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Features of this book

This book is suitable for all students studying the HSC Mathematics Advanced and HSC Mathe-
matics Extension 1 course. It has been designed in a thoroughly organised manner to help students
master each syllabus topic in the new Stage 6 HSC Mathematics Advanced course. This book will
teach, consolidate, test and challenge students. It is an essential resource for all students and teachers.

In flavour with the new course, this book has the following features:

e Technology-based questions.
o Interpretation questions.
¢ Modelling and application problems.

e Verification questions.

Within each chapter, there are subsections divided as follows.

Fundamentals
The carefully constructed fundamentals section appears before the main body of questions. The
purpose of this section is to

e test all key formulae, definitions, concepts and theory.
o test essential mathematical terms and language through cloze-passages.
e ensure that the student has knowledge of the essential prerequisites.

e provide a summary of basic requirements for the topic.

Questions
This is the main body of questions with the following features.

e Step-by-step questions to assist the student with more difficult problems.

e Carefully graded exercises.

e “Show”-type questions, both guides the student, and offers good exam preparation.

e Proofs and explanations to strengthen understanding and develop problem-solving skills.
e Application questions to demonstrate future uses of learned theory.

e Technology-based questions to teach and reinforce concepts.

Challenge

These are more difficult questions that provide

e a challenge for students wishing to test their mastery of the topic.
o rigour and higher-order thinking skills.

e extension and more in-depth treatment of the unit of work.



Chapter Review

This section appears at the end of every chapter, and offers the following.

e Revision and consolidation of the previous exercises.

¢ Questions that require a combination of ideas from previous exercises.

Investigations

These tasks are potential assignments and research projects. Teachers may use and adapt these to

cover the new NESA requirements on investigative assessment tasks. This section provides for the
student

e application and modelling scenarios.

o research tasks involving data collection and analysis.

o scaffolding of learning tasks.

e open-ended style problems for discussions.

e opportunity to use appropriate technology effectively in a range of contexts.

e opportunity for students to demonstrate critical thinking.

Answers

e Quick answers to questions.

e “Show” and “prove” answers can be found in the full worked solutions.

Full worked Solutions

e Can be found online for free, or a full-colour hard copy purchased for convenience.

e Provide complete worked solutions to all questions, except investigative tasks to maintain the
open-ended nature of the tasks.

e Includes several alternative solutions to problems, where possible.

Anne Joshua Jonathan Le

M.A. Dip.Ed. (Syd) B.Sc. Pure Mathematics (Syd)
M.Sc. Mathematics Education (Oxon)
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2 Chapter 1: Algebraic Techniques

Exercise 1A

Expanding and factorising

& Fundamentals

Fundamentals 1
Simplify the following.

@ @+ =—— b) (o-yP=

() (@+ylz-—y)=— (d) (az+y)? =
2 __ x—y_

() (az+by)P=____ H Lo

Question 1  Write down the expansion of the following.

(a) (2x+1)2 (b)  (3z —4)? (¢) (3wy—4)?

2
() (32 — 4y)? (e) <x + ;) () <x + ;) <x - i)
(6) (224 1)z —4) (h) (22— 3y)(2z + 3y) () (2z+y)(3s —4y)

Question 2 Factorise the following.

(a) 22+6x+9 (b) x?+2x—15 (c) 42°> —8xr—5
(d) 4822 — 27y? (e) 25— (z+y)° (f) 222 —7z—15
(g) 2% -y’ +20 -2 (h) (z=3)—z(3—-x) (i) ot -y

Question 3

(a) Expand (z — 1)(1+ x + 2?).

3

1
b) Deduce that 1+ z + 2% = z , for x # 1.
1
l‘_

MASTERING MATHEMATICS



1A Expanding and factorising 3

Problem 1 Factorise the following.

(a) 16 — 81zt (b) a*(a+2)—4(a+2)
(¢) 62%2—5x—6 (d)  62% — bxy — 61>

Problem 2 Use the formula a® — b3 = (a — b)(a? + ab + b?) to factorise the following.

(a) z3-1 (b) 272% -8 (¢) (2z+1)3-38

Problem 3  Expand the following.

(a) (z—y)° (b) (z+y)®

Problem 4  [Geometric series]

Let n > 2 be a positive integer.

(a)  Show that

x”—lz(x—l)(l—i—m—i—xz—i—...—i—x” 1).

(b)  Deduce that for = # 1,

" —1

=l4+z+2>+... +2™ L
r—1

(¢c) Hence, simplify 142+ 22 + ... 4 2%,

Problem 5  [Factorisation of 2% + 1 over R]

Show that

z6+1:(22+1) (22—,2\/54—1) (22+Z\/§+1).

Problem 6  [Key step in proving AM/GM inequality]

Show that
a® + 03+ —3abe = (a + b+ ) (a2+b2+02—ab—bc—ac>.




4 Chapter 1: Algebraic Techniques

Exercise 1B

Algebraic fractions

& Fundamentals

Fundamentals 1
Simplify the following expressions.

a b a b
— - = b _ _
(a) z * T (b) T + 2
a b a b
— — = d R —_— =
© 247 W L+
Question 1  Simplify the following expressions.
2¢  Adx 3z 1llzx 3r—1 7-—2x
8 —+ — I — 4+ — : -
@ F+3 S TIRNT; ) =3 3
50c+3 1—4zx 5 3 1 . 5 2
d — —_—t — + — f —_——
(d) 6 8 (¢) 4xr 4z + 8x ®) dr «x
x x 3r+5 x+7 2 1
o — 1 — i _
() r—1 x+4+1 () r—2 T —2 (i) r—2 =z
3 5 5 2 3 2
i — 4+ — k 1 —
) 422 6x (k) x(r —2) + x(z+2) () z(r—4) 22-3x+2
Question 2 Simplify the following expressions.
1
() Zx () 2.0
S5y 2022 6 9
r—2 x>—x-6 2 -9 22 — 546
(C) X — (d) 2 - 2
r+3 x¢—6x+9 x4 —2xr —15 3x2 — 12
Question 3  Simplify the following expressions.
4z% + 6y 1 1 1 1\/1 1
_— I —— =)+ (x - : —+—)(-—--
(®) 82 (b) (w y) (@=y) © (a: y> (x y)
Question 4 Complete the following.
1 1 1 1
:17—1 :E_l r r+1 _ = :v—i—lxif(x“‘l)
(a) r  _ r T (b) 1 11 xz(x +1)
T+ 1 T+ 17 z x+1 z xz+1

MASTERING MATHEMATICS



1B Algebraic fractions 5

Question 5  Simplify the following by multiplying the numerator and denominator by an appropriate
term.

1 1
. 2ty S A
(a) lfl (b) l_l (c) y_ T (d) g_wl
x Ty Tz Y r x+3
Question 6 Simplify the following.
1 T t2-9
— b .
A | b5y
3 2 2 1 5

d _ _
(d) 2-9 -3 z+3

22 -4 22 _3r42

Question 7 Suppose a and b are numbers such that a + b = 5 and ab = 3. Find the following

without explicitly finding the value of a and b.

() S+ 0) 5+ © ety
a) —+4 - —+ = c

a b a? = b2 a?+ab b2+ ab

Question 8  Simplify

£ Challenge Problems i T

Problem 1 Show that the following expression will always have the same value, regardless of
the value of n.

1 1 -1
~ 4+ M _ (TL + 1)
n n
Problem 2 Simplify the following.
1 a b
a+— -+ =
@) —o b -2
a
a_b%
a b a

1
Problem 3  Suppose p=—, ¢ = 7 and r = Ll Show that r = a.

SHE

Problem 4  [Harmonic mean/Arithmetic mean inequality]

a+b
2ab

1 1
(a)  Show that the average of — and 3 where a and b are positive, is z =
a

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
[ a—-
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|




6 Chapter 1: Algebraic Techniques

(b)  Bob claims that the average of 3 and 0 is 6 because 6 is the average of 2 and 10. Use

the formula from (a) to calculate the actual average value, and show that Bob’s claim is
incorrect.

(¢) Let y be the ‘average’, according to Bob’s argument. Show that y = e
a

(d)  Show that
= (a — b)?
Y= 2ab(a+b)’

and deduce that Bob’s ‘average’ y will always be less than the actual average x.

Problem 5  [Thin lens equation]

Consider the equation

vf
v—f
(b)  Briefly explain why v # f.
(¢) Letz; =u— fand 29 =v — f. Show that x1z2 = f2.

(a) Show that u =

MASTERING MATHEMATICS



Exercise 1C

Indices

1C Indices 7

& Fundamentals

Fundamentals 1
Complete the following.

(a) a™ xa™ (b) a™+a" (¢) (a™)™
() an () a ) an
(8) (ab)” (h) o

Fundamentals 2
Complete the following.

Fundamentals 3
If a™ = a™, where a,b > 1, then m =___.

Fundamentals 4
Factorise the following.

(a) a™!—a™ (b)  a®" —a™. (¢)  (ab)™—a™

Question 1  Evaluate, without the use of a calculator.

(a) 50 (b) 492 (¢) 1253 (d) 83

© @2 0 (16245)3 @ (-9

Question 2 Evaluate, without the use of a calculator.

W 9 () 52 © 2 w (3)°
(e) (215>§ () 42 () 12573 (h) 83 x28




8 Chapter 1: Algebraic Techniques

Question 3  Simplify the following.

(a) 220 + 20 (b) 32z w9 (C) 32z o gz+1
(d) (6(E3y4)2 (e) (2$_3)2 (f) 1624
43

Question 4  Simplify the following.

49— n n+1

(a) 2" x 4™ x 8" x 16" (b) % @ YT 2>7<n9_2
on 1 52n _gn

4 o=t

Question 5 Solve the following for z.
(a) 2* =16 (b) 4%+l =16 (c) 47t =1

1
(d) 4%+ = 3 (e) 27"+l =3 x 9771 (f) 272=49

Question 6 Factorise and hence simplify the following.

(a) 3% -37 (b) 2n 4 2ntl (c) 3 —3n (d) 6 —3" (e) 33 —3n

£ Challenge Problems R e e

Problem 1 Solve the following for x.

1 1
(a) 1677 = (b) 8" =4r+l (¢) 16** = =
(d) 8% =2vF3 4 gz+3 (e) 32% =2%+5 _ gzt (f) 47 -2t 8 =0

Problem 2 Simplify the following.

12% 67
(R) 8_17 X 3_1‘ (b) \/241’ x 422 % 84x

Problem 3  Find the value of z if 2% is half of 2200,

5101 4 5100
Problem 4  Factorise 5"t 4 57, and hence simplify 5
Problem 5  Factorise the following.
(a) 52r _ 92y (b) 94r _ 9bx

Problem 6  Simplify 65 + 6% + 65 4 6% + 6% + 65 and express your answer in index form.

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
: Problem 7 If 29 4+ 3% = 17 and 29+ — 3b+1 = —11, find the values of a and b.
|

MASTERING MATHEMATICS



Exercise 1D

Surds

1D Surds 9

& Fundamentals

Fundamentals 1
Complete the following surd laws.

(a) Vab=______ b) J2=__

Fundamentals 2
Express the following in index form

() vz b) @z (©) a2VE
(d) % () ¥z (M) o

Fundamentals 3
Expand the following.

() (VZ+u) () (VZ—H) (VE+ /D)
0 (Fr) W (F3)(#r)

Fundamentals 4

(a) Similarly how you can only add and subtract ‘like’ terms, you can only add and subtract

‘like’ s )

(b)  When simplifying a surd, always look for p____ -square factors.

Fundamentals 5
(a) Ifa+byc=z+yyc, thena=__andy=__.

(b) Ifavb=/z,thenz=____.

Fundamentals 6
Rationalise the denominator of the following, provided that a and b are positive integers.

1 1 1
@ = ® 37 S
(d) 1 (e) L (f) __t
Va+ Vb Y atbe Va+by/c
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Question 1  Simplify the following.

(a) V454 /80 — /T2 (b) 324 +6+/150 — 5v/54
© 4412 @ 2v/6 x 3v/7
2 1221
Question 2 Simplify the following.
(a) V125 — /8 (b) /24 (¢c) /2000 (d) /64
Question 3  Simplify the following.
(a)  Va2b (b)  Va*b? (¢)  Vab3 (d)  Vadb3
Question 4  Simplify the following by first rationalising the denominator.
1 5v2 5v3 V2

8 — I — ) —= d
@ 57 0 s © 3% @ s

5+42 1 V3—1 42 6

f [

(e) P (f) Ayl 1 (8) N E
Question 5 Rationalise the denominator.

av/'b 1 1 1
(a) —= (b) (€) —=— —

eVd a+ Vb va Vb

1 1
d -
(d) Ti—e (e) Tt o
Question 6 Simplify the following.
(a) (2+V5)(2—V5) b))  (B5+3) (©) (-5+2v3)°
12 12

d 2+3)? <1+) f ( —)
() (V2+V3) (e) 73 () (V3 7
Question 7 Find the values of a and b in each of the following.
(8) 3+4vV5=a+2Vb 1) (2-3v5) =a+bv5
(€ (2V3-3v6) =a+by2 (d) (1-3v2)°—(2+3v2)° =a+b/2
Question 8 Find z in each of the following.
(a) VE=VIS+vE (b) 2vZ= VIS +3VE— V32

Question 9

1 1
(a) Let x = /3 + /2. By first simplifying  + —, find the value of 22 + L
T x

Hint: You do not need to find the value of 22 to do this question.

1
(b)  Use a similar technique to calculate 2 — —, if 2 = =2 + V5.
x

Question 10  Show that x = —3 + 24/2 satisfies the equation 2 4 6z +1 =0

|
MASTERING MATHEMATICS



Probl 1 Show that 1 !
roblem ow tha -
24+V5  9-45
Problem 2  [Telescoping sum]
(a) Rationalise the denominator of
1
Vnt+vn+1

(b)  Hence, simplify

1 1 1

42 i+ B VBiva T e+ vio

Problem 3  Suppose x and y are rational numbers. Show that

(%)
NTRNE

is also a rational number.

is a rational number.

1

1D Surds

—_— e e e e e e e e e e e e e e e e e e

11




12 Chapter 1: Algebraic Techniques

Chapter 1 Review

Algebraic Techniques

Question 1  [Review of word-problems]

Solve the following by constructing a suitable linear equation.
(a) Zach is 4 years older than Joel. The sum of their ages is 16. Find their ages.
(b)  When a number is decreased by a quarter of the number, it equals 12. Find the number.

(c) A book and a card cost $28. If the book costs 6 times as much as the card, find the price
of each.

(d) Natalie is 5 times as old as her son Jeremy. In 8 years’ time, she will be 3 times as old as
her son. Find Natalie’s age now.

(e) In a multiple choice exam with 30 questions, a correct answer earns 2 marks, an incorrect
answer deducts 3 marks and an unanswered question scores 0 marks. If Glen left out 6
questions and his score was 28, how many questions did he answer correctly?

(f) A rectangular pool is 50% longer than it is wide. It is surrounded by a path 2 m wide. If
the area of the path is 116 m?, find the area of the pool.

Question 2 Change the subject of the formula to y in the following

1 1 1
(a) p—_— +
y+3 x oz oy

(c) ay?—by?> =4 (d) z=+y?—4ab
Question 3
1
(a)  The volume of a square pyramid with base length = and height h is V' = §:1:2h.

(i) Express z in terms of V and h.

(i) Find z if the volume is 15 cm?® and height is 5 cm.

(b)  The volume of a cylinder is V' = 7r2h, where r is the radius and h is the height.
(i) Express r in terms of V and h.

(i) Find the radius if the volume is 100 cm® and height is 47 cm.

4
(¢)  The volume of a cylinder V = grrri”, where r is the radius.

(i) Express r in terms of V. (ii) Find rif V = gﬂ' cm?®.

MASTERING MATHEMATICS



Question 4  Solve the following problems.

(a)

is 60 cm. Find the length of the rectangle.

(b)

How old are they now?

Question 5 Factorise the following.

(a) 22 —-92—-10 (b) 2%+2z2-63 (c)
(d) 522 -2 -3 (e) 20— 3z — 222 ()
(2) 25— (z—1)2 (h) 22 —y*+32—3y (i)
(j)  80z* — 5y* (k) a3 —32% — 4z +12 (1)
Question 6  Simplify the following.

(a) V248 (b) 2v2+ V18 (c)
(d) V90 —+40 (e) (2-3v2)? (f)

Question 7  Simplify the following.

(a) 320+ 20 (b) as xasxa2 (c) (322)°+ 62

Question 8 Evaluate the following.
(b) 2572

Question 9  Express 5° + 5° + 5° + 5° + 5° in the form Y.

Question 10 Solve the following for z.

1
(a) 2713 =16 (b) 8% = 1 (c)
(d) 3% 1=1 () 3*+3"T1-36=0 ()
Question 11  Simplify the following.
1 2++5 442

(a) —— (b) ()

V2-1 2—-5 1+v2
Question 12 Find a and b.
(a) 2_‘/§:a_4\/5 (b) M:a

2+/3 V543

Chapter 1 Review

The breadth of a rectangle is 6 cm shorter than the length. The perimeter of the rectangle

Robin is 23 years older than Emma. In 6 years’ time, Robin will be twice as old as Emma.

Sa(x —2) —4(x —2)
5(x —5) —x(5—x)
(z+y)* -4

222 — zy — 3y

V20 + /45
(V6= V3)(v6 + V3)

13




14 cChapter 1: Algebraic Techniques

Question 13  Solve the following for x.

2 x 1

-4 -34—-z2)=2 b —r—1=—=—=

(a) 8(zx—4)-34-z)=2z (b) 3¢ 576
3r—1 2x+1 1— 2z 1 —4x

(c)

5 (d) -

2 3

Question 14 Simplify the following expressions.

(a) 2:65—3_31’1—(;-1 (b) xiy_yix

(c) ﬁ—i—a}iz (d) xfy_xggyz

(€) xi1_xi1 ® x22—4_a:2+5?;:—14
(8) “'_y_xfy (b) x24—4_xi2+33—?—2
) m—1k3_(xf3)2 W (x+11)2_9«“-1kl

k) (@ 'y 0 (@+y ey

Question 15 Expand the following.

o () 0 () o)

Question 16 Let a =2+ /3.

1
(a) Find the exact value of a + —.
a

1
(b)  Hence, without calculating a?, find the exact value of a? + —-
a

Question 17 [Medley of algebraic techniques]

Simplify the following, if possible.

(a) yxy (b) y+v? (c) yxy? (d)  (2y)? () 2(«?)°

0 @ (g a"xa (W) (Ga)f O U

W TEE o juere) @) XY @ RN S
11 1ot

4o+ o r oy Tz oy 2 rT—Y

®) = @ O O W =
Ty

MASTERING MATHEMATICS




Chapter 1: Investigation Task 15

Q Investigation Task

A continued fraction is a series of fractions inside fractions. This process is sometimes called
nesting fractions.

Continued Fractions

For example, the following fraction is a continued fraction nested 3 times.

1+ !
2+ !
24+ !
2+ !
2
The above can be short-hand denoted as
[1;2,2,2,2]

Question 1

(a)  Write down the equivalent continued fraction for [1;2,2] and [1;2,2,2], and calculate their
values correct to three decimal places where necessary.

(b) Complete the following table that shows the difference between the continued fractions,
with various levels of nesting, against the value of v/2.

Continued fraction | Value V2 Difference
[1;2] 1.41421
[1;2,2] 1.41421
[1;2,2,2] 1.41421
[1;2,2,2,2] 1.41421
[1;2,2,2,2,2] 1.41421

What do you notice about the difference?

(¢c) Hypothesise the value of the infinite continued fraction [1;2,2,2,...]
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Question 2  [Solving for the convergent value]

()

Suppose that [1;2,2,2,...] converges to X. In other words, let

1
X =1+

2+
2+

1

1
24+ —

1
Explain briefly why X =1+ T x

Hint: Try to substitute X back into itself.
Hence, solve for X and confirm your hypothesis from Question 1 (c).

Bob guesses that [1;2,2,2,...] converges (approaches) to v/2 since there are lots of 2’s. He
then claims that [1;3,3,3,...] must converge to v/3 since there are lots of 3’s. Determine if
Bob’s hypothesis is correct or incorrect. If incorrect, state the correct value of [1;3,3,3,.. ]

Question 3 [Another way of deriving the continued fraction]

()

Show that
1

V§:1+h@é¢):1+fivé

Substitute this expression for v/2 back into itself to show that

1
Vi-l4—t

142

Repeat this process a few more times. What familiar-looking continued fraction do you get?
Investigate a similar process to obtain a continued fraction expression for v/3.

Prove that

and explain how this can be used to generate continued fractions.
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18 Chapter 2: Functions and Relations

Exercise 2A

Function definitions and notation

& Fundamentals

Fundamentals 1

(a) Ar_—__ between two sets is a collection of ordered pairs containing an element from
each set.

(b) If the relation associates an element x to only one element __, then the relation is called
af .

(¢) If an element x is associated with two or more elements ¥, then it is just called a r

(d) The ‘vertical line test’ determines whether a graph represents a f orar

(e) If the vertical line intersects the curve at or more locations, then the graph represents

ar

(f)  If the vertical line intersects the curve at and only location, then the graph
represents a f

(g) Theequation — isread as "f of a is equal to b".

(h) Piece-wise defined functions are functions that have different e in different

d— .

Question 1  Determine whether the following represent functions or relations.

(a) {(27 2)7 (37 3)7 (47 6)7 (4’ 9)} (b) {(_47 1)7 (37 1)7 (57 2)7 (7’ _2)}
(¢) (=x,3) for all x € R. (d) (3,y) for all y € R.

Question 2  Categorise the following as either one-to-one, one-to-many, many-to-one or many-to-
many.

() (b)
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Question 3 Draw arrows in each of the following diagrams to indicate a relation being

(a) one-to-one. (b) one-to-many.

(¢c) many-to-one.

(d) many-to-many.

Question 4 Determine whether the following relations are also functions. Categorise each graph as
either one-to-one, one-to-many, many-to-one or many-to-many.

() (b)

Y

—

c)
YA A YA

>

[\~
8Y

K8Y

]Y

—
ol
~—
<
>
>
—
@
~—
—
lx)
~—

YA YA

19




20 cChapter 2: Functions and Relations

K8Y

(g) (h) (i)
Yy YA Y
/T | —
1
w }
(3) (k) (1)
Yy Y YA
j _1
Question 5 For each of the following functions below, find f(2)
(a)  flz)=3z+1 (b) flz)=1-a?
(©) f@)=+Bz=1 @) fa)=24
Question 6 Let f(x) =2z + 1. Find the following.
(a)  f(=3) (b)  f(=a) (c)  fla®) (d)  f(2a) () f(Va)
0 f0+a) () [fGa-2) W) Je+bd) () fb) o 1(3)
Question 7 Let f(z) = 322 — 2. Find the following.
(a)  f(3t) (b)  f(=2t) (c) f(VY) (d) ft-1)
Question 8 Let f(x) = % Find the following.
1 1
@ 1(3) o (%) © Jay) @ fla+y)
Question 9  Consider the piece-wise defined function
22, for <1
f(a:):{2_$, for x>1
Find the following.
(a)  f(-2) (b) f(1) (€ f@3) (d)  f(=3)
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Question 10 Consider the piece-wise defined function

2—x, for x< -2

f(x){ 4, for —2<z<2

x+2, for x>2

Find the following.

(a)  £(0) (b)  f(5) () f(=3) () fB) - f(=1)
Question 11 Let f(x) = 22. Determine whether the following statements are true or false.
(a)  f(4x) =16f(x) (b)  flay) = fz) x f(y)

c 2y _ @) 22) = (f(2))?

© 1) =50 @ f@) = (@)

(e) flzty)=Ff()+f) () fVe+y) = (V) + (V)

© fetp+ie-p=20f@+fw] W fol) =24 f@+f(3)
Question 12 Find f(k) — f(k — 1) in simplest form if

(a)  flz)=a? (b)  flx) =32%+22

© fa)=1 @) f@)=2

Question 13 Let f(z) = 4%. Show the following results.

(a)  f(2x) =16" (b)  4f(x) = flz+1) () flz+1)—f(z)=3xf(z)
Question 14 Let f(z) = % Simplify f(z) + f <i>

Question 15 [Recursions]

For the following functions, find f(3).
(a)  f(n)=f(n—1)4+ 3, where f(1) =3 (b)  f(n)=nx f(n—1), where f(1) =1

Question 16 Let f(z) = 2%. Show that f(z) x f(—z) =1

Question 17  Let f(x) = 2 — 23. Show that f(—z) = —f(x).
Question 18 Let f(z) = %4-1 Show that f(x) + f (i) =1

Question 19 Let f(z) = %_H Show that f (;) = f(x).

Question 20 Let f(x) = pr? — z. Find the value of p if f(—3) = 2f(2).
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£ Challenge Problems R e

Problem 1  Find the original function f(x) if
() fla+3)=o+7 ) fla-2) =4
() fle+1)=2a®—3z+4 (d)  f(22)

Problem 2 Let

Show that

where x # 0.

Problem 3  Define the functions

glz)=2"—-27°

Show that
(f(2)” = (9(x))* =4

Problem 4  [Self-inverse functions]

Let a and b be any non-zero real numbers, and define the function

a—

flz)= 14 bx

Show that

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
| fla) =2 427
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
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Domain and range

2B Domain and range 23

& Fundamentals

Fundamentals 1

a) Theinterval ___ can be re-written as x € [a, b].
b) The interval a < x < b can be re-written as
c) Theinterval __ can be re-written as z € [a, D).

d) The interval a < z < b can be re-written as

Fundamentals 2

(b) Ther

Fundamentals 3

1
(a) The domain of f(x) = — is all real = except . =__.
@

(b) The domain of f(z) = /x is

1
(¢) The domain of f(z) = NG is x

Fundamentals 4
(a) The range of y = 2% is y

(b) Therangeofy = +/zisy
number.

outputs in response to various inputs.

(a)  The domain of a function is the set of ___-values that a function can accept.

of a function is the set of y-coordinates that a function can output.

, noting that x cannot be z

since a perfect square cannot be n

since square rooting a number cannot result in a n

(¢) In general, ther___ of a function can be found by examining the behaviour of the

Question 1  Convert each of the following to interval notation.

(a) 1<x<3 (b) —-2<z<5

(d) =>4 (e) x>-2
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Question 2  Re-write the following intervals using inequalities.

(a) z€(2,6) (b) e [-5,10] (c) =e(1,4]
(d) ze[-23) (¢) xe€ (00,3 (f) e (-2,0:)
Question 3  Convert each of the following to interval notation.
(@) o . b, o
-2 -3 1
() e o . (d) e o .
2 4 —4 -2
(e) - o R (f) . o o .
-3 -2 0
Question 4  State the domain and range of the following graphs.
(a) (b) ()
YA YA YA
7
/ z
T
(d) (¢) (f)
Ui Y YA
an
x 9 jQ x
—2
(8) (h) (i)
YA YA YA
1tA S et 1
FAW AW
S \/z 7
1+ 1 4—-—-/ >
x
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Question 5 State the domain and range of the following graphs.

(a)
YA

SE]

[\
KLY

|
ol

KLY

ISA 4

(b)

8Y

yi

N

[\
KY

(c)

2B Domain and range

YA
T
Yai
T
Y
X
YA
1

25
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Question 6

(a)  We can find the domain of functions with x’s inside a square root by letting the inside be p

(b) Hence, find the domain of the following functions.

(i) fl@)=Vvz (i) flx)=vz—2
(i) f(z)=+vb—= (iv) f(x)=+T7—-2x
Question 7

(a)  We can find the domain of functions with z’s in the denominator by letting the denominator
equal z___ and then excluding these values.

(b) Hence, find the domain of the following functions.

0 fa)=- () flo) = —

() flx)= 5 V) @)=
2 ) 1

) f@)= e+ ) F@) = g

Question 8 Use a combination of techniques from Question 6 and Question 7 to find the domain
of the following functions.

1 r+1
© fl@)= @) flz)=—

Question 9

(a) Find the solutions to the equation (z — 1)(x —2) = 0.

1

(b) Hence, find the domain of f(x) = CEEED)

(¢)  Use a similar technique, find the domain of the following functions.

(i) flz)= @+ (@=3) (i) fla) = (22 — 1)(3z — 1)
T ? —
(iii) f(z) = 22— 4 (iv) f(z) = x? — 4x1+ 3
|
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Question 10  Use graphing software to obtain the graph of the following, and hence state the domain
and range.

@) f@) =242 ) 1@ =1
© fa@=ot- @) f@) =

Question 11

a) State the coordinates of the vertex of the equation f(x) = (z —2)% + 1.

b)  Sketch a graph of the parabola, labelling the vertex and the y-intercept.

(
(
(
(d

)
¢) Hence, state the range of f(x) = (z — 2)%2 + 1.
)

Similarly, find the range of the following functions.

(i) fl@)=(z+1)*-4 (i) fl@)=(z-2?%+3
(iii) f(z) =2% — 4o (iv) f(x)=2*+6z+11

(e) Inall of the above, you had to complete the square first and obtain the form f(z) = (x —h)?+k.
What did you notice about the value of k and the range of the function?

Question 12  Recall that the range of f(x) = 22 is y > 0 because 22 cannot be negative. Use this
fact to determine the range of the following.

(a)  f(x) = 42? ()  f(x)=2%2+3 (¢) f(x)=322-4
(d)  flz)=—a? (e) flz)=—2>+6 (f)  flz)=5-a?
(8) flz)=3—4a? (h)  flz)=(z—3)*+2 (i)  fl@)=10—(z+2)?

Question 13 Recall that the range of f(x) = /x is y > 0 because /= cannot be negative. Use this
fact to determine the range of the following.

() fla)=2/7 (b) fla)=vT+3 (© f@)=va-5
(@) fla) =& (©) fla)=—VE+4 (1) fla)=3-a

Question 14

(a) Determine the range of y = 9 — 22 and hence find the maximum value of .
(b) Hence, find the range of f(x) =9 — 22
(c)  Use a similar technique to find the range of g(z) = V9 + z2.

27
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£ Challenge Problems [t

Problem 1  Find the domain of

Problem 2

x
x2—1

(a)  Use graphing software to sketch the graph of f(x) =

(b)  Hence, state the range of f(z).

Problem 3  Explain why the domain of f(x) = Tisae R, z#0
x

Problem 4  Find the domain of the following functions.

z+1 z+1
(a) f($)=x+1 (b) fl@)= 5
r — 1:2

(c) flz)= WZJFG (d) flz)= W)

Problem 5  Find the domain and range of the function

fx)=vVor—-1+V1—x

Hint: A graph is not needed for this question.

Problem 6  Find the domain and range of the following functions by thinking about the
possible inputs and the resultant outputs.

() y=—= 0 y=y

© y=vZ—i I p——
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Exercise 2C

Even and odd functions

& Fundamentals

Fundamentals 1

(a) If a function is even, then f(—z) =

(b) If a function is odd, then f(—x)=____.

Fundamentals 2

(a) Even functions are symmetric across the -axis.

(b) Odd functions have rotational symmetry about the o

Question 1  Classify the following graphs as either even, odd or neither.

(a) (b) ()

YA YA YA

Y

KLY

Yyl

(.
2y
)

Question 2 For each of the following functions, find f(—z) and hence determine whether they are
even, odd or neither.

(a)  f(x) =2z b) flx)=22+1 (¢) flx)=2*+x
(@) fla) =2’ () fla)=z—a® (0 fl@)= %
@) fa)=2 W) f@) =o' —a?+1 () f@)=vI—a
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Question 3 Complete the following diagrams to make the graphs represent even functions.

(a) (b)

8Y

Ya YA

ISA

]Y

Question 4 Complete the following diagrams to make the graphs represent odd functions.

(a) (b)

KLY

KY
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Problem 1 Show that f(x) = is an even function.

2$
Problem 2 Let f(z) and g(z) both be even functions. Define the function

hz) = f(z) + g(x).

(a)  Show that h(—z) = f(x) + g(z).
(b)  Hence, what kind of function is h(x)?

(¢) Complete the following statement, that you just proved.

The sum of two even functions is

Problem 3 By defining a function

or
h(z) = f(x) + g(x)
and then simplifying h(—zx), prove the following statements.

(a)  The sum of two odd functions is odd.
(b)  The product of two even functions is even.

(¢)  The product of two odd functions is even.

Problem 4  Determine whether the following statements are true or false.

(a)  The difference of two even functions is neither.
(b)  The difference of two odd functions is odd.

(¢)  The quotient of an even and odd function is even.
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Exercise 2D

Composite functions

& Fundamentals

Fundamentals 1

In a composite function, the output of the ‘inside’ function becomes the i of the
‘o7 function.

Fundamentals 2

(a)  When calculating f (g(x)), the function is applied first to x, and then the function
is applied afterwards to the new expression.

(b)  When calculating g (f(x)), the function is applied first to z, and then the function
is applied afterwards to the new expression.

Question 1 Let f(z) = 3z + 4 and g(z) = 3 — 2a.
(a) Find f(g(2)).

(b) Find g(f(2)).

(¢) Show that f(g(z)) = —6a + 13.

(d) Show that g (f(z)) = —6z — 5.

Question 2 Let f(z) =z and g(z) = z + 4.
(a) Find f(g(x))
(b)  Find g(f(x))
(c) Find g(g(x))
(

d)  What combination of compositions will produce v/x + 87

Question 3  For the following pairs of functions f(x) and g(z), find and simplify f (g(x)) and
g9 (f(x)).

() fla)=2—-2  ga)=20+5 (b) f@)=2,  gle)=3a

Question 4 Let f(x) = xL—l—l Find f (f(z)).
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Question 5 A function f(x) is said to be an self-inverse if f (f(x)) = x. Determine which of the
following are self-inverse functions.

@) fa)=- 0) fa)=—"=
© fay=""2 @) fla) ="

and g(z) = 2°.

2
Question 6 Let f(x) =
x

-9
(a) Find f (g(x).
(b)  Find g (f(x)).
(¢) Find domains of f (g(z)) and g (f(x)). Are they the same?

Question 7 [Commutativity under composition]

Two functions f(z) and g(x) are said to commute under composition if f (g(x)) = g (f(z)). Determine
which of the following pairs of functions commute under composition.

() f@)=2-2  gla)=c+5 b) fl@)=az,  glx)=be
(© fl@)=3c+1, gla)=20-1 (@) f@)=am  gla)=a"

Question 8 Let f(x) =2 — 2 and g(z) = /.
(a)  Find f(g(x)).

(b) Hence, state the domain of f(g(x)).

(¢) Find the domain of g(f(z)).

Question 9 Let f(z) =2z — 3, g(v) = /= and h(x) = 2? + 1.
Simplify the following, and hence state the domain.

(a)  flg(z)) (b)  g(f(x))
(c)  h(f(z)) (d)  g(h(z))

Question 10 Let f(z) = % For simplicity, denote f (f(z)) = f2(z) and so on.
(a)  Simplify fao(z).
(b)  Simplify f3(z).

(¢c) Hypothesise a formula for f,(x), where n is a positive integer.
Hint: Express your answer as a piecewise-defined function.
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Problem 1 Let g(z) be an even function and f(x) be any function. Define the composition

(a)  Show that h(—z) = f (g(z)).
(b)  What can we say about the function h(x)?

(¢c) Hence, what can we say about the composition of two functions if the ‘inside’ function is
even?

Problem 2 By defining
h(z) = f(9(x))

and using a similar technique, prove the following statements.

(a)  The composition of two even functions is even.
(b)  The composition of two odd functions is odd.

(¢)  The composition of an even and odd function is even.
Hint: You will have to consider two different cases here.

Problem 3 Let f(z) = /z and g(x) = —2% — 1.

(a)  Simplify g(f(z)).
(b)  Simplify f(g(z)).

(¢)  One of the above does not work. Find out which one, and explain why it does not work.

Problem 4  Let a and b be any non-zero real numbers.
Show that the function

35
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Chapter 2 Review

Functions and Relations

Question 1  Categorise the following as either one-to-one, one-to-many, many-to-one, or many-

to-many.
(a) (b)
Ya YA
N
() (d)

YA oy

8Y

/o

Question 2 Which of the graphs in the above questions represent functions?

Question 3 Convert each of the following to interval notation.

(a) . (b) 5

- 1 » - 1 5 »
(©) .

¢ _3 >

Question 4 For each of the following, find the value of a if

(a) f(z)=3ax+1;  f(=2)=7 (b)  flz)=az®=3;  f(-2)=2f(1)
Question 5 Re-write the following intervals using inequalities.
(a) z€[-2,00) (b) =z e (—1,4] (c) =z € (—00,0]

|
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Question 6 For each of the following graphs, state if it is a function, write down the domain
and write down the range.

(a) (b)

\w‘
Y
\
—_
— -1 =
KY

YA YA
_____________ Lo
T
T
(e) (f)
Ui YA
34
9 |
n
-

Question 7 Let f(x) = 22 + 4 and g(z) = x — 23. Define the function h(x) = f(z)g(z).
(a) Show that h(—z) = —h(x).

(b) Note that f(z) and g(z) are even and odd functions respectively. What do you hypothesise
is true about the product of an even and odd function?

(c) Prove your guess from part (b).
Question 8 Let f(x) =3". Find f(x 4+ 1) — f(z) and express your answer in terms of f(z).

Question 9 [Factorials]

f(n)

Let f(n) =1x2x3x...xn. Simplify Fin=1)

37
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Question 10 Define the following piece-wise defined function.

r+3 for z< -1
flx) = 22 for —-1<z<1
Ve for z>1

Evaluate the value of )

314)+ £(-2)~ 1 ()

Question 11  Define the following piece-wise defined function.

c(x—2)% for <0
f(z) = ar+4 for 0<z<2
br—4 for x>2

Find the values of a, b and c if f(3) =5, f(1) =3 and f(—2) =8.

Question 12 Let f(z) = % Show that f(2x) = 2[f(z)]* — 1.

Question 13 Let f(z) = q,-_21' Show that f (L) ~ ).

Question 14 Let f(z) =z + % Find and simplify

@ 1(3) o) (a7 © 2+ V3)
Question 15  State the domain of the following.

@ f@)=vai3 0) @)= = © 1) =g
@) f@)= s © J@) = ) @) =V6- 5
© J@)= W) @) = 0 @)=

Question 16 Categorise the following functions as either even, odd, or neither, and provide
reasoning for each answer.

3 4 3 21’2 -1
() flz) =22 (b) f(z)=a'+a (© f@)=F—
(d)  f(z)= — (e) f(z)= o ) f(z)= P
X 2x
(8) f@)=5— () flz)=a®—az+1 Q) fa)=> 3j 1
|
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Question 17

a) Can a quadratic function be an odd function? Explain your answer.

(

(b) Can a quadratic function be an even function? Explain your answer.

(¢) If a quadratic function is an even function, then what is the coefficient of 2?7
(

d) Hence, or otherwise, find the value of p so that f(z) = (x — 1)? + pz is an even function.

B
r+1

8

Question 18 Find the domain of f(z) =

Question 19 If f(x) = ax? + bz + ¢, then simplify f(z) — f(—z).

Question 20 Complete the graphs below so that they represent even and odd functions. Draw
your graphs on separate axes.

(a) (b) ()
YA YA AY

8Y
8
|
7
|
—_
KY

1
Question 21 Define the functions f(z) = 2% — 1, g(z) = 3z — 2 and h(z) = —. Find the

following. ’

(a)  g(—3a) (b) fB—a) (c) f(g(1))

(d) g(f(0)) (e)  f(h(2) () flg(x))

(8) g(9(x)) (h)  f(f(@)) (i) h(f(2))

Question 22 Find f(z) if

(a) fl@+2)=z+5 b)) flx—1)=2%2-1 (¢) f(27) =4a2? —4x+1
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Q Investigation Task

Define the following set G of functions over the domain x € R, = # 0, 1.

Group Theory

@)=z, b@)=1-z, cfz)=""2 d(x)zi, e(z) = —— f(z)=

Question 1

(a) Find c¢(f(z)) and show that it becomes another element of G. Which function does it
become?

(b) Calculate the composition the other way around. In other words, calculate f (c(z)). Which
element of G does this become? Is it the same one?

Question 2 A set of functions like the above is said to form a group under composition, if the
composition of any two functions always yields another function in the same set. Show that G
forms a group.

Hint: There should be 36 ways to do the compositions in total, but you will find that many of
them are immediately obvious. Don’t forget about functions being composed with themselves.
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Q Investigation Task

So far, we have covered functions that are themselves odd or even functions. We also covered
functions that were neither. However, it turns out that actually many ‘neither’ functions have a
close relationship with odd and even functions. This investigation task aims to show what this
relationship is.

Odd and Even Functions

Let f(x) be any function with domain being all real . Furthermore, define the following functions.

by = 10+ 122)
o) = L2~ ID

Question 1

(a) Show that E(x) is an even function and that O(x) is an odd function.
(b)  Show that f(z) = E(z) + O(x).

(c) What is the significance of this result?

Question 2 Let f(x) = 27%.
(a) Show that f(z) is neither even nor odd.
(b) Express f(z) as the sum of an even and odd function.

(¢c) Use graphing software to sketch E(x) and O(z) and verify graphically that they are even
and odd respectively.

(d) Ask a friend to provide you with some new functions f(x) that are neither nor odd. Repeat
part (b) for these new functions.

Question 3 What happens if f(x) itself is already even or odd? Experiment with a few even
and odd functions and comment on your findings. In hindsight, were these findings obvious?

Question 4 Earlier in this investigation task, f(z) was defined to be a function with domain
being all real z. Investigate to find out why this is so important and give a few examples
demonstrating what can go wrong if the domain is not all real x.
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Exercise 3A

Linear functions

& Fundamentals

Fundamentals 1

(a) The gradient of a straight line is a measure of how s or shallow a line is. It also
determines the d____ of the straight line.

b) A line with a larger gradient willbes__ than a line with a smaller gradient.
c) If the gradient isp_— then the straight line will go up from left-to-right.
from left-to-right.

e) If two lines with gradients m; and ms have the same gradient, then = .

(
(
(d) If the gradient is negative, then the straight line will go d
(
(f)  If two lines with gradients m; and my are perpendicular, then

Fundamentals 2
(a)  The formula for the gradient is

change iny

change in x

(b) The gradient-intercept form for a straight line is y =

(¢c)  The point-gradient form for a straight line is y — y; =

Fundamentals 3
(a)  The equation of a line parallel to the z-axis is

(b)  The equation of a line parallel to the y-axis is
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Question 1  Find the gradient of the following linear functions.

(a) (b) (c)
Ya Y YA
1
| 2 1
i x : z 71 x
-
(d) (e) (f)
Yi YA YA
\-T6
X < 2 »>
\ E
\ X - 7 %
AN
(g) (h) (i)
Ya YA YA
6 \ X
_N x

|
—_
/ g]Y

]Y

\

Question 2  Consider the linear function ¢: y = 2z 4 4.

(a)  State the gradient of 4.

(b) State the y-intercept of £.

(c) Find the z-intercept of /.

(d) Plot the x and y-intercepts on a set of axes, and hence sketch the graph of /.

Question 3  Use a similar technique to Question 2 to sketch the following linear functions.

(a) y=2z+1 (b) y=05z—1 () y=2—4z
(d) y=-22-3 () 3x+4+2y—1=0 (f) bx—4y+3=0
u
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3A Linear functions

Question 4  For parts (b) to (f) inclusive, express your answers in the form y = mx + c.
Find the equation of the straight line with

(a) gradient m that passes through (z1,y1). (b) gradient 2 that passes through (1,4).

3
(c) gradient —3 that passes through (2, —5). (d) gradient . that passes through (—4,3).

2 : 5
(e) gradient 3 that has an z-intercept of —2. (f)  gradient 3 that has a y-intercept of 1.

Question 5 Draw a graph of the straight line that satisfies the following features. Label any
intersections with the coordinate axes where possible.

(a) Gradient 3 with z-intercept at x = 6.
(b)  Gradient —2 with y-intercept at y = 2.
(¢c) Gradient 2 and passing through the point (1,4).

1
(d)  Gradient 3 and passing through the point (—4,1)

Question 6 Find the gradient of the straight line that passes through the following pairs of points.

(d) (172)7 (074) (b) (_4a1)7 (_2a3) (C) (_7a _3)a (17_4)
(d) (27 _6)7 (37 _4) (e) (57 2)7 (_37 2) (f) (—2, 4)7 (_27 _3)

Question 7 Find the equation of the straight line that passes through each of the two points in the
previous question.

Question 8 Find the equation of the straight line that passes through (—2,4) and is parallel to the
line y =4z — 7.

Question 9

(a)  What is the gradient of the line perpendicular to y = 3z — 47

(b) Hence, find the equation of the line that passes through (4, 6) and is perpendicular to y = 3z —4.

Question 10 A line with gradient 4 passes through (1,5) and (—2, k). Find the value of k.

Question 11

(a)  State the equation of the line that is parallel to the z-axis and passes through (—2,6).
(b)  State the equation of the line that is parallel to the y-axis and passes through (3,5).

Question 12 Show that the points A(—2,10), B(1,1) and C(3,—5) lie on the same line using two
different methods.
Hint: One method requires finding the equation of a straight line, but the other method does not.
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Question 13  Determine whether the following points lie on the given lines.

(a) y=3x+4,(-2,1) (b) y=—-4x+2,(3,-8)
(¢) 2c—Ty—5=0, (6,1) (d) %—%:14—&—m)

Question 14  Show that A(3,4), B(5,10) and C(—6,7) form a right-angled triangle.
Hint: Calculate the gradient of the intervals joining the points.

Question 15

(a)  Find the value of a if 2z + 5y — 6 = 0 passes through (a, —2).
(b)  Find the value of a if ax — 8y + 3 = 0 passes through (-7, 3).

Question 16 Match every line to another parallel line from the list below.

I): y=42-9  (II): 22+3y—4=0

2

a) Plot the points on a set of axes.
b) Show that AB is parallel to C'D.

(

(

(c) Show that BC' is parallel to AD.

(d) Based on the above information alone, what kind of quadrilateral can ABC'D be?
(

e) Show that AB 1 BC. Hence, what type of quadrilateral must ABCD be?

Question 18 Determine whether the points A(—6,-3), B(3,—8), C(8,—1) and D(-2,5) form a
rectangle or not.

Question 19 The quadrilateral PQRS has vertices P(1,0), Q(3,1), R(4,3) and S(2,2).
(a) Show that PQRS is a parallelogram.
(b) Show that PR is perpendicular to @S.

(¢c) Hence, what type of quadrilateral does PQRS form?

Question 20 The line ax + by + 1 = 0 is perpendicular to 4z 4+ 3y = 7 and passes through (9, 7).
Find the values of a and b.
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Problem 1 Find the value(s) of a if ax + y = 6 passes through (a, 5a).

Problem 2  Consider the points A(—7,—11), B(—4,—6), C(—1,1) and D(2,7). Only three of
these points lie on the same line. Determine which three points lie on the same line.

Problem 3  [Locus]

Consider the points A(1,3) and B(3,9), and let P(z,y) be a point such that ZAPB = 90°.

(a)  Show that 2% — 4z +y? — 12y + 30 = 0.
(b) By completing the square, show that this is the equation of a circle centred at (2,6) with

radius v/10.

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
: (¢) Explain the relationship between P and the circle.
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|

Problem 4  Show that the line passing through (a,b) and (b,a) isy =a+ b — .

Problem 5  Define the linear function ¢ with equation

r Yy
—+ 2 =1.
a+b

(a)  Find the z and y-intercepts of £ and hence explain why this is called the intercept form of
a straight line.

(b)  Use the intercept form to find the equation of the line with = and y-intercepts at —2 and
3 respectively.
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Exercise 3B

Features of a parabola

& Fundamentals

Fundamentals 1

(a)  The shape of a quadratic function is a p

(b) Allp__ haveav , which is referred to as the maximum or minimum point.

(¢) A parabola going ‘up’ is said to be c____ up, whereas a parabola going ‘down’ is said
tobec___ down.

(d) A parabola may or may not intersect the ___-axis. If it does, then the x-coordinate of those

points are called the r of the quadratic function.

(e) Depending on the position of the vertex, a parabola may have __, __ or __ roots.

Fundamentals 2
Consider the quadratic in the form y = az? + bx + c.

a) If a parabola is concave up, then a . If a parabola is concave down, then a___.

)
b) State the y-intercept.

(

(

(c) State the z-coordinate of the vertex.

(d) The vertical line that goes through the vertex is called the axis of s
(

e) How do you find the y-coordinate of vertex, if you have the axisof s 7

Fundamentals 3

Consider the quadratic in the form y = a(x — a)(z — 3).

(a)  What is the significance of the values of o and 87 How do they appear graphically?
(b)  What is the z-coordinate of the vertex, in terms of a and 7

(¢)  To sketch parabolas in this form, first find and mark the r , then find the x-coordinate
of the v . Find the y-coordinate of the v and the ___-intercept, and then sketch
the parabola.

Fundamentals 4
Consider the quadratic in the form y = a(z — h)? + k.
(a)  What is the significance of the values of h and k?

(b)  To sketch parabolas in this form, first find and mark the v , then find and mark the
y-intercept. If asked, also find and add the __-intercepts, then sketch.
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Question 1  Sketch the graphs of y = 22, y = (z — 2)? and y = (z + 3)2. Hence, make a general
statement as to how the graph of y = (x — h)? is related to the graph of y = z2.

Question 2 For each of the following quadratics

(i)  find the z-intercept. (ii)  the coordinates of vertex.
(iii) find the y-intercept. (iv) find the axis of symmetry.
(v)  sketch the parabola.

(a) y=(z—2) b) y=-@+2*> (o y=2-3?% (d y=-5z+1)

Question 3
(a)  Sketch the graph of the following.

(i) y=(z-2)7? (i) y=(z-2)%+3 (i) y=(r—2)*-2

(b) Hence, describe how the graph of to y = (z — h)? 4 k is related to y = (x — h)2.
(c)  Write down the coordinates of the vertex of y = (v — h)% + k

(d) Does the axis of symmetry or vertex change if the form of the above graph is changed to
y = a(x — h)? + k instead?

Question 4 By finding the vertex, axis of symmetry and y-intercept, graph the following quadratics.

(a) y=2(x+1)2+3 (b) y:%(x—?))Q—l () y=-3+2)?2+1

Question 5 For each of the following quadratics

i)  find the z-intercepts.
ii) find the y-intercept.

iii) find the axis of symmetry.

v) state whether the y-coordinate of the parabola has a maximum or a minimum.

(

(

(

(iv) find the coordinates of the vertex.

(

(vi) state the maximum or minimum y-value of the parabola.
(

vii) sketch the parabola.

(a) vy = (z - 2)(z —6) (b) ¥y = (z+2)(z - 6) (€ y = (z+2)(z+06)

(d) vy =—(z+2)(x—-06) () y=3+1)(x-7) () y=-2(-3)(x-5)
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Question 6 For each of the following quadratics

i)  factorise the equation.

ii) find the z and y-intercepts.

iii) find the axis of symmetry.

v) state whether the y-coordinate of the parabola has a maximum or a minimum.

(

(

(

(iv) find the coordinates of the vertex.

(

(vi) state the maximum or minimum y-coordinate of the parabola.
(vi

vii) sketch the parabola.

