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TOPIC 1
Projectile motion

1.1 Overview

1.1.1 Module 5: Advanced Mechanics
Projectile motion

Inquiry question: How can models that are used to explain projectile motion be used to analyse and make
predictions?
Students:

analyse the motion of projectiles by resolving the motion into horizontal and vertical components, making
the following assumptions:

+ a constant vertical acceleration due to gravity

¢ Zero air resistance

apply the modelling of projectile motion to quantitatively derive the relationships between the following
variables:

+ initial velocity ¢ launch angle * maximum height

+ time of flight + final velocity * launch height

* horizontal range of the projectile (ACSPH(099)

conduct a practical investigation to collect primary data in order to validate the relationships derived above
solve problems, create models and make quantitative predictions by applying the equations of motion
relationships for uniformly accelerated and constant rectilinear motion.

FIGURE 1.1 This multiple exposure image of a trick jump performed by an FMX rider clearly shows
the parabolic shape of the trajectory of rider and bike. This pathway results from the combined effects
of ramp angle, initial velocity and the downward acceleration of gravity.

TOPIC 1 Projectile motion 1



1.2 Falling under gravity
1.2.1 Falling through air

In your earlier studies, you have encountered the concept of weight, which describes the attractive force that
the Earth exerts on objects within the effect of its gravitational field. The weight of an object is calculated by
using the equation

w=mg

where m is the object’s mass and g is the acceleration due to gravity.

Whenever we raise an object from the surface of the Earth and release it, the object falls towards the centre
of the Earth. Whether the object is a rock, a feather, a glass of milk or a pencil, every dropped object will move
downwards unless something gets between it and the Earth’s surface. However, as you may have noticed, not
everything falls downwards at the same rate. For example, a feather and a hammer dropped from the same
height will hit the ground at different times — the hammer will strike the ground first, then the feather. Making
a variety of such observations throughout our lives, we might come to the same conclusion that the ancient
Greeks did — that heavy objects fall faster than light objects.

The Italian scientist Galileo Galilei (1564—1642) also noticed that big, heavy objects usually reached the
ground faster than small, light ones. However, he had the idea that this behaviour had nothing to do with the
masses of the objects themselves but was actually due to the combined effect of their weight (which pulls
them downwards) and some sort of resisting force (which pulls them upwards) acting on them as they fell. If
the resistant force acting on an object was comparable to its weight, the object fell more slowly. If the resistant
force was comparatively small, then it fell more quickly.

This resistant force that acts to oppose an object’s motion through the air is known as air resistance or
drag (F 44,)-

The net force acting on an object falling freely under the influence of gravity is FIGURE 1.2 The

equal to the vector sum of its weight and the drag acting upon it: forces acting on a
Fo.=w+ deg vertically falling object.
As F,,, = ma, we may also write: Drag
ma=w+Fg,,
Therefore,
w+F drag
a=—"
From this, we can see that the rate at which an object accelerates as it falls
towards the ground does not depend entirely upon the object’s mass or weight. Weight

1.2.2 Air resistance — what a drag!

Drag is caused by the collision of a falling object with the particles in the air; this has the effect of slowing
the object’s descent. The greater the number of particles that the object collides with, the greater the size of
the drag it experiences.

The drag force exerted on an object is directly proportional to the following:

* the object’s cross-section perpendicular to its direction of motion. An object with a large cross-section will
collide with more air particles than one with a small cross-section, so it would experience a greater drag.

* the density of the air through which the object moves. Close to the Earth’s surface, the air has a density of
about 1.2kg m™3, which is much denser than at, say, an altitude of 10 km, where the air density is around
0.4kgm™3. This means that an object falling at the 10 km mark will collide with fewer particles and so
will experience less drag than an object falling nearer the ground.

« the square of the object’s speed. An object travelling at a speed of 10m s~! will encounter four times the
magnitude of drag than if it were to travel at 5ms~".

2 Jacaranda Physics 12



Drag is also affected by the object’s shape, the smoothness of its surface and the amount of turbulence that
these factors cause in the air as the object falls.

FIGURE 1.3 An object with a larger cross-section collides FIGURE 1.4 Formation skydivers

with more air particles than one with a smaller cross-section. spread their limbs out to increase their
surface area perpendicular to their
direction of fall. This increases their
drag, which decreases their descent
speed, extending the time that they are
in the air.

[ )
'y Air . 0"
Y 1 e ! | /particles\ o
® 9 L ] -
o|..|‘ * o
-
1 11
®»

1.2 SAMPLE PROBLEM 1

At what speed will a 70 kg skydiver be travelling two seconds after stepping out of the plane if we assume
a uniform drag force of 20 N acts on him during this time?

SOLUTION:
Given: u = 0; t =2s; m = 70kg; g = —9.8 ms~2; F g = 20N
We need to find v.

First, we need to find the net acceleration acting on the skydiver.
Remember, he has two forces acting on him: weight w, acting downwards, and F g, acting
upwards. This allows us to determine the net force acting on the skydiver:

Fop=w+ deg

Now, as w = mg, the weight of the skydiver will be:
w = (70kg) (-9.8ms™?)

= —686 N
So,
Fpet = (—686N) + 20N
= —666 N

As F, = ma, we can now find the skydiver’s acceleration during the 2 s interval:
F

net

m

TOPIC 1 Projectile motion 3



= =-95ms™~*
70 kg e
We can now find the skydiver’s speed at the end of the 2 s interval.
Given:t=2s;u=0ms ' a=-95ms 2 y=2
v=u+at
y=0ms™") 4+ (-9.5ms?)(25s)
=-19ms™!

The skydiver will be travelling at 19 m s~! downwards at the end of the 2 s interval.

WORKING SCIENTIFICALLY 1.1

If you have watched a parachute filling with air as a skydiver deploys it, you would have noticed that the
parachute does not form a flat surface as it catches the air; rather, it forms a specific three-dimensional shape
according to the way that the parachute has been designed. While many parachutes form dome-like shapes as
they catch the air, others form shapes that are more like sausages. As a result of their different geometries,
parachutes containing the same surface area of fabric will differ in the volume of air that they ‘capture’ during
descent. Explore the different shapes of parachutes that can be made from a piece of parachute fabric with a
surface area of 900 cm?, determining the effective volume of each when it is dropped with a 10 g payload. Use
three of these shapes to determine what relationship (if any) exists between the volume of the parachute and the

drag force that it exerts.

1.2.3 Falling in a vacuum

In 1971, Apollo 15 astronaut David Scott dropped a ham-
mer and a feather from the same height while standing on
the surface of the Moon (yes, scientists really did pack a
hammer and a feather on the spacecraft just so they could
test this). The hammer and the feather fell at the same rate
and hit the ground at the same time.

As discussed in the previous section, drag is caused by
collisions of air particles with a falling object. The Moon’s
gravity is too low to hold a thick atmosphere around it
like the Earth can, so the hammer and the feather both fell
without encountering enough particles to cause any meas-
urable drag. As Fy,, was equal to zero, the only force
acting on the two objects was the attractive force of the
Moon’s gravity acting towards the centre of the Moon; that
1S, Fpe = w.

For both the hammer and the feather,

ma = mg

Cancelling mass m on both sides, we get:

a=g

FIGURE 1.5 Astronaut David Scott drops a
hammer and a feather on the surface of the
Moon.

In other words, the masses of the two objects had no influence at all on the rate at which the objects fell.
They both fell at about 1.6 m s~ (the acceleration due to gravity on the Moon) and hit the dust (literally) at

the same time.

What this little experiment on the Moon proved was that Galileo’s theory was correct. In a vacuum, all

objects will fall at the same rate, regardless of mass and size.

4 Jacaranda Physics 12



1.2 SAMPLE PROBLEM 2

(a) How fast will a ball be travelling when it strikes the ground if it is dropped from a height of
100 m? (Ignore air resistance.)

(b) At what speed would the same ball be travelling if it was dropped from the same height on the
Moon’s surface where gravity is one-sixth that on Earth?

SOLUTION:
(@ u=0ms ;§s=—-100m;a=g= —-98ms 2 v="?
vV=u’+2as
v = (0)* +2(-9.8 ms2)(=100 m)
=v=11960 = +44.3ms"!
Because the ball is falling, it will be travelling downwards when it strikes the ground, so v must
be a negative quantity.
Therefore, if there is no air resistance, the ball is travelling at —44.3 m s~ when it strikes the
ground.

(b) u=0ms™!; §s=-100 m; a=%—1.6ms_2; y="7

1

v =u’ + 2as

v2 = (0)> + 2(—=1.6 ms~2)(—=100 m)

=>v=1320=+17.9ms"!
The ball would strike the Moon’s surface with a velocity of —17.9ms™!.

1.2 SAMPLE PROBLEM 3

A helicopter delivering supplies to a flood-stricken farm hovers 100 m FIGURE 1.6

above the ground. A package of supplies is dropped from rest, just -

outside the door of the helicopter. Air resistance can be ignored.

(a) Calculate how long it takes the package to reach the ground.

(b) Calculate how far from its original position the package has
fallen after 0.50s, 1.0s, 1.5, 2.0s etc. until the package has hit
the ground. (You may like to use a spreadsheet here.) Draw a

scale diagram of the package’s position at half-second intervals. 20 -t e
SOLUTION: a4 .
(@ u=0ms™!; s=-100 m; a=g=-98ms™?; t="2? £

c
s =ut + zatz % Tl "
1 8
(—=100m) = (Oms™ ")z + E(—9.8 ms~2)$2 %
©
8 04 M.
/100 o
= 19 = +4.52s, roundedto +4.5s 2
78 +------ . ,,,,,,,,,,,,

The negative square root can be ignored here as we are interested
only in motion that has occurred after the package was released at
t = 0 (i.e. positive times).

Hence, the package takes 4.5 s to reach the ground.

Ground
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(b) t=050s;u=0ms;a=g= —-98ms 2 §="7?
t+ : t’
s = —at*
u > |
= (0)(0.5s) + 5(9.8 ms~2)(0.5 s)?
=1.23 m, rounded to 1.2 m

Repeat this for r = 15, 1.5, 2 s etc. to gain the results listed in Table 1.1.
The scale diagram is shown in Figure 1.6.

TABLE 1.1 Vertical distance travelled over time

Time (s) 050 {10 (15|20 |25|3.0|35|40]45

VEG IS ER NGO 12 |49 | 11 |20 |31 |44 |60 | 78 | 99

1.2.4 Terminal velocity

In the absence of an atmosphere, an object dropped from any height will continue to accelerate until it hits the
ground. This is certainly the case with objects dropped on the Moon, but on Earth the effects of air resistance
cannot be shrugged off nearly so easily. When an object falls, remember that it is subject to two forces —
weight and drag. The weight stays the same throughout the drop, but drag gets larger as the velocity increases.
When the object is first dropped and its initial speed is zero, the drag is equal to zero. As the object accelerates
under the effect of gravity, it speeds up, so the drag force increases too, reducing the actual rate at which the
object accelerates downwards. Eventually, if the object falls for long enough, it will reach a velocity where
the downward force of its weight is exactly equal to the upward force of drag. As the net force acting on the
object is now zero, the object stops accelerating and will continue to fall at a constant velocity. The velocity at
which this occurs is called terminal velocity. Once an object has reached its terminal velocity, it will maintain
that velocity for the rest of its descent.

Different objects tend to have different terminal velocities. A human falling without a parachute has a
terminal velocity of about 200 km h™!, while a cat has a terminal velocity of about 120km h™". Very small
creatures, such as insects, have very low terminal velocities — about 8 km h™'. This is why a bug will survive
a fall of 100 m and walk away, but a human will not.

WORKING SCIENTIFICALLY 1.2
The magnitude of the drag force acting on an object as it falls through a fluid is summarised in the equation

1
Fdrag = ECD pV2A

where Cp is the drag coefficient for the object, p is the density of the fluid, v is the speed at which the object is
falling and A is the cross-sectional area of the object perpendicular to its motion.

The drag coefficient is very difficult to calculate, even for regularly shaped objects, and most values are
determined experimentally. Design a method by which the drag force acting on a steel ball bearing falling through
a dense fluid such as honey may be measured and its drag coefficient determined. Then use this method to
determine whether polished ball bearings of different radii have different drag coefficients.
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1.2 Exercise 1

1 A student has two identical pieces of paper, one of which she scrunches up into a little ball. Holding both the
scrunched-up piece of paper and the un-scrunched piece of paper at the same height, she lets them go.
Explain why, despite having identical compositions and masses, the two pieces of paper land at different
times.

2 Explain why an object falls faster at an altitude of 10 km than it does at sea level.

3 When skydivers wish to make a very fast descent, they will jump feet first with their bodies very straight and
parallel to their direction of motion and their arms held close to them. Why does this work?

4 Why does a feather fall more slowly than a brick released at the same time from the same height?

5 Calculate the final speed of a hammer dropped from a height of 5 m in the absence of air resistance.

6 From what height does a flowerpot fall if it is travelling at a speed of 6.2ms™! when it strikes the ground?
Ignore air resistance.

