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Cambridge Specialist Mathematics Australian Curriculum/VCE Units 3 & 4 provides a
complete teaching and learning resource for the VCE Study Design to be implemented in
2016. It has been written with understanding as its chief aim and with ample practice offered
through the worked examples and exercises. All the work has been trialled in the classroom,
and the approaches offered are based on classroom experience and the responses of teachers
to earlier versions of this book.

Specialist Mathematics Units 3 & 4 offers material on topics from the Specialist Mathematics
Study Design.

The book has been carefully prepared to reflect the prescribed course. New material has been
included for the statistics topics: distribution of sample means and hypothesis testing, and the
calculus topics: arc length and separation of variables technique for differential equations.

The book contains five revision chapters. These provide technology-free questions,
multiple-choice questions and extended-response questions.

The TI-Nspire calculator examples and instructions have been completed by Russell Brown,
and those for the Casio ClassPad have been completed by Maria Schaffner.

The integration of the features of the textbook and the new digital components of the
package, powered by Cambridge HOTmaths, are illustrated in the overview.

About Cambridge HOTmaths

Cambridge HOTmaths is a comprehensive, award-winning mathematics learning system — an
interactive online maths learning, teaching and assessment resource for students and teachers,
for individuals or whole classes, for school and at home. Its digital engine or platform is

used to host and power the interactive textbook and the Online Teaching Suite, and selected
topics from HOTmaths’ own Years 9 and 10 courses area are available for revision of prior
knowledge. All this is included in the price of the textbook.
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Preliminary topics

Objectives

To revise the properties of sine, cosine and tangent.

To revise the sine rule and the cosine rule.

To revise geometry in the plane, including parallel lines, triangles and circles.
To revise arithmetic and geometric sequences.

To revise arithmetic and geometric series.

To revise infinite geometric series.

To work with the modulus function.

To revise Cartesian equations for circles.

To sketch graphs of ellipses from their Cartesian equations.

To sketch graphs of hyperbolas from their Cartesian equations.
To consider asymptotic behaviour of hyperbolas.

To use parametric equations to describe curves in the plane.

VVYVVYVYVYVYVVYVYYVYYVYYVYY

To investigate the distribution of sample means using simulation.

The first six sections of this chapter revise knowledge and skills from Specialist Mathematics
Units 1 & 2 that are required in this course. For further details, we refer you to the relevant
chapters of Specialist Mathematics Units 1 & 2.

This chapter also introduces parametric equations, which are used in Chapters 6 and 12. The
final section of this chapter gives a brief empirical introduction to the study of the distribution
of sample means, which will be investigated further in Chapter 15.

Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press
Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party



2 Chapter 1: Preliminary topics

1A Circular functions

» Defining sine, cosine and tangent

o,
o,
o,

The unit circle is a circle of radius 1 with centre at the
origin. It is the graph of the relation x> + y*> = 1.

We can define the sine and cosine of any angle by using
the unit circle.

Definition of sine and cosine

For each angle 0°, there is a point P on the
unit circle as shown. The angle is measured
anticlockwise from the positive direction of

¥

4
1, 0)\

(1,0)

L0, 1)
"

(0, =1)

P(cos(0°), sin (6°))

eO

the x-axis.

m cos(0°) is defined as the x-coordinate of the point P
m sin(0°) is defined as the y-coordinate of the point P

For example:

(0.8660, 0.5) (=0.7071, 0.7071)

X X
1

sin30° = 0.5 (exact value) sin 135° = — ~ 0.7071
V2
-1

cos 30° = ? ~ 0.8660 cos 135° = —2 ~ —0.7071

Definition of tangent
sin(6°)

tan(6") = cos(6°)

The value of tan(0°) can be illustrated geometrically
through the unit circle.

By considering similar triangles OPP’ and OTT”, it
can be seen that

TT' PP

oT’  OP
. sin(0°)
€. TT = = tan(0°
i.e c0s(6°) an(0”)

Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4
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sin 1

00° =~ 0.9848

cos 100° ~ —-0.1736

Y

A
P 4(1, tan (6°))
1
1

0°1 - x
o P|T
sin (0°) =PP’
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1A Circular functions 3

» The trigonometric ratios
For a right-angled triangle OBC, we can construct a similar

triangle OB’C’ that lies in the unit circle.

From the diagram:
B'C’ = sin(6°) and OC’ = cos(6°)
The similarity factor is the length OB, giving
BC = OBsin(6°) and OC = OBcos(6°)
BC

. oc_
o sin(0°) and 0B - cos(6°)

This gives the ratio definition of sine and cosine for a
right-angled triangle. The naming of sides with respect to B
an angle 6° is as shown.

opposite

in(°) = ——
sin(©") hypotenuse hypotenuse .
opposite

cos(8°) = adjacent
" hypotenuse

opposite 0
adjacent

0° N
adjacent C

tan(0°) =

» Definition of a radian

In moving around the unit circle a distance of 1 unit from A to P,

> <

the angle POA is defined. The measure of this angle is 1 radian.
\

One radian (written 1°) is the angle subtended at the centre of | unit
uni
C

the unit circle by an arc of length 1 unit.

|
1
(4
-1 10) A1 T
Note: Angles formed by moving anticlockwise around the unit
-1

circle are defined as positive; those formed by moving
clockwise are defined as negative.

» Degrees and radians

The angle, in radians, swept out in one revolution of a circle is 27°.

27¢ = 360°
¢ = 180°
180° e
1€ = 1° =
n 180

Usually the symbol for radians, ©, is omitted. Any angle is assumed to be measured in radians
unless indicated otherwise.
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4 Chapter 1: Preliminary topics

The following table displays the conversions of some special angles from degrees to radians.

Angle in degrees | 0° | 30° | 45° | 60° | 90° 180° 360°

Angle in radians 0 T 2

w|a

oA
13
| a

Some values for the trigonometric functions are given in the following table.

X sin x COS X tan x
0 0 1 0
7 1 V3 1
6 2 2 V3
AT S U N |
i w W
3 1
T V3 - NG
3 2 2
g 1 0 undefined

» The graphs of sine and cosine
A sketch of the graph of y
fiR—>R, f(x) =sinx

is shown opposite. J(x) =sin x
- 1- -
As sin(x + 2w) = sin x for all x € R, the s S
sine function is periodic. The period 5 . 0 : . > X
—T\ T 3n /2n

ST

is 2;t. The amplitude is 1. —

A sketch of the graph of
f:R->R, f(x) =cosx

> <

is shown opposite. The period of the f(x)=cos x

1
cosine function is 2;t. The amplitude is 1. / \ /‘\\
o *\
X

For the graphs of y = a cos(nx) and y = asin(nx), where a > 0 and n > 0:
. 2n .
m Period = — ® Amplitude = a m Range = [-a,a]

n

Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press
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1A Circular functions 5

» Symmetry properties of sine and cosine

The following results may be obtained from the graphs of the functions or from the
unit-circle definitions:

sin(;t — 0) = sin O cos(m—0) =—cosO
sin(;t + 0) = —sin O cos(m+0) = —cosO
sin(2w —0) = —sin O cos(2w — 0) = cos O
sin(—0) = —sin O cos(—0) = cos O
sin(0 + 2nmw) = sin O cos(0 + 2nm) = cos O forneZ
sin(g - 6) =cos0 cos(g - 6) =sin6
Example 1
a Convert 135° to radians. b Convert 1.5° to degrees, correct to two decimal places.
Solution
135 xn®©  3m¢ 1.5 x 180°
a 135°= 228 _ T b 1.5 = 22 "% _ 85.94° to two decimal places
180 4 T

Find the exact value of:

a sin 150° b cos(-585°)
Solution
a sin150° = sin(180° — 150°) b cos(—585°) = cos585°
= sin 30° = cos(585° — 360°)
_ 1 = c08225°
z = —cos45°
1
2

Find the exact value of:

. (1l=m —45n
a sin|— b cos
6 6
Solution
. (1= ) 7T —45m
a sm(—) = sm(2n - —) b cos( ) = cos(—7% X IT)
6 6 6
() 3)
= =S| — = COS| =
6 2
1 =
2
Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press
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6 Chapter 1: Preliminary topics

» The Pythagorean identity

For any value of 0:
cos?0 +sin’0 = 1

If sin(x°) = 0.3 and 0 < x < 90, find:

a cos(x°) b tan(x°)
Solution o 03
a sin*(x°) + cos’(x°) = 1 b tan(x°) = s1n(xo) =
) cos(**) ~ V0.OT
0.09 + cos”“(x°) = 1 3
2/.0\ _ = ——
cos“(x°) =0.91 Vo1
cos(x°) = +V0.91 3491
Since 0 < x < 90, this gives ~ 91
5 91 Vo1
cos(x°) = V091 = 00 0

» Solution of equations involving sine and cosine

If a trigonometric equation has a solution, then it will have a corresponding solution in
each ‘cycle’ of its domain. Such an equation is solved by using the symmetry of the graph
to obtain solutions within one ‘cycle’ of the function. Other solutions may be obtained by
adding multiples of the period to these solutions.

The graph of y = f(x) for y

. A
f:10,2n] - R, f(x) =sinx
1 o
is shown. |
| |
. ol/ 1 I c d
For each pronumeral marked on the x-axis, : b | ; > X
. a T [
find the other x-value which has the same ' ! 2m
y-value. -1+ '
Solution
For x = a, the other value is @ — a.
For x = b, the other value is  — b.
For x = ¢, the other value is 2t — (¢ — 71) = 37 — c.
For x = d, the other value is m + 2t — d) = 3w — d.
Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press
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1A Circular functions 7
Example 6
1
Solve the equation sin(2x + g) = 3 for x € [0, 2m].

Solution

Let® =2x+ g Note that

0<x<2n & 0<2x<4xn

R n<2 +n<13n
34T 3273
7 137
& —<0< —
3 3
1 1 1
To solve sin(2x+E):—forx€[0,2n],we first solve sin6:—f0rﬁsﬁsﬂ.
3 2 2 3 3
1
Consider sin 6 = X
5 5 5
8:% or Fn or 231',+g or 23t+%c or 4n+g or 4Jn+%c or ...

1 29
The solutions r3 and Tn are not required, as they lie outside the restricted domain for 0.

7T 137
ForgsﬁsT:

st—nor13—nor17—ﬂor25—rc

6 6 6

2)c+2—ﬂ:5—JT 0r13—ﬂor17—JT 0r25—Tc

6 6 6 6 6

2x=3—n orn—norls—norm—n

6 6 6 6

T 11w 57 231

x:Z orﬁorZ orﬁ

Using the TI-Nspire
Ensure your calculator is in radian mode.
(To change the mode, go to > Settings
> Document Settings.)
Complete as shown.

Note: The Graph application has its own settings, which are accessed from a Graph page

using > Settings.
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8 Chapter 1: Preliminary topics

Using the Casio ClassPad

m Open the rfa application. £ Edit Action Interactive

= Ensure your calculator is in radian mode
(with Rad in the status bar at the bottom of
the main screen).

solve(sin(Zqﬁ%]:% | 0sx<2-%, x]

.3 Sen 11-x 23+n
= Enter and highlight {x=4'“' 312 %12

. T 1
s1n(2x+§)=§|0£xs2n

m Select Interactive > Equation/Inequality > solve.

» Transformations of the graphs of sine and cosine
The graphs of functions with rules of the form
f(x) =asin(nx+¢€)+b and f(x) =acos(nx+¢€)+b

can be obtained from the graphs of y = sin x and y = cos x by transformations.

Sketch the graph of the function

B [0,27] — R, h(x) = 3cos(2x+ g) +1

Solution
We can write A(x) = 3 cos(Z(x + g)) + 1.

The graph of y = A(x) is obtained from the graph of y = cos x by:
m adilation of factor % from the y-axis

m adilation of factor 3 from the x-axis

m a translation of g units in the negative direction of the x-axis
|

a translation of 1 unit in the positive direction of the y-axis.

First apply the two ¥
dilations to the graph A
of y = cos x.

3 1 y =3 cos(2x)

o T > X
T 5 3n T 2n
4 2 4
-3
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Next apply the ¥
7

translation 3 units in A

the negative direction 3]

of the x-axis.

1A Circular functions 9

)

(x2)

> X

or 1lm 25m

@ g o Ly m b w2
12\ 3 /12 6 12 3 /12 6 12
-34
Apply the final translation and restrict ¥
the graph to the required domain. A
4 -
é q (275 i)
N\ o= n ’
o3 —\3 . > x
LNV = U
6 6
» The graph of tan
A sketch of the graph of y = tan 6 is shown below.
YA
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
T T 3 BL
- | 2 2 12 2n 23/
/10 | : 6
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |

Notes:
The domain of tan is R \ {(Zk ¥ 1)% ke z}.

The range of tan is R.

|
m The graph repeats itself every s units, i.e. the period of tan is .
|

The vertical asymptotes have equations 0 = (2k + l)g, where k € Z.

ISBN 978-1-107-58743-4
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10  Chapter 1: Preliminary topics

Using the TI-Nspire

Open a Graphs application and define 1.1
f1(x) = tan(x). s19hy
054 v
2 z 2
: fl(x)umn(x)
4.19
Using the Casio ClassPad
= Open the menu B8; select Graph & Table B |.
m Enter tan(x) in y1, tick the box and tap .
m If necessary, select Zoom > Quick > Quick Trig or tap [ to manually adjust the
window.
© Edit Zoom Analysis ¢ X Y
3
s 2t
sheet1 [Sheet2 |Sheet3 [Sheetd [Sheet5| | : %
M y1=tan(x) — ~P~6 5 423 2 1284527
y2:0 -2
y3:( 9
=
» Symmetry properties of tan
The following results are obtained from the definition of tan:
tan(t — 0) = —tan O tan(2mw — 0) = —tan O
tan(;t + 0) = tan O tan(—0) = —tan 0
Example 8
Find the exact value of:
4
a tan330° b tan(?n)
Solution
R R R 4n 7T
a tan330° = tan(360° — 30°) b tan(?) = tan(n + §)
= —tan 30° .y (n)
o = tan| 7
v - V3
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1A 1A Circular functions 11

» Solution of equations involving tan

The procedure here is similar to that used for solving equations involving sin and cos, except
that only one solution needs to be selected then all other solutions are one period length apart.

Solve the following equations:

a tanx = —1 for x € [0, 4] b tan(2x — x) = V3 for x € [, 7]

Solution
a tanx = —1

3n
Now tan[ — | = -1
ow an(4)

3w 3w 3w 3w
sz or TJFTE or T+2n or T+3:rc
37 Tt 11w 15n
X = T or Z or T or T

b Let® = 2x — . Then
—T<x<n & 2n<2x<2xn
© B3n<2x-n<mn
& 3n<0<nmn

To solve tan(2x — @) = V3, we first solve tan 6 = V3.

ng org—norg—%corg—%c
0= T or 2 or T or _Sx
3 3 2 3
2x— T = il or _2_3'5 or —S—n or —8—75
3 3 3 3
2x = 4_n or il or _2_n or _S_n
3 3 3 3
27 T T Sm
x:? org or —3 or 6
Exercise A

skillsheet > 1 a Convert the following angles from degrees to exact values in radians:

Example 1 i 720° il 540° iii —450° iv 15° v —10° vi -315°
b Convert the following angles from radians to degrees:
. Sm .. 2w ... 1w . 11m 13n . l1lm
1 — nmn ———: m — w ——- —_— I ——
4 3 12 6 9 12
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12 Chapter 1: Preliminary topics 1A

2 Perform the correct conversion on each of the following angles, giving the answer
correct to two decimal places.

a Convert from degrees to radians:

i 7° ii —100° il -25° iv 51° v 206° vi —410°
b Convert from radians to degrees:
i 1.7¢ ii —0.87¢ iii 2.8° iv 0.1° v -3¢ vi —8.9¢

example2| 3  Find the exact value of each of the following:

a sin(135°) b cos(-300°) ¢ sin(480°)
d cos(240°) e sin(—225°) f sin(420°)
example 3| 4 Find the exact value of each of the following:
a sin( 23'5) b cos(3n) C cos(
3 4
5 9 1
d cos(%) e cos(%) f sin(—
cos(31n) h cos(zgn) i sin( 2375)
g 6 6 6
Example4| 5 Ifsin(x°) = 0.5 and 90 < x < 180, find:
a cos(x°) b tan(x°)
6 Ifcos(x°) = —0.7 and 180 < x < 270, find:
a sin(x°) b tan(x°)
. 3n
7 Ifsinx=-05andm<x< > find:
a cosx b tanx
. 3n
8 Ifsinx =-0.3 and > < x < 2m, find:
a cosx b tanx
Example 5| 9 The graph of y = f(x) for ¥
A
f:10,2n] - R, f(x) =cosx 1
is shown. ,
For each pronumeral marked on the i : p
x-axis, find the other x-value which S €4, —X
Ol a b | | T 27
has the same y-value. ' :
I
14
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1A Circular functions 13

example 6| 10 Solve each of the following for x € [0, 2x]:

3 3
a sinx = —g b sin(2x) = 5
¢ 2cos(2x) = ~1 d sin( JFE)——1
x) = x+g)=-3
T ) s
e 200s(2(x+ §)) =-1 f 2s1n(2x+ 5) =-V3
example 7| 11 Sketch the graph of each of the following for the stated domain:
a f(x) = sin2x), x € [0, 2n] b f(x) = cos(x + g) xe [%”n]
¢ fx) = cos(Z(x ; g)) x e [0, 7] d f(x)=2sin3x) + 1, x € [0, 7]

e f(x):2sin(x—§)+ 3, x € [0,2n]

example 8| 12 Find the exact value of each of the following:

a tan( S )
4

2 29
b tan(— ?n) c tan(— Tﬂ:) d tan?240°

1 3
13 Iftanx = 1 and t < x < ; find the exact value of:

a sinx

b cosx c tan(—x) d tan(w - x)

3
14 Iftanx = —g and g < x < m, find the exact value of:

a sinx

b cosx c tan(—x) d tan(x — )

example 9| 15  Solve each of the following for x € [0, 2x]:

a tanx=-V3 b tan(3x— g) =

V3
3

c 2tan(§) +2=0 d 3tan(g + 2x) -3

16 Sketch the graph of each of the following for x € [0, ;] clearly labelling all intercepts
with the axes and all asymptotes:

a f(x) = tan(2x) b f(x) = tan(x— g)

v ¢ fx) = 2tan(2x + g) d fx) = 2tan(2x ; g) _2

Cambridge Senior Mathematics AC/VCE
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14 Chapter 1: Preliminary topics

1B The sine and cosine rules

In this section, we revise methods for finding unknown quantities (side lengths or angles) in a
non-right-angled triangle.

Labelling triangles
The following convention is used in the remainder of this chapter:

m Interior angles are denoted by uppercase letters.
m The length of the side opposite an angle is denoted by A C

the corresponding lowercase letter.

For example, the magnitude of angle BAC is denoted by A, and the length of side BC is
denoted by a.

» The sine rule

The sine rule is used to find unknown quantities in a triangle in the following two situations:
1 one side and two angles are given
2 two sides and a non-included angle are given.

In the first case, the triangle is uniquely defined up to congruence. In the second case, there
may be two triangles.

Sine rule
B
For triangle ABC: . a
a b c A
5 €

sinA _sinB _ sinC
Proof We will give a proof for acute-angled triangles. The proof for obtuse-angled triangles

is similar.

In triangle ACD:

inA = 2
s b

h=bsinA
In triangle BCD:

sinB =

SIS

asinB = bsinA
a b
sinA  sinB

i.e.

Similarly, starting with a perpendicular from A to BC would give
b ¢
sinB  sinC
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1B The sine and cosine rules 15

Example 10

Use the sine rule to find the length of AB. B
70°
c
31°
4 10 cm ¢
Solution
c 10
sin31°  sin70°

_ 10sin31°

~ sin70°

=5.4809...

The length of AB is 5.48 cm, correct to two decimal places.

Example 11

Use the sine rule to find the magnitude of angle XZY, Z
given that Y = 25°, y=5and z = 6.

Solution
5 6

sin25°  sinZ

sinZ B sin 25°

149.53°

6 - 5 5 cm
SinZ = 6sin 25°
5 X 6 cm i
=0.5071...

Z=(30473...)° or Z=(180-30473...)°

Hence Z = 30.47° or Z = 149.53°, correct to two decimal places.

Notes:

m Remember that sin(180 — 06)° = sin(0°).

m When you are given two sides and a non-included angle, you must consider the possibility
that there are two such triangles. An angle found using the sine rule is possible if the sum
of the given angle and the found angle is less than 180°.
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16 Chapter 1: Preliminary topics

» The cosine rule

The cosine rule can be used to find unknown quantities in a triangle in the following two
situations:

1 two sides and the included angle are given

2 three sides are given.

In each case, the triangle is uniquely defined up to congruence.

Cosine rule
For triangle ABC: B
@ a
a® = b* +c* —2bccosA
A b C
or equivalently
b+t — g2
A= ==
cos be

The symmetrical results also hold:
m b?=a*+c*—2accos B

B2 =d>+b*>-2abcosC

Proof We will give a proof for acute-angled triangles. The proof for obtuse-angled triangles

is similar.
In triangle ACD:
X
A=—
cos A
x=bcosA

Using Pythagoras’ theorem in triangles ACD
and BCD:

b =x+ 0

a=c-xP+n

Expanding gives
a=ct=2ex+ x>+ 1P
¢t —2cx + b? (as b* = x> + h%)

a* = b* +c* = 2bccos A (asx =bcosA)

. . . B
For triangle ABC, find the length of AB in centimetres correct to
two decimal places. - Scm
A 10 cm
Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press
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1B The sine and cosine rules 17

Solution
?=52+102-2x5x%x 10cos 67°
=85.9268...
c=9.269...

The length of AB is 9.27 cm, correct to two decimal places.

B
For triangle ABC, find the magnitude of angle ABC
) & i 12 cm
correct to two decimal places.
C
! 15 cm -
Solution
@+ 2 - b?
cosB= ——
2ac
B 122 + 6% — 152
© 2x12x6
=-0.3125
B =(108.2099...)°
The magnitude of angle ABC is 108.21°, correct to two decimal places.
Example 14
A
In AABC, /CAB = 82°, AC = 12 cm and AB = 15 cm.
82°
Find correct to two decimal places: 12 cm 15 cm
a BC
b /ACB C om B
Solution
a Find BC using the cosine rule: b Find ZACB using the sine rule:
a* =b* +c? —2bccos A a _ _¢
2 ) R sinA  sinC
=127+ 15 -2x%x 12 X% 15cos 82
. csinA
= 144 + 225 — 360 cos 82° sinC = P
= 3188976 B 155in820
a=17.8577... ~ 17.8577
Thus BC = a = 17.86 cm, correct to Thus ZACB = 56.28°, correct to two
two decimal places. decimal places.

Note: In part b, the angle C = 123.72° is also a solution to the equation, but it is discarded
as a possible answer because it is inconsistent with the given angle A = 82°.
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18  Chapter 1: Preliminary topics 1B

_____ Exercise RE:

Skillsheet > 1 In triangle ABC, /BAC = 73°, /ACB = 55° and AB = 10 cm. Find correct to two
decimal places:

Example 10 a BC b AC

Example 11| 2 In AABC, /ACB = 34°, AC = 8.5 cm and AB = 5.6 cm. Find correct to two decimal
places:

a the two possible values of ZABC (one acute and one obtuse)

b BC in each case.

Example 12| 3 In triangle ABC, /ABC = 58°, AB = 6.5 cm and BC = 8 cm. Find correct to two
decimal places:

a AC b /BCA

Example 13,14| 4 In AABC,AB =5cm, BC = 12 cm and AC = 10 cm. Find:
a the magnitude of ZABC, correct to two decimal places

b the magnitude of /BAC, correct to two decimal places.

5 The adjacent sides of a parallelogram are 9 cm and 11 cm. One of its angles is 67°.
Find the length of the longer diagonal, correct to two decimal places.

Example 14, 6 In AABC, LtABC = 35°, AB = 10 cm and BC = 4.7 cm. Find correct to two decimal
places:

a AC b /ACB
7 In AABC, /ABC =45°, /ACB = 60° and AC = 12 cm. Find AB.
8 In APQR, /QPR =60°, PQ =2 cmand PR = 3 cm. Find QR.

9 In AABC, the angle ABC has magnitude 40°, AC = 20 cm and AB = 18 cm. Find the
distance BC correct to two decimal places.

10 In AABC, the angle ACB has magnitude 30°, AC = 10 cm and AB = 8 cm. Find the
‘/ distance BC using the cosine rule.
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1C Geometry prerequisites 19

1C Geometry prerequisites

This section lists some geometric results that you should be familiar with and be able to apply
% in examples.

» Parallel lines

If two parallel lines are crossed by a transversal, then: /

m alternate angles are equal =75 >

m corresponding angles are equal /

m co-interior angles are supplementary. Y xe >

If two lines crossed by a transversal form an equal pair of / Y4 y=180

alternate angles, then the two lines are parallel.

» Angle sum of a polygon

The sum of the interior angles of an n-sided polygon is (n — 2)180°.

» Triangles

A
Triangle inequality c b
InAABC: a<b+c¢, b<c+aandc <a+b.
B C

a

¢

a

//7 i
I I

Pythagoras’ theorem and its converse
In AABC:
m If /C is aright angle, then a® + b*> = ¢°.

m Ifa®> + b* = ¢?, then /C is a right angle. B

Properties of isosceles triangles

m The base angles of an isosceles triangle are equal.

m The line joining the vertex to the midpoint of the base of an
isosceles triangle is perpendicular to the base.

m The perpendicular bisector of the base of an isosceles triangle
passes through the opposite vertex.

» Circle geometry

m The angle at the centre of a circle is twice the angle at the 0°
circumference subtended by the same arc. 0
A B
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20  Chapter 1: Preliminary topics

m The angle in a semicircle is a right angle.

® Angles in the same segment of a circle are equal.

m A quadrilateral is cyclic if and only if the sum
of each pair of opposite angles is 180°.

x+y=180
z+w=180
a=x

m A tangent to a circle is perpendicular to the radius drawn
from the point of contact. p
T
T

m The two tangents drawn from an external point are the

same length, i.e. PT = PT".
P

m Alternate segment theorem

LN

The angle between a tangent and a chord drawn from the
point of contact is equal to any angle in the alternate segment.

m If AB and CD are two chords of a circle
that cut at a point P, then

PA-PB=PC-PD
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1C 1C Geometry prerequisites 271

Find the magnitude of each of the following angles:
a /ABC
LADC
LCBD
LACD
/BAD

oD QO n T

Solution
a LABC =93° (vertically opposite)

b /ADC =87° (opposite angle of a cyclic quadrilateral)

¢ /CPB=285° (vertically opposite)
/CBD = (180 — (60 + 85))° = 35° (angle sum of a triangle, ABCP)

d /CAD =35° (angle subtended by the arc CD)
(ADC = 87° (from b)
LACD = (180 — (87 + 35))° = 58° (angle sum of a triangle, ACAD)

e /BAD = (180 — (60 + 58))° = 62° (opposite angle of a cyclic quadrilateral)

Exercise jl®

1 Find the values of 4, y, z and x. 68° 150°

example 15| 2  Find the magnitude of each of the following:
a /RTW
b /TSW
c (TRS
d /RWT

3 ABis atangent to the circle at C. Find the values of a, b
and c.
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22 Chapter 1: Preliminary topics 1C

4 ABCD is a square and ABX is an equilateral triangle. Find A B
the magnitude of:
a /DXC
b /XDC
X
D C
5 Find the values of a, b, ¢, d and e. 6 Find xin terms of a, b and c.

7 Find the values of x and y, given that 8 Find the values of a, b, ¢ and d.
O is the centre of the circle.

9 Find the values of x and y. 10 Find the values of x and y, given that

4 O is the centre of the circle.
B

11 For each of the following, find the value of x:

aAB bA ’ c
lc

B
/ X
D 3
C
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1D Sequences and series 23

1D Sequences and series

The following are examples of sequences of numbers:

a 1,3,5,7,9,... b 0.1,0.11,0.111,0.1111, 0.11111, ...

11 1 1

= = T, Ty 10,7,4,1,-2, ... .6,1.7,28,...,94
c3,9,27,81, d 10,7 e 0.6,1.7,2.8 9

Each sequence is a list of numbers, with order being important.

The numbers of a sequence are called its terms. The nth term of a sequence is denoted by the
symbol #,,. So the first term is #;, the 12th term is #1,, and so on.

A sequence may be defined by a rule which enables each subsequent term to be found from
the previous term. This type of rule is called a recurrence relation, a recursive formula or
an iterative rule. For example:

m The sequence 1,3,5,7,9,... may be definedby #;, = 1 and ¢, = 1,1 + 2.

1 1 1 1 1
m The sequence 39373 may be defined by #; = 3 and t, = gtn—l-

Use the recurrence relation to find the first four terms of the sequence
=3, ty=t,1+5
Solution
Hh=3
L=t+5=8
ts=tH+5=13
th=t+5=18

The first four terms are 3, 8, 13, 18.

Example 17

Find the recurrence relation for the following sequence:

1
9,-3,1,——, ...
3
Solution
3 ! X 9 i.e. t 12‘
=3 === ile.h=—=
3 2T 3
1 1
1= —5 X =3 ie. 13 = —3[2

1
The sequence is defined by #{ =9 and 7, = —gtn,l.
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24 Chapter 1: Preliminary topics

A sequence may also be defined explicitly by a rule that is stated in terms of n. For example:
m The rule 7, = 2n defines the sequence t| =2, =4, =6,1, =8, ...

m The rule 7, = 2" defines the sequence | = 1,6, =2, 3 =4,1, =8, ...

m The sequence 1,3,5,7,9,... can be defined by 7, = 2n — 1.

1 1 1
m The sequence 7} = 3, 1, = 71,1 can be defined by 7, = .

373 3n
Example 18

Find the first four terms of the sequence defined by the rule 7, = 2n + 3.

Solution
Hh=2(1)+3=5
h=22)+3=7
3=23)+3=9

n=24)+3=11

The first four terms are 5,7,9, 11.

» Arithmetic sequences

A sequence in which each successive term is found by adding a fixed amount to the previous
term is called an arithmetic sequence. That is, an arithmetic sequence has a recurrence
relation of the form ¢, = #,_; + d, where d is a constant.

For example: 2,5,8,11,14,17,... is an arithmetic sequence.

The nth term of an arithmetic sequence is given by
t,=a+m-1)d

where a is the first term and d is the common difference between successive terms,
thatis, d =t — tx_1, forall k > 1.

Example 19

Find the 10th term of the arithmetic sequence —4,—-1,2,5,....
Solution
a=-4,d=3
t,=a+mn-1)d
tio=—-4+10-1)%x3
=23
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1D Sequences and series 25

» Arithmetic series

The sum of the terms in a sequence is called a series. If the sequence is arithmetic, then the
series is called an arithmetic series.

The symbol S, is used to denote the sum of the first n terms of a sequence. That is,
Sp=a+@+d)y+@+2d)+--+(a+mn-1))
Writing this sum in reverse order, we have
Si=la+mn-Dd)+(a+(n=-2)d)+---+(a+d)+a
Adding these two expressions together gives
28, =n2a+ (n—1)d)

Therefore
n
Sn=17 (2a+ (n - 1)d)
Since the last term £ =, = a + (n — 1)d, we can also write

&zg@+a

» Geometric sequences

A sequence in which each successive term is found by multiplying the previous term by a
fixed amount is called a geometric sequence. That is, a geometric sequence has a recurrence
relation of the form ¢, = rt,_;, where r is a constant.

For example: 2,6, 18,54, ... is a geometric sequence.

The nth term of a geometric sequence is given by
tn = ar"!

. . . . . t
where a is the first term and r is the common ratio of successive terms, that is, r = t_k
for all k > 1. =l

Example 20

Find the 10th term of the sequence 2, 6, 18, . ...

Solution
a=2,r=3

tn = ar"!
tp =2 X 310-1

=39 366
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26  Chapter 1: Preliminary topics

» Geometric series

The sum of the terms in a geometric sequence is called a geometric series. An expression
for S,,, the sum of the first n terms of a geometric sequence, can be found using a similar
method to that used for arithmetic series.

Let S,=a+ar+ar*+---+ar"”! (D)
Then rS, =ar+ar* +ar’ + - +ar" )
Subtract (1) from (2):

rS,—S,=ar'*—a
S,(r—1)=a(-1)
Therefore

_am - 1)

S
! r—1
For values of r such that —1 < r < 1, it is often more convenient to use the equivalent formula

Ca(l-r")

Sh
1-r

which is obtained by multiplying both the numerator and the denominator by —1.

Example 21

11 1
Fi h f the fi i f th — =, .
ind the sum of the first nine terms of the sequence 305 81
Solution
1 1
a:§,r:§,n=9
1 9
(1-0))
S = 1
1-3
1 1\°
(-6
2(1-())
~ (0.499975

» Infinite geometric series

If a geometric sequence has a common ratio with magnitude less than 1, that is, if -1 < r < 1,
then each successive term is closer to zero. For example, consider the sequence

111 1

3°9°27°81° "
In Example 21 we found that the sum of the first 9 terms is Sy = 0.499975. The sum of the
first 20 terms is Syp = 0.49999999986. We might conjecture that, as we add more and more
terms of the sequence, the sum will get closer and closer to 0.5, that is, S, — 0.5 as n — oo.
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1D Sequences and series 27

An infinite series t; + f, + t3 + - - - is said to be convergent if the sum of the first n terms, S,
approaches a limiting value as n — oco. This limit is called the sum to infinity of the series.

If —1 < r < 1, then the infinite geometric series a + ar + ar? + - - - is convergent and the
sum to infinity is given by

Proof We know that

Sn:M
1-r
a ar’

asn — o9,

rl’l
As n — oo, we have r* — 0 and so a

Example 22

— 0. Hence §,, —

1 1 1

Find the sum to infinity of the series 7 + 1 + 3 + .-,
Solution

! ! and therefore
a=—=,r==

2 2

a 1
Seo = =—2 _1
l-r 1-4

» Using a CAS calculator with sequences

Example 23

Use a calculator to generate terms of the geometric sequence defined by

t, =512(0.5)""" forn=1,2,3,...

Using the TI-Nspire

Sequences defined in terms of n can be

investigated in a Calculator application. n={1,234567.89,1011,12,13,14 15}

m To generate the first 15 terms of the sequence {123456780101112131415}
defined by the rule 1, = 512(0.5)""!, complete | m=512 (0.5)""

{512.256.,128 ,64.,32.,16.8.4.,2.,1.,0.5,0"
as shown.

Note: Assigning (storing) the resulting list as tn enables the sequence to be graphed.
The lists n and tn can also be created in a Lists & Spreadsheet application.
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28  Chapter 1: Preliminary topics

Using the Casio ClassPad

m Open the menu “ég ; select Sequence . © Edit Graph o x]
m Ensure that the Explicit window is activated. & d

m Tap the cursor next to a,E and enter 512 x 0.5"~!.  [Recursive| Explicit
(To enter n — 1, select the exponent button in the W anE=512.0, 50!
keyboard.) art B

= Tick the box or tap (EXE). -

m

m Tap to open the Sequence Table Input
window and complete as shown below; tap OK.

n __anE

Sequence Table Input [ 512]
256

Start:|1 3 128
End :50 4 64
5 32

Example 24

Use a CAS calculator to plot the graph of the arithmetic sequence defined by the
recurrence relation t, = f,_; + 4 and ¢, = 8.

Using the TI-Nspire

m In a Lists & Spreadsheet page, name the first

two columns 7 and tn respectively. Rl
= Enter 1 in cell A1 and enter 8 in cell B1. —
m Enter = al + 1in cell A2 and enter = b1 + 4 ; L] 5]

in cell B2. s 2J—

. . . 3 3| 16

= Highlight the cells A2 and B2 using and 2 4 5

the arrows. s 5| 4 L
m Use > Data > Fill to generate the 52| =b1+4 [4]»]

sequence of numbers.
m To graph the sequence, open a Graphs
application ((ctrl)(1) > Add Graphs). i
m Create a scatter plot using > Graph 2
Entry/Edit > Scatter Plot. Enter the list .
variables as n and tn in their respective fields. % (n.w)

= Set an appropriate window using > “ta
Window/Zoom > Zoom — Data. '

0.1 10.%¥

Note: It is possible to see the coordinates of the points: > Trace > Graph Trace.
The scatter plot can also be graphed in a Data & Statistics page.
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= Alternatively, the sequence can be graphed
directly in the sequence plotter ( >
Graph Entry/Edit > Sequence > Sequence)
with initial value 8.

Using the Casio CIassPad
m Open the menu B8; select Sequence [Efsse |.

= Ensure that the Recursive window is activated.

m Select the setting as shown below.

o= [ w?]

& Edit Type nan ¢
I'Im P
Racurslval EH nn|
[ dnn D —

a,=0

= Tap the cursor next to a,.; and enter a, + 4.

29

1D Sequences and series

~
&

L

ul(n)-ul(n—1)+4

ut: (3, 16 ) n= 3g

Note: The symbol a, can be found in the dropdown

menu n, a,.

= Enter 8 for the value of the first term, a;.
m Tick the box. Tap

= Tap to view the graph.

to view the sequence values.

= Tap [9] and adjust the window setting for the first

15 terms as shown below.

Yiew Window
File Memory

Ix-log [ |y-log

xmin [0

max :15

scale: 1

dot :0.0487012987012987
ymin =5

max :70

| ok || cancel || Default |

m Select Analysis > Trace and use the cursor » to

view each value in the sequence.

[:ﬁfﬁﬁgf IEEIII’I;.:ﬁ

m:urslve Explicit |

‘- 3no|—3n+4
‘ a|=8
‘f | best O
b|=0
] cnest O
c.=0
4
n
o o]
2 12
3 16
4 20
5 24
6 28 (v
<  [»]
1 [t
© Edit Graph o (x]
EEEERER
E|
n an
10 44
11 48 8
12 52
13 56
14 60
15 64 v
£ ]

12 3458678 951011121314

LAY
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30 Chapter 1: Preliminary topics 1D

______Exercise iy

example 16) 1 Use the recurrence relation to find the first four terms of the sequence #; = 3,
t, = t,—1 — 4.

2 A sequence is defined recursively by #; = 6, t,,4,1 = 3¢, — 1. Find #; and 3. Use a CAS
calculator to find fg.

example 17| 3  Find a possible recurrence relation for the sequence —2,6,—18, .. ..
example 18| 4  Find the first four terms of the sequence defined by #,, = 2n — 3 for n € N.

5 A sequence is defined recursively by y; =5, y,+1 = 2y, + 6. Find y, and y;. Use a CAS
calculator to find y;o and to plot a graph showing the first 10 terms.

6 The Fibonacci sequence is given by the recurrence relation #,,, = t,,1 + f,,, Where
t; = t, = 1. Find the first 10 terms of the Fibonacci sequence.

Example 19| 7  Find the 10th term of the arithmetic sequence —4, -7, -10,....
Example20, 8 Calculate the 10th term of the geometric sequence 2, -6, 18, . ...

9 Find the sum of the first 10 terms of an arithmetic sequence with first term 3 and
common difference 4.

Example 21| 10  Find the sum of the first eight terms of a geometric sequence with first term 6 and

common ratio —3.
1

1 1
example 22| 11 Find the sum to infinity of 1 — 3 + 5 77 +e

12 The first, second and third terms of a geometric sequence are x + 5, x and x — 4
respectively. Find:
a the value of x
b the common ratio

c the difference between the sum to infinity and the sum of the first 10 terms.

a a a
13 Find the sum to infinity of the geometric sequence @, —, =, ——, ... in terms of a.
V2 2 242
x  x? X!
14 Consider th Sp=14+=-+—+---+ .
onsider the sum >+t o

a Calculate S;p when x = 1.5.
b i Find the possible values of x for which the sum to infinity S, exists.
ii Find the values of x for which S, = 251.

15 a Find an expression for the sum to infinity of the infinite geometric series
1+sin0+sin*0+ -
‘/ b Find the values of 6 for which the sum to infinity is 2.
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1E The modulus function 31

1E The modulus function

The modulus or absolute value of a real number x is denoted by |x| and is defined by

X ifx>0
x| =

—x ifx<0

It may also be defined as |x| = V2. For example: |5| =5 and |-5] = 5.

Example 25

Evaluate each of the following:

ail|-3x2 il |=3] x[2|
. |4 .. =4
b i ' 5 ’ i o]
ci|-6+2 il |-6] + 2|
Solution
ail|-3x2=|-6=6 il |-3|x2|=3%x2=6 Note: |-3 x 2| = |-3] X |2]
|4 44 4| _ |4
b H:_z:z M_2_, Nt;H:_
i > [-2] i 2] > ote > 2]
ci|-6+2|=]-4=4 ii |-6|+2|=6+2=238 Note: |-6 + 2| # |-6] + |2|

Properties of the modulus function

m |ab| = |a||b| and

al _lal
-
|x| = a implies x = aor x = —a

la + b| < |a| + |b]

If a and b are both positive or both negative, then |a + b| = |a| + |b|.
If a > 0, then |x| < a is equivalent to —a < x < a.

Ifa > 0, then |x — k| < ais equivalentto k —a < x < k + a.

» The modulus function as a measure of distance

Consider two points A and B on a number line:

a

o A

SRSy

On a number line, the distance between points A and Bis |a — b| = |b — al.

Thus |x — 2| < 3 can be read as ‘on the number line, the distance of x from 2 is less than or
equal to 3’, and |x| < 3 can be read as ‘on the number line, the distance of x from the origin is
less than or equal to 3’. Note that |x| < 3 is equivalent to =3 < x < 3 or x € [-3,3].
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Example 26

Illustrate each of the following sets on a number line and represent the sets using interval

notation:

a {x:|x<4) b {x:|x>4} c {x:|x—1]<4}

Solution

a (—4’4) cl: T T T T T T T ?

b (—c0,—4]U[4, ) ——————————

¢ [-3,5] ————

» The graph of y = |x| ¥

The graph of the function f: R = R,
f(x) = |x| is shown here.

L1 (1, D

This graph is symmetric about the y-axis,
since |x| = |—x].

Example 27

For each of the following functions, sketch the graph and state the range:
a fo=|x-31+1 b f(x)=-x-3+1

Solution
Note that|a —b|=a—-bifa>b,and|la—b|=b—-aif b > a.
y
x=3+1 ifx>3 A
a f(o=|x-3l+1=
3—-x+1 ifx<3
_Jx-2 ifx=3 (0, 4)
4—x ifx<3 (3, 1)
Range = [1, ) (0] -
-x-3)+1 ifx>3
b f(x)=—-|x-3|+1= (x=3) Y
-B-x)+1 ifx<3 A
{—x +4 ifx>3
I\ - (3.1
2+x ifx<3 P o
Range = (—o0, 1] 0/2 4
/10,-2)
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1E The modulus function 33

Using the TI-Nspire
m Use > Actions > Define to define the
function f(x) = abs(x — 3) + 1. Define f(x)=lx-3l+1 Done

Note: The absolute value function can be
obtained by typing abs() or using the
2D-template palette ().

= Open a Graphs application ((ctrl)(1) > T2 SM384
Graphs) and let f1(x) = f(x).

m Press to obtain the graph.

Note: The expression abs(x — 3) + 1 could have 1
been entered directly for f1(x). f10 ' 1

Sy

f1 (\)={{\)

-6.67

Using the Casio ClassPad

Main .
m In g, enter the expression |x — 3| + 1. © Edit Action Interactive

Note: To obtain the absolute value function, either

choose abs( from the catalog (as shown below) ahwter @)l

or select [Im] from the keyboard. D

Catalog | [A[B|c|/D|E|F[»
Advance|la, | Form

Number g' Al |v
|| a2
abExpR
abExpRe

CINPUT 7
absExpand ( 6
aCoef 5

"a | acSeq EXE

x
1234567893101

m Tap to open the graph window. s
m Highlight [x — 3] + 1 and drag into the graph window. B | T

m Select Zoom > Initialize or use [¥] to adjust the
window manually.

Note: Alternatively, the function can be graphed using the Graph & Table application.
Enter the expression in y1, tick the box and tap .
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34  Chapter 1: Preliminary topics

» Functions with rules of the form y = |f(x)| and y = f(|x|)

If the graph of y = f(x) is known, then we can sketch the graph of y = |f(x)| using the
following observation:

Ifol = f)if f(x) 20 and  |f(x)] = —f(x) if f(x) <0

Example 28
(e— )

Sketch the graph of each of the following:

ay=|x*-4 b y=[2*-1
Solution
a y b Y
A A
y=1
- » > X
2N, o] /2 "0
N /// e et VU
D y:_l

The graph of y = x* — 4 is drawn and the The graph of y = 2* — 1 is drawn and the
negative part reflected in the x-axis. negative part reflected in the x-axis.

The graph of y = f(|x]), for x € R, is sketched by reflecting the graph of y = f(x), for x > 0,
in the y-axis.

@ Example 29

Sketch the graph of each of the following:
a y=|xf?-2lx b y=2M
Solution
a y b y
A A
\
\
\
\
\
‘\
\ 1
\ =
» X = =====——-oos > X
=2 @) 2 )
The graph of y = X2 =2x,x>0,is The graph of y = 2*, x > 0, is reflected in
reflected in the y-axis. the y-axis.
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________Exercise jI:

Skillsheet » 1 Evaluate each of the following:
Example 25 a |-5/+3 b |-5] + |-3] c |-5|-1-3]
d |-5/-1-3]-4 e |=5|—[=31 -4 f=51+1-31- -4l

2 Solve each of the following equations for x:
alx—11=2 b 2x-31=4 c |5x-3]=9 d [x-3-9=0
e 3-x=4 f 3x+4]=8 g I5x+111=9

example26) 3  For each of the following, illustrate the set on a number line and represent the set using
interval notation:

a {x:|x <3} b {x:|x>5} c {x:|x=2|<1}
d {x:|x-2|<3} e {x:|x+3]>5} f{x:|x+2/<1}

example 27| 4  For each of the following functions, sketch the graph and state the range:
a f)=x-4+1 b f(x)=—-lx+3+2
¢ f=lx+4-1 d f)=2-|x-1]

5 Solve each of the following inequalities, giving your answer using set notation:
a {x:|x <5} b {x:|x>2} c {x:2x-3]<1}
d {x:[5x-2| <3} e {x:|-x+3|>7} f{x:|-x+2/<1}

6 Solve each of the following for x:

alx—4-|x+2/=6 b 2x—5-[4-x=10 ¢ 2x—1]+4-2x= 10

example 28| 7  Sketch the graph of each of the following:
ay=|x>-9 b y=13"-3| y=|x2—x-12|
d y=|x*-3x-40| e y=[x*-2x-§ fy=2"-4]

(o]

Example29| 8  Sketch the graph of each of the following:
a y=|x>-4x b y=3M y=|x> = 7x| + 12
dy=P—|x-12 e y=|x+x-12 fy=-3"+1

(9]

9 If f(x) =|x—al+bwith f(3) = 3 and f(—1) = 3, find the values of @ and b.
10 Prove that |x — y| < |x| + [y
11 Prove that |x| — [y| < |x —y|.

/ 12 Provethat |x +y +z| < |x| + [y| + |2].
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1F Circles

Q Consider a circle with centre at the origin and radius r. y
# If a point with coordinates (x, y) lies on the circle, then P(x, )
Pythagoras’ theorem gives |
/7
] >
2y =i? 5 > X

The converse is also true. That is, a point with coordinates (x, y)
such that x*> + y? = r? lies on the circle.

Cartesian equation of a circle

The circle with centre (A, k) and radius r is the graph of the equation
@=m?+ (G -k?=r

Note: This circle is obtained from the circle with equation x*> + y* = r? by the translation
defined by (x,y) — (x + h,y + k).

Example 30

Sketch the graph of the circle with centre (-2, 5) and radius 2, and state the Cartesian
equation for this circle.

Solution y
The equation is A
x+2+(y-5°=4 -7
which may also be written as mS
P +y?+4x—10y+25=0 3
5 © > X

The equation x? + y* + 4x — 10y + 25 = 0 can be ‘unsimplified’ by completing the square:
X4y +4x—10y+25=0
X +4x+4+y* —10y+25+25=29
(x+2P%+(-5°=4
This suggests a general form of the equation of a circle:
¥+ +Dx+Ey+F=0

Completing the square gives

) D E? D* + E?
xX+Dx+—+y +Ey+—+F=——
4 4 4
_ ( D)2 ( E)2 D? + E* —4F
ie. x+—| +ly+ ) =——
2 2 4
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1F

m If D> + E?> — 4F > 0, then this equation represents a circle.

D
m If D’ + E? — 4F = 0, then this equation represents one point (—— ——).

E
27 2

m If D?> + E?> — 4F < 0, then this equation has no representation in the Cartesian plane.

Example 31

Sketch the graph of x*> + y> + 4x + 6y — 12 = 0. State the coordinates of the centre and

the radius.

Solution

Complete the square in both x and y:

P+ +4x+6y-12=0
P H4x+4+y?+6y+9-12=13
x+2°+@+3)?*=25

The circle has centre (-2, —3) and radius 5.

1F Circles 37
-3 +1\21
o\
-3-121

Sketch a graph of the region of the plane such that x> + y?> < 9 and x > 1.

Solution

19

[ Jrequired region

_____Exercise hbg

1 For each of the following, find the equation of the circle with the given centre

Example 30

Example 31

and radius:

a centre (2,3); radius 1

c centre (0, —5); radius 5

b centre (-3, 4); radius 5
d centre (3,0); radius V2

2 Find the radius and the coordinates of the centre of the circle with equation:

a xX>+y’+4x-6y+12=0
c X*+y"-3x=0
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38  Chapter 1: Preliminary topics 1F

3 Sketch the graph of each of the following:

a2 +2y’+x+y=0 b x>+y+3x—4y=6
C X+’ +8x—-10y+16=0 d x> +y>-8x—-10y+16=0
e 2x2+2y> - 8x+5y+10=0 f 3x% +3y? + 6x -9y = 100

example 32| 4 For each of the following, sketch the graph of the specified region of the plane:

a x>+y’<16 b x>+y>>9
c (x=22+(y-27%<4 d x-32+(y+2?>>16
e x¥*+y’<16andx <2 f x>’+y*<9andy> -1

5 The points (8,4) and (2, 2) are the ends of a diameter of a circle. Find the coordinates of
the centre and the radius of the circle.

6 Find the equation of the circle with centre (2, —3) that touches the x-axis.
7  Find the equation of the circle that passes through (3, 1), (8,2) and (2, 6).

8 Consider the circles with equations
4x* +4y* —60x - 76y +536 =0 and x*+y*—10x—14y+49=0

a Find the radius and the coordinates of the centre of each circle.

b Find the coordinates of the points of intersection of the two circles.

9 Find the coordinates of the points of intersection of the circle with equation x* +y? = 25
and the line with equation:

\/ ay=ux b y=2x

1G Ellipses and hyperbolas

Although the Cartesian equations of ellipses and hyperbolas are not included in the Specialist
# Mathematics study design, they are mentioned in the context of vector calculus. Completing
this section is not essential, but will help you when working with ellipses and hyperbolas

2F in Chapter 12.

» Ellipses
2y
For positive constants a and b, the curve with equation — + i 1 is obtained from the unit
a
circle x> + y* = 1 by applying the following dilations:
m adilation of factor a from the y-axis, i.e. (x,y) — (ax,y)
m adilation of factor b from the x-axis, i.e. (x,y) — (x, by).

The result is the transformation (x, y) — (ax, by).
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1G Ellipses and hyperbolas 39

y
Y Y J
L () o (ax, y) A (x,¥) = (x, by) b

\
1 . 1 /\/\
\‘ > X > X
-b

(N A TN/
4&/1 Q_/a a 0

-1 -1

The curve with equation

x2 y2

02+ﬁ=1

is an ellipse centred at the origin with x-axis intercepts at (—a, 0) and (a, 0) and with y-axis
intercepts at (0, —b) and (0, b).

If a = b, then the ellipse is a circle centred at the origin with radius a.

2 2 2 2

Ellipse 2—2 + Z_Z =1wherea>b Ellipse ;(—2 + % =1 where b > a
y
y A
A b|B
Blb
A'/_ x A A A
B'|-b
-b|B
AA’ is the major axis AA’ is the minor axis
BB’ is the minor axis BB’ is the major axis
Cartesian equation of an ellipse y
The graph of the equation A (h, k +b)
(x=m’  G-k* _
a2 u bh2 =1
is an ellipse with centre (h, k). It is (h—a, k) < * (bR (h+a, k)
obtained from the ellipse
2 2
x_2 ] (h, k= b) > X
a’>  b? 0
by the translation (x,y) — (x + A,y + k).
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40  Chapter 1: Preliminary topics

Sketch the graph of each of the following ellipses. Give the coordinates of the centre and

the axis intercepts.
2 .2

X Y x> y
S =1
2977y TS
-2 2 _2\2
c E=2) +(y D) =1 d 3x* +24x+y*+36=0
9 16
Solution
a Centre (0,0) b Centre (0,0)
Axis intercepts (+3,0) and (0, £2) Axis intercepts (x2,0) and (0, £3)
Y Yy

\ A
3

3\\y3 -2 yz

c Centre (2,3)

y
y-axis intercepts A
4 - 3)? 2.7
When x = 0: §+(yl63) =1 NG
3+ —\
0-3?_s
6 9 (-1, 3)1 (5.3)
o3y - 16X 3—4—f\
9
5 537 \./ 4
3
x-axis intercepts
(x=2)
Wh =0: +—==1
Y 9 16
x=27_ 71
9 16
9x7
—_ ="
(x-2) 6
- 3V7
R=Rde—
4
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d Completing the square:
3x2+24x+y? +36 =0

3 +8x+16) +y* +36-48 =0
3x+4)2 +y?P =12
+4)2 4?2

(x+4) L

RAN
€ 1 12

Centre (-4, 0)
Axis intercepts (—6,0) and (-2, 0)

Given an equation of the form

AX* +ByY? +Cx+Ey+F=0

1G Ellipses and hyperbolas 41

(-4, 2\3)

(=6,0)| (-4,0) |(-=2,0)

(-4, -2V3)

where both A and B are positive, the corresponding graph is an ellipse or a point. If A = B,
then the graph is a circle. In some cases, as for the circle, no pairs (x, y) will satisfy the

equation.

» Hyperbolas

The curve with equation

X2 y2

2 !

is a hyperbola centred at the origin with axis intercepts (a, 0) and (—a, 0).

b b
The hyperbola has asymptotes y = —x and y = ——x.
a a

To see why this should be the case, we rearrange the
equation of the hyperbola as follows:

2 _,
a2
)2 B 2
P2
b x? a?
y = —2(1 - —2)
a X
)
As x — +oo0, we have - - 0 and therefore
X
b2 x?
H —
y 2
. bx
1.e. y— +—
a
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42  Chapter 1: Preliminary topics

Cartesian equation of a hyperbola
The graph of the equation

(x=h? =k? _

@

is a hyperbola with centre (h, k). The asymptotes are

1

b
y—k=+—(x—-h)
a

2 2

Note: This hyperbola is obtained from the hyperbola with equation x_2 - % =1 by the
a

translation defined by (x,y) — (x + h,y + k).

Example 34
(c— )

For each of the following equations, sketch the graph of the corresponding hyperbola.

Give the coordinates of the centre, the axis intercepts and the equations of the asymptotes.
2y 2 2

y X
a ——-=—=1 b —-—=1
9 4 9 4
-1 2 2 2
C(x—l)z—(y+2)2=1 d (y ) _(X+) -1
4 9
Solution
2 2
a Since — -2 = 1, we have y
9 4 A
2
P (1 _ 2) 2 2
9 5 \\\\y=—§x y=§/x//
2 \\\\ ///
Thus the equations of the asymptotes are y = +—x. S~ ///
3 00 G0
If y = 0, then x> = 9 and so x = +3. The x-axis /,/’/ AN
intercepts are (3, 0) and (-3, 0). The centre is (0, 0). - h

2 2
b Since;—zzl,wehave
9x2 4
2
_ 27 _)
o 4 ( +x2

3
Thus the equations of the asymptotes are y = izx.

The y-axis intercepts are (0, 3) and (0, —3).
The centre is (0, 0).
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1G Ellipses and hyperbolas 43

¢ First sketch the graph of x> — y?> = 1. The asymptotes y
are y = x and y = —x. The centre is (0, 0) and the axis A
intercepts are (1,0) and (-1, 0).

Note: This is called a rectangular hyperbola, as its
asymptotes are perpendicular.

Now to sketch the graph of
x-12-@+2?%=1

we apply the translation (x,y) — (x + 1,y — 2).

The new centre is (1, —2) and the asymptotes
have equations y + 2 = +(x — 1). That is,
y=x—-3andy=-x-1.

Axis intercepts

If x =0, theny = -2.

Ify=0,then (x— 1)> =5and sox = 1 + V5.
Therefore the axis intercepts are (0, —2)

and (1 + V/5,0).

- 1) +2)? 2 2
G - y_ @ - )" _ 1 is obtained from the hyperbolayz—% -1

through the translation (x,y) — (x — 2,y + 1). Its centre will be (-2, 1).

d The graph of

y y
A A
2
y= gx y= %x + %
0,2) = (23|
\\\ //// \\\\ e (y_l)z_ (X+2)2:1
12_ fz_ . >~ | .0 . 2,0 o 4 N 9
4 9 //// \\\\ ,// \\\ =X
/// (09 _2) X ~ ~ ( ’ ) > 2 1
2 y=—Sx-—=
V== 3 X 3 3
2V13
The axis intercepts are (0, 1+ 3 )
22 2y
Note: The hyperbolas 779" 1 and 9 1" 1 have the same asymptotes; they are
called conjugate hyperbolas.
Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press

Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party
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_________Exercise jfe

skillsheet » 1 Sketch the graph of each of the following. Label the axis intercepts and state the

coordinates of the centre.
2 2

Example 33 a2 b 25x + 16y% = 400
9 " 16
(x-4? (y-1)7? (o -2)7?
=1 d 2 =1
c 9 + 16 xX° + 9
e 9% + 25y — S4x — 100y = 44 £ 9x2 +25y% = 225
g 5x2+9y? +20x-18y-16=0 h 16x? +25y*> = 32x + 100y — 284 = 0
C(x=2?  (y-3) .
u(x4)+(y9) =1 j 222 +4(y-172 =16

Example 34| 2  Sketch the graph of each of the following. Label the axis intercepts and give the
equations of the asymptotes.

2 2 2 2
c X-yr=4 d 2x>-y* =4
e x> -4y’ —4x-8y—-16=0 f 9x? — 25y? — 90x + 150y = 225
g(xlzy—(y;$2:1 h 42 —8x—y2+2y=0
i 9x?—16y? — 18x+32y — 151 =0 j 25x* - 16y* = 400

1
3 Find the coordinates of the points of intersection of y = 5% with:

2

ax>-y' =1 bxz+y2:1

4 Show that there is no intersection point of the line y = x+5 with the ellipse x> + )17 =1.

2y 2y
5 Find the points of intersection of the curves y +—=1and ) + 7= 1. Show that

9
the points of intersection are the vertices of a square.

2 2

6 Find the coordinates of the points of intersection of f—6 + % = 1 and the line with

equation S5x = 4y.

‘/ 7 On the one set of axes, sketch the graphs of x> + y* = 9 and x*> — y? = 9.
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1H Parametric equations 45

1H Parametric equations

In Chapter 12, we will study motion along a curve. A parameter (usually 7 representing
time) will be used to help describe these curves. In this section, we give an introduction to
parametric equations of curves in the plane.

» The unit circle

The unit circle can be expressed in Cartesian form as { (x,y) : x> + y> = 1}. We have seen in
Section 1A that the unit circle can also be expressed as

{(x,y): x=cost and y = sint, for some € R}

The set notation is often omitted, and we can describe the unit circle by the equations
x=cost and y=sint forreR

These are the parametric equations for the unit circle.

We still obtain the entire unit circle if we restrict the values of ¢ to the interval [0, 27].
The following three diagrams illustrate the graphs obtained from the parametric equations
x = cost and y = sint for three different sets of values of 7.

JT
t € [0,2m] t €0, 7] te [0, E]
y y y
A A A
) an ™
_IQJI w o 1 o1 °
-1
» Circles

Parametric equations for a circle centred at the origin
The circle with centre the origin and radius a is described by the parametric equations
x=acost and y=asint

The entire circle is obtained by taking ¢ € [0, 27].

Note: To obtain the Cartesian equation, first rearrange the parametric equations as
X .
T —cost and 2 =sins
a a

Square and add these equations to obtain
2 2
X .
—+ y—z =cos’t+sin’r =1
a a
This equation can be written as 2+ y2 = @2, which is the Cartesian equation of the
circle with centre the origin and radius a.
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46  Chapter 1: Preliminary topics

The domain and range of the circle can be found from the parametric equations:
m Domain The range of the function with rule x = acost is [-a, a].
Hence the domain of the relation x> + y* = a? is [—a, al.

m Range The range of the function with rule y = asint is [—a, a].

Hence the range of the relation x> + y*> = a®

P | ample3s

=== A circle is defined by the parametric equations

is [—a, a].

x=2+3cosO and y=1+3sin0 for0O € [0,2m]
Find the Cartesian equation of the circle, and state the domain and range of this relation.
Solution

Domain The range of the function with rule x = 2 + 3 cos 0 is [—1, 5]. Hence the domain
of the corresponding Cartesian relation is [—1, 5].

Range The range of the function with rule y = 1 + 3sin 0 is [-2, 4]. Hence the range of
the corresponding Cartesian relation is [-2, 4].

Cartesian equation
Rewrite the parametric equations as

x—2

-1
=cosO and yT =sin 0

Square both sides of each of these equations and add:

(x=27 @y-17
o "9

ie. (x=-22+@y-1>=9

=cos’0 +sin’0 = 1

Parametric equations for a circle

The circle with centre (A, k) and radius a is described by the parametric equations
x=h+acost and y=k+asint

The entire circle is obtained by taking ¢ € [0, 27xt].

» Parametric equations in general
A parametric curve in the plane is defined by a pair of functions
x=f() and y=g@)

The variable 7 is called the parameter. Each value of ¢ gives a point ( f(7), g(¢)) in the plane.
The set of all such points will be a curve in the plane.
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1H Parametric equations 47

Note: If x = f(¢) and y = g(¢) are parametric equations for a curve C and you eliminate the
parameter ¢ between the two equations, then each point of the curve C lies on the curve
represented by the resulting Cartesian equation.

Example 36

A curve is defined parametrically by the equations
x=ar and y=2ar forteR

where a is a positive constant. Find:

a the Cartesian equation of the curve

b the equation of the line passing through the points where = 1 and t = -2
¢ the length of the chord joining the points where r = 1 and ¢ = -2.

Solution
a The second equation gives t = 2 y
a
\
Substitute this into the first equation: (a2, 2at)
2
R )
=at* =al|l =
xX=a a ( "
() ’ B
=al|—
4a?
_
4a

This can be written as y* = 4ax.
b Att=1, x=aandy = 2a. This is the point (a, 2a).
Att = -2, x = 4a and y = —4a. This is the point (4a, —4a).
The gradient of the line is
2a — (—4a) 6a
m=22"Y P4

a—4a —3a
Therefore the equation of the line is
y—2a=-2(x—a)

which simplifies to y = —2x + 4a.

¢ The chord joining (a, 2a) and (4a, —4a) has length

V(a - 4a)* + 2a — (—4a))* = V942 + 364>

= V4542
=3V5a (since a > 0)
Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press

Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party



48  Chapter 1: Preliminary topics

» Ellipses
Parametric equations for an ellipse .,
The ellipse with the Cartesian equation — + Z—z = 1 can be described by the parametric
a

equations
x =acost and y=bsint

The entire ellipse is obtained by taking ¢ € [0, 2].

Note: We can rearrange these parametric equations as
X .
T costr and 2 =sins
a b

Square and add these equations to obtain

2 2
X .
—2+y—2 =cos’t+sin’r =1
a b

The domain and range of the ellipse can be found from the parametric equations:

m Domain The range of the function with rule x = acost is [—a, a].
2 2

Hence the domain of the relation x_2 + % =1is[—a,a].
a

m Range The range of the function with rule y = bsint is [-b, b].
2 2

Hence the range of the relation — + == = 11is [-b, b].

a’>  b?
Example 37
Find the Cartesian equation of the curve with parametric equations
x=3+3sint and y=2-2cost forreR
and describe the graph.

Solution

We can rearrange the two equations as
z=3 2 —
3 - sint and = cost

Now square both sides of each equation and add:

(x=37 @-y?
o 2

=sin’r+cos’t =1

Since (2 — y)? = (y — 2)?, this equation can be written more neatly as

(x=3) (y—2)2_
o T a1 ~

This is the equation of an ellipse with centre (3, 2) and axis intercepts at (3, 0) and (0, 2).

1

Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press
Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party



1H Parametric equations 49

» Hyperbolas

In order to give parametric equations for hyperbolas, we will be using the secant function,

which is defined by
secO = if cosO #0
cos 0
The graphs of y = sec 8 and y = cos 0 y
are shown here on the same set of axes. i A i i y=secH
The secant function is studied further in : A : !
| | | ~
Chapter 3. i,’/O \\ ‘:l i/// \ y=rcos 0
We will also use an alternative form of N L /,: o v >
the Pythagorean identity N o 20N 13
| | |
cos’ 0 +sin’0 = 1 : : :
| | |
| | |

Dividing both sides by cos® 0 gives
1 +tan’ 0 = sec’ O
We will use this identity in the form

sec’0 —tan’ 0 = 1

Parametric equations for a hyperbola )

The hyperbola with the Cartesian equation x_2 = z—z = 1 can be described by the
a
parametric equations

x=asect and y=btant forte(—g,g)u(g,%)

Note: We can rearrange these parametric equations as
X
— =sect and Y tant
a b

Square and subtract these equations to obtain

)C2 2

az b?

The domain and range of the hyperbola can be determined from the parametric equations.

=sec’r—tan’r =1

m Domain There are two cases, giving the left and right branches of the hyperbola:

e Forre (—g, g), the range of the function with rule x = asect is [a, ).
The domain [a, co) gives the right branch of the hyperbola.
3
g, ;) the range of the function with rule x = asect is (-0, a].

The domain (—c0, a] gives the left branch of the hyperbola.

° Forte(

m Range For both sections of the domain, the range of the function with rule y = btantis R.
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50  Chapter 1: Preliminary topics

Example 38
(c— )

Find the Cartesian equation of the curve with parametric equations

T 3m
= 3sect d =4tant fortre(—,—
X sect and y an or (2 2)
Describe the curve.
Solution

Rearrange the two equations:
X Yy
—=sect and = =tant
3 4

Square both sides of each equation and subtract:

2 2
% = i)_6 =sec’r—tan’t =1
22
The Cartesian equation of the curve is 9 16" 1.

3
The range of the function with rule x = 3sect for ¢ € (g ;) is (—oo0, —=3]. Hence the
domain for the graph is (—co, —3].
The curve is the left branch of a hyperbola centred at the origin with x-axis intercept
4x

4
at (=3, 0). The equations of the asymptotes are y = ?x andy = —3

» Finding parametric equations for a curve

When converting from a Cartesian equation to a pair of parametric equations, there are many
different possible choices.

Example 39

Give parametric equations for each of the following:

a x’>+y*=9
2 2
X Yy
ol =1
b 16+ 7
_12 2
c - O+D -
9 4
Solution

a One possible solution is x = 3cost and y = 3 sint for 7 € [0, 2mx].
Another solution is x = —3 cos(2¢) and y = 3 sin(2¢) for ¢ € [0, 7t].

Yet another solution is x = 3sinf and y = 3 cos ¢ for ¢ € R.
b One solution is x = 4 cost and y = 2sin .

¢ One solutionis x — 1 =3sectandy+ 1 = 2tant.
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Using the TI-Nspire
= Open a Graphs application ((6 on) > New Document > Add Graphs).

m Use > Graph Entry/Edit > Parametric to show the entry line for parametric
equations.

m Enter x1(¢) = 2 cos(3¢) and y1(¢) = 2 sin(3¢) as shown.

F10 ) 1

x1(e)=2cos(3) 338y
O {y2(d)=2sin(3e) = _
0<£<6.28 tstep=0.13 / ‘\
1
—ta 0.2 X
10 ks ‘2/ H

6.67 331

Using the Casio ClassPad

m Open the Graph & Table application .
m From the toolbar, select Type > ParamType.

@ File Edit [Typel ¢

[Sheet] [Sheetz [Sheet [Sheetd [Sheets
xt1=2+cos(3+t) N

Y=T9be =
bl T B 1=2sin(a0) @
Sheet1 \Sheetz ParamType xt2:0
x=Type yt2:0
yt1:0 Inequality xt3:
xt2:0 ShadeType vt
=9
xt4:[] ad
m Use the keyboard to enter the equations as a-

shown on the right.

m Tick the box and tap [4].
m Use [€5] to adjust the window.

___ Exercise Gy

skillsheet /4 Find the Cartesian equation of the curve with parametric equations x = 2 cos(3¢) and

Example 35 y = 2sin(3¢), and determine the domain and range of the corresponding relation.

Example 36| 2 A curve is defined parametrically by the equations x = 47> and y = 8¢ for ¢ € R. Find:
a the Cartesian equation of the curve
b the equation of the line passing through the points where ¢t = 1 and r = —1
¢ the length of the chord joining the points where = 1 and t = 3.
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example37) 3  Find the Cartesian equation of the curve with parametric equations x = 2 + 3 sin ¢ and
y=3-2costfort € R, and describe the graph.
example 38| 4  Find the Cartesian equation of the curve with parametric equations x = 2 sec ¢ and
Tt 3m
y =3tant fort € (5’ 7), and describe the curve.

5 Find the corresponding Cartesian equation for each pair of parametric equations:

a x =4cos(2t) and y = 4sin(2¢) b x=2sin(2r) and y = 2 cos(2t)
¢ x=4cost and y =3sint d x=4sint and y = 3cost
e x=2tan(2¢) and y = 3 sec(2r) fx=1-tand y=£r*-4
1
gx:t+2andy:; h x=f-1and y=r+1

1 1
i x=r——- and y:2(t+—)
t t

6 For each of the following pairs of parametric equations, determine the Cartesian
equation of the curve and sketch its graph:

3
a x=sect, y=tant, t € (g,;) b x=3cos(2r), y =—4sin(2¢)
c x=3-3cost, y=2+2sint d x=3sint, y=4cost, te[—g,g]
3
e x=sect, y=tant, te(—g,g) f x=1-sec2r), y =1+ tan(2r), te(g,%)

7 A circle is defined by the parametric equations

x=2cos(2t) and y=-2sin(2t) forreR

4
a Find the coordinates of the point P on the circle where ¢ = ?n

b Find the equation of the tangent to the circle at P.

Example39| 8 Give parametric equations corresponding to each of the following:

2 2
a x>+y*=16 b%—%:l
_12 2
C (=12 +(+272=9 d (x9) +(yz3) —9

9 A circle has centre (1, 3) and radius 2. If parametric equations for this circle are
x =a+ bcos(2nt) and y = ¢ + d sin(2mt), where a, b, ¢ and d are positive constants,
state the values of a, b, ¢ and d.

10 An ellipse has x-axis intercepts (—4, 0) and (4, 0) and y-axis intercepts (0, 3) and (0, —3).
State a possible pair of parametric equations for this ellipse.

11 The circle with parametric equations x = 2 cos(2¢) and y = 2 sin(2¢) is dilated by a
factor of 3 from the x-axis. For the image curve, state:

a apossible pair of parametric equations

b the Cartesian equation.
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12 The ellipse with parametric equations x = 3 -2 cos(%) andy =4+3 sin(%) is translated
3 units in the negative direction of the x-axis and 2 units in the negative direction of
the y-axis. For the image curve, state:
a apossible pair of parametric equations

b the Cartesian equation.

13 Sketch the graph of the curve with parametric equations x = 2 + 3 sin(27t¢) and
y =4 + 2 cos(2mt) for:

a tel0,1] b re0,1] c tef0,3]
‘/ For each of these graphs, state the domain and range.

11 Distribution of sample means

In Specialist Mathematics Units 1 & 2, you may have investigated the sampling distribution
of sample means. This topic will be covered more formally in Chapter 15. In this section, we
revise some of the ideas from Units 1 & 2.

» Summary of concepts

= A population is the set of all eligible members of a group which we intend to study.
A population does not have to be a group of people. For example, it could consist of all
apples produced in a particular area, or all components produced by a factory.

m A sample is a subset of the population which we select in order to make inferences about
the population. Generalising from the sample to the population will not be useful unless
the sample is representative of the population.

m The simplest way to obtain a valid sample is to choose a random sample, where every
member of the population has an equal chance of being included in the sample.

m The population mean pu is the mean of all values of a measure in the entire population;
the sample mean ¥ is the mean of these values in a particular sample.

m The population mean p is a population parameter; its value is constant for a given
population. The sample mean X is a sample statistic; its value is not constant, but varies
from sample to sample.

m The sample mean X can be viewed as a random variable, and its distribution is called a
sampling distribution. The variation in the sampling distribution decreases as the size of
the sample increases.

m When the population mean p is not known, we can use the sample mean X as an estimate
of this parameter. The larger the sample size, the more confident we can be that the sample
statistic gives a good estimate of the population parameter.
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54 Chapter 1: Preliminary topics

» An example

Suppose that one million people live in a particular city and we know that the mean 1Q for
this population is 100 and the standard deviation is 15. This example illustrates the ideas
listed in the summary:

Population The population is the one million people living in the particular city.
Sample We will take a random sample of 200 people from the population.

Population mean © We are considering IQ and the population mean  is 100.

Sample mean x The sample mean ¥ is obtained by determining the mean IQ of the

200 people in the sample.

m Random variable X If we take a number of samples of size 200 from the same population
and determine the mean IQ for each of these samples, we obtain a ‘distribution’ of sample
means. The means of these samples are the values of the random variable X.

To use technology to investigate the random variable IQ, we use the normal distribution.
You will study this distribution in Mathematical Methods Units 3 & 4. For now it is enough
to know that many commonly occurring random variables — such as height, weight and 1Q —
follow this distribution.

This histogram shows the distribution of 160
the 1Q scores of 1000 people randomly 140 m
drawn from the population. You can see 120 L

that the distribution is symmetric and

—_
(=3
(=]

I

bell-shaped, with its centre of symmetry

Frequency
[e]
f=]

at the population mean. 60
40

20

50 60 70 80 90 100 110 120 130 140 150

The normal distribution is fully defined by its mean and standard deviation. If we know these
values, then we can use technology to generate random samples. We will use a TI calculator,
but the task may be carried out in a similar way with other technology.

Using the TI-Nspire

To generate a random sample of size 200 from a

‘normal” population with mean 100 and standard ~ |®4iq B C B g
deviation 15: = [=randnorr
1
Start from a Lists & Spreadsheet page. - 100.734...
. ., . 123.029..,
Name the list ‘iq” in Column A. -— | |
2 |98.1726.. \
In the formula cell of Column A, enter | |
the formula using > Data > - F— | !

Random > Normal and complete as: ] iq =randnorm(100, 15, 200) [4]»]
= randnorm(100, 15, 200)

Note: The syntax is: randnorm(mean, standard deviation, sample size)
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To generate the sample means for 10 random

samples of size 200:

m Start from a Lists & Spreadsheet page.

m Name the list ‘iq” in Column A.

m In cell Al, enter the formula using >
Data > Random > Normal and complete as:
= mean(randnorm(100, 15, 200))

m Fill down to obtain the sample means for
10 random samples.

For a large number of simulations, an alternative
method is easier.

To generate the sample means for 300 random
samples of size 200, enter the following formula
in the formula cell of Column A:

= seq(mean(randnorm(100, 15, 200)), , 1, 300)

The dotplot on the right was created this way.

11 Distribution of sample means 55

101.088...

2 |98.6176.. |
BEEry
i 1,0141 3‘1',1
5 | 100.2252

2

Al =mean(xandnonn(100,15,;’00))

qr]

SM3&4

100.0

101.5

103.0

Note: Remember that each dot represents the mean of one sample.

Exercise il

1 Suppose that the height of women in a certain country is normally distributed, with a

mean of u = 160 cm and a standard deviation of ¢ = 8 cm. Let X be the mean height for

30 women chosen at random from this country. The following dotplot shows the sample

means X for 100 samples each of size 30.

156 157 158

160 161

Use the dotplot to estimate:
a Pr(X > 162) b Pr(X < 159)

162 163 164

2 The marks in a statistics examination in a certain university are normally distributed,

with a mean of @ = 50 marks and a standard deviation of o = 10 marks.

a Use your calculator to simulate 100 values of the sample mean calculated from a

sample of size 20 drawn from the students at this university.

b Summarise the values obtained in part a in a dotplot.

¢ Use your dotplot to estimate:
i Pr(X >52) ii Pr(X <48)
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56  Chapter 1: Preliminary topics 11

3 At the Fizzy Drinks company, the volume of soft drink in a 0.5 litre bottle is normally
distributed with mean p = 0.5 litres and standard deviation o = 0.008 litres.
a Use your calculator to simulate 100 values of the sample mean calculated from a
sample of 25 bottles from this company.
b Summarise the values obtained in part a in a dotplot.
¢ Use your dotplot to estimate:
i Pr(X > 0.503) ii Pr(X < 0.480)

4 Suppose that the distribution of diastolic blood pressure in a population of hypertensive
women is normally distributed, with mean 100 mm Hg and standard deviation
14 mm Hg. Let X be the mean diastolic blood pressure for 20 women chosen at random
from this population. The following dotplot shows the sample means X for 100 samples
each of size 20.

92 93 94 95 9 97 98 99 100 101 102 103 104 105 106

Use the dotplot to estimate:
a Pr(X > 105) b Pr(X <95)

5 Suppose that the distribution of weights of a certain species of marsupial is normally
distributed, with mean 70 g and standard deviation 10 g. Let X be the mean weight for
25 marsupials chosen at random from this population. The following dotplot shows the
sample means X for 100 samples each of size 25.

62 63 64 65 66 67 68 69 70 71 72 73 74 15 76

Use the dotplot to estimate the probability that:

a the mean weight for a random sample of size 25 is at least 74 g

— b the mean weight for a random sample of size 25 is no more than 66 g.
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Chapter summary

AS

Y

Parallel lines /
m If two parallel lines are crossed by a transversal, then:
y

Nrich
e alternate angles are equal

e corresponding angles are equal

Y

e co-interior angles are supplementary.
x+y=180

\ \<o

m If two lines crossed by a transversal form an equal pair of
alternate angles, then the two lines are parallel.

Circle geometry

m The angle at the centre of a circle is twice ® Angles in the same segment of a circle
the angle at the circumference subtended are equal.
by the same arc.

o° YV A
(0]
A B b B

m A tangent to a circle is perpendicular to m The two tangents drawn from an external
the radius drawn from the point of contact. ~ point are the same length, i.e. PT = PT".

-

m Alternate segment theorem The angle between a tangent and

ey

ﬂ'w
~

'

a chord drawn from the point of contact is equal to any angle
in the alternate segment.

\

m A quadrilateral is cyclic if and only if the sum of each pair of opposite angles is 180°.

m If AB and CD are two chords of a circle A

that cut at a point P, then
PA-PB=PC-PD

e

¢ X
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Triangles
m Labelling triangles

e Interior angles are denoted by uppercase letters.

o The length of the side opposite an angle is denoted by A C
the corresponding lowercase letter.

m Sine rule B

For triangle ABC: A
a b c A ¢

sinA sinB sinC

m Cosine rule B
For triangle ABC: A
C
a® =b* +c* —2bccos A A b
b2+t —a?
COSA= ———
2bc

The symmetrical results also hold:
b? = a® + ¢* = 2accos B
¢? =a* +b* —2abcosC

Sequences and series

m The nth term of a sequence is denoted by 17,.

m A recurrence relation enables each subsequent term to be found from previous terms.
A sequence specified in this way is said to be defined recursively.

e.g. nh=1, t,=t,1+2

m A sequence may also be defined by a rule that is stated in terms of n.
eg. t,=2n

m Arithmetic sequences and series

e An arithmetic sequence has a rule of the form , = a + (n — 1)d, where a is the first
term and d is the common difference (i.c. d = , — t,_; forall k > 1).

e The sum of the first n terms of an arithmetic sequence is given by

S, = g(za +(n— l)d) or S, = g(a + £), where € =1,

m Geometric sequences and series
o A geometric sequence has a rule of the form 1, = ar*~!, where a is the first term and

t
r is the common ratio (i.e. r = —* forall k > D).

fi—1
e For r # 1, the sum of the first n terms of a geometric sequence is given by
no_ 1 1 -
s, = -b g oed=r)
r—1 1-r

e For —1 < r <1, the sum §, approaches a limiting value as n — oo, and the series is said

to be convergent. This limit is called the sum to infinity and is given by S, = 7 a
—-r
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The modulus function

m The modulus or absolute value of a real number x is

X ifx>0
|x| = ,
—x ifx<0

For example: 5| = 5 and |-5| = 5.
m On the number line, the distance between two numbers a and b is given by |a — b| = |b — al.
For example: |x — 2| < 5 can be read as ‘the distance of x from 2 is less than 5’.
Circles
m The circle with centre at the origin and radius a has Cartesian equation x> + y*> = a?
m The circle with centre (h, k) and radius a has equation (x — 1)*> + (y — k)? = a°

Ellipses
2y
m The curve with equation — + == = 1 is an ellipse centred at the origin with axis intercepts

az  b?
(#a,0) and (0, +b).

a>b y b>a A

Y
=

k\
\\]@'

Qi

™

SIEN

-b|B’

Ay A
(x h)+(y k)

m The curve with equation 5
a b?

= 1 is an ellipse with centre (4, k).

Hyperbolas
2 2

. . X .
® The curve with equation — — i 1 is a hyperbola
a
centred at the origin.

e The axis intercepts are (+a, 0).

e The asymptotes have equations y = +—x.

QS

(x=h? -k?
2 2
. b b
asymptotes have equationsy —k = —(x —h)andy — k = ——(x — h).
a a

m The curve with equation = 1 is a hyperbola with centre (4, k). The

X
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60  Chapter 1: Preliminary topics

Parametric equations
m A parametric curve in the plane is defined by a pair of functions
x=f@) and y=g(@)
where 7 is called the parameter of the curve.

m Parameterisations of familiar curves:

Cartesian equation Parametric equations
Circle 2 +y? =a? x=acost and y=asint
: oy .
Ellipse 2 + e 1 x=acost and y=bsint
2
Hyperbola i 1 x=asect and y=btant

Note: To obtain the entire circle or the entire ellipse using these parametric equations,
it suffices to take ¢ € [0, 2m].

m Translations of parametric curves: The circle with equation (x — h)> + (y — k)> = a® can
also be described by the parametric equations x = h+ acostandy = k + asint.

