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INTRODUCTION AND DEDICATION

J.B. Fitzpatrick

It is interesting to wonder whether J. B. Fitzpatrick (‘Bernie’) realised in 1983 just how popular
his book New Senior Mathematics would be. That first edition of New Senior Mathematics was
to remain in print for almost 30 years. It has stood the test of time thanks to the quality, rigour
and variety of its questions, its accuracy and its high mathematical standards.

As Fitzpatrick wrote in 1983: ‘Mathematics, like many other things, is best learnt by doing.
A student begins to appreciate the power of mathematics when he or she has achieved

a mastery of basic techniques, not after reading lengthy explanations... The emphasis
throughout the book is on the understanding of mathematical concepts” (Introduction,
New Senior Mathematics 1984).

J. B. Fitzpatrick passed away in 2008. Fitzpatrick was a respected author, teacher and figurehead
of mathematics education.

Bob Aus

Bob Aus taught in New South Wales high schools for 40 years, retiring in 2007. During that
time Bob taught all courses from Years 7 to 12 up to Level 1 / 4-unit / Extension 2. He has
marked HSC examination papers and has been involved in the standards setting process

as judge and chief judge for the three Calculus-based courses over four years. He has also
completed review work for the NSW Board of Studies and represented NSW at a week-long
review and standards setting of the upper-level course from each state prior to the development
of the Australian National Curriculum for senior students.

Bob spent time as Regional Vocational Education Consultant in the North Coast region and
was a Mathematics consultant in the Hunter region. When he retired he was Head Teacher
Mathematics at Merewether High School and enjoyed teaching an Extension 2 class with

24 students.

Bob’s first publication was in 1983 and he has been involved with writing a range of textbooks
and study guides since then, including revising and updating the New Senior Mathematics
series 2nd edition in 2013.

Bob has presented talks on the three Calculus-based courses throughout the state. He has
co-written the Years 6-9 Mathematics syllabus for the Abu Dhabi Education Authority, as
well as managing the writing project for support material for this course. He also wrote the
Years 10-12 syllabus for their Calculus-based course.

This updated third edition of New Senior Mathematics applies to the new Stage 6 HSC courses
in NSW to be implemented in Year 11, 2019.
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New Senior Mathematics Extension 2 for Year |2 is part of

a new edition of the well-known Mathematics series for
New South Wales. The series has been updated to address
all requirements of the new Stage 6 syllabus. We have
maintained our focus on mathematical rigour and challenging
student questions, while providing new opportunities for
students to consolidate their understanding of concepts and
ideas with the aid of digital resources and activities.

Student Book

The first three chapters of the first student book contain
revision material that provides the necessary foundation for
the development of senior mathematics concepts. In the new
edition you'll also find:

* content built on a rigorous, academic approach that
promotes excellence and prepares students for higher
education

* asimple, convenient approach with Year | | and 12 content
in one book for Advanced and Extension |, and Year |2
content for Extension 2, with colour coding to distinguish
year levels

digital technology activities that promote a deeper
understanding, allowing students to make connections, and
visualise and manipulate data in real time.
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Student Worked Solutions

The New Senior Mathematics Extension 2 for Year |2 Student
Worked Solutions contains the full worked solutions for

every second question in New Senior Mathematics Extension 2
for Year |2.
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Reader+

Readert, our next generation eBook, features content and
digital activities, with technology such as graphing software and
spreadsheets, to help students engage on their devices.

There are also teacher support materials, such as practice
exams, question banks, investigation assignments, and fully
worked solutions to cover all internal and external assessment
items and save you time.
.
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FEATURES OF THE 3RD EDITION

STUDENT BOOK/READER™

YEAR LEVELS

Year levels are indicated on each page for easy
identification of Year 11 and 12 content.

MAKING CONNECTIONS

This eBook feature provides teachers and students with
a visual interactive of specific mathematics concepts or
ideas to aid students in their conceptual understanding.

EXPLORING FURTHER

This eBook feature provides an opportunity for students

to consolidate their understanding of concepts and
ideas with the aid of technology, and answer a small EXPLO RI NG Fu RTH ER
number of questions to deepen their understanding and

broaden their skill base. These activities should take
approximately 5-15 minutes to complete.

CHAPTER REVIEW

Each chapter contains a comprehensive review of chapter
content.
CHAPTER REVIEW

SUMMARY PAGES

A comprehensive course summary is provided at the end

SUMMARY
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CHAPTER 1

Complex numbers

1.1 ARITHMETIC OF COMPLEX NUMBERS AND THE SOLUTION OF
QUADRATIC EQUATIONS

The need for complex numbers

As society has developed over time, so has our need for a more comprehensive number system. Initially, the only
numbers needed were the counting numbers (1, 2, 3, ...). Later, people found a need for zero and for negative
numbers, giving us the set of integers. Fractions and decimals gave us the set of rational numbers. With numbers
such as /2 and 7, the set of irrational numbers was developed. The rationals and the irrationals together form the
set of real numbers.

These number systems have been developed by mathematicians to address new and different problems that have
emerged.

For example, to solve different kinds of equations requires different kinds of numbers. Using only integers, you can
solve equations such as x + 5 = 2 but you can't solve 5x = 2. You need rational numbers for that. To solve x* = 5 you
need irrational numbers.

There are other equations which can’t be solved using any real numbers. The simplest example is x*=—1 or x* + 1 =0.
However, this equation can be solved by defining a number i such that i* = —1:

¥+1=0
ie. x¥*—i’=0 where i* =—1
(x—1)(x+i)=0 (difference of two squares)

xX=1i or x=-—i

Example 1
Solve the quadratic equation x* — 4x + 13 = 0.

Solution

Note that the discriminant A = b*> — 4ac = 16 — 52 = —36. Hence the quadratic equation has no real roots and the
parabola y = x* — 4x + 13 is entirely above the x-axis.

However, you can find solutions using complex numbers, which are of the form a + bi where a and b are

real numbers.

Method 1 Using the quadratic formula Method 2 Completing the square
X —4x+13=0 X —4x+13=0
x:—bi\/bz—4ac X —4x+4+9=0
2 (x—2)*=-9
x= @ x—2=13i
x=2+3J_1 x=2%3i
x=2%3i

Chapter 1 Complex numbers
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The complex number system
Any number z of the form x + iy, where x and y are real numbers, is called a complex number.

x is the real part of z, denoted by Re(z) = x, and y is called the imaginary part of z (although it is not literally
‘imaginary’ in the usual sense of that word), denoted by Im(z) = y.

(Note that you use a single letter z to denote the complex number x + iy, to emphasise that x + iy is a single number
despite being written as a sum of two parts.)

If the imaginary part of z is zero, i.e. y = 0, then z is purely real. This means that the set of real numbers is a subset of
the set of complex numbers.

If the real part of z is zero, i.e. x = 0, then z is purely imaginary, e.g. 3i or —i.

The following definitions apply to complex numbers.

Equality

Two complex numbers are equal if and only if their real parts are equal and their imaginary parts are equal:
a+bi=c+di if and only if a=c and b=d

The ‘if and only if” in the above statement means that the statement applies forwards and backwards, in other words
it is two statements in one.

Ifa+bi=c+di,thena=cand b=d.
Ifa=cand b=d, then a+ bi=c+di.
Addition and subtraction
Ifz=2z *+z,wherez =x +iy and z,=x, + iy, thenz=(x, + x,) £ i(y, + ,).
Multiplication
If z=z X z,, where z =x, +iy, and z, = x, + iy,, then:
z=(x, +iy)(x, +iy,)

=xx, + izyly2 +ixy, +ix,y,

= (%2, = yp,) +ilx,p, + X9,
The conjugate of a complex number
If z = x + iy, then the conjugate of z is z = x — iy. (This is similar to the conjugate of a surd.)
Note that the product of a complex number and its conjugate is a real number:

zz = (x +iy)(x —iy)

27 )/2
— x2 + yZ
Division

z
To calculate the division z = Z—l, multiply the numerator and denominator by the conjugate of z,. This realises
2

the denominator, i.e. makes the denominator real. This is similar to how you rationalise a denominator when
dividing surds.

Example 2
Ile =2+ 3iand z,=—1+4i, find:

(@ z +z, (b) z -z, (€) z Xz, (d) z,z, (e) zl2 M z+z
Solution

@ z,+z,=2+3i+(-1+4i))=1+7i
(b) z,—z,=2+3i—(-1+4i)=3—i
©) z,Xz,=(2+3i)(-1+4i)=-2+8i—3i+12i=—2+5i—12=-14+5i

2 New Senior Mathematics Extension 2 for Year 12
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d) z,z,=(-1+4i)(-1—4i)=(-1)>- 16/ =1+16=17
€ z’=(Q2+3i)’=4+12i+9%"=4+12i—9=-5+12i
0 Z_ 2+3i _ (2+43i) (-1-4i) _—2-8i—-3i—12i° _—2-11i+12 _10-11i _10 11,

z, —1+4i (-1+4i) (-1-4i) 1— 168 T 1+16 17 17 17!
Example 3
Ifz1:2—3iand22:—4—5i,ﬁnd: B
@ z +z, b) z,-z ©) z +7 d z,-7% () zxz, i) 2;_2
1
Solution

@ z,+z,=2-3i+(-4-5)=-2-8i

(b) z,—z,=(-4-5i)—(2-3i)=—6-2i

(€) zy=2+3i. z+z=2-3i+(2+3i)=4

(d) z,=—4+5i. z,—z,=-4-5i—(—4+5i)=~10i

(€) z,XZ, =(2+3i)(—4+5i) =—8+10i —12i +15i* = -8 — 15— 2i = 23— 2i
0 Zy _ —4+5i _—4+5i 2-3i -8+12i+10i—15 _7+22i _ 7 22,

Z, 2+3i  2+3i 2-3i 4+9 =13 13713
Example 4
Express z° + 64 as the product of three linear factors. Hence find the three cube roots of —64.
Solution
2 +64=(z+4)(Z—4z+16) (sum of two cubes)
=(z+4)(Z-4z+4+12) (complete the square)
=(z+4)((z—-2)*-12/%) (construct the difference of two squares)

= (z+4)((z—2)" - (24/3i)))

=(z+4)(z—2—23i)(z— 2 + 2431
The cube roots of —64 are obtained fromz+4=0,z—2 — 2/3i= 0,z—2+ 2/3i=0.
.. The cube roots are —4, 2 — 2/3iand 2 + 24/3i.

Square roots of a complex number

The general method for finding the square roots of a complex number is illustrated in the following example.

Example 5
Find the square roots of 3 + 4i.

Solution
Let z = x + iy, where x, y are real, such that 22 =3+ 4i:

(x+ iy)2=3+4z‘
(=) +2xyi=3+4i
Equating the real and imaginary parts of LHS and RHS:
“L—-y'=3 1] 2xy=4  [2]

Chapter 1 Complex numbers 3
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2

From [2], y = %, then substitute into [1]: x"— % =3
x'=3x-4=0
(-4 (x*+1)=0
=4 or x*=-1
But x is real .. x =2 are the only solutions.
Substituting this into [2]: y==1

So the square roots of 3 + 4i are 2 + i and —2 — 7, which can be written as (2 + 7).

EXPLORING FURTHER

Arithmetic of complex numbers
Use technology to explore the arithmetic of complex numbers.

Q

EXERCISE 1.1 ARITHMETIC OF COMPLEX NUMBERS AND THE SOLUTION OF
QUADRATIC EQUATIONS

1=,
A 1 B -1 C i D —i

2 Solve the following equations.
(@ Z+9=0 (b) Z2+25=0 () Z2+2z+17=0
(d -Z+2z-5=0 (e) Z2=4z-20 (fl —222+2z-13=0
(9 Z2-2z+8=0 (hy z—4-2"=0

3 Simplify:

@ 7 (b) i () d i e
4 If z=5- 24, find:

-

(@ z* (b) z (©) 2z (@ 2 € (z-2)° (f)
5 Simplity:

@ B+5)+(7-2)) (b) 4+7)—(=2+9) () (5+2i)(3—4i)

(e) (2-5i) @ i @ (/3 +2i)(3-2i)

. 8+5i L 3 2 —8+3i _2+3i

0 573 0 275* 73 ® g 1va

6 Find real numbers x and y such that:

(@ (x+iy)(2-3i)=-13i (b) (1+d)x+(2-3i)y=10
7 Ifz =3 +iand z,=2 - 3i, find:

@ (-2 () zx7, © z7 (d)
8 Find the linear factors of the following expressions.

@ Z+9 (b) Z°+36 € (z-3)7+16

() Z2+2z+26 (f Z2—6z+20 (9) 22 +2z+4
9 Solve the equation: (a) 2z—1=(4—1i)’ (b) z ; 2 _ 14 i

4 New Senior Mathematics Extension 2 for Year 12
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(d) (7+3i)(7 - 3i)

1
(h) 2+3i

o (552

2,74
Zl+Z2

(d) (2z+3)*+8
(h) Z°+1000
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10 (a) Find the square roots of —8 + 6i.
(b) Hence solve 22> + (1 — i)z + (1 —i) =0.
(c) Use your answer to part (b) to verify that the results for the sum of roots and for the product of roots of a
quadratic equation are true when the coefficients and roots are complex numbers.

11 Find the square roots of the following: (a) —8 —6i (b) —16i (c) 12+5i

12 (a) Show that /3 —iis a root of the equation z° — 3 =) +9z-93+9i=0.

(b) Find the other two solutions of the equation.

(c) Use your answer to part (b) to verify that the results for the sum of roots, for the sum of products of pairs
of roots and for the product of roots of a cubic equation are true when the coefficients and roots are
complex numbers.

13 Solve the following quadratic equations.
(@ Z2-(3-2i)z+(1-3i)=0 (b) Z2—z+(4+2i)=0
() Z2—-(Q2+2)z+(-14+2i)=0 (d Z2—GB+iz+(2-3))=0
14 Let z=a+ ib where a, b are real. Prove that there are always two square roots of z except when a=b=0.

15 Ifz =x +iy and z, = x, + iy,, show that the following equations are true.
(@ z +z =2XRe(z,) (b) z, -z =2xIm(z)xi (©) z,+z,=7z +7Z,
@ z=%-7-% @ 7%z =7x7
16 (a) Expressz + 125 as the product of three linear factors.
Let w be one of the non-real complex roots of the equation z° + 125 = 0.
(b) Show that w* = 5w — 25. (c) Hence simplify (5w — 25)°.

1.2 GEOMETRICAL REPRESENTATION OF A COMPLEX NUMBER

AS A POINT
As the complex number z = x + iy is composed of two parts, it can Imaginary
be considered as an ordered pair (x, ), and so complex numbers axis
. X y o P(x + yi)
can be represented as points in a plane. Any complex number !
z=x+ iy can be represented by the point P with coordinates (x, y) in a 'y

number plane in which the x-axis is the ‘real” axis and the y-axis is the |
‘imaginary’ axis. This Cartesian representation of complex numbers = X :

is called the Argand diagram, after the French mathematician Jean- l Real axis
Robert Argand (1768-1822). The number plane on which Argand

diagrams are mapped is called the complex number plane.

X

Geometrical addition and subtraction of complex numbers

Example 6 iy
_ g _ o & R

Ifz =5+ 2iand z,= 1+ 3i, show z, + z, and z, — z, on an Argand diagram. 54 Y

o 4 4 - 1
Solution .- ;
Algebraically, z +z,=6 +5iand z, — z, =4 — i. 21 /7 Pr,
On an Argand diagram, points P, Q and R represent z,, z, and z, + z, Iy /’
respectively. Note the location of R to complete the parallelogram OPRQ. 509 1 2 3575 6 7 8ke

/4 S -

The diagram also shows points Q" and S, representing —z, and z, — z, L e
respectively. Note that z, — z, has been calculated as z, + (~z,). S completes the ~nlyf
parallelogram OPSQ'. e,

Chapter 1 Complex numbers 5
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Geometrical representation of multiplication by i

Im
Example 7 61
If z=4 + 3i, show iz, i’z and i’z on an Argand diagram. iz
4 4
Solution AR ;
Algebraically: iz=-3+4i, ’z=—4—3i and ’z=3—4i. 27
The Argand diagram shows that each multiplication by i causes the N\ .
point z to be rotated anticlockwise about the origin by % (90°). 6 -3 -4 -3 -2 I\l 2 3 4 6 Re
24
R
34
22 4l S
_ i3z
64
Geometrical representation of conjugates
The points that represent a pair of complex conjugates are reflections in the real axis. (This is Im z
because a number and its complex conjugate are the same except that the imaginary part has !
changed from negative to positive, or vice versa.) :
If z=x + iy, then z = x —iy. The sign of the imaginary part has changed, while the sign of the © , Re
real part has remained the same. On the Argand diagram this means a reflection in the x-axis !
(real axis). z

MAKING CONNECTIONS D

Geometric representation of conjugates
Use technology to explore the geometric representation of complex numbers and conjugates.

Modulus—argument form or polar form of a complex number

A point P on an Argand diagram may be located by Cartesian coordinates (i.e. an x-coordinate and y-coordinate,
indicating horizontal displacement and vertical displacement respectively from the origin O), or alternatively by its
modulus (plural ‘moduli’) and its argument:

+ The modulus is the distance from the origin O to P.

» The argument is the angle at which the ray OP is inclined to the positive direction of the real axis.

Im

Specifically, you define the modulus of zas modz=[z| =[x +iy| =/x* + y* =7
From this definition and the diagram, note that x=rcos @ and y = rsin 6.

Therefore, for any complex number: z=x+ iy =rcos 0+ irsin 8= r(cos 0+ isin 0)

When a complex number is expressed in the form r(cos 8+ isin 0), it is said to o) X
be in mod-arg form or polar form. The abbreviation rcis @ may be used, where
rcis @=r(cos 6+ isin 6).

The argument of z=x + iy is then defined as argz= 6 such that x=rcos @ and y = rsin 6

Clearly, an infinite number of values of 6 are possible for any complex number z, obtained by adding or subtracting
multiples of 27t (or 360°). Therefore:

Define the principal argument to be 8 such that —z< 0< 7.
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Results should always be given using the principal argument.

Note: arg0 is undefined.

Example 8
Write each of the following in mod-arg form.

(@ 1++/3i b) -1++3i (€) -1-+3i (d) 1-+3i

Solution
It is always helpful to show the complex numbers on an Argand diagram.

. Im .
-1 +3i 1+3i @ = 12+(\/§)2:2
0, 2cos@=1and 2sin 0=+/3 , S0 O1is a first-quadrant angle.

. _np_T
o, ..argz-@—g

Re 1+\/§i=2CiS%

b) |o]=(-1) +(¥3)" =2

2cos @=—1 and 2sin 6= /3, so Ois a second-quadrant angle.

-1-3i 1-3i
argz=6?:2T7r

so—1 +\/§i=2cisz?ﬂ:

© ld=y(=17+(=3) =2

2cos @=—1 and 2sin 0= —/3, so @is a third-quadrant angle.

soargz=0= —2?” (Note the use of the principal argument.)

—1—\Bi=2cis(—27”)

(@) | =12 +(-3) =2

2cos@=1and 2sin 6= —/3 , s0 O1is a fourth-quadrant angle.

coargz=0= —% (Again, note the use of the principal argument.)

o1 —\/§i=2CiS(_%)

The result zxz =(zf
This useful result can be proved as follows. Let z = x + iy so that z = x — iy.
S LHS=(x+iy)(x—iy) = x° +y2 =RHS
Products in mod-arg form
Letz =r (cos 6, +isin0)) and z,=r,(cos B, + isin 6,).
Then z, X z, =r r,(cos 0, + isin 6 )(cos 6, + isin 6,)
=r,1,(cos 0, cos 6, —sin 6, sin 6, + isin 6, cos B, + icos O, sin 6))
=rr,(cos(6,+6,) +isin(6, + 6,))
=rr,cis(6, +6,)

Chapter 1 Complex numbers 7
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This is a complex number in mod-arg form with modulus 7,7, and argument (6, + 6,).
=z =z Xz

Also, note that argz +argz, is one value of arg(z,z,), but not necessarily the principal value. (You may have to add
or subtract a multiple of 27 to obtain the principal argument.)

arg(z,z,) = arg z, + arg z, expressed in terms of the principal values

The modulus of a product is the product of the moduli.
The argument of a product is the sum of the arguments.

Example 9
Ifz = 2(coszTﬂ +isin 2?7[) and z, = V2 (cos%r +isin T) find z, X z, in mod-arg form and in Cartesian form.
Hence find the exact value of cos 51721-
Solution
zZ,Xz,= Zﬁ(co (2?”+3T7[)+ isi n(2§+3f))
=22 (cos% +isi 117 2” ) (which is in mod-arg form, but not using the principal argument)
=22 (cosﬁ +isin 17—2) (subtracting 27 to find the principal arg)

To find z, X z, in Cartesian form:

_ofe2m 2w o 1 \/_)__
z —2(cos 3 +isin 3)—2( 2+z > = 1+\/§z

e 3T 3T
zz—ﬁ(cos 4 +isin ) \/7( \/_ \/_) -1+
"z, Xz, =(—1+J§z)(—1+z)=(1—f)+(—1—f)i
So 2\/_(COS +isin—=— ) (1—\/_)+( 1—\/_)1111 Cartesian form.

Equating the real parts (because you are trying to prove a result involving cos 51 >

Zﬁcos_—=1—\/§ cosﬂ—l_\/_

12 242
=7 _ 7T _
But cos—=— = cos =5~ = —cos— (as cosx is an even function and cos (7 — 6) = —cos 0)

12 12
5z _3-1 =\/_2\/_

57 1-+/3

.—Cos==~=—>= andso cos=- =
127 242 127 22

EXPLORING FURTHER

Polar form of a complex number
Use technology to explore the polar form of a complex number.

8 New Senior Mathematics Extension 2 for Year 12
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Quotients in mod-arg form

Let z, =7 (cos 6, +isin6)) and z, =r,(cos 0, + isin 6,).
r,(cosB, +isin6))
r,(cos@, +isin6,)
_ 1(cosf, +isin6)) (cos®, —isin6,)
~ 1,(cosB, +isin6,) " (cos@, —isin6h,)
n ((cos 6, cos, +sin 6, sin6, ) +i(sin 6, cosd, — cos 6, sin 02))

2 22
r,(cos” @, +sin” 0,)

z
Then —* =

2

= 1 {cos(0,~0,) +isin(6, ~0,)

ro.
= éas(@l - 92)

This is a complex number in mod-arg form with modulus :—1 and argument (6, — 0,).
2

Z
Also, note that argz —argz, is one value of arg z_ , but not necessarily the principal value. (You may have to add
2

or subtract a multiple of 27 to find the principal argument.)

z . .
arg(zlj =argz, —argz,,z, # 0,expressed in terms of the principal values.

il

It follows from these results that %‘ = E = é and arg(%) =argl—argz =—argz.

The modulus of a quotient is the quotient of the moduli.
The argument of a quotient is the difference of the arguments.

Example 10
If z =1+i and z,= V3 - i, find z—l in mod-arg form.
Solution 2

z, = \/E(cos% + isin%) and z,= 2(cos% + isin%)

LA _\2 (E_i) ﬁ( 57 Lﬂ)
.Z2 ) cis 4 6 ) COS 12+ZSIH 12

Two special results
1 If z=r(cos O+ isin 0) then the conjugate z =rcis(—0)

2 If z=r(cos O+ isin 0) then % = %cis (-60)

This second result can be proved as follows:

Method 1 Method 2
11680 10— 0)= Leis(-0) Lo ixE= A =rf o Lasco

Chapter 1 Complex numbers 9
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Powers using mod-arg form
De Moivre’s theorem (named for the French mathematician Abraham de Moivre (1667-1754)) states:

If z=r(cos 0+ isin B) and  is an integer,
then z" = r"(cosn@ + isinn0)

=‘z’" and argz" =nargz

v

n

It follows from these results that ZL” =

-1 1 "
—Wandarg o =argl—argz" =—nargz.
z

You will prove this theorem in question 13 of Exercise 1.2 below.

Example 11
If z=1+i, express z '° in Cartesian form (x + iy).
Solution
_ T anZ
z—ﬁ(cos4+1sm4)
-10 _ =10 —107 —107
270 = (V2)" cos( 0 ) isin 207
1 T\, ...
32(cos( 2)+zs1n( ))
_ i
32
Example 12
— T oisinZ 2 = S
Letzl—Z(cos?,+zsm3),zz—x/5(cos 1 +isin 1 )

Z n
(@) Find the smallest positive integer »n for which (z_l) is a real number.
3 2
z
(b) If z =, find z in Cartesian form.

ZZ
Solution .
r r i
(@) argz, =% and argz,=-% (b) z:é
z -z _7
" arg(zljzg—leg _ 523(cos751'+isin71') -
7 (\/5) (COS Tﬂ +181n Tﬂ-)
.. arg ( Z ) _7nx
2 12 = 2(cosT+1sm9T”)
Now | 21 ” is a real number when arg| - " is =V2[cosZ +isinZ
z, 8 z, =+/2 cosZ+zst
an integer multiple of 7, because that makes the (L L
argument zero (so the imaginary part is zero). 2 \/_
n =12 is the smallest positive value of n that =14+

makes this happen.
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Basic identities

Zl ‘Z | and arg(z j—argz1 —argz,, 2, 20
[z B
o |2" z‘z’n and arg(z”)znargz
— = L and arg(lj —nargz, z#0
z ‘z"’ z

e Zi+tz,=2z,+2,
° Zlfzzﬁ

o zEz‘z’z

e z+zZ =2Re(2)
o z—2z =2ilm(z)

YEAR 12

EXERCISE 1.2 GEOMETRICAL REPRESENTATION OF A COMPLEX NUMBER AS A POINT

1

If z=2+iand w=—3 — 4i, represent each of the following on the complex plane.
(@ =z (b) z (c) zz (d) 3z (e) —2z (f) i (@ z+w
(h) —w M z-w () 2 (k) Re(z) () Im(z)
Ifz= 2(cos— +zsm%) then z* =
A 16(cos—+zs1nﬂ) B 16(cosz—ﬂ+zsm2—”)
3 3 3
C 16(cos—+zs1n ) D 16(cos47ﬂ+131n47”)
If z=7Z, thenargz=...
A w B 7 C o D Oorx
Express each of the following in mod-arg form. (Give the argument in radians and in exact form.)
@ 2-2i (b) —/3+i () —6—6i (d) 4i ) —4

) —3-3i (9 2¥3-2i (h) J2+2i

Convert each of the following into Cartesian form.
., .. T - .. —T
(@) 4(cos§ +isin 3) (b) 8(cosT +isin T)
3r 3 —27 27
(c) 6 (cos Vi isin T) (d) 2 (cos -5 + isin T)

For each of the following, find both zw and % in mod-arg form.

_ T ianZ| = T ianZ = 3 - Ty isin®
(@ =z —4(cos 3 Hisin 3), w —4(cos ¢ Hisin 6) (b) z= (cos > +isin 2) w —3(cos 4 tisin 4)
() z= ﬁ(cosﬂﬂsmﬂ) w= \/E(COSE-F isinl)

4 4 4 4
If z = x + iy, prove the following.
2

(@ L=l (0) 27 =lcf © 2+ =2Re(2)
On an Argand diagram, mark points A, B and C to represent complex numbers z, w and z + w. Give a

geometrical explanation to show that|z + w| <l[z| +|wl.

Chapter 1 Complex numbers
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9 Find the following in Cartesian form.

(a) [2 (cos% +isin S{gﬂ (b) l:\/_ (cos% +isin i'ﬂ')T () 3 +i)°
@ -9’ (&) (3-9 n —— (@ (~4-43i)
: : (24/3 + 2i) 1
A3 w4 (1+1) (\/_+l)
() (-9’2 +20) 0 G 0
10 If z=3 —4i=5(cos 8+ isin @), find the following in x + iy form.
(@ 25(cos20+isin26) (b) S(Sin 6—icos0) (c) é(cos@— isin 0)
11 If z=r(cos O+ isin 8), show that T is real.
z7+r

12 Letz=+/3 +iand w=_z X (cos 0+ isin 0) where -t < < 7.
(@) Find the value of 0if w is purely imaginary and Im(w) > 0.
(b) Find the value of arg(z + w).
13 (a) Ifz=cos B+ isin 6, prove by induction that z" = cos n0 + isin n0 for all positive integers n.
(This is the proof of de Moivre’s theorem for positive integers.)
(b) By writingz™" = Ln, complete the proof of de Moivre’s theorem for negative integers.

14 Use de Moivre's theorem to prove that the conjugate of a power is equal to the power of the conjugate, i.e.
let z = r(cos O+ isin @) and prove that z" = (2)".
15 We have already proved (earlier and in question 14) that:
e z+zZ =2Re(z)and z—z =2Im(z) Xi
« the conjugate of a sum is equal to the sum of the conjugates
« the conjugate of a difference is equal to the difference of the conjugates
« the conjugate of a product is equal to the product of the conjugates
« the conjugate of a quotient is equal to the quotient of the conjugates
« the conjugate of a power is equal to the power of the conjugate.
« Itisalso obvious that the conjugate of a real number is itself, i.e. if z=x+ 0i then z =x— 0i =

Use these properties of conjugates to answer the following.
(@) Show that z" +(z)" = 2Re(z").
(b) Simplify (1++/37)" + (1 —~/31)".

16 Consider the cubic polynomial P(x) = ax’ + bx” + cx + d for which all the coefficients a, b, ¢ and d are real.
Let the complex number z be a root of the equation P(x) = 0. Show that z is also a root of P(x) = 0.

1.3 OTHER REPRESENTATIONS OF COMPLEX NUMBERS

Euler’s formula
A very useful result is Euler’s formula, which states that e™ = cosx + isin x, for real x.

It may seem strange to have an exponential function as the sum of two trigonometric functions, so the result needs

to be proved.
Proof
Let f (x) = cos x + isin x [1]

Differentiate with respect to x:
f(x) =—sinx + icos x
=i(cosx + isin x)

=iflx)
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Integrate both sides with respect to x:

f (x)dx—lj.dx

Hence log | f(x)| =ix+C (2]

Hence

Using [1] you have: f(0) = cos0 + isin0 =1
Substitute into [2]:log,1=Cso C=0
[2] becomes: log, ‘f(x)] =ix

So f(x) = e~
Hence ¢™ = cos x + isin x
Thus e™ = cos(—x) + isin(—x)

=Cos x — isinx

In general, when |z| # 1,z = r(cos@ +isin0) = re”® .

YEAR 12

Example 13
Write each complex number in both polar and Cartesian form.
in i 3mi Sz : 1
@ e® (b) e’ () e* @ e® © e (M e °
Solution
i
& —cosZrisnEo3 1,
(@ e cos6+1sm6 5 +2z
- - - T w_1 3
3 T e (=m\_ o m_..om_1_ 3
(b) e cos( 3 )+1s1n( 3 ) cos T —isin = —=Fi
2 3m 3n T r 1 1 1
i _ 3 3m__ mo..om__ 1 1. 1. . .
() e* =cos 4 +isin 1 cos - +isin 2+ 21 \/E( 1+1i)
= 51 57 T I 3 1
6 _ o . . —on - _ Nt NS 1.
(d) e —cos( ¢ )+zsm( o ) cos’ - —isin‘ 5
(e) e '™ = cos(—m)+isin(—7) = —cos0+isin0 = —1

1+i—7[ ﬂ T
) e © =exe® ze(c05g+isin

6 2 2

E):e(ﬁ 1.):&/5

Example 14

Write each complex number in the form re'®,

(@) 3(cos2+isin2) (b) -1+iv3  (c) 2+3i

Solution
(@) 3(cos2 +isin2) = 3e*

(b) -1+i3= 2( = \/_j 2(cos—ﬂ+zsm2—) 2@2;“

2 3 3

giving any decimal answers correct to two decimal places.

(d) 2(cos 1.5—isin1.5) (e) —3-3i

Chapter 1 Complex numbers 13
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(c) 2+3i:x/ﬁ[\/§—3+\/ﬁj x/_(c039+1sm9)where9—tan ( ) 0.98
=\/E60.98i

(d) 2(cos1.5—isin1.5) =2(cos(—1.5) +isin (—1.5)) = 2¢ >

(e) —3—3i=3(—1—i)=3\/§(—%—7) 3\/_(cos( )+181n( )) 3\/_6_37“

Powers of complex numbers

Since any complex number can be written in the exponential form, ¢”, it is easy to find powers of this number as
(619)n — em9‘

Example 15
(@) Write z=1 + i in the form re.
(b) Hence find the following in both polar form and Cartesian form.

i) 2 (i) 2 (iii) 2 (iv) vz v) z!

Solution |
(@) Z=1+i=ﬁ(%+%i}=ﬁ(cos%ﬂ'sim%):ﬁelf
(b) () z* —[fe ]: 7”=2(c055+zsm )=2i
(ii) z3=(\/§ei4j —2\/_e3m x/_(cos—+151n ) 2\/_( \/_ ﬁ ):—2+2i

This answer could also have been obtained using z° = z° X z = 2i(1 + i) = -2 + 2i.
in \*
(iif) z4:(\/§e4] =4¢'" =4(cosmw+isinm)=—4
NG
in\2 in
(iv) J—z(ﬁe“j =42e° =(‘/_(cos§+zs1n ) 42(0.9239 +0.3827i) = 1.099 + 0.4204i

8

R R R O T G e )

11,
2 2
Example 16
iz =iz 3ix
Given z; =2e°,z,=3¢ ? and z; =e *, find the polar form for each of the following.
2
(@ z xz, (b) z,xz, (c) 212 Xz, (d) 7;
z 2> X2,
(e) i (f) 1? (9) On the Argand diagram, plot z,, z, and z, X z,.

(h) On the Argand diagram, plot Zp and Z

3

14
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Solution
i —im in, i —im —im  3im =i 3im 5in
(@) z1Xz;=2e6 x3e 3 =6e® 3 =6e* (b) z3Xz3=3e3 Xe?* =3e3 * =3¢l
2im  -in in, iz % L
(€ z’xz,=2%° x3e3 =123 3 =12¢"(=12) (d) Z_ 2e” :ge6 3 :;e2 (zgi)
z, - 3 3 3
3e
=iz in_3in 13i 11i 2 o ~in 0 3i
z 3 bl 717 Il 174 1l z Xz 2 6 X 3 12 —IIT
(e) _2:363;‘77 =3e3 4 =3¢ 12 =3¢12 (f) ! 2=2¢ 3i773e = 35[ =12e 4
3 a %3 e vy
e e e
(@ M (h) Im
34 34
2 4
1
I Re
° % a1
Z3 8
: : : : : :
al axz 4 3 2 a1 09 1 2 Re
-1 +
2 4
3 4 zZ,

Geometrical representation of products involving complex numbers—
consolidation and summary
Multiplication of a complex number z by a real number k:
o arg(kz) =argk+argz
If k is a positive real number, then argk =0, so arg (kz) = argz.
If k is a negative real number, then argk = 7, so arg (kz) = m+ argz = w+ argz — 2w =—(w — argz).
(Note that 27 is subtracted to find the principal argument.)

o |kzl =kl x|z, i.e. there is a scaling by a factor of [k|
If k is a negative real number, then the direction from the origin O to the point representing kz is opposite
to the direction from O to the point representing z.

Multiplication of a complex number z by i:
o arg(iz)=argi+argz= % +argz
o lizl =lil x|zl =lzl asli =1

« Hence multiplication by i causes an anticlockwise rotation by % about the origin O, with no change to the
modulus.

Multiplication of a complex number z by ki, where k is a real number:
o This combines the two cases above.
+ Rotate by % anticlockwise about O and then scale by a factor of |kl, remembering also to reverse the

direction if k is negative.

Chapter 1 Complex numbers

15



YEAR 12

Multiplication of a complex number z by another complex number r(cos 6+ isin 6):
o arg(zXxrcis@)=argz+arg(rcisf)=argz+ 0
o lzxrcisO| =lzl x|rcisb| =zl x r
« To multiply by rcis 6, rotate by 6 anticlockwise about O and then scale by a factor of r.

Example 17
The Argand diagram at right shows the unit circle as well
as points representing the complex numbers z and z,.

For (a) z=z, and (b) z=z,, mark points A, B, C, D, E,
F, G to represent z, 2z, —z, iz, —%iz, Zand (1+ 3 )z.

Solution
A: Z is the reflection of z in the real axis
B: 2zis z scaled by a factor of 2 \ < G

C: —ziszscaled by a factor of —1
(i.e. reflected back through O)
iz is z rotated by % anticlockwise about O

2
2" has a modulus that is (mod z)* and an argument that is 2 X arg z

1+/3i=2cis %, 50 (1 + +/3i)z is found by rotating anticlockwise

by % and then doubling the modulus.

D
E - % iz is iz scaled by a factor of SlE
F:
G

(b)

tofrrrrrrrririnnn
S

TAILA T
4 Iv\///l’//l’/l/

/i//////~(//////II/

,\,////////74//////
Z AR R NN

Example 18
Let OABC be a square on an Argand diagram where O is the origin. The points A and C represent the
complex numbers z and iz respectively.

(@) Find the complex number represented by B.

(b) The square is now rotated anticlockwise 45° about O to form OA’B’C’. Find the complex numbers
represented by A’, B’ and C'.

(c) Eis the point of intersection of the diagonals of the square OA’B’C’". What complex number does
E represent?
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Solution
(@) Brepresents z+ iz (completion of the parallelogram p Imy B
represents the sum) N /
C ~JA
N\E
I A
I
o Re
(b) Method 1 Method 2
A’ is formed by rotating A anticlockwise by In a square, the length of the diagonal is v/2 times the
45° about O. length of a side. Also, the diagonals are inclined at 45°

Hence A’ represents z X 1(cos45° +isin45°)  to the sides. Hence, when A is rotated by 45° to A”, A’
=-2.(1+1) is the point on the diagonal OB which is —= from O
V2 g s V2

B’ represents (z + iz) X 1(cos45° + isin45°) Thuzs A’ represents the number % X (z +iz)
=20+ = Z=x2i=V2iz =g
B’ is the point along the extension of OC such that OB’
=2x0C.
Hence B’ represents V2 xiz=\2iz
By either method, similarly C’ is:

iz X 1(cos45° + isin45°) = 2= (=1 +1)
V2

(c) The diagonals of a square bisect each other, so E is the midpoint of OB’.
Hence E represents: % x~[2iz

EXERCISE 1.3 OTHER REPRESENTATIONS OF COMPLEX NUMBERS

1 Write each complex number in both polar and Cartesian form.

in in 57 in -irm —2mi in in

(@) e* (b) e € e (d) e* (e) e (e’ @ ¢ h) e

2 Write each complex number in the form re’®, giving any decimal answers correct to two decimal places, where

necessary.
(@ 3(cos1.5+isin 1.5) (b) 3 +i (c) 3+2i (d) 4(cos2—isin2)
€ 2-2i ) 4(—cos%+isin%) (@ —2-2v3i () (1++2)+(1-V2);
3 If cos% =2cos’ % —1, then the complex number %(\/2 +2 + i\/2 - \/5) is equal to:
5mi —5mi in —in
A e B et C ed D e?

