consider V5 x /8.
a Explain how you can multiply two surds without using a calculator.
b Use your method to multiply these two surds, expressing your answer as a surd.
¢ Now use your calculator to multiply the two surds. How does this answer compare with your
answer to part b?

Your answer to part b may have differed from the answer on your calculator. When performing
operations with surds, most calculators show the answer in simplest form.
d Briefly explain how you could show your answer in part b is equivalent to the answer in part c.

2 Look at the multiplication from question 1: V5 x 8 = /5 x 8 = /40.
You have seen that this result can be simplified. Now investigate how this can be done.
a Copy and complete the following to write 40 as a product of two factors. Which factor pair do
you think should be used to obtain the simplest form seen earlier?

VAo =V _x__
= x{_
b Repeat the method from part a to simplify each surd.
i /12 i /18 i V20 v /32
¢ Check each answer in part b with your calculator.
d The method in part a involved writing a surd as the product of two factors. Review each of the

surds simplified in parts a and b. What do you notice about one of the factors in each of the factor
pairs chosen?

3 Why do you think an understanding of perfect squares is essential when working with
simplifying surds?

KEY IDEAS

» In most calculations, surds need to be written in simplest form.

» To write a surd in simplest form, write the number under the root sign as a product of
two factors. For the first factor use the highest possible perfect square.




EXERCISE 3C Simplifying surds

1 Calculate each value.

3C SIMPLIFYING SURDS

c
: 2 16 b (8T . @ i
=
@ e 100 r 25 s 336 ho4/121
>
5 iV i 516 k3144 I 3/9
-
z 2 Simplify each expression.
o
- a 81 x\7 b V16 x V3 c V4x\6
c
= d 25 %10 e J9x\2 r V5x36
=<
¢ 2x\16 x |11 b 3%y100 x5 i 3144 x 10
3 Copy and complete each calculation to simplify the given surd.
a V45=\9 x_ b V20=V_x\5 e V8=V _x|_
=_ x/_ =__ x5 =2x\_
EXAMPLE 3C-1 Simplifying a surd in a form
Write 54 in simplest form.
THINK WRITE
1 Write the number under the root sign as a product of two factors. V54=9x6
For the first factor use the highest possible perfect square. =9 x\6
2 Calculate the exact part (/9 = 3) and simplify the surd. =3x6
= 3\/6
4 Write each value in simplest form.
a 28 b V50 c 24 d V27
e V48 75 g V63 h 60
i /56 i V45 ko128 1108
m V180 n V147 o V162 p V125
q V450 r V288 s V270 t V567
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Write 472 in simplest form.

THINK
1 Identify the parts of the surd. Write the number under the root NT2=4x%x\T72
sign as a product of two factors, with the first factor being the =4 x\36x2
highest ibl fect :
ighest possible perfect square 4% (36 x 3
2 Calculate the exact part (\/% =0). =4x6x\2
=24 %2
3 Multiply the whole number parts and simplify the surd. =242
_C 5 Write each value in simplest form.
S a 520 b 3V8 ¢ 6/12 d 9Vi18
=
@ e 4/80 r 3/90 o 12/150 h —3V48
>
= i 796 i —2y245 k 8192 I 10y252
=
z m —5/112 n 799 o —12/68 p 1004300
=
° q 2320 P 2216 s 8248 t 2176
E 6 Show that the surd 5/27 simplifies to 15/3.
=<
7 Write each value in simplest form.
a 43 b V125 c V120 d 72
e V150 =216 o V126 h V240
i =308 i 243 Ty 1 %
m —2/48 n 15/80 o 3/84 p % 450
¢ —8/800 ¢ -2/900 s —/1000 ¢ —”488
; 51372 - 384 W 7V 1280 . % 43
14 2 32
8 Calculate each value, writing your answer in simplest surd form.
a 2/5%x3/8 b 4/6 x 2/10 c —4/3x715  d V8x 12
e ~W10x-6/15  2/12x3/14 ¢ 5/20x-6/30  h 5/48 x 4/24
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3C SIMPLIFYING SURDS

9 A surd in which the entire number is written beneath the root sign
can be called an entire surd. For example, V6 can be classified as an entire surd,
but 3% cannot.

10

11

12

13

14

a

Copy and complete the following to write 36 as an entire surd.

36 =V32x 6
x\6

7,

Consider the first line of working in part a. Why do you think the whole number
part of the surd is written as a perfect square beneath the root sign?

How do you think the initial surd (3/6) and the answer (the entire surd) are
related to each other?

When writing a surd as an entire surd, briefly explain how you could check that
your answer is correct.

Follow the working from part a to write 43 as an entire surd.

Write each value as an entire surd.

a
€

i

b

3/5 b 2/3 ¢ 42 d 67
410 ro5/11 o 8/6 h 5/5
415 P82 k 12{7 I =53

Write a\/b as an entire surd.
Check that the general form of the entire surd obtained in part a produces the
same answer for each surd in question 10.

In your own words, explain how a surd is expressed as an entire surd.

Write each expression as an entire surd.

a

(¢

min b Na ¢ x/5 d 10Vxy
dy2¢ f 3y4abc aJ ab? h xplx?yz?

o

Write each expression in simplest form.

a

(¢

Vx2y b Vx%? ¢ Vab? d VxZyz?
Vx4 foxty

432 h Va*b’e

]
=
<

An alternative method to simplify a surd involves writing the number under the root

sign as a product of its prime factors.
Consider the surd V12.

a

b

Write 12 as a product of its prime factors in index form.

Write the product of prime factors under the root sign and show that it simplifies

to 2@.
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When using the method shown in question 14, you will notice that not all numbers
under the root sign result in perfect squares, but often they can be written differently
so that they contain perfect squares. Consider V54.

a  Write 54 as a product of its prime factors in index form.
b Use your answer to part a to show that V54 has an equivalent form of V3% x 3 x 2.

Simplify your answer and use your calculator to check that it is correct.

(o]

Use the methods from questions 14 and 15 to simplify each value.

a\/l_S I)J2_8 cm
d V27 em 50

o 320 h 2/128 i 5/63
i 8/40 k 748 I 6/45
m\/1_80 n5\/rﬂ 06\/1_62
p V125 q 2450 v V288

When you write the number under the root sign as a product of its prime factors in
index form, what is the common feature of all surds for which the prime factors are
all different?

Consider 3y 392 x 5/ 192.

a  Multiply the whole number parts and multiply the surd parts, then write the surd
in simplest form.

b Simplify each surd first and then perform the multiplication.
Do the methods in parts a and b produce the same answer?
d  When do you think it is best to use each method?

Calculate each value, writing your answer as a fraction in simplest surd form.

a 3/48 =6 b ZJE ¢ 15/104 + (25/8)
| 5475 . -21/84 ; 4/300
63/15 6V7 3/25

8/960 . —/504
g .y h V384 + (5/64) i 5

Calculate each value, writing your answer in simplest surd form.

., 2248 b 410 x 6/24
82 x 43 2/5 x 32

38 x 712 N 2/15 x 412 x\[10
12V6 x —8y/2 V2 x 5/12

a/bc? x b¥ac
oV ab?

Simplify
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22 Use Pythagoras’ Theorem to calculate the exact length of the unknown side in each
triangle. Where appropriate, write the answer in simplest surd form.

a b
4 cm 12 cm 6 cm
8 cm
c d 2l m
14 cm m
12 cm 45 m

23 For each of these shapes calculate the exact area, written in simplest surd form.

a 12y8 cm b

[ L]

512 cm ;

= N 812 cm

c : d T
)
_____ :
418 mm 11y8m

24 The circular face of a pocket
watch has a circumference of
424

3
a2 What is the radius of the

watch face, in simplest
surd form?

b Calculate the exact area
of the watch face.

25 Find at least three different surd
values that simplify to 4V5.

Reflect

26 Find at least three surd values or expressions

that simplify to 8V7. Why is a knowledge of perfect
i squares so important when

simplifying surds?
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3D Adding and subtracting surds

1 Consider 3x + 2y — 2x.
a How many terms are in the expression?
b Using your knowledge of algebra, explain how you write expressions such as this in simplest form.

¢ Simplify the expression.

2 Now consider 3/5 + 2/3 — 2//5.
a Use your calculator to simplify the expression.
b Compare your answer to part a with your answer to question 1c. What do you notice?
¢ Compare the expression from question 1 with the surd expression in question 2. What similarities

do you notice?

3 How do you think simplifying surds involving addition and subtraction is similar to the methods for
simplifying algebraic expressions involving addition and subtraction? You may wish to review your
responses to questions 1 and 2 to help with your explanation.

You may recall from algebra that only like terms can be added or subtracted. Similarly, when working
with surds, only like surds can be added or subtracted.

4 Now consider 4/27 + 2@ - m

a How many surds are in this expression?

b At first glance, do these surds appear to be like surds?

¢ Write each surd in the expression in simplest form.

d What do you notice about the expression after you simplified each surd term? How many of the
surds are now like surds?

e Simplify the expression and check your answer with the result you obtain when you enter the
original expression into your calculator. Are the two results the same?

KEY IDEAS

» Like surds contain exactly the same number under the root sign, regardless of the whole
number part.

» Only like surds can be added or subtracted.

» Write surds in their simplest form before adding and subtracting.




3D ADDING AND SUBTRACTING SURDS

EXERCISE 3D Adding and subtracting surds

1 State whether each pair are like surds or not.

a 3/5and V5 b 42 and 2/4
¢ 3and V3 d -3/6and 6/6
e 5/5and 2/2 f 3/7and 3/10
g 22 and —\2 h 2/2and V8

EXAMPLE 3D-1 Adding and subtracting surds

Simplify each expression.

2 6/5+3(5-V5 b 43 -2y2-6/3+5/2

THINK WRITE

a 1 The three surds in the expression are like surds
because they contain exactly the same number
under the root sign.

2 Simplify the expression by adding and subtracting
the whole number parts.

b 1 Reorganise the terms by grouping the like surds
together.

2 Simplify the like terms in the expression by adding
and subtracting the whole number parts.

a 6/5+3/5-\5
=6/5+3/5-1/5

=6+3-1)5
=8/5

b 43 -2/2-6/3+5/2
=4/3-6/3-2/2+5/2
=@4- 63+ (-2+5)2
=-2/3+3/2

AJIN3INT4 ANV INIAONVLSHIANN

2 Simplify each expression by adding (or subtracting) the like terms.

(Hint: look for like surds.)
a 23 +V2+5/3

¢ =310 -4/7-V6+2/3
e W2-V2-6/5+502

3 Simplify each expression.
a 23 +V3+5/3
¢ =37-3/7-6
e 62-42-42+2/2
g 311 +4/55 -5
i 6/6+3/5-V6+5+2/6

== o T

43 -202+\2
6V13 + 4/39 -3 + 2/13
3V6 + 45 -6 +5+2/6 -4

3W2-2V2+\2-5/2

W5 —V3-4/3+6/5-2/3
310 - 4/2 - 63 + 5/5
721 - 6/3 + 5/3 - 6/21
=315 - 207 =7 - 4/15
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Bl 4 Write each value in simplest form.
a 32 b 125 ¢ 6/54 d —6/18
e —5/80 r 4/128 o 12243 h 5V245

5 Identify the like surds in each list of surds.

a 2V3,\2,4/2,2/5,3/2 b 37,1402, 7V3,2/14
¢ =3V6,3/12,V3, 18, 2/27 d 9Y32,4V8,\128, 5/200

Simplify 4(45 + 5/80.

AJIN3INT4 ANV INIAONVLSHYIANN

THINK
1 Simplify each surd in the expression. 445 = 4 x \[45 5/80 = 5 x /80
—4x\{9%5 = 5x\{T6%5
=4 x\[9 x5 =5x\16 x5
=4x3x\5 =5x4x\5
=123 =20/5
2 Rewrite the expression with the simplified 4@ + 5@
surds. As they are like sur(.is, a(.id the =125 +20/5
whole number parts and simplify.
= (12 +20)/5
=32/5

expression.

a 5V27 +\12 - 8/48
¢ V28 —3/112 + 2/63
e 4/108 — 5/75 — 6/48 + /8

Simplify each expression.

a 512 +y27-8V3

V7 -3/28 + 57

V108 — 4/27 — 212 + 275
¢ 318 —4/50 - V8 +2/98
312 =28 + 5/8 — 2/20

(g]

(¢

S

d

6 Write each term in these expressions in simplest form and then simplify the

220 — 4/80 + 2/45
3V24 — 754 — 96 + 4/20
V128 — 5/27 + 232 - 3y75

28 + 432 + 32

3V45 -5 - 2/80 + 2/20
324 — 4/54 + 5/24
2075 - 6/3 +2/48 — 6/12
6V54 +/45 — 5/96 — 227



AIN3INT4 ANV INIONVLSYIANN |

ININOSVYIYH ANV INIATOS WIT408d |

8

10

11

12

3D ADDING AND SUBTRACTING SURDS

Simplify each expression. You may like to refer to the example shown at right.

a 5/20 + 4/80 + 3y/28
(28 T2 5T —
b 4/36-3/48 +2/12 —2/AX3+5/49x3 /16 X3

¢ 3024 - 4V125 - 20216 + (45 =2 x4 x\3+5x49 x (3 -16 x 3
d V63 +7/27 - 228 +8/75 =2x2x\3+5x7x\3-4x\3

e 8 —4/108 + 5/45 + 3288 =43 +35/3 — 43

f —4/300 - 5/242 - 2/8 + 7Y27 =35/3

o 272 + 6/48 + 2128 — 6V192
h 3J75 =150 + 5/80 — 5/96 + /180

Simplify each expression.

a 180 + 4125 — 3y245 4243 + 3/300 — 2/432

¢ 3V338 - 12/147 — 2/50 + /48 d 3216 — 4/125 — 2147 + 5/45

e V63 +7/567 — 2/96 + 8/588 V200 — 4/180 + 5/864 — 3160

o —4/320 = 25 +245 - 36 + 27 h 12072 - 6/192 + 2/128 - 5/507

(=

-

-

When simplifying surds, what methods can you use to ensure that each surd is written
in simplest form?

Simplify each of these surd expressions, which contain pronumerals. You might like
to refer to the example shown at right.

a Vx+y16x —/25x 3\27x + 4/x —25x + 2/ 12x

b 3V4x +2/x - 5/36x =3(9x 3 xx+4(x —V25 x x +2/4 x 3 x x
¢ V9x +\12x +\16x — 2/48x =3 % 3/3x + 4 x — 5/x + 2 x 2/3x

d V8xy — 2(32xy + 2 18xy = 9\3x + 4/x — 5/x + 4/3x

e V150xy + 2/384xy — 6xy = 13/3x - Vx

f V24x%y + 3x/96y — 5/54x%y
o 3xp? = 5/ 12x + TV27x)2

h 3V100x2y — | 147x%y + %\/48x2y +y16x%y
i 2xV80xy + 5/ 12xy —125x%y — 2/432x2y

From previous work, you may recall a rule used to expand expressions that contain

brackets known as the distributive law.

a Show that expanding the expression a(b + ¢) using the distributive law produces
ab + ac.

b Briefly explain how the result of the expansion of the expression in part a is
obtained.
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The distributive law can also be applied to expressions involving surds. Expand each
expression. Where necessary, write all surds in simplest form.

2 62 +3) b 8(/5—4) ¢ 54 -6/2)
d 432 +2/3) e 2(5/6 - 3/5) f =5/72V6 - 3/10 + 2)
g 3/6(5/3 +2/10) h SV7207 - 12) i 61123 - 5V7 +V11)

V53 = 2/5 + 5/15) k =3/3(4/6 —2/10 + 9/15)

Use a calculator or other digital technology to check your answers to the expansions
in question 13.

Expansion of a binomial product can be performed by repeated use of the
distributive law.

a  Show that the expansion of the binomial product (a + b)(c + d) produces the
expression ac + ad + bc + bd.

b Briefly explain how this result is obtained.

Binomial products may also contain surds. (Expressions such as V5 + 3 are referred
to as binomial surds. Can you see why?) Expand and simplify each expression.

a (5+3/3)2+4/6) b (3/2+6)(5/5 - 8)
¢ (J6+2/3)(6V2 + 5/3) d (15 = 3V2)(4/2 + 8/6)
e (4/8 - 5/5)(3/3 - 9/8) £ @10 + 3/5)(2 - 6/12)

Use a calculator or other digital technology to check your answers to question 16.

Expand and simplify each of these perfect squares.
a (5+V6)? b (V7 - 3)? ¢ (4+5/3) d @2-7y2
e GBY5+2/32  f @6-37)2 o (W3-5/82  h (3/10+6/5)

You may have noticed that the result of each expansion in question 18 followed
a pattern.
a  Show that the expansion of (a + b)* will always produce the expression
a* + 2ab + b2
b Show that the expansion of (a — b)? will always produce the expression
a* — 2ab + b>.
¢ These patterns for expanding perfect squares are known as the perfect square
rules. Use these rules to check your answers to question 18.

Expand and simplify each expression.

a (4+V6)d-Ve6) b (55 = 3)(5/5 +3)
¢ (@3 +V2)2/3-12) d (45 +7V3)4/5 - 7/3)
e (2Y8 - 6V6)(2/8 + 6/6) f (42 +8/6)4/2 - 8/6)

o (1+3/5)1-3/5) CHTEINCITESY
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3D ADDING AND SUBTRACTING SURDS

Consider each expansion in question 20.
a  What do you notice about the terms inside each pair of brackets?
b Is the result of the expansion a rational or an irrational number?
Why do you think this is the case?
¢ You may have noticed that the result of each expansion followed a pattern.
Show that the expansion of binomial products in the form (a + b)(a — b) or
(a — b)(a + b) will always be a*> — b>.
d This pattern is known as the difference of two squares rule. Use this rule to check
your answers to question 20.

For each shape calculate the exact area, written in simplest surd form.

¢ b 8V6 + 5
! (12\/5-3{2) cm I 36+ Sm

U

[T

310 em (86 + 5)m

S

Use the information provided to calculate
the exact area of each composite shape.
a 33 m b ¢ m
510 m 4J5 cm Sm
85 m 18 cm ‘ 6m
Calculate the exact perimeter of each shape in parts a and b of question 23.

A rectangle has a perimeter of (4\/3 + 12\/3) m.

a  What are some possible dimensions for this rectangle?

b Isit possible that this rectangle could be classified as a square? Provide a reason to
SUppOTt your answer. o

i Reflect
A rectangle has an area of 6 cm?. How do the methods for
a Provide at least two different sets of surd i simplifying expressions that
values representing possible dimensions for i have addition and subtraction of

i surds differ from the methods
¢ for those with multiplication and
i division of surds?

this rectangle.

b For each set in part a, state the perimeter of
the rectangle.
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3E Writing surd fractions with a

rational denominator

1 Consider the fraction l.
V3

(]
» 2 6 T o

o a6 =

What is the numerator? Is it a rational or an irrational number?

What is the denominator? Is it a rational or an irrational number?

Is the whole fraction a rational or an irrational number? Explain.

Write the decimal approximation for the fraction, correct to four decimal places.

Enter % into your calculator and press the ‘enter’ or ‘=" button. What fraction is displayed?

What is the numerator in this fraction now? Is it a rational or an irrational number?
What is the denominator? Is it a rational or an irrational number?

Write the decimal approximation for this fraction, correct to four decimal places.
How does your answer to part d compare with your answer to question 1d?

The fractions in questions 1 and 2 are equivalent fractions. The fraction in question 2 is a surd fraction with

a rational denominator. By convention, surd fractions are always written with a

3 a

Calculate the result for each multiplication. Write each answer in simplest form, where appropriate.
1 3.1 3.4 . 2.5

i-x1 i x— il X — iv = xZ

2 4 1 4 4 55
What did you notice about each result in part a?

What is special about the second value in each multiplication?

Calculate these results by multiplying the numerators together and multiplying the denominators

together.

201 2.3 .2 3.2 2
i =X i =x= X iv X
V31 V33 V3 3 3 2
Compare each result in part a. Show that each result is an equivalent fraction.
Which result in part a is a fraction with a rational denominator?

What operation was performed so that a rational denominator was obtained?

KEY IDEAS

» Fractions that contain surds must be written with a rational denominator.

» To write a surd fraction with a rational denominator:

> identify the surd in the denominator

> multiply the numerator and the denominator of the fraction by this surd

> simplify the resulting fraction.
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EXERCISE 3E Writing surd fractions with a rational

denominator

1 Which fractions have an irrational denominator?
, Ve , L 32 g 42 /8 ;203

5 T 77 © g 3

2 What would you multiply the numerator and the denominator by in each fraction to
obtain a rational denominator?

2 5 3 2/2 5 3
a — b = c = d — e — —
- Vs 3 V2 3 V10 V3
EXAMPLE 3E-1 Writing simple surd fractions with a rational denominator
Write each fraction with a rational denominator.
7 2/3
a — b — c —
V6 25 V2
THINK WRITE
a 1 Identify the surd in the denominator. Multiply a Z-2y E
by a fraction that is equivalent to 1 using this 6 V6 6
; . _2/6
surd in the numerator and the denominator. ==
V36
2 Simplify the resulting fraction. = 2\?
= E
3
: : 7 _1 V5
b 1 Multiply the numerator and the denominator by b T =3 X =
the surd part in the denominator. 2525 VS
_ 75
2025
2 Simplify the resulting fraction. = 27;/35
7
10
¢ 1 Multiply the numerator and the denominator by c 2J\/_§ = 2\/\/_3 X Q
the surd part in the denominator. 2 2 2
= ﬁ
V4
2 Simplify the resulting fraction. = 2\5
=6
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_C 3 Write each fraction with a rational denominator.
S 3 2 3
m a — b = c =
B V6 V7 3
z 45 5 7
= d —= e —— f —
= V7 32 4/5
- 23 LS o
= g — - L
S Vs 25 W7
: i L85 o8
z /10 32 45
=<

4 Write each surd fraction in question 2 with a rational denominator.

Write \/\/% with a rational denominator. Write the numerator in simplest surd form.

THINK

l5al
Slloe

P

1 Multiply the numerator and the denominator by
the surd part in the denominator.

_ /40
V25
2 Simplify the denominator. = @
L . . _v4x10
3 Simplify the surd in the numerator by writing the =
number under the root sign as a product of two
factors, one of which is a perfect square. = /4 Xsm
_2/10
5

5 Write each fraction with a rational denominator. Where appropriate, write the
numerator in simplest surd form.

05 , (10 . 2010
BN /5 /6
/3 35 2
, 20 i e
c s 47 2(2
RN L2 o/12
6/3 V18 5V8
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3E WRITING SURD FRACTIONS WITH A RATIONAL DENOMINATOR

6 Write each fraction with a rational denominator. Where appropriate, write the
numerator in simplest surd form.

a E b _m c &
V2 V6 37
206 i3 L alm
V8 73 Vs
g S h 2 i Ax
x x(y 2y
A 2y I

y 2p/x 6x\yz
7 Expand each expression.
a 43 +2) b 62— 3/3) ¢ 5(/3+4)
d 2(/5-2) e 2/5(/3+3) 2732 -2/7)

=

8 Consider the fraction In this fraction, the denominator is a binomial surd.

_4

53

2 Multiply the denominator by 5 + 3.

b Is the result in part a a rational or an irrational number?

¢ Notice that you multiplied the denominator by another binomial surd. How are
the surds related?

d The binomial surd 5 + 3 is called the conjugate of 5 — 3. What type of number
will result when any binomial surd is multiplied by its conjugate?

9 State the conjugate for each expression.

a 3+2 h 2-3 ¢ 5+/6

d 4+3/5 e 3/5-2 o47-1
o 1+2/3 h V2+(3 i V5-V3
i 2/5+5/6 ki 3y7-2/5 1 5V2-2/5

10 Multiply each binomial surd in question 9 by its conjugate. Be sure to check that each
answer is a rational number.

11 Each calculation performed in question 10 follows the difference of two squares rule.
Show how this rule works to produce a rational answer.

12 Look at the fraction from question 8. To write a fraction like this with a

_4
5-13
rational denominator, you multiply the numerator and the denominator by the
conjugate of the denominator.

a  Write the fraction with a rational denominator.

b Use a calculator to check that your answer to part a is equivalent to the

4
5-V3

original fraction
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Write -z with a rational denominator.
4+\3

THINK
1 Multiply the numerator and the denominator by 2 \/_ 2\/_ 4 - j:
the conjugate of the denominator. The conjugate 4+ 4+ 7 4-
of 4 +\3is4 - 3. = 24-V3)
(4+3)4 - 3)
2 Simplify the fraction by expanding the expression = 81; 2\/33

in the numerator and then the expression in 8- 203
the denominator using the difference of two

squares rule. Check that you obtain a rational 13
denominator.
_c 13 Write each fraction with a rational denominator.
§ a 1 b c S
= 2+\3 J_ 6+\5
= ;3 . J_ .23
= 3-4/5 5+3/2 1+2/3
g g = h 37 i —42
° C5-1 2/6+5 V3-\2
= j /3 L2l 610
= V5+\2 3706 +2/10 5(2-2/5
e
14 Expand each expression.
a (2 +3)5-2/3) b (4-2/516+1)
¢ @7-32)3+1) 4 (52 +4/3)3/6 - 5)
e (10 +V7)(3 - 2) (35 -2/3)4/2 +6)
15 For each fraction:
i state the conjugate of the denominator
ii write the fraction with a rational denominator.
a \/3 *+1 b >t 2\/3 c 1 \/3
2/3+3 4+\2 3-5
g 305 . 23— oos2-1
V6 +1 35 +21 33 +2/5
o 42-36 L 42-V6 - W3-2(5
C2(1-3 V10 =7 2/5+13
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16 Write each fraction in simplest form with a rational denominator.

2 . 205+ 1 . 1-2/3
3-2 07 3(5 43 -1
205 - 3V2 . V7 -1 3/2-4
3/5-2/2 V7+1 4+3/2 V5 -
a i x K —XFY_ p Ix=y
x=y S ox =y xfx+\y Vx+\y

17 You can perform addition and subtraction with surd fractions in a similar way to

o

how you would with common fractions.

Con51der =+ 1

2
a First W\/I:te each fraction with a common denominator and add the two fractions.
Then write your answer with a rational denominator.
b Repeat the addition, but this time rationalise the denominator of the first fraction
before performing the addition.
¢ Show that the answers to parts a and b represent the same fraction.

18 Calculate the value of each expression.

3.1 4 1 . £ 2
5s " 53 5
d 1,3 e S _2 f £ L
43 202 V5 3/6 J_ 43

. 3
Vs-1 J5+1

a  Write each fraction as an equivalent fraction with a rational denominator.

19 Now consider

b Add the two fractions formed in part a, writing your answer in simplest form.

20 Calculate the value of each expression after first expressing each fraction with a
rational denominator.

2 2 p 2 2 c 2 L2
J6-2 V6+2 5+V2 V5-\2 J6-1 J3+1
5 4 L3 3 B+l _V3-1
2+1 JV5-2 22 +\5 3/2+2/3 J‘+4 3+1

21 Numbers written as surd fractions may represent dimensions in shapes.

a

Draw some basic two-dimensional shapes (for example, squares, rectangles or
triangles) and use surd fractions to represent

their dimensions. For each of your shapes, i Reflect

calculate the When rationalising the

a area denominator, why is it important
b perimeter i that the numerator and the

Where appropriate, write fractional answers : denominator are multiplied by the

. ) . i samevalue?
with a rational denominator. :
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3F Fractional indices

Previously, looked at the index laws that ly t ressi ith
reviously, you looked at the index laws that you can apply to expressions wi Index laws

terms written in index form.

anm X ' = qg"n +n
These index laws apply for all rational values, not just integer values. an =gt =gnn
That is, expressions that have fractional indices still obey the index laws. (@myr = gmxn

1
1 Consider the expression a? X a3.

a  Which of the index laws could you use to simplify this expression? Explain.
b Simplify the expression.
¢ Check your answer with a calculator or other digital technology.

[
2 Now consider the expression a? + a3.

a  Which of the index laws could you use to simplify this expression? Explain.
b Simplify the expression.

¢ Check your answer with a calculator or other digital technology.
1

3 Now consider the expression (af) .
a  Which one of the index laws could you use to simplify this expression? Explain.
b Simplify the expression.
¢ Check your answer with a calculator or other digital technology.

4 For each of the expressions simplified in questions 1-3, did your answers show that the index laws
apply to the fractional indices in the same way as they apply to integer values?

KEY IDEAS

» The index laws can be applied to expressions involving terms written in index form.

» The index laws include:
am X qg" = qg" +n
([IH _ (’H = [[/17 - n

(UIN)/I = g" Xn
» A useful index property is a” = 1.

» Expressions that contain fractional indices obey the index laws.



3F FRACTIONAL INDICES

EXERCISE 3F Fractional indices

1 Use the appropriate index law to simplify each expression.

1 2 3 1 3 1 2 1

a XX xS b x10x x5 ¢ xtxx® d x5 x x6
4 1
5 1 2 1 5 2
e x60xx6 fox3xxt g x—3 h x—3
x4 x7

2 Use the appropriate index law to simplify each expression.

- - () ) () C e

EXAMPLE 3F-1 Using the index laws to multiply and divide
Simplify each expression.
3
1 2 5
a 3x% x4x3 b 12_x1
4x3
THINK WRITE
1 2
a 1 Identify the parts of each term. Multiply the a 3x% x4x3
coefficients and multiply the terms with the same 2
=3x4 X xtxx3
bases. X 5
=12x x4 x x3
1.2
2 Simplify the index terms. Write the base and add =12xx* 3
the indices together. 1
=12 x x!2
11
= 12x12
3
. .. 12x3
b 1 Identify the parts of each term. Divide the b —
coefficients and divide the terms with the same 4x3
bases. Remember that a fraction represents a 3 ( 1)
division statement. =12 %37+ 4 x X3
301
= 12+4><(x5+x3)
301
31
2 Simplify the index terms. Write the base and =3x (x5 3)
subtract the indices. 4
=3x15
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[ 3 Simplify each expression.
1 1 2 3 3 2
a 5x3 x2x4 b 6x5 x 5x8 ¢ 9x7 x —4x°
5
1 3 3 6
d 4x4 =+ x0 e 12x5+6x8 f 32);
8x5
EXAMPLE 3F-2 Raising a term to another index
3
D &
Simplify 5(x5y2)4.
THINK WRITE
2 3 2 s
1 Each index term is raised to the power outside 5(x5y2) = 5(x5) ()4
the brackets. So use (a”)" = a™ > " to simplify 2.3 0,3
the expression. =5xx5 4xy 4
3 3
2 Simplify each term by multiplying the indices. =5xxl0x y2
33
= SxEyz

4 Simplify each expression.

3 1

2 (5 b (e

1 2

| d 2(x%y%)2 e 4(x%y%)3

2
)3
24
X3S

3
27x8

e |

o s

3

)§

EXAMPLE 3F-3

11 13
Simplify 5x2y3 x 2x3y3.

THINK

1 Identify the parts of each term. Multiply
the coefficients and multiply the terms with
the same bases.

2 Simplify the index terms with the same
base.

Using the index laws with terms involving
more than one pronumeral

WRITE

11 1 1 1 3
5x2y3)(2X5y5:5><2xx2xx5xy3xy5
L1 1 3
=10 X x2 X x5 X 33 x 3
1113
=10xx2 3% 3"5
714
:IOXxIOXyIS
714
= 10x10,15

13
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3F FRACTIONAL INDICES

5 Simplify each expression.

1 3 24 53 12 Bl

a 4x4y5 x Tx3y4 b —6x3y7 X 12x6p7 ¢ 9x0p3 X 5x8y
31 11 3 s 11 X
<7 RT] T 53 . IxH7
d 25x5p4 = 5x%p12 e 12x8yll = 6x5y3 f
7x7y§

6 Use the appropriate index law to simplify each expression. Write each fractional

power in simplest form.
3

r 1 r 1 Vi 31
a x*x x4 b x3x x6 c (x3) d x8+x8
3
1 1 3 32 3 1
3% 2,3 X 3 Ly 30
e 3xZx2x f — g \5x h Fx*x3x
4x2

7 Now explore other ways that fractional powers can be represented.
11

Consider the numerical expression 32 X 32.

a  Which one of the index laws would you use to simplify this expression?

b Use the index law to simplify the expression and check your answer with a
calculator.

¢ Now consider the surd expression y3 x /3. Multiply the two surds and write your
answer in simplest form.

d Compare your answers to parts b and ¢c. What do you notice?

e Repeat parts b—d for each of these pairs.
11 11

i 22x22and {2 x\2 i 52x52and\5 x5
1 1 1 1
iii 102 x 102 and V10 x /10 iv x2x x2andVx x/x

f Using your results to part e, explain what you notice about the relationship
. 1 .
between the fractional power of 5 and the square root sign.

[
8 Now consider the numerical expression 33 X 33 x 33,

a Use the appropriate index law to simplify the expression and check your answer
with a calculator.

b Calculate 3\/3 x 3 x 3\/§

Compare your answers to parts a and b. What do you notice?

(]

d Repeat parts a—c for each of these pairs.
i 2%><2%><2%and32><32><3\/§
ii S%XS%XS%and3 5x35%x 75
i 107 x 107 x 107 and YT0 x 70 x Y10
iv xéxxéxx%andﬁxi/;x%
¢ What are the differences between the surd expression in 8b and that in 7¢?

f Use your results to explain what you notice about the relationship between the
. 1 .
fractional power of 3 and the cube root sign.
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1
9 In questions 7 and 8 you explored some relationships to show that x2 is equivalent
1

to Vx and that x3 is equivalent to x. Extend upon this to show that any fractional
1

index of the form 1 is equivalent to . That is, x" is equivalent to x. You may wish
n

to provide numerical expressions as examples.

10 Notice that the fractional powers you have seen so far and the corresponding surd ,
form have only related to fractions with a numerator of 1. Now consider the term x3.

1 Iya
2 Show that this term has equivalent forms of (x?)3 and (x3) )

ININOSVIY ANV INIATOS W3IT408d |

b Show that both expressions in part a are equivalent to Yx% and (3\/;)2.
2

¢ Use a calculator to show that substituting these values for x into x3 produces the
same results as substituting into each expression in parts a and b.
ix=5 ihx=2 iii x=3 iv x=10 v x=12 vi x=27
11 Show that any fractional index of the form 2 is equivalent to ¥/( )" or (Y y".
n

m
That is, x" is equivalent to ¥ x" or (/x)™.

1
12 Write your answer to each expression in question 6 X2 e x
in an appropriate surd form. Lo
e x
13 Calculate each value without using a calculator. r
1 1 1 xn e x
a 252 b 362 c 12 m
1 1 1 x e N e (y
d 1442 e 1002 1962
1 1 1
¢ 83 h 273 1253
1 1 1
13 k13 I 323

14 Look at each part in question 13.
i If each fractional power was negative, briefly
explain how the answers would change.

ii What would the value of each
part be if the powers were

negative?

15 Write each value in simplest surd form.
1 1

1
a 5?2 b 82 c 242

1 1 1
d 1082 e 1522 543

1 1 1
o 1283 h 3202 i 2432

1 3 3

i 4322 k 52 1 62
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16 Write each expression with fractional indices.

a X3 b 6
d \3xp? e l6x7ly

3F FRACTIONAL INDICES

¢ x5S
o

17 Simplify each expression, giving answers with fractional indices.

13
11 12 3.3

L 2 3,4
. 4,5 5.3 X7y
a 12x%y° X 9x°y b iz
5x9y5

d Vaxdy x 3(x%3 e 3xhd =\V9x)?

V2x3y?
5Vx%yz

o V8x3yz5 x 2y3xz23 h

18 Write each expression in simplest form.

a V16x%y b V12x73y7
d VY27x? e Y16x3%z

1
c (4x%y%)2

1
([x3y5)3

ey

p—ry

(S

’ 72x%43
24xy

f343x71y°

19 Simplify each expression, writing answers with positive indices where appropriate.

12 31 11 2
a 3x 33 x6xty

12 _Lr
3,5 3\4
d 3x 2y3 o (x3 )
23 y
12x3y%
_1 1 11 13
5x 2 X 4x3 3x 2p3 X 5x6y4
g =5 h —=——F——
2x 5 2x8y3
2 1
3 2
20 Consider the expression %
814

b 12x%)3 x 6x 3y 4

xy?
15
x3y

C
2

a Use an appropriate combination of the index laws to simplify the expression.

b Use your working and result from part a to assist you to solve the equation

2 1

_ 3§ X 9_5

_71
814

9x for x.

21 Solve each equation for x.

1

p 25x+2:7

! 5
b 27r"3=9v+l
R
L ogro 164%27

1
64

i How are fractional powers and
i surdsrelated?
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3G Understanding logarithms

In this section you will investigate the relationship between index form and an alternative form known as

(or logarithm form).

Consider the equation x = ¢™ written in index form. State the base and the index.

You are aware that the index is also referred to as the or . When written in this form,
the index may also be referred to as a (often abbreviated to log).

Equations written in index form can also be written in an equivalent logarithmic form. Look at the
original equation x = ¢”. The equivalent logarithmic form for this is log, x = m.

This form is interpreted as ‘the logarithm of x to the base a is equal to m2’ or ‘the log of x to the base a is n7’.

2
3

Explain how the parts of the index equation relate to the parts of the logarithmic equation.

Look at 2° = 32, which is in index form. This can easily be written in logarithmic form.

a Identify the base, logarithm and basic numeral and hence write the equation in an equivalent
logarithmic form.
Repeat part a for 10* = 10 000.

¢ What must you know about a number in index form for it to be written in equivalent logarithmic
form?

Now consider 102.

a How does this form differ from those provided in question 3?

b Explain what you need to do before you can write this as an equivalent logarithmic equation.
¢ Write the equivalent logarithmic equation.

d Follow your method from part b and write 5% in logarithmic form.

Just as equations written in index form can be written in logarithmic form, the reverse is also true.
Consider log;, 1000 = 3, which is in logarithmic form.
a Identify the base, logarithm and basic numeral from this equation.
b Write an equivalent equation in index form.
¢ Repeat parts a and b for each of these equations.
i logs25=2 ii log, 64 =3 iii log, 64 =6
d What information is required from logarithmic form for an equivalent equation in index form?

KEY IDEAS

For expressions in index form, the index may also be known as the power, exponent or logarithm.

The equivalent logarithmic form for x = &” is log, x = m, where a 1s the base, m 1s the logarithm

oa

and x is the basic numeral. — 7 _
X=a log, x =m

Writing a logarithmic equation as an equivalent equation . - " . o
- index form  logarithmic form

in index form helps when calculating a logarithm.
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EXERCISE 3G Understanding logarithms

1 Identify the logarithm in each part.
a 23=8 b 22=4 ¢ logs25=2 d logjp10=1
e 56=15625 f24=16 s logyy=-1 h logys=-1

EXAMPLE 3G-1 Converting from index form to logarithmic form

Write 3* = 81 in logarithmic form.

THINK WRITE
1 Identify the base, logarithm and basic 34 =81

numeral from the given form. base = 3, logarithm = 4, basic numeral = 81
2 Write the equivalent equation in log; 81 =4

logarithmic form.

= 2 Write each equation in logarithmic form.

m a 3=27 b 4l=4 ¢ 54=625 d 103=1000
§ e 62=36 f 93=1729 ¢ 34=81 h 27=128
o

= 3 For each equation:

g i state the logarithm

z ii state the base

E iii write in logarithmic form.

z a 42=16 h 53=125 c 92=381 d 102=100
B e 82=64 f 26=64 o 44=256 h W=z

EXAMPLE 3G-2 Converting from logarithmic form to index form

Write log, 16 = 4 in index form.

THINK WRITE
1 Identify the base, logarithm and basic log, 16 =4

numeral from the given form. base = 2, logarithm = 4, basic numeral = 16
2 Write the equivalent equation in 24=16

index form.
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4 Write each equation in index form.

5 For each equation:

AIN3INT4 ANV INIONVLSYIANN |

6 Complete these steps to calculate log; 27.

7 Calculate each of these values.

8 Write each value with positive indices.
1

a logy32=5 b log39=2 ¢ logs25=2
e logy16=2 f log, 1024=10 g logg216=3

a log, 16 b logs 256 ¢ logs 125

d log;49=2

b Find the value of m that makes the equation a true statement.

a Let m represent the logarithm, so log; 27 = m. Write this in index form.

h log;q 100 =2

i state the logarithm ii state the base iii write in index form.
a logz27=3 b logs4=1 ¢ logg36=2 d log, 16 =4
e logs 625=4 f logz243=5 g log;343=3 h log,b=c

d log;o 1000

a 37! b 571 c (5)_1 d (0.1)7! e 272
o 473 h x7! i X2yl i (0.2)72 k 1072
For each part:
find the value without using a calculator
write an equation in logarithmic form.
5 U
THINK
1 Write the value with a positive index and simplify. 57l= %
571=1
2 Write the equation from part i in log form. logsé =-1
1 Write the value with a positive index and simplify. (%)_2 = (%)2
1\-2
(z) =16
2 Write the equation from part i in log form. logl16= -2
4
9 For each part:
i find the value without using a calculator
ii write an equation in logarithmic form.
a 671 h 471 c 272 d 275 e 572
_ _ . (1l 1\-2 1\-3
| g 1073 h 37 i () (3) k(3)

ON

1074

107!

(0.01)"!
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10 Consider these base 10 logarithms. g —

a

3G UNDERSTANDING LOGARITHMS

" logyo 10 i Togyy 100 - »

iii log;o 1000 iv logjo 10 000

Logarithms to the base 10 can be entered into @
a calculator by pressing the log button. Use a COOOOoOD
calculator to find the value of each logarithm. [ s | aan m

Another way to calculate a logarithm is to let a nnuam
pronumeral represent the logarithm and write in (e [ Lo [ e [ « Jom ]

equivalent index form. n u m m
For example, if you let x represent the logarithm, y

then x = log;, 100 is equivalent to 10¥ = 100. nanDD
You can now find the value for x that makes the n GBDD
equation a true statement. Use this method to n‘ag
calculate each logarithm and check that you get lh____J

the same answers as in part a.

The method in part b can be extended to include one additional step.

x = log;, 100 is equivalent to 10* = 100 or 10¥ = 102

Once the bases are the same, you can equate the indices. This produces x = 2.

Use this method for each logarithm and check that you get the same answers as in
part a.

11 Calculate each value. You may like to refer to the example at right.

a

C

o

= 0

m

12 a

13 a

logg 64 b log; 27
log, 81 1 log, 32 "31";) fn;cll log; 81, let x = log; 81.
log;o 10 000 f logs 125 3 ~ 3
logg 36 h logsz 81 : P
log, 8 i log, 64 *
So log; 81 = 4.
log; 49 | logs 243
1 1

logs § 0 log; %
log; 0.01 p log g
Write the value for each amount.

i logs 5 ii log;3 iii log; 10
iv logg 8 \ 10g22 vi 10g12 12

What do you notice about each result?
Use your answers to explain what the result of the logarithm of any number to the
same base will be.

Write the value for each amount.

i logs1 ii logz 1 iii logjo 1
iv logg 1 v log, 1 vi logpy 1
What do you notice about each result?

Use your answers to explain what the result of the logarithm of 1 to any base
will be.
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14

15

16

17

18

19

Write the value for each expression.

a log, x b log, 1

log,a =1 because a' = a
¢ log,y d logp 10

log, 1 =0 because a’ = 1
e logppl f log, 1

Consider log, (—16).
a Is it possible for this to be written in an equivalent index form?

b Repeat part a for each value.

i logs (—25) ii logy (—27)
iii logjo (—1000) iv logg (—36)
v log, (—64) vi logg (—8)

¢ What can you conclude about taking the logarithm of any negative number to
any base?

Now consider log, 0.
a Is it possible for this to be written in an equivalent index form?

b Repeat part a for each value.

i logs0 ii log; 0
iii 10g10 0 iv 10g6 0
v logs 0 vi logg 0

¢ What can you conclude about taking the logarithm of zero to any base?

Now consider log; 5.
a Isit possible for this to be written in an equivalent index form?

b Repeat part a for each value.

i log; 5 ii log; 3
iii log; 10 iv log; 6
v log; 4 vi log; 8

¢ What can you conclude about taking the logarithm of any number to the base 1?

In questions 15-17, you discovered that some logarithms are not defined for
certain numbers and bases. In a similar way to the general summary provided with
question 14, write general summaries that cover the findings in questions 15-17.

A knowledge of logarithms and index form is quite useful in solving logarithmic
equations. Consider the equation log, 64 = 2.

a  Write the equation in an equivalent index form.

b What is the value of x?

¢ Show that the index form in part 2 is equivalent to x> = 82,

d  Notice that the two powers are the same in the equation shown in part c.
If the two powers are the same, then equating the bases will produce the solution.
How does this method compare with your answer to part b?
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20

21

22

23

24

25

26

3G UNDERSTANDING LOGARITHMS

Use the methods from question 19 to solve each logarithmic equation for x.

a

C

o

o
S

log, 64=6 b log,125=3
log, 16 =2 d log,8=3
log, 128 =7 f log,81=4
log, =1 h log,§=-3

Consider the equation logy x = 3.

a
b

(]

Write the equation in an equivalent index form.
Calculate the index term to find the value of x.

Briefly explain how expressing a logarithmic equation in index form helps you to
solve the equation.

Use the method from question 21 to solve each logarithmic equation for x.

a
C

(¢

o
S

logzx =3 b logsx=2
logg x =1 d logpx=4
log, x =5 f loggx=3
logz x =-3 h log, x=-2

Investigate the change of base rule and how it can be applied to logarithms. You
may wish to test this rule by repeating some of the calculations you performed in

questions 7 and 11.

In question 12 and 13 you encountered the general statements log, @ = 1 and
log,1=0.
a Use your calculator to find out if these hold true when @ = 1. That is, find the

a

value for log; 1.

How do you interpret the result from part a?

Use the change of base rule for log; 1.

Reconsidering your responses to question 24, along with your answer to part a,
provide a brief explanation as to why log; 1 is not defined.

Similar to n, which is an irrational number you have used with perimeter and area of
circles, there is an irrational number e that is connected with logarithms. The value

of e approximates to 2.718 28 when rounded to five decimal places. Logarithms to
the base e (log,) are known as natural logarithms and can be worked out using a
calculator in a similar way to logarithms to the base 10. The log, button is usually

labelled as In. Identify the button and calculate each of these, correct to two decimal

places.

a log,5 b log, 10

¢ log,2 d log,0.5

e log, 100 f log,1 Reflect
¢ log,0 h log,2.718 28

How is index form related to
¢ logarithmic form?
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3H Working with logarithms

Just as index laws apply to expressions written in index form, logarithm laws .
Some index laws

apply in a similar way to expressions in logarithmic form.
anr X gt=gntn

1 Start with the index law for multiplication; that is, ”* X a"* = a™ "
art =gt =gnn

(am)n =" Xn

Let x = a" and let y = a".

a Write x = ¢" and y = ¢" in equivalent logarithmic form.

b Show that x X y results in the equation xy = a” * ",

¢ Write the equation from part b in an equivalent logarithmic form.

d Using your answers from part a, show that the equation from part ¢ simplifies to

log, (xy) = log, x +log, y.

This logarithm law is often referred to as a . It shows that the logarithm of a product of two
numbers (x and y) is equal to the sum of the logarithms of the two numbers with the same base.
2 Now consider the index law for division; that is, @™ ~ @ = @™ ~". Let x = " and let y = a".

a Write x = ¢" and y = ¢" in an equivalent logarithmic form.

b Show that x + y results in the equation Xogmon,

¢ Write the equation from part b in an equivalent logarithmic form.
d Using your answers from part a, show that the equation from part ¢ simplifies to
X
log, (;) =log, x — log, y.

This logarithm law is often referred to as a . It shows that the logarithm of a quotient of
two numbers (x and y) is equal to the difference of the logarithms of the two numbers with the same base.
3 Consider the index law for raising a term in index form to another index; that is, (a™)" = a™ *".

a Let x = ¢" and raise both sides of this to the power of n. Show that this simplifies to x* = ™ * ",

b Write the equation from part a in an equivalent logarithmic form.

¢ Show that the equation from part b simplifies to log, x" = n X log, x.
This logarithm law is often referred to as a . It shows that the logarithm of a power term (x")
is equal to the power (n) multiplied by the logarithm (of x).

KEY IDEAS

» Logarithm laws can be applied to expressions in logarithmic form.
» The log laws include:
> the log of a product, log, (xy) = log, x + log, y

. . X
> the log of a quotient, log, |=) = log, x — log, y
.

> the log of a power, log, x" = n X log,, x.
» Other useful log properties include:
> log,a=1 > log, 1 =0.

oa
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EXERCISE 3H Working with logarithms

c
=
o
m
=
(%]
—
>
=
o
=
@
>
=
o
-n
-
c
m
=
o
=<

1 Calculate each value.

a logs 5 b log; 3 ¢ logyo 10 d 4logs 5

e 3logz 3 f log;yl g logy 1 h 4logs 1
2 Calculate each value.

a logy 32 b logs5 ¢ logyl d log, 1

e log33 f logy % ¢ log, 47! h log, x

3 Use the logarithm law log, (xy) = log, x + log, y to write each expression as a sum of
two logarithms.

a logjp(3%)9) b log, (6 X 3) c logs(2.5%x10) d log (xy)
4 Write each expression as a logarithm of a product.

a log; 6 +logz 2 b logig5 + logg 3 ¢ log, 10 +1og, 5

d logy 6 +1og, 12 e log,5+1log,3 f logyx+logyy

5 Use the logarithm law log, (5) = log, x — log, y to write each expression as a

difference of two logarithms.
a logo () b log, (3) ¢ logs () d log, (%)

6 Write each expression as a logarithm of a quotient.
a logy 12 —logs 5 b logig 50 — logg 15 ¢ log, 25 —log, 10

I d logs 36 —logy 9 e log,3—1log,15 f logyx—logyy

EXAMPLE 3H-1 Using the ‘log of a product’ and ‘log of a quotient’ logarithm laws

Use the appropriate logarithm law to calculate:
a logy32 +1logs2 b logs 50 — logs 2.
THINK WRITE
a 1 Each logarithm in the sum contains the same base, a logy 32 +1ogy 2
so use the ‘log of a product’ logarithm law: =log, (32 X2)
log, (xy) = log, x + log, y.
2 Calculate the logarithm (43 = 64). Alternatively, = log, 64
log, 64 =log, 4% =3logs4 =3 x1=3, =3
b 1 Each logarithm in the expression contains the same b logs 50 — logs 2
base, so use the ‘log of a quotient’ logarithm law. = logs (%)
log, (i) =log, x — log, y.
2 Calculate the logarithm (52 = 25). Alternatively, = logs 25
logs 25 =logs 5> =2logs 5=2%x1=2, =2
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7 Use the appropriate logarithm law to calculate each value.

a logz 9+ log; 9 b loge 108 — loge 3 ¢ log, 8 +log, 4

d logo 500 + log;q 20 e logy 256 —log, 16 f log;243 —logz 9
¢ logg9 + loge 4 h logs 175 — logs 7 i logy 32 +log, 16
i logio 25 + logp 4 k logz 54 —log; 6 I log, 768 — log, 3

8 Use the appropriate logarithm laws to calculate each value.
a logg27 +1loggd —logg3 b logyy 60 —log; (%) ¢ log; (%) + log; 18
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9 For each expression:
i use the appropriate logarithm laws to write each amount as a single logarithm
ii use a calculator to obtain the value of

the single logarithm, correct to two

decimal places ¢) NOTE Onyour calculator, look

for the button or function that
a logz5+logy7 b logs 18 —log, 3 shows log to any base. Check with
your teacher if you are unsure.

¢ logs 63 —logs 9 d log, 12 +1log, 5

10 Use the logarithm law log, x"* = n X log, x to write each expression as the product of
a power and a logarithm.
a logy 7* b logs2° ¢ log, 83
d logg 114 e logg 5% f log, 100%

11 Write each expression as a logarithm of a power term.
a 4 Xlogs3 b 8xlogy5s ¢ 2Xlog, 12
d 7log;2 e ylogs9 f 6logyyx

Use the appropriate logarithm law to calculate log, (43).

THINK
1 Use the ‘log of a power’ law to simplify the logarithm. log, (4%) =3 x log, 4
log, x" = n X log, x.

2 Calculate log, 4 (2, since 2° = 4) and simplify. Alternatively, =3x2
3xlog,4=3x%1log,2>2=3%2log,2=3x2x1=6. =

12 Use the appropriate logarithm law to calculate each value.
a logs (3) b log (4% ¢ logg (6°)
d logs (9%) e 3log; 27 i 4log, 64
¢ Slogs (5?) b slogs (44) i Tlog, (2%)
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13 Write each value in a simpler form and calculate if possible.

a 2log; 4
d logaﬁ

b 8log, 2
e —logs (g)

Calculate each value.

IOgIO 25 + 10g10 5+ IOgl() 8

logs 2 + logs 50 — logs 4

THINK

1

Use the ‘log of a product’ law to simplify the first
two terms.

Simplify the product.

Use the ‘log of a product’ law to simplify the
expression into one term.

Work out the value of the logarithm. (103 = 1000)

Use the ‘log of a product’ law to simplify the first
two terms.

Simplify the product.

Use the ‘log of a quotient’ law to simplify the
expression into one term.