Technology-free questions

1 A sequence is defined recursively by f,, = 5f,—; and fy = 1. Find f, in terms of n.

2 AP and BP are tangents to the circle with

A
centre O. If AP = 10 cm, find OP in terms of a.
P
B
3 Write down the equation 4  Find sin 0°. 5 Find x.
of the ellipse shown.
Y X cm J cm
A 30°
-2.7)
(0, 3)

y
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6 A circle has a chord of length 10 cm situated 3 cm from its centre. Find:

a the radius length b the angle subtended by the chord at the centre.

7 a Find the exact value of cos 315°.

b Given that tan x° = % and 180 < x < 270, find the exact value of cos x°.

¢ Find an angle A° (with A # 330) such that sin A° = sin 330°.

8 In the diagram, the line AD is a tangent to the
circle with centre O, the line AC intersects the
circle at B, and BD = AB.

a Find /BCD in terms of x.

b If AD = ycm, AB = acmand BC = b cm,
express y in terms of @ and b.

9 ABC is a horizontal right-angled triangle with the right angle
at B. The point P is 3 cm directly above B. The length of AB
is 1 cm and the length of BC is 1 cm. Find the angle that the
triangle ACP makes with the horizontal.

¢

A

10 a Solve2cosx+m)—1=0for—m < x<m.

b Sketch the graph of y = 2 cos(2x + m) — 1 for —it < x < 7, clearly labelling the axis
intercepts.

¢ Solve 2cos(2x + m) < 1 for - < x < m.

11 The triangular base ABC of a tetrahedron has side lengths AB = 15 cm, BC = 12 cm
and AC =9 cm. The apex D is 9 cm vertically above C.

a Find the angle C of the triangular base.
b Find the angles that the sloping edges make with the horizontal.

12 Two ships sail from port at the same time. One sails 24 nautical miles due east in
3 hours, and the other sails 33 nautical miles on a bearing of 030° in the same time.

a How far apart are the ships 3 hours after leaving port?

b How far apart would they be in 5 hours if they maintained the same bearings and
constant speed?

13 Find x.

14 An airport A is 480 km due east of airport B. A pilot flies on a bearing of 225° from A
to C and then on a bearing of 315° from C to B.
a Make a sketch of the situation.
b Determine how far the pilot flies from A to C.
¢ Determine the total distance the pilot flies. ‘
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62  Chapter 1: Preliminary topics

-2y _
5 =
16 A curve is defined by the parametric equations x = 3 cos(2f) + 4 and y = sin(2¢) — 6.

15 Find the equations of the asymptotes of the hyperbola with rule x> — 15.

Give the Cartesian equation of the curve.

17 a Find the value of x. b Find a, b, c and d, given
that PR is a tangent to the
/ circle with centre O.

|

N

18 A curve is defined by the parametric equations x = 2 cos(stt) and y = 2 sin(stt) + 2. Give

the Cartesian equation of the curve.

19 a Sketch the graphs of y = —2cosxand y = -2 cos(x - ;) on the same set of axes,
for x € [0, 2m].

b Solve -2 cos(x - g) =0 for x € [0, 2mx].

¢ Solve =2 cos x < 0 for x € [0, 2m].
20 Find all angles 6 with 0 < 6 < 27w, where:
1 3
asin6=5 bcosG:T c tan0=1

21 A circle has centre (1, 2) and radius 3. If parametric equations for this circle are
x =a+ bcos(2nt) and y = ¢ + d sin(2nt), where a, b, ¢ and d are positive constants,
state the values of a, b, c and d.

22 In the diagram, the points A, C, D and E lie on the
circle, with centre O. Find:
a (ADB
b /AEC

c /DA
¢ C

)

23  Find the centre and radius of the circle with equation x> + 8x + y> — 12y + 3 = 0.

2 2

24 Find the x- and y-axis intercepts of the ellipse with equation 31 + 9= 1.

25 The first term of an arithmetic sequence is 3p + 5, where p is a positive integer. The last
term is 17p + 17 and the common difference is 2.

a Find in terms of p:

i the number of terms ii the sum of the sequence.
' b Show that the sum of the sequence is divisible by 14 only when p is odd.
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A sequence is formed by using rising powers of 3 as follows: 3°,3!,32, ...
a Find the nth term.
b Find the product of the first 20 terms.

State the value of each of the following without using the absolute value function in
your answer:

1
a -9 b ‘—

_ - - - fln—d
ool cp-sl dis-9 elx-3 it — 4]

1

a Letf:{x:|x>100} >R, f(x) = — . State the range of f.
X
1

b Let f:{x:|x/<0.1} >R, f(x) = —. State the range of f.
X

Let f(x) = |x* — 3x|. Solve the equation f(x) = x.

For each of the following, sketch the graph of y = f(x) and state the range of f:
a f:[0,2x] - R, f(x) = 2|sin x|
b f:R—-R,f(x)=x*-4x/-3
c f:R->R, f(x)=3—|x* —4x

Multiple-choice questions

1

The 3rd term of a geometric sequence is 4 and the 8th term is 128. The Ist term is
A 2 B 1 C 32 D 5 E none of these

2 If the numbers 5, x and y are in arithmetic sequence, then

Ay=x+5 By=x-5 Cy=2x+5 D y=2x-5 E none of these
3 If2cosx° — V2 = 0, then the value of the acute angle x° is

A 30° B 60° C 45° D 25° E 27.5°
4 The equation of the graph shown is y

. T A
Ay= sm(Z(x - Z)) |
B y= cos(x + E) /\ /\
4 O T T T T > X
C y = sin(2x) / W Yn
D y=-2sin(x) -1
T
E y=si ( + —)
y = sin{x 2
.. (2=n T ) .
5 The exact value of the expression s1n(?) X COS(Z) X tan(g) is
1 1 2
A — B — C \/—— D ﬁ E none of these
V2 V3 3 2
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64  Chapter 1: Preliminary topics

6 In the diagram, the points A, B, C and D lie on the circle,
LABD = 35° and /AXB = 100°. The magnitude of ZXDC is

A 35° B 40° C 45°
D 50° E 55°

7 In a geometric sequence, ©, = 24 and 7, = 54. If the common ratio is positive, then the
sum of the first five terms is

A 130 B 211 C 238 D 316.5 E 810

51
8 Inatriangle ABC, a =30,b =21 and cos C = 53 The value of ¢ to the nearest whole

number is
A9 B 10 C 11 D 81 E 129

9 The coordinates of the centre of the circle with equation x> — 8x + y> — 2y = 8 are

A (-8,-2) B (8,2) C (-4.-D D @41 E (1,4
10 The equation of the graph shown is
A (x+2)° B i _ 1
27 108
_ )2 2
B (x=27 » _ 1
9 34
(x+27°
C - =1
81 324
_ )2 2
p =2 ¥y _,
81 324
(x+2° y?

v F T %!

Extended-response questions

1 a Find the values of @, y, z, w and x.
b Hence deduce exact values for sin 15°, cos 15°

and tan 15°. 30°

¢ Find the exact values of sin 75°, cos 75° and tan 75°.

- —>

y
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2 A hiker walks from point A on a bearing of 010° for 5 km and then on a bearing of 075°
for 7 km to reach point B.

a Find the length of AB.
b Find the bearing of B from the start point A.

A second hiker walks from point A on a bearing of 080° for 4 km to a point P, and then
walks in a straight line to B.

¢ i Find the total distance travelled by the second hiker.
ii Find the bearing on which the hiker must travel in order to reach B from P.

A third hiker also walks from point A on a bearing of 080° and continues on that
bearing until he reaches point C. He then turns and walks towards B. In doing so, the
two legs of the journey are of equal length.

d Find the total distance travelled by the third hiker to reach B.

2 +3)2
3 Anellipse is defined by the rule % + o 5 ) =

a Find:

1.

i the domain of the relation
i the range of the relation
iii the centre of the ellipse.
(x=h?  (y-k?
a? " b?

An ellipse E is given by the rule = 1. The domain of E is [—1, 3]
and its range is [—1, 5].

b Find the values of a, b, h and k.

The line y = x — 2 intersects the ellipse E at A(1,—1) and at P.

¢ Find the coordinates of the point P.

A line perpendicular to the line y = x — 2 is drawn at P. This line intersects the y-axis at
the point Q.

d Find the coordinates of Q.

e Find the equation of the circle through A, P and Q.

4 a Show that the circle with equation x*> + y?> — 2ax — 2ay + a*> = 0 touches both the
x-axis and the y-axis.

b Show that every circle that touches both the x-axis and the y-axis has an equation of
a similar form.

¢ Hence show that there are exactly two circles that pass through the point (2,4) and
just touch the x-axis and the y-axis, and give their equations.

d For each of these two circles, state the coordinates of the centre and give the radius.

e For each circle, find the gradient of the line which passes through the centre and the
point (2,4).

f For each circle, find the equation of the tangent to the circle at the point (2, 4).

X
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5 A circle is defined by the parametric equations x = acost and y = asint. Let P be the

point with coordinates (a cost, asint).

a Find the equation of the straight line which passes through the origin and the
point P.

b State the coordinates, in terms of 7, of the other point of intersection of the circle
with the straight line through the origin and P.

¢ Find the equation of the tangent to the circle at the point P.

d Find the coordinates of the points of intersection A and B of the tangent with the
x-axis and the y-axis respectively.

e Find the area of triangle OAB in terms of 1 if 0 < 1 < g Find the value of ¢ for
which the area of this triangle is a minimum.

6 An equilateral triangle ABC circumscribes the circle with equation x* + y* = a?.

The side BC of the triangle has equation x = —a.
a Find the equations of AB and AC.

b Find the equation of the circle circumscribing triangle ABC.

7 This diagram shows a straight track through points A, S and B, where A is 10 km
northwest of B and S is exactly halfway between A and B. A surveyor is required to
reroute the track through P from A to B to avoid a major subsidence at S. The surveyor
determines that A is on a bearing of 330° from P and that B is on a bearing of 070°
from P. Assume the region under consideration is flat.

Find: A

a the magnitudes of angles APB, PAB and PBA

b the distance from P to B and from P to S S
¢ the bearing of S from P

d the distance from A to B through P, if the surveyor B

chooses to reroute the track along a circular arc. P
L]

8 Consider the function with rule f(x) = |x*> — ax|, where a is a positive constant.
a State the coordinates of the x-axis intercepts.
b State the coordinates of the y-axis intercept.

¢ Find the maximum value of the function in the interval [0, a].
d Find the possible values of a for which the point (—1,4) lies on the graph

‘/ of y = f(x).

y
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Objectives

To understand the concept of a vector and to apply the basic operations on vectors.

To recognise when two vectors are parallel.

To understand linear dependence and linear independence.

To use the unit vectors i and j to represent vectors in two dimensions.

To use the unit vectors i, j and k to represent vectors in three dimensions.

To find the scalar product of two vectors.

To use the scalar product to find the magnitude of the angle between two vectors.
To use the scalar product to recognise when two vectors are perpendicular.

To understand vector resolutes and scalar resolutes.

VVYyVVVYVYVYVYYVYY

To apply vector techniques to proof in geometry.

In scientific experiments, some of the things that are measured are completely determined by
their magnitude. Mass, length and time are determined by a number and an appropriate unit
of measurement.

length 30 cm is the length of the page of a particular book

time 10 s is the time for one athlete to run 100 m

More is required to describe velocity, displacement or force. The direction must be recorded
as well as the magnitude.

displacement 30 km in a direction north

velocity 60 km/h in a direction south-east

A quantity that has both a magnitude and a direction is called a vector.
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2A Introduction to vectors

Q A quantity that has a direction as well as a magnitude can be represented by an arrow:
# m the arrow points in the direction of the action

m the length of the arrow gives the magnitude of the quantity in terms of a suitably
chosen unit.

Arrows with the same length and direction are regarded as equivalent. These arrows are
directed line segments and the sets of equivalent segments are called vectors.

Directed line segments

The five directed line segments shown all have the same length ¥
and direction, and so they are equivalent. A B
D
A directed line segment from a point A to a point B is denoted / ’/(
by AB A
y Ab. C

. .. .. -3 s

For simplicity of language, this is also called vector AB. 0

That is, the set of equivalent segments can be named through

7 F H
one member of the set. / /
E

Note: The five directed line segments in the diagram all name G
e s e |
the same vector: AB=CD = OP = EF = GH.

Column vectors

An alternative way to represent a vector is as a column of
numbers. The column of numbers corresponds to a set of
equivalent directed line segments.

3
For example, the column [2} corresponds to the directed

line segments which go 3 across to the right and 2 up.

o

Vector notation

A vector is often denoted by a single bold lowercase letter. The vector from A to B can be
— —
denoted by AB or by a single letter v. Thatis, v = AB.

When a vector is handwritten, the notation is v.

» Magnitude of vectors

The magnitude of vector zﬁ is denoted by |ﬁ|. Likewise, the magnitude of vector v is
denoted by |v|. The magnitude of a vector is represented by the length of a directed line
segment corresponding to the vector.

For AB in the diagram above, we have I/ﬁ)l = V32 + 22 = V13 using Pythagoras’ theorem.

X

], then its magnitude is given by
y

In general, if AB s represented by the column vector [
|ﬁ| = /2% +y?
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2A Introduction to vectors 69

» Addition of vectors C
Adding vectors geometrically v

Two vectors u and v can be added geometrically by drawing
a line segment representing u from A to B and then a line u+v
segment representing v from B to C.

The sum u + v is the vector from A to C. That is,
—
u+v=AC
The same result is achieved if the order is reversed. This is
represented in the diagram on the right:

_)
u+v=AC

=v+u

Adding column vectors

Two vectors can be added using column-vector notation.

For example, if u = [ﬂ andv = [_
u+v= 4 + o
|1 3] |4

» Scalar multiplication

Multiplication by a real number (scalar) changes the length of
the vector. For example:
m 2u is twice the length of u
[ %u is half the length of u 2u
We have 2u = u + u and %u+ %u =u.
u
In general, for k € R*, the vector ku has the same direction as u, /é u

but its length is multiplied by a factor of k.

When a vector is multiplied by —2, the vector’s direction is

reversed and the length is doubled.

When a vector is multiplied by —1, the vector’s direction is 5

reversed and the length remains the same. o
3 -3 6 -6

Ifu = [2] then —u = [_2}, 2u = [4} and —2u = [_4}. "

— — = . . —
Ifu = AB, then —u = —AB = BA. The directed line segment —AB goes from B to A.

1
, th
e
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70  Chapter 2: Vectors

» Zero vector

The zero vector is denoted by 0 and represents a line segment of zero length. The zero vector
has no direction. The magnitude of the zero vector is 0. Note that Oa = 0 and a + (—a) = 0.

In two dimensions, the zero vector can be written as 0 = [0}

» Subtraction of vectors

To find u — v, we add —v to u. / -
v u—v u

. . . 3 .
Draw a directed line segment representing the vector [ 2} and state the magnitude of

Y

this vector.

Solution Explanation
Y 3. , ;
A The vector 5 is ‘3 across to the right and 2 down’.
14 Note: Here the segment starts at (1, 1) and goes to (4, —1).

] It can start at any point.
)
—14

The magnitude is

VR T (22 = VI3
Example 2

The vector u is defined by the directed line segment from (2, 6) to (3, 1).

Ifu = [Z], find a and b.

Solution y
From the diagram: Ay 2, 6)
2 N 3 ,
u =
6 1 i
3-2 1 i
u= =
1-6 =) |
T 3,1
Hencea =1and b = -5. f‘.—.ﬁ.i)—>x
o
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2A Introduction to vectors 71

> Polygons of vectors
— —
m For two vectors AB and BC, we have m For a polygon ABCDEF, we have

— = — — > = = = =
AB+ BC = AC AB+BC+CD+DE+EF+FA=0

B > C B, C
A D
A
F E

—_ > = . .
Illustrate the vector sum AB + BC + CD, where A, B, C and D are points in the plane.

Solution

o
—_ = s —
AB+BC +CD = AD /B/\
A > D

» Parallel vectors

Two parallel vectors have the same direction or opposite directions.

Two non-zero vectors u and v are parallel if there is some k € R \ {0} such that u = kv.

For example, if u =

-2 -6
] andv = [ ] then the vectors u and v are parallel as v = 3u.

» Position vectors

We can use a point O, the origin, as a starting point for a vector to indicate the position of a

point A in space relative to O.
—
For a point A, the position vector is OA. y

The two-dimensional vector

aj
a =

a
. . . . ar (ay, a2)
is associated with the point (a;, a;). The vector a can be a
represented by the directed line segment from the origin to

. > X
the point (aj, az). 0 aj
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72 Chapter 2: Vectors

» Vectors in three dimensions

The definition of a vector is, of course, also valid in three dimensions. The properties which
hold in two dimensions also hold in three dimensions.

For vectors in three dimensions, we use a third axis, denoted by z. The third axis is at right
angles to the other two axes. The x-axis is drawn at an angle to indicate a direction out of
the page towards you.

Vectors in three dimensions can also be written using z
column-vector notation:

ai
a = a a3 (0> az, a3)
as 0 ‘A
The vector a can be represented by the directed line segment a } ar ’
from the origin to the point A(ay, az, a3). /

X

» Properties of the basic operations on vectors

The following properties are stated assuming that the vectors are all in two dimensions or all
in three dimensions:

commutative law for vector addition a+b=b+a
associative law for vector addition (@a+b)+c=a+(b+c)
zero vector a+0=a
additive inverse a+(-a)=0
distributive law m(a + b) = ma + mb, form € R
/ " s
v An -1
LetV, Ay, Ay, ..., A, be points in space. \
_— — — _— = A

Then VA; + AjA; + ArAs+---+A,_1A, = VA,. n

Example 4

OABCDEFG is a cuboid as shown. G D

— — —
Leta = OA, g = OG and ¢ = OC. i E
F 1
Find the following vectors in terms of a, g and ¢: L A
— — — — — ~0
aoOB bOF ¢GD dGB e FA /’
C B
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2A Introduction to vectors 73

Solution
—_— = — —_— = =
a OB=0A+AB b OF=0C+CF
—_— = —_— =
=a+c (asAB = 0C) =c+g (as CF = 0G)
—_— = e e
c GD=0A d GB=GO+ OA + AB
=a = —g +a+c¢
- s = =
e FA=FG+GO+O0OA
=-c—-g+a
O] = 0
e )  OABC is a tetrahedron,
M is the midpoint of AC,
N is the midpoint of OC,
P is the midpoint of OB. P
— — —
Leta = OA,b = OB and c = OC. N
Find in terms of a, b and c:
— — — _— — B
aAC bOM ¢CN d MN e MP
A M C
Solution
— s = —_— = —
a AC=A0+0C b OM=0A+AM
= — A oV
a—+c¢ = 0A + EAC
=a+ %(—a +c)
= %(a +c)
— =2 —_— — —
¢ CN=3;C0O d MN=MO+ ON
_ 1 _ 1 1
= 5(-¢) =-—3(@+c)+ 3¢
=-lc =-la-ic+1ic
= —%a
i.e. MN is parallel to AO
—_— — —
e MP=MO + OP
=-la+co)+1b
_ 1
=5b-a-c)
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74 Chapter 2: Vectors

» Linear dependence and independence
A vector w is a linear combination of vectors vy, v, and v5 if it can be expressed in the form
w=kvy + kv + k3V3

where ki, ko, and k5 are real numbers. We have stated the definition for a linear combination of
three vectors, but it could be any number of vectors.

Definition of linear dependence and linear independence
A set of vectors is said to be linearly dependent if at least one of its members can be

expressed as a linear combination of other vectors in the set.

A set of vectors is said to be linearly independent if it is not linearly dependent. That is,
a set of vectors is linearly independent if no vector in the set is expressible as a linear
combination of other vectors in the set.

For example:

m Two vectors A set of two vectors @ and b is linearly dependent if and only if there exist
real numbers k and ¢, not both zero, such that ka + ¢b = 0.

A set of two non-zero vectors is linearly dependent if and only if the vectors are parallel.
m Three vectors A set of three vectors a, b and c is linearly dependent if and only if there
exist real numbers k, € and m, not all zero, such that ka + ¢b + mc = 0.

Note: Any set that contains the zero vector is linearly dependent.
Any set of three or more two-dimensional vectors is linearly dependent.
Any set of four or more three-dimensional vectors is linearly dependent.

We will use the following method for checking whether three vectors are linearly dependent.

Linear dependence for three vectors

Let @ and b be non-zero vectors that are not parallel. Then vectors a, b and ¢ are linearly
dependent if and only if there exist real numbers m and n such that ¢ = ma + nb.

This representation of a vector ¢ in terms of two linearly independent vectors a and b is
unique, as demonstrated in the following important result.

Linear combinations of independent vectors

Let a and b be two linearly independent (i.e. not parallel) vectors. Then
ma +nb = pa+qgb implies m=pandn=gq
Proof Assume that ma + nb = pa + gb. Then (m — p)a + (n — qg)b = 0. As vectors a and b

are linearly independent, it follows from the definition of linear independence that
m—-p=0andn—-¢g=0.Hencem =pandn =q.

Note: This result can be extended to any finite number of linearly independent vectors.
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Determine whether the following sets of vectors are linearly dependent:

s |dfeme(d

Solution
a Note that a and b are not parallel.

Suppose ¢ =ma + nb

Then 5=2m+ 3n

6=m-—-n

Solving the simultaneous equations,

we have m = ? and n = —%.

This set of vectors is linearly dependent.

Note: In general, any set of three
or more two-dimensional vectors is
linearly dependent.

3 2 -1
b a=| 4{,b=|1landc=| 0
-1 3 1

b Note that a and b are not parallel.

Suppose ¢ = ma + nb

Then -1 =3m+2n
O=4dm+n
l=-m+3n

Solving the first two equations, we have

_1 __4
m—sandn— %

But these values do not satisfy the third
equation, as —m + 3n = —% * 1.

The three equations have no solution, so
the vectors are linearly independent.

Points A and B have position vectors a and b respectively,

relative to an origin O.

The point D is such that OD = kOA and the point E is such that
zﬁ = é’,ﬁ. The line segments BD and OE intersect at X.

=5 == =2  a==
Assume that OX = §0E and XB = /0hig

a Express ﬁ in terms of a, b and k.

ﬁ .
¢ Express XB in terms of a, b and ¢.

o D A

ﬁ .
b Express OX in terms of @, b and .

d Find k and ¢.

Solution
— 44— — 2— - = =
a XB=-DB b OX=-0OE ¢ XB=X0O+ OB
5 5 N
4 — — 2 — — =-0X+ OB
= g(—0D+OB) = g(OA+AE) 5 2p
=——{0-8a-—=b+b
4 — — 2 — — 5 5
= g(—kOA+OB) = §(0A+£’AB) , y
; ; =—(€—1)a+(1——)b
= S(~ka+b) = S(a+ (b~ a) 5 5
4k 4 2 2L
= == = = —(]1 - -
5 + 5b 5( O)a + 5 b
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76  Chapter 2: Vectors 2A

d Asa and b are linearly independent vectors, the vector XB has a unique representation
in terms of @ and b. From parts a and ¢, we have

& 4 2 2
~Sa+ b= g(f—l)a+(1—g)b

5
Hence
4k 2 4 2¢
——==(t-1 1 d -=1-— (2
5 5( ) (D an 5 5 (2)
From equation (2), we have
2l
5 5
1
==
2
Substitute in (1):
dk 2(1 1)
5 5\2
1
k=-
4

___Exercise PR

. . . -2 .
example1| 1 Draw a directed line segment representing the vector [ 1} and state the magnitude of
this vector.

example2| 2 The vector u is defined by the directed line segment from (-2, 4) to (1, 6).
Ifu= [Z] find @ and b.

—_ s = = —
Example 3| 3  Illustrate the vector sum OA + AB + BC + CD + DE.

. — —
4 In the diagram, OA = a and OB = b. E
a Find in terms of a and b:
- % - ﬁ "mw _>
i OC ii OE il OD D,
" —>
iv DC v DE R
b If |a] = 1 and |b| = 2, find:
i |OC| il |OE| iii |OD| 0 B C

5 Using ascale of 1 cm = 20 km/h, draw vectors to represent:
a a car travelling south at 60 km/h
b a car travelling north at 80 km/h

6 If the vector a has magnitude 3, find the magnitude of:

3 1
a 2a b =a c ——a
2 2
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2A 2A Introduction to vectors 77

7 OA/ — A/A/I - AIIA//I — AII/A
OBI - BIBII - B//Bl// - BIIIB
— — .
If a = OA and b = OB, find in terms of a and b:
—> o —_— —
ai oA it OB’ iii A’B’ iv AB

- % - % m-mw é
b i oA” ii OB” iii A”B”

8 Find in terms of a, b, ¢ and d: Y
- — —
a Xw b vx c ZY Y

9 The position vectors of two points A and B are a and b. M
The point M is the midpoint of AB. Find:

— — —
a AB b AM c OM a b

10 ABCD is a trapezium with AB parallel to DC. D C

X and Y are the midpoints of AD and BC % / \ v

respectively. / \
— . —
a Express XY in terms of a and b, where a = AB A

—
and b = DC.
b Show that XY is parallel to AB.

Y

11 ABCDEF is aregular hexagon with centre G. C D
The position vectors of A, B and C, relative to an origin O,
are a, b and ¢ respectively.

—) .
a Express OG in terms of a, b and c.

H .
b Express CD in terms of a, b and c.

A F
. — — —
example 4| 12 For the cuboid shown, let a = OA, ¢ = OC and g = OG. G D
Let M be the midpoint of ED.
Find each of the following in terms of a, ¢ and g: F E/M
— — — —_— —
a EF b AB c EM d oM e AM C
(0]
A B
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78  Chapter 2: Vectors 2A

Example 5| 13 OABCD is a right square pyramid.

— — -— — 0
Leta=0A,b=0B,c=0Candd = OD.
., N
a i Find AB in terms of a and b.
ii Find D—C)’ in terms of ¢ and d. B
. ﬁ ﬁ . .
ifi Use the fact that AB = DC to find a relationship "

between a, b, ¢ and d. b {
b i Find BC in terms of b and c. M
ii Let M be the midpoint of DC and N the midpoint

. % .
of OB. Find MN in terms of a, b and c.

example 6| 14  Determine whether the following sets of vectors are linearly dependent:

4 2 -4 3 4 6
aa=|1|,b=|-1|landc=| 2 b a= 1‘,bl2‘andc3
3 3 6 2 1 4
[ 1 3 3
ca=| 1|,b=|-1|landc =|-5
-1 4 11

15 Leta and b be non-zero vectors that are not parallel.

a Ifka+ b = 3a + (1 — )b, find the values of k and .
4
b If2(¢ - 1)a + (1 - g)b = —?ka + 3b, find the values of k and ¢.

example 7/ 16 Points P, Q and R have position vectors 2a — b, 3a + b and a + 4b respectively, relative
to an origin O, where a and b are non-zero, non-parallel vectors. The point S is on the
. L= — — —
line OP with OS = kOP and RS = mRQ.
a Express 05 in terms of:
i k,aand b il myaand b

b Hence evaluate k and m.

17 The position vectors of points A and B, relative to an origin O, are a and b respectively,
—>
where a and b are non-zero, non-parallel vectors. The point P is such that OP = 40B.

L. . . . . — 8—
The midpoint of AB is the point Q. The point R is such that OR = gOQ.
a Find in terms of a and b:
- ﬁ - _> L) ﬁ - _>
i 00 il OR ili AR iv RP
b Show that R lies on AP and state the ratio AR : RP.

¢ Given that the point S is such that 0S = kO_Q>, find the value of A such that PS is
parallel to BA.

2 1
18 Leta= [1] and b = { 3]. Find the values of x and y for which:

a xa=(y-b

b 2-x)a=3a+(7-3y)b
‘/ c (5+2x)(a+b)=yQ3a+2b)
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2B Resolution of a vector into rectangular components 79

2B Resolution of a vector into rectangular components

A unit vector is a vector of magnitude 1. For a non-zero vector a, the unit vector with the
same direction as a is denoted by a and given by

L1

a=—a

lal

m The unit vector in the positive direction of the x-axis is i.
m The unit vector in the positive direction of the y-axis is j.
m The unit vector in the positive direction of the z-axis is k.

1 [0
In two dimensions: i = [O] and j = 1].

- o O

1 0
In three dimensions: i = |0, j = |1|and k =
0 0 X

The vectors Z, j and k are linearly independent. Every vector in two or three dimensions can
be expressed uniquely as a linear combination of i, j and k:

r r 0 0
eg. r=|n|=|0|+|n|+|0|=rni+nj+nrnk
r3 0 0 r3
Two dimensions
For the point P(x, y):
ﬁ
OP =xi+yj

Ia)’l = /x% +y?

Three dimensions

For the point P(x,y, 2):
_)
OP = xi +yj+zk

Ia)’l = X2 +y2 + 22

Basic operations in component form

Leta=aji+ayj+azkand b = byi + by j+ bsk.
Then a+b = (611 + b])l + (612 + bz)j+ (613 + b3)k
a—>b=(a—b)i+(a—br)j+ (a3 —b3)k

and ma = mayi + ma, j + mask for a scalar m
Equivalence Magnitude
Ifa=b,thena; =by,ay =byandaz =bs. |a| = \Ja? + a5 + d?
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80  Chapter 2: Vectors

a Using the vectors i and j, give the vectors:

1 OA 1l OB im OC iv OD

D, 4

b Using the vectors i and j, give the vectors:

- _) - ﬁ

i AB ii BC B
¢ Find the magnitudes of the vectors: j

L == == .

i AB ii BC O i

'C

Solution
—

- ﬁ . . -= ﬁ . . . ﬁ . . - . .
a i OA=2i+3j il OB=4i+] il OC=i-2j iv OD = -2i + 3j

b i AB=A0+O0B i BC=BO+0C
=-2i-3j+4i+j =—4i-j+i-2j
=2i-2j = 3i-3j

¢ i [AB=v2+(2? i |BCI = V(=37 + (37
=8 = V18
=2V2 =3V2

Leta=i+2j—k,b=3i—-2kand ¢ =2i+ j+ k. Find:

aa+b b a-2b ca+b+c d |a|
Solution
a a+b=>G0+2j—k)+@(3i-2k)

=4i+2j-3k

b a-2b=G+2j-k)—23i-2k)
=-5i+2j+3k
C a+b+c=0+2j-k)+@Bi-2k)+Q2i+j+k)
=6i+3j-2k

d la = yITT 21 CIF = V6
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Example 10

A cuboid is labelled as shown.
— — —
OA =3i, OB =5j, OC =4k

a Find in terms of Z, j and k:

- _) .. _) e _)
1 DB ii OD i DF
. —
b Find |OF)|.
c If M is the midpoint of FG, find:
0 == I
1 OM il |[OM|
Solution
L= —
a i DB=AO
ﬁ
=-0A
=-3i
—_— =
il DF =0C
=4k
—)
b |OF|=+V9+25+16
= V50
=5V2

e T S e
C i OM=0D+DF +FM

. . 1 —
=3i+5j+4k + 5(—GF)

1
=3+ 5j+ 4k + 7(=30)

=%i+5j+4k

Example 11

. —_—
iv OF

= S S
it OD=0B+BD
_)
=5j+ 0A
=5j+3i
=3i+5j
. —_— = —
iv OF =0D + DF
=3i+5j+4k

= 9
ii |OM| = ‘,Z+25+16

1
2
1

= -VI73
2

V9 + 100 + 64

If a = xi + 3j and b = 8i + 2yj such that @ + b = —2i + 4j, find the values of x and y.

Solution

a+b=x+8)i+Qy+3)j=-2i+4j

x+8=-2 and 2y+3=4
1
i.e. x=-10 and y= 7
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Example 12
(e—)

Let A =(2,-3), B=(1,4) and C = (-1, -3). The origin is O. Find:

ai OA ii AB iii BC
=D  1=3
b F such that OF = ;0A
— —
¢ G such that AG = 3B
Solution
- _) . . - _) ﬁ H -m- ﬁ ﬁ H
a i OA=2i-3j il AB=AO+O0B ili BC =BO +0C
=-2i+3j+i+4j =—i—4j-i-3j
=—i+7j =-2i-7j

b OF = 10A = L@i-3j)=i-3j
Hence F = (1,-1.5)
— —
¢ AG =3BC =3(-2i-17j) = —-6i —21j
Therefore
— = —
0G = OA + AG
=2i—-3j—-6i—21j
= —4i —24j
Hence G = (—4,-24)

Example 13

LetA =(2,-4,5)and B = (5,1,7). Find M, the midpoint of AB.
Solution
— —
We have OA = 2i —4j + 5k and OB = 5i + j + 7k.
e e
Thus AB=AO + OB
=-2i+4j-5k+5i+j+7k
=3i+5j+2k

—

1
and so AM = §(3i+5j+2k)

_— = —
Now OM = OA + AM

3. 5
=2i—4j+5k+§i+§j+k

7. 3.
—El—§]+6k

7 -3
H M= (—,—,6)
ence M)
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Example 14
(e—)

a Show that the vectors @ = 8i + 7j + 3k, b =i — j + 3k and ¢ = 2i + 3j — k are linearly
dependent.

b Show that the vectors a = 8i + 7j + 3k, b = i — j + 3k and ¢ = 2i + 3j + k are linearly
independent.

Solution
a Vectors b and ¢ are not parallel. We want to find constants m and n such that
a = mb + nc. Consider

8i+7j+3k=m(@—j+3k)+nQRi+3j—k)
This implies
8=m+2n 1) T=-m+3n (2) 3=3m-n (3
Adding (1) and (2) gives 15 = 5n, which implies n = 3.
Substitute in (1) to obtain m = 2.
The solution m = 2 and n = 3 must be verified for (3): 3m—-—n=3x2-3 =3,
Therefore
a=2b+3c orequivalently a—-2b-3c=0

Vectors a, b and ¢ are linearly dependent.

b Equations (1) and (2) are unchanged, and equation (3) becomes
3=3m+n (3
But substituting m = 2 and n = 3 gives 3m +n =9 # 3.

The three equations have no solution, so the vectors are linearly independent.

» Angle made by a vector with an axis

The direction of a vector can be given by the z
angles which the vector makes with the i, j A

and k directions.
as

If the vector a@ = aji + a, j + a3k makes angles
o, B and y with the positive directions of the
x-, y- and z-axes respectively, then

ay
cosa = —,
|al

The derivation of these results is left as an

az as
cosﬁzm, cosy:m ai o

exercise.
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84  Chapter 2: Vectors

Leta=2i—jand b =i+ 4j - 3k.
For each of these vectors, find:

a its magnitude

b the angle the vector makes with the y-axis.

Solution
ala=v22+(-1)2=+5
] = V12 + 42 + (=3)2 = V26

b The angle that @ makes with the y-axis is

—1(—) ~ 116.57°

cos ~ .

V5

The angle that b makes with the y-axis is

4
-1 o
a8 (—) ~ 3833
V26

Example 16

A position vector in two dimensions has magnitude 5 and its direction, measured
anticlockwise from the x-axis, is 150°. Express this vector in terms of i and j.

Solution

Leta =aii +ayj. y

The vector a makes an angle of 150° with the x-axis
and an angle of 60° with the y-axis.

Therefore a g
60° 150°
ag ar >
cos150° = — and cos60° = — 0 *
lal lal
Since |a| = 35, this gives
. -5V3
a; = |ajcos 150° = ——
2
. 5
ap = |ajcos 60° = =
2
-5V3 ., 5.
a= i+=j
2 2
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2B Resolution of a vector into rectangular components

Example 17
(e—)

85

Let i be a unit vector in the east direction and let j be a unit vector in the north direction,

with units in kilometres.

3 1
a Show that the unit vector in the direction N60°W is —g i+ 3 J-

b If a car drives 3 km in the direction N60°W, find the position vector of the car with

respect to its starting point.
¢ The car then drives 6.5 km due north. Find:
i the position vector of the car
ii the distance of the car from the starting point

iii the bearing of the car from the starting point.

Solution
a Let r denote the unit vector in the direction N60°W. y

Then r = —cos30° + cos 60°j

V3. 1 <
=——i+=j 60°
2l+2] 300

Note: |r] = 1 o

b The position vector is

V3. 1.)_ 3v3. 3.

3r=3(—71+51 == l+§J
c Let " denote the new position vector. ﬁ’
i r=3r+6.5j
_ 33 3. 13 6.5 \
=3 97 gy 0
3vV3 3r _
= __\/_ i+ 8] > L
2
.. 9x3 o 3v3
ii |7 = 4 + 64 iii Sincer’ = —— i+ 8j, we have
_ [27+256 g = 3¥3
- 4 16
1 . o -1 3\/3) )
_1 L=t (— ~ 18
=5 283 dil 16
The bearing is 342°, correct to the
nearest degree.
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86  Chapter 2: Vectors 2B

_____ Exercise B

Skillsheet 1

a Give each of the following vectors in

Example 8 terms of i and j:
i OA it OB 1ii OC v OD o
b Find each of the following:
i AB ii CD iii DA A
¢ Find the magnitude of each of the J
following: O i
i OA it AB 1ii DA
i D
Exampled| 2 Leta=2i+2j—k,b=—i+2j+ kandc =4k. Find:
aa+b b 2a+c¢ ca+2b-c d ¢c-4a e |b| f |c|
Example 10, 3 OABCDEFG is a cuboid set on Cartesian axes z
L= — —
with OA = 5i, OC = 2j and OG = 3k. A
a Find: G F
i1 BC ii CF iii AB
. = — R D
iv OD v OE vi GE E
.. =2 P .= 0 >y
vii EC  viii DB ix DC C
X BG xi GB xii FA A B
b Evaluate:
i |0OD| il |OE| ili |GE| X
¢ Let M be the midpoint of CB. Find:
1 CM i OM i DM
. = =2
d Let N be the point on FG such that FN = 2NG. Find:
- _> .. ﬂ mmm ﬁ - % %
i FN it GN ili ON iv NA v NM
e Evaluate:
- _> - % -mm %
i |[NM| it |[DM| ili |AN|
Example 11| 4  Find the values of x and y if:
aa=4i-j, b=xi+3yj, a+b=Ti-2j
b a=xi+3j, b=-2i+5yj, a-b=6i+j
ca=6i+yj, b=xi-4j, a+2b=3i—j
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2B 2B Resolution of a vector into rectangular components 87

Example 2] 5 LetA =(-2,4), B=(1,6)and C = (-1,—-6). Let O be the origin. Find:
ali OA il AB i BC
— =
b F such that OF = ;0
— —
¢ G such that AG = 3BC

S

Example 13| 6 Let A = (1,-6,7)and B = (5,-1,9). Find M, the midpoint of AB.

7 Points A, B, C and D have position vectors a =i +3j—2k,b =5i+ j— 6k, ¢c =5j+ 3k
and d = 2i + 4j + k respectively.
a Find:
i AB it BC im CD iv DA
b Evaluate:
i |AC| il |BD|
¢ Find the two parallel vectors in a.

8 Points A and B are defined by the position vectorsa =i+ j—Skand b =3i -2j— k
respectively. The point M is on the line segment AB such that AM : MB=4: 1.

a Find:
i AB in AM in oM
b Find the coordinates of M.

Example 14| 9 a Show that the vectorsa = 8i +5j+ 2k, b =4i—3j+ kandc =2i — j + %k are
linearly dependent.
b Show that the vectors @ = 8i + 5j + 2k, b = 4i — 3j + k and ¢ = 2i — j + 2k are
linearly independent.

10 The vectorsa =2i —3j+ k, b =4i+3j— 2k and ¢ = 2i — 4j + xk are linearly
dependent. Find the value of x.

11 A=2,1),B=(1,-3),C=(-5,2),D=(3,5) and O is the origin.
a Find:
i OA il AB il BC iv BD
— —
b Show that AB and BD are parallel.
¢ What can be said about the points A, B and D?

12 LetA=(1,4,-4),B=(2,3,1),C =(0,~1,4) and D = (4,5,6).
a Find:
. —2 . 2 4 . o d
i OB ii AC i BD iv CD
— —
b Show that OB and CD are parallel.
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88  Chapter 2: Vectors 2B

13 LetA=(1,4,-2),B=(3,3,0),C=(2,5,3)and D = (0,6, 1).
a Find:
. 2 - T2 e SR 4
i AB it BC imi CD iv DA
b Describe the quadrilateral ABCD.
14 LetA=(5,1),B=(0,4)and C = (—1,0). Find:
— =
a Dsuchthat AB=CD

— —
b E suchthat AE = -BC

— —
¢ G suchthat AB = 2GC

15 ABCD is a parallelogram, where A = (2,1), B = (-5,4),C = (1,7)and D = (x, ).
a Find:
. T2 e T2
i BC il AD (in terms of x and y)

b Hence find the coordinates of D.

16 a LetA =(1,4,3)and B =(2,-1,5). Find M, the midpoint of AB.
b Use a similar method to find M, the midpoint of XY, where X and Y have
coordinates (xy, ¥y, z;) and (x2, y2, 22) respectively.

17 LetA =(5,4,1)and B = (3,1,-4). Find M on line segment AB such that AM = 4MB.
. — —

18 LetA = (4,-3)and B =(7,1). Find N such that AN = 3BN.

19 Find the point P on the line x — 6y = 11 such that OP is parallel to the vector 3i + j.

20 The points A, B, C and D have position vectors a, b, ¢ and d respectively. Show that, if
ABCD is a parallelogram, thena + ¢ = b + d.

21 Leta=2i+2j,b=3i—jandc =4i+5j.
a Find:
i 1a ii b—c iii 3b—a-2c
b Find values for k and ¢ such that ka + £b = c.

22 leta=5i+j—-4k,b=8i—-2j+kandc=i-7j+ 6k.
a Find:
i 2a-b ii a+b+c iii 0.5a+0.4b
b Find values for k and ¢ such that ka + €b = c.

Example 15| 23 Leta =5i+2j,b=2i-3j,c=2i+j+kandd = —i + 4j + 2k.
a Find:
i |a i |b| iii |a +2b| iv |c—d
b Find, correct to two decimal places, the angle which each of the following vectors
makes with the positive direction of the x-axis:

i a ii a+2b ifi c—d
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2B Resolution of a vector into rectangular components

The table gives the magnitudes of vectors in two Magnitude  Angle

dimensions and the angle they each make with a 10 110°

the x-axis (measured anticlockwise).

Express each of the vectors in terms of i and j, b 8.5 250°

correct to two decimal places. ¢ 6 40°
d 5 300°

The following table gives the magnitudes of vectors in three dimensions and the angles
they each make with the x-, y- and z-axes, correct to two decimal places. Express each
of the vectors in terms of i, j and k, correct to two decimal places.

Magnitude  Angle with x-axis  Angle with y-axis  Angle with z-axis
a 10 130° 80° 41.75°
b 50° 54.52° 120°
c 7 28.93° 110° 110°
d 12 121.43° 35.5° 75.2°

Show that if a vector in three dimensions makes angles a, § and y with the x-, y- and
z-axes respectively, then cos® o + cos? B + cos? y = 1.

Points A, B and C have position vectors @ = —=2i + j + 5k, b = 2j + 3k and
¢ = —2i +4j + 5k respectively. Let M be the midpoint of BC.

—
a Show that AABC is isosceles. b Find OM.
¢ Find m . d Find the area of AABC.

OABCYV is a square-based right pyramid with V the vertex. The base diagonals OB
— — —
and AC intersect at the point M. If OA = 5i, OC = 5j and MV = 3k, find each of
the following:
—
a OB

—

— — —
b oM c OV d BV e |oV]

Points A and B have position vectors @ and b. Let M and N be the midpoints of OA
and OB respectively, where O is the origin.

—_— 172
a Show that MN = §AB.

b Hence describe the geometric relationships between line segments MN and AB.

Let i be the unit vector in the east direction and let j be the unit vector in the north
direction, with units in kilometres. A runner sets off on a bearing of 120°.
a Find a unit vector in this direction.
b The runner covers 3 km. Find the position of the runner with respect to her
starting point.
¢ The runner now turns and runs for 5 km in a northerly direction. Find the position of
the runner with respect to her original starting point.

d Find the distance of the runner from her starting point.
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90 Chapter 2: Vectors 2B

31 A hang-glider jumps from a 50 m cliff. A

a Give the position vector of point A with respect to O.
b After a short period of time, the hang-glider has position B
_}
given by OB = —80i + 20j + 40k metres. 50
- - - . —3 Ak
i Find the vector AB. il Find the magnitude of AB.
¢ The hang-glider then moves 600 m in the j-direction and

60 m in the k-direction. Give the new position vector of the 0

<.Y

hang-glider.

32 A light plane takes off (from a point which will be considered as the origin) so that its
position after a short period of time is given by r; = 1.5i + 2j + 0.9k, where i is a unit
vector in the east direction, j is a unit vector in the north direction and measurements
are in kilometres.

a Find the distance of the plane from the origin.
b The position of a second plane at the same time is given by r, = 2i + 35 + 0.8k.
i Findr| —r,. ii Find the distance between the two aircraft.

¢ Give a unit vector which would describe the direction in which the first plane must
fly to pass over the origin at a height of 900 m.

33 Jan starts at a point O and walks on level ground 200 metres in a north-westerly
direction to P. She then walks 50 metres due north to Q, which is at the bottom of a
building. Jan then climbs to 7', the top of the building, which is 30 metres vertically
above Q. Let i, j and k be unit vectors in the east, north and vertically upwards
directions respectively. Express each of the following in terms of i, j and k:

a OP b P—>Q C O_Q> d Q_T> e OT

34 A ship leaves a port and sails north-east for 100 km to a point P. Let i and j be the unit
vectors in the east and north directions respectively, with units in kilometres.
a Find the position vector of point P.

b If B is the point on the shore with position vector 0B = 1004, find:
i BP ii the bearing of P from B.

35 Giventhata =i— j+2k,b=1i+2j+ mkand ¢ = 3i + nj + k are linearly dependent,
express m in terms of » in simplest fraction form.

36 Lleta=i-j+2kandb =1i+2j-4k.
a Find 2a - 3b.

b Hence find a value of m such that a, b and ¢ are linearly dependent, where
¢ =mi+6j—12k.

37 leta=4i—-j—-2k,b=i-j+kandc=ma+(1-m)b.
a Find ¢ in terms of m.
‘/ b Hence find p if ¢ = 7i — j + pk.
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2C Scalar product of vectors 91

2C Scalar product of vectors

The scalar product is an operation that takes two vectors and gives a real number.

Definition of the scalar product

We define the scalar product of two vectors in three dimensions a = ai + a, j + ask and
b = byi + by j + b3k by

a-b= a1by + axby + a3b3

The scalar product of two vectors in two dimensions is defined similarly.

Note: Ifa=0orb =0,thena-b =0.

The scalar product is often called the dot product.

Example 18

Leta=1i-2j+3kand b = -2i + 3j + 4k. Find:
aa'b ba.a

Solution
aab=1x-2)+(-2)x3+3%x4=4 ba-a=12+(-2>+3>=14

Geometric description of the scalar product
For vectors a and b, we have b
a-b=|a||b|cos6 A

where 0 is the angle between a and b.

Proof Leta = aji+ayj+ ask and b = b\i + by j + bsk. The cosine rule in AOAB gives
la|> + |b|> - 2|a||b| cos O = |a — b|?
(a} + a5 + a3) + (b + b3 + b3) — 2lal|b| cos 0 = (a; — by)* + (az — by)* + (a3 — b3)*
2(aib; + azby + asbs) = 2|a| |b| cos 6
aiby + a»br + azbs = |a||b| cos O
a-b=|a||blcosb

B

b a-b

0 7 > A

Note: When two non-zero vectors a and b are placed so that their initial points coincide, the
angle 0 between a and b is chosen as shown in the diagrams. Note that 0 < 6 < .

b
b\__ o 0
0 - N

a a b a
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Example 19

a If|a| = 4, |b| = 5 and the angle between a and b is 30°, find a - b.
b If |a] = 4, |b| = 5 and the angle between a and b is 150°, find a - b.

Solution
a a-b=4x5xcos30° b a-b=4x5xcos150°
V3 -3
=20 x — =20 x ——
0 x > 0x >
=10V3 =-10V3
4 a 150°
30°
b b

» Properties of the scalar product

mab=ba m k(a-b)=(ka)-b=a-(kb) ma-0=0
ma(b+c)=a-b+a-c ®a-a=laf

m If the vectors a and b are perpendicular, then a - b = 0.

m If a - b = 0 for non-zero vectors a and b, then the vectors a and b are perpendicular.
m For parallel vectors a and b, we have

3 { la||b]  if @ and b are parallel and in the same direction

—|al|b| if a and b are parallel and in opposite directions

m For the unit vectors i, jand k, wehavei-i=j-j=k-k=1andi-j=i-k=j-k=0.

Example 20

a Simplifya-(b+c)—>b-(a-c).
b Expand the following:
i (@a+b)-(a+b) ii (a+b)-(a-D>b)

Solution
aab+c)-b-(a-c)=a-b+a-c—b-a+b-c
=a-c+b-c
b i (a+b)-(a+b)=a-a+a-b+b-a+b-b
=a-a+2a-b+b-b
ii (@a+b)-(a-b)=a-a—a-b+b-a—-b-b
=a-a-b-b

Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press
Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party
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Example 21

Solve the equation (i + j — k) - (3i — xj + 2k) = 4 for x.

Solution
(+j-k) Gi—xj+2k) =4
3-x-2=4
1-x=14
x=-=-3

» Finding the magnitude of the angle between two vectors
The angle between two vectors can be found by using the two forms of the scalar product:
a-b=|a||blcos® and a-b =a1by + arbr + azbs
Therefore

a-b _ a1b1 ar a2b2 ar a3b3
lal [B] lal |b]

Example 22

A, B and C are points defined by the position vectors a, b and ¢ respectively, where

cos 0 =

a=i+3j—-k, b=2i+j and c=i-2j-2k
Find the magnitude of ZABC, correct to one decimal place.

Solution
. — —
£/ABC is the angle between vectors BA and BC.

BA=a-b=-i+2j—k
BC=c—b=—i-3j-2k
We will apply the scalar product:
—_ = = —
BA - BC = |BA||BC|cos(£ABC)
We have
— —
BA-BC=1-6+2=-3
BAl=VI+4+1=16
IBCl=VI+9+4 =14
Therefore
— —
BA-BC -3
IBA||BC|  V6V14

Hence ZABC = 109.1°, correct to one decimal place.

cos(Z/ABC) =

(Alternatively, we can write ZABC = 1.9, correct to one decimal place.)
y P
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_________Exercise ple

Example18¢| 1 Leta=i-4j+7k, b =2i+3j+3kandc =—i—-2j+ k. Find:
aa-a bb-b cc-c da-b
e a-(b+c) f@+b)-(a+c) g (a+2b)-Bc-b)

2 Leta=2i—j+3k,b=3i-2kandc=—-i+3j— k. Find:
aa-a b b-b ca-b
da-c e a-(a+b)

Example 19| 3 a If]al = 6, |b| = 7 and the angle between a and b is 60°, find a - b.
b If |a| = 6, |b| = 7 and the angle between a and b is 120°, find @ - b.

example 20, 4  Expand and simplify:
a (a+2b)-(a+2b) b |a+b)>-|a- b
a-(a+b)—a-b

|a

ca-(a+b)—-b-(a+b) d

Example21| 5 Solve each of the following equations:
a (@+2j-3k)-Si+xj+k)=-6 b (xi+7j—k) - (—4i+xj+5k)=10
c (xi+5k)-(-2i-3j+3k)=x d x2i+3j+k)-G+j+xk)=6

Example22| 6 If A and B are points defined by the position vectors @ =i +2j—kand b = —i + j — 3k

respectively, find:

— — . —
a AB b |AB| ¢ the magnitude of the angle between vectors AB and a.

7 Let C and D be points with position vectors ¢ and d respectively. If ¢| = 5, |d| = 7 and
—
¢-d=4,find |CD|.
. . —_—> —_—
8 OABC is arhombus with OA = a and OC = c.
a Express the following vectors in terms of @ and c:
- _) am ﬁ mmm _)
i AB ii OB i AC
—_— —
b Find OB - AC.

c Prove that the diagonals of a rhombus intersect at right angles.

9 From the following list, find three pairs of perpendicular vectors:

a=i+3j—k
b=-4i+j+2k
¢=-2i-2j-3k
d=-i+j+k
e=2i—j—k
f=-i+4j-5k
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2C 2C Scalar product of vectors 95

10 Points A and B are defined by the position vectors
a=i+4j—4kandb =2i+5j- k. /
Let P be the point on OB such that AP is perpendicular to OB.
_)
Then OP = gb, for a constant q.
a Express ﬁ in terms of ¢, @ and b.
— =
b Use the fact that AP - OB = 0 to find the value of g.
¢ Find the coordinates of the point P.

0

11 If xi + 2j + yk is perpendicular to vectors i + j + k and 4i + j + 2k, find x and y.

12 Find the angle, in radians, between each of the following pairs of vectors, correct to
three significant figures:

ai+2j—kandi-4j+k b -2i+j+3kand -2i-2j+k
¢ 2i—j—3kand4i-2k d 7i+kand —i+j-3k

13 Leta and b be non-zero vectors such that a - b = 0. Use the geometric description of
the scalar product to show that @ and b are perpendicular vectors.

For Questions 14—17, find the angles in degrees correct to two decimal places.

14 Let A and B be the points defined by the position vectors a =i+ j+kand b =2i+j—k
respectively. Let M be the midpoint of AB. Find:

—
a OM b sAOM ¢ /BMO
15 OABCDEFG is a cuboid, set on axes at O, such that C B
— — — .
OD =i, OA = 3j and OC = 2k. Find: i
= — :
aiGB ii GE G : F
b /BGE OF—-mmmmm o --74
— — /
c the angle between diagonals CE and GA /
D E
16 Let A, B and C be the points defined by the position vectors 47, 5j and —2i + 7k
respectively. Let M and N be the midpoints of AB and AC respectively. Find:
. P 4
aiom ii ON b /:MON c /MOC
17 A parallelepiped is an oblique prism that has a C B

parallelogram cross-section. It has three pairs of -
parallel and congruent faces. G

OABCDEFG is a parallelepiped with Ei = 3j,

-, . - .. A
OC = —i+ j+2kand OD = 2i —j.
Show that the diagonals DB and CE bisect each D ‘e
‘/ other, and find the acute angle between them.
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2D Vector projections

It is often useful to decompose a vector a into a sum of two vectors, one parallel to a given
vector b and the other perpendicular to b.

From the diagram, it can be seen that
a=u-+w

where u = kb and sow = a —u = a — kb.

Y

For w to be perpendicular to b, we must have b
w-b=0
(a-kb)-b=0

a-b-k(b-b)=0
a-b a-b
Hence k = 2D and therefore u = nb.

This vector u is called the vector projection (or vector resolute) of @ in the direction of b.

Vector resolute

The vector resolute of a in the direction of b can be expressed in any one of the following
equivalent forms:

a-b a-b b\(b 5. 4
u—nb—Wb—(am)(m)—(ab)b

Note: The quantity a - b= % is the ‘signed length’ of the vector resolute # and is called
the scalar resolute of a in the direction of b.
Note that, from our previous calculation, we havew = a —u = a — % b.
Expressing a as the sum of the two components, the first parallel to b and the second
perpendicular to b, gives
a-b a-b
a= b b+ (a 5D b)

This is sometimes described as resolving the vector a into rectangular components.

Leta=i+3j—kand b =i— j+ 2k. Find the vector resolute of:

a a in the direction of b b b in the direction of a.

Solution
aa-b=1-3-2=-4, b-b=1+1+4=6
The vector resolute of a in the direction of b is
a-b

4. . 2. .
nb——g(l—]+2k)——g(l—]+2k)
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2D Vector projections 97

bba=a-b=-4 a-a=1+9+1=11
The vector resolute of b in the direction of a is

b-a 4 i
n(l——n(l-l-?)]—k)

Example 24

Find the scalar resolute of @ = 2i + 2j — k in the direction of b = —i + 3k.

Solution
a-b=-2-3=-5
bl = V1+9 =10

The scalar resolute of a in the direction of b is

a-b -5 V10

bl vio 2

=== | Resolve i + 3j — k into rectangular components, one of which is parallel to 2i — 2 — k.

Solution
Leta=i+3j—kand b =2i-2j— k.
-b

The vector resolute of @ in the direction of b is given by Z—b b.
We have

a-b=2-6+1=-3

b-b=4+4+1=9
Therefore the vector resolute is

-3 1

?(Zi -2j—k) = —§(2i -2j—k)
The perpendicular component is

1 1
a—(—§(2i—2j—k))=(i+3j—k)+§(2i—2j—k)

5. 7. 4
—§l+§ —gk

1
= §(Si+7j—4k)
Hence we can write
1 1
i+3j—k:—§(2i—2j—k)+§(5i+7j—4k)

Check: As a check, we verify that the second component is indeed perpendicular to b.
We have (5i + 7j —4k) - (2i —2j — k) = 10 — 14 + 4 = 0, as expected.
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I =" 20

Skillsheet 1~ Points A and B are defined by the position vectors a =i +3j—kand b =i+ 2j + 2k.
a Find a. b Find b. ¢ Find &, where ¢ = AB.

2 leta=3i+4j—kandb=i-j—k.
a Find:
i a i b

b Find the vector with the same magnitude as b and with the same direction as a.

3 Points A and B are defined by the position vectors @ = 2i — 2j — k and b = 3i + 4k.
a Find:
i a i b
b Find the unit vector which bisects ZAOB.

example 23| 4 For each pair of vectors, find the vector resolute of @ in the direction of b:
aa=i+3jandb=i-4j+k ba=i-3kandb=i-4j+k
ca=4i-j+3kandb=4i—k

example 24| 5 For each of the following pairs of vectors, find the scalar resolute of the first vector in
the direction of the second vector:
aa=2i+jandb =1 b a=3i+j-3kandc=1i-2j
¢ b=2j+kanda=2i+V3j d b=i-+5jand ¢ = —i +4j

example 25| 6 For each of the following pairs of vectors, find the resolution of the vector a into
rectangular components, one of which is parallel to b:
aa=2+j+k b=5-k ba=3i+j b=i+k
ca=-i+j+k b=2i+2j-k

7 Let A and B be the points defined by the position vectorsa =i+ 3j—kandb =j+ k
respectively. Find:
a the vector resolute of a in the direction of b

b a unit vector through A perpendicular to OB

8 Let A and B be the points defined by the position vectorsa =4i + jand b =i—j—k
respectively. Find:
a the vector resolute of a in the direction of b
b the vector component of a perpendicular to b
¢ the shortest distance from A to line OB
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9 Points A, B and C have position vectors @ = i+2j+k, b =2i+j—kand ¢ =2i-3j+k.
Find:
. 2 - T2
a il AB i AC
b the vector resolute of AB in the direction of AC
C
d

the shortest distance from B to line AC

the area of triangle ABC
10 a Verify that vectors @ =i —3j — 2k and b = 5i + j + k are perpendicular to each other.
b If ¢ =2i -k, find:
i d, the vector resolute of ¢ in the direction of a
il e, the vector resolute of ¢ in the direction of b.
¢ Find fsuchthatc =d +e + f.
‘/ d Hence show that f is perpendicular to both vectors a and b.

2E Collinearity
Three or more points are collinear if they all lie on a single line. \\

Three distinct points A, B and C are collinear if and only if there exists a non-zero real
number m such that A_C) = mA_B) (that is, if and only if ﬁ and A_C> are parallel).

A property of collinearity
Let points A, B and C have position vectors a = OA, b = OB and ¢ = OC. Then
—_— —_—> . .
AC =mAB ifandonlyif ¢ =(1-m)a+mb
— —
Proof If AC = mAB, then we have
— —
c=0A+AC

— —
= OA + mAB

=a+mb-a)

=a+mb—ma

=(1 —m)a+ mb
Similarly, we can show that if ¢ = (1 — m)a + mb, then A—C) = mzﬁ

Note: It follows from this result that if distinct points A, B and C are collinear, then we can
write OC = LOA + M@, where A + n = 1. If C is between A and B, then 0 < p < 1.
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Example 26

. . . ﬁ ﬁ ﬁ .
For distinct points A and B, let a = OA and b = OB. Express OC in terms of a and b,
where C is:
a the midpoint of AB
b the point of trisection of AB nearer to A
. — —
¢ the point C such that AC = —2AB.

Solution
— 11— — 11— —

a AC=§AB b AC=§AB ¢ AC =-2AB
—_— = — —_— = — —_— = —
OC = 0OA + AC C = 0A + AC C = 0A + AC

—
:a+%ﬁ :a+%,ﬁ =a-2AB
| 1 =a-2b-a)
:a+§(b—a) :a+§(b—a) —3g—2b
1 2 1
—E(a+b) —§a+§b

Note: Alternatively, we could have used the previous result in this example.

Example 27

— — . .
Let OA = a and OB = b, where vectors a and b are linearly independent.

4
Let M be the midpoint of OA, let C be the point such that 0C = 553) and let R be the
point of intersection of lines AB and MC.

—
a Find OR in terms of @ and b.
b Hence find AR : RB.

Solution
— 1 — 4
a We have OM = Ea and OC = §b' A

Since M, R and C are collinear, there /\R C
exists m € R with M

— — B

MR = mMC

:m(m+0_6‘)) 0

1 4
= ’"(‘z“ ¥ 5”)

—_— = —
Thus OR = OM + MR

la+ (—la+ib)
2 T4 3
1-m 4m

:Ta+?b

Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press
Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party



2E 2E Collinearity 101

Since A, R and B are collinear, there exists n € R with
— —
AR = nAB
— =
=n(AO + OB)
=n(—a +b)
—_— = —
Thus OR = OA + AR

=a+n(—a+b)

=(1-n)a+nb
Hence, since a and b are linearly independent, we have
1 -m 4m
—=1- d — =
2 n an 3 ="

3 4
This gives m = 3 and n = 5 Therefore
— 1 4
OR=-a+ -=b
575
b From part a, we have
e
AR = AO + OR
1 4
=—a+_-a+=b
aT547s
4
= (b-
5( a)

4—
= —AB
5

Hence AR: RB=4:1.

_______ Exercise Pl

example26| 1 Points A, B and R are collinear, with OA = @ and OB = b. Express OR in terms of a
and b, where R is the point:

a of trisection of AB nearer to B
b between A and B such that AR : AB =3 :2.

— — B .
2 LetOA =3i+4kand OB = 2i—-2j + k. Find OR, where R is:
a the midpoint of line segment AB

. — 44—
b the point such that AR = §AB

. — 1—
¢ the point such that AR = _EAB'
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3 The position vectors of points P, Q and R are a, 3a — 4b and 4a — 6b respectively.
a Show that P, Q and R are collinear.
b Find PQ : OR.

4 In triangle OAB, OA = ai and OB = xi + vj. Let C be the midpoint of AB.
a Find OC.

b Deduce, by vector method, the relationship between x, y and « if the vector O_C>‘ is
—>
perpendicular to AB.

—

5 In parallelogram OAUB, OA = aand OB = b. Let OM = %a and MP: PB=1:5,
where P is on the line segment M B.
a Prove that P is on the diagonal OU.
b Hence find OP : PU.

. . H . . H . .
6 OABC is a square with OA = —4i + 3j and OC = 3i + 4j.
a Find 53)
. . . — 1= —
b Given that D is the point on AB such that BD = §BA’ find OD.
—
o

— —
¢ Given that OD intersects AC at E and that OE = (1 — M)OA + LOC, find \.

7 Intriangle OAB, OA = 3i + 4k and OB = i + 2j — 2k.
a Use the scalar product to show that ZAOB is an obtuse angle.
b Find 0_>P where P is:
i the midpoint of AB
ii the point on AB such that OP is perpendicular to AB
/ iii the point where the bisector of ZAOB intersects AB.

2F Geometric proofs

In this section we use vectors to prove geometric results. The following properties of vectors
will be useful:

m For k € R*, the vector ka is in the same direction as a and has magnitude k|a|, and
the vector —ka is in the opposite direction to a and has magnitude k|a|.

m If vectors a and b are parallel, then b = ka for some k € R \ {0}. Conversely, if @ and b are
non-zero vectors such that b = ka for some k € R \ {0}, then a and b are parallel.

[ Ifﬁ = kB_C)’ for some k € R \ {0}, then A, B and C are collinear.

m Two non-zero vectors a and b are perpendicular if and only if @ - b = 0.

a-a=|al?
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Example 28

Prove that the diagonals of a rhombus are perpendicular.

Solution
OABC is a rhombus. A B

— —
Leta = OA and ¢ = OC.
The diagonals of the rhombus are OB and AC.
—_— = =
Now OB =0C +CB 19) C
— —
=0C+0OA
=c+a
— =
and AC =AO0+0C
=-a+c
— —
Consider the scalar product of OB and AC:
—_— —
OB-AC=(c+a)-(c—a)
=c-c—a-a
= lef* - |af®
A rhombus has all sides of equal length, and therefore |c| = |a|. Hence
— == 2 2
OB-AC =|c|*—|al" =0

This implies that AC is perpendicular to OB.

Example 29

Prove that the angle subtended by a diameter in a circle is a right angle.

Solution
Let O be the centre of the circle and let AB be a diameter. C

— —> — . .
Then |OA| = |OB| = |OC| = r, where r is the radius.

— — —
Leta = OA and ¢ = OC. Then OB = —a.

— = = — = A o) B
We have AC = AO + OC and BC = BO + OC.
— —

Thus AC-BC =(-a+c¢)-(a+c)

=—a-a+c-c

2 2
= —lal” + |c|
— —
But |a| = |¢| and therefore AC - BC = 0. Hence AC L BC.
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Example 30
(c— )

Prove that the medians of a triangle are concurrent.

Solution

Consider triangle OAB. Let A’, B’ and X be the A
midpoints of OB, OA and AB respectively.

Let Y be the point of intersection of the medians
AA’ and BB'. 0 VG B

— —

Leta = OA and b = OB.

We start by showing that AY : YA’ = BY : YB' =2 : 1.
— — — —

We have AY = MAA’ and BY = uBB’, for some A, u € R.

— — 1 — — - 11—
Now AA’'=AO0 + EOB and BB’ = BO + EOA

I I
=—-a+ Eb =-b+ Ea

— 1 —> 1

AV = x(—a n Eb) . BV = u(—b n 5a)

But ﬁ)/ can also be obtained as follows:
e
BY = BA + AY

—

— =
= BO + OA + AY
1
:—b+a+)»(—a+§b)
A
—ub+%a=(l —?\)a+(5—1)b
Since a and b are independent vectors, we now have

Poior @ and —uzg—l @)

2
Multiply (1) by 2 and add to (2):
A
0= ik— 2\ + 3" 1
=3
2
h=3

2
Substitute in (1) to find p = Bk
We have shown that AY : YA’ = BY : YB' =2 : 1.

Now, by symmetry, the point of intersection of the medians AA” and OX must also
divide AA’ in the ratio 2 : 1, and therefore must be Y.

Hence the three medians are concurrent at Y.
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________Exercise b3

1 Prove that the diagonals of a parallelogram bisect each other.

2 Prove that if the midpoints of the sides of a rectangle are joined, then a rhombus
is formed.

3 Prove that if the midpoints of the sides of a square are joined, then another square
is formed.

4 Prove that the median to the base of an isosceles triangle is perpendicular to the base.

5 Prove that if the diagonals of a parallelogram are of equal length, then the parallelogram
is a rectangle.

6 Prove that the midpoint of the hypotenuse of a right-angled triangle is equidistant from
the three vertices of the triangle.

7 Prove that the sum of the squares of the lengths of the diagonals of any parallelogram is
equal to the sum of the squares of the lengths of the sides.

8 Prove that if the midpoints of the sides of a quadrilateral are joined, then a
parallelogram is formed.

9 ABCD is a parallelogram, M is the midpoint of AB and P is the point of trisection
of M D nearer to M. Prove that A, P and C are collinear and that P is a point of
trisection of AC.

10 ABCD is a parallelogram with AB = aand AD = b. The point P lies on AD and is such
that AP : PD =1 : 2 and the point Q lies on BD and is such that BQ : QD =2: 1.
Show that PQ is parallel to AC.

11 AB and CD are diameters of a circle with centre O. Prove that

ACBD is arectangle. ¢
D B
12 Intriangle AOB, a = OA, b = OB and M is the midpoint of AB. 0
a Find:
- ﬁ .
i AM in terms of @ and b
= a b
il OM in terms of a and b
L = —
b Find AM-AM + OM - OM. L L
¢ Hence prove that OA? + OB?> = 20M? + 2AM?. A M B
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13 In the figure, O is the midpoint of AD and B is the A
midpoint of OC. Let a = OA and b = OB. /
Let P be the point such that OP = %(a +4b). 0 c
a Prove that A, P and C are collinear. / B
b Prove that D, B and P are collinear. 5

¢ Find DB : BP.

14 Intriangle AOB, a = OA and b = OB. The point P is on AB such that the length of AP
is twice the length of BP. The point Q is such that O_>Q = 3&5.

a Find each of the following in terms of a and b:
i OP in 0Q i AQ
— —
b Hence show that AQ is parallel to OB.

15 ORST is a parallelogram, U is the midpoint of RS and V is the midpoint of ST'.
Relative to the origin O, the position vectors of points R, S, T, U and V are r, s, t, u
and v respectively.

a Express s in terms of r and ¢.
b Express v in terms of s and ¢.
¢ Hence, or otherwise, show that 4(u +v) = 3(r + s + t).

16 The points A, B, C, D and E shown in the diagram have A
position vectors D
a=i+1lj b = 2i+8j c=—i+7j E B

d=-2i+8j e=-4i+6j

respectively. The lines AB and DC intersect at F' as shown.
a Show that E lies on the lines DA and BC.

L= —
b Find AB and DC.
¢ Find the position vector of the point F'.
d Show that FD is perpendicular to EA and that EB is perpendicular to AF. F
e Find the position vector of the centre of the circle through E, D, B and F.

17 Coplanar points A, B, C, D and E have position vectors a, b, ¢, d and e respectively,
relative to an origin O. The point A is the midpoint of OB and the point E divides AC in
the ratio 1 : 2. If e = %d, show that OCDB is a parallelogram.

18 The points A and B have position vectors a and b respectively, relative to an origin O.
The point P divides the line segment OA in the ratio 1 : 3 and the point R divides the
line segment AB in the ratio 1 : 2. Given that PRBQ is a parallelogram, determine the
position of Q.
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19 ABCD is a parallelogram, AB is extended to £ and BA is

E

extended to F such that BE = AF = BC. Line segments
EC and FD are extended to meet at X. B C
a Prove that the lines EX and FX meet at right angles.

— —_— — — — —
b If EX =AEC, FX = wFD and |AB| = k|BC), find the

values of A and p in terms of k.

¢ Find the values of A and p it ABCD is a rhombus. 4 b

— — .
d If [EX| = |FX|, prove that ABCD is a rectangle. F

20 OBCDEFGH is a parallelepiped. Let b = &3’,
— —
d=0D ande = OF.
—_— — —
a Express each of the vectors OG, DF, BH and
C—E) in terms of b, d and e.
. —, =, — — .
b Find |OG)?, |DF|?, |BH|? and |CE|? in terms 0 D
of b, d and e.
¢ Show that [OG + |DE2 + |BH + |ICE = 4(b® + |d]* + le).

21 In the figure, the circle has centre O and radius r. A D
The circle is inscribed in a square ABCD, and P is any

point on the circle.
— — —_— —
a Show that AP - AP = 372 —20P - OA.
b Hence find AP? + BP?* + CP? + DP? in terms of r.

N

C.
b

i <
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Chapter summary

Spreadsheet

. m A vector is a set of equivalent directed line segments.
_)
“I ' A directed line segment from a point A to a point B is denoted by AB.

m The position vector of a point A is the vector 5)4 where O is the origin.

. 21.
m A vector can be written as a column of numbers. The vector [3} is ‘2 across and 3 up’.

Basic operations on vectors

m Addition
e The sum u + v is obtained geometrically as shown.
a c a+c utvy
Ifu= dv=| [ th +v= .
o Ifu [b and v [d] enu+vy [b N d}

m Scalar multiplication

e For k € R", the vector ku has the same direction as u, but y
its length is multiplied by a factor of k.

e The vector —v has the same length as v, but the opposite direction.

e Two non-zero vectors u and v are parallel if there exists k € R \ {0} such that u = kv.

m Subtraction u—v =u+ (-v)

Component form y
m In two dimensions, each vector u can be written in the form A
u = xi +yj, where

e iis the unit vector in the positive direction of the x-axis

e jis the unit vector in the positive direction of the y-axis.

. . A o
m The magnitude of vector u = xi + yj is given by |u| = /x% + y2.
m In three dimensions, each z
vector u can be written in (x,3,2)

the form u = xi + yj + zk,
where Z, j and k are unit
vectors as shown. y

m Ifu=xi+yj+zk, X
then |u| = \/x% + y2 + 2.

m If the vector @ = aii + a» j + ask makes angles o,  and y with the positive directions of
the x-, y- and z-axes respectively, then
a

a
cosa = —
|al

1
lal”
m The unit vector in the direction of vector a is given by

L1
a=—a

y lal
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Scalar product and vector projections
m The scalar product of vectors @ = aji + a» j + ask and b = byi + b, j + bsk is given by

a-b= (11[91 + azbz + (13[93

m The scalar product is described geometrically by a - b = |a||b| cos 6, b
where 0 is the angle between a and b. 0
m Therefore a - a = |al*. a

m Two non-zero vectors a and b are perpendicular if and only if @ - b = 0.

m Resolving a vector a into rectangular components is expressing the vector a as a sum of

two vectors, one parallel to a given vector b and the other perpendicular to b.
. L . a-b
m The vector resolute of a in the direction of b is 2D b.
. L . a-b
m The scalar resolute of a in the direction of b is W
Linear dependence and independence
m A set of vectors is said to be linearly dependent if at least one of its members can be
expressed as a linear combination of other vectors in the set.
m A set of vectors is said to be linearly independent if it is not linearly dependent.

m Linear combinations of independent vectors: Let @ and b be two linearly independent
(i.e. not parallel) vectors. Then ma + nb = pa + gb implies m = p and n = q.

Technology-free questions

1 ABCD is a parallelogram, where A, B and C have position vectors i + 2j — k, 2i + j — 2k
and 4i — k respectively. Find:

ﬂ
a AD b the cosine of ZBAD

2 Points A, B and C are defined by position vectors 2i — j —4k, —i + j+ 2k and i —3j — 2k
respectively. Point M is on the line segment AB such that Im | = IA_C>'|.

a Find:
- ﬁ -m .. . .
i AM il the position vector of N, the midpoint of CM
_— =
b Hence show that AN 1. CM.

3 Leta=4i+3j—-k,b=2i-j+ xkandc =yi+zj—2k. Find:
a x such that @ and b are perpendicular to each other

b y and z such that @, b and ¢ are mutually perpendicular

4 Leta=1i-2j+ 2k and let b be a vector such that the vector resolute of a in the
direction of b is b.
a Find the cosine of the angle between the directions of a and b.

b Find |b| if the vector resolute of b in the direction of a is 2a.

X
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5 Leta=3i-6j+4kand b =2i+j-2k.
a Find c, the vector component of a perpendicular to b.
b Find d, the vector resolute of ¢ in the direction of a.
¢ Hence show that |a| |d| = |c|*.

6 Points A and B have position vectors @ = 2i + 3j — 4k and b = 2i — j + 2k. Point C has
position vector ¢ = 2i + (1 + 3t)j + (-1 + 20)k.

a Find in terms of #:
- ﬁ - ﬂ
i CA ii CB
b Find the values of ¢ for which ZBCA = 90°.

7 OABC is a parallelogram, where A and C have position vectors a = 2i + 2j — k and
¢ =2i — 6j — 3k respectively.
a Find:
i la-c| ii |a+c| ili (a-c¢)-(a+c)
b Hence find the magnitude of the acute angle between the diagonals of the
parallelogram.

8 OABC is a trapezium with OC = 2AB. If OA = 2i— j— 3k and OC = 6i — 3j + 2k, find:
a AB b BC c the cosine of /BAC.

9 The position vectors of A and B, relative to an origin O, are 6i + 4j and 3i + pj.

— —>

a Express AO - AB in terms of p.

b Find the value of p for which AQO is perpendicular to AB.
¢ Find the cosine of ZOAB when p = 6.

10 Points A, B and C have position vectors p + ¢, 3p — 2q and 6p + mq respectively, where
p and g are non-zero, non-parallel vectors. Find the value of m such that the points A, B
and C are collinear.

11 Ifr=3i+3j—-06k,s=i-7j+6kand ¢t =-2i—5j+ 2k, find the values of A and u
such that the vector r + As + ut is parallel to the x-axis.

12 Show that the points A(4, 3,0), B(5,2,3), C(4,—-1,3) and D(2, 1, -3) form a trapezium
and state the ratio of the parallel sides.

13 Ifa=2i-j+6kand b =1i-j— k, show that a + b is perpendicular to b and find the
cosine of the angle between the vectors @ + b and a — b.

14 O, A and B are the points with coordinates (0, 0), (3,4) and (4, —6) respectively.
a Let C be the point such that OA = OC + OB. Find the coordinates of C.
b Let D be the point (1,24). If OD = hOA + kOB, find the values of / and k.

y
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Relative to O, the position vectors of A, B and C

are a, b and ¢. Points B and C are the midpoints
of AD and OD respectively.

— —
a Find OD and AD in terms of a and c.

A D

b Find b in terms of @ and c.

¢ Point E on the extension of OA is such that
— — — —
OE = 4AE. If CB = kAE, find the value of k.
—
=p 00 =gq

0]
C
B
0
ok=tpik 08 = hp + & £
= 317 q =np 2(1 q S
Given that R is the midpoint of QS, find / and k.
0 > P P

ABC is aright-angled triangle with the right angle at B. If AC =2i+4 j and AB s
parallel to i + j, find AB.

E
In this diagram, OABC 1is a parallelogram with
— — — —
OA =2AD. Leta = AD and ¢ = OC. C B
a Express DB in terms of a and .
o A D

— —
b Use a vector method to prove that OE = 30C.

I sl

For a quadrilateral OABC, let D be the point of trisection of OC nearer O and let E be

the point of trisection of AB nearer A. Let a = OA, b = OB and ¢ = OC.
a Find:
i OD ii OF i DE
—

—
b Hence prove that 3DE = 20A + CB.

—

B
In triangle OAB, a = ﬁ, b =0OBandT is a pointon AB
such that AT = 3TB. r
a Find ﬁ’" in terms of @ and b. [0)
—_— —

b If M is a point such that OM = AOT, where ) > 1, find: A

- ﬁ . - . ﬁ . ﬁ
i BM interms of a, b and A ii A, if BM is parallel to OA.

Giventhata =i+ j+ 3k, b =i—2j+mk and ¢ = -2i + nj + 2k are linearly dependent,
express m in terms of n.

Leta=2i+j+2kand b =i+ 3k.
a Find v, the vector resolute of a perpendicular to b.

b Prove that v, a and b are linearly dependent.

X
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112 Chapter 2: Vectors

Multiple-choice questions

— — — . .
1 IfOX =a+2band XY = a — b, then OY in terms of a and b is equal to

A b B 3b C 2a+b D 2a+3b E 3a+b
2 The grid shown is made up of identical parallelograms. c_A4 B
— — — .
Leta = AB and ¢ = CD. Then the vector EF is equal to
A a+3c B -3a+c¢ C 3a-c D, F
D 3a-c E 3a+c

3 ABCD is a parallelogram with ﬁ =u and B_C)‘ =v. If M is the midpoint of AB, then the

% . .
vector DM expressed in terms of u# and v is equal to

1 1 1 1 3
A - B —u- — D u-— E —u-
2u+v 2u y Cu+2v u 2v 2u y

4 IfA=(3,6)and B =(11,1), then the Vectorxﬁinterms of i and j is equal to
A 3i+6j B 8i-5j5 C 8i+5j D 14i+7j E 14i-7j

5 The angle between the vector 2i + j — V2k and 5i + 8 is approximately

A 0.72° B 0.77° C 43.85° D 46.15° E 88.34°
. — > = = — — .
6 Let OAB be a triangle such that AO - AB = BO - BA and |AB| # |OB|. Then triangle OAB
must be
A scalene B equilateral  C isosceles D right-angled E obtuse

7 If a and b are non-zero, non-parallel vectors such that x(a + b) = 2ya + (y + 3)b, then
the values of x and y are
A x=3y=6 B x=-6, y=-3 Cx=-2y=-1
D x=2y=1 E x=6,y=3

8 If A and B are points defined by the position vectors @ =i+ jand b = 5i — 2j + 2k
respectively, then |ﬁ| is equal to

A 29 B VIl C 11 D V21 E V29
9 Letx =3i-2j+4kandy = —5i + j+ k. The scalar resolute of x in the direction of y is
21 g 1323 c —13¥29 O -13V27 L —13V2I
\27 23 29 27 21

— — — — . .
10 Let ABCD be a rectangle such that |BC| = 3|AB|. If AB = a, then |AC| in terms of |a] is
equal to

A 2| B V10|a| C 4al D 10|a| E 3la|

y
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11 Vectorsa =2i—8j+ 10k, b =i— j+ k and ¢ =i+ 2j + ak are linearly dependent. The
value of a is

A -2 B -4 c -3 D 2 E 9

12 If p, ¢ and r are non-zero vectors such that r = éll p+ Zq, then which one of the
following statements must be true?
A p and q are linearly dependent B p. g and r are linearly dependent
C p and q are linearly independent D p, q and r are parallel
E ris perpendicular to both p and ¢

13 Consider the four vectorsa =i+ k,b =i+ 3k, c =i+ 2k and d = 4i — 2j. Which one
of the following is a linearly dependent set of vectors?

/ A {ab,d} B {a,c,d} C {b,c,d} D {a,b,c) E {a,b)

Extended-response questions

1 A spider builds a web in a garden. Relative to an origin O, the position vectors of the
ends A and B of a strand of the web are OA = 2i + 3j+ kand OB = 3i + 4j + 2k.

a i Find AB. ii Find the length of the strand.

b A small insect is at point C, where 0—C> = 2.5i + 4j + 1.5k. Unluckily, it flies in a
straight line and hits the strand of web between A and B. Let Q be the point at which
the insect hits the strand, where A_Q) = )mA_B)

i Find C—Q> in terms of A.
ii If the insect hits the strand at right angles, find the value of A and the vector O—Q>
¢ Another strand MN of the web has endpoints M and N with position vectors
OM = 4i + 2j — k and ON = 6i + 105 + 9k. The spider decides to continue AB to
join MN. Find the position vector of the point of contact.