4 (a) Given that " = cos 0+ isin 6, write an expression for e®.

(b) Using part (a), obtain expressions for sin 6 and cos 0 in terms of ¢%and e

5 (@) Write z= 3 +i in the form re®®.
(b) Hence find the following in both polar form and Cartesian form.

i) 2 (i) 2 (i) Z* (iv) vz v) z!

Chapter 1 Complex numbers 17
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6 (a) Write z =1—+/3i in the form re®.
(b) Hence find the following in both polar form and Cartesian form.

i) 2 i) 2 (i) 2 i) z v) % (vi) %
7 (@) Write z=—1—i in the form re”.
(b) Hence find the following in both polar form and Cartesian form.
i) 2 i) 2 (iii) 2 iv) z v) % (vi) Ziz
8 (@) Givene'® =cosO+isin6, write expressions for ¢’ and (eie )2.
(b) Hence write expressions for cos26 and sin 26.
9 (@) Given = cos 0+ isin 6, write expressions for ¢*® and (eie )3.
(b) Hence write expressions for cos 36 in terms of cos 6 and cos’ 6.
(c) Hence write expressions for sin36 in terms sin 6 and sin’ 6.
10 Given that i-_i- ;z =re'®, r>0and for - < 0 < 7, find the values of r and 6.
11 Given that (\/5 — i)(—\/g + i) =re'?, r> 0 and for - < 0 < 7, find the values of r and 6.
12 Givenz, =2e ¢ ,z,=3e ? and z; =e*, find the polar form for each of the following.
z 2
@ z,xz, (b) z,xz, © z’°xz, (d) i (e) Z

2> Xz,
Z3

(f)
z
(h) On the Argand diagram, plot 2,2, and i

(@) On the Argand diagram, plot z,%, and z, Xz,

in sin -in —ix
13 Givenz, =2e%,z,=3¢°,2z;=¢ 3 andz, = %e 2, find the polar form for each of the following, plotting
each one on the Argand plane:

z
@ zxgz, (b) z,xz, © z’xz, (d) Z—z
2
E2 4 X% [2. % z 21 X2y
(e) Z (f % (9) vz Xz (h) - X2,
in 5im —5im =3irx

14 Givenz, = 2e 8, Z, = 3e 12, Z; = 3¢ ¢ and z, = %e 4, find the polar form for each of the following, plotting
each one on the Argand plane. ,
2 V%3

Z4 () Z,

15 Given z = r(cos 0+ isin 6) = re'’®, use this result to prove de Moivre’s theorem, i.e. that z" = r"(cos n6 + isin n6).

(a) zlz><z4 (b) z,xz, (€) z,xz,xz,xz, (d)

16 OABCis a square on an Argand diagram. O represents 0, A represents —4 + 2i, B represents z, C represents w
and D is the point where the diagonals of the square meet. Note that there are two squares that satisfy these
requirements. For each square, find:

(@) the complex numbers represented by C and D in Cartesian form
(b) the value of arg (%)

17 On an Argand diagram, OABC is a rectangle. The length of OC is twice the length of OA. The vertex A
corresponds to the complex number z. Find the complex number represented by D, the point of intersection
of the diagonals OB and AC.
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1.4 DE MOIVRE’S THEOREM AND ITS APPLICATIONS

De Moivre’s theorem
De Moivre’s theorem has been stated previously for positive integers, n.

If z=r(cos @ + isin 0), then z" = r"(cos n6 + isin n6)

This theorem is proved using induction.

Proof
Ifn=1,LHS=z
RHS = 7'(cos 16+ isin 16) = r(cos 6+ isin 6) = z= LHS
Hence the result is true when n = 1.
Assume the result is true for n = k, i.e. assume that z* = ¥(cos kO + isin k6).
Prove the result is true for n =k + 1, i.e. prove that 25" ' = #*! (cos (k + 1)0+ isin (k + 1) 6).
LHS = 7**!(cos 6 + isin 6)* !
=*"1(cos 0 + isin 6)"(cos O+ isin 6)
=" (coskO+ isin k) (cos O+ isin 6)
=" 1(cos kO cos 6+ icos k6sin O+ isin kO cos 0 + i sin k6 sin 6)
=" (cos kO cos 6 — sin kO sin 6 + i(sin kO cos 6 + cos k6 sin 6)
=7 (cos (k + 1)+ isin (k + 1)6)
=RHS

Hence the result is true for n = k + 1 if it is true for n = k. Since the result is true for n = 1, by the principle of
mathematical induction it is true for all integers n > 1.

If n is a negative integer, de Moivre’s theorem states that z " = r"(cos (—n6) + isin (—n6)).

Proof
If z=r(cos O+ isin ), then z™" = Ln =— L — where 7 is a positive integer.
z"  r"(cosn@+isinnb)
-n _ 1
¥4 I P
r"(cosnb +isinnf)

_ r "(cosnf —isinnb)
" (cosnB +isinnO)(cosnd —isinnh)

_ r " (cosnf —isinnd)
cos® n6 +isinnb cosnd — i sin nf cosnd — i* sin’ no

_ 1" (cosnf —isinnB)
cos® nf —i* sin’ né

_ r"(cosnf) —isinnb)

cos” n6 + sin® né
_ r7"(cos(—nb)+isin(—nb))
B 1

=r""(cos(—n6) +isin(-nf))

Hence the result is true when # is a negative integer.

In the Mathematics Extension 1 course, you learnt how to expand (a + b)" using the binomial theorem and Pascal’s
triangle (see Chapter 6 of New Senior Mathematics Extension 1 for Years 11 & 12). You will now use Pascal’s triangle
to expand expressions such as (cos 8+ isin 0)*,
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In the following table, you should note how the coefficients in the binomial expansions are equivalent to the terms of
Pascal’s triangle.

Expansion Pascal’s triangle
(a+b)’=1 1
(a+b)'=1la+1b 1 1
(a+b)’=1a"+2ab+ 1V’ 1 2 1
(a+b)’=1a"+3a’b + 3ab’ + 1V’ 1 3 3 1

To write any binomial expansion, the coefficients can be found by continuing the pattern of Pascal’s triangle. Each
number in the triangle is the sum of the two numbers immediately above left and above right, except for the first
term and last term of each row (which are always 1).

For example: (a + b)° = a’ + 5a*b + 10a’b* + 104’0 + 5ab* + b°

Example 19
(@) Expand (cos 0+ isin 0)’ using:
() de Moivre’s theorem (i) the binomial theorem (Pascal’s triangle).

(b) Hence show that:

() cos30=4cos’0—3cosO (i) sin30=3sinO—4sin’ O (iii) tan360= M

1-3tan’6
(c) Solvex’+3x*—3x—1=0 using the substitution x = tan 6.
51
(d) Show that tan ﬁ tan = =1

Solution
(@) () (cosO+isinB)’=cos30+isin36
(i) (cosO+isinB)’=cos’ O+ 3cos>@x isin O+ 3cosOx i*sin* O+ i’ sin’ O
= cos’ 0 — 3 cos Bsin” 0+ i(3 cos” Osin O — sin’ 6)
=cos’ 0—3cos O(1 — cos® 0) + i(3(1 — sin” B)sin O — sin’ 6)
=4cos’ 0—3cos O+ i(3sin O— 4sin’ H)
(b) () Equating the real parts of (a): cos36=4cos’ 6~ 3cos 6
(i) Equating the imaginary parts of (a): sin36=3sin §— 4sin’ @
sin 36
cos 30
_ 3sin6— 4sin’ O
4cos’ @ —3cosh
_ 3tan@sec’ @ —4tan’ O
4—3sec’ 0
_ 3tan9(1 + tan’ 9) —4tan’ 0
4-3(1+tan’0)

_ 3tan6 — tan’ O
1-3tan’ 6
(c) Letx=tan 0. The equation x° 4 3x> — 3x — 1 = 0 becomes:
tan’ @+ 3tan’6—3tan 66— 1=0
tan’ @ —3tan 6= 1 — 3tan’ 0
tan’ 6 — 3tan 6

(ili) tan360 =

(dividing numerator and denominator by cos’ 6)

=1 dividing by 1 — 3tan” 6, noting tan0 # +
1-3tan’ 0 ( e E \/_
M = —1, which from part (b)(jii) above is: tan36=—
1-3tan’ 0
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Now solve tan30=—1 as follows:

tan 36 = tan (— %)

30 = —% +nmw for any integer n

- _5t _rx 3x 7rx llm
30=... 40 4 4 a0 4 o
g= 2T _ T 3 7x 1lx

12> 12’127 120 127
So the three solutions to the cubic equation x” + 3x* — 3x — 1 = 0 are given by:
— _ T 7
X = tan( 12), tan 4’ tan 2
RY/3

- _ /A _ 2T
= tanlz,l, tan12

The other possible values of 8 repeat these three values, e.g. 8 = —51—721- produces

- = tan[—2%) = _{an 2%
the solution x = tan( 0 ) = —tan 1
(d) Product of the roots of a cubic is equal to —%, s0: (— tan %) x1x (— tan 51—7;) = —_Tl
T 5w _
tanﬁtanﬁ =1

EXERCISE 1.4 DE MOIVRE’S THEOREM AND ITS APPLICATIONS

1 (a) Expand (cos @+ isin )" by de Moivre’s theorem and by the binomial theorem (Pascal’s triangle) to show:
() cos40=8cos'@—8cos’O+1 (i) sin46=4cos’ Osin @— 4sin’ Ocos O
(b) Obtain an expression for tan48 in terms of tan 6.
(c) By making suitable substitutions, solve the following. (i) 8x*—8x’+1=0
(i) 16x*—16x*+1=0 (i) 16x*—16x°+3=0  (iv) x*+4x —6x"—4x+1=0
2 (a) Given that cos30=4cos’ 68— 3cos 6 (see Example 19, page 20), solve 8x° — 6x — 1 =0.

T 2w 4w _ 1
(b) Show that €08 COS "G~ COs =g~ = ..

3 Letz=cosO+isin0.
(@) Showthat: (i) z"+z"=2cosn@ (i) z'—z"=2isinn0O

(b) Showthat (z—z')Y =(z2>—2z7)-3(z—z"") (c) Hence show that sin’ 0 = i(3 sin @ — sin 30).

4 (a) Let z=cos O+ isin fand let w = z + L. Given Z"' + z " = 2 cos n6, prove that
w3—2w2—w+2=(z3+%)—2(22+L2)+2(z+l)—2.
z z z
(b) Hence solve cos360—2c0s20+2cos0—1=0for—r<O0<

5 Express cos360 and cos260in terms of cos 6. Show that the equation cos 36 = cos 26 can be expressed as

4x°— 2x* — 3x + 1 = 0, where x = cos 6. By solving this equation for x, find the exact value of cos 2?”

6 (a) Use de Moivre’s theorem to express cos46 in terms of cos 6.
(b) Use your result from part (a) to solve the equation 8x* — 8x* + 1 =0.

(c) Show that: cos% + cos%r + cos% + cos %t =0.

o 0 3T 5T Tm 1
(d) Show that: €08 ‘g €08 “g= €08 “g= COS "o~ = .

7 (a) Use de Moivre's theorem to express cos 560 and sin 56 as powers of cos 6 and sin 6.

(b) Hence express tan 56 as a rational function of t where t = tan 6.
(c) By considering the roots of tan 50 = 0, deduce that tan% tan%r tan% tan% =5.
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1.5 COMPLEX NUMBERS AND POLYNOMIAL EQUATIONS

Quadratic equations
It is time to revisit the roots of quadratic equations and then consider polynomials.

The quadratic equation x* + x + 1 = 0 has real coeflicients but no real roots. The roots are complex numbers and
occur as conjugate pairs.

Example 20
(@) Solvex’*+x+1=0.
(b) Discuss the nature of the roots.

Solution

(@) Using the quadratic formula: x = —1+vi-4 -1+ V-3 .

2 2
Write the answer in the form a + bi: x = —% Fi gi.
(b) The roots are x = —%+§' and x = —%—%i.

These complex numbers are of the form a + bi and a — b, that is they are conjugates.

The complex roots of a quadratic equation with real coefficients occur as conjugate pairs.

Polynomial equations

The introduction of the ‘imaginary’ number i, with the special property that i = —1, allows the solution of all
quadratic equations ax” + bx + ¢ = 0 over the field of complex numbers. The two solutions to this equation can be
real or complex numbers, depending on whether the discriminant A = b® — 4ac is non-negative or negative. If the
discriminant is zero, then these two solutions are the same number.

In general, all polynomial equations P(z) = 0 of degree n have n solutions over the field of complex numbers. The
proof of this statement is beyond the scope of this course.

n

A polynomial P(z) of degree n in one variable is an expression of the form a 2" +a, 2""'+...+az+a,.

If any of the coefficients a , a__, ... are complex numbers then the polynomial is a polynomial over the set of
complex numbers. If all of the coefficients are real numbers, then the polynomial is also a polynomial over the set of
real numbers.

+ Z'—5z+ 1is a2nd-degree polynomial over the set of real numbers, the set of complex numbers and the set
of integers.

o Z+iz" + (2 — 3i)z+ 2 is a 3rd-degree polynomial over the set of complex numbers, but not over the set of
real numbers.

Remember that the set of complex numbers contains the sets of real numbers, rational numbers and integers, so that
any polynomial over the reals, rationals or integers is also a polynomial over the complex numbers.

Note: Even if the coefficients are all real numbers, the solutions of the polynomial equation may involve complex
numbers. For example, z* — 4z + 5 = 0 is a quadratic equation with integer coefficients; but the solutions for z are
complex numbers (as A <0).
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Fundamental theorem of algebra

Every polynomial equation with complex coefficients, P(z) = 0, of degree n
(where 7 is a positive integer), has a root that is a complex number.

This important theorem was first proved convincingly by the German scientist Carl Friedrich Gauss (1777-1855),
and then more completely and rigorously a few years later by the French mathematician Jean-Robert Argand. You
can use it to show, with the aid of the factor theorem, that a polynomial of degree # is reducible to # linear factors
and that a polynomial equation has no more than # roots:

o LetP(z)=azZ"+ an_lz”_1 +...+az+a,=0.

+ By the fundamental theorem of algebra, the equation P(z) = 0 has a root z, such that P(z,) = 0.
 Hence, by the factor theorem, (z — z)) is a factor of P(z).

Thus P(z) = (z-z))Q,_,(2) =0, where Q, | (2) is a polynomial of degree n — 1.
+ Applying the fundamental theorem of algebra again, the equation Q _ (z) = 0 similarly has a root z,.

Thus P(z) = (z—z)(z—2z,)Q,_,(z) =0 where Q,_,(2) is a polynomial of degree n — 2.
By continuing this application of the fundamental theorem of algebra, after n applications you have:
P(z)=a (z-z)(z~z,)...(z—z,) where a_# 0, as each factor is monic and the leading term of P(z) is a,z".
If z is any number different from z , z,, ... z,, then P(z) # 0. Thus P(z) does not have any more than # zeros. (Note
also that the complex numbers z , z,, ... z, may not all be different from each other.)

Example 21
Reduce z* + z* — 12 to its linear factors over the complex numbers. Hence find the values of z for
which z* + 22— 12 =0.
Solution
2t 427 —12=(2* =3)(z* +4)
= (z =/3)(z +/3)(z - 2i)(z +2i)
Hence the roots of z* + 2 — 12 =0 are z = \/_, —\/5, 2i, —2i.
Notice that z* + z* — 12 is reduced to (z* — 3)(z* + 4) over the rational numbers, and to
(z =/3)(z ++/3)(z* + 4) over the real numbers.

Example 22
Reduce 22’ — 3z2° + 8z + 5 to its linear factors over the set of complex numbers. Hence find the values
of z for which 2z’ — 32° + 8z + 5 =0.

Solution

P(z)=22"—32°+8z+5

If (az — b) is a factor of P(z), then you know from the factor theorem that P(g) =0.

The coeflicients of P(z) are integers, so if there is to be a rational zero then b must be a factor of 5 and
a must be a factor of 2. Thus the only possible values for % are +1, 5, i%, i%.

Substitution of these values shows that the integer values do not work. However:
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Hence (2z + 1) is a factor of P(z). Thus P(z) = 2z + 1)(z* — 2z + 5).
P2z 5 Completing the square:
22+1)22° =32 +82+5 P(z) = (2z +1)[ (% — 22 +1)+ 4]
22° +2° :(2z+1)[(z—1)2+4]
2
—4z" +8z =(2z+1)[(z-1)" - 4/’
2
=Ean = 2z +1D)[(z=1-2i)(z —1+2i)]
10z +5
10z+5
0
Hence 22’ — 32" + 8z + 5 =0 when z =—%, 1+2i,1-2i.
Notice that z = — X is a real root and that z= 1+ 2i,z=1—2i are a conjugate pair (i.e. their sum and product

are real).

You will only consider simple cases involving the following factorisation techniques that you have used before:
« quadratic trinomials
« sum and difference of two squares, z° + a’
« sum and difference of two cubes, z° + a’
o factor theorem (with at least one rational zero that can be found by trial and error)

e grouping.

EXERCISE 1.5 COMPLEX NUMBERS AND POLYNOMIAL EQUATIONS

1 Use the factor theorem to show that:
(@) z—iisafactor of 2 + 2iz* + 3i (b) z—3isafactor of 2> — (5—1i)z+ 6 — 3i
() z+2—iisafactor of 22’ + 32" — (5+2i)z— 17 — 9i
(d) z-3++/2iisafactor of 22 — 122° + 2322 — 6z + 11.
2 Given P(z) =2’ — z* — z + a, what is the value of a ifP(—% + %zj =0?
A 2 B 1 C 2 D -1
3 Given P(z) = z* — 22° + az — 9, find the value of a if P(l + \/51) =0.

4 Given P(z) = z* + az’ + bz — 1, find the value of a and b if i and 1+ /2 are zeros of P(z).
5 Given P(z) =2’ — az® + 6z + b, find the value of @ and b if P(2) =0 and P(1 — i) = 0.
6 Factorise each polynomial over the set of complex numbers:
(@) Z*+2z+3 (b) 22°—2z+1 () 22°-322+2z-3 (d) Z2+32%+z+3
7 Factorise 22° — 4z + 3z — 1 over:
(@) the set of integers (b) the set of complex numbers.

8 Factorise z* — 16 over:

(@) the set of integers (b) the set of complex numbers.

9 Factorise z* + 22 — 6 over:

(@) the set of rational numbers (b) the set of real numbers (c) the set of complex numbers.
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10 Factorise z° — 4z* + 9z — 10 over:

(@) the set of real numbers (b) the set of complex numbers.

11 Factorise Z° + 8 over:

(@) the set of real numbers (b) the set of complex numbers.

12 When factorised over the set of complex numbers, Z*+22° + 1 becomes:
A (Z-1) B (z—i)(z+1) C (Z+1) D (z—i)(z+1i)
13 Factorise z° — 1 over:

(@) the set of real numbers (b) the set of complex numbers.

14 Factorise z° + 3z* — z— 3 over:

(@) the set of real numbers (b) the set of complex numbers.

15 Factorise 42’ — iz° — 4z + i over the set of complex numbers.

16 Factorise z° + 2z° — 2z + 3 over:
(@) the set of real numbers (b) the set of complex numbers.

17 Factorise 22’ — 7z° + 10z — 8 over the set of complex numbers.

1.6 ZEROS OF A POLYNOMIAL

Conjugate root theorem

If a polynomial P(x) has real coefficients and P(a + bi) = 0, then P(a — bi) =0,
i.e. complex zeros of real polynomials occur in conjugate pairs.

This theorem has been well illustrated in Examples 21 and 22. You will now consider it in more general terms.
Consider a typical polynomial equation, e.g. the cubic equation (of which z is a root):

22 +322—62+2=0 (1]
The coefficients of the terms in this equation are real numbers. Taking the complex conjugate of both sides, noting
that the conjugate of a sum is the sum of the conjugates:

227432262 +2=0 [2]
Now 2 =2 + 0i so that 2 = 2 — 0i = 2. The other coefficients will similarly be real numbers, as @ = a when a is real. It

has also been established (see Exercise 1.2 question 14, on page 12) that 2= (z)’ and 2= z).

Thus equation [2] becomes 2(2)’ +3(2)* —6(2)+2 = 0.

This is the same equation as [1], because it has the same coefficients. Thus you see that z and z both satisfy the
equation, as required by the theorem.

n

This result can be extended to the general polynomial equation a 2" +a,_ z"~' +...+ a,z+ a, = 0 where the
coefficients a, a , ... a, are all real numbers.

The expansion of (z+ 1)(z+1i) = 22 +(1 + i)z + i. The coeflicients on the right-hand side are not all real.

The roots of z° + (1 + i)z + i are z=—1 and z = —i. They are not a conjugate pair as the coefficients of the polynomial
are not all real.

If any of a polynomial’s coefficients are not real, then the roots may not all occur in conjugate pairs.

Example 23

The polynomial z° — 7z* + 25z — 39 has one zero equal to 2 + 3i. Write its three linear factors.
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Solution
The coeflicients are real numbers and 2 + 3i is a zero, so from the conjugate root theorem 2 — 3i must be

another zero.

2 —72+252-39=(z—(2+3i))(z - (2-31))Q(2)
= (z* - 42+ 13)Q(2) where Q(2) is a 1st-degree polynomial.

Therefore you have 2 -7 +252—-39= (2" —4z+13)(z — k).
Equating the constant terms: —39 =13 X (k)

But —39 =13 x (-3), so Q(z) = (z - 3).

Hence z° —7z% + 252 — 39 = (z — (2 +3i))(z — (2 - 31)) (z = 3).

Multiple zeros of a polynomial

A polynomial of degree n has n zeros, but they are not necessarily all different. You say that c is a zero of multiplicity
r when the factor (z — ¢) occurs r times.

For example, if P(z) = (z — 1)*(z — 5)*(z — 6) then 1 is a zero of multiplicity three, 5 is a zero of multiplicity two and

6 is a zero of multiplicity one.

Furthermore, if x = c is a zero of multiplicity r of the real polynomial P(x), then x = c is also a zero of multiplicity
(r— 1) of the derived polynomial P’(x), a zero of multiplicity (r — 2) of the second derived polynomial P”(x ), and so on:

If P(x)=(x—¢)'S(x) wherer>0, S(c)#0

then P/(x)=r(x—c) 'S(x)+(x—c) S (x)

= (x— o) [rS(x) + (x — ¢)S'(x)]

=(x-97'Qw) [1]
i.e. the polynomial P’(x) has a zero x = ¢ of multiplicity (r — 1).
Applying the product rule to P’(x) in [1] produces the polynomial P”(x) with a zero x = ¢ of multiplicity (r — 2).
If P(x) is a polynomial of degree n, then P’(x) must be a polynomial of degree (n — 1), P”(x) a polynomial of degree
(n —2) and so on. This property allows you to use calculus techniques to solve equations that are known to have
multiple roots.

Example 24
Solve z* — 62° + 142” — 30z + 45 = 0 given that it has a real root of multiplicity 2.

Solution
Consider the polynomial P(z) = 2t — 62+ 1422 - 30z + 45

Differentiate: P’(z) = 42" — 182° + 28z — 30
The real root must be a factor of both 45 and 30, consider +1, +3, +5 and substitute first into P’(z).
P'(1)=-16, P’(—=1) = =80, P'(3) = 0, P'(—3) = —60, P’(5) = 160, P’(—5) = —1120
Now find P(3): P(3) =0
Hence z = 3 is the double real root.

P(z) =(z—-3)%(Z* + bz +¢)
Hence 9¢ =45 so ¢ =5 and P(z) = (z — 3)%(z* + bz + 5)
(2 —6z+9)(Z+bz+5)=2"— 62 + 142> — 30z + 45
Equate coefficients of z: =30 + 9b =—30so b=0
Hence P(z) = (z— 3)%(Z* + 5)

P(z)=0:z=30rz= +i\/5
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EXERCISE 1.6 ZEROS OF A POLYNOMIAL

1 Given that (z+ 2 — i) is a factor, factorise z* + 42° + 3z — 8z — 10 over:

(@) the set of real numbers (b) the set of complex numbers.

2 Solve the following for z as a complex number.
(@) 22-4z+48=0 (b) 22+22°-22z4+3=0 (c) 2°+72-8=0 (d) z*'+22°+1=0

3 Solvez’+2z°+3z—5=0forzas (a) areal number (b) a complex number.

4 Solve z° + 32" — z— 3 =0 for z as a real number.

5 What are the roots of z* — 2z’ — z+ 2 = 0 for z as a complex number?
A 1,2 B 1,2,—%i§i C -1,-2 D —1,—2,%1@;’
6 Find the values of the real numbers a and b such that 1 + i is a root of the equation z° + az + b= 0.
7 Solve z' + 27’ +z* — 4 =0 for zif z is a complex number.
8 Solve 3z’ — 42> — 13z — 6 =0 for z if z is a real number.
9 Solve z' — 2’ + 62" — z+ 15 =0 for z given that z= 1 — 2i is a root of the equation.
10 Solve 2’ — 32> + 7z — 5=0 for z if z is a real number.

11 If zis a complex number, solve the following.
(@ z'+42-z-4=0 (b) 2°—162°+64=0
12 Write an equation of the lowest possible degree with (i) complex coeflicients (ii) rational coeflicients that
includes the following among its roots.
@ 2 1+i (b) V3+1,2—i (©) 3++2i (d) 2— i (of multiplicity 2)
) 3+2i (/) 1+/3i (of multiplicity 2)

13 Find the real values of a for which ai is a root of the polynomial equation z* — 22° + 7z — 4z + 10 = 0.

14 Find the values that the real numbers a and b must take for z =1 to be a root of the complex equation
iz’ + (ia—1)z+ (i—b) =0.

15 (a) Find the three roots of the equation 2’ — z* + 2 = 0.
(b) Find the remainder when z° — z* + 2 is divided by (z — ).

16 Find the real numbers k such that z = ki is a root of the equation 2+ 2+ + (2 +2i)z+4=0. Hence, or
otherwise, find the three roots of the equation.

17 Solve the following equations using a calculus method.

(@) Z*+42+57+4z+4=0, given that it has a root of multiplicity 2.
(b) z*+27—22%—6z+5=0, given that it has a root of multiplicity 2.

18 If zis a complex number, solve Z—222+9=0, given that 1+ 22i= (\/5 + i)z.

1.7 SOLVING QUADRATIC EQUATIONS WITH COMPLEX COEFFICIENTS

The roots of the equation ax” + bx + ¢ = 0, where a, b and c are real, may be found using the formula

x= —b*Nb" —4ac Vzbz—‘wc . When g, b and c are all real, the roots will be either real or complex. If they are complex, they
a

will occur as a conjugate pair, zand z.

If any of a, b or c are complex, this formula does not generate a simple solution.
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Solve the equation by completing the square.

ax* +bx+c=0 (1]
A

a(x+5) —E—C
b\ _ b’ —4ac

a(x+5) —74a

2a(x+£) 2:b2—4ac [2]
2a

If the original equation, [1], has complex roots, then equation [2] says that you have a complex number whose
square is equal to b* — 4ac.

Let this complex number be o + if3.
Thus equation [2] becomes (o + iB)>=A+iB[3] and you have to obtain o and f3 as real numbers.
(oc+iB)*=A+iB
o’ +2iof— B*=A+iB
(o> = B*) +208i = A + Bi
If two complex numbers are equal, then their real parts and their imaginary parts are equal.
Lot —-BP=A [i]
208=B [ii]
Solve [i] and [ii] for czand .
Now (a2 + B )2 =o' +20° B + B
=a' 20’ + B* +40°
= (a2 - B )2 +(20BY
=A*+PB
Since e’ + %> 0 then a® + B> = A + B [iii]
[l +[{i] 20°=A+VA’+B
) _A+VA’+ B’

* 2
o=+ /A+\/A2+Bz
- 2
T aives g B
[ii] gives: B = 0

_ |A+A*+ B? _B 2
Ifo= —,thenﬁ—2 —
2 A+~ A*+B
o |[A+JA’+ B __B 2
and if: o = — f,then,b’——z ——
A++VA? + B?

Thus a quadratic equation with complex coefficients may be solved.
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Example 25

Solve these equations.
(@ x*+2x+i=0 (b) x*+22-i)x+6=0 (¢) ix*+3x—4=0
Solution

(@) x*+2x+i=0
Complete the square: x> +2x+1=1—i

(x+10°=1-i

Letx+1=o+ i

s(a+BiyY=1-i

a’—B*+20Bi=1-i

Lot-Bi=1

208=-

Now (a2+ﬁ2)2 :(az—ﬁ2)2+(2aﬂ)2
=1 +(-1)
=2

Lo+ Bi=A2

and o’ - B*=1

202 =2 +1
O£2=\/52+1
oo+ Y21
| 2
P=3a

Whenoc_,f‘/_“thenﬁ—71 \/f_l_%l /i_—?lx\/z(le)z_\/z(*/i‘l)z_ ﬁz—l

and when o = \/ﬁth B= \/ﬁ

Hencex+1=\/f2+1_\/f2—1 _\/\/52+1+\/\/52—11.

(b) x*+22-i)x+6=0
Complete the square: x> +2(2 —i)x+ (2 — i)’ =(2-i)* -6
(x+2-i)’=4—-4i-1-6
(x+2—i)’=-3—4i

i andx+1=

Letx+2—i:(x+ﬁi
(oc+ﬂi) =-3—4i
o —ﬁ +2aﬁz——3—4i

Lot -Br=-3
20¢ﬁ——4
Now (0 + ) = (o2~ B} +(208)’
=(=3)" +(-4)’
=25
Lo+ BP=5
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and o> — B*=-3
2000=2
oa’=1
oa=1,B=-2
oa=-1,pB=2
The roots of the equation arex+2 —i=1—-2iand x+2 —i=—-1+2i
ie.x=—-1—-iand x=-3+3i

(€) ix*+3x-4=0
Multiply by —i: x> — 3ix + 4i =0

.\2 :\2
Complete the square: x* —3ix+(£) =(£) —4i

35V _ 9 .
(x 2)— 1 4

Let x—%:a+ﬁi
(a+Bi) =-5-4i

az—ﬁ2+2cxﬁi=—%—4i

ol — 2__%
208=-4
(o2 +p*) =(a” =) +(20B8)’
9 2
3o
337
16
Now a2+ﬁ2=@
o’ 2__%
2062:@_9
a2:@—9
_JA337-9 2 a7 —A2xB37+9 42 xy\B37+9  —J2 xy\/337 +9
o=~ and f=—"= = = =
22 o J337-9 J337-81 J256 4
2(V/337-9) —\2(+/337-9)
Rationalise so that when =" ﬁzf
-\2(/337 -9) 2(V/337-9)
and when o= ﬁ:T
- x_siz\/z(\/ﬁw) +—\/2(\/ﬁ—9)i " x_%z—\/z(@w) +\/2(\/ﬁ—9)i
2 4 4 2 4 4
o 2(\/35—7—9) +6— 2(1/15—9)1' - 2( 237—9) +6+1/2( 4337_9)1'
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Square root of a complex number

The example below demonstrates the method for finding the square root of a complex number.

Example 26
Find the square root of 4 + 3i

Solution
Let z = x + iy, where x, y are real, such that Z=4+3i

Hence (x + iy)* =4 + 3i
Expand: x* — y* + 2xyi= 4+ 3i
Equating the real and imaginary parts of the LHS and RHS gives:

xz—y2=4 [1] and
2xy=3 (2]
Now (& +y°)* = (x" — y°) + 4%y ( + ) =4>+ 3 =25
X+y' =5 (3]
xz—y2=4 [1]
(3] +[1]: 24 =9
x=t 3 432
N )
-3
From [2] y=51
3. (a2 _ A2
— | g NA |- N
Y 2X(— 3 ) =2
Hence the square roots of 4 + 3i are % + %i or — % - %i

EXERCISE 1.7 SOLVING QUADRATIC EQUATIONS WITH COMPLEX COEFFICIENTS

1 Find the square root of the following complex numbers:

@ 2i (b) 3+4i €) 5-12i (d) -8+15i  (e) —3—4i O 1+i
2 Solve the following statements.
(@ x*+2x+2i=0 (b) ¥*—4x+2-i=0 () ¥*+2Q2+i)x+3=0
(d) ¥*+(G+4i)x—4=0 () ¥*+2(1-3i)x+2+i=0 f ix*—4x+3=0
(9) ix*+2ix+3=0 h Q-)x*+2x+1=0

3 (a) Expand and simplify the expression (x —3)(x — 1 —i)(x — 1 +1).

(b) Hence, or otherwise, solve the equation X —5x>+8x=6.

1.8 GEOMETRICAL REPRESENTATION OF A COMPLEX NUMBER
AS AVECTOR

A vector is a mathematical object that has both magnitude and direction. For example, a 5° increase in temperature
is a vector quantity, because it has both magnitude (5°) and direction (‘increase’).

Complex numbers can be represented as vectors for which the modulus gives the magnitude and the argument gives
the direction.
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On an Argand diagram, let point P represent the complex number z = x + iy (see Im
diagram at right). This z is also represented by the vector OP, where OP has length Iz|
and direction given by a rotation from the positive direction of the real axis by argz.

In the diagram below right, point P represents the complex number —1 + 3i and

point Q represents the complex number 2(cos % +isin %) Here the vector OP

arg 2

P

T

represents —1 + 3i and the vector 0Q represents 2(cosi +isin —) Re

4 4

13 > . . I
The vector to represent a complex number does not have to ‘start” at the origin O. P

For example, the number 1 + 2i could be represented by any vector with length /5
that is inclined at an angle tan™' 2.

fm P(L2) Both OP and AB represent 1 + 2i.
Point P represents 1 + 2i, but point B does not.
B(4,1) I . 0 Re
/ OP is called the position vector.

AB is called a free vector. Q

R — .
A 3,-1)  Note: BA does not represent 1+ 2i. In fact, BA represents
’ —1-2i.

)

Operations on complex numbers represented as vectors
Addition (to form the vector sum p +4q):
Method 1 (complete the triangle)~ i

1 Translate g so that its tail is located at the head of p.

qtranslated _ _ _

2 'The vector for the sum p +q now goes from the tail of p to the
head of the translated g~ ~

Method 2 (construct the diagonal of the parallelogram)
1 Translate g so that its tail is located at the tail of p.
2 Locate the fourth vertex of the parallelogram of vectors.

3 The vector for the sum p + g now goes from the common tail of
p and g translated to the fourth vertex of the parallelogram.

Subtraction (to form the vector difference p —q): -q translated _ __ -
Method 1 (add the opposite vector)

1 Form the vector —q.

2 Form the vector sum p+(—9q).

- ’

1 Translate g so that its tail is located at the tail of p. /‘w’//
1 £ p -

2 Locate the fourth vertex of the parallelogram of vectors. ---

Method 2 (construct the other diagonal of the parallelogram) -

- —q—tr—anslated

3 The vector for the sum p — q is the diagonal of the

parallelogram that goes from the head of q to the head of p. /
B B q
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Let A represent z, and B represent z,. When the parallelogram OACB is formed:
« vector OC represents z, + z, Im
« vector AB represents z, — z, and vector BA €

represents z, — z,

. |z1 & z2| and |zl - zzl are the lengths of the diagonals of
the parallelogram

» arg(z, +z,) and arg(z, — z,) are the angles at which
arg(z, + z,)
) ~Jarg(z;-2,) Re
the real axis. S

the diagonals are inclined to the positive direction of

~
~
~
~
~

Example 27
On an Argand diagram, let A represent z, = 3 + 2i and B represent z, = —2 + 4i. Show the following:
(@) apoint C that represents z, + z,
(b) a vector that represents z, + z,
(c) avector that represents z, — z,
(d) apoint D that represents z, — z,

(e) apoint E that represents %(z1 +2,)
() What complex number is represented by the vector EB?

(9) What geometrical relationships are there between the intervals EB and DO?

Solution

(@) Locate C by completing the parallelogram. = Clzy+ 2,)

(b) OC

(c) BA - - B(z,) & \

(d) Dis at the head of OD, which is equal to BA. E N

(e) E is the midpoint of the diagonal OC. S A(z,)

1 1

M z,- z(z1 +2,)= 5(22 —zl)

(@) EB=1DO, EB|| DO 0 -
® D(z, - 2,)

MAKING CONNECTIONS O

Operations on complex numbers represented as vectors
Use technology to explore operations on complex numbers represented as vectors.

Multiplication by i:

When working with vector representations of complex numbers, multiplication by i rotates the vector
anticlockwise by % (90°).

Multiplication by ki (where k is real):

To multiply by ki, rotate the vector anticlockwise by % (90°) and scale by a factor (dilation) of k.
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Multiplication of a complex number z by another complex number r(cos 8+ isin 0):
To multiply z by rcis 6, rotate the vector that represents z through an angle 6 and scale by a factor of r.

Example 28

If k is real and A7% ki, show that ‘Z1‘ = ‘Zz‘.
Z1 +z

Solution

Show the problem on an Argand diagram. Let A represent z, and B represent z,. Complete the parallelogram
OACB such that C represents z, + z,.

As a result of this, the vectors along the diagonals of the parallelogram Im e Clz+2)
represent z, + z, (vector OC) and z, — z, (vector BA). B __---" g
Z1-2, {
As 2 ;2 = ki, thus arg(z ;2) = arg (ki) 90°//', o
arg(z, —z,) —arg(z, +z,) == % A=)
i.e. the diagonals meet at right angles. 0 b

Hence OACB is a rhombus (parallelogram with perpendicular diagonals).

‘21‘ = ‘22‘ (sides of a rhombus are equal)

Hint: Whenever you see z, + z, and z, — z, in a problem, the problem can most likely be solved using the geometrical
properties of parallelograms.

The triangle inequalities

In a triangle OAC, OC < OA + AC, with OC= OA + ACwhen O, Aand C Im i+ 2)
are collinear. Bz - T
‘Z1 + zz‘ < ‘zl‘ + ‘zz , with ‘zl + zz‘ = ‘21‘ + ‘zz‘ when z, = kz, (where k is real). ane ,>\21 +z,
In AOAB: OA < OB + BA, with equality when O, B and A are collinear. .
A(Z1)

‘21‘ < ‘zz‘ + ‘21 - zz‘

, with equality when z, = kz, (where k is real).