Work out the value of the logarithm. (5% = 25)
Use the ‘log of a quotient’ law.
Simplify the quotient.

Work out the value of the logarithm by writing the
fraction in index form with a base of 2.

¢ 2log; 9
f 210g2\/;

log, 5 —log, 40

10g10 25 + 10g10 5+ IOg]O 8
=logg (25 X 5) + log;y 8

= 10g10 125 + logl() 8

= 10g10 (125 X 8)
= loglo 1000

= log;, 103

=3

logs 2 + logs 50 —logs 4
=logs (2 X 50) — logs 4

=logs 100 — logs 4
100

= logs ()

= logs 25

= logs 5°

=2

log, 5— %ogz 40

= log, (35

= log, (%)

= log; ()
=log, 273
=3

14 Use the appropriate logarithm laws to calculate each value.

a logg 12 +1oge 9 + logg 2
¢ logs40 + logs 10 — logs 16
e logs 2 —log, 32

15 Itis important that an expression is in the correct form before applying the log of a

b log, 24 + log, 6 — log, 36
d logz 15 —log; 45
f logyo20 + logy 45 + logg (?)

product law or the log of a quotient law. Consider each expression.

i 3logg 3 + logy 3

a  What is the first operation to be performed before each expression is simplified?

ii logy 72 — 3log; 2

b Write each expression as a single logarithm and calculate its value.
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Calculate logg 48 + logg 3 — 2logg 2.

THINK

1 Use the ‘log of a power’ law to rewrite the third term.

2 Use the ‘log of a product’ law to simplify the first two
terms.

3 Simplify the product.

4 Use the ‘log of a quotient’ law to simplify the
expression into one term.

5 Work out the value of the logarithm. (6> = 36)

16 Calculate each value.
a 3log, 2 +logy 8
¢ 2logz 9 + 2logs 3
e log, 72 — 2log, 6
g 2log, 4 + log, 14 — log, 7
i logs 15+ 2logs 5 + 3logs 2 — logs 24

17
index form first.
a log,27=3 b logs 64 =x
d log; 2401 = x e loggx=3
1 1
¢ logs(ps) = x h log,6=7
i log, (1) =4 K logy 2= x
18

these base 10 logarithms.
a Use the logarithm laws to show that:
i logyp 3 +log;y2 =1log;, 6
ii logjp3 —logjp2 =1logyy 1.5
iii logyg5 +1logp2=1

logs 48 + logg 3 — 2logg 2
= logg 48 + logg 3 — logg 2°
= logs 48 + logs 3 — logs 4

=logg (48 x 3) —logs 4

=logg 144 — logg 4

144
= logs ()
=logg 36
= logg 6°
=2

logs 225 — 2logs 3

4log;o 5 + 4log;, 2

5log, 4 — log, (2%)

4log; 2 — logz 32 + log; 54
3logo 5 + 2log;o 3 + logyg (2)

Solve each logarithmic equation for x. Remember to write each in an equivalent

¢ logyx=2

f logyx=6
i logzx=0
1
I log, (ﬁ) =-2

The approximations shown on the right can be made for

logip 1.5=0.176
log; 2 = 0.301
logig 3 =0.477
logig 5 = 0.699
logo 6 =~ 0.778

b Use the given values along with the appropriate logarithm law to calculate

each value.
i logp 15 i logyo (3)
iv logm 18 \Y 10g10 30

iii log;o (3)
vi logg (g)
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19

20

21

22

23

24

25

26

3H WORKING WITH LOGARITHMS

Fractions may contain logarithmic expressions in the numerator and denominator
and may be simplified in a similar way as common fractions; that is, by cancelling any
common factors in the numerator and denominator.

Consider log;y 3

log;p 9
a Use a calculator to find the value of this fraction.
b Show that the denominator has an equivalent logarithmic expression of 2log;, 3.

¢ Show that the fraction simplifies to the same answer you obtained in part a.

Three students attempt to simplify the fraction logyp 8

logj 2’
Hailey says the correct answer is 3, Danielle thinks the answer is 4 and Joyce is certain
that it must be log;, (g) or log;g 4. Which student do you think is correct and why?

Simplify each expression.

logg 16 b logs 216 . log; 8
log;, 2 loge 36 log; 2
log, 64 . logy 16 ¢ logs 125
log, 256 log;, 64 logs 5

You can use the logarithm laws to solve further logarithmic equations.

Consider the equation logs 2x + logs 3 = logs 12. The following parts highlight two
techniques that can be used to solve such equations.

a 1 Subtract logs 12 from both sides of the equation and show that the use of the

logarithm laws simplifies the equation to log; (g) =0.

ii Write the simplified equation from part i in index form and solve for x.
b i Look at the original equation. Apply the appropriate law to the left side of the
equation to show that it simplifies to logs 6x = logs 12.
ii Notice that the same bases appear on both sides. If this is the case, then the
number parts of each logarithm can be equated; that is, 6x = 12. Show that this
produces the same value for x as you found in part a.

Use either method from question 22 to solve each logarithmic equation for x.

a logy x +1logsz 5=1logs 15 b logs2x +log,8=3
¢ logsS5x —logs4=2 d logs 10 — logs x = logs 15
e logy(2x+1)—log,x=4 f logyg2x +log;g3=4+1logy5

Solve the logarithmic equation logs (x> — 9x + 21) = 0 for x.

Show that the solution to the equation log;y 22 * ! = log;, 4 is %

If 2dog, (5) + log, (55) — 3log, (5) =log,y.

find the value of y. . Reflect

How do the logarithm laws relate
i totheindex laws?




m CHAPTER 3: REAL NUMBERS

Create a summary of this chapter using the key terms below. You may like to write a paragraph, create a
concept map or use technology to present your work.

rational number recurring decimal like surds index form
irrational number real number system distributive law index laws

whole number surd binomial surd fractional indices
integer operations with surds perfect square rules logarithm
fraction simplifying surds difference of two exponent
decimal perfect squares squares rule logarithmic form
terminating decimal entire surd rational denominator logarithm laws

non-terminating decimal ~ product of prime factors ~ conjugate

Which number is irrational? Written with a rational denominator,

@ V120 —(16 @ what is ﬁ equivalent to?
309 V8 202
3/10 310

Which surd expression is equivalent to

2 4
@ 307 5[0

4 8
V30 +15 V7 x5
J7 x5 5 x 55 Which of these}expressions is not
equivalent to x*?
Which of these numbers is the simplest 4 4=
@ form of 4@? I (\/;)
1
88 42 (Vxy* ()
8y2 16v2
2 2 What is ¥’ = z equivalent to in
Which surd expression does @ logarithmic form?
@ 2050 — 6/2 + 418 simplify to? log,z=y log,y=1z
82 80V2 log: x =y log. y = x
16/2 250 — 6V2 + 4/18 What is an equivalent logarithmic
ion for 1 427
After expanding, what does @ explressmzr; _(:rl 081022
04) 2/6(4V3 + 5/10) simplify to? 810 810
10g10 6+ 10g10 7

8/18 + 10/60 242 + 20V15
logyo 6 X logo 7

242+ 5010 D 72/2+40/15 logio 7
log;o 6
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Determine whether each number is

rational or irrational.
3

7 0.256 371 ...

/35 35

402 + 16 0215
Determine which of these numbers are
surds.

3/8 % 6V4

Use a calculator to find each value,
correct to three decimal places.

276 [5-2
4
Show each number is rational.
0.65 0.2175
0.52 1.23

Calculate each value.
V11 x 7

Calculate each value.

: 4(%5
V24 =8 s

Write each expression in simplest form.

224 3125 /108

Calculate each value, writing each

36 x 9/5

answer in simplest form.

3/12 x 4/6 —20 x 5/45

Calculate the exact area for each shape,
written in simplest surd form.

126 cm

Simplify each expression.
W2-6/2+2
37 +2/5 -7 +3/5
2/10 =2 +4/5 +2
506 —2V6 +5+3/5-3

e

33 m r:5J§cm

Lo

3 CHAPTER REVIEW m

Simplify each expression.
224 - 254 - 5/96 +20
V108 — 275 + 248 + 38
4180 — 6125 + 3(245
3200 + 4/180 + V160 — 3/128

Expand and simplify each expression.

Q+43)3-2/8) b (2/3+4/5)

Write each fraction with a rational
denominator, writing the numerator in
simplest surd form where appropriate.
5 315
2/6 2(5
45 2+6
3 +2/6 37-503
Use the appropriate index law to simplify
each expression. Write each answer:
in fractional index form

in an appropriate surd form.
33 Lo 5
(/\‘5 )2 x2 %X x3 d ;
V8x3y% X \/3xy 9x4
1
1 2\
( 9ny3)2 V3x%y%z
5V 8x%yz?

Write each equation in logarithmic form.

34 =81 6° =216
25=32 X =w
Write each equation in index form.
log, 8 =3 log, 64 =3
1
logyo (10 000) =-4 log,z=b

Use the appropriate logarithm law to
calculate each value.

logs 5°
3logg 3 + logg 27
2log; 4 — log; 32 + logs 54

log, 96 — log, 6

Solve each logarithmic equation for x.
log,32=75 logs x = -3
logy 256 = x log, (%) =3
log, x + log, 5 = log, 12
logs 4x — logs 5 =3
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Which of these numbers is rational?

5.251 681 368.... 2?
—\25 205

When rounded to three decimal places,
4+2(7,
s

@

what is the approximation for

‘Which number is irrational?

Y64 25 Y32 2/100

Which surd represents the greatest amount?

5V3 15
2/5 == Vio+2 D —=
2 22
Which surd expression is not equivalent to

V489

©66

V8 x /6

2/12
43 206 x 22
V7

What is the value of —12/6 x ?7?

454,
5/6

Which calculation produces the lowest value?

5m><2\/7 15V250

‘What is the value of

©

210
50 + 215 8/30
V5 V2

What is the simplest form of 5y245?
W5 12/5 35/5 575
What is —6y120 x %\/E in simplest form?

3972
8/18

Calculate the exact length of the unknown side @
in each right-angled triangle.

6 cm
Sm
10 m 14 cm

A circle has an area of 451 cm?.

What is

in simplest form?

©
o]

What is the exact radius of the circle?

Questions

and 15 refer to the expression

53 -J5+5+3/5-3.

Which statement is not true?
3V5 and 5@ are not like surds.
The expression contains three surd terms
and two integer terms.
The like surds have a combined value of
45 in this expression.
There are two like surds in the expression.

What is the simplest form of the expression?
What does 4/ 180 — 3/80 + 545 simplify to?

Which expression is equivalent to
20532 - 4/7)?

35 x 3@ - 47

205 x 3y2 - 2/5 x 47

205 x 32 +2/5 x 4/7

32 x 25 =302 x 4/7

When expanded and then simplified,
what is (3 — 4/5)??

Questions 19 and 20 refer to this composite

shape, which is divided into three small rectangles.

23 m

What are the dimensions of the smallest

rectangle?
2/3mx3m 42mx3m
@3 -V5mx3m D 2/3mx15m

What is the exact area of the shape?

When written with a rational
s/,
32

denominator, what is
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‘What is the conjugate of 3 — 272

Which expression shows the correct method

2V5 -

to write 3 3 with a rational denominator?

+\2
2(5-3, 2/5-3

2J§—3x2ﬁ+3

3+V2 3+\2 3+V2 2/3+3
205-3 3+2  2(5-3 J3-2
V3+V2 3+\2 3+V2 3-\2

Which expression represents the equivalent

form of written with a rational

1
4-3/5
denominator?

1 4—3ﬁ

4

-29
4+ 35 4+3/5
61 -29

Which expression is equivalent to i x3y?
1

W nxly e Do
1
What is 962 as a surd in simplest form?

A storage chest is a cube with a side length of

(7V10 + 11Y7) cm.

Draw a labelled diagram to represent the chest.
Calculate the exact surface area of one of the
faces of the chest.

Is the area calculated in part b a rational or an
irrational number?

All external faces of the chest are to be covered
with a special coating to protect it against wear
and tear. What is the total area to be covered?
If the special coating is sold for $12.80 per m?,

how much does it cost to cover the chest?

©

©

06

e 6

3 CHAPTER REVIEW m

What is logs 125 = 3 equivalent to in

index form?
3¥=125
5125 = 3

53=125
3125 = 5

What is 4% = 4096 equivalent to in
logarithmic form?

log, 4096 = 6 logs 6 = 4096
logs 4 = 4096 logs 4096 = 4
Calculate logs 243.

Which expression is equivalent to log;o 35?
logjo 5 X logo 7

10g10 7
logm 5

logm 5+ lOg]O 7
IOg]O 25+ 10g10 10

What is the value of x in log, x = —4?

What is the solution to
log, 3x + log, 5 — log, 6 = 3?

_6 _16 _5 _4
X =3 X =7 X =16 X=3

Show that a 1-L can of the protective paint is
enough to provide ultimate protection for the
chest.

Calculate the percentage of the paint in the
1-L can that is used.

A narrow, 8§0-cm long pole needs to fit inside the
chest.

Show that it is not possible for the pole to lie
along the bottom of the chest.

Is there any way that the pole can fit inside the
chest? Use appropriate mathematics to show
your working and to support your answer.

An alternative protective paint offers the ultimate What assumptions need to be considered for
the calculations you have performed in this

task?

protection when three coats are applied. It is
advertised that 1 L will cover an area of 5 m2.
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CONNECT

..........................................................................................................................................................

..........................................................................................................................................................

Earthquakes occur all over the world, with some areas more prone to them than others. Many earthquakes are quite
weak and result in little or no damage, while others are stronger and cause great damage and loss of life.

You may have heard expressions used to describe the ‘strength’ of an earthquake, such as ‘a magnitude 2.0
earthquake’ or ‘an earthquake that measured 5.3 on the Richter scale’. This task explores how mathematics can be
used to describe and compare the magnitude and intensity of earthquakes.

Micro 2.0-2.9 | Maynot be felt 1300000
Minor 3.0-3.9  Canbefelt 130000
Light 4.0-4.9 Can be felt; may be little damage 13000
Moderate 5.0-5.9 | Slight damage to buildings and other structures 1300
Strong 6.0-6.9 Damage in highly populated areas 135
Major 20-79 Serious damage 15
Great 8.0+ Can totally destroy areas — especially around the epicentre 1

The Richter scale has numerical values that describe the strength of an earthquake. The value, or magnitude, is
a measure that relates to the ground’s motion (or vibrations) generated by an earthquake. Measurements are
recorded using a seismometer.

One formula used to calculate the magnitude of an earthquake is:
Intensity of earthquake You may like to present your findings
Intensity of ‘standard earthquake’] as a report. Your report could include:

Magnitude = log,
An earthquake’s intensity also relates to ground movement * 2 PowerPoint presentation

and is measured as the amplitude (in millimetres) of a * atechnology demonstration
seismograph reading. The intensity of a ‘standard earthquake’  other (check with your teacher).
is a constant value with amplitude of 1 micron (or 1073 mm).

- - f
'.ﬂ.g.-i“,..‘,;h_#i«: .fl’r/k‘;-»c' o PP

R

a

Japan, 11 March 2011: 9.0 magnitude earthquake
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You are to:

* investigate the formula used to calculate the magnitude of an earthquake

* use the formula to calculate the magnitude of earthquakes with various intensities

e compare the intensity of earthquakes with a magnitude difference of 1 on the Richter scale
e compare the intensity of earthquakes in Japan and New Zealand in 2011

e compare the intensity of earthquakes in other parts of the world

* investigate the relationship between the increase in magnitude of an earthquake and the increase in
intensity.

The formula you have considered for magnitude provides a basic introduction to how mathematics is
applied to the study of earthquakes. More advanced technology and more complex formulas are used to
provide greater accuracy in calculating earthquake magnitudes. As an extension, you may wish to explore
further applications of mathematics to earthquakes.

Include examples and all necessary calculations to justify your answers and demonstrate your
understanding.

ececsccesecesecsesesesessesesesesecsesesecsseesecesecscsesesesecsssesesess0se o

T R R R P PR PR P PP PR PP PP Rry

.
00000000 0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000ssssssssosssscs

’
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1

A seismogram shows vibrations of the ground.
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4A Solving linear equations 4E Parallel and perpendicular lines
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4B Solving linear inequalities 4F Solving linear simultaneous

equations graphicall
4C Sketching linear graphs | erep :

4G Solving linear simultaneous

4D Finding the rule for a linear equations algebraically

relationship

What can a linear graph of speed versus time tell you
about the motion of a racing car?
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Solve each equation to find the value of
x using the balance method.

a 4x =152 b x+11=3

¢ x=7=-2 4 g=-3
Substitute x = 3 and y = —2 into each
expression and evaluate.

a Tx—10 b 3y—x

4x + ¥y

¢ 2x+9y d >

Write each expression in expanded form
(without brackets).
a 4(x+7) b —=3(5x—2)

Simplify each expression.
a 6x+ 8+ 5x b 4x-1-7x+3
¢ 2B8x—-1)—x d 1-2x-52—x)

Calculate each fraction problem.

7 5 3 1
a Exﬁ b §+§
4.2 1 5
¢ 5X§ 2X5

21
d 3573

Decide whether each statement is true or
false.

a 4>2 b 7<17

¢ —8<-1 d -10>0

Using the fact that x is a whole number
in the range —3 to 5, show these values
on a number line.

a x=2 b x>2
c x<4 d x=20

e x<-1 f x>-2andx<2

Are you ready?

4C b 8 Consider this linear graph.

Use the graph to identify:
the x-intercept
the y-intercept
the gradient.

Identify ¢ (y-intercept) and
m (gradient) for each linear rule.

iy=3x—4 iiy=—-x+2

i y=7x ivy=—3x-1

Use your answers to part a to identify
the rise and run for each rule.

Find the x- and y-intercepts for each
rule.

a dx+y=4 b x+3y=9
c x—2y=10 d 2x+y=-6

Multiply each equation by the integer
shown in brackets to form an equivalent
equation.
a 2x+y=4 [3]
b —=x+3y=-1[-2]

x—8y=6 [-1]

—4x+5y=0 [4]
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4A Solving linear equations

1

2

3

4

Identify which of these are linear equations.

a x+4=7 b x2-3=6 ¢ 10-7x=-11 d (x=2

e 2x+8 f 3x—-1=2x+5 g -9x=54 h ¥*+4x=x-1

The equation x + 9 = 16 can be solved using the balance method.

a What operation should be performed on both sides of the equation?

b What is the solution to the equation?

To solve 3x — 4 = 2 using the balance method, you need to perform two operations to obtain x by
itself on one side of the equation.

a  Which operation should be performed: 3x—4=2
i first? ii second? 3x—4+4=2+
b Why is it important to perform the operations in the correct order? Jp=
What would happen if you didn’t? 3x__
¢ Copy and complete the steps shown at right to solve the equation 3 3
x=

3x — 4 = 2 using the balance method. —

d In part ¢ you have shown five lines of working. Repeat the working for solving 3x — 4 = 2 but this

time only show three lines. (The original second and fourth lines can be done in your head.)
e How can you check that you have the correct value for the solution?
Repeat question 3a and hence solve each equation.
x—2 _
5

a -4 b —-4x+7=15

KEY IDEAS

>

To solve an equation using the balance method, perform operations - +
on both sides of the equation to produce equivalent equations until

.

you obtain the solution equation ‘x = ...’
An operation can be undone by performing the inverse operation. - X
The first step in solving equations with a pronumeral term on each side is to remove the
pronumeral term from one side. It can be removed by performing the inverse operation (adding or
subtracting the term) on both sides so that an equivalent equation is formed.

In some cases, it may be easier to swap the sides of an equation so that the pronumeral term with
the larger coefficient is on the left side.

A literal equation or formula contains two or more different pronumerals. The balance method
can also be used to rearrange a literal equation or formula to make a particular pronumeral the
subject of the equation.
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EXERCISE 4A Solving linear equations

EXAMPLE 4A-1 Solving a linear equation
Solve 2xt7_ 5.
3
THINK WRITE
1 First undo ‘+ 3’ by performing ‘X 3’ on both sides and 2x3_+7 =5
simplify. 2x+7=15
2 Undo ‘+ 7 by performing ‘— 7’ on both sides and simplify. 2x =8
3 Undo ‘X 2’ by performing ‘=~ 2’ on both sides and simplify x=4
to obtain the solution.
4 Use substitution to check your solution. LS = 83L7 =5=RS
[ 1 Solve each equation.
= x—3
= a 2x+1=11 b 7x—4=3 ¢ ¢ =2
E x+2_ X _ X
Z d 3 - 1 e 57 5=9 f 5 4=-2
= 2x Sx
E g ?=4 h 7=—10 i 3x-1)=24
@
z i 2x-5=9 k =3x+2=-7 I 7-4x=-1
: m4-x=-4 n —2(x-3)=8 0o =5(x+1)=-5
c
E 2 Solve each equation.
3x+2 4x-5_ 2x _
4 8 b 7= 3 c 5 +4=6
9 -_ S(x+2) _ x—4 . _
d 7} 1=-19 e 3 =15 f 3 +5=6
1-2x_ _, n 82X hog i 27-3x)=—4
5 4
3 Solve each equation. (Hint: perform operations that involve fractions and decimals.)
a x—%=—9 b 2x+3.6=7 c 85x=34
X _ 3—-0.5x _ 2x-=5_
d m+3.2— 5.6 e 1 =045 f g - 3
4 Solve each equation by first expanding the expression on the left to remove brackets.
Where appropriate, write the solution as a fraction.
a 2x+4)—-5=-7 b 3x—-1)+2=8 c 4x+3)+2x=0
d 9x-5-x=3 e 283x+4)+7=13 f 72x—-11)—4x=-7
| g 52-x)—-1=-6 h 4(1-3x)+3x=3 i “3@-x)—-2x+5=-1
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EXAMPLE 4A-2 Solving an equation when the variable is in the denominator

Solve 2 4,
X
THINK WRITE
1 Multiply both sides by x and simplify. You may also % =
like to swap the sides of the equation. 24 = 4y
4x =24
2 Undo ‘X 4’ by performing ‘+ 4’ on both sides and x=6
simplify to obtain the solution.
3 Use substitution to check your solution. LS==—=4=RS
Bl 5 Solve each equation.
a §=4 b ﬁ=—9 c L d ;12—3
X X X X
20 _ 15 _ 10 _ 2_
© Tx T > ! x 2 £ 3y " 5x 7
i §+5:8 i £+7:—4 kl—1=l3 1 _—24—220
| X X 2x Sx
EXAMPLE 4A-3 Solving an equation with an unknown on both sides
Solve each equation. a 5x+7=3x-35 b 3x—4=11-2x
THINK WRITE
a 1 Since there is a pronumeral term on each side, the first step a5x+7=3x-5
is to remove one of them (choose 3x from the RS). 2x+7=-5
Undo ‘+ 3x’ by performing ‘— 3x’ on both sides.
2 Undo ‘+ 7’ by performing ‘= 7’ on both sides. 2x=-12
3 Undo ‘X 2’ by performing ‘+ 2’ on both sides to obtain the xX=-06

b1

solution.

Use substitution to check your solution.

Remove one of the pronumeral terms (choose — 2x from the
RS). Undo ‘- 2x’ by performing ‘+ 2x’ on both sides.

2 Undo ‘- 4’ by performing ‘+ 4’ on both sides.
3 Undo ‘X 5’ by performing ‘+ 5’ on both sides to obtain the

solution.

Use substitution to check your solution.

LS=-30+7=-23
RS=-18-5=-23

b 3x—-4=11-2x

S5x—4=11
5x=15
x=3
LS=9-4=5

RS=11-6=5
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Solve each equation.

Sx+3=2x+9 6x—7=4x+3
4x—-5=2x-3 3x+8=2x+1
4x—-5=13-2x 2x—1=11—-x
Ix—-5="7x+11 2—-x=4x-8

LA SOLVING LINEAR EQUATIONS m

3x+4=x-2
5x+6=2+3x
2x+3=6 - 5x

8x+5=11x+20

Solve each equation by first expanding to remove brackets.

3(x+2)=2x+11
S2x+1)=T7x+2
3x+6)=2(x+7)
6(x+5)=4(5—x)

8x—-9=5x-3)
4x—-7)=2—-x
I(x—3)=5(x+1)
2B3x—4)=11(x—3)

Tx+3=6(x+1)
x—4=203-2¥)
Ax—1)=2x+2)
T(x = 12) = =3(x - 2)

Solve each equation. Start by multiplying both sides of the equation by the common

denominator.
2x+1 _x-7 4x—-3 2x+5 Tx—-2 _ 3x-10
5 5 373 4 4
x+5_ 11—-2x 9-2x 4-Tx 3x—-4) _4-x
6 6 11— 11 2 2
x—3 x+4
Solve 5 =9
THINK
1 Write each fraction as an equivalent fraction with ad ; 3_x ; 4
the same deélommator. LCD =218 so multiply v=3 } 9_x+4 . 2
left side by 9 and right side by 5 2 9" 9 2
9x—3)_2(x+4)
18 18

2 Multiply both sides by 18 to obtain an equivalent

equation without denominators.

3 Expand the expressions on each side of the
equation.

4 Undo ‘+ 2x’ by performing ‘— 2x’ on both sides.
5 Undo ‘= 27’ by performing ‘+ 27’ on both sides.

6 Undo ‘X 7’ by performing ‘= 7° on both sides to
obtain the solution.

7 Check your solution.

9(x —3)=2(x +4)

9x —27=2x+8

Tx—27=8
Tx =35

x=5
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9 Solve each equation. (Hint: some solutions may not be whole numbers.)
x—2_x+4 x—4_x+5 x+2_x+7

s 2 b3 4 ¢ 3

d x+3:x+6 . x—8:x+1 ¢ 3x+5:x+9
4 7 3 6 4 2

. 2x+1:x—2 h x—7:5—x : 2x—1:3x+2

= 5 4 3 4 6 5

10 Make x the subject of each formula by rearranging it using the balance method to
obtain x by itself on the left side.
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a x+a=>b b k=x-p ¢ ex=d
+

d g+3x=h e y=4x+5 f amx:n
g Tx—2w=5 h b-X=¢ i k:ﬁ

a X
] 6x—e=4x+f k 2(x+y)=v 1 %+q:w
mZ-p=c n y:kx—m 0o x+3d=5c—"Tx

- X 2n

11 Tom is saving to buy a tennis racquet that costs $219. He is {, - —-_-\’.

able to save $24 per week and currently has $105. Follow - -
the steps below to work out when he can buy the racquet. #
a Represent the unknown quantity in the problem with =
a pronumeral.
b Use this pronumeral to write an equation to represent the problem.
¢ Solve the equation using the balance method.

d  Write your answer to the problem.

12 For each problem, set up an equation and solve it using the balance method.
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a Ruby bought four makeup kits online for a total cost of $387, which included the
delivery charge of $29. What is the cost of each makeup kit?

b The perimeter of a rectangular car park is 88 m. If the length is 12 m more than
the width, what are the dimensions of the car park?

¢ Lisa, Nicole and Tania scored a total of 29 goals in a netball match. Lisa scored
five more goals than Nicole, and Tania scored three goals less than Nicole.

How many goals did each girl score?

d Matt has a budget of $1800 for his birthday party.
The cost of hiring a local hall is $400 and catering
is $27 per person. What is the maximum number
of people that can attend?

13 Shana and Paulo have the same amount of money.
Shana buys six dumplings and has $3.80 left over.
Paulo buys four dumplings and has $9.20 left over.

a  Write an equation to represent this situation.

b Solve the equation to find the cost of one dumpling.
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4A SOLVING LINEAR EQUATIONS m

ha + b) links the area of a trapezium (A4)

The formula 4 =
with three length measurements a, b and /4, shown in the diagram.

Calculate the area of a trapezium when a =4 cm, b = 6 cm and

h=10cm. b

Calculate the height / of a trapezium when ¢ = 15 mm, b = 19 mm and

A =119 mm?. (Hint: substitute the values for a, b and A4 into the formula and then

solve the resulting equation to find /.)

Calculate a when »=5m,h=3mand 4 = 18 m>

Rearrange the formula to make « the subject.

Calculate a when:

b=37cm, h=24cmand 4 = 1068 cm?

b=24m,h=6.1mand 4 =30.5m?

The formula v = u + at can be used to calculate the final speed (v) after an amount of
time (¢) if you know the initial speed () and the acceleration (a).
What is the final speed of an object if it accelerates at 2 m/s” for 10 seconds from
an initial speed of 14 m/s?
How long does it take an object to increase its speed from 18 m/s to 40 m/s if it is
accelerating at 4 m/s??

The sum of five consecutive odd
numbers is 50 more than triple the
smallest number. Write an equation to L
solve to find the five numbers. (Hint: let
the smallest number be x.)

Tim made cupcakes for the school fete.
Twenty-five of these were sold with
chocolate icing. One-third of those left
were sold with lemon icing. If there were
40 cupcakes sold without icing, how
many cupcakes did Tim make? Show
your reasoning by writing and solving
an equation.

Solve each equation. Use substitution to check your solutions.
3(2—x)_i_9:15 42x - 1) 2x=3 x+7_

Z S os=a- 1 o=l
x+5 x-7_ 32x—3) , x+23 _ Sx+6 1-2x_
2 g 8 i T o 3 g xt4

Investigate the ‘solve’ function of a calculator
or other digital technology. Use this function
to solve each equation in question 18 and
compare your solutions.
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4B Solving linear inequalities

An inequality is a mathematical statement that uses one of the symbols <, <, > or 2.

1
2

Describe what each symbol means.

Complete these statements with the correct symbol.

a 5_2 b 3_7 ¢c 4_0 d -2_ -6
Describe each of these inequality statements. What does it tell you about x?
a x>2 b x<3 c x5 d x<—-4

Discuss with a classmate how you might show each inequality in question 3 on a number line.

List three values for x that make each statement true.
a x>7 b x<10 c x>-3 d x<-5

What does 2 < x < 9 mean? List three values of x that would make this statement true.

List the integers that make —4 < x < 3 a true statement.

» The four inequality signs, <, >, < and 2, are used to form inequality statements.
> x < k means x is less than k > X < k means x is less than or equal to k&
+—0 e
- T > X - T > X
k k
> X > k means Xx is greater than k > X >k means x is greater than or equal to k
o— ——————»
- . > X - T > X
k k
e———O
> k<x<mmeans k < xand x < m, - , , > X
k m

or x is greater than or equal to k but less than m
On a number line:
> a closed circle (solid dot ), indicates that the endpoint value is included (< or 2)
> an open circle (o), indicates that the endpoint value is not included (< or >).
A linear inequality can be solved using the balance method. When performing an operation
on both sides of an inequality, the inequality sign:
> stays the same when you add or subtract any number
> stays the same when you multiply or divide by a positive number
> is reversed when you multiply or divide by a negative number.
The inequality sign must be reversed if the sides of an inequality are swapped. For example,
if =3 <7then7> -3 orif 5> xthen x<5.
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EXERCISE 4B Solving linear inequalities

1 Consider this list of x values: =5, 2.4, —1.2, %, 0, —%, 3,7,-10,-4.9, 8.3, 6%.
For each inequality, choose the x values from the list that make it a true statement.
a x>1 b x<0 c x24 d x<-2

e 1sx<8 f0<x<7 ¢ —5<x<3 h —9<x<—3

EXAMPLE 4B-1 Writing inequalities from a number line

Write the inequality that is represented on each number line.

a ~————— b ~————o c —o
< T 1 T 7T =x x :I T T T L

1 23 4 5 6 8 =7 -6 =5 -4 -3 -2 2-101 2 3 4

THINK WRITE

a The line and arrowhead show increasing values from 3. a x23
The closed circle (solid dot) at 3 indicates that 3 is included.

b The line and arrowhead show decreasing values from —4. b x<—4
The open circle at —4 indicates that —4 is not included.

¢ The line shows the endpoints are —1 and 2. The closed circle at c —1<x<2
—1 indicates that —1 is included. The open circle at 2 indicates
that 2 is not included.

2 Write the inequality that is represented on each number line.

a +——o b o
< T T T T T > X < T T T T T > X

1 23 45 6 7 10 1 2 3 4 5

777171 T T 1>X
-6-5-4-3-2-10 1

e *—0 f o—F°

- X
23456789

T > X

—6-5-4-3-2-10 1 2
3 Represent the values of x for each inequality on a number line.

a x>4 b x<3 c x2-2 d x<0

e 1<x<5 f -4<x<2 g 0<x<6 h =25<x<-05

AIN3INT4 ANV INIONVLSHIANN

4 Consider the statement 2 < 6.

a Add each of the numbers below to both sides of the statement. Is the statement
still true in each case?
il i 3 i 7 iv -4
b Subtract each number below from both sides of the statement. Is the statement
still true in each case?

il ii 3 iii 7 iv —4
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x>5 [+ 3] x<—4 [x =2]
3x<12 [+ 3] 5-x2-4 [-5]
—4x<-28 [+ —4] —% >1  [x3]
Solve each inequality.
4x+7>3 3 Less
THINK
1 First subtract 7 from both sides to undo the ‘+ 7’ operation.

Multiply both sides of the statement by each number. Is the statement still true?

2 -2 3 -1

Divide both sides of the statement by each number. Is the statement still true?

2 -2 3 -1

Write a summary of what you have found.

Write examples using 4 > —8 to demonstrate that the inequality sign:

stays the same when you add or subtract any number

stays the same when you multiply or divide by a positive number

is reversed when you multiply or divide by a negative number.

Perform the operation shown in brackets to both sides of each statement. Think
about whether the inequality sign stays the same or is reversed so that the statement

remains true.

No change to the equality sign as you are subtracting.

Divide both sides by 4 to obtain the solution. No change to

the inequality sign as you are dividing by a positive number.

Check your solution. Use x = —1 to check the endpoint
value and a value greater than —1 (such as x = 0) to check
the inequality sign.

First multiply both sides by 3 to undo the ‘=~ 3’ operation.
No change to the equality sign.

Add 1 to both sides to obtain the solution. No change to
the inequality sign.

Check your solution. Use x = —14 to check the endpoint
value and x = —15 to check the inequality sign.

—x2-10 [+ -1]
[ 8]

[x—1]

X
3”2

6x<5

4x+7>3
dx > -4

x>-1

When x = -1,
LS=-4+7=3=RS
When x =0,
LS=0+7=7>RS
x—1

-
xé 1;—f5

x<-14
When x = —14,
LS:_143_1:—5=RS
When x = —15,
Ls=—1"1o sl g

3
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Solve each inequality.

x+4<9 x—225
%>1 Ix+3<-7
x;22—6 Tx—5<9

Solve each inequality.
—5x—-3<7 1-

oo %
Y
|
)

THINK
1 First add 3 to both sides. No change to the inequality sign.

2 Divide both sides by —5 and reverse the inequality sign to
obtain the solution.

3 Check your solution. Use x = —2 to check the endpoint
value and x = 0 to check the inequality sign.

1 First subtract 1 from both sides. No change to the
inequality sign.

2 Multiply both sides by —8 and reverse the inequality sign to

obtain the solution.

3 Check your solution. Use x = 24 to check the endpoint
value and x = 16 to check the inequality sign.

Solve each inequality.
X

—5x <30 —5>1
_%<4 -2x—3>11
—%—5<7 9 —4x>-19

4B SOLVING LINEAR INEQUALITIES m

3x<—18
%—8<2

-5x—-3<7
—5x <10

x>-2

When x = -2,
LS=10-3=7=RS
When x =0,
LS=0-3=-3<RS

1- -2

vV

\Y

=3
4

% 0| oo|x

IN
[\

When x = 24,
LS=1-3=-2=RS
When x = 16,
LS=1-2=-1=RS

—3x>-9

—Ox+1<-8

Solve each inequality and show the solution on a number line.

3x+2>-13 1-7Tx<-6
x—4 T-x

3 <5 3 >-1
3x 8 —x

X _5<4

2 7 ~3<72

|9y
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Solve each inequality. Use substitution to check your solutions.

x+2<5x-13 3—-2x2>2x-3
THINK

1 Subtract 5x from both sides. 8x +2<5x—13

3x+2<-13

2 Subtract 2 from both sides. 3x>-15

3 Divide both sides by 3 to obtain the solution. x<-5
No change to inequality sign.

4 Check your solution. Use x = —5 to check When x = -5, LS = -40 + 2 = 38,
the endpoint value and x = —6 to check the RS=-25-13=-38,s0 LS=RS
inequality sign. When x = =6, LS = —48 + 2 = —46,

RS=-30-13=-43,s0 LS<RS

1 Add 2x to both sides. 3-2x2x-3

323x-3

2 Swap sides of equation. Reverse the 3x—3<3
inequality sign to keep the statement true.

3 Add 3 to both sides. 3x<6

4 Divide both sides by 3 to obtain the solution. x<2

5 Check your solution. Use x = 2 to check When x=2,L.S=3-4=-1,
the endpoint value and x = 1 to check the RS=2-3=-1,s0 LS=RS
inequality sign. Whenx=1,LS=3-2=1,

RS=1-3=-2,50 LS2RS

Solve each inequality. Use substitution to check your solutions.

dx—-3>2x+5 Tx+1<3x—-17 5x-9>9—-x
2x+4<5x -8 3—x>4x-2 x+11>7—-3x
8 —3x<18-5x 1-6x>-3x-5 2-9x<x-3

Solve each inequality by first expanding to remove brackets.

Ax=3)>x+5 4x —T<3(x +2) S(x+1)2—3x— 11
32x - 5) < 7x + 4 9(x + 5) < 10(x + 6) 33x - 1)< —2(x — 4)
4(x + 3) 2 2(5x — 3) 22 - x)>3(1 - 2x) 5(3 - 2x) < —4(2x — 7)
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Solve each inequality. Use substitution to check your solutions.

3x+2 2x-5 2-x_6x-5 1—4x 11-5x
7 -7 3 3 2 - 4
x+4>x+2 x—4>4—x 4x—1<3x+1
5 3 7 2 6 4

How many solutions does a linear equation have?

How many solutions can a linear inequality have? Explain.
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13

14

15

16

17

18

19

4B SOLVING LINEAR INEQUALITIES 171

Write an inequality statement to represent each situation.
Use a pronumeral for the unknown quantity.
a A house with a reserve price of $650 000 is sold at
auction. What price did the house sell for?
b To go on a theme park ride, a person must be over
97 cm tall. What is the height of a person on this ride?
¢ The speed limit along a road is 60 km/h. At what speed
could a person legally travel along this road?

d  For the Jet Rescue ride at Sea World, your height must be in the range
125-196 cm. What is the height of a person on this ride?

Todd is deciding how many packs of chewing gum he should buy. Each pack costs $3
and he has $20 in his wallet.
a  Write an inequality to represent this situation and then solve it.

b List the number of packs of gum he could possibly buy.

Emily and Ethan are selling watermelons at a market. They start with 20 melons and
agree to share any that are left over at the end of the day.
a  Write an expression for the number of melons each will take home if they sell
x watermelons.
b They aim to take home no more than three watermelons each. Use your
expression from part a to write an inequality for this situation and then solve it.
¢ How many watermelons can they sell to meet their goal?

Jada has a pre-paid phone card with a credit of $50 to make calls from Australia to
friends and family travelling overseas. For each call, she is charged a connection fee
of 49¢ and a per minute rate depending on the country she is calling.
a For how many minutes could she talk to her friend

travelling in Morocco if she didn't go over her limit?

b Jada’s friend is now in Egypt. For how many minutes could Egypt $1.47
Jada talk if she wishes to save at least $25 for another call? India $1.35

¢ Instead, Jada decides to make two calls. The first call is for
Japan $0.80

12 minutes to her brother in Japan. How long is her second call
to a friend in India if she uses between $35 and $50 for both calls? = Morocco $1.95

Solve each inequality.

24-x) 3(7x—-4) C5x-1 , x=2
5 3<3 b 5 8<6x+4 c 3 + 1 >3
x—4 x+3 42x+1) , 7-2x 3x+4 x+4 x-5
d g 3 > ] e 5 + 3 >2x+1 f 3 6 < 3
Solve each inequality.
a —3<2x—-5<7 b 15<w<25 e 5
Reflect :

Investigate the ‘solve’ function of a calculator o
i How does solving linear

i inequalities compare to solving
i linear equations? :
compare your solutions.

or other digital technology. Use this function
to solve each inequality in question 17 and
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4C Sketching linear graphs

A y B ¥y
1 Describe the graph of a linear relationship. 3
2 Why do you need only two points to 2 2
produce a sketch graph of a linear
relationship? R _'_llo ! ;:'4 AN _'llo S ~
One way of sketching a linear graph is to use - 5
the gradient—intercept method. This provides a 3
way of finding the two points you need to plot. 4
3 Consider these three linear rules.
i p=dx+1 i py=—dx+1iii p=qx+1
a Compare each rule to y = mx + ¢ and identify m and c.
b What are the coordinates of the y-intercept for each rule?
¢ What is the gradient for each rule?
d Use your answers to part ¢ to identify the rise and the run for each rule.
e Using the y-intercept and the gradient, match the correct graph (A, B or C)
to each rule. Give reasons for your answers.
4 In your own words, explain how to use the gradient-intercept method to sketch a linear graph.
KEY IDEAS
» To sketch a linear graph, you require a minimum of two points. Once Y)
these two points are plotted, you can rule a straight line through them.
» In the gradient-intercept method, a point is plotted at the J-intercept e
y-intercept and then the rise and run (identified from the gradient)
is used to locate the second point. - run -
» The general rule for a linear graph is y = mx + ¢, where m is the ) 0 X
gradient and c is the y-intercept. \
» In the x- and y-intercept method, one point is plotted at the Y
x-intercept and another at the y-intercept. AT e—
» The x-intercept can be found by substituting y = 0 into the rule .
. x-1ntercept
and solving for x. B N %
» The y-intercept can be found by substituting x = 0 into the rule / Ol X
and solving for y.
» For a line segment between the points (x, y;) and (x, 1»):

> the length is V(xs — x1)> + (v, — »1)?
X1+ )1 # )

> the coordinates of the midpoint zu‘c( )
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EXERCISE 4C Sketching linear graphs

EXAMPLE 4C-1 Using the gradient-intercept method to sketch a linear graph

Sketch the graph of y = 3x — 2 using the gradient-intercept method.

THINK WRITE
1 Compare the rule to the general formula for a linear y=3x-2
graph, y = mx + c. Identify m (gradient) and ¢ m=3,¢c=-2
(y-intercept).
2 Write the coordinates of the y-intercept. y-intercept at (0, —2)
3 Write the gradient as a fraction and identify the rise and gradient = 3 = %
the run. o= —
rise =3, run =1
4 Plot a point at the y-intercept. y
y=3x-2
5 From this point, use the rise and the run to locate a second %1 1
point (move 3 units up and 1 unit right). The second point < .
isat (1, 1). 0 X
6 Rule a straight line through the two plotted points and 0, -2)
label with the rule.

1 Sketch the graph of each linear rule using the gradient—intercept method.

a y=2x—4 b y=§x+1 c y=-3x+5
d y=%x—2 e y=-5x-1 f y=—%x+3
g y=3x—-4 h y=x+6 i y=—x-3

2 Rearrange each rule so it is in the form y = mx + ¢ and hence identify:
i the gradient ii the y-intercept.
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a y=1+2x b y=4-3x c y=—3—%x

d y=3(x-2) e y=-2(x-3) f y—4=—(5x+6)
g 3x+y=2 h —4x+y=-5 i 6x+3y=9

i —4x+5y=15 k 3x—2y=-4 I x+3y+6=0

3 Sketch the graph of each linear rule in question 2 using the gradient—intercept
method.

4 a Write y = 3x in the form y = mx + c.
b What is the value of: i m? ii ¢?
¢ Sketch the graph of y = 3x using the gradient-intercept method.
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Sketch each linear rule using the gradient—intercept method.

y=2x y=-5x y=-x y:%x

Write y = 4 in the form y = mx + c.
What is the value of: m? c?
Sketch the graph of y = 4 using the gradient—intercept method.

Sketch each linear rule using the gradient—intercept method.
1

7
y=6 y=-2 y=3 y=-3
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Consider the linear graph with the rule x = 3. Can this rule be written in the form

y = mx + ¢? Explain.

Sketch the graph of 2x — 3y = 6 using the x- and y-intercept method.

THINK
1 Write the rule. 2x—3y=6
2 Find the x-intercept by substituting x-intercept: when y = 0,
y = 0 into the rule and solving for x. 2x—-3X0=6
2x=6
x=3
x-intercept is 3.
Coordinates of the x-intercept are (3, 0).
3 Find the y-intercept by substituting y-intercept: when x = 0,
x = 0 into the rule and solving for y. 2x0-3y=6
-3y=6
y=-2
y-intercept is —2. Y
Coordinates of the 2x-3y=6
y-intercept are (0, —2). S
4 Plot the points for the x- and 0 / x
y-intercepts on a Cartesian plane.
-2
5 Rule a straight line through the /
points and label with the rule. \

Sketch the graph of each linear rule using the x- and y-intercept method.

x+2y=2 3x+y=-6 2x+4y =8
Sx+ 10y =20 4x +3y=-12 —6x+2y=06
E&x—y=-8 -x+4y=2 9x —3y=-18
—12x+ 9y =36 Tx +4y =21 2x—y=35

Find the x-intercept and the y-intercept for each of these.
y=x+5 y=x-—-4 y=3x+6

[ y=2x-38 y=2-x y=—-6x-3
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Use your answers to question 10 to sketch the graph of each linear relationship.

Sketch the graph of each of these using the x- and y-intercept method.
2y=3x+6 4y =4x -8 x+3y-3=0
3x+6y+18=0 5x=-2y-10=0 2x—y=T7=0

Consider the linear rule y = 2x.
Find: the x-intercept the y-intercept.
Do you have enough information from part a to sketch the graph? Explain.
What other information do you need? Discuss this with a classmate.
Another way of identifying a second point to plot is to find the matching y value for
a chosen x value. Any x value can be used, but we often choose x = 1.
Find the value of y when x is 1. (Hint: substitute x = 1 into the rule.)
List the coordinates of the two points you can now use to sketch the graph of
y=2x.
Plot the two points and rule a straight line through them to produce the sketch
graph of y = 2x. Label your graph with its rule.

Use the approach from question 13 to sketch each linear graph with these rules.
1

y=4x y=-3x y=x y=—3x
For each linear rule: list the coordinates of any intercepts sketch the graph.
y=5 x=-2
THINK
Yy
1 Write the rule. y=35
y=>5

2 Find any x- and y-intercepts. As No x-intercept. 517

the y-coordinate is 5 for any value Coordinates of the

of x, the graph will be a horizontal y-intercept are (0, 5).

line passing through (0, 5).
3 Rule a horizontal line through ) 0 x

(0, 5) to produce the sketch graph. \
1 Write the rule. x=-2
2 Find any x- and y-intercepts. As Coordinates of the _ YA

the x-coordinate is —2 for any value x-intercept are (—2, 0). x=-2

of y, the graph will be a vertical No y-intercept.

line passing through (=2, 0). - -2 0 X
3 Rule a vertical line through (-2, 0)

to produce the sketch graph. \
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For each linear rule:

list the coordinates of any intercepts sketch the graph.
y=8 x=3 y=-5 x=-1
x=17 y=0 x=0 x=-45

How many axis intercepts does the graph of each linear rule have? List them.

y=9x y=5(x—10) 3Ix=5y+15=0
x =28 x=3y+6 y=5.6

Describe which method you think would be the best to use to sketch each of these.
linear graphs with rule in general form y = mx + ¢; for example, y = 3x + 2.
linear graphs with rule in general form ax + by = d; for example, 4x + 2y = 8.
linear graphs that pass through the ; for example, y = 3x.
linear graphs that are horizontal lines; for example, y = 7.

linear graphs that are vertical lines; for example, x = —2.

Use the most appropriate method to sketch the graph of each linear relationship.

Sx —=2y=-10 y=2x+4 x+y=5
y=2x y=35 y=8—4x
x=-9 y=3x-2) 2x+4y—8=0
y=-3x y=-2x+7 y=3-06x

Sketch each linear relationship for the given x or y values.

y=5xforx=0 y=2x—4forx<3
y=Tfor-2<x<4 x=-3for-1<y<l
2x+3y=12for0<x<6 y=xforx>2
y=3-xforx<3 y=-3for-1<x<4
x—4y=2for-2<x<6 x=6fory<3

Sketch these four linear relationships on the same Cartesian plane.
x—3y=6for0<x<6 3Jy=2x+6for-3<x<0
3y=6—-—xfor0<x<6 2x+3y=—-6for-3<x<0

What shape have you formed?

For this shape, calculate: the perimeter the area.

Find the coordinates of the midpoint of each line segment.

Join the midpoints to form a new quadrilateral. What is its perimeter and area?

The amount of simple interest (/) earned on an investment (P) at 5% p.a. for 10 years
is represented by the rule 7/ = 0.5P, where / and P are in dollars.
Draw the graph of this relationship for P values from 0 to 5000.

Use the graph to find the amount of simple interest earned for these investment
amounts.

$1000 $2500 $4250
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Use the graph to find the amount invested to earn the following simple interest.
$750 $1000 $2250

If the formula for simple interest is / = PRT, where R is the interest rate per

annum written as a decimal and 7' is the number of years, explain what the

gradient of your graph represents.

A racing car accelerates from a constant speed of 20 m/s.
Its speed (s) after ¢ seconds of accelerating can be calculated

using the formula s = 20 + 5¢.

Draw the graph of this linear relationship for
0 < 1< 10; that is, 7 values from 0 to 10 seconds.
What does the s-intercept represent on
this graph?
What does the gradient represent on this graph?
From the graph, what is the speed of the racing car after:
3 seconds? 5 seconds? 7.5 seconds?
Convert each speed in part d to kilometres per hour.
From the graph, how long does it take for the racing car to reach:
30 m/s? 55 m/s? 65 m/s?
Using the graph, how long does it take for the racing car to reach 216 km/h?

Using the graph, what is the highest speed in kilometres per hour reached by the
racing car? How long does it take to reach this speed?

Sketch each of these linear relationships on the same Cartesian plane.
2x+4y=8for4<x<8 y=-2for-2<x<8
x=-2for-2<y<?2 y=—xfor-2<x<0
y=0for0<x<4.

Calculate the perimeter of the shape formed.

Calculate the area of the shape formed.

Sketch each of these linear relationships on the same Cartesian plane.

y=—4x+10for0<x<2 y=4x—-10for0<x<2
y=4x+10for-2<x<0 y=—4x-10for-2<x<0
x—4y=-10for-10<x< -2 x+4y=-10for-10<x< -2
4y=x—-10for2<x<10 x+4y=10for2<x<10

Calculate the perimeter of the shape formed.

Calculate the area of the shape formed.

Join the points (—2, —2) and (2, 2) to form a line segment. Write a rule to represent
the linear relationship formed.

Join the points (-2, 2) and (2, —2) to form

a line segment. Write a rule to represent the

linear relationship formed.
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4D Finding the rule fora
linear relationship

YA
6_
1 Consider this linear graph. i:
a What information is shown on this graph? 3
b How might you use the information to find the rule for this linear b
relationship? Discuss with a classmate. 1
¢ Find the gradient of this linear graph. ol T T T
d List the coordinates of the y-intercept. / 1-' ! 3
e If the rule can be represented by y = mx + ¢, list the values for m and c.
f Hence, write the rule for this linear graph. "
2 Repeat parts c—f of question 1 to find the rule for the linear graph shown 3
2

at right.

3 Explain how you can write the rule for a linear graph if you know the

) ] T 0 | |
y-intercept and gradient. -2 _—11{ ! \<

4 Write the rule for a linear graph with:
a y-intercept of —2, gradient of 3

b y-intercept of 1, gradient of —%.

y
y2—‘ ('x29y2)
rise
_(xl,yl) =N
Y1 run
=X T X
0 I x
1 2
Y

wo -
=Y
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EXERCISE 4D Finding the rule for a linear relationship

EXAMPLE 4D-1 Finding the gradient of a line through two given points

Find the gradient of a line that passes through (1, 5) and (3, —9).

THINK WRITE
1 Write the known information. (x1, ¥1) =(,5) and (x5, ) = (3, -9)
2 Write the formula for finding gradient using two m=22"0
. Xy — X1
pOlntS (XI, J’I) and (x29 yZ)'
3 Substitute the appropriate coordinates for xy, yy, _=9-5
x, and y, and simplify. 3-1
_—l4
o2
=-7
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1 Find the gradient of each line that passes through the given points.
a (2,3)and (3,7) b (5,4)and (10, —6) ¢ (4,2)and (6, 3)
d (0,5 and (4, 1) e (-3,-2)and (-1, 8) f (=1,-1)and (2, —10)

2 When finding the gradient of the line that passes through two points, does it matter
which point is matched with (x;, y;) and which is matched with (x,, y,)? Use an
example to help with your explanation.

3 Write the rule for each linear graph by first finding m and c. i
a y b y c %
4 3 5

3 2 4-

2 1 3

1 T T T 0 T T 2

_ -3-2-1 1 2 3%

L T T 0 | | | 1 1
-3 -2 - 1 2 3~x _
1 —2 L T 0 | | | T
L5 L, 2 -1 1 \i 3 4%

\

y“ yﬂ

d ] e f ]

2 Vi 4
T T 1 ; 21
2 12 N 1-\

=2 L | | | T T Ll T 0 | | | =~
3] 1, 1 2 3 4 5% -2 —_11_ 1 2 3 4~x

—4- —2- —2-

\ A\ Y
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EXAMPLE 4D-2 Finding the rule given the y-intercept and a point

Find the rule for a line that passes through (0, 3) and (2, —1).