2 The position vectors of points A and B are 2i + 3j + k and 3i — 2j + k.

a |1 Find |OA| and |OBI. il Find AB.
b Let X be the midpoint of line segment AB.
- . ﬁ - ﬁ . . ﬁ
i Find OX. il Show that OX is perpendicular to AB.
¢ Find the position vector of a point C such that OACB is a parallelogram.
d Show that the diagonal OC is perpendicular to the diagonal AB by considering the
scalar product OC - AB.
- . . . . ﬁ ﬁ
e 1 Find a vector of magnitude V195 that is perpendicular to both OA and OB.
ii Show that this vector is also perpendicular to AB and OC.

iii Comment on the relationship between the vector found in e i and the
parallelogram OACB.

X
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114 Chapter 2: Vectors

3 Points A, B and C have position vectors C Y
- - - . . Z
OA=5i, OB=i+3k, and OC =i+4j / ,\/
The parallelepiped has OA, OB and OC as three 0 B
edges and remaining vertices X, Y, Z and D as shown /

in the diagram. A

a Write down the position vectors of X, Y, Z and D in terms of #, j and k and calculate
the lengths of OD and OY.
b Calculate the size of angle OZY.
¢ The point P divides CZ in the ratio A : 1. Thatis, CP: PZ =\ : 1.
i Give the position vector of P.
ii Find A if OP is perpendicular to CZ.

4 ABC is a triangle as shown in the diagram.
The points P, Q and R are the midpoints of the
sides BC, CA and AB respectively. Point O is
the point of intersection of the perpendicular
bisectors of CA and AB.

Leta:m,b:@)andc:O_C)‘. B P C
a Express each of the following in terms of a, b and c:
i AB il BC i CA
. = — . =
iv OP v 0Q vi OR

b Prove that OP is perpendicular to BC.
¢ Hence prove that the perpendicular bisectors of the sides of a triangle are concurrent.
d Prove that |a| = |b| = |c|.

5 The position vectors of two points B and C, relative to an origin O, are denoted by b
and c respectively.

a Interms of b and c, find the position vector of L, the point on BC between B and C
suchthat BL : LC =2: 1.

b Let a be the position vector of a point A such that O is the midpoint of AL. Prove
that 3a + b + 2¢ = 0.

c Let M be the point on CA between C and A such that CM : MA =3 : 2.

i Prove that B, O and M are collinear.
il Find the ratio BO : OM.

d Let N be the point on AB such that C, O and N are collinear. Find the ratio AN : NB.

y
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6 OAB is an isosceles triangle with OA = OB. 0

— —
Leta = OA and b = OB.

a Let D be the midpoint of AB and let E be a point on OB.
Find in terms of @ and b:

. 2

i OD

e —

ii DE if OF =\OB E

F
b If DE is perpendicular to OB, show that
,_l@b+b b 4 D B
2 bbb
5

¢ Now assume that DFE is perpendicular to OB and that A =

8 .

. 2 . .

i Show that cos 0 = 3 where 0 is the magnitude of ZAOB.

ii Let F be the midpoint of DE. Show that OF is perpendicular to AE.

A cuboid is positioned on level ground so that it rests on Y
one of its vertices, O. Vectors i and j are on the ground.
_)
OA =3i-12j+3k
_)
OB =2i+aj+2k
ﬁ . .
OC =xi+yj+2k
- . ﬁ ﬁ .
a 1 Find OA - OB in terms of a.
ii Find a.
b 1 Use the fact that OA is perpendicular to OC to

write an equation relating x and y.

ii Find the values of x and y.

¢ Find the position vectors:
- % - _> "mw _>
i OD il 0X im oy
d State the height of points X and Y above the ground.

BD AE 3
In the di ,Di int on BC with — =3 and E i inton AC with — = —.
n the diagram, D is a point on wi DC an 1sa_[)>om on _)w1 EC -2
Let P be the point of intersection of AD and BE. Let a = BA and ¢ = BC.
a Find:
P
i BD in terms of ¢

. T
il BE in terms of @ and ¢ D

B

- _> .
ili AD in terms of a and ¢
- A

b Let BP = uﬁ) and AP = \AD.
Find A and p.

X
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116 Chapter 2: Vectors

9 a Leta = pi+ gj. The vector b is obtained by %

>

rotating a clockwise through 90° about the /
origin. The vector ¢ is obtained by rotating a ¢
anticlockwise through 90° about the origin. a

Find b and ¢ in terms of p, ¢, i and j. 0

b 1In the diagram, ABGF and AEDC are squares ¥
with OB = OC = 1. Let OA = xi + yj. r
i Find AB and AC in terms of x, y, i and j.
il Use the results of a to find AE and AF in G
terms of x, y, i and j.
¢ i Prove that OA is perpendicular to EF.
. —d —_—>
il Prove that |EF| = 2|OA|.

10 Triangle ABC is equilateral and AD = BE = CF. B

a Letu, v and w be unit vectors in the directions
—_ = — .
of AB, BC and CA respectively. E
— —
Let AB = mu and AD = nu.
I e T —
i Find BC, BE, CA and CF.

- . ﬁ ﬁ .
il Find |AE| and |F B| in terms of m and n.

1
b Show that AE - FB = E(m2 —mn + n?).
¢ Show that triangle GHK is equilateral.
(G is the point of intersection of BF and AE.

H is the point of intersection of AE and CD.
K is the point of intersection of CD and BF.)

11 AOC is atriangle. The medians CF
and OF intersect at X.
— —

Leta = OA and ¢ = OC. E,
. % % .

a Find CF and OF in terms of a and c. X
. -2 . . -,

b i If OF is perpendicular to AC,

prove that AOAC is isosceles.

A E A C

ii If furthermore CTI% is perpendicular to m find the magnitude of angle AOC, and
hence prove that AAOC is equilateral.

¢ Let H and K be the midpoints of OF and CF respectively.
i Show that ﬁl_)( = Ac¢ and F—>E = uc, for some A, € R\ {0}.

ii Give reasons why AHXK is similar to AEXF. (Vector method not required.)
iii Hence prove that OX : XE =2 : 1.

y
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12 VABCD is a square-based pyramid:

m The origin O is the centre of the base.

m The unit vectors i, j and k are in the directions
of /ﬁ) BC and OV respectively.

m AB=BC=CD=DA=4cm

m OV =2hcm, where & is a positive real number.

m P, O, M and N are the midpoints of AB, BC, VC
and VA respectively.

Find the position vectors of A, B, C and D relative to O.
— —
Find vectors PM and QN in terms of 4.
Find the position vector 0X , where X is the point of intersection of QN and PM.
If OX is perpendicular to VB:
i find the value of

ii find the acute angle between PM and QN, correct to the nearest degree.

o n T o

e i Prove that NM QP is a rectangle.
ii Find i if NMQP is a square.

. . ﬁ . ﬁ 3
13 OACB is a square with OA = aj and OB = ai. A C
Point M is the midpoint of OA.

a Find in terms of a:
1 OM in MC
. . —_— —_—
b P isapoint on MC such that MP = AMC.
— = —
Find MP, BP and OP in terms of A and a.
c If BP is perpendicular to MC:
. —_— — —
i find the values of A, |BP|, |OP| and |OB| 0 B
ii evaluate cos 0, where 6 = ZPBO.

— — .
d If |OP| = |OB|, find the possible values of A and
illustrate these two cases carefully.

e In the diagram:

— —

m OA =ajand OB = ai

m M is the midpoint of OA

m BP is perpendicular to MC

m PX = ak

m Y is a point on XC such that PY is
perpendicular to XC.

v Find OY.
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Circular functions

Objectives

To understand the reciprocal circular functions cosecant, secant and cotangent.
To understand and apply the identities sec? © = 1 + tan? 6 and cosec? 6 = 1 + cot? 6.
To understand and apply the compound angle formulas.

To understand and apply the double angle formulas.

1 1

,cos ' and tan™".

, cos™! and tan™".

To understand the restricted circular functions and their inverses sin™

To understand the graphs of the inverse functions sin~’

vVvyVvyVYyYVYyYVYyyYy

To solve equations involving circular functions.

There are many interesting and useful relationships between the trigonometric functions.
The most fundamental is the Pythagorean identity:

sinA +cos’ A = 1

Astronomy was the original motivation for these identities, many of which were discovered a
very long time ago.

For example, the following two results were discovered by the Indian mathematician
Bhaskara II in the twelfth century:

sin(A + B) = sinA cos B + cos Asin B

cos(A + B) = cosAcos B—sinAsin B
They are of great importance in many areas of mathematics, including calculus.

The sine, cosine and tangent functions are discussed in some detail in Section 1A. Several
new circular functions are introduced in this chapter.
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3A The reciprocal circular functions

» The cosecant function: y = cosec6

The cosecant function is defined by

3A The reciprocal circular functions 119

y = sin 0 are shown here on the same

| A ! !
1 : | I'\ y=cosec6
cosec = —— ! ! |
sin O /i NIRN ! '\
\\ : // \\ : : // . e
=sin
provided sin © # 0. \ ol \\1 ¥ ¥ o
—TC: I / rmn lr\\ 3n ,’lr 2n o
The graphs of y = cosec 0 and N2 >IN
~ /_1
: | |
| | |
| | |
| | |
| | |

set of axes.
m Domain Assin0 = 0 when 6 = nm, n € Z, the domain of y = cosecOisR\ {nn:neZ}.
m Range The range of y = sin 0 is [—1, 1], so the range of y = cosecOisR \ (-1, 1).
2n+1
m Turning points The graph of y = sin 0 has turning points at 0 = (nT)n’ forn € Z,
as does the graph of y = cosec 0.
m Asymptotes The graph of y = cosec 0 has vertical asymptotes with equations 0 = n,

forn € Z.

The secant function: y = sec6

The secant function is defined by y
1 i A i i y=secH
secO = | | |
cos 0 ] I |
[l DN 0N
. N4 N e \ y=cosH
provided cos 0 # 0. v Ol N / \ 0
A = AN Y 7
The graphs of y = sec and y = cos 0 N 2 2: s/ 2
are shown here on the same set ! -1 ! g !
of axes. | | |
l l l
2n+1
m Domain The domain of y = sec 0 is R \ {u ‘ne€ Z}.
m Range Therange of y=secOisR\ (-1, 1).
m Turning points The graph of y = sec 0 has turning points at 0 = ns, for n € Z.
2n+1
m Asymptotes The vertical asymptotes have equations 0 = u forn e Z.

Since the graph of y = cos 0 is a translation of the graph of y = sin 0, the graph of y = sec 0 is

a translation of the graph of y = cosec 0, by 5 units in the negative direction of the 0-axis.
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» The cotangent function: y = cot6

The cotangent function is defined by

cos 0
cotf =

sin O
provided sin 6 # 0.

Using the complementary properties
of sine and cosine, we have

JT
(0=t (——e)
CO an2

= - tan(n - (g - 9))

T
— _tan(0 —)
an(0+ 3

y
A
i i
I I
I I
I I
I I
I I
i 0 i
—T T T T
) 2 |
I I
I I
| I
I
I

21 >0

SlEy

Therefore the graph of y = cot 6, shown above, is obtained from the graph of y = tan 6

by a translation of 5 units in the negative direction of the 0-axis and then a reflection in

the 0-axis.

m Domain Assin® = 0 when 6 = nm, n € Z, the domainof y =cot8isR\ {nw:neZ}.

m Range The range of y = cot0 is R.

m Asymptotes The vertical asymptotes have equations 0 = n, for n € Z.

1
Note: cot® = —— provided cos 0 # 0
tan 0

Sketch the graph of each of the following over the interval [0, 25t]:

a y = cosec(2x)

Solution

a The graph of y = cosec(2x)
is obtained from the graph of
y = cosec x by a dilation of factor %
from the y-axis.

The graph of y = sin(2x) is
also shown.

ISBN 978-1-107-58743-4

b y= sec(x+ g)

c cot( n)
= x— —
Y 4

Y
A
i i iyzcos{lec2x
| | | I y=sin2x
1 7 : :/’ N : : e
0 II \\\: :II \\ \: ://
! y L g
T w3 Jom
Do S, A
21 =1 21 <L
- 'm' I[’\I
I I I I
! ! ! !
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3A The reciprocal circular functions 1271

b The graph of y = sec(x + g) is obtained from y
the graph of y = sec x by a translation of A
X units in the negative direction of the x-axis. : :
3 24 | | ©n, 2)
The y-axis intercept is sec(g) = 2, i i
1 |
T Tn | '
The asymptotes are x = s and x = r 0 : | : | .
it m It 2m
| |
—1- : 6 : 6
| |
| |
29 | :
| |
¢ The graph of y = cot(x - ;) is obtained from ¥
the graph of y = cot x by a translation of A i i
g units in the positive direction of the x-axis. i i
. | |
The y-axis intercept is cot(——) =-—1. 11 | i
+ o| | |
5 I I
The asymptotes are x = il and x = —n. 14 :E RUAN :S_n TN
4 4 4 4 \14 4 (Qn-D)
3 7
The x-axis intercepts are Zn and Tn i i

For right-angled triangles, the reciprocal functions can be defined through ratios:

C
h h dj
cosec(x’) = vP sec(x’) = ﬁ cot(x’) = 24
opp adj opp hyp
opp
xO
A ad] B
. C
In triangle ABC, LABC =90°, /CAB = x°, AB = 6 cm and
BC =5 cm. Find:
a AC 5
b the trigonometric ratios related to x° '\ 5
A 6 B
Solution
a By Pythagoras’ theorem b sin(x®) S cos(x°) —6 tan(x°) >
y y ) X = X = X = —
o o Vo1 Vol 6
AC” =5"+6" =61 VT Vi
61 61 6
AC = V61 cm cosec(x®) = — sec(x’) = < cot(x’) = 3
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122 Chapter 3: Circular functions

» Useful properties

The symmetry properties established for sine, cosine and tangent can be used to establish the
following results:

sec(m— x) = —secx cosec(it — x) = cosec x cot(mm — x) = —cotx
sec(mm + x) = —secx cosec( + x) = —cosec x cot(m + x) = cotx

sec(2m — x) = sec x cosec(2m — x) = — cosec x cot(2mw — x) = —cotx

sec(—x) = secx cosec(—x) = —cosec x cot(—x) = —cot x

The complementary properties are also useful:

5 (5

sec|l — — x| = cosec x cosec E—x =secx
(3 -¥)=1 tan( 5 - x) = cot

cotl| - — x| =tanx an| — — x| = cotx
2 2

Find the exact value of each of the following:

a sec(ll—n) b cosec(—zg—n) C cot(ll—n)
4 4 3
Solution
a sec(I}Tn) = sec(2 + 3;) b cosec(——n) = cosec(—6n + g)
3n 7T
= sec(T) = cosec(z)
3 1 1
- cos(%” B sin(%)
1 1
T oL L
V2 V2
=-V2 -2
C cot(ll—n) = cot(4n - —)
3
7T
= co(-3)
T
= - cof(3)
B 1
~ tan(®)
1
VW3
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3A The reciprocal circular functions 123

» Two new identities
The Pythagorean identity sin® x + cos x = 1 holds for all values of x.

From this identity, we can derive the following two additional identities:

1 + cot? x = cosec” x provided sinx # 0

1 + tan® x = sec’ x provided cos x # 0

Proof The first identity is obtained by dividing each term in the Pythagorean identity
by sin? x:
sin?x  cos?x 1
+ —

sifx  sin®x  sin’x

1 + cot® x = cosec’ x

The derivation of the second identity is left as an exercise.

Simplify the expression
cos x — cos® x

cotx

Solution

cosx—cos’x cosx-(l—cos®x)

cotx cotx

., sinx
= COos x - sin” x -

COS X

= sin’ x

Using the TI-Nspire
The expression is simplified directly after ‘ SM384
entering and pressing (enter). el (o)

It can be entered using fraction templates or as A cos(x)

(cos(x) — (cos(x))"3)/(cos(x)/ sin(x)). sin(x)

Note: The warning icon indicates that the domain of the result may be larger than the
domain of the input.
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Iftanx =2 and x € [O, g], find:

a secx b cosx
Solution
a sec’x = 1 + tan® x
=1+4
" secx = +V5

Since x € (0, g) we have sec x = V5.

2¥5
5

C sinx =tanx-cosx =

Using the TI-Nspire

c sinx d cosecx
5
b cosx= = £
Sec x 5
1 V5
d cosecx= — = —

Sin x 2

m Choose solve from the Algebra menu and complete as shown.
m Assign ((ctrl)(=)) or store ((ctrl)(var)) the answer as the variable a to obtain the results.

SIM3&4
n (1) x sin(a) 25
a:==—-tan"'{=— —-tan”
2 2 2 5
o &
cos(a) sin(a) 2
Using the Casio ClassPad
ain . . T
m In \M@, enter and highlight: tan(x) = 2 ) 0<x< 5
m Go to Interactive > Equation/Inequality > solve.
m Highlight the answer and drag it to the next entry line. Enter = a.
m The results are obtained as shown.
% Edit Action Interactive cos(a)
V5
5
solve[tan(x)=2|0$xs%,x] sin (@)
{x:—tan“ ( % ] +% } 2’%/?
41 1
—tan ‘[§]+%=}a sin(a)
1 V5
cos(a) 2
V5 Alg Standard  Real Rad | @
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3A 3A The reciprocal circular functions 125

_______Exercise Bl

example 1| 1 Sketch the graph of each of the following over the interval [0, 27t]:

ay= cosec( + n) b y= sec( n) cy= cot( + n)
y= X 2 y= X 6 y= X 3
dyzseferF) eymemee-3) fy=cafe- T
y = sec|x 3 y = cosec{x — 7 y = cot{x — —
2 Sketch the graph of each of the following over the interval [0, 7]:
a y = sec(2x) b y = cosec(3x) c y = cot(4x)
dy= cosec(2x + g) e y=sec(2x + m) fy= cot(2x - g)
3 Sketch the graph of each of the following over the interval [—, 7t]:
2
ay= sec(2x - E) b y= cosec(2x + E) cy= cot(2x - _n)
2 3 3
example2| 4  Find the trigonometric ratios cot(x°), sec(x”) and cosec(x”) for each of the following
triangles:
a . b c
* 5
5 g 9
X
7
8 x°
7
example3| 5 Find the exact value of each of the following:
aan(T)  bef)  cw(f) d o
S 3 cos{ an{ -7 cosec G
e sec(n) f cot( n) sin( 57:) h tan(sn)
1 6 & si{7 6
i sec( n) j cosec( 3n) k cot(gn) I co ( 7n)
—— — — S —_——
3 ) 4 4 3
example 4, 6 Simplify each of the following expressions:
tan® x + 1
a sec’ x —tan® x b cot? x — cosec’ x an+
) tan” x
d S + COS X e sin* x —cos* x f tan®x + tanx
cos x
Example5. 7 Iftanx = -4 and x € (—g 0), find:
a secx b cosx C cosecx
3n
8 Ifcotx=3andxe€ (n, 7), find:
a cosecx b sinx C secx
Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press

Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party



126 Chapter 3: Circular functions 3A

9 Ifsecx=10and x € (—g,O), find:

a tanx b sinx

10 Ifcosecx=-6and x € (37”, 275), find:

a cotx b cosx

11 Ifsinx® = 0.5 and 90 < x < 180, find:

a cosx® b cotx® c cosec x°

12 Ifcosecx® = =3 and 180 < x < 270, find:

a sinx° b cosx® c secx’

13 Ifcosx® =-0.7and 0 < x < 180, find:

a sinx° b tanx° c cotx®

14 Ifsecx® =5 and 180 < x < 360, find:

a cosx° b sinx° c cotx®

15 Simplify each of the following expressions:

a sec?0 + cosec® 0 — sec’ 0 cosec’ 0 b (sec6 — cos0)(cosec® — sin 0)
2 2
sec” 0 — cosec” 0
¢ (1-cos?0)(1+cot?>0 —_
( X ) tan? 0 — cot? 0
1
16 Let x = sec — tan 0. Prove that x + — = 2 sec 0 and also find a simple expression
X

1
‘/ for x — — in terms of 0.
X

3B Compound and double angle formulas

» The compound angle formulas
: The following identities are known as the compound angle formulas.

Compound angle formulas
E cos(x+y) =cosx cosy—sinx siny

B cos(x —y) =Ccosx cosy+sinx siny

B sin(x +y) = sinx cosy + cos x siny

B sin(x —y) = sinx cosy — cos x siny

tan x + tany
motan(x+y)= ——— =2
I —tanx tany
tanx — tany
B tan(x—y) = —————
I +tanx tany
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3B Compound and double angle formulas 127

Proof of the initial identity
We start by proving the identity
cos(x —y) = cosx cosy + sinx siny
The other identities will be derived from this result.

Consider angles x and y, measured anticlockwise, y
and the corresponding points P(cos x, sin x) and A

Q(cos y, sin y) on the unit circle. )
QO(cos y, sin y)
Let a be the angle measured anticlockwise

from OQ to OP. Then 0

xX—y=d+2mk

for some k € Z.

_1| P(cosx, sin x)
Now consider the position vectors:

% . . . ﬁ
OP =cosxi+sinxj and |OP|=1
% . . . ﬁ
OQ =cosyi+sinyj and |0Q|=1
Using the definition of the scalar product gives
—_—> — . .
OP - 0OQ =cosx cosy+sinx siny
To apply the geometric description of the scalar product
a-b=|a||b|cos©
we consider two cases.

Case1:0<o<m
— — . —
The angle between vectors OP and OQ is a, so OP - OQ = cos .

Case2: m<a<2mn %

This case is illustrated in the diagram opposite. A
— —

The angle between OP and OQ is 21t — a,, sO 0 1

—_— =
OP - 0Q = cos(2m — ) = cos a.

Therefore, in both cases, we have . N 1 > X
— — - o
OP - 0OQ = cosa P
Hence
-1
cos(x —y) = cos(a + 27k)
=cosa
— —
=0P-0Q
= COSX COSy + sinx siny
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128 Chapter 3: Circular functions

Derivation of the other identities

cos(x +y) = cos(x — (—-y))

cos x cos(—y) + sin x sin(—y)

COS X COSy — sin x siny

. 7T
sin(x —y) = COS(E - x4+ y)
cos(le ) cos sin(rc ) sin
2 Y 2 y
=sinx cosy —cosx siny
sin(x — y)
tan(x —y) = ————
=) cos(x —y)

Sinx coSy — cos x siny

COS X COSy + sinx siny

Dividing top and bottom by cos x cosy gives

sinx cosy  cosx siny

COSX COSYy  COSX COSY

tan(x —y) = - -
sin x sin
(et
COS X COSYy
tanx — tany

" l+tanx tany

The derivation of the remaining two identities is left as an exercise.

@ Example 6
= S

5
a Use D = g + 1 to evaluate sin(l—;). b Use % = g - g to evaluate cos(%).
Solution
. (Sm T
a sm(ﬁ) b cos(ﬁ)
— IH(E + E) — (E — E)
R VI —37
=5 n(n) cos(n) + cos( ) sin(n) = cos(yC cos(n) + s'n( ) sin(n)
B 4 4 - %3 4) 7% 4
_1x1+«/§x1 _1X1+\/§x1
22 2 2 2 2 2 2
V2
- 20,5 = T1+3)
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3B Compound and double angle formulas 129

Example 7

If sinx = 0.2 and cos y = —0.4, where x € [0, g] and y € [Tc

Solution

We first find cos x and sin y.

COS X

. cosx = V0.96

Hence

+V1 - 0.22
+V0.96

as sinx = 0.2

T
asxe[O,E]
26
5

sin(x + y) = sinx cosy + cos x siny

—02x (- 04)+¥ (—g)

2
=-0.08- — x3V14
25~
2
2 +3V14
25( +3 )

Using the TI-Nspire

Firs

T

t solve sin(x) = 0.2 for0 < x < >

Assign the result to a.

The

3
n solve cos(y) = 0.4 form <y < ;

Assign the result to b.

Note:

If a decimal is entered, then the answer
will be given in approximate form, even
in Auto mode. To obtain an exact answer,
use exact( at the start of the entry or write
the decimal as a fraction.

Use > Algebra > Trigonometry >
Expand to expand the expression sin(a + b).

. osiny =

3
s ;], find sin(x + y).

siny = +4/1 — (-0.4)2

0.84
-v0.84

as cosy = —0.4

+

as e[n 3n]
y '

exact(solve(cos(y)--o‘g‘y)prsysﬂ)

y-—-sin ‘
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130 Chapter 3: Circular functions

Using the Casio ClassPad

. T
m Solve sin(x) = 0.2 | 0<x< 5 for x. & Edit Action Interactive
. ) B ) ES A o
= — < < —
= Solve cos(y) 0.4 | Tsys 2 for . solve[sin(x)=0. 2|0SXS%,X]
m Paste the results to form the expression a1
sl o o (4
sin(sin_l(g) + cos_l(g) + n) solve[cos(y):—o. 4,,{53,532_{ y]
2
m Highlight and go to Interactive > {Y=°°S [E]*"}
Transformation > tExpand. tExpand(sin(sin"[%]ﬂ:os"[ % ] )
-6v14 2
25 25
» The double angle formulas
Double angle formulas
2t
® cos(2x) = cos® x — sin® x m sin(2x) = 2sin x cos x m tan(2x) = L)ZC
1 —tan” x
=1 -2sin’ x
=2cos’x -1

Proof These formulas can be derived from the compound angle formulas. For example:

cos(x +y) = cosx cosy—sinx siny

cos(x + x) = cOS X COS X — sin x Sin x

cos(2x) = cos® x — sin® x

The two other expressions for cos(2x) are obtained using the Pythagorean identity:

cos? x — sin? x = (1 — sin® x) — sin” x

=1-2sin’x

2

and  cos® x — sin’

x = cos®x — (1 = cos® x)

=2cos’x—1

If sina = 0.6 and a € [g n], find sin(2a).

Solution
cosa = V1 - 0.6? since sina = 0.6
=+0.8
cosa = —0.8 since o € [g, Jr]
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Hence

sin(2a)) = 2 sin o cos o
=2x0.6 x(-0.8)
= -0.96

If cosao = 0.7 and a € [3;, 275], find sin(z).

a

Solution

We use a double angle formula:

cos(2x) = 1 —2sin’ x
o
cos Sin 2

2sin2(%) —1-07

. 3 a 3n AW ..
Since a € [7, ZH], we have B € [—, J'l?], SO s1n(§) is positive.

4

Hence

sin(%) =0.15 = %

T s B

Skillsheet » 1 Use the compound angle formulas and appropriate angles to find the exact value of each
of the following:
Example 6 a sin( T ) b tan(sn) c cos(7n) d tan( n )
L 12 12 12 12
Use the compound angle formulas to expand each of the following:
a sin(2x — 5y) b cos(x*> +y) c tan(x + (y + 2))
Simplify each of the following:
a sin(x) cos(2y) — cos(x) sin(2y) b cos(3x)cos(2x) + sin(3x) sin(2x)
tan A — tan(A — B) . .
d A+ B A-B)+ A+ B A—-B
1+ tan A tan(A — B) sin( ) cos( ) + cos( ) sin( )
e cos(y)cos(—2y) — sin(y) sin(—2y)
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132 Chapter 3: Circular functions 3B

H

a Expand sin(x + 2x). b Hence express sin(3x) in terms of sin x.

(8]

a Expand cos(x + 2x). b Hence express cos(3x) in terms of cos x.

Example7| 6 Ifsinx = 0.6 and tany = 2.4, where x € [g, rc] andy € [O, g], find the exact value of

each of the following:

a cosx b secy C cosy
d siny e tanx f cos(x—y)
g sin(x—y) h tan(x +y) i tan(x +2y)

3
7 TIfcosx=-0.7 and siny = 0.4, where x € [n, ;] andy € [O, g], find the value of each
of the following, correct to two decimal places:

a sinx b cosy c tan(x —y) d cos(x +y)

8 Simplify each of the following:

tan
a 3sinx cosx b sin® x — cos? x _anr
1 —tan? x
sin* x — cos* x e 4sin’® x — 2'sin x 4sin® x — 4 sin* x
cos(2x) cos x cos(2x) sin(2x)
. 3n
Exampled| 9 Ifsinx = —-0.8and x € [J‘E, 7] find:
a sin(2x) b cos(2x) c tan(2x)

10 Tftanx=3andxe (0, g) find:
a tan(2x) b tan(3x)
3
Example9' 11 Ifsinx = —-0.75 and x € [J‘E, ;] find correct to two decimal places:
a cosx b sin($x)

12 Use the double angle formula for tan(2x) and the fact that tan(g) = 1 to find the exact
value of tan(g).

13 Ifcosx=09and x € [O, g], find cos(%x) correct to two decimal places. P

14 In aright-angled triangle GAP, AP = 12 m and GA = 5 m.
The point 7" on AP is such that ZAGT = /TGP = x°. Without
using a calculator, find the exact values of the following:

a tan(2x)
b tan x, by using the double angle formula

‘/ c AT
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Inverses of circular functions

As the circular functions sine, cosine and tangent are periodic, they are not one-to-one and
therefore they do not have inverse functions. However, by restricting their domains to form
one-to-one functions, we can define the inverse circular functions.

The inverse sine function: y = sin™" x

Restricting the sine function Y
When the domain of the sine function is restricted to the y=sin x
T

interval [_E’ 5], the resulting function is one-to-one and 1

therefore has an inverse function.

TR

Note: Other intervals (defined through consecutive turning b
points of the graph) could have been used for the

restricted domain, but this is the convention.

Defining the inverse function

1

The inverse of the restricted sine function is usually denoted by sin™" or arcsin.

Inverse sine function

T T
sin™': [-1,1] > R, sin"' x = y, wheresiny = xand y € —7 5]

1

The graph of y = sin”" x is obtained from the graph of y = sinx, x € [—g g], through a

reflection in the line y = x.

¥ y
A A
y -
A = s~ x/ TC y=sin~lx
y=sinx 2 SY=X 2
1' l T /, L
47 y=8Inx
. 0 > X — X 0 > X
i T R -1 1
2 2 2
—11
-
2

® Domain Domain of sin”! = range of restricted sine function = [-1, 1]

m Range Range of sin™! = domain of restricted sine function = [—g, g]
m Composition
e sin(sin”! x) = xforall x € [-1,1]

P T
= xforall e[——,—]
e sin (sinx) = x for all x 273
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134 Chapter 3: Circular functions

1

» The inverse cosine function: y = cos™' x

The standard domain for the restricted cosine function is [0, m].

1

The restricted cosine function is one-to-one, and its inverse is denoted by cos™ or arccos.

Inverse cosine function

cos™': [-1,1] > R, cos' x =y, wherecosy = xandy € [0, ]

1

The graph of y = cos™ x is obtained from the graph of y = cos x, x € [0, «], through a

reflection in the line y = x.

y y y
A

1 4 Y =C08 X 1«\\,
S\ y=cosXx
0\ . o\’ \ . 0 .

> X

i\\it' 17 L -1 I
-1+ 2 ’/ 14 2 °

®m Domain Domain of cos™! = range of restricted cosine function = [—1, 1]

m Range Range of cos™! = domain of restricted cosine function = [0, 7]
m Composition
e cos(cos™! x) = xforall x e [-1,1]

e cos!(cosx) = xforall x € [0, x]

» The inverse tangent function: y = tan™" x

. . R L
The domain of the restricted tangent function is (_E 5)

The restricted tangent function is one-to-one, and its inverse is denoted by tan™! or arctan.

Inverse tangent function

T
tan”': R > R, tan"! x =y, wheretany = xand y € (—5 5)

The graph of y = tan™! x is obtained from the graph of y = tan x, x € (—g g) through a

reflection in the line y = x.
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3C Inverses of circular functions 135

Y Y
A A
|
|
: 3 g
| ,,,,,,,,__,2 ,,,,,,, Y 2
i tan™!
=tan"'x
o0 o/ T
_I -
21 T
v e = ___|_ 2_______
| =_I
| YT
|
®m Domain Domain of tan~' = range of restricted tangent function = R
T n
m Range Range of tan™! = domain of restricted tangent function = (—5 5)
m Composition
e tan(tan”! x) = xforall x e R
T w
tan~!'(tan x) = x for all x € (——, —)
° (tanx) = x by )
@ Example 10
=== Sketch the graph of each of the following functions for the maximal domain:
a y=cos (2 -3x)
b y=tan'(x+2)+ g
Solution
a cos !(2-3x)isdefined & -1<2-3x<1
& -3<-3x<-1
o ! <x<1
= <x<
3
L .1
The implied domain is [g, 1]. y
> ! (1.
We can write y = cos‘l(—3(x - —)) |
3
The graph is obtained from the graph of
y = cos™! x by the following sequence of
transformations:
m a dilation of factor % from the y-axis o 1 4 =
m areflection in the y-axis 3
m a translation of % units in the positive
direction of the x-axis.
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136 Chapter 3: Circular functions

b The domain of tan~! is R. y
The graph of
y=tan~!(x +2) + g

is obtained from the graph of y = tan™! x by a

translation of 2 units in the negative direction
. T .-

of the x-axis and — units in the positive

direction of the y-axis.

Example 11
V3

a Evaluate sin™! (— - )

) i i (nf )

b Simplify:

i sin”! (sin(

o a

ifi sin_l(cos(E)) iv sin(cos‘l(i))
3 V2
Solution
. .1 \/§ . . . . 3 T T
a Evaluating sin (—7 is equivalent to solving siny = 5 fory e [—5 5]
infZ) = 2
3/ 2
sin(—n) =- v3
3/ 2
i ( V3 ) n
sin” |——— | =——=
2 3
b i Since X € [—E il by definition i sin_l(sin(s—n)) = sin_l(sin(:rc - 5_75))
6 L 22™ 6/~ 6
we have
. (T
. _1( . (ﬂ:)) o = Sin (sm(g))
sin” " sin c)) =@ o
6
ifi sin_l(cos(E)) = sin_l(sin(E - E)) iv sin(cos_l(i)) = Sin(E)
3/ 2 3 a2/l T4
“(einf3) ;
=sin" (sin{— = —
: V2
_T
6
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Find the implied domain and range of:

a y=sin"!@x-1)

Solution
a For sin™!(2x — 1) to be defined:

-1<2x-1<1
= 0<2x<2
& 0<x<l1

Thus the implied domain is [0, 1].

T T
Th ] [——, —].
@ range 1S 2 2

Find the implied domain and range of y = cos(— sin™

domain [0, t].

3C Inverses of circular functions 137

b y=3cos!(2-2x)

b For 3 cos™!(2 — 2x) to be defined:

-1<2-2x<1
& —3<-2x<-1
& 1< <3

—_— x —_—

272

13
Thus the implied domain is [E’ E]

The range is [0, 3m].

! x), where cos has the restricted

Solution
Lety = cosu, u € [0, m]. Letu = —sin"! x.
u
Y A
A n
1 "\ 2
—> U —> X
0 T T -1 O 1
2
-1 x
2
. 8 o =il T T
From the graphs, it can be seen that the function # = —sin™" x has range —7 5]

But for y = cos u to be defined, the value of # must belong to the domain of y = cos u,

which is [0, it]. Hence the values of u# must belong to the interval [0, g]

T .
OSMSE = 0<-sin'x<
T .
& —-Z<sin'x<0
2
o —-1<x<0

(S|

(since u = —sin~"' x)

Hence the domain of y = cos(— sin”! x) is [-1,0]. The range is [0, 1].
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138 Chapter 3: Circular functions 3C

________Exercise Ele

Skillsheet » 1 Sketch the graphs of the following functions, stating clearly the implied domain and the
range of each:

1
Example 10 ay=tan'(x-1) b y=cos'(x+1) cy= ZSin_l(x + 5)
1
d y=2tan"(x)+ g e y=cos(2x) fy=5sinGo+ g
Example 11a] 2  Evaluate each of the following:
1
a arcsin 1 b arcsin(——z) ¢ arcsin0.5
3
d cos‘l(—g) e cos'0.5 f tan"'1
1
g tan~'(—V3) h tan‘l(—) i cos™I(=1)
V3
Example 11b 3 Simplify:
a sin(cos™ 0.5) b sin_l(cos(s—n)) C tan(sin_'(—i))
. G N
-1 BTIRE -1
d cos(tan™' 1) e tan sm(;) f tan(cos™'0.5)
1 T i . 21 . 1 11m
g cos (cos(?)) h sin (sm(——)) i tan (tan(T))

e tn(-3)weotfunF) o)

4 Letf: [g 37“] — R, f(x) =sinx.
a Define f7!, clearly stating its domain and its range.
b Evaluate:
. T .. 37 e 7T
i 1(3) i(7) i 1)
iv f1(-1) v 710 vi £710.5)

Example 12| 5 Given that the domains of sin, cos and tan are restricted to [—g g] [0, ] and (—g g)
respectively, give the implied domain and range of each of the following:

. . T .
ay=sin'2-x by=sm(x+z) c y=sin"'2x+4)
JT JT

d y:sin(3x—§) e y:cos(x—g) fy=cos'(x+1)

1.2 2m . 1.2
g y=cos ' (x) hy:cos2x+? i y=tan'(x%)
; T -1 2
jy=tan2x—§ le y=tan"'2x+1) I y=tan(x)
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3C 3C Inverses of circular functions 139

6 Simplify each of the following expressions, in an exact form:

vl belo(3) e ofm(d)
dawl Q) e wnfeor(d) ¢ sinfeos-1(2)

g sin(tan™!(-2)) h cos(sin_l(;)) i sin(tan™'0.7)
7 Letsina = E and sinf} = i where a € [0, E] and f € [O, E].
5 13 2 2
a Find:
i cosa
ii cosf

b Use a compound angle formula to show that:

i sin_l(i) - sin_l(i) = sin_l(E)
5 13/ 65

ii sin_l(i) + sin_l(i) = cos‘l(g)
5 13) 65

. . . . T )
Example 13| 8 Given that the domains of sin and cos are restricted to [—5, 5] and [0, t] respectively,

give the implied domain and range of each of the following:

a y=sin"'(cosx) b y = cos(sin”" x)
¢ y = cos~!(sin(2x)) d y = sin(-cos™' x)
e y=cos(2sin! x) f y = tan"!(cos x)
g y = cos(tan™! x) h y = sin(tan™! x)

1
9 a Use a compound angle formula to show that tan~!(3) — tan™! (E) = g
x —

1
):gforx>—1.

b Hence show that tan™! x — tan‘l(
x+1

10 Given that the domains of sin and cos are restricted to [—g, g] and [0, t] respectively,
explain why each expression cannot be evaluated:
a cos(arcsin(—0.5))
b sin(cos™!(=0.2))
‘/ ¢ cos(tan”!(-1))
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140 Chapter 3: Circular functions

3D Solution of equations

In Section 1A, we looked at the solution of equations involving sine, cosine and tangent. In
this section, we introduce equations involving the reciprocal circular functions and the use
of the double angle formulas. We also consider equations that are not able to be solved by
analytic methods.

Example 14

Solve the equation sec x = 2 for x € [0, 2m].

Solution
y
secx =2 A
1
COoS X = 3 1
OSSR EEEEELES e
We are looking for solutions in [0, 27t]: -
T T o 21
x=§ or X=275—§ ) =cos X
T 5n =L
X = — X = —
3 3
Example 15
—-2V3
=== Solve the equation cosec(Zx - g) = 3\/_ for x € [0, 2x].
Solution
cosec(Z n) ~2V3
X——|=——
3 3
implies sin(2 n) - i
X——]|=— = —
3/ 243 2
T mw 1lx
Let§ = 2x— = where 6 ——,—].
e X 3 where 0 € 33
Then sinO = _—\5
2
0= n 4n Sn 10; or 11w
3737 3° 3
) n_ 7w 4x Sn 10w or 11m:
*T3773 33 73 3
5 11
2x =0, ;, 2, Tn or 4m
5 11
x=0, 615 s Tn or 27w
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3D Solution of equations 141

» General solution of trigonometric equations
We recall the following from Mathematical Methods Units 3 & 4.

m For a € [-1, 1], the general solution of the equation cos x = a is
x =2nm +cos '(a), wherencZ

m For a € R, the general solution of the equation tan x = a is
x=nn+tan (@), wherencZ

m For a € [-1, 1], the general solution of the equation sin x = a is
x=2nm+sin"'(@) or x=Qn+ n-sin"'(a), whereneZ

Note: An alternative and more concise way to express the general solution of sin x = a is
x = nw + (—=1)"sin"(a), where n € Z.

Example 16

a Find all the values of x for which cotx = —1.

b Find all the values of x for which sec(2x - g) =2.

Solution

a The period of the function y = cot x is 7. A
3

The solution of cot x = —1 in [0, ;] is x = Zﬂ

Therefore the solutions of the equation are

|
|
l
3 l
x=Tn+nn where n € Z |
|
|
—> X
b First write the equation as |
7T 1 i
cos(2x — —) == [
( *T3)72 |
|
|

We now proceed as usual to find the general solution:

1
2x — g =2nmw + cos_l(z)

JT T
2x— — =2nmw+ —

3 3

JT T T JT
2x——=2nn+ - or 2x— - =2nmw— -

3 3 3 3

T
2x:2nn+? or 2x = 2nn
T
x=nn+§ or X =nmu wheren € Z
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142 Chapter 3: Circular functions

» Using identities to solve equations

The double angle formulas can be used to help solve trigonometric equations.

Example 17

Solve each of the following equations for x € [0, 27t]:

a sin(4x) = sin(2x) b cosx = sin(%)
Solution
a sin(4x) = sin(2x)
2 sin(2x) cos(2x) = sin(2x)
sin(2x)(2 cos(2x) — 1) =0 where 2x € [0, 4]
Thus sin(2x) =0 or 2cos(2x)—1=0
i.e. sin(2x) = 0 or cos(2x) = %
wm St Tn 1z
2207 ,233’4 22—,—,—,—
X w, 2m, 3m, 4w or X 333 3
—Onn3n2n or 5t T llx;
X = ’ 2$ b 2 ) X = 6’ 6 ) 6 ’ 6
LA A Tn 3n ll=n
H = O? _7 _7 _7 9 _7 2 — 2 .
ence x 626n62 6orJn
X
b = sin(3)
Cos x = sin >
1- 2sin2(g) = sin(%)
2sin2(§) T sin(g) ~1=0 where 2. € [0,7]
Leta = sin(g). Then a € [0, 1]. We have
2a° +a—1=0
2a-1)(a+1)=0
2a—1=0 or a+1=0
a= % or a=-1
Thus a = % since a € [0, 1]. We now have
sin(x) !
2) 2
X W or S
2 6 6
T or S5
X=—or —
3 3
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» Maximum and minimum values

3D Solution of equations 143

We know that —1 <sinx < 1 and —1 < cos x < 1. This can be used to find the maximum and

minimum values of trigonometric functions without using calculus.

For example:

m The function y = 2 sin x + 3 has a maximum value of 5 and a minimum value of 1. The

maximum value occurs when sin x = 1 and the minimum value occurs when sin x = —1.

m The functiony =

Example 18

=== Find the maximum and minimum values of:

2sinx + 3

a sin?(2x) + 2 sin(2x) + 2

Solution

a Leta = sin(2x). Then

sin?(2x) + 2 sin(2x) + 2

=a®+2a+2
=(a+1)’+1

= (sin@x) + 1)* + 1

Now —1 < sin(2x) < 1.
Therefore the maximum value

is 5 and the minimum value is 1.

1

sin?(2x) + 2sin(2x) + 2

. .. 1
has a maximum value of 1 and a minimum value of 5

A y=(sin(x)+1)2+1

= A

1

T > X
3n

2

Y sin@n) + 12+ 1

b Note that sin?(2x) + 2 sin(2x) + 2 > 0 for all x. Thus its reciprocal also has this property.

A local maximum for the original function yields a local minimum for the reciprocal.

A local minimum for the original function yields a local maximum for the reciprocal.

. . .. 1
Hence the maximum value is 1 and the minimum value is 5

Using the TI-Nspire

m To find the x-values for which the maximum

occurs, use > Calculus > Function
Maximum. The restriction is chosen to give

particular solutions.

m Use one of these x-values to find the
maximum value of the expression.

m Similarly, to find the x-values for which the
minimum occurs, use > Calculus >

Function Minimum.
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144  Chapter 3: Circular functions 3D

Using the Casio ClassPad

m In :n/ﬂ , enter and highlight £ Edit Action Interactive
(sin(2x))? + 2 sin(2x) + 2. 23| v [ sime [ [ v [ 444 v ] a
» To find the maximum fMax ( (sin(2+x) ) 242+sin(2+x)+2, %, 0, )
value, select Interactive > {MaxValue:& X=%}
Calculation > fMax. 9
. fMin ( (sin(2+x)) 2+2+sin(2+x)+2,x, 0, 7)
= Enter the domain: start at O; . 3ex
{MmValue=1 , X=T}

end at 7.

Note: The minimum value can be found similarly by choosing fMin.

» Using a CAS calculator to obtain approximate solutions

Many equations involving the circular functions cannot be solved using analytic techniques.
A CAS calculator can be used to solve such equations numerically.

Example 19

Find the solutions of the equation 2 sin(3x) = x, correct to three decimal places.

Solution o
The graphs of y = 2 sin(3x) A
and y = x are plotted using a 5l
CAS calculator.
The solutions are x = 0, x ~ 0.893
and x ~ —0.893.

@)

e

(-0.8929...,|-0.8929...) ¥ =25 (30

Exercise E]»)]

Skillsheet » 1 Solve each of the following equations for x € [0, 25]:

T
Example 14,15 a cosecx = -2 b cosec(x - Z) =-2 c 3secx =2V3
T
d cosec(2x)+1=2 e cotx=-V3 f cot 2x—§ =-1
2 Solve each of the following equations, giving solutions in the interval [0, 2st]:
. -3
a sinx=0.5 b cosx = —= c tanx =3
d cotx=-1 e secx=-2 f cosecx = —V2
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3D 3D Solution of equations 145

example 16/ 3  Find all the solutions to each of the following equations:

1
a sinx = — b secx=1 c cotx=1V3
\2
T 7 2V3 7 2V3
Y )
d cosec(Zx 3) 2 e cosec(3x 3) 3 sec(3x c 3
g cot(Zx— g) =3 h cot(2x - ;) = -1 i cosec(2x— g) =1

4 Solve each of the following in the interval [—m, ], giving the answers correct to two
decimal places:

a secx=25 b cosecx =-5 c cotx=0.6

example 17| 5  Solve each of the following equations for x € [0, 27]:

a cos’x—cosxsinx =0 b sin(2x) = sin x

¢ sin(2x) = cos x d sin(8x) = cos(4x)
e cos(2x) = cosx f cos(2x) = sinx

g sec?x+tanx = 1 h tanx(1+cotx)=0
i cotx+3tanx = 5cosecx j sinx+cosx =1

Example 18| 6  Find the maximum and minimum values of each of the following:

1
a 2+sin0 b —— c sin”0+4
2 +sin0
1
—— e cos’0 +2cos0 f cos’0+2cos0+6
sin“ 0 + 4

example 19| 7 Using a CAS calculator, find the coordinates of the points of intersection for the graphs
of the following pairs of functions. (Give values correct to two decimal places.)

a y=2x and y = 3sin(2x) b y=x and y = 2sin(2x)
c y=3—x and y=cosx d y=x and y =tanx, x € [0, 27]

8 Letae[-1,1] witha # —1. Consider the equation cos x = a for x € [0, 2xt]. If g is one
of the solutions, find the second solution in terms of ¢.

9 Letsino = a where a € (0, g) Find, in terms of o, two values of x in [0, 25t] which
satisfy each of the following equations:

a sinx=-—a b cosx=a

10 Letsecp = b where 3 € (g, n). Find, in terms of (3, two values of x in [—, 7] which
satisfy each of the following equations:

a secx=-b b cosecx =5

3
11 Lettany = ¢ where y € (n, %ﬁ) Find, in terms of vy, two values of x in [0, 27t] which
satisfy each of the following equations:

a tanx = —c b cotx=c
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146 Chapter 3: Circular functions 3D

12

13
14

15

16

17

18

19

v

. .. 0
Solve, correct to two decimal places, the equation sin’ @ = — for 0 € [0, 7t].
T

Find the value of x, correct to two decimal places, such that tan~! x = 4x - 5.

A curve on a light rail track is an arc of a circle of length 300 m and the straight line
joining the two ends of the curve is 270 m long.

a Show that, if the arc subtends an angle of 26° at the centre of the circle, then 0 is a

T
lution of th tion sin 0° = ——0°.
solution of the equation sin 200

b Solve this equation for 6, correct to two decimal places.
. . 1
Solve, correct to two decimal places, the equation tan x = — for x € [0, m].
X

The area of a segment of a circle is given by the equation A = %rz(ﬁ — sin 0), where 0 is
the angle subtended at the centre of the circle. If the radius is 6 cm and the area of the
segment is 18 cm?, find the value of 0 correct to two decimal places.

Two tangents are drawn from a point A
so that the area of the shaded region (]
is equal to the area of the remaining
region of the circle. ’ o
a Show that 0 satisfies the equation
tan0 = — 0. U
B

b Solve for 6, giving the answer ZAOB =260

correct to three decimal places.

Two particles A and B move in a straight line. At time ¢, their positions relative to a
point O are given by

x4 =05sint and xp = 0.257 + 0.05¢

Find the times at which their positions are the same, and give this position. (Distances
are measured in centimetres and time in seconds.)

A string is wound around a disc and a horizontal length of the string AB is 20 cm long.
The radius of the disc is 10 cm. The string is then moved so that the end of the string,

B’, is moved to a point at the same level as O, the centre of the circle. The line B'P is a
tangent to the circle.

o

A 20 cm B

a Show that 0 satisfies the equation g - 0+tan0 = 2.

b Find the value of 6, correct to two decimal places, which satisfies this equation.
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Chapter summary

Reciprocal circular functions
m Definitions

cosecx = ——
sin x
secx =
COS X
COS X
cotx = —
sin x

m Symmetry properties

Chapter 3 review 147

provided sinx # 0

provided cosx # 0

provided sinx # 0

sec(m — x) = —secx cosec(it — X) = cosec x cot(m — x) = —cotx
sec(m + x) = —secx cosec(7 + x) = —cosec x cot(;w + x) = cotx
sec(2m — x) = sec x cosec(2m — x) = — cosec x cot(2m — x) = —cotx
sec(—x) = secx cosec(—x) = —cosec x cot(—x) = —cotx
m Complementary properties
T T
sec(i - x) = cosec x cosec(z - x) =secx
7T T
cot(— - x) =tanx tan(— - x) = cotx
2 2
m Pythagorean identities
sin®x+cos’x =1
1 + cot® x = cosec” x
1 + tan’ x = sec” x
Compound angle formulas
B cos(x+y)=cosx cosy—sinx siny
B cos(x —y) =Cosx cosy+sinx siny
B sin(x +y) =sinx cosy+ cosx siny
B sin(x —y) =sinx cosy —cosx siny
tan x + tan
E tan(x +y) = axrEy
I —tanx tany
tan x — tan
m tan(x —y) = Anx—lany
I +tanx tany
Double angle formulas
. . . 2tan x
B cos(2x) = cos® x —sin® x ®m sin(2x) = 2sinx cos x m tan(2x) = —
5 1 —tan” x
=1-2sin“x
=2cos’x—1
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148 Chapter 3: Circular functions

Inverse circular functions

m Inverse sine (arcsin) m Inverse cosine (arccos)
sin!: [-1,1] > R, sin"!x =y, cos': [-1,1] > R, cos™' x =,
Tow
where siny = xand y € 3 E] where cosy = x and y € [0, ]
y y
A - A
g_ y=sm - Xx T A y=cos_1x

X
1
> X
-1 0 1
m Inverse tangent (arctan) y
tan"': R > R, tan™' x =y, A
T 21 y=tanlx
2
where tany = xand y € (——, —) ,,,,,,,,,,,,,,,,,
2°2
0 > X
,,,,,, R
2
Technology-free questions
) 4
1 If 0 is an acute angle and cos 6 = —, find:
a cos(20) b sin(20) c tan(20) d cosecd e cot0
2 Solve each of the following equations for —x < x < 27
a sin(2x) = sinx b cosx—1=cos(2x) ¢ sin(2x) = 2cosx
d sin®x cos® x = cosx e sinzx—%sinx— 1=0 f 2cos’x—3cosx+1=0

3 Solve each of the following equations for 0 < 0 < 2, giving exact answers:
a 2—sin0 =cos? 0+ 7sin’0 b sec(20) =2
C %(50056—3sin6):sin6 d secO =2cosO

4 Find the exact value of each of the following:
a sin(s—n) b cosec(—s—n) C sec(7—n)
3 3 3
5 3
' d cosec(%) e cot(—%) f cot(—g)
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Chapter 3 review 149

5 Given that tana = p, where a is an acute angle, find each of the following in terms

of p:

a tan(—-a) b tan(m — o) C tan(g —oc) d tan(%c +oc) e tan2w — )
6 Find:

a sin_l(?) b cos(cos“(%)) c cos‘l(cos(z?n))

d cos‘l(cos(é%n)) e cos(sin‘l(—%)) f cos(tan™!(-1))

7  Sketch the graph of each of the following functions, stating the maximal domain and
range of each:
a y=2tan"'x b y=sin"!(3-x) c y=3cos '2x+1)
/ d y=-cos!(2-x) e y=2tan"'(1 - x)

Multiple-choice questions

1  Which of the following is the graph of the function y = cos™!(x)?

A B y C y
A

N
YN

|
o
|
Ql ™I

v/
>

3

y
lK

X

o ko i

\ 2\

. > X -1

-1 O] 1

SIE]

-2
2 Ifcosx= 3 and 27t < x < 3m, then the exact value of sin x is

A2n+? an—? cg D_T\/g E

O |

-1
3 Given that cos(x) = ) and x € (g n), the value of cot(x) is

A — B 3VIl Cc -3Vl Dﬂ E_—‘/ﬁ

3V11 33 33
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150 Chapter 3: Circular functions

7
4 The graph of the function y = 2 + sec(3x), for x € (—g g) has stationary points at

7T T S| 7T
A = — B = —- - — C _ —
TR T2 T2
T 2m 2
D x= =z E x=0 2"
x 0,3, 3 x=0, 3
. -1 .
5 Ifsinx= ER then the possible values of cos x are
A __2\5, _2\5 B ‘_2% C __8§ D __ﬁﬁ E __11
3 3 3°3 9°9 3 3 2
6 The maximal domain of y = cos™!(1 — 5x) is given by
2 l-m 1 2 11
A - B — -1,1 D - E |-, -
[0’5] [ 575 c =L (0’5) [5’5

7 (1 +tanx)*> + (1 — tan x)? is equal to
A 2 +tanx + 2 tan(2x) B 2 C —4tanx D 2+ tan(2x) E 2sec’x

1
8 The number of solutions of cos?(3x) = 7 given that 0 < x < m, is

Al B 2 c3 D 6 E 9
tan(20)
9 — 1
1 + sec(20) equats
A tan(20) B tan20)+1 C tan0+1 D sin(20) E tan0

10 IfsinA =rtand cos B = t, where g <A<mand0< B< g, then cos(B + A) is equal to

\/ A0 B Vi-£~ C 22-1 D 1-27 E -2tV1-22

Extended-response questions

1 A horizontal rod is 1 m long. One end is
hinged at A, and the other end rests on a
support B. The rod can be rotated about A,
with the other end taking the two positions
B; and B,, which are x m and 2x m above
the line AB respectively, where x < 0.5.

Let /BAB, = a.and /BAB, = p.

a Find each of the following in terms of x:
i sina ii cosa iii tana iv sinf3 v cosf vi tanf}

b Using the results of a, find:

i sin(f—a) ii cos(p—a) iii tan(p — o)
iv tan(2a) v sin(2a) vi cos(2a)
' c If x = 0.3, find the magnitudes of ZB,AB) and 2a, correct to two decimal places.
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2 a On the one set of axes, sketch the graphs of the following for x € (0, ) U (5T, 271):
i y=cosec(x) ii y=cot(x) iii y = cosec(x) — cot(x)
b i Show that cosec x — cot x > 0 for all x € (0, i), and hence that cosec x > cot x for
all x € (0, 7).
il Show that cosec x — cot x < O for all x € (5T, 27t), and hence that cosec x < cot x
for all x € (, 2m).

¢ On separate axes, sketch the graph of y = cot(g) for x € (0, 2m) and the graph
of y = cosec(x) + cot(x) for x € (0,2m) \ {mx}.

. 0 .
d i Prove that cosec0 + cot0 = cot(z) where sin 0 # 0.

ii Use this result to find cot(g) and cot(%).

iii Use the result 1 + cotz(g) = cosecz(g) to find the exact value of sin(g).

e Use the result of d to show that cosec(0) + cosec(20) + cosec(40) can be expressed
as the difference of two cotangents.

3 a ABCD is arectangle with diagonal AC of length B C
10 units.

i Find the area of the rectangle in terms of 0. 10
ii Sketch the graph of R against 6, where R is

the area of the rectangle in square units, 0
for 0 ¢ (0.7). 4 D

iii Find the maximum value of R. (Do not use calculus.)

iv Find the value of 0 for which this maximum occurs.

b ABCDEFGH is a cuboid with £ G
L(GAC = g /CAD =0 and AC = 10.
E
i Show that the volume, V, of the B 5 a C
cuboid is given by e
0
V = 1000 cos 0 sin0 tan(g) 4 D

0 0
ii Find the values of ¢ and b such that V = a sinz(z) +b sin4(§).

. (6 .
i Letp = smz(z). Express V as a quadratic in p.

iv Find the possible values of p for 0 < 6 < g

v Sketch the graphs of V against 6 and V against p with the help of a calculator.

vi Find the maximum volume of the cuboid and the values of p and 6 for which this
occurs. (Determine the maximum through the quadratic found in b iii.)

¢ Now assume that the cuboid satisfies ZCAD = 0, /GAC = 6 and AC = 10.

i Find V in terms of 0. ii Sketch the graph of V against 6. ‘
iii Discuss the relationship between V and 0 using the graph of c ii.
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152 Chapter 3: Circular functions

4 ABCDE is a pentagon inscribed in a circle with C
AB = BC = CD = DE = 1 and ZBOA = 20. TOND

The centre of the circle is O. B
Let p = AE.
sin(46) &0 E

a Show that p =

sin®
b Express p as a function of cos 0.
Let x = cos 0.

c i If p =3, show that 8x°> — 4x — V3 = 0.

ii Show that - isa solution to the equation and that it is the only real solution.

ili Find the value of 0 for which p = V3.

iv Find the radius of the circle.
d Using a CAS calculator, sketch the graph of p against 0 for 6 € (O, ;]
e If A = E, find the value of 6.
f i IfAE =1, show that 8x° —4x—1=0.

. 1
ii Hence show that Z(\/g +1)= cos(g).

5 a i Prove thattan x + cot x = 2 cosec(2x) for sin(2x) # 0.
ii Solve the equation tan x = cot x for x.
iii On the one set of axes, sketch the graphs of y = tan x, y = cot x and
y = 2 cosec(2x) for x € (0, 2m).
b i Prove that cot(2x) + tan x = cosec(2x) for sin(2x) # 0.
ii Solve the equation cot(2x) = tan x for x.

iii On the one set of axes, sketch the graphs of y = cot(2x), y = tan x and
y = cosec(2x) for x € (0, 2).

cos((m — n)x)

¢ i Prove that cot(mx) + tan(nx) = for all m,n € Z.

sin(mx) cos(nx)’
il Hence show that cot(6x) + tan(3x) = cosec(6x).

6 Triangle ABE is isosceles with AB = BE, and triangle
ACE is isosceles with AC = AE = 1.

a i Find the magnitudes of /BAE, /AEC and /ACE.
ii Hence find the magnitude of /BAC.
b Show that BD = 1 + sin 18°.
¢ Use triangle ABD to prove that
R 1 +sin 18°
cos36° = 172518’
d Hence show that 4 sin® 18° + 2sin 18° — 1 = 0.

e Find sin 18° in exact form.

y

Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press
Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party



Chapter 3 review 153

7 VABCD is aright pyramid, where the base 14
ABCD is a rectangle with diagonal length AC = 10.

a First assume that ZCAD = 0° and £VAX = 0°.

i Show that the volume, V, of the
pyramid is given by

v=2e /7 X

ii Sketch the graph of V against 0
for 6 € (0, 90).
iii Comment on the graph.

o

0
b Now assume that ZCAD = 0° and /VAX = EX

i Show that the volume, V, of the pyramid is given by
1000 0 0
V= 3 sinz(z) (1 -2 sinz(z))

ii State the maximal domain of the function V().

iii Leta = s1n2(5) and write V as a quadratic in a.
iv Hence find the maximum value of V and the value of 0 for which this occurs.

v Sketch the graph of V against 6 for the domain established in b ii.

8 VABCD is aright pyramid, where the
base ABCD is a rectangle with diagonal
length AC = 10.

Assume that /ZCAD = 6° and AY = BY.
a If zVYX = 0°, find:

i an expression for the volume of

the pyramid in terms of 0

ii the maximum volume and the A
value of 0 for which this occurs.

o

b If /vYX = %:

. 500
i show that V = = cos? 0 (1 — cos 0)
ii state the implied domain for the function.
500
¢ Leta=cosH. ThenV = Taz(l —a). Use a CAS calculator to find the maximum

value of V and the values of a and 0 for which this maximum occurs.

X
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154 Chapter 3: Circular functions

9 A camera is in a position x m from a point A.
An object that is @ metres in length is
projected vertically upwards from A.

When the object has moved b metres
vertically up:

a Show that l

+b b
an . an X

b Use the result of a to show that
ax

x2 4+ ba + b?

A
Y

Xm

tan O =

c Ifo = g, find:

i xinterms of a and b
it xifa=2(1+V2)andb=1
d Ifa=2(1+ \/5), b =1 and x = 1, find an approximate value of 0.
e Using a CAS calculator, plot the graphs of 0 against b and tan 0 against b for
constant values of a and x as follows:
ia=1,x=5
iita=1,x=10
iii a=1,x=20

f Comment on these graphs.

10 Points A, B and C lie on a circle with y
centre O and radius 1 as shown. A
a Give reasons why triangle ACD is
similar to triangle ABC. C
b Give the coordinates of C in terms of

circular functions applied to 26.

¢ i Find CA in terms of 0 from 0 20

triangle ABC. A o D B

ii Find CB in terms of 0 from triangle ABC.
d Use the results of b and ¢ to show that sin(20) = 2sin 0 cos 0.
‘/ e Use the results of b and ¢ to show that cos(20) = 2cos?> 0 — 1.

y
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Complex numbers

Objectives

To understand the imaginary number j and the set of complex numbers C.

To find the real part and the imaginary part of a complex number.

To perform addition, subtraction, multiplication and division of complex numbers.
To understand the concept of the complex conjugate.

To represent complex numbers graphically on an Argand diagram.

vVVvVvYvVYyVvYvyyYy

To work with complex numbers in modulus-argument form, and to understand the
geometric interpretation of multiplication and division of complex numbers in this form.

v

To understand and apply De Moivre's theorem.

v

To factorise polynomial expressions over C and to solve polynomial equations over C.

P To sketch subsets of the complex plane, including lines, rays and circles.

In the sixteenth century, mathematicians including Girolamo Cardano began to consider
square roots of negative numbers. Although these numbers were regarded as ‘impossible’,
they arose in calculations to find real solutions of cubic equations.

For example, the cubic equation x> — 15x — 4 = 0 has three real solutions. Cardano’s formula
gives the solution

x=v2+ Vo121 +v2 - V=121

which you can show equals 4.

Today complex numbers are widely used in physics and engineering, such as in the study of
aerodynamics.
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156 Chapter 4: Complex numbers

4A Starting to build the complex numbers

Mathematicians in the eighteenth century introduced the imaginary number i with the
property that
i*=-1
The equation x2 = —1 has two solutions, namely 7 and —i.
By declaring that i = V-1, we can find square roots of all negative numbers.
For example:
VI = IR
= Vax V-1
=2i

Note: The identity va x Vb = Vab holds for positive real numbers a and b, but does not hold
when both @ and b are negative. In particular, V-1 X V=1 # 4/(=1) X (-1).

» The set of complex numbers
A complex number is an expression of the form a + bi, where a and b are real numbers.
The set of all complex numbers is denoted by C. That is,
C={a+bi:a,beR}
The letter often used to denote a complex number is z.

Therefore if z € C, then z = a + bi for some a, b € R.
m Ifa =0, then z = bi is said to be an imaginary number.
m If b =0, then z = a is a real number.

The real numbers and the imaginary numbers are subsets of C.

Real and imaginary parts
For a complex number z = a + bi, we define
Re(z) =a and Im(z) =b
where Re(z) is called the real part of z and Im(z) is called the imaginary part of z.

Note: Both Re(z) and Im(z) are real numbers. That is, Re: C — R and Im: C — R.

Let z =4 — 5i. Find:

a Re(z) b Im(z) ¢ Re(z) — Im(z)
Solution
a Re(z) =4 b Im(z) = -5 ¢ Re(z) -Im(z) =4-(-5)=9
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4A Starting to build the complex numbers 157

Using the TI-Nspire

Assign the complex number z, as shown in ] siM384

the first line. Use (m) to access i. S adoiy 45
To find the real part, use > Number > real(2) 4
Complex Number Tools > Real Part, or just ) -
type real(. A — p

For the imaginary part, use > Number
> Complex Number Tools > Imaginary Part.

Note: You do not need to be in complex mode. If you use i in the input, then it will
display in the same format.

Using the Casio ClassPad

In \M/% tap Real in the status bar at the bottom of @ Edit Action Interactive
the screen to change to Cplx mode. B3| G B sime | 25w [ - | v a
Enter 4 — 5{ = z and tap (EXE). 4-5ivz
4-5-i
Note: The symbol i is found in the keyboard. iatid
Go to Interactive > Complex > re. | 4
o im(z)
Enter z and highlight. -5
Go to Interactive > Complex > im. re(z)-im(z)
9

Highlight and drag the previous two entries to the
next entry line and subtract as shown.

a Represent V-5 as an imaginary number. b Simplify 2vV-9 + 4i.

Solution
a V=5=5x(-1) b 2V-9+4i=2y9x(-1)+4i
=V5x V=1 =2Xx3xi+4i
- V5 =6i+4i
= 10i

Using the TI-Nspire
Enter the expression and press (enter).
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158 Chapter 4: Complex numbers

Using the Casio ClassPad

m Ensure your calculator is in complex mode © Edit Action Interactive
(with Cplx in the status bar at the bottom of
the main screen).

= Enter the expression and tap (EXE).

Equality of complex numbers

Two complex numbers are defined to be equal if both their real parts and their imaginary
parts are equal:

a+bi=c+di ifandonlyif a=candb=d

Solve the equation (2a — 3) + 2bi =5 + 6i fora € R and b € R.

Solution
If (2a — 3) + 2bi = 5 + 6i, then
2a—3=5 and 2b=6
a=4 and b=3

» Operations on complex numbers
Addition and subtraction

Addition of complex numbers
If z; = a + bi and 2, = ¢ + di, then

z71+z=(@+c)+ (b +di

The zero of the complex numbers can be written as 0 = 0 + 0i.

If z = a + bi, then we define —z = —a — bi.

Subtraction of complex numbers

If z; = a + bi and 2o = ¢ + di, then
n-—n=u+Cn)=@-o)+b-di

It is easy to check that the following familiar properties of the real numbers extend to the
complex numbers:

B +n=20+7 B @ +n)+tun=0+@+) mz+0=¢ mz+(-2)=0
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4A Starting to build the complex numbers 159

Multiplication by a scalar
If z=a + biand k € R, then
kz = k(a + bi) = ka + kbi
For example, if z = 3 — 6i, then 37 = 9 — 18i.

It is easy to check that k(z; + z0) = kz; + kzp, forall k € R.

Letz; =2 —3iand z; = 1 + 4i. Simplify:

azi+a bz-2 € 3z1-22
Solution
a z1+2 b z1-2 C 3z1 -2z
=2-3)+ 1 +4) =2-3)-(1+4) =32 -3i) —2(1 + 4i)
=31+ =1-7 =(6-9)—-(2+8i)
=4-17i

Using the TI-Nspire

Enter the expressions as shown.

a+b 3+
a-b 1-7-4
3-a-2'b 4-17"17

Using the Casio ClassPad

m Ensure your calculator is in complex mode @ Edit Action Interactive
(with Cplx in the status bar at the bottom of
the main screen).

m Enter the expressions as shown.

1+4i»b
1+4-i
a+b
3+i
a-b
1-7-i
3a-2b
4-17-i
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160 Chapter 4: Complex numbers

» Argand diagrams

An Argand diagram is a geometric representation of the set of complex numbers. In a vector
sense, a complex number has two dimensions: the real part and the imaginary part. Therefore
a plane is required to represent C.

An Argand diagram is drawn with two Im(z)
perpendicular axes. The horizontal axis A
represents Re(z), for z € C, and the vertical axis 3
represents Im(z), for z € C. 7]
Each point on an Argand diagram represents a (=2+10) e 1A e (3+1)
complex number. The complex number a + bi I — > Re(2)
is situated at the point (a, b) on the equivalent -3 -2 -1 - 01 2 3
Cartesian axes, as shown by the examples in
this figure. =2

-3 A ° (2 - 3l)

A complex number written as a + bi is said to
be in Cartesian form.

Represent the following complex numbers as points on an Argand diagram:
a? b -3i c2-i
d -2 +3i) e —1+2i

Solution
Im(z)
A
3 -
-1+2i, 74
1-
2
T T T 0 T * T > RC(Z)

-3 -2 -1 1 2 3

—1 1 e 2 —1
=2 4

—2+3i) 343
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4A Starting to build the complex numbers 1671

» Geometric representation of the basic operations on
complex numbers

Addition of complex numbers is analogous to addition of vectors. The sum of two complex
numbers corresponds to the sum of their position vectors.

Multiplication of a complex number by a scalar corresponds to the multiplication of its
position vector by the scalar.

Im(z) Im(z)
A R A
7 _eaz
%) /,’ // ///
/// 4 /’fz
s 4 7’
JRe ’ »”
// z ,/ bZ
As 1 0 JRe
o > Re(2) > > Re(z)
e a>1
< 0<bh<1
cz <b<

The difference z; — 7, is represented by the sum z; + (—z2).

Letz; =2+iand zp = —1 + 3i.

Represent the complex numbers z;, 2, z; + 22 and z; — z; on an Argand diagram and show
the geometric interpretation of the sum and difference.

Solution
271+22=Q2+1i)+(—-1+3i) Im(z)
=1+4i A
4 1 " Z1+ 2y
o N . \
271—2=02+1)—-(-1+3i) 2243 \
= 3 - 21 \ ‘\
\2 - a
\ ‘\
1‘\- /4 21
\ ,r' “
T T T T 6 T L — I— RC(Z)
-4 -3 -2 -1 Vol 2\3 4
—1 1\ \
\ \
\ \
—2 T \\ » 21 s 22
\
-3 4 » -2z
4 -
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162 Chapter 4: Complex numbers

» Multiplication of complex numbers
Letz; =a+ biand z, = ¢ + di (where a, b, c,d € R). Then
71 X 22 = (a + bi)(c + di)
= ac + bci + adi + bdi?
= (ac — bd) + (ad + be)i  (since i> = —1)

We carried out this calculation with an assumption that we are in a system where all the usual
rules of algebra apply. However, it should be understood that the following is a definition of
multiplication for C.

Multiplication of complex numbers

Letz; =a+ biand zo = ¢ + di. Then

71 X 20 = (ac — bd) + (ad + bc)i

The multiplicative identity for Cis 1 = 1 + 0i. The following familiar properties of the real
numbers extend to the complex numbers:

B 712 = 227 B (2122)73 = 21(2223) mzxl=z B 71(20 +23) = 2122 + 2123

Example 7

Simplify:

a (2+3i(1 -5 b 3i(5-2i) c i’

Solution

a 2+3)1-5)=2-10i+3i—-15> b 3i5-2)=15i-6i> «c i’=ixi’
=2-10i+3i+15 =15i+6 =—
=17-17i =6+ 15i

» Geometric significance of multiplication by /

Im(z) ,
When the complex number 2 + 3i is multiplied by —1, A ’2 +3i
the result is —2 — 3i. This is achieved through a rotation -3+2i //
of 180° about the origin. \\ //
SS ’
When the complex number 2 + 3i is multiplied by i, o > Re(2)
we obtain /10 T e
4
i(2 + 3i) = 2i + 3i* K
/
=2i-3 /
‘
=-3+2i -2-3i

The result is achieved through a rotation of 90° anticlockwise about the origin.

If —3 + 2i is multiplied by i, the result is —2 — 3i. This is again achieved through a rotation
of 90° anticlockwise about the origin.
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4A 4A Starting to build the complex numbers 163

Powers of i

Successive multiplication by i gives the following:

mi'=1 mil=i mi’2=-1 midl=—i
mit=(-1)?=1 mio=i mif=-1 mil=—i
In general, forn =0,1,2,3,...
= i4n =1 - i4n+1 =i = i4n+2 =1 = i4n+3 =—
~ Exercise L
Example 1 1 Letz=6-7i Find:
a Re(z) b Im(z) ¢ Re(z) - Im(z)

example2] 2  Simplify each of the following:

a V=25 b v-27 c 2i-7i

d 5V-16-7i e V-8+V-18 f ivV-12

g i2+10) h Im(2V-4) i Re(5V-49)
example3| 3  Solve the following equations for real values x and y:

ax+yi=5 b x+yi=2i

c x=yi d x+yi=Q2+3)+7(1 —i)

e 2x+3+8i=-1+2-3y) f x+yi=Qy+1)+(x-7i

Example4| 4 Letz; =2—1i,20 =3+ 2iand z3 = —1 + 3i. Find:

azu+on b z1+2+z c 2z1—z3
d3-zn e 4i—2+27 f Re(z))
g Im(z) h Im(z; - z) i Re(zp) —ilm(z2)

example 5| 5 Represent each of the following complex numbers on an Argand diagram:
a —-4i b -3 c 2(1+1i)
d 3-i e —(3+2i) f -2+3i

Example6] 6 Letz; =1+4+2iandz, =2 —1.
a Represent the following complex numbers on an Argand diagram:
iz il 2 il 271+ 2 iv z1-2

b Verify that parts iii and iv correspond to vector addition and subtraction.

Example7| 7  Simplify each of the following:

a 5-nD2+i0) b (4+7)@3+5i) c (2+3i)(2-30)
d (1+3i)? e 2-i) f (1+i0)]
g it h i''(6 + 5i) i 70
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Chapter 4: Complex numbers 4A

8 Solve each of the following equations for real values x and y:
a2x+@+4)i=0C+2)2-1i0 b (x+y)3+2i)=-16+11i
c (x+2)=5-12i d (x+yi?=-18i
e i2x—3yi)=6(1+1)

9 a Represent each of the following complex numbers on an Argand diagram:
i1+ i (1+10)? i (1+10)° iv (1+0)*
b Describe any geometric pattern observed in the position of these complex numbers.

10 Letz; =2+ 3iandzp = —1 + 2i. Let P, Q and R be the points defined on an Argand
diagram by zj, z» and z — z; respectively.

—_ =
a Show that PQ = OR. b Hence find QP.

Modulus, conjugate and division

The modulus of a complex number

Definition of the modulus

For z = a + bi, the modulus of z is denoted by |z] and is defined by
|zl = Va® + b?

This is the distance of the complex number from the origin.

For example, if z; = 3 + 4i and 2o = -3 + 44, then
il =V32+42 =5 and |onl=V(-3)?+4=5

Both z; and z, are a distance of 5 units from the origin.

Properties of the modulus
B (7122| = |z1] |22l (the modulus of a product is the product of the moduli)

al_ kil
2l |zl
B |z + 22| <zl + 2l (triangle inequality)

(the modulus of a quotient is the quotient of the moduli)

These results will be proved in Exercise 4B.
The conjugate of a complex number

Definition of the complex conjugate

For z = a + bi, the complex conjugate of z is denoted by z and is defined by

Z=a-bi
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4B Modulus, conjugate and division 165

Properties of the complex conjugate
B tn=u+n ML =U2 m kz=4kz forkeR
m zZ=|7? m z+7Z=2Re(z)

Proof The first three results will be proved in Exercise 4B. To prove the remaining two
results, consider a complex number z = a + bi. Then 7 = a — bi and therefore

2z = (a + bi)(a - bi) z2+Z = (a+Dbi)+ (a—bi)
= a® + abi — abi — b*i* =2a
=d®+ b = 2Re(z)
= |z?

It follows from these two results that if z € C, then zz and z + 7 are real numbers. We can
prove a partial converse to this property of the complex conjugate:

Let z,w € C\ R such that zw and z + w are real numbers. Then w = Z.
Proof Write z = a + bi and w = ¢ + di, where b,d # 0. Then
z+w = (a+ bi) + (c+di)
=(a+c)+b+d)i
Since z + w is real, we have b + d = 0. Therefore d = —b and so
zw = (a + bi)(c — bi)
= (ac + b*) + (bc — ab)i

Since zw is real, we have bc — ab = b(c — a) = 0. As b # 0, this implies that ¢ = a.
We have shown that w = a — bi = Z.

Find the complex conjugate of each of the following:
a? b 3i c -1-5i

Solution

a The complex conjugate of 2 is 2.

b The complex conjugate of 3 is —3i.

¢ The complex conjugate of —1 — 5iis —1 + 5i.

Using the TI-Nspire

To find the complex conjugate, use
> Number > Complex Number Tools > conj(2)
Complex Conjugate, or just type conj(.

conj(?x 1') 3:7

Note: Use (] to access i. conj(-1-5- 9) 1454
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166 Chapter 4: Complex numbers

Using the Casio ClassPad

m Ensure your calculator is in complex mode. @ Edit Action Interactive

» Enter and highlight 2. "1 | &> || Sime
m Go to Interactive > Complex > conjg. conjg(2)
m Repeat for 3i and —1 — 5i as shown. o 4
conjg(3i)
-3-i
conjg(-1-5i)
=145+¢
» Division of complex numbers
We begin with some familiar algebra that will motivate the definition:
1 ><a—bi_ a—Dbi _a-bi
a+bi a+bi” a-bi (a+bi)a-bi) a*+b?
We can see that
a—bi
+bh)X ——= =1
(a+5) a* +b?
Although we have carried out this arithmetic, we have not yet defined what - means.

Multiplicative inverse of a complex number
If z = a + bi with z # 0, then

o, a-bi z

The formal definition of division in the complex numbers is via the multiplicative inverse:

Division of complex numbers

1 o1 _ Uz
=z =25 (forz; # 0)

22 Z

Here is the procedure that is used in practice:

Assume that z; = a + bi and z, = ¢ + di (where a, b, ¢,d € R). Then

z1 a+bi

2  c+di
Multiply the numerator and denominator by the conjugate of z5:
a _a+t bi & di
72 c+di c—di
_ (a+bi)(c—di)
2 +d?

Complete the division by simplifying. This process is demonstrated in the next example.
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4B Modulus, conjugate and division 167

a Write each of the following in the form a + bi, where a, b € R:

i 1 i 4+
3-2i 3-2i
o (1420
bSlmphfyﬁ.
Solution
ai 1 _ 1 ><3+2i i 4+i:4+ix3+2i
3—-2i 3-2i 342 3—-2i 3-2i 342
3+2i @4 +DH@3+20)
T 3220 T 32422
3+2i 12+8i+3i—-2
- 13 - 13
_3 .2, _10 1.
13 13 13 13

(1 +2i) 1+4i-4

i1+3) 3+i
34di 3

=5 3
_943i-12i+4
- (=3)2 — ;2
_13-9i
10
139
“10 10

Note: There is an obvious similarity between the process for expressing a complex number
with a real denominator and the process for rationalising the denominator of a surd
expression.

Using the TI-Nspire

Complete as shown.

1 3, 2
—_—
3=2:1 12 13
447 10 11
— i i
3-2'4 12 12
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168 Chapter 4: Complex numbers

Using the Casio ClassPad

Ensure your calculator is in complex mode and

complete as shown.

4B

& Edit Action Interactive

[oa; IJL,D {::JISimpI'_‘l‘/I v I i}} I v L

(9] 4B

o a]
3-2i b=
3 . 2-i
13713
4+i
3-2i
10, 11-i
13713

example 8| 1 Find the complex conjugate of each of the following complex numbers:
a V3 b 8i c 4-3
d —(1+2i) e 4+2i f -3-2i
example9| 2  Simplify each of the following, giving your answer in the form a + bi:
2+ 3i i c -4 -3
3-2i -1+3i i
d 3471 3+ 17
1+2i -1-i 4—1i

3 Letz=a+biandw = ¢ + di. Show that:

_ . __ z z
az+rw=z+w b w=zw c(—)=:
w w

Z Iz|

d ol = Il wl e |22 H

wi Wl

4 Letz =2 —i. Simplify the following:

az(z+1) b z+4 c z-2i
-1
;—1 e (z— i) f (241420

5 For z = a + bi, write each of the following in terms of a and b:

a zz b 5 C z+2
|zl
_ Z z
d z-72 e — f —
Z Z

Cambridge Senior Mathematics AC/VCE
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4C The modulus-argument form of a complex number 169

4C The modulus-argument form of a complex number

In the preceding sections, we have expressed complex numbers in Cartesian form. Another
way of expressing complex numbers is using modulus—argument (or polar) form.

Each complex number may be described by an angle and a distance from the origin. In this
section, we will see that this is a very useful way to describe complex numbers.

Polar form
The diagram shows the point P corresponding to the Im(z)
complex number z = a + bi. We see that a = rcos 0 and A |PZ =a+bi
b = rsin 0, and so we can write ; !
1
z=a+bi H b
o o
=rcosO + (rsin0)i 0 P L > Re(z)

=r(cos 0 +isin0)
This is called the polar form of the complex number. The polar form is abbreviated to
z=rcis0

m The distance r = Va2 + b? is called the modulus of z and is denoted by |z|.
m The angle 0, measured anticlockwise from the horizontal axis, is called the argument of z
and is denoted by arg z.

Polar form for complex numbers is also called modulus—argument form.

