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ABOUT THIS RESOURCE

Jacaranda Maths Quest 11 Mathematical Methods VCE Units 1 & 2 Second Edition has been updated to
enhance our in-depth coverage of the Study Design, with hundreds of new questions to expand students’
understanding and improve learning outcomes. The Jacaranda Maths Quest series provides easy-to-follow
text and is supported by a bank of resources for both teachers and students. At Jacaranda we believe that
every student should experience success and build confidence, while those who want to be challenged are
supported as they progress to more difficult concepts and questions.

Preparing students for exam success

Topic openers
place mathematics
in real-world
contexts to drive
engagement.

FREE access to
studyON — our
exam, study,
revision and
practice tool — is
included with every
title. studyON allows
you to revise at

the concept, topic,
area of study or unit
level.

Each subtopic
concludes with
carefully graded
technology free and
technology active
questions.

e

TOPIC 3
Quadratic relationships

31

The Manual for the TI-Nspire CAS
calculator and Manual for the
Casio ClassPad Il calculator in

the Prelims of your eBookPLUS

provide step-by-step instructions

on how to use CAS technology.

Questions and topics
are sequenced from
lower to higher levels
of complexity; ideas
and concepts are
logically developed
and questions are
carefully graded,
allowing every
student to achieve
success.

An extensive
glossary of
mathematical terms
is provided in print
and as a hover-over
feature in the
eBookPLUS.
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Each topic opens
with an engaging
Kick off with CAS
activity designed to
stimulate students’
interest and curiosity
and to highlight

the important
applications of

CAS technology in
developing deep
understanding of
the mathematical
concepts presented.

At the conclusion of
each topic, Review
questions allow you
to revise the entire
topic. Short-answer
technology free
questions allow

you to consolidate
your learning.
Technology active
questions are
provided through
multiple-choice and
extended-response
questions.

Fully worked
examples in the
Think/Write format
provide guidance
and are linked to
questions.

Selected worked
examples
demonstrate the use
of CAS calculators.

FREE fully worked
solutions are
provided, enabling
students to get help
where they need it,
whether at home or
in the classroom —
help at the point of
learning is critical.
Answers are provided
at the end of each

topic in the print and
offline PDF.
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eBookPLUS features

Fully worked solutions for every question Concept summary links to studyON for
study, revision and exam practice

Digital documents: downloadable extra
practice questions and fully worked 13 Quadiatic relat Jrcwanda
solutions covering all key concepts in the
topic

A stone is thrown vertically into the air 5o that its height i metres above the
ground after ¢ seconds is given by h = 1.5 + 5¢ — 0.5¢%

2 WhatIs the greatest helght the stone reaches?
Topic summaries in downloadable format SR i SR e A

. . . When Is th 6 bove the und? Wh there
to assist in study and exam preparation st bt

times?

= @ Resources

¥ Interactivity: Projecsies (m1:256%)

A downloadable PDF of the entire topic
of the print text

study[)
GG A8 Tovc2 D Corcers 74

models Summary screen and practice questions.

Interactivities and video elL.essons placed
at the point of learning to enhance
understanding and correct common
misconceptions

jacaranda

In the Prelims section of = i |
your eBookPLUS

A downloadable PDF of the entire
solutions manual, containing fully worked
solutions for every question in the text

FREE copies of the Maths Quest Manual
for the TI-Nspire CAS calculator and

the Maths Quest Manual for the Casio
ClassPad Il calculator

Downloadable fully worked solutions, with
screenshots, to every question in the Casio
manual’s problem-solving chapter. A downloadable PDF of the entire print text

jacaranda

Additional resources
for teachers available
in the eGuidePLUS

In the Resources tab of every topic there
are two topic tests in downloadable,
customisable Word format with
worked solutions.

A stone is thrown vertically into the air so that its height e metres above the
ground after ¢ seconds is given by h = 1.5 + 5¢ — 0,5¢*
3 WMt Is the greatest height the stone reaches?

b After how many seconds does the stone reach its greatest height?

© When Is the stone 6 metres above the ground? Why are there two.
times?

= EB Resources

¥ Interactivity: Projacsies (m1.256%)

study[])
I 2R ADS D Topic 2 Concept 12

Quadratic models Summary screen and practice questions.

In the Prelims section =lms R
of the eGuidePLUS - ——
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MATHEMATICAL 11
METHODS

Additional resources for teachers include
an application task and two problem
solving and modelling tasks.

A work program is provided to assist with
classroom planning.

viii ABOUT THIS RESOURCE



studyON — an invaluable exam preparation tool

studyON provides a complete study solution. An interactive and highly visual online study, revision
and exam practice tool, it is designed to help students and teachers maximise exam results.

Concept summary screens
and interactivities summarise
key concepts and help prevent
misconceptions.

Direct links from the
eBookPLUS help scaffold
students’ understanding and
study practices.

My Results

My Results tracks your results for Practice questions ane Sit
£X3M ASSeSIMENTS, 0 YU can pInpeint your strengths and
weaknesses. My Results has three main components:

1. Achievernent report

7. Perfarmance graph

3. Assessment history

The studyON question hierarchy allows students in the
Continue Studying feature to revise across the entire
course, or to drill down to concept level for a more granular

set of questions.

Course Overview

Sit Exams

Iy Reslilts

Offline Study Pack

Continue Studying

jacaranda

¢ The Sit Exams feature allows students to sit past VCAA exams (Units 3 & 4) or topic tests

(Units 1 & 2) in timed, exam-like situations.

e Students have access to 1000+ past VCAA questions or custom-authored practice
questions at a concept, topic or entire course level, and receive immediate feedback

for every question.

studyON’s built-in progress tracker enables
self-diagnosis of strengths and weaknesses

at a topic and concept level, so students
know exactly what needs extra revision
and can sit their exams with confidence.

studyON Teacher edition is a powerful diagnostic tool

study sludyC

MY GROUPS

A

Enables teachers to assign
activities for extra revision and
practice, and track progress

at an individual, group
and classroom level

Assign activities to your classes, to groups
of to individual students activities.

Assign practice questions at a concept,
topic, area of study or unit level.

Assign sit exams - past VCE exams or
topic teets.

Monitor

Monitor your students’ progress throughout
the year.

Review their sssessment activities.

Review their results and answers to
Individust questions.

Monitor student activity »

Allows teachers to monitor students’

activities and results to pinpoint

strengths and weaknesses. Armed with
evidence-based insights, teachers can
intervene at the right time.

Student performance is tracked and shown
3t topic and concept levels, allowing you to
easily pinpoint individual student strengths
and weaknesses.

Resuits can be scheduled, exported and
printed in Excel.

Alignment with the Jacaranda text helps

with planning, and instant feedback saves
marking time. Built-in reporting functionality
lets teachers easily schedule, export and print
reports in Excel.
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Access your online Jaoaranda

STEP 1 © Go to www.jacplus.com.au
and create a user account.

resources anyWhere, aﬂytime, from STEP 2 © Enter your registration code.
any device in three easy steps:

eBookPLUS is an electronic version of the
textbook, together with a targeted range of
supporting multimedia resources.

eBookPLUS features:

° eBook — the entire textbook in
electronic format

Digital documents designed for easy
customisation and editing

Interactivities to reinforce and enhance
students’ learning

- eLessons — engaging video clips and
supporting material

Weblinks to relevant support material on
the internet

eGuidePLUS features assessment and curriculum
material to support teachers.

STEP 3 © Instant access!

studyON is an interactive and highly visual online
study, revision and exam practice tool designed to help
students and teachers maximise exam results.

studyON features:

Concept summary screens provide concise
explanations of key concepts, with relevant examples.

Access 1000+ past VCAA questions or custom-
authored practice questions at a concept, topic or
entire course level, and receive immediate feedback.

Sit past VCAA exams (Units 3 & 4) or topic tests
(Units 1 & 2) in exam-like situations.

Video animations and interactivities
demonstrate concepts to provide a deep
understanding (Units 3 & 4 only).

All results and performance in practice and
sit questions are tracked to a concept level to
pinpoint strengths and weaknesses.

NEED HELP? Go to www.jacplus.com.au
and select the Help link.

e Visit the JacarandaPLUS Support Centre at

Minimum requirements

JacarandaPLUS requires you to use a
supported internet browser and version,

http://jacplus.desk.com to access a range of step-by-step otherwise you will not be able to access

user guides, ask questions or search for information.
e Contact John Wiley & Sons Australia, Ltd.

Email: support@jacplus.com.au

Phone: 1800 JAC PLUS (1800 522 7587)

your resources or view all features and
upgrades. Please view the complete list of
JacPLUS minimum system requirements at
http://jacplus.desk.com.
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TOPIC 1
Lines and linear relationships

1.1 Overview
1.1.1 Introduction

The French mathematician René Descartes (1596-1650) was one of the first to combine algebra and
geometry.

It may be fictional, but it is said that while lying in bed one morning Descartes was engaged by the problem
of how to describe the position of the fly that he was watching move about a wall in his bedroom. He proposed
that the position of the fly could be fixed by specifying two numbers: one number giving the fly’s distance
from one wall and the other its distance from the adjoining perpendicular wall. The concept of specifying the
position of a point using Cartesian coordinates had come to Descartes.

Furthermore, he recognised that algebra and geometry could be combined. Graphs, such as lines and circles,
could be specified by equations. This branch of mathematics, developed by Descartes, Fermat and others, is
called analytic, or coordinate geometry.

The idea of using a reference frame was
not entirely new as the ancient Greeks
had used such a concept. The astronomer
Eudoxus (¢.408-335 BCE) devised a com-
plex coordinate system to represent the
motion of the sun and moon with the Earth 1 WHHHHHH HH “W
as origin. ' e

Today coordinate systems are used in
large-scale real-world applications including
GPS tracking of vehicles from aircraft to §
delivery vans. GPS tracks positions relative
to the two fixed axes of the Greenwich Prime
Meridian and the equator. In the abstract,
digital world, the three-dimensional polar
and cylindrical coordinate systems are used
in all computer animation.

LEARNING SEQUENCE

1.1 Overview

1.2 Linearly related variables, linear equations and inequations
1.3 Systems of 3 x 3 simultaneous linear equations

1.4 Linear graphs and their equations

1.5 Intersections of lines and their applications

1.6 Coordinate geometry of the straight line

1.7 Bisection and lengths of line segments

1.8 Review: exam practice

Fully worked solutions for this topic are available in the Resources section of your eBookPLUS at
www.jacplus.com.au.

TOPIC 1 Lines and linear relationships 1



1.1.2 Kick off with CAS

Graphing straight lines with restrictions

1.

Using CAS technology, graph the following straight lines.

1
a. y=2x b.y=§x—3
c. y=—x d y=-2x+5
The graphs of the linear relationships in question 1 stretch indefinitely in either direction. They are only

limited by the boundaries of the screen. Using CAS technology, find the appropriate symbols and graph
the following straight lines.

1
a. y=2x|0<x<4 b.y=§x—3|—l§x§3

c. y=—x|x<L2 d y=-2x+5|x>0

. Using CAS technology, determine the endpoints of the straight lines in question 2.
. The image below is that of the famous Tower Bridge across the River Thames in London. Using the

Cartesian plane and your knowledge of straight lines and parabolas, create a model of the image of the
Tower Bridge using CAS technology.

.°11 | Resources

Please refer to the Resources section in the Prelims of your eBookPLUS for a comprehensive step-by-step guide on how
to use your CAS technology.

2 Jacaranda Maths Quest 11 Mathematical Methods VCE Units 1 & 2 Second Edition



1.2 Linearly related variables, linear equations and
inequations
For linearly related variables x and y, the rule connecting these variables is of the form y = a + bx. Plotting

ordered pairs (x, y) which satisfy this relationship will create a straight-line graph.

1.2.1 Variables in direct proportion

Two quantities which vary directly, or are in direct proportion or direct variation, have a linear relationship.
For example, the distance travelled by a person jogging at a steady rate of 6 km/h (or 0.1 km/minute) would
depend on the time spent jogging. The distance is in direct proportion to the time.

Time (minutes) 1020 |30 | 40 | 50 | 60

Distance (kilometres) | 1 | 2 | 3 | 4 | 5| 6

Doubling the time from 20 to 40 minutes causes the distance jogged to also double from 2 to 4 kilometres;
trebling the time trebles the distance; halving the time halves the distance.

In this relationship, time is the independent or explanatory variable and distance the dependent or
response variable. Plotting the points from the table on a distance versus time graph and joining these points
gives a straight line through the origin. Here, time is the independent variable plotted along the horizontal
axis, and distance is the dependent variable plotted along the vertical axis.

Distance (km)

| | | | | | >
t
10 20 30 40 50 60

Time (minutes)

The linear relationship between these variables is described by the rule D = 0.1¢, where ¢ is the time in
minutes and D the distance in kilometres.

For any variables x and y, if y is directly proportional to x:
* theny = kx, where £ is called the constant of proportionality
* the graph of y against x is a straight line through the origin.

TOPIC 1 Lines and linear relationships 3



Other linearly related variables

Not all linear graphs pass through the origin, so not all linearly related variables are in direct proportion.
However, intervals of change between the variables are in direct proportion.

If the jogger started from a point 3 km away from home, then
the distance from home D kilometres after jogging for ¢ minutes
at the steady rate of 6 km/h (0.1 km/minute) would be given by
D =3+0.1z

Although D is not directly proportional to ¢, if  changes by 10
minutes, then D changes by 1 km; if # changes by 20 minutes,
D changes by 2 km; if # changes by 30 minutes, then D changes
by 3 km; and so the changes in D are directly proportional to the
changes in ¢. This occurs because the slope of the line is constant
throughout.

The linear relationship D = 3 + 0.1¢ can be described as
the sum of two parts, one of which is a constant and the other
of which is directly proportional to time. This is called a part
variation.

Distance from home (km)

D=3+0.1¢

0 T T T T T T T T
10 20 30 40 50 60 70 80
Time (minutes)

>
>

t

WORKED EXAMPLE 1

The circumference of a circle is directly proportional to its radius. If the circumference is 167 cm

when the radius is 8 cm, calculate:
a. the constant of proportionality

b. the radius of the circle when the circumference is doubled and sketch the graph of

circumference versus radius.

THINK

a. 1. Define the two variables.

WRITE

a. C = the length of the circumference in

centimetres
r = the length of the radius in centimetres

2. Write the direct variation statement using k for
the proportionality constant.

3. Substitute the given values and solve for k.

C=kr

C =167 whenr =8

167 = k(8)

_1675
8

Sk=2x

. State the rule connecting C and r. b.

2. Substitute the new value for C and solve for r.

C =2nr

Doubling the circumference = C = 327«

327w =2xr

S.r=16
The radius 1s 16 cm.

3. Express the answer in context.
Note: Doubling the circumference has doubled
the radius.
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4. Sketch the graph. CA
r is the independent variable and C the
5 ~ 327 -
dependent variable. £ i
Since the circumference is directly proportional E i
to the radius, the graph of C against ris a 5 E
straight line through the origin. “Qé 16r Lo . i
: |
@) i !
| 1
| |
| |
| |
0 | 1 =

8 16
Radius (cm)

.1 Resources

Interactivity: Linear relationships (int-2547)
Interactivity: Variables in direct proportion (int-2548)

1.2.2 Linear equations

Throughout this subject, the ability to solve equations and inequations of varying complexity will be required.
Here we revise the underlying skills in solving linear equations, noting that a linear equation involves a
variable which has an index or power of one. For example, 2x + 3 = 7 is a linear equation in the variable x
whereas 2x> + 3 = 7 is not (it is a quadratic equation); and 2x + 3 alone is an algebraic expression, not an
equation.

WORKED EXAMPLE 2

Solve for x:

.43 +2x) = 22 + 3x pX+3 1-4&

=X.
5 7
THINK WRITE
a. Expand the brackets and collect all terms in x together a. 4(3 + 2x) = 22 + 3x
on one side in order to solve the equation. 12 + 8x =22 4+ 3x
8x—3x=22-12
5x=10
10
xX=—
5
Sox=2

2x+3 1—4x_

b. 1. Express fractions with a common denominator and  b. 5 7 X
simplify.

72x+3) =51 —4x)

35 -
14x+21-5+20x

35 -
34x+16

35 >
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2. Remove the fraction by multiplying both sides by 34x + 16 = 35x

the common denominator and solve for x. 16 = 35x — 34x
Sox=16
TI| THINK WRITE CASIO | THINK WRITE
b. 1. On a Calculator page, [ b. 1. On the Main screen, complete the o &st iction mersctive
press MENU and select: e x=16 | entry line as: riL*;l‘_;ill_:[EU‘_kﬂ;
3. Algebra som( - 'x‘x) ‘ 2x+3 1 —dx ”""[%'—1'5“-")( . n
1. Solve | solve{ —— - ——=xx| | \
Complete the entry line as: Then press EXE. |
solve |
2x+3 1 —4x ‘
- =XX
5 7 'w |
Then press ENTER. :
Alg Stendard  FAesl Red &l
2. The answer appears on x=16 2. The answer appears on the screen. x = 16
the screen.

Literal linear equations

Literal equations contain pronumerals rather than known numbers. The solution to a literal equation in x
usually expresses x as a combination of these pronumerals rather than as a specific numerical value. Although
the method of solution of linear literal equations is similar to those previously used, it is worth checking to
see if answers may be simplified using algebraic skills such as factorisation.

WORKED EXAMPLE 3

Solve for x: £ard b =
a
THINK WRITE
+ b—
1. Each fraction can be placed on the common - b 2 - -
denominator and then each side multiplied by that a(x+a) = b(lc?l —x)
term. ax+a’=b* = bx

Note: Since there is only one fraction on each side of
this equation, a quick way to do this is to
‘cross-multiply’.

2. Collect all the terms in x together and take out x as the  ax+ bx =b> —a

common factor. xa+b) = —a®
b —a?
3. Divide by the coefficient of x to obtain an expression .. x = "y
for x. “
4. Simplify the expression, if possible. The numerator can be factorised as a
difference of two squares.
b —a®
T a+b
_b-ab+a
B a+b
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5. Cancel the common factor to give the solution in its

simplest form.

_b-ae+m
a+b

Sx=b-—a

1.2.3 Linear inequations

An inequation contains one of the order symbols:
<(less than), < (less than or equal to), > (greater than), > (greater than or equal to).
The order symbols are referred to as inequality symbols.
Linear inequations are solved in a similar way to linear equations; however, care must be taken when

multiplying or dividing by a negative number.

Remember to reverse the order symbol when multiplying or dividing by a negative number.
To illustrate this, consider the inequality statement that —6 < 15. If this inequality is divided by —3 then
the statement must become 2 > —5, so the order symbol has been reversed.
The solutions to linear inequations are sets of values satisfying an inequality, unlike linear equations where

the solutions are unique.

When illustrating inequalities on a number line:
* an open circle, o, is used when the endpoint is not included (< or >)
* aclosed circle, e, is used when the endpoint is included (< or >).

WORKED EXAMPLE 4

Calculate the values for x for which 5 — 4% > 13 and show this set of values on a number line.

THINK

1. Subtract 5 from both sides of the
inequation.
Note: Subtracting a number does not
affect the inequality symbol.

2. Multiply both sides by 5.
Note: Multiplying by a positive number
does not affect the inequality symbol.
3. Divide both sides by —4.
Note: Dividing by a negative number
does require the symbol to be reversed.
4, Illustrate this set of values on a number
line.

The number line has an open end at x = —10
since this value is not included in the set of
solutions, x < —10.

TOPIC 1 Lines and linear relationships
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1.2.4 Systems of 2 x 2 simultaneous linear equations

To find the value of one variable, one equation is needed. However, to find the values of two variables, two
equations are required. These two equations form a 2 X 2 system of equations.

The usual algebraic approach for finding the values of two variables, x and y, which satisfy two linear
equations simultaneously is by using either a substitution method or an elimination method.

Substitution method

In the substitution method, one equation is used to express one variable in terms of the other and this expression
is substituted in place of that variable in the second equation. This creates an equation with just one variable
which can then be solved.

Elimination method

In the elimination method the two equations are combined in such a way as to eliminate one variable, leaving
an equation with just one variable which can then be solved.

WORKED EXAMPLE 5

a. Use the substitution method to solve the following system of simultaneous equations for x and y.

y=3x-1
x—=3y=11

b. Use the elimination method to solve the following system of simultaneous equations for x and y.

8x +3y=-13
Sx +4y = —6
THINK WRITE
a. 1. Write the two equations and number them for a. y=3x-1 [1]
ease of reference. x—3y=11 [2]
2. Since the first equation already has y in terms Substitute equation [1] into equation [2].
of x, it can be substituted for y in the second x—3C@x—-1)=11
equation.
3. Solve for x. x—9x+3=11
—8x=11-3
—8x=28
Sox=-—1
4. Substitute the value of x into one of the original Substitute x = —1 into equation [1].
equations and calculate the y-value. y=3(-1)-1
Sy=—4
5. State the answer. The solutionis x = —1 and y = —4.
6. Itis a good idea to check that these values Check: In equation [2], if x = —1 and
satisfy both equations by substituting the values y = —4, then:
for x and y into the other equation. x—3y=(-1)—-3x%x(-4)
=—1+12
=11
True

8 Jacaranda Maths Quest 11 Mathematical Methods VCE Units 1 & 2 Second Edition



b. 1. Write the two equations and number them for b. 8x + 3y =—13 [1]
ease of reference. Sx+4dy=—6 2]

2. Choose whether to eliminate x or y and adjust Eliminate y.
the coefficient of the chosen variable in each Multiply equation [1] by 4:
equation. 32x+ 12y = =52 [3]
Note: Neither equation readily enables one Multiply equation [2] by 3:
variable to be expressed simply in terms of the 15x + 12y = —18 [4]
other, so the elimination method is the more
appropriate method here.

3. Eliminate y and solve for x. Equation [3] — equation [4]
Note: ‘Same Signs Subtract’ can be 32x — 15x = -52 — (—18)
remembered as the SSS rule. 17x = -34

Sox=-=2

4. Substitute the value of x into one of the original Substitute x = —2 into equation [2]
equations and calculate the y-value. 5(=2)+4y=-6
Note: Alternatively, start again but this time —10+4y=-6
eliminate x. 4y =—-6+10

4y =4
Sy=1

5. State the answer. The solutionis x = =2,y = 1.

TI| THINK WRITE CASIO | THINK
b. 1. On a Calculator page, [ b. 1. On the Main screen, select:
press MENU and R P e e e Action
select: x=-2and y=1 * Advanced B beatetal]
3. Algebra | e solve
1. Solve Complete the entry line as:
Complete the entry solve ({8x + 3y =—13,5x + 4y = -6},
line as: {x,y}
solve Then press EXE.
(8x+3y=—13 and
Sx+4y=-16,{x,y}) 5
Ag Stnnrd Peal Rad at

Then press ENTER.
2. The answer appears
on the screen.

x==-2,y=1 2. The answer appears on the screen. x==-2,y=1

| Resources

Interactivity: Simultaneous equations (int-2549)

1.2.5 Solving problems using equations

The symbolism of algebra enables statements of problems to be expressed very concisely and succinctly. This
is part of its power and beauty. Mathematicians may construct sets of equations to model relationships between
various variables and, by solving these, contribute to our collective understanding of real-world phenomena.

In setting up equations:
* define the symbols used for the variables, specifying units where appropriate
* ensure any units used are consistent
* express answers in the context of the problem.

TOPIC 1 Lines and linear relationships 9



WORKED EXAMPLE 6

The organisers of an annual student fundraising event for charity know there will be fixed costs
of $120 plus an estimated cost of 60 cents per student for incidental costs on the day of the
fundraiser. The entry fee to the fundraising event is set at $5.
a. Form an algebraic model for the profit the event can expect to make.
b. What is the least number of students who must attend the event to avoid the organisers
making a loss?
A proposal is made to lower the student entry fee by allowing staff to attend the event.
c. If 30 students and 5 staff attend, the revenue gained on entry fees is $145 whereas if
55 students and 15 staff attend the revenue is $312.50. How much is the proposed entry fee
for a student and how much is it for a member of staff?

THINK

a. 1.

b. 1.

Define the variables.

. Form expressions for the cost and the

revenue, ensuring units are consistent.

. Form the expression for the profit to

define the algebraic model.

Impose the condition required to avoid b.

a loss and calculate the consequent
restriction on .

. Express the answer in the context of

the question.

. The problem is now posed in terms of

other variables. Define these and
express the given information using a
pair of simultaneous equations.

. Solve this system of simultaneous

equations by elimination.

WRITE

a.

C.

Let n = the number of students attending the event
P =the profit made in dollars

Profit depends on costs and revenues.

Revenue ($) = 5n

Costs ($) = 120 + 0.60n

Profit = revenue — costs

Hence,

P =5n— (120 + 0.60n)

.. P =4.4n — 120 gives the linear model for the

profit.

A loss is made if P < 0. To avoid making a loss, the

organisers require P > 0.

4.4n—-120>0

4.4n > 120
-
T 44
Son>27.2727...
To avoid making a loss, at least 28 students need to
attend the event.
Let the entry fees be:
s dollars for students and
t dollars for staff.
30s + 5t = 145

55s + 15¢t = 312.5
Eliminate 7.
Multiply equation [1] by 3.
90s + 15¢ = 435

555+ 15t = 312.5
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Subtract equation [2] from equation [3].
90s — 555 =435 — 312.5

355 = 122.5
1225
35

S.s=35

Substitute s = 3.5 into equation [1].
30(3.5) + 5t =145

105 + 5t = 145
5t =40
St=38
3. Write the answer in context. The student entry fee is $3.50 and the staff entry fee
is $8.

study[1])

Linearly related variables Summary screen and practice questions

Exercise 1.2 Linearly related variables, linear equations and
inequations

Technology free

1. [EZ8 The volume of a cone of fixed base radius is directly proportional to its height. If the volume is
967 cm® when the height is 6 cm, calculate:
a. the constant of proportionality
b. the height of this cone when its volume is halved and sketch the graph of volume versus height.

2. From the following diagrams a to c, select those graphs which show two linearly related variables. For
these, describe the relationship and determine the linear rule between the variables.
a. The simple interest (/) earned on an investment of $100 versus the number of years (7) of investment

1A
100
(2,92)

0
e
1

(=N
=)
1

(1, 46)

I~
(e
!

Simple interest

V]
=)
1

T T T >
0 o5 1 15 2 T
No. of years
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b. The area (A) of a circle, in cm~, versus the length of the radius (r), in cm

AL
18 -

&
£ 2,12.57)
<
o
< (1.5,7.07)

6_

>

0 05 1 15 2
Radius (cm)

c. The weekly wage earned (W) versus the number of hours (n) of overtime work

WA

W

-

-
1

450

Weekly wage ($)

N
(]
(e

Py

(0, 400)

8| T T T >
0 05 1 15 2 "
No. of hours of overtime

3. [l Solve for x:
4 —x N 3x—2

a. 35x—1)=4x—-14 b. 3 ) =5
4. Solve the following linear equations
a 2x—5=11 b.%+4=—1
c. 2x—4=5x+3 d. Sx+3=-4(1-%)
Sx+2 3—-2x x+4
& T3 6 7
3x—2+x+4_ ) . 4x -5 x+4_1
STy 5 "6 2
5. Solve the following linear equations for x.
4
a. 7(2x —3) = 5(3 + 2%) b. %-9:7
2x 3x+5 4-2x
L A4=-2x—-6)= — d. =
¢ (x=06)=3 9 5
x+2+x x+1 1 f7x 3x ) +9
e. - - = . === -
3 2 4 5 10 “\""2
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6. The cost per day of running a children’s creche is the sum
of two quantities, one of which is the constant fixed cost
of $210 and the other of which is directly proportional
to the number of children attending the créche.

If the cost is $330 on a day when 20 children attend:

a. form the linear relationship between the cost
per day, C dollars, and n, the number of children
attending the créche that day.

b. What will the cost be on a day when 25 children
attend?

7. Solve each of the following for m by making m the subject.

a.ﬂ+z=x b.b—£=cd c. 2m+c=3d—m
8 m
2 3 2m—-3 4 -
d. md—k=d+ mc e.. —+-=c¢ f. m = n
m b d a
d— _
8. [E= Solve for x: t_47s
a d
9. Solve the following literal equations for x, expressing solutions in simplest form.
a. ax+b=c b. a(x—b) = bx c. a’x+a® = ab+ abx
p x+x +b bx—a cx+a ; x+a ) x—>b
. = —=d . = R —_ =
a b N c b b a

10. [fIZ Calculate the values for x for which 7 — % < —2 and show this set of values on a number line.

11. Solve the following inequations

a 4-2x>5 b 2204 c. 2x—3<dx+1
4 — 5- 3x+2

d —2(=5)—x>3@x+4) e l—-——T>-1 . 2x<-x;
12. Solve the following inequations for x.

a. 3x—5<-8 b. 4x—6)+3(2—-2x) <0

2x 5x 4-—x
== > 11 d — — > 2
¢ 3= 6 2
2 3

e. 8x+7(1 —4x) <Tx—-3(x+3) f. 5(x—6)—§(x+4)>1+x
13. [l a. Use the substitution method to solve the following system of simultaneous equations

for x and y.

x=2y+5
4x —3y =25
b. Use the elimination method to solve the following system of simultaneous equations for x and y.
5x+ 9y =-38
—3x+ 2y=28

14. Solve each of the following sets of simultaneous equations for x and y.

a. dx+3y=5 b. x=2y—4 c. Tx—-3y=11

y=x-3 x=1-28y 2x+3y=7
d. 2x+3y=10 e. 2x+3y=11 f. 4x—3y=-38
xX—y=-5 3x+ 5y =18 Sx+2y=-13

TOPIC 1 Lines and linear relationships 13



15.

Solve the following simultaneous equations for x and y.
a. y=5x-1 b. 3x+5y=4 c. x=5+%
x+2y=9 8x+2y=-12
—4x —3y =35
X Yy
d 8x+3y=38 e. §+§=8 f. ax+ by =4ab
35 ax — by = 2ab
—2x+1ly=— XY
6 § + 5 =7

Technology active

16.
17.
18.
19.

20.

21.

22.

T0x=3)  3@x+5) _ 3

Solve for x: 1
olve for x 2 7 >
Solve for x: b(x + ¢) = a(x — ¢) + 2bc
Solve for x: 42 +3x) > 8 —3(2x+ 1)
Solve for x and y:
a 2x—y=7 b. ax—by=a

Tx =S5y =42 bx+ay=»b
Use CAS technology to solve:

2x—1 3-2x 3

L 36x=2)+5@x—-2)=8(x—2 b. — < =
a. 30x—-2)+56x—-2)=8(x—-2) st 20
c. 4x—3y=23 d. 3(x+2)=2y

Tx + 4y =31 7x — 6y =146

Form the linear equation connecting the two variables and then use the
equation to answer the question in each of the following:

a. When an elastic string is extended x units beyond its natural length, the
tension 7 in the string is directly proportional to the extension. When
the string is extended by 0.2 metres the tension is 0.7 newtons. What is
the tension in the string after it has been extended a further 0.1 metre?

b. The cost C of purchasing petrol from a petrol station is directly
proportional to the number of litres / poured into the car’s tank.

If it costs $52.49 to fill a tank with 36.2 litres, how many litres of petrol
can be purchased for $43.50?

c. A ball is thrown vertically upwards with a velocity v of 12 m/s, which
then decreases by an amount proportional to ¢, the number of seconds the ball moves upwards. After
0.5 seconds the ball has slowed to a velocity of 7.1 m/s. How many seconds after it is thrown
upwards will the ball start to fall back to the ground?

Solve the following problems by first forming linear equations.

a. The sum of two consecutive even numbers is nine times their difference. What are these two
numbers?

b. Three is subtracted from a certain number and the result is then multiplied by 4 to give 72. What is
the number?

c. The sum of three consecutive numbers is the same as the sum of 36 and one quarter of the smallest
number. What are the three numbers?

d. The length of a rectangle is 12 cm greater than twice its width. If the perimeter of the rectangle is
48 cm, calculate its length and width.

e. The ratio of the length to the width to the height of a rectangular prism is 2:1:3 and the sum of the
lengths of all its edges is 360 cm. Calculate the height of this rectangular prism.
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23. [l Although the organisers of a secondhand book sale are allowed free use of the local Scouts Hall
for their fete, they must contribute $100 towards heating and lighting costs and in addition donate

20c¢ from the sale of each book to the Scouts Association. The books are intended to be sold for

$2.50 each.

a. Form an algebraic model for the profit the book sale can expect to make.

b. What is the least number of books that must be sold to ensure the organisers make a profit?

A proposal is made to sell the hardcover books at a different price to the paperback books.

c. If 40 hardback books and 65 paperbacks are sold, the revenue gained from the sales would be $330
whereas the sale of 30 hardback books and 110 paperbacks would bring revenue of $370. How much
are the sale prices of hardback books and of paperback books under this proposal?

24. a. When 4 adults and 5 children attend a pantomime, the total cost of the
tickets is $160 whereas the cost of the tickets for 3 adults and
7 children is $159. How much is an adult ticket and how much does a
child’s ticket cost?

b. A householder’s electricity bill consists of a fixed payment together
with an amount proportional to the number of units used. When the
number of units used was 1428 the total bill was $235.90 and when
the number of units was 2240, the bill was $353.64. How much will
the householder’s bill be if 3050 units are used?

c. The temperature measured in degrees Celsius, C, is linearly related to the temperature
measured in degrees Fahrenheit (F). Water boils at 100 °C or 212 °F and freezes at 0 °C or 32 °F.
Find the linear equation that enables conversion of degrees Fahrenheit to degrees Celsius.

*\\m\\\\\

2
2%
=S
N
A

25. A cyclist travels at an average speed of 16 km/h along a road. Fifteen minutes after the cyclist sets out, a
motorcyclist starting from the same place travels along the same road at an average speed of 48 km/h.
How many minutes will the cyclist have travelled before being overtaken by the motorcyclist?

26. a. A car travelling at 60 km/h takes ¢ hours to go from A to B. If the speed

of the car is reduced by 10 km/h, the time to go from A to B is increased
by half an hour. Calculate the value of ¢ and find the distance between A
and B.

b. A cyclist travelling at an average speed of # km/h takes ¢ hours to travel
from A to B. On reaching B, the cyclist rests for 0.1 hours before
returning from B to A along the same route. If the cyclist reaches A
2t hours after first setting out, find an expression for the average speed of
the cyclist on the return journey.

27. A cricket social club committee booked four tables at a local restaurant for a casual lunch for their
members. The organisers were unsure in advance how many people were attending but on the day three
or four people sat at each table.

a. Construct an inequality to describe the number of people from the cricket club who actually attended
the lunch.

b. The lunch consisted of two courses for a fixed amount per person. If the total bill the cricket social
club had to pay was exactly $418.50, how many people from the cricket club attended the lunch and
what was the fixed charge per person?

c. Included in the lunch cost was complimentary tea or coffee. If the number of tea drinkers was half
the number of coffee drinkers and each person had either a coffee or a tea, how many of the cricket
club members drank coffee and how many drank tea?
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28. a. It is thought that the chirping rate of cicadas is linearly
related to the temperature. Use the given data to
construct a linear model of the chirping rate C and
temperature 7.

Temperature (°C) | Chirping rate (chirps/minute)

21° 113

27° 173

b. Solve for x and y:
ax+bcy=c
bx + acy = c.

1.3 Systems of 3 x 3 simultaneous Ilnear equatlons

The yield from a crop of zucchini plants appears to be linearly
related to the amount of sunshine and the amount of rainfall the
crop receives. This could be expressed as a linear equation

Z = a+bx+cy using the variables z for the number of zucchini har-
vested, x for the amount of sunshine and y for the amount of rain.
Such linear relationships have three variables, x, y and z, so their
graph would require a sketch in 3-dimensional space (something
for future mathematical studies).

However, situations may arise in which we need to solve a sys-
tem of three simultaneous linear equations in three unknowns. It
will be sufficient to restrict our attention to solving systems that
have unique solutions (although this is not always the case for such
systems).

.+ 1| Resources

Interactivity: Equations in three variables (int-2550)

1.3.1 The manual method for solving 3 equations in 3 variables

The steps involved in solving 3 equations in 3 variables are as follows:
* Reduce the 3 X 3 system to a 2 X 2 system by eliminating the same variable from two different pairs of
equations.
* Solve the 2 X 2 system of simultaneous equations using an elimination or substitution method to obtain
the values of these two variables.
» Substitute these values for two of the variables into an original equation to obtain the value of the third
variable.
Where one equation allows a variable to easily be expressed in terms of the other two variables, substituting
this expression into both of the other equations would create the 2 X 2 system of simultaneous equations.
Note: A CAS calculator or other technology may be used to solve 3 X 3 systems of equations.
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WORKED EXAMPLE 7

Solve for x, y and z in the following 3 X 3 system of simultaneous equations:

3x—4y+5z=10
2x+y—3z=-7
Sx+y—2z2=-9

THINK

1. Number the equations for ease of reference.

. Decide which variable to eliminate and
choose a pair of equations to carry out this
elimination. Number the resultant equation.

. Choose a second pair of equations to
eliminate the same variable. Number the
resultant equation.

. The original 3 X 3 system has been reduced
to a 2 X 2 system of simultaneous equations
in x and z.

Write these equations.

. Solve the equations to find x and z.

Note: Either of the elimination or
substitution methods could be used.

Looking at the coefficients of z in each of the
two equations, we shall choose to eliminate z.

. Finally, to obtain y, substitute the values of x
and z into one of the original equations.
Note: For ease of calculation, it is usual to
select the equation which looks the simplest.

. State the answer.

. Itis a good idea to check that the solution
satisfies the other two equations by
substituting the values and showing that LHS
(left-hand side) equals RHS (right-hand side).

WRITE

3x—4y+5z= 10 [1]
2x+y—3z = -7 [2]
Sx+y—2z =-9 [3]

Eliminate y from equations [1] and [2].
Multiply equation [2] by 4.
8x +4y — 12z = -28 [4]

3x—4y+5z=10 [1]

Add equations [4] and [1].

Sollx =7z = —18 [5]
Eliminate y from equations [3] and [2].
5x+y—27 =-9 (3]
2x+y—3z=-7 [2]

Subtract equation [2] from equation [3].
S3x4+z=-2 [6]

11x -7z = —18 [5]
3x+z=-2 [6]

Eliminate z.
Add equation [5] and 7 times equation [6].
1Ix+7%X3x==184+7 X (=2)

32x=-32
32
¥=-3
Sox=-—1
Substitute x = —1 into equation [6].
S A
sz=1

Substitute x = —1, z = 1 into equation [2].
2(-1)+y—-3(1)=-7

—2+y—-3=-7
W=08 = =7
Sy=-2
The solutionisx = —1,y = =2
and z = 1.

Check: In equation [1] substitute x = —1,
y=—-2andz=1.
LHS=3X(-1)—4Xx(-2)+5x (1)

=-34+8+5

=10

= RHS
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In equation [3] substitute x = —1, y = =2

and z = 1.
LHS=5%x(-1)+(-2)—2 x (1)
=-5-2-2
=-9
= RHS

THT

b. 1. On a Calculator page, press

HINK

MENU and select:
3. Algebra
1. Solve

Complete the entry line as:
solve 3x —4y+5z=10
and 2x + y — 3z=-7 and
S5x +y —2z2=-9,{x,y,2})
Then press ENTER.

. The answer appears on the

screen.

CASIO | THINK

b. 1. On the Main screen, select:

solve(S- x=43+5- z=10 and 2 x+3~3-7=-7 a* ‘ * Action
x=-1and y=-2and z=1 ¢ Advanced
e solve

Complete the entry line as:
solve (3x — 4y + 5z,
2x+y—-3z=-7,
S5x+y—-2z=-9 ,{x,y.2})
Then press EXE.

x=—-l,y=-2,z=1

2. The answer appears on the screen.

WRITE

[ et sction mtwactive

SIMECDINEN

b (Gxeay+Gam1 0, Txey=Bew 3
=1, 5=-2,2=1)

]

~a Maard Pl Ped -

x=-1, y=-2,
z=1

study[T]
Units 182 > A0S1 ) Topic1 > Concept 2 4

Systems of simultaneous linear equations Summary screen and practice questions

Exercise 1.3 Systems of 3 x 3 simultaneous linear equations

Technology free

1. Consider the 3 X 3 system of simultaneous equations:

-~ ® 20

xX+2y+z=6 [1]
dx—y—z=1 [2]
3x+4y+z=28 [3]

i. Which variable would be eliminated by adding together equations [1] and [2]?

ii. Explain how z could be eliminated from equations [1] and [3].

A. [3]1-12]

C. 2x[3]-[1] D. 2x[2]+[1]

2. Consider the 3 X 3 system of equations shown.

Sx+4y+2z=2 [1]
2x+3y+2z= -8 (2]
—Tx+2y+2z=-42 [3]

@ Which of the following operations would create an equation in which y was eliminated?
B. 2 X [3]+[1]
Equation [4] is formed by adding equations [2] and [3]. Write down equation [4].
Equation [5] is formed by adding equations [1] and [2]. Write down equation [5].
Show that x = 3 and y = —2 satisfy both equations [4] and [5].

. Calculate the value of z.

E. [1]1-2x[2]
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To solve for x, y and z, first reduce to a 2 X 2 system by eliminating the same variable from two
different pairs of the equations. Suppose we choose to eliminate z.
a. Copy the following and complete the working in the spaces shown to obtain equations [4] and [5]

Sx+4y+2z7 =2 [1] 2x+3y+27=-8 2]
2x+3y+2z = -8 [2] —Tx+2y+2z7=-42 [3]
equation [1] —[2] equation [2] — [3]

.............................. [4] [5]
b. Solve equations [4] and [5] to find x and y

c. Substitute these values for x and y into one of the original equations, to calculate z.
3. Solve for x, y and z in the following 3 X 3 system of simultaneous equations:

S5x=2y+z=3
3x+y+3z=5
6x+y—4z=062.

4. Solve for x, y and z in the following 3 X 3 system of simultaneous equations:

z=12—-x+4y
z=4+5x+3y
z=5-12x - 5y.
In questions 5-10, solve the 3 X 3 systems of simultaneous equations for x, y and z.
5. 2x+3y—z=3 6. x—2y+z=-1
Sx+y+z=15 x+4y+3z=9
4x —6y+z=06 x=Ty—z=-9
7. 2x—y+z=-19 8. 2x+3y—4z=-29
3x+y+97=-1 —5x—2y+4z=40
4x+3y—-5z=-5 Ix+5y+z=21
9. 3x—2y+z=28 10. y=3x-5
3x+6y+z=32 x—z_y+10=0
3x+4dy—5z=14 2
I9x+2y+z=0

Technology active

In questions 11-14, set up a system of simultaneous equations to use to solve the problems.
11. At a recent art exhibition the total entry cost for a group of
3 adults, 2 concession holders and 3 children came to $96; 2 adult,
1 concession and 6 child tickets cost $100; and 1 adult,
4 concession and 1 child ticket cost $72. Calculate the cost of an
adult ticket, a concession ticket and a child ticket.

12. Agnes, Bjork and Chi are part-time outsource workers for the
manufacturing industry. When Agnes works 2 hours, Bjork
3 hours and Chi 4 hours, their combined earnings total $194. If
Agnes works 4 hours, Bjork 2 hours and Chi 3 hours, their total
earnings are $191; and if Agnes works 2 hours, Bjork 5 hours
and Chi 2 hours their combined earnings total $180. Calculate
the hourly rate of pay for each person.
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13. A nutritionist at a zoo needs to produce a food compound in which the concentration of fats is 6.8 kg
unsaturated fats, 3.1 kg saturated fats and 1.4 kg trans fats. The food compound is formed from three

supplements whose concentration of fats per kg is shown in the following table:

Unsaturated fat | Saturated fat Trans fat
Supplement X 6% 3% 1%
Supplement Y 10% 4% 2%
Supplement Z 8% 4% 3%

How many kilograms of each supplement must be used in order to create the food compound?
14. A student buys a sandwich at lunchtime from the school canteen

for $4.20 and pays the exact amount using 50 cent coins,

20 cent coins and 10 cent coins. If the number of 20 cent coins

is the same as half the 10 cent coins plus four times the number

of 50 cent coins and the student pays the cashier with 22 coins in

total, how many coins of each type did the student use?

15. a. Use CAS technology to obtain the values of x, y and z for the
system of equations:
2x+6y+5z=2
Sx — 10y — 8z =20.8
Ix+4y+10z=1

b. Use CAS technology to obtain the values of x, y, z and w for the 4 X 4 system of equations:
xX—y+4z-2w=38
3x+2y—2z4 10w =67
2x+8y+18z4+w=-14
8x =Ty —80z+ 7w =117

c. Use CAS technology to obtain the values of x;, x,, x3 and x4 for the

44 system of equations: Earlier than the Europeans,

possibly around 250 ec,
the work of Chinese
mathematicians in
Chui-chang suan-shu (Nine
chapters on the
Mathematical Art), gave the
solution to simultaneous
linear equations in 3
unknowns.

dx1 + 2xy + 3x3 + 6x4 = —13

12x1 — 11x, — 7.5x3 + 9x4 = 16.5
X1+ 18x3 — 12x4 = 8

=3x; 4+ 12x) — x5 + 10x4 = —41

16. The yield of zucchini, z kg/hectare, over a period of x hours of sunshine
and y mm of rainfall is shown in the following table.

Z x y EaRE
r‘g ' AL
23 30 320
e +
28 50 360 FE 5
;t'{flg wh 4_&
30 40 400 :f‘% o5
a. Form a linear model in the form z = a + bx + cy for this data. ?; g
b. How many kilograms per hectare of zucchini would the model predict == 73
= v
for 40 hours of sunshine and only 200 mm of rain? B
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1.4 Linear graphs and their equations

Intervals of change between linearly related variables are in direct proportion. This means there is a steady,
or constant, rate of change of the dependent variable with respect to the independent variable.

1.4.1 Steady rates of change and linear rules

If the cost of hiring a bicycle is $20 plus an additional $0.50 per kilometre of travel then the cost increases
steadily from $20 by 50 cents for every kilometre travelled. The rate of change of the cost is $0.50
per kilometre. Thus, if the bicycle is hired for a journey of 10 km then the cost would be $(20 + 10 x 0.50)
which equals $25.

The relationship between the cost and the distance variables could be illustrated by plotting the ordered
pairs (0, 20) and (10, 25) and joining these points with a straight line which extends beyond the point (10, 25).

Number of km travelled | 0 | 10

Cost in dollars 20 | 25
CA
30

& 257 (10, 25)
()
& 204 !
- (0, 20)
S 15
S 10-

5 ]

T T T T >

]

T T
5 10 15 20 25 30
No. of km travelled

The rate of increase of the cost remains constant between any two points on the line.

. change in cost
For this graph, the rate of change of the cost =

change in km travelled

. 25-20
T 10-0
=0.50

The linear rule for the hire cost, C dollars, is C = 20+ 0.50x, where x is the number of kilometres travelled.
The rate of change of the cost appears in this rule as the coefficient of the independent variable x.

1.4.2 Gradient of a line

The gradient or slope measures the rate of change of the dependent variable with respect to the independent
variable. Along a line, there is a steady rate of change so the gradient is constant. It measures the steepness

. . rise
of the line as the ratio —.
run
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The gradient of a line, usually denoted by the pronumeral m, can be calculated by choosing any two points
that are known to lie on the line. If a line contains the two points with coordinates (x;, y;) and (x, y,) then

the gradient of the line is

rise Y, —)
m = 22 J1

run x2 _xl

YA
! (X2, ¥2)

rise =y,

(e yn) \

/ run = x, — Xy
0 X

Y

An oblique line has either a positive or a negative gradient, depending on whether the relationship between
x and y is increasing or decreasing. If it is increasing, as the run increases, the rise increases so y, —y; > 0
and m > 0; if the relationship is decreasing, as the run increases, the rise decreases or falls so y, —y; < 0 and

m < 0.
2y YA
|run
Lifall
< A < AV -
0 0 X
Y Y m<0

Horizontal lines have a gradient of zero since the rise between any two points is zero; and the gradient of
a vertical line is undefined since the run between any two points is zero.

YA YA

A
A
LY

Y
y m is
undefined

All vertical lines are parallel, and all horizontal lines are parallel. For other lines, if they have the same
gradient then they have the same steepness, so they must be parallel to each other.

The gradient appears in the linear rule which connects the two variables x and y.

If the rule or equation is expressed in the form y = ax + b then the gradient is the coefficient of x in this
equation. Hence, for the line described by y = 20 + 0.50x (or y = 0.50x + 20), the gradient is 0.50.
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WORKED EXAMPLE 8

Calculate the gradient of the given line.
YA

\ 0, 4)

(10, 0)
= 0 X
Y
THINK WRITE
1. Examine the diagram to locate two The intercepts with the coordinate axes are
known points on the line and state their shown.
coordinates. Given points: (0,4), (10, 0)
2. Apply the gradient formula using one Let (x1,y1) = (0,4) and (x,y,) = (10, 0)
point as (x1,y;) and the other as (x2, 7). m=22
X2 — X1
_0-4
- 10-0
_ 4
10
som=-04
3. State the answer. The gradient of the given line is —0.4.
4. An alternative method would be to Run = 10, and rise (fall) = —4
calculate the rise and the run from the P
diagram. ruil
Som= - -0.4

1.4.3 Sketching lines and half planes from their linear rules

While many straight lines may be drawn through a single point, only one line can be drawn through two fixed
points. Two points are said to determine the line. The coordinates of every point on a line must satisfy the rule
or equation which describes the line.

Sketching oblique lines

While any two points whose coordinates satisfy the equation of a line can be used to sketch it, the two points
which are usually chosen are the x- and y-intercepts. Should the line pass through the origin then the coordi-
nates of the x- and y-intercepts are both (0, 0), which gives one point to use. A second point would then need
to be identified. The coordinates of a second point may be obtained by substituting a value for x or y into the
rule or equation that describes the line, or alternatively the gradient could be used.

Sketching horizontal and vertical lines

The y- or x-axis intercept is used to sketch a horizontal or vertical line respectively. These intercepts are evident
from their equations.
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The equation y = ¢, where ¢ is a constant, represents a horizontal line with a y-axis intercept at (0, c¢). The
equation x = d, where d is a constant, represents a vertical line with x-axis intercept of (d, 0).

Sketching half planes

Half planes are the regions which lie on either side of a line, with the line referred to as the boundary line of
the region.

If a line is described by a linear equation such as y = ax + b, then the linear inequations y < ax + b or
y>ax+b or y<ax+b or y > ax+ b describe half planes. The boundary line is included in a closed region
for whichy < ax+ b or y > ax + b, and not included in an open region for whichy < ax+bor y > ax+ b.

Any non-vertical line divides the Cartesian plane into a region above the line and a region below the line.
Since the y-coordinate measures vertical distance, the half plane, or region, above the line consists of all the
points which have y-values greater than each of those of the corresponding points on the line. The half plane,
or region, below the line has the points with y-values smaller than those on the line.

v X v X X X
X ﬂé(ﬁv o y40ﬁ ﬂé‘ﬁ $4°$
3y~ N7 T .4
i b ,/’/ x 0
Vs 4 0% X AT 4, or
v7 3
A vertical line also divides the Cartesian plane into two half planes, one of which consists
of the points with x-coordinates smaller than that of the boundary line and the other with
x-coordinates greater than that of the boundary line. x<d |x>d
To sketch a half plane:
* sketch the boundary line, drawing it either as an open or closed line depending on the
x=d

inequality sign of the region.
* shade the appropriate side of the boundary line. (We shall always shade the required
region, not the unrequired region, which is an alternative convention some texts adopt.)
When sketching half planes, it may be helpful to test a point not on the boundary line to determine whether
that point satisfies the inequation. If it does, then shade the side of the line containing that point; if not, shade
the side of the line which does not contain the point. The origin (0, 0) is usually a convenient point to use.

WORKED EXAMPLE 9

Sketch the set of points for which:

3x
a.y = —7
b. 2x —y = 6. Hence, sketch the region described by 2x —y < 6.
cx=4
dy > —2.
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THINK

a. 1.

Calculate the y-intercept.

2. A second point is needed.

b. 1.

Substitute another value for x in
the equation of the line.

. Plot the two points and sketch

the line.

Calculate the y-intercept.

. Calculate the x-intercept.

. Plot the two points and draw a

straight line through them. Label
the points and the line
appropriately.

. Notice the inequation indicates a

half plane, or region on one side
of the line 2x — y = 6 is required.
Rearrange the inequation to
make y the subject.

WRITE

3x

ay=——

2

Whenx =0,y =0.
= (0, 0) is both the x- and the y-intercept.
The line must pass through the origin.
Point: let x = 2.

3 X (2)
2
=-3

= (2,—-3) is a point on the line.

YA
—_3x
)
_ 0,0 _
- 0 i X
|
|
---R(2,-3)
Y
.2x—y=6
y-intercept: let x = 0,
2x0-y=6
Sy=—06

= (0, —6) is the y-intercept.
x-intercept: let y = 0,

2x—0=6
2x =06
Sox=3
= (3, 0) is the x-intercept.
YA
2x-y=06
= 0 3.0) %
(0,-6)
A
2x—y<6
—y<—-2x+6
Sy>2x—6

Note: The inequality sign is reversed by the division
by —1.
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5. Determine whether the region Region: y > 2x -6

lies above or below the boundary Hence, the boundary line is y = 2x — 6.
line. Therefore the required region is the open half plane above
the boundary line.
6. Sketch the boundary line and y = 2x — 6 is the same as 2x — y = 6.
shade the required region. From part b, this boundary line has axis intercepts at

(0, —6) and (3, 0). It is drawn as an open or non-solid line
because of the > sign in the inequation describing the

region.
The required region is shaded on the diagram.
’ y
/I 2x—y=06
- J .
) o /6o *
l/
Il
2x-y<6 //
/
0, -6)
y’ Region required
7. An alternative method is to test a Substitute x = 0, y = 0 into each side of the inequation.
point such as the origin to see if LHS=2x—y
its coordinates satisfy the =2(0) — (0)
inequation. =0
RHS =6

Since 0 < 6, the origin does satisfy the inequation.
Therefore the side of the line 2x — y = 6 containing the

origin should be shaded.
c. x = 4 is the equation of a x=4
vertical line. Sketch this line. x-intercept (4, 0)
YA A
x=4
= 0 @0
Y /
d. 1. Determine the region that is d. Region: y > -2
required. Boundary line: y = -2

Therefore the required region is the closed half plane
above and including the boundary line.

26 Jacaranda Maths Quest 11 Mathematical Methods VCE Units 1 & 2 Second Edition



2. Sketch the boundary line and The boundary line is a horizontal line with y-intercept
shade the required region. 0, =2).
It is drawn as a closed, or solid, line because of the > sign
in the inequation describing the region. The required
region is shaded on the diagram.

YA

X

A
=)

>
>

A

0.-2)] y=-2
Y Region required

3. The alternative method of testing Substitute x = 0, y = 0 into each side of the inequation.
the origin is included as a check. LHS =y
=0
RHS = -2

Since 0 > —2, the origin does satisfy the inequation.
Therefore, the side of the line y = —2 which contains the

origin should be shaded.
Tl | THINK WRITE CASIO | THINK WRITE
d. On a Graphs page, d. On a Graph screen, complete the Ot Zoon Anaysls o %
delete the = and select: entry line as: 'L~J'—M‘~3LAJB~L
(Shmet Shest? [Shastd [Shmetd Sheets| |
5.> y> =2 ‘ 2 —0
Complete the entry line as: Then tap the Graph icon. [EHe [ |

y>-2
Then press ENTER.

1.4.4 Forming equations of lines

Regardless of whether the line is oblique, horizontal or vertical, two pieces of information are required

in

order to form its equation. The type of information usually determines the method used to form the equation

of the line. The forms of the equation of an oblique line that are most frequently used are:
* the point-gradient form

* the gradient-y-intercept form. A

Point—gradient form of the equation of a line

Given the gradient m and a point (x;, y;) on the line, the equation of the
line can be formed as follows:
For any point (x, y) on the line with gradient m:

(1, y1)

y—=—W" < >
m= 0 X
X — X
y=—y1=m(x—xp) Y
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A line with gradient m and passing through the point (x,, y,)
has the equation:
y—=—y,=m (x _xl)

This equation is known as the point—gradient form of the equation of a line.

Gradient—y-intercept form
A variation on the point—gradient form is obtained if the known point is the y-intercept.

If a line with gradient m cuts the y-axis at the point (0, ¢), then using (0, ¢) for (x, y1),

y=y1=m(x—x)
Ly—c=m@x—-0)
SLy=mx+c

The equation of a line in the form y = mx+c features the gradient as the coefficient of x and the y-intercept as
c. In this context it is common to refer to c as the y-intercept, with the understanding that the actual coordinates
of the y-intercept are (0, ¢).

A line with gradient m and y-intercept ¢ has the equation:

y=mx+c

This equation is known as gradient—y-intercept form.

1.4.5 General form of the equation

The general form of the equation of a line can be written as ax + by + ¢ = 0. Any equivalent form of this

equation is an acceptable form for the equation of a line. For instance, the equation 3x + y — 2 = 0 is equally

as well expressed in equivalent forms which include y = -3x+2, y=2-3x, y+3x =2, x + % = %

Of course, it is important to be able to recognise that the examples given are all equivalent.

WORKED EXAMPLE 10

a. Form the equation of the line with gradient 4, passing through the point (3, —7).
b. Form the equation of the line passing through the points (5,9) and (12, 0).
c. For the line shown, determine its equation.

YA

A
v\\

A' (0’ _4)

d. Obtain the gradient and the coordinates of the y-intercept of the line with the equation
3x—8 +5=0.
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THINK

a. 1.

State the given information.

2. Write the point—gradient form of the equation.

. Substitute the given information and simplify

to obtain the equation.

. State the given information.

. Use the two points to calculate the gradient.

3. Write the point—gradient form of the equation.

4. The point—gradient equation can be used with

d.1.

either of the points. Substitute one of the points
and simplify to obtain the equation.

. The equation could be expressed without

fractions. Although this is optional, it looks
more elegant.

. Had the point (5, 9) been used, the same answer

would have been obtained.

. Calculate the gradient from the graph (or use

the coordinates of the y-intercept and the
x-intercept points).

. One of the points given is the y-intercept. State

m and c.

. Use the gradient—y-intercept form to obtain the

required equation.

Express the equation in the form y = mx + c.

WRITE

a. The gradient and a point are given.
m=4,(x1;,y1) = (3,-7)
y =y =mx—xi)
y= () =4x-3)
y+7=4x—-12
Sy=4x-19
b. Two points are given.
Let (x1,y1) = (5,9) and (x2,y2) = (12,0)

_0-9
"T10=s
9
T 7

y =y =mx—xp)
Let (12, 0) be the given point (x;, y;) in this
equation.

&
y—0=—§(x—l2)

9
y=-=(-12)
Ty =-9(x —12)
Ty =—-9x + 108

Ty +9x =108

Check: 9
y=9=-2(-5)

T(y—9)=-9x-5)
Ty — 63 = —9x + 45

Ty +9x =108
Same equation as before.
rise
c. m=—
run
4
.m= -
8
1
m= —
2
1
m=§,c=—4
y=mx+c
1
y=§x—4
d. 3x—8y+5=0
S3x+5=28y
) _3x+5
Ly=—gtg
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0| W
o
Il

2. State m and c. m=

3. Express the answer in the required form. Gradient is

0| W ool n

5
and y-intercept is (O, g)

Resources

=S Q)
on
on

«‘ Interactivity: Equations from point—gradient and gradient-y-intercept (int-2551)

study[T]

Linear graphs and their equations Summary screen and practice questions

Exercise 1.4 Linear graphs and their equations

Technology free

1. [EZ] Calculate the gradient of the given line.
YA

(-3,0)

A

(0’ _4)
N

2. a. Determine the gradient of the straight line with x-intercept at (—2, 0) and y-intercept at (0, 4).
b. Determine the gradient of the line shown.

c. Determine the gradient of the line shown.

d. Determine the gradient of the line passing through the points (7, —2) and (2, 5).

30 Jacaranda Maths Quest 11 Mathematical Methods VCE Units 1 & 2 Second Edition



3. Calculate the gradient of the line joining the following points.

a.
C.

(=3, 8)and (-7, 18) b. (0, —4) and (12, 56)
(=2, =5) and (10, =5) d. (3, =3)and (3, 15)

4. Show that the line passing through the points (a, ) and (—b, —a) is parallel to the line joining the points
(—c,d) and (—d, ).

5. [l Sketch the set of points for which:
a. y=4x
b. 3x+ 2y = 6. Hence sketch the region described by 3x + 2y > 6
c. x<3
dy=2
6. Sketch the following linear graphs
a.y=3x—-6 b. y=—-4x+1 c.y=§—5 d. y+3x=38
e. y=5 f. y=4x g. y=—-0.5x h. 2x=0
7. Sketch the lines with the following equations.
a. y=3x+38 b. 4y—-x+4=0 c. 6x+5y=30
x 3y 6x
d. 3y—5x=0 e.z—z—6 f.y——7
8. Sketch the half planes described by the following inequations.
a. y<3-3x b. 4x+y>12
c. 5Sx—2y<8 d x> —4
e. y<0 f. y<x
9. 21 a. Form the equation of the line with gradient —2, YA

passing through the point (-8, 3).

b.

d. Obtain the gradient and the coordinates of the y-intercept

Form the equation of the line passing through the points
(4, —1)and (-3, 1).
Determine the equation of the line shown to the right.

(0, 6)

of the line with equation 6y — 5x — 18 = 0.
4, 0)

A

10. What is the equation of the line parallel to the x-axis that passes through the point (2, 10)?

11. a. State the equation of the line with a y-intercept at (0, 2) and a gradient of 5.
b.
C.

Determine the equation of the graph shown to the right.

Determine the equation of the line with a gradient of 3 and passing
through the point (1, 2).

Form the equation of the linear graph passing through the origin with a
gradient of —5.

Form the equation of the line that passes through the points (—1, 0) and
(3,-2).

Find the equation in the form ax + by + ¢ = 0 for the line with gradient
—% and passing through the point (-3, 5).
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12. a. Form the equations of the given graphs.