‘21 - zz‘ > ‘21’ - ‘zz

EXERCISE 1.8 GEOMETRICAL REPRESENTATION OF A COMPLEX NUMBER AS A VECTOR

1 On an Argand diagram, point A represents the complex number c. Point B is located so that the vector OB is

the result of rotating OA anticlockwise by 2771- and then halving its length. Which complex number represents

point B?
T T .. T 2T . . 2% o 2T . . 2T
A ga B a(cos§+zsm§) C a(cosT+zsm7) D j(cos7+zsm7)

2 On a complex plane, P represents z=—3 + 4i and Q represents the complex number w. Find w so that triangle
OPQ is:
(@) anisosceles right-angled triangle with the right angle at O
(b) an isosceles right-angled triangle with the right angle at P
(c) right-angled at O, with OQ twice the length of OP.
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3 Point E is the centre of a square ABCD (labelled anticlockwise) on an Argand diagram. E and A are the points
corresponding to —2 + i and 1 + 5i respectively. Find the complex numbers represented by the points B, C and D.

4 (a) Ifz =6+8iand ‘22‘ = 15, show that the greatest possible value of ‘Z1 + zz‘ is 25.
(b) If ‘zl + z2’ takes this greatest value, find z, in Cartesian form.
5 Onan Argand diagram, P represents z =1+ i and Q represents q. Find the two possible values of g (in mod-

arg form) such that AOPQ is equilateral.

6 On an Argand diagram, let A represent z, = 3 + 1, let B represent z,= Z(COS% +isin 5?7[), let C represent
z,=z +z,and let ZOAC= 6.

(@) Prove that OACB is a rhombus. (b) Find z,. (c) Find the value of 6.
7 Onan Argand diagram, P represents the complex number z while w is the complex number (cos % +isin 377[)

Points A and B represent wz and wz respectively. C is the midpoint of AB and represents the complex number c.

(@) Find o in terms of z.
(b) A point D is located so that OADB is a parallelogram. Find, in terms of z, the complex number that
D represents.

8 z and z, are two complex numbers of equal moduli, with argz = 6, and argz, = 6,. Use an Argand diagram to
find the values of arg (z, + z,) and arg(z, — z,) in terms of 6, and 6,.

9 The points P and Q in the complex plane correspond to the complex numbers z and w respectively. Triangle
OPQ is right-angled and isosceles with OP = OQ.

(@) Show that w* +z°=0.
(b) If OPRQ is asquare, find (in terms of z) the complex number represented
by E, the point of intersection of the diagonals of the square.

10 On an Argand diagram, ABCD is a square. OF and OF are parallel to and
equal in length to AB and AD respectively. The vertices A and B correspond b
to the complex numbers w, and w, respectively.

(@) Explain why the point E corresponds to w, — w,. B

(b) What complex number corresponds to the point F? F
(c) What complex number corresponds to the vertex D? E

11 z and z, are two complex numbers such that
(@) Show that[z|=lz).

Z =2i.
1~ ~2

(b) If ais the angle between the vectors representing z, and z,, show that tan% = % .

©) ﬁmwmm%:%6+hkr
12 The points P and Q in the complex plane correspond to the complex numbers z and w respectively, where

= _} t z and w = 1=7 _21, . The point R represents the complex number z + w.

(@) Find the modulus and argument of z and w.
(b) What type of quadrilateral is OPRQ?

(c) Deduce that tan% =J2+1L

13 zand w are two complex numbers.

Zz

(@) On an Argand diagram, show z, w, z+wand z — w.

(b) (i) If|z| =|w|, show that z t rv/ is purely imaginary.

, show that % is purely imaginary.

(i) flz+w|=|z—-w
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14

15

16

17

18

19

On an Argand diagram, the points P, Q and R represent the complex numbers w,, w, and w, respectively such
that w, —w, =i(w, — w,). Let S be the point that completes the parallelogram PQSR.

(@) What type of triangle is APQR? Justify your answer.
(b) What complex numbers are represented by the vectors PR, PQ and PS?
(c) Find, in terms of w, W, and W, the complex number that corresponds to the point S.

Points P and Q correspond to the complex numbers z, and z, respectively, where z, = —2 +/2i
and z, = /3 +i. Point R corresponds to z,+2,

(@) Express z, and z, in mod-arg form.
(b) What type of quadrilateral is OPRQ? Justify your answer.
117
24 -
11r

(d) Hence show that tan= 7 = V6 +3+2 +2.

(c) Show thatarg(z, +z,) =

(@) Show that ’zl + zz‘z + ‘zl - 22’2 = 2(‘21‘2 + ‘22‘2) for any complex numbers z, and z,.

(b) Complete the following sentence to give the geometrical interpretation of this result.
‘In a parallelogram, the ............ isequalto............

On an Argand diagram, the points A, B, C and D represent the complex numbers o, f3, ¥ and J respectively.
(@) Describe geometrically the point representing %(a+ 7).
(b) If a+ y= P+ Othen what type of quadrilateral is ABCD? Justify your answer.

The four complex numbers z,, z,, z, and z, are represented on an Argand diagram by the points A, B, Cand D
respectively. If z —z, + z, —z, =0 and z, — iz, — z, + iz, = 0, determine the nature of quadrilateral ABCD.

z,» Z, and z, are three complex numbers represented on an Argand diagram by the points Z , Z, and Z,
respectively. If z z, = (z,)*, show that the moduli r,, r, and r, are successive terms of a geometric series (in that
order) and that OZ, bisects the angle Z OZ,.

1.9 ROOTS OF COMPLEX NUMBERS

De Moivre’s theorem provides an easy means of finding z" given z:

If z=1r(cos 6+ isin Q) then z" = r"(cosnO+ isin no).

You are now faced with the reverse problem: given 2", find z (i.e. the n-th root of z"). The examples below show that
there are n such roots.

Example 29
Find the cube roots of 1 (i.e. solve the equation z° = 1).

Solution
Let z = r(cos 6+ isin ) be a root, where r is a positive real number.

Note that 1 = 1(cos0 + isin0).

Then: r’(cos360+isin360) = 1(cos0 + isin0)
o =1 (ile.r=1)
and cos30+isin360=cos0+isin0

cos30=cos0 and sin30=sin0
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If you considered only sin 360 = sin 0, you would conclude that 360 =0 + kx (where k=0, £1, £2,...).
But cos 360 = cos 0 must also be true:

30=0+2krm (where k=0, £1, £2,...)
9:2k7r
3
Hence: z= l(COSZkTﬂ: + isiny{?ﬂ) (where k=0,+1,%2,...)
For k=0: z, =1 A
=1 o2 a2 1 N3
For k=1: 2,=Cos - +isin S = — o+ =
2\ .. [ 2¢ 1 /3.
F =-1: = _— —_ =
or k z, cos( 3)+zsm( 3) S

It might appear that there are many more values of z obtained from k = +2, +3, ... However, if you check them
you will find that they simply repeat the values of z that have already been found (because their cosines are
equivalent): e.g. fork=2,z= cos%r + isin%r = Cos (— 277:) + isin(— 2%) =2z,

There are therefore only three cube roots of unity, and their Im
representation on the complex plane reveals an interesting

pattern. Each has a modulus of 1, so they are all on the e =
circumference of a unit circle. SN .

Furthermore, the non-real roots are a pair of conjugates (as they . . .
are the roots of a polynomial equation with real coeflicients), ! Y
z, = z,. The three roots are equally spaced around the circle, each \ }Z

wlg’

separated by an angle of Tﬂ at the centre. They form the vertices ' ‘
of an equilateral triangle. ) . /

Alternatively: S’ o
Z3 S~ _-

The equation can be solved algebraically. 2 — 1 =0
(z—-1D(Z+z+1)=0

~1+J1-4 __ 1.3
2 27

(difference of two cubes)

~~i as above.

Hence z=1 or z= >

Example 30
Find the six 6th roots of —64 (i.e. solve z° = —64).
Solution
Let z=r(cos 8+ isin 8) be a root.
Then: °(cos 60+ isin 60) = 64(cos T+ isin 7)
=64
r=2 (r > 0 because it is the modulus of z)

and 60=rm+2km

_r 2kr
9=%""6

(where k=0,%1,%2,...)
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Hence: 7=2 cos(E + 21{—”) + isin(l + Zk—”) (where k=0, £1, £2,...)
6 6 6 6 Im
For k=0: zl=2(cos%+isin§)=\/§+i /_-;»ZE-\
For k=-1: z :2(cos(—£)+isin(—£)):\/§—i zs 4. e
2 6 6 TS T T PG
II \\\F ?,”, ‘\
For k=1: z =2(cosl+isinl)=2i ! % > ? % '
3 2 2 : }
-2 B . 2 Re
For k=-2: Z4:2(c0s(——)+1sin(——)):—21 ‘\ ,f’/ % % \‘\ ,"
2 2 - o
Z6 )
For k=2: 2522(c0s%+isin5%)=—\/§+i \\\ e
___2_0_Z4__*
For k=-3: Z6:2(COS(—5?”)+iSin(—5?ﬂ)):—\/§—i

As each root has a modulus of 2, they are all on the circumference of a circle of radius 2. They are also
equally spaced around the circumference, each separated by an angle of 2?” (ie. %) at the centre. The roots occur

in conjugate pairs (as they are the roots of a polynomial equation with real coefficients). They form the vertices of
a regular hexagon.

Example 31
Find the four 4th roots of 1 + \/5 i(ie solvez =1+ \/5 i). Answer in mod-arg form.

Solution
Let z=r(cos 8+ isin 8) be a root.

Then: r*(cos 40+ isin40) = 2(cos%+ isin%)

4
r=2
r=42 (r > 0 because it is the modulus of z)
and  46= %+ 2kw (wherek=0,+1,42,...)

r | kr
0 12+ 2 Im -
2 {2
Hence: z=%/§(cos(£+k—”)+isin(£+k—ﬂ)) (where k=0,+1,%2,...) _.-*¥ | "~~<_
1272 1272 o .
4 l i l // ‘\ N\
For k= 0: 2= 2(c0312+zsm12) y 3 :‘.21
! Noo--
For k=-1: Z:% cos|—=5|+isin _ Iz _42, _.--"Op 142 Re
2 12 1 e : ,
4\ \ 1
4 57\, . (57 \
Fork=1: Z3:\/§(COS( 12)+1sm( 12)) \\ | /,
4 lm\, .. ([ 1llz \\-_‘_4_‘02'3’
For k=—2: 24:\/§(cos( B )+1s1n( B )) -2

The roots are equally spaced around the circumference of a circle of radius 4/2. Because the polynomial equation
z* =1 +/3i has non-real coefficients, the roots do not occur as conjugate pairs.
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To summarise:

o The n-th roots of 1 (i.e. the n roots of z" = 1) are equally spaced around the circumference of the circle

with centre O and radius 1, separated by an angle of 27” at the centre.
 One root is 1. If n is even, another root is —1. The other roots occur as non-real conjugate pairs.

o The roots are I(COSZkTﬂ: +isin 21(771') where k=0, £1, 12, ... until the n unique roots are identified.

o The n-th roots of any complex number Rcis ¢ are equally spaced around the circumference of the circle with
centre O and radius &R, separated by an angle of 2775 at the centre.

« The roots are /R (cos a +n2kﬂ +isin% +n2kﬂ) where k=0, £1, 12, ... until the n unique roots are identified.

Complex roots of unity

To investigate some properties of the n-th roots of 1, you can work with symbolic representations rather than the
actual values of the roots.

An important result that is frequently used is this factorisation:

n

W—-1=(w-1DW" " +w" 7 +.. +wW+w+1)

For example, w’ — 1 = (w — 1)(w” + w+ 1), which you already know, and w—-1l=(w-1)W+w+w +w+1).
You can prove this general factorisation by expanding the RHS or by regarding 1 + w + w” + ...+ w" " as the sum of
a geometric series.

Example 32

If w is a non-real cube root of unity, show that:

(@) wisalsoaroot (b) 1+w+w=0 (© l+w+w*=0 (d) Q+w?)’Q2+3w+3w)=1

Solution
(a) wisarootofz’=1,s0w’ =1.
Take conjugates of both sides (if two complex numbers are equal then their conjugates are equal):
w’ =1+ 0i
W) =1 (the conjugate of a power equals the power of the conjugate)
i.e. w also satisfies z° = 1, so # is also a root.
(b) From part (a), you know the three roots of z’ — 1 =0 are 1, w and .
SumofrootSZ—E Ll+w+w=0
() w'=1 . w—-1=0
Factorise: (w—1)(W*+w+1)=0
Sw—1=0 or W4+w+1=0
But wis non-real .. w+w+1=0
(d) Usetheresultsw’=1 and w*+w+1=0 toobtainl+w*=—w and w+w’=-1:
A+w?)P2+3w+3wd) = (—w) 20+ w+w?) +w+w?)
=—w’ (2x0+(-1))
=-1x-1
=1
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EXERCISE 1.9 ROOTS OF COMPLEX NUMBERS

1 Which Argand diagram best shows the fourth roots of 16i?

A Im B Im
24—~ 24 -
s Ss i S
« R i S
s N s N . \ \
’ A ’ AY ’ \ \
1 \\ /, M 1 ' ’.
1 ~ ’ \ ' \ - \
! Al i ! | -~ 1
— N _ -
2 KZAN ,2 Re 2 .-"O 2 Re
\ . N Phd v !
\ ’ N ’ »\ \ 1
N NS N \ ’
- v . ' ’
Mo - ~ v L7
~=2___‘,’ \:2___‘.’
C Im D Im
2+ - 24+~
- LN .- .
. ~ ‘s ~
, / N ’ N
’ , \ o »
~o ’ \ \ ~. - \
I‘ Sl \ | Y !
1 = + =
-2 O|>~<_ 2 Re -2 _-0[~~_ 2 Re
\ ’ ~o ! \ - ~ 1
\ / 2 ] v Se
R ’ , . »
\ ’ , N ’
~ 7 7 N Va
N . N -
i:2 L _-~ ‘~_2 _-"

2 For each of the following, find the values of z (in mod-arg form) and plot them on the complex plane.
@@ Z=1 () Z'+1=0 (c) Z=i () 2+8i=0 (&) z'=8(R3+i) () =i

3 Find (in mod-arg form):
(@) the 5throots of 32 (b) the 4th roots of —16

(c) the 5th roots of —1 (d) the 6th roots of 27 (cos% +isin %)

4 The point 1 ++/3i and two other points are on the circumference of a circle with centre O and radius 2.
The three points are the vertices of an equilateral triangle.

(@) Find the complex numbers represented by the two other points.
(b) Find the cubic equation that has these three complex numbers as its roots.

5 If 1, w, and w, are the cube roots of unity, prove the following:
(@) wlzw_2=w§ (b) w, +w,=-1 (€ wow,=1

6 If wis a non-real cube root of unity (i.e. w is a non-real root of z' = 1), show the following:
(@ 1+w+w'=0 b) A-w)(1-w")=3
Now evaluate the following:

© Q+w)’ (d) (1+2w+3w)(1+2w* +3w) () W +2w+ W)W +w+w)
M Q=w)(A=w)(1 - w1 =w)(1 - w)(1-w')

7 (a) Ifwisanon-real root of z° = 1, show that the other non-real roots can be expressed as w?, w' and w™.
(b) Hence show that w” + w+ 1+ w' + w>=0.

2 r_ 1
() Show that COs == —COs T = =5
(d) Deduce that cos% =1+ 4\@ .

8 (a) Find the roots of z’ = 1 in mod-arg form and show them on an Argand diagram.
(b) If wis a non-real root, show that w + w” + w’ + w* + w’ + w® =—1.
(c) Show that the quadratic equation z° + z + 2 = 0 has roots w + w” + w* and w’+ w’ + w’.

T 20, AT, L
(d) Show that €08 = €08 "+ COS = + 5.
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9 wisanon-real root of 2°=1.

(@) Show that 1 +w*+ w*=0.
(b) Show that w?>=1+2w"+w".

10 (a) Show that the roots of z° + z* + 1 = 0 are also roots of z° — 1 = 0.
(b) Show the nine 9th roots of unity on an Argand diagram. Identify which of them are the
roots of z° +2° + 1 = 0.

(c) Show that the sum of the six roots of 2°+ 2’ + 1 =0 is 2(c052—ﬂ + cos Az + cos 8—”)

9 9 9
(d) Hence show that cos%r + cos%z = cos%.
() Showthatz’+2 +1= P ZZCOS%T + 1)(22 -2z cos% + 1)(22 -2z cos%t + 1).
2r  Am_  Am T T 2T
() Hence evaluate cos g C0S~g — €08 =~ CO8 | — €08 €08 .
11 (@) Show thatz = cosz?”+isin2?ﬂis arootof '+ 22 + 2+ z+1=0.

(b) Find all four roots of z* + 2° + 22 + z + 1 = 0.

2r r _ 1
(c) Show that €Os 7=+ cos o = .

2t —-1++/5

(d) Deduce that CosZr = —— .

12 w,, w,,...w,, are the ten 10th roots of unity and are represented by points W, W,,... W, on an Argand
diagram. Point P represents the variable complex number z such that |z| = 1.

(@) Show this information on an Argand diagram.

10 10
(b) Show that ZWi = ZWI =0.

i=1 i=1

(c) Show that the distance from P to any of the points W, is such that [PWI,]2 =2—2zw,—zZw,.

10
(d) Show that Z[PW,-]Z = 20.

i=1

1.10 CURVES AND REGIONS ON THE ARGAND DIAGRAM

You have seen that the modulus and argument, while defined algebraically, can also be thought of geometrically.

If z=x + iy, then:

o |z]=4/x* + y’ is the algebraic definition, while geometrically |z is the distance from the origin O to the
point (x, )

o algebraically |z — (a+ib) = \/(x —a)* +(y—b)’, while geometrically|z — (a + ib)| is the magnitude of the
vector from (g, b) to the point representing z

 geometrically argz is the angle made with the positive direction of the real axis by the vector from the origin
O to the point representing z

+ geometrically arg(z — z,) is the angle made with the positive direction of the real axis by the vector from the
point representing z, to the point representing z

o argO0 is undefined.
When you need to sketch a subset on an Argand diagram, you should try to interpret the information geometrically
rather than algebraically, unless the question contains an obvious algebraic substitution. For example, the presence
of z+Zz (whichis 2x) or z —z (whichis 2yi) would indicate an algebraic approach.
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Example 33
On an Argand diagram, sketch the subsets of z for each of the following.

@ z+z>4 (b) Im(z)=3 (c) 2zZ=z+z+4

Solution
These need to be done algebraically. Let z = x + iy.
(@ z+z>4 Im . (b) Im(z)=3 Im
2x>4 5 y=3 ;
x>2 :
2:
(0] : Re ) o
(c) 2zl=z+z+4 =
2\/x2 +y2 =2x+4
2
4 + 4y = 4% + 16x + 16 /

The region is the set of points
on the parabola.

y2=4x+4 —1\0 Re
) \

Example 34
On an Argand diagram, sketch the subsets of z for each of the following.
(@ lzl=2 (b) lz+2-2il=2 (€) lz—=2i=lz+1-1

(d) For part (b), find the possible values of arg z and the maximum and minimum values of |z| on the locus.

Solution
These are best done geometrically, regarding each modulus as a distance. Parts (a) and (c) are also solved
algebraically below (with z=x +iy).

(@) Geometrically: Im

The distance from the origin to the point representing z is equal to 2.
(You can just say ‘the distance from O to z is 27)

The subset is the circle with centre O and radius 2. \
Algebraically: -2 sz Re
\/xz 4+ y2 =2 -

x2+y2:4

Im

(b) lz+2-2il=2
|z —(=2+2i)|=2 (written in the form |z — z )
The distance from —2 + 2i to z is 2.
The subset is the circle with centre (=2,2) and radius 2.
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(c) Geometrically:

The distance from 2i to z is equal to the distance from —1 +i to z,
i.e. zis equidistant from 2i and —1 + .
This is the perpendicular bisector of the interval joining (0,2) and (-1,1).

Algebraically:
|x+(y—2)i| =|(x+1)+(y—1)i]
P+ (y=2) = J(x+172 +(y-1)

X +y —dy+4=x"+2x+1+y" —2y+1
x+y—1=0

(d) Asz moves around the circle, the smallest value of argz occurs when z Im
is at point B (where argz = %). The largest value of argz occurs when z
is at C (where argz = 7).

i
S5 Sargz<nm A2 |,
The smallest value of |z| occurs when z is at D and the largest value
when z is at E.
Now OA = 24/2 (Pythagoras), AD = 2 (radius) - Do -
€
. minimum |z|= OD = 0A — AD =22 -2
maximum || = OE= OA + AE= 22 +2
Example 35
On an Argand diagram, sketch the region of the complex plane for each of the following.
V4 Y4 Y3 N _ 3T
== == <= - =
(@ argz 3 (b) 4 <argz<=3 (c) arg(z—2+2i) 1
Solution L -
These can be done geometrically.
(@) The vector from O to the point representing z is inclined to the positive direction
of the real axis at an angle of %
0
Note the open circle at O: z # 0 as arg0 is undefined. e
(b) This is the region between the vectors from O that have =
inclinations of — % and % z can be anywhere in the shaded
region.
T
Note the dashed line on the vector inclined at —% (due to the -
N T
< symbol) and the open circle at O (for the undefined arg0). \\T/ e
3T Im
(c) arg(z—2+2i)=T e
soarg(z—(2-20) = ‘%t
The vector from (2,-2) to the point representing z is inclined at
3% to the positive direction of the real axis. %”
Note that the vector passes through O. (You should try to notice v Re
details like this without being prompted.) Also note the open
circle at (2,-2), again for the undefined argO0. (2,-2)
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Example 36
On an Argand diagram, sketch the subsets of z for each of the following.
z—2i\_ z—2i\_
(a) arg(z+3)—0 (b) arg(z+3)—7r
Solution
z
Use the result arg (z;] =argz, —argz,. fm z
(@) arg(z—2i)—arg(z+3)=0 /
2 £
~oarg(z—2i) =arg(z+3) o
The angle of inclination of the vector from 2i to z is equal to the 2 ’
angle of inclination of the vector from —3 to z. This means that z - 5 =
is along the straight line that joins 2i and —3, but z must be on the /
‘outer’ parts of the line (‘going away’). The direction from 2i to z
is exactly the same direction as from —3 to z.
Note the open circles at 2i and —3.
(b) arg(z—2i)—arg(z+3)=nm Im
The direction from 2i to z is exactly opposite to the direction 2
from -3 to z. This means that z is anywhere along the z
‘inner’ part of the straight line that joins 2i and 3.
Note the open circles at 2i and —3. =3 O\
Regions on the complex plane
Use technology to explore regions on the complex plane.
EXERCISE 1.10 CURVES AND REGIONS ON THE ARGAND DIAGRAM
1 If z=x+ iy, the Cartesian equation x — y = 0 represents:
A argz=% B lz+2il=lz+2 C alrgz=—377r D lz+2il=lz-2
2 Which diagram represents z such that arg(z + i) —arg(z — i) = 2?7[?
A B Im C Im D Im
1 1
z 1 Z
z
s O Re 9 Re 0 O Re
~1 -1 -1
3 On Argand diagrams, show the curves or regions described by the following.
@ =4 (b) |<2 (©) 1<|<3 (d) |z—@++3i)=2 © lz-2+2i=3
0 lz+2=I @ l+2-i=lz—2+i () +2 24 () z=3+3_4

z+1-i|
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4 On Argand diagrams, show the curves or regions described by the following.

(@ argz:% (b) argz:%{ (c) ——<argz£2?ﬂ
@ argz+2)=2% (¢ arglz—i)=0 (0 arg(z+1+i)=—22
5 Show the following on the complex plane.
(@ Re(z)=2 (b) Im(z)=-1 () Re(z)+Im(z)=1 (d) Re(z) <Im(z) () z+z=6
) z-z=4i (g) 2ld=z+z+4 (h) |[*-@)=16 (i) |z+2—4i|=2z—4—i|

|z - Zl|2 —‘z - 22|2 =16, where z, =2+ 3iand z, = -2 — i
6 On Argand diagrams, show:
(@) the region where |z — 1 <1and Im(z) > 0 are both true
(b) the intersection of 2 <|z| < 3 and —% <argz< %
(c) the intersection of —% <argz< % and Re(z) <2

(d) the intersection of |z] < 3 and Re(z) + Im(z) < 3
(e) the region commontozz <4andz+2z <2.

CHAPTER REVIEW 1

1 If z=1+2i and w=-3 — 44, find the following in x + iy form:

(@ 3z+w (b) 2 (c) ww (d) % (e) the square roots of w.
2 Solve the following equations.

(@) Z2+25=0 (b) Z2+2z+2=0 () 82°—20z+17=0 (d) —1—3+21
3 Find the real numbers p and g for each of the following.

@ L1 (b) 2—ip)(3+iq)=4+7i
4 Convert the following complex numbers into mod-arg form.

, V3o,

(@ -3+3i (b) T—EZ

5 Express the following in Cartesian form:
51 51 2

(@) 4(cos? +isin ?) (b) 62 (cos (— T) +i sm( 3 ))

6 (a) Evaluate the following, giving answers in both mod-arg form and x + iy form.
: , L (1-4/3i)
0 5-iy ) %
(b) Use your answer to part (a)(ii) to show that cos 7172[ V2 Z ‘/g
_ 2 .. 27 _ 3r 3r z_

7 Ifz =cos 5 tising and w = cos( 10)+zsm( 10) find W in mod-arg form.
8 Describe each of the following regions of the Argand diagram algebraically.

@ (b) L

. |4
N\, 3

JT
N Re
\f}/
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10
11

12
13

14

15

16

17

18

(d) Im (e) Im

Y4

(_2)2)

i

4

0 Re o Re
(1,-1) 1,-1)

Solve the following, giving answers in mod-arg form.

(@) z=-1 (b) =1 © l+z+Z2+2+7'=-2
Find the product of the five 5th roots of (1 +2 i)3.

If z=cosO+isin 6:

(@) Show that arg (2+2")=360. (b) Show that z>+ z* =2 cos O(cos360 + isin 36).

(c) Find the value(s) of 6 for which z” + z* is purely imaginary, —% <O< %

Find the range of values of arg(z) if |z — 2i|= 1.

(@) If wisaroot of z'2 = i, show that —w is also a root.
(b) Letz and z, be two distinct roots of z'* = i. Show that |z1 + Zzl <2.

(@) Ifargz= o, show thatargiz= % + .
(b) On an Argand diagram, show a non-zero complex number z and the corresponding position of iz.
(c) Use a geometrical argument to show that |2|” +|iz|* =|z — iz|".

(d) Show that the area of the triangle formed on an Argand diagram by z, iz and the origin O is é zZ.

(e) Ifz=1+2ifind the area between the triangle of part (d) (formed by z, iz and O) and the circle in which
that triangle is inscribed.

On an Argand diagram, point Z is shown to represent the complex number z. Which diagram below shows the
vector that represents (1 — i)z?

Im Im Im Im
A e B C D
z z sz z
0 Re o Re 0 Re ol 4 Re

On an Argand diagram, the points A, B, C and D represent the complex numbers o, 3, yand 6 respectively.
(@) Describe the point that represents %(a +7%).
(b) If o+ y= B+ 9, deduce that ABCD is a parallelogram.

Let z=x + iy be any non-zero complex number such that z + % = k, where k is a real number.

(@) Prove that either y=0orx*+y*=1. (b) If y=0, show that|k> 2.

(€) Ifx’*+y* =1, show that|k|<2.

On an Argand diagram, the points A and C represent the complex numbers 3i and 4 — 5i respectively. ABCD is
a thombus.

(@) Find the Cartesian equation of the diagonal BD.
(b) Show that the diagonal BD is also represented by the equation (1+ 2i)z + (1 - 2i)z —8 = 0.
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19 If wis a non-real root of the equation Z =1, show that:
@ 1+w+w'+w+w'=0 b) A-w)(A-wHA-w)1-w"=5
(€) z,=w+ w* and z,= w” + w’ are the roots of the quadratic equation z° +z— 1 =0.

20 (a) Find the cube roots of —8 in mod-arg form.
(b) If w, and w, are the non-real roots of —8, show that w16" + w26" = 2! for all integers n.

21 Onan Argand diagram, A represents the complex number z = cos 0+ isin 6. B represents wz, where

w= Z(COS% +isin %) M is the midpoint of OB.
(@) Show that AM = %wz—z. (b) Show that %wz—z‘ =+2-42.

(c) Show that arg (% wz — z) = 5?” +6.

22 (a) Show that (1 + cosO+isin@)(1 —(cosO+isinB))=1— (cos20+ isin20).

1—cis(n+1)60

(b) Prove by induction that 1 + cis 0+ cis20+ ... +cisnf = 1—cisO

provided cos 6+ isin 0+ 1.

. T . 2T av
(c) Henceevaluate1+c1s36+c1s 36 T T eSS

d) Interpret part (C) as a statement about the roots of 27> = 1.
( pret p

V2443 x_3

T = ~ =
23 (a) Show that cos 5 = 5 (Recall that cos c= "2 J)
4
(b) Show that sin% = 2%\/5 (c) Evaluate (\/2 ; V3 + \/2 ; V3 i) .

3tan6 — tan’ 6
1-3tan’6

(b) Show that tan% - tan%r + tan%r =34/3.

24 (a) Given that tan30 = (see Example 17, page 16), solve x° — 3J3x% - 3x++/3 =0.

4
25 Solve (L) = —4. (Hint: Let w = —%—.)
z—1 z—1

26 Oneroot of 8x° +8x*—1=01s —%. Find the other roots.

27 (a) Find the square root of 5+ 12i.
(b) Hence, or otherwise, solve the equation Z+3z+41-3i=0.

28 Let P(x) = x’ + ax’ + bx + 2 where a and b are real numbers. Find the values of @ and b given that (x — 1)*is a
factor of P(x).

29 Two of the zeros of P(x) = x* — 4x® + 26x* — 44x + 85 are a + ib and a + 2ib, where a and b are real and b > 0.

(@) Find the values of a and b.
(b) Hence, or otherwise, express P(x) as the product of quadratic factors with real coefficients.

30 The polynomial P(x) = ax’ + bx + ¢ has a multiple zero at x = 2 and has a remainder of 20 when divided by
x+2.Find g, band c.
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CHAPTER 2

The nature of proof

2.1 THE LANGUAGE AND LOGIC OF PROOF

Mathematical knowledge is unlike the knowledge of other scientific disciplines. As opposed to consisting of theories
based on observation and evidence that can possibly be falsified, it consists of theorems: significant mathematical
statements that have been proved to be true: (think of Pythagoras’ theorem, for instance). Scientific theories are
analogous to mathematical conjectures. A conjecture is a statement that mathematicians have reason to believe

may be true, but which has not been proved definitively. One of the most famous mathematical conjectures is the
Goldbach conjecture, named after the eighteenth-century mathematician Christian Goldbach:

Every even integer greater than 2 can be expressed as the sum of two prime numbers.

The Goldbach conjecture seems likely to be true; in fact, it has been shown to be true for every integer up to 4 x 10",
However, it is, at present, unproven—there may, in fact, be a very large even integer that cannot be expressed as the
sum of two prime numbers.

The idea of mathematical proof is extremely powerful. It enables mathematics to be a rich and robust system of
knowledge that will never be falsified; further, any result that has been proved can safely be used to help establish
further useful results, adding to this system of knowledge.

To prove mathematical statements, it is important to use clear, unambiguous language and valid logic. The focus
of this section is on the language and logic used to construct, combine, and evaluate the truth or falsehood of
mathematical statements about numbers.

Note that the word ‘statement’ will be used to not only refer to an assertion that is true or false (such as ‘the
number 7 is prime’ or ‘all multiples of 10 are also multiples of 5°), but also for an assertion involving one or more
variables that becomes true or false whenever values are substituted for the variable (such as ‘n is a multiple of 5°
or ‘x> < 20).

Negating statements

The negation of a mathematical statement is the statement that is true precisely when the original statement is
false, and vice versa. As an example, the negation of the statement x > 0 is x < 0. Notice that for any number that

is substituted in place of x, if the statement x > 0 is true, then the negation x < 0 will be false, and vice versa. As a
general rule, the negation of a statement can be obtained by preceding the statement with the phrase ‘it is not the
case that ... For example, if n represents an integer, then the negation of the statement ‘» is an even number’ is ‘it
is not the case that » is an even number, which is equivalent to saying that n is an odd number. If P represents any
statement, then the negation of P can be written as —P, ~P, or simply ‘not P.

The negation of statements involving the words ‘and’ or ‘or’ can sometimes cause confusion. Consider negating the
statement ‘either x =5 or x =7’ If it is not the case that x is equal to 5 or 7, then it must be the case that x # 5 and
x#7.

As another example, consider the negation of the statement: x > 0 and x < 10. If it is not the case that x is between 0
and 10, then either x <0 or x > 10.

o The negation of ‘P and Q' is ‘not P or not Q.
o The negation of ‘P or Q’ is ‘not P and not Q.

The preceding rules about negating AND and OR statements are known as de Morgan’s laws.
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Example 1
Negate the following statements.

(@) nis divisible by 2 or n is divisible by 3
(b) x>0and x<5.

Solution
(@) The opposite (negative of) ‘divisible’ is ‘not divisible.
n is not divisible by 2 and # is not divisible by 3.
Or, n is divisible by neither 2 or 3.

(b) The opposite of ‘greater than’ is ‘not greater than’ or ‘less than or equal to.
The opposite of ‘less than’ is ‘not less than’ or ‘greater than or equal to.
Hence x<0or x=>5.

Statements involving quantifiers

Often, mathematical statements involving variables are true for certain values of the variable, and false for others.
For example, the statement (x — 2)(x — 5) = 0 is true if x is equal to either 2 or 5, but false otherwise.

But consider the following statement, where x represents a real number: x° > 0. This is true for every possible real
number that can be substituted in place of x. Therefore, you could say:

‘For all real numbers x, x* > 0’

Statements that assert that some property is true for all possible values of a variable are so common that a special
symbol is often used to enable such statements to be written in a more compact way. The symbol V is known as the
universal quantifier and is used as shorthand for the phrase “for all’ Thus, the previous statement could be written as
follows:

< 2 >
V real numbers x, x° >0’

This can be condensed further by making use of the notation x € R to signify that the variable x is an element of the
set of real numbers. Specifically, you could write the statement as follows:

Vxe R x*>0.

In some situations, you are not interested in whether some property is true for all possible values of a variable,
but rather, whether there is at least one possible value of the variable that makes it true. For example, consider the
statement: #” + 27 is a prime number. This is certainly not true for all integer values of 7, but there is at least one
value of n that makes it true, (for example, n = 1). Therefore, you could say:

. . 2 . .
“There exists an integer n, such that #n” + 2n is a prime number’

Notice that this doesn’t preclude the possibility that there is more than one value of » that satisfies the statement; it
simply guarantees the existence of at least one value of n for which the statement is true.

Statements that assert that some property is true for at least one possible value of a variable are also common in
mathematics. For such statements, the symbol 3 (known as the existential quantifier), can be used as shorthand for
the phrase ‘there exists’ Thus, the previous statement could be written as follows:

‘3 an integer, n such that n*+2nisa prime number’

The symbol V (known as the universal quantifier) is used to mean ‘for all’

The symbol 3 (known as the existential quantifier) is used to mean ‘there exists’
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Example 2
Translate the following statements into everyday language. Also determine whether the statement is true or
false, justifying your answer.

(@) 3 xe Rsuch that x* =Jx.

(b) V integers n, the number 57 is even.

Solution
(@) There is at least one real number whose square is equal to its square root.
This is true as the number 1 satisfies this property.
(b) Multiplying any integer by 5 results in an even number.
This is false as, for example, 5 X 3 = 15, which is not even.

Example 3
Rewrite the following statements using the symbols V and 3. Also, state whether the statement is true or false,
justifying your answer.

(@) The square root of any positive integer is less than or equal to the integer.

(b) There is at least one real number which, when squared, results in a smaller number.

Solution
(@) V positive integers n, Jn <n.
This is a true statement as the square root of any number greater than or equal to 1 is less than or equal
to the number itself.
(b) 3 areal number x, such that x* < x.
This is true for 0 < x < 1; for example, 0.5* = 0.25 < 0.5.

Note that the symbols V and 3 may be used together in a single statement; however, the order in which they appear
is important. As an example, consider the following two statements:

V integers n, 3 an integer m such that n + m is a multiple of 5.
3 an integer », such that V integers m, n + m is a multiple of 5.

The first statement is true as it says that for every integer, you can find another integer to add to it to give a sum that
is a multiple of 5.

The second statement is false as it says that ‘there is a special integer that has the property that when you add any
other integer to it, you always obtain a multiple of 5’

When the symbols V and 3 appear together in the same statement,
the order in which they appear is important.

Examples and counterexamples

In part (a) of Example 2, it was claimed that the statement, ‘Ix € R such that x> = </x’ is true, and to justify this
claim, a single example was provided of a real number whose square was equal to its square root (namely, x=1).
Providing a single example is always sufficient to prove that a ‘there exists’ statement is true.

In part (b) of Example 2, it was claimed that the statement, ‘V integers n, the number 57 is even’ is false, and to
justify this claim, a single example was provided of an integer which, when multiplied by 5, gives a number that is
not even (namely, n = 3). An example, such as this, that demonstrates the falsehood of a statement is known as a
counterexample. Providing a single counterexample is always sufficient to prove that a ‘for all’ statement is false.
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« Providing a single example is always sufficient to prove that a ‘there exists’ statement is true.
« Providing a single counter example is always sufficient to prove that a ‘for all’ statement is false.

In part (a) of Example 3, it was claimed that the statement ‘V positive integers #, \n < n’ is true. It is easy to check
that this result holds when n =1, 2, 3, 4 and 5, and you would expect it to hold for larger values of n as it appears as
though the larger the value of 7 is, the smaller </ is in comparison to n. However, simply providing several example
values of n for which the inequality holds does not actually prove that it must hold for all positive integers. Proving
a statement is true for infinitely many values of a variable requires a general proof. Later, several strategies for
constructing general proofs of results such as this are discussed.

Negating statements involving quantifiers

Consider the negation of the statement ‘V real numbers x, x° > 0’ If it is not the case that the square of every real
number is greater than or equal to zero, then it must mean that there is at least one real number whose square is less
than zero. Thus, the negation is ‘3 a real number x such that x° < 0. Notice how the negation of a ‘for all’ statement
is a ‘there exists’ statement. The reverse is also true. For example, the negation of the statement: ‘3 a real number x
such that 3x = x” is ‘V real numbers x, 3x # x’

The negation of a ‘for all’ statement is a ‘there exists’ statement. Similarly, the negation of a
‘there exists’ statement is a ‘for all’ statement.

Example 4
Determine the negation of each of the following statements. Also state whether the original statement or the
negation is true or false, justifying your answer.

(@) V integers n, 2n is even.