7 Aball is thrown downwards at 2ms~' and it travels 5.0 m before striking the ground. At what speed was it
travelling when it hit the ground if we ignore air resistance?

8 A camera is dropped by a tourist from a lookout and falls vertically to the ground. The thud of the camera
hitting the hard ground below is heard by the tourist 3.0 seconds later. Air resistance and the time taken for
the sound to reach the tourist can be ignored.

(@) How far did the camera fall?
(b) What was the velocity of the camera when it hit the ground below?

1.3 Projectile motion
1.3.1 Trajectory

Any object that is launched into the air is a projectile. A basketball thrown towards a goal, a trapeze artist
soaring through the air, and a package dropped from a helicopter are all examples of projectiles.

The trajectory of a projectile is the path that it follows during its flight. Except for those projectiles whose
motion is initially straight up or down, or those that have their own power source (like a guided missile),
projectiles generally follow a parabolic path. Deviations from this path can be caused either by air resistance,
by spinning of the object or by wind. These effects are often small and can be ignored in many cases. A major
exception, however, is the use of spin in many ball sports, but this effect will not be dealt with in this book.

FIGURE 1.7 A stroboscopic photograph of a ball FIGURE 1.8 A frame of reference for the vertical
undergoing projectile motion. A stroboscope is a and horizontal component motions of a projectile.
light that produces quick flashes at regular
(usually small) time periods. If used with a camera,
instead of a regular flashgun, a stroboscopic A )

photograph is produced, which shows multiple \ Horizontal
images of a moving object. motion

Vertical ‘\

motiop |
)

(e
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To understand and analyse this motion we must note an observation first made by Galileo: the
motion of a projectile can be regarded as two separate and independent motions superimposed upon each
other. The first is a vertical motion, which is subject to acceleration due to gravity, and the second is a hori-
zontal motion, which experiences no acceleration. These two motions can be placed within a two-dimensional
frame of reference, using the y-axis for the vertical motion and the x-axis for the horizontal motion.

Because the two motions are perpendicular, and therefore independent, we can treat them separately and
analyse them separately.

1.3.2 What goes up must come down

Most projectiles are set in motion with velocity. The simplest case is that of a ball thrown directly upwards.
The only force acting on the ball is that of gravity (ignoring air resistance). The ball accelerates downwards
while moving upwards. Initially, this results in the ball slowing down. Eventually, it comes to a halt, then
begins to move downwards, speeding up as it goes. Notice that, when air resistance is ignored, the motion
of the ball is identical whether it is going up or coming down. The ball will return with the same speed with
which it was projected. Throughout the motion illustrated in Figure 1.9 (and for which graphs are shown in
Figure1.10), the acceleration of the ball is a constant 9.8 m s~ downwards. A common error made by physics
students is to suggest that the acceleration of the ball is zero at the top of its flight. If this were true, would the
ball ever come down?

FIGURE 1.9 The motion of FIGURE 1.10 Graphs of
a ball projected vertically motion for a ball thrown
upwards. (a) going up straight upwards.
(b) going down. (@)
(a) going up (b) going down s (m) 4
t(s)
(b)
v(ms) 4
v T v l t(s)
©)
a(ms?
t(s)
-9.8
¢ .

AS A MATTER OF FACT

The axiom ‘what goes up must come down’ applies equally to bullets as it does to balls. Unfortunately, this
means that people sometimes get killed when they shoot guns straight up into the air. If the bullet left the gun at
a speed of 60 m s7!, it will return to Earth at roughly the same speed. This speed is well and truly fast enough to
kill a person who is hit by the returning bullet.
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1.3 SAMPLE PROBLEM 1

A dancer jumps vertically upwards with an initial velocity of 4.0 ms~!'. Assume the dancer’s centre of

mass was initially 1.0 m above the ground, and ignore air resistance.

(a) How long did the dancer take to reach her maximum height?

(b) What was the maximum displacement of the dancer’s centre of mass?

(c) What is the acceleration of the dancer at the top of her jump?

(d) Calculate the velocity of the dancer’s centre of mass when it returns to its original height above
the ground.

SOLUTION:

There are several ways of arriving at the same answer. As has been done in this example, it is always good

practice to minimise the use of answers from previous parts of a question. This makes your answers more

reliable, preventing a mistake made earlier on from distorting the accuracy of your later calculations.

For this problem, assign up as positive and down as negative.

(@ u=40ms';a=g=-9.8ms2; v =0ms~! (as the dancer comes to a halt at the highest point
of the jump); r="7?

v=u-+at
(0)=(40ms™") + (-9.8ms™?) ¢
5= 2
- 938
=041s

The dancer takes 0.41 s to reach her highest point.
b)) u=40ms';a=g=-9.8m s72; v =0ms~! (as the dancer comes to a halt at the highest point

of the jump); s = ?

v2 =u® + 2as
(0 = (4.0ms™)* +2(-9.8ms™?) s
Lo 16

*T 196

s=0.82m

The maximum displacement of the dancer’s centre of mass is 0.82 m.

(c) At the top of the jump, the only force acting on the dancer is the force of gravity (the same as at
all other points of the jump). Therefore, the acceleration of the dancer is acceleration due to
gravity: 9.8 m s~ downwards.

(d) For this calculation, only the downwards motion needs to be investigated.

u =0ms~! (as the dancer comes to a halt at the highest point of the jump);
a=g=-98m s72; § = —0.82 m (as the motion is downwards); v = ?

v =u? + 2as
V2 =(0)* +2(-9.8ms™?) (=0.82m)
v=-40ms!

(Note: Here, the negative square root is used, as the dancer is moving downwards. Remember, the
positive and negative signs show direction only.)

The velocity of the dancer’s centre of mass when it returns to its original height is 4.0 m s~
downwards.

1
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1.3.3 Horizontally launched projectiles

If a ball is launched horizontally from the end of a table, it does not simply drop vertically downwards as soon
as it clears the table edge. Instead, it follows a semi-parabolic trajectory. The curved flight path of the ball
is due to the fact that it is undergoing motion in two dimensions at the same time — horizontal motion and
vertical motion. These two motions can be described in terms of two independent vectors: vy, the horizontal
component of the ball’s velocity, and vy, the vertical component of the ball’s velocity.

The only force acting on the ball once it has been released is gravity (ignoring air resistance). As the force
of gravity is the same regardless of the motion of the ball, the ball will still accelerate downwards at the same
rate as if it were dropped. As the ball falls, the magnitude of v, increases.

By considering the vertical velocity profile of
the ball to be identical to that of an object that FIGURE 1.11 A horizontally projected object will fall at
is simply dropped vertically, the value of the the same rate as it would if it were dropped.
vertical velocity vycan be calculated: L —

0 *—@

vy =u, + gt

where u, is the initial vertical velocity, g is the
downwards acceleration due to gravity and 7 is
equal to the time of flight.

As the initial vertical velocity will be equal to
zero, 3

vy =(0) + gt
=>v, =gt

The vertical displacement, y, of the ball as it
drops during the time ¢ can also be found:

4 J
12 Dropped Horizontall
y=uyt+ gt PP zontally
projected

1
>y=0)r+ Egtz

>y= ! £

y=38

The horizontal component of the ball’s motion, v,, remains unchanged for the duration of the ball’s flight
because there is no accelerating force acting horizontally on the ball. The horizontal displacement of the ball,
x, from its starting point is then simply:

xX=v.t

It is the constant horizontal velocity and changing vertical velocity that gives projectiles their characteristic
parabolic motion. Notice that the vertical distance travelled by the ball in each time period increases, but that
the horizontal distance is constant.
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FIGURE 1.12 Position of a horizontally projected ball at constant
time intervals.

The horizontal velocity remains the
—————————— {£—>Vx same (i.e. there is no acceleration).

The vertical
velocity increases
(i.e. object
accelerates).

'

1.3.4 Keep them separated

In modelling projectile motion, the vertical and horizontal components of the motion are treated separately.

1. The total time taken for the projectile motion is determined by the vertical part of the motion as the
projectile cannot continue to move horizontally once it has hit the ground, the target or whatever else it
might collide with.

2. This total time can then be used to calculate the horizontal displacement, or range, over which the
projectile travels.

1.3 SAMPLE PROBLEM 2

Imagine the helicopter described in Section 1.2 Sample Problem 3 is not stationary, but is flying at a
slow and steady speed of 20ms~! and is 100 m above the ground when the package is dropped.

(a)
(b)
(©)

(d)

Calculate how long it takes for the package to hit the ground.

What is the range of the package?

Calculate the vertical distance the package has fallen after 0.50s, 1.0, 1.5, 2.0, etc. until the
package has reached the ground. (You may like to use a spreadsheet here.) Then calculate the
corresponding horizontal distance, and hence draw a scale diagram of the package’s position at
half-second intervals. Remember, the horizontal and vertical components of the package’s motion
must be considered separately.

Determine the velocity at which the package strikes the ground.

SOLUTION:

(a)

In this part of the question, the vertical component is important.
Vertical component: u, = Oms™!; y =—100m,; a,=g= -98ms 2 t="2?

_ L,
y=uyt+ ant

1
—100m = (0) 7 + 5 (-9.8ms7?) 72
-100 _,

-49
t=4.52s, rounded to 4.5

(Note: The positive square root is taken as we are concerned only with what happens after = 0.)
4
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(b) The range of the package is the horizontal distance over which it travels until it lands on the
ground. It is the horizontal component of velocity that must be considered here.
Horizontal component: u, = v, = 20ms~! (The initial velocity of the package is the same as
the velocity of the helicopter in which it has been travelling.)
a, = 0ms~2 (No forces act horizontally so there is no horizontal acceleration.)
t = 4.5 s (from part (a) of this example); x = ?

1 2
xX=u,r+ Eaxt

1
= (20ms™") (4.55) + 5 @5 s)*
=90m
(c) The calculations for t = 0.5 s are shown here in Table 1.2:

TABLE 1.2 Vertical and horizontal components of the package’s motion.

uy=0ms™;t=05s;a,=g=-98ms™?; u,=20ms ', t=05s,x="?
y =" X=u,t
y=ut+zaf = (20ms™)(059)
=0+ %(—9.8 ms~?)(0.5s) =10m
=—1.225(roundedto — 1.2m)

Repeat the calculations shown in Table 1.2 for r = 1.0, 1.5s, 2.0 s, etc. to gain the results
shown in Table 1.3. The scale diagram of the package’s position is shown in Figure 1.13.

TABLE 1.3 Vertical and horizontal displacement travelled over time.

Time (s) | Vertical displacement (m) Horizontal displacement (m)

0.5 -1.2 10
1.0 -4.9 20
1.5 -1 30
2.0 -20 40
25 -31 50
3.0 —44 60
3.5 —-60 70
4.0 -78 80
4.5 -99 90

(d) The velocity at which the package strikes the ground will be the vector sum of the vertical and
horizontal components of the package’s velocity (which occurs at # = 4.5 s as seen in part (a))
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FIGURE 1.13 Scale diagram of the package’s position.
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FIGURE 1.14 The vertical and
horizontal components of the
velocity at which the package

strikes the ground.
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Horizontal component: v, = u, = 20ms~!

As can be seen in Figure 1.14:
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Therefore, the package strikes the ground with a velocity
of 48.4ms~! at an angle of 66° to the horizontal surface.
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WORKING SCIENTIFICALLY 1.3

Different types of golf balls have different numbers of dimples on them, which are meant to provide longer flight
times and so allow them to travel further. Investigate the mathematical relationship between the number and
distribution of dimples on golf balls and their ranges. You will need to design a SAFE method of launching the
golf balls so that they consistently have the same initial velocity and launch angle.

1.3 Exercise 1

1 Why don’t target shooters aim directly at the bullseye in the middle of the target?
2 A ball is thrown directly upwards with a velocity of 45 kmh™". Ignoring air resistance, determine:
(@) its peak height
(b) its time of flight
(c) its velocity after 0.5s
(d) its velocity after 1.5s.
3 A basketball player jumps directly upwards so that his centre of mass reaches a maximum displacement
of 50 cm.
(@) What is the velocity of the basketballer’s centre of mass when it returns to its original height
above the ground?
(b) For how long was the basketballer’s centre of mass above its original height?
4 What will be the horizontal and vertical velocity components of a bullet 0.8 s after it is fired horizontally with a
speed of 900 ms~1?
5 Determine the horizontal and vertical velocity components of a dart thrown horizontally with a speed of
5ms™' at a time 0.5 seconds after it leaves the thrower’s hand.
6 Calculate the velocity of a horizontally thrown ball after 1.2 s if it has an initial velocity of 7ms™.
7 An air gun is fired horizontally at a target 81 m away and the bullet takes just 0.35 s to strike it.
(@) What was the initial velocity of the bullet?
(b) How far vertically did the bullet drop from the horizontal by the time it had struck the target?
(c) What is the range of the air gun if the target is removed and it is fired horizontally at the same
velocity as in (a)?
8 How long will a bullet fired horizontally at a velocity of 800 m s~ take to reach a target located 300 m away?
9 A pellet is launched horizontally from a slingshot at a bottle placed on a fence. The pellet strikes the fence
30 cm below the bottle. If the pellet had an initial speed of 50 ms™', what horizontal distance separated the
shooter from the bottle?
10 A shot is thrown horizontally with a velocity of 7m s~ by a shotput competitor. If the shot left the athlete’s
hand at a height of 1.5m above the ground, what was its range?
11 A ball is thrown horizontally at a speed of 40m s~ from the top of a cliff into the ocean below and takes
4.0 seconds to land in the water. Air resistance can be ignored.
(@) What is the height of the cliff above sea level if the thrower’s hand releases the ball from a height
of 2.0 metres above the ground?
(b) What horizontal distance did the ball cover?
(c) Calculate the vertical component of the velocity at which the ball hits the water.
(d) At what angle to the horizontal does the ball strike the water?