THINK
1 Write the known information.

2 Find the gradient using the two known points.

3 Write the general rule for a linear graph.
4 Substitute —2 for m and 3 for c.

5 Write the answer.

WRITE
(xla yl) = (09 3)’ (x29 y2) :(29 _1)5 c= 3
m=22"N
Xy =X
_—1-3
T 2-0
=-2
y=mx+tc
=-2x+3

The ruleis y = —2x + 3.
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4 Find the rule for each line that passes through the given points.
a (0,2)and (2, 10) b (0,-7)and (3, -4) ¢ (0,5 and (4,7)
d (=1,-4)and (0, 6) e (=2,1)and (0, -5) f (-8,6)and (0, 4)

5 Find the rule for each line that passes through the points shown.

a y b Y c y
8 4% (0,4) 3
(2,7
¢ ’ 0.2
4 2
2 1 B SN T
< . _ -5 432 -1 1%
T T T 0 T T T T T T 0 T T
-6 -4 -2 2 4 6X -3 -2-1 1 2\ 3~X
=2 0. -3) -1 (=5, -2) -2
—4f 24 (3.-2) -3

EXAMPLE 4D-3 Finding the rule given the gradient and a point

Find the rule for a line with a gradient of 5 that passes through (2, 3).

THINK
1 Write the known information.

2 Write the general rule for a linear graph involving
m and ¢ and substitute 5 for m.

3 Substitute the x- and y-coordinates of the point
and solve the equation to find c.

4 Write the rule using the values of m and c.

WRITE
m =15 and (x, y) = (2, 3)

y=mx+c
y=5x+c
3=5@2)+ cfor(2,3)
3=10+¢

c=-7

The ruleis y = 5x — 7.
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Find the rule for each line with the given information.
gradient of 3; passes through (1, 4) gradient of 2; passes through (3, 9)
gradient of —4; passes through (—1, 2) gradient of —1; passes through (2, 7)
gradient of 5; passes through (=3, —6) gradient of —3; passes through (-4, 11)

Besides the general rule y = mx + ¢, there is another rule you can use.
For a line passing through the point (x;, y;), the coordinates can be substituted
into the rule y = mx + ¢ to produce y; = mx; + c¢. Rearrange this rule to make ¢
the subject.
Substitute the expression for ¢ into y = mx + c.
Rearrange your answer to part b and show that the rule becomes
y = y; = m(x — x). This new rule is useful when you know the gradient m
and one point (x;, y;) on the line.

Repeat question 6 but this time use the rule y — y; = m(x — x).

Find the rule for a line that passes through (2, —3) and (4, —11), using y — y; = m(x — x;).

THINK
1 Write the known information. (x1, ¥1) = (2, —3) and (x,, y») = (4, —11)
2 Find the gradient using the two known points. m= %
27X
_~11-(=3)
S 4-=-2
=—4
3 Write the general rule for a linear graph involving y=—y1=m(x — xp)
m and (xy, yy).
4 Substitute —4 for m, 2 for x; and —3 for y; and y=—(-3)=-4(x-2)
simplify. y+3=—-4x+8
y=—4x+5
5 Write the answer. The ruleis y = —4x + 5.

Repeat the working in Example 4D-4 but this time use (4, —11) as (x;, y;). Do you
obtain the same answer? Does it matter which of the two points is used in the
general rule?

Find the rule for each line that passes through the given points, using
Y=y =mx = xy).
(1,3)and (3, 7) (5, 2) and (6, 8) (2,4) and (4, -2)
(3, —2) and (6, —8) (=2,-3)and (2, 1) (-4, -2)and (-1, —5)
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Find the rule for each line that passes through the points shown, using
Y=y =mlx — xy).

Vi Y (.4 0y
8_ 4— bl 4—
6,7) 2,4
6 3+ 34
4+ 2 2
24 1 17
L T T T T 1 > T 0 T T
-6 —4 —22_ 2 /4 62X -2 —_11_ 1 2 3\ 4% -¥-2 —11_ 1 2 3%
2,75 -3, -1
-4+ ( ) -2+ 4, -2) ( )—2—‘
—6-
y

Use part a of question 10 to show that y = mx + ¢ can also be used to find the rule
for a linear graph when two points are known.

Use the given x- and y-intercepts to write the rule for each linear graph.
x-intercept = 2, y-intercept = 4 x-intercept = —3, y-intercept = 3

x-intercept = 3, y-intercept = —6 x-intercept = 1, y-intercept = 5

Use the most appropriate method to find the rule for each line shown.

y Y by
6 4 10

4 . 8
2+ 2+ 6+
RS i -
=2 T T A 2
—4 =32 —ll‘ | < 10 T 1 ;
6 5] -6 —4 —22_ 2 4 6
' ¥
8
¥
by YA g
4+ 31 3
3 2+ 2+
2+ 14 14
1+ T T T 0 T T T T T
—3—2—11_ 1 2 3% 1 2 3~X
T T T T
= X
2 11 1 2 3 4 5]
_2_ _3_

Write the rule for a linear graph to represent each of
these situations.
From an altitude of 50 m, a road rises 1 m
vertically over a horizontal distance of 200 m.
From an altitude of 6 km, a plane descends 2 km
vertically over a horizontal distance of 30 km.
A road rises 20 m vertically over a horizontal
distance of 100 m.
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Jasper has $80 in his bank account and decides to deposit $20 each week. If he
doesn’t withdraw any money:
write a rule to represent the amount of money in his account, «, after n weeks

calculate how long it takes to build his account balance to $500.

Inge owes $1560 on her store card and has arranged to make regular payments
without interest charges until the debt is paid. A monthly direct debit of $195 from
her bank account is paid to the store. If Inge doesn’t buy any further items on her
store card:

write a rule to represent the amount of money owed on her store card, w, after

n months

use the rule to calculate the amount still owed after 3 months

calculate how long it takes to clear the debt on her store card.

A helicopter rises at a constant speed from a height of 20 m above the ground, to
cover a vertical distance of 30 m over a horizontal distance of 100 m. For the next
100 m travelled horizontally, the helicopter maintains the same altitude. It then
descends at a constant speed over a further horizontal

distance of 100 m before landing. —_

Draw a graph to represent the height above the
ground of the helicopter over the horizontal
distance of 300 m.
Identify the rule for each of the three linear
sections of the graph.
Use the appropriate rule to calculate the
height of the helicopter for each of these
horizontal distances on your graph.

30 m 80 m 150 m 240 m
What horizontal distance/s have been travelled when the helicopter
is at a height of 40 m?

Find the rule for the linear graph described by each set of information. Write your
answers without fractions.

x-intercept of 4, passes through (20, 8)
gradient of 0, passes through (—15, —23)
passes through (—25, 10) and (11, —14)
passes through the origin and (—17, —12)

Sketch the linear graph for each situation in question 15. What values of x would
be appropriate to use? Rewrite each rule with the appropriate restriction of x values
written as an inequality statement.

Write the linear rules describing the graph in
question 18 with the appropriate restriction
of x values.
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4E Parallel and perpendicular lines

Consider the lines drawn on this Cartesian plane. Vi
1 Identify the gradient and the y-intercept for each line.
2 Write the rule for each line.

3 What do you notice about lines A and B? What name is given
to lines like this?

o

o —
.
=Y

4 Use the term gradient or y-intercept to complete this sentence:
Parallel lines have the same

5 What is the angle between lines B and C? Use a protractor to check.
What is the name given to lines like this?

6 Calculate the product of the gradients for lines B and C.
7 Predict the product of the gradients for lines A and C. Confirm your answer by performing the

multiplication.

8 Summarise what you know about the gradients of and

KEY IDEAS

» Parallel lines never meet.

» Two lines are parallel if they have the same gradient. For example, lines with the rules
y=3x+2and y = 3x — 7 are parallel.

» Perpendicular lines meet at right angles.
» Two lines are perpendicular if the product of their gradients is —1. For example, lines with the

3
» Lines with the rules y = mx + ¢; and y = myx + ¢, or y — y; = my(x — x;) and

rules y = 3x + 2 and y = — x — 7 are perpendicular.

¥V = ¥p = mip(X — Xp) are:
> parallel if n; = m,
. - 1
> perpendicular if m; X my, = =1 or my = T
1
» For a line segment between the points (x;, y;) and (x5, ¥»):
Y2~ )i

> the gradient is
X2 — X4

> the length is Ve — %12 + (7, — 1)?
X1 + Xy Vi + }'1)

> the coordinates of the midpointare( 5 0 5
4 P
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EXERCISE 4E Parallel and perpendicularlines

c
=
o
m
=
(%]
—
>
=
o
=
@
>
=
o
l
—
c
m
=
o
=<

1 a Sketch the graph of each linear relationship on the same Cartesian plane.
iy=-3x—-4 il y=-3x-2 iv y=-3x
vy=-3x+2 vi y=-3x+4 viiy=—3x+%

b What do you notice?
¢ How can you tell from the rules that the lines are parallel?
d Decide whether each rule describes a linear graph that is parallel to those in

part a.
i y=3x+7 i 3x+y=5 il y=x-3
2 Write the gradient of the line that is parallel to each linear graph with the given rule.
3
a y=Tx—-2 b y=-x+5 c y=10-3x
d y=-3 e 4x+y=4 f 3y=1-6x

- Writing the rule for a parallel line using gradient and
EXAMPLE 4E-1  [NEESS

Write the rule for a line that is parallel to the graph of y = 4x + 3 and has a y-intercept of —5.

THINK WRITE
1 Write the known information. Parallel lines Gradientof y =4x + 3is4som =4.
have the same gradient. c=-5
2 Write the general rule for a linear graph y=mx+c
involving m and c.
3 Substitute 4 for m and —5 for c. =4x + (-5
=4x-5
4 Write the answer. The ruleis y = 4x — 5.

3 Write the rule for a line that is:
a parallel to graph of y = —2x + 1; y-intercept = 3
b parallel to graph of y = 6x — 2; y-intercept = —4
¢ parallel to graph of y = x — 8; y-intercept = 0
d parallel to graph of 5x + y = 10; y-intercept = 2.

4 For the lines you drew in part a of question 1:
a write the rule for a parallel line with a y-intercept of —5
b create your own rule for a line that is parallel to them.
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Write the rule for a line that is parallel to the graph of y = 2x — 5 and passes through (3, 1).

THINK

1 Write the known information. Parallel lines Gradientof y =2x — 5is2som = 2.
have the same gradient. xLy)=@G,-1

2 Write the general rule for a linear graph y =y =m(x — xq)

involving m and (xy, y,).

3 Substitute for m, x; and y; and simplify. y=(-1)=2(x-3)
y+1=2x-6
y=2x-17
4 Write the answer. The ruleis y =2x — 7.

Write the rule for a line that is:
parallel to graph of y = 4x + 3 and passes through (2, —5)
parallel to graph of y = —3x + 7 and passes through (-1, —3)
parallel to graph of y = —x — 6 and passes through (—4, 2)
parallel to graph of y = %x + 9 and passes through (6, 0).

Answer the following questions for the linear graphs on each Cartesian plane.

y; yl
4 4N
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Calculate the gradients of each pair of lines.

Find the product of the gradients for each pair of lines.

What do you notice about the product of the gradients of perpendicular lines?
Explain how, if you know the gradient of one of each pair of perpendicular lines,
you could work out the other.

The product of the gradients of two perpendicular lines, m; and m,, is —1; so you can
find the gradient of one line, m,, by taking the negative reciprocal of the other, m;;

. 1 . .
that is, m, = p— Find the value of m, given the m; values below.
1

u ; w0 etk : =
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Write the gradient of the line that is perpendicular to each linear graph with the

given rule.
y:2x_5 y:—3x+1 y:%x
y=3—%x Ox+y=2 8y=2x-1

Write the rule for a line that is perpendicular to the graph of y = 3x — 4 and has a y-intercept of 2.

THINK

1 Write the known information. For perpendicular Gradientof y=3x—4is3som = —%.
lines, the product of their gradients is —1. The c=2
negative reciprocal of 3 is —%.

2 Write the general rule for a linear graph y=mx-+c
involving m and c.
3 Substitute —% for m and 2 for c. = —%x +2

4 Write the answer. Theruleis y = —%x + 2.

Write the rule for a line that is:
perpendicular to graph of y = —2x — 3 ; y-intercept = 4
perpendicular to graph of y = 5x + §; y-intercept = —1
perpendicular to graph of y = x — 2; y-intercept = 0
perpendicular to graph of 7x + 2y = 14; y-intercept = 3.

Write the rule for a line that is perpendicular to each line shown and has a y-intercept

AJIN3INT4 ANV INIONVLSHIANN

of 3.
y‘ yl
104 (5,9 10
8- 8+ 4, 8)
6 6
4 4
2- 24/ (0, 2)
(1, 1) ’
D 0 T T T / T T
-4 -2 4 6X N 3 X 2 4 6%
Z 2.-1)
—6-
¥ 1

For each line shown in question

of =4 and is:

parallel to the given line

perpendicular to the given line.

, write the rule for a line that has a y-intercept
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Write the rule for a line that is perpendicular to the graph of y = —4x — 7 and passes through (-8, 3).

THINK
1 Write the known information. For perpendicular Gradientof y = —4x —7is —4som = %.
lines, the product of their gradients is —1. The (x1, y1) =(-8,3)
negative reciprocal of —4 is %.
2 Write the general rule for a linear graph Y=y =m(x — xp)
involving m and (xy, y;).
3 Substitute for m, x; and y; and simplify. y-3= %(x +8)
y=3=gx+2
y=gx+s
4 Write the answer. Theruleis y = %x +5.

Write the rule for a line that is:
perpendicular to graph of y = 5x + 9 and passes through (5, —8)
perpendicular to graph of y = —7x — 3 and passes through (0, 3)
perpendicular to graph of y = x + 4 and passes through (-1, —2)
perpendicular to graph of y = —%x + 1 and passes through (—4, 4).

Decide whether each pair of lines is parallel, perpendicular or neither. Give a reason

for your answer.
y=4x—3and4x—y=>5 3y—2x=12and 3x +2y =8

y=%xand3y=4—8x 2x+y=3andy=2x+6

Sx+y+4=0andx+5y=7 2x—T7y=1land 14y =4x + 1
Write two different rules for linear graphs that are parallel to 2y — 10x = 3.
Write two different rules for linear graphs that are perpendicular to x + 8y —4 = 0.
Show that the line joining (2, —3) and (4, 5) is parallel to the graph of y = 4x — 7.

Show that the line joining (=11, —7) and (—1, —2) is perpendicular to the graph of
y=-2x+5.

A line passes through two points, (=2, 3) and (7, 9).
Find the gradient of the line.
Write the rule for a linear graph that is:
parallel to this line and passes through (6, —1)
perpendicular to this line and passes through (—4, 8).
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A line segment joins (—6, 7) and (0, —11). Write the rule for a linear graph that is:
parallel to this line segment and passes through the origin
perpendicular to this line segment and passes through (-6, 7).

perpendicular to this line segment and passes through its midpoint.

Four points are plotted on a Cartesian plane: A(-2, 1), B(5, 4), C(-6, —4) and
DG, 2).
Is line segment AB parallel to line segment CD?

Is line segment AC perpendicular to line segment BD?

Three points are plotted on a Cartesian plane: A(—2, 3), B(1, 12) and C(7, 10).
Show that line segments drawn using these points as vertices form a right-angled
triangle.

Is the triangle an isosceles right-angled triangle? Show your reasoning.
Calculate the perimeter of this triangle, correct to one decimal place.

Calculate the area of this triangle, correct to one decimal place.

Use your knowledge of parallel lines and the formula for length of a line segment to:
show that the quadrilateral ABCD with vertices at A(1, 4), B(2, 6), C(4, 7) and
D(3, 5) is a rhombus
show that the quadrilateral EFGH with vertices at E(1, 3), F(8, 6), G(4, —2) and
H(-3, —5) is a parallelogram.

Prove that the quadrilateral KLMN with
vertices at K(0, 0), L(2, 4), M(6, 2) and

N(4, —2) is a square. Hence find its perimeter
and area, correct to one decimal place.

Prove that the quadrilateral PQRS with vertices
at P(=7,5), Q(=3, 1), R(0, 4) and S(—4, 8) is a
rectangle. Hence find its perimeter and area,
correct to one decimal place.

Write the rule for the of
the line segment joining (-2, 3) and (8, —7).

Prove that the quadrilateral WXYZ with vertices at W(=9, —11), X(—1, 8), Y(6, 9)
and Z(7, 2) is a kite. (Hint: also consider the diagonals of the quadrilateral.)

Without plotting points on a Cartesian plane,
what type of quadrilateral is ABCD, where
the vertices are A(2, 1), B(8, 4), C(9, 1) and
D(—3, —5)? Show your reasoning, using your
knowledge of parallel and perpendicular lines.
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4F Solving simultaneous linear

equations graphically

y
BN A
Consider the two linear graphs shown on this Cartesian plane. o
. . 3+
1 Use lines A and B to copy and complete this table of values. )
-1 0 1 2 3 4 5 -
B
B TLL AT
6 5 —15
_2_
2 From the table, which x value has a y value that is the same for —34
both linear graphs? ~4
/
3 Write the x value and the y value as a coordinate pair. This

N SN 0 B

10

coordinate pair occurs simultaneously for both linear graphs.

What are the coordinates of the point of intersection of the two lines?
Compare your answers to questions 3 and 4. What is special about this point?
Write the rule for:  a line A b line B.

Check that substituting the coordinates of the point of intersection into each linear rule (or linear
equation) makes it a true statement.

A linear equation such as 2x + 3 = 11 can be solved to obtain one solution for x that makes the
algebraic statement true. What is the solution?

Two linear equations such as y = 2x — 4 and y = —x + 5 can be solved simultaneously (at the same
time) to obtain one solution for x and y that makes both statements true. What is the solution?

There are a number of ways of finding the solution to . How can you
find the solution when viewing the graphs of the linear equations?
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EXERCISE 4F Solving simultaneous linear equations

graphically

EXAMPLE 4F-1 Checking solutions to simultaneous linear equations

Check if each given x and y value is the solution to the pair of simultaneous linear equations.

ax=2,y=4
y=3x—2andy=-2x+8
b x=5y=-3
2x+y=T7and y =2x — 11
THINK WRITE
a 1 Substitute the given x and y values into the left side a y=3x—-2
(LS) and right side (RS) of the first equation. When x =2 and y = 4,
LS=4andRS=3x2-2
=4
SoLS =RS
2 Substitute the given x and y values into the LS and y=-2x+8
RS of the second equation. When x =2 and y =4,
LS=4andRS=-2x2+8
=4
So LS =RS
3 Decide whether the given x and y values is the As x = 2 and y = 4 satisfies
solution to the simultaneous linear equations. Does both equations, it is the
substituting the values satisfy both equations; that solution.

is, make them true?

b 1 Substitute the given x and y values into the LS and b 2x+y=17

RS of the first equation. When x = 5and y = -3,
LS=10-3and RS=7
=7
So LS =RS
2 Substitute the given x and y values into the LS and y=2x-11
RS of the second equation. When x =5and y = -3,
LS=-3and RS=10-11
=-1
So LS #RS
3 Decide whether the given x and y values is the As x=5and y = -3 does not
solution to the simultaneous linear equations. satisfy both equations, this is

not the solution.
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Check if each given x and y value is the solution to the pair of simultaneous linear

equations.
x=1,y=5
y=x+t4andy=-2x+7
x=5y=-2
y=x—9andy=-2x+7
x=4,y=3

y=2x—-5S5andy=—-x+1

Consider the following pair of simultaneous linear equations

and their graphs.
y=2x+7
y=-4x-5

Write the coordinates of the point of intersection of the two lines.
Use the coordinates of this point to write the solution to the

simultaneous linear equations.

THINK

Identify the point of intersection of the
two lines and list the coordinates.

Write the solution to the simultaneous
linear equations.

Consider each pair of simultaneous linear equations and their graphs.

x=-2,y=1

y=x+3andy=-3x-5

x=3,y=-7

2x+y=-landy=-x—-4

x=-6,y=0

y=x—6andx+y=-6

y=2x+7

Point of intersection at (-2, 3).

y=—4x 5

The solution to the simultaneous equations
y=2x+Tandy=—-4x—-Sisx=-2,y=3.

Write the coordinates of the point of intersection of the two lines.

Use the coordinates of this point to write the solution to the simultaneous

linear equations.

y=2x-5
y=—x+7
Yy
.1':—.\‘+7\8<
6_
4_
2_

y=—4x+4
y=x-—6
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y=x+5
y=3

y=x+3 /44

4

Use substitution to check your solutions to the simultaneous linear equations in
question

Solve the following pair of simultaneous linear equations using a graph.

y=x-7
3x+y=9
THINK "
1 Sketch the graphsof y=x—7and3x+y=9 10\
on the same Cartesian plane, using grid or graph &
paper. Extend the lines so you can clearly see the 61
point where they cross. 4 I ——
2_
2 List the coordinates of the point of intersection. Point of intersection at (4, —3).
3 Use the coordinates to write the solution to the The solution to the simultaneous
simultaneous linear equations. equationsy=x—7and3x+y=9

isx=4,y=-3.

Solve each pair of simultaneous linear equations using a graph.

y=2x—6 y=3x y=x-—-2 y=x+7
y=x-1 y=x+4 y=10-x y=-3x-1
y=3x+6 y=-2x-5 y=2x—4 2x+y=6
2x+y=1 y=2x+7 y=x-—1 y=x—6
y=3x+3 2x+y=-4 x—-y=4 Jy=x+12

y=-x-5 x+y=1 dx+y=6 yEx+2
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10 The perimeter of this postcard

Use substitution to check your solutions to the simultaneous linear equations in
question 4.,

Solve each pair of simultaneous linear equations using a graph. Check your

solutions.

a y=x-17 b y=2x c x+y=3
y=-4 y=3x x=2

Solve each pair of simultaneous linear equations using a graph. Ensure that each

graph is drawn accurately.

a y=1—-x b 2x-2y=-1 ¢ 4x+2y=-3
y=x 2y =4x+7 y=x-—-6

Explain why there is no solution to the simultaneous linear equations y = 2x + 5 and
2x—y=1.

Sophie decides to make hand-painted cards. She invests $60 in a set of paint brushes

and enough paint for 40 cards. The cost of each plain white card is $2 and she plans

to sell the painted cards for $6 each at the market.

a Explain how the amount of money, @, to produce n cards (where 0 < n < 40) can be
written as a = 2n + 60.

b Explain how the amount of money, a, received for selling # cards can be written as
a = 6n.

¢ Draw graphs of the two equations on the same Cartesian plane. Label the
horizontal axis as n and the vertical axis as a.

d  What are the coordinates of the point of intersection? What information does this
give you?

e How many cards should Sophie produce and then sell to break-even; that is,
recover all her costs?

f How many cards should Sophie produce and then sell to make a profit?

- y >

is 40 cm.

a Use x and y to write a
linear equation for the
perimeter.

b Use x and y to write a
linear equation linking
the length and width of
the postcard if the length
is 4 cm longer than the
width.

¢ Solve the simultaneous linear equations graphically and hence state the

dimensions of the postcard.
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Tia is twice as old as Lachlan. The sum of their ages is 51.
Using two variables, write two linear equations to represent this information.
Solve the pair of simultaneous equations graphically.

How old are Tia and Lachlan?

At the cinema, a large soft drink costs $2 more than a choc top. Cooper buys five soft
drinks and seven choc tops for $70.
Write two linear equations to represent this information.

Solve the equations graphically to find the cost of each item.

A rectangular block of land is to be fenced along three sides with the front boundary
left open. The length from front to back is 20 m longer than the width. If 124 m of
fencing is used, solve two linear equations to find the dimensions of the land.

Chloe is planning a party and obtains prices from two catering companies. Each has
a fixed price for delivery and set up, and a cost per person . {

for the food. Chloe is unsure of how many people
she will invite.

Angie’s Catering: fixed price $200, $28 per person
Cool Food Club: fixed price $100, $32 per person
Write a linear equation to represent the cost

of hiring Angie’s Catering. Remember to

define the two variables you are using.
Write a linear equation to represent the cost of hiring Cool Food Club.

Show the graph of each linear equation on the same Cartesian plane.

Which company is cheaper if catering for 18 people? Explain how you can see this
from your graph.

Which company is cheaper if catering for 36 people?

How many people can be catered for so that the cost is the same using either
company? What is this cost?

Write a summary advising Chloe on what her options are.

A linear graph has a y-intercept of —5. Another linear graph has a gradient of —3.
The two linear graphs intersect at the point (4, —6).

Show the two graphs on the same Cartesian plane.

Find the equation for each linear graph.

Write the solution to the simultaneous linear equations.

Use substitution to check that the solution satisfies both equations.
Write a pair of simultaneous linear equations that has a solution of x =7, y = —4.

Explain why the pair of simultaneous linear
equations y =4 — 3x and 6x + 2y = 8 has an
infinite number of solutions.
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46 Solving simultaneous linear
equations algebraically

1 Use the diagram at right to solve the simultaneous equations
x+y=5Sandy=x-1.

Alternatively, algebra can be used to find the solution. We aim to form

a new equation with only one of the variables in it.

2 a Substitute the expression for y from one equation (say, y = x — 1)

into the other. That is, replace y with x — 1 in x + y = 5 and simplify.

b Solve this new equation for x and find its matching y value.
¢ What is the solution? This way of solving the equations is called the

3 You can also use another algebraic method if the equations are in the form shown at right. 4 y=5
What is the result of adding the left side of each equation? Thatis, x + y + x —y =7, x—y=1
What is the result of adding the right side of each equation? Thatis, 5+ 1 =7,

Which variable has been eliminated? Show that you can form the new equation 2x = 6.

Solve the new equation formed in part ¢ for x and find its matching y value.

What is the solution? This is called the

Repeat parts a—d but this time subtract the two equations. Do you get the same solution?

- o 6 T OB

KEY IDEAS

» Simultaneous linear equations can be solved algebraically using substitution or elimination.

» Substitution method (used when at least one equation has one variable as the subject)
1 choose the equation where one variable is the subject; for example, y
2 substitute the expression for y into the other equation and simplify to form a new equation
containing only one variable; in this case, x
3 solve this new equation for x
4 substitute the value found for x into one of the original equations and solve to find the value of y.

» Elimination method (used when both variables are on the same side of the equation)

1 check that one of the variables will be eliminated when the equations are added or subtracted;
for example, x. You may need to first multiply one or both of the equations by an integer so this
can be achieved.

2 add or subtract the two equations to form a new equation containing only one variable; in this
case, y

3 solve this new equation for y

4 substitute the value found for y into one of the original equations and solve to find the value of x.
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EXERCISE 4G Solving simultaneous linear equations
algebraically

EXAMPLE 4G-1 Solving simultaneous linear equations using substitution
Solve each pair of simultaneous linear equations using the substitution method.
a x+3y=2 b y=4x-5
y=2x+3 y=x+4
THINK WRITE
a 1 Write the equations with one under the other ax+3y=2 O
and number them for easy reference. y=2x+3 O
2 Replace y in equation @ by substituting the Substituting y = 2x + 3 into ©:
expression for y from equation @. x+32x+3)=2
3 Simplify the equation and then solve for x. x+6x+9=2
Ix+9=2
Tx=-7
x=-1
4 To find the matching y value, substitute x = —1 Substituting x = —1 into @:
into either equation. In this case, choose @. y=2(-H+3=1
5 Check your solution by substituting into the Substituting x = —1, y = 1 into ©:
other equation; that is, equation @. LS=-1+3(1)=2=RS
6 Write the solution to the simultaneous The solution to the simultaneous
equations. equations y =2x + 3and x + 3y =2
isx=-1,y=1.
b 1 Write the equations with one under the other by=4x-5 O
and number them. y=x+4 Q@
2 Replace y in equation @ by substituting the Substituting y = 4x — 5 into @:
expression for y from equation @. 4x—-5=x+4
3 Solve the equation for x. 3Ix—-5=4
3x=9
x=3
4 To find the matching y value, substitute x = 3 Substituting x = 3 into @:
into either equation. In this case, choose @. y=3+4=7
5 Check your solution by substituting into the Substituting x = 3, y = 7 into @©:
other equation; that is, equation @. RS=43)-5=7=LS.
6 Write the solution to the simultaneous The solution to the simultaneous
equations. equations y=4x—5S5andy=x+4
isx=3,y=17.
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Solve each pair of simultaneous linear equations using the substitution method.

x+y=9
y=x+5
y=x-1
x—3y=-9
6x + 5y =21
y=2x+1
x=y+2
2x =3y =1

x+2y=6 2x+y=1
y=x-3 y=x+4
3x—-y=-10 y=6x
y=x+2 Sx—y=-2
y=2-3x 2x+3y=-5
4x+y=-1 y=5-2x
x =4y x=35
y=3x+11 4x—-3y=2

Solve each pair of simultaneous linear equations using the substitution method.

y=2x+6
y=x+7
y=x—-6
y=4—-x
y=3x-—-5
y=5-2x

y=x-2 y=T7x+16
y=4x—-20 y=2x+1
y=5x+9 y=1-2x
y=3—-x y=x-11
y=4x+14 y=10-3x
y=—4x-2 y=7T-4x

Solve this pair of simultaneous linear equations using the elimination method. 3x+2y =15

THINK

1

Write the equations with one under the
other and number them.

Eliminate the variable y by adding the
two equations. 3x + x = 4x,
2y+(-2y)=0,5+7=12.

Solve for x.

To find the matching y value, substitute
x = 3 into either equation. In this case,
choose @.

Simplify the equation and solve for y.

Check your solution by substituting into
the other equation; that is, equation @.

Write the solution to the simultaneous
equations.

x—2y=7

3x+2y=5 O
x=2y=7 @
O+®@:4x=12
x=3
Substituting x = 3 into ©:
33)+2y=5
9+2y=5
2y = -4
y=-2

Substituting x = 3, y = =2 into @:
LS=3-2(-2)=7=RS

The solution to the simultaneous equations
3x+2y=5andx—2y=T7isx=3,y=-2.
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Solve each pair of simultaneous linear equations using the elimination method.

2x+y=9 x+2y=-1 x—=2y=11
Ix—-y=1 -x+5y=8 Sx+2y=-5
-3x+y=10 4x+3y=29 6x—y=-8
Ix—4y=-4 2x =3y =1 —6x + 5y =16

Solve each pair of simultaneous linear equations using the elimination method.
(Hint: subtract the equations to eliminate a variable.)

x+4y =17 3x+y=3 4x -3y =33
x+2y=11 x+y=7 4x+y=5
6x +5y=19 x—2y=2 =Sx+y=11
4x + 5y =21 3x-2y=14 =5x—-2y=23
Write an equivalent equation to each of these so that it contains the term shown in
brackets.
x+2y=5 [3x] “3x+y=1 [2y] -x—4y=2 [-5x]
Sx+2y=3  [8y] —2x+3y=7 [-4x] 4x -2y =-3 [6y]

Solve this pair of simultaneous linear equations using the elimination method. 2x — 5y =-10

-x+4y =11
THINK
1 Write the equations with one under the other and 2x=5y=-10 ®
number them for easy reference. -x+4y=11 @
2 Adding or subtracting the equations will not Ox2:=2x+8y=22 O
eliminate a variable. To eliminate x, the first term
in equation @ needs to be —2x so multiply @ by 2
to form an equivalent equation. Number this new
equation as @.
3 Eliminate the variable x by adding equations © and O+&@:3y=12
®.2x+ (-2x)=0, -5y + 8y =3y, -10+22 =12,
4 Solve for y. y=4
5 To find the matching x value, substitute y = 4 into Substituting y = 4 into @:
one of the equations. In this case, choose @. 2x —5(4)=-10
6 Simplify the equation and solve for x. 2x—-20=-10
2x=10
x=35
7 Check your solution by substituting into the other Substituting x = 5, y = 4 into @:
equation; that is, equation @. LS=-5+4(4)=11=RS

8 Write the solution to the simultaneous equations. The solutionis x =5, y = 4.
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Solve each pair of simultaneous linear equations using the elimination method.

S5x+3y=21 x+4y=-2 3x+y=-5
2x—y=4 4x -3y =11 Tx+2y=-14
6x—7y=9 4x +3y=-24 2x+ 5y =26
—2x+5y=5 S5x — 12y =133 10x — 3y =-38

In some cases, you need to find an equivalent equation to
Tx +2y=-8

each of the equations in the pair before adding or subtracting ©
4x+3y=1 @

to eliminate a variable. Consider the pair of simultaneous
linear equations shown at right.
Can you eliminate a variable by adding or subtracting the equations? Explain.
Write an equivalent equation to equation O by multiplying each side by 3.
Write an equivalent equation to equation @ by multiplying each side by 2.
Which variable can you now eliminate? Should you add or subtract the new
equations?
Continue with the elimination method to solve this pair of simultaneous
equations.

Solve each pair of simultaneous linear equations using the elimination method.
(Hint: you will need to multiply both equations to form equivalent equations.)

4x +3y=16 Ix+7y=-2 —-8x +5y=-21
3x—-2y=-5 Sx+1ly=-4 Sx+2y=28

3x— 10y =-32 -9x + 2y =-35 —4x—5y=22
=Ix+3y=34 8x -9y =-5 -3x+7y=-5

Compare the three methods of solving simultaneous linear equations. When is each
method (graphical, substitution, elimination) the most appropriate to use?

Use the most appropriate method to solve each pair of simultaneous equations.
(Hint: not all solutions are whole numbers.)

y=3x—-6 y=6x—5 4x -5y =4
4x+ 11y =8 y=3x—-4 2x+5y=5
y=-7 xX=5y-6 2y=x—4
y=4x+29 x—y=2 3Ix—-2y=0
2x—y=-4 x+5y=-5 -x—=Ty=35
4x+y=22 x—2y=9 -2x—=Ty=3
-3x+4y=14 x+y=11 Sx+2y=-18
3x—y=-8 x—y=3 —Sx+2y=22
y=25x+423 4x=y—-06 6x — Ty =-119
y=T75x+83 8x+3y=13 8&x—-5y=19

The sum of two numbers is 245 and the difference is 91.

Write two linear equations to represent this information and solve them
simultaneously.

What are the two numbers?



ININOSVIY ANV INIATOS W3IT40y8d |

J9INITIVHI |

12

13

14

15

16

17

18
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The perimeter around the top of a rectangular

billiards table is 8§10 cm.

a Use/and w to write a linear equation for the
perimeter.

b Use/and w to write a linear equation linking
the length and width of the top of the table if
the length is twice the width.

¢ Solve the simultaneous linear equations and

hence state the dimensions of the top of the
billiards table.

Ella has 240 cm of ribbon to sew around the edge
of a pillow case. If the length of the pillow case is
to be 18 cm less than twice the width, what is the
largest size she can make the pillow case? Show
your reasoning using simultaneous linear equations.

Officials decide to trial a new method of scoring an AFL match. Geelong

scored 15 goals and 6 behinds to finish with a total of 132 points while Carlton
scored 13 goals and 12 points to finish with a total of 128 points. Solve a pair of
simultaneous linear equations to work out the number of points allocated to a goal
and to a behind.

At the football, Noah buys seven pies and six sausage -«
rolls for $63 and Lily buys five pies and five sausage "
rolls for $48. Solve a pair of simultaneous equations to
find the cost of each item.

Consider the pair of simultaneous equations shown at right. Ix—6p=—14 @
a Demonstrate that you obtain the same solution using S5x-3y=-1 @
any one of the strategies below.
Strategy A: multiply equation @ by 2 to form equation ® and then subtract
equation ® from .
Strategy B: multiply equation @ by —2 to form equation ® and then add
equations @ and ®.
Strategy C: multiply equation @ by 5 to form equation ® and multiply equation @
by 7 to form equation @. Subtract equation @ from ®.

b Are there other strategies you can use? Explain.

Use an algebraic method to show that the pair of simultaneous linear equations
y=11—4xand 8x + 2y = 5 has no solution.

_ ! Reflect
Use an algebraic method to show that the :
i Whatis the aim of the first step

i in solving simultaneous linear
i equations algebraically?

pair of simultaneous linear equations
4x — 2y =6 and y = 2x — 3 has an infinite
number of solutions.
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Create a summary of this chapter using the key terms below. You may like to write a paragraph, create a

concept map or use technology to present your work.

linear relationship
linear equation
balance method

formula

subject of equation

linear inequality

linear graph
gradient-intercept method

x—4
2
-2 2 -10 10

=-3is:

The solution to

Which equation has a solution of
x=-5?

_ 2x+3 _
3x—-7=8 3 =1
12_ 3 _
R P

Which statement is incorrect?

2 3
-7< -4 3<1%
8 9
-3.5<-4.7 5<%

If x > —6.2, which of these could not be
a value for x?

-4.9 -6.3 6.2 0

The y-intercept of the graph of
12x + 4y = 8 is:
8 -8 2 -2

The gradient of the line 12x + 4y = § is:
12 -12 3 -3
The rule for the linear graph with a
gradient of % and a y-intercept of % is:
6x—8y+5=0 y=6x-5
8x—6y+5=0 6y=8x+5
The gradient of the line passing through
the points (1, 8) and (=3, —6) is:
L Bo cl Db}

parallel lines
perpendicular lines
simultaneous equations

x- and y-intercept method  graphical solution

algebraic solution
substitution method
elimination method

A line parallel to the line 3x + 2y =6
would have a gradient of:

2 3 3

3 -3 2 ~2
A line has a gradient of —%, A line
perpendicular to this line would have a

gradient of:
4 4

3
3 3 4

3
7
The pair of linear equations y = x + 3
and y = —2x + 6 intersect at the point:
(=3,0) (3,6)
(1,4) (1,8)
The pair of linear equations
y=3x+1and 6x — 2y + 2 =0 have
how many simultaneous solutions?

none one two many

When y = 3x — 4 is substituted into

the equation x — 2y = 3, the resulting

equation is:
—-5x+8=3
5x+8=3

—-5x—8=3
S5x—8=3
Consider the two equations:
2x—y+3=0 O®andd4x—-y+5=00
If equation @ is subtracted from
equation @, the resulting equation
will be:
-2x—-2=0
2x+2=0

-2x—8=0
2x+8=0



Solve each equation. Leave your answer
as a fraction where appropriate.
3-2(4-5x)=-20
4(3x +5)=3(5x - 3)

Solve each equation, leaving your
answer as a fraction if appropriate.
4+x:2x—5 5-3x _2x+5

3 3 2 3

Make the pronumeral in brackets the
subject of each formula.
ha+b
()
A=2[(l+w)h] (h)

Consider this list of x values:
~3.9,13,2.6,8.5, 8.5, 3.
For each inequality, choose the x values
from the list that make it a true
statement.

x>—1 x<0.75 x22.6

Write the inequality that is represented

on each number line.

*—>»
T T T T > X
-5 -4 -3 =2 -1
<+—0

<+ T T T —> X
-12-11-10 -9 -8
<

< T T T T > X

012 3 45

Solve each inequality.

5-2x<7 2_53x

Sketch each linear rule using the

>2

gradient-intercept method.

y=-2x+3
x—2y=4
5y —10=15x

Sketch the graph of each, using the x-
and y-intercept method.

2x —4y—-12=0

x+3y+9=0

Tx+3y+21=0

L CHAPTER REVIEW m

Find the rule for each line that passes
through the given points.

(0, —4) and (5, 6)
(3, 6) and (-2, 6)
(=3, 5)and (-3, -3)

Find the rule for each line that has:
gradient of 2 and passes through (1, 5)
gradientof —2and passesthrough(1,5)

Find the rule for each line that passes
through the given points. Write each
answer in the form y = mx + c.

(1,3)and (2,4)

(-1,5and (3-7)

(-4, —4) and (5, 5)

Write a rule for a line that is:
parallel to graph of y = —4x + 5;
y-intercept = —3
perpendicular to graph of y =2x — 7,
y-intercept = —4

Write a rule for a line that is:
perpendicular to graph of y = 3x + 2
and passes through (3, 2)
parallel to graph of y = 3x + 2 and
passes through (=3, —2)

Solve each pair of simultaneous

equations using a graph.
y=4x—2andy=-3x+5
2x—y+5=0and3x—y=1

Solve each pair of simultaneous

equations using substitution.
3x+4y=-landy=x-2
y=4x+3andx—-2y=8
Tx—y=4andy=4x+2

Solve each pair of simultaneous

equations using the elimination method.
2x+y=8and4x -y =4
x+5y=13andx+2y=4
2x—y=T7and3x+5y=4
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A line passes through two points (1, —4) and

(—4, 1). Write the rule for a linear graph that is:

parallel and passes through (4, 4)
perpendicular and passes through (1, 1)

The solution to the inequality 2 — % <lis:

x<4 x<-—4

x>4 x>—4

Consider the linear equations4x — y —2 =10
and2x+y—-4=0
Draw their graphs on a Cartesian plane.
Write the coordinates of the intersection
point.

Decide whether each given pair of lines is

parallel, perpendicular or neither.
x+2y+10=0and2x—-y—-3=0
x+y=3andy=x
2x+3y=4and3x+2y=4

A rectangle is 28 m longer than it is wide.
If the length is 5 times the width, find the
dimensions of the rectangle.

If the gradient of a line is 0, this means that:
the line slopes upwards from left to right
the line slopes downwards from left to
right
the line is parallel to the y-axis

the line is parallel to the x-axis

Use the graph to write the solution to the
simultaneous linear equations
y=2x—3and y = —5x + 4.

y=-5x+4 2 y=2x|— 3
L SX .
4

The rise and run of the line joining (-2, —1)
to (5, 9) are:
rise 10, run 7 rise 7, run 10

rise 8, run 3 rise 3, run 8

The average of three numbers x, y and z can
be calculated using the formula:
xXty+z
3
Write z as the subject of the formula.

V=

Use your formula in part a to calculate z
when:

V=12, x=7,y=19
V=42, x=5,y=12

The coordinates of the x- and y-intercepts of
the rule x — y = —2 are (in order):

(0,2)and (-2, 0) (=2, 0) and (0, 2)
(0, —2) and (2, 0) (2,0) and (0, —2)

Give the coordinates of the intersection
points of the lines:
y=-3,y=5,x=1and x = —4.

Use an appropriate method to solve each pair
of simultaneous equations.

y+3x=8andy=-3x+8
3x+2y=1land3x+7y=11
4x —Sy=3and 6x — 11y =1

If three hamburgers and two drinks cost $32,
while one hamburger and four drinks cost
$29, how much does each item cost?

Solve each inequality.
S—4x22x—1
2x +3<5x+9
52 -3x)<3(5 - 2x)
—2(x—4)>53 - 2x)

Find the coordinates of the midpoint of
the line joining each pair of points on a
Cartesian plane.

(5, —6) and (-7, 2)

(=3,-1)and (9, -3)



Find the distance between these pairs of
points on a Cartesian plane. Give your
answers correct to one decimal place.

(-4, 3) and (5, —2)

(1,-4)and (-7, 3)

(=3, -4)and (4, -3)

Answer true or false to each statement.

Give a reason for any false statements.
The graph of y = —2is parallel to the x-axis.
The graph of y = —2x passes through the
origin.

The equation of the x-axis is x = 0.

A line with a rule in the form y = mx + ¢
passes through the points (3, —4) and (4, —2).
What is the value of:

m? c?

The value of x in the equation 27)6 =8 is:

56 24 48 28

A triangle has vertices X(4, —4), Y(-2, 2) and

Z(1, 5). Draw this triangle on a Cartesian plane.

Write a rule for each of the line segments XY,
YZ and ZX.

Show that triangle XYZ is right-angled.

Let the length of the side opposite vertex X be
represented by x, the side opposite vertex Y by
v, and the side opposite Z by z. Calculate x, y
and z, correct to two decimal places.

Use these lengths to demonstrate Pythagoras’
Theorem.

Determine the coordinates of the midpoint M
of ZX. Join M to the vertex Y.

Calculate the length of MY.

The line MY divides the triangle XYZ into two
smaller triangles. Investigate side lengths and
angles to describe the shape of these triangles.

L CHAPTER REVIEW m

Which equation matches this statement?
A certain number is subtracted from 8. When
the result is divided by 3, the result is 4.

x—8 _ 8—x _
3 =4 3 =4
X _ _. =4
8—§—4 8 X=3

Write an equation for each number problem,
then find the solution.
A number is doubled, then 3 is subtracted.
The result is 17. What is the number?
The sum of a certain number and —1 is
then multiplied by 7. The result is 21.
What is the number?
Subtract 12 from treble a number. When
the result is multiplied by 5, the answer is
15. What is the number?

Solve each inequality.
1—2x<x+2 x+1>x—1
4 3

Draw the perpendicular height of the triangle
from the vertex Y to the base XZ, meeting the
base at H. Write the rule for the line segment
YH.

Solve a pair of simultaneous equations to find
the coordinates of H.

Calculate the length of YH.

Show the use of two sets of different
measurements to calculate the area of triangle
XYZ. Give your answers correct to one decimal
place.

Show that the length of YH = %

Explain how a semi-circle can be drawn to
enclose triangle XYZ. What does this show
about the angle in a semi-circle?
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CONNECT
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Taxi fares vary across Australia. They can be different depending on where you are and what day or
time of day itis.

The fare you are charged is mainly calculated using the flagfall and the distance rate. The flagfall is a
set charge or minimum amount on the meter when you hire a taxi, and the distance rate is the amount
per kilometre travelled. There is also a waiting time charge if the taxi is stopped, or travelling at less
than a particular speed. Additional charges can be made, such as airport, tollway and booking fees.

Your task is to compare taxi charges around Australia. To simplify calculations, only the flagfall and
distance rate will be considered when working out taxi fares. Information has been supplied for all the

capital cities.

Brisbane
1 07.00-19.00 weekdays $2.90 $2.17/km
2 19.01-06.59 weekdays $4.30 $2.17/km

All day Sat, Sun and public
holidays — see also Tariff 3

3 0.00-05.00 surcharge of $2.00  $6.30 $2.17/km

.

...................................................................................................................................
]

8

our tas :

8

g

8

g g
g

You are to complete the following for each capital city. Include all necessary working to justify your
answers.
* Write a rule for the linear relationship linking taxi fare and the number of kilometres travelled for each
tariff.
* Use tariff 1 to calculate the taxi fare for a distance of 10 km. Which capital city is the cheapest?
» (alculate the taxi fare if you travel 20 km at these times and days: 3 pm Christmas day,
6 am Wednesday, 2 am Saturday.
* Choose another three days, times and travel distances. Compare the taxi fare in four capital cities.
* Work out which capital city allows you to travel the furthest for a fare of $50. How far can you travel?
* Use tariff 1 for Canberra and Sydney to investigate which city is cheaper over varying distances.
— Show the graphs of the relationships on the same Cartesian plane.
— Use aninequality distance statement to describe when Canberra is cheaper.
— Use an inequality distance statement to describe when Sydney is cheaper.
— For what travel distance is the cost of the taxi fare the same in Canberra and Sydney? What is the
taxi fare for this distance?
* Choose two other capital cities to compare. Use an algebraic method to find the distance where the
cost of the taxi fare is the same. Describe the conditions for which each city is cheaper.
* Investigate the fares for other pairs of capital cities. Write a summary of your findings.
As an extension, you may like to investigate the taxi charges in your town or in a country town near
you. Compare them to one of the capital cities. Investigate, either algebraically or graphically, to find the
distance where the cost of the taxi fare in your chosen town is cheaper, the same, or more expensive than
in the capital city.

.
..........................................................................................................................................................
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Sydney
1 06.00—21.59 weekdays $3.60 $2.19/km Hobart
2 22.00-05.59 weekdays $3.60 $2.63/km
All day Sat, Sun and public
holidays — see also Tariff 3 1 06.00-19.59 weekdays $3.60 $1.94/km
3 20.00-05.59 starting Fri, Sat, =~ $6.10 $2.63/km 2 20.00-05.59 weekdays $3.60 $2.32/km
eve of public holiday, All day Sat, Sun and
surcharge of $2.50 public holidays
Canberra Adelaide
1 06.00-21.00 weekdays $5.00 $2.00/km 1 06.00-18.59 weekdays $3.70 $1.84/km
2 21.01-05.59 weekdays $5.00 $2.00/km 2 19.00-05.59 weekdays $4.90 $2.03/km
All day Sat, Sun and All day Sat, Sun and
public holidays public holidays
Perth
1 06.00-17.59 weekdays $4.10 $1.69/km
2 18.00-05.59 weekdays $6.00 $1.69/km
All day Sat, Sun and
Melbourne public holidays
1 09.00-16.59 day rate $4.20  $1.622/km
2 17.00-08.59 overnight rate $5.20  $1.804/km
3 22.00-04.00 Fri, Sat, $6.20  $1.986/km
public holidays
Darwin
You may like to present your findings as a report.
Your report could include:
* adigital taxi fare calculator 1 06.00-17.59 weekdays $420  $1.488/km
* aPowerPoint presentation 2 18.00—-05.59 weekdays $5.00 $1.83/km
* atechnology demonstration Al day Sat, Sun and

e other (check with your teacher]. public holidays
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NON-LINEAR
RELATIONSHIPS

5A Solving quadratic equations S5E Graphs of circles

5B Solving quadratic equations usingthe  5F Graphs of exponential relationships

quadratic formula ) _ _
5G Solving exponential equations @
5C Sketching parabolas using intercepts
&P g ’ 5H Graphs of hyperbolas @
5D Sketching parabolas using ' _
transformations 51 Sketching non-linear @

relationships using transformations

i R R T

ESSENTIAL QUESTION

The path of a moving object can be described by a
non-linear relationship. How do games like Angry Birds
and Super Mario involve parabolas?




Are you ready?

Factorise each expression. 50 b 6 Consider the point A(3,2) on a
a x?-3x b x2-25 Cartesian plane. Find the coordinates of

e ¥2—Tx+12 d —4x2—18x a new point after each transformation

has been performed on the point A.
Factorise each quadratic expression by a translate 2 units right

completing the square. b translate 7 units down
a xX2+2x—4 b x*—3x-1 ¢ translate 5 units left and 1 unit up

e . d reflect in the x-axis
Simplify each surd expression. ) i
[45 e reflect in the y-axis

a(\/g)zl)\/ﬂcﬁ/ng

SE b 7 Identify the

Evaluate each expression by substituting coordinates of

a=3,b=-2andc=4. the centre and

a a®—b? b a+b+2e the radius of
¢ b?—dac b 44+ 30 -2¢ this circle.
Copy and complete this table of 5F » 8 Write the rule
values using the rule for the quadratic for each of the
relationship y = x> + 4x — 5. The first few lines shown.
y values have been calculated for you. . —
56 0 9 Write each 3_2__110_
6 -5-4-3-2-10 1 2 @ number in index 5
7 0 -5 form with the -3
. . Y
Plot the values for this relationship indicated base.
| m on a Cartesian plane. The first few a 32 2 b 729 3]
U1 points have been plotted for you. Join ¢ 25 [8] d 8t 2]

the points with a curved line to form

a parabola. 56 p 10 a Convert each statement from index

@ form to logarithmic form.

1e] i 20=64 i 10*=10000
}‘2‘: Convert each statement from

104 logarithmic form to index form.
2- i log:81 =4 i logjpl =0
4 . 1

] a  What is the value of < when:

g —'6—‘.'5 Ry _.2_|]20 i x=0? ii x approaches ?
] What value of x makes each

expression undefined?

i 1 ii I
x—3 x+8
) . What does the value of each
s | . Write the coordinates for: expression in part b approach when x
. i the x-intercepts approaches o?
£ < ii the y-intercept
s \\ iii the turning point.
=
—ami? G U s

AN



m CHAPTER 5: NON-LINEAR RELATIONSHIPS

5A Solving quadratic equations

In Chapter 2 you became familiar with quadratic expressions and how to expand, simplify and factorise
them. In this section, you will work with

1
2

What is the difference between a quadratic equation and a quadratic expression?

Which of these are quadratic equations? Provide a reason for your decision.
i x2= ii x—9=0 iii x2+6x=0 iv x2+4x -5
One method of solving a quadratic equation involves the
a Calculate each of these.
i4x0 it 0x-=3 iii 0x0 iv xx0 vOX(x—6) vi(x+5)X%X0
b What do you observe with each product?
Use your answer to part b to help you work out the value of x in each equation.
i 3xx=0 ii xx8=0 iii —6xx=0
iv 5x(x—-4)=0 vix+1)x2=0 vi 3x(x-7)=0
d Copy and complete this sentence: The Null Factor Law states that if the product of two factors
equals then one or both of the factors must equal

Consider the Null Factor Law with (x — 2)(x — 7) = 0.
a What are the two factors that form the product on the left side of the equation?
b Since the right side of the equation equals 0, what do you know about (x — 2) and (x — 7)?
¢ Copy and complete the working at right to solve (x —2)(x —7) =0 (x=-2)(x-7)=0
using the Null Factor Law. x—-2=0orx—-7=___
d Check your two solutions. Explain how you did this. x=2o0orx=___

In your own words, explain how the Null Factor Law can be used to solve a quadratic equation.