(b) 3 areal number x, such that x* =—1.

() 3 aninteger n, such that n is even and # is prime.

Solution
(@ 3 an integer n such that 2n is odd.
Original statement is true as 2 multiplied by an integer is, by definition, even.

(b) V real numbers x, x* # —1.
Negation is true, as the square of any real number is greater than or equal to zero.

(c) V integers n, nis odd or # is not prime.
Original statement is true, as the number 2 is even and prime.

Conditional statements

Consider the following statement: if # is a multiple of 10, then # is an even number. This is an example of a
conditional statement. A conditional statement (also known as an ‘if-then’ statement, or an ‘implication’) is one that
asserts that if some condition holds, then it must be the case that some property is true. Conditional statements are
so common in mathematics that there is a variety of ways to express them. The previous example, for instance, could
be represented in any of the following ways:

If n is a multiple of 10, then 7 is an even number.

n is an even number if n is a multiple of 10.

n being a multiple of 10 is a sufficient condition to conclude that # is even.
n being even is necessary if n is a multiple of 10.

n is a multiple of 10 implies that n is an even number.
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Finally, the implication symbol, =, is used to mean ‘implies that. Thus, the statement could be also written as
follows:

n is a multiple of 10 = 7 is an even number.

Each of the following means the same as P = Q:
If P, then Q
Qif P
P is a sufficient condition to conclude that Q
Q is necessary if P

P implies that Q

Example 5

Rewrite the following conditional statements using the implication symbol, =.
(a) If n ends in a zero, then n is even.
(b) V integers n, n> 3 is a sufficient condition to conclude that # is positive.

(c) n>3isnecessary if n is greater than 4.

Solution
(@) ‘If p, then g’ can be written as p = q.
If n ends in a zero = n is even.
(b) ‘pisa sufficient condition to conclude g’ means the same as ‘if p then ¢’
n >3 = n positive.

(c) ‘pisanecessary condition if g means the same as ‘if g, then p’
n>4=n>3

The converse of a conditional statement is the statement obtained by swapping the statements on either side of the
implication symbol. For example, consider the conditional statement previously introduced:

original: n is a multiple of 10 = 7 is an even number
converse: # is an even number = # is a multiple of 10

Notice that the converse is not saying the same thing as the original. The original statement is claiming that if a
number is a multiple of 10, then it must be even (which is true). But the converse is claiming that if a number is
even, then it must be a multiple of 10 (which is definitely not true).

The contrapositive of a conditional statement is the statement obtained by swapping the statements on either side
of the implication symbol, and also negating both statements. Again, consider the conditional statement previously
introduced:

original: # is a multiple of 10 = 7 is an even number
contrapositive: 7 is not an even number = # is not multiple of 10

Notice that the contrapositive is actually true, just like the original. In a sense, it is saying the exact same thing as the
original statement.

As a classic illustrative real-life example, the contrapositive of the statement ‘if an animal is a poodle, then it is a dog’
is ‘if an animal is not a dog, then it is not a poodle’ Notice, again, how the original and the contrapositive statements
are essentially saying the same thing.

Now consider the negation of the statement ‘» is a multiple of 10 = # is an even number. Remember that that
this statement is essentially saying that for every integer that is a multiple of 10, this integer must also be even.
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If this were not the case, it would mean that there must exist some integer that is a multiple of 10 but is not even. In
general, the negation of a conditional statement of the form P = Q that involves some variable is ‘there exists some
value of the variable for which P is true, but Q is false’

Using the real-life example from earlier, the negation of ‘if an animal is a poodle, then it is a dog” would be ‘there
exists some animal that is a poodle, but not a dog..

Notice that the negation of a conditional statement is different from both the converse, and the contrapositive.

For a statement of the form P = Q that involves some variable:
The converse is the statement Q = P;
The contrapositive is the statement not Q = not P;

The negation is the statement ‘there exists some value of the
variable for which P is true, but Q is falsé€’

The contrapositive of a conditional statement essentially says
the same thing as the original statement, and thus, will be true
whenever the original statement is true.

Example 6

Write the converse, the contrapositive, and the negation of the following conditional statement.
If n is a perfect square, then 7 is divisible by 3.

Determine whether each of the original, converse, contrapositive, and negation are true or false, justifying your
answer.

Solution

Is the original statement true or false? The original statement is false as, for example, 16 is a perfect square but

it is not divisible by 3.

The converse of P = Q is Q = P: Converse is ‘if # is divisible by 3 then # is a perfect square’. For example, 12 is
divisible by 3 but it is not a perfect square.

The contrapositive of a statement of the form P = Q is not Q = not P: Contrapositive is ‘if n is not divisible by 3
then 7 is not a perfect square. Like the original statement, this statement is false.

The negation of a statement of the form P = Q is ‘there exists some value of the variable for which P is true, but
Q is false’ Negation is ‘there exists an integer n with the property that n is a perfect square, but # is not divisible
by 3’ This statement must be true as the original statement was false. n = 16 has this property.

Notice that in the previous worked example, a counterexample was provided to justify the claim that the statement
‘If n is a perfect square, then # is divisible by 3’ is false. This should make sense, as conditional statements such as
these are making a claim about all possible values of a variable that satisfy some condition, and are therefore similar
to ‘for all’ statements (which are proved false by providing a counterexample). Incidentally, this statement could be
rephrased as ‘For all perfect square integers #, n is divisible by 3’

Logical equivalent statements

Recall that the conditional statement ‘n is a multiple of 10 = # is an even number’ is true, however, its converse

‘n is an even number = 7 is a multiple of 10’ is not. Sometimes, however, a conditional statement and its converse
are both true. As an example, notice that if x = 5, then 2x = 10, and conversely, if 2x = 10, then x = 5. This means
that for the two statements, x = 5 and 2x = 10, whenever one is of these is true, the other must be. Such statements
are said to be logically equivalent.
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Two statements are logically equivalent if whenever one is true, the other must be true.

There are a variety of ways to represent the fact that x =5 and 2x = 10 are logically equivalent:

x =5 is necessary and sufficient for 2x = 10

x=>5ifand only if 2x =10

x=5=2x=10and 2x=10=x=5
Finally, the symbol < is often used to denote logical equivalence. Thus, we could write x =5 < 2x =10 (or
equivalently, 2x =10 & x =5).

Each of the following can be used to express
the fact that P and Q are logically equivalent:

P is necessary and sufficient for Q
Pifand only if Q
P=QandQ=P

P=Q

Example 7

Rewrite the following statement using the logical equivalence symbol, <:

For n to be divisible by 5, it is both necessary and sufficient that n end in either 0 or 5.

Solution
‘P is a necessary and sufficient condition for Q” means that P and Q are logically equivalent:  is divisible
by 5 < nendsin 0 or 5.

EXERCISE 2.1 THE LANGUAGE AND LOGIC OF PROOF

1 Determine the negation of each of the following statements.

(@) pand g are both even. (b) x>5o0rx<-5.
(c) xis divisible by either 7 or 8. (d) x=0o0ry=0.

2 Translate the following statements into everyday language. Also, determine whether the statement is true or
false, justifying your answer where appropriate.

(@) V integers n, the number 21 + 3 is odd. (b) 3 a real number x such that 1_ X.

(c) V real numbers x, x°> 0. (d) 3 xeRsuch that x> =—1.

(e) V n e integers, the number n(n + 1) is divisible by 3. (f) V real numbersxand y, x—y>0.
(9) V real numbers x, 3 a real number y such that x+ y =0.

(h) dareal number x such that V real numbers y, xy = y.

3 Rewrite the following statements using the symbols V and 3. Also, determine whether the statement is true or
false, justifying your answer where appropriate.

(@) The square of any integer is greater than the integer.

(b) There is a real number which, when multiplied by 5 gives an answer of 0.

(c) The sum of any two consecutive integers is odd.

(d) There is a real number equal to its square.

(e) The sum of the squares of any two real numbers is less than the product of the numbers.

(f) There is a special real number with the property that whenever another real number is divided by this
special number, this other real number is obtained as a result.

(9) Every integer is divisible by at least one integer.
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Determine the negation of each of the following statements. Also state whether the original statement or the
negation is true, justifying your answer where appropriate.

(@) V real numbers x, x* > 0. (b) 3 areal number x such that x* = x.

(c) V positive integers n, 10n > n. (d) V real numbers x, x is either positive or negative.
(e) 3 an integer n such that n# 0 and n<1. () V integers n, either (-1)"=1or (-1)"=-1.
Rewrite the following statements using the implication symbol =.

(@) Ifx>3,thenx*>9. (b) If nis divisible by 9, then # is divisible by 3.
() n>5implies that n > 4. (d) 7pis positive if p > 3.

(e) gisevenif2qis a perfect square.

(f) mis a multiple of 6 is a sufficient condition to conclude that m is divisible by 3.

(9) Itis necessary that x*>2ifx<—2.

(h) nis even and greater than 2 is a sufficient condition to conclude that # is not prime.

Write the converse, the contrapositive, and the negation of each of the following conditional statements.
Determine whether each of the original, converse, contrapositive, and negation are true or false, justifying
your answer where appropriate.

(@) If nis divisible by 20, then 7 is divisible by 5.

(b) If nis divisible by 3, then #” is divisible by 3.

(c) Ifx>7,then 10x> 70.

(d) If xy =0, then either x=10 or y=0.

(e) If nis divisible by 5, then the final digit of n is 5.

() Ifx=4and y=4, thenxy=16.

(9) If nis divisible by 24, then # is even and # is divisible by 3.

Rewrite the following statements using the logical equivalence symbol, <.

(@) niseven if and only if n” is even.
(b) x+y=0ifand onlyif x=—y.
(c) nbeing even and divisible by 3 is necessary and sufficient for n to be divisible by 6.

For each of the following statements, provide three examples that are consistent with the statement, and then a
single counter example to prove that the statement is actually false.

(@) If a positive integer is divisible by 7, then it is not divisible by 3.

(b) Vxe R x*>x.

(c) If pis a prime number, then 2p — 1 is prime.

(d) Ifa positive integer is divisible by both 10 and 6, then it is also divisible by 60.

(e) Suppose that x and y are real numbers. If x > 3, then x* — 2y > 5.

(f) Suppose that x and y are positive real numbers. Then xy > x + .

Which statement is true?

A Vxe R Jye Rsuchthatxy=6. B dJxe RsuchthatVye R, xy=6.
C dxe RsuchthatVye R x+y=6. D Vxe R 3dye Rsuchthatx+y=6.

The negation of the statement V x € R, 3 y € Rsuch that x+ y =6, is:

A Vxe R dye Rsuchthatx+y#6. B dxe RsuchthatVye R, x+y+#6.
C VxeRVyeRx+y#6. D Hdxe R, dye Rsuchthatx+y#6.

Write the negation of the following statement, where x represents a real number: x >0 and x <10 = x>0 and
x < 10. Also, determine whether the original or the negation is true.

Consider the following conjecture:

Start with any positive integer. If the integer is even, halve it. If the integer is odd, triple it and add one. Repeat
this process. Eventually, the integer 1 will be obtained.

This is known as the 3x + 1" conjecture. It is yet to be proved but has been shown to be true for all integers up
to roughly 10'. Verify this conjecture for the following positive integers:

(@ 6 (b) 13 (©) 7

Chapter 2 The nature of proof 55



YEAR 12

56

2.2 METHODS OF PROOF

Aside from examples and counterexamples (which can be used to prove the truth of a ‘there exists’ statement or
the falsehood of a ‘for all’ statement), a mathematical proof typically consists of a sequence of statements with each
statement following directly from either definitions, previous steps, or other established results. In this section,
several common strategies of constructing proofs are illustrated.

As many of the statements proved are concerned with even and odd numbers, and divisibility more generally, it is
necessary to be familiar with the following definitions:

An integer # is said to be even if n = 2k for some integer k. (For example: 10 is even since 10 can be written as 2
multiplied by some integer, namely 5.)

Similarly, an integer # is said to be odd if n = 2k + 1 for some integer k. (For example: 11 is odd since 11 can be
written as one more than 2 multiplied by some integer, namely, 5.)

Finally, an integer 7 is said to be divisible by the integer m if n = mk for some integer k. (For example: the number 15
is divisible by 5 since 15 can be expressed as 5 multiplied by some integer, namely 3.)

Direct proof

The most straightforward way to prove a statement is to use a direct proof. A direct proof typically starts by
introducing any relevant variables, clearly states any assumptions, and then establishes the desired result via a logical
sequence of valid statements. Note that if the statement to be proved has the form ‘if P, then Q) then you assume that
Pis true, and then proceed to show that Q must be true.

Example 8

Use a direct proof to prove that if a number is odd, then its square is also odd.

Solution
Let p be an odd integer.

Hence p = 2k + 1 for some integer k.
Consider p’, which is to be proved odd:
p=Qk+1)
=4k’ + 4k +1
=202k> +2k) + 1
As 2k* + 2k is an integer then 2(2k* + 2k) is even and 2(2k” + 2k) + 1 is odd.
Hence p is odd.

Proof by contraposition

Recall that the contrapositive of the statement P = Q is = Q = — P. As the contrapositive is logically equivalent to
the original statement, the original statement, P = Q, can be proved indirectly by proving — Q = — P; that is, by
assuming that Q is false, and then proceeding to show that P must be false.

Example 9

Use a contrapositive proof to prove that if 5n + 3 is odd, then # is even.

Solution
The contrapositive statement is: if # is not even, then 57 + 3 is not odd. In other words, if n is odd, then 51 + 3
is even.

Let n be an odd integer.

New Senior Mathematics Extension 2 for Year 12



YEAR 12

Hence n =2k + 1 for some integer k.
5n+3=52k+1)+3
=10k+5+3
=10k +38
= 2(5k + 4)
Since 5k + 4 is an integer then 2(5k + 4) must be an even integer.

Hence 57 + 3 is even.

Proof by contradiction

Another form of indirect proof, but one that is not restricted to proving conditional statements, is ‘proof by
contradiction. The basic idea of such a proof is to assume that the statement needing to be proved is false, and then
show that this assumption leads to an absurd and impossible result; this then must mean that the initial assumption
that the result was false cannot be true, meaning that it must be true!

Two proofs by contradiction are illustrated in the following example. The first is a famous proof that /2 is irrational.
The second is a proof of the same statement from the previous worked example, only using contradiction instead of
contraposition.

Example 10

Use a proof by contradiction to prove each of the following statements.

(a) V2 is irrational. (b) If5n+ 3 is odd, then # is even.
Solution
(@) Assume, for a contradiction, that +/2 is rational, (b) Assume, for a contradiction that 51 + 3 is
odd and 7 is odd.
Since n is odd: n = 2k + 1 for some integer k.

5n+3=5Q2k+1)+3

Let/2 = g for integers p and g, with p and

q having no common factors other than 1.

(p and g are relatively prime.) =10k+5+3
P2 =10k +38
Square both sides: 2 =~ = 2(5k + 4)
4

Since 5k + 4 is an integer then 2(5k + 4) is even.

Rearrange: p° = 2q" and hence p” is divisible
by 2.

If p” is divisible by 2 then p is divisible by 2.
Therefore, you can write p = 2m for some
integer m.

Substitute in p* = 2¢°: 4m” = 2q°

2m2 — qZ

Hence g is divisible by 2, so g is divisible by 2.
Since p and q are divisible by 2, this gives a
contradiction to the original assumption that p
and g had no common factors other than 1.
Hence the original assumption that v/2 is
rational is false.

Hence /2 is irrational.

Hence 57 + 3 is even and it can’t be both odd and
even.

Hence the assumption for n must be wrong, n
cannot be odd so it must be even.
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Note that the proof in part (a) of the previous example used the fact that if the square of an integer is divisible by 2,
then the original integer must also be divisible by 2. This fact is true not just for the number 2 but for any integers
with no perfect square factors other than 1. You may use this fact when modifying the previous proof to prove the
irrationality of other surds in the subsequent exercise.

You may have noticed that the contradiction proof in part (b) looks very similar to the contraposition proof from
Example 9. The actual logic used is almost identical —the difference is that there is no actual contradiction obtained
in the contrapositive proof since it was never assumed that 5n + 3 was odd. Note also that a contradiction proof
does not aim for a particular contradiction—any contradiction is sufficient. In a situation such as this, when a
contradiction proof is very similar to a contrapositive proof, the contrapositive one is considered more efficient

and elegant.

Proving logical equivalences

The simplest method to prove a statement of the form P < Q is to separately prove both P= Qand Q = P, as
demonstrated in the following example.

Example 11
Let n be a positive integer. Prove that n + 9 is odd if and only if n — 8 is even.
Solution
() Assume that n+ 9 is odd. (i) Conversely, assume that n — 8 is even.
Thus n + 9 =2k + 1 for some integer k. Thus n — 8 = 2k for some integer k.
n—-8=n+9-17 n+9=n-8+17
=2k+1-17 =2k+17
=2k-16 =2(k+8)+1
=2(k—8) Hence n + 9 is odd since as (2(k + 8) + 1)
Hence n — 8 is even as 2(k — 8) is even. is odd.

The final example presented is a more complex proof of a well-known divisibility result.

Example 12
Prove that a three-digit number is divisible by 3 if and only if the sum of its digits is divisible by 3.

Solution
() Leta, band cbe the digits, in order, of a three-digit number, N.
The number is: N=100a + 10b + ¢
If N is divisible by 3, then 100a + 106 + ¢ = 3k for some integer k.
Rearrange to create factors of 3:
99a+9b+a+b+c=3k
a+b+c=3k—99a-9b
a+b+c=3(k—33a-3b)
Hence the sum of the digits is divisible by 3.
(i) Conversely, assume that the sum of the digits is divisible by 3:
a+ b+ c =3k for some integer k.
N=100a+ 10b+c
=99a+9b+a+b+c
=99a +9b + 3k
=3(33a+3b+k)
Hence N is divisible by 3.
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EXERCISE 2.2 METHODS OF PROOF

1

© 00 N O

Use a direct proof to prove each of the following statements.

(@) The sum of any two odd integers is even.

(b) The sum of an odd integer and an even integer is always odd.

(c) The product of two odd integers is odd.

(d) The sum of two consecutive odd numbers is divisible by 4.

(e) The sum of the squares of five consecutive integers is divisible by 5.
(f) The product of two rational numbers is rational.

(g) The sum of two rational numbers is rational.

(h) If nis odd, then n” is odd.

(i) If nis divisible by 7, then n” is divisible by 7.

() Ifm+nandn+ pare even, where m, n, p are integers, then m + p is even.

Use a contrapositive proof to prove each of the following statements.

(@) Let nbe an integer. If 3n + 2 is even, then # is even.

(b) Ifaand b are integers and ab is even, then at least one of a and b is even.
(c) Let n be an integer. If n° + 5 is odd, then 7 is even.

(d) If xis irrational, then Jx is irrational.

(e) If xis irrational, then 1 js irrational.
X

Use a proof by contradiction to prove each of the following statements.

(@) /3 isirrational.

(b) 5 is irrational.

(c) The sum of a rational and an irrational number is irrational.

(d) The product of a rational and an irrational number is irrational.
(e) There are no integers a and b such that 18a + 6b = 1.

Prove each of the following logical equivalences.

(@) Letn be a positive integer. n + 9 is even if and only if n + 6 is odd.
(b) Let n be a positive integer. n — 3 is odd if and only if n + 2 is even.
(c) Letn bea positive integer. n is even if and only if 131 + 4 is even.
(d) Let n be a positive integer. n is odd if and only if 7n + 6 is odd.

(€) Let n be a positive integer. 7 is even if and only if #” is even.

Consider the following statement:

‘If two integers have an even product, then at least one of the two integers must be even’

To prove this statement by contraposition, it would be necessary to:

oo w>»

contradiction arises.

Prove that the number 1—5+/2 is irrational.

Let a, b, c be positive real numbers such that ab = c. Prove that a < \/E orb</c.

Prove that if a* — 2a + 7 is even, then a is odd.

Prove that a four-digit number is divisible by 9 if and only if the sum of its digits is divisible by 9.

suppose that at least one of the two integers is even, and then show that the product must be even.
suppose that at least one of the integers is odd, and then show that the product must be odd.

suppose that both integers are odd, and then show that the product must be odd.

suppose that the two integers have an even product and that both integers are odd, and then show that a
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10 (a) Prove that for all real numbers a and b, a* + b° > 2ab.
(b) Using the result from part (a) or otherwise, prove that for all positive real numbers a and b, that

(“+b)(%+é) >4.

(c) Using the result from part (@) or otherwise, prove that for all positive real numbers a and b, that a+b

2

> Jab.

11 Prove that every odd integer can be expressed as the difference between two perfect squares.

12 Prove that if g, b are integers, then a*—4b—-3#0.

13 Let k be a positive integer. Prove that if 2°** + 3% is divisible by 5, then 2" ** + 3***? is also divisible by 5.

14 It is known that </n is irrational whenever # is a positive integer that is not a perfect square. Use this result to
help prove that /6 + /10 is irrational.

15 Use a proof by contradiction to show that there is no rational solution to the equation x” + x + 1 = 0. As a hint,

P

start by supposing, for a contradiction that r = q is a rational solution to the equation, where p, q are integers

with no common factor other than 1 and with g # 0. Then consider what would happen if both p and g were
odd, or if one of them was even and the other odd.

2.3 INEQUALITIES

The relation a > b is equivalent to the statement that a — b is positive, i.e. a — b > 0. Similarly, you can interpret
a < b to mean either that b > a or that a — b is negative. The following properties are stated for inequalities with
a >’ relation; similar properties exist for ‘<’

Properties of inequalities

1 Ifa>bthena+x>b+xforallx.
You can add or subtract the same amount to both sides of an inequality.

2 Ifa> b then ax > bx for x > 0.
You can multiply (or divide) both sides of an inequality by a positive number.

3 Ifa> bthen ax < bx for x <0.
The inequality relation changes when you multiply (or divide) both sides of an inequality by a
negative number.

4 Ifa>b>0thenl<l.
a b

When you take reciprocals of both sides of an inequality and both sides are positive, the inequality is reversed.

5 Ifa>b>0thena’ > b
Inequalities in which both sides are positive can be squared.

6 Ifa>band b>cthena>c.
Inequalities of the same type can be linked together.

7 Ifa>b>0and c>d>0then ac>bd.
Inequalities of the same type involving positive numbers can be multiplied together.

Proof: a>bandc>0 soac>be
c>dand b>0 s be>bd
soac>be>bd soac>bd

8 Ifa>bandc>dthena+c>b+d.
Inequalities of the same type can be added together.
Proof: a—-b>0andc—-d>0 sa-b+c—-d>0
a+c—(b+d)>0
satc>b+d
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9 As a general rule, inequalities cannot be subtracted from one another, nor divided into each other.
For example:

Consider the pair of inequalities 12>6 (1]
and 4>3 (2]
[1] — [2] gives a true result: 8>3
[1] + [2] gives a true result: 3>2
But now consider the inequalities 12>10 [3]
and 100> 3 (4]
[3] — [4] gives a false result: —-88>7
. ~ .3 .51
[3] + [4] gives a false result: 25 >3 3

Techniques for proving inequalities

1 Use the properties of inequalities listed above.

2 Use proof by contradiction.

3 Use a known fact.
For example: (a — b)> >0 for real a, b; or a variation of this, such as (v/a —vb)? > 0.
Another useful identity is (a + b)* = (a — b)* + 4ab, which enables the statement (a + b)* > 4ab
(as (a—Db)* >0 for real a, b).

4 Substitute different expressions into known inequalities.

5 If the inequality to be proved involves trigonometric, logarithmic or exponential terms, then a calculus-
based approach is probably needed.

YEAR 12

Example 13
Ifa>-1,showthata’ +1>a*+a.

Solution
Technique: To prove X > Y, prove that X — Y > 0.
a-ad—a+l=d"a-1)—-(a—1)

=(a—1)a’-1)

=(a-1D*a+1)

>0asa>-1,so (a+1) is positive; also, (a — 1% is positive
La+1>d +a.

Example 14

a, b, c and d are positive real numbers. Prove that:
(@) a*+b°>2ab
(b) a*+b°+c=ab+bc+ca
() a+b*++d*=2(ab+cd)

(d) ifa+b+c=1,thenab+bc+ca< %, and state the condition for which equality is true

2
(e) (a+ b)*= 4ab, and hence that (3/; + %) >4 for all real x except 0.
x
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Solution
(@) Method 1 Method 2—Proof by contradiction
(a—1b)’>0 forreal a, b Assume that a* + b* < 2ab for all real a, b.
c.a’=2ab+ 120 . a’=2ab+ b <0
a’+b*>2ab s (a=b)Y<0forreala, b
This contradicts the fact that the square of a real number
is non-negative.
. Assumption is false, so: a’+b*>2ab
(b) a*+b>>2ab (1]
Similarly: a’+c*>2ac [2]
Similarly: b* + ¢* > 2bc [3]

(c)

(d)

(e)

[1]+[2] +[3]: 2(a*+b*+ ) =2(ab + be + ca)

A+ +c>ab+bc+ca
This shows how to extend from a known result involving two variables to a similar result involving
three variables: use the known result to generate each of the three paired results, then add.

a* +b* > 2ab [1]
Similarly: C+d>2cd (4]
[1] + [4]: A+ b+ +d 2 2(ab+ cd)

This shows a method to extend from a known result involving two variables to a similar result
involving four variables: use the known result to generate two suitable paired results, then add.

The question now involves a + b + ¢, which suggests you examine (a + b + c)’.
(a+b+c)=a*+b*+c+2(ab+ bc+ ca)
> 3(ab + bc + ca) using the result of part (b)
Buta+b+c=1: 1° > 3(ab + bc + ca)

ab+bc+ca< %

Note that in the inequality @’ + b° > 2ab [1], equality occurs when a = b. Similarly, equality occurs in [2]

when a = c. Hence the equality of this result in part (d) occurs when a=b=c. Asa+ b+ c= 1, equality
1

occurswhena=b=c= 3

Using (a + b)*=(a —b)* + 4ab: you have (a — b)*>0, so (a+ b)* > 4ab.

2
Lettinga=%andb=%,youobtain: (3/;+%/1;) 24x€/;x%

ROR

Example 15
a, b, c are positive real numbers. Prove that:
1 1,1 1,1 1
> ERURE DS Ti242]>
@ a+l2 (b) (a+b)(a+b)_4 (©) (a+b+c)(a+b+c)_9
(d) Extend this to the general case. If Xy Xy Xy ... X, ATE positive real numbers, prove that:

(x1+x2+x3+...+xn)(xL+XL+XL+...+XL)2;12
1 2 3 n
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Solution
(@) JE—LZZO (b) (a+b)(l+l)=1+ﬂ+2+1
Ja a b b a
1 1 . a
* — - > = — = —
s.oa 2+a_0 2+(A+A) with A b
a+ % > 2 This could also have been >4 from part (a)
done very well by contradiction.
(©) (a+b+c)(l+l+l):1+9+9+Q+1+Q+5+£+1
a b ¢ b ¢ a c a b
:3+(ﬂ+é)+(ﬂ+£)+(é+£)
b a c a c b
23424242 using part (a)
29
1 1 1 1
d) (x+x+x+...+x,) x_1+x_2+x_3+"'+2
S I R T A . E |
Xy X3 Xn X X3 Xy Xn-1

X
=nx 1 + (every possible pairing of the form % & x—J where i # j)

j i
>n+"C,x2 (from the n different x terms, there are "C, pairs)

2n+%xn(n—1)><2

>n’
1 1 1 1 2

(atxtxste X )+ |2n
X Xy X3 Xn

Arithmetic and geometric means

The arithmetic mean of a and b is & 72L b the average of a and b.

The geometric mean of a and b is vab. The numbers a, v/ab, b form a geometric sequence.

Example 16

Prove that the arithmetic mean of two positive real numbers, a and b, is equal to or greater than the geometric

mean, i.e. prove that a ; b >+Jab.

Solution

2
Consider the expression ( Gty ) —ab:

[\

[

a*+2ab+b* b
T —a

a* +2ab+b* —4ab
4
_ a’* —2ab+b*
4
_(a=b)
B 4
>0
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2
Hence (#) >ab

a+b2\/%‘

Taking the positive square root of both sides gives >

The triangle inequality

The triangle inequality states that ‘x ‘ + ‘ y’ > ‘x + y‘.

This result was proved geometrically in Chapter 1, section 1.8 on page 31.
Proof

Remember that if‘x‘ <athen—-a<x<a.

If x and y are either both positive or both negative, then ‘x‘ +‘ y‘ = ‘x +y ‘

Now—‘x‘ <x S‘x‘ since x equals either ‘x‘ or —‘x

Similarly, —‘ y‘ <y< ‘ y’ since y equals either ’ y‘ or —‘ y‘.

Adding these two results gives:—‘x‘—‘y‘ <x+y S‘x‘ﬂy‘
~(xl+lyl) < 2+ y <lx[+]y]

Leta=x+yandb=‘x‘+‘y‘:—b£a$b

Hence ‘a‘Sb

So‘x+y‘£‘x‘+‘y‘

Or ‘x‘ﬂy‘ 2‘x+y’ as required.

EXERCISE 2.3 INEQUALITIES

1 Show thatif >0 and b > 0 then ab(a* + b*) > 2a°b".

2 If 0 < x < y, prove that x° < xy < y’.

3 (a) For positive x and y, prove that % + % >2. (b) Hence prove that x* — xy + y* > xy.

b

(c) Factorise x’ +y’ and show that x° + y* > xyz(g + ;) for x, y, z> 0.

(d) Write similar expressions for y3 +z2and 2 +x.
(e) Using results from parts (c) and (d), prove that X+ y3 +2°2> 3xyz.

(f) Ifa,b,c, dare positive, deduce that:
() a+b+c=>33abc (i) (a+b+c)a+b+d)a+c+d)(b+c+d)>8labcd

4 (a) Show that a+b*+c>ab+bc+caforreala, b, c.
(b) Hence show that (a + b+ ¢)* 2 3(ab + bc + ca).

5 Given that a* + b* + ¢* > ab + bc + ca for real a, b, ¢, show that xzy2 + y222 +2%% > xyz(x+y +z).

a ; b Jab . Hence prove that W > {abcd for positive a, b, ¢, d.

3
(b) Letd= %M. Show that abc < (%bﬂ) .

6 (a) Prove that
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For each of the following, write an inequality that describes the statement and then identify the question above
(from questions 1-6) that involves the proof of the statement.

(@) The area of a rectangle cannot be greater than the square of the average length of its two sides.
(b) The volume of a rectangular prism cannot be greater than the cube of the average length of its three sides.

If x>0 and y > 0, prove that: (@) 1,1, 4

x y x+y xT Yy (x+y)

(@) If a and b are real numbers, prove that 4a’> — 6ab + 4b* > a’ + b’
(b) Write the binomial expansion of (a — b)* and prove that a* + b* > @’b + ab’ if a >0 and b > 0.

Prove that the average of the squares of two unequal positive numbers is greater than the square of the average
of those two numbers.

b Jab and %IHC > 3/abc to prove that:

(@ (b+c)(c+a)(a+b)=8abc (b) bc(b+c)+ca(c+a)+ab(a+ b) > 6abc
(€) V' +ca*+a’b’ > abc(a+b+c) (d) (ab+ xy)(ax + by) > 4abxy
() ax+by<lifa’+b’=landx’+y =1.

Use the results 21

(@) Use %b-l—c > 3/abc to show that: (i) xzy + yzz +2x2 3xyz (ii) xy2 + y22 +zx’ 2 3xyz
(b) Write the expansion of (x + y + z)* and hence show that (x + y+ 2> 27xyz.

For positive a, b, ¢, d, prove that:

@) ab+cd<(a@+c):+d%) (b) (a+5b)(a+2b)>9b(a+b)
(©) —+b—+6_7+4b (d (a+b)( )>4
a
The area of a triangle is given by Heron’s formula as A = Js(s—a)(s—b)(s—c) where a, b and c are
the lengths of the sides and s = 3 (a+ b +¢). Given that Jab <& ; b andab+bc+ca<a’ +b*+¢,
2 2 2
show that: A < M.

6

Let p be an integer greater than 1. Show that x” + (p — 1) > px for all x > 0. For what values of x does the
equality hold?

If a is any constant, prove that " — e* > ¢"(x — a).

Let g(x) =sinx — x.
(@ Show that ¢g(0)=0and g’(0)=0. (b) Show that -2 < ¢’(x) <0 for all x.
(c) Hence explain why g(x) <0 for x > 0. (d) Explain why sinx < x for x> 0.

On the curve y = ¢, P and Q are two points with x-coordinates a and b y
respectively, a > b. Let R be the midpoint of chord PQ.

(@) Prove that y = ¢" is concave up for all x. P
a b atb

(b) Explain why €te ez, R

2 a+b+c+d

(c) Henceshowthate’+¢"+e+e'>4e *+ ifa>b>c>d. %

By letting a = ; and b = ; né ; b Jab, prove that:
(@)

>

R |

2
xy oy X

4> N =

If 1 £ x <4, show that: %<
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21 In this exercise you have proved each of the following:
a—;b > Jab %IH_C > 3fabc W > Yabed

These are the first three instances of a general result, which says that the arithmetic mean of a
set of n non-negative numbers is greater than or equal to the geometric mean of the numbers:

X +x,+...+Xx
% 2Yx1%;...%, Note that equality occurs when all of the x;, are equal.

There are many ways of proving this general result. This question will develop two proofs.

(@) (i) Show that f(x) = x — """ has only one stationary point, which is a maximum turning point at (1,0).
(ii) Noting that f(x) is continuous for all x, explain why x < ¢~ for all real x.
X+ %y +.. X,

(iii) Let Xpp Xy onn X, be non-negative numbers with arithmetic mean X, i.e. X = .

X
Using the fact % <eX ™ from (ji), show that % <1 and hence complete the proof of

the general AM-GM (‘arithmetic mean-geometric mean’) inequality.

(b) For a second proof, you take Jensens theorem as the starting point. (You will not prove Jensen’s
theorem; if you are interested, you can find its proof from an internet search.) Reworded for simplicity,
Jensen’s theorem states that in a function that is concave down for some domain, the average of n
function values in that domain is less than or equal to the function value at the average of the » values:

X X .t X,

fla)t fle) bt fl) _
n n

For a concave-up function, this inequality is reversed.

(i) Prove that y =log,x is concave down for all x > 0.
X X, +...+x,

(i) Let x, x,, ... x, be non-negative numbers with arithmetic mean X, i.e. X = .

Write Jensen’s theorem as it applies to the function y =log, x.
(iii) Hence complete this proof of the AM-GM inequality.

e +x,+...+x n+1Y .
c) By substitution into the result 217 *2 -+ Xn 5, ...x. ,prove that n! < (—) for all positive integers n.
(c) By ” {x%y...%, 5P > p g

2.4 MATHEMATICAL INDUCTION, HARDER QUESTIONS

In this section, you will construct harder mathematical induction proofs in a variety of situations. You will also study
a slightly different form of induction in which you need to assume S(1), S(2), ..., S(k) are true in order to prove that
S(k+ 1) is true.

Induction questions for n > 1

Example 17

Use mathematical induction to prove that n’ — n is a multiple of 6 for 1 > 2.

Solution

Step 1 n=2:Exp=2’-2=8-2=6, which is a multiple of 6.
Hence the result is true for n = 2.

Step 2 Assume the result is true for n =k, i.e. assume that k’ — k = 6M, where M is a positive integer.
Prove the result is true for n =k + 1, i.e. prove that (k + 1)’=(k+1)isa multiple of 6.
Exp=(k+1)’—(k+1)

=k’ +3K +3k+1-k-1
=k —k+3k" + 3k
=6M+ 3k(k+1)
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Now since k is a positive integer then k(k + 1) is even so that k(k + 1) = 2N, where N is an integer.
Hence Exp=6M + 3 X 2N
= 6(M + N) which is a multiple of 6.

Step 3 The result is true for n =k + 1 if it is true for n = k. But the result is true for n = 2, hence it is true
for n=2 + 1 and by the principle of mathematical induction it is true for all n > 2.

Sigma notation

Series questions to be proved by induction are often written using sigma notation, ¥, to save space.

n

Forexample:1><2+2><3+3><4+...+n><(n+1)=2r(r+1).
k r=1

Hence 1X2+2x3+3x4+... +kx(k+1)= Y r(r+1)

r=1 k k+1
and1><2+2><3+3><4+...+k><(k+1)+(k+1)(k+2):Zr(r+1)+(k+1)(k+2)=2r(r+1).

r=1 r=1

Example 18
Prove that z_:‘r(r +1)= w
Solution

1
Step 1 n:1:LHS=Zr(r+1)=1><2:2;

r=1

RHS=%=2=LHS

Result is true when n=1.

k
Step 2 Assume the result is true for n =k, i.e. assume that Zr(r +1)= W
r=1
< k+1)(k+2)(k+3
Prove the result is true for n =k + 1, i.e. prove that Zr(r +1)= (k+1)( ; Yk + ).

k+1 r=1

LHS = Zr(r+l)

r=1

k
=) r(r+ 1)+ (k+1)(k+2)

r=1

_k(k+1)(k+2)
_f+(k+1)(k+2)

:(k+1)(k+2)(§+1)

=(k+1)(k+z)(¥)
_ (k+D)(k+2)(k+3)
3

=RHS
Step 3 The result is true for n =k + 1 if it is true for n = k. But the result is true for n = 1, hence it is true
for n=1+ 1 and by the principle of mathematical induction it is true for all n > 1.
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Example 19

() (n+1)
- 2n

Prove by induction that 2*=1)(3°=1)...(n"" = 1) for all integers n > 2.

Solution
Note that this involves a product of terms rather than a sum of terms.

2
Let S(n) be the statement that (2 — 1)(3* = 1)...(n°* = 1) = (’1')2(7:4_1) for integers n > 2.

Step 1 Prove that S(2) is true.

a2y )’ 2+1)
LHS=(2*-1)=3 RHS =52 25> =3

LHS = RHS = 8(2) is true
Step 2 Assume S(k) is true for a positive integer k > 2.

i.e. assume that |(22 —1)(3*-1)...(K - 1)|: % [a]

Now prove that S(k + 1) is true if S(k) is true.

((k+D)* ((k+1)+1)
2(k+1)

((k+1)1) (k+2)
2(k+1)

LHS=[(2’ - 1)3* = 1)...(¢ - D] (k+ 11>~ 1)
= D (k+1) o 12 4 2k

i.e. prove that *-1)(3*-1)...([k+1]*-1) =

using [a]: T
Zuogftﬁxuk+m
_ (kD? (k+1)(k+2)
2
_ kD)’ (k+1D)(k+2)  (k+1)
2 (k+1)
(k1)) (k+2)
=T ke RS

Step 3 Conclusion
S(k + 1) is true if S(k) is true (Step 2)
S(2) is true (Step 1)

.. by induction, S(n) is true for all integers n > 2.