. YA i, y
8- \“
77 9

6

5_ ,,,,,,,,

4 67
3_

2- 3

|
|
|
|
3
14 i <177 T T T
I |||}|||||= _3—2—10123456X
—3—2—1_012345678x —3-
—27 Y

b. A line contains the points (—12, 8) and (=12, —1). Form its equation and sketch its graph.
c. Find the equation of the line passing through (10, —8) which is parallel to the line y = 2, and sketch
its graph.
13. Find the equations of the straight lines that are determined by the following information.
a. Gradient —5, passing through the point (7, 2)
Gradient %, passing through the point (—4, —6)

13

Gradient —1 %, passing through the point (0, —9)

Gradient —0.8, passing through the point (0.5, —0.2)

Passing through the points (-1, 8) and (—4, —2)

Passing through the points (0, 10) and (10, —10)

State the gradient and the coordinates of the y-intercept of the graph which has the equation
y=2x-8.

b. What is the gradient of the line with equation 5x — 3y — 6 = 0?

c. Determine the gradient and the coordinates of the y-intercept of the line with equation 4y — 3x = 4.
d. Which of these lines are parallel?

O -0 2 0

14.

i.3x—4y—-4=0
i. 4y—-3x—-6=0
iii. 6bx—8y—6=0

iv. 2y—6x—12=0
15. Find the gradient and the y-intercept of the lines with the following equations.
a. 4x+5y =20
2x y

b, = -2 =—
37 1° 7

c. x—6y+9=0
d 2y—-3=0
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Technology active

16.
17.

18.

19.

20.

21.

22,

Determine whether the point (—2.2, 17.6) lies on, above or below the line with equation y = 4.4 — 10x.
Sketch with CAS technology the lines with the following equations.

a. 2y—4dx=-11 b. x=35 c. y=-3

Use CAS technology to sketch the regions defined by the following.

a. 2y —4x > —11 b. x<5andy>1

Find the value of « if the point (2a, 2 — a) lies on the line given by 5y = —3x + 4.

Does the point (=22, 13) lie on, above or below the line with equation 7y — 3x = 25?

Form the equation of the line containing the points (p, ¢) and (—p, —¢q).

If y is directly proportional to x, and y = 52.5
when x = 15:

p o T o

i. find the rule for y in terms of x
ii. sketch the graph of y versus x and state its gradient.
b. If the cost, C dollars, of hiring a rowing boat is $30 plus
$1.50 per hour, or part thereof:

i. find the rule for C in terms of the hire time in hours ¢
ii. sketch the graph of C versus ¢ and state its gradient.

A girl’s pulse rate measured 180 beats per minute

immediately following an exercise session, and

thereafter decreased by an amount proportional to the time

that had elapsed since she finished exercising.

a. Construct a rule relating her pulse rate, p beats per
minute and ¢, the time in minutes since she stopped the
exercise.

b. If the girl’s pulse rate decreases at 10 beats per minute,
how long does it take for her pulse rate to return to its
normal rest rate of 60 beats per minute?

c. Express p in terms of ¢ and sketch the ¢ vs p graph over
an appropriate interval.

d. What is the gradient of the graph?

A family of parallel lines has the equation 3x — 2y = k
where k is a real number.

a. What is the gradient of each member of this family of
lines?

Show that all lines in the family contain the point (k, k).
Which member of the family contains the point (=3, —8)?
Which member of the family has a y-intercept of 2?
Sketch the lines found in part ¢ and part d on the same

set of axes.

P 2000

f. Describe the closed region between these two lines using inequations.
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1.5 Intersections of lines and their applications

Graphs offer visual communication and allow compar-  Dollars
isons between models to be made. If a revenue model and A
cost model are graphed together, it is possible to see when Revenue

a profit is made.

A profit will be made only when the revenue graph lies
above the cost graph. At the point of intersection of the two .
graphs, the break-even point, the revenue equals the costs. i
Before this point a loss occurs since the revenue graph lies E
below the cost graph. 0 N

Costs

Break-even point

> Number of sales

The point of intersection of the two graphs becomes a Sales < N Sales > N
point of interest as the number of sales needed to make a = Loss = Profit

profit can be deduced from it. However, this key feature
cannot often be obtained with precision by reading from the graph.

1.5.1 Intersections of lines

Two lines with different gradients will always intersect at a point. Since this point must lie on both lines, its
coordinates can reliably be found algebraically using simultaneous equations.

WORKED EXAMPLE 11

The model for the revenue in dollars, d, from the sale of n items is dz = 20r and the cost of

manufacture of the n items is modelled by d. = 500 + 5n.

a. Find the coordinates of the point of intersection of the graphs of these two models and sketch the
graphs on the same set of axes.

b. Obtain the smallest value of n for a profit to be made.

THINK WRITE
a. 1. Write the equation at the point of a. At the intersection, or break-even point:
intersection. dr = dc
20n = 500 + 5n
2. Solve to find n. 157 = 500
100
n=—
3
1
n=233-
. 100
3. Calculate the d coordinate. When n = =
100
d=20XxX —
3

2

..d =666 =

3

. . . . L. 1 2
4. State the coordinates of the point of The point of intersection is 335, 6665 .
intersection.
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5. Both graphs contain the intersection Points: Let n = 0,

point. Find one other point on each ~.dr =0 and dc = 500
graph. The revenue graph contains the points
1 2
0,0),| 33=,666= |.
0,0) < 3 3>

The cost graph contains the points

1, .2
0,500),( 33<,666= |.
.50, (3356663 )

6. Sketch the graphs. d (dollars)
800

600
400
200

@
P
’__
=
N _|
=
O _|
=
B _|
S
O |
=

=

b. 1. State the condition for a profit to be b. For a profit, dg > dc.
1
made. From the graph dr > dc when n > 335.

2. Answer the question. Therefore, at least 34 items need to be sold for a
profit to be made.

1.5.2 The number of solutions to systems of 2 x 2 linear simultaneous

equations

Since a linear equation represents a straight line graph, by considering the possible intersections of two lines,
three possible outcomes arise when solving a system of simultaneous equations.

Case 1 Case 2 Case 3
mﬁémz m,=m, n:l1=’?12’cl=62
(parallel) (identical)
Case 1: Unique solution to the system.  Case 2: No solution to the system.  Case 3: Infinitely many solutions.
The equations represent two lines The equations represent parallel The equations are equivalent and
which intersect at a single point. lines. represent the same line. Every

point on the line is a solution.
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If the system of equations is rearranged to be of the form

y=m1x+cl
y=myx +c,

then:
* unique solution if m, # m,
* no solution if m; = m, and ¢, # ¢,
* infinitely many solutions if m; = m, and ¢, = c,.

WORKED EXAMPLE 12

Find the value of m so that the system of equations shown below has no solutions.

mx—y=2
3x +4y =12
THINK WRITE

1.

Rearrange both equations to the
y = mx + ¢ form.

. State the gradients of the lines the

equations represent.

. State the condition for the system of

equations to have no solution, and
calculate m.

. The possibility of the equations being

equivalent has to be checked.

. State the answer.

mx—y=2=>y=mx—2
and :
3x+4y=12:>y=—zx+3

Gradients are m and — 7

For the system of equations to have no solution,
the lines have to be parallel, but have different
y-intercepts.

For the lines to be parallel, the two gradients have

to be equal.
3

Som=——

4
Substitute m = =2 into the y = mx + ¢ forms of
the equations.

3
y= —Zx —2and y= —Zx + 3 represent parallel
lines since they have the same gradients and
different y-intercepts.
3

Therefore if m = 1 the system will have no

solution.

=y
{“ f [ I

11| Resources

\)

Interactivity: Intersecting, parallel and identical lines (int-2552)
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1.5.3 Concurrent lines

Three or more lines that intersect at a common point are said to be concurrent. Their
point of intersection is known as the point of concurrency.

To show that three lines are concurrent, the simplest method is to find the point of
intersection of two of the lines and then check whether that point lies on the third line.

WORKED EXAMPLE 13

Show that the three lines with equations 5x + 3y = 1, 4x + 7y = 10 and 2x —y = —4 are concurrent.

THINK WRITE
1. Select the pair of equations to solve Consider
simultaneously. 4x+ Ty =10 [1]
2x—y=—4 [2]
2. Solve this system of equations. Eliminate x.

Multiply equation [2] by 2 and subtract it
from equation [1].
Ty —2X(=y)=10-2x%x(—4)

Ty+2y=10+8
9y =18
Sy=2
Substitute y = 2 into equation [2].
2x—2=-4
2x= -2
Sox=-—1

Lines [1] and [2] intersect at (—1, 2).
3. Test whether the values for x and y satisfy the Substitute x = —1,y = 2 into 5x + 3y = 1.

third equation. LHS=5%x(-1)+3x%x(2)
=1
= RHS
Therefore (—1, 2) lies on 5x + 3y = 1.
4. Write a conclusion. Since (—1, 2) lies on all three lines, the three

lines are concurrent. The point (—1, 2) is their
point of concurrency.

study[T]
| Units 182 ) A0S 1 > Topic1 > Concept5 2

Coordinate geometry graphical representation Summary screen and practice questions
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Exercise 1.5 Intersections of lines and their applications

Technology free

1. Use simultaneous equations to find the coordinates of the point of intersection of the lines with equations
3x —2y =15 and x + 4y = 54.

2. Find the coordinates of the point of intersection of each of the following pairs of lines.
a. 4x—3y=13and 2y — 6x = -7

3
b. y=Zx—9andx+5y+7=0

c.cy=-S5Sandx=7
3. A triangle is bounded by the lines with equations x = 3,y = 6 and y = —3x.
a. Find the coordinates of its vertices.
b. Calculate its area in square units.
4. 2311 If the model for the revenue in dollars, d, from the sale of n items is dg = 25n and the cost of
manufacture of the n items is modelled by d¢ = 260 + 12n:
a. find the coordinates of the point of intersection of the graphs of these two models and sketch the
graphs on the same set of axes
b. obtain the smallest value of n for a profit to be made.
5. The daily cost of hiring a bicycle from the Pedal On company is $10 plus 75 cents per kilometre whereas
from the Bikes R Gr8 company the cost is a flat rate of $20 with unlimited kilometres.
a. State the linear equations that model the costs of hiring the bicycles from each company.
b. On one set of axes, sketch the graphs showing the cost versus the number of kilometres ridden, for
each company.
c. After how many kilometres are the costs equal?
d. Shay wishes to hire a bicycle for the day. How can Shay decide from which of the two companies to
hire the bicycle?
6. [fIZHA Find the value of m so that the following system of equations has no solutions.

2mx 4+ 3y =2m
dx+y=>5
7. For what values of a and b will the following system of equations have infinitely many solutions?
ax+y=>b
3x—2y=4

8. For what value of p will the lines 2x + 3y = 23 and 7x + py = 8 not intersect?

9. a. Express the lines given by px + 5y = g and 3x — gy = 5¢, (¢ # 0), in the y = mx + ¢ form.
b. Hence, determine the values of p and ¢ so the system of equations
px+5y=gq
3x—qy=5q

will have infinitely many solutions.
c. What relationship must exist between p and ¢ so the lines px + S5y = g and 3x — gy = 5¢ will intersect?

Technology active

10. Use the graphing facility on CAS technology to obtain the point of intersection of the pair of lines

1749 3
y= 5 al andy =8 — Tx, to 2 decimal places.

11. The line passing through the point (4, —8) with gradient —2 intersects the line with gradient 3 and
y-intercept 5 at the point Q. Find the coordinates of Q.
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12. [[IIZE) Show that the three lines with equations 2x + 3y = 0, x — 8y = 19 and 9x + 5y = 17 are
concurrent.

13. Find the value of a so that the three lines defined by x + 4y = 13, 5x —4y = 17 and —3x + ay = 5 are
concurrent.
14. a. Show that the following three lines are concurrent and state their point of concurrency:
3x—y+3=0,5x+2y+ 16 =0and 9x — 5y +3 =0
b. Determine the values of d so that the three lines x + 4y = 9, 3x — 2y = —1 and 4x + 3y = d are not
concurrent.
15. A tram starting from rest travels for part of its journey at a speed, in km/h, which is directly proportional
to its time, in minutes, of travel. After 2 minutes the speed of the tram is 10 km/h.

Travelling along the same route over the same period of time, the speed of a bus is partly constant and
partly varies as the time of travel. Two minutes after the tram starts, the bus is travelling at 18 km/h;
three minutes after that its speed has increased to 27 km/h.

a. Assuming neither the tram nor the bus stop for passengers during this time interval, construct the
linear models for the speed of the tram and the speed of the bus over this time period.

b. Sketch each model on the same set of axes over a 5-minute time period.

c. How long does it take for the tram’s speed to be faster than that of the bus?

16. The graph shows cost, C, in dollars, versus distance x, in kilometres, for two different car rental
companies A and B.

c($
A B
/4}7
A
0 x (k)

The cost models for each company are C = 300 + 0.05x and C = 250 + 0.25x.
a. Match each cost model to each company.
b. Explain what the gradient of each graph represents.
c. Construct a linear rule in terms of x for y = Ca — Cg, the difference in cost between Company A
and Company B.
d. Sketch the graph of y = Cs — Cp showing the intercepts with the coordinate axes.
e. Use the graph in part d to determine the number of kilometres when:
i. the costs of each company are the same
ii. the costs of Company A are cheaper than those of Company B.
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17. The position of a boat at sea is measured as x km east and y km north of a lookout taken to be the origin
(0, 0). Initially, at 6 am, the boat is 2 km due north of the lookout and after 1 hour, its position is 6 km
east and 3 km north of the lookout.

a. Write down the coordinates of the two positions of the boat and, assuming the boat travels in a
straight line, form the equation of its path.

b. The boat continues to sail on this linear path and at some
time ¢ hours after 6 am, its distance east of the lookout is
67 km. At that time, show that its position north of the
lookout is (z + 2) km.

c. Determine the coordinates of the position of the boat at
9.30 am.

d. The positions east and north of the lighthouse of a second
boat, a large fishing trawler, sailing along a linear path are

given by x = and y = frespectively, where 7 is

the time in hours since 6 am. Find the coordinates of the
positions of the trawler at 6 am and 7 am and hence (or
otherwise) find the Cartesian equation of its linear path.

e. Show that the paths of the boat and the trawler contain a
common point and give the coordinates of this point.

f. Sketch the paths of the boats on the same axes and explain
whether the boat and the trawler collide.

18. At time ¢ a particle P; moving on a straight line has coordinates given by x = ¢,y = 3 + 2¢, while at the
same time a second particle P, moving along another straight line has coordinates given by
x=t+1,y=4r-1.

a. Use CAS technology to sketch their paths simultaneously and so determine whether the particles
collide.
b. What are the coordinates of the common point on the paths?

1.0 Coordinate geometry of the straight line

The gradient of a line has several applications. It determines if lines are parallel or perpendicular, it determines
the angle a line makes with the horizontal and it determines if three or more points lie on the same line.

1.6.1 Collinearity

Three or more points that lie on the same line are said to be collinear.

If mag = mpc then the line through the points A and B is parallel to the
line through the points B and C; but, since the point B is common to both /
AB and BC, the three points A, B and C must lie on the same line. B

A
Alternatively, the equation of the line through two of the points can be
used to test whether the third point also lies on that line.
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WORKED EXAMPLE 14

Show that the points A(—5, —3), B(—1,7) and C(1, 12) are collinear.

THINK WRITE
1. Select two of the points. For the points A and B, let (x;,y;) be
(=5, -3) and (x5, y,) be (—=1,7).
2. Calculate the gradient of AB. m= bl
X2 — X1
_1-(=3)
T —1-(=5)
_ 10
4
) 5
S MAB = =
AB = 3
3. Select another pair of points containing a common  For the points B and C, let (x;, y;) be
point with the interval AB. (=1,7) and (x, y2) be (1, 12).
4. Calculate the gradient of BC. m=22"
Note: The interval AC could equally as well have )?2_ x17
been chosen. m=——"—
1-(-1)
) 5
S.Mmpc = =
BC = 5
5. Compare the gradients to determine collinearity. Since map = mpc and the point B is

common, the three points lie on the
same line so they are collinear.

1.6.2 Angle of inclination of a line to the horizontal

If 6 is the angle a line makes with the positive direction of the x-axis (or other horizontal line), and m is the
gradient of the line, then a relationship between the gradient and this angle can be formed using trigonometry.
In the right-angled triangle,

anf = opPosite
adjacent
__rise
" run
Stanf=m

Hence, the gradient of the line is given by

m = tan@

If the line is vertical, & = 90°. If the line is horizontal, 8 = 0°. <
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For oblique lines, the angle is either acute (0° < 6 < 90°) or
obtuse (90° < 8 < 180°) and a calculator is used to find 6.
In the obtuse-angle case, 8 = 180° — @ where @ is acute. If

the gradient of the line is m = —% then, using trigonometry,
tan @ = g and therefore # = 180° — tan™! (%)

a., .. .
Note that 5 is the positive part of m. The mathematical term

A

<Y

for this positive part is the absolute value and it can be written
a . . .
as|m| = 5 or alternatively, just remember to use the posi-

tive part of the gradient when calculating the obtuse angle of
inclination. For example, if m = —3, then |m| = 3 and the
obtuse angle is calculated from 6 = 180° — tan™'(3).

If m > 0 then O is an acute angle, so 6 = tan~'(m)
If m < 0 then 0 is an obtuse angle, so 6 = 180° — tan™!(| m|)

WORKED EXAMPLE 15

a. Calculate, correct to 2 decimal places, the angle made with the positive direction of the x-axis
by the line which passes through the points (—1,2) and (2, 8).

b. Calculate the angle of inclination with the horizontal made by a line which has a gradient
of —0.6.

c. Obtain the equation of the line which passes through the point (5, 3) at an angle of 45° to
the horizontal.

THINK WRITE
a. 1. Calculate the gradient of the line through a. Points (—1,2) and (2, 8)
the given points. o 8§—-2
2-(-D
_ 6
"3
=2
2. Write down the relationship between the tanf = m
angle and the gradient. Sotanf =2
3. Find 6 correct to 2 decimal places using 6 =tan"'(2)
a calculator. - 0 ~63.43°
4. Answer in context. Therefore the required angle is 63.43°.
b. 1. State the relationship between the angle  b. The gradient —0.6 is given.
and the gradient given. tand =m
o tand = —-0.6
2. Write down the method for finding the The required angle is obtuse since the gradient is
obtuse angle. negative.

0 = 180° — tan~'(Im|)
Since m = —0.6, |m| = 0.6
0 = 180° — tan‘1(0.6)
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3. Calculate the angle. .0~ 149.04°

4. Answer in context. Therefore the required angle is 149°, to the
nearest degree.
c. 1. State the relationship between the c. m=tan0
gradient and the angle.
2. Substitute the given angle for 6 and m = tan (45°)
calculate the gradient. Som=1
3. Use the point—gradient form to obtain y—yi=mx—x1), m=1, (x;,y1) = (5,3)
the equation of the line. y=3=1x-5)
SLy=x-—2
4. State the answer. The equation of the line is y = x — 2.

1.6.3 Parallel lines

Parallel lines have the same gradient but different y-intercepts. A set of parallel lines is called a family of lines

since each line has a common feature, namely the same gradient.
If two lines with gradients m; and m, are parallel, then m; = m,.
Each line would be inclined at the same angle to the horizontal.

A family of parallel lines
y

>
>

A

AN

1.6.4 Perpendicular lines

A pair of lines are perpendicular to each other when the angle
between them is 90°. For a pair of oblique lines, one must have a
positive gradient and the other a negative gradient.

To find the relationship between these gradients consider two
perpendicular lines L; and L, with gradients m; and m, respec-
tively. Suppose m; > 0, and m, < 0 and that L; is inclined at an
angle 6 to the horizontal.

The diagram shows the line L; passing through the points A
and B and the line L, passing through the points A and D with the
angle BAD a right angle.

Taking AC as 1 unit, the sides in the diagram are labelled with
their lengths. The side CB has length m;. Since lengths must be
positive, the side CD is labelled as —m; since m, < 0.

Y

> Horizontal
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From the triangle ABC in the diagram, tanf = ? = m; and from the triangle ACD in the diagram,

1
tanf = —.
Hence,
1
m = —
mymy = -1

This is the relationship between the gradients of perpendicular lines.

mm, =-1 or m,= o
1

o If two lines with gradients m; and m, are perpendicular, then the product of their gradients is —1. One
gradient is the negative reciprocal of the other.

o It follows that if m;m, = —1 then the two lines are perpendicular. This can be used to test for
perpendicularity.

WORKED EXAMPLE 16

a. State the gradient of a line which is
i. parallel to 2y — 5x = 4
ii. perpendicular to 2y — 5x = 4.
b. Show that the lines y = 4x and y = —0.25x are perpendicular.
c. Determine the equation of the line through the point (1, 1) perpendicular to the line
y=-3x-09.

THINK WRITE

a.i. 1. Rearrange the equation of the given a.i. 2y —5x =4

line to express it in the y = mx + ¢ 2y=5x+4
form. y = Sx + 4
2 2
S5x
Ly=—+2
Y= +
5
2. State the gradient of the given line. The given line has m = o
3. State the gradient of a line parallel The gradient of a parallel line will be the same as
to the given line. that of the given line.

Therefore a line parallel to 2y — 5x =4 has a

5
gradient of X

ii. 1. State the gradient of a perpendicular ii. The gradient of a perpendicular line will be the
line to the given line. negative reciprocal of the gradient of the given
line.

5 2
Ifm1 = E then myp = —g.

Therefore a line perpendicular to 2y — 5x = 4 has

2
a gradient of —3
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b. 1. Write down the gradients of each b. Lines: y = 4x and y = —0.25x

line. Gradients: m; = 4, my = —0.25
2. Test the product of the gradients. mimy =4 X —0.25
Sompmy = —1
Therefore the lines are perpendicular.

c. 1. State the gradient of the given line c. For y = —3x — 9, its gradient is m; = —3.
and calculate the gradient of the The perpendicular line has gradient
perpendicular line. 1

m; = ——.
nj

1
Therefore the perpendicular line has gradient 3"

1
2. Use the point—gradient form to m= 3 and (x1, y;) = (1, 1)
qbtmn the equation of the required Y=y = m(x —x1)
line. 1
Sy—1= g(x— 1)
S30-D=1x-1)
S 3y—-3=x-1
S 3y—x=2
3. State the answer. The required line has equation 3y — x = 2.

study[1])
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Exercise 1.6 Coordinate geometry of the straight line

Technology free

1. [EI31 Show that the points A(=3, —12), B(0, 3) and C(4,23) are collinear.

2. Determine whether the points A(—4, 13), B(7, —9) and C(12, —19) are collinear.

3. Find the value of b if the three points (3, b), (4,2b) and (8,5 — b) are collinear.

4. For the points P(—6, —8), Q(6,4) and R(—32, 34), find the equation of the line through P and Q and
hence determine if the three points are collinear.

5. Explain whether or not the points A(—15, —95), B(12,40) and C(20, 75) may be joined to form a
triangle.

6. lIZ0 a. State the gradient of a line which is:

i. parallel to3y —6x =1

ii. perpendicular to 3y —6x = 1.

Show that the lines y = x and y = —x are perpendicular.

Determine the equation of the line through the point (1, 1) perpendicular to the line y = 5x + 10.

Determine the gradient of the line parallel to the line x — 2y = 6.

Determine the gradient of the line parallel to the line 3y —4x+2 = 0.

Determine the gradient of the line perpendicular to y = 3x — 4.

Determine the gradient of the line perpendicular to 4y — 2x = 8.

g oo o000
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8. a. Determine the gradient of the line perpendicular to 5x +4y — 1 = 0.
b. What is the gradient of the line that is perpendicular to the line connecting the two points (—3,5) and

2,-7)?
c. What is the gradient of the line that is perpendicular to the line connecting the two points (2,4) and
7,-1)?

d. Show that the lines y = 0.2x and y = —5x are perpendicular.
9. Determine the equation of the line, in the form ax + by = ¢, which:

a. passes through the point (0, 6) and is parallel to the line 7y — 5x = 0
b. passes through the point (—2, %) and is parallel to the line 3y + 4x = 2
c. passes through the point (—%, 1) and is perpendicular to the line 2x — 3y +7 =0
d. passes through the point (0, 0) and is perpendicular to the line 3x —y =2

10. Find the coordinates of the x-intercept of the line which passes through the point (8, —2), and is parallel
to the line 2y — 4x = 7.

Technology active

11. [ZH a. Calculate, correct to 2 decimal places, the angle made with the positive direction of the x-axis
by the line which passes through the points (1, —8) and (5, —2).
b. Calculate the angle of inclination with the horizontal made by a line which has a gradient of —2.
c. Obtain the equation of the line which passes through the point (2, 7) at an angle of 135° to the
horizontal.
12. a. What is the gradient of the line that passes through the point (1, 2) at an angle of 40° to the
horizontal?
b. A line passes through the x-axis inclined at an angle of 145° with the positive direction of the x-axis.
Calculate the gradient of this line.
13. a. Calculate the angle of inclination with the horizontal made by the line which has a gradient of 0.5.
b. What is the angle of inclination with the horizontal made by the line which has a gradient of —0.5?
14. Calculate the magnitude of the angle the following lines make with the positive direction of the x-axis,
expressing your answer correct to 2 decimal places where appropriate.

a.
YA

(3.9

(2,0)4p

<

LY

Y

b. The line that cuts the x-axis at x = 4 and the y-axisaty = 3
c. The line that is parallel to the y axis and passes through the point (1, 5)
d. The line with gradient —7

15. Calculate the angle of inclination with the horizontal made by each of the lines whose gradients are 5
and 4 respectively, and hence find the magnitude of the acute angle between these two lines.

16. Determine the equation of the line which passes through the point (—6, 12) making an angle of
tan~'(1.5) with the horizontal.
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17. A line L cuts the x-axis at the point A where x = 4, and is inclined at an angle of 123.69° to the positive
direction of the x-axis.
a. Form the equation of the line L specifying its gradient to 1 decimal place.
b. Form the equation of a second line, K, which passes through the same point A at right angles to the
line L.
c. What is the distance between the y-intercepts of K and L?
18. a. Find the value of a so that the line ax — 7y = 8 is:
i. parallel to the line 3y + 6x =7
ii. perpendicular to the line 3y + 6x = 7.
b. Find the value of c if the line through the points (2¢, —c) and (c, —c — 2) makes an angle of 45° with
the horizontal.
c. Find the value of d so the line containing the points (d + 1,d — 1) and (4, 8) is:
i. parallel to the line which cuts the x-axis at x = 7 and the y-axis aty = =2
ii. parallel to the x-axis
ii. perpendicular to the x-axis.
. The angle between the two lines with gradients —1.25 and 0.8 respectively has the magnitude a°.
Calculate the value of a.
19. Given the points P(-2, —3), Q(2,5), R(6,9) and S(2, 1), show that PQRS is a parallelogram. Is PQRS a
rectangle?
20. Determine the equation of the line which passes through the point of intersection of the lines
2x — 3y =18 and 5x + y = 11, and is perpendicular to the line y = 8.

o

1./ Bisection and lengths of line segments

1.7.1 Line segments

In theory, lines are never-ending and of infinite length; however, sections of lines having two endpoints have
finite lengths. These sections are called line segments. For simplicity, the notation AB will be used both as
the name of the line segment with endpoints A and B and, in context, as the length of that line segment.

1 | Resources

Interactivity: Midpoint of a line segment and the perpendicular bisector (int-2553)

1.7.2 The coordinates of the midpoint of a line segment

The point of bisection of a line segment is its midpoint. This point is equidistant from the endpoints of the
interval.
Let the endpoints of the line segment be A(x;, y;) and B(xp, y»).
Let the midpoint of AB be the point M(x,y), where x is the YA
mean of the x-values for A and B and y is the mean of the ¥
y-values for A and B. Since M bisects AB, AM = MB and
the triangles ACM and MDB are congruent (identical).
Equating the ‘runs’:

AC =MD

X—X| =X —X ¢

2X =x1 +x2

LY

i
i
|
|
1
X1+ x 0 X1 X X

2

X =
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and equating the ‘rises’:

CM = DB
Yy=y1=»-Yy
2y=yi+y
y=)’1+y2

2

Hence the coordinates of the midpoint of a line segment are found by averaging the coordinates of the
endpoints.

The coordinates of the midpoint of a line segment with endpoints

(x1,yy) and (x,,y,) are:

X + +
Midpoint=< 175 N yz).

2 72

WORKED EXAMPLE 17

Calculate the coordinates of the midpoint of the line segment joining the points (-3, 5) and
(7, =8).

THINK WRITE
1. Average the x- and the y-coordinates of the =1 i y= Ui 22
endpoints. ? 2

(=3 +7 5+ (-9)
2 2
4 -3
T2 T2
=2 =-1.5

2. Write the coordinates as an ordered pair. Therefore the midpoint is (2, —1.5).

1.7.3 The perpendicular bisector of a line segment

The line which passes through the midpoint of a line segment and at
right angles to the line segment is called the perpendicular bisector
of the line segment.

Perpendicular bisector of AB

To find the equation of the perpendicular bisector:

* its gradient is ——— since it is perpendicular to the line
mMaB B
segment AB M
* the midpoint of the line segment AB also lies on the perpendicular
bisector.
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WORKED EXAMPLE 18

Determine the equation of the perpendicular bisector of the line segment joining the points A(6, 3)
and B(-8, 5).

THINK WRITE
1. Calculate the gradient of the line segment. A(6, 3) and B(-8, 5)
5 =2
"= 86
2
Y
1
T 7
2. Obtain the gradient of a line perpendicular to the Since mapg = —l, the gradient of a
line segment. line perpendicular to AB ism; = 7.
3. Calculate the coordinates of the midpoint of the _ 6+(=8) 345
line segment. =T Y=
-2 8
T2 "2
=-1 =4

Midpoint is (—1, 4).
Point (-1, 4); gradient m =7

4. Form the equation of the perpendicular bisector y—y =mx—xp)
using the point—gradient equation. y—4=7(x+1)
y—4="T7x+7
Sy=Tx+ 11
5. State the answer. The equation of the perpendicular

bisectoris y = 7x + 11.

1.7.4 The length of a line segment

The length of a line segment is the distance between its endpoints. For a line segment AB with endpoints
A(xy,y1) and B(xs, ¥2), the run x; — x| measures the distance between x; and x; and the rise y, — y; measures
the distance between y; and y,.

B (x2,y2)

2
A (1, 1) #€5mm e --L l

3 Xp—X1

Using Pythagoras’ theorem, (AB)? = (x —x1)* + v, — y])z.

The length of the line segment AB = \/(x, — x;)? + (y, — y,)*.

This could be expressed as the distance-between-two-points formula: d(A,B) = \/ (= x1)%2+ (y2 — 1),
where d(A, B) is a symbol for the distance between the points A and B.
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WORKED EXAMPLE 19

Calculate the length of the line segment joining the points A(—2, —5) and B(1, 3).

THINK WRITE
1. Write the distance formula. d(A,B) = /(x2 — x1)2 + (y2 — y1)?
2. Substitute the coordinates of the two points. A(-2, —=5) and B(1, 3)
Note: 1t does not matter which point is labelled Let A be (x1,y;) and B be (x, y7).
(x1, y1) and which (x2, y2). d(A, B) = /(1 - (=2)2+ (3 - (=5))
=V(3)*+®)
=19+ 64
=73
3. State the answer. By choice, both the exact surd Therefore the length of AB is
value and its approximate value to 2 decimal 73 ~ 8.54 units.

places have been given.
Note: Always re-read the question to see if the
degree of accuracy is specified.

Exercise 1.7 Bisection and lengths of line segments

Technology free

1.

10.

11.

Calculate the coordinates of the midpoint of the line segment joining the points (12,5) and
(=9,-1).
Determine the coordinates of the midpoint of the line segment joining the points

a. (—2,8)and (12,-2). b. (1,0) and (=5, 4).
Determine the coordinates of the midpoint of the line segment joining the points
a. (7,3) and (-4, 2). b. (24,12) and (16, 12)

. I3 M is the midpoint of the line segment AN. Given that M has coordinates (5, 6) and A is the point

(3,7), select the correct coordinates for point N.

A. (4,6.5) B. 4,-2) c. (7,5) D. (1,8) E. (-7,-5)

If the midpoint of PQ has coordinates (3, 0) and Q is the point (—10, 10), find the coordinates of point P.
Determine the equation of the line that has a gradient of —3 and passes through the midpoint of the
segment joining (5, —4) and (1, 0).

Given the points A(3,0), B(9,4), C(5, 6) and D(—1, 2), show that AC and BD bisect each other.

. [EZH) Determine the equation of the perpendicular bisector of the line segment joining the points

A(—4,4) and B(-3, 10).

Determine the equation of the perpendicular bisector of the line segment joining the points A(—6,0) and
B(2,4).

Determine the equation of the perpendicular bisector of the line segment joining the points A(1,2) and
B(-3,9).

Given that the line ax + by = c is the perpendicular bisector of the line segment CD where C is the point
(—=2,-5) and D is the point (2, 5), find the smallest non-negative values possible for the integers a, b
and c.
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12
13
14

15

. [EIZH Calculate the length of the line segment joining the points (6, —8) and (—4, —5).

. Calculate the distance between the points (10, —3) and (-2, 6).

. Find the exact distance between the points
a. (=3,2)and (3,—4). b. (—=1,-5) and (5, -1).

. Triangle ABC has vertices A(—2,0), B(2,3) and C(3, 0). Determine which of its sides has the shortest
length.

Technology active

16.

17.
18.

19.

20.

21.

Calculate the distance between the point (3, 10) and the midpoint of the line segment AB where A is the
point (—1, 1) and B is the point (6, —1). Give the answer correct to 2 decimal places.

If the distance between the points (p, 8) and (0, —4) is 13 units, find two possible values for p.
Given the points A(—7,2) and B(—13, 10), obtain:

a. the distance between the points A and B

b. the coordinates of the midpoint of the line segment AB

c. the equation of the perpendicular bisector of AB

d. the coordinates of the point where the perpendicular bisector meets the line 3x + 4y = 24.
Triangle CDE has vertices C(—8, 5), D(2,4) and E(0.4, 0.8).

a. Calculate its perimeter to the nearest whole number.

b. Show that the magnitude of angle CED is 90°.

c. Find the coordinates of M, the midpoint of its hypotenuse.

d. Show that M is equidistant from each of the vertices of the triangle.

A circle has its centre at (4, 8) and one end of the diameter at (=2, —2).

a. Specify the coordinates of the other end of the diameter.
b. Calculate the area of the circle as a multiple of 7.

Two friends planning to spend some time bushwalking argue
over which one of them should carry a rather heavy rucksack
containing food and first aid items. Neither is keen so they
agree to each throw a small coin towards the base of a tree
and the person whose coin lands the greater distance from
the tree will have to carry the rucksack. Taking the tree as the
origin, and the distances in centimetres east and north of the origin as (x, y) coordinates,
Anna’s coin lands at (—2.3, 1.5) and Liam’s coin lands at (1.7, 2.1). Who carries the rucksack,
Anna or Liam? Support your answer with a mathematical argument.
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22. The diagram shows a main highway through a country town. The

section of this highway running between a petrol station at P and a
restaurant at R can be considered a straight line. Relative to a
fixed origin, the coordinates of the petrol station and restaurant are
P(3,7) and R(5, 3) respectively. Distances are measured in
kilometres.

a. How far apart are the petrol station and restaurant? Answer to

1 decimal place.

. Form the equation of the straight line PR.

Ada is running late for her waitressing job at the restaurant.
She is still at home at the point H(2, 3.5). There is no direct
route to the restaurant from her home, but there is a bicycle
track that goes straight to the nearest point B on the highway
from her home. Ada decides to ride her bike to point B and
then to travel along the highway from B to the restaurant.

. Form the equation of the line through H perpendicular to PR.
. Hence find the coordinates of B, the closest point on the

highway from her home.

. If Ada’s average speed is 10 km/h, how long, to the nearest

minute, does it take her to reach the restaurant from her home?

For questions 23a and 24a, use the geometry facility on CAS technology to draw a triangle.
23. a. Construct the perpendicular bisectors of each of the three sides

24,

of the triangle. What do you notice? Repeat this procedure using
other triangles. Does your observation appear to hold for these
triangles?

. For the triangle formed by joining the points O(0, 0), A(6,0), B(4,4),
find the point of intersection of the perpendicular bisectors of each

side. Check your answer algebraically.

. Construct the line segments joining each vertex to the midpoint of
the opposite side (these are called medians). What do you notice?
Repeat this procedure using other triangles. Does your observation

appear to hold for these triangles?

. For the triangle formed by joining the points O(0, 0), A(6, 0) and
B(4,4), find the point of intersection of the medians drawn to each side.

Check your answer algebraically.

René Descartes,
seventeenth century
French mathematician
and philosopher, was
one of the first to
combine algebra and
geometry together as
coordinate geometry

in his work La Géométrie.
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1.8 Review: exam practice

A summary of this topic is available in the Resources section of your eBookPLUS at www.jacplus.com.au.
Short answer: technology free
1. Solve for x.

a. 35x—2)+5B@x-2)=8(x-2)

b 2x—1 +3—2x=i

5 4 20
c. ax+3c=3a+cx
Sx—=b 2x

2b b
2. Solve the following system of equations for x, y and z.
2x+y+2z=6
x+4y—z=4
5x—2y+z=736
3. Solve for x.
a. 3-2x<1

2
b. ?'X—S>2+3x

4. Sketch, labelling any axes intercepts with their coordinates:
a. the line with equation 3x — 4y =24
b. the half plane defined by 3x — 2y < 0.
5. Find the equation of the line:
a. through the point (-5, 8) parallel to the line 2x — 7y = 2
b. through the point (4, 0) perpendicular to the line 2x — 7y = 2
c. through the two points (9, 2) and (6, —7).
6. Find the length of the line segment from the point (—2.5, 8) to the midpoint of the line segment joining
the points (—4, 6) and (5, —2).

Multiple choice: technology active

1. & If 4(1 — 3x) + 2(3 + x) > 5 then:
A.x>?2 B. x<?2 C.x< -2 D.x<% E.x>%

2. [ The solutions to the simultaneous equations 7x — 2y = 11 and 3x + y = 1 are:
A. x=9,y=-26

B. x=5,y=11
C.x=-1,y=2
D. x=1,y=-2
E.x=1,y=4

3. I3 A calculator purchased for $200 depreciates each year by an amount directly proportional to the
number of years of ownership. If the constant of proportionality is 25, then the value V of the calculator
after ¢ years is:

A. V =25¢

B. V=-25¢

C. V=200 -25¢
D. V =200+ 25¢
E. V=25t-200
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4. I3 The equation of the graph shown is: YA
A x—2y=06

B. 2y+x=6
C. x—3y=1
(6,0)
E. y=2x-3
0,-3)

5. @ For the points (-1, —-2), (4,3) and (9, b) to be collinear, b would equal:

A. =3 B. -2 c. -1 D. 8 E. 10

6. @ The angle of inclination to the positive direction of the x-axis made by the line with equation
% - % = 1 is closest to:
A. 26.6° B. 33.7° C. 56.3° D. 123.7° E. 146.3°

7. @ The equation of the line through (9, 5) parallel to y = -2 is:
A.y=-2x+13 B.2y=x+1 C.x=9 D.y=9 E.y=5

8. @ The midpoint of a line segment AB is (3, —5). If A is the point (13, 11), then the coordinates
of B are:
A. (8,3) B. (—23,-27) C. (23,27) D. (-7,-21) E. (7,21)

9. @ The value of a such that there would be no point of intersection between the two lines ay + 3x = 4
and 2y + 4x = 3 is:
A.2 B. 15 c.t D. 0.5 E. —2
10. i@ The distance between the points (-3, 5) and (-6, 12) is:

A 4 B. /40 c. /58 D. /370 E. /388

Extended response: technology active
1. After school, Tenzin rides his bike along a straight path from

school to a golf range. He travels one third of the way at an "t
average speed of 20 km/h and the remainder of the way at 10 4 /° Td5.4
km/h. 3 /
a. Find the distance he travels from his school to the golf /I

range if the journey takes 45 minutes. o4/

At the golf range Tenzin is trying to improve his putting. /’

A set of Cartesian coordinates can be imagined to be 1 /’

marked so that Tenzin will be aiming to hit the ball at the /

point T(1.5,4) into the hole at the origin (0, 0). < _2' _1' 0 i ﬁ i
b. If all units are measured in metres, how far is Tenzin’s golf 1

ball from the hole?
c. What should be the equation of the straight-line path =27

Tenzin’s golf ball needs to travel along for the ball to reach

the hole? Y
d. In fact, Tenzin hits the golf ball along the path with equation 6x — 2y = 1.

i. Sketch this path.

ii. Find the equation of the line through (0, 0) perpendicular to this path and hence find, to
the nearest centimetre, the closest distance of the golf ball’s path to the hole at (0, 0).
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2. A small fireworks rocket travels along a path that can be con-
sidered to be a straight line. On a Cartesian set of x- and y-axis
where the units are in metres, the x-coordinates give the hori-
zontal distance the rocket travels and the y-coordinates give the
height of the rocket above the ground.

The fireworks rocket is launched from a point S(0, 1) at an angle
of 6° with the horizontal. The fireworks explode on reaching a
point E, which is at a height of 10 metres above the ground.
a. i. The first rocket is launched at an angle of 45° to the horizontal.
Find the equation of its path and the coordinates of point E.
ii. After the explosion, part of the debris travels from point E
along a line perpendicular to the rocket’s path. Find the equation of this path, and work
out how far horizontally from E the debris reaches the ground.
b. The angle at which the rockets are launched from S(0, 1) is varied and the fireworks explode
at E(k, 10), kK > 0. Show that the equation of the paths of all possible rockets is given
by Ox —ky+ k=0.
c. i. Let r be the horizontal distance from E that the debris travelling on a line perpendicular
to the path SE reaches the ground. Form an expression for r in terms of k.
ii. It is desirable for the debris not to be too widely scattered. Find the possible values
for k such that4 < r < 6.
3. Rain water is collected in a water tank. On 1 April the tank contained 1000 litres of water. Ten days later
it contained 1250 litres. Assume the amount of water increases uniformly.
a. Find the rate of increase in litres per day.
b. Form the linear relationship between the volume V litres of water in the tank 7 days after 1 April.
Which one of V or ¢ is the independent variable?
c. Describe the relationship between these variables.
d. How much water does the linear model predict should have been in the tank on 30 March?
The tank needs replacing and quotes are obtained from two companies. The Latasi company charges
$500 for materials plus $26 per hour of construction. The Natano company charges $600 for materials
plus $18 per hour of construction.
e. i. Form linear models for the costs for each company, defining symbols used.
ii. When are the costs the same for each company and what is this cost?

ii. Sketch both cost models on the same axes.

iv. It is estimated that the construction should take approximately 8 hours of work. Which company
could do the job at a cheaper cost?

4. ABCD is a quadrilateral. The coordinates of A and B are (1, 3) and (2, 1) respectively. C has the same
y-coordinate as the midpoint of AB and D lies on the perpendicular bisector of AC.

a. Determine the equation of BC given that BC is perpendicular to AB.

Obtain the coordinates of point C.

Find the equation of the perpendicular bisector of AC and show B lies on this line.

Point E lies on BC, and C is the midpoint of BE. Obtain the coordinates of E.

The closest point to D on the line passing through B and C is the point E. Determine the coordinates

of D.

f. Describe the quadrilateral ABCD.

study[]))

Sit topic test

0y

(Height of rocket)

S
0, 1)

(Horizontal distance *
travelled)

o 20T
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Answers

Topic 1 Lines and linear

relationships

Exercise 1.2 Linearly related variables, linear
equations and inequations

1. a. k=16x

10.

11.

12,

13.

14.

b. Height 3 cm

Volume (cm?)
~
oo
g

0 3 6
Height (cm)

. Interest is directly proportional to number of years

invested, I = 46T

b. Not linearly related
. Wage is a fixed amount plus an amount proportional to

the number of hours of overtime; W = 400 + 50n

.ox=-—1 b. x=10
7
x=28 b. x=-10 [ _)C:—§
31 6
x=-7 e x_? f x_—7
——4—6 h x—é
T T
. x=9 b. x=20 c. x=6
.x=§ e. x=1 f. x=-10
. C=210+6n $360
a
. =8(x — -
m (x—2) m b od
m_3d—c g _d+k
T3 T T d-c
_2b ; _4d+3a
" bc-3 ' 2a+d
=a+d
c—b ab
x= b. x= c. x=-1
a a—>b
x=ab e x= 2 f. x=b—-a
b—c
o—_
<— T T T T 7T ':x
23 24 25 26 27 28 29
1
xs—z b. x<-=3 c. x>-=-2
x<—% e. x>0 f. x>22
x< -1 b. x> -9 c. x<18
2
x>3 e x2§ f. x<—-6
x=T7y= b. x=—4,y=-2
1
x=2,y=-1 b x——3,y=E
x=2,y= d x=-1,y=4
x=1,y= f. x==-5,y=6

15.

16.

19.

20. a

21.

22.

23.

24.

25.
26.

27.

28.

x=1,y=4 b. x=-2,y=2
x——l —11 d x—E —g
=TT “1773
x=12,y=6 f. x=3b,y=a

17. x=c 18. x> —-—

7 35

=—5,Y=—7= b. =1, =0
X 3y 3 X y
x=0 b. x>4
x=5y=-1 d. x=-82,y=-120

T = 3.5x; tension is 1.05 newton

b. C = 1.451, 30 litres

o

oo

C.

PpoooT o

v = 12 — 9.8¢; approximately 1.22 seconds
8 and 10

21

12, 13 and 14

Length is 20 cm; width is 4 cm

Height is 45 cm

Profit for sale of n books is P = 2.3n — 100
44 books

Hardcovers $5; paperbacks $2

Adult ticket costs $25; child ticket costs $12
$471.09

5
= —(F-32
c 9( 32)

22.5 minutes

a.

b.

a.

t = 2.5; distance is 150 km
100

12 < n < 16 where the whole number 7 is the number
of people

15 people attended at a cost of $27.90 per person.

10 drank coffee, 5 drank tea

C=10T-97
< 1
_a+b’y_a+b

Exercise 1.3 Systems of 3 x 3 simultaneous
linear equations

1.

© N o o » 0

a.

o

b.
c.

mooo0pm

L. Z

ii. Subtract the equations

D

Ix+3y=15

Sx+y=13

Substitute the given values in each equation.
z=7

Equation [4] is 3x + y = 10 and equation [5] is
Ox+y=34.

x=4,y=-2

z=-5

x=5y=8,z=-6

x=1y=-2,z=3

x=2,y=1,z=4

x=4,y=2,z=-1

x=-6,y=8,z=1

x=-2,y=5,z=10
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13.

14.

15.

16.

.x=4,y=3,2=2
10.
11.
12.

x==-2,y=-11,z=40
Adult ticket $14; concession ticket $12; child ticket $10
Agnes $20 per hour; Bjork $18 per hour; Chi $25 per hour

The food compound requires 50 kg of supplement X, 30 kg
of supplement Y and 10 kg of supplement Z.

Two 50-cent coins, twelve 20-cent coins and eight 10-cent
coins

a. x=3,y=15,z=-2.6

b. x=10,y=-6,z=05w=>5
2

C. X1=—2,x2=—4,X3=§,x4=

a. z=-4+40.1x+0.075y

b. 15 kg/hectare

1
6

Exercise 1.4 Linear graphs and their equations

3.

4.

5.

_ 4
m=-3
2
a. 2 b. g
C. —l d. —z
3 5
a. m=-25 b. m=5
c. m=0 d. Undefined

Show both gradients equal 1; sample responses can be
found in the worked solutions in the online resources.

a. y y= 4x
1,4
0,0) >
x
b.
» YA
\
N\
\
\
\
\\
(0,3)8 3x+2y>6
\\
2.0
\ )
0 9
\
\
\
\
\
A
\
Y X
Region required

c. YA A
|

(3, 0)
0 | X
|
|
l
Y Y

Region required

0,2 y=2

A

(=)
Y

0,-5)

A
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3y-5x=0

(1,4) . 5)

A

(=)
LY
A
E
e

>
>
X

9 YA e
y=-0.5x
< 0 1,205 x
f.
Y
h A
2x=0

8. a. Closed region below line

< > y
0 X
©,3)
- (1,0 .
< 5 >
Y
7 y=3-3x
s A Ay=3x+8 y<3-3x
0, 8) Region required

b. Open region above line

W
0, 12) 9
N\
> AN 4x + y> 12
“x AN
\
N\
N
> N -
b. 0 (3,0) N 2
\\
\\
*
Region required
c. Closed region above line
y
Sx-2y<8
C. -<

- 0 (1.6, 0)
(0,—4)

Region required

=Y

58 Jacaranda Maths Quest 11 Mathematical Methods VCE Units 1 & 2 Second Edition



d. Open region to right of vertical line

A y
|
|
: x>—4
|
ol e -
(4,0>T 0 x
:
|
Y

Region required

e. Closed region below x-axis
A
0

S
~ >
X

y<0

Region required

f. Closed region below line

y
(1, 1)
P (0, 0) iy
B 5%
y<x
Region required
9.a y=-2x-13 b. 7y+2x=1
5
c. y=-15x+6 d. mza;(0,3)
10. y =10
11. a. y=5x+2 b. y=-2x-1
c. y=3x-1 d. y=-5x
e. x+2y+1=0 f. 3x+4y-11=0
12. a. i ek
. a. i = —
4
i. y=-3x+9
2
iii. y=§x—2
iv. y=—§x—l
b. x=-12
Y,
*(-12,8)
x=-12
« ] 5 >
(=12, -1)
c. y=-8
YA, 2) y=2
-5 b
y=-8
v 0,-8) 10, -8)

13. a. y=—-5x+37 b. 3y—2x+10=0
c. 4y+Tx+36=0 d y=-08x+0.2
e. 3y—10x=34 f. y=-2x+10
5
14. a. m=2,(0,-8) b. 3
3
c. m= T O, 1) d. i, ii and iii are parallel
4 8
15. =——,c=4 b =—,c=20
a. m 3 c m 3 c
cm—lc 3 dm—Oc—3
62 )
16. y < 4.4 —10x
Point lies below the line
17. a.
b.
. (5,0 .
-« 5 >
Y
c. YA
-« 5 >
0,-3) y =-3
Y
18. a A
11 Y
(T’ 0)/,
4——/—;/—»)(
_d 11
(O’ 2)
*#° Y
Region required
b. YA
x=5
y=1
- 5 >
Y
Region required
19. a. a=-6
b. Above the line
c. y=-—x
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20. a. i. y=3.5x

iy,
y=3.5x
60 —
40 AN
(15, 52.5)
20
T >
0 15 x
Gradient is 3.5
b. i. C=30+ 1.5¢
ii. CA
60
(10, 45)

C=30+15¢
30

>
0 10’
Gradient is 1.5
21. a. p=180—kt b. 12 minutes
c. p=180—-10¢ d. Gradient = -10
p,
180
120
(12, 60)
60

22. a. m= -
2

b. Sample responses can be found in the worked solutions

in the online resources.
c. 3x—=2y=7
d 3x—-2y=-4

f. 3x—2y<7 and 3x—2y > —4, that is
-4 <3x-2y<7

Exercise 1.5 Intersection of lines and their
applications

1. (12,10.5)
2. a. (=0.5,-5) b. (8,-3)

3. a. (-2,6),(3,6),(3,-9)
b. 37.5 square units

c. (7,-5)

a. (20,500)

600
400
200

(20, 500)

L
5 10 15 20 25 30 35

b. Atleast 21 items
a. C; =10+ 0.75x, C; = 20 where C is the cost and x the

distance

b G

20

)C:Z()

0

1
104 (13 3020

Y

0

1
c. 13 3 km |
d. If the distance is less than 133 km, Pedal On is cheaper;

1
if the distance exceeds 135 km, Bikes r Gr8 is cheaper.
m=06

7.a=-15b=-2

10.
11.
12.

13.
14.

15.

16.

17.

. p=105

px 3x

. a. y=——+%1,y=——5

5
b. p=0.6,g=-25
c. pqg#-15
(1.39,5.91)
(-1,2)
Sample responses can be found in the worked solutions in
the online resources. Point of concurrency at (3, —2)
a=10
a. (-2,-3)
b. Any real number except for d = 10

q

o

st =5t,sg =12+ 3¢

c

o0 1 2 34 5"
After 6 minutes the tram has the faster speed.
Ca =300+ 0.05x, Cg =250 + 0.25x
Cost per kilometre of travel
y=50-0.2x

o

a0 oo

50 (0, 50)

25

y=Ca-Cg
5 (250, 0) %
Y T T T T T T T L
Oy 50 100 150 200 250 306—350 400 *
e. i 250 km
ii. More than 250 km

a. 6am(0,2);7 am (6,3); y = ’8‘ +2

b. Sample responses can be found in the worked solutions
in the online resources.
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18.

c. (21,5.5)

1 3x 1
d. 6am <—§,O>,7am(1,1),y— T + 1
e. (3,25

f. No collision since boat is at common point at 6.30 am
and trawler at 8.30 am

Trawler

AR

a. No collision b. 4,11)

Exercise 1.6 Coordinate geometry of the
straight line

1.

Sample responses can be found in the worked solutions in
the online resources.

. Collinear
5
.b==
7

. ¥y = x — 2; not collinear

5. Not collinear so triangle can be formed

10.
11.
12.
13,
14.
15.
16.
17.

18.

19.

20.

a. . m=2 ii. m=-0.5
b. mm; = —1
c. Sy+x=6
1 4 1

a. E b. 5 C —5 d -2
a 2 b 3

"5 12
c. 1 d. 02x-5=-1

.a. Sx+Ty=42 b. 20x + 15y = -28

c. 12x+8y=-1 d. x+3y=0
9.0
a. 56.31° b. 116.57° c. y=—x+9
a. 0839 b. 0.7
a. 26.6° b. 153.4°
a. 60.95° b. 143.13° c. 90° d. 98.13°
78.69°,75.96°, 2.73°
3x—2y=-42
a. y=-15x+6
b. 2x—3y=28
c 26 units

3
a. i.a=-14 i. a=3.5
b. ¢c=2
c. i.d=114 i. d=9 ii. d=3
d. a=90

mpQ = mgR = 2,mpg = mQr = 1

PQRS is a parallelogram as opposite sides are parallel.
Adjacent sides are not perpendicular, so PQRS is not a
rectangle.

x=3

Exercise 1.7 Bisection and lengths of line
segments

1. (1.5,2)

. a. (5,3)

. a. (1.5,2.5)
C

. P(16,—-10)
y=-=-3x+7
. (4,3) is midpoint of both AC and BD.
. 2x+ 12y =77

Ly=—-2x-2

. 6y —8x—-29=0
.a=2b=5,c=0

12. /109 =~ 10.44

13. 15

14. a. /712 =62 b.
15. BC

16. 10.01

17. p==5

18. a. 10 units

b. (=2,2)
b. (20,12)

© ® N O O A D

- =
- O

52 =2¢/13

b. (=10,6)

3
d. - -

c. 4y—-3x=54

19. a. 23 units

b. Sample responses can be found in the worked solutions

in the online resources.
c. (-3,4.5)
d. ME = MC = MD =+/25.25
20. a. (10,18) b.
21. Anna

22, 4.5 km
y=05x+25
26 minutes

1367 square units

b. y=-2x+13
d. (4.2,4.6)

o000

23.

o

Perpendicular bisectors are concurrent.
G,
Medians are concurrent.

10 4
3°3

1.8 Review: exam practice
Short answer

4

24. a.

s

1. a. x=0 b. x=4
c. x=3 d. x=5b
2. x=06y=—4,z=-2
3.a x>1 b. x<-=-3
4. a. y
T 3x_4y=V
S0 ®0 X

0,-6)
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b. YA A
523
3x-2y<0 /
4
< 0 >
J \(o, 0)
///
¥ Y
5. a. 7Ty—2x=606
b. 2y+7x=28
c. y=3x-25
6. V45
Multiple choice
1. D 2. D 3. C 4.
6. B 7. E 8. D 9.
Extended response
1. a. 9km b. 4.27 metres
d. i
T(1.5,4)

w >

10. C

c. 3y—8x=0

2.

a.

i. y=ux+1;EQ, 10)

i. y=-—x419;10 metres

Sample responses can be found in the worked solutions
in the online resources.
_ 90

Tk

25 litres/day

t is the independent variable; V = 1000 + 25¢

i. 15<k<225

i.r

c. Volume is the sum of 1000 litres and an amount directly

o

000 0T

proportional to the time since 1 April.

950 litres

i. Cr =500+ 26t; Cy =600+ 18¢; cost is C dollars,
construction time is ¢ hours.

ii. 12.5 hours; $825

i.  Cyp
900 (12.5, 825)
800 4 Natano

>
T T |

t
5 10 15
iv. Latasi Company is the cheaper.

.
)

. C4,2)

y=3x-5

. E(6, 3)

D, 7
ABCD is a kite with AD = CD and AB = BC.
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TOPIC 2
Algebraic foundations

2.1 Overview
2.1.1 Introduction

In 2017 the Cassini spacecraft disintegrated in Saturn’s
atmosphere, having successfully completed a 7-year
mission to observe that planet and its moons. In all, it com-
pleted 22 orbits of Saturn, sending extraordinary images
and information back to Earth. In an earlier mission, the
Voyager 1 spacecraft passed Pluto in 1990 and in 2004
it left our solar system. On board Voyager 1 was a time
capsule carrying information about Earth and our achieve-
ments for, should they exist, any intelligent alien life forms
it may reach.

None of this would have been possible without Math-
ematics; Mathematics and Physics are essential to the
launch and success of all space missions. It has been argued that should there ever be communication between
earthlings and intelligent extra-terrestrials communication will be through Mathematics. This is because math-
ematics is universal. It is universally true that Pythagoras’ theorem, a® + b*> = ¢, holds in every country on
Earth and, by extension, in any galaxy in the universe.

Expressing the rule for Pythagoras’ theorem in symbols gives an example of the succinct nature of algebra.

It is the language of Mathematics — the unifying thread that has evolved through the ages — that underlies its
different branches. Elementary algebra, as studied at school, seeks to establish the fundamentals vital for con-
fident and automatic use of this language. There are other algebras, higher-order ones such as Group theory,
Rings and Fields, that have developed only since the 19th century. Despite its abstract nature, research in
these fields is highly valued today for its applications in cryptography, encryption and other aspects of internet
security.

Two modern-day mathematicians include the Australian Cheryl Praeger who works in group theory and
combinatorics and the late Maryam Mirzakhani, so far the only female recipient of the Fields medal, the
highest award in Mathematics — for her work in the dynamics and geometry of complex surfaces.

LEARNING SEQUENCE

2.1 Overview

2.2 Algebraic skills

2.3 Pascal’s triangle and binomial expansions
2.4 The binomial theorem

2.5 Sets of real numbers

2.6 Surds

2.7 Review: exam practice

Fully worked solutions for this topic are available in the Resources section of your eBookPLUS at
www.jacplus.com.au.
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2.1.2 Kick off with CAS

1.

Playing lotto
Using CAS technology, calculate the following products.
a. 3x2x1 b. 5X4x3x2x1
c. TX6X5x4x3x2x1 d. I0X9X8XTX6Xx5x4x3x2x1
Using CAS technology, find the symbol ! and evaluate the following:
a. 3! b. 5! c. 7! d. 10!

This symbol is called factorial.

Compare the answers to questions 1 and 2.

Using the factorial symbol or another method, in how many ways can:

a. one number be arranged

b. two numbers be arranged

c. three numbers be arranged

d. six numbers be arranged

e. nine numbers be arranged?

Using the factorial symbol or another method, answer the following.

a. How many 2-digit numbers can be formed from 6 different numbers?
b. How many 3-digit numbers can be formed from 5 different numbers?
c. How many 4-digit numbers can be formed from 10 different numbers?
In the game of lotto, how many different combinations of 6 numbers can be chosen from 45 numbers?

Resources

Please refer to the Resources section in the Prelims of your eBookPLUS for a comprehensive step-by-step guide on how
to use your CAS technology.
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2.2 Algebraic skills

This topic covers some of the algebraic skills required for the foundation to learning and understanding of
Mathematical Methods. Some basic algebraic techniques will be revised and some new techniques will be
introduced.

2.2.1 Review of factorisation and expansion
Expansion

The Distributive Law is fundamental in expanding to remove brackets.

a(b+c)=ab+ac

Some simple expansions include:

(@+b)(c+d) =ac+ad+ bc+bd
(a+b) = (a+b)(a+b) =a*+ 2ab + b*

(a — b)* = a* — 2ab + b*
(a+b)(@a—b) =da*-b*

WORKED EXAMPLE 1

Expand 2(4x — 3)% — (x — 2)(x + 2) + (x + 5)(2x — 1) and state the coefficient of the term in x.

THINK WRITE
1. Expand each pair of brackets. 204x -3 —(x=2)(x+2)+ (x+35)2x—1)
Note: The first term contains a perfect — 2(16)62 — 24x + 9) _ (XZ _ 4) + (2X2 — x4+ 10x — 5)

square, the second a difference of two
squares and the third a quadratic

trinomial.
2. Expand fully, taking care with signs. =322 —48x+ 18 —x* +4+ 2 +9x -5
3. Collect like terms together. =33x* —39x + 17
4, State the answer. The expansion gives 33x*> — 39x + 17 and the

Note: Read the question again to ensure coefficient of x is —39.
the answer given is as requested.

Tl | THINK WRITE CASIO | THINK WRITE

1. On a Calculator page, press 1. On the Main screen, ©_Edit Action Intaractive
MENU and select: S e et e complete the entry line as: HIQ:HEIE;I";‘/] I—AU{W—
3. Algebra B 3,;2_39. . expand e R,
3. Expand . = : (2x@x=3)7 - (x-2) o
Complete the entry line as: (+2)+ (x4 5)Q2x = 1))
e(XZpinax L3P —2) Then press EXE.

x+2)+(x+52x-1))

Then press ENTER.
il
= n‘
Ao Standord  Fesl  Pad @
2. The answer appears on the ~ The expansion gives 2. The answer appears on the The expansion gives
screen. 33x% — 39x + 17 screen. 33x% — 39x + 17
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Factorisation Factorised form

Some simple factors include: (@+b)e+d)
e common factor
 difference of two perfect squares 2 %
» perfect squares and factors of other quadratic g is equal to B
trinomials. e &

ac + ad + bc + bd
Expanded form

A systematic approach to factorising is displayed in the following diagram.