KEY IDEAS

The general form of a quadratic equation is ax?> + bx + ¢ = 0 or (x + m)(x + n) = 0.

The Null Factor Law states that if the product of two factors is 0 then one or both factors
are 0. For example, if a X b =0 then a = 0 or » = 0 or both @ and b are 0.

A quadratic equation can be solved using the Null Factor Law if one side of the equation is
in factor form and the other is 0. Two linear equations are produced which are easy to solve.
For example, (x + m)(x + n) = 0 has two solutions: x = —m or x = —n.

To obtain the product of two factors on one side of the equation, the quadratic expression
needs to be factorised.

Solutions can be written in a shorthand way using * (plus or minus).

For example, x = —2 or x = 2 can be written as x = 2.
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EXERCISE 5A Solving quadratic equations

1 Decide whether the value given in square brackets is a solution to the equation.

a (x—3)(x—-2)=0 [x =2] b (x+5hx—-1)=0 [x=15]
¢ 4x(x—2)=0 [x=0] d xX>+2x-8=0 [x=-2]
e x*—-4=0 [x=4] f x*=6x+9=0 [x =3]

EXAMPLE 5A-1 Solving quadratic equations using the Null Factor Law

Solve each equation.

a (x+3)(x—-5=0 b x2x—=7)=0
THINK WRITE
a 1 Write the equation. Check that the left side (LS) is in a (x+3)(x—-5=0
factor form (yes) and the right side (RS) equals 0 (yes).
2 Apply the Null Factor Law. x+3=0o0orx—-5=0
3 Solve each linear equation. x=-3o0rx=5
b 1 Write the equation. Check that the LS is in factor form b x2x—-7)=0
(yes) and the RS equals 0 (yes).
2 Apply the Null Factor Law. x=0o0r2x—-7=0
3 Solve each linear equation. x=0o0r2x—-7=0
x=0or2x=7

1
x=0orx=35

2 Copy and complete the steps shown to solve each quadratic equation using the
Null Factor Law.

g a (x+4)(x-1)=0 b 3x(x—=5)=0 ¢ (x+V3)x=V3)=0
z x+4=0o0rx—-1=__ 3x=_orx—5=__ x+\/§=_orx—\/§=_
% X=__orx=__ X=__orx=__ X=__orx=__
=§> x:i\/g
E 3 Solve each equation. Show all steps of working.
E a (x+2)(x—-4)=0 b (x+7x+1)=0 c (x=3)(x-6)=0
= d x+9H(x-9=0 x(x—5)=0 f x2x—-1)=0
¢ 2x(x+1)=0 TxQ2x +4)=0 i 3x(x-3)=0

(x=V3)(x+V5)=0 | (x+43)(x-4/3)=0
GBx-DBx+1D)=0 o (Ix+2)@x-5=0

i (x+V2)x=V2)=0
m Q2x+3)(x-4)=0

= & =0 ©
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Solve each equation.
xX>=4x-12=0

THINK

x2=16=0

5x% = —-35x

1 Write the equation. Check that the LS is in factor form

(no) and the RS equals 0 (yes).

2 Factorise the LS of the equation (factors of —12 that

add to —4).
3 Apply the Null Factor Law.

4 Solve each linear equation.

1 Write the equation. Check that the LS is in factor form

(no) and the RS equals 0 (yes).

2 Factorise the LS of the equation (difference of two

squares).
3 Apply the Null Factor Law.

4 Solve each linear equation.

5 Alternatively, write the solution in a shorthand way

using .

1 Write the equation.

2 Rearrange the equation so the RS is zero.

3 Factorise the LS of the equation (take out common

factor).
4 Apply the Null Factor Law.

5 Solve each linear equation.

Solve each equation.
xX2+7x+12=0

x2=25=0
x2=3x=0
10x2—4x=0

are correct.

AIN3INT4d ANV 9NIONVLISYIANN |

Consider 3(x + 6)(x — 8) = 0.
Why is this equivalent to (x + 6)(x — 8) = 0?
Solve (x + 6)(x — 8) = 0 and hence write the solutions for 3(x + 6)(x — 8) = 0.

[ Use substitution to check that you have the correct solutions.

x2+3x—-10=0
x2-81=0
X2+x=0

3x2=18x

x2—4x-12=0

(x+2)(x—-6)=0

x+2=00rx—6=0
x=-2o0rx=6

x*=16=0

x2—42=0
(x+4)(x—-4)=0

x+t4=0o0rx—-4=0

x=—-4orx=4

x=14
5x%=-35x
5x2+35x=0
Sx(x+7)=0

5x=0o0rx+7=0

x=0orx=-7

x2—9x+8=0

4-x2=0
2x2+8x =0
7x2=-T70x

Use substitution to check that the solutions to each quadratic equation in question
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Solve each equation. Write the solutions as exact values.

x2

Consider —5(x + 3)(x +2) = 0.

Why is this equivalent to (x + 3)(x + 2) = 0?

5A SOLVING QUADRATIC EQUATIONS m

Solve (x + 3)(x + 2) = 0 and hence write the solutions for —=5(x + 3)(x + 2) = 0.

Use substitution to check that you have the correct solutions.

Explain why you can divide both sides of 3(x — 2) = 0 by 3 but not divide both sides

of x(x —2)=0by x.

Solve each quadratic equation.
2(x+5)(x—=6)=0
—4(x+9)(x—-3)=0
—6x(x—2)=0

Tx=2)(x—4)=0
“1l(x -4 (x+4)=0
-2x(3x+5)=0

=S(x+8)(x+1)=0
-x(x+7)=0
-82x = 3)(x+10)=0

Solve each quadratic equation. (Hint: take out a common factor first.)

2x2+6x+4=0
—-5x2-5x+30=0
11x2-44=0

~5=0 ~2x2+24=0

THINK

1

A W N = U AW

L 1 &N W

Write the equation. Check that the LS is in factor
form (no) and the RS equals 0 (yes).

Factorise the LS of the equation (difference of
two squares).

Apply the Null Factor Law.

Solve each linear equation.
Alternatively, write the solution using *.
Write the equation.

Take out a common factor of —2.
Divide both sides of the equation by —2.

Factorise the LS of the equation (difference of
two squares).

Simplify the surd. V12 =4 x 3 =4 x /3 = 2/3.
Apply the Null Factor Law.
Solve each linear equation.

Alternatively, write the solution using .

3x2+6x—45=0
—4x2 4 16x + 48 =0
-7x2+63=0

6x2—30x+24=0
-x2—x+56=0
—-16x2+8x =0

x2—=5=0

x2=(/52=0
(x +V35)(x =V5)=0

x+ﬁ=00rx—ﬁ=0
xX=- 50rx=ﬁ

x=i\/§

-2x2+24=0
-2(x2-12)=0
x2=12=0
x2—([122=0

(x +12)(x —V12)=0
(x+2/3)(x-2/3)=0
x+2/3=00rx—2/3=0
x=—2ﬁorx=2ﬁ
x=*2/3
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Solve each equation. Write the solutions as exact values.

x2=3=0 x2=11=0 2x2—14=0 x2—8=0
x2=27=0 3x2—-6=0 -x2+5=0 —4x2+24=0
—-2x2+64=0 5x2=95 8x2 =160 156 —3x2=0

Solve x? + 6x + 3 = 0 by completing the square. Write the solutions as exact values.

THINK

1 Write the equation. X2+ 6x+3=0

2 Rewrite the LS by completing the square. (X*+6x+9)-9+3=0
(x2+6x+9)—-6=0
(x+37-6=0

3 Factorise the LS using the difference of two squares. (x+3)2-(6)2=0
(x+3+V6)(x+3-V6)=0

4 Apply the Null Factor Law. x+3+V6=00orx+3-V6=0
5 Solve each linear equation. x=-3-V6orx=-3+\6
6 Alternatively, write the solution using . x=-3+/6

Solve each equation by completing the square. Write the solutions as exact values.
X2+2x—-6=0 xX2—4x+2=0 X2 +8x+11=0
xX2=12x+28=0 X2 +20x+25=0 xX>=x=-1=0

Write the solutions to each equation in question 12 correct to two decimal places.

How many solutions does each quadratic equation have?
x=3)(x—-5=0 x+2)(x+2)=0 x=—-4Hx+4=0
x=7?%=0 x(x—6)=0 x2+9=0

Find the solution/s to each equation. (Hint: some of these equations cannot be solved.)
x2-9=0 x2+4x-77=0 x2-8x+16=0
x2+4=0 x2+4x=0 x2—-6x—-1=0

Solve each quadratic equation. (Hint: first rearrange into the form ax? + bx + ¢ =0.)

X2 +4x=12 x> +4=>5x 6x> =54
x2=3x-20=20 x? = 6x =3x X2+ 1=4x
S5x—x2=x xX2+21=11x+3 2x2-3x=x*+18
x(x+4)=21 (x=52=1 x>+3x+10=1-3x

Use the Solve function of a calculator or other digital technology to solve each
quadratic equation in questions 15 and 16 and compare your solutions.
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5A SOLVING QUADRATIC EQUATIONS m

Lauren dives with her outstretched arms from a platform
into the diving pool. The height of her fingertips above

D

the pool surface can be represented by the quadratic
relationship & = =212 + 4t + 6, where / is the height in
metres after ¢ seconds.
a  What is the height after:
i 1second? ii 2 seconds?
b What is the height of her fingertips when Lauren
starts the dive?

¢ How long does it take for the dive? (Hint: how long

does it take for her fingertips to hit the water surface?)
d Explain why there is only one time value for your E
answer to part ¢ even though you have solved a

quadratic equation that has two solutions.

Oliver buys rice to serve with stir fry meals over the next few weeks. The amount he
has left can be represented by the quadratic relationship y = x> — 10x + 25, where y is
the amount left in kilograms after x weeks.

a  How much rice did Oliver buy?
b How much rice is left after 2 weeks?
¢ How long does it take for the rice to be used up?

d Did Oliver use the same amount of rice each week? Explain.

The area of a rectangular vegetable plot is 70 m?. The length is 3 m longer than the
width.

a  Write a quadratic equation to represent this scenario. (Hint: let x represent the
width of the vegetable plot in metres.)

b Solve the quadratic equation.

¢ Write the dimensions of the vegetable plot.

The width of a mobile phone screen is 5 cm less than its length. Write an equation to
represent the scenario where the area of the screen is 66 cm? and then solve it to find
the dimensions of the screen.

Solve each quadratic equation by completing the square. (Hint: first take out the
coefficient of the x? term as a common factor.)

a 3x2+18x+21=0 b 4x2+8x—-16=0 ¢ —x2+4x-1=0

d —6x>—48x—-36=0 e 2x2-12x-3=0 f 5x2+5x-2=0

Solve each quadratic equation. (Hint: factorise TR
by splitting the x term or using the cross- Reflect :
multiply method.) Why do you often need to

a 2x2+13x+15=0 h Sx2—22x+8=0 : factoriseaquadratic expression

¢ 6x2+x-2=0 d 4x2+25¢—-21=0 before solving a quadratic

) i equation?
e 3x2+2x=1 f 7x2=11x+6 :
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5B Solving quadratic equations

Quadratic equations can be written in the general form ax? + bx + ¢ = 0 where a, b and ¢ are constants

using the quadratic formula

and a = 0.
1 List the values for a, b and ¢ in the equation 2x> + 12x — 4 = 0.
2 Discuss how you might solve this equation with a classmate.
3 Can you take out a common factor? If so, show the result you would get after dividing both sides of
the equation by this common factor.
4 Use your result to question 3 to answer these.
a Can you factorise the left side of the equation using factors of the constant term that add to give
the coefficient of the x term? If so, show the result.
b Can you factorise the left side of the equation using the completing the square method? If so, show
the result.
5 The left side of the equation can be factorised so the equation becomes (x + 3 + V11 Jx+3- V11 )=0.

a How many solutions does the equation have?
b Write the solutions as exact values.
¢ Write the solutions correct to two decimal places.

Completing the square can be very laborious when solving equations like this. In Exercise 5B, you will

use a formula that makes finding the solutions a lot easier.

6

CHALLENGE! Try to find the formula for yourself. Use the completing the square method to find

the solutions to ax? + bx + ¢ = 0.

KEY IDEAS

>

The quadratic formula can be used to solve equations of the general form ax? + bx + ¢ =0,
where a, b and ¢ are constants and a = 0.
—b +\b? — dac I —b — b2 — dac
2a ' 2a '
—b +\b? — 4dac
2a )
The discriminant (A) is 5> — 4ac. Evaluating this expression after substituting for a, b and ¢ helps

The solution is x =

This can be written more simply as x =

you identify the number of real solutions to the quadratic equation.
> If A <0, there are no real solutions. @) NOTE Inthis chapter,

> If A =0, there is one real solution. you will be considering
. , . real solutions only.
> If A >0, there are two real solutions.
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EXERCISE 5B Solving quadratic equations using the

quadratic formula

1 Compare each quadratic equation with the general form ax? + bx + ¢ = 0 and
identify @, b and c.

a 2x2+7x+3=0 b x2+5x+8=0 c 3x2-6x+3=0
d 5x2+x+1=0 e —4x2+12x-9=0 f —=x2+4x+2=0

2 Use A = b? — 4ac to calculate the value of the discriminant for each equation in
question 1.

Identifying the number of solutions to a quadratic equation
Use the discriminant to identify the number of solutions for each quadratic equation.
a2 3x2+7x+2=0 b x2+16=8x c 2x2+3x-5=0
THINK WRITE
2 1 Write the equation. 2 3x2+7x+2=0
2 Compare to ax?> + bx + ¢ = 0 and identify @, b and c. a=3,b=7,¢=2
3 Write the formula for the discriminant. A=b%>-4ac
4 Substitute values for a, b and ¢ into the formula and =72-4(3)(2)
simplify. =49 -24
=25
5 Identify the number of solutions. Since A > 0, the equation
has two solutions.
b 1 Write the equation and rearrange so right side is 0. x2+16=8x
x2-8x+16=0
2 Compare to ax? + bx + ¢ = 0 and identify @, b and c. a=1,b=-8,¢c=16
3 Write the formula for the discriminant. A=b%*-4ac
4 Substitute values for a, b and ¢ into the formula and = (—8)2 — 4(1)(16)
simplify. =64-64
=0
5 Identify the number of solutions. Since A = 0, the equation
has one solution.
¢ 1 Write the equation. -2x2+3x-5=0
2 Compare to ax? + bx + ¢ = 0 and identify @, b and c. a=-2,b=3,¢c=-5
3 Write the formula for the discriminant. A= b*—4dac
4 Substitute values for a, b and ¢ into the formula and =32 - 4(-2)(-5)
simplify. =9-40
=-31
5 Identify the number of solutions. Since A < 0, the equation
has no solutions.
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Use your answers to question 2 to identify the number of solutions for each equation
in question

Use the discriminant to identify the number of solutions for each quadratic equation.
X2+5x+7=0 3x2-8x—4=0 x2=9=0
2x2+3x+4=0 12x — x> =36 6x>—5="7Tx

Complete the following for each quadratic equation shown below.
Calculate the discriminant. Identify the number of solutions.
Solve by first factorising and then using the Null Factor Law.
Check whether your answer to part iii confirms the result to part
x2=2x-15=0 X2 +4x+4=0 x>=49=0
3x2 = 18x=0 X2=6x+7=0 X>+2x+3=0
Copy and complete the lines of working below to discover the quadratic formula.

You will complete the square to factorise the left side and then use the Null Factor
Law to find the solutions to ax? + bx + ¢ = 0 (where a # 0).

Step1  Write the quadratic equation. ax>*+bx+c=0
Step2  Take out the coefficient of x? as a common factor. a(x2 + gx + g) =0
Step3  Divide both sides by a. x>+ gx +_ =0

Step4  Add a new third term to complete the
square and compensate by subtracting ~ x2 + éx + (2)2 - (2)2 +—S =0
a 2a 2a
the same term.

Step5  Form a perfect square using the first three

2
terms and simplify the fourth term. (x + 2%) T2 + 2 =0
by (b2 ¢\ _
Step 6  Group the last two terms together. (x + %) - (H - 5) =0
Step7 Combine the last two terms using a
. by (_ —dacy _
common denominator. (x + ﬂ) - (T) =0
Step 8  Write the left side as the difference
b2 b*—4a\2 _
of two squares. (x + %) - ( le) =0
2 _
Step9  Simplify the second square. (x + 2%)2 - (%)2 =0
Step 10 Factorise the left side using the
difference of two squares rule (x + L + M)(x + LA )2 =0
) 2a 2a 2a ——
72—
Step 11  Use the Null Factor Law. x+£+M:00rx+£—_:0
2a 2a 2a
[2 =
Step 12 Solve each linear equation. xX= —22 _ Vb7 = dac orx = _b +
a 2a 2a
_h— P2 = _ 12
Step 13 Simplify each solution. x= % orx = W

So the quadratic formula for finding the solutions to ax? + bx + ¢ =0 is

x:—bi\/bz—4ac
2a ’
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Use the quadratic formula to solve each equation. Write the solutions as:

exact values

2x2-5x+1=0 Ox2+ 12x+4=0
THINK
1 Write the equation.

2
3

Compare to ax? + bx + ¢ = 0 and identify a, b and c.

Write the quadratic formula.

Substitute values for a, b and ¢ into the formula and
simplify.

Write the solution as exact values.

Use a calculator to write the values correct to two
decimal places.

1 Write the equation.

1 Write the equation and rearrange so the right side is 0.

Compare to ax? + bx + ¢ = 0 and identify a, b and c.

Write the quadratic formula.

Substitute values for a, b and ¢ into the formula and
simplify.

Write the solution as an exact value.

Write the value correct to two decimal places.

Compare to ax? + bx + ¢ = 0 and identify a, b and c.

Write the quadratic formula.

Substitute values for a, b and ¢ into the formula and
simplify.

Provide a reason for why there are no real solutions to
this equation.

approximate values correct to two decimal places.
4x2=3x—1

2x2—=5x+1=0
a=2,b=-5c=1

x:—bi\/b2—4ac

2a

_ —(=5) £V (=5 - 4@
22)
_5+\17
4
X = >~ m or >t m

4 4
x=0.22 or 2.28

Ox2+ 12x+4=0
a=9,b=12,c=4

x:—bi\/b2—4ac

2a

—12 + 122 = 4(9)(4)

29)
—12+y144 - 144

18
-12%0

x=—0.67
4x2=3x-1
4x2-3x+1=0
a=4,b=-3,c=1

‘= —b £ b% - dac
2a

= —(=3) £V (=3~ 44D

2(4)
3+\(-7
8
Since a real value cannot be

found for V-7, there are no
real solutions.
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7 Use the quadratic formula to solve each equation. Write the solutions as:
i exact values

ii approximate values correct to two decimal places.

a x>=T7x+5=0 b 3x2=x-1=0 ¢ 2x*+x-4=0

d =3x2=x+9=0 e —6x2=5x+3=0 f x2=-2x-1=0

o x2+8x+4=0 h 4x2-12x+1=0 i —x2+4x+2=0
| i 5x2+10x—-3=0 k 2x2=11-3x I x2+2x=7

8 Consider the quadratic equation x> — 5x + 6 = 0.
a  Solve the equation by factorising the left side and using the Null Factor Law.
b Solve the equation using the quadratic formula.
Which method was quicker or easier to use?

d The solutions to any quadratic equation can be found using the quadratic
formula. Why might you try using the method described in part a first?

9 The profit p (in dollars) made from selling » soft toys is given by the relationship
p=-0.1n%+ 17n + 200.
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a  What is the profit when 30 toys are sold?
b What is the smallest number of toys that need to be sold to make a profit of at
least $850? (Hint: use the quadratic formula to solve an equation.)

10 A rectangular paddock is 20 m longer than it is wide and has an area of 5000 m?.
Solve a quadratic equation to find the dimensions of the paddock correct to
one decimal place.
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5B SOLVING QUADRATIC EQUATIONS USING THE QUADRATIC FORMULA m

The perimeter of a framed
painting is 100 cm. Within
the 2 cm frame, the area

of the painting that can be
viewed is 300 cm?. Find the
dimensions of the framed
painting, correct to the

nearest millimetre.

Consider the result to

Vb% = 4ac in the quadratic
formula when answering

each of these.

a Explain why there are
no solutions to a

quadratic equation when the discriminant is negative.
b Explain why there is only one solution when the discriminant is zero.

¢ Explain why there are two solutions when the discriminant is positive.

&0

Find the value of k so kx? + 6x + 3 = 0 has only one solution.
For what values of k does kx? + 6x + 3 = 0 have:
i two solutions?

ii no solutions?

2 Find the two values of k so 4x*> + kx + 1 = 0 has only one solution.
For what values of k does 4x? + kx + 1 = 0 have two solutions? Write three
examples of equations that fit this condition.

¢ For what values of k does 4x% + kx + 1 = 0 have no solutions? Write three
examples of equations that fit this condition.

Find the value of k in each equation to give the number of solutions shown in
brackets.

a x>+2x+k=0 [one solution]

b 2x?—4x+k=0 [two solutions]

¢ kx?+6x—1=0 [no solutions]

d kx*>—=3x+1=0 [onesolution]

e 3x2+kx+3=0 [two solutions]

f x>+ kx+25=0 [no solutions]

Write three different quadratic equations

that haVC: : ...................................................................... .
. i Reflect :
a  two solutions

i When is it an advantage to use
the quadratic formula to solve a
i quadratic equation?

b one solution

¢ no solutions.
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5C Sketching parabolas using
Intercepts

Vi
The graph of a quadratic relationship is called a . ;_
1 Consider the graph of the parabola shown. 14
a Is the parabola upright or inverted? ‘_'4]13 ) _'_110_ }\ 53X
b What is the y-intercept? ¢ What are the x-intercepts? o
d Does it have a or ? -3
e What are the coordinates of the ?
To sketch a parabola, you can use the features identified in question 1. A shows the general

shape of the relationship, the x- and y-intercepts and any other distinguishing features. This is different
from plotting a parabola where a table of x and y values is used.

Consider sketching the graph of y = x> — 4x — 5.

2 Look at the coefficient of the x? term. Will the parabola be upright or inverted?

3 a What is the x-coordinate at the y-intercept of any graph?

b Substitute this value for x into the rule y = x> — 4x — 5 and simplify. What is the y-intercept?
4 a What is the y-coordinate at the x-intercepts of any graph?
b Substitute this value for y into the rule y = x> — 4x — 5.
¢ Solve the equation to find the value of x. What are the x-intercepts?
5 What are the coordinates of the turning point? (Hint: as a parabola is , what is the x value

of the turning point?)
6 Use the information you have to sketch the graph. Label your graph with its rule.

| < axis of
KEY IDEAS e Snmety

© x-int rcepts

al

» The graph of a quadratic relationship is a parabola.
» One way of sketching a parabola is to use the x- and y-intercepts. 0
The coordinates of the turning point and the orientation of the y-intercept

minimum
turning point

parabola (upright or inverted) can also be identified.

» The y-intercept is found by substituting x = 0 into the rule and simplifying.

» The x-intercept/s are found by substituting y = 0 into the rule and solving for x.
A parabola can have two, one or no x-intercepts.

» The axis of symmetry of a parabola is a vertical line midway between the x-intercepts. Hence, the
x-coordinate of the turning point is halfway between the x values at the x-intercepts. The y-coordinate
of the turning point is found by substituting the x-coordinate into the rule and simplifying.
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EXERCISE 5C Sketching parabolas using intercepts

1 Consider each parabola.
i 7} i A i

—

Lo

N
=Y
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—

o]

-
=Y

/
a Identify the x- and y-intercepts.
b List the coordinates of the turning points.
¢ Describe the nature of each turning point as maximum or minimum.
d Match each graph with its rule from the list below.
A y=xr+2x-38 B y=—-x*-2x+38 Cy=x>-2x-8

2 Explain how you can tell whether a parabola will be upright or inverted from its rule.

[ Use the parabolas in question 1 as examples in your explanation.

EXAMPLE 5C-1 Finding the x- and y-intercepts of a quadratic relationship

Find the x- and y-intercepts for y = x? — 4x.

THINK WRITE
1 To find the x-intercept/s, substitute y = 0 into the rule. y=x>—4x
(You may like to swap the sides of the equation.) x-intercepts: when y = 0,
0=x2-4x
x2—4x=0
2 Factorise the quadratic expression on the left side. x(x—4)=0
3 Solve the equation using the Null Factor Law. x=0orx—4=0
x=0orx=4
4 List the x-intercepts. x-intercepts are 0 and 4.
5 To find the y-intercept, substitute x = 0 into the rule and y-intercept: when x = 0,
simplify. y=0-0=0

6 List the y-intercept. y-intercept is 0.
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For each quadratic relationship, find:

the x-intercepts the y-intercept.
y=x*+6x y=-x2+ 10x y=x2—6x+5
y=x>-1 y=-x2—4x+12 y=9-x2

For each quadratic relationship in question 3, state whether its graph is an upright or

an inverted parabola.

Find the coordinates of the turning point for y = x> — 4x.

THINK
1 Find the x-intercepts (see Example 5C-1). y=x*—4x
x-intercepts are 0 and 4.
2 Since a parabola is symmetrical, the x-coordinate of Halfway between 0 and 4 is 2,
the turning point is halfway between the x-intercepts. _0+4_
. orx=-——=2.
Alternatively, find the average of the two x values. 2
3 Find the y-coordinate of the turning point by substituting When x =2,
x = 2 into the rule and simplifying. y=22-42)=-4
4 Write the coordinates of the turning point. Coordinates of the turning

point are (2, —4).

Find the coordinates of the turning point for each quadratic relationship in
question

Find the coordinates of the turning point for each parabola.
Y oy
y=x2+2x-15

| y=-x2+x+12

AIN3INTd ANV 9NIAONVLSYIANN
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Y \

Sketch the graph of each quadratic relationship in question 3 using your answers to

[ questions 3-5.
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5C SKETCHING PARABOLAS USING INTERCEPTS m

Sketch the graph of y = x> — 4x — 12 using intercepts. Label the turning point with its coordinates.

THINK

1 Find the x-intercepts by substituting y =0
into the rule and solving for x. Factorise so
that the Null Factor Law can be used.

2 Find the y-intercept by substituting x = 0 into
the rule and simplifying.

3 Find the coordinates of the turning point.
The x-coordinate is halfway between the
x-intercepts (or the average of the two
x values).

4 Plot the points for the x- and y-intercepts and
the turning point on a Cartesian plane.

5 Draw an upright parabola through the points
and label with the rule. (The parabola is
upright since the coefficient of the x> term is
positive.)

y=x2—4x—12
x-intercepts: when y = 0,
X2=4x-12=0
(x+2)(x—-6)=0
x+2=0o0rx—6=0
x=-20rx=6
x-intercepts are —2 and 6.

y-intercept: when x = 0,
y=0>2-40)-12=-12
y-intercept is —12.

At turning point, x = —2+6_ 2

When x = 2, 2
y=22-42)-12=-16
Coordinates of turning point are (2, —16).

\ YA y=x2—/4x—12
= 50 X
—12
A\l (2, -16)

Sketch the graph of each quadratic relationship using intercepts. Label the turning

point with its coordinates.
y=x>—6x+38
y=4-x2
y=x>—4x-21

y=-x2+10x-16
y=x>+2x
y=x2—x-6

y=xr+4x-12
y=-x2+10x - 25
y=x2+7x+10

Consider the graphsof y=(x+5)(x — 1),y =2(x+5)(x — Dand y = —(x + 5)(x — 1).
Find the x-intercepts for each graph.

Explain why the graphs will be different even though each parabola has the same

x-intercepts.

Find the y-intercept for each parabola.

Find the coordinates of the turning point for each parabola.

Sketch all three parabolas on the same Cartesian plane.
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Sketch the graph of y = x? + 6x + 7 using the quadratic formula to find the x-intercepts.
You do not need to label the turning point.

THINK
1 Find the x-intercepts by substituting y =0 y=x>+6x+7
into the rule and solving for x. The quadratic x-intercepts: when y = 0,
expression is not easy to factorise so use the xX2+6x+7=0
quadratic formula to find the solutions. _—=b b —4ac
\/T_he surd /8 ca\/n_ be \s/i_mpliﬁed to 2V2. o 2a
f=Vax2=Jax2=2/2 wherea=1,b=6,c=7
& _ =662 —4(1)(7)
B 2(1)
_ 628
=—
=-3+2

x-intercepts are —3 — ﬁ and -3 + ﬁ
(or approx. —4.4 and —1.6).
2 Find the y-intercept by substituting x = 0 into y-intercept: when x = 0,
the rule and simplifying. y=0>+6(0)+7=7

y-intercept 1s 7. s

3 Draw an upright parabola through the x- and AR X2+ox+7
y-intercepts. Label the intercepts with exact
values.

-3 _‘E\/Y\O‘—?) +\2 ;

/

Sketch the graph of each quadratic relationship using the quadratic formula to find
the x-intercepts. You do not need to label the turning point.
y=x+4x-1 y=x2—-8x+3 y=x>+6x-8
y=xr-2x-10 y=-x>+2x+5 y=-x>-x+4

Look at the graphs of these three quadratic relationships.

by y:xz_x_z Y y=x2+2
2+ 24
14 14
\ / y=-x>+4x—-4
- > Rl T 7T~ T T
S0\ 1A 3x -1 2\ 4%
_2\ _2_
—3 -3
Y
—4 T T
_5] 1 2 3%
'
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a How many x-intercepts does each parabola have?
b Use the graphs to solve:
ix2-x-2=0 i —x2+4x-4=0 il x2+2=0
¢ Show how you can use the discriminant (A = b — 4ac) to verify the number of
x-intercepts for each parabola.
d Show how you can use the quadratic formula to find the x-intercepts.

Before sketching a parabola, you can work out the number of x-intercepts it will have.
i How many x-intercepts will each parabola with the following rules have?
ii Find the coordinates of the x-intercepts.

a y=x>—4x+4 b y=x*+2x+3 c y=xt-6x+7

Thomas throws a discus. The position of the discus can be represented by
h =-0.01(d + 4)(d — 72), where / is the height above the ground and d is the
horizontal distance from where the discus was thrown. Both / and d are in metres.

a Sketch the graph of this relationship by
finding the intercepts.

b At what height off the ground was the discus
thrown?

¢ What horizontal distance did the discus travel
before hitting the ground? E

d  What is the greatest height that the discus reaches? 2 i i

A ball is kicked off the ground. Its path can be represented by y = —0.05x2 + 1.6x,
where x is the horizontal distance in metres and y is the vertical distance in metres.
a  Sketch the graph of this relationship.
b What was the maximum height of the ball? What horizontal distance had it
travelled when it reached maximum height?
What horizontal distance did the ball travel before hitting the ground?
d If the ball was caught at a height of 1.8 m above the ground as it was moving
downwards, what horizontal distance did the ball travel?

Consider the graph of y = ax? + bx + c.

a  Use the quadratic formula to write expressions for the x-intercepts.

b Use the x-intercepts to show that the x-coordinate of the turning point is —%.
¢ Write an expression for the y-coordinate of the turning point.

Sketch the graph of each quadratic relationship using intercepts. Label the turning
point with its coordinates.

a y=x2+2x-7 h y=-x+4x+2 c y=x?-2x-1
Write three quadratic rules that have: Reflect

2 two x-intercepts How can you determine the

b one x-intercept number of x-intercepts a

. arabola has?
¢ no x-Intercepts. P
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oD Sketching parabolas using
transformations

The transformations of dilation, reflection and translation can be performed on the graph of y = x? to
produce a new parabola. You may like to use technology for this task.
For each set of quadratic rules below:
i draw the graphs on the same Cartesian plane
ii compare each parabola with the graph of y = x?
iii identify the transformation/s you think have been performed. Describe the effect of different

coefficients for x> and any constants that are added or subtracted.

1 a y=x2 b y=2x2 c y=4x2 d yZ%x2 e yZ%x2

2 a y=x? b y=x2+1 c y=x>+2 d y=x>-1 e y=x>-2
3 a y=x? b y=(x-17 ¢ y=(x-22 d y=(x+1? e y=(x+2)>
4 a y=x7 b y=-x c y=—x>+2 d y=-2x7 e y=—3x2

KEY IDEAS

Vi y=alx—-h?+k
y = x2
» Transformations such as dilation, reflection and translation can
be performed on the graph of y = x2.
> Dilation by a factor of a produces y = ax?.
> Reflection in the x-axis produces y = —x?. k- . k)
bl
> Vertical translation of k units produces y = x> + k. = 0 ; -
> Horizontal translation of / units produces y = (x — /). v

2

» Quadratic relationships can be written in the general form y = a(x — &)= + k. This is known as
the turning point form, as the coordinates of the turning point of the parabola can be easily
identified as (4, k).

» A combination of transformations can be performed on the graph of y = x? to produce the
sketch graph of y = a(x — h)*> + k.

y=a(x-h2+k vertical translation of k units
\ For k > 0, move up.
For k < 0, move down.
dilation (narrower or wider)  horizontal translation of /4 units
For a > 0, upright parabola.  For 4 > 0, move right.
For a <0, inverted parabola  For 4 < 0, move left.
(reflection in x-axis).
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EXERCISE 5D Sketching parabolas using transformations

1 Consider graphs with rules of the form y = x? + k,
where k could be any number. Use the diagram to help
you answer the following.
a  Describe how the value of k affects the graph of y = x2.
b Explain how you know whether to move the graph of y = x?
up or down.

¢ Copy and complete each sentence using the word up or down. \
When £ is positive, the graph of y = x? is moved
When k is negative, the graph of y = x? is moved

AIN3INT4 ANV INIAONVLSYIANN |

d  What are the coordinates of the turning point for y = x? + k?

2 For each rule below:
i identify the value of k, if the graph has the rule y = x2 + k
ii describe the transformation needed to produce each parabola from the graph
of y=x2.
a y=x2+3 b y=x*-5 c y=x>+45

EXAMPLE 5D-1 Sketching a parabola by performing a vertical translation

Perform a transformation on the graph of y = x? to sketch the graph of y = x? + 4.

Clearly show the coordinates of the turning point.

THINK WRITE
1 Identify the transformation. Translation of 4 units up. y=x*+4
(No dilation or reflection.) Graph of y = x?is
translated 4 units up.
2 Sketch the graph of y = x? and locate its turning point. y y=x2+4
Translate this point 4 units up. This becomes the turning
point for y = x> + 4. y=a2

3 Use the position of the turning point at (0, 4) and the
orientation of the parabola (upright) to sketch the graph. 0.4

- q(0,0) X

3 Perform a transformation on the graph of y = x? to sketch the graph of each
quadratic rule. Clearly show the coordinates of the turning point.

a y=x2+3 b y=x2+2 c y=x*-95
d y=x>+6 e y=x>-4 f y=x*-175
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Consider the graphs with rules of the form y=(x+5)? y=x2 y=(x-7)%
y = (x — h)?, where A could be any number.
Use the diagram to help you answer the
following.
Describe how the value of /4 affects the -5 0 7 X
graph of y = x2. \

Explain how you know whether to move the graph of y = x? left or right.
Copy and complete each sentence using the word /left or right.
When £/ is positive, the graph of y = x? is moved
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When £ is negative, the graph of y = x? is moved
What are the coordinates of the turning point for y = (x — h)??

For each rule below:
identify the value of 4, if the graph has the rule y = (x — h)?
describe the transformation needed to produce each graph from the graph of
y=x2
y=(x-3)7 y=(x+6) y=(x—4.5)?

Perform a transformation on the graph of y = x? to sketch the graph of y = (x + 4)2.
Clearly show the y-intercept and the coordinates of the turning point.

THINK
1 Identify the transformation. Translation of 4 units y=(x+4)?
left. (No dilation or reflection.) Graph of y = x? is translated
4 units left.
2 Find the y-intercept. When x =0,y =(0+4)>2=16
y-intercept is 16.
3 Sketch the graph of y = x? and locate its turning yh V= (x+4)

point. Translate this point 4 units left. This becomes
the turning point for y = (x + 4)%.

4 Use the position of the turning point at (—4, 0) and
the orientation of the parabola (upright) to sketch
the graph. Label the y-intercept.

(-4,0) 0

Perform a transformation on the graph of y = x? to sketch the graph of each
quadratic rule. Clearly show the y-intercept and the coordinates of the turning point.

y=(x—4y y=(x+3) y=(x=5)
y=(x+2) y=(x=8) y=(x+1.5)
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Describe how you can recognise from its rule whether a parabola will be:
narrower or wider than the graph of y = x?

the reflection of y = x? in the x-axis.

For each rule below, match the description of a transformation(s) A-F performed on
the graph of y = x? to produce its graph.
dilated by a factor of 9
translated 9 units down
reflected in the x-axis and then translated 9 units right
translated 9 units left
reflected in the x-axis and then translated 9 units up
reflected in the x-axis and dilated by a factor of 9
y=x>-9 y=(x+9)? y =9x?
y=-9x2 y=-x2+9 y=—(x—9)?

Write the rule for each parabola produced after performing the described
transformation/s on the graph of y = x2.

dilation by a factor of 6

reflection in the x-axis

translation of 5 units right

translation of 2 units down

dilation by a factor of % and reflection in the x-axis

reflection in the x-axis and translation of 3 units up

Combining transformations gives us the turning point form of a quadratic
relationship. Compare y = (x = 2)>+ 5to y = a(x — h)*> + k.

Identify @, h and k.

What information can you identify from the values of «, & and k?

Use (4, k) to write the coordinates of the turning point.

Explain how (4, k) is related to the translations performed on y = x? to produce
y=(x—2)7>+5.

For each quadratic relationship:

describe the translations performed on y = x?

write the coordinates of the turning point.

y=(x—4)>+3 y=(x-77>-2 y=(x+32+1
y=(x+27>-4 y=(x—-172+38 y=(x+6)>-5
Look at the graph shown at right. g
Is the parabola upright or inverted? D) ] X
Identify the coordinates of the turning point. 2
Which of these rules would best match the graph? Explain. /
y=(x+3>-2 y=—(x+3)2+2
y=—(x—-3)2-2 y=(x—-3)2+2 y
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Sketch the graph of y = —(x + 1)? + 3 by performing transformations on y = x2.

Label the y-intercept and the turning point.

THINK

1 Identify the transformations: reflection then
translation of 1 unit left and 3 units up. (No dilation.)

2 Identify the type and position of the turning point.

General coordinates are (4, k) where 7 = —1 and k& = 3.

3 Find the y-intercept.

4 Use the turning point and the orientation of the
parabola (inverted) to sketch the graph.
Label the y-intercept and the turning point.

y==(x+ 1243

Graph of y = x?is reflected in
x-axis, then translated 1 unit left
and 3 units up.

Maximum turning point at (—1, 3).

Whenx=0,y=—-(0+1)>+3=2
y-intercept is 2.

Sketch the graph of each quadratic relationship by performing transformations on

y = x2. Label the y-intercept and the turning point.
=17 +2 y=(+ 523 y=-(-2P 7
y=—(x+42-6 y=(rt 7244 y=—x=-62-1

Use a graphics calculator or other digital technology to check the graphs you

sketched for question

For each quadratic relationship, identify:

whether the graph will be narrower or wider than the graph of y = x

2

whether the parabola will be upright or inverted

the coordinates of the turning point

y=2x-47>-8 y=-3(x+172+12 y=5(x = 3)?
y=—42+ 1 y=3(x+ 62 -3 = —3(x—-272-9

Write a rule for the parabola produced after performing each set of transformations

on the graph of y = x2.

dilation by a factor of 2 then a translation of 5 units right

reflection in the x-axis then a translation of 3 units down and 4 units left

dilation by a factor of % and reflection in the x-axis

dilation by a factor of 5, reflection in the x-axis then a translation of 7 units up
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A quadratic relationship has the rule y = (x + 2)> + 4. What is the
smallest y value that this relationship can have? Explain.

A quadratic relationship has the rule y = —(x — 6)> — 1. What is the
largest y value that this relationship can have? Explain.

Riley kicks a football to a teammate. The height of the ball can be
represented by the relationship 4 = —(¢ — 2)> + 5, where / is the height
in metres after 7 seconds.
a  What are the coordinates of the turning point of this relationship.
b Sketch the graph of this relationship from ¢ = 0 to ¢ = 3.
¢ Use the graph to find:
i the height at which the ball made contact with Riley’s boot

ii the maximum height of the ball during the kick to his teammate

iii the height of the football when the teammate ‘marks’ the ball after 3 seconds.
d If Riley’s teammate had not marked the ball, how long would it have taken for the

football to hit the ground? Give your answer correct to one decimal place.

Ella’s bank account balance over the first few weeks of the year can be represented by

the relationship m = 20(z — 4)> + 50, where m is the amount in dollars in her account

after r weeks.

a Sketch a graph of the relationship for ¢ = 0 to 10.

b How much did Ella have in her account at the start of the year?

¢ What is the lowest amount she had in the account in the first 10 weeks?

d  After how many weeks did she have the same account balance as she did at the
start of the year?

¢ What is the account balance after 10 weeks?

A soccer ball is kicked from the ground up into the air. The path of the ball follows

the relationship y = —%(x — 20)? + 10, where y is the height of the ball for a

horizontal distance x from where the ball was kicked. Both x and y are in metres.

a Sketch the graph of this relationship from when the ball was kicked to when it
landed.

b What was the maximum height of the soccer ball?

¢ What horizontal distance did the ball travel before it hit the ground?

Write the rule for each quadratic relationship from the given information.

a upright parabola, turning point at (2, 6), y-intercept of 10

b upright parabola, turning point at (—4, —12), y-intercept of 20
inverted parabola, turning point at (—1, 7), y-intercept of 4

0 inverted parabola, turning pointat 3,=5),
y-intercept of —8§ Reflect

. . . L H transformati ful
Find the x- and y-intercepts for each quadratic { nowarefranstormations Usetu

. .. . when sketching a parabola?
relationship in question 15. '
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SE Graphs of circles

Consider the relationship x? + y? = 25. Its graph has two x-intercepts and two y-intercepts.
1 Write the coordinates of the x-intercepts.
2 Write the coordinates of the y-intercepts.

3 Find y for each x value.
a 3 b -4 c 6 d -10

4 What x values are possible to satisfy the relationship? Explain.

5 Copy and complete this table of values for x> + y> = 25. Notice that, in most cases, there is more than
one y value for each x value.

-5 -4 -3 -2 -1 0 1 2 3 4 5
0 +3 +[15 +4
6 Plot the points from the table of values on a Cartesian plane. Use approximate values for any surds to
help locate the y-coordinate. Join the points to form a circle.
7 What are the coordinates of the centre of the circle?

8 What is the radius of this circle? How does it link to the rule for the circle?

KEY IDEAS

» The relationship for a circle with centre at (0, 0) and radius r Wh(x=h2+(@y-k2=r

is written as x> + y* = r2.

» Translations can be performed on the graph of x? + y? = 2 L
. , ) 2422
to produce the graph of (x — h)? + (y — k)> =12, xo+yt= f N\
where (4, k) are the coordinates of the centre of the circle - .

T
and r 1s the radius. —rQ/r h x

(= W2+ — kP2 =12 =

horizontal translation of 4 units vertical translation of k units
For / > 0, move right. For k > 0, move up.
For i < 0, move left. For k < 0, move down.
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EXERCISE SE Graphs of circles
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1 Look at the three circles shown.

y
10 | x2+3%2=100
0 S, / \
— 2 X < >
\2J 7 J7 —10!J10 x

, ~10
4

X2+ y2=49

“y

a  Write the coordinates of the centre of each circle.
Identify the radius of each circle.

¢ Compare the features of each circle with its rule. Can you see any patterns?
Explain.

d How can you work out the radius from the rule if it is of the form x? + y* = r2?

2 For each rule, identify the coordinates of the centre of the circle and the radius.
a x2+)2=9 h x*+y?=1 ¢ x2+)?=64

3 Consider the circle with the rule x? + 32 = 16.

a  What are the coordinates of the centre of this circle?

b What is the radius?

¢ To sketch this circle easily, you need to mark five points on the Cartesian plane.
What do you think these five points will be? Discuss this with a classmate.

d On a Cartesian plane, mark a point for the centre of this circle. Use the radius
to mark a point directly above, below, left and right of the centre. List the
coordinates of the four points that sit on the circumference of the circle.

e Draw a circle through these four points. You may like to use a pair of compasses
to help you. On the scale of the axes, indicate the highest and lowest values of
x and y for the circle.

4 Sketch the graph of each rule in question 2.

5 Sketch a circle on the Cartesian plane with centre at (0, 0) and radius of 6 units.
Write the rule for this circle.

VA
. . 9
6 Write the rule for the circle shown at right.
7 Write the rule for a circle with centre at (0, 0) B -
and radius of: -9 0 9 X
a 12 units b 15 units
¢ 20 units d 2.5 units -9
— /
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In a similar way to when you transform parabolas, you can perform translations left

c

= or right and up or down on the basic graph of a circle with centre at (0, 0). Look at
> each circle.

w

= YA VA VA

= 2+ (y-3P=4 -1+ (y-37=4
o (x—1)2+y2=4 S|+ (=3 5_(x >+ -3)
p= 27

[ep]

> B //\ R 3+ 34 .

z U 8

L i 14

E _2_ - T T ~ - T | | ~

= - 0 2 X -19 1 3 X

o Y Y A

=<

Write the coordinates of the centre of each circle.

Describe the translation/s that have been performed on the basic graph of
x? + y? = 4 to produce each circle.

Identify the radius of each circle.

Compare the features of each circle with its rule. Can you see any patterns?
Explain.

Consider the circle with rule (x — 3)> + (y — 7)? = 36. Compare this to the general rule
for a circle (x — h)> + (y — k)*> =r2.
Identify A, k and r.
Use your answers to part a to identify the coordinates of the centre of the circle
What is the radius of the circle?

Repeat question 9 for each of these rules.

(x=5+(-27=9 (x=4P+(+37=1
(x+6)2+(—1)2=25 (x+2)2+(y+8)2=100
Consider this circle drawn on the Cartesian plane. iy

(x+3)2+2=25

What are the coordinates of the centre of the circle?
What is the radius of the circle?

Explain how the coordinates of the centre of the g 2 0 /2 X
circle and the radius can be read from the rule if

it is written as (x + 3)*> + (y — 0)> = 5%, =]
Describe the translation/s that have been performed

on the basic graph of x? + y? = 25 to produce the circle.

Consider this circle drawn on the Cartesian plane. 2+ —4P2=9
What are the coordinates of the centre of the circle?
What is the radius of the circle?

Explain how the coordinates of the centre of the
circle and the radius can be read from the rule if
it is written as (x — 0)> + (y — 4)> = 3%

Describe the translation/s that have been performed ™ 1 0

o —
=Y

on the basic graph of x> + y? =9 to produce the circle.
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Consider each circle drawn on the Cartesian plane.

A YA
(x=3)2+(y+52=49 (x+9)2+(—9)2=81

_12_

4
What are the coordinates of the centre of each circle?
What is the radius of each circle?

Describe the translation/s that have been performed on the basic graph of
x? + y? = r? to produce each circle.

Sketch the graph of (x — 3)*> + (y + 2)*> = 16.

THINK

1 Identify any translations of the graph of (x=3)P+(+2?*=16
x? + y? = 16. (3 units right and 2 units down) The graph of x? + y? = 16 is translated
Alternatively, compare to (x — h)? + (y — k)> =12 3 units right and 2 units down.

to identify the translations. # = 3 (move 3 units
right) and k = —2 (move 2 units down).

2 Identify the coordinates of the centre. Perform centre at (3, —2)
translations on (0, 0) or use (4, k).

3 Identify the radius. 7> = 16 so r = 4. radius of 4 units
. i
4 Sketc'h the graph by ﬁrs‘F marklgg the centrg of =32+ (5 +22=16
the circle at (3, —2) and identifying four points 2
that are 4 units above, below, left and right of the 3 | /l\ .
centre. These four points are: (3, 2), (3, —6), -1 3 X
(-1, -2) and (7, -2). B ’
_6_
/
Sketch the graph of each rule.
(x=3P+(-2%=9 (x=352>+@-7?%=25
(x+1)?+(-3)72=64 (x = 6)>+ (y +6)>=36
(x—22+12=16 X+ (y+5)>r=4
(x+3)+(y+52=49 (x+4)2+(+3)2=28l1

Produce each graph in question 14 using digital technology. Compare your answers.
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Write the rule for each circle using the information provided.
circle with radius of 1 unit and centre at (4, —2)
circle with radius of 7 units and centre at (=5, —6)

Write the rule for each circle.

AIN3INT4 ANV INIONVLSYIANN |

JA ‘ -
6 Alt )
3— .
- T T >
0 4 7 10%
Y
YA YA
7_ <
- T T T -
S 20 2 6 x
_4_
3_
8— .
1 —123
Il | T T -
-8 -6 -4 0 x
4 Y

Consider x? + y* = 25.
Draw a graph of this rule.
Rearrange the rule to make y the subject of the equation.
Match each of these rules to one of the graphs shown below. Explain your
reasoning.
y= —J25 -2 i VA
y=125-x2 >
Explain how the two
half circles A and B are =~

I I
-5 0 50X -5 0

ININOSVIYH ANV INIATOS WIT408d |

«

related to the graph
of x2 + y?=25.
-5
Y Y
Write the rule for each half circle.
Vi VA Vi
an an
Lo T T4 o e x o 1T x
-8
y / y
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5E GRAPHS OF CIRCLES m

Sketch the graph of each half circle.
a y=-y49 - x? b y=y16— x? ¢ y=-/100 — x?

a Rearrange x> + y*> = 25 to make x the subject of the equation.

b Your answer to part a produces two rules. What would the graph of each rule
look like?

An arch is modelled by the relationship

(x = 3)? + »? =9, where x is the horizontal
distance from where the left side of

the arch meets the ground and y is the
corresponding height at that distance.
Both x and y are measured in metres,

and x>0and y > 0.

a  Sketch the graph of this relationship.

b What is the horizontal distance along
the ground from one side of the arch to the other?
What is the maximum height of the arch?

d Describe the position on the ground below a point where the arch is at half its
maximum height.

The outline of a pool of water is mapped

on to a Cartesian plane representing the

concrete floor of a warehouse using the

relationship (x — 6.2)% + (y — 4.8)> = 2.25.

All measurements are in metres. The floor

of the warehouse is 15 m long (positive

x-axis) and 10 m wide (positive y-axis).

a Sketch the graph of this relationship.

b What is the minimum distance from the
water to a wall?

¢ Calculate the area of the pool of water to the nearest square metre.

d What percentage of the warehouse floor is covered in water?

Use a graphical method to find the points of intersection of the graphs with rules
x2+y?=25andy=x+7.

Use an algebraic method to find the points of intersection of the graphs with rules:
a x*?+y?’=9andy=x-3
b (x+3)P+(p—-8)?>=4andy=x+09.

Find the rule for a circle that passes e :
through four points at (—10, 5), (-4, 11), . Reflect '
(2,5) and (-4, -1). Which feature of a circle is

i easiest to use when performing

¢ atranslation?

Can reflection be performed on the graph :
of x? + y? = r2? Explain.
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SF Graphs of exponential

relationships

An is one where x is the exponent or power of a term in index form.

Consider the rule y = 2¥,

1 Copy and complete this table of values for y = 2~ -3 2 -1 0 1 2 3
2 Plot the points from the table of values on a % 8

Cartesian plane. Join the points to form a curve.

What do you think happens to the y values as:

a x gets bigger? b x gets smaller?

What is the y-intercept?

Is there an x-intercept? Explain.

One feature of the graph of an exponential relationship is that the curve approaches a boundary or
line called an . What is the rule for the asymptote on the graph you have drawn? (Hint: it is
the linear rule for one of the axes.)

KEY IDEAS i
y = qX
» The basic form of an exponential relationship is written as ] asymptote
y = a*, where a > 1. The graph has a y-intercept of 1 and a - Krys 0
0

horizontal asymptote along the x-axis.

An asymptote is a boundary or line that a curve approaches but never

reaches. The asymptote for y = a* is the horizontal line with rule y = 0. \

A reflection in » A dilation can be » Translations of / units right and k& units up
the x-axis can be performed on the can be performed on the graph of y = a*
performed on the graph of y = a* to to produce the graph of y = a*~ " + k. The
graph of y = a* to produce the graph of horizontal asymptote at y = 0 is translated
produce the graph of y = B X a*, where to y = k. The point (0, 1) at the y-intercept
y=—a". B> 0. 1s translated to (4, 1 + k).

87 Y y=a —h+k

) y= B X ax
) = a.\
(1 ~lz) (W, 22 D

},s = a.\
9 B

X
(L-a) ~ [ et y=k
\ =-ax ol ~ .
X
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EXERCISE 5F Graphs of exponential relationships
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1 a Draw graphs of y = 2¥ and y = 3* for x values from —3 to 3 on the same Cartesian
plane. You can plot the graphs using a table of values or use digital technology.
Compare the two curves. How are they different?

Which features are the same?

Write the y-intercept for each graph.

Write the rule for the asymptote for each graph.

-ee a6 T

Predict how the graph of y = 5* would compare to the two curves you have drawn.

2 a Draw graphs of y = 2¥and y = —2~ for x values from —3 to 3 on the same
Cartesian plane.

Compare the two curves. How are they different?

Which features are the same?

Write the y-intercept for each graph.

Write the rule for the asymptote for each graph.