(a) y=2%2-16 (b) y=a%+5z (¢) y=2x2—5x

(d) y=2+4z—12 () y=12 4z —2? (f)  y=8x—a?
Question 7  Sketch the parabola y = x(10 — x) and using your graph, find the maximum value
of y.
Question 8 For each of the following quadratics

i)  State the axis of symmetry

ii) Find the coordinates of the vertex

iii) State whether the vertex is a maximum or a minimum.

v) Find where the curve cuts the z-axis.

~—

(
(
(
(iv) State the coordinates of the y intercept.
(
(

vi) Hence, sketch the parabola.

(a) y=—-a*+3r-2 (b) y=322+5x—2

Question 9 Match each graph drawn with the equation of the parabola. Note not all equations
have a matching graph.

(a) y=(x+2)(x—3) (b) y=-=2(x+2)(z—4) (¢) y=2(x—3)(r+4)
(d) y=—(x+1)2+4 (e) y:%(x+3)2+1 (f)  y=4(x—1)?
(8) y=—(z—27+5 () y=—d( 1) () y=g+3)? 1
(i) y=—(-1(x-5) (k) y=(z+2)(z—6) () y=06x—a°
(A) (B) (©)

L 1 :

x _9 6 x
—4
> —12 1
0 6\ v
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Question 10 Use the given information to sketch and find the equation of the quadratic with the
following features.

(a) Roots are at x = —1 and = = 6, and the y-intercept is 12.

9
(b) Roots are at x = —3 and = = 3, and the y-intercept is —3

Question 11 A parabola has roots at x = 1 and x = —3.

(a)  The intercept-form of the parabola is

y =a(z —a)(z - B).
State the value of two of the unknowns.

(b)  The parabola also passes through the point (0, —6). Find the value of the last pronumeral.

(¢c) Hence, state the equation of the parabola.

Question 12 A parabola has vertex (—2,1).

(a)  The vertex-form of a parabola is
y=a(x —h)? +k.

State the value of two of the pronumerals.

(b) The parabola also passes through the point (1,2). Find the value of the last pronumeral and
hence, find the equation of the parabola.

1
Hence, the equation is y = §(z +2)% + 1.
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Question 13 There is a unique parabola whose axis of symmetry is parallel to the y axis, and it
passes through the following three points. By first identifying a suitable general form and then finding
the pronumerals, find the equation of the parabola.

(&) (070)7 (_179)7 (870) (b) (077)7 (174)7 (374) (C) (07 _4)7 (171)7 (_27 _2)
Question 14

(a) Express the parabola y = 22 — 62 + 10 in vertex-form.
(b) Hence, explain why the parabola is always above the z-axis, without drawing a sketch.
(c) Use a similar technique to show that the following parabolas are either always above or below

the z-axis.

(i) y=22—42+6 (i) y=-2*+2r—4

Question 15 Find the equations of the quadratic functions sketched below.

(a) (b) (c)

y; s |

8_,,,,

10

%_4444444
0
—
]Y
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3B Features of a parabola

Problem 1  [Optimisation problem]

A farmer has 400 metres of fencing to construct a rectangular field. One of the sides of the field
is a river, so the farmer only needs to fence three sides of the rectangle.

(a) Find the perimeter of the field that requires fencing if the field has length y metres and
width x metres as shown in the diagram below.

Y

(b)  Show that the area A of the field is given by A = 400z — 222

(¢) By completing the square of the above expression, or otherwise, find the maximum area
of the field that he can construct.

(d)  What restrictions are there on your variables?

Problem 2 [Optimisation problem]

A burger truck normally sells 60 burgers a day for $10 per burger. The owner is advised
that they should increase the price of the burger. However, for every 50 cents extra that the
burger costs, the number of daily burger sales will drop by 2. The owner decides to increase the
price in 50-cent increments. Let x be the number of 50-cent price increases.

(a)  Show that the daily revenue is R(z) = (30 — x)(20 + z).

(b) Hence, find the price that the owner should charge per burger in order to maximise the
daily revenue, and state what the maximum daily revenue is.
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Exercise 3C

Solving quadratic equations

& Fundamentals

(a)

(b)

(a)

(b)

(a)
(b)
()

(a)

Fundamentals 1

There are three main ways of solving quadratic equations. The first is by reading off the

solutions from thef___ equation. The second isby ¢ the square. The third
is by using the q___ formula.
A quadratic may have ___, __ or ___ solutions.

Fundamentals 2

If a quadratic is expressed in factorised form y = a(x — a)(x — [3), then the solutions of the
quadratic are t =__ and z =__.

Sometimes the factorised quadratic equation is a perfect square y = a(x — «)?. In this case,
the solution is just v =___.

Fundamentals 3

The solution to 2? —k=0isz=___.
The solution to (z — h)? —k =0is z =

A general quadratic y = may be expressed in the form y = a(z — h)? — k by
completing the square. Afterwards, it can be solved like the question above.

Fundamentals 4

If a quadratic is too difficult to factorise, then the q___ formula may be used to find
the solutions.

For the equation ax? + bx + ¢ = 0, the solution is x =

If the inside of the square root sign is negative, then the quadratic has no r S

If the inside of the square root sign is positive, then the quadratic has ___ d real
solutions.

If the inside of the square root sign is zero, then the quadratic has ___ d real solution.
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Question 1 Complete the following.

(a) z?+8x+ = ( )2 (b)  z?—10x + = ( )2
(¢) 2*+5z+ = ( )2 (d) z?2-3z+ = ( )2
©) #+l0my s = P 212yt ~ 2

Question 2  Solve the following quadratic equations by first factorising.

(a) 22 -22=0 (b) 2?2 +52x=0 (c) 2?2 —4x+4=0

(d) 22-52x+6=0 () 22—2-2=0 (f) 2?2+4x—-12=0
(g) 22—-100+25=0 (h) 2?2 -62+5=0 i) 22-52x-24=0
j) 2?4+22-15=0 (k) 2?+4+24r+144=0 (1) 22-10x+24=0

Question 3 Solve the following quadratic equations by first factorising.
(a) 222 +5x+2=0 (b) 222 —-5xr+2=0 () 322+22x—-8=0
(d) 42?2 —42-3=0 () 622—2—-1=0 (f) 622 +11lxz—2=0

Question 4 Find the values of a and b such that 22 — 8z + 7 = (x + a)? + b, and hence solve the
equation 22 — 8x + 7 = 0 by instead solving (z + a)? + b = 0.

Question 5 Solve the following quadratic equations.

(0) (x—52=3 (b)) (z+2)2-3=0
(©) (x—1)2—%=o (d) (z+2?-6L=0

Question 6 Solve the following quadratic equations by completing the square.
(a) 2?2-2x—-1=0 (b) 22 —4dx+1=0
(¢) 22 -1004+13=0 (d) 42® —16x+11=0

Question 7  Solve by using the quadratic formula.

(a) 22—-—2-1=0 (b) 42?2 -8r+1=0

Question 8 Solve the following for z using the an appropriate method for the question.

(a) 22=4 (b) 2% =4x (¢c) z(x—6)=0

(d) (z—-2)2=25 () (r+5)(z—3)=0 (f) 22-32x—-4=0

(g) 2> —2—-12=0 (h) 222 +1lz+15=0 (i) 322+8r—16=0

1

G) x+;:g k) o=z () 2% +dz—T=0
4 =z 9 6 10
_—_—= - 2 — = — =

) =7 ) Zw=3=g73 S R T
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Question 9  Solve the following.

(a) If one side of a square is increased by 5 and another is decreased by 5, a rectangle is formed
whose area is 56 cm?. Find the side length of the original square.

(b)  The number of diagonals of an n-sided polygon is given by the formula

D =—(n-23).

A polygon has 65 diagonals. How many sides does it have?

(¢) Let x and y be positive numbers that have a sum of 20 and product is 84. Find x and y.

(d) Let C(z) = 22% — 122 + 25 represent the model for the cost of manufacturing products in a day,

where x is the number of machines operating and C(x) is in ten thousand dollars.

(i)  Find the cost of production if one machine is operating.

(ii)  If the cost of production is $90000, how many machines are operating?

(iii) Find how many machines should be operated in order to minimise the cost of production,
and hence find the minimum cost of production.

Problem 1  Find a, b and c if

(a) 2?=alz—1)2+bx—1)+c

(¢) 42’ +xz—-5=azx(z+1)+bx+1)+c

Problem 2  Solve the following equations
(a) 2%2®-2_-12=0
Hint: Let y = 27
(¢) 3% -12x3*+27=0
(e) (22 +2)? =82 +2)+12=0

MASTERING MATHEMATICS

(b) 222 -7z —5=alz+2)2+bxz+2)+c

32 —8x3%-9=0
Hint: Let y = 37

3x 9% -3t _ 18 =0
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Exercise 3D

Discriminant

& Fundamentals

Fundamentals 1
Consider the quadratic equation az? + bz + ¢ = 0 where a, b and ¢ are rational numbers.

a) The discriminant is the i of the square root sign in the q___ formula.

(

(b)  The formula for the discriminant is A =
(c) IfA
(
(

, then there are two distinct real solutions.

d) If A then there is one distinct real solution.

e) If A <0, then there are __ real solutions.

Fundamentals 2

Consider the quadratic equation az? + bz + ¢ = 0.

(a)  What can we say about a and A for a quadratic that is always above the z-axis?
(b)  What can we say about a and A for a quadratic that is always below the x-axis?

(c) Sketch the 6 different types of parabolas depending on A and if @ > 0 or a < 0.

Question 1  Find the discriminant of each of the following quadratic functions, and hence determine

whether the graph touches, crosses or does not intersect the z-axis.

(a) y=2%-8x+16 (b) y=—-da?+2zr-1
() y=2%-13x+12 (d) y=222>-3z+3
() y=8—3x—222 (f) y=42>—-122+9

Question 2 For each of the quadratic functions below, state the sign of the discriminant.

(a) (b) (c)

YA AY YA

]y
o
1 /

]Y
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(d) (e) (f)

]Y

|
S
y—
—
w
]Y

\
“

Question 3  Consider the quadratic equation with integer coefficients az? 4 bx + ¢ = 0.
(a) Explain why if A =0, then the roots are rational numbers.
(b)  What can we say about the roots if A is a perfect square?

(¢c)  What can we say about the roots if A > 0, but is not a perfect square?

Question 4 By examining the discriminant, state the number of distinct solutions and if the roots
are rational or irrational. Assume that the coefficients of the quadratic are integers.

(a) 922—-4=0 () 22+3x+2=0
(¢) —222+4+5x+2=0 (d) —42? 4200 —25=0
(e) 322+4x+2=0 (f) 2522 —202+4=0

Question 5 Show that the following quadratic equations have exactly one real root.

(a) 2522 —-102+1=0 (b) 922 —1204+4=0

Question 6 Find the values of k for which the following quadratic equations have exactly one real

root.
(a) ka?—6z+k=0 b)) 22— (k+4)r+9=0
(¢) ka?—3kr+3=0 (d) 2kz?+2(k—2)r—3=0

Question 7 Find the value(s) of k for which the following equations have

(i)  one real root. (ii)  two real roots. (iii) no real roots.
(a) ka?—(2k—1)2+k=0

(b)  4(k+1)2® +4kz+ (k—2)=0

Question 8 Show that the following equations have no real roots.

(a) 22-32+5=0 (b) —bz?+2x—-4=0
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Question 9 Show that for any non-zero real value of k, the following quadratic equations can never
have real roots.

(a) a®—2kzx+3k*2=0 (b)) 224+22+1+k*>=0
(¢) kx—5k*=x? (d) 2> +2kz+2k* +k+1=0

Question 10  Let k be a rational number. Show that the equation kx? + (k+1)x+1 = 0 will always
have real and rational roots. State the specific value of k so that the equation has exactly one real
root.

Question 11 Let k£ be any real number.

(a) Complete the square of k? + 2k + 9 and show that k? + 2k + 9 is always positive.

(b)  Hence, show that kx? + (k + 3)z + 1 = 0 will always have two distinct real solutions.

(¢c) Use a similar technique from above to show that the following quadratic equations will always
have two real roots.

(i) 2>+ @dk+1)z+2k=0 (i) 222+ (2k+1)x—-1=0

Question 12 Let k be any real number.
(a) Find the discriminant of 22 — kx = 0.

2

(b)  Explain why the equation ¢ — kz = 0 will always have at least one real root.

Question 13 Let k be any real number.
(a) Find the discriminant of x? 4 kx 4 k2.
(b)  State the value of k for which 2% + kx + k% = 0 will have one real root.

(¢)  For values of k other than this value, how many real roots does this quadratic have?

Question 14  Find the value(s) of m for which the quadratic equation
(a) 222 — 8z +m = 0 has real roots.

(b) 2% — (m —5)x + 4 = 0 has equal roots.

(¢) 822 —3x+4m+9=0has x =0 being one of the roots.
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Problem 1 The line y = ma — 4 is a tangent to the parabola y = 2 — 22 + 5. Find the value
of m.

Problem 2 Show that the discriminant of 22 — (p+ 1)z +p—1=01s
A=(p-12+4

and hence discuss the roots of 22 — (p + 1)z + p — 1 = 0 for real values of p.

Problem 3 If f(z) =pz? + (p+ )z + 2, find p so that f(z) > 0 for all real x.

Problem 4  Show that for any real values of m and n, the graph of y = 22 + 2mx + m? + n?
is always touching or above the z-axis.

values of p.

Problem 6  Find the condition for the pronumerals p, ¢, and r if the equation pz?+2gz+r =0
has one distinct real root.

Problem 7  Prove that the roots of the following equations are always real
(a) pe*+q=(p+2q) (b)) p(l+=)=q(l—z—2?)
2 b
Problem 8  Show that ax® + bx + ¢ = 0 cannot have real roots if — = —.
a

Problem 9  Find the values of p for which y = px — 3p — 5 is a tangent to 22 = 8y. Hence

|
[
[
|
|
[
[
|
[
[
[
|
[
|
|
|
[
[
|
[
[
|
|
[
[
| Problem 5  Show that (p — 3)2? + 6z — (p + 3) = 0 will have rational roots for all integer
[
[
[
|
[
|
|
|
[
[
|
[
[
|
|
[
|
|
[
[
[
|
: find the equations of the tangents.
|
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Exercise 3E

Simultaneous equations and applications

& Fundamentals

Fundamentals 1
Briefly describe three different ways of solving a set of linear simultaneous equations.

Fundamentals 2

(a)  Suppose two linear functions ¢; and {5 were solved simultaneously, and it resulted in the
solution # = . What is the geometric significance of x = a?

(b)  Suppose a linear function ¢ and a quadratic function Q@ were solved simultaneously, and it
resulted in two solutions * = o and z = . Describe the geometric significance of z = «
and z = (3

(¢)  Suppose a linear function £ and a quadratic function Q were solved simultaneously. Describe
three possible scenarios that can result from this.

Fundamentals 3
(a) The income from a company or business is called the r

(b) For a simple business model, r___ can be calculated by multiplying the s
price with the amount sold.

(¢) Then__ profitisther_— minus the costs.
(d)  When a company’s costs are e_____ to the revenue, then we say that the company has
reached it’s b -e point.

Fundamentals 4

There are two types of costs. They are the f____ costs, which are independent on the sales
volume, and the v costs, which are dependent on the sales volume.

Question 1  Solve the following set of linear equations simultaneously. Use the method that will be
more convenient.

(a)

(d)

xt+y=2 (b) 4x —y =30 (¢) 4ax—3y=18
3x —y =2 3x+y =19 20 —y =10
3r—2y=15 (e) 4dz+3y=21 (f)  br+2y=34
S5r — 4y = 27 3z +2y =15 dr — by = 14




62 Chapter 3: Linear and Quadratic Functions

Question 2 For each of the following diagrams, find the coordinates of the point of intersection.

(a)

(b)

zr4+y=1

Question 3 Solve the following word-problems by forming a set of simultaneous equations repre-
senting the information, then solving it.

The sum of two numbers if 20 and their difference is 4. Find the two numbers.

Bob is three times as old as his daughter Mary. The sum of their ages is 56. How old are Bob
and Mary?

Bob has $760 consisting of $20 and $50 dollar notes. In total, he has twenty notes. How many
of each kind of note does Bob have?

It costs $160 per day to hire a labourer and a $240 per day to hire a manager. In a single day,
$1760 was paid to all ten workers. How many were managers and how many were labourers?

Adam took his wife and three children to the circus and paid $103, while Barry only went with
his 4 children and paid $94. Find the price of both the adult and child tickets.

Mary, Bob and Jane have currently unknown weights. Mary and Bob have a combined weight
of 121 kg. Jane and Bob have a combined weight of 130 kg and finally Mary and Jane have a
combined weight of 99 kg.

(i)  Find the combined weight of Mary, Bob and Jane.

(ii)  Find all of their weights.
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Question 4 The diagram below shows an equilateral triangle with unknown side lengths. Find z
and y.

6y — 3z

Question 5 Use graphing software to sketch the following, and hence find the solution graphically.
(a) y=a*y=uz (b)) y=a>—4y=a+8
(¢) y=a?y=2x—1 (d) y=2>+22+2,y=—3x—2

Question 6 The diagram below shows the graph of f(x) = 6x — 22. Copy this diagram into your
book.

YA
01 (3,9

[ T e

(a)  On your diagram, draw the line y = 8. At what z-coordinates does the graph of y = f(x)
intersect the line y = 87

(b)  How many solutions does the equation f(z) = 8 have?

(¢)  Using your diagram, how many solutions would you expect the equation f(z) = 6 to have?
(d) Using a similar technique, how many solutions would you expect f(z) = 10 to have?
(

e) Consider the more general equation f(x) = k. For what values of k£ would f(z) = k have
(i)  one solution? (ii)  two solutions? (iii) no solutions?

(f)  Make a general statement about the relationship between the equation f(z) = k and the graphs
of y = f(x) and y = k.

63




64 Chapter 3: Linear and Quadratic Functions

Question 7 Bob solves a linear function simultaneously with a quadratic function to find any points
of intersection, if they exist.

(a)  Describe what happens geometrically if Bob finds that there are

(i)  two solutions. (ii) one solution. (iii) no solutions.

(b) Suppose Bob is given a line that is tangential to a parabola. If he solves them simultaneously,
he will acquire a new quadratic function. If he attempts to solve it, how many roots should he
expect this new quadratic function to have?

(¢) Is there a quicker way to check how many solutions (and therefore intersections) there will be
without solving for them explicitly?
Hint: What topic was covered in the previous exercise?

Question 8 Determine how many times the line intersects the parabola.

(a) y=2-2z (b) y=3z+4
y=2%—4z+3 y=2x>—Te+1

(¢c) y=2x—-3 (d) y=3zx—-4
y:5x2—a:+3 y:q}2—3x+5

Question 9  Find the value(s) of m such that
(a) y = max is a tangent to the parabola y = (x + 1)

(b) y = 2z +m is a tangent to the parabola y = 222 + 6z — 5
(¢) y=ax+m is a tangent to the circle 2% + y? = 4

(

d)  y=mx+ 2 is a tangent to the hyperbola zy =4

Question 10 A company sells a product for $50 per unit. The cost to produce z items is given by
the cost-function

C(z) = 200 + 10z.

The revenue-function
R(z) = 50x

models the gross revenue from selling x units.
(a)  What is the cost and revenue after selling 2 units? Has the company made profit yet?
(b) How about after selling 10 units?

(¢) How many units does the company need to sell in order to have a profit of zero dollars i.e., break
even?
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Question 11  Bob the Baker wishes to bake and sell cakes. Bob buys the baking equipment for
$600. The cost of the ingredients per cake is $2. He then sells each cake for $10. Let C(z) be the
cost-function, that shows how much it costs to bake x cakes. Let R(z) be the revenue-function, that
shows his gross revenue after selling x cakes.

(a)  Show that C(x) = 600 + 2z and R(z) = 10x
(b)  Hence, determine how many cakes that Bob must sell in order to break even.

(c) Sketch the graph of y = C(x) and y = R(z) on the same set of axes, labelling all important
features.

(d) Suppose that Bob decided to give away the first 10 cakes for free as a way to promote his
business. How many more cakes would he need to sell in order to break even?

Question 12 A company sells electronic devices for $130 per unit. The company spent $60,000 for
the machines that produce the device, and each device requires $10 worth of raw materials to produce.

(a)  Write down the cost and revenue functions C(x) and R(z) respectively.

(b) Hence, find the break-even quantity and sketch a graph showing this.

£ Challenge Problems R i e L

Problem 1  Let the speed of a boat be z and let the speed of a river, of length d, streaming
downwards be y. Assume that d, x and y are all constant. When the boat travels with the
river, the relative speed of the boat is x + y. It takes 3 hours to travel downstream from point
P to point @, and 5 hours to travel upstream from @ to P.

(a)  Write down an expression, in terms of = and y, for the relative speed of the boat when it
travels upstream.

Problem 2 In a two-digit number, the units digit is three times the tens digit. When 36 is
added to the number, the digits swap positions. What is the original two-digit number?

Problem 3 If 5 is added to both the numerator and denominator of a fraction, the resultant

number simplifies to % If 1 is subtracted from both the numerator and denominator, the

1

[
|
|
[
[
|
[
[
|
|
[
[
: (b)  How long would this boat take to go from P to @ in still water?
[
|
|
[
[
|
|
[
[
|
[
| resultant number simplifies to 5. What is the original fraction?
|
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Chapter 3 Review

Linear and Quadratic Functions

Question 1 Find the equation of the parabola in the following
5
(a) A parabola has x intercepts at x = —2 and z = 5 and passes through (0, 2).

(b)  The coordinates of vertex is (2, —3) and the parabola passes through the point (3, —5).

Question 2 z = —2 is the axis of symmetry of the parabola y = 222 — kx + 1, find the value
of k.

Question 3  For the function y = 222 — 42 — 6

(a) Find the equation of the axis of symmetry and hence coordinates of the vertex.

(b) Find the vertex of this function by completing the square.

(c)  Factorise the function and sketch this curve labelling all important features.

Question 4 Consider the function f(x) = 22 — 4x + 7 for the domain = > 2. State the range
of this function.

uestion mathnemartics teacner wants to make up a quadratic equation ax ua c =V, SO
tion 5 A mathematics teach tst k drati ti 24br4c=0

1
that a, b and c are integers, and the correct solutions are + = —— and x = 5. Form the quadratic

equation and find the values of a, b and c. Is there more than one equation that will work?

Question 6 The considering the curve y = ax? + bz + ¢ below, comment on the sign of

(a) a (b) b (¢) ¢

AY

ISA 4

Question 7 Show that 222 — 2 +4 > 0 for all z.

Question 8 Prove that the graph of y = 522 + 4max + m? is always above the z-axis for all
non-zero m.
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Question 9  Show that the roots of the equation (3m — 5)x? — 3m2z + 5m? are rational if m is
rational.

Question 10  What can be said about the graph of y = az? + bx + c if

(a) a>0andc<0 (b) a<Oandc>0
Question 11  Prove that for all values of m the line z = v + m is a tangent to the parabola
m

% = 4y.

Question 12 Find the value(s) of p so that the line y = px — 4 will touch the parabola
2
y=2x° —A4z.

Question 13  Show that the roots of (5 — x)(2 — =) = p? are always real and distinct.

Question 14  Solve the following
(a) 2% —723-8=0 (b) 22 -3x2%—-4=0

Question 15 Gidon has just bought 80 metres of fencing to create a border around a new
rectangular garden that is still being designed.

(a) If one of the sides of the rectangle is 9 metres in length, what would the other dimension
be? What would the enclosed area be? Write this data in the first row of the table and
hence complete the table.

Width | Length | Area

16
22
35

(b) Find the restrictions on the value of z.
(¢c) Graph the rectangle’s area versus x.
(d) Find the point on the graph that corresponds to the largest rectangular area that Gidon

can enclose using the 80 metres of fencing.

Question 16 Solve the following simultaneous equations.

(a) xz4+y=10 (b) bz +2y =43
T—y=—2 rT—y=3
(¢) bax—2y=23T7 (d) 4z + 3y =26
3x — 2y =23 3x —2y =11
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Question 17 Peter hits a golf ball from the 15 tee down the fairway so that it follows the
parabolic path y = 0.52 — 0.0022%. This relates the height y of the ball above the ground to the
ball’s progress © down the fairway. Distances are measured in metres.

(a) How far from the 15 tee does the ball hit the ground?

(b) At what distance = does the ball reach the highest point of its arc? What is the maximum
height attained by the ball?

(c)  Peter now hits the golf ball from a plateau of height 10 metres from level ground. What is
the maximum height attained by the ball from the ground now?

Question 18 The table gives some values for a function of the form y = az? 4 bz + c. Find the
values of a, b and c.

012 3
0]2]6|12

Question 19 Find the coordinates of the points of intersection of the parabola y = (z — 4)2
and the line y = 9.

Question 20 Express 222 — 5z — 12 in the form a(x — h)? 4+ ¢. Hence sketch the quadratic
function y = 22?2 — 5z — 12.

Question 21 A farmer has 300 metres of fencing to construct a rectangular field. One of the
sides of the field already has an existing fence in place and all he needs to do is use the fencing
on the other three sides. Find the maximum area of the field that he can construct. What

restrictions are there on your variables?
Hint: Form a function where the area A is a function of the side length .

Question 22 Let A(a,a?), B(b,b?) and C(c,c?) be three points on the parabola y = x? such
that AB is parallel to OC, as shown in the diagram below. Prove that a +b = c.

YA

B(b, b?)

C(e, c?)
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Q Investigation Task

Viete’s Formulas and Irrational Roots

Consider a general quadratic function y = az? + bz + ¢, where a, b, ¢ € Z, with two roots z = «
and x = . Normally, to find values such as a + 8 or af, you would need to find the roots and
then manually add or multiply them. However, Viéte’s formulas allows us to find such values
without even knowing the roots themselves.

Question 1

(a) Since the roots are x = o and = = 3, then the quadratic can be expressed in the form

y=ale— _)a—_).

(b) Show that expanding this yields

y = a(z? — (a+ B)z + af).

(¢) Deduce that

b
Oé"‘/B:_;
C

aff = —

a

Hint: Remember that we still have the original equation y = az? + bz + c.

(d) Hence, find the sum and product of the roots of y = 22 — 2z — 1 without explicitly finding
the roots themselves.

(e)  Verify your result by finding the roots, using whichever suitable method, and then manually
calculating their sum and product.

(f)  Will this formula always work, regardless of whether the roots are actually real or not (the
inside of the square root is negative)? Investigate the different cases.

Question 2  Consider a monic quadratic function y = 2 4 bx + c.

(a) Find o+ 8 and af, in terms of b and ¢ respectively.

(b) Deduce that the quadratic equation with roots z = « and x = 3 is
2’ — (a+ B)z +ab = 0.

(c) Hence, find the equation of the quadratic with roots z =1+ V2.

(d) Find the equation of the quadratic with roots # = p & /g, where ¢ is not a perfect square.
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Q Investigation Task

Relationship between graph and coefficients

Consider a random parabola with some equation y = az? + bz + ¢. If we move the parabola
around, then the values of a, b and ¢ may change. For example, the parabola below has a > 0,
b>0and c>0

x

This investigation task allows the student to explore the effect of the coefficients on the graphs,
and vice-versa.

Question 1 Explain how you would find the sign of a, b and ¢ without knowing explicitly what
the equation of the parabola is. What did you find is a good order to find the coefficients? For
example, is it best to find c first, and then b, and then a? Explain why you think the order you
have chosen is the best one.

Question 2 Draw a number of parabolas with different positions and concavities. For each
graph, state the sign of a, b, and ¢. Can any of the coefficients be zero? Explain your answer.

Question 3 Ask a friend to fill in the following table with either ‘Zero’, ‘Positive’ or ‘Negative’.
Once it has been filled, draw a parabola that satisfies those values of a, b and c¢. Repeat this but
for varying signs and values. An example has been given below.

a b c

Positive | Positive | Negative
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Exercise 4A

Polynomial functions

& Fundamentals

Fundamentals 1
Let P(z) = apa™ + an_12"" 1 + - -+ + a22? + a1 + ag. State the following features of P(z).

(a) Degree. (b) Leading coefficient. (¢) Leading term.

(d) Constant term. (e)  Value of ay, if monic. (f)  Max # of terms.

Fundamentals 2
(a)  The roots of a polynomial are called thez___ of the polynomial.

(b)  Geometrically, the roots or zeroes of a polynomial are the __-intercepts of the graph of
the polynomial.

(¢) A quadratic function will have at most roots, so it will cut the ___-axis in at most
distinct places.

(d) A cubic function will have at most roots, so it will cut the ___-axis in at most
distinct places.

(e) In general, a polynomial of degree n will have at most __ distinct roots.

Fundamentals 3

(a) A single root occurs when the polynomial has a factor of (z — ). Geometrically, the graph
cuts straight through the __-axisat . =__

(b) A double root occurs when the polynomial has a factor of (z — a)2. Geometrically, the
graph ‘bounces’ off ___-axis at x =

(¢) A triple root occurs when the polynomial has a factor of — . Geometrically, the

graph has a ‘wiggle’ off __-axisat x =____

Fundamentals 4
(a)  The sum, difference and product of two polynomials will always be a p

en two polynomials are divided, the result is/is not (circle one) guaranteed to be a
b)  When t | ial divided, th It is/i t (circl teed to b
polynomial.

(¢) Two quadratic polynomials P(z) = az?+ bz +c and Q(r) = Az? + Bx + C are equal if and
onlyifa=__,b=__andc=__.

(d) Two polynomials P(x) and Q(x) are equal if and only if their corresponding coefficients are
e
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Question 1  Find the value of each pronumeral.

(a)  42? — 62+ 2 =2az? +3bx +c (b) 222 —4x—-5=2(x—-1)2+b

(¢) 22—4dz+8=a(z—2)2+b (d) 22 —4dz+8=a(z—-1)2+bx—1)+c

() (x+12=az®+br’>+cx+d (f) 2*+322+22—-7=(v—2)(2®+5x+a)+b
(g) 2z+1=alrx—1)+b®—1)+c(z+1) (h) 2?2=(az+b)(xz — 1) +c(x?+1)

Question 2 For each of the following polynomials, state the roots and categorise the root as either
a single root, double root, or triple root.

(a) P(z)=(x—1)(z—2)(x—3) (b) P(z)=(x+1)(z—3)(x+5)
() Pla)=(z-5) (d) Plz)=(z+4)°

(e) P(z)=(z—2)*(x+4) (f)  P(x) = (z+7)>%(x+ 3)?

(g) P(z)=(z+7)°@+3)*(x-1) (h)  P(z) = (2 - 1)

Question 3  Write down, in factorised form, the monic polynomial that has

(a) a single root at z =1, —2 and 3.
(b) a single root at x = +1 and a double root at z =4
(

¢) a double root at x = 2 and a triple root at x = —2

Question 4 Let P(x) = 3z — 2 and Q(z) = 22 — 2z + 1. Find the following expressions.
(a)  P(z)+Q(x) (b)  P(z)—Q(x) () Qz)—P(x)
(d)  2Q(x) —3P(x) ()  P(x)Q(x) (f)  P(x)Q(z) +2Q(x)

Question 5 The diagrams below have leading coeflicients either 1 or —1. Write down the equation
of each polynomial.

(a) (b) (c)

YA YA YA

|
—_
]V
|
ot
L\;<
4
|
)
h
) /

ISA 4
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Question 6  Sketch the following graphs and clearly indicate all intercepts with the coordinate axes.

(a)  flz)=2? (b) flz)=2"+38 (c) flz)=—22°

(d)  fl@)=(z—1)° (e) fl@)=—(z+1)° () fl@)=—(z+1)°+2
(8) fl@)=(z-3)(="-1) (h)  f(z) =2*(x - 3) (i) flz)=2*@3-2)
Question 7  Sketch the following graphs and clearly indicate all intercepts.

(a)  f(z)=(z—1)*(z +3)? (b)  f(z) =a(z —2)°

(c) fl@)=a(z—2>(z+2) (d)  f(z) = —z(z +1)*(z - 2)°

Problem 1 Sketch the graph of P(z) = z* — 1822 + 81.

Problem 2  Let P(z) and Q(x) both be polynomials of degree n. Determine whether the
following statements are true or false.

(a)  P(x)+ Q(x) must have degree n. (b)  P(x) — Q(x) must have degree n.
(¢)  P(x) x Q(x) must have degree 2n.

Problem 3  [Even and odd polynomials]

P(z) is an even function, then b =d = 0.

(b)  Consider the general quintic polynomial P(z) = ax® 4 bx? + ca® + da? + ex + f. Show
that if P(x) is an odd function, then b=d = f = 0.

Problem 4  Use the result from Problem 3 to explain why

(a) all odd polynomials pass through the origin.

(b) in an even polynomial, if x = « is a root, then x = —a« is also a root.

Problem 5  Write down the equation of a monic polynomial that

|
|
|
|
I
|
|
|
I
|
|
|
|
[
|
I
|
|
|
|
|
(a) Consider the general quartic polynomial P(z) = ax* + bz® + cx? + dx + e. Show that if :
|
|
|
I
[
|
|
|
[
|
I
|
|
|
|
|
|
(a) is an even quartic with two roots being 1 and 3. |

|

|

|

(b) is an odd cubic with a single root at x = —2.

—_—— e e e e e e e e e e e e — — — — — — — — — — — — — — — — — — — — —  — — — — — — — — — — — — ———
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Exercise 4B

Absolute value functions

& Fundamentals

(a)
(b)

(a)
(b)

Fundamentals 1

The absolute value |z| of a real number x is the magnitude or s
to its sign, or the distance on the number line from the o

- it
|z| = .
it

|z — a| is the distance of = from

of x without regard

Complete the following.

on the number line.

Complete the following.

) )
€T =
if
() Vai=_____
6 |=*=
(g) If |x| = k, where k > 0, then = =
Fundamentals 2
(a)  The output of an absolute value is always p
(b)  Absolute value graphs can often have s points where the points change direction.
Sometimes, these are called ¢
Fundamentals 3
(a) |—z|=—— " for all real z. (b) |r—y|l=—— forall real x and y.
(¢) |eyl|=——— for all real z and y. (d) g =__ forallreal z and y, where
y#

Fundamentals 4

Give a definition of |z| = a as a distance on the number line.

Give a definition of |z — b| = a as a distance on the number line.
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Question 1  Evaluate the following.
(a) 15| (b) =3 (c) [7—15]

Question 2 Verify that the following properties of absolute values are true for the values z = 3 and

y = —5.
z| _ |l
(a) | —af= |zl (b) eyl = ||yl © == (d) |z —yl=ly— 2l
yl 1yl
Question 3  [Solving equations using the distance definition]
Complete the following statements.
(a) |z| = 2 means that the distance of x from the origin is __. Hence z is equal to —_ or __.
(b) |z — 2| = 5 means that the distance of z from __ is __. Hence x is equal to __ or ___.
(¢) |z + 1| = 4 means that the distance of z from __ is __. Hence x is equal to —_ or __.
(d) To solve |2z + 1] = 5, we can first divide both sides by __ to obtain the equation
This means that the distance of x from ___ is ___ . Hence z is equal to __ or __.
(e) To solve |1 — 2z| =5, remember that |1 —2z| = | |. This can now be solved similarly

to the above part.

Question 4 The diagram below shows the visual representation of part (a) above.

A
\/
A

4

Draw similar diagrams for all the other parts.

Question 5 [Solving equations using the distance definition)]

Use the techniques from Question 3 to solve the following equations.
(a) |zl =6 (b) |—==3 () [2z]=4 (d) Jz+4=2
(e) |x—=5]=7 (f)  [22+1]=3 (g) 3—2z]=5 (h) |3z+5| =16

Question 6 [Solving equations algebraically]

Complete the following statements.

(a) |x| =2 means that c=+__ .

(b) |r—2|=3 meansthat z —2=+___ .
(¢c) |2x+1]=>5meansthat 2z +1=+__ .
(

d) To solve |1 — 2x| = 5, remember that |1 —2z| =|_____|. This can now be solved similarly
to the above part.
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Question 7  Use the techniques from Question 6 to solve the following equations.

(a) [z[=4 (b) [3z[ =6 () lz+2[=5

(d) Jz—9 =3 (e) |p—z|=3 (f) [2z+1]=13
x+ 2 . 2 +5

(g) [3—2z]=11 (h) 5 ‘ =1 (i) 3 ‘ =5

Question 8 Complete the following method to solve the equation |z — 5| = 2z — 6.

| — 5| =2x—6
r—5b==£

= or

Solving this, we get x =1 or x =

However, we must test to see if the solutions are valid. We can do this either by substituting or by
checking the domain.

[Substituting]

Substituting z = 1, we get |1 — 5| = 2 — 6, which becomes | — 4| = —4, which is invalid. Hence z =1
is not a solution.

Substituting z =_____ | we get = , which is valid/invalid (circle one).

[Checking domain)]

Recall that the output of an absolute value cannot be negative.
This means that if |z — 5| = 2z — 6, then 22 — 6 >
satisfy x >

. This means that any possible solution must

Only z = satisfies this, so the solutionis x =____.

Question 9  Use a similar technique to Question 8 to solve the following equations.

(a) [2z+1|== (b) [22—=3|=2-5 (¢) [1-3z|=22x+4 (d) [2—-bz|=6—-3z

Question 10 Determine whether the following functions are even, odd or neither.
(a)  flz) =2+ |z (b)  f(z) =z x|z

x
(c)  flz)

= T—w (d) flx)=lz =1+ |z+1]

Question 11 Do you think the following statements are true or false for all values of z7 If you
think a statement can false, provide a specific value of x showing this.

(a) |z —3[=[3—x (b) Je-1f=1-= (c)  [5%] =5|z|
(d) |z =a? (e) |—3z|=3z (f) Va2==x

Question 12  Sketch the graph of the following.
(a) y=lz| (b) y=lz—2] (© y=lz+1] (d) y=1[B-2
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Question 13  For each of the following, state the coordinates of the vertex and the gradients of the
branches, and hence sketch the graph.

x

(a) y=|2z| (b) y=I[2z—4 () y=[3z+6| (d) y= 2+2‘
Question 14 Recall the following definition of the absolute value.

X, for X>0

X =

-X, for X <0
Use the definition to find the equation of the branches, and their respective domains, for each of the
following.
(a) y=lz—4| (b) y=lz+3 () y=I[2z—-3

Question 15 Consider the equation

(a)  What is the z-coordinate of the location where the branches change equation?

(b)  Complete the following.

|z _, for >0

x _, for <0
(¢c) Complete the following table of values.

T —2 -1 1,0 1 2

f(z)

(d) Hence, sketch the graph of f(x) = m
T

Question 16 Use a similar technique to Question 15 to sketch the following and state the equation
of f(x) for each domain.

(a)  flz) =2+ |zl (b)  fz) =z — |zl (¢)  flz) =z x|zl

Question 17  [Solving equations geometrically]

(a)  On the same set of axes, sketch y = |z — 2| and y = %

(b)  Find the equations of the branches of y = |z — 2|, and label them on your diagram.

x
(¢c) Explain how the solutions of the equation |z — 2| = 3 are represented on your diagram.

(d) Hence, find the solutions of the equation |z — 2| = g

MASTERING MATHEMATICS



4B Absolute value functions

Question 18 Use a similar technique to Question 17 to solve the following geometrically.

(a) [2z4+1]=3 (b) Jz+1l==x (¢) [2z+1] =3z

Question 19 The diagrams below show the graph of various absolute value functions in the form
f(z) = |axz + b|. Find the equation of each one.

(a) (b)
Ya YA

—_
]Y

—_
4

yu/( YA
4

Question 20 A function is defined by the rule:

9—z2, if >0
f(w)z{

lz+9|, if <0

(a) Draw a neat sketch of this function.
(b) Find all possible values of a if f(a) =9.
(c) Find all possible values of b if f(b) = 1.
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£ Challenge Problems SR e .

Problem 1 By expressing as a piecewise-defined function, sketch the function f(z) = x2+4|z|.

2

-1
Problem 2 Simplify f(z) = % and hence sketch the graph of y = f(z).
x —

Problem 3 Explain why the equation |z| = —1— 22 has no solution, without explicitly solving
for them.

Problem 4  Solve the equation |3z — 2| = |z + 2| geometrically.

Problem 5

(a)  Explain why when solving, we need to test the solutions of the equation |2z — 1| = z, but
not the solutions of the equation |2z — 1| = 1.

(b) Do we need to test the solutions of |2z — 1| = |x|? Justify your answer.

Problem 6  Consider the following statement.
Is the statement always true? If not, then provide a counter-example.
Problem 7  Sketch the relation |y| = |z|.

Problem 8  Sketch the relation |y| = z.
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Exercise 4C

Inverse proportion and the hyperbola

& Fundamentals

Fundamentals 1

k
(a) If y is inversely proportional to x, then y = ——, where k € R, k # 0.

(b)  This means that as x gets 1 in the positive direction, y becomes smaller.

(c) Conversely, it also means that as __ gets larger in the positive direction, __ gets small.

(d) The value k is called the ¢ of proportionality.

Fundamentals 2
For these questions, assume that k € R, k £ 0.

(a) The graph of y = g has ___ asymptotes.

(b) The asymptotes are x = and y =___.

(¢) The domain of y = g is

(d) The range of y = g is

(e) If k>0, then the graph of y = % will lie in quadrants ___ and ___.

k
(f) If £ <0, then the graph of y = — will lie in quadrants __ and __.
7

Question 1  Sketch the following hyperbolas. Make sure to label a unique point on your graph.

4 2 1

(b) y=- (¢) y=-= d) y=-——

(2) y:; T T 2x
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Question 2 Write down the equations of the graphs shown and identify the asymptotes

(a) (b)

AY

A AS)

Question 3 Suppose x and y are inversely proportional to each other.

(a)  Write down the equation that models the relationship between x and y.
(b)  When xz =2, y = 3. Find the constant of proportionality.

(¢c) Hence, find the value of y when = = 12.

(d)  Sketch the graph of y against =, showing all the data above.

Question 4 Recall the formula

Distance (D) = Speed (S) x Time (T")

(a)  To which variable is time inversely proportional?
(b)  To which variable is speed inversely proportional?

(c)  Suppose distance is constant, so the relationship between speed and time is

k
T=".
S

It takes 3 hours to travel to a destination at 100 km/hr. Find the value of k.
(d) How long will the same journey take at 120 km/hr instead?

(e)  The journey takes 4 hours, what was the speed?

Question 5 [Boyle’s Law]

Boyle’s Law is a gas law that states that the pressure P in a container is inversely proportional
to the volume V of the container. At a given time, the volume of the canister is 27.5 cm? and the
pressure is 2.5 kg/cm?

(a) Find the volume if the pressure is 3.75 kg/cm?.

(b)  Find the pressure if the volume is reduced to 20 cm?.
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k
Question 6  Suppose y is inversely proportional to z, so y = —. When z is some value x1, y is some
x

value ;.

When z is doubled, y is some new value ys. Show that y, = %

Hence, state the effect on y if x is doubled.

Use a similar technique, or otherwise, to state the effect on y if z is

(i)  halved. (ii)  tripled.

Question 7 It takes 15 people to do a job in 20 days.

(a)
(b)

()
(d)

Explain briefly why this is a suitable scenario for inverse variation.

Assume that the relationship is inverse variation. Form an equation that models the above
scenario.

Hence, how many days will it take 10 people to do the same job?

If it took 75 days to do the job, how many people were working on it?

k
Question 8 Use graphing software to sketch y = —, and create a slider for k € (0, 20].
x

Describe the effect of increasing k on the shape of the graph.
Describe the effect of decreasing k on the shape of the graph.

Draw y = = on the same diagram. By experimenting with the slider, what value of k makes the
line intersect the hyperbola at (4,4)?

Verify this result algebraically.
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Problem 1 An army bunker currently has 60 soldiers and enough food to last them 20 days.
They are joined by 40 more soldiers. Assuming inverse variation, how much less time will their
food supply last?

Problem 2 Let (z1,y1) and (x2,y2) be points satisfying the same inverse variation equation

(b)  Deduce that
T
T2 Y1

(¢)  Use this formula answer Problem 1 without needing to create a model and finding the

|
|
|
I
[
[
|
I
|
|
|
i (a) Show that z1y; = k, where k € R, k # 0.
[
|
I
[
|
|
I
|
: constant of proportionality.
[
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Exercise 4D

Circles and semi-circles

& Fundamentals

Fundamentals 1

(a) The equation of the circle centred at the origin with radius r is

(b)  The equation of the circle centred at (h, k) with radius r is

Fundamentals 2
(a)  The curves y = £v/r2 — 22 represent s

(b)  The semi-circle defined by y = /72 — 22 istheu____ half of the circle. This is because
the y coordinate of any point is a square root, which must bep_____.

-circles centred at with radius ___.

(¢) The semi-circle defined by y = —vr?2 —a2 is the 1 half of the circle. This is
because the y coordinate of any point is a n square root, which must be n

Question 1 Write down the equation of the circles with the following features.

(a) Centre (0,0) and radius 2. (b) Centre (3,—2) and radius 2.

1
(c) Centre (—2,1) and radius v/3. (d) Centre (—1,1) and radius T
(e) Centre (h, k) and radius r. (f)  Centre (—p, —¢) and radius 27.

Question 2 Draw a sketch of the circles in Question 1 from parts (a) to (d) inclusive.

Question 3  State the domain and range of all of the circles in Question 1 from part (a) to (d)
inclusive.

Question 4 By completing the square, find the centre and radius of the following circles, and hence
state the domain and range.

27
(a) 224+y*+10x =0 (b) 2?2+4+9y?>—-8r+6y—11=0 (c) x2—|—y2—|—6az—yzz
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Question 5 Find the centre, radius and equation of the following circles.

() (b)

YA
4 1 o T
() (d)
YA
/-- 1
) 7 T
Question 6 Draw the graphs of the following semi-circles.
(a) y=vi—a? (b) y=-vo—a?
1 16
=,/ — g2 d — = 2
() y=y/g (d) g %
Question 7 Write down the equation of the following semi-circles.
(a) ” (b) "
-3 3 @ ~V/3
() (d)
AY 3 Ya 3
% 2 2
K 5“’
i 1 7 _3
-1 i 2
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Question 8

(a)  Plot the points A(—4,5) and B(6,—3) on the same set of axes.

(b)  Find the equation of the circle with AB being a diameter.
Hint: Find the centre of the circle first.

£ Challenge Problems [ |

1
Problem 1 Draw the graph of the semi-circle y = g\/ 1 —9z22.

Problem 2 A naval ship P is equipped with a scanner that is able to detect objects inside
the circle 22 4 y? — 802z — 40y — 500 = 0, where the radius is measured in kilometres.

(a)  Find the location of the ship P and the radius of the scanner.

(b)  Another ship @ is located at (60, —20) and it can detect objects in a region within a radius
of 40 kilometres.

(i) Will ship P be able to detect ship Q7
(ii)  Will ship @ be able to detect ship P?

Problem 3  [Auxiliary circle of a rectangular hyperbola]

The equation (z + )% + (z — y)? = a? is an alternative way to represent a circle.

(a)  Find the centre and radius of this circle, in terms of a.

(b)  What kind of curve is (x + y)? — (z — y)? = a??
Hint: Expand and simplify.

(¢c)  Use graphing software to sketch (z 4+ y)? + (z —y)? = a® and (z + y)?2 — (z — y)?> = a® on
the same set of axes, and create a slider for a € [0, 10].

(d)  Your diagram should show the circle and hyperbola touching each other in the first and

third quadrants. By experimenting with various integer values of a, hypothesise the coor-
dinates of the intersection points in terms of a.

|
|
|
|
[
|
|
|
|
|
|
[
|
|
|
[
|
|
|
|
|
|
[
|
|
|
|
|
|
[
|
|
|
[
|
|
|
|
|
|
[
|
|
: (e)  Verify your hypothesis algebraically by solving the two curves simultaneously.
|
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Exercise 4E

Reflections

& Fundamentals

(a)
(b)
()
(d)
(e)

(a)

(b)

Fundamentals 1
Consider the graph of some function y = f(z).

Write down the equation of the result when f(x) is reflected across the y-axis.

For the equation of the reflection across the y-axis, replace all instances of  with __.
All positive z-coordinates now become n

All negative z-coordinates now become p

Although the x-coordinates change, the ___-coordinates stay the same.

Fundamentals 2
Consider the graph of some function y = f(z).

Write down the equation of the result when f(z) is reflected across the z-axis.
For the equation of the reflection across the z-axis, replace all instances of y with _____.

Since we usually define functions to be in the form y = f(z), this is the same as multiplying
the entire function by __.

All positive y-coordinates now become n
All negative y-coordinates now become p

Although the y-coordinates change, the ___-coordinates stay the same.

Fundamentals 3
Consider the graph of y = f(x).

Write down the equation of the result when f(z) is reflected across the z-axis, and then
across the y-axes.

Write down the equation of the result when f(x) is reflected across the y-axis, and then
across the z-axes.
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Question 1 The point P(a,b) is shown in the diagram below.

(d)

YA
P(a, b)

QY

The point P is reflected across the z-axis. Label the result @), and write down the coordinates.

The point P is reflected across the y-axis. Label the result R, and write down the coordinates.

The point R is reflected across the z-axis. Label the result S, and write down the coordinates.

The point @ is reflected across the y-axis. What do you notice?

Question 2 Define the function f(z) = 2% — 2.

(a)
(b)

()

Sketch the graph of y = f(z), labelling the vertex and x-intercepts.

Simplify the equation y = — f(x) and sketch the graph on the same set of axes using a different
coloured pen, labelling the new vertex and z-intercepts.

What is the relationship between the graph of y = f(x) and y = — f(z)?

Question 3  Define the function f(z) = 42 — 22.

(a)
(b)

(c)

Sketch the graph of y = f(x), labelling the vertex and z-intercepts.

Simplify the equation y = f(—x) and sketch the graph on the same set of axes using a different
coloured pen, labelling the new vertex and z-intercepts.

What is the relationship between the graph of y = f(x) and y = f(—z)?

Question 4  Define the function f(z) = 2% + 2x.

(a)
(b)
(c)

Sketch the graph of y = f(z), labelling the vertex and x-intercepts.
Write down the equation of the reflection across the y-axis, and call this function g(z).

Write down the equation of the reflection of g(x) across the z-axis. Express your answer in the
formy=...

Simplify y = — f(—x). What do you notice about this answer and part (c)?
What is the relationship between the graph of y = f(z) and y = —f(—z)?
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Question 5 The diagrams below show the graphs of y = f(z). For each of the graphs below, sketch
on the same set of axes and label all possible features: (i) y = —f(z). (ii) y= f(—x).

(ii}) y=—f(-2).
(a) (b)

KY

YA YA
2 J D
1 x ) 1 x

Question 6 For each of the following functions, find the equation of and sketch the: (i) reflection
across the z-axis.  (ii) reflection across the y-axis.  (iii) reflection across both axes.

(a) fl2) =a®—da (b) gla)=4—a? (© h(z) =2
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Question 7 The diagram below is a sketch of y = f(x).

YA

e

,_.
=Y

The diagrams below show sketches of either y = —f(z), y = f(—=x) or y = —f(—x). Identify which
transformation was applied to the graph of y = f(z) to obtain the following.

(a) (b) (c)

YA YA YA

£+ Challenge Problems S et ittt

Problem 1 Consider the function y = |z — 2|.