14 Projection at an angle
1.4.1 Resolving initial velocity components

Generally, projectiles are shot, thrown or driven at some angle to the horizontal.
In these cases, the initial velocity may be resolved into its horizontal and vertical components to help
simplify the analysis of the motion.
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Given a projectile launched with an initial velocity u at an angle 6 to the FIGURE 1.15 The initial
horizontal, the values of the initial horizontal velocity, u,, and the initial velocity at some angle to the

vertical velocity, u,, can be determined by trigonometry: horlzontgl S B2 regolved
Y into vertical and horizontal

u. =ucosb components, uy and ux.
X
u, =usinb
u .
u,=usiné
In this way, a bullet fired at an upward angle of 30° at a speed of R I N
400 ms~! will have an initial horizontal velocity of u,=ucosd

346 m s‘l(ux = 400 cos 30°) and an initial vertical velocity of
200ms™! (u, = 400sin 30°).

As with horizontally launched projectiles, the horizontal velocity component of the projectile launched at
an angle will remain the same throughout its journey, that is:

u.=v,

The vertical velocity component, however, will vary in the same manner as any other object that is thrown
straight up; it will slow down as it rises, come to rest momentarily at the top of its motion and then fall back
towards the Earth again with increasing speed. The position and velocity of any projectile at any moment in
time can, as usual, be determined by the equations of motion.

1.4.2 Symmetrical parabolic motion

For a projectile fired from ground level and returning to ground level at the end of its flight, the trajectory
of the projectile is considered to be symmetrical, with the axis of symmetry being the vertical line passing
through the position of maximum height.

For Figure 1.16, calculations have been performed for several points along the trajectory of a fired bullet
to show how the velocity varies throughout the motion. You can see how the velocity reduces to a minimum
at the peak, because at this point the vertical velocity is zero although the horizontal velocity remains. As the
projectile falls from its peak, its velocity increases again until, at the end of the trajectory, it has the same
value as the initial velocity and even the same angle to the horizontal, although now it is directed below the
horizontal.

The bullet reaches its maximum height halfway through the total time of flight; also at this point, the bullet
has travelled half of its range.

FIGURE 1.16 Velocity determined at many points along the trajectory of a bullet fired from an air gun.

v,=30.3ms™

u, = 35 cos 30°

J B
35 D vy:17.5ms
=30.3ms™ v=sooms %

In general, here are some tips for performing projectile motion calculations:
* It helps to draw a diagram.
* Always separate the motion into vertical and horizontal components.
* Remember to resolve the initial velocity into its components if necessary.
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* The time in flight is the link between the separate vertical and horizontal components of the motion.
» At the end of any calculation, check to see if the quantities you have calculated are reasonable.

1.4 SAMPLE PROBLEM 1

A stunt driver is trying to drive a car over a small river. The car will travel up a ramp (at an angle of 40°)
and leave the ramp travelling at 22 ms~!. The river is 50 m wide. Will the car make it?

FIGURE 1.17

50 m

SOLUTION: .
. " . FIGURE 1.18 The vertical
Assign up as positive and down as negative. sl el Ee TR

Before either part of the motion can be examined, it is important to of the stunt car’s initial
calculate the vertical and horizontal components of the initial velocity. velocity.

Therefore, the initial vertical velocity is 14ms~' and the initial
horizontal velocity is 17 ms™.

In order to calculate the range of the car (how far it will travel
horizontally), it is clear that the horizontal part of its motion must be
considered. However, the vertical part is also important. The vertical
motion is used to calculate the time in the air. Then, the horizontal

motion is used to calculate the range. u, = 22 cos 40°
=17ms™!

uy, = 22 sin 40°
=14ms!

TABLE 1.4 Calculating the horizontal and vertical components

Vertical component Horizontal component

(Use the first half of the motion — from take-off until | ux = 17ms™"; t = 2.8s (being twice the time taken

the car has reached its highest point. This can be to reach maximum height as calculated for the
done because the trajectory is symmetrical.) vertical component), ay =0, x = ?
— -1, — = -2.
uy—14ms ;a _g__g'sms " . X:U)(t+1axt2
vy = 0 (as the car comes to a vertical halt at its 2 1
highest point); t = ? =(17ms ") 2.8s) + 5(0)1‘2
vy=uy+ayt =48m
0=14ms™" +(-9.8ms™?)t
14
t=—=14s
9.8

As this is only half the motion, the total time in the
air is 2.8 s. (It is possible to double the time in this
situation because we have ignored air
resistance.The two parts of the motion are
symmetrical.)

Therefore, the unlucky stunt driver will fall short of the second ramp and will land in the river. Maybe
the study of physics should be a prerequisite for all stunt drivers!
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1.4.3 Asymmetric trajectories
Let’s now consider the case of a projectile that is launched at a point above the horizontal plane on which it
will land.

1.4 SAMPLE PROBLEM 2

The archer in Figure 1.19 releases his arrow from a point 1.5 m above the ground at an angle of 10°. If
the arrow has an initial velocity of 30 m s~1, calculate:

(a) the maximum height of the arrow above the ground

(b) the range of the arrow

(c) the velocity with which the arrow strikes the ground.

FIGURE 1.19

Range

SOLUTION:
(a) First, the horizontal and vertical components of the initial velocity need to be determined:
uy,=u cos #=3B0ms™") cos 10°=29ms"!
uy=u sin 0= B0ms™!) sin 10° =5ms™!
Now, it can be seen in the diagram that the arrow will reach its highest point at position B,
located a height (y,,,, + 1.5 m) above the ground. At this position, the vertical component of the
arrow’s velocity will equal zero.

_ o Ao -3, _
uy_Sms ,vy—O,ay—g——9-8mS Vmax =7

v2

_ .2
y = Uy + 24y pax

0> =G ms™)? +2(=9.8ms2)y,...
(5
7 Ymax = o g

=13m

h=y,+15m=13m+15m=28m

The arrow reaches a maximum height of 2.8 m above the ground.

(b) In order to determine the range, the arrow’s total time of flight must be determined. While the
time taken to reach B from A is equal to the time taken to go from B to C (the symmetrical section
of the trajectory), it is apparent that the flight time from B to D is much longer. As a result, two
separate sets of flight time calculations must be made: one for the flight time from A to B(¢4g) and
another set for the flight time from B to D (zgp).
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For section AB:

Ly, =0, =g =-9.8ms %y, = 1.3mi1p =2

u, = Sms
vy =1, +aytAB

()= (5ms™") + (-9.8ms™?) 1ap

5
$tAB=9_8

=0.51s

For section BD:

u,=0a,=g=-98ms "y =-28m;pp="?

1 2
y= uthD arF antBD
1
(=2.8 m) = (0)tgp + 5(—98 m S_Z)IBD e

2.8
= Igp = Tg

= +0.57 s

In this instance, it is only the positive value that has meaning for us, so fgp = 0.57 s
The total time of flight from A to D, 75op can then be found:

tap = tag + tgp = (0.518) + (0.57s) = 1.08 s
The range x is then calculated:

u, = 29ms_1;t= 1.08s;x = ?

x=u,t
= (29ms™") (1.085)
=31.3m

The range of the arrow is 31.3 m.
(c) Considering the flight of the arrow between B and D, in the vertical direction:

u, = 0;y=-2.8 mia, =g = —-9.8ms™2; fgp = 0.57s; v, = ?

Vy =u, +athD
vy = (0) + (=9.8ms™?) (0.57)
vy =—5.6ms!

In the horizontal direction, the speed of the arrow remains the same throughout its flight, that
is, v, =u, =29ms~!.

The velocity v with which the arrow strikes the ground at D will be the vector sum of the
horizontal and vertical components:
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v=1/(29ms~1)2 + (=5.6ms!)? FIGURE 1.20
=29.5ms™!
5.6
=>0=tan' ( = ) =11°
an (29)

u,=29ms"

The arrow strikes the ground with a velocity of 29.5ms~! at an
angle of 11° to the horizontal.

1.4.4 Projectile motion in the real world

In all of our work on projectile motion we have ignored the effect of air resistance on the motion of the
projectile. The reason for this is that it is simply too difficult for us to account for, since it depends on
many factors such as the shape, surface area and texture of the projectile, as well as its velocity through

the air. In the real world, air resistance acts as a retarding force in both the vertical and horizontal direc-
tions. As a result, the path of the projectile is distorted away from a perfect parabola to the shape shown in
Figure 1.21.

FIGURE 1.21 Air resistance opposes the velocity of a projectile at any given
moment and distorts the trajectory away from a parabolic shape.

Path of a projectile
- - with air resistance

Path of projectile
without air

*«— resistance
\

PHYSICS IN FOCUS
Hanging in mid air

Sometimes dancers, basketballers and high jumpers seem to hang in mid air. It is as though the force of gravity
had temporarily stopped acting on them. Of course this is not so! It is only the person’s centre of mass that

moves in a parabolic path. The arrangement of the person’s body can change the position of the centre of mass,
causing the body to appear to be hanging in mid air even though the centre of mass is still following its original
path.
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High jumpers can use this effect to increase the height of their jumps. By bending his body as he passes over
the bar, a high jumper can cause his centre of mass to be outside his body! This allows his body to pass over the
bar, while his centre of mass passes under it. The amount of energy available to raise the high jumper’s centre of
mass is limited, so he can raise his centre of mass only by a certain amount. This technique allows him to clear a
higher bar than other techniques for the same amount of energy.

FIGURE 1.22 A high jumper’s centre of mass passes under the bar, while
his body passes over the bar!

1.4 Exercise 1

1 What will be the range of a javelin that is thrown by an athlete at an angle of 20° with a velocity of 18 ms™ if
the point of the javelin was 1.8 m from the ground when it was launched?

2 A football is kicked when it is lying motionless on the ground, giving it a velocity of 22ms~" at an angle
of 30°.

(@) How long will the football remain in the air, assuming that it is not intercepted?
(b) What will be the football’s range?
(c) How high above the ground will the football be 0.6 s after it is kicked?

3 The batter in a softball game hits the ball high into the air at an angle of 68°. If the ball has an initial velocity of
50kmh~", how far from the batter must the pitcher stand if they are to catch it on the full? Assume that the
ball will be caught at the height at which the bat hit it.

4 A golfer wishes to send the ball onto the green 350 m away but knows that it will need to have a trajectory of
at least 40° if it is to pass over a nearby section of rough. With what speed will the ball need to travel from the
tee to reach the green?

5 A tennis ball is struck 15° above horizontal at a velocity of 25 ms™'. If the ball was 1.2 m above the court
surface when it was struck, calculate:

(@) the maximum height reached by this ball
(b) the range of the ball assuming that it is not hit by the player’s opponent.
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1.5 Review
1.5.1 Summary

In the absence of an atmosphere, all objects on the Earth would fall with the same acceleration regardless
of size or mass.

Objects fall at different rates due to drag (air resistance). The drag force exerted by the air on a falling
object is proportional to the density of the air, the object’s cross-sectional area perpendicular to its
descent, and the square of its velocity.

When the forces exerted by gravity and air resistance on a falling object are equal, it ceases to accelerate.
For the rest of its descent it falls at a constant velocity called the terminal velocity.

A projectile is any object that is launched into the air.

There are two forces acting on a projectile in flight: gravity acting downwards and air resistance acting in
the opposite direction to that of the motion. In modelling projectile motion, it is helpful to ignore the air
resistance.

To analyse the motion of a projectile, the equations of motion with constant acceleration can be applied to
the horizontal and vertical components of the motion separately.

The vertical motion of a projectile is uniformly accelerated motion and can be analysed using these
equations:

Vy = uy +ayt

1
Ay =uyt + antz

2 _ 2
vy = uy + 2a,Ay.

The horizontal motion of a projectile has constant velocity. As acceleration in the horizontal direction is
zero, the motion can be analysed using these equations:
v, =1u,

2 _ 2
vx _ux

Ax =u.t.

An objelét projected horizontally near Earth’s surface travels in a semi-parabolic path if air resistance is
negligible.

Objects that are projected upwards at an angle follow a parabolic path that is (ideally) symmetrical. The
object reaches its maximum height halfway through its motion, and the vertical component of its velocity
at this time is equal to zero.
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1.