This Argand diagram usej_sE a polar grid Im(z)A
with rays at intervals of o= 15°.
. O 2i N
2CIS(?)Q s2cCis (3)
(ST ) ois(T
OZCIS(K) -c1s(%°) 2015(6)
-2 2 Re(z)
i —2—11: o i
cisf- 29 /| wcisl-1)
=2i
Non-uniqueness of polar form
Each complex number has more than one representation in polar form.
Since cos 0 = cos(0 + 2nm) and sin O = sin(0 + 2nmw), for all n € Z, we can write
z=rcisO =rcis(0 +2nm) forallneZ
The convention is to use the angle 6 such that —m < 6 < 7.
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170 Chapter 4: Complex numbers

Principal value of the argument

For a non-zero complex number z, the argument of z that belongs to the interval (-, 7] is
called the principal value of the argument of z and is denoted by Argz. That is,

—T<Argz<m

» Complex conjugate in polar form Im(z)

It is easy to show that the complex conjugate, z, is a
reflection of the point z in the horizontal axis.

Therefore, if z = rcis 0, then 7 = rcis(—0). orNe

Example 10

Find the modulus and principal argument of each of the following complex numbers:

a4 b -2i cl+i d 4-3;
Solution
a Im(z) b Im(z)
A A
0 > Re(z) om > Re(z)
-2 2
41=4, Arg(4)=0 20 =2, Arg(-20) =3
c Im(z) d Im(z)
A A
AL
ok
A 4 LR (2) > Re(z)
0 > I\NC(Z 0 \\\{e y
5, 4 -3)

H+i=VI2+12=V2 4 -3l =42+ (=32=5
3
Arg(l +1) = X Arg(4 - 3i) = —tan_l(—)
4 4
~ —0.64 radians
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4C The modulus—-argument form of a complex number 171

Using the TI-Nspire

m To find the modulus of a complex number,

use > Number > Complex Number angle(4) 0

Tools > Magnitude. |-2- 4] 4
Alternatively, use |O| from the 2D-template ;

angle(-z- 1) T

palette (=) or type abs(. 2

m To find the principal value of the argument, |144] z

use > Number > Complex Number
Tools > Polar Angle.

angle(lﬂ')

E]

Note: Use (] to access i.

Using the Casio ClassPad

m Ensure your calculator is in complex mode @ Edit Action Interactive
(with Cplx in the status bar at the bottom of fax| simp

i

the main screen). 12|
m To find the modulus of a complex number, tap on 2
the modulus template in the (Math2 | keyboard, then il i
enter the expression. 1+i]
V2
[4-3i|
5
m To find the principal argument of a complex @ Edit Action Interactive
number, enter and highlight the expression, then
select Interactive > Complex > arg. arg(2)
0
arg(-2i)
k== §
2
arg(1+i)
R
4
arg(4-3i)
3
¥ -1 X2
tan™(3)
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172 Chapter 4: Complex numbers

Example 11

Find the argument of —1 — i in the interval [0, 27].

Solution Im(z)
Choosing the angle in the interval [0, 25t] gives A
Sn
1-H===
arg( =
= >/ 0 > Re(z)
g
-1,-1)
Example 12
Express —V3 + i in the form rcis 0, where 0 = Arg(—V3 + ).
Solution Im(z)
r= |—\/§+ l| .(_\6’ 1) A
= \’(\/5)2 + 12 =) \\\\\\2
5 ("> =
0= Arg(—V3 +i) = F” 0 Re(z)
. . (ST
Therefore —V3 + i = 2CIS(?)
Example 13
. (—3m) . :
Express 2 CIS(T) in the form a + bi.
Solution
a=rcosH b =rsin6
-3 -3n
) )
cos 7 sin 2
T T
casefl) e
cos 2 sin 2
1 1
= =D R == = =AX=—=
V2 V2
- V2 )
Therefore 2cis(_—n) = —V2 - V2i
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4C 4C The modulus—argument form of a complex number 173

________Exercise L8

example 10, 1 Find the modulus and principal argument of each of the following complex numbers:

a -3 b 5i ci-1
d V3+i e 2-2v3i f (2 -2V3i)
2 Find the principal argument of each of the following, correct to two decimal places:
a 5+12i b -8+15 c —4-3i
d 1-V2i e V2+13i f —(3+7i)
example 11/ 3 Find the argument of each of the following in the interval stated:
a 1-+3i in [0,2n] b -7i in [0,2x]
¢ -3 +v3i in [0,27] d V2 +V2i in [0,2n]
e V3+iin [-2m,0] f 2i in [-27,0]

4 Convert each of the following arguments into principal arguments:
Sm 17x —15n —5n
T b 5 ¢ % d =

example 12| 5 Convert each of the following complex numbers from Cartesian form a + bi into the
form rcis 0, where 0 = Arg(a + bi):

1 3
a -1-i b——ii c V3-3i
2 2
1 1
d —+i e V6-V2i f —2V3+2i
V3 3
Example 13| 6 Convert each of the following complex numbers into the form a + bi:
3 -
a ZCiS(Tﬂ) b SCiS(?ﬂ:) C 2\/§cis(g)
d 3cis(_—5n) e 6cis(E) f dcisn
6 2

7 Letz = cis0. Show that:

alz7=1 b — =cis(-6)

N | =

8 Find the complex conjugate of each of the following:

3 -2
a ZCiS(Tn) b 7cis(Tn)

/ c -3 cis(z?n) d SCis(_Tn)
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174 Chapter 4: Complex numbers

4D Basic operations on complex numbers in

modulus—argument form

» Addition and subtraction

There is no simple way to add or subtract complex numbers in the form rcis 6. Complex
numbers need to be expressed in the form a + bi before these operations can be carried out.

Example 14

2
Simplify 2 cis(g) +3 cis(?n).

Solution
First convert to Cartesian form:
(T T . . T L (2m 21 L. /27
201s(§) = 2(003(5) + zsm(g)) 3013(?) =3 (cos(?) +1 sm(?))

_2(1+§-) _3(_1+£-)

g g R

=1+ V3i __3. .33

20 2

Now we have

i)+ 3eis( ) = (1 + VG + (-3 + )

2 2
L, 5V3,
= -4+ —1i
2 2
» Multiplication by a scalar Imfz)
[
Positive scalar If k € R, then Arg(kz) = Arg(z)
Jkz
zZ /’//
e
: _ 5 > Re(2)
Negative scalar If k € R™, then 0
Arg(kz) = Arg(z)
Arg(z)—m, O<Arg(z)<m
Arg(k) ={"® =
Arg(z) + m, —m < Arg(z) <0
Im(z) Im(z)
A
Arg(z) . kz o Arg(kz)
» S
0 > Rel) < v
. 0P+,
el Arg(kz) Arg(z) >
kz
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4D Basic operations on complex numbers in modulus-argument form 175

» Multiplication of complex numbers

Multiplication in polar form

If z; = ry cis 0; and 2, = r, cis 05, then

2120 = rirp cis(0; + 6;) (multiply the moduli and add the angles)

Proof We have

r cis 01 X cis 0,

2122

rira(cos 0 + isin0y)(cos 0, + isin60;)

= r1rz(cos 01 cos 0, + icos B sin B, + isin O cos B, — sin O sin H,)

=r 7'2((COS 01 cos 0, — sin O sin ;) + i(cos O sin O, + sin O cos 62))

Now use the compound angle formulas from Chapter 3:

sin(0; + 0,) = sin0; cos 0, + cos 0 sin O,

cos(01 + 07) = cos 01 cos O, — sin O sin O,

Hence 71z = rir(cos(6; + 65) +isin(0; + 6,))

=rnrn CiS(el + 62)

Here are two useful properties of the modulus and the principal argument with regard to

multiplication of complex numbers:

B |z7122] = |z1] |22l B Arg(z1z0) = Arg(zy) + Arg(zp) + 2k, where k = 0, 1 or —1

» Geometric interpretation of multiplication

We have seen that:

m The modulus of the product of two complex
numbers is the product of their moduli.

m The argument of the product of two complex
numbers is the sum of their arguments.

Geometrically, the effect of multiplying a complex
number z; by the complex number z; = r; cis 0, is to
produce an enlargement of Oz;, where O is the origin,
by a factor of r, and an anticlockwise turn through an
angle 0, about the origin.

If , = 1, then only the turning effect will take place.

Im(z)

Z122

rirn

A

Z
0, "l !

01

> Re(z)

Let z = cis 0. Multiplication by z? is, in effect, the same as a multiplication by z followed by

another multiplication by z. The effect is a turn of 6 followed by another turn of 6. The end

result is an anticlockwise turn of 20. This is also shown by finding z%:

2 =zxz=cisOXcisO = cis(0 + 0) using the multiplication rule
= ¢is(20)
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176 Chapter 4: Complex numbers

» Division of complex numbers

Division in polar form
If z; = r1cis 0, and 2o = r, cis 0, with r, # 0, then
a_n cis(6; — 6,) (divide the moduli and subtract the angles)

2 In

= cis(—6»).

Proof We have already seen that —
cis 0,

We can now use the rule for multiplication in polar form to obtain

71 rpcis® . . .
AL ¥ = —Lcis 0, cis(—=0,) = 2L cis(0; — 0,)
22 I C1S 92 r r

Here are three useful properties of the modulus and the principal argument with regard to
division of complex numbers:

il

2
|22

22

= Arg(z—l) = Arg(z;) — Arg(z) + 2km, where k = 0, 1 or —1
2

1
] Arg(—) = — Arg(z), provided z is not a negative real number
Z

Example 15

Simplify: L (27
2015(—)
(T . (37 3
a 2015(—)>< 3c1s(—) _
3 4 . (n)
4cis| =
Solution
a 2cis(E) X 3cis(3—n) = 2\/§cis(E + 3—75)
3 4 ) 3 4
137
-2 )
V3 cis =

11x
= 2V3 cis[——~
\/§c1s( 12)

Note: A solution giving the principal value of the argument, that is, the argument in the

range (-, it], is preferred unless otherwise stated.
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4D Basic operations on complex numbers in modulus-argument form 177

» De Moivre's theorem

De Moivre’s theorem allows us to readily simplify expressions of the form z” when z is
expressed in polar form.

De Moivre's theorem

(rcis 0)" = r" cis(nb), where n € Z

Proof This result is usually proved by mathematical induction, but can be explained by a
simple inductive argument.

Let z=cis0
Then 2z = cis0 x cis 0 = cis(20) by the multiplication rule
2 = 7% X cis 0 = cis(30)
7 =22 X cis O = cis(40)
Continuing in this way, we see that (cis 0)" = cis(n0), for each positive integer n.
To obtain the result for negative integers, again let z = cis 0. Then

7= - =7 =cis(-0)
Z
For k € N, we have
h=(Hr = (cis(—@))k = cis(—k0)

using the result for positive integers.

Example 16
(c— )

Simplify: (77;)

WENS 4
a - b ————
(CIS( 3 )) ( . (J'E))7
CIS| —
3
Solution In
CIS{ —
N n ( 4 ) (T . -7
a (01s(§)) = 015(9 X g) b i T 01S(T)(c1s(§))
(cis(3))
= cis(3m) 3
i = cis(7—n) cis(_—h)
=CISTT - 4 B
= COST + isinT In In
= -1 B CIS(T - ?)
= cis( Im )
- 12
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178 Chapter 4: Complex numbers 4D

Example 17
(e—)

(1 +10)?

Simplify ————.
(1-V3i)

Solution
First convert to polar form:

1+i= ‘/Ecis(g)
1-V3i= 201s( ;)

Therefore

3
(1 + i) _( 2c1s )
(1= V3iy? ) (2 cis )

by De Moivre’s theorem

2\/§c1s( °)
32c1s( )
Lol
- o)

% (%)

___Exercise Ky

» 2
Skillsheet ) 4 §implify 4 cis(g) 16 cis(?n).

Example 14
2 Simplify each of the following:
e V2ei)
Example 15 a 4c1s(—) X3 c1s(—) b
3 4 . (S
VBeis( )
6
. 1C~S(_2”)X7C~S(n) J 4CIS(T . 4015( )
2 > 3 3 lcis(7—n) 32 cis(—)
10
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4D 4D Basic operations on complex numbers in modulus-argument form 179

example 16/ 3  Simplify each of the following:

a ZCiS(%) X (\/zcis(’%ﬂ))4 b _

© (@) (Bl d (zo(3)
f (% cis(%))_6 X (4 cis(g))2 g M

o)

4 For each of the following, find Arg(z,z») and Arg(z;) + Arg(z;) and comment on their

e (2 cis(%c) x 3 cis(g))3

relationship:
az = i(“) ndz = i(”) b z = i(_zn) ndz = i(_3“)
21 = cis( ) a z2—053 Z1 = cis 3 and z, = cis{ —
C = cis(zn) and zp = cis(n)
71 = 3 2= >
5 Show that if - < Arg(z)) < il and - < Arg(z) < E, then
2 2 2 2
Arg(z1z2) = Arg(z1) + Arg(zo) and Arg(i—]) = Arg(z1) — Arg(z,)
2
6 Forz=1+1i find:
1
a Argz b Arg(-z) C Arg(—)
z
. . (T
7 a Show thatsinO +icos0 = 015(5 - 6).
b Simplify each of the following:
i (sin® +icos0)’ il (sin® +icos0)(cosO + isinO)
iii (sin® +icos0)™ iv (sin® + icos 0)(sin ¢ + i cos @)
8 a Show that cos 0 —isin 0 = cis(—0).
b Simplify each of the following:
i (cosO —isin0)’ ii (cosO —isin0)™3
iii (cos 0 — isin0)(cos O + isin ) iv (cos0 —isin0)(sin0 + icos 0)
. . : T
9 a Show thatsinf —icos0 = c1s(6 — 5)
b Simplify each of the following:
i (sin® —icos0)® ii (sin® —icos0)™2
in® —icos6
iii (sin® — icos 0)?(cos O — isinO) iv u
cosO +isinB
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180 Chapter 4: Complex numbers 4D

10 a Express each of the following in modulus—argument form, where 0 < 6 < g:
i 1+itan0 ii 1+icot iii ,L+ ! i
sinO cos0

b Hence simplify each of the following:
. . | 1
i (1+itan0)? ii (1+icot0)? i — —
sin® cosH

example 17| 11 Simplify each of the following, giving your answer in polar form rcis 0, with » > 0
and O € (—m, t]:

a (1+v3)° b (1-i)7 c i(V3-i)
Y (1+V3)’ (=1 + V3)' (V2 - V2))’
d (-3 +V3i) ¢ i f Y
C2m
A EVENS (CIS(?)) . o 2myY
/ 4 (_1+l)5(§ClS(Z)) h m 1 ((I—Z)CIS(?))

4E Solving quadratic equations over the complex numbers

» Factorisation of quadratics

Quadratic polynomials with a negative discriminant cannot be factorised over the real
numbers. The introduction of complex numbers enables us to factorise such quadratics.

Sum of two squares
Since i = —1, we can rewrite a sum of two squares as a difference of two squares:
2 +a* =7 — (ai)?

= (z + ai)(z — ai)

Example 18

Factorise:

az2+16 b 222+6

Solution

a 2+16=7-16i° b 22+6=2Z+3)

= (z + 4i)(z — 4i) =2z - 3i%)
= 2(z + V3i)(z - V3i)

Note: The discriminant of 72 + 16is A =0 —4 x 16 = —64.
The discriminant of 272 + 6is A =0—-4 x2 x 6 = —48.
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4E Solving quadratic equations over the complex numbers 181

Example 19
(e—)

Factorise:
az2+z+3 b 272-z+1 c 22-2B-iz+4-3i

Solution

a Let P(z) = 7% + z + 3. Then, by completing the square, we have

b Let P(z) =2z> —z+ 1. Then

P(z) = 2(z2 = %z+ %)

(2_1 LAy 11
ST T6) T2 16

¢ Let P(z) = 222 —2(3 — i)z + 4 — 3i. Then
4 — 3i)

P(2) = 2(z2 —GB-iz+

_» zz—(3—i)z+(3_i)2+4_3i—(3_i)2)

2 2 2
G-

3—i)2+8—6i—9+6i+1
2

(
:2(z—?)2+4—3i—

(

(
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182 Chapter 4: Complex numbers

» Solution of quadratic equations

In the previous example, we used the method of completing the square to factorise quadratic
expressions. This method can also be used to solve quadratic equations.

Alternatively, a quadratic equation of the form az> + bz + ¢ = 0 can be solved by using the
quadratic formula:

—b + Vb? — 4ac
7= ——
2a

This formula is obtained by completing the square on the expression az> + bz + c.

Example 20

Solve each of the following equations for z:

azZ+z+3=0 b22-z+1=0
c 2=27-5 d22-2B3-)z+4-3i=0
Solution

a From Example 19a:

24743 = ( ! \/ﬁ) ( 1+\/ﬁ')

SRR S TS J | S W R
Hence 72 + 7 + 3 = 0 has solutions

R LV B

=3 > i and z= > i

b From Example 19b:

L

Hence 27> — z + 1 = 0 has solutions

L _ 7, and ! + V7,
= — — —1 = = —1
YT4T s YTAT G
¢ Rearrange the equation into the form
-27+5=0
Now apply the quadratic formula:
2+vV-16
Z EENESS S
2
24
)
=1+2i

The solutions are 1 + 2i and 1 — 2i.
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4E 4E Solving quadratic equations over the complex numbers 183

d From Example 19¢, we have

2 . . 3 —i\2
27 —2(3—1)2+4—3z=2(z—7)

-
Hence 222 — 2(3 — i)z + 4 — 3i = 0 has solution z = Tl

Note: In parts a, b and c of this example, the two solutions are conjugates of each other.
We explore this further in the next section.

Using the TI-Nspire
To find complex solutions, use > Algebra
> Complex > Solve as shown.

CSOlve(zz-} z-S,z) z=1+2-forz=1-2'4¢

Using the Casio ClassPad

m Ensure your calculator is in complex mode. @ Edit Action Interactive

= Enter and highlight the equation. B3| &v | sime | 225 | w I*‘HI'}E
m Select Interactive > Equation/Inequality > solve. solve(z2=2-2-5, z)

m Ensure that the variable is z. {z=1-2+i,2=142+i}

We can see that any quadratic polynomial can be factorised into linear factors over the
complex numbers. In the next section, we find that any higher degree polynomial can also be
factorised into linear factors over the complex numbers.

________Exercise B

Skillsheet > 1 Factorise each of the following into linear factors over C:

Example 18,19 az2+16 b 2+5
C 2+27+45 d 2-3z+4
e 272 -8z+9 f 32+6z+4
g 322 +2z+2 h 222-z+3

Example20, 2  Solve each of the following equations over C:

a x>+25=0 b x>+8=0
c xX?-4x+5=0 d 3x>+7x+5=0
e x>=2x-3 f 5x°+1=23x
g 2+ +2)z+(=1+i)=0 h Z2+z+4(1-i)=0
\/ Hint: Show that —3 + 4i = (1 + 2i).
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4F Solving polynomial equations over the complex numbers

You have studied polynomials over the real numbers in Mathematical Methods Units 3 & 4.
We now extend this study to polynomials over the complex numbers.

For n € N U {0}, a polynomial of degree n is an expression of the form
P(2) = apy" + ap 12" + -+ ajz + ap
where the coefficients a; are complex numbers and a,, # 0.
When we divide the polynomial P(z) by the polynomial D(z) we obtain two polynomials,
0(z) the quotient and R(z) the remainder, such that
P(z) = D(2)Q(2) + R(2)
and either R(z) = 0 or R(z) has degree less than D(z).
If R(z) = 0, then D(z) is a factor of P(z).

The remainder theorem and the factor theorem are true for polynomials over C.

Remainder theorem
Let a € C. When a polynomial P(z) is divided by z — a, the remainder is P(c).

Factor theorem

Let a € C. Then z — a is a factor of a polynomial P(z) if and only if P(a) = 0.

Example 21

Factorise P(z) = 2° + 22 + 4.

Solution
Use the factor theorem to find the first factor:

P-)=-1+1+4%0
P(-2)=-8+4+4=0
Therefore z + 2 is a factor. We obtain P(z) = (z + 2)(z> — z + 2) by division.

We can factorise z> — z + 2 by completing the square:

1 1
— +2:(2— +—)+2——
% % % % 4 4
1\2 7
= (z - —) - —i?
2 4
( 1L V7 )( 1 V7 )
=|lz-=+—i|lz— = — =i
T2 T2
1 V7 1 V7
o 0= L1~ 5
ence () =(@z+2)|z 2+2112 21
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4F Solving polynomial equations over the complex numbers 185

Example 22

Factorise 7> — iz* — 4z + 4i.
Solution
Factorise by grouping:
2 i —dz+4i=2(— i) —4z—i)
=(z-Z -4
=(2Z-DEz-2)(z+2)

» The conjugate root theorem

We have seen in the examples in this section and the previous section that, for polynomial
equations with real coefficients, there are solutions which are conjugates.

Conjugate root theorem

Let P(z) be a polynomial with real coefficients. If a + bi is a solution of the equation
P(z) = 0, with a and b real numbers, then the complex conjugate a — bi is also a solution.

Proof We will prove the theorem for quadratics, as it gives the idea of the general proof.

Let P(z) = az” + bz + ¢, where a, b, c € R and a # 0. Assume that a is a solution of the
equation P(z) = 0. Then P(at) = 0. That is,

ac>+bo+c=0

Take the conjugate of both sides of this equation and use properties of conjugates:

ao?+ba+c=0
ac? +ba+¢=0
a(o?)+ba+c=0 since a, b and ¢ are real numbers

a(@)? +ba+c=0
Hence P(a) = 0. That is, a is a solution of the equation P(z) = 0.

If a polynomial P(z) has real coefficients, then using this theorem we can say that the
complex solutions of the equation P(z) = 0 occur in conjugate pairs.

» Factorisation of cubic polynomials
Over the complex numbers, every cubic polynomial has three linear factors.

If the coeflicients of the cubic are real, then at least one factor must be real (as complex
factors occur in pairs). The usual method of solution, already demonstrated in Example 21,
is to find the real linear factor using the factor theorem and then complete the square on the
resulting quadratic factor. The cubic polynomial can also be factorised if one complex root
is given, as shown in the next example.
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186 Chapter 4: Complex numbers

Example 23
(e—)

Let P(z) = 2° — 3z + 5z - 3.
a Use the factor theorem to show that z — 1 + V2i is a factor of P(2).
b Find the other linear factors of P(z).

Solution
a To show that z — (1 — V2i) is a factor, we must check that P(1 — V2i) = 0.
We have
P(1—V2i) = (1 = V2i)’ =3(1 = V2i)* +5(1 - V2i) -3 =0
Therefore z — (1 — V2i) is a factor of P(z).

b Since the coeflicients of P(z) are real, the complex linear factors occur in conjugate
pairs, so z — (1 + V2i) is also a factor.

To find the third linear factor, first multiply the two complex factors together:
(z= (1= V2i))(z = (1 + V2i))
=22 — (1= V2i)z— (1 + V2i)z+ (1 — V2i)(1 + V2i)
=2 -(1-V2i+1+V2i)z+1+2
=72 -2z+3
Therefore, by inspection, the linear factors of P(z) = z° — 3z> + 5z — 3 are

Z—1+\/§i, z—=1-V2i and z-1

» Factorisation of higher degree polynomials

Polynomials of the form z* — a* and z° — a°

Example 24

are considered in the following example.

Factorise:
a P=z"-16
b P()=20-1
Solution
a P(r)=7'-16
= (22 + 4)(z2 —-4) difference of two squares

=@+20@Z-20@z+2)(z-2)

b P=-1
=@+ -1

We next factorise z°> + 1 and z° — 1.
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4F Solving polynomial equations over the complex numbers 187

We have

2+1l=+DEZ-z+1

=(Z+1)((zz—z+%)+l—%)

-cooff-2f -3
£e-1- )

1
=(z+1)(z—§+7i -5

By a similar method, we have
2-1=@-D)F+z+1)

Ters-

=(z—1)(z+l+—i

R A I
Therefore
26—1:(z+1)(z—1)(z—1+£i)(z—l—ﬁi)(z+l+£i)(z+l—£i)
2772 2772 2772 2772

Using the TI-Nspire
To find complex factors, use > Algebra >
Complex > Factor.

cFactor(z6-1)
The first operation shown factorises to give (e 2 e ) aort)
integer coeflicients, and the second fully

cFactor(zé = 1,2)
factorises over the complex numbers. 1z 1z
(2_1). (z+1) (z—-(—)+T. ,)) (z_(___—- i]b

2 2

Using the Casio ClassPad
m Ensure your calculator is in complex mode.
m To factorise over the real numbers:
Enter and highlight z® — 1. Select Interactive > Transformation > factor.

m To factorise over the complex numbers:
Enter and highlight z° — 1. Select Interactive > Transformation > factor > rFactor.

© Edit Action Interactive

°§i;| e {:}:J Simp | [ | v [ AL | v L

factor (=z"6-1)

(2242+1)+(22-241)+ (z+1) (z-1)
rFactor (z"6-1)
[ 1 ﬁ-i]_[ll ﬁ-i]_[a 1J§-i]o[‘é J§2-i

zy+—y z+y 2 ) ]-(z+l)-(z-l)

Note: Go to Edit > Clear all variables if z has been used to store a complex expression.
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188 Chapter 4: Complex numbers

» The fundamental theorem of algebra

The following important theorem has been attributed to Gauss (1799).

Fundamental theorem of algebra

Every polynomial P(z) = a,7" + a,_12""' + - -+ + a1z + ag of degree n, where n > 1 and
the coefficients a; are complex numbers, has at least one linear factor in the complex
number system.

Given any polynomial P(z) of degree n > 1, the theorem tells us that we can factorise P(z) as
P(z) = (z—a1)Q(2)
for some o € C and some polynomial Q(z) of degree n — 1.

By applying the fundamental theorem of algebra repeatedly, it can be shown that:

A polynomial of degree n can be factorised into n linear factors in C:

i.e. P(z) = ay(z—a1)(z— w)(z—03)...(z - a,), where a;, d», 03,...,0, € C

A polynomial equation can be solved by first rearranging it into the form P(z) = 0, where
P(z) is a polynomial, and then factorising P(z) and extracting a solution from each factor.

If P(z) = (z—oq)(z— ) ...(z — ay,), then the solutions of P(z) = 0 are a1, dy, ..., d,.

The solutions of the equation P(z) = 0 are also referred to as the zeroes or the roots of the
polynomial P(z).

Solve each of the following equations over C:

az2+64=0 b 2+32+7z+5=0 c 2—-i2—-4z+4i=0
Solution
a Z2+64=0

(z+8)(z-8)=0
z=-8i or z=8i
b LetP(z) =7 +322 +7z+5.
Then P(—1) = 0, so z + 1 is a factor, by the factor theorem.
P() = (z+ 1)@ +2z+5)

=@+ D2 +27+1+4)
= (z+ D(z + 1)* - 2i)%)
=@+ DE+1-=-20)E+1+20)

If Pz) =0,thenz=-1,z=—-1+2iorz=-1-2i.
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4F 4F Solving polynomial equations over the complex numbers 189

¢ In Example 22, we found that 7> — iz? — 4z + 4i = (z — i)(z — 2)(z + 2).

Therefore 72 —iz? —4z+4i=0
becomes (z—-i)(z—-2)(z+2)=0

giving z=iorz=2or z=-2

______Exercise B

Skillsheet » 1 Factorise each of the following polynomials into linear factors over C:
Example 21,22 a 2-472-4z-5 bZ-22-z+10 c 32 -1372+5z-4
d 22 +32-4z+15 e 2-Q2-DF+z-2+i

Example23| 2 Let P(z) = 2> + 472 — 10z + 12.
a Use the factor theorem to show that z — 1 — i is a linear factor of P(z).
b Write down another complex linear factor of P(z).
¢ Hence find all the linear factors of P(z) over C.

3 LetP(z) =27° + 922 + 14z + 5.
a Use the factor theorem to show that z + 2 — i is a linear factor of P(z).
b Write down another complex linear factor of P(z).
¢ Hence find all the linear factors of P(z) over C.

4 Let P(z) =% + 822 + 16z + 20.
a Use the factor theorem to show that z — 1 + 3i is a linear factor of P(z).
b Write down another complex linear factor of P(z).

¢ Hence find all the linear factors of P(z) over C.

example 24| 5  Factorise each of the following into linear factors over C:
a z*-8l b *-64

6 For each of the following, factorise the first expression into linear factors over C, given
that the second expression is one of the linear factors:
azZ2+(0-02+U0-iz—i, z—i
b Z2-Q2-d2-(1+2)z—i, z+i
€ 2 -Q+202%2 -3 -4z +6i, z-2i
d 22 +(1-202-G+iz+5i, z—i

7 For each of the following, find the value of p given that:
a z+2isafactorof 2* + 322 + pz + 12
b z—iisafactorof 2> + pz> +z — 4
c z+1—iisafactorof 22> + 22 =2z + p
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190 Chapter 4: Complex numbers 4F

Example25| 8  Solve each of the following equations over C:
a xX+x>-6x-18=0 b x*-6x*+11x-30=0
c 23 +3x* =11x*> - 6x - 16 d x*+x*=2x>+36

9 Letz?2+az+ b =0, where g and b are real numbers. Find a and b if one of the
solutions is:

a 2i b 3+2i c —1+3i

10 a 1+ 3iis asolution of the equation 3z> — 7z° + 32z — 10 = 0. Find the other solutions.
b -2 —iis asolution of the equation z* — 57> + 4z + 30 = 0. Find the other solutions.

11 For a cubic polynomial P(x) with real coefficients, P(2+i) = 0, P(1) = 0 and P(0) = 10.
Express P(x) in the form P(x) = ax® + bx* + cx + d and solve the equation P(x) = 0.

12 Ifz = 1+iis a zero of the polynomial z> + az* + bz + 10 — 64, find the constants a and b,
given that they are real.

13 The polynomial P(z) = 2z* + az*> + bz + 5, where a and b are real numbers, has 2 — i as
one of its zeroes.

a Find a quadratic factor of P(z), and hence calculate the real constants a and b.
b Determine the solutions to the equation P(z) = 0.

14  For the polynomial P(z) = az* + az> — 2z + d, where a and d are real numbers:
a Evaluate P(1 +i).
b Given that P(1 + i) = 0, find the values of a and d.

¢ Show that P(z) can be written as the product of two quadratic factors with real
coeflicients, and hence solve the equation P(z) = 0.

15 The solutions of the quadratic equation z* + pz + ¢ = 0 are 1 + i and 4 + 3i. Find the
complex numbers p and g.

16 Given that 1 — i is a solution of the equation z* — 47> + 6z — 4 = 0, find the other
two solutions.

17 Solve each of the following for z:

azZZ-(6+2)z+@8+6)=0 b £ -2iz2—6z+12i=0
c 7 -2+6z-6=0 d 2-72+2:-8=0
\/ e 62-3V2z+6=0 f2422492=0
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4G Using De Moivre's theorem to solve equations 1911

4G Using De Moivre's theorem to solve equations

Equations of the form 7" = a, where a € C, are often solved by using De Moivre’s theorem.
Write both z and a in polar form, as z = rcis 0 and a = r; cis .
Then 7" = a becomes
(rcis0)' = ricis
" cis(nB) = ry cis @ (using De Moivre’s theorem)
Compare modulus and argument:
" =r cis(nb) = cis @
r=A/r nd = @ + 2kmn where k € Z
0= %(cp +2km) wherek €Z

This will provide all the solutions of the equation.

Example 26
(c— )

Solve 72 = 1.

Solution
Let z = rcis 0. Then
(rcis0)® = 1cis0
3 cis(30) = 1¢is0
P=1 and 30=0+2kn wherekeZ

_2kﬂ:
T3

r=1 and 06 where k € Z

2k
Hence the solutions are of the form z = cis(Tn), where k € Z.
We start finding solutions. Im(z)
For k = 0: z=cisO=1

2
For k = 1: Z= cis(?n)

4n 21
For k = 2: =ci (—)= i (——)
or Z = cis 3 cis 3

For k = 3: z=cis2m) =1

> Re(z)

The solutions begin to repeat.
The three solutions are 1, cis(z?n) and cis(—z?n).

. . .. . T .
The solutions are shown to lie on the unit circle at intervals of 3 around the circle.

Note: An equation of the form 722 = a, where a € R, has three solutions. Since a € R, two of
the solutions will be conjugate to each other and the third must be a real number.
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192 Chapter 4: Complex numbers

Example 27

Solve z2 = 1 +i.

Solution
Letz = rcis 0. Note that 1 +i = \/zcis(;).

(rcis0)? = V2 cis(g)
1
P cis(20) = 22 cis(g)

1
24 and 20 =— +2kn wherek€Z

r

1
24 and 0=

r

ola ~lAa

+knt  wherekeZ Im(z)

Hence z = 24 ms( + k7t ), where k € Z.

||
-lkl'—‘
7%

For k = 0: Z

S~—

N
II
N_
VJ

For k = 1:

\]oo|\° ool a

II
N—a

Note: If z; is a solution of z> = a, where a € C, then the other solution is zo = —z;.

Solutions of 27 = a
m The solutions of any equation of the form z" = a lie on a circle with centre the origin
1
and radius |a|».

. . . 2 . .
m The solutions are equally spaced around the circle at intervals of —. This observation
n

can be used to find all solutions if one is known.

The following example shows an alternative method for solving equations of the form z> = a,
where a € C.

Example 28

Solve 72 = 5 + 12i using z = a + bi, where a, b € R. Hence factorise 72 — 5 — 12i.

Solution
Let z = a + bi. Then z* = (a + bi)®
= a® + 2abi + b*i®

= (a® - b?) + 2abi
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So 72 = 5 + 12i becomes
(@® — b?) +2abi =5 + 12i
Equating coefficients:

a-b*=5 and 2ab=12

2
- e
a a
36
2 _
a —;-5
a* —36 = 54°

(@ -9 +4)=0
a’-9=0
(a+3)(a-3)=0
a=-3o0ra=3
Whena = -3, b =-2and whena =3, b = 2.
So the solutions to the equation z*> = 5 + 12 are z = =3 — 2i and z = 3 + 2i.

Hence 72 — 5 — 12i = (z + 3 + 2i)(z — 3 — 2i).

T e e

Skillsheet > 1~ For each of the following, solve the equation over C and show the solutions on an

Argand diagram:
Example 26,27 azZ+1=0 b =27 c Z2=1+V3i
d 22=1-3i e =i f2+i=0

2 Find all the cube roots of the following complex numbers:

a 4V2 —4v2i b —4V2 +42i c —4V3-4i
d 4V3-4i e —125i f—1+i

Example28] 3 Letz = a + bi such that z2 = 3 + 4i, where a, b € R.

a Find equations in terms of a and b by equating real and imaginary parts.
b Find the values of a and b and hence find the square roots of 3 + 4i.

4 Using the method of Question 3, find the square roots of each of the following:
a —-15-8i b 24+7i c -3+4i d -7+24i

5 Find the solutions of the equation z* — 2z + 4 = 0 in polar form.
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194  Chapter 4: Complex numbers 4G

6 Find the solutions of the equation z> — i = 0 in Cartesian form. Hence factorise z> — i.
7 Find the solutions of the equation z8 + 1 = 0 in polar form. Hence factorise z% + 1.

8 a Find the square roots of 1 + i by using:
i Cartesian methods
ii De Moivre’s theorem.
\/ b Hence find exact values of cos(g) and sin(g).

4H Sketching subsets of the complex plane

Q Particular sets of points of the complex plane can be described by placing restrictions on z.
# For example:

Q m {z:Re(z) = 6} is the straight line parallel to the imaginary axis with each point on the line
having real part 6.

Q m {z:Im(z) = 2Re(z)} is the straight line through the origin with gradient 2.

The set of all points which satisfy a given condition is called the locus of the condition

the locus, and a dashed line is used for a boundary which is not included.

Example 29

On an Argand diagram, sketch the subset S of the complex plane, where

S={z:lz-1=2}

Q (plural loci). When sketching a locus, a solid line is used for a boundary which is included in

Solution Im(z)
Method 1 (algebraic) A
Let z = x + yi. Then

|Z—1|=2 /
x+yi—1=2 -1+ 0i > . = Re(2)
(x—1)+yi| =2 \ 1+0i 3+0i
(x=1)2+y2=2

(x-1)%+y*=4

This demonstrates that S is represented by the circle with centre 1 + 0i and radius 2.

Method 2 (geometric)
If z; and 7, are complex numbers, then |z; — o] is the distance between the points on the
complex plane corresponding to z; and z.

Hence {z: |z— 1| = 2} is the set of all points that are distance 2 from 1 + 0i. That is, the set
S is represented by the circle with centre 1 + 0i and radius 2.
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Example 30

On an Argand diagram, sketch the subset S of the complex plane, where

S={z:lz=-2l=lz-(1 +}

Solution
Method 1 (algebraic) Im(z)
Let z = x + yi. Then A
Iz =2l =lz - (1+3) 2
|x+yi—2| =[x+ yi—(1+17)] 1L
[x—=2+yil=|x—1+ (- i
V=22 +y2 = Jx - 1D+ v - 1)? 2 i 0/1 RO
Squaring both sides of the equation and -
expanding:
57 = Ak Alet = 57 = Ay [ sk = Dy et 1l

—Ax+4=-2x-2y+2
y=x-1
Method 2 (geometric)
The set S consists of all points in the complex plane that are equidistant from 2 and 1 + i.

In the Cartesian plane, this set corresponds to the perpendicular bisector of the line
segment joining (2, 0) and (1, 1). The midpoint of the line segment is (%, %), and the
gradient of the line segment is —1.

Therefore the equation of the perpendicular bisector is
y—3=1(x-3)

which simplifiestoy = x — 1.

Example 31

Sketch the subset of the complex plane defined by each of the following conditions:

T T T
a Arg(z) = = b Arg(z+3)=—-= c Arg(z) < =
3 3 3
Solution
T .
a Arg(z) = 3 defines a ray or a half line. Im(z)
A
Note: The origin is not included.
n
3
> Re(z
: 2)
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196 Chapter 4: Complex numbers

b First draw the graph of Arg(z) = —g. The graph of Arg(z +3) = —g is obtained
by a translation of 3 units to the left.
Ir‘n(z) II}?(Z)
g > Re(2) Re(2)
-T - \ 0 -
3

¢ Since —m < Arg(z) < m in general, the condition Arg(z) < g implies — < Arg(z) < g
Im(z) --- boundary not included
[ ] region required
-------- Re(z2)
Describe the locus defined by |z + 3| = 2|z — i].
Solution
Let z = x + yi. Then
lz+ 3| =2|z—1]
[(x +3) +yi] =2|x+ (y = 1)
Vx+3)2+y2 =232+ (y = 1)2
Squaring both sides gives
P+6x+9+y? =40 +y -2+ D)
0=3x2+3y>—6x-8y-5
8
5= 302 - 2x) + 3(y2 - gy)
5 5 , 8 16\ 25
== =2 +1+( == +—)——
5=l =2as |y ==y 9 9
40 4\2
2ol
9 Cale
. . . 4. .
The locus is the circle with centre 1 + 51 and radius
Note: Fora,b € Cand k € R* \ {1}, the equation |z — a| = k|z — b| defines a circle.
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_______Exercise B

Skillsheet » 1 Illustrate each of the following on an Argand diagram:
Example 29, 30 a 2Im(z) = Re(z) b Im(z) + Re(z) = 1 c |z-2[=3
dlz-il=4 e lz=(1+V3h=2 fle-(-dI=6

2 Sketch {z: z =iz} in the complex plane.
3 Describe the subset of the complex plane defined by {z: |z — 1| = |z + 1]}.

example 31| 4 Sketch the subset of the complex plane defined by each of the following conditions:
T T T
a Arg(z) = 1 b Arg(z-2)= -7 c Arg(z) < 1

5 Prove that 3|z — 1> = |z + 1]* if and only if |z — 2|* = 3, for any complex number z.
Hence sketch the set S = {z: V3 |z— 1| = |z + 1]} on an Argand diagram.

Example32] 6  Sketch each of the following:

a {z:)z+2i=2]z-1} b {z:Im(z) =-2}
c{z:z+z7=5} d {z:2z2=5)}
T
e {z:Re(?) =Im(z)} f {z:Arg(z—i)=§}
7 On the Argand plane, sketch the curve defined by each of the following equations:

-2 —1-i
a [2==|=1 b ’Z P

z z

z+1

8 If the real part of 1 is zero, find the locus of points representing z in the complex

7 —
plane.

9 Given that z satisfies the equation 2|z — 2| = |z — 6i|, show that z is represented by a point
on a circle and find the centre and radius of the circle.

1
10 On an Argand diagram with origin O, the point P represents z and Q represents —.
Prove that O, P and Q are collinear and find the ratio OP : OQ in terms of |z|.

11 Find the locus of points described by each of the following conditions:
alz-(+dl=1 b |z-2]=|z+2i
C Arg(z—l):g d Arg(z+i):g

12 Letw = 2z. Describe the locus of w if z describes a circle with centre 1 + 2i and
radius 3.

13 a Find the solutions of the equation z> + 2z + 4 = 0.
b Show that the solutions satisfy:

v
ijzl=2 i lz-1=V7 ili z+z7=-2

c On a single diagram, sketch the loci defined by the equations in b.
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198 Chapter 4: Complex numbers

Chapter summary

Spreadsheet
. m The imaginary number i has the property i> = —1.
“)'m The set of complex numbers is C ={a + bi:a,b e R}.
m For a complex number z = a + bi:

o the real part of zis Re(z) = a o the imaginary part of z is Im(z) = b.

m Complex numbers z; and z; are equal if and only if Re(z;) = Re(zz) and Im(z;) = Im(zy).

® An Argand diagram is a geometric representation of C.

m The modulus of z, denoted by |z|, is the distance from the origin to the point representing z
in an Argand diagram. Thus |a + bi| = Va? + b2.

m The argument of z is an angle measured anticlockwise about the origin from the positive
direction of the real axis to the line joining the origin to z.

m The principal value of the argument, denoted by Arg z, is the angle in the interval (-, 7t].

m The complex number z = a + bi can be expressed

. Im(z
in polar form as N ‘f ) IPz=a+bi
z =r(cos O +isin0) . !
=rcis0 10
where r = |z| = Va? + b2, cos 6 = i” sin0 = l—) 0 ® o > Re(z)
This is also called modulus—argun:ent form. ' ‘

m The complex conjugate of z, denoted by z, is the reflection of z in the real axis.
If z=a+bi,thenz = a — bi. If z = rcis 0, then Z = rcis(—0). Note that zZ = |z].
m Division of complex numbers:
a_u,n_ub
2 2 2 |eP
m Multiplication and division in polar form:
Letz; = r;cis0; and 2, = r, ¢cis 0,. Then
2122 = riracis(0; +0y) and = = "Lcis(0, — 0,)
2 N
De Moivre's theorem (rcis 0)" = r" cis(n0), where n € Z
m Conjugate root theorem If a polynomial has real coefficients, then the complex roots
occur in conjugate pairs.
m Fundamental theorem of algebra Every non-constant polynomial with complex
coeflicients has at least one linear factor in the complex number system.
m A polynomial of degree n can be factorised over C into a product of n linear factors.
m If z; is a solution of 72 = a, where a € C, then the other solution is z, = —z;.

m The solutions of 7" = a, where a € C, lie on the circle centred at the origin with

. 1 . . . 2n
radius |a|» . The solutions are equally spaced around the circle at intervals of —.

n

m The distance between z; and z, in the complex plane is |z; — 23|
' For example, the set {z : |z — (1 + i)| = 2} is a circle with centre 1 + i and radius 2.

Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press
Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party



Chapter 4 review 199

Technology-free questions

1 Express each of the following in the form a + bi, where a,b € R:
a3+2i+5-7i b i3 c 3-2)(5+7)
2 5—i
d 3-2)3+2i e f —
G -206+2) 3-2i 2+
3i ) . (5+2i)?
h (1-3i)? e S
2+ (1-3) S
2 Solve each of the following equations for z:
z-2i
a(z-2’+9=0 — =2 c 2+62+12=0
=2 2+ (-2 e
d +81=0 e 2-27=0 f 82+27=0
3 a Show that 2 — i is a solution of the equation z* — 2z — 3z + 10 = 0. Hence solve
the equation for z.
b Show that 3 — 2i is a solution of the equation x> — 5x*> + 7x + 13 = 0. Hence solve
the equation for x € C.
¢ Show that 1 + i is a solution of the equation z* — 4z> + 6z — 4 = 0. Hence find the
other solutions of this equation.
4 Express each of the following polynomials as a product of linear factors:
a 2x>+3x+2 b x¥*-x*+x-1 ¢ X +2x*-4x-8
5 If (a + bi)> = 3 — 4i, find the possible values of a and b, where a, b € R.
6 Pair each of the transformations given on the left with the appropriate operation on the
complex numbers given on the right:
a reflection in the real axis i multiply by —1
b rotation anticlockwise by 90° about O ii multiply by i
¢ rotation through 180° about O iii multiply by —i
d rotation anticlockwise about O through 270° iv take the conjugate
7 If (a + bi)> = =24 — 104, find the possible values of a and b, where a, b € R.
8 Find the values of ¢ and b if f(z) = 2% + az + b and f(~1 — 2i) = 0, where a,b € R.
9 Express " T in the form rcis 6, where r > 0 and —t < 6 < 7.
+ V3i
10 On an Argand diagram with origin O, the point P represents 3 + i. The point Q
represents a + bi, where both a and b are positive. If the triangle OPQ is equilateral,
find @ and b.
11 Letz=1-i. Find:
1
a2z b - c IZ/] d Arg(?)
Z ‘
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200 Chapter 4: Complex numbers

12 Letw=1+iandz=1- V3i.
a Write down:
i w| i |z| iii Argw iv Argz
w

b Hence write down and Arg(wz).

13 Express V3 + i in polar form. Hence find (V3 + i)’ and express in Cartesian form.

14 Consider the equation z* — 27> + 11z — 18z + 18 = 0. Find all real values of r for which
z = riis a solution of the equation. Hence find all the solutions of the equation.

15 Express (1 —i)? in Cartesian form.

16 Consider the polynomial P(z) = 2+ (2 + i)z> + (2 + 2i)z + 4. Find the real numbers k
such that ki is a zero of P(z). Hence, or otherwise, find the three zeroes of P(z).

17 a Find the three linear factors of 73 — 2z + 4.
b What is the remainder when z* — 2z + 4 is divided by z — 3?

18 If a and b are complex numbers such that Im(a) = 2, Re(b) = -1 and a + b = —ab,
find a and b.

19 a ExpressS ={z:|z—(2+ )| < 1}in Cartesian form.
b Sketch S on an Argand diagram.

20 Describe {z:|z+il=]z—1il}.
21 LetS :{z:z:2ci86, OSGSg}. Sketch:
2
as b T={w:w=2,z€S} cU={v:v=—,z€S}

Z

22 Find the centre of the circle which passes through the points —2i, 1 and 2 — i.

23  On an Argand diagram, points A and B representa = 5 + 2i and b = 8 + 6i.

a Find i(a — b) and show that it can be represented by a vector perpendicular to ﬁ and
—
of the same length as AB.

b Hence find complex numbers ¢ and d, represented by C and D, such that ABCD is
a square.
24 Solve each of the following for z € C:
az=-8 b 2=2+2V3i
25 a Factorise x° — 1 over R.

b Factorise x° — 1 over C.

¢ Determine all the sixth roots of unity. (That is, solve x® = 1 for x € C.)

26 Let z be a complex number with a non-zero imaginary part. Simplify:

' a i(Re(Z) - Z)

Im(z)
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27 If Argz = g and Arg(z - 3) = g find Arg(z — 6).

2
28 a IfArg(z+2)= g and Arg(z) = ?n’ find z.
3
b If Arg(z-3) = —TJT and Arg(z + 3) = —g, find z.

29 A complex number z satisfies the inequality |z +2- 2\/§i| <2
a Sketch the corresponding region representing all possible values of z.
b i Find the least possible value of |z].
‘/ ii Find the greatest possible value of Arg z.

Multiple-choice questions

3
1 Ifz = SCis(g) and 7, = ZCiS(Tﬂ:), then z,z; is equal to

2

13 2 -11
A 7cis(%) B 7cis(—n) C IOCiS(;) D IOCiS(%) E IOCis( n)

12
2 The complex number z shown in the diagram is Im(z)
best represented by A
A 5cis(0.93) © 4
B 5cis(126.87)
C 5cis(2.21)

12

D 25cis(126.87) -3 0
E 25cis(2.21)

3 If (x + yi)> = —32i for real values of x and y, then
A x=4y=4 B x=-4,y=4

> Re(2)

Cx=4y=-4 D x=4,y=-4orx=-4,y=4

E x=4y=4orx=-4,y=-4

1
4 Ifu=1-1i then 3 is equal to

2 1 2 1 2 1 2 1
A 42 B 242 2 D-2+2i E
373 575 €33 575

5 The linear factors of z2 + 6z + 10 over C are

A (z+3+10)? B (z+3-i) C (z+3+i(z-3+1i)

D (z+3-i)(z+3+1) E z+3+0(z-3-1)

6 The solutions of the equation 2> + 8i = 0 are

A \3—i -2i 2i B V3—i, —V3—i, 2i C —\V3-i, -2, -2i

D —V3-i, V3-i, -2i E \3-i, -8i, 2i
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202 Chapter 4: Complex numbers

7 76(1 + i) is expressed in polar form as
7
A \/gcis(—g) B \/gcis(——n) C —\/gcis(—g)
4 4 4
7 7
D -V3 cis(—%) E Vgcis(%)

8 Ifz=1+i1is one solution of an equation of the form 7z* = a, where a € C, then the other
solutions are

A-1,1,0 B -1,1, 1-i C -1+ —1—-i, 1—i
D -1+i -1-i,1 E -1+4 -1-i, -1

9 The square roots of —2 — 2v/3i in polar form are

2 2 2
A ZCis(—?n), ZCis(g) B 20is(—g), 2cis(?“) C 4cis(—?n), 4cis(g)
2
D 4cis(—g), 4cis(?n) E 4cis(—g), 4015(2)
10 The zeroes of the polynomial 2x? + 6x + 7 are o and 3. The value of |o — ] is

\/ A V5 B 2V5 C 445 D@ E}/—g

Extended-response questions
. (5T . (T
1 Letz= 4c1s(?) and w = \/ECIS(Z)'
Find |7’| and Arg(z").

Show z’ on an Argand diagram.

z . .
Express — in the form rcis 0.
w

O n T o

. . < . .
Express z and w in Cartesian form, and hence express — in Cartesian form.
w

7
e Use the results of d to find an exact value for tan(%) in the form a + Vb, where a
and b are rational.

7
f Use the result of e to find the exact value of tan(g).

2 Letv=2+iand P(z) =7’ — 72 + 177 - 15.

a Show by substitution that P(2 + i) = 0.

b Find the other two solutions of the equation P(z) = 0.

c Let i be the unit vector in the positive Re(z)-direction and let j be the unit vector in
the positive Im(z)-direction.
Let A be the point on the Argand diagram corresponding to v = 2 + i.
Let B be the point on the Argand diagram corresponding to 1 — 2i.
Show that OA is perpendicular to OB.

' d Find a polynomial with real coefficients and with roots 3, 1 — 2/ and 2 + i.
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Chapter 4 review 203

3 a Find the exact solutions in C for the equation z* — 2V3z+4 =0, writing your
solutions in Cartesian form.
b i Plot the two solutions from a on an Argand diagram.

ii Find the equation of the circle, with centre the origin, which passes through these
two points.

iii Find the value of a € Z such that the circle passes through (0, +a).

iv Let Q(2) = (22 + 4)(z* - 243z + 4). Find the polynomial P(z) such that
0(2)P(z) = 7° + 64 and explain the significance of the result.

a Express —4V3 — 4i in exact polar form.
b Find the cube roots of =43 — 4i.
¢ Carefully plot the three cube roots of —44/3 —4jon an Argand diagram.
d i Show that the cubic equation z> — 3V3iz> — 9z + 3V3i = —4/3 — 4i can be written
in the form (z — w)® = =43 — 4i, where w is a complex number.
ii Hence find the solutions of the equation z> — 3V3iz2 = 9z + (3V3 +4)i + 4V3 = 0,
in exact Cartesian form.

5 The points X, Y and Z correspond to the numbers 4V3 +2i, 5V3 +iand 6V3 + 4i.
a Find the vector }ﬁ/) and the vector JTZ) .
b Let z; and 7, be the complex numbers corresponding to the vectors )ﬁ/) and X_Z> .
Find z3 such that 7 = z3z7;.
¢ By writing z3 in modulus—argument form, show that XYZ is half an equilateral
triangle XWZ and give the complex number to which W corresponds.
d The triangle XYZ is rotated through an angle of g anticlockwise about Y. Find the

new position of X.
6 a Sketch the region T in the complex plane which is obtained by reflecting
7 7
S :{z:Re(z)SZ}n{z:Im(z)<2}ﬁ{z: 3 < Arg(z) < 5}

in the line defined by |z + 1| = |z — 1].
b Describe the region T by using set notation in a similar way to that used in a to
describe S'.

7 Consider the equation x> + 4x — 1 + k(x> + 2x + 1) = 0. Find the set of real values k,
where k # —1, for which the two solutions of the equation are:
a real and distinct b real and equal

c complex with positive real part and non-zero imaginary part.

1 0
8 a Ifz=cos0 +isinb, prove that 7 I icot(z).
—Z

b On an Argand diagram, the points O, A, Z, P and Q represent the complex numbers
0,1,z 1 +zand 1 — z respectively. Show these points on a diagram.

) L T, . |OP]
¢ Prove that the magnitude of Z/POQ is 5 Find, in terms of 0, the ratio 00"
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204 Chapter 4: Complex numbers

9 A regular hexagon LMNPQR has its centre at the origin O and its vertex L at the point
z=4.
a Indicate in a diagram the region in the hexagon in which the inequalities |z| > 2 and

7T .
KR <argz < 3 are satisfied.

b Find, in the form |z — ¢| = q, the equation of the circle through O, M and R.

N

Find the complex numbers corresponding to the points N and Q.
d The hexagon is rotated clockwise about the origin by 45°. Express in the form r cis 6
the complex numbers corresponding to the new positions of N and Q.

1
10 a A complex number z = a + bi is such that |z| = 1. Show that — = Z.

z
1 3 3 1 1 1
b Letz == - £iandzg = £ + —i. If z3 = — + —, find z3 in polar form.
2 2 2 2 1 22
¢ On a diagram, show the points z;, 25, 73 and z4 = —.
23
11 a Let P(z) = 22 + 3pz + q. It is known that P(z) = (z — k)*(z — a).
i Show that p = —k>. ii Find ¢ in terms of k. iii Show that 4p* + ¢*> = 0.
b Let h(z) = z° — 6iz + 4 — 4i. It is known that A(z) = (z — b)*(z — ¢). Find the values

of b and c.

12 a Letzbe acomplex number with [z] = 6. Let A be the point representing z. Let B be

the point representing (1 + i)z.
i Find |(1 + §)z|.

il Find |(1 + i)z — 2.

iii Prove that OAB is an isosceles right-angled triangle.

b Let z; and z; be non-zero complex numbers satisfying z% 27120 + 21% =0.

If z; = azy:
i Showthatoa=1+iora=1-i

ii For each of these values of a, describe the geometric nature of the triangle whose

vertices are the origin and the points representing z; and z5.

13 a Letz=-12+5i. Find:
i |z ii Arg(z) correct to two decimal places in degrees
b Letw? = —12 + 5i and a = Arg(w?).
i Write cos o and sin a in exact form.
il Using the result 2(cos(20) + i sin(20)) = |w?| (cos o + i sin o), write r, cos(20)
and sin(20) in exact form.
iii Use the result of ii to find sin 6 and cos 0.
iv Find the two values of w.
¢ Use a Cartesian method to find w.

Find the square roots of 12 + 5/ and comment on their relationship with the square
' roots of —12 + 5i.
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Find the locus defined by 2zz + 3z + 37 — 10 = 0.

Find the locus defined by 2zz + 3 +i)z+ (3 —i)z— 10 =0.

Find the locus defined by azz + fz + fz + ¥ = 0, where a, [ and vy are real.
Find the locus defined by azZ + pz + fz + v = 0, where o,y € R and p € C.

Expand (cos 0 + i sin 0)°.
By De Moivre’s theorem, we know that (cis 0)° = cis(50). Use this result and the
result of a to show that:

i cos(50) = 16cos’ 0 —20cos> 0 + 5cos 0

i sin(50)

- =16cos*0—12cos20 + 1ifsin® # 0
sin 6

If 7 denotes the complex conjugate of the number z = x + yi, find the Cartesian
equation of the line given by (1 + i)z + (1 — i)z = -2.
Sketch on an Argand diagram the set {z (1 +Dz+(0-0Dz=-2, Argz < g }
LetS = {z : |z— (2\/§+2\/§i)| < 2}.

i Sketch S on an Argand diagram.

ii If z belongs to S, find the maximum and minimum values of |z].

iii If z belongs to S, find the maximum and minimum values of Arg(z).

17 The roots of the polynomial z> + 2z + 4 are denoted by a and f.

a
b
c
d

18 a

Find o and f in modulus—argument form.

Show that o = B3.

Find a quadratic polynomial for which the roots are o + 3 and a — f3.
Find the exact value of af} + pad.

1
Letw=2cisOandz=w + —.
w

i Find z in terms of 0.

2 2
. . . . . 1
il Show that z lies on the ellipse with equation ;—5 + ==

\O
N

5 2
i Show that |z — 22 = (5 —2cos e) .
iv Show that |z —2| + |z + 2| = 5.

1
Letw =2icisBandz=w — —.

w

i Find z in terms of 0.

2 2
. . . . .y X 1
il Show that z lies on the ellipse with equation > + 91
v iii Show that [¢ — 2i] + |z + 21| = 5.
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5A Technology-free questions

1 Consider the vectors @ = —2i +3j — k, b =i —3j + 2k and ¢ = mi + nj. Find ™ such
n

that @, b and ¢ form a linearly independent set of vectors.
2 The coordinates of three points are A(2, 1,2), B(-3,2,5) and C(4, 5, —2). The point D is

such that ABCD is a parallelogram.

a Find the position vector of D.

b Find the coordinates of the point at which the diagonals of the parallelogram ABCD

intersect.
¢ Find cos(ZBAC).
-1+V3
3 a Given that sin(i) = —\/— find cosz(i).
12 242 12
1
b Given that cos(g) = 4_1(1 +v/5), find:
i sec(E) i tanz(E)
5 5

4 Find all solutions of z* — 22 — 12 = 0 forz € C.
5 Resolve the vector 3i + 2j — k into two vector components, one of which is parallel to

the vector 2i + j + 2k and one of which is perpendicular to it.
6 Let f(x) = 3arcsin(2x + 1) + 4. State the implied domain and range of f.
7 Consider z = _,l. Find Argz.

-1
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5A Technology-free questions 207

8 Let P(z) = 2> — 62° — 27> + 17z — 10. Given that P(1) = P(2) = 0, solve the equation
P(z) =0forz e C.

9 Point A has coordinates (2,2, 1) and point B has coordinates (1,2, 1), relative to an
origin O.
a Find ﬁ b Find cos(ZAOB). ¢ Find the area of triangle AOB.

10 Find the points of intersection of the graph of y = sec2(?) with the line y = 2

for0 < x < 6.

3
11 Consider the vectors @ = =2i — 3j + mk, b =i - §j+2kandc =2i+j-k.
a Find the values of m for which |a| = V38.

b Find the value of m such that a is perpendicular to b.
¢ Find -2b + 3c.

d Hence find m such that a, b and ¢ are linearly dependent.
12 Find all real solutions of 4 cos x = 2 cot x.

13 a Solve the equation 7> — 27> +2z— 1 = 0 for z € C.
b Write the solutions in polar form.

¢ Show the solutions on an Argand diagram.
14 Letz= V3 +i. Plot z, z> and z* on an Argand diagram.

15 In acircle of radius length 20 cm, two chords have lengths 8 cm and 12 cm.

a If the chords are parallel, find the distance between them.

b The chords are not parallel and do not intersect B
inside the circle, but when extended they A
intersect outside the circle at P, as shown in p
the diagram. C D

IfAB=8cm,CD =12 cm, AC = 3 cm and
BD =5 cm, find PA.

16 a Solve the equation sin(4x) = cos(2x) for 0 < x < m.
b Consider the graphs of f(x) = cosec(4x), 0 < x < 7, and g(x) = sec(2x), 0 < x < 7.
i Find the coordinates of the points of intersection of these two graphs.
ii Sketch these graphs on the same set of axes.

-2
¢ On another set of axes, sketch the graph of 4(x) = 2 arccos(xT), clearly labelling

the endpoints.

17 a Show thatz— 1 —iisafactor of f(z) = 2° — (5 + )z* + (17 + 4i)z — 13 = 13i.
b Hence factorise f(z).
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18 Points A and B have position vectors OA =i+ V3j and OB = 3i — 4k. Point P lies
on AB with AP = \AB.
a Show that OP = (1 + 20)i + V3(1 — 1)j — 4Ak.
b Hence find )\, if OP is the bisector of ZAOB.

19 Let f(z) = 72 + aiz + b, where a and b are real numbers.

a Use the quadratic formula to show that the equation f(z) = 0 has imaginary solutions
2

only when b > —az.
b Hence solve each of the following:

i Z2+2iz+1=0 i Z2-2iz-1=0 iii 2+2iz-2=0

20 a If the equation 22 +az? + bz + ¢ = 0 has solutions —1 + i, —1 and —1 — 4, find the
values of a, b and c.
b If V3 + i and —2i are two of the solutions to the equation z> = w, where w is a
complex number, find the third solution.

21 a Find the maximal domain and range of the function y = a + b arcsin(cx + d), where
a,b,c,d € R".
b Sketch the graph of y = 27t + 4 arcsin(3x + 1).

22 a Find a unit vector perpendicular to the line 2y + 3x = 6.
b Let A be the point (2, -5) and let P be the point on the line 2y + 3x = 6 such that AP
is perpendicular to the line. Find:

i AP il |AP|
23 Points A, B and C are defined by position vectors a, b and ¢ respectively.

a Leta=2i-2j+5k,b=-i+2j—6kandc = —4i +2j— 3k. Show that the vectors
a, b and c are linearly dependent by finding values of m and n such that ¢ = ma + nb.
b If P is a point on AB such that E)) = \e, find the value of A.

5B Multiple-choice questions

1 3
1 Ifsinx= -3 where w < x < ;, then tan x equals
a Yo g L
12 24

D_i E__6

¢ 24 12

EN

7T
2 If cos x = a, where 5 < x < m, then sin(x + ) equals

Al-a B a-1 C V1-a2 D —-V1-a2 E 1+a

3 The equation sin(2x + g) = —73, for —m < x < m, has

A Osolutions B 1 solution C 2solutions D 3solutions E 4 solutions
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5B Multiple-choice questions 209

4  The solutions of tan? x = 3, for 0 < x < 27, are

4
A gonly B gand ?n only Cc gonly
1 n n 2n 4n Sn
D = and — onl E -, =, = and =
6 e oY 3730 3 M3
5 The graph of y = f(x) is shown for 31\
> )
0<x< ?” The rule for £(x) is )
A 2sin(3x—£) 1t
3
. 11 ' >
B 2s1n(3x——) 5 1 1.5 22n
6 -1F 3
Cc 3cos(2x—g) =2
D 2cos|3x + g)
7
E 3si (2 ——)
sin|2x - 7

5
6 The y-axis intercept of the graph of y = 3 tan(2x + Fn) is

A (o,—?) B (o,-?) C 0,-V3) D (0,V2) E (o,—ﬁ)

7 The x-axis intercept of the graph of y = -2 cos(n - g), 0<x<2m,is

Al g o ¢ b 3 g 5
3 3 6 2 4

8 An asymptote of the graph of y = 2 tan(3x - g) is located at

7T S5n 7T T S5m
A == B = — = — D = — E = —
) 79 Cr=1 T2 T8
(x+1)? (=27 .
9 The asymptotes of the hyperbola EERT: = 1 have equations
3 8 3 2 3 10 3 2
A = — — = — — B = — —_— = — —
y 4x+3andy 4x+3 y 4x+ 3 and y 4x+3
4 10 4 2 4 10 4 10
Cy=§x+?andy:—§x+§ Dy=§x+?andy=—§x+?
3 2
E y= Zx—?andy——zx+§
10 A circle has a diameter with endpoints at (4, —2) and (-2, —2). The equation of the

circle is
AG-1D2+r-2%=3 B x-1)>+(0r+2?=3 C x+1)+(r-27=6
D x-1Y+(r+2?=9 E x-1’+(+2?>=6
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11 The ellipse shown has its centre on

y
the x-axis. Its equation is A
(x+27% y’
A +—==1
9 16
(x=2)>
B — =1
9 16
c (x+2)° ﬁ _1
3 4 L
(x=20 ¥
D — =1
3 4
_ 92 2
E (x=2) s |
9 1
12 Which one of the following equations is correct for m
calculating the length £? 8 30 7
A (? =49 +64 +2x7x8cos50°
B (% =49+64+2x7x8cos 130°
4
¢t 8
sin 130°  sin25°
¢ 7
sin 130°  sin25°
E (=49 +64—-2x7x8cos50°
2y
13 The ellipse with equation ) + %= 1 has x-axis intercepts with coordinates
A (-3,-5)and (3,5) B (-5,-3)and (5,3) C (0,-3)and (0,3)
D (-3,0)and (3,0) E (3,0)and (5,0)
14 The circle defined by the equation x> + y> — 6x + 8y = 0 has centre
A (2,4) B (-5,9) C 4,-3) D 3.-4 E (6,-8)
15 If the line x = k is a tangent to the circle with equation (x — 1)> + (y + 2)> = 1, then k is
equal to
A lor-2 B lor3 C —lor-3 D Oor-2 E Oor2

16 The curve with equation x> — 2x = y* is

A an ellipse with centre (1, 0) B a hyperbola with centre (1, 0)
C acircle with centre (1, 0) D an ellipse with centre (-1, 0)

E ahyperbola with centre (-1, 0)

17 Ifa=2i+3j—4k,b=—-i+2j—2kand ¢ = —3j + 4k, then a — 2b — ¢ equals

A 3i+10j— 12k B —3i+7j- 12k C 4i+2j—4k
D —4j+4k E 2j -4k
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5B Multiple-choice questions 211

18 A vector of magnitude 6 and with direction opposite to i — 2j + 2k is

A 6i—12j+ 12k B -6i+12j -2k C -3i+6j-6k
2. 4, 4
D 2 . E 2 2.2
2i+4j -4k 31 3 +3k
19 Ifa=2i-3j— kand b = -2i + 3j — 6k, then the vector resolute of a in the direction
of bis
1 1
A 7(-2i+3j-6k) B 7(2i—3j+6k) C —7(2i—3j—k)
7 19
D - i_3i_ E -2 5 .
11(21 3j—k) 49( 2i +3j — 6k)
20 Ifa=3i-5j+ k, then a vector which is not perpendicular to a is
1
A§(3i—5j+k) B 2i+j—k Ci-j-8k
1
D -3i+5j+34k E 5(—3i—2j—k)

21 The magnitude of vectora =i — 3j + 5k is
A3 B V17 C 35 D 17 E V35

22 Ifu=2i-V2j+kandv =i+ V2j—k, then the angle between the direction of & and v,
correct to two decimal places, is

A 92.05° B 87.95° C 79.11° D 100.89° E 180°
23 Letu=2i—aj—kandv =3i+2j— bk. Then u and v are perpendicular to each other
when
A a=2andb=-1 B a=-2andb=10 Ca=%andb=—5
D a=0andb=0 Ea=-landb=5
24 letu=i+aj—4kandv = bi—2j+ 3k. Then u and v are parallel to each other when
8 3 3 3
A a=-2andb=1 Ba——gandb——z Ca——iandb——z
D a= —2 and b = —g E none of these
25 Leta=1i-5j+ kand b =2i— j+ 2k. Then the vector component of a perpendicular
to b is
A —-i-4j-k Bi+4j+k C -5i+j-5k
5. 2, 5
D 5i-j+5k E —i+-j+ -k
i—j+ 31 + 3] + 3
26 If points A, B and C are such that AB - BC = 0, which of the following statements must
be true?
. — = — —
A Either AB or BC is a zero vector. B |AB| = |BC|

— — . —
C The vector resolute of AC in the direction of AB is AB.

— —
D The vector resolute of AB in the direction of AC is AC.
E Points A, B and C are collinear.

|
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212 Chapter 5: Revision of Chapters 1-4

27 Ifu=i-j—kandv =4i+ 12j—- 3k, thenu - v equals
A 4i-12j+3k B 5i+11j-4k C -5
5
D 19 E —
13
28 Ifa=3i+2j—kandb = 6i — 3j + 2k, then the scalar resolute of a in the direction
of b is
0 . . 10 . 3.
A E(6t—3j—2k) B - C2l—§J—2k
D 10 E _\/E
49 7
29 Leta=3i—-5j—-2kand b =2i—3j— 4k. The unit vector in the direction of @ — b is
1 1
A i-2j+2k B — (5i—2j - 6k) C -(i-2j+2k)
V65 3
1 1
D §(i—2j+2k) E g(—i+2j—2k)
30 Qi+3j+k) (i—4j+k)equals
A 2i-12j+k B 9 c -9
D 9i E -9i
. . . H . . H . .
31 If the points P, Q and R are collinear with OP =3i + j— k, OQ =i — 2j + k and
%
OR =2i + pj + gk, then
7 1
A p=-3andg=2 Bp=—§andq=2 Cp:—zandq=0
1
D p=3andg=-2 Ep=—§andq=2
3 4 .
32 Iftana = 7 and tanf} = 3 where both a and f3 are acute, then sin(a + f3) equals
7 24 7
A - B — — D E 1
5 25 ¢ 25 0
33 Ifa=3i+4j,b=2i-j,x=i+5jand x = sa + tb, then the scalars s and ¢ are
given by
A s=-landr=-1 B s=-landr=1 C s=landt=-1
D s=1landr=1 E s=+V5andr=5
34 Given that p = OP, ¢ = OQ and the points O, P and Q are not collinear, which one of
the following points, whose position vectors are given, is not collinear with P and Q?
1 1 1 2
A —p+- B -2 - D —-p+- E 2p-
SPt 54 3p-2q Cpr-gq 3P+ 34 P—4q
35 cos?0 + 3sin’ O equals
A 2+cosH B 3 —2co0s(20) C 2-cosH
D 2cos(20) -1 E none of these
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5B Multiple-choice questions 213

36 cos‘l(—g) - sin‘l(—g) equals

S5n T T T Tn
A —— B —— —— D — E —
6 2 ¢ 6 2 6
37 POQR is a straight line and PQ = 20R. R
— — — .
If OQ =3i—2jand OR =i+ 3j, then OP is 0
equal to
A —-i+8j B 7i-12j C 4i-10j
D —4i+10j E -7i+12j P
— — —
38 IfOP=2i-2j+ kand PQ =2i+2j— k, then |OQ| equals
A 2V5 B 3V2 Co6 D9 E 4
22
39 1Ifzy; =2-iandz =3 +4i, then |—| equals
21
2 i\2
AV B 5 C 125 D (2+111) E (10+51)
9 5 5
40 Ifz=—1 - V3i, then Argz equals
2 Sm 2 Sm 7T
A —— B —— C — D — E -
3 6 3 6 3
41 The vectors pi + 2j — 3pk and pi + k are perpendicular when p =
A 0 only B 3 only C Oor3 D lor2 E 1 only

42  One solution of the equation z*> — 572 + 17z — 13 = 0 is 2 + 3i. The other solutions are
A -2-3iand 1 B 2-3iand 1 C -2+3iand -1
D 2-3iand -1 E -2+3iand 1

(cos 60° + isin 60°)* .

43 Th 1 f
¢ vaue o (cos 30° + isin 30°)2 s

1 V3 V3ol
A -1 B i i D--Y E -2
i C —i ) i > 21
— — — XZ
44 If30X+40Y =17 Z,thenﬁequals Y
3 3
A - B - c1 4
5 4
4 5
D - E -
3 3
0 > X
45 cos(tan‘l(l) + sin‘l(i)) equals
\2
1
AZ B 1 co D -— L
2 N 2
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214 Chapter 5: Revision of Chapters 1-4

1
46 Ifx+yi= EPwT where x and y are real, then
i

+4
3 4 3 4 4
A = — = —— B = — = — = —— = —
x=5e and y 55 X= 5z and y 75 Cx and y 7
1 1
Dx=§andy=z Ex=3andy:—4
47 Lleta=2i+3j+4kandb =i+ pj+ k. If a and b are perpendicular, then p equals
7 5 7
A —— B -2 - D 2 E -
3 ¢ 3 3
1
48 Letz= -5 If r = |zl and 6 = Argz, then
-1
T 1 T T
A r=2and0=7 B r=sand0=7 cr_x/iande_—Z
1 T 1 7
D r=—and6=—-— Er=—and6=-—
V2 4 \2 4
49 Ifcosx = —% and T < x < 3;, then tan x is
4 3 4 3 9
A - - —— D —- E —
3 4 ¢ 5 5 25
50 The value of sin™! —?) is
57 27 T 7 Tr
A — B — C —— D —— E —
6 3 3 6 6
51 The maximal domain of f(x) = sin!(2x — 1) is
A [-1,1] B (-1,1) C (0,1 D [0,1] E [-1,0]
(T . (T .
52 Ifu=3 015(2) and v = 2015(5), then uv is equal to
7 2 2 3 3
A cis(T”) B 6cis(%) C 6cisz(%) D 5cis(7”) E 60is(%)
53 The exact value of sin(cos‘l(—%)) is
A ﬁ B —l Cc1 D —ﬁ E L
2 2 2 \5
54 The modulus of 12 — 5iis
A 119 B 7 C 13 D V119 E V7

55 When V3 —iis divided by —1 — i, the modulus and the principal argument of the
quotient are

Tr —1lxn Tn
A 2V2and — B V2and C V2and —
12 12 12
-1l I
D 2v2and E V2and —
12 12
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56 The equation x* + 3x + 1 = 0 has

A no solutions B two imaginary solutions C two complex solutions
D two real solutions E one real and one complex solution
1-1 3+
57 The product of the complex numbers Wl and V3+i has argument
5 5
A —% —% C % 1—; E none of these
1
58 Iftan0 = 3 then tan(20) equals
3 2 3 4 4
A - B - C - D - E -
5 3 4 5 3

59 Which one of the following five expressions is not identical to any of the others?

A cos*0—sin* 0 B 1+cos6 C cos(20) D 20052(2) E 1-cos6

60 The modulus of 1 + cos(20) + isin(20), where 0 < 6 < g, is

A 4cos>0 B 4sin’0 C 2cos0 D 2sin0 E none of these
61 An expression for the argument of 1 + cos 0 + isin 0 is
0 . (0O 0 T 0
A 2COS(§) B 2s1n(§) co D 5 E 575
62 A quadratic equation with solutions 2 + 3i and 2 — 3i is
A X +4x+13=0 B x*-4x+13=0 C FP+4x-13=0
D x>+4x-5=0 E x>-4x-5=0
= 4] -1 :
63 Iftan (E) + tan 5) =tan"" x, then x is
5 5 1 1
A1l B - C - D - E -
6 7 5 7
64 Which one of the following five expressions is not identical to any of the others?
A tan +cot6 B cosec’ 0 — cot’ 0 c1
D cosec6 cot6 E 2cosec(20)

65 The subset of the complex plane defined by the equation |z — 2| — [z + 2| = 0 is

A acircle B an ellipse C astraight line
D the empty set E ahyperbola

66 The subset of the complex plane defined by the equation |z — (2 — i)| = 6 is
A acircle with centre at —2 + i and radius 6
B a circle with centre at 2 — i and radius 6
C acircle with centre at 2 — i and radius 36
D a circle with centre at —2 + i and radius 36

E a circle with centre at —2 — i and radius 36
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216 Chapter 5: Revision of Chapters 1-4

67 The graph shown can be represented by the set Imz
7 A
Afziagz=T)
g Argz= o
11
B {z tArgz = —— }
4 >R
> Rez
77 0 T
C {z TArgz = — } 4
4
D {z:Imz+Rez=0}
E {z:Imz-Rez=0}
68 The subset of the complex plane defined by the equation |z — 2| — |z — 2i| = 0 is
A acircle B an ellipse C astraight line
D the empty set E ahyperbola
69 Which one of the following subsets of the complex plane is not a circle?
A {z:]z71=2} B {z:z—-i=2} C {z:zz+2Re(iz) =0}
D {z:]z—-1]=2} E {z:1]z =2i}
70 Which one of the following subsets of the complex plane is not a line?
A {z:Im(z) =0} B {z:Im(z)+Re(z)=1} C {z:z+7=4}
7
D {z:Arg(z):Z} E {z:Re(z) =Im(2)}

71 Points P, Q, R and M are such that P_Q> = 5i, P_I)i =i+ j+2kand W is parallel to P_Q)
so that RM = M, where A is a constant. The value of A for which angle ROM is a
right angle is
19 21

A0 B — Cc — D 10 E 6
4 4
. . ﬁ . 3
72 In this diagram, OA = 6i — j + 8k, A
ﬁ
OB=-3i+4j—2kand AP: PB=1:2. P
The vector OP is equal to
B
7. 4 7. 4
A —j+-k B 3i+-j+-k
3773 T3 5
2 14
C 3j+4k D3i+§j+?k
E none of these
73 Inan Argand diagram, O is the origin, P is the point (2, 1) and Q is the point (1, 2).
If P represents the complex number z and Q the complex number a, then a equals
A 7 B iz C D -iz E =z
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74 1In an Argand diagram, the points that represent the complex numbers z, —7, 7!
and —(z7!) necessarily lie at the vertices of a

A square B rectangle C parallelogram

D rhombus E trapezium

75 A curve is defined parametrically by the equations x = 2 cos(?) and y = 2 cos(2%).
The Cartesian equation of the curve is

Ay=2+x> By=x*-2 Cy=2 D y=x E y=2x"-1

76 A curve is defined parametrically by the equations x = 2secf and y = 3 tan r. The point
on the curve where 1 = -3 is

A (4,3V3) B (4,-3V3) C (4V3,-4) D (-4,-3V3) E (4,_?)

77 A curve is defined parametrically by the equations x = 2¢’ + 1 and y = 2¢~2.

The Cartesian equation of the curve is

x-1 4 8 8

y== y x Cy Y= G-

x—1

5C Extended-response questions

1 a Points A, B and P are collinear with B between A and P. The points A, B and P have
position vectors a, b and r respectively, relative to an origin O. If AP = 514—3)
i express AP in terms of @ and b ii express rin terms of a and b.
b The points A, B and C have position vectors Z, 2i + 2j and 4i + j respectively.
. — —
i Find AB and BC.
il Show that AB and BC have equal magnitudes.
iii Show that AB and BC are perpendicular.
iv Find the position vector of D such that ABCD is a square.
¢ The triangle OAB is such that O is the origin, OA = 8i and OB = 10 )j. The point P

_)
with position vector OP = xi + yj + zk is equidistant from O, A and B and is at a
distance of 2 above the triangle. Find x, y and z.

2 a LetS;={z:|zl<2}and T; = {z:Im(z) + Re(z) > 4}.
i On the same diagram, sketch S| and T}, clearly indicating which boundary
points are included.
il Letd =|z; — 22|, where z; € S1 and z, € T. Find the minimum value of d.
b LetS; ={z:|lz-1-i<1}landTr ={z:]z-2-i<|z—il}.
i On the same diagram, sketch S, and T, clearly indicating which boundaries
are included.

ii If z belongs to S, N T, find the maximum and minimum values of |z].
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218 Chapter 5: Revision of Chapters 1-4

3 OACBis a trapezium with OB parallel to AC and AC = 20B. Point D is the point of
trisection of OC nearer to O.
— —
a Ifa = OA and b = OB, find in terms of a and b:
- ﬁ -. ﬁ m-mm H
i BC it BD ili DA

b Hence prove that A, D and B are collinear.

4 a Ifa=i-2j+2kandb = 12j - 5k, find:

i the magnitude of the angle between a and b to the nearest degree
ii the vector resolute of b perpendicular to a

iii real numbers x, y and z such that xa + yb = 3i — 305 + zk.

b 1Intriangle OAB, a = OA and b = OB. Points P and Q are such that P is the point of

trisection of AB nearer to B and O_Q) = I.SW).
i Find an expression for A_Q) in terms of @ and b.
ii Show that OA is parallel to B_Q>

5 a Showthatif2a+b—-—c=0anda—-4b—-2c=0,thena:b:c=2:-1:3.

b Assume that the vector xi + yj + zk is perpendicular to both 2i + j — 3k and i — j — k.
Establish two equations in x, y and z, and find the ratio x : y : z.

¢ Hence, or otherwise, find any vector v which is perpendicular to both 2i + j — 3k
andi—j- k.

d Show that the vector 4i + 5j — 7k is also perpendicular to vector v.

e Find the values of s and ¢ such that 4i + 5j — 7k can be expressed in the form
sQi+j-3k)+ti—j- k).

f Show that any vector r = t(2i + j — 3k) + s(i — j — k) is perpendicular to vector v
(where t € R and s € R).

6 Consider a triangle with vertices O, A and B, where E&’ =a and O_)B = b. Let O be the
angle between vectors a and b.
a Express cos 0 in terms of vectors @ and b.
b Hence express sin 0 in terms of vectors a and b.

¢ Use the formula for the area of a triangle (area = %ab sin C) to show that the area of
triangle OAB is given by

N@ @b b~ @ by

7 In the quadrilateral ABCD, the points X and Y are the midpoints of the diagonals AC
and BD respectively.
e —
a Show that BA + BC = 2BX.
—_ s = — —
b Show that BA + BC + DA + DC = 4YX.
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8 The position vectors of the vertices of a triangle ABC, relative to a given origin O, are
a, b and c. Let P and Q be points on the line segments AB and AC respectively such
that AP: PB=1:2and AQ : QC =2: 1. Let R be the point on the line segment PQ

such that PR: RQ =2 : 1.

4 1 4
a Prove that OR = §a + §b + §c.
b Let M be the midpoint of AC. Prove that R lies on the median BM.

¢ Find BR : RM.