(a)  Write down the equation of the reflection across the z-axis.
(b)  Now, write down the reflection of that curve across the y-axis.

(¢c) Repeat parts (a) and (b), but the other way around. Verify that you obtain the same
result as part (b).

Problem 2 Which of the following equations is the reflection of y = (z — 1)(z + 1)? across
both the z and y-axes?

(a) y=(?-D@+1) (b) y=(*-1(z-1) () y=@E*-D1-2)

Problem 3  Let f(x) be an odd function. Prove that reflecting the graph of f(x) across both

|
|
|
|
|
|
|
|
|
|
[
|
|
|
|
|
|
|
|
|
|
|
|
|
| the x and y-axes will result in the exact same graph.
|
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Chapter 4 Review

Further Functions and Relations

Question 1 Write down the equation of the monic polynomial that has the following features.

(a) Single roots at x = 0 and z = £3.
(b)  Single roots at x = +2 and a triple root at x = 0.

(¢) Double roots at x = 0 and x = 2.

Question 2  Sketch the following polynomials
(@) f(z)=(r—-1)(z—-2)(z+2) (b)  f(z) =(z+2)*(5—x)
(€ flz)=Q1-2)*(z+2) (d)  f(z)=(z -5~ 1)(z+3)

Question 3  Factorise the following, and hence sketch the graph.

(a) y=a—2*—12 (b) y=a%+622+9z () y=3x34+10z% — 8z

Question 4 Write a monic cubic equation with roots being

(a) 1,3,-2 (b) —3,4,4

Question 5 Find the value of £ if
(a) x = —3isa zero of P(z) = 2% + 922 + kx + 27
(b)  x=2isazero of P(x) = kx® + 222 — 412 + 10

Question 6 Find the equation of the quartic polynomial satisfying the following shapes below.

(a) (b)

Ui YA
3
10 /\\ .
-3 4\ *

|
B
)
z
ot
ISR
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\ Y AY
L

I M I
Question 7  Solve the following absolute value equations for z.
(a) |x+5/=3 (b) |7—2z|=5 (¢c) [p=3z|=x+1
(d) [Bx—4]=2zx-5 (e) [Bx—1=3-=x (f)  [Bx—1] =13 — x|
1
2—5/=5z+9 h =5
() a2 —5|=50+ W
Question 8
(a) Explain why the equation |z + 3| = —5 has no solutions.
(b)  Justify your answer graphically.
Question 9  Sketch the following.
(a) y=lz-1 (b) y=|[2z+3] () y=-2-2 (d)  y=—[6— 3z

Question 10 Sketch the following, and label the coordinates of any point on the curve.

Question 11  Suppose that y is inversely proportional to z.

(a)  Write down a general formula that shows the relationship between z and y.
(b)  Suppose that when z = 3, y = 2. Find the constant of proportionality.

(c) Hence, find the value of y when z = 6.

1
Question 12  Suppose that y is inversely proportional to x such that when x = 3 y=4

a) Find the equation that relates z and y.
b) If = is doubled, then what is the effect on y?

(
(
(c) If z is divided by 3, then what is the effect on y?
(d) If y is halved, then what is the effect on z?

(

e)  Are the results from the above three parts true in general for any quantities that are inversely
proportional?
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Question 13 A company can complete a job in 3 hours with 12 workers.
(a) How many workers will it need to complete the same job in 2 hours?

(b) If the company allocates 15 workers, how long will it take to complete the same job?

Question 14 Find the radius and centre of the following circles, and hence draw a sketch.
(a) 2?2+y*—10z =0 (b) 2?2+y*—4dz—-6y—3=0

Question 15 State the domain and range, using interval notation, of the circles in the previous
question.

Question 16 Write down the equations of the following circles, and state any intercepts with
the coordinate axes.

(a) (b)
Yi AY

s

8Y

Question 17  Write down the equations of the four circles with radius 2v/2 that pass through
the origin.

Question 18 Write down the equation of the result when the following curves are reflected
across the z-axis, y-axis, and both axes.

(a) flz)=2a? (b)  flz)=(z—2)? () flz)=
(d) fl@)=2>—2-2 (e) flz)=2° () fl@)=2"-z

Question 19 For each of the transformations in the previous question, sketch the original and
sketch the reflection on the same set of axes, but using a different colour pen.
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Q Investigation Task

This investigation task will allow students to further explore the nature of multiple roots, and
how they affect the shape of the graph of the polynomial.

Multiple Roots of Polynomials

Question 1 Investigate what the term multiple root means in the context of polynomials.
Categorise the different types and draw sketches demonstrating how they are different. Your
answer should include discussion of roots that have powers beyond 3.

Question 2 Use graphing software to investigate the nature of the roots of the following prod-
ucts of polynomials, for n = 1, 2, 3, 4. What kinds of roots from your classification in Question 1
form for various values of n? Does it form a maximum or a minimum, or neither? Does it affect
whether the polynomial is ‘negative’ or ‘positive’?

(a) f(z)=2a" (b)  f(z) =a"(z —4)
(¢) f(z)=2a"(4-2) (d)  flz)=(z-4)"
(e) f(z)=az(4—a)" () flz) ==(4—-2")

Question 3 Use graphing software to investigate the number of roots and the ‘type’ of roots
of the following products of polynomials, for n =1, 2, 3, 4 and m = 2, 3, 4.

(a)  f(z)=a"(z-4)" (b)  f(z) =a"(z —4)"(z +4)™
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Q Investigation Task

Effect of Parameters on the Roots of Polynomials

This investigation task aims to provide a geometric understanding of solutions of polynomials,
and how various parameters can affect the number and nature of the roots.

Question 1  Consider the quadratic polynomial y = 6z — 22 and a horizontal line y = k.

(a)
(b)
(c)

Sketch the parabola and label the coordinates of the vertex.
On your diagram, draw the line y = k for £k =6, 9 and 12.

For what values of k£ will the line intersect the parabola twice? How about once or even no
times at all?

Solve the quadratic polynomial simultaneously with the horizontal line and show that this
results in the quadratic equation 2 — 6z + k = 0.

What is the geometric significance of the solutions of this equation?

Use the discriminant to verify your answer from part (c).

2

Question 2 Consider the quadratic polynomial P(z) =z — m.

Sketch y = m, for various values of m, and sketch y = 2. Comment on which values of m
yield differing numbers of intersection points.

What is the relationship between the intersection points of y = 2% and y = m, with respect
to roots of the polynomial P(z) = 2% — m?

Hence, use your diagram to state explicitly for what value(s) of m the polynomial has two
real roots, one real root, and no real roots.

3 2

Question 3  Consider the cubic polynomial P(x) = z°> — 92° — m.

(a)
(b)

Sketch y = 3 — 922 and y = m using graphing software, and create a slider for m.

What is the relationship between the graphs of y = 22 — 922 and y = m, with respect to
roots of the polynomial P(x) = 2% — 922 — m?

Describe the effect of m on the number of intersection points, and state any special values
of m where the number of intersection points changes. What is the relationship between
these values of m and the roots of P(x)?

Verify your answer by sketching y = P(z), with a slider for m.
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Q Investigation Task

Adding and Subtracting Absolute Value Graphs

We are now quite familiar with sketching the graphs of equations such as y = [3z—2| or y = z x|z|.
In all cases covered thus far, there has only been one set of absolute values to worry about.
However, when there is more than one, the scenario can become a lot more complicated. This
investigation task will allow the student to explore these scenarios more thoroughly.

Question 1  Use graphing software to sketch various functions in the form
f(x) = |ax + b| £ |cx + d|,
for varying values of a, b, ¢ and d.

(a) How many different general ‘shapes’ can you observe forming?

(b) List all the possible general shapes that you find, and state the particular values of a, b, ¢
and d that resulted in each one.

b
(c) What is the significance of z = - and z = _E?

Question 2  Consider the equation

fl@) = o+ 1]+ |z -2|.

(a)  From your findings in Question 1, what kind of shape should the graph have?
(b)  What are the ‘critical’ z-coordinates where the shape may change?

(¢) These critical points split the z-axis into three regions. Write down what the three regions
are as inequalities.

(d) Complete and simplify the following

X, for z> __
| X| =
__, for X<0O

(e) Hence, complete and simplify the following for f(z) as defined above.

( )+ ( ) for x> __
flx) =19 ( )+ ( ), for __ <x< __
( )+ ( ), for z< __

(f)  Hence, sketch the graph of y = f(x) and label the branches.

Question 3 Explain why if if a # b, then there will be no horizontal sections whereas if a = b
then there will be.
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Exercise 5A

Right-angled triangles

& Fundamentals

Fundamentals 1

State the formula of Pythagoras’ theorem.
Define the angle of elevation.
¢) Define the angle of depression.

d) Draw a clear diagram that illustrates both of the above on a diagram.

Fundamentals 2
Complete the following trigonometric ratios.

opposite

(a) sinf = (b) cos = — (¢) tanf=——

Fundamentals 3
Complete the following reciprocal ratios.

1
(a) cosec) = —— where sinf # __.
1
(b) secd = —— where
1
(¢) cotf = —— where
Fundamentals 4

(a)  Describe the rules that define compass bearings, in terms of how it is measured.

(b) Describe the rules that define true bearing, in terms of how it is measured.
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Question 1  Find the missing lengths in the diagrams below.

() (b)

12

Question 2  Complete the following Pythagorean triads.

(a) {3,4,...} (b) {7, 24,...) (¢) {9,40,...}

Question 3 wUse your calculator to find the following, correct to two decimal places.
(a) sin40° (b)  cosT75° (¢) tan22°30/
(d)  secb50°23 (e)  cosec37°52/ (f)  cot 17°47

Question 4 Use your calculator to find the acute angle 6, correct to the nearest minute.
1
(a) sinf =0.1 (b) cosf =0.73 (¢c) tanf = 3

d) secl =4 e cosec ) = z f cot @ = 0.27
5

Question 5 For each of the following, use a suitable trigonometric ratio to find the value of z,
correct to one decimal place.

(a) (b)

60° 40° ]

Question 6 A 25 m pole is propped against a vertical wall and it reaches 15 m up the wall.

15 m 25 m

-

(a) How far is the foot of the pole from the wall?

(b)  If the top of the pole slips 8 m down the wall, how much did the foot slip away from the wall?
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Question 7 A ladder 8 m long standing on level ground leans against a vertical wall and makes an
angle of 60° with the ground. Calculate the following.

(a)  How high up the wall the ladder reaches.
(b)  The distance of the foot of the ladder from the wall.

Question 8

(a) Use Pythagoras’ theorem to find the missing side in the following triangle.

)
3
z []
4

(b)  Hence, write down the value of

(i) siny (ii) cosy (iii) tanz

(iv) cotx (v) cosecy (vi) secx
Question 9 Draw a diagram to illustrate
(a) an angle of depression of 30°. (b) an angle of elevation of 40°.

Question 10 A boat out at sea observes a house on top of a 120m cliff at an angle of elevation
of 5°.

120 m

5° ]

How far out to sea is the boat?




102 cChapter 5: Trigonometry

Question 11  From two points A and B on opposite sides of a telegraph pole, the angles of elevation
of the top of the pole are found to be 40° and 55° respectively, as shown in the diagram below.

/"\550
B/
[

A

If A is 25 m from the base of the pole, find

(a)  the height of the pole to the nearest metre

(b) how far B is from the base of the pole.

Question 12 The elevation of the top of a tower 7" 120 m high taken from two points P and @) on
opposite sides of it were measured as 60° and 45° respectively.

Find the distance from P to @ correct to 1 decimal point.

Question 13  From a point 6 m above the ground, the angle of depression of the bottom of a wall
is 18° and the angle of elevation of the top of the wall is 30°. Find the following.

(a)  The horizontal distance from the point of observation to the wall.

(b)  The height of the wall.

Question 14 Express the bearings shown in each diagram as a compass bearing and a true bearing.
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Question 15 Express the bearings shown in each diagram as a compass bearing and a true bearing.

(a)  From P to @ (b)  From Q to P.

Question 16 Town B is 800 km due south of town A, while town C' is due west of A. The bearing
of C' from B is 300°. Find the distance BC'

Question 17 A bushwalker has walked 12 km North from base B and then 5 km in an Easterly
direction to a lookout at L. What is the bearing of L from B (to the nearest degree)?

Question 18 A mining surveyor is travelling due East and to avoid a flooded area, a detour is made
by first driving from A to B, a distance of 12 kilometres, on a bearing of 060°. From B the surveyor
travels south-east until re-joining the original line of travel at C.

B

A C

(a) Calculate the how far north the surveyor had to travel.

(b) By considering two different triangles, find the distance AC' (to the nearest tenth of a kilometre).

Question 19  From a point O, the point P has a bearing of 135° and is 12 km away. The point Q
is 16 km away from O on a bearing of 225°. Calculate the distance PQ.
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Problem 1 A ship leaves point M and travels 300 km to point P, on a bearing of N65°FE. It
then turns to travel 400 km at a bearing of S25°F to the point Q.

) What is the size of ZMPQ?

b) How far is the ship now from its original position?

¢)  Find ZPQM.

d)  Hence, find the true bearing of @ from M and the true bearing of M from Q.

Problem 2  From an observation tower AB, an observer measured an angle of depression of
« and S to the top and bottom, respectively, of another tower C'D. Let E be the point directly
above tower C'D such that C'E is the same height h as AB.

A

B

(a) Show that DE = BC'tana.

htan «
tanf3

(b) By first finding an expression for BC, show that DE =
(c)  Hence, show that tower C'D has height

b (tanfa;;ana) '
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Exact values

5B Exact values 105

& Fundamentals

Fundamentals 1

(a) Find the missing sides in the triangles below.

(b) Hence, fill the following table

45°

45°

30°

60°

45°

sin O

cos 0

tan 6

Question 1  Find the exact values of the following reciprocal trigonometric ratios.

30°

60°

45°

cosec 0

sec 0

cot 0

Question 2  Simplify the following and express your answer as an exact value in simplest form.

(a) sin45° + cos45°
(¢) cos45°sec4h®
(e) 2cos?30° -1

(b)
(d)
(f)

sin? 45°

sec2 60° — tan? 60°

sin 60° cos 30° + cos 60° sin 30°
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Question 3  Show that

1 4+ tan 30°
. -9
() T fam3pe —21V3

6—v2
(b)  sin60° cos45° — cos 60° sin 45° = W
tan 60° — tan 45°
1 + tan 60° tan 45°

: SV

sec 30° — tan 30°

() =2-3

(d)

2
Question 4 Suppose that 6 is an acute angle such that sinf = 3

2
(a) Draw a right-angled triangle with an angle 6 such that sin = 3

(b)  Use Pythagoras’ Theorem to find the missing side
(¢c) Hence, find the exact value of the following.

(i)  cos#@ (ii) tané

Question 5 Suppose 0 is an acute angle. Use a similar technique to Question 4 to find

3 2

(a) tan@ given that sinf = £ (b) sin@ given that cot§ = 3
(c) cosO given that sinf = — (d) 0 given that tan§ — —
c iven inf =— C iven nf=—
cos § given that s 7 cosec § given that ta b

Question 6 Find the exact value of z in each of the following diagrams.

(a) (b) A
60°
X
4 4 .
-
6
I Y
4
(c) (d)
X
20
15 o 45° 309
>
- 30° v
9
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Question 7  Consider the diagram below.

()
(b)
()

15° 30°

Show that PQ = QS.
Given that the length of SR is 1 unit, write down the lengths of QR, Q.S and PQ.

Deduce that tan(15°) =2 — /3.

Problem 1 [Deriving the exact value of tan 15° and tan 22.5°]

For this question, you may assume the identity tan 260 =

2tan

2t 1
Let ¢t = tan 15°. Show that ——= =

-2 3
Show that t? +2/3t — 1 = 0.
Hence, show that tan 15° = 2 — /3.

Use a similar technique to show that tan 22.5° = /2 — 1.

Problem 2 [Deriving the exact value of sin 15°]

For this question, you may assume the identity cos20 = 1 — 2sin? 4.

(a)
(b)
(c)

V2 —+/3
Let s = sin 15°. Show that s = —\/_

2
(V3 —-1)?
2
V3—-1
2V2

Expand and simplify

Hence, show that sin 15° =

1 —tan?0’
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Exercise 5C

Quadrants and related angles

& Fundamentals

(a)
(b)

(a)
(b)

Fundamentals 1

0 is positive for angles measured inana__ direction.

f is negative for angles measured inac____ direction.

Fundamentals 2

(a) sinf is positive only in quadrants and

(b) cos# is positive only in quadrants and

(¢) tan# is positive only in quadrants and

Fundamentals 3

(a) The angle 180° —# issaid tobes__ to 6.

(b)  When we apply a trigonometric ratio to either 180° £ 6 or 360° & 0, we will always get the
m___ of the same ratio applied to just 6, except with a plus or minus depending on
what q__ the angle is in.

Fundamentals 4

The angle 90° — f# is saidtobec_—__ to 6.

When we apply a trigonometric ratio to 90° — 0, we will always get the magnitude of the
c_______ ratio applied to just 6.

For example, the sine of 90° — 6 is equal to the complementary sine of 6, otherwise known
as ¢ of 6.

Similarly, the tan of 90° — 6 is equal to the complementary tan of 6, otherwise known as
c____ ofé.
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Use the diagram below to find the exact value of the following.

P(z,y)
y ">
1 y =sinf
sinf@]" """/
1/
(~1,0) 0 (1,0)
O cos 6 z
(07_1)
(b)  cos(0°) (¢) sin(90°) (d)  cos(90°)
(f)  cos(—90°) (g) sin(180°) (h)  cos(180°)
(j)  cos(—180°) (k) sin(270°) (1) cos(270°)
(n) cos(—270°) (o) sin(360°) (p) cos(360°)

Question 2 Use the diagram below to find the exact value of the following.

(a) sin(180 —
(e) cos(180 +

(i)  tan(360 —

yﬂ

0) (b)  cos(180 — 0) (¢) tan(180 — @) (d) sin(180 + 0)
0) (f)  tan(180 4+ 0) (g) sin(360 —0) (h) cos(360 —0)
0) (j) sin(—0) (k) cos(—0) (1) tan(—6)
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Question 3  Use the diagram below to simplify the following.

A

(a) sin(90 — x) (b)  cos(90 — x) (¢) tan(90 — z)

Question 4 Let 8 be an acute angle. Find the value of 5 if

(a) tanf = cot 64° (b)  sin 8 = cos 60° (¢) cosp =sin4h° (d)

Question 5  Simplify

(a) tanzcotz (b)  sinx cosec z (¢c) coszsecx (d)

Question 6 Simplify without using a calculator

(a) tan20° 4 cot 70° (b)  tan20°tan 70°
1 in 20° 70°
(c) tan35° — PR (d) e 4—28?8
an sin
() cos 42° 4 2sin 48° ") 2tan 56° 4 3 cot 34°
e
5 sin 48° 7tan 56°

Question 7 Write the following as exact values

(a) cos60° (b)  tan45° (¢) tan225° (d)
(e) sin150° (f)  sin120° (g) cos240° (h)
(i) sin300° (j)  tan135° (k) tan210° (1)

Question 8 Simplify the following by referring to the unit circle

(a) sin(z + 360°) (b) sin(z + 720°) (¢) cos(x —360°) (d)

MASTERING MATHEMATICS

sin 8 = cos 10°

cot xsinx

cos 225°
cos 330°

cos 210°

cos(x + 360°)



5C Quadrants and related angles

Question 9 The points P, Q R, S are on the unit circle 22 + y? = 1. A(1, 0) and O is the origin.
Find the exact coordinates of these points if

(a)

yﬂ
1
Q P
A »
1 0 x
S
R
ZAOP = 60° (b)  ZAOQ = 120° (¢) ZAOR = 240° (d) ZAOS = 30°

Question 10 Consider the unit circle from Question 9.

()

1
Let the point T" be in the first quadrant with a y-coordinate of 3" Find the exact value of

(i)  the = coordinate of point T'. (ii) cos(180° — LTOA)
(iii) tan (180° — LZTOA) (iv) tan (180° + ZTOA)

1
Let the point W be in the second quadrant with a y-coordinate of —. Find the exact value of

V2

(i) the z-coordinate of W. (i) 4ZWOA
(iii) sin (LWOA) (iv) cos(LWOA)

Question 11 Write the following as exact values

(a)
(d)

sin(—60°) (b)  tan(—60°) (¢) tan(—120°)

cos(—45°) (e) cos(—120°) (f)  sin(—585°)

Question 12  Write the following as exact values

(a)
(d)

sin 480° (b)  tan405° (¢) sin750°

tan 420° (e) cos420° (f)  sinbH70°
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Question 13 The diagram below shows three points P, @ and R on the unit circle. Find the
coordinates of P, ) and R. Leave your answer in exact form.

yﬂ
Q

80°

20° @) 55° X

Question 14 Show that the following relationships are satisfied by the given values

(a) sin2z = 2sinz cosx when z = 120°

2

(b)  cos2x = cos?x — sin? x when z = 150°

(¢) sin(A+ B) =sin Acos B 4 cos Asin B when A = 210° and B = 330°

Question 15  Simplify

(a) sin(180° + ) cos(180° — 3)

(c) sinBcos(90° — B) + cos Bsin(90° — B) (d) sin(180° + ) cos(90° — )
tan(180° + ) cos(360° + 3)
Y e =5) Y @5

Question 16  Show that
cos(90° — ) sin(180° — 0)
cos(180° + ) cos(—0)

= —tan?6.

Question 17 Determine whether the following statements are true or false.

(a) sin(180° + B) = —sin(B) (b)  cos(90° — ) =sin
(¢) tanp = cot(90° — 5) (d)  cos(180° — ) = —sinf
(¢) cot(180° — B)tan(360° — B) < 0 (f) seol=f)

cos(360° — 3)
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Problem 1
(a) Ifsina= g and 90° < a < 180° find the value of cos o and tan a.
(b) Ifcosa = —% and sin @ < 0 find the exact value of tan a.

(¢) If coseca = —33 and cos a > 0 find cot a.

Problem 2 Show that the relationship sin(A+ B) = sin A cos B+ cos A sin B is satisfied when
A =300° and B = 210°.
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Exercise 5D

Trigonometric identities

& Fundamentals

Fundamentals 1
Complete the following Pythagorean identities.

(a) sin?6+cos?’f= __ (b) 14+ =sec?f (¢) l+cot?0=__

Fundamentals 2
Complete the following results from the Pythagorean identities.

(a) sin?0=___ (b) cos?f =
(c) tan?0=_ (d) sec?d =
() cosec?=__ (f)  cot?0 =

Question 1

(cos @, sin @)

(a)  Using the unit circle above and Pythagoras theorem, complete the following identity

sinf +cos?0 =

(b)  Divide both sides of the above identity by sin? € and complete and simplify the following.

cos? 6

14+ 2~ =
+sin29

__ so 1+ =
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(c) Divide both sides of the above identity in (a) by cos?# and complete and simplify the identity

sin? 6
= so 4+ 1=__

cos? 6

Question 2

Note AT = tan and OT = sec . Hence, it follows that 1 +tan?6 =

Question 3  Simplify the following.

1
a) sin®6 20 b 260 — 20 ) tan?6 —
(a) sin®6 cosec (b) co cosec (¢) tan e
(d) sin?6 — sin? 6 cos? (e) sin*f — cos* 0 (f)  (sin + cos)?
(g) 1—tan?6 +sec?6 (h)  tan? 6 cos® 0 +cot? O sin? 0

Question 4 Prove the following identities

()
()

tan 6 + cot @ = sec 0 cosec 0

2¢c0820 —1=1-—2sin%6

1
——— —tanf = cot 0
sin 6 cos 0 an €0
1+cos€_ 1
sin? 1 —cos#

sectf — tan?h = 2sec?h — 1

cos? 6 cos? 6 B
1+4sinf  1—sinfh
t260 —1
O —1-2sin%0
cot“ 6+ 1

tan2 0 cos @ = sec — cos @

tan §(1 — cot? §) + cot O(1 — tan? ) = 0

tan @sin @ + cos @ = sec §

1 1
1+sin20+1+cosec20_
1—cosc9_ 1
sin? 1+ cos#
cosec 6 + sec 6
— = cosecf

1+tané

1 1

= 2sec? 9
1+sin9+1—sin6’ Sec
1+sin6

0 +tanf)? = ———
(secd+tanf)” = 335
cosf 1+ sinf

= 2secl
1+ sinf cosf Sec
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L3 Challenge Problems St e P -

Problem 1  [Parametrisation of a circle]

If £ = acosf and y = asin b, show that 2% + y? = a>.

Problem 2  Eliminate 6 from each of the following by using one of the trig identities.

(a) @ =cosech and y = 2cot 6 (b) x=3sech and y = 3tand

Problem 3  Show that 2 = sec + tan# and y = 2sec 6 satisfy 22 — 2y + 1 = 0.
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Exercise 5E

Solving trigonometric equations with degrees

& Fundamentals

Fundamentals 1
To solve a basic trigonometric equation in the domain 6 € [0°,360°]...

(a) Firstre-a_ to make the trigonometric function the subject, and acquire a form like
sinf =k, cosf) = k or tan6 = k.

(b) Depending on whether & is p or n , and also the type of trigonometric
function you have, identify which q___ the solutions lie in.

(¢) If k is negative, then temporarily ignore this fact and use your calculator to find an a
value of 0. If k is positive, then proceed as usual.

(d) Find angles in other quadrants, according to the quadrants you need, by adding or sub-

tracting 0 from either ° or °.

(e) If the domain is larger than the usual # € [0°,360°], then keep adding or subtracting

multiplesof ____ to these two related angles, until you fill up the required domain. If
the function is a tan function, then add or subtract multiples of ____ instead.
(f)  If you have a sineor c____ function, and k > 1 or k < , then there will be no

solution. This is because the r

of both functions is within the interval [ ].
Fundamentals 2
Suppose you are solving a trigonometric equation in the domain x € [0°, 360°].

(a)  Sometimes, the equation provided is in the form sin(nf) = k instead of sin @ = k. In these
cases, you need to first m___ the domain accordingly.

(b)  If the equation is sin(260) = k, then the domain is 260 €

0
(c) If the equation is sin <2> = k, then the domain is

(d) Solve for nf in this modified domain, and then make ___ the subject again.

Fundamentals 3

(a) Sometimes, a trigonometric i can be useful for solving trigonometric equations,
especially if there is a s involved.
(b)  Useful identities include sin?¢ = __ and tan?6 = | though there are

many useful variations of these.
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1
Question 1  Consider the trigonometric equation sin § = 2 which has two solutions in the interval
6 € [0°,360°].
(a)  Write down the acute value of 6 that satisfies the equation.

(b) Note that sin@ is positive. Using All Stations To Central or a similar mnemonic, in what
quadrant should the other solution lie?

(c) Find the related angle, in the correct quadrant, to the acute angle that you found in (i). Hence

write down the two solutions to sin§ = 5

Question 2 Find all values of 6 € [0°,360°] satisfying the following equations. For each of these,
the related acute angle is either 30°, 45° or 60°.

(a) cosf = % (b) sinf = —\}5 (¢) tanf =3

(d) sinfd = —\f (e) tanf = -1 (f)  cos = —\f
| __

(g) sec =12 (h) cosec = —2 (i)  cotf = 7

Question 3  Solve the following for 6 € [0°,360°].

1
(a) sinf = 3 (b) cosf =—0.7 (¢) coth =2.74

Question 4  Solve the following for § € [0°,360°].
(a) BHcosh—2=0 (b) —3cosech =4 (¢) 2sinf =>5cosb

Question 5 Solve the following equations in the provided domain.

V3

(a) sinf = o 6 € [—180°,180°] (b)  cosb = ——=; 0 € [—180°,180°]

Sl

(¢c) tanf = —/3; 6 € [-360°, 360°] (d)  sech =2; 6 € [—270°,270°]
Question 6  Solve the following for § € [0°,360°].

(a) sin?6=1 (b)  cos?f = %

(¢) tan%?60=3 (d) 2cos?0—-1=0

(e) 3tan?6—1=0

Question 7 Solve the following for § € [0°,360°].
(a) (2sinf —1)(sinf+1)=0 (b) 2sin?60 —3sinf+1=0

(¢) 2cos?6 —cosf —3=0 (d) sec?f+secd —2=0
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Question 8 Consider the equation

1
in20 = -
sin 5

in the domain € € [0°,360°]. We will use a substitution to help us solve this equation. Complete the
following.

(a) If u =260, then
wel_, ]

(b)  The equation to solve is now

sin =

N

(¢)  Solving this in the domain from (a), we get

uw=230°150° ., |

(d) Hence, the solutions in terms of § are

20 =

Question 9  Use a similar technique to Question 8 to solve the following equations for 6 in the
domain 6 € [0°,360°].

(a) tan260=1 (b)  cos20 = —%
1
(c) sing = —% (d) cos36 = 7

Question 10 Use a similar technique to Question 8 to solve the following equations for 6 in the
domain 6 € [0°,360°].
V3

(a) cos(6 +60°) = 5 (b) tan(f —45°) =

Sl

(c) sin(f + 150°) = —% (d)  tan(f +210°) = —/3
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£ Challenge Problems EE

Problem 1 Solve the following for 6 € [0°,360°]

1
(a) sin(20 —60°) =1 (b)  cos(30 4 45°) = )
Problem 2 Solve the following for 6 € [0, 360°].
(a) cos?f =sinf —1 (b) sec?f —tan® —1 =0
(¢) cos?f —sin?f+3cosf+2=0 (d) tan?6 —secd —1=0

Problem 3  Given the fact that
cos 30 = 4cos® 0 — 3cos b,

solve the equation
8cos® 0 —6cosf+1=0

in the domain 6 € [0, 180°].

Problem 4  What is wrong with the following solution to solving the equation sinf = cosf in
the domain 6 € [0,360°] ?

sinf = cos 6

sin? @ = cos? 6
sin?0 — cos? 6 = 0
sin?6 — (1 —sin®0) =0
2sin?60 — 1 =0

1
sinf = +—
V2

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
: -0 = 45°,135°,225° 315°
|

|

|
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Exercise 5F

Sine rule and the area formula

& Fundamentals

Fundamentals 1

(a)  The sine rule can be used to calculate sidel____ anda__ in non-right-angled
triangles.

(b)  The sine rule can be used when we know angles and a side length.

(¢) It can also be used when we know side lengths, and a non-included angle.

Fundamentals 2
Consider the following triangle with vertices A, B, C, and side lengths a, b and c.

A

The si le states that =

(a) e sine rule states that ——
in A

(b) An equivalent form of the sine rule is e

a

(¢c) The sine area formula of a triangle is Area =

Fundamentals 3
(a) Explain what the ambiguous case of the sine rule is.

(b)  When can it occur?

(¢)  When using the sine rule to solve for ana__ | you cannot simply accept the first
solution # from your calculator. You must also check if the angle __ also works.

(d) To check if the other angle ___ also works, add it to the other known angle in the
triangle, and see if the sum of the angles exceeds _ . If it does, then accept/reject

(circle one) that second answer.




122 Chapter 5: Trigonometry

Question 1  Find the exact value of the unknowns in each of the diagrams below.

(a) (b)

T 10
45° 30°
Question 2
A
T
30° 45°
-+ C

B 30 P

Talia finds that the angle of elevation of the top of a pole, A from B is 30°, but when she walks 30
metres towards it to point P, the angle of elevation is 45°.

30 sin 30°

a)  Show that AP =
(a)  Show tha sin 15°

(b) Hence, calculate the height of the pole correct to the nearest metre

Question 3 A 12 m high antenna is on top of a building BC'. Opposite the road is another building
DFE with the same height. From the top of the antenna, the angles of depression to the base and top
of building DF respectively are 70° and 30°.

Ar= g e
12 m HT0° T

B _____ N <___________:_\_

(a) Find the length of AE.
(b)  Find the height of building BC, correct to the nearest metre.
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Question 4  An observation tower, OT, is 30 m high. From the top of the tower T', the angle of
depression to the base A of a small tree is 17°, while the angle of depression to the top of the tree, B,
is 12°.

30 m S~ T~

(a)  State the value of ZOAT, and hence find the length of AT, correct to 2 decimal places.
(b)  Find the size of each of the angles in AABT.
(c) Hence, find the height of the tree.

Question 5 [Ambiguous case of the sine rule]

Find 6 in the following questions, and be careful to check if there is more than one solution. For
the cases that do have more than one solution, draw both possible triangles.

() (b)

60° /
5 10
30°
4 6
7

Question 6 Determine the possible dimensions for triangle ABC' given AB = 5.3 cm, /BAC = 33°
and BC = 3.4 cm.

Question 7

(a)  An equilateral triangle has each of its sides 10 cm. find the area.

(b)  If the area of the equilateral triangle is 9v/3 cm?, find the length of each side.

Question 8 Find the area of AABC.

8 cm,

50° 50°

123
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Question 9 A triangle with two sides with lengths 4 cm and 8 cm, and an included angle 0, has an
area of 14 cm?. Find the value(s) of 6.

£+ Challenge Problems SR T ittt R PP .

Problem 1 Consider the diagram below.

A

B 157 C

(a) Find the area of AABC.
(b) Hence, find the value of x.

Problem 2  [Preliminary step to prove the sine compound-angle formula]

In the diagram below AC =y, AB ==z

D
h
3 o =
A T B C
)

(a)  Write an expression for the length of AD in terms of h.
(b)  Express ZBDA and ZABD in terms of the unknown angles in the triangles.
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(¢)  Show that
_ wsinfsina

~ sin(a—p)

Problem 3  [Demonstrating the necessary logic for proof-type problems]

The diagram below shows a general triangle ABC with side-lengths a, b and c.

A

B 4 C

1
(a)  Complete the formula Area AABC = §ab sin .

(b)  What variable appears in our equation, but not in the required equation in part (d) below?

(¢)  Write down an equation involving that variable.
Hint: Look at the required expression.We can see sin A and sin B. What formula might
be useful here?

(d)  Hence, show that
a?sin Bsin C

Area NABC = 5sin A
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Exercise 5G

Cosine rule

& Fundamentals

Fundamentals 1

A
¢ b
B 7 C
In a non-right-angled triangle, if we are given
(a) the lengths of two sides and thei_ angle, use the formula

(b)  the lengths of t sides, use the formula

cos A =
Fundamentals 2
(a) The largest angle in a triangle is opposite the ] side.
(b)  The smallest angle in a triangle is opposite thes ___ side.

Question 1  The adjacent sides of a parallelogram have lengths 5 cm and 4 cm. The angle included

between them is 60°. Calculate the lengths of the diagonals.

Question 2 In a triangle of sides 5 cm, 3 cm and 7 cm

(a) Show that the largest angle is 120°.
Hint: The largest angle is opposite which side?

(b)  Find the exact area of the triangle.

Question 3 A soccer goal is 8 m wide. A man shoots for goal when he is 15 m from one goal post

and 20 m from the other. Within what angle must a shot be made in order to score a goal?
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Question 4 In the diagram, OAB is a sector of the circle with centre O and radius 8 cm, where
ZAOB = 60°.

Find the length of the chord AB.

Question 5 Two geologists on a large flat area drive 20 km from point A on a bearing of 150°T to
point B. They then drive 45 km on a bearing of 020°T to point C.

(a) Show that LABC = 50°.

(b)  Use the cosine rule to find the distance of point C' from point A, rounded to the nearest kilometre.

Question 6 Car A is travelling along a road at 45 km/h on a bearing of 048°. A second car, B,
has just passed car A at an intersection and is travelling on a bearing of 320°. Car B is travelling at
50 km/h.

(a) Find the distance travelled by each car 3 hours after they pass each other.
(b)  Find how far apart are they are after 3 hours
(c) what is the bearing of A from B?

Question 7 The diagram below shows APQR such that PQ =4, QR =z, PR = q, and ZPQR =
60°.

QGO R

X

(a)  Use the cosine rule to show that ¢? = 22 — 42 + 16.

(b)  Use graphing software, or otherwise, to show that the minimum value of y = 2% — 4z + 16 is 12,
and that it occurs when x = 2.

(c) Hence, find the minimum value of q.

(d) Using z = 2 and the minimum value of ¢, investigate what type of triangle APQR is in this
scenario.

(e) Find ZQPR for this minimum value of q.
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Question 8 From a lighthouse L, a ship S bears 051°30'T and is at a distance of 8 km. From L a

boat B bears 291°30'T and is at a distance of 6 km
(a) Draw a clear diagram marking on it the information supplied.
(b)  Find the distance of ship S from boat B. Give your answer as a surd.

(c) Find the bearing of the ship S from boat B. Give your answer to the nearest degree.

Question 9 Nathan leaves island A in a boat and sails 152 km on a bearing of 072° to island B.
Nathan then sails on a bearing of 196° for 240 km to island C.

(a) Draw a diagram in your book displaying all the information above.

(b)  Show that LZABC = 56°

(c)  Show that the distance from island C to island A is approximately 200 km.
(

d) Nathan wants to sail from island C' directly to island A. On what bearing should he sail? Give

your answer correct to the nearest degree.

Question 10 Find the value of z in the following diagram.

60°

T4+ 3

£3 Challenge Problems SR e ittt P -

Problem 1 Consider the following triangle.

P
60°
4 2
Q S
4—z 2—x
R

(a) Show that z satisfies the quadratic equation x? — 6x 4 4 = 0.

(b)  Hence, find the exact value of x.

[
[
|
|
[
[
|
|
[
[
|
[
[
|
|
[
[
|
[
[
[
|
[
[
|
: Hint: Only one solution works!
[
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Problem 2  The cosine rule states that

a? +b% — 2

C =
cos 2ab

Suppose C' = 90°. Substitute this in to the formula above and comment on the familiar-looking
result. Was this a surprise?

Problem 3  The diagram below shows an isosceles triangle.

(a) Show that ¢ = 222 (1 — cos ).
(b)  Suppose that ¢ = g Substitute this in the result from (a) and solve for 6, correct to the
nearest degree.

(¢)  Suppose instead that ¢ = z. Substitute this in the result from (a) and solve for §. Explain
briefly why this answer is obvious and could have been acquired by inspection.

Problem 4  [Triangle Inequality]

The cosine rule states that
A b2 + 2 —a?
cosA=——-——
2be ’

where A # 0.

(a)  Show that b + ¢? — a? < 2bc
(b) Hence, show that b < a + c.
(¢)  What does this say about the side lengths of triangles in general?
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Exercise 5H

Three-dimensional trigonometry

& Fundamentals

Fundamentals 1
If a line is perpendicular to horizontal plane, like a pole on the ground, then it will be
p— to any lines on the horizontal plane that meet it. Label the right angles in the

diagram below.

Fundamentals 2

The angle between a line and a plane is the angle between the line and the line directly below it,
but on the plane. Label the angle between the line and the plane on the diagram below.

Question 1  The diagram below shows a cube with side-length a.

D)
1 H
A : D
Foooo\f______ G
B C
(a) Show that CF = av/2. (b) Hence, show that CE = a/3 .

(¢) Find the exact value of ZECF.
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Question 2 AB is a building of height 100 m. From points C and D on the same level as the foot of
the building B, the angles of elevation of the top of A are 30° and 25° respectively. Find the distances
BC and BD correct to 2 decimal places.

A

100

25°

30°
C

Question 3 A person A stands due south of a 60 m high tower PQ. The angle of elevation from A
to the top of the tower is 30°, as shown in the diagram below.

Q
60
S0 T
B

(b)  The person now walks due east a distance of 150 m to a point B. Find the length of BP and
the angle of elevation of @) from B.

A
(a) Find the length of AP.

Question 4 AB is a vertical post. AC and AD are ropes of length 5 m and 4 m respectively. The
rope AC is inclined at 30° to the horizontal. Find the

(a)  height h of the post.

(b) angle at which the rope AD is inclined to the horizontal.

A
4 m
h
5m
D rB
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Question 5 The angle of elevation of a tower P(@) of height h metres at a point A due east of it is
15°. Point B is due south of the tower and the angle of elevation is 12°. The points A and B are 800
metres apart and on the same level as the base @) of the tower.

P

B

(a)  Consider the triangle APQ and show that AQ = htan75°
(b) Find a similar expression for BQ

(¢c) Find ZAQB

(

d)  Use triangle AQB to calculate h to the nearest metre.

Question 6 The figure is a right square pyramid with base edge of 10 cm and perpendicular height
EF =8 cm. G is the midpoint of DC. Calculate

(a) AC (b) EG (¢) ZEDG
(d) ZEGF (e) ZEAF (f) ZAEC

Question 7 A vertical post PQ with height A metres is held by two ropes PB due west and PC
due south of it. It is known that ZQBC = 60°, PB = 10 m and PC = 8 m.

‘ cQ _
(a) Show that 5O V3.

64 — h?
I H h hat — = 3.
(b) ence, show that 100 = 72 3

(c) Find the value of h.
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10 m

60°

C

Question 8 The base of a pole is situated 90 metres due north of a point A. The angle of elevation
of the top of the pole from A is 30°.

(a) Find the height of the pole in exact form.
(b) @ is a point 120 metres due east of A. Find:
(i)  The distance of @ from the base of the pole.
(ii)  The angle of elevation of the top of the pole from Q.
(iii) The bearing of the pole from Q.
P

30°

90 m

A 120 m Q

Question 9 The diagram below shows a square pyramid with base side length 6 units and height

4 units. Let a be the angle between the slant edge and the base of the pyramid. Let 8 be the angle
between the oblique face and the base.
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(a)  Copy the diagram into your book, and label o and .

(b)  Show that tan o = 2\35 (¢c) Show that tan g = %

Question 10 A person walks 1500 metres due North along a road from point A to point B. The
point A is due East of a mountain OM , where M is the top of the mountain. The point O is directly
below point M, and is on the same horizontal plane as the road. The height of the mountain above
point O is h metres. From point A, the angle of elevation to the top of the mountain is 18°. From
point B, the angle of elevation to the top of the mountain is 12°.

M
h
[~ B
(OAN
1500 m
18°

(a)  Show that
1500

B Vtan2 78° — tan2 72° '

(b)  Hence, find the height of the mountain, correct to two decimal places.
Question 11  Two people at A and C' observe the top of a tower T" with angles of elevation 25° and

32° respectively. A is due north from the base O of the tower and C is due east from O. A third
person stands at B, on the line AC. The angle of elevation from B to T is 30°. Let the height of the

tower be h.

T

N 25°
G0 A
327 B
C
(a) Show that A is htan65° from the base of the tower.
(b)  Similarly, find the distances of B and C' from the base of the tower, in terms of h.
(¢c)  What of kind of triangle is AOC? (d) In AAOC find ZOAC.
(e)  Using the sine rule, find ZABO. (f)  Hence, find the bearing of B from the tower.
|
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Problem 1  Consider the diagram below, which shows a point P(a,b,c) in a 3-dimensional

system.

Z A
cl __ _ _ ___________,
’ 71
7 // \
// 7’ 1
4 // |
4
. P(a, b, c) .” !
7 7
14 / I
| I
l ! 1 x
\ 19) ) ~ -
1 ! ,
1 ! ’
I I 7’
1 : L7
7
| v
s
1 e
b . o' p/

Prove that the distance of P from the origin O is

OP = Va2 +b2+¢2

Problem 2 Consider the diagram below

A

(a)  Show that OA = hcot a and write down a similar result for OB.

(b)  Hence, show that

h =

dtan a tan g3
Vtan? a + tan? 3

5H Three-dimensional trigonometry
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Chapter 5 Review

Trigonometry

Question 1  Complete the following Pythagorean triads.

(a) {20,21,...} (b) {12, 35,...} (© {6,8,...}
(d) {33, 44,...} (e) {10,24,...} (f) {50, 120,...}

Question 2 Find the length = in the diagram below.

x 15
30°
28
Question 3 Find /BAC and /BCA if sin A = cos A
A
H
B C

Question 4 From the top of a 150 m high building, the angle of depression to the bottom of a
second building is 25° while the angle of depression to the top of the building is 12°. Calculate
the height of the second building.

Question 5 The angle of elevation of a tower T from a point A is 45°. From a point B, 25
metres closer to the tower, the angle of elevation of the top of the tower is 78°. Find:

(a)  the length of BT correct to 2 decimal places

(b)  the height of the tower correct to 2 decimal places

Question 6 A ship travels from P to @ on a course of 060° for 40 km and from @ to R on a

course of 045° for 25 km. Draw a clear diagram using this information and find how far east of
P is R in km? Give your answer in exact form.
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Question 7 Prove that AB = zsin 55°

4 15°

H 70°
B c D

Question 8 By using the fact that cos(90° — ) = sina and sin(90° — ) = cosa, solve the
following for 6 € [0°,90°].

sin 20 = cos 42°
Hint: This one has 2 solutions.

(b)

(a) cosf =sin30°

3sin A — cos A
4sin A —5cos A’

4
Question 9 Iftan A = 3 and A is acute find the value of

Question 10 In the figure below,

g

(a) Show that AC = 60v/3 (b) Find the area of quadrilateral ABCD.

Question 11 In a triangle with sides 9 cm, 7 ¢cm and 4 cm, find the cos @ where « is the smallest
angle and hence show that the exact area is 6y/5.

3
Question 12 In AABC, AB = 2x, AC = 3z and cos A = 5 Find the value of z if the area of

AABC = 60 cm?.
Hint: You do not need to find the size of A explicitly to do this question.

137




138 cChapter 5: Trigonometry

Question 13 Using the information in the diagram below find

D
20°
60°

40 cm 40 cm

(a)  the size of ZDAB

(b)  the size of ZDBA

(¢) the length of AB (to the nearest centimetre) using two different methods.

Question 14 The diagram shows the path of a plane flying from town A on a bearing of 240°T

to town C, which is 350 kilometres away. At town C', the plane changes course, and travels
500 km on a bearing of 080°T to town B.

(a)  Show that ZACB = 20°.

(b)  Write down how you would find the distance of town B from town A, without evaluating

your answer.
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Question 15 The diagram below shows two buildings AY and BX that are 40 m and 50 m
tall, respectively. The bases A and B are x metres apart. An observer due South of B observes
the points X and Y at angles of elevation 34°15" and 12°40’ respectively.

X

Y

50 cm

40 m

B

A
34°15/
12040/
C

Find the distance between the two buildings.

Question 16 The triangle ABC is right angled at B. Suppose that AD = DC = z and
ZACB = a.

B
(a) Explain why ZADB = 2« (b) Show that AB = xsin 2«
(¢c) Show that BC = = + x cos 2« (d) Hence prove that
; sin 2«
ano = ————
1+ cos2c

Question 17 A school auditorium is 50 metres long and 35 metres wide. If the angle of elevation
from the bottom left hand corner to the opposite corner in the ceiling is 4°30’, then what is the
height of the auditorium, correct to one decimal place?
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Question 18 Let 0 and 5 be acute angles. Let x = sin 6.

N B

(a) Express cos@ and tan6 in terms of x.
(b) Suppose sin 3 = g Find tan 3 in terms of z.
(¢c) Suppose tanf = 3tan 5. Show that

T 3z

V1—22 :\/4—:52’

and hence show that z = \/2 .
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Q Investigation Task

Consider the diagram of a right-angled triangle AABC below.

Trigonometric Series

A

Question 1

(a)  Write down the lengths of sides AB and BC' in terms of the angles given.
(b) Use Pythagoras’ theorem to prove that

sin?(45° — ) + sin?(45° + z) = 1

(c) Use graphing software to draw y = sin? x for = € [0°,360°].

(d) Using your graph as a guide, write three equivalent statements for

sin?1° = = = _

sin?2° = = =

sin3° = = =

sin289° = = = _

(e)  Write down the values of sin? 90°, sin? 180°, sin? 270°, and sin? 360°.
(f)  Explain why sin? § + sin?(90° — ) = 1.
(g) Using all of the above, find the value of

sin? 1° + sin? 2° + sin? 3° + . .. + sin? 359° + sin? 360°.
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Q Investigation Task

The diagram below shows how the value of sin # and cos @ can be visualised using the unit circle.
The value of cosf is the z-coordinate of where 6 is on the unit circle and similarly the value of
sin @ is the y-coordinate.

Trigonometric Functions

(cos @, sin @)

-1

Question 1 Investigate and use the web to find where tan @, cot 6, sec# and cosec 6 are on the
unit circle. Use this to give clear geometric reasoning for the exact trigonometric ratios for the
following values of 8. Also, by observing how the ratio is constructed, give a brief explanation as
to why the trigonometric ratio is named as such. For example, why is tan 6 read as ‘tangent of
theta’? Where is the tangent?

(a) 0=0° (b) 6 =90° (c) 6=45°
Question 2 The trigonometric functions that you know so far are the sine (sin), cosine (cos),
tangent (tan), secant (sec), cosecant (cosec) and cotangent (cot) functions. However, there are

around ten more lesser-used trigonometric functions. For example, one of these is the versine
function.

(a) Research to find what some of (bonus points if all) these lesser used ones are, and show
where they exist on the unit circle for some given value of 6.

(b) Express each of these new trigonometric functions in terms of the ‘old’ ones, and hence find
their exact values for the commonly used exact-value angles such as § = 30°, 45°, 60° etc.

Question 3  Write a paragraph discussion on the history of some of these functions. Your
discussion should include:

o what they were used for.
e why they are not used so often nowadays.

e any modern applications still being used.
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Radian measure
Arcs and sectors
Graphing trigonometric functions

Solving trigonometric equations with radians
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Exercise 6A

Radian measure

& Fundamentals

Fundamentals 1

(a)  One radian is the angle subtended at the (b) If the arc length is 2 units in the unit cir-

centre of the u circle by an arc of cle, then the angle has a measure of ___
length ___ unit. radians.
1 2 units
1
1 1
Fundamentals 2
(a) In a semi-circle of radius 1, the arc length (b) It follows that 360° = __ radians.
is __ units. This means that the angle
represents ___ radians.
27 units

(A

1 1

Since the angle is also 180°, we can con-
clude that 180° = _ radians.

Fundamentals 3

(a) 1 radian = ——° (b) 1°= radians.
Question 1  Convert the following from radians to degrees.
T ™ 0 27
(a) 5 (b) 3 (c) 1 (d) 3
5T s 4 137
bl n L = 1 ikl
© = G (& ) =
37 o7 117 i

A
=
=
—
—
=
—
=
=
c»‘
—
—
=
oo‘
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Question 2 Convert the following from degrees to radians.

(a) 30° (b) 45° ()  60° (d)  90°

(e) 300° (f)  180° () 210° (h) 135°
(i)  330° () 120° (k) 360° (1) 150°
(m) 270° (n) 315° (0) 240° (p) 225°

Question 3 Convert the following from radians to degrees, rounded to the nearest degree where
necessary.

T ™ 2w
(a) 5 (b) 10 (c) K
(d) %T (e) % (f) 0.27

Question 4 Convert the following from degrees to radians, rounding to one decimal place where
necessary.

(a) 36° (b) 72° (c) 108°
(d)  100° (e)  200° (f)  305°

Question 5 Fill in the following table.

o | 7 | 72 [sn [ Tn [ [ or [ 1x
6 3 3 6 6 3 3 6

sin 6

cos 6

tan @

Question 6 Fill in the following table.

