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® Parent guide provides vital information for parents

e Curriculum guide provides a rationale in words that
students will understand

o (lear sectioning that is consistent with the exercises

® Many sections begin with a concrete investigation,
with teacher support materials provided
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s s ik e Intriguing aids for students provided

Write the following in scientific aotation,
& 972 000 D00 000 000

b 0000011 3
Sagton

e Examples are clearly set out with
explanations on the left and expected
student answers in bold on the right

® Colour-coded examples make it easy for
teachers to direct students

Green — nearly all students will master I Example W

o Weite with ane digir befose the decinal point,

, 972 00D 000 600 600
with the place valie as o ‘teng’ nunlser,

=972 100 000 000 060 KOG

Witte with & power of 10, =9.72 x 10"

(}Qld — most Students Wlll master Show that the integers not divisible by 3 are ot closed under addinon
Blue — some students should master Salton
e | 1 d 2 1 I'ry adding non-muliplesof 3. 2 = 5 = 7, which i wer divisible by 3.
xamples are sequenced In a natura Try another case. 2+ 4 = 6, whidh is a moligle of 3.
learning progression that promotes Use the selovant fact. Sincs there are 2 nusnbers ot divisible by 3 that add
. . . up e ¢ wumber dirkaible by 3, anmbers not divisdile
chunking and effective use of working e o ey 4 rong
memory J—
. xample
e (Clear examples enable parents to assist =
their Student Wlth Confidence that they are Show that the odd mumbers are cddosed under muldplication,
‘doing it the way the teacher explained it’ Sakton
0 o An odd numb diiple of 2, plus 1. Ifais odd thena = 20 =1 §
e Important boxes highlight key terms and T osbidpicaneiiniida
concepts

Roots

The surd spulaol v & used 1o dhow roots. The ath oot of 4 sunsher x & shown as o= and
is the number ¥ 50 that ¥ = x. For cxample, 78 = 2 because 2* = 16,

The square mot (4 | is normally written without the index, so v/25 = 5.

The cube root (/) i the oppesite of finding & cube, 50 (¥316) = 6.
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coereat 104 significans figures.
2 SAX 104 X22 X W

Soe fxamom 11

b 7.2 X 10 = 634 X 107

Colour is used pedagogically to enhance
learning

e Initial exercise questions focus on
understanding or fluency and refer directly
back to examples

e Questions are categorised according to the
four proficiency strands — understanding,
fluency, problem solving and reasoning

[ ]

Questions and parts are colour coded to be
consistent with the examples
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Investigate: Finding roots
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I You koow tha 2* =
2and 3,

2 Try2
2)?

4and ¥ =9 and tha V3 < 5 V5, 50 /5 it be hetwean
5 =625 Itiswo hig. The s

= 8 The square s 125

=441 misses 5 by 0,59, ¥ i
Try other munbers, incly,
Becond zach number you

ding numbess with more s { decimal ple,
After 5 minustes, dhock wh

vy and calculate how far our you are.
ich pair of poople ase chwest,

Try this investigation with other susds,

Chapter 1 summary
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e A comprehensive review set out with
example references and consistent with
exercise layout

e Answers to all questions are given at the
back of the book
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About the series

There are five books in this Years 7 to 10 series,
which has been written specifically for the
Australian Mathematics Curriculum, including
two books for Year 10 (see back cover). .
There is also a printed Teacher’s Edition of each NELSON WA MATHS
textbook with additional guidance and advice oo Revined ot Eaion o
on implementing the Australian Mathematics
Curriculum in the classroom.

Accompanying each printed textbook is a
digital textbook called the NelsonNetBook :
(see opposite page). NELSON WA MATHS

. Teacher's edition

e In the outside margins of your textbook you will find numerous icons for resources that can be
accessed through the NelsonNet website or through the NelsonNetBook.

APl Fxplains different ways of Makes learning maths
ARl solving a maths problem methods and skills fun
Shows how to tackle Tests and marks your
difficult problems Expressions knowledge of a topic
Develops your CAS Teacher notes Gives guidance for your
SEEEEERREY  calculator skills Restaurant tables  [VSAYGalSIn

urriculum guide xplains what you need to : ovides a spreadsheet o
Curriculum guid Explains what need t ——— Provid readsheet or
eolebra: exterior
Chaptené know and be able to do el GeoGebra activity

S Allows you to do additional || Lo wielie . Provides interactive ways of

Exploring order of

o practice and drill Jeni s learning about maths™
Gives the ‘big picture’ view Fully explains maths
of your maths topic methods and skills

Provides illustrated Links to a website that

Weblink
explanations of all terms AEEEEEEE  makes maths relevant

Parent guide Provides guidance for your | BEEEREE  Gives solutions steps for
Chapter 6 parents to help you EeEEn @ selected problems

Maths dictionary

Prior learning Finds out what you already Supplies tasks to be done

Shapteyt know and can do digitally or by using a pen

* Your teacher will explain how to access The Learning Federation learning objects.
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to log in or find out more.
The first screen you will see on the student ~yr

Curricutum Year § Chapter resources
website is called ‘Chapter resources’. | iy

¥ Chagter 3 Masauserent

Click on a chapter and a list of different

resources types will appear. —
Click on a resource type and a list of

specific resources will pop up.

Clicking on one of those resources will

open a pdf file, start a video, or some

special maths software.

Use the blue tabs on the left of the screen

to access calculator resources and the maths

dictionary.

This is a web-based ebook that you can customise to meet your own learning needs.

The icons with the blue NelsonNet logo are ‘hotspots’. Click on an icon to open that resource.

The tools on the vertical toolbar allow you to personalise pages in a variety of ways, including voice
recordings, drawings and links to favourite websites. They also enable you to zoom in and out.

The tools on the horizontal toolbar allow you to navigate around your ebook and change settings.
Administration tools allow your teacher to manage classes and share annotations with you.
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Please note that complimentary access to NelsonNet and the NelsonNetBook is only available to
teachers who use the accompanying student textbook as a core educational resource in their classroom.
Contact your sales representative for information about access codes and conditions.
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Text

Indigenous people ‘living longer’, May 25, 2009. Reproduced by permission of the Australian
Broadcasting Corporation and ABC Online. © 2009 ABC. All rights reserved.

The publishers would like to thank ACARA for permission to quote the Year 10 and 10A content
descriptions from the Australian Mathematics Curriculum in this book. (Australian Curriculum
(Sydney, 2010): Australian Curriculum, Assessment and Reporting Authority [ACARA]. ACARA
does not endorse Cengage or this product.)

Metric system

Symbols Length Capacity
millimetre — mm 10mm=1cm 1000mL =1L
centimetre — cm 100cm=1m 1000 L =1 kL
metre — m 1000 m = 1 km 1000 kL = 1 ML
kilometre — km
hectare — ha Area2 5 Mass
millilitre — ml. 100 mm > 1 cm ) 1000mg=1¢g
P 10 000 cm® = 1 m 1000 g = 1 kg
Kilolitre — kI 10000 m“ =1 ha 1000 kg =1t

100 ha = 1 km?

megalitre — ML
milligram — mg

gram — g
kilogram — kg
tonne — t
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Symbols and

abbreviations

therefore
is equal to
is not equal to
~, =, = is approximately equal to
is greater than
is not greater than
is greater than or equal to
is less than
is not less than
is less than or equal to
is proportional to
537214 or 5.37214 shows 5.3721472147214 ...

RQRUINA NIV NV

%%, BT R

xRl A
1
[

1
Ql’ Ql
Q?n Q3
IQR
o, 0,
5,0,-1

a9 3

®

Jl D2Cc™mnNnin

sin 0
tan 0
cos 0

P(AIB)

2%

is perpendicular to

percentage

fraction, division 2 + b or ratio a : b
plus or minus

square root

cube root

nth root

45 degrees

mean of sample, average

mean of population

first quartile

third quartile

interquartile range

standard deviation of population
standard deviation of sample
gradient

y-intercept

pi & 3.141592653589793238 ...
null set, empty set

subset of

proper subset of

is a member of

is not a member of

union of sets

intersection of sets

it follows that

sine ratio of angle 0

tangent ratio of angle

cosine ratio of angle 0
conditional probability of A given B
complementary angles

vertically opposite angles
exterior angle of a triangle
opposite angles in a parallelogram
corresponding angles

co-interior (allied) angles

Greek alphabet

1:100  Scale of 1 to 100

BC before Christ

BCE before the common era

AD Anno Domini

CE common era

QED quod erat demonstrandum

RTP Required to prove

LHS Left-hand side

RHS Right-hand side

log common logarithm

logyx logarithm of x to the base &

> the sum of

ANABC  triangle ABC

ZABC  angle ABC

== is congruent to

I, ~ is similar to

A< P A corresponds to P

L right angle

X supplementary angles

G— angles at a point

AN angles in a triangle

£S5 angles in a quadrilateral

A\ angles in an isosceles triangle
P alternate angles

[ is parallel to

A, o alpha I, viota
B, B beta K, x kappa
T, y gamma A, A lambda
A, & delta M, p mu
E, ¢ epsilon N, v nu
Z, C zeta g, & xi
H, n eta O, o omicron
O, 0 theta I1, 7 pi
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P, p rho

%, o sigma
T, 1 tau

Y, v upsilon
@, ¢ phi

X, x chi

Y, psi

Q, ® omega
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Australian Curriculum statements

Real numbers
Define rational and irrational numbers and perform
operations with surds and fractional indices. (10A)

(ACMNA264)

Patterns and algebra
Simplify algebraic products and quotients using
index laws. (ACMNA231) 3



Numbers and powers

MAT10NAVT00001
Weblink

The number 42
MATIONAWBO000T -Mathematioal literacy

Maths dictionary

MAT10ASDI00001

Weblink

Math is fun: Exponents

MAT10NAWB00001

The modern number system has many different kinds of numbers. These have been invented by
mathematicians over thousands of years to solve problems. Positive numbers are enough for most
counting and measuring, but we need negative numbers, powers and roots for modern science and
technology. Science and technology use algebra as a basic method for writing relationships. To use
algebra effectively, you must be able to understand and use all the different kinds of numbers.

KNl Index laws

The mathematical words below have special meanings that you will learn in this chapter. It is
important that you learn to spell them and gradually learn what they mean in mathematics.
You may find the glossary or online mathematical dictionary useful for this purpose.

base even odd significant figure
cardinal number exponent positive integer square

closed index power square root
composite integer prime surd

counter example irrational number rational number terminating decimal
counting numbers magnitude real number whole number
cube mantissa recurring decimal

cube root natural numbers root

directed number negative integer scientific notation

Indices

We use indices (the singular is index) to write repeated multiplication.

A power is written with the base number in normal size and a small number at the top right
called the index or exponent. It shows repeated multiplication. The index shows the number
of times the base is in the multiplication.

Base_—_ Index
=C4 X4 x4 x4 x4
Power form Extended form

The power shown is said as ‘four to the fifth’, ‘the fifth power of four’ or ‘four to the power
five’. We use the special names square and cube for 2nd and 3rd powers respectively.

1
We define «° = 1 and a=” = — for any integer 7 and any base a except zero (a # 0).
a n

Example "1

Find the value of each of the following.
a 7% b 12 cubed c 87 d ¢

9780170361941
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Solution

a  Write in extended form.
Calculate the answer.

b Write in extended form.

Calculate the answer.
¢ Write in reciprocal form.
Write in extended form.

Calculate the answer.

d Use the rule for &°.

TP=7XTXTX7
= 2401
12 cubed = 12 X 12 X 12
= 1728

When you have powers of the same base in a problem, you can work out the answer by writing
each part in extended form. This can also be done for problems where the index applies to two

numbers or where there is a power of a power.

Example 2

Simplify each of the following and leave your answer in index form.

a 5°x5% b 7%+ 7?

Solution
a  Write the problem.

Werite each power in extended form.

Write the answer in index form.

b Write the problem as a fraction.

Write each power in extended form.

Cancel two of the 7s.

Write the answer in index form.
¢ Write the problem.
Werite the power in extended form.
Rearrange the product.
Werite the answer in index form.

d Write the problem.

Write the outer power in extended form.

Write each power in extended form.

Write the answer in index form.

9780170361941

c (4x3) d ©6)*

5% x 54
=5X5X5X5X5X5X5
=57

76

6 . =2
T =5

CTIXTXTXTXTXT
- q X7

=74

(4 x 3)*
=(4X3)X (4X3)X(4X3)X(4X3)
=4X4X4X4X3X3X3X3
4t 34

(6%)*
=6 X6 X6 X6
—6X6X6X6X6X6X6X6X6X

6X6X6
_ 612




Chapter 1

Indices squaresaw

MAT10NAPS00002

Important!

Index laws

For any bases # and & and any indices 7z and 7:

2 a7 +a"=a""" (for m > n)
4 (ab)” =a"b"

Note: 7z and 7 are integers and @ # 0, b # 0.

1 dm X an _ ﬂern
3 (dm)n:amn

The opposite of finding a power is finding a root.

Roots

The surd symbol V' is used to show roots. The #th root of a number x is shown as {/x and
is the number y so that y” = x. For example, v/16 = 2 because 2* = 16.

The square root (v/") is normally written without the index, so v/25 = 5.

The cube root (V) is the opposite of finding a cube, so (¢/216) = 6.

n 721

It makes sense to write a root as a fractional power, because of the index law that ()" = a

1 1
This works for V16 = 2 as (16*)* = 16" =

Find each of the following.

a V121 b /1024
Solution

a Think of the square that gives 121.

Write the answer.

b Try some possibilities.

Write the answer.

¢ Write in surd form.
Think of the square that gives 81.
Werite the answer.

d Try a possibility.

Write the answer.

1
16! = 16, and 2* = 16 s0 V16 = 16".

1
d 32

(g}

oo

—_
Nl—

117 =121

V121 =11

3’ =3X3X3X3X3=243
£ =4X4X4%X4X%X4=1024
71024 = 4

81%=\/§i

92 =81

81%:9

22 =2X2X2X2X2=32
3zé=2
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The power key on your calculator could be shown as (), (EZ or @& The #th root could be

shown as (). €D or @& Many calculators also have square and square root keys shown
as and (). In most cases, roots are obtained using the 2nd function key.
The order in which you need to enter powers may vary between calculators.

Example T 4

Use a calculator to find

a 16° b V127 c 77
d /500 e 57
Solution
a Enteras 16 3 a | 163 4oge |
Write the answer. 16> = 4096
b Enter as 127 @& [ V127 1.26942767 |
Round and write the answer. V127 ~ 11.269
¢ Enteras 7 (E) () > D e 0.00292 |
Round and write the answer. 77 ~0.002 92
d Enter as 4 500 (ED | *500  u.7287080YS |
Round and write the answer. Y500 ~ 4.729
e Enteras5 1.7 (D [ 57 15.42584657 |
Round and write the answer. 57 ~ 15.426
Use the index laws to simplify the following, leaving your answers with positive indices.
a 77 x78 b 147 + 14® c 5 +5" MAT10NAWK00001
d 3 e (52~ £ o711 L ol
Solution
a Write the problem. 7 x7® MAT1ONAPS00001
Use index law 1. =78
Work out the answer in index form. =71
b Write the problem. 147 + 148
Use index law 2. =148
Work out the answer in index form. =147
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¢ Write the problem.

Use index law 2.
Work out the answer in index form.

Change to a positive index.

d Write the problem.

Use index law 3.

Work out the answer in index form.
e Write the problem.

Use index law 3.

Work out the answer in index form.

Change to a positive index.

f Write the problem.
Use index law 2.
Work out the answer in index form.

Simplify using the definition 2° = 1.

Some expressions need to be simplified using more than one index law. The normal order of
operations still applies, although you may have to insert brackets where they are only implied in

the original expression.

Example 76

Simplify each of the following expressions and leave in index form.

a (52 x37)* b 5% x32
(774 x 52y
Solution
a  Write the problem.
Use index law 4.

Use index law 3.

Werite the answer with positive powers.

()

(52 x 373)4
= (59)*x 37°)*
_ 58 X 3712

58
T30
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b Write the problem.

53 X 32
(7-4 x 52)

Move the denominator to the top and change

the sign of the power.
Use index law 4.

Use index law 3 to remove the brackets.

=5 X 32 x (74x52)7
=5 XX (747 %x(5)7
=5 X32x712x5°%

Apply index law 1 to the common bases. =32x52x712
Write the answer as a fraction with positive powers.  — 3 X3712
5
¢ Write the problem. 7\? (77 >
4) \5
Use index law 3. TP Tt
=2 5
Invert the 2nd fraction as a result of changing the - 7_2 i
division sign to a multiplication sign. 42 76
Use index law 2 on the common base of 7 and TP 5
change base 4 to its lowest prime base. (222 1
. . 78 x 53
Tidy up and use index law 3. =~
Example T/
Simplify each of the following and leave in index form.
4 -2 27 X9
a 30X 9% 15 2T X9
(3-4%93)
Solution
a  Write the problem. 30 x 9 X 1572
Rewrite the bases as products of =(2X3X5*X(3X3)
prime factors. X (3 x5)7?
Use index law 3 and tidy up where =2 x3*x5*x3*x37?
possible. X 572
Use index law 1 with the common bases. = 2* X 3#"272 x 542
Work out the answer in index form. =2*x3*x5°
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Numbers and powers

MAT10NACP00001

b Write the problem.

Move the denominator to the top and
change the sign of the power.

Use index laws 3 and 4 to remove the
brackets.

Rewrite the bases as products of
prime factors.

Tidy up where possible inside the
brackets.

Use index law 3.
Use index law 1.

Work out the answer in index form.

272 X9

(374 % 93)2

=2P XP X (34%x93)7?

=27 X9 X 38x 96

=(3%X3x3°x(3x3°x3¥x(3x3)°

_ (33)3 < (32)5 % 38 X (32)—6
— 39 ><310 X 38 X3712
— 39+10+8-12

_ 315

The index laws can also be used with algebraic expressions.

Simplify each of the following expressions. Write your answers with positive powers.

a (x%y’)* b @ Xa®+d
Solution
a  Write the problem.
Use index laws 3 and 4.
b Write the problem.

Use index laws 1 and 2.

Write as a fraction with a positive power.

¢ Write the problem.

Change the 64 to 4’ so that the numbers
have the same base.

Use index laws 1 and 2.
Simplify.

Werite as a fraction with positive powers.

¢ (@m0 = (64m )

(x2y3)4
_ 812

2 Xa

6

— a5+’677

8

1
a8

(4m2a*) = (64m n®)

= dm %n*) ~ Pmn)

4l -3, 243,46

=4 Zmn

2

~a

7
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Exercise 1.1 Index laws

1 Work out each of the following. Understanding
5 5 5 3
e :
; 114 ] 83 lg( 475 1 110 Exercise 1.1
m 7_2 a 13_1 o 7_3 p 12_2 MAT10NAEQO00001
q 1150 r 5—4 See Example 1
2 Use a calculator to find each of the following. See Example 4
a 16* b 12° c 167
d 17 e 24° f 19
g 237 h 53’ i 17!
3 Work out each of the following. See Example 3
a V64 b V25 ¢ /100
d 400 e V169 f 144
g V225 h /10000 i V16000000
4 Use a calculator to find each of the following, correct to three decimal places. See Example 4
a /50 b V250 c V148
d V8 e V7 f V48
g V412 h /3300 i 575000
5 Simplify each of the following and leave your answer in index form. See Example 2
a 4 x4 b 7°%x7 c 1P x11°
d 5*x5’ e 10* x 10" f 9x9x9
g 14 x14°x14" h 37 x3x3 i 15 x 15 x 15°
6 Simplify each of the following and leave your answer in index form.
a 8+8 b 5+ 5 ¢ 77
d 11° + 11" e 67 +6" f 15"+ 15
g 137+ 137 h 14 =14 i 197 +19°
7 Simplify each of the following and leave your answer in index form.
a (4x5) b (6 x4) c (7x11)?*
d (6x7)° e (11 x 13)° f 2x7t
8 Simplify each of the following and leave your answer in index form.
a (5% b (7% ¢ B
d (1112)4 e (14)16 f (55)5
9 Find each of the following. See Example 3
a V125 b V169 c V16
d V216 e 729 f V256
¢ /10000000 h /289 i Y/27000
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See Example 4 10

11

See Example 5 12

13

14

15

Fluency 16

See Example 3 17

18

Problem solving 19
See Example 6
Worked solution

Exercise 1.1

MAT10NAWS00001

12

Use a calculator to find each of the following, correct to four decimal places.

a 117° b 58 c V79
d 29 e V2973 f /2578
g 67! h 7.897° i v1.05
Calculate each expression correct to three decimal places where necessary.
a 51.8 b 61.7 c 810.5
d 7'¢ e 14%° £ 377
Use the index laws to simplify the following, leaving your answers with positive indices.
a 4 x4 b 7¢%x7° c 157 x15°
d 6* x 6P e 10™ x 10" f 9x9 x9®
g 14 x 142 x 14" h 3°x3°x3 i 25 x25% x 25°
Use the index laws to simplify the following, leaving your answers with positive indices.
a 8 +8 b 3%+ 3 c 77+ 7°
d 117 + 11" e 67+ 6" f 15"+ 15
g 147 + 147 h 177 + 17" i 12”+12°
Use the index laws to simplify the following, leaving your answers with positive indices.
a (7x5)* b (6x3)° c Ox11)*
d (6x8) e (12 x13)* f 2x10°
Use the index laws to simplify the following, leaving your answers with positive indices.
a (47 b (8 ¢ 67
d (125)11 e (940)6 f (33)33
Use the index laws to simplify the following, leaving your answers with positive indices.
a 70X 77 b 67x6 c 7°+7°
d @y e (87" f (67 x5
g (77 x8hH”? h 1177 x7972x7 i 8x8*+8"
Find each of the following.
1 1 1
a 25 b 125° c 343
1 1 1
d 243 e o4 f o4
1 1 1
g 216 h 81* i 625
Use a calculator to find each of the following, correct to 2 decimal places where necessary.
1 1 1 1
a 50° b 236’ c 28 d 560°
1 1
e 95 Fo2° o 418 h 3'8
i 16 i st k 1.4%° 1 3.75%
Simplify each of the following expressions and leave them in index form.
(a) @ x 1172 b (372X 7% c 5?2%x167)7
@) 8 x5 8 X 5% e 24370 x5? I R

(54 x 22)° (573 x 27-2) (5-4x72)7
2\ 2 2\ . 6 2\’
O@E @& G-
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20 Simplify each of the following expressions and leave them in index form. Worked solution
(a) 18 X 12 X 2772 b 217 X777 X 497 ¢ 157X 125 X502 X 157 Exercise 1.1

(d) 5> x2% e 37x5 £ 59x108 MAT10NAWS00001
(5,4 X 163 )2 (574 X 153)’3 (2074 X 253)72 See Example 7
21 Simplify each of the following expressions. Write your answers with positive powers. See Example 8
a (x*’) b () (o) (« "y
f €14

d bl4 X 173 - 1717 e gfl1 X ﬂ75 - a79 = 676 X 6*12 Worked solution
s Q7m7n*) + (81w n) 25p*q ) + (625p*q ) i (102477357 P) = (64r5%) Exercise 1.1

MAT10NAWS00001

m Scientific notation

Very large and very small numbers are usually written in scientific (standard) notation.

. . . TLF Learning object
Scientific notation :
Exploring powers of 10
Numbers written in scientific notation are shown with a mantissa from 1 to less than 10, (L6548)
multiplied by a power of 10. The order of magnitude of the number is the power. For MAT10NAINOOOOT

example:
25000000 = 2.5 x 107 has mantissa 2.5 and order 7.

mantissa order

0.00637 = 6.37 x 10  has mantissa 6.37 and order 3.

Write the following in scientific notation.

a 972 000 000 000 000 b 0.000 011 3
Solution
a  Write with one digit before the decimal point, 972 000 000 000 000
with the place value as a ‘tens’ number. =9.72 X 100 000 000 000 000
Write with a power of 10. =9.72 x 10"
b Write with one digit before the decimal point, 0.000 011 3
with the place value as a ‘tens’ number. =1.13 X 0.000 01
Werite with a power of 10. =113 X107

Some people change to scientific notation by moving the decimal point to make a number from
1 to less than 10 and counting how many places it has to move.
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Example © 10

Write the following as ordinary numbers
Exploring exponents

and scientific notation a 825 X 10° b 71X 10>
(L6550)
MAT10NAINO00O1 Solution

a  Write the problem. 8.25 X 10°
Write the power as a ‘tens’ number. = 8.25 X 100 000
Write as an ordinary number. = 825 000

b Write the problem. 7.1 x 107
Write the power as a ‘tens’ number. =7.1 X 0.001
Write as an ordinary number. = 0.0071

Most calculators have an key to enter numbers in scientific notation. They automatically

show large or small answers in scientific notation and can be set to show all answers in scientific
notation. The display varies between calculators, but generally shows the order of magnitude as
a superscript or after an E.

Investigate: Astronomical numbers

Modern scientific theories about the universe are based on what astronomers see and
can work out. They use optical and radio telescopes that cover large parts of the
MAT10NAWB00001 electromagnetic spectrum to look at the universe and make models of it. Almost all
astronomers believe the basic big bang theory as it is the only one that explains the
observations. However, there is debate about what will happen in the future.
Astrophysicists try to work out how the universe started and how it is changing. Their
theories cover periods from very near the start of the universe to what will happen far in
the future. They usually express time in seconds and the size of the universe in metres.

Investigate the latest information
about the size of the universe and
its current age. Express the
numbers in scientific notation and
try to express them in normal
numbers. Investigate the theories
about the beginning of the
universe. How long after the start
did the first ‘events’ occur? How
big was the universe then? Write
these numbers in scientific
notation and try to express them
as ordinary numbers.
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Example " 11
Use a calculator to work out the following. .
umbers an owers
) 97 % 10-° X 7.1 X 10 5.016 X 107 X 3214 P
3.52 X 10721 MAT10NATI00001
Solution
 Erver 07 D (D S €D 71 G0 1 €D
9.7x105x7 1x10'5 MAT10NACP0000
6.887x10'0
S :
Write the answer. 9.7 X 10 ¢ X 7.1 X 10 = 6.887 x 10"

MAT10NAPS00003

b Enter5.016 (3432’ P32/ @352 CH G 2 €

5.016x10%7x3214+3.52x107!
y.57995x%10%!

Round and write the answer. 5.016 X 10?7 X 3214 __ % 10°!
352x10°21 458010

A measurement accurate to the nearest metre could be stated as 57 m, 0.057 km or 57 000 mm.
Each of these has the same accuracy, and this is very clear if they are written in scientific notation
as5.7 X 10' m, 5.7 X 10 ? km or 5.7 X 10" mm.

Accuracy

The accuracy of a number can be stated as the number of significant figures, which is the
number of digits in the mantissa of a number written in scientific notation.

Example 712

Which is the most accurately written number out of 0.0005, 27 800 and 35 000 000?

Solution

Think of each number in scientific notation. ~ 0.0005 = 5.0 X 10~*
27800 = 2.78 x 10*
35000000 = 3.5 X 10’

Think of the number of significant figures. 5.0 has 1 digit, 2.78 has 3 digits,
3.5 has 2 digits.

Werite the answer. 27 800 is the most accurately written.
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Example 13

The kinetic energy of an object is given by the formula E = 102, If 12 is in kg and v is in
m/s, then E is in Joules. What is the kinetic energy of an electron (mass = 9.01 X 102 kg)
travelling at a fifth of the speed of light (speed of light, ¢ = 3 X 10® m/s)?

Solution
Find the velocity (») of the electron. c_3X 108
5 5
=6.0X 10" m/s
Werite the formula. E= %mvz

Substitute in the appropriate values.
~9.01X 10732 X (6.0 X 107)?

(Check your units)
2

Use index laws 3 and 4. _9.01 X102 X 6.0% X 10™
2

Use the index laws, tidy up and simplify. _9.01x36"® x 10718

al
=901x18x10° 18

On your calculator enter 9.01 18 10 18.

9.01x18x1078
1.6218x1076

Write your answer. The kinetic energy of the electron is
1.6218 X 1071 Joules.
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Exercise 1.2 Scientific notation

1 Write in scientific notation. Understanding
a 7300 b 132 000 000 ¢ 0.0085 d 0.000 000 138
e 700 000 f 0.0007 g 290 h 0.719 .
i . Exercise 1.2
i 37080000 j 0.030 19 k 9744 000 1 0.000 000 008
MAT10NAEQ00002
2 Write as ordinary numbers. See Example 9
a 63x10° b 7.1x 107 c 9.74 x 10° d 419x 107" See Example 10
e 8x107° f 3x10* g 52 %10 h 9.8 X107
i 1.02 x 10° i 955 %107 k 4.04 x 10° 1 91x10°
3 Use a calculator to find each of the following and write your answer in scientific notation, Fluency
correct to 4 significant figures. See Example 11
a 5.6x107%x22x 10’ b 7.1 X 10° + (6.34 X 107?)
¢ 8.64 X107 X 4.9 x 10" d 9.6x 107 x2.09x 10"
e 811x 10"+ (3.61 X107  f 474 %107 + (1.9 X 10")
4 State the number of significant figures in each of the following.
a 34700 b 0.000 65 ¢ 900
d 0.000 006 e 40 f 8.65x 10"
g 9.047 X 107° h 405 060 000 i 810000
5 Choose the most accurately written figure in each set of numbers. See Example 12
a 52,4000, 8.6, 975 b 703, 8.8, 0.000 74, 38 000
¢ 6.047,0.0007, 149 000, 9500 d 0.004, 97 000, 3 058 000, 58.3
e 29,347.6,8.95,0.054 £ 9000 000, 27 000, 0.0006, 0.000 000 755
g 2,200,200.5, 0.0055 h 0.050 57, 2.54, 2500, 25 600

6 Use a calculator to find each of the following and write the answer in scientific notation,
correct to 4 significant figures.

a 5861 X2 X108 b 7.13X 1078 % 1.16 X 10°
3.58 X 107 4925
¢ 3.1X108x82x10" d  7.85 x 101 x 7.84 x 10!
6.8 X 1013 X 0.1067 7.85 X 10~11 —7.84 X 10-11
e 6.101X10719%x7.232X1072 f 4.71 X10% X 2.95 X 10%
12.113 X 10-> + 8.001 X 107 3.5 X 102 X 12

@An electron’s mass is about 9.109 X 10! kg and a proton’s mass is about 1.673 X 10" kg. SO ST

Which is heavier and by how many times? Werled selluiten

The radius of an electron is less than 1 attometre and the radius of a proton is 862 attometres, e 1.2
Where 1 attometre is equivalent to 10718 metres. MAT10NAWS00002
a  Determine the maximum volume of an electron.