9 The points A and B have position vectors a and b respectively, relative to an origin O.
The point C lies on AB between A and B, and is such that AC : CB =2 : 1, and D is the
midpoint of OC. The line AD meets OB at E.

a Find in terms of a and b:
i OC ii AD
b Find the ratios:
i OFE:EB ii AE:ED

10 The position vectors of the vertices A, B and C of a triangle, relative to an origin O,

are a, b and ¢ respectively. The side BC is extended to D so that BC = CD. The point
X divides side AB in the ratio 2 : 1, and the point Y divides side AC in the ratio 4 : 1.
Thatis, AX : XB=2:1land AY : YC =4:1.
a Express in terms of @, b and ¢:

- % - _> -mm _)

i OD il 0X im oy
b Show that D, X and Y are collinear.

11 Points A, B, C and D have position vectors j + 2k, —i — j, 4i + kand 3i + j + 2k
respectively.
a Prove that the triangle ABC is right-angled.
b Prove that the triangle ABD is isosceles.
¢ Show that BD passes through the midpoint, E, of AC and find the ratio BE : ED.

12 a For a = 1 — V3i, write the product of z — o and z — @ as a quadratic expression in z
with real coefficients, where a denotes the complex conjugate of a.
b i Express o in modulus—argument form.
ii Find o and o.
iii Show that a is a solution of z> — z> + 2z + 4 = 0, and find all three solutions of
this equation.

¢ On an Argand diagram, plot the three points corresponding to the three solutions.
Let A be the point in the first quadrant, let B be the point on the real axis and let C be
the third point.

i Find the lengths AB and CB. ii Describe the triangle ABC.
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13 a Ifz=1+ V2iexpressp =z + % andq=z—%inthef0rma+bi.
b On an Argand diagram, let P and Q be the points representing p and g respectively.
Let O be the origin, let M be the midpoint of PQ and let G be the point on the line
segment OM with OG = %OM . Denote vectors a)’ and 0_Q> by a and b respectively.
Find each of the following vectors in terms of a and b:
i PO ii OM iii 0G v GP v GO
c Prove that angle PGQ is a right angle.
14 a Find the linear factors of z* + 4.
b Express z* + 4 as the product of two quadratic factors in C.
¢ Show that:
i (1+0)2=2i i (1-0)?=-2i
d Use the results of ¢ to factorise z* + 4 into linear factors.
e Hence factorise z* + 4 into two quadratic factors with real coefficients.
15 a Letz; =1+ 3iandz, =2 —1i. Show that |z; — 25| is the distance between the points z;
and 7z on an Argand diagram.
b Describe the locus of z on an Argand diagram such that |z — (2 — i)| = V5.
¢ Describe the locus of z such that [z — (1 + 3i)| = |z — (2 = ).
16 Letz=2+1.
a Express z° in the form x + yi, where x and y are integers.
b Let the polar form of z = 2 + i be r(cos a + i sin ). Using the polar form of z*, but
without evaluating a, find the value of:
i cos(30) ii sin(3a)
17 The cube roots of unity are often denoted by 1, w and w2, where w = —% + ?i
and w? = L ﬁi.
2 2
a i Ilustrate these three numbers on an Argand diagram.
ii Show that (w?)? = w.
b By factorising z* — 1, show that w?> + w+ 1 = 0.
c Evaluate:
i (1+w)(1+w?
i (1+w?)?
d Form the quadratic equation whose solutions are:
i 2+wand2+w?
it 3w—w?and3w? —w
e Find the possible values of the expression 1 + w" + w?" for n € N.
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5C Extended-response questions 221

18

-]

Letz> — 1 = (z = 1)P(z), where P(z) is a polynomial. Find P(z) by division.

o

2
Show that z = cis(?n) is a solution of the equation z° — 1 = 0.

Hence find another complex solution of the equation z°> — 1 = 0.

Q n

Find all the complex solutions of z° — 1 = 0.
e Hence factorise P(z) as a product of two quadratic polynomials with real
coeflicients.

+b
19 a Two complex variables w and z are related by w = aZT, where a, b, c € R.
z+c

Given that w = 3i when z = —3i and that w = 1 — 4i when z = 1 + 44, find the values
of a, b and c.

b Letz = x + yi. Show that if w = Z, then z lies on a circle of centre (4, 0), and state the
radius of this circle.

is(56
20 a Use De Moivre’s theorem to show that (1 + itan 0)° = cis(56) .
cos3(0)
b Hence find expressions for cos(56) and sin(56) in terms of tan 6 and cos .
5t— 108 +
¢ Show that tan(50) = ST where ¢ = tan 0.

1
d Use the result of € and an appropriate substitution to show that tan(g) =(5-2v5)2.

21 a Express, in terms of 0, the solutions a and f of the equation z + z~! = 2 cos 0.
b If P and Q are points on the Argand diagram representing o + " and o — "
respectively, show that PQ is of constant length for n € N.

22 a On the same set of axes, sketch the graphs of the following functions:
i f(x)=cosx, —-m<x<m il gx)=tan'x, -mn<x<m
b Find correct to two decimal places:
7
it -1(—) i cos 1
an™{ 7 cos i
¢ Hence show that the graphs of y = f(x) and y = g(x) intersect in the interval [Z 1].

d Using a CAS calculator, find the solution of f(x) = g(x) correct to two decimal
places.
e Show that f(x) = g(x) has no other real solutions.

23 a On the same set of axes, sketch the graphs of the following functions:

1

i f(x)=sinx, —g<x<g i glx)=cos'x, —-l<x<1

b Find correct to two decimal places:
A .. BYEL
()i e (3) |
¢ Hence show that the graphs of y = f(x) and y = g(x) intersect in the interval [5, g]

d Using a CAS calculator, find the coordinates of the point(s) of intersection of the
graphs, correct to three decimal places.
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222 Chapter 5: Revision of Chapters 1-4

24 The cross-section of a water channel is y
defined by the function
f(x)=a sec(%x) +d
The top of the channel is level with the ground
and is 10 m wide. At its deepest point, the

channel is 5 m deep.

a Find a and d.
b Find, correct to two decimal places:

i the depth of the water when the width of the water surface is 7 m

ii the width of the water surface when the water is 2.5 m deep

25 Triangle ABC has circumcircle centre O,
BX is perpendicular to AC and
OY is perpendicular to AC.
(BAC =x°, (/BCA=y", (ABC=2°
a i Find AX in terms of ¢ and x.
ii Find CX in terms of @ and y.
iii Use the results of i and ii to find AC.
b i Find the magnitude of ZAOC in terms of z and hence

ch

the magnitude of ZAOY in terms of z.
ii Find AC in terms of z and length OA.
¢ Show that sin(x + y) = sinz.
d Let r be the radius of the circumcircle. If r = %, show that:
i sinx=a il siny=c

e Use the results obtained above to show that sin(x + y) = sinx cosy + cos x siny.

26 LetS and T be the subsets of the complex plane given by
3
S ={z:\/§§|zls3andg<ArngTn}

T ={z:2z+2Re(iz) <0}
a Sketch S on an Argand diagram.

b Find{z:z€ S and z = x + yi where x and y are integers }.
¢ On a separate diagram, sketch S N 7.

3
27 a LetA= {z:Argzz ;}ande {Z:Arg(z—4)= Tn}
Sketch A and B on the same Argand diagram, clearly labelling A N B.

b LetC={z:‘g
7+2

sl}andD={z:z2+(Z)2S2}-

Sketch C N D on an Argand diagram.
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—

28 In the tetrahedron shown, ﬁ’a =i,0C =—-i+3jand A
ﬁ
BA = Vik.
a Express Ei and 51’ in terms of Z, j, k and V.
b Find the magnitude of ZCBO to the nearest degree. C B
¢ Find the value of A, if the magnitude of ZOAC
is 30°.
(0]

29 a ABCD:is a tetrahedron in which AB is perpendicular to CD and AD is perpendicular
to BC. Prove that AC is perpendicular to BD. Let a, b, ¢ and d be the position
vectors of the four vertices.

b Let ABCD be a regular tetrahedron. The intersection point of the perpendicular
bisectors of the edges of a triangle is called the circumcentre of the triangle. Let X,
Y, Z and W be the circumcentres of faces ABC, ACD, ABD and BCD respectively.
The vectors a, b, ¢ and d are the position vectors of the four vertices.

i Find the position vectors of X, Y, Z and W.
. — — = —
il Find the vectors DX, BY, CZ and AW.

iii Let P be a point on DX such that DP = ZDX . Find the position vector of P.

iv Hence find the position vectors of the points Q, R and S on BY, CZ and AW
. — 3> — 3= — 33—
respectively such that BQ = ZBY’ CR = ZCZ and AS = ZAW.

v Explain the geometric significance of results iii and iv.

30 An archway, which appears as shown, has y
been designed using a function of the form A
g:[0,6] » R,
g(x) =asec(bx+c)+d T
The graph of g is a transformation of the 4m
graph of i
-t
l—,=| =R, f(x) =secx > X
f [ 3°3 ] f( ) Ole——— 6m —>»

Find the values of a, b, ¢ and d.

Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press
Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party



O
t ™
()
e’
Q.
1]
=
v

Differentiation and
rational functions

Objectives

> To review differentiation.
1
> To use the rule % = - to obtain the derivative of a function of the form x = f(y).

d
To find the derivatives :)f the inverse circular functions.
To find the derivative of the function y = log, ||.
To define the second derivative of a function.
To define and investigate points of inflection.
To apply the chain rule to problems involving related rates.
To apply the chain rule to parametrically defined relations.
To sketch the graphs of rational functions.

vVVvVYyVvyYVYyYVvVYVYY

To use implicit differentiation.

In this chapter we review the techniques of differentiation that you have met in Mathematical
Methods Units 3 & 4. We also introduce important new techniques that will be used
throughout the remainder of the book. Differentiation and integration are used in each of the
following chapters, up to the chapters on statistical inference.

One of the new techniques is the use of the second derivative in sketching graphs. This will
give you a greater ability both to sketch graphs and to understand a given sketch of a graph.

Another new technique is implicit differentiation, which is a valuable tool for determining the
gradient at a point on a curve that is not the graph of a function.
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6A Differentiation

The derivative of a function f is denoted by f” and is defined by

, .
x) = lim

F h—0

The derivative f” is also known as the gradient function.

If (a, f(a)) is a point on the graph of y = f(x), then the
gradient of the graph at that point is f"(a).

If the line ¢ is the tangent to the graph of y = f(x) at the
point (a, f(a)) and £ makes an angle of 6 with the positive

Ja+m - f»)
h

direction of the x-axis, as shown, then

f’(a) = gradient of £ = tan ©

» Review of differentiation

Here we summarise basic derivatives

and rules for differentiation covered in
Mathematical Methods Units 3 & 4.

The use of a CAS calculator for
performing differentiation is also
covered in Mathematical Methods.

Product rule

m If f(x) = g(x) h(x), then

J'(x) = g'(x) h(x) + g(x) ' (x)

Quotient rule

m If f(x) =

f(x)=

=——, then

g’ (x) h(x) — g(x) I’ (x)

Chain rule

(h(x))*

m If f(x) = h(g(x)), then

f(x)=h(g)g )

Cambridge Senior Mathematics AC/VCE
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@ fw
a 0
X" nx" !
sin x COS X
COS X —sinx
er er
1
log, x p forx >0

IR T
dx V2

m Ify = h(u) and u = g(x), then
dy _dy du
dx  du dx
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226 Chapter 6: Differentiation and rational functions

Differentiate each of the following with respect to x:
2
. X
a +xsinx b — c cos(x* + 1)
sin x

Solution
a Let f(x) = Vxsinx.
Applying the product rule:
1 _1 1
f(x) = §x72 sin x + x2 cos x

\/x sin x

= + Vxcosx, x>0
2x

2
b Leth(x) = —.
sin x
Applying the quotient rule:

2xsinx — x2

sin’ x

COS X

W (x) =

¢ Lety=cos(x?> + 1).
Letu = x> + 1. Then y = cos u.

By the chain rule:

dy _ dy du
dx  du dx
= —sinu-2x

= —2xsin(x* + 1)

» The derivative of tan(kx)
Let f(x) = tan(kx). Then f’(x) = k sec’(kx).

sin(kx)
cos(kx)’
The quotient rule yields
, k cos(kx) cos(kx) + k sin(kx) sin(kx)
f') = .
cos?(kx)

3 k(cos?(kx) + sin®(kx))

B cos2(kx)

= ksec?(kx)

Proof Let f(x) = tan(kx) =
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6A Differentiation 227

Differentiate each of the following with respect to x:

a tan(5x* + 3) b tan’x ¢ sec’(3x)
Solution
a Let f(x) = tan(5x* + 3). b Let f(x) = tan® x = (tan x)*.
By the chain rule with g(x) = 5x* + 3, By the chain rule with g(x) = tan x,
we have we have
' (x) = sec’(5x% + 3) - 10x f/(x) = 3(tan x)* - sec® x
= 10xsec’(5x% + 3) = 3tan’ x sec’ x

Cc Lety= secz(Sx)
= tan’(3x) + 1 (using the Pythagorean identity)
= (tan(?»x))2 +1

Let u = tan(3x). Then y = u?> + 1 and the chain rule gives

dy _ dy du
dx  du dx

= 2u - 3sec’(3x)

= 6 tan(3x) sec*(3x)

» Operator notation

Sometimes it is appropriate to use notation which emphasises that differentiation is an

d
operation on an expression. The derivative of f(x) can be denoted by Ec( f(x).

Find:
d d d
a a(xz +2x+3) b E(exz) c d—z(sinz(z))
Solution
d ,
a —(x*+2x+3)=2x+2
dx
b Lety=¢* and u = x Then y = €. ¢ Lety = sin’(z) and u = sinz. Then y = 1.
The chain rule gives The chain rule gives
dy dy du dy dy du
dx ~ du dx dz ~ du dz
=e"-2x =2ucosz
= 2xe" =2sinz cosz
d = sin(2z)
ie. —(e%) = 2xe*
dx
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228 Chapter 6: Differentiation and rational functions

» The derivative of log, |x|
The function y

[ RA{0} = R, f(x) = log, [x]

is very important in this course. \ /
» X

The graph of the function is shown opposite.

_ 0
The derivative of this function is determined in ! !
the following example.
Example 4
(—_—) d
a Find —(log, |x]) for x # 0.
dx
d 2k + 1
b Find —(log, |sec x|) for x ¢ { @k + Dm cke Z}.
dx 2
Solution
a Lety = log, |x|. b Let y =log, |sec x|
If x > 0, then y = log, x, so = log
ﬂ ) l CoS X
dx  x = log ( 1 )
“\|cos x|
If x < 0, then y = log,(—x), so the
chain rule gives = —log, [cos x|

dy 1 1 Let u = cosx. Theny = —log, |ul.
I —x x(=1)= X By the chain rule:
Hence ﬂ — ﬂ @
d 1 d.x du d.x
—(log, |x[) = = forx#0
dx X 1 .
= —— X (—sinx)
u
3 sin x
~ cosx
=tanx

Derivative of log, |x|
1
Let f: R\ {0} = R, f(x) = log, |x]. Then f"(x) = —.
X
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6A Differentiation 229

________Exercise [

Skillsheet

Example 1

Example 2

Example 3

Example 4

Cambridge Senior Mathematics AC/VCE
Specialist Mathematics Units 3&4

1

2

7

8

Find the derivative of each of the following with respect to x:

a x’sinx b +/x cosx Cc e*cosx d xPe* e sinx cosx

Find the derivative of each of the following with respect to x:

a e¢“tanx b x*tanx c tanxlog,x d sinxtanx e +xtanx
Find the derivative of each of the following using the quotient rule:
x X e’ tan x
b Vx c d
log, x tan x tan x log, x
sin x tan x cos X cos
e - f 4 h - (= cotx)
X Ccos x er sin
Find the derivative of each of the following using the chain rule:
a tan(x*+ 1) b sin®x c e d tan’ x
. 1
e sin(+/x) f Vtanx g cos(—) h sec’x
X

)

Use appropriate techniques to find the derivative of each of the following:

. . 7
J cotx Hint: Usecotx = tan(z - x).

a tan(kx), ke R b 9 ¢ tan’(3x) d log,(x)esn~
3x+1
e sin’(x?) £ S g e tan(2x) h +/x tan(~/x)
cos X
tan® x s
I m J sec(5x%)

d
Find d_y for each of the following:

X
ay=@(x-1y b y=1log,(4x) c y=e"tan(3x) d y=eo*
241
e y=cos’(4x) f y=(sinx+1)* g y=sin@x)cosx h y= al
Py X . 1
sinx }y= xlog, x

For each of the following, determine the derivative:

d d d
a E(x3) b 5(2}72 + 10y) C d—Z(COS2 Z)
d d d
d E(esmz)‘) e d_z(l — tan®z) f d—y(cose(:2 y)
For each of the following, find the derivative with respect to x:
a log, [2x + 1] b log,|-2x+ 1] c log, |sin x|

d log, sec x + tan x| e log, [cosec x + tan x|

h log, |x + Vx% — 4|

f log, Itan(%x)l

i log, |x+ Vx2 +4]

g log, |cosec x — cot x|
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230 Chapter 6: Differentiation and rational functions 6A

9 Let f(x) = tan(g). Find the gradient of the graph of y = f(x) at the point where:
7 T

ax=0 b_x:§ cx:§

2
a Find the coordinates of the points on the graph where the gradient is 4.

10 Let f: (—g E) — R, f(x) = tan x.

b Find the equation of the tangent at each of these points.
11 Let f: (—g, g) — R, f(x) =tan x — 8sin x.
a 1 Find the stationary points on the graph of y = f(x).
ii State the nature of each of the stationary points.
b Sketch the graph of y = f(x).

12 Let f: (_n E) — R, f(x) = e“sinx.

2’2
a Find the gradient of y = f(x) when x = g
b Find the coordinates of the point where the gradient is zero.

13 Let f: (—g g) — R, f(x) = tan(2x). The tangent to the graph of y = f(x) at x = a
makes an angle of 70° with the positive direction of the x-axis. Find the value(s) of a.

14 Let f(x) = sec(z).
a Find f'(x).
b Find f'(m).

‘/ ¢ Find the equation of the tangent to y = f(x) at the point where x = 7.

6B Derivatives of x = f(y)

From the chain rule:

dy dy y du
dx  du’” dx
For the special case where y = x, this gives

dx dx y du

dx du’ dx

dx du

l=—x—

du dx

provided both derivatives exist.

This is restated in the standard form by replacing u with y in the formula:
d
dx dy _
dy dx

We obtain the following useful result.

1

Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press
Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party



6B Derivatives of x = f(y) 231

dy 1 . dx
i E provided & #0
dy

Note: We are assuming that x = f(y) is a one-to-one function.

d
Given x = y3, find _y'
dx
Solution Explanation
We have The power of this method can be appreciated by
dx 342 comparing it with an alternative approach as follows.
— =3y
d 1
. Y Let x = y>. Then y = v/x = x3.
ence
dy 1 Hence
ix 3 V7Y dy 1.2
dx 3
. dy 1
1.e. i 3\3/?, x#0
1 1
Note that — = ——.
32 3V

While the derivative expressed in terms of x is the
familiar form, it is no less powerful when it is found
in terms of y.

Note: Here x is a one-to-one function of y.

Find the gradient of the curve x = y> — 4y at the point where y = 3.

Solution
x=y -4y
dx
— =2y-4
dy g
dy 1
A 2
dx 2y—-4 y#

1
Hence the gradient aty = 3 is X

Note: Here x is not a one-to-one function of y, but it is for y > 2, which is where we are
interested in the curve for this example. In the next example, we can consider two
one-to-one functions of y. One with domain y > 2 and the other with domain y < 2.
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232 Chapter 6: Differentiation and rational functions

Find the gradient of the curve x = y> — 4y at x = 5.

Solution
x=y2—4y
d
& _gy_4
dy
dy 1
== 8 = #2
dx 2y-4 7
Substituting x = 5 into x = y*> — 4y yields
y2—4y=5
¥ —4y-5=0
O-5r+D=0

y=5 or y=-1
Substituting these two y-values into the derivative gives
dy 1 dy 1

6 o G

Note: To explain the two answers here, we consider the graph of x = y* — 4y, which is the
reflection of the graph of y = x> — 4x in the line with equation y = x.

Graph of y = x? — 4x Graph of x = y? — 4y

y Y
A A

B

0.9 —
A
-3
(_49 2)
(0] (4’ 0) _ 19) 5 .

1F

C

(2a _4)

When x = 5, there are two points, B and C, on the graph of x = y2 — 4y.

dy 1
AtB,y=5and — = —.
dx 6
dy 1
AtC,y=—-1land — = ——.
dx 6
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6B 6B Derivatives of x = f(y) 233
Using the TI-Nspire
= First solve x = y> — 4y for y. SM384.
m Differentiate each expression for y with ( 2 )
. solvelx=y“-4-y,y
respect to x and then substitute x = 5, y=(x+4 -2) or y=x+4 +2
as shown. 4
. o ((fera-2))
Note: Press (w) to obtain the derivative 2 x+4
d ;
template G-0. =5 &5
2 \x+4 6
111 8 SM384 < ra{lE8
—( x+4 +2) L
2 \x+4
1
=5 -
2 x+4 6
Using the Casio ClassPad
Main . 2 . . .
m In .z, enter the equation x = y~ — 4y and & Edit Action Interactive
solve for y. £ | & | faa ] sime | 1| v -
m Enter and highlight each expression for y solve (x=y2-4y, ¥)
as shown. {y=—Vx+4+2, y=Vx+4+2}
d(_yoq
m Go to Interactive > Calculation > diff. g Y HA+2)
m Substitute x = 5. -1
2V x+4
A (Vx#142) |2=5
dx
-1
6
4 (yx¥a+2)
dx
1
2V x+4
4 (Vx¥a+2) |2=5
dx
1
6
Exercise f:;
. d 1 d .
Skillsheet > 1 Using 2 ——, find £ for each of the following:
dx  dx dx
dy
Example 5 ax=2y+6 b x=y c x=Q2y-1)7? d x=¢
e x = sin(5y) f x=log,y g x=tany h x=y’+y-2
. -1 .
Px=i— j x=ye
y
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234 Chapter 6: Differentiation and rational functions 6B

example 6,7 2 For each of the following, find the gradient of the curve at the given value:

1 1

ax:y3aty:§ bx:y3atx:§

1

c x=eYaty=0 dx:e“yatxzz
e x=(1-2yaty=1 fx=(1-2yatx=4

g x=cos(2y)aty = T

3 h x=cos2y)atx=0

d
3 For each of the following, express d_y in terms of y:
X

ax=Q2y-1)> b x=¢»*! c x=1log,2y—-1) d x=1log,(2y)—-1
.. . . . dy .
4 For each relation in Question 3, by first making y the subject, express T in terms of x.
X

5 Find the equations of the tangents to the curve with equation x = 2 — 3y? at the points
where x = —1.

6 a Find the coordinates of the points of intersection of the graphs of the relations
x=y"—4yandy=x-6.
b Find the coordinates of the point at which the tangent to the graph of x = y*> — 4y is
parallel to the line y = x — 6.

¢ Find the coordinates of the point at which the tangent to the graph of x = y* — 4y is
perpendicular to the line y = x — 6.

7 a Show that the graphs of x = y> —yand y = %x + 1 intersect where x = 2 and find the
coordinates of this point.

b Find, correct to two decimal places, the angle between the line y = %x + 1 and the
tangent to the graph of x = y*> — y at the point of intersection found in a (that is, at
‘/ the point where x = 2).

6C Derivatives of inverse circular functions

The result established in the previous section

dy 1
dx_g
dy

can be used to find the derivative of the inverse of a function, provided we know the
derivative of the original function.

For example, for the function with rule y = log, x, the equivalent function is x = ¢”. Given

dx . dy dy 1
that we know — = ¢”, we obtain — = —. But x = ¢”, and therefore — = —.
dy dx e dx x
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6C Derivatives of inverse circular functions 235
» The derivative of sin~"(x)

If f(x) = sin”"(x), then f’(x) =

for x € (-1, 1).

—x2

Proof Let y = sin™! (x), where x € [—1, 1]and y € [—g g]

d
The equivalent form is x = siny and so d_x = COs Y.
Y

d 1
Thus d_z = m andcosy # 0 forye (—g E).

d
The Pythagorean identity is used to express d_y in terms of x:
X

sin?y +cos?y = 1
cos’y=1-sin’y

cosy = +V1 —sin’y

Therefore cosy = V1 —sin’y since y € (—g, g) and so cosy > 0
=V1-x2 since x = siny
d 1 1
Hence Y___~ - forx e (-1,1)

dx cosy A1—-2

» The derivative of cos™"(x)

If f(x) = cos™!(x), then f(x) =

for x € (-1, 1).
— P

Proof Lety = cos™'(x), where x € [-1, 1] and y € [0, «t].

d
The equivalent form is x = cosy and so d_x = —siny.
Y
dy -1 .
Thus — = —— and siny # 0 for y € (0, m).
dx siny

Using the Pythagorean identity yields
siny = #V1 — cos?y
Therefore siny = VI —cos?y since y € (0, ) and so siny > 0
= VI -x2 since x = cosy

Hence dy_-1_ -
dx siny -2
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236 Chapter 6: Differentiation and rational functions
» The derivative of tan™" (x)

If f(x) = tan!(x), then f’(x) = for x € R.

1
1+ x2

Proof Lety = tan~'(x), where x e Randy € (—g, g)

d d 1
Then x = tany. Therefore - sec’ y, giving 9 .
dy dx sec?y

Using the Pythagorean identity sec’ y = 1 + tan? y, we have

dy 1 1
dx sec?y 1+tan?y
1
T30 since x = tany

For a > 0, the following results can be obtained using the chain rule.

Inverse circular functions

C(_ _wn—1f* p _ 1
f:(=a,a) - R, f(x) = sin (a)’ f(x) = —a2 —
fi(=a,a) > R fx) = cos_l(f) f(x) = _—1

o ) s P 9 az _x2

5 _ (28 p _ a
f:R—>R, f(x) = tan (a)’ f(x) = 3

Proof We show how to obtain the first result; the remaining two are left as an exercise.
.o X .
Lety = sin 1(—). Then by the chain rule:
a

1 1

dy 1 ><1_ _
dx Xy @ 2\ V-2
ER T
a a

Differentiate each of the following with respect to x:

TS 2x .
a sin 1(5) b cos™'(4x) c tan‘l(?) d sin”'(x2-1)
Solution
L Xx

a Lety =sin 1(3) Then b Lety=cos™!(4x) and u = 4x.

dy | By the chain rule:

- = d -1

dx  \9— 2 2 x 4

dx 1,2
3 -4
V1 — 16x2
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6C 6C Derivatives of inverse circular functions 237

2 2
c Lety= tan‘l(?x) and u = ?x d Lety=sin"'(x* - 1)and u = x> — 1.
By the chain rule: By the chain rule:
d 1 2
o1 2 DL s
dx 1+u*> 3 dx  \1-.,2
_ y 2 3 2x
1+ (&)Z 3 VI- 2= 17
3 2x
9 =
-2 xZ= I—(x*—2x2+1
22+9 3 VI-( =224 D)
. 5 2x
== 2 _
4x2+9 2 =
3 2x
Va2V2 — 2
3 2x
|x| V2 — x2
d 2
Hence = for0 < x< V2
dx 72— 2
-2
and Q: for—V2 < x <0
dx N2

Exercise @

Skillsheet » 1 Find the derivative of each of the following with respect to x:

Example 8 a sin_l(g) b cos“(j—:) c tan‘l(g) d sin”!(3x)
1 1 . _1f3x (3%
e cos™ (2x) f tan~!'(5x) g sin vy h cos ?)
2
i tan’](?x) i sin”'(0.2x)
2 Find the derivative of each of the following with respect to x:
a sin'(x+1) b cos'2x+1) ¢ tan"!(x +2) d sin”'4 - x)

3x+ 1 5x-3
e cos™'(1-3x) f3an”l(1-20 g 2sin_1( x2+ ) h _400871( x2 )

1-
i Stan‘l(Tx) j —sin”'(x?)
3 Find the derivative of each of the following with respect to x:

3 5
ay= cos‘l(—) where x > 3 by-= sin’l(—) where x > 5
x x

3 3
cy= cos‘l(a) where x > 3
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238 Chapter 6: Differentiation and rational functions 6C

4 For a positive constant a, find the derivative of each of the following:

a sin'(ax) b cos!(ax) ¢ tan~!(ax)

5 Let f(x) =3 sin_l(g).

a i Find the maximal domain of f. ii Find the range of f.
b Find the derivative of f(x), and state the domain for which the derivative exists.

¢ Sketch the graph of y = f’(x), labelling the turning points and the asymptotes.

6 Let f(x) =4cos™'(3x).

a i Find the maximal domain of f. ii Find the range of f.
b Find the derivative of f(x), and state the domain for which the derivative exists.

c Sketch the graph of y = f’(x), labelling the turning points and the asymptotes.

7 Let f(x) = 2tan"(121).

a i Find the maximal domain of f. ii Find the range of f.
b Find the derivative of f(x).
c Sketch the graph of y = f’(x), labelling the turning points and the asymptotes.

8 Differentiate each of the following with respect to x:

1

a (sin' x)2 b sin™' x+cos™' x ¢ sin(cos™!

x)
d cos(sin™! x) e esin'x f tan'(e¥)

9 Find, correct to two decimal places where necessary, the gradient of the graph of each
of the following functions at the value of x indicated:

a f(x)= sin—l(g), x=1 b f(x)=2cos”'3x), x=0.1

¢ f(x)=3tan'Qx+1), x=1

10 For each of the following, find the value(s) of a from the given information:

a f()=2sin'x, fla)=4 b f(x)=3005‘1(§), F'(a) = -10
¢ f() =tan"'Gx), f'(a) =05 d f(x):sin—l(%), F(a) = 20
e f(x):2cos‘1(23—x), f(a) = -8 £ fO)=4tan'2x—1), f(a)=1

11 Find, in the form y = mx + ¢, the equation of the tangent to the graph of:

1 1
a y=sin"'Qx)atx = b y=tan"'Qx)atx = 3

4
_ 1 q 1
c y=cos"'(Bx)atx = — d y=cos'Bx)atx = —
6 2V3
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6C 6D Second derivatives 239

12 Let f(x) = cos‘l(g).
a Find the maximal domain of f.
b Find f’(x) and show that f’(x) > 0 for x > 6.
‘/ ¢ Sketch the graph of y = f(x) and label endpoints and asymptotes.

6D Second derivatives

For the function f with rule f(x), the derivative is denoted by f” and has rule f’(x). This
notation is extended to taking the derivative of the derivative: the new function is denoted
by f” and has rule f”’(x). This new function is known as the second derivative.

Consider the function g with rule g(x) = 2x> — 4x?. The derivative has rule g’(x) = 6x> — 8x,
and the second derivative has rule g”’(x) = 12x — 8.
Note: The second derivative might not exist at a point even if the first derivative does.
For example, let f(x) = x%. Then f’(x) = gx% and f”(x) = gx_%.
We see that f/(0) = 0, but the second derivative f”(x) is not defined at x = 0.
2

d7y

In Leibniz notation, the second derivative of y with respect to x is denoted by o
X

Find the second derivative of each of the following with respect to x:

a f(x)=6x*—4x +4x b y=e¢"sinx
Solution
a f(x)=6x"—4x> +4x b y=e'sinx
4 — 3 2 d
f)=24x"—12x"+4 D _ rsinx+ efcosx (by the product rule)
F7(x) = 7252 — 24x dx
d2
y — X o1 X X X o3
—= =¢"sinx+ e’ cosx+e* cosx —e*sinx
dx?

=2e*cosx
A CAS calculator has the capacity to find the second derivative directly.

Using the TI-Nspire

m Press (=) to obtain the second-derivative ' SM384.
d2
template =0.
P do a2 ( i ()) 2- e cos(x)
= Complete as shown. ey
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240 Chapter 6: Differentiation and rational functions

Using the Casio ClassPad
m Enter and highlight the expression e” - sin(x).
m Go to Interactive > Calculation > diff and change to order 2. Tap OK.

£ Edit Action Interactive

@ Differentiation 1 e }:}:] Simp |
() Derivative at value 9
Expression: 42 (eX.sin(x))
variable: dx
Order: 2+cos(x)-eX
Example 10
If f(x) = e, find f”(0).
Solution
f() = e
f(x) =2~
fll(x) = 462x
Therefore f(0) = 4¢° = 4.
Example 11
If y = cos(2x), find a simple expression for
Rl
dx 4\ dx?
Solution
y = cos(2x)
d
d—y = —25in(2x)
x
d’y
) = —4 cos(2x)
Hence
dyV?  1(d*y\? 1
(d—i) ; Z(d—x{) = (-25in(2x))’ + 5 (=4 cos(2))
2 1 2
= 4sin"(2x) + Z(l6 cos“(2x))
= 45in®(2x) + 4 cos*(2x)
= 4(sin®(2x) + cos*(2x))
=4
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6D 6E Points of inflection 241

______Exercise [0

example 9| 1 Find the second derivative of each of the following:

a 2x+5 b A® c x d 2x+1)* e sinx
.1 .
f cosx g e h log, x i — j tanx

2 Find the second derivative of each of the following:

a Vo b (2 +3)} c sin(%) d 3cosdx+ 1)
1
e 5el‘xﬂ f log,(2x + 1) g 3tan(x —4) h 4sin"'(x)
i tan"!(x) j 2(1 - 3x)°
3 Find f”(x) if f(x) is equal to:
a 637 b —8¢05¢ c elogx d log,(sin x)
X 2x 1
e 3 sin‘l(—) f cos™'(3x) 2tan‘1(—) h
4 & 3 Vi—x
i 5sin(3 —x) j tan(1 —3x) k sec(g) | cosec(%)
example 10, 4  Find f”(0) if f(x) is equal to:
. 1 1
a e\ b ¢2° c V1-x2 d tan_l( 1)
x—
- o d%y dy
Example 11, 5 Ify=¢"" ¥ showthat(l —x)— —-x—-y=0
dx? dx

v

6E Points of inflection

In Mathematical Methods Units 3 & 4, you have undertaken sketching the graphs of

polynomial functions. The second derivative enables us to find out more information about

these and other graphs. We start this section by considering the graph of y = 4x> — x*.

» The graph of y = 4x3 — x*

The graph of this function is shown in the diagram below.

Y
A
(3,27)
y=4x3 - x4
> X
(0,(0) (4,0
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242 Chapter 6: Differentiation and rational functions

There is a local maximum at (3,27) and a stationary point of inflection at (0, 0). These have

d
been determined by considering the derivative function d_y = 12x% — 4x°.
x

The graph of the derivative function
y
A % = 12x2 — 4x3

2, 16)

0, 0) (3,0)

Note that the local maximum and the stationary point of inflection of the original graph
correspond to the x-axis intercepts of the graph of the derivative. Also it can be seen that the
gradient of the original graph is positive for x < 0 and 0 < x < 3 and negative for x > 3.
The graph of the second derivative function

Further information can be obtained by considering the graph of the second derivative.

y 2
7); —24x — 12x2
0 D > X

The graph of the second derivative reveals that, at the points on the original graph where
x = 0 and x = 2, there are important changes in the gradient.

® At the point where x = 0, the gradient of y = 4x> — x* changes from decreasing (positive)
to increasing (positive). This point is also a stationary point, but it is neither a local
maximum nor a local minimum. It is known as a stationary point of inflection.

m At the point where x = 2, the gradient of y = 4x> — x* changes from increasing (positive)
to decreasing (positive). This point is called a point of inflection. In this case, the point
corresponds to a local maximum of the derivative graph.

The gradient of y = 4x> — x* increases on the interval (0, 2) and then decreases on the
interval (2, 3). The point (2, 16) is the point of maximum gradient of y = 4x* — x* for the
interval (0, 3).
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Point of inflection

Local maximum

Stationary point
of inflection

Behaviour of tangents

6E Points of inflection 243

A closer look at the graph of y = 4x3 — x* for the interval (0, 3) and, in particular, the

behaviour of the tangents to the graph in this interval will reveal more.

The tangents at x = 1, 2 and 2.5 have equations y = 8x — 5,y = 16x — 16 and y =
respectively. The following graphs illustrate the behaviour.

Specialist Mathematics Units 3&4

The first diagram shows a section of the graph of
y = 4x> — x* and its tangent at x = 1.

The tangent lies below the graph in the immediate
neighbourhood of where x = 1.

For the interval (0, 2), the gradient of the graph is
increasing; the graph is said to be concave up.

The second diagram shows a section of the graph of
y = 4x3 — x* and its tangent at x = 2.5.

The tangent lies above the graph in the immediate
neighbourhood of where x = 2.5.

For the interval (2, 3), the gradient of the graph is
decreasing; the graph is said to be concave down.

The third diagram shows a section of the graph of
y = 4x> — x* and its tangent at x = 2.

The tangent crosses the graph at the point (2, 16).
At x = 2, the gradient of the graph changes from
increasing to decreasing; the point (2, 16) is said to
be a point of inflection.
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244  Chapter 6: Differentiation and rational functions

» Concavity and points of inflection

We have met the ideas of concave up and concave down in the example at the beginning of
this chapter. We now give the definitions of these ideas.

Concave up and concave down

For a curve y = f(x):

m If f(x) > O for all x € (a, b), then the gradient of the curve is increasing over the
interval (a, b). The curve is said to be concave up.

m If f”(x) <O for all x € (a, b), then the gradient of the curve is decreasing over the
interval (a, b). The curve is said to be concave down.

Concave up for an interval Concave down for an interval

The tangent is below the curve at each The tangent is above the curve at each
point and the gradient is increasing point and the gradient is decreasing
ie. f(x)>0 ie. f(x) <0

Point of inflection

A point where a curve changes from concave up to concave down or from concave down
to concave up is called a point of inflection. That is, a point of inflection occurs where the

sign of the second derivative changes.

Note: At a point of inflection, the tangent will pass through the curve.

If there is a point of inflection on the graph of y = f(x) at x = a, where both f” and f” exist,
then we must have f”’(a) = 0. But the converse does not hold.

For example, consider f(x) = x*. Then f”(x) = 12x? and so f”/(0) = 0. But the graph of
y = x* has a local minimum at x = 0.

From now on, we can use these new ideas in our graphing.

The graph of y = sinx
Let f: [—g, g] — R, f(x) = sinx. Then f’(x) = cosx and f”'(x) = —sin x.

Hence f’(x) = 0 where x = g and x = —g, and f”(x) = 0 where x = 0.
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6E Points of inflection 245

m Concave up y
In the interval (—g o), £/(x) > 0and f”(x) > 0.

Note that the tangents to the curve lie below the

X

Y

curve and it is said to be concave up.

m Concave down
In the interval (o, g) £/(x) > 0and f”(x) < 0. )
Note that the tangents to the curve lie above the 2
curve and it is said to be concave down.

m Point of inflection y
Where x = 0, the tangent y = x passes through the A T 1)
graph. There is a point of inflection at the origin.
This is also the point of maximum gradient in the
T > X
interval |-, 7.
interval | -2, =

Example 12

=== For each of the following functions, find the coordinates of the points of inflection of the
curve and state the intervals where the curve is concave up.

a f(x)=x b f(x)=-x c f=x-3x2+1 d f(x) =

x> -4

Solution y
a m There is a stationary point of inflection at (0, 0). A
At x = 0, the gradient is zero and the curve changes
from concave down to concave up. > X

m The curve is concave up on the interval (0, o).
The second derivative is positive on this interval.

Note: The tangent at x = 0 is the line y = 0.

b m There is a stationary point of inflection at (0, 0). y
m The curve is concave up on the interval (—oo, 0).
The second derivative is positive on this interval.

Note: The tangent at x = 0 is the line y = 0. 0
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246 Chapter 6: Differentiation and rational functions

¢ fW=x-32%+1 y
f/(x) = 3x* — 6x
f'(x)=6x-6

There is a local maximum at the point with

O, D

coordinates (0, 1) and a local minimum at the o
point with coordinates (2, —3). (2,-3)

The second derivative is zero at x = 1, it is
positive for x > 1, and it is negative for x < 1.

m There is a point of inflection at (1, —1).

m The curve is concave up on the interval (1, co).

d f0=5— J

—2x
@ -42

2(3x +4)

f = |
f//(x) (24)3 ....i.. .

There is a local maximum at the

point (0, ——)

m There is no point of inflection, as
f”(x) # 0 for all x in the domain.

\
=

B f”(x)>0forx’>—4>0,ie. forx>2orx<-2.

The curve is concave up on (2, o) and (co, —2).

6
Sketch the graph of the function f: R* — R, f(x) = — — 6 + 3log, x, showing all
key features.

Solution 3 o
The derivative function has rule f’(x) = — — — = x; .
X x 3
12 3 12-3
The second derivative function has rule f”(x) = =-5= —3x
x> x X

Stationary points

1
f(x) = 0 implies x = 2. Also note that f’(1) = =3 < 0 and f’(3) = 3 > 0.
Hence there is a local minimum at the point with coordinates (2, 3 log, 2 — 3).

Points of inflection 3
f”(x) = 0 implies x = 4. Also note that f/(3) = - > Oand f’(5) = —— < 0.

9
Hence there is a point of inflection at (4, 6log, 2 — 5)
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In the interval (2,4), f”(x) > 0, i.e. gradient is
increasing. In the interval (4, o), f”’(x) < 0,

i.e. gradient

Notes:

m The point of inflection is the point of O
maximum gradient in the interval (2, co).

m The x-axis intercepts of the graph occur

is decreasing.

at x = 1 and x ~ 4.92.

6E Points of inflection 247

(4, 6log, (2) - %)

(2, 3log,(2)- 3)

» Use of the second derivative in graph sketching

The following table illustrates different situations for graphs of different functions y = f(x).

d2y

ﬁ>0

d2y
— <0
dx?

d’y
ﬁ =0and

point of inflection

Curve rising and
concave up

Curve rising and
concave down

Point of inflection on
rising curve

Curve falling and
concave up

Curve falling and
concave down

Point of inflection on
falling curve

dy
— >0
dx>
dy
— <0
dx<
dy
~Z -0
dx

N S

Local minimum

VAR

Local maximum

%

Stationary point
of inflection

Cambridge Senior Mathematics AC/VCE
Specialist Mathematics Units 3&4

ISBN 978-1-107-58743-4

© Evans, Cracknell, Astruc, Lipson, Jones 2016

Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party



248 Chapter 6: Differentiation and rational functions

The following test provides a useful method for identifying local maximums and minimums.

Second derivative test

For the graph of y = f(x):

m If f'(a) = 0and f”(a) > 0, then the point (a, f(a)) is a local minimum, as the curve is
concave up.

m If f'(a) = 0and f”(a) < 0, then the point (a, f(a)) is a local maximum, as the curve is
concave down.

m If f”(a) = 0, then further investigation is necessary.

Example 14

Consider the function with rule f(x) = er.
a i Find f'(x). ii Find f”(x).
b On the one set of axes, sketch the graphs of y = f(x), y = f’(x) and y = f"'(x)
for x € [-1, 1]. (Use a calculator to help.)
c Solve the equation f’(x) = 0.
d Show that f”(x) > 0 for all x.
e Show that the graph of y = f(x) has a local minimum at the point (0, 1).
f State the intervals for which:
i ff(x)>0 i f/(x)<0
Solution
a i For f(x) = ", the chain rule gives f'(x) = 2xe”.
ii The product rule gives f”(x) = 2¢* + 4x%e* .

y
(-1, 6e) A (1, 6e)

y=fx)
(_19 e) .\
-1
o V=1
(=1, =2¢)

¢ f/(x) = 0 implies 2xe® = 0. Thus x = 0.

d f7(x) = e"(2+4x%) > 0 forall x, as e > 0 and 2 + 4x> > 0 for all x.
e Since f/(0) = 0 and f”(0) = 2 > 0, there is a local minimum at (0, 1).
f i f/(x)>0forxe (0,c) ii f'(x) <0forx e (—00,0)
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6E Points of inflection 249

Consider the function with rule g(x) = x> + 1.

a On the one set of axes, sketch the graphs of y = g(x), y = g’(x) and y = g"(x)
for x € [-1, 1].
b Compare the graph of y = g(x) with the graph of y = f(x) in Example 14.

Solution ‘y
\
a gk-= 2 +1
g'(x)=2x
g'x)=2 “1.2) y= (1.2)
The graphs of y = g(x), y = g’(x) and 5
y = g"”’(x) have been sketched using a y=x+1 1 —_
similar scale to Example 14. O|y=2x
Since g’(0) = 0 and g”(0) =2 > 0, .
there is a local minimum at (0, 1). -1,.-2)

b Similarities
m g’ (x)>0forx>0
B g (x)<0Oforx<0
m The graphsof y = x> + 1 and y = e are symmetric about the y-axis.

Differences

The second derivatives reveal that the gradient of y = e is increasing rapidly for x > 0,

2

while the gradient of y = x~ is increasing at a constant rate.

Example 16

Consider the graph of y = f(x), where f(x) = x>(10 — x).

a Find the coordinates of the stationary points and determine their nature using the
second derivative test.

b Find the coordinates of the point of inflection and find the gradient at this point.

c On the one set of axes, sketch the graphs of y = f(x), y = f’(x) and y = f”'(x)
for x € [0, 10].

Solution
We have f(x) = x*>(10 — x) = 10x? — x>, f’(x) = 20x — 3x% and f"'(x) = 20 — 6x.

21
a f’(x) = 0 implies x(20 — 3x) = 0, and therefore x = 0 or x = —0

3
Since f”/(0) = 20 > 0, there is a local minimum at (0, 0).
. 20 . . 20 4000
Since f”(—) = —20 < 0, there is a local maximum at (—, —)
3 3° 27
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250 Chapter 6: Differentiation and rational functions

10
b f”(x) = 0implies x = —. c y
. A 2 4000
( 3727

10
We have f”(x) < 0 for x > 3
1
and f”(x) > 0 for x < ?0

Hence there is a point of inflection

( 10 2000)
3' 27 )
. 100 20
The gradient at this point is = 0 10
? 3 4
Note: The maximum gradient of y = f(x) N y=71"(x)

is at the point of inflection.

y=r(x)

Example 17

Use a CAS calculator to find the stationary points and the points of inflection of the graph
of f(x) = e*sinx for x € [0, 2].

Using the TI-Nspire
m Define f(x) = ¢* sin(x).
m To find the derivative, press to obtain the

Define )(x)-ex sin(.\') Done

template <0 and then complete as shown.

p do p
. . i(/(\)) e~ cos(\)+e\ sinlx)
m To find the second derivative, press (&) to dx V¥
2

obtain the template =0 and then complete

p do p d2 )) 2-e* cos(,x)
as shown. B »(7(*
2

Stationary points

d
m Solve the equation d—( f(x)) = 0 for x such
X
that 0 < x < 2m.

m Substitute to find the y-coordinates.

m The stationary points are 2
(3n 1 3_r:) d (7n -1 7_n) solve(~=—/(A(x)=0) x[|0<x<2
—,—e4 Jand[—,—¢e 4 | dx*
) ) A
4 \/5 4 \/z b3 3n
Xme= Of X='
2 ol
Points of inflection
.d
m Solve the equation ﬁ( f(x)) = 0 for x such that 0 < x < 27.
X
m Note that the second derivative changes sign at each of these x-values.
m Substitute to find the y-coordinates.
. . . Tz 3m 3n
m The points of inflection are (5 eZ) and (7 —e2 )
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6E 6E Points of inflection 251

Using the Casio ClassPad

m Define f(x) = e sin(x). & Edit Action Interactive
. d d2 {?{QJ Simp | /X
m Find —(f(x)) and — (f(x)).
dx dx?

Stationary points

e

Define f(x)=eX-sin(x)
d done
m Solve the equation d—( f(x)) = 0 for x such di (F(x))
X X
< x<2m.
that 0 < x < 27 cos (x)-eX+sin(x)-eX

m Substitute to find the y-coordinates. 2
42 (rx))
m The stationary points are dx2

3 1 3= T -1 Iz 2+cos(x)-eX
(5L 2 (1225 d
4 \2 4 " \2 solve[&(f(x))=0,x]IOSxSZn
Points of inflection 3 __Tm
2 {X'T'X'T}

d
m Solve the equation ﬁ( f(x)) = 0 for x such
X
that 0 < x < 2m.
3

m Note that the second derivative changes sign at {F%. x=" }

solve[ﬁ (f(x))=0, x] | 0fx227
dx2

each of these x-values.

m Substitute to find the y-coordinates.

Tz 3n 3z
m The points of inflection are (5, e2) and (7, —e?2 )

____ Exercise &

Skillsheet » 1~ Sketch a small portion of a continuous curve around a point x = a having the property:

a %>0whenx:aandj—2>0whenx:a
b %<0whenx:aandj—3<0whenx:a
c %>Owhenx:aand2—2<0whenx:a
d Z—z<0whenx:aand;{,—2>0whenx=a

example 12/ 2  For each of the following functions, find the coordinates of the points of inflection of
the curve and state the intervals where the curve is concave up:

a f(x)=x>—x b f(x)=x3-x? c fx)y=x>-x° d fo)=x*-x

1

1 +x+x2
a Find the coordinates of the points of inflection.

Example 13| 3  Consider the graph of y =

b Find the coordinates of the point of intersection of the tangents at the points
of inflection.

Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press
Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party



252 Chapter 6: Differentiation and rational functions 6E

Example 14, 4 Let f(x) = xexz.

a i Find f'(x). ii Find f”(x).

b On the one set of axes, sketch the graphs of y = f(x), y = f/(x) and y = " (x)
for x € [-1, 1]. (Use a calculator to help.)

¢ Show that f'(x) > 0 for all x € R.

d Show that f”(0) = 0 and that there is a point of inflection at (0, 0).

e State the intervals for which:
i f"(x)>0 i f"(x)<0

2
example16) 5 Let f: [0,20] — R, f(x) = 1—0(20 - X).

a Find the coordinates of the stationary points and determine their nature using the
second derivative test.

b Find the coordinates of the point of inflection and find the gradient at this point.

¢ On the one set of axes, sketch the graphs of y = f(x),y = f'(x)and y = f"(x)
for x € [0, 20].

6 Letf:R—R,f(x)=2x>+6x>—12.

a i Find f'(x). ii Find f”(x).

b Find the coordinates of the stationary points and use the second derivative test to
establish their nature.

c Use f”(x) to find the coordinates of the point on the graph of y = f(x) where the
gradient is a minimum (the point of inflection).

7 Repeat Question 6 for each of the following functions:
a f:[0,2x] - R, f(x) =sinx
b f:R-R, f(x)=xe"

8 The graph of y = f(x) has a local minimum at x = a and no other stationary point
‘close’ to a.

a For a small value &, where & > 0, what can be said about the value of:
i ffla-—h) i f(a) iii f'(a+h)?
b What can be said about the gradient of y = f’(x) for x € [a — h,a + h]?
What can be said about the value of f"'(a)?
d Verify your observation by calculating the value of f”'(0) for each of the following

(g]

functions:
i f(x)=x? ii f(x)=-cosx il f(x) =x*

e Can f”(a) ever be less than zero if y = f(x) has a local minimum at x = a?

9 Investigate the condition on f”’(a) if y = f(x) has a local maximum at x = a.
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6E 6E Points of inflection 253

10 Let f:[0,10] = R, f(x) = x(10 — x)e*.
a Find f’(x) and f”(x).
b Sketch the graphs of y = f(x) and y = f”'(x) on the one set of axes for x € [0, 10].
¢ Find the value of x for which the gradient of the graph of y = f(x) is a maximum and
indicate this point on the graph of y = f(x).

11 Find the coordinates of the points of inflection of y = x — sin x for x € [0, 47].

12 For each of the following functions, find the values of x for which the graph of the
function has a point of inflection:
a y=sinx b y=tanx
c y=sin"}(x) d y=sin(2x)

13 Show that the parabola with equation y = ax®> + bx + ¢ has no points of inflection.

14 For the curve with equation y = 2x® — 9x? + 12x + 8, find the values of x for which:
dy d’y dy d’y
a —<0and —= >0 b —<0and — <0
dx e I dx )

15 For each of the following functions, determine the coordinates of any points of
inflection and the gradient of the graph at these points:

ay=x-6x by=x*-6x>+4 c y=3-10x+10x* - 3x°
+1
dy=2-D2+1) e y=2 1 fy=xVasl
x—
I h y=sin"x i o X2
Y= y= Y= T2y

16 Determine the values of x for which the graph of y = ¢ sin x has:

a stationary points

b points of inflection.

17 Given that f(x) = x> + bx* + cx and b?> > 3¢, prove that:

a the graph of f has two stationary points
b the graph of f has one point of inflection

c the point of inflection is the midpoint of the interval joining the stationary points.

18 Consider the function with rule f(x) = 2x? log,(x).

a Find f’(x).
b Find f”(x).
‘/ ¢ Find the stationary points and the points of inflection of the graph of y = f(x).
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254  Chapter 6: Differentiation and rational functions

6F Related rates

Consider the situation of a right circular cone being
filled from a tap.

II |
}
At time ¢ seconds: m

m the volume of water in the cone is V cm?

m the height of the water in the cone is & cm @
h

m the radius of the circular water surface is r cm. 30 cm

As the water flows in, the values of V, & and r change:
dv . . .

m —— is the rate of change of volume with respect to time
dh . . . .

] I is the rate of change of height with respect to time

dr . S .
] o is the rate of change of radius with respect to time.

It is clear that these rates are related to each other. The
chain rule is used to establish these relationships.

For example, if the height of the cone is 30 cm and the <—10cm—>
radius of the cone is 10 cm, then similar triangles yield A

r 10

h 30

h=3r rcm

«—>

Then the chain rule is used: 30 cm

dh dh dr

dar dr ar hcm

o, dr
di Y

The volume of a cone is given in general by V = %nrzh.
Since h = 3r, we have

V=mar

Therefore by using the chain rule again:

v _dv dr
dt — dr dt
dr

=32 —
Tr dr

The relationships between the rates have been established.
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6F Related rates 255

Example 18

A rectangular prism is being filled with water at a rate

of 0.00042 m?/s. Find the rate at which the height of the
water is increasing. Y 14
III I// h m
e Ay
//' 2m
3m
Solution

Let ¢ be the time in seconds after the prism begins to fill. Let V m? be the volume of water
at time ¢, and let 2 m be the height of the water at time .

We are given that il_‘t/ =0.00042 and V = 6h.

Using the chain rule, the rate at which the height is increasing is

dh _ dh dV

dr — dvV dr
. dv dh 1
Since V = 6h, we have T 6 and so Vo

dh 1

Thus 2 = = x 0.00042
W Te

— 0.00007 m/s

i.e. the height is increasing at a rate of 0.00007 m/s.

Example 19

As Steven’s ice block melts, it forms a circular puddle on the floor. The radius of the
puddle increases at a rate of 3 cm/min. When its radius is 2 cm, find the rate at which the
area of the puddle is increasing.

Solution

The area, A, of a circle is given by A = 72, where r is the radius of the circle.

: .. dr .
The rate of increase of the radius is 7 = 3 cm/min.

Using the chain rule, the rate of increase of the area is

dA _da dr

dt dr dt
=2mrx3
= 6mr

When r = 2, d—A = 12m.
dt

Hence the area of the puddle is increasing at 125t cm?/min.
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Example 20

A metal cube is being heated so that the side length is increasing at the rate of 0.02 cm per
hour. Calculate the rate at which the volume is increasing when the side length is 5 cm.

Solution

Let x be the length of a side of the cube. Then the volume is V = x°.

d
We are given that d—); = 0.02 cm/h.

The rate of increase of volume is found using the chain rule:

dv._dv dx
dr ~ dx dt
= 3x% x 0.02
= 0.06x>

When x = 5, the volume of the cube is increasing at a rate of 1.5 cm3/h.

Example 21
(e—)

The diagram shows a rectangular block of ice
that is x cm by x cm by 5x cm.

a Express the total surface area, A cm?, in
dA
terms of x and then find I
x

b If the ice is melting such that the total
surface area is decreasing at a constant

rate of 4 cm?/s, calculate the rate of rem 5x cm
decrease of x when x = 2.
X cm
Solution
5 5 . . dA
a A=4X5x"+2xx b The surface area is decreasing, so i —4.
2
=22x By the chain rule:
dA
e dx dx dA
b di ~ dA di
1
=—Xx(-4
44 x =4
1
11x

dx 1
When x = 2, priiat Ty cmy/s.

Note: The rates of change of the lengths of the edges are —2—12 cmy/s, —ﬁ cm/s and
—25—2 cm/s. The negative signs indicate that the lengths are decreasing.
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» Parametric equations

Parametric equations were introduced in Chapter 1. For example:
m The unit circle can be described by the parametric equations x = cost and y = sin .
m The parabola y> = 4ax can be described by the parametric equations x = at> and y = 2at.
In general, a parametric curve is specified by a pair of equations

x=f() and y=g@)
For a point (f(), g(¢)) on the curve, we can consider the gradient of the tangent to the curve at
this point. By the chain rule, we have

dy dydx

dt  dx dt

This gives the following result.

Gradient at a point on a parametric curve

dy
dy dr o dx
i E provided o #0
dt

Note: A curve defined by parametric equations is not necessarily the graph of a function.
However, each value of ¢ determines a point on the curve, and we can use this
technique to find the gradient of the curve at this point (given the tangent exists).

A curve has parametric equations

x=2—log,(2t) and y=7—log,)

Find:
dy dx dy
a — and — b —
dt dt dx
Solution dy
dy _ di
a x=2t— loge(2t) b a W
" dx =2- ! dt
dt t 221
2% -1 _ - !
= p t 2t—1
217 -2
) 2 =
y =1 —log, (1) 2t-1
dy 2
Cdr t
2P -2
ot
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Example 23
(e—)

For the curve defined by the given parametric equations, find the gradient of the tangent at
a point P(x,y) on the curve, in terms of the parameter ¢:

a x =167 and y = 32¢ b x =2sin(3r) and y = -2 cos(31)
Solution
) dx . dx
a x = 16¢ and so I =32t b x =2sin(3¢) and so I = 6.cos(37)
d d
y = 32t and so d_}t] =32 y = —2cos(3¢) and so d_)t] = 65sin(3¢)
Therefore Therefore
dy dy
dy dr 32 1 dy 4ar 6 sin(37)
= = = _ - = = = — "~ =t 3t
dx  dx 32 1 dx~ dx " eos@n | "
dt dt
The gradient of the tangent at the point The gradient of the tangent at the point
P(162,320) is L. for 1 # 0. P(2sin(31), —2 cos(31)) is tan(31).
t

The second derivative at a point on a parametric curve

If the parametric equations for a curve define a function for which the second derivative
2

exists, then d_); can be found as follows:
X

dy’

%y d(y)

dt ,_dy
prcialrak d_x where y’ = I
dt

Example 24

2
A curve is defined by the parametric equations x = ¢ — > and y =  — ¢*. Find

dx?’
Solution
dy dy dx
Lety = —.Theny = — + —.
VT dx Y ST
.. dx d
We have x =t —} and y = 1 — £, giving — = 1 — 3¢* and D o1-o
dt dt
Therefore
,  1-2t
Y13
Next differentiate y” with respect to z, using the quotient rule:
dy 232 -3t+1)
dt (B2 - 1)
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6F 6F Related rates 259

Hence
dly _dy | dx
dx*  dt ~ dt

—2(32 -3t +1) 1
= X
(312 - 1)? 1-3¢2
=23 -3+ 1)

(1 - 312)3
_ =612+ 61 -2
o (1-32)3

___ Exercise [

example 18,19, 1 The radius of a spherical balloon is 2.5 m and its volume is increasing at a rate
of 0.1 m?/min.

a At what rate is the radius increasing?

b At what rate is the surface area increasing?

Example20] 2 When a wine glass is filled to a depth of x cm, it contains V cm? of wine, where

3
V = 4x2. If the depth is 9 cm and wine is being poured into the glass at 10 cm?¥/s,
at what rate is the depth changing?

3 Variables x and y are connected by the equation y = 2x? + 5x + 2. Given that x is
increasing at the rate of 3 units per second, find the rate of increase of y with respect to
time when x = 2.

Example 21| 4 If a hemispherical bowl of radius 6 cm contains water to a depth of x cm, the volume,
V cm?, of the water is given by

1
V= gnx2(18 - X)

Water is poured into the bowl at a rate of 3 cm?/s. Find the rate at which the water level
is rising when the depth is 2 cm.

5 Variables p and v are linked by the equation pv = 1500. Given that p is increasing at the
rate of 2 units per minute, find the rate of decrease of v at the instant when p = 60.

6 A circular metal disc is being heated so that the radius is increasing at the rate of
0.01 cm per hour. Find the rate at which the area is increasing when the radius is 4 cm.

7 The area of a circle is increasing at the rate of 4 cm? per second. At what rate is the
circumference increasing at the instant when the radius is 8 cm?
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Example 22 8

9

Example 23| 1 0

t

1
A h tri ti =——andy=——.
curve has parametric equations x T p and y s
) dx . dy
a Find — and —. b Find —.
in i an I in Tx

d
A curve has parametric equations x = 2¢ + sin(2¢) and y = cos(2¢). Find d_y
X

A curve has parametric equations x = ¢t — cost and y = sinz. Find the equation of the
T
tangent to the curve when ¢ = I

11 A point moves along the curve y = x? such that its velocity parallel to the x-axis is a
d
constant 2 cm/s (i.e. d—: = 2). Find its velocity parallel to the y-axis (i.e. d—);) when:
ax=3 b y=16
) 2x -6 .
12 Variables x and y are related by y = ———. They are given by x = f(¢) and y = g(¢),
X
where f and g are functions of time. Find f’(r) when y = 1, given that g’(¢) = 0.4.
13 A particle moves along the curve
x—=35
=10 cos_l(—)
Y 5
in such a way that its velocity parallel to the x-axis is a constant 3 cm/s. Find its
velocity parallel to the y-axis when:
107
a x= 6 b y = —
3

14 The radius, r cm, of a sphere is increasing at a constant rate of 2 cm/s. Find, in
terms of 7, the rate at which the volume is increasing at the instant when the volume
is 367 cm®.

15 Liquid is poured into a container at a rate of 12 cm?/s. The volume of liquid in the
container is V cm®, where V = 1(h® + 4h) and  is the height of the liquid in the
container. Find, when V = 16:

a the value of
b the rate at which £ is increasing

16 The area of an ink blot, which is always circular in shape, is increasing at a rate
of 3.5 cm?/s. Find the rate of increase of the radius when the radius is 3 cm.

17 A tank in the shape of a prism has constant cross-sectional area A cm?. The amount of
water in the tank at time ¢ seconds is V cm? and the height of the water is 4 cm. Find
the relationship between av and dh

ween — —.
P ar " dr
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6F 6F Related rates 261

18 A cylindrical tank 5 m high with base radius 2 m is /\
initially full of water. Water flows out through a hole v
at the bottom of the tank at the rate of Vi m3/h, where
h metres is the depth of the water remaining in the tank
after ¢ hours. Find: /\
2 S

dt /lm

S5m

dv
b i — whenV =10nm? LaemmmTTTT -
drt 2 /
HH dh 3 v
1] Ewhean 10w m <2ma

19 For the curve defined by the parametric equations x = 2 cost and y = sin¢, find the
equation of the tangent to the curve at the point:

2
a (\/Z £) b (2cost,sint), where ¢ is any real number.

2

20 For the curve defined by the parametric equations x = 2sec 0 and y = tan 6, find the
equation of:

a the tangent at the point where 6 = b the normal at the point where 6 = TZ[

o BlAa

c the tangent at the point (2 sec 0, tan 0).

21 For the curve with parametric equations x = 2sect —3 and y = 4tant + 2, find:
a dy

. T
y b the equation of the tangent to the curve when ¢ = T
X

22 A curve is defined by the parametric equations x = sect and y = tan+.
a Find the equation of the normal to the curve at the point (sect, tan ¢).

b Let A and B be the points of intersection of the normal to the curve with the x-axis
and y-axis respectively, and let O be the origin. Find the area of AOAB.

¢ Find the value of 7 for which the area of AOAB is 4V3.

23 A curve is specified by the parametric equations x = e* + 1 and y = 2¢' + 1 for t € R.
a Find the gradient of the curve at the point (¢ + 1,2¢' + 1).
b State the domain of the relation.
¢ Sketch the graph of the relation.

1
d Find the equation of the tangent at the point where ¢ = 10ge(5).

example 24| 24  For the parametric curve given by x = > + 1 and y = #(t — 3)?, for ¢ € R, find:

dy . . .
a I b the coordinates of the stationary points
X
/ d*y . . ) )
C T2 d the coordinates of the points of inflection.
X
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6G Rational functions

A rational function has a rule of the form
P(x)
fx) ===
0(x)
where P(x) and Q(x) are polynomials. There is a huge variety of different types of curves in
this particular family of functions. An example of a rational function is
x> +2x+3
J = xX2+4x—1
The following are also rational functions, but are not given in the form used in the definition
of a rational function:

1
=1+- h(x) = x—
g(x) - () =x- 5
Their rules can be rewritten as shown:
x 1 x+1 x(x* +2) 1 X +2x-1
= — 4+ — = h = —_ =
8 X X X () X242 X242 X242

» Graphing rational functions
For sketching graphs, it is also useful to write rational functions in the alternative form,
that is, with a division performed if possible. For example:
8x2—3x+2_8x2 3x 2 2

fly=——2 T2 =22 2 T gy 34 =
X X X X X

2
For this example, we can see that — — 0 as x — o0, so the graph of y = f(x) will approach
X

the line y = 8x — 3 as x — =+oo.

We say that the line y = 8x — 3 is a non-vertical asymptote of the graph. This is a line or
curve which the graph approaches as x — +co.
Important features of a sketch graph are:

E asymptotes = axis intercepts m stationary points  m points of inflection.

Methods for sketching graphs of rational functions include:
m adding the y-coordinates (ordinates) of two simple graphs

m taking the reciprocals of the y-coordinates (ordinates) of a simple graph.
» Addition of ordinates

Key points for addition of ordinates

m When the two graphs have the same ordinate, the y-coordinate of the resultant graph
will be double this.

m When the two graphs have opposite ordinates, the y-coordinate of the resultant graph
will be zero (an x-axis intercept).

m When one of the two ordinates is zero, the resulting ordinate is equal to the other
ordinate.
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6G Rational functions 263

Sketch the graph of f: R\ {0} = R, f(x) =

241

X

Solution
Asymptotes The vertical asymptote has equation x = 0, i.e. the y-axis.

Dividing through gives
2+1 21 1
foo=2 o o
X X X X

1

Note that — — 0 as x — *oco. Therefore the graph of y = f(x) approaches the graph
X

of y = x as x — +oo. The non-vertical asymptote has equation y = x.

Addition of ordinates The graph of y = f(x) can be obtained by adding the y-coordinates
1

of the graphs of y = xand y = —.
X

Y ¥
A

<

Il

=
<
A\

\
= N
Il

=

+
= —

<
I
S| —
\
7/
V4

Intercepts There is no y-axis intercept, as the domain of f is R \ {0}. There are no x-axis

2
intercepts, as the equation = 0 has no solutions.
Stationary points
1
) =x+-
X
, 1
fx)=1- )
X
Thus f’(x) = 0 implies x> = 1,
ie x ==1.

As f(1) =2 and f(-1) = -2,
the stationary points are (1,2)
and (-1, -2).

Points of inflection vertical asymptote

2
o=

3

Therefore f”’(x) # 0, for all x in the domain of f, and so there are no points of inflection.
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Example 26

e
Sketch the graph of f: R\ {0} = R, f(x) =

x2

Solution
Asymptotes The vertical asymptote has equation x = 0.
Dividing through gives
2
fH=x+5
X
2

The non-vertical asymptote has equation y = x~.

Addition of ordinates

y=x?

=
Il
><N| o

Y
><

Intercepts There are no axis intercepts.

Stationary points Y
fx) = 22 + 2x72
f(x) = 2x — 4x73 \ /

When f’(x) =0, \ Joy=x2

The stationary points have coordinates

(2}‘,2\5) and (—2}1,2\/5)_ x=0

vertical asymptote

Points of inflection
Since f”(x) = 2 + 12x™* > 0, there are no points of inflection.
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6G Rational functions 265

Example 27

342
Sketch the graph of y = rr

,x#0.

Solution
Asymptotes The vertical asymptote has equation x = 0.
Divide through to obtain
2
y=x+=
X
2

The non-vertical asymptote has equation y = x°.

Addition of ordinates

Intercepts Consider y = 0, which implies x> +2 = 0, i.e. x = 2.
Stationary points y
=22 +2x7!

y
d
d—z =2x—2x72

d 1
Thus 2 =0 implies x— —= =0
dx x2
=1
x=1

The turning point has coordinates (1, 3).

Points of inflection

d’y _
— =2+4x7
dx
dzy . . 3 . . . . 3
Thus ) = 0 implies x = —V2. There is a point of inflection at (—\/5, 0).
X
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266 Chapter 6: Differentiation and rational functions

» Reciprocal of ordinates
This is the second method for sketching graphs of rational functions. We will consider

functions of the form f(x) = ——, where Q(x) is a quadratic function.

O(x)
Example 28

Sketch the graph of f: R\ {0,4} - R, f(x) =

X2 —4x

Solution

1 1

O = " w9

Asymptotes The vertical asymptotes have equations x = 0 and x = 4. The non-vertical
asymptote has equation y = 0, since f(x) — 0 as x — *oo.

Reciprocal of ordinates To sketch the graph of y = f(x), first sketch the graph of y = Q(x).
In this case, we have Q(x) = x> — 4x.

¥
A

Summary of properties of reciprocal functions

m The x-axis intercepts of the original function determine the equations of the asymptotes
for the reciprocal function.

m The reciprocal of a positive number is positive.
m The reciprocal of a negative number is negative.
m A graph and its reciprocal will intersect at a point if the y-coordinate is 1 or —1.
m Local maximums of the original function produce local minimums of the reciprocal.
m Local minimums of the original function produce local maximums of the reciprocal.
1 "(x . . .
m If g(x) = —, then g'(x) = — It )2. Therefore, at any given point, the gradient of the
f(x) (f(x)
reciprocal function is opposite in sign to that of the original function.
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6G Rational functions 267

» Further graphing

So far we have only started to consider the diversity of rational functions. Here we look at
some further rational functions and employ a variety of techniques.

Example 29
4x2 +2

Sketch th hofy = ——.
etch the graph of y 21
Solution
Axis intercepts
When x =0,y = 2.
2

Since > ( for all x, there are no x-axis intercepts.

x? +
Stationary points
Using the quotient rule:

dy 4x

dx ~ P+ 1P

d*>y 41 -3x%)
a2~ 2+ 1)

Thus ﬂ = 0 implies x = 0.
dx

d2
When x = 0, d—)z) =4 > (. Hence there is a local minimum at (0, 2).
5

d? 3
Points of inflection =2 = 0 implies x = +—
dx? 3

Asymptotes
4x* +2 2
y = —— = —_— e
x2+1 2+
The line y = 4 is a horizontal y
mptote, sin -0 A =4
asymptote, s Cex2+1 ___________________ y=4
as x — £o0.
2
» X
o
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@ Example 30
4x* —4x + 1
(e—) —

Sketch the graph of y = o
Propm

Solution

Axis intercepts

When x =0,y = —1.

Wheny =0, 4x> —4x+1=0
Q2x-1)%*=0

P R=

1
2
Stationary points
Using the quotient rule:
dy 22x*> - 5x+2)
dx (@ -1)

d
Thus 2 =0 implies x = % orx =2.
dx
There is a local maximum at (%, 0) and a local minimum at (2, 3).

The nature of the stationary points can most easily be determined through using
dy 2Q2x-1)(x-2)

i T (Observe that the denominator is always positive.)
X =

Points of inflection
d’y 3 2(4x3 — 15x% + 12x - 5)
dx* (x2-1)3

d> 1 4 2
Thus d—ﬁ = 0 implies 4x> — 15x> + 12x =5 =0, and so x = Z(S +33 +33) ~ 285171
X

Asymptotes
By solving x> — 1 = 0, we find that the graph has vertical asymptotes x = 1 and x = —1.
4x> —4x + 1 4x -5
Since % =4- ;C , there is a horizontal asymptote y = 4.
x% — x% —

The graph crosses this asymptote at the point (45'1’ 4).

While the next example is not a rational function, it can be graphed using similar techniques.

Example 31

+1
Lety = a

x—1

a Find the maximal domain.

b Find the coordinates and the nature of any stationary points of the graph.

¢ Find the equation of the vertical asymptote and the behaviour of the graph as x — oo.
d Sketch the graph.
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6G 6G Rational functions 269

Solution
x+1
Vx—1

The maximal domain is (1, o).

a For

to be defined, we require Vx — 1 > 0,1i.e. x > 1.

d =3 d? 7=
b Using the quotient and chain rules: A . and g al

3 2 5
* 2x-1)2 dx A4(x—1)2
2

d d
Thus & = 0 implies x = 3. When x = 3, =2 > 0.

dx dx?
There is a local minimum at (3, 2\/5).

¢ Asx — 1,y — oco. Hence x = 1 is a vertical asymptote.

x
As x — 00,y > — = +/x.
x

skillsheet » 1 Sketch the graph of each of the following, labelling all axis intercepts, turning points
and asymptotes:

Example 25-28 ay= ! b —X4+1 cy= !
e Y= ox Y=g Ve G-+
21 -1 24 x+1

dy:x ey:x : fy:x X

X X X

_4x3—8 h ve 1 T 1

g8 Y= X y_x2+1 y_x2—1

x? 1 1 1
jyv= =1-— ky=——— ly=—+—
by x2+1 x2+1 Y x2—x-2 Y 4 43x—x2

2 Sketch the graph of each of the following, labelling all axis intercepts, turning points
and asymptotes:

1 1
a fly= b gx)= ——F—— C hx)= 37—F——
9—x2 (x—-2)(3 - x) X2 +2x+4
d f(x) ! e gx)=x>+ ! +2
X)= ———— gx)=x"+—
X2 +2x+1 x2
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270 Chapter 6: Differentiation and rational functions 6G

. . I _.
3 The equation of a curve is y = 4x + —. Find:
X
a the coordinates of the turning points
b the equation of the tangent to the curve at the point where x = 2.

2

4 Find the x-coordinates of the points on the curve y = ol at which the gradient of the

curve is 5.

2
5 Find the gradient of the curve y = a 5
X

at the point where it crosses the x-axis.
4

6 Forthe curve y = x — 5 + —, find:
X

a the coordinates of the points of intersection with the axes
b the equations of all asymptotes
¢ the coordinates of all turning points.

Use this information to sketch the curve.

4
7 If x is positive, find the least value of x + —-
X

4
8 For positive values of x, sketch the graph of y = x + —, and find the least value of y.
X

x—3)?

9 a Find the coordinates of the stationary points of the curve y = G=3r and determine
X

the nature of each stationary point.

—3)2
b Sketch the graph of y = u

1
10 a Find the coordinates of the turning point(s) of the curve y = 8x + 2 and determine
X
the nature of each point.

1
b Sketch the graph of y = 8x + —.
2x2

11 Determine the asymptotes, intercepts and stationary points for the graph of the relation

S 4+3x% -4
y = % Hence sketch the graph.
X
4x> + 8
12 Consider the relation y = ! .
2x+ 1
a State the maximal domain.
. dy
b Find —.
ind —~

¢ Hence find the coordinates and nature of all stationary points.
d Find the equations of all asymptotes.
e State the range of this relation.
x*+4
a Find the equations of all asymptotes.

Example 29| 13 Consider the function with rule f(x) =

b Find the coordinates and nature of all stationary points.

¢ Sketch the graph of y = f(x). Include the coordinates of the points of intersection of
the graph with the horizontal asymptote.
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6G

2x2 +2x+3

Example 30 14 Lety = m
X® — X

6H A summary of differentiation 271

a Find the equations of all asymptotes.

b Find the coordinates and nature of all stationary points.

¢ Find the coordinates of all points of inflection.

d Sketch the graph of the relation, noting where the graph crosses any asymptotes.

15 Sketch the graph of each of the following, labelling all axis intercepts, turning points

and asymptotes:

x> —3x (x+ 1D(x=3)
ay=—— b y=—or——
YR Goy YT e
d _x2—2x—8 P 8x% +7
Y= TR o YT 42 —4x-3
example 31| 16 Consider the function with rule f(x) = >
x —
a Find the maximal domain. b Find f’(x).

(= + 1)
T x(x—=1)

¢ Hence find the coordinates and nature of all stationary points.

d Find the equation of the vertical asymptote.

e Find the equation of the other asymptote.

17 Consider the function with rule f(x) =

a Find the maximal domain. b

2+x+7

V2x+ 1

Find £(0). ¢ Find f'(x).

d Hence find the coordinates and nature of all stationary points.

/ e Find the equation of the vertical asymptote.

6H A summary of differentiation

It is appropriate at this stage to review the
techniques of differentiation of Specialist
Mathematics.

The derivatives of the standard functions
also need to be reviewed in preparation for
the chapters on antidifferentiation.
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272 Chapter 6: Differentiation and rational functions 6H

Derivatives of standard functions

S(x) S (x) Jfx) S ) f'(x)
X" nx"! sin(ax) acos(ax) sin’l(g) 21 -
a’ — x
e’ ae®™ cos(ax) | —asin(ax) cos‘l(g) %
a —x
log, |ax| ! tan(ax) | asec*(ax) tan‘l(f) 4
‘ X a a’ + x?

d
m First derivative f’(x) and d—y are the first derivatives of f(x) and y respectively.
X

d2
m Second derivative f”(x) and d—)z) are the second derivatives of f(x) and y respectively.
X
d dy d
m Chain rule Using Leibniz notation, the chain rule is written as Q9
J dx du dx
1
An important result from the chain rule is 2o
dx  dx
dy
Exercise [3a
1 Find the second derivative of each of the following:
a x!0 b (2x+5)° ¢ sin(2x) d cos(g)
3x 4 . _1fX
e tan(—) f e g log,(6x) h sin (—)
2 4
- ~1 - -1 f
i cos™'(2x) J tan (2)
2 Find the first derivative of each of the following:
1
a (1-4x%)3 b ¢ sin(cos x) d cos(log, x)
V2 —x
1
e tan(—) f eoos* g log,(4 - 3x) h sin™'(1 -x)
X
i cos!2x+1) j tan~l(x+ 1)

3 Find Z—y for each of the following:
X

log, x X +2
e -1
ay=—— y=—=— c y=1—-tan (1 —x)
x X2 +1
ex
— — : — 2
d y—loge(m) € x = ./siny+cosy f y=1log,(x+ V1 +x?)
sin x
sl x
=sin"" (&) h y=
87 Y e* +1
Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press

Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party



6H 6l Implicit differentiation 273

b
4 a Ify=ax+ —,find:
X

R
dx dx?
d? d
b Hence show that x? _y + 2 =y.
dx
5 a Ify=sin(2x) + 3 cos(2x), find:
2
i D D
dx dx?

d’y
\/ b Hence show that — a2t 4y = 0.

6l Implicit differentiation

The rules for circles, ellipses and many other curves are not expressible in the form y = f(x)
or x = f(y). Equations such as

32
2+y*=1 and 2L 03

9 4
are said to be implicit equations. In this section, we introduce a technique for finding d_y for
X

such relations. The technique is called implicit differentiation.

If two algebraic expressions are always equal, then the value of each expression must
change in an identical way as one of the variables changes.

That is, if p and g are expressions in x and y such that p = ¢, for all x and y, then

d d d d

@ _49 a L_Y

dx dx dy dy

. . 3 dy
For example, consider the relation x = y°. In Example 5, we found that T = Eh
X Y

We can also use implicit differentiation to obtain this result. Differentiate each side of the
equation x = y* with respect to x:

d d
)= — 1
ZO=-07) @
To simplify the right-hand side using the chain rule, we let u = y*. Then
du du  dy dy
3 2
= X — =3y" X —
(y )= dx dy dx Y dx
Hence equation (1) becomes

dy

1=3y*x

Y dx

d 1

d_y =32 provided y # 0
X Y
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274 Chapter 6: Differentiation and rational functions

d
For each of the following, find d_y by implicit differentiation:
x

ax=y b xy=2x+1
Solution
a Differentiate both sides with b Differentiate both sides with respect to x:

respect to x:

d d

—(xy) = —(2x+1)
d _d dx dx
=)= 0D

d
s dy E(x)’) =2
3x” =2y —
dx Use the product rule on the left-hand side:
2
@ _ 2 D,
X — =
dx 2y y dx
dy _2-y
dx  x

d
Find 2 if 2 +y? = 1.
dx

Solution
Note that x> + y? = 1 leads to

y=2#Vl—-x2 or x==+VIl-—)?

So y is not a function of x, and x is not a function of y. Implicit differentiation should be
used. Since x> + y? = 1 is the unit circle, we can also find the derivative geometrically.

Method 1 (geometric) ‘y
\
Let P(x,y) be a point on the unit circle
with x # 0. P(x, y)
The gradient of OP is % =2 D tangent at P
X

Since the radius is perpendicular to the
tangent for a circle, the gradient of the

X
tangent is ——, provided y # 0. > X
y 0]
d
That is, Y —f.
dx y

From the graph, when y = 0 the tangents

d
are parallel to the y-axis, hence d_y 1s not defined.
x
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6l Implicit differentiation 275

Method 2 (implicit differentiation)
2+ y2 =1l
dy . . . .
2x + 2y T 0 (differentiate both sides with respect to x)
X

dy
Dy o =
ydx

dy
dx

Example 34
dy

Given xy — y — x> = 0, find —=.
dx

—2x

2 fory #0
y

Solution

Method 1 (express y as a function of x)

xy—y—x2=0
yx-1D=x
2
= x—1
Therefore y=x+1+ %1 for x # 1
d 1
Hence ﬁ =1- Go17
(x-12-1
CR:
:—(xj__lz)); for x # 1

Method 2 (implicit differentiation)
xy—y—x>=0

d d d d
E(xy) - d_ic; P ) = E(O) (differentiate both sides with respect to x)

d d
(x._y+y.1)__y_2x:0 (product rule)
dx dx
dy dy ’
X === =2x-
dx dx v

%(x—l):bc—y

dy 2x-y

= f 1
T -1 or x #

2
This can be checked, by substitution of y =

T to confirm that the results are identical.
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=== ) | Consider the curve with equation 2x*> — 2xy + y* = 5.

dy

a .

b Find the gradient of the tangent to the curve at the point (1, 3).

a Find

Solution
a Neither x nor y can be expressed as a function, so implicit differentiation must be used.
2x* —2xy+y* =5

d d d d
E(sz) - E(ny) + E(yz) = 5(5)

d d
4x—(2x- = +y-2)+2y—y =0 (by the product and chain rules)
dx dx
dy
4x-2x—-2y+2y— =0
R T
dy dy _
2ya—2xa—2y dx

dy 2y—4x
dx  2y-2x
y—2x
= forx #y
y—X
.. 3=-2 1
b When x = 1 and y = 3, the gradient is 3°1- 7%

Using the TI-Nspire

m For implicit differentiation, use >

Calculus > Implicit Differentiation or just ( 5 ) i
. . impDifi2: x“=2-x y+y~=5x.y, CLerd
type impdif(. x-y
.. dy. ) )
m Complete as shown. This gives I in terms imp[q’f(z- x2-2-x _,-+)v—=s,,\-,y);r= land y=3
X
of x and y. &
2
m The gradient at the point (1, 3) is found by
substituting x = 1 and y = 3 as shown.
.. . . dx
Note: If the positions of x and y are interchanged, then the result is —.
y
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6l 6l Implicit differentiation 277

Using the Casio ClassPad

m Enter and highlight the equation £ Edit Action Interactive
2x% = 2xy +y* = 5.