T s 3 T 3 7
¢ vyl 7 " a2 1|7
sin 6
cos 6
tan6
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Question 7  Use the diagram below to simplify the following.

sinf >0 sinf >0
cosf <0 cosf >0

sinf < 0 sing < 0 !
cosf <0 | cosf >0
96(71',2) 96(37”,271')
(a) sin(m —0) (b)  cos(m —0) (¢) tan(m — @)
(d)  sin(m +6) (e) cos(m+0) (f)  tan(w +0)
(g) sin(2m —0) (h) cos(2m —0) (i)  tan(2m —6)

Question 8 Suppose sin§ = 0.7. Use diagram from Question 7 to help you find the value of

(a) sin(m —0) (b) sin(2m — 0) (c) sin(m+0)
(d) sin(—0) (e) sin(2m +0) (f)  sin(4m —0)
|
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6A Radian measure

Problem 1 Suppose f(z) = sin(2x), g(z) = = + 2, and h(x) = cos(z). Find, correct to two
decimal places, the value of

(a)  f(1)+ A1) (b) f(g(1))
(c) h(g(0)) (d) g (f(1)

Problem 2 Recall that if we have a unit circle, then one unit measured along the circumference
subtends an angle of 1 radian, by definition. Determine whether the following statements are
true or false.

(a) 1 unit along the circumference of a circle (b) 2 units along the circumference of a circle
with radius 2 units subtends an angle of with radius 2 units subtends an angle of
2 radians. 2 radians.

(¢) 1 unit along the circumference of a circle (d) 2 units along the circumference of a circle
with radius 2 units subtends an angle of with radius 1 units subtends an angle of
0.5 radians. 2 radians.

(e) 0.5 units along the circumference of a cir- (f) 2 units along the circumference of a circle
cle with radius 1 units subtends an angle with radius 2 units subtends an angle of
of 2 radians. 1 radians.

Problem 3  [Small angle approximation]

The diagram below shows # radians on the unit circle, where 6 € (0, g)

Y

(a)  Show that PP’ =sin6.

(b)  Show that QQ’ = tan6.

(¢) Briefly explain why PQ’' = 6.

(d)  What can we say about the lengths PP, QQ" and PQ’, in comparison to each other, if 6
is a small angle?

in 0 tan 6
(¢)  Hence find the approximate value of MY and 22

0 0 if 6 ~0.
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Exercise 6B

Arcs and sectors

& Fundamentals

Fundamentals 1
A sector with radius r is subtended by an angle 6. Let the arc length be [, as shown in the

diagram below.

Write down the formula for the

(a) arc length. (b) area of a sector.

Fundamentals 2

(a)  If the angle 6 is in degrees we must convert it tor—_ before we can substitute it into
any of the usual formulae.

(b) 6°=___ radians.

Question 1  Complete the following table.

Arc length (cm) | Angle (radians) | Angle (degrees) | Radius (cm)
45° 14
™
10 =
6
8 20
3T
— 12
4

Question 2 A circle has radius 5 cm. If the angle subtended at the centre is 2 radians, find the

(a) length of the arc (b) area of the sector.
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Question 3 A circle has radius 6 cm. if the angle subtended at the centre is 120°, find in exact
form the

(a) length of the arc. (b) area of the sector.

Question 4 A chord of a circle of radius 3 cm subtends an angle of 150° at the centre. Find the

(a) length of the arc. (b) area of the sector.

Question 5 Let 6 be the the angle at the centre of a circle with radius 10 cm that subtends an arc
of length 8 cm. Find the value of § in

(a) radians. (b)  degrees.

Question 6 A sector with radius 5 has area 107 cm?. Find the arc length of the sector.

Question 7 The sector below has an area of 157 square units. What is the value of r?

Question 8 A car windscreen wiper traces out the area ABCD where AB and CD are arcs of
circles with centre O and radii 30 cm and 15 cm respectively. Angle AOB measures 120°. Find the
area of ABCD in exact form.

149




150 cChapter 6: Radians

Question 9 Let the sector subtended by angle 6 have area 6257 cm?.

(a)  Find the value of r if § = g

(b)  Find the value of 0 if r = 8 cm.

<
<

Question 10 A sector subtending 72° is cut out from a circle of radius 4 cm. Find the

(a) shaded area above.

72°

(b) length of the remaining arc.

Question 11 A chord of length 5 cm is drawn in a circle with centre O and radius 2/2 cm.

(a)  Use the cosine rule to find ZAOB in radians, correct to three decimal places.

(b) Hence, find the arc length cut off by the chord, correct to two decimal places.
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Question 12 The diagram below shows an arc PQ of length 40 cm, subtended by some angle in a
circle with radius 70 cm. Find

P\/Q

40 cm
(a)  ZPOQ, in radians. (b)  the area of sector POQ.
(¢c) the area of APOQ, to the nearest cm?. (d)  the shaded area correct to the nearest cm?.

Question 13

(a)  The sector OAB below has an area of g cm?. The arc has length % cm. By solving a pair of

equations simultaneously, find the exact values of r and 6.

T cm

B

3
(b)  The area of a sector is 1—7(; cm? and the arc length cut off by the sector is % cm. Find the exact

value of r and 6.

Question 14 AC and AD are equal tangents to the circle radius 5 cm. The point A is 13 ¢m from
the centre B. Note that BC' is perpendicular AC and BD is perpendicular to AD.

(a) Calculate ZABC in radians, correct to three decimal places.
(b)  Calculate the length of the minor arc C'D, correct to two decimal places.

(¢) Calculate the length of the major arc C'D, correct to two decimal places.
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13

Question 15 A straight road was constructed to cut a dangerous bend on a country road. It was
found that the bend was part of an arc of radius 180 metres and the straight road was 240 metres
long.

- -

240 m
180 m , X180 m
\‘(\",

(a)  Use the cosine rule to find the size of #, in radians, correct to two decimal places.

(b)  Find the distance by which the old road was shortened, correct to the nearest metre.

Question 16  Calculate the following and leave your answer in exact form.

(a)  The area of the region between the two circular arcs.

(b)  The perimeter of this shaded region.

15 cm

12 cm
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£ Challenge Problems S T 1

Problem 1 The cone below is made from a sector with radius r and angle 6 by fastening the
two straight-line edges together.

(a)  Find the radius of the cone.
(b) Hence, find the value of 7.
Hint: What does r become on the cone, when the sector is folded?
(c) Find the arc length of the sector.
Hint: What does the arc length become on the cone, when the sector is folded?

(d) Find the sector angle 6, in radians.

2
Problem 2 A bicycle wheel of radius 36 cm turns through an angle of ?77 radians in 0.16

seconds. At what speed is the bicycle being ridden, in metres per minute? Give your answer
correct to one decimal place.

Problem 3  [Area of a segment]
The shaded region below is called a segment, and it is the part of the circle that has been cut
off by the chord AB.

B

(a)  Write down expressions for the area of AOAB and sector OAB.

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
| 1

: (b)  Deduce that the area of the segment is 57'2 (0 — sin@).
|

|

|




154 Chapter 6: Radians

Problem 4  [Important inequality for developing calculus of trigonometric functions|

The diagram below shows 6 radians on the unit circle, where 6 € (0, ;T)

Y

&"

1
(a)  Show that the area of AOPQ’ = 3 sin 6.

1
(b)  Show that the area of AOQQ' = 5 tan 6.

(¢) By finding the area of sector OPQ’ and comparing it to the areas from part (a) and (b),
show that for 6 € (0, 72r>
sinf < 0 < tan6.

(d)  Use graphing software to sketch y = sinz, y = z, and y = tanx, and verify that this is

|
|
|
|
|
|
|
|
|
|
|
[
|
|
|
[
|
|
|
|
|
[ O
|
|
|
|
|
|
|
[
|
|
|
|
|
|
|
|
|
|
|
I the case.
|
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Exercise 6C

Graphing trigonometric functions

& Fundamentals

Fundamentals 1

(a) The functions y = sinx, y = cosz, y = tanz, y = secx, y = cosecx and y = cotx are
collectively referred to as the c____ functions.

(b) A function that repeats itself in regular intervals is called a p_— function.

of the function.

(¢)  The interval where it repeats one complete c is called the p

(d) The functions y = sinx and y = cosz o up and down repeatedly from a mean
position.

(e) Asa result, these functionshaveam__ andam__ _ -value.

(f)  The distance of either of these from the mean position is called the a_ | and is

denoted by a.

(g) Thea_ ofy=sinzand y =coszis __.

Fundamentals 2

(a) The functions y = cosecx, y = secx and ___ are sometimes referred to as the
r___ trigonometric functions because of the way that they are defined.

number.

km
(b) The graph y = tanz has asymptotes at z = TR where k is an o

Fundamentals 3

(a) sin(x+ ) =sinz
(b) cos(z+ —)=cosx
(¢) tan(zx+ ) =tanx
(

d) These three results show that sinz, cosx and tanz have periods of and

respectively.

)
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Question 1

(a) Fill in the exact values in the table below.

3
0 0 g T g 21
sin 0
cos 0

(b)  The diagram below shows the sketches of y = sinz and cosx in the domain x € [0, 27]. Identify
which one is y = sinz and which one is y = cosx, then label all relevant information using your
values in (a).

(1) (i)

3

Question 2

(a)  Fill in the exact values in the table below.

0 0

po | 3
|\

tan @

(b) The diagram below shows the sketch of y = tanx in the domain z € [0, 27]. Label all relevant
information using your values in (a).

YA

ISh 4

Question 3  Sketch the graphs of the following in the domain z € [0, 7].

(a) y=sinx (b)  y=cosx (¢c) y=tanzx
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Question 4  Sketch the graphs of the following in the domain x € [—7, 7.

(a) y=sinz (b) y=cosz (¢) y=tanzx

Question 5 Sketch the graphs of the following in the domain x € [—27, 27].

(a) y=sinx (b) y=-cosz (¢) y=tanx

Question 6

(a) Fill in the exact values in the table below.

T 3T
sec @
cosec 0

(b)  The diagram below shows the sketches of y = cosec z and sec x in the domain z € [0, 27]. Identify
which one is y = cosecx and which one is y = secx, then label all relevant information using
your values in (a).

(i)

YA

Y

KLY
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Question 7

(a)  Fill in the exact values in the table below

0 0

NS
N

cot 0

(b)  The diagram below shows the sketch of y = cot z in the domain x € [0,27]. Label all relevant
information using your values in (a).

YA

<Y

Question 8

(a)  Write down the definition of y = sec .

(b)  Solve cosxz = 0 in the domain z € [0, 27].

(¢c)  What is the geometric significance of these x values on the graph of y = secx.

(d)  Use a similar technique to algebraically find the asymptotes of y = cosecz and y = cot = in the
domain z € [0, 27].

Question 9

(a) Is f(x) =sinz an odd or even function?

(b) Hence, complete the following identity sin(—z) =

(¢) Use a similar technique to establish similar identities for the following.

(i)  f(x) =cosx (ii)  f(x) =tanz (iii)  f(x) = cosec x
(iv) f(x) =secx (v)  f(x)=cotx

(d) Does reciprocating a function seem to affect its symmetry?

Question 10 State the range of the following in the domain x € [0, ﬂ} .

2
(a) y=sinx (b) y=cosx (¢) y=tanz
(d) y = cosecz (e) y=secx (f) y=cotzx
|
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Question 11  State the range of the following in the domain z € [, 7].

(a) y=sinx (b) y=cosx (¢c) y=tanzx
(d)  y=cosecx (e) y=secx (f) y=cotx
£ Challenge Problems SRR 1
Problem 1

(a)  Sketch y = sinz in the domain x € [—m, 7).
(b)  On the same set of axes, but in a different colour pen, sketch y = sin (a: + g)
(¢c)  What do you notice about your new curve?

(d)  Complete the trigonometric identity sin (a: + g) =_ .

S x
Problem 2 Sketch y =

sinx

in the domain z € [—m, 7).

Hint: This is not simply the graph of y = 1. There is more to it than that!

Problem 3  Mary sketches y = cotz in the domain x € [0,27], and Bob is asked to sketch

1
= in the same domain. Bob argues the following.
tanx

y:

=cotx

Bob then claims that his sketch will therefore be identical to Mary’s sketch. However, his teacher
tells him that this is not quite correct. Explain why Bob’s answer is incorrect.
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Exercise 6D

Solving trigonometric equations with radians

& Fundamentals

Fundamentals 1

(a) Suppose a question asks you to solve either sin = k or cos @ = k over a domain other than
x € [0,27]. First, find all the solutions in the domain x € [ ], and then add or subtract
multiples of to generate equivalent solutions until all possible solutions in the given
domain are found.

(b) If you are solving tan @ = k, then instead of adding
add to each solution.

to each solution, you instead

Fundamentals 2

(a) sin (g - x> = (b) cos (% - :L‘) = (c) tan <g - :v) =

Question 1  The trigonometric graphs below are drawn to help you to solve the following equations
for # in the domain —27 < 0 < 27

y = sinf
YA
/\ 14 Yy =sinz
—27 —T 0 ’\/Zﬂ' r
~1 +
y = cos 6
YA
\ //\ Y= C07
-2 —T 0 \\77/ o ¥
-1 4+
y = tanf
I I y“ I I
| 1t/ |
S A (S A S
(a) sinf =0 (b) sinf =1 (¢) cosf=-1 (d) tan@=0
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Question 2
1
(a) The graphs of y = sinz and y = ﬁ are drawn in for z € [—27, 27]. Use the diagram to show
1
that there will be 4 solutions to the equation sinx = — in this domain.

V2

(b) Find the exact values of x in this domain.

YA

I
I
1
1
1
I
I
I
I
I
I
I
1
1
1
1
I
I
I
I
I
1
1
I
I
I
I
I
I
I
1
1
1
I
I
I
<
Il
-

T S5m 13w Nl

1
Question 3 Show that the solutions of sin = 5 in the domain 0 € [0, 47| are 6 6 6

Question 4  Solve for z € [0, 27].

(a) sinzx = -1 (b) cosz = \}5 (¢) cosz=1

(d) tanz = 5 (e) cosz= —% (f)  tanz = -1

Question 5 Solve for z € [—2m, 27].

(a) sinz = \éﬁ (b) cosz = —\}5 (¢) tanx =1 (d) tanz = 5

Question 6 Solve the following for z € [0, 27]. Round to three decimal places, where necessary.

(a) cosx =secx (b) sin’z = %

(c) 2sinz =cosx (d) cos?’z —sinz =0

(e) cos?x =cosx (f)  (2sinz+1)(3cosx—1)=0

(g) tanz+3cotx —4=0 (h)  (V3tanz +1)(tanz —v/3) =0
(i) (sinz+2)(2sinz+1)=0 (j)  2sin?z+3sinx —2=0

(k)  6sinxcos?r —2sinz =0 (1)  2cos’z+5cosx—3=0

Question 7 Solve the following for 6 € [0, 27], correct to three decimal places.

(a) sinf—=0.316 (b)  2cosf = —0.689 (¢) tanf— %
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Question 8 Solve the following for 6 in the domain 6 € [0, 27]. You may need to use some trigono-
metric identities that you have learned earlier.

(a) sec’z +tanx =1 (b) 2sin?x+cosz —2=0 (¢) sec’z —2tanz =4

Question 9

(a) Name the quadrant in which siné > 0 and tan€ > 0 and hence find the exact value of cos 8 if

sinf = —.

5
(b) Name the quadrant in which cosf < 0 and tan6 > 0 and hence find the exact value of sin 6 if

4
/—
COS 5

(c) Name the quadrant in which sin > 0 and tan# < 0 and hence find the exact value of cot # and
cosf if sinf = 0.7.

(d) Name the quadrant in which sin < 0 and cosf < 0 and hence find the exact value of cot @ if

1 1
sinf = ——— and cosf = —

V2 V2

Question 10 Solve for a and z, without evaluating the left hand side.

5
(a) atanz:2tan%+4cotg (b) asinx:sin%+5cos£
£ Challenge Problems SR e .
Problem 1

(a)  Write down a possible value of « for sinz = cos(a — x).

(b)  Hence, solve

55+ ) =sina)
COS 12 T | = sin(x

in the domain = € {0, g]

Problem 2 Solve the following for = € [—m, 7]

(a) cos’x = +/3sinzcosz (b)  cos?x —sin?x = 3sinz — 1
Problem 3
1
(a)  Show that ———— — cotx = tan x.
sin x cos x

(b)  Hence, or otherwise, solve in the domain x € [0, 27]

cos?xr —1

sinx cos x
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Chapter 6 Review

Radians

Question 1  Convert the following to radians.

(a) 150° (b)  300° (c) 80° (d) 200°

Question 2 Convert the following to degrees.

T 5£ 7T 2T

@ T v 2 © = @ =

Question 3 Convert the following to degrees, correct to 2 decimal places.

(a) 2 (b) 0.5 (c) 3.21

Question 4  Simplify the following.

tan(2m — 0) sin(7 + 6)
() cos (TF _ 9> (b) cos(m — 0)
2

Question 5 Find the exact value of the following.

(a) cos (73:) + sin (T) (b) cosec (Z) + sec (T)
(c) sec <2;> + tan (g) (d) tan (35) + cos <5g>
©) - contam) oos () 0 o () e (1)

Question 6 Use your calculator in radian mode to evaluate the following, correct to four
decimal places.

(a) sin(1) (b) tan(0.8) (¢) cos(2)
Question 7 Show that cos20 = 1 — 2sin? @ is true when

s

0=— b) 6=——
() 0=17 (b)
Question 8 A sector is subtended by an angle of 0.7 radians, and an area of 20 cm?. Find the
following in exact form.

(a)  The radius of the circle.

(b)  The perimeter of the sector.




164 cChapter 6: Radians

Question 9 Find the exact value of the radius r and angle 6 of the sector that has an

(a) area of 100 cm? and arc length of 20 cm.

(b) area of 7 cm? and arc length of T em.

Question 10

(a) Suppose cosf = % and sin § < 0. Find the exact value of tan 6 and sin 6.
(b) Suppose sinf = —2 and cosf < 0. Find the exact value of cosf and tan 6.

4
(¢c) Suppose tanf = 5 and cosec < 0. Find the exact value of sin and secf.

Question 11  Solve the following for 6 € [0, 27].

(a) sin@:—\ég (b) tanf = —

&l

(¢) tan%?0=3 (d) 4sin?0=3

Question 12  Solve the following for 6 € [, 7.

(a) sin(20) = % (b)  cos(20) = —%

/0 V3 2T
(¢) sin <2) i (d) tan (9 - 3> =3
Question 13  Solve the following for 6 € [0, 27].
(a) 2sin?6 +sinf =0 (b) 2sin?6 —3sinf+1=0
(¢) 2sin?0 —5sinf+3=0 (d) sin?6 = 2cosf + 2

Question 14 What is the greatest value of the function y = 3 — 2sinx?

Question 15 Write down the range of the following, using interval notation.
(a) y=3cosx (b)
(d) y=2-3cosz (e)

y= —4sinz (¢) y=bhtanz
y=—2+6sinx (f) y=—-4—4cosz
Question 16 Eliminate 0 from the following by using a relevant trigonometric identity.
(a) x=cosfand y = 2sinf

(b) x=3sech and y =4tand

(¢) x=2-—cosfand y=1+sinb
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Question 17 Solve the equation

3
cos™ +sinfcosf =1

sin

in the domain 6 € [0, 27].

2
Question 18 The diagram below shows a sector subtended by an angle of % from a circle

with radius 6 cm.

6 cm 6 cm

The straight edges of the sector are joined so that the sector forms a cone. Find the volume of
the cone that it forms.

Question 19 [Reuleaux triangle]

The diagram below shows a Reuleauz triangle, which is formed by obtaining an equilateral triangle
of side length r, and forming circular arcs along each side of the triangle.

A

_—7—°
Show that the area of the Reuleaux triangle is

Le-vi)

Question 20 Solve the equation

1
infcosf = -
S11 ¢ COS B

in the domain 6 € [0, 27].
Hint: Re-arrange to make the “1" the subject, then use a familiar trigonometric identity.
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Q Investigation Task

This investigation task will further develop the students’ understanding of the effect of changing
various parameters on the graph of the sine and cosine functions.

Trigonometric Graphs

Question 1  Use graphing software to sketch
y = Asin(nz + «),
and create sliders for A, n and a.
(a)  Set & =0 and n = 1. Adjust the slider for A and comment on your results.

(b) Set &« =0 and A =1. Adjust the slider for n and comment on your results.

(¢) Set A=1and n=1. Adjust the slider for &« and comment on your results.

Question 2 [Verifying trigonometric identities graphically]

Use graphing software to sketch the graphs of the following, and comment on your result. What
familiar-looking graph do you obtain?

(a) y=sin(-z) (b) y = cos(—z)

(¢c) y=sin (g - m) (d) y=sin <g + :1:)
(e) y=cos (g — x) (f)  y=cos (g + x)
(g) y=sin(r—x) (h) y = cos(m —x)

Question 3 [Double-angle formulae]

Use graphing software to sketch the graph of y = sin?z. Using methods from Mathematics

Extension 1, it can be shown that this function can be expressed in the form
y = Acos(nz) + ¢,
for the right values of A, n and c.

Experiment with the sliders until you find a suitable value of the parameters that results in

the same graph as y = sin? z.
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Q Investigation Task

Angular Speed and Linear Speed

Consider a bicycle wheel with some radius ». We measure how ‘fast’ it spins in terms of radians.
For example, a wheel spinning at one revolution per second spins at an angular speed of 27 radians
per second, since one revolution is equivalent to 27 radians.

But of course, for a bicycle, we are not interested in how fast the wheels are spinning. Rather, we
are interested in knowing how fast the cyclist is moving forwards. This is called the linear speed,
usually measured in metres per second.

Question 1  Suppose a wheel with radius r» metres spins with a constant angular speed w radians
per second.

(a) How many metres does the wheel roll after one second?

(b) Hence, what is the linear speed s of the wheel?

Question 2 [Application to cycling]

A fixed-gear bicycle has the pedals fixed to the front gear. This means that as long as the
bicycle is moving, the pedals will always be spinning at a proportional rate. The rear-wheel gear,
called the rear sprocket, is much smaller than the front gear, and is connected to it by a chain.
It is also directly connected to the rear wheel, which means that the angular speed of the rear
wheel will be the same as the angular speed of the rear sprocket.

Consider a bike with a 58/14 gear-ratio, which means that the front gear has 58 teeth on it
whereas the rear sprocket has 14 teeth. Suppose that the radius of the rear sprocket is 3 cm.

(a) Suppose that the number of teeth on the gear is directly proportional to the radius of the
gear itself. What is the radius of the front gear?

(b)  An Olympic cyclist cycles 50 km after exactly one hour of cycling. Calculate the linear
speed of the bicycle, in metres per second.

(¢c) This linear speed gets transferred from the rear sprocket to the front gear via the chain.
Find the angular speed of the front gear.

(d) Hence, determine how many revolutions per minute the Olympian had to output, on average,
for the whole hour.

Question 3 Research the linear speeds of a typical Olympic cyclist when doing the ‘hour record’.
Using the techniques from Question 2, find how many revolutions per minute they were pedalling
at (called the cadence), on average. Now research the typical speed of an average cyclist (or even
yourself!) and compare.
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Exercise 7A

Limits

7A Limits 169

& Fundamentals

Fundamentals 1

Fundamentals 2
(a)  We have the limit

lim — = ___
T—00 I

(b)  Similarly, we also have

and

where n > 0.

The limit of a function as x — « is the __-coordinate that the graph approaches.
The actual point f(a) does/does not (circle one) need to exist for the limit to exist.
c)  Sometimes, the limit of f(x) as © — « may be found by evaluating f(_—).

d) If substitution does not work, we can try s f(x) before substituting.

because as we divide 1 by a larger number, the result gets larger/smaller (circle one).

Question 1 Find the following limits by substituting the given value.

(a) lim(4—2) (b)  lim(z? — 2) () lim (12> (d)

r—6 z—3 z—4 \ T

Question 2

(a)  Try to find the following limit using substitution

|
lim .
z—1 x —1

Explain why this did not work.

1,2

(b) By first simplifying

T —

lim (Vz + 2)

T——2

_1 before substituting in & = 1, evaluate the same limit.
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Question 3 Find the following limits by first simplifying.

2?2 —9z oo —1
(d> ill)% € (b> 1171—>ml$2—1
o x2-25 . 2?2 +5x
(c) :};1—% ) (d) :}:1—% 22—
222h — 9h? 22 -9
| f li
() lim = 0 s
o 2?42 -3 22 —bx+6
R e
2 —4 . |
@ i1—>r112x2—m—2 () zlgr—lle—l
|
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rx—1
Problem 1  Find lim .
z—1 \/x —1

Hint: Try rationalising the denominator first.

Va2 +25-5
x? '
Hint: Try rationalising the numerator first.

Problem 2  Find lim
z—0

1
Problem 3  Find lim 2,
=2 r — 2

1_
T

Problem 4  Define the function f(z) = 22.

(a)  Find f(1+ h).
(b) Hence, find the value of

lim

h—0

Problem 5  [Differentiation by first principles]

Define the function f(z) = 2.

(a)  Simplify f(x 4+ h) — f(x).
(b)  Hence, show that

f+h)—f(1)
h

7A Limits
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Exercise 7B

Differentiation by first principles

& Fundamentals

(a)
(b)
(c)
(d)

Fundamentals 1

The difference quotient is the gradient of as____ on the graph of a function.

This secant passes through a point P(z, f(z)) and another point @), which is h units away
horizontally. The coordinates of () are .

The formula for the difference quotient is

We may vary the value of ___ | which will adjust the distance of @) from P.

If we make the value of ___ smaller, then @ will move further/closer (circle one) to P.

Fundamentals 2

A tangent to a curve at a point is a straight line that t ___ the curve at that point.
The tangent is a limiting case of a s P() as the two points get closer.

In other words, the gradient of the tangent is the limit of the gradient of the s

This means that the gradient of the tangent is the limit of the d q , as
h— .

The formula for the tangent at any point x is therefore }llir%
o

(f)  This process finds a function that outputs the g of the tangent at any point x.
This special function is called the d_—__ function, denoted by f’(x).
(g) The process of finding this function, as described above, is called d_—_ by first
principles.
u
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Question 1 The diagram below shows the point P(2,3) on a function f(x) = 22 — 1.

[\D.______
) /

\V

a) Find the coordinates of the point () that has x coordinate 2 + h.

)
b) Show that the interval PQ has gradient h + 4.
Describe what happens to the point () as we make h — 0.
)

(
(
()
(d)  As h gets smaller, what value does m approach?
(¢)

e)  Describe the geometric significance of this value of m.

Question 2 Define f(z) = 22.
(a) Find and expand f(1+ h).

f(L+h) - (1)
h

(c) Hence, find ’llli)no fa+ h}i — f(l)

(b)  Show that =2+ h.

(d)  What is the geometric significance of the numerical value you obtained?

Question 3  Define the function f(z) = 2% + .
(a) Find the gradient of the secant that connects P(1, f(1)) to Q(1 + h, f(1 + h)).
(b)  Find the limit of the gradient as h — 0.

(¢) Describe the significance of this result.

Question 4 Find the difference quotient ( + h})L —f=) of the following functions.
(a) flx)=2z+1 (b)  f(z)=3—4x
() flx)=2%-1 (d) f(z)=2*+2-5

Question 5 By taking the limit as h — 0 for each of the difference quotients in the previous
question, state the derivative of each function above and hence find the gradient m of the tangent
when z = 1.
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Question 6 Find f/(z) using first principles, and hence find the gradient of the tangent to each of
the following when z = 2.

(a)  flz)=a? (b) fl=z)

(c) flz)=2®-22 (d)  flz) =

Question 7

1
(a)  Use graphing software to plot the point (2,1) on y = zle.

that continuously varies the value of A from 0 to 1.

Question 8

(a) Expand (a+ b)3.

(b)  Hence, differentiate y = 23 by first principles.

£ Challenge Problems

Problem 1  [Differentiating functions involving square roots by first principles]

Define the function f(z) = /z.

(a) By rationalising the denominator, show that the difference quotient is equal to

1

vVe+h+z

(b)  Hence, write down what f/(x) is.

(¢)  Use a similar technique to calculate f'(x) if f(z) =

Problem 2  [Differentiating y = =1 by first principles]

Define the function f(x) = %
h
(a) Show that f(z+h) — f(x) = i@t h)

1
(b)  Hence, differentiate y = — using first principles, and show that f'(x) =
x

MASTERING MATHEMATICS

2 — 22
32+ x+1

Use your diagram to read off the gradient of the interval PQ as h approaches zero.

Verify this result algebraically using differentiation by first principles.

Bl

Plot the point on the curve where x = 2+ h, where h > 0, on the same diagram. Create a slider
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Exercise 7C

Basic differentiation rules

& Fundamentals

(a)
(b)
(c)
(d)
(e)

(a)
(b)
()
(d)

(a)

(b)

Fundamentals 1
Complete the following.

Fundamentals 2
To find the equation of the tangent to the function y = f(x) at x = a:

Fundamentals 3

If y = 2™, where n is any rational number, then 3’ =
If y = k x 2", where n is any rational number and £ € R, then 3/ = .

If f and ¢ are functions of z, then (f £ g)’ =

d
The notation d—y means 'differentiate ___ with respect to __".
0

If the derivative is f’(z), then the gradient of the tangent at z = « is

First, d_____ the function to find .
Calculate f'(_—) to obtain the g of the tangent.

If the corresponding __-coordinate is not provided, then calculate it by finding f(_).

Substitute the values that you have found into the p -g formula, which is
The normal is the line that isp___ to the tangent, but sharing the same point-of-
contact.

To find the gradient of the normal, first find the gradient of the t ____ using the steps
outlined earlier.

Since the normalisp__ to the tangent, then the gradient of the normal must be the
n r of the gradient of the tangent.

Now, use the newly obtained gradient but the same p
normal using the p -g formula.

to find the equation of the

If /(o) = 0, then that means the gradient of the tangent is __. This means that the
tangentish___ at xz = «.
In this scenario, the normal willbeav____ line, and have equation
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Question 1

(a)  Use the results from the previous exercise to write down the derivative of the following.

(i) flz)== (i) flz)=a? (iii) f(z) =2

(b)  Hence, hypothesise a formula for the derivative of f(x) = 2™, where n is a positive integer.

Question 2 The power rule of differentiation states that

a
dzx

(z™) = nz" 1,

where n is a rational number. By first expressing in the form z™ using the index laws, use the power
rule to differentiate the following.

(a) a8 (b) = (©)

() V& () Ve (2)

Question 3 Recall that if y = k x 2", then ¢/ = k x nz"~! and that (f £g)' = f' £ ¢’. Use these
rules, or a combination of them, to differentiate the following with respect to x.

(a) flz)=32° (b)  flz) = —4a? (c) flz)=a%+22
(@) f(a) = a® — 42 (@ fla) =52 a2 (0 fla)= g2 + 1o+ a2
Question 4 By first expanding and/or simplifying, find %
2
(a) y=(x+1) (b) y=a(@+1) () y:mgjl
2 —5x+6 1\2
@ p=EZEES gy (a4 )

Question 5 Differentiate the following with respect to their variables.

( )=

Express your answer as

For example,

d
(a) y®+2y (b) 623 — 522 (c) 3 —2t2
(d) p-p? (e) 4u?—u (f)  wd+w?
|
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Question 6 Find the gradient of the tangent on the following curves where x = 1.
(a) y=2"-u (b) y=Va (c) y=(r-2)

x? —
@ y=— (@ y=2_1

X

Question 7
(a) Sketch the graph of y = 22 — z, labelling both x intercepts.
(b)  Find the gradients of the tangents drawn from the z intercepts.

(¢)  What do you notice about the gradients from part (b)? Was this result expected?

Question 8 Let P be the point where x = 4 on the curve y = /x.
(a) Find the gradient of the tangent at P. (b)  Find the coordinates of P.

(¢c) Hence, find the equation of the tangent. (d) State the gradient of the normal.

(e) Hence, find the equation of the normal.

Question 9
(a)  Sketch the graph of y = /x.
(b)  Find the equation of the normal to the curve y = \/x at = 1.

(¢) The normal from (b) intersects the z and y axes at A and B respectively. Draw this in your
sketch in part (a) and find the coordinates of A and B.

(d) Find the area of A OAB, where O is the origin.

Question 10  Find the equation of the tangent and normal to y = 2z — 2% at « = 2.

Question 11  Find the z-coordinate of the point(s) on the curve y = 23 — 12z 4+ 1 where:
p Yy

(a) the tangent is horizontal.

(b)  the tangent has angle of inclination 45° from the positive z-axis.

1
(¢)  the normal has gradient g

Question 12 Find the points on the curve y = 23 — 622 4+ 10z — 1 where the tangents are parallel
to the line y = x + 2.

Question 13  Find the z-coordinate of the point on the parabola y = az?+ bx + ¢ where the tangent
is horizontal. The result should look familiar. Explain your observation.

1
Question 14 Find the equation of the tangent and normal to y = x + — at x = 1. You may notice

x
some unusual results compared to other tangent/normal questions done earlier in this exercise. Use

1
graphing software to sketch y = x + —, and explain why this question is different.
x
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4
zt -1
Problem 1 By first simplifying the expression, differentiate f(x) = 1
T —
. . rz—1
Problem 2  Differentiate f(z) = ——.
z+1

Hint: Try rationalising the denominator.

Problem 3  The line z +y + 2 = 0 is a tangent to y = x> — 42 at a point P. Find the
coordinates of P.
Hint: Do not attempt to solve the two equations simultaneously.

Problem 4  Find the equation of the tangent and normal to y = v/1 — 2?2 at (0,1).
Hint: Try drawing a sketch of the curve. You will see that differentiation is not necessary
here!

Problem 5

(a)  State the gradient of a tangent that is horizontal.
1

(b) Hence, show that there are no points on y = x — — where the tangent is horizontal.
x

(¢)  Verify your result using graphing software.

Problem 6

(a)  Show that P <cp, E), where c is a constant, lies on the hyperbola zy = c?.
p

(b)  Draw a sketch of the hyperbola and label any point P on the curve.
(¢)  Show that the tangent at P has equation x + p?y = 2cp. Draw the tangent on your sketch.

(d)  The tangent intersects the = and y axes at A and B respectively. Show that the area of
A OAB will always be the same, regardless of where the tangent was drawn.

Problem 7

(a) Expand and simplify the expression (z — 1)(1 4 = + 22 + 23 + 2).
25

(b)  Hence, differentiate
T

1 with respect to x.
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Exercise 7D

Chain rule

& Fundamentals

Fundamentals 1
The following are different variations of the statement of the chain rule.

(a) If h(z) = f(g(x)), then h'(z) =

d d
(b) If yis a function of u, and w is a function of x, then 2 d—yx - .
x u

Fundamentals 2
The following are useful formulas to remember.

(a) Ify=(ax+b)", then y =

(b) Ty=(f@))", then ¢ = n(f(x))" " x

Question 1

(a) Differentiate (22 4+ 1)? by first expanding and then differentiating term-by-term.
(b) Differentiate (23 + 1)? using the chain rule.

(¢)  Verify that the answers in (a) and (b) are the same.

Question 2 Use the chain rule to differentiate the following

() y=(20+ 1) (b) y=(2+1) © y=g

(d) y=+v2z-1 (e) y:1—|—1x2 (f) y—\/%jﬁ
4

(&) y=V1-a? (h) yz(x—D (i) y=(3x:4)2

Question 3

(a) Differentiate f(z) = V4 — x2.

(b)  Find the gradient of the tangent where x = 2. What do you notice? Explain your observation.




180 cChapter 7: Differentiation and Applications

Question 4

Differentiate y = +/2x + 1.
Show that y x ¢y = 1.

a)
b)
¢)  What does this imply about the behaviour of ¢’ as y gets large?

(
(
(
(

d)  Verify this result by drawing a graph of y = v/2x + 1 either by hand or using graphing software.

Question 5 [A way to bypass the quotient rule]

(a) Find constants a and b such that =a+ .
z+1 r+1

b) H differentiate y = .
(b) ence, differentiate y o

Question 6

(a) Differentiate f(z) = (ax + b)"™, where a and b are constants, and n = 1,2,3,...

(b) Find f (_b).

a

(¢) Find f’ <—b) for n = 2 and n = 3. What does this mean geometrically? Was this answer
a

expected?

V41

Question 7 Consider the function f(x) =

r—1"
1 1
(a) Show that Y21 _
x—1 Ve —1
(b) Hence, differentiate f(x).
22
Question 8 Consider the function f(x) = T
Tz —

1
(a) Show that f(z)=x+1+ 1

(b) Hence, differentiate f(x).
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£ Challenge Problems SRR e -

Problem 1  [A way to bypass the product rule]

Define the function f(z) = z(x + 1)5.

(a) By turning the z at the front into (x + 1 — 1), or otherwise, show that

f(@) = (z+1)% — (x +1)5.
(b)  Hence, differentiate f(z) = z(z + 1)°.

Problem 2

(a) Expand and simplify the expression (z + 1)(1 —z + 22 — 23 + 2).

5
1
(b) Differentiate f(z) = ifv-l——l_l

with respect to x.

(c) Hence, show that

(z+1)2

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
[
I 5

' d

: ( :c ):4x3—3m2+2x—1+
|

|

|

|
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Exercise 7E

Product rule

& Fundamentals

Fundamentals 1

The product rule of differentiation is used to differentiate the p___ of two functions of z
when expanding is too impractical.

Fundamentals 2
The following are variations of the statement of the product rule.

(a) If w and v are functions of z, and y = uv, then ¢y’ = v'v+

. d dv
(b) If w and v are functions of x, then %(uv) = u%—l—_.

(c) If h(z) = f(z)g(x), then W' (z) =

Question 1  Differentiate the following using the product rule, and simplify your answer.

(a) y=zx(z+1)° (b) y= 8z —1)(5—4a?)
(¢) y=(322+22x+9)(4—5z) (d) y==2(3r-2)*
(e) y=a*(x—1) () y=@+1)*(z+2)°

Question 2 Differentiate the following using the product rule.

(a) y=(22+1)(3x —1)? (b)  y=(2?—-1)3(5z +2)*
(¢) y=Cz+1*2x-1)° (d) y=zvr+1
() y=a22V1—2z (f) y=av1+a?

Question 3 Let n be a positive integer. Show that the function

flz)==x (:U2 + 1)n

will never be horizontal at any points on the curve.

Question 4  Define the function
flx) = 2™ (x -1,

m
where m and n are positive integers. Show that the graph is horizontal at z = 0, o 1.
m+n
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Problem 1  [Proving the Quotient Rule]

Let u and v be functions in terms of z with derivatives u’ and v’ respectively.

Define the quotient f(x) = L
v

(a) By expressing the quotient as f(x) = uv~!, show that

wv—v'u
f/(x) = 02 :
-1
(b)  Use this formula to differentiate f(z) = 2i 1

Problem 2 [Multiple Root Theorem]

(a)  Define the polynomial
P(z) = (z —1)3(1 + 2?).

Show that P(1) = P'(1) = 0.
(b)  Define the polynomial
Pr) = (x — a)"Q(),
where Q(z) is some polynomial and n > 2 is an integer. Show that

P(z) = (z — )" [nQ(2) + (z — ) Q'(x)]

and hence state the value of P'(«).
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Exercise 7F

Quotient rule

& Fundamentals

Fundamentals 1

(a) The quotient rule is used to differentiate the q_ of two functions of z.
(b) The quotient rule is/is not (circle one) always needed to differentiate the quotient of two

functions of x.

Fundamentals 2
The following are variations of the statement of the quotient rule.

vu' —

(a) If w and v are functions of z and y = E, then ¢/ =
v

du

) d (u Ve
(b) If w and v are functions of z, then iy =
z \v

@) e 9@ (@)=
(€) Ih(z) = =5, then 1/(2) 7

Question 1 By first simplifying, differentiate the following without using the quotient rule.

T xt — 22 2 +1
@ v= ) y=2" © y="

2 =1 x—1 22 =5z +6
(d) y= 1 () y=—735—7 0 y=———g

Question 2 Differentiate the following using the quotient rule.

r—1 3z+1 x?

d = b = N =

@) v="1"7 (b) 2% — 1 () v=3.75
1— a2 a—x ar +b
= — ) = f =

() y 1+ 22 () v a+x v br +a

z+1
Question 3 Differentiate y = 1 and show that the derivative is always negative.

Question 4 Consider the function

r+at
y = —.
r—
22 +1 ,
(a) Show that f(x) = FCREE (b) Hence, find f'(x).
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Question 5 Differentiate the following using the quotient rule.

voe+1

(b) y=

where x # b.
a) Find f'(z).

b) Show that if @ > b, then f’(x) > 0. What is the geometric significance of this?

d) Show that f’(z) =0 when a = b. Was this result expected?

(
(
(¢) Show that if a < b, then f’(x) < 0. What is the geometric significance of this?
(
(
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e)  Verify the results from (b) and (c) using graphing software, by graphing some sample functions

where a > b and a < b respectively.

Problem 1  [Application to curve sketching]

_Va-!
V41
-
VavE+1)"

Define the function f(x)

(a)  Show that f'(z) =

(b)  Explain why the gradients of the tangents are always positive.

(¢) Examine the behaviour of f/(x) as = gets smaller. What does this mean about the gradients

of the tangents?
(d)  Find the x and y intercepts of y = f(x).

-1
(f)  Show that lim (ﬁ—> = 1.
Hint: Divide top and bottom by \/x first.
What is the geometric significance of the limit being 1?7

(z) Fill in the following table of values.

=
—_
Nej

xr

100

f(z)

(h) Hence, draw a sketch of y = f(x) and check that it agrees with all the data found in

previous parts. Verify your answer using graphing software.

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
: (e)  State the domain of f(x).
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
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Exercise 7G

Average rate of change

& Fundamentals

Fundamentals 1
Let A(a, f(a)) and B(b, f(b)) be two points on a continuous function f(z).

(a)  The average rate of change between A and B is the net change in ___-coordinate, divided
by the length of the interval of x between the two points.

(b)  This means that the average rate of change from A to Bistheg_ of the chord AB.

(¢) The formula for the average rate of change of a function f(x) over the interval = € [a,b] is

Average Rate = ———
b—a
Fundamentals 2

(a)  The function may represent the quantity @ of something as a function of t t.

(b) In this case, the average rate of change is

change in

Average Rate = —
change in time

(¢)  Another way of expressing this is

Qﬁnal -

—Tinitial

Average Rate =

Fundamentals 3

Suppose ¢t is time, in minutes. Write down the equivalent time intervals, in the form ¢ € [a, b],
that accurately depict the following descriptions.

(a)  During the first minute. (b)  During the second minute.

(c) During the n'® minute. (d)  Over the first five minutes.
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Question 1 A container is continuously filled with water, and the volume of water after ¢ minutes
is given by
V() =t>+t+1,

where V' is measured in litres.
(a)  Find the volume of water in the container initially (¢ = 0) and when ¢ = 3.
(b)  Hence, find the average rate of change of V' over the interval ¢ € [0, 3].

(c) Find the average rate of change of V' over the interval ¢ € [1,4].

Question 2 A bucket full of water has a leak, and the volume after ¢ minutes is given by

V(t) =t2 — 4t + 4,
where V' is measured in litres.

(a) Find the average rate of change of V.

(i)  during the first minute. (ii) over the first 2 minutes.
(b)  Explain why the model is only valid for ¢ € [0, 2].
Hint: What happens to a leaky bucket eventually?

Question 3 The value of a car, in dollars, is modelled by the equation

V() = 50000(1.15)",

where t is time in years. What is the average rate of change in the value of the car over the first five
years?

Question 4 Find the average rate of change of y with respect to z, over the specified intervals.

o) y=22 (0.1 0) y=ab 13 © y=2, 47
@ y=-p 3 © y=vE (04 0 v=—m (12

Question 5 The average rate of return is how much an investment makes, on average, over a
specified time period. Find the average rate of return of an investment of $5000 that increases in value
by 6% per annum for 4 years.

187
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Problem 1 The volume of water in a container after ¢ minutes is given by the equation
V(t) = t* + 4t + 20,

where V is measured in litres. It is known that the average rate of change in volume over the
first k seconds is 10 litres per minute. Find the value of k.

Problem 2  [Linking to instantaneous rate of change]

The temperature (°C) of a metal rod after being heated for ¢ minutes is given by

T(t) =1+t

(a) Find the average rate of change over t € [1,1.1], t € [1,1.01] and ¢ € [1,1.001]. What
value does the average rate of change appear to be approaching?

(b) In part (a), you were finding the rate of change over t € [1,1+ h] as h — 0. What process
does this resemble?
Hint: Think about earlier in this chapter!

(¢)  The instantaneous rate of change is the rate of change at an instant, or in other words at a
specific value of ¢ rather than across an interval of . Use the results from previous parts to
briefly explain the relationship between the average rate of change and the instantaneous
rate of change.
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Exercise 7H

Instantaneous rate of change

& Fundamentals

(a)
(b)
()

Fundamentals 1

Thei__ rate of change of a quantity @) is the rate at a specific value of _.
In contrast, the a___ rate of change of a quantity @) is the rate of change across an
i of time.

The instantaneous rate of change of Q(t) at t = t; is denoted by Q'( ).

This means that the instantaneous rate of change at ¢ = ¢, is just the g of the
t_ at that point.
The instantaneous rate of change is the 1___ of the average rate of change, as the

interval of time gets smaller/larger (circle one).

Fundamentals 2

Use the a_ rate of change if you are given a time interval ¢ € [a,b], but use the
i rate of change if you are given an instant value of time ¢t = t;.
The instantaneous rate of a quantity QQ isthed___ of @) with respect to t :

d
Hence, the rate of change of a quantity ) is denoted by I

Fundamentals 3

A quantity is increasing at t = t1 if Q'(¢1)
A quantity is decreasing at ¢t = t1 if Q'(¢1)

A quantity is not changing at ¢t = ¢, if Q'(t;) =

Question 1  The volume of water in a container can be modelled by the equation

10—t
24t

where ¢ is time in minutes and V is measured in litres.

(a)  How much water was in the container initially?

12

(b)  Show that V'(t) = ——

(24t)2

(¢c) Explain why the container is always losing water.
Hint: Look at the sign of V'(¢)
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()
(e)

Find the rate at which V is decreasing initially.

Find the rate at which V' is decreasing when t = 2.

Question 2 A ball is dropped from the top of a building, and the distance of the ball from the
ground after ¢ seconds is given by the equation

h = 100 — 5¢2,

where h is measured in metres.

()
(b)

()

How tall is the building?

How long does it take for the ball to hit the ground? Hence, state the time interval ¢t € [a, b]
where this model is valid.

dh
What is the rate of change a of the height
(i) initially? (ii)  when it hits the ground?

When is the rate at which h decreases the largest?

Bob claims that when the ball is half-way to the ground, the rate at which h decreases is also
half of the maximum. Is this correct?

Question 3 A circular disc expands as it is being heated. The area, in of the disc after ¢ minutes
is given by

where A is in cm?®.

(a)
(b)

A =3t +1,
2

Find the rate at which the area increases after 4 minutes.

Find the average rate of change during the 4" minute.

Question 4 The rate of water flow into a tank is given by

av

— =102 —¢
=102 - 1)

V
where o is measured in litres per minute. The tank initially had 60 litres of water in it.

()
(b)

Describe the difference in the water flow when ¢ = 1 and ¢ = 4.

Show that the volume of water increases for a certain amount of time, and then decreases
afterwards.

Show that the formula V = 20t — 5t2 + 60 satisfies the given information.

Hence, find when the tank is empty.
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Question 5 A block of ice of mass 8 kg melts according to the formula

t2
M=8——
32’

where M is the mass remaining, in kilograms, after ¢ minutes.

(a) Find the time taken for all the ice to melt.

(b)  Find the rate at which the ice is melting after 4 minutes.

(c) Find the rate at which the ice is melting when 2 kg of ice has melted.
(

d) Is the melting rate faster initially, or just before it is gone completely?

Question 6 Water is poured into a tank and the volume V, in litres, after ¢ seconds is

V = 200 + 80t — 2¢2.

(a) Find the amount of water initially.
(b)  If the container was full in 20 seconds, what is the capacity of the bottle?

(¢) Find the average rate of change during the first 10 seconds, and compare it with the instantaneous
rate of change after 10 seconds.

(d)  When was the flow rate the greatest?

£ Challenge Problems SR et .

Problem 1 A pharmaceutical drug is administered and the the amount A of the drug in a
person’s bloodstream is given by the function

A =8t -3,
where t is time in hours and A is in milligrams.

(a)  Explain intuitively why the model is only limited up to a certain value of ¢, and find it.
Hint: Sketch a graph.

dA
(b)  Find o and provide a description of its physical meaning.
(¢)  When did the body stop absorbing more of the drug?
dA
Hint: What is the value of o when the body stops absorbing the drug?

(d)  During which interval of ¢ was the drug amount increasing, and during which interval of
t was the drug amount decreasing?

(e)  What was the highest amount of the drug in the bloodstream?

Problem 2 [Mean value theorem]|
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The diagram below shows the graph of a quantity ) against time ¢, given by the equation

Q=t>—-3t2+2t+1

Q4

~+Y

(a) Calculate the average rate of change over the interval ¢ € [0, 3].

(b)  Find the specific value(s) of ty € [0, 3] such that the instantaneous rate of change is equal
to the average rate of change from (a).
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71 Gradient function

Exercise 7|

Gradient function

& Fundamentals

Fundamentals 1

(a) A function is said to be increasing in a domain, if as z increases in that domain, __

(b) Hence, the g

increases in that domain.

must bep___ in that domain.

(¢) A function is said to be decreasing in a domain, if as ___ decreases in that domain, ___

(d) Hence, the g

decreases in that domain.

must ben__ in that domain.

Fundamentals 2

(a)  The gradient function of y = f(x) is y =

b) In the domain where a function is increasing, then the gradient function is p

(
(¢) In the domain where a function is decreasing, then the gradient function is n
(

d)  Where the tangent is horizontal for f(z), the gradient function is z

Question 1  For the piecewise-defined functions given below,

()

(i)  sketch the graph of y = f(x).

(ii)  write down the gradient along each branch of your graph.

(iii) write down the equation of the derivative as a piecewise-defined function.
(

iv) sketch the graph of y = f'(z) on a separate set of axes.

—2zx+3, if x<-1 3, if <=3
f(z) = 5, if —1<z<2 b)) f(x)={ 3z—5, if —3<z<1
x+3, if z>2 -2, if x>1

Question 2 Consider the following graph of y = f(z).

YA

-t =
]

193
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(a) State the domain where the function is increasing. What does this say about the y-coordinates
of y = f'(x) in this domain?

(b) State the domain where the function is decreasing. What does this say about the y-coordinates
of y = f'(x) in this domain?

(c) State where the function has a horizontal tangent. What does this say about the y-coordinates
of y = f'(x) at this point?

(d) Hence, sketch the graph of the derivative function y = f'(x).

Question 3 The diagram below shows a sketch of y = f(x).

YA

(a) State where f'(x) > 0. (b)  State where f'(x) < 0.
(c) State where f'(x) = 0. (d)  Hence, sketch the graph of y = f'(z).

Question 4  Graphs (a) to (i) below are sketches of y = f(x).

(a) (b) (c)
Ya Yi YA

8Y
]Y

/
Y

KY
KY

S8Y
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Graphs (A) to (I)Ibelow are sketches of y = f(x), bi

Y

to their corresponding derivative graphs.