5.2 Questions

(In the following problems, assume negligible air resistance and that g = —9.8 m s~2 unless otherwise stated.)

1. Explain why it is that the vertical and horizontal components of a projectile’s motion are independent of

each other. Identify any common variables.

2. Describe the trajectory of a projectile.

3. List any assumptions we are making in our treatment of projectile motion.

4. Describe Galileo’s contribution to our knowledge of projectile motion.

5. What is the mathematical significance of vertical and horizontal motions being perpendicular?

6. Describe the effect of air resistance on the trajectory of a projectile.

7. Explain why the horizontal component of velocity remains the same when a projectile’s motion is

modelled.

8. While many pieces of information relating to the vertical and horizontal parts of a particular projectile’s

motion are different, the time is always the same. Explain why this is so.

9. In each of the cases shown in Figure 1.23, calculate the magnitude of the vertical and horizontal

components of the velocity.
FIGURE 1.23
@ v=20ms™ & v=11ms/! © (€) :
! v=10km h™’ 60°,
______ > v=33msT

10. Peter hangs from the diving board by his fingers, with his feet 6 metres above the water. Ignoring air
resistance, calculate:

(a) the time between Peter letting go and his feet entering the water
(b) his velocity when his feet enter the water
(c) his distance above the water 0.1 seconds after letting go.

11. A student archer keeps aiming directly at the bullseye, which is 200 m away at the end of the target
range, but sees that his arrows always seem to land 1 m below the bullseye. If he is shooting horizontally
every time, with what velocity are his arrows leaving the bow?

12. A volleyball player sets the ball for a team mate. In doing so, she taps the ball up at 5.0 ms~! at an angle
of 80.0° above the horizontal. If her fingers tapped the ball at a height of 1.9 m above the floor, calculate
the maximum height to which the ball rises above the floor.

13. An ‘extreme’ cyclist wants to perform a stunt in which he rides up a ramp, launching himself into the
air, then flies through a hoop and lands on another ramp. The angle of each ramp is 30.0° and the cyclist
is able to reach the launch height of 1.50 m with a launching speed of 30.0kmh™". Calculate:

(a) the maximum height above the ground that the lower edge of the hoop could be placed
(b) how far away the landing ramp should be placed.
14. A football is kicked with a velocity of 35.0ms~! at an angle of 60.0°. Calculate:
(a) the ‘hang time’ of the ball (time in the air)
(b) the length of the kick.

15. A basketball player stands 2.50 m from the ring. He faces the backboard, jumps up so that his hands are
level with the ring and launches the ball at 5.00 ms~! at an angle of 50.0° above the horizontal.
Calculate whether he will score.
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16.

17.

18.

19.

20.

21.

22.

23.

A coastal defence cannon fires a shell horizontally from the top of a 50.0 m high cliff, directed out to sea
as shown in Figure 1.24, with a velocity of 1060.0ms~!. Calculate the range of the shell’s trajectory.

FIGURE 1.24

~==@—> 1060.0 m s~!

50.0 m

k

A ball falls from the roof-top tennis court of an inner city building. This tennis court is 150 m above the

street below. Assume the ball has no initial velocity.

(a) How long would the ball take to hit the street?

(b) What would the vertical velocity of the ball be just prior to hitting the ground?

After taking a catch, Ricky Ponting throws the cricket ball up into the air in jubilation.

(a) The vertical velocity of the ball as it leaves his hands is 18 ms~'. How long will the ball take to
return to its original position?

(b) What was the ball’s maximum vertical displacement?

A friend wants to get into the Guinness Book of Records by jumping over 11 people on his push bike.
He has set up two ramps as shown, and has allowed a space of 0.5 m for each person to lay down in. In
practice attempts, he has averaged a speed of 7.0 ms~! at the end of the ramp. Will you lay down as the
eleventh person between the ramps? Support your response with appropriate calculations.

FIGURE 1.25

you

A gymnast wants to jump a distance of 2.5 m, leaving the ground at an angle of 28°. With what speed
must the gymnast take off?

A horse rider wants to jump a 3.0 m wide stream. The horse can approach the stream with a speed of
7ms~!. At what angle must the horse take off? (Hint: You will need to use trigonometric identities from
mathematics, or model the situation using a spreadsheet to solve this problem.)

Experienced target shooters say that they do not so much aim at the target as ‘feel’ for the right spot
above the target. Michelle is an experienced target shooter who has scored a perfect bullseye on a target
300 m away. If the target was set at her eye level and the bullet left the rifle at a speed of 600 ms~!, how
high above the bullseye was she actually aiming her rifle? (Hint: The trigonometric identity

sinfcos O = 3 sin 26 may come in handy.)

During a football game, a player kicks the ball from the ground so that it enters the air at an angle of 30°
with a speed of 20ms~!. As it is coming down, a player from the opposing team running in at a constant
speed of 6ms~! catches it when it is 1.2 m above the ground. If the opposing player was running in a
straight line towards the kicker when the ball was launched, what was the distance between the two
players at that time?
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PRACTICAL INVESTIGATIONS

Investigation 1.1: Modelling projectile motion

This investigation aims to model projectile motion by studying the motion of a ball bearing projected onto an
inclined plane.
You will need the following equipment:

a) 30 cm x 30 cm board

(@)

(b) retort stand and clamp

(c) carbon paper

(d) ball bearing

(e) graph paper

(f) 30 cm ruler (the ramp)

Set up the apparatus as shown in Figure 1.26.

FIGURE 1.26 The path of the projectile (ball bearing) is marked as it
rolls down the ramp on the carbon paper.

Clamp

Ball bearing

Retort
stand ——»

Ruler

Carbon paper

Books for support

30 cm x 30 cm board
Graph paper

Set up the inclined plane at an angle of approximately 20° and place the graph paper on it so that the ball will
enter onto the inclined plane at a major division on the paper. Clamp the ruler so that the ball bearing rolling from
it onto the inclined plane will be projected horizontally. Adjust the angle of the ruler so the path of the ball bearing
will fit on the graph paper.

Having adjusted the apparatus, place a piece of carbon paper on the graph paper and record the motion of the
ball bearing projected onto the inclined plane.

Remove the carbon paper and highlight the path for easier analysis.

We will assume that the horizontal velocity of the ball bearing’s motion remained constant. Therefore, as the
ball bearing takes equal times to travel horizontally between the major divisions on the graph paper, we can
arbitrarily call one of these major divisions a unit of time.

Beginning at the point where the ball entered the graph paper, label these major divisions 0, 1, 2, 3... time
intervals.

Record and tabulate the distance down the slope that the ball bearing travelled during each time interval.

Determine the average speed of the ball bearing down the slope during each time interval. Your answers
should be in cm per time unit.

Plot a graph of average speed down the slope versus time and determine a value for the acceleration of the
ball down the slope. Your answer will be in cm per (time unit)?.
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. What do these graphs indicate about the motion of the ball down the plane?
. What assumptions have been made in order to obtain these results?
3. How would the path of the ball bearing differ if:

(@) the inclined plane was raised to a steeper angle while keeping the ramp as it was?

(b) the angle of the ramp was raised and the inclined plane was kept as it was?
4. The ball moves faster across the bottom of the paper than across the top, which represents an increase in
kinetic energy. What is the source of this extra energy? Try to find out why the rolling mass of the ball
introduces a problem into this energy conversion.

N

Investigation 1.2: Predicting the range of a projectile

The aim of this investigation is to predict the range (that is, the horizontal distance travelled) of a projectile with a
known initial horizontal velocity, and then to test the prediction.

The method you use to release the projectile with a known velocity will depend on the equipment available.
One method is to use a pendulum bob as the projectile. Initially, the pendulum bob is attached to a retort stand
with a fine thread, and is held at an angle before being released. The initial height is measured before the
pendulum is released. As the pendulum reaches the bottom of its swing, the thread is cut by a carefully placed
razor blade. The change in height of the pendulum bob can be used to determine the amount of gravitational
potential energy that has been converted into kinetic energy of the pendulum bob. The kinetic energy, in
conjunction with its mass, can be used to calculate the velocity of the pendulum at the moment the thread is cut.
As the pendulum is moving horizontally at this point, this is the initial horizontal velocity of the pendulum bob.
One possible set-up for this investigation is shown in Figure 1.27.

FIGURE 1.27 A possible arrangement of equipment for Investigation 1.2.

<— Retort stand

Pendulum bob | <=,

on cotton thread

i

%~ <——— Clamp holding razor blade

S Predicted path
\ N of pendulum bob

Plastic cup
or target

An alternative method involves rolling a marble down a ramp and again taking note of the energy changes to
calculate the horizontal velocity at the bottom of the ramp. Both of these methods allow an estimate of the initial
horizontal velocity of the projectile.

You may have access to technology (such as light gates or motion sensors) that allows you to measure the
horizontal velocity of the projectile directly.

Once you know the initial horizontal velocity of the projectile and have measured the vertical distance it will fall,
calculate the range of the projectile.

Place a target where you think the projectile will land. The target should be about 5 cm in diameter to take into
account the estimated initial velocity, and the fact that air resistance and any spin of the projectile have been
ignored in the calculations. Release your projectile and see how accurate your prediction was!
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Investigation 1.3: The drop zone

The aim of this investigation is to explore the relationship between the initial speed of a horizontally launched
object and its range.
You will need the following equipment:
(@) steel ball bearing
(b) curved track (or flexible plastic racing car track)
(c) metre ruler
(d) long plastic trough or tray filled with sand
(e) data logger with motion sensor.
Set up the apparatus as shown in Figure 1.28. Ensure that the motion sensor is mounted directly opposite the
launch end of the track.

FIGURE 1.28
Steel ball
Curved
track % Motion
- sensor
Desk y

~ Sandtrough

7
X

Measure the height y between the launch end of the track and the floor.
Roll the ball down the track and note its landing position in the sand tray.
Measure the distance x between the launch end of the track and the landing position and read the launch
speed (u,) from the data logger. Enter these values into a data table.
Adjust the height of the top end of the track to vary the value of u, and repeat for 3 more launch speeds.
1. Given your measurement of the vertical distance y, and assuming that a = -9.8 ms™2 and u, = 0, determine
the flight time t of the ball.
2. Using the flight time from the previous question and the values of u,, determine the theoretical range x that
the ball should have reached in each of the 4 trials.
Compare these theoretical values to the experimental values that you obtained in each case.
What explanations can you give for any discrepancies between the values?
5. State the relationship between the initial speed of a horizontally launched projectile and its range.

»
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TOPIC 2

Circular motion

2.1 Overview

2.1.1 Module 5: Advanced Mechanics

Circular motion

Inquiry question: Why do objects move in circles?

Students:

* conduct investigations to explain and evaluate, for objects executing uniform circular motion, the

relationships that exist between:

¢ centripetal force
¢ mass

+ speed

+ radius

* analyse the forces acting on an object executing uniform circular motion in a variety of situations, for

example:

¢ cars moving around horizontal circular bends

¢ amass on a string

+ objects on banked tracks (ACSPH100)
* solve problems, model and make quantitative predictions about objects executing uniform circular motion
in a variety of situations, using the following relationships:

2
* aL‘:_
’
2
my
* Fc=_
r
AG
o=
. 2rr
y=—
T

* investigate the relationship
between the total energy

and work done on an object

executing uniform circular
motion

* investigate the relationship
between the rotation of
mechanical systems and
the applied torque
t=rF|, =rFsinf

FIGURE 2.1 By leaning into the curve, the motorcyclist is able to balance
the forces of centripetal force, gravity and friction in such a way that he can
safely negotiate it at a higher speed than if he remained upright.

'
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2.2 Uniform circular motion
2.2.1 Moving in a circle

Humans seem to spend a lot of time going around in circles. Traffic at roundabouts, children on merry-go-
rounds, cyclists in velodromes. If you stop to think about it, you are always going around in circles as a result
of Earth’s rotation. Objects that travel in a circle with a constant speed are described as undergoing uniform
circular motion.

While performing uniform circular motion, objects will take the same length of time to make each revolu-
tion. The term period (7) is used to describe the time taken to travel a full circle. The distance covered during
the period depends upon the radius of the circle of travel and is equal to the circle’s circumference, that is:

d=2nr

It is clear that the object’s average speed as it moves will be equal to the distance around the circle’s
circumference divided by the period:
d _2zr

d=—-=—
average spee 7 T

2.2 SAMPLE PROBLEM 1

A hammer thrower spins in a circle with the hammer at the end of a 1.2 m long chain. What is the
hammer’s average speed if it makes 4 revolutions in 5 seconds?

FIGURE 2.2 A hammer thrower spins in a circle with the
hammer at the end of a long chain.

SOLUTION:

__ total time for revolutions ﬁ — 1955
number of revolutions 4 T

d=2znr=2zx(1.2m)=75m

7.5
average speed = _m =6ms™!