If the question in Example 19 had been to prove by induction that 2*=1D3*=1)...("*=1) = M for all

integers n > 1, then the proof would not have worked. 2n

Step 1: n=1,LHS=(1°-1)=0

(11)* x2
2

Since the result cannot be proved for n =1 then the process of proof by mathematical induction will not work.

RHS = = 1, which is not equal to the LHS.
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EXERCISE 2.4 MATHEMATICAL INDUCTION, HARDER QUESTIONS

Use mathematical induction to prove the following results.

-1
1 Prove thatz
= r(r+1) n+

P for n a positive integer.

Prove that n” — n is a multiple of 6 for n > 1, n a positive integer.
Prove that n’ + 2# is divisible by 8 if n is an even integer.

2
3
4 Prove that 3" — 1 is divisible by 80 for n a positive integer.
5

Prove that Z(2r -1)=n’

r= 1

2
6 P“Weﬂ“tjzru+qxr+z) s Dm+2)

7 Provethat(l—%)(I—L)...(I—L):n—+1 forn=2.
2 2n

2 2
3 n

8 Prove that 2‘(—1)1‘_1k2 = (—1)”_1[@}.

9 Prove that zlog( k+ 1) log(n +1).

10 Prove that x" — y" is divisible by (x — y) for n a positive integer.

11 Prove that x” — 1 is divisible by (x — 1) for n a positive integer. Use the result that ’; —

12 Prove thatZrlog(r+1) g%.

2.5 OTHER INDUCTION QUESTIONS

There is quite a range of situations in which you will use mathematical induction to prove results.

Example 20
Prove by induction that 3" > 1 + 2 for all integers n > 1 (i.e. prove that 3" — 1 — 21 > 0).

Solution
Let S(n) be the statement that 3" — 1 — 21 > 0 for integer n.

Step 1 Prove that S(2) is true. (Note that n = 2 is the first case.)

LHS=3"-1-4
=4
>0 = S(2) is true.

Step 2 Assume S(k) is true for an integer k = 2.
ie. assume that 3*—1-2k>0 [a]
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Now prove that S(k + 1) is true if S(k) is true.
i.e. prove that 3 _1-2(k+1)>0
LHS=3x3"—1-2k-2
=3x3"-2k-3

We need to link [a] to this, so we need to group 3* — 1 — 2k together. However, the term in 3" is multiplied by 3,
so we need 3(3" — 2k — 1). Form this group and ‘pay back’ the extra terms as required:

LHS =3 x 3 — 6k — 3 + 4k
=303 - 2k—1) + 4k
>0 as 3*~1-2k>0 from [a]andk>0

Step 3 Conclusion
S(k + 1) is true if S(k) is true (Step 2)
S(2) is true (Step 1)

- by induction, S(n) is true for all integers n > 2.

Example 21

Prove that #* > 21 + 1 for positive integers 1 > 3.

Solution
Let S(n) be the statement that n* — (2n+ 1) > 0.

Step 1  Prove that S(3) is true.
LHS=3"-6-1

=9-7
=2>0
Hence S(3) is true.

Step 2 Assume that S(k) is true, i.e. assume that K—2k—1>0.
Prove that S(k + 1) is true if S(k) is true, i.e. (k+1)*=2(k+1)—1>0.
LHS=(k+1)—2(k+1)—1

=kK+2k+1-2k-2-1
=k -2k—1+2k-1
>0+2k—1
>0as2k—1>5when k>3.

Hence S(k + 1) is true if S(k) is true.
Step 3 But S(3) is true so by the principle of mathematical induction S(n) is true for all n > 3.

Example 22

Prove that 3*"** — 2°" is divisible by 5 for any positive integer #.

Solution
Step 1 n=1:LHS = 3°—2"=729 — 4= 725, which is divisible by 5.

Hence the result is true when n = 1.
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4 _ 9% = 5M, where M is a positive integer.

Step 2 Assume the result is true for n =k, i.e. assume that 3
Prove the result is true for n = k + 1, i.e. prove that 32k+6 _ 22k+2 44 divisible by 5.
Exp = 32k+6 _ H2k+2
=9X32k+4—4><22k
=9x 3% _9x 24 5% 2%
=9 X 5M +5x 2%

= 5(9M + 2°), which is divisible by 5.
Step 3 The result is true for n =k + 1 if it is true for n = k. But the result is true for n = 1, hence it is true for
n =1+ 1 and by the principle of mathematical induction it is true for all n > 1.

Example 23

Prove that every integer greater than 1 is either prime or a product of primes.

Solution
Let S(n) be the proposition that # is either prime or a product of primes, n > 2.

Step 1 2isaprime .. S(2) is true.

Step 2 Assume S(2), S(3), S(4), ... S(k) are true. Thus prove that S(k + 1) is true.

i.e. assume 3 is either prime or a product of primes
assume 4 is either prime or a product of primes
assume 5 is either prime or a product of primes

assume k is either prime or a product of primes.

Now k + 1 is either prime, in which case S(k + 1) is true, or k + 1 is composite, in which case
k+1=p x q where p and q are integers less than k (so that both p and q are either prime or a
product of primes, because both p and g are in the set of assumed primes or products of primes.)

- k+1=pxgqisaproduct of primes and S(k + 1) is true.
Step 3 Conclusion

S(k + 1) is true if S(2), S(3), S(4), ... S(k) are true.
S(2) is true.
.. by induction, S(n) is true for all integers n = 2.

Example 24
Construct a proof by induction of the geometrical property that ‘the angle sum of an n-sided polygon is
(n—2) % 180° for all integers n > 3.

Solution
Let S(n) be the statement that the angle sum of an n-sided polygon is (n — 2) X 180° for integer n.

Step 1  Prove that S(3) is true.

When n = 3, angle sum = (3 — 2) x 180° = 180°, which is the angle sum of a triangle.
= S(3) is true.

Step 2 Assume S(k) is true for an integer k > 3.
i.e. assume that the angle sum of a k-sided polygon is (k —2) x 180° [a]
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Now prove that S(k + 1) is true if S(k) is true.
i.e. prove that the angle sum of a (k + 1)-sided polygon is ([k + 1] — 2) X 180°
=(k-1)x180°

In the (k + 1)-sided polygon, construct a diagonal that divides the polygon into a k-sided polygon and
a triangle. (This can always be done.)

Angle sum of (k + 1)-sided polygon = (angle sum of k-sided polygon) + (angle sum of triangle)
using [a]: =(k—2)x180°+180°
=(k—-1)x180° (as required)
Step 3 Conclusion
S(k + 1) is true if S(k) is true (Step 2)
S(3) is true (Step 1)

.. by induction, S(n) is true for all integers n > 3.

EXERCISE 2.5 OTHER INDUCTION QUESTIONS

Use mathematical induction to prove the following results.
1 n’— 11n+30 >0 for all integers n > 6. 2 n’>—5n+ 14 for all integers n > 2.
3 12">7"+ 5" for all integers n > 2. 4 10"22"+3"+ 5" for all positive integers n.
5 If x>0, prove that (1 + x)" > 1 + nx for all positive integers n.
6 Prove that 2" >’ for positive integers n > 4. (Hint: Use the result from Example 21 page 70.)
7 @ IfF(n)=n"+20n, find F(n +2) — F(n).

(b) Hence prove that #’ + 20n is divisible by 48 if # is even.

8 (a) Prove that %(x" ) =nx""" for any positive integer n by:
(i) first proving S(1) that %(x) =1

“!'= x x ¥ and using the product rule to prove that S(k + 1) is true.

(i) then writing x"
(b) Summarise your results to give the proof of the result by induction.

9 Prove that the nth odd number is 21 — 1.

10 If n and r are positive integers, prove that

n(n+1)+ +n(n+1)(n+2)...(n+r—1) _(n+1)(n+2)...(n+r)
2! r! B r! )

11 Prove that the sum of the exterior angles of a convex polygon with # sides is 360° for n > 3.

1+n+

1)(7n+1)

12 Prove that (n+1)’ + (n+2)* + (n+3) +...+ (2n)? = 21+ :

for positive integers n.

d( 1 —n e
13 Prove that dx(x”) = for positive integers #.

14 Prove that ;x” (x” ) =n! for integral n, n 2 0.

n

15 The binomial theorem states that if # is an integer, n > 1, then (x +a)" = 2 "C,x"a""". Use mathematical
induction to prove this result. r=0
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16 At a mathematics conference, each of the » mathematicians attending wishes to shake hands with all the
others.

(@) Work out how many handshakes there are.
(b) Use mathematical induction to prove your hypothesis in part (a).

17 Prove that the number of diagonals of a convex polygon with n vertices is @ forn=4.

18 Itis given that A >0, B> 0 and n is a positive integer.
(a) Factorise A""' —A"B+B""' - B"A. (b) Hence show that A"*' + B"*' > A"B + B"A.

A+B)'_ A"+B"
(c) Prove by induction that ( > ) < 5 for all positive integers .

19 Prove by induction that the greatest number of regions that a circle can be divided into by # straight lines is
%(m2 + n + 2) for all positive integers n.

20 Prove by induction that: sin (x + n7) = (—1)"sinx for all integers n > 1.

21 Suppose there is a country in which the only currency is $3 coins and $5 coins.
(@) Construct a table to show how the amounts of money from $1 to $15 (in whole dollars) can be made
using only $3 and $5 coins. Note that some amounts are impossible to achieve.
(b) Complete the following statement, then prove it by induction:
‘Using only $3 and $5 coins, it is possible to make $# for all integers n > ...

22 By induction, prove that for each positive integer n:

(@) there are unique positive integers p_ and g, such that (1 + J3)'= p,+ qnx/g
(b) there are unique positive integers p_and g, such that an - 3qn2 =(-2)"

23 (@) Write the binomial expansion of (k + 1)” where p is a positive integer.
(b) If p is a prime number, identify which of the terms in the expansion do not have a factor of p.
(c) Prove by induction on # that if  is a positive integer and p is a prime number, then n’ —nisa
multiple of p.

24 (a) Show that: tan(@ + %) =—cotf. (b) Prove by induction that tan[(Zn + 1)%} = (-1)" for all integers n> 1.

25 (a) Show that 2k+3>2/(k+1)(k+2) for k> 0.

(b) Hence prove by induction that: 1+L+i+...+i>2(\/n+l—l)‘

ZTET

N
(c) Consider the statement that Zﬁ < 10" for all positive integers N. Is this statement correct? Justify your
answer. k=1

2.6 USING INDUCTION TO PROVE FIRST-ORDER
RECURSIVE FORMULAE

A recursive formula is when one term is defined in terms of one or more preceding terms.

A recursive definition of a function allows you to evaluate the function at a certain value of n using value(s) of the
function at some other value(s) of n.

A closed form definition allows a function to be evaluated directly from the required value of n.

Example 25
A sequence {u,} is defined recursively as u, =2, u,=6,u =6u,_, —5u, _,forn=3.

Prove by induction the closed form definition u_ = 5"+ 1 for all integers n > 1.
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Solution
Step 1  Prove true for the two initial cases.

n=1:. u = 5'"'+ 1 =2, which agrees with the recursive definition.
n=2 u,= 5°~' + 1 =6, which agrees with the recursive definition.
The proposition is true for n =1 and n = 2.
Step 2 Assume the proposition is true for all integers from 1 to k. Thus prove that it is true for n =k + 1.

9 1-1
ie. assume:u =5 +1

u,= 57141
3-1
u,=5 +1
u_ =55 p1=5241
ko1
u=5 +1
Forn=k+1: u, = 6Ly, 1y 1~ SUyiy)_s (using the recursive definition)
=6u,—5u,_,

=6(5""'+1)-55"2+1)

=6x5'+6-1x5""-5

=5%x5""+1

=541 which is the closed form definition.
Step 3 Conclusion

The proposition is true for n =k + 1 if it is true forn=1, 2, ... k.
Itis trueforn=1, 2.
.. by induction, it is true for all integers n > 1.

Example 26

(@) Ifu, , =2u +1 for all positive integer values of r, prove that u +1=2"" 1(u1 +1).

(b) Find the value of M u, ifu, =1.

r=1

Solution
(@ r=lu,=2u +1

Consider u +1=2"" 1(u1 +1).

Step ] Whenn=1:LHS=u + 1; RHS=2%(u, +1)=u, +1=LHS
Hence the result is true for n=1.
When n=2: LHS = u, + 1=2u, +2; RHS =2'(, + 1) = 2u, + 2=LHS
Hence the result is true for n = 2.

Step 2 Assume the result is true for n = k, given U, ,=2u, +1,ie assume that u +1= 2k 1(u1 +1).

Prove the result is true for n=k + 1, i.e. prove that u, ., + 1= Zk(u1 +1).
LHS = le+1 +1

=2u +1+1
=2(u +1)
=2(2"" (1 +1))
= Zk(u1 +1)
=RHS

Step 3 The result is true for n =k + 1 if it is true for n = k. But the result is true for n =1, hence it is
true for n =1+ 1 and by the principle of mathematical induction it is true for all n > 1.
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b) u,=2""(1+1)-1

=2"-1
2 =2 -1)= Y-
r=1
2(2"-1)
= n
2—-1
_ 2n+1 n—=2
EXERCISE 2.6 USING INDUCTION TO PROVE FIRST-ORDER RECURSIVE FORMULAE
1 Ifu, , =3u +4andu =1, use mathematical induction to prove that u = 3" — 2 for all positive integers n.
2 Ifu =6and u, =u +2"+4, use mathematical induction to prove that u = 2"+ 4n for all positive
integers n.

3 A sequence is defined recursively as u=%Lu=3u .  =2u—-u_, for n > 2. By induction,
prove that u = 2n — 1 for all positive integers n.

4 A sequence is defined recursively as u; =5, u, =13, u, = 5u
prove that u, = 2"+ 3" for all positive integers #.

., —6u,_, for n>3. By induction,

5 A sequence is defined recursively as u=3u,=33u =11u_, —28u_ for n > 3. By induction,
prove that u = 7" — 4" for all positive integers n.

6 A sequence is defined recursively as u=0,u,=25u =10u,_, —25u for n = 3. By induction,
prove that u = (n—1)5" for all positive integers #.

7 The Fibonacci sequence is defined as u=Lu,=Lu ,=u  +u, for all positive integers n > 1.
n
Prove by induction that u < (é) for all positive integers n.
3

8 If a,=1,a,=6 and a=6a _ —9a , use mathematical induction to prove that a = 3" 4+ n3",

9 (a) Prove by contradiction that (4k + 30k <(4k+1)Vk+1 forall k> 0.
(b) Prove by induction that V1+2 + \/5 +...+ \/Z < W for all integers n > 1.

10 If4=i=u1+i=u2+i=u3+i=...,provebyinductionthat u, =
u Us U,

3n+1 -3
for all positive integers n.
1 U 1

3n+1 _

+1

CHAPTER REVIEW 2

1 Use mathematical induction to prove the following results.

11 Ifu,=0andifu , =(1-x)u, + nxfor all positive integers n, prove that u, = %(nx -1+(1-x)" )

1 . n
(a) 2(21’ 1 =2(4n —1) (b) gt(ar—z)(3r+1)_3n+1

(c) ;(r2+1)r!=nx(n+l)! (d) Z(,, +3r n(n2+1)
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1 1
r(r+1) (r+D(r+2)

(b) Hence evaluate

z (r+1)(r+2)

(c) Use mathematical induction to prove that ZW equals the result that you obtained in part (b).

(@) Simplity

Consider the sequence of numbers defined by T,=3,T=2XT  +3 foralln>2.

(@) List the first five terms of this sequence.
(b) Prove by induction that T = 3(2" — 1) for all integers n > 1.

@ Ifu,,,
u +1=2"""(u +1).

=2u_+ 1 for all positive integral values of 7, use mathematical induction to prove that

(b) Ifu, =1, find the value of Zu’
r=1
Ifu =0andifu_  =(1+x)u —rxfor all positive integral values of , prove by induction that

-1 _ n
un—x[l+nx (I+x) ]
If x>0 and y > 0, prove by induction that (x + y)" > x" + y" for all integers n > 2.

(@) By writing cos ([2k + 1]x) as cos (2kx + x), and remembering that cos2x=1—2 sin”x, show that:
_sin(2(k+1)x)
2sinx

sin2kx
2sinx

(b) Use the result of part (a) to prove by induction that cosx + cos3x+...+ cos([2n — 1]x) = % for all
positive integers n.

+cos(2k+1)x =

If x,, x,, x5, ...x, are positive real numbers, prove by induction that:

(X + %+ %3 +...4x,) 1+xL2+x%+ +1 >n” for all integers n > 1.

9 (a) Prove that x ++/x > Jx(x+1) for all real x> 0.

(b) A sequenceisdefinedasu, =1,u,=2,u, =u, _, +(n—1)u, _, for n=>3.Prove by induction that u > Jnl.
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CHAPTER 3
Further work with vectors

Vectors in two dimensions were introduced in New Senior Mathematics Extension 1, Chapter 10. In this chapter, you
will extend the use of vector notation to three dimensions.

OVERVIEW OF VECTORS IN TWO-DIMENSIONAL SPACE

Position vector

A position vector can be represented by a coordinate pair (a, b). This %
represents the vector that is a units from O in the positive x direction and
b units from O in the positive y direction. This can be represented as the

P(x, y)

a a
column vector b OF by the coordinates (a, b). Any vector that is

equivalent to a translation of a units in the positive x direction and b units 0 X
in the positive y direction can be represented in this way. When the
reference point is not the origin, the term relative position vector is used.

The magnitude of a position vector

@‘ =a’ +b*.

. a
The magnitude of a position vector OA = , can be calculated using Pythagoras’ theorem,

Unit vector

A A a A
The unit vector in the direction of g is denoted a, where a = ﬁ and|g| = 1. y
a

Vectors in component form ity
The form a = xi + yj is called component form or i, j form of a vector. 7

~ ~ x .
The vector a may also be represented in column vector form as . %4

y
o xi x

Resolving vectors into component form

If a vector g of magnitude ‘g‘ makes an angle 6 with the positive x-axis,

theng=’g‘cos@£+‘g‘sin01’. l\
a

The horizontal component is of the vector a is ‘g‘ cos0i and the vertical

|alsin(6) j i
component is ‘ a ‘ sinfj.
The process of specifying a vector of known magnitude and direction in 0
component form is called resolving the vector. o Jakos®)i X
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Addition and subtraction of vectors in component form
Fora=xi+y;jand b=xi+y,j,
a+b= (X1£+)’1Z)+(xzi+)’zj)

=X+ X0+ Y]+ )]

=(x1+x2)i+(y1+Y2)j

x X X+ X x X X - X
In column vector notation, this can be writtenas ' + - = ' "2 and ' - 7* = 70 72
respectively. N Ve N+ Vil Y2 1= Y2
Scalar multiplication of vectors in component form
If a = xi + yj, then ka = kxi + kyj, where k is a real number.
Equality of vectors in component form
Ifa=xi+yjandb=x,i+y,j,thena=>bifand onlyif x, = x, and y, = y,.
Relative position vectors
You have already looked at position vectors that represent the position of 5, 34

one point in relation to the origin. A relative position vector represents a
point’s position in relation to another point.

The position vector of B relative to (as seen from) A is given by AB.

Inthediagramshown,aﬁ=3£’—2z andOﬁB=—g+3ZZ T O~ N2 X
The position vector of B relative to A is AB, where AB = AO + OB. T
Now, 4B = ~OA + OB I A
. AB=0B-OA i

= (-i+3j)-(3-2)]

= —4i+51

Parallel vectors
If b = ka, where k is a real number, then b is parallel to 4.
Unit vectors in component form

R [xZ + y2

Ifa=xi+yj,then21=é(xi+yj)ora=ﬁ(xi+yj).
~ T~ ~ eyt F x4y ~ 7L

3.1 VECTORS IN THREE DIMENSIONS

The work that follows requires you to be able to visualise objects in three-dimensional space. You need to be able to
draw cubes and rectangular prisms with some of the edges forming the axes of the Cartesian system.

To describe the position of a point in three-dimensional space, you need three coordinates.
The Cartesian system of two coordinates, X and Y, is extended by means of a third axis,
OZ, which is perpendicular to the plane OXY. The positive direction of OZ is towards the
top of the page, the positive direction of OX is out of the page and the positive direction of
OY is horizontally to the right.

This is shown in the diagram on the right. It is called a right-hand system of axes. Here,

the fingers of the right hand point in the direction from the positive x-axis to the positive
y-axis, so that the thumb points upwards in the direction of the positive z-axis.
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In the following diagram, the x—y plane is horizontal, the x-z and y-z planes z
are vertical. In this OXYZ system, the points A(1, 2, 3) and B(2, 1, 3) are 0.0.3)
shown. Y
A(1,2,3)

1 | N B(2,1,3)
The vector OA may be written as OA = (1,2,3), OA = 2 or OA = g, as well as o
in component form. 3 L E !
The components of a vector in three dimensions use i, j and k as the unit vectors ; L S 2’0}2
parallel to the x, y and z axes respectively. ) INC. P 'f !
Thusm=g=i+22+31§and@73=lg=2£+2+3l~<. (2,0,0) )
Using your knowledge of two-dimensional vectors, it should seem reasonable x

to find AB.
ZE=Q-g=(2£+j—3@y{i+zj+3@
(2—1)£+(1—2)Z+(3—3)I~<

-i-j
AB has no k component, so it lies in a plane that is parallel to the x—y plane. It is the plane given by the equation z = 3.
In particular, points in the x-y plane are of the form (x, y, 0), points in the y-z plane are of the form (0, y, z) and
points in the x-z plane are of the form (x, 0, z).
In two-dimensional space, the coordinate axes divide the plane into four regions or quadrants. In three-dimensional
space, the coordinate axes divide the space into eight regions or octants. The sign of the coordinates indicates in
which octant the point is located.

Example 1
2
Givena= -1 ,b=(-1,3,2)andc=1i+ 2j - 3k, find each of the following vectors,
4
expressing your answer in component form.
@ a+b+c (b) a-b+c (€ a-b-¢ (d) 4a (€) a-2b+3c
Solution

The answers are to be given in component form, so rewrite each vector in component form.

a=2i-j+4kb=~i+3j+2kc=i+2j-3k

(@ a+b+c=2i- '+4l~<+(—£+3j+21~c)+1’+2j—3l~<

k- —1'+3j+215)+1'+2j—3l~<
k+i-3j—-2k+i+2j-3k
k

~2i-j+
=4£_2]_

(€ a-b-c=2i—j+4k~(-i+3j+2k)-(i+2;-3%) (@) 4a=4(2i j+ak)
S 2i—j+dk+i-3j—2k-i-2j+3k —8i—4j+16k
=2i-6j+5k
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(e) g-2@+3g=2g—j+4lg—2(-g+3j+215)+3(g+2j—3lg)
=21'—j+4k+21'—6j—41§+3£'+6j—9l~c
=7i-j-9%

l&

Magnitude of vectors in three-dimensional space

To obtain the magnitude of vectors in three-dimensional space z
you use an extension of Pythagoras’ theorem. This is similar to

the method used to find the length of a diagonal of a cuboid in

solid geometry.

B(Xz, Y2 22)

y=-==---

Suppose you wish to find the length of the line segment joining
A(xl, Vi 21) to B(xz, Vs zz), as shown in the diagram.

Construct the planes ACD and CDB that are parallel to the x-y Alxy, y1> 7)) Clxy, 2> 7))

and x-z planes respectively. Then C, which has the same x and 0 Y
z coordinates as A, will be C(xl, Yy Zl), while D, which has the
same x and y coordinates as B, will be D(xz, Yy 21)'

Now ‘TBV =\E‘2+\FB\2
=|4c[" +|cD|" + B[
And [AC|=|y,- |
D) -1,
‘D—B‘=\zz—z1\

_x1)2+(y2—y1)2+(z2—zl)2andthus‘ﬁ‘=\/(xz—x1)2+(y2—y1)2+(22—zl)2.
Referring to diagram on page 79:

’m’=\/12+22+32 =14

OB| =v2? +1° +3* =14

4B| = J(2-1) +(1-2) +(3-3) =2

Hence,

Unit vectors in three-dimensional space
Given OA =a =i +2j j+3kand OB=b=2i+ J + 3k, then since ‘OA‘ V14 and ‘OB‘ V14, the corresponding unit

vectors can be found using the fact that c:I ‘ g‘.
a
~ 14 . s 1 14
a= ﬁ(z+2]+3k)——l4 (1+21+3I~<)andlg m(21+z+3k)——14 (21+1+3I~c)
- Jia s 14
Thusa = —— 14 i+2j+3k]is the unit vector parallel to OA and b = 14 2i + j + 3k | is the unit vector parallel
to OB.

From the given vectors OA and OB you found that AB = i — j and that ‘A—B‘ = /2 s0 the unit vector parallel to AB

is given by 72( i-j ) Since this vector does not contain a k component, it lies in a plane parallel to the x-y plane.
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Example 2
(@) On a set of Cartesian axes, mark the terminal points A(1, 3, 4), B(—1, 3, 2) of vectors OA, OB.
(b) Write the vectors OA = g, OB = b, in terms of i, j, k. Similarly, write an expression for e = b — a.

(c) Find the magnitudes of vectors a, b, e.

(d) Find unit vectors in the direction of the vectors given in part (c).

Solution
(@ ‘
A(1, 3, 4)
X B(-1,3,2)
a : |
(N
. /10,3,0) y

Note: (i) a points out from the page upwards towards the reader.

(i) b points into the page.
(b) a=i+3j+4k,b=—i+3j+2k e=AB=-i+3j+2k-(i+3]+4k)=-2i-2k
el =4+4 =22
@ =25 (i 3j v ak) b= (gesjeok) = Y2 (i)

(© |a|=vi+9+16=

1+9+4 =

Position vectors in three dimensions

A vector defines the position of one point relative to another point. When the reference point is the origin, the
vector is simply called a ‘position vector. When the reference point is not the origin, the term relative position
vector is used.

Given the position vector of A is @ = i + 3 + 4k and the position vector of Bis b = ~i + 3] J + 2k, the position vector
of B relative to A (i.e. B as seen from A) is

AB = A0 + OB
~OB-OA=b-a
= —2i -2k

The position vector of A relative to B (i.e. A as seen from B) is BA = 2i + 2k.

Note that the position vector of B relative to A = position vector of B — position vector of A.

Algebra of vectors expressed in component form
() Equality: Two vectors are equal if and only if the corresponding components are equal;
i.e. ali + bl] + CIIS = azi + bz_] + CzlS lf and Only lf al = az, bl = bz, Cl = Cz.

(This is true because the i, j, k representation of a vector is unique.)
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(i) The components of the sum (difference) of two vectors are equal to the sum (difference) of the
corresponding components of the vectors;
eg Ifa=xi+yj+zkandb=1xi+y,j+zkthenazb=(xx,)i+ ()’1 ) )J +(z 22, k.
(iii) The components of a scalar multiple of a vector are equal to the scalar multiple of the corresponding
components of the vector;

e.g. Ifa=xi+ yj+zkand A €R, then Aa = (Ax)i + (Ay)j + (Az)k.

Example 3

Given A(6, 4, 8) and B(10, 6, 8) show that AB s parallel to the x-y plane.
Solution

AB=(10-6)i+(6-4)j+(8-8)k

= 4i+2j

Since AB has no k component, it is parallel to the x-y plane.

Example 4

Determine whether the points A(0, 2, 2), B(4, 10, 18), C(6, 14, 26) are collinear.

Solution

AB=(4-0)i+(10-2)j+(18-2)k BC=(6-4)i+(14-10)j+(26-18)k
=4i+8j+16k =2i+4j+8k
=4(1'+2j+4l~c) =2(£’+2j+4l~<)

Hence AB = 2BC.
Thus AB and BC are parallel and have point B in common.

Hence ABC is a straight line and the points A, B and C are collinear.

Example 5
Find the distance of the point P(2, 3, 5):
(@ from the y-z plane (b) from the x-axis.
Solution
(@) The line segment from P normal to the y-z (b) The line segment from P perpendicular to the
plane intersects the y-z plane at Q(0, 3, 5). x-axis meets the x-axis at R(2, 0, 0).
Hence‘m‘=‘0—2‘=2. Thus‘ﬁl‘=\/02+32+52 = /34.

MAKING CONNECTIONS o

Vectors in three dimensions
Use technology to plot vectors in three dimensions.
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EXERCISE 3.1 VECTORS IN THREE DIMENSIONS

1 For each of the following vectors, find:

() the magnitude of the vector (i) a unit vector parallel to the given vector.
(@ 3i+4j (b) -5i+12j () -7i-24j (d) 9i-12j
2 For each of the points P whose coordinates are given, find:
(i) an i, j,k representation for the position vector OP (i) the magnitude of OP
(iii) a unit vector in the direction of OP.
3 Given vectors g = 6i +3j — 2k, b =-4i +3j+ kand ¢ = 2i + 3k, write:
@ a+b () a+b-c  (©) 2c+3a-50 (d) 3(c-a) (e) 5(a-b)+6c () 5a+4(b-3c)

4 The position vectors of points P and Q are 2i —3j + 4k and 3i — 7 j + 12k respectively. Find the length of PQ
and a unit vector parallel to PQ. ) )

5 Givena=12i +3j-4k,b=4i-3j-5k, c=-6i +2j + 3k, find unit vectors 4, b, ¢.

6 The position vectors of the points P, Q, R and S are respectively 4i + 3j — k, 5i + 2j + 2k, 2i — 2j - 3k,
4i —4j + 3k. Show that PQ is parallel to RS. )

7 Given thaty = 31’+41+5]~c, V= 21’+21’+3l§,v~v = 6i — 7j — 8k, find the vectors:
@ u+y (b) 3u+y-3w (c) :El+13—13/ d) v+w
() Ifd=7i+23j+29k, findr,sand t € Rsuch thatd = ru + sy + tw.
8 Giventhatg=41’:51+81~<,{9= —2i-3j-4k,c=i+j-ku=a+mb+ncy=-2i-j-3k Findm,neR
such that ¥ and v are opposite in direction.
9 P(6,3,—4), Q(3, 1, 1) and R(2, —1, 3) are the vertices of a triangle. Show that ‘R—P’ = 3’R—Q’
10 Ifa=2i-3j+k b=2i-4j+5k c=-i-4j+2k find the values of p and g such that a + pb + ¢ is parallel
to the x-axis.
11 Find the distance of the point P(1, 4, 3) from:

(@) the y-zplane (b) the x-z plane (c) the x-y plane
(d) the x-axis (e) the y-axis (f) the z-axis.

3.2 SCALAR PRODUCT OF VECTORS IN THREE DIMENSIONS

The scalar product (dot product) has been defined and used for vectors in two dimensions. (Refer to New Senior
Mathematics Extension 1, Section 10.4.)

In component form, it is written g * b = (x1£ + )’1]) . (ng' + yzj) = XX, + Y1 Vs

The proof of this result is similar to the proof in two dimensions.

asb= (xli"' yij+ lef)'(xzi +)aj+ Zzlf)

= (x1x2)<1' ° l) + (xl)/z)(i * J)"‘ (xlzz (1 ¢ ]S))+ (ylxz )(Z ¢ £) + ()’1)’2 )(Z ¢ Z)*‘ ()’122)(1 ¢ ]S)

k
=X\ Xty +zizasici=jej=kek=landi®j=i*k=jck=jei=kei=kej=0.

Chapter 3 Further work with vectors 83



YEAR 12

84

It is sometimes useful to be able to use sigma notation for the scalar product.

Ifu=xii+xj+xkandy = yi+y,j+ysk,thenusy=xy, +x,9, + x5y, = E XiYi-

3
i=1

Example 6
Giveng=2i- j+3kandb=1i+2j-k, find:
(@) acb (b) beoa © |a| (d) a
Solution
@ a*b=(2i-j+3k)+(i+2j-k) () bea=(i+2j-k)e(2i-j+3%)
=2x1+(-1)x2+3x(-1) =1x2+2x(-1)+(-1)x3
=2-2-3 =2-2-3
=-3 =-3
2 2, a2 ~ _a 1 .
(c) ]g]= +(-1)%+3* =14 (d) a=—=—(21—]+3k)
! PN TIE A

Angle between two vectors
Just as the scalar product can be used to find the angle between two-dimensional vectors, it can also be used to find
the angle between two vectors in three dimensions.

The scalar product saysa* b = ‘g‘ ‘Ig‘ cos 0, where 0 1is the angle between the two vectors.

Hence
b
cosf = 4 2
|a/[8]
XX + + 2,2
cos = 1X2 + 1) 122
\/xlz + )’ +z” % \/xzz + 9, +z,)
Example 7

Find the angle, in degrees, between the vectors g = -2i — j—kandb =i +2j - k.

Solution

a=-2i-j-k|a| =Va+1+1=6
b='+21‘—l~c:‘b]=\/1+4+ =+/6

=-3
_ab_-3_ 1
cosH—‘g 12’ G >

As cos 0 1is negative, the angle must be obtuse, and hence in the second quadrant so 6= 120°.
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Example 8
Show that the vectors 4 = 2i —3j+ 4k and v = 5i 4+ 2 j — k are perpendicular to each other.

Solution
Consider y e v:
uey=(2i-3j+4k)e(5i+2j k)
~10-6-4
=0

Since the scalar product is zero, the vectors u and v are perpendicular. (Remember, cos 90° = 0.)

Example 9
Find a vector perpendicular to the vector 3i — 4.
Solution
Let a unit vector perpendicular to v = 3i — 4 be u = xi + yj.
Since 1:4 is a unit vector, then ~ x*+3°=1 [1]
Sinceyoz:4:0: 3x—4y=0 [2]
[2] becomes y = %
2
Substitute in [1]: x*+ 91% =1
25x% =16
4 3
=+= =+=
¥TEs VEE5

Hence é(4£’ 4 3j) and —é(4g’ + 3j) are unit vectors perpendicular to 3i — 4.

Since any scalar multiples of these unit vectors are also perpendicular to v, two possible answers are 4i + 3
and —(4i +3;)

Algebraic properties of the dot product
These results have been used before in the Mathematics Extension 1 course.

« asb=bea

. asa=|g
. as(btc)=aeb+aec
o (a+b)e(c+d)=aect+aed+bectbed

« (ma)+b=m(a~b) where m is a real number.

Geometric properties of the dot product
o Ifaeb=0,thenaandb are perpendicular, g L b
. Ifaeb=|allb

+ Ifgand b are parallel vectors, thenge b = ‘ngg‘

, then g and b are parallel vectors

 The angle between two vectors, 6, is given by cos6 =

« By convention, 0° < 6< 180°.
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Scalar and vector projections of vectors

In New Senior Mathematics Extension 1, expressions were given for the

scalar and vector projection of the two-dimensional vector, g, onto the

two-dimensional vector, b. A A
- avh a-(a-6)p

+ The scalar projection of g onto b is a OOZ:J, wherea*b = ‘b‘

IR

These results also apply to three-dimensional vectors.

Example 10

Given the vectors g = 4i +5j -3k and b = 2i - 2j + k, find:
(@) the scalar projection of g onto b
(b) the vector projection of g onto b

(c) the vector projection of g onto the x-axis. Hence write the vector projection on the y- and z-axes
(d) the vector projection of g perpendicular to b.

Solution
b=2i-2j+ki|b| =2+ 2+ P =B =3,b=1(2i-2j+ k)
(@) Scalar projection (b) Vector projection
a*b AN~ a®ba
ontolg=~‘ ‘~ ontolg=(g'lg)lg=~’b~lg
_3k|e(2i - - _241(,
QU RERT
5
_8-10-3 =§( *2]- ’f)
-3
-}
-3
(c) i is the unit vector in the direction of the x-axis: vector projection (gl O ) i
=((4z+51—3k)°1)z

(461 +35j - 22k

\_/
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Example 11 z
OABCDEFG is a cube of side length 1 unit. With reference to O as the origin:

(@) write the position vectors for CB, AB and CG
(b) find the position vectors of F and G
(c) find vectors OF and AG ___Jp

e e 2
o]

(d) calculate the acute angle at which the diagonals OF and AG intersect. ¢
. 0 A x
Solution
OA =i,0C = jand OD = k.
(@ CB=0OA=i,AB=0C=j,CG=0D=k (d) @?’Xé=‘@7~"HXé‘COSH
(b) OF = OA + AB+ BF OF| =+ 1% = 3,
=i+j+k —
- ~_Z - [AG|=Vr+1?+1* =3
OG = 0C + CG
= j+k (1'+j+l~<)°(—£'+j+lg)=x/§x/§cos¢9
The position vector of Fis i + j + k; -1+1+1=3cosb
the position vector of G is j + k. cosf = L
— ~ 3
c) OF=i+j
© OF=i+j+k 0 = 70°32
AG=A0+0C+CG The angle between the two vectors is 70°32".
~-i+jk
Example 12

Find unit vectors perpendicular to both u = 2i — 3j + 6k and v = —6i + 2 + 3k.

Solution
Let w = pi + qj + rk be a unit vector that is perpendicular to both u and v.

Use the fact thatg* b =0 wheng L b.

usw=0: 2p—3q+6r=0 (1]
vew=0: —6p+2q+3r=0 [2]
w is a unit vector: pPHg+r=1 (3]
[1]-2x [2]: 14p—7q=0
q=2p
2% [1]+3x[2]: —14p+21r=0
2p
=3
N 2 2 4p°
Substitute in [3]: p +4p +T=1
49p* =9
7 A== 157

p
Hence + %(31’ +6j+ 2]5) are unit vectors perpendicular to both y and v.
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Since any scalar multiple of these vectors is also perpendicular, then =+ (35' +6j+ 2]5) are vectors perpendicular
to both y and v. B

Since w is perpendicular to both y and v, then it is perpendicular to the plane containing y and v.

EXERCISE 3.2 SCALAR PRODUCT OF VECTORS IN THREE DIMENSIONS

1 For each of the following pairs of vectors, find (i) a b (ji) the angle between g and b.

@ a=3i-j,b=i+2j (b) a=-2i+j+kb=-i+2k
(©) a=4i-5j+7kb=2i+j+3k (d) a=6i-j,b=2j-k

2 A, B, C, D are four points in space with respective coordinates (0, 0, 0), (1, 2, 3), (-3, 4, 6), (2, —6, —4).
Find:
(@) the position vectors ZB and @ (b) the magnitude of the angle between AB and CD
(c) the position vectors BC and AD (d) the magnitude of the angle between BC and AD
(e) the scalar projection of AB on CD (f) the scalar projection of CD on AB.