(tsk[A])
YA
< =
(tsk[A])
YA
(tsk[A])
YA
- J

Y

(tsk[A])

YA
(tsk[A])

YA
(tsk[A])

YA

(tsk[

(tsk[

(tsk[

Question 5 Sketch the derivative function of the following graphs.

()

YA

\ S

(b)

oy

/0.5

/

K8Y

(c)

71 Gradient function

Al)

*\yn

&‘ﬁ

it in random order. Match the graphs of y = f(z)

A})J

Al)

. j é /
S ]Y

'y

/N

/

?

A/&‘V

/
]Y
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(d) (e) (f)
Ui Y AY
‘ T 5 T
(8) (h) (i)
Ui Y YA
—2 2 ; —:4 4 ;" 1?5 ;7
(3) (k) ()

8Y

AN

/ ’
£ Challenge Problems B e

o+
|
IS 4

Problem 1~ What is the shape of y = f(x) if the graph of y = f/(z) looks like the following?

(a) (b)
YA YA

1

A
A\ 4

S8Y

Y
|
—_
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71 Gradient function
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Exercise 7J

Continuity

& Fundamentals

Fundamentals 1

(a) Informally, a c f is a function that can be drawn ‘without lifting the
pen off the paper’.

(b) Ifin a given domain x € [a, b], the graph of a function cannot be drawn in such a way, then
we say that the functionisd_ in the domain x € [a, b].

(¢) Name and draw three types of discontinuities that can occur.

(d) To find a discontinuity in a function that has x’s in the denominator, we can let the de-
nominator equal z

(e)  Continuity of a function cannot be discussed unlessa d____ has been specified. This
is because a function may bec_____ in one part of the graph, butd___ in
another.

Question 1  Categorise the following as either continuous or discontinuous functions over the domain
x € R. For the functions that are discontinuous in that domain, state the value(s) of z where the
discontinuity has occurred.

(a) (b) (c)

Ui YA YA

Neg
KY
B < /
[ LY
< j
—
K

ISA 4

H______
<Y
l
|
SIE]
Y

MASTERING MATHEMATICS



7J Continuity

Question 2 Without sketching the following functions, categorise them as continuous or discontin-
uous functions over the domain x € R. For the functions that are discontinuous, state the value(s) of
x where the discontinuity has occurred.

() fla)=a-1 0) f@)=- (© Fa)=lal
1 1 2 -1
@ f@) =17 () flo)=—5— 0 f@) ="
1 rz+1 . T
(5) f@)= 5 ) @) = W@ =

Question 3 The diagrams below show functions that have discontinuities. Categorise them as either
jump discontinuities, holes, or asymptotic discontinuities.

(a) (b) ()

R

ISh 4

S8Y

Question 4 Determine whether the following functions are continuous or discontinuous at the point
where the curve changes equation.

2 +1, f 0 147 or et

€T , or < _ x

(2) f(x)—{ —4r+1, for >0 (b) fla) = ! for > -1
3’ N

13—z, for <3
2 < )

© f(:v)z{ coL sy @ f@={ 10, for z=3

’ o 22 4+1, for >3

Question 5 For each of the following, find the value(s) of a so that the function is continuous

2?2 +ax, for z<1 3x + a, for z<0
f(x)—{ 5r—2, for x>1 (b) fla) = 22 —2x 41, for >0

(c) f(x)={ et (@) flz)=

ar +2, for <2
20%x, for = >2

—N—
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Problem 1 Find the value of a and b so that f(x) is continuous.

a, for =<2
fx)={ (x—3)% for 2<z<6
b—x, for z>6

Problem 2 What is wrong with the following ‘solution’ that concludes that f(z) =

H
_l_
B

is discontinuous at z = 17

To find discontinuities, let the denominator be zero.

14+ =0
Vi=-1
z=(—1)? (square both sides)
=1

Hence, the function is discontinuous at z = 1.

b o o e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e

Problem 3  Recall from trigonometry the circular functions y = sinz, y = cosx, y = tanx,
y = cosecx, y = secx, and y = cot xz. Which of these functions have points of discontinuity over
the domain z € [0, 27]?

Problem 4  [Why ‘hole’ discontinuities are said to be removable]

(a)  Sketch the graph of y = x — 2.

(b)  Sketch the graph of _r 4
’ S O = e

. What is the difference between this graph and the graph
in part (a)?

(c) Hence, complete the following so that the function becomes continuous

, for x

, for x
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Chapter 7 Review

Differentiation and Applications

Question 1  Differentiate the following with respect to x.

2 T
W 5 0) av © @ ¥

Question 2 Differentiate the following using first principles.
(a)  flx) = 422 b) fa)=a—a?
(¢) f(z)=222+3x (d) f(z)=2%—4x+2

Question 3 Differentiate the following with respect to x.

(a) y=a" (b) y=4a" () y=-3 (d) y=Tx
z 5 3 322 — 6z + 8
= — — f = — =
() y=r+- 0 y=_ (8) v .
3 , Jx
(h) y=azVz 0 yv=-3 ) y=-"7
Question 4 Differentiate the following with respect to x.
(a) y=(Bz-2) (b) y=(32"-5)* (c) y=vai+l
1 1 1\4
d = —=— = — f —
(A y=75"05: (e) T () (ac—i—x)
Question 5 Differentiate the following with respect to x.
(a) y=2%2-3z)° (b) y=@Bzr+1)42z-1)°
() y=ava+l (@) y==z(@2+1)°
Question 6 Differentiate the following with respect to x.
r+1 x? 22 —1 x?
(@) y=_—— b) y=5— (c) y P (d) y NS

Question 7  Consider the curve y = 22 — 5x.
(a) Find the point on the curve where the gradient is 1.

(b) Hence, find the equation of the tangent.
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Question 8 Find the coordinates of the point on y = 22 — 2z — 3, where the tangent is
perpendicular to the line x + 4y — 1 = 0.

Question 9  Find the coordinates of the point on y = 223 — 222, where the tangent is perpen-
dicular to the line 2z — y = 5.

Question 10 Find the equation of the normal to the curve y = 222 — 3 that is parallel to
r—y+4=0.

Question 11 The line y = mx + ¢ is a tangent to the curve y = 23 — z + 4 at the point (1,4).
Find the value of m and c.

4
Question 12 The diagram below shows the graph of y = —. The tangent drawn from the
x

point P cuts the = and y-axes at M and N respectively.

(a) If the gradient of the tangent at P is —1, then show that P has coordinates (2,1).
(b) Find the equation of the tangent at P.
(¢c) Find the area of AOMN.

Question 13  Consider the function f(z) = 22 — 42. Find the average rate of change over the
intervals

(a) =z €][2,3]. (b) ze€[-2,5]. (¢c) xe€l]-4,-1].

Question 14 Find the average rate of change of y = 2 x 3% over the interval z € [0, 2].
Question 15 A circular disc expands as it is heated. The area, in cm? after ¢ minutes is given
by A = 8t? + 2t. Find the rate of change of the area after 2 minutes, and the average rate of

change during the second minute.

Question 16 The curve y = ax® — 22 — 3z + 5 has a gradient of 5 when 2 = —1. Find the value
of a.

Question 17 The graph of y = ax? + bx + ¢ has an 2-intercept at x = —2. The tangent at
(1, —18) is horizontal. Find the values of a, b, and c.

MASTERING MATHEMATICS



Chapter 7 Review

Question 18 Let f(z) = (2z — 3)%. Find the values of x for which
(a) flz)=0 (b)  f'(x) =0 () fi(x)>0 (d)  f(z) =10

Question 19 The population of trout in a trout farm is growing. Let the population after ¢
months be P = 10 x 1.4'. Find

(a)  the number of trout in the farm initially.

(b) Find the average rate of growth of the population during the first 5 months.

(¢c) Find the average rate of growth of the population during the fifth month.

Question 20 The diagrams below show sketches of y = f(z). Copy the same diagram in your
book and on the same set of axes, but with a different coloured pen, draw the graph of y = f/(z).

(a) (b)

YA AY
5 %
1
.
() (d)
AY YA
. 1
x
(e) (f)
YA YA
% >
xr
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() (h)
Ya YA
DUSN  E— >
N
|
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Q Investigation Task

You are already familiar with the following formula for differentiation by first principles.

Fo) — fim LET) = @)

h—0 h

Differentiation by First Principles

However, this is not the only one. There are many other similar versions that do the same job
and sometimes, they can be more convenient to differentiate specific functions.

Question 1  [Revising the mechanics of the standard version]

Explain, using a clear diagram, how the above formula finds the gradient of the tangent to
the curve y = f(z) at P (z, f(z)).

Question 2 [Alternate version]

Draw a clear diagram to illustrate how the following formulae give the gradient of the tangent to
y=f(z)at x=c.

() f'(c)=lim w
(b) f() = lim flet h)Q—hf(c— h)

(c) Find the gradient of the tangent at 2 = c for the curve y = 22 using both techniques above,

as well as the standard formula. Verify that you get the same answer. Which technique do
you think was most convenient to use?

1
(d) Repeat part (c) but now with y = —, and again comment on which technique you think
7

was most convenient to use.

Question 3 [Experimenting]

Now that you have investigated more deeply the mechanics of differentiation by first principles,

and alternative versions, make up your own formula and test it on y = 22.




8

LOGARITHMIC AND

EXPONENTIAL FUNCTIONS

The logarithmic function

Logarithmic laws

Differentiating the exponential function

Solving exponential and logarithmic equations
Graphing exponential and logarithmic equations

Applications of exponential and logarithmic functions

o0
oc
LU
-
o
<
L
O




8A The logarithmic function 207

Exercise 8A

The logarithmic function

& Fundamentals

Fundamentals 1
Complete the following.

(a) The logarithm of a number is the
p , Or i , to which the b____ must be raised to give that number.

b) The log form of y = a” is

¢) The log form of y = a® is only defined when a > ___ and a # ___

(
(
(d) The domain of log,(z) is
(e)  The logarithmic function is thei___ of the exponential function.
(

f)  The graph of y = a™ is the graph of y =a” r_—____ across the y axis.

Fundamentals 2
Complete the following.

(a) log,(a) = ——

(b) log,(1) = ——

(¢) log,(a®) = forz e R
(d) a8 = for x

Fundamentals 3
(a) Thed
(b) Ther

of y=a"is ther of y = log,(z).

of y = a” is the d of y = log, ().

Question 1  Convert the following logarithmic forms to index form.

(a) logyo(10) =1 (b)  logg(81) =2 (c) logs(1) =

() logy(32) =5 (©) lomy(2) = 0 o (3) =1

Question 2  Convert the following index forms to logarithmic form.

(a) 23=38 (b) 4%2=16 (c) 4/2=2

(d) 8Y3=2 (e) 52= L (f) 16742 =0.25
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Question 3  Solve the following by rewriting each equation in index form.

(a) @ = logy(1000) (b) o = logye(0.01) (©) o =logy(4)
@) = =log, (5] (©) 2 =log) (16) () = =log,(12)
(g) @ =logy(1) (h)  log,(25) =2 (i) log,(64) =3
i) g, (55) =2 19 log,(3) = 1) log,(21) =3
(m) loga(z) = —2 (1) loga(z) = 3

Question 4

(a)  Complete the following table.

=
N[

X

logy ()

(b) Hence, draw a sketch of y = logy ().

Question 5 On the same set of axes, sketch the following sets of curves.
(a) y=27, y=3", y=4
(b) y=27" y=37" y=477

(c) y=2% y=logyx

Question 6 Use the identity log,(a”) = z to simplify the following expressions.

(a) logy(2) (b)  logs(81)

(c) logs (V5) (d) log, (v32)
Question 7 Find the domain of the following logarithmic functions.
(a) y=logy(z—2) (b)  y=logip(4—2)
(©) y=logs(20+4) @ y=1log (5)
(e) y=1log; (V) (f)  y=logy(1+ 2?)

Question 8 Use the identity a'°8(*) = z to simplify the following expressions.
(d) 9log,(5) (b) 4log4(3)

o 50) () gm (v2)

MASTERING MATHEMATICS



8A The logarithmic function 209

Problem 1
(a)  Complete the following

43logy(5) _ ylogs(5—)

— 410g4(_)

(b)  Hence find the exact value of 431084(5),

(¢) Use a similar technique to find the exact value of 25°%5(%).

Problem 2 Find the domain of y = log;y(z) + log;o(x — 2).

—_— e e e e e e e e e e e e e e e e e
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Exercise 8B

Logarithmic laws

& Fundamentals

Fundamentals 1

(a) loga(m) + loga(n) = — (b) loga(m) - loga(n) =

() logy(m)= (@) logy(z) = &L )

Fundamentals 2

(a) logg(a)= (b) logy(1) = — <@mm3:__

(d) logsva=_— (e) log, (i) = (f) log, (vz) = ——

Question 1  Evaluate the following, without the use of a calculator

(a) logy16 (b)  logy(4) (c) logs(625)
1

(@) Togy(s1) ©) logi(0.25) 0 togy ()

1 .
(@) logy(3 ) oz (1) () logx (02
Question 2 Evaluate the following, without the use of a calculator
(a)  logy(32) —logy(64) (b)  logs(100) — logs(4)

1

(©) logy (vI0) x logyg (¥10) (@) oy (v3) ~logs () + logs(27)
Question 3 Calculate the following to two decimal places.
(a) logs10 (b) logs7
(c) 2log,6 (d) logys3

Question 4 Estimate the value of the following, to the nearest integer, by considering powers of 2,
3 or 10 where appropriate.

(a)  logo(97) (b)  log1((0.0098) (c) logs(28)

(d) logy(33) (e) logy(0.123) (f)  logs(240)

(g) logy(130) (h) logs(83) (i)  logs(0.031)
|
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Question 5 Let z = log(a), y = log(b) and z = log(c).
Express the following in terms of z, y and z.

(a)  Tog(ab) o) o5 (7) (c) log (vab)

(d) log (aic) (e) log(ab®c?) (f) log(\/ll)Tc)
ac 62

(g) log <\bﬁ> (h)  log (a®*Vbe) (i) log (a%g)

Question 6 Let a = logs(2) and b = logs(3). Express the following in terms of a and b.
Hint: Notice that the numbers below are combinations of 2, 3 and 5.

(a) logs(6) (b)  logs(1.5) (c)  logs(0.2)

(@) togs (5 (©) logs (v30) (0 logs(64)

Question 7  Write the following as a single logarithm.

(4)  4logy(2) — logy(4) + logy(16) (1) 5 los(x) ~ logy(3)
(¢)  1+logyo(5) (d)  logy(800) — 3log((2)
(€) Togs(257) — log (9) (1) ~2logy(5) + 5 logy(20)

Question 8 Determine whether the following are true or false.

(@) logs (5) =1 (1) logg(1) = 0 (©) logg(6) = 1

@) Glom(10)=loss(®) (o) o)+ =10 (0 logla) ~ logh) = o)

(€ log(a) ~log(b) =log (5) () 1logy(9) =3 (i) logs(3) =

() logs(20) =1+logs(d) (9 logs () = () logg(2) x loge(3) = 1
_ log(z') _ log,(a) _

(m) logg(2) +logg(3) =1 (n) Tog (1) =4 (0) Tog. (0) = log,(a)

Question 9 By changing the base to the specified value, simplify the following.
(a) logg(32),  [base 2] (b)  logg5(32),  [base 2]
(c) logi(27), [base 3] (d) loggs(125), [base 5]

9
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Question 10

1

a) Show that log,(b) = .
(2 Bal) = 1oy

(b) Hence, find the value of log /7 (3).

Question 11  Show that log,(b) x log,(c) x log.(a) = 1.

Question 12 Show that log,. (b") = log, ().

£ Challenge Problems EE e e e

Problem 1

(a)  Make y the subject of logs(y) = 3 — 2logs(z).
(b)  What is the domain of logs(y) = 3 — 2logs(x)?

Problem 2 Suppose a® + b = 7ab.

2
(a)  Simplify (CLT—H)> .

(b) Hence, show that

log (a ;_ b) = %(log(a) + log(b)).

Problem 3  Simplify

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
| 1 2 3 99
| logyg B + logyg 3 + logyg 1 + -+ +logyg 100/
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|

1
Problem 4 Let p = 128 ghow that 27 = a.
log()
Problem 5 Show that log, (a) = —2%2(%)
ropblem ow at 10, a)= ———.
8(®) = T3 g, ()
log, (b
Problem 6  Show that log,.(b) = og;( )

Problem 7

(a)  Show that cloge(®)xlogy(c) — glogy(c),

(b)  Hence, or otherwise, show that a8 (¢) = clog(@),
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Exercise 8C

Differentiating the exponential function

& Fundamentals

Fundamentals 1

(a)  The function In(z) is sometimes referred to as the n 1
(b) y=e*andy=In(z)arei___ functions of each other.

() If0<az<1,thenIn(x)isn

Fundamentals 2

(0) ()= — (b) o (eH) =

© )= (@) In(x) =log_(x)

(e) In(e®) = for (f)  e™® =gz for

(g) em@=_ forx (h) U@ = for f(x)
Question 1 Differentiate the following.
(a) y=e= (b) y=e (© y=e (@) y=e>
Question 2 Differentiate the following.
(a) y=e*to (b) y=e*"! (c) y=e%
@) y=e 7 @ y=eo

Question 3 By first simplifying and expressing in the form e*?, differentiate the following.

() = (e 0 y=- © y=ve
@ y=eve © = 0 y="12

Question 4
(a)  Complete the following 2 = e—.

(b) Hence, express 2* in the form e** for some value of a.

d
(c)  Use the expression in part (b) to show that d—(QI) = 2% x In(2).
x
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Question 5 Differentiate the following using the technique above.
(a) 47 (b) 37
(c) 3% (d) 4z

Question 6 Differentiate the following by using the fact that e*® = x for « > 0.
(a) 6111(2:) (b) e In(z) (C) e2 In(z) (d) e0-5 In(z)

Question 7
(a) Find the second derivative of €.

(b)  Hence, show that the n'® derivative of €?* is 272,

Question 8 Let Py and k be any constants. Show that P = PyeF! satisfies the differential equation

dP
— =kP.
dt

Question 9  Show that y = Ae® + Be™? satisfies the differential equation y” — y = 0 for any real
values of A and B.

Question 10  Show that y = Ae™2* + Be 3% satisfies the differential equation y” + 5y’ + 6y = 0 for
any real values of A and B.

Question 11  Find the value of k such that y = € is a solution to the differential equation
y" + 5y’ = 6y.

) ) e 4 e % T — e )
Question 12 Define the functions ¢(z) = —5 and s(z) = — Show that the following
are true.

(a)  c(z) +s(x) =€ (
(¢)  d(z)=s() (
(e)  s(2z) = 2s(z)c(z) () e(22) = $*(2) + *(x)
(8) *z)—s*(x) =1 (
( (

—s7(z)
) s(@+y) = s(@)e(y) + c(z)s(y)
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Problem 1  Let a be a positive constant.
(a)  Simplify e®(@),

(b)  Hence, show that

Problem 2  Let a and 3 be distinct real roots of the quadratic equation y = az? 4 bx + c.

Show that
y = Ae™® + BeP?,

where A and B are any real numbers, is a solution of the differential equation

ay” + by +cy = 0.
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Exercise 8D

Solving exponential and logarithmic equations

& Fundamentals

Fundamentals 1
(a) Iflog(X) =log(Y), then X =
(b) Suppose that a > 1. If aX = a¥, then X =

1
(¢c) Ifa® =0, then z = In(6)

Question 1  Solve the following equations by expressing both sides with a common base.

1
f = b) 4% =2 : = —
() 3 =9 (b) @ 5 =o
1

(d) 4% = 3 (e) 37l=1 (f)  25% =125
(g) 25 =195 (h) 4><32—16 (i) 4><6—54
Question 2 Solve the following equations.
(a) 4:672 — 23:074 (b) 4x+2 — 16x+1 ((‘) 25:C+1 — 125236—1
Question 3  Solve the following pairs of simultaneous equations.

5EHY = 1 427 = 64
(a> 2°tY = 4 (b) -2y __ (C) 3z+y

3oV — 27 2= a2 20 =4
Question 4 Solve the following equations.
(a) 49" —6xT7"—-7=0 (b) 9¥—2x3"=3 (c) 4*42°Fl _8=0
Question 5 Solve the following logarithmic equations
1
(a) logy(2w +1) =2 (b) log,(2) = ; (c) log,(81) =4
1

(d) logg(z) =1.5 (e) log, <64> =-3 (f)  logy(xz) =0.25
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Question 6 Solve the following logarithmic equations. Remember to check that your answer is
valid!

(a) logg(z —1)+logy(z+1) =3 (b)  logjo(z+1) —logyg(x —8) =1
(¢) logy(z —1) =2logy(z +1) (d)  (In(z))* —In(z?)+1=0
(e) (logs(x))? — logs(x®) = —6 (f) In2zx+4)+In(z—1)=2In(z+1)

Question 7 Solve 2% = 5, correct to 2 decimal places, by taking the natural log of both sides.

Question 8 Use a similar technique to solve the following equations. Express your solutions to 2
decimal places.

(a) 2=10 (b) 5% =8

(c) 2727 1=—4 (d) 3%2=15

(e) 3e 5 =2 (f)  3e* —2e* =0
(g) ertIn(4) =3¢7 42 (h) €X+e® =0

Question 9  Solve the following equations and express your solutions to two decimal places where
necessary.

(a) 47" =6x2"+5=0 (b) 97 =371 4+2=0 (c) 25" 57t —¢

Question 10 A collectible is currently valued $2000, and it appreciates at a rate of 5% per annum.

( Find the value of the collectible after two years.

( Find an equation that models the value of the collectible after ¢ years.
(¢) Find how long it takes for the collectible to double in value.
(

d) Bob hypothesises that it will take the same amount of time for the collectible to double in value
again to reach $8000. Verify whether Bob’s claim is correct or incorrect.

Question 11  An object is dropped from an aeroplane. Let s be the speed of the particle in metres
per second, and ¢ be time in seconds. The speed of the particle is given by the formula s = 10(1—e™").

(a)  Find the speed of the particle two seconds after release.
(b) How long does it take for the particle to reach a speed of 5 metres per second?

(¢) Does this particle ever reach a speed of 10 metres per second? Justify your answer.
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Question 12 When antibiotics are introduced into the human body, the concentration the antibiotic
in the bloodstream can be modelled by the equation

C(t) — 9(670.2t _ 670.4t),

where ¢ is time in hours and C is measured in ug mL™!.

()
(b)
()
(d)

£ Challenge Problems

What is the concentration of the antibiotic after 1 hour?
Let = e 92" and show that when C' = 2, the resultant quadratic is 922 — 9z + 2 = 0.

Solve for x, and hence show that it will take just over 2 hours to reach 2ug mL™!.

You should have acquired two solutions. Can you think of a biological reason as to why there

may be two times when the concentration is 2ug mL~1?

Problem 1 Solve the following equations for x.

(@) 3xg=r =2 (b) 167" = V& (©) <;>:<i)2

Problem 2 An object falls from a hot-air balloon. The speed v of the object after ¢ seconds
can be modelled by the equation v = b(1 — e_kt), where b and k are positive constants and v is
measured in metres per second.

(a)  The speed of the object is measured at ¢ = 1 and ¢ = 2, and found to be v = 10 and
v = 15 respectively. Show that 2e72F —3e~* +1 = 0.

(b) Let p=e~" and solve the resultant quadratic equation for p.

(c) Hence, find the value of k and b.

(d)  Use graphing software to sketch the graph of v against ¢.

(¢)  What is the limiting value of v as ¢t — oo?

(t

f)  What is the physical significance of this result?

MASTERING MATHEMATICS



8E Graphing exponential and logarithmic equations

Exercise 8E

Graphing exponential and logarithmic equations

& Fundamentals

Fundamentals 1

(a) Sketch the graph of y = e”. (b)

Fundamentals 2
Consider y = a® for a > 0.

(a) The graph has a horizontal a at (b)
y=0.

(¢) The range is y (d)

() Ifa>1,then the graphisi_ (f)

(g) All graphs pass through the point

Fundamentals 3
Consider y = log,(z) for a > 1.

(a)  The expression log, () is undefined when (b)
T

(¢) The graphisan i
x

function for all (d)

(e) The range is y (f)

Fundamentals 4
Complete the following.

(a) lim ()= (b)

Jim lim (e*) =

T——00

Sketch the graph of y = In(z).

The domain is =

T

a 0 for all real z.

If a < 1, then the graph is d

The graph of y = log,(z) has a v
asymptote at x =

The domain is z

All graphs pass through the point

- (c)

A= —

Question 1

Use graphing software to sketch the family of functions y = e¢* 4 ¢ for ¢ = £1,+2 and

describe the effect of varying values of ¢ on the shape of the curve.

Question 2 Use graphing software to sketch the family of functions y = a* for a = 2,3,4,5 and

describe the effect of varying values of a on the shape of the curve for the parts where = > 0.
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Question 3 Use graphing software to sketch the family of functions y = k x e® for k =1,2,3,4,5
and describe the effect of varying values of k on the shape of the curve for the parts where x > 0.

Question 4 Use graphing software to sketch the family of functions y = e**¢ for ¢ = 0, £1, £2 and
describe the effect of varying values of ¢ on the shape of the curve.

Question 5 Compare the graph when k = €2 in Question 3, and the graph when ¢ = 2 in Question
4. What do you notice? Explain your observations algebraically.

Question 6 Sketch the graph of the following exponential functions. Label x and y-intercepts,
wherever possible.

(a) y=e¥ (b) y=2xe" (c) y=e!
(d) y=et! () y=—e" (f) y=e"+1
(8) y=e"—1 (h) y=1-¢" (i) y=-1-¢"

Question 7 Use your understanding of the graph of y = €* to find the range of the following.
(a) y=e (b) y=2e (© y=—e
(d) y=2"-3 (e) y=e* (f) y=—e

Question 8 Let f(z) =2—e*.
(a) Find the value of f(0) and f’(0).

(b)  Show that f’(z) > 0 for all values of z. What is the geometric significance of this?

1
(¢) Find the coordinates of the point on the graph where the gradient is 3
(d)  Find xlglgo f(x).

(e)  Find lim f'(x).

T—00

(f)  Hence, sketch the graph of f(x).

Question 9  Sketch the following exponential functions, labelling any intercepts with the coordinate
axes as well as any asymptotes. Verify your answers using graphing software.

(a) y=e* (b) y=—e" (c) y=4+e®
(d) y=3—-e* (e) y=-24¢" (f) y=-b—e"

Question 10 Find the equation of the resultant graph when y = e* is transformed in the following
ways.

a) Translated left by 2 units.

b) Translated upwards by 1 unit.

(
(
(c) Reflected across the z-axis.
(d) Reflected across the y-axis.
(

e) Reflected across the z-axis, and then across the y-axis.
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Question 11
(a)  Sketch the graph of y = In(x).

(b)  Write down the equation of the resultant equation when the above graph is transformed in the
following ways, and use graphing software to sketch your answer along with y = In(x) to compare

the curves.

(i)  Shifted down by 1 unit. (ii)  Shifted up by 2 units.

(iii) Translated to the left by 1 unit. (iv) Dilated vertically by a factor of 2.
(v) Dilated vertically by a factor of 0.5. (vi) Reflected across the y axis.

Question 12  Sketch the graph of the following logarithmic functions. Label x and y intercepts,
wherever possible.

(a) y=In(z+2) (b)  y=2In(x) (¢) y=3In(x)+2
(@) y=-In() ©) y=2—In() ) y=-1-In)

Question 13 Find the following limits.
(a)  lim (e +1) (b)  lim (5 —e") (¢) lim (7—e %) (d)  lim (5+¢%)

T—00 T——00

(e) lim (3+e %1%) () lim <3> (2) zlggo<1—e_$>

T——00 T——00 1+e 7

Question 14 Would the results from the previous question change if all the exponential terms were
base 2 instead of e?

Question 15 The diagram below is a sketch of the graphs of y = 2% and y = x 4+ 2 on the same set
of axes.

YA

KRY

/2

(a)  What is the relationship between the = coordinates of A and B, and the solutions of the equation
2" =z + 2.

(b) Hence, how many solutions does the equation 2* = z + 2 have?
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YA

—_
8Y

Question 16  The diagram below is a sketch of the graph of y = In(z). What function also needs
to be drawn on the same set of axes above so that the intersection of the two curves is the solution to
the following?

(a) In(z) =z —2 (b) %ln(x) g
(¢) zln(x)=1 (d) ln(xx) =z

Question 17 Suppose a and b are numbers such that a > b.
(a) By drawing a graph of y = €®, explain why e® > €.

(b)  Similarly, by drawing a graph of y = In(z), explain why In(a) > In(b).

Question 18
(a)  Sketch the graph of y = e® — 3.
(b)  On the same set of axes, sketch y = z.

(c)  Use your diagram to explain why e* —z — 3 = 0 has exactly two real solutions.

Question 19
(a)  Use graphing software to sketch the family of functions y = log;(x) for b = 2,3,4, 5.
(b)  Explain how changing the value of b affects the shape of the curve.

(¢) How could this have been deduced algebraically without graphing various values of b7
Hint: Think about the change of base formula.

MASTERING MATHEMATICS



£ Challenge Problems

8E Graphing exponential and logarithmic equations

Problem 1 Solve 222 = 5! and leave your answer in exact form.
Problem 2  Solve the equation 2% + 4% = 6.

Problem 3  The diagram below shows the graph of a function y = k x a™® 4+ ¢. Find the value
of a, ¢ and k.

(a)  Find the value of c.
(b) By using the fact that the curve passes through (0, —1), find the value of k.

1
(¢)  Suppose that the curve passes through (1, §> Find the value of a and hence, find the
equation of the curve.

(d)  Verify that the z-intercept is x = logs(2), as shown in the diagram above.

Problem 4  Without the use of a calculator, determine whether v/2 x /3 is larger or smaller

than v/3 x /2.

Hint: Raise both sides by a common power.

et —e "
Problem 5 Find lim [ ——— .

r—oo \ e? f e 7

1
Problem 6 By first simplifying, sketch y = In(z) + In <—>
x

Problem 7

xT

(a)  Use graphing software to sketch y = ze™™.

(b) The ‘peak’ of the curve is called the maximum stationary point. State the value of y' at
the maximum stationary point.

(¢c) Show that the maximum stationary point occurs at (1,e71).
Hint: What is the gradient of the tangent at the maximum stationary point?

(d)  Hence, find the value(s) of k so that ze™™ = k has exactly one real root.

-
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quod erat demonstrandum
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Find the fallacy in the following ‘proof’ that 2 > 5.

Problem 8
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Exercise 8F

Applications of exponential and logarithmic functions

& Fundamentals

(a)
(c)

(a)
(b)
()
(d)
(e)

(a)
(b)

(a)

(b)
()
(d)

Fundamentals 1
Let A and B be any constants, and k > 0.

Fundamentals 2
Let A, B and k be any real constants.

Fundamentals 3

Fundamentals 4
Consider an object valued at $P.

If it appreciates at 10% per year, then after n years it is now valued at P, =
If it depreciates at 10% per year, then after n years it is now valued at P, =

If it appreciates at % per year, then after n years it is now valued at P, =

If it depreciates at r% per year, then after n years it is now valued at P, =

lime = __ (b) lime™® = __

t—00 t—o0

: k) _ : okt
t%A(l ety = __ (d) thﬁrglO (A— Be ") _

When attempting questions involving time ¢, remember the restriction that ¢ .
The word “initially” or “beginning” refers tot = __.

Suppose P = Aef. Whent =0, P= __.

Suppose P = A+ Be**. Whent=0,P= .

Suppose P = A — Be*. Whent =0, P = _____.

If | then Q(¢) is increasing for all ¢t > 0.
If —  then Q(t) is decreasing for all ¢ > 0.
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Question 1  The value of a brand new car is $25,000. It depreciates at a rate of 10% per year.

(a

)
b) Find the value of the car after 2 years.
)

(
(c)
(
(

Find the value of the car after 1 year.

Make a formula that models the value of the car after n years.
d) What percentage of the original price is the value of the car after 5 years?

e)  During which year will the value of the car drop below $10,0007

Question 2 At the beginning of the year 2000, a learning centre had 180 students enrolled. The
enrolment numbers increased by 20% each year.

(a) How many students were enrolled at the beginning of 20107

(b) At the beginning of which year was the enrolment exceeding 10007

Question 3 The population of an ant colony can be modelled using the equation
P = Aekt,

where A and k are positive constants and t is time in weeks. Initially, the population is 1000. Two
weeks later, the population has increased to become 1500.

(a)  Find the value of A.

1 3
=—-In{=].
(b)  Show that k 5 n<2)

(¢c)  What is the population after four weeks?

(d)  After how many weeks will the population exceed 1 million?

Question 4 The population of a diminishing bird species can be modelled using the equation
A= Age

where Ag and k are positive constants and ¢ is time in years. Initially, the population is 500. A year
later, the population decreased down to 300.

(a) Find the value of Ap.
)
(b)  Show that k =1In <3>

(¢c) What is the population after ten years?

(d) The bird species is considered extinct when the population is below 1. After how many years
will the bird species become extinct?
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Question 5 The population of an endangered species of bear can be modelled by
P =200 — 10" %",

where t is time in years from the 15° January 2020.
(a)  Show that the population is declining.
(b)  Find how long it takes for the population to be half of what it was originally.

(¢c)  Will the species of bear ever become extinct according to this model? If so, then when will it
become extinct?

(d) Draw a graph of the model, labelling any important features.

Question 6 A bacterial population starts with 1000 bacteria and doubles every half hour.
(a) How many bacteria are there after 2 hours?
(b)  Write down a general equation for the population of the bacteria after ¢ hours.

(¢) How long will it be until the population exceeds 1 million? Round to the nearest minute.

Question 7 A sheet of paper is roughly 0.05 mm thick. The sheet of paper is folded n times, which
doubles the thickness with every fold.

(a)  What is the thickness of the sheet of paper after two folds?

(b)  If the thickness is 1.6 mm, how many folds have been made?

Question 8

(a)  Show that f(z) = . —1—16—“” satisfies f(z) + f(—z) = 1.

(b)  Use graphing software to sketch y = f(z) and hence determine the vertical translation of f(x)
that would result in an odd function.

Question 9
) Find the equation of the tangent to y = e~ when x = 0.
(b)  Draw the graph of y = e~ and the tangent in (a).
(¢c) Find the area of the triangle enclosed by the tangent and the coordinate axes.
(

d) Find the area of the triangle enclosed by the tangent, the normal and the z axis.

Question 10 The population of a rabbit species can be modelled by the equation P = Ae*t, where
A and k are positive constants and ¢ is time in years. After two years, the population is 100. After
five years, the population is 200. Find the value of A and k.
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Question 11

(a) Express 3 x 232%2 in the form k x 8%, (b)  Explain why the equation y = k x a®**¢ can
be simplified down to y = h x A* without
any loss of information.

Question 12 Find the equation of the exponential function y = k x a® where a > 0, that passes
through the following points.

(a) (1,4) and (4,32) (b) (1,2) and (4, 16)
(¢)  (0,2) and (2,18) (d) (1,20) and (—1,0.8)

Question 13 Find the domain of the following functions.

1 1
() @)= —— b) f@)= (©)  f(z)=In(z—1)
(@) f(z)=In(2 - ) () f(z)=In(3z —6) () f(z) =In(8 - 20)

Question 14
(a) Find the domain of f(z) = In(x?).

(b)  Use graphing software to verify your answer.

Question 15 An unstable element undergoes radioactive decay, and the mass in kilograms can be
modelled using the equation
M = Mye ™,

where Mj is the original mass and k is a positive constant.

Recall that the half-life of a radioactive substance is the amount of time that must elapse for the any
mass to decay down to exactly half of what it was originally. Show that the half-life of the radioactive
substance is independent of the original mass.

Question 16 The half-life of a radioactive substance is the amount of time that must elapse for the
mass to decay down to exactly half of what it was originally. For example, the half-life of uranium-232
is approximately 68.9 years. This means that a 100 kg mass of uranium-232 will decay down to 50 kg
after 68.9 years, and again down to 25 kg after another 68.9 years, and so on.

I\ 7T
M= (3)"

where M is the original mass, H is the half-life in years and ¢ is time in years.

The equation for half-life is given by

(a)  What is the mass of a 100 kg sample of uranium-232 after 20 years?

(b) How long will it take for a 100 kg sample of uranium-232 to decay to less than 10 kg? Round to
the nearest year.
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8F Applications of exponential and logarithmic functions

Problem 1 Let P(z,y0) be the point on y = e such that the tangent passes through the
origin.

(a)  Find the gradient of the tangent at P in terms of zg.

(b)  Find the equation of the tangent in terms of only .

(¢) Hence, find the exact coordinates of P.

1—el/®

W is an odd function.
e

Problem 2 Show that f(z) =

Problem 3  The population of many animal species often satisfies the logistic equation, which

is given by
a

T bt ekt

where P(t) represents the population, a, b and k are positive constants and ¢ is time.

P(t)

(a)  Show that the population eventually approaches a fixed value, called the carrying capacity
of the population, and find it.

(b)  Let the carrying capacity be C, and let the initial population be Py. Show that

L_1.1
Po_a C

(¢) By first finding P’(t), show that populations satisfying the logistic equation are always
increasing.

(d)  The population of a bird species on an island satisfies the logistic equation, where P(t) is
measured in thousands and ¢ is measured in years.

It is observed that initially, there were 800 birds on the island and that after many years
the population plateaus at around 4000 without much change.

Find the value of a and b.

a
—— - for your values of a and b, and

(e)  Use graphing software to sketch the graph of y = =
e

allow k to vary (remember that k& > 0).

Does the value of k affect the either the limiting population or the carrying capacity of
the bird species?
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Problem 4  The diagram below shows the graph of y = a® and y = log,(x) for varying values

of a.

Y

a=1.5
a=2
a=4

7

g :

From the diagram, it can be observed y = a® and y = log,(x) approach each other as a gets

contact P be at x = f3.

(a)
(b)

b o o o o - — — — —— — ——— ————— —————— ——— ———————— — —— — — ————————

|
|
|
|
|
|
|
|
|
|
|
[
|
|
|
[
|
|
|
|
|
|
|
|
|
|
|
|
|
: smaller. Eventually, if a is small enough, the two curves will be tangential. Let the point of
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
[
|
|
|
|
|
|
|
|
|
|
|
|
|

Explain briefly why P must lie on the line y = z and hence explain why o® = 3.
d
Show that %(a‘”) =a” x In(a).

Show that
a’In(a) = 1.

Hence, show that

Explain why log,(5) = f.
Deduce that g = e.
Hence, show that a = /e.

Verify your result using graphing software.

MASTERING MATHEMATICS



Chapter 8 Review 231

Chapter 8 Review

Logarithmic and Exponential Functions

Question 1  Simplify the following.
(a) logz(32) x logy(9) (b)  logy(logy 8) (c) logy(2)
Question 2 Let A, B, C, D and E be defined as such in the diagram below.

YA

(a) Find the co-ordinates of A, B, C, D and E.
(b) Hence, find the area of the rectangle BCDE.

Question 3 If log,(p) = 1.6, find the following.

(a) log, (p?) (b) log, (v/p)
1

© oz, () (@) log ()

Question 4 Solve the following equation for z.

1 1 1 1
log, (a:) + log, (3:2> + logs (a:?’) + logs (ﬁ) = —40

Question 5 Let z = log(a), y = log(b) and z = log(c). Express the following in terms of x, y
and z.

(a) log (;) (b) log (V&%)
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Question 6 Consider the following equation.
In(y) = 2 — In(2?) + In(z)

Express y as the simplest possible expression in terms of .
Hint: 2 =1In( )

Question 7  Solve the equation In(z) 4+ In(z + 2) = 1, and write your answer(s) correct to two
decimal places.

Question 8 Find the domain of the following.

(a) y=logy(4—3x) (b) y= 10g10(x2 +1)

Question 9 Let a = logg(3) and b = logg(4). Find the following in terms of a and b.

(a) logg(48) (b)  logs(8)

(©) logs(24) @) togs ()

Question 10 Sketch the following graphs.

(a) y=1In(22) b y=1n <i> (©) y=2In(z)—1

Question 11 Let A, B, C and D be defined as in the diagram below. Find the area of AABC.
Y4

D

Question 12

(a) Show that 32¢F2 — 373 _ 3% 4+ 3 = (9 x 3% — 1) (3% — 3)

(b)  Hence, solve the equation 32*+2 — 3%+3 _ 3% 4 3 = (.
Question 13  Solve the equation (Inx)? — 3In(x) — 4 = 0.

Question 14  Solve the equation e® + e~ % = 2.
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Question 15 Show that log%(a) = —logy(a).

Question 16 The point (—3,p) lies on the graph of the exponential function y = k x a” + ¢,
1
shown in the diagram below. The points (—1, —2> and (0, —1) also lie on the same graph.

A

7
(07 _1>
_______________________________ y=-2
(a) Find the values of a, ¢ and k.
(b) Hence, find the value of p.
Question 17  Solve the following logarithmic equations.
(a) 2loga(w — 3) = log;(49) (b) logy(w +3) = 2logs(z — 3)
12
(c) logs(2z —1)+logg(2z+1) =1 (d) In(z)+ () =7

Question 18 Show that
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Q Investigation Task

The compound interest formula states that

nt
A:P(Hf) ,
n

Continuous Compounding

where after n units of time,

is the amount that P grows to.

is the initial amount, called the principle.
is the annual interest rate

is the number of years

SR VI

Question 1  Suppose a principle of $100,000 is deposited into an account with an annual
interest rate of 3% for five years. Find how much the principle grows if interest is compounded
annually, quarterly, monthly, weekly, and per-second. Describe the general trend you notice as the
compounding periods shorten. Does the principle appear have a limit if we continue to decrease
the compounding periods?

Question 2

(a) Fill in the following table.

x 10 | 100 | 1000 | 10000
1 T
(1+3)
Zr

(b)  What special number does this seem to approach?

Question 3

(a) Letz= E, where r is a fixed number. What happens to n as x gets large?
7

(b) Show that
A= (a7
where A is defined from the beginning of this investigation task.
(¢) Explain how letting x — oo is related to Question 1.

(d)  Use Question 2 to deduce the formula for continuous compounding A = Pe™ and hence find
an easier way of calculating the principle for the ‘per-second’ part of Question 1.
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Question 4 Use a savings calculator online to find how much a deposit of $50,000 will grow
after varying amounts of time, assuming no further withdrawals or deposits from this account.
Compare your findings to the theoretical values obtained using the formula from Question 1.
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Q Investigation Task

The ‘loudness’ of a sound is called the intensity (I), and it is measured in watts per square metre
(W/m?). The smallest amount of sound that the human ear can detect is denoted by Iy, and it
is approximately 107'2 W/m?2. For example, a close whisper is approximately 1001,.

Decibels and Intensity

However, physics and engineers often measure ‘loudness’ using a unit of measurement called
the decibel (dB), which was named after the inventor of the telephone Alexander Graham Bell
(1847-1922). The formula for decibels is given by

I
L= ]‘OIOglO (I_> o
0

Question 1
(a) Draw a graph of decibels L against intensity 1.

(b) Normal conversation has an intensity of around 10=6 W/ m?. Calculate the corresponding
decibel value.

(¢) A busy street is around 70 dB. Calculate the corresponding intensity.
(d) Plot the above on your graph.

(e) Explain why using only intensity to measure sound may be impractical.

Question 2

(a) Consider two sound sources, where one is 100 times more intense than the other. What is
the difference in their decibel value?

(b) A car horn has a sound level of approximately 110 dB, whereas a space shuttle taking off
nearby generates a sound level of approximately 150 dB. How many times louder is a space
shuttle taking off compared to a car horn?

(¢) A person will begin to suffer from ear damage when the decibel level exceeds 90 dB. The
following are known decibel levels for certain events. Determine which events will cause ear

damage.
Sound source Intensity (W m?)
Jet aircraft (15 metres away) 100
Rock concert 1
Ambulance siren 30 m away 0.01
|
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Q Investigation Task

The pH of a solution is a measure of the acidity of the solution. The acidity of a solution is
determined by the concentration of hydronium ions [H3O"] in the solution.

pH Scale

The pH of a solution is given by the logarithmic formula

1
pH = logy (5 )

where C' be the concentration of [H30] in a solution, measured in moles per litre (mol L~1). If
the pH is above 7, the solution is basic. If the pH is less than 7, the solution is acidic. If the pH
is 7, the solution is neutral.

Question 1

(a) The concentration of in a solution is measured to be 2.85 x 1075 mol L. Is this solution
acidic, basic or neutral?

b) Find the concentration of [H30™] in a neutral solution.
c) If a solution has a higher concentration of [H3O™], does it increase or decrease the pH?

(

(

(d) Describe the behaviour of the pH as C' gets large.

(e) Describe the behaviour of the pH as C approaches zero.
(

f)  Orange juice has a pH of around 3. On the other hand, milk has a pH of around 6. Bob
claims that since the pH of milk is double the pH of orange juice, the [H3O] concentration
is twice that of orange juice.

Is this true? If not, then correct his statement.

(g) Can the pH of a solution be negative?
Question 2 Draw a graph of pH against concentration C.

Question 3 Research some acids that are used in general everyday-use (whether we know it
or not), and find what their pH is. Identify the least acidic from your list and use it as a ‘base
unit’. Then, rank your list of acids and write down next to each one how many times more the
concentration of [H3O™] is with respect to your weakest acid.
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Exercise 9A

Sample space and probability

& Fundamentals

Fundamentals 1

(a)  The process of performing an action like flipping a coin or rolling a die produces something

called an o

(b)  The collection of o satisfying a desired condition is called an e

(¢c) If a particular o satisfies the condition for an e , then we say that it is a
t 0

(d) The set of all possible outcomes of an experiment is the s

() Ane___ s asubset of the s s

(f)  An event can consist of several o

Fundamentals 2
Let A be some event in a sample space with probability P(A).

(a)  The probability P(A), must satisfy < <

(b)  The sum of the probabilities of all outcomes in a sample space must be equal to .

(¢) P(A) cannot greater than __ and it cannot be less than __.
number of
d) The f la for P(A) is P(A) =
(d) e formula for P(A) is P(A) ber of
(e) If P(A)=0,then Ac___ occur.
(f) IfP(A)=1,then Aisc_—__ to occur.
(g) If two outcomes have the same probability, then we say that they are e 1
(h) If Aisan event, then the ‘opposite’ event i.e. A does not occur, is called the ¢ event
and it can be denoted using A, A¢ or A’
(i) If P(A) = p, then P(A) = _____ | which means that P(A) + P(A) = _.
Fundamentals 3
When rolling a die three times, the probability of
(a) at least one ‘5" means P(one 5) or P(__ 5’s) or P(_ 5’s). Or, more easily done, it is the

same as 1 — P(_— 5’s).

(b) at most one ‘5’ means P(__ 5’s) or P(— 5).
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Question 1  List the sample space for each of the following scenarios. Useful techniques may include
listing the possibilities systematically, drawing a table or drawing a tree diagram.

a) Two coins are tossed and you are counting how many heads.

(

(b
(c)
(

) Three coins are tossed and you are counting how many heads.
d)  Two dice are rolled and their sum is recorded.

A coin is flipped and a dice is rolled.

Question 2 A fair dice is rolled. What is the probability that the number facing upwards is
(a) greater than 2.
(b) divisible by 3.

Question 3 Two dice are tossed and the numbers facing upwards are recorded from each die.

O s W N

(a)  Complete the table above. List all possible outcomes in the form {z,y}.

(b) Hence, find the probability of the following events.

i) Only one of the dice shows a 2. ii) At least one of the dice shows a 2.

iii) Both dice show at 2.

(

(iv) The sum is equal to 7.
v)  The sum exceeds 8. (vi) Not rolling double 6.

(

(
(
(
(

vii) Not rolling a double. viii) The product of the numbers is even.

Question 4 A card is drawn randomly from a standard deck of cards. Find the probability that
the card drawn is

(a)  a heart. (b) a heart or a king. (¢)  the queen of diamonds.
(d) not a diamond. (e) ared jack. (f)  a queen or a red card.
|

MASTERING MATHEMATICS



9A Sample space and probability 241

Question 5 Consider the following statements. Determine whether the logic is valid or invalid, and

give reasons for your answer.
(a) There are 26 letters in the alphabet. A random letter from a paragraph is chosen. Therefore,
1
the probability of it being "w" is %6
(b)  There are three teams A, B and C playing cricket. Therefore, the probability of team A winning
1
is —.

3

(c) A bag contains red, blue and green marbles. A marble is drawn at random. The probability of

1
drawing a red marble is 3"

1
(d) The probability of getting a rainy day during a specific week is = From Sunday to Friday
inclusive, there was no rain. Therefore, it must rain on Saturday.
(e)  When two coins are tossed, the possibilities of coins landing are either two heads, a head and a

1
tail, or two tails. Therefore, the probability of getting a head and tail is 3

(f) A multiple choice test has 4 options. Bob guesses his answer. The probability that Bob answers
1
a question correctly is 1

(g) There are more cat-owners in Town A than cat-owners in Town B. Therefore, you are more likely
to meet a cat-owner in Town A than in Town B.

Question 6 At a fundraiser, there are three prizes on offer. The prizes are chocolates, movie tickets
and a gift voucher. The number of tickets for the prizes, respectively, are in the ratio 21 :12: 7.

(a)  What is the probability that the winner receives a movie ticket?

(b)  What is the probability that Bob, who does not want the chocolates, recieves a gift that he
wants?

Question 7 A bag of marbles contains five times more red marbles than blue marbles. A marble is
drawn at random. What is the probability of it being blue?

Question 8 Suppose the probability of giving birth to a boy or girl is exactly 50%. Bob and Mary
have three children. What is the probability that their children consist of:

(a) all boys? (b) one boy and two girls? (c) at least one girl?

Question 9 [Mark and recapture in biology]

Twenty tagged fish are released into a pond and allowed to mix with the rest of the fish popula-
tion in the pond. A week later, fifty fish are captured, five of which were tagged. All fifty fish are
then released back to the pond. Assuming that the fifty captured fish are a general representation of
the entire population, estimate the total fish population.
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£ Challenge Problems SR it R

Problem 1 A bag of marbles contains five more red marbles than blue marbles. The proba-

1
bility of drawing a blue marble is 3 How many blue marbles are there in the bag?

Problem 2  [Symmetry in probability]

A bag contains an equal number of black and white marbles. Three marbles are drawn, with
replacement. What is the probability of getting at most one black marble?
Hint: This question can be done without any actual calculations.
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Exercise 9B

Set notation and Venn diagrams

& Fundamentals

Fundamentals 1
Let A and B be events in a sample space S.

(a)  The set of combined outcomes from events A and B is called the u of A and B,
and is denoted by A __ B.

(b)  The set of common outcomes that occur in both A and B is called thei_ of A
and B, and is denoted by A __ B.

Fundamentals 2
The diagram below shows two intersecting sets A and B.

Shade the region corresponding to

(a) ANB (b) AUB

Question 1  Define the following sets.

A=1{1,2,3,4,5}
B =1{3,4,5,6,7}

List the elements of

(a) ANB (by AUB

Question 2 Define the following sets.

A = {even numbers less than 72}
B = {factors of 60}

List the elements of AN B.
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Question 3 The Venn diagram below shows the number of students speaking French, Italian, both,

or neither in a classroom of 80 students.