Worked solution
b Calculate the volume of a proton.
Exercise 1.2

¢ Compare the volumes of each.
MAT10NAWS00002
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See Example 13

Reasoning

Worked solution
Exercise 1.2

MAT10NAWS00002

9 The Large Hadron Collider accelerates protons around a 27 km long circular tunnel under the
border of Switzerland and France. They reach speeds of 0.999 999 991 times the speed of

light. At this speed, the mass of a proton is 5 times its rest mass. The speed of light

is 3 X 10® m/s and the rest mass of a proton is 1.673 X 107? kg. What is its mass at:

a one quarter the speed of light (% = 0.25)?

b nine-tenths the speed of light (% = 0.9)?
¢ 0.999 999 991 times the speed of light?

The mass of the Earth is 5.9722 X 10** kg
and its diameter is 12 756 200 m. The mass
of Jupiter is 1.8987 X 10°” kg and its
diameter is 142 984 km. Considering them
as spheres, find the:

a volume of the Earth
b volume of Jupiter

density of the Earth

(g}

ol

density of Jupiter.

(4]

Explain whether you would consider the
Earth or Jupiter to be ‘heavier’.

Iﬂ Real numbers

A recurring decimal is a decimal that has one or more digits that repeat forever. We show that
digits are repeating by putting a bar (or dots) over the repeating digits. A terminating decimal is a
decimal that is not recurring, so comes to an end.

Important!

Recurring decimals and fractions

To change a recurring decimal to a fraction:

e multiply the decimal by 10”, where 7 is the number of recurring digits
e subtract the number
e divide by 10” — 1 and simplify if possible.
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Example © 14

Change 0.114 to a fraction.

Solution

Note how many figures recur.

Write the number out to show the repetition.

Multiply by 1000 for the 3 digits.

Subtract the number.

Divide by 999.

Cancel if possible.

Write the answer.

Rational numbers

MAT10NAPS00004

It has 3 digits recurring.

Number = 0.114 114 114 114 ...
1000 X number = 114.114 114 ...
999 X number = 114

114
999

Number =

38
333

777 _ 38
114 = =
0.114 333

Sometimes the number does not recur from immediately after the decimal point. In this case,
multiply by a power of 10 so that it does in order to make it easier.

Example 195

Change 0.07123 to a fraction.

Solution

Multiply by 100 to make it recur just
after the decimal point.

Note how many digits recur.

Write the number out.

Multiply by 1000 for the repeating digits.
Subtract.

Divide by 999 X 100,

Cancel if possible.

Write the answer.

9780170361941

100 X number = 7.123

It has 3 recurring digits.

100 X number = 7.123 123 ...

1000 X 100 X number = 7123.123 123 ...
999 X 100 X number = 7116

7116
Number 99900
7116 _ 593
99900 8325

52 _ 393
0.07123 = 3325




All fractions can be converted to terminating or recurring decimals and vice versa.

Rational, irrational and real numbers
531 =7 = 14

A rational number can be written as the ratio of two integers, such as 5.31 = 35, =
or 0.3571428 = 2. Every rational number can also be written as a recurting or terminating
decimal.

An irrational number is not rational. It cannot be written as a terminating or recurring
decimal.

An irrational number such as v/2 or m cannot be expressed as a fraction.

The rational and irrational numbers completely fill the number line and, together, make the
real numbers.

Example T°16

State whether each of the following numbers is probably rational or irrational.

a 03333 ... b 3.0128 c 1.25638642 ... d 4256565 ...
Solution

a This looks like it is actually 0.3. 0.3333 ... is probably rational.

b This is a terminating decimal. 3.0128 is rational.

¢ This does not recur or terminate. 1.256 386 42 ... is probably irrational.
d  This looks like it is actually 4.256. 4.256 565 ... is probably rational.

Investigate: Finding roots

Work in pairs and, with a calculator, try to find a number that squares to give 5, using the
following procedure.

1 You know that 22 = 4 and 3% = 9, and that V4 < v/5 < /9, so v/5 must be between
2 and 3.
2 Try25% = 6.25. It is too big. The square is 1.25 out.
2.1% = 4.41 misses 5 by 0.59.
Try other numbers, including numbers with more than 1 decimal place.
Record each number you try and calculate how far out you are.
3 After 5 minutes, check which pair of people are closest.
Try this investigation with other surds.
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Types of numbers

You already know quite a few kinds of numbers. The positive integers, counting or natural
numbers are 1,2,3,4,5,6,7, ... and so on. You know that even numbers divide exactly
by 2, and odd numbers don’t. Prime numbers have exactly two different factors: themselves
and 1. Composite numbers have more than two factors.

When we include zero and the negative integers we get the integers. The counting numbers
are sometimes called cardinal numbers and the integers are often called whole numbers.

REAL NUMBERS

Irrationals

V5

2.71828183...

Rationals

Integers
2

Whole numbers 0

Natural numbers
1,2,3,4, ..

If we multiply two counting numbers, we get another one. Mathematicians say that the counting
numbers are closed for multiplication. Not every subtraction of counting numbers gives a counting
number. We say that the counting numbers are not closed for subtraction.

If you always get another number from the same set for an operation, the set of numbers is closed
for that operation.

To show that something is 7ot true, all you have to do is find one example to show it doesn’t work.
This is called a counter-example.

An even number can always be written in the form 27, where # is an integer. Similarly, any
multiple of 3 can be written as 37 and any number that has a remainder of 4 when divided by 5
can be written as 57 + 4.

9780170361941




Example 517

Show that the integers not divisible by 3 are not closed under addition.

Solution

Try adding non-multiples of 3. 2 + 5 = 7, which is not divisible by 3.

Try another case. 2 + 4 = 6, which is a multiple of 3.

Use the relevant fact. Since there are 2 numbers not divisible by 3 that add

up to a number divisible by 3, numbers not divisible
by 3 are not closed under addition.

Investigate: Computer numbers

When the first electronic computers were being built, John von Neumann (1903-1957) (see
the right-hand side of the photo) analysed the problems involved and developed
astonishing insights into how they should be constructed. He also built his own machine to
use on mathematical problems. He is generally credited with suggesting that electronic
computers should use binary numbers. In binary arithmetic, the problem 5 + 3 is written
as 101 + 11. This can be machine coded as on-off-on plus on-on. Investigate binary
numbers and how they are used in computers. What are octal and hexadecimal numbers?
How are they used?
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To show that something is true, it has to be proven for every possible case.

Example © 18

Show that the odd numbers are closed under multiplication.

Solution

An odd number is a multiple of 2, plus 1. If 2 is odd then 2 = 2% +1 for some

integer n.

To prove that it is closed, you have to show that

the product of any two odd numbers is odd. Let 2 and 4 be any two odd numbers.

Choose integers z and » so that
a=2n+1landb=2m+ 1.

Write the odd numbers in a useful form.

Werite the product.

Expand using the distributive law.
Write the last @ as 272 + 1.

Use the common factor of 2.

State the kind of number it is.

State the result.

Exercise 1.3  Real numbers

1 Change each of the following to a fraction.

a 0235 b 0414

d 0.672 e 0.621

g 0.1 h 0.13

2 Change each of the following to a decimal.

> Bl

“ 6 b
19 18

416 ¢ 37
3 . 1003

&7 8325

9780170361941

aXb=a2m+1)
=2am + a
=2am+2n+1
=2(am +n) +1

2(am + n) + 1 is an odd number
because it is in the form 2p + 1,
where p is an integer.

Odd numbers are closed under
multiplication.

¢ 0314
f 0.2244
i 0.0444

31

c =

99

f 628

303

902
999

Understanding

Extra questions
Exercise 1.3
MAT10NAEQO0003
See Example 14




Fluency

See Example 15

Worked solution
Exercise 1.3

MAT10NAWS00003
See Example 16

Problem solving

See Example 17

Reasoning
See Example 18
Worked solution

Exercise 1.3
MAT10NAWS00003

Worked solution

Exercise 1.3

MAT10NAWS00003

3 Change each of the following to a fraction.

a 0.0712 b 0.0123
d 0.06714 e 0.06069

¢ 0.0215
f 0.002124

4 State whether each of the following is probably rational or irrational.

(a) 125 ) o111 ... % 157183 ...

(d)2.18181... (e) 1123 42... 1356
g 727273 ... h 3.52222... i 1565
i 0.85666... k 124387219... I 41421412 ...

Show that the integers not divisible by 3 are not closed under subtraction.
Show that the set {1, 2, 3} is not closed under addition.
Show that the set {71, 0, 1} is not closed under addition.

Show that the prime numbers are not closed under either addition or multiplication.

N 0 N &N

Show that the multiples of 5 are not closed under division.

10 Show that numbers that have a remainder of 2 when divided by 3 are not closed under

addition.

11 Show that numbers that have a remainder of 2 when divided by 3 are not closed under

subtraction.

12
13
Show that the set {71, 0, 1} is closed under multiplication.

@ Show that the odd numbers are not closed under subtraction.
16
17
18

Show that the odd numbers are not closed under addition.

Show that the set {71, 1} is closed under multiplication.

Show that the even numbers are closed under multiplication.

Show that the even numbers are not closed under division.

their product and sum. For example, 3 #4 = (3 X 4) + (3 +4) = 19.
a Are the even numbers closed under malition?

b Are the odd numbers closed under malition?

¢ Are the integers closed under malition?

19 Make up an operation that is closed for prime numbers.

9780170361941

A new operation called malition (symbol #) is made up. Two numbers are malited by adding



Chapter 1 summary

® A repeated multiplication may be written as a power. The number multiplied is written once Gufiz
as the base. The number of times it is in the multiplication is written as the small index
(exponent) at the top right. The extended form of a power has the multiplication written out

in full.

® A square is a power with index 2, and a cube has index 3.

Numbers and powers

MAT10NAQZ00001

e Powers with zero and negative exponents are defined for non-zero bases as a” = 1 and

—n

1 .
a~" = — for any integer 7 and any base 4 except zero (a # 0).
a
e The index laws are that for any numbers @ and 4 and any indices 7z and #:
1 dm X ﬂﬂ — dm+ﬂ
2 4" +d"=a""" (form > n)

4 (ab)" =a"b"
Note: 72 and 7 are integers and a # 0, b # 0.

® The #th root of a number x is written using the surd symbol as /x. It is a number y that must
be raised to the #th power to give x, so y” = x. The square root, \/x, is written without the
index number. The third root, v/, is called the cube root. L

e Square roots, cube roots and so on can be written as powers using fractions such as x°, x°, and
so on.

e Numbers written in scientific notation (standard notation) are shown with a mantissa from
1 to less than 10, multiplied by a power of 10. The order of magnitude of the number is the
power.

® The accuracy of a number can be given as the number of significant figures, which is the
number of digits in the mantissa of a number written in scientific notation.

® A recurring decimal is a decimal that has one or more digits that repeat forever. We show that
the digits are repeating by putting a bar (or dots) over the repeating digits. A terminating
decimal is a decimal that is not recurring, but comes to an end.

e A rational number can be written as a fraction. It is also a terminating or recurring decimal.

® An irrational number is not rational. It cannot be written as a terminating or recurring
decimal. An irrational number cannot be expressed as a fraction.

e The rational and irrational numbers together make the real numbers and fill the number line.

¢ The positive integers, counting or natural numbers are 1,2, 3,4,5, 6,7, .... Even numbers
divide exactly by 2, and odd numbers don’t. Prime numbers have exactly two different factors,
themselves and 1. Composite numbers have more than two factors.

e If you always get another number of the same kind for an operation, those numbers are closed
for that operation.
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Chapter 1 review

Understanding

See Example 1

See Example 3

See Example 3

See Example 9

See Example 10

See Example 14

Fluency

See Example 11

See Example 12

See Example 15

10

11

12

13

14

15

Work out each of the following.

a 4* b 5° c 3

Work out each of the following.

a V81 b V625 ¢ /10000
Simplify each of the following and leave your answer in index form.

a (3x5)° b (7 x4y c 5x117

Find each of the following.

a /343 b V225 c V81

Use the index laws to simplify the following, leaving your answers with positive indices.
a 7°+7 b 23" x 23 x 237 c (1P)"?

Wirite in scientific notation.
a 9300 b 185 000 000 ¢ 0.000 95

Write as ordinary numbers.
a 7.03 X 10° b 811 x 1074 ¢ 9.603 X 107

Change each of the following to a fraction.
a 0173 b 0513 c 0216

Use the index laws to simplify the following, leaving your answers with positive indices.
a 510 % 527 b 6! x & ¢ 57«57
Use a calculator to find each of the following and write your answer in scientific notation,

correct to 4 significant figures.
a 4.6x1077 x52x10° b 7.01 X 10° + (8.34 X 107

State the number of significant figures in each of the following.
a 4700 b 0.010 63 c 700

Use a calculator to find each of the following, correct to 2 decimal places.
1

1 1
b 736’ c 39

[T

a 40

Choose the most accurately written figure in each set of numbers.
a 72,4000, 9.6, 875 b 7.3,9906, 0.000 54, 48 200

Use a calculator to find each of the following and write the answer in scientific notation,
correct to 4 significant figures.

4789 X 2 X 10° , 814X 1078 X 1.06 X 107
458 X 107 575

Change each of the following to a fraction.
a 0.07114 b 0.03069 ¢ 0.007724
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16

17

18

19

20

21

22

Chapter 1 review

State whether each of the following is probably rational or irrational.
a 0.666... b 67.501 ¢ 1.236 067 977 ...
d 4.192192... e 6.283185307... £ 1.7706

Simplify each of the following expressions and leave in index form.

3y 52 2 2\*

2 ¢ 53y 72977 X5 O\ . (12
a (7°X57) b —(5_3 <272p c (11> -
Simplify each of the following expressions and leave in index form.
a 163 X 473 X 4872 5_3 X 35 c 5_8 X208

(34 x 153) 7 (10-4 X 253) 2
Simplify each of the following expressions. Write your answers with positive powets.
a (xy )™ b a®Xd +a? ¢ Beplg?) + 216p*g )
Gmiym

The force of gravity is given by F = 422 newtons, where G = 6.6730 X 10!, 7, and s,

are the masses of the objects in kg and 7 is the distance between them in m.

The masses of the Earth and Moon are 5.9722 X 10** kg and 7.3477 X 10** kg respectively.
The average distance from Earth to the Moon is 384 403 000 m.

Find the force of attraction between the Earth and the Moon.

Show that numbers that have a remainder of 2 when divided by 3 are not closed under
multiplication.

Show that the even numbers are closed under addition.

9780170361941
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Problem solving

See Example 6

See Example 7

See Example 8

See Example 13

See Example 17

Reasoning

See Example 18




Statistics and probability

Statistics
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Contents Australian Curriculum statements

2.1 Calculating and interpreting data

Data representation and interpretation
measures

Determine quartiles and interquartile range.

2.2 Constructing and interpreting data (ACMSP248)
displays Construct and interpret box plots and use them to

2.3 Analysing data compare data sets. (ACMSP249)
Chapter summary Compare shapes of box plots to corresponding
Chapter review histograms and dot plots. (ACMSP250)

Use scatter plots to investigate and comment on

relationships between two numerical variables.
Chapter 2 (ACMSP251)

MAT10SPPL00002 Investigate and describe bivariate numerical data

where the independent variable is time. (ACMSP252)
Chapter 2 Evaluate statistical reports in the media and other

MAT10SPPG00002 places by linking claims to displays, statistics and

Curriculum guide representative data. (ACMSP253) (3
Chapter 2

MAT10SPCU00002
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The modern world is an information world. Governments, credit bureaus, banks and marketeers
collect and use information about how we live, where we live, what we buy and what we desire.
You can tap into information at home and elsewhere at any time using the Internet. We use
statistics to collect, display and analyse information.
Weblink Statistics is used to work out the needs of particular parts of the Australian population, as well as
(e erete what is likely to happen in the future. In medicine, statistics is used to investigate diseases and their
competitions treatment. Governments and agencies use statistics to decide where to put new developments, and

Statistics

MAT10SPVT00002

MAT10SPWB00002  businesses use them to design ad campaigns and to target consumer groups for sales of particular
products. Investment firms, trusts and fund managers use statistics to decide what stocks they should
buy on the share market and how much they are willing to pay for particular shares.

B Mathematical literacy

The mathematical words below have special meanings that you will learn in this chapter. It is
important that you learn to spell them and gradually learn what they mean in mathematics. You

TLF Learning object

Australia’s population . . .. .
SRRl may find the glossary or online mathematical dictionary useful for this purpose.

MAT10SPIN00002 back-to-back fair nominal scatter plot

bias first quartile non-compliant side-by-side
bimodal five number summary ~ numerical skewed

MAT10ASDI00001 bivariate interpolation ordinal spread
box-and-whisker plot interquartile range outlier strong relationship
boxplot line of best fit population survey
categorical lower quartile positive relationship symmetrical
central tendency mean positive skew third quartile
continuous median quartile two-way table
cumulative frequency mode range univariate
discrete negative relationship relationship upper quartile
extrapolation negative skew sample weak relationship

Calculating and interpreting
data measures

Types of data

Categorical data places the information in categories such as colour, sex and nationality.
There are two kinds of categorical data.

1 Nominal data has no numeric meaning or order.

2 Ordinal data has a natural order, but does not represent a measurement.

Numerical data consists of numbers. There are two kinds of numerical data.

1 Continuous data can take any value between the smallest and largest values, so we may
need to show how accurate it is.

2 Discrete data can only have particular values. In most cases, the values are whole numbers.
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There are many ways to measure numerical data, but few for categorical data.

Data measures

The mode is the score with the highest frequency. It is the most common score. When there
are two scores with equal highest frequencies, we say that the distribution is bimodal. The
mode can be used for any type of data.

The median is the 7ziddle score. To find the median, all scores are arranged in order from
smallest to largest and the middle score is chosen. If there are an even number of scores, then
the average of the middle two scores is used. When there are a large number of scores, the

progressive total of frequencies (the cumulative frequency) is used to work out the median.

n+1

The median is the th score. The median can be used for ordinal, discrete or continuous

data.
The mean () is the average score. It is calculated by adding all the scores and dividing by

the number of scores. It can be used for discrete or continuous data, but may give unsuitable
values for discrete data.

For numeric data, the range is the difference between the highest and lowest scores. For
categorical data, it is the number of different scores.

The quartiles of a frequency distribution divide it into 4 equal sections.

The first quartile (lower quartile) is the score that has a quarter (25%) of the scores below it.
Its symbol is Q1 or Q;.

The second quartile is the score that has two quarters (50%) of the scores below it. It is
another name for the median. It can be written as Q2 or Q..

The third quartile (upper quartile) is the score that has three quarters (75%) of the scores
below it. Its symbol is Q3 or Q;.

The interquartile range (IQR) is the difference between the third and first quartiles. It can be
worked out for ordinal and numeric data.

IQR= Q3 — 01

The mode, mean and median are all measures of central tendency, while the range and

interquartile range are measures of spread.

lower second upper
quartile quartile quartile
(median)

Qr Q2 O3
25% | 25% | 25% | 25%
——— —

Interquartile Range

- 3-01

The mathematical symbol X, which means ‘the sum of’ can be used to write the formula for the

Xx  Xx .
mean as X = — = —, where x stands for a score, # is the number of scores and f stands for a

zf

frequency.
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Example 1

The hair colours of a class of Year 10 students in Ireland were as follows.
Dark Brown, Red, Blonde, Dark Brown, Blonde, Celtic Bronze, Black, Blonde, Dark Brown,
Light Brown, Light Brown, Dark Brown, Black, Light Brown, Blonde, Black, Blonde, Light
Brown, Blonde, Blonde, Red, Dark Brown, Dark Brown, Blonde, Light Brown, Blonde,

Strawberry Blonde
Find the mode and range.

Solution

Make a frequency table of the colours. Colour Frequency
Black 3
Blonde 9
Celtic Bronze 1
Dark Brown 6
Light Brown 5
Red 2
Strawberry Blonde 1

Total 27

State the colour with the highest

frequency. The mode is Blonde.

How many different colours are there? The range is 7.

Example © 2

A class of Year 10 students were ask to rank takeaway chicken, chips, hamburgers, kebabs
and pizza in order of their preference from 1 to 5, with 1 being the best. The results for

pizza are as follows.
1,2,1,2,1,5,2,2,4,4,4,1,4,1,1,3,4,3,3,3,3,4,2,2,2,3
a Find the median and mode for pizza.

b Which is the best measure of pizza’s popularity?

¢ Is this sample sufficient to make good conclusions?
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Solution
a Arrange the results in order. 1,1,1,1,1,1,2,2,2,2,2,2,2,3,3,3,3, 3, 3, 4,
4,4,4,4,4,5
There are more 2s than anything else. The mode is second preference.
The middle 2 scores are 2 and 3. Median = # =25

b The data is ordinal.

It is not sensible to use the mean, so the best
measure is the median. Pizza is 2nd or 3rd in
popularity.

¢ Only the pizza results are given. The results are incomplete, and the sample is quite
small, so you cannot make good conclusions.

The preferences in Example 2 are not really numbers. Preferences are nominal data, so it is not
sensible to calculate a mean.

A table with frequencies can be used to find the mean and median. In that case, the total of all the
scores is the total of the score X frequency column. This is written as Zuf.

Example ©3

The marks of some Year 10 students for an English essay were as follows. _

10, 16, 12, 13, 10, 13, 10, 18, 11, 15, 9, 17, 7, 14, 11, 13, 10, 19, 11, 15, 8, 16, 12, 19, 10, 13, 9 e
Find the mean, median, mode and range for the essay marks. MAT1T0SPTI00002
Solution
) Score | Frequency Cumulative Statistics
Make a frequency table with
. x f xf | frequency MAT10SPCP00002
score X frequency and cumulative = . - .
frequency columns.
8 1 8 2
Excel worksheet
9 2 18 4 Finding the mean for

10 5 50 9 grouped data

11 3 33 12 MAT10SPCT00001

12 2 24 14

13 4 52 18

14 1 14 19

15 2 30 21

16 2 32 23

17 1 17 24

18 1 18 25

19 2 38 27

Totals 27 341

10 has the highest frequency. The mode is 10.
There are 27 scores, so the median is
the 14th score. There are 13 scores on
either side of it. The median is 12.
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Find the total. af = 341

b 1
We have to find the mean of 27 scores.  Mean, ¥ = 535 = % ~ 12.63

The lowest mark is 7 and the highest is 19. Range =19 — 7 = 12

Strictly speaking, it is only possible to find quartiles exactly when the total frequency is a multiple
of 4. As a result, there is some disagreement among statisticians about how quartiles should be
calculated. Different methods may give slightly different values for the interquartile range.

Finding quartiles

To find the first quartile, find the median of the first half of the scores (below the median).

n+1 n+2
4

For a frequency table, this is the Tth score for # odd and the th score for 7 even.

To find the third quartile, find the median of the second half of the scores (above the

3n+3 3n+2
4

median). For a frequency table, this is the th score for # odd and the th score

for # even.

Example T4

Find the median, quartiles and interquartile range for each of the following sets of scores.
a 13,19,14,17, 14, 16, 12, 21, 15, 16, 15, 24, 14, 18, 14, 20, 14, 18, 13, 18, 14, 26, 15, 22
b 8,617,11,17,11, 15,10, 12, 11, 13,12, 12,7, 14,7, 17, 8, 20, 12

“lx 111213 14 1516 171819 2021 ]22 23 [24]25 26/27]28 2930
fi1/1. 0 2/0 23 23 1/1/3/4 4|1 13101

d x| 9 10|11 12 |13 14 |15 16 | 17 18 | 19 20 | 21 | 22 | 23
1 2 2 3 2 2 |11 1 3 2 4 1 0 4 3
Solution
a Put the 24 scores in order and divide 12,13, 13, 14, 14, 14, 14, 14, 14, 15, 15, 15 |
into two. 16, 16, 17, 18, 18, 18, 19, 20, 21, 22, 24, 26
Find the median. Median, 02 = 2 716 _ 455
Split the first half of the scores. 12,13, 13, 14, 14, 14 | 14, 14, 14, 15, 15, 15
Find the first quartile. First quartile, Q1 = 14 —; 14 =14
Split the second half of the scores. 16, 16, 17, 18, 18, 18 | 19, 20, 21, 22, 24, 26
Find the third quartile. Third quartile, 93 = B 185
Find the interquartile range. IQR=03-01=185—14=45
Write the results. Median = 15.5, Q1 = 14, Q3 = 18.5,
IQR =45
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b Put the 19 scores in order and divide in 7,7,8,8,10, 11, 11, 11, 12, 12, 12, 12,
two. 13, 14, 15, 17, 17, 17, 20
Find the median. Median, Q2 = 12
Divide the scores before the median in two. 7, 7, 8, 8, 10, 11, 11, 11, 12
Find the first quartile. First quartile, Q1 = 10
Divide the scores after the median into
two. 12, 12, 13, 14, 15, 17, 17, 17, 20
Find the third quartile. Third quartile, Q3 = 15
Find the interquartile range. IQR=0Q3-901=15-10=5
Write the results. Median = 12, 01 =10, Q3 =15, IQR =5

¢ Rearrange the table so that the scores are

, . S F Cumulati
arranged vertically and include a core | Trequency | Lumulative

cumulative frequency column. 1x1 fl frequlency
>f = 34, so there are 34 scores. P 1 5

13 0 2

14 2 4

15 0 4

16 2 6

17 3 9

18 2 11

19 3 14

20 1 15

21 1 16

22 3 19

23 4 23

24 4 27

25 1 28

26 1 29

27 3 32

28 1 33

29 0 33

30 1 34

Total 34
. 34+1
The median is the = 17.5th score. The 17th and 18th scores are both 22,
so median = 22.

34 is even, so use i : 2 for Q1. Q1 is the 34+2 = 9th score.
Find Q1. The 9th score is the last 17, so Q1 = 17.
34 is even, so use Bn:— 2 for Q3. Q3 is the % = 26th score.
Find Q3. The 26th score is the third 24, so Q3 = 24.

9780170361941




Find the interquartile range.
Write the results.

Rearrange the table so that the scores are
arranged vertically and add a cumulative
frequency column.

3f = 41, so there are 34 scores.

. 41 +1
The median is the Tl 21st score.

n+

y ! for Q1.

41 is odd, so use

Find Q1.

3n

:3 for Q3.

41 is odd, so use

Find Q3.

Find the interquartile range.

Write the results.

IQR=Q3 —Ql=24—17=7
Median = 22, Q1 = 17, Q3 = 24, IQR = 7

Score | Frequency | Cumulative
x f frequency
9 1 1
10 2 3
11 2 5
12 3 8
13 2 10
14 2 12
15 11 23
16 1 24
17 3 27
18 2 29
19 4 33
20 1 34
21 0 34
22 4 38
23 3 41

Total 41

The 21st score is the third last 15, so
median = 15.

a+1 = 10.5th score.

Q1 is the

The 10th score is the second 13 and
the 11th score is the first 14, so

QIZIB;M

3X41+3

=135

3 is the = 31.5th score.
Q

The 31st and 32nd scores are the
19 +19

> =19
IQR = Q3 — Q1 =19 — 135 =55

Median = 15, Q1 = 13.5, Q3 = 19,
IQR =55

middle 19s, so Q3 =

Examination of the minimum, first quartile, median, and maximum of a set of data can indicate
important information about the distribution.

9780170361941



NELSON WA MATHS 1 0

rorteAustralian Curriculum

Five number summary and distribution shapes

The five numbers; the minimum, first quartile, median, third quartile and maximum

(Q0, Q1, Q2, Q3, Q4) of a frequency distribution are collectively known as the five number
summary.

A symmetrical distribution is roughly the same shape on either side of the middle.

A skewed distribution is spread out more on one side of the median than the other.

A distribution that is skewed to the left (a negative skew) is spread out more below the
median than above the median.

If the scores are spread out more on the right, it is skewed to the right (a positive skew).

Skewed left Symmetrical Skewed right

Lﬁ‘_ﬂﬁ ‘ Median Median
| ] —

Some distributions have two high parts. These are called bimodal distributions, although
they don’t always have two actual modes.

Bimodal

You can use the five number summary to see if a distribution is likely to be skewed or symmetrical.
A skewed distribution will have greater distances on one side of the median than the other.