Common ac+ad=a(c+d)
factor?
How many
terms?
Two terms Three terms Four or more
terms
Difference of two squares? Quadratic trinomial? Grouping?
a*—b>=(a+b)a-b) a® + 3ab + 2b*> = (a + 2b)(a + b) ac + ad + bc + bd
a*>+ 2ab + b> = (a + b)? =a(c+d)+blc+d)
a*=2ab + b* = (a - b)? =(a+b)c+d)

Grouping terms commonly referred to as grouping ‘2 and 2’ and grouping ‘3 and 1’ depending on the
number of terms grouped together, are often used to create factors. For example, as the first three terms of
a*+2ab+b* —¢? are a perfect square, grouping ‘3 and 1’ would create a difference of two squares expression,
allowing the whole expression to be factorised.

a*+2ab +b* — ¢ = (a® + 2ab + b*) — ?
=(a+b)>*—-c?
=@+b—-c)yla+b+c)
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WORKED EXAMPLE 2

Factorise:

a. 2x> + 5x%y — 12y%x

b.4y? — x? + 10x — 25

c.Tx+1)>*-8x+1+1 using the substitution a = (x + 1).

THINK WRITE
a. 1. Take out the common factor. a. 2x° + 5x%y — 12y°x
= x(2x* + 5xy — 12y?)
2. Factorise the quadratic trinomial. = x(2x — 3y)(x + 4y)
b. 1. The last three terms of the expression can be b. 4y —x* + 10x — 25
grouped together to form a perfect square. = 4y? — (x* — 10x + 25)
2. Use the grouping ‘3 and 1’ technique to create a =4y? — (x — 5)*
difference of two squares. _ (2y)2 (- 5)2
3. Factorise the difference of two squares. =2y —(x=95]2y+ (x—=95)]
4. Remove the inner brackets to obtain the answer. =Q2y—x+52y+x-95)
c. 1. Substitute a = (x + 1) to form a quadratic c. x4+ 1> =8(x+1)+1
trinomial in a. =7a*>-8a+ 1 wherea=(x+1)
2. Factorise the quadratic trinomial. =Ta-1)(a-1)
3. Substitute (x + 1) back in place of a and simplify. =Tx+1D)-D(x+1)=1)
4. Remove the inner brackets and simplify to obtain =(Tx+7-1Dx+1-1)
the answer. = (7Tx + 6)(x)
= x(7x + 6)
TI | THINK WRITE CASIO | THINK WRITE
b. 1. On a Calculator page, m b. 1. On the Main screen, © &t Action Interective
press MENU and select: T ) ! complete the entry line as: GG IR0
factor\4: 3~ ~x = +10- x-25, 2 ) |factor (4y2-x2+10x-25) 4
3. Algebra (e 3o5)s (2 325) factor (4y” —x” + 10x — 25) —eapstsirsB
2. Factor Then press EXE. P
Complete the entry
line as:
factor
(4y? —x* +10x — 25)
Then press ENTER.
o
2. The answer appears on —(x =2y =5 x+2y-5) 2. The answer appears onthe — —(x+ 2y —5)(x — 2y —5)
the screen. screen.

2.2.2 Factorising sums and differences of two perfect cubes

Check the following by hand or by using a CAS technology.

Expanding (a + b)(a* — ab + b*) gives a® + b, the sum of two cubes; and expanding (a — b)(a*> + ab + b*)
gives a® — b>, the difference of two cubes.

Hence the factors of the sum and difference of two cubes are:

@ +b® = (a+b)a*—ab+b>
a®—b® = (a—b)(a*+ab+b>
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WORKED EXAMPLE 3

Factorise:
a.x®—27 b. 2x* + 16.
THINK WRITE
a. 1. Express x* — 27 as a difference of two cubes.  a. x* — 27 = x* — 33

2. Apply the factorisation rule for the difference Using @® — b* = (a — b)(a® + ab + b?)

of two cubes. witha = x,b = 3,
¥ =3P =x-3)x>+3x+3%

3. State the answer. L =27T=x-3)@*+3x+9)
b. 1. Take out the common factor. b. 2x° + 16 =2(x> + 8)

2. Express x> + 8 as a sum of two cubes. =2(x3 +23)

3. Apply the factorisation rule for the sum of two Using a® + b = (a + b)(a*> — ab + b*)
cubes. witha = x,b = 2,
¥ +20=(x+2)(x? - 2x+2?)
L2032 =20 +2)(2 — 2x + 2%)
4. State the answer. L2080 +16 =2+ 2)(x2 —2x+ 4)

2.2.3 Algebraic fractions

Factorisation techniques may be used in the simplification of algebraic fractions under the arithmetic
operations of multiplication, division, addition and subtraction.

Multiplication and division of algebraic fractions

An algebraic fraction can be simplified by cancelling any common factor between its numerator and its
denominator. For example:
ab+ac _d(b+c)
ad —  dd

_b+c
- d
For the product of algebraic fractions, once numerators and denominators have been factorised, any com-
mon factors can then be cancelled. The remaining numerator terms are usually left in factors, as are any
remaining denominator terms. For example:

¢i(b+c)xbi(a+c) _(bt+o)a+o)
ol b b

Note that b 1s not a common factor of the numerator so it cannot be cancelled with the b in the denominator.
As in arithmetic, to divide by an algebraic fraction, multiply by its reciprocal.

a.c_9.4

b d b ¢
WORKED EXAMPLE 4
Simplify:
. x* =2 IDx"—l;l+x2
X2 —5x+6 "x—-3  3—x
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THINK WRITE
X —2x o x(x—2)

a. 1. Factorise both the numerator and the a. =
xX2=5x+6 x-3)(x-2)

denominator.
Note: The numerator has a common factor;
the denominator is a quadratic trinomial.

. X
2. Cancel the common factor in the numerator = %
and denominator. -
. . .. . X
3. Write the fraction in its simplest form. = 3
X —

No further cancellation is possible.

4 2 4
e S -1 1+ — 3 —
b. 1. Change the division into multiplication by b. - % S *

= X
= - — 2
replacing the divisor by its reciprocal. x—3 3-x x—3 1+x

2. Factorise where possible. Sincex* — 1 = (x?)? — 12
Note: The aim is to create common factors of —2 - D2+ 1)
both the numerator and denominator. For this then:
reason, write (3 — x) as —(x — 3). ¥*_-1 3—x

x-3 * 1 + x2
(@@ -DE+D " —(x—=3)

x—3 1+ x2
(P -DOEEFTD T3
x=3 1+
3. Cancel the two sets of common factors of the o2 - 1) 1
numerator and denominator. =0 X T
4. Multiply the remaining terms in the numerator 2
e : - -1
together and the remaining terms in the =—
denominator together.
5. State the answer.
Note: The answer could be expressed in =—(2-1)
different forms, including as a product of —1— 2
linear factors, but this is not necessary as it
does not lead to any further simplification.
TI| THINK CASIO|THINK WRITE
b. 1. On a Calculator page, b. 1. On the Main screen, 0t Acton ntaractive
complete the entry line as: complete the entry line «""-]"-'1' [-l‘—:-:I"'"fl""'f L] “T
Pl I as: |t =
x—3/3—x =11+ <lyter)
Then press ENTER. x—=3 3—-x n
| Then press EXE.
Alg Standard Red  Fad .
) -t -1
2. The answer appears on the —(x" =1 2. The answer appears on ﬁ which can be
X
screen. the screen. simplified further to
-2 =1).
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Addition and subtraction of algebraic fractions

Factorisation and expansion techniques are often required when adding or subtracting algebraic fractions.
* Denominators should be factorised in order to select the lowest common denominator.
* Express each fraction with this lowest common denominator.
» Simplify by expanding the terms in the numerator and collect any like terms together.

WORKED EXAMPLE 5

1 X

Simplif - .
! ply3x+3 x—2 x2—x-2
THINK WRITE
. . 2 1 X
1. Factorise each denominator. — +
3x+3 x-2 x2—x-2
_ 2 1 o by
3x+1) (x=2) (+DHx-2)
2. Select the lowest common __2xx=2)  1xX3x+1) 4 xX3

denominator and express each 3+ DE=2) 3+ DE-2) 3+ Dx-2)

fraction with this as its

denominator.

_ 2(x—=2)=3(x+1)+3x
a 3(x+ D(x—2)

_ 2x—4—3x—3+3x
3x+ DH(x—2)

3. Combine the fractions into one
fraction.

4. Expand the terms in the numerator.
Note: 1t is not necessary to expand
the denominator terms.

2x =7

5. Collect like terms in the numerator =
3x+ D(x—2)

and state the answer.

Note: Since there are no common
factors between the numerator and
the denominator, the fraction is in
its simplest form.

study[T]
m (ofe)ylo=lei s ) Algebraic skills Summary screen and practice questions

Exercise 2.2 Algebraic skills

Technology free

1. Expand the following and simplify where appropriate.
. dm(m —2) 4+ 3m b. 5(m*> —3m+2) — (m+2)

a

c. x=3)(x+5) d. 3m—2)(5m—4)
e. 2k+1DQ2k—1) f. (4 —3x)(4 + 3x)
9. (2x—5)? h. 3x + 1)?
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2. Expand and simplify

a. 2(x—=5)((x+5) —-32x-3) b. 3—2(x+5@0Bx—-2)
c. B=20)(x=5—-x+3)Hx+4 d. 32x— D2x+ 1)+ (x—5)?
3. [IE8 Expand 3(2x + 1)?> + (7x + 11)(7x — 11) — (3x 4+ 4)(2x — 1) and state the coefficient of the
term in x.
4. Expand each of the following expressions.
a. (2x+3)° b. 4a(b — 3a)(b + 3a)
c. 10— (c+2)(4c—5) d. (5-17y)?
e. (3m’ +4n)(3m>® — 4n) f.o(x+1)7°
5. Expand and simplify, and state the coefficient of the term in x.
a 22x=-3)x—-2)+ (x+52x—-1) b. (2 +3x)(4 — 6x — 5x%) — (x — 6)(x + 6)

10.

11.

c. (4x+7)(Ex—7)(1 —x) =20+ T2+ (x—1)2
e. 3—2x)(2x+9)—3(5x—1)(4—x) f. X2 +x—4(x*+x—4)

o

Factorise the following.

a. 6am — 8a*m + 2am? b. 2m?> + 8m —mp — 4p
c. 9Im* —1 d. 2m* — 98x*

e. x> —9x+18 f. 4x +4x— 15

9. x> —6x+9 h. 4x? —20x + 25
Factorise each of the following expressions.

a. x>+ 7x — 60 b. 4a* — 64

c. 2bc+2b+1+c d. 15x+27 - 2x*

e. 1-9(1 —m)’ f. 8x? — 48xy + 72y°
KT Factorise:

a. 4x3 — 8x%y — 12y%x

b. 9y> — x> —8x—16

c. 4x =372 =3(x—=3)-22 using the substitution a = (x — 3).

Express in factorised form.

a. 49 — 168x + 144x2 b. 2(x — 1)+ 13(x — 1) + 20
c. 40(x+2)> —18(x+2)—7 d. 144x* — 36y”

e. 3a’x+9ax—a-3 f. 16x*> +8x+1—y°

Fully factorise the following.

X4+ 2x2 = 25x =50

100p° — 81pq? ‘

[AlL]  [EIBIRIA]
49(m + 2n)* — 81(2m — n)*

13(a— 1)+ 52(1 — a)®

a—-b*—a+b+@+b-1)>

Use a substitution method to factorise the following.

a. (x+57+(x+5)-56 b. 2(x+3)* —=7(x+3) -9
c. 70(x +y)> —y(x +y) — 6y° d. x*=8x* -9

2
1 1
e. P — @)+ 12(0° — &) + 4(p + q)* f. a* <a+a> — 4a? <a+ 5) + 4a?

- 9% 2000

12. I Factorise:

a. x> =125
b. 3+ 3x°
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13.

14.

15.

16.

17.

18.

19.

20

Factorise the following.
a. x> —8
c. 1-x3

e. x*—125x

a. xy’ —27x

c. 3—81x°

e. 27m’ + 64n?

Fully factorise the following.
a. 24x3 —81y?

c. 125(x+2)° +64(x—5)°
e. @ —a’b*+d*b’-p

X v x—=2
a.
x+DHx-=2) 3x
2 4+5x+6
dx + 8
dx ) 18x% — 6x
e. -
3x24+5x+2  9x2-1
K3 Simplify:
x? +4x
a —
x24+2x—8
Simplify the following.

3x? —7x—20
25 — 9x?
(x+h)?-x
T
m’ = 2m’n m* — 4n?

e. -
m3 +n m? + 3mn + 2n?

2x+ 5x
3 4

© 1 x—1

Fully factorise each of the following expressions.

Simplify the following algebraic fractions.

Express the following as a single algebraic fraction.

. 6
. EIE3 Simplify T T

. x° 41000
. 27%° + 64y°
. (x—=13+216

b. —x3 =216
. 323 + 4w
. 250x° — 128m?

b. 8x*y* + xy
C2(x—y)? = 54(2x +y)°
X0 —y0
5 .10

xBx+1) " x(x+3)

16 — 9x? » 2x+ 10
" 8+6x 3x—4

2% =3x—=5 3xr —5x—12

. X
2x2 —11x+15  3x2+7x+4

x—64 2 +38

5-x  x-5

X +4x2 —9x - 36

X2 4+x—-12
2x2 1 —9x?

. X
Ox3 +3x2  18x2 —12x+2

1= 1-=-x* 14+x+x2
X =
14+x3 14+4x2 1-—x+4x2

x  3x

72

X 5

" 3x—1 1-2x

3 1 5

. +
x2—-9 x+3 x-3
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21. Simplify the following expressions. i i
The word algebra is of Arabic

a 4 + 4 origin. It is derived from al-jabr,
2+1 x—=x2 and was developed by the
4 3 5 mathematician Muhammad ibn
b. 24 132 tI 5 Musa al-Khwarizmi (c.780-850).
5 4 3 The word algorithm is derived
c. + + from his name.
x+6 5—-x x24+x-30
1 2 1

4y? — 36y + 81 - 4y2 — 81 2y> -9y
22. a. Expand (2 + 3x)(x + 6)(3x — 2)(6 — x).
b. Factorise x* — 6x 4+ 9 — xy + 3y.
c. Factorise 2y* + 2y(x — y)°.
23. Expand the following.
a. (g+12+h)? b. 2p +7¢9)*(7q — 2p)
c. (x+10)(5+2x)(10—-x)2x—-15)

Technology active
x> —125 y 5
X2 =25 " X3 +5x2425x

16x* — 1
b. Simplify( 3 > .

24. a. Simplify

x+1 +12) 2+l
3
L p q
c. Simplify - -
p—q p*—q¢ pt-¢*
d. Simplify (a + 6b) = ! >
. a - -
P @ —3ab+ 207 @ —ab—207
25. Using CAS technology:
a. Expand (x + 5)(2 — x)(3x + 7). b. Factorise 27(x — 2)* + 64(x + 2)°.
8
. Simplif —
C 1IIlp1yx_1+x+8

2.3 Pascal’s triangle and binomial expansions

2.3.1 Expansions of perfect cubes
The perfect square (a + b)* may be expanded quickly by the rule (a + b)*> = a* + 2ab + b*. The perfect cube
(a + b)? can also be expanded by a rule. This rule is derived by expressing (a + b)’ as the product of repeated
factors and expanding.
(a+b*)=(a+b)(a+b)(a+Db)

=(a+b)(a+b)

= (a+b) (a*+2ab + b?)

=a’ + 2a*b + ab* + ba® + 2ab® + b*

=a’ + 3a*b + 3ab* + b’

Therefore, the rules for expanding a perfect cube are:

(a+b) =a’ +3a°b + 3ab® + b’
(a—0b) =a® - 3a°b + 3ab® - b’
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Features of the rule for expanding perfect cubes

* The powers of the first term, a, decrease as the powers of the second term, b, increase.
* The coefficients of each term in the expansion of (a + by} are 1,3, 3, 1.

* The coefficients of each term in the expansion of (a — by are 1, -3, 3, —1.

* The signs alternate + — + — in the expansion of (a — b)’.

WORKED EXAMPLE 6

Expand (2x — 5)°.
THINK WRITE

1. Use the rule for expanding a perfect (2x - 5)°
cube. Using (a — by} = a® — 3a®b + 3ab* - b3,
let2x =aand 5 = b.
(2x - 5)° = (2%)% = 3(2%)*(5) + 320)(5)* - (5)°

2. Simplify each term. =8x® —3X4x*x5+3x2xx25—-125
= 8x® — 60x> + 150x — 125
3. State the answer. 5 (2x = 5)° = 8x3 — 60x% + 150x — 125

4. An alternative approach to using the 2x =35 = 2x + (=5))°
rule would be to write the expression ~ Using (a + b)’ = a® + 3a?b + 3ab* + b°,
in the form (a + b)°. let 2x = a and -5 = b.
2x =57 =Q2x+(-9)°
= (2%)° + 3(2%)*(=5) + 3(2x)(=5)* + (=5)°
= 8x> — 60x* + 150x — 125

2.3.2 Pascal’s triangle

Although known to Chinese mathematicians many centuries earlier, the following
pattern is named after the seventeenth century French mathematician Blaise Pascal.
Pascal’s triangle contains many fascinating patterns. Each row from row 1 onwards
begins and ends with ‘1°. Each other number along a row is formed by adding the two
terms to its left and right from the preceding row.

Row 0 1

Row 1 1 1

Row 2 1 2 1
Row 3 1 3 3 1

Row 4 1 4 6 4 1

The numbers in each row are called binomial coefficients.
The numbers 1, 2, 1 in row 2 are the coefficients of the terms in the expansion of (a + b)>.

(a+b)? = 1a*> + 2ab + 1b*
The numbers 1, 3, 3, 1 in row 3 are the coefficients of the terms in the expansion of (a + b)3.

(a+b)} = 1a® + 3a*b + 3ab* + 1b°
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Each row of Pascal’s triangle contains the coefficients in the expansion of a power of (a + b). Such
expansions are called binomial expansions because of the two terms a and b in the brackets.

Row n contains the coefficients in the binomial expansion (a + b)".

To expand (a + b)* we would use the binomial coefficients, 1, 4, 6, 4, 1, from row 4 to obtain:

(a +b)* = la* + 4a°b + 642b* + 4ab’ + 1b*
=a* + 4a’b + 64*b* + 4ab® + b*

Notice that the powers of a decrease by 1 as the powers of b increase by 1, with the sum of the powers of
a and b always totalling 4 for each term in the expansion of (a + b)*.
For the expansion of (a — b)* the signs would alternate:

(a — b)* = a* — 4a°b + 6a°b* — 4ab’ + b*

By extending Pascal’s triangle, higher powers of such binomial expressions can be expanded.

WORKED EXAMPLE 7

Form the rule for the expansion of (z — b)°and hence expand 2x — 1)°.

THINK WRITE

1. Choose the row in Pascal’s For (a — b)’, the power of the binomial is 5. Therefore the
triangle which contains the ~ binomial coefficients are in row 5. The binomial coefficients

required binomial are: 1,5, 10, 10,5, 1.
coefficients.
2. Write down the required Alternate the signs:
binomial expansion. (a— by =a —5a*b + 10a°b° — 10a2b* + 5ab* — b°

3. State the values to substitute  To expand (2x — 1)°, replace a by 2x and b by 1.
in place of a and b.

4. Write down the expansion. x—1)°
= (2x)° = 5(20)*(1) + 10(2x)*(1)* = 102x)%(1)* + 52x)(D)* = (1)
5. Evaluate the coefficients and = 32x°> —5x 16x* + 10 X 8% — 10 x 4x% + 10x — 1
state the answer. — 32)65 o 80)C4 + 80)63 . 40)62 +10x—1

So(2x—1)° =320 — 80x* + 80x° — 40x2 + 10x — 1

'+ 11| Resources

Interactivity: Pascal’s triangle and binomial coefficients (int-2554)

study[]])
Lunits1 82> 2052 > Topic 1 > Concopt 2 2

Pascal’s triangle and binomial expansions Summary screen and practice questions
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Exercise 2.3 Pascal’s triangle and binomial expansions

Technology free

1. [ Expand (3x — 2)°.
2. Expand the following and simplify where appropriate.

a. (x—3)° b. 2x— 1)} c. (x+4)3 d. 5-x)°
e. Bx+7)° f. 2(4x + 1)
3. Expand the following.
3
a Gx+ 1) b (1= 2x) c. (5x+2y) d. (% - %)

4. II¥ Select the correct statement(s).
A (x+2° =X +6x> + 12x+8 B. (x+2)° =x*+23

C.(x+2° =@x+2)(>—2x+4)

D. (x+2)° = (x +2)(x> + 2x + 4)

E. x+2° =x+3x2+3x+8

3
5. Expand (g + b2> and give the coefficient of ab”.

Technology active

6. Copy and complete the following table by making use of Pascal’s triangle.

~

10.

11.

12.

13.

Binomial power = Expansion | Number of terms in the expansion | Sum of indices in each term
(x + a)?
(x+a)’
(x +a)*
(x +a)’
. Form the rule for the expansion of (a — b)° and hence expand (2x — 1)°.
Expand (3x + 2y)*.
Find the coefficient of x” in the following expressions.
a. (x+1)° =3x(x+2)° b. 3x%(x + 5)(x — 5) 4+ 4(5x — 3)°
c. @x—DE+2)(x-3)—-@x—-1)° d. 2x* -3 +24 —x?)°
Expand the following using the binomial coefficients from Pascal’s triangle.
a. (x+4) b. (x —4)° c. (xy+2)
d. 3x—5y)* e. B-—x2)* f. (1+x)°%—(1-x°
a. Expand and simplify [(x — 1) + y]*.

6
2
. Find the term independent of x in the expansion of (% + —) .

T T

X
If the coefficient of x>y? in the expansion of (x + ay)* is 3 times the coefficient of x?y? in the
expansion of (ax? — y)4, find the value of a.

Find the coefficient of x in the expansion of (1 + 2x)(1 — x).

Expand (1 + Xt

Using a suitably chosen value for x evaluate 1.1 using the expansion in part a.

Expand (x + 1)° — (x + 1)* and hence show that (x + 1)° — (x + 1)* = x(x + 1)*.

Prove (x + 1" — (x + 1)" = x(x + 1)".
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14. A section of Pascal’s triangle is shown. Determine the values of a, b and c.

45 a
b 165 330
220 c

2.4 The binomial theorem

Note: The binomial theorem is not part of the Study Design but is included here to enhance understanding.
Pascal’s triangle is useful for expanding small powers of binomial terms. However, to obtain the coefficients
required for expansions of higher powers, the triangle needs to be extensively extended. The binomial theorem
provides the way around this limitation by providing a rule for the expansion of (x + y)". Before this theorem
can be presented, some notation needs to be introduced.

2.4.1 Factorial notation

In this and later topics, calculations such as 7 X 6 X 5 x4 x 3 X 2 X 1 will be encountered. Such expressions
can be written in shorthand as 7! and are read as ‘7 factorial’. There is a factorial key on most calculators, but
it is advisable to remember some small factorials by heart.

Definition
nl=nXmn-1)X(n-2)x...x3x2x 1 for any natural number n.

It is also necessary to define 0! = 1.
7! is equal to 5040. It can also be expressed in terms of other factorials such as:

ﬂ=7xwx5x4x3x2xn(Kﬂ:7x6x6x4x3x2xn
=7X%X6! =7%x6X%X5!
This is useful when working with fractions containing factorials. For example:
51 51

7 _Txsf 7 Tx6x 5
6! /6( or |

By writing the larger factorial in terms of the smaller factorial, the fractions were simplified.
Factorial notation is just an abbreviation so factorials cannot be combined arithmetically. For example,
31 -21+# 1!, This is verified by evaluating 3! —2!.

31-21=3x2x1-2x%x1

=6-2
=4
#1
WORKED EXAMPLE 8
50!
Eval S!=-314+—
valuate 3!+ 29!
THINK WRITE
!
1. Expand the two smaller factorials. S5!-3!'+ j—&
50!
=5X4X3X2X1-3X2X1+—
49! [
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2. To simplify the fraction, write the larger

=5X4%x3%x2x1-3%x2%x1+

50 x 49!

'
factorial in terms of the smaller factorial. a2l
3. Calculate the answer. =120-6+ M
497
=120-6+ 50
= 164
TI| THINK WRITE CASIO | THINK WRITE

1. On a Calculator page,

1. On the Main screen, complete

© Edit Action Intsractive

complete the entry line as: the entry line as: Bl ,’Tiﬂilf*""'l"—‘?l'T':‘HT:

5131430 51_31459 searel
C T 49! , T 491 g i

Then press ENTER. Then press EXE.

Note: the factorial symbol Note: the factorial symbol is

is located in CTRL MENU, located in the Advance menu of

Symbols the Keyboard.

2. The answer appears on the
screen.

164

2. The answer appears on the
screen.

Alg Sundard  Aesd Rad

164

Resources

Interactivity: The binomial theorem (int-2555)

2.4.2 Formula for binomial coefficients

Each of the terms in the rows of Pascal’s triangle can be expressed using factorial notation. For example, row
3 contains the coefficients 1, 3, 3, 1.

3! 3! 3! 3!
0! x3!" 1! x2!" 21 x 11" 31 x0!"

These can be written as

(Remember that 0! was defined to equal 1.)
The coefficients in row 5 (1, 5, 10, 10, 5, 1) can be written as:
5! 5! 5! 5! 5! 5!
0! x5!” 1! x4!” 21 x317 31 x2!" 4! x1!” 5! x0!

The third term of row 4 would equal — and so on.
2! x 2|
!
The (r + 1)th term of row n would equal S L —
r! X(n—r)!

This is normally written using the notations "C, or < )
r

These expressions for the binomial coefficients are referred to as combinatoric coefficients. They occur
frequently in other branches of mathematics including probability theory. Blaise Pascal is regarded as the
‘father of probability’ and it could be argued he is best remembered for his work in this field.

n n! q
(r) = ﬁ = "C, where r <n and r, n are non-negative whole numbers.
r.(n—r).
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2.4.3 Pascal’s triangle with combinatoric coefficients

Pascal’s triangle can now be expressed using this notation:

0
Row 0 <0>

1 1
Row 1 0 |
2 2 2
0 0 0
3 3 3 3
Row 3 <0> ) ) 3

e ) 0@ 6 0

Binomial expansions can be expressed using this notation for each of the binomial coefficients.

The expansion (a + b)* = <?)> a+ (?) a*b + G) ab® + (;) b.

Note the following patterns:

. <g) =1= <Z> (the start and end of each row of Pascal’s triangle)

. <’11) =n= <n i 1) (the second from the start and the second from the end of each row) and

n\ _ n
r]  \n-=r)
While most calculators have a "C, key to assist with the evaluation of the coefficients, the formula for (’:)

n :
or "C, should be known. Some values of < > can be committed to memory.
r

WORKED EXAMPLE 9
8
Eval .
valuate ( 3)

THINK WRITE
!
1. Apply the formula. n\ _ n! Letn—8and r=3.
r rl(n—r)!
8\ _ 8!
3)  318-3)!
8!
" 3150
2. Write the largest factorial in terms of the next — 8X7x6x5
largest factorial and simplify. 3150
_8XTX6
-3l
3. Calculate the answer. = M
3Ix7Zx1
=8x7
=56
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2.4.4 The binomial theorem

The binomial coefficients in row n of Pascal’s triangle can be expressed as (g) , <’11> , (;) Y (Z) and

hence the expansion of (x + y)" can be formed.
The binomial theorem gives the rule for the expansion of (x + y)" as:

x+y)'= (g) X'+ <711> Ky + <g> XV 4+ <’:> XY+ L+ (Z) Y

Since (8) =1= <Z> this formula becomes:

x+y)'=x"+ (’11) "y 4 (’21) "4+ (:1) A U S

Features of the binomial theorem formula for the expansion of (x + y)"

e There are (n + 1) terms.

* In each successive term the powers of x decrease by 1 as the powers of y increase by 1.

* For each term, the powers of x and y add up to n.

¢ For the expansion of (x — y)" the signs alternate + — + — + ... with every even term assigned
the — sign and every odd term assigned the + sign.

WORKED EXAMPLE 10

Use the binomial theorem to expand (3x + 2)%

THINK WRITE

1. Write out the expansion (Bx+2)*
using the binomial = G + 4 Gx3Q) + 4 G220 + 4 B0 + )
theorem. 1 2 3

Note: There should be 5
terms in the expansion.

2. Evaluate the binomial = B +4x Bx)2) + 6 X 3x)%(2)* + 4 x B0)(2)* + (2)*
coefficients.

3. Complete the calculations = 81x* +4 X 27x* X2+ 6 X 9x*> X 4 +4 X 3xx 8 + 16
2t silts e amser o (B4 2)* = 810 4+ 2162° + 21607 + 961 + 16

2.4.5 Using the binomial theorem

The binomial theorem is very useful for expanding (x + y)". However, for powers n > 7 the calculations can
become quite tedious. If a particular term is of interest then, rather than expand the expression completely to
obtain the desired term, an alternative option is to form an expression for the general term of the expansion.
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The general term of the binomial theorem

Consider the terms of the expansion:

x+y) =x"+ <'lz>x”‘1y+ <;>x"_2y2+...+ <;l>x”"y’+...+y"

Term 1: ¢, = <n> xy0
0
Term 2: ¢, = <’11> Xyt

Term 3: 13 = <;> x'72y?

Following the pattern gives:

Term (r + 1): ty4y = <’:> Xy

For the expansion of (x + y)”, the general termis¢,, ; = (:’) X"y

For the expansion of (x —y)", the general term could be expressed as ¢, ; = (f) X(=y).

The general-term formula enables a particular term to be evaluated without the need to carry out the full
expansion. As there are (n + 1) terms in the expansion, if the middle term is sought there will be two middle
terms if n is odd and one middle term if n is even.

WORKED EXAMPLE 11

9
Find the fifth term in the expansion of (% - %) .
THINK WRITE
x  y\°
1. State the general-term formula of <§ -3 )
the expansion. . n\ X\ Y\
The (r + 1)th term is t,4 = <7) (—7> .
r)\2 3
Since the power of the binomial is 9, n = 9.
i B 9 <{ )9—}’ ( X )}’
e lbrtl — 7 ) B
2. Choose the value of r for the For the fifth term, #s:
required term. r+1=5

r=4
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3. Evaluate to obtain the required
term.

5 4

y
=126 X — X —
32 81
3 7x5y4
144

2.4.6 ldentifying a term in the binomial expansion

The general term can also be used to determine which term has a specified property such as the term inde-
pendent of x or the term containing a particular power of x.

WORKED EXAMPLE 12

Identify which term in the expansion of (8 — 3x

x% as a product of its prime factors.

THINK

1. Write down the general term for this
expansion.

2. Rearrange the expression for the general
term by grouping the numerical parts
together and the algebraic parts together.

3. Find the value of r required to form the
given power of x.

4. Identify which term is required.
5. Obtain an expression for this term.

6. State the required coefficient.

7. Express the coefficient in terms of prime
numbers.

8. State the answer.

)12 would contain x® and express the coefficient of

WRITE
(8 —3x%)"
The general term:

. B 12 (8)12—r(_3x2)r
r+1 — -
EH::<?)<&””esfu%’

— < 12) (8)12—r(_3)rx2r
r

For x8, 2r = 8 so r = 4.

Hence it is the fifth term which contains x3.

With r = 4,
12 _
ts = (4 > (8)12 4(_3)4x8

=<f>@ﬁea%8

The coefficient of x® is <142> (8)8(=3)*.

12 8 4
<4)(&<—$

=11x5x%x9x2%x3*
=11x5x3>%x2%x34
=11x5x3%x2%
Therefore the coefficient of x® is
11 x5 x3%%x 2%
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Exercise 2.4 The binomial theorem

Technology free

1. Evaluate
a. 3! b. 4! c. 5!
d. 2! e. 0! x1! f. Z
6!
2. Rewrite the following using factorial notation.
a. TX6X5%x4x3x2x1 b. 8X7X6X5%x4Xx3x2x1
c. 8x7! d. 9x8!
3. [l Evaluate 6! +4! — 190'
4. Simplify ——— - 2)'
5. Evaluate the following.
a. 6! b. 4! +2!
6!
c. 7xX6x5! d. 3
6. Evaluate the following.
26! 42!
a. — b. —
24! 43|
. ﬂ_@ a. 11! +10!
50! 70! 11! —10!

7. B Evaluate (471>

8. Find an algebraic expression for <;> and use this to evaluate (221>.
9. Evaluate the following.

= (3) (%)
- (2) o v
~ (o) < (1)

10. Simplify the following.

() )
- (5) = (2)+0) (%)
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11

. Simplify the following.
a. n+1)xn! b. (n—1)(n—-2)n-3)!
(n—1)! (n—-D!' (m+ 1!
" (n+1)! ’ n! (n+2)!

Technology active

12

15.

16.

17.

18.

19.

20.

21.

22,

. [EZ0 Use the binomial theorem to expand (2x + 3)°.
13.
14.

Use the binomial theorem to expand (x — 2)’.
Expand the following.
a. (x+1) b. 2—x)°

7 1\?
d. <§+2> e. <x—;>

K220 Find the fourth term in the expansion of ( 3

2

of x!3 as a product of its prime factors.
Find the term independent of x in the expansion

6
of (x + %> .
X
For questions 19 and 20, either use expansion or the
general term formula.
Obtain each of the following terms.
a. The fourth term in the expansion of (5x + 2)°
b. The third term in the expansion of (3x% — 1)°
c. The middle term(s) in the expansion of (x + 2y)7
a. Obtain the coefficient of x° in the expansion of
(1 —2x%).
b. Express the coefficient of x° in the expansion of
(3 + 4x)'! as a product of its prime factors.
c. Find the term independent of x in the expansion

10
1

of <x2 + —> )
3

Evaluate the following using CAS technology.
b 15
“\10

a. Solve for n: (g) = 1770

a. 15!

b. Solve for r: <1r2> =220

Xy

10
Find the middle term in the expansion of <x2 + X) .

n!
c.
(n—3)!
nw—n?=2n_(n-2)!

X
(n+ 1! n—2

. (2x+3y)°

(2]

.2+ Do

=h

EZHA Identify which term in the expansion of (4 4+ 3x*)® would contain x'> and express the coefficient

‘I’'m very well acquainted, too, with
matters mathematical; | understand
equations, both the simple and
quadratical; About Binomial Theorem
| am teeming with a lot 0’ news; With
many cheerful facts about the square
of the hypotenuse!’
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2.5 Sets of real numbers

The concept of numbers in counting and the introduction of sym-
bols for numbers marked the beginning of major intellectual
development in the minds of the early humans. Every civili-
sation appears to have developed a system for counting using
written or spoken symbols for a few, or more, numbers. Over
time, technologies were devised to assist in counting and com-
putational techniques, and from these counting machines the
computer was developed.

Over the course of history, different categories of numbers
have evolved which collectively form the real number system.
Real numbers are all the numbers which are positive or zero or
negative. Before further describing and classifying the real num-
ber system, a review of some mathematical notation is given.

"1 | Resources

Interactivity: Sets (int-2556)

2.5.1 Set notation

A set is a collection of objects, these objects being referred to as the elements of the set. The elements may
be listed as, for example, the set A = {1,2,3,4,5} and the set B = {1,3,5}.

The statement 2 € A means 2 is an element of set A, and the statement 2 & B means 2 does not belong to,
or is not an element of, set B.

Since every element in set B = {1,3,5} is also an element of set A = {1,2,3,4,5}, B is a subset of set A.
This is written as B C A. However we would write A & B since A is not a subset of B.

The union of the sets A and B contains the elements which are either in A or in B or in both. Elements
should not be counted twice. This is written as A U B and would be the same as the set A for this example.

The intersection of the sets A and B contains the elements which must be in both A and B. This is written
as A N B and would be the same as the set B for this example.

The exclusion notation A\B excludes, or removes, any element of B from A. This leaves a set with the
elements {2, 4}.

Sets may be given a description as, for example, set C = {x:1 < x < 10}. The set C is read as ‘C is the set
of numbers x such that x is between 1 and 10’.

The set of numbers not in set C is called the complement of C and given the symbol C'. The description
of this set could be written as C' = {x:x <1 U x > 10}.

A set and its complement cannot intersect. This is written as C N C' = @ where @is a symbol for ‘empty
set’. Such sets are called disjoint sets.

There will be ongoing use of set notation throughout the coming topics.

2.5.2 Classification of numbers

While counting numbers are sufficient to solve equations such as 2 + x = 3, they are not sufficient to solve,
for example, 3 + x = 2 where negative numbers are needed, nor 3x = 2 where fractions are needed.

The following sequence of subsets of the real number system, while logical, does not necessarily reflect
the historical order in which the real number system was established. For example, fractions were established
long before the existence of negative numbers was accepted.
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Natural numbers are the positive whole numbers or counting numbers. The set of natural numbers is
N=1{1,2,3,...}.

The positive and negative whole numbers, together with the number zero, are called integers. The set of
integersis Z = {... —2,-1,0, 1, 2, 3, ...}. The symbol Z is derived from the German word ‘zahl’ for
number.

Rational numbers are those which can be expressed as quotients in the form Z, where g # 0, and p and ¢

are integers which have no common factors other than 1. The symbol for the set of rational numbers is Q
(for quotients). Rational numbers include finite and recurring decimals as well as fractions and integers. For
example:

1 9 75 3 = 1 5 .
1§ = §,0.75 ={0- 1 0.3=0.3333... = 3 and5 = 1 are rational.

Natural numbers and integers are subsets of the set of rational numbers with N C Z C Q.
Irrational numbers are numbers which are not rational; they cannot be expressed in fraction form as the

ratio of two integers. Irrational numbers include numbers such as \/5 and 7. The set of irrational numbers
is denoted by the symbol Q' using the complement symbol  for ‘not’. QNQ = @ as the rational and irrational
sets do not intersect.

The irrational numbers are further classified into the algebraic irrationals R
and the non-algebraic ones known as transcendental numbers. Algebraic 0 0
irrationals are those which, like rational numbers, can be solutions to an
equation with integer coefficients, while transcendental numbers cannot. For

example, z is transcendental while \/5 is algebraic since it is a solution of the
equation x*> — 2 = 0.

The union of the set of rational and irrational numbers forms the set of real
numbers R.

Hence R = QU Q'. This is displayed in the diagram showing the subsets of
the real numbers.

The set of all real numbers forms a number line continuum on which all of the positive or zero or negative
numbers are placed. Hence R = R~ U {0} UR™.

R Zero R*

Y

The sets which formed the building blocks of the real number system have been defined, enabling the real
number system to be viewed as the following hierarchy.

Real numbers

Rationals Irrationals

Integers Fractions Algebraic Transcendental
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Expressions and symbols that do not represent real numbers

It is important to recognise that the following are not numbers.
* The symbol for infinity co may suggest this is a number but that is not so. We can speak of numbers
getting larger and larger and approaching infinity, but infinity is a concept, not an actual number.

* Any expression of the form o does not represent a number since division by zero is not possible. If

a = 0, the expression % is said to be indeterminate. It is not defined as a number.

To illustrate the second point, consider %.
Suppose 3 divided by 0 is possible and results in a number we shall call n.

3_

6—?1

3=0xn
=3=0

The conclusion is nonsensical so % is undefined.

However, if we try the same process for zero divided by zero, we obtain:

O_

6—n
S0=0xn
50=0

While the conclusion holds, it is not possible to determine a value for n, so % is indeterminate.

It is beyond the Mathematical Methods course, but there are numbers that are not elements of the set of

real numbers. For example, the square roots of negative numbers, such as 4/—1, are unreal, but these square

roots are numbers. They belong to the set of complex numbers. These numbers are very important in higher
levels of mathematics.

WORKED EXAMPLE 13

a. Classify each of the following numbers as an element of a subset of the real numbers.
3

i. N i. ﬁ ii. 6—2x3 iv. \/§

b. Which of the following are correct statements?

i.5eZ i.ZCN ii. FURT =R
THINK WRITE
3
a. i. Fractions are rational numbers. a. i =3 €0
ii. Surds are irrational numbers. i. V7€0
iii. Evaluate the number using the correct order iii. 6—2x%3
of operations. =6-06
=0
S (6-2%x3)€eZ

An alternative answer is (6 — 2 X 3) € Q.

iv. Evaluate the square root. iv. \/5 =3

.'.\/§€Z [
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b. i. Zis the set of integers. b. i.5 € Zis a correct statement since 5 is an

integer.
ii. N is the set of natural numbers. ii. Z C N is incorrect since N C Z.
iii. This is the union of R~, the set of negative iii. R~ UR" = R is incorrect since R includes the
real numbers, and R*, the set of positive real number zero which is neither positive nor
numbers. negative.

2.5.3 Interval notation

Interval notation provides an alternative and often convenient way of describing certain sets of numbers.

Closed interval

[a, b] = {x:a < x < b} is the set of real numbers that lie between a and b, including the endpoints, a and b.
The inclusion of the endpoints is indicated by the use of the square brackets [ |.
This is illustrated on a number line using closed circles at the endpoints.

A
Y

Open interval
(a, b) = {x:a < x < b} is the set of real numbers that lie between a and b, not including the endpoints a and
b. The exclusion of the endpoints is indicated by the use of the round brackets ().

This is illustrated on a number line using open circles at the endpoints.

O——=0

< >
-~ T T >

a b

Half-open intervals
Half-open intervals have only one endpoint included.
[a, b) = {x:a <x < b}

@—————0
T T

a b

Y

A

(a, bl = {x:a<x < Db}

A
Y

a b

Interval notation can be used for infinite intervals using the symbol for infinity with an open end. For
example, the set of real numbers, R, is the same as the interval (—oo, o0).
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WORKED EXAMPLE 14

a. Illustrate the following on a number line and express in alternative notation.

i, {1, 2, 3, 4)

b. Use interval notation to describe the sets of numbers shown on the following number lines.

ii. 1.

iii. 1.

(=2, 2] i. {x:x>1}
o——o0
< T T T T T >
0 1 2 3 4 5 6
<~— — >
<T— 71 T T T T 1>
1 2 3 4 5 6 17

. Describe the given interval.

Note: The round bracket indicates
‘not included’ and a square bracket
indicates ‘included’.

. Write the set in alternative

notation.

Describe the given set.

. Write the set in alternative

notation.

Describe the given set.

Note: This set does not contain all
numbers between the beginning
and end of an interval.

. Write the set in alternative

notation.

b.i. Describe the set using interval
notation with appropriate brackets.

ii. 1.

2.

Describe the set as the union of the
two disjoint intervals.

Describe the same set by
considering the interval that has
been excluded from R.

WRITE

a.i. (=2, 2] is the interval representing the set of

numbers between —2 and 2, closed at 2, open
at —2.

>
>

<7 T T T T
2 -1 0 1 2
An alternative notation for the set is
(=2,2]={x:—2<x<2}.
ii. {x:x > 1} is the set of all numbers greater than or
equal to 1. This is an infinite interval which has
no right-hand endpoint.

o—
<~ T T T T T 1>
0123456

An alternative notation is {x:x > 1} =[1, o).

iii.{ 1,2, 3,4} is a set of discrete elements.

2 3

< >
-~ >

—_— e
e

Alternative notations could be
{1,2,3,4} = {x:1<x<4,x € N}, or
{1,2,3,4}=[1,4]nN.

b.i. The set of numbers lie between 3 and 5, with both

endpoints excluded. The set is described as (3, 5).
ii. The left branch is (—oco, 3] and the right branch is
[5, o). The set of numbers is the union of these

two. It can be described as (—o0, 3] U [5, o).
Alternatively, the diagram can be interpreted as
showing what remains after the set (3, 5) is
excluded from the set R. An alternative
description is R\ (3, 5).
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Exercise 2.5 Sets of real numbers

Technology free

1. a. [[IEHE Classify each of the following numbers as an element of a subset of the real numbers.
i & i, V27 iii. (6—2)%3 iv. 1/0.25
b. Which of the following are correct statements?
i. 17eN i. 0CN i. 0OUQ =R
x—=5
x+DHx-=3)
3. @ Which of the following does not represent a real number?

2. For what value(s) of x would be undefined?

3 6x2—-3x4 8—-4)x2
A. V-4 B. vO c.— " p.522+3 E. ——
Vo 7 r §—4x2
4. Explain why each of the following statements is false and then rewrite it as a correct statement.
a. V16425 €Q b. 3-1D€EZ c. Rt = {x:x>0} d. V225 €Q
5. Determine any values of x for which the following would be undefined.
1 x+2 x+8 4
a. b. c. d.
x+5 x=2 2x+3)(5-x) X2 —4x
6. State whether the following are true or false.
a. W CR b. NCR* c. ZUN=R d OnZ=Z7
e. QUZ=R\Q f. Z\N=2"

7. Select the irrational numbers from the following set of numbers.
V11, Z, 11", 11z, V121, 27}

= 3 1 4
— .
8. I a. Illustrate the following on a number line and express in @ /\)\

alternative notation.
i [=2,2) N,

2795,
i. {xix< -1} %00’5 Oecp I\
i. {=2,-1,0,1,2)} <+ s % N
b. Use interval notation to describe the sets of numbers shown on the O 1 3 U)
\ o
following number lines. N} orssc6% Cu
—o X

A
Y

T T T T T 1
i. 0 1 2 3 4 5 6
~—o o—>

<
<P
Coe6LO0

<771 1 T T T 1>

i. 1 2 3 4 5 6 7

9. Use interval notation to describe the intervals shown on the following number lines.
a. © 0 b. ©

<
L T T T

LI E— —
2 -1 0 1 2 3 4 5

>
>

Y

<
-

LI — — —
1 2 3 4 5 6 7 8

© —q O

A
Y
A

Y

—_
N
W
g
[, =
o
3
o
[—
N —
98]
N
W -
o
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10.
11.

12.

13.

14.

T
S5 4 3 -2 -1 0 -3 -2 -1 0 1 2

g. o o

<
L T T T T T

T
-3 -2-1 0 1 2 3

|
|
!

>
>

Write R\ {x:1 < x <4} as the union of two sets expressed in interval notation.

Express the following in interval notation.

a. {x:4<x<8} b. {x:x> -3} c. {x:x<0} d. {x:—2<x<0}
Show the following intervals on a number line.
[-5.5)

. (4, )

. [-3, 7]

. (=3,7]

. (=00, 3]

. (—00, )

-~ 0 2 0 T o

[lustrate the following on a number line.

a. R\[=2, 2] b. (=00, V2)U V2, )
c. [-4,2)n (0, 4) d. [-4,2)u (0, 4)

e. {—1,0,1} f. R\{0}

Use an alternative form of notation to describe the following sets.

a. {(x:12<x<6,xeZ} b. R\(—1, 5]

c. R d. (—o0, =4)U[2, )

Technology active

15.

16.

Determine which of the following are rational and which are
irrational numbers.

a. /7225 b. /75600 c. 0.234234234...

The ancient Egyptians devised the formula A = %dz for
calculating the area A of a circle of diameter d. Use this
formula to find a rational approximation for 7 and evaluate
it to 9 decimal places. Is it a better approximation than %?

2.0 Surds

A surd is an nth root, {/; . Surds are irrational numbers, they cannot be expressed in the quotient form l—).

q

Hence, surds have neither a finite nor a recurring decimal form. Any decimal value obtained from a calculator
is just an approximation.
All surds have radical signs, such as square roots or cube roots, but not all numbers with radical signs are

surds. For surds, the roots cannot be evaluated exactly. Hence, 4/26 is a surd. /25 is not a surd since 25 is a

perfect square, \/25 = 5, which is rational.
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2.6.1 Ordering surds

Surds are real numbers and therefore have a position on the number line. To estimate the position of \/E , we
can place it between two rational numbers by placing 6 between its closest perfect squares.

4<6<9

VA< V6<1/9

S2<146<3

So \/g lies between 2 and 3, closer to 2, since 6 lies closer to 4 than to 9. Checking with a calculator,

\/g ~ 2.4495. Note that the symbol \/_ always gives a positive number, so the negative surd —\/g would
lie on the number line between —3 and —2 at the approximate position —2.4495.

To order the sizes of two surds such as 31/5 and 5v/3, express each as an entire surd.
375 =10 x5 5v3=125x1/3
=v/9x5 and =125%x3
Since V/45 < 1/75 it follows that 3v/5 < 54/3.

2.6.2 Surds in simplest form
Surds are said to be in simplest form when the number under the square root sign contains no perfect square

factors. This means that 31/5 is the simplest form of 4/45 and 5 \/g is the simplest form of \/75.
If the radical sign is a cube root then the simplest form has no perfect cube factors under the cube root.

To express /128 in its simplest form, find perfect square factors of 128.

V128 =1/64 x2
=1/64 x /2
=82

~1/128 =82

WORKED EXAMPLE 15

a. Express {6\/2, 4\/3, 21/5, 7} with its elements in increasing order.
b. Express in simplest form

i. V56 ii. 21/252a2b assuming a > 0.
THINK WRITE
a. 1. Express each number entirely as a a. {6\/5, 4\/5, 2\/§, 7}

square root. 6 2:\/£><\/_=\/i,
44/3 = /16 x /3 = /48,
2V5 = V4 x V5 =20

and 7 = 1/49.
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2. Order the terms. \/% < \/4_8 < \/4_9 < \/ﬁ

In increasing order, the set of numbers is

124/5,44/3,7,61/2).

b.i. Find a perfect square factor of the b.i. V56 =1y4Xx14
number under the square root sign. _ \/Z x v/14
=24/14
ii. 1. Find any perfect square factors of the ii. 21/252a2b = 2/4 X 9 x Ta2b

number under the square root sign.

2. Express the square root terms as =2XV4x \/5 X \/7 X \/; X \/Z
products and simplify where possible. =2X2X3%xX\V7XaXx \/[;

= 12a\/7b

3. Try to find the largest perfect square Alternatively, recognising that 252 is 36 X 7,

factor for greater efficiency. 24/252a2bh = 21/36 x 7ab

:2><\/£><\/7_><\/a_2><\/3
=2><6><\/7><a><\/b
= 12a\/7b

2.6.3 Operations with surds

As surds are real numbers, they obey the usual laws for addition and subtraction of like terms and the laws of
multiplication and division.
e Addition and subtraction

a\/c +byJc =(@+b)+\/c
ar/c —b\/c_=(a—b)\/cT

Surdic expressions such as \/5 + \/5 cannot be expressed in any simpler form as \/5 and \/5 are ‘unlike’
surds. Like surds have the same number under the square root sign. Expressing surds in simplest form enables
any like surds to be recognised.

e Multiplication and division

Ve x Vd = /(cd)
av/c xb\/d = (ab)\/(cd)

Note that (\/E)Z = ¢ because (\/g)2 = \/gx \/_ = \/c—2 =c.
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WORKED EXAMPLE 16

Simplify the following.

a.3v5+7v2+ 65 -32 b.31/98 — 41/72 + 24/125
c. 43 x 64/15

THINK WRITE

a. Collect like surds together and simplify. a. 34/5 + 7\/5 + 6\/3 - 3\/5
=31/5+6V5+7V2-3V2
=9v/5+4v2

b. 1. Write each surd in simplest form. b. 3\/% —44/72 + 2\/@

=31/49 x 2 — 44/36 X 2 + 21/25 X 5
=3x7V2-4x6V2+2x5V5
=212 - 242 +101/5

2. Collect like surds together. = (21 \/5 —24 \/5) + 10\/5
=-3v2+10V/5

c. 1. Multiply the rational numbers together c. 41/3 X 6\/E
and multiply the surds together. — (4x6) m

= 241/45

2. Write the surd in its simplest form. =244/9%5
=24x35
=724/5

2.6.4 Expansions

Expansions of brackets containing surds are carried out using the Distributive Law in the same way as algebraic

expansions.
Va (Vb+ ) = Vab+ ac
(\/E+\/Z> (\/E+\/:i>=\/§+\/a_d+ Vbe +\/bd

The perfect squares formula for binomial expansions involving surds becomes:

<\/Zi \/Z>2= a +2+/ab + b, since:
(Vax Vb = (aP £2y/aVb + (Vb)?

=a12\/£+b
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The difference of two squares formula becomes (\/; + \/E ) <\/_ - \/E ) = a — b since:

(V35) (V7 - ¥B) = () = (48) =

The binomial theorem can be used to expand higher powers of binomial expressions containing surds.

WORKED EXAMPLE 17

Expand and simplify the following.

a.31/2(41/2 - 51/6)
c. 3V3 +21/5)?

THINK

a.  Use the distributive law to expand,
then simplify each term.

b. 1. Expand as for algebraic terms.

2. Simplify where possible.

c. 1. Use the rule for expanding a perfect
square.

2. Simplify each term remembering
that (\/5)2 = a and collect any like
terms together.

d. Use the rule for expanding a difference of two squares.

b.2V/3 — 5v/2)@1/5 + V/14)
d. (V7 +3V2)(V7-32)

WRITE

a. 312(4v/2 - 5v/6) = 124/4 - 15V/12
=12x2-15V/4x3
=24 - 15%21/3
=24 -304/3
b. (2V3-5V2)@V5+V/14)
= 81/15 + 21/42 — 201/10 — 51/28
= 8v/15 +21/42 = 201/10 = 5v/4 x 7
= 8v/15 +21/42 — 201/10 — 5 x 2/7
= 81/15 +21/42 — 201/10 — 101/7

There are no like surds so no further
simplification is possible.

c. (3V3+2V/5)?
= 3V3) +26V3)2V5) + 2V5)?
=9x3+2x3x2V3x5+4x%5
=27+ 124/15 + 20

=47+ 124/15
d (V7+3v2(/7-3V2)
= (V7 - 3V2)

=7-9X%x2
=7-18
=—11

2.6.5 Rationalising denominators

It is usually desirable to express any fraction whose denominator contains surds as a fraction with a denomi-
nator containing only a rational number. This does not necessarily mean the rational denominator form of the

fraction is simpler, but it can provide a form which allows for easier manipulation and it can enable like surds

to be recognised in a surdic expression.
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The process of obtaining a rational number on the denominator is called rationalising the denominator.
There are different methods for rationalising denominators, depending on how many terms there are in the
denominator.

Rationalising monomial denominators

Consider , where a, b, ¢ € Q. This fraction has a monomial denominator since its denominator contains

byfc
the one term, b\/; .
In order to rationalise the denominator of this fraction, we use the fact that \/Z X \/; = ¢, arational number.

Multiply both the numerator and the denominator by \/; . As this is equivalent to multiplying by 1, the
value of the fraction is not altered.

a:axﬁ
VNN
ae

(e ve)
Ve

bc

: a _aye . : .
By this process = and the denominator, bc, is now rational.
byfc c
Once the denominator has been rationalised, it may be possible to simplify the expression if, for example,
any common factor exists between the rationals in the numerator and denominator.

Rationalising binomial denominators
\/67 + \/E and \/67 - \/E are called conjugate surds. Multiplying a pair of conjugate surds always results in a
rational number since ( \/67 + \/E )(\/a_ - \/E ) = a—>b. This fact is used to rationalise binomial denominators.

Consider \/_— where a,b € Q. This fraction has a binomial denominator since its denominator is
a++\b

the addition of two terms.

To rationalise the denominator, multiply both the numerator and the denominator by \/_ - \/Z , the con-
jugate of the surd in the denominator. This is equivalent to multiplying by 1, so the value of the fraction is
unaltered; however, it creates a difference of two squares on the denominator.

L X\/_—\/E
Va+vVb  ya+vb Ja-+b
va -\b
) ()
_Va-vb

a—>b

Va- b

. 1 . ) .
By this process we have = where the denominator, a — b, is a rational number.

\/Z+\/I; a—>b
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WORKED EXAMPLE 18

a. Express the following with a rational denominator.

. 12 i 5v3-3v10
53 45

b. Simplify 5/2 — % +34/18.
2

c. Express

d. Givenp = 3\/5 — 1, calculate %1, expressing the answer with a rational denominator.
p —

5v3-3V2

THINK

a.

1. The denominator is monomial.
Multiply both numerator and
denominator by the surd part of the
monomial term.

2. Multiply the numerator terms
together and multiply the
denominator terms together.

3. Cancel the common factor between
the numerator and denominator.

i. 1. The denominator is monomial.

Multiply both numerator and
denominator by the surd part of the
monomial term.

2. Simplify the surds, where possible.

3. Take out the common factor in the
numerator since it can be cancelled
as a factor of the denominator.

Rationalise any denominators
containing surds and simplify all
terms in order to identify any like
surds that can be collected together.

with a rational denominator.

WRITE
12

12 3

a.i.ﬁ:ﬁxﬁ

124/3

5%3

124/3

15

4/1/2\/5

4/5

o
5
L 5v/3-3V10 _ (5V3-3V10) V5

s

4/ Vs
_ V563 -3V10)

4x5

_5v/15-34/50
- 20
_5v/15-3x512
- 20
5v/15 - 1512

20
_5(v/15-3v2)

204

V15 -34/2

4

4
b. 5v2— — +3/18
V2

=52 -

4 V2
\/EX\/§+3X3\/§
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42 +92

=5V2-"2~

=5\/_—2\/_+9\/_
=122

c. 1. The denominator is binomial. c. The conjugate of 5\/5 —3v2is 5v/3 + 3\/5
Multiply both numerator and 6 6 54/3 +3 \/E
denominator by the conjugate of the = X
binomial surd contained in the 5\/5 =2 \/E 5\/5 e \/5 Jjne \/5
denominator. _ 6(5 \/§ +3 \/5)

(5V3 -3v2)(5v/3+3V2)
2. Expand the difference of two — 66 \/5 +3 \/5)
squares in the denominator. (5 \/5)2 -3 \/5)2
Note: This expansion should always 6(5 \/3 13 \/E)
result in a rational number. = 5% 3-9x2
_ 665 \/5 +3v2)
3. Cancel the common factor between 26(5 \/g +342)
the numerator and the denominator. 57/19
Note: The numerator could be
expanded but there is no further = 2(5\/5 + 3\/5) or L 6\/5
simplification to gain by doing so. 19

d. 1. Substitute the given value and d.Given p = 3\/5 -1,

simplify. 1 1

-1 (GvV2-12-1

COx2-6V2+1)—1
i

18 —16\/5

2. Factorise the denominator so that = =
the binomial surd is simpler. 63 — \/_)
1 3+4/2

3. Multiply numerator and = X
denominator by the conjugate of the 66 - \/5) 3+ \/5
3+4/2

binomial surd contained in the _

denominator. 6(3 — \/5)(3 + \/5)
4. Expand the difference of two = i
squares and simplify. 6((3)2 — (V2))

3+4/2

6(9 —2)

3+42

6X%x7

3+1/2

42

98 Jacaranda Maths Quest 11 Mathematical Methods VCE Units 1 & 2 Second Edition



TI| THINK WRITE CASIO | THINK WRITE

c. 1. On a Calculator page, complete 1 B *Doc = c. 1. On the Main screen, complete [ it acior msrsctive
the entry line as: 6 2 (5. H*'} \[?-—) o the entry line as: L“qlﬂ‘i]—[;ﬂ'r:'{] 'l’l'J:l?
6 5-J3_-3-E T . lf 6 ‘ﬂmnlﬂy(m:oﬁ m'a
simpli _ V3,67 §
53—3\/5 | pys\/?_3\/5 . 19 719 §
Then press ENTER. Then press EXE.
|
|
U
O
2(5v3 + 3v2 103 6v2
2. The answer appears on the #9\/_) 2. The answer appears on the 1—\9/_ + ?/—9—
screen. screen.

— study[]))
> h0s2 > Topio 1 > Concepis 586 4

Surds Summary screen and practice questions

Simplifying surds Summary screen and practice questions

Exercise 2.6 Surds

Technology free

1. a. [fEH Express {3\/? , 4\/5_ , 5\/5 ,5} with its elements in increasing order.
b. Express the following in simplest form.

i. V84 ii. 21/108ab? assuming b > 0
2. Select the surds from the following set of real numbers.

{\/g, 1/900, \/g, V344, V103, =, V27, {/%} SCHOOL
3. Express the following as entire surds. SPEED LIMIT
a. 4/5 b. 2/6 . ¥ N900

3
d — e. aby/c f. mi/n
V3 ve o

. Simplify each of the following.

“VE  bVE e VR an® ey Y2

. Express each of the following in simplified form.

a. V75 b. 5V/48 c. /2000 d. 31/288 e. 20/72 f. /54

. EIBH Simplify the following.
a. V5 =47 -7V5 +3V7 b. 31/48 —4+/27 +34/32
c. 3v/5 x7V/15

B

(4]

o
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7. Simplify the following by collecting like terms together.

o SVIT =243 =93 + 411 b. 5 2+\/§+4\/2_—%\/7—2
c. 43 +24/8 =72 +51/48 d. 2¢/3 =3v20 +4V12 = /5
e. 2¢/12 — /125 — /50 +24/180 f. /36 — /108 +2v/75 — 41/300

8. Simplify the following.

a. 37 +8V3 + 124/7 - 9/3 b. 10V2 — 124/6 + 416 —8V2

c. 3v/50 — /18 d. 8v/45 +24/125

e. V6 +7V5 +4v/24 —8v20 f. 2¢/12 — 71243 +%\/_—§\/@
9. Simplify

. 44/6 x /21 b. —41/27 x —/28

c. 4/5(V/5 +1/10) d. 3V72V7 -3V14)

—h

e. (V35 -2)4-1/5) - (4V3 —202V5 +3v7)

10. Carry out the following operations and express answers in simplest form.

a. 4/5 x24/7 b. —10V/6 x —8y/10

c. 3v/8 x2v/5 d. V18 x V72

e.4\/2_7+ V147 f. 5v2 x1/3 x 4 Sx\/Tg+3\/5x7\/E
2/3

11. Expand and simplify

AR (- ) o (1) (e

. (\/_—2)2 d. ( 11+ )

. (4—2\/§)<4+2\/§) . (3 5 +2 )
12. Expand and simplify the following.

a. 2\5(4 15 +5\/§) b, <\/3_ 8\/—><5\/_—2\/_>

c. (4\/_—5\/5>2 d. ( )(3\/_+2\/_>
13. Expand and simplify the following.

a. \/5(3 5—7\/5) b, 5\/_(7—3\/§+2\/€>

c. 2\/5—3\/5(3\/E+2\/g> d. < +\/§><3\/5+4\/7>

N EE) () () e 7)
14. Expand the following.

a. ( 2+3) b. (3\/8—2\/3_)2

- () ¢ (o5 5) (5 15)

. (1 2—3\/_>(10 2+3\/5_) ;. <\/—+\/—+1>(\/3_+\/5—1)

100 Jacaranda Maths Quest 11 Mathematical Methods VCE Units 1 & 2 Second Edition



15. Rationalise the denominator and simplify where appropriate.

a. ﬁ b. % c. —\/5 A 3\/5_
V3 32 NG

o 3V5-5V2 o —3 P V5

2v/10 V5 -2 2v/2 +3
16. Express the following in simplest form with rational denominators.