-0 au 6 T

Which transformation can be performed on the graph of y = 2* to produce y = —2*?

3 a Draw graphs of y =2¥and y = 3 x 2* for x values from —3 to 3 on the same
Cartesian plane.

Compare the two curves. How are the graphs different?

Which features are the same?

Write the y-intercept for each graph.

Write the rule for the asymptote for each graph.

-0 au 6 T

Which transformation can be performed on the graph of y = 2~ to produce
I y=3x2%

EXAMPLE 5F-1 Sketching the graph of a simple exponential relationship

Sketch the graph of y = 4*,

THINK WRITE
1 Identify the asymptote. Horizontal asymptote has rule y = 0.
2 Find the y-intercept. When x =0,y =4=1
y-intercept is 1.
3 To give a sense of scale to your sketch graph, Whenx=1,y=41=4 y=a
label another point on the curve with its Point on curve is (1, 4). (1,4

coordinates. Find the value of y when x = 1.

4 Sketch the basic curve for an exponential
relationship through the y-intercept and point, < o1 >
using the horizontal asymptote as a boundary. l
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Sketch the graph of each exponential relationship.
y =5 y=10¢ y=(1.5)"

Sketch the graph of y = 3*. Show all key features including the coordinates of a
point other than the y-intercept on the curve.

Describe the transformation needed to produce the graph of y = =3~ from the
graph of y = 3%,

On the same Cartesian plane, sketch the graph of y = —3* by performing this
transformation.

Sketch the graph of each exponential relationship by performing a reflection.
y=-4 y=-9 y=-25)

Sketch the graph of y = 3~

Describe the transformation needed to produce the graph of y = 2 X 3* from the
graph of y = 3%,

On the same Cartesian plane, sketch the graph of y = 2 X 3¥ by performing this
transformation.

Sketch the graph of each exponential relationship by performing a dilation.
y=2x4% y=5x%x2¥ y=0.5x6"

Similar to working with parabolas and circles, you can perform a vertical translation
on the basic graph of an exponential relationship. Look at each graph.

Vi =2x+3 Vi
) P

Write the rule for the asymptote of each exponential relationship.
Identify the y-intercept for each graph.

Describe the translation that has been performed on the basic graph of y = 2¥ to
produce each graph.

Each graph above has a rule in the form y = 2¥ + k. Copy and complete each
sentence using the word up or down.

When k is positive, the graph of y = 2* is moved

When k is negative, the graph of y = 2* is moved

Write the rule for the asymptote and coordinates of the y-intercept for the graph
of y=2"+k.

Sketch the graph of each exponential relationship by performing a vertical
translation.

y=3"+2 y=3"-4 y=5+1
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You can perform a horizontal translation on the basic graph of an exponential
relationship. Look at each graph.

VA
y:2x—4

19 4. 1)

0 4 X

Write the rule for the asymptote of each exponential relationship.
Identify the y-intercept for each graph.

The point at the y-intercept of y = 2~ has been translated. Write the coordinates
of this point.

Describe the translation that has been performed on the basic graph of y = 2* to
produce each graph.

Each graph shown above has a rule in the form y = 2~ Copy and complete each
sentence using the word left or right.

When £ is positive, the graph of y = 2~ is moved

When / is negative, the graph of y = 2* is moved

Write the rule for the asymptote and coordinates of the y-intercept for the graph
of y=2¥"1

Sketch the graph of each exponential relationship by performing a horizontal
translation.

y:3x—2 y:3x+4 yzsx—l

For each pair of graphs shown on a Cartesian plane below:
identify the transformation performed on graph A to produce graph B
write the rule for graph B.

VE A= y
A= B_a,6)
f(m) AR
J-:z\’
- 0 3
ﬁfi—; (1,2)
- o >
1 X
—7—#(1,—7) l
VB
B A y= 4x A A
(1, 6) y=5x N
04 54 ¢(1, 5)
—1 (3,1
x ) o 1 x
i 3
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Sketch the graph of y = 2**3 + 4. Label the y-intercept and asymptote.

THINK

1

Identify the translations to be performed on
y = 2% (3 units left and 4 units up)
Alternatively, compare to y = 2¥~/ + k, to
identify the translations. # = —3 (move 3 units
left) and k = 4 (move 4 units up).

y=2¥t3+4
The graph of y = 2% is translated 3 units
left and 4 units up.

2 Identify the rule for the asymptote. Horizontal asymptote has rule y = 4.
Translate y = 0 or use y = k.
3 Find the y-intercept. When x =0,
y=20"34+4
=8+4
=12

Identify another point on the curve by
translating the coordinates of the y-intercept for
y =2%(0, 1) translates to (A, 1 + k).

Sketch the basic curve for an exponential
relationship through the y-intercept and point,
using the horizontal asymptote as a boundary.

Sketch the graph of each rule.
y=2"14+3 y=3%*t2-35
y:3x_2—4 yZZX+4+1

Produce each graph in question

y-intercept is 12.

(0, 1) translates
to (=3, 5)

y=4"3+7
y:5x+1+2

using digital technology. Compare your answers.

Draw the graphs of y = 2* and y = 27 for x values from —3 to 3 on the same

Cartesian plane and compare the two curves. You can plot the graphs using a table of

values or use digital technology.
How are they different?
Which features are the same?

Write the y-intercept for each graph.

Write the rule for the asymptote for each graph.

Describe the transformation that has been performed on the basic graph of y = 2¥
to produce y = 27~

What transformations are needed to produce the graph of y = =27 from the
graph of y =27
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What is the rule obtained when the graph of y = a* is reflected in:
the x-axis? the y-axis? the x-axis and the y-axis?

For each rule:
describe the transformation/s needed to obtain its graph
sketch the graph, showing all key features including the coordinates of a point
other than the y-intercept on the curve.
y= 3 y= —3x y= —3=x y= 4=x y= —5x y= -6

Sienna invests $2000 at 10% p.a. interest compounded annually. The amount (in
dollars) of the investment, 4, after n years can be represented by 4 = 2000 X (1.1)".

What will the graph of this relationship look like? Sketch the graph showing the
key features.

Describe what happens to the value of A4 as n increases?

Use a table of values for 0 <z < 10 or digital technology to produce the graph.
Use the graph to find:

the amount of the investment after 3 years

the number of years it takes for the investment amount to be more than $4000.

The value of Gabriel’s work tools depreciates at the rate of
20% p.a. compounded annually. The asset value in dollars,
V, after n years can be represented by V= 3500 x (1.25)7™".
What will the graph of this relationship look like?
Sketch the graph showing the key features.
What was the initial value of Gabriel’s tools?

Describe what happens to the value of V as n increases?

Use a table of values for 0 < n < 10 or digital technology to produce the graph.
Use the graph to find the number of years it takes for the asset value to be less
than $1000.

For each pair of graphs shown on a Cartesian plane below:
identify the transformations performed on graph A to produce graph B
write the rules for graphs A and B.

YA B i N YA A
14 ¢ (1, 14) 4_'}(1’4)B 3-}(1’3)
(0, 1)
. < _J\" / E . J zc
0 ié G.-D of 2 % B
Sas _if /0.4 (1.

B | = 4
SR . ' |
- 0‘ i -

Describe the transformations performed on the
graph of y = 2* to produce the graph of
y = =3 x2¥*1 —2 and hence sketch its graph.
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5G Solving exponential equations

)7
1 The sketch graph of y = 2*¥ — 4 is shown at right. y=2x—4

a  What is the rule for the horizontal asymptote?

b Find the y-intercept. 0 x
¢ Explain how you can find the x-intercept. What is the y value /

at this point? e S ELRTETTERRRRRE

d Find the x-intercept by solving the 2¥ =4, \

2 Consider the graph with rule y = 2¥ + 4,
a  What is the rule for the horizontal asymptote?
b Find the y-intercept.
¢ Write the exponential equation you need to solve to find the x-intercept.
d Can you solve this equation? Does this graph have an x-intercept? Explain.

3 Repeat question 2 for the graph with rule y = 2¥ — 5.

KEY IDEAS

» For terms in index form, the index is also known as the power or the exponent or the logarithm.

» To solve exponential equations of the form a* = y for x, use one of these three methods.
1 Equate the exponents if y can be written in index form as a term with the base a. That is, if
a* = a” then x = m. For example, 2* = 8 can be written as 2* = 23, so x = 3.
In some cases, you need to rewrite both sides of the equation so you have the same base.
For example, 8% = 4 can be written as 23¥ = 22, s0 x = %

\S)

Write a* = y in logarithmic form as x = log,y and use a calculator to find the value for log, .
For example, 2* = 7 can be written as x = log,7 so x = 2.8. If your calculator does not have
this function then use the third method.

3 Take log;, of both sides of the equation. That is, log;oa* = log;oy which becomes

logga . . . .
xlogjpa = logjgy or x = ﬁ Use the Log function on your calculator to find the value of
510
logoa . , logo7
—=10% For example, for 2 = 7, x = —=1% = (log;y7) + (log;2) ~ 2.8.
logjoy logo2

See Exercises 3G and 3H for more on logarithms.

» Solving an exponential equation is useful when finding the x-intercept of an exponential
relationship.

» Exponential relationships can be used to model many real situations involving growth and decay;
for example, for populations or investments.
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EXERCISE 5G Solving exponential equations

1 Solve each equation to find x by equating the exponents (powers).

a 2¥x=2° b 3¥=36 c 4¥=473 d 8=8
e 5¥72=56 fo2x+4=28 g 102 x=10" h 27*-7=23
i 92x:96 ] 63x:615 k 72x—l:711 ] 34x+5=1735
EXAMPLE 5G-1 Solving exponential equations by writing with the same base
Solve each equation.
a 2¥=32 b 5*~4=125 c 9¥=27
THINK WRITE
a 1 Write the equation so that both sides have the same base of 2. a 2¥=32
2% =23
2 Solve the equation by equating the exponents (powers). The x=5
bases are the same so the exponents are equal.
b 1 Write the equation so that both sides have the same base of 5. h 54=125
5x = 4 — 53
2 Equate the exponents (powers) as the bases are the same. x—4=3
3 Solve the linear equation for x. x=17
¢ 1 Write the equation so that both sides have the same base of 3. ¢ 9¥=27
(32)x - 33
32x - 33
2 Equate the exponents (powers) as the bases are the same. 2x =3
3 Solve the linear equation for x. x= %
= 2 Solve each equation.
E a 2¥=8 b 3*=9 ¢ 4¥=1024 d 10* =10 000
‘ﬁ e 6Y75=36 f2x*3=64 g 9%~ 1=729 h 37%+4=243
; i 8 =128 i 25=125 k 81*=27 | 49% =16 807
=
@
> 3 The solution to each of these exponential equations is not a whole number. Between
o which two whole numbers is the value of x in each case? For example, 2¥ = 10 has a
c solution that is between 3 and 4, since 23 = 8 and 2% = 16.
= a 2v=5 b 3¥=290 ¢ =17 d 10% = 6850
= e 3=14 £ 77 =3000 g 4¥+1=38 h 6572=210
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4 Consider 2* =11.
a  Which part of the equation is the logarithm? (Hint: is it 2, x or 11?)
b Write the equation in logarithmic form.

5 Consider 5*~3=9.
a  Which part of the equation is the logarithm?

b Write the equation in logarithmic form.

6 Write each equation in logarithmic form. (Hint: 2* = 16 becomes x = log, 16.)

AIN3INT4 ANV INIONVLSYIANN |

2 3=8 b 7v=4 ¢ 2¥=37 d 47=3
e 6 72=20 roset8=17 g 8°r=9 h 27%71=350
i Pr=11 i 9v=22 k 3%°7=19 I 56x+3=4]

Solve each equation. Write the value of x correct to two decimal places.

2X=35 4x3x=2 72X =5 =68
THINK
1 Write the equation in logarithmic form. 2¥=35
x =log,5
2 Use a calculator to obtain the value of x correct to two x=2.32192808...
decimal places. x= 2732
1 Simplify by dividing both sides of the equation by 4. 4x3¥=2
3¥=0.5
2 Write the equation in logarithmic form. x =log;(0.5)
3 Use a calculator to obtain the value of x correct to two x=-0.6309298...
decimal places. x= —0.63
1 Write the equation in logarithmic form. 72473 =68
2x — 5 =log;68
2 Solve for x by adding 5 to both sides and then dividing 2x = log;68 + 5
both sides by 2. = log;68 + 5
2
3 Use a calculator to obtain the value of x correct to two x=3.58419900...
decimal places. x=3.58

7 Solve each equation. Write the value of x correct to two decimal places.
a 2¥=11 b 5=92 c 6x3°=3 d 2x7%=53
e 8~ 1=35 f 3¥*6=729 g 237x=48 h 97¥2=60
i =17 i 10%=75 k 423=24 | 3rl=g7
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Solve 2¥ = 5. Write the value of x correct to two decimal places.

THINK
1 Take log;, of both sides of the equation. 2¥=35

log;o2* = logjo5
2 Use the ‘log of a power’ law: log,x" = n X log,x. x X log192 = log;5
3 Divide both sides by log;,2 to make x the subject. X = iggig

10
4 Use the Log function on a calculator to obtain the x=2.32192808...
value of x correct to two decimal places. x=2732

8 Solve each equation. Write the value of x correct to two decimal places.
a 3*=7 h 2¥=9 c 5=26 d 4*=98
e 2¥=135 f 7x=2 g 6¥=2000 h 9=1.5

Solve each equation. Write the value of x correct to two decimal places.

4xX3¥=2 72X 75 = 68
THINK
1 Simplify by dividing both sides of the equation 4x3¥=2
by 4. 3¥=0.5
2 Take log;, of both sides of the equation. log03* = log;((0.5)
3 Use the ‘log of a power’ law. x X logo3 =log;((0.5)
4 Divide both sides by log;y3 to make x the x = log;o(0.5)
. logjo3
subject.
5 Use a calculator to obtain the value of x correct x =-0.6309298...
to two decimal places. x= —0.63
1 Take log;, of both sides of the equation. 72473 =68
10g1072x -3 = 10g1068
2 Use the ‘log of a power’ law. (2x — 5) X logyy7 = log;68
3 Divide both sides by log;,7. 2x—-5= 10g,68
10g107
4 Calculate the value of the right side. 2x —5=2.168 398 01....
5 Solve for x by adding 5 to both sides and then 2x=17.168 398 01 ...
dividing both sides by 2. Write the value of x x=3.58419900...

correct to two decimal places. x=3.58
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9 Solve each equation. Write the value of x correct to two decimal places.

a 5x2x=15 b 4x7*=10 ¢c 9x3*=5 d 3x4v*=28
e 273=19 f 8¥*6=158 g (0.5 1=22 h 117¥-4=31.6
i 3-5=14 i (0.9)%*3=25 k 2x43%-8=3 | 7x6xt4=11

Find the x-intercept for the graph of y =2¥~3 =9, correct to two decimal places.

THINK
1 To find the x-intercept, substitute y = 0 into the y=2¥"3-9
equation. Wheny=0,0=2"3-9
2 Add 9 to both sides of the equation and swap sides. 2¥=3=9
3 Take log;, of both sides of the equation. log02¥ 3 =1log;(9
4 Use the ‘log of a power’ law. (x — 3) X logyp2 = log;o9
5 Divide both sides by log;,2. x—3= iggiigg
6 Calculate the value of the right side. x—3=3.169925...
7 Solve for x by adding 3 to both sides. X =06.169925...
8 Write the x-intercept correct to two decimal places. x-intercept is approx. 6.17.

10 Find the x-intercept for each exponential relationship correct to two decimal places.
a y=2-11 h y=-5+4 c o y=3"2-7
d y=—45+2+3 e y=3x2¥-5 I y=—4x3*"5+38

11 Sketch the graph of each exponential relationship in question 10 showing the key
features. Clearly label the x- and y-intercepts (correct to two decimal places) and the
asymptote.

12 A population of mice can be modelled by the
relationship n = 9’ + 1, where n is the number
of mice after t months.

a  What was the initial number of mice?

b How many mice are there after
2 months?

¢ How many months, correct to two
decimal places, does it take for there to be
1000 mice?

d Is the model showing population growth
or decay? Sketch the graph of the
relationship to demonstrate your answer.

ININOSVIY ANV INIATOS WITd08d |
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5G SOLVING EXPONENTIAL EQUATIONS

After the water boils in an electric kettle, the temperature of the water 7 (in °C) after

m minutes follows the relationship 7= 20 + 80 X (0.8)™.

a  What was the initial temperature of the water?

b What is the temperature of the water, to the nearest degree, after 3 minutes?

¢ How many minutes, correct to one decimal place, does it take for the temperature
to be half the initial temperature?

d  What is the lowest temperature that this kettle of water can reach?

e Is the relationship showing growth or decay? Sketch the graph of the relationship
to demonstrate your answer.

The human population can be modelled using
different exponential relationships. One model
uses the relationship P = 2.6 x (1.017)/, where P is
the population in billions and ¢ is the number of
years after 1950.
a  Use this model to predict the population in:
i 2020 ii 2040.
b In what year does this model predict that the
population will reach 15 billion?
¢ The population in 2010 was estimated to be
6.9 billion. How does this compare to the
population predicted by this model? Give
reasons why you think they may be different.

Repeat question 14 using the model

P =6.07 X (1.012)", where P is the population in
billions and ¢ is the number of years after 2000.
Is this a better model? Explain.

Investigate other population models. Check their
accuracy by comparing the predictions with actual
population estimates from the last few years.

A water lily population in a pond doubles in size each day. If left unchecked, it will
smother the pond (and kill other living things in the water) in 30 days. How long have

you got to save the pond if you wait until the pond is half covered?

T

. Reflect

Why do exponential relationships
i provide a good model for
i population growth?
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9H Graphs of hyperbolas

The graph of a relationship involving the reciprocal of x is called a
Consider the rule y = %

1 Copy and complete this table of -4 -3 -2 -1 - -3 —% % % % 1 2 3 4
values for y = % - -4

2 Plot the points from the table of values on a Cartesian plane. Join the points for x = =4 to —% as one
curve and x = % to 4 as a separate curve. This graph is called a

3 What do you think happens to the y values as:
a positive x values increase (towards oo)? b positive x values decrease (towards 0)?
¢ negative x values decrease (towards —oo)? d negative x values increase (towards 0)?
Why isn’t there a y-intercept?

Is there an x-intercept? Explain.

6 A hyperbola has two asymptotes. What is the rule for each asymptote on the graph you have drawn?
A
KEY IDEAS =
' . 1 asymptote

» The basic rectangular hyperbola is the graph of the rule y = < y i 0
The graph has two asymptotes and no x- or y-intercepts. < 0 ”

» An asymptote is a boundary or line that a curve approaches but =IO
never reaches. The asymptotes for y = % lie along the x-axis and the y-axis; =0
that is, have the rules y = 0 and x = 0. '

» A dilation can be » A reflection in » Translations of / units right and k units up
performed on the the x-axis can be can be performed on the graph of y = l
graph of y = l\ to PRILBIIEE. @1 e to produce the graph of y = %/ 1 /c.>\
produce the graph of graph of y =~ to The asymptote at - hV\ I
y= i\l where a > 0. produlce the graph of x = 01s translated B

4 yE-1 to x = h. The
¥y :% asymptote at
a, l)g y=01s

translated

0 toy=k.
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EXERCISE 5H Graphs of hyperbolas
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1 a Draw graphs of y = % and y = % for x values from —4 to 4 on the same Cartesian

plane. You can plot the graphs using a table of values or using digital technology.
b Compare the two curves. How are they different?

Which features are the same?
d  Write the rules for the asymptotes for each graph.
e  Which transformation can be performed on the graph of y = % to produce y = %?

f  Predict how the graph of y = % would compare to the two curves you have drawn.

2 a Draw graphs of y = % and y = —% for x values from —4 to 4 on the same Cartesian
plane.

b Compare the two curves. How are they different?
¢ Which features are the same?

d  Which transformation can be performed on the graph of y = % to produce y = —%?

EXAMPLE 5H-1 Sketching the graph of a simple hyperbola

Sketch the graph of y = % by performing a transformation.

THINK WRITE
1 Identify the type of graph and any The graph of y = % is a rectangular
transformations

hyperbola produced by performing a

. 1
to the basic graph of y = = dilation by factor of 3ony =—

*
2 Identify the asymptotes and any intercepts. Horizontal asymptote has rule y = 0.
Vertical asymptote has rule x = 0.

No x- or y-intercepts. 9

3 To give a sense of scale to your sketch graph, Whenx=1,y= % =3
label a point on the curve with its coordinates. Point on curve is (1, 3).
Find the value of y when x = 1.

4 Sketch the basic curve for a rectangular 0
hyperbola using the asymptotes as boundaries.
Label a known point on the curve to indicate
that dilation has occurred.

3 Sketch the graph of each relationship by performing one or more transformations on

the graph of y=%.
4 7
a y:; b y:;
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4 The sketch graphs of y = % and y = % + 2 are shown at right. 7

a  Write the rule of each asymptote (shown in red) asymptotes

for the graph of y = % + 2. &
b Are there any intercepts? List them. \2
Describe how you could use a translation to

produce the graph of y = % + 2 from the graph
of y= % (Hint: consider the position of the

asymptotes.) \

AIN3INT4 ANV INIONVLSYIANN |
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d  Describe the translation needed to produce the graph of y = % — 3 from the
graph of y = %
e Sketch the graph of y = % - 3.

f Each graph above has a rule in the form y = i + k. Copy and complete each
sentence using the word up or down.

When k is positive, the graph of y = % is moved

When k is negative, the graph of y = % is moved
¢ Write the rule for each asymptote and coordinates of the x-intercept for the
graph of y = % + k.

5 Sketch the graph of each relationship by performing a vertical translation. Clearly
show the asymptotes and intercepts.

_1 _1_ oo, =1 1
a y—x+4 b Y=< 7 c y—x+5 d y=7 1
_1 _ 1
6 The sketch graphs of y—xandy—x_zare N7

shown at right.

a  Write the rule of each asymptote for the asymptotes|

(shown in red).

1
x—=2
b Are there any intercepts? List them.

graph of y =

=

¢ Describe how you could use a translation

to produce the graph of y = S 1 3 from the Y
graph of y = % (Hint: consider the position of the asymptotes.)

d  Describe the translation needed to produce the graph of y = T3 from the
graph of y = %

e Sketch the graph of y = T3

f Each graph above has a rule in the form y = xiih Copy and complete each
sentence using the word left or right.

When £ is positive, the graph of y = % is moved

When / is negative, the graph of y = i is moved
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¢ Write the rule for the asymptotes and coordinates of the y-intercept for the

_ 1
graph of y = oy
7 Sketch the graph of each relationship by performing a horizontal translation.
Clearly show the asymptotes and intercepts.

o Coo ] o P
R PV T ¥4 R - YTy F1

8 Use your understanding of translations to describe how the graphs of these

relationships can be produced from the graph of y = 1

*
=1_ =1 - =1
Y=g 2 b y=E1"2a c y—x+9 d V=176
1 1 1 1
e y=x_3+8 f y:x+6_2 g y=x_4—5 h y=7x+9+11

Sketch the graph of y = T _ll_ 3 4. Clearly show the asymptotes and intercepts.
THINK
1 Identify the translations to be =5 i 5 4
1 .
performed on y = = (2 units left and The graph of y = 1 is translated
X

4 units down)

. 1 2 units left and 4 units down.
Alternatively, compare to y = P + k,
to identify the translations. & = —2
(move 2 units left) and
k = —4 (move 4 units down).

2 Identify the rule for each asymptote. Vertical asymptote has rule x = —2.
Translate x = 0 or use x = /. Horizontal asymptote has rule y = —4.
Translate y = 0 or use y = k.

3 Find the x-intercept. When y =0,

_ 1
0= 12 4
1 _ 4
x+2
xt+2= Iy
_".3
X = —12 3 ) Vi
x-intercept is —13.
4 Find the y-intercept. When x=0, ~
_ 1
Y=o+2 4
1
25_14 T s
= —35

. . 1
y-intercept 1s —35.

5 Sketch the basic curves for a hyperbola
using the asymptotes as boundaries. :
Label the intercepts. : |
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Sketch the graph of each rule. Clearly show the asymptotes and intercepts.
1 -2 b y= +4

a y=x +3 C y=x

3 -2
-5 = -8 f -1 +6
¢ y_x—l y_x+6

- x+5
_ 1 1
¢ YT x+4

Produce each graph in question 9 using digital technology. Compare your answers.

For each rule below:
i identify the transformation/s to be performed on the graph of y = % to produce
the graph of the rule
ii sketch the graph, clearly showing the asymptotes and intercepts
iii use a calculator or other digital technology to produce the graph.

a y=—%+3 b y=—x12 c y=—x12+3
Sketch the graph of each rule using transformations. Clearly show the asymptotes
and intercepts.
_ 1 _ 1 _ 1
TYT T4 b y——;—2 ¢ y__x—3+5
_ 1 I o1
d y= T3 1 ¢ Y=o 4 f y= x+2+2
Check your graphs in question 12 by producing each hyperbola using digital
technology.
For each graph shown below: |
i identify the transformation/s performed on the graph of y = < to produce the
hyperbola
ii write the rule for the hyperbola.
a 7 ; b 7
T —0 X
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5H GRAPHS OF HYPERBOLAS

Why does reflecting the graph of y = % in the x-axis produce the same graph as

reflecting y = % in the y-axis?

One way to describe the graph of y = % is to describe the behaviour of the curve as
x approaches very large or very small values. Copy and complete each statement
using a term from this list: infinity, zero, negative infinity.

a  When x approaches infinity, y approaches

b When x approaches zero from the right, y approaches

¢ When x approaches zero from the left, y approaches

d  When x approaches negative infinity, y approaches

At a bank, the average waiting time of customers in a queue is related to the number
of bank tellers on duty and can be modelled by the relationship w = 1’72, where w is

the average waiting time in minutes when there are n bank tellers on duty.
a Sketch a graph of this relationship. ’
b On average, how long does a »
customer wait when the number
of bank tellers on duty is:
i 2?7 i 3? iii 47
iv 67 v 12?7 vi 247
¢ What is the maximum waiting
time for a customer? When does
this occur?

d According to this model, will there be occasions when the waiting time is zero?
Explain.

For the graphs of each pair of relationships:
i identify the number of points of intersection by considering their sketch
graphs
ii use an algebraic method to find the points of intersection.
a y=%andy=x b y:%andy=—x
c y=x§2andy:x+3 d y:x£4andy:—%
Find the rule for a hyperbola of the form y = % that passes through (6, 2).
Find the rule for a hyperbola of the form y = ﬁ + 2 that passes through (=2, 1).
Find the rule for a hyperbola of the form
y — - f h that passes through (_7’ _1) ..... Reflect ...................................................
and (1, 1). Why are hyperbolas made up of

¢ two separate curves?
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51 Sketching non-linear relationships
using transformations

1 Match each graph with its rule from the list at right.

yi A y=2¢
a i b

B y=x2
C x2+y?=1y2

1
D y:;

0 X <

\ \

o
=y

2 Make a list of key features for each graph.

3 Why are these graphs described as non-linear relationships?

KEY IDEAS

» Transformations of dilation, reflection and translation can be performed on the basic graph of

many non-linear relationships to produce a graph with the general rule shown in the table below.

Basic rule y=x° y:% XC+y?=r y=a,a>1
(e )2 __a N2 (k122 y=Bxa*""+k,
General rule y=a(x-h)e+k y—x_h+k (x=h)2+(y-k)e=r 0>1850
Dilation of basi hb
Dilation Dilation by factor a. fiation oTbasic graph by
factor B.
Reflection Reflection in x-axis if a < 0. Reflection in x-axis if B < 0.
. Horizontal translation of h units. For h > 0, move right. For h < 0, move left.
Translation

Vertical translation of k units. For k > 0, move up. For k < 0, move down.
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EXERCISE 51 Sketching non-linear relationships

using transformations

1 For each rule:
i describe the type of non-linear relationship
ii identify the transformations to be performed on the basic graph
iii list key features including intercepts
iv sketch the graph using transformations, showing all key features.

a y=—(x+3)>-5 h y=3*2-1 ¢ (x=4)P2+@p+2?%=9
d y:xl6+2 e y=3(x—-22-12 fy==-2+1
- Identifying the rule for a
EXAMPLE 5I-1 non-linear relationship n
For the graph shown:
a describe the relationship :
b identify the basic graph used to produce the graph . _____.__. TN | B — =
2sccoooooodl] :
of the relationship < 07\ ' >
¢ identify the transformations that have been performed 1 2 x
on the basic graph

d write the rule for the relationship. Y

THINK WRITE
a Describe the trend shown in the graph. a Graph is a hyperbola with two curves that
The symbol — means ‘approaches’, so approach asymptotes.
X — 2+ means ‘x approaches 2 from the Asx —> o, y—1*and as x —» 2%, y — .
positive side’. Asx > -, y—> 1 andasx 527,y — —oo,
b Use the shape and any distinguishing b The basic graph is y = % with asymptotes at
features to identify the type of relationship. y=0and x = 0 and no intercepts,
¢ 1 Check if reflection has been performed. ¢ No reflection as curves in same quadrants as
basic graph.
2 Identify the translations performed. Asymptote at y = 1 so translation 1 unit up.
Asymptote at x = 2 so translation 2 units right.
3 Check for dilation by substituting Rule of the form y = %2 +1.
known x and y values. . a
Forx=1,y=0: 0= +1
1-2
4 _
-1
a=1

d Write the rule using parts b and c. dy=
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_C 2 For each of the following graphs:
z i describe the relationship
4 ii identify the basic graph used to produce the graph of the relationship
E iii identify the transformations that have been performed on the basic graph
z iv write the rule for the relationship.
Z a : yy b YA
= '
- : 2
ﬁ E < 0 /I\ >
= - : . 5 0 X
= ‘%1 0 {\x —37 *
................... N - 8-
=3
: Y
by I
c y d /
8 ) 0 X
6
- 7[101 T §\ ~ —/_7;
......... Y= EPERCOIRRS
S— Y

3 The area of grass watered by a sprinkler forms a circle of radius 4 m.

a  Write a rule for the relationship that describes this circle if the sprinkler is located
at the origin of the Cartesian plane.

b If the sprinkler is moved 5 m north and 7 m west of its original position, write a
new Cartesian rule for the circle enclosing the area that is watered.

Does the new area overlap with the original area?

4 The amount of time it takes to move a distance of 100 m depends on the average
speed of travel.

a  Write a rule for the relationship between time # (in seconds, s) and average speed s
(in metres per second, m/s).

ININOSVIYH ANV INIATOS WIT408d |
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b What type of graph would show this relationship?
¢ Sketch a graph of this relationship.

d Interpret the graph to describe how the amount of time changes when the speed is
increased.

5 Explain how the graph of y = —%(x — 4.6)% + 7.1 can relate to the shape of an
entrance to a railway tunnel if drawn on the Cartesian plane with x and y as distances
in metres. Find the dimensions of the arch, correct to one decimal place.

6 Investigate the graphs of y =27 and y = (%)A What do you notice? Explain.
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5 SKETCHING NON-LINEAR RELATIONSHIPS USING TRANSFORMATIONS

To investigate what happens when a dilation is performed on a circle, consider a
dilation of factor a performed on the graph of x? + y* = 4 to produce ax? + ay* = 4.
a  Why is there a dilation factor on both the x and y terms?

b Describe the circle produced when a > 1; for example, when a = 2.

¢ Describe the circle produced when 0 < a < 1; for example, when a = %

There are many other non-linear relationships. Consider a relationship involving the
square root of x.

a Plot the graph of y = Vx after completing this table of values. Draw a smooth line

through the points.
0 1 4 9 16 25
0 3

b Describe the shape of the graph. Can you plot points for negative values of x?
Explain.

¢ Animportant feature of the graph of y =/x is the point on the graph where y is a
minimum. The coordinates of this point are (0, 0). Mark this point on your graph.

The sketch graphs of y =x and y =x — 5 are 7\
shown at right.
a Identify the coordinates of the point on the y=Vx
graph of y = m where y is a minimum. f x-35
b Describe how you could use a translation to - { .
produce the graph of y =\x — 5 from the 0" 5 ~

graph of y =x.

For each relationship:
i use your understanding of translations to describe how the graph can be
produced from the graph of y =\x

ii identify the end point of the curve

iii sketch the graph

iv use a calculator or other digital technology to produce the same graph.
a y:\/;+2 b yZH—l c y:\/ﬁ
d y=\/m e y=m+3 f y=\/m—2

Sketch the graphs of y = —\x, y = =/x + 3 and y = —/x — 4 on the same Cartesian
plane. Show the shape and end point only.

Sketch the graph of each relationship using transformations. Show all key features
including intercepts (to one decimal place where necessary) and asymptotes.

a y=-3x2¥"14+7 . :

b y=-2x+372+5 Reflect
c y= ~fx—-4+3 How are transformations useful

in graphing a relationship if you
! know the basic graph?
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Create a summary of this chapter using the key terms below. You may like to write a paragraph, create a
concept map or use technology to present your work.

quadratic equations parabola dilation exponential equation
Null Factor Law sketch graph reflection logarithmic form
completing the square x-intercept translation exponential growth
quadratic formula y-intercept circle exponential decay
discriminant turning point exponential relationship hyperbola

number of solutions transformations asymptote non-linear relationships

Which is a quadratic equation? The coordinates of the turning point of
y—2=x2+4 X +32=9 the graph of y = (x — 2)?> = 5 are:
> (-2,-5) (2,-5)

y== 3x¥x=9
g (=2,5) 2,5)
For the quadratic equation

2x — 4x? = 3, the value of the
discriminant is:

52 -8 —44 D 44

The coordinates of the x-intercepts of
the graph of y = x2 — 6x + 5 are:

(1,0),(5,0) 0, 1), (0, 5)
(—3,0),(2,0) (-1,0), (=5,0)

Which statement about the graph of
y =x%+ 2x — 3 is incorrect?
It is upright.
The graph has two x-intercepts.
The turning point has coordinates
(-4, -1).
The graph shows a minimum.

Compared with the graph of y = x2, the
graph of y = (x — 2)is:

dilated by a factor of 2

reflected in the x-axis

translated 2 units up

translated 2 units right

The coordinates of the centre of the
circle (x — 2)> + (y + 3)> = 16 are:
2,-3) (-2,3)
(=2, -3) 2,3)

Which rule represents an exponential
relationship?

y=3x2+4 X2+yr=4
_ax _1
y=3"+4 Y=

If 8% = 32, the solution to the equation
is:

X = X =

A owlw
A= W

X = X =

Which rule represents a hyperbola?
y=x>—4 y=x*

. 1
y=4 S

The coordinates of the x-intercept of

the graph of y = ﬁ + 5 are:

(0, =2.2) (=22, 0)
(—0.4, 0) (-7,0)



Solve each equation. Write solutions as
exact values.

(x—2)?%=0
(4x-3)3x+4)=0
2-0W2+x)=0
3x2-6x—-24=0
5x2—-7=0

Solve each equation by completing the
square. Write solutions as exact values.
X2+ 6x+4=0
x2=3x-3=0
Use the discriminant to identify the
number of real solutions for each
quadratic equation.
xX2—4x+4=0
5x —4x2=2

1-x—-x2=0

3x2=2x—4
4 —3x2=8x
6x2+4x =—1

Use the quadratic formula to solve each
equation. Write solutions as:

exact values

approximate values to two
decimal places.

x2+3x=10 5x2=3x+1
x2=5x-2 x2+5x+2=0
2x2=x+2 3x2+7x+3=0

For each quadratic relationship, find the
coordinates of the:
x-intercept(s)
y-intercept.
y=-x2+25
y=x>-3x—-4
y=2x*-8x+38
y==x2—x+6
y=x>—11x+10

Sketch the graph of each relationship
using intercepts. Label the turning point
with its coordinates.

y=x>—4x+3

y=-x2—4x+5

©

©

©

©
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For each quadratic relationship:
describe the translations
performed on y = x?

write the coordinates of the
turning point.

y=(- 5P+
y=(x+6)>—4

Write the equation for this circle.
37

iiQ

- 1 1T
0 2 4 ¢

Y

Sketch the graph of y = 5*.
Describe the transformations to be
performed on y = 5 to produce the
graph of:

y=5%%3 y=5"+3.
Sketch these graphs on the same
Cartesian plane.

Solve each equation.
4*2=16
53% =15

g1+ 1=27
6>+ 1=42

Describe the transformations performed

on the graph of y = % to produce the
graph of each rule.

1 1

y=1703 y=-73

_4 _ 1

Y=x y_x+5+6
Identify the graph of each rulle.

2 2= =

xc+yc=2 V=144

y=5" y=3x2-5

The graph of y = % is translated 4 units
left and 6 units down. What is the rule
of the new curve?
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If (x + 3)(x — 4) = 0, the solution to the
equation is:
x=3or4 x=-3o0r—4

x=3or—4 x=-3o0r4

Give the number of solutions to each

quadratic equation.
x2=3
x2-8x+16=0
X2 +5x+1=0

(x=372=0
(x+V35)(x—=/5)=0

xX2+x+1=0

The quadratic equation ax? + bx + ¢ = 0 has
two real solutions only if:
b* > dac
b* = dac

b* < dac

a=1

Find the coordinates of the turning point for

the graph of each quadratic relationship.
y=x>+2x-38
y=-x>+4x+5
y=x>+8x+15

y=-x2+ 16x
y=x>+10x+ 16
y=x>-5x+6

For each quadratic relationship, identify:
whether the graph will be narrower or
wider than the graph of y = x?
whether the parabola will be upright or
inverted
the coordinates of the turning point

y=4(x-32-1 yEglx+ 1242
y==2(x—3)?

Describe the transformation needed to
produce each graph from the graph of y = 2*.
y=3x2
y=2*-3

y:_zx
y:2x—3

What is the rule for this parabola?

For the graph (x + 5)*> + (y + 2)> = 9, write
the coordinates of the two x-intercepts,
correct to one decimal place.

Consider the circle with the rule
(x+3)2+(y—2)2=25.
What are the coordinates of the centre of
this circle?
What is the radius of the circle?

Translations are performed by moving the
centre of the circle 4 units to the right and
3 units down. Give the coordinates of the
centre of the new circle.

The solution to x2 +4 =0 is:
-2 2
2 there is no solution

For what values of k will x>+ 10x + k=0
have:

one real solution

no real solutions

two real solutions.

Compared with the graph of y = x2, the
graph of y = (x — 3)> - 3 is:
translated 3 units left and 3 units down
translated 3 units right and 3 units down
translated 3 units left and 3 units up
translated 3 units right and 3 units up

The rule for the horizontal asymptote for the
graph of y =2+ 3 is:

y=3 y=2

x=3

The coordinates of the y-intercept of the
graph of the equation y = 2¥*3 are:

(2,3) (0, 8)

(8,0) 0, 3)
Solve each equation, correct to two decimal
places.

2¥ =125 97x=23

3=y 4x 52+ 1=30



Find the x-intercept for each exponential @
relationship to two decimal places.

y=3-5 y=25+3-10

y=4x5"-3 y==-2x4"14+6
The coordinates of the y-intercept of the @
graph of y = L 4 are:

x—35
(—4.2,0) (5.25,0)
(0,-4.2) (0, 5.25)

The graph of the circle with the equation

(x +3)2+ (y — 1) = 16 has two x-intercepts
and two y-intercepts. Find the values for all
these intercepts, correct to one decimal place.

The parabolas you have looked at so far are
vertical parabolas, as the axis of symmetry is
vertical. There are also horizontal parabolas,
where the axis of symmetry is horizontal.
Similar to using y = x? as the basic rule for a
vertical parabola, we can use x = y? as the basic
rule for a horizontal parabola.
A horizontal parabola can be represented by
the general rule x — & = a(y — k)? where (h, k)
is the turning point of the parabola, and a is a
constant.
Consider the graph of x + 4 = (y + 1)%.

Give values for a, h and k.

What are the coordinates of the turning

point?

There is one x-intercept. Calculate its

coordinates.

There are two y-intercepts. Calculate @

the coordinates of both these points.

Use the coordinates of the turning point

and the intercepts to sketch the graph on

a Cartesian plane.

the form x =
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The equation for the vertical asymptote

_ 1

of the graph ofy—x_41s.
y=4 y=-4
x=4 x=-4

Which statement about the graph of
(x +3)2+ (y—2)>=4is true?
There is one x-intercept.
The circle lies fully in quadrant 2.
There is one y-intercept.
The circle touches one of the axes.
Describe how the graph of y = xiiz
could be drawn from the graph of y = é
Sketch both graphs on the same Cartesian
plane.

Describe the transformations performed
on the graph of x = y? to produce the
same graph.
Follow the procedure in part = to sketch
the graph of x —4 = —(y + 1)? on the same
Cartesian plane as the previous one.
Compare the two graphs in parts @ and
What is the effect of the negative value of a?

You are familiar with the quadratic formula in

—b b - 4dac

2a

An alternative form of the quadratic formula is

2c

X=—=
—b +b* - dac

Consider the quadraticequation x>—x—3=0.
Use both formulas to show that they give
the same solution, correct to one decimal
place.

Start with the first formula. Show how
algebra can be used to transform the
formula into the second form. (Hint: take
the positive value of the square root, then
rationalise the numerator.)
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CONNECT

What do these images have in common? They have features, such as the cross-section of a dome or the shape
of bridge spans and arches, that can be modelled by a non-linear relationship. We can map the 2D shape on to a
Cartesian plane with x and y representing distances in metres.

Dulles Airport,
Virginia, USA
designed by

Eero Saarinen

The curving roof of

this airport is in the
shape of a hyperbolic
paraboloid. One
cross-section is shaped
as a parabola and
another as a hyperbola.

...................................................................................................................................
Your task g

2

g

You are to analyse the information provided with each example, using the guidelines below. Include all
necessary graphs and working to justify your answers. Where appropriate, describe how transformations
of the basic graph for the relationship were used.

Sydney Harbour Bridge

Use the given algebraic rules for the lower and upper arches to:

* identify the type of non-linear relationship used to model the shapes

» sketch the graphs of the relationships on the same Cartesian plane

* explain how the rule relates to the shape and features of the arch

* determine the maximum height above water level for each arch

* state the length of the bridge between the pylons

¢ find the difference in height between the arches where they meet the pylons and at the top of the bridge.

McDonald’s Golden Arches

Use the information provided to determine two different quadratic rules that model one of the arches.
(Hint: think about where to place the x- and y-axes in each case.)

The Pantheon

Determine the rule for the semi-circle that describes the shape of the vertical cross-section of the dome
through its top.

Gateway Arch

Use the given information to determine a quadratic relationship to best match the shape of the arch. This
arch is actually an example of a catenary curve. (You may like to research this.)

As an extension, discover a rule of your own that would best model a non-linear relationship. Some ideas
you could consider are the path of a moving object, cross-sectional shape of an object, population or
investment growth, and amount owing on a bank loan after repayments. Fully explain how you obtained
the relationship.

.
..........................................................................................................................................................
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Sydney Harbour Bridge, Sydney, Australia

The lower arch of the bridge can be modelled by the rule
y=-0.00183(x - 251.5)2 + 116 and the upper arch by
y=-0.00122(x - 251.5)2 + 134.

The Pantheon, Rome, ltaly
The dome has a diameter of 43.4 m.

You may like to present your findings as a report. Your report could include:

* aposter showing diagrams and calculations
* aPowerPoint presentation

* atechnology demonstration

e other (check with your teacher).

5 CONNECT

‘McDonald’s

McDonald’s Golden Arches
designed by Stanley Meston

The Golden Arches come in different sizes and consist
of two overlapping parabolas. The outer edge of one of

these arches has a maximum width of 3 m and height
of 4 m.

Gateway Arch, St Louis, Missouri, USA
designed by Eero Saarinen

The arch is 192 m high with a width across the base of
192 m.
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ESSENTIAL QUESTION

What are polynomials and how are they useful when

modelling a relationship?
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Are you ready?

Simplify each expression. 68 b 6 Use long division to find the quotient
a 4x2—Tx+3+2x2-5-x @ and remainder for:

(3x2 = 5x) — (x2 + 6x) a 456 + 18 h 2783 +23

b
¢ (2x3+x2+1) = (5x° — 4x? — 3y) ol . ;
d (x3 — 2x2 + 3y — 4) _ olve €ach equation.

(X +5x2-2x-9) @ 2x=7)=0
x2=3x-18=0
Simplify each expression. x2=16=0
a 3x xx? b 7x3 x2x? xX2+4x-1=0
5x2+ x d 24x3 + 4x 3x2-6x+3=0

25+ x*=0
Expand and simplify each product.

a xX(3x3-5) h (x=4H(x+7) 6£ p 8 Find the x- and y-intercepts for each
¢ 2(x+3) d x(Bx-2)2x+1) @ graph with the given rule.
2 y=2x—-6 b y=x*+x-12

Evaluate 2x3 — 3x? — 4x + 3 after ¢ y=x2-9 0 y=x2+4x+4

substituting each x value.

a x=1 b x=3 Describe the transformation/s to be

¢ x=0 d x=-2 @ performed on the graph of y = x2 to
produce the graph of:

Consider this long 253 Vi

division problem. 13)3296
a The dividend is: 26

A7 B 69
C 253 D 65 X
The divisor is: 46
AT B 39 ‘
C 253 D 7 y=x2+4

— (v — )2
The quotient is: y=x-2)
A7 B y=3x?

—_\2
C 253 D y=-x
yE(x+12-2
p==2x =57+ 3

The remainder is:
AT B

C 253 b Write the coordinates of the turning

point for each new graph in question 9.
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bA Understanding polynomials

A is an expression with terms containing one variable only, and with that variable raised to a
power that is a positive integer or zero.
1 Consider the quadratic expression 3x2 — 5x + 7.

a What variable is used in the expression?
b What is the power of x in:

i the first term? ii the second term? iii the third term? (Hint: what does x° equal?)
¢ Is the expression a polynomial? Explain.
d What is the highest power of x used? This is the of the polynomial.
e Which term contains the highest power of x? This is the of the polynomial.
f What is the coefficient of the leading term? This is the leading of the polynomial.
g Which term is the constant term?
2 Decide if each expression is a polynomial. Give a reason for your answer.
I
a X>+7x2+3x+2 b 8x%—2x* ¢ 4x+9x*—x?
d g+5x7 e 2x5—x4+1-\x f 3x*+2xy-)°

KEY IDEAS

» A polynomial is an expression that contains only one variable, such as x. Each term contains the
variable raised to a non-negative integer value (0, 1, 2, 3,...).

» A polynomial can be written as P(x) = a,x" + a, _ ;X" ' + a,_,x" "2+ ... + a,x* + a;x' + qpx°
where 7 is the highest power and a,, a, — 1, ..., @, a;, a; are coefficients. P(x) is read as ‘P of x’
meaning the polynomial P using the variable x.

» The degree of a polynomial () is the highest

power of the variable. Polynomials are given 0 constant 5 (or 5x°)
: S ACC rdi1 9 1T C 01 - .
names dLlLOI ding .Lo lhe.n degree. Som'e common 1 linear 2x+9 [or 2x + 9]
polynomials are listed in the table at right. )
‘ . _ 2 quadratic X% +3x-1
» The leading term (a,x") contains the highest power
O . 3 2
. N . . . 3 cubic Ax° —x“+2x+7
of the variable and is usually written first.
4 quartic %x“ +x%-2

» To add or subtract polynomials, add or subtract any
like terms.

» To expand the product of two polynomials, multiply each term in the first polynomial by each
term in the second. If there are more than two polynomial factors to multiply together, expand two
factors and then multiply the result by the remaining factors, one at a time.
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EXERCISE 6A Understanding polynomials

[ 1 Decide if each expression is a polynomial. For each polynomial, give its name as
constant, linear, quadratic, cubic or quartic.
a2 43 +2x2+5x+ 1 b 1-x32+7x ¢ 6-9x
d 3x+x2—4 e 2x3+3/x -6 r8
1
¢ 53 —2x5+7 hoxt+x+1 i 2x

EXAMPLE 6A-1 Identifying features of a polynomial

For the polynomial 2x3 — x? + 7x + 4, identify:

a the number of terms b the degree of the polynomial

¢ the constant term d the leading term

e the leading coefficient { the coefficient of the x? term

THINK WRITE

a Terms are separated by + and — signs. a There are four terms.
b Look for the highest power of x. b Degree is 3.

Constant term is 4.

(]

¢ Look for a term without a variable (power of variable is 0).

=

d Look for the term that has the highest power of x. Leading term is 2x3.

e Write the coefficient of the leading term.

(¢-]

Leading coefficient is 2.

Coefficient of x%is —1.

p——

f Write the coefficient of the term containing x2. The sign
shown between it and the term before belongs to the x?
term. (—x2 means —1x2.)

= 2 For each polynomial below, identify:

E i the number of terms ii the degree of the polynomial

§ iii the constant term iv the leading term

; v the leading coefficient vi the coefficient of the x? term

- a 2xX3+3x2+4x+5 h 4>+ x4+ 7x3 - 2x2+9x -3

g ¢ =5 -2+ 52+ 1 d xXT+x0-xX+x*+x3-x2+x

- e 9—=3x—6x3+2x2—7x° 3= 11x10+ 5x8

E 3 Simplify each polynomial by collecting like terms.

b 2 43 +2x2—4dx—1+x3-5x2+3 b X =3x2+x3 = 2x = X3 + Tx?
X H2+H432+ X - 2x2 -5+ 6X3 d 2x2=5x+1)+(3x2-6x+38)

e X3 -2x+1)-(2x3-Tx+4) f (Bx?+x+x3) — @x*—3x2+5x3)
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EXAMPLE 6A-2 Evaluating a polynomial

If P(x)=2x3— x>+ 7x + 4, evaluate: a P(3) b P(0) c P(-1)
THINK WRITE
2 Substitute x = 3 into the expression and a2 P(3)=23)-(3)>+73)+4
evaluate. =54-9+21+4
=70
b Substitute x = 0 into the expression and b P(0)=2(0)> = (0)>+ 7(0) + 4
evaluate. =0-0+0+4
=4
¢ Substitute x = —1 into the expression and ¢ P(-1)=2(-1P=(=1)>+7(-1)+4
evaluate. =-2-1-7+4
=6

- 4 If P(x) = x3 = 2x? + 5x — 8, evaluate:
2 PQ) b P(O) ¢ PQ) 4 P(=3)

5 If P(x) = 3x* = 4x3 + x> — 6x + 1, evaluate:
2 P(3) b P(1) ¢ P(-1) 4 P(-2)

6 If P(x) =2x3— x?+ 3x — 6 and Q(x) = 3x> — 7x + 2, find:

a P(x)+ 0(x) b P(x) = O(x) ¢ 0O(x) = P(x) d 3P(x)
e —20(x) f 2P(x)+ Q(x) g P(x)—40(x) h 3P(x)—20(x)
| i 2P(—1) i 30012 k P3)+ 03) I 5P(0)—40(0)
EXAMPLE 6A-3 Expanding the product of two polynomials
Expand and simplify each product.
a 2x3(x2-3x+4) b (x2-2)(x*-x+)5) c 2x*-x*+3)(xP+4x-1)
THINK WRITE
2 Multiply the term outside the 2 2x3(x2—3x+4)
brackets with each term inside =2x° — 6x* + 8x3
the pair of brackets.
b Multiply each term in the first h (x2=2)(x*—x+5)
pair of brackets with each term =23 —x+5-2(x*-x+5)
in the second pair of brackets. =x0-xX3+5x2-2x3+2x—-10
Simplify like terms. =x>=3x3+5x2+2x - 10
¢ Multiply each term in the first c2x* = x2+3)(FP+4x-1)
pair of brackets with each term =2x43 +H4x - 1) - X3P +4x - 1)+ 33 +4x - 1)
in the second pair of brackets. =2x7T+ 8 = 2x* = xX* —4x3 + x2 + 3x3 + 12x - 3
Simplify like terms. =2xXT+ 7 = 2x* = X3+ x2+12x -3
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7 Expand and simplify each product.

a 2+ 2x+7) b 4x*(x?—5x+2)

¢ —ox3(x*—4x2+ 1) d (x+3)(x2-2x+4)

e (2=-D(*+3x-17) (2 =53=-x+3)

g (X*=3x+2)(xX*+4x2-1) h (2x°=3x2+ D)(x* - 5x +2)

Expand and simplify (x + 2)(x — 3)(x + 4).

THINK
1 Multiply two of the factors and simplify. It is easier (x+2)(x—3)(x+4)
to choose the last two. =(x+2)(x?+4x—-3x—-12)
=(x+2)(x*+x-12)
2 Multiply the linear factor by the quadratic factor. =x(x?+x-12)+2(x*+x—12)

=34+ x2—-12x+2x2+2x — 24

X +3x2—10x—-24

3 Simplify like terms.

8 Expand and simplify each product.
a 3x(x+2)(x+3) b =Tx3(x+35)(x—2) ¢ (x+3)(x+1)(x+06)
d x=3)(x—-4)(x+1) e Bx—-2)(x—5x—-2) f @Gx+DHR2x+T7)(x—4)

9 Expand and simplify each expression.

a (X +4)? b (x*+3x)? ¢ 2x(x2—-2)? d (3 —5x2)?
- e (x+2)7» f (2x-3) ¢ (x+3)° h (1-x)7*

_ 10 What is the maximum number of terms in a polynomial of degree 5?
11 What is the minimum number of terms in a polynomial of degree 3?