Example T°9

a Find the five number summary for 30, 39, 30, 36, 34, 37, 25, 39, 21, 35, 33, 38, 33, 35, el workeheet £
34, 36, 30, 36, 35, 37, 32, 38, 33, 40, 35, 40, 22, 37, 33, 37.
b Comment on the five number summary for a.

¢ Find the five number summary for 7, 15, 10, 17, 7, 15, 5, 17, 10, 20, 8, 13, 7, 15, 6, 17,
10, 15, 8, 12, 6, 14, 12, 14, 12.

MAT10SPCT00002

d Comment on the five number summary for c. Excel worksheet:
Skewness

Solution MAT10SPCT00005
a  Write the scores in order. 21, 22, 25, 30, 30, 30, 32, 33, 33, 33, 33, 34, 34,

35, 35, 35, 35, 36, 36, 36, 37, 37, 37, 37, 38, 38,

39, 39, 40, 40

Divide into 4 parts. 21, 22, 25, 30, 30, 30, 32, 33, 33, 33, 33, 34, 34,
35, 35 | 35, 35, 36, 36, 36, 37, 37, 37, 37, 38, 38,
39, 39, 40, 40

Werite the five number summary. The five number summary is 21, 33, 35, 37, 40
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b Look at the position of the median. 35 — 21 = 14 and 40 — 35 = 5, so the bottom
half of the range extends farther than the top half.

Comment on the distribution. The distribution is probably skewed to left.
¢ Write the scores in order. 5,6,6,7,7,7,8, 8,10, 10, 10, 12, 12, 12, 13,
14, 14, 15, 15, 15, 15, 17, 17, 17, 20
Divide into 4 parts. 5,6,6,7,7,718, 8, 10, 10, 10, 12, 12, 12, 13,
14, 14, 15, 15 | 15, 15, 17, 17, 17, 20
Write the five number summary. The five number summary is 5, 7.5, 12, 15, 20
d Look at the position of the median. 20 — 12 = 8 and 12 — 5 = 7, so the distribution

is fairly balanced either side of the median.

Comment on the distribution. The distribution is probably symmetrical.

Investigate: Use of technology

You can use digital technology to find the mean, median, mode, range, quartiles and
interquartile range of a set of data. Scientific calculators can usually be used for at least the
mean. Some will calculate all of these measures. Unfortunately, different technologies use
quite different methods for data entry and retrieval of the information. They may also use
different methods to calculate the quartiles. The following small sets of data can be used
to work out which method your calculator uses to find the quartiles.

Use both data sets to find which method your calculator uses.

Set A: Set B:
4,8,12, 4,812,

16,20 | 16,20, 24 01 03
Q1 | 03 01 Q3 | Method n odd 7 even n odd 7 even

6 18 7 21 1 (m+1)/4|(n+1)/4 Gu+3)/4GBn+3)/4
8 16 8 | 20 2 (n+3)/4|(n+2)/4 Gn+1)/4 Bn+2)/4
6 18 8 20 3 (m+1D/4|(n+2)/4 Bn+3)/4| Gn+2)/4
4 16 8 20 4 (m+1)/4|(n+1)/4 Bn+3)/4 B3n+3)/4
8 16 9 19 5 (n+3)/4|(n+3)/4 Gn+1)/4| Bn+ 1)/4

In this book, method 3 is used to calculate quartiles.

For typical numerical data, the mean is used as the measure of the centre because it is calculated
using all of the data. The range and interquartile range use only a few data points.

The mean and median do not make sense for nominal data, even if it is coded by numbers. While
the mean uses all the scores, its value can be dramatically changed by one or two very large or
small scores. The median is not changed much by large or small scores.

You should use the measure of central tendency that suits your purpose. The mode is the 7z0s¢
popular score, the median has half the values on either side and the mean is based on the fozal. The
median should be used for numeric data where a few very large or very small values may distort
the value of the mean.
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Example 76

Which measure of central tendency
should you use for incomes in each of
the following cases?

a You want to know whether the
people in a town can afford to build
a public pool.

b You want to know whether many
people in a town will be able to
afford to buy paintings for their
homes.

¢ You want to know what tax rate is
paid by the most people in a town.

Solution

a In this case, it is the income of the The mean income should be used
whole town that is important. because it is about all the people.

b In this case, it is the income of a The median income should be used to
proportion of the people that is work out how many people will have
important. spare money.

¢ The tax rate is determined by the The mode should be used to work out
income bracket. the most common income bracket.

It is important for you to know that people often think something with a number must be true.
A media report that says a survey showed that 64% of Australians were opposed to the use of
nuclear energy could be very significant. However, if the survey was badly done, or only a very
small sample, it would not necessarily be true. The result by itself does not tell you whether you
should take any notice of it. Larger samples are more reliable than smaller samples.

Example © 7

A current affairs TV program interviewed robbery victims who were upset by the sentences
the courts gave their attackers. They asked people to SMS two numbers to say Yes or No to
mandatory sentences of 5 years for armed robbery. The next night they reported that 70%
of the people who phoned in supported the proposal. Coincidentally, a phone survey of
2000 people spread across the state on the same subject by a polling company reported that
only 38% supported mandatory sentencing, with an uncertainty of 4%. The TV host said
their own survey had received 5320 SMSs, and they had made sure no one could ring twice.
Explain the differences in the results and suggest which is most likely to be correct.

Solution

Only voters can directly influence laws. The surveys should be directed to people of
voting age, as their views determine elections
and laws.
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Phone surveys are not as good as Neither method is particularly good as you

interviews or personally delivered forms.  do not really know who is answering a phone
call, so you don’t know if the person is an
adult.

Groups with a particular view may A ring-up TV survey is liable to be targeted

coordinate survey responses if they can. by pressure groups making organised
responses, so it is possible for the results to
be very biased.

Polling companies choose a The group of people picked by the polling

representative sample. organisation is probably an unbiased group.

The uncertainty is worked out from The 4% uncertainty assumes that the group

the size of the sample. of people that answered are mostly those
picked.
The program most likely biased viewer’s
opinions.

Write a conclusion. Only people who are very interested will ring

up the TV station, so the polling survey is more
likely to be correct.

Exercise 2.1 Calculating and interpreting data measures

CTEESETENE 1 Find the mode and range for each of the following sets of data.
Exira questions a Yellow, Yellow, Black, Green, White, Green, Blue, Black, White, Green, Yellow, Green,
Yellow, White, Blue, Green, Blue, Orange, Blue, Red, Red, Yellow, Yellow, Red
b Germany, Germany, Greece, Greece, Germany, Greece, Holland, India, Australia, Italy,
MAT10SPEQO00004

See Example 1

See Example 2

2

Australia, Vietnam, Vietnam, Australia, Australia, Germany, New Zealand, Australia, Holland
¢ Mountain, Desert, Riverine, Plains, Coastal, Forest, Coastal, Desert, Desert, Desert, Coastal,
Desert, Desert, Forest, Riverine, Plains, Forest, Desert, Riverine, Mountain, Forest, Plains, Plains
d Oliver, Jack, Noah, Noah, Ethan, Joshua, Cooper, William, Ethan, William, William,
Lachlan, Oliver, Cooper, Jack, Joshua, Lachlan, Thomas, Noah, Lachlan, Jack, Jack, Noah,
Oliver, Jack, Cooper, Thomas, Lachlan
e Charlotte, Olivia, Isabella, Ruby, Olivia, Ruby, Chloe, Isabella, Olivia, Charlotte, Olivia,
Ruby, Ruby, Chloe, Isabella, Olivia, Chloe, Charlotte

Find the median and mode for each of the following sets of ordinal data.

a 6,5,2,6,3,4,6,4,3,4,4,3,4,2,2,3,7,2,4,2,4,7,4

b B,C,C,C,E,C,C,E,E,E,A,C,D,B,A,C,C,C,D,D,C,C,D,C,E

c N,AJASAJD,N,A,D,N,N,A,D, A, A,SD, A, A,SD, N, A, A, A, A AV A A A
N, N, A, SA,N,N,N,N,A,D,N, A, A

:7':7':_’_, ':'cv'cv'cv':_*_’ 7'::'::'\" 7‘:, ':7':7 7':7'::':’ :‘r, 7':7':7':) £
e PG, PG, M, M, X, PG, MA15+, X, PG, M, M, MA15+, M, G, M, PG, X, PG, M, PG, G,
MA15+, MA15+, X, PG, PG, PG, G, M, M
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3 Find the mean (to one decimal place), median, mode and range for each of the following sets of data.

a 7,3,2,1,9, 10, 3,10, 11
b 811,8,16,7,19,9,13,7, 14, 8,10

¢ | Score 34567 89 10/11 12 13141516 17181920
Frequency |1 33 2/1 4|5 64 3 /3 2 221 002

Frequency 6 |13 6|5 6 /13/12 5|51 /82 44/ 2 11 3

Score 12113 /141516 |17 18|19
Frequency | 4 (1918 10 6 | 6 3 4

4 Find the median, quartiles and interquartile range for each of the following sets of data.

a 26,28, 22, 30,23,27,23,28,22,27, 19, 27, 26, 28, 21, 28, 21, 27, 25, 27, 24

b 4,6,2,7,5,7,6,10,2,7,3,6,4,7,4,8,5,10,5,8,6,6,2,7,3

c 30,37,33,35,30,37,32,41, 31, 38, 33, 35, 34, 35, 34, 35, 33, 35, 32, 35

d 14,15, 14, 16, 14, 18, 14, 17, 15, 15, 14, 18, 14, 15, 13, 16, 12, 18, 14, 16, 15, 15, 12,
17,12, 16, 15, 16

e 41,48, 41, 46,43, 46, 44, 47, 30, 45, 40, 51, 43, 45, 37, 46, 39, 48, 41, 46, 43, 48, 41,
49,41, 48

5 Find the median, quartiles and interquartile range for each of the following sets of data.

4 | Score 2(3/4(5/6/7 81|9]10
Frequency 2 |6(6|5/5/15 13|52

Score 151617 1181920 121 22 23|24 25
Frequency 1 1 0|3 |3 97 1719 3 1

¢ | Score 31451617189
18

Frequency 12117112 /2|2
4" Score 34/5/6/7/8/910/11/12 /13 14 15|16 17 18|19
Frequency 2 /3|3 /3/1 7|6/ 3|7 /8 2 6|76 5|2|2

Score 303132333435 3637|3839 40 41|42 43 44 |45 46 4748 49

See Example 3

See Example 4

Score 40 141 42 |43 44 454647 14814950 51 52|53 54|55 |56 5758 59|60

Frequency 2 |5 2|8 |7 /12/3 3|2 /542 3|33 3 /12|20

6 Find the five number summary for each of the following distributions.
a 30,31, 30,32,28,31,29,32,27,33,27,31, 30, 41, 29, 36, 26
b 12,12,9,18, 6, 15,4, 13, 6, 16, 6, 16,2, 15,5, 12, 3, 15, 6, 15, 11, 15, 11, 20, 4, 14,9
¢ 15,20, 14,24, 13, 35, 11, 21, 14, 24, 11, 21, 15, 16, 14, 23, 7, 17, 14, 16, 11, 22
d 8,14,11,14,9,16,8,14,9, 14,9, 13, 13, 16, 11, 14, 8,13,9, 15, 1

e 55,00,37,60,50,61,51,73,55, 62,50, 60, 57, 58, 54, 68, 58, 65, 57, 59, 52, 61, 52, 59, 57
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7 Find the five number summary for each of the following distributions.

4 | Score 30 | 31 | 32|33 |34 |35 36 37 38 39
Frequency | 3 1 207 11,7 41|23 1
b | Score 304 506 7089101112 13 141516
Frequency | 1 | O 7 |8 9|7 7|5 0| 4 3 1 2 1
¢ | Score 8 9 |10 |11 |12 | 13 | 14 | 15 16 17 18
Frequency 2 | 5 | 8 | 7 | 4 | 4 8 4 3 4 4
Score 19 120 21 22 23 2425 26|27 28|29
Frequency | 2 0 0 1 1 0 1 0 0 1 1
d Score 101 | 102 | 103 | 104 | 105 | 106 | 107 & 108 | 109
Frequency | 3 3 7 10 7 3 4 2 1
© | Score 23 |24 25 26 27 28 29 30|31 |32 33 34 35 36
Frequency | 1 1 1 /3,96 6 115 5|45 3 1
See Example 6 8 Which data measure(s) should be used in each of the following cases?
a  You want to know what you are likely to earn after a few years working in a local furniture
factory.

b A caterer is going to set up a sandwich bar in a local industrial estate. In their first week,
what size iced coffee should they stock in their drinks fridge?

¢ A security company is doing weekly payrolls in cash on-site for an orchardist to pay his
casual pickers, who earn a variety of amounts.

d A band is ordering tour t-shirts to sell at their concerts. They only want to bother with one size.
e How much can you expect families to spend at a theme park?
9 Five friends were playing Yahtzee. At the end of the game Peter came first with a score of 233,

Simon came second with 186, Paul and Andrew came equal third with 165 and David came
last with 108. Find the ranges of the names, places and scores.

Problem solving 10 The table shows the mass of fruit from each plant in a new variety of tomatoes.

Mass of fruit (kg) 3 ' 4 | 5 |6 7|89 10 11 |12
Frequency 1797118 5 74|13 1

a  What is the typical weight of fruit?
b How much fruit would you expect from 5000 plants?

¢ Is the sample sufficient to make good conclusions?
42 9780170361941
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@ The rally lengths of tennis games in the state titles were as follows. Find the mean, median, Worked solutions
mode and range of the rally lengths. Exercise 2.1

Number of shotsplayed 1 | 2 | 3 | 4 | 5 | 6 7 8 9 MAT10SPWS00004

Frequency 80 | 63 | 95 | 42 | 47 |39 24 | 13 | 4

a  An average game has 6 rallies. How many rally shots would you expect in 5 games?
b An average set has 20 games. How many rally shots would there be in an typical set?

¢ Is this sample sufficient to make good conclusions?

12 A real estate company is doing a report for its shareholders, predicting the year ahead.
What measure of house prices should they use to work out each of the following?
a Earnings from commissions on sales.

b Typical prices of houses they will offer for sale.
¢ Amounts earned by their salespeople, who work on commission.
d Amount earned from their ‘prestige properties’ division.

e Amount earned by their ‘family specialist’ division.

13 The mean, median and mode of the incomes of the 97 employees, including the management, at
a large warehouse-type hardware store were $1240, $945 and $830. The lowest wage was $730.
a  What would be the effect of a 10% increase in everyone’s wages on the four amounts above?

b What would be the effect of a $100 increase?
¢ Estimate the five number summary for the original wages.

14 The information below shows the ratings of accommodation in the Brisbane CBD. Explain the Reasoning

typical rating.

TS ST TS TNTN
R N T T T T TR TR T
R N S R T T TR T
R S S T TS T T TR TS
NENNNNNN NN NNNN
NNNNNNNE

15 Explain the positions of the median, mean and mode when a distribution is skewed to the right.
(16) 20 people have a median height of 170 cm and a mean height of 169.4 cm. They are joined by
a basketball team of 6 players with an average height of 180 cm. Explain what happens to the Exercise 2.1
mean and median. MAT10SPWS00004
17 Comment on the five number summaries for each of the following distributions.
a 6,16,7,16,6,13,5,17,6,13,9, 13, 8, 10, 9, 10, 6, 20,7, 12,7, 15, 8, 17
b 164,172,163, 179, 163, 170, 163, 183, 164, 179, 163, 165, 163, 167, 164, 171, 164,
168, 162, 178
¢ 8§, 13,3,13,10,10,0, 16,0, 11, 10, 14, 8, 13, 8, 11, 9, 11, 10, 11, 7, 13, 8, 19
d 39,50, 36,48,41,47,37,51,41, 45,45, 47, 38, 50, 43, 47, 43, 47, 40, 49, 44, 46,
35,49, 44, 48, 35, 46, 44, 47,45, 51
e 14,15,15, 16, 15, 18, 14, 20, 13, 18, 13, 17, 15, 19, 13, 19, 15, 17
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See Example 7 18 The ‘Top 40’ hits from different radio stations can be different. One radio station compiles its
‘Top 40’ hits from a survey of the sales of single CDs in a music store in the city that regularly
sells about 3000 singles each week. A chain of stores in suburban shopping centres sells about
the same number of singles, but gets a different “Top 40’ that a suburban radio station uses.
Explain how the stations can get different “Top 40’s in the same city.

Worked solutions @ Polling companies try to predict the way that voters will react at an election. Different polls
commonly get different results, and frequently the results they get are different to actual
election results. There are 150 electorates in Australia of almost equal size. One polling
company conducts a poll of 3000 people by phone. The people are chosen at random from the
electoral rolls, spread evenly through Australia. Another does a poll of 100 electorates in urban
areas, also using 3000 people. The polls are conducted three days before the election, and they
both predict a victory (by 20 seats and 10 seats respectively) for the party that is actually
defeated by 15 seats at the election. Explain how these properly conducted surveys by
reputable organisations can get the result completely wrong.

MAT10SPWS00004

20 The Australian Bureau of Statistics regularly checks the earnings of Australians. It has found
that when it uses information from employers or employees it gets different results, even when
it surveys employees of the employers that it surveys. Explain how this could be so.

Constructing and interpreting
data displays

Statistical data displays are used for different reasons. Some are best suited to communicating the
data, while others are more suitable for comparison or analysis.

Important!

Weblink .
S Types of data displays
Visualising how a
population reaches 7 Circle graphs (pie graphs or sector graphs), picture graphs (pictograms or pictographs) and
iy divided bar charts give you an excellent impression of overall relationships between different
MAT10SPWB00002 aspects of statistical information. In a circle graph, the angles of the sectors show the parts of
PP a total amount. In a divided bar graph, the lengths of the sections show the parts of the total
earning object
S amount.
Graph investigator
(L5903) House of Representatives, 1901
MAT10SPINO0002 (Total = 75 seats)
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House of Representatives, 1901
r (Total = 75 seats) r
‘&. .',‘. 9 0 ‘g. 8
i WA

NSW Qld SA Tas. Vic.

House of Representatives, 1901
(Total = 75 seats)

NSW ‘ Qld ‘ SA ‘Tas.

Vic. ‘ WA ‘

You can read bar charts, column graph and line graphs quite accurately, so they are useful
for making predictions or finding precise relationships.

Industrial accidents Industrial accidents
o
= 4 g 15
R 2003 'g 10
2002 g
5
2001
0t : : T T
10 20 2001 2002 2003 2004 2005
Accidents Year

Histograms and polygons are used to show frequencies of grouped data. Strictly speaking, a
histogram is a column graph of continuous data, so if the data is discrete it should be called a
column graph. There is no gap between the columns because the data is continuous. The score
groups (such 25—29, 30—34, etc.) are called classes. The actual upper and lower boundaries
of a class are called the upper class limit and lower class limit. You put the points of
frequency polygons in the centres of class groups. It is usual to show frequencies of zero
before the first class and after the last class. Some people also call a line graph of discrete data

frequencies a frequency polygon.

1Q level of Year 10 class 1Q level of Year 10 class
25 1 25 A
5 20 20 -
5 5]
5 151 5 15
g g
= 10 £ 10 1
5 5
0 N~ ; r T T 0 " T T T T
40 80 120 160 180 40 80 120 160 180
10 10
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You use dot plots and stem-and-leaf plots to get a quick idea of the nature of a distribution.

TLF Learning object
You can make them while you are still collecting data and add new data to them as you go.

Graph investigator:
Homework hours

Golden-oldies concert audience ages

(L5909) °
c° Key: 5| 9 = 59 years old
MAT10SPIN00003 o o
o o 2|5
TLF Learning object e o o 3129
Graph investigat ¢ ° 4136
rapn investigator:
Reaction times : : : : : : o 504599
(L10338) —_— 610247789
MAT10SPIN00003 3 45 67 8 9 ; i 67

A scatter plot (scatter graph) is used to show bivariate data, particularly where the variables
could be related.
For convenience, the scales of a graph or chart usually go up in 1s, 2s, 4s, 5s, 10s and so on.

Tree trunk dimensions

o
L]
°

Height (m)
oW b
S S
°

°

(DR
0

ll() 2I0 3I0 4I0 5I0 6IO 7I0 8I0

Diameter (cm)
A box-and-whisker plot (boxplot) is used to show the spread of data. You draw a rectangle
from the lower quartile to the upper quartile, divided at the median. Then rule lines from the
quartiles to the maximum and minimum. You can make these clearer with short vertical
lines. Put the scale underneath.

inimua QX Medsn)Q2
0

Spelling mistakes out of 2
— l ——1

2 3 4 5 6 7 8 9 10

Back-to-back or side-by-side (parallel) data displays are used to compare different
distributions.
Reaction times (Key: 612 = 0.26 s = 216)

Left hand | | Right hand
99662 366789999

2
98776554442211 3112222556679
885533224004
5
6

Prices of organic and premium lettuces

Frequency

71544
6

Premium
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Example T8

a Draw a histogram for the following table of the masses of potatoes. :
Analysing data 2

Mass (g) | 50-99 | 100-149 | 150-199 | 200-249 | 250-299 MAT10SPWK00005
Frequency 5 12 24 10 4

b Comment on the shape of the distribution.
truth

Solution Potato masses MAT10SPPS00005

a  When you draw a histogram, you
should use the true class limits.
In this case, since the masses are
obviously rounded to the nearest
gram, the true class limits are
49.5,99.5, 149.5, 199.5, 249.5
and 299.5 grams. Draw the
histogram, making sure it is clear
that the class limits are just
before 50, 100, 150, 200, 250 50 100 150 200 250 300
and 300. Mass (g)

b The distribution is spread evenly
on either side of the centre. The distribution is symmetrical.

Example ©9

The table below shows the temperature of a beaker of hot water as measured at 2-minute
intervals by students working in groups.

Time (min) 0, 2 4 6 | 8101214 16
Temperature (°C) | 60 | 58 | 56 | 54 45 51 50 | 48 | 47

-
|

— — N N
(=) ) o v
1 l 1 1

Frequency

N
|

o
\

Statistics

MAT10SPTIO0002

Statistics

a Draw a scatter graph of the results. MAT10SPCP00002
b Does the temperature fall evenly?

Solution Water temperature
a The temperature at the eighth minute 65 MAT10SPWK00002
has clearly been misread. Discard itas & |
non-compliant and draw the graph. o T .
2551 Y
§ 50 ¢
a, ® o
é 45
40
0L .

2 4 6 8 10 12 14 16 18 20
Time (min)
b Overall, it looks as if the temperature ~ The temperature appears to fall evenly
falls about 14 °C every 2 minutes. over the time it was measured.
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Example $°10

a Draw a box and whisker plot of the following data.
26,27,23,27,24,27,23,28,24,27,22,27, 26,27, 25, 28, 26, 26, 26, 26
b Comment on the distribution.

: Solution
Excel worksheet: Five
a  Write the data in order and divide 22,23, 23,24, 24125, 26, 26, 26, 26 |

MAT10SPVT10004

MAT10SPCT00002 into 4 parts. 26, 26, 27,27,27127,27,27, 28,28
Werite the 5 number summary. The 5 number summary is 22, 24.5,
26,27, 28

Draw the boxplot. |—|:|:|—|

20 21 22 23 24 25 26 27 28 29 30

b Q1 is farther from the median than
3, and the minimum is farther from
the median than the maximum. The distribution is negatively skewed.

Investigate: Trade with Asia

The following graph appeared in the report Australia’s trade with East Asia, published by
the Department of foreign Affairs and Trade.

Australia’s trade in goods and services with East Asia

AS$b A$b
200 ~200
150 ~ - 150
100 ~100

50 50
0 T T T T T T T T T 0
2000 2002 2004 2006 2008 2010

Exports = = = = Imports
Based on ABS trade data on DFAT STARS
database and ABS catalogue 5368.0.
In the report it says that:

o The value of total trade in goods and services increased 14.9 per cent to $302.9 billion in
2010 — since 2003, total trade values have increased by an average of 10.2 per cent
per annum.

e Tn comparison, Australia’s total trade with the world rose 9.6 per cent to $552.4 billion.
o FEast Asia accounted for 54.8 per cent of Australia’s total trade in goods and services.
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The whole report is available at www.dfat.gov.au. Use the internet to look up the report
and investigate the basis of the statistics that are quoted in the report. You may also need
to investigate the statistics that relate to the report compiled by the ABS.

The graph below of Merchandise Exports also appears in the report.

China —

Japan-l—

Republic of Korea

Taiwan
Thailand
Singapore m 2010
Indonesia 02009
Malaysia 02008
Hong Kong (SAR of China)

Vietnam

0 10,000 20,000 30,000 40,000 50,000 60,000 70,000
AS$ million

What does it show about changes of Australian exports to Asia?

In both the DFAT and ABS statistics, some data that has been collected is not available. It
says that it is ‘commercial in confidence’ or just ‘confidential in ABS trade statistics’. What
does this mean, and why is some data withheld? Try to find the value of Australian wheat
and gold exports during the last 20 years.

Example T11
Compare a boxplot to the dot plot and histogram of this data.
5,9,6,10,5,6,3,6,5,10,3,9,5,8,5,13,5,12,6, 13,6, 14,5, 8,5, 13,5
Solutlon MAT10SPTC00002
Arrange in order and divide into 3,3,5,5,5,5,5,5,5,5,5,6, 6,06, 6,
4 groups. 638,8,9,9, 10, 10, 12, 13, 13, 13, 14
Werite the 5 number summary. The 5 number summary is 3, 5, 6, 10, 14

Draw a boxplot. |_| | |—|

N —
W 4
i
V)]
o A
~J 4
oo 4
O

1I0 lll 1I2 1I3 1I4 1l5
Draw a dot plot. :
L]
L] L]
L] L]
° L] ° L[] ° [ ] ° [ ] °
3 4 5 6 7 8 9 10 11 12 13 14
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Draw a histogram. 10 4

[e)N
L

N
L

Frequency

N

'm_If ==

3 4 5 6 7 8 9 10 11 12 13 14
Score

Compare the shapes. The dot plot and histogram spread out to the same
extent as the boxplot and have their highest parts
between the first quartile and the median, where the
box-and-whisker plot has its shortest section.

Back-to-back or parallel (side-by-side) plots are used when

® apopulation is divided naturally into two parts, such as male and female
e there are different populations
e information is obtained at different times about the same population.

Example T 12

a Make a back-to-back stem-and-leaf plot of the following information about the Maths
and Science marks of a Year 10 class.
Maths: 50, 70, 46, 71, 37,72, 40, 70, 53, 72, 45, 56, 55, 55, 35, 61, 34, 67, 39, 69,
22, 84,52,57
Science: 41, 63, 55,59, 42,79, 21,74, 44,77, 48, 92, 46, 81, 54, 56, 24, 66, 28, 86,
53,71, 39, 83

b What can you say about the marks in Maths and Science?

¢ Comment on the means, medians and ranges of the distributions.

Solution
a The lowest mark is 21 Maths and Science marks
and the highest is 92, Maths Science
so make the stems go Key: 6I5 = 56 Key: 516 = 56
from 2 to 9. The units 21211 4 8
will be the ‘leaves’. Put 9 7 5 4.3 9
the Maths marks on the 6 5 0/ 4 1 2 3 6 8
left and the Science 7 6 5 5 3 2 0/ 5 3 4 5 6 9
marks on the right. 9 7 1 6|3 6
2 2 1 0 0|71 4 7 9
4.8 1 3 6
9 2
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The centres, spreads
and shapes of the plots
are about the same.

Find the total of the
Maths results.

Find the mean of the
Maths results.

Use the plot to find the
median.

Find the range.

Find the total of the
Science results.

Find the mean of the
Science results.

Use the plot to find the
median.

Find the range.

Compare the results.

The class’ performance in Maths was about the same as in
Science, although there were more high scores in Science.

Total = 1312

1312
Maths mean = =5~ 54.7
Maths median = > —2~_ » =55

Maths range = 84 — 22 = 62

Total = 1382

382
Sci =—~57.6
cience mean 24 57

=555

Science median = » —;56

Science range =92 — 21 =71

The medians for Maths and Science were almost the same,
but the Science average was a little higher and the Science
range was greater. Looking more closely at the
distributions, Q3 was higher for Science, which explains the
higher mean.

Exercise 2.2 Constructing and interpreting data displays

1 Make a stem-and-leaf plot of the following times for drivers to stop at a red light.

42 3.0
1.8 43

19 37 46 26 35 38 41
34 36 22 31

37 34 31 27 02 21

50 26 24 19 26 27 28 34 23

2 Draw a stemplot of the following marks that students said they received for a university
entrance exam.

Understanding

Extra questions
Exercise 2.2
MAT10SPEQ00005

See Example 9

56 40 38 40 72 92 63 88 69 78 66 8 60 72 64
44 60 320 35 36 52 58 46 8 75 57 69 63 46 51
95 66 84 42 54 56 37 62 50 46 50 91 88
3 Draw scatter plots for each of the following tables.
T 0x 72115 12/25/ 818 5/10
Yy 10 |36 | 18 | 20 | 42 | 12 28 2 | 12
b x| 18 27 10 12 15 22 30 5 8 |20 24
Yy 32 38 17 128 8 68 | 5 17 | 152 | 5 | 2.6
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See Example 10

Fluency

See Example 8

See Example 11

Problem solving

Clx 25| 7

15125

22

18 | 5

9 12

13 | 6

Jy 62

13

27 | 57

53

46 | 7

19 | 18

21 ' 5

4 Draw box-and-whisker plots for each of the sets of data.
a 26,27,25,28,25,28, 24, 28, 24, 27, 24, 30, 25, 28, 26, 28, 26, 27, 23, 28, 24, 30, 27, 30
b 5,7,58,595,9,7,84,8,6,8,4,9,7,10,4,8,7,7,2,9,6,9,6
¢ 23,77,57,86,53,78,36,67,20,79, 34, 61, 11, 80, 57, 67, 35, 74, 49, 97, 43, 65, 25, 62, 30

5 The data below shows the energy values of foods eaten by a large sample of Australians.

Energy (kJ)

049

50-99

100-149

150-199

200-249

250-299

300-349

Frequency

7 15

20

23

14

8

3

a Draw a histogram of the results.

b Comment on the shape of the distribution.