3 (a) Ifg=2£'+j+3l§,l~)=4i—3j—l~<andg=—61’+2j—4I§,Verifythatg°(lg+g)=g'lg+g'g.
(b) Simplify (a+b)c+(a=c)b.” )
4 Ifu=2i+4j-3kandv=i-j-k, find:
(@ wueor (b) uoou (© vy
(d) a unit vector in the direction of v
(e) the components of u (i) parallel to v, (ii) perpendicular to v.

5 Ifa=i+j+kb=2i-3j+4kandc=-2i- j+3k find:
(a) (g - g) °b (b) (g + lg) °c (c) the scalar projection of g onto b.

6 Ifa=3i+6j+2kandb=-6i+2j+3k, find:
(@) aunit vector parallel to 2a + b
(b) a unit vector perpendicular to both g and b.

7 1If ’g’ = ‘lg , simplify the following expressions.
(8 (a+b)*(a-b) (b) (a+20)*(22-0b)

8 For the following vectors, find (i) the scalar projection of a onto b and (ji) the vector projection of b onto 4.
(@ a=6i+12j,b=-3i-2] (b) a=4i+2j+kb=-2i+3j-k
(©) a=i-j+kb=4i+3j+2k @ a=i-jb=2i-k

9 Ifa=2i-2j+kandb=-i- j-5k find:

(@ aoxb,a ;0@ and b b i (b) the cosine of the angle between g and b
(c) the vector projectionofaonbandbona  (d) aunit vector perpendicular to g and b.

10 Ifa=3i+6j+2kand b = —-6i +2j + 3k, find:
(@ aob, g;%} and b ob i (b) the cosine of the angle between g and b
(c) the vector projection of @ on b and b on a.

11 Ifu=i+2j-2kandv=2i+3j- 6k, find:
@ u ® v
(c) a unit vector in the direction 2y — v

(d) (i) the vector projection of u parallel to v
(ii) the vector projections of u perpendicular to v.

88 New Senior Mathematics Extension 2 for Year 12



12
13
14

15

16

17

18

19

20

21

22

23

24

YEAR 12

Show that g and b are parallel ifa* b = ‘QHQ‘
Find the value of p for which i - 2pj + 3k and pi -4 j+ 3k are perpendicular.

Ifa=i+3j—4kandb=i+ j, find:

(@) a unit vector parallel to b

(b) the components of g parallel to and perpendicular to b. (This is another way of saying ‘find the vector
projection of g parallel to and perpendicular to b)

Ifa=(6,-2,6)and b = (-6,-2,1), find:

(@) ‘g‘ (b) the scalar projection of b on to a
(c) ‘g - Q‘ (d) the magnitude of the projection of b onto a — b.
1 3 0
Ifa= 2 ,b= -2 andc= 1 |, find the projection of each of b, c and b + ¢ on a. What do you observe?
-4 0 -5
ABCDEF is a regular hexagon with centre O. If OA = a and OB = b, express each of 4 B

the following in terms of g and b: ~ i

(@) AB (b) BC

(c) CD (d) BD F c
(e) EC (f) Prove that BD and FC are perpendicular. \A/

E D

Given g =2i - j+2kand b =i +2j - 2k, find two vectors ¢ and d such that @ = ¢ +d, ¢ is parallel to b, d is

perpendicular to b.

The points P, Q and R have position vectors 2i + 2j + k, —i — 2j + 2k and i + j + k respectively. Find:
(@) thelength of QR -

(b) the vector projection of PQ in the direction of i + j + k.

Ifa= 3i+2j+2kandb=-i+j+k find:

(@) the scalar projection of g in the direction of b

(b) a unit vector perpendicular to g and b.

Vectors g and b are definedbya =i +2j+2kand b = 2i + 2j + k. Find:
() 2a-b (b) a () aob

(d) the scalar projection of a in the direction of b.

ABCD is a rectangle with vector AB = 3i and vector AD = 2.

(@) Express the diagonal vectors AC and DB in terms of i and j.

(b) Calculate, to the nearest degree, the angle between the diagonals.

If 4 and v are vectors defined by u = i + j+~/2k and v = i — j + v/2k, find:

(@) a unit vector parallel to u
(b) the angle between y and v
(c) the vector projection of v in the direction of u.

The position vectors of the points P, Qand Rare 8i +4j - 3k, 6i + 3j — 4k and 7j + 5 j - 5k respectively. Find
the angle between PQ and QR.
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3.3 USING VECTORS IN GEOMETRIC PROOFS

The scalar product is used in geometrical proofs involving parallel and perpendicular lines, and squares on the sides

of figures.
Example 13
Prove the theorem of Pythagoras in the right-angled triangle ABC, B
given in the diagram.
c+b
P b
A c e

Solution
You have to prove that ‘A—B‘Z = ‘TC‘Z + ‘CTS‘Z
Let AC = cand CB = b.
Hence AB = c+b
Since AC L CB, thenc*b =0
Now (c+b)e(c+b)=coc+2cb+bb
e+ " e +0+[g]"
—2 —2 — 2
|4B|" =|AC| +|CB|

Hence the square on the hypotenuse is equal to the sum of the squares on the other two sides.

Example 14

Prove that an angle inscribed in a semicircle is a right angle.

Solution

The diagram shows the semicircle ACB with centre O and diameter BOC.
A is a point on the circumference.

Let OA = g, OB = band OC = ¢, where ‘g‘ = ‘lg‘ = ‘g‘ as they are all radii.
Now AB = AO + OB

=-g+[2 But£=—12

—b-g So AB* AC=be*(-b)-bea-a*(-b)+a*a
And AC = A0 + OC =-beb-a*b+ab+aca

2 2

=—a+¢ =|a|" - |p|

=c-a = 0 since |a| = [b|
ThusA—B°A—C=(Ig—g)°(g—g) Hence AC 1 ABso ZBAC = 90°

=bec-bea-acc+aca
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Example 15
The position vectors of the points P, Q, R and S are respectively 4i + 3j — k, 5i + 2j + 2k, 2i — 2j — 3k and
4i —4j + 3k. ) ) )

(@) Show that PQ is parallel to RS. (b) Is PQRS a parallelogram?

Solution

(b) |PQ|=1"+1*+3” =11
|RS| = V2? +27 +6° = 2411

(@) ﬁg=5;+2j+2lg—(4£+3j—lg)

- - j+3k
ﬁ=4i—4j+3]§—(2£—2j—315) Since‘@‘ T‘i? , then PQRS is not a
. ) parallelogram, it is a trapezium.
=2i-2j+6k
o3

Since RS = 2%, then ﬁé is parallel to RS.

Example 16
Prove that the sum of the squares of the lengths of the diagonals of any B c
parallelogram is equal to the sum of the squares of the lengths of the sides.

Solution

It is required to show that: ‘@’2 +‘A—C‘2 = ‘EB‘Z +‘B—C‘2 +‘@‘2 +\E4\2
- 2| 48[ +[Bc |

Denote AB and DC by a, BC and AD by ¢, as shown in the diagram.

From BCD:H)=R‘+C—D=Q—QL

From ACD:A—C=@+D—C=Q+Q

|BD| +|AC| = BD*BD + AC+ AC

2 =2
=2(]AB\ +\Bc\ )

which is the required result.
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EXERCISE 3.3 USING VECTORS IN GEOMETRIC PROOFS

1 Given the points A(0, 2), B(4, 10) and C(6, 14):
(@) find the vectors AC and BC (b) show that AC = 3BC
(c) show that A, B and C are collinear.
2 In OAB,OA =5i and OB = 3i + 4j.
(@) Find é_fi i (b) Show that OAB is isosceles.
() Find OC, where C is the midpoint of AB.
3 OABCis a parallelogram in which OA = 6i and OC = i + 3j. Find:
() ABand CB - N
(b) the diagonaﬁctors OB and CA
(c) the vectors ON and OM, where N is the midpoint of OB and N is the midpoint of CA. What conclusion
can you make? L
(d) the vectors CP and BP, where P is the midpoint of OA.
4 In OAB,OA =8 i and OB=6 i +4j.If Cis the midpoint of AB, and D is the midpoint of OB, find:
(a) ABand OC )
(b) DC, and show that DC is parallel to OA and equal to half its length.
5 The points A, B and C have position vectors i, 2i + 2j and 4i + j respectively.
(@) Find AB, BC and AC. - o ) i
(b) By finding the magnitude of AB, BC and AC, prove that ZABC is a right angle.
(c) Find the position vector of the point D such that ABCD is a square.
6 OABCis a quadrilateral, OA = 4i, OB = 6i + 2j and OC = 8.
(@ IfPand Q are the ﬂdpoints of AB and BC respectively,~ find OP, OQ and PQ.
(b) Show that PQ = kAC. What geometrical conclusion can you now make?

7 The position vectors of the vertices A, B, Cand D of a quadrilateral are i + 2, 5 + 2 J4i-j and 2i — j
respectively. Show that the diagonals intersect at right angles. ) )

8 OXAY is a square. M is the midpoint of XA, and N is the midpoint of YA.

(@) Ifox =1’andO—Y = j,ﬁndWandW.
(b) Hence find the angle between OM and ON.

9 In the rhombus OABC, shown in the diagram, OA = mi and OC = i + j + k, where m € R. c B
(@) Find the value of m.
(b) Show that the diagonals of OABC are perpendicular.
0 A

10 OPQ is an equilateral triangle that has sides of length 2, and lies in the x-y plane so that O coincides with the
origin, P is on the positive x-axis and Q is in the first quadrant.

(@) Express PQ in terms of iand j
(b) If Mis the midpoint of PQ, express OM in terms of i and J-
(c) Show that OM L1 PQ.

11 The respective position vectors of the points P, Q, Rand Sare i + j, 5i + 44, 2i + 8 j and —2i + 5. Show that
PQRS is a square. ) ) ) )

12 The points A, B and C have position vectors relative to a fixed point, O, such that OA =2i + J+ 2k, OB = 3i - j
and OC = i - 2 j — 2k. Prove that AC bisects OB at right angles.

13 The position vectors of points P, Q and R are 4i + j, 3i — 3j + 4k and i — 2 + k respectively.
(@) Showthat PQR isright-angled. (b) Find the area of the triangle.
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14 The position vectors of points A, Band Care 2i — 3j, 5i + 2j and -3i respectively.
(@) Find AB, BC and AC. (b) Show that ABC is right-angled.

15 Pand Q are the midpoints of the sides OA and OB of triangle OAB. Use a vector method to prove that PQ is
parallel to AB and half its length.

16 If AC = 2i + 4] represents the hypotenuse of a right-angled triangle ABC, and AB is parallel to i + j, find AB.
17 Ois any point on the diagonal BD of the parallelogram ABCD. Prove that AO + OB + OC = OD.

18 ABCD is a trapezium in which the sides AB and DC are parallel. P and Q are the midpoints of the sides AD
and BC respectively.

(@) Express PQ in two different ways as the sum of vectors along the sides of the trapezium.

(b) Use your answer to prove that PQ is parallel to two of the sides and that its length is equal to %(AB +DC).

19 The sides of a parallelogram are represented by vectors 4 and v. Show that, if the diagonals are perpendicular
to one another, y*u=vev.

20 ABCis aright-angled triangle with a right angle at B. If g, b and ¢ are the position vectors of A, Band C
respectively, show that b> =a*b+b*c—c*a.

21 ABCD is a trapezium in which AB=x, DC=2x, DA = y.If E is a point in BC such that BE = %BC, prove that
TR e T - 2( 402 .2
AC* DE = 3(4x -5*)

22 The position vectors of the points A, B, C relative to a point O are g, b and ¢ respectively. If OC is
perpendicular to AB and OB is perpendicular to AC, show that OA is perpendicular to BC.

23 The diagonals of a parallelogram are given by a = 3i —4j—k and b = 2i + 3j - 6k.
(@) Show that the parallelogram is a rhombus.
(b) Find the length of each of its sides and the size of each of its angles.

24 Find the area of the parallelogram having diagonals ¢ = 3i + j - 2kand b =i -3 J+4k.

Prove each of the following results using vector methods.

25 The diagonals of a rhombus are perpendicular.

26 The midpoint of the hypotenuse of a right-angled triangle is equidistant from the three vertices.
27 If the diagonals of a parallelogram are equal in length, then the parallelogram is a rectangle.

28 The line segments joining the midpoints of consecutive sides of a rhombus form a rectangle.

29 The line segments joining the midpoints of consecutive sides of a square form a square.

30 The line segments joining the midpoints of consecutive sides of a rectangle form a rhombus.

31 For any triangle PQR,

ﬁ‘ =‘ﬁ‘cosP+‘QT‘cosQ.

32 The sum of the squares of the distances from a point A to two opposite vertices of a rectangle is equal to the
sum of the squares of the distances from A to the remaining two vertices.
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3.4 CARTESIAN COORDINATES IN THREE-DIMENSIONAL SPACE

You have used the Cartesian system for vectors in two dimensions. y

A(1,3)
In the diagram, the vectors can be written in several forms,
. 1 . B(4,2)
suchas OA =(1,3)=i+3j= 3 and OB = (4,2)=4i+2j=
J
of i X
1
A similar approach has been used in three-dimensional space. In this diagram, OA = a = (1,3,4) =i +3j+4j= 3
~1 4
andOB=b=(-1,3,2)=-i+3j+2k= 3
2
z
A(1,3,4)
| B(-1,3,2)
a S
b |
------- b
0 . /Eo 3,0) y
(1,0,0) /oo

Example 17
(@) Show by calculation that the points A(1, -1, 3), B(2, —4, 5) and C(5, —13, 11) are collinear.
(b) Using vectors, show that ABC is a straight line.
Solution
(@ AB=+(2-17+(-4+1)2+(5-3)7 = 12+ (=32 +22 = J14
BC =3 +9*+6 =126 = 314
AC =2 +12> +8 =224 = 414
AB+BC =14 + 3414 = 4414 = AC

Since the length of AC is the sum of the lengths on AB and BC, and the two intervals have the point B in
common, then A, B and C are collinear.

(b) AB=(2-1,-4+1,5-3)=(1,-3,2)
BC=(5-2,-13+4,11-5)=(3, -9, 6) = 3(1, =3, 2)

Hence AB is parallel to BC and they have a point, B, in common therefore ABC is a straight line.
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Equation of a sphere

A circle is defined as the set of points in a plane equidistant from a fixed point in
the plane. The equation of a circle centre (h, k) and radius r is (x — h)* + (y- k)=

A sphere is defined as the set of points in three-dimensional space equidistant
from a fixed point in space. If the point P(x, y, z) is a point in space and C(h, k, )

is the fixed point in space, then PC = \/(x -h)?+ (y —k)* +(z-1)* using the
distance formula.
LetPCzrsothat\/(x—h)2 +(y—k)2 +(z=1)=r

(x=hP+(y—kP+(z=1)? =1 g
which is the equation of the sphere centre (, k, I) with radius, r. x

L]
C(h,k,D)

Any plane that intersects the sphere will do so in a circle. In particular, the plane z = intersects the sphere in the
circle (x — h)* + (y— k=r2

Example 18
Show that x> + y* + z* + 6x — 4y + 2z + 6 = 0 is the equation of a sphere and find the coordinates of its centre and
its radius. Hence sketch this sphere.

Solution
X +y+Z+6x—4y+2z+6=0
Rearrange the equation: X+ 6x + y2 —4y + Z+2z=-6

Complete the square:
X +6x+9+y —4y+4+2+2z+1=—6+9+4+1

(x+3V+ (-2 +(z+1)°=8
This is a sphere with centre (=3, 2, —1) and radius 2\/5 .

Example 19
The spheres x> + y* + z2° =9 and x* + y* + (z — 4)” = 16 intersect. Find:

(@) the value of z when they intersect

(b) the equation of the circle in which they intersect, giving the coordinates of the centre and the radius.

Solution 4
(@) Solve the equations simultaneously by subtracting i
the first equation from the second equation:
C+y+(z—4) - +y+2)=16-9
Z—8z+16-2=7

8z=9
z= %, so they intersect on the horizontal plane z = %
(b) Substitute into the first equation: x* + y* + % =9 76.\_.5\‘\*
iyt a2
) =64
2
x4+ yz _ 3\{;5_5

The circle has centre (0, 0, %), and radius 3 \{;ﬁ

Chapter 3 Further work with vectors 95



MAKING CONNECTIONS

Equation of a sphere
Move the sliders to explore the effect of changing the values h, k and / on the sphere given by equation

96

(x

—hPH(y—KP+z-1)P°=r

Q

EXERCISE 3.4 CARTESIAN COORDINATES IN THREE-DIMENSIONAL SPACE

1

10

11

12

Find the lengths of the sides of the triangle ABC and determine whether it is isosceles, right-angled, equilateral

or none of these.

@ A(5,5,1), B(3,3,2), C(1, 4, 4) (b) A(3,4,-1), B(=5,3,0), C(6,~7,4)

(c) A(4,-2,3),B(6,1,4), C(5,4,-3) (d) A(1,2,3),B(2,5,7), C(-2,6,4)
Determine whether the given sets of points are collinear.

@ A(1,2,3),B(3,4,1),C(5,6,-2) (o) D@, 1,-4), E(-2,3,2), F(1,3,5)

(¢) K(—4,3,5),L(2,-1, 3), M(5,-3,2) (d) P(0,5,-1),Q(-3,-1,-10), R(-2,1,-7)
Find the equation of the sphere with centre C and radius r.

@ C(1,2,3),r=4 (b) C(-1,0,5),r=~/3

(©) C(3,-2,4),r=15 (d) C(0,-1,2),r=3V2

Show that the given equation is the equation of a sphere and find the coordinates of its centre and the radius.

Sketch the sphere in parts (a) and (c).
@ X*+y +Z+4x—2y+6z+4=0 (b) X +y +2—8x+4y+6=0
€ X+y'+2+2y—2z=0 d) X+’ +2+x-3y+2z+2=0

Find the equation of the sphere with the end points of a diameter (2, 3, 5) and (4, -3, 9).
Find the equation of the sphere with centre (4, 5, —2) that passes through the point (1, 0, 0).

ABC has vertices A(1, -1, 0), B(2, 1,-1) and C(-1, 1, 2).

(@) Use the scalar product to determine which of the angles of ABC is a right angle.
(b) Hence determine the area of ABC.

Given D(4, -2, 3), E(6, 1, 7) and F(5, 4, —2), prove that DEF is right-angled in two different ways.
Find the equation of the sphere, centre (2, 2, 3) that:

(@) touches both the x-z and y-z planes (b) touches the x-y plane only.

The spheres x> +y* + 2 = 16 and x* + y* + (z — 4)> = 25 intersect. Find:

(@) the value of z when they intersect

(b) the equation of the circle in which they intersect, giving the coordinates of the centre and the radius.

The spheres x* + y* + z* = 16 and x* + (y — 2)* + z* = 9 intersect. Find:
(@) the value of y when they intersect

(b) the equation of the circle in which they intersect, giving the coordinates of the centre and the radius.

The spheres (x — 1)° +y2 +72°=16 and (x — 5)? +y2 + 2% =49 intersect. Find:

(@) the value of x when they intersect

(b) the equation of the circle in which they intersect, giving the coordinates of the centre and the radius.
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3.5 PARAMETRIC AND CARTESIAN EQUATIONS

The position of any point P, relative to an origin O, is uniquely specified by the vector OP, which is termed the
position vector of P (relative to O).

Consider a body moving in the i—j plane so that its position at time, ¢, is given by the position vector
r(t)=(3-1)i+2tj,t>0. B
By substituting values of ¢ into (t), you can determine where the body is at these times.

For example:

t r(t) position
0 3i (3,0)
05 | 25i+] (2.5,1)
1| 2i+2j (2,2)
2 i+4j (1,4)
The figure on the right shows these four position vectors and the path that the body 6},—_\

appears to be taking.

The graph of a vector equation is the set of points determined by r(t) as ¢ varies.
For t >0, (0) gives us the initial position of the body.

Given that (0) = 3i, you conclude that the body begins its motion at (3, 0).

Substituting increasing values of t into r(¢) can help you determine the body’s
direction of motion.

The body starts at (3, 0) and appears to be moving along the line with equation
y=6—2x.
In general, when a body moves in space, its position vector varies with time.

Having the vector equation of the paths means that you are only working with
one variable, ¢, rather than three variables x, y and z.

This is illustrated in the diagram to the right where the position vector is
denoted by r(t) to indicate its dependence on time, ¢.

X
If the coordinates of the variable point P(x, y, z) are expressed parametrically as x = f(t), y = g(t) and z = h(t), then
the vector equation of the path is given by the position vector r(t) = f(t)i + g(t)j + h(t)k, where i, j and k are
unit vectors in the positive directions of the x-, y- and z-axes respectively.

The equations x = f(t), y = g(t) and z = h(t), are called parametric equations and t is called the parameter.

In the introductory example, the parametric equations are x =3 — t and y = 2t.
Rearranging the first equation to make the parameter t the subject gives t =3 — x.
Substituting t = 3 — x into y = 2t gives y =2(3 — x) =6 — 2x.

So, confirming the earlier assertion, y = 6 — 2x is the Cartesian equation that describes the path of the body.

Example 20

State the vector equation of a curve that has parametric equations given by x =2cost, y=2sintand z=1 for t > 0.

Solution
The general form is 7(t) = x(t)i + y(t)j + z(t)k.

The vector equation of the curve is r(t) = (2cost)i + (2sint)j + k, t = 0.
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Example 21

The position vector of a body at time ¢ is given by r(¢) = (1 -t)i + tzz, t>0.
(@) Find the Cartesian equation of the path of the body and state the domain.
(b) Sketch the path of the body.

Solution
(@) State and number the parametric equations: x=1-—t (1]
y=t [2]
Express t in terms of x, from [1]: t=1-—x
State the allowed values of x: Ift>0,then x<1.
Substitute into [2] to eliminate ¢: y=01- x)*
State the Cartesian equation with domain: y=(1- x4 x<1.

(b) Sketch the parabola with correct domain:
The path is that of the parabola y = (1 — x)*
for which x < 1.

To summarise from part (a):
1 The parametric equations are x=1—t and
y=1,t>0.

The Cartesian equation is y = (1 — x)>, x < 1.

3 The vector equation is 7(t) = (1 - t)i + ¢,
t20. ) ; ; : :

| y=x-1}x<1

As shown in Example 21, elimination of the parameter ¢
gives the Cartesian equation of the body’s path shown in
the figure on the right.

The vector equation r(t) = (1 - t)i +t°j, t >0 is an
example of a vector function of the scalar (real) variable ¢
because each element in the domain gives a unique value
ofr.

P(x, y) 6 +

4 1

Consequently, the function defined by r is a one-to-one
function. (1,0)

y:(x—l)z,xsl

To specify a vector function, it is sufficient to state its 4 3 - 4 O 1
rule and the domain, i.e. 7(t) = (1-1t)i +t*j, t > 0.

Example 22

The parametric equations of a curve are x = cos 2t, y=sint, t20.

(@) Find the Cartesian equation of the curve. ~ (b) Find the vector equation of the curve.
(c) Sketch the curve.

New Senior Mathematics Extension 2 for Year 12



YEAR 12

Solution
(@) x=cos2t,y=sint,t=0 (b) £=xi+yj
X = cos2f r = (cos2t)i +(sint)j, t = 0 is the vector
=1-2sin’¢ equation of the curve.
=1-2y°
2)/2 =1-x
yz = I—Tx’ -1 = x = 1is the Cartesian

equation of the curve.

(c) Since—1 < cos2t< 1 for all t, it follows that -1 < x <1 ACL 1) Y
and so the equation represents only the arc ABC of the
parabola as shown in the diagram.

Whent=0,x=1,y=0andr = i. &5

g o
Whent=E,x=—l,y=1and[=—1+z. | r s
Whent=m,x=1,y=0andr = i. -1 © (1,0)
Whent_%r,x=—1,y:—1 andr =—-i—j.

From this you can see that if you consider the curve as a path traced
out by a moving point, the point starts at B, moves to A, then back /
to B, then to C and back to B as t increases from 0 to 27. Since xand ~ C(-1,-1)

y are periodic functions of ¢, the curve retraces itself as ¢ increases
beyond 2.

o

Parametric and Cartesian equations
Use technology to explore parametric and Cartesian equations.

EXERCISE 3.5 PARAMETRIC AND CARTESIAN EQUATIONS

1 For the curves whose parametric equations are given, find:

() the Cartesian equation (i) the vector equation.
(@ x=2ty=t+2,t20 (b) x=t,y=%,t>0
() x=2cosB,y=2sinH,0<0<21 d) x=t+3,y=£"-5,t>0
(e) x=u3,y=1—u2,—1SuSI 1] xzsz+s,y=52—s,s>0
(9) x=c0s26,y=cos0,0<0<2m (h) x=2cost,y=\/§sint,t20
2 For the curves whose parametric equations are given, find:
(i) the Cartesian equation (i) the vector equation.
2t 1-# .
a x=—"—,y= ,teR b) x=asin®, y=bcosd, pR
@ x- 2 y=1Ts ) 6,y=bcosg, 9
() x=sint,y=sin2t,0<t<21 (d) x=2+sinB,y=1-cos6,0=>0
y Y
(e) x=u+%,y=u—5,u¢0 (] x=3coszt,y=4sin2t,t20
2
At 3(1—t )
= , Y = ,teR
@ 1+2°7 7 141
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3 For the curves whose vector equations are given, find:
(i) the parametric equation (ii) the Cartesian equation.
(@ r=2ti+t),t>0 (b) 7 =cos20i+sin260j, € R
(c) r=4cos’0i+3sin°0j,0e R (d) t=l‘£+4al‘21,t20

t
(u+3)i+(u’-5)j,ue R (h) r=(2sint)i +(4cost)j,te R

() r=(2-sing)i+(1+cos0)j,0<0<2w  (f) [=(t+l)i+(t—%)j,t¢0

@
(i) [=(t—%)1'+ t2+tl2 J>t#0

4 The vector equation is given by r = (acost)i + (asint)j, a > 0. Find the Cartesian equation of the curve and
show that it is a circle. )

5 The position of a particle at any time, t, is r(¢) = (4 cos 3t)i + (4 sin 3t)j.

(@) Show that the path is circular. (b) Find the Cartesian equation of the path.
(c) Find the value of ‘ r ’

3.6 VECTOR EQUATION OF A LINE

The position of a line in the x—y plane is located when a point on the line z
and its direction, given by either its gradient or the angle of inclination, are
known, or by the location of two points through which it passes. L

In three-dimensional space, the position of a line is located when you have a P
point on the line and its direction, this direction given by a vector, or by the
location of two points through which it passes. / 1 r
The diagram to the right shows the line, L, passing through the point v
P (x, yLzO) and P(x, y, z). L may also be defined by the point P and the 5 Y
vector PP, which determines the direction of the line.

Consider the position vector v = li + m j + nk that is parallel to B P.

Since v and 170? are parallel, then ?01—5 = Av, where A is a real number.

Given that the location of P is specified by position vector r, then OP = r = xi + y j + zk.

Hencer =ry+ BP )
=ro+Av

Thus, the vector equation of the line Lisr =ry+ Av.

This equation consists of the position vector r, a fixed point P on L, and a fixed vector v that determines the
direction of L.

From this equation, you can obtain the parametric equation of the line L, namely
x=x,+al y=y,+ bl z=z +cl
They represent the parametric equations of the line L through the point (x,, y,, z,), and parallel to the vector v = (a,b,¢).
Also, the values a, b, c are called the direction numbers of the line as they give its direction.
The vector equation of the line L gives the coordinates of a point for each value of A.
For example, if A=0, 1 = r, then the point is P,
If A=1,r = r,+v, then the point is M units to the right of P . (v is positive to the right in the diagram.)
If A=-2,7 =r,—2v, then the point is 2‘ y\ units to the left of P,

Remember, a vector equation generates the infinite set of points that make up the line, each point corresponding to a
real value of A.
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Example 23

For the straight line with equation r = g + Abwhere a = i + j + k and b = i — j, find the coordinates of the points
on the line for which: % ~

(@ A=0 (b) A=3 (c) A=100 (d) A=-5.
Solution
[=xi+yj+zl~<=(£+2+l~<)+)»(g—z)
xXi+yj+zk=0+A)i+(1-A)j+k
Equat;ng components:x=1+}~», y=1-Az=1

(@ A=0:x=1,y=1,z=1so the pointis (1,1, 1) (b) A=3:x=4,y=-2,z=1so the point is (3, -2, 1)
() A=100: x=101, y=-99, z=1 so the point is (101, -99, 1)
(d) A=-5:x=—-4,y=6,z=1 so the pointis (-4, 6, 1).

Example 24

Find the vector equation to the straight line joining the points A(5, 2, 6) and B(-3, 4, 1) and find the coordinates
of the point on AB where A =2.

Solution = z

c=-8i+2j-5k
The equation of I: is given by r = a + Ac, Ais a real number.
Thus xi + yj + 2k = (51 + 2] + 6k )+ A (=81 + 2] - 5k)
=(5-8A)i+(2+2A)j+(6-5A)k
This givesx=5—-84,y=2+24,z=6-51
A=2:x=-11, y=6, z=—4 so the coordinates of the point are (—11, 6, —4).

Example 25
Find the vector and parametric equations of the line:
(@) through the point A(-2, 1, 4) parallel to the vector b = 2i + j — 2k
(b) through the point A(1, 3, 2) parallel to the line through B(1, 2, 3) and C(3, 4, 1).

Solution
(@ A(-21,4):0A=a=-2i+)+4k (b) A(1,3,2):m=g=£+31+21~<
b=2i+j-2kir=a+Ab ~ b=BC=(3-1)i+(4-2)j+(1-3)k
g=—2£+Z+4I§+A(21+1—21~<) b=2i+2j-2k
Hence the vector equation of the line is r=a+Ab

r=(-2+2A)i+(1+A)j+(4-2A)k.
The parametric equatiofl isx=-2+24,
y=14A,z=4-2A. The direction Hence the vector equation of the line is
numbers are 2, 1, —2 (the coefficients of A). r=0+2A)i+(3+ 27&)2 +(2-2A)k.
The parametric equation is x = 1 + 24,
y=3+242z=2-2A

g=£’+3z+21~c+l(21’+22—21~c)
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Example 26
Given P1(2, 1,2) and Pz(—l, 3, 3). With P, as the fixed point, find:
(@) the vector equation of the line L that passes through P, and P,
(b) the parametric equation of the line L that passes through P, and P,.
With P, as the fixed point, find:
(c) the vector equation of the line L that passes through P, and P,
(d) the parametric equation of the line L that passes through P, and P,.
(e) Discuss your answers to parts (b) and (d).

Solution
(@ v=BB = (-1-2)i+(3-1)j+(3-2)k
=-3i+2j+k
P,(2,1,2):1y=OP =2i + j+2k
L is parallel to PP, so the vector equation of L is 7 = r o+ Av, where r = (x, y,z).
Hence the equation of Lisr = 2i + j + 2k + )\,(—31’ +2j+ lg)
r=(2-31)i+(1+24)j+(2+2)k
(b) The parametric equations of Lare:x=2-3A,y=1+24,2z=2+A.
() P,(-1,3,3):1,=OP, = —i+3j+3k
v=-3i+2j+k:r= —£+3j+315+)»(—31'+2j+l~<)
r=(-1-3A)i+(3+24)j+(3+ )k
(d) The parametric equations of L are: x=—-1-34, y=3+24,z=3+ A
(e) The equations of the line L are different when they have the different fixed points. To show that each
equation represents the same line, find values of A that generate the points P, and P, for each equation. This
is most easily done from the parametric equation. Obviously, A = 0 will generate the fixed point in each case.
For part (b): x=2-3A, y=1+24,z=2+ A, for P:2-3A=-1,A=1.
Substitute for y and z: y =1+ 2 =3.z=2+ 1 = 3. Hence the point is (-1, 3, 3), which is P,
For part (d): x=—-1-3A, y=3+24,2z=3+4, for P: -1 —-3A=2,A=-1.
Substitute for yand z: y=3 —2=1. z=3 — 1 =2. Hence the point is (2, 1, 2), which is P.
Thus, both sets of equations represent the line L through the points P, and P,.

If A, B and R are points on a straight line through A and B such that ¢ = OA, b = AB and r = OR, then the vector

equation of the line AB is given by r = a + Ab, where A is a parameter.

When starting with the coordinates of two points to form the vector equation of a line, the final equation
depends on which point you fix to obtain a. Both choices will lead to a correct vector equation defining the line.

Hence the vector (or parametric) equation of a line through two points is not unique.

Vector equations of a line in two dimensions

Gradient intercept form

Consider the equation of the line given by r = a + Ab, where r = (x, y),a = (xo,yo ) and b = (x;, 5, )
The vector equation becomes 7 = (x, + x,A)i + ( Yo + yl)u) j-

The parametric equations are x = x, + X;A, ¥ = y, + ¥, A.
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. o X—X
Rearranging the first equation gives A = po !
1
Lo : n(x=x)
Substitute in the second equation for y: y = y, + —
1
4l Xo)1
= + —x - —
=X x| X,
X1 Yo = X
y = N X+ 1Yo — %o )1
X1 X1
C ino thi . . . . . _ . N _ X1 )o =X
omparing this answer with the gradient-intercept form of the straight line, y = mx + ¢, gives m = o and ¢ = -
1 1
: I . . X Yo~ X
Thus, the gradient of the line is 21 and the y-intercept is o= XN
X X1

The vector b = x,i + y,j is a vector parallel to the line with gradient % You would expect the gradients of the line

and the vector to be the same. 1

Two-point form

In two-dimensional coordinate geometry, the equation of the line through the points A(x,, y,) and B(x,, y,) is
Y=Nh _ V2= N
x

X—xl xz_

. provided that X, # X,

The vector equation of the line ABis xi + yj = xji + y,j + }L((XZ -x)i+(y, —yl)j)as (x;=x))i+(y,=y)jisa
vector parallel to AB. B ) B )
Thusx=x1+)L(x2—x1)

y=n+A(y,-n)

X—-X =A=)")’1 [1]
Xy — X Y=

, which is the two-point form of the Cartesian equation of a line.

Solving both of these equations for A gives

This means that 2—2L = yZ_i’l

X=X X=X

If =0, then equation [1] gives x=x,, y =y, or (x,, y,), the coordinates of the fixed point for the vector equation.

Example 27
Find the vector and Cartesian equations of the line through the point A(2, —1) parallel to the vector b = i + 2j.

Solution

a=2i-j

Vector equation: r = a+ Ab: r = 2£—j+7&(£’+2j)
r=Q2+A)i+(-1+21)j

Parametric equations: x=2+ A, y=—-1+24

A=x—-2s0y=—1+2(x—2)

y=2x—>5 is the Cartesian equation of the line.

o

Vector equation of a line
Use technology to explore the vector equation of a line.
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EXERCISE 3.6 VECTOR EQUATION OF A LINE

1 (a) Find the vector equation of the line through (1, 2) parallel to the vector i + j.
(b) Find the points corresponding to: (i) A=0 (i) A=-1 (iii)) A= 2.
2 (a) Find the vector equation of the line through (-1, 4, 6) parallel to the vector i — j+k
(b) Find the points corresponding to: (i) A= ; (i)A=6 (iii) A =-3.
3 (a) Find the vector equation of the line through (4, 2) parallel to the line joining the points (-1, 3) and (3, 7).
(b) Find the points corresponding to: (i) A =2 (i)A=4 (iii) A=8.
4 (a) Find the vector equation of the line through (2, 3, 4) parallel to the line joining the points (0, 2, 4) and
(=5,-3, 6).
(b) Find the points corresponding to: (i) A =—1 (ii)A=0 ii) A=1.
5 Find the vector equation of the line through (4, 12, —3) parallel to the vector 2i - 3k.

6 Find the vector equation of the line through A(3, 5, 7) and B(6, 4, 5).

3.7 PARALLEL AND PERPENDICULAR LINES IN THREE DIMENSIONS

In two dimensions, two lines can either intersect, be parallel to each other, or be coincident (the same line).

A special case of intersecting is when they intersect at an angle of 90° when they are said to be perpendicular to
each other. If two or more lines lie on the same plane, they called coplanar.

In two dimensions, all lines lie in the same plane, the x—y plane. All these lines are coplanar.
Given line L, with equation y = m, x + ¢, and line L, with equation y = m,x + c,, then:
L ||L,ifm =m,L LL,ifm xm,=~-1and the lines are coincident if m, = m, and ¢, =c,.

Given line L, with equation @, x+ b,y + ¢, = 0 and line L, with equation a,x + b,y + ¢, = 0, then:

o ¢ a
L||IL,if X =-%and 1 =—L
b, b ¢ a
LLL A%
s a a 6 a
and the lines are coincident if L = -2 and L = L.
b, 2 6 4

In three dimensions, coplanar lines may intersect, be parallel or be coincident. If they intersect, then they could be
perpendicular to each other (orthogonal).

If two lines in three dimensions do not intersect, and are not parallel or coincident, they are called skew lines and
are not coplanar. They may still be perpendicular as there may exist a pair of intersecting perpendicular lines, each
of which is parallel to one of the given lines.

Given line L, with parametric equations x=a, + bt, y=c, +d,t, z=e, + f,t and line L, with
parametric equations x=a, + b,s, y=c, +d,s, z=e, + f,s, then:

« L and L, intersect if a unique value of f and s satisfies the three equations
a +bt=a,+bys,c +dt=c,+dys e +ft=e, +fssimultaneously,

o L LLifbb,+dd,+ff,=0(a*b=0)

« they are skew if they are not parallel, coincident or intersecting.
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Note: In three dimensions, coincident lines will be parallel and have a point in common. This means that for L, and

L, above to be coincident, b—‘ =L _J_%_5_ =5
by d fi 4 o e
Use the parametric form of the equation of a straight line to determine which of the above occur in each case.
Strategy:
1 Determine if the lines are parallel. If yes, determine if they are coincident.
2 Determine if the lines intersect.
3 If they are not parallel or coincident and do not intersect, then they are skew.

4 Determine if they are perpendicular.

MAKING CONNECTIONS a

Parallel and perpendicular lines
Use technology to explore parallel, perpendicular and skew lines in three dimensions.

Example 28
For thelinesx=-2+2t,y=1+tz=4—-2tand x=1+2s, y =3 + 25, z= 2 — 25, determine whether they: (a) are
parallel, (b) intersect, (c) are skew, (d) are perpendicular.

Solution

(@) Write the ratio of the direction numbers %, %, %
1 -2

Since % = = = — the lines are not parallel.

(b) Equate the x, y and z values for each line to obtain 3 equations:
—2+2t=1+2s [1]
1+t=3+2s [2]
4-2t=2-2s [3]
Rewrite [1]: 2s=2t—3
Substitute in [2]: 1 +t=3+2t—3
t=1
!
2
Substitute in [3]: LHS=2—-2=0,RHS=2—-1=1
LHS # RHS, so the two lines do not intersect as there is not a unique pair of values for t and s that
satisfies all three equations simultaneously.
(c) Hence the lines are skew.
(d) a= (2, 1, -2 ), b= (2, 2, —2) represent the direction vectors of the two lines.

a*b=(2,1,-2)%(2,2,-2)
=4+4+2+4=10=0
a* b = 0, hence the lines are not perpendicular.