1.25s

The hammer travels with an average speed of 6ms™.
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While the hammer in 2.2 Sample Problem 1 may be swung so that it travels with a constant speed, it can
never have a constant velocity. As you will recall from your earlier studies, velocity is a vector quantity equal
to an object’s change in displacement over a time interval. The average velocity of an object at the end of time
t depends upon the magnitude and direction of the object’s displacement from its starting point (s) at that time:

s
Vay = ;

The athlete’s hammer, a child on a carousel horse and an athlete running laps of a circular track are con-
stantly returning to their starting positions and, as a result, are considered to have zero displacement. This
means that their average velocities will also equal zero.

2.2.2 Instantaneous velocity

However, an object’s instantaneous velocity is not zero. Consider the case of a dog that has been chained to a
pole in a backyard and is running in circles around the pole at a constant speed at the chain’s limit.

While the dog’s average velocity
for a single lap is zero, his instantan-
eous velocity at a single moment in
time will have a magnitude equal to

FIGURE 2.3 A dog travelling in a circle at a constant speed of
2 m s~! has an ever-changing instantaneous velocity because his
direction of motion changes with time

his speed and a direction according N

to the way he is facing. Provided that W+E

the dog maintains a constant speed, s

the magnitude of his velocity would 2m s, north

not change, but the direction would
be continually changing. If the dog is
travelling east, his instantaneous velo-
city is in an easterly direction. A short
time later, he will be travelling north,
so his instantaneous velocity is in a

. . 2ms™, east
northerly direction.

2.2 SAMPLE PROBLEM 2

Ralph has been a bad dog and has been chained up. To amuse himself, he

runs in circles. FIGURE 2.4
Ralph’s chain is 7.0 m long and attached to a small post in the middle of

the garden. It takes an average of 9 s to complete one lap.

(a) What is Ralph’s average speed?

(b) What is Ralph’s average velocity after three laps?

(c) What is Ralph’s instantaneous velocity at point A? (Assume he

travels at a constant rate around the circle.)

SOLUTION:
(@ r=70m;T=9s;v,, =7
_ 2zmr
Vay = T

_ 2zX7.0m
a 9s
Ralph travels with an average speed of Sms~!.

=5ms
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(b) After three laps, Ralph is in exactly the same place as he
started, so his displacement is zero. No matter how long he
took to run these laps, his average velocity would still be
Zero, as

(c) Ralph’s speed is a constant 5ms~! as he travels around
the circle. At the instant in question, the magnitude of his
instantaneous velocity is also Sms~!. This means Ralph’s
velocity is 5Sms~! north.

FIGURE 2.5
N

e

S

2.2.3 Centripetal acceleration

Any object moving in a circle has a continually changing velocity as its
direction its constantly changing.

As all objects with changing velocities are experiencing an acceleration,
this means all objects that are moving in a circle are accelerating.

An acceleration can be caused only by an unbalanced force, so a non-zero
net force is needed to move an object in a circle. The hammer thrower in
our earlier example must apply a force to the hammer to keep it moving in a
circle. When the hammer is released, it moves off with the velocity it had at
the instant of release.

Let’s consider the motion of the hammer at two different locations, A and
B, as shown in Figure 2.7. The instantaneous velocity at each of these two
points can be represented by the vectors v4 and vg. These vectors have the
same magnitude but are acting in different directions and the direction of the
velocity vector is always tangential to the circle in which it is moving.

As acceleration is equal to the change in velocity divided by the time taken
for the velocity change, the acceleration of the hammer between points A and
B can be found with the following equation:

Av  vg—vy

a=—
t t

FIGURE 2.6 As long as
the thrower keeps turning,
the hammer moves in a
circle. When the hammer
is released, it moves in a
straight line.

The direction in which the
hammer moves if let go

Sy~

The direction in which the
hammer moves while being
spun around

As va and vp are both vector quantities, we can find vg—vs by adding the vector vy to the vector —v,.
Remember, —v, has the same magnitude as v, but acts in the opposite direction.

FIGURE 2.7 Velocity vec-
tors for a hammer moving
in an anticlockwise circle.
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FIGURE 2.8 (a) Vector addition of Vg+(—V,) (b) The
change in velocity is towards the centre of the circle.

Notice that when the Av vector is transferred back to the original circle halfway between the two points in
time, it is pointing towards the centre of the circle. Such calculations become more accurate when very small
time intervals are used; however, a large time interval has been used here to make the diagram clear.

No matter which time interval is chosen, the acceleration vector always points towards the centre of the
circle. This centre-directed acceleration experienced by all objects moving with uniform circular motion is
called the centripetal acceleration, a. (the word ‘centripetal’ means ‘centre-seeking’ in Latin).

2.2.4 Calculating centripetal acceleration

Using vector geometry, it is possible to derive an expression for the magnitude of an object’s centripetal
acceleration.

In moving from point A to point B, the object moves through an angle 6 as shown in Figure 2.9. Both
A and B are separated from the centre of the circle O by a distance r equal to the circle’s radius.

OAB is seen to form an isosceles triangle with OA = OB. The third side is formed by a line, or chord,
joining A with B. When the angle 6 is very small, the length of this chord is virtually the same as the length
of the arc that also joins these two points. As this distance is covered by an object travelling with an average
speed v in a time ¢, the length of AB can be calculated using s = v t.

FIGURE 2.9 An object FIGURE 2.10
moving from A to B OAB is an

moves through an angle 6 isosceles triangle
subtended at the centre with OA=AB =r
of the circle. and AB = vt.

vt

N

0]

Turning our attention to the vector addition of —v, and vy shown in Figure 2.8a, we find that the angle made
by the two vectors is equal to 8, the angular separation of A and B.

TOPIC 2 Circular motion 31



As the object is moving with uniform circular motion, the lengths of the vectors vy and —v, are identical
(both equal to the object’s average speed v) and so form two sides of an isosceles triangle as shown in

Figure 2.12.

FIGURE 2.11 In FIGURE 2.12 The vectors
the vector addition vg and —v, both have a
Av = —v, + vg, the length of v and, with Av,
angle 0 is opposite form an isosceles triangle
the vector Av. Av

As the triangles shown in both figures 2.10 and 2.12 are isosceles triangles with the same angle 6 between
their equal sides, we can describe them as being similar triangles — they can be thought of as the same triangle

drawn on two different scales.
As the triangles are similar, the ratio of their sides must be constant, so:

Ay v
vt B r
Multiplying both sides by v:
Ay _ 2
r o r
A
Asa = id
1
2
S>a=—
P

Thus, we find that the magnitude of the centripetal acceleration a. of an object moving with uniform circular
motion is described by the equation:
a. = —

,
where v is the object’s average speed and r is the radius of the circle described by the object.

2.2 SAMPLE PROBLEM 3

What is the centripetal acceleration of a hammer that is swung in a 1.7 m radius circle if it makes
0.8 revolutions in a second?

SOLUTION:
First, the average speed of the hammer must be found:

= =125s;r=17m;v=7?
0.8s7!
2 2 1.7
v—ﬂ—M:S.Sms_l
T 1.25s

Now, we may calculate the centripetal acceleration:

v=85ms ! r=17m; a.=?
—1y2
ae = @®Sms™ )" =43ms2
1.7m

The hammer’s centripetal acceleration is 43 m s=2 directed towards the centre of the circle.
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2.2.5 Centripetal force
According to Newton’s Second Law of Motion, an object only accelerates if there is a net unbalanced force
acting on it. This means that, for there to be a centripetal acceleration, there must be a net accelerating force
acting, and an object that is travelling in a circle does so because there is a net force acting on it that constantly
either pulls it or pushes it in towards the centre. This force is known as the centripetal force, F,.

We know that the relationship between acceleration and force is described by the equation:

Fnet =ma

In the same way, we can describe the centripetal force in terms of mass and centripetal acceleration:
F,=ma,
By substitution of terms for a., we may also describe the centripetal force in terms of the mass m, the radius
r and average speed v:

2
wen(?)
r

The centripetal force will act in the same direction as the centripetal acceleration — that is, towards the
centre of motion.

2.2 Exercise 1

1 What will be the average speed of a cyclist who takes 12 seconds to travel once around a circular track that
has a radius of 50 m?

2 A discus thrower wishes the discus to leave her hand with a speed of 12ms™". How fast will she need to
rotate in order to do this if the distance from the centre of the discus to the centre axis of her body is 0.7 m?

3 A racing car travels around a circular track at a constant speed of 60 kmh~'. How long will it take the car to
make one complete revolution if the track has a radius of 420 m?

4 A battery-operated toy car completes a single lap of a circular track in 15 s with an average speed of
1.3ms~'. Assume that the speed of the toy car is constant.
(@) What is the radius of the track?
(b) What is the magnitude of the toy car’s instantaneous velocity halfway through the lap?
(c) What is the average velocity of the toy car after half of the lap has been completed?
(d) What is the average velocity of the toy car over the entire lap?

5 What is the centripetal acceleration acting on a car that is ‘spinning a donut’ (that is, travelling in a very tight
continuous circle) if the radius of its path is 4 m and it is travelling at a speed of 25 kmh~'?

6 A tennis player swings his racquet in a circular arc when he hits a ball. What will be the acceleration of the
racquet head if it is a distance of 1.1 m from the centre of rotation and it is travelling at a speed of 16ms~'?

7 A cyclist riding in a velodrome is travelling at 65 kmh~". If he and his bike have a total mass of 70 kg and the
velodrome is a circular shape with a diameter of 200 m, what is the centripetal force acting on the cyclist?

8 The centripetal force acting on a hammer while it is swung in a 1.5 m radius circle is 300 N. If the mass of the
hammer is 7.3 kg:
(@) what is its average speed?
(b) how long does the hammer take to make one revolution?
(c) how many revolutions does the hammer make in 2 seconds?

9 A car is driven around a roundabout at a constant speed of 20 km h™" (5.6 ms™"). The roundabout has a
radius of 3.5m and the car has a mass of 1200 kg.
(@) What is the magnitude and direction of the acceleration of the car?
(b) What is the magnitude and direction of the force on the car?

10 Kwong (mass 60 kg) rides the Gravitron at the amusement park. This ride moves Kwong in a circle of radius

3.5m, at a rate of one rotation every 2.5s.
(@) What is Kwong’s acceleration?
(b) What is the net force acting on Kwong? (Include a magnitude and a direction in your answer.)
(c) Draw a labelled diagram showing all the forces acting on Kwong.
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2.3 Providing centripetal force
2.3.1 Tension

We have learned that a centripetal force is one that causes an object to follow a circular path rather than
continue travelling in a straight line. This happens because there is a force acting on the object that either
pulls it or pushes it in the direction of the circle’s centre. In many cases, this force is tension — a pulling
force acting through a medium such as a rope or chain. For example, when you suspend a large mass from the
end of a string, the downward pull of gravity on the mass causes the bonds between the particles in the string
threads to be stretched further apart. The tension in the string pulls upwards on the mass so that the net force
acting on it is zero.

Consider a child being swung in a circle by an adult as shown in Figure 2.13a. The muscles and tendons
(and, to a certain extent, bones and ligaments) in the arms and shoulders of both the adult and the child are
being stretched; the resulting tension force in these fibres pulls the child towards the adult in a line directed
along their arms.

FIGURE 2.13 (a)The combined effect of the tension force and the child’s weight
provides an inward net force that keeps the child travelling in a circle around the adult.
(b) The net force providing the centripetal force is the vector sum of T and W.

(o)

Net

The forces of tension and gravity provide a non-zero net force:
F,,=T+W

Resolving the vertical components of these forces:
F,, sin 0° =T sin 0 + W sin 270°
=> W=Tsin 6
Resolving the horizontal components:
F,, cos 0°=T cos § + W cos 270°
=>F,,=Tcos 0

net

It can be seen that F,,, is directed horizontally towards the centre of the circle in which the child moves
and, so, provides the centripetal force.
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FIGURE 2.14 (a) Tension contributes to the net force in many amusement park rides. (b) The net force acting on a
rider.

(b)

2.3 SAMPLE PROBLEM 1

A conical pendulum is made of a 10 g mass suspended from a string of length

20 cm. The mass makes a flat horizontal circle of radius 5 cm as it moves. Determine:
(a) the angle @ between the string and the vertical

(b) the tension in the string

(c) the centripetal force acting on the pendulum mass

(d) the average speed of the pendulum mass.

SOLUTION: FIGURE 2.15
(a) Drawing a diagram of the pendulum as shown in Figure 2.15 reveals that 7
Scm
6 = sin”! = 14°
20cm

The string makes an angle of 14° with the vertical as the pendulum
mass rotates.
(b) First, the weight of the pendulum is determined:
W =mg = (0.010kg) (9.8ms~*) = 0.1 N, downwards
As the pendulum mass moves in a flat horizontal circle, it can be surmised that the net force
acting on it must be acting horizontally towards the centre of that circle (providing the centripetal

force).
Also, as the weight and the string tension are the only forces acting on the pendulum,
F,,=W+T
FIGURE 2.16
Fnet
A
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Considering the vertical components of the vectors in Figure 2.16 (ii):

Fpet sin 0° = (0.1 N) sin 270° + T cos 14°

0=-0.1N+ Tcos 14°
0.1N

= ——— = 0.1 N, rounded to one decimal place.

cos 14°

The tension in the string is 0.1 N.
(c) The centripetal force is equal to Fet.