6 The data below shows the prices of commonly available computers, including secondhand
machines, notebooks and laptops.

8

Price ($) 0-499 500-999 | 1000-1499 | 1500-1999
Frequency 6 28 41 45
Price ($) | 2000-2499 | 2500-2999 | 3000-3499 | 3500-3999
Frequency 48 40 20 7

a Draw a histogram.

b Comment on the shape of the distribution.

Compare box-and-whisker plots of each of the following sets of data to histograms and dot
plots of the same data.
a2 14,19, 13, 18, 14, 15, 12, 16, 14, 15, 15, 21, 10, 19, 15, 19, 11, 17, 13, 16, 11, 18, 11, 17,

14, 15, 13, 21, 15, 15, 15, 17, 14, 16, 10, 17

b 100, 102, 98, 104, 99, 102, 101, 103, 99, 104, 101, 104, 100, 103, 98, 102, 101, 103, 99,
102, 102, 102, 100, 102, 96, 104, 102, 103, 100
c 21,28,22,24,21,26,21,24,22,26,22,28, 23, 28, 21, 23, 23, 25, 22, 23, 20, 24, 22

The data below shows the numbers of customers and total sales in a music store over a period

of 2 weeks.
Day M T W Th F S
Customers = 41 52 53 59 70 63
Sales ($) 1705 | 2620 | 2525 | 3005 | 3150 | 2555
Day M T W Th F S
Customers = 38 48 56 62 69 65
Sales ($) 1990 | 1880 | 2240 | 3210 | 2755 | 2435

a Draw a column graph of the sales over the two weeks.

b Can you make any conclusion from the graph?

¢ Draw a scatter graph of the customers and sales.

d What can you conclude from the scatter graph?

9780170361941



NELSON WA MATHS 1 0

rorteAustralian Curriculum

@ The table below shows the minimum and maximum temperatures in a Queensland town over Worked solutions
a period of 2 weeks. Exercise 2.2

Min (°C) 16 18 20 22 18 19 20 17 15 18 22 23 19 17 MAT10SPWS00005
Max (°C) 25 | 28 | 34 | 34 | 27 31 31 | 28 |27 |27 |36 |34 29 26

a  Draw a scatter plot to show the results.

b Does there seem to be a relationship between the minimum and the maximum?

10 The information below shows the
times taken to travel to school
reported by some Year 10 students
in Victoria and Western Australia.
a Use a back-to-back stem-and-

leaf plot to compare the results.

See Example 12

b Compare the distributions using
the means, medians and ranges.

Victorian students: 15, 18, 50, 40, 1, 15, 10, 22, 10, 5, 35, 10, 45, 20, 15, 5, 15, 25, 10, 10, 9,
25,10, 37, 4, 10, 20, 20
Western Australian students: 30, 10, 15, 20, 20, 10, 3, 5, 10, 20, 2, 10, 10, 3, 36, 50, 20, 10, 5, 15

11 The information below shows the 2011 weekly running costs of a range of small and medium
cars from the RAC WA, rounded to the nearest dollar.
a Use a back-to-back stemplot (with costs in $5 groups) to compare them.

b Use the means, medians and ranges to compare the distributions.

Small cars $cost/week: 42, 49, 48, 51, 47, 49, 46, 42, 56, 51, 39, 49, 61, 44, 32,42, 41
Medium cars $cost/week: 52, 51, 60, 54, 57, 60, 40, 60, 52, 45, 55, 56, 62

12 Use a box-and-whisker plot to comment on the following times taken by some Year 10
students to answer an online questionnaire. The times were automatically recorded by the
website.

13,31, 17, 14, 22, 22, 28, 20, 8, 31, 12, 11, 15, 21, 10, 20, 16, 19, 8, 18, 21, 16, 22, 16, 18,
26, 11, 26, 18, 10, 23, 17, 6, 12, 24, 19, 16, 19, 27

@ Use a box-and-whisker plot to comment on the following times that people said they spend Worked solutions
watching TV over a week. Exercise 2.2

4,14,5,13,6,22,5,8,22,3,3,3,10, 1,0, 8, 8 10, 15, 15,2, 1, 5,5, 11, 1, 6, 15, 5, 10, 2,
1,1,2,7,3,4,4,3,18,21,1,8,2,10,3,2,2,8,8,15,23,4,2,2,20,7,5,21

MAT10SPWS00005

14 Many websites automatically record data. The online sales recorded each day by such an Reasoning

Australian hobby-shop site was displayed as a box-and-whisker plot each week for the online
manager. Explain whether you think it would provide good feedback.
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Worked solutions
Exercise 2.2

MAT10SPWS00005

(15) A customer service toll-free line had some automated and some operator parts. One of the
automated parts allowed people to state whether they were happy with the service provided.
Customers were asked to ‘stay online” after their query was answered to complete this survey
question. They could say they were Very happy, Happy, Satisfied, Not satisfied or Very
unhappy. Explain whether a boxplot of the responses on a scale from 1 to 5 would be a good
way to show the results.

m Analysing data

The first step in analysing data is really to determine whether the data has been collected in a
reasonable way. If the data is poor, then any conclusions or decisions made from it will also be
of poor quality.

You should remember the terms below from your work in previous years.

Data quality

A fair sample is collected from a sample that is like the rest of the population. A biased sample
is not typical of the population. Biased methods and biased questions are likely to influence
results in a particular direction. Fair ones are not likely to influence results in a particular way.
Fair questions with fair samples will not give reliable results if the sample is too small. A clear
pattern in results of a good survey does suggest that a sample is sufficient. However,
conclusions drawn from surveys where frequencies are less than 5 should be regarded with
suspicion.

Non-compliant data is obviously wrong, like someone’s age being 164.

Oputliers are data items that are a long way from the rest of the data, but that could be
correct. A simple criterion for an outlier is that it lies beyond 1.5 TQRs below the first
quartile or above the third quartile.

If data is collected in a biased way, contains many non-compliant items or lots of outliers, or is
collected using very small samples, then it is likely to be of poor quality.

Example 13

A survey of shoppers about their holiday plans is conducted as a competition. Survey forms are
left in fast food outlets and prizes go to the first 3 names drawn. Respondents are asked
questions about their income, family, desired holiday destinations and the kinds of holidays
they prefer. They complete the forms by filling in their name, phone number, email and
address and put them in boxes at the shops. Explain why this is likely to give poor quality data.

Solution

Many people will not bother doing it. There will be a non-response bias—only people
interested in the prizes will do the survey.

People are often reluctant to give their
true income, or may not even know it. Responses are likely to be inaccurate.
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People are also reluctant to give their Responses are unlikely to be able to be
contact details. checked.

People who really want the prizes may

complete multiple forms. Multiple entries will cause bias.

Only people who buy fast food will The survey will be biased towards those who
be in the shops. often buy fast food.

Summarise the problems. The survey answers are likely to be inaccurate,

and the sample is quite biased in a number of
different ways.

Clnvestigate: Unintended consequences )

Research using statistics can be used to predict what will happen in the future. This can
lead to actions to change what is anticipated, or to avoid particular results. Unfortunately,
the outcomes of actions are not always what we mean them to be. For example, camels
were imported into Australia to carry materials and supplies for work on the railway line to
Alice Springs. When they were no longer needed, they were released and have since
become a problem in central Australia.

Work in groups to consider what the unintended effects of each of the following actions
were or might be.

e Keeping cats as pets in Australia

e Importation of Bufo marinus (cane toad) from South America to Queensland for the
control of cane beetles

e The one-child policy in China

¢ Planting of eucalyptus trees for shade in California and Italy

e Closure of phosphate mines in Nauru

e Use of fluorocarbons and chlorofluorocarbons in refrigerators

¢ Prohibition of the use of alcohol in the United States between 1919 and 1933
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Example 14

Use the interquartile range to determine if any of the following sets of data have outliers.
a 25,33,30, 30, 29,31, 26, 30, 24, 32, 22, 17, 28, 30, 30
b 31,91,55,59,52, 82,43, 62, 30, 57, 24, 96, 29, 70, 34, 73, 8, 80, 45, 72, 53, 59,

39,75,29

c 11,12,9,12,11,13,12,14, 11, 14,7, 13, 9,23, 9,18, 9, 15, 12, 16

Solution

a Arrange in order.

Divide into 4 parts.

Find Q1, Q3 and the IQR.

Find the outlier limits.
State the result.
b Arrange in order.

Divide into 4 parts.

Find Q1, Q3 and the IQR.

Find the outlier limits.

State the result.

¢ Arrange in order

Divide into 4 parts.

Find Q1, Q3 and the IQR.

Find the outlier limits.

State the result.

17, 22, 24, 25, 26, 28, 29, 30, 30, 30, 30, 30, 31,
32, 33

17, 22, 24, 25, 26, 28, 29, 30, 30, 30, 30, 30, 31,
32,33

01=2503=30,IQR=5

Lower limit for outliers = 25 — 1.5 X 5 = 18.5
Upper limit for outliers = 30 + 1.5 X 5 = 37.5

17 is an outlier because it is more than 1.5

times the IQR below Q1.

8, 24, 29, 29, 30, 31, 34, 39, 43, 45, 52, 53, 55,
57,59, 59, 62, 70, 72, 73, 75, 80, 82, 91, 96

8,24, 29,29, 30, 31 | 34, 39, 43, 45, 52, 53, 55,
57, 59, 59, 62,70, 72 | 73, 75, 80, 82, 91, 96

01 =325, 03 = 72.5, IQR = 40
Lower limit for outliers = 32.5 — 1.5 X 40 < 0

Upper limit for outliers = 32.5 + 1.5 X 40 =
112.5

There are no outliers.

799909 11,11, 11, 12, 12, 12, 12, 13, 13,
14, 14, 15, 16, 18, 23

7,9999111,11,11, 12,12 1 12, 12, 13, 13,
14| 14, 15, 16, 18, 23

Q1=10,03 = 14,IQR = 4

Lower limit for outliers = 10 — 1.5 X 4 = 4
Upper limit for outliers = 14 + 1.5 X 4 =20

23 is an outlier because it is more than 1.5

times the IQR above Q3.
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Bivariate data has two values for each item. For example, collecting the ages and heights of
children together makes a bivariate data set. Each child has two values that are tied together.
Bivariate data can have both values categorical, one categorical and one numeric, or both numeric
data. When one or both values are categorical, a two-way table is often the best way to analyse
the data.

Example T 15

The table below shows the results of a survey of Year 10 students about smoking and colds.
nalysing data 2

Some information is missing. AT10SPUKO000S

Number of colds last year

N I
Smokers 0 3 6 2
. MAT10SPWK00003
Smoking | Non-smokers = 4 8 4 1 27
Total 4 13 10 | 3 43

Statistical tables

a Complete the missing parts of the table.
MAT10SPPS00006

b Did smokers or non-smokers have more colds?

¢ Calculate the percentages of smokers and non-smokers who had more than 2 colds.
d Does smoking appear to affect health?

e Are the conclusions of this survey likely to be reliable?

Solution

a Complete the “Total’
column on the right. Total smokers = 43 — 27 = 16

Complete the
‘1 cold’ column. Non-smokers with 1 cold =13 — 3 =10

Check the non-smokers
total. 44+10+8+4+1=27vO0K

Complete the ‘smokers’ row.  Smokers with 2 colds = 16 — 11 =5

Complete the
2 colds’ column. 5+8=13

Check the ‘total’ row. 4+13+13+10+3 =43 vOK
Show the complete table.

Number of colds last year

0 1 2| 3 | 4  Total
Smokers 0 3 5 6 | 2 16
Smoking = Non-smokers | 4 | 10 8 4 1 27
Total 4 13 13 10 | 3 43
b Work out the numbers who ~ Smokers with colds = 16 — 0 = 16
had more than 2 colds. Non-smokers with colds =27 — 4 =23
Werite the answer. More non-smokers than smokers had 2 colds.
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Find the percentage of
smokers with more than 2
colds.

Find the percentage of non-
smokers with more than 2

colds.

Write the answer.

Use the table and the
percentages.

Half the cells have
frequencies less than 5.

Consider joining parts
together.

Assess the reliability.

Smokers with more than 2 colds = 1_86 X 100%

=50%

Non-smokers with more than 2 colds = 25—7 X 100%

~ 185%

50% of smokers and 18.5% of non-smokers had more
than 2 colds.

All the smokers had colds but some non-smokers didn’t,
as well as a much greater percentage of smokers having
multiple colds, so smoking does appear to affect health.

Conclusions about smoking and getting no colds have
too small a sample.

The lowest frequency for ‘more than 2 colds’ and ‘2 or
less colds’ is 5 (for non-smokers).

The conclusions are actually based on ‘more than 2

colds’ or not, so they do appear to be reasonable.

Scatter plots are the best way to analyse numerical bivariate data. Variables that have a linear
relationship will make a straight line when plotted. Most statistical variables do not make a true
straight line, but may still be related. For example, you know that tall people are usually heavier
than short people, but this is not always true. A person is not necessarily heavier than someone
shorter than them, but they are more likely to be heavier than lighter.

Scatter plots

If the points on a scatter plot lie between sloping parallel lines, you can say that there is a
relationship between the variables.

If the lines have a positive slope, you say it is a positive relationship. The variables generally
change in the same way; when one goes up, so does the other.

If the lines have a negative slope, you say that it is a negative relationship. The variables
generally change in the opposite way; when one goes up, the other goes down.

The parallel lines are close together for a strong relationship. If they are well separated, you
say that there is only a weak relationship.

Strong positive Strong negative

relationship relationship
/! N
/ o
,/ RO 1..\.\
L o .\
o° N |
o/ N
? N
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Weak positive Weak negative
relationship relationship
S
// ‘ N
//» _ _ o oo X \‘\
- .. L] ,/ \\ L : - L]
// \r\ o0
2 N

No relationship

Example 16

The information below shows the heights and right foot lengths of some Year 10 students. Use a _

. . .. . . Scatter plots
scatter plot to comment on the relationship. The data is in the form (height, foot length), in cm.
MAT10SPWK00002

(157, 24), (167, 25), (156, 21), (172, 26), (163, 21), (181, 28), (180, 24), (167, 24), (169, 30),
(177, 25), (162, 24), (165, 17), (167, 22), (189, 29), (168, 25), (169, 23), (184, 35), (162, 26),
(170, 24), (142, 21), (169, 26), (167, 26), (186, 23), (178, 24), (160, 21), (166, 25), (169, 23),
(168, 24), (173, 26), (164, 24), (143, 20), (162, 28), (189, 28), (166, 25), (176, 23), (184, 20), MAT10SPTI00002
(168, 25), (184, 27), (160, 23), (162, 26), (160, 19), (176, 27), (166, 25)
Solton
Plot the points on graph paper, choosing the Year 10 students MAT10SPCPO0002
scales so that the points nearly fill the space. 40
36 .
£
g8 -
%&0 24 -1..2. .. L)
g 20 .‘ L) :.
16 - -
140 150 160 170 180 190 200
Height (cm)
Look at the pattern and make a conclusion. There appears to be a weak relationship

between height and the length of the
right foot for Year 10 students.
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Strong relationships can be used

to predict one variable from the other.

Prediction from a scatter plot
Excel worksheet: Line X . .
A line of best fit is a line that shows the general pattern of !
MAT10SPCTO0003 ~ Points on a graph.
Interpolation is the prediction of a value within the range
of data.
Extrapolation is the prediction of a value outside the range
MAT10SPTI00002 of the data. ok o

Statistics

MAT10SPCP00002

Example © 17

Students heated a thin glass tube with one end sealed and the other bent down in an oil
bath. They measured the length of a bubble of air trapped in the tube at different
temperatures and obtained the following results. Plot the points and predict the length if the

oil could be safely heated to

120°C.

Temperature °C | 9

21 33 45 59 68 84

Length (cm) 22.4

23.1 | 242 | 247 | 264 | 26.8 | 284

Solution

Plot the points and draw a
line of best fit past 120°.

Read the value from the line

of best fit.

Air bubble length

32

28
27 )/‘
26

25 %4

Length of air bubble cm

23
w1

7

21

0 10 20 30 40 50 60 70 80 90 100110120130
Temperature

If it were possible, the air bubble would have
a length of about 31.2 cm at 120°C.
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Investigate: Australian biodiversity

Australia is recognised as one of the most biologically diverse areas of the world. However,
many species have become extinct in a short time in Australia. Many of these extinctions
are the result of human activity. It is even possible that human disturbance resulted in the
extinction of Australian mega fauna. However, the rate of extinction since European
settlement has been very high. Australia has the worst mammal extinction record in the
world — 27 mammals have become extinct in the last 200 years. No other country or
continent has such a tragic record of mammal extinctions.

Investigate extinctions of mammals in Australia

¢ TInvestigate extinctions of birds in Australia

e Investigate extinctions of plants in Australia

How are the extinctions and the reduction of biodiversity spread over time?

A strong relationship is not necessarily a straight line.

Example © 18

The table below shows the amount of cement powder used in different mixes for concrete
blocks and the compressive force (in newtons) needed to break the block.

Cement (g/kg) 30 | 80 | 90 | 120 | 150 | 180 | 210
Breaking force (N) | 46 | 76 | 90 | 96 | 106 | 108 | 110

a Draw a scatter plot of the information.
b Use the graph to predict the breaking forces needed for 60 g/kg and 250 g/kg cement.

Concrete strength

Solution 120

a Plot the points with the cement 100
axis extended enough to make

A~
A

) 8 Z %0 /
the required predictions. p °
Put in a line of best fit. :‘5: 60
b Use vertical and horizontal lines £ 40 /

to read the required values from § /
the line of best fit. a 20

0

0 50 100 150 200 250 300
Cement (g/kg)

Write the answers to an The breaking forces would be about 70 N for
appropriate accuracy. 60 g/kg cement and about 115 N for 250 g/kg cement.
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Statistics
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Statistics

MAT10SPCP00002

Parallel boxplots are a quick and straightforward way to compare sets of data. The boxplots are
drawn on the same scale, but above each other. You need to label the boxplots so that they can

easily be identified.

Example 19

a  Draw parallel boxplots of the English results below of two Year 10 classes.
Class 1: 56, 70, 55, 80, 51, 66, 29, 69, 59, 80, 47, 84, 41, 70, 30, 78, 50, 60, 92, 42, 67,

64,72, 60,77

Class 2: 43, 53, 33, 65, 44, 53, 33, 64, 37, 67,47, 52, 15, 67, 23,57, 49

b Compare the results of the classes.

¢ Compare the distributions using the means, medians, quartiles and ranges.

Solution

a Arrange the results of class 1 in order
and divide into 4 parts.

Work out the 5 number summary.

Arrange the results of class 2 in order
and divide into 4 parts

Work out the 5 number summary.

Use the 5 number summaries to draw
the box-and-whisker plots on top of
each other.

b The box is further up the scale for
class 1 than class 2.

¢ Find the mean for Class 1.

Find the mean for Class 2.

Compare the results of the classes.

29, 30, 41, 42, 47, 50 | 51, 55, 56, 59, 60,
60, 64, 66, 67, 69, 70, 70, 72 | 77, 78, 80,
80, 84, 92
The 5 number summary is 29, 50.5, 64,
74.5, 92
15, 23, 33,33 | 37, 43, 44, 47, 49, 52, 53,
53,57 | 64, 65, 67, 67
The 5 number summary is 15, 35, 49,
60.5, 67

Class 1

— [
—L T ™

Class 2

0 20 40 60 80 100

Class 1 generally did better than class 2.

549
Class 1 =——~620
ass 1 mean = —

Class 2 mean = % ~ 47.2
00, 01, 02, 03, 04 and the mean are all

lower for class 2 than class 1, so class 2
really has lower results than class 1.
Class 1 also has a higher range.
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Investigate: Aboriginal and Torres Strait Islander
age distribution

The table below shows the age distributions of Aboriginal and Torres Strait Islander people
and non-Indigenous Australians.

Indigenous and non-Indigenous populations in Australia by age, 30 June 2006

Age 04 5-9 10-14 15-19 20-24 25-29 30-34
ATSI | 64426 65 136 64 687 54 943 44 779 36 866 36283
‘}I\OTnS-I 1245 6561275073 | 1335467 | 1360262 | 1427079 1367 064 1453521
Age 35-39 4044 45-49 50-54 55-59 60-64 65-69
ATSI | 34760 30251 25 073 19 812 14 423 9 689 6477
rll\(')I'nS-I 1490096 1502303 1468357 | 1342491 | 1257071 @ 979653 | 774 942
Age 70-74 75-79 80-84 85 and over | Total

ATSI | 4291 2634 1394 1119 517 043

non-

ATSI 626539 | 549915 | 404 354 320994 | 20 180 837
Source: ABS

e Use the table to find the 5 number summaries of the age distributions for each group.
Your teacher might want you to estimate the positions of the quartiles within the
age groups.

e Draw parallel boxplots of the age distributions.

e What can you conclude?

e What implications does this have for Government health policy?

Technology Parallel boxplots

You can use an interactive spreadsheet to draw parallel box-and-whisker plots like the one in
Example 19. You can download the spreadsheet from NelsonNet, or your teacher may have
already downloaded it to the school computers for you to use.

Redraw box plot

Boxplot 1

Ecupiil

0 5 10 15 20 25 30 35 40 45 50
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Fluency

Extra questions

Exercise 2.3

MAT10SPEQ00006

Investigate: Examining media reports

Read the following media report from the ABC

Exercise 2.3 Analysing data

1 State whether any relationship is indicated by each of the following scatter plots, and if so,

Indigenous people ‘living longer’

NEW figures released by the
Australian Bureau of Statistics
show Indigenous life expectancy
is longer than previously thought.

The ABS announced today
that the life expectancy gap
between Indigenous and non-
Indigenous people is about 10
years - down from previous
estimates of almost 17 years.

But the new results are not
necessarily a reflection of better
health amongst Indigenous
people.

ABS assistant director of
demography, Matthew Montgo-

May 25, 2009

mery, says a new method, which
better accounts for Indigenous
deaths, has been used to compile
the latest figures.

“ABS certainly intends to use
that direct method into the future
because it provides us with a
better estimate,” he said.

“The previous estimates,
really there was some uncertainty,
[because] we had to make quite
a bit of assumptions about the
method.

“The current method allows
us to stand back and let the data
speak for itself.”

What is meant by ‘life expectancy’?

Find out the life expectancy of all Australians.
How is life expectancy worked out?

what kind of relationship is shown.

a

b

The new data shows
Indigenous life  expectancy
across Australia for men and
women is 67.2 years and 72.9
years respectively - almost 10
years below non-Indigenous life
expectancy.

The Northern Territory has the
worst Indigenous life expectancy
of any state or territory, at just
61.5 years for men and 69.2 years
for women.

NSW recorded the highest life
expectancy for Indigenous men
and women, with 69.9 years and
75 years respectively.

Does the report mean that Aboriginal health has improved?

Does life expectancy have any commercial value or is it only of interest to governments?
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. . o . . Fluenc
2 Use the interquartile range to determine if any of the following sets of positive data have y

outliers.

a 812,10, 12,8, 10,9, 20, 8, 12, 10, 12,7, 14, 9, 10, 5, 12, 5, 10

b 21,30, 24, 35, 23, 27, 26, 33, 26, 28, 24, 26, 23, 27, 24, 27, 26, 27, 16, 34, 21, 26,
22,27,20

¢ 21,26,20,26,23,27,25,26,24,27, 21,25, 25, 27, 20, 25, 19, 26, 23, 25, 23, 29,
21,27

d 12,15,13,15,13,19, 12,19, 13, 15, 11, 14, 5, 16, 12, 17, 10, 16, 11

e 46,62,49,51,48,51,45,52,46,56,48,51, 50,51, 45, 54, 47, 54, 47, 52, 49, 54, 46, 52,
48,51, 36,51, 49, 54, 44, 50

See Example 14

3 Draw scatter plots for each of the following sets of points and state whether a relationship is See Example 16
shown. If a relationship is shown, state the nature of the relationship.
a (10, 53), (11, 49), (14, 49), (22, 39), (23, 46), (28, 33), (35, 40), (37, 34), (43, 24), (43, 27),

(50, 26), (53, 21), (57, 16)
b (6, 11), (8, 14), (13, 43), (13, 41), (18, 49), (22, 1), (28, 12), (30, 53), (36, 27), (38, 55),
(41, 22) (50, 3), (50, 22), (59, 17), (34, 9), (17, 35), (37, 21), (41, 9), (39, 52)
c (1,10), (9, 22), (15, 23), (21, 20), (24, 38), (24, 26), (26, 51), (30, 28), (37, 45), (37, 55),
(45, 36), (46, 47), (48, 53), (57, 49), (15, 22), (8, 32), (17, 17), (1, 12), (30, 30), (30, 36),
(29, 27)
4 Draw parallel boxplots of each of the following sets of data. See Example 19

a Set1:11,16,9, 14, 12, 13,10, 12,7, 16, 9, 14, 5, 15, 12, 14, 11, 12
Set2:8,9,7,11,6,9,9,9,7, 16,7, 12,8, 15, 8, 15,5, 9
b Set 1: 23,26, 23, 28, 25, 29, 24, 25, 25, 25, 25, 26, 22, 26, 23, 27, 23, 28, 24, 29, 23, 25
Set 2: 25, 26, 22, 31, 24, 28, 20, 28, 25, 32, 16, 25, 21, 27, 24, 27, 24, 29, 20, 28, 25, 29,
24, 26
¢ Set1:6,10,3,6,4,9,4,7,5,10,5,8,2,8,3,9,5,6,5,9,5,7,4, 6,4
Set2:5,9,7,8,3,8,3,9,8,9,7,9,7,8,7,9,7,8,4,9,7,8,6,10,7,8,6

5 Make scatter plots of the following sets of data and draw lines of best fit. See Examples 17, 18

a

x| 303540 | 45 |50 55 | 60| 65 70 75
Y| 5 3514|657 |75 6 65795

x| 303540 | 45 |50 55 | 60| 65 70 75
7 14514 55|15 (252 |15 3 |25

=

x| 2 4 6 8 10 | 12 | 14 | 16 | 18 | 20
21 132 |36 38|34 /|33 36322114

<=
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Problem solving

6 The table below shows the numbers of accidents in which drivers of different age groups

See Example 15

were involved. According to the report, it shows that ‘older drivers are safer than younger

drivers’.
Accidents in last 2 years
1 2 3 4 5 | Total
17-21 24 14 | 12
g‘ 22-26 16 | 14 9 9 60
) 27-31 9 7 4 2 29
é‘n 32-41 4. 2 2 0 0 8
Over 41 4 2 0 0 0 6
Total 49 42 | 27 | 23

a Complete the missing parts of the table.
Are older or younger drivers involved in more accidents?

¢ Find the percentages of drivers with accidents in each age-group who have had 4 or more
accidents in the last 2 years.

d Do older or younger drivers seem more prone to multiple accidents?

e Are the conclusions of this survey likely to be reliable?

The table below shows the ‘reading ages’ of boys and girls in Year 10.

Reading age
12 |13 14 15 16 17 Total
% Male 14 | 17 31 | 24 122
“ | Female 10 | 17 29
Total | 21 41 | 67 240

a Complete the missing parts of the table
b Are there more boys or girls who are good readers in Year 10?
¢ Do boys or girls appear to be better readers in Year 10?

d Are the conclusions of this survey likely to be reliable?

The data below shows the heights and arms spans of a sample of students in Year 10.

(157, 167), (167, 165), (156, 153), (172, 173), (163, 164), (30, 162), (181, 185), (180, 180),
(167, 167), (169, 169), (190, 88), (177, 176), (162, 156), (165, 165), (167, 160), (189, 189),
(168, 167), (169, 159), (184, 182), (175, 174), (162, 162), (170, 160), (142, 155), (169, 168),
(167, 167), (186, 183), (133, 166), (178, 174), (160, 153), (166, 167), (169, 173), (168, 166),
(173, 172), (164, 166), (143, 153), (162, 155)

a Make a scatter plot.

b Does there appear to be any relationship?
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(9) The data below shows the ages and heights of some Australian school students on Wertcd selluiens
1 January 2011. Exercise 2.3

(9, 142), (15, 175), (13, 167), (12, 150), (14, 172), (10, 134), (12, 145), (15, 163), (13, 162), MAT10SPWS00006
(11, 134), (11, 138), (14, 157), (12, 144), (14, 171), (12, 155), (9, 144), (14, 165), (12, 168),

(13, 156), (13, 150), (12, 164), (10, 147), (16, 157), (14, 163), (19, 173), (11, 136), (17, 174),

(15, 160), (17, 156), (17, 165), (15, 176), (13, 152), (12, 158), (8, 135), (15, 172), (16, 167),
(16, 168), (11, 149), (13, 158), (12, 150), (10, 146), (18, 175), (13, 159), (16, 150), (17, 186),
(8, 250), (10, 146), (14, 169), (16, 174), (11, 148)

a  Make a scatter plot.

b Does there appear to be any relationship?