12 If P(x) is a polynomial of degree n, what is:
a the maximum number of terms in P(x)?
b the minimum number of terms in P(x)?
¢ the degree of 2P(x)? d the degree of [P(x)]*?

13 Find the value of kin P(x) = x3 — 2x?> + 3x + k, if P(2) = 2.
14 Find the value of kin P(x) = 3x* + 2x3 — kx = 5,if P(-1)=17.

- 15 Find the value of ¢ and b in P(x) = x* + ax® + bx + 1, if P(3) =31 and P(-2) = —19.

16 If P(x) = x3 — 3x2 + 2x + 1, write simplified expressions for:
a P(a) b P(=3a) ¢ P d P(—d? e Pla+2 f PRa-1)

17 Show that (2x — 1)* = 16x4 — 32x% + 24x2 — 8x + 1. | Reflect

What makes an algebraic

18 Simplify each expression. : . 4
i expression a polynomial?

A (2-28 b (BHx-D2c 23+ 1)
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6B Division of polynomials

So far you have added, subtracted and multiplied polynomials. They can also be divided, which is useful
in factorising polynomials.

Before looking at long division of polynomials, first consider long division of numbers. 6
1 The working for using long division to find the result to 237 + 9 is shown at right. 9)237

a Explain how 2 is obtained in the top line.
b Explain why 18 is written below 23.

¢ What is the result of 23 — 18? Identify where this is written in the working. 54
d How is the new number to divide into (57) formed? 3
e How many times does 9 go into 57?7 Where is this written?
f Where does 54 come from?
g How is 3 obtained?

2 In long division, when the is divided by the , the is written on the top line and
the is in the last line. Identify the dividend, divisor, quotient and remainder for 237 + 9.

3 Copy and complete these statements.
a 237+9= remainder
b 237=9 X +3

KEY IDEAS
» Long division is used to divide polynomials. X + 3 <—quotient
At each stage, the leading term of the dividend divisor > x + 2)x? + 5x + 8 <—dividend
1s divided by the leading term of the divisor. b 7
» The quotient and remainder are important :\ i f
3x+6

elements to identify. In the example,

Lo - 3 2 < remainder
the quotient is x + 3 and the remainder is 2. :

This means that:
(x2+ 5x + 8) = (x + 2) = x + 3 remainder 2
"\ﬁ3+5'\‘+8=,\‘+3+ 2
5 ar 2 3¢ 98 2
» Alternatively, this can be written as x> + 5x + 8 = (x + 2)(x + 3) + 2; that is:
dividend = divisor X quotient + remainder

01

» In general, if P(x) is divided by (x — a) to produce the quotient Q(x) and the remainder R,
then P(x) = (x — a)Q(x) + R.
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EXERCISE 6B Division of polynomials

1 Copy and complete each statement.

2 Copy and complete each statement.
a If(x2+5x+6)=(x+2)=x+3,
then x% + 5x + 6 = (x + 2)( ).

c
=
o
m
=
w
—
>
=
o
=
@
>
=
o
m
—
c
m
=
()
—<

then x3 + 2x%2 + 3x + 2 =( )

then x3 +4x> — x + 3 =( )

a If152+8=19,then152=8x __ .
b If 9475 +25=1379,then 9475=__

¢ If 321 + 7 =45 remainder 6, then 351 =7 X 45+ __ .

d If 2386 ~ 16 = 149 remainder 2, then 2386 =16 X +

X

).

)+

b (3 +2x2+3x+2)=(x+1)=x2+x+2,

¢ If (2x2 = 3x —4) = (x — 3) = 2x + 3 remainder 5,
then2x2 = 3x —4=(x—3)(___)+5.
d If(3+4x2—x+3)+(x—1)=x2+ 5x + 4 remainder 7,

EXAMPLE 6B-1 Dividing a quadratic polynomial by a linear expression

THINK

1 Divide the leading term in the dividend (2x?) by the
leading term of the divisor (x). 2x% + x = 2x.
Write the result of 2x above 5x in the quotient line.
Remember to align like terms in columns.

2 Work out the remainder by first multiplying 2x by
the divisor. 2x(x + 4) = 2x? + 8x. Write the result
underneath, then subtract like terms.

3 Divide the leading term of —3x — 1 by the leading
term of the divisor. —3x + x = —3. Write the result
of —3 above —1 in the quotient line.

4 Work out the remainder by first multiplying —3 by
the divisor. =3(x + 4) = —3x — 12. Write the result
underneath, then subtract like terms.

5 Identify the quotient and the remainder.

Use long division to find the quotient and remainder for (2x2 + 5x — 1) = (x + 4).

WRITE

Note: each stage of working has
been shown separately.

2x
x+4)2x2+5x -1

2x
x+4)2x2+5x -1

2x(x + 4) 2% + 8x
-3x-1
2x -3
x+4)2x2+5x -1
2x(x + 4) 2x2 + 8x
-3x-1
—3(x +4) “3x—12

11

Quotient is 2x — 3, remainder is 11.
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3 Copy and complete the working for each long division problem.

a x +
x+2)x2+6x+1
X2+

+1

4x +
=7

b dx —
x—1)4x2-7Tx+5

—3x+
+3
2

Quotient is , remainder is . Quotient is , remainder is

4 Use long division to find the quotient and remainder for each division problem.

a (2+7x+8)+(x+3)
¢ (XP+2x+3)F(x+4)
e (2x*2-3x-11)=(x-3)

h (2+3x-1)+(x-2)
d (?=-5x-4)+(x+2)
f GBx2+x+2)=(x—-1)

5 Write your answers to question 4 in the form: dividend = divisor X quotient +
remainder. For example, 2x% + 5x — 1 = (x + 4)(2x — 3) + 11.

6 Expand and simplify the right side of each statement found in question 5 to verify

that the statement is true.

7 a Divide x? — 2x — 24 by (x + 4) to find the quotient and remainder.
b Write the division problem in the form:

dividend = divisor X quotient + remainder.

¢ What does the value of the remainder tell you about the divisor?

Use long division to find the quotient and remainder for (x3 + 2x? — 9x — 3) = (x — 2).

THINK

1 Divide leading term in dividend (x?) by
leading term of divisor (x) and write the
result of x? in the quotient line.

2 Expand x*(x — 2) to give x> — 2x? and write
the result underneath. Subtract like terms.

3 Divide 4x? by x and write the result of 4x in
the quotient line.

4 Expand 4x(x — 2) to give 4x*> — 8x and write
the result underneath. Subtract like terms.

5 Divide —x by x and write the result of —1 in
the quotient line.

6 Expand —1(x — 2) to give —x + 2 and write
the result underneath. Subtract like terms.

7 Identify the quotient and the remainder.

xX2+4x -1
x=2)x*+2x2-9x -3
xXX(x—2) x3 —2x2

42 -9x -3

4x(x — 2) 4x% — 8x
-x-3
“1(x-2) x4
-5

Quotient is x2 + 4x — 1, remainder is —5.
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[ 8 Use long division to find the quotient and remainder for each division problem.
a (X¥P-2x2-5x+7) +(x—-3) h (¥P+3x2+7x—-1)+(x+1)
¢ (BP+6ex2-4x-15+(x-2) d (3-3x2-20x+25)+(x+4)
e 23 +3x2-5x—-4) = (x+2) B =2x2=-Tx+2)=(x—-1)
g (X3 —12x*-6x—-15)+(x—-3) h @xX3+9x2-8x—-1)=(x+1)
i (2342 - 2x+ ) (x+ 1) i (x5 232 -x-3)+(x—2)

Use long division to find the quotient and remainder for (3x* + 2x? — 5) = (x + 1).

THINK

1 Write the ‘missing’ terms in the dividend with zero as

the coefficient to keep like terms in columns. 3x3-3x2+5x—5
2 Divide 3x* by x and write 3x3 in quotient line. x+1)3x*+0x3 +2x2+ 0x — 5
3 Expand 3x3(x + 1) to give 3x* + 3x3. Subtract like 3x(x+ 1) 3xt +3x°

terms. =33+ 2x2+0x -5
4 Divide —3x3 by x and write —3x? in quotient line. et Bx - 3x§
5 E;E?;ld =3x%(x + 1) to give —3x> — 3x2. Subtract like Sx(x + 1) Ziz i (5)§ o

-5x-5

6 Divide 5x? by x and write 5x in quotient line. —5(x+ 1) —5¢—5
7 Expand 5x(x + 1) to give 5x? + 5x. Subtract like terms. 0
8 Divide —5x by x and write —5 in quotient line.
9 Expand —5(x + 1) to give =5x — 5. Subtract like terms.  Quotient is 3x3 — 3x2 + 5x — 5,

10 Identify the quotient and the remainder. remainder is 0.

9 Use long division to find the quotient and remainder for each division problem.
a (P+x+21)=(x+3) h 2x3=3x2-6)=(x—2)
o C @x*=3x2-5+(x-1 d Bx*=41) = (x+2)

10 a If P(x) = x3 = 3x% = 10x + k, for what value of k does P(x) = (x — 2) give a
remainder of zero.

b Use the divisor and quotient to write the linear factor and the quadratic factor
of P(x). Hence, show that you can write P(x) as the product of three linear factors.

11 a If P(x) = x3 + 9x? + 23x + 15, for what three values of k does P(x) = (x + k) give
a remainder of zero.

— b Write P(x) as the product of three linear factors.

12 Use long division to find the quotient and
remainder for each division problem.
a (B-3x2+2x—4)=(x2+1)
h (x*+x3=7x2+3x+5)+ (x?2-13)
¢ 2x*+6ex2-1)+(x*+2)

Why is knowing how to divide
i polynomials useful?
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6C Remainder and factor theorems

Consider the polynomial P(x) = x* + x> — 10x + 8.

1 a Use long division to find the remainder when P(x) is divided by (x — 3).
b Evaluate P(3). What do you notice?

2 a Uselong division to find the remainder when P(x) is divided by (x + 2).
b Evaluate P(—2). What do you notice?

3 a Without using long division, use the pattern you noticed in questions 1 and 2 to show how to work
out the remainder when P(x) is divided by (x — 4).
b Use long division to verify your answer to part a.

4 a Evaluate P(1) to find the remainder when P(x) is divided by (x — 1).
b Use long division to verify your answer to part a.

5 The pattern or shortcut you have used is called the . Explain how you can find the
remainder without using long division when P(x) is divided by:
a x—5 b x+1 c x—2

6 What does the remainder in question 4 tell you about the relationship between P(x) and x — 1?
This is the basis for the

KEY IDEAS

» Remainder theorem
> When a polynomial P(x) is divided by (x — @), the remainder is P(a). For example:
when P(x) is divided by (x — 2), the remainder is P(2)
when P(x) is divided by (x + 3), the remainder is P(—3).

» Factor theorem
> When a polynomial P(x) is divided by (x — @) and the remainder P(a) is zero, then (x — a) is
a factor of P(x). For example, P(x) = x*> + x> — 10x + 8 has a factor of (x — 1), as P(1) = 0.

» If a linear factor of a cubic polynomial is known, long division can be used to find the
quadratic factor. For example, dividing P(x) = x> + x2 — 10x + 8 by (x — 1) gives a quotient of
N
x-+2x — 8.

actorising this ent allows us . y i
» Factorising this quotient allows us to write the polynomial P(x) = x3 + x2 — 10x + 8

as a product of its linear factors. =(x—-1(x*+2x—28)

» In general, if P(x) is divided by a factor (x — @) to produce =(x—Dx-2)(x+4)
the quotient Q(x), then P(x) = (x — a)O(x).
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EXERCISE 6C Remainder and factor theorems

EXAMPLE 6C-1 Using the remainder theorem

Find the remainder when x> + 4x2 + x — 6 is divided by: a x-—2 bh x+3

THINK WRITE

Name the polynomial. Let P(x) =x3 +4x>+ x — 6.

a For divisor of (x — 2), calculate P(2) and hence write a P2)=8+16+2-6=20
the remainder. Remainder is 20.

b For divisor of (x + 3), calculate P(—3) and hence b P(-3)=-27+36-3-6=0
write the remainder. Remainder is 0.

1 Find the remainder when x3 — 5x2 — 8x + 12 is divided by:
a x-—1 b x+1 c x—2 d x+2.

2 Find the remainder when 2x3 + 3x% — 8x + 3 is divided by:
a x+1 b x—2 c x+2 d x+3.

3 Find the remainder when x* — 7x3 + 5x2 + 31x — 30 is divided by:

a x—2 b x+1 c x—3 d x+4.
EXAMPLE 6C-2 Deciding if the divisor is a factor of the polynomial
Decide if each divisor is a factor of x* + 2x? — x — 2. 2 x-3 b x+1
THINK WRITE
Name the polynomial. Let P(x) = x>+ 2x2 — x — 2.
a For (x — 3) to be a factor, the remainder should be a P3)=27+18-3-2=40
zero. Check if P(3) = 0. (x — 3) is not a factor of P(x).
b For (x + 1) to be a factor, the remainder should be b P-1)=-1+2+1-2=0
zero. Check if P(—1) = 0. (x + 1) is a factor of P(x).

4 Explain how you know if the divisor is a factor of the polynomial.

5 Decide if each divisor is a factor of x3 + 3x2 — 6x — 8.
a x—1 b x+1 c x—3 d x+3
e x—4 f x+4 g x+2 h x—-2

6 Decide if each divisor is a factor of x* — 4x2 — 7x + 10.
a x—2 b x—-3 c x—1 d x+3
e x+1 f x+2 g x—5 h x—4




280

CHAPTER 6: POLYNOMIALS

Use the factor theorem to find a linear factor of the polynomial P(x) = x3 + 5x% — 2x — 24.

THINK

1
2

Write the polynomial.
Look for a value of x where P(x) = 0. Try P(1),

P(-1), P(2), etc. That is, try x values that are factors

of the constant term in P(x).

Use the factor theorem to identify a linear factor of

P(x).

P(x)=x3+5x2-2x—24

P1)=1+5-2-24=-20%0
P(-1)=—1+5+2-24=-18+0
P(2)=8+20-4-24=0

So (x — 2) is a factor of P(x).

7 Use the factor theorem to find a linear factor of each polynomial.

a P(x)=x>+8x>+9x—18
¢ P(x)=x3—4x>-9x+36
e P(x)=3x3-10x2+x+6
o P(x)=8x3-26x2+17x+6

8 Fully factorise each expression.
a (x—6)(x2+7x+12) b (x
d (x—2)(x*>—16) e (x

Factorise x3 — 7x% + 7x + 15.

THINK

1
2

Name the polynomial.

Look for a value of x where P(x) = 0.
Try P(1), P(—1), P(2), ... (factors of 15).

3 Identify a linear factor of P(x).

Use long division to find the quotient
when P(x) is divided by (x + 1). You will
know you have performed the division
correctly as the remainder should be zero.

Write P(x) as the product of the divisor
and quotient.

Factorise the quadratic factor.

b P(x)=x3—x*—14x+24
d P(x)=x*-19x - 30

f P(x)=2x3-5x>—14x+38
h P(x)=4x3+4x?-21x+9

+4)(x2-9x+14) ¢ (x+3)(x*-x-30)
+1)(x2+4x +4) f (x—=T7)(x*+5x—24)

Let P(x) = x3 — 7x%+ 7x + 15.

P)=1-7+7+1520
P(-1)=-1-7-7+15=0

So (x + 1) is a factor of P(x).

x2+8x+15
x+1)x3 =72+ 7x+15
X3+ X2

—-8x2+ 7x + 15
—8x2 — 8x

15x + 15

15x + 15

0

P(x) = (x+ 1)(x* — 8x + 15)
=(x+D(x—-3)(x—5)
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10

11

12

13

14

15

16

17

18

19

Factorise each polynomial.

a
C
(¢

o
5
1

X3+ 6x2+3x-10
X3 +4x2-19x + 14
x3—5x2—8x+48
233+ x2-8x—4

6x3 —23x2—6x+8

Factorise each polynomial in question 7.

6C REMAINDER AND FACTOR THEOREMS

b xX*+3x2-4x-12
d x3+5x2-4x-20
f x3-2x2-9x+18
h 4x3=9x2 = 19x + 30

o123 - 17x2+2x+ 3

What is the maximum number of factors P(x) can have if P(x) is:

a

C

(¢

a quadratic polynomial?
quartic polynomial?

polynomial of degree 12?

b cubic polynomial?
d polynomial of degree 7?
f polynomial of degree n?

How many linear factors does the polynomial P(x) have if

P(x)=(x+2)(x — 3)(x +4)?

Without expanding, what is the constant term of P(x)? Explain.

To find linear factors using the factor theorem, you look for values of x that make
P(x) = 0. What are these x values and how do they relate to the constant term?

Consider the polynomial P(x) = x3 + 2x2 — 5x — 6.

a
b
c
d

(¢

a
b

C

a
b

Use the factor theorem to find a linear factor of P(x).

281

o NOTE Remember to

Use the factor theorem to find another linear factor of P(x). try factors of -6 to

Use the factor theorem to find a third linear factor of P(x).

Write P(x) as a product of three factors.

identify the x value
that makes P(x) = 0.

Check your answer to part d by expanding and simplifying the product.

Use your answers to question 5 to identify three factors of the polynomial P(x).

Write P(x) as a product of three factors.

Check your answer to part b by expanding and simplifying the product.

Use your answers to question 6 to identify three factors of the polynomial P(x).

Write P(x) as a product of three factors.

Using only the factor theorem, find three factors of x* + 2x? — 11x — 12 and hence

write the polynomial as a product of three factors.

Explain why the strategy used in question 16 is not suitable to factorise each of these

polynomials.

a

6x3+ 13x2+4x -3

b x3+5x2+10x+8

Find a polynomial of degree 3 with leading coefficient of 1 that has a remainder of 5
when divided by x — 2.

Factorise each quartic polynomial.

a
b

C

==X+ x+6
X+ 8x3+17x2-2x-24
2x*+ 1333+ 21x2+2x — 8

How does the factor theorem help
¢ you factorise a polynomial?
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6D Solving polynomial equations

1 Consider the quadratic polynomial equation x> + 3x — 18 = 0.
a  What is the maximum number of solutions this equation can have?
b Check which of these x values is a solution to the equation.
ix=-1 i x=1 iii x=-2 iv x=3
v x=-4 vi x=95 vii x =-6 viii x=7
¢ Without substitution, how could you identify if each x value is a possible solution?
(Hint: look at the constant term on the left side of the equation.)

2 Consider the quadratic polynomial equation x2 + x — 6 = 0.
a Without substitution, identify which of these x values is a possible solution to the equation?
Explain your decision.
ix=-1 ii x=35 iii x=-3 iv x=4
vx=-2 Vi x=06 vii x =2 viii x =28
b From the set of possible x values identified in part a, check which ones are a solution.

Repeat question 2 for the polynomial equation x* + x> — 4x — 4 = 0.

4 a Factorise the left side of the equation in question 1.
b Explain how you can use the Null Factor Law to solve the equation.

5 Solve the equation in question 2 using the Null Factor Law.

KEY IDEAS

» Null Factor Law: if a X b = 0 then a = 0 or » = 0 or both a and b are 0.

» The polynomial equation P(x) = 0 can be solved by applying the Null Factor Law.
P(x) must be in factor form.

» If P(x)=(x— a)(x — b)(x — ¢) then P(x) = 0 has the solution x =a, x = b or x = c.

» To factorise P(x) so it is a product of linear factors:
1 apply the factor theorem to find a linear factor
2 divide P(x) by the linear factor to obtain the quotient
3 factorise the quotient.

» If P(x)is a cubic polynomial, the quotient will be a quadratic factor that may be factorised
into two linear factors.

» If P(x)is a quartic polynomial, the quotient will be a cubic factor. The strategy of using
the factor theorem and long division will need to be repeated with the quotient.
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EXERCISE 6D Solving polynomial equations

1 Factorise the left side of each quadratic equation.
a xX>+5x+4=0 b x>=9x+18=0 c xX>=2x-8=0
d x*+6x+9=0 e x2=25=0 f 2x2=14x=0

2 Solve each equation in question 1 using the Null Factor Law.

EXAMPLE 6D-1 Solving polynomial equations in factor form

Solve each equation. a(x—Dx+3)(x—-2)=0

THINK

a 1 As the left side (LS) is in factor
form and the right side (RS) is 0,
apply the Null Factor Law.

2 Solve each linear equation.
3 Write the solution.
b 1 Apply the Null Factor Law.

2 Solve each linear equation.

3 Write the solution.

WRITE

b Cx+Dx—5x—-4)(x+4)=0

2 (x—DEx+3Hx-2)=0

x—1

x=1

=0orx+3=0o0orx—2=0

orx=-3orx=2

x=-3,1o0r2

b Cx+D(x—5Kx—-4)(x+4)=0
2x+1=0orx—5=00orx—4=0o0rx+4=0

1
x=—3orx=5o0orx=4orx=-4

x:

~4,-3,40r5

AJININT4 ANV INIAONVLSHIANN

3 Solve each equation.
x+2)(x+5)x—-4)=0
x=6)(x—-2)(x+3)=0
e Cx=-Dx+Dx-1)=0

1=

(g}

4 Solve each equation.

a (x+3)x—-4H)x+T(x—-1)=0

¢ (x+dHx+D(x+2)2=0

e Sx(Bx+1)x+4)4d—-x)=

0

b (x+1D)(x—-3)(x+4)=0
d x(x+2)(x—9)=0
Bx=2)2x+T)(x+5=0

(=

x=2)(x—=5x-3)x+6)=0
d X*(x+5)x-6)=0
f (@x=3)2x+5*+1)=0

5 Fully factorise the left side of each equation. Hence, solve each equation.

a (x+1D)(2+8x+12)=0
¢ (x=2)(x*—-6x+8)=0
¢ (x+3)2-16)=0

g (x=35)(x*—-10x+25=0
i (x=4HP-x-6)=0

K 3(x + 3)(5x + 30x) = 0

(x=3)(x2—x-20)=0
(x+dHx*+6x—-7)=0
x(x—-1D(x*-1)=0

(x+2)(x2+6x+9)=0
(x+D*+2x+2)=0
(x=2)(2x2 +4x - 6) =0

== T

o Camto

283
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EXAMPLE 6D-2 Solving a cubic polynomial equation

Solve x3 — 7x2+ 7x + 15=0.

THINK WRITE
1 Name the polynomial. Let P(x) = x3 = 7x* + 7x + 15.
2 Use the factor theorem to identify a linear P)=1-7+7+15=0
factor of P(x). P-1)=-1-7-7+15=0
So (x + 1) is a factor of P(x).
3 Use long division to find the quotient when x2—=8x+15
P(x) is divided by (x + 1). x+1)x3 =732+ 7x+ 15
X3+ X2
—8x2+ 7x+15
—8x2 — 8x
I5x+ 15
15x + 15
0
4 Write P(x) as the product of the divisor
and quotient. P(x) = (x + 1)(x> = 8x + 15)
5 Factorise the quadratic factor. =(x+1)x—-3)(x—95)
6 Solve P(x) = 0 using the Null Factor Law. For P(x) =0,
(x+Dx-3)x—5=0
x=-1,30r5

6 Solve each equation.

E a X3+6x2+5x—-12=0 b xX3—-5x2—4x+20=0
= ¢ XBH+a2-36x-36=0 d X3+ 10x2+21x=0

> e ¥-Tx-6=0 f X3 +22+5x+10=0
2 g ¥ +3x2-9x—-27=0 h X3 +9x2+24x+16=0
- i B-3x2-3x-4=0 i P -6x2+12x—8=0
=

; 7 Solve each equation by first taking out a common factor.

m a 200 -222=20x—16=0 b 3x3—15x2=3x+15=0
< ¢ 5x3+10x2-20x—-40=0 d 4x3+24x2+44x+24=0

8 Solve each equation by first taking out a negative common factor.
a —x3-2x2+9x+18=0 b —x3+4x2+17x-60=0
c 2x3+8x2+2x—-8=0 d —3x3-3x2+24x+36=0

9 Solve each equation using the quadratic formula. Write the solutions as exact values.
a X*+x2=3x+1=0 b x*+6x2+9x+2=0
- c X+x2-10x-12=0 d X3+4x2-27x-20=0
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6D SOLVING POLYNOMIAL EQUATIONS

Follow these steps to solve x* + x3 = 7x2 = x + 6 = 0.

a Name the polynomial on the left side of the equation as P(x) and identify one of
its linear factors.

b Use long division to find the quotient when P(x) is divided by this linear factor.
Write P(x) as the product of the divisor and quotient, Q(x).

Identify a linear factor of Q(x) and use long division to find its quadratic factor.
d  Factorise the quadratic factor.

e Write P(x) as a product of four linear factors and hence solve P(x) = 0 using the
Null Factor Law.

Solve each equation.

a x*=5x3+5x2+5x-6=0 b x*—4x3—-7x2+22x+24=0
c X+ T7x3+8x2—28x—48=0 d x*—x3-19x2—-11x+30=0
e x*=5x3+20x-16=0 f x*=13x2+36=0

What is the maximum number of solutions to P(x) = 0 if P(x) is:

a alinear polynomial? b a quadratic polynomial?
¢ a cubic polynomial? d a quartic polynomial?
e apolynomial of degree 6? f apolynomial of degree n?

a Using only the factor theorem, find three linear factors of P(x) where
P(x)=x3>—-2x?>—5x +6.
b Hence, solve P(x) = 0.

Explain why x* + x?> = 2x — 8 = 0 has only one solution.
Explain why x* — 5x? + 3x + 9 = 0 has only two solutions.

The volume of a vanilla slice is 192 cm?. Its length is twice the height and the width is
2 cm more than the height.
a  Write a polynomial to represent the volume of the slice.

b Solve a polynomial equation to find the dimensions of the slice.

The volume of a Toblerone chocolate box is

450 cm?. The height of its triangular face is

1 cm less than the base and its perpendicular
length is five times the size of the base. Find
its dimensions.

P(x)=x*—2x3—13x2 + 14x + 24
has the quadratic factor (x> — x — 2).
Factorise P(x) and hence solve P(x) = 0. ! Reflect

Solve each equation. In what form does a polynomial
i equation need to be before the

a XX=x* =173 -19x2+16x+20=0 ; :
¢ Null Factor Law can be used? :
b x5 —2x*—15x3+20x2 + 44x — 48 =0
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6E Graphs of polynomial relationships

A polynomial relationship can be shown as a graph. In chapters 4 and 5, you worked with linear and
quadratic relationships. Here you will look at cubic and quartic relationships.
1 The basic cubic graph has the rule y = x3.
a Draw the graph using a table of values (for —3 < x < 3) or digital technology.
b Identify the x- and y-intercepts.
¢ Animportant feature on this graph is the at (0, 0). Mark this on your graph.
2 The basic quartic graph has the rule y = x*.
a Draw the graph using a table of values (for —3 < x < 3) or digital technology.
b Identify the x- and y-intercepts.
¢ This graph looks similar to y = x>. How is it different? Draw the graph of y = x? on the same
Cartesian plane to illustrate your answer.
3 Sketch the graph of each polynomial relationship. To give a sense of scale, you can show the
coordinates of a point on the graph. Label the point where x = 2.

3 4

a y=-—-x b y=—-x

KEY IDEAS

» To ske.tch a pOlyl]Olnl’fil r.ela‘tlonshl‘p: Yhy=—(x = 1)}x = 2 3)
write the polynomial in factor form
identify the x-intercepts (find x when y = 0)

W N =

identify the y-intercept (find y when x = 0)
draw a smooth curve through the known points

wn

if necessary, find the coordinates of another point to confirm the
orientation of the graph.
» Graphs of cubic relationships

> The graph of y = (x — a)(x — b)(x — ¢) has x-intercepts @, b and c,

and y-intercept —abc. The curve starts from the bottom left of the y=(x = D(x = 2)(x - 3)

Cartesian plane.
Y=+t 4(x+2)(x — Dx — 3)

> The graph of y = —(x — a)(x — b)(x — ¢) is the reflection in the y‘
x-axis of y = (x — a)(x — b)(x — ¢). 24
» Graphs of quartic relationships
> The graph of y = (x — a)(x — b)(x — ¢)(x — d) has x-intercepts a, b, .
¢ and d, and y-intercept abcd. The curve starts from the top left of L X
the Cartesian plane.
> The graph of y = —(x — a)(x — b)(x — ¢)(x — d) 1s the reflection in ‘_24

the x-axis of y = (x — a)(x — b)(x — ¢)(x — d). y=—(x+4)(x+2)(x—1)(x—3)



6E GRAPHS OF POLYNOMIAL RELATIONSHIPS

EXERCISE 6E Graphs of polynomial relationships

EXAMPLE 6E-1 Sketching a cubic relationship using intercepts

Sketch the graph of y = (x + 2)(x + 4)(x — 3).

THINK

1 Substitute y = 0 and use the Null Factor Law to
find the x-intercepts.

2 Substitute x = 0 to find the y-intercept.

3 Mark the four intercepts on a Cartesian plane and
draw a smooth curve through them. Curve starts
from bottom left of Cartesian plane. Label with
the rule.

WRITE
Y=+ 2)(x +4)(x - 3)
When y =0,

x+2)(x+4dH(x-3)=0

x+2=0orx+4=00rx—3=0

x=-2,—4o0r3

x-intercepts are —4, —2 and 3.

When x =0, y = (2)(4)(—3) = 24

y-intercept is —24.
y=x+2)(x+4)(x-3)

YA /

AJIN3INT4 ANV INIONVLSHIANN |

1 Sketch the graph of each cubic relationship.

a y=(x+Dx+3)(x—-1)
c y=(x—4(x+2)(x+3)
e y=x(x+3)(x—3)

2 For each cubic relationship:
i identify the x-intercepts

iii write the rule.

YA
AN
10 2\_/§ x

A

b y=x-2)(x=-5x+1)
d y==-3)x-Dx-)3)
f y=2x(x+4)(x-1)

ii identify the y-intercept

YA

_24_

=Y

287
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3 a Find the x- and y-intercepts for:
Py=x+T(x-2)(x—-3) iiy=—-(x+7x-2)(x-3)
b How is the graph of y = —(x + 7)(x — 2)(x — 3) different from the graph of
y=x+Tx=2)(x=3)?

4 Sketch the graph of each cubic relationship.
a y=—(x+5x-D(x-3) b y==(x-06)(x+1)(x—-2)
c y=—(x+2)(x+3)(x-5) d y=—x(x+7)(x—4)

Sketch the graph of y = (x — 2)(x + 3)(x + 1)(x — 4).

THINK
1 Substitute y = 0 and use the Null Factor y=x—-2)(x+3)x+D(x—4)

Law to find the x-intercepts. When y =0,
x=2)(x+3)x+DH(x—-4)=0
x=2orx=-3orx=—-lorx=4
x-intercepts are —3, —1, 2 and 4.

2 Substitute x = 0 to find the y-intercept. When x =0, y = (=2)(3)(1)(—4) = 24
y-intercept is 24.
3 Mark the five intercepts on a Cartesian Vpy=E-2)(x+3)(x+ Dix—4)

plane and draw a smooth curve through 24

them. Curve starts from top left of

Cartesian plane. Label with the rule.

R 0 2 4 x
/

5 Sketch the graph of each quartic relationship.

a y=(x—-Dx+2)(x+3)(x-3) b y=(x+4)x+Dx—-D(x+3)
c y=x(x—2)(x—6)(x+5) d y=—(x-3)x+3)x+1)(x—-1)
e y=2x=3)x+D(x+1D(x—-4) f y==0Gx—-Dx+3Dx+1)(x+2)

6 Sketch the graph of each polynomial relationship. (Hint: you will need to first
factorise the polynomial.)

a y=x>-3x2-13x+15 h y=-x3=2x>+16x+32
y=-2x3+8x>-2x-12
y=x*—9x3 + 6x% + 56x
y==2x*-9x3+ 18x% + 71x + 30

(="

¢ y=x3-2x*-3x
e y=x*-15x2-10x + 24
g y==x*+10x*-9

AJIN3INT4 ANV INIONVLSHYIANN

= =-.

7 Use digital technology to check your graphs in question 6.
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6E GRAPHS OF POLYNOMIAL RELATIONSHIPS

Consider the relationship y = (x + 2)(x — 3).
a  What type of polynomial relationship is this?
b Find the x- and y-intercepts.

¢ As the leading coefficient of the polynomial is positive, should the graph start
from the top left or bottom left of the Cartesian plane?

d Sketch the graph. Use digital technology to verify your answer.
e What effect does the repeated factor of (x — 3) have on the graph?

Sketch the graph of each cubic relationship.

a y=((x+4)(x-1)7> b y=(x+2)>*x-5)

¢ y=—=(x=-2)(x=TN(x-2) d y=—Qx+ 1)(x—4)?
Sketch the graph of each quartic relationship.

a y=(x=3)(x+2)(x+1)> h y==(x=2(x—4)(x+2)
¢ y=-x(x = 2)(x + 3)? d y=x(x+5(x-3)

e y=(x—1D*x+2)? foy=—xXx—4)?

The effect of having a repeated factor in a polynomial relationship means that an

x-intercept is also a turning point. Investigate the effect of having a cubed repeated
factor in a quartic relationship. That is, find what happens at x = a for the graph of the
form y = (x — a)’(x — b). Use digital technology and try different values for ¢ and b.

A water ride can be modelled by the polynomial relationship ,

h= —%(t3 —1172 + 391 — 45), where h is the height above the ground 1
in metres and ¢ is the time in seconds from the start of the ride.

a Sketch a graph of this relationship.

b At what height above the ground does a person start the ride?
¢ How high is a person after 1 second?

d The ride descends to its lowest point. How long does this take? = ' (. 5

¢ How long does it take for the ride to ascend and then descend
again to its lowest point?

Amelia monitors the change in value of shares over the month G
of June. She finds that the dollar change in value, y, after x days : 1 7 .
can be approximated by a cubic relationship, where y increases . S -
from $0 to $21 after 5 days and is zero again after 12 days and 20 days.
a Sketch a graph of this cubic relationship.

b Find the rule for this relationship.

¢ Use this relationship to estimate the change in value at the end of June.

Sketch the graph of each polynomial relationship, clearly labelling all intercepts.
a y=(x—Dx+2)(x+D)(x—4)(x+5)
b y=—x(x—6)(x+3)(x—2)7 N 5

Use digital technology to produce the graphs

in question 14 and locate and identify the What are the key featureé Use@ 1o
. . . i sketch a polynomial relationship?
coordinates of the turning points. : =
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6F Polynomials and transformations

Graphs of polynomial relationships can also be transformed by performing dilation, reflection,
translation or a combination of these.

1 Consider the graph of y = x3. For each of the transformations listed below:
i describe how the graph of y = x3 will be changed

ii sketch the new graph that is produced di y=x3
iii write the rule for the new graph.

dilate by a factor of 2

reflect in the x-axis = 0 X

translate 3 units up
translate 2 units right

o a6 T 8

translate 1 unit left and 4 units down

2 Repeat question 1 for the graph of y = x*.

KEY IDEAS

» Transformations such as dilation, reflection and translation can be
performed on the graph of y = P(x).
> Dilation by a factor of a produces y = aP(x).
> Reflection in the x-axis produces y = —P(x).
> Vertical translation of k& units produces y = P(x) + k.
> Horizontal translation of / units produces y = P(x — h).

» A combination of transformations can be performed on the graph 0

h X
y=alx—hy>+k

of y = P(x) to produce the graph of y = aP(x — h) + k.

y=aP(x —h)+k vertical translation of k units
For k& > 0, move up.
For k < 0, move down.

dilation by factor of a horizontal translation of / units n
For a < 0, reflection in x-axis. For /4 > 0, move right.
For /4 < 0, move left. _ 4

y=a(x— /1)4 + k




6F POLYNOMIALS

AND TRANSFORMATIONS

EXERCISE 6F Polynomials and transformations
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1 Identify the transformations performed on the graph of y = x? to produce each graph

shown in orange.
a ]

1P

=Y

=Y

b )

2 Write the rule for each graph in question 1.

y = x3

3 Identify the transformations performed on the graph of y = x* to produce each graph

shown in orange.
a 7

b 8y

(1,

y:_x4

2)
(I, 1

4 Write the rule for each graph in question 3.

=Y
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Perform a transformation on the graph of y = P(x)
to produce the graph of:

y=Px)+2

y=Px+2)

y=—P(x).

THINK

1 Identify the transformation.

2 No dilation or reflection so the shape remains the
same. Move the original graph 2 units up. (0, 0)
moves to (0, 2) and (3, 0) moves to (3, 2). Draw
y = P(x) and y = P(x) + 2 on the same Cartesian
plane.

1 Identify the transformation.

2 No dilation or reflection so the shape remains the
same. Move the original graph 2 units left. (0, 0)
moves to (—2, 0) and (3, 0) moves to (1, 0). Draw
y = P(x)and y = P(x + 2) on the same Cartesian
plane.

1 Identify the transformation.

2 No dilation or translation. Draw y = P(x) and
y = —P(x) on the same Cartesian plane.

YA

y=P(x)

Graph of y = P(x) to be
translated 2 units up.

YA

y=Px)+2

> /\(3,2)

\

Graph of y = P(x) to be
translated 2 units left.

VA
y=Px+2)
- 0 1% NS
y=P(x)

Y

Graph of y = P(x) to be
reflected in the x-axis.

YA

é\x
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6F POLYNOMIALS AND TRANSFORMATIONS

y =
5 Perform a transformation on the graph of y = P(x) ‘ y=P)
to produce the graph of: 4
a y=Px)+1 b y=Px)—2 /\
c y=Px-1) d y=Px+3) - 0 T >
e y=—P(x) f y=2P(x)
4
6 Perform a transformation on the graph of y = P(x) Y _
y=Px)
to produce the graph of:
a y=Pkx)+3 b y=Pkx)—1 \
¢ y=P(x-3) d y=P(x+4) - 1 y "
e y=—P(x) f y=2P(x)
Y
7 Identify the rule for each graph in terms of P(x) VA
using the graph of y = P(x) shown at right.
4 i y=P(x)
4 0 2 X < i é ;
\
A
YA
b \ % / c
- T -
_\Q\/ 5 )
y /

8 Compare the graph produced after reflecting y = x3 in the x-axis with the graph
produced after reflecting y = x3 in the y-axis. What is the rule for each transformed
graph?

9 For each cubic relationship:
i describe the transformations to be performed on y = x3 to produce the graph
of the relationship
ii identify the coordinates of the point of inflection
iii find the x- and y-intercepts
iv sketch the graph.

i Reflect
2 y=a(x—3)7+4 b y==2(x+1y3-2
How are transformations useful
when sketching a polynomial

i relationship?

10 Use digital technology to verify your answers
to question 9.
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Create a summary of this chapter using the key terms below. You may like to write a paragraph, create a

concept map or use technology to present your work.

polynomial

leading term
leading coefficient

constant

degree of polynomial

©

e: 6: 6: 6

dividend

divisor

quotient
remainder
remainder theorem

Which expression is a polynomial?

N2+ x x3—2x
3x _
3 X2+ x7!

x-+1

The degree of the polynomial
4x? = 3x* + x3 = 2x is:
1 2 3 4

The coefficient of the leading term in
the expression 3 — 2x2 + 5x3 + 7x is:
3 -2 5 7

When x? + 6x — 3 is divided by x — 2,
the remainder is:
13 -19 5 -11

Which of these is correct?
Gx2—x+2)+(x—4)=5x+19
remainder —74
Bx*=2x+1)+(x—-1)=3x-5
remainder —9
@x>—x+8)+(x—2)=4x-9
remainder —10
x> =x+1)=(x—-5=2x+9
remainder 46

When P(x) = x> — 2x? is divided by
(x — 1), the remainder is:

P(-1) P(1)

P(=2) P(Q2)

factor theorem

turning point

polynomial relationship transformations
cubic relationship dilation

point of inflection reflection
quartic relationship translation

©

Which expression is a factor of
X3 —4x*+ x+ 6?7
x—1
x+3

x—2
x+6

The leading term in a polynomial is
raised to the power n. The maximum
number of solutions it could have is:

n n+1

n—1 impossible to tell

How many different solutions does
(x + D(x = )(x + 2)(x + 1) = 0 have?
1 2 3 4

The graph of y = (x — 3)(x + 2)(x — 5)
has a y-intercept of:
3 -2 5 30

The graph of y = (x — 1)? has a point of
inflection at:

x=1 x=-1

x=0 y=1

The transformation performed on the
graph of y = x3 to produce the graph of
¥ = (x + 5)?is a translation of:

5 units left

5 units down

5 units right

5 units up



Decide if each expression is a
polynomial. For each polynomial, give
its name as linear, quadratic, cubic or

quartic.
5—3x2+4x —6x3 1 -3x
4x 6
5 7x
6x2 = 5x + 12 Ix = 3x4

For the polynomial
x4+ 2x0 — 4x5 + x — 8x3 — Tx% — 58,
identify:

the number of terms

the degree of the polynomial

the constant term

the leading term

the leading coefficient

the coefficient of the x? term

Use long division to find the quotient

and remainder for each problem.
(X2+5x-2)=(x—2)
Bx2—-x+4)+(x+1)
(xX2=-x+8)+(x—4)
(B+2x2—x+3) = (x2+1)

Expand and simplify the right side to

verify whether each statement is true.
2x2+5x—-1=2x+3)(x+1) -4
X2=3x+5=(x-Dx=-2)+7

Use the factor theorem to find a linear

factor of each polynomial P(x).
P(x)=x3-x2-5x-3
P(x)=x3+4x2+Tx+ 12
P(x)=x*+3x2—6x+2
P(x)=x3+x>+4

Fully factorise each polynomial.
X3 =T7x*+ 14x - 8
X3=Tx-6

Two factors of the polynomial

x3—39x — 70 are (x — 7) and (x + 5).
‘What is the third factor?

6 CHAPTER REVIEW m

Solve each equation.
x=5x+2)(x—-Dx+1)=0
x(x+3)(x—3)(x—-2)=0
(x+3)(x=572=0
X(x+4)(x—-4)=0

Fully factorise the left side of each

equation, then solve.
x(x=2)(x*=4)=0
(x—4Hx2-8x+16)=0

Sketch the graphs of:
y=(x=3)x+ Dx-2)
y=—=(x+2)%(x — 4).

For the cubic relationship shown,

identify the x-intercepts

identify the 7
y-intercept 5
write the rule /

as a product /9] ¢ 5 x
of factors. ‘
Consider y = x* = 5x% + 4.

Write the relationship in terms of its
factors.

Identify the x- and y-intercepts

Sketch the graph.

Describe the :_“

transformation/s

performed on the -
_ —2/|0 ~

graph of y = x3 to

produce the graph .

shown. \

Consider the graph of y = x(x — 1)3.
Identify the x- and y-intercepts.
Sketch the graph.

Write the rule for

y
this polynomial ‘ /
relationship in: _ .

factor form —W X
expanded form.
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If P(x) = 4x3— x?+ 2x — 1, the value of
P(-1)is:
-8 2 0 4

If P(x) = 2x3 — 3x2 + 5x — 4, calculate
values for:
P(2)

P(=3)

P(-1)
P(4)

P(-2)
P(0)

The solution to x> — 19x + 30 = 0 is:
x=-5-2o0r3 x=-52o0r3
x=5-2o0r3 x=5,20r-3

If P(x) =3x3—4x>+ x and
O(x) = =x3 + 2x% — 4, evaluate:

P(=1) o1
P(x) + Q(x) O(x) — P(x)
P(0) = Q(0) P(1) —40(1)

Use long division to find the quotient and
remainder for each problem.

(P —4x?+5x—-8)~(x—2)
(B=2x*=3x+4)=(x—-1)
(B+3x2+8x—-5)+(x—-3)

Expand and simplify each product.
3x%(4x — 8) (x3 = 5x)2
(x* =352+ 2xH) 0 (2 -1DHx+1)

The graph of the polynomial
¥ = (x + 3)?(x — 3)? has how many solutions?
1 2

3 Y

Write the rule

for this graph in: 1 /\
factor form = 0 5 4 X
expanded form. Y

Decide if (x + 2) is a factor of:
xX3=3x2-6x+8
x3—4x>=3x+18
X3 +4x2-3x—-18

e 6

e 6

©

The expansion of (1 — x)? is:
3x2—x¥+1-3x
1 = 2x +2x%+ x°
1 -3

3-3x—-x3

The graph of y = —(x + 5)(x — 3)(x — k) has a
y-intercept of 30. What is the value of k?

The division of the polynomial
4x3 = 2x? = x + 10 by (x — 2) gives a quotient
and remainder of:

4x? — 4x + 7 remainder —4

4x? + 6x — 13 remainder —16

4x? + 6x + 11 remainder 32

4x? + 4x — 7 remainder 4

One linear factor of x3 — 7x + 6 is:
x+t3 x+2
x+1 x+4

The polynomial x* — 2x% = 5x + k is divisible
by (x — 1), (x + 2) and (x — 3). What is the
value of the constant k?

-1 2 -3 6

One factor of the polynomial x* — 43x — 42
is (x + 1). What are the other factors?

Consider y = (x + 1)(x — 3)%.
What type of polynomial relationship is
this?
Find the x- and y-intercepts.
As the leading coefficient of the
polynomial is positive, should the graph
start from the top left or bottom left of
the Cartesian plane?
What effect does the repeated factors of
(x + 1) and (x — 3) have on the graph?

Give all the x-intercepts of the graph of the
polynomial P(x) = x(x + 1)(x — 4)(x*> — 4).



o

Fully factorise the polynomial
xt—=2x2+ 1.

The infinity symbol
You are familiar with the infinity symbol — it looks
like the number 8 on its side. Its shape is like that

of a cubic relationship with three x-intercepts.

It is possible to model the infinity sign using
two cubic relationships graphed for the same
set of x values.

Complete this table for y = x3 — x.

-1 -06 -05 0O 0.5 06 1

Repeat part i for y = —x3 + x.
On a Cartesian plane, plot the points in the
tables from parts i and ii. Join the points
with a smooth curve.
Describe the set of x values used for these
two graphs.
Do the turning points for the two
relationships occur at x = —0.5 and 0.5?
Explain.
Use digital technology to draw the graphs
of these two relationships for the set of
x values described in part iv. Find the
coordinates of the turning points.
It is also possible to model the infinity symbol
by tracing the path a point takes as it moves
from an angle of 0° with the x-axis to an angle
of 360° with the x-axis.

©
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Find the solution to the equation
-3x3+9x2+30x — 72 =0.

The coordinates of all points (x, y) on the
infinity symbol can be represented by the values
(cos 6, s1n229)’ where 6 is the angle the line

joining the point with the origin makes with the

X-axis.
Construct a table for x and y using angles of
0 every 15° from 0° to 360°. (This number
of points is necessary to get an accurate
representation of the graph.)

00
15°
30°

345°
360°

Complete the table, giving your answers
correct to two decimal places, if necessary.
You may find some of the trigonometric
values negative as the angle increases beyond
90°. You will understand the reason for this
when you study the trigonometric ratios for
angles greater than 90° in Chapter 8.
Plot the points (x, y) on a Cartesian
plane. Join them with a smooth curve.
(Alternatively, you could use a spreadsheet
to plot the graph.)
Describe the shape of the graph.
Describe the set of x and y values used for
the graph.
Compare the two models. Do you consider one
to be a better model of the infinity symbol than
the other? Explain.
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CONNECT

...........................................................................

...........................................................................

Engineers use polynomials to model roller
coaster rides. Relationships can be formed for
the height of the ride after a given time. For
example, one relationship where h is the height
in metres of a roller coaster after t seconds is

h =-0.5t® + 5¢°> - 13.75t* - 5¢3 + 63.5¢° - 59¢ + 20.
You can use digital technology to produce its

graph.

In this task, you will be looking at a few simpler

relationships to model sections of roller coaster
rides.

...................................................................................................................................

Your task g

2

. .

: g

: g
2

8

You are to complete the following three problems. Include all necessary graphs and working to justify your
answers.
Problem 1

There are three rollercoaster rides at a fun park. Each can be represented by a polynomial relationship
with height h in metres after t seconds.

e Ride of terror: h =—0.1t3 + 1.8t2 - 9.6t + 16
e Fearfactor: h = 0.3t3 - 5¢t2 + 21t
e Ride ofgourlife:h:—2t4+21t3—61t2+36t+36

Describe each ride to your friend who will be visiting the fun park the next day. Include information such
as the initial height of the ride, times when the ride skims the ground or goes through an underground
tunnel and the realistic duration of the ride. Use a sketch graph to help you.

Your friend is nervous of extreme heights. Use digital technology to find the maximum height of each ride.

Problem 2

A new roller coaster ride is to be designed so that, after completing a loop, it moves up from ground level,
skims the ground again after a further 3 seconds and finishes on the ground after 7 seconds. It needs
to have two thrilling ‘up and down’ sections. Determine a suitable polynomial relationship to model the
conditions of this ride after completing the loop. Explain your reasoning.

Problem 3

Design your own roller coaster ride. Use a polynomial of degree 4 or higher and fully explain how you
modelled the relationship. Describe this ride to your friend.

As an extension, choose another scenario that could be modelled by a polynomial relationship of degree
3 or higher. Instead of using time as the independent variable, you may like to use a length or distance
variable. Include all reasoning, working and diagrams.

..........................................................................................................................................................
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You may like to present your findings as a report. Your report could include:
* aposter showing diagrams and calculations

* a PowerPoint presentation

* atechnology demonstration

e other (check with your teacher]).
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?A Geometry review ?F Proofs and quadrilaterals
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7D Understanding proofs
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7l Circle geometry:

7E Proofs and triangles tangents and secants

ESSENTIAL QUESTION

How are geometric rules important in trade work?




AP 1

PAp 2

What is the internal angle sum of a
triangle?

What is the value of x in this diagram?

71°

42°

A T1°
C 67°

Consider

this diagram. 7M

a  What is the 477 ¢

value of a? A

What is the

value of b?

A 47° B 71°

C 62° D 118°
¢ What is the value of ¢?

Which statement is false?

A A rhombus is a square.

B A rectangle is a parallelogram.
C A square is a rectangle.

D A rhombus is a parallelogram.

What is the 126°
value of x

in this

diagram?

Are you ready?

7B p 6 Which of these is not a condition for

congruence in triangles?
A SAS B AAA
C SSS D AAS

Which option would allow you to
calculate the scale factor for these
similar figures?

B

AB AC

DE ED

BC AB

DE DF

If 4x + 10 = 24, find the value of x.
If 5x — 2 =3x + 2, find the value
of x.

For this diagram
of a circle,
name the

part shown:
a inred

in blue

b
¢ 1in green
d

in yellow.
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?A Geometry review

Consider this diagram.

1

What is the relationship between angles:

a aandb? b «and d?
¢ fand? d candg?
e fand;? f cand/?

Make a glossary list of all angle relationships that you can see
within the diagram. Be sure to include angles around a point,
angles and parallel lines, angles within a triangle and a quadrilateral.

3 What type of angle is angle ¢? How is this different from angle k?

4 Make a glossary list of all the types of angles.

5 What is the angle sum of angles 4, i and ;? How do you know?

6 What type of triangle is this?

7 Make a list of the six different types of triangle and their attributes.

8 How is angle g related to the triangle from question 6?

9 What is the angle sum of angles ¢, ¢, fand g? How do you know?
10 What type of quadrilateral is this?
11 Make a list of the six special types of quadrilateral and their attributes.
12 Explain why, if you knew the value of angles ¢ and e, you could find the value of every other angle in

the diagram, including those not labelled.
KEY IDEAS /
» Complementary angles add to 90°. ﬁ/l/
» Supplementary angles add to 180°.
» Angles around a point add to 360°. alternate angles
» Vertically opposite angles are equal. i
» When parallel lines are crossed by a transversal, / /
a number of angles are formed, as shown at right. /U I<l/

» A polygon is a closed shape with straight sides.
» A triangle has an angle sum of 180°. /U /
» A quadrilateral has an angle sum of 360°. corresponding angles co-interior angles

(equal) (supplementary)
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EXERCISE 7A Geometry review

EXAMPLE 7A-1 Finding angle size using angle properties
Find the size of the labelled unknown angles in this diagram. w 71;
/

\38°
THINK WRITE
1 Angle w is supplementary to 71°. w = 180° — 71° = 109°
2 Angle x is vertically opposite 71°. x=171°
3 Angle y is complementary to 38°. y=90°—38°=52°
4 Angle z is supplementary to angles 71°, y and 38°. z=180° - 71°— 52° - 38°=19°

1 Find the size of the labelled unknown angles in these diagrams.

a b 66° c

34° a

AJIN3INT4 ANV INIONVLSHYIANN |

73°

h i . 42° P J
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EXAMPLE 7A-2 Finding angle size using angle

relationships with parallel lines

Find the value of the pronumerals in this diagram.

THINK

1 Angle a is corresponding to 79°. Corresponding angles
are equal.

2 Angle b is co-interior to angle 47°. Co-interior angles
are supplementary.

3 Angle cis alternate to 79°. Alternate angles are equal.

4 Angle d is supplementary to angle ¢ and the angle
which is vertically opposite and hence equal to 47°.

79\ ¢
b 47 \d

WRITE
a=179°

b=180°—47°=133°

c=79°
d=180° — 79° — 47° = 54°

AIN3INT4 ANV INIAONVLSYHIANN |

2 Find the value of each pronumeral in these dia

grams.