= Go to Interactive > Calculation > impDiff. impDiff ( 20x2—2-xy+y2=5, x, )

m Complete with x as the independent variable and = 20X
y as the dependent variable. =
Exercise [J
- . dy . . . ..
Skillsheet » 1 For each of the following, find I using implicit differentiation:
X
Example 32,33 ax>-2y=3 b ¥*y=1 c X+y’=1
dy=x e x—\y=2 f xy—-2x+3y=0
g y? =dax h 4x+y?-2y-2=0
. dy .
Example34) 2 Find T for each of the following:
X
1 1
a (x+2?2-y'=4 b -+-=1 cy=(x+y)?
Xy
d 2—xy+y’ =1 e y=x% f siny = cos? x

g sin(x—y) =sinx—siny h y’ —xsiny+3y? =1

example 35| 3  For each of the following, find the equation of the tangent at the indicated point:

4
a y2 = 8xat (2,—4) b x2—9y2=9at(5,§)
17 2y
2 o LY _
¢ xy—y lat(4,4) d Tl =1a0.-3)

d
4 Find d—y in terms of x and y, given that log,(y) = log,(x) + 1.
X

5 Find the gradient of the curve x* + y* = 9 at the point (1, 2).

6 A curve is defined by the equation x* + y* + 3xy — 1 = 0. Find the gradient of the curve
at the point (2, —1).

d
7 Given that tan x + tan y = 3, find the value of d_y when x = g
X

8 Find the gradient at the point (1, -3) on the curve with equation y* + xy — 2x> = 4.

9 Consider the curve with equation x* + 3 = 28.

d d
a Obtain an expression for d_y b Show that d_y cannot be positive.
X X

c¢ Calculate the value of ? when x = 1.
X
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278 Chapter 6: Differentiation and rational functions 6l

10 The equation of a curve is 2x? + 8xy + 5y* = —3. Find the equation of the two tangents
which are parallel to the x-axis.
11 The equation of a curve C is x> + xy + 2y* = k, where k is a constant.

d
a Find d_y in terms of x and y.
X

b The curve C has a tangent parallel to the y-axis. Show that the y-coordinate at the
point of contact satisfies 216y° + 4y + k = 0.

1
c H how that k < —.
ence show that k < —

d Find the possible value(s) of k in the case where x = —6 is a tangent to C.

12 The equation of a curve is x> — 2xy + 2y* = 4.

. . dy .
a Find an expression for d_y in terms of x and y.
X

b Find the coordinates of each point on the curve at which the tangent is parallel to
the x-axis.

13 Consider the curve with equation y* + x> = 1.

d
a Find d_y in terms of x and y.
X

o

d
Find the coordinates of the points where d_y =0.
X

d
Find the coordinates of the points where d_x =0.
y

Describe the behaviour as x — —co.
Express y in terms of x.

Find the coordinates of the points of inflection of the curve.

0 = ® QO n

Use a calculator to help you sketch the graph of y* + x> = 1.
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Chapter summary

Spreadsheet

o | Fw @ £ £/
X" nx! sin(ax) a cos(ax) sin”! (E) L
a 22— 2
ax ax S 1 f -1
e ae cos(ax) a sin(ax) Ccos (a) —a2 =
log, |ax]| ! tan(ax) | asec(ax) tan—l(f) _4
‘ x a a* + x?

dy d2
m Ify = f(x), then T f(x) and = ().

Rational functions
® A rational function has a rule of the form:

f(x) = % where a(x) and b(x) are polynomials
q(x) + E ; (quotient-remainder form)

m Vertical asymptotes occur where b(x) =
m The non-vertical asymptote has equation y = ¢g(x).

m The x-axis intercepts occur where a(x) =

m The y-axis intercept is f(0) = bEg; provided b(0) # 0.

m The stationary points occur where f’(x) =0

mIf f(x)= ﬁ, first sketch the graph of y = b(x) and then use reciprocals of ordinates to
sketch the graph of y = f(x).

m If f(x) =qg(x)+ Q , use addition of ordinates of y = g(x) and y = % to sketch the

b(x)’
graph of y = f(x).
Reciprocal functions
m The x-axis intercepts of the original function determine the equations of the asymptotes
for the reciprocal function.

m The reciprocal of a positive number is positive.

m The reciprocal of a negative number is negative.

m A graph and its reciprocal will intersect at a point if the y-coordinate is 1 or —1.

m Local maximums of the original function produce local minimums of the reciprocal.

m Local minimums of the original function produce local maximums of the reciprocal.

m Ifg(x) = ——, then g'(x) = S . Therefore, at any given point, the gradient of the
f x)’ C(f))

reciprocal function is opposite in sign to that of the original function.

X
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280 Chapter 6: Differentiation and rational functions

Use of the second derivative in graph sketching

m Concave up: f”(x)>0 m Concave down: f”(x) <0

\_ /7

m A point of inflection is where the curve changes from concave up to concave down or
from concave down to concave up.

m At a point of inflection of a twice differentiable function f, we must have f”(x) = 0.
However, this condition does not necessarily guarantee a point of inflection. At a point of
inflection, there must also be a change of concavity.

m Second derivative test For the graph of y = f(x):

o If f'(a) =0and f”(a) > 0, then the point (a, f(a)) is a local minimum.
e If f'(a) = 0and f”(a) < 0, then the point (a, f(a)) is a local maximum.
e If f”(a) = 0, then further investigation is necessary.

Implicit differentiation

m Many curves are not defined by a rule of the form y = f(x) or x = f(y); for example, the
unit circle x> + y? = 1. Implicit differentiation is used to find the gradient at a point on
such a curve. To do this, we differentiate both sides of the equation with respect to x.

m Using operator notation:

d d
a(x2 +y%) =2x+2y d_fc (use of chain rule)

d d
E(ny) =2xy + x° % (use of product rule)

Technology-free questions

L oody
1 Find T if:
a y=xtanx b y=tan(tan'x) ¢ y=cossin'x) d y=sin"'Qx-1)
2 Find f”(x) if:
a f(x)=tanx b f(x)=log,(tanx) ¢ f(x)=xsin"'x d f(x) = sin(e?)

3 For each of the following, state the coordinates of the point(s) of inflection:

1
ay=x>-8x? b y=sin"!(x-2) c y=log,(x)+ —
X

3
4 Letf: [JE, ;] — R, f(x) =sinx.
a Sketch the graphs of f and f~! on the same set of axes.

b Find the derivative of f~!.

' ¢ Find the coordinates of the point on the graph of f~! where the tangent has a
gradient of —2.
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Chapter 6 review 281

5 This is the graph of y = f(x). ' ¥
Sketch the graphs of: px=-2 A
ay=—

f(x)

_ e :
by=7f"x §(—1,(y(0’ D

6 These are the graphs of y = f(x) and y
y = g(x), where f and g are quadratic A y=fx y=gx
functions.
a Sketch the graphs of: 0. 1)
I y=/f)+gx
1 (_15 0) o
ity = ® \ya, 0)
1 1 -
iii y=—+— ©.-1
fx g

b Use the points given to determine the rules y = f(x) and y = g(x).

¢ Hence determine, in simplest form, the rules:

1 . 1 1
iy=—+

i y=7(x)+gkx) i y= m ii 1y @

d
7 Find d—y by implicit differentiation:
X

a xX>+2xy+y> =1 b x*>+2x+y>+6y=10
2 1

c -+-=4 d x+1)?+@y-37=1
Xy

3

8 A point moves along the curve y = x° in such a way that its velocity parallel to the

x-axis is a constant 3 cm/s. Find its velocity parallel to the y-axis when:

‘/ ax=6 b y=8

Multiple-choice questions

1 1
1 The equation of the tangent to x> + y> = 1 at the point with coordinates (—, —) is
v

Ay=—x B y=-x+2V2
Cy=-x+1 D y=-2vx+2
Ey=—x+1V2

A
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282 Chapter 6: Differentiation and rational functions

1
2 If f(x) = 2x* + 3x — 20, then the graph of y = —— has

f(x)
5
A x-axis intercepts at x = 7 and x = —4
5
B vertical asymptotes at x = 3 and x = 4
5

C vertical asymptotes at x = ) and x = 4

-3 -16
D alocal minimum at the point (T Tg)

-3 -8
E alocal i t the point [ —, —

a local maximum at the poin (4 , 169)
3 The coordinates of the points of inflection of y = sin x for x € [0, 27t] are

A (g 1) and (-g —1) B (n.0) C (0.0), (,0) and (27, 0)

n 1 3n 1 St 1
D (1.0) E (5=} (5 ) ma (F-)

4°\p/\ 4" \h 47\~

4 Let g(x) = ¢*f(x), where the function f is twice differentiable. There is a point of
inflection on the graph of y = g(x) at (a, g(a)). An expression for f”'(a) in terms of f’(a)
and f(a) is

A (@)= fla)+ f'(a) B f"(a)=2f(a)f (a) C [ =2f(a)+ f(a)

44 ,(a) 44 4
D f@="1 E /(@) = 2f(@) - f(a)
Sfla)
5 3 dx .
5 Ifx=trandy=rt ,thend—lsequalto
Yy
1 2 3t 2t 3
A3 gy ) P 3 £

4 d
6 Ify= cos‘l(—) and x > 4, then 24 is equal to
X dx
-1 -4 -4 4 4
A —— B— C —* D ——— E ——
V16 — x2 V1 - 16x2 x2—-16 xVx2 -16 Va2 -16

54
7 The coordinates of the turning point of the graph with equation y = x> + — are
X

A (3,0) B (-3,27) C (3,27) D (-3,0) E (3,2)

d2
8 Lety= sin_l(f) for x € [0, 1]. Then £y is equal to
2 dx?

3 —

A cos‘l(f) B x(4-x»)"2 C al

2 4 — 2

- -1
D S — E

V4 - x2 (4 - x?) 4 — x?
1 d
9 Ify= tan‘l(—), then 2 is equal to
3x dx
— _ 2
A 1 B 1 C 1 D 3 E 9x
V 3(1 +x2) 3(1+22) 3(1 +9x2) 92 + 1 92+ 1
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Chapter 6 review 283

10 Which of the following statements is false for the graph of y = cos™'(x), for x € [-1, 1]
and y € [0, ]?
A The gradient of the graph is negative for x € (-1, 1).
B The graph has a point of inflection at (0, g)

C The gradient of the graph has a minimum value of —1.
D The gradient of the graph is undefined at the point (-1, 7).

‘/ EAtle,yzg.

2 3

Extended-response questions

1 The radius, r cm, and the height, 4 cm, of a solid circular cylinder vary in such a way
that the volume of the cylinder is always 2507 cm®.

500
a Show that the total surface area, A cm?, of the cylinder is given by A = 2mr? + n.
r

b i Sketch the graph of A against r for r > 0.
ii Give the equations of the asymptotes and the coordinates of the stationary points.
¢ What is the minimum total surface area?

2 A box with a volume of 1000 cm? is to be made
in the shape of a rectangular prism. It has a
fixed height of 40 cm. The other dimensions are

40 cm

x cm and y cm as shown. The total surface area |

. 2 ST
is A cm-. 7
a Express A in terms of x. e
. d ycm
b Sketch the graph of A against x. e
7
¢ Find the minimum surface area of the box and xcm

the dimensions of the box in this situation.

d Find the minimum surface area of the box and the dimensions of the box if the
height of the box is k cm (for a constant k) while the volume remains 1000 cm?>.

3 This diagram shows a solid triangular prism with
edge lengths as shown. All measurements are in cm.
The volume is 2000 cm?. The surface area is A cm?.
a Express A in terms of x and y.

Establish a relationship between x and y.

Hence express A in terms of x.

Sketch the graph of A against x.

D Q. n T

Hence determine the minimum surface area of x
the prism.

X
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284 Chapter 6: Differentiation and rational functions

8
24+ x2

4 a Sketch the graph of g: [0,5] — R, where g(x) =4 —

b i Find g'(x). ii Find g”(x).
¢ For what value of x is the gradient of the graph of y = g(x) a maximum?

d Sketch the graph of g: [-5,5] — R, where g(x) = 4 — 3 fo.

5 The triangular prism as shown in the diagram has a 13x cm
right-angled triangle as its cross-section. The right B
angle is at C and C’ on the ends of the prism.

The volume of the prism is 3000 cm?. The dimensions Sx em C [2xem
of the prism are shown on the diagram. Assume that the
volume remains constant and x varies. ycm
a i Findy in terms of x. ) 13x[em )
ii Find the total surface area, S cm?2, in terms of x. B
iii Sketch the graph of S against x for x > 0. 5% cm 12x cm
Clearly label the asymptotes and the coordinates C’

of the turning point.
b Given that x is increasing at a constant rate of 0.5 cm/s, find the rate at which S is
increasing when x = 9.

¢ Find the values of x for which the surface area is 2000 cm?, correct to two decimal

places.
6 The diagram shows part of the curve x> — y* = 4. y
The line segment PQ is parallel to the y-axis, and -, A
R is the point (2, 0). The length of PQ is p. “~,?\\+
a Find the area, A, of triangle POR in terms of p. )
.. dA |
b i Find —. N
dp 0'0' S
ii Use your CAS calculator to help sketch the

graph of A against p.
iii Find the value of p for which A = 50 .
(correct to two decimal places).

dA
iv Prove that — > 0O for all p.
dp

¢ Point Q moves along the curve and point P along the x-axis so that PQ is always
parallel to the y-axis and p is increasing at a rate of 0.2 units per second. Find the
rate at which A is increasing, correct to three decimal places, when:

i p=25 ii p=4 iii p=50 iv p=280

(Use calculus to obtain the rate.)

y
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7 Consider the family of cubic functions, i.e. f: R = R, f(x) = ax® + bx*> + cx + d.
a Find f’(x).
b Find /" (x).
¢ Under what conditions does the graph of f have no turning points?
d i Find the x-coordinate of the point where y = f’(x) has a local minimum or
maximum.
ii State the conditions for y = f”(x) to have a local maximum.
e Ifa =1, find the x-coordinate of the stationary point of y = f’(x).
f Fory = x* + bx* + cx, find:
i the relationship between b and c if there is only one x-axis intercept
ii the relationship between b and c if there are two turning points but only one
x-axis intercept.

1= 2
8 A function is defined by the rule f(x) = o .
1+ x2
a i Show that f/(x) = —— ii Find f”(x)
X)= ——. X).
(1 + x2)2

b Sketch the graph of y = f(x). Label the turning point and give the equation of the
asymptote.
¢ With the aid of a CAS calculator, sketch the graphs of y = f(x), y = f’(x) and
y = f"(x) for x € [-2,2].
d The graph of y = f(x) crosses the x-axis at A and B and crosses the y-axis at C.
i Find the equations of the tangents at A and B.
ii Show that they intersect at C.

9 The volume, V litres, of water in a pool at time 7 minutes is given by the rule
V = -3000x (log,(1 — h) + h)
where & metres is the depth of water in the pool at time # minutes.

.. . dv.
a 1 Find T in terms of A.

. av. .
ii Sketch the graph of T against i for0 < h < 0.9.

b The maximum depth of the pool is 90 cm.

i Find the maximum volume of the pool to the nearest litre.

ii Sketch the graphs of y = —3000m log,(1 — x) and y = —30007tx. Use addition of
ordinates to sketch the graph of V against 4 for 0 < 7 < 0.9.

c If water is being poured into the pool at 15 litres/min, find the rate at which the
depth of the water is increasing when & = 0.2, correct to two significant figures.

X
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286 Chapter 6: Differentiation and rational functions

1
10 a Let f(x) =tan"'(x) + tanfl(—), for x # 0.
X
i Find f’(x). ii If x>0, find f(x). iii If x <0, find f(x).
b Lety = cotx, where x € (0, 7).
d d
i Find —y. ii Find il in terms of y.
dx dx
¢ Find the derivative with respect to x of the function y = cot™! x, where y € (0, m)
and x € R.
d Find the derivative with respect to x of cot(x) + tan(x), where x € (0, g)

8
11 Consider the function f: R* — R, where f(x) = = - 32 + 161og,(2x).
X

a Find f'(x). b Find f”(x).

¢ Find the exact coordinates of any stationary points of the graph of y = f(x).
d Find the exact value of x for which there is a point of inflection.

e State the interval for x for which f"(x) > 0.

f Find, correct to two decimal places, any x-axis intercepts other than x = 0.5.
g Sketch the graph of y = f(x).

12  An ellipse is described by the parametric equations x = 3 cos 0 and y = 2 sin 6.
a Show that the tangent to the ellipse at the point P(3 cos 0, 2 sin 6) has equation
2xcos 0+ 3ysinO = 6.
b The tangent to the ellipse at the point P(3 cos 0, 2 sin 6) meets the line with equation
x =3 atapoint 7.
i Find the coordinates of the point T'.
ii Let A be the point with coordinates (-3, 0) and let O be the origin. Prove that
OT is parallel to AP.
¢ The tangent to the ellipse at the point P(3 cos 0, 2 sin 0) meets the x-axis at Q and the
y-axis at R.
i Find the midpoint M of the line segment QR in terms of 0.
ii Find the locus of M as 0 varies.
d W(-3sin6,2cos0) and P(3 cos 0, 2 sin 0) are points on the ellipse.
i Find the equation of the tangent to the ellipse at W.
ii Find the coordinates of Z, the point of intersection of the tangents at P and W, in
terms of 0.
iii Find the locus of Z as 0 varies.

2 2
13 An ellipse has equation T + y 1. The tangent at a point P(a cos 0, b sin 0) intersects

ar  b?
the axes at points M and N. The origin is O.
a Find the area of triangle OMN in terms of a, b and 0.

b Find the values of 6 for which the area of triangle OMN is a minimum and state this
' minimum area in terms of a and b.
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14 A hyperbola is described by the parametric equations x = asec 6 and y = btan 0.
a Show that the equation of the tangent at the point P(a sec 0, b tan 0) can be written as

fsecB—XtanG: 1.
a b

b Find the coordinates of the points of intersection, Q and R, of the tangent with the
bx
asymptotes y = +— of the hyperbola.
a

¢ Find the coordinates of the midpoint of the line segment OR.

15 A section of an ellipse is described by the parametric equations
x=2cos® and y=sin0 f0r0<6<g
The normal to the ellipse at the point P(2 cos 0, sin ) meets the x-axis at Q and
the y-axis at R.

a Find the area of triangle OQR, where O is the origin, in terms of 0.

b Find the maximum value of this area and the value of 6 for which this occurs.
¢ Find the midpoint, M, of the line segment QR in terms of 0.

d Find the locus of the point M as 0 varies.

16 An electronic game appears on a flat y

-
?

screen, part of which is shown in the
diagram. Concentric circles of radii 0
one unit and two units appear on
the screen. g
Points P and Q move around the
circles so that O, P and Q are

/ > X
collinear and OP makes an angle of Q} 2 4
0 with the x-axis.

A spaceship S moves around

between the two circles and a gun is
on the x-axis at G, which is 4 units

from O.

The spaceship moves so that at any time it is at a point (x, y), where x is equal to the
x-coordinate of Q and y is equal to the y-coordinate of P. The player turns the gun and
tries to hit the spaceship.

a Find the Cartesian equation of the path C of S.

- 1
b Show that the equation of the tangent to C at the point (#,v) on Cisy = 4—ux + —.
v %

¢ Show that in order to aim at the spaceship at any point on its path, the player needs

1
\/ to turn the gun through an angle of at most 20, where tan o. = 3 V3.

X
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Objectives

> To review antidifferentiation by rule.

> To investigate the relationship between the graph of a function and the graphs of
its antiderivatives.

» To use the inverse circular functions to find antiderivatives of the form

1 a
fﬁdx and fmdx

v

To apply the technique of substitution to integration.
P To apply trigonometric identities to integration.

> To apply partial fractions to integration.

Integration is used in many areas of this course. In the next chapter, integration is used to find
areas, volumes and lengths. In Chapter 9, it is used to help solve differential equations, which
are of great importance in mathematical modelling.

We begin this chapter by reviewing the methods of integration developed in Mathematical
Methods Units 3 & 4.

In the remainder of the chapter, we introduce techniques for integrating many more functions.
We will use the inverse circular functions, trigonometric identities, partial fractions and a
technique which can be described as ‘reversing’ the chain rule.
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7A Antidifferentiation 289

7A Antidifferentiation

The derivative of x> with respect to x is 2x. Conversely, given that an unknown expression
has derivative 2ux, it is clear that the unknown expression could be x>. The process of finding
a function from its derivative is called antidifferentiation.

Now consider the functions f(x) = x*> + 1 and g(x) = x*> - 7.

We have f’(x) = 2x and g’(x) = 2x. So the two different functions have the same derivative

function.
Both x? + 1 and x? — 7 are said to be y
antiderivatives of 2x. =2+ 1 A

= 2 —}‘
If two functions have the same derivative 4 5 ~ | /“\ X
function, then they differ by a constant. y=xt- k
So the graphs of the two functions can be
obtained from each other by translation
parallel to the y-axis. y=x2=T—m
The diagram shows several antiderivatives d

f 2 g \\ : (i; : //
ol 2x. distance /(\v ¢_ : /
. A\ /
Each of the graphs is a translation of y = x* 7 units AN % distance
S | 4
parallel to the y-axis. o | Y 7 units
-7

Notation

The general antiderivative of 2x is x> + ¢, where c is an arbitrary real number. We use the
notation of Leibniz to state this with symbols:

f2xdx=x2+c

This is read as ‘the general antiderivative of 2x with respect to x is equal to x> + ¢’ or as
‘the indefinite integral of 2x with respect to x is x> + ¢’.

To be more precise, the indefinite integral is the set of all antiderivatives and to emphasise
this we could write:

[ 2xdx={fx): f(x)=2x}={F+c:ceR}

This set notation is not commonly used, but it should be clearly understood that there is not a
unique antiderivative for a given function. We will not use this set notation, but it is advisable
to keep it in mind when considering further results.

In general:

If F'(x) = f(x), then f f(x) dx = F(x) + ¢, where c is an arbitrary real number.
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290 Chapter 7: Techniques of integration

Basic antiderivatives

The following antiderivatives are covered in Mathematical Methods Units 3 & 4.

f(x) [ fCx) dx
xn+l
x" +c
n+1
(ax + b)" 2D (@G
X! log, x+ ¢
1 1
PR P log,(ax+Db) +c
eax+h lea)ﬁ—h +c
a
. 1
sin(ax + b) ——cos(ax+ b) + ¢
a
1 .
cos(ax + b) —sin(ax + b) + ¢
a

where n # —1

where n # —1

forax+b >0

The definite integral

For a continuous function f on an interval [a, b], the definite integral j:l b f(x) dx denotes
the signed area enclosed by the graph of y = f(x), the x-axis and the lines x = @ and x = b.
By the fundamental theorem of calculus, we have

[ fx) dx = F(b) - F(a)

where F is any antiderivative of f.

Note: In the expression L b f(x) dx, the number a is called the lower limit of integration
and b the upper limit of integration. The function f is called the integrand.

We will review the fundamental theorem of calculus in Chapter 8. In this chapter, our focus is

on developing techniques for calculating definite integrals using antidifferentiation.

Find an antiderivative of each of the following:

T
a sin(3 ——)
sm(x 4

Solution

b 63x+4

a sin(3x — g) is of the form sin(ax + b)

Cambridge Senior Mathematics AC/VCE
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1
f sin(ax + b) dx = —— cos(ax + b) + ¢
a

) T 1 T
f sm(3x— Z) dx = 3 cos(3x— —) +c
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7A Antidifferentiation 291

2
b ¢¥** is of the form e™+? c f 6x° — — dx= f 6x> —2x72 dx
x
1 4
f eax+b dx = Eeax"'b +c = 61 + 2X_1 +c
1
fe3x+4dx:§e3x+4+c :§x4+z+c
2 X

Evaluate each of the following integrals:

x x
a foz cos3x)dx b fol e — e* dx c fOS sec’(2x) dx d fol V2x + 1 dx

Solution
a f;? cos(30) dx =[5 sinG3 )]% N x]l
$(3x) dx = | = sin(3x e —edx=|=e"-¢
0 3 0 0 2 0
1 3 1 1
= 3 (sin(g) - sinO) = Eez el - (Eeo —eo)
1 2 1
= —(=1-0 - __(Z_
3 ) 2~ ¢ (2 1)
_ _l e’ N 1
= — —¢ —_
3 2 2
1
¢ From Chapter 6, we know d fol V2x+ 1 dx = fol(2x+ 1)2 dx
that if f(x) = tan(ax + b), then 51l
f'(x) = asec*(ax + b). Hence = [2 ! 5 2x+ 1)5]
X 2 0
1 2
2 bydx = —t b 33
fsec(ax+ ) dx aan(ax+ )+ ¢ :l((2+1)§_1§)
N 3
I 1 3 1,3
R ) i 5
. fo sec”(2x) dx = [2 tan(2x)]0 — 3(32 _ 1)
]
_ 1
= (tan(z)—tanO) — g(3\/5_ 1)

(1-0)

Nl — = P —

. o 1
In the previous chapter, we showed that the derivative of log, |x]| is —.
X

By the chain rule, the derivative of log, |ax + b| is a .
ax+b
This gives the following antiderivative.

1 1
f dx = —log, lax + bl + ¢ forax+b #0
ax+b a
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292 Chapter 7: Techniques of integration

1
a Find an antiderivative of .
dx +2

1 a1
b Evaluate j;: P dx. c¢ Evaluate f_; ) dx.
Solution
1
is of the form ——
a 4x+2lso e0rmowc+b
f ! dx—llo lax + b| + ¢
ax+b T a Ee
i L= liog Jax+2+c
dx+2 YT 4%
b [ —[llo 4 +2|]1 ¢ [1La —[110 4 +2|]_1
0 4x2 T [g 08T AY 2 gy g2 BTG 08 TA
1 1
= Z(loge 6 —log, 2) = Z(loge |-2| — log, |-6l)
1 1 1
=gloe.’ - 3 1ou(3)
1
=——1log,3
7 102

» Graphs of functions and their antiderivatives

In each of the following examples in this section, the functions F and f are such that
F’(x) = f(x). That is, the function F is an antiderivative of f.

Consider the graphs of y = f(x) and y = F(x) shown.

Find: Y Y
A A
a f(x) y=Ax)
b F(x) 4.1 y=F(x)
0, 1)
0 > X > X
Solution s
a f(x)=mx b F(x)= % + ¢ (by antidifferentiation)
Since f(1) =1, we have m = 1. But F(0) = 1 and therefore ¢ = 1.
2
Hence f(x) = x. Hence F(x) = % + 1.
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7A Antidifferentiation 293

Note: The graph of y = f(x) is the gradient graph for the graph of y = F(x).
We have seen that there are infinitely many graphs defined by f f(x) dx.

y
The graph of y = f(x) is as shown. A
Sketch the graph of y = F(x), given that £(0) = 0.
graph of y = F(x), g (0) =)
1,2
O > X
Solution y
The given graph y = f(x) is the gradient graph A
of y = F(x).
Therefore the gradient of y = F(x) is always positive.
The minimum gradient is 2 and this occurs when 5 s~ 5
x = —1. There is a line of symmetry x = —1, which v
indicates equal gradients for x-values equidistant
from x = —1. Also F(0) = 0.
A possible graph is shown.
Example 6
Y
The graph of y = f(x) is as shown. A
Sketch the graph of y = F(x), given that F(1) = 1.
0 /é > X
Solution y
The given graph y = f(x) is the gradient graph of y = F(x). A
Therefore the gradient of y = F(x) is positive for x > 2,
negative for x < 2 and zero for x = 2. wn
A possible graph is shown. ,
0 7 > X
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294 Chapter 7: Techniques of integration 7A

________Exercise B

example 1| 1  Find an antiderivative of each of the following:

2
a sin(2x+E) b cos(mx) C sin(ﬂ)
4 3
d &3+l e Surd) i
2x2

g 6x3 —2x* +4x+1

Example2| 2 Evaluate each of the following integrals:

fuf
a f_ll e* —e*dx b ‘/;)2 3x% +2x +4 dx c ﬁ)z sin(2x) dx
R i 2xd f [ etxd
fzﬁx ej;)cos(x)+xx fOe +xdx
T I T
2 2 X i (7 gap2
g ﬂ) cos(4x) dx h f_% 81n(2)dx i ﬂ) sec” x dx
Example3| 3 a Find an antiderivative of .
| 2x -5
1
b Evaluat — dx.
va uaej;) 755 9x
-1 1
¢ Evaluat — dx.
Vauaeff2 Tx_5
4 Evaluate each of the following integrals:
11 -1 1 o 1
a d b —d C d
b 3z 332" R
5 Find an antiderivative of each of the following:
1 1
a Bx+2) b c V3x+2 d ——
Gx+2) 3x-2 * Gx+2)7
3x+1 3x 1 2x+ 1
f (—) 5x—1)3 h
¢ T 2 g Gx=1) x+3

example 4| 6 For each of the following, find the rules for f(x) and F(x), where F’(x) = f(x):

a Y Y
A A
(1,2) L4
y=£x) -1, 4) y=FXx)
> X
(0] -
0 >
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7A 7A Antidifferentiation 295

b y y
A y=Ax) A
a parabola - F(x)
(1,4 reae
> X
% > X
0]
c y y
A

y=f(x) 0 \ w7

a parabola

2,4
(2,0) N= F(x)
2 > X
0 .
/(0, =8)

d y y
o= (i
(v =aebv) \\\\\
~__ V=i

(-log,2,-2)
e T Y
' (3
A \2 A (@4
y=Fx)
(m, 0) (2m, 0) .
(0] > X
y=/x) 0 (2m, 0)
3n
(5=
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296 Chapter 7: Techniques of integration 7A

0,05 e

y=n
- f0) _
.09 _/("{)y "

> X > X
o

(=72

example 5,6/ 7  For each of the following, use the given graph of y = f(x) and the given value of F(0)
to sketch the graph of y = F(x), where F’(x) = f(x):

a y b y

A A
\ y=£x)

F0)=0 F0)=1
C y d y
A A
y=f(x) (=3,4)
0 y=/fx)
2 > X
o 0 > X
/—5 -1
HO)=0 F0)=0
e y f y
A A
N - .
o[1~—"2 o /3 > °
y=fx)
F(0)=2
v’ F(0)=0 ©
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7B Antiderivatives involving inverse circular functions 297

7B Antiderivatives involving inverse circular functions

In Chapter 6, the following rules for differentiation of inverse circular functions were

established:
fi-aa) >R, fx) = sin_l(g),
(X
fi(-a,a) >R, f(x) = cos (5)
X
f:R->R, f(x) = tan (5)

From these results, the following can be stated:

o 1
T =
N |
f0 = ==
fO=ara

for x € (—a, a)

for x € (—a,a)

forxe R

Note: It follows that sin™" (f) + cos‘l()—c) must be constant for x € (—a, a).
a a

o L (X X
By substituting x = 0, we can see that sin 1(—) + cos‘l(—)
a a

Find an antiderivative of each of the following:

1 1
b —
V9 — x2 V9 —4x2

Solution

a f

a

dx = sin_l(f) +c

1
VO — x2

3
1 1
———dx= | ————dx C
f\/9—4x2 fz 9 _ f
1 1
—Ef 5 de
Z—X
lsn_1(2x)+
= =si —|+c
3

ISBN 978-1-107-58743-4

9 + 4x?

c —_—
9 +4x2

1

g for all x € (—a, a).

dx=f4(2—dx

+ x2)

1

6

f 4(9

+ xz)

9

tan_l(—

+)c2

2x
3
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298 Chapter 7: Techniques of integration 7B

. Example 8
(c— )

Evaluate each of the following definite 1ntegrals:

1 3
ﬂ) 4_x2dx bj;)—4+x2dx CL—9_4x2dx
Solution
a fl 1 dx = [sin_l(f)]1
O Va—a2 2/1o
1
= sin'l(i) —sin' 0
_T
6
1 2 2 1 3 1 3
f —=dx== | dx ¢ [, —=dx={ dx
0 2 0 2 0 0
4+ x 2 4 +x V9 — 42 ’ %—xz
1 [tan_l(x)]2 3,1 1
T2 2 /1o = —j;) —dx
2 9_x2
l(‘[an '] —tan"! 0) s=7
: =3 (3)]
_ T 2 3 /1o
i = — s1n_1(%)
2 3
~ 1.095
_ Exercise g
example7| 1 Find each of the following integrals:
1 1 1 5
d b |[——d dt d d
E=r tlmet e U

3 1 10
—2 _ix f [——d —— _dr h dt
e [ f\/716_4x2 * 8 f\/—m_tz rers:

1 7
i | ——=dx j | —=dy
/ V5 —2x2 J 3+
example 8| 2 Evaluate each of the following:

2 i
afOszdx bj(‘)

5 6
S ek
2 1 3 M
thsmd s lig=""h' 52

cﬂ)l

x —
1—x? 4 - x2

dx dx

: 3
2
€ j;’ 9 + 4x?

. 3 .2 1
T4 Iﬁ)g\/ﬁdy jﬁ)mdx
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7C Integration by substitution 299

7C Integration by substitution

In this section, we introduce the technique of substitution. The substitution will result in one
of the forms for integrands covered in Sections 7A and 7B.

First consider the following example.

Example 9
(c— )

Differentiate each of the following with respect to x:

3

a 222 +1y b cos®x
Solution
a Lety=Q2x*+ 1)y andu =2x> + 1.
d d
Theny = u°, d_Z = 5u* and d—z =4x.
By the chain rule for differentiation:
dy dy du
dx  du dx
= 5u’ - 4x
= 20u*x

= 20x(2x* + *
c Lety=¢* and u = 322
d d
Then y = &, d—z =¢" and d—z = 6x.

By the chain rule for differentiation:

dy _ dy du
dx  du dx
=e" - 6x
= 6xe>

c 3x%

b Lety = cos®xand u = cos x.

d d
Then y = u?, = 3u? and = = —sin x.
du dx
By the chain rule for differentiation:
dy dydu

dx  du dx
= 34> - (—sinx)
= 3coszx-(— sin x)

2

= —3cos” x sinx

Cambridge Senior Mathematics AC/VCE
Specialist Mathematics Units 3&4

This example suggests that a ‘converse’ of the chain rule can be used to obtain a method for
antidifferentiating functions of a particular form.

m From Example 9a: f 20x2x* + D dx = 2x2 + 1) +¢

This is of the form: [ 5K'(x) (h(x))* dx = (h(x))’ + ¢ where h(x) = 242 + 1

m From Example 9b: f -3 cos? x sinx dx = cos® x + ¢

This is of the form: [ 31'(x) (h(x))” dx = (h(x))’ + ¢ where h(x) = cos x

m From Example 9c: f 6xe* dx = + ¢

This is of the form: f K (x) "™ dx = " + ¢ where h(x) = 3x?

ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016
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300 Chapter 7: Techniques of integration

This suggests a method that can be used for integration.

2 1 6
e.g. f 2x(x* + 1) dx = % +c  [h(x)=x*+1]
. sin” x .
f cosx sinx dx = > [A(x) = sin x]

A formalisation of this idea provides a method for integrating functions of this form.
Lety= f f(u) du, where u = g(x).

By the chain rule for differentiation:

dy dy du

dx  du dx
du
—f(u)'a

du
= —d
y= [ fe - dx
This gives the following technique for integration.

Integration by substitution

il f(u)%dx: [ faw) du

This is also called the change of variable rule.

Example 10

Find an antiderivative of each of the following:

1 2
a sinx cos® x b 5x*(x*-1)2 c 3xe*
Solution
a f sin x cos? x dx
) du .
Let u = cos x. Then f(u) = u” and — = —sinx.
dx
f sin x cos? x dx = —f cos? x - (—sin x) dx
du
= — [ fu) == dx
dx
=— f f(u) du
= - f u? du
u N
=——+c
3
cos® x
= - +c
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7C Integration by substitution 301

1
b [5x(x*-1)2 dx ¢ [ 3xe” dx
Letu=x>—1. Let u = x°.
1 du 5 du
Then f(u) = u2 and — = 3x°. Then f(u) = ¢" and — = 2x.
dx dx
1
f 5x2(x3 = 1)2 dx f 3xe* dx
=§f(x3—1)%~3x2dx :gfe”-2xdx
3 2
5 1 du 3 du
= — 2 — = — u __

3 u dxdx zfe dxdx
5,01 3¢ 4
:§fu2du =§fedu
5(2 %)+ 3 -
=== =—é"+c¢
3377 ¢ 2
_10 %+ —ge"2+c
= 9u c =5

10

3 1\2
x=12+c

9

Example 11
(c— )

Find an antiderivative of each of the following:

2 3
a ———— b —
X2+2x+6 VO — 4x— 2
Solution

a Completing the square gives
P +2x+6=22+2x+1+5
=@x+1)2+5

Therefore

2 2
= dx=[—=" 4
fx2+2x+6 * f(x+1)2+5 *

Letu = x+ 1. Then ;ﬁ = 1 and hence
X

2 2
— = _dx=[—-"—4d
f(x+1)2+5 g fu2+5 !

2 A5
Gl
= i tan_l(i) +c
V5 V5
= ita _1(x+ 1)+c
5 V5
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302 Chapter 7: Techniques of integration

3
" r=
Completing the square gives
9—4x—x*=-(x>+4x-9)
= —((x+2)* - 13)
=13 - (x+2)

Therefore

(A TS S
VO — 4x — x2 13 — (x +2)?

Letu = x + 2. Then ;ﬂ = 1 and hence
x

3 3
— = dx=[——d
f\/13—(x+2)2 ) f\/13—u2 !

=3 sin‘l(L) +c
Vi3

2
= 3sin‘1(er )+c

Vi3

» Linear substitutions

Antiderivatives of expressions such as

2045 2x+5
(2x+3)V3x -4, \/;”_4, (xx++2)2’ Qx+Hx+3%, 2V3x—1
-

can be found using a linear substitution.

Example 12
(e— )

Find an antiderivative of each of the following:

2x+ 1
a 2x+1)Vx+4 b ﬁ ¢ 2\BE=1
— 2zX

Solution J
a Letu=x+4. Thend—u =land x = u —4.
X

1
J@x+D)Vx+4dx= [ (2u—4)+1)u2 du
1
= [ Qu—"Tu2 du
3 1
=f2u2—7u2du
S (2,3 _7(22
= —u2 |- —u2
(54)-7(5)+<

4 35 14 3
= g(x+4)2 —?(x+4)2 +c
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7C Integration by substitution

2x+ 1
2 f (1—2)()2

Letu = 1—2x.Then§—u:—2and2x:1—u.
X

Therefore

2x+ 1
f (1 -2x)*

303

1 r2—udu
__Ef u? Ecd
1
—§f2u_2—u_1 du

1
= —5(—2u*' —log, |ul) + ¢

1
ul + 3 log, |u| + ¢

1 1
= 1_2x+§10ge|1—2xl+c

C fxz\/3x— 1dx
Letu =3x-— 1.Thend—u = 3.
dx

We have x =

Therefore

and so x2 = (w+ 1)2
5

fxz\/Sx—ldx:f(u+1) B @

Cambridge Senior Mathematics AC/VCE
Specialist Mathematics Units 3&4

1 1
=ﬁf(u+1)2u2 (3) dx
1 5 1 du
= — ) —
27f(u +2u+Du dxdx
3 1

5
——7fu§ +2u2 +u? du

1221 45 23
(u2+ u2+3u2)+c

=27 5
_ 2 %(12+2 +1)+
Tyt \Ft Tt g)Te

_ 2 a3 1)%(15(3 1)? +42(3 1)+35)+
2835 X X X C

2
= - 2
7835 Bx—1)2 (135x> +36x+8) + ¢
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304 Chapter 7: Techniques of integration 7C

Using the TI-Nspire
m To find an antiderivative, use > Calculus > Integral.
m Use factor from the Algebra menu to obtain the required form.

2x2 (3x-1)% 8x(@x12 16062 21 315

21 315 28, 2
2

q

Note: The integral template can also be obtained directly from the 2D-template
palette (=) or by pressing (shift)(+).

Using the Casio ClassPad

w Enter and highlight the expression x>y/(3x — 1). & Edit Action Interactive
= Go to Interactive > Calculation > [. Make sure Ea | e [ sime |5 | v [ 4| v [

that Indefinite is selected and that x is the variable.
m Simplify the resulting expression.

2-(135-x2+36+x+8) + (3-x~1)
2835

51mpllfy(] %2V (Bx=1) dx)
3
: I

___ Exercise Bf8

example 10, 1  Find each of the following:

a [2x(x*+1Pde b [ ——dx ¢ [cosxsin®xdx d
J 2 ) f(2+1)2 J fsmx

e [@x+1yYdx f [5x¥9+x2dx g [x(x?-3ydx h [x(x*-3)dx

COS X

X

2 1
i [ ———dx | dx ke [ (2 =203 =332+ 1)* dx
Jaome 1= /

3x 3x
—d
x2+1 o mfZ—x

2dx

example 11/ 2 Find an antiderivative of each of the following:

1 1 1
a5—— b 5—— ¢ —
x> 4+2x+2 xt—x+1 V21 - 4x — 2
1 1 1
d ——— e —— f—
10x — x2 - 24 V40 — x2 — 6x 3x2+6x+7
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7C 7D Definite integrals by substitution 305

example 12| 3  Find an antiderivative of each of the following:

1
a xV2x+3 b xvl-x c 6x(3x—-7)"2 d Cx+1)V3x-1
2x -1 1 S5x—-1
e m f (X+3)V3X+1 g (X+2)()C+3)3 h m
N X
I X*Vx —
/ g Vx-1

7D Definite integrals by substitution

Evaluate f04 3xVx2 +9 dx.

Solution

d
Letu = x2 + 9. Then d_u = 2x and so
X

f3x\/x2+9dx:%f\/x2+9-2xdx

_ A o
=(x"+9)2+c¢

314
[ 30V 49 dx = [(x2 + 9)5]
0

3 3
=252 - 93

=125-27 =98

In a definite integral which involves the change of variable rule, it is not necessary to return to
an expression in x if the values of u corresponding to each of the limits of x are found.

For the previous example:

m x=0impliesu =9

m x =4 implies u = 25

Therefore the integral can be evaluated as

3 5 1 312 31%
=) u2du:§[§u2]9 — 12527 =98
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Example 14
Evaluate the following:
fuf
a ﬂ)z cos’ x dx b ﬂ)l 2x%e” dx
Solution
fig n n
a foz cos® x dx = f02 cos x (cos? x) dx = f02 cos x (1 — sin® x) dx
d
Let u = sin x. Then L COS X.
7T
When x = 5’” =1 and when x =0, u = 0.
Therefore the integral becomes
341
j;)l (A -u?) du= [u = %]0
1 2
= 1 —_—_= =
3 3
1 2 3
b fo 2x*e* dx ;
Let u = x°. Then d_u =3x2. Whenx=1,u = 1and when x =0, u = 0.
x
2 1 2 2 2 1 7
§j:) e -(3x)dx=§foe du
20 1
= g[e ]0
_ 2.0 0
= 3(6’ e)
2
= 3le- 1y
_ Exercise [y
Skillsheet » 1 Evaluate each of the following definite integrals:
Example 13,14 a ﬂf xVx2 +16 dx b j(‘)Z cos x sin® x dx c ﬂ)i sin x cos? x dx
4 17 1 EA |
d f3x(x—3) dx e fox\ﬂ—xdx f fe xlogexdx
4 1 1 e L sinx
—d h d 4
gﬂu/m ! fagr 0 cosix
2x+3 3 COSx
|
0x+3x+4 * f% sinx I 1—x
-1 e*
\/ m f—z T dx
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7E Use of trigonometric identities for integration 307

7E Use of trigonometric identities for integration

» Products of sines and cosines

Integrals of the form f sin” x cos” x dx, where m and n are non-negative integers, can be
considered in the following three cases.
Case A: the power of sine is odd
If m is odd, write m = 2k + 1. Then
sin2k+1

x = (sin® x)* sinx = (1 — cos® x)* sin x

and the substitution # = cos x can now be made.

Case B: the power of cosine is odd
If m is even and n is odd, write n = 2k + 1. Then
cosZ*! x = (cos? x)k cos x = (1 — sin® x)* cos x

and the substitution # = sin x can now be made.

Case C: both powers are even

1 1
If both m and n are even, then the identity sin® x = 5(1 - cos(2x)), cos® x = 5( 1 + cos(2x))
or sin(2x) = 2 sin x cos x can be used.

1
Also note that f sec?(kx) dx = T tan(kx) + c. The identity 1 + tan? x = sec” x is used in the

following example.

Example 15

Find:

a f cos? x dx b f tan® x dx c f sin(2x) cos(2x) dx
d f cos* x dx e f sin® x cos? x dx

Solution

a Use the identity cos(2x) = 2 cos? x — 1. Rearranging gives

1
cos® x = E(cos(Zx) +1)
f cos’x dx = lf cos(2x) + 1 dx
2

1/1 .
= 5(5 sm(2x)+x)+c

1
=2 sin(2x) + g +c

2 x -1 and so

b Use the identity 1 + tan? x = sec” x. This gives tan® x = sec
ftanzxdx: fseczx— 1 dx
=tanx—x+c¢
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308 Chapter 7: Techniques of integration 7E

¢ Use the identity sin(20) = 2sin 0 cos 6.
1
Let 6 = 2x. Then sin(4x) = 2 sin(2x) cos(2x) and so sin(2x) cos(2x) = 3 sin(4x).

f sin(2x) cos(2x) dx = % f sin(4x) dx

= % (—% cos(4x)) +c

1
=3 cos(4x) + ¢

cos(2x) + 1

2
> ) = %(cosz(Zx) +2cos(2x) + 1)

d cos* x = (cos? x)* = (

As cos(4x) = 2 cos?(2x) — 1, this gives

4 1 (cos(4x) +1

cos’ x = 2 > + 2 cos(2x) + 1)

1 1
= 3 cos(4x) + 7 cos(2x) + g

1 1 3
f cos* x dx = f 3 cos(4x) + 3 cos(2x) + 3 dx

| 1 . 3
=3 sin(4x) + 1 sin(2x) + gx +c

e f sin® x cos? x dx = f sin x (sin” x) cos? x dx

= fsinx(l — cos? x) cos? x dx

d
Now let u = cos x. Then d_u = —sin x. We obtain
X

f sin® x cos? x dx = — f (= sinx)(1 — u®)(u?) dx

:—f(l—uz)uz%dx

=—fu2—u4du
woow

{5

=c055x_cos3x+c
5 3

S e B

Skillsheet » 1 Find an antiderivative of each of the following:

a sin’x b sin*x ¢ 2tan’x d 25in(3x) cos(3x)
e sin’(2x) f tan?(2x) g sin’ x cos® x h cos? x —sin® x
i cot’x j cos?(2x)
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2 Find an antiderivative of each of the following:

a sec’x b sec?(2x) c secz(%x) d sec?(kx)

e tan’(3x) f 1 -tan®x g tan’x—-sec’x h cosecz(x - g)
3 Evaluate each of the following definite integrals:

a ﬁ)g sin” x dx b f(')% tan’ x dx c ﬁ)g sin® x cos x dx

d fo% cos* x dx e f;)n sin® x dx f fog sin?(2x) dx

g j;)% sin® x cos? x dx h jg)l sin® x + cos” x dx

4 Find an antiderivative of each of the following:
a cos’x b sin3(§) ¢ cos’(4mx) d 7cos’t

2

e cos’(5x) f 8sin*x g sin”x cos* x h cos’ x

Further substitution®
In Section 7C, we found the result

il f(u)%dx: [ fw) du

If we interchange the variables x and u, then we can write this as follows.

ff(x) dx=ff(x)j—ztcdu

Note: For this substitution to work, the function that we substitute for x must be one-to-one.
You will see this in the following examples.

Example 16

1
x2+1

. . o 11 4
Find f dx by using the substitution x = tan u, where ) <u< —.

2

Solution ; ;
Let x = tanu. Then - = sec® u. We substitute into [ f(x) dx = [ f(x) = du.
du du

1 1
fz—dx:f2—-seczudu
x>+ 1 tan- u + 1
1 2 g 2 2
=f ) -sec”u du since 1 + tan“ u = sec” u
Sec- u
= [ 1du
=u+c
= arctan x + ¢
* This material is not required for examinations.
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310 Chapter 7: Techniques of integration

Example 17

1
Find f m dx by using the substitution x = tan u, where —g <u< g
Solution
dx )
Let x = tanu. Then — = sec” u.
du
dx
Wi bstitute int: dx = — du.
e su s1uelnoff(x) x ff(x)du u
[ SRR W
(x2 +1)? (tan?u + 1)2
1
= f 2R sec? u du since 1 + tan® u = sec® u
sec? u
= fcoszudu
: fcos(2 )+ 1d since cos’ 1(1 + cos(2u))
= — u u u=— u
2 2
1/1
=3 (5 sin(2u) + u) fe
X 1
Since x = tan u, we have sinu = ——— and cosu = ——.
Vx2 + 1 x2+1
f _ dx = ! in + ot
1) T = 2s U CoSu > G
! al ! + 1arctan +
== . - xX+c
2 Y2+l Va2+1 2
B X 1
= m'i‘ EarCtanX‘i‘C

Example 18

. 2 . L . T 7T
Find j; V4 — x? dx by using the substitution x = 2 sin u, where ) <u< 5"
Solution
Using the Pythagorean identity
Let x = 2sinu. Then

4—x*=4—4sin*u
= 4(1 — sin® u)
=4cos’u
V4 - x2 = V4 cos?u
= 2|cos u|
. T 7T
=2cosu since —— < u < —
2 2
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Limits of integration

B x=2implies 2 = 2sinu and so u =

| a2

B x=0implies 0 =2sinuandsou =0

Changing variables

. dx .
Since — = 2 cos u, we obtain
u

f;:)z V4 — x2 dx = fuuz%2cosudx

J
= j;)z 2cosu-2cosu du

x
= ﬁ)z 4 cos?u du

1
We use the identity cos? u = 5(1 + cos(2u)):

- I
[IVE= @ dx= [7 2+ 2cos2u) du

T erise b

1
X

2 Find f

3 Find f

X

4

+

= [2u + sin(zu)]og

=T

T

o T
dx by substituting x = 3 tan u, where ) <u<—.

2

dx by substituting x = 2 cos u, where 0 < u < m.

x2

dx by substituting x = u?, where u > 0.

X

1
4 Find [ ———— dx by substituting x = 2, where u > 0.
f 3\/; +4x Y £

5 Find f

9—x

dx by substituting x = 3 sinu, where —— < u <

| A

2

o)A

6 Find f V9 — x2 dx by substituting x = 3 sin u, where —g <u< g

7 Find f

8 Find

1
/ f (1- xz)i

Cambridge Senior Mathematics AC/VCE
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312 Chapter 7: Techniques of integration

7G Partial fractions

We studied graphs of rational functions in Chapter 6. If g(x) and A(x) are polynomials, then
g(x)

fx) = % is a rational function;
4x+2
e'g' f(x) - .)C2 _ l

m If the degree of g(x) is less than the degree of i(x), then f(x) is a proper fraction.
m If the degree of g(x) is greater than or equal to the degree of i(x), then f(x) is an
improper fraction.

A rational function may be expressed as a sum of simpler functions by resolving it into what
are called partial fractions. For example:

4x +2 3 1
= +
x2-1 x-1 x+1

We will see that this is a useful technique for integration.

» Proper fractions

For proper fractions, the method used for obtaining partial fractions depends on the type of
factors in the denominator of the original algebraic fraction. We only consider examples
where the denominators have factors that are either degree 1 (linear) or degree 2 (quadratic).

m For every linear factor ax + b in the denominator, there will be a partial fraction of

the f .
¢ 0rmax+b

m For every repeated linear factor (cx + d)? in the denominator, there will be partial
C

d .
BT (cx + d)?

fractions of the form

m For every irreducible quadratic factor ax® + bx + ¢ in the denominator, there will be a
Dy +E

partial fraction of the form ————.
ax*+bx+c

Note: A quadratic expression is said to be irreducible if it cannot be factorised over R.
For example, both x? + 1 and x? + 4x + 10 are irreducible.

To resolve an algebraic fraction into its partial fractions:

Step 1 Write a statement of identity between the original fraction and a sum of the
appropriate number of partial fractions.

Step 2 Express the sum of the partial fractions as a single fraction, and note that the
numerators of both sides are equivalent.

Step 3 Find the values of the introduced constants A, B, C, ... by substituting appropriate
values for x or by equating coefficients.
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7G Partial fractions 313

Example 19

3x+5
Resolve m into partial fractions.
Solution Explanation
Let We know that equation (2) is true for
3x+5 A B _
ic++3 _ 1+ - ) all x e R\ {1,-3}.
=1z & . But if this is the case, then it also has
forall x € R\ {1, =3}. Then to be true for x = 1 and x = —3.
3x+5=A(x+3)+B(x—-1) 2) Notes:
Substitute x = 1 in equation (2): ® You could substitute any values
8 = 44 of x to find A and B in this way,
A=) but these values simplify the
a calculations.
Substitute x = 3 in equation (2): m The method of equating coefficients
—4 = —4B could also be used here.
B=1
3x+5 2 1
Hence = + .
x-Dx+3) x—-1 x+3
Example 20
2x+ 1
Resolve x—O into partial fractions.
(x+ D(x—-1)2

Solution
Since the denominator has a repeated linear factor and a single linear factor, there are three
partial fractions:

2x+10 A B C

G2 el G2

This gives the equation

2x+10=A(x - 1)* + B(x+ D(x— 1)+ C(x + 1)

Letx = 1: 12 =2C
C=6

Let x = —1: 8 =4A
A=2

Let x = 0: 10=A-B+C
B=A+C-10=-2

Hence 2x + 10 _ 2 2 6

GrDa-12 x+1 x-1 G-1¢
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314 Chapter 7: Techniques of integration

Example 21

x> +6x+5 . . )
Resolve into partial fractions.
x=2)(x2+x+1)

Solution
Since the denominator has a single linear factor and an irreducible quadratic factor

(i.e. cannot be reduced to linear factors), there are two partial fractions:

X +6x+5 A N Bx+C
x-2)(2+x+1) x-2 xX2+x+1

This gives the equation
P +6x+5=AF +x+ 1)+ (Bx+C)(x-2) (1)
Subsituting x = 2:
22+62)+5=A2*+2+1)
21 =7A
A=3
We can rewrite equation (1) as
P +6x+5=AF +x+ 1)+ (Bx+C)(x-2)
=A(* +x+ 1)+ Bx* —2Bx+ Cx - 2C
=(A+Bx*+(A-2B+CO)x+A-2C
Since A = 3, this gives
P +6x+5=0B+Bx*+(B-2B+C)x+3-2C
Equate coeflicients:
3+B=1 and 3-2C=5
B=-2 L C=-1

Check: 3-2B+C=3-2(-2)+(-1)=6

Therefore
X +6x+5 3 —2x-1
x=-2)(x2+x+1) - x—2+x2+x+l
3 2x+ 1
x-2 2+x+1

Note: The values of B and C could also be found by substituting x = 0 and x = 1 in
equation (1).
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7G Partial fractions 315

» Improper fractions

Improper algebraic fractions can be expressed as a sum of partial fractions by first dividing
the denominator into the numerator to produce a quotient and a proper fraction. This proper
fraction can then be resolved into its partial fractions using the techniques just introduced.

R . .
Express — as partial fractions.
x> —1
Solution
Dividing through:
B +x
X2 =1 ixs +2
x© —x
X +2
B -x
xX+2
Therefore
X +2 3 x+2
=x +x+
x? -1 2 -1
By expressin X+2 X+2 as partial fractions, we obtain
X = , W
Y eRDIeSSIE o 1 T G-Dx+rD P
X +2 3 1 3
X +x

- = — +
x2—1 2+ 1) 2(x=1)

Using the TI-Nspire
Use > Algebra > Expand as shown.

Note: The use of ‘, x* is optional. ) (N P AR T
expand| ==X 3. (x+1) 2 (x-1)
X1

Using the Casio ClassPad

m Enter the variable and tap OK.

5
ain . . X + 2
= In T/a, enter and highlight o £ Edit Action Interactive
$1 Jdx=  gimp | febx
m Go to Interactive > Transformation > expand and L | lelf,,xals PIJI 'I%}l 'H:
choose the Partial Fraction option. expand[ x2+2 , x] e
x4-1 ‘

3 1 . 3
XAt ) T2 (x=1)
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Summary

m Examples of resolving a proper fraction into partial fractions:

e Distinct linear factors
3x—4 A B

@x—3)x+5) 25-3 x+5

e Repeated linear factor
3x—4 A B C

@x—3)x+52 2x-3 x+5  (x+5)

e Irreducible quadratic factor
3x-4 A Bx+C
Q2x-3)(x2+5) 2x-3  x2+5

g(x)
X

m If f(x) = o) is an improper fraction, i.e. if the degree of g(x) is greater than or equal

to the degree of /(x), then the division must be performed first.

These techniques work with more than two factors in the denominator.

m Distinct linear factors: p(x) = Ay
(x—a)x—a)...x—ay,) x-a
p(x) A Az

m Repeated linear factor:

» Using partial fractions for integration

We now use partial fractions to help perform integration.

Distinct linear factors

3x+5

Fll’ldf m dx.

Solution
In Example 19, we found that

3x+5 2 . 1
(x=Dx+3) x-1 x+3

Therefore
3x+5 2 1
f(x—l)(x+3) d= [ =5 du+ [ = de

=2log,|x - 1] +log, |x + 3| + ¢

Using the logarithm rules:

3545
I #ﬁx”) dx = log,((x — D2 Jx+3)) + ¢
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If the degree of the numerator is greater than or equal to the degree of the denominator, then

division must take place first.

Example 24

. X +2
Flndf 2.1 dx.
Solution

In Example 22, we divided through to find that

X +2 3 x+2
Z_1°-% +x+x2_
Expressing as partial fractions:
©+2 1 3
2-1 Tk D 20
Hence
xr+2 1 3
fx2—1dx:fx3+x_2(x+1)+2(x—1)dx
:%4+%2—%loge|x+1|+§10ge|x—1|+c
=x_4+x_2+110g(|x—1|3)+c
4 2 2 TA\|x+1|

Repeated linear factor

+1 3x+1
Express (xx-i-—2)2 in partial fractions and hence find f (xx+ 27
Solution
. 3x+1 A B
Write = +
(x+2)2 x+2 (x+2)?
Then 3x+1=A(x+2)+B

Substituting x = -2 gives =5 = B.
Substituting x = 0 gives 1 = 2A + B and therefore A = 3.
3x+1 3 5

Th - _
us G+2?2 x+2 (x+2)7

3x+ 1 3 5
dx = -2 4
Jormp®=lim mmy®

5
= 3l +2/+ ——+
og, v +2| x+2 ¢
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318 Chapter 7: Techniques of integration 7G

Irreducible quadratic factor

Example 26
(e—) 4

Find an antiderivative of ——————— by first expressing it as partial fractions.
(x+ D2+ 1)

Solution
Write
4 A Bx+C
GrD@+D) x4l 2+1
Then

4=A+1)+Bx+O)(x+1)

Letx = —1: 4 =2A

A=2
Let x =0: 4=A+C
Cc=2
Letx = 1: 4=2A+2(B+C)
B=-2
Hence
4 2 2 - 2x

= +

x+Dx2+1) x+1 x2+1

We now turn to the integration:
4 2 2-2x

———dx = + d
f(x+1)(x2+1) =t Ea

2 2 2x
= dx+ | ——dx—- | ——d
fx+1 * fx2+1 * fx2+1 !
:2loge|x+1|+2arctanx—loge(x2+1)+c

2
_ 1Oge((x +1)

x2+1

)+2arctanx+c

T e e

Skillsheet » 1 Resolve the following rational expressions into partial fractions:

- s a Sx+1 b -1 c 3x-2
xample P EEEETE———— — o~ e
P x-Dx+2) x+DR2x+1) x2 -4
4x +7 e T—-x
X2+x—-6 x=DHx+1)
Example20/ 2 Resolve the following rational expressions into partial fractions:
2x+3 9 2x -2
a —— b —— — cC ———
(x—3)2 (1 +2x)(1 - x)? (x+ D(x—2)?
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7G 7G Partial fractions 319

example21, 3 Resolve the following rational expressions into partial fractions:

a 3x+1 3x2 +2x+5 c x> +2x-13
x+DE2+x+1) xZ+2)(x+1) 2x3 +6x2 +2x+6
—4x-2
Example22| 4 Resolve m into partial fractions.

Example23] 5 Decompose into partial fractions and find its antiderivatives.

9
x—10)(x-1)

4

(x+2)?

Example24. 6 Decompose into partial fractions and find its antiderivatives.

Tx+1 . . . . S
Example 25| 7 Decompose ——— into partial fractions and find its antiderivatives.

(x +2)?

Example26] 8 Decompose into partial fractions and find its antiderivatives.

5
(2 +2)(x—4)

9 Decompose each of the following into partial fractions and find their antiderivatives:

a 7 x+3 c 2x+ 1
x=2)(x+5) x2=3x+2 x+Dx-1
2x2 2x+1 4x -2

d e ——— f ———
xr -1 X2 +4x+4 (x=2)(x+4)

10 Find an antiderivative of each of the following:

2x -3 S5x+1 X =2x*-3x+9
a —— b — Cc
-5x+6 x=D(x+2) x2 -4
4x + 10 B +xr-3x+3 X +3
_— e ——M f
x2+5x+4 x+2 x2—x

11 Find an antiderivative of each of the following:

a 3x b 2 c 5x°
(x+D(x2+2) x+D2(x2+1) (x-D(x2+4)
16(4x + 1) 24(x + 2) 8
-~ 7 e ——— f —
(x=2)2(x2+4) (x+2)2(x*+2) x+13&2-1)
12 Evaluate the following:
2 1 1
a —d b ——d C
) ) J G+ Dx+2) k (x—l)(x+2)
x? x+7 3 2x+6
d ——d e dx
e L L x+3)(x-1) 2 (x—1)2
x+2 1 1 —4x
h —d i —d
g ) o d ! 0 3+x—22 J x(x—4) *
1-4x
iJs GO+
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320 Chapter 7: Techniques of integration 7G

13 Evaluate the following:

1 10x Vi  x-38
a ——d —d
Jo G+ 2+ D Jo G-+
1 x2 -1 0 6
—_-— d
0 x+1 % f*%(x2+x+l)(x—1)
P +6x+5
14 Let = .
W= @ D
a Express f(x) as partial fractions. b Hence find an antiderivative of f(x).

‘/ ¢ Hence evaluate f_;] f(x) dx.

7H Further techniques and miscellaneous exercises

In this section, the different techniques are arranged so that a choice must be made of the
most suitable one for a particular problem. Often there is more than one appropriate choice.

The relationship between a function and its derivative is also exploited. This is illustrated in
the following example.

Example 27

1
a Find the derivative of sin™' (x) + xVI — x2. b Hence evaluate | 2 V1 — x2 dx.
0

Solution

a Lety=sin"'(x) + xV1 — x2. Then

dy 1 ( (=x)x : N ;)
— = + (V1 - x2 + ) (using the product rule for xV1 — x2)
dx  \1-x2 V1 - x2

_ 1 N = ==
Vi-2  Vi-2
_2(1-4%)
CVI-2
=2V1-2
b From part a, we have

fZVI—xzdx=sin_1(x)+x 1-x2+c¢
1 1
[2 2V =22 dx = [sin’l(x) +xV1 - x2]02
1
> 1,. _
ﬁ)z V1 - x2dx = E(sm 1(%)

+

1= () = Gin™'(0) +0))

1 (TE N 1 V3 )
2\6 2 2
T V3
= — 4+ —
12 8
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7H 7H Further techniques and miscellaneous exercises 321

Example 28

a Find the derivative of xe**. b Hence find f xe2* dx.

Solution

d
a Lety = xe**. Then 2 e + 2xe?*.
X

b From part a, we have
f e + 2xe® dx = xe* + ¢

f 2xe® dx = xe* + ¢y — f e dx

1
2f xe® dx = xe** +¢| — Eezx + ¢

1 C1 +Co
(xezx - —62") +—

f xe** dx = > >

1
2

+
Letc = 61—262 Then

1
f xe* dx = Zezx 2x-1)+c

T ercise AR

1
Skillsheet y 1 If J;l( —
X

——dx =1 fi .
Gt 2) dx =log, p, find p

x
2 Evaluate fo6 sin® x cos x dx.

e
3 Evaluate j;) m dx.
e

x
4 Evaluate fo3 sin® x cos x dx.

X

4
5 Evaluat ——— dx.
Vauaef3 G-t D X
I cosx
6 Findcif [6 ———— dx=1 .
ind ¢ i fo T+ sinx x =log, c

7 Find an antiderivative of sin(3x) cos’(3x).

6 2
8 If [, mdleogep, find p.

6 3
9 Ifj; m dx = loge D, find p.

10 Find an antiderivative of each of the following:

cos x 3 . e
— b x(4x*+1)2 ¢ sin®x cos® x d ——
sin” x e?* —2e* +1
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322 Chapter 7: Techniques of integration 7H

3 X
11 Evaluate | ———— dx.
fo V25 — x2
12 Find an antiderivative of each of the following:
1 1
a —— b —
(x+1)2+4 V1 —9x2
1 1
c —— d ——
V1 — 4.2 2x+1)?%+9

1
Example 27,28 13 Let f: (1,00) — R, where f(x) = sin_l(?)'
X
a Find f'(x)

1
b Using the result of a, find f:

xVx—1

14 For each of the following, use an appropriate substitution to find an expression for the

dx.

antiderivative in terms of f(x):

, (X)
a [ FOU@) dx b [L
(f (x))
/') N
C f e dx, where f(x) >0 d f /(%) sin(f(x)) dx
15 Ify=xV4 - x, find ﬂ and simplify. Hence evaluate f2 w dx
y - ’ dx p y 0 (—4 — .
2x° — 11x% + 20x — 13
16 Find a, b and ¢ such that al (;C_ 22 al =ax+b+ = _C2)2 for all x # 2.
2x% — 11x% +20x — 13
Hence find f ol (;_ 22 ad dx.
17 Evaluate each of the following:
fud
a [ *sin*(2x) dx b f_ol(14 —20)Va2 = 14x+ 1 dx
sin x & 1
c9f3 dx d dx
f_ 2 Jcosx fe xlog, x
T, sin x
e f;) tan” x dx ffo 2+cosx
18 Find f sin x cos x dx using:
a the substitution u = sin x b the identity sin(2x) = 2 sin x cos x
19 a Ify=log,(x+ Va2 + 1), find D' Hence find 1l L
‘ ’ dx Va2 + 1

d 1
b Ify=1log,(x+ Vx> — 1), find %C Hence show that f; ﬁ dx =log,(2 + V3).
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20 Find an antiderivative of each of the following:
. 1 c 4+ x? x
4+ x2 4 - x2 x 4+ x2
2
X 1
e f —— V4 + x2 h xv4+
A 15422 § ¥VAT X VY
. 1 . 1
i j Kk —= I al
4—x 4 — x? 4-—x 4 — x?
dy .
21 a Ify=xcosux, find T and hence find f xsinx dx.
x
b Hence evaluate fon(x — ) sin x dx.
) 30 —x+2
22 Find constants ¢ and d such that |, -1 dx =c+log,d.
x —
23 a Differentiate f(x) = sin(x)cos™ ! (x).
b Hence verify that n f cos” x dx = sin(x)cos" ' (x) + (n — 1) f cos"2(x) dx.
¢ Hence evaluate:
fig x
i f02 cos* x dx ii foz cos® x dx
fug x
i ﬁ)z costxsinfxdx v f04 sec*(x) dx
24 Find:
x 2
a f(x+l)” dx b fl x(x —1)" dx
25 a Evaluate fol (1 + ax)? dx.
b For what value of a is the value of this integral a minimum?
inx—b
26 a Differentiate w with respect to x.
asinx + bcos x
z 1
b H luate | 2 dx.
eniee evatuate J;’ (acos x + b sin x)? *
n
27 LetU, = j(‘)“ tan” x dx, where n € Z with n > 1.
13
a Express U, + U,—; in terms of n. b Hence show that Ug = - g
28 a Simplif + !
impli .
P y1+tanx 1 +cotx
v b Letg == - 0. Sho thatﬁ L f% L4
=—-0. \ —dO = —de.
?=3 0 1+tan0 0 1+cotg ¢
v 1
c Useth Its t luate | 2 —— d6.
se these results oevauaeﬁ) T tan®
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324 Chapter 7: Techniques of integration

Chapter summary

Spreadsheet

1 .
| fﬂdx=sml(

ISERS

J+e

-1 X
fmdx—cos (a)-l‘C
fﬁdx:tan_l(g)+c

Integration by substitution
m The change of variable rule is

d
[ faw d—” dx= [ f(u)du  where uis a function of x
X

m Linear substitution
A linear substitution can be used to find antiderivatives of expressions such as

2x+5 2445
Qx+3V3x—4, 2 and —>
3x—4 (x+2)

Consider [ f(x) g(ax +b) dx.

and so

Letu = ax+ b. Then x = “
a

[ f glax+bydx = [ f(%b)g(u) dx

=G s

m Definite integration involving the change of variable rule:
Let u = g(x). Then

d
S Fa 2= dx = [0 o) du

gla)

Trigonometric identities
sin(2x) = 2sin x cos x
cos(2x) =2 cos’x—1
=1-2sin’x
= cos® x — sin® x
sec>x = 1 +tan’ x
Partial fractions
m A rational function may be expressed as a sum of simpler functions by resolving it into
partial fractions. For example:
4x+2 3 1
21 x-1 +x+1

y
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Chapter 7 review 325

m Examples of resolving a proper fraction into partial fractions:

e Distinct linear factors
3x—4 A B

2x—3)x+5 2x-3 x+5

e Repeated linear factor
3x—4 A B C

2x—3)x+52 2x-3 x+5 (x+3)

e lIrreducible quadratic factor
3x-4 A N Bx+C
2x-3)x2+5) 2x-3  x2+5

m A quadratic polynomial is irreducible if it cannot be factorised over R.
mIf f(x) = E—; is an improper fraction, i.e. if the degree of g(x) is greater than or equal to
the degree of A(x), then the division must be performed first. Write f(x) in the form

gx) q(x) + uCH
h(x) h(x)

where the degree of r(x) is less than the degree of A(x).

Technology-free questions

1 Find an antiderivative of each of the following:

2x+3 1 X
a 3 2 b C d
cos”(2x) 4x2 + 1 1—4x2 V1 —4x2
2
X in2 T a
e 11z f xV1-2x2 gsm(x—g) h Z_2
1
i sin®(3x) j sin’(2x) ke xvx+1 1+ cos(2x)
e+l n —> o sin® x cos? v
o3l 2 -1 * ! P I+x

2 Evaluate each of the following integrals:

1 1 1 1 .
4 ‘/;)2 x(1 =% dx b ‘/;)2 (1-x*)"dx c \/;)2 x(1 +x%)2 dx
1 12x2 +3x+2 1 1
—d d 4
fl ort2 j(‘) Padxr2 fO V4 = 3x !
1 1 x N
- h 2 il - .2 2
& Jg - dx 7 sin®(2x) dx i [ sin®x cos® x dx

2 —
j f02 sin?(2x) cos2(2x) dx k fo 3 2cosx—sinx dx | fj V3 + 1dx

2sinx + cos x

X
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326 Chapter 7: Techniques of integration

X I/ 2x+2 1
3 Show that :—( )— Hence find [ = d
oW that 3 = e as) ey e find [ s e
1
4 a Differentiate sin"' (y/x) and hence find [ —— dx
(Vx) f I
b Differentiate sin~'(x?) and hence find f dx.
. d .1 - —1
5 a Find —(xsin™" x) and hence find f sin”' x dx.
dx
d
b Find —(xlog, x) and hence find f log, x dx.
dx
d
¢ Find —(xtan~! x) and hence find f tan~! x dx.
dx
6 Find an antiderivative of each of the following:
. 2,3 ) cos 0
a sin(2x) cos(2x) b x x>+1) C m
2x
d xe'™ e tan’(x +3) f ——
V6 + 2x2
g tan’x sec’ x h sec? x tan x i tan’(3x)
7 Evaluate the following:
x 1 x
a [7sin’xdx b [ (13-52)3 dx ¢ [1¥ sec?(@x) dx
2 1 T .o 12+ 1
d fl(3—y)2dy ej(‘)sm x dx f3 x3+3x

1
1\2 1

8 Find the derivative of (x2 + —)2 and hence evaluate f 2] 2x —x72) (x2 + —) ? dx.
X - X

9 Letf(x):%.
a Given that f(x) = — + (x_62)2 iff find @ and b.
v b Given that [ f(x) dx =~ ;loged, find ¢ and d.
Multiple-choice questions
1 An antiderilvatize of x\/é? is s 3 o 3
A@-02-3@4-072 B T@-»2 C FU-x02

3 3
2 2

D 2(4—@%—%(4—@ E %(4—@3—2(4—@

y
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Chapter 7 review 327

m 3
2 If fo tan x sec? x dx = o where m € (O, g) then the value of m is

T 7 T
A 05 B 1 Cc - D - E -
3 6 8
3 An antiderivative of tan(2x) is
A %secz(Zx) B %loge(cos(Zx)) C %loge(sec(Zx))
D 1log,(sin(2x)) E 1tan’(2x)
2 sin(2x) i
4 2 ——d 1t
f% 2+ cos(zy) S EARARIO
A1 Blog(l) C log,2 D110g2 E 1
‘\/i e \/E e 2 e

x
5 j;f sin x cos® x dx written as an integral with respect to u, where u = cos x, is
1 pig 1
3 3,3 2 .3v1 = .2
Af%udu Bf()udu Cfluludu
1
0 -
D f1u3\/1—u2du E f12u3du
2

2 . . .
6 The value of fo cos? x — sin” x dx, correct to four decimal places, is

A -0.0348 B 0.0349 C -0.3784 D 2.0000 E 0.3784
7 An antiderivative of 2 1S
iderivativ e |
V1 - 16x2
1 X 1 1
A-—](f) B_~—1(_) - D = in! E - gin!
sin 1 2 sin 1 C sin™ (4x) 2 sin” " (4x) g sin” (4x)
8 An antiderivative of ; is
9 + 4x?
1 2x 1 2x 1 2x
A gun'(3) B qun(3) s'(5)
9'[an 5 3tan 3 C 6tan 3
D 9tan‘1(2—x) E —tan‘l(—x)
9 3

9 If i()c f(x) = xf’(x) + f(x) and xf"(x) = ;, then an antiderivative of f(x) is
dx 1+ x2

1
A xf(x)—tan"!'(x) B log,(x* + 1) C z—xloge(xz +1)
D f(x)-tan"!(x) E tan"'(x)
10 If F’(x) = f(x), then an antiderivative of 3 f(3 — 2x) is
3 3 3
A ZF(3-2 B —->(3-2x)? ~(3-2x)?
5 (3-2x) 4(3 X) C 4(3 X)
\/ D —EF(3—2x) E —Ef(3—2x)
2 2

X
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ntegration

Objectives

> To determine the area under a curve.

P To determine the area between two curves.

P To use a CAS calculator to evaluate definite integrals.
P To determine the volume of a solid of revolution.

> To determine the length of a section of a curve.

In this chapter we revisit the fundamental theorem of calculus. We will apply the theorem
to the new functions introduced in this course, and use the integration techniques developed
in the previous chapter.

We then study two further applications of integration. The first of these is finding the volume
of a solid formed by revolving a bounded region defined by a curve around one of the axes.

If the region bounded by the curve with equation y = f(x) and the lines x = a and x = b is
rotated about the x-axis, then the volume V of the solid is given by

V=a [l(f0) dx
The second is finding the length of a section of a curve. The length L of the curve y = f(x)
from x = a to x = b is given by

L= ["NT+(F ()7 dx

You will see how to derive the formula for the volume of a sphere, which you have used for
several years.
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8A The fundamental theorem of calculus 329

8A The fundamental theorem of calculus

In this section we review integration from Mathematical Methods Units 3 & 4. We consider
# the graphs of some of the functions introduced in earlier chapters, and the areas of regions

defined through these functions. It may be desirable to use a graphing package or a CAS
% calculator to help with the graphing in this section.

Signed area ,
Consider the graph of y = x + 1 shown to the right. A
Ay =3%x3x3 =45 (areaof a triangle) 3 y=x+1
Ay=ixlx1=1 7]

The total areais A; + A, = 5.

1 A,
The signed areais A| — A, = 4. -2 -1
t X

Regions above the x-axis have ¥
positive signed area. A

Regions below the x-axis have

negative signed area. A A3 /
The total area of the shaded > X

regionis A} + Ay + Az + Ay. / 0 W W

The signed area of the shaded

regionis A; — Ay + A3 — Aa.

The definite integral

Let f be a continuous function on a closed interval [a, b]. The signed area enclosed by the
graph of y = f(x) between x = a and x = b is denoted by

fab f(x) dx

and is called the definite integral of f(x) from x = ato x = b.

Fundamental theorem of calculus

If f is a continuous function on an interval [a, b], then
[ () dx = F(b) - F(a)

where F is any antiderivative of f.

Notes:
m If f(x) > 0 for all x € [a, b], the area between x = a and x = b is given by fa b f(x) dx.

m If f(x) <0 forall x € [a, b], the area between x = a and x = b is given by — fab f(x) dx.
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330 Chapter 8: Applications of integration

The graph of y = is shown. ‘):
4-x? 1 1
Find the area of the shaded region. i i
l l
1 1
1 1
l 1 l
l 2 l
1 1
! Ly
2 -1 o1 12
Solution
1
Area =
f—l 4 — xz
1 1
=2 | —dx (by symmetry)
h =
1
X
= 2[sin” ()]
[sm 3,
1
()
sin >
T
=2X—
6
n
3
Example 2
6
Find the area under the graph of y = R between x = -2 and x = 2.
X
Solution
_ 2 1 ‘J:
Area = 6f_2 m dx
6 2 2
"2 f 244 x2 dx
—6f2idx (by symmetry)
T Jo 44 42 y sy y ) 0 5 > X
2
X
= 6™ ()
an ),
= 6tan~ (1)
T
=6X—
4
_3n
-2
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8A The fundamental theorem of calculus 331

Sketch the graph of f [= 2, 2] — R, f(x) = sin"!(2x). Shade the region defined by the

inequalities 0 < x <

Solution

1
Area = ﬁf sin~!(2x) dx

Note: The antiderivative

required for this course, but the area
can still be determined as follows.

(S1E]

[ cos y]

Sketch the graph of y = 2

and find this area.

and 0 <y < f(x). Find the area of this region.

Y
n A |
T T
A(0.3) 1 5(35)
of sin™! is not
T > X
0 1
c(3:9)
&=
27 2
1 . : 11
—— . Shade the region for the area determined by f T3 dx
—x 1442

Solution
1 y
Area = d A
rea = fl L | |
[} [}
| |
12 —x " 2+ x dx i i
By symmetry: i i
Area = ! + ! d : :
“2b T o™ ! L
[ (2+x)] —2: -1 o 1 :2
E : :

= 5(10ge
1

= —log, 3
) og,
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332 Chapter 8: Applications of integration

The graph of y = cos?

x 18 shown. A

Find the area of the shaded region.

| a
NMET

Solution
3n
Area = — fnz cos® x dx
2

3n
= _fnz cos x cos? x dx
2
3n
= —f 2 cosx (1 — sin® x) dx
b
D
. du
Let u = sin x. Then T = COS X.
X

When x = ,u=1.Whenx=37n,u:—1.

(S|

Properties of the definite integral

fabf(x) dx = facf(x) dx+j;bf(x) dx
[ff@)dx=0

[Pkfe)de=k [ f(x) dx

fabf(x) + g(x) dx = fabf(x) dx + fahg(x) dx
I 70 dx == [ o dx
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8A 8A The fundamental theorem of calculus 333

_ Exercise E%
Example 1] 1 Sketch the graph of f ( 3 3)—>R £(x) !
xample -=, = . = —.
2°2 V9 —4x2

Find the area of the region defined by the inequalities 0 < y < f(x) and -1 < x < 1.

9
example2| 2  Sketch the graph of f: R — R, f(x) = e
X

Find the area of the region defined by the inequalities 0 <y < f(x) and -2 < x < 2.

1
3 The graph of f(x) = x + — is as shown. ¥
X

Find the area of the shaded region.

2
4 Sketch the graph of f(x) = x + —. Shade the region for which the area is determined by
X
the integral f12 f(x) dx and evaluate this integral.

example3| 5 For each of the following:

i sketch the appropriate graph and shade the required region
ii evaluate the integral.

|—

cos™'(2x) dx
d ﬁ)l 2sin~! x dx e ‘/;)2 sin_l(g) dx f f_21 sin_l(g) dx

4
Example4| 6 Sketch the graph of g: R\ {-3,3} = R, g(x) = 9

a ﬂ)l tan™! x dx b jj cos™ ' (2x) dx c f_

=

and find the area of the region

Y
with -2 < x <2and 0 <y < g(x).
7 For the curve with equation y = -1 + 5 , find:
x>+ 1
a the coordinates of its turning point b the equation of its asymptote

¢ the area enclosed by the curve and the x-axis.