¢ What would you expect to find if you collected ages and heights for university students?

10 Two sprinters have the following training times over 100 m (in seconds). Worked solutions
Fred: 123 124 125 123 124 128 131 121 127 125 Exercise 2.3

Sam: 121 120 120 168 121 122 124 121 123 124 MAT10SPWWS00006

() Draw parallel box-and-whisker plots for both sprinters on the same scale.
b Compare the sprinters using the means, medians, quartiles and ranges.
@ Which sprinter should be chosen for the school track-and-field team? Give reasons.

11 The weekly rental prices (in dollars) of houses in Brisbane, advertised one Saturday morning,
were as follows.
Inner southern suburbs: 275, 340, 385, 330, 290, 235, 345, 300, 400, 265, 235, 250, 310, 300,
340, 330
Inner northern suburbs: 500, 450, 325, 390, 280, 230, 360, 275, 400, 285, 298, 480, 340, 390,
290, 470, 600, 290
a Draw parallel box-and-whisker plots for both areas on the same scale.
b Compare rental costs in inner northern and inner southern suburbs.

¢ Compare the areas using the means, medians, quartiles and ranges.
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Worked solutions
Exercise 2.3
MAT10SPWS00006
See Example 17

See Example 19

Reasoning

See Example 13

12

The marks of some students for Physics and Chemistry are shown below.

Physics: 60, 81, 74, 45, 44, 44, 34, 59, 48,74, 43, 48, 62, 46, 59, 64, 64, 55, 55, 45,71, 59, 51,
55, 67

Chemistry: 80, 65, 56, 67, 70, 53, 76, 68, 43, 59, 43, 61, 43, 80, 74, 53, 52, 58, 49, 67, 62, 37,
65,58, 46, 65, 65

a Draw parallel box plots for the data.

b Compare the results.

¢ Compare the classes using the means, medians, quartiles and ranges.

(13) The germination rate for parsnip seeds stored for different times is shown below.

14

15

16

17

Time (weeks) 6 8§ 110 | 12 | 14 | 16
Germination (%) | 75 | 8 | 71 | 67 @ 67 | 55

a Draw a scatter plot to show the results and put in a line of best fit.

b What happens to the germination rate as time goes on?

¢ What would the germination rate be if the seed was stored for only 1 week?
d What would the germination rate be if the seed was stored for 20 weeks?

The table below shows the amount of potassium iodide (KI) used up in a reaction and the
time taken for the reaction (with other quantities kept constant).

KI amount (g) 5 10 | 15 | 20|25 30 | 35 | 40 | 45 | 50
Time (s) 19518552 4 |5 23|14 1 |27 |15

a Draw a scatter plot of the information and add a line of best fit.
b Use the graph to predict the time of reaction if 70 g of KI is used.

The records for the women’s high jump are shown below.

Year 1932 | 1943 | 1956 | 1958 | 1960 1961 | 1974 & 1977 | 1984
Record (m) = 1.65 | 1.71 | 1.75 | 1.80 # 1.85 190 | 1.95 | 2.00 | 2.07

a Draw a scatter plot of the information and add a line of best fit.

b Use the graph to predict the record at the Sydney Olympic Games in 2000. Find out
whether this prediction was correct.

Explain why the information in question 6 is not useful for determining whether older or
younger drivers are more accident prone.

A marketing firm placed survey forms inside the plastic wrapping of adult board games
asking about the kinds of games people liked. The makers of the board game wanted to
find out how to expand their market and appeal to a wider range of people. The survey
could be sent back using a prepaid envelope. Explain whether you think this was a good
way to do the survey.
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18 To find the kinds of child care holiday programs that children want, students in Year 3
at a school near the childcare centre were asked to pick from a list of 10 different
activities they would like to do in the holidays. The centre planned to offer local parents
a special deal to try to replace business lost when people went away with their children
for the holidays. Explain whether you think this method was a good way to get the
information.

19 Explain whether or not the data in question 13 could be used to set a ‘use-by’ date for parsnip
seed.

20 Explain why records like those in question 15 are not very good for prediction of future
records.
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Chapter 2 summary

Quiz
Statistics
°

MAT10SPQZ00002

Categorical data separates information into different (named) categories: nominal data has no
numeric meaning or order, ordinal data has a natural order, but does not represent a measurement.

Numerical data consists of numbers: continuous data can take any value between the smallest
and largest values; discrete data can only have particular values. In most cases, the values are
whole numbers.

The mean ¥ is the average score. It is the total divided by the number of scores.

The median is the middle score. It is found by arranging all scores in order to choose the
middle score. Cumulative frequency is the progressive total of frequencies and can be used to
work out the median.

The mode is the score with the highest frequency. A bimodal distribution has two scores with
equal highest frequencies.

The mean, median and mode are called measures of central tendency.

The mathematical symbol ¥ means ‘the sum of” and can be used to write the formula for the mean

253 2257 .
asx=—= 7 where x stands for a score, 7 is the number of scores and #stands for a frequency.
n

The mean is most often used as the typical score. However, if there are a few high or low
scores that would distort the mean, you should use the median. The mode should be used in
cases where the most common score is needed.

The range is the difference between the highest and lowest scores and measures the spread of the data.
The quartiles of a frequency distribution divide it into quarters.

The first quartile (lower quartile) is the score that has a quarter (25%) of the scores below it.
Tts symbol is Q1 or Q;. For a finite distribution of 7 scores, it is the median of the scores below

” 1th score for 7 odd and the 72

the median, or the th score for 7 even.

The second quartile is the score that has two quarters (50%) of the scores below it. It is
another name for the median. It can be written as Q2 or Q..

The third quartile (upper quartile) is the score that has three quarters (75%) of the scores
below it. Its symbol is Q3 or Qs. For a finite distribution of 7 scores, it is the median of the

3n+3 3n+2

th score for 7 odd and the th score for 7 even.

scores above the median, or the

The interquartile range (IQR) is the difference between the third and first quartiles.
IQR=Q3 — Q1

The five number summary is the minimum, first quartile, median, third quartile and maximum

(Q0, Q1, 2, O3, O4) of a frequency distribution.

A symmetrical distribution is roughly the same shape on either side of the middle.

A distribution is skewed to the left (negatively skewed) if the scores are spread out more
below the median than above the median. If the scores are spread out more on the right, it is
skewed to the right (positively skewed).

Bimodal distributions have two high parts, although they don’t always have two actual modes.

Symmetrical Skewed left Skewed right Bimodal
Median Median Median

Ll Ll e [etll
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¢ A box-and-whisker plot (boxplot) uses the 5 number summary to show how data is
distributed. You put a rectangle stretching from the lower quartile to the upper quartile,
divided at the median and draw horizontal lines from the quartiles to the maximum and
minimum. A scale is shown under the drawing.

Spelling mistakes out of 20

—L [

2 3 4 5 6 7 8 9 10

® Back-to-back or side-by-side data displays are used to compare different distributions.

e A fair sample is like the whole population. A biased sample is not typical of the population.

* Biased methods and biased questions are likely to influence results in a particular direction.
Fair ones are not likely to influence results in a particular way.

* Non-compliant data is obviously wrong, like someone’s age being 164.

® An outlier is a score that has a very different value to the rest of a set of data. It can be defined
as being more than 1.5 times the interquartile range below the first quartile or above the third
quartile.

® Data where each item has two measurements that can be represented as variables is called
bivariate data.

e A scatter plot of bivariate data has values that are plotted as coordinates. One variable is on
the horizontal axis and the other one is on the vertical axis. It is used to look for relationships
between variables.

e If the points on a scatter plot lie between sloping parallel lines, you can say that there is a
relationship between the variables. If the lines have a positive slope, you say it is a positive
relationship, but for a negative relationship they slope down. The variables generally change in
the same way in a positive relationship but in opposite ways in a negative relationship.

® The parallel lines are close together for a strong relationship but are well separated when the
relationship is weak.

Strong negative ~ Weak negative None Weak positive ~ Strong positive
‘ N ¥ °® e p 1/ o|® Yy
“N\ @ oo N o | ° /( *° /{o
N ° o ® TN O / D . e
\° S YL o ® o o | ® s/
\ég\.' A \\ [ oo o 9 ¢ '.‘ //
AN ‘\\\\ . X L '

® Aline of best fit is a line that shows the general pattern of points on a graph.
® Interpolation is the prediction of a value within the range of data.

e Extrapolation is the prediction of a value outside the range of the data.
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Understanding

See Example 1

See Example 2

See Example 3

See Example 9

See Example 4

See Example 10

o

Find the mode and range for the following set of data.

Macaroni, Spaghetti, Fettuccini, Lasagne, Lasagne, Macaroni, Spaghetti, Fusilli, Spaghetti,
Spaghetti, Macaroni, Fettuccini, Lasagne, Spaghetti, Fettuccini, Macaroni, Lasagne, Macaroni,
Lasagne, Gnocchi, Spaghetti, Fettuccini, Spaghetti, Gnocchi

Find the median and mode for the following set of data.
Very poor, Very poor, OK, Poor, Very poor, Very Good, Very poor, Poor, OK, OK, OK,
Poor, Good, Very poor, Poor, Very poor, Very poor, Poor, Very poor, Good, Good, Very
Good, Very Good, Very poor, Good, Good, Very Good

Find the mean, median, mode and range for each of the following sets of data.
a 5,13, 10,12, 10, 13, 11, 14, 10, 13, 7, 12, 7, 13, 10, 13, 8, 12,9, 12, 5

b | Score 25 | 26 | 27 | 28 | 29 |30 | 31 |32 |33 |34 |35 36 37
Frequency = 5 1 | 4 1|3 |9 |16|13(17| 9 |5 |5 |2

Make a stem-and-leaf plot of the times below that Year 10 students say that they got up on
Monday morning.

7:00, 5:30, 6:30, 7:30, 7:30, 8:00, 8:30, 8:00, 7:45, 7:00, 7:30, 7:00, 7:15, 6:15, 7:30, 7:00, 7:45,
7:30, 6:45,7:30, 7:30, 7:00, 6:15, 6:30, 8:00, 7:00, 6:00, 8:00, 6:30, 6:30

Make scatter plots of the following sets of data.

411520253035/ 404550]55
y |45 13938363437 [31]29]32

blx| 3|7 1115192327 |31]35]39
y 26 3868 67 80 | 78 66 52 31 8

Find the median, quartiles and interquartile range for each of the following sets of data.
a 3,7,4,9,3,9,6,8,7,7,2,10,7,9,7,7,5,7,4, 8

b | Score 213 4/56/7/8 9101112131415 161718 19 20
Frequency (212 /1/0(5/1/7/7|3 5|49 4 7 4 4|3 1 3

Draw box-and-whisker plots for each of these sets of data.
a 8,9,9,12,10,13,14,8,4,5,7,10,7,9,8,7,5,7
b 26,25,24,20,24, 15, 19, 26, 27, 31, 21, 26, 16, 29, 22, 22, 15, 29

State whether any relationship is indicated by each of the following scatter plots, and if so, the
kind of relationship that is shown.
a b c

9780170361941




10

11

12

13

14

15

16

Chapter 2 review

The following table shows the masses of a group of people. Fluency
Mass (kg) = 40-49  50-59 = 60-69 = 70-79 | 80-89  90-99 100-109 & 110-119 S
Frequency 4 7 16 14 6 2 1 4

a Draw a histogram of the results.

b Comment on the shape of the distribution.

Find the five number summary for each of the following distributions. See Example 5

a 45,54,49,50, 44, 54, 46,52, 41, 53,42, 56, 43, 53, 39, 50, 47, 55, 47, 54, 42

b 1 Score 12131415 1617 1819/ 20

Frequency | 1 2 | 7 |15 |26 12 13 | 4 1

Which data measure(s) should be used in each of the following cases? See Example 6

a A car yard wants to know how much it will get from selling 15 cars.

b An up-market credit card provider wants to know if plumbers earn enough to be worth

targeting in a marketing campaign.

Compare a box-and-whisker plot of the following set of data to a histogram and dot plot of See Example 11

the same data.

10, 10,7, 11,6, 11,7,12,7, 14, 10, 10, 9, 13, 6, 12, 6, 10, 8, 7, 6, 14, 6, 12,5, 11, §, 14, 5, 11,

6,10,8,12,9

Use the interquartile range to determine if any of the following sets of positive data have See Example 14

outliers.

a 8,11,9,11,9,12,9,12,4,11,7,13,9,12,9, 13, 10, 11, 10, 14

b 13,27,13,23,19,23, 15, 25, 16,21, 15,27, 12,22, 19, 27, 17, 23, 12, 26, 15, 25, 19, 20, 17

Draw scatter plots for each of the following sets of points and state whether a relationship is See Example 16

shown. If a relationship is shown, state the nature of the relationship.
a (11,57), (24, 65), (35, 75), (48, 83), (60, 98), (73, 110), (21, 64), (24, 63), (29, 71), (28, 74),
(25, 63), (40, 74), (5, 46), (17, 61), (12, 50), (6, 50), (22, 59), (20, 54), (15, 58),

b (20,75),(19,71), 37, 9), (49, 5), (24, 52), (35, 49), (31, 14), (35, 46), (13, 96), (28, 12),
(34, 29), (4,91), (15, 68), (2, 112), (25, 32), (21, 62), (26, 43), (50, 3), (50, 22), (59, 17),
(34,9), (17, 35), (37, 21), (41, 9), (39, 52)

Draw parallel boxplots of the following sets of data. See Example 19

Set1: 8,8,4,9,8,9,5,13,7,9,5,18,7, 11,3, 12,4, 18, 5, 11, 5, 19, 5, 14

Set2:7,15,12,15,8,17,5, 14,11, 14, 12, 13,12, 17, 2, 14,9, 15, 8, 15, 13, 13, 10, 16, 7, 15

Make scatter plots of the following sets of data and draw lines of best fit. See Examples 17, 18

A lx] 13] 25| 31| 44| 54 66

y 126 | 183 274 | 383 | 51.1 | 68.1

byl 1539 6 10.7 | 113 124 | 15.8 | 18.8
y |43 | 65 | 101 109  14.1 | 187 | 17.6 | 24.7
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Problem soving 17 The numbers of damaged apples in cases of 40 apples were recorded as follows.

Number of damaged apples | 0 | 1 2 |3 |4 5
Number of cases 12 10 |7 |5 |42

a  What is the typical number of damaged apples in a case?
b How many damaged apples would you expect to get in 74 cases?

SeeExample 12 18 Two greyhounds have the following race times (in seconds) over the same meetings.
Houndog: 53, 59, 61, 51, 59, 53, 58, 44, 47, 48,73, 73, 70, 66, 60, 60, 50, 71, 37, 64
Chaser: 64, 53, 60, 61, 66, 69, 82, 68, 64, 68, 76,59, 57,58, 71, 83, 68, 77, 64, 76
a Make a back-to-back stemplot for the data.
b Compare the greyhounds.
¢ Compare the greyhounds using the means, medians and ranges and comment on your
results.

SeeExample 15 19 This table shows the heights and errors in a spelling test of a group of 15-year-olds.

Errors in spelling

1 2 3 4 | 5 |Total
| 150-159 | 0 1 s 1 10
E  160-169 8 6 2 9 34
= 170-179
-2 180-189 2 | 3 2| 2] 11
T Over189 2 0 1 1] 4
Total 23 | 12 17 | 22 | 94

a Complete the missing parts of the table.
b Do taller students appear to make more or fewer spelling errors than shorter students?
¢ Are the conclusions of this survey likely to be reliable?

SeeExample 17 20 The following table shows the numbers of new sports utilities sold in Australia.

Year 2000 | 2001 | 2002 1 2003 | 2004 | 2005 | 2006 | 2007 | 2008 | 2009 | 2010
Number (°000s) | 113 | 126 149 | 163 | 187 | 194 | 185 216 | 208 205 | 252

a Draw a scatter plot to show the results.
b What kind of relationship is shown, if any?
¢ Put in a line of best fit and predict the number of sales in 2014.

21 Two classes of students sat the same exam, one first thing in the morning and the other last

thing in the afternoon. Their results are shown below:

Morning class: 3, 15, 10, 12, 14, 15, 15, 9, 10, 9, 13, 15, 11, 13, 12, 14, 13, 13, 14, 15, 17, 14,

5,13,8,9,17, 11, 11, 17

Afternoon class: 3, 11, 8, 6,7, 9,3, 11, 11, 8,12, 12,3, 12,9, 5, 5, 5, 13, 5, 4, 12, 10, 13, 16,

12,12,17,9,6

a  Make parallel box-and-whisker plots for the classes.

b Does either class appear to have had an advantage?

¢ Compare the morning and afternoon distributions using the means, medians, quartiles and
ranges and comment.
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Explain the positions of the median and the mean in a negatively skewed distribution. Reasoning

A class of 20 Year 10 students has an average mass of 72 kg. The median mass is 68 kg. Three
more students join the class. These three have an average mass of 80 kg and a median mass of
78 kg. Explain what will happen to the mean and median for the class.

What are other explanations for the results in question 21?

The 5 number summary of a distribution is 12, 17, 19, 20, 22. Comment on the distribution
and explain how you would estimate the mean.

Two market research companies undertake surveys for different local chocolate makers to find ~ See Examples 7, 13
the sizes of Easter eggs that they should make for the next Easter season. One maker rings

1000 people from different areas of the city and asks them to state the mass of chocolate they

would want to have in Easter eggs. The other company takes sample eggs to 100 selected

houses in the suburbs. The first company gets higher weights than the second. Explain which

you think would be the most reliable.

How reliable is the prediction for 2014 in question 20?
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Patterns and algebra

Factorise algebraic expressions by taking out a
common algebraic factor. (ACMNA230)

Simplify algebraic products and quotients using index
laws. (ACMNA231)

Apply the four operations to simple algebraic fractions
with numerical denominators. (ACMNA232)
Substitute values into formulas to determine an

unknown. (ACMNA234) €3




Algebra has a long history. As far back as 2000 BcE, the ancient Babylonians developed a form of
algebra. Evidence of equations recorded on clay tablets shows that the Babylonians used algebra
to solve problems.
Like much of our mathematics, algebra came into modern use through the Muslim culture of more
Weblink than a thousand years ago. Muhammad ibn Mtsa al-Khwarizm (about 780-850) of the ‘House of
IR E Y Wisdom’ in Baghdad used the phrase al-jabr to describe some basic operations in the solution of
equations. It has become the word algebra and his name is immortalised in the word ‘algorithm’ that
describes the arithmetic methods he detailed in his book A/-Kitab al-mukhbtasar 7 hisab al-jabr
wa-1-mugabala.
In algebra, unknown quantities are represented by variables. Variables are used in rules or
equations that can then be used to model difficult problems.

Algebra

MAT10NAVT00003

MAT10NAWBO00003
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M Mathematical literacy
The mathematical words below have special meanings that you will learn in this chapter. It is

important that you learn to spell them and gradually learn what they mean in mathematics. You

MATTOASDIO000T 4y find the glossary or online mathematical dictionary useful for this purpose.
algebraic common factor formula square of a
expression constant highest common difference
algebraic fraction difference of two factor square of a sum
arithmetic squares like terms subject
expression distributive law lowest common substitution
binomial brackets evaluate denominator term
coefficient expand perfect square transpose
collecting like expression simplification variable
terms factorise simplify
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ﬂ. Simplifying expressions

You have already done quite a bit of algebra in previous years. You should already be familiar
with most of the terms below.

Variables, expressions and formulas

A variable is a letter or symbol that stands for a number. A constant is a number.

An expression has variables and/or numbers connected by arithmetic operations like +, +
and powers. An expression with numbers only is an arithmetic expression, while one with
variables is an algebraic expression.

The numbers that are multiplied by the variables are called coefficients, the parts separated from
the rest by + or — are called terms and a number on its own is called a constant term. In
algebra, you usually leave out the multiply symbol X between a constant and a variable or
between variables. So the expression 5x + 8 means 5 X x + 8 and has 2 terms, namely 5x and 8.
Here, the variable is x, the constant term is 8 and the coefficient in the first term is 5.

To evaluate an algebraic expression you use substitution. You put in values for the variables
(substitute values) and work out the answer. When x = ~3 is substituted into the expression
5x + 8, its value is 7.

A formula is an equation with a variable on the left and an algebraic expression on the right.
The variable on the left is the subject of the formula. The value of the subject variable is
calculated by evaluating the expression on the right using given values for the variables in the
expression. When the values A = 12 and & = 8 are substituted into the formula V' = {Ah,
you get an answer of 32 for the subject V. This formula can be transposed so that the subject

is A. It then becomes h = ﬂ

A

You may need to change word sentences into algebraic expressions.

Example 1

Write an expression for each of the following.

a The sum of 34 and 5 b 10 less than the product of 7 and &
¢ The quotient of x* and 4¢

Solution

a ‘Sum’ means to add. 3a+5

b ‘Product’ means to multiply and

‘less than’ means to subtract. 76 — 10
. . 2
¢ ‘Quotient’ means to divide. X"
4c
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Important!

Like terms

We call the terms in an algebraic expression with exactly the same variables like terms. Each
variable has to be to the same power. Like terms can be added or subtracted to simplify

the expression. This is called collecting like terms. You will find that it is easier to put the
variables in alphabetical order in each term. When there are different powers of a variable
in different terms you should put the terms in order of the power. If possible, put a positive
term first in your answer.

Example © 2

Simplify the following if possible.

MAT10NATI00003 a 2ac+5ca b 3b° + 4ab — 5bb
¢ 6pg — 6qt — 2ptqp + 4tg + 8 d 72+ 208 — 32 — Tt
Soluton
MAT10NACPO0003 a  Write the expression. 2ac + 5¢ca

Use the commutative law of
multiplication to put the variables in

alphabetical order. = 2ac + 5ac
Collect like terms. = Tac
b Write the expression. 367 + 4ab — 5bb
Write b X b in index notation. =367 + 4ab — 5b°
Collect like terms. = 4ab — 2b*
¢ Write the expression. 6pq — 6qt — 2ptqp + 4tq + 8
Use the commutative law and index
notation. = 6pgq — 6qt — 2p°qt + 4qt + 8
The only like terms are ~64¢ and 44z = 6pg — 2qt — 2p°qr + 8
d Write the expression. m® +2m’ — 3m® — Tm’®

m? means 172°, and 72’ is different.

Collect like terms. = 2m® — 5m’

You can use the index laws when simplifying expressions involving multiplication and division.
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Example T3

Simplify each of the following.

a 8eq® X 5¢°q° b 107%%° + 152"

¢ 4b*r? X 1024

d 18k7p°uw’ = 6k p2u e 3x X (y2°)° X 5x77 X (2977)

Solution

a  Werite with index 1 for the first e.
Add indices and multiply coefficients.
Simplify.

b Write in fraction format, with positive indices.
Cancel coefficients, subtract denominator indices.

Simplify.

Move the negative index to the denominator and
write x' as x.

¢ Write the problem.

Add indices and multiply coefficients.
Write the variables in alphabetical order.

Simplify.

Move the negative index to the denominator
and write #' as just 7.

d Write in fraction format, with the power of
1 written explicitly.

Cancel coefficients, subtract denominator indices.

Simplify.

Move the negative index to the denominator to
leave with positive indices.

e Write the problem.
Simplify the powers of powers.

Add indices and multiply coefficients where
possible. Write variables in alphabetical order.

Werite in fraction format with positive indices and
evaluate 2°.

9780170361941

8e1q2 > 5e3q3
:8><5><e1+3><q2+3
= 40e4q5
107243
150454
2902454

515

_ 2n 2l
3

2x
" 3n2

46*%r 2 X 106°u 44

=4 X 10 X p*3 Xy 34 X 2t 4
= 4067r1u2

40677
)

u
18k p% w3
6k4p72u1
— 3 X k73—4 XP5—72 X u3—1
=3k XpT X u?

B 3P7u2
= Vxi

3x X (32%)° X 552 X (2 )2
=3x X2 x 5x% x 273

=15 X 2—3x—2y14z10

- 15)'14Z10
o 82




In some cases, you may need to collect like terms in the numerators or denominators when
simplifying multiplications or divisions of expressions.

Example © 4

Simplify each of the following.

12x — 4x 11pgr + 9pgr 18wm — 10wm
— X 2
4 S5xz— xz (a +24) 24mrw — Ymrw 4v +3v
Solution
a  Write the second part in fraction format (12x — 4x) _ (3a+ 2a)
and insert brackets. (5xz — x2) 1
Collect like terms. _ 8 % 5a
4xz 1
Cancel the numbers and the x. _2 % 5Ta
z
Simplify. _ 104
z
. 11pgr + Ipgr 18wm — 10wm
h blem.
Write the problem 24mrw — Imrw 4v 4 3v
Collect like terms. _ 20pgr % Buwm
15mrw Tv
Cancel the numbers, 7z, w and 7. - 4pq % 8
3 Tv
. 32
Simplify. _ 2“1
Py 21v

Investigate: Space stations

Astronauts in a space station need to be able to move around in comfort. They work best
under the same gravitational conditions as on Earth. Mathematicians discovered that, if the
space station rotated at the appropriate speed, the gravity of Earth could be simulated on
board. This is the formula that they worked out to simulate Earth’s gravity:

42 /5

N=22]

T \Vr
where N = rotations per minute of the space station and » = the radius of the space station
in metres.
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Use the formula to answer these questions.

1 A space station with a radius of 11 m is launched. Calculate the number of rotations per
minute that the space station must make to simulate Earth’s gravity.

2 An American space station has the same gravity on board as Earth’s. It has a radius of
35 m. How many rotations per minute does the space station make?

3 A Russian space lab has a radius of 6.2 m. In orbit it rotates 15 times every minute.
a Would the people on board have trouble moving about? Explain.
b If a problem exists, how could it be corrected?

Research the International Space Station. Does it use artificial gravity? Can you think of
reasons why they wouldn’t use artificial gravity on a space station?

Example ©°5

Substitute the values given in each of the formulas below to find the values of the subject.
a s=ut+3%ar foru=10,t=3anda =38

b T=+vV2P+4B,forP=15and B=5.5

Solution

a  Write the formula. s =ut +Jar?
Substitute # = 10, t =3 and 2 = 8. =10X3+05X8X3X3
Evaluate. =66

b Write the formula. T = /2P + 4B
Substitute P = 1.5 and B = 5.5. =V2X15+4X55
Evaluate. =5

If you want to find the value of a variable that is needed to give a particular value for a formula, you
can rearrange the formula first. If you wanted to find multiple values, this would save time anyway.
To rearrange the formula, you use inverse operations. You may have used inverse operations to solve
equations in previous years. Remember that they are done in reverse to the usual order of operations.
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Changing the subject
of a formula

MAT10NAVT10005

Example T°6

Substitute the given values in each of the following formulas and solve the resulting equation

for the remaining variable.

a A=1bh,A=26cm? b=4cm
b F=ma, F=30N,m=06kg

c V=" V=201lem’, r=4 cm

Solution

a Substitute the values in the formula.
Simplify the RHS.
Divide by 2.

b Substitute the values in the formula.
Divide by 6.

¢ Substitute the values in the formula.
Multiply both sides by 3
Use your calculator to divide by (16m).

Round and write the answer.

Example T/

Make x the subject of each of the following formulas.
b v® — x? =2as

.
a b—r-i—

Solution

a  Write the formula.

Square both sides to get rid of the root in the x term.

Simplify.
Multiply both sides by & to isolate x.
b Write the formula.

1
2625 X bX4
26 =2b
b=13cm
30=6Xa
a=5m/s?
nX4>Xh

3
l6m X h = 603

h =11.99%...
h~12cm

201 =

Take »? from both sides to isolate the x* term.

Multiply both sides by ~1 to make the x? term
positive.