Considering the horizontal components of the vectors in Figure 2.16 (ii):

Fret cos 0° = (0.1 N) cos 270° + (0.1 N) sin 14°
Fpet = (0.1 N)sin 14° = 0.02N

AsF,=F,,.
centre of the circle.

the centripetal force acting on the pendulum mass is 0.02 N acting towards the

(d) F.=0.02N inwards; m = 0.01 kg; r = 0.05 min inwards; v = ?

Fc:ﬂ
g 0.01kg x v?
. g Xy
002N = ——=°~
= 0.05m

= v =1/0.1 = 0.3ms~! (Note that only the positive root is used)

The pendulum mass has an average speed of 0.3 ms™!

2.3.2 Friction

While it is fairly easy to understand how the tension force
in a string or a chain pulls an object into a circular path, it
is a little less obvious what’s happening when you watch
a runner moving around a circular track or a car corner-
ing at speed. In these cases, it is friction that provides the
centripetal force.

First, let’s look at the frictional forces that act on a car
travelling through a curve on a flat road. As the car travels
around the curve, inertia (the tendency of an object to
maintain its state of motion) dictates that the car moves
outwards from the centre of curvature and instead travels
in a straight line tangential to the curve. This is similar to
the way that a weight swung in a flat circle on the end of
a string will continue to move in a straight line tangential
to the circle if the string were to snap.

Sideways (or ‘lateral’) friction between the tyres and the
road opposes this outward motion, acting inwards towards
the centre of the curve. As this sideways friction makes up
the whole of the magnitude of the net force on the vehicle,
it provides the centripetal force that keeps the car moving
around the curve.

FIGURE 2.17 The lateral frictional forces
acting on the car provide the centripetal force
required to keep the car travelling in a circle
rather than continuing to travel tangentially.

Tangential motion

[ —— _________)

If the coefficient of friction between the road and the tyres is low — such as when the road is icy or wet —
the sideways frictional force and, thus the centripetal force, will also be low.

36 Jacaranda Physics 12



2
my ) , e .
As F. = —, alower centripetal force dictates that the car must travel at a lower speed if it is to negotiate
r

the curve safely rather than sliding outwards.

2.3 SAMPLE PROBLEM 2

A 1200 kg car approaches a tight corner on a wet day. If the corner has a radius of curvature of 10 m
and the coefficient of friction for the tyres on a wet road is 0.4, what is the maximum speed at which
the car can safely turn the corner?

SOLUTION:
m=1200kg,r =10m, y =04, F, =?

W =mg = (1200kg) (9.8 ms~2) = 11 800 N downwards
R = —-W =11 800N upwards

FIGURE 2.18

R=11800N

w=11800N

Fr=uR
=(0.4)(11800N)
= 4720 N inwards towards the centre of the corner

The centripetal force must not exceed the frictional force if the car is to corner safely, therefore:

FfZFC

.
1200kg x v?
10 m

., <. [FT2ONXT0m
'= 1200 kg

v<63ms~!

(4720N) >

Therefore, the car should negotiate the corner at a speed no greater than 6.3 ms™" (or 23kmh™").

Track athletes, cyclists and motorcyclists also rely on sideways frictional forces to enable them to move
around corners. To increase the size of the lateral frictional force, which will therefore allow them to corner
more quickly, they often lean into the corner. The lean also means that they are pushing on the surface at an
angle, so the reaction force R is no longer normal to the ground and has a component towards the centre of
their circular motion.
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If we take 6 to be the angle that the cyclist
makes with the road surface (the ‘angle of
lean’), the components of the reaction force
parallel and perpendicular to the road surface
are:

R, =Rsind

R, =Rcos0

The net force acting horizontally towards
the centre of motion (which provides the cent-
ripetal force) is such that:

Fo=F¢ tR,
Referring to Figure 2.19, we see that
R =W
Fy =R,
= Fy=pW
AsR, =WandR, = RsinR; = Rcos®0,
it follows that
W =Rcos0
Rearranging,
w
cos 6

R =

FIGURE 2.19 Leaning into a corner induces a sidewards
component to the friction force. The combined effect of
the normal reaction force and the friction force is shown by
the yellow arrow R. As the friction force F; is unbalanced

it provides an acceleration in the direction that the cyclist
is leaning. This allows cyclists to take corners at higher
speeds, remaining balanced throughout the entire turn.

This allows us to find an expression for R in terms of W:

R” =RSiI‘l0
cos 0

Thus,
F.=pW+ Wtané

The greater the angle the cyclist leans from the perpendicular, the greater the magnitude of the net force
acting to move him and his bike around the corner and so the faster the speed at which he is able to safely

round the corner.

FIGURE 2.20 The extremely small angle that the
motorcyclists make with the track allows them to corner at much

higher speeds.
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2.3.3 Banking

Leaning into the curve helps cyclists to maintain higher speeds when cornering because, by doing so, they
enable part of the reaction force to contribute to the net force acting on them. This increases the magnitude of
the net force and, therefore, the magnitude of the centripetal force keeping them in the curve.

Another way in which this can be achieved is to tilt the surface on which the cyclist rides.

Velodromes — the indoor arenas in which Olympic cyclists compete — are constructed so that the track
slants down from the outside edge to the inside edge. This angling of the surface is called banking and
maximises the speeds at which cyclists are able to travel in sprint races.

Figure 2.22 shows that the net force acting horizontally towards the centre of the curve is the sum of the
horizontal components of the normal reaction force R and the frictional force F/:

F,,=Rsin0+ F;cost

FIGURE 2.21 Cyclists racing in FIGURE 2.22 The forces acting on a cyclist riding on a
the velodrome at the Rio banked track.

Olympics in 2016. The banking of
the track allows the cyclists to
safely reach much higher speeds
than if they were racing on a flat
surface.

Banking is also applied to curvefi.roads allc?wmg cars tq negotlate FIGURE 2.23 Banking the road
them safely even under wet conditions. While the banking in the allows a component of the normal
tight curves of a velodrome can be as steep as 45°, road banking by reaction to contribute to the

comparison is only a fraction of this. centripetal force.
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2.3 SAMPLE PROBLEM 3

A car of mass 1280 kg travels around a bend with a radius of 12.0 m. The total sideways friction on the
wheels is 16400 N. Calculate the maximum constant speed at which the car can be driven around the

bend without skidding off the road if
(a) the road is not banked
(b) the road is banked at an angle of 10°

SOLUTION:
(a) The car will maintain the circular motion around the bend if:

va

Fnet:
r

where v = maximum speed.
2

. my : . .
If v were to exceed this speed, F,.; < —, the circular motion could not be maintained and the
r

vehicle would skid.

1280 kg x v*
Fou=F;= 16400N= — =2~ "

12.0 m

, 16400N x 12.0

=> V=
1280 kg
v=124ms"!
The maximum constant speed at which the vehicle can be driven around the unbanked bend is
12.4ms~!.
my?

(b) Again, in order to maintain circular motion, F,, > —
-
F,.,,=Rsin0 +Ff cos 6
As Rcos6 = W + F; sin 6 (by considering the vertically acting components)
Rcos 10° = (1280kg x 9.8 ms™2) + (16400 N) sin 10°

=> R=15630N
Fper = (15630N)sin 10° + (16400N) cos 10° = 18900N

1280kg x v?
12.0m
_ \/18900N x 12.0m
1280kg
v<133ms™!

18900 N >

The maximum constant speed at which the vehicle can be driven around the unbanked bend is
13.3ms™ .

2.3.4 Riding inside circular motion
What happens to people and objects inside larger objects that are travelling in circles? The answer to this
question depends on several factors.
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Let’s think about passengers inside a bus. The sideways frictional forces exerted by the road on the bus
tyres act towards the centre of the circle, which increases the net force on the bus and keeps the bus moving
around the circle. If the passengers are also to move in a circle (therefore keeping the same position in the
bus) they, too, need to have a net force towards the centre of the circle. Without such a force, they would
continue to move in a straight line and probably hit the side of the bus! Usually the friction between the seat
and a passenger’s legs is sufficient to prevent this happening.

However, if the bus is moving quickly, friction alone may not be adequate.

In such cases, passengers may grab hold of the seat in front, thus adding a force of tension through their
arms. Hopefully, the sum of the frictional force of the seat on a passenger’s legs and the horizontal component
of tensile force through the passenger’s arms will provide a large enough centripetal force to keep that person
moving in the same circle as the bus!

2.3 Exercise 1

1 Explain why an object moving in a circle with constant speed is accelerating without changing its speed.

2 Many runners who regularly do 400 m or more on a circular track start to experience damage to tendons and
muscles on the inside of their legs, even though the large leg muscles used for running tend to be on the top
or back of the leg. Runners who do 100 m races (which tend to be straight courses) do not. Explain why this
is the case.

3 What angle will be formed by the chain of a chair-o-plane seat that is occupied by a 60 kg student if the
tension in the chain is 680 N?

4 A motorcyclist travelling at 35 m s~ around a circular track with a radius of 120 m leans in towards the centre
of the circle. What will be the angle between the motorcyclist and the perpendicular?

5 A cyclist leans in towards the centre of a 150 m circular track so that there is an angle of 12° between her
body and the perpendicular. What is her speed?

6 The coefficient of friction between the tyres of a rally car and the road surface is 0.58. What will be the
maximum safe speed at which the car can turn a corner that has a 20 m radius of curvature?

7 The banking angle in a velodrome is 42°. What is the maximum speed that a cyclist can travel at for the
banking to provide all of the centripetal force for the cyclist if he rounds a curve of radius 20 m? (In this case,
friction makes no contribution to the net force.)

8 During a ballet performance, a dancer performs a full running circle. To do this, she leans in towards the
centre of the circle. If her speed is 4 ms™" and the circle has a radius of 5m, what angle does her body make
with the vertical?

9 When travelling around a roundabout, John notices that the fluffy dice suspended from his rear-vision mirror
swing out. If John is travelling at 8.0m s~ and the roundabout has a radius of 5.0 m, what angle will the
string connected to the fluffy dice (mass 100 g) make with the vertical?

10 A 50kg circus performer grips a vertical rope with her teeth and sets herself moving in a circle with a radius
of 5.0m at a constant horizontal speed of 3.0ms™"
(@) What angle does the rope make with the vertical?
(b) What is the magnitude of the tension in the rope?

FIGURE 2.24
Rope
, % Performer’s
\ centre of mass
PP S
(,’ M

Circular path
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2.4 Non-uniform circular motion
2.4.1 In the half-pipe

So far, we have considered only what happens when the circular motion is carried out at a constant speed.
However, in many situations this is not the case. When the circle is vertical, the effects of gravity can cause
the object to go slower at the top of the circle than at the bottom. Such situations can be examined either by
analysing the energy transformations that take place or by applying Newton’s laws of motion.

When a skateboarder enters a half-pipe from the top, that person has a certain amount of potential energy,
but a velocity close to zero. At the bottom of the half-pipe, some of the gravitational potential energy of the
skateboarder has been transformed into kinetic energy. As long as the person’s change in height is known, it
is possible to calculate the speed at that point.

2.4 SAMPLE PROBLEM 1

A skateboarder (mass 60 kg) enters the half-pipe at point A, as shown
in Figure 2.25. (Assume the frictional forces are negligible.) FIGURE 2.25
(a) What is the skateboarder’s speed at point B?

(b) What is the net force on the skateboarder at B?

(c) What is the normal reaction force on the skateboarder at B?

SOLUTION:

(a) At point A, the skateboarder has potential energy, but no kinetic
energy. At point B, all the potential energy has been converted
to kinetic energy. Once the kinetic energy is known, it is easy to
calculate the velocity of the skateboarder.

m = 60kg, ha =4.0m, hg =0,g =9.8ms>

decrease of potential energy from A to B = increase of kinetic energy from A to B

—(Ug — Up) = ExB — Exa

1 1
— (mghg — mghy) = =mv3 mvi

oE

1
—mg (hg — ha) = Sl (V2B = v%)

Cancelling m from both sides:

1
—g (hg — ha) = 3 (v — )
—9.8 (0m—4.0m) = % (vg - 0)

vi =78.4m?s~2

vg = 8.854ms™!, rounded to 8.9 ms~!.
I

The skateboarder’s speed at B is 8.9 ms™".
2

(b) The formula F,,; = MV can be used for any point of the centripetal motion. It must be

-
remembered, however, that the force will be different at each point as the velocity is constantly
changing.
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m=060 kg; r=40 m; vg =89 m s~!
mvp?  60kg X (8.9ms!)?
- 4.0m
= 1176 N, rounded to 1200 N
The net force acting on the skateboarder at point B is 1200 N upwards.
(c) As there is more than one force acting on the skateboarder, it helps to draw a diagram. (See
Figure 2.26.)

Fnet=

FIGURE 2.26 Forces acting
on the skateboarder.

normal reaction
force

|

acceleration

|

weight = mg

Fpee = R—W =R—mg

=>R=F,, +mg

= (1200N) + (60kg) (9.8 ms~?)