8 Consider the graph of y = x — .
x+3

a Find the coordinates of the intercepts with the axes.
b Find the equations of all asymptotes. ¢ Sketch the graph.

d Find the area bounded by the curve, the x-axis and the line x = 8.
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334 Chapter 8: Applications of integration 8A

1
(I=x)(x-2)
b Sketch the graph of y = g(x), indicating the equation of any asymptotes and the

9 a State the implied domain of the function g with rule g(x) =

coordinates of the turning points.
c State the range of g.
d Find the area of the region bounded by the graph of y = g(x), the x-axis and the lines

x=4and x = 3.
10 Sketch the graph of f: (-1,1) = R, f(x) = -3 Evaluate j‘% -3 dx
N O Vioa2
1
11 Find the area of the region enclosed by the curve y = = the x-axis and the lines
x=1and x = V2. Va —x

12 Sketch the curve with equation y = tan~! x. Find the area enclosed between this curve,
the line x = V3 and the x-axis.

2log, x
x

13 Find the area between the curve y = and the x-axis fromx = 1tox = e.

example 5| 14 The graph of y = sin®(2x) for x € [0,t] 15 The graph of y = sin x cos? x for

is as shown. Find the area of the shaded x € [0, ;] is as shown. Find the area of
region. the shaded region.
Y Y
A A
0.5
1-
5 7 T X
2
0 T T
—1- 3

2
16 Sketch the curve with equation y = -:c 3 showing clearly how the curve approaches
X

its asymptotes. On your diagram, shade the finite region bounded by the curve and the
lines x = 0, x = 3 and y = 2. Find the area of this region.

3
2x+ DA -x)
b Find the coordinates of this point and determine its nature.

17 a Show that the curve y = has only one turning point.

¢ Sketch the curve.
‘/ d Find the area of the region enclosed by the curve and the line y = 3.
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8B Area of a region between two curves 335

8B Area of a region between two curves

Let f and g be continuous functions on the
interval [a, b] such that A

f(x) > g(x) forall x € [a,b]

Then the area of the region bounded by the y=£x)
two curves and the lines x = a and x = b can —
be found by evaluating y iw

[P @ dx= [P gy dx= [ fx) - g(x) dx o 5

Find the area of the region bounded by the parabola y = x> and the line y = 2x.

Solution
We first find the coordinates of the point P:

> o

X =2x
x(x=2)=0 P
x=0orx=2

Therefore the coordinates of P are (2, 4).

Required area = j:)z 2x — x* dx 0

3.2
-3
3o

.4 :
The area is 3 square units.

Example 7

Calculate the area of the region enclosed by the curves with equations y = x> + 1 and
y =4 — x? and the lines x = —1 and x = 1.

Solution y
Required area = f_ll 4—x2—(x*+1)dx A
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336 Chapter 8: Applications of integration

In the two examples considered so far in this y
section, the graph of one function is ‘above’
the graph of the other for all of the interval g

f‘

considered.

[ 1
[ 1
[ 1
U I
)
1 1
[ 1
1 1
a ¢ c

What happens when the graphs cross?

1 O| e x

To find the area of the shaded region, we must consider the intervals [a, ¢1], [c1, ¢2], [¢2, ¢3]
and [c3, b] separately. Thus, the shaded area is given by

S P = g0 dx+ [ g0 = f00 dx+ [0 F() = g(x) dx+ [ g(x) — f(x) dx

The absolute value function could also be used here:

@ PO — g dx| + | [ £ 00— gy d] + | [ £ 0 - g d] + | [ £ 00 - g(x) dx
J I, N J..

Example 8
(c— )

Find the area of the region enclosed by the graphs of f(x) = x> and g(x) = x.

Solution
The graphs intersect where f(x) = g(x): y
A
X =x
X-x=0 1
x(x*>=1)=0
x=0orx==+1 : . > X
-1 0 1
We see that:
B f(x)=>gx)for-1<x<0 1
B f(x)<gx)for0<x<1

Thus the area is given by

f_olf(x)—g(x) dx+ﬂ)1g(x)—f(x) dx=f_01x3—xdx+ﬂ)1x—x3 dx

)C4 x20 )C2 x41
N S
=1

Note: The result could also be obtained by observing the symmetry of the graphs, finding the
area of the region where both x and y are non-negative, and then multiplying by 2.
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8B Area of a region between two curves 337

Using the TI-Nspire
Method 1

In a Calculator page: el S

m Enter the integral as shown. s "
(Use the 2D-template palette for the [ xz_x| dx 2
definite integral and the absolute value.) -1

Method 2

In a Graphs page:

= Enter the functions f1(x) = x> and f2(x) = x
as shown.

m To find the area of the bounded region, use
> Analyze Graph > Bounded Area and
click on the lower and upper intersections of

the graphs.

Using the Casio ClassPad

Method 1 & Edit Action Interactive
ain . o e 051 Jax i Jdx
= In 3, solve the equation x> = x to find the limits 23| oo [fasime S5 ]« [ 44 [ -
for the integral. solve (x3=x, x) '

= Enter and highlight |x* — x]. sl Qual)

1
= Go to Interactive > Calculation > [. f |x3-xlax

m Select Definite. Enter —1 for the lower limit and

Nl»—l

1 for the upper limit. Then tap OK.

Method 2

= Graph the functions yl = x* and y2 = x.

m Go to Analysis > G-Solve > Integral >
Jdx intersection.

= =)

m Press execute at x = —1. Use the cursor key to go Ij%we[r]=— I Ee{r;%
. K=" =0.
to x = 1 and press execute again. B

Note: Here the absolute value function is used to simplify the process of finding areas with a
CAS calculator. This technique is not helpful when doing these problems by hand.
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===) Find the area of the shaded
region.

y=cosx y=sinx
/ @) T T 3n [2n
2 2
Solution
First find the x-coordinates of the two points of intersection.
5
If sin x = cos x, then tan x = 1 and so x = ; or x = TH
Sn
Area = fﬂ“ sin x — cos x dx
4
Sn
= [— COS X — sinx]fé1
4
= cos( o1 ) sin( o ) ( cos( T ) sin( T ))
a 4 4 4 4
1 1 1 1
=—4+—=+—=+—
2 2 2 2
4
=— =22
V2
The area is 2V2 square units.
Example 10
Find the area of the shaded region. y
A
=CO0S X
1 Y
y=sin 2x
. > X
o T
2
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Solution

First determine the points of intersection:
cos x = sin(2x)
CcOs X = 2sinx cos x

0=cosx(2sinx—1)

= 0 1 —_ -
COS X or sinx >
Therefore x = g or x = il for x € [0, E]

6 25

& &
Area = [\© cos x — sin(2x) dx + [ sin(2x) - cos x dx
6

1 6 1
= [sinx + = cos(2x)] ¢ + [—— cos(2x) — sin x]
2 0 2

(o3 el )

ala w|a

__ Exercise ki

skillsheet /4" Find the coordinates of the points of intersection of the two curves with equations
Example 6 y = x> —2xand y = —x* + 8x — 12. Find the area of the region enclosed between the
two curves.
example7| 2 Find the area of the region enclosed by the graphs of y = —x?> and y = x> — 2x.
3 Find the area of: y
a region A A y= 1
b region B X2
y=x?
4 B
> X
1 |0 2
2
) 16
4 Let f: R —> R, f(x) = x* — 4. Sketch the graphs of y = f(x) and y = m on the same
X
set of axes. Find the area of the region bounded by the two graphs and the lines x = 1
and x = —1.
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340 Chapter 8: Applications of integration 8B

2
5 The area of the region bounded by y = —, x = 1 and x = a is 24. Find the value of a.
X

example 8] 6 Find the area of: y
: A
a region A =3
b region B 4 A
¢ region C 3 pold— 32
> X
/ o 2 \\\
' C
Example 9,10, 7  For each of the following, find the area of the region enclosed by the lines and curves.
Draw a sketch graph and shade the appropriate region for each example.
a y=2sinx and y =sin(2x), forO0<x<mx
b y=sin(2x) and y = cosx, for _7” <x< g
cy=+vx,y=6-xand y=1
2
dy= T and y =1
1
e y=sin'x, x== and y=0
f y=cos(2x) and y=1-sinx, forO<x<m
1
_ 2 —
g y—g(x +1) and y = 211
8 Evaluate each of the following. (Draw the appropriate graph first.)
a fle log, x dx
b [1 log,(2x) dx
2
Hint: y = log, x & x = ¢”. Find the area between the curve and the y-axis first.
9 Letf:R >R, f(x) = xe'.
a Find the derivative of f.
b Find{x: f(x)=0}.
c Sketch the curve y = f(x).
d Find the equation of the tangent to this curve at x = —1.
e Find the area of the region bounded by this tangent, the curve and the y-axis.
10 Let P be the point with coordinates (1, 1) on the curve with equation y = 1 + log, x.
a Find the equation of the normal to the curve at P.
b Find the area of the region enclosed by the normal, the curve and the x-axis.
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8B 8B Area of a region between two curves 341

11 a Find the coordinates of the points of intersection of the curves with equations

y:(x—D@—Zﬂmdy:3@;1X

b Sketch the two curves on the one set of axes.

¢ Find the area of the region bounded by the two curves for 1 < x < 3.

12 Show that the area of the shaded region is 2. y
A
4 y=4sin x
3
y=3cosx
o i =X
2
) 1
13 The graphsof y=9—x"andy = y
9 — x2 A
are as shown. y= 1
a Find the coordinates of the points of i ? i V9 —x2
intersection of the two graphs. (0 1) : / :
. . s~ !
b Find the area of the shaded region. 3 i . i
Y o i3
: L\ y=9-x2
14  Find the area enclosed by the graphs of y = x> and y = x + 2.
. . 10
15 Consider the functions f(x) = o forx > 0 ¥
X
and g(x) = ¢*3 for x > 0. A -
. y=8=
The graphs of y = f(x) and y = g(x) intersect at
the point (3, 1). Find, correct to three decimal
places, the area of the region enclosed by the two
graphs and the line with equation x = 1. 3, 1)
y=/x)
ol 1 > X
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342 Chapter 8: Applications of integration 8B

16 The graph of the function f: [0,6) — R, y
8V5 A
where f(x) = ——— — x, is shown.
V36 — x2

a Find the values of a and b.
b Find the total area of the shaded regions.

o a\/b 6
17 The graphs of y = cos? x and y = sin” x y
are shown for 0 < x < 2n. Find the total
/ area of the shaded regions.
o 2n *

8C Integration using a CAS calculator

In Chapter 7, we discussed methods of integration by rule. In this section, we consider the
use of a CAS calculator in evaluating definite integrals. It is often not possible to determine
the antiderivative of a given function by rule, and so we will also look at numerical evaluation
of definite integrals.

Using a calculator to find exact values of definite integrals

Example 11

1
Use a CAS calculator to evaluate f02 V1 — x2 dx.

Using the TI-Nspire
To find a definite integral, use > Calculus

> Integral. 5 " B
. 2
Note: The integral template can also be ‘ f—’ 12 8
obtained directly from the 2D-template 5 lexx
palette (=) or by pressing (+).
|
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8C Integration using a CAS calculator 343

Using the Casio ClassPad

m Enter and highlight the expression V1- 2. £ Edit Action Interactive
= Go to Interactive > Calculation > |. 53| o [facasime [0 [ [A5H[ o J1
m Select Definite. Enter O for the lower limit and 1 :
% for the upper limit. Then tap OK. [ 02 V1-x2dx
Note: The integral template can also be found in &, V3
the keyboard. 1278

Using the inverse function to find a definite integral

Example 12

Find the area of the region bounded by the graph of y = log, x, the line x = 2 and the
x-axis by using the inverse function.

Solution y
From the graph, we see that A (2, log, 2) y=log, x
2 log, 2

fl 1ogexdx=210ge2—f0g e’ dy x=e
=2log,2 — (%2 — &%)
=2log,2-(2-1) 0 (1,0) ) > X
=2log,2-1

The area is 2log, 2 — 1 square units.

This area can also be found by using a CAS calculator to evaluate flz log, x dx.

Using the TI-Nspire
To find a definite integral, use > Calculus

> Integral or select the integral template from
the 2D-template palette ().

Using the Casio ClassPad

m Enter and highlight the expression In(x). £ Edit Action Interactive
= Go to Interactive > Calculation > . ["ii%l&’lfmlsi“‘l’lﬁ—"?l'Hfl ']IL
m Select Definite, enter the lower and upper limits len (IR '
and tap OK. 1
2:In(2)-1
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344 Chapter 8: Applications of integration

Using a calculator to find approximate values of definite integrals

Example 13
y

The graph of y = ¢¥"* — 2 is as shown. Using a /

\
CAS calculator, find the area of the shaded regions. /\ i /\
a2

(0]

ol a4

k/_l

Solution

Using a CAS calculator, first find the value of a, which is approximately 2.37575.

3
Required area = f T_;a (e"* —2) dx — f 2 (em* —2) dx
2 a

=0.369213...4+2.674936...
=3.044 149...

The area is approximately 3.044 square units.

Using the fundamental theorem of calculus

We have used the fundamental theorem of calculus to find areas using antiderivatives. We can
also use the theorem to define antiderivatives using area functions.

If F is an antiderivative of a continuous function f, then F(b) — F(a) = fa b f(x) dx. Using a
dummy variable 7, we can write F(x) — F(a) = [ f(1) dt, giving F(x) = F(a) + [ f(z) dt.

If we define a function by G(x) = j; ! f(®) dt, then F and G differ by a constant, and so G is
also an antiderivative of f.

Example 14

x1
Plot the graph of F(x) = fl " dt for x > 1.

Using the TI-Nspire
In a Graphs page, enter the function
x 1
ﬂm:ﬁ;m

Note: The integral template can be obtained 1+
from the 2D-template palette ().

oyt

1
fi(x)=| — as
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8C Integration using a CAS calculator 345

Using the Casio ClassPad
m Enter and define the function as shown.

m Graph the function with the restricted domain.

& Edit Zoom Analysis e (] T
Y1:~-I., i -
4l T o
. %1
Define f(x)=f Lat =
it

done 012345578910x
f(x) x>l )

In(x) e

x 1
Note: The natural logarithm function can be defined by In(x) = fl n dt.
The number e can then be defined to be the unique real number a such that In(a) = 1.

Example 15

I
Use a CAS calculator to find an approximate value of j;f cos(x?) dx and to plot the graph
of f(x) = fox cos(#?) dt for —; <x <.

Using the TI-Nspire

Method 1 EE SM384
m Use > Actions > Define to define the x Done |
. T :
function as shown and evaluate for x = —. Define f{x)= 0608(12) dz
'(g) 0.9280824914
Method 2

= Plot the graph of f1(x) = cos(x?) for —g <x<m.

m To find the required area, use the integral measurement tool from > Analyze
Graph > Integral. Type in the lower limit O and press (enter). Move to the right, type in
the upper limit 7t/3 and press (enter).

= w= ] (=, 0%928082)
2
0.928082
£2(x)=f(x)
0.1 ! X J L
.4 1 X 3 n
4 4
: (2) 2o 2) =
fl(\)= cos\x ), =<xsn fl(\'): co:(\'“ | —xSTT
127 & 12 4
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346 Chapter 8: Applications of integration 8C

Using the Casio ClassPad

= Enter and highlight the expression cos(x?). £ Edit Action Interactive
= Go to Interactive > Calculation > [. 63 | & [foxa ] sime 525 | 'IH%lv]lE
m Select Definite and enter the lower and upper %
limits as shown. ] . cos(x2)dx
0.9280834914
m Define the function f(x) = fox cos(r?) dt. £ Edit Action Interactive
m Graph the function with the restricted domain. (Bt | v | sime | 2o | w [ A0 | 'r[
Define f(X)=chos(t2 Jdt
0
done
f(x) |-G <asn
f xcos (tz Jat
0
. a1
m The approximate value of f (g) can now be found v=f (%) |~/ A<x<n
graphically using Analysis > G-Solve > y-Cal. 1= r(Mwar2,0.9280
= 3 |
y-Cal
%c=1.0471476 yc=0.. 9280835
BIE

____ Exercisekl8

Example 11| 1

Example 12 2

Example 13 3

For each of the following, evaluate the integral using a CAS calculator to obtain an
exact value:

a [TVO— 2 dx b [ Vo =3 dx ¢ [Mlog (2 + 1) dx

For each of the following, determine the exact value both by using the inverse function
and by using your CAS calculator:

1 1
a ﬂf arcsin(2x) dx b f: log,(x —2) dx c f02 arctan(2x) dx

Using a CAS calculator, evaluate each of the following correct to two decimal places:
a f02 S dx b fon xsinx dx c fIS (log, x)*dx d fill cos(e®) dx

2 e 2 X 2 15
e f_lmdx f j;)mdx g fl xlog,xdx h f_lxe dx

i [[VI+dde j [)2sin(?) dx
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8C 8C Integration using a CAS calculator 347

4 1In each of the following, the rule of the function is defined as an area function. Find
f(x) in each case.

a fw= s Lt forxs1 bf(x)zfxl%dt,for0<x<l

(0]
¢ f(x)= [ e dt forxeR d f(x)= [ sintdr, forxeR
y y
A A
y=sint
y=e
> [
o) x \
_/
> [
(0] X
e f(x)= 5 dt, forx € R f f(x) = dt,for-1<x<1
f 1 1 fO \/Tt
\ y y= !
A A -
| |
| |
| |
| |
| |
| |
| |
l 1 l
| |
| | > f
] t ~11 O x 11
- l l
1 1
example 14| 5 Use a CAS calculator to plot the graph of each of the following:
a fr= [ anrdt b fx)= (¢ dt
€ fx)= [ sin""tdt d f(x) = ﬂ) sin(2) dt
t
v e fo=["= LU
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348 Chapter 8: Applications of integration

8D Volumes of solids of revolution

A large glass flask has a shape as illustrated in the figure below. In order to find its
approximate volume, consider the flask as a series of cylinders.

10 cm Radius of cylinder
<>
— A A
10 cm 5 cm
Y
A
10 cm 9cm
Y
A
50 cm 10*cm 11 cm
10+cm
Y 13 cm
IO*Cm
Y \J 15 cm
<—30cm—> <>
15 cm

Volume of flask ~ (15% + 13% + 11% + 9% + 5%) x 10
~ 19 509.29 cm’®

~ 19 litres

This estimate can be improved by taking more cylinders to obtain a better approximation.

/
This can also be done for volumes. The ﬁ_/ '
volume of a typical thin slice is Adx, and a o o
the approximate total volume is

Z Adx ) ) )
slice with thickness 8x and
cross-sectional area A

In Mathematical Methods Units 3 & 4, ¥
it was shown that areas defined by well- \
behaved functions can be determined as
the limit of a sum.

Volume of a sphere y
Consider the graph of f(x) = V4 — x2.

If the shaded region is rotated around the x-axis, it
will form a sphere of radius 2.
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8D Volumes of solids of revolution 349

Divide the interval [—2, 2] into n subintervals
[x;_1, x;] with xg = =2 and x,, = 2.

>

The volume of a typical slice (a cylinder) is
approximately 7(f(c;))*(x; — xi_1), where
¢i € [xi-1, xi].

—

The total volume will be approximated by
the sum of the volumes of these slices. As the

number of slices n gets larger and larger:

R

~

-
~

V= r}l—)nolo Z (£ () (xi = xi1)
i=1

It has been seen that the limit of such a sum is
an integral and therefore:

V= [La(f) dx
= [ a4 - ) dx

x32
- 4__]
”[x 31,

ofr-3-fred)

16
=nf16- =
“(6 3)

_ 3
3
Volume of a cone

If the region between the line y = %x, the line x = 4 y
and the x-axis is rotated around the x-axis, then a solid A

(4.2)
in the shape of a cone is produced.

The volume of the cone is given by:

V= j;f my? dx

1 2
:f()4n(§x) dx

QS
Y
=

A2 ~A
(@)}
r

—_
=)
A

w ‘
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350 Chapter 8: Applications of integration

Solids of revolution

In general, the solid formed by rotating a region y
about a line is called a solid of revolution. A

For example, if the region between the graph of /—_\ »=20

y = x?, the line y = 20 and the y-axis is rotated
about the y-axis, then a solid in the shape of the

top of a wine glass is produced.

y=x?
> X
0
Volume of a solid of revolution
m Rotation about the x-axis
If the region to be rotated is bounded by the curve with equation y = f(x), the lines
x = a and x = b and the x-axis, then
= [P 2
V= ey W dx
= [ (f(0)" dx
m Rotation about the y-axis
If the region to be rotated is bounded by the curve with equation x = f(y), the lines
vy = a and y = b and the y-axis, then
_ [yt _ 2
V= = X dy
=5 [ (f)" dy
Example 16
Find the volume of the solid of revolution formed by rotating the curve y = x> about:
a the x-axisfor0 < x < 1 b the y-axisfor0 <y <1
Solution
1 1
a V:ﬂ:ﬁ)yzdx b V:nﬁ)xzdy
_ I 6 12
=T \/(‘) X d.x =T ‘];) y3 dy
741
X 3 57!
=T |—= = —v3
[ 7 ]o T [Sy ]0
_n _3m
7 -5
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8D Volumes of solids of revolution 351

Regions not bounded by the x-axis y
If the shaded region is rotated about the x-axis, then the A
volume V is given by A - !
V= ["(f0) - (g)? dx
e |~ &
O a b =

Example 17

Find the volume of the solid of revolution when the region bounded by the graphs of
y=2¢*,y=1,x=0and x = 1 is rotated around the x-axis.

Solution

The volume is given by

>

— 1 4x /
V=n j;) 4e™ —1dx
_ 4x _ 1
= et ]! .
=n(e* - 1-(1)) ©.2) y=1
4
=gq(e’ -2 >
e 0 i *
Note: Here f(x) = 2¢** and g(x) = 1.
Example 18
The shaded region is rotated around the x-axis. f:
Find the volume of the resulting solid.
g(x) = x2
fx)=2x
> X
()

Solution

The graphs meet where 2x = x2, i.e. at the points with coordinates (0,0) and (2,4).
Volume = &t j;z( f(x)* = (g(x)* dx

=nj£)24x2—x4 dx

4)63 xS 2
3 5 1o
( 32 32 ) 647w
=T|— - — | = —
3 5 15
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352 Chapter 8: Applications of integration

Example 19

8D

A solid is formed when the region bounded by the x-axis and the graph of y = 3 sin(2x),
T A . .
0<x< 5 is rotated around the x-axis. Find the volume of this solid.

Solution

T
V=a [(7(3sin(2x))’ dx
s
= f,? 9sin®(2x) dx

1
=91 f02 sin?(2x) dx

=9m [2 %(1 — cos(4x)) dx

Ot 2
=5 02 1 — cos(4x) dx
9 1 3
= ; X — 1 sin(4x)]02
9 (n)
2 \2
o

Example 20

4

ol a

The curve y = 2sin”! x, 0 < x < 1, is rotated around the y-axis to form a solid of

revolution. Find the volume of this solid.

Solutio

n

V=n fon sin2(%) dy

Skillsheet

Example 16

T
Eﬁ)nl—cosydy

=[]

3'52

2

S Eercise B8

the y-axis.
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8D 8D Volumes of solids of revolution 353

2 Find the volume of the solid of revolution when the region bounded by the given curve,
the x-axis and the given lines is rotated about the x-axis:

a f(x)=+x, x=4 b f(x)=2x+1, x=0, x=4
¢ f(x)=2x—1, x=4 df(x)=sinx,0£xﬁg
e f(x)=e", x=0, x=2 f f(x))=V9—-x%, -3<x<3

3 The hyperbola x> — y? = 1 is rotated around the x-axis to form a surface of revolution.
Find the volume of the solid enclosed by this surface between x = 1 and x = V3.

4 Find the volumes of the solids generated by rotating about the x-axis each of the regions
bounded by the following curves and lines:

1
ay=—-,y=0 x=1, x=4 by=x*+1,y=0, x=0, x=1
X
cy=+vx,y=0, x=2 dy=Va2-x2,y=0
e y=V9—-x2, y=0 fy=vVv9-x2 y=0, x=0, givenx >0

Example 17,18] 5 The region bounded by the line y = 5 and the curve y = x* + 1 is rotated about
the x-axis. Find the volume generated.

Example 19| 6 The region, for which x > 0, bounded by the curves y = cos x and y = sin x and the
y-axis is rotated around the x-axis, forming a solid of revolution. By using the identity

2

cos(2x) = cos? x — sin® x, obtain a volume for this solid.

4
7 The region enclosed by y = —» X =4, x = 1and the x-axis is rotated about the x-axis.
X
Find the volume generated.

8 The region enclosed by y = x* and y? = x is rotated about the x-axis. Find the volume
generated.

9 A region is bounded by the curve y = V6 — x, the straight line y = x and the positive
x-axis. Find the volume of the solid of revolution formed by rotating this figure about
the x-axis.

10 The region bounded by the x-axis, the line x = g and the curve y = tan(%) is rotated
about the x-axis. Prove that the volume of the solid of revolution is g(4 — 7).
X

Hint: Use the result that tanz(z) = secz(g) - 1.

11 Sketch the graphs of y = sin x and y = sin(2x) for 0 < x < g Show that the area of the
1
region bounded by these graphs is 1 square unit, and the volume formed by rotating

. . .. 3 Lo
this region about the x-axis is Tk 3 cubic units.
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354 Chapter 8: Applications of integration 8D

12

13

Example 20 14

15

16

17

18

1
Let V be the volume of the solid formed when the region enclosed by y = —, y = 0,
X
x =4 and x = b, where 0 < b < 4, is rotated about the x-axis. Find the value of b for
which V = 3.

Find the volume of the solid generated when the region enclosed by y = V3x + 1,
y = V3x, y =0and x = 1 is rotated about the x-axis.

Find the volumes of the solids formed when the following regions are rotated around
the y-axis:

a =42 +4for0<y<l b y=log(2-xfor0<y<2

a Find the area of the region bounded by the curve y = ¢*, the tangent at the point
(1, e) and the y-axis.

b Find the volume of the solid formed by rotating this region through a complete
revolution about the x-axis.

The region defined by the inequalities y > x> — 2x + 4 and y < 4 is rotated about the
line y = 4. Find the volume generated.

The region enclosed by y = cos(g) and the x-axis, for 0 < x < m, is rotated about

the x-axis. Find the volume generated.

Find the volume generated by revolving the region enclosed between the parabola
y = 3x — x* and the line y = 2 about the x-axis.

19 The shaded region is rotated around the y
x-axis to form a solid of revolution. Find A
the volume of this solid. )
2 =3x
> X
-2 0 2
x2+)2=4 -2
20 The region enclosed between the curve y = ¢* — 1, the x-axis and the line x = log, 2 is
rotated around the x-axis to form a solid of revolution. Find the volume of this solid.
21 Show that the volume of the solid of revolution formed by rotating about the x-axis the
. . . 15m
region bounded by the curve y = e>* and the lines x = 0,y = 0 and x = log, 2 is o
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8D 8D Volumes of solids of revolution 355

22 Find the volume of the solid generated by revolving about the x-axis the region
T T
bounded by the graph of y = 2 tan x and the lines x = X7 and y = 0.

23 The region bounded by the parabola y> = 4(1 — x) and the y-axis is rotated about:
a the x-axis b the y-axis.

Prove that the volumes of the solids formed are in the ratio 15 : 16.

1
24  The region bounded by the graph of y = , the x-axis, the y-axis and the line
) Vx2+9
x = 4 is rotated about:
a the x-axis b the y-axis.

Find the volume of the solid formed in each case.

25 A bucket is defined by rotating the curve with equation
-20
y= 40 loge(xT)s 0 < y < 40
about the y-axis. If x and y are measured in centimetres, find the maximum volume of
liquid that the bucket could hold. Give the answer to the nearest cm?.

2 2
26 An ellipse has equation x_2 + Z—z = 1. Find the volume of the solid generated when the
a

region bounded by the ellipse is rotated about:

a the x-axis b the y-axis.

12
27 The diagram shows part of the curve y = —. y
X

Points P(2,6) and Q(6,2) lie on the curve.
Find:
a the equation of the line PQ

P(2, 6)

b the volume obtained when the shaded region is

0(6,2)

rotated about:

i the x-axis ii the y-axis.

9
28 a Sketch the graphof y = 2x + —.
X

9
b Find the volume generated when the region bounded by the curve y = 2x + — and the
X

lines x = 1 and x = 3 is rotated about the x-axis.

29 The region shown is rotated about the x-axis to y
form a solid of revolution. Find the volume of A y=log,x
the solid, correct to three decimal places.
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356 Chapter 8: Applications of integration 8D

30 The graphs of y = 2sec x and y = 4 are shown

7
for0 < x < —.
or xs3

The shaded region is rotated about the x-axis to
form a solid of revolution. Calculate the exact
/ volume of this solid.

G| Afrmrmmm e

8E Lengths of curves in the plane

We have seen how the area under a curve may be found as the limit of a sum of areas of
rectangles, and how the volume of a solid of revolution may be found as the limit of a sum of
volumes of cylinders. We can do something very similar to find the length of a curve. We can
define the length as the limit of a sum of lengths of line segments. This is discussed here.

The graph of f(x) = x> +1,0< x <5, y

is shown. /
26

e

The points A(0, f(0)), B(1, f(1)), ..., F(5, f(5)) on the curve are shown, as well as the line
segments AB, BC, CD, DE and EF. The length of the curve is approximated by the sum of
the lengths of these line segments.

We can use this idea to find the length of the curve by integral calculus. The following is not
a rigorous proof, but will help you to understand how integral calculus can be applied.

A portion of a curve is shown below. Let ds be the length of the curve from P to Q,
let PR = 0x and let QR = dy.

By Pythagoras’ theorem applied to the O(x + 8x, y + &)
right-angled triangle POR, we have
(85)° = (52) + (8y)? 5y
S5\2 2
(5 ~1+ ()
dx dx P(x, y)
R
Sy \2 ox
Os = 41 + (—) Ox
Ox

We can think of the length of the curve as the limit as 6x — 0 of the sum of these lengths.
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8E Lengths of curves in the plane 357

Formally, we can state the result as follows.

Length of a curve

The length of the curve y = f(x) from x = a to x = b is given by

L=’ 1+(%)2dx:j;b T+ () dx

Note: We are assuming that f is differentiable on [a, b] and that f’ is continuous.

Example 21

3
Find the length of the curve y = x2 for | < x < 4.

Solution

=

> implies 2 = 3
=X — = —x
Y P dx 2

Therefore the length is
4 | 3 1y? 4 [ 9x
fl 1+(§x2) a’x=f1 1+de
1 (4
=5 fl V4 + 9x dx

3
1 [2(4 +9x)2 ]4
2 27

3 3
(%))
27 27

1
- E(SO\/E— 13V13)

1

Using the TI-Nspire

In a Calculator page, obtain the arc length
command by using the catalog (=) or by
typing arclen(. The syntax is:

arcLen(expression, variable, start, end) |

Using the Casio ClassPad

3

(13 {13 -s0-J10) |

27

Cambridge Senior Mathematics AC/VCE
Specialist Mathematics Units 3&4

m Enter and highlight the expression x2. & Edit Action Interactive
= Go to Interactive > Calculation > line > arcLen. 'E1 | o |1 sime | 5 w [ 41| ']L
= Enter the start value 1 and the end value 4. [ 3 ]
- Tap oK arcLen xz,x,1,4
' -13-13 , 80-VI0
27 27
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358 Chapter 8: Applications of integration

Many apparently easy curve-length questions will produce integrals that you cannot evaluate.
Sometimes it will be possible to evaluate these integrals exactly using a CAS calculator, but
sometimes it will only be possible to obtain an approximate answer.

» The length of a parametric curve

Now consider a curve defined by parametric equations x = f(¢) and y = g(z). We can give
another very informal argument to motivate the formula for the length of the curve using the
derivatives of x and y with respect to ¢:

(85)” ~ (8x)* + (dy)®
(5 =) +(3)
ot ot ot
0x dy
05~ (5) (6[) of
This leads to the following result, if you consider 0t — 0.

Length of a parametric curve

Consider a curve defined by parametric equations x = f(#) and y = g(?).

If the point P(f(7), g(¢)) traces the curve exactly once from ¢ = a to ¢ = b, then the length
of the curve is given by

e= /() () @

Note: We are assuming that f and g are differentiable on [a, b], with f" and g’ continuous.

Example 22
(c— )

Find the length of the curve defined by the parametric equations x = cos t and y = sin¢, for

0<1<2m
Solution
. : . dx . dy
Since x = cost and y = sint, we obtain — = —sint and — = cost?.
dt dt
Thus the length is
b dx)2 (dy)2 2 [T
— | +(—=| dr= sin” t + cos? t dt
LG (@) a= 5"
27
V1 dt
27
= [t]y
=2n
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8E 8E Lengths of curves in the plane 359

________ Exercise K

Skillsheet » 1 Find the length of each of the following curves:
3
Example 21 a y=2x2for0<x<l1
b y=2x+1for0<x<3
example22| 2  Find the length of each of the following parametric curves:
3
ax=t-landy=r2for0<r<1

b x=f+3randy=¢-3rfor0<tr<3

3 a Given that f(x) = log,(sec x + tan x), find f”(x).
b Hence find the length of the curve y = log,(cos(x)) for 0 < x < ; (Do not use a

calculator.)
4 Find the length of the curve defined by x = 3 sin(2¢) and y = 3 cos(2¢) for 0 < ¢ < g
5 Consider the curve defined by the equation 4y = x3.
d
a Find d_y b Find the length of the curve from the origin to the point (4, 4).
X
1 3
6 Find the length of the curve y = g()c2 +2)2 from x =0to x = 6.
7 A curve is specified parametrically by y
the equations A
x=t—-sint, y=1-cost 2+
Find the length of the curve from ¢ = 0 1L
tot = 2m.
0 n o

8 A curve is specified parametrically by
the equations

x=cos’t, y= sin’ ¢

The graph of the curve is shown. Find

the length of the curve.
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360 Chapter 8: Applications of integration

Chapter summary

Fundamental theorem of calculus

m If f is a continuous function on an interval [a, b], then L b f(x) dx = F(b) — F(a), where

o)

F is any antiderivative of f.
m If f is a continuous function and the function G is defined by G(x) = L * f(?) dt, then G is
an antiderivative of f.

Areas of regions between curves y
m If f and g are continuous functions such that A
f(x) = g(x) for all x € [a, b], then the area
of the region bounded by the curves and the Y =_f(x)/

lines x = a and x = b is given by -
b g _w
[, () = g(x) dx .

0] a b

m For graphs that cross, consider intervals.
For example, the area of the shaded region
is given by

[ 00— g0 dx+ [ g(x) ~ f(x) dx
[0 - g dx + [ g(0) - fx) dx

Volumes of solids of revolution

m Region bounded by the x-axis If the region to be rotated about the x-axis is bounded
by the curve with equation y = f(x), the lines x = @ and x = b and the x-axis, then the
volume V is given by

V= Lbrcyz dx = J'cj;b(f(x))2 dx

Y
m Region not bounded by the x-axis If the shaded region A
is rotated about the x-axis, then the volume V is given by r
b
V=a [T(f(0) - (8(x)) dx
g

Lengths of curves
m The length of the curve y = f(x) from x = a to x = b is given by

b dy\?
L= [l \1+(3) @
f“ dx *
m For a parametric curve defined by x = f(¢) and y = g(¢), if the point P(f(¢), g(¢)) traces the
curve exactly once from ¢ = a to t = b, then the length of the curve is given by

y L= (G (G @
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Technology-free questions

1 Calculate the area of the region enclosed by the graph of y = and the line y = 3.

x—2

2 a Ify=1--cosu, find the value of ﬁ)i y dx. On a sketch graph, indicate the region for
which the area is represented by this integral.

b Hence find ﬂ)l xdy.

3 Find the volume of revolution of each of the following. (Rotation is about the x-axis.)

. T
a y = secx between x = 0 and x = b y = sinxbetween x = 0and x = 1

€ y=cosxbetween x = 0and x =

~la &~lAa

d the region between y = x> and y = 4x

e y=VI]l+xbetweenx=0and x =8

4 Find the volume generated when the region bounded by the curve y = 1 + /x, the x-axis
and the lines x = 1 and x = 4 is rotated about the x-axis.

5 Theregion S in the first quadrant of the Cartesian plane is bounded by the axes, the
line x = 3 and the curve y = V1 + x2. Find the volume of the solid formed when S
is rotated:

a about the x-axis b about the y-axis.

6 Sketch the graph of y = sec x for x € (_—n g) Find the volume of the solid of

2
. . . . . -t
revolution obtained by rotating this curve about the x-axis for x € [T’ Z]

7 a Find the coordinates of the points of intersection of the graphs of y> = 8x
and y = 2x.
b Find the volume of the solid formed when the area enclosed by these graphs is
rotated about the x-axis.

8 a On the one set of axes, sketch the graphs of y = 1 —x? and y = x — x> = x(1 — x?).
(Turning points of the second graph do not have to be determined.)

b Find the area of the region enclosed between the two graphs.

9 The curves y = x> and x> + y? = 2 meet at the points A y
and B. A
a Find the coordinates of A, B and C. C
b Find the volume of the solid of revolution formed by A B

rotating the shaded region about the x-axis.
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362 Chapter 8: Applications of integration

10 a Sketch the graph of y = 2x — x* for y > 0.
b Find the area of the region enclosed between this curve and the x-axis.

¢ Find the volume of the solid of revolution formed by rotating this region about
the x-axis.

11 a Letthecurve f: [0,b] = R, f(x) = X2 be rotated:
i around the x-axis to define a solid of revolution, and find the volume of this solid
in terms of b (where the region rotated is between the curve and the x-axis)
ii around the y-axis to define a solid of revolution, and find the volume of this solid

in terms of b (where the region rotated is between the curve and the y-axis).

b For what value of b are the two volumes equal?

1
12 a Sketchthegraphof{(x,y):y=4 2+1}.
X
1

d
b Find 2 and hence find the equation of the tangent to this curve at x = 3.
X

¢ Find the area of the region bounded by the curve and the tangent to the curve

_1
atx = 1.

9
13 Letf:R—->R, f(x)=xand g: R\ {0} - R, g(x) = —.
X

a Sketch, on the same set of axes, the graphs of f + g and f — g.

b Find the area of the region bounded by the two graphs sketched in a and the lines
x=1and x = 3.

4
14 Sketch the graph of { (xy):y=x-5+- } Find the area of the region bounded by
X

this curve and the x-axis.

15 Sketch the graph of { (xy) :y= . Find the area of the region bounded by

=3
/ 2+x-x2
this graph and the line y = %

Multiple-choice questions

1 The volume of the solid of revolution formed when the region bounded by the axes, the

is rotated about the x-axis is

line x = 1 and the curve with equation y =
4 - x2

2 2 2172

% B 2 € Zlog,3 D aV3log,(3) E —

A =
3 4 3

y
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Chapter 8 review 363

2 The shaded region shown below is enclosed by the curve y = = the straight line
S5+x

y = 2 and the y-axis. The region is rotated about the x-axis to form a solid of revolution.
The volume of this solid, in cubic units, is given by

A x 2( 6 2)2d
_ Y y
0 V5 + x2 A 6
y:
B 6ntan*1(z) V5 + x2
C 36—ntan‘l(i) 2 *(2.2)
V5 V5
2 6 2 > X
D x (—) — 4 dx 0
fo V5+ 22

E 36n

1

3 The graphs of y = sin’ xand y = 5

cos(2x) are shown in the diagram. The total area of
the shaded regions is equal to

A j(‘)zn sin® x — % cos(2x) dx y

3 1]

B 4f06 %cos(Zx) — sin® x dx ]

sx 1

+2 fgﬁ sin® x — % cos(2x) dx 0.5
6

T T T 'x
C 3.14 0 T T 3n 2n
—0.5- > 5

D = 1

E V3 LI -1.5
2 3

4  The shaded region in the diagram is bounded by the lines x = ¢ and x = ¢3, the x-axis
and the graph of y = log, x. The volume of the solid of revolution formed by rotating
this region about the x-axis is equal to

A Jlif; e** dx y
A -
B x ["(log, )? dx 55
& 2-
C rcfe2 (log, x)* dx -
D n(e® - ¢€?) 1-
E [} (log, x)? dx 0-9
¢ 0 T T T : x
05 / 5 10 15 20
14

A
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5 The graph represents the function y = sin x
where 0 < x < 2m. The total area of the
shaded regions is
A 1-cosa

—2sina

2(1 — cosa)

0

—2(1 — cosa)

mOUOnAnNnww

(0] T+a

6 The area of the region enclosed between the curve with equation y = sin® x, x € [0, a],

. . . . .
the x-axis and the line with equation x = a, where 0 < a < 3 18

1 a3

A 3cos’a B

%—3sin a C (%—%sinza)cosa+%
D %00536{ sina E %—cosa+%cos3a
7 The shaded region shown is y
rotated around the x-axis to form { A
a solid of revolution. The volume N
of the solid of revolution is 0.5 y= Vi—<2
A 1-log,(%)
0 T T T T T T T : x
B m(log,3-1) 02 04 06 08 1 12 14
C 0.099 054
D n(-1+log,(2))
E 0.1 —14

8 The shaded region shown in the diagram is rotated around the x-axis to form a solid of
revolution, where f”(x) > 0 and f”(x) > 0 for all x € [a, b] and the volume of the solid
of revolution is V cubic units. Which of the following statements is false?

AV <a(fb)(b-a)
B V> a(f(@)(b-a)
C V=n["(f) dx
D

V= ((F®)’ - (F@)’),
where F’(x) = f(x)

E V<a((f®0)'b-(f@)a)

y
\

y=1(x)

0] a b

9 The area of the region bounded by the curve y = cos(g), the x-axis and the lines x = 0

and x = 7 is

A0 B 1 c2
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Chapter 8 review 365

10 The region bounded by the coordinate axes and the graph of y = cos x, for 0 < x < g,
is rotated about the y-axis to form a solid of revolution. The volume of the solid is

given by
pig
A ch(‘)l cos® x dx B nﬁ)z cos® x dx C ch(‘)l cos™!y dx

\/ D nfoi (cos™'y)? dy E nfol (cos™!y)? dy

Extended-response questions

1
1 a Sketch the curve with equationy = 1 — 5
X
b Find the area of the region bounded by the x-axis, the curve and the lines x = 0

and x = 2.

¢ Find the volume of the solid of revolution formed when this region is rotated around
the x-axis.

2 Letf:R—>R,f(x)=xtan!x.
a Find f'(x).
b Hence find ﬁ)l tan™! x dx.
¢ Use the result of b to find the area of the region bounded by y = tan™! x, y = ; and
the y-axis.
d Letg: R > R, g(x) = (tan™" x).
i Find g’(x).
ii Show that g’(x) > O for x > 0.
ili Sketch the graph of g: R — R, g(x) = (tan™! x)z.

e Find the volume of the solid of revolution ¥
formed when the shaded region shown is A
rotated around the y-axis. L
2 y=tan-lx
5 . > X

3 a i Differentiate xlog, x and hence find f log, x dx.
ii Differentiate x(log, x)* and hence find f (log, x)* dx.
b Sketch the graph of f: [-2,2] — R,
et xe€]0,2]

) = e xe[-2,0)

¢ The interior of a wine glass is formed by rotating the curve y = e* from x = 0 to
x = 2 about the y-axis. If the units are in centimetres find, correct to two significant
figures, the volume of liquid that the glass contains when full. ‘
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366 Chapter 8: Applications of integration

4 A bowl is modelled by rotating the curve y = x? for 0 < x < 1 around the y-axis.
a Find the volume of the bowl.

b If liquid is poured into the bowl at a rate of R units of volume per second, find the

rate of increase of the depth of liquid in the bowl when the depth is i.
Hint: Use the chain rule: dv = dv ﬂ

dt dy dt

¢ i Find the volume of liquid in the bowl when the depth of liquid is %

ii Find the depth of liquid in the bowl when it is half full.

2
5 Thecurvesy =ax*>andy = l—x— y
a

are shown, where a > 0. A

a Show that the area enclosed by

the t .4 a a a?
e two curves is — , [ ———. ,
3Va2+1 a2+1° a?+1

b i Find the value of a which
gives the maximum area. / %) \ > X

ii Find the maximum area.

¢ Find the volume of the solid formed when the region bounded by these curves is
rotated about the y-axis.

6 a On the same set of axes, sketch the graphs of y = 3sec? x and y = 16sin® x
T
for0<x < T
b Find the coordinates of the point of intersection of these two curves.

¢ Find the area of the region bounded by the two curves and the y-axis.

7 Let f: (1,00) — R be such that:
1
m f'(x) = ——, where a is a positive constant
xX—a

f2)=1

fd+eH=0

Find a and use it to determine f(x).

Sketch the graph of f.

If £~ is the inverse of f, show that f~!(x) = 1 + ¢*!. Give the domain and range

of f71.

d Find the area of the region enclosed by y = f~!(x), the x-axis, the y-axis and the
line x = 1.

e Find flie,, f(x) dx.

n T o E B

8 The curves ¢y’ = x> and y* = ax (where a > 0 and ¢ > 0) intersect at the origin, O, and
at a point P in the first quadrant. The areas of the regions enclosed by the curves OP,
the x-axis and the vertical line through P are A; and A, respectively for the two curves.
The volumes of the two solids formed by rotating these regions about the x-axis are V,

' and V; respectively. Show that A} : A, =3:5and V; : V, =1:2.
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9 Let f: [0,a] > R, where f(x) = 3 cos(3).
a Find the largest value of a for which f has an inverse function, f~!.

b i State the domain and range of f~!. ii Find f~'(x). iii Sketch the graph of f~!.

¢ Find the gradient of the curve y = f~!(x) at the point where the curve crosses
the y-axis.

d Let V; be the volume of the solid of revolution formed by rotating the curve y = f(x)
between x = 0 and x = 7t about the x-axis. Let V, be the volume of the solid of
revolution formed by rotating the curve y = f~!(x) between y = 0 and y = 7 about
the y-axis. Find V; and hence find V.

10 a Find the area of the circle formed when a sphere is cut 1 T~

by a plane at a distance y from the centre, where y < r. 4
b By integration, prove that the volume of a ‘cap’ of
height J—J cut from the top of the sphere, as shown in
the diagram, is Hnr .
192
2 2
11 Consider the section of a hyperbola with ol 1 and a < x < 2a (where a > 0).

Find the volume of the solid formed when region bounded by the hyperbola and the line
with equation x = 2a is rotated about:

a the x-axis
b the y-axis.
1

b Find the area of the region bounded by the curve with equation y =

3
12 a Show that the line y = ?x does not meet the curve y =

and the

3 1 1-x?
linesy:g,x:0andx:§.

¢ Find the volume of the solid of revolution formed by rotating the region defined in b
about the x-axis. Express your answer in the form w(a + log, b).

13 a For0<ac<1,letT, be the triangle whose vertices are y
(0,0), (1,0) and (a, 1). Find the volume of the solid of A
revolution when 7, is rotated about the x-axis. (a, 1)

b For 0 < k < 1, let Ty be the triangle whose vertices are
(0,0), (k,0) and (0, V1 — k2). The triangle T} is rotated
about the x-axis. What value of k gives the maximum 0,00 (1,0 >

volume? What is the maximum volume?

X
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368 Chapter 8: Applications of integration

14 A model for a bowl is formed by rotating a section of the graph of a cubic function
f(x) = ax® + bx* + cx + d around the x-axis to form a solid of revolution. The cubic is
chosen to pass through the points with coordinates (0, 0), (5, 1), (10,2.5) and (30, 10).
a 1 Write down the four simultaneous equations that can be used to determine the

coefficients a, b, ¢ and d.
ii Using a CAS calculator, or otherwise, find the values of 4, b, ¢ and d. (Exact
values should be stated.)
b Find the area of the region enclosed by the curve and the line x = 30.
c i Write the expression that can be used to determine the volume of the solid of
revolution when the section of the curve 0 < x < 30 is rotated around the x-axis.

ii Use a CAS calculator to determine this volume.

d Using the initial design, the bowl is unstable. y
The designer is very fond of the cubic y = f(x), and A
modifies the design so that the base of the bowl has
radius 5 units. Using a CAS calculator:

i find the value of w such that f(w) =5

ii find the new volume, correct to four significant
figures.

<

I
=

=
SN

0|
-
———p== =
-
< p—

=

L.

e A mathematician looks at the design and suggests that
it may be more pleasing to the eye if the base is chosen
to occur at a point where x = p and f”(p) = 0. Find the
values of coordinates of the point (p, f(p)).

15 A model of a bowl is formed by rotating the line ¥
segment AB about the y-axis to form a solid of A
revolution.

a Find the volume, V cm?, of the bowl in terms {77777
of a, b and H. (Units are centimetres.)

H > X
b If the bowl is filled with water to a height > 0 A(a, 0)
find the volume of water.

¢ Find an expression for the volume of water in
the bowl when the radius of the water surface is
r cm. (The constants a, b and H are to be used.)

dv
d i Find —.
Lo dr . ¢ hcm
ii Find an expression for the depth of the
water, i cm, in terms of r.

e Now assume that a = 10, b = 20 and H = 20.

i Find d—V in terms of r.
dr

. L . dr dh
‘/ ii If water is being poured into the bowl at 3 cm?/s, find o and P when r = 12.
r r
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rential equations

Objectives

> To verify a solution of a differential equation.

> To apply techniques to solve differential equations of the form % = f(x) and % = f(x).

> To apply techniques to solve differential equations of the form % = g(y).

» To construct differential equations from a given situation.

> To solve differential equations which can be written in the form % = f(x) g(y) using
separation of variables.

> To solve differential equations using a CAS calculator.

> To use Euler's method to obtain approximate solutions to a given differential equation.

P To construct a slope field for a given differential equation.

Differential equations arise when we have information about the rate of change of a quantity,
rather than the quantity itself.

For example, we know that the rate of decay of a radioactive substance is proportional to the
mass m of substance remaining at time . We can write this as a differential equation:

dm

i —km
where k is a constant. What we would really like is an expression for the mass m at time .
Using techniques developed in this chapter, we will find that the general solution to this
differential equation is m = Ae ™.

Differential equations have many applications in science, engineering and economics, and
their study is a major branch of mathematics. For Specialist Mathematics, we consider only a
limited variety of differential equations.
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370 Chapter 9: Differential equations

9A An introduction to differential equations
A differential equation contains derivatives of a particular function or variable. The following
are examples of differential equations:

dx ’ dx? dx dx  y+1

The solution of a differential equation is a clear definition of the function or relation, without
any derivatives involved.

d
For example, if d_y =cosx, theny = f cosxdxand soy =sinx + c.
X

. . . . . . d
Here y = sin x + ¢ is the general solution of the differential equation d_y = COS X.
X

This example displays the main features of such solutions. Solutions of differential equations
are the result of an integral, and therefore produce a family of functions.

To obtain a particular solution, we require further information, which is usually given as an
ordered pair belonging to the function or relation. (For equations with second derivatives, we
need two items of information.)

» Verifying a solution of a differential equation

We can verify that a particular expression is a solution of a differential equation by
substitution. This is demonstrated in the following examples.

We will use the following notation to denote the y-value for a given x-value:
y(0) = 3 will mean that when x = 0, y = 3.

We consider y as a function of x. This notation is useful in differential equations.

d
a Verify that y = Ae* — x — 1 is a solution of the differential equation d_y =x+y.
X

b Hence find the particular solution of the differential equation given that y(0) = 3.

Solution p
a Lety = Ae* — x— 1. We need to check that d_y =x+y.
X

dy
LHS = —
dx
=Ae* -1
RHS =x+y
=x+Ae*—x-1
=Ae* -1

d
Hence LHS = RHS and so y = Ae* — x — 1 is a solution of d_y =x+y.
X
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9A An introduction to differential equations 371

b y(0) = 3 means that when x = 0, y = 3.

Substituting in the solution y = Ae* — x — 1 verified in a:

3=4"-0-1
3=A-1
A=4

The particular solution is y = 4e* — x — 1.

d? d
Verify that y = e?* is a solution of the differential equation d—}; + d_y -6y =0.
bYj X
Solution
Let y =e*
Then @ _ 2¢*
dx
d2y 2x
and ﬁ =4e
Now consider the differential equation:
d’y dy
LHS=—<+—-6
a2 T dx Y
= 46** + 2% — 6** (from above)
=0
= RHS
. 2 B © . . q . dzy dy
Verify that y = ae”* + be™" is a solution of the differential equation T2 + T 6y = 0.
% X
Solution
Let y = ae** + be >

d
Then Y 2ae™ — 3be™3*

d2
and 2;§ = 4ae® + 9be

d*y dy
S LHS = — + —
© dx*  dx
= (4ae®™ + 9be™) + (2ae®* — 3be ) — 6(ae®™ + be ™)
= 4ae* + 9be > + 2ae** — 3be™* — 6ae’ — 6be™>*
=()

= RHS
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372 Chapter 9: Differential equations 9A

Find the constants ¢ and b if y = ¢**(2x + 1) is a solution of the differential equation

d%y y
S a2 by =0
dx? “ dx Y
Solution
Let y=e¥Q2x+1)

d
Then £ = 46*Qx + 1) + 2¢*
dx

=2¢"Ux+2+ 1)

= 2¢™(4x + 3)
and % = 8¢™(4x +3) + 4 x 2™
=8e¥(dx+3+1)
= 8¢ (4x + 4)
=32¢Y(x + 1)

If y = e**(2x + 1) is a solution of the differential equation, then

ie. 32e™(x+1)—2ae™(4x+3)+be*2x+1)=0
We can divide through by e** (since e** > 0):

32x+32—-8ax—6a+2bx+b=0
ie. (32-8a+2b)x+(32—-6a+b)=0

Thus
32-8a+2b=0 @
32-6a+b=0 )
Multiply (2) by 2 and subtract from (1):

-32+4a=0
Hence a = 8 and b = 16.

___Exercise Bl

example 1| 1  For each of the following, verify that the given function or relation is a solution of the
differential equation. Hence find the particular solution from the given information.

Differential equation Function or relation Added information
dy
a —=2y+4 y=Ae* -2 y(0) =2
dt
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9A

Differential equation

9A An introduction to differential equations 373

Function or relation

Added information

d
b d—i:loge|x| y=x10ge|x|—x+c y(1)=3
dy 1
cd—=— y=V2x+c y(1)=9
x )
d 1
d d_fc:)% y-log,ly+1l=x+c y3)=0
& !
e d_xgzmz y:%+Ax+B ¥0) =2, y(1)=2
d*y
fS=4% y = Ae** + Be™™ y(0) =3, y(log,2) =9
d*x . T
g W+9x: 18 x = Asin(37) + Bcos(31) + 2 x(0) = 4, x(§)= -1

Example 2, 3 2

For each of the following, verify that the given function is a solution of the differential

equation:
dy dy 1
a <=2 :42X b — =4 2 = —
dx Yoo y=e dx R 2x2
dy y dy 2x 3
¢ —=1+=, y=uxlog,|x|+x d —=—, y=+V3x2+27
dx X dx 2
d’>y dy d®y dy
e — - —-6y=0, y=e > +e* f —=-8—=+16y=0, y=e*x+1
a2 dx Y y=e ¢ dx? dx Y y=ertrt
d? d?
g d_x); = -n?y, y=asin(nx) h d_x); =n’y, y=e¥+e™
dy 1+y° x+1 . dYy 2 4
1= 5 V= Jy—-5=2 ),y=
dx 1+x I —x dx x+1

d
3 Assume that d_x is inversely
y

proportional to y. Given that when x = 0, y = 2 and when

x =2,y =4,findy when x = 3.

d’ d
example4| 4 If the differential equation x? d_)z) - 2x d_y — 10y = 0 has a solution y = ax”, find the
X X
possible values of n.
5 Find the constants a, b and c if y = a + bx + cx? is a solution of the differential equation
dy dy
—= +2— +4y =4x.
dx? dx YT
6 Find the constants a and b if x = t(a cos(2t) + b sin(2r)) is a solution of the differential
. d*x
equation yr +4x = 2 cos(21).
7 Find the constants a, b, cand d if y = ax’® + bx? + cx + d is a solution to the differential
d? d
‘/ equation—y 2 +y=x.

dx? dx
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374 Chapter 9: Differential equations

9B Differential equations involving a function of the
independent variable

In this section we solve differential equations of the following two forms:

dy d2y
— = f(x) and i S(x)

dx
: : : : dy
» Solving differential equations of the form v f(x)
X
The simplest differential equations are those of the form
dy
T f(x)

Such a differential equation can be solved provided an antiderivative of f(x) can be found.

dy
If == = f(x), then y = [ fx) dx.

Find the general solution of each of the following:

dy 4 dy .
a —=x*-32+2 b —= =sin(2¢
RS o (21)
d 1 d 1
P _x — e—3t + = d _x =
dt 1 dy 1+)2
Solution
dy 4 2 dy _ .
= =x*-3x*+2 b — =sin(2r
dx dt )
Ly= [x 32 +2dx oy = [ sin(20) dt
¥, 1
'.y:?—x +2x+c .'.y=—§cos(2t)+c
d 1 d 1
¢ oty d ==
dt t dy 1+y?
1 1
. -3t .
Lx= | e+ —dt Lo I = d
f t f 1+y2 Y
1 e
L x= -3¢ +log, I+ c - ¥=tan () +c
This can also be written as y = tan(x — ¢).
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9B Differential equations involving a function of the independent variable 375

Using the TI-Nspire
a Use > Calculus > Differential Equation
Solver and complete as shown.

Note: Access the differentiation symbol (*)

using or (m).

d m Use > Calculus > Differential
Equation Solver and complete as shown.

Note: This differential equation is of the
d
form d_x = f(y), so the roles of the

variables x and y are reversed.

= Solve for y in terms of x.

Using the Casio ClassPad

deSolve(y'-x4-3~ Jc2 +2,xy)

5

y-x?—x3+2< x+cl

deSolve(x'-

1 -
1+y2

solve (\'atan"(y) +cly)
b1 519
y-tan(x— cl) and ¢/ —: =xscl +-;

a = In g, enter and highlight the differential equation y’ = x* — 3x? + 2.
Note: The differentiation symbol (’) is found in the keyboard.

m Select Interactive > Advanced > dSolve.

m Enter x for the Independent variable and y for the Dependent variable. Tap OK.

© No condition
Include condition
Equation:
Inde var: x
Depe var: M

¥'=x"4-3x"2

Select Interactive > Advanced > dSolve.

Solve for y in terms of x.

© No condition
Include condition
Equation: x'=((1)/(1+y
Inde var: ¥
Depe var: x
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& Edit Action Interactive

BDEDCNE0E

dSolve (¥'=x"4-3x"2+2,X,V)

5
[y=x?—x3+2-x+const( 1) }

1
Ty

5

Enter y for the Independent variable and x for the Dependent variable. Tap OK.

© Edit Action Interactive

fea[sine

1 ¥ x]
1+y2‘ .
{x=tan™(y)+const(1) }

solve (x=tan™(y)+const(1),y)
{y=tan(x—const(1))}

&

dSolve[x'=
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376 Chapter 9: Differential equations

» Families of solution curves

Solving a differential equation requires finding an equation that connects the variables, but

does not contain a derivative. There are no specific values for the variables. By solving

differential equations, it is possible to determine what function or functions might model a

particular situation or physical law.

d
If d_y = x, then it follows that y = %xz + k, where k is a constant. y
x

d
The general solution of the differential equation d_y = x can
X
be given as y = %xz + k.
If different values of the constant k are taken, then a family of

curves is obtained. This differential equation represents the
family of curves y = $x2

\

+ k, where k € R.

-

e

i

k=3
=2

=
—

=0

For particular solutions of a differential equation, a particular curve from the family can be
distinguished by selecting a specific point of the plane through which the curve passes.

d
For instance, the particular solution of £ _ x for which y =2 when x = 4 can be thought of

X
as the solution curve of the differential equation that passes through the point (4, 2).

From above:
y:%x2+k
2=1x16+k
2=8+k
k=-6

Thus the solution is y =

y=%x2—6

4.2)

1.2 _
27X 6.

(Oa _6)

a Find the family of curves with gradient given by e?*. That is, find the general solution

of the differential equation d_y =e
X

b Find the equation of the curve that has gradient e** and passes through (0, 3).

Solution
dy 2x
dx ¢
Sy= fezx dx
_12
=5e +c
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9B Differential equations involving a function of the independent variable 377

The general solution y = %ezx + ¢ represents
a family of curves, since ¢ can take any real
number value. The diagram shows some of

these curves.

b Substituting x = 0 and y = 3 in the general
equation y = $e + ¢, we have

>

| —
=
Il
o
o
=

0

3=3e +c

N =

=

The equation is y = %er + %

» Solving differential equations of the form

\of -

2

d<y

dx2 f60

These differential equations are similar to those discussed above, with antidifferentiation

being applied twice.
Ly _dp

dx2 - = f(x)

dy
Let p = —. Th =
etp dx en dx

d
The technique involves first finding p as the solution of the differential equation d_p = f(x),
X

and then substituting p into d_y = p and solving this differential equation.
X

Find the general solution of each of the following:

d2 d2
a _dx); =10x> - 3x+4 b a’_x}z) = cos(3x)
d? 5
C @y =e " d Q = 1
dx? dx? Vx + 1
Solution
dy
a Letp=—.
ctp dx

Then v _ 103 - 3x+4
dx

S5x* 3a?
p:7—7+4x+c
dy 5x* 3x?
d_y—%—%+4x+c
X
X X
y:?—5+2x2+cx+d, where ¢,d € R
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378 Chapter 9: Differential equations

2
b Z—i = cos(3x)
X

_ 4 dp _
Let p = I Then T cos(3x).
Thus p = fcos(?)x) dx

1
= 3 sin(3x) + ¢

1
I = 3 sin(3x) + ¢

1
y= f gsin(3x)+cdx

1
= -3 cos(3x) +cx+d, wherec,deR

The p substitution can be omitted:

dzy x
¢ aeT
d
d—y=fe_"dx
X
=—e¢"+c
y=f—e*x+cdx
=e“+cx+d (c,d €R)
oo odp_ L
dx*  x+1
dy

1
—= = [(x+1)2 dx
X
1
=2(x+1)2 +¢
1
y=[2x+1)2 +cdx

4 3
=§(x+1)2+cx+d (c,d €R)

Example 8
d2
2

Consider the differential equation d_}zi = COs” X.
5

a Find the general solution.

d 1
b Find the solution given that d—y = 0 when x = 0 and that y(0) = ~3
X

Solution
d*y
a Now — = cos® x
dx
dy
— = f cos® x dx
dx
Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press

Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party



9B Differential equations involving a function of the independent variable 379

Use the trigonometric identity cos(2x) = 2 cos® x — 1:

@

y —fcoszxdx
X

=f %(Cos(Zx) +1) dx
= 4_11 sin(2x) + %x +c
1 . 1
y= stm(Zx)+ §x+cdx
1 1, . .
Hence y = ~3 cos(2x) + 7% + cx + d is the general solution.

d
b First use d_y = 0 when x = 0. We have
X

d 1 1
d_z = 1 sin(2x) + Ex +c (from a)
1
0= 1 sin0+0+c¢ (substituting given condition)
c=0

1 1
y= ~3 cos(2x) + sz +d

1
Now using y(0) = ary substitute and find:
1 1
-3 = —§c050+0+d
d=0

1 1
Hence y = ~3 cos(2x) + sz is the solution.

Using the TI-Nspire
Use > Calculus > Differential Equation

Solver and complete as: deSolve|y"=(cos(x))? and y(0)='—8- and (0)=>
-1
"o 2 — 2 2 2
deSolve( y” = (cos(x))? and y(0) = 2 and . (cos(x)) . _;_
, 4 4
Y(0) =0, x,y)
-\co: ()«) 2 x?‘
The answer can be simplified using tCollect *COIlKVL‘""('j;‘)—+—;+§)
((menu) > Algebra > Trigonometry > Collect).  |& 2 cosl2:x)
et JCONR
4 8 ¥

Note: Access the differentiation symbol (*) using or (m). To enter the second
derivative y”, use the differentiation symbol (’) twice.
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380 Chapter 9: Differential equations

Using the Casio ClassPad

m In i"/a enter and highlight the differential equation
= (cos(x))%.

Select Interactive > Advanced > dSolve.

Tap Include condition.

Enter x for Inde var and y for Depe var.

=0and y(0) =

Enter the conditions y’(0) -1/8.
Note: You must enter y using the keyboard.

m Tap Ok to obtain the solution.

& Edit Action Interactive
] oo T L

dSolve(y"—(cos(x)) VXV, Y (0)—0.y(0)-

(4
l =ﬁ cos(2- x)}(

Exercise El]

9B

dSolve

No condition
© Include condition
Equation: ly"'=(cos(x)) " (
Inde var: |x
Depe var: &Y
Condition: l_y'(0)=0
Condition: v(0)=-1/8

sc | ofy | Math | Symbol

1]2]3]als]e]7[s]o]0]-

qwle{rtyuiop@

a s‘dlf glh|j|kfl]:

[
N

=

P
<
o

n m\. \ [CAPS,

4_-| ’ <+ | Space i EXE

Skillsheet » 1 Find the general solution of each of the following differential equations:
d d 2 +3x-1 d
Example 5 a —y=x2—3x+2 b —y=x+—x (o y—(2x+1)3
dx dx X dx
dy 1 dy 1 dy .
d —_ = — e —= f —_— = 3t—2
dx \x A~ 2—1 g = Sner=2)
d d d 1
4 Y tan(2¢) h &= i
dt dy dy 42
j dx 1
dy  (1-yy
example7| 2 Find the general solution of each of the following differential equations:
d*y . d*y d>y . T
aﬁzﬁc bﬁ= 1—x cﬁzsm(2x+z)
d*y X d*y 1 d*y 1
— =2 e — = _— —
dx? dx*>  cos?x x> (x+1)?

Example 6| 3

dy 1 | 3

a E—F,glventhaty—zwhenx—4
dy .

b il *, given that y(0) =
X
d 2_4 3

c 21 ,given thaty = — when x = 1
dx 2
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9B 9B Differential equations involving a function of the independent variable 3871

d
d 2= 1 given that y2V2) = log, 2
dx x*-4
dy . 1
e — = xVx?—4,giventhaty = —— when x = 4
dx 443
dy 1 T
f —= i h )=
I 4_x2,g1ventaty() 3
d 1
g d—z = m,giventhaty =2whenx=0
dy 1 . 3n
h E = m, given that y(2) = ?
. dy . 8
i — =xV4—x, giventhaty = —— when x =0
dx 15
i Y _ ¢ siven that y(0) = 0
_— = , Vi =
J dx e*+1 £ Y

example 8| 4  Find the solution for each of the following differential equations:

d? d

a gy _ e —e*, given that y(0) = 0 and that Y _ Owhenx=0
dx? dx
d? d

b £ —2 12y, given that when x = 0,y = O and 2 = 0
dx? dx
d> d 1

C d_x)z) = 2 —sin(2x), given that when x = 0, y = —1 and d—i = 3
d? 1 3 d

d d_x)z) =1- = given that y(1) = 3 and that d_i)c =0whenx =1
d> 2 d

e d_x); = ﬁ, given that when x = 0, d—i =0and that whenx =1,y =1
d? d

f 4y 24(2x + 1), given that y(—1) = —2 and that 9 6 when x = —1
dx? dx
d? dy 1

g £y _ L, given that when x = 0, &_- and when x = -2,y = I
dx? 3 dx 2 2

(4 - x%)2
5 Find the family of curves defined by each of the following differential equations:

dy d2y dy 1

a —=3x+4 b —==-2 — =
dx o dx? o dx x-3

6 Find the equation of the curve defined by each of the following:

dy

a —=2-¢"% y0)=1
dx
d .

b 2 = x+sin2y), y0)=4
dx

/ dy 1

c —=—— y3)=2

dx 2-x Y
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382 Chapter 9: Differential equations

9C Differential equations involving a function of the
dependent variable

In this section we solve differential equations of the form

dy
T =80
d 1 d 1
Using the identity & ——, this becomes @
dy dy dy g
dx
dy 1
If = =g(y),then x = | — dy.
ax ~ &Y o

Find the general solution of each of the following differential equations:

dy 1 dy

— =2y + 1, fi -5 b = =¢»
a T y+1,fory>—3 ik

dy dy 2
c — =4/1-y2,forye(-1,1) d —=1-y, for-1<y<l1

dx dx
Solution

dy dx 1
a — =2y+1gives — = .

dx y+ L etves dy 2y+1

1
Therefore x = f 2yl dy

=1log,[2y+1|+k  wherek€R
=1log,2y+1)+k asy>-1
So 2(x—k) =1log,(2y + 1)
2y +1 =2
ie. y= %(ez(x_k) -1)

This can also be written as y = 1(Ae?* — 1), where A = e™*.

Note: Fory < —1, the general solution is y = —%(Aezx + 1), where A = e,

b d _ e gives dx _ e
dx dy
Thus x= f e dy
= —%e_zy +c
e =-2(x-c)
-2y =log,(-2(x — ¢))
y= —% log,(—2(x —¢))
= —% log,(2c - 2x), x<c
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9C Differential equations involving a function of the dependent variable 383

dy . dx 1
C —= =+/1-y2 — =
T 1 —y? gives dy —
1
So x= f dy
1-y?

x=sin"'(y) + ¢

y = sin(x — c¢)

dy . dx 1
d _— = 1 —y2 —_— =
dx Y BIves dy 1-y?
1
Thus x:fl_y2 dy

1 1
=J a5ty @

=—1log,(1-y)+3log(l+y)+c  (since—1<y<1)

1+y

o et

o x-—c 20gel_y
eZ(x—c):1+y
-y
Let A = e72¢. Then

1+
Ae¥ = 2
-y

Ae¥(1-y)=1+y
Ae® — 1 = y(1 + Ae*)
_Ae -1
Y= a1
Using the TI-Nspire
Use > Calculus > Differential Equation
Solver and complete as shown. desolve(y/=2: y+1x)

. 1
y=¢cl- e2 X =
2

Using the Casio ClassPad
In :’%", enter and highlight the differential equation.

Go to Interactive > & Edit Action Interactive
0.5 |8 Jdx 9 dx
Advanced > dSolve. 3 | (> |m\3 | Simp | 1455 B
Enter x for Inde var dSolve (y’=2-y+1, X, ¥)
—e2*X+2+const (1) 2+x+2+const (1)
and y for Depe var. [v e 1 =2 1 ]
2 277 2 2
Tap oK.
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Chapter 9: Differential equations 9C

________Exercise e

Skillsheet

Example 9

v

9D

Cambridge Senior Mathematics AC/VCE
Specialist Mathematics Units 3&4

1 Find the general solution of each of the following differential equations:
dy dy dy

5 1
=3y-5, S b Z=1-2, - == !
T V73 dx R T
dy 5 7T dy 7T dy
d Z=costy, bl<3 e T =couy, ye(O,Z) f 2=yt bi<t
dy dy 1 dy
— =1+) h —=—— — =4/, 0
8 i Y dx 5242y Il RS
2 Find the solution for each of the following differential equations:
d d
a @y giventhaty=ewhenx=0 b 2 =y 11, given that y4) =0
dx dx
dy . dy .
C o =2y, giventhaty = 1 whenx=1 d I =2y + 1, given that y(0) = -1
e & e if y = 0 when 0 f dy V9 — y2, given that y(0) = 3
—_ = s = X = _— = —_ , =
dx e +1 Y d r- 8 Y
d d - 1
o d—)yc =9-)2,ify =0 whenx = - h d—y =1 +9y2,giventhaty(1—;) =-3
. d 242y
i Y y,glventhaty:—4whenx:0
dx
3 For each of the following, find the equation for the family of curves:
dy 1 dy 1
— = b —=2y- 1, > —
dx Y 7 Y73

Applications of differential equations

Many differential equations arise from scientific or business situations and are constructed
from observations and data obtained from experiment.
For example, the following two results from science are described by differential equations:

m Newton's law of cooling The rate at which a body cools is proportional to the difference
between its temperature and the temperature of its immediate surroundings.

m Radioactive decay The rate at which a radioactive substance decays is proportional to the
mass of the substance remaining.

These two results will be investigated further in worked examples in this section.

Example 10

The table gives the observed rate of change of a t | o 1 2 3 4
variable x with respect to time ¢.

dx
a Construct the differential equation which dr 0 2 8 18 32

applies to this situation.

b Solve the differential equation to find x in terms of ¢, given that x = 2 when 7 = 0.
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9D Applications of differential equations 385

Solution ;
a From the table, it can be established that d—): =272,

2
b Theref = [22dt==— +c.
erefore x f 5T 3
2t
Whent=0,x=2.Thisgives2=0+candsoc=2.HencexzT+2.

Differential equations can also be constructed from statements, as shown in the following.

Example 11
(e— )

The population of a city is P at time ¢ years from a certain date. The population increases
at a rate that is proportional to the square root of the population at that time. Construct and
solve the appropriate differential equation and sketch the population—time graph.

Solution

. TR dP dP
Remembering that the derivative is a rate, we have I o VP. Therefore I = kVP,
where k is the constant of variation. Since the population is increasing, we have k > 0.

The differential equation is

§£=kVR k>0
dt

Since there are no initial conditions given here, only a general solution for this differential

d
equation can be found. Note that it is of the form d_y =g().
X

dP /P
1 it
t:%fPZdP
1 1
:E-2P2 +cC

The general solution is

2
t=E\/F+c where ¢c € R

P

Rearranging to make P the subject: A

2
t==VP+c
k
k
VP==(-0
2 K2c2
K2 4
122 =(i=@)f -

T=c 9 > !

kZ
The graph is a section of the parabola P = Z(t — ¢)? with vertex at (c, 0).
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386 Chapter 9: Differential equations

In another city, with population P at time ¢ years after a certain date, the population
increases at a rate proportional to the population at that time. Construct and solve the
appropriate differential equation and sketch the population—time graph.

Solution
Here d—P o P.
dt

The differential equation is

dpP
i kP, k>0
e 1
dP " kP
1,1
= il 5 ap
= llog P+c
r O8e
This is the general solution. 2

Rearranging to make P the subject:
k(t—c) =log, P
= = p
P =Aeé", where A = 7%

The graph is a section of the exponential curve P = Ae’.

Y

Suppose that a tank containing liquid has a vent at the top and an outlet at the bottom
through which the liquid drains.

Torricelli’s law states that if, at time ¢ seconds after opening the outlet, the depth of the
liquid is 2 m and the surface area of the liquid is A m?, then
dh _ -kVh
d A
(The constant k& depends on factors such as the viscosity of the liquid and the cross-
sectional area of the outlet.)

where k > 0

Apply Torricelli’s law to a cylindrical tank that is initially full, with a height of 1.6 m and
a radius length of 0.4 m. Use k = 0.025. Construct the appropriate differential equation,
solve it and find how many seconds it will take the tank to empty.
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9D Applications of differential equations 387

Solution
We start by drawing a diagram. 0.8 m
-
Since the surface area is a circle with A (2 )
constant area A = 7t X 0.42, we have Surface area is 4 m2
dh _ =0.025vVh
dt  7x042
T Lom| [
_ —0.025Vh
T 0.16m hm
-5vh Y
= Vh 4 =
327
The appropriate differential equation is
dh _ —5Vh
dr — 32n
ﬁ _ -327 -h_%
dh 5
-32 1
t= = [ 2 dh
-32 1
t= 2 o2 tc
—64
t=— P Vh+c

Now use the given condition that the tank is initially full: whent =0, 4 = 1.6.

By substitution:
—64
0= —"Vi6+c

_ 64n
5
So the particular solution for this differential equation is

—64 4
r= 65”\/%65—“«/1.6

‘= _54”(«@—%)

Now we find the time when the tank is empty. That is, we find # when /& = 0.

G 1.6

By substitution:
64
‘= T“(w/l.é)

t ~50.9

It will take approximately 51 seconds to empty this tank.
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388 Chapter 9: Differential equations

The following example uses Newton’s law of cooling.

Example 14
(e—)

An iron bar is placed in a room which has a temperature of 20°C. The iron bar initially has
a temperature of 80°C. It cools to 70°C in 5 minutes. Let 7" be the temperature of the bar at
time ¢ minutes.

a Construct a differential equation. b Solve this differential equation.
c Sketch the graph of T" against 7. d How long does it take the bar to cool to 40°C?
Solution

a Newton’s law of cooling yields

dT
7 —k(T —20) where k € R*
(Note the use of the negative sign as the temperature is decreasing.)

d -1
dT ~ k(T - 20)

1
Lt = —zloge(T -20)+c¢, T>20
When ¢t = 0, T = 80. This gives

1
0= T log,(80 —20) + ¢

c= %loge 60

= 1loge(&)
k T-20

When t =5, T =70. This gives

15

k- log,(8)

. 5 log ( 60 )
log,(8) ~\T-20

This equation can be rearranged to make 7" the subject:

U i (6)—10 ( 60 )
5 %8\5) T %%\ T 70

e (3 el
(6)3 60

5 T -20

Ll~

Hence T = 20 + 60(2) .
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9D Applications of differential equations 389

c T d When 7T = 40, we have

! =2 tog ()
_loge(g) Ee 40 - 20

=30.1284 ...

“““““““““““ The bar reaches a temperature of 40°C

> |/ after 30.1 minutes.

» Difference of rates

Consider the following situations:
m An object is being heated, but at the same time is subject to cooling.
m A population is increasing due to births, but at the same time is diminishing due to deaths.

m A liquid is being poured into a container, while at the same time the liquid is flowing out.

In each of these situations:
rate of change = rate of increase — rate of decrease

For example, if water is flowing into a container at 8 litres per minute and at the same time

water is flowing out of the container at 6 litres per minute, then the overall rate of change is
dv

dr

Example 15

A certain radioactive isotope decays at a rate that is proportional to the mass, m kg,
present at any time ¢ years. The rate of decay is 2m kg per year. The isotope is formed as a
byproduct from a nuclear reactor at a constant rate of 0.5 kg per year. None of the isotope

= 8 — 6 = 2, where the volume of water in the container is V litres at time ¢ minutes.

was present initially.

a Construct a differential equation. b Solve the differential equation.
c Sketch the graph of m against ¢. d How much isotope is there after two years?
Solution
dm 1—-4m
a —=05-2m=———
dt "=
a2
dm — 1-4m

Thus t:—%loge|1—4m|+c
=—3log,(1 —4m)+c  (since 0.5—-2m > 0)
When ¢ = 0, m = 0 and therefore ¢ = 0.
So -2t =log, (1 —4m)
e =1-4m
m=1(1-e?)
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390 Chapter 9: Differential equations

(o m m= }T(l —e?) d Whenr =2,
1 m= %(1 -
=0.245...
IS ——— After two years, the mass of the isotope
/ is 0.245 kg.
> [
o

Example 16
(e— )

Pure oxygen is pumped into a 50-litre tank of air at 5 litres per minute. The oxygen is well
mixed with the air in the tank. The mixture is removed at the same rate.

a Construct a differential equation, given that plain air contains 23% oxygen.

b After how many minutes does the mixture contain 50% oxygen?

Solution

a Let Q litres be the volume of oxygen in the tank at time # minutes.
Whent =0, 0 =50x0.23=11.5.

% = rate of inflow — rate of outflow
B 0
=5 5O><5
i.e d—Q—SO_Q
: d 10
ﬂ_ 10
dQ  50-0Q

t=-10log, |50 - Q| + ¢
=-10log,(50 - Q) + ¢ (as Q < 50)
When ¢t = 0, Q = 11.5. Therefore
¢ = 101log,(38.5)

77
1= 101 (—)
8\2:50 - 0)
When the mixture is 50% oxygen, we have Q = 25 and so
77
t =10log,| ——
0 OgE(z X 25)
77
=101 (—)
Oge 50
=4.317...

The tank contains 50% oxygen after 4 minutes and 19.07 seconds.
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9D 9D Applications of differential equations 391

_______Exercise Bl

example 10, 1 Each of the following tables gives the results of an experiment where a rate of change

. . . . dx
was found to be a linear function of time, i.e. T = at + b. For each table, set up a

differential equation and solve it using the additional information.

a t 0 1 2 3 and x(0) =3

= 1 35 7

b t o 1 2 3 and x(1) = 1

C t 0 1 2 3 and x(2) = -3

dx
dt

2 For each of the following, construct (but do not attempt to solve) a differential equation:

a A family of curves is such that the gradient at any point (x, y) is the reciprocal of the
y-coordinate (for y # 0).

b A family of curves is such that the gradient at any point (x, y) is the square of the
reciprocal of the y-coordinate (for y # 0).

¢ The rate of increase of a population of size N at time ¢ years is inversely proportional
to the square of the population.

d A particle moving in a straight line is x m from a fixed point O after 7 seconds. The
rate at which the particle is moving is inversely proportional to the distance from O.

e The rate of decay of a radioactive substance is proportional to the mass of substance
remaining. Let m kg be the mass of the substance at time ¢ minutes.

f The gradient of the normal to a curve at any point (x, y) is three times the gradient of
the line joining the same point to the origin.

Example 11,12| 3 A city, with population P at time ¢ years after a certain date, has a population which
increases at a rate proportional to the population at that time.
a |1 Setup a differential equation to describe this situation.
ii Solve to obtain a general solution.
b If the initial population was 1000 and after two years the population had risen
to 1100:
i find the population after five years

ii sketch a graph of P against ¢.
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392 Chapter 9: Differential equations 9D

Example 13| 4  An island has a population of rabbits of size P at time ¢ years after 1 January 2010.
Due to a virus, the population is decreasing at a rate proportional to the square root of
the population at that time.

a |1 Setup a differential equation to describe this situation.
ii Solve to obtain a general solution.

b If the population was initially 15 000 and decreased to 13 500 after five years:
i find the population after 10 years
ii sketch a graph of P against 7.

5 A city has population P at time ¢ years from a certain date. The population increases at
a rate inversely proportional to the population at that time.
a i Setup a differential equation to describe this situation.
ii Solve to obtain a general solution.
b Initially the population was 1 000 000, but after four years it had risen to 1 100 000.
i Find an expression for the population in terms of ¢.

ii Sketch the graph of P against 7.

6 A curve has the property that its gradient at any point is one-tenth of the y-coordinate at
that point. It passes through the point (0, 10). Find the equation of the curve.

Example 14| 7 A body at a temperature of 80°C is placed in a room which is kept at a constant
temperature of 20°C. After 20 minutes, the temperature of the body is 60°C. Assuming
Newton’s law of cooling, find the temperature after a further 20 minutes.

8 If the thermostat in an electric heater fails, the rate of increase in its temperature, @,
is 0.016 K per minute, where the temperature 0 is measured in kelvins (K) and the
time ¢ in minutes. If the heater is switched on at a room temperature of 300 K and the
thermostat does not function, what is the temperature of the heater after 10 minutes?

9 The rate of decay of a radioactive substance is proportional to the amount Q of matter

d
present at any time ¢. The differential equation for this situation is a9 = —kQ, where
k is a constant. Given that Q = 50 when ¢ = 0 and that Q = 25 when ¢ = 10, find the
time ¢ at which Q = 10.