Take square roots of both sides to get x on its own.
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Exercise 3.1 Simplifying expressions

1 Werite expressions for the following.

Understanding

a The sum of 12 and y b Twice g plus 4 S ,
Xtra questions
¢ 6less than 54 d 3 more than 55 Eercioe 5.1
e The product of 4c and v f The quotient of 124 and 5 bt
MAT10NAEQO00007
2 Write expressions for the following. See Example 1

a 5 more than the product of 7 and ¢~ b The sum of x squared and 8
¢ 3 times the sum of 64 and 2 d Half the sum of 75 and ¢
e Twice the difference of 972 and 1 f The quotient of 4 less than 34 and 5

Algebra 1
MAT10NAWK00006

3 Write the following using mathematical symbols.

a A number is increased by 20
Algebra 3

b Seven less than a number AT IONAWKO00E
¢ Half a number is diminished by 5
d A number is doubled and then increased by 17
e Three more than twice a number
f A number is increased by a third of itself
¢ A number is reduced by 7 and then doubled
h Two-thirds of a number is added to 15
4 Sirnplify if pOSSible. See Example 2
a 3a-+5a—2a b 4n—3n+n c 9% +3k+2k
d 7f—2f-3f e z+ 27— 3z f 11 — 8m + 3m
g 2¢g+g+4g h 8 —4s—5 i Tr—>5r+2r
j 11k+ 4k + 8k k 7/—-3/—7 Il n+n+n
mb—b+b n e+5e—3e o 10m — 6m + 5m
5 Simplify if possible.
a 4¢+3s—2t+5s b 7m+5-2+4m
c 5p—2p+4g+6p d 4a+2b—a+ 3¢
e Sw — 6u+5y— 62 f 3/+5+3/—7
g 8¢—3ete+9 h 2y+4m—y+z+5m
i 3r+2s+5r+3t+4s j 2m+3m+5u+8u—m
k 3f+8+5f—4 Il 1+y+8+9-5
m 3x+2y —x+7y n 6a+ 12b — 4a — 10b
0 Y+ 2m® — 4mn p llpg —7gp + 4pgq
q 4xy +7c—2xy —4c t 3a+5bd — bd + 2a

6 Simplify if possible.

a 4x — 10x + 5x b “6r—4r+8r c v—5+v

d 2t —31—4¢ e 8—5¢—9 f 4d —9d +2d
g —i+ 5i— 3i h 6y— 3y+y i 8d—7T7e—4d+3e
j mtun—3m+n k 3x—4y+8x—y 1 5¢—3r—4r+1¢
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m 4y+2-—-3y—1 n 4g—6h+g—>5h o Tk+4k—>5m—4m
p 11w — 12w + Bw — 14w q 3h+ 8h—3c—5¢ r 3s5—8 —s+ 4y+4s

s x—y—5x+7y—6 t 4m — 6k + 4m + 6k u 3g—5r+4z-38
See Example 5 7 Find the value of A in each of the following formulas if x =3,y =2 and z = 5.

a A=2x+3y b A=3x—4y ¢ A=5(x+2y)

d A=32x—2) e A=x%+y? [ A=2—9

g A=3(x+y)? h A=x(y+2? i A=3xx-2y°

8 Ify = mx + ¢, find y when:

a m= 1l,x=4,¢c=3 b m=1x="5c¢c="2

c m=2,x= 3,c="5 d m="2,x="3,c=4

e m=0,x=9,¢c= "3 f m="8x=0c=14

g m= 4,x="1,¢=2 h m="15x="4,c=5

Fluency 9 Write down expressions that show each of the following.

a 5 less than double the number

o

the sum of 4 and the number all multiplied by 6
the square of the number decreased by 10
half of the number increased by 2

the product of 3 and 4 more than the number

o, 6

the quotient of 8 less than the number and 7

the product of 5 more than twice the number and 3

ot o

the square of 4 less than 7 times the number

half the difference between 4 times the number and 9

-

j the product of 3 more than the number and 3 less than the number

10 Simplify if possible.

a 7¢¢+4r+3 -9 b 12m* — 7g — 8m” + 5¢

¢ 4x? —3x+2+ 6x* —5x d 3ac® + 4ce® — Tac® — 4ce

e 70> —3ab+4 — 106> + 5ab — 8 f 34>+ 2ac — a® — Sac

g dmn +2m X3n* —m X n h 3m X 2m + 5m® — 4mn + mn
i P45 +gX3g—7 i ab X 5ab —3ab* + Tab

k 3p X 2g X 4r+ p* X 8qr Il pXg+gXr+rXp

m 8pg° — 6pg + 4p°q + ¢°p n 2m X3fX 4r* —4m X 5

0 6y X Sxyz — 3xy2” + xy°2 p 164+ 4 X 52+ a* — 64°

q 4aX3b+ 6aX 4b—ab v 7t— 48 +6t X 4t — 8t X 6

11 Find the values of the following formulas for the values given.
a M=5c+2dwhenc=2andd=5 b p=4e—3gwhene=8andg=3

¢ a=mBm—4) whenm =5 d d=253y —5s) whens =6and y = 4
- 2
e h:7g 4rwheng:63ndr=9 f o= erSthenw:3andz=2
4w — 3z
g y=4x> —5x+ 3 whenx =3 h s=4ut — +5uwhenu=6and t=7
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12 Substitute the given values in each of the following formulas and solve the resulting equation See Example 6

for the remaining variable.

a A=bh,A=45m* h=3m

b s=uvt,5=100m, v = 8 m/s

¢ V=bhw,V=450cm’, h=9m,w=10m

d V=mr’h,V=600cm’, =5 cm

(a+b)h
2

f s:ut—i—%dtz,a:9.8m/sz,s:50m,t:3s

g E:%mcz,E: 1.2 X 10 ], c =3 X 10® m/s (answer in kg)

e A= ,A=400m? a=15m,b=23m

h PV=uRT,P=1,V=224,T=293, n=1 (answer in atm-L/mole/K)

13 Transpose the following formulas so that the letter shown in brackets is the subject. See Example 7
2 v=u2—3a) () b G=kI—cH (o) c m:f_z ()
d g=tta ¢ 7= @  foo=/2=L @
g a2=2b+c (b h d=Vbc—5 ()
14 Simplify each of the fOHOWil’lg. See Example 3
a 4a°k X 9272k b 3hux® X 2hux’
c 6B’ X 5k p*r d ny X 8°n?
e Scn X den*w f 4d°gn® X 3d°g°n?
o 2ah*k’ X Tah’k? h 54°h°v? X 2a%hv
i 9e°p?? X Tept i 6h%ru X Th*r?
k 8bhk* X b’ 1 5bg%P X 90’4t
m 63k%p* + 54&%p n 264’ + Sen’v
o 24a°¢® + 213w’ p 5b6%p? + 45b%p°u?
q 15247 + 1027y v 42ab’h + 354°b%h°
s 2478k + 4%k t 12h%’y° + 14h%uwy?
u 12800° + 32cu v 60a°ch? + 10a°Ch’
w T2g%nu + 64g nu x g’ + S4n’qu
y 54b%*c% + Yben’ z 154%0° + 25qu
15 Simplify each of the following.
a h'n*u® + 6h*n’u® b 4°%% = 5°FPw
¢ 27 + 4501107 d 242 X 14°¢°
e 4b°¢° X 5670 £ 254%u" + 10a"p°u’
o 4n'pl10? X nSpTp10 b 422192 X 341212
i 16m*q"Y + Smg*rt i 40 ' + 10h%m°u®
k 36%*h° X 56" 1 24%6%p° X 1a*b%p®
m 1264w + 3k’ w’ n bR X 167 h%°
o 16&°1n"%7 + 206%:%p™ p 154%°m° + 124°g"%m"!
q 24%° X 1¢zsc4g11 v 3725 + 1571 12
s 24b°e’n® + 8b%° t 21le’nlutt = 3568 %u'?
u 28b*m*t" = 356" t® v 16g"Pw" + 2442 w®
w 4b%h%n X 362 h%nt x 5bMgl? x 4pM 012
v 2 X 5e5ptg? 7 482020 X 3g7n%°
9780170361941




16 Simplify each of the following.
2B % —5dzbz 4

56aCm ™ =+ 8actm?

347 n* X 4a’np’

3T 2767

40°¢ >’ + 564_2 2m2

dae’k X gt

*317 5iﬁ/e >+ 26700k
m’pr® X ‘)7722134r3

6c_lg_3p3 X 77 g p_3
10k + 4b e B
2a%e \m ™ X 3a P m?
57kt X Tg* k1
2004g4h5 = _46_4g_3

< g c » 0 © a =g o0 6 9

b5>< %2 24

2¢zc v* ><a

= 5 5 —— o> ma g

206° K0t = 5bT h TP
7e%n X Se m7

N X < =

Sg_3k364 X g‘%

“SONETIMES 1T DOES, SOMENMES 1T Does'T,*

17 Simplify each of the following.
354 (e *%)3 - *15a3 -

7(6‘2/%72)4772 X “6c2 (B m )"
15¢ 2(gm) > = ~27(%g) 2

e 0 60

34( U)X “4la”
G(nzrsuB) X 7(nr2u?)” 2)3 - 12472(,% 2 71) -2
“8(c ) + *24(f2f2)*3u*2
2h 1 (p?) X *7h
Bbs(p D 8(bpr3)

— — o oo o

k 73(d2g3k72)4 X 8(ﬂ73g2)73k2

18 Simplify each of the following.

24m *n’v + 20m v~

a _12€7k 8%1223 X Zk 8 10 —6

c 124 %m 82 X 54 u-
e “ba 10eloz “24a'te 7y’

715410%8 6 E 25d4k 7 6 5

“124%eq” X ~134%4"°
14684212475 79161%2

..QOEW""'G@

70kn7w—llz—10 = _6Ok11n10w_12z4

77g11m7,711 X 5g73m37,7

= =~ o o

721g3k10 711 12 . 730g Zk w712x75
—Sb 3h5k -9 . —Zobll h31é 11

—

11”11 —11 —6

7672 m w108 X 96wt 10
4¢* q —8 % 76‘9 -7

—

=D D

12612:% 11 7 -3 X a~ 4 711 - 730}[64722}75968
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s 72n'% " Bu 667112 ’
u 90c 6p =9 m’p 80
w 32a%y %70 + *1o4a n’z’
y 7¢Oty 7T X 1384105712
19 Simplify each of the following.

Sy 500

107 —4n _ 8tk — 6tk
SRR 2212

9ae — Tae Tex + 8ex

wz — 6wz 8gw + 6gw

20 Write expressions for the perimeters of each of the following rectangles in terms of its width ().

a The length is twice the width.

b The length is 4 cm more than the width.
¢ The width is 3 m less than the length.

d The width is one-third of the length.

e The length is 4 mm longer than twice the width.
(f) The length is 5 cm shorter than three times the width.

N X < =

664 n"r W + ~6a’n
~13612,79,78 + 12p7q’2u*1°

485 h 1210, 42g 1156, -

70k n’ty ¢ + 130&“ “Sliyto
S5x —3x 3w+ w

10w —7w  3wx+ 2wx

3xy 4+ Txy _ 9mx — Tmx

2x% +5x2  Tay —2ay

15kx? — 13k _ 1302 + Tu?
15uw + 1w 13x2 — 11x2

¢ The width is 7 m shorter than one-quarter of the length.

h The length decreased by 12 mm is equal to the width.

21 Find expressions for the perimeters of the following shapes and simplify your expressions.

a

3m+5

2m—3

b @ 2y+6
2
b2

22 Find the value of the nominated variable in each of the following formulas.
a uifv=u+atandv=12,a=2andst=3
b mifbk=ml —ct)and k=28, c=4andt=2
¢ aifs=ut+3a* ands =26, u=8and 1 =2

d Eifi=E

R

VandI =42, V=7andR =25

e hifsz\/g,d:24anda:5

@gifB:

g tifs=

V2gh and B =20 and h = 20
(u+0)t
2

ands=15,4u=3andv=>5

h cifa?=5b"+cPanda=24and b =10

. . w
i wifvo=

—“and v =14, 4 = 6.8,g =98 and r = 2.5

j rifp=ghr+ Bandp=980,g=9.8,h=15and B=245

23 Explain the difference between a formula and an equation.
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See Example 4

Problem solving

Worked solutions
Exercise 3.1

MAT10NAWS00007

Worked solutions

Exercise 3.1

MAT10NAWS00007

Worked solutions

Exercise 3.1

MAT10NAWS00007

Reasoning




m Expansion and factorisation

As you saw last year, you use the distributive law to expand brackets.

The distributive law

The product of the sum (or difference) of two numbers with another number is the same as
the sum (or difference) of the products of that number with each separately.
This can be written in symbols as:

aXb+c)=aXb+aXc
and aX(b—-0)=axXb—aXec.

The distributive law can be summarised as: a(b + ¢) = ab + ac.

When you are expanding brackets, you may want to write a subtraction as the addition of a
negative. This helps you to avoid mistakes with signs.

Example T8

Simplify each of the following.

@ dla+2) b 2ml4 —3m) ¢ T3hR—7)
MAT10NATI00003 _
Solution
a  Write the problem. 4(a+2)
Use the distributive law. =4Xa+4X2
MAT10NACP00003
Simplify. =4a+8
b Write the subtraction as adding a negative. 2m(4 + 3m)
Use the distributive law. =2m X 4+2mX 3m
Simplify. =8m + 6m?
Write in the usual way. = 8m — 6m®
¢ Write the subtraction as adding a negative. “3k(4k+ 7)
Use the distributive law. = 3kX4k+ 3kX 7
Simplify. = 12k* + 21k
Write with the positive term first. =21k — 12k?

You may also need to use the index laws when expanding brackets.
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Example T°9

Simplify each of the following.

a 6b°k*6b° — 50°) b 7567 %267 - 97%)
Solution
a  Werite the problem. 6b°k* (66° — 50°)
Use the distributive law. = 6b°k* X 6b° + 6b°k* X “50°
Simplify and use the index law. =360°"%%k* — 300°k*
=36b""k* — 306°k*’
b Write the subtraction as adding a negative. T56°5 %262 + 9z%)
Use the distributive law. =502 ¢ X 2%+ 567 ¢ X 95*
Simplify, using the index laws. = "106°" 2276 + 456°2 0+

Simplify the indices and write the positive
term first. =450’z % — 10b°z ¢

Two brackets multiplied together are called binomial brackets. These can be expanded in several
different ways.

Investigate: Binomial brackets

The Area method

You expand the binomial brackets (372 + 2)(27 + 7) by considering the area of a rectangle
. . . MAT10NAT
with a height of 3% + 2) and width (27 + 7). ONATCO0003
Then divide the height and width into their parts to make smaller rectangles as shown below. Weblink
‘ 2n Expanding brackets
I using the grid method
I 11
: |:> 3n = 3 MAT10NAWB00003
I
N !
H[TT T T
N 1
2n+7 2 === | |2
2n 7

Area= Bn +2)2n +7)
Total area =37 X 2n +3n X7 +2 X 2n+2 X7
The areas are the same, so (37 +2)(2n +7) = 61> + 21n + 4n + 14

= 61> 4+ 251 + 14
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The Table method

You use a table instead of a rectangle, but still multiply widths and heights. Then you put

the answers in the table as shown on the right.

2n +7
3n 67>  21n
+2 | 4n 14

Then add the answers to give

BGrn+2)2n+7) =61 +21n+4n+ 14
= 61* +25n+ 14

The Distributive Low method

You just apply the distributive law twice, so this is a purely algebraic method.
Bn+2)2n+7)
=3nQ2un+7)+2Q2n+7)
=3 X2n+3nXT+2X2n+2X7
=6n” +21n +4n + 14
= 6n” + 251 + 14

The FOIL method

For this method, you just multiply the terms in each bracket in the order First terms, Outer
terms, Inner terms and Last terms.

Outer

‘ First

Gn+2) (@2n+7)

=B

Last

For 3z + 2)(2n + 7), you get:
First terms: 372 X 21 = 6n°
Outer terms: 37 X 7 = 21n
Inner terms: 2 X 2n = 4n
Last terms: 2 X 7 = 14

Try each method for yourself.

Even though there is no such thing as a negative length, you can use negative lengths on
the sides of the Area model for this investigation.

Your teacher might want you to use one method more than the others, but generally
different people find that they prefer different models.

The FOIL method only works with binomial brackets. If there are more than 2 terms in one of the
brackets, this method doesn’t work. The distributive law method is the most general method, and

applies to expansions of all kinds of brackets.
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Example © 10

Simplify each of the following by expanding the brackets.

a (x+2)x+3) b (a+5)a—4) c (£=5)(k—-4)

Solution

a  Write the problem. (x +2)(x+3)
Expand using your chosen method. =x"+2x+3x+6
Simplify. =x"+5x+6

b Write the problem. (a+5)(a—4)
Expand using your chosen method. =a’ —4a+52—20
Simplify. =af+a—-20

¢ Write the problem. (k—5)(k—4)
Expand using your chosen method, being
very careful with signs. =k — 4k — 5k + 20
Simplify. =k — 9%+ 20

The methods work just as well when there is a second variable. If the variables are not in the same
order in both brackets, you should change the order before starting the expansion.

Example 511

Expand and simplify each of the following.

a (Bx +2y)dx — 3y) b (4 —5¢)2c—3) ¢ Bp —4m)Bm + 4p)
_ MAT10NATIO0003
Solution
a  Write the problem. (Bx + 2y) (4x — 3y)
Algeb
Expand using your chosen method. =12x% — 9y + 8xy — &7
o , , MAT10NACP00003
Simplify. =12x" —xy — 6y
b Write the problem. 4 —50)(2c—3)
Change the order in the first bracket. =("5c+4)(2c - 3)
Expand using your chosen method. = 102 + 15¢ + 8¢ — 12
Simplify, and write the positive term first. = 23¢ — 10¢ — 12
¢ Write the problem. (Bp — 4m)3m + 4p)
Changing the order in the second bracket
is easier than the first bracket. = 3p — 4m)(dp + 3m)
Expand using your chosen method. = 12p* + Imp — 16mp — 12m°
Simplify. =12p* — Tmp — 121°
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When you are expanding several sets of brackets, you will probably have to collect like terms to
finish the simplification.

Example T°12

Expand and simplify each of the following.

a 3a(2a +5) —2(a — 8)

b 2ela+ 3¢ — 6h) — h(9a — 4e + 4h) — 5a(7a — 3¢ + 8h)

c (87— 9m)(r — 4m) — 9r — m)(6r + m)

d 8mpOh 'w’p ¢ — WP + 9m 7 p*) — Th ' (W p — 4w’p > — Shp*)

The distributive law

MAT10NAPS00008

Solution

a  Write the problem. 34(2a+5) — 2(a — 8)

Expand the brackets, being

careful with signs. =64 + 152 — 22 + 16

Simplify. =64+ 132+ 16

Write the problem.

Expand the brackets, being
careful with signs.

Simplify.
Write the problem.

Expand the brackets, being
careful with signs.

Simplify.
Write the problem.

2e(a+ 3¢ — 6h) — h(9a — 4e + 4h) — 5a(7a — 3e + 8h)

= 2ae + 6¢® — 12¢eh — 9ah + 4eh — 4h® — 354°
+ 15ae¢ — 40ah

= 6¢® — 354° — 4h* + 17ae — 49ah — 8eh
(87 — 9m) (r — 4m) — (9r — m) (6r + m)

= 8% — 32mr — Imr + 36m? — 54r% — Ymr + 6mr + m?
= 37m? — 44mr — 46¢°
8m p(Oh 'm’p ¢ — WPm > + Im p?)

—Th 'm P (WPmp — dm’p > — 5hp?)
Expand the brackets, being

careful with signs and powers. =72k 'p > — 8hPm Sp + 72m %’ — Th°m™%p
+28h'p > + 35m p*

Simplify. =100n""p > — 150°m %p + 35m p* + T2m~%p°

Investigate: Special expansions

Expand each of the following expressions.

a (x+3)(x—3) b (x—4)(x+4) c
d Gx—1)06x+1) e Bx+7)0Bx—7)

(4x 4+ 1)dx — 1)

Write a rule for the expansions of (x + y)(x — y) and (x — v)(x + y).
Now expand the following expressions. Note that you can write (x + 1)? = (x + 1)(x + 1).

a (x+1)? b (x —3)? c (x+4)? d 5x—3)? e (7x+5)?

Werite rules for the expansions of (x + y)? and (x — y)2.
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You should learn the special expansions below.

Special expansions

The special expansion (x 4 y)(x — y) = x> — y? is called the difference of two squares.
The special expansion (x + y)? = x* 4+ 2xy + y? is called the square of a sum.

(x — 9)? = x? — 2xy + y* is called the square of a difference.

Sometimes they are both just called perfect squares.

Example 13

Expand each of the following expressions.

a (m+4)? b (p—3)2 c (r—6)r+06)
SO|UtIOﬂ MAT10NAVT10006
a Identify the product. (m + 4)? is a square of a sum
Apply the pattern. m+4)>°=m>+2Xmx4+4°
Simplify. =m’>+8m + 16 MAT10NATI00003
b Identify the product. (p — 4)? is a square of a difference
Apply the pattern. p—4°=p"—2Xpx4+4°
Simplify. =p"— 8 +16 MAT10NACP00003
¢ Identify the product. (r — 6)(r + 6) is a difference of squares
Apply the pattern. (r—6)(r +6) =+* — 6>
Simplify. =+* 36

Example © 14

Expand each of the following expressions.

Expanding binomials

a (3a+50)3a—5¢) b (4g — 77r)? ¢ (7y+5)?
MAT10NAPS00007

Solution

a Identify the product. (32 + 5¢) (34 — 5¢) is a difference of squares
Apply the pattern. (3a — 5¢)(3a + 5¢) = (3a)* — (5¢)2
Simplify. =94 - 257

b Identify the product. (4¢ — 7r)? is a square of a difference
Apply the pattern. (4 — 7r)> = (49)° — 2 X 4 X Tr + (7r)?
Simplify. = 164° — 564r + 497°

¢ Identify the product. (7y + 5)? is a square of a sum
Apply the pattern. (Ty+5)72=(TP*+2XTyx5+5°
Simplify. =49y* 4+ 70y + 25
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The opposite of expansion of brackets is factorisation. In the simplest kind of factorisation, you
find a common factor of the terms and use the distributive law in reverse to make brackets.

Factorisation

Factorisation is the opposite process to multiplying out brackets. In the common factor
method, the highest common factor of the terms is put outside the brackets, leaving the
other factors of each term inside the brackets.

Sometimes the terms containing variables in an expression are all negative. In this case, it is normal

to use a negative common factor. In other cases you should make the common factor positive.

Example T 15

Factorise each of the following.

a 12p + 18 b 28u — 350 + 42 ¢ 24 —30w —36v
Solution
a  Write the problem. 12p + 18
Write each term as a product of the HCF, 6. =6 X2p +6 X 3
Use the distributive law in reverse. =6(2p +3)
b Write the problem. 28u — 350 + 42
Werite each term as a product of the HCF,7. =7 X4u -7 X50+7 X6
Use the distributive law in reverse. =7@u — 50+ 6)
¢ Write the problem. 24 — 30w — 360
Choose ~6 as the HCF, since all the
variable terms are negative. ="6X 44+ 6X5w+ 6X 60
Use the distributive law in reverse. = 6("4+ 5w+ 6v)

Rearrange the terms in the brackets to
start with a positive term. = 605w+ 6v—4)

The highest common factor might involve one or more variables, and it could also include powers.

Example T°16

Factorise each of the following.

a 24mnp + 18mp — 2mpq b 56¢°h° — 8eq’h’ — 16’4’ h*
Solution
a  Write the problem. 24mnp + 18mp — 2mpq

Think of the terms as products of the HCF, 2p. = 2mp X 12n + 2mp X 9 — 2mp X g
Use the distributive law in reverse. =2mp(12n+9 — q)
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b The HCF includes 8, 4% and #°.

Think of the terms as products of the HCF,

4q°h’. =84°h> X 7 — 84°h’> X eq’h?*
— 84°1° X 2¢°h

=84’ (T — eq’h* — 2¢°¢°h)

56q°h’> — 8eq’h” — 16’4’ h*

Use the distributive law in reverse.

When you factorise expressions with terms that have negative powers, it is usual to make sure that
all the powers inside the brackets are positive. This means that you will include the most negative
powers of each variable in the highest common factor.

Example © 17

Factorise 9x%y 72> — 12x*y 221,

Solution

Write the problem and
think of powers in the HCF.

Think of the terms as products
of the HCF, 3x% 2z '

Use the distributive law in reverse.

9%’y 2 — 12x4y_zz_1

=3x% 722 X 3% - 3ty 0 X 4y?
=3xY 7221647 — 4%)
_ 3x4(3x°24 — 4y?)

Write the negative powers as a denominator. .
Yz

Exercise 3.2 Expansion and factorisation

1 Expand and simplify each of the following. Understanding
. d(ﬂ " 5) b M(m N P) ¢ g(2g + 3f) Extra questions
d z(4z — 3w) e x(3x + 2y) f (8 —7)
g —m(Gm —3n) h —f(2f—5h) i —d2d+3e) Exercise 3.2
i 4cc—17) k "3n(2n+6) 1 ~5k(Bc — 2k) MAT10NAEQ00008

See Example 8

2 Expand and simplify each of the following. See Example 10

a (x+4)(x+3)
d 6+a)2+a)
g m+5)0m+7)

b (1+5)Q2+5)
e (y+1ly+6)
h (a+2)a+6)

3 Factorise each of the following.

(@a+4)a+)5)
(@a+ D@+ 2)
(n+2)(n+4)

See Example 15

a “70g — 30 b 75¢ — 40 c 28y — 35
d 444 — 56 e “72v—81 f 130c — 143
g 90c—75 h 91z — 117 i 454 — 165
j "18n —26 k 28w — 210 I 70r+ 126
m 48b + 20 n 90g + 63 o 22x—12
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See Example 11

See Example 13

Fluency

See Example 12

10

p 78k + 143 q ~60u — 156 ¢ 20p+5

s ~66v—77 t 80h + 120 u “143x —55

v 33e+ 39 w 77m — 35 x 140¢ + 154

y Ta—35 z 55k —

Expand each of the following.

a (a+1)2a+3) b Qa+ 1)a+3) c Bx+2)(x+4)

d 2y +3)4y +5) e 5g+1)(7g—2) f (Ba+2)(6a—2)
g (Tm—1D)Tm+1) h (Bx —2)5x —3) i 5y+4)0y+4)
j 4y +3)3y+4) k (7n+5)Tn—->5) I 4 —-202+ 40

Complete each of the following using special expansions.

(a+b)2:az+2ab+...

=g 06D

..—6n+n2

Expand each of the following.

b

d
f
h
j

(x+9)2=x>+...+9°
(@+2°2=d*>+4a+.

(772 )=...—10m+25
(6+b) =36+...+5°

(

+8)2%=F +16k+...

a 3% —3a—6) b 7(x — 3y + 4z2) ¢ 4x*+5x+7)

d 6Q2m — n+3p) e 3m(m —3n —2p) f 2g4—-3g+a)

g 4p(p —3g + 2r) h 3x(x +3y —52) i 9y —2x +52)

i x(x? +4x —3) k 2y(y* — 7y + 6) 1 4cd2c® +3d —3)
Simplify each of the following.

a (x+2)x+3) b (x+1x+4) ¢ (@a+3)a+5)

d (x —3)(x+06) e (a—10)a-9) £ (n—T7)m+11)

g (x+5)x—5) h oy =7y +3) i e+ 12)(x+5)

j (B—9)(k+11) k (x4 6)(x—5) I Q+n0O —n)
Simplify each of the following.

a 4(x+5)+9x+3) b 7Q2a+3)+6(3a—1) c 10B3d+5) -7

d 5Ga+4)+3—23) e 6(m—7)+4(m+ 10) f 5(6—-2)— 03 —4b)
g S(a+6)—3Q2a+1) h 2Gx+7) —4(7 +x) i 76x—2)—303 —4x)

Simplify each of the following.

x(x 4+ 6) + x(x + 3)

m(m — 5) — m(m — 3)

y(4y —3) —y(4 —y)

a5a —3) + a5 — 4a)

2p(p —5) — 4p(7 — 6p)

Simplify each of the following.

a 32x+4y —2) +2(x — 3y +52)
50Ga+2b—3c) —2(a—2b— o)
x(x? — 8x — 4) + 3x(x? — 6x — 5)
2x(3x% — 2x — 4) + 6x(x* — 2x + 3)
3x(5x% — x +2) — 2x(x? + 2x + 4)

= 0 60D

=g 0o 6

- 0~

b(b+2)+ blb +5)
clc+9) — clc—8)
h(2h — 3) — h(5 + 2h)
c5c—3)+ 2 - 8)
3x(5 — 2x) — 2x(x — 6)

2Ba —4b+c¢)+5a+2b—¢)
32x =3y —42) +7(x —y +2)
a@® =54+ 1) +3aa® —2a+7)
9a(a® +2a — 8) + 3a(a® — 4a — 2)

6a(4 —2a + 34%) — 5a24°> — 7 — 3a)

9780170361941



NELSON WA MATHS

fortteAustralian Curriculum

10

11 Factorise each of the following.

“144b — 156e — 12
144m — 156¢ + 108
186 —33g—6
“84r —35x — 91
12a — 45h + 3
“104c — 8p —

1054 + 135y + 135
26h — 4x — 24

40c¢ + 52m + 36

‘<<m~55‘-"tm o, 0

12 Simplify each of the following.

a 6h %mQh™ — 9m*)

d 247 %(6a™ — Tw™°)

o 5a k584 —5k72)

i 4beTRbTT + 7Y

m SEm (58 + 3m?)

p 8°h>Be> —5p°)

s 9k%(2e7 + k)

v 5177 - 2y7)

v 8m 2wt + 4w?)
13 Simplify each of the following.
(@a—3)4+ 24a)
(k —4)(2k —5)
- 20+ 9)(2p—9)
(4x — 3y)(2y — 7x)
(8u + 12¢)(8u — 12e)
(112 — 9x)(7a + 5x)
(14x — 13m2)(14x — 3m2)
(12p — 52)5p + 42)
2z + 13u)(72 — 15u)

<w'55"(1‘0 [oT -}

<

14 Simplify each of the following.

15 Simplify each of the following.
(a+2)a—2)
n+4)(n—4)

)(h )
(p+ 00— )

16 Simplify each of the following.
a “Tclbec+ 59 —5x) —

a
d
g
J

Ngr~.a35 D6 o Ngr~.a 5 D6 o Ng o35 xo0 o

~ - 6 o

~ o 0 o

156p — 36u — 36
352+ 77m — 28
24 + 26w + 30
130p — 907z — 110
5p —55r+ 35

120x — 180z + 195
110k — 12072 + 20
420 — 1821 — 112
16k — 120x — 48

Bu7Ox(6x7 4+ 57°)
351765 — 7x%)
8a2b%(6h™" + k)
3g72p4(8771 +p4)
Sh™k2(7k* + 3p7)
Th2r Y4z72 +5:7)
50 (4u"C + 1)
“8¢7H22° 4 9)
28172t + 9u?)