I RN  VE-avE
43 V2 2V/1s

. 1 2v/10 + 1 f 3v3 +2v2

Vo +v2 Y soVio VARV

Technology active
17. a. 20 Express the following with a rational denominator.

.6 . 3V5+7V15
L. — n —————
W2 24/3
12
b. Simplify 141/6 + N 5v/24.
6
10 . . .
c. Express —————— with a rational denominator.
43 +3V2

. 1 . . . .
d. Givenp = 4\/? + 1, calculate P expressing the answer with a rational denominator.

18. Express \3/384 in simplest form.
. Simplify %\/E— %\/%+ g +1/243 +5.
2

a. Expand <\/§+1>3.
b. If(\/?+\/g)2—2\/3_<\/5+\/g) (\/_—\/g> =a+b\/§,a,beN,ﬁndthevaluesofaandb.

21. a. Simplify 2V3 -1 - V3

V3+1 V342
\/5—1+\/§+1

V3+1l V3-1

22. Express the following as a single fraction in simplest form.

1

©

2

°

by first rationalising each denominator.

b. Show that is rational by first placing each fraction on a common denominator.

3 10 NG 3 2
a. 45 -2v6 + — — —— b. V2210 +9V/8) - c. +—
V6 3V5 5-2 0 2V3(V2+V32 V3
LWVA-V2 2V34V2 V2 Va2 e3P 23
23 +v2  2v3 -2 16 —44/7 o7 2443 4-3V2
23. a. Ifx= 2\/_ - \/ﬁ , calculate the value of the following.
. x+% i, x2—44/3x
b. Ify = 2 , calculate the value of the following.
7 -2
o1 N 1
iy 5 ii. o1
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c. Determine the values of m and n for which each of the following is a correct statement.
7
I =m\7 +n/3 i 2+1/3) - \/— =m++/n
VIV \ﬁ -V3 2437
—b+ Vb? —4dac

2a

d. The real numbers x; and x; are a pair of conjugates. If x; =

i. state xp ii. calculate the sum x; + x,
iii. calculate the product x;x,.

24. A triangle has vertices at the points A(v/2, —1), B(v/5,v/10) and C(v/10, v/3).

a. Calculate the lengths of each side of the triangle in simplest surd form.
b. Calculate from the surd form the length of the longest side to 1 decimal place.

25. A rectangular lawn has dimensions (\/g + \/5 +1)m

by (\/?T + 2) m. Hew agrees to mow the lawn for the

householder.

a. Calculate the exact area of the lawn.

b. If the householder received change of $23.35
from $50, what was the cost per square metre
that Hew charged for mowing the lawn?

Aristotle was probably the first to prove {2 was what we call irrational
and what he called incommensurable. Plato, an ancient Greek
philosopher, claimed his teacher Theodorus of Cyrene, building on
Aristotle’s approach, was the first to prove the irrationality of the
non-perfect squares from 3 to 17. The work of Theodorus no longer
exists.

ZokpltnG Ap1oToTENG
Platon Socrates Aristotéles

2.( Review: exam practice

A summary of this topic is available in the Resources section of your eBookPLUS at www.jacplus.com.au.
Short answer: technology free
1. Expand and simplify where possible.

a. (5x+ 2y)2 =31 +2y)(1 —2y) b. 2x=3)(x> —6x+2)—(5—x)(5+x)
c. <2x + \/§>3 d 2x—5)
2\’ )
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2. Factorise the following.

a. 72x% + 41xy — 45y° b. x?y? — 36x%y

c. 4y —x*>+18x—81 d. 64x° +1

e. x+2°-8x—-1)>° f. 2x3 4+ 6x%y + 6xy” +2)°
3. a. Evaluate (160>'

b. i. Write down Row 5 of Pascal’s triangle.

ii. Hence, or otherwise, expand (1 + 2xy)5.
c. Given Row 6 of Pascal’s triangle is 1 6 15 20 20 15 6 1, calculate the middle term(s) in the
expansion of (3 — 2x)°.
4. Simplify the following.

a. 4V3 +3V8 —2¢/72 - /75 b. (V7 = V3)VT +1/3)

5 11
c. —— +1/108 +4/3 d ——
/50 24/3 =345
45 -2 _VIZ ¢ 3 3
N Vi-V2 Va2
5. Simplify the following.
P +Tx+12 4 3
—_ b. -
x+1)2-9 xX2=9 x2-6x+9
L Sv 5@ -15x W 2, 45
34277 9-x2 ’ 3\/5_ 3\/5_1
3 V10 f 3v2 2v/5 + 6

ViV V-2 Ve /-

6. Arrange the elements of the following sets of numbers in decreasing order.
a. {2\/5, 4V/3,3v/5, 5v2, 24/10 }

b. {7!, @1y, 16!

LRIV }
141

c. Given 1/10 = 3.162, calculate an approximate decimal value for:

. (o)

V10 3-v10

d. Given x = 1 —24/5, calculate the value of x> and hence deduce \/21 — 4\/5_ .

Multiple choice: technology active
1. [ The factors of 2(x + 1)*> + 9(x + 1) — 5 are:

A. 2x+ 1)(x +6) B. 2x— D(x+5) C.(2x+3)(x—4)
D. 2x+ D(x=5) E. 4> +13x 46
2. ¥ The expanded form of (1 — %) is:
A l=23 B. 1 +x+x%-3° C.1-3x-3x-x
D. 1 —3x+3x*—x° E. - =2 +2x+1
3. [ The factorised form of 24x* — 81y is:
A. 3(2x +3y)® B. (2x — 3y)}
C. 3(2x — 3y)(4x? + 6xy + 9y?) D. 3(2x — 3y)(4x? + 12xy + 9y?)

E. (8x + 27y)(8x% — 2xy + 27y?)
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(n+ D!+n!

. is equal to:
(n+ 1! —n!
2
At B. -1 c. 1 D. 2 E. nl
n
5. @ The solution to the equation (T) = 101s:
A.n=2 B.n=5 c.n=9 D.n=10 E.n=11
6. @ Select the correct statement about the expansion of (2x — 3).

A. The coefficient of x* would be 5.

B. The coefficient of x* would be —5.
C. The constant term would be 243.
D
E

. The third term would be <i> (2x)°(3)%.

. There are 6 terms in the expansion.
7. @ Select the incorrect statement.
A. O =R\Q B.Z*=N C.0l¢N

1743
D.

EN E. Z\N =27 v {0}

8. @ Which of the following represents a rational number?

1
A. V4+9 B. V11 -4x9 cC. ———
Va4 +4/9

o
s
m

~

Vo -3
6 a
9. 14 If a = 18, then the value of — + £ is:
Va6
A. 612 B. V2 +13 C.9+1/3
D. V6 E. V2 +3V6
10. I3 The section of the number line illustrated could be described as:

~<—0 *—>
T

| — | R . E—
-2 -1 0 1 2 3 4 5 6

A. (00, —1]U (4, 0) B. (—00,—1) N [4, ) C. R\(-1,4]
D. R\[-1,4) E. RN (-1,4)

Extended response: technology active

1. a. Solve the following system of simultaneous equations to obtain the values of x and y in simplest form
with rational denominators.

5v3x—y=12

2v/3x+3y=15
b. Express the solution set for {x:x — \/5 x < \/5 } in interval notation.
-1 a+1 3a3

. Simplif .
¢ P ya3+1 ad-1 a*-1

d. i. Expand and simplify (a + b + ¢)(a* + b* + ¢* — ab — bc — ca).
ii. Hence show thatif a + b + ¢ = 0, then @ + b* + ¢ = 3abc.
ii. Hence calculate 102° — 100° — 23,
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2. a. State a rational number which lies between % and %.
b. i. If a and b are any two real numbers, show that it is possible to find another real number which lies
between them.
ii. Had a and b been integers, is it always possible to find another integer which lies between them?

c. By expanding(1 + \/5)6 +( - \/5)6, show it is rational.
d. Given m is a prime number, find the values of m and n for which = 8\/5

n n
+
\Vm — \/5 \/m + \/5
3. Two friends arrange to meet in a park in order to do some walking as part
of their exercise regime.

a. On Monday they walk around a square of edge 80\/5 metres.
It takes them 20 minutes to complete a circuit. What was
their average walking speed in km/h?

b. On Tuesday they walk around the circumference of a circular park
which the square encloses.

If they walk on Tuesday at an average speed of \/§ km/h, obtain
an exact expression for the time, in minutes, that it takes
them to do two circuits of the circular path.

c. On Wednesday the two friends cut across the corners of the square
park to create a regular octagonal route to walk along. Calculate the
total distance they walk around the perimeter of this path
in simplest surd form.

802 m

d. On Thursday the friends go to another area which is bounded by
a triangle PQR. The midpoints of the sides PQ, PR and RQ of the

triangle are (v/2,v/3),(v/10 = v/2,v/5) and (v2,/3 - v2)
respectively.
i. Determine the coordinates of P, Q and R.
ii. If the units are measured in kilometres, how far is it for them to
walk directly from P to R?
4. a. Calculate the coefficient of x> in the expansion of (1 — 2x + 3x
b. Consider the expansion of (x + n.

i. Show that the ratio of the coefficients of the (» + 1)th term to

1
the (r + 2)th term is 1r7+

2)5

—r

ii. obtain the two terms for which this ratio is 2:1.

iii. For what other values of n, n < 17, would the ratio of the
coefficients of a pair of consecutive terms in the
expansion of (x + 1)" alsobe 2:1?

study [T
Sit topic test

80\2m —>
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Answers

Topic 2 Algebraic foundations
Exercise 2.2 Algebraic skills

1. a. 4m®—5m b. 5m*—16m+8
c. ¥+2x—15 d. 15m*> -22m+8
e. 4% -1 f. 16 —9x°
g. 4x* —20x +25 h. 9% +6x+1

2. a. 2x%—6x—41 b. 23 — 6x% — 26x
c. 6x—3x-27 d. 13x* = 10x + 22

3. The expansion gives 55x* + 7x — 114. The coefficient of x
is 7.

4. a. 4> +12x+9 b. 4ab* - 364’
c. 20—3c—4c? d. 25— 70y + 49y*
e. 9m® — 16n° £ +3x% +3x+1
5. a. 6x>—5x+7;-5
b. 44 —29x* — 15x%;0
c. —16x° +16x* + 49x — 49; 49
d. 202 -4y +2;0
e. 39—75x+ 11x%; =75
f. —=3x% —3x+16; -3
6. a. 2am(3 —4a+m) b. 2m—p)(m+4)
c. Bm—1)@Bm+1) d. 2(m — Tx)(m + 7x)
e. (x=3)(x—6) f. 2x—3)2x+5)
g. (x—23)? h. (2x—5)?
7. a. (x+12)(x—=15) b. 4(a—4)(a+4)
c. (c+D2b+1) d. 3+2x)(9—x)
e. (3m—2)(4—3m) f. 8(x — 3y)?
8. a. 4x(x —3y)(x+Yy)
b. By—x—-4GBy+x+4)
c. (4x—-23)x-1)
9. a. (7—12x)7° b. 2x+3)(x+3)
c. (4x+9)(10x+13) d. 36(2x +y)(2x —y)
e. Bax—1)a+3) f. Ax+1-y)@dx+1+y)
10. a. (x+2)(x = 5)(x+5) b. p(10p —9¢)(10p + 99)
c. 2n+1-2p)2n+1+2p) d. 5(n+5m)(23n — 11m)
e. 13(a=1)(3=2a)(2a—1) f. (@a+b-1DQRa-1)
1. a. (x+13)(x—-2) b. 2x—=3)x+4)
c. (Tx+9y)(10x +7y) d (x=3)x+3)+1)
e. 5p—¢q)° f. (a-1*
12. a. (x = 5)(x% + 5x +25) b. 31 +x)(1—x+2x%)
18. a. (x=2)(* +2x+4)
b. (x+ 10)(x* — 10x + 100)
c. (I-x)(1+x+x")
d. (3x+4y)(9x* — 12xy + 16y?)
e. x(x—5)(x* + 5x +25)
. (0 + 507 —8x +43)
14. a. x(y—3)0* +3y+9)
b. —(x+ 6)(x* — 6x + 36)
c. 3(1=3x)(1 +3x + 9x%)
d. 4Qx +m)(dx* = 2mx +m?)
e. Bm+4n)O9m® — 12mn + 16n°)
f. 2(5x — 4m)(25x° + 20mx + 16m?)
15. a. 3(2x — 3y)(4x* + 6xy + 9y?)

b. xy(2xy + D)(@x*y? = 2xy + 1)
c. 7(9x — 10)(3x* + 100)

d. —2(5x + 4y)(43x% + 31xy + Ty?)
e. (a—b)a+b)(d —ab+b>
. (= P+ E 3y +)0 —xy +)7)

1 x+3 x+3
16. a. b. ———— c. ——
3x+1) 2(3x+ 1) 4
4 il 23x+ 1)
3B3x+2)(x + 1)
X 2
17. a. b. 8-
a T 2 X
x—4 5 5
18. a. b. x+3 c. 3x"+3xh+h
5—3x
1 m? (1= x)?
d —— e.
3(1 —3x) m? — mn + n? 1+ x2
19. a 22X b, — 1% 45
12 14 x=3)(x+5)
g —2x* — 14x+5 . x> —9x+1 4x +21
T GBx=D(1-=-2%x)  @2x+DE-1 *2-9)
20. L
S5x=5)x-=1)
4(x+1) 2x + 20
2. a,. —4mM8M8M8M™M—
x(1 —x)(x2+1) x2—4
x— 46 2y* -9y +81
(x+6)(x—5) T2y —-922y+9)
22, a. —9x* +328x% — 144
b. x=3)x—-3-y)
c. 2xy(x* = 3xy +3y%)
23. a. g2+ I* +2gh + 24g + 24h + 144
b. 3434 +984%p — 28qp® — 8p°
c. —4x* +425x* — 2500
24. a 5 b !
T x(x+5) T od4x—1
2
pq 1
C ﬂ d. 5(a—2b)(a—b)(a+b)
25. a. —=3x° — 16x> +9x + 70
b. (13x% + 28x + 148)(7x + 2)
11x+ 16
x+8)(x—1)

Exercise 2.3 Pascal’s triangle and binomial
expansions

1.
2.

27x% = 54x + 36x — 8

X =9x% +27x - 27

8¢ — 12¢° +6x— 1

X+ 12x% + 48x + 64

125 = 75x + 1582 = x°
27x3 + 189x% + 441x + 343
128x° + 9627 + 24x + 2

Gx+ 17 =277+ 27 +9x + 1
b. (1-2x)7° =1-6x+12x> — 8x°
c. (5x+2y)° = 125x° + 1502y + 60x)” + 8°

=0 o0 OTo

o

N (E_X>3=X_3_’ﬁ+&2_ﬁ
2 3 8 4 6 27
A
3 2,2
a ab 4 6 . 2,2 -« 1
X 27+ 3 + ab” + b°. The coefficient of a“b” is 3
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6.
Binomial power Expansion Number of terms Sum of indices in
in the expansion each term
(x+a)’ X+ 2xa+ d* 3 2
(x+a) X+ 3x%a + 3xd® + d* 4 3
x+a)* X+ 4a + 6x%a* + 4xd® + at 5 4
(x+a) © +5xa+ 1056 + 10520 + 5xa® + & 6 5
7. (a—b)® = a® —6a°b+15a*b* = 20a°b> + 15a*b* —6ab> +b°  11. a. (n+1)! b. (n—1)!
(2x = 1)° = 64x° — 1922 +240x" — 160x” + 60x* — 12x + 1 o nn—Dn—2) g 1
8. (3x+2y)* = 81x* + 216x%y + 2162y + 96xy° + 16y* "('11 +D
9. a. -9 b. =975 c. 1 d. —42 e. L f.
4 ) nn+2) n—1
10. a. (x+4)° = x +20x* + 160x* + 640x% + 1280x + 1024 S . , )
b. (x— 4)5 — XS _ 20)64 + 160)63 _ 640)62 + 1280x — 1024 12. 32x7 + 240x™ 4+ 720x” + 1080x~ + 810x + 243
c. (xy+2)° =7 +10x** +40°y° +80x%)? +80xy+32 13, x7 — 14x® + 84x° — 280x" + 560x° — 672x% + 448x — 128
d. (3x—52yz‘4 = 81x4—54(gx3y+1350x2y26— 15£0xy3+625y4 183, (415 =20+ 56+ 100 + 1062 + 5+ 1
e (3—x)7=81- 108" +5dx ~12x +x b. (2—x)° =32 - 80x + 80x” — 40’ + 10x* — x°
o (T4 07 = (1 =07 = 1204400 + 12x c. (2x+3y)0 = 642° + 576y + 2160x*y? + 4320x°y° +
Moa 2y -4’ -4 6% + 67 —dx —dy + 4x’y + 4860x%y* +2916xy° + 729y°
4xy® — 1227y — 12xy% + 6x%y% + 12xy + 1 a (X 42 7
b. 20 ’ (2 ) B
c. a=-2 x7 7x6 21)65 35x4 3 2
—t+ —+ —+ —+70. 168 224x + 128
d -3 TR gt 5 F70r +168x +224x+
12, a. (14+2)* = 1 +4x + 627 + 4> +4* 1 8_
b. Letx=0.1, 1.1 = 1.4641 “\"7x) 7
18. a. (x4 1)° = (0 + D* =2 + 4x* 4+ 617 + 44 + x; sample B g o8 — 56700 28 8 1
responses can be found in the worked solutions in the x2 o xr X0  a8
online resources. £ (2 + D' = x4 102" +45x'° + 120 + 21021 +
b. sample responses can be found in the worked solutions 252x'0 4+ 210x% + 120x° + 45x* + 1022 + 1
in the online resources. 35
15, ——x*y’}
14. a = 120,b =55, c = 495 " Teag’ Y
63 105
16. xg Y
Exercise 2.4 The binomial theorem ) ) 5. o a5
; 6 b. 24 120 17. Sixth term; the coefficient of x™° is 2° X 3° X 7.
. a. N C.
d. 2 e. 1 f. 7 18. 13 = 160
2. a 7! b. 8! c. 8! d. 9! 19. a. 14 = 20000x’
734 b. 13 = 1215x
3 c. 1y =280x"y, 15 = 560x°y*
4. n(n—1) 20. a. —672 b, 11x7x37 x 2!
5. a. 720 b. 26 c. 5040  d. 120 c. 210
6 a 650 b 4L3 .. g d g 21. a. 1307 674 368 000 b. 3003
. 35 22. a. n=060 b. r=3o0rr=9
n nn—1) < 21 )
8. = and =210 .
( 2 ) 2 2 Exercise 2.5 Sets of real numbers
9. a. 10 b. 10 c. 1 . 6
1.a i. —€
d. 1140 e 1 f. 286 R TI
10. a nn—1)1n-2) nn—1)1n-2) i. V27 e Q,
36 5 | 6 i. 12€Norl2€ Zorl2€Q
(n+ )("; Y+ 1) d. nn+1) iv. 0.5€0
b. i. T ii. Fal ii. T
}’l(n— 1)(n+ l) n(}’l— l)(n+ 1) 1 rue 1} alse m rue
T f. T 2. x=—-lorx=3

3. E, since % is not defined
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4 a VAleo b, _g €0 Exercise 2.6 Surds
c. R* = {x:x>0) d V225 €0 1 a (5.3V3.5v2.45)
3 b. i 221 i 126V/3a
5. a. =5 b. 2 c. —=,5 d. 0,4
2 2. \/g, vV 103,\3/36 are surds.
6. a. True b. True c. False
3 567
d. True e. False f. False 3. a. V80 b. V438 “ 1\ 716
7 VI 1lr,2 d. \/? e. \/m f 3m3n
*——0
8. a i {x: —2Sx<2}W 4. a. W2 b. 44/11 c. 24/13
Vit
ii. (—oco, —1)<T . > d. 12\/§ e. 3\/§ f. N
- -1 0
iii. ZN[-2,2]or{x: -2<x<2,x€ 5. a. 5\/? b. 20\/? c. 20\/5_
2}4—72—:.—(7)—;—;—7 d 36\2 e. 122 . 3v2
b. i. (3,5) 6. a. —6\/57—\/7 b. 12\/5
ii. R\[3, 5] or (—oc0, 3)U (5, ) c. 1053
o a [=2.3) b. (1,9 7. a. 911 - 1143 b. 2v/2 +13V/3
c. (-0, 5) d. (0,4]
e [=5,—1] £ (=2, 00) c. 24/3 -3V2 d 103 -7V/5
9. [-3,-2)u(2,3] h. (=c0,2)U e. W3 +T5-5/2 . 6-36\3
(4, 00), R\[2,4]
10. (=00, 11U (4, o) 8. a 15(7 -3 b. 2v2 -8V6
1. a. (4, 8] b. (=3, ) c. 122 d. 34/5
c. (=0, 0] d. [=2,0] e. 96 —9V/5 . =593 -5V2
12. a. o———0
P e : > 9. a. 12/14 b. 24y/21
. - 0 > c. 204202 d. 42 -63\2
o—>
— > e. 6/5-13 .8V/15 +12v/21 = 45 —6\7
4
c — 10. a. 8V/35 b. 160v/15 c. 12¢/10
o3 e d. 36 e 42\/3 . 62V/5
o @
¢ > 1. a. 4 b. —62 c. 11-4/7
3 7
. d. 13+2v/22 e. —4 f. 57+12y/15
D 3 g 12. a. 24/5 +30
. > b. 5V15 — 67 —40V/10 + 16\/42
< : >
0 c. 98 —40V/6
13. a. <€«—o o—>> d. 1
D IS 13. a. 3v/10 — 14y/3
b. <—o o—> b. 353 +30V2 — 45
- a3 c. —25V/10 —36
¢ — d. 66 +8V21 +3v/10 +44/35
4 <2024 e. 10V6 +301/5 — 18v/2 — 18V/15
<71 T T T T > f. x—y
. R 14. a. 17+12V2 b. 66— 3612
< T > c. 2207 -26\/5 d. 17
. <——o—> e. 155 . 4+2v6
< : >
0 V15 NG
14. a. {3.4,5} b. (=00, —1]U (5, o) 15 a == b =
c. (-0, 0) d. R\[-4, 2) /3 +3V30 W2 -2/5
15. a. Rational b. Irrational c. Rational e 6 d: 2
256 256 . 22 .
16. 7~ ITRETE = 3.160493827 to 9 decimal places. 7183. e. \/§+\/5 f. 3\/_—2\/10

better approximation.
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16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

46

NG V10 +2 V6 -3
T —2 C. —6
V6 -2 25+ 111/10 5_v6
4 15
32 VIS +5
I. T [19 T
. 66
4/3 -3v2
3
6-13
264
10 3+§+5
L T+5V2 b. a=8,b=12
13-7V3
2
. 4, which is rational
25 -~ b 25 431
19/3 — 182 Rt
-6 "5
V14
L e . 26-19/3 =3v6
i 6V3 /10 i -2
T2 C
e 11T - 28
L. — (19 —_—
3 56
i.m=0,n=—% ii. m=181,n=147
) —b —\/b> —4dac . b
L X = ii. X1 +x=—
2a a
C
. XjxXp = —
a

. AB =3y2, BC =1/30-20V2 or

2v/5 =110, AC=1/18 = 2¢/5

. AB ~ 4.2 units

- 2v6 +3V3 +3V2 +5m?

. $1.38 per square metre

2.7 Review: exam practice
Short answer

1. a.

e

=

00

25x% + 20xy + 8y> - 3

b. 2x° — 14x* + 22x - 31
C.
d

8 + 12327 + 18x + 3V/3

16x* — 160x° + 600x> — 1000x + 625

10x 402 80X 80x* 32%°

EC AR TR YEY

X+ 2x 41— 2xy — 2y +y*

(9x — 5y)(8x + 9y) b. xzy(y —6)(y+6)
Qy—x+9Q2y+x—-9) d. (dx+ D162 —4x+ 1)
(4 -0 = 2x+4) f. 2x+y)°

1-—

. 210

c.
d.

. —V3-6V2

i. 15101051

i. 14 10xy + 4063 + 80x°y + 80x*y* + 32x°y°

ty = —4320x° Ji
2

— +6
2+

f.2V2
Tx-3
(x+3)(x —3)?

B -1 375 + 225
x2—=3x+9

165
7v/10 + 20
3

5v6 — 43 — 245 — 7y 10

7
{5v2.4v/3.3v/5.2/10,2V/6 )

16!
71,4151, (4! 2,—}
{ XL AT

i. 0.3162 ii.

21 —-4/5,2¢/5 -1

b. 4 c.

415
30

_2 3 +3\/§
3

x+3
x—2

—4.162

Multiple choice

1.
6.

A 2. D
E 7. C

® w
o N9
o »
o >
[$)]
o

10. D

Extended response

1. a.

b.

C.

d.

oo

]
o

x=13.y=3
(—2-42,00)
a3

ii. Sample responses can be found in the worked
solutions in the online resources.
iii. 61200

. 3
. Many answers are possible, such as T

i. Supposea < b

a+a<a+banda+b<b+b
2a<a+b<2b
a+b b
2 <
Therefore, the real number

a<

a+b ..
lies between a and

b, showing it is always possible to find another real
number between the two.

ii. No

416

m=3;n=4

. 0.96V2 km/h

b. 4.87 minutes

640(2 — \/5 ) metres
i P(V10 =v2,v/5 +v2),00v2 - v/10,2v/3 -
V5 ~V2).RW/10 V2.5 - V2)

i. n=2,5,8,11,14

. =200

i. Sample responses can be found in the worked
solutions in the online resources.

i t12=< i; >x6andtl3=< 13 >x5

iii. n=2,5,8,11,14
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TOPIC 3
Quadratic relationships

3.1 Overview
3.1.1 Introduction

Watching water cascade from a fountain or
a ball bouncing along a pathway may be
the first encounter a young child has with a
parabola. The arches of water rise and fall
along parabolas, while the ball follows a
series of parabolas each with a maximum u v "»"~7"-7{ i'
turning point lower than that of the previ- ‘
ous one. It was Galileo who showed that
the path of a projectile is parabolic.

In later life, that child may be lucky
enough to catch a glimpse in the night
sky of the return of Halley’s Comet as
its nearly parabolic path passes closest to
Earth in 2061. Having studied Halley’s
Comet in 1680, the great Isaac Newton ini-
tially theorised that the path of the comet was consistent with that of a parabola. This was later corrected to
be an ellipse, the same shape the planets travel around the Sun. Nevertheless, the paths of many other comets
are parabolic. The graph of a parabola is not closed; the ‘arms’ of the parabola go on forever, so a comet
travelling on a parabolic path would never return unless other factors affected its path. Halley’s Comet does
return about every 75 years.

The parabola is one of the more sturdy and powerful shapes and is therefore often favoured by engineers
and architects. Many bridges have parabolic arches, including Sydney Harbour Bridge, the pedestrian bridge
over the Yarra River at Southgate, San Francisco’s Golden Gate Bridge, and Glasgow’s Millennium Bridge.

LEARNING SEQUENCE

3.1 Overview

3.2 Quadratic equations with rational roots

3.3 Quadratics over R

3.4 Applications of quadratic equations

3.5 Graphs of quadratic polynomials

3.6 Determining the rule of a quadratic polynomial from a graph
3.7 Quadratic inequations

3.8 Quadratic models and applications

3.9 Review: exam practice

Fully worked solutions for this topic are available in the Resources section of your eBookPLUS at
www.jacplus.com.au.
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3.1.2 Kick off with CAS

Parabolic transformations

1.

Using CAS technology sketch the following parabolas.

1 2
c. y=-3x* d. y= Exz e. y= —gxz
Using CAS technology, enter y = ax? into the function entry line and use a slider to change the values

of a.

Complete the following sentences.

a. When sketching a quadratic function, a negative sign in front of the x> term the graph of
y=x%.

b. When sketching a quadratic function y = ax? for values of a < —1 and a > 1, the graph of y = x?
becomes .

c. When sketching a quadratic function y = ax? for values of —1 < a < 1, a # 0, the graph of y = x*
becomes

Using CAS technology sketch the following parabolas.

2

a. y=x b.y=—x2

a. y=x’ b. y=(x+1)> c. y=—(x—2)

d. y=x>-1 e. y=—-x>+2 f. y=3-—x

Using CAS technology, enter y = (x — k) into the function entry line and use a slider to change the
values of /.

Using CAS technology, enter y = x> + c into the function entry line and use a slider to change the values
of c.

Complete the following sentences.

a. When sketching a quadratic function y = (x — h)?, the graph of y = x? is

b. When sketching a quadratic function y = x* + ¢, the graph of y = x? is .

Use CAS technology and your answers to questions 1—7 to determine the equation that could model the
shape of the Sydney Harbour Bridge. If your technology permits, upload a photo of the bridge to make
this easier.

Resources

Please refer to the Resources section in the Prelims of your eBookPLUS for a comprehensive step-by-step guide on
how to use your CAS technology.
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3.2 Quadratic equations with rational roots

Expressions such as 2x* + 3x + 4 and x> — 9 are in quadratic form. Quadratic expansions always have an x*
term as the term containing the highest power of the variable x. An expression such as x> + 2x? + 3x + 4 is not
quadratic; it is called a cubic due to the presence of the x> term.

3.2.1 Quadratic equations and the Null Factor Law

The general quadratic equation can be written as ax’> + bx + ¢ = 0, where a, b, c are real constants and
a # 0. If the quadratic expression on the left-hand side of this equation can be factorised, the solutions to the
quadratic equation may be obtained using the Null Factor Law.

The Null Factor Law states that, for any a and b, if the product ab = 0
thena =0orb =0orbotha =0and b = 0.

Applying the Null Factor Law to a quadratic equation expressed in the factorised form as (x—a)(x—f) = 0,
would mean that

x—a)=0 or x—p =0

SX=a or x=p

To apply the Null Factor Law, one side of the equation must be zero and the other side must be in factorised
form.

Roots, zeros and factors

The solutions of an equation are also called the roots of the equation or the zeros of the quadratic expres-
sion. This terminology applies to all algebraic, and not just quadratic, equations. The quadratic equation
(x—1)(x—2) = 0 hasroots x = 1, x = 2. These solutions are the zeros of the quadratic expression (x—1)(x—2)
since substituting either of x = 1, x = 2 in the quadratic expression (x — 1)(x — 2) makes the expression equal
Zero.

As a converse of the Null Factor Law it follows that if the roots of a quadratic equation, or the zeros of a
quadratic, are x = a and x = f, then (x — &) and (x — f) are linear factors of the quadratic. The quadratic would
be of the form (x — a)(x — f) or any multiple of this form, a(x — a)(x — f).

WORKED EXAMPLE 1

a. Solve the equation 5x> — 18x = 8.
b. Given thatx = 2 and x = —2 are zeros of a quadratic, form its linear factors and expand
the product of these factors.

THINK WRITE

a. 1. Rearrange the given equation to make a. 5x° — 18x =8

one side of the equation equal zero. Rearrange:
5x2—18x—8=0
2. Factorise the quadratic trinomial. Gx+2)x—4)=0
3. Apply the Null Factor Law. Sx+2=0o0rx—4=0
4. Solve these linear equations for x. Sx=-2orx=4
x=——orx=4
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b. 1. Use the converse of the Null b. Since x = 2 is a zero, then (x — 2) is a linear factor,

Factor Law. and since x = —2 is a zero, then (x — (=2)) = (x + 2)
is a linear factor.
Therefore, the quadratic has the linear factors
(x—2)and (x + 2).

2. Expand the product of the two The product = (x — 2) (x + 2)

linear factors. Expanding, (x —2) (x +2) = x*> — 4
The quadratic has the form x> — 4 or any multiple of
this form a(x> — 4).

5"‘7‘__ .’T.,: )
.°11 Resources

Interactivity: Roots, zeros and factors (int-2557)

3.2.2 Using the perfect square form of a quadratic

As an alternative to solving a quadratic equation by using the Null Factor Law, if the quadratic is a perfect
square, solutions to the equation can be found by taking square roots of both sides of the equation. A simple
illustration is

Square root method Null Factor Law method
=9 =9
2_9—
=+ \/a or x=9=0
x=3)x+3)=0
=43 x==3

If the square root method is used, both the positive and negative square roots must be considered.

WORKED EXAMPLE 2

Solve the equation (2x + 3)> — 25 = 0.

THINK WRITE
1. Rearrange so that each side of the given (2x+3)>-25=0
equation contains a perfect square. 2x +3)? =25
2. Take the square roots of both sides. 2x+3 =45
3. Separate the linear equations and solve. 2x+3=5 or 2x+3=-5
2x =2 2x = -8
x=1 or x=-4
4. An alternative method uses the Null Alternatively:
Factor Law. 2x+3)2=25=0
Factorise:

(2x+3)—=5)(2x+3)+5 =0
2x—-2)2x+8)=0
2x=2 or 2x=-8
Sx=1 or x=-4
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.°11| Resources

Interactivity: Perfect square form of a quadratic (int-2558)

3.2.3 Equations which reduce to quadratic form

Substitution techniques can be applied to the solution of equations such as those of the form ax* +bx?> +c = 0.
Once reduced to quadratic form, progress with the solution can be made.

The equation ax* + bx?> + ¢ = 0 can be expressed in the form a(x?)* + bx*> + ¢ = 0. Letting u = x?, this
becomes au® + bu + ¢ = 0, a quadratic equation in variable u.

By solving the quadratic equation for u, then substituting back x* for u, any possible solutions for x can be
obtained. Since x* cannot be negative, it would be necessary to reject negative u values since x*
have no real solutions.

The quadratic form may be achieved from substitutions other than u = x*, depending on the form of the
original equation. The choice of symbol for the substitution is at the discretion of the solver. The symbol u
does not have to be used; a commonly chosen symbol is a. However, if the original equation involves variable
x, do not use x for the substitution symbol.

WORKED EXAMPLE 3

Solve the equation 4x* — 35x> — 9 = 0.
THINK

= u would

WRITE

4x* —=35x2-9=0
Leta = x*

46> =354 —-9=0
4a+1)a—-9) =0

1. Use an appropriate substitution to reduce the given equation
to quadratic form.

2. Solve for a by factorising and applying the Null Factor Law.

1
“a=—— or a=9
4
. . 1
3 Substitute back, replacing a by x2. 2= -7 o =9
. . . : 1.
4. Since x? cannot be negative, any negative value of a needs to  Reject x> = —— since there are no

be rejected. real solutions.

5. Solve the remaining equation for x =9
x==+19
x =43
TI| THINK WRITE CASIO | THINK WRITE
1. On a Calculator page, 1. On the Main screen, complete the O it Action intaractie __
press MENU and select: TGy T entry line as: _‘,-.'.I.L,'l;::ﬂ!;’fl"_'—‘{l ,',I,ii:J'J}:
3. Algebra solve (4x* —35x* = 9 = 0,x) DT
1. Solve ' Then press EXE. P
Complete the entry line as:
solve
(4x* - 35x* = 9=0,x)
Then press ENTER.
7]
Alg Standord  Real  Rad L
2. The answer appears onthe x=—-3,x=3 2. The answer appears on the screen. x=-3,x=3
screen.
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study[T]

Quadratic equations with rational roots Summary screen and practice questions

Exercise 3.2 Quadratic equations with rational roots

Technology free

1. Solve each of the given equations using the Null Factor Law.

a. 3x(5—-x)=0 b. B3=x)(7Tx—1)=0
c. (x+8)7=0 d. 20+ 4)(6+x)=0
2. Use the null factor law to solve the following quadratic equations for x.
a. Gx—-4H2x+1)=0 b. x> =Tx+12=0
c. 8x* +26x+21=0 d. 10x* = 2x
1
e. 1222 +40x—32=0 f. §x2—5x=0
3. [fIZ1 a. Solve the equation 10x> 4+ 23x = 21.
b. Given that x = —5 and x = 0 are zeros of a quadratic, form its linear factors and expand the product

of these factors.
4. Solve the following quadratic equations.
a. 6x2+5x+1=0 12x* = 7x = 10
c. 49 = l14x — x? d. 5x4+25-30x*=0
5. [l Solve the equation (5x — 1)*> — 16 = 0.
6. Solve the following quadratic equations for x.

c

a. (x4+2)7%=9 b. x—1)>=25=0

c. @=72+4=0 d. 2x+11)> =81

e. 7—-x7°=0 f. 8—%@—4)2:0
7. Obtain the solutions to the following equations.

a. x> =121 b. 9x*> =16

c. x=5?%=1 d. (5-2x)%-49=0

e. 23x—-1?*-8=0 f. 2+ 1)> =100

8. [ Solve the equation 9x* + 17x*> =2 = 0.
9. Find the roots (solutions) of the following equations

a. 18(x—3?+9(x-3)-2=0 b. S(x+2)* +23(x+2)+12=0
8 3
c. x+6+-=0 d 2x+-=7
X X
10. Use a substitution technique to solve the following equations.
a. Bx+4)?+93x+4)-10=0 b. 2(1 +2x)> +9(1 +2x) =18
c. x*=29x* +100=0 d. 2x* =312+ 16
9
e. 36x* = = =77 . (2 +4x)7 + 702 +40)+12=0
X
For questions 11 and 12, express each equation in quadratic form and hence solve the equations for x.
11. a. x(x—7)=38 b. 4x(3x — 16) = 3(4x — 33)
c. W+4)>+2x=0 d. 2x+35)(Q2x—=5)+25=2x
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1 4x+5 5
12. 2. 2-3x=— ==
° MY X125 x
2 11 12 14
Tx—=+—=0 d - =19
“ TS x+1 x-2
13. Obtain the solutions to the following equations.
a. x* =81 b. (9x* — 16)*> = 20(9x*> — 16)

o

2 2
c. (x—z> —2<x—%>+1=0 .2<1+§> +5<1+§>+3=0
X X X X

2
1 1

14. Solve the equation <x + —) -4 (x + —> +4=0.
X X

Technology active

15. Solve the equation (px 4+ ¢)> = 72 for x in terms of p, g and r, r > 0.
16. Express the value of x in terms of the positive real numbers a and b.

a. (x—=2b)x+3a)=0 b. 2x*> — 13ax+ 15a> =0

c. @x=b)'=5@=b*+4=0 d. (x —a—b)* = 4b?
b

e. (x+a)2—3b(x+a)+2b2=0 f. ab<x+%> <x+—> = (a + b)*x
a

17. Consider the quadratic equation (x — a)(x — f) = 0.
a. If the roots of the equation are x = 1 and x = 7, form the equation.

b. If the roots of the equation are x = —5 and x = 4, form the equation.
c. If the roots of the equation are x = 0 and x = 10, form the equation.
d. If the only root of the equation is x = 2, form the equation.

3
18. a. If the zeros of the quadratic expression 4x> 4+ bx + ¢ are x = —4 and x = T find the values of the

integer constants b and c.
b. Express the roots of px*> + (p + ¢)x + ¢ = 0 in terms of p and ¢ for p, g € Q, p # 0 and hence solve
pe—12+ @+ -1 +q=0.
In questions 19 and 20, use CAS technology to solve the equations.
19. 60x? + 113x— 63 =0
20. dx(x—=7)+8(x—=3)>=x—-26
21. a. Find the roots of the equation 32x*> — 96x + 72 = 0.
b. Solve 44 + 44x? = 250x
c. The use of the symbol x for the variable is a conventional notation, although not obligatory. The
Babylonians, who were the first to solve quadratic equations, just used words equivalent to ‘length’,
‘breadth’, ‘area’ for example, for the unknown quantity, and ignored their different dimensions. Write
the following statement in contemporary form in terms of x and hence obtain the required quantity.
Obtain the side of a square if the ‘area’ less the ‘side’ is 870.
(The name first given to an unknown was ‘shay’, meaning ‘thing’, and it appeared in the work of
al-Khwarizmi. De Nemore was the first European mathematician to use a symbol for an unknown.
For reasons not understood, he used the symbol abc as the unknown.)
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3.3 Quadratics over R

When x?> — 4 is expressed as (x — 2) (x + 2) it has been factorised over Q, as both of the zeros are rational
numbers. However, over Q, the quadratic expression x> — 3 cannot be factorised into linear factors. Surds
need to be permitted for such an expression to be factorised.

3.3.1 Factorisation over R

The quadratic x*> — 3 can be expressed as the difference of two squares x*> — 3 = x> — (\/§ )? using surds. This
can be factorised over R because it allows the factors to contain surds.

2-3=2—(V/3)
- (=) (<+9)

If a quadratic can be expressed as the difference of two squares, then it can be factorised over R. To express
a quadratic trinomial as a difference of two squares a technique called ‘completing the square’ is used.

‘Completing the square’ technique

2 2
Expressions of the form x? + px+ (g) = (x + g) are perfect squares. For example, x> +4x+4 = (x + 2)°.

To illustrate the ‘completing the square’ technique, consider the quadratic trinomial x> 4 4x + 1.
If 4 is added to the first two terms x> + 4x then this will form a perfect square x> + 4x + 4. However, 4 must
also be subtracted in order not to alter the value of the expression.

Cdx+l=x4+4x+4-4+1
Grouping the first three terms together to form the perfect square and evaluating the last two terms,
= (P +4x+4)-4+1
=(x+2°-3

By writing this difference of two squares form using surds, factors over R can be found.
=(x+27- <\/3_)2
= (x+2—\/3_> <x+2+\/3_>
Thusx? +4x + 1 = (x+2—\/§> (x+2+\/§)

‘Completing the square’ is the method used to factorise monic quadratics over R. A monic quadratic is one
for which the coefficient of x*> equals 1.

For a monic quadratic, to complete the square, add and then subtract the square of half the coefficient of x.
This squaring will always produce a positive number regardless of the sign of the coefficient of x.

see=fpranee (] -G

. . bx ¢
To complete the square on ax? + bx + c, the quadratic should first be written as a <x2 +—+ —> and the
a a

technique applied to the monic quadratic in the bracket. The common factor a is carried down through all the
steps in the working.
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WORKED EXAMPLE 4

Factorise the following over R.

ax?—14x-3
b.2x% + 7x + 4
c.dx?—11
THINK

a. 1. Add and subtract the square of half the
coefficient of x.
Note: The negative sign of the coefficient
of x becomes positive when squared.
2. Group the first three terms together to
form a perfect square and evaluate the last
two terms.

3. Factorise the difference of two squares
expression.

4. Express any surds in their simplest form.

5. State the answer.

b. 1. First create a monic quadratic by taking
the coefficient of x*> out as a common
factor. This may create fractions.

2. Add and subtract the square of half the
coefficient of x for the monic quadratic
expression.

3. Within the bracket, group the first three
terms together and evaluate the remaining
terms.

4. Factorise the difference of two squares
that has been formed.

WRITE

a. x2—14x-3

=x2—14x+7*-7*-3

= (x*—14x+49) —49-3
=(x=7)° =52

= =77 - (V52)

- (+=7-V5) (174 V57)
=(x—7—2\/ﬁ> <x—7+2\/§)

Therefore:
R A <x—7—2\/13) <x—7+2\/13)

b. 2x2+7x+4

7
=2<x2+§x+2)
7

r 2
7 49
=) <X+Z> —E+2]
S A N O
I\ 16 " 16
- 2
7 17
=) <X+Z> —1—6]
N T 17 AL
I\ 1 Ty 16
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22+ Tx+ 4

7 V17 7,V

5. State the answer.

“|5

“\trT T )\FTs
7—\17 T+ V17
=2 x+ —— G =———
4 4
c. The quadratic is a difference of two c. 4x*—11

squares. Factorise it.

= o> = (VIr)’
:(2x—\/ﬁ) (2x+\/ﬁ>

2. The answer
appears on the
screen.

Note: this answer

((4.x+\/ﬁ+7)(4x— V17 +7)
8

)

2. The answer appears 2

Note: If the factors
are irrational,
rFactor must be used
to find the factors.

on the screen.
Note: this answer is
equivalent to the

TI | THINK CASIO | THINK
b. 1. On a Calculator b. 1. On the Main screen, [
page, press ) select: T R
MENU and select: (e 17 +7) (4 x-{T7 47) * Action w3
3. Algebra = A& e Transformation |’
2. Factor | e Factor
Complete the ¢ rFactor
entry line as: Complete the entry
factor line as:
Qx* +Tx+4,x) rFactor
Then press QR +Tx+4) P
ENTER. Then press EXE.

7
4

) -

7
4

)

answer found
algebraically.

is equivalent to the
answer found
algebraically.

' 11| Resources

Interactivity: Completing the square (int-2559)

3.3.2 The discriminant

Some quadratics factorise over Q and others factorise only over R. There are also some quadratics which
cannot be factorised over R at all. This happens when the ‘completing the square’ technique does not create
a difference of two squares, but instead leads to a sum of two squares. In this case no further factorisation is
possible over R. For example, completing the square on x> — 2x + 6 would give:
X —2x+6= (x2—2x+1) -14+6
=x-17>+5

As this is the sum of two squares, it cannot be factorised over R.
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Completing the square can be a tedious process when fractions are involved so it can be useful to be able to
determine in advance whether a quadratic factorises over Q or over R, or does not factorise over R. Evaluating
what is called the discriminant will allow these three possibilities to be discriminated between. In order to
define the discriminant, we need to complete the square on the general quadratic trinomial ax? + bx + c.

b c
ax2+bx+c=a<x2+—x+—>
a a

The sign of the term b?> — 4ac will determine whether a difference of two squares or a sum of two squares
has been formed. If this term is positive, a difference of two squares is formed, but if the term is negative then
a sum of two squares is formed. This term, b*> — 4ac, is called the discriminant of the quadratic. It is denoted
by the Greek letter delta, A.

A = b* — dac

e If A < 0 the quadratic has no real factors.

e If A > 0 the quadratic has two real factors. The two factors are distinct (different) if A > 0 and the two
factors are identical if A = 0.

For a quadratic ax® + bx + ¢ with real factors and a, b, ¢ € Q:

e If Ais a perfect square, the factors are rational; the quadratic factorises over Q.

e If A > 0 but not a perfect square, the factors contain surds; the quadratic factorises over R. Completing
the square will be required if b # 0.

e If A =0, the quadratic is a perfect square.

WORKED EXAMPLE 5

For each of the following quadratics, calculate the discriminant. Hence state the number and type
of factors and whether the ‘completing the square’ method would be needed to obtain the factors.

a.2x? +15x + 13 b.5x*—6x +9 c.-3x*+3x+8 e|.§x2—12ac+E

4 9

THINK WRITE

a. 1. State the values of a, b and ¢ a. 2>+ 15x+13,a=2,b=15,c = 13
needed to calculate the
discriminant.
2. State the formula for the A =b* —4ac
discriminant.
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3. Substitute the values of a, b SA=(15%=42)(13)

and c. =225-104
=121
4. Interpret the value of the Since A > 0 and is a perfect square, the quadratic has two
discriminant. rational factors.

Completing the square is not essential as the quadratic
factorises over Q.
Check: 2x* + 15x + 13 = 2x+ 13) (x + 1)

b.1. State a, b, ¢ and calculate the b. 5x2—6x+9,a=5,b=-6,c=9

discriminant. A =b* - 4ac
= (=6 -4 )
=36 — 180
=—144
2. Interpret the value of the Since A < 0, the quadratic has no real factors.
discriminant.
c. 1. State a, b, ¢ and calculate the c. 3¢ +3x+8,a=-3,b=3,c=38
discriminant. A =b* - 4ac
=37 -4(=3)®)
=9496
=105
2. Interpret the value of the Since A > 0 but is not a perfect square, there are two real
discriminant. factors. The quadratic factorises over R, so completing the
square would be needed to obtain the factors.
d. 1. State a, b, ¢ and calculate the d. %T]xz —12x+ 19—6
discriminant.
a= E,b= —12,¢c = E
4 9
A = b? — 4ac
) ) 81 16
LA=(-12)" -4 (Z) <E>
=144 — 144
=0
2. Interpret the value of the Since A = 0, there are two identical rational factors. The
discriminant. quadratic is a perfect square. It factorises over Q, so

completing the square is not essential.

2
81, 16_ 9 4
Check: Zx —12x+?—<2x 3)

g Resources

Interactivity: The discriminant (int-2560)
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3.3.3 Quadratic equations with real roots

The choices of method to consider for solving the quadratic equation ax?> + bx + ¢ = 0 are:
¢ factorise over Q and use the Null Factor Law
 factorise over R by completing the square and use the Null Factor Law

—b +\Vb* - dac

2a

¢ use the formula x =

The quadratic formula

The quadratic formula is used for solving quadratic equations and is obtained by completing the square on
the left-hand side of the equation ax* + bx + ¢ = 0.
Using ‘completing the square’ it has been shown that

ax* +bx+c=a +b T b —dac
B . 2a 4q2

ax* +bx+c=0

(B e
2a 4q? B

2
b b —4

2a 4q2
L > b —dac
x4+ — =
2a 4a?
N b N b? - 4dac
X —_— =
2a 4a?
b \b?—4ac
X=——t———
2a 2a
 be VP
- 2a

The solutions of the quadratic equation ax* + bx + ¢ = 0 are

—b + \V/b? — dac

2a

X =

Often the coefficients in the quadratic equation make the use of the formula less tedious than completing
the square. Although the formula can also be used to solve a quadratic equation which factorises over Q,
factorisation is usually simpler, making it the preferred method.
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WORKED EXAMPLE 6

Use the quadratic formula to solve the equation x(9 — 5x) = 3.

THINK WRITE
1. The given equation needs to be expressed in the x(9—-5x)=3
general quadratic form ax? + bx + ¢ = 0. 9x — 5x* =3
5x* - 9x+3=0
2. State the values of a, b and c. a=5b=-9,¢c=3
b+ Vb -4
3. State the formula for solving a quadratic equation. W= — > ac
a
—(=9) £ V(=9 -4(5)3
4. Substitute the a, b, ¢ values and evaluate. = &) ) ©)6)
2% (5)
9+ v81-60
; 10

_91\/5
10

5. Express the roots in simplest surd form and state the The solutions are:
answers. Note: .If the question asked for answers 9_121 94+/21
correct to 2 decimal places, use your calculator to x = 0 x = 10
find approximate answers of x ~ 0.44 and x ~ 1.36.
Otherwise, do not approximate answers.

211 Resources

Interactivity: The quadratic formula (int-2561)

3.3.4 The role of the discriminant in quadratic equations

The type of factors determines the type of solutions to an equation, so it is no surprise that the discriminant
determines the number and type of solutions as well as the number and type of factors.
-b+VA
a b

The formula for the solution to the quadratic equation ax* 4+ bx + ¢ = 0 can be expressed as x = o

where the discriminant A = b*> — 4ac.
e If A <0, there are no real solutions to the equation.
e If A =0, there is one real solution (or two equal solutions) to the equation.
e If A > 0, there are two distinct real solutions to the equation.
Fora, b, c € Q:
* If A is a perfect square, the roots are rational.
* If A is not a perfect square, the roots are irrational.
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WORKED EXAMPLE 7

a. Use the discriminant to determine the number and type of roots to the equation
15x* + 8x — 5= 0.
b. Find the values of k so the equation x> + kx — k + 8 = 0 will have one real solution and
check the answer.

THINK

a. 1.

Identify the values of a, b, ¢ from the
general ax? + bx + ¢ = 0 form.

WRITE

. 15x2+8-5=0, a=15, b=8 ¢c=-5

2. State the formula for the discriminant. A = b? —4ac
3. Substitute the values of a, b, c and = (8)> — 4(15)(-5)
evaluate. = 64 + 300
=364
4. Interpret the result. Since the discriminant is positive but not a perfect

b. 1.

Express the equation in general form
and identify the values of a, b and c.

square, the equation has two irrational roots.
P +hkx—k+8=0

S+ kx4 (=k+8)=0

a=1,b=k, c=(—k+38)

2. Substitute the values of a, b, ¢ and A =b%—4ac
obtain an algebraic expression for the = (k) — 4(1)(—k + 8)
discriminant. )
=k + 4k —32

3. State the condition on the discriminant For one solution, A = 0

for the equation to have one solution.

4. Solve for k. K +4k-32=0
k+8)k—4)=0
k=28, k=4

5. Check the solutions of the equation If k = —8, the original equation becomes:

for each value of k. x> -8x+16=0
(x—47’=0
Sx=4

This equation has one solution.
If k = 4, the original equation becomes:

¥ —dx+4=0
(x+2)?=0
Sox==2

This equation has one solution.

3.3.5 Quadratic equations with rational and irrational coefficients

From the converse of the Null Factor Law, if the roots of a quadratic equation are x = «a and x = f, then
the factorised form of the quadratic equation would be a(x — a)(x — f) = 0, a € R. The roots could be
rational or irrational. If both roots are rational, expanding the factors will always give a quadratic with rational
coefficients. However, if the roots are irrational not all of the coefficients of the quadratic may be rational.
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For example, if the roots of a quadratic equation are x = \/5 and x = 3\/5 , then the factorised form of the
equation is (x — \/5 )(x - 3\/5 ) = 0. This expands to x* — 4\/5 x + 6 = 0, where the coefficient of x is

irrational.
However, if the roots were a pair of conjugate surds such as x = \/5 and x = —\/5 then the equation is

<x -2 )(x +12 ) = 0. This expands to x> — 2 = 0, where all coefficients are rational.

—b—+/A

2a

—b+VA b VA
2a

The formula gives the roots of the general equation ax> +bx+c=0,a,b,c € Qas x| =

and x, = . If A > 0, but not a perfect square, these roots are irrational and x; = % g
a a
—b A . .
X, = — + —— are a pair of conjugate surds.
2a 2a
 If a quadratic equation with rational coefficients has irrational roots, the roots must occur in conjugate
surd pairs.

* The conjugate surd pairs are of the form m — n4/p and m + n\/f withm, n, p € Q.

WORKED EXAMPLE 8

a. Use ‘completing the square’ to solve the quadratic equation x> + 8\/5 x —17 = 0. Are the
solutions a pair of conjugate surds?

b. One root of the quadratic equation with rational coefficients x> + bx +¢c = 0, b, c € Q

isx=6+ \/3 . State the other root and calculate the values of b and c.

THINK WRITE
a. 1. Add and also subtract the square of half the a. X+ 8\/5 x—17=0
coefficient of x. P 4+8V2x+ V27 - (4V/2) - 17=0
2. Group the first three terms of the left-hand x* + 8\/5 X+ (4\/5 ¥ —-32-17=0
side of the equation together to form a (r+4 \/5)2 49 =0
perfect square and evaluate the last two
terms.

3. Rearrange so that each side of the equation (x+ 4\/5 > =49
contains a perfect square.

4. Take the square roots of both sides. X+ 4\/_ = i\/E
x+4v2 =47

5. Solve for x. x=+7— 4\/5
cx=T—4/2,x=-T-4/2

6. Explain whether or not the solutions are The solutions are not a pair of conjugate surds.

conjugate surds. The conjugate of 7 — 4\/5 is 7+ 44/2, not
—7—4/2.
b. 1. State the conjugate surd root. b. x> +bx+c=0,b,c€Q

Since the equation has rational coefficients, the
roots occur in conjugate surd pairs. Therefore,
the other root is x = 6 — \/?
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2. Form the two linear factors of the equation
in factorised form.
3. Write the equation.

4. Expand as a difference of two squares.

5. Express in the form x*> + bx + ¢ = 0.

6. State the values of b and c.

x:6—\/§:>(x—(6—\/§))isafactorand

x=6+1/3 = (x—(6+1/3)) is a factor.

The equation is:

= 6+V3)a—(6-13)=0

A (=6 +V3) (-6 -1/3)=0
=62 -(372=0

2 —12x+36-3=0

X =12x+33=0
b=-12,¢c=33

3.3.6 Equations of the form /x =ax+b

Equations of the form \/; = ax+ b could be written as \/; = a(\/; )> + b and reduced to a quadratic equation
u = au’® + b by the substitution u = \/; . Any negative solution for # would need to be rejected as \/; > 0.

An alternative technique to obtain quadratic form is discussed here.

By squaring both sides of the equation \/; = ax + b the quadratic equation x = (ax + b)? is formed, with

no substitution required.

However, since the same quadratic equation would be obtained by squaring \/_ = —(ax + b), the squaring
process may produce extraneous ‘solutions’ — ones that do not satisfy the original equation. It is always

necessary to verify the solutions by testing whether they satisfy the original equation.

WORKED EXAMPLE 9

Solve the equation 3 + 2\/— = x for x.

THINK

1. Isolate the surd term on one side of the
given equation.

2. Square both sides to remove the surd term.
3. Expand to form the quadratic equation and

solve this equation.

4. Check whether the solution x = 9 is valid
using the original equation.

WRITE
3+2¢/x =x
24/x =x—3
2y/x)? = (x = 3)?
4x = (x — 3)?
dx=x*—6x+9
X2 —10x+9=0

x=9x-1)=0

Sx=9 or x=1
Substitutex=9int03+2\/;:x.
LHS =3 +21/9 RHS=x

=9
:3+2\/5

=LHS
=9

Therefore, accept x = 9 as a solution.
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5. Check whether the solution x = 1 is valid Substitute x = 1 in 3 + 2\/)7 =7

using the original equation. LHS =3 + 2\/; RHS = x
=1
=5
Therefore, reject x = 1 as a solution.
6. State the answer. Answeris x = 0.
Tl | THINK WRITE CASIO | THINK WRITE
1. On a Calculator page, m 1. On the Main screen, complete the © Kt Action interactive
press MENU and select: | (40 7o) =3 entry line as: 1:1"3112’?:&?—111—}}—”5
3. Algebra i solve (3 " 2\/; _ x,x> solve(3+2V X=X, X -
1. Solve n
. Then press EXE.
Complete the entry line
as:
solve (3 + 2\/; = x,x)
Then press ENTER.
Alg Standord  FAwl  Fad L
2. The answer appears on x=9 2. The answer appears on the screen. x=9
the screen.

study[1])

M (01o)y[e=1e1 88 Quadratics over R Summary screen and practice questions

Exercise 3.3 Quadratics over R

Technology free

1.

Complete the following statements about perfect squares.

a X2+ 10x+..=@x+..) b, X2 —Tx+..=(x—.)"
c. XX Hx+..=x+..)> d > —ix+..=@x-.)
K23 Factorise the following over R.

a. x> —10x—7 b. 3x% +7x+3 c. 5x2-9

Use the ‘completing the square’ method to factorise —3x + 8x — 5 and check the answer by using
another method of factorisation.

Factorise the following where possible.

a. 3x—8)°>—-6 b. (xy—7)*+9

Use the ‘completing the square’ method to factorise, where possible, the following over R.
a. x> —6x+7 b. x> 4+4x -3 c. ¥* =2x+6

d. 2x* +5x -2 e. —x>+8x-38 f. 3x>+4x—6
Factorise the following over R, where possible.

a. x> —12 b. x> — 12x+ 4 c. ¥*+9x-3

d. 2% +5x+1 e. 3x* +4x+3 f. 14 40x — 5x°

TOPIC 3 Quadratic relationships 127



10.

11.

12.

13.

. [EE For each of the following quadratics, calculate the discriminant. Hence, state the number and type

of factors, and whether the ‘completing the square’ method would be needed to obtain the factors.

1 8
a. 4x2+5x+ 10 b. 12.5x2 — 10x+2 c. =3x2+11x-10 d. §x2—§x+2

For each of the following, calculate the discriminant, and hence state the number and type of linear

factors.

a. 5x* +9x -2 b. 12x* = 3x + 1 c. 121x* +110x+25 d. x* 4+ 10x+23

a. Calculate the discriminant for the equation 3x> — 4x + 1 = 0.

b. Use the result of a to determine the number and nature of the roots of the equation 3x*> — 4x + 1 = 0.
In parts c to f, use the discriminant to determine the number and type of solutions to the given
equation.

c. x> —4x+3=0

d. 2x2 —20x+50 =0

e. XX +4x+7=0

f. 1=x>45x

Without actually solving the equations, determine the number and the nature of the roots of the

following equations.

a. =52 —-8x+9=0 b. 42 +3x-7=0
c. 42 4+x42=0 d 12x—1-36x2=0
e. 432 +25=0 f.3V2x2+5x+1/2 =0

KA Use the quadratic formula to solve the equation (2x + 1)(x +5) — 1 = 0.

—b + \Vb?> - dac

Use the quadratic formula x =

to solve the following equations, expressing solutions

2a
in simplest surd form.
a. 3x=5x+1=0 b. =5x+x4+5=0
c. 2> 4+3x+4=0 d. x(x+6) =38

Solve the following quadratic equations, giving the answers in simplest exact form.
9x* —3x—-4=0

a.
b. 5x(4 —x) =12 AL UADRATIC EQUATION

2
S, [
e 563 +51x =27 =0 osEL L
f.5S%x—x(7T+2x)=x+502x-1) ;
g. 6x = x? e Y « e
h. 8x2 —22x+12=0 | <
L2+ Tx—3=0 e -
i Qx+ 172 =12
k. x> +2x—6=0
Lox*+4x2 =32

Technology active

14. Solve the equation 3(2x + D* = 16(2x + 1)> =35 =0 forx € R.
15. Solve the equation \/5 X+ 4\/? X — 8\/— = 0, expressing solutions in simplest surd form.
16. Use an appropriate substitution to reduce the following equations to quadratic form and hence obtain all
solutions over R.
a. (2=3Y2—-4(x*-3)+4=0
b. 5x* —39x2 -8=0
c. X*(x*=12)+11=0
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17.

18.
19.

20.

21.

22.

23.

24,
25.

26.
27.

1\’ 1
d. <x+—> +2<x+—>—3=0
X X

e. (2 —Tx—8)7>=31x*-7x—-28)

2
f. 3<x2+i2>+2<x+1> —2=0giventhatx2+i2= <x+l> -2
X X X X

a. Use the discriminant to determine the number and type of roots to the equation

0.2x>2 —2.5x+ 10 = 0.

b. Find the values of & so the equation kx> — (k 4+ 3)x + k = 0 will have one real solution.

Show that the equation mx? + (m — 4)x = 4 will always have real roots for any real value of m.

a. Find the values of m so the equation x> + (m + 2)x — m + 5 = 0 has one root.

Find the values of m so the equation (m + 2)x*> — 2mx + 4 = 0 has one root.

Find the values of p so the equation 3x? + 4x — 2(p — 1) = 0 has no real roots.