[/ A

a /b
17° 1 49°

126°

X
510 117°

3 Find the value of each pronumeral in these dia

grams.

a b [q 38° c

97°
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EXAMPLE 7A-3 Finding angle size using triangle properties

Find the value of each pronumeral in this diagram.

THINK
1 Angle z is supplementary to 111°.

2 Angle y is equal to angle z because the triangle is an
isosceles triangle.

3 Angle x is supplementary to angles y and z because
there are 180° in a triangle.

y z \ 111°
WRITE
2=180° — 111° = 69°
y=z=69°

x =180° = 69° — 69° = 42°

4 Find the value of each pronumeral in these diagrams.

a b c 7
58°
c 32°
a 46°
A
d e f
29 e 379
| d 131° 37° 152° 68°  g\/h
= Finding angle size using
EXAMPLE 7A-4 quadrilateral properties
Find the value of each pronumeral in this diagram. 216° ‘
93°
THINK WRITE
1 Angle w is supplementary to 93°. w=180° —93°=87°
2 Angle x is equal to angle w because a kite has a pair of x=w=87°
equal and opposite angles.
3 Angle y and 216° add to 360°. y=360°—216° = 144°
4 Angles w, x, y and z add to 360° because the angle sum z=360° — 144° — 87° — 87° = 42°
in a quadrilateral is 360°.
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5 Find the value of each pronumeral in these diagrams.

a 99° b b 63°
136°

77° a

=9
U
o

o

S g
—
)

AIN3INT4 ANV INIONVLSYIANN |

6 You can use the internal angle sum of a triangle to find the

§ internal angle sum for any polygon. Consider this octagon.

E a  How many sides does it have?

i b How many triangles is it split into?

E What is the difference between these two numbers?

?, d  Use the triangles to calculate the internal angle sum of

z an octagon.

z e Repeat parts a—d to find the internal angle sum of a:

E i pentagon ii decagon iii heptagon iv dodecagon.
2 f Explain why the internal angle sum of any polygon can be found using the
> formula (n — 2) X 180°, where n = number of sides.

7 Use the formula obtained in question 6 to find the internal angle sum of a
polygon with:
a 20 sides b 50 sides ¢ 100 sides.

180°(n — 2)
n

8 a Explain why you can use the formula x = to find the size of an

individual internal angle in any regular polygon.

=

Why can this formula only be used for regular polygons?

9 Find the size of an individual internal angle for a regular:
a heptagon b nonagon ¢ hexagon.

10 Find the number of sides for a regular polygon that has each internal angle equal to:
a 160° b 144° ¢ 170° d 179.64°.

11 Find the value of x in each diagram.

=]

2x

6x
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7A GEOMETRY REVIEW

4x — 6°

12 Decide if each statement is true or false. If false, write a correct version of the statement.
a A kite has a pair of equal opposite angles.

(=

Angles around a point add to 180°.

(£]

An isosceles triangles has two pairs of equal angles.

="

Corresponding angles in parallel lines are supplementary.

(4]

A square is a rhombus.
A parallelogram is a rectangle.
Complementary angles add to 180°.

= e

A triangle that has one 60° angle must be equilateral.

o

A quadrilateral can have a maximum of one concave angle.

13 Find the value of each pronumeral, giving reasons.

a b e 127° []
113° 36°

92°

47° 14
119°

14 Find the value of each pronumeral, giving reasons.

4 b 119°

264°
a ‘ b d

d e f
18°
Cge 16° ; Reflect
f What numbers are important
530 e i when considering the
42° 90° relationships between angles,
111° :

lines and polygons?

307
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7B Congruence

1

2

For any two figures to be (identical in shape and size), they must have
all corresponding sides the same length and all corresponding angles the same size.

3

List the length of each side and the size of each angle in AABC.
For example, AB = 12 cm, LABC = 56°, etc.

Draw ADEF, where DE = 8 cm, EF = 10 cm and DF = 12 cm.

Is ADEF congruent to AABC? How do you know? 10 cm

When two triangles have all their corresponding sides the same length (555), the corresponding angles
are also the same size. This means that the triangles are congruent.

4

Measure the angles of ADEF to confirm that these triangles are congruent.

When two figures are congruent, you write this as a statement with the congruency symbol =. The same

0
5

6
7
8

rder of corresponding vertices is used in naming matching sides, angles and shapes.
List the corresponding vertices and hence write a congruency statement for the two triangles.
Draw AGHI, where ZGHI = 41°, ZHIG = 56° and ZIGH = 8§3°.
Can you tell if AGHI is congruent to AABC? How do you know?

Explain why, if two triangles have all their corresponding angles the same size ( ), this does not
mean that they are congruent. You may like to include diagrams with your explanation.

KEY IDEAS

Congruent figures are identical in shape and size but can be in any position or orientation.
Two figures are congruent if their corresponding sides are all the same length and their
corresponding angles all the same size. The symbol for congruence is =.

Matching sides, angles and shapes in congruent figures are named using the same order of
corresponding vertices.

For triangles, there are four conditions for congruence (shown in the table).

The specifications AAA and SSA do not necessarily mean congruence (more information is needed).

Three corresponding =~ Two corresponding pairs of Two pairs of angles are equal = The hypotenuses and a
pairs of sides are sides are equal in length and and a corresponding pair of corresponding pair of sides
equal in length. the corresponding sides are are equal in length in

pair of angles equal aright-
{ in between / in length. / angled
are equal. triangle.
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EXERCISE 7B Congruence

- Matching corresponding sides D
EXAMPLE 78-1 in congruent triangles
2l cm
E
16 cm
F

A
Assuming this pair of triangles is congruent, 21 em
match the corresponding sides.
C 68° B

20 cm

THINK WRITE

1 Name the two sides that are 21 cm long according to the order of AC=ED
corresponding vertices; that is, A and E, C and D.

2 BCis 20 cm and EF is 16 cm, so if the triangles are congruent, BC=FD
BC must be equal to FD.
3 Write the last pair of corresponding sides. AB =EF

1 Assuming each pair of triangles is congruent, match the corresponding sides.

c
E a Q b R G 7 cm
o)
116° D
E 9cm 77°
° 13
= p38 5 R cm
= cm
= N 13 cm
- 389
= 390
= 9em U 12 cm T
- L 26°
- 19 cm M B
=
<
c 0o d A N Y
G
N
13 cm
P 12 cm 13 cm
F H
C B V4
E
e f Y
10 cm
Z \%%
G
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5 Finding unknown side lengths and B
EXAMPLE 7B-2 angles in congruent triangles 15 cm

440
A
Find the unknown side lengths and angles in X 19 cm
this pair of congruent triangles. 3 CY
V4
THINK WRITE
1 Match corresponding sides to identify AB=YZ=15cm
the unknown side lengths. BC=ZX=8cm
AC=YX=19cm
2 Match corresponding angles to identify ZABC=2£YZX = 114°
the unknown angles. Use the triangle ZACB = LYXZ = 44°
sum of 180° if necessary. ZCAB = /ZXYZ =180° — 114° — 44° = 22°

2 Find the unknown side lengths and angles in each pair of congruent triangles.

a 12 cm
59° 4 cm
11 cm 7 em f
10 o
N 107,
/ 25°
13 cm 40°
10 cm k 7cm
J 40°
11593 cm

S5cm

EXAMPLE 7B-3 Identifying congruence conditions
12 cm 79 6 cm 12 cm
Decide which condition you would use to check
cpe . . M

if this pair of triangles is congruent.

THINK WRITE

1 Look at the triangles. AABC has two given side
lengths and two angles and ALMN has two given
angles and a side length.

2 Can any information be added to the triangles?
Both triangles have two angles, so the third for
each can be found.

3 AABC now has information for AAS and SAS, You would use the congruence

but ALMN only has information for AAS. condition AAS to check if these
triangles are congruent.
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7B CONGRUENCE m

3 Decide which condition you would use to check if each pair of triangles is congruent.

“ 5 ~130°~6 b
28° 22°
10
10
15cm
6
C d 3cm
310 .
20 21 21 20
5cm 4 cm
81° 68°
11 11
12 cm
C M A f
bem™ 1110 10 cm 370
K S 5cm
10 o
cm 111 6 cm
B H 0 53°

11 cm /40°

80°

3cm

5cm

EXAMPLE 7B-4 Identifying congruence

Decide if this pair of triangles is congruent,
giving a reason for your answer.

THINK

1 Two side lengths and an angle are given that are

the same in both triangles (9 cm, 16 cm and 66°).

2 In AABC, the known angle is between the
two sides, which fits the SAS condition for
congruence.

3 The same sized angle in AQRS is not between
the same two sides. A different sized angle (85°)
is between the two sides, which means that
these two triangles fail the SAS condition for
congruence.

9 cm

66°

16 cm

WRITE

congruence.

The two triangles are not congruent
as they fail the SAS condition for
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4 Decide if each pair of triangles is congruent, giving a reason for your answer.

a 16 cm b 48 cm
° u
24 45 49° 48 cm
12 em~1119/ 7em 55 cm .
41°
1o ~12cm 73 cm
24°
14 cm
C d 16 cm
42° 7 cm
10 cm 9 cm 19 cm 19 cm
15cm
61° 77° 9cm
7 cm 16 cm
e f 9 cm
77°
3 (o}
12 cm 13 cm
41 cm 40 cm
80° 68° 40 cm
7 cm
13° 40 cm

5 Use your understanding of triangle properties to decide whether each pair of

triangles is congruent.

Scm
a b
6 cm 2.5cm 1290
239 2.5cm
6 cm 5cm
d
¢ 7 cm
48°
7 cm 48°
52°
N 80°

a Use a square and a rhombus to show that having all corresponding sides the same
length is not enough to prove congruence for shapes other than triangles.

b Use a parallelogram and a rhombus to show that meeting SAS does not prove
congruence for shapes other than triangles.

¢ Use a square and a rectangle to show that meeting AAS does not prove
congruence for shapes other than triangles.

d Can you think of an alternative to SAS and AAS that could prove congruence in
quadrilaterals? Investigate if this pattern continues for other polygons.
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Lachlan said that each pair of triangles is congruent. Explain why he is wrong in

-
= each case.
(o]
R
- F G 55 R
< 85°
s o
E M 9cm 4 K 16 cm
= F A 16 cm 17 cm
@ 47° 17 cm
>
z 85° 9 cm
- ] 1188° N L
m
>
w
o
=
=
[p]

D U
41° B
10 cm 10 cm
41°
H T (0]

83° 56°\ |83° 56°

Explain why correspondence of side lengths and angles is important when deciding if
a pair of triangles meets a congruency condition.

Decide if each statement is true or false.
If two triangles meet AAA, they are not congruent.

If two triangles each have two corresponding sides the same length and one
corresponding angle of the same size, the triangles are congruent.

A pair of triangles can meet one congruence condition but fail another.

If AABC is congruent to ADEF, and ADEF is congruent to AGHI, then AGHI is
congruent to AABC.

If two quadrilaterals have all sides equal in length, then they are congruent.

All equilateral triangles are congruent.

Use your understanding of the relevant geometrical properties to draw each
description and show that the triangles within them are congruent.
A circle with centre O has a right-angled triangle drawn
where the right angle is at the centre and the short sides
are radii of the circle. A second right-angled triangle is
drawn in the same circle under the same conditions.
An equilateral triangle is split into four smaller
triangles by drawing the three of a single
triangle at the midpoint of each side, as seen in the
diagram at right.

A Kkite is split into two triangles by a line drawn vertically down its centre.
A regular hexagon is split into six triangles

by drawing 3 diagonal lines joining opposite

vertices.
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?C Similarity

11 cm

1 What is similar and what is different about the first pair

i ? 6 cm

of triangles? 70 em E

Similar figures are exactly the same shape but can be different sizes. Sem 820N 5 oo
C o <)

2 Explain how you know two triangles are similar if they have the same angles. D 325 Sem 66
3 How might you figure out if the second pair of triangles

are similar? X R
4 How long is QS compared with YX? 3 cm 4 cm 6cm 9 cm
It is important when checking that corresponding sides are in zh5 Y

. . cm

the same ratio that you check every pair of sides. Q 12 cm S

5 Check that the other two pairs of sides are in the same ratio.

This ratio is called scale factor, can be calculated using the formula: scale factor = M.
original length

6 Explain why, if the image is bigger than the original, the scale factor will be bigger than 1, but if the

image is smaller than the original, the scale factor will be a fraction less than 1.

KEY IDEAS
» Similar figures are identical in shape but can be different in size.

» For two figures to be similar, all angles must be equal in size and all corresponding
sides must be in the same ratio.

» If two figures are similar, an unknown side length or angle can be found if the scale
factor is known.
» Scale factor is calculated using the formula: scale factor = M'
original length
» For two triangles to be similar, they must meet one of four similarity conditions:
> SSS: All three corresponding sides are in the same ratio.
> SAS: Two corresponding sides are in the same ratio and the angles in between are
equal.
> AAA: All three corresponding angles are equal.
> RHS: The hypotenuses are in the same ratio as another pair of sides in right-
angled triangles.
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EXERCISE 7C Similarity

EXAMPLE 7C-1 Finding the scale factor .
A
Find the scale factor for this pair of 24 cm 8 cm
o ] 12 cm 20 cm
similar triangles. Assume that the
. . . . D
first triangle is the original.
B 30 cm ¢ 16 cm F

THINK WRITE
1 To find the scale factor, compare corresponding sides. BC =30 cm, EF =20 cm

Choose the longest side of the original triangle (AABC)

and the longest side of the image (ADEF).
2 Substitute these two side lengths into the formula for Scale factor = M

original length
scale factor.
20 cm

3 Check that the scale factor seems reasonable. 30

(Number between 0 and 1 means a reduction.) > om

3
4 Match the remaining corresponding sides and check Scale factor = l6_38_2
Sl . 24 12 3

that each side is in the same ratio.

5 Write your answer. Scale factor = %

1 Find the scale factor for each pair of similar triangles. Assume that the first triangle

c
z in the pair is the original. L
m
bt a X b F
:c_z>' 9cm 117° 5cm 9 cm
o 790 41° 7 cm 12 cm 13.5¢cm
= L Q G
@
> 30 cm B 8 cm
= P C W
o
- 10.5 cm
= 12.5 cm 22.5cm
c
m
2 ¢ r
S
¢ S d D 3cm o
K0
37 90
9.3 em 11.6 cm 27 em 24 cm 8 cm 9 cm
18.6 cm
23.2 cm
90° 53¢
V4
A 7 cm T
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Q
F
12 cm
Find the unknown side lengths in this pair
.. . 6 cm 5cm P
of similar triangles. y
G H 15 cm
X
R
THINK
1 As the triangles are similar, all corresponding Corresponding pairs of sides are:

sides must be in the same ratio. Match
corresponding sides.

2 Use the pair of corresponding sides that both Scale factor =

have measurements (FH and RP) to find the
scale factor from AFGH to ARQP.

Check that the scale factor seems reasonable.
(Number larger than 1 means an J)

3 Since x is on the ‘original’ triangle, divide the
length of the corresponding side in ARQP by the
scale factor.

4 Since y is on the ‘image’ triangle, multiply the
length of the corresponding side in AFGH by the
scale factor.

5 Write your final answer.

G

image length
original length
_RP
~ FH
_15cm

~ 5cm
=3

___ Qp
= X
scale factor
_ 12 cm
3
=4cm

FG and RQ, GH and QP, FH and RP

y = FG X scale factor

=6cm X3
=18 cm

x=4cmand y =18 cm.

M 7 cm E
X 6 cm
c L N
Y 6 cm
48 cm 10.5 cm
4 cm X
N
X 76 em 20 cm y 19 cm
13 cm

_C Find the unknown side lengths in each pair of similar triangles.
=
= \%
m
z X 24 cm Ucm.ﬁ 12 cm
A
= 30 cm L
S 10 d
z 1 om Y 28 cm
> y 3.5cm
z K
-
o
m A
E 3cm i ib T
6 cm
Scm
15 y 26 cm
12 cm cm
I
a 24 cm
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Decide if this pair of triangles is similar,

22°

7C SIMILARITY 317

giving a reason for your answer. o

THINK

1 ALUK has two sides and an angle in between,
so use the similarity condition SAS to compare.
Match corresponding sides and angles.

2 Since ZPTO corresponds to ZLUK, check if
the angles are equal.

3 PT corresponds to LU. Find the scale factor
from APTO to ALUK.

4 TO corresponds to UK. Find the scale factor
from APTO to ALUK.

5 Look at your results and write your final
answer.

I? U
29° 24 cm 64 cm
990 3cm .
7 cm T K

PT corresponds to LU

ZPTO corresponds to ZLUK
ZTOP corresponds to ZUKL
ZTPO corresponds to LZULK
TO corresponds to UK

OP corresponds to KL

ZPTO = ZLUK = 99°

image length
original length
_LU
~PT
_24cm
~ 3cm
=8

image length
original length
_UK

- TO

_64cm

~ 7cm
= 9.14

Scale factor =

Scale factor =

The two triangles are not similar as the
two scale factors are not the same, so
they fail the similarity condition SAS.

Decide if each pair of triangles is similar, giving a reason for your answer.

Bem 7.y

12 cm 3cm
S5cm 6 cm
B
109° 21 cm
X 44 27 S

U 27° 44° Q
1092
N

9 cm

20 cm

9 cm 27 cm
7 cm
D
R
16 cm 63° 9cm
39° > 7
o o L
v 63 78 A
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€ f 6 cm

Y H
12 cm
20 cm AV 9cm L‘O
18 cm

6 cm G 12 cm M

Use your understanding of triangle properties to decide whether each pair of
triangles is similar.

\%%
a E b
12cm 35
116° 116°
F D
6 cm Y X 29°
C ] O R d
12 cm
33°
12 cm 5cm
7.2 cm
G
E 12 cm D 3cm

a Use a rectangle and a parallelogram to show that having all corresponding sides in
the same ratio is not enough to prove similarity for shapes other than triangles.

b Use a parallelogram and a rhombus to show that having all corresponding angles
the same size is not enough to prove similarity for shapes other than triangles.

¢ Use a rectangle and a square to show that meeting SAS does not prove similarity
for shapes other than triangles.

d  Use a parallelogram and a rhombus to show that meeting AAS does not prove
similarity for shapes other than triangles.

¢ Can you think of an alternative to SAS and AAS that could prove similarity in
quadrilaterals? Investigate if this pattern continues for other polygons.

6 Jessica said that each pair of triangles is similar. Explain why she is wrong in each case.

. K
a H L 20 em b Vv
N 10 cm

38 cm X R

19
com 20 cm

40 cm 1 F

Explain why correspondence of sides and angle is important when deciding if a pair
of triangles meets a similarity condition.

8 A 1-m ruler is placed upright next to a tree. If the ruler casts a 2.3 m shadow and the

tree casts an 11.2 m shadow, how tall is the tree?
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A ski jump is 8.2 m long. It has vertical supports
at the half-way mark that are 1.8 m tall.

How tall is the ski jump at its end? 1.8 m

.. . 8.2m
Use similar triangles to calculate the unknown

height or length of something in your classroom. Include a diagram in your answer.

Select two pairs of similar triangles from these options. Provide reasons for your
selection.

D 44 cm
110 Q C 320 N
57°
10 28
5 cm cm 0 em
w
L S

112°
H

16 cm T
R
U 16 cm 57° I
17.5 cm 122°
o 28 cm G
81 10 cm \%

M

Decide if each statement is true or false.
If two triangles meet AAA, they are not necessarily similar.
If AABC is similar to ADEF, and ADEF is similar to AGHI, then AGHI is similar
to AABC.
All isosceles triangles are similar.
All squares are similar.
If two triangles fail SAS, they are not necessarily similar.

If two quadrilaterals have all sides in the same ratio, they are not necessarily similar.
Dilating AS1J by % gives APWX. Is this a reduction or enlargement? Explain.

A flagpole has a guide wire attached at its midpoint, tethered to the ground 2.7 m
away. A metre ruler standing vertically touches the guide wire when placed 75 cm
away from where it is tethered to the ground. How tall is the flagpole?

Explain how you can use similar triangles to
find the width of a river. (Hint: you will need
to use four markers on one side of the river,
one of which lines up with a landmark on the
opposite side.) Draw a diagram to support
your answer.
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7D Understanding proofs

1 How do you know when something is true?

It is important in mathematics not to just demonstrate that

something is true or that it works, but to prove that it is true. P

2 Which angles are equal in this diagram? How do you know?

3 Copy the diagram and cut out the angles and demonstrate that angles

a and ¢ are equal in size.
This is a practical demonstration that vertically opposite angles are equal, but it is not a proof.

A mathematical proof is a series of statements that show that a theory is true in all cases. Usually the
proof uses some self-evident or assumed statements, known as axioms, in showing that something is true.
One of the most famous mathematicians, Euclid (who lived around 300 BC), was able to prove much of
the mathematics you use today, using only five axioms.

You can use the fact that there is 180° around a straight line as an axiom to prove that vertically opposite
angles are equal.

What is a + b equal to?
What is b + ¢ equal to?

How do your answers to questions 4 and 5 show that a + b is equal to ¢ + b?

4
5

6

7 How does this show that « is equal to ¢?

8 Write these steps as a mathematical proof showing that angle « is equal to angle c.
9

Why do you think proofs are important in mathematics?

KEY IDEAS

» A mathematical proof is a series of statements that show that a theory is true in all cases.
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EXERCISE 7D Understanding proofs

EXAMPLE 7D-1 Proving that vertically opposite angles are equal C

Prove that ZABC = ZDBE. A B
D
E
THINK WRITE
1 Use angles around a straight line to write a ZABC + £CBD = 180°
statement about ZABC and a statement about /DBE + ZCBD = 180°

ZDBE that share a common angle.

2 Since the right side of each equation is the same, the ZABC + £CBD = #DBE + ZCBD
left sides must be equal.

3 Simplify by subtracting ZCBD from both sides of ZABC = ZDBE
the equation.

I . o)
_ 1 Fill in the gaps to prove that M @ NOTE In some books
z ZMNQ = ZONP. N you may notice the
5 ZMNQ + ZQNP = o letters ‘QED’ written
i _ 5 Q P at the end of a proof.
; ZONP+2_ =180 This is an acronym for
2 Z + ZQNP =/ + ZQNP the Latin phrase quod
= E— I Z
o 4 y X era‘t demonstrandum,
=Z> which means
o Y ‘which had to be
o 2 Prove that ZXYW = ZZYV. demonstrated’.

c
= 3 Show that ZEOF = ZBOC, v W
=<

starting with the opening statement:

B
C
A
o)
H I
F D G J
E
a «EOF + ZFOB = 180° K
b ZEOF + ZAOF + ZAOB = 180°.
N
L

4 Show that ZGKJ = ZNKL.
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EXAMPLE 7D-2 Proving that alternate angles are equal

Prove that ZACF = ZCFG,
given that ZCFG = £ZBCD.

THINK
1 Write the given information.

2 Write statements linking ZACF and ZBCD.

3 Use the given information to complete the proof.

B
A ¢ D
F
E G
H
WRITE
ZCFG = /BCD

ZACF + ZDCF = 180°

ZBCD + ZDCF = 180°

ZACF + «DCF = ZBCD + £«DCF
ZACF = ZBCD

but Z/BCD = ZCFG
so ZACF = ZCFG
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5 Fill in the gaps to prove that ZTUQ = ZSQU, given that ZTUQ = ZPQR.

ZTUQ = ZPQR

ZPQR + ZPQU=__

ZSQU+ - =180°
ZPQR+~«_ =/SQU+.«_
ZPQR=«___

but ZPQR = £ZTUQ
so/TUQ=~__

6 Given that ZJLK = ZLON, show that
ZMLO = ZLON.

7 Given that ZXYW = ZYUT, show that Z/WYU = ZVUY.

T

R

X
Z 4 W
\ U T
S C
& Given that ZABC = ZEFB, show that Z/DBF A s/ D
is supplementary to ZBFG. /
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Is the sum of two even integers always even? To investigate, consider any two even
numbers; call them x and y.

How do you define an even number?

Explain why it follows that you can write x as 2a.

Write y in the same format using the pronumeral b.

Write x + y using the format from parts b and

Factorise your answer to part

Explain why your answer to part e proves that the sum of two even integers is

always even.

Write the proof in full.

Use a similar method to that shown in question 9 to prove that the square of any
even number is always even.

There are different types of mathematical proof — so far you have seen a type called
. Another method of proof is called , where for a

statement to be true a contradiction would have to occur, so that the statement is
shown to be false.
One such proof involves the square root of 2. To prove that it is an irrational number,
you instead try to prove that it is a rational number.

What is a rational number?
A rational number can be written in the form %, where a and b are whole numbers,
and b is not equal to zero.

So, if the square root of 2 is rational, V2= -
You assume that this fraction is in simplest form; that is, « and b have no common
factors.

Explain why @ or b may be even, but a and b cannot both be even.

Square both sides of the equation you found in part

Explain why you can write this in the form a? = 2b%.

How do you know that a? is even?

How do you know that a is an even number? (Hint: look at question 10.)
So you know that a is an even number, which means that » cannot also be an even
number.

Explain why you can now write « as 2k.

Substitute this into the equation a*> = 252,

Expand this and explain why it shows that b is also an even number.

Explain why this means that /2 is not rational.

Write the proof in full.

Follow a process similar to that in question 11 to show that 32 is an irrational
number.



m CHAPTER 7: GEOMETRY

ININOSVIY ANV INIATOS W3IT408d |

Another example of proof by contradiction is used in proving that if corresponding
angles are equal, the lines must be parallel. Start with the (false) assumption that if
two corresponding angles are equal, then the lines are not parallel.

Why does this mean that the lines would intersect?

Consider this diagram, showing

intersecting lines DG and HF,
cut by the transversal EJ.

Name the two angles in
the diagram that you are

assuming are equal.

The other assumption that you must make is that the length AC > 0.
Why do you need to make this assumption?

Say that ZEAB = ZACB = x.
Show that ZBAC = 180° — x

If ZABC can be represented by y, write a statement adding all the angles in
AABC.

Show that simplifying this statement leaves you with y = 0°.
How does this imply that AC does in fact equal 0?

Explain how this is proof by contradiction that if corresponding angles are equal,
then the lines must be parallel.
Write the proof in full.

Another method of proof is called . In its simplest form, you
can prove that ‘if a then b’ by first proving ‘if not b then not a’. One example of
proof by contraposition is to show if p? is odd, then p must be odd.

What is the contrapositive statement to ‘if p? is odd, then p must be odd’?

Prove this contrapositive statement. Hint: this is what you are asked to do for
question

Write a final statement to complete the proof by contraposition.

Use proof by contraposition to prove this statement.
If the product of @ and b is odd, then both ¢ and b must be odd.

Hint: write the contrapositive statement and prove this first.

Use proof by contraposition to prove that if @> — 2a + 3 is even, then @ must be odd.
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18

19

20

21
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Another method of proof is
proof by mathematical induction.
This is where you initially prove
the statement for a single case, for
example n = 1, and then prove it
to be true for a rule, such as
n =k + 1, where k is an integer.
a Explain why, if something is
trueforn=1landn=%k+ 1,
then it must be true for all
integers.

An example is to prove that all
integers that can be written as
2n + 1 must be odd.

b Prove this statement for:
in=1 iin=2
iii n=99 iv n=100.
¢ Substitute n = k + 1 into 2n + 1 and prove that this is also an odd number.

d  Write a closing statement to finish the proof.

Use proof by induction to prove that 3" — 1, where n is a positive integer, is a multiple
of 2.

It is important when you complete proofs that you do not make errors because,
if you are not careful, you may think you have proven something that is actually false.
The following example ‘proves’ that 2 = 1. Can you find the error?

a = b, where a and b are not equal to zero.
Then a2 = ab

and a®> — b> = ab — b?

Factorising gives (a + b)(a — b) = b(a — b)
Dividing by (a — b) givesa + b =5
Remember that a = b

Sob+b=b

So2b=0b

Dividing by b gives 2 = 1

Follow a process similar to that in question 11 to show that V5 is an irrational
number.

Create your own proofs using:

a direct prOOf resesese e

.. i Reflect
b proof by contradiction
¢ proof by contraposition How are the different methods
. . . i of proof similar and how are the
d proof by mathematical induction. ;0P J
i different?

You may wish to use the Internet to help you.
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7E Proofs and triangles

1
2

What is the internal angle sum of a triangle?

Draw a triangle and by either measuring
its angles or by cutting out its angles and
placing them in a straight line, show that )

it has an internal angle sum of 180°. ;
Why is drawing 10 different triangles and L /
showing each has an angle sum of 180° L h

not a proof?

You can use your knowledge of angles and parallel lines to prove that B

the internal angle sum of a triangle is 180°. > :
4 Name the internal angles of the triangle.
5 Show that ZCBE = ZBCA.
6 Which angle is ZBAC equal to? F—y c G
7 Write an equation for the angles around the straight line DE.

(Hint: the three angles add to 180°).

8 Substitute the values you found from questions 5 and 6 into this equation.
9 Explain why this is the end of the proof.
10 Write the proof in full.
KEY IDEAS
» Many properties of triangles can be proved using knowledge of angles around a straight line
and in parallel lines.
» This information can also be used to prove congruence in triangles.
» The symbol for congruence is =.
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EXERCISE 7E Proofs and triangles

- Proving the exterior angle of a triangle is the sum
EXAMPLE 7E-1 of the two opposite internal angles

B
Prove that ZBCD = ZABC + ZCAB.

THINK WRITE

1 Write an equation linking the exterior ZBCD + ZBCA = 180°
angle of the triangle and the straight line it
lies on.

2 Write an equation linking the internal ZABC + £ZCAB + £BCA = 180°
angles of the triangle.

3 Equate the left sides of the two equations. Z/BCD + #BCA = ZABC + ZCAB + ZBCA

4 Simplify by subtracting ZBCA from both ZBCD = ZABC + ZCAB
sides.

1 Prove that ZWXY = £LXZY + £ZYX by Y
following these steps.

a  Write an equation linking the exterior angle of
the triangle and the straight line it lies on.
b Write an equation linking the internal angles
of a triangle. X

¢ Equate the left sides of the two equations.
d Simplify the resulting equation.
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2 Prove that ZJLM = ZJKL + ZLJK.
M

J K

3 Prove that ZEFG = ZFDE + ZDEF. D G
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- Proving that two triangles are congruent
EXAMPLE 7E-2 using equal sides Y

If XY = XW and ZY = ZW, prove that AXYZ = AXWZ.

X V4
W
THINK WRITE
1 If AXYZ and AXWZ are congruent, they X is common to both triangles.
have corresponding vertices. Match them Z is common to both triangles.
for the two triangles. Y corresponds to W.
2 Decide if the given information is enough Two pairs of corresponding sides are equal
to satisfy a congruence condition. in length. Need another piece of information
to check for congruence.
3 List a third piece of information. XZ is common to both triangles.
4 Check for congruence and write the proof. XY = XW (given)

ZY = ZW (given)
XZ is common to both triangles.
AXYZ =~ AXWZ (using SSS)
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4 If AB=CBand AD = CD, prove that AABD = ACBD.
B

D

5 Prove that APQR = APSR.

~_
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If KL = KN, ZLKM = ZNKIJ and ZLMK = ZNIJK, prove that

AJKN = AMKL using a congruence condition.

THINK

1 If AJKN and AMKL are congruent, they have
corresponding vertices. Match them for the two
triangles.

2 Consider the given information.

3 Decide if you have enough information to meet a
congruence condition (two pairs of equal angles
and a corresponding pair of sides that are equal
in length). Write the proof.

7E PROOFS AND TRIANGLES m

J corresponds to M
N corresponds to L
K is common to both triangles

Sides KL and KN are corresponding
and equal in length.

Angles LKM and NKJ are
corresponding and are equal.

Angles LMK and NJK are
corresponding and are equal.

KL = KN (given)

ZLKM = ZNKJ (given)
ZLMK = ZNJK (given)
AJKN = AMKL (using AAS)

If AC =DC, ZACB = £ZDCE and ZCBA = ZCED, prove that AABC = ADEC by

following these steps.

Write the given information.

Write a statement about the third angle of each triangle.

Prove that the triangles are congruent by showing that they meet a congruence

condition.
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7 If QR = QT, £PQR = 4SQT and ZRPQ = £TSQ, prove that APQR = ASQT.
P

R T

8 Prove that AVWX = AYZX.

v Y
X
E G
A\ V4
9 Use the fact that DE and FG are parallel H
to prove that ZEFH = ZDEF + ZFDE. F

10 Question 8 used the fact that if a triangle has two sides that are equal in length, then

the angles opposite those sides are equal. You can prove this fact using congruent
triangles. Consider AXYZ.

e

=0 = e o a 6 T o

Y

Z

Draw a line from Y to the midpoint of XZ, and name this point W.
Name the two triangles now formed.

Which two sides do you know are equal in these two triangles?
Name the side common to both triangles.

Explain why £ZXYW = LZYW.

Use a congruence condition to prove that AWXY = AWZY.
Explain why you now know that ZWXY = ZWZY.

Write the proof in full.
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Use what you have proven in question 10 to prove that the angles of an equilateral
triangle are 60°.

Pythagoras’ Theorem is
another theorem that is
reasonably simple to prove. b
Consider this diagram, which
shows one square drawn inside a
another so that four congruent
right-angled triangles are
formed.
How do you know that the
hypotenuse of each triangle
is equal in length? a
Explain why the area of
the larger square can be
represented by the equation
A= (a+ by

Write an expression for the area of the smaller square.

b a

Write an expression for the area of one of the triangles.

Explain why the area of the smaller square plus the four triangles can be
represented by the equation 4 = ¢ + 2ab.

Why can you now write (a + b)? = ¢2 + 2ab?

Expand and simplify the expression to prove Pythagoras’ Theorem.
Write the proof in full.

Prove that the four right-angled triangles in question 12 are congruent and hence
show that the corresponding angles in the triangles are equal.

Prove that drawing a triangle along the midpoints of an equilateral triangle splits that
equilateral triangle into four congruent, equilateral triangles. (Hint: you will need

to make use of your knowledge of angles around a straight line and the isosceles
triangle theorem.)

Use the Internet to research other proofs
involving triangles.
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?F Proofs and quadrilaterals

Different quadrilaterals have different
properties, and you can use your
understanding of angles in parallel lines and
triangles to prove these properties.

1 For each quadrilateral:
a draw an example

b demonstrate that each property is true.

2 Use the table of properties to decide if
each statement is true or false. If false, give
a reason.
a A square is a rhombus.

A is a parallelogram.

A parallelogram is a rectangle.

A rectangle is a parallelogram.

A square is a parallelogram.

-0 a 6 T

A rhombus is a square.

3 How might you prove properties involving:
a angles?
b side lengths?
¢ diagonals?

Parallelogram

Rhombus

Square

Rectangle

Trapezium

Opposite angles are equal

Opposite sides are parallel and equal

Diagonals each other

All sides are equal and opposite sides are parallel
Opposite angles are equal

Diagonals bisect each other at right angles
Diagonals bisect the interior angles

All sides are equal and opposite sides are parallel
All angles are right angles

Diagonals are equal in length and bisect each
other at right angles

Diagonals bisect the interior angles
Opposite angles are equal

Opposite sides are parallel and equal
Diagonals are equal and bisect each other

One pair of opposite sides is parallel

4 Why do you think that congruence might be important in these proofs?
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EXERCISE 7F Proofs and quadrilaterals

EXAMPLE 7F-1 Proving opposite sides of a parallelogram are equal

THINK

1 Draw and label a parallelogram. Mark in

a diagonal.

Name the two triangles.

Name the common side (the diagonal of
parallelogram).

Use knowledge of angles and parallel lines
to show angle equivalence.

Use a congruence condition to show the
triangles are congruent.

Show that the opposite sides of the
parallelogram are equal in length by
matching corresponding sides of the
congruent triangles.

Complete the proof with a closing
statement.

Prove that the opposite sides of a parallelogram are equal in length.

WRITE
X Y

W V4

The two triangles are AWXY and AYZW.

The common side is WY.

XYW = LZWY (alternate angles)
ZLYWX = LWYZ (alternate angles)

AWXY = AYZW (AAS)

WX = YZ because they are corresponding
sides of congruent triangles.
WZ = YX because they are corresponding
sides of congruent triangles.

Therefore, the opposite sides of a
parallelogram are equal in length.

1 Prove that the opposite sides of this parallelogram are B

equal in length by following these steps.

a Copy the parallelogram and draw a diagonal

between vertices A and C.

b Name the two triangles formed by the

diagonal AC.

¢ Name the side common to both triangles.
Use an understanding of angles and parallel
lines to show angle equivalence. A D
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e Use a congruence condition to show the
triangles are congruent.

f Show that the opposite sides of the parallelogram are equal in length by matching
corresponding sides of the congruent triangles.




334 CHAPTER 7: GEOMETRY

Draw the parallelogram LMNO and prove that its F
opposite sides are equal in length.

If FG = EF, prove that this shape is a rhombus.

E H
Prove that the opposite angles of a parallelogram are equal in size.
THINK
1 Draw and label a parallelogram. Q R
P S
2 Use an understanding of angles and ZQPS + /PSR = 180° (co-interior angles)
parallel lines to write statements about ZQPS + ZPQR = 180° (co-interior angles)
co-interior angles.
3 Equate the left sides of the equations. ZQPS + /PSR = ZQPS + ZPQR
4 Simplify by subtracting the same angle /PSR = /PQR
from both sides.
5 Repeat steps 24 for the other pair of Similarly,
opposite angles. ZPSR + ZQRS = 180° (co-interior angles)

ZPSR + ZQPS = 180° (co-interior angles)
/PSR + ZQRS = £ZPSR + £QPS

ZQRS = ZQPS
6 Complete the proof with a closing Therefore, the opposite angles of a
statement. parallelogram are equal in size.
Prove that the opposite angles of N

this parallelogram are equal by
following these steps.
Use an understanding of angles
and parallel lines to write A %
statements about co-interior
angles.

Equate the left sides of the equations and simplify the resulting equation by
subtracting the same angle from both sides.

AIN3INTd ANV 9NIONVLSHYIANN

Repeat steps a and b to show equivalence for the other angle pair.

Complete the proof with a closing statement.
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Draw the parallelogram MARK and prove that its opposite angles are equal.

Draw the rhombus ISAC and prove that its opposite angles are equal.

Prove that XYZW is a parallelogram.

THINK

1 Copy the figure and include a diagonal.

2 Show that the two triangles formed are XY =WZ
congruent. YZ=WX
XZ is common side
AXWZ = AZYX (using SSS)

3 Match the corresponding angles in these LWXZ = LYZX

congruent triangles. LXIW = LZXY
4 If alternate angles are equal, then the YZ || WX because the alternate angles

lines must be parallel. LWXZ and £YZX are equal.

Note: || means ‘is parallel to’. XY || ZW because the alternate angles

ZXZW and £ZXY are equal.

5 Use the definition of a parallelogram to WXYZ is a parallelogram because opposite

prove that WXYZ is a parallelogram. sides are parallel and equal in length.

Prove that YETI is a parallelogram by following these steps. E T

Copy the figure and include a diagonal.

Show that the two triangles formed are congruent.
Match the corresponding angles in these congruent
triangles.

If alternate angles are equal, then the lines must
be parallel.
Use the definition of a parallelogram to prove that YETT is a parallelogram.

H H I

Prove that CHIP is a parallelogram.

Prove that a quadrilateral ABCD with four
equal side lengths is a rhombus.

C t P
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10

11

12

13

14

15

16

Consider this parallelogram. I
a  What angle is equal to ZIMR?
b What angle is equal to ZMIR?
¢ Show that AMIR = ATER.
d  Copy the figure and mark corresponding
sides for the congruent triangles.

e Explain how this shows that the T
diagonals of the parallelogram TIME
bisect each other.

f  Write the proof in full.

Draw a parallelogram and prove that its diagonals bisect each other.

Prove that this shape is a parallelogram.
(0) L

G F

Consider this rhombus.

a Follow the steps from question 10 to prove
that the diagonals bisect each other.

b Hence show that the four triangles are
congruent to one another.

¢ Redraw the rhombus with markings showing
the corresponding sides.

d Show that ZHOE = ZAOE.

e Use your understanding of angles around a straight
line to prove that the diagonals bisect each other at
right angles.

f  Write the proof in full.

Draw a rhombus and prove that its diagonals
bisect each other at right angles.

1 A

¢) NOTE Remember you
can use the symbol L
for ‘is perpendicular to’
or ‘at right angles to’.

Prove that this is a rhombus if: A
a AL =ML and CL = UL
b AU||MCand AC || MU.

Prove that parallelogram REMY
is a rectangle if ZREM = 90°.

U
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17 Consider figure LEVI, where EV = IL, EV || IL and ZEVI = 90°.

18

19

20

21

22

23

E

\%

I

a Prove that the remaining angles are 90°.
b Prove that EL =1V and EL || IV.

¢ Use Pythagoras’ Theorem to show that LV = EI.

Hence prove that ALEV = AELI.

Prove that this shape is a rectangle by following

these steps.

a  Use the isosceles triangle theorem and what you

know about equal alternate angles to first prove
that it is a parallelogram.
b Use ZLYE + ZYEL + ZELK + ZKLY to prove that ZELY = 90°.

¢ Prove that all interior angles are 90°.

K Y

Draw the quadrilateral DANE where the diagonals DN and AE are equal and bisect
each other. Prove that it is a rectangle.

Consider this rhombus.

a Prove that UG = RG and AG = SG
(that the diagonals bisect each other).

b Prove that AUAG = ARAG.

¢ Hence show that ZUAS = ZRAS.

d Explain why this shows that the diagonals of a rhombus bisect the interior angles.

Prove that ZEVL = 45°.

E fi

L fi

A%

R

What property of rhombuses (including squares) means that the diagonals bisect the

internal angles?

ACEG is a rectangle. If the vertices of HBDF touch the midpoints of each of the
rectangle’s sides, prove that HBDF is a rhombus.

A B C
H D
G E

Reflect

i How are congruent triangles
i useful in proofs involving
i quadrilaterals?
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?G Circle geometry:
circles and angles

There are many different theorems involving circles that allow you to solve problems. Before working
with these theorems, it is important you understand the special terms used in circle geometry.

1 Consider each term in this list:

, centre, , , , , , b
a Look them up in the glossary and write a definition.

b Match each term with one of the pronumerals, a—/, in figures 1 and 2.

2 Consider figure 3. .

a Name the two chords. Figure 1
b Name the minor arc formed by the two chords.

¢ Name the angle formed by the two chords. 1
In circle geometry, you say that the angle is subtended by the arc, rather than

saying that an angle is formed by two chords.

oQ

d Copy and complete this sentence.

The arc subtends the angle . Figure 2

e Imagine that there is a chord AC. Copy and complete this sentence about it: B

The chord AC subtends the angle .
Explain what ‘subtend’ means.
Why is it important to be familiar with the terms used in circle geometry before
carrying out any proofs? A

Figure 3

KEY IDEAS

» Understanding the terms arc, centre, chord, circumference, diameter, radius, sector
and segment is important in circle geometry. If necessary, refer to the glossary.

» An angle is subtended by the chord or arc that connects the endpoints of the two
chords that form the angle.

» Theorem 1: the angle subtended at the centre of the circle is twice the size of the
angle on the circumference subtended by the same arc.

» Theorem 2: any angle subtended by the diameter is a right angle.

» Theorem 3: all angles at the circumference of a circle that are subtended by the same

arc are equal in size.
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EXERCISE 7G Circle geometry: circles and angles

c
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1 Draw an example of a circle with each of these.
a achord XY
b an arc between points S and T
¢ the major segment formed by the chord UP
d the minor sector formed by the radii OM and ON
e
f

B
the arc that subtends ZXYZ
a chord that subtends ZDEF
C
2 Consider this diagram.
A
D

a  How do you know that AO = BO = CO?
b How do you know that ZABO = ZOAB?

angle of a triangle to show that Fhrele Unserem -
ZAOD =2/ABO.

d Use your answers to parts b and ¢ to
show that ZDOC = 2£0BC.

¢ Explain how this shows that
ZAOC =2£ABC.

EXAMPLE 7G-1 Using Circle Theorem 1 E ‘
Find the value of x in this circle. J 18
D

the angle subtended at the centre
of the circle is twice the size of
the angle on the circumference
subtended by the same arc.

THINK WRITE
1 Using Theorem 1 means that Z/DOF = 2/DEF. 136° = 2x
2 Write your answer. x = 68°

3 Find the value of x in each circle.
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[ 4 Consider this circle.
A
N
This question demonstrates
Circle Theorem 2:
any angle subtended by the
C diameter is a right angle.
a  What is the angle at the centre of the circle?
b Use Theorem 1 to show that ZABC = 90°.

AL N3
Find the value of x in this circle.
C
THINK
1 Using Theorem 2, ZABC is a right angle. ZABC =90°
2 Use the angle sum of a triangle to write an 2x +90° = 180°

equation to find the value of x.

3 Solve the equation and write your answer. 2x = 90°
x =45°

5 Find the value of x in each circle.

F
D =
H

6 Consider this circle. ) )
This question demonstrates

Y
X ‘ Circle Theorem 3:
All angles at the
V4 circumference of a circle

that are subtended by the
W same arc are equal in size.

AJIN3INT4 ANV INIONVLSHIANN

a Use Theorem 1 to explain why ZWOZ = 2/WXZ.
b Similarly, show that /ZWOZ = 2/WYZ.
¢ What can you say about ZWYZ and LWXZ?
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EXAMPLE 7G-3 Using Circle Theorem 3

Find the value of x in this circle.

/gw

C
D
THINK WRITE
1 Using Theorem 3 means that ZDBC and £ZDBC = ZDAC
Z/DAC are equal in size.
2 Substitute values and solve for x. 2x = 62°
x=3I°

7 Find the value of each pronumeral.

a b

<
2
7
(=2
V%

8 Find the value of each pronumeral, giving a reason.

a b

S

')
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9 Use your understanding of triangle and circle properties and theorems to find the

value of x.

a b
v
d w\ e

<
10 Consider this diagram, showing a cyclic quadrilateral

N

(a quadrilateral that has each of its vertices on the

circumference of a circle).

a Explain why the obtuse angle ZAOC = 2x and
the reflex angle ZAOC = 2y.

b Use angles around a point to explain why the
reflex ZAOC = 360° — 2x.

¢ Use your answers from parts a and b to show
that y = 180° — x.

d Copy the figure, replacing radii OC and OA
with OB and OD, and use this to show that
ZBAD = 180° — ZBCD.

e Find the value of each pronumeral.

i i RN
y 3y

38° x
~_

&
e
BD

This question demonstrates
Circle Theorem 4:

the opposite angles of a
cyclic quadrilateral are
supplementary.

iii =4

N7

11 Consider this diagram, showing another cyclic quadrilateral.

E
B
A C
D

a Use Theorem 4 to explain why ZADC = 180° — ZABC.

b Why does ZEBC = 180° — ZABC?
¢ Explain why this shows that ZADC = ZEBC.

This question
demonstrates Circle
Theorem 5:

the exterior angle of a
cyclic quadrilateral is
equal to the opposite
interior angle.
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d Find the value of each pronumeral.

12 Write a complete proof for each of the Circle Theorems, 1 to 5.

13 Use the given information to answer these.

a Find £ZDBC, given that b Find £ZDEG, given that
ZADB = 68°, OA = OB =0C BE L AC, Z0CG =19°
and ZBCD = 92° and ZFOG = 142°.

B B
A C Al—E C
(0] oG /
E D
D

¢ Find ZODC, given that d Find ZOAB, given that
ZBAD = 96° ZGBC =46°, «/BCD = 138°
and ZCBO = 46°. and ZAFD = 70°.

B C G
B

14 Use dynamic geometry software or other Reflect

digital technology to demonstrate each :
theorem. i How are all the proofs in this
i section reliant on triangle
i properties?
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?H Circle geometry: chords

Consider this diagram, ignoring the dashed line to begin with.

1
2
3

4

Name the two chords shown.
Name the two radii shown.

The two radii are perpendicular to one another. B
What does this mean?

Name the arc that subtends ZBOD.

Now consider the dashed line.

5
6

Name the dashed line and describe it using circle terminology. D

EF bisects AB and DC. What does this mean?

GO = OH. This means that CD and AB are from the centre of the circle.

7
8
9

What does equidistant mean?
Explain how you know CD and AB are equidistant from the centre of the circle.

What else can you describe from this diagram?

KEY IDEAS

>

A chord is a straight line from one point on the circumference of a circle to another.

Theorem 6: chords that are equal in length subtend equal angles at the centre of the circle
Theorem 7: if a radius and a chord intersect perpendicularly, then the radius bisects the chord.
Theorem 8: chords that are equal in length are equidistant from the circle centre.

Theorem 9: when two chords intersect inside a circle, this divides each chord into two line
segments in which the product of the lengths of the line segments for both chords is the same.
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EXERCISE 7H Circle geometry: chords

c
=
o
m
=
(%]
—
>
=
o
=
@
>
=
o
-n
-
c
m
=
()
—<

1 Consider this diagram, where AB = CD.

B
A / This question demonstrates
Circle Theorem 6:
chords that are equal in
C_

) length subtend equal angles

at the centre of the circle.
a Given that OA, OB, OC and OD are radii,

what can you say about them?

b What type of triangle does this mean AOAB and AOCD are?
Explain why AOAB = AOCD.

d Explain why ZCOD = ZAOB.

EXAMPLE 7H-1 Using Circle Theorem 6 5

A= C
Find the value of x in this circle if AB = CD. A

THINK WRITE
1 Since OC and OD are radii, they have equal length. OC=0D
2 This means that ACOD is an isosceles triangle ACOD is isosceles, so
so you can find the other two angles within the Z0CD = £Z0DC = 54°
triangle. ZCOD = 180° — 54° — 54°
=72°
3 Use Theorem 6 to identify the equal angles at the ZAOB = £COD = 72°

centre of the circle.

4 Write your answer. x=72°

2 Find the value of x in each circle.

a ‘ b ﬁ ¢
A

(" ¥
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3 Consider this diagram.

a
b

C

Explain why OA = OB.
Explain why ZOCA = ZOCB.

Use a triangle congruency
condition to explain why
AACO = ABCO.

Explain why AC = CB.

Find the value of x in this circle.

THINK

1 The radius and chord intersect at right angles.

Using Theorem 7, the length 3x is the same as 24 cm.

2 Solve for x.

x=8cm

4 Find the value of x in each circle.

a

»
%

5 Consider this diagram, where AB = CD.

a
b

d

Explain why OE = OB = OD = OF.

Use Theorem 7 to explain why AG = GB and
CH = HD.

Likewise, use Theorem 7 and the fact that

AB = CD to explain why GB = HD.

Use a triangle congruency condition to explain
why AOHD = AOGB.

Explain why OH = OG.

Use your understanding of Pythagoras’ Theorem
to explain why the shortest distance from the
centre of a circle to a chord is perpendicular to
that chord.

3x =24 cm

This question
demonstrates Circle
Theorem 7:

if a radius and a

chord intersect
perpendicularly, then the
radius bisects the chord.

NY

A
B
D
C
F

This question
demonstrates Circle
Theorem 8§:

chords that are equal in
length are equidistant
from the circle centre.
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Find the value of x in this circle.

THINK

1 The chords are equidistant from the centre circle. 3x+3x=6+6
Using Theorem 8, the chords must be equal in length.

2 Solve for x and include the length unit. 6x =12
x=2cm

6 Find the value of each pronumeral.

8 cm

/ frem

7 Consider this diagram.

N

This question demonstrates

Circle Theorem 9:

a Explain why ZCPD = ZAPB. when two chords intersect
b Use Theorem 3 to explain why inside a circle, this divides
ZDCB = ZDAB. each chord into two line
¢ Explain why /PDC = ZPBA. segments in which the
d Explain how you can tell that ACPD product of the lengths of
is similar to AAPB. the line segments for both
AP _ CP chords is the same. In the

e Explain why you can state that — =
P Y BP DP figure below, a X d = ¢ X b.
and hence that

AP x DP = CP x BP. Qﬁ
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EXAMPLE 7H-4 Using Circle Theorem g9

Find the value of x in this circle.

THINK

1 Write the product of the lengths of the two line
segments for each chord.

2 Use Theorem 9 to write an equation.

3 Simplify the equation.

4 Solve for x and include the length unit.

\
/)

WRITE

chord 1: x X 3cm
chord 2: 2cm X 9 cm

xXX3=2x%x9
3x =18
x=6cm

ININOSVIY ANV INIATOS WIT90dd | |

8 Find the value of x in each circle, correct to one decimal place.

a b

&

L

C

9 Find the value of each pronumeral, giving a reason.

12 cm

a \ b C
€

\

{ Fos c

N
e

Z

g h i
22 cm %
% 0‘ A X‘x
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12

13

14

15

16

7H CIRCLE GEOMETRY: CHORDS

Use your understanding of circle properties and theorems, and any other necessary
geometric properties, to find the value of each pronumeral.

a h 6cm c

i

\é

~

15¢cm

—7

‘.->
3x
Find the value of each pronumeral.
a
d

Draw a circle with two chords. Show that constructing perpendicular bisectors of
these two chords locates the centre of the circle.

Write a complete proof for each theorem in this exercise.