5—-2x)03 —x)
(2m+ 13 — m)
(212 — 5m) Bz + n)
(8a — 5b)(7b — 2a)
(8¢ + 50)(9g + 4v)
(11x — 2r)(15x — 17)
(8x + 9p)(Tx + 15p)
(7y — 137)(15y + 17)
(14z — 1a)(5z2 + 3a)

glc — 4g — 6x) — 6x(9¢ + 7q — 2x)

b 5#(7Tn+ 4t + 7x) + x(6n — t + 4x) + 8(7n + 8 — 6x)
¢ 9e(5a —Te+ 6m) + 3a5a + le + 5m) + m(4a — e — 6m)

9780170361941
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¥ gm0 == moe

— e

_— e A

42x + 45k + 18
“90m — 63e — 72
48x — 20e + 24
“60w — 44¢c — 52
84g — 54e + 30
40t + 884 — 104
5y —75r — 40
407 — 60m — 75

See Example 9
61‘3 —3( 4—5l‘_6)
201 (4n® — 3b)
—kort4x 1+ 3)
Tm2q 6 + Tm)
5k (90 4 5k7)
447 %79y C 4+ 4a77)
6¢’n (50 — 8¢ )
—n P8t +Tn?)

B3 —5a)4+a)
Bx + 1)(7 — 2x)

(2x +3y)3x + 2y)

By +x)(—x — )

(8¢ + 111)(10e + 11¢)
(14¢ + 32)(9¢c + 12)
Qv+ 10)Bv — 40)

@m — 15¢)(11m — 12g)

(¢t +2)?

(a + 6)?
(f—9?

(y —13)?
(e+5)e—5)
(g+4)g—4)
(a+7(a—7r)
(a—pla+p)




17

18

oL

6pb —

ulp + lu — 7y) + 5yBp + u — 5y) + pGp — Su + 4y)
“8y(k + 5x + 9y) + 6x(5k — Tx — 9y) + 2k(4k — 9x + 6y)
—5H7a — 6m + 9t)

— 5z(4k — 3w — 42) — Tk(8k — 9w — 62)

— 5x(9g — 8h + 3x)

4p + 8y)

lu — Tw) + Tw(8q + 3u — 5w)

e
f 2p(8a—5e—T7p) —2a(7a — e + 6p) + e(7a + 4e + 8p)

g 6a3a+2m — 6t) — 4m(5a — 6m + )

h 8e(9e — 2u + 8y) — 4y(3e — u + 9y) + 3ulde — Tu — 4y)

i —rOg+4r+u) —995q —Tr+ u) + u(7q — 8 — 2u)

j T 8wl(bk — Tw +7z2)

k "9(Tp 4 9r 4+ 8v) — 9r(5p + 1r — 4v) + 5p(2p + 1r + 60)

I ~6u(7b+ 2m — 6u) + 3bBb — 5m + 3u) + 5m(5b — 2m — 8u)
m 3g(9g — 8h — 2x) + 3h(7g + 9% + 9x)

n 9e2e —3g — 4v) — 9(9e — 5g — 6v) + 6g(6e — 5g — Tv)

o S5ple+99 +97) —c(9¢c — 1p +4r) — 8r(dc+p + 77)

p “duldb — 5u+ 5v) — v(7b + 8u — 6v) + Tb(b — 4u — 2v)

q 2e+7h —2m — 6h(8e + Oh — 3m) — 9e(Re — Th + m)

r 48a+5e + 8z + al5a + 2e + 2) — 6ela + 4e + 92)

s 3e(Qe —5h — 6g) — 2h(3e +7h — 3q) — 8q(Te — 4h — 8¢)

t 2695 +4p + 6y) + 2926 + Tp + 4y) —

u 3u(5g + 6u + 5w) + 99(6g —

v 7bla+5b+ 8u) + 5ul4a +7b — 6u) — ala — 66 + Su)

w 284+ 5¢+ 5h + 5¢(7a + 2¢ — 9h) —

»

4ala — 2¢ — 7h)
“5p(Th + 8n — p) + 3h(9h — 1n + 7p) + Tn(6h — 1n — Tp)

y 5aBa+T7c— 6n) — c6ba —Tc+ Tn) + 2nla — 3¢ + 8n)
7z gldq — 5t +7x) +5x(9g — 5¢ — 6x) — 64(7q — 4¢ + 5x)

Simplify each of the following.

(6u — t)(6u — 7t) + (Tu — 88)(Tu — 6t)
5p — 8n)(6p — 5n) — (p —
3¢+ 29)9c+7g) — 2c —39) (8¢ + 9g)
8+ q)(2c—g) + (6c +59)3c — 7g)
8g +1rQ2q—T7r)+ (Tqg—2r(g —Tr)
72+ 2h) 92+ h) — B3z + 5h)(5z — 9h)
9% +7q)5h + 6q) +
3m — 2y)8m + 5y) —
a—6b)(Ta —b) + Ba+ 2b)(6a — b)
7a — 6h)(9a — Th) —
2n — 30)5n — 6¢) +
4h + 9p)(Th + 9p) —
8¢+ 3w)(8¢c + Tw) —

(n + 6¢)(n — 5¢)

a
c
e
g
i
k
m
o
q
s
u
w
y

o~~~ o~~~ o~~~ —

(3¢ + 2w)(6¢ —

Simplify each of the following.
a 8¢ 'r'(9qr%?
b 6k QE A 2 —
¢ 8k ORGPt — Tht® + 5471
d 8% (Tg " — 6g7 ' + 5:%°) —

e u Ty (bruty~10 — O

6n)(3p + 2n)

(5h + 84)(h + 9g)
(Tm +3y)5m —

9a + 2h)(Ta — 4h)

(3h —5p)(Th — 9p)
w)

— 8770+ T7rv7?) —
7k Y’) — 9™
)+ PHTE Pt + 9471 —
~612(74°45
uw? — 2u2y6) + Tra?(4r™7

7g

2y)

67’_2112(q_776
WTIGE U + 4kt

u-

7y3

(5y +49)(7Ty + 3g) —
(3b — 2p)(6b + p) —
(6t — 7a)(9t — Ta) —
Gp +50)(Tp — 8v) +
(5h+ 7y)(Th — 4y) +
4r —7n)(Tr + 4n) —
(7Tv +41)dv + 31) —
Ox + b)(9x — 2b) — 9x — b)Bx + 7b)
(dc — p)(Tc—9p) — (8¢ — p)lc — 4p)
(Bg—7h)(5¢ +9h) + 3g — 5h)(2g + 9h)
(4g — a)9qg — 8a) + (5q — 4a)(8q + Ta)
(9e + 42)(Te + 42) — (Te + 92)(e — 52)
Bu + 2h)(u — 3h) + Gu — 5h)(u — 4h)

(3y + 49)(8y + 99)
(76 — 9p)(8b — p)
(t —a)(5¢t — 8a)

9p + 50)(6p + v)

(6h + 5y)(4h + 7y)
(5r — 8n)(r — 2n)
(8v +31)(Bv + 41

v+ 4g7 % + 9 p)
—5r%)
8%

u C+ 6g % + 9°u®

— 6u~ "y + 9r7y°)
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3RqTb7 W g* — Pg? — 3b°1) — 6b W (6b° g — bg” + W)
20 (6a* v — a0 + 61n*0°) + 8170 (9a 10 — 74%7 — 217v)

B P A’ 1270 — 8P22° + 5m L) + 8% °Cm 2" — m TP — P20)

i 4%k P@PE U+ Fu— BPu) + 5k i3k T — 3k 2u — gk )
8w TV u 0w + Bum — 9uw) — 9Pu T B w T — 267w — 4u’w’)

k 7% Qg ' — gM e + 5:%072) — 74%%(247 o — 2¢7w® + g w )
G 4g g+ 6g 7+ 958 — 6g g5 g — 3¢ — 97 17)
m 6222 (Pn 2% + 2t — TP ) — Tn 2P — gn? — 3nPpY)
“8a*w?(9aw?y + wYy? + 8ay?) + w?y(Batw Yy — 84%w? — 3wy?)
7En*Ge * n ™ — 81O + 9O + Il N6 + 5utt 0 — Ten?)

“on P HOR T+ S5h T + 9 ) + S OR Tt + 2k + 817t )
5Pp8a i + Ta*n® + 2n’p ) + 6a ' (niPp + In’p® — ap )

9P gy =T +5¢7%p ) — 9 0Byt = 3gYy’ + 6pPy )
Sy Bz — 3hz® — 29*2%) — 39°2(hSy 22 + 9h10 > + 97356

t B 8k gC + 3ntq” 4+ SE°G?) — 51" g Bk n g — 8k n’ + Tn’4?)

u 6E%g A9k — 4k — 5472 ) + 99 B + 6974 + 4k°g72)

v px%6a’pts’ + a’p) + 24" p (5470 x? — 2a%xT + 5p°x°)

w 62 ba T+ 300 m 0 — Tm %70 — 9a T 4aP P P + 6P + &%)
x TG TOw — 4w + e B T0) — 4k (10 kY w — 3ew? — 4B w?)

y 28 7Be%r 2 +dev + 6% 72 — Tr (9w — det T — 3,77p72)

72 3a°b Ca b u =7 — 74 ) — 96w Ba*b TV ut — 74726 — 7h%u®)

= a0 T © B — s =0 o ™

7]

“All right! Jost three more power stars
and | can escape the enchanted Forest,
batHle +he Wizard Master, and rescve the
Princess from the dungeon of erernal fire!

Y F

N~ A RN

"How will ThiS eer apply 7o my real I:'Fef“

19 Factorise each of the following. See Example 16

204 — 18ap + 18au 126bk + 140by + 21057 ¢ 3ey+ 11e* + Teh
“8¢% — 15¢v — 10¢t 169y + 182bv + 19557 f 70gh + 168g% + 140gz
104% — 10av + 1504z “99¢n — 154cw — 1107 i 16at — 120a* — 40ag
84b% — Thu — 49bh 10cr — 12¢p — 1262 I "12ev — 24¢* — 108ew
o
iy

g =t ee oo

5k% 4+ 45kr — 65k 77xy — 49xz — 56x° 12bu + 2b* + 14bm
p 75#% — 20nt — 55mnp “99¢z — TTem — 12162 “36np — 3% — 12ng

Q2 5 e o
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See Example 14

See Example 17

Problem solving

Worked solutions
Exercise 3.2

MAT10NAWS00008

Worked solutions
Exercise 3.2

MAT10NAWS00008

s 484% + 88ae + 48ay
v 1324% — 12ay — 156am
v 984 — 168uv — 126ux

20 Factorise each of the following.

t 30ah — 22az — 284>
w T 13kw — 3kp — 6k?

u 50ev — 80e® — 110em
x 4kp — 36k% — 60kx

z 15gg — 105gu — 120g°

a *168e3k6q3 — 182%k%7° — 19667,%247 b
¢ 35U’ — 63m°n°u’ — T0m*n d
e 280y°2° 49c8 2 — 35¢%°2° f
g 30g p4qs +14g°q 24g6p446 h
i 207D’ + 244" m 8p2 284a%m®p® j
k 120a1°x* + 8412 — 324%1n°x? |
m 776%*h’ + 70be4h5 — 105b% 2h7 n
o 22h7x*® — 55n°x%y* — 66h*xYy’ p
q 356%12'° — 567 — 28¢°1° r
s 130e5 2’ — 140e*0°x’ 120e9 2’ t
u 525y — 39c8x%y — 1soc5 v
w 7t2xz7 —3%%° + 9t7xz10 x
y T16g’xzt — 8g’xz” — 32¢%x2® z
21 Simplify each of the following.

a (2a+3)? b (Gx+1)?

d Bh—7) e (8u—3)?
g 5+4d)? h (9% —2)?
i (4g + 35)? k (7h + 2k)?

22 Simplify each of the following.

a 2b+1)02b-1) b Gc—2)3c+2)

d (1+2x)1 —2x) e @m+ 1)4dm -1
g (2a —p)Q2a—+p) h (c—3d)(c+3d)
i (8r—5y)(8r+5y) k (7y +4d)(7y — 4d)

23 Factorise each of the following.
a 3a'g*®+ 134*3 712 4 13a g8 b
¢ 982’ 21c1° %y 28c d
e 13m! 1315 + 195m %1% i +52m~ 5 6 f
g 24e*h p* 1Oe’6h Zp*2 22¢” 4h »2 h
i 20a%%% 7 — 130272 C — 15047 % j

N

4

a 2p+3

2p-5

25 a Expand (n +1)°.

3p+4

®

440°y°7"0 — 14300° yz + 66w(’ 2P
30g(’r — 28¢°r%y° — 18g%®
70h%m°u — 110h4m3u3 + 110hm7u4
442777 477423 +34%77

110b5 — 1216 + 1106°m"
66051713113 55051051}7 77@10 4
7577 74 + 120e1%%2° + 1506552
10544hu +7a°hu ; — 284°h%4?
26h"q "W’ + 121°u° + 14h2qu

50k + 128%8°1° + 44a5%k1°F

105¢*4 6oeu3z5 +105¢%°2
88g6 9 4 99g%x° — 121g%1x°
“91p%° — 1046°p°r° — 91b6%p°F°

c Bm

f2- 9k)

i Qa+5m)?

1 (84 — g)?

c Om—3)5m+3)

£ (8g—3)(8g+3)

i (84 +2)8d—2)

I (6—3p)6+3p)
165q71073z8 1350722 + 2104*417127
187°g %u? — 8n’q '’ + 16m° qfu
42h~ lp%ﬂ 15hp =g~ +3hp 2
45h 2"z + 126h°q" — 36hg™?z~*
2250 q %% + 307’1_71’8 + 10571_64]_678

Find expressions for the areas of the following shapes and simplify your expressions.

€ bm+5

i
|

L
&
i

p+6

b Use your result to find the value of the following, without using a calculator.

e

il

(193)°
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Reasoning

(20) An annulus is the area enclosed by concentric circles, as shown by
the shaded area on the right.

L. Worked solutions
Show that the area is given by A = n(R — #)(R + 7) “ -
Exercise 3.2

MAT10NAWS00008

m Algebraic fractions

Algebraic fractions

These are fractions that involve algebraic expressions, rather than only numbers. The
algebraic part may be in the denominator or numerator. Algebraic fractions are added,
subtracted, multiplied and divided in the same way as ordinary fractions.

Remember that when you add and subtract fractions, you must use a common denominator. You
should use the lowest common denominator (LCD).

Example 18

Simplify each of the following.

— 4 b 2-2 - X = d =+2
a g + g 575 ¢ = X3 375 MAT10NAVT10007
Solution L . b
a  Write the problem and think of 7] + ¢ 4 * 6
. 1 1 3X1 2X1 3Xa 2Xb
DOlIkCZ+6—374+mWIthLCD—12. —m+m
Write over the common denominator. — 3a+2b
12
. . 1 1 g g
b Werite the problem and think of 575 275
L OX1 2X1 - 75><g 2Xg
Werite over the common denominator. _g 1_02g
Simplify. _3¢
10
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Algebra

MAT10NATIO0003

Algebra

MAT10NACPO00003

¢ Write the problem and think of ; X ;

Multiply the tops and multiply the bottoms.
Simplify.

2
4 Write the problem and think of > + ;
Change to multiplication and turn the second
fraction upside down.

Multiply the tops and multiply the bottoms.

Simplify.
Example 19
. .. 6h+1 4h—7
Simplify —5 + I
Solution
. . 1 1
Write the problem and think of 3 + o
. 1 1 3X1 2X1 |
D011k€§+ﬁ—378+2 <12 with LCD = 24.

Write over the common denominator.
Expand the brackets.

Collect like terms.

Example $720

9m—|—2ﬂ_8m—5n

Simplify Z 5

Solution

Write the problem and think of é - é

.1 1 5X1 6X1 .

Write over the common denominator.

NI
X X
AN

|

N

S X
W

[

iR
QW IR

X

W Wi N

w N
X‘X
RY

3

\»
=

6h+1+4h—7
8 12
33X (6h+1) 2X(4h—7)
- 3X8 2X12

3(6h+1) +2(4h —7)
24

_ 18h+3+8h—14

- 24

~ 26h—11

T 24

Im+2n 8m—>5n
6 5
535X (9m+2n) 6X(8m—5n)
T 5X6  6X%X5
5(9m + 2n) — 6(8m — 5n)
30
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Expand the brackets.
Collect like terms.

Write the positive term first.

_ 45m + 101 — 48m + 30n
B 30

_ 3m+40n

30

_ 402 — 3m

30

Remember that when you multiply fractions, you multiply the numerators and multiply the

denominators.

Example T°21

quXBp—q

Simplify 2 : -

Solution
Write the problem with brackets.

Multiply the tops and multiply the bottoms.

Expand the brackets.

MAT10NAAEO0003
Gp+3q9)  Cp—q)
6 5
(5p +34)3p — )
6X5
_ 15p% + 4pg — 347
B 30

Remember that to divide by a fraction, you multiply by its reciprocal.

Example $722

2k+3 k-4

Simplify —5— 3

Solution
Write the problem with brackets.

Change to multiplication and turn the
second fraction upside down.

Multiply the tops and multiply the bottoms.

Expand the brackets.

9780170361941

(2k+3)  (k—4)
5 3
(2/e+3)>< 3
5 (k—4)
 3(2k+3)
5(k —4)
_ 6k+9
5k —20




You can use index laws when multiplying and dividing algebraic fractions.

Example 23

Simplify each of these:
35ty 608
X
42 9y7

Solution
a  Write the problem.

Separate the numeric and variable parts.

Simplify the numeric part and use index laws for the
variables.

Simplify the indices.

Change the negative index to positive on the bottom.

Write the problem.
Change to multiplication by the inverse.

Separate the numeric and variable parts.

Simplify the numeric part and use index laws for the
variables (remember ¢ = ¢!).

Simplify the indices.

Change the negative index to positive on the bottom.

3x4f 6x°28
42° 9_y7
~3X6X P
4 X9 Xy
x4+5),377z875
2

e 8at

4° " 363
Pc 3bc
4° " 84t
_ 3X 2 ch?
4 X8X b
3 X a3—4cl+2b176
ST
3Xa 13670
T 32
_ 33
" 32ab°

Exercise 3.3 Algebraic fractions

Understanding 1 Simplify each of the following.
Extra questions a 3_4 + Z_y Z_g Z
Exercise 3.3 4 3 9 3
MAT10NAEQ00009 d & - 3_'% 9_ - L
9 2 § 10
5b _n ¢ P
e %
MAT10NAWK00009 H 4£ - 7ﬁ Z = %
See Example 19 9 4 2 7

106

im n
5 10
3¢ Ty
4 5
e k
— X =
147 4
Tm %
8 7
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b 13
15 10

<«

2 Simplify each of the following.
8h—9 Sh—-5

S
h+7+8h—9
7 4
4g—1 8g+5
5 T3
2a—7+6¢z—5
8 10
2h—9y 4h+y
7 s
4g—Tm Tg—4m
5 T2
9g — 8 8
g x+5g—|— X
5 10

d

3 Simplify each of the following.
2047 6r—7
12 18
d Sk—6 8k—7
6 3
Tc+4 6c+1
38
9% -2 2k-1
12 3
2u+3v u-—3v
10 6
9+2p 6bc—Tp
8§ 10
p—3q 2p—3q
12 2

a

9780170361941

6 10
4g—7 8g—9
9 72
7ﬂ+3+8ﬂ—7
3 6
7b—6g 8b+5g
8 10
87+5z‘+27+7t
3 4
8 —9r 4g+r
10 5
6c—e b6bc—e

_l’_

4 6

7r+3 2r—9
4 5
-1 20-7
8§ 4
7Th—1 8h—17
6 5
e+8 8e-+5v
9 6
k+T7t 4k—5t
6 3
2c+5p 4c—p
2 10
9¢—2v 4g+%
9 6

2a a

776

c ¢

12 3

3a _Ta

PR

m

Bf4m

Fluency

9% +8 8k+5 See Example 18
5 2

6b+1 4b—>5
6 12

2a+1 6a—1

T e

a+e 3a+8e
3 + 9

3g—x 4g+ 9x
10 8

Th—5t h+t
3 12

See Example 20

6e+1 6e—5
4 6

n+9 4n+9
315

5h—9 4h+5

25

Tc+9t 3c—5t
4 6

9¢+7r 8g+9r
510

2e+3t Y9e—Tt
8§ 5




4 Simplify each of the following.

See Example 21

. 3q—7x7q—4 b €+8X6€+7 . 8a—7x4a+3
8 5 7 5 9 5
d 2@—3><36+7 . 7g—6><5g—2 ¢ 7L‘+9><56‘+8
4 12 3 2 9 6
b—9><417+9 h 3&1+1xa—9 ; 6€+5X9€—1
5 2 9 12 9 6
] Bb—Sxéb—S I 3p+5qx7p+54 1 8b—7cx4b—56
8 5 3 6 5 4
m3n—4qx8n—q N 7c+6mxc—|—5m R 5ﬂ—2pxn—8p
12 18 3 4 2 6
6d+7exa+5e q 5c+6gxc+2g . 5g—3nx9g+7n
7 4 6 4 4 8
Bp—ZqXGp—7q . 9¢+4+2u _ 8g+u
T2 2 6 8
See Example 22 5 Simplify each of the following.
. 5n—9 2n-3 b -7, 6p+5 . p+1 87
6 7 27 9 8
J2at1 9a-7 de+3 Te+d dht1l Th—4
8 7 8 5 37
8u—3 du-5 | Tet9 8e—3 -2 Ta-2
S T4 T 4 s 7 5
. 2a—7  3a+5 K 5n—6p  In+5p 1 8¢ —T7h _9c+4h
e s 9o 7 2 9
m9e+4p;5e+3p R e+9n  6be+Tn R 9a+7Th  2a—Th
37 8 3 7 8
9a +8e  6a+e dg+7v  6g+v . g—9 _8g—Th
PSS T3 s 6 7
_ 3h45p  9h—8p b3 8h+5r
5 7 35
6 Simplify each of the following.
., 8bg 2bk8 62°r’ _ 8n . mu®  8u 56%¢T 9 q0w?
12k%y2 ~ 10g%y 3u2 203’ 47wd  3mvwd 12¢°w 10c7
Problem solving 7 Find the perimeters of the following shapes.
N G e c 5
2 6 5
Exercise 3.3
MAT10NAWS00009 2m4+ 1 2p+3 v+3u
4 3
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8 Find the areas of the following shapes. Worked solutions
a | b @ 4m+3 Exercise 3.3

2b+1 MAT10NAWS00009

2t+3

3b-2

9 The simplifications below may have errors. For each one, if there is an error, identify the line Reasoning

in which the first error occurs and state the correct answer.

a2 99+2r Tq+5r L 4b+5h 6b+h
6 8 4 3
_ 8(9g+2r)  6(7g+57) _ 3(4b+5h) 4(6b+h)
=T u T xn (&) 1212 &)
72g+ 16r+42g+5 —
_72q+16r+42g + 5r ®) _12b+ 15h — 24b + 4h ®)
24 12
~ 1l4g+21r 15h — 126
= (©) === (©)
c 9h—87><4h+5r d 3k—Tu  Sk+u
4 5 5 9
(9h — 8r)(4h + 57) 3k—Tu 9
= (A) = X
20 5 XSk+a (&)
2 40,2 _
_ 36/ —32hr + 45hr — 40r ®) _ 9Bk —Tu) ®)
20 5(5% + 1)
36h* 4 13hr — 407 _
= ! (C) _27k—Tu ©)
20 25k +5u

Explain the steps in finding the area of the shape below.

Worked solutions
Exercise 3.3

MAT10NAWS00009

3x—2
cm

9780170361941
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MAT10NAQZ00003

A variable is a letter or symbol that stands for a number. A constant is a number.
An expression has variables and/or numbers connected by arithmetic operations like +, + and
powers. An expression with numbers only is an arithmetic expression, while one with variables
is an algebraic expression.
The numbers in an expression that are multiplied by variables are called coefficients, the parts
separated from the rest by + or — are called terms and a number on its own is called a
constant term.
To evaluate an algebraic expression you substitute values for the variables and work out
(evaluate) the answer.
A formula is an equation with a variable on the left and an algebraic expression on the right.
The variable on the left is the subject of the formula. A formula is transposed using inverse
operations to change the subject of the formula. A formula is evaluated by substituting values
for the variables.
Algebraic terms with exactly the same variables are called like terms. Like terms can be added
or subtracted to simplify the expression. This is called collecting like terms.
When you multiply or divide algebraic terms, the coefficients and each different variable are
multiplied or divided separately.
The distributive law states that the product of the sum (or difference) of two numbers with
another number is the same as the sum (or difference) of the products of that number with
each one separately. This can be written in symbols as:

aXb+o=axXb+aXc
and

aXb—-—c=aXb—-aXec
Expansion of brackets means the removal of brackets using the distributive law. It is also
called simplification.
Binomial products are double brackets like (x + 2)(x — 5). They can be expanded using the
distributive law several times.
The expansion (x — y)(x + y) = x> — y? is called the difference of two squares.
The expansion (x + y)* = x? + 2xy + y? is called the square of a sum.
The expansion (x — y)* = x> — 2xy + y° is called the square of a difference.
The highest common factor of two algebraic terms is the largest expression that will divide
exactly into the given terms.
Factorisation is the opposite process to multiplying out brackets. In the common factor
method, the highest common factor of the terms is put outside the brackets, leaving the other
factors of each term inside the brackets.
An algebraic fraction is a fraction that has at least one algebraic expression. They are simplified
in the same way as normal fractions. The top line of an algebraic fraction sometimes factorises
to make a factor that will cancel with the denominator.
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Chapter 3 review

Understandin
Write expressions for each of the following using mathematical symbols. g

a Eight less than x b The product of a number and 8
¢ Four less than three times a number
d The product of four less than a number and three

See Example 1

Algebra 2

Simplify if possible. MAT10NAWK00007

a 4p+ 8 —5p b 3h+¢—5h+3¢

See Example 2

¢ 4xy+3x% — 3y — xy — 5x°

Simplify each of the following.
b “2k(4m — 3k) ¢ (x+2)x+5)

See Examples 8, 10, 11
d (4e—5)e+3)

a m(m —3)

Factorise the following.
a 30b+ 18 b "9m — 21

a=3,b=5and c = 2. Find the value of D = 46 — 5c.

See Example 15

See Example 5

6 Simplify each of the following.
99 8w 4 p
29 W b P_P
“373 9 6
7 Simplify each of the following.
a S54n’tu’ + 3ntu’

14b _ 135
X

9 7 12

b 6k X Tgk

See Example 18

Fluency

See Example 3

Algebra is included as a muse in this Vatican artwork. Some of the other ‘muses’ included are Medicina (Medicine),
Jurisprudentia (Justice), Historia (History), Poesis (Poetry) and Musica (Music).
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SeeExamples6,7 8 Transpose the following formulas so that the letter shown in brackets is the subject.

a A=2mrs () b Z:X;u (u)
See Example 12 9 Simplify each of the following.
a 3dr+3)+42t+1) b vBv+7) — 4050 — 6)
¢ 3mp*tmt — 3mp + 2pt) d 3k(5 — 4k + 2k%) — 3k(4k* —5 — k)

SeeExample 9 10 Simplify each of the following.
a “8b%(5¢ +14b7)
b a(7a + 4c —3x) — 9x(8a — ¢ — 4x) — c(3a — 7c + 5x)
c (7g+p)Bg+5p) — (8g — 5p)5g + 4p)
d 472 Bg P + P — 8m%) + 28 m°(Tg O U — 25734)

SeeExample 13 11 Simplify each of the following using special expansions.
a 4—a)d+a) b (h+3)

See Examples 16,17 12 Factorise each of the following.
a 42gn + 196gw — 210g° b 63ar'%w® — 1354*° 0w’ + 9942 w*
¢ 24’y + 8812y 2 + 401 %y’ 2

See Examples 19-23 13 Simplify each of the following.

) 3q+8r+8q—37’ b S5p+9 3p+1
7 6 4 5
_8b—9  Sh—4v L P+l 89
8 2 6 5
14 Simplify each of the following.
a 3507t T = TASK b Se7'h T X “8e*hTr?
_ _ o o 484t 15kK?
3. -1)3 S, 4, —3)—2 i
c 5(gp )V x X T4g 7 (px7) B0 8@
e S4e MOty 12 £ m63em 48,10y £ 9h7 g2 12 X ~7b8g 1%
15 Simplif 9er? — dev? 28wy + 4wt
seslanp Ry P 10w?o — w20 Twve — Swve
SeeExample 14 16 Simplify each of the following.
a (7—3gq)? b (6y —5) (6y +5) ¢ (5h+20)?

Problem solving 17 Find the value of the nominated variable in each of the following formulas.

a nif PV=nRTand P=1100, V=42 R=702and T = 324
b aifv=5u=3,s=6andv = Vu? + 2as
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18 Find an expression for the perimeter of this shape.

4y -3 c
5

m

2y—4
6

cm

19 Find expressions for the areas of the shapes below and simplify your expressions.

a b 2m+5n

HE=2it 61+ 4m :

20 The simplifications below may have errors. For each one, if there is an error, identify the line
in which the first error occurs and state the correct answer.

a  Sm+n 3m—4n b 3b-2c  4b-3c
= X
6 4 4 3
_205m+n) 3(3m—4n) 336 —2c) _ 4(4b—3¢)
= B (A) === N0 (A)
_ 10 +2n —9m — 12n (B) _ (95 — 6¢)(16b — 12¢) ®)
0 12 144
m— 10n 2
_ (C) _ 14467 — 204bc — 7262
12 144 $
2 _ _
_ 121207 — 176c 6¢%) D)
144
126% — 17bc — 62
= - (E)

21 Expand (107 4+ 5)? and use your expansion to find a short cut for the calculation of
15%,25%,35%, ...

9780170361941
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Measurement and geometry

Area and
volume
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Using units of measurement
Solve problems involving surface area and volume for
a range of prisms, cylinders and composite solids.
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Measuring length and calculating area and volume are important skills for everyday living. Imagine

"\ | that you need to buy new carpet for your bedroom. How much carpet will you need to buy?