By first finding the missing information in the Venn diagram above, write down the probability that
a randomly chosen student

Neither = 21

(a) speaks neither Italian nor French. (b) speaks Italian or French only, but not both.

(¢) speaks Italian and French. (d) speaks French or Italian.

Question 4 Let I represent the event that somebody speaks Italian and let F' represent the event
that somebody speaks French. Note that both I and F' contain the people who speak both. For the
events in Question 3 (a) and (c), write down the equivalent statement using set notation. For example,
the event of somebody speaking Italian or French is the union I U F.

Question 5 58 people took a trip to Europe to visit either France, England or Spain. Of this group,
26 visited France, 38 visited England, 29 visited Spain, 10 visited France and Spain, 12 visited only
Spain, 13 visited only England and 8 visited all three countries.

N\

England

A person from the group of 58 was chosen at random. What is the probability that the person visited

(a)  France only? (b) England and France? (¢) only one country?
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Problem 1 Consider the following statements. Determine whether they are true or false, by
shading relevant areas on a two-way Venn diagram.

(a) (ANB)=AUB (b) (AUB)=AUB (¢) AuB=(AUB)

Problem 2  The Venn diagram below depicts the investment choices from a random sample
of people. Every person invests either through shares, real estate or the interest from a bank
account.

al
te

Re
Esta

The following information was gathered. 320 did not want to buy real estate, 500 would not
invest through bank account interest, 385 would not invest in shares, 240 invest in shares and
real estate, 205 invest through shares and bank interest, 45 invest only through bank interest,
and 110 invest using all three methods.

Find the probability that a randomly chosen person invests in shares.
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Exercise 9C

Mutually exclusive events

& Fundamentals

Fundamentals 1

(a)  The notation for “A or B” is A__B. (b) The notation for “A and B” is A__ B.

Fundamentals 2

(a) Events A and B are said to be m e if they have no o in
common.

(b)  This means that A and B can/cannot (circle one) occur at the same time.
(¢c) For example, on a single coin toss, the outcome can be heads or tails, but not b,

(d) On a Venn diagram, A and B willnoti_ .

Fundamentals 3
Let A and B be mutually exclusive events.

(a) Draw a Venn diagram demonstrating how A and B are mutually exclusive.
(b) P(AUB)= +
(¢c) P(ANnB)=__.

Fundamentals 4
Let A and B be non-mutually exclusive events.

(a) Draw a Venn diagram demonstrating dependent events A and B.

(b) If A and B are not mutually exclusive, then we use the A____ Rule, which states that

P(AUB) =P(A) + P(B) -

Question 1

(a)  Give an example of two events that are mutually exclusive.

(b)  Give an example of two events that are independent.

Question 2 Draw a Venn diagram of two mutually exclusive events A and B.

|
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Question 3  Are the following events mutually exclusive?
a) Heads and tails.

b) Kings and hearts.

d) Odd and even number.

(

(

(c) Spades and red card.

(

(e)  Multiple of 3 and multiple of 5.
(

f)  Prime number and even.

Question 4 Below are events that can occur when drawing from a standard deck of cards. Determine
which combinations of outcomes, from the list below, are mutually exclusive.

(a) Drawing a club. (b) Drawing a picture card.
(¢) Drawing a king. (d) Drawing a heart.
(e) Drawing a 5. (f)  Drawing a red card.

Question 5 State which of the following events are independent.

a) Rolling a die twice and getting a six both times.

b) Drawing two cards from a standard deck, with replacement.

¢) Drawing two cards from a standard deck, without replacement.
d) Tossing a coin twice.

e) Tossing a coin and then rolling a dice.

f)  Choosing two people in Australia over the age of 30.

Question 6 Let P(A) = 0.4 and P(B) = 0.7 be the probabilities of events A and B respectively.

(a) Explain why A and B cannot be mutually exclusive events.
(b) Find P(ANB)
(¢c) Find P(AUDB)

Question 7 A card is drawn from a standard deck of 52 cards. What is the probability of drawing

(a) a diamond or the ace of spades? (b) a diamond or an ace?

(¢c) a diamond or a red card? (d) a diamond or a picture card?

Question 8 From a set of 12 cards numbered 1 to 12, a card is drawn at random. What is the
probability that it is either a multiple of 3 or even?

Question 9 From a set of 20 cards numbered 1 to 20, a card is drawn at random. What is the
probability that it is either a multiple of 5 or 47

247
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Problem 1 [Three-way Venn diagrams|

A class of 28 students is surveyed about what language they are able to speak, and the following
results are found.

Five people could speak French, Italian and German. Two people speak none of those languages.
18 people speak French, 16 people speak Italian, 9 people speak French and German, and
14 people speak German. Two people speak Italian and German, but not French. Find the
probability that a randomly selected person speaks French and Italian, but not German.

Problem 2  [Inclusion-Exclusion Principle]

Earlier, you used the formula for two-way Venn diagrams, also known as the Addition The-
orem.

|AUB|=|A|+|B| —|AN B|

Let A, B and C be finite sets.

X

Fill in the diagram above and use it to explain how the formula for three-way Venn diagrams
is derived.

I
|
|
|
[
[
I
|
|
I
[
|
[
I
|
[
[
[
|
|
|
|
[
[
I
|
|
: This question will establish the equivalent formula but for three-way Venn diagrams.
|
[
I
|
[
[
[
|
|
I
|
[
[
I
|
[
I
[
|
[
I
|
[
: |[AUBUC|=|A|+ |B|+|C|-|AnB|—-|ANnC|—|BNC|+|ANnBNC|
|
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Exercise 9D

Multi-stage experiments and independent events

& Fundamentals

Fundamentals 1

(a) Events A and B are said to bei_if P(A) will always be the same regardless of
whether or not B occurs.

(b)  For example, suppose we flip a coin and roll a die. P(heads) will always be
of whether or not a six was rolled.

regardless

(¢)  On the other hand, picking two people randomly for a soccer team, one after the other, is
an example of independent/dependent (circle one) events, because the second choice is/is
not (circle one) directly affected by who was chosen first.

(d) 1If A and B are independent events, then P(A and B) =
(e)  This can also be written as P(A__B) =

X

(f)  The converse is true/false (circle one). That is, if we verify numerically that

P(ANB) = X ,

then we can conclude that A and B are independent events.

Fundamentals 2

(a) Experiments can have a number of stages. For example, flipping a coin twice is a two-stage
experiment and rolling a die three times is a t -stage experiment.

(b) In general, if Ay, Ay, ..., A, are events in a multi-stage experiment, then

P(AiNAsNn...NA,) =

(¢)  Another common type of multi-stage experiment iss___ | like drawing a marble from
a bag.

(d) Ifs is done with replacement, then the second selection is i of whatever
was drawn from the first sampling.

(e)  Most of the time, it is obvious if events are i . For example, flipping heads on a
coin toss will not affect the o of the next coin flip in any way.
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Question 1 A bag contains two red jellybeans and two blue jellybeans.

(a) A jellybean is drawn randomly, the colour recorded, and then returned to the bag. Afterwards,
a second jellybean is drawn. What is the probability that the second jellybean is red?

(b) A jellybean is drawn randomly, the colour recorded, and but it is then eaten. Afterwards, a
second jellybean is drawn. What is the probability that the second jellybean is red?

(¢)  Out of parts (a) and (b), which one represented a series of independent events, and which one
represented a series of dependent events?

Question 2  According to the Australian Red Cross Blood Service, the proportions of people with
different blood groups is given as follows.

BloodType‘ (0] ‘ A ‘ B ‘AB‘
Probability ‘ 0.49 ‘ 0.38 ‘ 0.1 ‘ 0.03 ‘

Two people are selected at random from the population of Australia.
(a)  What is the probability that both people have blood type B?

(b)  Why are we allowed to multiply the probabilities?

Question 3 A class has 6 girls and 4 boys. Two students are selected at random. Find the
probability that

(a)  both students are boys? (b) a boy and girl are selected?

Question 4 A coin is flipped twice. What is the probability of landing
(a) two heads? (b)  two tails?

(c) ahead and tail, in that order? (d) a head and tail?

Question 5 A coin is flipped and then a die is rolled. What is the probability that
(a) a tail is tossed and the number 5 is rolled?

(b) a head is tossed and an even number is rolled?

Question 6 A bag contains 5 red balls, 4 green balls and 2 blue balls. Kevin pulls out a red ball
and keeps it. What is the probability that the next ball will also be red?

Question 7 20 blue tickets and 20 red tickets are sold in a raffle, in which there are three prizes.
Three tickets are drawn one after the other, without replacement, for the first, second and third prizes
respectively.

(a)  What is the probability that all three prizes are won by blue tickets?

(b)  What is the probability that at least one blue ticket wins a prize?
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Question 8 A biased coin with outcomes either H or T has P(H) = 0.55. Find the probability of
obtaining

(a)  the sequence H, H,T in that order. (b) exactly two heads.

(c) at least two heads. (d) at least one head.

Question 9 A box contains twelve identical looking chocolates. However, four are milk chocolate
and eight are dark chocolate. Nathan eats three chocolates chosen randomly from the box. Using a
tree diagram, or otherwise, find the probability that

(a) the first chocolate eaten is a dark chocolate.
(b) Nathan eats three dark chocolates.

(¢c) Nathan eats exactly one dark chocolate.

Question 10 A box contains 7 red and 3 blue balls. Two balls are chosen randomly. What is the
probability of both balls being the same colour if

(a)  the balls were chosen with replacement.

(b)  the balls were chosen without replacement.

Question 11  Daniel and Adam are playing a tennis tournament. They will play each other exactly
twice and for their first game, each player has an equal chance of winning. However, if Adam wins the
first game, the probability of him winning the second game is increased to 0.55. If he loses the first
game, the probability of him winning the second game is reduced to 0.35.

(a)  Find the probability that Adam wins exactly one game.
(b)  Find the probability that Daniel wins at least one game.

(¢) Find the probability that the same person wins both games.

Question 12 In a large university, the student population is 45% male and 55% female. Two
students are selected at random to take part in a survey. Find the probability that

(a) both are female.
(b)  both are of the same sex.

(c) one is male and one is female.

Question 13  Bob and Mary go for their driving test. Bob has a 80% chance of passing the test and
Mary has a 90% chance of passing. What is the probability that

(a) only Bob passes.
(b) either Bob or Mary pass, but not both.

(c) at least one person passes.
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Question 14 A fair die is rolled repeatedly until the number ‘5’ is rolled.

£ Challenge Problems

Find the probability of rolling the number ‘5’ at least once after three rolls of the die.

Hint: You could find the probability of rolling ‘5’ once, twice, and thrice. Alternatively, you

could consider the ¢ e

Write down a formula for the probability of rolling the number ‘5’ at least once after n rolls of

the die.

Hence, find the number of times we must roll the die so that the probability of scoring ‘5’ at

least once exceeds 99%.
Hint: You may need logs for this question.

Problem 1 A survey of students chewing gum was done in three schools. The results are as
follows.

In School A, 50% of students chew gum.
In School B, 40% of students chew gum.
In School C, 30% of students chew gum.

A school is chosen at random and then two students are sampled at random from that school.
Find the probability that
(a)  both students chew gum.

(b)  only one of those students chew gum.

Problem 2 It is known that 5% of light bulbs produced from a factory are faulty. What is
the probability that in a random sample of 3 light bulbs

(a)  no light bulbs are defective.

(b) exactly one light bulb is defective.

(c) at most two light bulbs are defective.

Problem 3 A bag contains 25 balls labelled 1 to 25. Two balls are drawn in succession, with
replacement. Find the probability that the second number drawn is

(a) equal to the first.
(b) greater than the first.
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Problem 4 If 3 random people are asked what day of the week they were born, find the
probability that
(a)  two or three people have the same day.

(b) only two people are the same.

Problem 5 Bob and Mary each take turns rolling a pair of dice. The first person to throw
a double wins the game. Bob rolls first. Find the probability that Mary wins the game on her
second turn.

Problem 6 A coin is flipped continuously, and the results recorded until the same side occurs
twice in a row. Once this occurs, the sequence ends.

(a)  Write down all possible sequence of H and T' that finishes in exactly 5 coin tosses, and
similarly exactly 6 coin tosses.

(b)  What do you notice about the pattern in the sequence leading towards the end of the
sequence?

(¢)  Calculate the probability that the sequence ends on the eighth toss of the coin.

Problem 7 Bob and Mary compete against each other in a game that involves taking turns
spinning a counter that has three possible outcomes A, B and C.

P(A) = 0.2
P(B) =0.3
P(C)=05
A

C
B

If the counter lands on A, then Bob wins. If the counter lands on B, then Mary wins. If the
counter lands on (', then nobody wins that round, and the other person spins the counter. This
is done repeatedly until somebody wins. Bob spins the counter first.

(a)  How many ways can Bob win within three turns of the game overall? Write down the
sequences of A, B and C representing these scenarios.
(b)  Hence, find the probability of Bob winning within three turns of the game.

(¢) What is the probability that somebody has won within the first 5 turns of the game
overall?
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Exercise 9E

Conditional probability

& Fundamentals

Fundamentals 1

(a) Ifwehavetwod___ events A and B, and we know that B has already occurred, then
the probability of event A will change.

(b)  This is because the fact that B has already occurredr— the size of the sample space
by eliminating all the outcomes that are not in ___.

(¢) The new probability is called the ¢ p

(d) The expression “Probability of A, given B has occurred” can be written as P(—_).

(e)  The formula for conditional probability is

P )=

Fundamentals 2

Conditional probability questions can be done by reducing the s___ space and e
space, or by using the formula.

Fundamentals 3
(a) If A and B are independent events, then P(A | B) = P(—).
(b)  Conversely, if P(B | A) = P(—), then events A and B are independent.

(¢)  This means that if you wish to prove or disprove that A and B arei____ events, then
simply calculate P(___ ) and P(—), and check if they are equal or not equal.

Question 1 In a particular class, 20 students study history, 15 study chemistry and 5 study both.
A student is chosen randomly. What is the probability that they study chemistry, given that they
study history?

Question 2 Amy buys 4 tickets in a raffle in which 50 tickets are sold. The tickets are drawn for
first and second prizes. What is the probability that Amy winning

(a) first prize?

(b) second prize, given that she wins first prize?

(c) second prize, given that she does not win first prize?
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Question 3 A school surveyed its students about wearing school uniform. The results are shown in
the table below.

Year 10 | Year 11 | Year 12 | Total
For 50 55 25 130
Against 70 35 25 130
Uncertain 70 35 25 130
Total 190 125 75 390

What is the probability that a student chosen at random from this school
(a) is in favour of the uniform, given that they are in Year 117

(b) isin Year 11, given that they are in favour of the uniform?

Question 4 Two dice are rolled simultaneously. Find the probability that
(a)  both die show a 5, given that one of the die showed a 5.

(b)

(c) a die showed a 5, given that the sum is 6.

the sum is a 6, given that one of the die showed a 5.

Question 5 A card is selected from a standard deck of 52 cards. Find the probability that the card
is

(a) a queen given that the card is a picture card?
(b) a queen given that the card selected is red?

Question 6 A two-digit number is written down. Find the probability that
(a) it is palindromic, given that the unit digit is a 5.

b) it is palindromic, given that the tens digit is a 5.

(
(c)  the unit digit is a 5, given that the number is palindromic.
(d) it is divisible by 9, given that the tens digit is a 3.

(

e) the tens digit is a 3, given that it is divisible by 9.

Question 7 All of Bob’s friends either jog or go to the gym. He knows that 70% of his friends jog,
and 35% jog and go to a gym. What percentage of Bob’s friends go to the gym, but do not jog?

Question 8 Bob and Mary are discussing the days that they were born. They both know that
at least one of them was born on a weekend. Find the probability that they were both born on the
weekend.
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Question 9 The manager of a team notices that the team has a probability of 0.6 of winning the
game if it is raining, but 0.25 if it is dry. The probability that it will rain when they play is 0.3.

(a)
(b)

Find the probability that they will not win.

Given that the team has won a game, calculate the probability that it rained on the day of the
match.

Question 10 The table below shows the results from a survey of 100 Year 12 students about their
gender, and whether or not they intend on going overseas immediately after their HSC.

Yes No Total

Female 30 30 60

Male 25 15 40

Total 95 45 100

What is the probability that a randomly chosen student is female?
What is the probability that a randomly chosen student will go overseas?

Calculate the probability that a randomly chosen female student intends on going overseas by
using the

(i)  table. (ii) conditional probability formula.

What is the probability that a randomly chosen student is female, given that we know they
intend on going overseas?

Let Y be the event of choosing a student who says “Yes”, and let F' be the event of choosing a
female student. Is P(Y | F') = P(F | Y)?

What is the probability that a randomly chosen student is male, given that we know they intend
on going overseas?

What is the probability that a randomly chosen student intends on going overseas, given that
they are male?

Question 11  Given that for two events A and B

(a)

P(A) = 0.6, P(B) = 0.35, and P(B | A) = 0.5, find

(i) P(ANB) (i) P(A|B)
P(A) = 0.7, P(B) = 0.4, and P(AU B) = 0.8, find

(i) P(ANB) (i) P(A|B)
P(A) = 0.6, P(B) = 0.4, and P(A | B) = 0.8, find

(i) P(ANB) (i) P(B|A)
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Question 12 In a sports club A, 60% of the members are male and 40% are female. Of the male
members, 20% prefer tennis, while 25% of the female members prefer tennis. Let M represent ‘males’,
F represent ‘females’, T' represent preferring tennis and I' represent not preferring tennis.

(a) Fill in the following table.

T | T | Total
F
M
Total
(b)  What percentage of club members
(i)  are female and prefer tennis? (ii) are male and prefer tennis?
(iii) do not prefer tennis? (iv) are male and do not prefer tennis?

(v) are female and do not prefer tennis?

(¢c)  Find the probability that a person chosen at random from the club prefers tennis and is male.
(d)  What is the probability that a randomly selected male from the club does not prefer tennis?

(e) In this club, does it appear that not preferring tennis and being a male are independent events?

Question 13 In a sports club B, the preferences for tennis with its members is given below.

T T Total
F 12% 8% 20%
M 48% | 32% 80%

Total | 60% | 40% 100%

Show that in this club, not preferring tennis and being male are independent events.

Question 14 Michael found that in general, the probability that he watched TV on Sunday was
0.3. If he watched TV on Sunday, then the probability that he watched TV on Monday was 0.6. If he
did not watch TV on Sunday, then the probability that he watched on Monday was 0.55. For a given
week, find the probability that he watches TV

(a) on both Sunday and Monday. (b) on Monday.

Question 15 Darius intends on opening a cafe, and the probability that he will make a profit in his
first year is 0.8. Robin also has thoughts of opening a cafe but is cheeky and thinks of opening one
next-door to Darius’ cafe. The probability that Robin will go through with opening his own cafe is
0.3 and we know that if he does so, then Darius’ probability of making profit in his first year reduces
down to 0.6.

Let A denote the event that Darius makes a profit during his first year, and let B denote the event
that Robin opens a cafe next-door. What is the probability that Darius will make a profit in his first
year?
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Question 16 [Proving the independence condition]

Suppose A and B are independent events. By considering the formula for P(A N B), when A and B
are independent events, prove that P(A | B) = P(A).

Question 17  [Mutually exclusive events and conditional probability]

Suppose A and B are mutually exclusive events.

(a)  Using your understanding of mutually exclusive events, what would you expect P(A | B) to be
equal to? Give a brief explanation of your answer.

(b)  Prove your result from (a) using the formula for conditional probability.

£ Challenge Problems iR .

Problem 1  In a certain population over a period of time, it was found that the probability
P(Y) of a new-born to reach the age of Y years is

P(50) = 0.922
P(60) = 0.848
P(70) = 0.714
P(80) = 0.476

(a)  What is the probability of a 50 year-old man reaching the age of 607

(b)  Joe the Farmer just turned 70 and has a 0.15 chance of dying within the next 10 years.
What is the probability that Joe lives to see his 80 birthday?

[
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: Problem 2 Bob and Mary have probabilities 0.3 and 0.2 respectively to score a goal in a given
I soccer match. Two goals are scored, one of which was from Mary. What is the probability that
: Bob scored the other one?
I
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Problem 3  [Bayes’ Theorem|]

A hospital is trialling a new test that identifies if a patient has a certain disease. If the patient
has that disease, the test is designed to return a ‘positive’ result, denoted by a “+” sign. If the
patient does not have the disease, the test should return a ‘negative’ result. However, no test is
perfect and false results may occasionally occur. The hospital wishes to see how accurate the
test is.

The following facts are known.

98% of patients who have the disease will test positive.
4% of patients who do not have the disease will also test positive (false positive).
10% of the general population has the disease.

Patients are randomly chosen and their test result is compared against definitive proof whether
they actually have it or not.
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What is the probably that a positive result comes from patient who does not have the
disease?

Let Y and N represent the event where the patient does and does not have the disease,
respectively. Let ‘+’ and ‘-’ represent the event where the patient tests positive and
negative, respectively. Complete the information on this tree diagram.

Y
/ \{Y’*}

Patient

\ &{N,Jr}
N
T o)

Find the probability that a patient has the disease and also tests positive.

Show that the probability that a patient tests positive is 0.134.

If a patient tests positive, what is the probability that they actually have the disease?
Find the probability that a patient tests negative.

What can you say about the sum of your answers in (¢) and (f)? Was this answer expected?

Problem 4  [Independence is symmetric]

Suppose that A and B are independent events.

(a)

Show that
P(B|A) P(B)

P(A|B)  P(A)

Hint: Use the formulas for P(A | B) and P(B | A).

Deduce that P(B | A) = P(B).
Hint: Remember that A and B are independent events.

Complete the following statement that you just proved.

If A is independent of B, then

Bob claims that P(A | B) can never be equal to P(B | A). Mary claims that they can in
fact be equal. By investigating the equation proved in (a), determine who is correct, and
briefly justify your answer.
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Problem 5  [Second Ace Problem]

Bob randomly picks two cards from the following four.

Ace | 2 | Ace | 2
O & O O

What is the probability that Bob has two aces?

(b)  Bob tells Mary "I have an ace". Explain why this increases the probability of Bob having
two aces, and find this new probability.

(¢c) Bob now then tells Mary "I have an ace of spades". Do you think telling Mary what suit
his ace is will change the likelihood of Bob having two aces? Justify your answer.

(d)  Calculate the probability that Bob has two aces, given this additional information, and
determine whether your answer from part (c¢) was correct.

—~
o
V)

N
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Chapter 9 Review

Probability

Question 1 In a group of students, there are 12 boys and 10 girls. Of these, there are 4 boys
and 6 girls who have black hair. If one student is selected from the group at random, what is the
probability that this person

(a) is a boy with black hair?
(b) has black hair?

(¢) a girl who does not have black hair?

Question 2 If you toss a coin three times find the probability of getting

(a) a tail and two heads. (b) at least one tail.

Question 3 A die is thrown 3 times. Find the probability that

(a) each toss is a 4. (b) all three tosses are the same number.
(¢) two 5’s are thrown and then one 2. (d) two 5’s and a 2 are thrown.

(e) exactly one 5 is thrown. (f)  at most one 5 is thrown.

(g) exactly two b’s are thrown. (h) exactly two of the numbers are same.
(i)  there is at least one 4. (j)  all three numbers are different.

(k)  the middle toss of the die is a 4. (1) the numbers 6 or 1 are not thrown.

Question 4 Bob guesses three questions in his multiple choice exam, which has four options
per question. Find the probability that Bob gets

(a) all three correct. (b) at least one correct.
(c) exactly two questions correct.
Question 5 In a class of 30 students, 18 study Chinese, 15 study Japanese and 6 study both

of these subjects. If a student is chosen at random from the class, find the probability that the
student

(a) studies neither Chinese nor Japanese.

(b) studies Japanese, given that they also study Chinese.
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Question 6 Julia and Sam are playing in a tennis tournament. They will play two rounds and
each have an equal chance of winning the first round. If Julia wins the first round, her probability
of winning the second round is increased to 0.7. If Julia loses the first round, her probability of
winning the second round is reduced to 0.4.

Find the probability that Julia wins exactly one round.

Question 7 Two tetrahedral dice each having 4 faces numbered 1, 2, 3, 4 are thrown. When
the die is thrown, there is exactly one side facing down and three sides facing upwards. The sum
S of the upwards-facing sides from the two dice is recorded. Find the probability that .S is

(a)  divisible by 2 or 5.

(b) not divisible by 4.

(c) 15, given the sum from one of the die is 7.

Question 8 Three people are asked what day of the week they were born. Find the probability
that

(a) all three are born on Tuesday.

(b) all three are born on the same day of each week.

(c) all three are born on different days of the week.

(d) exactly two people are born on the same day of the week.

Question 9 Sixty tickets are sold in a raffle with two prizes. Anthony buys 5 tickets. Find the
probability that Anthony

(a)  wins both prizes? (b) wins one prize only? (¢) wins at least one prize?
Question 10 The probability that it will rain on Monday is 0.8. If it rains, the probability

that an employee will be absent is 0.25. If it is fine, the probability that an employee will be at
work is 0.9. Find the probability that the employee will be at work on Monday.

Question 11 Two dice are rolled and the sum of the upwards-facing sides is recorded. Find
the probability that the sum is 8, given that one of the die is showing a six.

Question 12 There are 3 identical boxes X, Y and Z, each containing identically sized marbles.

Box X contains 5 blue and 3 green marbles
Box Y contains 2 blue and 4 green marbles
Box Z contains 3 blue and 1 green marbles

A box is chosen at random and from that box, a marble is selected at random. Find the probability
that the marble is blue.
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Question 13 Bob and Mary each roll a die. Find the probability that

(a)  they throw the same number.

(b) Bob rolls a number greater than Mary’s.

Question 14 Bob and Mary roll a die in turns, and the game is won by the first person to roll
the number six. Mary rolls first. Find the probability that Mary wins

(a) on her second turn.

(b) on her third turn.

(¢) in at most three of her turns.

Question 15 Suppose A and B are independent events such that P(A) = 0.2 and P(B) = 0.6.
Find the value of

(a) P(ANB) (b) P(A|B) (© P(B]A)

Question 16 A survey of 100 students was conducted, and they were asked about their gender,
and if they have their drivers licence. The results are in the table below.

Male | Female | Total
Licence 45 30 75
No licence 15 10 25
Total 60 40 100

(a) Find the probability that a randomly selected

(i) female has a licence.

(ii) male has a licence.

(iii) person who has a licence is a male.
(

iv) person who has a licence is female.

(b)  According to the data, is having a drivers licence dependent on gender?

Question 17 Two team leaders are to be chosen randomly from the candidates Adam, Bob,
Carrie and David.

a) List the sample space.

b) What is the probability that the team leaders will be Adam and Carrie?

¢) What is the probability that David will be one of the team leaders?

d)  What is the probability that Carrie is a team leader, but Bob is not?
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Question 18 The table below shows the results of a survey of 100 students about their gender
and whether their phone was from brand A, or not.

A A Total
F 27 | 33 60
M 18 | 22 40
Total | 45 | 55 100

(a) Find the probability that a student selected at random owns a phone from brand A.

(b) Find the probability that a female student selected at random owns a phone from brand A.

(¢c) Explain briefly how parts (a) and (b) imply that being female has nothing to do with owning

a phone from brand A?

(d) Does this automatically mean that being male also has nothing to do with owning a phone

from brand A? Verify your answer.

Question 19 A standard die is rolled twice. The sum S of the numbers that are upwards-facing

is calculated.

(a) Find the probability that S is greater than 9.

(b) It is known that a 4 appears on the die at least once in the two throws. Find the probability

that S is greater than 9.

Question 20 An insurance company has calculated that the probability of a 20 year-old woman
having a car accident is 0.3 and a 20 year old male is 0.6 in a given year. A random 20 year-old
male and female are chosen. What is the probability that

(a) they will both have an accident that year?

(b) only one of them will have an accident that year?
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Q Investigation Task

Bayes’ Theorem is named after Reverend Thomas Bayes (1701-1761), an English statistician and
philosopher. He first provided the mathematical equation that allows new-found data to update
the probabilities of various hypotheses, which were based on previous data.

Bayes’ Theorem

P(A) x P(B| A)

P(A|B) = =

This formula has huge applications in the real-world including machine learning, medical diagno-
sis, and email spam-filtering.

Question 1  [Medical application]

Carol is worried that she may have a rare disease and decides to get tested. The sensitivity
of the test is 99% and the specificity of the test is also 99%. Suppose that the prevalence of this
rare disease is 0.01%. When Carol takes the test, she tested positive.

(a) Research the definition of sensitivity, specificity, and prevalence in this context.
(b) Use Bayes’ Theorem to find the probability that Carol actually has the disease.

(¢) In the medical scenario above, there is an underlying assumption that can affect the prob-
ability of Carol having the disease. Find some possible factors that may result in the
calculations being invalid.

Question 2 [Demonstrating how it can be used to update a probability]

Bob draws a card at random from a standard deck of cards, and places it face-down in front
of him. He bets that the card he drew was a King.

(a) What is the probability that the card drawn is a King?

(b) Mary, who is secretly helping Bob, sees that the card he placed down was a picture card.
She tells Bob “You drew a picture card, but I did not see which one it was”. Explain why

intuitively speaking, we can expect that the probability of Bob having a King is now —.

(¢) The following is the formal calculation of the same problem. Complete the following and
verify your answer from (b).
P(King) x P(Picture | King)
P(Picture)

P(King | Picture) =

Hint: If you think very carefully about what P(Picture | King) means, it is obvious what
it is equal to.

Question 3 Research a scenario on the web that require Bayes’ Theorem to solve, and provide
a solution for that scenario.
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Q Investigation Task

Explore the Monty Hall problem and write a discussion about various aspects of the problem.

Monty Hall Problem

Your discussion should include and address each of the following (write a short paragraph for
each one).

e A statement of the Monty Hall problem.

o Explicitly defining the role of the host.

e The most common misconception and why people make that mistake.

e« What would happen if the host opened the door randomly instead.

e An explanation of the optimal choice to make, supported by probability calculations.

e How the Monty Hall problem is related to conditional probability.
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Exercise 10A

Random variables and probability distributions

& Fundamentals

(a)

(b)

(e)

(a)

(b)

()

(a)
(b)

()

Fundamentals 1

Recall that the result of a random experiment, like flipping a coin, is called an o

Sometimes, the o can be listed in an ordered manner, like the number of heads
when flipping n coins or the number of times you roll a ‘six’ when rolling a die n times.

If you construct a table listing each of these outcomes, and write down the associated

probability underneath, then you have constructed a probability d___ table. It is
named as such because the table shows how probabilitiesared____ across various
outcomes of the s S

If the outcome can be listed, as described above, then we say that the probability distribu-
tion is d

Furthermore, ifthed___ probability distribution has all outcomes being equally likely,
then we say that the the probability distribution is u

Fundamentals 2

Let X be a variable that represents a set of possible outcomes in a sample space. For
example, if X represents the number of possible heads when tossing three coins, then all
possible valuesof X are X =, .

The variable X iscalledar______ variable, since it represents the outcome of a r
experiment.

This gives us an easier way of referring to outcomes. For example, if X represents the
number of heads when tossing three coins, then instead of saying P(two heads, one tail),
we can instead say P(X = __).

Fundamentals 3

A random variable can be d or ¢

Ad__ random variable is a random variable X that usually arises from scenarios
involving counting, and is often listed as X = 0,1,2,3,... This ‘counting’ list may be
f___ or infinite.

Ac__ random variable is a random variable X that usually arises from scenarios
involving measurement. For this reason, the random variable X can be any real number,
and therefore cannot be listed.
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Question 1  Determine whether the following are best represented using discrete random variables
D or continuous random variables C.

(a)  The number of heads when tossing five coins simultaneously.
b) The height of a randomly chosen person.
¢)  The volume of water in a basin at a random point in time.

d) The ATAR of a randomly chosen student.

(
(
(
(e)  The number of times you have to roll a die before you finally roll a ‘six’
(f)  The time that a randomly chosen Olympian swims 400 m.

(2)  The number of times you have to flip a coin before you finally flip ‘tails’.
(

h)  The product of the numbers facing up when rolling two dice.

Question 2 Two coins are tossed simultaneously. Let X represent the number of heads that land.

(a) List all the possible values of X.
(b) Find the associated probability for each value of X.

(¢c) Copy and complete the table directly below, and hence present your data more formally in the
probability distribution table provided.

# ofheads | ___ | __ | __ x I R
Probability | | | __ P X=x)| | |

Question 3  For each of the following scenarios, define a suitable random variable X and construct
a probability distribution table, but do NOT fill in the actual probabilities.

(a)  The number of heads when tossing a coin two times.
b)  The number of heads when tossing a coin three times.
¢)  The product of the numbers facing up when rolling two dice.

(

(

(d)  The number of the side facing up when rolling a die.

(e)  The sum of the numbers facing up when rolling two dice.
(

f) A number is chosen randomly from 1 to 100 and the number of even non-zero digits is recorded.

Question 4 By thinking about which scenarios have equally likely outcomes, determine whether
the probability distribution of the following will be uniform.

(a)  The number of heads when tossing a coin.

(b)  The number of heads when tossing two coins.

(¢)  The number of the side facing up when rolling a die.
(

d)  The sum of the numbers facing up when rolling two dice.
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Question 5 The table below represents a discrete probability distribution. Calculate the following.

x 0 1 2|3 | 4
P(X=a) 010403015 005

(a) P(X=2) (b) P(X =0) () P(X>2)
(d) P(X >2) () P(1<X<4) (f)  P(X even)

Question 6 The following are typical probability questions that are similar to those from Chapter
10. For each question below: (i) define a suitable random variable X.  (ii) state the range of
values that X can take. (iii) state the value(s) of X that is needed to answer the question.

(a) A coin is tossed three times. What is the probability that there were exactly two tails?

(b) A bag contains four red marbles and six blue marbles. Five marbles are drawn from the bag.
What is the probability that exactly 3 of them are red?

(c) A die is rolled repeatedly until the number six is rolled. What is the probability that it took at
least 4 failed attempts before finally rolling the number six?

(d) Two dice are rolled and the sum of the upwards-facing sides is recorded. What is the probability
that the sum an odd number?

(e) Two dice are rolled and the product of the upwards-facing sides is recorded. What is the
probability that the product is an even number?

Question 7 In a table tennis game, the first person to win 4 games in total wins the match. Let X
represent the number of table tennis games played in a match.

(a)  List all the possible values of X.

(b)  What value(s) of X correspond to the game lasting

(i)  exactly 4 games? (ii) exactly 6 games? (iii) at least 5 games?

Question 8 Determine whether the following represent valid probability distributions.

(a) (b)

x 12|34 :c o 1 | 2] 3
P(X=x)|01|0502)0.3 P(X==x) 03005 05/ 0.15
() (d)
© 12| 3 |4 x 2,0 | 2 | 4
P(X=gz) | 02|12]-06]02 P(X=x) |01 010107

Question 9 Find the value of p such that the following tables represent probability distributions.

(a) (b)
© 0l 1] 2 | @ 0

P(X==x)|p|2p| 3p \P(X=-’B) p

NS | =
WL | DN
=S| o
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Question 10 Two marbles are drawn randomly, with replacement, from a bag containing 4 red
marbles and 6 blue marbles. Let X represent the number of red marbles selected. Construct a
probability distribution table for X.

Question 11
not permitted.

Construct a probability distribution table for X in Question 10, if replacement were

Question 12  Construct a probability distribution table for an appropriate random variable X for
each of the following scenarios.

()
(b)

(¢)  The number of red marbles drawn after two draws, without replacement, from a bag containing
three red marbles, four blue marbles and five green marbles.

The number of heads when two coins are tossed simultaneously.

The number of heads when three coins are tossed simultaneously.

Problem 1  Construct a probability distribution table for the number of coin flips needed
before tossing your first ‘tails’.

Hint: There are infinitely many values of X here!

Problem 2 Show that the following can never represent a probability distribution table.
T 1 2 3 |4
P(X==z) [2p+1|1—-p|3p|p
Show that the following can never represent a probability distribution, no matter

the value of p.

T 0 1 2
P(X=xz) | p?> p+1|p+2

Problem 4  Find the values of p and ¢ such that the following probability distribution is
uniform.
T 0 1 2
P(X=xz)|p+q+2|p—2¢+5 | 2p—3q

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
: Problem 3
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
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Exercise 10B

Expected value

& Fundamentals

(a)

(b)

()

(a)

Fundamentals 1

The expected value of a distribution is the p___ weighted average.

Informally, it can be thought of as the m of the probability distribution.

The expected value of a distribution with random variable X is/is not (circle one) always
an actual value of X.

Fundamentals 2

For a random variable X with values x; and associated probabilities py for k =1,2,3,...,n,
the formula for the expected value is E(X) =

Alternatively if P(X = x) is short-hand denoted by p(x), then the expected value can be

written as
EX)=> &

The expected value is often denoted using the Greek letter .

Fundamentals 3

In a game situation where money is to be won or lost, the expected value is sometimes
called the expected r_—__ of the game.

A game is said to be ‘fair’ if the expected return is z

A game is said to be ‘favourable’ if the expected return is p

A game is said to be ‘unfavourable’ if the expected return is n
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Question 1 By completing each of the following tables, calculate the expected value E(X) for each
probability distribution.

(a) (b)

Tk 0 1 2 3 Tk 1 2 3 4 5
Pk 0.1 02 03| 04 Pk 0.2 03 | 0.2 025 | 0.05
LEkPk LEkPk

Question 2 Matthew tries his luck on a dating app. The table below shows the probability of
Matthew getting matches on any given day.

Number of matches 0 1 2 3
Probability 0.9 0.05 0.03 0.02

How many matches does Matthew expect to receive per day?

Question 3  Jono is a life-saver at Bondi Beach and the probabilities of him having to do rescues
on a given patrol day are given below.

Number of rescues 0 1 2 3
Probability 02 | 04 | a | 0.1

(a)  Find the value of a.

(b) Hence, find the expected number of rescues that Jono will have if he goes on patrol.

Question 4 Anne is well-known around her suburb and the probability of her running into friends
on a given shopping trip is given by the following.

Number of friends 1 2 3 4
Probability a | 2a | 3a | 4a

(a) Find the value of a.

(b) Hence, how many friends would Anne expect to bump into during her shopping trip?

Question 5 Suppose p = 2.85. Find the value of @ and b in the probability table below.

T 1 2 3 | 4
Dk 0.1 0.2 | a
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Question 6 Nina plays a game where she rolls a die and she wins, in dollars, whatever number she
rolls. For example, if she rolls a ‘4’, then she will win $4.

Number rolled 1 2 3 4 5 6
Winnings 1123 |4]|5 |6

(a) Calculate Nina’s expected return from one round of the game.

(b) Suppose that it costs $3 to enter the game. By comparing it with Nina’s expected return,
determine whether the game is favourable for her.

Question 7 In a game, two coins are flipped. If there are two heads, then you win $10. If there is
exactly one head, then you win $5. However, if there are two tails, then you lose $20.

(a)  Complete the table below.

Number of heads 0 1 2
Probability
$ gained

(b) Hence, calculate the expected return.

(c) Is this game fair?

Question 8 Albert plays a game where the probability of winning is 0.1 and the probability of
losing is 0.9. If he wins, the prize is $100. It costs $15 to play the game.

(a)  What is Albert’s expected return?

(b) In the long run, would it be profitable for Albert to repeatedly play the game? Justify your
answer.

(¢)  How much would the entry fee have to be, at most, for it to be worthwhile for Albert to enter
the game?

Question 9 A person selects a marble from a bag containing 10 red marbles, 4 blue marbles and 1
white marble. The person wins $1 for the red marble, $5 for the blue marble and $20 for the white
marble. It costs $4 to enter the game.

(a) Calculate the expected return from playing the game and explain why this shows that the game
is unfair.

(b)  How much should the prize for the following marbles be, so that the game is fair?
(i)  Red marble. (ii) Blue marble. (iii) White marble.

(¢)  Suppose the prize of drawing the red, blue and white marbles respectively are k, 2k and 3k.
What is the value of k such that the entry cost of $4 is considered fair?
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Problem 1  [Linearity of F(X)]
Recall the formula for the expected value
E(X) =Y ipk
k
= Z1p1 + T2P2 + T3P3 + ... + TnPp

where xj, is the outcome of a random variable X with n outcomes, and p; is the associated
probability.
Define the formula

E(aX +b) =) (azg +b) X pg
k

= (axy +b) p1 + (azy + b) p2 + (ax3 +b) p3 + ... + (azyn + b) py
(a) By expanding and re-arranging, prove that F(aX +b) = aE(X) + b.
Hint: What is p; + p2 + p3 + ... + p, equal to?
(b)  Use this formula to find a faster way of doing Question 8.

Problem 2 [Sum of expectation]

E(X+Y)=EX)+ E().

Problem 3  [Recursion-approach to expected value]

Suppose Bob plays a game where he flips a biased coin. If he flips ‘heads’, which has prob-
ability p, then he wins the game. If he flips ‘tails’, then he must flip again. This repeats until
he finally flips ‘heads’. Let X be the number of flips he makes until he wins, and let E(X) be
the expected number of flips to win.

(a)  Suppose Bob attempts his first flip, then scores ‘tails’, and therefore must flip again.
Explain briefly why his expected value at that point is exactly the same as when he first
started.

(b)  Use this to explain the relationship E(X) =1+ (1 — p)E(X).
Hint: When he makes his first flip, he either ‘wins’ or ‘fails’
1
(c) Hence, show that E(X) = —.
p
(d)  Suppose the coin is fair (unbiased). What is the value of p?

(e)  Substitute this value of p in your answer from (c¢). What do you get? Was this answer
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Exercise 10C

Variance and standard deviation

& Fundamentals

(a)

(b)

(a)
(b)
(c)
(d)

(a)
(b)

Fundamentals 1

The variance of a random variable X is a measure of s of the probability distribution.

The variance of X is denoted by .

Fundamentals 2

The variance isthee___ valueof thes__ of the distance of x from pu.
Hence, a formula for variance is Var(X)=FE(— ).
Alternatively, Var(X) = BE(____) — u®.

The more practical formula to use, for calculation purposes, is Var(X) =

Fundamentals 3

The s d is also a measure of s

The more standard deviations that a particular value x is from g, the further/closer (circle
one) x is from the mean.

The standard deviation is denoted by ___, and it is the square root of the v

Hence, we have the formula o =/~ and hence = Var(X).
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Question 1  Fill in the following table, and hence find Var(X) and o using Var(X) = E (X?) — u?.

T 1 2 3 4 )

p(x) | 01 | 03 | 04 | 015 | 0.05

1132

x?p(x)

Question 2 By first finding p, fill in the following table, and hence calculate Var(X) and o using
the (less practical) formula Var(X) = E ((X — u)?). They should be the same as your values from
Question 1.

T 1 2 3 4 )
p(z) 0.1 | 03 | 04 | 015 | 0.05
T —p
(z — p)?
(z — p)?p(x)
Question 3  For the following probability distribution tables, calculate: (i) w.  (ii) variance.
(iii) standard deviation.
(a) (b)
T 1 2 3 4 x 1 2 3 4 )
P(X=z) | 01/05|01]03 P(X=z) |02 0202|0202

Question 4 A die is numbered 1, 2, 2, 3, 3, 3. Let X be the number facing upwards when the die
is rolled once. Find

(a)  the probability distribution of X. (b)  the expected value.
(c)  the variance. (d)  the standard deviation.
(e) P(X < p). (f) Pp—20< X <pu+20).

Question 5 A coin is flipped and a standard die is rolled simultaneously. Let the random variable
X be defined as follows.

e If the coin lands on heads, then 1 is added to the number that the die rolls.
e If the coin lands on tails, then 1 is subtracted from the number that the die rolls.

Find the following.

(a)  The probability distribution of X. (b)  The expected value.
(¢)  The variance. (d) The standard deviation.
() Plp—o<X<u+o). (f)  Plp—20<X < p+20).

277
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Question 6 [z-score to compare results]

The z-score of a value x is how many standard deviations x is from the mean p. It could be positive
or negative, depending on whether x is respectively above or below p. Nahar is a student who studies
Biology and Chemistry. The average for his Biology class was 76% with a standard deviation of 10%.
The average for his Chemistry class was 89%, with a standard deviation of 5%. Nahar scored 85%
and 95% in Biology and Chemistry respectively.

(a)  Which subject did Nahar perform better in, relative to his peers?

(b)  Write down a general formula for the z-score of a value x from the mean u.

(a)  Use the results

E(X +Y) = E(X)+E(Y)
E(aX +b)=aE(X)+b

from the previous exercise to show that

Var(X) = E(X?) — 2uE(X) + p2.

(b)  Hence, prove the familiar result Var(X) = E(X?) — p?.
(¢) Deduce that F(X?) > u?.

Problem 2

(a) Use the fact that Var(X) = E (X?) — (E(X))? to prove that Var(aX + b) = a? Var(X).

X _
(b)  Deduce that Var ( M) =1.
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Probability Distributions

Question 1  Consider the following probability distribution table.

Calculate the following.
(a) P(X =4)
(¢)  P(X odd)

Question 2  Consider the following probability distribution table.

a) Find P(X > 2) and P(X > 4).

¢) Find the value of P(X > 2| X > 4).

(
(b) Find the value of P(X >4 | X > 2).
(
(

d) Give an intuitive reason for your answer in (c).

Question 3 Consider the following table.

T 1 2 3 4 5

P(X=uz) 01| 03|04 01]0.1
T 112 ]3] 415
P(X==z)|a 3a|ba|2|a

x 0 1 12134 5 6
P(X =) |005|015|02 0302 005 0.05
(b) P(X <5)
(d)

For what value of a does this represent a valid probability distribution?
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Question 4 A bag contains six blue marbles and four red marbles. Three marbles are selected
at random, with replacement, from the bag. Let X be the number of red marbles drawn. Find

the value of P(X = 2).

Question 5 A biased coin is flipped twice. The coin is biased so that the probability of flipping
a tails is 0.3. Let X be the number of tails observed. Construct the probability distribution table

for X.
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Question 6 A bag contains three white balls and four black balls. Two balls are selected
at random, without replacement, from the bag. Let X be the number of black balls drawn.
Construct the probability distribution table for X and hence find the value of

(a)  Construct the probability distribution table.
(b) Hence, find the value of

(i) w (ii) Var(z) (iii) o

Question 7 A tutoring company offers up to two sessions of free one-to-one help for students
who are enrolled in classes. Students pay $200 per week for the classes.

x 0 1 2
P(X =x)|05]03]0.2

Every time a student uses the free service, it costs the company $30 to pay for the tutor running
the session, as well as any administrative costs to set up the session. How much money does the
tutoring company expect to make per week from each student?

Question 8 Consider the following probability distribution table.

xr —a a

P(X =) 0505

Without explicitly calculating anything, and by using purely your understanding of the mean,
variance and standard deviation, find the values of the following. Justify your answer.

(a) u ) o (¢) Var()

Question 9 Jake pays x dollars to enter a game. In this game, he rolls a die. If he rolls
anything from 1 to 5, inclusive, he wins that many dollars. He may continue rolling and winning
money until eventually he rolls a six, in which case he gets knocked out.

(a) Calculate his expected value if z = 6 and = = 18.
(b)  How much should the entry fee be for the game to be fair?

Question 10 The table below is a probability distribution table for a random variable X with
p=2land o =T1.

x 10 | 20 | 30
P(X=z)| a b |03

Find the values of ¢ and b.
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Question 11  The table below is a probability distribution table for a random variable X with
@ =22 and o = 6.

x 10 | a | 30
P(X=«)|01|b]|03

Find the values of a and b.
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Q Investigation Task

A number is said to be normal if the distribution of the digits is uniform.

Normal numbers

Question 1 Research the difference between sample mean and population mean, and likewise
for the variance and standard deviation. Are the formulas the same? If not, then why?

Question 2 Suppose you had a list of the first 100 decimal-place digits of a normal number,
and then sorted them into a frequency table. From this frequency table, form a rough probability
table.

(a) Discuss what you would expect to see if you were to calculate the mean and the variance
of the probability distribution table that you constructed.

(b) Research some ‘common’ normal numbers and find the first 100 decimal digits. Use ap-
propriate technology or otherwise to create a frequency distribution table and from that,
construct a probability distribution table.

(c) Calculate the value of p, Var(X) and 0. Comment on your findings and compare them to
your answer from (a).

Question 3 What assumptions did you make by turning your frequency distribution table to
a probability distribution table? Can this go wrong at any time? Research some examples that
may cause problems, and find how these problems are amended. Some useful terms to consider
include the sample mean, sample variance and sample standard deviation.
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Q Investigation Task

Benford’s Law models the frequency of the leading (first) digit of a numerical data point. It has
many real-life applications and this investigation task aims to show the student why it is so useful.

Benford’s Law

Question 1  Write a short paragraph describing the history of Benford’s Law and how it is used
in real-life. Your answer should include the formula used as well as the frequency distribution
table of the digits.

Question 2  For the frequency distribution table found in Question 1, calculate p and o.

Question 3

(a) Research different ways to generate random numbers using everyday tools such as a calculator.
(b) Choose a method and use it to randomly generate 50 numbers.

(c) Record your results in a frequency distribution table and calculate the sample mean z and
sample standard deviation s. Compare with your results from Question 2.

Question 4 Ask a group of friends (or a very dedicated friend) to each write down and each
give you a list of twenty randomly chosen numbers. It is important that this list is created by
themselves and not using technology (why?). Continue this process until you have a sample of
at least 100 numbers. Construct the frequency distribution table and compare them against the
table in Question 1. Comment on your findings. Your answer should include a calculation of the
sample mean & and sample standard deviation s.

Question 5 Discuss any negatives of Benford’s Law. Are there any scenarios that are not
suitable for the use of Benford’s Law? What are some constraints?







1. Algebraic Techniques

Exercise 1A
Expanding and factorising

F1

(a) 2* 4 2zy+y? (b) 2* —2zy +y?

(c) 2 —y? (d) a?z?+ 2axy + y?
(e) a’x®+2abry+b%y? (f) -1

Q1

(a) 42?2 +4z+1 (b) 922 — 24z + 16

(c) 9z%y? —24xy+16 (d) 922 — 24xy + 16y

1
(e) z2+2+ =
(g) 622 —b5x—4 (h) 422 — 9y?
(i) 622 —bry — 4y?

2
(a) (z+3)? (b) (x+5)(x—3)
(¢) 2z+1)(2z—5) (d) 3(4x+3y)(4x—3y)
(&) (t+oty)s—a—y) () (@z+3)(z—5)
(g) (:v +y+2)(z—y) (h) (z-3)(1+2)
() (@ +42)+y)e—y)
Q3
(a) z3-1

(b) See full worked solutions.

(4 +922)(2 + 3z)(2 — 3z)
(a+2)%(a—-2)

(3z + 2)(2z — 3)

(3z + 2y) (22 — 3y)

(a) (z—-1)(2%+z+1)

(b) (3z —2)(922 + 6z + 4)
(c) (2z—1)(42%2+8z+7)

(a) a3 —3z%y+ 3xy? — o3
(b) 3+ 3z%y + 3xy?® + 93

P4

(a) See full worked solutions.
(b) See full worked solutions.
(c) 201

P5
See full worked solutions.

P6
See full worked solutions.