Use dynamic geometry software or other digital technology to demonstrate each
theorem.

For each theorem in this exercise, create a problem to solve that involves the use of:
a simultaneous equations

b Pythagoras’ Theorem (where possible).

) ) i Reflect
Use the Internet to investigate the alternate :
segment theorem. Write out a proof of what . Howis the centre of the circle
you find. Include an example of a problem and . Important in many circle
i theorems?

solution in your findings.
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7l Circle geometry:
tangents and secants

Two important concepts that have not yet been covered
are the and the

1 Use your glossary or other means to write the
definitions of these terms.

2 Name the tangent and the secant on this diagram.

A
B—""—~ ¢

G

3 At what point does the tangent touch the circumference of the circle?
4 Name the points where the secant cuts the circle.

5 Explain the difference between a chord, a secant, a tangent and an arc.

» A secant is a line that cuts a circle twice.
» A tangent is a line that touches the circumference of a circle at one point only.
» Theorem 10: a tangent drawn at the same point to a radius will be perpendicular to that radius.

» Theorem 11: if two tangents intersect outside a circle, the distances along the tangent from the
intersection to the circumference of the circle are equal.
» Theorem 12: if two secants intersect outside a circle, the products of the entire secant length by

the external secant length will be the same.

» Theorem 13: if a tangent and a secant intersect outside a circle, the product of the entire secant
length by the external secant length will be equal to the square of the tangent length.
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EXERCISE 71 Circle geometry: tangents and secants

1 Consider this diagram, showing the intersection
of a radius and a tangent.

a Name the two radii and explain why they are
equal.
b Name the tangent at point B.

You may guess that ZOBD = 90° and, to prove
this, you instead imagine that another angle, in
this case ZODB, is 90°.

¢ Which side would be the hypotenuse of
AODB?

d This would mean that OB > OD. Why does
this not make sense?

e How does this prove that ZOBD = 90°?

EXAMPLE 7I-1 Using Circle Theorem 10 S
> A
Find the value of x in this diagram. l
D

This question demonstrates
Circle Theorem 10:

a tangent drawn at the same

AIN3INT4 ANV INIAONVLSYIANN |

point to a radius will be

perpendicular to that radius.

THINK WRITE

1 Using Theorem 10 means that the angle between Z0OAB =90°
the tangent BC and the radius OA is 90°.

2 Use your understanding of complementary angles x=90°-13°
to find x. =77°

2 Find the value of x in each circle.

a C b c A B C
X
% @
B
AP o
A AN X C
35 D
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3 Consider this diagram, showing two tangents intersecting outside a circle.

B C
This question demonstrates
A Circle Theorem 11:
if two tangents intersect outside a circle,
the distances from the intersection to the
D E circumference of the circle are equal.
a How do you know that ZABO = ZADO = 90°?
b Explain why OB = OD.

Explain why AABO = AADO.
Explain why this means that AB = AD.

= 6

12 cm
4x
Find the value of x in this diagram.

THINK

1 Using Theorem 11 means that the distances from the 4x =12
intersection of the two tangents to the circumference of
the circle are equal. Write this as an equation.

2 Solve for x and include the length unit. x=3cm

4 Find the value of each pronumeral.
a b 22 cm c 9y

27 cm 58 cm

5 Consider this diagram, showing two secants
intersecting outside a circle.
a Explain why Z/BOE = 2/BAE. B
b Explain why the reflex angle '
Z/BOE = 360° — 2/BAE. A /
E

¢ Explain how you know
/BDE = 180° — ZBAE.
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d Hence explain why ZBDC = ZBAE. This question demonstrates
Now consider ADCB and AACE. Circle Theorem 12:
¢ What angle do they have in common? if two secants intersect outside a
f What pair of angles have you already circle, the products of the entire
shown are equal? secant length by the external
¢ Explain why these triangles must therefore secant length will be the same.
be similar. A c In the figure below, a X b = ¢ X d.
E
h  Show that CD - BC'

i Explain why this can also be written as
AC x BC = CE x CD.

Find the value of x in this diagram.

THINK
1 Using Theorem 12, write the relationship between ACXBC=CE xCD
the secant lengths.
2 Write the length of each line segment. AC=4+5=9cm
BC=5cm
CE=3+x)cm
CD=3cm
3 Substitute these lengths into the relationship and I9X5=0B+x)x3
simplify. 45 =33+ x)
4 Solve for x and include the length unit. 15=3+x
x=12cm

6 Find the value of x in each diagram.
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7 Consider this diagram, showing a tangent and a secant intersecting.

This question demonstrates
Circle Theorem 13:

if a tangent and a secant
intersect outside a circle, the

product of the entire secant

2 Which angle do ABCD and ADAC have gt By i Gt teinie ey

in common? length will be equal to the

AIN3INT4 ANV INIONVLSYIANN |

b Construct OD and OB, where O is the square of the tangent length.
centre of the circle, and explain why In the figure below, a X b = 2.
ZCAD = ZCDB. ,

¢ Explain why ABCD and ADCA must . /
be similar.

' CB_CD g
d Explain how you know that D~ CA" A

e Explain why this can be written as ¢

CA X CB = (CD)2.

4 cm
Find the value of x in this diagram. 6 cm
THINK
1 Using Theorem 13, write the relationship for an axb=c?
intersecting secant and tangent.
2 Write the length for each line segment. a=(x+4)cm
b=4cm
c=6cm
3 Substitute into the formula and simplify. (x+4)x4=67
4(x+4)=136
4 Solve for x and include the length unit. x+4=9
x=5cm
8 Find the value of x in each diagram.
10 cm
a 7 cm 11 cm b 8 cm 4 cm c
8 cm
6x
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Find the value of each pronumeral, giving reasons. ;
2x Y

b A B C
O
3x+4 D

8x

13 cm 24 cm

E

d e f
\ 9 cm
3cm\ [4cm 6 cm

Use your understanding of any relevant circle theorems and geometric properties to
find the value of each pronumeral, giving reasons.

&

a 10 cm b ¢

’

N

|
\
§

Write a complete proof for each theorem in this Exercise.

For each theorem in this Exercise, create a problem to solve that involves the use of:
a simultaneous equations

b Pythagoras’ Theorem (where possible).

Find the value of each pronumeral in these diagrams.

a b c
8cm
8 cm
X
‘ 5cm 10 cm

The diagram in question 3 shows two tangents that intersect outside a circle. Prove

N

that a straight line drawn from the centre of the circle to the intersection point bisects
the angle formed by the two tangents.

Use dynamic geometry software or other

.. : What geometric properties do the
digital technology to demonstrate each :

circle theorems rely on?
theorem.
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Create a summary of this chapter using the key terms below. You may like to write a paragraph, create a
concept map or use technology to present your work.

corresponding angles regular polygon  trapezium circle diameter
alternate angles quadrilateral congruent figures  arc subtended
co-interior angles parallelogram bisect chord cyclic quadrilateral
complementary angles rectangle similar figures segment equidistant
supplementary angles square scale factor sector tangent
vertically opposite angles rhombus axiom circumference  secant
transversal kite proof radius line segment
P
What angle is supplementary to 25°? Which statement
75° 155° 65° 335° is true?
= S T
AANP = AGWK, where the order of the 4RPQ=2RQP R Q
1 . . ZPRS = /PQT v
etters represents corresponding vertices
of the two triangles. Which statement is £TQP = ZPRQ + ZRQP
ZAPN = ZKGW Which one is not a parallelogram?
ZPAN = ZKWG square kite
ZNPA = ZGKW rhombus rectangle
ZNAP = ZWGK The angle in the centre of a circle
. . d th le at the ci fi
Which of these is not a test for @ and the angle at the ciretmierence

congruent triangles? subtended by the same arc are

complementary angles. Which values for
AAA 5 SSS SAS AAS

the two angles are possible?

Which of these is not a test for similar 60° and 30° 45° and 45°
triangles? 90° and 45° 120° and 60°
AAA 15 SSS SAS AAS A circle contains two chords of the

S . @ same length. Which of these is not true?
Straight lines AB and XY intersect at

P. Given that ZAPY = 2/APX, which

statement is true?
ZBPX =2/APY
Z/XPB =2/APX
ZYPB = 2/APX
ZAPX = 2/BPY

The arcs on which they stand are the
same length.

The chords are the same
perpendicular distance from the
centre.

The chords can not intersect.

The chords subtend equal angles at
the centre of the circle.



Decide whether each statement is true
or false. For any false statement, provide
a reason.
The diagonals of a kite intersect
at 90°.
It is not possible for a triangle to
have a concave angle.
If a kite has four equal sides, it can
be classified as a rhombus.
It would be possible to construct a
triangle with side lengths of 3 cm,
7 cm and 4 cm.

A rectangle ABCD has side lengths of
4 cm and 3 cm. Its diagonals intersect at
the point P.
Draw a diagram to represent this
rectangle.

Explain why ZABP is equal to
ZCDP, and ZPAB is equal to ZPCD.

Explain why APAB = APCD.

If #ZBDC = 37°, find the size of
ZCBD.

Provide a

reason why A 4em 1P
AABC is B 3 om-E
similar to 10 cm

AEBD. C

Consider AEBD to be the image of
AABC. What is the scale factor?

What is the length of AB?

AABC has an internal line drawn from
the vertex B, meeting the opposite side
AC at the point D. These are the facts
known about this triangle.

ZABD + ZDBC = 90°

ZBAD + £ZBCD = 90°

/BAD + ZADB + ZABD = 180°

Draw a sketch of this triangle.

Use only the given information to
prove that ZADB = ZDBC + ZBCD.

©
©

©
107

Questions © and

Questions 11 and

7 CHAPTER REVIEW

Refer to this diagram
and write a proof
to show that:
ZAEC =2/ADE
2/ADE + /BAE = 180°

ZEEB
D C

E

Use the information in the diagram
below to prove that figure PQRS is a
rhombus.

P Q

S R

Determine the size 7, ‘ B
of these angles. v
ZAOD /

ZACD D Q
ZOAD ¢

Prove that 2ZRPO + 2ZQPO + ZPOR
+ ZPOQ = 360°

refer to this diagram.

Determine the
size of ZDBC.

Prove that
/DBC = ZABD.

refer to this diagram.

Determine the
size of ZKPT.

357

me

Prove that

ZTSN = ZRNS

wn

A
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If ZABC + ZCBD = 180° and
ZEBD + ZDBC = 180°, write a relationship
between ZABC and ZEBD.

AADM = ARWZ, where the order of the
letters represents corresponding vertices of
the two triangles. These details are known
about AADM: ZDAM = 90°, ZAMD = 67°,
AM=5cm, AD =12cm, DM =13 cm
Use congruency to find these.

RZ ZWRZ

\\V4 ZRWZ.

AXGR is similar to AKFY, where the order of
the letters represents corresponding vertices
of the two triangles. Which of the following
statements about the two triangles is true?

_ XG _ RX
ZGRX = ZFKY = vE
_ FY _KY
ZRXG = ZKFY GR - XR

Name the shape of this figure.

Give the size of each

internal angle. i
There are eight smaller triangles
within the figure.

What is the size of the central angle of
each of these triangles?

Explain whether these triangles are similar.

Are the triangles all congruent to each

other? Give a reason for your answer.
Explain these statements.

Two similar figures may also be congruent.

Two congruent figures must also be similar.
Ifa+b=180°b+c=180°and c +d=
180°, which of these is true?

a+d=180° a=b

b=c a+c=180°
A rational number 7 can be represented in
the form %, where y # 0, and x and y have

no common factors. Explain whether the
reciprocal of n is also a rational number.

A regular polygon has internal angles of 150°.
Write a formula you could use to
determine the number of sides in the
polygon.

Substitute into this formula to calculate
the number of sides in the polygon.

What is the name of this polygon?

What would be the
simplest congruency

J
condition you could N
use to prove
ANJK = ANMK?
M
Which statement is not correct for two
congruent triangles?

the ratio of corresponding sides is 1
corresponding sides are equal in length
corresponding angles are equal in size

they are not similar

Questions 11 and A B
refer to this diagram. 4 1
This represents the - =

. E 1 1 C
back view of a D

rectangular envelope with the flap folded down.
The envelope is twice as long as it is wide.

Using only the information provided in the
diagram, which congruency condition could
you use to prove AADE = ABDC?

RHS SSS SAS AAS

Prove that ZADB is a right angle.

Questions 13 and 14 refer to this diagram.

Find a relationship between ZWQOY and
Z0OYZ.
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@ Which statement is incorrect? State the relationship between ZPOQ and
OW = 0X ZOQR.
ZXWO = ZWXO
ZWQY = ZO0WX
WX =YZ

e 6

AB and XY are tangents to the two circles.
Prove that AB = XY.

Questions 15 and 16 refer to this diagram.

Q

P 0 R @ Prove that, if a cyclic quadrilateral is a

parallelogram, then it must be a rectangle.
@ Determine the size of ZPQO.

Congruent and similar figures are everywhere

in everyday life. These figures can create quite This Penrose triangle is said

pleasing, and often unusual, images. to be ‘impossible’ because

it cannot be constructed

as a 3D object.

Appropriate shading

creates the perception of the 3D image.

(Use an Internet search to see a 3D sculpture of
this triangle in Perth, Western Australia. There
is a trick, however!)

Trace the figure, and cut around the edges.

Here is a stylised image of the logo Cut out the three shaded shapes.
displayed on Volkswagen cars. Describe the congruence of these shapes,
How many sets of parallel and explain how they fit together.
lines are in the drawing of the logo?
The angles within the V and the W are all The patterns in quilting
equal in size. Explain how you know this are structured around
is s0. congruent figures.
The logo displays vertical symmetry. Does How many different
this mean that there are congruent shapes congruent shapes are shown in this pattern?
within the letters? Explain. Describe the shape/s.
Are there any similar shapes within the Copy the pattern, and extend it in all

letters? directions.
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CONNECT

..........................................................................................................................................................

..........................................................................................................................................................

Euclid was a Greek mathematician who lived around 300 Bc.
He is sometimes called the ‘Father of Geometry’. His most
famous and influential work was his series of 13 books,
Elements, in which he set out definitions, axioms, theorems
and proofs of the theorems.

I THE ELEMENTS

OF CERERTRIN

of the moft

Select five different proofs from Euclid’s elements and use your own
examples to demonstrate them. To complete this task you will need
to follow these steps.

Select five different proofs from Euclid’s Elements.
For each proof:
e draw arelevant diagram complete with labels on each vertex

* use your understanding of parallel lines and angles and
congruence in order to demonstrate the proof using your diagram

* setout the proof in a logical sequence; you may wish to redraw
the diagram several times to help you.

Ensure that you use proper mathematical terminology.

.
.
..........................................................................................................................................................
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You will need:

e access to the Internet
e ruler

* protractor

* pair of compasses.

You may like to present your
findings as a report. Your report
could include:

* aPowerPoint presentation
* abooklet
* aposter series

e other (check with your
teacher].



PYTHAGORAS'
THEOREM AND
TRIGONOMETRY

AdLawo3o anv LNIw3dnsvaw N

8A Finding lengths using Pythagoras’ 8F Sine and arearules @
fheorem 8G Cosinerule @

8B Finding lengths using trigonometry 8H The unit circle and @

8C Finding angles using trigonometry trigonometric graphs

8D Applications of trigonometry 81 Solving trigonometric equations @

8E Three-dimensional problems @

ESSENTIAL QUESTION

How were the early explorers able to navigate without
aids such as GPS?




8A ) 1 Calculate the following, correct to one 8D p 10 Give definitions for:

decimal place. a angle of elevation
a V40 b V14.9 b angle of depression
c \22.04 d V1453 ¢ compass direction
Questions 26 relate A d  true bearing,
to this figure. 8D p 11 a Write the true bearing that is
8A) 2 Which line segment eiqulvalent to eac}.1‘ compass bearing.
is the hypotenuse? I NE i SSE
iii. ENE iv WNW
BAD 3 If A? =9 mm z?nd gL c b Write the true bearing for each
AC = 10 mm, give the compass bearing.
length of BC, correct i S30°E i So8eW
to the nearest millimetre. .
iii. S2°E iv N8&°W
8B ) 4 How can sin ZBAC be written? 80 ) 12 If £ th . les oht
ABC 5 BC (AB , AC eled triangle s 27° what i the val
AB AC AC BC angled triangle 1s 27°, what is the value
AB of the other acute angle?
8B p 5 What is the ratio ﬁ?
A ) A 8E p 13 How many faces are on the surface of
A tan ZBAC B sin ZBAC @ each of these solids?
C cos ZACB D tan ZACB a rectangular prism
8B ) 6 Write a ratio for: b triangular-based pyramid
a cos ZBAC 8E ) 14 How many edges are there on each of
b cos ZACB @ the solids in question 13?
8C p 7 What is the value of tan 68°, correct to 8F ) 15 a Draw a scalene triangle.

1 9
two decimal places? Describe how you would calculate

@

sCp 8

ol

A 248 B 093 C 037 D 040

What is the value of cos™! 0.45, correct
to the nearest degree?

A 27° B 24° C 63° D 66°

Calculate the value of each expression,
correct to two decimal places.

o 67
a 3.2Xcos43 b tan 78°
4.5 . o
w05 62° d 0.7 X sin 85
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the area of the triangle.

Label the height and base on your
figure, and give a formula for its area.

Draw a diagram of the Cartesian plane.

a
b

Label the quadrants.

Indicate the signs of x and y (positive
or negative) in each of the quadrants.

Draw a circle. Label:

a

C

its centre b aradius

an arc d the circumference.
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8A Finding lengths using

the sides in a right-angled triangle. |

1

CHAPTER 8: PYTHAGORAS' THEOREM AND TRIGONOMETRY

Pythagoras’ Theorem

gives the relationship between the lengths of

a Use the figure to state this relationship in words.
b What is the name given to side ¢?

¢ Explain why side ¢ is always the longest side in a right-angled triangle.

Imagine what happens to this triangle if the right angle is increased or decreased in size.
a First, imagine the right angle is increased to greater than 90°.
i Draw a sketch of this figure. ii Explain what happens to the length of side c.
iii Adjust Pythagoras’ Theorem to write an algebraic relationship between the lengths of the sides.
b Next, imagine the right angle is decreased to less than 90°.
i Draw a sketch of this figure. ii Explain what happens to the length of side c.
iii Adjust Pythagoras’ Theorem to write an algebraic relationship between the lengths of the sides.

Explain how you could use Pythagoras’ Theorem to determine whether a triangle is, in fact, right-angled.

The ratio 3:4:5 is sometimes mentioned when working with Pythagoras’ Theorem. Explain what this
ratio refers to.

KEY IDEAS

| 2

When two of the three lengths of a right-angled triangle are known, Pythagoras’ Theorem
can be used to find the third length.

Pythagoras’ Theorem states that, in any right-angled triangle, the area of
the square on the hypotenuse is equal to the sum of the areas of the squares
on the other two sides. b

The Theorem is stated algebraically as ¢ = a* + b2,

If ¢ represents the length of the longest side of a triangle, the triangle is:

> right-angled if ¢ = a* + b? a
> obtuse-angled if ¢ > a? + b2

> acute-angled if ¢? < a® + b,

Pythagorean triads (also called triples) are sets of three whole numbers which satisfy
Pythagoras’ Theorem, such as 3, 4 and 5.
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EXERCISE 8A Finding lengths using Pythagoras’ Theorem

- Using Pythagoras’ Theorem to calculate an
EXAMPLE 8A-1 unknown side length (decimal value) A
Calculate the unknown side length in this triangle,
correct to one decimal place. b 25 cm
H_— ¢
12 cm
THINK WRITE
1 Since the triangle is right-angled, state Pythagoras’ =d+ b
Theorem and define a, b and c. a=12cm,b=x,c=25cm
2 Substitute the known values into the equation and 252 =122+ x2
simplify. 625 = 144 + x?
3 Solve for x by first subtracting 144 from both sides X2 =625 — 144 = 481
of the equation and then finding the square root. x =481~ 21.9
4 Answer the question, providing the correct units. The length of the third side is
21.9 cm.

1 Calculate the length of the unknown side in each triangle, correct to one decimal place.

c
z a b c 15cm
3 ¢ 5 mm
w
3 2 cm
; 4 37 cm A
=
@ 3 em 5 mm
>
=
o
- d 8.4 cm e f
c a
m b
a “ 4.2 cm
=<
85 mm
11.1 cm
3.7 cm 40 mm
g h lcm i
12.6 cm b ¢
3.8
153 cm 4.3 em 7.2 cm o
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A square piece of paper has a side length of 10 cm. What is the length of its diagonal?
Give your answer as an exact value, in simplest form.

THINK
1 Draw a labelled diagram.
¢ b
10 cm
-
a
10 cm
2 The diagonal is the hypotenuse of the right-angled a =10, b =10, ¢ is unknown
triangle. Identify a, b and c in the triangle.
3 Use Pythagoras’ Theorem, leaving the answer in c=a’+b?
square root form if it is ) =102+ 102
=100 + 100
=200

¢ =200
4 Simplify the irrational number. Look for the highest c¢=\100 x 2
perfect square that is a factor. =100 x 2
=10 %12
=102

5 Answer the question, providing the correct units. The exact length of the diagonal
is 10y2 cm.

Calculate the length of the diagonal of a square with each given side length. Give
your answer as an exact value in simplest form.

5cm 20 mm 8 cm 25 cm

Calculate the length of the diagonal of each square in question 2, correct to one
decimal place.

Determine whether each triangle with the given side lengths is right-angled,
acute-angled or obtuse-angled.

26 cm, 24 cm, 10 cm
100 cm, 96 cm, 28 cm
3.5cm, 8.5¢cm, 9.3 cm

AIN3INTd ANV 9NIAONVLSYIANN |

1 cm, 2.4 cm,2.6cm
7.5cm, 4.2 cm, 8.5 cm

5cm, 7cm, 6 cm
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5 An equilateral triangle has side lengths of 8 cm.

a Draw a sketch of the triangle. Draw a line from the top vertex that is
perpendicular to the base. Label the lengths of all sides of the figure.

b Use Pythagoras’ Theorem to calculate the height of the triangle. Give your
answer as:

i an exact value

ii an approximate value, correct to one decimal place.

6 A squaring tool is used when making picture frames to ensure the corners of the
frames are true right angles.

Imagine you are constructing a square picture frame with side lengths of 54 cm.

a  One of the diagonals of the frame measures 78 cm. Explain how you can be sure
that the frame is not truly square. Refer to acute and obtuse angles.

b The other diagonal measures 76 cm. Draw a labelled sketch of the frame, showing
its true shape.

7 A sheet of writing paper is 21 cm wide and

30 cm long. The envelope used for the paper

has a width of 22 cm and a diagonal of

24.6 cm.

a  What is the height of the envelope?

b The paper is folded into equal-sized strips
along its longer side. Show how to find
the minimum number of folds necessary to
ensure the paper will fit within the envelope.

¢ If the paper was folded along its shorter side,
what would be the minimum number of folds needed?

367
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8 A rectangular running field measures 50 m by 100 m. How much shorter is it to run
directly from one corner to the diagonally opposite corner than it is to travel around
the outside of the field?

9 Lisa is flying her kite high in the
sky. She releases the string to its
full length of 55 m, and holds the
end of the string at head height.
Lisa is 178 cm tall. Assume the
string forms a straight line.

AIN3INT4 ANV INIONVLSYIANN |

Lisa sees the kite flying directly
over a tree which she knows is
35 m from where she is standing.

a Draw a diagram to display
the scene. Remember to
account for Lisa’s height.

b Calculate the height the kite is flying above the ground.

10 You know that a triangle with side lengths 3 cm, 4 cm and 5 cm is right-angled.

The numbers 3:4:5 are one example of a Pythagorean triad (or triple). There are

many more.

a To investigate other triads, start by finding out if multiples of these numbers also
satisfy Pythagoras’ Theorem. Do each of these sets of numbers satisfy Pythagoras’
Theorem?

i 30:40:50 ii 6:8:10 i 12:16:20

b Use the triad to check side lengths that are not whole numbers. Show that
triangles with the following side lengths are indeed right-angled triangles, using
the 3:4:5 triad.

i 1.5cm,2cm,2.5cm  ii 0.6cm,0.8cm, 1cm  iii 1.2cm, 1.6 cm, 2 cm
What do you conclude from your investigations in parts a and b?

d All the triangles in parts a and b are similar triangles. Explain why this is so.

11 There are different formulas which can be used to generate sets of Pythagorean

triads. Consider this one. A Pythagorean triad can be written as:

2 — 32, 2xy and x? + »?, where x and y are integers, and x > y.

X
Which expression will represent the hypotenuse? Will this always be the case?
Choose values for x and y. Note the restriction placed on these values.
Calculate values for:

i x2-)? i 2xy i x2+y?
d  Verify that the set of numbers you generate does, in fact, satisfy Pythagoras’
Theorem.

e Explain the restriction x > y.

ININOSYIY ANV INIATOS W3IT80y8d |
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Repeat the procedure to generate another set of Pythagorean triads.
¢ What values of x and y will generate the triad 3:4:5?
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13

14

15
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A right-angled triangle has two shorter sides and one is twice as long as the other.
The hypotenuse is 25 cm long. What are the lengths of the two shorter sides?

Josh has an extension ladder which is 9.8 m long. He needs to clean the windows on
the outside of a building. The lower part of these windows is 9.8 m from the base
of the building, and they are 1.2 m tall. Unfortunately, the closest Josh can place his
ladder to the base of the building is 3 m, as there are bushes preventing him from
putting it any closer. Josh is 1.7 m tall.

a Draw a diagram to show the situation.

b Calculate the height the ladder reaches up the building.

¢ Explain whether Josh will be able to clean the windows.

The flagpole which sits on Parliament

House in Canberra stands 81 m high.

The Australian flag flying from the

top section of the pole is said to be

the largest Australian flag flying in

Australia: it’s about the size of the side

of a double-decker bus! It measures

12.8 m wide, with a diagonal of 14.3 m.

a  What is the height of the flag?

b Calculate the perimeter of the flag.

¢ What is the distance from the base
of the flagpole to the lowest point
where the flag is attached to the
pole?

d Assume the flag is flying flat and
directly at right angles to the pole.
Calculate the distance from the base
of the flagpole to the:

i lower ii higher

unattached corner of the flag.

A cubby house is built in a tree on two levels, the lower level being 10 m above the
ground, while the upper level is another 5 m vertically higher. The ladder from the
ground to the lower level is 12 m long. Sam wants to construct another ladder to
go from the ground 1 m further from the base of the tree to the top level. How long
should he make this ladder?

A ladder rests against a vertical wall, with the top of the ladder 7 m above the base of
the wall. When the bottom of the ladder is moved ... :
1 m further away from the base of the wall, the . Reflect :
top of the ladder rests against the base of the wall. Why are utility access holes and

a Draw a diagram to illustrate this situation. covers inroads round in shape i
b Calculate the length of the ladder. rather than square or rectangular? :
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8B Finding lengths using
trigonometry

X
is the study of triangles and the relationship between their sides and angles.
1 Use this right-angled triangle to write ratios for:
a sin LYXZ b cos LYXZ ¢ tan LYXZ
d sin ZXZY e cos ZXZY f tan ZXZY Y £
2 Consider the equilateral triangle ABC, which has a perpendicular drawn N
from the vertex B to the base AC.
a  Write the size of: i ZBAD ii ZABD. 2 units 2 units
b What is the length of AD?
¢ Use Pythagoras’ Theorem to calculate the length of BD. Leave your
answer as an exact number (irrational number in surd form). A [; C
d Use your answers from parts b and ¢ to write values for: 2 units
i sin ZBAD ii cos ZBAD iii tan ZBAD %
iv sin ZABD v cos ZABD vi tan ZABD
3 Consider the right-angled isosceles triangle XYZ. The two equal sides, .
XY and XZ, are 1 unit in length. 1 unit
a Use Pythagoras’ Theorem to calculate the length of YZ. Leave your
answer as an irrational number. X 1 unit z
b Write the size of: i ZXYZ ii £XZY
Write values (in exact form) for:
i sin ZXYZ ii cos ZXYZ iii tan ZXYZ
iv sin ZXZY v cos LXZY vi tan ZLXZY
4 Use your answers from questions 2 and 3 to copy and complete this table.
KEY IDEAS
» Trigonometry involves relationships between angles and side lengths
in a triangle.
<in 0 = opposite sidc~ <0 = adjacent side _ opposile s.ide 1] 1 E
hypotenuse ’ hypotenuse ’ adjacent side 2 V2 | 2
» The exact values for the trigonometric ratios of 30°, 45° and 60° are V31 1
as follows: 2 2 2
» Where possible, use exact values for trigonometric ratios. 1 'RE
Otherwise, obtain them by using a calculator. 3
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EXERCISE 8B Finding lengths using trigonometry

- Using the calculator value of trigonometric ratios to
EXAMPLE 8B-1 calculate unknown side lengths
P
Calculate the lengths of the two unknown sides in triangle PQR.
Give your answers correct to one decimal place.
28.4°
R 16 cm Q
THINK WRITE
1 Use the tangent ratio to calculate the length of tan 28.4° = %
PR. Simplify to calculate its value. PR _ o
16 = tan 28.4
16 x % =16 X tan 28.4°
PR = 8.7cm
2 Use the cosine ratio to calculate the length of PQ. cos 28.4° = %
Simplify to calculate its value. 16
PQ X cos 28.4°=PQ X -~
PQ
PQ X cos 28.4° = 16
_ 16
PQ= s 284
= 18.2 cm

1 Find the length of the unknown sides in each triangle, correct to one decimal place.

c
= a p b ¢, 8Sem
= 6210
w
= S . T
z 24.8
o
= 5Q
g 15 mm
z 3cm
= w
ul R T
c
m
2 d K e K T
2 32 cm
M 3.4 mm
56.2° 8.2 cm
R
S N
E

G 21.6°
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- Using an exact value of a trigonometric
EXAMPLE 8B-2 ratio to calculate an unknown side length

Use an exact value for the appropriate trigonometric 450
ratio to calculate the length of the unknown side in
this triangle. Give your answer as an exact value. @ 1
45° : m
100 cm
THINK WRITE
1 Form an equation using the relevant sin 45° = £CO
trigonometric ratio.
2 Replace sin 45° with its exact value and solve for \/1_ — 100
the unknown value. 2 ¢
. 1 _ 100
3 Write the answer as an exact value. Include the (X —==""X¢
unit. @ ¢
-—==100
V2
¢ =100 x\2
¢=100y2 cm

2 Use an exact value for the appropriate trigonometric ratio to calculate the length of

c
z the unknown side in each triangle. Give your answers as exact values.
m
& a b
P~
z B
S
= X
(3]
> D
=
S 30° 5 d,
- A 12 cm C
c
m
=
o
=<
K
d e
20 cm o
w 9cm
NG k
M

3 Calculate the approximate value, correct to one decimal place, for each exact length
found in question 2.
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4 You may have noticed that the trigonometric values for some angles are related .
Draw separate diagrams to explain each of these.
a  Why does sin 30° = cos 60° and cos 30° = sin 60°?
b Why does sin 45° = cos 45°?

1

~ O=_ - 9
¢ Why does tan 30 an 60°

5 Itis important when solving equations involving trigonometric ratios to take care
when transposing. Each of these calculations contains an error. Explain where the
error first occurs, then complete the solution correctly.

o X : o — § o — é
a cos45°= B b sin 30 =5 ¢ tan 60 =5
B3_x 1.8 1 _b
212 2y 3 7
xBopxx Lig=y 7xV3=bh
2 12 2 W3 =b
o4 oM 5o =¢
d tan 20° = = e cos78° = B f sinl5 9
o1 cos78° _ 1 I _9
4 x tan 20 = 12 m sin 15° ~ a
1 _ 12 _ __ 9
4tan20°  ~ cos 78° " 4= Sin 15°
6 It is sometimes possible to simplify calculations by selecting G
a different angle for the trigonometric ratio.
a To calculate the length of JK you could say tan 58° = Jl%
Solve this equation to find the length of JK. 13 em

b If you use the tangent of ZJGK instead of LJIKG,
the side length JK would be in the numerator.

i What is the value of ZJGK? p—8y
ii Use the tangent of this angle to calculate the length of JK.

iii Compare your answer with the one you obtained in part a.
¢ Comment on using the two different procedures for finding the length of the same
line segment.

7 Since 1988, Australian currency has gradually
been changed over from paper notes to
polymer notes. The size has also changed.

The paper $5 note was 152 mm long, while the
polymer one is 130 mm long. Interestingly, the
diagonal of each of these notes forms the same

angle of 26.6° with the longer side of each.
a Calculate the dimensions of the paper and the polymer $5 notes.
Give your answers to the nearest millimetre.

b Compare the dimensions of the two $5 notes. What do you notice?
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Kate is flying a kite on a 72-m string which makes an angle of 32° with the
horizontal. Kate is 172 cm tall and is holding the end of the string at head height.
Draw a labelled diagram to display this information.
Calculate the vertical height of the kite above Kate.
How high is the kite above the ground?
What is the horizontal distance between Kate and the kite?

Shun is walking his dog on a leash. r
The leash is 2.5 m long, and his dog is 1
55 cm tall. His dog is pulling him along
so that the taut leash makes an angle of
85° with the vertical.
Draw a diagram to display the
information.
How far in front of Shun is his dog?
What is the vertical height of the end '
of the leash in Shun’s hand above 3
the ground? \

Pythagoras’ Theorem and the trigonometric ratios can both be used to calculate a
side length in a right-angled triangle. Give an example of where:

Pythagoras’ Theorem could be used, but trigonometry could not

trigonometry could be used, but Pythagoras’ Theorem could not

either Pythagoras’ Theorem or trigonometry could be used.

The front face of a brick has a diagonal length of 242 mm. This diagonal forms an
angle of 18.3° with the longer side of the face. What are the dimensions of the face of
the brick (to the nearest mm)?

Two bushwalkers start walking from their campsite. Roger walks due north, while
Ben walks NNE. They both walk 25 km.

Display the information on a diagram.

How far north of his starting point is Ben when he completes his walk?

How far east of his starting point is Ben at this stage?

If Ben were to walk directly to meet Roger at his finishing point, how far would he
have to walk?

Parliament House in Canberra occupies a site of 32 hectares. The building itself
occupies only 15% of the site. It is 300 m long and 300 m wide, being one of the
largest buildings in the southern hemisphere.

Draw a labelled diagram to show the floor plan of the building.

Use Pythagoras’ Theorem to calculate the diagonal length of the building.

Use trigonometry to calculate the diagonal length of the building. (Hint: what is
the size of the angle you can use?)

Comment on your answers to parts b and c.

P
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14 The Great Hall of Parliament House displays a tapestry based on a painting by the

15

16

17

18

19

Australian artist Arthur Boyd. It measures 20 m wide and is claimed to be one of the
largest tapestries in the world. The tapestry is floor to ceiling, with the angle between
the diagonal and the floor being 24.2°.

a Draw a diagram to display these facts.
b How high is the ceiling in the Great Hall?
¢ What is the perimeter of the tapestry?

A 440-g block of Toblerone chocolate is " 00‘

packaged in a box the shape of a triangular prism.

The triangular faces of the box are equilateral in shape, noﬁt
with side lengths of 6 cm.
a Calculate the height of the triangular face of the box using:

i Pythagoras’ Theorem ii trigonometry.

b The diagonal of the side rectangular face of the box is at 11.3° to the
longer side of the face. What is the length of the chocolate box?

A traffic cone is 500 mm tall. (Assume that the sides meet at the top .
at a point.) The sides of the cone form an angle of 78.7° with the

diameter of the base.

a Calculate the length of the slant height of the cone. )

b What is the circumference of the cone at its base? &

Sandy is standing 2 m in front of a picture hanging on a wall. The picture is 100 cm

wide, and is hung so the bottom frame is 1.5 m from the floor. If she lowers her eyes
5.7°, she sees the bottom frame of the painting, while if she raises her eyes 16.7° she
sees the top frame.

a At what height are Sandy’s eyes?

b What are the dimensions of the painting?

A hexagon is a six-sided polygon. Consider a regular hexagon with side lengths of
12 cm. Calculate the distance between the parallel sides.

A pilot was flying a routine route from A, directly east to B, a distance of 3500 km.

He didn’t know his compass was not operating correctly, and he was actually

travelling 10° south of his true direction. When he didn’t arrive at his destination

after travelling 3500 km, the pilot realised he was off course.

a  How much further does he need to travel to fly directly to his destination from this
point? Give your answer to the nearest kilometre.

b If the pilot had become aware of the error e :

when he was half-way into the flight, and Reflect

adjusted his direction from that point, how Why can the answers be slightly
many kilometres would he have saved in the i different when trigonometry is
journey? used to solve a problem rather

than Pythagoras’ Theorem?
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8C Finding angles using
trigonometry

One system of units used for the measurement of an angle is ( ).
1 degree = 60 minutes
I minute = 60 seconds

An angle of 28 degrees 43 minutes and 17 seconds is written as 28°43°17”.

1 Your calculator has a button which allows you to convert from degrees into degrees, minutes and
seconds. Convert these angles to degrees, minutes and seconds. Give your answer to the nearest
second.

a 43.51° b 78.46° ¢ 62.34° d 1.93°

2 Explain why each of these angles is not written correctly.

a 28°63'17” b 49°1367” ¢ 33°71'177 d 15°2360”

3 Round your answers in question 1 to the nearest minute.

The inverse sine (sin~!), inverse cosine (cos™!) or inverse tangent (tan™!) buttons on a calculator can be

used to find the size of an angle from its trigonometric ratio.

4 Use your calculator to find the size of the angle 6 for each given
trigonometric ratio. Write your answers to the nearest:

i degree ii minute.
a sin60=0.154 b cos6=0926 ¢ tan6=1.07
d tan0=0.864 e sin0=0.037 f cos6=0.829

KEY IDEAS

» Angles can be written in degrees, minutes and seconds.
» There are 60 seconds in a minute and 60 minutes in a degree.
» When rounding to the nearest minute:
> if there are less than 30 seconds, the number of minutes stays the same.
> if there are 30 or more seconds, the number of minutes increases by 1.
» When rounding to the nearest degree:
> if there are less than 30 minutes, the number of degrees stays the same.
> if there are 30 or more minutes, the number of degrees increases by 1.
» A calculator can be used to obtain the size of the angle from its sine, cosine or tangent value. This is
known as finding the inverse sine (sin™!), inverse cosine (cos™!) or inverse tangent (tan™") of a value.
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EXERCISE 8C Finding angles using trigonometry

1 Convert each angle to degrees and minutes. Give your answer to the nearest minute.
a 23.47° b 16.28° c 82.13° d 7.69°
e 46.09° f 3.47° ¢ 1.04° h 38.99°

EXAMPLE 8C-1 Using a calculator to find angle sizes from trigonometric values

Calculate the size of 0 if:

a tan 6 = 3.426 b sinGZ%
Write your answers to the nearest:
i degree il minute.
THINK WRITE
2 1 Use the tan™! key to find the angle size. Leave all a tan 0 = 3.426
decimal places on the calculator. 0 =tan™! (3.426)
=73.728...°
2 Round the answer to the nearest degree and i 0=74°
minute. il 8 =73°44
b 1 Use the sin™! key to find the angle size. Leave all b sin® = 3
. 13
decimal places on the calculator. _ (3
0 = sin (E)
=13.342...°
2 Round the answer to the nearest degree and i8=13°
minute. i 8=13°21"
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2 Use a calculator to find the size of 6 for the given trigonometric ratios. Write your

answers to the nearest:

i degree il minute.
a sin 0 =0.378 b cos 6 =10.845
d tan 6 =0.097 e sin®=0.759
¢ tan © =45.326 h sin®=0.019

_4 _ 15
a 0056—7 b tan®© 1
_57 no=2
d tan9—72 e sin0 31
_ 100 _ 44
g tan @ = 3 h cosG——99

¢ tan 0 =2.376
f cos06=0.238
i cos0=0.777

3 Find the angle 6 (to the nearest minute) for the given trigonometric values.

1 _i
c sme—13
3
f ==
cos 0 9
—L
i tanG—lO0
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EXAMPLE 8C-2 Using trigonometric ratios to find unknown angles

Give your answers to the nearest minute.

THINK

1 The opposite and adjacent sides for ZDGF are
known. Use the tangent ratio.

2 Use the inverse tan. Leave all the decimal places
showing on the calculator.

3 Convert to degrees and minutes, rounding to the
nearest minute.

4 Calculate the second unknown angle.

Find the value of the two unknown angles in this triangle.

D

24.9 cm

15cm

WRITE
24.9

tan Z/DGF = ﬁ

/DGF = tan™! (%59)

=58.934...°
ZDGF = 58°56'

ZFDG = 180° — (90° + 58°56')
= 31°4

c
z a B
m
> 22 cm L
it
= A C
o 49.5 cm
=
(3]
>
=
o
m H
=
c
m C
=z 30 mm
(]
=<
J
48 mm

e P 9.9 cm
T
;5: 8.7cm
S

4 Find the value of the two unknown angles (to the nearest minute) in each triangle.

b F
1.5cm
E
1.8 cm
D
d M
13.5cm
K 24.3 cm
w
f R
1.6 cm
1.8cm
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5 The Leaning Tower of Pisa is a freestanding bell tower, next to the
cathedral in the Italian city of Pisa. The tower is 55.86 m tall on its low
side and 56.7 m tall on its high side. The top of the tower is displaced
3.9 m horizontally from where it would be if it was standing vertically.

a The ‘average’ height of the tower above the ground represents the
height of the centre of the top of the tower above the ground.
Calculate this height.

b Draw a labelled sketch of the tower using this average height and its
horizontal displacement. Mark the angle of ‘lean’ of the tower.

¢ Describe which trigonometric ratio you would use to calculate this angle.

d Calculate the angle of lean of the tower. Give your answer to the nearest:

i degree ii minute.

6 Tom and his brother Sam were standing in the sun measuring the length of each
other’s shadow. They each knew their height, so collated the measurements (see table).

163 cm 2.35m
141 cm 2.04m

a Tom drew a diagram to represent his shadow and height.

Draw a diagram to display Sam’s measurements. shadow

2.35m

b Calculate the base acute angle for each triangle.
(Remember to take into account the difference in units.) Give your answers in
degrees, correct to one decimal place. What does this base angle represent?

¢ i Explain why these two triangles must be similar in shape.

ii What is the linear scale factor in this case?

iii Draw the two triangles combined into one figure.

7 The sizes of Australian currency notes have changed over the years. Some of the
new polymer notes are similar in shape to the previous paper ones, while others are a
completely new shape. The table shows the dimensions of the notes.

152 mm  155mm = 160 mm = 165 mm 172 mm
/6 mm 76 mm 81 mm 82mm  82.5mm
130mm | 137 mm  144mm 151 mm 158 mm

65 mm 65 mm 65 mm 65 mm 65 mm

a Make a list of the obvious differences between the old notes and the new notes.
b One way to check whether the new note for a particular currency is similar in
shape to its old equivalent is to find the size of the angle its diagonal makes with
the length of the note.
i Find this angle for each of the old notes and new notes. Give your answers in
degrees, correct to one decimal place.

il Which notes have remained similar in shape?
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8 Some road signs display the gradient of

a road, particularly when approaching
a hill or mountain climb. The gradient
can be written in different forms,
commonly as a ratio, a percentage or a
fraction; for example, 1 in 10, 1:10, 10%
and % all represent the same gradient.
Pat is a long-distance truck driver
delivering goods between various
locations. He generally plans his route
to avoid steep hill climbs, if possible.
His next delivery takes him via a

mountainous stretch, where he has a
choice of three possible routes.

Route 1: Over a horizontal distance of 12 km the rise is 6 km
Route 2: Over a horizontal distance of 18 km the rise is 7.5 km
Route 3: Over a horizontal distance of 15 km the rise is 6.5 km

a  Write the gradient of each route as a ratio and as a percentage.
b What is the angle of rise of each road over the distances given?

¢ Rank the routes in order of increasing steepness.

Consider this triangle. Within this figure, there are two B
right-angled triangles: AABC and AADE. D
a Measure the relevant line segments (to the nearest millimetre),
and complete the following, correct to two decimal places. A S
. _BC Lo _DE
i sin ZBAC = AB ii sin ZDAE = AD
___mm ___mm
mm mm

iii Comment on your answers to parts i and ii.

iv The angle at A is the common angle in each of these calculations. Measure
this angle. Use your calculator to find the sine of this angle. Comment on your
answer.

b Repeat the calculations in part a for the cosine of angle A. Use the line segments
relevant to the cosine ratio.

¢ Repeat the calculations in part b for the tangent of angle A. Use the line segments
that give the tangent ratio.

d What do you conclude from your answers in parts a—c?

e i Explain why AABC and AADE are similar triangles.

ii Does similarity account for the fact that, for example, sin 30° is always 0.5,
irrespective of the size of the right-angled triangle in which the 30° angle
occurs? Explain your understanding.

iii Why does the ratio of a particular angle remain the same irrespective of the
size of the triangle in which it occurs?
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Investigate what happens to the value of the sine ratio as B
the angle increases from 0° to 90° in a right-angled triangle. D
Consider AABC in the diagram from question 9 shown on
the right.
The sine of ZBAC is the ratio of length of the opposite E C
side to the length of the hypotenuse; that is, BC:AB.
When the angle at A is 0°:
what is the length of BC?
what does this mean for the value of the ratio BC:AB?
Now consider when the angle at A becomes almost 90°.
What is the value of BC compared with AB?
What is the value of the ratio BC:AB?
Describe what happens to the value of the sine ratio as the angle increases from
0° to 90°.
Repeat parts a—c for the cosine ratio. Consider the relevant line segments for the
cosine ratio.

Once more, repeat parts a—c for the tangent ratio, considering the relevant line
segments for the tangent ratio.

From your investigations in question 10, you can determine the minimum and
maximum values for the three trigonometric ratios for angles in the range 0° to 90°.
Copy and complete the following to summarise your findings.

The sine ratio has a minimum value of and a maximum value of .
The cosine ratio has a minimum value of and a maximum value of .
The tangent ratio has a minimum value of and a maximum value of .

Check your answers to question 11 with a calculator. Provide some values to support
your conclusions.

The A series of standard paper sizes used in Australia is based on the A0 size of
paper having an area of 1 m2. Its measurements are 841 mm by 1189 mm. The
Al size is formed from the A0 size by dividing the paper in half along its long
side. This process continues for A2, A3, etc., with each size being derived from the
previous one. You will be familiar with A4 size. When the measurements are halved,
rounding down to the nearest millimetre generally occurs.
Draw a table to show the sizes of A0 to A5 paper.
Add a column to your table to show the size of the angle the diagonal makes with
the longer side in each case. Give your values in degrees, correct to one decimal
place.
It has been said that all the A series paper
sizes are similar in shape. Comment on this
statement.
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8D Applications of trigonometry

Trigonometry can be applied to many practical problems.

1

2

3

a Explain why you could not use Pythagoras’ Theorem to calculate the
height of this Qantas jet.

b Imagine you are standing 20 km from a point directly beneath the
plane. You use a clinometer to measure the angle of elevation to the

plane as 30°.
i Draw a labelled diagram to display this information.
ii Use a trigonometric ratio to calculate the height of this plane.
iii Calculate the straight-line distance between you and the plane.
¢ The plane approaches the airport at an altitude of 1000 m when it is
10 km horizontally from the airport. What is the angle of depression
from the plane to the airport at that point?

Consider a Qantas jet on a flight to a destination 1000 km away with a
compass bearing of N20°E.
a Draw a labelled diagram to display the distance travelled:
i north ii east.
b Use trigonometry to calculate these distances.

Sometimes a direction is given as a true bearing.
a What is a true bearing?
b Write the true bearings for flights to and from the destination in question 2.

KEY IDEAS

| 2

>

The angle of elevation is the angle measured up from the horizontal to the line of vision.
The angle of depression is the angle measured down from the horizontal to the line of vision.

Compass bearings indicate direction from north or south towards east or west. For example,
N30°W represents a bearing of 30° from north towards west.

True bearings are angles measured from north in a clockwise direction. They are generally
written using three digits, followed by a capital T. For example, 045°T represents 45° east of
north, which is also north-east (NE).
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EXERCISE 8D Applications of trigonometry

_C 1 Use the angle of elevation or depression in each diagram to calculate the side length
z marked with the pronumeral. Give your answers correct to one decimal place.
m
=
a
2 28° b ¢
>
=
o X 50 m
z v 12°
Jz> ul 42:> y
o 180 m 30 m
a
c
m d e f 540
z 39°
=<
120 m 62m  350m
m| 27 0N
z p g

The Cape Byron lighthouse is situated on a cliff at
the most easterly point of the Australian mainland.
From a point on the ground 50 m from the base of
the lighthouse, the angle of elevation to the top of
the lighthouse is 20°. Calculate the height of the
lighthouse, to the nearest metre.

THINK WRITE

1 Draw a diagram to represent the situation.

h
20°
50 m
2 Use the tangent ratio. tan 20° = %
h =50 % tan 20°
~ 18.2

3 Answer the question, rounding to the nearest metre. The lighthouse is 18 m high.
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A lighthouse stands on a cliff above the sea. The angle of elevation to the top of the
lighthouse from a point on level ground 100 m from its base is 14°. Find the height of
the lighthouse, to the nearest metre.

The angle of depression from the light at the top of the lighthouse to a ship at sea
2.5 km from the base of the cliff is 3.3°. Find the height of the light above the sea.

A ship at sea has travelled 1000 km on a bearing of N40°E since it left port.
Draw a labelled diagram to display the distance travelled:
east north.
Use trigonometry to calculate these distances to the nearest kilometre.

THINK
Draw a diagram to represent the situation N
(e represents distance east, n represents e
. —
distance north).
n
1000 km
409
port
1 Use the sine ratio to calculate the sin 40° = I Oe() 0
distance east. 1000 X sin 40° = ¢
e~ 642.8
The ship is 643 km east of the port.
2 Use the cosine ratio to calculate the cos 40° = I (;7 00
distance north. 1000 X cos 40° = n
n= 766.0

The ship is 766 km north of the port.

A ship at sea has travelled 250 km on a bearing of N30°E since it left port.
Draw a labelled diagram to display the distance travelled:
east north.

Use trigonometry to calculate these distances to the nearest kilometre.

If the ship in question 4 turns around at this point and returns to its original port,
write a description of the ship’s path, giving the bearing and distances with respect to
its turn-around position.

AIN3INT4d ANV 9NIONVLISHIANN

Write the true bearings for the ship’s paths in questions 4 and
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7 Max threw a ball into the air. He viewed the ball at
its highest point to be at an angle of elevation of

10

40° from him, and 3 m horizontally away from him.
Max’s eye level is 172 cm above ground.

a

b

d

8D APPLICATIONS OF TRIGONOMETRY m

Copy and label this diagram with the known
values. [
What height does the ball reach above the level of
Max’s eyes?

What is the maximum height the ball reaches above
the ground?

Why is it important to consider the height of a person’s eyes in a situation
like this?

Sedona is standing 20 m in front of a wall. From her eye level 168 cm above the
ground, the angle of elevation to the top of the wall is 25°,

a

b

Ann is standing 8 m in front of a tree. She observes the

angle of elevation to the top of the tree to be 52°. Beth is
standing further from the tree than Ann, but in the same line.
She observes the angle of elevation to be 40°. (Ignore the
heights of the two girls in this problem.)

a

b

d

A lookout tower is built on top of a cliff. Ata
point 50 m from the base of the cliff, the angle
of elevation to the base of the tower is 58°,
while the elevation to the top of the tower is 64°.

a
b

Draw a diagram to display the information.
Find the height of the wall.

Copy and label this diagram with the known

values.

Find the height of the tree from Ann’s =
observations.

Use the tree’s height, together with Beth’s angle of elevation,
to calculate Beth’s distance to the tree.

What is the distance between Ann and Beth?
Suppose Beth had been standing in the same
line as Ann, but on the opposite side of the
tree.

1

N

i Draw a diagram to show this situation.

ii What would be your answer to part d in
this case?

\ .. \\ /  Z\\

Draw a diagram to display this information.
Find the height of the tower.
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11 Jake is riding his bike from home to his friend Luke’s home. He rides 1.2 km directly
north, then makes a right-angled turn left and continues for 3.2 km west to Luke’s
home.

a Draw and label a sketch of Jake’s route. Mark the north direction at each point.

b Calculate the direct distance between the two homes.

¢ Use trigonometry to find the bearing from Jake’s home to Luke’s. (Remember that
bearings are measured from the north in a clockwise direction.)

d  What is the bearing from Luke’s home to Jake’s?

e The bearing in part d is known as the back-bearing of the bearing in part ¢ (and
vice versa). What do you notice about the relationship between the two bearings?
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f Draw a scale drawing of Jake’s route. From your drawing:
i find the distance between the two homes
ii use a protractor to measure the bearings in both directions.

¢ Comment on any differences between your previous answers and those using your
scale drawing.

12 Here’s an activity you can do with a classmate.

a Draw a scale drawing of the perimeter of your classroom. Mark your position
anywhere within the room. Call this point X.

b Measure the bearings from two adjacent vertices of your room plan to the
point X.

¢ Give this information to a classmate to locate your position. Note any questions
your classmate asks regarding your instructions.

d  Describe how this information will define your position X.

e Explore to see whether the position <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>