MAT10MGVT00004

Another area problem that you may need to deal with is calculating how many cans of paint to buy

to cover the walls of your room. Suppose you want to build a garden bed. How much soil will you
Weblink need? How much fertilizer will you need to add to the soil? You could use volume to find out how
el much cement mix it will take to pour a walkway or how much sand is needed to fill a sandbox.
measures Before measuring devices such as rulers were invented, parts of the human body were used to
MAT10MGWB00004 measure distances. This meant that people had ready access to a measuring device that was

T accurate enough for most practical uses.

The Pentagon
MAT10MGWB00004

Most ancient civilisations used lengths like a foot (about 30 cm) to measure short distances. They
used something like one marching pace or stride (about 90 cm) for longer distances. Carpenters
and traders measured lengths of timber using the cubit (about 45 cm)—the distance from the

elbow to the tip of the longest finger. Can you imagine how complicated it would be to order the

timber for a building project in cubits?

Today, measuring lengths and calculating with them is much simpler because we use units from

the metric system to express these quantities.

- Mathematical literacy

o The mathematical words below have special meanings that you will learn in this chapter. It is
Maths dictionary

important that you learn to spell them and gradually learn what they mean in mathematics. You

MATTOASDIO000T  ay find the glossary or online mathematical dictionary useful for this purpose.
apex cylinder millimetre
area edges net
base face parallelogram
capacity hectare prism
centimetre hemisphere pyramid
circle hypotenuse Pythagoras’
cone kilometre theorem
cubic centimetre kite rectangle
cubic metre litre rhombus
cubic millimetre metre slant height
curved surface area metric system sphere

square millimetre
square centimetre
square metre
square kilometre
surface area
three-dimensional
triangle
trapezium
two-dimensional
volume

vertex

m Solving area problems

In the metric system, the standard unit of length is the metre (m). Other common units of length

are shown below.

You often need to change from one unit to another. When changing to a larger unit, divide. When
changing to a smzaller unit, 7ultiply. The arrows in the diagram below show the directions in which

you move the decimal point when changing from one unit to another.

/ 10\/ 100\/ 1000\
\XIO / \XIOO/ \XIOOO /
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The area of a flat shape measures the size of the region enclosed by the boundary of the shape.

In the metric system, small areas are measured in:

* square millimetres (mm?)—the area of a square 1 mm long and 1 mm wide, or
* square centimetres (cm?)—the area of a square 1 cm long and 1 cm wide.

Larger areas are measured in:
e square metres (m”)—the area of a square 1 m long and 1 m wide.
Very large areas are measured in:

¢ hectares (ha)—the area of a square 100 m long and 100 m wide, or
* square kilometres (km?)—the area of a square 1 km long and 1 km wide.

You can convert between metric area units.

Metric area unit conversions
1cm? =10 mm X 10 mm = 100 mm
1 m? =100 cm X 100 cm = 10 000 cm? = 1 000 000 mm?
1ha=100m X 100 m = 10 000 m?

1 km? = 1000 m X 1000 m = 1 000 000 m? = 100 ha

2

If you are changing to a larger unit, divide. If changing to a sizaller unit, multiply.
+100 +10000 +10000 +100
2 2

mm? cm m ha km?2

\XIOO — \XIOOOO/ \XIOOO()/ S~ ><100/

Example 1

Convert the measurements to the units shown in brackets.

a 26500 m” (ha) b 3.215 km? (ha)
Solution
a  Write the measurement. 26 500 m*?
Changing to a larger unit, so divide. =26500 ~+ 10 000 ha
= 2.65 ha
b Write the measurement. 3.215 km?
Changing to a smzaller unit, so nzultiply. =3.215 X 100 ha
=321.5ha
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For some plane shapes there are rules that can be used to calculate areas. The most common ones
are shown here,

Area rules
MAT10MGTI00004 Rectangle H Circle
. + W
/
MAT10MGCP00004 A=l o A= mr2
Triangle 1 Parallelogram i
b . :
A=1bh A=Ixh
Rhombus Kite
Trapezium (trapezoid)
a
| E
\ h ,
b
A= % X (a +b)h
A= %xy = % (product of diagonals)
Example © 2
Find the areas of these shapes.
a b
80 cm 14 cm
.
1.4 m (Answer in m?2.)
21 cm
Solution
a Write the area rule for a parallelogram. A=1I1Xh
Substitute the given measurements. =14m X 80 cm
Change both units to metres. =14m X 0.8m
Evaluate. =112 m?
State the result. The parallelogram has an area of 1.12 m>.
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b Write the area rule for a triangle. A= %bh
. . {
Substitute the given measurements Ll x4
and cancel. 2
Evaluate. =147 ecm?
State the result. The triangle has an area of 147 cm?.

In order to calculate the area of a triangle, we need its height. The height of a triangle is not always
given. Pythagoras’ theorem can be used to help calculate areas involving right-angled triangles.

Pythagoras’ theorem

Teacher notes

Proof of Pythagoras’
For a right-angled triangle, the square of the hypotenuse theorem

is equal to the sum of the squares of the other two sides.

a MAT10MGTNO00008
For thiS trian 162 612 = bz + 6‘2 b
g

Pythagorean triples (or triads) such as (3, 4, 5), (5, 12, 13) and (7, 24, 25) can sometimes be used
as a ‘short cut’ in calculations with right-angled triangles.

Investigate: Pythagoras’ theorem

Pythagoras’ theorem tells us that in diagram a below:

Area of A + area of B = area of C
a 4 @

A <<\

1 Diagram b shows a right-angled triangle with an equilateral triangle constructed on each
side. Is it true to say that: area of A + area of B = area of C?

2 Diagram c shows a right-angled triangle with a semicircle constructed on each side. Is it
true to say that: area of A + area of B = area of C?

3 Investigate other demonstrations of Pythagoras’ theorem.
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Lunes

Triangle POR is drawn so that PR is the diameter of
a semicircle and Q lies on the circumference, as
shown here.

Any triangle drawn in this way will be right-angled.
Semicircles are constructed using PQ and OR as
diameters, as shown.

The shaded areas formed are called lunes.

p

How does the sum of the areas of the lunes compare with the area of APQR?

Example T3

Find the area of each of these triangles.

a b Q
|
B 24 cm C i
|
|
25 cm LW i
A ‘ —
P B R
36 cm
Solution
a Apply Pythagoras’ theorem to the BA? = C4? + BC?
triangle.

Substitute for known sides.

Evaluate.

Reverse the equation. ca®+
Subtract 5.76 from both sides.

Take the square root.

Write the rule for the area of a triangle.

Substitute for known values and cancel.
Evaluate.
State the result.

b The height of APQOR is QS. QS needs to
be calculated.

Apply Pythagoras’ theorem to APQS.
Substitute for known sides. <PS = %PR)

Evaluate.

25%=c4*+ 247
6.25 = C4* + 5.76
5.76 = 6.25
CA? =625 -5.76
=0.49 cm?
CA =0.7 cm

A= 3bh

N[

- 12 X 2412 % 0.7
1
= 0.84 cm?
The area of AACB is 0.84 cm?.

PQ? = QS” + PS?
247 = Qs* + 187
576 = QS + 324
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Reverse the equation. Q8%+ 324 =576
Subtract 324 from both sides. Q8% =576 — 324
=252

Keep the square root on your calculator. 05 =15.8745 ...
Write the rule for the area of a triangle. A= %bh

1
Substitute for known values and cancel. = 2 X368 X 15.874 5 ...

1
Use the value on your calculator. =285.741...cm?
Round and state the result. The area of APQR is about 286 cm”.

Some complex shapes are formed by combining simple plane shapes. When finding the area of
these figures, mark on your diagram how the shape has been formed.

Example T4

Find the areas of the following shaded regions.

a - b
+ @ + 11 mm * =
8 cm 12 cm
= H
18 mm m [
10 cm
Solution
a The shaded region is a rectangle with a
circular unshaded region.
Begin with the rectangle. Rectangle area =/ X w
Substitute for / and w. =18 X 11
Evaluate, including units. = 198 mm?
Write the area rule for a circle. Circle area = mir?
Use r = g and substitute for 7. =7 X257
Keep the value on your calculator. =19.634 ... mm’
Find the shaded area. Shaded area = rectangle area — circle area
Use the value on your calculator. =198 mm? — 19.634 ... mm>
Evaluate. =178.365 ... mm’
Round off. ~ 178 mm?
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b

There are mzany ways to work out this
area. Here is one.

Name the vertices of the region.

Begin with rectangle ABCD.
Substitute.

Evaluate.

Find the area of AABE.

Find the height, then substitute
and cancel.

Evaluate.
Calculate the shaded region.
Substitute.

Evaluate.

A o B

D™ Hc

Area of ABCD =1 X w

=12 X% 10
=120 cm?
1
A= =bh
2
— 1 100 x4
2
=20 cm?

Shaded area = area of ABCD — area of AABE

=120 ecm? — 20 cm?
=100 cm?

Example © 5

Calculate the area of this figure.

11m

B C

13 m

A E D

“5m-~
Solution
First find CE using Pythagoras’ theorem. 132 = CE* + 52
Evaluate. 169 = CE* + 25
Reverse the equation and subtract 25 from
both sides. CE? =169 — 25

= 144 m?

Take the square root of both sides. CE=12m
Now find the area of rectangle ABCE. Area of ABCE = [ X w
Substitute. =11 X 12
Evaluate. =132 m?
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Find the area of ACDE.
Substitute and cancel.

Evaluate.
Calculate the total area.
Substitute.

Evaluate.

Total area = area of ABCE + area of ACDE
=132m? + 30 m?
=162 m?

Exercise 4.1 Solving area problems

A calculator should be used where appropriate in this exercise. For calculations involving t, use
the 7 key on your calculator and answer correct to 1 decimal place.

1 Convert the measurements below to the units shown in brackets.

a 7.3 ha(m?) b 48 000 m? (km?)
d 0.025km? (ha) e 0.008 27 ha (m?)

2 Find the area of each of the following.
a Square floor tile of side 12 cm

o

Australian flag 2 m by 1.3 m

[ I 1= W ¢ T = WA )

3 Find the areas of the following shapes.

Rectangular table top 1.5 m by 0.9 m

Rectangular birthday card 18 cm by 11 cm

¢ 57 ha (km?)
f 0.003 42 km? (m?)

Parallelogram of base 12.5 mm and height 5.6 mm
Rhombus with diagonals of 1.7 m and 2.8 m
Kite with diagonals of 26 cm and 44 cm

a ‘ b

c
118m 45 cm
- /

4.8 m

(Answer in m?2.)

9780170361941

(Answer in cm?2.)

73 cm

é + +12km

.

750 m
(Answer in km?2.)

Extra questions
Exercise 4.1
MAT10MGEQO00010

Understanding

See Example 1

Area

MAT10MGPS00010




See Example 2

8

h
@ ‘(15 mm‘)‘

4 Find the area of each of the following.

a

Triangular scarf with base 1.5 m and height 0.8 m

h i
15 cm
28 cm

b Circular lid with a radius of 25 mm
¢ Triangular wall tile with base 25 cm and height 12 cm
d Trapezoidal table top with parallel sides 1.2 m and 1.8 m and height 80 cm
e Compact disc with a diameter of 12 cm
f Circular tablecloth with a radius of 1.5 m
¢ Kite with diagonals of 95 ¢m and 46 cm
h Rhombus shaped rug with diagonals of 3.8 m and 2.1 m
5 Find the areas of the following shapes.

a b | c 1.8 m

'S : f

‘% : / 70 cm

19 cm |—$
l_: 32m
5 © : (Answer in m2.)
STRREN
d —— 7_1 e f \qj ’
14 mm
j 38 m
42 cm
(Answer in cm?2.)

| \
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6 Find the areas of the following shapes. Fluency

D c
51.6 m® g5 cm
/§
<

7 Work out the missing measurements, then find the areas of these shapes.

a —H - b & c
1 1 NZ
13 cm
O
8.5 cm

33 cm
8 Find the areas of these triangles. Worked solutions
Exercise 4.1

@ b 25.2 mm

O

o~

=}
w6V

6 cm

29 cm

(o]

MAT10MGWS00010

See Example 3

10.5 cm

90 mm

8.4 cm

9 Find the areas of the following compound shapes.

Worked solutions
@ b = C Exercise 4.1
MAT10MGWS00010

See Example 3

910 m

9780170361941



10 Find the areas of the following shapes.

-—429 mm—

| C
f x
‘ —‘V 45.1m b)
18Jnfm 23 m

-~—22 mm—

et 11 Find the areas of the following shaded regions.
Exercise 4.1 @ Y b

MAT10MGWS00010

See Example 3

10 cm -Lv

~—35m

12 Find the areas of the following shapes.
a b

1.4 cm
[]
1cm 3.2cm

56 mm

@°<’

o)
i)
C
>

2cm 2.8 cm

Problem soving 13 A qircular plate has an area of 707 cm?. What is its radius?

14 A square piece of metal has an area of 110.25 cm?. What are its dimensions?
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15 Here is a diagram of a full-sized tennis court.

Doubles line

— 237m

Singles line — H H

6.4 m 4.1m +

Singles line —
Doubles line —

a  What area (shaded) does a player have to serve into?

b Find the total area for play in a singles match.

¢ Find the extra area that is available for a doubles match.

m Surface area

In the previous section of this chapter we found the areas of a range of two-dimensional (2D)
shapes. Two-dimensional shapes are flat and have length and width but no depth.
Three-dimensional (3D) shapes occupy space and have length, width and depth.

Solids are 3D figures. The faces of a 3D shape are its separate outside surfaces. The lines where
the faces meet are called edges and the corners where the edges meet are called vertices. The
cross-section and/or the faces are used to name 3D shapes.

3D shapes

The faces of a 3D shape separate the interior from the
exterior. Vertex Face

The lines where the faces meet are called edges.
The corners where edges meet are called vertices
(the singular form is vertex). Edge
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Important!

Classifying 3D Shapes

A prism has constant polygonal cross-sections in one direction. All the cross-sections parallel
to one face (the base) are the same shape and size as the base.

A pyramid has a base that is a polygon. The other faces are triangles that all meet at a vertex
called the apex. The cross-sections parallel to the base are different sizes, so it is not a prism.
The axis of a prism or pyramid is a line passing through the centres of all the cross-sections
parallel to its base. The height of a prism or pyramid is measured at right angles (90°) to the
base. Slant prisms and pyramids have the axis at an angle to the height. The axis zs the height
for right prisms and pyramids.

A parallelepiped is a slant parallelogram-based prism. Tts faces are all parallelograms.

A cylinder is like a prism with a circular base. A cone is like a pyramid with a circular base.

A sphere is a ball shape. A hemisphere is half a sphere.
A

Trapezoidal prism Square pyramid Rectangular pyramid Hexagonal pyramid

Weblink
K-6 Geometric Shapes

MAT10MGWB00004

Cylinder Parallelepiped Slant triangular
pyramid
Height
Height @
Slant cylinder Slant cone Sphere Hemisphere

Other 3D shapes made from polygons are called hedrons. Hedrons must have flat faces.
They are named using Greek words for the number of faces: tetra = 4, hexa = 6, octa = 8,
deca = 10, dodeca =12 and icosa = 20.

There are just five Platonic solids. These are regular hedrons in which every face is the same
and every vertex is the same.
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DIPIP

Regular Cube or regular Regular Regular Regular
tetrahedron hexahedron octahedron dodecahedron icosahedron

Name the following shapes.

@D

Solution

a This is like a prism but it has a circular base. Cylinder.

b This is a pyramid with a triangular base. Triangular pyramid
Tt is also a hedron with 4 faces. or tetrahedron.

¢ This is a prism with a base that is a pentagon. Pentagonal prism

d This is a hedron with 14 faces. 14-sided hedron

Some people would call Example 6d a truncated cube. It is not regular because it has a mixture
of differently shaped faces.

The net of a 3D shape is a 2D shape that can be unfolded from the 3D shape, or folded up to
make the 3D shape.

Rectangular prism

Net

~ —

Triangular prism Net
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Example T/

Draw nets of the following shapes.

a b

Solution

a This solid is a cube. All the faces are squares.

Imagine unfolding the cube.

#
b 3 triangles meet at the top and bottom
vertices, but 4 meet at the others. It is
an irregular hexahedron. The faces are all equilateral triangles.

Imagine unfolding the hexahedron.

—

The area of a 3D shape is known as its surface area.

Surface area

The surface area of a 3D shape is the total area of all its faces.

The net of a 3D shape is useful for finding its surface area.
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Example T8

Find the surface area of each of the following shapes.

a

Solution

a

First draw a net of the shape.
Write in the dimensions you know.
Number the faces.

There are 6 rectangular faces altogether.

Rectangle 1 = rectangle 3
Rectangle 2 = rectangle 4
Rectangle 5 = rectangle 6

Find the area of face 1 (or 3).

Substitute for / and w.

Find the area of face 2 (or 4).

Substitute for / and w.

Find the area of face 5 (or 6).

Substitute for / and w.

Write the rule for surface area (SA).

Use the fact that some rectangles are
equal.

Substitute areas previously calculated.

Evaluate.

9780170361941

Worksheet

Area and volume 1

MAT10MGWKO00010

Worksheet

Area and volume 3

MAT10MGWK00012

Puzzle sheet

Surface area

MAT10MGPS00009

- 1|.5 cm

10 cm o 9 e

Facel=I[/Xw
=10cm X 6 cm
= 60 cm’

Face2 =[/X w
=10cm X 1.5 cm
=15 ecm”’

Face5=I1IXw
=6cm X 1.5 cm
=9cm?

SA = sum of the areas of all faces

=2 X face 1 + 2 X face 2 + 2 X face 5
=(2X60+2X15+2X9)cm?

= 168 cm?




b First draw a net of the shape.

Werite in the dimensions you know.
Number the faces.

There are only 3 faces: a rectangle and
2 equal-sized circles.

Find the area of the circles.

Substitute for known values.

Store 2 () €3 + €2 €D oo

Round, but keep the full value in A.
Find the area of the rectangle.

Substitute for / and w. Here, [ is the
circumference of the circle.

StoreasSSé

Round, but keep the full value in B.
Write the rule for surface area (SA).
Use the fact that 2 faces are equal.

Substitute for areas previously calculated.

EnterasZABa

Round to the nearest cm?.

0 8 cm

5 cm

nD

o

Face 1 = mr?

=7 X (4 cm)?

nx4e—A

50.26548246

Face 1 ~ 50.3 cm?
Face2 =1 X w

=nD X 5 cm

=nX8cm X 5 cm

nx8x5—>B

125.6637061

Face 2 ~ 125.7 cm?

SA = sum of the areas of all faces
= 2 X face 1 + face 2
~ (2 X 503 + 125.7) em?

2xA+B
226.194671

~~ 226 cm?

Tt is usually more convenient to use a rule for working out the surface area of a cylinder. The
curved area of a cylinder, without the top and bottom, is called the curved surface area (CSA).
From the previous example, you can see that the curved surface area is calculated as follows:

CSA=1[Xw
_ Dxh \
=nX2rxXh h
= 2nrh l
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Curved surface area of a cylinder
Curved surface area (CSA) of a cylinder = 27k

Example © 9

A cylinder is 12 cm high and has a radius of 7 cm. Find the surface area of the cylinder if it
has a base but no lid.

Solution
First draw a net of the shape.
Write in the dimensions you know.

There are only 2 faces: the CSA of the cylinder and
a circular end.

14 cm

Write the rule for the curved surface area. CSA =2mrh
Substitute known information. =2XnX7cmX 12cm
2xnx/xle—>A
Enter as 2 (8¢ 0 X WE X P4 sTo A
[ < [ n ] x W x BEfsio =N RS
Round, but keep the full value in A. CSA ~ 527.8 cm”
Calculate the area of the base. Area of base = 12
Substitute known information. =1 X (7 cm)?

Enter as 7 B nx72—>B

153.93804
Round, but keep the full value in B. Area of base ~ 153.9 cm?
Find the surface area (SA). SA = CSA + area of base
Substitute the calculated values. ~ 527.8 cm” + 153.9 cm?
A+B
Enter as A (Gl B @D 681.7256058
Round to the nearest cm?. ~ 682 cm?
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A net may be used to form an open solid or a

closed solid. This tissue box is an example of a

closed solid.

This can with the lid removed is an example of

an open solid.

Example © 10

Calculate the surface area of each of the following solids.

a

28 cm

Open box
Solution

b

16 cm

23 cm

a Draw the net for the open box.

Werite in the dimensions you know.

Number the faces.

There are 5 rectangular faces altogether.

Rectangle 1 = rectangle 3

Rectangle 4 = rectangle 5

/4—0.8m —>

43 m

/

Closed half-cylinder

16 cm

+ 23 cm
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Find the area of face 1 (or 3).

Substitute for / and w.

Find the area of face 4 (or 5).

Substitute for / and w.

Find the area of face 2.

Substitute for / and w.

Write the rule for surface area (SA).

Use the fact that some rectangles are equal.
Substitute areas previously calculated.
Evaluate.

First draw a net of the shape.

Write in the dimensions you know.
Number the faces.

There are 4 faces: 2 rectangles and
2 equal-sized semicircles.

Faces 1 and 3 are the semicircular ends

of the half-cylinder.

Face 2 is the curved surface area

(CSA) of the half-cylinder.
Face 4 is the top of the half-cylinder.

Find the area of the semicircles.

Cancel and substitute for known values.
Herer =1 X0.8=04

Store as

0> CHEDED -+ CDED &

Werite the rule for the curved surface area of

the half-cylinder.
Cancel.

Substitute known information.

Store as 0.4 4.3 %

9780170361941

Facel=IX w
=23 cm X 16 cm
=368 cm”
Face4 =1 X w
=28 cm X 16 cm
= 448 cm”
Face2=IX w
=28 cm X 23 cm
= 644 cm”
SA = sum of the areas of all faces
=2 X face 1 + face 2 4+ 2 X face 4
= (2 X 368 + 644 + 2 X 448) cm”
= 2276 cm”

|
|
|
! O 4nm
|
|
|

Face 1 = %nrz

=1Xxnx042

0.5xnx0.42—>A

0.2513274123

Face 1 = 0.251 327 ... m?

Face 2 = X 2nth
= nrh

=nX04mX43m

nx0.YxY.3—>B
5.403539364

Face 2 =5.403 53 ... m°




Find the area of the remaining rectangle. Face4 =1/ X w

Substitute for / and w. Here, /is the
diameter of the semicircle and w is the

height of the half-cylinder. =0.8m X 43 m
Face 4 = 3.44 m?
SA = sum of the areas of all faces

=2 X face 1 + face 2 + face 4

Write the rule for surface area (SA).

Use the fact that 2 faces are equal.

Enter as

2xA+B+3.44
2 A B 344 e 9.34yp194189
Evaluate. ~ 9.35 m?

For part b of the previous example, it should be noted that the areas of faces 1, 2 and 3 were not
rounded before the calculation of the surface area. This ensures that the final answer is more
accurate than it would have been if these values had been rounded.

Many solids are formed by combining two or more different solids.

Example " 11

Calculate the surface area of each of the following solids correct to one decimal place.

a
A___ R
/’:
T I
12 cm //'““ - /\
' 19'em
[«—24 cm —|
Solution

a This solid consists of a half-cylinder
mounted on a rectangular prism.

The surface area of the shape will include
the 3 faces of the half-cylinder and 5 faces
of the rectangular prism.

Calculate the curved surface of the half-
cylinder. CSA is the curved surface of a
cylinder.

Substitute the rule for CSA.

Substitute for known values.
The diameter is 24 cm.

Cancel and evaluate.

The other two faces are semicircles.

Curved surface of half-cylinder

= %CSA
= %X 2nrh

=1Ix2rXx12X19

=716.283 ... cm?

Area of semicircular faces
= r?
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Substitute for known values.
Evaluate.

Now calculate the area of the 5
rectangular faces of the prism.

Evaluate.
Calculate the surface area.
Evaluate.

Round off and state the result.

This solid consists of a closed cylinder
with a portion removed.

Calculate the portion of the cylinder
that has been removed.

The surface area of the solid consists of %
of the CSA for a full cylinder, two ends
that are each % of a full circle and two

equal rectangular faces.

Calculate the curved surface of the solid.

Substitute the rule for CSA.
Substitute for known values. The
diameter is 30 mm.

Cancel and evaluate.

The two end faces are three-quarter
circles.

Substitute for known values and cancel.
Evaluate.

Now calculate the area of the rectangular
faces of the solid.

Evaluate.
Calculate the surface area.
Evaluate.

Round off and state the result.

9780170361941

=n X 12 X 12
= 452.389... cm?

Area of rectangular faces
=(24 X 19) +2 X (12 X 24)
+2 X (19 X 12)

— 1488 cm?
SA =716.283 ... +452.389 ... + 1488
= 2656.67 ... cm?

The surface area of the solid is
approximately 2656.7 cm?.

90°

3600 4

Portion removed =

Curved surface of solid

CSA

S PO WYY

X 2nrh

= %1 x2'm X 15 X 38"

1\2
= 2686.06 ... mm?>

Area of end faces = 2 X % X 12

=3 XnX15X15
=1060.28 ... mm?

Area of rectangular faces = 2 X (15 X 38)
= 1140 mm?
SA = 2686.06 ...+ 1060.28 ... + 1140
= 4886.34 ... mm’

The surface area of the solid is
approximately 4886.3 mm?.




A pyramid is a solid made up of a base and triangular faces that meet at an apex, which is also
called the vertex of the pyramid. The slant height is the perpendicular distance from the vertex
down a face, as shown in the diagram below. A cone is a solid with a circular base and an apex.
The height, &, of the cone is measured perpendicular to the base and the slant height is the
distance from the edge of the base to the apex along the face of the cone.

Apex
— \

Slant height —

w Height
o

Pyramid Cone

- - <

Investigate: Surface areas of pyramids and cones

You will need cardboard, scissors, tape, a protractor, a compass and a ruler.

Pyramids

1 First, make a square pyramid using the
dimensions shown here. 10 em 10 cm

10 cm

2 Next, construct a pyramid using only equilateral triangles.

3 Now, use the pyramids you have made to answer the following.
a What are the differences between a triangular pyramid and a square pyramid?
b How are these two types of pyramid similar?
¢ What would you call a pyramid with a six-sided base?

Cones
1 Draw a circle with a radius of 7 cm. Mark in two radii, OA A
and OB, so that ZAOB is 90°, as shown. Cut out the 90°
sector and put it to one side. Join up the cut edges with
some tape to form a cone. ) B

2 Repeat this procedure, but this time take out a larger sector. How are the two cones
different? How are they similar?

3 Make a list of household objects that have a conical shape. (They may only be part
of a cone.)

4 Find out what the Venturi effect has to do with cones.

5 What are the advantages and disadvantages of making paper cups in a conical shape?
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When you work out the surface area of a square pyramid, you need to know the length of the base
and the slant height.

Four triangles
Slant
height are the same

L )

/iength
of base

Slant height
5

Example © 12

Find the surface area of this square pyramid.

Surface area of a
pyramid

MAT10MGVT10008

Solution

The base is a square. Area of base = /°

Substitute for /. =8 mm X 8§ mm

Evaluate. = 64 mm?

Each side is a triangle. Area of side =1bh

Substitute for 4 and h. =1x8x12 mm?

Evaluate. = 48 mm?

Write a rule for the surface area. Surface area = area of base + 4 X area of side
Substitute. = 64 mm” + 4 X 48 mm”
Evaluate. =256 mm?
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A cone is a solid with a circular base and an apex. The height, 4, of the Apex
cone is measured perpendicular to the base and the slant height, s, is
the distance from the edge of the base to the apex along the face

of the cone.

The net of a cone consists of the curved surface and the circular base as shown here. The base is a
circle with radius, 7. The curved surface is the sector of a circle with radius, s, and arc length AB.
The length of AB must be the same as the circumference of the base, i.e. 2mr.

= — -

5 Slant height becomes ! \

: ~— radius of sector of large circle. !
5 1 '
ISs X O I
~F > \ 1
“ r \ !

Curved surface . B~
of cone

C=2nr \ .

Circumference of base
becomes arc length of large circle.

2nr

We can develop a formula for the area of a cone using this information.

Area of sector AOB arc length AB
Area of large circle  circumference of large circle

Area of sector AOB  2mr
52 T 2ms S

Area of sector AOB = % X 152
= Trs

The total surface area of the cone is the area of the base and the area of the sector ABC.

Important!

Surface area of a cone

Surface area of a cone = 17 + 7rs
where 7 = radius of the base of the cone and
s = slant height of the cone

D Area = Ttrs

Area = mr?
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Example © 13

Find the surface area of this cone.

Solution

Write the rule for surface area. SA = mrs + mr?

Substitute known values. =n X 10 cm X 18 cm + 7 X (10 cm)?
Evaluate. =565.486 ... cm” + 314.159 ... cm”?
Round to the nearest cm?. ~ 880 cm?

Investigate: Surface area of a sphere

Work in groups of four or fi<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>