10 The rate of decay of a substance is km, where k is a positive constant and m is the mass
of the substance remaining. Show that the half-life (i.e. the time in which the amount of

1
the original substance remaining is halved) is given by z log, 2.

11 The concentration, x grams per litre, of salt in a solution at time ¢ minutes is given by
dx 20-3x

dt 30

a If the initial concentration was 2 grams per litre, solve the differential equation,
giving x in terms of 7.

b Find the time taken, to the nearest minute, for the salt concentration to rise to
6 grams per litre.
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9D 9D Applications of differential equations 393

d
12 If d_y =10- 110 and y = 10 when x = 0, find y in terms of x. Sketch the graph of the
X

equation for x > 0.

d
13 The number n of bacteria in a colony grows according to the law @ kn, where k is a
positive constant. If the number increases from 4000 to 8000 in four days, find, to the
nearest hundred, the number of bacteria after three days more.

14 A town had a population of 10 000 in 2000 and 12 000 in 2010. If the population is N

at a time ¢ years after 2000, find the predicted population in the year 2020 assuming:
dN dN 1 dN

a —«xN b — o« — c — N

dr dr © N < W
15 For each of the following, construct a differential equation, but do not solve it:

a Water is flowing into a tank at a rate of 0.3 m? per hour. At the same time, water
is flowing out through a hole in the bottom of the tank at a rate of 0.2vV m> per
hour, where V m? is the volume of the water in the tank at time ¢ hours. (Find an

dv
ion for —.
expression for 7 )

b A tank initially contains 200 litres of pure water. A salt solution containing 5 kg of
salt per litre is added at the rate of 10 litres per minute, and the mixed solution is
drained simultaneously at the rate of 12 litres per minute. There is m kg of salt in the

d
tank after # minutes. (Find an expression for d—r?.)
¢ A partly filled tank contains 200 litres of water in which 1500 grams of salt have

been dissolved. Water is poured into the tank at a rate of 6 L/min. The mixture,
which is kept uniform by stirring, leaves the tank through a hole at a rate of 5 L/min.

. . . . . dx
There is x grams of salt in the tank after  minutes. (Find an expression for E')

example 15| 16 A certain radioactive isotope decays at a rate that is proportional to the mass, m kg,
present at any time ¢ years. The rate of decay is m kg per year. The isotope is formed as
a byproduct from a nuclear reactor at a constant rate of 0.25 kg per year. None of the
isotope was present initially.
a Construct a differential equation.
b Solve the differential equation.
c Sketch the graph of m against ¢.

d How much isotope is there after two years?

example 16| 17 A tank holds 100 litres of water in which 20 kg of sugar was dissolved. Water runs into
the tank at the rate of 1 litre per minute. The solution is continually stirred and, at the
same time, the solution is being pumped out at 1 litre per minute. At time ¢ minutes,
there is m kg of sugar in the solution.
a At what rate is the sugar being removed at time ¢ minutes?
b Set up a differential equation to represent this situation.
¢ Solve the differential equation.
d Sketch the graph of m against z.
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394 Chapter 9: Differential equations 9D

18 A tank holds 100 litres of pure water. A sugar solution containing 0.25 kg per litre
is being run into the tank at the rate of 1 litre per minute. The liquid in the tank is
continuously stirred and, at the same time, liquid from the tank is being pumped out
at the rate of 1 litre per minute. After ¢ minutes, there is m kg of sugar dissolved in
the solution.

a At what rate is the sugar being added to the solution at time ¢?

b At what rate is the sugar being removed from the tank at time #?

c Construct a differential equation to represent this situation.

d Solve this differential equation.

e Find the time taken for the concentration in the tank to reach 0.1 kg per litre.
f Sketch the graph of m against 7.

19 A laboratory tank contains 100 litres of a 20% serum solution (i.e. 20% of the contents
is pure serum and 80% is distilled water). A 10% serum solution is then pumped in at
the rate of 2 litres per minute, and an amount of the solution currently in the tank is
drawn off at the same rate.

a Set up a differential equation to show the relation between x and ¢, where x litres is
the amount of pure serum in the tank at time # minutes.

b How long will it take for there to be an 18% solution in the tank? (Assume that at all
times the contents of the tank form a uniform solution.)

20 A tank initially contains 400 litres of water in which is dissolved 10 kg of salt. A salt
solution of concentration 0.2 kg/L is poured into the tank at the rate of 2 L/min. The
mixture, which is kept uniform by stirring, flows out at the rate of 2 L/min.

a If the mass of salt in the tank is x kg after # minutes, set up and solve the differential
equation for x in terms of ¢.

b If instead the mixture flows out at 1 L/min, set up (but do not solve) the differential
equation for the mass of salt in the tank.

21 A vat contains 100 litres of water. A sugar solution with a concentration of 0.5 kg of
sugar per litre is pumped into the vat at 10 litres per minute. The solution is thoroughly
mixed in the vat and solution is drawn off at 10 litres per minute. If there is x kg of
sugar in solution at any time ¢ minutes, set up and solve the differential equation for x.

22 A tank contains 20 litres of water in which 10 kg of salt is dissolved. Pure water is
poured in at a rate of 2 litres per minute, mixing occurs uniformly (owing to stirring)
and the water is released at 2 litres per minute. The mass of salt in the tank is x kg at
time ¢ minutes.

a Construct a differential equation representing this information, expressing d_x asa
function of x. :

b Solve the differential equation.

¢ Sketch the mass—time graph.

d How long will it take the original mass of salt to be halved?
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9D 9E Separation of variables 395

23 A country’s population N at time ¢ years after 1 January 2010 changes according to the
differential equation % = 0.IN —5000. (There is a 10% growth rate and 5000 people
leave the country every year.)

a Given that the population was 5 000 000 at the start of 2010, find N in terms of ¢.
‘/ b In which year will the country have a population of 10 million?

9E Separation of variables

A first-order differential equation is separable if it can be written in the form

dy
T f(x) g

Divide both sides by g(y) (for g(y) # 0):

oy _
o dx W

Integrate both sides with respect to x:

T )
J 1 de=J o5 g

1
=[—d
fg(y)y

Y - f(x)g(), then [ f(x) dx = L dy.
dx

8
Example 17

d
Solve the differential equation d_y = e2*(1 + y2).
x

Solution

First we write the equation in the form

1
ff(x)dx—f@dy

i.e. fezx dx = f 1_:))2 dy

Integrating gives

1
Eez" +c =tan"'(y) + ¢

Solve for y:
-1 1 2x
tan” (y) = Ee +c (where ¢ = ¢1 — ¢p)
1
y= tan(—ezx + c)
2
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396 Chapter 9: Differential equations

Example 18
(e—)

Find the solution of the differential equation

dy sin’ x

dx 2
that also satisfies y(0) = 1.
Solution
First we write the equation in the form

1
ff(x)dx—f@dy

ie. f sin® x dx = fy2 dy

Left-hand side
We use the trigonometric identity cos(2x) = 1 — 2 sin® x, which transforms to

1
sin® x = 5(1 = cos(2x)
f sin® x dx = 1 f 1 —cos(2x) dx
2

1 1.
= E(x ~3 sm(2x)) + c1
Right-hand side

3

fyzdy=%+62

General solution

We now obtain
1 1 g
E()C = 5 sin(2x)) +c = yg ar €

A 1'<2))—y3+ e = @ =6
2.x 2Sln X = 3 C WereC—C2 C]

Particular solution !
By substituting y(0) = 1, we find that ¢ = ~3 Hence

y
3

l(x = % sin(2x)) = %

2
Making y the subject:

= 3(%(,( — 1sin(2x)) + %)

y= 30— Lsinv) + 1
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Example 19

A tank contains 30 litres of a solution of a chemical in water. The concentration of the
chemical is reduced by running pure water into the tank at a rate of 1 litre per minute
and allowing the solution to run out of the tank at a rate of 2 litres per minute. The tank
contains x litres of the chemical at time # minutes after the dilution starts.

dx —2x
S i 2 = .
a Showthat = = 30—+

b Find the general solution of this differential equation.

¢ Find the fraction of the original chemical still in the tank after 20 minutes.

Solution
a At time ¢ minutes, the volume of solution in the tank is 30 — ¢ litres, since solution is
flowing out at 2 litres per minute and water is flowing in at 1 litre per minute.

At time ¢ minutes, the fraction of the solution which is the chemical is 3

Hence the rate of flow of the chemical out of the tank is 2 - 3 Ox =
dx —2x
Therefore — = .
erefore - 30-;

b Using separation of variables, we have

f30—z _f_dx

—log,(30—1) + ¢ = —5 log, x + ¢

log, x = 21og,(30 — 1) + ¢ (where ¢ = 2¢, — 2¢1)

Let Ay be the initial amount of chemical in the solution.
Thus x = Ag when ¢ = 0, and therefore

Ao
¢ = log,(Ag) — 2log,(30) = loge(goo)
Hence
lo 2log, (30 —1) + 1o (A )
ge X = ge ge 900
1 =1 — 2)
08 X Og8(900(30 )
Py —(30 1?

900

1
¢ Whent =20, x = §Ao. The amount of chemical is one-ninth of the original amount.

Notes:

d
m We observe that differential equations of the form d_y = g(y) can also be solved by
X
separation of variables if g(y) # 0. The solution will be given by f — dy f 1 dx.
m When undertaking separation of variables, be careful that you do not lose solutions when

d
dividing. For example, the differential equation d_y =y — 2 has a constant solution y = 2.
X
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________ Exercise B

Skillsheet » 1

Example 17

Example 18 2

10

Example 19| 11

Find the general solution of each of the following:

dy dy «x 4 dy dy
B b —_ = - —_— = =
4 ax " dx y ¢ x2 dx dx

d
a Solve the differential equation d_y = —f, given that y(1) = 1.
X y

d
b Solve the differential equation d_y = X, given that y(1) = 1.
x x

¢ Sketch the graphs of both solutions on the one set of axes.

d
Solve (1 +x2)d—y = 4xyify=2whenx=1.
X

y d -=

9E

d X
Find the equation of the curve which satisfies the differential equation d_y = —and
XY

passes through the point (2, 3).

d +1
Solve the differential equation d_y = ;C and describe the solution curves.
x 3-y
. . . . . ,dy 1
Find the general solution of the differential equation y il
X X
. . . : . ady
Find the general solution of the differential equation x° i y(x—=3),y#0.
X
Find the general solution of each of the following:
dy dy 4 dy 1
a — = 1+¢€* b—:92 cC —— =—
dx yd+e) ax Y ydx x
Solve each of the following differential equations:
d d
ayd—z:1+x2, ¥(0) = 1 bxzd—z:coszy, y(l):;
. . . . o dy xX*—x
Find the general solution of the differential equation — = .
dx  y* -y

A tank contains 50 litres of a solution of a chemical in water. The concentration of the
chemical is reduced by running pure water into the tank at a rate of 2 litres per minute
and allowing the solution to run out of the tank at a rate of 4 litres per minute. The tank

contains x litres of the chemical at time ¢ minutes after the dilution starts.

dx —4x
a Show that - 50-%

b Find the general solution of this differential equation.

¢ Find the fraction of the original chemical still in the tank after 10 minutes.
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9E 9F Differential equations with related rates 399

12 Bacteria in a tank of water increase at a rate proportional to the number present. Water
is drained out of the tank, initially containing 100 litres, at a steady rate of 2 litres per
hour. Let N be the number of bacteria present at time ¢ hours after the draining starts.

2N

100 — 2

b If k=0.6andats =0, N = Ny, find in terms of N, the number of bacteria after

24 hours.

dN
a Show that — = kN —
dt

d
13 Solve the differential equation x d_y =y + x%y, given that y = 2+/e when x = 1.
X

d
/ 14 Find y in terms ofxifd—y = (1 +y)*sin® x cosx and y = 2 when x = 0.
X

9F Differential equations with related rates

In Chapter 6, the concept of related rates was introduced. This is a useful technique for
constructing and solving differential equations in a variety of situations.

Example 20

. .. dx
For the variables x, y and ¢, it is known that T =tantand y = 3x.

d
a Find d_}t] as a function of 7.

b Find the solution of the resulting differential equation.

Solution ;
a We are given that y = 3x and d—j = tant.
Using the chain rule:

dy dydx
dt  dx dt
dy
— =3tant
I an
dy 3sint
dt  cost

du .
Let u = cost. Then I = —sint.

1
=-3|-d
y==3[-du
= —3log, |u|l + ¢

y = -3log,|[cost] + ¢
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400 Chapter 9: Differential equations

Example 21
. . . 2r cm
=== An inverted cone has height # cm and radius length r cm. <>

It is being filled with water, which is flowing from a tap

at k litres per minute. The depth of water in the cone is
X cm at time ¢ minutes.

. . . . dx
Construct an appropriate differential equation for I and I
cm
solve it, given that initially the cone was empty.

X cm

Solution

Let V cm? be the volume of water at time 7 minutes.
dv
Since k litres is equal to 1000k cm?, the given rate of change is i 1000k, where k > 0.

. dx .
To find an expression for o we can use the chain rule:

dx _ dx aV

- awva D

d
To find ﬁ we first need to establish the relationship between x and V.

The formula for the volume of a cone gives

1
V= gnyzx )
where y cm is the radius length of the surface when the depth is x cm.
By similar triangles: r
y X
rh A
_rx
Y=
I o y
So V= gn Sl X (substitution into (2)) i <>
2
_ W 3
V = 2 X
v mr? *
"
e (by differentiation)
dx  h? Y
dx noo1
v w2 x?
d moo1
So @ 1000k (substitution into (1))
dr  mr2 x?
dx  1000kh*> 1
— = —— = where k£ > 0
dt 2 x2
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To solve this differential equation:

dt 2 )
D
dx  1000kh?

— 2
~ 1000kk2 J % dx

J'U‘z x3

~ 1000ki2 3

a2y’

= +
3000672~ €
The cone was initially empty, so x = 0 when 7 = 0, and therefore ¢ = 0.

iy’

~ 3000ki2

, 3000kk?t

X = —
mur?

[3000kn>t
Hence x = Q7 is the solution of the differential equation.
7

Using the TI-Nspire

+c

Use > Calculus > Differential Equation Solver and complete as shown.

Solve for x in terms of 7.

7T 1’2 lve|s mﬂ:l q
deSolve|s'= -xz,xt e 30007 =
1000k 12 :
2 1
2, 3 = =
T b =
e 1042 (3 & (-c2)) °
3000 4~ &k X —
Y
n 7 4
Using the Casio ClassPad
Main . N . .
In g, enter and highlight the differential @ Edit Action Interactive
2 05 fdx
. tr 1 Si fax, | v »ﬁ |
equation 7/ = ———— X x°. —L"‘J o l— =
1000kh aor? »
Select Interactive > Advanced > dSolve. ds°'ve["=1000,k,h2 Ll
Tap Include condition. [ _ 2.3
Enter x for Inde var and t for Depe var. 3000+h?+k
. 2,48,
Enter the condition #(0) = 0. (You must mlve[t=m, x]
select 7 from the keyboard.) Tap OK. y
Copy the answer to the next entry line and 1o (3,h2,k,t) 3
X=1V*|——F%——
solve for x. rl.x
Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party



402 Chapter 9: Differential equations 9F

I =" oF

Skillsheet » 1 Construct, but do not solve, a differential equation for each of the following:
a An inverted cone with depth 50 cm and radius 25 cm is initially full of water, which

drains out at 0.5 litres per minute. The depth of water in the cone is 4 cm at time

¢t minutes. (Find an expression for E.)

b A tank with a flat bottom and vertical sides has a constant horizontal cross-section
of A m?. The tank has a tap in the bottom through which water is leaving at a rate
of ¢Vh m* per minute, where / m is the height of the water in the tank and ¢ is a
constant. Water is being poured into the tank at a rate of @ m? per minute. (Find an

expression for —.
p T )

¢ Water is flowing at a constant rate of 0.3 m? per hour into a tank. At the same time,
water is flowing out through a hole in the bottom of the tank at the rate of 0.2VV m?
per hour, where V m? is the volume of the water in the tank at time ¢ hours. It is
known that V = 6sth, where & m is the height of the water at time #. (Find an

expression for dh )

X i —.

P dt

d A cylindrical tank 4 m high with base radius 1.5 m is initially full of water. The

water starts flowing out through a hole at the bottom of the tank at the rate of
vVh m? per hour, where & m is the depth of water remaining in the tank after  hours.

(Find an expression for E.)

. .. dx .
Example 20/ 2  For the variables x, y and ¢, it is known that I =sintand y = 5x.

d
a Find d_)t} as a function of ¢.

b Find the solution of the resulting differential equation.

Example21| 3 A conical tank has a radius length at the top equal to its height. Water, initially with
a depth of 25 cm, leaks out through a hole in the bottom of the tank at the rate of

5vh cm? per minute, where the depth is 4 cm at time ¢ minutes.

. . . . dh
a Construct a differential equation expressing 7 asa

function of A, and solve it.

b Hence find how long it will take for the tank to empty.

hcm
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9F 9F Differential equations with related rates 403

4 A cylindrical tank is lying on its side. The tank has a hole in the top, and another in
the bottom so that the water in the tank leaks out. The depth of water is x m at time
¢ minutes and

dx  —0.025+/x
dr A

where A m? is the surface area of the y
water at time ¢ minutes.
4m %
xm i
'I

. . . . dx .
a Construct the differential equation expressing 7 B function of x only.

b Solve the differential equation given that initially the tank was full.
¢ Find how long it will take to empty the tank.

5 A spherical drop of water evaporates so that the volume remaining is V mm? and the
surface area is A mm? when the radius is » mm at time ¢ seconds.

dv
Given that — = —2AZ:
dt

: . : . dr .
a Construct the differential equation expressing 7 as a function of r.

b Solve the differential equation given that the initial radius was 2 mm.

c Sketch the graph of A against # and the graph of r against 7.

6 A water tank of uniform cross-sectional area A cm? is being filled by a pipe which
supplies Q litres of water every minute. The tank has a small hole in its base through
which water leaks at a rate of k# litres every minute, where /& cm is the depth of water in
the tank at time ¢ minutes. Initially the depth of the water is /g cm.

. . . . dh )
a Construct the differential equation expressing I as a function of 4.

b Solve the differential equation if Q > khy.

. . Q + kho
\/ ¢ Find the time taken for the depth to reach —r
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404 Chapter 9: Differential equations

9G Using a definite integral to solve a differential equation

There are many situations in which an exact solution to a differential equation j—i = f(x)is
not required. Indeed, in some cases it may not even be possible to obtain an exact solution.
For such differential equations, an approximate solution can be found by numerically
evaluating a definite integral.

d
For the differential equation d_y = f(x), consider the problem of finding y when x = b, given
X

that y = d when x = a.

2= o
y=F(x)+c by antidifferentiating, where F”(x) = f(x)
d=F(a)+c since y = d when x = a
c=d-F(a)
y=Fx)-F(a)+d
When x = b:

y=F(b)-F(a)+d
y=Lbf(x)dx+d

This idea is very useful for solving a differential equation that cannot be antidifferentiated.

Example 22

d
For the differential equation d_y = x? + 2, given that y = 7 when x = 1, find y when x = 3.
X

Solution
Algebraic method Using a definite integral
ﬂ:x2+2 When x = 3:
dx
2 y= [l +2)dx+7
y=—=+2x+c 1
3
3 3
Since y = 7 when x = 1, we have = [?+2x]l +7
1
T==+2+ 1 1
3 ¢ =—><33+2><3—(—+2)+7
3 3
14
c= —
g _ ?
B x? e ord 14
YEF AT
When x = 3:
1 14
=-x334+2x3+—
Y=3 3
59
3
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9G 9G Using a definite integral to solve a differential equation 405

Example 23

. . . . . d T
Using a definite integral, solve the differential equation d_y =cosxatx = 7 Siven that
X

y=0atx=0.
Solution
dy
e COoS X
s
y = j;“ cost dt
s
= [sinz]y
= sin(n)
-4
1
V2
Example 24
1 1
Solve the differential equation f’(x) = — e 2% atx = 1, given that f(0) =

V2n

Give your answer correct to four decimal places.

Solution
Calculus methods are not available for this differential equation and, since an approximate
answer is acceptable, the use of a CAS calculator is appropriate.

The fundamental theorem of calculus gives

fx) = fo —e -3t "dr+05

So f(l)= ﬁ)—ez dr+0.5

The required answer is 0.8413, correct to four decimal places.

T e Ele

Example 23,24, 1 For each of the following, use a calculator to find values correct to four decimal places:

d
a dy vycos x and y = 1 when x = 0. Find y when x = g
x
dy 1 T
b —= and y = 1 when x = 0. Find y when x = —.
dx  +Jcosx Y Y 4
dy _ 2 _ _ : _
c T log,(x”) and y = 2 when x = 1. Find y when x = e.
X

d
‘/ d d—y=\/logexandy=2whenx:1.Findywhenx=e.
X
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9H Using Euler's method to solve a differential equation

o,
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In this section we discuss a method of finding an approximate solution to a differential

equation. This is done by finding a sequence of points (xo, ¥o), (X1, y1), (X2, ¥2), - .., (Xn, V1)
which lie on a curve which approximates the solution curve of the given differential equation.

Linear approximation to a curve

From the diagram, we have

Jx+h) - fx)
h

Rearranging this equation gives
fx+h)~ f(x)+hf'(x)

This is shown on the diagram. The line ¢ is a tangent

~ f'(x) for small &

P

to y = f(x) at the point with coordinates (x, f(x)).

0]

This gives an approximation to the curve y = f(x) in that the y-coordinate of B is an

approximation to the y-coordinate of A on the graph of y = f(x).

The start of the process

For example, consider the differential equation
f/(x)=x>=2x with f(3)=0

We start with the point (xg, yg) = (3, 0).

The graph shown is a section of the solution curve for the

differential equation. In this case, we are taking & = 0.1,
and so f(x + h) = f(x) + hf'(x) gives

fB3.1)=0+0.1x3=0.3

So the next point in the sequence is (x, y;) = (3.1,0.3).
961

~ 0.32.
3000 0.3

Note that the actual value of f(3.1) is

The general process

This process can be repeated to generate a longer
sequence of points.

We start again at the beginning. Consider the
differential equation

d .
d—y = g(x) with y(xo) = yo
X

Then x; = xo + h and y; = yg + hg(xp).

ISBN 978-1-107-58743-4

y=f(x)

961
(3.1, =

(3.1,0.3)
0.1x3

/(3’ 0) 3.1

y Solution curve
A !
(x1, »1)
} hg(xo)
Y0 i
>
> X
0] X0 X1
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9H Using Euler's method to solve a differential equation 407

The process is now applied repeatedly Solution curve #(x3, y3)
/

to approximate the value of the function
at xo, x3,....

The result is:
Xp=x1+h and y, =y +hg(x)
X3 =xy+h and y3; =y +hg(xz)

and so on.

The point (x,, y,,) is found in the nth step of the iterative process.
This iterative process can be summarised as follows.
Euler's formula
dy .
If T = g(x) with xy = a and yy = b, then
X
Xnt1 = X, +h  and Y+l = Yn + hg(xn)

The accuracy of this formula, and the associated process, can be checked against the values
obtained through the solution of the differential equation, where the result is known.

Euler's method for ' (x) = x2 — 2x

The table gives the sequence of points (x;, y;), 5 - yi o(x) f(x)
0 <i <10, when Euler’s method is applied to 0 3 0 3 0
the differential equation
5 _ 1 3.1 0.3 341 0.320
fi)=x-2c with f(3)=0 2 | 32 0641 384 | 0683
using a step size of h = 0.1. 3 33 1.025 4.29 1.089
The solution to this differential equation is 4 34 1.454 476 1.541
3 5135 193 525 | 2.042
fo=2-2
3 6 | 3.6 2455 576 | 2592
The values f(x;) of the solution are given in 7 37 3.031 6.29 3.194
the last column of the table. 8 3.8 3.66 6.84 3.851
As can be seen, the y-values obtained using 9 39 4344 7.41 4.563
Euler’s method are reasonably close to the 10 | 40  5.085 5333

actual values of the solution.

A smaller step size h would yield a better approximation. For example, using 2 = 0.01, the
approximation to f(4) is 5.3085. The percentage error for x = 4 using 2 = 0.1 is 4.65%, but
using 4 = 0.01 the error is 0.46%.
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408 Chapter 9: Differential equations

Example 25

d
a Let £ 2x and y(0) = 3. Find y,4 using Euler’s formula with steps of 0.1.

b Let

dx
dy
dx

Solution

a

» Using a calculator for Euler's method

Step 0 X0 = 0 and Yo = 3

Step1  x;=0+0.1=0.1 and y; =3+0.1x0=3
Step2  x=01+40.1=02 and y,=3+0.1x2x0.1=3.02

Step3  x3=02+0.1=03 and y;=3.02+0.1x2x0.2=3.06
Step4 x4 =03+0.1=04 and y;=3.06+0.1%x2x%x03=3.12

Step0  xp =1 and yp =4

Step1 x=1402=12 and y; =4+02x(-3)=34
Step2  x=12+02=14 and y,=34+02x(-3)x(1.2)*>=2.536

= —3x? and y(1) = 4. Find y; using Euler’s formula with steps of 0.2.

Step3  x3=14+02=16 and y;=2536+0.2x(-3)x(1.4)?=1.36

d
We now use a calculator to solve the differential equation Y _ 2 oy with y(3) = 0.

Using the TI-Nspire

m Choose a Lists & Spreadsheet application.
Label the columns as shown. €
m Enter Oin cell A1, 3 incell B1, 0 in cell C1 = |
and = b1> = 2 x bl in cell DI. ’ 0 3 0 3
m Fill down in Column D. To do this, select z 1' 2.1 g2 Sl
cell D1 and then > Data > Fill. Use 7
the arrow keys to go down to cell D10 and G
press (enter).
= Now in cell A2 enter = al + 1.
m Incell B2, enter = bl + 0.1.
m Incell C2, enter = cl + 0.1 x dlI. ‘ |
0 3 0 3
m Select cells A2, B2 and C2 and fill down to i 1- 3'1-—0.3| =
row 10. 3 ‘
2 3.2 0.641 3.84
m The result is as shown. 4| 3 33 1035 42
B 4 34| 1454  476|5
c2]=c7+0.1 a7 [«]»
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9H Using Euler's method to solve a differential equation 409

(1 1c: , )
Using the Casio ClassPad
m In “ég select Sequence . & Edit Type n,an ¢
= Tap the Recursive window. EIREIES a"[i&’&lm'%[
m Choose the setting as shown. REICUI'SWBD@
Ansrs

apg=0
[ bae: D

b°=0 n+2
r? Cness O

To generate the x-values: @ Edit Type n,an ®

m Tap on a,,; and enter a, + 0.1. (Note that a, can (| | 5 [ v [ I‘aﬂ”ﬂt
'Recursive| Explicit |

be selected from the menu bar.)

M an.i=an+0.1
m Tap on ap and enter the initial value 3. a=3
To generate the y-values: Bl boei=by+0. 1-(an?-2-2n)
be=0

2
m Tap on b, and enter b, + 0.1(a;, — 2a,). B cy.= (030, ”3-(3.,+0 1y2
i ;

m Tap on by and enter the initial value 0.

=0
To view the table of values: © Edit Graph o (x
m Tick all boxes and tap the table icon |EE|. J‘bLI"*‘I‘I"( I?x:?:IEEII%:l
m Resize to view all 10 rows. 4]
n an bn
0 3 0
1 3.1 0.3
2 3.2 0.641
3 3.3 1.025
4 3.4 1.454
5 < 1.93
6 3.6 2.455
7 3T 3.031
8 3.8 3.66
9 3.9 4,344
10 4 5.085
To compare the approximations with the actual & Edit Graph & (]
y-values: *{%I—FIID‘I%?.ZIEEII%R[
a, +0.1)° Cner=(an+0,1)"3/3=(an+0. 1) "9
= Tap on c,,; and enter % —(a, +0.1)%. e B % (4]
. [ 0 0 0
= Tick the box and tap [EE]. 1 0.3 0.3203
. 2 0.641 0.6827
m Scroll across to view the last column. 3  1.025 1.089
4 1.454 1.5413
5 1.93 2.0417
6 2.455 2.592
7 3.031 3.1943
8 3.66 3.8507
9 4,344 4.563
10
\_ J
Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press

Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party



410 Chapter 9: Differential equations

@ Example 26

dy

=" Use a CAS calculator to approximate the solution of the differential equation — = %"~
with y(0) = 1:
a using step size 0.1 b using step size 0.01.

Using the TI-Nspire
m Choose a Lists & Spreadsheet application.
m Enter0in Al,0inB1, 1 in C1, and = ¢*"®Y jn D1.

m Fill down in Column D. To do this, select

cell D1 and then > Data > Fill. Use

the arrow keys to go down to cell D10 and =

press (enter). I 0] 0 1 1
. 2 1 0.1 1.1/1.10498..

a Now in A2, enter = al + 1. 3] 2| 02/1.21049..[1.21977..
In B2, enter = bl + 0.1. 4 3 03(1.33247..[1.34382..
In C2, enter = cl + 0.1 x dl. 5 4l 0.411 46685 11.47610_| =
Select A2, B2 and C2 and fill down to p1] - sino7) 0
row 10.

b In B2, enter = bl +0.01.

In C2, enter = c1 + 0.01 x dl. €A B (¢ (o !i
Select B2 and C2 and fill down to row 10. =
il 0 0 1| 1
2 1 0.01 '_1.&]1 .01004..
3| 2| 0.02/1.02010../1.02019..
4] 3| 0.03[1.03030../1.03044..
5 4] 0.04[1.04060../1.04079.. | &
c2| =c7+0.01 a7 [«]»]

Using the Casio ClassPad
In g8, select Sequence 8]+ |. Tap the Recursive window and choose the setting %]

a To generate the x-values with step size 0.1: & Edit Graph o (x

m Tap on a,,; and enter a, + 0.1. (Note that a,

can be selected from the menu bar.) Recursive| Explicit |

... ans=an+0. 1

= Tap on q and enter the initial value 0. ";___ 0"

To generate the y-values: bnei=by+0, 1+05(an)

= Tap on b, and enter b, + 0.1 bg=1
C. Cness O

m Tap on by and enter the initial value 1. "c;___ 9
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9H Using Euler's method to solve a differential equation 411

To view the table of values: & Edit Graph o (%]
. = an:- %
= First tap to set the table to 15 rows. HJ’I+I‘@ IQ;.»IESI@I&::[
4]
Sequence Table Input n an bn
[ 1 0.1 ) 50 |
2 0.2 1.2105
3 0.3 1.3325
4 0.4 1.4669
5 0.5 1.6145
6 0.6 1.7760
7 0.7 1.9519
m Tick all boxes and tap the table icon |EE|. g g: g %: ég%g
= Resize to view all 15 rows. i? 1. } %: ?gg}
12 1.2 3.0419
13 1.3 3.2958
14 1.4 3.5579
15 1.5 3.8258 |
b To generate the x-values with step size 0.01: © Edit Graph o (X]
ance +-/%
m Tap on a,,; and enter a, + 0.01. [%H-I%—I:I“’IMWIEEI@I&“[
m Tap on ag and enter the initial value 0. Recursive Explicit |
an+1=an+0.01
To generate the y-values: a¢=0
= Tap on b, and enter b, + 0.01e5"@) bns1=b,+0. 01511 (an)
= Tap on by and enter the initial value 1. = b°=3
Ll Coess |
co=0
To view the table of values: & Edit Graph (x]
m Tick all boxes and tap the table icon |EE|. J‘i""I_FT"m %i{iiiIEEI@Ii}{.’{l
= Resize to view all 15 rows. 4]
n an bn
[ 1 0.01 1.01]
2 0.02 1.0201
3 0.03 1.0303
4 0.04 1.0408
5 0.05 1.0510
6 0.06 1.0615
7 0.07 1.0721
8 0.08 1.0829
9 0.09 1.0937
10 0.1 1.1046
11 811  ASENOF
12 0.12 1.1269
13 0.13 1.1381
14 0.14 1.1495
| 15 0.15 1.1610]

d
Note: We can apply Euler’s method to solve differential equations of the form d_y =g(x,y)
X
with xy = a and yy = b. The iterative rule is

Xpt1 = X, +h  and Yn+1 = Yn t hg(xn’yn)
d
For example, for d_y =y? + 1 with xo = 0 and y, = 0, the rule is
X

Xp+1 = X + h and Y+l = Yn t+ h()’ﬁ + 1)
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412 Chapter 9: Differential equations 9H

______ Exercise By

example 25| 1 For each of the following, apply Euler’s method to find the indicated y,-value using the
given step size h. Give each answer correct to four decimal places.

d
a d_y = cos x, given yg = y(0) = 1, find y3 using & = 0.1
X
dy 1 . .
b — = —, givenyy = y(1) = 0, find y4 using & = 0.01
dx  x?
dy . .
¢ = Vx, given yg = y(1) = 1, find y; using & = 0.1
dy 1 . .
d —=———— givenyy = y(0) = 0, find y; using 4 = 0.01

dx x2+4+3x+2

example 26| 2  Solve each of the following differential equations using:

i a calculus method ii a spreadsheet with a step size of 0.01.
d d 1

a 2 = cosx, giveny©) =1, findy(1) b 2 = — giveny(1) = 0, find y(2)
dx dx  x?

C @ =+/x, giveny(l) =1, find y2) d ﬂ = ; iven y(0) = 0, find y(2)
dx Vo Evem = L Andy dx a2 1 3x 42 BV =RANGY

3 Solve the differential equation % = sec’ x at x = 1, given that y = 2 when x = 0, using:
a a calculus method
b a spreadsheet with step size:
i 0.1 ii 0.05 iii 0.01
4 Use Euler’s method with steps of size 0.1 to find an approximate value of y at x = 0.5
if;l—z =y*andy =1 when x = 0.

5 Use Euler’s method with steps of size 0.1 to find an approximate value of y at x = 1

d
if—y:y2+1andy:1whenx:0.
dx

6 Use Euler’s method with steps of size 0.1 to find an approximate value of y at x = 1

d
if—yzxyandy=1whenx:0.
dx

7 The graph for the standard normal distribution is given by the rule f(x) = \/—_ e_%xz.
Probabilities can be found using o
Pr(Z<z2)= [ flx)dx= % + [ fx) dx
Lety = Pr(Z < z). Then Z%) = f(z) with y(0) = %
a Use Euler’s method with a step size of 0.1 to find an approximation for Pr(Z < z),
where z =0,0.1,0.2,...,0.9, 1.
b Compare the values found in a with the probabilities found using a CAS calculator.
¢ Use a step size of 0.01 to obtain an approximation for:

v i Pr(Zz<0.5) i Pr(Z<1)

Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press
Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party
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91 Slope field for a differential equation

The slope field of this differential equation assigns to each point P(x, y) in the plane (for

d
Consider a differential equation of the form d_y = f(x).
Q X

which x is in the domain of f) the number f(x), which is the gradient of the solution curve
through P.
d
For the differential equation d_y = 2x, a gradient value
X
is assigned for each point P(x, y).

m For (1,3) and (1, 5), the gradient value is 2.
m For (-2,5) and (-2, -2), the gradient value is —4.

A slope field can, of course, be represented in a graph.

d
The slope field for d_y = 2x is shown opposite.
X

When initial conditions are given, a particular solution
curve can be drawn.

Here the solution curve with y = 2 when x = 0 has been

d
superimposed on the slope field for d_y =2x.
X

Changing the initial conditions changes the particular
solution.

A slope field is defined similarly for any differential

d
equation of the form d_y = f(x,y).
X

Example 27

d
a Use a CAS calculator to plot the slope field for the differential equation d_)t) =y.
b On the plot of the slope field, plot the graphs of the particular solutions for:
i y=2whenr=0 ii y=-3whenr=1.

Using the TI-Nspire
a m In a Graphs application, select > Iw
Graph Entry/Edit > Diff Eq. g resrry: ! "
= Enter the differential equation as y1” = y1. ' e
m Press to plot the slope field.

Note: The notation must match when N NN NN NN N0
entering the differential equation. i B 8 \
(Here y1 is used for y.) \
6.67
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414 Chapter 9: Differential equations

b In the graph entry line, you have the option of adding several initial conditions.
To show the graph entry line, press or double click in an open area.

= Arrow up to y1” and add the first set of initial conditions: x = 0 and y1 = 2.
m Click on the green ‘plus’ icon to add more initial conditions: x = 1 and y1 = -3.
|

Select OK to plot the solution curves for the given initial conditions.

Edit Initial Conditions

@l(ﬁancell :

|"6.67 |

Note: You can grab the initial point and drag to show differing initial conditions.

Using the Casio ClassPad

enu

a m Open the menu “ég.

m Select DiffEqGraph . ey
= Tap on y’ and type y.

b = Tap the IC window.

= Enter the initial conditions as shown.

m Tap the slope field icon |4

m Tap the slope field icon |4,

& Edit Zoom Analysis

DiffEq [ I [Graphs]

v'=

= Tap [£3] to adjust the window.

& Edit Zoom Analysis

>i I e

[Diffea| IC |[Graphs]
Initial Condition 1 N

i VI xi=0
‘ yi=2
Initial Condition 2
| | xi=1
‘ yi=—3
| Initial Condition 3
, xi:0 &l
e 21 s . /
5 A : 4 /2
=5 v | » " ~_5,N‘ . 5
3 : ) :-.2\\:
e \ L 1 fil

d
The differential equation d_)t} =y can be solved analytically in the usual manner.

de 1
Write il Then ¢ = log, [y| + ¢, which implies [y| = ¢/~ = Ae'.
y

m If y =2 whent =0, then A = 2 and therefore y = 2¢', as y > 0.

m Ify=-3whent=1,then A = 3¢~ and therefore y = —3¢/~!, as y < 0.
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Example 28

X

d
Use a CAS calculator to plot the slope field for the differential equation d_y =5 and
X Yy

show the solution for the initial condition x = 0, y = 1.

Using the TI-Nspire

= In a Graphs application, select > Graph
Entry/Edit > Diff Eq.
m Enter the differential equation as y1’ = —

m Enter the initial conditions x = 0 and y1 = 1.

X g
2y1 “ S '...;7._7_..’.:4(-7....,'_

%
m Press (enter). 3 3
Note: Set the window to =3 < x < 3 and
-2<y<2 ~
__ Exercise B
1 For each of the following differential equations, sketch a slope field graph and the
solution curve for the given initial conditions, using -3 < x <3 and -3 <y < 3.
Use calculus to solve the differential equation in each case.
d
a &_ 3x?, given y = 0 when x = 1
dx
dy . . .
b T sin x, given y = 0 when x = 0 (use radian mode)
by
d
c 22 e %, giveny = 1 when x = 0
dx
d
d £ =y? giveny = 1 when x = 1
dx
d
e il =y?, giveny = —1 when x = 1
dx
dy .
f —=y(y-1),giveny=-1whenx=0
dx
dy .
g I =y(y—1),giveny =2 when x = 0
dy .
h — =tanux, giveny = 0 when x = 0
dx
2 For each of the following differential equations, sketch a slope field graph and the
/ solution curve for the given initial conditions, using -3 < x <3 and -3 <y < 3.
Do not attempt to solve the differential equations by calculus methods.
-m dy X dy X 1 V3
— =—— whereatx =0,y = =1 b —=--whereatx=—-,y=—
dx y x Y dx y * 2 Y 2
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416 Chapter 9: Differential equations

Chapter summary

. m A differential equation is an equation that contains at least one derivative.
AS

m A solution of a differential equation is a function that satisfies the differential equation
when it and its derivatives are substituted. The general solution is the family of functions

that satisfy the differential equation.

Differential equation | Method of solution
dy _ & _
E—f(x) dx—f(X)
Ly = [ flx)dx
= F(x)+c¢, where F'(x) = f(x)
d’y d’y
5= 5=
dy
I = ff(x) dx
= F(x) +c, where F'(x) = f(x)
Ly= fF(x)+cdx
=G(x)+cx+d, where G'(x) = F(x)
d d
== 50) )
X X
de _ 1
dy ~ g0)
1
Tx=[| —d
=) O |
= F(y)+c¢, where F'(y) = —
8v)
dy _ ay _
T =S80 Ix -~ 80
_ 14
T30
1
dx=| —d
[ fdx=[ il
m Slope field
The slope field of a differential equation
dy
a - f(x’ )’)

assigns to each point P(x, y) in the plane (for which f(x, y) is defined) the number f(x,y),
which is the gradient of the solution curve through P.

y
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Chapter 9 review 417

m Euler's method Y ;
dy A solution /%o rrect solution
For — = g(x) with y = yp when x = xo:
dx A (x1, 1)
Xy =xp+h and y1 = Yo + hg(xp) hg(xo)
Y
X =x1+h and yo =y1 + hg(x)) |
x3=x2+h and v3 = yo + hg(xy) ] h
) . ) > X
Xpel = X+ hand  yuiq =y, + hg(x,)
The sequence of points (xo, ¥o), (x1, 1), (X2,¥2), ..., (xn, ¥,) approximate a solution curve

for the differential equation.

Technology-free questions

1 Find the general solution of each of the following differential equations:

dy x*+1 1 dy
a —=———, >0 b -.-— =10, 0
dx x2 * y dx v
y 1. d>y e +ef
C W = 5(511’1(30 + COS(ZI)), t>0 ﬁ = o2
dy 3-y dy 3-x
e —=——, y<3 - = —
ax 2 7 dx 2
2 Find the solution of the following differential equations under the stated conditions:
d 5
a Y _ mcos(2mx), if y=—1 when x = —
dx 2
dy . T
b — =cot(2x),if y = 0 when x = —
dx 4
dy 1+
¢ DT iy —Owhenx=1
dx X
dy X
d —=——,ify0) =1
x T+ Y0
dy . _1
e 6—=-3y,ify=¢" when x =2
dx
d? d
f ax_ —10, given that @ _ 4 when x = 0 and that x = O when ¢ = 4
dr? dt
. . . . . d*y dy )
3 a Ify= xsinxis a solution of the differential equation x> i kx I +(x"—m)y =0,
X X
find k and m. )
d
b Show that y = xe?* is a solution of the differential equation y i d_y - 3e** = 2xe?".
X X

4 The curve with equation y = f(x) passes through the point P(; 3), with a gradient of 1
at this point, and f”(x) = 2 sec*(x).

. . T . TT
a Find the gradient of the curve at x = r b Find f ”(g). ‘
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418 Chapter 9: Differential equations

2

d d
5 Find all real values of n such that y = ¢** is a solution of d_)z) -2 d_y - 15y =0.
X X

d
6 LaEX:@+4V+9mdm=ym):0
X

a Solve this differential equation, giving y as a function of x.
b Using Euler’s method with a step size of 0.2, find y;.

dy

7 a Use Euler’s method to find y, if y
X

1 1

= —, given that yg = y(1) = = and 7 = 0.1.
x2 2

b Solve the differential equation.

¢ Find the value of y approximated by y,.

d
8 Consider the differential equation d_y =4 +y%
X
a Sketch the slope field of the differential equation fory = —2,-1,0, 1,2 at
x=-2,-1,0,1,2.
b If y = —1 when x = 2, solve the differential equation, giving your answer with y in
terms of x.

9 A container of water is heated to boiling point (100°C) and then placed in a room with a
constant temperature of 25°C. After 10 minutes, the temperature of the water is 85°C.
Newton’s law of cooling gives il_jz: = —k(T - 25), where T°C is the temperature of the
water at time ¢ minutes after being placed in the room.

a Find the value of k.

b Find the temperature of the water 15 minutes after it was placed in the room.

d
10 Solve the differential equation d_y = 2xV25 — x2, for -5 < x < 5, given that y = 25
X
when x = 4.

2

d d
11 Ify = ¢*sin(x) is a solution to the differential equation d_)z) k2
X

+y = e*cos(x), find
dx

the value of k.
12 If a hemispherical bowl of radius 6 cm contains water to a depth of x cm, the volume,
V cm?, is given by
V=208
3
If water is poured into the bowl at the rate of 3 cm?/s, construct the differential equation

. dx .
expressing T as a function of x.

13 A circle has area A cm? and circumference C cm at time ¢ seconds. If the area is
increasing at a rate of 4 cm?/s, construct the differential equation expressing o as
a function of C.

. . . . . dx X
14 A population of size x is decreasing according to the law 7= 100" where ¢ denotes
the time in days. If initially the population is of size xy, find to the nearest day how long
' it takes for the size of the population to be halved.
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Chapter 9 review 419

15 Some students put 3 kilograms of soap powder into a water fountain. The soap powder
totally dissolved in the 1000 litres of water, thus forming a solution in the fountain.
When the soap solution was discovered, clean water was run into the fountain at the
rate of 40 litres per minute. The clean water and the solution in the fountain mixed
instantaneously and the excess mixture was removed immediately at a rate of 40 litres
per minute. If S kilograms was the amount of soap powder in the fountain ¢ minutes
after the soap solution was discovered, construct and solve the differential equation to
fit this situation.

16 A metal rod that is initially at a temperature of 10°C is placed in a warm room. After

do 30-6
¢t minutes, the temperature, 6°C, of the rod is such that T = 0

a Solve this differential equation, expressing 0 in terms of 7.

b Calculate the temperature of the rod after one hour has elapsed, giving the answer
correct to the nearest degree.

¢ Find the time taken for the temperature of the rod to rise to 20°C, giving the answer
correct to the nearest minute.

17 A fire broke out in a forest and, at the moment of detection, covered an area of
0.5 hectares. From an aerial surveillance, it was estimated that the fire was spreading at
a rate of increase in area of 2% per hour. If the area of the fire at time ¢ hours is denoted
by A hectares:

dA
a Write down the differential equation that relates i and A.

b What would be the area of the fire 10 hours after it is first detected?

¢ When would the fire cover an area of 3 hectares (to the nearest quarter-hour)?

18 A flexible beam is supported at its ends, which are at the same horizontal level and
at a distance L apart. The deflection, y, of the beam, measured downwards from the
horizontal through the supports, satisfies the differential equation

d*y
16E=L—3x, OSXSL

where x is the horizontal distance from one end. Find where the deflection has its
greatest magnitude, and also the value of this magnitude.

19 A vessel in the shape of a right circular cone has a
vertical axis and a semi-vertex angle of 30°.
There is a small hole at the vertex so that liquid leaks
out at the rate of 0.05VA m? per hour, where /& m is
the depth of liquid in the vessel at time ¢ hours. 30°  pm

Given that the liquid is poured into this vessel at a ¢
constant rate of 2 m® per hour, set up (but do not
‘/ attempt to solve) a differential equation for 4.

X
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420 Chapter 9: Differential equations

Multiple-choice questions

1 The acceleration, a m/s?, of an object moving in a straight line at time ¢ seconds is given
by a = sin(2¢). If the object has an initial velocity of 4 m/s, then v is equal to

A 2cos(2t) +4 B 2cos(2t) +2 C f(')t sin(2x) dx + 4
1
D — cos(2) +4 E [sinx) dx -4

2 If f/(x) = x> — 1 and f(1) = 3, an approximate value of f(1.4) using Euler’s method
with a step size of 0.2 is

A 3.88 B 3.688 C 36 D 3.088 E 3

3 Euler’s method with a step size of 0.1 is used to approximate the solution of the

d
differential equation d_y = xlog, x with y(2) = 2. When x = 2.2, the value obtained
X
for y is closest to

A 2314 B 2.294 C 2.291 D 2.287 E 2277
d 2 - 1
4  Assume that d_y = 4 and that x = 3 when y = 1. The value of x when y = 3 is
X
given by
Ax—f1 2Tdz+3 Bx_f3 2Tdt+1 cx_f1 —dt+3

Dx=f3§27_tdt+1 Ex_f1

2 1
5 If — y x:— and y = 0 when x = 2, then y is equal to
dx
1 x(x+1) 1
A —(x? — B 1.2
4(x +)c)+2 2 Cc 4(x +x)+2
1 1
D Z(x2+x—l) E Z(x2+x—6)
dy 1 5 .
6 Ifd—=§(y—1) and y = 0 when x = 0, then y is equal to
X
5 5 X 5 5
A —-5 B 1+—— C D -1 E1--
1—x Jrx+5 x+5 x+5 X

d )
7 The solution of the differential equation d_y = e‘xz, where y = 4 when x = 1, is
X

Ay:fl4e‘x2dx B y:fl4e"‘2dx+4 Cy:flxe‘“zdu—4
Dy=["e"du+4 Ey=[ e du+l
8 For which one of the following differential equations is y = 2xe** a solution?

dy &y dy dy  dy

A —-2y=0 B -2—=0 C +2y— =0
ax 27 dx? dx ax " Vax
d2y d*y

D — 4y = ¥ E — —4y =8¢

' a2 VT a7
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Chapter 9 review 421

9 Water is leaking from an initially full container with a depth of 40 cm. The volume,
V cm?, of water in the container is given by V = m(5h* + 225h), where h cm is the depth
of the water at time ¢ minutes.

If water leaks out at the rate of cm?/min, then the rate of change of the depth is

2h + 45
—Vh . : Vi .
A m cm/min B 5m(2h + 45) cm/min C m cm/min
1 -1
. E .
Sm2h + 43) C/min Sm(2h + 43) Cm/min

d
10 The solution of the differential equation d_y =y, where y = 2 when x = 0, is
X

x 1
A y=e* B y=e2 C y=2¢" Dy=§ex Ey=10ge(§)
11 The rate at which a particular disease spreads through a population of 2000 cattle
is proportional to the product of the number of infected cows and the number of
non-infected cows. Initially four cows are infected. If N denotes the number of infected
cows at time ¢ days, then a differential equation to describe this is

dN dN dN
A I = kN(2000 — N) B i = k(4 - N)200-N) C o = kN(200 - N)

dN dN k(2000 — N)
D = — = 2 _ A2 e
dt KN7(2000 = N°) dt 2000
. . . . dy 1 . .
12 Consider the differential equation —— = ———— with yp = 2 and x¢ = 0. Using

dx ~ X2 +2x+2
Euler’s method with a step size of 0.1, the value of y,, correct to three decimal places, is

A 2.123 B 2.675 C 2.567 D 1.987 E 2.095
. . . B EE SEEEEE
13 The differential equation that best matches the slope Prr s vvaSs=F=sviissn
. LN AT NN~ O L VO
field shown is PEr v v NS~F=Nyvi i
d d d o e A=Y 1)
Y VNSNS
A—y:x B—y:—x C—y:x2 P U NS =any v 3953
dx dx dx U ANSNT RN A A
P8y 1N A=A 30
14 14 VANNSNAVA L4 14|
DQZ—XZ Eﬂzf | 9 R T T U 0 YR 7 20 T TG K |
dx dx (0 IR T 0 T T St a5 64 0 K 6 1
O L R O W e e 9 0 O R N R O
P VNSNS SSNV YYD S
(R L T T B N S kA 0 O it Y PR
CLSEVANNSESSALAD 101
[ FETT O 0 T 520 R P o s O 56, 1 R 8 B
R T R 5 Sy s 2 W 1 S T M8
(18 120 T O W VL RS st W A0 SR T B
R D WO A R Rl o gl X N N R Trh S0

14 The amount of a salt Q in a tank at time ¢ is given by the differential equation

dQ 5 .
— = 3 - — th = 0 = 10
> s with Q)=00)
Using Euler’s method with a step size of 0.5 in the values of ¢, the value of Q correct to

three decimal places when t = 1 is
A 12.123 B 9.675 C 8.967 D 10.587 E 11.944

A
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422 Chapter 9: Differential equations

15

Water containing 3 grams of salt per litre flows at the rate of 20 litres per minute into
a tank that initially contained 100 litres of pure water. The concentration of salt in the
tank is kept uniform by stirring, and the mixture flows out of the tank at the rate of

10 litres per minute. If M grams is the amount of salt in the tank ¢ minutes after the
water begins to flow, the differential equation relating M to ¢ is

dM 10M dM 10M dM 10M
A——=60-—— B —=3-—-— C —=60— —
dt 100 — 10z dt 100 — 10z dt 100 + 10z
amM dm 10M
D —=20-10¢ E—=—-——
dt dt 100 + 10¢
16 The differential equation that best matches the EEERE R SR S E SN
. T T T N N R i et
slope field shown is LUV LAAAA AR S S S S~
p p ) PVAAVAAVANSN MRS NSNS
X FYLAAMAMAARNSSS S S~~~
A2 B Y- L l,',||\\\\\’\\\\~-——:
dx x =y R RRRY S e
K g ey B VNS omre S
C dy _x—2y D dy y b it it NN TE TS T8
-5 - -5 - C AP | B 0 a7 o
dx 2y+x dx X P i'\‘,rl”;'
”””””” SSNNANV LYy
/ E@: ———— ~~~~ahnvvay g !
dx v mmeme= SEANNNARNNNAYAYVA A
B oo SR N S N NN W W
e o AR RN AN NN T NN Y R e
e Nt U L N N W U U N
mmANNNNN NN, S0, 8 O S U, TERL WO B

Extended-response questions

1 The percentage of radioactive carbon-14 in living matter decays, from the time of death,

at a rate proportional to the percentage present.

a If x% is present ¢ years after death:

i Construct an appropriate differential equation.

ii Solve the differential equation, given that carbon-14 has a half-life of 5760 years,
i.e. 50% of the original amount will remain after 5760 years.

b Carbon-14 was taken from a tree buried by volcanic ash and was found to contain
45.1% of the amount of carbon-14 present in living timber. How long ago did the

eruption occur?

c Sketch the graph of x against 7.

2 Two chemicals, A and B, are put together in a solution, where they react to form a
compound, X. The rate of increase of the mass, x kg, of X is proportional to the product
of the masses of unreacted A and B present at time ¢ minutes. It takes 1 kg of A and
3 kg of B to form 4 kg of X. Initially, 2 kg of A and 3 kg of B are put together in
solution, and 1 kg of X forms in 1 minute.

. . . . . dx .
a Set up the appropriate differential equation expressing T as a function of x.

b Solve the differential equation.

y
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Chapter 9 review 423

3 Newton’s law of cooling states that the rate of cooling of a body is proportional to the
excess of its temperature above that of its surroundings. The body has a temperature
of T°C at time ¢ minutes, while the temperature of the surroundings is a constant 7’s °C.

. . . . dT )
a Construct a differential equation expressing I as a function of T'.

b A teacher pours a cup of coffee at lunchtime. The lunchroom is at a constant
temperature of 22°C, while the coffee is initially 72°C. The coffee becomes
undrinkable (too cold) when its temperature drops below 50°C. After 5 minutes, the
temperature of the coffee has fallen to 65°C. Find correct to one decimal place:

i the length of time, after it was poured, that the coffee remains drinkable

ii the temperature of the coffee at the end of 30 minutes.

4  On a cattle station there were p head of cattle at time ¢ years after 1 January 2005. The
population naturally increases at a rate proportional to p. Every year 1000 head of cattle
are withdrawn from the herd.

a Show that % = kp — 1000, where k is a constant.

b If the herd initially had 5000 head of cattle, find an expression for 7 in terms of k
and p.

¢ The population increased to 6000 head of cattle after 5 years.

6k — 1
i Show that 5k = log,(3— )
i Show thal 9L\ 5 ]
ii Use a CAS calculator to find an approximation for the value of k.

d Sketch a graph of p against 7.

5 In the main lake of a trout farm, the trout population is N at time ¢ days after
1 January 2015. The number of trout harvested on a particular day is proportional to the
number of trout in the lake at that time. Every day 100 trout are added to the lake.

. . . ., dN . .
a Construct a differential equation with I in terms of N and k, where k is a constant.

b Initially the trout population was 1000. Find an expression for ¢ in terms of k and N.

¢ The trout population decreases to 700 after 10 days. Use a CAS calculator to find an
approximation for the value of k.

d Sketch a graph of N against 7.

e If the procedure at the farm remains unchanged, find the eventual trout population in
the lake.

6 A thin horizontal beam, AB, of length L cm, is bent under a load so that the deflection,
y cm at a point x cm from the end A, satisfies the differential equation

d—zy = L(3x—L), 0<x<L
dx? 4012
Given that the deflection of the beam and its inclination to the horizontal are both zero
at A, find:
a where the maximum deflection occurs
b the magnitude of the maximum deflection. ‘
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424 Chapter 9: Differential equations

7 The water in a hot-water tank cools at a rate which is proportional to T — Ty, where
T°C is the temperature of the water at time ¢ minutes and 7,°C is the temperature
of the surrounding air. When 7 is 60, the water is cooling at 1°C per minute. When
switched on, the heater supplies sufficient heat to raise the water temperature by 2°C
each minute (neglecting heat loss by cooling). If 7 = 20 when the heater is switched on
and T = 20:

dT
a Construct a differential equation for I as a function of 7' (where both heating and
cooling are taking place).

b Solve the differential equation.

(g]

Find the temperature of the water 30 minutes after turning on the heater.
d Sketch the graph of T against ¢.

8 a The rate of growth of a population of iguanas on an island is d—vtV = 0.04W, where
W is the number of iguanas alive after ¢ years. Initially there were 350 iguanas.
i Solve the differential equation.
ii Sketch the graph of W against ¢.

iii Give the value of W to the nearest integer when ¢ = 50.

aw
b If i kW and there are initially 350 iguanas, find the value of k for which the
population remains constant.
¢ A more realistic population model for the iguanas is determined by the differential

dw
equation e (0.04 — 0.00005W)W. Initially there were 350 iguanas.

i Solve the differential equation.
ii Sketch the graph of W against ¢.
iii Find the population after 50 years.

9 A hospital patient is receiving a drug at a constant rate of R mg per hour through a drip.
At time ¢ hours, the amount of the drug in the patient is x mg. The rate of loss of the
drug from the patient is proportional to x.

a Whent=0,x=0:
i Show that % = R — kx, where £ is a positive constant.
ii Find an expression for x in terms of ¢, k and R.

b If R = 50 and k = 0.05:
i Sketch the graph of x against ¢.

ii Find the time taken for there to be 200 mg in the patient, correct to two decimal
places.
¢ When the patient contains 200 mg of the drug, the drip is disconnected.
i Assuming that the rate of loss remains the same, find the time taken for the
amount of the drug in the patient to fall to 100 mg, correct to two decimal places.
‘/ ii Sketch the graph of x against z, showing the rise to 200 mg and fall to 100 mg.

y
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Objectives

P To model motion in a straight line.

> To use calculus to solve problems involving motion in a straight line with constant or
variable acceleration.

> To use graphical methods to solve problems involving motion in a straight line.
> To use techniques for solving differential equations to solve problems of the form

v=1Ff(x), a=f(v) and a=f7(x)

where x, v and a represent position, velocity and acceleration respectively.

Kinematics is the study of motion without reference to the cause of motion.

In this chapter, we will consider the motion of a particle in a straight line only. Such motion
is called rectilinear motion. When referring to the motion of a particle, we may in fact be
referring to an object of any size. However, for the purposes of studying its motion, we can
assume that all forces acting on the object, causing it to move, are acting through a single
point. Hence we can consider the motion of a car or a train in the same way as we would
consider the motion of a dimensionless particle.

When studying motion, it is important to make a distinction between vector quantities and
scalar quantities:

Vector quantities  Position, displacement, velocity and acceleration must be specified by
both magnitude and direction.

Scalar quantities  Distance, speed and time are specified by their magnitude only.

Since we are considering movement in a straight line, the direction of each vector quantity is
simply specified by the sign of the numerical value.
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426 Chapter 10: Kinematics

10A Position, velocity and acceleration

» Position

The position of a particle moving in a straight line is determined by its distance from a
fixed point O on the line, called the origin, and whether it is to the right or left of O. By
convention, the direction to the right of the origin is considered to be positive.

| x >

Y

o P

Consider a particle which starts at O and begins to move. The position of the particle at any
instant can be specified by a real number x. For example, if the unit is metres and if x = -3,
the position is 3 m to the left of O; while if x = 3, the position is 3 m to the right of O.

Sometimes there is a rule that enables the position at any instant to be calculated. In this case,
we can view x as being a function of 7. Hence x(¢) is the position at time 7.

For example, imagine that a stone is dropped from the top of a vertical cliff 45 metres

high. Assume that the stone is a particle travelling in a straight line. Let x(¢) metres be the
downwards position of the particle from O, the top of the cliff, # seconds after the particle is
dropped. If air resistance is neglected, then an approximate model for the position is

x(f) =5 for0<t<3

A particle moves in a straight line so that its position, x cm, relative to O at time ¢ seconds
is givenby x =2 — 7t + 6,1 > 0.

a Find its initial position. b Find its position at 7 = 4.
Solution

a Att =0, x = +6, i.e. the particle is 6 cm to the right of O.
b Atr=4,x=(4)?-7)+6 =6, i.e. the particle is 6 cm to the left of O.

» Displacement and distance
The displacement of a particle is defined as the change in position of the particle.

It is important to distinguish between the scalar quantity distance and the vector quantity
displacement (which has a direction). For example, consider a particle that starts at O and
moves first 5 units to the right to point P, and then 7 units to the left to point Q.

)
0 0 P

-
>

4 3 2 -1 0 1 2 3 4 5 6
The difference between its final position and its initial position is —2. So the displacement of

the particle is —2 units. However, the distance it has travelled is 12 units.
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10A Position, velocity and acceleration 427

» Velocity and speed

You are already familiar with rates of change through your studies in Mathematical Methods.

Average velocity

The average rate of change of position with respect to time is average velocity.

A particle’s average velocity for a time interval [z, f;] is given by

: change in position  x; — x|
average velocity = —— =
change in time Hh—1

where x; is the position at time #; and x; is the position at time z,.

Instantaneous velocity

The instantaneous rate of change of position with respect to time is instantaneous velocity.
We will refer to the instantaneous velocity as simply the velocity.

If a particle’s position, x, at time ¢ is given as a function of ¢, then the velocity of the particle

at time ¢ is determined by differentiating the rule for position with respect to time.

If x is the position of a particle at time 7, then

velocity v = dx
YVE

Note: Velocity is also denoted by x or x(z).

Velocity is a vector quantity. For motion in a straight line, the direction is specified by the
sign of the numerical value.

If the velocity is positive, the particle is moving to the right, and if it is negative, the particle

is moving to the left. A velocity of zero means the particle is instantaneously at rest.

Speed and average speed

Speed is a scalar quantity; its value is always non-negative.

m Speed is the magnitude of the velocity.
distance travelled

m Average speed for a time interval [7, 1;] is given by

h—1h
Units of measurement
Common units for velocity (and speed) are:
1 metre per second =Ilm/s =1ms™!
1 centimetre per second = 1 cm/s = 1 cms™!
1 kilometre per hour = 1km/h=1kmh™!
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428 Chapter 10: Kinematics

The first and third units are connected in the following way:

1
1 km/h = 1000 m/h = % m/s = 15_8 m/s

1m/s = 15—8 km/h

A particle moves in a straight line so that its position, x cm, relative to O at time ¢ seconds

is given by x = 3¢ — £, for t > 0. Find:

a its initial position b its position when ¢ = 2

c its initial velocity d its velocity when t = 2

e its speed when 1 = 2 f when and where the velocity is zero.
Solution

a When ¢ =0, x = 0. The particle is initially at O.
b Whent =2, x=3x2-8=-2. The particle is 2 cm to the left of O.

¢ Given x = 3t — £, the velocity is

dx
= — =3-37
VS

Whent=0,v=3-3x0=3.
The velocity is 3 cm/s. The particle is initially moving to the right.
d Whent=2,v=3-3%x4=-9.
The velocity is —9 cm/s. The particle is moving to the left.
e When ¢ = 2, the speed is 9 cm/s. (The speed is the magnitude of the velocity.)
f v=0implies 3-37=0
31-1)=0
t=1lort=-1
Butz>0andsor=1. Whentr=1,x=3x1-1=2.

At time t = 1 second, the particle is at rest 2 cm to the right of O.

Note: The motion of the particle can now be shown on a number line.

A

T T T T T T T T T T T T > X
-5 4 -3 -2 -1 0 1 2 3 4 5
t=2 r=1
x==2 x=2
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10A Position, velocity and acceleration 429

The motion of a particle moving along a straight line is defined by x(r) = > — , where x m
is the position of the particle relative to O at time ¢ seconds (¢ > 0). Find:

a the average velocity of the particle in the first 3 seconds

b the distance travelled by the particle in the first 3 seconds

c the average speed of the particle in the first 3 seconds.

Solution . .
a Average velocity = w
_6-0
3
=2 m/s

b To find the distance travelled in the first 3 seconds, it is useful to show the motion of the
particle on a number line. The critical points are where it starts and where and when it
changes direction.

The particle starts at the origin. The turning points occur when the velocity is zero.

d
We have v = d—): =2t — 1. Therefore v = 0 when ¢ = %

The particle changes direction when ¢ = % and x = (%)2 = % = —%.

When 0 <t < % v is negative and when # > 1, v is positive.

From the number line, the particle travels a distance of }1 m in the first % second. It then
changes direction. When ¢ = 3, the particle’s position is x(3) = 6 m to the right of O, so
the particle has travelled a distance of 6 + A—lt = 6% m from when it changed direction.

The total distance travelled by the particle in the first 3 seconds is % + 6% = 6% m.

distance travelled

¢ Average speed = -
£C 5P time taken

_ 1 .
—6573
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430 Chapter 10: Kinematics

» Acceleration

The acceleration of a particle is the rate of change of its velocity with respect to time.

V2 =V .
, Where v, is the

m Average acceleration for the time interval [¢, ;] i given by P
2—h

velocity at time ¢, and v, is the velocity at time ;.
m Instantaneous acceleration a = d_v = i(@) = @
dr  dt\dt dr?
2

d
Note: The second derivative d_tf is also denoted by ¥ or X(?).

Acceleration may be positive, negative or zero. Zero acceleration means the particle is
moving at a constant velocity.

The direction of motion and the acceleration need not coincide. For example, a particle

may have a positive velocity, indicating it is moving to the right, but a negative acceleration,
indicating it is slowing down.

Also, although a particle may be instantaneously at rest, its acceleration at that instant need
not be zero. If acceleration has the same sign as velocity, then the particle is ‘speeding up’. If
the sign is opposite, the particle is ‘slowing down’.

The most commonly used units for acceleration are cm/s> and m/s>.

Example 4

An object travelling in a horizontal line has position x metres, relative to an origin O, at
time ¢ seconds, where x = —4¢2 + 8¢+ 12, ¢ > 0.

a Sketch the position—time graph, showing key features.

Find the velocity at time ¢ seconds and sketch the velocity—time graph.

Find the acceleration at time ¢ seconds and sketch the acceleration—time graph.
Represent the motion of the object on a number line.

Find the displacement of the object in the third second.

- O QO n T

Find the distance travelled in the first 3 seconds.

Solution

a x=-42 +8t+12,forr>0
X

A

(1, 16)

(0, 12)
(3,0)

’ \

Y
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10A Position, velocity and acceleration 431

d
b v=%" = _8+8 forr>0
d

v When ¢ € [0, 1), the velocity is positive.
A When ¢ > 1, the velocity is negative.
(0, 8)
Lo
[9) \
d
C a= —v=—8,f0rt20
dt
a The acceleration is —8 m/s.
A The direction of the acceleration is
always to the left.
) >
(05 _8)

d Starting point: When r = 0, x = 12.
Turning point: Whenv = -8+ 8 =0, =1 and x = 16.

When 0 <7< 1,v>0and when > 1, v < 0. That is, when O < ¢ < 1, the object is
moving to the right, and when 7 > 1, the object is moving to the left.

<

< —
T T T T T T T T T T T T T T ;x
-24 -20 -16 -12 -8 —4 0 4 § 12 16 20 24 28
t=1
x=16

e The displacement of the object in the third second is given by
x3)—-x(2)=0-12
=-12

The displacement is 12 metres to the left.

f From the position—time graph in a, the distance travelled in the first 3 seconds is
4+16=20m.
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432 Chapter 10: Kinematics

=== An object moves in a horizontal line such that its position, x m, relative to a fixed point at
time ¢ seconds is given by x = —3 + 3¢ + 2, t > 0. Find:

a when the position is zero, and the velocity and acceleration at that time
b when the velocity is zero, and the position and acceleration at that time
¢ when the acceleration is zero, and the position and velocity at that time
d the distance travelled in the first 3 seconds.

Solution
Now x = -2 +3t+2
v=i=-3+3
a=Xx=-0t
(The acceleration is variable in this case.)
a x=0when —£+3t+2=0
£-3t-2=0
(t=2)+1)7*=0
Therefore ¢ = 2, since ¢t > 0.

Att=2,v=-3x22+3=-9.
Att=2,a=-6%x2=-12.

When the position is zero, the velocity is —=9 m/s and the acceleration is —12 m/s.

b v=0when -3 +3=0
£=1
Therefore ¢ = 1, since ¢t > 0.

Att=1,x=-13+3x1+2=4.
Atr=1,a=-6x1=-6.

When the object is at rest, the position is 4 m and the acceleration is —6 m/s2.
¢ a=0when —6t=0
t=0
Att=0,x=2andv = 3.

When the object has zero acceleration, the position is 2 m and the velocity is 3 m/s.

d P
T T T T T T T T T T T T T ; X
-16 -14 -12 -10 -8 -6 -4 -2 0 2 4
t=3 t=0 =1
x=-16 x=2 x=4
The distance travelled is 2 + 4 + 16 = 22 metres.
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10A Position, velocity and acceleration 433

» Using antidifferentiation

In the previous examples, we were given a rule for the position of a particle in terms of time,
and from it we derived rules for the velocity and the acceleration by differentiation.

We may be given a rule for the acceleration at time ¢ and, by using antidifferentiation
with respect to ¢ and some additional information, we can deduce rules for both velocity
and position.

C) EZriaa

==="]  The acceleration of a particle moving in a straight line, in m/s?, is given by
d*y
dr?

at time ¢ seconds. The particle’s initial velocity is 3 m/s and its initial position is y = 6.

= cos(7tt)

Find its position, y m, at time ¢ seconds.

Solution

Find the velocity by antidifferentiating the acceleration:

dy _ d%
CA
dt f dr? !

= f cos(mt) dt

1
— sin(7tt) + ¢
7T

dy

Whent =0, — =
en 0

3,s0c¢ = 3.

1
— = —sin(mt) + 3
s
Antidifferentiating again:

d
yzfd—);dt

1
[ = sin(zu) + 3 dt
T

1
—— cos(mr) + 3t +d
T

Whent=0,y=6:

1 1
Hence y = - cos(mt) + 3t + = +6
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434 Chapter 10: Kinematics

A cricket ball projected vertically upwards from ground level experiences a gravitational
acceleration of 9.8 m/s2. If the initial speed of the cricket ball is 25 m/s, find:

a its speed after 2 seconds b its height after 2 seconds
c the greatest height d the time it takes to return to ground level.
Solution

A frame of reference is required. The path of the cricket ball is considered as a vertical
straight line with origin O at ground level. Vertically up is taken as the positive direction.

We are given a = —9.8, v(0) = 25 and x(0) = 0. A
d
aa=Y-_93
dt ¢
dv ..
_ _ _ ositive
v—fEdt—f—9.8dt——9.8t+c p

Since v(0) = 25, we have ¢ = 25 and therefore

v=-98t+25
Whent=2,v=-98x2+25=>54. 0
The speed of the cricket ball is 5.4 m/s after 2 seconds.
d
b v="=-98:+25
dt

x= f —9.8t+25dt = -492 + 25t +d

Since x(0) = 0, we have d = 0 and therefore
x = —4.9 + 25t

Whent =2, x=-19.6 + 50 = 30.4.
The ball is 30.4 m above the ground after 2 seconds.
c The greatest height is reached when the ball is instantaneously at rest,

2
i.e. when v = =9.8¢ + 25 = 0, which implies ¢ = %

25 252 25
When 1 = 2=, x = 4.9 X (ﬁ) +25% = ~31.89.

The greatest height reached is 31.89 m.

d The cricket ball reaches the ground again when x = 0.

x =0implies 25—4.97 =0

(25— 4.91) =0
25

t=0 = —
=79

25
The ball returns to ground level after 19~ 5.1 seconds.
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10A Position, velocity and acceleration 435

=== | A particle travels in a line such that its velocity, v m/s, at time ¢ seconds is given by

1 7
=2 (—z——), 1>0
v COS! ) 4

The initial position of the particle is —2V2 m, relative to O.

a i Find the particle’s initial velocity.

i Find the particle’s maximum and minimum velocities.

iii For 0 <t < 4, find the times when the particle is instantaneously at rest.
iv Determine the period of the motion.

Use this information to sketch the graph of velocity against time.

b i Find the particle’s position at time ¢.
ii Find the particle’s maximum and minimum position.
iii Find when the particle first passes through the origin.

iv Find the relation between the particle’s velocity and position.

c i Find the particle’s acceleration at time 7.
ii Find the particle’s maximum and minimum acceleration.
iii Find the relation between the particle’s acceleration and position.

iv Find the relation between the particle’s acceleration and velocity.

d Use the information obtained in a—c to describe the motion of the particle.

Solution
R
a 1 v COS 2 4
Atr=0, v= 2cos(—§) =2 s
7%

By inspection, vy = 2 m/s and vy, = —2 m/s.

v = 0 implies

1 7
-0-o
Cos(z 4)

I om_x 3n
2 4 27
1,_3n 7

2 T 47
T

27 27

3n T
For 0 < 1 < 4, the velocity is zero at ¢ = > and t = >

. . 1 . 1
iv The period of v = 2COS(§Z‘ = g) is 25 + 5= 4m seconds.
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436 Chapter 10: Kinematics

1 T
=) -1 — —)
V 005(2 7 V

2 -
0,\2) 1 (4m,\2)

1 7T

b ix=[vdt=|)2 (—t——)dt
X fv f 0052 7

1 d

Letu = Et_ g Then d—L: and so

_1
)
du
=212 — dt
X f cosud[
=4fcosudu

=4sinu+c
1 =n
sl
X sin| 5 = 7 +c
Substituting x = —2V2 at 7 = 0:
-2V2 = 4sin(—;) +c

—2\/§=4X(—%)+c

c=0
Hence X = 4sin(lt - E)
2 4
ii By inspection, Xp.x = 4 m and xp;, = —4 m.

iii The particle passes through the origin when x = 0, which implies

Al 7T
———\|=
Sm(z 4) 0

%t—;:o, 7, 27,
1,_m 5n 9
2 4> 47 4°
,_m om o
2727 2777

T
Thus the particle first passes through the origin at ¢t = 5 seconds.
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10A Position, velocity and acceleration 437

. 1 T (1 b
iv We have v = 2COS(§I — Z) and x = 4s1n(§t - Z)

Using the Pythagorean identity:

1 1
cosz(it = E) + sinz(—t = E) =1

4 2 4
This gives
V2 [x)\?
BRI
2 4
2
K =+ | = )C_
2 16
== i% V16 — x?
1
Vv = iz 16 — X2
c i —@—i2cos(—t——)
dt dt 2
(1 = . .
a=-— s1n(§t - Z) (using the chain rule)

ii By inspection, dpa = 1 m/s? and api, = —1 m/s%.
1 1
ifi Wehavea = — sin(it - g) and x = 4 sin(it - g)

Therefore a = —2.

1 7 1 7
iv Weh = —sin( =t — — =2 —t——
iv We have a sm(2t 4)andv cos(zt 4)

Using the Pythagorean identity again:

2

2 V)
+ —
“ (2

a==4/1-

1

V2
4
1
a=ts V4 — 2
d The particle oscillates between positions +4 m, relative to O, taking 45t seconds for

each cycle. The particle’s velocity oscillates between +2 m/s, and its acceleration
oscillates between +1 m/s.

Maximum and minimum acceleration occurs when the particle is at the maximum
distance from the origin; this is where the particle is instantaneously at rest.
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438 Chapter 10: Kinematics 10A

_______Exercise GV

skillsheet ;4 The position of a particle travelling in a horizontal line, relative to a point O on the line,

Example 2, 3 is x metres at time ¢ seconds. The position is described by x = 3t — 12, ¢ > 0.
a Find the position of the particle at times # = 0, 1, 2, 3,4 and illustrate the motion of
the particle on a number line.
Find the displacement of the particle in the fifth second.
Find the average velocity in the first 4 seconds.
Find the relation between velocity, v m/s, and time, 7 s.
Find the velocity of the particle when # = 2.5.
Find when and where the particle changes direction.

Find the distance travelled in the first 4 seconds.

S0 =-nn ® QO n T

Find the particle’s average speed for the first 4 seconds.

Example4, 2 An object travelling in a horizontal line has position x metres, relative to an origin O, at
time ¢ seconds, where x = =32 + 107 + 8, ¢ > 0.
a Sketch the position—time graph, showing key features.
Find the velocity at time ¢ seconds and sketch the velocity—time graph.
Find the acceleration at time ¢ seconds and sketch the acceleration—time graph.
Represent the motion of the object on a number line for 0 < ¢ < 6.

Find the displacement of the object in the third second.

- O QO n T

Find the distance travelled in the first 3 seconds.

Example 5| 3 A particle travels in a straight line through a fixed point O. Its position, x metres,
relative to O is given by x = £ — 9¢> + 24¢, t > 0, where ¢ is the time in seconds after
passing O. Find:

a the values of ¢ for which the velocity is instantaneously zero
b the acceleration when t = 5
c the average velocity of the particle during the first 2 seconds

d the average speed of the particle during the first 4 seconds.

4 A particle moves in a straight line. Relative to a fixed point O on the line, the particle’s
position, x m, at time ¢ seconds is given by x = #(t — 3). Find:
a the velocity of the particle after 2 seconds
b the values of 7 for which the particle is instantaneously at rest

¢ the acceleration of the particle after 4 seconds.

5 A particle moving in a straight line has position given by x = 2¢> — 41> — 100. Find the
time(s) when the particle has zero velocity.
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10A 10A Position, velocity and acceleration 439

6 A particle moving in a straight line passes through a fixed point O. Its velocity, v m/s, at
time ¢ seconds after passing O is given by v = 4 + 3¢ — ¢2. Find:

a the maximum value of v b the distance of the particle from O when ¢ = 4.

7 A particle moves in a straight line such that, at time ¢ seconds after passing through a
fixed point O, its velocity, v m/s, is given by v = 3#*> — 30¢ + 72. Find:
a the initial acceleration of the particle
b the two values of ¢ for which the particle is instantaneously at rest
¢ the distance moved by the particle during the interval between these two values
d the total distance moved by the particle between ¢ = 0 and t = 7.

8 A particle moving in a straight line passes through a fixed point O with velocity 8 m/s.
Its acceleration, @ m/s?, at time ¢ seconds after passing O is given by a = 12 — 6¢. Find:
a the velocity of the particle when ¢ = 2
b the displacement of the particle from O when ¢ = 2.

Example6| 9 A particle moving in a straight line passes through a fixed point O on the line with
a velocity of 30 m/s. The acceleration, a m/s2, of the particle at time ¢ seconds after
passing O is given by a = 13 — 6¢. Find:

a the velocity of the particle 3 seconds after passing O
b the time taken to reach the maximum distance from O in the initial direction
of motion

¢ the value of this maximum distance.

example 7| 10 An object is dropped down a well. It takes 2 seconds to reach the bottom. During its
fall, the object travels under a gravitational acceleration of 9.8 m/s2.

a Find an expression in terms of ¢ for:
i the velocity, v m/s ii the position, x m, measured from the top of the well.

b Find the depth of the well.
¢ At what speed does the object hit the bottom of the well?

example 8| 11 An object travels in a line such that its velocity, v m/s, at time ¢ seconds is given by

t
V= COS(E), t € [0, 4m]. The initial position of the object is 0.5 m, relative to O.

a Find an expression for the position, x m, of the object in terms of 7.
b Sketch the position—time graph for the motion, indicating clearly the values of ¢ at
which the object is instantaneously at rest.
¢ Find an expression for the acceleration, a m/s?, of the object in terms of z.
d Find a relation (not involving #) between:
i position and acceleration ii position and velocity
iii velocity and acceleration.
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440 Chapter 10: Kinematics 10A

12 A particle moves horizontally in a line such that its position, x m, relative to O at time
t seconds is given by x = 1> — gtz + 12¢ + 10. Find:
a when and where the particle has zero velocity

the average velocity during the third second

the velocity at t = 2

the distance travelled in the first 2 seconds

o Q n T

the closest the particle comes to O.

13 An object moves in a line such that at time ¢ seconds the acceleration, ¥ m/s?, is given
(1 — o
by ¥ =2 s1n(§t). The initial velocity is 1 m/s.
a Find the maximum velocity.

b Find the time taken for the object to first reach the maximum velocity.

14 From a balloon ascending with a velocity of 10 m/s, a stone was dropped and reached
the ground in 12 seconds. Given that the gravitational acceleration is 9.8 m/s?, find:

a the height of the balloon when the stone was dropped
b the greatest height reached by the stone.

1
15 An object moves in a line with acceleration, i m/s?, given by ¥ = m If the
object starts from rest at the origin, find the position—time relationship.
2t
16 A particle moves in a line with acceleration, ¥ m/s?, given by ¥ = (1+—t2)2 If the initial

velocity is 0.5 m/s, find the distance travelled in the first /3 seconds.

t
17 An object moves in a line with velocity, X m/s, given by X = 7 The object starts

from the origin. Find: e
a the initial velocity b the maximum velocity

¢ the distance travelled in the third second d the position—time relationship
e the acceleration—time relationship

f the average acceleration over the third second g the minimum acceleration.

18 An object moves in a horizontal line such that its position, x m, at time ¢ seconds is
given by x = 2 + V¢ + 1. Find when the acceleration is —0.016 m/s>.

19 A particle moves in a straight line such that the position, x metres, of the particle
relative to a fixed origin at time ¢ seconds is given by x = 2sin¢ + cost, for t > 0.
Find the first value of r for which the particle is instantaneously at rest.

20 The acceleration of a particle moving in a straight line, in m/s?, at time ¢ seconds is

d2
‘/ given by d_t; = 8 — ¢'. If the initial velocity is 3 m/s, find the velocity when 7 = 2.
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10B Constant acceleration 441

10B Constant acceleration

If an object is moving due to a constant force (for example, gravity), then its acceleration is
constant. There are several useful formulas that apply in this situation.

Formulas for constant acceleration

For a particle moving in a straight line with constant acceleration a, we can use the
following formulas, where u is the initial velocity, v is the final velocity, s is the
displacement and 7 is the time taken:

1 1
1 v=u+at 2 s=ut+§at2 3 v =u? +2as 4q s=§(u+v)t

Proof 1 We can writ