= 1788 N, rounded to 1800 N

The normal reaction force acting on the skateboarder at point B is 1800 N upwards. This

is larger than the normal reaction force if the skateboarder were stationary. This causes
the skateboarder to experience a sensation of heaviness as they come to the bottom of the
halfpipe.

2.4.2 Amusing circles

The experience of heaviness described in the previous section, when the reac-
tion force is greater than the weight force, occurs on a roller coaster when the
roller-coaster car travels through a dip at the bottom of a vertical arc. When

FIGURE 2.27 Forces
acting at the top of a
roller-coaster hill.

the car is at the top of a vertical arc, the passengers experience a feeling of R
being lighter. How can this be explained? T
When the roller-coaster car is on the top of the track, the reaction force is A8
upwards, and the weight force and the net force are downwards. So,
mg
F,.=mg—R la

For circular motion, the acceleration is centripetal and is given by
the expression
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The reaction force is a push by the track on the wheels of the roller-coaster car. The track can only push
up on the wheels; it cannot pull down on the wheels to provide a downward force. So as the speed increases,
there is a limit on how small the reaction force can be. That smallest value is zero.

What would the passenger feel? And what is happening to the roller-coaster car? When the reaction force
is zero, the passenger will feel as if they are floating just above the seat. They will feel no compression in the
bones of their backside. For the car, at this point it has lost contact with the track. Any attempt to put on the
brakes will not slow down the car, as the frictional contact with the track depends on the size of the reaction
force. No reaction force means no friction.

Modern roller-coaster cars have two sets of wheels, one set above the track and one set below the track, so
that if the car is moving too fast, the track can supply a downward reaction force on the lower set of wheels.
The safety features of roller coasters cannot be applied to cars on the road.

If a car goes too fast over a hump on the road, the situation is potentially very dangerous. Loss of contact
with the road means that turning the steering wheel to avoid an obstacle or an oncoming car will have no effect
whatsoever. The car will continue on in the same direction.

2.4 SAMPLE PROBLEM 2

A passenger is in a roller-coaster car at the top of a circular arc of radius 9.0 m.

(a) At what speed would the reaction force on the passenger equal half their weight force?
(b) What happens to the reaction force as the speed increases?

(c) What would the passenger experience?

(d) At what speed would the passenger feel weightless?

SOLUTION:
mg

w
LetR=— =>R=—
(a) Le 2:> >
2

Using m = mg — R
r

S8}

v mg
=mg — —
£§- 5

m

r
V2 g
r

)
/ 8ms2 .0
= p= ‘%r=\/9 ms 2X9 m:6.6ms_1

The passenger will feel half as light at a speed of 6.6 ms™!
2 2

(b) Rearranging mv— = mg — R gives R = mg — mv—
r r
The weight force (mg) is constant so, as the speed (v) increases, the reaction force (R) gets smaller.

(c) The reaction force is less than the weight force, so the passenger will feel lighter.
(d) The passenger will feel weightless when the normal reaction force is equal to zero, that is when
2
mv— =mg

-
Rearranging and cancelling m on both sides, we get

v=1/rg=V9.0mx9.8ms?=94ms"
The passenger will feel weightless if the speed at the top of the ride is 9.4ms™!.
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2.4 Exercise 1

1 Sometimes, if a car is travelling fast when it comes over the crest of a hill, it can ‘catch air’ — in other words,

become airborne. Explain why this happens in terms of the forces acting on the car and why this is dangerous
2 A roller-coaster car travels through the bottom of a dip of radius 9.0 m at a speed of 13ms™".
(@ What is the net force on a passenger of mass 60 kg?

(b) What is the normal reaction force on the passenger by the seat?
(c) Compare the size of the reaction force to the weight force.
3 A car of mass 800 kg slows down to a speed of 4.0m s~ to travel over a speed hump that forms the
arc of a circle of radius 2.4 m. What normal reaction force acts on the car at the top of the speed hump?
4 At what minimum speed would a car of mass 1000 kg have to travel to momentarily leave the road at

the top of the speed hump described in Question 37? (To leave the road, the normal reaction would have
to have decreased to zero.)

5 A 1004 lead sinker attached to an 80 cm long string is swung in a vertical circle.

(@) If the sinker travels at a speed of 10ms™" at the bottom of the circle, what speed does it have at
the top of the circle?

(b) What is the tension in the string when the sinker is at the bottom of the circle?

(c) Where is the sinker string most likely to break — while it is at the bottom of the circle or at the top?
Explain your answer.

(d) The breaking strain of the string is 70N m~". What is the maximum speed at which the sinker can
travel before the string snaps?

2.5 Rotational kinematics and dynamics
2.5.1 Angular velocity

Carousels (also called merry-go-rounds) are a big favourite with younger children in amusement parks. On a
fixed carousel, where the horses do not move up and down, the motion of the riders can be described simply in
terms of uniform circular motion. If we consider a typical carousel in which there are two concentric circles
of horses, although the horses in the two rings have the same period of revolution, the horses in the outer

ring travel a greater distance in this time. This means that the average speed of the horses in the outer ring is
greater than that of the inner-ring horses.

FIGURE 2.28 Carousels are a big favourite with younger children at
amusement parks.

S

e ESSSE S N
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However, the horses all move through the same angular displacement A@ during the same time period ¢.
This rate of change in angular displacement is called the average angular velocity o.

FIGURE 2.29 The arrangement of concentric rings FIGURE 2.30 All the horses move
of horses on a carousel. through the same angle A6 during the
same time period t.

Inner ring

Outer ring

While up to now in this course we have used degrees to describe the size of an
angle, it is useful in rotational dynamics to describe angles in terms of radians.

The angular displacement in radians can be described by the equation FIGURE 2.31 One
radian is the angle
0= [ subtended by an arc
T length / which is equal
in magnitude to the
where [ is the arc length subtending the angle and r is the radius of the circle. radius r of the circle.
When the arc length is equal in size to the radius, 8 is equal to one radian (1 rad).
For a full circle of radius r, the arc length will be equal to the circumference: I=r
l=2nr
and then 0 = 1 radian
2zr
0=—
,

= 0 = 2xradians
As there are 360° in a full circle,
2nradians = 360°
which means that

360°

T

1 radian = ~ 57.3°
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2.5 SAMPLE PROBLEM 1

Convert the following angles:
(a) 30° into radians
(b) 4 radians into degrees

SOLUTION:
@ 2 =2
a — R
360° 2r&@
0= 30° X 2«
360°
=0.52rad
Alternatively,
30°
0= —— = 0.52rad
57.3°rad”
4 0
® = 3600
= 4 x 360
2
=229.2°

We may alternatively convert as follows:
4rad = 4rad x 57.3°rad™" = 229.2°

Average angular velocity is described by the equation

Y
Tt

()

where A6 is the angular displacement in radians of an object moving in a circle and ¢ is the time taken for
the displacement. Angular displacement is a vector quantity with direction usually described in terms of being
‘clockwise’ or ‘anticlockwise’.

Angular velocity has the SI units of rad s~! although you may also see the units deg s~! or rpm (revolu-
tions per minute) used. Angular velocity is also a vector quantity; the direction of the angular velocity vector
requires the use of a ‘right-hand rule’ as shown in Figure 2.32. By curling the fingers of the right hand in the
direction of rotation, the thumb points in the direction of the angular velocity.

FIGURE 2.32 A right-hand rule is used
to determine the direction of the average
angular velocity vector.

\= Right hand

Direction of rotation

(b)
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2.5 SAMPLE PROBLEM 2

An ant has somehow managed to find its way onto a record sitting on a turntable. When the record turns,
it rotates at 45 revolutions per minute (45 rpm) in a clockwise direction. The diameter of the record is
18 cm and the ant is positioned 4 cm from the record’s centre.

(a) Convert the record’s angular speed from rpm to (i) rad s~' (ii) deg s~'.

(b) What is the ant’s angular displacement after 2 seconds in (i) radians (ii) degrees?

(c) How many revolutions has the ant made on the record after 2 seconds?

SOLUTION:

(a) 1. As 1revolution = 2 xradians and 1 minute = 60 seconds,

45 revolutions B 45rev x 2nrad rev™!
1 minute 1 minx60s min~"

3
= —xrad s~
2

We use the right-hand rule to determine the direction of the angular velocity vector. As
the disc turns clockwise, angular velocity will be directed downwards.
1. As 1 revolution = 360° and 1 minute = 60,

45 revolutions  45rev X 360 deg rev™!

1 minute 1 min X60s min~"
_ 16200 deg

60s
=270 deg s~!, downwards

Ab
(b) w=T$A0=a)t
i. Af= wt

_ (3 -1
—<7rads >(2s)

= 3nrad, clockwise
. A0=wt
= (270 deg s7')(25s)
= 540°, clockwise
540°

== 1.3
360°

(c) As there are 360° in a circle, number of revolutions =

The ant has made 1.5 revolutions after 2 s

2.5.2 Relating angular and tangential velocities

. . . . . . . . FIGURE 2.33 Al
Objects moving with uniform circular motion can be described in terms of both N

object moving in

tangential and angular velocity and an expression can be derived that relates 2 &iele 6 s 7
them. from positon A to
The velocity of an object in uniform circular motion as it moves from position position B.

A to position B is equal to the rate at which it travels the distance between the
two points. This distance is not a straight line but an arc that we shall describe
as AL. We can then write:
_ AL
" A

where At is the time interval for the object to travel from A to B.
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Let A6 be the angle subtended by the arc between A and B.

FIGURE 2.34 The relationship

The length of the arc AL depends upon the radius and the fraction of between angular and tangential
the circumference subtending A6: velocity.
aL="29 xC A
2r
= g—: X 2nr
Thus, we find:
AL = A0r
AL Ad

Asyv=—andw = —

sv=-——ando=—

> VvAt=(wAl) r

>vVv=wr

2.5 SAMPLE PROBLEM 3

(a) Determine (i) the tangential velocity (ii) the angular velocity of the ant in 2.5 Sample Problem 2
when the line between the centre spindle and the ant is aligned in a northerly direction.

(b) The ant walks to the edge of the record, which is 9 cm from the centre spindle. Will the
magnitudes of his tangential and angular velocities increase, decrease or remain the same?

SOLUTION:
FIGURE 2.35
N
rotation
(a) 1. The ant is located 4 centimetres from the centre of rotation, so r = 4 cm = 0.04 m.

The record makes 45 revolutions in 1 minute, so we can calculate the period of the
ant’s circular motion:

60s
===l
5 =8
2zr 27X 0.04m 1
:V_T_I—BS =0.19ms

The tangential velocity will be directed at right angles to the radius at that point —
that is to the east.
The ant’s tangential velocity will be 0.19 ms™!, east

. Rearranging the relationship v = o r to get

v  0.19ms™!
= -—= = 4 -1
w . 0.0 Trads .
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As the record is rotating clockwise, the direction of angular velocity will be

downwards.

The ant’s angular velocity is 4.7 rad s~!, downwards. (Note that this is the same
value as obtained in Sample Problem 2 (a) although different means were used to

obtain it!)

(b) In moving to the edge, the radius of the circle through which the ant moves has increased so he
moves a greater distance in the 1.3 seconds the record takes each revolution. As a result, the ant’s

tangential velocity has increased.

The new position of the ant makes no difference to his angular velocity as every point on the
record moves through the same angle at the same rate.

2.5.3 Turning effect and forces

A strong wind blowing a tree over in a storm, a door opening when you pull on its handle and using a spanner
to take the wheel nuts off when a tyre is changed are all examples of forces causing something to rotate.

The rotational effect that a force has on an object is referred to as torque, represented in equations by
the Greek letter 7 (‘tau’). The amount of torque that a force generates around a pivot point depends upon
the magnitude of the force, the direction in which it is applied and how far from the pivot point the force is

applied.

If a force F is applied at right angles to the
line between the pivot point and the application
point, then torque is calculated simply as:

t=1Fr

where r is the distance between the pivot
point and the application point.

The units for torque are newton-metres
(N'm). Torque is a vector quantity and the dir-
ection of the torque is described by considering
the direction (‘clockwise’ or ‘anticlockwise’) of
the rotation it produces in much the same way
as the direction of the angular velocity vector
(see Figure 2.36). Using the right-hand rule with
the fingers curled in the direction of the rotation,
the thumb points in the direction of the torque.
We can see that the direction of the torque is
perpendicular to the plane containing F and r.

FIGURE 2.36 A force F exerted perpendicularly on a
spanner at a distance r from the bolt (pivot point) pro-
duces an anticlockwise rotation of the bolt, tightening it.
The torque that the force has produced is equal to the
product Fr and is directed out of the page.

rotation Application
point

Pivot point

If the force is applied at a non-perpendicular angle, only the force compon-
ent acting at right angles to r produces torque around the pivot point. This

component is designated F .