Exercise 1B
Algebraic fractions

Answers 285

F1
a+b axr +b ay + bx ay + bx
@ 20 e e 2
Q1
@) + ® 3 (@ E2
32z +9 17 3
(d) U (e) Sz (f) T ir
(&) &z 12)3(3;5 1) () 2(;—_21)
Tr+6 z“—x+6
(k) x(z —2)(x + 2) 0 z(z —1)(x —2)(xz —4)
Q2
(@) 5o ) 3
O Gesy O e
Q3
x — x?
@ T2 @ g
Q4
(a) zg ; 1 (b) 2z +1
Q5
(a) x <1F 1 (b) i i_ z
v i+ 3(z+2)
(c) w2 — 22 (d) 2219
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@ ="T
(x+2)(z —2)(x—1)
2(7 — 3x)
(x +3)(z —3)

W | Ot
—
o
N
—
=
<

Q8
x+1
T+ 2

a® 4 b2

a’+1
a2_b2

a?—1

P3

See full worked solutions.
See full worked solutions.

)

b) See full worked solutions.
) See full worked solutions.
)

See full worked solutions.

See full worked solutions.
The denominator will be zero.

¢) See full worked solutions.

Exercise 1C

Indices

F1

(a) am—i—n (b) am"n (C) a™m
(e) 1 (f) Va (g a™o"

W =

N | = %‘g

S M ©ae @
1 a” b

Va (f) o (8) 2 (b)

a™(a—1) (b) a™(a®—1) (c) a™(b"—1)

1 (b) 7 (c) & (d)

) D (@) 4

1 1

3 (b) 3F (c) 27 (d)

125 M) 5 @) x O

3 (b) 32=+2 (c) 33=+1

36x5y8 (e) % (f) 427

210n (b) 717571 (C) 38

37 41 (e) 5"

4 (b) 1 (¢) -1

—g (e) —4 (f) =+£=

2 x 37 (b) 3 x 2"

37(3" — 1) @) 372" —1)

37(3" +1)(3" — 1)

5

1 (b) 2 (c) 8

2 (e) 1 (f)y 2

3z (1)) 2101



P3
199

P4
5100

P5
(a) (5% +2¥)(5* —2Y)

P6
67

P7
a=3,b=2

Exercise 1D

Surds
F1

Ja
(a) vavb (b) Vi
F2

1 3

(a) =2 (b) =2 (c)
@) @2 () an ®
F3
(a) z+2/2y+y (b) z—y
(c) ac—|—2—|-l (d) x—%
F4
(a) surds (b) perfect
F5
(a) x,b (b) a?b
F6
OIS U CH
@ LR b
Q1
(a) 7v5—6v2 (b) 216
() 2++3 (d) g

(b) 2%(142%)(1—2%)

8 K
SIEENIE
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Q2
(a) 3 (b) 2¥/3
(c) 102 (d) 2v2
Q3
(a) avh (b) a?b
(c) a2b (d) a?bvab
Q4
V5 Vb V15
(a) 10 (b) 3 (c) T3
2+ 52 21 +10v2 . 3(v/3-1)
(d) 3 (e) 73 (£) 1
(g) 4
Q5
. aVbd a—Vb L va Vb
@) —a ) =5 © %
avb+c avb—cVd
@ Fos © ‘wmoer
Q6
(a) -1 (b) 28410v/3 (c) 37—20v3
(d) 5+2v6 (e g+\/§ (f) %
Q7
(a) a=3,b=20 (b) a=49,b=—12

(a) 50 (b)

(a) 10 (b)

Q10

See full worked solutions.

P1
See full worked solutions.

P2

() vATI-va ()

P3
See full worked solutions.

a=-3,b=—18

—8\/5

9

>
=
7
=
m
"y
7
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Chapter Review

R1
(a) Zachis 10, Joelis6  (b) 16
(c) Book: $24, Card: $4 (d) 40
(e)

e) 20 (f) 150 m?
R2
() y=r () 2
(c) y==+ a2— = (d) £vaz?+4ab
R3
(a)

(i) % (i) =3 cm
(b)

(i) W—‘; (ii) % cm
(c)

(i) 3%% (ii) = cm
R4
(a) 18 cm (b) Emma is 17 and

Robin is 40

R5
(a) (x—10)(z+1) (b) (z+9)(z—7)
(¢) (x—2)(bx—4) (d) (bx+3)(xz—1)
(e) (5—2x)(z+4) (f) (z—5)(x+5)
(8) (6-z)(4+=) (h) (z-y)(z+y+3)
() @E+y-2)(z+y+2)
(G) 5(42* +y?)(2z — y)(2x +y)
(k) (x—=3)(z—2)(x+2)
0 2z —3y)(z+y)

(b) 5v2 (¢) 5V5
(d) /10 (e) 22—-12v2 (f) 3

R13
@ 5 s
R14
T — T
(@) —5
z+4
() (x+2)(x—2)
6
() _(ac +1)(z—1)
Y2
(g) T+
. 3
@) (x + 3)?
zy
(k) T+y
R15
(a) z+——2
R16
(a) 4

To8 (c) 8
1
) (c) 1
(f) 0,2
(b) —9-25
3v6

d) 3+

r—y
x2—|—a:y—y
(z+y)(z—y)

88—

(z—=2)(xz+2)(z+7)
4
T+ 2

0 -

(z+1)2
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R17 (i) one-to-one function
(a) y? (b) y+y? (c) o (j) one-to-one function
(d) 42 (e) 2a° (f) 82° (k) many-to-one function
(@) am*n M) 1 Q) 1+ Y (1)  many-to-many relation
. 1 1
W == k) 14y (1) 2z+3y Q5
y = (a) 7 (b) -3 (¢) 3 (d) 3
w2+ @l ) 2
a5 T © 142y
6
% T+y Y+ Q
(p) - (a) 2 (r) - (a) —5 (b) —2a+1 (c) 2a2+1
s) 2 ) -1 (d) 4a+1 (e) 2v/a+1 () 2a+3
Tty (g) 6a—3 (h) 2a+2b+1 (i) 2ab+1
G) a+2
2. Functions and Relations or ‘
- : 2 _ 2 _
Exercise 2A (a) 27t*—2 (b) 12¢*—2
Function definitions and notation (c) 3t—2 (d) 3t*—6t+1
F1 Q8
(a) relation (b) y, function (a) 22 ) z (©) 21 _ @ 1 i
(c) relation (d) function, relation Y (z+y)
(e) 2, relation (f) one, one, function Q9
(g) fla)=0 (h) unat.ions, (a) 4 (b) 1 (¢) -1 (d) 9
omains
Q10
Q1
(a) relation (b) function (a) 4 (b) 7 () 5 (d) 1
(¢) function (d) relation
Q11
5 (a) True (b) True (¢) True  (d) True
2 5
(a) one-to-one (b) one-to-many (e) False (f) True (g) True  (h) True
c) many-to-many d) many-to-one
(c) (d) Q12
Q3 (a) 2k—1 (b) 6k —1
See full worked solutions. L gk—1
© ~7=T (@)
Q4
(a) many-to-one function Q13
(b) one-to-many relation See full worked solutions. >
(¢) many-to-one function Q14 z
(d) many-to-many relation 1 m
(e) many-to-one function x? E
(f) many-to-one function Q15 m
(g) one-to-many relation (a) 9 (b) 6 m
(h) one-to-one function m
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Q16 Q2
See full worked solutions. (a) 2<x<6 (b) =5<x<10
Q17 () 1<ax<4 (d -2<z<3
See full worked solutions. () <3 ) x>-2
Q18
See full worked solutions. Q3
Q19 (a) [~2,00) (b) (=3,1] (c)
See full worked solutions. (d) [-4,-2) (¢) (-00,-3) ()
Q20
e Q4
. (a) DizeR RiyeR
(a) flz)=z+4 (b) f(z) =22+ 4z (b) D:zeR, R:y>0
(©) f(z)=a?—55+48 (d) f(x)zg 7 . (¢) DizeR RiyeR
= (d) DizeR Riy>1
P2 (¢) DizeR RiyeR
See full worked solutions. (f) D:—2<x<2,R:—-2<y<2
P3 (g) Di—2r<z<2m,R:-1<y<1
See full worked solutions. (h) D:zeR, Ry >0
P4 (i) DizeR Riy<l1
See full worked solutions. () D:z>0,R:ycR
(k) D:z>0,R:yeR
Exercise 2B () D:z>0,R:y>0
Domain and range (m) D: 3<2<3,R:0<y<3
(m) D: —3<x<3 R:—2<y<2
F1
D:0<z<4 R -1<y<3
(a) a<z<b (b) z € (a,b) (©) =T= Y
<z<b d € (a,b
© a<z (@ =€ (e o5
(a) Diz=2 RiyeR
F2 b) D: R, R:y=—-1
(a) = (b) range ) RE I, i ==
(c) DizeRz#0,RiyeR, y#0
F3 (d) D:xeR,Rs—g<y<g
(a) 0 (b) >0 (c) >0, zero () Diz<—-2,2>2 RiyeR
(f) DizeR R —-1<y<1
F4
w (a) >0, negative (b) > 0, negative Q6
m (c) range (a) positive
(TT Q1 (b)
= | ek (b) =€ (=2.3] () D:z>0 (i) D:z
w (¢) ze€[-7,-3) (d) ze€[4,00)
Z (e) ze€ (_2700) (f) ze€ (_00’3] (iii) D: 2 <5 (iv) D: z

Y

IN
[CNIEN B
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3 " .
(a) zero V
2 I\NAT

(i) DizeR,xz#0 /// —9 v
(ii) DizeR,z#1 ﬂ
iii) D:xeR,x;«éé Domain: z € R, 2 #0, R: y < -2, y > 2

(

(IV) DJIGR,J}#—Q (d) L YA 0

(v) DizeR,x#7 J Ek
(vi) D:z eR, 2z #3 : :1

Y

Q8

(a) D:z>0 (b) D:z>—4 Domain: z €R, z # -1,z #1, Rt y < -1,
y>0

(¢c) Diz>3 (d) D:z<2

(b) Domain: z € R,z # 1, x # 2

(c)
(i) DizeR,z#—-1,2+#3
(ii) D:xGR,x7é%,:c7éé ’
(iii) D:z € R, & # =2, © # 2
(iv) DizeR,z#1, 2 #3 i) y=>-4 (i) y>3
(i) y > —4 (iv) y =2
Q10 (e) The rangeisy > k
(a)
VA Q12
@) y20 (b)) y23 () y>—4
(d) y<0 (e) y<6 (f) y<5
> @ y<3 () y22 () y<10
_ @ Q13
Domain: x € R, R: y > 2 (@) y>0 (b) y>3 (¢) y>-5
(b) (d) y<0 (e) <4 (f) <3

Range: y <9, Maximum: y =9
0<y<3
) y=3

H"/
=22=8
g £ =

I

>
=
7
=
m
.y
7

Domain: z e R, R: 0 <y <1
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P1 Q2
—2<z <2 (a) f(—z)=—2z, Odd
P2 (b) f(—x) =22 +1, Even
(a) Avh (¢) f(~x)=a%— x, Neither

E k (@) f(-x)=—%, Odd

_1i 51 % (e) f(—x)=—=x+ 23, Odd

i E ) f(-=z)= fé, Odd

(b) yeR (g) f(—z)=2"% Neither
(h) f(—z)=z*—22+1, Even

P3
The denominator cannot equal zero ©) fl=2)= m’ e
P4 () f(-2)= 5=, 0dd

a) TeER, x#-—1 1
) (k) f(-2)=-z-—,0dd

reR z# -1, z#1
142

c) zeR x#2,z#3 ) f(-=z) = 1 Neither
d) zeR

Q3
it (a) (b)

Domain: x =1, Range: y =0 YA (7

(a) D:x>0,R:y>0 >
(b) D:zeR,R:y>0

(¢) Dix>2,2<-2,R:y>0

KY

1
(d) D:xeR,R:0<y§§

Domain: x =1, Range: y =0 (c) i (d) vi
Exercise 2C :
Even and odd functions
F1i g
(a) f(=) (b) —f(z)

Q4
F2 A

(a) y (b) origin YA iy
Q1 /

(a) Even (b) 0Odd (c) Neither T

(d) Even (e) Neither (f) Even j

r

0
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P1
See full worked solutions.

P2

(a) See full worked solutions.
(b) Even

(¢c) Even

P3
See full worked solutions.

P4
(a) False (b) True (c) False

Exercise 2D
Composite functions

F1
input, outside
F2
(@) g, f (b) f.g
Q1
(a) 1 (b) —17
(¢) See full worked solutions.
(d) See full worked solutions.
Q2
(a) vz +4 (b) vz +4
(c) =+38 (d) f(g(g(x)))
Q3
(a) flg(z)) =2z+3, g(f(z)) =2z +1
(b) flg(z)) =6z, g(f(z)) = 6=
(c) flg(x)) =2° g(f(z)) =a°
1 1
(@) flo(@)) = —=, 9(f(2)) = 7

ISA
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Q4
T
2¢x + 1

Q5

(a) and (b) are self-inverse

2 ! 4
(c) No. f(g(x)) has domain = € R, x # £3, but
g(f(x)) has domain x € R, x # 9

Q7

(a), (b) and (d) commute under composition
Q8

(a) z—2 (b) x>0 (c) z>2
Q9

a) 2v/x—3,2>0

b) V2x—3, x> g

Q10
(a) =z
1

b) =

) -
x, for evenn

© m@=11 & oddn
z

P1

a) See full worked solutions.
) h(z) is an even function.

¢) It is always produces an even function.

P2

See full worked solutions.
P3

(a) —xz—1

(b) —z2—1

(¢) f(g(z)) does not work since —z% —1 < 0

P4
See full worked solutions.
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Chapter Review
R1
(a) one-to-many (b) many-to-one

(¢) many-to-many (d) one-to-one

R4 3
(a) a=-1 (b) a=—=
2

R5

(a) x>-2 (b) —-l<x<4

(¢) z<6

R6

(a) Not a function. (b) Function.
D: x € [-3,3] D:zeR
R:y € [-3,3] Riy>1

(¢) Not a function. (d) Function.
D:z>0 D:zeR
R:yeR R: y € (0,1]

(e) Not a function. (f) Function.
D: z € ]0,2] D:zeR
R:y € [1,3] R:y>1

R7

(a) See full worked solutions.

(b) The product of an even and odd function is
odd.

(¢) See full worked solutions.

RS
2f(x)
R9

n

R10
27

4

R11
1
a y , C )

R12
See full worked solutions.

R13
See full worked solutions.
R14
1 1 x
(a) 1‘—|—E (b) JI—F;‘FT_’_I
(c) 4
R15
(a) x> -3 (b) x>-3
(c) z€eR (d) z€eR, z#=+3
(e) zeR, x#2,3 f) =<2
(g) zeR, x#=£1 (h) <6
(i) z€eR, x#0
R16
(a) Odd (b) Neither (¢c) Even
(d) Even (e) Neither (f) Even
(g) Odd (h) Neither (i) Even
R17
(a) No (b) Yes
(¢) 0 (d) p=
R18
x <5 x#-1
R19
2bx
R20
(a)
YA
even
z
odd
odd
()
Ay
1
even
N 7
=1l
odd
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R21 Q2
(a) —9a—2 (b) a®>—6a+8 (a) 2 (b) 4 (c) -2
(c) 0 (d) -5 (d)

YA
(e) — (f) 922 — 122 +3 4 /
(8) 9z —38 (h) x*— 222 /

> w

—
—
=
—
\
[\
KY

2 —1
R22
(2) flz)=a+3 (b) f(@) =22 +2 Q3
© fl@)=a22-2z+1 (2) y“/ (1) ”

2
N

B
8

3. Linear and Quadratic
Functions

\
DOt

sY
\
—

Exercise 3A
Linear functions Y >\ YA

—~ m
& =
—
>
=
[\
4/[\3‘)—I
Y
|
(NS
|
c/
sY

steep, direction steeper
(¢) positive (d) down \
(e) my, my () mimg =—1
(e) (f)
yA YA

F2 /
(a) % (b) mz+c (¢c) m(z—x1) 2 N\ - Z{ -
(a) y=k (b) x=k
Q1 Q4
(a) m=1 (b) m=2 (c) m=1 (a) y—yr=m(z—z1) (b) y=2x+2
(d) m:f% € m==3 () m=0 (c) y=-3z+1 (d) y=—gr—3

L 2 4 0B
(g) m=-2 (h) m= —3 (i)  Undefined () y= 37 + 3 () y= 9Tt

>
=
7
=
m
.y
7
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Q5 Q15
a I : = = —
oy A K () a=8 (b) a=-3
5 =
2 Q16
\ (I) and (IIT) are parallel, and
_18 | ; = (IT) and (IV) are parallel
Q17
(a)
YsD

/ T ]

B

\
—_

]Y

\
(=)

]Y

b) See full worked solutions.

¢) See full worked solutions.

Q6 d) Parallelogram.
1

(a) —2 (b) 1 (c) ~3 (d) 2 e) Rectangle.
(e) 0 (f)  Undefined.
Q7 Q18

No.
(a) y=—-2x+4 (b) y=z+5

> _ 1 31 1 = 10 e

() y= ) (d) y=2=- (a) See full worked solutions.
(e) y=2 £ z=-2 (b) See full worked solutions.
Q8 (¢) Rhombus.
y=4r+ 12

Q20
Q9 | a=-3,b=4
. —— I — 929 —
(a) 3 (b) x+3y—22=0 P1
Q —6 or 1

10

-7 P2
Q11 A, C, and D lie on the same line.
(a) y=6 (b) =3 P3

a) See full worked solutions.

See full worked solutions.
¢) Any point P on this circle will result in

Q13 LAPB = 90°.
(a) No. (b) No. (¢) Yes. (d) Yes.

(a)
Q12 (b) See full worked solutions.
(

P4

Q14 See full worked solutions.
See full worked solutions.
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P5 (i) 2 (i) (2,0)
(a) ax-intercept: a, y-intercept: b
The constants in the equation represent the
x and y-intercepts of the line. (v)

a5 y Z
- 4\M
Exercise 3B ;

(iil) 4 (iv) x =2

Features of a parabola | 2 v
(b)
F1 (i) -2 (ii) (—2,0)
(a) parabola (b) parabolas, vertex (i) —4 (iv) z=-2
(¢) concave, concave  (d) =z, roots
(e) 0,1,2 (v) o
F2 9 T
(a) >0,<0 (b) ¢
(¢) = —% (d) symm:try —4
(e) Substitute the z-coordinate o back into
a
the quadratic function. (¢)
(i 3 (i) (3,0)
F3
(a) They are the roots of the quadratic, and (iii) 18 (iv) =3
consequently the x-intercepts of the )

parabola. y
a+p 18
b =
() z=22
(c) roots, vertex, vertex, y

(a) h and k are respectively the z and
y-coordinates of the vertex (d)
(b) vertex, x (i) -1 (ii) (=1,0)
(iii) —5 (iv) ¢ =—1
Q1

| 2
& L
Y

2 Q3

>
=
7
=
m
"y
7
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KY

%&/

(b) y = (x —h)?+k is a vertical translation of
y = (z — h)2. The translation is up if & > 0,
and down if k£ < 0.

(c) (h,k)

(d) No.

I
—_
Y

()
)
/N?Il .
N E
—11
Q5
(a)
(i) 2,6 (i) 12
(i) =4 (iv) (4,—4)
(v) Minimum. (vi) —4

(i) (ii)
Yy Y
M 7
4
3 -
s § 5 "
(iif)
Y

(vii)

(i) —2,6 (i) —12
(iii) = =2 (iv) (2,-16)
(v) Minimum. (vi) —16
(vii)

]

(i) -2, -6 (i) 12
(i) z=—4 (iv) (—4,-4)
(v) Minimum. (vi) —4
(vii) y‘r
T12
—4
W ®
(i) —2,6 (if) 12
(iii) =z = (iv) (2,16)
(v) Maximum. (vi) 16
(vii)
16
12
G -1,7 (i) —21
(iii) z =3 (iv) (3,—48)

(v) Minimum. (vi) —48



i)

(

(i)
(iif)
(v)
(

vii)

(i)
(iii)
(v)
(vii)

%
3,5 (i) —30
®= (iv) (4,2)
Maximum (vi) 2
Y
2 T =2\ ~
A &
—-30

y=(x+4)(x—4)
(*470)7 (430)7 (07716)

x=0 (iv) (0,—16)
Minimum. (vi) —16
V1!
—4 4 g

—16

y =x(x +5) (ii) (0,0), (—5,0

Minimum.

Answers 299

(i) y=z(2x-15) (if) (0,0), g;,O)
5 5 2
ot ()
(v) Minimum. (vi) =
(vii)
wy /

) y=(o+6)—2)

ii) (-6,0), (2,0), (0,—12)

(iv) (—2,-16)
(vi) —16

K1l

ISA

() y=—(z+6)(z-2)

(ii) (-6,0), (2,0), (0,12)

(iii (iv) (-2,16)
( (vi) 16

(vi

>
=
7
=
m
"y
7
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Q7 Q10

Qs
(a) \ Ay/
. ~3 (31
V=g i (33) R
(i) Maximumn. (iv) (0,~2) é\\//é 2
(V) (1,0), (2’0) —g
(vi) YA Q11

(a) a=1,=-3 (b) a=2
y=2(z—1)(z+3)

1
7db=sos

Nlw
sY
O =&
= -
N
=
I
|
\.M
o~
Il
—

/ (2) (b) y=3@+2)?2+1
(b)
5 5 49 e )
(i) x:—g (i) (_6’_12> (a) y== 2— 8z (b) y=2* -4z +7
(iii) Minimum. (iv) (0,-2) (c) y=22°+3x—4

i) y=@=-22+2>0
(i) y=—-(z—-1)2-3<0

20,000 m?
A>0,0<z<200

Q9 :
(a) None (b) (F) (c) (H) (c) y=-5z(z-8)
(d) (I (e) (D) (f) None P1
(g) (G) (h) (A) (i) None ) =24y =400 .

(b) See full worked solutions.
@ () (k) (C) 1 (B) (()

(d)

0
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P2
(a)
(b)

See full worked solutions.

He should charge $12.50 per burger, and will
achieve a maximum daily revenue of $625.

Exercise 3C
Solving quadratic equations

o
X

—~ o~ o~
D [

factorised, completing, quadratic

0,1,2

+k (b) htk
az? +bx +c

quadratic

—b+ b2 — 4ac

rT = ————
2a
real, solution

2, distinct
1, distinct

16, (z + 4)2 (b) 25, (z —5)>

2y iy

25y%, (x +5y)> () 36y% (z—6y)’

0, 2 (b) 0, =5 (c) 2
2,3 (e) 2, -1 (f) —6,2
5 (h) 1,5 (i) 8, -3
-5, 3 (k) —12 1) 4,6
1 1 4
—57 —2 (b) 5’ 2 (C) 57 -2
3 1 11 1
2 © "3z O 52

Q4
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a=-4,b=-92=1,7

Q5
(a)

5++/3 (b) —24++/3
2 4 1 9
33 @ 33
1+£+2 (b) 2++/3
5+2V3 M)2i%§
e (b)lj:lg
2 2
+2 (b) 0,4 (c) =0,
=06
-3,7 () —=,3 f) -1,4
5 4
-3,4 (h) —g -3 (i) 3 —4
;2 (k) 0, +1 (DAﬂiﬁg
+4 (n) 0,3 (o) —2,6
9 cm (b) 13 (¢c) 6and 14

(i) $150,000
(ii) Either 2 or 4 machines.

(iii) He should operate 3 machines, and will
achieve a minimum production cost of
$70, 000.

a=1,b=2,c=1
a=2,b=-15¢c=17
a=4,b=-3,c=-2

>
=
7
=
m
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Exercise 3D
Discriminant

F1
(a) inside, quadratic  (b) b% — 4ac
(¢c) >0 (d) =0
(e) mno
F2
(a) a>0,A<0
(b) a<0,A<0
()
Ya YA
a<0
A <O _
i
a>0 z /
A<O
Ya YA
a>0 g B
Ao A>0
Ya YA
a<0
/\e>o
E
a<0 e
A=0
Q1
(a) A =0, touches
(b) A = —12, does not intersect
(¢) A =121, crosses
(d) A = —15, does not intersect
(e) A =173, crosses
(f)y A =0, touches
Q2
(a) A<O (b) A=0 (¢) A>0
(d A>0 (e) A=0 (f) A>0

Q3

(a) The square root in the quadratic formula

disappears, leaving us with x = ~5g a
a
rational number.
(b) Distinct rational roots.
(c¢) Distinct irrational roots.
Q4
(a) 2 distinct rational roots.
(b) 2 distinct rational roots.
(¢) 2 distinct irrational roots.
(d) 1 rational root.
(e) No real roots.
(f) 1 rational root.
Q5
See full worked solutions.
Q6
(a) k=43 (b) k=-10,2
4
(¢) k=0, 3 (d) No solution.
Q7
(a)
() k;—l (i) k<1 (i) &> =
i =1 ii 1 ii
(b)
() k=-2 (i) k>-2 (iii) k< -2
Q8

See full worked solutions.
(a) See full worked solutions.

(b) See full worked solutions.

Q9
See full worked solutions.
(a) See full worked solutions.

(b) See full worked solutions.
(¢) See full worked solutions.
(

d) See full worked solutions.

Q10
k=1
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Q11 F1
(a) k?+2k+9=(k+1)2+8>0 since Algebraically using substitution, algebraically using
(k+1)2>0 elimination, and graphically by drawing and reading
(b) See full Ked soluti the coordinates of the intersection point.
H) See full worked solutions.
() F2
(a) It is the z-intercept of the intersection point
(i) See full worked solutions. of ¢, and /5.
(ii) See full worked solutions. (b) It is the z-intercepts of the intersection
point of £ and Q.
Q12 (¢) The quadratic function Q and the linear
function ¢ can intersect in two distinct
d k2 b A = k2 > 0
(a) (b) - points (A > 0), be tangential (A = 0), or
not intersect at all (A < 0).
Q13
(a) —3k2 (b) k=0 (c) None. F3
(a) revenue (b) revenue, selling
¢) net, revenue d) equal, break-even
Q14
a) m<8 b) m=1,9 c) m=
(a) m < (b) (c) -
fixed, variable
P1
4 or -8 Ql
(a) z=1,y=1 (b) z=7,y=-2
P2 (¢c) z=6,y=2 (d) z=3,y=-3
2 distinct roots since A > 0. () 2=3 y=3 ) 226 y=
P3
1
p< ) Q2
- (a) (1,-1) (b) (1,-2)
: 3,1 1) (—-1,-1
See full worked solutions. () 31) (d) (=1,-1)
See full worked solutions. a) 8and 12.

P6
¢* =pr
P7

See full worked solutions.

P8

See full worked solutions.

5 5 25

Py U5t

Exercise 3E
Simultaneous equations and applications

b) Bob is 42 and Mary is 14.

c) 12 $50 notes and 8 $20 notes.
d) 2 managers and 8 labourers.
Adult: $26, Child: $17

(i) 175 kg
(i) Mary: 45 kg, Bob: 76 kg, Jane: 54 kg

Q4
2 3
T YTs
Q5
(a) (0,0), (1,1) (b) (—3,5), (4,12)
() (1,1 (d) (=1,1), (—4,10)

>
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Q6

(a) 2,4 (b) 2 solutions.
(¢) 2 solutions. (d) No solutions.
()

(i) k=9 (i) k<9 (iii) £>9

(f) The solutions of f(x) = k are the
z-coordinates of the intersection points of

y= f(x) and y = k.

(i) The line and parabola intersect at two
distinct points.

(ii) The line is tangential to the parabola.
(iii) The line and parabola do not meet.
(b) One root.
(¢) Determining the

sign of the

discriminant.
Q8
(a) Once. (b) Twice.
(¢) Does not (d) Once.

intersect.
Q9

1

() 04 () -7 () #2v2 (@) —

(a) C(2) =$220, R(2) = $100
The company is making a loss.
(b) C(10) = $300, R(10) = $500
The company is making a profit.

(¢) 5
Q11
(a) See full worked solutions.
(b) 75
(c
YA
750 - -
et
| == R(z
5 z
75
(d) 78

Q12

(a) C(z) = 60000+ 10z, R(z) = 130z

(b) 500 devices.

Amount 4
60000 - |
|
1
1 = C(x
. = R(z
5(')() QuantitVy
P1
(a) z—y

(b) 3 hours and 45 minutes.

Chapter Review

() y=—3(+2)—5)
(b) y=—-2(x—2)2-3

(a) z =1, (17 _8) (b)
() y=2(x-3)(z+1)

I

=1l

I

R et
w
Y

—6
—8

R4
y=3

(17 _8)
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R5 R16
a=2,b=-9,¢c=-5 (a) z=4,y= (b) z=7,y=4
Any equation with integer multiples of these values _ _ _ _
will work. (c) z=7,y=-1 (d) z=5,y=2
R6
(a) a>0 (b) b<0 () ¢>0 R17
(a) 250 m
(b) A maximum height of 31.25 m is attained
R7 when x = 125 m
See full worked solutions. o ’
(c) 41.25 m
R8
See full worked solutions.
R18
R9 a=1,b=1,¢=0
See full worked solutions.
R19
R10 1,9), (7,9
(a) Concave up parabola with two distinct (1,9), (7,9)
roots. R20
(b) Concave down parabola with two distinct y=2 | m— 9 ? 121
roots. 4 8
Ay
R11 A\ i f
See full worked solutions. 3 . 4 %
-3 |
R12 i
0, -8 - i
R13 -
See full worked solutions. R21
R14 The maximum area is 11,250 m?2.
(a) —1,2 (b) 2 A>0,0<az< 150
R22
R15 See full worked solutions.
(a)
Width | Length Area
9 31 279 4. Further Functions and
18 24 gee Relations
22 18 396
35 5 175 Exercise 4A
T 40 —z | 40z — 2 Polynomial functions
(b) 0<z<40
© F1
c
AY (a) n (b) an (¢) apz™ >
R ! (d) ao (€) 1 ) n+1 2z
! F2 E
: % (a) z, zeroes (b)) =z (¢) 2,z 2 m
20 40 d) 3,z 3 e) n
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polynomial (b) 1is not
a=A, b= B, (d) equal
c=C

a=1,b=14
a=1,b=-2,¢=5
a=1,b=3,c=3,d=1

a=12,b=17
1 3
Tt TR T
1 1 1
a—i,b—i,C—i

Single roots at z =1,2,3
Single roots at © = —5, —1,3
Double root at z =5

Triple root at x = —4

Single root at x = —4, Double root at x = 2

Double root at z = —3, Triple root at
x=-T

Single root at = 1, Double root at z = —3,

Triple root at x = —7
Double roots at x = +1

Pz) = (z = 1)(z +2)(z - 3)
P(z) = (z - 1)(z + 1)(z — 4)*
P(x) = (z — 2)%(z + 2)3

?2+z—1 (b) —2?2+5x—3
z2 — 5z +3 (d) 222 -13z+8
33 —822+7r—2 (f) 323 —622+32

YA
.
YA
8
) %
YA
.
YA
.
N




KY

KY

Y 4

w
8Y

KY
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Q7

— |
sy

—
KY

A

KY

¥
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(d) Ay Exercise 4B
2 Absolute value functions
1 x
F1
(a) size, origin
z, if >0
(b) |a| = :
—x, if <0
c) a
o1 ()
flx), if >0
Y (d) [f(2)l = o
—f(z), if <0
o (e) |zl
(f) 22
(8) *k
F2
(a) positive (b) single, cusps
-3 3 E F3
(a) || (b) |y — =l
P2 2]
(a) False. (b) False. (¢c) True. (c) lzllyl (d) Iyl 0
P3 F4
(a) See full worked solutions. (a) The distance from the origin is a
(b) See full worked solutions. M
= i ;
P4 (b) The distance from b is a
(a) See full worked solutions. M
(b) See full worked solutions. b_a b .
P5 Q1
\ a) b b) 3 8
() P(a)=(o— 1)@+ 1)@ 3)(z+3) ) ®) &
(b) P(z) =% —4x Q2
7 (@) |=3=313[=3
o (b) |- 15/ =15, 13]| - 5] = 15
LLl 31 3 3] 3
= o ’5‘_5’|5I_5
w (d) |13+5/=8,|-5-3/=8




2,2, -2
2,5,7, -3
~1,4,3, -5
1 5 5
2 S
) :17+ 2‘ 2’ 27 ) 3
2z —1
5 5
- T+
-3 2 7
4 4
«- Tt
-5 -1 3
5 5
2 2
- T
—3 _1 2
2
J 9
2 2
e A—
-3 _1 2
2
x =46 (b) x=+3
® = 22 (d) z=-2,-6
x=12orz=-2 (f) x=1,orax=-2
r=4orzx=-1 (h) x:77orx:§
x =42 (b) x—2=43
2r+1=+5 (d) |1 —2z| =2z —1]

Q7

(a) x==4 (b)
(¢c) z=3,z=-7 (d)
(e) z=8,xz=2 (f)
(g) z=T,x=—-4 (h)
(

i) z=5z=-10

Q8
(2x —6), 2z —6 or —22+6
11
3
11 4
g, —g s g, is valid
0, >3
11 11
rT=—, —
33
Q9
(a) No solution (b)
3
© e=-22=5 (@
Q10
(a) neither (b)
(¢) neither (d)
Q11
a) True

d) True

(a) Y

8Y

[\
8Y

|
—_
]y

Answers 309

78 = £

r=12,x =6
r=6z=-T
z=3,x=-"T

No solution

z=1,x=-2

odd

even

b) False. Any x > 1 is a counter-example.

e) False. Any z < 0 is a counter-example.

f) False. Any x < 0 is a counter-example.
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(d) y
3
| . T
Q13
(a) (0,0), m ==+2 (b) (2,0), m = %2
YA Y
4
. [a =
x
(C) (*230)’ m = +3 (d) (7470)3 m=zx-
Y Y
6 2
=
) | z
if >4
N +4, if r<4
r+3, if z>-3
B if r<-3
3
-3, if z>-
2x if z25
. 3
2z +3, if z< 3
Q15
(a) =0
(b) m _ 1, for x>0
T -1, for <0
(¢) =1, —1, undefined, 1, 1
(d)
Y
1

KY

Q16
() fa) 2¢, if z>0
a z) =
0, if z<0
yA
) T
o f@y={ > T =0
B z) =
2z, if <0
Yy
22, if >0
B 71:2, if <0
YA
T
Q17
(a) YA
3__
N
1__
| | | —
1 2 3 4 °
(b) YA
3__
\ s
2N Y
\\\, \\B/
2
1+ X0
| | | —>
1 2 3 4 °




()

(b)
()

P1

f(x)

They are the z-coordinates of the
intersection points.

T = ; 3
x=1,-2 (b) No solution.
z=1
f(@) = |2z| (b) f(z) = |z -1
f@)=2z+4] (4 f(z)=[3z-1]
YA
9
¥ 3 >
-9 x x
z=0,z=—-18

r= -8, —10, V8

{x2+m, if >0

22—z, if <0

]y

Answers 311

P3

The left side must be positive, but the right side
must be negative.

P4
z=0,2

P

(a) x can be negative and that is invalid as
|2z — 1| > 0 for all x

(b) No, as for all real  both LHS and RHS are
positive.

(9}

P6
No. All negative values of k do not work.

P7
y b=
Xz
y=—-x
P8
Yy

X

Exercise 4C

Inverse proportion and the hyperbola

F1

(a) y= % (b) larger

() vy, = (d) constant

F2

(a) 2 (b) 0,0

(¢c) zeR, z#0 (d) yeR,y#0
(e) 1st, 3rd (f) 2nd, 4th
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(a) (a) Speed S (b) Time T

A
(¢) k=300 (d) 2% hours

(L,1)
(e) 75km/h

J <
]Y
> O
= -
o
w| &K
w

cm
b
() YA (b) % km/cm?
(2,2)
Q6
= (a) See full worked solutions.
‘\ (b) y is halved.
(c)
(e) A (i) y doubles. (i) y divides by 3.
(_ 1’ 2)
Q7
> (a) The job to be completed has a fixed amount.
The more people who do the job, the fewer
days it (presumably) takes to complete.
Conversely the fewer people working on the
job, the longer it takes to complete. These
() vA are the characteristics of an inverse
1 variation.
J k300
b) P=—=—
r 1 (¢) 30 days
- -1
<2 (d) 4 people
y
Q2 A Q8
(a) y=—,z=0and (b) y=——,2=0 (a) It ‘pulls’ the graph away from the origin.
o
(b) It ‘pushes’ the graph towards the origin.
y=20 and y = 0.
(¢) k=16
Q3 (d) See full worked solutions.
k
) ==
Yy
) k=6 P1
w ) 1 Food will last 12 days, so 8 days less.
c) y=-=
c KR i
LLI Y See full worked solutions.
= 3 ]\_a2.})




Exercise 4D
Circles and semi-circles

(a) 2 +y?=r?
(b) (z—h)+(y—k)? =12

F2

(a) semi, (0,0), r

(b) upper, positive

(¢) lower, negative, negative
Q1

(a) z2+y®=4

(b) (z—3)2+(y+2)32=4
() (z+2°+(@y—-1)*=3

I3 4

ISh

—2<x<2 -2<y<2
I<z<5,-4<y<0

-2-3<z<-2+3,
1+v3<y<1-+3

g
1

——Sv< - <y<

)

QI
| ot

=W

Answers 313

(=5,0), r=5,-10<z<0, -5<y<5

(4,-3),r=6, 2<x<10,-9<y <3

1
( 372),7:4, T<z<l—f <y<,
(=1,0),r =3, (x+1)2+y2 =9
(=1,0), r =3, (x+1)2 432 =9
(2,-3),7=2, (x—2)%+ (y+3)> =4
(-1,1),r=1,(x+1)2+(y—1)2=1
1,1, r=v2, (z-1)?+(y—1)> =2

K8Y

1S3 4
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(c) YA P3
1 (a) (0,0), 7= %
(b) It is a rectangular hyperbola with equation
2
Ty = az
1 1 % (¢) See full worked solutions.
2 2
d YA a a a a
' 4 @ (55) md (-5-3)
/4 3 (e) See full worked solutions.
4 4 z Exercise 4E
3 g Reflections
Q7
(a) y=v9—a2 (b) y=-v3—2a2 F1
I @I (@) v=f(-a) 0) -z
(€) y=4/5:—2 (d) y=—4/7 2 — N
gative (d) positive
Qs (e) y
(a) . YA
A(=4,5) F2
(a) y=—f(z) (b) -y
T () -1 (d) negative
. (e) positive 6 =
B(6,-3)
(b) (-1 +(y-1)2=v4 F3
(a) First y = —f(x), then y = — f(—x)
o ’i (b) First y = f(—x), then y = —f(—x)
1
3 Q1
(a) Q(aa _b) (b) R(_aa b)
(¢) S(—a,—b) (d) Ttis S(—a,—b)
_1 T T
3 3
/p) Q2
I k&
TTR () P(40,20), r = 50 (@) Ay
= ()
w (i)  Yes (ii) No
1
= A
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-

G L =
~

N
sY

(¢) Reflections across the z-axis

|
Wdboooooe

~1
_9 :___ B T
Q6
(b) g(x)=a®—-2z ()
(c) y=—g(z) =2z — 2> () —f(z)=—a?+4z
ii ) = g2
(d) E‘Z)i.s the same equation as the equation from Em)) Ji (f(ai)m) z _—ig-c 2431 . E
(e) y= —f(—=) is the result of reflecting (b) m
y = f(x) across the y-axis and z-axis (order (i) —g(z) = 24
does not matter). () glez) =4 — 22 é
(ili) —g(—z) =2*—4 g
(c)
(/)]
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(i) —h(z) = -2 (b) Ay
(i) h(-z)=—2?
(iii) —h(—z) = 23
Q7 20
(a) y=f(-2) (b) y=—f(2)
() y=—f(-2) —
P1 © .

(a) y=—lz—2|
(b) y=—l-z-2/=~-|-(z+2)| = —|z +2|

(¢c) See full worked solutions.

KY

= (d) Ay

See full worked solutions.

KY

Chapter Review

R1

(a) P(z)==(z*-9)

(b) P(z)=a3(x — 2)(z +2)

(¢) P(z)=a*(@z-2)

R2
(a) AY R3
/\ 4 / (a) y==x(x—4)(z+3
\ () y=a(e+3)
5 ; 7 > (¢c) y=zB8x—2)(z+4

0
s
LLl
=
T,
Z
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KY



k=27 (b) k=8

1
yzﬁ(x+4)(x+2)(x—3)(x—5)
= (- 2)(z+3)(z —4)?
Y=1¢ x)(x 2

1
y= @15

1 2 2
yzz(x—|—2) (x —3)
= =% =K (b) x=1,6
xr=1,3 (d) No solution
r=1z=-1 ) z=1z=-1
e=-l,z=7 (B) s=1z,o=:

Absolute values cannot output negative
numbers.

See full worked solutions.

IS 4

|
ol
KY
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(c) Ay
T
/
(d) AY
T
/ 6
R10

(a)
; %

R11
(a) y=— (b) k=6
R12

)
(a) y= - (b) Halved
(d) Doubled  (e) Yes

(¢)

Tripled
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R13
(a) 18 workers

(b) 2 hours and 24 minutes

R14
(a) (570)aT:5 (b) (273)7T:4

R15
(a) Domain: z € [0,10], Range: y € [—5, 5]
(b) Domain: z € [—2,6], Range: y € [-1,7]

R16
(a) ('73 - 3)2 + (y - 4)2 =9, (074>

(b) (z—3)2+ (y+3)? =18, (0,0), (6,0), (0,—6)

R17
(z+2)*+ (y+£2)?=38

R18

(a) y-axis: f(—z) = —a3

g-axis: —f(z) = —2°
Both axes: —f(—z) = 23

(b) y-axis: f(—2)=—(z—2)
z-axis: —f(z) = (z + 2)?
Both axes: —f(—z) = —(x + 2)?

(c) y-axis: f(—x) = _%

Both axes: —f(—x) = 1
@
(d) y-axis: f(—z)=—a2+z+2

z-axis: —f(z) =22 +2—2
Both axes: —f(—z) = —2% — 2 +2
(e) y-axis: f(—x)=—2"

x-axis: —f(z) =277

Both axes: —f(—xz) = —277

f) y-axis: f(—z)= -z +=x
3

z-axis: —f(z) =2° —x

Both axes: —f(—z) = —2% +

R19

(a) YA )
qy=2a

b A

(b) N y 4y = (z+2)
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(d) YA Exercise 5A
y=2x2+x—2 Right-angled triangles
F1
(1,0) (&) e 4pi=c
> (b) The acute angle between the horizontal and
the direct line-of-sight to a point above the
horizontal.
) (¢) The acute angle between the horizontal and
Y= —33 tz+2 the direct line-of-sight to a point below the
y=—-a2—z+2 horizontal.
d
(e) ya @ Angle of o
"U — 3 _ depressio
! Angle of
1 . elevation
) F2
(=1,0) 1 (1,0) . opposite
> (a) sinf = ——
g x hypotenuse
! dj t
: (b) cosf = I
. hypotenuse
:' (¢) tand= opP051te
\ 3 adjacent
v y=—x"+x
F3
(f) Y4 (a) siné, 0 (b) cos® #0
(c) tan®, tan® # 0
F4
(a) Start with either north N or south S, then
move either clockwise or anti-clockwise in an
angle less than 90° towards either east or
ﬁi west respectively.
(07 _1) . Y= —2 q q g
N (b) True bearing is always measured in degrees
0y from the North axis in a clockwise direction,
',' and are written with three digits to specify
J the direction.
, 1
v P Q
(a) 13 (b) 15
5. Trigonometry Q2
@) 5 (b) 25 (c) 41 >
Q3 /)
(a) 0.64 (b) 0.26 (c) 041 é
(d) 1.57 (e) 1.63 (f) 3.12 m
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Q4 Q18
(a) 5°44’ (b) 43°7' (c) 18°26' (a) 6km (b) 16.4 km
(d) 75°31' (e) 45°35' (f) 74°53
Q19
Q5 20 km
(a) 2.3 (b) 2.5 (c) 1.3 P1
(a) 90° (b) 500 km
6 (e} o ]
(Ci) 0 e (c) 37 (d) 118°, 298
Q7 P2
() 6.93m (b) 4m (a) See full worked solutions.
(b) See full worked solutions.
Qs (¢) See full worked solutions.
(a) 5
(b)
@ 3 (i) ¢ (i) § Exercise 5B
(iv) % (v) 2 (vi) 2 Exact values
Q9 F1
(a) e -a-.(b) (a) /3 and v2
(b)
-- 0 30° 60° 45°
in 0 1 V3 1
QlO sin 5 7 E
1371.6 m cosg | V3| 1 | L
o 2 2 | V2
11
(a) 21m (b) 15 m tan 0 % V3 1
Q12 Q1
189.3 m
Q13 30° | 60° | 45°
(a) 1847 m (b) 10.66 m 9
cosec 0 2 % V2
Q14 2
(a) S60°E, 120°T  (b) S30°W, 210°T wH | == | 2 2
m Q15 cot 0 V3 % 1
(ol (2) S50°E, 130°T (b) N50°W, 310°T
L e
1
= it () V2 () 3 (¢) 1
m 1600 m .
< 23°T




Q3
(a) See full worked solutions.
(b) See full worked solutions.
(¢) See full worked solutions.
(d) See full worked solutions.
Q4
(a)
3
2

ya
(b) V5
()

. V5 L2

(i) 3 (i) NG
Q5

3 3 V2 13
(a) 1 (b) Vi3 (c) 3 (d) 5
Q6
(a) 2v3 (b) 2v3
(c) 9-3V3 (d) 2043 —20
Q

7
a) See full worked solutions.
) QR=+/3,QS =2and PQ =2

c) See full worked solutions.

P1
See full worked solutions.

P2
(a) See full worked solutions.
(b) 2—+3

(c¢) See full worked solutions.

Exercise 5C
Quadrants and related angles

F1

(a) anti-clockwise (b) clockwise

Answers 321

1 and 2 (b) 1and4 (¢) 1and3
supplementary
magnitude, quadrant
complementary (b) complementary
cosine (d) cot
0 (b) 1 (¢) 1 (d) o
-1 (f) 0 () © (h) -1
0 G -1 (k) -1 1 0
1 (n) O (o) O (p) 1
sin 6 (b) —cos#@ (¢) —tané
—sind (e) —coséd (f) tan6
—siné (h) cosf (i) —tané
—sinf (k) cosf (1) —tané
cos T (b) sinz (¢) cotx
26° (b) 30° (c) 45° (d) 80°
1 (b) 1 () 1 (d) cosz
2tan 20° or 2cot 70°
1 (¢) O
3 N

2 (&) % & =
1 1
3 (b) 1 (c) 1 (d) VG
oY wL o wm¥

V3 1 V3
Ty (3 -1 (k) ﬁ 1 - 5

>
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Q8
(a) sinzx (b) sinz
(¢c) cosx (d) cosx
Q9
@ (3 %) 0 o(-5%)
@ r(-5-2) @ s(%-3)
Q10
(a)
(iii) —? (iv) ?
(b)
. 1
(i) ~ 7 (ii) 135°
(iii) \% (iv) —%
Q11
W -2 n)-E ©
1 1 X 1
(d) Ve () D) (f) NG}
Q12
V3 1
(a) - (b) 1 (c) 3
(@) V3 © 3 0 -5
Q13
P (cos 55°, —sin 55°)
Q (cos 80°, sin 80°)
R (— cos20°, —sin 20°)
Q14
See full worked solutions.
Q15
(a) —tanp (b) -1 (c) 1
(d) —sin?p () —sinp (f) sinp

Q16

See full worked solutions.

Q17
(a) True (b) True
(d) False (e) False
P1

4 3
@R
P2

See full worked solutions.

Exercise 5D
Trigonometric identities

F1

(a) 1 (b) tan?6

a) 1—cos?0 (b)
sec?f —1 (d)
1+ cot? 6 ()

——, cot? 6, cosec? §
sin“ 0

1
(c) <20’ tan? 6, sec? 0

(¢0)]

Q2

sec? 6
Q3

(a) 1
(¢c) -1
(e) sin?6 — cos? @
(g) 2

Q4

See full worked solutions.

P1
See full worked solutions.

P2
(a) 4z%2 —y%2 =4 (b)

(c) cosec?d

1 —sin%60
1+ tan? 6

cosec? 6 — 1

—1

sin? 0

1+ 2sinfcosf
1
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P3 Q5
See full worked solutions. (a) 60°, 120°

(b) —135°, 135°
Exercise 5E (c) —240°, —60°, 120°, 300°
Solving trigonometric equations with degrees (d) —60°, 60°
F1 Q6

(a) arrange (a) 90°, 270°

(b) positive, negative, quadrant (b) 30°, 150°, 210°, 330°
(c) acute (¢) 60°, 120°, 240°, 300°
(d) 180, 360 (d) 45°, 135°, 225°, 315°
(e) 360°, 180° (e) 30°, 150°, 210°, 330°
(

f) cosine, —1, range, [—1,1]

Q7
F2 (a) 30°, 150°, 270°
(a) modify (b) [0°,720°] (b) 30°, 90°, 150°
(c) [0°,180°] (d) 0 (c) 180°
(d) 0°, 120°, 240°, 360°
F3
(a) identity, square Qs
(b) 1—cos?0, sec?d —1 (a) w e [0°,720°]
Q1 (b) sinu:%
(a) 30° (c) w=30°150°390°, 510°
(b) 2% Quadrant (d) 26 = 30°,150°,390°,510°
) S S 0 = 15°,75°,195°, 255°
Q9
Q2 (a) 22.5°, 112.5°, 202.5°, 292.5°
(a) 60°, 300° (b) 225°, 315° (b) 60°, 120°, 240°, 300°
(c) 60°, 240° (d) 240°, 300° (¢) No solution.
(e) 135°, 315° (f) 150°, 210° (d) 15°, 105°, 135°, 225°, 255°, 345°
(g) 45°, 315° (h) 210°, 330°
(i) 120°, 300° Q10
Q3 (a) 270°, 330° (b) 75°, 255°
(a) 19°28', 160°32’ (b) 134°26', 225°34’ (c) 60°,180° (d) 90°, 270°
(c) 20°3, 200°3'
P1
Q4 (a) T75°, 255°

(a) 66°25', 293°35' (b) 228°35', 311°25'

(b) 30°, 60°, 150°, 180°, 270°, 300°
(c) 68°12', 248°12/
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P2
(a)
(b)
(c)
(

d)

P3
40°

P4

90°

0°, 45°, 180°, 225°, 360°
120°, 180°, 240°

60°, 180°, 300°

, 80°, 160°

Squaring the equation introduces extra solutions.

Exercise 5F
Sine rule and the area formula

lengths, angles (b) two
two
a b ¢
sinA  sinB  sinC
sin A _ sin B _ sin C
a b c

. 1 _ .
Area = §absmC = ibcsmA = iacsmB

It is when there are two possible triangles
satisfying the same given dimensions.

It can occur when the question involves
using the sine rule to find an unknown angle.
180° — 0

180° — 6, 180°, reject

5v2

B =50° x="7.08

See full worked solutions.