Example 29
Liisx=14+3t,y=2+6t,z=1-3t. L,isx=2-2s5,y=1-4s,z2=2+2s. Lisx=3—-r,y=-1+rz=-1+r.

(@) ShowthatL || L, (b) Show that L, and L, intersect.
(c) Is L, perpendicular to L,? (d) What can you say about L, and L,?
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Solution

(@) Write the ratio of the direction numbers: (b) L:x=1+3t,y=2+6t,z=1-3t
%,%,_73 Lix=3-ry=-1+rz=-1+r
In each case, t__3 so the lines are parallel. 1+3t=3-r [1]

s 2 2+6t=—1+r [2]

() L:a=(3,6,-3),L:b=(-1,1,1). These are 1=3t=—1+r [3]
the direction vectors for each line. [1] :> r= 2 -3t
a*b=(3,6-3)*(-1,1,1)=-3+6-3=0 S?Esiltftem Pl or=—t 2
Hence L, L L, t:—l r=ol

(d) SinceL, ||L,andL L L, thenL, L L, ? 3 3

Substitute in [3]: LHS =1 + 9= 15,

RHS = —1+2%=1%
LHS = RHS so the two lines intersect.

Vector equations of a line

Two straight lines will be parallel if their direction vectors are parallel. Similarly, two straight lines will be
perpendicular if their direction vectors are perpendicular.

Consider two straight lines, L and L,, with vector equations 7; = ¢, + Ab, and r, = @, + Ab, respectively and with
direction vectors b, = x,i + y,j+ z;k and b, = x,i + y,j + 2,k respectively.

« If the two lines are parallel, then b, = kb,, k # 0, and so x, = kx,, y, =ky, and z, = kz,

Then, eliminating the constant k, if L and L, are parallel, then N i.

X2 )2 2
o If the two lines are perpendicular, then b,*b, = 0 and so x,x, + y, ¥, + 2,2, = 0.

Example 30

Line L, passes through the points (1, -2, 4) and (5, 3, —2), while line L, passes through the points (3, 8, —2) and
(a, =2, 10), where a € R.

Find the value(s) of a if: (@) L, is parallelto L,. (b) L, is perpendicular to L,.
Solution

(a) Find the direction vectors for each of the lines.
Line L, passes through the points (1, -2, 4) and (5, 3, —2) and so the direction vector is:

b= (5-1)i+(3--2)]+(-2-4)k
=4i+5j-6k
Line L, pa;ses through the points (3, 8, —2) and (a, —2, 10) and so the direction vector is:
by=(a-3)i+(-2-8)j+(10--2)k
=(a—3)£—10j+12]§
If the two lines ar~e parallel, then b, = kb,, k # 0, and so x, = kx,, y, = ky, and z, = kz,.

IfL || L, thenb, = kb,, k#0.
4 5 -6
a_

4i+5] -6k = k((a~3)i ~10j+ 12k and 25 = =5 = 22
41

2
8

-5

a-3
a-3
a
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(b) 1If the two lines are perpendicular, then b,*b, = 0 and so x,x, + y, ¥, + 2,2, = 0.
IfLIJ_LZ,thenQI'@2=O:(4£+51—6l§)'((a—3)1’—101+12]~<)=0
4x(a-3)+5x(-10)+(-6)x12=0
4a-134=0

4a =134

Example 31
(@) Find the parametric equations of the line through (-2, 1, 2) that is parallel to v = 2i - j + 3k.
(b) Do either of the the points (1, 2, 3) or (-6, 3, —4) lie on this line? )
(c) Find the coordinates of two points that lie on the line in part (a).

Solution
(@) Equation of the line is

“2i + j+2k)+ (20 - j+3K)
=(-2+2A)i+(1-A)j+(2+3A)k

Sl
z

=a+Ab
The parametric equations of the linearex=-2+24, y=1-1,z=2+3A.
(b) Substitute coordinates (1, 2, 3) into one part of the parametric equations to find A, then see if that value

works in the other two parts: 1 =—2+2As0 A = %

__1

> and z = 2 +% = 6%. In the given point, y =2 and z = 3 so the point (1, 2, 3)

N | W

This gives y =1 -
does not lie on the line.
For (=6, 3,—4): =6 =—2+2A so A=-2.
This gives y=1+2 =3 and z =2 — 6 = —4, which are the corresponding coordinates of the given point.
Hence the point (-6, 3, —4) lies on the line.

(c) Give A two different values: A=1,x=-2+2=0,y=1-1=0, z=2+ 3 =5. Hence the point (0, 0, 5) lies
on the line.
A=2:x=2,y=-1, z=8. Hence the point (2, —1, 8) lies on the line.

Example 32
Find the coordinates of the points where the line r = (1+ A)i + (4 — 2A4)j + (3 + A)k cuts the coordinate planes.

Solution
In the x-y plane, z=0: 3+ A =0 so A =-3. The point is (-2, 10, 0).

In the x-z plane, y = 0: 4 — 2A =0 so A =2. The point is (3, 0, 5).
In the y-z plane, x=0: 1 + A= 0 so A =—1. The point is (0, 6, 2).

Summary of formulae
Distance formula
Given A(xl,yl,zl)and B(xz,yz,zz), then AB = (x2 - xl)i +(y2 - yl)z +(z1 - zz)lg and

AB| = (5 -5 P+ (a3 S + (22— )
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Unit vectors
a

Id

Scalar product

Q>

asb= (x11'+ )’11 +Zl’§)'(x2£ + }’21 + 2,k | = x1%, + y1y5 + 212,

Algebraic properties of the dot product

« a*b=b*a

. ava=|q
« as(b+c)=acb+asc
e (a+b)e(c+d)=ascrasd+bec+bed

. (mg)-lg = m(g-lg) where m is a real number

Geometric properties of the dot product
o Ifa*b=0,thengand b are perpendicular,a L b.
« Ifasb=|ab

o Ifgand b are parallel vectors, then g * b = | ‘Ig‘

, then g and b are parallel vectors.

« The angle between two vectors, 6, is given by cosf = ‘Q .Iiz ,al0,b10
a
« By convention, 0° < 6<180°.
Projections
~ ~ )
The scalar projection of g onto b is g b, where a* b = g‘ b‘~
I . 2\ axh

The vector projection of g onto b is (g b)lg oy b b
The vector projection of g perpendicular to b is g — (g . IE)IE org- g : Z b.

Equation of a sphere
(x-h)* +(y—j)2 +(z-k) =1?
Vector equation of a line

1 =1+ Av, this vector equation consists of the position vector, r, of a fixed point P, on L and a fixed vector, r,
which determines the direction of L.

Parametric equations of a line: x = x, + ad, y = i+ bA, z =z, + cA, represent the parametric equations of the line L
through the point (x, y,, z,) parallel to the vector v = (a,b,¢).

Properties of lines in three dimensions
Given line L, with parametric equation x=a, + b t, y=c, +d,t, z=e, + f,t and line L, with parametric equation
x=a,+bs,y=c,tds z=e, +fs, then:

L |Lif oS

L, and L, intersect if unique values of ¢ and s satisfy the three equations a, + b;t=a, + b,s,c, +dt=c,+ d.s,
e, tf,t=e, + f,s simultaneously
e« L LLifbb,+dd,+ff =0 (direction vector dot product, a* b = 0)
o They are skew if none of the preceding events occur.
Note: In three dimensions, coincident lines will be parallel and have a point in common. This means that for L,

and L, above to be coincident, ﬁ = i = i _4a_a_é&a,
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Parallel and perpendicular lines
Consider two straight lines, L and L,, with vector equations r, = g, + Ab, and r, = a, + Ab, respectively and with
direction vectors b, = x;i + y,j+ z;k and b, = x,i + y, j + 2,k respectively.
« If the two lines are parallel, then b= kb,, k # 0, and so X, = kxz, = ky2 and z,= kzz.
Then, eliminating the constant k, and if L, and L, are parallel, then % = % = ?
2 2 2
« If the two lines are perpendicular, then b,* b,= 0 and so x,x, + y,y, + z,z, = 0.

EXERCISE 3.7 PARALLEL AND PERPENDICULAR LINES IN THREE DIMENSIONS

1 Given L, has equationx=1+2t,y=2—-t,z=3+tand L, has equation x =245, y=—1+42s,z=1 — 3s, then L,
and L,;:
A areparallel B intersect C are perpendicular D areskew

2 Given L, hasequation x=1+2t,y=2—t,z=3+tand L, hasequationx=2+s,y=—1+2s,z=1+3s, then L
and L:

A areparallel B intersect C are perpendicular D areskew

1

3 Given L has equation x=1+2t,y=2—-4t,z=3—2tand L, has equation x=2+s,y=1-2s,z=1—s5, then L,
and L,;:
A areparallel B intersect C are perpendicular D areskew

4 Given L, has equation x=2+2t,y=2+t,z=3—tand L, has equation x =2+, y =—1 + 25, z=—6 + 4s, then
L and L,
A areparallel B intersect C are perpendicular D are skew

5 Line L, passes through the points (1, 2, —1) and (4, -1, 2) while line L, passes through the points (2, 6, —2) and
(a,-1,5), wherea € R.
Find the value(s) of a, if:
(@ L,isparalleltoL, (b) L, is perpendicular to L,.

6 (a) Find the parametric equations of the line through (-1, 2, 1) that is parallel to v = 2i — j + 3k.
(b) Do either of the the points (1, 2, 3) or (3, 0, 7) lie on this line? -
(c) Find the coordinates of two points that lie on the line in part (a).

7 Find the coordinates of the points where the line r = (1 - A)i + (4 + 24)j + (3 —= A)k cuts the coordinate planes.

8 Given points A, B and C, determine whether point C lies on the line AB.
(a) A(]" 0’ 1)’ B(l) 1) 1)’ C(2’ ]" 2)
(b) A3, 3,-2), B(-2,3,-2), C(2,3,-2)
(C) A(2> 1) _1)) B(3> _2> 0)) C(la 4) _2)
9 (a) Show that the line through the points (2, 1, —1) and (3, =2, 0) is parallel to the line through the points
(-2,3,2)and (2, 15, 6).
(b) Show that the point (1, 4, —2) lies on the first line and the point (6, =21, 10) lies on the second line.

10 Show that the line through the points (2, 1, 1) and (3, -2, 3) is perpendicular to the line through the points
(1,3,2) and (-1, 5, 4).

11 (a) Find the equation of the line L, through the point (2, 1, —2) parallel to the vector y = i — 2 + 3k.
(b) Find the equation of the line L, through the points (1, -2, 1) and (0, 2, -2). -
(c) Determine whether (i) L, || L,, (ii) L, L L,, (jii) L, and L, intersect.
12 Ifa=-2i - j+3kand b = -mi + j + 2k, where m € R, then the vector g — b will be perpendicular to vector b
when m equ:ils: i
A  Oonly B 2only C Oor2 D Oor-2
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1 For each of the points, P, whose coordinates are given, find:

(i) an i, j, k representation for the position vector OP (i) the magnitude of OP
(iii) a unit vector in the direction of OP.
(@ P(-1,4,2) (b) P(3,6,38) () P(-2,2,-1)
2 Given A(3,3,1), B(-2,1,-1), C(1, 1, 1) and D(2, 1, -2), find:
(@) the angle between AB and @ (b) the angle between AC and BD

(c) the angle between AD and BC.

3 Determine whether the given sets of points are collinear.
(@ A(1,3,2), B3, 1,4), C(5,-2,-6) (b) D(1,3,-4), E(3,-2,2), F(3, 1, 5)

4 Giveng=21'+3j—415,l~7=31'—5j—4l~c,g=21'+6j+3l~c,ﬁndunitvectorsé,é,é.
5 Ifa=2i+3j+4k,b=4i- j-2kand c=-5i+2j -k, simplify:

(@ (asb)c+(asc)b  (b) (c-a)*b () (a-b)*(b-¢)

6 The position vectors of the points P, Qand Rare 8i — 4j - 3k, 6i + 3j — 4k and 7i + 5 j — 5k respectively. Find
the angle between PQ and QR. B B -

7 Find a vector perpendicular to both y = 4i - 7j+4kand v = -7i + 4 + 4k.

8 Show that each given equation is the equation of a sphere and find the coordinates of its centre and the radius.
@ X+y +2Z+14x—12y+2z+5=0 (b) X +y +2—6x+2z+6=0

9 For the curves whose parametric equations are given, find:

(i) the Cartesian equation (ii) the vector equation.
(@) x=2t,y=t,teR (b) x:sece,y:tane,—%<0<%.
10 For the curves whose vector equations are given, find:
() the parametric equation (ii) the Cartesian equation.
(@) §=4t21'+2tj (b) [=cosec20£+sec202, 0eR

11 Find the vector equation of the line through (2, 19, —31) parallel to the vector 2i — 3j.
12 Find the vector equation of the line through A(4, 3, 6) and B(2, 5, 3).

13 Show that the line through the points (1, -1, 1) and (5, 3, 3) is perpendicular to the line through the points
(1, 1,2) and (4, —4, 6).

14 Giveng=i-2j+kandb=2i+ j- 2k, find two vectors ¢ and d such that g = ¢ + d, ¢ is parallel to b and d is
perpendicular to b.

15 Ifa=i+2j-3k,b="5i+2j—4k,c =2i - j - 4k, find the values of p and g such that a + pb + qc is parallel to
the y-axis.

16 (@) Show that the points O(0, 0, 0), A(1, 1, 0), B(1, 0, 1) and C(0, 1, 1) are the vertices of a regular tetrahedron
by finding the lengths of each of the six edges.
(b) Use the dot product to find the angle between any two edges.
() If M is the midpoint of BC, find the size of Z AMB.

17 Relative to a fixed origin, the points A, B and C are defined respectively by the position vectors a = i — j + 2k,
b=2i+ j+kand c = mi, where m is a real constant. B

(@) If LABC = % find m. (o) If LABC = % find m.
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CHAPTER 4
Integration by substitution

This chapter is an extension of your study of integration techniques from the Mathematics Advanced course (see
New Senior Mathematics Advanced for Years 11 & 12) and the Mathematics Extension 1 course (see New Senior
Mathematics Extension 1 for Years 11 & 12).

Integration by substitution

In the Mathematics Extension 1 course, you were introduced to integration using a substitution where the
substitution was given.

In the Mathematics Extension 2 course, you are expected to be able to use integration by substitution where you
have to decide on the appropriate substitution. In the following sections, various possible substitutions will be
introduced and their use developed. In some cases, you may find that there is more than one substitution that can
be used. You will find that some substitutions are more efficient than others, and with practice you will be able to
choose the best one.

4.1 INTEGRATION OF TRIGONOMETRIC FUNCTIONS

The simplest integrals involving the trigonometric functions are:

J.cosaxdx:%sinax+c Jsinaxdxz—écosax+c J‘seczaxdx:%tanax+c

The identity tan’ x = sec’ x — 1 allows Jtanz x dx to be found.

The double-angle results are: o sin2x=2sinxcosx
2 .2
e COS2X=COS X —sin"x
2
=2cos"x—1
.2
=1-2sin"x,
. . 2 1+ cos2x .2 1—cos2x
which can be rewritten as cos” x = — and sin” x = —

These results can be used to reduce trigonometric expressions to the simpler forms given as the standard integrals,
which allows you to find integrals such as:

J.sinxcosxdxz%Isiandx Icoszxdxzéj(l+c052x)dx jsinzxdxz%I(l—COSZx)dx

Integrals jsinm xdx and Jcosm x dx, m an even positive integer

. 2 s 2
The cos 2x results can be generalised as cos2ax=2cos"ax—1=1-2sin"ax.

Consider this for the following values of a:

cos’ x = %(1 +c0s2x) cos® 2x = %(1 +cos4x) ) cos’ % = %(1 +cosx)
a=1: - ) a=2: - ) a=§: Cx 1
sin“x = =(1—-cos2x) sin“2x = =(1—cos4x) sin“= ==(1-cosx)
2 2 2 2
2
Thus you can write: cos'x = (%) = i(l +2c082x + cos’ Zx)
_1 1+ cos4x
—4(1+2c032x+ > )
=%(3+4c032x+cos4x)
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Example 1
Find:

(a) Jcosz xdx (b) Isin4 xdx (c) jsinz 2xdx (d) Jsinz x cos” x dx
Solution

@) jcosz b = %j(l +cos2x)dx =%+ Lsin2x+C

(b) sin*x = i(l —cos2x)’ assin’x = %(1 —Cc0s2x)

= i(l —2c082x + cos’ 2x)

_1(_ 1.1
—4(1 2c052x+2+2cos4x)

= %(3— 4c0s2x + cos4dx)

Hence: jsin4 xdx = %1(3 —4cos2x + cosdx)dx

= l(3x —2sin2x + lsin4x)+ C

8 4
TIN5 DFUS I
=3 451n2x+3251n4x+C
(c) Jsin22xdx:%J‘(l—cos4x)dx=%—%sin4x+c
(d) Assinx cosx=%sin2x:
sin” x cos’ x = isin2 2x = é(l —cos4x)

Hence: Isinz x cos” xdx = %J(l —cosdx)dx = %— %sinélx +C

. .2 2 .2 .2 . 2 . 4
Alternatively: sin”xcos”x =sin"x(1 —sin"x) =sin"x —sin" x

Now Jsinzxdx:%J(l—COSZx)dx:x lsin2x+C

2 4
. 4 _3x 1. 1 .
and | sin xdx—?—151n2x+§sm4x+c from part (b)

Hence: Jsinz x cos’ xdx = Jsinz xdx — J.sin4 xdx = %— %sin4x +C

Use of J'f(u) du, u = g(x) for trigonometric integrals

Example 2
Find: (a) Jcosx sin x dx (b) Jcosx sin’ x dx (c) Jx cosx” dx

Solution
(a) Letu=sinx so that du = cosx dx
2
J-cosxsinxdx = J.udu = %+C = %sin2 x+C
This method may be used instead of writing the integrand in terms of sin 2x as mentioned earlier.
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(b) Let u=sinx so that du=cosxdx:

jcosx sin’ xdx = Ju3 du= iu‘l +C

_1s
=4 sin x+C

Alternatively:
Jcosx sin® xdx = J.sin3 x cos x dx is of the form J [f(x)]nf'(x) dx = #[f(x)]n+1 +C
-~ This integral is the reverse of the function-of-a-function rule, so:

jcosx sin’ xdx = isin4x+C

(c) Letu=x"so that du = 2xdx:

jxcosxz dx = %J.cosudu = %Sinu+C

_1. 2
—251nx +C

Integrals jsinm x dx and fcos’" x dx, m an odd positive integer

This method requires the use of a substitution.

Example 3
Find: (a) Jcos3 xdx (b) Jsin3 xdx (c) Jsinz x cos’ x dx

Solution

@) j s i = jcos2 o Gonsd
= I(l— sin” x)cos x dx
- I(cosx —sin’ x cosx)dx
Now use j [FCO]'f(x) dx = %[ F()]’ +C where f(x) = sinx so that f’(x) = cosx

3 . 1.3
‘. JCOS xdx=51nx——811‘1 x+C

3
(b) jsin3 xdx = Jsinz x sinx dx Alternatively: Let u = cosx so that du = —sinxdx:
Zj(l—coszx)sinxdx J-Sinaxclx:J‘(uz—Udu
_1 3
:j(coszx—l)(—sinx)dx =z u —u+C
_1 3
=I(—sinxcos2x+sinx)dx = 3¢os x—cosx+C

= %cos3x —cosx+C

(c) Jsinz x cos’ xdx = j(l —cos® x)cos’ xdx

= I(cos3 x —cos’ x)dx

Chapter 4 Integration by substitution 113



YEAR 12

Now Jcos3 xdx =sinx — %sin3 x+C from (a)
and Icoss xdx = jcos4 X cosxdx
= J(l —sin” x)* cos x dx

= j(l —2sin’ x +sin” x)cosx dx

5. 2 . 4
:I(cosx—Zsm xXcosx +sin” xcosx)dx

= sinx—%sin3x+%sinsx+c

3

. 1 . . 2 . 1 .
Thus: I(cos3x—cossx)dx:smx—gsm3x—(smx——sm3x+—sm5x +C

_1lgs 1.s
= 3sin” x — g sin x+C
Alternatively: Jsinz x cos’ xdx = Jsinz x cos” x cosx dx

Let u = sinx so that du = cosxdx and cos*x =1 — u*:

J.sinz x cos’ xdx = Juz(l —u®)du

5

=j(u2—u4)du
_13 15
=zu —gu +C
_1l.3 1.5
= zsin’x —gsin x+C
Example 4
r z b3
Evaluate: (a) J4cosz 2xdx (b) jzsinx cos” x dx (c) 'L sin’ x dx
0 % Tﬂ
Solution
(a) j cos Zxdx—%jI 1+ cos4x)dx
1
5[ —s1n4x}
_1lm_ . 5_
S5 +0 o)
_T
8
(b) Letu=cosx, du=—sinxdx.
.. .. _T. w_1 . _ T
Calculate the new limits of the definite integral, x =3P UT ST =5 X =50 U=cosy
p:4 0 z Z
LZ sinx cos’ xdx = _I1 w du or LZ sinx cos’ x dx = —i[cos4 x};
3 2 3 3
4 1( 1
__|u =—20——
-] 3016
2 _
_1 ~ 6
T 64
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(c) L” sin” xdx = L” sin® x sinx dx = J-M(l —cos” x)sinx dx
T T T

Let u = cosx, du=—sinxdx.

3. 31 _ - —_
X = 4.u—cos4 \/5 X=T: u=cosmwt=-1
V4 -1 5
I sin xdx:—j 1(l—u )du or

2
-1
=_[ (= 1)du
2
3 —1
N
2

T T
.3 g ° 2
'[3 sin xdxz.[3 (sinx —sinx cos” x)dx
2T 2T
4 4

1 i
|: COS.X+3COS Xi|

YEAR 12

MAKING CONNECTIONS

Integration of trigonometric functions
Use technology to explore integration by substitution of trigonometric functions.

EXERCISE 4.1 INTEGRATION OF TRIGONOMETRIC FUNCTIONS

1 Find: (a) Isinz xdx
(e) Jsinz 3xdx
2 Jsinx cos’ xdx =...

3
Sin X
A 3 +C B 3

3 Find: (a) Isinz X cosxdx
(d) Jcosx sin* x dx
(9) Jsinx cos* xdx

4 Find: (a) J(1+ tan” x)dx

1

(d) J1+c052x dx
2 X

(9) IZcos idx

(b) Icosz 2xdx

1] J sin” 4x dx

3
COoS X+C

.3
c _s1113x_i_C

(b) Itanx sec” x dx
(e) J(l + cos2x)sin x dx

(h) J.sec2 x sinx dx

(b) J(1 +tan —)

(e) I(sinz 2x —1)dx

(h) Isinz (% - x) dx

0 J 1+ clos p dx (Hint: Use double-angle formulae.)

.2 X
(c) Jsm idx

23x
(9) Jcos de

(d) Icosz 3xdx

(h) Jcos =

D —% +C
(¢) Icos3 x sinx dx
® J.sinz (x - %) dx
(i jcosecz X cosxdx
(c) J(l + tan” 3x)dx
i) J. sin x cos x dx

(i) J. sinx cos2x dx
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5 Find: (a) Jsinz 2xdx (b) Jcos3 2xdx (c) Jsinz 2x cos® 2x dx
(d) Jcos4 x dx (e) Jsins xdx ® Jcos 2x cosdxdx
(9) Jcoss xdx (h) J.sin3 x cos® x dx () jtan4 xdx

6 Find: Jcos4 x sin® x dx

7 Evaluate: (a) J.Z sin® x dx (b) J‘g cos® x dx (c) J‘7 sinx cos’ x dx
0 z z
; p b
(d) j sin’ x cos x dx (e) J. *tan x sec’ x dx ) J. ? sinx cosxdx
- 0 T

(9) J.EZSinO cos>0do (h) J7 cos’ (x - %) dx (i Jlgcose sin*6d6 (i) Jlgsec2 0 sin6do
’ 4 5 :

4.2 INTEGRALS INVOLVING INVERSE TRIGONOMETRIC FUNCTIONS

In the Mathematics Extension 1 course, you established the derivatives of the inverse trigonometric functions (see
New Senior Mathematics Extension 1 for Years 11 & 12, Chapter 11). These lead to the following integrals.

. ;dxzsm
2 2
Va —x

. —ldxzcos
2 2
Ja  —x

The integrals in the following example were first considered in the Mathematics Extension 1 course.

- %dxztan 1x+C for all x

X4C for-a<x<a . J.
a a +x

_1§+C for-a<x<a

Example 5
fe il dx =il 2 dx
Find: (a) _[ = (b) J—mdx © j—4+x2 dx (d) j N
_dx _dx 2
gy 9lEs 9l
Solution
(@) I sin x +C (b)j 1 x=cos'24cC
\/4 x? V9—x* 3
— -1X X
© _[4+x2dx_tan LiC (d) jm FHe
(e) Write: \/1—9x2=,,9l—x2 :3)1/lz—x2
dx = lsin_1L+C:lsin_l3x+C

.[\/1 on? 3.[\/(%) 3T
f) Write: 1+4x% = 4(%+x2) - 4((%)2 +x2)

-1
Thus: nt X

+C:%tan_1 2x+C

=
[\
DO —
—_——
N [—
Nl

1+4x 41() IIW
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2
(9) Write: +4-25x% = 25(——x) 5 (2) — 52

5

_2 15x
+C—5sm > +C

mlN’R
SN—

2 2 1 2 . -1
Thus: 7d.x:— 4dx=—sm
J\/4—25x2 5J /(;)2_x2 5
5

Integration by substitution

The integrals in the previous example were found by the standard trigonometric integrals. They can be
found explicitly by the method of change of variable, also called ‘integration by substitution, i.e. the process:

[ rede = [ ran3tax = |

An expression like Va® — x> can be integrated with a substitution of x = asin § or x = a cos 8, while an expression
like a” + x” can be integrated with a substitution of x = atan 6, as shown in the following examples.

Example 6
. dx —dx
Find: (a) | —— (b) | —=— (c)
JV4—x2 J.\/1—9x2 J4+x
Solution
(a) \/4 —x* = \/a2 — x* with a =2, so use the substitution x = 2 sin 0 for —% <0< %
(x# i% as these values make the denominator of the integrand zero)
Thus: % =2cos0, dx=2cos0d0O
and \/4— x? = \/4— 4sin* @ = \/4cos2 0 =2cos0 as —% <0< % (i.e. cos 8 >0)
Hence: J dx___ 2;059;16 = de
\/4 2 cos
=0+C
=sin”" % +C

(b) V1-9x* = ,,——x —3,/ —x*=3Va* -« ,soputa——andusethesubstltutlon

X = §c0s9 forO<O<m(x# 0 7 as these values make the denominator of the integrand zero).

Thus: Z—’é:—%sme, dx:—gsinede
and \/1—9x2=\/1—c0520=sin0
Hence: le o J.s1_r110><( sm9) J.dO
—+C
=Lleos'3x+C
3
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(¢) 4+x*=da”+x" with a =2, so use the substitution x = 2tan 6
dx

Thus: 0= 2sec’ @, dx=2sec’0d6

and 4+x°=4+4tan’0=4(1 +tan’0) =4sec’ 0
Hence: dx_ _ j L o9 sec’0dO = %Jde

2

4+x° 4 sec
_0
= 2+C
=Llan'X4c
2 2

In Example 6(a), the restriction that 0 is in the interval —% <O< % has several implications.

It means that \/ 4—x" = \/ 4cos’ O requires you to find the positive square root of the expression, because

—% <6< implies cos @ >0 and hence 4 — x> = 2cos6.

If the restriction had been % 5 <6 < > 7 then cos 6< 0 and so Va—x* =-2cos6.

The domain of the substitution should be chosen to coincide with the corresponding inverse function:

« for the substitution x = asin 6, set —% <f< %

o for the substitution x=acos 0, set 0 < 6 < 7.
The endpoints of the domain are not included as % is undefined there.
Na' —x
For the substitution x = tan 6, no restriction on 6 is required: 1 + x> 0 for all values of x, so the denominator of the
integrand will never be zero for real values of x.

Example 7
Find: (a) J'dixz (b) j\/4— x” dx for | <2 (c) Ix 4—x* dx for <2
(x+2)+9
Solution
(@) Let(x+2)’+9=9+u" where u=x+ 2. Thus du = dx.
Hence: J de = J 3 5 du
(x+2)+9 9 +u’ 9+u’
1 -1uU
3 tan 3 +C
1. 1x+2
=3 tan 3 +C
(b) va-x* suggests the substitution x = 2sin 8 where _f <6< %
Note that 6 = =2 is allowed in this case as V4 — x> does not occur in the denominator.

2
Let x = 2 sin 0 so that dx = 2 cos 6d0 and: \/4—x2 = \/4—4sin20 =2cos6

Hence: j 4—x2dx:chosBXZcostQ=2J‘2c0529d0

= 2_[(1 + c0s26)do
- 2(9+%sin20)+€
=20+sin20+C

=20+ 2sinBcosf + C
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2
Now x=2sin 6, 500 =sin"'% and cos@ = 4—x
2 2 2 %
_ Vi -—x?
j 4—x2dx:25inlg+%+c for x| <2 [

4 - x2

() x+4—x7 is of the form f'(x)[ f(x)]", which suggests a substitution of the form u =4 — x rather
than a trigonometric substitution.

du

Let u=4—x° sodu=—2xdx, xdx=— >

Hence: J.x 4—x*dx = —%J.x/;du
3

__13
= 3u +C

3
:-%(4—x2)2 +C forx <2

The substitution x = 2 sin 8 would have found the same answer, but it would have taken more steps.

Example 8

» dx B B dx 2 >
Evaluate: (a) IO s O j_ﬁ . d () jl S @ jo 4—x? dx
Solution

2.5
T

() J.Z'S 2 [sin_1 g} =sin”" % —sin' 0= 3
0 25— %7 0

Alternatively: Use the substitution x=5sin@ where —% <0< %z

x=>5sin60, dx=>5cos0d0O: \/25—x2 :\/25—25 sin”@ =5 cos O

Limits of integration are x=0: 6=0 x=2.5: sinf = %, 0= %

' 25 dx 3 51 3 % CaE_T
Hence: _[0 N _Io SCOSGXSCOSOdH—IO de =[0]¢ = 6

(b) JHB _I—CZJC:|:COS_1£Tg :COS_lﬁ—cos_1 =3 LS8 2
VI P 2] 5 2 2 )56 6 3

Alternatively: The substitution x = 2 cos 6 could have been used.

- 1,77 -1 A, _RT_T
(c) _[1 1+x2:[tan x]l = tan ﬁ_tan 1:§_Z:ﬁ

Alternatively: The substitution x = tan 6 could have been used.
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(d) Let x=2sin 0, where —% <6< %:

x=2sin6, dx=2cos0d0O: \/4—x2 2\/4—4sin29=2c050

Limits of integration are x=0: =0 x=2: sinf@=1, 92%
2 .
Hence: J. Va—x?dx = I22c050x2c059d6
0 0
:2152c0329d0
0
= ZJ.E(l + cos260)do
0

=26+ sinZG]O% =(w+sinm)—(0+sin0) =7

The graph of y =+/4— x> for the domain 0 <x<2 is the quadrant

of the circle x* + y° = 4 that is in the first quadrant. The formula for
the area of a circle could have been used to evaluate the integral:

AreazintXZzzﬂ (asr=2)

Sum or difference of two squares

All quadratic expressions of the form ax’ + bx + ¢ can be expressed as the sum or the difference of two squares,
depending on whether their discriminant A = b® — 4ac is positive or negative. This can be achieved by completing
the square of the quadratic.

After the quadratic expression is written as the sum or difference of squares, its associated integral can usually be
found by using an appropriate substitution.

Example 9
. dx dx dx
Find: (a) J‘i (b) J— (c J‘i
X’ +4x+13 V9 +16x — 4x° V2x -
Solution
(@) Completing the square: (b) Completing the square:
2 )
X+dx+13=x +4x+4+9 9+16x—4x2:—4[x2—4x—2}
=(x+2)+9 4
Letu=x+2sodu=dx 2 9
Hence (x+2)*+9=9 + u*: ——4[(x —4x+4)—4—2}
j dx :_[ 14, =25—4(x-2)°
+4x+13 Jo+d’
x Letu=x—2sodu=dx
—%tan_1%+c Hence 25 — 4(x — 2)* = 25 — 4u™*;
dx du
_l —1{x+2 J. :J.
—3hn ( 3 )+C Jo+16x—dx* 25— 4
_lJ‘ du
2 /25 2
T—u
L. 12
=5sin = +C
_ 1. 12(x-2)
=5 sin 5 +C
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(c) Completing the square: 2x — X=—[(x*=2x+1)—1]

=1—(x—1)
Letu=x—1sodu=dx
Hence 1 — (x—1)’=1-1u>%
J‘ dx _ J‘ du
\/Zx—x2 \/l—u2
=sin'u+C
=sin"'(x=1)+C
EXERCISE 4.2 INTEGRALS INVOLVING INVERSE TRIGONOMETRIC FUNCTIONS
o1 dx -1
1 Find: (a) J N (b) 9+x © jm dx
. dx -1 -1
2 Find: (a) (b) | ———dx () | ———dx
'[\/3 x* ‘[\/16—9962 ‘[\/25—4x2
3 J’x +2dx _
x +1
A x+ln(x2+1)+C B x+tan'x+C C x-In(x*+1D+C D x—tan'x+C

4 Find: (a) I

dx
x’ +4 +5 (®) J- 6 +10 (©) I«/3+2x—x2

X 2 2
(d) jm © J-x 16-x2dx () j\/9—x dx

x’ x+1 . dx
——d, h ___ax
o IVl—xz i o IV4 x* 0 J.x2+4x+6
5 Evaluate: (a) . 9ix (b) J.O“ldzz ©) J'le -2 dx
V1-4x
- dx % dx % P
d 2 Ayt T 25-4x"d
(d) 0(1+x)z @ [ ot 0 j% e (@) jOJ 2 d
i fodx ; ! dx dt
(I) J.O x2—2x+4 (l) J.71x2—2x+5 () 02— 2t+t
0 dx % dx a 5 2 cotx dt P
0 Lx2+2x+4 m) ng 2 () LW —x"dx © ) g 0<x¥<y

6 J’3 dx  _
U \Jdx — x*

T Vi3 T
A 0 BE C? D2

4.3 INTEGRALS INVOLVING LOGARITHMIC FUNCTIONS

You have studied the derivative of the logarithmic function in the Mathematics Advanced course (see New Senior
Mathematics Advanced for Years 11 & 12, Chapter 13). For example:

d log, (x> +2x+1)= 2x+2

d )= COSX
I Troril I log, (sinx) = siny ° Sinx >0

d 3
aylog, (7 +1) = 35—
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These results are all of the form ilog (f (x)) = ?((;C)) .
Consider f(x) =log, [h(x)]. Let u = h(x) so =h'(x):
f0) = gy <
_H(x)
~ h(x)

Hence it follows that: J‘d_x = loge x+C,x>0

jh (%) gx = log, [A(x)]+ C, h(x) >0

Important consideration:

The function where f(x) = log, (—x) is a logarithmic function defined for x <0.

_ _ dy _dy  du dy _ 1 _-1_ -1 _
Let u=—xso that y = logu Ix duxd nowglvesdx ﬂx(_l)_f_q_

R[=

This is the same result as previously obtained for the function defined for x > 0.
log, x +C, x>0

This means that: J’dx {1 (—x)4C, <0
og,(—x x

ie. I% =log,|{+C

Example 10
Write a primitive (antiderivative) of each function, stating any restrictions that must be placed on x.
4 6x” +3 _sinx x X2
@ 25=3 2 2x° +3x -5 © 1+cosx (d) x—1 (e) —
Solution
4 geoa[ 2 g a[H) o
(a) sz_3dx—212x_3dx— Jh( )dx where h(x) =2x—3

=2log (2x-3)+C,x>1.5
or 2log, \Zx - 3‘ + C without the restriction on x.

6x>+3 _[F(x) h — 0y B
(b) T 3y Sd Ih( )dx where h(x) =2x"+3x—5

= 210ge(2x +3x—5)+C,x>1
It is not obvious that 2x° + 3x — 5> 0 when x > 1, so it is better to write this answer as:
=2log, ‘Zx3 +3x — 5‘ +C

sin x —sinx , _  [H(x) -
(c) .[1+cosx = 1+c0sxdx_ .[h( )dx where h(x) =1+ cosx

=—log, (1 + cosx) + C, cosx # -1
r =-log, |1 +cosx|+C

(d) The power of the numerator equals the power of the denominator, so division gives:

_x—-1+1 1
X — 1 x—1 1+x—l

.[xx dxzj(l+ﬁ)dx=x+ln’x—l‘+C
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(e) The power of the numerator is greater than the power of the denominator, so division gives:

2
S —x)+(x—1)+1:x+1+L Longdivisionrequiresx—lx2+0x+0.
x—1 x—1 x—1

2 2
N 1), x .
--Jx_ldX—j(x+1+x_1)dx— 5 +x+log, (x—1)+C,x>1

2
or %+x+loge\x—1]+C

Example 11
1 X
. X _sinx ¢
Evaluate: (a) . dx (b) ,[ l—cosx (©) 0l1+e” dx
Solution
2, 102 2% sin x i
(@) .[1 1+ x* dx—i 11+ x° dx (b) J. 1—cosx T—cosx [loge(l—cosx)]%

1 52 =log 2 —log,1
=§|:loge(l+x ):Il :log 2

= %(loge 5-1log,2)

loge(1+e )]
= %bge 25 =log,(1+e)—log,2

—Io gel+e

EXERCISE 4.3 INTEGRALS INVOLVING LOGARITHMIC FUNCTIONS

1 Find f(x) and the domain of f for the following.

@ f(0)=— O f=57g @ fw=F @ fx)=5"
’ _ +]. ’ _2 +5 ’ _ — i ’ _
@ fW=——"—= 0 f0=25 @ (9= Gnrreosx M F0=7
. , _ X . , — X ’ — 1 —
O f@=ay 0 S0 Es WS90 0 f(x)= @ +5)
2 +1 ’ ’ 2 +x+1
(m) f'(x)=57 (n) f'(x)=tanx (© f(0)=1 g P f(x )—%
(a) f’(x)=%x2+1 0 f)=7 (s) f’(x)=#+x3_7 (® f'(x)=cotx
2 J'x +2x +3x+2dx
x> +1
A %+2x+loge(x2+l)+C B %+2x+tan_1x+C
C %2+2x+loge\/x2+l+c D %2+2x+tan_1%+C
3 Evaluate'
@ [ & O [ e @[ Fla @ [
© J’ xx+jc_1rl » 0 J‘:z;-ﬂdx ) J’ x’ +3x+1dx h) :x?vj_ldx
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. 2x%—3x 3 7 sin@
0 [k ) _[% tan x dx 0 [
X F R Yx? 41 2 cosO
m) | e dx n) jo sec? x dx (0) _[2 s ) jo 080 o
z Lz 2x be” sinx
(@ .[1 (X—xz) dx ) J. d (©) j01+ex dx ® .[ 2+cosxd

4 (a) Differentiate y = log, (x +Vx*—a’ ), x> ’a‘ with respect to x.

dx
(b) Hence find | ———, x >|al.
_[ /xz_az

5 (a) Differentiate y = log, (x +/x” + az) with respect to x.

dx
(b) Hence find | ———.
J Vxl+a’

6 Use the integrals in questions 4 and 5 to find the following.
dx dx dx
@ |—— (b) () | ——
'[sz—l J.\/quLl J~\/x2—4x+3
dx dx dx
d | — e | ———— M |
‘[\/x2+6x+13 J.\/x2—5x+7 J‘\/x2+x+1

7 Evaluate:

t dx ! dx ’ dx
_ux ___ux d __ax
@ L Vx' -4 ) j‘1\/x2+8x+17 @ -"25 Vx? =3x+2

4.4 THE SUBSTITUTION t=tan§

The substitution t = tan% enables you to express sin A and cos A in terms of ¢, which then enables you to express

any rational function of sin A and cos A as a rational algebraic function of ¢. This then allows you to use standard
techniques of integration such as partial fractions or integration by parts, covered in Chapter 5.