Show that the equation kx*> — 4x — k = 0 always has two solutions for k € R\ {0}.

Show that for p, g € Q, the equation px* + (p + ¢)x + g = 0 always has rational roots.

K3 2. Complete the square to solve the equation x> — 20y/5 x + 100 = 0.

b. One root of the quadratic equation with rational coefficients x> + bx +¢ =0, b, c € Qisx = 1 — \/5 .
State the other root and calculate the values of b and c.

a. Factorise the difference of two cubes, x* — 8, and explain why there is only one linear factor over R.

b. Form linear factors from the following information and expand the product of these factors to obtain
a quadratic expression.

i. The zeros of a quadratic are x = \/5 and x = —\/5 .
ii. The zeros of a quadratic are x = —4 + \/5 and x = —4 — \/5
a. Solve the following for x, expressing solutions in simplest surd form with rational denominators.
i 2 +6V2x+18=0
i. 20/522=3v10x+1/5 =0
i. V32-02V2 -V3)x—-v2 =0

b. One root of the quadratic equation with rational coefficients, X4+bx+c=0,b,c, € Qis

1445
-

i. State the other root.
ii. Form the equation and calculate the values of b and c.
. The roots of the quadratic equation with real coefficients, X2 +bx+c=0,b,c ER,are

¢ 20T

X

(2}

x=44/3 + 5\/6 . Form the equation and calculate the values of b and c.
KT Solve the equation 4x — 34/x = 1 for x.

Use the substitution u = \/; to solve 4x — 3\/; =1.

a. Solve the equation 2\/_ = 8 — x by the following two methods:
i. squaring both sides of the equation
ii. using a suitable substitution to reduce to quadratic form.
b. Solve 1 + Vx+1 =2x.
Use CAS technology to write down the factors over R of 12x* + 4x — 9.
a. Show that the solutions of the simultaneous equations x + y = p and xy = ¢ are the solutions of the
quadratic equation x> + ¢ = px.
b. Write down the solutions for x and y in part a using CAS technology.
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The seventh century Hindu mathematician Brahmagupta may have been the first
to solve quadratic equations involving roots that were negative or irrational, and
he was reputedly the first person to use zero as a number. In the twelfth century
another Indian mathematician, Bhaskara, refined much of Brahmagupta’s work
and contributed significantly to algebraic analysis.

3.4 Applications of quadratic equations

Quadratic equations may occur in problem solving and as mathematical models. In formulating a problem,
variables should be defined and it is important to check whether mathematical solutions are feasible in the
context of the problem.

WORKED EXAMPLE 10

The owner of a gift shop imported a certain number of
paperweights for $900. They were pleased when all except

4 were sold for $10 more than each paperweight had

cost to import. From the sale of the paperweights, the gift shop
owner received a total of $1400. How many

paperweights were imported?
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THINK WRITE

1. Define the key variable. Let x be the number of paperweights imported.

2. Find an expression for the cost The total cost of importing x paperweights is $900.

fi o h 900
ol importing eac Therefore the cost of each paperweight is <—> dollars.
x

paperweight.

3. Find an expression for the The number of paperweights sold is (x — 4) and each is sold
selling price of each 900
paperweight and identify how o (7 * 10> diolllas.

many are sold.

900
4. Create the equation showing <— + 10> X (x —4) = 1400
how the sales revenue of *

$1400 is formed.
5. Now the equation has been Expand:
formulated, solve it. 900 — 36xﬂ + 10x — 40 = 1400
_ 3600 + 10x = 540
X
—3600 + 10x* = 540x
10x? — 540x — 3600 = 0
x* = 54x-360=0
x—60)(x+6)=0
Sx=60,x=-6
6. Check the feasibility of the Reject x = —6 since x must be a positive whole number.
mathematical solutions.
7. Write the answer in context. Therefore, 60 paperweights were imported by the gift shop
owner.

3.4.1 Quadratically related variables

The formula for the area, A, of a circle in terms of its radius, AA AA
r, is A = zr*. This is of the form A = kr? as x is a con- o7
stant. The area varies directly as the square of its radius with
the constant of proportionality k = z. This is a quadratic
relationship between A and r.

4 4
r |01 2 3 7 Pl
A 0| x| 4x | 97 00 1237 0" g 4 NG

Plotting the graph of A against » gives a curve which is part of a parabola. However, if A was plotted
against 7> then a straight-line graph containing the origin would be obtained.

For any variables x and y, if y is directly proportional to x?, then y = kx> where k is the constant
of proportionality.
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Other quadratically related variables would include, for example, those where y was the sum of two parts,
one part of which was constant and the other part of which was in direct proportion to x> so that y = ¢ + kx>

If, however, y was the sum of two parts, one part of which varied as x and another as x2, then y=kx+ kox?
with different constants of proportionality required for each part.

The quadratic relation y = ¢ + kix + kox*> shows y as the sum of three parts, one part constant, one part

varying as x and one part varying as x°.

WORKED EXAMPLE 11

The volume of a cone of fixed height is directly proportional to the square of the radius of its
base. When the radius is 3 cm, the volume is 30z cm®. Calculate the radius when the volume is
4807 cm’.

THINK WRITE
1. Write the variation equation, defining the V = kr?, where V is the volume of a cone of
symbols used. fixed height and radius r.
k is the constant of proportionality.
2. Use the given information to find k. r=3,V=30r= 30z = 9%
307z
Sk=—
9
_ 10z
3
. . 10z
3. Write the rule connecting V and r. V= Trz
10
4. Substitute V = 4807 and find r. 4807 = T”rz
107r% = 4807 x 3
2 4807 X 3
107z
P =144
r=+\/144
r=+12
5. Check the feasibility of the mathematical Reject r = —12 since r must be positive.
solutions. sr=12
6. Write the answer in context. The radius of the cone is 12 cm.

study[1])
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Exercise 3.4 Applications of quadratic equations

Technology active

1.

10.

K= The owner of a fish shop bought x kilograms of salmon for $400
from the wholesale market. At the end of the day all except for 2 kg of
the fish were sold at a price per kg, which was $10 more than what

the owner paid at the market. From the sale of the fish, a total of

$540 was made. How many kilograms of salmon did the fish-shop owner |
buy at the market?

EZZX0 The surface area of a sphere is directly proportional to the

square of its radius. When the radius is 5 cm, the area is 100z cm?.

Calculate the radius when the area is 360z cm?.

The cost of hiring a chainsaw is $10 plus an amount that is proportional to the square of the
number of hours for which the chainsaw is hired. If it costs $32.50 to hire

the chainsaw for 3 hours, find, to the nearest half hour, the length

of time for which the chainsaw was hired if the cost of hire was $60.
a. The area of an equilateral triangle varies directly as the square of

its side length. A triangle of side length 2\/3_ cm has an area of

3\/5 cm?. Calculate the side length if the area is 12\/5 cm?.

b. The distance a particle falls from rest is in direct proportion to the square of the time of fall. What is
the effect on the distance fallen if the time of fall is doubled?

c. The number of calories of heat produced in a wire in a given time
varies as the square of the voltage. If the voltage is reduced by 20%, what is the effect on the number
of calories of heat produced?

The sum of the first n whole numbers is equal to the sum of two parts, one of which varies as n and the

other varies as n’.

a. Using k; and k; as the constants of proportionality for each part, write down an expression for the
sum S in terms of n.

b. By calculating the sum of the first 4 whole numbers and the sum of the first 5 whole numbers, find
the values of k; and k.

c. If the sum of the first » whole numbers is equal to 1275, what is the value of n?

Given y is the sum of three parts, one part constant, one part varying as x and
one part varying as x> and that y = 2 when x = 0,y = 9 when x = 1 and y = 24
when x = 2, find:

a. the rule connecting x and y

b. the positive value of x wheny = 117.

The cost of producing x hundred litres of olive oil is 20 + 5x dollars.
If the revenue from the sale of x hundred litres of the oil is 1.5x
dollars, calculate to the nearest litre, the number of litres that must be

sold to make a profit of $800.

The product of two consecutive even natural numbers is 440.
What are the numbers?

The sum of the squares of two consecutive natural numbers
plus the square of their sums is 662. What are the numbers?

The ratio of the height of a triangle to the length of its base is \/5 :1. If the area of the triangle is
/32 cm?, calculate the length of its base and of its height.
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11.

12.

13.

14.

The hypotenuse of a right angled-triangle is (3x + 3) cm and the

other two sides are 3xcm and (x — 3) cm. Determine the value of x and c
calculate the perimeter of the triangle. bl a2
A photograph, 17 cm by 13 cm, is placed in a rectangular frame. If the

border around the photograph is of uniform width and has a

an area of 260 cm?, measured to the nearest cm?, what are the dimensions of the frame measured to the
nearest cm?
A gardener has 16 metres of edging to place I Backyard fence
around three sides of a rectangular garden bed, iy
the fourth side of which is bounded by the xm
backyard fence. _L
a. If the width of the garden bed is x metres, explain |<; (16 -2x) m *>‘
why its length is (16 — 2x) metres.
b. If the area of the rectangular garden is k square metres, show that 2x> — 16x + k = 0.
c. Find the discriminant and hence find the values of k for which this equation will have
i. no solutions
ii. one solution

iii. two solutions.

d. What is the largest area the garden bed can be and what are its dimensions in this case?

e. The gardener decides the area of the garden bed is to be 15 square metres. Given that the gardener
would also prefer to use as much of the backyard fence as possible as a boundary to the garden bed,
calculate the dimensions of the rectangle in this case, correct to 1 decimal place.

A young collector of fantasy cards buys a ¢

parcel of the cards in a lucky dip at a fete

for $10 but finds on opening the parcel that

only two are of interest. Keeping those two

cards aside, the collector decides to resell the
remaining cards to an unsuspecting friend

for $1 per card more than the original cost,
thereby making a nice profit of $6. How many
cards did the collector’s friend receive?

Use the following information in questions 15 and 16: the formula for the total surface area A of a
cone of base radius r and slant height / is A = 71> + zrl.

15.

16.

Find, correct to 3 decimal places, the radius of the base of a cone with slant height 5 metres and total
surface area 20 m”.

For any cone which has a surface area of 20 m?, find r in terms of / and use this expression to check the
answer to question 15.

3.5 Graphs of quadratic polynomials

A quadratic polynomial is an algebraic expression of the form ax? 4+ bx + ¢, where each power of the variable

x is a positive whole number, with the highest power of x being 2. It is called a second-degree polynomial,

whereas a linear polynomial of the form ax + b is a first degree polynomial since the highest power of x is 1.
The graph of a quadratic polynomial is called a parabola.
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3.5.1 The graph of y = x? and transformations

The simplest parabola has the equation y = x°.

Key features of the graph of y = x*:

* it is symmetrical about the y-axis

* the axis of symmetry has the equation x = 0

* the graph is concave up (opens upwards)

* it has a minimum turning point, or vertex, at the point (0,0).

Making the graph wider or narrower

1
The graphs of y = ax? fora = 5,1 and 3 are drawn on the same set of axes. y =2 | =32

YA
Comparison of the graphs of y = x?, y =3x? and y = %xz shows that
the graph of y = ax? will be: (1.3)
« narrower than the graph of y = x* if a > 1 1, (1, 1)
* wider than the graph of y = x? if 0 < a < 1. y=3t (1, 1 )
The coefficient of x2, a, is called the dilation factor. It measures the 0 a - 3
amount of stretching or compression from the x-axis. v

For y = ax?, the graph of y = x has been dilated by a factor of a from
the x-axis or by a factor of a parallel to the y-axis.

Translating the graph up or down

The graphs of y = x*> + k for k = =2, 0 and 2 are drawn on
the same set of axes.

Comparison of the graphs of y = x?, y = x> + 2 and y = x*> — 2 shows that
the graph of y = x> + k will:

* have a turning point at (0, k)

 move the graph of y = x? vertically upwards by k units if k > 0

* move the graph of y = x? vertically downwards by k units if

k <0.

The value of k gives the vertical translation. For the graph of y = x* + &,

the graph of y = x? has been translated by k units from the x-axis.

y
Translating the graph left or right 1

The graphs of y = (x — h)* for h = =2, 1 and 4 are drawn on the

same set of axes. ©,4)
Comparison of the graphs of y = x%, y = (x + 2)* and
y = (x — 4)% shows that the graph of y = (x — h)* will: y=(x+2)?
* have a turning point at (4, 0) (=2, 0) 0" (4, 0) X

 move the graph of y = x? horizontally to the right by &
units if 2 > 0
« move the graph of y = x? horizontally to the left by
units if 2 < 0.
The value of & gives the horizontal translation. For the graph of y = (x — h)?, the graph of y = x> has been
translated by 4 units from the y-axis.
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Reflecting the graph in the x-axis
The graph of y = —x? is obtained by reflecting the graph of YA
y = x* in the x-axis. y=x2

Key features of the graph of y = —x:

* it is symmetrical about the y-axis - i >
e the axis of symmetry has the equation x = 0
e the graph is concave down (opens downwards) y=-x2

e it has a maximum turning point, or vertex, at the point (0, 0). Y
A negative coefficient of x? indicates the graph of a parabola is concave down.

Regions above and below the graph of a parabola

A parabola divides the Cartesian plane into a region above the parabola and a region below the parabola. The
regions that lie above and below the parabola y = x? are illustrated in the diagram.

YA
y>x?
y=x
~< 0 ]
y < x?
Y

The regions are described in a similar manner to the half planes that lie above or below a straight line.
* The region where the points have larger y-coordinates than the turning point, or any other point, on the
parabola y = x? is described by the inequation y > x?.
* The region where the points have smaller y-coordinates than the turning point, or any other point, on
the parabola is described by the inequation y < x°.
If the region is closed, the points on the boundary parabola are included in the region. If the region is open,
the points on the boundary parabola are not included in the region. A point can be tested to confirm which
side of the parabola to shade.

WORKED EXAMPLE 12

Match the graphs of the parabolas A, B, C with the
following equations.

ay=—-x*+3
b.y = —3x2
c.y =(x—3)?
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THINK WRITE

1. Compare graph A with the basic graph y = x* to Graph A opens upwards and has been
identify the transformations. moved horizontally to the right.
Graph A matches with equation ¢
y=@x=3)>
2. Compare graph B with the basic graph y = x? to Graph B opens downwards and has
identify the transformations. been moved vertically upwards.
Graph B matches with equation a
y=—x*+3.
3. Check graph C for transformations. Graph C opens downwards. It is

narrower than both graphs A and B.
Graph C matches with equation b
y= —3x2.

' 1| Resources

Interactivity: Quadratic functions (int-2562)

3.5.2 Sketching parabolas from their equations

The key points required when sketching a parabola are:

* the turning point

* the y-intercept

* any x-intercepts.

The axis of symmetry is also a key feature of the graph.

The equation of a parabola allows this information to be obtained but in differing ways, depending on the
form of the equation.

We shall consider three forms for the equation of a parabola:

e general form

* turning point form

e x-intercept form.

3.5.3 The general or polynomial form, y = ax®> + bx + ¢

If a > 0 then the parabola is concave up and has a minimum turning point.

If a < 0 then the parabola is concave down and has a maximum turning point.

The dilation factor a, a > 0, determines the width of the parabola. The dilation factor is always a positive
number (so it could be expressed as lal).

The methods to determine the key features of the graph are as follows.

* Substitute x = 0 to obtain the y-intercept (the y-intercept is obvious from the equation).

+ Substitute y = 0 and solve the quadratic equation ax® + bx + ¢ = 0 to obtain the x-intercepts. There may

be 0, 1 or 2 x-intercepts, as determined by the discriminant.

* The equation of the axis of symmetry is x = ~5a
a
. ) ) . b b* — 4ac
This is because the formula for solving ax” + bx + ¢ = 0 gives x = ~7 + — as the
a a
x-intercepts and these are symmetrical about their midpoint x = ~5
a
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* the turning point lies on the axis of symmetry so its x-coordinate is x = —5 Substitute this value into
a

the parabola’s equation to calculate the y-coordinate of the turning point.

WORKED EXAMPLE 13

Sketch the graph of y = %xz — x — 4 and label the key points with their coordinates.

THINK

1. Write down the y-intercept.

2. Obtain any x-intercepts.

3. Find the equation of the axis of
symmetry.

4. Find the coordinates of the
turning point.

5. Identify the type of turning point.

6. Sketch the graph using the
information obtained in previous
steps. Label the key points with
their coordinates.

WRITE
1

y=-x*—x—4
y-intercept: if x = 0 then y = —4 = (0, —4)

x-intercepts: let y = 0

1
§x2 —x—4=0
¥ -2x—8=0
x+2)x—4)=0
SLx=-2,4
= (-2,0), 4,0
b
Axis of symmetry formula x = ~55
a
1
= — = _]
a > b
-1
X =-
(2x3)
=i
Turning point: when x = 1,
1
==-—1-1
V=5
|
= 4=
2

1
=> < 1, —45 > is the turning point.

Since a > 0, the turning point is a minimum turning
point.

YA
y= %xz -x—4
(2,0 4, 0)
~< 0 =
0,4
y (1L-45)
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TI| THINK

1. On a Graphs page,
complete the entry line
as:
flx) = %xz —-x—4
Then press ENTER to
view the graph.

2. To view the key points,
select:
« MENU
¢ 6. Analyze Graph
e 1. Zero
or
e 2. Minimum
or
e 3. Maximum
Follow the prompts to
show the key points.

~6.67

CASIO | THINK
1. On a Graphs & Table screen,

complete the entry line as:

yl = %xz —-x—4

Tap the Graph icon to view the
graph.

2. Tap the y = 0 or the MIN or
the MAX icons to view the
key points.

WRITE

© Edit Zoom Amlysis & x|
5K EEE O
| Swet! Sheet? |Sheutd [Swetd [SheetS

E'.I:L'-.‘.nfd -—?I

ya:

y4:0

y50
¥B:

& !

b

@

b x
e R of 1T ¢F T e
R

%
Rud  Cplx L

3.5.4 Turning point form, y = a(x — h)® + k
Since h represents the horizontal translation and k the vertical translation, this form of the equation readily
provides the coordinates of the turning point.
* The turning point has coordinates (%, k).
If a > 0, the turning point is a minimum and if @ < 0 it will be a maximum. Depending on the nature of

the turning point the y-coordinate of the turning point gives the minimum or maximum value of the

quadratic.

* Find the y-intercept by substituting x = 0.
« Find the x-intercepts by substituting y = 0 and solving the equation a(x — h)> + k = 0. However, before
attempting to find x-intercepts, consider the type of turning point and its y-coordinate as this will
indicate whether there are any x-intercepts.
The general form of the equation of a parabola can be converted to turning point form by the use of the
‘completing the square’ technique; by expanding turning point form, the general form would be obtained.

WORKED EXAMPLE 14

a. Sketch the graph of y = —2(x + 1)? + 8 and label the key points with their coordinates.
b. i. Expressy = 3x? — 12x + 18 in the form y = a(x — h)? + k and hence state the coordinates

of its vertex.

ii. Sketch its graph.
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THINK

a. 1.

Obtain the coordinates and the type of
turning point from the given equation.
Note: The x-coordinate of the turning point
could also be obtained by letting

(x + 1) = 0 and solving this for x.

. Calculate the y-intercept.

. Calculate any x-intercepts.

Note: The graph is concave down with
maximum y-value of 8, so there will be
Xx-intercepts.

. Sketch the graph, remembering to label the

key points with their coordinates.

i. 1. Apply the ‘completing the square’

technique to the general form of the
equation.

2. Expand to obtain the form
y =a(x — h)* + k.

3. State the coordinates of the vertex (turning
point).

i. 1. Obtain the y-intercept from the general

form.

2. Will the graph have x-intercepts?

WRITE

a.

b.

y=-2x+1>+8

ny=-=2(x—(-1))*+8
Maximum turning point at (—1, 8)

Letx=0
Sy =-2(1%+8

=6

= (0, 6)

x-intercepts: lety = 0
0=-2(x+1)7+8

2+ 1)* =38
x+1)*=4
@+ 1) =+V4
x=+2-1
x=-3,1
= (=3, 0), (1, 0)

L3

(0, 6)
y=-"2(x+1>+38

y=3x*—12x+ 18
=3(x*—4x+6)
=3[(x% —4x + (2)*) — (2)* + 6]
=3[(x —2)* + 2]
=3(x-2%+6
Ly=3(x-27+6
The vertex is (2, 6).

y-intercept is (0, 18).

Since the graph is concave up with minimum
y-value of 6, there are no x-intercepts.
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3. Sketch the graph. y

(0, 18)
y=3x2-12x+ 18

(2,6)

A
<=
<Y

3.5.5 Factorised or x-intercept form, y = a(x — x1)(x — x2)

This form of the equation readily provides the x-intercepts.
* The x-intercepts occur at x = x; and x = x».

. . . . . X] +x
* The axis of symmetry lies halfway between the x-intercepts and its equation, x = L=

, gives the

x-coordinate of the turning point.
+ X7

* The turning point is obtained by substituting x = ! into the equation of the parabola and

calculating the y-coordinate.
* The y-intercept is obtained by substituting x = 0.
If the linear factors are distinct, the graph cuts through the x-axis at each x-intercept.
If the linear factors are identical making the quadratic a perfect square, the graph touches the x-axis at its
turning point.

WORKED EXAMPLE 15

Sketch the graph of y = —%(x +5)x—1).

THINK WRITE

1. Identify the x-intercepts. y= —%(x +5x-1)
x-intercepts: let y = 0
%(x+ S5 x—=1)=0
x+5=0 or x—1=0
x=-5 or x=1
x-intercepts are (=5, 0), (1, 0).

2. Calculate the equation of the axis  Axis of symmetry has equation
of symmetry. =5 4F Il

)
Sox=-=2
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3. Obtain the coordinates of the Turning point: substitute x = —2 in to the equation

turning point. 1
y= =5+ 5= 1)

1

=—503)(=3)

9

)

. o 9
Turning point is <—2, 5)
4. Calculate the y-intercept. y= —%(x +5x-1)

y—interlcept: letx =0,
y=-50)=1)

S5

)

5
y-intercept is <O, 5)

5. Sketch the graph.

y=-Je+5@-1)

3.5.6 The discriminant and the x-intercepts

The zeros of the quadratic expression ax® 4+ bx + c, the roots of the quadratic equation ax® 4+ bx + ¢ = 0 and
the x-intercepts of the graph of a parabola with rule y = ax? + bx + ¢ all have the same x-values; and the
discriminant determines the type and number of these values.

e If A > 0, there are two x-intercepts. The graph cuts through the x-axis at two different places.

e If A =0, there is one x-intercept. The graph fouches the x-axis at its turning point.

e If A <0, there are no x-intercepts. The graph does not intersect the x-axis and lies entirely above or

entirely below the x-axis, depending on its concavity.

If a > 0, A < 0, the graph lies entirely above the x-axis and every point on it has a positive y-coordinate.
ax’® 4+ bx + c is called positive definite in this case.

Ifa < 0, A <0, the graph lies entirely below the x-axis and every point on it has a negative y-coordinate.
ax® + bx + c is called negative definite in this case.
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A<O A=0 A>0
Y Y
a>0 -
- ()l X 0 X X
)’T Yy Y,
a<04 0 }x 0 X 0 X

When A > 0 and for a, b, ¢ € Q, the x intercepts are rational if A is a perfect square and irrational if A is
not a perfect square.

WORKED EXAMPLE 16

Use the discriminant to:

a. determine the number and type of x-intercepts of the graph defined by y = 64x> + 48x + 9
b. sketch the graph of y = 64x? + 48x + 9.

THINK WRITE

a. 1. State the a, b, ¢ values and evaluate a.y=064x>+48x+9,a=64, b=48,c=9

the discriminant. A = b% —4ac
= (48)" — 4(64)(9)
= 2304 — 2304
=0
2. Interpret the result. Since the discriminant is zero, the graph has one
rational x-intercept.
b. 1. Interpret the implication of a zero b. The quadratic must be a perfect square.
discriminant for the factors. y = 64x* +48x +9
= (8x + 3)*
2. Identify the key points. x-intercept: let y = 0.
(8x+3)*=0
3
xX=—=
8

3
Therefore <—§ 0> is both the x-intercept and the
turning point.
y-intercept: let x = 0 in y = 64x> 4+ 48x + 9.
..y = 9 Therefore (0, 9) is the y-intercept.
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3. Sketch the graph. y
0,9

y=064x>+48x + 9

study[J])
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Exercise 3.5 Graphs of quadratic polynomials

Technology free

1. Sketch the following parabolas on the same set of axes.

2
a. y=2x b. y=—2x° c. y=0.5x2 d. y=-05x> e y= (2x)? f. y= <_§)
2. [fIZA Match the graphs of the parabolas A, B and C with the following equations.
iy=x>-2 i, y=—2x iii. y = —(x+2)

3. Using the graph of y = —2x” identified in question 2, shade the region
described by y < —2x2.

4. State the coordinates of the turning points of the parabolas with the
following equations.

a. y=x>+8 b. y=x>-8 c. y=1-5x
2
d.y=—%—7 e. y=(x—8)> f.y=(x+8)>
1
9. y=T7(x—4)? h. y=—§(x+12)2

5. Sketch the following graphs showing the turning point and any intercepts
with the coordinate axes.

1
a y=5¥+2 b. y =22 +4 o y=(x—2)

1
d.yz_Z(x+1)2 e. y=x'—4 f.y=-x*+2
1
6. [[IIZE Sketch the graph of y = 3 x* 4+ x — 6 and label the key points with their coordinates.

1
7. Sketch the region given by y > 1 x*+x—6.

8. Sketch the graphs of the following parabolas, labelling their key points with their coordinates.
a. y=9x +18x+8 b. y==x*4+7x-10 c y=-x>—-2x-3 d. y=x>—4x+2
EZ a. Sketch the graph of y = —2(x 4+ 1)*> + 8 and label the key points with their coordinates.
b. i. Expressy = —x> + 10x — 30 in the form y = a(x — h)* + k and hence state the coordinates
of its vertex.
ii. Sketch its graph.

©
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10. State the nature and the coordinates of the turning point for each of the following parabolas.

a. y=4-—3x b. y= (4 —3x)°
11. I Select which of the following is the equation of a parabola with a turning point at (=5, 2).
A y=-52+2 B.y=2-(x-5) C.y=(x+27>-5
D.y=—-(x+5)?%+2 E.y=x+57>-2
12. a. Sketch the graph of y = (x + 4)* — 1.
b. State the turning point of y = 3 — (x 4+ 4)? and sketch its graph.
c. i. Use the ‘completing the square’ technique to express x> + 6x + 12 in the form (x + h)* + k.

ii. Hence state the coordinates of the turning point of y = x> + 6x 4+ 12 and sketch its graph.
d. State the turning point of y = —(2x 4 5)* and sketch its graph.
13. [fIZH Sketch the graph of y = 2x(4 — x).
14. Sketch the graph of y = (2 4 x)°.
15. Sketch the following graphs showing all intercepts with the coordinate axes and the turning point.
a. y=+1Dx-3) b. y=x-52x+1)
Technology active

For each of the parabolas in questions 16 to 19, give the coordinates of:
i. the turning point
ii. the y-intercept

iii. any x-intercepts.

iv. Sketch the graph.

16. a. y=x>-9 b. y=(x—9)° c. y=06-—3x d. y= -3+ 1)
17. a. y=x>+6x—7 b. y=3x>-6x—7 c. y=5+4x-3x? d. y=2x>-x—-4
18. a. y=(x—-5)>+2 b. y=2x+1%>-2 c. y=-2(x-3)%-6

d y=—-(x-4)>+1

1

19 4 y=—5x(x+6) b. y=(4x— D(x+2) o y==7Qx=72x=9)

d. y=(1-3x)4+x) e. y==-2(14+x)2-x) f. y=2x+ D2 -3x)

1
g. y=0.8x(10x — 27) h. y=Bx+1)° i y= Z(1 — 2x)?
i y=-025(1+2x)° k. y=-2x>43x—4 I y=10—2x>+8x
4)? 1
m.y+2=(x+2) n 9y=1-zQx-17

20. a. i. Express 2x> — 12x + 9 in the form a(x + b)* + c.
ii. Hence state the coordinates of the turning point of the graph of y = 2x> — 12x + 9.
iii. What is the minimum value of the polynomial 2x> — 12x + 9?
b. i. Express —x> — 18x + 5 in the form a(x + b)* + c.
ii. Hence state the coordinates of the turning point of the graph of y = —x?> — 18x + 5.
iii. What is the maximum value of the polynomial —x*> — 18x + 5?
21. Shade the regions described by the following inequations.
a. y>x>—6x b. y <8 —2x? c. y<x*+4x+4
d. y>3(x+2)7>+6 e. y<B-10G+x) f.oy < 7x+ 14x
22. fI28 Use the discriminant to:
a. determine the number and type of x-intercepts of the graph defined by y = 42x — 18x>
b. sketch the graph of y = 42x — 18x2.
23. Show that 7x*> — 4x + 9 is positive definite.
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24. Use the discriminant to determine the number and type of intercepts each of the following graphs makes
with the x-axis.

a. y=9x2+17x - 12 b. y=—5x*420x — 21

c. y=-3x*-30x-75 d. y=0.02x>+0.5x+2
25. For what values of k does the graph of y = 5x* + 10x — k have:

a. one x-intercept b. two x-intercepts c. no x-intercepts?
26. a. For what values of m is mx> — 2x + 4 positive definite?

b. i. Show that there is no real value of p for which px?> + 3x — 9 is positive definite.

ii. If p = 3, find the equation of the axis of symmetry of the graph of y = px*> + 3x — 9.
c. i. For what values of ¢ does the turning point of y = 2x> — 3tx 4+ 12 lie on the x-axis?

ii. For what values of ¢ will the equation of the axis of symmetry of y = 2x> — 3tx + 12 be x = 32?
27. Use CAS technology to give the exact coordinates of:
i. the turning point
ii. any x-intercepts for the parabolas defined by:
a. y=12x> —18x+5 b. y=—8x*+9x + 12.
28. Use CAS technology to sketch the graph of y = —2.1x% + 52x + 10, giving coordinates of key points
correct to 2 decimal places, where appropriate.

3.0 Determining the rule of a quadratic polynomial
from a graph

Whether the equation of the graph of a quadratic polynomial is expressed in y = ax*> + bx + ¢ form,
y=alx— h)? + k form or y = a(x — x1)(x — x») form, each equation contains 3 unknowns. Hence, 3 pieces of
information are needed to fully determine the equation. This means that exactly one parabola can be drawn
through 3 non-collinear points.

If the information given includes the turning point or the intercepts with the axes, one form of the equation
may be preferable over another.

As a guide:
« if the turning point is given, use the y = a(x — h)* + k form
* if the x-intercepts are given, use the y = a(x —x,)(x — x,) form
« if 3 points on the graph are given, use the y = ax? + bx + ¢ form.

WORKED EXAMPLE 17

Determine the rules for the following parabolas.
a. YA b. YA

A

<Y

of 1
(1,~4)

&
A
L
Ny
Ny
<Y
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THINK

a. 1.

Consider the given information to
choose the form of the equation for
the graph.

WRITE

a. Let the equation be y = a(x — h)* + k.

Turning point (1, —4)
Sy=akx—172 -4

2. Determine the value of a. Substitute the given point (0, —6).
—6=a(0—1)>—4
—-6=a-4
Sa=-=-2

3. Is the sign of a appropriate?

4. Write the rule for the graph.

b. 1.

Note: Check if the question
specifies whether the rule needs to
be expanded into general form.
Consider the given information to
choose the form of the equation for
the graph.

Check: graph is concave down so a < 0.

The equation of the parabola is
y=—=2(x-17%-4.

. Let the equation be y = a(x — x1)(x — x2).

Givenx; = -1, x, =4
Ly=akx+1Dx—4)

2. Determine the value of a. Substitute the third given point (0, —2).

—2=a(0+1)(0—-4)

-2 =a(l)(—4)

—2=-4a
=2

-

1
)

. Is the sign of a appropriate?

. Write the rule for the graph.

Check: graph is concave up so a > 0.

1
The equation of the parabola is y = E(x + D(x—4).

3.6.1 Using simultaneous equations

In Worked example 17b three points were available, but because two of them were key points, the x-intercepts,
we chose to form the rule using the y = a(x — x;)(x — x) form. If the points were not key points, then
simultaneous equations need to be created using the coordinates given.

WORKED EXAMPLE 18

Determine the equation of the parabola that passes through the points (1, —4), (—1, 10) and
G, -2).

THINK WRITE

1. Consider the given information to Lety = ax® + bx + c.
choose the form of the equation for the

graph.
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2. Substitute the first point to form the an First point

equation in a, b and c. 1, -4) = -4 =a(1)®> +b(1) +c
So—4d=a+b+c [1]
3. Substitute the second point to form a Second point
second equation in a, b and c. (-1,10)=> 10 =a(-1)> +b(-1) + ¢
S 10=a-b+c (2]
4. Substitute the third point to form a third ~ Third point
equation in a, b and c. (3, -2)=> -2=aB)*+bB) +c
S —2=9a+3b+c [3]
5. Write the equations as a system of 3 X 3 —4=a+b+c [1]
simultaneous equations. 10 =a—-b+c [2]
—2=9a+3b+c [3]
6. Solve the system of simultaneous Eliminate ¢ from equations [1] and [2] .
equations. Equation [2] — equation [1]
Note: CAS technology may be used to 14 =-2b
find the solutions. b=-T7

Eliminate ¢ from equations [1] and [3].
Equation [3] — equation [1]

2=8a+2b [4]

Substitute b = —7 in to equation [4].
2=8a— 14

16 = 8a
a=2

Substitute a = 2, b = —7 in to equation [1].

7. State the equation. —4=2-T7+c

c=1

The equation of the parabola is y = 2x*> — 7x + 1.

TI| THINK WRITE CASIO | THINK WRITE

1. To solve for a, b and ¢ in 1. On the Main screen, complete the [o Tmu icumLmurm]- g
= i i . 03| e [iafsm [ T[]
y = ax® + bx + c, substitute I e entry line as: e ——
the x and y values of each et e et solve , iid ol
coordinate pair into the {-4=ax1"+bx1l+c, i
I
general equation. 10=ax (=1 +bx—1+c,
On a Calculator page, press —2=ax3>+bx3+c}{a,b,c))
MENU and select: Then press EXE.
3. Algebra
1. Solve
Complete the entry line as:
solve L
7]
(4= Alg Sundrd  Colx Fad [

ax1>+bx1+c and
10 =ax (=1 +bx—1+c¢
and -2 =a><32+b><3+c,

{a,b,c})
Then press ENTER.

2. Substitute the values in the y=2x"—Tx+1 2. Substitute the values in the general y = 22 —Tx+1
general quadratic equation. quadratic equation.
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study[1])

The rule of a quadratic polynomial from a graph Summary screen and practice questions

Exercise 3.6 Determining the rule of a quadratic polynomial from
a graph

Technology free

1. a.

b.

C.

A parabola with equation y = x> + ¢ passes through the point (1, 5). Determine the value of cand
state the equation of the parabola.

A parabola with equation y = ax” passes through the point (6, —2). Calculate the value of a and state
the equation of the parabola.

A parabola with equation y = a(x — 2)? passes through the point (0, —12). Calculate the value of a
and state the equation of the parabola.

2. If the parabola y = x> + bx passes through the point (-3, 3).

a.
b.

b.

oo

Calculate b and form the parabola’s equation.

What are the x-intercepts of the graph of the parabola?.

Form the equation of the parabola y = (x — a)* + ¢ given it has a turning point at (4, —8).

Form the equation of the parabola y = —2(x — h)* + k given it has a turning point at (=1, 3).
Express the equation of the parabola y = A(x — h)? + k in terms of A, given it has a vertex at (5, 12).
If the parabola in part a also has a y-intercept at (0, 7), calculate the value of A and state the
parabola’s equation.

. State the two linear factors of the equation of the parabola whose x-intercepts occur at x = 3 and at

x = 8 and form a possible equation for this parabola.
The x-intercepts of a parabola occur at x = —11 and x = 2. Form a possible equation for this parabola.

6. Determine the rules for each of the following parabolas.

b. YA
(-1,6)
(0, 0) (2,0)
0 X
Y

7. Form the rule, expressing it in expanded polynomial form, for the following parabola.

YA

A

(-2,0) 0 x
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8. Determine the equation of each of the parabolas shown in the diagrams.

a. y (0’ 6) b. Yy
(-9, 4.8)
(1,4) ~

< > (-6.0) C10) Ol £
[\
\ /

9. For the graph of the parabola shown: < 0
a. determine its rule ©,-2)
b. calculate the length between the intercepts cut off by the graph on the (2,-4)

X-axis.
10. a. A parabola has the same shape as y = 3x?, but its vertex is at (=1, —5). Write its equation, and
express it in y = ax? + bx 4 ¢ form.
b. The parabola with equation y = (x — 3)? is translated 8 units to the left. What is the equation of its

Y

image?
11. For each of the following graphs two possible equations are given. Select the correct equation.
a.
b.
Equation A: y = 5(5 —x)° Equation B: y = 2(x — 5)~.
c. YA

=Y

20/ | \a20)
h 0

“4.-7

Y

1 7
Equation A: y = —E(x2 —2) Equation B: y = —1—8()62 +2).

Technology active

12. [[IZTH Determine the equation of the parabola which passes through the points (=1, —7), (2, —10) and
(4, =32),
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

Use simultaneous equations to form the equation of the parabola through the points (0, —2), (—1, 0) and
(4,0), and show this equation agrees with that found for the same parabola in Worked example 17b.

A parabola contains the three points A(—1, 10), B(1, 0), C(2, 4).

a. Determine its equation.

Find the coordinates of its intercepts with the coordinate axes.

Find the coordinates of its vertex.

Sketch the graph showing the points A, B, C.

Give equations for three possible members of the family of parabolas which have x-intercepts of
(=3, 0) and (5, 0).

b. One member of this family of parabolas has a y-intercept of (0, 45). Find its equation and its vertex.
Form the rule for the regions shaded in the diagrams.

a. YA b.

P oo T

YA
(0, 0) ST
< O :x (_3 ) 6) /D/
(4,0) 1| (0.0)
< / o\ }
/ \
II A
// \\
(5, -20) /’l \\
! 1
Y y’ Y ¥

The axis of symmetry of a parabola has the equation x = 4. If the points (0, 6) and (6, 0) lie on the
parabola, form its equation, expressing it in the y = ax® 4+ bx + ¢ form.

A parabola has the equation y = (ax + b)(x + ¢). When x = 5, its graph cuts the x-axis and when

y = —10 the graph cuts the y-axis.

a.
b.
c.

Show that y = ax? + (2 — Sa)x — 10.
Express the discriminant in terms of a.
If the discriminant is equal to 4, find the equation of the parabola and the coordinates of its other

x-intercept.

a. The graph of a parabola touches the x-axis at x = —4 and passes through the point (2, 9) . Determine
its equation.

b. A second parabola touches the x-axis at x = p and passes through the points (2, 9) and (0, 36). Show
there are two possible values for p and for each, form the equation of the parabola and sketch each on
the same axes.

A concave up parabola with vertex V contains the points A(—1, 15) and B(5, 15). If the distance VB is

\/% units:

a. calculate the coordinates of V

b. hence form the equation of the parabola.

c. Show that the straight line through V and B passes through the origin.

d. Calculate the area of the triangle VAB.

Use CAS technology to find the equation of the parabola through the points (3.5, 62.45), (5, 125) and
(6.2, 188.648).

A parabola has the equation y = ax® + b. If the points (20.5,47.595) and (42,20.72) lie on its curve:
a. determine the values of a and b

b. calculate the x-intercepts correct to 3 decimal places.
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3.7 Quadratic inequations

If ab > 0, this could mean a > 0 and b > 0 or it could mean @ < 0 and b < 0.

So, solving a quadratic inequation involving the product of factors is not as straightforward as solving a
linear inequation. To assist in the solution of a quadratic inequation, either the graph or its sign diagram is a
useful reference.

3.7.1 Sign diagrams of quadratics

A sign diagram is like a ‘squashed’ graph with only the x-axis showing. The sign diagram indicates the values
of x where the graph of a quadratic polynomial is above, on or below the x-axis. It shows the x-values for which
ax®> + bx + ¢ > 0, the x-values for which ax*> + bx + ¢ = 0 and the x-values for which ax* + bx + ¢ < 0. A
graph of the quadratic shows the same information and could be used, but usually the sign diagram is simpler
to draw when solving a quadratic inequation. Unlike a graph, scaling and turning points that do not lie on the
Xx-axis are not important in a sign diagram.

The three types of graphs with either 2,1 or Ox-intercepts are shown together with their matching sign
diagrams for concave up and concave down parabolas.

YA i\ ><A
Concave
up &0 px o &« x ~ 0 X
graph
Y Y Y
Sign 4 Lt NS, S
diagram = a px = a X = “x
YA YA YA
Concave
down < ‘ > < >
graph 40 x 0 * 0 X
Y /v /v
Sign + + a +
diagram = a bl x — N X T "X

To draw a sign diagram of ax? + bx + c:
« find the zeros of the quadratic expression by solving ax? + bx +¢ = 0
o start the sign diagram below the axis if a < 0 and above the axis if a > 0
« either touch or cut through the axis at each zero depending whether the
zero is a repeated one or not.

Repeated zeros are said to have multiplicity 2, while non-repeated ones have multiplicity 1.
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WORKED EXAMPLE 19

Draw the sign diagram of (4 — x)(2x — 3).

THINK

1. Find the zeros of the quadratic.

2. Draw the x-axis and mark the zeros
in the correct order.

3. Consider the coefficient of x? to
determine the concavity.

4. Draw the sign diagram.

WRITE

Zeros occur when (4 — x)(2x — 3) = 0.
4—-—x)=0 or 2x—-3)=0
x=4 or %= 1.5

+
= | |
1.5 4

Multiplying the x terms from each bracket of

(4 — x)(2x — 3) gives —2x2. So, concave down shape.

<Y

Sign diagram starts below the x-axis and cuts the axis at
each zero.

+
A — >
15 4

3.7.2 Solving quadratic inequations

To solve a quadratic inequation:

* rearrange the terms in the inequation, if necessary, so that one side of the inequation is O (similar to

solving a quadratic equation)

* calculate the zeros of the quadratic expression and draw the sign diagram of this quadratic
* read from the sign diagram the set of values of x which satisfy the inequation.

WORKED EXAMPLE 20

a. Solve the quadratic inequation (4 — x)(2x — 3) > 0 using the sign diagram from Worked
example 19 and check the solution using a selected value for x.

b. Find {x : x* > 3x + 10}.

THINK

a. 1. Copy the sign diagram from
Worked example 19.

2. Highlight the part of the sign
diagram which shows the values
required by the inequation.

WRITE

a. t 1
P — —
1.5 4
4-x2x-3)>0
Positive values of the quadratic lie above the x-axis
>0 +

<
<€

<Y

N a

=Y

<0
1.5 4
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b. 1.

. State the interval in which the

required solutions lie.

Note: The interval is open because
the original inequation has an open
inequality sign.

. Choose an x-value that lies in the

solution interval and check it
satisfies the inequation.

Rearrange the inequation to make
one side 0.

Therefore, the solution is 1.5 < x < 4.

Letx=2
Substitute in LHS of (4 — x)(2x — 3) > 0.
4-2)2x2-3)=2x1
=2
>0
Therefore, x = 2 the solution set.

x2 > 3x+10

Z2=3x-10>0

2. Calculate the zeros of the quadratic. Let > =3x—10=0
x=5x+2)=0
x=5 o0orx=-2
3. Draw the sign diagram and ¥ =3x-10>0

highlight the interval(s) with the
required sign.

4. State the intervals required.

5. State the answer in set notation.

The quadratic is concave up, so values above or on the
x-axis are required.
>0

1A+

=Y

-2 5

S =5x+2)>0whenx < —2orx>5
Answeris: {x:x < -2} U {x:x > 5}

3.7.3 Intersections of lines and parabolas

The possible number of points of intersection between a straight line and a parabola will be either O, 1 or 2
points.

 If there is no point of intersection, the line makes no contact with the parabola.

 If there is 1 point of intersection, a non-vertical line is a tangent line to the parabola, touching the

parabola at that one point of contact.

e If there are 2 points of intersection, the line cuts through the parabola at these points.

Simultaneous equations can be used to find any points of intersection and the discriminant can be used
to predict the number of solutions. To solve a pair of linear-quadratic simultaneous equations, usually the
method of substitution from the linear into the quadratic equation is used.
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WORKED EXAMPLE 21

a. Calculate the coordinates of the points of intersection of the parabola y = x> — 3x — 4 and
the liney —x = 1.

b. How many points of intersection will there be between the graphs of y = 2x — 5 and
y =2x* +5x + 6.

THINK

a. 1. Set up the simultaneous equations.

. Substitute from the linear equation into

the quadratic equation.

parabola.

. Solve the newly created quadratic
equation for the x coordinates of the
points of intersection of the line and

. Find the matching y coordinates using the

simpler linear equation.

WRITE
ay=x>-3x—-4 [1]

y—x=1 (2]
From equation [2], y = x + 1.

Substitute this into equation [1].
x+1=x>-3x—4

2 —4x-5=0

¥ —4x-5=0

(x+DH(x—=5)=0
x=—lorx=5

In equation [2]:
whenx=—1,y=0
whenx =5,y = 6.

5. State the coordinates of the points of The points of intersection are (—1,0) and (5, 6).
intersection.
b. 1. Set up the simultaneous equations. .y=2x-5 [1]
y=2x>+5x + 6 [2]
2. Substitute the linear equation into the Substitute equation [1] in equation [2].
quadratic equation. Rearrange the 2x—5=2x> + 5x +6
resulting equation into polynomial form. 22 +3x+11=0
3. The discriminant of this quadratic A=b>—4dac,a=2,b=3,c=11
equation determines the number of —(3)2-42)11)
solutions. — _79
LA<O
There are no points of intersection between the two
graphs.
TI| THINK WRITE CASIO | THINK WRITE
a.1. On a Graphs page, a.1. On a Graphs&Table screen, ©_Edit Zoom Amlysls B

complete the entry lines

as:
flx)=x*>-3x—4
Rx)=x+1

Press ENTER after each

entry to view the graphs.

EHIMIEAE O

complete the entry lines as: Ll
) | Swet! SII‘ID Shestd [Stwotd SheetS
yl=x"-3x-4 Myi=2_g:g —0
2=x+1 X
Tap the Graph icon to view the 4t
graphs. ot
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. To view the point of

. State the points of

intersections, select:
¢ MENU
¢ 6. Analyze Graph.

2. To locate the points of
intersection, select:
- Analysis
- Trace

e 4. Intersection
Follow the prompts to
show the key points.

1o
£2{x)=x+1

(=1,0) and (5, 6)
intersection.

11 (mx -2 x-4

Trace around the graph to locate
the points of intersection.

L L

(—1,0) and (5,6)

3. State the points of intersection.

3.7.4 Quadratic inequations in discriminant analysis

The need to solve a quadratic inequation as part of the analysis of a problem can occur in a number of situations,
an example of which arises when a discriminant is itself a quadratic polynomial in some variable.

WORKED EXAMPLE 22

For what values of m will there be at least one intersection between the line y = mx + 5 and the
parabola y = x* — 8x + 14?

THINK

s

Set up the simultaneous equations and
form the quadratic equation from which
any solutions are generated.

. Obtain an algebraic expression for the

discriminant of this equation.

. For at least one intersection, A > 0.

Impose this condition on the
discriminant to set up a quadratic
inequation.

. Solve this inequation for m by finding

the zeros and using a sign diagram of the
discriminant.

State the answer.

WRITE
y=mx+5 [1]
y=x>—8x+14 [2]

Substitute from equation [1] into equation [2].
mx+5=x*-8x+ 14
X —8x—mx+9=0
P?—@B+mx+9=0
A=b>—dac,a=1,b=—8+m),c=9
= (=@ +m)’ =41
= (8 +m)* — 36

A > 0 for one or two intersections.
L (84+mP? =360

(8+m)—6)((8+m)+6)>0
Q2+m)(14+m) >0
Zeros are m = =2, m = —14.
The sign diagram of (2 + m) (14 + m) will be that
of a concave up quadratic.

IA+

Y

-14

.m<—14orm> -2
If m < —14 or m > -2 there will be at least one
intersection between the line and the parabola.
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Exercise 3.7 Quadratic inequations

Technology free
1. The diagram shows part of the graph of y = (x — 3)(x — 7). \ '
a. Draw the sign diagram for this graph.
b. For what values of xis (x — 3)(x — 7) < 0?
2. a. Draw the sign diagram of (x + 5)(x — 5).
b. Hence state the values of x for which (x + 5)(x — 5) > 0.

3. The sign diagram of x(3 — x) is shown. Use the sign diagram to state: =~ ] (3.0) 7.0) %
a. {x:x(3—-x)<0}
b. {x:x(3—-x)>0}. +

4. a. Draw the sign diagram of (x — 6). <

(e
w
=Y

b. Hence state the set of values of x for which (x — 6)*> > 0.
5. Consider the quadratic polynomial expression 9 + 3x — 2x2.
a. Factorise 9 + 3x — 2x? into its two linear factors.
b. State the zeros of 9 + 3x — 2x? and draw its sign diagram.
c. For what values of x is 9 + 3x — 2x*> > 0?
6. [[IZXH Draw the sign diagram of (x + 3) (x — 4).
Draw the sign diagram of 81x* — 18x + 1.
. [EZZ] a. Solve the quadratic inequation (4 — x) (2x — 3) < 0 using the sign diagram from worked
example 19 and check the solution using a selected value for x.
b. Find {x: 6x* < x + 2}.
9. Solve 6x < x*> +9.
10. Solve the following quadratic inequations.

© N

a x> +8x—48<0 b. —x2+3x+4<0
c. 3(3—x) <242 d (x+5°%<9
e. 9x < x? f.5(x=2)>4(x-2)°

11. Find the following sets.
a. {x: 36— 12x + x> > 0}
b. {x: 6x> —12x+6 < 0}
c. {x: —8x? +2x < O}
d. {x:x(1+10x) <21}
12. [Z31 a. Calculate the coordinates of the points of intersection of the parabola y = x> + 3x — 10 and the
liney +x = 2.
b. How many points of intersection will there be between the graphs of y = 6x+ 1 and y = —x*> 4+ 9x—5?
13. Solve each of the following pairs of simultaneous equations.

a. y=5x+2 b. 4x+y=3 c. 2y+x—4=0 d.

y=x*—4 y=x2+3x-5 y=(x—37+4
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14.

Obtain the coordinates of the point(s) of intersection of:

a. the line y = 2x + 5 and the parabola y = —5x> + 10x + 2
b. the line y = —5x — 13 and the parabola y = 2x*> + 3x — 5
c. the line y = 10 and the parabola y = (5 — x) (6 + x)

d. the line 19x — y = 46 and the parabola y = 3x> — 5x + 2.

Technology active

15. Use a discriminant to determine the number of intersections of:

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

a. the line y = 4 — 2x and the parabola y = 3x* + 8

b. the line y = 2x + 1 and the parabola y = —x? — x + 2

c. the line y = 0 and the parabola y = —2x> 4+ 3x — 2

Show that the line y = 4x is a tangent to the parabola y = x> + 4 and sketch the line and parabola on the

same diagram, labelling the coordinates of the point of contact.

K22 For what values of m will there be at least one intersection between the line y = mx — 7 and the

parabola y = 3x% + 6x + 5?

For what values of k will there be no intersection between the line y = kx + 9 and the parabola

y=x>+14?7

Determine the values of k so that the line y = (k — 2) x + k and the parabola y = x> — 5x will have:

a. no intersections

one point of intersection

two points of intersection.

For what values of p will the equation px*> — 2px + 4 = 0 have real roots?

For what real values of ¢ will the line y = #x + 1 not intersect the parabola y = 2x> + 5x 4+ 11?

For what values of n will the line y = x be a tangent to the parabola y = 9x> + nx + 1?

. Obtain the solutions to the inequation x* — x? < 12

Consider the line 2y — 3x = 6 and the parabola y = x*

a. Calculate the coordinates of their points of mtersectlon, correct to 2 decimal places.

Sketch the line and the parabola on the same diagram.

Use inequations to describe the region enclosed between the two graphs.

Calculate the y-intercept of the line parallel to 2y — 3x = 6 which is a tangent to the parabola y = x°.

The equation x> — 5x + 4 = 0 gives the x-coordinates of the points of intersection of the parabola

y = x? and a straight line. What is the equation of this line?

b. The equation 3x> + 9x — 2 = 0 gives the x-coordinates of the points of interscetion of the parabola
and the straight line y = 3x + 1. What could be the equation of the parabola?

a. Sketch the parabolas y = (x + 2)? and y = 4 — x? on the one diagram and hence determine their
points of intersection.

e oo popr

» 20T

b. i. Show that the parabolas y = (x + 2)* and y = k — x> have one point of intersection if k = 2.
ii. Sketch y = (x+ 2)* and y = 2 — x? on the one diagram, labelling their common point C with its
coordinates.

iii. The line y = ax + b is the tangent to both curves at point C. Find its equation.

Use CAS technology to find the solutions to:

a. 19-3x-5x* <0

b. 6x* + 15x < 10.

a. Using CAS technology, draw on the one diagram the graphs of y = 2x? — 10x with the family of lines
y = —4x+a, fora = -6, —4, —2, 0 and find the points of intersection for each of these values of a.

b. Use CAS technology to solve the equation 2x*> — 10x = —4x + a to obtain x in terms of a.

c. Hence obtain the value of a for which y = —4x + a is a tangent to y = 2x*> — 10x and give the
coordinates of the point of contact in this case

158 Jacaranda Maths Quest 11 Mathematical Methods VCE Units 1 & 2 Second Edition



3.8 Quadratic models and applications

Quadratic polynomials can be used to model a number of situations such as the motion of a falling object and
the time of flight of a projectile. They can be used to model the shape of physical objects such as bridges, and
they can also occur in economic models of cost and revenue.

3.8.1 Maximum and minimum values

The greatest or least value of the quadratic model is often of interest.

A quadratic reaches its maximum or minimum value at its turning point. The y-coordinate of the turning
point represents the maximum or minimum value, depending on the nature of the turning point.

Ifa <0, a(x—h)* + k < k so the maximum value of the quadratic is .

Ifa> 0, a(x—h)*+k > k so the minimum value of the quadratic is k.

WORKED EXAMPLE 23

A stone is thrown vertically into the air so that its height # metres above the ground after ¢ seconds
is given by h = 1.5 + 5¢ — 0.5¢%.

a. What is the greatest height the stone reaches?

b. After how many seconds does the stone reach its greatest height?

c. When is the stone 6 metres above the ground? Why are there two times?

d. Sketch the graph and give the time to return to the ground to 1 decimal place.

THINK WRITE
a. 1. The turning point is required. a. 7 = 1.5+ 5t — 0.57
Calculate the coordinates of a=-05b=5c=15
the turning point and state its
type. Turning point: ,
Axis of symmetry has equation ¢ = ~5a
a
B 5
~ 2x(=0.5)
=5
When r = 5,
h=15+5(5)—0.5(5)7>
=14
Turning point is (5, 14). This is a maximum turning point as
a<0.
2. State the answer. Therefore the greatest height the stone reaches is 14 metres
Note: The turning point is in above the ground.

the form (¢, h) as t is the
independent variable and A
the dependent variable. The
greatest height is the
h-coordinate.
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b. The required time is the b. The stone reaches its greatest height after 5 seconds.
t-coordinate of the turning

point.
c. 1. Substitute the given height c. h=15+5t-0.5¢
and solve for 7. When h =6, 6 = 1.5+ 5t — 0.5¢>
0.5 —5t+45=0
#-10t+9=0
t-1)(@-9=0
st=lort=9
2. Interpret the answer. Therefore, the first time the stone is 6 metres above the

ground is 1 second after it has been thrown into the air and is
rising upwards. It is again 6 metres above the ground after
9 seconds when it is falling down.

d. 1. Calculate the time the stone  d. Returns to ground when 42 = 0

returns to the ground. 0=1.5+5t—0.5¢
£—-10t-3=0
—10t=3
=10t +25=3+25
(t—5)° =28

t=54_r\/§

t ~ 10.3 (reject negative value)
The stone reaches the ground after 10.3

2. Sketch the graph, from its When ¢t = 0, h = 1.5 so stone is thrown from a height of 1.5
initial height to when the metres.
stone hits the ground. Label Initial point: (0, 1.5)
the axes appropriately. Maximum turning point: (5, 14)

Endpoint: (10.3, 0)

h=15+5t-05¢

.°1 1| Resources

Interactivity: Projectiles (int-2563)
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Exercise 3.8 Quadratic models and applications

Technology active

1. A gardener has 30 metres of edging to enclose a rectangular area using the back fence as one edge.
a. Show the area function is A = 30x — 2x*> where A square metres is the area of the garden bed of width
X metres.
b. Calculate the dimensions of the garden bed for maximum area.
c. What is the maximum area that can be enclosed?
2. K220 A missile is fired vertically into the air from the top of a cliff so that its height & metres above the

1
ground after 7 seconds is given by 4 = 100 + 38¢ — I_Z

a. What is the greatest height the missile reaches?
b. After how many seconds does the missile reach its greatest height?
c. Sketch the graph and give the time to return to the ground to 1 decimal place.

3. A child throws a ball vertically upwards so that after ¢ seconds its height 4 metres above the ground is
given by 10h = 16¢ 4+ 4 — 912,
a. How long does it take for the ball to reach the ground?
b. Will the ball strike the foliage overhanging from a tree if the foliage is 1.6 metres vertically above the

ball’s point of projection?

c. What is the greatest height the ball could reach?

4. In a game of volleyball a player serves a ‘sky-ball’ serve from the back of a playing court of length
18 metres. The path of the ball can be considered to be part of the parabola y = 1.2 + 2.2x — 0.2x?
where x (metres) is the horizontal distance travelled by the ball from where it was hit and y (metres) is the
vertical height the ball reaches.
a. Use the ‘completing the square’ technique to express the equation in the form y = a (x — b)* +c.
b. How high does the volleyball reach?
c. The net is 2.43 metres high and is placed in the centre of the playing court. Show that the ball clears

the net and calculate by how much.

5. Georgie has a large rectangular garden
area with dimensions / metres by w metres
which she wishes to divide into three
sections so she can grow different vegetables.
She plans to put a watering system along the
perimeter of each section. This will require a
total of 120 metres of hosing.

w metres

< [ metres >

a. Show the total area of the three sections, A m? is given by A = 60w — 2w? and hence calculate the
dimensions when the total area is a maximum.

b. Using the maximum total area, Georgie decides she wants the areas of the three sections to be in
the ratio 1:2:3. What is the length of hosing for the watering system that is required for each section?
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10.

11.

. The cost C dollars of manufacturing n dining tables is the

The number of bacteria cells in a slowly growing culture at

time ¢ hours after 8.00 am is given by N = 100 + 46¢ + 27>

a. How long does it take for the initial number of bacteria
cells to double?

b. How many cells are present at 1.00 pm?

c. At 1.00 pm a virus is introduced that initially starts to
destroy the bacteria cells so that ¢ hours after 1.00 pm the
number of cells is given by N = 380 — 180z + 307*. What
is the minimum number the population of bacteria cells
reaches and at what time does this occur?

Let z = 5x% 4+ 4xy + 6y°. Given x + y = 2, find the minimum value of z and the values of x and y for
which z is minimum.

. A piece of wire of length 20 cm is cut into two sections, and each is used to form a square. The sum of

the areas of these two squares is S cm?.

a. If one square has a side length of 4 cm, calculate the value of S.

b. If one square has a side length of x cm, express S in terms of x and hence determine how the wire
should be cut for the sum of the areas to be a minimum.

sum of three parts. One part represents the fixed overhead

costs ¢, another represents the cost of raw materials and is

directly proportional to n and the third part represents the
labour costs which are directly proportional to the square

of n.

a. If 5 tables cost $195 to manufacture, 8 tables cost $420
to manufacture and 10 tables cost $620 to manufacture,
find the relationship between C and n.

b. Find the maximum number of dining tables that can be
manufactured if costs are not to exceed $1000.

The arch of a bridge over a small creek is parabolic in shape with its feet evenly spaced from the ends of
the bridge. Relative to the coordinate axes, the points A, B and C lie on the parabola.

!

S5m

'

a. If AC = 8 metres, write down the coordinates of the points A, B and C.
b. Determine the equation of the parabola containing points A, B and C.
c. Following heavy rainfall the creek floods and overflows its bank, causing the water level to reach 1.5
metres above AC. What is the width of the water level to 1 decimal place?
The daily cost C dollars of producing x kg of plant fertiliser for use in market gardens is C = 15 + 10x.
The manufacturer decides that the fertiliser will be sold for v dollars per kg where v = 50 — x.
Find an expression for the daily profit in terms of x and hence find the price per kilogram that should
be charged for maximum daily profit.

‘ '

¥2m A C
<« 14m —>

<« 14m —>

12. a. If the sum of two numbers is 16, find the numbers for which:

i. their product is greatest ii. the sum of their squares is least.
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b. If the sum of two non-zero numbers is &:
i. express their greatest product in terms of &
ii. are there any values of k for which the sum of the squares of the numbers and their product are
equal? If so, state the values; if not, explain why.
13. Meteorology records for the heights of tides above mean sea level in
Tuvalu predict the tide levels shown in the following table.

Time of day | Height of tide (in metres)
10.15 am 1.05
4.21 pm 3.26
10.30 pm 0.94

a. Use CAS technology to find the equation of a quadratic model which
fits these three data points in the form h = af®> + bt + ¢ where h is the
height in metres of the tide ¢ hours after midnight. Express the
coefficients to 2 decimal places.

b. Find the greatest height of the tide above sea level and the time of day
it is predicted to occur.

14. A piece of wire of length 20 cm is cut into two sections, one section is used to create a square and the
other section a circle. The sum of the areas of the square and the circle is § cm?.
a. If the square has a side length x cm, express S in terms of x.
b. Graph the S—x relationship and hence calculate the lengths of the two sections of the wire for § to be
a minimum. Give the answer to 1 decimal place.
c. Use the graph to find the value of x for which S is a maximum.

3.9 Review: exam practice

A summary of this topic is available in the Resources section of your eBookPLUS at www.jacplus.com.au.