In Figure 2.37, a force F is applied at an angle 8 to a door in order to close
it. It is only the component of this force that is perpendicular to the door (F )
that contributes to the torque that turns the door on its hinge, that is

AsF | =F sin 0,
7= (F sin @) r

or
t=Frsin 0

FIGURE 2.37 A force F
is applied at an angle 0
to the end of a door.

50 Jacaranda Physics 12



2.5 SAMPLE PROBLEM 4

A 1.2m wide gate in the school fence will only open if there is a

) : - ! i FIGURE 2.38
torque of 100 N'm acting on it. In which of the following cases will Gate Fence
the force applied to the gate result in it opening? (@)

SOLUTION: Hinge
In each case, the direction of the torque produced will be out of <0—610>0 N
the page. < m
(@) r=0.6m,F =100N,0 =90°,¢t=?
1.2m
t=Frsin @ (b) ﬁcﬂ):
= (100N) (0.6 m) sin 90° Hinge
= 60Nm 100 N
This is less than the required 100 N m. Therefore, the gate will
not open. o
(b) r=12m,F =100N,0=90°, 7 =? s o
t=Frsin0 g 120 N
= (100N) (1.2 m) sin 90°
= 120N m
The gate will open.
(c) r=10m,F = 120N, 0 = 30°
T=Fr sin 0
= (120N) (1.0m) sin 30°
=60Nm
The gate will not open.
2.5 Exercise 1
1 Convert the following degree angles into radian angles:
@ 30° (o) 180° (c) 350° (d) 460°

2 A wheel is oriented horizontally and turning in a clockwise direction when viewed from above. When a point
on the wheel is to the east of the axle, in what direction is the
(@) tangential velocity
(b) angular velocity vector acting at that point?

3 A jeweller uses a 2 cm diameter tungsten carbide grinding wheel that is spinning at 15000 rpm.
(@) What is the magnitude of the average angular velocity of the wheel in rads~'?
(b) Calculate the magnitude of the wheel’s tangential velocity at its edge.
(c) If she changes to a 3cm diameter wheel, what angular speed (in rpm) will it need to run at if the

edge of the new wheel is to have the same tangential velocity as the 2 cm wheel?

4 A bolt securing a beam to a pillar requires a torque of 150 N m to loosen it. What is the minimum force that
you will need to apply to the handle of a 30 cm long spanner if you are to loosen the bolt?

5 A force of 30N is applied to the edge of a wheel that has a radius of 45 cm. If the resulting torque produced in
the wheel is 5N m, at what angle was the force applied to the radius?

6 The handle of a torque wrench is hollow so an extension rod can be inserted. If you can exert only 30 N of force,
how far along the extension rod from the handle should you place your hand to achieve a torque of 30 Nm?
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2.0 Review
2.6.1 Summary

The time taken for an object moving with uniform circular motion to make one revolution of the circle is
called the period T.
The average speed of an object moving with uniform circular motion is expressed by the equation,

2
average speed = %r where r is the radius of the circle in which the object moves and 7' is the period.

The average velocity of an object moving in a circle is equal to zero as its displacement for a complete
revolution is zero.

The instantaneous velocity (or tangential velocity) of an object moving uniformly in a circle has a
magnitude equal to that of the object’s average speed. The direction of this velocity is tangential to the
circle in which it moves.

Angular displacement A# is the angle through which an object moves between two points on the

circumference of a circle. It is measured in radians. There are 2x radians in a full circle; 1 radian =~ 57.3°

A6
The angular velocity w of an object is equal to its rate of angular displacement, ® = -

The units of angular velocity are rad s™!. Angular velocity is a vector that is directed away from or into
the axis of rotation and is at right angles to the plane of rotation.

An object moving in a circle at constant speed has centripetal acceleration a,, which is directed towards
2

the centre of the circle; this is described by the equation a. = — where v is the object’s tangential velocity
r

and r is the radius of the circle in which it travels.

mv2

The centripetal force F, can be calculated by the equations ¥, = ma, or F, = —.

Torque 7 describes the turning effect of a force T = Frsin 8 where F is the force gpplied to an object at a
position r from the pivot point and 6 is the angle between F and r. The units for torque are N m. Torque is
a vector quantity; the vector is directed into or out of the axis of rotation and is perpendicular to the plane
described by F| and r.

2.6.2 Questions

1

2.

. A 400 g rock is tied to the end of a 2 m long string and whirled until it has a speed of 12.5ms~!.
Calculate the centripetal force and acceleration experienced by the rock.

A 900 kg motorcycle, travelling at 70kmh™", rounds a bend in the road with a radius of 17.5 m.
Calculate the centripetal force required from the friction between the tyres and the road.

. A carousel horse located 2 m from the centre of rotation makes 1 revolution every 5 seconds. What will
be its:

(a) period?

(b) average speed?

(c) acceleration?

(d) angular velocity?

A ceiling fan in a classroom rotates steadily at 1000 rpm in a clockwise direction (assume you are
looking up at the fan). Someone has stuck a piece of chewing gum to one of the blades at a distance of
40 cm from the centre of the fan.

(a) How long does it take for the gum to make one full revolution of the fan?

(b) What is the fan’s speed in rad s~!'?

(c) What is the magnitude of the gum’s instantaneous velocity at any moment in time?

(d) If the gum were to detach from the fan, describe the path that it would travel on its way to the floor.
A 60kg diver stands at the very edge of a 2 m long diving board. What is the torque acting on the diving
board’s anchorage point?
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10.

11.

12.

13.
14.

15.

16.

Explain why door handles are placed at the edge of a door rather than in the middle of the door.

. In what direction is the torque acting when you exert a force to unscrew the cap of a bottle? Assume that

the bottle lid unscrews in an anticlockwise direction and that the bottle is being held upright on a bench.

. A jogger, of mass 65 kg, runs around a circular track of radius 120 m with an average speed of 6.0 kmh™'.

(a) What is the centripetal acceleration of the jogger?
(b) What is the net force acting on the jogger?

. At the school fete, Lucy and Natasha have a ride on the merry-go-round. The merry-go-round

completes one turn every 35 s. Natasha’s horse is 2.5 m from the centre of the ride, while Lucy’s

horse is a further 70 cm out. Which girl would experience the greatest centripetal acceleration?

Support your answer with calculations.

At a children’s amusement park, the miniature train ride completes a circuit of radius 350 m, maintaining

a constant speed of 15 kmh™'.

(a) What is the centripetal acceleration of the train?

(b) What is the net force acting on a 35 kg child riding on the train?

(c) What is the net force acting on the 1500 kg train?

(d) Explain why the net forces acting on the child and the train are different and yet the train and the
child are moving along the same path.

The toy car in a slot car set runs on a circular track. The track has a radius of 65 cm, and the

0.12 kg car completes one circuit in 5.2 s.

(a) What is the centripetal acceleration of the car?

(b) What is the net force acting on the car?

(c) Draw a labelled diagram showing all the forces acting on the car. Also include the direction and
magnitude of the net force on your diagram.

When a mass moves in a circle, it is subject to a net force. This force acts at right angles to the

direction of motion of the mass at any point in time. Use Newton’s laws to explain why the mass

does not need a propelling force to act in the direction of its motion.

Explain why motorcyclists lean into bends.

A rubber stopper of mass 50.0 g is whirled in a horizontal circle on the end of a 1.50 m length of string.

The time taken for ten complete revolutions of the stopper is 8.00 s. The string makes an angle of

6.03° with the horizontal. Calculate:

(a) the speed of the stopper

(b) the centripetal acceleration of the stopper

(c) the net force acting on the stopper

(d) the magnitude of the tension in the string.

A ball is tied to the end of a string and whirled in a horizontal circle of radius 2.0 m. The string

makes an angle of 10° with the horizontal. The tension in the string is 12 N.

(a) Calculate the magnitude of the centripetal force acting on the ball.

(b) If the mass of the ball is 200 g, what is its speed?

(c) What is the period of revolution of the ball?

Carl is riding around a corner on his bike at a constant speed of 15kmh™". The corner approximates

part of a circle of radius 4.5 m. The combined mass of Carl and his bike is 90 kg. Carl keeps the

bike in a vertical plane.

(a) What is the net force acting on Carl and his bike?

(b) What is the sideways frictional force acting on the tyres of the bike?

(c) Carl rides onto a patch of oil on the road; the sideways frictional forces are now 90% of their
original magnitude. If Carl maintains a constant speed, what will happen to the radius of the
circular path he is taking?
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17.

18.

19.

20.

21.

A cyclist rounds a bend. The surface of the road is horizontal. The cyclist is forced to lean at an
angle of 20° to the vertical to ‘only just’ take the bend successfully. The total sideways frictional
force on the tyres is 360 N. The cycle has a mass of 20 kg. What is the mass of the cyclist?
A road is to be banked so that any vehicle can take the bend at a speed of 30 ms~! without having to rely
on sideways friction. The radius of curvature of the road is 12 m. At what angle should it be banked?
A car of mass 800 kg travels over the crest of a hill that forms the arc of a circle, as shown in
Figure 2.39.
(a) Draw a labelled diagram showing all the forces acting on the car.
(b) The car travels just fast enough for the car to leave the ground momentarily at the crest of the hill.
This means the normal reaction force is zero at this point.
i. What is the net force acting on the car at this point?
ii. What is the speed of the car at this point?

FIGURE 2.39

v
—

r=4.0m

A gymnast, of mass 65 kg, who is swinging on the rings follows the path shown in Figure 2.40.

(a) What is the speed of the gymnast at point B, if he is at rest at point A?

(b) What is the centripetal force acting on the gymnast at point B?

(c) Draw a labelled diagram of the forces acting on the gymnast at point B. Include the magnitude of all
forces.

FIGURE 2.40

A door that is 820 mm wide can be opened provided that a torque of 10 N m is applied at the hinge.
How much force would be needed to open the door if it was applied perpendicularly to the door at a
distance of 400 mm from the hinge?
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22. To crack a walnut, a force of 40 N must act on its shell from both sides. How much force will you need to
exert perpendicularly to the handles of the nutcracker in Figure 2.41 below in order to crack the walnut?

FIGURE 2.41

23. A jet pilot flies his aircraft in a vertical loop. If the jet is flying at 720kmh™" at the lowest point of the
loop, find:
(a) The smallest radius that the loop can have if the acceleration at the bottom is not to exceed 6 g.
(b) The apparent weight experienced by the 70 kg pilot.

24. On aride called the Rotor, the riders lean FIGURE 2.42
against a vertical wall as shown in

Figure 2.42.

(a) If the Rotor has a radius of 3 m, with
what period will it rotate if the
horizontal centripetal acceleration
acting on the riders is to equal 4g?

(b) At what speed will the Rotor be
rotating at this time?

(c) During the ride, the floor drops away
but the riders stay pressed against the
walls. Why don’t they fall?

25. Alistair is riding on a chair-o-plane when the supporting chain suddenly snaps. At this time, his chair
was located 4 m from the centre of rotation and was 1.5 m above the ground. If the chain made an angle
of 30° with the central pole when the chain snapped, how far horizontally will he travel before he lands?

eBook RESOURCES

Complete this digital doc: Investigation: Exploring circular motion
Searchlight ID: doc-26318

PRACTICAL INVESTIGATIONS

Investigation 2.1 Exploring circular motion

Aim

To examine some of the factors affecting the motion of an object undergoing uniform circular motion, and then to

determine the quantitative relationship between the variables of force, velocity and radius.
4
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Apparatus
e rubber stopper
e glass tube
e 50g mass carrier
e stopwatch
e string
e sticky tape
* metre rule FIGURE 2.43
¢ 509 slot masses

Method
1. Record the mass of the rubber stopper being used as a bob. String )
2. Attach the rubber stopper to a length of string approximately
1.5m long, then thread the loose end of the
string through the glass tube.
3. Attach the mass carrier to the loose end of the string as shown
in Figure 2.43.
4. Place a piece of sticky tape on the string at the point shown
in the diagram so that the distance, r, is 40 cm.
5. Hold the glass tube and move it in a small circle so as to get the
rubber bob moving in a circular path. The mass carrier
will provide the centripetal force to keep the bob moving in
its circular path. Adjust your frequency of rotation so that the sticky
tape just touches the bottom of the glass tube. L
L . , . Radius is marked
This will keep the radius of the bob’s orbit steady. by adhesive tape.
6. Record the time for the bob to complete 10 revolutions at a
constant speed then calculate and record the period.
Do this three times and then use the average of these as
the correct period. Use the radius and period to calculate the average yP

Glass tube

velocity of the bob. Mass carrier
7. Repeat steps 4 to 6 for radii of 0.60m, 0.80m, and 1.0m.
8. Repeat steps 3 to 7 using masses of 100 g, then 150 g, and finally 200 g Masses
Results
Tabulate your results as shown in the table below.

TABLE 2.1

mm PERIOD (10 REVOLUTIONS) MEAN PERIOD | ORBITAL VELOCITYv

1.0m

509 x 0.8m
gravity 0.6m

04m

1.0m

100g x | 0.8m
gravity 0.6m

04m

Analysis

1. From the results above, calculate the average velocity of the bob and complete the table.
2. For each of t