41 m

24 m (b) 45 m

ZOAT = 17°, AT = 102.61 m
/ATB =5° /BAT =73°, ZABT = 102°
¢) 9.14m

(a) 38°13, 141°47 (b) 17°27', 162°33'

Q6
AC = 6.2 cm, ZBCA = 58°6', ZABC = 88°54’
AC = 2.6 cm, ZBCA = 121°54', ZABC = 25°6/

Q7
(a) 25v/3 cm? (b) 6 cm
Q8
31.51 cm?
Q9
6 =61°3/,118°57
P1
(a) 60v3 (b) 15.2
P2
h
(a) sin 3

(b) ZBDA=a-f, /ABD =180° — «

(¢) See full worked solutions.

P3
1

(a) Area= §absinC (b) b

() 2= =_¢ (d) See full worked

€ SinB = SinA C ee 1ull worke

solutions.

Exercise 5G
Cosine rule

F1

a) 1ncludeq, c© = a® + b0 — 2ab cos
included, c? 2+ b2 —2abcosC

b2 + 2 — g2

b) th A=
(b) three, cos T

F2

(a) longest (b) shortest



Q1

4.58 cm, 7.81 cm

Q2
(a)

(b)

Q3

See full worked solutions.

15v/3

2
cm
4

20°46’

Q4
8 cm
Q5
(a)

See full worked solutions.

36 km

Car A: 135 km, Car B: 150 km
198.27 km
97eT

See full worked solutions.
See full worked solutions.
2v3

Right-angled triangle.
30°

1201° 30/

24/37 km
077° T

Answers 325

Q9
(a)
N
A
96°
240 km

(b) See full worked solutions.
(¢) See full worked solutions.

(d) 337°

P1

(a) See full worked solutions.

(b) 3—+5

P2

You get Pythagoras’ Theorem! This is not a surprise
since C' = 90°, so we have a right-angled triangle.

(a) See full worked solutions.
(b) 6= 29°

(¢c) 6 =060°. If c =z then the triangle is
equilateral, so it is no surprise that 6 = 60°.

(a) See full worked solutions.
(b) See full worked solutions.
(

¢) The sum of two sides is strictly larger than
the third side.
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Exercise 5H
Three-dimensional trigonometry

F1
perpendicular

|
A

F2

[y

Q

a) See full worked solutions.

(a)
(b) See full worked solutions.
(¢) 35°16

Q2
BC =173.21 m, BD = 214.45 m

Q3
(a) 103.92 m

(b) BP =182.48 m, /ZPBQ = 18°12/

Q4

(a) 2.5m (b) 38°41
Q5

(a) See full worked solutions.

(b) htan78°

(c) 90°

(d) 133 m

Q6

(a) 10v/2cm  (b) /89 cm (c)
(d) 58° (e) 48°32 (f)
Q7

(a) See full worked solutions.

(b) See full worked solutions.

(¢c) 10.86 m

62°5
82°57

(a) 30v3m

(i) 150m (i) 19°6'

(iii) 306°52'

(b) See full worked solutions.

(¢) See full worked solutions.

Q10

(a) See full worked solutions.

(b) 421.55 m

a) See full worked solutions.

b) OB = htan60°, OC = htan 58°
¢) Right-Angled.

d) 36°44’

e) 47°46" or 132°14’

f) 11°2

P1
See full worked solutions.

P2
(a) hcotf

(b) See full worked solutions.

Chapter Review

R2
15.14

R3
LBAC = ZBCA = 45°

10
130



R4
81.63 m

R5
(a) 32.46 m (b) 31.75 m

R6

<20¢§ + 225ﬂ> km

R7
See full worked solutions.

RS

(a) 60° (b) 24°, 66°
R9

9

R10

(a) See full worked solutions.

(b) 4217.83 cm?

R11
19

21

R12

5 cm

R13
(a) 50° (b) 70° (¢) 37 cm
R14

(a) See full worked solutions.

(b) AB = /350% + 500% — 2 x 350 x 500 cos 20°

R15
162 m

R17

Answers 327

The exterior angle of a triangle is equal to

the sum of the interior opposite angles.
See full worked solutions.
See full worked solutions.

See full worked solutions.

4.8 m

R18
()

(b)
()

cosf =1 — 22, tanf = x
1— 22

_*

V4 — z?

See full worked solutions.

6. Radians

Exercise 6A
Radian measure

(a)

unit, 1 (b) 2

T, W, T (b) 27
180 m
K3 ®) Taps

90° (b) 60° (c) 45° (d)
300° () 210° (g) 240°
270°  (j) 150° (k) 330° (

o
~
—
=
N

—
Nz

S I ©3 @
A N (Y
=03 ®w O
T 0w 0F o

120°
390°
420°

SERFRSELTE

>
=
7
=
m
"y
7
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Q3 P3
(a) 36° (b) 18° (c) 51° (a) See full worked solutions.
(d) 140° (e) 86° (f) 15° (b) See full worked solutions.
(c) See full worked solutions.
Q4 (d) They are all approximately equal.
m 27 3T .
(a) = (b) = (c) = (e) Both are approximately 1.
om 107 617
1) — — f) —
@ © -3 0 o
Exercise 6B
Q5
Arcs and sectors
g |Z|T|2x |5 | Tr | 4m | 5r | lix
6 | 3 3 6 6 3 3 6
wnol LBl vB| 1 [ 1w v 1] | ** 1
2 |2 |2 | 2 2|72 | 2| 2 (a) =16 (b) A=2r%
V31| 1] V3] V3| 1| 1 |3
cos|—| = | = |—|—| —= = —
2 2 2 2 2 2 2 2 F2
1 1 1 1 O
tanf|— V3 |-V3|-—| — | V3 | -v3|-—= di b) —
) — V3 [—V3 = V3 | V3 = (a) radians (b) T
Q6 Q1
U T 3m 5T 3 T 5
6 0| — = — | 7| — — — |27 Arc length| Angle Angle |Radius
< . < < 2 < (cm) (radians) | (degrees) | (cm)
. 1 1 1 1 7 -
0lo]—| 1 | —=—=|0|-—| -1 |-—]0 L & o
e V2 V2 V2 > 7 1 H
1 1 1 1 60
0|1|l—| 0 |-——%|-1|—-—| © — |1 ™ ° b
VR Vi| | TR Vi 0 6 % ™
tan@|0| 1 |Undef.| —1 | O 1 |Undef.| —1 |0 8 % 22°55/ 20
3 o
Q7 O T 135 12
a) sind (b) —cos#@ (¢) —tané
d) —sinf (e) —coséb (f) tanf Q2 ,
g) —sinf (h) cosf (i) —tané @) 10 (9 25 @
Q8 i
. 2
(a) 0.7 (b) —0.7 (c) —0.7 (a) 4rcm (b) 127 cm
(d) —0.7 (e) 0.7 (f)y -0.7
Q4
1
P1 (a) %T cm (b) % cm?
) BEe: (b) —0.2794
E (c) —0.4161 (d) 2.9093 Q5
4
— b) 45°50
= @) = (b)
w (a) False. (b) False. (¢) True.
Z (d) True. (e) False. (f)  True. Q6
< 41 cm




Q7
3v/ 10 units

Q8

2257 cm?

Q9
625
(a) 25v/10 cm (b) 3—27771' radians

Q10

64 32
(a) 5T cm? (b) —m cm

(a) 2.168 (b) 6.13 cm

4
(a) - (b) 1400 cm?
(c) 1325 cm? (d) 75 cm?

Q13

(a) r=4cmand§=—

(b) r=3cmand § =

Q14
(a) 1.176 (b) 11.76 cm  (c¢) 19.66 cm

Q15
(a) 1.46 (b) 23 m

Q16

27 9
(a) ST om (b) 37 + 6 cm

P1

(a) 6cm  (b) 10cm (c¢) 12wrcm (d) 6%

P2
282.7 metres per minute

P3
1
(a) Area of triangle is 57“2 sin 6.

1
Area of sector is 57“29

(b) See full worked solutions.
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P4

a) See full worked solutions.

¢) See full worked solutions.

d) See full worked solutions.

(
(
(
(

)
b) See full worked solutions.
)

Exercise 6C
Graphing trigonometric functions

F1

(a) circular (b) periodic
(¢) cycle, period (d) oscillate
(e) maximum, (f) amplitude

minimum, y

(g) amplitude, 1

F2
(a) y=cotuz, (b) odd
reciprocal
F3
(a) 360° (b) 360°
(c) 180° (d) 360°, 360°, 180°
Q1
(a)
s 3
sinf | 0 | 1 0 —1 0
cosf | 1| 0 | —1 0 1

N

(ii) y=cosz

N .

Mﬂ' 27
N4

[NIE]

>
=
7
=
m
"y
7
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Q2 (b) )
(a) N\ /IT\ /
(2] 0 E T 31 2 —:27( 3 —:7'(' A s 7; s 2:7\':
2 2 T2 2-1 2 2

tan@ | 0 | Undef. | 0 | Undef. 0

N,
=
N,

N
N

sec 0 1 Undef.| —1 |Undef. 1

cosec 0 | Undef. 1 Undef.| —1 |Undef.

0 =
"
_1 ER

(ii) y:six N

S 4NN

Q7

[\
3
]Y

]Y

cot O |Undef. | 0 |Undef.| 0 |Undef.

Q5 Q8

Yy (a) secx =

0
s
LLl
=
T,
Z
<




(¢) They will be the locations of the vertical
asymptotes.

(d) y = cosecx has asymptotes at x = 0, 7, 27,

and y = cot x has asymptotes at x = 0, 7, 27.

(a) Odd. (b) —sinzx (c)
(i) even, cos(—x) = cos(z)
(ii) odd, tan(—x) = — tan(z)
(iii) odd, cosec(—z) = — cosec(x)
(iv) even, sec(—z) = sec(x)
(v) odd, cot(—z) = — cot(x)

(d) No, it does not.

Q10

(a) yelo1] (b) ye€[0,1]
(¢) ye0,00) (d) ye][l,00)
(e) ye[l,00) (f) ye€[0,00)
Q11

(c) Tt is the graph of y = cosz.

(d) cosz

Answers 331

P2

P3
1

whereas y = .
anx

3
y = cot x is defined at x = g7l

is not defined at those points.

Exercise 6D
Solving trigonometric equations with radians

F1i

(a) [0,2n], 27 (b) 2m, w

F2

(a) cosz (b) sinz (¢c) cotx
Q1

(a) 6 =0,+m, +27 w)az—%ﬁg
(c) 6==xx (d) 0=0,£m, £27
Q2

(a) See full worked solutions.

“m  bm w 3w

b =, = —
() w=-, -2 05
Q3
See full worked solutions.
Q4
3 T 7
C = — b = -, —
(@) o= (b) o=7,
57 11
(¢) z=0,27 (d) x:—,%
2m 4w 3 T
=2 = £ 2
@) o=, 0 o=
Q5
(a) x__5l _Am o 27
‘ - 37 3’33
5t 3w
I =4+— +—
(b) 2=+

_71 3r m™ 5w

© s=—T~T17

>
=
7
=
m
"y
7




0
s
LLl
=
T,
Z
<

332 Answers

_ m w 5w llw
TS5 06 6

x=0,m 2T

m 37 5w Tmw

=T 4%
x = 0.464, 3.605
T 3m 5w Tw
4747474
T 37
xr = 5,?,07271'
T 1lmw
=1.231,5.052, —, —
-/L‘ b b 6 ) 6
v =1249,4301, 27
- M b . 747 4
5t 1lm © 4w
T=— 75 5
6 33
_7r i
7606
T o
676
x=0,m, 27, 0.955,2.186,4.097,5.328
T 5w
r=—=,—
3" 3
0 = 0.322,2.820 (b) 6 =1.923,4.361
0 = 0.405, 3.547

3r 7w
=0,7, 27, —, —
x 77T7 7T7474
om 3m ™ 5w
YT 979373
3 7w
=1.249,4.391, —, —
m b 7474

4
18 quadrant, cos§ = R

3
3'4 quadrant, sinf = —

—

2nd quadrant, cot§ = —

3'd quadrant, cot = 1

Q10
T ™
3 = = — b = — —
(a) a=6,x 5 (b) a=6,z 15
P1
s om
g = — I = —
(a) « 5 (b) =z B
P2
() g=-2F _FTT
YPTT T260 2
®) z=2,2F
P3
(a) See full worked solutions.
2
®) o=,
Chapter Review
R1
om om 4m 107
(a) 5 (b) 3 (c) 9 (d) 9
R2
(a) 18° (b) 100°  (c) 210°  (d) T72°
R3
(a) 114°35 (b) 28°39 (c) 183°55
R4
(a) —sech (b) tané
R5
(a) O (b) 2v2 (c) —2+%
V3 1 1
(d) *1*7 (e) 3 (f) 3
R6
(a) 0.8415 (b) 1.0296 (¢c) —0.4161
R7
a) See full worked solutions.
(a) See full worked sol
b) See full worked solutions.
(



R8
20 54
a) — cm b) — cm
(a) 7 (b) 7
R9
(a) r=10,6=2 (b) r:4,9:g
R10
(a) tanG:fZ,siHG:fg
b cosﬂzfﬁ taunt‘):i
(b) ;
4 VT
c) sinf ,i sec 7@
(c) :
VAl 5
R11
4 5w 57 1lxw
(a) 9237? (b) QZF»T
T 2w 4w 5w T 2w 4mw 5w
0=—, — — — (d) 0=—=, —, —, —
(c) 3333 @ 33" 3° 9
R12
11w 7n w 5w
® 0=-Fen
(b) 9=+ £ 27
3 3
€@ o=-2
(d) 6=0,£7
R13
() 6=0,m %, =" om
(b) g=" Sm
662
(c) 9:% d) §=r
R14
5
R15
(a) ye[-3,3 (b) ye€[-4.4]
(c) y € (—00,00) (d) yel-1,5]
(e) ye[-84] (f) ye[-80
R16
(a) 4a?+y*=4 (b) 1622 — 9y? = 144

Answers 333

R19
See full worked solutions.
R20

Y

o=1,27
11

7. Differentiation and
Applications

Exercise 7A
Limits

(a) y (b) does not.

(¢) « (d) simplifying
(a) 0, smaller

(b) 0,0

(a) The denominator is 0.
(b) 2

Ul O N

—
-
=
I
—
=

()

>
=
7
=
m
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P5
(a)
(b)

(1+ h)? (b) 2

2xh + h?

See full worked solutions.

Exercise 7B
Differentiation by first principles

—
~—

slope
(x + h, f(x+h))
fl@+h)— f(z)

h, closer

touches

secant

secant

difference, quotient, 0
fl@+h)— f(=z)

h
gradient, derivative

differentiation

(2+ h,h? + 4h + 3)

See full worked solutions.
Q@ gets closer to P.

4

It is the gradient of the tangent at x = 2.

h% +2h +1

See full worked solutions.

2

It is the gradient of the tangent at =z = 1.

h+3
3
It is the gradient of the tangent at =z = 1.

2 (b) —4

202+ h (d) 2z+1+h
fl(x)=2, m=2

fl(x)=—4, m=—4

fl(x) =2z, m =
flx)y=224+1,m=3

I
(=]
8
+
\:—‘
3

I
—
w

Y

1

See full worked solutions.
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Q8 Q2
a) a®+ 3a?b+ 3ab® + b3 1 2
(a) (a) 6x° (b) = (c) ~ 3
(b) 3?2
W2 @ = 0 2
Y o 3522 2
P1 ]
(a) See full worked solutions. (8) 72\/1? (h) 0
) —L Q3
oz (a) 15z* (b) -8z (c) 2x+2
() — 1 (d) 3z2-8x (e) 5—=x (f) 23422+
2z\/x
Q4
v a) 2 2 b) 2 1 ) 1 L
See full worked solutions. (a) 22+ (b) 2z + (c) 1- 2
2
(d) 1 (e) 2z — pcs
Exercise 7C L
- A - - d
Basic differentiation rules (a) @(yQ +2y) =2y +2
d 3 2 2
F1 (b) d—(6z —5z%) =18z% — 10z
z
(a) nz"! (b) knam! (c) f'£d d . , )
) —(t° — 2t°) = 3t — 4t
@ ve @ f@ T
d
F2 (d) %(p—p?’) =1-3p?
(a) differentiate, f’(x)
(e) i(élu2 —u)=8u—1
(b) «, gradient du
d
(¢) vy, « (f) %(w‘3 +w?) = 3w? + 2w
(d) point, gradient, y — y1 = m(z — 1)
(e) perpendicular Q6
1
(f) tangent (a) 1 (b) ) (c) -2
(¢) perpendicular, negative, reciprocal (d) -2 (e) 2
(h) point, point, gradient Q7
(a)
F3 g
(a) 0, horizontal (b) vertical, z = «
Q1 ‘ >
(a) 0] 1 @ <
b) +1
(i) 1 (i) 2 (iii) 322 (b) N
c¢) The gradients have opposite signs. This is
n—1
(b) nz expected because the parabola is m
symmetrical about its axis. m
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Q8
() 3 0) (42)
(c) y:ix—l—l (d) —4
() y=—4x+18
Q9
(a)

yA

]Y

(b) y=-2z+3

() A (20) B(0,3)

(d) % units 2

Q10

1
Tangent: y = —2x 4+ 4, Normal: y = 5:10 -1
Q11
(a) £2 (b) 4/ — (¢c) +1

Q12
(1,4), (3,2)

Q13
b

T = ~2g’ which is the z-coordinate of the vertex.
a

Q14

Tangent: y = 2, Normal: x =1

At (1,2) the tangent is horizontal and the normal is
vertical since 3’ = 0.

P3
P<17 _3)
P4
Tangent: y = 1, Normal: z =0
P5
(a) 0
(b) See full worked solutions.
(c)

Yy

%

(a) See full worked solutions.

B0

(¢) See full worked solutions.

(d) See full worked solutions.

(a) x®—1 (b)

Exercise 7D
Chain rule

62° + 622
62%(z% + 1)

¢) See full worked solutions.

473 + 322+ 2z + 1



102z + 1)* (b) 10x(x? + 1)*
1 1
d
(2 —x)? (@) 2 — 1
2z . 1
2)2 ) -
(1+22) (2z +1)3
x 1\* 1
— h) 4({x—— 1+ =
V1 — 2?2 () (x 5'3) ( +x2>
6
(3z —4)3
.z
V4 — 2?
The gradient is undefined because the

tangent is a vertical line.

1
V2x +1

See full worked solutions.

y —0

YA

8Y

(2)-

b
f (_) =0 for n =2 and n = 3. This
a

result shows that parabolas and cubic curves
in the given form have horizontal tangents
at their z-intercepts.

See full worked solutions.

1
2y/a(vE — 1)2

Answers 337

See full worked solutions.

(w—1)2

See full worked solutions.

f'(x) = 6(z+1)°—5(z+1)* = (6z+1)(z+1)*

o +1
423 — 322 + 22 — 1

See full worked solutions.

Exercise 7E
Product rule

F1

product

F2
(a)

(b)

uv’

du

v dx
f(@)g' () + f'(z)g(z)

(x+1)*(6x +1)

—362% +8x + 15
—452? + 4 — 37

(3z —2)3(15x — 2)

z(z — 1)?(5z — 2)
(x+2)%(x+ 1)(bz +7)

2(3z — 1)(62% — x + 3)
2(5z + 2)3(2? — 1)2(2522 + 62 — 10)
2(2z — 1)*(2z + 1)3(18z + 1)

3x + 2

2vVxr +1
x(4 — bx)

>
=
7
=
m
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Q3

See full worked solutions.

Q4

See full worked solutions.

P1
(a) See full worked solutions.

_5
2z + 1)2

(a) See full worked solutions.

(b) 0

Exercise 7F
Quotient rule

F1
(a) quotient
(b) is not
F2 ) )
(@) o = vu —Zuv
du dv

d (uy\ Ui Yar
(b) dx (;) N v?
e 9@~ f@)g' (@)
o) ) (9(x))?
Q1
(a) % () 322—1 (o) 1_;12
@ 1 © ~GrgE O
Q2
‘ 2 5 . 2(3z+10)
® rir ® “@mor © i

4z 2a , a® —b?

N L o S R
Q3
See full worked solutions.
Q4
(a) See full worked solutions.

4x
(b) —m

Q5
(a)

(b)

1l =33
2z (e + 1)?
T +2
T 222z + 1
B = %

2y/(x+1)3

a—>b
(z —b)?
The gradients of the tangents are always
positive.
The gradients of the tangents are always
negative.

Yes, it is expected since f(x) =1 when
a="b.

a>b

av\

a<b

See full worked solutions.

Vx>0, since x # 0 for f'(x), and
(VZ+1)2 > 0.

The gradients of the tangents increase as x
gets smaller.

(0,—1), (1,0)
x>0

It shows that y = 1 is a horizontal
asymptote of f(x).

x 3 1 9 100
F@ | -3 | 0| 5 | &
Y
__1 ____________
f g



Exercise 7G
Average rate of change

F1
(a)

Q3

Y (b) gradient (c) f(b

time (b) quantity  (c)

tfinal — tinitial

V=1L, V=13L
4 L/min
6 L/min

(i) —3 L/min
(i) —2 L/min
The bucket becomes empty when t = 2.

—$5028.23 /yr.

Q4

Q5

[Sa4
—
| ocolr
S

>

$328.10/yr

P1
6

3.1°C/min, 3.01°C/min, 3.001°C/min
It is approaching a rate of 3°C/min.

Differentiation by first principles.

The instantaneous rate of change is the limit
of the average rate of change.

Qfinal — Qinitial

Answers 339

Exercise 7H
Instantaneous rate of change

F1
a) instantaneous, ¢

(
(c
(

)
e) limit, smaller

(b) average, interval

t (d) gradient, tangent

F2

(a) average, instant (b) derivative, time
dq

(c) at

F3

(a) >0 (b) <0 (¢c) 0O

Q1

(a) 5L

(b) See full worked solutions.

(c) V'(t) <0, since (2 +¢)? > 0, which tells us

the volume is always decreasing.
(d) 3 L/min
(e) 0.75 L/min

Q2
(a) 100 m
(b) 4.47 seconds, t € [0,/20]
©
(i) 0m/s

(ii) —10v/20 m/s

(d) t=4.47 s, which is when the ball hits the
ground.

(e) No. It is incorrect.

(a) 25 cm?/min (b) 22 cm?/min

(a) The rate is positive when ¢ = 1 (water
flowing in), but it is negative when ¢t = 4
(water flowing out).

(b) See full worked solutions.
(¢) See full worked solutions.

(d) t= 6 minutes

>
=
7
=
m
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Q5
a)
b)
c)

(
(
(
(d)

16 minutes
—0.25 kg/min
—0.5 kg/min

It is faster just before it is gone.

200 L (b) 1000 L
60 L/s, 40 L/s d) t=0

A drops to 0 when ¢ = 8 hours, and then
becomes negative after that.

dA
e 16t — 3t? is the rate of change of the
amount of the drug in the person’s

bloodstream.

%*Oattfl—6
dt 3

16
Increasing over t € <O, 3), Decreasing over

16
t -

75.85 mg

2 (b) 0,2

Exercise 7I
Gradient function

Y

gradient, positive

L, Y

gradient, negative

f(z) (b) positive

negative (d) zero

Ay

Lo
e
AY
—2
0 /l
%
-2, if z< -1
fl(z) = 0, if -1<z<2

1, if z>2

0, if z< -3
3, if -3<z<1
0, if z>1
\ Y
ey
X
1




z>1,y>0

r<l1l,y<O0

z=1,y=0

A

\ &S]

\ &S]

—
—
~—

Y

]Y

A

Y

]Y

A

Y

KY

Answers 341

K]y
\w
8Y

|
W=
%
sY

—1

—21 G —3\/

]Y

4’6__)

Straight line with gradient 1.
Straight line with gradient —1.
Concave up parabola, vertex at z =0

Concave down parabola, vertex at some
x = ¢ where the line cuts the z-axis.

>
=
7
=
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P2
((1) (b)
YA YA
4
a8
(c) (d)
YA P y
7
(e) () ,
Y4 YA 0
— TRE
T | |

Exercise 7J
Continuity

F1

(a) continuous, function
(b) discontinuous
(

¢) Jump discontinuities

Yy
1
T
—1
Holes
YA
/ M

Asymptotic discontinuities

Y4

Y

(d) zero

(e) domain, continuous, discontinuous

a) Continuous.

b) Continuous.

d) Discontinuous at x = 1.

(
(
(c) Discontinuous at = 1.
(
(e) Discontinuous at = 0.
(

f)  Continuous.



a) Continuous.
b) Discontinuous at x = 0.

c¢) Continuous.

e) Disontinuous at z = +1.
f) Discontinuous at x = 1.

(

(

(

(d) Discontinuous at z = 0.
(

(

(g) Continuous.

(

h) Discontinuous at x = —4, —1.
(i) Discontinuous at = —
Q3

(a) Asymptotic discontinuity.

(b) Jump discontinuity.

(c) Hole.

Q4

(a) Continuous. (b) Continuous.
(¢) Discontinuous. (d) Continuous.
Q5

(a) 2 (b) 1

(C) 6 (d) _7a1

P1

a=1,b=15

P2

Squaring both sides introduces extra solutions.

P3

y =tanx, y = cosecx, y = secx and y = cot x.

Answers 343

—92 YA /

]Y

e —

has a hole at z = —2.

z2 —4
(c) T for zeR,xz# -2
—4, for ©z=-2

Chapter Review

R1
@ -5 ©) 22
2 3
(C) _331'5 (d) _2\/1.*5
R2
(a) 8z (b) 1-—2x
(c) 4z +3 (d) 2z—4
R3
(a) man! (b) 4nan~1 (¢c) 0O
(@ 7 @ t-% O -
@3- o g -5
. )
() —%
R4
(a) 6(3z—2)

(b) 24x(3x2 —5)3

__ B
z2+1

>
=
7
=
m
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(a) z(2—3z)*(4—21z)
(b) 23z +1)3(2z — 1)4(27z — 1)

3x+ 2
2v/x +1

1
(a) See full worked solutions.
(b) y=—-z+3

(

c) 4.5 units?

R13
(a) 1 (b) —1 (c) -9

R14
8

R15
34 cm? /min, 26 cm?/min

R16
2

R17
a=2,b=—-4,¢c=-16

R18

(a) z=

(¢) z>

R20
(a) (b)
YA AY /
%
(c) (d)
Ay YA
\[] /p v/ |
() (f)
YA
YA [
(8) (b)
YA YA

8. Logarithmic and
Exponential Functions
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Exercise 8A
The logarithmic function
Fi
(a) power, index, base (b) log,y ==
(¢c) 0,1 (d) >0
(e) inverse (f) reflected
T
F2
(a) 1 (b) 0 () = (d) =,
>0
F3
(a) domain, range (b) range, domain 1
5
Q1
(a) 100=10 (b) 92=81 (¢) 50=1
(d) 2°=32 (o) 43=2 (f) 571= % o leme
Q2 //////
(a) logy,8 =3 (b) log, 16 =2 T
(¢c) log,2= % (d) logg2 = %
(e) logs o5 = -2 (f) log;50.25 = ——
)
Q3 @ 3
(a) =3 (b) z=-2 (¢c) z=2
Q7
) z=-1" (9 z=-4 () 1 @) z>2 (b) =<4 () z>-2
(g) ==0 ) #=% b e=4 (d) z>0 (€ >0 () zeR
G) =5 (k) x=9 1 x==9
(m) z= é (n) x=8 Qs
1
o @5 M3 @5 (@ V2
(a) _27 _1, 0, ]-, 27 3
P1
(b) ‘ y = logy(2) (a) 3 (b) 125 (c) 16
YA >
= x> 2 E
/ m
X
7))
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Exercise 8B Q7
Logarithmic laws (a) 6logy(2) ) log, g
(c) logio(50) (d) 2
F1 m ' 9
(a) log, mn (b) log, z (e) logs(x) (f) logy 575
(¢) nlog,m (d) =z, logya
Q8
F2 (a) True (b) True (¢) True
(a) 1 (b) 0 (e) False (f) False (g) True
1 (i) True (j) True (k) False
ey =1 (d) g (m) True (n) True (o) True
(e) - loga z (f) % loga T Qg
5 5 3
Q1 (a) 3 (b) ) (c) )
(a) 4 (b) 1 (c) 4 Q10
(d) 4 (e) -1 (f) -3 (a) See full worked solutions.
1 1
® 3 () —4 i) -3 o)
Q2 Q11
(a) —1 (b) 2 () é (d) 5= See full worked solutions.
Q12
Q3 See full worked solutions.
(a) 2.10 (b) 1.21 (¢) 5.17 (d) —1.58 P1
o (a) y= % (b) >0
@ 2 (B -2 (3 (5 P2
© -3 ® 5 (@7 (4 (a) ab
(i) -3 (b) See full worked solutions.
Q5
(a) z+y (b) z—y P;’
© S+ @) ~@+y+2) P4
1 See full worked solutions.
() z+2y+3z (f) —5(2y + 2) P5
® %(m +2)—y (h) 3+ %(y +2) See full worked solutions.
. P6
(é) () 22— (22 +3y) See full worked solutions.
Q6 P7
L (a) a+b (b) b—a (a) See full worked solutions.
c% (c) -1 (d) 3a—2b (b) See full worked solutions.
1
Z (e) §(a+b+ 1) () ba—1




Exercise 8C
Differentiating the exponential function

natural, (b) inverse

log

er (b)

f'(z)ef@ (d)

x, all real x (f)

x4 x>0 (h)

Y = 2e%* (b)

y = —6e 6= (d)

2823:—}-5 (b)

—2e32% (d)
3 2-3z

——¢ 5

y' = 3e3 (b)

1 .

y = et (@
=T ()

Yy = 26

In2 (b)

See full worked

solutions.

4*1In4 (b)

3% x 2In3 (d)

1
(b) )
L
2Vx

(¢) negative

9T — ewln2

a=1n2

3%In3
2% 1n 2

(c) 2z

Answers

(a) 4e**

(b) See full worked solutions.

Qs

See full worked solutions.

Q9

See full worked solutions.

Q10

See full worked solutions.

Q11
k=1 k=—6

Q12

See full worked solutions.

(b) See full worked solutions.

P2
See full worked solutions.

Exercise 8D

347

Solving exponential and logarithmic equations

F1

(a) Y (b) Y (¢) Ina

Q1

(d) B=2 (b) T = % (L) = —9
1 1 3

(d) x__g (e) x—16 (f) T=3

(g) 35——5 (h) z= = (i) z=-3

Q2

(a) z=0 (b) =0 (c) ng

Q3

@ e=Sy=—1 () z=ly=-2

(C) T = ]-7 Yy = —1

Q4

(a) z=1 (b) z=1 () z=1

>
=
7
=
m
"y
7
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Q10
(a)
(c)

Q11
(a)
(b)
(c)

x=4 (b) x=4
= 27 (e) =4
x=3 (b)
No solution. (d)
w=0, =27 (f)
3.32 (b)
No solution (d)
0.08 (f)
0.69 (h)

x=232,z=0 (b)
1.11

0.65
1.49
—0.41

No solution

z=0.63, z=0

2000(1.05)!

correct

As t gets large, v — 10, but never actually

Vo = $2205 (b)
15 years (d)
8.65 m/s
t=In2=0.69

reaches it.

1.3357ug mL 1
See full worked solutions.

See full worked solutions.

The first time occurs as the body takes on
the antibiotic, and the second time occurs as
the body metabolises and breaks it down.

P2
(a) See full worked solutions.
1

(b) p= 5 and p=1
(¢) k=In2,b=20
(d) vk

Q) fmmmmmmmmmmmmmo-

v =20(1—2""
T

(e) b=20
(f) This is called the terminal velocity of the

object.
P3
T =64

Exercise 8E

Graphing exponential and logarithmic equations

F1
(a)

Q1

y (b)
1

asymptote (b)
(0, 00) (d)
increasing (f)
(0,1)
<0 (b)
increasing, z >0  (d)
eR ()
o) (b) 0

Y

eR
>

decreasing

vertical, x = 0
x>0
(1,0)

If ¢ > 0, then the curve is translated upwards. If
¢ < 0, then the curve is translated downwards.
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Q2 (e) y4
As a increases, the graph gets steeper. %
\ »
Q3
If £ > 0, then the curve gets steeper. If £ < 0, then
the curve gets less steep.
Q4
The graph y = €” is shifted to the left for ¢ > 0 and
to right if ¢ < 0 and unshifted for ¢ = 0. () yk
Q5
Same graph e?e? = ?12
Q6 <_/ 2
(a) vb 4 !
%
(8) y4
J '
T
(b) yt .
x
——————— -1
2 (h) yt
e N B SR 1
>
T >
a2
(c) yt
(i) y4
e ! =
—2
(d) y4 >
e (é)
R Q7 m
T (a) y>0 (b) y>0 X
(c) y<0 (@) y>-3 /)




350 Answers

(e) y>0 (f) y<o0 (e) y4
Q8
(@) f(0)=1, fi(z) =e™", f'(0) =1 N .
(b) e™® >0 for all , f(x) is an inceasing 1 .
function <1n2,1;> -2 ¥’"'
3 f A
<) (1n(2), 2) ® 4 .
d) 2 -
e) 0 —C
f)
Q10
Q9 (a) y=e*t? (b) y=e*+1
(a) vt v -
Y= e () y=—e (d) y=e"
(€) y=—e°
Q11
1\‘ . (2) vt y = In(x)
(b) y4 /
-1
(a)
(i) y=hz-1 (i) y=lnz+2
y=—e " (iii) y =In(z + 1) (iv) y=2Inz
(c) yt (v) y= %hll’ (vi) y=1In(—z)
Q12
(a) : YA
5 ! y = In(x + 2)
_____ 4 Eﬁ_ _ | 2| —
e -
m (d) " E/—l x
E . pj=J=@e" :
""" T (b)  yi
; /2/_’__--> y =2In(z)
2 :
Z / i
<




y =3In(z) + 2

|
m‘
Wi
8Y

//V

y=—1In(x)

y=2—1In(x)

KY

8Y

Q14
No

Q15
(a) The z-coordinates of A and B are the
solutions of 2% =z + 2.

(b) 2

Q16

(a) y=xz—2 (b) y=2-2x
© y=1 (@) y=2?
Q17

(a) y =e" is an increasing function, so if the
input is larger, the output is also larger.

(b) y =1In(z) is also an increasing function, so if
the input is larger, the output is also larger.

Answers 351

Q18
(a) See full worked solutions
(b) vi

-2
1-3

(c) There are 2 points of intersection

(b) As b increases, the graph becomes less steep.

In(z)

(c) y=log,z= m As b increases, y

decreases.

P3
(a) 1
(b) -2
(¢) a=3,y=-2x3""+1
(a)

See full worked solutions.

P4

V32> /2/3

P5
1

P6
)

KY

only x >0

>
=
7
=
m
"y
7
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P

(a)  ya B
y = ze

8Y

(b) y'=0

(¢) See full worked solutions.

(@) k=31 k<0
e

P8
Dividing by log (%) should flip the
since log (%) is a negative number.

Exercise 8F

inequality sign

Applications of exponential and logarithmic
functions
F1
(a) 0 (b) 0 (c) A (d) 4
F2
(a) =0 (b) 0 (c) A
(d) A+ B (e) A—B
F3
(a) Q(t)>0 (b) Q'(t) <0
F4
(a) P(1.1)" (b) P(0.9)"
(©) P(1+m) (d) P(l—m>
Q1
(a) $22500 (b) $20250
(¢) 25000(0.9)™ (d) 59%
(e) 9th year
Q2
(a) 1114 (b) 2010
Q3
(a) 1000 (b) See full (¢) 2250
worked
solutions.

(d) 34 weeks

See full worked
solutions.

500 (b)

3 (d) 13 years

1
Show P’ <0, P’ = —560'051‘/ < 0 for all ¢
47 years
Yes. After 60 years in 2080.

PA
190

95

16000
P =22t x 1000
4 hrs and 59 min.

0.20 mm (b)

5 folds

See full worked solutions.

1
Down by 2’

y=-x+1

|



Q10

In?2
A=63 k=—=%

Q11
(a) 12 x 8%

Q12
(a) y=2x27

(¢) y=2x3"

(b) (a®) = A, h = ka®

(b) y=2°
(d) y=4x5°

d) z<2
f) <4

Q15

(a) ~82kg

m = e”®°

() (1€

P2

See full worked solutions.

(b) 229 years

U= @ = ) = i)

a

(a) b

Answers 353

(b) See full worked solutions.

(¢) See full worked solutions.

(d) a=1000, b= i
(e) No

P4

See full worked solutions.

Chapter Review

R1
(a) 10 (b)

R2

()

N =

(a) A(0,1), B(4,1), C(4,0), D(1,0), E(1,1)

(b) 3 u?

R3
(a) 3.2

R4
r =16

R5

(a) =—2y

(a) 2b+a

b
(c) 3?—i—aorl—i—b

(¢) =16 (d) l.6z

() 3@y+2)

(b) All real

>
=
7
=
m
"y
7
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R10 9. Probability
(2) y = In(22)
Exercise 9A
. Sample space and probability
i
F1
(b) (a) outcome
(b) outcomes, event
> c) outcome, event, favourable, outcome
1 x
(d) sample, space
1 (e) sample, space
i
(f) outcomes
(c) y=2ln(z) —1
F2
Ve (a) 0<P(4)<1
7
(5) .
2 (c) 1,0
() number of favourable outcomes
R11 number of possible outcomes
e2 -1 (e) cannot
R12 (f) certain
(b) z=1,-2 (g) equally, likely
R13 (h) complement
st 1 (i) 1-p,1
e
R14
20 F3
(a) two, three, no (b) no, one
R15
1
R16 Q
(@) a_g 9l (a) {HH,HT,TT}
" . (b) {HHH,HHT,HTT,TTT}
b) —=
(b) (¢) {H1,H2,H3 HA, H5 H6,T1,T2,T3,T4,T5 T6}
N e (d) {2,3,4,5,6,7,8,9,10,11,12}
0C SRS (b) z=6
LU (¢) z=1 (d) z=e3 z=¢ Q2
= : 1
[e - b -
Z See full worked solutions.
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Q3 Exercise 9B
(a) Set notation and Venn diagrams
1 2 3 4 5 6
1 {1,1} | {1,2} | {1,3} | {1,4} | {1,5} | {1,6} F1
2 |21} 22 2324253260 | o) uwim AUB
3 |31}/13,2)){3,3} | (3,4} |{3,5} | (3,6} (b) intersection, AN B
4 {4,1} | {4,2} | {4,3} | {4,4} | {4,5} | {4,6}
5 | {51} |{5,2}|{5,3}|{5,4}|{5,5} | {5,6} F2
6 |{6,1}|{6,2}|{6,3}|{6,4}|{6,5}|{6,6} (a)

B Lo 11 L A .y L
(i) 18 (i) 36 (iii) 36 (iv) 6 .
5 . 35 I L 3
(v) 18 (vi) 36 (vii) 8 (Vlll)i
. y
1 4
(a) 1 (b) 13 (c) 52 Q1
3 1 7
(@ (©) 25 ) 5 (a) {3,4,5}
(b) {1,2,3,4,5,6,7}
Q5
(a) Invalid (b) Invalid Q2
(¢) Invalid (d) Invalid {2, 4, 6, 12}
(e) Invalid (f) Invalid
(g) Invalid R 91 5 9 59
Q6 (a) 30 (b) 3 (c) 30 (d) 30
12 19
(a) 10 (b) 20 Q4
(a) (IUF) (¢) INF
Q7
1 Qs
6 3 9 31
o8 (a) 29 (b) 29 (c) 58
1 3 7 P1
a) — b) = c) =
. 8 v 8 ) 8 (a) False. (b) False. (¢) True.
Q9
200 P2
P1 103 >
5 180 <
P2 m
1 =
2 m
X
7))
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Exercise 9C Q4
Mutually exclusive events (a) and (d); (a) and (f); (b) and (e); (c) and (e)
Q5
193, (a) Independent
(a) AUB (b) ANB
(b) Independent
F2 (¢c) Not independent
(a) mutually, exclusive, outcomes (d) Independent
(b) cannot (e) Independent
(c) both (f) Independent
(d) intersect
Q6
F3 (a) See full worked solutions.
(@) (b) 0.1
00 o
Q7
(b) P(A), P(B) 7 oA 1 L ou
(¢ 0 (a) % (b) 13 (c) B) (d) %
F4 L
(a) &
3
Qg
2
.. 5
(b) Addition, Rule, P(AN B)
P1
Q1 3
(a) Drawing a red card and drawing ace of 14
spades from a standard deck of cards. Many
more possible answers. S
(b) Rolling a die and then flipping a coin. Many See full worked solutions.
more possible answers.
Q2 Exercise 9D
Multi-stage experiments and independent
events
o @ F1
L (a) independent (b) 0.5
; Q3 (c) dependent, is (d) P(A), P(B)
(a) Yes (b) No (¢) Yes
(7)) (e) N, P(A), P(B) (f) P(A), P(B)
Z (d) Yes (e) No (f) No




three
P(A;)NP(A2)NP(As)N...NP(A,)
sampling

sampling, independent

independent, outcome

Wl N

Part (a) is independent. Part (b) is
dependent.

1
100
They are (virtually) independent events,
since removing one person from Australia
with blood type B has a negligible effect on
the chance of the next person also having
blood type B.

2 8

5 ®) 3

1 1 1 1
1 (b) 1 (() 1 (d) )
1 1

il b) =

12 B

9 69

7 ®) 7

1089 3267

8000 8000

2299 7271

4000 ) 8000

125
1296

P6
(a)

(b)

(c)

Answers 357

2 14 12
z b) — N =
3 ) 55 (©) 55

2

29 b =

50 15

2 29 3

5 (b) @ ((’) g
121 101 99
100 ™) 200 ©) 300
2 13 49
il b) =2 =
25 () 55 (©) 59
91 5\"

216 (b) 1(6> (¢) 26 rolls
1 7

- b) ——

6 ) 5

6859 ) 1083 o 199
8000 8000 8000
1 12

it b) =2

25 () 25

19 29

5 tosses: HI'HTT or THTHH
6 tosses: HI'HTHH or THTHTT

The last two are always the same, and it
alternates leading up towards the last two.

1
128

>
=
7
=
m
"y
7
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P

(a) Aor (b)
CCA

| =
—
&

Exercise 9E
Conditional probability

'ﬁ
[y

dependent

~ —

reduces, B

o
~

conditional probability
A|B

e

© Puip =200

F2
sample, event

F3

(a) A

(b) B

(¢) independent, A | B, A

Q1

1

Q2

() = o) o (©
Q3

() 3 0 5
Q4

() v) = (©
Q5

@ 3 0
Q6

@) 3 O ©
@ = © 1

3124
3125

Q7
30%
Q8
1
6
Q9
(a) 0.645 (b) 0.507
Q10
3 11
(a) 5 (b) 20
(c)
W 3 ) 3
6
(d) ﬁ
(e) No. () %
N
(8) 3
Q11
(a)
3 6
(i) 10 (ii) 7
(b)
3 3
(i) 0 (i) 1
(c)
8 8
(i) %5 (i) I
Q12
(a) T T Total
F 10% 30% 40%
M 12% 48% 60%
Total | 22% | 78% | 100%
(b)
(i) 10% (i) 12%
(iii) 78% (iv) 48%
(v) 30%
3
(c) %
@ ¢

(e) No, since P(T | M) # P(T)
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Q13 P4
See full worked solutions.

a) See full worked solutions.
) See full worked solutions.

(
Q14 (b
9 13 (c) B is independent of A.
(2) 50 (b) 200 (d) Mary is correct. When P(A) = P(B), we
have P(A | B) = P(B | A).
Q15
PF’
57 o
50 (a) &
Q16 (b) 1
See full worked solutions. 5
(¢) Yes, as sample space has been reduced.
Q17 .
(a) If B has already occurred, then A cannot (d) 3

occur since they are mutually exclusive.
Hence, the probability must be zero.

(b) See full worked solutions.

P1 i 5 5 2

(4) 0.92 (b) 0.607 (@) 37 () 77 )

. R2

: W 2 ) -

. R3

@ @ 55 ) % © e @ =

yy{er} 0.098 (e) % (f) % () % (h) %

y W.{y,_} 0.002 ) % () g (k) é 1) %

Patient
%NW{N,—%} 0.036 =
%{N,f} 0.864 (a) ~— (b) o © =

(b) 64 64 64
R5
© o 1 1

500 @) 15 () 3
(d) See full worked solutions.

49 R6 >
© =2 ; =
o 433 20 (d))
o R =
(gz) The sum is 1.

(@) v © 3 i
4 4 2 X
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RS R18
1 1 30 18 9
(a) 313 (b) 19 (c) 19 (d) 19 (a) 20
9
R9 (b) 2
(a) L (b) 55 (c) = (¢) P(A|F)= P(A), hence independent.
177 354 118
(d) Yes, it does.
R10
39 R19
50
@ g 0 =
R11 6 11
2 R20
N @ ®) =
R12 Y50 50
g
72
R1s 10. Probability Distributions
1 5 .
(a) & (b) -5 Exercise 10A
Random variables and probability distributions
R14
25 625 2821
=0 229 2020 F1
@) 316 ®) 7 © 77
(a) outcome
R15 (b) outcome
(a) % (b) % (c) % (c) distribution, distributed, sample, space
(d) discrete
R16 (e) discrete, uniform
(a)
N3 .. 3
M 3 (i) 5 b2
(a) 0,1,2,3 (b) random, (c) 2
(i) 3 (iv) 2 random
) 5
(b) No. They are independent events. F3
(a) discrete, continuous
R17 (b) discrete, finite
(a) {AB,AC,AD,BC,BD,CD}
w (c) continuous
1
0C R
L 1 Q1
; (c) 3 (a) D (b) C (¢) C (d) D
o @D ) C (@D (D
< ’




0,1, 2
1 11
4’27 4
# of heads 0 1 2
1 1 1
Probabilit = - -
robability 1 5 1
T 0 1 2
1 1 1
PX=2) | 7135 ]|1

X = # heads, X =0,1,2
X = # heads, X =0,1,2,3

X = product,
X =1,2,3,4,5,6,8,9,10,12,15, 16, 18, 20,
24,25, 30, 36

X = number, X =1,2,3,4,5,6
X =sum, X =2,3,4,5,6,7,8,9,10,12

X = even non-zero digits, X =0, 1,2

Uniform (b) Not uniform
Uniform (d) Not uniform
0.3 (b) 0.1 (c) 0.5
0.2 (e) 0.9 (f) 045

X = # failed, X =0,1,2,3, X =2
X=+#red, X=0,1,2,3,4, X =3
X = # failed attempts, X =0,1,2,...,

X =4,5...

X =sum, X =2,3,4,5,6,7,8,9,10,11, 12,
X =3,5,7,9,11

X = product, X =1,2,3,4,5,6,
8,9,10,12, 15,16, 18, 20, 24, 25, 30, 36,

X =2,4,6,8,10,12, 16, 18, 20, 24, 30, 36
4,5,6,7

(i) 4 (ii) 6 (iii) 5,6, 7

Answers 361

Q8
(a) Invalid (b) Valid
(c) Invalid (d) Valid
Q9

1 12
(0) p=g¢ 0) p= oo
Q10

T 0 1 2

P(X==x) | 036 | 048 | 0.16

x 0 1
P(X = ) 118 1 2
3 15 15
Q12
(a)
x 0 1 2
1 1 1
P(X = - - -
( 17|31
(b)
x 0 1 2 3
1 3 3 1
P(X = = = = =
X==2) |3 13|5]|s
(©)
x 0 1
6 9 1
P1
x 1| 2 3 n
1 1 1 1
PX=a) 5% 3| |
P2

See full worked solutions.
P3
See full worked solutions.

P4
p=6,q=1

>
=
7
=
m
"y
7




362 Answers

Exercise 10B Q8
Expected value (a) —$3.5
(b) No. His expected return is negative.
F1 (c) $10
(a) probability
(b) mean Q9
i 2
(€ s (a) The expected return is —3 which is
F2 negative.
(EL) T1p1 + X2p2 + T3p3 + ... + TpPp (b)
157 197
(b) p(x) o 197 L 197
(i) 630 (ii) 16 (iii) 40
(€ n © k=%
21
F
3 . . P1
(&) mfm (b) zero (a) See full worked solutions.
(c) positive () negative (b) See full worked solutions.
Ql P2
) Bw) =2 (b Blw) =263 See full worked solutions.
P3
Q2 o
17 (a) Each attempt is an independent event. The
0. fact that he ‘failed’ his first attempt has no
Q3 bearing on any future attempt, so it is as if
(a) 03 (b) 13 he started a whole new game.
(b) See full worked solutions.
Q4 (¢) See full worked solutions.
a) 0.1 b) 3 1
@ () W L
2
Q5 (e) E(X) = 2. Intuitively, this is expected. If
you flip a typical coin, you would expect two
a=0.45,b=0.25
— sy e RE attempts before you get your desired side.
Q6
(a) 3.5 (b) Yes
Exercise 10C
Q7 Variance and standard deviation
(a)
m Number of heads 0 1 2 F1
d b X
m Probability 1 1 1 (8) sprea (b) Var(X)
m 4 2 4
$ gained —20 5 10 F2
; (b) 0 (a) expected, square  (b) (X — p)?
C£ (¢) Yes (c) X? (d) E(X?)—p?
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F3 N

O
(a) standard, (b) further © 12
deviation, spread (d) g
(¢) o, variance (d) Var(X), o2 12
2
(e) 3
1
“ M 1
43 1 2 3 4 5
0.1/0.3(04]0.15|0.05
p(x) Q6
x? 1]4]9) 16| 25 5=
2 (a) Chemistry (b) z=
x2p(z) | 0.1|1.2[3.6| 2.4 |1.25 o
Var(X) = 0.9875, o = 0.9937
P1
Q2 (a) See full worked (b) See full worked
T 1 2 3 4 5 solutions. solutions.
p(2) 0.1 03 | 04| 015 0.05 (¢) Var(X)>0
X —pnu —1.75 | —0.75 | 0.25 1.25 2.25 .
(x — p)? 1.75% | 0.752 |0.252| 1.252 | 2.252 (a) See full worked (b) See full worked
a ee full worke »)  See full worke
(z—p)?p() |0.30625|0.16825 | 0.025 |0.234325 | 0.253125 " solutions. solutions.

w=2.75, Var(X) = 0.9875, 0 = 0.9937

Q3 .
(a) p=26, Var(X)=1.04, o = 1.02 Chapter Review
(b) w=3,Var(X)=2,0=141 R1
(a) 0.3 (b) 0.95
Q4 (c) 05 (d) 2.8
(a)
x 1(2]3 R2
_ 123 0.9, 0.2
P(X =3)|%|3|5 (a) 2
) 5
(b) Z 9
3 (c) 1
(c) § (d) If given X > 4, then of course X > 2 as well.
9
5
(d) g R3
1
1 2
L/ R4
0.288
Q5 >
(a) 1o <
T 213(4|5 5 " m
P(X = 1 (1 (1|1|1(1|1/|1 T E
X=2)%5155l55 55 P(X ==) | 0.49 | 0.42 | 0.09 | M
X
(b) 3.5 (d))
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364 Answers

R6
(a)

x 0| 1] 2

PX=x) |2 |22

8 20 24/5

= _ X)==— ==

(b) l’l’ 7’V3‘r() 497 7
R7

$179 per week

(a) 0 (b) a

R9
(a) z=26: $1.50
x=18: —$0.50

R10
a=02,b=05
R11

a=20,b=0.6

(b)

$15
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