Short answer: technology free
1. Solve for x.

a. x> —4x-21=0 b. 10x> +37x+7=0
c. (P+4? -7 +4)-8=0 d. 222 =3x(x —2) + 1
e.)c=x12 -2 f. 3+4/x =2x
2. Solve the following quadratic inequations.
a. 2> =5x=3>0 b. 10—x>>0 c. 2062 +20x+52>0
3. Sketch the graphs of the following, showing all key points.
a. y=2x-3)x+1) b y=1-x+2)? c. y=x>+x+9 d. y>-2x>+4
4. Factorise over R.
a. —x> +20x+24 b. 4x> —2x—9
5. a. Calculate the discriminant and hence state the number and type of solutions to 5x*> + 8x — 2 = 0.
b. For what values of k does the equation kx> — 4x(k + 2) + 36 = 0 have no real roots?

6. a. Use an algebraic method to find the coordinates of the points of intersection of the parabola
y = x> + 2x and the line y = x + 2.
Sketch y = x? + 2x and y = x + 2 on the same set of axes.
. Give an algebraic description of the region enclosed by the parabola y = x* + 2x and the line y = x + 2.
d. i. For what value of k is the line y = x + k a tangent to the parabola y = x? + 2x?
ii. Sketch this tangent on the diagram drawn in part b, identifying the point of contact with the

parabola.

o T
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Multiple choice: technology active
1. I The solutions of the equation (x — 2)(x + 1) = 4 are:

A.x=2,x=-1 B.x=6,x=-1 C.x=-6,x=1
D.x=3,x=-2 E.x=-3,x=2

2. [ The values of x for which —5x? 4+ 8x + 3 = 0 are closest to:
A. —0.6,—1 B. 0.6,—1 c.-03,19
D.0.3,-1.9 E. —-0.2,-3

3. I For the graph of the parabola y = ax’> + bx + ¢
shown, with A = b? — 4ac, which statement is correct?
A. a>0and A >0

a>0and A <0

a<0and A <0 0 l

=Y

a<0Qand A >0
.a>0and A =0

4. [ The parabola with equation y = x? is translated so that its image has its vertex at (—4, 3). The
equation of the image is:

moom

A y=x—-4)>+3 B.y=x—-3)72+4 C.y=(x+472+3
D.y=(x+3)7>—-4 E.y=—4x>+3

5. [ If x*> 4+ 4x — 6 is expressed in the form (x 4+ b)* + ¢ then the values of b and ¢ would be:
A.b=2,¢c=-10 B.b=-2,c=-10 C.b=4,c=-2
D.b=-4,¢c=-2 E.b=2,c=-8

6. @ The equation of the parabola shown is:
y=x>+2x-24
. y=052+x-12
y=x>—2x—24
. y=052-x-12
Sy=@+ 1?12
7. I The solution set of {x:x? < 4x} is:
A {x:x<4} B. {x: —4<x<0}
C. (x:0<x<4) D. {x:x <0} U [x:x> 4} —153
E. {x:x<—-4}U {x:x>0}
8. [IId A quadratic graph touches the x-axis at x = —6 and cuts the y-axis at y = —10. Its equation is:
A.y=(x+6)>-10
B. y=(x+6)(x+10)
5

— = 2 _
C.y—18x 10

5
D. y= 1—8(x+6)2

moow?p»

/

5 2
E.y= ——
y 18(x+6)

9. M The x-coordinates of the points of intersection of the parabola y = 3x> — 10x + 2 with the line
2x —y =1 can be determined from the equation:

A 3x>=10x+2=0 B.3x2—12x+3=0 C.x>—6x+1=0
D.3x>—8x4+1=0 E. 2x—1)*=0

10. ¥ The maximum value of 4 — 2x — x? is:
A. 5 B. 4 C.3 D. 1 E. —1
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Extended response: technology active
1. At a winter skiing championship, two competitors, one from Japan and the other from Canada, compete
for the gold medal in one of the jump events.

Each competitor leaves the ski run at point S and travels through the air, landing back on the ground at

some point G. The winner will be the competitor who covers the greater horizontal distance OG.

The Canadian skier jumps first and her height (2 metres) above the h

ground is described by i = —g(x2 — 60x — 700), where x metres

is the horizontal distance travelled. S

a. Show that the point S is 20 metres above O.

b. How far does the Canadian skier jump? o G >
The Japanese skier jumps next and she reaches a maximum height ~ Distance jumped >

of 35 metres above the ground after a horizontal distance of 30 metres

has been covered.

Assuming the path is a parabola, form the equation for /4 in terms of x which describes this
competitor’s path.

. Decide which competitor receives the gold medal. Your decision should be supported with appropriate

mathematical reasoning.

2. The diagram shows the arch of a bridge where the shape of the curve, OAB, is a parabola. OB is the
horizontal road level. Taking O as the origin, the equation of the curve OAB is y = 2.5x — 0.3125x2. All
measurements are in metres.

YA

LY

o
Calculate the length of OB, the span of the bridge.

b. How far above the road is the point A, the highest point on the curve?
c. A car towing a caravan needs to drive under the bridge. The caravan is 5 metres wide and has a height

of 2 metres. Only one single lane of traffic can pass under the bridge. Explain clearly, using
mathematical analysis, whether the caravan can be towed under this bridge.

To avoid accidents, the bridge engineers decide to place height and width limits. Only vehicles whose
height and width fit into the greatest allowable dimensions are permitted to travel under the bridge.

YA

P(x,y)

A
|
|
|
|
|
i
|
|
|
|
|
|
|
|
|
|

3~
~~
~

0 B x

< w >

P (x,y) lies on the curve and is a corner of the rectangle formed by the height and width restrictions.
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d. Express the width w of the rectangle in terms of x.
e. If the height restriction is 3.2 m, calculate the x-coordinate of P.
f. Would the caravan be permitted to be towed under the bridge under these restrictions?

3. ABCD is a rectangle of length one more unit than its width. Point F lies on AB and divides AB in the
ratio x : 1 so that AF is x units in length and FB is 1 unit in length. Point G lies on DC and divides DC in
the same ratio, x: 1.

a. Draw a diagram showing this information.

b. What is the width of rectangle ABCD?

c. If the area of the square AFGD is one more square unit than the area of the rectangle FBCG, show that
¥ —-x-1=0.

d. Hence find the value of x in simplest surd form.

e. The value found for x is called the Golden ratio and usually given the symbol ¢. Calculate 1 and give
its relationship to the other root of the equation x> —x — 1 = 0.

f. Show % = ¢ — 1 and explain this relationship using the equation x> — x — 1 = 0.

4. Ignoring air resistance, the path of a cricket ball hit by a batsman can be considered to travel on a
parabolic path which starts at the point (0, 0) where the ball is struck by the batsman.
Let x metres measure the horizontal distance of the ball from the batsman in the direction the ball travels,
and y metres measure the vertical height above the ground that the ball reaches.

YA

Height of ball

X

0 Ground

A batsman hits a cricket ball towards a fielder who is 65 metres away. The ball is struck with a horizontal
speed of 28 m/s, which is assumed to remain constant throughout the flight of the ball. On its way, the
ball reaches a maximum height of 4.9 metres after 1 second.
a. Calculate the coordinates of the turning point of the quadratic path of the ball.
b. Form the equation of the path of the ball.
The fielder starts running forward at the instant the ball is hit and catches it at a height of 1.3 metres
above the ground.
c. Calculate the time it takes the fielder to reach the ball.
d. Hence obtain the uniform speed in m/s with which the fielder runs in order to catch the ball.

study[1])
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Answers

Topic 3 Quadratic relationships

Exercise 3.2 Quadratic equations with rational
roots

21. a.

C.

2 11

12
Side of square is 30 units.

Exercise 3.3 Quadratics over R

1. a. 2 +10x+25 = (x+5)°
1 2
1.a. 05 b. .3 c. -8 d. —6, —4 b 2Tt 2 (]
A 4 2
2. a x=—,—l b. x=4,3 1 1\’
372 c. ¥Hx+-=(x+=
c x——3 x——7 d x—O1 ! ?
T2 s TS 02 +4<2>2
. ——x+—==(x-=
e x_§, 4 f. x=0,10 S 2 5
3. a. x=-3,07 b. (x+5)x=x"+5x 2. a (x—5—4\/5>(x—5+4\/5)
11 25 5 7-4/13 7+413
4. a. —=,—= b -2, = 7 d -Z,1
7' 73 33 C. 6 b. 3<x+ 3 X+ 3
x=-06,1
6.a x=-51 b. x=-4,6 (ﬁx‘3><\/5_"+3)
c. No real solutions d. x=-10, -1 3. (=3x+3) -1
e. x=17 f. x=0,8
4 4. a. 3(x—8—\/5)(x—8+\/5)
7. a +ll b i§ c. 46 b. No linear factors over R
d. -1,6 e. —%,1 .43 5. a (x—3—\/5) (x—3+\/5)
. L1 b. (x+2—\/7>(x+2+\/7)
X =+
3 c. No linear factors over R
9. a x=%,; b. x=—6’_15_3 d. 2 x+§——4 iy v
| ' 4 4 4 4
c. x=-2,-4 d x=-,3
2 .. (x 4- 2\/_)(x—4+2\/5)
14 71
0.2 —=, -1 b. =37 c. +2,%5 2 V22 2 V22
1 f. 3 X+§—T X+ 5 T
d +4 e. i§ f. =3, -2, -1
6. a ( 3><x+2\/3_)
11.a -1,8 b %,g c. =8, -2 d. 0, =
b. ( —6-4 2)( —6+4 2)
pal  waB 32,0 o) lemera
3 -2 75 19 9-14/93 9+14/93
4 3 6 c. x+—2 x+—2
13. a. +3 b. ig,i C —1,2 d —E, —g
5—-v17 5+4/17
14. x=1 15, x= 4 o YD d- 2(“‘ 4 )(“‘ 4 )
p p )
16. a. x=;3a,x=2b e. 3 <<x+§> +g> no linear factors over R
a
b. x=—,x=15a
2° 9 95
c. x=b—-1l,x=b+1,x=b-2,x=b+2 f. —5< -4 - \/_>< —4+£
5
d x=a—-b,x=a+3b
e. x=b—a,x=2b—-a 7. a. A = —135, no real factors
f.x=1 b. A =0, one repeated rational factor
17.a. (x=D(x=7)= b. x+5)(x—-4)=0 c. A =1, two rational factors
: - 10) = d. (x-2)*=0 4
e A ) *=2 d. A= —O,two real factors, completing the square needed
18. a. b=13,c=-12 9
q . P—q to obtain the factors
b. Roots are ——, —1, solutions x = ——, 0 .
p p 8. a. A =121, two rational factors
_ 7 _ 9 b. A = =39, no real factors
19 x= 353 c. A =0, one repeated rational factor
7 14 d. A = 8, two irrational factors
20. x= Z,X=?
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9. a 4 b. two rational roots
c. two irrational solutions d. one rational solution
e. no real solutions f. two irrational solutions
10. a. two irrational roots b. two rational roots
c. no real roots d. one rational root
e. no real roots f. two irrational roots
—-11++/89
M. x=—
4
12 5+4/13 b 1 +4/101
.a x= ——— LX=
6 10
c. no real solutions d. -3+v17
1+v17 10 +£24/10
13. a. — b. ———
6 5
c. 10+£2¢/5 d. —3+2V/3
9 3 ; —11 ++4/201
78 ’ 8
3
g x=0,6 h. x=Z,2
_ —7++/61 +2v/3 -~ 1
L. X=— j = ——
2 2
k. x=—li\/7_ L x=+2
-1 +4/7
14, xz_T\/_ 15. x=—6 /14
16. a. /5 b. +2V2
3+4/5
c. +V11,+1 d. _2
7+v93
e. —1,8, —— f. —1
2
17. a. There are no real roots b. k=-1,k=3
18. A=(m+4>=>A>0
19. a. m=—4+42 b. m=2+2\/3
1
c. p< 3 d A>0

20.

21.

22,

23.
25.

e. Aisa perfect square.

a. x=10V/5 +20
b. x=1+V2,b=-2c=-1

a. (x—2)(x* +2x +4), quadratic factor has a negative
discriminant

b. i (x_ﬁ><x+\/5>=x2—2
- (’”’4“/5) <x+4+\/5>=x2+8x+14
a i x=-32 i x=M

- 4

iii. x=-3+2y6 +1/33
6

1=

b. i.sz\/S_ i. ¥+x—1=0,
b=1,¢c=-1

c. ¥ —8\3x-102=0,b=-8/3,c=-102
x=1 24, x=1
a. i4 i. 4
b )c—E
T4

2. 12<x+g+é> <x—g+%>

27. a. Sample responses can be found in the worked solutions
in the online resources.

_(pEVPP =44 pFVP -4
b' (xvy)_

2 ’ 2

Exercise 3.4 Applications of quadratic
equations

1. 20 kg
2. 3y/10 cm

1
3. 4-h
> ours

a. 43 cm b. Distance is quadrupled.
c. Heat is reduced by 36%.

5. a. S=kn+kn? b. k1 =0.5=k
c. n=50

a. y=2+43x+ 4’ b. x=5
. 2511 litres

. 20 and 22

. 10and 11

10. Base 2\/5 cm; height 4 cm

11. x = 24; perimeter = 168 cm

12. Length 24 cm; width 20 cm

© ® N O

13. a. Sample responses can be found in the worked solutions
in the online resources.
b. Sample responses can be found in the worked solutions
in the online resources.
c. A=256-8k
i. k>32
i. k=32
iii. 0<k<32
d. 32 m?; width 4 m, length 8 m
e. Width 1.1 metres and length 13.8 metres

14. 8 cards
15. 1.052 metres

- (n’l -Vl + 8075)

2r

16. r =

Exercise 3.5 Graphs of quadratic polynomials

y = (2x)?

y =-0.5x

y= 252

2.A iLy=x>-2

B ii. y=—2x
C iii. y= —(x +2)°
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o

YA

0,0

A

=
<Y

Y
Shade the region below the parabola, including the curve.

(0,8) b. (0,-8) c. (0,1) d. (0,-7)
e. (8,0) f. (=8,0) 9. (4,0) h. (=12,0)

6. Axis intercepts (=6, 0), (3, 0), (0, —6); minimum turning
point (—=1.5, —6.75)

y
4\—6, 0 T /; 0
< >

12
=—x"+x-6
Y 3

(-1.5,-6.75) ©.-6)

7. Shade the region above the graph not including the curve.

% A oo
(6,0 (3,0)/ _
< w\ 0 /I' 'X

\\ // —y2 _
9 S y>=x"+x—-6
N 4 3

S
(-1.5,-6.75) ©.-6)

IM y=9x2+18x+8

X

(\/i+2, 0)
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9. a. Maximum turning point (—1, 8); axis intercepts

0, 6), (=3,0), (1, 0)

(-1, 8)

(3.0

y==2x+1?%+8

=

b. i. y=—(x—=572-5

Vertex is (5, —5), a maximum turning point

(0, 6)
\(1, 0)

ii. y-intercept (0, —30), no x-intercepts

(0, -30)

10. a.

y=-x*+10x-30

Maximum turning point at (0, 4)

.. . . 4
b. Minimum turning point at <§, O>

11. D
12. a.

c

Turning point (—4, 3)

4,3 vy

(5-40)

0,-13)

c. i X46x+12=(x+3)>+3

ii. Turning point (-3, 3)

y=x2+6x+12

(=3.3)

(0, 12)

. o 5
d. turning point is —5,0

(-2.5,0) g

y=-(2x+5)?

Y

(0, -25)

Y

13. Axis intercepts (0, 0), (4, 0); maximum turning point

2. 8)

14. Minimum turning point and x-intercept (-2, 0), y-intercept

©, 4
YA
(0, 4)
y=02+ x)?
20 0 E
Y
15. a. y“
y=@x+Dx-3)
D! O)Y 3.0) £
0,-3)
Y .=
b. \y /
< 1 (5,0) ;x
39
(0,-5)
y=x-52x+1)
(75
4778
16. Turning point y-intercept x-intercepts
a. 0, -9) 0,-9) (£3,0)
b. 9,0) (0,81) 9,0)
c. 0,6) 0,6) (J_r\/i , 0)
d. (=1,0) 0,-3) (=1,0)
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a YA
- \ y=x- 9/ g
~— 5 R >
(-3,0) ' 0)
0,-9)
Y
b. \y
(0, 81) y=(x-9?
‘Ol ©,0) g
¢ A
©.6) y=6-3x
(=2,0) (2, 0)

A

-

LY

d. YA
y=-3(x+ 1)2
(1,0
- 0 "X
0,-3)
Y
17. Turning point y-intercept x-intercepts
a. (=3, -16) 0,-7) (=7,0),(1,0)
V30
b. 1,-10) 0,=7) <1 + T,O)
2 19 ©.5) 2+4/19 0
C. 33 s 3 s
d 1 33 ©. —4) 1+4/33 0
- 4’ 8 bl 4 9

18.

y=x2+6x-7
G0 o fin o
©,-7)
(-3, -16)
YA
(1—@’0) 1+€—0,o)
< 5 >
©, <7 y=3x2-6x-7

(=2,0)

0,0

y=20x+1)2-2

Turning point y-intercept x-intercepts
a. 5,2) 0,27) none
b. (-1, =2) (0,0) 0,0), (=2, 0)
c. 3, —6) 0, —=24) none
d. 4,1 0, —15) (3,0),(5,0)
y=(x=5)2+2
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(4,0.5)

=—(x—-4)12+1 d.
y=—(x-4) (_ﬂ @) A
(0,-15), 6 12
19 Turning point | y-intercept x-intercepts
a. (=3, 45) 0,0) (0,0), (-6, 0) \(0, 4)
I8 0, -2 2, 0),(0.25, 0 < 4,0 1 >
b. 89 ]6 ( s ) (_ ) ),( . 5 ) ( > ) (5’0)
63 7 9
C. (4, 05) <0, —7) (5, 0), <§, 0) Y
. =-2(1 +x)(2-x)
11169 I ¢ \ Y
d. <_F’ ﬁ) 0,4) (-4, 0), <§, 0>
e. (0.5, —4.5) 0, —4) (-1,0), (2,0
1 49 1 2
d(mw) 02 (30} (3)
g. | (1.35,—-14.58) (0,0) (0,0), (2.7,0)

1 1 y
h. <——, 0) 0,1 (——, 0) ©,2) 1 49
3 3 (12’ 24)

7N
N =
(e}
"
=
—
[SSRR S}
[«
N
<Y

none

(=1,0), (5, 0) g.
(=6, 0), (=2, 0)

()

h.
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*21.

vy =-0.25(1 + 2x)?

(-0.5,0)

0 X
(0, -0.25)

y=-2x>+8x+ 10

gy=1- %(Zx— 1)?

20. a. i.2(x=32-9 . 3,-9) ii. =9
b. i. —(x+97+86 ii. (-9, 86)
21. See the table at the foot of the page*.

Turning point x-intercepts y-intercept Region
a. 3, -9 (0,0), (6,0) 0,0) Shade above closed curve
b. 0,8) (£2,0) 0,8) Shade below closed curve
c. (=2, 0) (=2, 0 0,4) Shade below open curve
d. (=2, 6) none (0,18) Shade above open curve
e. 0,9) (£3,0) 0,9) Shade below closed curve
f. (—i, —%) (0,0), (—%, 0) 0,0) Shade below open curve
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2.a b=2,y=x>+2 b. (=2,0),(0,0).

e.
3. a y=(x—-4)7-38 b. y=-2(x+1)?%+3
4. a. y=A@x-57>+12
1 1
A= ——y=——(x=5>+12
b 5 y="30=3)7+

5.a. x—3,x-8y=x-3)(x—-298)
b. y=x+1)x-2)

6. a. y=(x+2)2+l b. y=2x(x—-2)
7.y= LI UL
8 2 2
8 a y=-2246 b. y=02(x+6)(x+1)
, , 9. a. y=l(x—2)2—4 b. 44/2 units
22. a. Two rational x-intercepts 2

b. Axis intercepts (0, 0), <§, O); maximum turning point 10. Z i z ?x(i—g)lz)z —5=3x"+6x-2
(z Q) 1. a. A b. A c. A
6’2 12 y= -2 +x—4
13. y = %xz - %x—thich is the same as y = % x+DHx-4

14, a. y=3x*-5x+2

b. (%,O) ,(1,0),(0,2)

23. A<Oanda>0

24. a. Two irrational x-intercepts
b. No x-intercepts
c. One rational x-intercept
d. Two rational x-intercepts 15. a. Answers will vary but should be of the form
25. a. k=-5 b. k> -5 c. k<=5 y=ax+3)x=3).
1 b. y=-3(x+3)(x-5), vertex (1,48)
26. a. m> 4 16. a. y < —0.8x° b. y> —2x* — 8
b. i. Sample responsescan be found in the worked 5
solutions in the online resources. 7. y=3x - 4x+6
1
ii. x= 5 18. a. Sample responses can be found in the worked solutions
4 \/E in the online resources.
o L= i, 1=0,025 b. A=(2+5a)7
4 5
;- 0+ ol c. y=—§x2+6x—10,(§,0>
27.a. i. | =, —= iil. ——.0
4’ 4 12 1

19. a. y= —(x+4)2

[ 9 465 (VeS|
“\16” 32 " 6 b.

28. Graph using CAS technology

wl s s

Turning point x-intercept y-intercept
(12.38,331.90) | (-0.19, 0), (24.95, 0) (0,10)

Exercise 3.6 Determining the rule of a quadratic

polynomial from a graph
1 1,

1la c=4,y=x"+4. b. a=-1gY="g*

c. a= -3,
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20.

21.
22,

a. Vis point (2,6)

b. y=(x—-27>4+6

c. Equation of VB is y = 3x which passes through the
origin.

d. 27 square units

y=42x"+6x—10

a. a=-0.02, b =56 b. (£52.915,0)

Exercise 3.7 Quadratic inequations

3. a. {x:x<0}u{x:x>3}

10.

11.

12,
13.

. a. -|; -
- 57 17 "X
b. 3<x<7
a t | )
- =57 15 "X

b. {x:0<x<3}

.t Ny
- 50

Y

b. R\{6}
a. 3—-x)(3+2x)

3
b. x= —5,x=3,

c. —%§x§3

. Zeros x = —3, x = 4, concave up sign diagram

A+

Y

3 I

. Zerox = é multiplicity 2 concave up sign diagram

touching at the zero required

=Y

IA+
z

a x<§0rx>4 )C'—l<)c<2
) - 2 3
. R\ {3}

a. —12<x<4 b. x<—-1lor x>4
c. x<-=3 orx>% d -8<x< =2

13
e. x<0orx>9 f. ZSXST
a. R\{6}

b. {1}

c. {x:x<0}U{x:x>%}
d x'—§<x<z
’ 27775

(=6, 8) and (2,0) b. No intersections

o

a. x=6,y=32o0orx=-1,y=-3
b. x==-8,y=35orx=1,y=-1
c. No solution

d x=0,y=5 0rx=—§,y=§

3 31
14.a. (2,=),1
a <5, 5 >,( .7

15.

16.

17.
18.
19.

20.

21.

22,

23.

C.

a.

b. (=2, =3)
(=5, 10), (4, 10)

No intersections

d. (4,30)

b. Two intersections

No intersections

(2,8);

m< —6orm>18
/5 <k<2v/5

g oo ®

oo

T

-O<k<-1
k=-9k=-1

k<=9 ork>-1
p<Oorp>4
5—45 <t<5+4/5
n=-5n="7
-2<x<?2

(—1.14, 1.29), (2.64, 6.96)

2y —3x<6and y>x’
9
0, ——
(0-1)
y=5x—4
y= g — x” Other answers possible

(=2, 0), (0, 4)
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24.

25.

b. i. Sample responses can be found in the worked

solutions in the online resources.

i. C(=1,1):
y=@+2)
(-v2.0) CeL )
X
y=2-x2
ii. y=2x+3

a. x<—1—10<\/@+3> 0rx>%<\/@—3)
b —5 (V365 +15) <x < = (V465 - 15)

a. Use CAS technology to sketch the graph. a = —6 no
intersections; a = —4 points (1, —8), (2, —12);
a = —2 points (0.38, —3.53), (2.62, —12.47);

a = 0 points (0, 0), (3, —12)
b. x=—% (\/2a+9 —3) or x = (\/2a+9 +3)

c. a=-4.5,point (1.5, =10.5)

!
2

Exercise 3.8 Quadratic models and applications

1. a.

T

Sample responses can be found in the worked solutions
in the online resources.

Width 7.5 metres; length 15 metres

112.5 square metres

. 328 metres

b. 12 seconds
c. Reaches ground after 26.4 seconds;

. a. 2 seconds

*—>

b. Does not strike foliage

10
c. — metres

ca. y=-02(x—557%4+725 b. 7.25metres

c. 2.37 metres

. a. Sample responses can be found in the worked solutions

in the online resources; length 30 metres, width
15 metres
b. 40 metres, 35 metres, 45 metres

6. a. 2hours b. 380
c. 110 bacteria cells at 4 pm
7 —ﬁwhenx—§ =8
.= =7 y= 7
8. a. 17 b. §=2x* — 10x + 25, two pieces of 10cm
9. a. C=20+10n+ 50> b. 13
10. a. A(3,0),B(7,5), C(11,0)

5
b. yz—ﬁ(x—7)2+5

c. 6.7 metres

11.
12,

13.

14.

Profit = —x? 4+ 40x — 15, $30 per kg

a. i. Both numbers are 8. ii. Both numbers are 8.

2
b. i kz ii. No values possible
a. h=-0.06+1.97r—12.78
b. 3.39 metres above mean sea level at 4.25 pm

10 — 2x)?
a. S=x2+u b. 11.2cm and 8.8cm
T

c. x=0

3.9 Review: exam practice
Short answer

1.

a. x=-3,7 b. x——%,—; c. x==2
d. x=3¢2\/§ e. x==4 f. x=?1

a. x<—% or x>3 b. =10 <x<V10
c. XER

a. x-intercepts (3, 0), (—1, 0); y-intercept (0, —6); turning
point (1, —8)

y=2(x=-3)x+1)

(0,-6)

b. x-intercepts(—3, 0), (=1, 0); y-intercept (0, —3); turning
point (-2, 1)

y=1-(x+2y
0,-3)

c. No x-intercepts; y-intercept (0, 9); turning point
(—0.5,8.75)
YA

0,9
y=x*+x+9

A
<Y
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d.

T e

o
T e

C.

d.

x-intercepts (i\/f , 0); y-intercept and turning point

(0,4); region above closed
YA

0,4)|y2-2x+4

(V2,0 (2, 0)

Y

.-(x—m—2¢§j<x—m+2¢§j

()

A = 104, two irrational solutions.
l<k<4

(=2,0),(L,3)

Parabola: x-intercepts (-2, 0), (0, 0); turning point
(-1,-1)

Line through (-2, 0), (0, 2). Both graphs meet at
(=2,0),(1,3).

YA

y=x*+2x

(=2, 0) it

7
/
Y 2 \
y<x+2andy>x* +2x
1

i k=—-
! 4

<Y

ii. The tangent is added to the graph in part b. Point of

contact: —l —z
: 71 )

Multiple choice

1. D
6. B

2. C
7. C

© »
@ O
(4]

3. B .
8. E 10.

Extended response

1. a.

h=—%u%AM—mm

1
Wh =0,h=—-=—(=700
enx =0, 35( )

~.h = 20 and the point S is (0, 20).
Therefore, S is 20 metres above O.

2

=0 o0 oo

70 metres
1
h=——(@x—-3072+35
0 (x—30)
Japanese competitor wins

8 metres

5 metres

The caravan can be towed under the bridge.
8 —2x

6.4
No
A X F 1 B
1
i
x i X
1
1
|
D X G 1 C
X units

Area measure of rectangle AFGD is X

Area measure of rectangle FBCGis 1 X x = x.
st =x+1

X =x—1=0

1445

2

=¢-1
Asx=¢isarootof x> —x—1=0,
P —-¢p—1=0
Ho-D=1
p-1= ?
(28,4.9)

1 2
y= —m(x— 28) +49

13

— d
7 seconds
7m/s
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TOPIC 4
Cubic polynomials

4.1 Overview
4.1.1 Introduction

The mathematical community is a collaborative one. Both
breakthroughs and failures are shared, so that others will make fur-
ther progress or offer different perspectives. Naturally, there can also
be a competitive edge between different teams of mathematicians as
they strive to be the first to completely solve a problem. The focus
of research may be in response to a request to solve some pressing
practical problem, but it may equally be a simple desire to pursue
something for its own intellectual sake. It is surprisingly common
for seemingly abstract research to lead to very practical applications,
unimagined at the beginning of the research.

Mathematicians are driven by curiosity and a desire to generalise. One historical example of this is: ‘Since
quadratic equations can be solved by a formula, is the same true of cubic equations?’

The Babylonians could solve quadratic equations and by the 9th century the general formula had essentially
been formulated. Not until the 16th century was the general solution of the cubic equation found by two
Italian mathematicians, Geronimo Cardano and Niccolo Fontana, known as Tartaglia due to a speech defect
(tartagliare means ‘to stutter’).

Tartaglia devised a method to solve cubic equations of a particular form, but he refused to publish his
method. Eventually, he was prevailed upon to share his method with Cardano, on condition Cardano kept it
secret. Knowledge of Tartaglia’s work enabled Cardano to complete the general method for solving cubics
and he published this in 1545. While he acknowledged his debt to Tartaglia, Tartaglia was outraged at the
broken promise and a long feud ensued between them. Not all mathematical communities are cooperative
and harmonious.

Cardano’s method contained square roots of negative numbers; for this he is remembered as the first person
to use what are called complex numbers. It took another 300 years before complex numbers were accepted
and their usefulness recognised, not only in higher mathematics, but in practical areas such as electrical
engineering. Once more, mathematical research had led to a major discovery, the significance of which could
not have been predicted.

LEARNING SEQUENCE

4.1 Overview

4.2 Polynomials

4.3 The remainder and factor theorems
4.4 Graphs of cubic polynomials

4.5 Equations of cubic polynomials
4.6 Cubic models and applications

4.7 Review: exam practice

Fully worked solutions for this topic are available in the Resources section of your eBookPLUS at
www.jacplus.com.au.
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4.1.2 Kick off with CAS

Cubic transformations

1.

Using CAS technology, sketch the following cubic functions.

3 3

2
a. y=x b_y:—_x 3 3

1
c. y=-3x° d.y=§x e.y=—§x

Using CAS technology, enter y = ax? into the function entry line and use a slider to change the

values of a.

Complete the following sentences.

a. When sketching a cubic function, a negative sign in front of the x* term the graph of y = x°.

b. When sketching a cubic function, y = ax?, for values of a < —1 and a > 1, the graph of y = x3
becomes

c. When sketching a cublc function, y = ax?, for values —1 < a < 1, a # 0, the graph of y = x> becomes

Using CAS technology, sketch the following functions.

a. y=x b. y=(x+ 1)} c. y=—(x—-2)°

d. y=x-1 e. y=—x>+2 f.y=3-x°

Using CAS technology, enter y = (x — h)° into the function entry line and use a slider to change the
values of /.

Using CAS technology, enter y = x> + k into the function entry line and use a slider to change the values
of k.

Complete the following sentences.

a. When sketching a cubic function, y = (x h)?, the graph of y = x is

b. When sketching a cubic function, y = x> + k, the graph of y = x* is

Use CAS technology and your answers to questions 1—7 to determine the equatlon that could model the
shape of the Bridge of Peace in Georgia. If the technology permits, upload a photo of the bridge to make
this easier.

_°11 | Resources

Please refer to the Resources section in the Prelims of your eBookPLUS for a comprehensive step-by-step guide on how
to use your CAS technology.
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4.2 Polynomials

A polynomial is an algebraic expression in which the power of the variable is a positive whole number. For
example, 3x> + 5x — 1 is a quadratic polynomial in the variable x but % +5x—1, ie. 3x2+5x—1,isnota

* 1
polynomial because of the 3x~2 term. Similarly, \/g X + 5 is a linear polynomial, but 3\/)7 +5, i.e 3x2 +35,
is not a polynomial because the power of the variable x is not a whole number. Note that the coefficients of x
can be positive or negative integers, rational or irrational real numbers.

4.2.1 Classification of polynomials

* The degree of a polynomial is the highest power of the variable.
For example, linear polynomials have degree 1, quadratic polynomials have degree 2 and cubic
polynomials have degree 3.

e The leading term is the term containing the highest power of the variable.

* If the coefficient of the leading term is 1 then the polynomial is said to be monic.

* The constant term is the term that does not contain the variable.

A polynomial of degree n has the form a,x" + a,_;x"~' + ... + a;x + a, where n € N and the
coefficients a,,,a,,_,,...a,, a, € R. The leading term is a,x" and the constant term is a,.

WORKED EXAMPLE 1

Select the polynomials from the following list of algebraic expressions and for these polynomials,

state the degree, the coefficient of the leading term, the constant term and the type of coefficients.
4

A 50 +2x%—3x+4 B. Sx—x3+% C. 4% +2¢% + x> +8
THINK WRITE
1. Check the powers of the variable x in A and B are polynomials since all the powers of x
each algebraic expression. are positive integers. C is not a polynomial due to
the 7x~3 term.
2. For polynomial A, state the degree, the Polynomial A: the leading term of
coefficient of the leading term and the 5x° 4+ 2x% — 3x + 4 is 5x°.
constant term. Therefore, the degree is 3 and the coefficient of the
leading term is 5. The constant term is 4.
3. Classify the coefficients of polynomial The coefficients in polynomial A are integers.
A as elements of a subset of R. Therefore, A is a polynomial over Z.
4 4
4. For polynomial B, state the degree, the Polynomial B: the leading term of 5x — x> + % is %

coefficient of the leading term and the
constant term.

Therefore, the degree is 4 and the coefficient of the
1
leading term is X The constant term is 0.

5. Classify the coefficients of polynomial The coefficients in polynomial B are rational
B as elements of a subset of R. numbers. Therefore, B is a polynomial over Q.
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Polynomial notation

* The polynomial in variable x is often referred to as P(x).
* The value of the polynomial P(x) when x = a is written as P(a).
* P(a) is evaluated by substituting a in place of x in the P(x) expression.

WORKED EXAMPLE 2

a. If P(x) = 5x + 2x* — 3x + 4 calculate P(—1).
b. If P(x) = ax* — 2x + 7 and P4) = 31, obtain the value of a.

THINK

a. Substitute —1 in place of x and evaluate.

b. 1. Find an expression for P(4) by substituting 4 in

place of x, and then simplify.
2. Equate the expression for P(4) with 31.

3. Solve for a.

WRITE
a. P(x)=52+2x>-3x+4
P(—1) =5(-1)* +2(-1)> = 3(-1) + 4
=-5+4+24+3+4
=4
b. P(x) =ax> —2x+7
P(4) =a(4)* —2(4) +7

=16a — 1
P4) =31

= 16a -1 =31
16a = 32
a=2

4.2.2 ldentity of polynomials

If two polynomials are identically equal then the coefficients of like terms are equal. Equating coefficients
means that if ax? + bx + ¢ = 2x*> + 5x + 7 thena = 2, b = 5 and ¢ = 7. The identically equal symbol ‘=’
means the equality holds for all values of x. For convenience, however, we shall replace this symbol with the

equality symbol ‘=" in working steps.

WORKED EXAMPLE 3

Calculate the values of a, b and ¢ so that x(x — 7) = a(x — 1)* + b(x — 1) +c.

THINK

1. Expand each bracket and express both
sides of the equality in expanded
polynomial form.

2. Equate the coefficients of like terms.

WRITE
x(x—T=alx—-1?+bx—-1)+c
R =-Tx=a(®-2x+ D) +bx—b+c
X —Tx=ax*+(2a+bx+(@-b+c)
Equate the coefficients.
¥:l=a [1]
x:—7=-2a+b 2]
Constant: 0=a—b+c¢ [3]

TOPIC 4 Cubic polynomials 181



3. Solve the system of simultaneous Since a = 1, substitute @ = 1 into equation [2].

equations. —7==2(1)+b
b=-5
Substitute a = 1 and b = -5 into equation [3].
0=1-(-5+c
c=—-06
4. State the answer. La=1,b=-5c=-6

4.2.3 Operations on polynomials

The addition, subtraction and multiplication of two or more polynomials results in another polynomial. For
example, if P(x) = x> and Q(x) = x* + x> — 1, then P(x) + Q(x) = x> + 2x> — 1, a polynomial of degree 3;
P(x) — Q(x) = —x* + 1, a polynomial of degree 3; and P(x)Q(x) = x° + x* — x?, a polynomial of degree 5.

WORKED EXAMPLE 4

Given P(x) = 3x* + 4x* + 2x + m and 0kx) = 2x* + kx — 5, find the values of m and k for which
2P(x) — 3Q(x) = 6x° + 2x* + 25x — 25.

THINK WRITE

1. Form a polynomial expression for 2P(x) — 30(x)
2P(x) — 30(x) by collecting like terms =203x +4x% + 2x + m) — 32x> + kx — 5)
together. = 6x° + 2% + (4 — 3k)x + (2m + 15)

2. Equate the two expressions for 2P(x) —30(x). Hence, 6x° + 2x> + (4 — 3k)x + (2m + 15)

= 6x° + 2x* + 25x — 25
3. Calculate the values of m and k Equate the coefficients of x.
4 —3k=25
k=-T7
Equate the constant terms.
2m+ 15 =-25
m = —20
4. State the answer. Therefore m = =20,k = =7

4.2.4 Division of polynomials

There are several methods for performing the division of polynomials and CAS technology computes the
division readily. Here, two ‘by-hand’ methods will be shown.

4.2.5 The inspection method for division

The division of one polynomial by another polynomial of equal or lesser degree can be carried out by
expressing the numerator in terms of the denominator.

3
To divide (x + 3) by (x — 1), or to find )il’ write the numeratorx+3as(x— 1)+ 1+3=x—-1)+4.
x_

x+3 (x—1+4
x—1  x-1
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This expression can then be split into the sum of partial fractions as:

x+3 (x—-D+4

x—1 x-=1
_x- 1 + 4
Tx—=1 x-—-1
4
=1
+ x—1
The division is in the form: M = quotient + %mder
divisor divisor

In the language of division, when the dividend (x + 3) is divided by the divisor (x — 1) it gives a quo-
x+3

tient of 1 and a remainder of 4. Note that from the division statement

=1+ -1 we can write
x+3=1xx-1)+ 4.

This is similar to the division of integers. For example, 7 divided by 2 gives a quotient of 3 and a remainder

of 1.
1

7
Z=34=
2 * 2
SLT=3%x2+1
This inspection process of division can be extended, with practice, to division involving non-linear
A+l xx—D+5@—1D+6
x—=1 B x—1

polynomials. It could be used to show that and therefore

2 +dx+1 6
% =x+5+ T This result can be verified by checking that x> + 4x + 1 = (x + 5)(x — 1) + 6.
X — X —

WORKED EXAMPLE 5

a. Calculate the quotient and the remainder when (x + 7) is divided by (x + 5).

b. Use the inspection method to find Vi 4.
x+2
THINK WRITE
a.1. Write the division of the two polynomials as a. X7 _ (+35)=5+7
a fraction. x+5 x+5
2. Write the numerator in terms of the = M
denominator. ( * ;5 5
X+
3. Split into partial fractions. = +
2 ° G-I TS
4. Simplify. =1+ 2
x+5
5. State the answer. The quotient is 1 and the remainder is 2.
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b. 1. Express the numerator in terms of the

denominator.

2. Split the given fraction into its partial

b. The denominator is (x + 2). Since

3(x + 2) = 3x + 6, the numerator is
3x—4=3x+2)—6—-4

“3x—4=3(x+2)-10

3x—4  3x+2)-10

fractions. x+2 x+2
_3(x+2) 10
(x+2) x+2
Sy 10
3. Simplify and state the answer. =3
x+2
L 3x—4 10
Tx+2 T x+2
TI| THINK CASIO | THINK WRITE
a. 1. On a Calculator page, press a. 1. On the Main screen, select:
MENU then select polyGuotientlci7,x+5) 1A * Interactive e —
3: Algebra | 1 * Transformation & ] (o ]
8: Polynomial Tools e Fraction i
5: Quotient of Polynomial e propFrac
Complete the entry line as Complete the entry line
polyQuotient (x + 7, x + 5) as(x + 7)/(x + 5)then select
then press ENTER. OK.
[+
Alg Stwdard  Feal flad -

2. Press MENU then select
3: Algebra
8: Polynomial Tools
4: Remainder of Polynomial
Complete the entry line
aspolyRemainder
x+7,x+5)
then press ENTER.

3. The answers appear on the
screen.

polyQuotiem(xﬂ.nS) 1
polyRem:lnder(\'W,r'S) 2

The quotient is 1 and the
remainder is 2.

© Edit Action Intsractive
0T B0 ) B :I:LTL

moﬁrac(;x:—%] U:‘j

2
wst!

o

g BE

Feal  fad

Alg Standard

The quotient is 1
and the remainder
is 2.

2. The answers appear on the
screen.
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4. Alternatively, press MENU m

then select 47 2

3: Algebra pmpFr&c(; o
9: Fraction Tools

1: Proper Fraction
Complete the entry line as

propFrac ( )ﬂ )
x+5

then press ENTER.
5. The answer appears on the The quotient is 1 and the
screen. remainder is 2.

4.2.6 Algorithm for long division of polynomials
The inspection method of division is very efficient, particularly when the division involves only linear

polynomials. However, it is also possible to use the long-division algorithm to divide polynomials.

The steps in the long-division algorithm are:

1. Divide the leading term of the divisor into the leading term of the dividend.

2. Multiply the divisor by this quotient.

3. Subtract the product from the dividend to form a remainder of lower degree.

4. Repeat this process until the degree of the remainder is lower than that of the divisor.
To illustrate this process, consider (x> + 4x + 1) divided by (x — 1). This is written as:

x— 1)x%+ 4x + 1

Step 1. The leading term of the divisor (x — 1) is x; the leading term of the dividend (x> + 4x + 1) is x°.
2
Dividing x into x?, we get T = x. We write this quotient x on top of the long-division symbol.
X

X
x—1)x2+4x + 1
Step 2. The divisor (x — 1) is multiplied by the quotient x to give x(x — 1) = x> — x. This product is written
underneath the terms of (x*> 4 4x + 1); like terms are placed in the same columns.

X

x— 1) +4x + 1

XZ—X

Step 3. x? — x is subtracted from (x> + 4x + 1). This cancels out the x* leading term to give
P Hdx+1 - —x)=5x+ 1.
X

x— 1) +4x + 1

—()c2 - X)
Sx +1
2
x+4x+1 Sx+1 .
The division statement, so far, would be ——7 - + . This is incomplete since the
xX— X —

remainder (5x + 1) is not of a smaller degree than the divisor (x — 1). The steps in the algorithm
must be repeated with the same divisor (x — 1) but with (5x + 1) as the new dividend.
Continue the process.
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5
Step 4. Divide the leading term of the divisor (x — 1) into the leading term of (5x + 1); this gives 2 5.
X
Write this as +5 on the top of the long-division symbol.

x+5

x = 1) +4x + 1
—(x? = x)

Sx + 1

Step 5. Multiply (x — 1) by 5 and write the result underneath the terms of (5x + 1).

x+5

x— 1)x%+4x+ 1
—(xz—x)

Sx + 1

5x — 5

Step 6. Subtract (5x — 5) from (5x + 1).
x + 5 < Quotient
x— D)x®+4x+ 1

—(x2 - X)
Sx + 1
—(5x - 5)

6 < Remainder

The remainder is of lower degree than the divisor so no further division is possible and we have reached
the end of the process.

2 +4x+1
Thus:x—+ il =)c+5+—6

x—1 x—1
This method can be chosen instead of the inspection method, or if the inspection method becomes harder

to use.

WORKED EXAMPLE 6

a. Given P(x) = 4x> + 6x* — 5x + 9, use the long-division method to divide P(x) by (x + 3) and state
the quotient and the remainder.

b. Use the long-division method to calculate the remainder when (Sx3 + gx) is divided by (5 + 3x).

THINK WRITE
a. 1. Set up the long division. a. x + 3)4x3 +6x2—5x+9
2. The first stage of the division is to divide the 4x2
leading term of the divisor into the leading term

3 2
of the dividend. X + 3)4)6 + 6x°—5x+ 9
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. The second stage of the division is to multiply
the result of the first stage by the divisor. Write
this product placing like terms in the same
columns.

. The third stage of the division is to subtract the
result of the second stage from the dividend.
This will yield an expression of lower degree
than the original dividend.

. The algorithm needs to be repeated. Divide the
leading term of the divisor into the leading term
of the newly formed dividend.

. Multiply the result by the divisor and write this
product keeping like terms in the same
columns.

. Subtract to yield an expression of lower degree.
Note: The degree of the expression obtained is
still not less than the degree of the divisor so
the algorithm will need to be repeated again.

. Divide the leading term of the divisor into the
dividend obtained in the previous step.

. Multiply the result by the divisor and write this
product keeping like terms in the same
columns.

4x?
x+3)4x3+6x2—5x+9
4x3 + 12x2
4x2
X+3)4x3 + 632 — 5x + 9
—(4x> + 12x3)
—6x2—5x+9
4x% — 6x

x+3)4x3+6x2—5x+9
—(4x3 + 12x3)
—6x2—5x+9

4x% — 6x

x+3)4x3+6x2—5x+9
—(4x3 + 12x2)

—6x2—5x+9
— 6x2— 18x
4x% — 6x

x+3)4x3+6x2—5x+9
—(4x3 + 12x3)

—6x2—=5x+9
—(— 6x% — 18%)

13x + 9

4x% — 6x + 13

X+ 3)4x3 + 622 - 5x + 9
—@4x3 + 12x%

—6x2—5x+9
—(— 6x2 — 18x)
13x + 9
4x% — 6x + 13

x+3)4x3+6x2—5x+9
(4x3 + 12x3)

—6x2—5x+9
— (- 6x% — 18x)
13x + 9
13x + 39
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10.

11.

5 e

Subtract to yield an expression of lower degree.
Note: The term reached is a constant so its
degree is less than that of the divisor. The
division is complete.

State the answer.

Set up the division, expressing both the divisor
and the dividend in decreasing powers of x.
This creates the columns for like terms.

Divide the leading term of the divisor into the
leading term of the dividend, multiply this
result by the divisor and then subtract this
product from the dividend.

Repeat the three steps of the algorithm using
the dividend created by the first application of
the algorithm.

Repeat the algorithm using the dividend created
by the second application of the algorithm.

4x% — 6x + 13
x+3)4x3+6x2—5x+9
—@x3 + 12x3)
—6x2—5x+9
— (= 6x% — 18x)
13 x+9
—(13x + 39)
- 30
4 3 2 _
x> +6x—5x+9 AP x4 13— 30
x+3 x+3

The quotient is 4x> — 6x + 13 and the
remainder is —30.

.3x3+§x=3x3+0x2+§x+0

S+3x=3x+5

3x + 5)3x3+ 0x% + §x+ 0

x2

3x + 5)3x3 + 0x2 + %x+ 0

—(3x3 + 5x3)
= 552 gx + 0
x2 - gx
3x + 5)3x3 + 0x2 + §x+ 0
—(3x3 + 5x3)
— 522 + %x + 0
2 25
—(—5x = ?x)
10x + O
xZ = g)c aF %0

3x + 5)3x3 + 0x2 + %x +0

— (3x3 + 5x2)

—5x% + gx +0
(53

10x + 0

—(10x + %))

50
3
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5. State the answer.

_50

w+s  C 3t 3 tngs
, 5 10 50
3 T e )

The remainder is —53—0.

9.1 Resources

Interactivity: Long division of polynomials (int-2564)

study[1])

m (ofe[s (=i Polynomials Summary screen and practice questions

Exercise 4.2 Polynomials

Technology free

1. [EZ Select the polynomials from the following list of algebraic expressions and state their degree, the
coefficient of the leading term, the constant term and the type of coefficients.

A.30x +4x° =23 + 12

B. -2+

C. 5.6 + 4x — 0.2x?

2. For those of the following which are polynomials, state their degree. For those which are not

polynomials, state a reason why not.

a. Ix*+3x2+5

c. —9x3+7x2+11\/_—\/§

3. Consider the following list of algebraic expressions.
3
A3 + Txt — % +x%—8x+12

C. Vi’ — /58 + \/3_x—1

R

07 Tie 57

6 X
=P+ ==
x2 * 2 X

. 9—%)(—4x2+x3

2

L9 —=5xt 4+ 747 - \/§x+x3
. 2x%(4x — 9x?)

E (42 +3+7x%)

a. Select the polynomials from the list and for each of these polynomials state:

i. its degree
iii. the leading term

ii. the type of coefficients
iv. the constant term.

b. Give a reason why each of the remaining expressions is not a polynomial.
4. Write down a monic polynomial over R in the variable y for which the degree is 7, the coefficient of the

y? term is —\/5 , the constant term is 4 and the polynomial contains four terms.

o
o

o 0 T

. If P(x) = —x* + 2x? + 5x — 1 calculate P(1).

. If P(x) = 2x° — 4x* + 3x — 7 calculate P(-2).

. For P(x) = 3x* — x*> + 5 find P(3) and P(—x).

. For P(x) = x> + 4x*> — 2x + 5, find P(—1) and P(2q).
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10.
11.

12.
13.

14.

15.

16.

17.

18.

Given P(x) = 2x> + 3x? + x — 6, evaluate the following.

a. P(3) b. P(=2) c. P(1)
1
d. P(0) e. P <—§> f. P(0.1)
. If P(x) = x> — 7x + 2, obtain expressions for the following.
a. P(a) — P(—a)
b. P(1+ h)

c. P(x+h)—P(x)
KA a. P(x) = 7x° — 8x? — 4x — 1 calculate P(2).

b. If P(x) = 2x> + kx + 12 and P(-3) = 0, find k.

a. If P(x) = ax*> + 9x + 2 and P(1) = 3, find the value of a.

b. Given P(x) = —5x* + bx — 18, calculate the value of bif P(3) =

c. Given P(x) = —2x> + 3x? + kx — 10, calculate the value of k if P(—1) = —7.

d. If P(x) = x> — 6x> + 9x + m and P(0) = 2P(1), find the value of m.

e. If P(x) = —2x + 9x +m and P(1) = 2P(—1), find m.

f. If Q(x) = —x*> + bx + ¢ and Q(0) = 5 and Q(5) = 0, obtain the values of b and c.

KA Calculate the values of a, b and ¢ so that 2x+ 1)(x —5) = a(x + 1)> + b(x + 1) + c.

a. Find the values of @ and b so that x> + 10x 4+ 6 = x(x + a) + b.

b. Express 8x — 6 in the form ax + b(x + 3).

c. Express the polynomial 6x? 4+ 19x — 20 in the form (ax + b)(x + 4).

d. Find the values of a, b and ¢ so that x> — 8x = a + b(x + 1) + c(x + 1) for all values of x.

Express (x + 2)? in the form P24+ D)+ gx(x+2) + r(x+3) + 1.

a. If 3x> + 4x — 7= a(x + 1)* + b(x + 1) + ¢ calculate a, b and c.

b. If x> + mx> + nx + p = (x — 2)(x + 3)(x — 4) calculate m, n and p.

c. If x> — 14x + 8 = a(x — b)* + c calculate a, b and ¢ and hence express x> — 14x + 8 in the form
a(x —b)? +c.

d. Express 4x° 4+ 2x*> — 7x + 1 in the form ax?(x + 1) + bx(x + 1) + c(x + 1) + d.

KA Given P(x) = 4x* — px* + 8 and Q(x) = 3x> 4+ gx — 7, find the values of p and ¢ for which

P(x) +20(x) = 4x> + x> — 8x — 6.

a. If P(x) = 2x* — 7x — 11 and Q(x) = 3x* + 2x? + 1, find, expressing the terms in descending powers
of x:

i. O(x)—Px) i. 3P(x)+20((x) iii. P(x)Q(x)
b. If P(x) is a polynomial of degree m and Q(x) is a polynomial of degree n where m > n, state the
degree of:
i. P(x)+Q0Xx) i. P(x)— Q) iii. P(x)Q(x)
KT a. Calculate the quotient and the remainder when (x — 12) is divided by (x + 3).
4x+7
b. Use the inspection method to find a .
2x+1
Carry out the following divisions and specify the remainder in each case.
x+5 2x -3
a. b.
x+1 x+4
4x+ 11 6x+ 13
c. d.
4x + 1 2x -3
a. Determine the remainder when 2x* + 5x* — x — 2 is divided by x + 2.
b. Determine the remainder when —x® — 5x? + 7 is divided by x — 3.
c. Determine the remainder when x* — 4x? + 2x — 3 is divided by 2x — 5.
d. Determine the remainder when 3x* + 2x? + x — 6 is divided by 2x + 3.
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19. [ a. Given P(x) = 2x> — 5x + 8x + 6, divide P(x) by (x — 2) and state the quotient and the remainder.
b. Use the long-division method to calculate the remainder when (x> + 10) is divided by (1 — 2x).
20. Carry out the following divisions and specify the quotient and the remainder

a. (x+7)is divided by (x — 2) b. (8 + 5) is divided by (2x + 1)

c. (2 +6x — 17) is divided by (x — 1) d. (22 — 8x +3) is divided by (x + 2)

e. (* +2x? = 3x +5) is divided by (x — 3) f. (x> — 8x% + 9x — 2) is divided by (x — 1).
21. a. Divide x> — x2 + 3x — 5 by x — 2 and state the quotient and remainder.

b. Divide 3x® — x> + 6x — 5 by 3x — 1 and state the quotient and remainder.

c. Divide 6x° — 3x? + x + 1 by 2x — 7 and state the quotient and remainder.

d. Divide 6x* — 5x? 4+ x 4+ 3 by 2x + 3 and state the quotient and remainder.

Technology active

22. Calculate the values of a, b and ¢ if 3x> — 6x + 5 = ax(x + 2) + b(x + 2) + c and hence express
32 —6x+5
x+2
23, If P(x) = x* + 3x* — 7x+ 2 and Q(x) = x* + x + 1, expand the product P(x)Q(x) and state its degree.
24. Obtain the quotient and remainder when (x* — 3x> 4 6x% — 7x + 3) is divided by (x — 1)%.
25. Perform the following divisions.
a. (8x + 6x? — 5x + 15) divided by (1 + 2x)
b. (4x> 4+ x4 5) divided by (2x — 3)
c. (P+6x2+6x—12)=(x+6)
d. 24+x)=@x+1)
P -+ 2x+5

in the form Q(x) + % where Q(x) is a polynomial and r» € R.
X

x2—1
; x(7 - 2x%)
T +2)(x=3)

26. a. Determine the values of a, b, p and g if P(x) = x> = 3x% + px — 2, Q(x) = ax’ + bx* 4+ 3x — 2a and
2P(x) — Q(x) =5( = xX* + x + g).
b. i. Express 4x* + 12x* + 13x> 4+ 6x + 1 in the form (ax* + bx + ¢)? where a > 0.
ii. Hence state a square root of 4x* + 12x> + 13x? + 6x + 1.
27. P(x) = x* + kx*> + n?, Q(x) = x*> + mx + n and the product
P(x)Q(x) = x5 — 5x° — 7x* 4+ 65x% — 42x% — 180x + 216.
a. Calculate k, m and n.

b. Obtain the linear factors of P(x)Q(x) = x® — 5x° — 7x* + 65x% — 42x? — 180x + 216.
28. a. Use CAS technology to divide (4x* — 7x? + 5x + 2) by (2x + 3).
b. State the remainder and the quotient.

c. Evaluate the dividend if x = —7

3
d. Evaluate the divisor if x = ~5
29. a. Define P(x) = 3x> + 6x%> — 8x — 10 and Q(x) = 2x> + ax — 6.
2
b. Evaluate P(—4) + P(3) — P <§)

c. Give an algebraic expression for P(2n) + 24Q(n).
d. Obtain the value of a so that Q(-2) = —16.

TOPIC 4 Cubic polynomials 191



4 .3 The remainder and factor theorems

The remainder obtained when dividing P(x) by the linear divisor (x — a) is of interest because if the remainder
is zero, then the divisor must be a linear factor of the polynomial. To pursue this interest we need to be able
to calculate the remainder quickly without the need to do a lengthy division.

4.3.1 The remainder theorem

The actual division, as we know, will result in a quotient and a remainder. This is expressed in the division
remainder

statement = quotient +

X—da X—da
Since (x — a) is linear, the remainder will be some constant term independent of x.
From the division statement it follows that:

P (x) = (x — a) X quotient + remainder
If we let x = a, this makes (x — a) equal to zero and the statement becomes:
P (a) = 0 X quotient + remainder
Therefore:
P (a) = remainder

This result is known as the remainder theorem.

If a polynomial P(x) is divided by (x — @) then the remainder is P(a).

Note that:
o If P(x) is divided by (x + a) then the remainder would be P(—a) since replacing x by —a would make
the (x + a) term equal zero.

b b
e If P(x) is divided by (ax + b) then the remainder would be P (——) since replacing x by - would
a

make the (ax + b) term equal zero.

WORKED EXAMPLE 7

Find the remainder when P(x) = x° — 3x* — 2x + 9 is divided by:

ax—2 b.2x + 1
THINK WRITE
a. 1. What value of x will make the divisor zero? a. (x—2)=0=>x=2
2. Write an expression for the remainder. P(x)=x>-3x>-2x+9
Remainder is P(2).
3. Evaluate to obtain the remainder. PQ) =)’ -3(2)*-22)+9

= 1l
The remainder is 1.

1
b. 1. Find the value of x which makes the divisor b. 2x+1)=0= x = )
Zero.
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. . . . . 1
2. Write an expression for the remainder and Remainder is P <—§> .

evaluate it. 3 )
R Y (S DY )
S\ 2 2 2
3

~
|
N =
~_—
|

1
=———241+49
8
1
=90_
8
. ol
Remainder is 9 g
TI| THINK WRITE CASIO | THINK WRITE
a. 1. On a Calculator page, press F_ a. 1. On the Main screen, select:
MENU then select 3.2 y a1 e Interactive —
polyRemainde: =3 xT=2e 9 x-2 ‘ . (%" (3)=3x72-2x48) / (x~2)
3: Algebra * Transformation %] (o]
8: Polynomial Tools | e Fraction T
4: Remainder of Polynomial e propFrac
Complete the entry line as Complete the entry line as
polyRemainder o =32 = 2x+9)/(x—2)
(7 =3x8 —2x+9,x-2) I then select OK.
then press ENTER.
Alg Stoard  Feal  Fad ‘;
© Edit Action Intersctive
S EC0N0
xz-n;‘_i-l
b
|
W
a
Alg Stodard  Feal Fad
2. The answer appears on the The remainder is 1. 2. The answer appears on the ~ The remainder is 1.
screen. screen.

o B

.“ 1 Resources

Interactivity: The remainder and factor theorems (int-2565)

4.3.2 The factor theorem

We know 4 is a factor of 12 because it divides 12 exactly, leaving no remainder. Similarly, if the division
of a polynomial P(x) by (x — a) leaves no remainder, then the divisor (x — a) must be a factor of the
polynomial P(x).

P(x) = (x — a) X quotient + remainder

If the remainder is zero, then P(x) = (x — a) X quotient.

Therefore (x — a) is a factor of P(x).
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This is known as the factor theorem.

If P(x) is a polynomial and P(a) = 0 then (x — a) is a factor of P(x).

Conversely, if (x — a) is a factor of a polynomial P(x) then P(a) = 0.
a is a zero of the polynomial.

b b
It also follows from the remainder theorem that if P (— —> = 0, then (ax + b) is a factor of P(x) and —— is
a a

a zero of the polynomial.

WORKED EXAMPLE 8

a. Show that (x + 3) is a factor of Q(x) = 4x* + 4x> — 25x* —x + 6.
b. Determine the polynomial P(x) = ax® + bx + 2 which leaves a remainder of —9 when divided
by (x — 1) and is exactly divisible by (x + 2).

THINK WRITE
a. 1. State how the remainder can a.0(x) =4x* +4x° —25x2 —x+6
be calculated when Q(x) is When Q(x) is divided by (x + 3), the remainder equals Q(—3).
divided by the given linear
expression.
2. Evaluate the remainder. 0(=3) =4(-3)* +4(=3)> = 25(-3)> = (-3) +6
=324-108 —225+3+6
=0

3. Itis important to explain in the Since Q(—3) = 0, (x + 3) is a factor of Q(x).
answer why the given linear
expression is a factor.

b. 1. Express the given information b. P(x) = ax® + bx + 2

in terms of the remainders. Dividing by (x — 1) leaves a remainder of —9.
=> P(1)=-9
Dividing by (x + 2) leaves a remainder of 0.
> P(-2)=0
2. Set up a pair of simultaneous P(l)=a+b+2
equations in a and b. a+b+2=-9
Sa+b=-11 [1]
P(-2)=—-8a—-2b+2
—8a—-2b+2=0
Sda+b=1 [2]
3. Solve the simultaneous a+b=-11 [1]
equations. da+b=1 [2]
Equation [2] — equation [1]:
3a=12
a=4
Substitute a = 4 into equation [1].
44+b=-11
b=-15
4. Write the answer. S P(x) =4 —15x+2
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4.3.3 Factorising polynomials

When factorising a cubic or higher-degree polynomial, the first step should be to check if any of the standard
methods for factorising can be used. In particular, look for a common factor, then look to see if a grouping
technique can produce either a common linear factor or a difference of two squares. If the standard techniques
do not work then the remainder and factor theorems can be used to factorise, since the zeros of a polynomial
enable linear factors to be formed.

Cubic polynomials may have up to three zeros and therefore up to three linear factors. For example, a cubic
polynomial P(x) for which it is known that P(1) = 0, P(2) = 0 and P(—4) = 0, has 3 zeros: x = 1,x = 2 and
x = —4. From these, its three linear factors (x — 1), (x — 2) and (x + 4) are formed.

Integer zeros of a polynomial may be found through a trial-and-error process where factors of the polyno-
mial’s constant term are tested systematically. For the polynomial P(x) = x* + x> — 10x + 8, the constant term
is 8 so the possibilities to test are 1, —1, 2, -2, 4, —4, 8 and —8. This is a special case of what is known as the
rational root theorem.

The rational solutions to the polynomial equation a,x" + a,_;x"' + ... + a,x* + a;x + a, = 0,

where the coefficients are integers and a,, and a,, are non-zero, will have solutions x = 2 (in simplest
q

form), where p is a factor of a, and q is a factor of a,,.

In practice, not all of the zeros need to be, nor necessarily can be, found through trial and error. For a cubic
polynomial it is sufficient to find one zero by trial and error and form its corresponding linear factor using
the factor theorem. Dividing this linear factor into the cubic polynomial gives a quadratic quotient and zero
remainder, so the quadratic quotient is also a factor. The standard techniques for factorising quadratics can
then be applied.

For the division step, long division could be used; however, it is more efficient to use a division method
based on equating coefficients. With practice, this can usually be done by inspection. To illustrate, P(x) = x> +
x>—10x+8 has azero of x = 1 since P(1) = 0. Therefore (x—1) is a linear factor and P(x) = (x—1)(ax*+bx+c).

Note that the x* term of (x — 1)(ax? + bx + ¢) can only be formed by the product of the x term in the first
bracket with the x? term in the second bracket; likewise, the constant term of (x — 1)(ax?> + bx + ¢) can only
be formed by the product of the constant terms in the first and second brackets.

The coefficients of the quadratic factor are found by equating coefficients of like terms in x> + x> — 10x+8 =
(x — D(ax* + bx + ¢).

Forx’:1=a

For constants: 8§ = —¢c = ¢ = -8

This gives x*> + x> — 10x + 8 = (x — 1)(x? 4+ bx — 8) which can usually be written down immediately.

For the right-hand expression (x — 1)(x? + bx — 8), the coefficient of x* is formed after a little more thought.
An x? term can be formed by the product of the x term in the first bracket with the x term in the second bracket
and also by the product of the constant term in the first bracket with the x? term in the second bracket.

B+x2—10x+8=(x- 1>+ bx-138)
Equating coefficients of x*>: 1=b—1
Lb=2
If preferred, the coefficients of x could be equated or used as check.
It follows that:

PX)=@x—-1) > +2x—-298)
=x—-Dx—-2)(x+4)
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WORKED EXAMPLE 9

a. Factorise P(x) = x> — 2x* — 5x + 6.

b. Given that (x + 1) and (5 — 2x) are factors of P(x) = —4x> + 4x? + 13x + 5 completely

factorise P(x).

THINK

a. 1. The polynomial does not factorise by a
grouping technique so a zero needs to be
found. The factors of the constant term
are potential zeros.

2. Use the remainder theorem to test
systematically until a zero is obtained.
Then use the factor theorem to state the
corresponding linear factor.

3. Express the polynomial in terms of a
product of the linear factor and a general
quadratic factor.

4. State the values of a and c.

5. Calculate the value of b.

6. Factorise the quadratic factor so the
polynomial is fully factorised into its
linear factors.

b. 1. Multiply the two given linear factors to
form the quadratic factor.

2. Express the polynomial as a product of
the quadratic factor and a general linear
factor.

3. Find a and b.

WRITE
a. P)=x-2x>-5x+6
The factors of 6 are +1, +2, +3 and +6.

P(1)=1-2-5+6
=0
.. (x — 1) is a factor.

X =22 =5x+6=(x—1)(ax*+bx+c)

For the coefficient of x> tobe 1, a = 1.
For the constant term to be 6, ¢ = —6.

X =2 =5x+6=(x—1)x>+bx—6)
Equating the coefficients of x> gives:

X -2x2-5x+6=(x-1)*+ bx—6)
—2=b-1
b=-1
X =22 =5x+6=(x—-1)E>—x—06)
Hence,
Px)=x>-2x*—5x+6
=@x- D> —x—6)
=@x—-1Dx-=-3)(x+2)
b. P(x) = —4x> +4x> + 13x + 5
Since (x + 1) and (5 — 2x) are factors, then
(x+ 1)(5 = 2x) = —2x* 4+ 3x + 5 is a quadratic
factor.
The remaining factor is linear.
SoP(x) = (4 1)(5 —2x)(ax + b)
= (=2x> + 3x + 5)(ax + b)
—4x3 +4x? + 13x+ 5 = (=2x* + 3x + 5)(ax + b)
Equating coefficients of x* gives:

—4=-2a

La=2

Equating constants gives:
5=5b

SLb=1
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4. State the answer. A4 + 4+ 13x+ 5= (-2 +3x+52x+ 1)
=@+ DG -202x+ 1)
SPx) =@+ 1) —2x)2x+ 1)

TI | THINK WRITE CASIO | THINK WRITE

a. 1. On a Calculator page, press : Doe &0 101 a. 1. On the Main screen, select: |
13\/'IEIIIU ];hen select — 4‘3_“2_5’”6) (r-3)- (v=1) (42) ] o Interafctive . EOTae |

: Algebra | * Transformation = =

2: Factor » factor ‘|
Complete the entry line as « factor i
factor Complete the entry line as
(= 2x* = 5x+6) X =2 =5x+6
then press ENTER. [ then select OK.

¢ C—

Mo Swowd el fad

© Edit Action [nteractive
[ [ sme i [

| ractor (x3-2.x2-5-x+8)

a
‘ (x42)- (x=1)(x-3)
o
2 = a
@

2. The answer appears on the X =2x>—5x+6 = (x=3)(x—1D)(x+2) 2. The answer appears on the £ =22 —-5x+6=
screen. screen. x+2)x—Dx-3)

4.3.4 Polynomial equations

If a polynomial is expressed in factorised form, then the polynomial equation can be solved using the Null
Factor Law.

x—a)x—-Dbx—-c)=0
T x—a)=0,x=-b)=0,x—c)=0

SLx=a,x=borx=c

Xx =a, x = b and x = c are called the roots or the solutions to the equation P(x) = 0.
The factor theorem may be required to express the polynomial in factorised form.

WORKED EXAMPLE 10

Solve the equation 3x> + 4x* = 17x + 6.

THINK WRITE
1. Rearrange the equation so one side is zero. 3 +4x2 =17x+ 6

33 4+4x2—17x—-6=0
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2. Since the polynomial does not factorise by
grouping techniques, use the remainder
theorem to find a zero and the factor theorem
to form the corresponding linear factor.

Note: It is simpler to test for integer zeros first.

3. Express the polynomial as a product of the
linear factor and a general quadratic factor.

4. Find and substitute the values of a and c.
5. Calculate b.

6. Completely factorise the polynomial.

7. Solve the equation.

Let P(x) = 3x° + 4x> — 17x — 6.
Test factors of the constant term:
P(1)#0
P(=1)#0
PQ)=3Q2)°+4(2)?*-172)-6
=24+16-34-6
=0
Therefore (x — 2) is a factor.
32 +4x2 —17x— 6= (x—2) (@x®* + bx +¢)

S38 +4x2 —17x—-6 = (x—2) 3x* +bx+3)

Equate the coefficients of x*:

4=b—-6

b=10

3% +4x — 17x — 6 = (x — 2)(3x> + 10x + 3)
=x—-2)GBx+ DH(x+3)

The equation 3x° + 4x> — 17x—6 =0

becomes:

x=2)Bx+DHx+3)=0

x—2=0, 3x1+1 =0,x+3=0

x=2,x=—§,x=—3

TI | THINK

1. On a Calculator page,

press MENU then select 3.0 i
3. Aleeb solve(l'x +4&x -17‘x+o,x)
1 So%\?e ra t--BOrx--—’l-orx-Z

Complete the entry line |
as

solve(3x® + 4x* =
17x + 6,x)

then press ENTER.

1
2. The answer appears on x=-3orx= —z Orx= 2

the screen.

CASIO | THINK WRITE
1. On the Main screen, complete [0 &t scion imarscie
the entry line as i ’—ls’ijL;‘—"l'——’Ul”—Lﬂ;
solve(3x® + 4x? = 17x + 6,x) ™™™ “xl:?’: )x__ ull
then press EXE. M $ ‘
: — 2
Alg Stavdard  Feal Fad (]
1
2. The answer appears on the x=-3orx= -3 orx=2
screen.

study[1))
LUnis 182 > A0S 1 > Topio3 > Concop 2

The remainder and factor theorems Summary screen and practice questions
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Exercise 4.3 The remainder and factor theorems

Technology free

1. a. Without actual division, calculate the remainder when 3x? + 8x — 5 is divided by (x — 1).

b. Without dividing, calculate the remainder when —x® + 7x + 2x — 12 is divided by (x + 1).
2. Find the remainder when P(x) = x* + 4x?> — 3x + 5 is divided by:
a. x+2 b. 2x— 1.
3. I Select the correct statement for the remainder when P(x) is divided by (2x + 9).
A. The remainder is P(9). B. The remainder is P(—9).
C. The remainder is P (—g) . D. The remainder is P <§> .
E. The remainder is P9) .
2x+9
Calculate the remainder without actual division when:
a. x> —4x* — 5x + 3 is divided by (x — 1) b. 6x° 4+ 7x% 4+ x + 2 is divided by (x + 1)
c. =2x3 +2x* —x — 1is divided by (x — 4) d. x> 4+ x> + x — 10 is divided by 2x + 1)
e. 27x3 —9x? — 9x + 2 is divided by (3x — 2) f. 4x* — 5x° 4+ 2x% — 7x + 8 is divided by (x — 2).
a. When ax2 — 4x — 9 is divided by (x — 3), the remainder is 15. Find the value of a.
b. When x* + x? + kx + 5 is divided by (x + 2), the remainder is —5. Find the value of k.
c. If x* — kx? 4+ 4x + 8 leaves a remainder of 29 when it is divided by (x — 3), find the value of k.

6. [l a. Show that (x — 2) is a factor of Q(x) = 4x* + 4x> — 25x*> — x + 6.

10.

11.

b.

e o oo

Determine the polynomial P(x) = 3x> + ax? + bx — 2 which leaves a remainder of —22 when divided
by (x + 1) and is exactly divisible by (x — 1).

When P(x) = x> — 2x* + ax + 7 is divided by (x + 2), the remainder is 11. Find the value of a.

If P(x) = 4 — x> + 5x° — bx"* is exactly divisible by (x — 1), find the value of b.

If 2x* + cx? + 5x + 8 has a remainder of 6 when divided by (2x — 1), find the value of c.

Given that each of x* + 3x?> — 4x + d and x* — 9x> — 7 have the same remainder when divided by

(x + 3), find the value of d.

Given (2x + a) is a factor of 12x> — 4x + a, obtain the value(s) of a.

a.

-~ P 200 ® -0 2000

Calculate the values of a and b for which Q(x) = ax® + 4x? + bx + 1 leaves a remainder of 39 when
divided by (x — 2), given (x + 1) is a factor of Q(x).

Dividing P(x) = %x3 + mx? + nx + 2 by either (x — 3) or (x + 3) results in the same remainder. If that
remainder is three times the remainder left when P(x) is divided by (x — 1), determine the values of m
and n.

Show that x + 4 is a factor of 3x> 4+ 11x% — 6x — 8.

Show that x — 5 is a factor of —x* + 6x% + x — 30.

Show that 2x — 1 is a factor of 6x° 4+ 7x> — 9x + 2.

Show that x — 1 is not a factor of 2x* + 13x* + 5x — 6.

Given x + 3 is a factor of x> — 13x + a, determine the value of a.

Given 2x — 5 is a factor of 4x> + kx> — 9x + 10, determine the value of .

Given (x — 4) is a factor of P(x) = x> — x> — 10x — 8, fully factorise P(x).

Given (x + 12) is a factor of P(x) = 3x® + 40x? + 49x + 12, fully factorise P(x).

Given (5x + 1) is a factor of P(x) = 20x° + 44x? 4+ 23x + 3, fully factorise P(x).

Given (4x — 3) is a factor of P(x) = —16x> + 12x* + 100x — 75, fully factorise P(x).

Given (3x — 5) is a factor of P(x) = 9x® — 75x% 4+ 175x — 125, fully factorise P(x).

Given (8x — 11) and (x — 3) are factors of P(x) = —8x 4+ 59x> — 138x + 99, fully factorise P(x).
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12

13.

14.
15.

16.

. [l a. Factorise P(x) = x> + 3x%> — 13x — 15.

b.

a.
d.
K21 Solve the equation 6x + 13x> =2 — x.
Solve the following equations for x.

a.

- ® 200 0o

Given that (x + 1) and (3x + 2) are factors of P(x) = 12x + 41x? + 43x + 14, completely
factorise P(x).

Factorise the following:

X +5x%+2x—-8 b. x>+ 10x% + 31x + 30 c. 2 =132+ 13x+ 10
—18x° + 92 +23x— 4 e. X —Tx+6 X+ x2 —49x — 49

=h

(x+4)(x=3)(x+5) =0 b. 2= 7Gx +5)x—-9) =0 c x*—13x>+34x+48=0
233 +7x% =9 e. 3°Gx+1)=4Q2x+1) f. 2x*+3x° — 8x* — 12x = 0.
Solve the equation (2x — 1) Bx +4) (x + 1) = O for x.

Solve the equation 2x> — x*> — 6x + 3 = 0 for x.

Solve the equation 8 — (x — 5)° = 0 for x.

Solve the equation —x* + 2x% + 13x + 10 = 0 for x.

Solve the equation x* + 3x* + 2x + 6 = 0 for x.

Solve the equation 6x* — 11x> — 3x 4+ 2 = 0 for x.

Technology active

17. Given the zeros of the polynomial P(x) = 12x° 4+ 8x* — 3x — 2 are not integers, use the rational root
theorem to calculate one zero and hence find the three linear factors of the polynomial.

18.

19.

20.

21.

22.

a.

A monic polynomial of degree 3 in x has zeros of 5, 9 and —2. Express this polynomial in:
i. factorised form
ii. expanded form.

A polynomial of degree 3 has a leading term with coefficient —2 and zeros of —4, —1 and % Express
this polynomial in:

i. factorised form

ii. expanded form.
The polynomial 24x> + 34x? + x — 5 has three zeros, none of which are integers. Calculate the three
zeros and express the polynomial as the product of its three linear factors.

5
The polynomial P(x) = 8x* + mx? + 13x + 5 has a zero of 3

i. State a linear factor of the polynomial.
ii. Fully factorise the polynomial.
iii. Calculate the value of m.

i. Factorise the polynomials P(x) = x> — 12x? 4+ 48x — 64 and Q(x) = x> — 64.
12
ii. Hence, show that @ =1- —x.
0(x) X2 +4x+16

A cubic polynomial P(x) = x> 4+ bx? + cx + d has integer coefficients and P(0) = 9. Two of its linear

factors are (x — \/3_ ) and (x + \/3_ ). Calculate the third linear factor and obtain the values of b, ¢
and d.
Show that (x — 2) is a factor of P(x) = x> 4+ 6x*> — 7x — 18 and hence fully factorise P(x) over R.

b. Show that (3x — 1) is the only real linear factor of 3x* 4+ 5x* 4+ 10x — 4.
c. Show that (2x* — 11x + 5) is a factor of 2x> — 21x% + 60x — 25 and hence calculate the roots of the

equation 2x* — 21x% + 60x — 25 = 0.
If (x> — 4) divides P(x) = 5x> + kx> — 20x — 36 exactly, fully factorise P(x) and hence obtain the value
of k.

b. If x = a is a solution to the equation ax? — 5ax + 4(2a — 1) = 0, find possible values for a.
c. The polynomials P(x) = x> + ax* + bx — 3 and Q(x) = x* + bx? + 3ax — 9 have a common factor of

(x + a). Calculate a and b and fully factorise each polynomial.
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d. (x + a)? is a repeated linear factor of the polynomial P(x) = x> + px? 4+ 15x + a*. Show there are two
possible polynomials satisfying this information and, for each, calculate the values of x which give
the roots of the equation x> + px? + 15x + a*> = 0.

23. Specify the remainder when (9 + 19x — 2x*> — 7x?) is divided by (x — \/5 +1).
24. Solve the equation 10x* — 5x> + 21x 4 12 = 0 expressing the values of x to 4 decimal places.

4.4 Graphs of cubic polynomials

The graph of the general cubic polynomial has an equation of the form y = ax® + bx*> + cx + d, where a, b,
c and d are real constants and a # 0. Since a cubic polynomial may have up to three linear factors, its graph
may have up to three x-intercepts. The shape of its graph is affected by the number of x-intercepts.

4.4.1 The graph of y = x® and transformations

The graph of the simplest cubic polynomial has the equation y = x>. A y=x
The ‘maxi—min’ point at the origin is sometimes referred to as a
‘saddle point’. Formally, itis called a stationary point of inflection
(or inflexion as a variation of spelling). It is a key feature of this
cubic graph.
Key features of the graph of y = x°:
* (0,0) is a stationary point of inflection.
* The shape of the graph changes from concave down to
concave up at the stationary point of inflection. \
* There is only one x-intercept.
* As the values of x become very large positive, the behaviour of the graph shows its y-values become
increasingly large positive also. This means that as x — o0, y — oo. This is read as ‘as x approaches

0,0

A

(e}
Y

infinity, y approaches infinity’.
* As the values of x become very large negative, the behaviour of the graph shows its y-values become
increasingly large negative. This means that as x - —o0, y — —o0.
* The graph starts from below the x-axis and increases as x increases.
Once the basic shape is known, the graph can be dilated, reflected and translated in much the same

way as the parabola y = x.

Dilation YA .
The graph of y = 4x* will be narrower than the graph of ret
y = x> due to the dilation factor of 4 from the x-axis. Simi- y=4dx}= v _%AJ

1 )
larly, the graph of y = Zx3 will be wider than the graph of

1
y = x* due to the dilation factor of 7 from the x-axis.
< X
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Reflection

The graph of y = —x is the reflection of the graph of y = x* in the YA
X-axis. 5
For the graph of y = —x> note that: re
°* asx — o0,y > —oo and as x - —o0, y > © B (0, 0) -
* the graph starts from above the x-axis and decreases as x increases 0 "X
 at (0,0), the stationary point of inflection, the graph changes from
concave up to concave down.
Y
Translation
The graph of y = x> + 4 is obtained when the graph of y = x> is trans- N
lated vertically upwards by 4 units. The stationary point of inflection 8
is at the point (0, 4). y=(x+4) y=x3+4
The graph of y = (x + 4)* is obtained when the graph of y = x>
is translated horizontally 4 units to the left. The stationary point of
inflection is at the point (—4, 0). 0,4)
The transformations from the basic parabola y = x? are recognisable
from the equation y = a(x — h)* + k, and the equation of the graph of
y = x> can be transformed to a similar form. <9 0 >
Y

The key features of the graph of y = a(x — h)® + k are:

* stationary point of inflection at (&, k)

» change of concavity at the stationary point of inflection

e if a > 0, the graph starts below the x-axis and increases, like y = x

* if a > 0, the graph starts above the x-axis and decreases, like
y=-x

« the one x-intercept is found by solving a(x — h)* + k = 0

e the y-intercept is found by substituting x = 0.

WORKED EXAMPLE 11

3

Sketch:
ay=@+17>+8 b.y=6—%(x—2)3
THINK WRITE
a. 1. State the point of inflection. ay=x+17>+8
Point of inflection is (—1, 8).
2. Calculate the y-intercept. y-intercept: let x = 0
y=(1+8
=9
= (0,9)
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3. Calculate the x-intercept.

4. Sketch the graph. Label the key points and
ensure the graph changes concavity at the
point of inflection.

b. 1. Rearrange the equation to the y = a(x— h)’ +k b.

form and state the point of inflection.

2. Calculate the y-intercept.

3. Calculate the x-intercept.
Note: A decimal approximation helps locate
the point.

x-intercept: lety = 0
x+17°+8=0
(x+1)7°=-8
Take the cube root of both sides:
x+ 1= \%/K
x+1=-2
x=-3
= (-3,0)
The coefficient of x is positive so the graph
starts below the x-axis and increases.

A fy=a+13+8

1.8 £0.9

(-3.0)
< / -
Y

1
y=6—§()c—2)3

<Y

1
=—5x=-2'+6
Point of inflection: (2, 6)
y-intercept: let x = 0
1
=——(=2°+6
y 5 )
=10
= (0,10)
x-intercept: let y = 0
1
—Eu—2P+6=o
1
5@—2?:6
x-2P=12
x—2=+v12
x=2+1+/12
= 2+ V/12,0) ~ (4.3,0)
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4. Sketch the graph showing all key features. a < 0 so the graph starts above the x-axis
and decreases.

y= 6—%(}6 =F

(0, 10)
(2, 6)

2 +V12, 0)

RS

Cubic graphs with one x-intercept but no stationary point of inflection

There are cubic graphs which have one YA
x-intercept but no stationary point of inflection.
The equations of such cubic graphs cannot be y=(@x—-4)(x*+x+3)
expressed in the form y = a(x — h)® + k. Their  *~ (D +x+3)
equations can be expressed as the product of

a linear factor and a quadratic factor which is (-1,0) / 0, 3)
irreducible, meaning the quadratic has no real < 0

>

4,00 x

factors.

Technology is often required to sketch such
graphs. Two examples, y = (x+1)(x’+x+3) and (0,-12)
y = (x—4)(x*+x+3), are shown in the diagram.
Each has a linear factor and the discriminant of
the quadratic factor x> + x + 3 is negative; this !
means it cannot be further factorised over R.

Both graphs maintain the long-term behaviour exhibited by all cubics with a positive leading-term
coefficient; that is, as x — oo, y » oo and as x - —o0, y > —00.

Every cubic polynomial must have at least one linear factor in order to maintain this long-term behaviour.

/

| Resources

Interactivity: Cubic polynomials (int-2566)

4.4.2 Cubic graphs with three x-intercepts

For the graph of a cubic polynomial to have three y=x-a)(x-b)(x—c)
x-intercepts, the polynomial must have three distinct

linear factors. This is the case when the cubic poly- /\

nomial expressed as the product of a linear factor and =< / ~___ " >

a quadratic factor is such that the quadratic factor has
two distinct linear factors.

This means that the graph of a monic cubic with an equation of the form y = (x — a)(x — b)(x — ¢) where
a,b,c € R and a < b < ¢ will have the shape of the graph shown.
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If the graph is reflected in the x-axis, its equation is
of the form y = —(x — a)(x — b)(x — ¢) and the shape
of its graph satisfies the long-term behaviour that as
X — +00,y — Foo.

It is important to note the graph is not a quadratic
so the maximum and minimum turning points do not
lie halfway between the x-intercepts. In a later chapter

y=-@&-a)(x-b)(x-c)

o N\
L

A

LY

we will learn how to locate these points without using technology.
To sketch the graph, it is usually sufficient to identify the x- and y-intercepts and to ensure the shape of the
graph satisfies the long-term behaviour requirement determined by the sign of the leading term.

WORKED EXAMPLE 12

Sketch the following without attempting to locate turning points.

a y=x-Dx—-3)(x+5)

THINK

a. 1. Calculate the x-intercepts. a.

2. Calculate the y-intercept.

3. Determine the shape of the graph.

4. Sketch the graph.

b. 1. Calculate the x-intercepts.

b. y=x+1)2x —5)(6 —x)

WRITE

y=@x—Dx=-3)x+5)
x-intercepts: let y = 0
x—Dx-=3)x+5 =0
x=1,x=3,x=-5
= (=5,0), (1,0), (3, 0) are the x-intercepts.
y-intercept: let x = 0
y=(=D(=3)(5)

=15
= (0, 15) is the y-intercept.
Multiplying together the terms in x from each
bracket gives x*, so its coefficient is positive.The
shape is of a positive cubic.

y=x-1Dx-3)x+5)

5,0

y=x+1)2x—-5)(6—x)

x-intercepts: lety = 0
x+D2x—=5)6—-x)=0
x+1=0, 2x-5=0,

x=-1, x=2.5,

= (—1,0),(2.5,0), (6,0) are the x-intercepts.

6—x=
X

0
6
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2. Calculate the y-intercept. y-intercept: let x = 0

y = (1)(=5)(6)
=-30

= (0,—-30) is the y-intercept.

3. Determine the shape of the graph.

Multiplying the terms in x from each bracket

gives (x) X (2x) X (—x) = —2x> so the shape is of a

negative cubic.

4. Sketch the graph.

y=x+1)(2x-5) (6-x)

4.4.3 Cubic graphs with two x-intercepts

If a cubic has two x-intercepts, one at x = @ and one at
x = b, then in order to satisfy the long-term behaviour
required of any cubic, the graph either touches the x-axis
at x=a and turns, or it touches the x-axis at x=»5 and
turns. One of the x-intercepts must be a turning point.
Thinking of the cubic polynomial as the product of a
linear and a quadratic factor, for its graph to have two
instead of three x-intercepts, the quadratic factor must
have two identical factors. Either the factors of the cubic
are (x — a)(x — a)(x — b) = (x — a)*(x — b) or the factors
are (x — a)(x — b)(x — b) = (x — a)(x — b)*. The repeated

A

y = (x—a)*(x-b)

/N

y=(x—a)(x-b)?

“TN_"

<Y

factor identifies the x-intercept which is the turning point. The repeated factor is said to be of multiplicity 2

and the single factor of multiplicity 1.

The graph of a cubic polynomial with equation of the form y = (x — a)*(x — b) has a turning point on the
x-axis at (a, 0) and a second x-intercept at (b, 0). The graph is said to touch the x-axis at x = a and cut it at

x=b.

Although the turning point on the x-axis must be identified when sketching the graph, there will be a second
turning point that cannot yet be located without technology.
Note that a cubic graph whose equation has a repeated factor of multiplicity 3, such as y = (x — h)*, would
have only one x-intercept as this is a special case of y = a(x — h)* + k with k = 0. The graph would cut the

X-axis at its stationary point of inflection (%, 0).
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WORKED EXAMPLE 13

Sketch the graphs of:
a.y= %(x —2)%(x + 5)

THINK

a. 1. Calculate the x-intercepts and interpret
the multiplicity of each factor.

2. Calculate the y-intercept.

3. Sketch the graph.

b. 1. Calculate the x-intercepts and interpret
the multiplicity of each factor.

2. Calculate the y-intercept.

b.y = =2(x + 1)(x + 4)*

WRITE

a.

b.

y= 7G-27G+9)

x-intercepts: let y = 0

%(x -2)*(x+5)=0

.. x = 2 (touch), x = =5 (cut)

x-intercept at (=5, 0) and turning-point x-intercept
at (2,0)

y-intercept: let x = 0

— 1 —7)2
y=7(=2y°6)
=5
= (0,5)

y=i(x—2)2<x+5)

X

y= =20+ D(x+4)
x-intercepts: let y = 0
—2(x+ DEx+47°>=0
@+ DE+47=0

.. x = —1 (cut), x = —4 (touch)
x-intercept at (—1, 0) and turning-point x-intercept
at (—4,0)
y-intercept: let x = 0
y=-2(1)4)

=-32
y-intercept at (0, —32)
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3. Sketch the graph.

y=-20x+ 1) (x+4)

4.4.4 Cubic graphs in the general form y = ax® + bx?> + cx + d

If the cubic polynomial with equation y = ax® + bx? + cx +d can be factorised, then the shape of its graph and
its key features can be determined. Standard factorisation techniques such as grouping terms together may be
sufficient, or the factor theorem may be required in order to obtain the factors.

The sign of a, the coefficient of x>, determines the long-term behaviour the graph exhibits. For a > 0 as
X — +00,y = too;fora<0asx - +o0,y = Foo.

The value of d determines the y-intercept.

The factors determine the x-intercepts and the multiplicity of each factor will determine how the graph
intersects the x-axis.

Every cubic graph must have at least one x-intercept and hence the polynomial must have at least one linear
factor. Considering a cubic as the product of a linear and a quadratic factor, it is the quadratic factor which
determines whether there is more than one x-intercept.

Graphs which have only one x-intercept may be of the form y = a(x — h)? + k where the stationary point of
inflection is a major feature. Recognition of this equation from its expanded form would require the expansion
of a perfect cube to be recognised, since a(x* — 3x*h + 3xh? — h*) + k = a(x — h)? + k. However, as previously
noted, not all graphs with only one x-intercept have a stationary point of inflection.

WORKED EXAMPLE 14

Sketch the graph of y = x* — 3x — 2, without attempting to obtain any turning points that do not
lie on the coordinate axes.

THINK WRITE

1. Obtain the y-intercept first since it is simplerto ~ y = x* — 3x — 2
obtain from the expanded form. y-intercept: (0, —2)
2. Factorisation will be needed in order to obtain ~ x-intercepts: let y = 0
the x-intercepts. ¥ =3x-2=0
3. The polynomial does not factorise by grouping  Let P(x) = x° — 3x — 2
so the factor theorem needs to be used. P(1) #0
P-1)=-14+3-2=0
s (x+ 1) is a factor
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4. What is the nature of these x-intercepts?

X =3x-2=(x+DO*+bx-2)

=+ D> -x-2)

=x+Dx-2)x+1)

=(x+1)>x=2)

Lx3=-3x-2=0
= @+ 1)?’x-2)=0
Sx=—=1,x=2

y =P =@+1)>(x-2)

x = —1 (touch) and x = 2 (cut)

Turning point at (—1, 0)

5. Sketch the graph. YA y=x-3x-2
(1,0 2, 0) ~
< 0 >

(07 _2)
Y
TI| THINK WRITE CASIO | THINK WRITE

1. On a Graphs page, complete
the entry line for function 1
asfl(x) =x° =3x =2
then press ENTER.

2. To find the x-intercepts,
press MENU then select
6: Analyze Graph
1: Zero
Move the cursor to the left of
the x-intercept when prompted
for the lower bound and press
ENTER. Move the cursor to
the right of the x-intercept
when prompted for the upper
bound and press ENTER.
Repeat this process to find the
other x-intercept.

B n‘x)-x"’-l-x-J

|

=6.67

(-1,0)

= oag

0.5
5
11 (x)=x® -2 x-

0.5 7
£ (x)=x-2 x-2

1. On a Graph & Table screen,
complete the entry line for y1 as
yl = ¥ =3x=2
Then press EXE.

Tap the graph icon to draw the
graphs.

2. To find the x-intercepts, select:
* Analysis
* G-Solve
* Root
With the cursor on the first
x-intercept, press EXE. Use the
left or right arrow to move the
cursor to the other x-intercept
and press EXE.

O Flie Edit Type «
38 ) G 0
Sheet! Shost2 Shoet3 Shantd Sheetd
My1=3-g0-2 —a
ya:0 U
va:l
¥5:0
it

v1:0 [+

© tdit Zoom Amlysls o [
S 0 E R EY EI RS O
[Shmoty [Sheet2 [Shouta [Shautd [Shests

| Bv1=\3_aix2 E

Iyt

L

|[EZH

TOPIC 4 Cubic polynomials 209



3. To find the y-intercept, 3. To find the y-intercept, select: © cait Zoom sl o =
press MENU then select * Analysis 1| WA
5: Trace * Trace
1: Graph Trace Type “0”, select OK then press

Type O then press ENTER (1,00 (2:0) 5 EXE.

. = s 7
twice. (§.-2 f1(g)ax 30 x-2 |

study[1])

Unis 182 7051 > Topiod > Goncert 3

Graphs of cubic polynomials Summary screen and practice questions

Exercise 4.4 Graphs of cubic polynomials

Technology free

1. State the coordinates of the point of inflection for each of the following.

a y=@x-7)7° b. y=x>-7 c. y=-7x
1 1

d y=2-@x-2)° e.y=6(x+5)3—8 f.y=—§(2x—l)3+5

2. a. Sketch and clearly label the graphs of y = x>,y = 3x%,y = x> + 3 and y = (x + 3)® on the one set of
axes.
b. Sketch and clearly label the graphs of y = —x3,y = —=3x>,y = —x> + 3 and y = —(x 4 3)° on the one
set of axes.
3. [[IZE Sketch the graphs of these polynomials.
1

a y=@x-17>-8 b.)i:l—%(x+6)3
4. a. Sketch the graph y = —x* + 1. Include all important features.

b. Sketch the graph y = 2(3x — 2)*. Include all important features.

c. Sketch the graph y = 2(x + 3)* — 16. Include all important features.

d. Sketch the graph of y = (3 — x)* + 1. Include all important features.
5. Sketch the graphs of the following, identifying all key points.

=(x+4)7° - b. y=2x—1)7>+10 c. y=27+2(x-3)
3 3

d y=16-2(x+2) e. y=—2Gr+4y . y=9+%

6. State the coordinates of the point of inflection and sketch the graph of the following.
3

a.y=(§—3> b. y=2x>-2

7. EIZH Sketch the following, without attempting to locate turning points.
=+ Dx+6)(x—4) b. y=x—-42x+ 1)(6—x)
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8. Sketch the graphs of the following, without attempting to locate any turning points that do not lie on the
coordinate axes.

a y=x-2)x+1x+4) b. y=—-0.5x(x+ 8)(x = 5)
c. y=x+3)x-1H4d-x) d y= %(2—x)(6—x)(4+x)

X 3x 5
e y=0.1(2x = T)(x — 10)dx + 1) f, y=2<§— 1) <T+2> <x—§>

9. Sketch y = 3x(x? — 4).
10. [[IZE Sketch the graphs of these polynomials.
1
a. y= §(x —-3)%(x + 6) b. y=—-2(x— 1)(x +2)*

11. Sketch the graphs of the following, without attempting to locate any turning points that do not lie on the
coordinate axes.
a. y=—-(x+4)>*x-2) b. y=2(x+3)(x — 3) c. y=(x+37’@-x

1
d y= Z(2 —x)*(x — 12) e. y=23x(2x+3)? f. y=—0.25x*(2 — 5x)

12. Sketch the graphs of the following, showing any intercepts with the coordinate axes and any stationary
point of inflection that do not lie on the coordinate axes.

a. y=(x+3) b. y=(x+3>Q2x—1) c. y=(x+3)2x— DG —-x)
1
d 2(y—1)=(1-2x)° e. 4y = x(4x — 1)° f.y= —5(2—3x)(3x+2)(3x—2)
13. Factorise, if possible, and then sketch the graphs of the cubic polynomials with equations given by:
a. y=9x —2x° b. y=9x —4x c. y=9x2 -3 +x-3
d. y=9x(x>+4x+3) e. y=9x3+27x2 +27x+9 f. y==9x—9x>+9x+9

14. [F2W Sketch the graph of y = x> — 3x> — 10x + 24 without attempting to obtain any turning points that
do not lie on the coordinate axes.
15. a. Determine the x- and y-intercepts of the cubic graph y = —x* — 3x? + 16x + 48.
Hence, sketch the graph.
b. Factorise 2x* + x> — 13x + 6 and sketch the graph of y = 2x* 4+ x> — 13x + 6, showing all intercepts
with the coordinate axes.
c. Determine the x- and y-intercepts of the cubic graph y = x* 4+ 5x*> — x — 5.
Hence, sketch the graph.
d. Factorise —x® — 5x> — 3x 4+ 9 and sketch the graph of y = —x®> — 5x> — 3x + 9, showing all intercepts
with the coordinate axes.

Technology active

16. Sketch, without attempting to locate any turning points that do not lie on the coordinate axes.
a. y=2-32-17x-12 b. y=6—55x+ 57x* — 8x3 c. y=x—17x+4

1
d. y=06x>—13x> —59x — 18 e. y=-5x>—7x>+ 10x + 14 f. y=—§x3+14x—24

17. a. Sketch the graph of y = —x? + 3x% + 10x — 30 without attempting to obtain any turning points that do
not lie on the coordinate axes.
b. Determine the coordinates of the stationary point of inflection of the graph with equation
y = x* + 3x? 4+ 3x + 2 and sketch the graph.
18. Sketch y = 0.1x(10 — x)? and hence shade the region for which y < 0.1x(10 — x)*.
19. Consider P(x) = 30x> + kx> + 1.
a. Given (3x — 1) is a factor, find the value of k.
b. Hence express P(x) as the product of its linear factors.
c. State the values of x for which P(x) = 0.
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d. Sketch the graph of y = P(x).
e. Does the point (—1, —40) lie on the graph of y = P(x)? Justify your answer.
f. On your graph shade the region for which y > P(x).

1
20. a. Express —§x3 + 6x% — 24x + 38 in the form a(x — b)* + c.

1
b. Hence sketch the graph of y = —§x3 + 6x% — 24x + 38.

21. Consider y = x* — 5x> + 11x — 7.

a. Show that the graph of y = x> — 5x + 11x — 7 has only one x-intercept.

b. Show that y = x* — 5x*> 4+ 11x — 7 cannot be expressed in the form y = a(x — b)® + c.

c. Describe the behaviour of the graph as x — 0.

d. Given the graph of y = x* — 5x* + 11x — 7 has no turning points, draw a sketch of the graph.
22. a. Sketch, locating turning points, the graph of y = x> + 4x> — 44x — 96.

b. Show that the turning points are not placed symmetrically in the interval between the adjoining

X-intercepts.
23. Sketch, locating intercepts with the coordinate axes and any turning points. Express values to 1 decimal
place where appropriate.
a. y=10x—=20x> = 10x =19  b. y=—x>+5x> = 11x+7 c. y=9x> —70x% 4+ 25x + 500

4.5 Equations of cubic polynomials

The equation y = ax® + bx? + cx + d contains four unknown coefficients that need to be specified, so four
pieces of information are required to determine the equation of a cubic graph. Depending on the information
given, one form of the cubic equation may be preferable over another.

As a guide:
« If there is a stationary point of inflection given, use the y = a(x — h)* + k form.
« If the x-intercepts are given, use the y = a (x —x;) (x — x,) (x — x3) form, or
the repeated factor formy = a (x - x1)2 (x — xz) if there is a turning point at
one of the x-intercepts.
« If four points on the graph are given, use the y = ax® + bx? + cx + d form.

WORKED EXAMPLE 15

Determine the equation for each of the following graphs.
a. The graph of a cubic polynomial which has a stationary point of inflection at the point (—7,4)
and an x-intercept at (1,0).

(3, 36)

(-3,0) 0,0)/(2,0)
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THINK

a. 1.

b. 1.

Consider the given information and choose the
form of the equation to be used.

. Calculate the value of a.

Note: The coordinates of the given points show
the y-values decrease as the x-values increase,
so a negative value for a is expected.

. Write the equation of the graph.

Consider the given information and choose the
form of the equation to be used.

. Calculate the value of a.

. Write the equation of the graph.

. Consider the given information and choose the

form of the equation to be used.

. Calculate the value of a.

. Write the equation of the graph.

WRITE

a. Stationary point of inflection is given.

Lety = alx—h)* +k

Point of inflection is (=7, 4).

Sy= ax+17)° + 4

Substitute the given x-intercept point (1,0).
0=a(8)’+3

(8 a=-4
=4
T $x 064
1
128
The equation is y = —L x+7)7° +4.

128

. Two x-intercepts are given.

One shows a turning point at x = 4 and the
other a cut at x = —1.

Let the equation be y = a(x + 1)(x — 4)°.
Substitute the given y-intercept point (0, —5).
=5 = a(1)(=4)?

—5 = a(16)
s
=716

5
The equation is y = —E(x + D)(x — 4)°.

. Three x-intercepts are given.

Let the equation be
y=ax+3)x—-0)(x—-2)
SLy=ax(x+3)(x—2)
Substitute the given point (3, 36).
36 = a3)(6)(1)
36 = 18a
a=?2
The equation is y = 2x(x + 3)(x — 2).

.1 Resources

Interactivity: x-intercepts of cubic graphs (int-2567)

4.5.1 Cubic inequations

The sign diagram for a cubic polynomial can be deduced from the shape of its graph and its x-intercepts.
The values of the zeros of the polynomial are those of the x-intercepts. For a cubic polynomial with a positive
coefficient of x*, the sign diagram starts from below the x-axis. For the following examples, assume a < b < c.
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One zero (x — a)® or (x — a) X irreducible quadratic factor

*

LY

Two zeros (x — a)*(x — b)

a

+
>
SEDZ0 NI e

Three zeros (x — a)(x — b)(x — ¢)

+ >
= a b c X

At a zero of multiplicity 2, the sign diagram touches the x-axis. For a zero of odd multiplicity, either
multiplicity 1 or multiplicity 3, the sign diagram cuts the x-axis. This ‘cut and touch’ nature applies if the
coefficient of x* is negative; however, the sign diagram would start from above the x-axis in that case.

To solve a cubic inequation:

* Rearrange the terms in the inequation, if necessary, so that one side of the inequation is 0.
* Factorise the cubic expression and calculate its zeros.

e Draw the sign diagram, or the graph, of the cubic.

* Read from the sign diagram the set of values of x which satisfy the inequation.

An exception applies to inequations of forms such as a(x — h)* + k > 0. These inequations are solved in a
similar way to solving linear inequations without the need for a sign diagram or a graph. Note the similarity
between the sign diagram of the cubic polynomial with one zero and the sign diagram of a linear polynomial.

WORKED EXAMPLE 16

Solve the inequations.

a@+2)x—Dx-5>0 b. {x:4x* < x*} c.(x=2>°-1>0
THINK WRITE
a. 1. Read the zeros from each factor. a. (x+2)x—1Dx—=5>0
Zeros:x=-2, x=1, x=5
2. Consider the leading-term coefficient to draw the +
sign diagram. This is a positive cubic. =T 2 1 5 X
3. State the intervals in which the required solutions lie. @ -2 <x <1 or x> 5
4. Alternatively, the solution could be obtained from YA
the graph of the cubic.

(2,00 I\(1.0) (5,0)

0 X
Y
b. 1. Rearrange so one side is 0. b. 4x? < x°
4 - x* <0
L x2(4-x<0
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2. Factorise to calculate the zeros.

3. Consider the leading-term coefficient to draw the
sign diagram. 4x> — x> is a negative cubic.

4. State the answer from the sign diagram, using set
notation, since the question is in set notation.

5. Alternatively, use a graph to obtain the solution.

c. 1. Solve for x.

2. The solution could be checked on a graph.

Let x’(4 —x) =0

=0 or 4—-x=0

x=0 or x=4

Zeros: x = 0 (multiplicity 2), x = 4
J—r; 0 4; X
{x:x>4}u {0}

YA

0,0
(4.0

Y
c. @x=2°-1>0

x=2P>1

x-2)> V1

x—2>1
x> 3

TI | THINK

a. 1. On a Calculator page, )
press MENU then select | joa((es3): (c-1)- (=5)50,4)
3: Algebra -2<x<lorx>5
1: Solve
Complete the entry line
as slove
(x+2)x—Dx=5) >
0,x)
then press ENTER.

2. The answer appears on —-2<x<lorx>S5.
the screen.

CASIO | THINK WRITE

a. 1. On the Main screen, complete the [o it aion imsrsctive
. A T FLON B ENOR 9
entry line as slove ‘_'1'.1... U‘G]E'{[—,’IJ .]ﬂ
_!e(\'e((xbl)(x-l)(x-G))D.x)

((x+2)x—1Dx=5)>0,x%) | t-2¢x<1,5¢x1 [
then press EXE. 8

Alg Standurd Feal  Fad &

2. The answer appears on the screen. —2 < x < lorx > 5.
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%1 Resources

Interactivity: Cubic inequations (int-2568)

4.5.2 Intersections of cubic graphs with linear and quadratic graphs

If P(x) is a cubic polynomial and Q(x) is either a linear or a quadratic polynomial, then the intersection of
the graphs of y = P(x) and y = Q(x) occurs when P(x) = Q(x). Hence the x-coordinates of the points of
intersection are the roots of the equation P(x) — Q(x) = 0. This is a cubic equation since P(x) — Q(x) is a

polynomial of degree 3.

WORKED EXAMPLE 17

Sketch the graphs of y = x(x — 1)(x + 1) and y = x and calculate the coordinates of the points of

intersection. Hence state the values of x for which x > x(x — 1)(x + 1).

THINK
1. Sketch the graphs.

2. Calculate the coordinates of the points of
intersections.

WRITE
y=x(x—Dx+1)
This is a positive cubic.
x-intercepts: let y =0
xx—Dx+1)=0
x=0,x==+1
(—1,0),(0,0),(1,0) are the three x-intercepts.
y-intercept is (0,0).
Line: y = x passes through (0, 0) and (1, 1).

Y= =D+ 1)) rer

<

At intersection:
xx—=Dx+1)=x
2 =-1)=-x=0

B-2x=0
x(x*-2)=0
x=0,x*=2

x=0,x=i\/§

Substituting these x-values in the equation of the
line y = x, the points of intersection are

©0,0),(V2,v2),(=V2,-V2).
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3. Shade the regions of the graph where

x> x(x— D+ 1).

< X
4. Use the diagram to state the intervals for x> x(x — 1)(x + 1)
which the given inequation holds. for{x: x < —\/5 Ju{x0<x< \/5 }
TI | THINK WRITE CASIO | THINK WRITE

1. On a Graphs page, complete
the entry line for function 1 as
A@W =x-&x-1D-&+1)
and the entry line for function
2 as
f2(x) =x
then press ENTER.

Note: make sure to use the
multiplication operator
between x and the brackets in
function 1.

2. To find the x-intercepts, press
MENU then select
6: Analyze Graphl: Zero
Click on the blue graph. Move
the cursor to the left of the
x-intercept when prompted for
the lower bound and press
ENTER. Move the cursor to
the right of the x-intercept
when prompted for the upper
bound and press ENTER.
Repeat this process to find the
other x-intercepts.

3. To find the points of
intersection, press MENU
then select
6: Analyze Graph
4: Intersection
Move the cursor to the left of
the point of intersection when
prompted for the lower bound
and press ENTER. Move the
cursor to the right of the point
of intersection when prompted

B n16)=x (1) (o)

iil

/le\)-\
7
5 / X

)= (e=1)- (e+1) i

120} =x

4 o %
/ 10 be-1)- Ges1)

=
L~ 12()wx

(-1,0) 9__\3.0:6")/ 0]l
3 g N 3
/ l’l(\‘)a\‘- {x- l)- (\‘+1)
(-1.41421,71.41421)

e

1. On a Graph & Table screen,
complete the entry line for y1 as
yl=x-(x—1)-(x+1)

Then press EXE.

Complete the entry line for

y2 as

2 =x

Then press EXE.

Tap the graph icon to draw the
graphs.

Note: make sure to use the
multiplication operator between x
and the brackets in yl1.

2. To find the x-intercepts, select:

* Analysis

* G-Solve

* Root

Press EXE to select the first curve.
With the cursor on the first
x-intercept, press EXE. Use the
left or right arrow to move the
cursor to the other x-intercept and
press EXE.

3. To find the points of intersection,
select:
* Analysis
* G-Solve
* Intersection
With the cursor on the first point of
intersection, press EXE. Use the
left or right arrow to move the
cursor to the other points of
intersection and press EXE.

© Edit Zoom Amlysis e

‘M\h (x=1)+(x41) — 0
‘E\ 2y —'J
3 U
| y5:E
[(v6:0
Oyl v
v
[
E]
=
-
- —al v
LIE
Red  Raal

‘M\V 2 (x=1)+(x#1)
| W y2=x

[Paut Shost2 chonts Shautd Sats

Red  Rusl

© Edit Zoom Amlysls e

EEE

2 (x=1)+(x+1)

B ES L"~LJ' !

\smn Shoet? Shout3 [Shautd [Sheets

—Ba

i

(SN ERRY

LAz

for the upper bound and press L - "f;
ENTER.
Repeat this process to find the
other points of intersection.
>
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4. On the Calculator page, press
MENU then select
3: Algebra
1: Solve
Complete the entry line as
solve(y=x-(x—1)-(x+1)
and y = x, {x.y})
then press ENTER to find the
exact points of intersection.
Note: make sure to use the
multiplication operator
between x and the brackets.

5. Answer the question.

EE

solve(y“-r (x=1)- (+1) and }"I»{Xd’})

x--ﬁmd;--ﬁorx-()andy—borx-fz-' \

List the x-values for which the
red line of y = x is above the
blue curve of
y=x(x—Dx+1):

{x:x<—\/§}u
{x:0<x<\/5}

4. On the Main screen,
complete the entry
line as
solve({y=xX(x—1) X
(x+ 1Dy =x}, {x,y})
then press EXE to find
the exact points of
intersection.
Note: make sure to use
the multiplication
operator between x and
the brackets.

5. Answer the question.

S (B T

solve( {ymox(x=1)x(x+1) , |1

{(x=0,y=0}, {x==VZ,y=Z}»
0

Mg Stehd el fad

g

List the x-values for which the
red line of y = x is above the
blue curve of
y=x(x—1D(x+1):

{xx < —\/E}U
{x:0<x<\/5}

study[1])

Equations of cubic polynomials Summary screen and practice questions

Exercise 4.5 Equations of cubic polynomials

Technology free

1. [EZH Determine the equation of each of the following graphs.
a. The graph of a cubic polynomial which has a stationary point of inflection at the point (3, —7) and an
x-intercept at (10, 0).

b.

218 Jacaranda Maths Quest 11 Mathematical Methods VCE Units 1 & 2 Second Edition




2. a. The graph of a cubic polynomial of the form y = a(x—h)® +k Y,
has a stationary point of inflection at (3, 9)and passes through
the origin. Form the equation of the graph.

b. The graph of the form y = a(x — h)* + k has a stationary point
of inflection at (-2, 2) and a y-intercept at (0, 10). Determine
the equation.

c. The graph of the form y = a(x — k)’ + k has a stationary
point of inflection at (0, 4) and passes through the x-axis at

< \75 , 0>. Determine the equation.

d. The graph of y = x? is translated 5 units to the left and 4 units
upwards. State its equation after these translations take place.
e. After the graph y = x* has been reflected about the x-axis, 0 3
translated 2 units to the right and translated downwards —14 G.-1)
1 unit, what would its equation become?

26

A

f. The graph shown has a stationary point of inflection at
(3, —1). Determine its equation. Y

3. a. Form the equation of the graph shown.

YA
12/\
R T TP E
Y
b. Form the equation of the graph shown.
YA

c. Find the equation that represents the graph shown in the diagram.
YA

A

|
[\®)
(e
)
w
<Y

-12
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d. Determine the equation of the cubic graph shown and express the equation in polynomial form.

e. Form the equation of the cubic graph which touches the x-axis at the origin, cuts the x-axis at (2,0)
and passes through the point (-1, 12).

1
f. A cubic graph has x-intercepts at (-5, 0), <§, 0) and (8, 0). The graph crosses the y-axis at y = 10.

Determine the equation of the graph.
4. Determine the equation for each of the following graphs of cubic polynomials.
b. YA

(2,24)
(3.0

A

<Y

01(0, 0)

(1, -3) stationary
point of inflection

(1,00 (5,0

0,0

< 0 / ;)C

(0, =20)

5. a. Give the equation of the graph which has the same shape as y = —2x> and a point of inflection at

(—=6,-17).

b. Calculate the y-intercept of the graph which is created by translating the graph of y = x> two units to
the right and four units down.

c. A cubic graph has a stationary point of inflection at (=5, 2) and a y-intercept of (0, —23). Calculate its
exact x-intercept.

d. A curve has the equation y = ax® + b and contains the points (1, 3) and (=2, 39). Calculate the
coordinates of its stationary point of inflection.
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6.

7.

8.

10.

11.

12.

13.

The equation of the graph shown is y = (5x+2) (3x — 1) (1 + 8x).

a. Use the graph to solve the inequation
Gx+2)Bx—1)(1+8x) >0.

b. Draw the sign diagram of the graph.

c. Use the sign diagram to solve the inequation
Gx+2)Bx—1)(1+8x) <0.

K20 Solve the inequations.

a (x—272%6-x)>0 b. {x:4x < x%) c. 2x+4)P -16<0
Solve the cubic inequations.

a x-2)x+DHx+9) >0 b. x> =5x3<0 c. 8(x=2P%-1>0

d. 3 +x <282 e. 5x3+6x>—20x—-24<0 f. 2x+1)—-8(x+1)° <0
Calculate {x:3x> +7 > 7x* + 3x}.

The graph of y = P(x) shown is the reflection of a monic VA

cubic polynomial in the x-axis. The graph touches the x-axis

atx=a,a<0andcutsitatx=5b,b > 0.

a. Form an expression for the equation of the graph.

b. Use the graph to find {x: P(x) > 0}.

c. How far horizontally to the left would the graph need to
be moved so that both of its x-intercepts are negative?

d. How far horizontally to the right would the graph need to \
be moved so that both of its x-intercepts are positive?

A

Q_
=
=Y

K31 Sketch the graphs of y = (x + 2)(x — 1)? and y = —3x and calculate the coordinates of the points

of intersection. Hence state the values of x for which —3x < (x + 2)(x — 1)°.

Calculate the coordinates of the points of intersection of y = 4 — x? and y = 4x — x° and then sketch the

graphs on the same axes.

Find the coordinates of the points of intersection of the following.

a. y=2xand y = x*

b. y=2xandy=x-1

c. Illustrate the answers to parts a and b with a graph.

d. Solve the inequation 2x* — x*> < 0 algebraically and explain how you could use your graph from
part c to solve this inequation.

Technology active

14.

15.

a. The number of solutions to the equation x*> + 2x — 5 = 0 can be found by determining the number of
intersections of the graphs of y = x> and a straight line. What is the equation of this line and how
many solutions does x* + 2x — 5 = 0 have?

b. Use a graph of a cubic and a linear polynomial to determine the number of solutions to the equation
x4+ 3x% —4x = 0.

c. Use a graph of a cubic and a quadratic polynomial to determine the number of solutions to the

equation x> + 3x% — 4x = 0.

Solve the equation x* + 3x? — 4x = 0.

Show the line y = 3x + 2 is a tangent to the curve y = x° at the point (=1, —1).

What are the coordinates of the point where the line cuts the curve?

Sketch the curve and its tangent on the same axes.

Investigate for what values of m will the line y = mx + 2 have one, two or three intersections with the

curve y = x°.

a0 T e
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16. Use simultaneous equations to determine the equation of the cubic graph containing the points
0,3),(1,4),(-1,8),(=2,7).
17. A graph of a cubic polynomial with equation y = x* + ax? + bx + 9 has a turning point at (3, 0).
a. State the factor of the equation with greatest multiplicity.
b. Determine the other x-intercept.
c. Calculate the values of a and b.
18. The graph with equation y = (x + ay’ +b passes through the three points (0, 0), (1, 7), (2, 26).
a. Use this information to determine the values of a and b.
b. Find the points of intersection of the graph with the line y = x.
c. Sketch both graphs in part b on the same axes.
d. Hence, with the aid of the graphs, find {x: X +3x%+2x > 0).
19. The graph of a polynomial of degree 3 cuts the x-axis at x = 1 and at x = 2. It cuts the y-axis at y = 12.
a. Explain why this is insufficient information to completely determine the equation of the polynomial.
b. Show that this information identifies a family of cubic polynomials with equation
y=ax’+ (6 —3a)x* + (2a — 18)x + 12.
c. On the same graph, sketch the two curves in the family for whicha =1 and a = —1.
d. Determine the equation of the curve for which the coefficient of x? is 15. Specify the x-intercepts and
sketch this curve.
20. Give the equation of the cubic graph containing the points (-2, 53), (-1, —6), (2,33), (4, —121).

21. a. Write down, to 2 decimal places, the coordi- Omar Khayyam (1050-1123) was not only a

nates of the points of intersection of y = (x+1)° brilliant poet, but also an extraordinary

and y = 4x + 3. mathematician, and is noted for linking algebra
with geometry by solving cubic equations as the
intersection of two curves.

b. Form the cubic equation ax® + bx*> + cx+d =0
for which the x-coordinates of the points of
intersection obtained in part a are the solution.

c. What feature of the graph of y = ax® + bx*> + cx + d
would the x-coordinates of these points of
intersection be?
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4.0 Cubic models and applications

Practical situations which use cubic polynomials as models are likely to require a restriction of the possible
values the variable may take. This is called a domain restriction. The domain is the set of possible values of
the variable that the polynomial may take. We shall look more closely at domains in later chapters.

The polynomial model should be expressed in terms of one variable.

Applications of cubic models where a maximum or minimum value of the model is sought will require
identification of turning point coordinates. In a later chapter we will see how this is done. For now, obtaining
turning points may require the use of CAS technology.

WORKED EXAMPLE 18

A rectangular storage container is designed to have an :
open top and a square base. '
The base has side length x cm and the height of the
container is 2 cm. The sum of its dimensions (the sum of the
length, width and height) is 48 cm.
a. Express £ in terms of x.
b. Show that the volume Vem?® of the container is given
by V = 48x? — 2x°.
c. State any restrictions on the values x can take.
d. Sketch the graph of V against x for appropriate values of x,
given its maximum turning point has coordinates (16,4096).

e. Calculate the dimensions of the container with the greatest possible volume.

THINK WRITE
a. Write the given information as an a. Sum of dimensions is 48 cm.
equation connecting the two x+x+h=48
variables. h=48 — 2x
b. Use the result from part a to b. The formula for volume of a cuboid is
express the volume in terms of V=Iwh
one variable and prove the S V=xh
required statement. Substitute 1 = 48 — 2x.
V= x*(48 — 2x)
5. V=48x? — 2x°, as required
c. State the restrictions. c. Length cannot be negative, so x > 0.
Note: It could be argued that the Height cannot be negative, so & > 0.
restriction is 0 < x < 24 because 48 —2x >0
when x = 0 or x = 48 there is no —2x > —48
storage container, but we are Sx<24
adopting the closed convention. Hence the restriction is 0 < x < 24.
d. Draw the cubic graph but only d. V=48x> - 2x°
show the section of the graph for = 2x2(24 — %)
which the restriction applies. x-intercepts: let V =0
Label the axes with the 2=0o0r24—x=0

appropriate symbols and label

. . . .. x = 0 (touch), x=24(cut)
the given turning point.

TOPIC 4 Cubic polynomials 223



e. 1. Calculate the required
dimensions.
Note: The maximum turning
point (x, V) gives the maximum
value of V and the value of x
when this maximum occurs.

2. State the answer.

(0,0), (24, 0) are the x-intercepts.

This is a negative cubic.

Maximum turning point (16, 4096)
Draw the section for which 0 < x < 24.

v
A (16, 4096)
4000+

2000+

(0, 0) (24, 0)

0 2 4 6 8 10 12 14 16 18 20 22 24"

. The maximum turning point is (16,4096). This means the

greatest volume is 4096cm?. It occurs when x = 16.
h=48 -2(16) > h =16

Dimensions: length = 16 cm, width =16 cm, height =

16cm

The container has the greatest volume when it is a cube of
edge 16 cm.

study[T)

Cubic models and applications Summary screen and practice questions

Exercise 4.6 Cubic models and applications

Technology active

1. [EZB) A rectangular storage container is designed to have an

open top and a square base.

The base has side length x metres and the height of the
container is & metres. The total length of its 12 edges is

6 metres.
a. Express & in terms of x.

b. Show that the volume V m? of the container is given by

V=1.5x%2 =253,

c. State any restrictions on the values x can take.
d. Sketch the graph of V against x for appropriate values of x,
given its maximum turning point has coordinates

(0.5,0.125).

=

e. Calculate the dimensions of the container with the greatest

possible volume.
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2. A rectangular box with an open top is to be constructed from a rectangular sheet of cardboard measuring
20 cm by 12 cm by cutting equal squares of side length x cm out of the four corners and folding the

flaps up.

x> <Xx>

A A A

X X :

Y Y \ e
12cm

A A

X X

Y Y ¥

<Xx> <X>

< 20 cm >

The box has length /cm, width w cm and volume Vem?.

. Express [ and w in terms of x and hence express V in terms of x.

b. State any restrictions on the values of x.
c. Sketch the graph of V against x for appropriate values of x, given the unrestricted graph would have

a.

f.

The number of bacteria in a slow-growing culture at time ¢ hours after 9 am is given by N = 54 + 23t + .
a.

The cost C dollars for an artist to produce

x sculptures by contract is given by

C = x> 4+ 100x 4 2000. Each sculpture is sold for
$500 and as the artist only makes the sculptures
by order, every sculpture produced will be paid
for. However, too few sales will result in a loss
to the artist.

turning points at x = 2.43 and x = 8.24.

. Calculate the length and width of the box with maximum volume and give this maximum volume to

the nearest whole number.

Show the artist makes a loss if only 5 sculptures
are produced and a profit if 6 sculptures are
produced.

Show that the profit, P dollars, from the sale of
x sculptures is given by P = —x* 4+ 400x — 2000.
What will happen to the profit if a large number of sculptures are produced? Why does this effect
occur?

. Calculate the profit (or loss) from the sale of:

i. 16 sculptures ii. 17 sculptures.

Use the above information to sketch the graph of the profit P for 0 < x < 20. Place its intersection
with the x-axis between two consecutive integers but don’t attempt to obtain its actual x-intercepts.
In order to guarantee a profit is made, how many sculptures should the artist produce?

What is the initial number of bacteria at 9 am?

b. How long does it take for the initial number of bacteria to double?
c.
d

How many bacteria are there by 1 pm?

. Once the number of bacteria reaches 750, the experiment is stopped. At what time of the day does this

happen?
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5. Engineers are planning to build an underground tunnel through a city to ease traffic congestion.
The cross-section of their plan is bounded by the curve shown.

ykm A

0 xkm
The equation of the bounding curve is y = ax*(x — b) and all measurements are in kilometres.
It is planned that the greatest breadth of the bounding curve will be 6 km and the greatest height will be
1 km above this level at a point 4 km from the origin.
a. Determine the equation of the bounding curve.
b. If the greatest breadth of the curve was extended to 7 km, what would be the greatest height of the
curve above this new lowest level?
YA

0 \ > X
-« 7 km >
6. Find the smallest positive integer and the most negative integer for which the difference between the
square of 5 more than this number and the cube of 1 more than the number exceeds 22.

7. A tent used by a group of bushwalkers is in the shape of a vV
square-based right pyramid with a slant height of 8 metres.

For the figure shown, let OV, the height of the tent, be 7 metres and § m
the edge of the square base be 2x metres. p
a. Use Pythagoras’ theorem to express the length of the diagonal of the
square base of the tent in terms of x. Srm
b. Use Pythagoras’ theorem to show 2x* = 64 — h?.
c. The volume V of a pyramid is found using the formula V = %Ah M 2xm N

where A is the area of the base of the pyramid. Use this formula to show that the volume of space

1
contained within the bushwalkers’ tent is given by V = 5(128h —2h3).

d. i. If the height of the tent is 3 metres, what is the volume?
ii. What values for the height does this mathematical model allow?

1
e. Use CAS technology to sketch the graph of V = 5(128}1 — 2h?) and state the height for which the

volume is greatest, correct to 2 decimal places.
f. Show that the greatest volume occurs when the height is half the length of the base
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8. A cylindrical storage container is designed so that it is
open at the top and has a surface area of 400z cm?. Its
height is 4~ cm and its radius is rcm.

a. Show that h = 400 - rz.
2r

b. Show that the volume V cm? the container can hold

1
is given by V = 200zr — Ems.

c. State any restrictions on the values r can take.

d. Sketch the graph of V against r for appropriate
values of r.

e. Find the radius and height of the container if the

volume is 3967 cm’.

f. Use technology to obtain the maximum volume and calculate the corresponding dimensions of the

cylindrical storage container, expressed to 1 decimal place.

9. A new playground slide for children is to be constructed

at a local park. At the foot of the slide the children climb a
vertical ladder to reach the start of the slide. The slide must
start at a height of 2.1 metres above the ground and end at a
point 0.1 metres above the ground and 4 metres horizontally
from its foot. A model for the slide is & = ax® + bx* + cx + d
where / metres is the height of the slide above ground level
at a horizontal distance of x metres from its foot. The foot is
at the origin.

The ladder supports the slide at one end and the slide also
requires two vertical struts as support. One strut of length

YA

¢(0,2.1)

0

1 metre is placed at a point 1.25 metres horizontally from the foot of the slide and the other is placed at a
point 1.5 metres horizontally from the end of the slide and is of length 1.1 metres.

a. Give the coordinates of 4 points which lie on the cubic
graph of the slide.

b. State the value of d in the equation of the slide.

c. Form a system of 3 simultaneous equations, the solutions to
which give the coefficients a, b, ¢ in the equation of the slide.

d. Use technology to obtain the equation of the slide.

10. Since 1988, the world record times for the men’s 100-m
sprint can be roughly approximated by the cubic model
7(f) = —0.00005(¢ — 6)> + 9.85 where T is the time in
seconds and ¢ is the number of years since 1988.

a. In 1991 the world record was 9.86 seconds and in
2008 the record was 9.72 seconds. Compare these
times with those predicted by the cubic model.

b. Sketch the graph of T versus ¢ from 1988 to 2008.

c. What did the model predict for 20167 Is the model
likely to be a good predictor beyond 20167

i N A
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12.

. A rectangle is inscribed under the parabola YA

y =9 — (x — 3)? so that two of its corners lie on the y=9—(x-3)
parabola and the other two lie on the x-axis at equal
distances from the intercepts the parabola makes with

the x-axis. (%, 7)

a. Calculate the x-intercepts of the parabola. - -

b. Express the length and width of the rectangle in < s 7t "
terms of x. \

c. Hence show that the area of the rectangle is given by

A= -2 + 18x* — 36x.

d. For what values of x is this a valid model of the
area?

e. Calculate the value(s) of x for which A = 16.

f. Use technology to calculate, to 3 decimal places, the length and width of the rectangle
which has the greatest area.

A pathway through the countryside passes
through 5 scenic points. Relative to a
fixed origin, these points have coordinates

A(=3,0,B (=V/3.-12/3 )€ (V/3.12v/3 ) DG, 0); fgg
the fifth scenic point is the origin, O(0, 0). The
two-dimensional shape of the path is a cubic
polynomial.

a. State the maximum number of turning points
and x-intercepts that a cubic graph can have.

b. Determine the equation of the pathway through the
5 scenic points.

c. Sketch the path, given that points B and C are turning points of the cubic polynomial graph.

d. It is proposed that another pathway be created to link B and C by a direct route. Show that if a
straight-line path connecting B and C is created, it will pass through O and give the equation of this
line.

e. An alternative plan is to link B and C by a cubic path which has a stationary point of inflection at O.
Determine the equation of this path.

4. Review: exam practice

A summary of this topic is available in the Resources section of your eBookPLUS at www.jacplus.com.au.
Short answer: technology free

1.
2.

Factorise P(x) = x> 4+ 5x% 4+ 3x — 9 into linear factors.

The polynomial P(x) = x* — ax? + bx — 3 leaves a remainder of 2 when it is divided by (x — 1) and a
remainder of —4 when it is divided by (x + 1). Calculate the values of @ and b.

Divide (2x* — 3x? + x — 1) by (x + 2) and state the quotient and the remainder.

Sketch the following graphs.

a. y=8—-(x+3)° b. y=—2(4—-x)>G+x)

c. y=(8x—3)} d. y=2x—x

Sketch the graph of y = —x? + 6x> — 11x + 6 and hence, or otherwise, solve the inequation

¥ —6x*+11x—-6<0.
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6. a. Calculate the coordinates of the points of intersection of y = 4x — x> and y = —2x.

b. Sketch the graphs of y = 4x — x* and y = —2x on the same set of axes and shade the region(s) defined
by {(r,y):y <4x—x} N {(x,y):y > —2x}.

Multiple choice: technology active

1. @ Which of the following expressions is a polynomial?

4x — Tx°
_ _ 3
A X +4x—Tx 4 x73 B. 2¢/x +7) C. =
D. 23% 4 2% 4 2¥ 42 E. (/3 - 5x)°
. [ If x° — 2x% = 3x + 10 = (x + 2)(ax? + bx + ¢), then the values of a, b and c are, respectively:
A 1,-2,5 B. 1,0,5
c.-2,-3,10 D. 1,—-4,5
E. -2,—4,10
. [l When the polynomial P(x) is divided by (3x + 6), the remainder is:
1
A. P(-6) B. P(-3) + P(-2) C. §P(—2)
D. 3P(-2) E. P(-2)
. [ If P(x) = 3 4 kx — 5x> + 2x° and P(—1) = 8, then k is equal to:
A. 0 B. 4 c. -4 D. 12 E. —12
. I3 A possible equation for the curve shown is: YA
A. y=(x—2)(x+3)
B. y=(2—x)(x—3)?
C. y=—(x+2)(x —3)
D. y= —(x+22(x—3) 3, 0)
E. y=(x+2)(x—3)> (2,00 0 *
Y

. @ The graph with the equation y = 2x° is translated 2 units horizontally to the right and 3 units
vertically down. The equation of the graph becomes:

A y=2(x-2°-3 B.y=2(x+2)7>-3
C.y=2(x-2%+3 D.y=2(x+2>+3
E.y=(02x-2)-3
3-4
N vC| P 1x is equal to:
4
A. -4+ B.1-
x+1 x+1
4
C. -4+ D.7 -
x+1 3 —4x
E. -1+
3—4x
. M3 The solution to the inequation (x + 4)* > —1 is:
A. x> —1 B. x> —4
C.x>-5 D. x < -3

E.-7<x<-5o0rx>1
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9. [ The solutions to the equation 2x> = 14x> 4+ 16x are:

A.x=-1,x=8
B.x=-1,x=2,x=8
C.x=-8x=2,x=7
D. x=-8,x=0,x=7
E.x=-1,x=0,x=8

10. @ The graph shown cuts the x-axis at x = a,x = b and YA
x=4.5.
A possible equation for the graph is: /\ /
A.y=x+a)(x—Db)(x—4.5) < >

y=—-(x—a)x+b)(x—45) a O b 4.5%
y=@—-a)x—b)(2x—-9)
y=@+a)(x—b)(2x-9)

y=—(a—x)(x+b)(x+4.5)

moow

Extended response: technology active
1. Consider the cubic polynomial P(x) = 8x> — 34x? + 33x — 9.
a. Show that (x — 3) is a factor of P(x).
b. Hence, completely factorise P(x).
c. The graph of the polynomial y = P(x) = 8x> — 34x? + 33x — 9 has turning points at (0.62, 0.3) and
(2.2, -15.8). Sketch the graph labelling all key points with their coordinates.
d. Specify {x:P(x) > 0}.
e. Calculate {x:P(x) = —9}.
f. For what values of k will the line y = k intersect the graph of y = P(x) in:
i. 3 places ii. 2 places iii. 1 place?
2. The revenue ($) from the sale of x thousand items is given by R(x) = 6(2x> + 10x + 3) and the
manufacturing cost ($) of x thousand items is C(x) = x(6x* —x+1).
a. State the degree of R(x) and of C(x).
b. Calculate the revenue and the cost if 1000 items are sold and explain whether a profit is made.
c. Show that the profit ($) from the sale of x thousand items is given by P(x) = —6x> + 13x> + 59x + 18.
d. Given the graph of y = —6x° + 13x? + 59x + 18 cuts the x-axis at x = —2, sketch the graph of y = P(x)
for appropriate values of x.
e. If aloss occurs when the number of items manufactured is d, state the smallest value of d.
3. Relative to a reference point O, two towns A and B are located at the points (1,20) and (5, 12)
respectively. A freeway passing through A and B can be considered to be a straight line.
a. Determine the equation of the line modelling the freeway.
Prior to the freeway being built, the road between A and B followed a scenic route modelled by the
equationy = a(2x — 1)(x — 6)(x + b) for 0 < x < 8.

2
b. Using the fact this road goes through towns A and B, show that a = 3 and b = 7.

c. What are the coordinates of the endpoints where the scenic route starts and finishes?

d. On the same diagram, sketch the scenic route and the freeway. Any endpoints and intercepts with the
axes should be given and the positions of the points A and B should be marked on your graph.

e. The freeway meets the scenic route at three places. Calculate the coordinates of these three points.

f. Which of the three points found in part e is closest to the reference point O?
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4. The slant height of a right conical tent has a length of 13 metres.

For the figure shown, O is the centre of the circular base of radius r metres.
OV, the height of the tent, is & metres.

13
a. Calculate the height of the cone if the radius of the base is metres.

b. Express the volume V in terms of 4, given that the formula for the volume of

1
aconeis V= —xarh.

c. State any restrictions on the values % can take and sketch the graph of V
against & for these restrictions.
d. Express the volume as multiples of z for # =7, h = 8, h = 9 and hence obtain the integer a so that the
greatest volume occurs whena < h < a + 1.
e. i. Using the midpoint of the interval [a, a + 1] as an estimate for A, calculate r.
ii. Use the estimates for / and r to calculate an approximate value for the maximum volume, to the
nearest whole number.
f. i. Use CAS technology to show that the greatest volume occurs when r = \/5 h. Use this
information to calculate the height and radius which give the greatest volume.
ii. Specify the greatest volume to the nearest whole number and compare this value with the
approximate value obtained in part e.

study[1])

Sit topic test
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Answers

x—12=1 15

16. a. —— — ——; quotient is 1; remainder is —15.
x+3 x+3
. . . 4x +7 5
Topic 4 Cubic polynomials b 1 =2t 5y
Exercise 4.2 Polynomials x+5 .
17. a. =1+ , remainder 4.
1. A: Degree 5; leading coefficient 4; constant term 12; x+1 x+1
coefficients € Z b 2x-3 1 ind 1
C: Degree 2; leading coefficient —0.2; constant term 5.6; T x+4 T i x4 remainder —1 1.
coefficients € Q dx+11 10
2. a. polynomial of degree 4 ¢ A+l L+ Ax + l,remamder 10.
b. polynomial of degree 3 6x + 13 2
c. not a polynomial due to the \/; term. d o3 - + w3 remainder 22.
2 3 1
d. not a polynomial due to the % term and the p term. 18. a. 4 b. —65 c. —7§ d. 7§
X
3. a. A, B, D, F are polynomials. 22 =52 +8x+6 92 6 18 ..
See the table at the foot of this page.* 19 a. =2 S x4 O+ =2 quotient1s
1 2 . . .
b. Cis not a polynomial due to V4x®> = 2x2 term. 2x" = x + 6; remainder is 18.
3
10 1 1 1 . . 81
E is not a polynomial due to 357 = gx—z term. b. xl ij = —Exz -7t 3 + ﬁ; remainder is 3
4.y +2y° —v/2y* + 4 (answers will vary) 20. Quotient | Remainder
5 a P(1)=5 a. ! 9
b. P(=2) = —45 b. 4 !
c. P(3)=77,P(—x)=-3x" —x*+5 c. x+7 -10
d. P(—=1) =10, PQa) = 84° + 164> — 4a + 5. d. . 2x-12 27
6. a 78 b. —12 c. 0 e | ¥ +5x+12 41
d. -6 e. =6 f. —5.868 f | ¥ -Tx+2 0
7. a. —14a b. W2 —5h—4 c. 2xh+h*—7h  21. a. The quotient is x> + x + 5.
8 a 15 b. 10 The rema.inde.r is 5.
b. The quotient is x> + 2.
a. a=-8 b. b=21 The remainder is —3.
c. k=2 d. m= _.8 c. The quotient is 3x% 4 9x + 32.
e. 21 t. b=4c=5 The remainder is 225.
10. a=2;b=-13;¢c=6 d. The quotient is 3x* — 7x + 11.
1. a a=10,b=6 The remainder is —30.
b. 8x—6=10x—2(x +3) 3x% —6x+5 29
. 657+ 19x — 20 = (6x— 5)(x +4) 22.a=3,b=—12,c=29;—x+2 =3x—12+x—+2;
d a=9,b=-10,c=1 O)=3x—-12,r=29
12 0+ 27 =2+ D+ 5x(x +2) + 2(x +3) + 2 23, X +45° — 6" + 555 — 4% — 5x 4 2: degree 7
18.a. a=3b=-2c=-8 24. Quotient is x* — x + 3; remainder is 0.
b. m=-3;n=-10;p =24
c. a=lb=T,c=-41;x — 14x+8=(x—7)> - 41 25. a 4x2+x_3+i b. 2x2+3x+5+i
d. 434207 = Tx+ 1 = 420+ 1) = 2x(x+ 1) = 5(x+ 1) + 6 i 1+2x 2x =3
2 2
14. p 5,q4 4 c. x“+ 116 X X+ +x+1
15. a. 0. 3x"+Tx+ 12 3x+5 T+ 12
i 6x* + 1022 — 21x — 31 e X +x+ = f. —20-2-——
i, 618 — 212 — 200" — 14x° — 20 — Tx — 11 vl (e 2)00=3)
e 26.a. a=-3;b=—-l;p=4,qg=-2
b dom em i.m+n b. i x4 120 + 1307 + 6x+ 1 = (2% +3x + 1)
i, 2% +3x+ 1
*3. a. Degree | Type of coefficient | Leading term | Constant term
A 5 Q 3x° 12
B 4 R —5x* 9
D 4 z —18x* 0
F 6 N 49x° 9
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27. a. k=—-13;m=-5n=6
b. (x—=3)2(x —2(x+3)(x+2)
28. a. 22—2)6—& 9
2 42x+3) 4
1 1 4
b. Remainder is —2; quotient is 247 — —3x + —9
4 2 4
1
c. Dividend equals —%.
d. Divisor equals 0.
29. a. Define using CAS technology.
o 39
9
c. 24n* +24an — 16n — 154
d. -3
Exercise 4.3 The remainder and factor theorems
1. a. 6 b. —6
. . . .37
2. a. The remainder is 19. b. The remainder is 3
3. C
4. a. =5 b. 2 c. —101
d. —10% e. 0 f. 26
5.a a=4 b. k=3 c. k=2

6. a. Sample responses can be found in the worked solutions

in the online resources.
b. a=-9;h=8;P(x)=3x"—9x* +8x—2

7.a. —10 b. 8 c. =19 d. —19
8. a=0;a=-1
2
9.a. a=2;b=3 b.m——g;n=—3
10. a. Show P(—4) =0 b. Show P(5) =0
1
c. ShowP(§> =0 d. P(1)=14so0o P(1) # 0.
e. a=-12 f. k=-8

11.

12,

13.

14,

15.

a. x—4Hx+DHx+2) b. (x+12)Bx+ 1)(x+1)

c. Sx+1D2x+3)2x+1) d. (4x—=3)5-2x)(5+2x)

e. Bx—5%*(x-5) f. —(x—3)%8x—11)

a. P(—1)=0= (x+ 1)isa factor;
Px)=x+DHx+5x-3)

b. P(x)=(x+ DBx+2)4x+7)

a. x—Dx+2)(x+4) b. (x+2)(x+3)(x+5)

c. x=2)2x+1)(x-=5) d. (x+ DBx—4)(1-6x)

e. @—Dx+3)x-2) f. @x+DHx=7x+7)
1 1
:—2———
TETh3 )
a. —4,3,-5
5
b. 7,-=,9
3
c. —1,6,8
3
d. 1,—-=,-3
2
2
1,-=
¢ 3
f x—Ox——gx—Zx——Z
- 9 - 29 - 9’ -
4 1 1
a X——g, 1,5 b. X—E,i\/g

17.
18.

19.

20.

21.

22,

23.
24,

[
=
Il

|
w
Il

33
Linear factors are (2x — 1), (2x + 1) and (3x + 2).
a. i. @=5x-9x+2)

ii. x° — 1227 + 17x + 90
b. i. x+4x+ D —2x)

ii. =20 =9 —3x+4

a. 2x+ 1)Bx—1DEx+5)
b. i. (2x—5)
i. Qx=35@x+Dx-1)
iii. m=-26

a. i. P(x)=(x—4)% 0 = (x — )’ +4x + 16)

ii. Sample responses can be found in the worked
solutions in the online resources.

b. Third factoris (x—3);b=c=-3;d=9

a. Sample responses can be found in the worked solutions
in the online resources.

b. Sample responses can be found in the worked solutions
in the online resources.

c. (2x— 1)(x — 5)%; equation has roots x = =, x = 5

NS

a. (x—2)x+2)5x+9); k=9

b. a=1;a=2

c. a=-3;b=1;Px) =@x—-3)x*+ 1),
Ox)=x=3)x+3)x+1)

d. x3+7x2+15x+9:x=—3,x=—1;
x3—9x2+15x+25:x=5,x=—1

—12v/2 +33

—0.4696

Exercise 4.4 Graphs of cubic polynomials

1.

a. (7,0 b. (0,-7) c. (0,0)
d. (2,2) e. (=5,-8) f. (%5)
a.

b.
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3. c. y=2(x+3y-16 )
Inflection point | y-intercept x-intercept

a. (1,-8) 0, -9) 3,0) 0, 38)
b. (=6, 1) 0, -5) ( /36 — 6,0)
. B -1,0) N
a. =(-1P-8 < >
w oo 0 .
(-3,-16)
(3,0)

Y

d. %‘
(0,28)

y=0GB-x3+1
4, 0)

A

Y

0 3,1

(-6, 1) (336 - 6, 0)

< ~
Y
0,-5) 5.
Inflection point | y-intercept x-intercept
4. a
a. (—4,-27) 0,37 (-1,0)
b. (1,10) ©,8) (1—\3/5_,0)
c (3,27) 0,-27) 3 - i 0
< > \3/5’
d. (=2,16) 0,0) 0,0)
4 4
Y e. <—§,O> (0, —-48) (—g,())
b. y
f. 0,9) 0,9) (=3,0)

y=23x-2)}

A
Y

(0, -16)
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A & Inflection point | y-intercept | x-intercept
y=2(x-1+10 a. (6,0) 0,-27) (6,0)
4 5o @9 b. ©0,-2) ©0,-2) (1,0)
(1, 10) a.

b.

y= 2563 -2
y=27+2(x-3)} D (1,0) N
(0, -27) X

0,-2)
Y
A 7.
y-intercept x-intercepts
a. | (0,-24) (=6,0),(=1,0),(4,0)
1
(-2, 16) 0, 0) b. (0,-24) (_5’ 0> ,(2,0),(4,0)
< o >

a. y=x+ Dx+6)(x—4)

y=16-2(x+2)}

y=x-4)2x+ 1)(6-x)

— 3 3 43
y= 1( X )

(0, -48)
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8. e. y y=0.12x-T7)(x-10)(4x + 1)
y-intercept x-intercepts 7
©.7) (39 (10.0)

a. | (0,-8) (—4,0),(~1,0), (2,0) ‘/v X

b. (0,0) (=8,0),(0,0),(5,0) (_%, o)
c. | (0,-12) (=3,0),(1,0), (4,0)
d. 0,12) (=4,0), (2,0, (6,0) f.

1 7
I <--,o),<-,o),(1o,0>
A (39 e
5 8 5 -
T e a ’

y=x-2)x+ Dx+4)

y-intercept | x-intercepts

0,0) (=2,0),(0,0),(2,0)

YA
y=3x(x*>-4)
b A
y=—0.5x(x + 8)(x - 5) B (-2, 0) (0,0)/2, 0)
< 0 ~
(-8,0) (0, 0) (5,0)
X
Y
y-intercept | x-intercepts
a. (0,6) (=6, 0) and (3, 0) which is
Y 10. a turning point
e Ay = (x+ 3)(x— 1)(4—x) b. 0,8) (—=2,0) is a turning point
and (1,0)
a Y

¥ =g -370 +6)

b. YAy =-2(x—- I)(x + 2)?

(0.8)
(2,0 (1,0)

4
=)
=
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11. e y
y-intercept x-intercepts y =3x 2x + 3)?
3
a. 0,32) (—4,0) is a turning point; (2, 0) is a cut » (_E’ O) 0, 0) -
b. (0,54) (3,0) is a turning point; (—3,0) is a cut 9 *
c. (0,36) (—=3,0) is a turning point; (4, 0) is a cut
d. 0,-12) (2,0) is a turning point; (12,0) is a cut
e. 0,0) <—%, 0) is a turning point; (0, 0) is a cut p y
f. 0,0) (0,0) is a turning point; (0.4,0) is a cut y=-0.25x%(2 - 5x)
a.

©,32)]

=—(x+4d*x-2)

12. See the table at the foot of the page.”

a.
b. y=2(x+ 3)(x-3)?
(0, 54)
X
b. y=(x+3>*2x-1)
T
c.
c.
y=x+3)2x-1)5-x)
“ O yete-ve-
< (=3.0) >
2,0 (12,0) - 0 7x
0 "X
/ (0,-12)
#{9. Stationary point of inflection | y-intercept x-intercepts
a. (=3,0) (0,27) (-3,0)
1
b. none 0,-9) (=3, 0) is a turning point; <5, 0 ) isacut
1
c none 0,-15) (=3,0), <§, 0) ,(5,0)
3
1 3 1+v2
=1 0, = . .
d (2, ) < ,2> (1.1, 0) approx < 5 ,O>
1
e none 0,0) <Z’ 0) is a turning point; (0, 0) is a cut
2 . . . 2 .
f. none ©0,4) <§, 0> is a turning point; <—§, 0> is a cut
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2y-D=(1-22°

(0, 0)

A
Y

d.
f. y= -—5(2 —300x +2)(Bx—2)
Yy
0, 4)
< 0 * .
2 2
(-2.9) (59
e.
y=9x +27x> +27x + 9
13. See the table at the foot of the page.” 0,9
. y -1,0
@ A y=9x? - 2x < (/)- Ol >
< 0{(0,0 9 ;x
©.0 (3-9)
Y
*13.
Stationary point . .
Factorised form of inflection y-intercept x-intercepts
a. y= (9 - 2x) none (0,0) (0, 0) is a turning point;(g, 0) isacut
2 2
b. y=x3x—-2)(3x+2) none 0,0) -3 0),(0,0) 3 0
3 3 3 3
c. |y=-3x-3) X—£ )C+£ none 0,-3) —£,0 s £,O ,(3,0)
3 3 3 3
d. y=9x(x+ D(x+3) none (0,0) (=3,0),(~1,0),(0,0)
e. y=9x+ 1) (-1,0) 0,9 (~1,0)
f. y=-9(x+ 1)2(x -1) None 0,9) (—1,0) is a turning point; (1, 0) is a cut
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y=-9x—9x +9x + 9

14. ¥ =32 = 10x+24 = (x = 2)(x = D(x + 3)

y-intercept | x-intercepts

(0,24) (=3,0),(2,0),(4,0)

y=x3-3x%— 10x + 24

b. (x—=2)2x—1)(x+3)
Y,

y=x+52-x-5

(1,0
1,00 \0
0,-5)
Y
d. —(x—1 3)?
1o e YA y= ¢ 30+ 161 +48 (= D)
YA
0,9
y=-x-52-3x+9
< ) > (1,0
—4,0) (3,0 0 x < >
(4.0) (3.0 l \ oo 0 x
Y
16.
Factorised form y-intercept x-intercepts
3
a. y=x+D2x+3)(x—4) 0,-12) <—§,0>,(—1,0)7(4,0)
1
b. y=—@x—-1DE@x—1)(x—-6) (0, 6) (g,o),(l,O),(&O)
e | y=(-HE+2-V5)@x+2+5) (0,4) (=2 -4/3,0), (=2 +1/5,0),4,0)
1 9
d. y=x+2)Bx+1)(2x-9) 0,-18) (=2,0), <—§,O> , (5,0>
7

e | y=Gx+DW2 =02+ 0, 14) (=V2.0), <—§,0>,(\/5,0)
f. y= —%(x —2)(x+6)(x—4) (0, —24) (=6,0),(2,0),(4,0)

TOPIC 4 Cubic polynomials 239



y=23-3x2-17x- 12

y
b. YA
y=6-55x—57x>—8x3
1
(39)
‘(0, 6) —, (1,0) (6,0) -
-« 0 \ >
Y
c. Y,
y=x-17x+4
B (0, 4)% (-2 ++15, 0) 4,0)
d YA
(_l O) y=6x3—13x> - 59x - 18
3
9
2.0~ 29
< 040, -18) E
Y
e.

y=-5-7x*+ 10x + 14

y =—%x2 + 14x-24

(4,0)

17. a. = +3°% +10x =30 = —(x = 3)(x = V10)(x +V/10)

y-intercept x-intercepts

0,-30) | (=/10,0),(3,0),(1/10,0)

y =2+ 3x*+ 10x - 30

b. Stationary point of inflection (-1, 1); y-intercept (0, 2);
x-intercept (-2, 0)

YMy=x+32+3x+2
0,2

(=1, 1)
(=2,0)

y-intercept x-intercept

(0,0) (0,0) and (10, 0) is a turning point

Y,
y <0.1x (10 — x)?

(0, 0) (10, 0)

9

19. a. k=-19
b. P(x)=Bx—1DGx+1DH2x-1)

C. Xx=—

s

[SST
| —

1
5
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20.

21.

22.

23.

1 1 1
. y-intercept (0, 1); x-intercepts <—§,0> s <§,0> R (5,0)

YA

y>30x° - 1922 + 1

. No

Shade the closed region above the graph of y = P(x).

. —%(x—4)3+6

y=—%x3+6x2—24x+38

(0, 38)

~ O¢ (4 +312, O&C

Stationary point of inflection (4, 6); y-intercept (0, 38);
x-intercept approximately (6.3, 0)

. Sample responses can be found in the worked solutions

in the online resources.

. Sample responses can be found in the worked solutions

in the online resources

.y o0

<Y

. Maximum turning point (5.4, 100.8); minimum

turning point (2.7, —166.0); y-intercept (0, —96);
x-intercepts (=8, 0), (=2,0), (6, 0)
y=x3+4x>—44x - 96

y

(-5.4, 100.8)

(-8,0)

=

(-2,0) (6, 0)

(2.7,-166.0)

. Sample responses can be found in the worked solutions

in the online resources.

* y y = 10x° 2022~ 10x - 19
< 26,00/ _
< . .
(-0.2,-17.9)
(1.5,-45.3)
b. )
—_97,3 2
y==-2x+5x-11lx+7 .7
< (0.9, 0) -
0 (1,-1) X
S (0,500°AQ:2,502.3)
y= 93— 70x2 + 25x + 500
D (5,0)

7

Y

ol i

Exercise 4.5 Equations of cubic polynomials

1. a. y=%(x—3)3—7

»

C.

® 0

P opoo

=

b. y= %x(x +5)x—4)
y=—(x+2°(x~3)

1 1
y=§(x—3)3+9 b. y=§(x+2)3+2

y=-2x+4 d y=@+5°+4
y=—-@x-20°-1 f.oy=—-(x-3°-1
y=—x+6)(x+1)x—-2)

y=+37>(x-5)

y=—(x+2)(x—=2)(x—3)

y=0Q2x+ 1)(x+\/5_)(x—\/§)=2x3+x2— 10x -5
y=—4x(x - 2)

y= %(Zx - Dx+5x-28)

y= %(x+ x+4)(x+1)

b. y= —2x%(x - 5)

y=-=3x-1%-3
y=§u—na—®2

y=-2(x+6)>-7

(V10 -5,0)

b. (0,—12)
d. (0,7)

Maximum turning point | Minimum turning point | y-intercept | x-intercepts
(-0.2,-17.9) (1.5,-45.3) 0,-19) (2.6,0)
None None 0,7) 0.9,0)
(0.2,502.3) (5,0) (0,500) (=2.2,0),(5,0)

TOPIC 4 Cubic polynomials 241



o
o
|
Wl
IA
=
IA
|

A+
LY

|
—
|
0
W=

<-Zor-z<x<s
C. X 3 3 X 3

7. a. x<6,x#2

b. {x:=2<x<0}U{x:x>2}
c. x<-2
.a —9<x< - >
8. a 9_1x_ lorx>2 4 x<05
b. x> 3 .
c x>25 14. a. y=—-2x+5; 1 solution
d x<Oorx=1 b. y=x+3x’,y = 4x; 3 solutions
6 c. There are 3 solutions. One method is to use
e. x<—20r—§<x<2 y =20,y = =322 + du.
3 1 d x=-4,0,1
f. ——<x<-lor x>—= . .
2 2 15. a. Sample responses can be found in the worked solutions
7 in the online resources.
9 {x:—l<x<l1}U x:x>§ b. (2,8)
c.
10. y=—(x—a)(x—b)

{x:x < b}

More than b units to the left

. More than —a units to the right
11. Point of intersection is (— \3/5 , 3\3/5 ).

When x > —v/2, =3x < (x + 2)(x — 1)?
YA

eooo

y= —3x
d. One intersection if m < 3; two intersections if m = 3;
three intersections if m > 3

16. y = 2x° + 327 —dx + 3
17. a. (x—=3)° b. (=1,0)
y=(x+2)(x-1)7 c. a=-5b=3
18. a. a=1;b=-1
b. (=2,-2),(-1,-1),(0,0)
y=@+1)>-1

12. Points of intersection are (1, 3), (2, 0), (=2, 0). (0, 0)

y
A “1,-1)

0.4 (-2,-2)
( b ) (1’ 3)
d. {x:—=2<x<-1}uU{x:x>0}
< 2,0) 2,0) > 19. a. Fewer than 4 pieces of information are given.
©.0) * b. Sample responses can be found in the worked solutions
in the online resources.
y=4-x
Y
11

13. a. =, -

v 00 (1)

b. (-1,-2)
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If a = 1, graph contains the points (1, 0), (2,0),
(0,12),(—6,0); if a = —1, the points are
(1,0),(2,0),(0,12),(6,0).

d. Equationisy = =3x8 + 15x* = 24x + 12 or
y==-3x—-1)x- 2)%; x-intercepts are (1,0), (2,0);
(2,0) is a maximum turning point.

y
(0, 12)
y=-3(x—(x-2)
(1,0) (2,0)
- o . >

20. y=—6x°+ 122> +19x -5

21. a. (-3.11,-9.46),(—0.75,0.02), (0.86, 6.44)
b. X +3x2-x-2=0
c. x-intercepts

Exercise 4.6 Cubic models and applications

Sample responses are provided for proofs in the worked solutions
in your online resources.
3 —4x
2
b. A sample proof can be found in the worked solutions in
your online resources.

1. a. h=

3
c. 0<x<-=
4
d. V‘\
0.2
0157 (0.5,0.125)
0.1
005
(0, 0) 0.75,0)
0 T T T T T T T X
01 02 03 04 05 06 07

x-intercepts at x = 0 (touch), x = 0.75 (cut); shape of a
negative cubic
e. Cube of edge 0.5m
2.a. [=20-2x; w=12—-2x; V= (20 — 2x)(12 — 2x)x
b. 0<x<6

c. VA V=1x(20-2x) (12 -2x)
250
200 —
150
100 —
50
(0, 0, (OL@
T T T T T ™
0 1 2 3 4 5 6"
x-intercepts at x = 10,x = 6,x = 0 but since 0 < x < 6,
the graph won’t reach x = 10; shape is of a positive
cubic.

d. Length 15.14 cm; width 7.14 cm; height 2.43 cm;

greatest volume 263 cm®
3. a. Loss of $125; profit of $184

b. A sample proof can be found in the worked solutions in
your online resources.

c. Too many and the costs outweigh the revenue from the
sales. A negative cubic tends to —oco as x becomes very
large.

d. i. Profit $304 ii. Loss$113

e. P

20004
0 5678 910111213141516)X181920%
2000 -¢7(0, —2000)
(20, =2000)
x-intercepts lie between 5 and 6 and between 16 and 17.
f. Between 6 and 16
4. a. 54 b. 2hours
c. 210 d. 5pm
1, 81
5.a. y=—— -6 b. — Kk
a. y T (x—06) % m
6. —4,1
7. a. 2\/5 X

b. A sample proof can be found in the worked solutions in
your online resources.

c. A sample proof can be found in the worked solutions in
your online resources.

d. i 110m’

ii. Mathematically 0 <h <8

e.

4.62m

(4.62, 131.138)

V= % (128K — 213)
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A sample proof can be found in the worked solutions in
your online resources.

. A sample proof can be found in the worked solutions in

your online resources.
A sample proof can be found in the worked solutions in
your online resources.

0<r<20
V. V =2007r — L 7
2
0.0) (20,0)
T g
0 20"

Radius 2 cm, height 99 cm or radius 18.9 cm, height
1.1cm

Greatest volume of 4836.8 cm3; base radius 11.5 cm;
height 11.5cm

0,2.1),(1.25,1),(2.5,1.1),(4,0.1)
d=2.1

125a + 100b + 80c = —=70.4
125a + 50b + 20c = -8

64a + 16b + 4¢c = -2

.y =—0.164x + x> — 1.872x + 2.1

7(3) = 9.85, T(20) = 9.71
T
9.9

(0.9.86) () =_0.00005( - 6)° + 9.85

03 (6,9.85)

9.7
(20,9.71)

9.6

>
T | T T7

0 4 8 2 16 20 24°
T(28) = 9.32; unlikely, but not totally impossible.
Model is probably not a good predictor.

. x=0,x=6

b. Length 2x — 6; width 6x — x°

A sample proof can be found in the worked solutions in
your online resources.

3<x<6
5+4/33

2
Length 3.464 units; width 6.000 units

x=4,x=

. 3 x-intercepts; 2 turning points

b. y=—-2x(x*—9)

d.
e.

CWH3, 12V3)

B(-\3, -123)

y=12x
y=4)c3

4.7 Review: exam practice
Short answer

1. (x — Dx+3)?

2.a=-2,b=2

3. Quotient 2x*> — 7x + 15; remainder —31

4. a. Stationary point of inflection (-3, 8);
y-intercept (0, —19); x-intercept (—1, 0)

YA
(=3,8)
(-1,0)
y=8-(x+3)°
X
¢ (0,-19)
Y

b. y-intercept (0, —160); x-intercepts (-5, 0), (4, 0) (turning
point)
YA

(-5, 0) 4,0)

(0, -160)

y=-24-x?5+x)

Y

. . . . 3 .
c. Stationary point of inflection <§, 0> ; y-intercept

(0,=27)
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d. y-intercept (0, 0); x-intercepts d.

IA
=
IA

}U{x:x23}

—~
=
1w

L
RIW =

(i
—~

1
4

f. . =158<k<03
i. k=03,k=-158
iii. k<—15.8 or k> 0.3
2. a. Rhas degree 2; C has degree 3
b. Revenue $90; cost $6; profit $84
c. The profit is revenue minus cost, R — C.
Px)=Rx) —Cx)
=6(2 +10x+3) —x (6x" —x+ 1)

=122 +60x + 18 — 6x° + x> —x

5. y-intercept (0, 6); x-interceptsatx = 1, x =2, x =3

7 s P(x) =—6x" 4+ 13x% +59x + 18
0, 6) d. Restriction x > 0; x-intercept (4.5, 0)
3,0) ’

> = 2 =18, >
0| (1.0) 20 ~ P(x) 6x°+ 132+ 59x=18,>0

y=-+6x>—11x+6

< 0 >
x<lor2<x<3

6. a. (0,0),(xV6,72V6) e. d=4501
b. Regions lie below the cubic graph and above the linear 3. a4 y=-2x+22
graph. . b. y=a@x—1)(x—6)x+b),0<x<8
A
Substitute point A(1, 20).
20=a(2 - 1)(1 - 6)(1 +b)
(_\/8,2\/6) /\‘:4x7x3 20=—5a(1+b)
2.0 G\ o a(l +b)=—-4....[1]
- - - > Substitute point B(5, 12).
V6, -236) 12 = a(10 = 1)(5 = 6)(5 + b)
y=—2x 12 =-9a(5 + b)
3a(5+b) = —4...(2)
Divide equation [2] by equation [1].
Y 3a(5+b) _ -4
a(l+b) -4
Multiple choice 36+b)=1a¢0
1. E 2. D 3. E 4. E 5 C L+b 7
6. A 7. A 8. C 9. E 10. C 15+3b=1+b
2b=-14
Extended response b=—7
1. a. P(3)=8(3)° —34(3)* +33(3) -9 Substitute b = —7 into equation [1].
=216-306+99 -9 a(l-7)=-4
=0
Since P(3) = 0, then (x — 3) is a factor. —6a=—4

b. (x—3)dx—3)2x—1)

c. Endpoints: (0, —28), (8, 20)

y=8x3— 34+ 33x— 9

7
0,-9)
(0.62,0.3) (2.2,-15.8)
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d. YA Scenic route c. 0<h<13

A(1,20) =2 @x-D(x—6)(x=7) Y
- 1 2
BG. 12 V= Lk (169 +h)
(8, 20)
y=2x+22 (0, 0) (13,0)
- 0 g7
0 6,0) (7,00 (11,0) * 13

d. V(7) =280z = V(8), V(9) = 264x, a =1

Freeway e. i. h=175,r=10.62
(0, -28) ii. 886m’
Y 1
PR € R £

e. (1,20),(5,12)and (£,7)

15 ii. 886m
f. — ’
< 2 ’7>

13y/3
3

b. V= %r:h(169 -1

3 3
3

metres
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TOPIC 5
Higher-degree polynomials

5.1 Overview
5.1.1 Introduction

When the Tartaglia—Cardano general method for solving cubic equations
was published, the general method for solving quartic equations was
included too. This was the work of Luigi Ferrari, then a student of
Cardano’s.

With general methods now obtained for degrees 1 to 4, attention turned
to higher order polynomial equations, in particular the degree 5 quintic.
Over a span of 3 centuries several mathematicians thought they were close
to a general method, only to suffer failure. In the 19th century two young
mathematicians finally solved the problem by proving, to everyone’s
surprise including theirs, that there was no general method.

In 1828 the Norwegian Niels Abel was the first to prove that quintics
had no general solution. Shortly afterwards, Evariste Galois from France
went further and proved that no general formula was possible for solving
any polynomial equation other than those of degrees 1 to 4.

This did not mean higher degree equations could not be solved. Numerical methods of solution were widely
used, including the method of bisection, but it meant there was no general formula or method for any degree
beyond 4.

Tragically, the two men had short lives. Abel died of tuberculosis aged 26; Galois was killed in a duel in
1832, aged only 20.

Galois was a mathematical genius; his work was extremely abstract and he did most of it in his head.
Knowing he would probably be killed, Galois spent the night before the duel frantically trying to write down
all his mathematical discoveries for posterity, often scribbling in the margins of incomplete proofs ‘I have no
time’. His work, known as Galois Theory, is very abstract but has become of great importance today in higher
algebra and areas of communication such as cryptology and error control coding.

In 1637 Pierre de Fermat also scribbled in a margin, complaining it was too small for his proof of what
became known as Fermat’s Last Theorem. No-one could solve the problem until finally, in 1995, the British
mathematician Andrew Wiles did. Wiles used Galois Theory in his proof and he received the Abel Prize,
among many accolades.

LEARNING SEQUENCE

5.1 Overview

5.2 Quartic polynomials

5.3 Families of polynomials

5.4 Numerical approximations to roots of polynomial equations
5.5 Review: exam practice

Fully worked solutions for this topic are available in the Resources section of your eBookPLUS at
www.jacplus.com.au.
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5.1.2 Kick off with CAS

Quartic transformations

1.

Using CAS technology, sketch the following quartic functions.

4 4 35

a. y=x by:—_x c.y= 4 2 .4

1
d.y=§x e. y=-3x

Using CAS technology, enter y = ax* into the function entry line and use a slider to change the values
of a.
Complete the following sentences.

a. When sketching a quartic function, a negative sign in front of the x* term the graph of

y =x*

b. When sketching a quartic function, y = ax*, for values of @ < —1 and a > 1, the graph of y = x*
becomes .

c. When sketching a quartic function, y = ax*, for values of —1 < a < 1, a # 0, the graph of y = x*
becomes

Using CAS technology, sketch the following functions.

a. y=x* b. y=(x+ 1* c. y=—(x-2)

d y=x*-1 e.y=—x4+2 f. y=3-—x*

Using CAS technology, enter y = (x — h)* into the function entry line and use a slider to change the value

of h.

Using CAS technology, enter y = x* + k into the function entry line and use a slider to change the value

of k.

Complete the following sentences.

a. When sketching a quartic function, y = (x — h)*, the graph of y = x* is

b. When sketching a quartic function, y = x* + k, the graph of y = x* is

Use CAS technology and your answers to questions 1-7 to determine the equation that could model the

shape of the Gateway Arch in St Louis. If the technology permits, upload a photo of the bridge to make

this easier.

..' i]

' | 1| Resources

Please refer to the Resources section in the Prelims of your eBookPLUS for a comprehensive step-by-step guide on how
to use your CAS technology.
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5.2 Quartic polynomials

A quartic polynomial is a polynomial of degree 4 and is of the form P(x) = ax* + bx* + cx? + dx + e, where
a#0anda,b,c,d, e €R.

5.2.1 Graphs of quartic polynomials of the form y = a(x — h)* + k

The simplest quartic polynomial graph has the equation
y = x*. As both negative and positive numbers raised to
an even power, in this case 4, will be positive, the long-
term behaviour of the graph of y = x* must be that as
X —> —ooorasx — oo, theny — oo.

The graph of y = x* is similar to that of the parabola
y = x*. Both graphs are concave up with a minimum
turning point at (0, 0) and both contain the points
(=1, 1) and (1,1). However, for the intervals where
x < —1 and x > 1, the graph of y = x* lies above the Y
parabola. This is because x* > x? for these intervals.

Likewise, the graph of y = x* lies below that of the parabola for the intervals =1 < x < 0and 0 < x < 1,
since x* < x? for these intervals.

Despite these differences, the two graphs are of sufficient similarity to enable us to obtain the key features
of graphs of quartic polynomials of the form y = a(x — h)* + k in much the same manner as for quadratics of
the form y = a(x — h)* + k.

Dilated by factor a from the x-axis, a horizontal translation of 4 units and a vertical translation of k units,
the graph of y = x* is transformed to that of y = a(x — h)*> + k.

YA

LD

=Y

01](0, 0)

The graph of y = a(x — h)* + k has the following features.
* A turning point with coordinates (4, k).
If a > 0, the turning point is a minimum and if a < 0 it is a maximum.
* Axis of symmetry with equation x = h.
e Zero, one or two x-intercepts.
These are obtained as the solution to the equation a(x — h)* + k = 0.

WORKED EXAMPLE 1

Sketch the graph of:
a.y=%(x+3)4—4 b.y=—-3x—-1)*-7
THINK WRITE

1
a. 1. State the coordinates and a.y= Z(x +3)*—4

type of turning point.
Turning point is (=3, —4).

1 . . .
Asa= 7’ a > 0, so the turning point is a minimum.
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2. Calculate the y-intercept. y-intercept: let x = 0

1
=-(3)" -4
y=70)
_ 81 16
T4 4
_ 65
. ( 65 >
y-intercept: { 0, —
4
3. Determine whether there As the y-coordinate of the minimum turning point is negative,
will be any x-intercepts. the concave up graph must pass through the x-axis.
1
4. Calculate the x-intercepts. —x+3)*-4=0
. . . 4
Note: + is needed in taking 1
. —(x+3)* =4
the fourth root of each side. 4
L(x+3)' =16

Take the fourth root of both sides.

(x+3)=+V16

x+3)=+2
Sx=-5or x=—1
x-intercepts: (=5, 0) and (-1, 0)
5. Sketch the graph. y
65
@’4)
4 (=1,0)
(5,0 Ol x
=

b. 1. Express the equation in the b. y=—(3x— 1)* =7

form y = a(x — h)* + k. =_<3< _%))4_7

1
2. State the coordinates of the The graph has a maximum turning point at <§, —7).
turning point and its type.

3. Calculate the y-intercept. y-intercept: let x = 0 in the original form
y=—-GBx-1)*-7
=—(-1)*-7
=—(1)—7
=-8
y-intercept: (0, —8)
4. Determine whether there As the y-coordinate of the maximum turning point is negative,
will be any x-intercepts. the concave down graph will not pass through the x-axis.
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1
5. Sketch the graph. The graph is symmetric about its axis of symmetry, x = 3
YA

A

0,-8)

Tl | THINK WRITE CASIO | THINK WRITE
a. 1. On a Graphs page,

a. 1. On a Graphs&Table screen,

complete the entry line ¥ o563 complete the entry line as: LTI
. L 1

as: \ V=43 -4

) = Z(x +3)7" -4 (=2 (e+3)%-2 Tap the Graph icon to view ar

Then press ENTER to £ the graph. e

VieW. the graph. ) ST ﬁ’k,_/r(l'* ) 0 Select the y = 0 and MIN and

To view the key points ) X y icons to view the key

on the graph, select: points on the graph.
* MENU
* 6: Analyze Graph -t
e 1:Zero =

or
2: Minimum
e 5:Trace

| Resources

Interactivity: Polynomials of higher degree (int-2569)

5.2.2 Quartic polynomials which can be expressed as the product of
linear factors

Not all quartic polynomials have linear factors. However, the graphs of those which can be expressed as the
product of linear factors can be readily sketched by analysing these factors.

A quartic polynomial may have up to 4 linear factors since it is of fourth degree.
The possible combinations of these linear factors are:

e four distinct linear factorsy = (x —a)(x — b)(x — ¢)(x — d)

« one repeated linear factor y = (x — a)’(x — b)(x — ¢)

* two repeated linear factors y = (x — a)*(x — b)*

» one factor of multiplicity 3 y = (x —a)’(x — b)

* one factor of multiplicity 4 y = (x — a)*. This case in which the graph has a

minimum turning point at (a, 0) has already been considered.
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Given the long-term behaviour of a quartic polynomial whereby y — oo asx — +oo for a positive coefficient
of the term in x*, the sign diagrams and accompanying shape of the graphs must be of the form shown in the
diagrams.

y;(x—a)(X—b)(X—C)(x—i y=@G-aP)@x-b)(x-c) .
T s> T \V4 >
= X = T X

a b c d a b c
a; ;b c; ;d * a b: ;c x
y=(x—-a)?(x-b)> y=@x-a)P(x-b)
* ¥ ¥ > - >
- a b * - a b X
a b X a ; ;b X

For a negative coefficient of x*, y = —o0 as x — +c0, so the sign diagrams and graphs are inverted.

The single factor identifies an x-intercept where the graph cuts
the axis; a repeated factor identifies an x-intercept which is a
turning point; and the factor of multiplicity 3 identifies an
x-intercept which is a stationary point of inflection.

WORKED EXAMPLE 2

Sketch the graph of y = (x + 2)(2 — x)°.

THINK WRITE

1. Calculate the x-intercepts. y=x+2)Q-x?
x-intercepts: let y = 0
x+2)2-x°=0
L(x+2)=00r2-x°=0
Sx=-=2 or x=2
x-intercepts: (=2, 0) and (2, 0)

2. Interpret the nature of the graph at Due to the multiplicity of each factor, at x = —2 the
each x-intercept. graph cuts the x-axis and at x = 2 it saddle-cuts the
x-axis. The point (2, 0) is a stationary point of
inflection.
3. Calculate the y-intercept. y-intercept: let x = 0
y =)y
=16
y-intercept: (0, 16)
4. Determine the sign of the coefficient ~ Leading term is (x)(—x)* = —x*. The coefficient of
of the leading term and identify the the leading term is negative, so as x — +oo then
long-term behaviour of the graph. y = —oo. This means the sketch of the graph must

start and finish below the x-axis.
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5. Sketch the graph.

5.2.3 Equations and inequations

Factorisation techniques may enable a quartic polynomial P(x) given in its general form to be rewritten as
the product of linear factors. Its graph y = P(x) can then be readily sketched from this form and the equation
P(x) = 0 solved using the Null Factor Law. With the aid of a sign diagram, or a graph, an inequation such as
P(x) < 0 can be solved.

The factor theorem may be one method employed if no simpler method can be found. Once one zero and its
corresponding factor are obtained using the factor theorem, division of the quartic polynomial by this factor
would produce a cubic quotient which in turn could be factorised with further use of the factor theorem.
Alternatively, if two zeros can be found from trial and error, then division of the quartic by the product of
their corresponding factors would produce a quadratic quotient.

WORKED EXAMPLE 3

Factorise P(x) = 3x* — 5x3 — 5x% + 5x + 2 and hence solve the inequation
It =53 =52 +5x+2<0.
THINK WRITE/DRAW

1. Use the factor theorem to obtain one  P(x) = 3x* — 5x° — 5x% + 5x + 2

linear factor of the polynomial. P)=3—-5-5+5+2
=0
.. (x — 1) is a factor.
2. Use the factor theorem to obtain a P(-1)=34+5-5-5+2
second linear factor. =0
.. (x+ 1) is a factor.
3. State a quadratic factor of the Hence, (x — 1)(x + 1) = x> — 1 is a quadratic factor
polynomial. of P(x).

4. Divide the known quadratic factor into  3x* — 5x° — 5x% + 5x + 2 = (x> — 1)(ax?> + bx + ¢)
the polynomial. == )G +bx—2)
Equating coefficients of x*: =5 = b
23 =58 =52 +5x+2=(* - DBxX = 5x—2)
5. Completely factorise the polynomial.  P(x) = (x> — 1)(3x* — 5x — 2)
=@ -DGx+ DH(x—-2)
=x—-Dx+DBx+ Hx—2)
6. State the zeros of the polynomial. The zeros of the polynomial are:

x=l,x=-1l,x=—,x=2
3
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7. Draw the sign diagram.

or alternatively, sketch the graph.

8. State the solution to the inequation.

The leading term has a positive coefficient so the
sign diagram is:

Px) <0

1
.‘.—1§x§—§ or 1 <x<2

TI| THINK

1. On a Calculator page, press
MENU and select:
3. Algebra
2. Factor
Complete the entry line as:

factor(3)c4 -5 =5 +5x + 2)

Then press ENTER.

Note: On a CAS calculator, it
is not necessary to factorise in
order to solve.

2. On a Calculator page, press
MENU and select:
3. Algebra
1. Solve
Complete the entry line as:
solve

(3x* —5x' =527 + 5x +2 < 0,x)

Then press ENTER.

3. The answer appears on the
screen.

WRITE

factorla x5 335 x 245 x42)

(e=2)- (e=1)- (1) (20001)

factorla x3-5 25 x5 x42)

(e=2)- (e=1): er)- (30 041)

ki 2
solvo(l- xioe. X7 =5 x 45 .\'+250,\'J

'lS\’S'—’l or 18x=2

CASIO | THINK

1. On the Main screen, complete
the entry line as:
factor (3x* — 5x* — 5x% + 5x +2)
Then press EXE.
Note: On a CAS calculator, it is
not necessary to factorise in
order to solve.

2. On the Main screen, complete
the entry line as:
solve
(3x* —5x' =527 + 5x +2 < 0,x)
Then press EXE.

3. The answer appears on the
screen.

WRITE

© Edit Action Intsractive

EEESCE

|ractor (3x3-5x3-5x245x42) 1
(x#1)+ (x=1)+ (x=2) - (3-xk1)
o

]
A Stk Al Oep B

© Edit Action Intsractive
o B0 E I G e R
factor (Ix4-5x3-5x245x42)
(x#1)=(x=1)+(x=2) - (Soxb1) |
Isalve (3x4=5x3-5x2 +5x+250, >
1
[~rsss-1 1sxs2) |

0

study[1])

Mm (ofo)[= /i B Quartic polynomials Summary screen and practice questions
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Exercise 5.2 Quartic polynomials

Technology free

1. a. On the same set of axes, sketch the graphs of y = x*,y = 2x* and y = %x“. Label the points for which

x=—1,0and 1.

b. On the same set of axes, sketch the graphs of y = x*, y = —x*,y = —2x* and y = (=2x)*. Label the
points for which x = —1,0 and 1.

c. On the same set of axes, sketch the graphs of y = x*, y = —(x + 1)* and y = (1 — x)*. Label the points
for which x = —1,0 and 1.

d. On the same set of axes, sketch the graphs of y = x*, y = x* + 2 and y = —x* — 1. Label the points for
which x = —1,0 and 1.

2. K23 Sketch the graph of:
a y=@x-2"*-1 b. y=—-CQx+ 1)*
3. a. State the coordinates and nature of the turning point of the graph of y = %(x + 2)* — 2 and sketch the

graph.
b. After the graph of y = x* has been reflected about the x-axis, translated 1 unit to the right and
translated downwards 1 unit, state
i. the coordinates and nature of its turning point.
ii. its equation and sketch its graph.
c. The equation of the graph of a quartic polynomial is of the form y = a(x — h)* + k.
Determine the equation given there is a y-intercept at (0, 64) and a turning point at (4, 0).
4. Sketch the following graphs, identifying the coordinates of the turning point and any point of intersection
with the coordinate axes.

a. y=@x-D*'-16 b. y=12(x+3)*+12
c. y=250—04(x + 5)* d. y=—(6(x—2)"+11)

| 4 2-7x\*
e. y=50x-3)"-2 f.y=1- 3

5. Determine a posssible equation for each of the following.
a. A quartic graph with the same shape as y = %x“ but whose turning
point has the coordinates (—9, —10). (-100, 10 000)10 OOOy—‘
b. The curve with the equation y = a(x + b)* 4+ ¢ which has a minimum
turning point at (—3, —8) and passes through the point (—4, —2).
c. A curve has the equation y = (ax + b)* where a > 0 and b < 0.
The points (0, 16) and (2, 256) lie on the graph.
d. The graph shown has the equation y = a(x — h)* + k.
6. a. Sketch the graph of y = —(x + 2)(x — 3)(x — 4)(x + 5) showing all
intercepts with the coordinate axes.

>

b. The graph of a quartic polynomial with three x-intercepts is shown.

i. For each of the three x-intercepts, state the corresponding A
factor in the equation of the graph.
ii. Write the form of the equation.
iii. The graph cuts the y-axis at (0, —6). Determine the equation of
=10 (3,0
the graph. 0
7. [l Sketch the graph of y = (x + 2)*(2 — x)°. (1,0)
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8. Give a suitable equation for the graph of the quartic polynomial shown.

9. Sketch the following quartic polynomials without attempting to locate any turning points that do not lie

on the coordinate axes.

=x+8)x+3)x—4)(x—10)
y= —m(x +3)(x—2)2x - 15)Bx - 10)
y==2x+7x—1)*Q2x—-5)
y = 3x*(4x — 15)°
y=3(1+x>@4-x)
f. y=(3x + 10)(3x — 10)°

10. For each of the following quartic graphs, form a possible equation.

o 20000

a. b YA
(3,75)
(2,0 (4’ 0)
(=6, 0) 4, 0) X
(=5,0) (=3,0) 0
Y
C. YA
(0, 54)
(=6,0)  (0,0)
Y (-1.5, 0) (08 0)

1. a. If P(x) = 3x* 4+ ax® + 2x? — 5x + 12 and P(-2) = 14, determine the value of a.
b. i. Show that (x + 3) and (x — 1) are factors of P(x) = 2x* + 11x> + 4x% — 29x + 12.
ii. Fully factorise 2x* + 11x* + 4x* — 29x + 12.
12. Solve the following quartic equations for x.

a xCBx+1)x=5@x+3)=0 b. 8x*4+72x° =0
c. 4x* = 16x2 d (x+3)*4+2(x+3)*-15=0
e. X+ 73 +8?%2—16x=0 f. x4 +202 —4x-3=0
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13.

14.
15.

16.

KA Factorise P(x) = x* 4+ 5x° — 6x — 32x + 32 and hence solve the inequation
xt+5x° —6x% —32x+ 32 > 0.

Solve the equation (x 4+ 2)* — 13(x + 2)> — 48 = 0.

Solve the following equations and inequations.

a x+3)2x-DH@-x2x-11)<0 b. 9x* —49x? =0

c. 300x* 4+ 200x +28x* < 0 d. —3x*+20x* + 10x> = 20x =7 =0

e. X*+x°—8x=38 f. 202x—1*=8(1-2x)*>0

A graph with the equation y = a(x — b)* + ¢ has a maximum turning point at (—2, 4) and cuts the y-axis
aty =0.

a. Determine its equation.
b. Sketch the graph and so determine {x: a(x — b)* 4+ ¢ > 0}.

Technology active

17.

18.

19.

20.

21.

22,

The curve with equation y = ax* + k passes through the points (=1, 1) and (%, %)

a. Determine the values of a and k.

b. State the coordinates of the turning point and its nature.

c. Give the equation of the axis of symmetry.

d. Sketch the curve.

The graph of y = a(x + b)* + ¢ passes through the points (-2, 3) and (4, 3).

State the equation of its axis of symmetry.

Given the greatest y-value the graph reaches is 10, state the coordinates of the turning point of the graph.

Determine the equation of the graph.

Calculate the coordinates of the point of intersection with the y-axis.

Calculate the exact value(s) of any intercepts the graph makes with the x-axis.

Sketch the graph.

Factorise —x* + 18x> — 81.

Sketch the graph of y = —x* + 18x2 —8l.

Use the graph to obtain {x: —x* + 18x> — 81 > 0}.

. State the solution set for {x:x* — 18x*> + 81 > 0}.

The graphs of y = x* and y = 2x? intersect at the origin and at a point P.

a. Calculate the coordinates of the point P.

b. The parabola y = ax? and the straight line y = mx pass through the origin and the point P. Determine
the values of a and m.

c. Using the values obtained for @ and m in part b, sketch the graphs of y = x*, y = 2x%, y = ax? and
y = mx on the same set of axes.

d. i. At what points would the graphs of y = nx® and y = x* intersect?
i. If each of the four curves y = x*, y = nx?, y = ax? and y = mx intersect at the same two points,

express a and m in terms of n.

Sketch the graph of y = x* — x* — 12x? — 4x + 4, locating turning points and intersections with the

coordinate axes. Express coordinates to 2 decimal places where appropriate.

a. Use CAS technology to sketch the graph of y = x* — 7x — 8, locating any turning points and
intersections with the coordinate axes.

b. Hence express x* — 7x — 8 as the product of a linear and a cubic polynomial with rational coefficients.

S 0T D00 T
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5.3 Families of polynomials

Of the polynomials, the simplest is the linear polynomial. In some ways it is the exception, because its graph
is a straight line, whereas the graphs of all other polynomials are curves. Nevertheless, the graphs of linear
and all other polynomials of odd degree do display some similarities. Likewise, the graphs of polynomials
of even degree also display similarities with each other. In considering families of polynomials it is therefore
helpful to separate them into two categories: those with an odd degree and those with an even degree.

5.3.1 Graphs of y = x”, where n € N and n is odd

Consider the shapes of the graphs of some odd-degree polynomials with simple equations. Once the basic
shape is established, we can deduce the effect of transformations on these graphs.

Comparison of the graphs of y = x,y = x* and y = x° shows a YA y=xSp Ay = x3
number of similarities. y=x
» Each graph exhibits the same long-term behaviour that as 1,1
X — +00,y — *00.
» Each graph passes through the points (—1,—1),(0,0),(1,1). o, Oz) -

* With the exception of y = x, the other two graphs have a
stationary point of inflection at (0, 0) and essentially
similar shapes.
* The larger the power, the narrower the graph for x > 1 Y
and forx < —1.
Thus, if n is an odd positive integer, n # 1, the graph of y = x" will have a stationary point of inflection at
(0, 0) and essentially resemble the shape of y = x°.

Under a sequence of transformations whereby the graph of y = x", n € N\ {1} is dilated by factor a from
the x-axis and translated horizontally /4 units right and vertically & units up, the equation of the transformed
graph takes the form y = a(x — h)" + k.

(_19 _1)

The key features of the graphs of the family of odd-degree polynomials,

with the equation y = a(x — k)" + k, n € N\{1}, and n is odd, are as follows:
e There is a stationary point of inflection at (h, k).
e Ifa > 0, thenasx — +o00,y — +00.
e Ifa < 0, then asx — +o0,y — Foo.
 There is one x-intercept which is calculated by solving a(x — k)" + k = 0.
* There is one y-intercept which is calculated by substituting x = 0.

WORKED EXAMPLE 4

Sketch the graph of y = 1—16(x +2)°-17.

THINK WRITE

1
1. State the coordinates of the stationary y = E(x SLAP =T

oint of inflection. . . . .
P Stationary point of inflection at (-2, —7)
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2. Calculate the y-intercept. y-intercept: let x = 0

1

=—0Q)Y -7

y 16()
32

==_7
16

=-5

y-intercept: (0, —5)
3. Calculate the x-intercept. x-intercept: let y = 0

1 5

X+’ -7=0
L(x+2)5—7
16 -

(x+2y° =112
Take the fifth root of both sides:
x+2=4V112

x=v112 -2
x-intercept: approximately (0.6, 0)
4. Sketch the graph. YA y= 1% (427
B (\5/ 112-2, Q)
< 5 >

(0’ _5)

5.3.2 Graphs of y = x”, where n € N and n is even

Comparison of the graphs of y = x?, y = x* and y = x® shows a number of similarities.

Y

1L D\_(0,0)

<€

0

Y

» Each graph exhibits the same long-term behaviour that as x - +oc0, y — 0.

* Each graph passes through the points (-1, 1), (0,0), (1, 1).

* All graphs have a minimum turning point at (0, 0) and essentially similar shapes.

* The larger the power, the narrower the graph for x > 1 and for x < —1.

Thus, if n is an even positive integer, the graph of y = x" will have a minimum turning point at (0, 0) and

essentially resemble the shape of y = x.
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Under a sequence of transformations, the equation takes the form y = a(x — h)" + k.

If n is an even positive integer, the key features of the graphs of the family of even-degree
polynomials with the equation y = a(x — h)" + k are as follows:

e There is a turning point, or vertex, at (i, k).

* For a > 0, the turning point is a minimum; for a < 0 it is a maximum.

e Fora > 0,asx > +00,y — o0.

e Fora < 0,asx > +00,y —> —o0.

¢ The axis of symmetry has the equation x = h.
e There may be 0, 1 or 2 x-intercepts.

e There is o