Ift =tan %, then it follows from the right-angled triangle that:

[ 2
siné= 4 g t
2 1442 <
cosé= 1 : 1
2 1+#
Now sinA=25inécosA and cos A = cos® A—smzé
2 2 2 2
2
X :%_ d 2
V1482 A1+ 1+t 1+t
__2t :1—t2
1+t 1+¢
_nA 1 A 1+ dA_ 2
Ast—tanz. dA—zsecz— > R TR
Summary—t formulae
A . 2t 1—t* dA 2
° = —_— ° A= ° = o — =
t tan2 sin 47 cosA e at " 1ap
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Example 12
s J1+cosx
Solution
2
Let t = tan> so that: 1+cosx—1+1 t 1+t 1=t 2
2 1462 1+t
_ . 1+¢°
Usedx-lH2 dt: 1+cosx J 1+t 5 dt
= [at
=t+C
— tan ¥
—tan2+C
Alternatively:
From the double-angle results: 2 cos” % =1+cosx
de  _1f_dx _1( . 2x X
l1+cosx 2 2x_2j 2d —tan2+C
cos” =
2
Example 13
Evaluate: J‘ii.
0o 2—sinx
Solution
2
Let t = tan> so that: 2—sinx=2-— 2t2=2(1—t-|;t )
2 1+t 1+t
2
Use dx = 22dt: J —J 1+t 5o X 22dt
1+t 2—Slnx 20—t +t?) 1+t
:J‘ dt
e
C ) _ dt
omplete the square: = 3
(t-3 +3
_J‘ dt
- 2
LY, [43
(t=3) +[ 2
d 1 2 t=9
But X “tan' X =2 tan'|—2 |+C
o +ad ¢ a V3 3
2
2 -1 2t—1
= ——=tan +C
oo ]
x
Ast:tan%: _[Z—smx :—tan_l[MJ+C
NG
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EXERCISE 4.4 THE SUBSTITUTION t = tané
I—sinx
2 _.ic B —2 +C c -Lic D 2log (tan£—1)+C
1-tanX tan> —1 1-t ¢ 2
2 2
sinx
2 Find: (a) _[2 cosxdx (b) j3+2cosx () jl+smx
. 5 2 sin®
3 Evaluate: (a) J secx dx (b) J. 7% cosd de (c) J 5 + cosx
cos@ sin@
4 Find: (a) J.5+4cosx (b) J.Z cosOde () I2+s1n9d9 (d) J.3 CcoSX
COS X tanx
() Is1nx+1dx ® Il+cosx (@) Il+cosx *
5 Using an appropriate substitution of the type t = tanx, find:
dx tan2x
(@) ,[1+sin2x (b) J1+c052x
6 Use the substitution ¢ = tanz to find the exact value of:
2
3 dx
a J” - b dx c j tan x d dx
(@ 3 Smnx (b) 0 5+4cosx ©) 1+cosxd () 0 3 cosx —2sinx
o X do
7 Use the substitution ¢ = tan > to find J-—l +cosO +sin0"
8 Use the substitution ¢ = tan > to find the exact value of J‘g dx .
2 1+ cosx —sinx
9 Use the substitution ¢t = tan 6 to find the exact value of __do
0o 2+sin26°
3 dx

10

Using the substitution = tan %, or otherwise, evaluate f .
2’ 7 12sinx - 5cosx +13
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CHAPTER REVIEW 4

1

2

10

11

12

1

1 1
. 2 1 2 1 2 X
Evaluate: (a) j_% mdx O [ ok @ j_% ok e jo N
3
Find:  (a) _[ (b) f" “dx © j S SE—
2 x“+2x+1
(1-x%)
) 7 cosx e
Evaluate: (a) j +2) O @ 5=
% 2 2 4
(d) J‘ﬂ sin” x cos” x dx (e) J‘S V2x+1dx
5 2
k4 2 2 2
Evaluate: (a) % ®) [ *cos'0do © [, Y dx
0 x"—2x 0 4 x
3
Evaluate: J x*\9—x? dx
0
Find:
2
(@) J’%dx (b) j(sinx+cosx)2 dx (c) jsinzxcosxdx (d) jsinx sec’ x dx
sin” x .2 2 2 4
(e) |——5—dx (f) |sin”x cos” xdx (9) |cos”xdx (h) |cos xdx
cos” x
1 4
Evaluate: (a) IOZxV1—4x2 dx (b) 1 1+4 5 dx (c) : 1+

3
(d) Lz V1—sin® x dx

® j sin® 2x dx

Find: (a) Isinx e dx (b) jx\/x—3dx (c) J‘(x—B)\/;dx
(d) Jﬁdx (e) Icoszxsinxdx (f) Icotxdx (9) J \/ls-ll-i
Find: (a COSZQ 0 do b) [xe d o [-224
in ()J 0) [xe ax ()szﬂx
(d) chos(x )dx (e) jseczxtanzxdx
Evaluate: (a) Iztanzxdx (b) J sec’ Z
2
(d) ;dx ©) ﬂd
1 x> +5x+4 1 x> +5x+4
Use the substitution t = tan to evaluate I 2 _dx
2 _Z24cosx
x(3—x)

(@) Sketch the graph of the curve with equation: y = w—1

(b) Calculate the area of the region enclosed by the curve and the straight lines x +3=0,x=0
and y=2—x.
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1
13 Use the substitution f = tan > to find the exact value of | > — 1 dx.
2 o 3sinx+4cosx+5

14 Sketch the graph of y = c'oszx for 0 < x < 7. The graph meets the x-axis at A and meets the line y = % at B.
sin” x
Find the area enclosed between the arc AB and its chord.

2

15 Find the area of the region enclosed by the x-axis and the curve with equation y = i — xz .
+Xx
16 By integration, find the area of the ellipse x =2co0s 6, y =3sin 6.

z
17 (a) Use the substitution t = tan> to evaluate | 2 dix
2 o 1+sinx

T
(b) Hence find the value of J 2_Smmx
o 1+sinx
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Further integration

5.1 PARTIAL FRACTIONS, LINEAR FACTORS

You will now develop the technique of partial fractions. This will be applied for use in integrating certain rational
functions. In this section you may benefit from working through the numerical examples before looking at
the theory.

Identity of polynomial expressions

If two polynomials of the n-th degree are equal for more than » values of the variable
then they are identically equal, i.e. equal for all values of the variable.

You use this result to find the numerator of partial fractions.

Example 1

Express ol
(x=1)(x+2)

Solution
Method 1
5*+1 _ a b
G=D(x+2) x—1 x+2°**L=2
Write with common denominator: % _51x) (tc 1 +2) = a(:(cx+_21) ;(_ : S_xz_) D yx#1,-2

in partial fractions.

Let

Write the numerators: 5x+1=alx+2)+b(x—1)

Now use the identity property of polynomials and substitute two values for x. As we are now dealing only
with the numerators, we can use x =1 and x = -2 as the two values for x.

Letx=1: 6=3a+0 Letx=—-2: -9=-3b
a=2 b=3
. 5x+1 _ 2 3
Hence: o Nx+2) > x=1 " x+2
Method 2

Write the numerators: 5x+1=alx+2)+b(x—1)
Expand and simplify RHS:  5x+1=(a+b)x+2a—-b

Equate coeflicients: 5=a+b (1]
1=2a-b 2]
[1]+[2]: 6=3a ca=2
Substitute into [1]: 5=2+b S b=3
S5x+1 _ 2 3

Hence: (x=1D(x+2) x—1"x+2
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Rational functions
A(x)

B(x) defined for all values of x except those for

A rational function f(x) is the ratio of two polynomials, f(x) =
which B(x) = 0.

If the polynomial degree of A(x) > degree of B(x), then you can divide B(x) into A(x):
A(x) = B(x) X Q(x) + R(x) where degree of R(x) < degree of B(x)

which leads to:
)=+ 50

2
Consider f(x)= % By division you find f(x)=1+ zx I so that Q(x) = 1, R(x) = x and B(x) = x* — 1.
x = x° -

This means that (** +x—1)=(x*—1) x 1 + x.

Asx*—1=(x—1)(x+1), you have B(x) = (x — 1)(x + 1).

The problem of partial fraction decomposition arises when B(x) is a product of polynomials of lower degree, i.e.
B(x) = B,(x) X B,(x) with degree B, (x) > 0, degree B,(x) > 0.

R(x) m(x) m,(x)

B(x)~ B,(x) " B,()

Now m, (x) and m,(x) can be found if: R(x) = m (x) X B,(x) + m,(x) X B,(x)

You wish to find polynomials 1, (x), m,(x) such that:

Comparison of degrees shows that you can suppose degree m, (x) < degree B, (x), degree m,(x) < degree B,(x).

_ m (x) m,(x)

) 2 j you can write m, (x) = a and m,(x) = b. These must be

Consideri R(x) _ +
ONSIECTNE By T (k= D(x+1)  (x=1) " (x+1
constants: the degree of the denominator is one, so the degree of the numerator must be zero.

Hence ggzi = o l)x(x D 61 ) + O i)_ ) and you now need to find the values of a and b.
You have: x=alx+1)+b(x—1)
ie. x=(a+b)x+a-0b
Equate coeflicients: (a+b)=1 and a-b=0,..a=0>
2a=1,a=0.5 and b=0.5
Hence: R _ x __05 . 05
B(x) (x—-1)(x+1) (x—-1) (x+1)

Thus you can write f(x) =1+ xzx—l as: f(x)=1+ % + %

Linear factors
Consider the general case, where B(x) is a product of distinct linear factors:
B(x)=k(x—a)(x—a,)...(x—a)

c c c
You want to discover if constants ¢, c., ... c_exist so that: R(x) =—1 4+ 22 —
P2 n B(x) x-a x-—a x—a
Linear factors—Method 1 (equating coefficients)

Consider the monic case when n =2, so that k=1 and B(x) is a quadratic.

R(x) _ dx+e %1 ¢,

R(x)=dx+e and B(x)=(x—a)(x—a,): B(x) = (i—a)(x—a,) = x—a + x—a
— + —
Write with common denominator: dx+e _a (x—a,)tc(x—a)
(x—a)(x—a,) (x—a)(x—a,)
Write the numerators: dx+e=c(x—a,)+c,(x—a)

Using identity property of polynomials, equate coefficients: ~ d=c, +¢,
e=—(a,c,+ac,)
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Asa, #a, these two equations can be solved for c, and Cye
In the general case, a,a,...a, are distinct, so the coefficient equations can be solved for Cps €y i €

This is best demonstrated with a numerical example.

Example 2
x+1
(x—2)(x-3
Solution
x+1 _ C1 + C2
(x-2)(x-3) x-2 x-3

Write with common denominator:

Reduce

Let

Write the numerators:
Using identity property, equate coefficients:

2% [1]:
(2] - [3]:
Substitute into [1]:

x+1 __4 3
(x=2)(x-3) x—-3 x-2

Hence:

) to its partial fractions using linear factors method 1 (equating coefficients).

x+1 _q(x=3)+c,(x-2)
(x=2)(x-3)" (x=2)(x-3)
x+1=(c, +c,)x—(3c,+2c)
c,+c,=1 [1]
3¢, +2¢c,=-1 [2]
2¢c,+2¢,=2 [3]
c,=-3
c,=4

Linear factors—Method 2 (substitution)

Again consider the monic case when n =2, so that k=1 and B(x) is a quadratic.

R(x)=dx+e and B(x)=(x—a)(x—a,):

Write with common denominator:

Write the numerators:

Letx= a:
Solve for ¢ :
Letx= a,:

Solve for Cy:

dx+e % 2%
x—az

R(x) _ _

B(x) (x—a)(x—a,) x-—a
dx+e _Cl(x_a2)+cz(x_a1)

(x—a)(x-a,)  (x—a)(x—a,)

dx+e=c(x—a,)+c(x—a)

da,+e=c/(a, —a,)

da +e
Cl = —_

al aZ
da,+e=c,(a,—a,)

da, +e
="

a2 al

You should always check your answer by writing the partial fractions over a common denominator again.

Example 3
2x+1 . . . . e
Reduce = 2)(x+3) to partial fractions using linear factors method 2 (substitution).
Solution
2x+1 _ G (%3
Let(x—Z)(x+3)_x—2+x+3 ( ) ( ;
. . . ) 2x +1 _qx+3)+c(x—-2
Write with common denominator: Gx+3) - =213
Write the numerators: 2x+1=c(x+3)+c,(x—2)
Letx=2: 5=5¢,+0
¢, =1
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Let x=-3: —5=0—562

6221

2641 _ 1 1
(x—=2)(x+3) x—-2 x+3

Hence:

Linear factors—Method 3 (limits)

Multiply through the expression ggz; and note that B(a,) = 0. Hence B(x) = B(x) — B(a,).
R(x) ¢ c, c, ‘ R(x)(x—a) c,(x—a) ¢ (x—a)
us B(x)~ x-a + x—a, +...+ x—a becomes: 7B(x)—B(al) =¢ 7x—a2 +"'+7x—an
. - al _ 1
Let x — a, and recall that }Lngl B(x)-B(a) ~ Bla

Th

j (from the definition of differentiation from first principles).
1

You have: RHS — ¢,
_, Rla)
B'(a))
Repeating this process for each of the other linear factors allows the other c, to be found.
Remember that B(x) = k(x —a,)(x — a,)...(x — a, ), i.e. each factor is monic.

LHS

Example 4

3x—4 . . . . . ..
Reduce 7 2)(x=3) to its partial fractions using linear factors method 3 (limits).
Solution
L 3x—4 Cl Cz

et (x+2)(x=-3) x+2 7 x-3
R(x)=3x-4 B(x)=x"—x—6 B(x)=2x-1

CR(=2) _ -10 _ _RB)_ 5 _
QTR d-1-2 STBFE) 6-1 !
3x—4 2 1

e Ty e T R

You should try using each of these methods to find partial fractions. You may find that you end up preferring
one of the methods, but it is best to be able to use whichever is the most efficient method for a question.

Example 5

3x " . .
Reduce %D+ D) to its partial fractions.
Solution

3x _a b
Lot =D +1) 22—1 ' %1

Write with common denominator:

3x _alx+1)+b(2x—1)
Rx-D(x+1) " @x-D(x+1)

Write the numerators: 3x=a(x+1)+b(2x—1)

. 22
Toﬁnda,letx—z. 2—a><2+0
a=1
To find b, let x =—1: -3=0+bx(-3)
b=1

3x 1+1

2x—1D(x+1) 2x—1" x+1

Hence:

132 New Senior Mathematics Extension 2 for Year 12



YEAR 12

Example 6
54 . . .
Express using partial fractions.
P v x—20)x—1) EP
Solution

Factorise the
quadratic expression: X +x-20=(x+5)(x—4)

54 =4 L 9 5
(x+5)(x—4)(x—1) x+5 x—-4 x-1
Write with 54 _gx=4)(x-1)+c,(x+5)(x —1)+c;(x+5)(x—4)
common denominator: (x+5)(x—4)(x—1) (x+5)(x—4)(x—-1)
Write the numerators: 54=c(x—4)(x—1)+c(x+5)(x—1)+c,(x+5)(x—4)

Let x=-5: 54 =54c, s =1
Let x=4: 54=27c, SoC,=2
Letx=1: 54=-18c, ..c¢;=-3

54 1 2 3

Hence:

(P +x-20)(x—1) *X+5 x—4 x-1

Example 7
2

Reduce in to its partial fractions.
x“+3x+2

Solution
As degree of numerator = degree of denominator, first divide by the denominator.

As a quicker way of doing the division, consider rewriting:

x* =(xz+3x+2)—(3x+2)=1_ 3x+2
x> +3x+2 x> +3x+2 x*+3x+2
3x+2 G ¢,

We now need to find c, and c, for

x*+3x+2 x+1 x+2°
R(x)=3x+2 B(x)=x"+3x+2 B'(x)=2x+3

_ R(-1)  -3+2 R(-2) —6+2

=l a=g) T 243! X="L G =By T 443t
o 3x+2 -1 4 i x° B 1 4
Hence: X*43x+2 X+1 x+2 T izxi0 TxHl T x+2

EXERCISE 5.1 PARTIAL FRACTIONS, LINEAR FACTORS

2x —11 _a b .
1 If(x+2)(x—1) = x+2+x—1 then the values of a and b are:

A a=-50b=3 B a=-50b=-3 C a=50b=3 D a=5b=-3
2 Reduce each rational function to its partial fractions.
4 2x—1 3x+1 2x° —6x -2
@ G-Dx+3) ®) -3 © G+ @ G-Dix+2)
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3 Reduce each rational function to its partial fractions.

3 3x -1 x+10 18x—12
a) ——— b) ——— (9 d —————
(@) x+x-2 (b) x*+x-6 (©) x> -4 @ x(x* +x-12)
x2
4 ————isequalto:
x"+3x+2
4 1 4 1 4 1 4 1
A 1+x+2+x+1 1_x+2_x+1 ¢ 1_x+2+x+1 D 1+x+2_x+1

5 Reduce each rational function to its partial fractions.

(@) X (b) X2 c) —X ’ (d) I S

(x+1)(x-2) x> —6x+8 x2=9 x(x? —x—12)
6 Reduce each rational function to its partial fractions.
3x—19 5x 15x +28 x* —19x—32

a) — b) ——— c) —F——— d

@ G- ® o © isess @ GrDErOG-3)
3(3x+1) 1-2x 2x° +x+6 2% x> —x-3

e) ———— — s hy =— ==

© s O e 7xve R M G=DEx+3)

5x% +26x +29

X +6x>+11x+6

5.2 PARTIAL FRACTIONS, QUADRATIC FACTORS

Consider the case when B(x) is a product of distinct linear factors and a simple quadratic factor, so that the

¢ ¢ c
R(x)__ & I TR 2dx+e
B(x) x—a = x-a, X—a, x"4+bx+c

(as the numerator has a degree at least one less than the denominator).

7 Reduce

to its partial fractions.

decomposition is of the form: , with degree of R(x) <n+2

As for partial fractions with linear factors, there are many different methods that may be used.

Example 8

Reduce 13

———————to its partial fractions.
(x=3)(x" +4)

Solution
Let 13 G dx+e
(x=3)(x*+4) Xx—3 x*+4

R(x)=13  Bx)=x"—-3x"+4x—-12 B(x)=3x"—6x+4

—3 _RB)_ 13 _
For ¢, let x=3: C_B’(3)_27—18+4_1
13 1 e
For e, let x=0: =—~+t- S.e=-3
(=3)(4) (-3) 4
Hence: = < =1 4 df =
(x=3)(x*+4) *—=3 x*+4
. 13x x | dx’-3x
For d, multiply through by x: = +
PYTIOUEAOYE  Z3)x*+4) *-3  x*+4
. . , 13 _ 1 ,d-3
Divide by largest power of x in each numerator: 5 =——+—
(1—%)(;: +4) 1-7 1+3
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Find lim of both sides: g = %+%
0=1+d
d=-1

. 13 _ 1 x+3
s: > = ==
(x=3)(x*+4) *¥—3 x*+4

Thu

The process behind the method of Example 8 is as follows:

B(x) is a product of distinct linear factors and a simple quadratic factor, such that:
c c c

Rx)_ & & 4 4 & dxte

B(x) x-a x-—a, XxX—a, x>+bx+c

factors, here the numbers ¢, c,, ... c,, d, e can be found by comparing coefficients or by combining that method with

others.

, with degree R(x) < n + 2. As for partial fractions with linear

In other words, ¢, ¢,, ... ¢, can be found using any of the previous methods for partial fractions with linear factors.
You then only need to find d and e as follows.
o Ifnone of a,a,...a iszero, then let x =0 to find the value of e.
« Multiply through by x and let x — oo (which will require dividing each fraction by the largest power
of x in the numerators) to find the value of d.
+ Ife.g.a =0, first find d and then select a small integer value for x distinct from a , a,,... a, to give a simple
equation that can be solved for e.

Example 9
2
Express x & 62x = using partial fractions.
(x=2)(x"+x+1)
Solution
x>+ x + 1 has no real linear factors; degree of numerator < degree of denominator.
Let x° +6x+5 & dx +e
(x=2)(x>+x+1) *—2 x> 4x+1
2 2
Write with common denominator: x + 62x o _ x4 Dt gdx +e)(x—2)
(x=2)(x"+x+1) (x=2)(x"+x+1)
Write the numerators:  x* +6x+5=c(x*+x+ 1) + (dx + €)(x — 2) (1]
Letx=21in [1]: 21="7c soc=3
Letx=01in [1]: 5=3-2e¢ se=-1
Equate coefficients of x*in [1]: l=c+d
: 1=3+d Sod==2
Hence: X T6x+5 3 _ 2x+1
(x=2)(x*+x+1) *—2 x*4x+1
Example 10
Reduce 22x 7 toits partial fractions.
x(x“+3x+1)
Solution
x* + 3x + 1 has no real linear factors.
Let 2x+7 _c, dx+e (1]

x(x2+3x+1)_x x2+3x+1
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R(x)=2x+7 B(x)=x"+3x"+x B'(x) =3x*+6x+1

— 0 _RO) _7_
For ¢, let x=0: C—B,(O)—1—7
2
Write [1] with common denominator: 22 g yEa 3x2+ D+ x(dx +e)
x(x"+3x+1) x(x"+3x+1)
Write the numerators: 2x+7=7(x*+3x+1) + x(dx + e)

Letx=1: 9=35+d+e [2]
Let x=-1: 5=—7+d-e [3]

[2]+[3]: 14=28+2d ..d=-7

Substitute into [2]: —26=-7+e s.oe=-19

2x+7 _7  7x+19

Hence: —5~—"——= —
x(x"+3x+1) X x"+3x+1

Example 11
Reduce — 7 5 to its real partial fractions.
(x*+9)(x"+16)
Solution
Neither x* + 9 nor x” + 16 have real linear factors.
et — 72 :c9§+d+€92€+f
(x"+9)(x"+16) x"+9 «x"+16
Equate numerators: 7= (cx+d)(x* +16) + (ex +f)(x2 +9) [1]
Letx=01in [1]: 7=16d+9f [2]
Letx=11in [1] 7=17c+ 17d + 10e + 10f [3]
Letx=—-1in[1]: 7=-17c+17d— 10e +10f (4]
Let x=2in [1] 7 =40c + 20d + 26e + 13f [5]
3]+ [4]:  14=34d+20f
7=17d+ 10f (6]
(6] —[2]: 0=d+f s f=—d [7]
Substitute [7] into [2]: 7=16d —9d nd=1 o f=-1
[3] — [4]: 0=34c+ 20e se=-1.7c [8]
Substitute [8] into [5]: 7=40c+20—-44.2¢c-13 sc=0 s.e=0
7 1 1

Hence: —; 2 =2
(x"+9)(x"+16) x"+9 «x"+16

With experience you will notice that (x* + 16) — (x* + 9) = 7, which is the numerator of the given fraction.
This can make finding the partial fraction numerators easier with quadratic denominators of this type and a
numerical numerator.

For fractions with quadratic denominators as in the example above, you can write:
k _a b
2 2 - 2 + 2
(x“+D(x"+m) x"+1 x"+m
This can be done because the original numerator (k) has no terms in x.
Equating numerators: k= (a+ b)x* + (am + bl)

where a, b, k, | and m are constants.

Hence a=-b and am + bl = k. This means that a and b must have the same magnitude but opposite sign,
so that:
k a a k
= - where a=-—-
(> +D(x*+m) x*+1 x*+m m—1
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Example 12
x°—6

m to its real partial fractions.
X + X+

Reduce
Solution

Neither x* + 9 nor x” + 4 have real linear factors.

Because the numerator does not contain an odd power of x, it seems reasonable to assume that the numerator
of each partial fraction will not contain a term with an odd power of x (as was seen in the previous example).
Try to use only c and d as the numerators of the partial fractions.

x*—6 ¢ d
2 2 - 2 + 2
(x"+9)(x"+4) x°+9 x +4

=6 _c(x’+4)+d(x’+9)
(x> +9)(x* +4) (x> +9)(x* +4)
Equate numerators: ¥ —6=(c+d)x*+4c+9d

l=c+d (1]
—6=4c+9d 2]
Rewrite [1]: c=1-d [3]
Substitute into [2]: —6=4—4d+9d
5d=-10
d=-2
Substitute into [3]: c=3

-6 _ 3 2
(> +9)(x*+4) x*+9 x*+4

Hence:

When finding partial fractions for pairs of quadratic denominators like (x* + a°) and (x* + b°) and the
numerator does not have odd powers of x, Examples 11 and 12 show that you can write the first step as:
2
cx“+d e f

2

555 =—5 5+ 5 where either c or d could be zero.
(x"+a”)(x"+b") x"+a x +b

It is an interesting task to show this algebraically.

Repeated linear factors
This Mathematics Extension 2 course does not require you to find partial fractions with repeated linear factors, as

in a question such as ‘Reduce to its linear factors’. However, you may be asked to show a repeated

1
(x—1)(x—2)°
factors result such as in the next example.

Example 13

Show that: (x—l)(lx—Z)z = xl_l_x£2+ (x_lz)z
Solution

RHS = L -1 :

_x—l_x—2+(x_2)2

_(x=2P - (x=D(x=2)+(x—1)
(x —1)(x—2)*
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138

_ x'—dx+4—(x"=3x+2)+x—1
(x —1)(x—2)

LHS

:+:
(x—1)(x - 2)*

EXERCISE 5.2 PARTIAL FRACTIONS, QUADRATIC FACTORS

2
1 1f-= +2x2+2 =4 Zb , then the values of a and b are:
(x—=1)(x*+4) *x—-1 x*+4
A a=1,b=-2 B a=-1,b=-2

2 Reduce each rational function to its partial fractions.

@ 55— b)) o
(x"+1)(x"+4) (x"+1)(x"+9)

3 Reduce each rational function to its partial fractions.

C a=1b=2 D

()

a=-1,b=2

3x° d 2x° +5
(x> +1D(x*+4) (x> +1)(x* +2)

2 2 3 2 2
(x=2)(x"+1) (x+2)(x"+x+1) x" -1 x"+x"+x
2
4 Mis equal to:
(x+1D(x"+1)
x-3 3 3 x—3 3 3—x 3—x 3
T 1w
5 Reduce each rational function to its partial fractions.
2 2 3 4 2
) x2+9 (b) 1+2x+3x4—4x ©) X —Xx —§x+2
(x+2)(x"=2x+5) 1-x (x+1)(x"+1)
4 2 2
+3x" -8 +1 +3
@ =5 @ 5 M xt
x -8 x -1 x+1)(x"+1)
6 Find the values of a and b if:
4x—7 a b 3x+5 a b
a = b = +
(@) (x=2) x—2 (x-=2) (b) x*+6x+9 XT3 (x+3)
2 2
©) 3x +10x—52: a b . (d) 18x —7x+122: a_, b '
(x=2)(x+1)> X—=2 (x+1) (x+2)(3x—-1)> X+2 (3x-1)
7 Show that each result is true.
2 2
@) 42 —-4x—-5x~ _ 3 4 2 (b) 2x°+13x+16 _ 2 3 4

= - +
(2x+3)(x—-2)° 2x+3 x-2 (x-2)
8 Find the values of a, b and c if:
2
(@) 2x°+19x-36 _ a b c

(x+3)(x2—4x+4)_x+3 x_2+(x—2)2
4x _a b c
) I+x)(1—x)? T+x T-x ' (1_y)
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5.3 USING PARTIAL FRACTIONS TO FIND INTEGRALS

You are now going to use this technique to find and evaluate integrals.

Example 14

. d
Find: (a) J.i(x—Z))(cx—l)

Solution

(a) Partial fractions:

Equate numerators:

2x—1
(b) .[(x+;)(x—3)dx

1 __a b _
(x=2)(x-1) x-2 x-1
l=a(x—1)+b(x—-2)

_alx—1)+b(x—2)
(x=2)(x-1)

Let x=1: 1=-b Lb=-1
Let x=2: a=1
. dx _ 1 1
Hence: x—2)(x=1) —I(x_z x—l)dx

=log,(x—2)—log,(x-1)+C

_ x—2

= log, ﬁi +G

. L 2x—1 _a b _alx—3)+b(x+2)
(b) Partial fractions: T )(x—3) - x+2 t 3= T 2(x-3)
Equate coefficients: 2=a+b (1]
~1=-3a+2b [2]
Rewrite [1]: b=2-a
Substitute [1] into [2]: —1=-3a+4-2a
5a=5 soa=1
Substitute into [1]: b=1
_ 2x—1 (1 1
Hence: (x+2)(x—3)dx‘J(x+2+x—3)dx
=log,(x+2)+log, (x-3)+C
=log, (x+2)(x-3)+C (x>3, x<-1)
=log,|(x +2)(x—3)|+C
Example 15
. 1-2x x’ +4x
Find: (@) |———=—=—— by | ————=d
ind: @) -[(x+2)(x2+1) (b) -[(x—l)(x2+4) §

Solution

1-2x _ a

bx+c _ a(x®+1)+(bx+c)(x+2)

(@) Partial fractions:

(x+2)(x>+1) x+2 x*41

(x+2)(x*+1)

_ ax* +a+bx® + 2bx + cx + 2¢
(x+2)(x* +1)

_ (a+b)x’ +(2b+c)x+a+2c
(x+2)(x*+1)
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Equate coefficients: 0O=a+b [1]
—-2=2b+c [2]
l=a+2c [3]
Rewrite [1] and [2]: b=—a, c=-2-2b
c=—2+2a
Substitute into [3]: l=a—4+4a
a=1 “b=-1, ¢=0
1-2x 1
Hence: ——==—dx = dx
I(x+2)(x2+1) J(x+2 x2 +1)
= loge(x+2)—§10ge(x2 +1)+C
x* +4x a_ bx+c_a(x’+4)+(bx+c)(x—1)

Partial fractions:

(b)

(x—1)(x*+4) *x—1 x*+4 (x—1)(x> +4)
_(a+b)x*+(c—-b)x+4a—c
(x —1)(x* +4)

Equate coeflicients: l=a+b [1]

4=c-b [2]

0=4a—c [3]
Rewrite [2] and [3]: b=c—4,c=4a

b=4a—4

Substitute into [1]: l=a+4a—4

a=1 ~b=0, c=4

2
Hence: I%dx = J-(% + )dx
(x=1)(x"+4) x—1 x*44

=loge(x—1)+2tan_1§+C

Recall that in Examples 11 and 12 (see pages 136-137), you found that an expression

x> +d

(where

(x> +a’)(x* +b%)
either of c or d can be zero, but the numerator does not contain odd powers of x) can be written in partial fractions
2
2ch+621 2:262+2f2'
(x*+a”)(x"+b°) x"+a° x"+b
Example 16
2
Find: (a) I— (b) j%d}c
(x* +4)(x* +9) (x"+1)(x" +4)
Solution
2 2
(@) Partial fractions: 5 s 5 = 2a + Zb _alx 2+ S ng 4)
(x"+4)(x"+9) x"+4 x°+9 (x"+4)(x"+9)
Equate coefficients: 0O=a+b [1]
5=9a+4b 2]
Rewrite [1]: b=-a
Substitute into [2]: 5=9a—4a
a=1 “b=-1
Hence: J%dx:"‘( 21 - 21 )dx
(x"+4)(x"+9) x“+4 x"+9
=ltan' 2 Llunt¥ic

140
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(b)  Partial fractions: 35" =1 b__ a(x” +4)+b(x" +1)
(x> +1)(x*+4) x*+1 x°+4 (x> +1)(x*+4)
Equate coefficients: 3=a+b [1]
0=4a+b (2]
Rewrite [2]: b=—4a
Substitute into [1]: 3=a—4a
a=-1 L b=4
2
Hence: J—z 3x . dx = j( 24 - 21 )dx
(x"+1)(x"+4) x“+4 x"+1
=2tan”" % —tan'x+C
Example 17
54 _a b c .
(@) If = 200 =D = +s T x—atyo1 then find the values of a, b and ¢ and write the
X +x— x— - -

expression in terms of its partial fractions.
s i
(x"+x-20)(x-1)

(b) Hence find: J

Solution
(@ 54=a(x—4)(x—1)+bx+5)(x—1)+c(x+5)(x—4)
Let x=4: 54=0+bx9%x3+0

b=2
Letx=1: 54=0+0+cX6X(=3)
c=-3
Let x =-5: 54=ax (-9) X (—6)
a=1
54 1 2 3

Hence: = _
(+x-20)(x—-1) x+5 x-4 x-1

54 1 2 3
(®) I(x2+x—20)(x—1)dx_I(x+5+X—4 x—l)dx
=log (x+5)+2log, (x—4)—3log, (x—1)+C

~log (O —4F[ ¢
e (x_1)3
Example 18
2
(@ I = —26x+2 = 4 b =1 € then find the values of a, b and c.
(x—-1*(x-2) *=1 (x-1* x-2

2
(b) Hence evaluate: 4%
3 (x—=1)"(x=-2)
Solution
(@ 3x—6x+2=a(x—1)(x—2)+b(x—2) +c(x—1)*
Letx=1: 3—-6+2=bx(-1)
b=1
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Letx=2: 12-12+2=c¢
c=2
Let x=0: 2=2a-2b+c
20=2+2-2
a=1

4 3x7—6x+2
(b) Hence: s D (xm 2) I[ (e 1) + o 2de

og (x— 1)—L+Zlog (x— 2)}4

(loge 3—§+210ge 2)—(loge 2—§+0)

+log, 6

O‘\Iv—‘

Example 19
x -4
Solution

Instead of using long division, it can be faster to regroup the terms in the numerator to produce
factors of (x° — 4):

x’—2x"—3x49 _x’—4x-2x"+8+x+1 , x3—2 -
xi-14 B xr—4 X —4>x —2x"—3x+9
Cx(xP—4)-2(x*—4)+x+1 x> —4x
- 2 -
x -4 —2x>+ x+9
x+1
=X LYY 2
THEED) -2 +8
x +1
x+1 _a b _ B
Nowlet ) +2) ~x-2 T x+z:  ¥T1=al+2)+blx=2)
Letx=-2: —1=-4b sob=%
Let x=2: 3=4qa sog:%
3 2
X —2x"—=3x+9 _ 3 1
s =X 2t o) T Ak 2)
. x> —2x —3x+9 _ 3
Hence: _[ 4 dx = J.(x 2+4(x—2) 4(x+2) dx

2
X _ 3 _q+ L
=5 2x+4loge|x 2|+410ge|x+2|+C

Example 20

2
(@ 32x —2x2+1 =w§+b+w;+dthen find the values of a, b, c and d.
(x"+1D(x"+2) x"+1 x"+2

1

2
(b) Hence evaluate: J %
0(x"+1)(x"+2)
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Solution
(@ 3x’—2x+1=(ax+b)(x*+2)+ (cx+d)(x* +1)

As there are four variables, select four values of x and substitute them into the identity.

Letx=0: 1=2b+d
d=1-2b [
Letx=1: 2=3(a+b)+2(c+d) [
Let x =2: 9=6(2a+b)+52c+d) [3
Letx=-1: 6=3(b—a)+2(d—rc) [

[2] + [4]: 8=6b+4d

Substitute for d from [1]: 8=6b+4(1-2b)
8=4-2b
b=-2
d=5
[3] becomes: 9=12a—-12+10c+ 25
6a+5¢c=-2 [5]
(2] — [4]: —4=6a+4c
3a=-2-2c [6]
Substitute [6] into [5]: 2(—2¢—2)+5c=-2
—4c—4+5c=-2
c=2
[6] becomes: 3a=—4-2
a=-2
3x—2x+1 _ —2x-2  2x+5

' (x2+1)(x2+2)_ xX+1 x*+2

3x° —2x+1 (Y 2x+5 2x+2
5 ——dx = > == dx
(x"+1)(x"+2) o\x"+2 x"+1

(Y 2x 5 2x 2
= 2 +— == ) dx
o\x"+2 x"+2 x"+1 x"+1

i

= [loge(x2 +2)+ %tan_ % - loge(x2 +1)—2tan”' x}

(b) Hence: Ll

1

0

log 3+ — tanl——lo 2—2tan” 1) log 2+0—1log 1-0
(g L s (log, g.1-0)

—| > tan 'L _Z
gt
Example 21
.. [ deo
Find: 030
Solution

0 1—t 2
Let t = tan— so that cos@ = > and dO= s dt.
2 1+t 1+t

do _ [1+t 2
cos@ J1_¢2 " 144

szt

dt

Hence:
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144

Partial fractions:

=log,|1+t/—log,[1—t|+C

= log, ‘m +C

1+tanQ

= log, 75 +C
l—tani

Example 22
Find jm using the substitution ¢ = tan x.
Solution
2
sin2x = 2t S, €os2x = 1—t2
1+¢ 1+¢

You must recalculate the expression for dx, as t = tanx not tan %z

ﬂzsec2x=1+tan2x=1+t2
dx

dt ) J. dx

Hence dx = g :
1412 sin2x + cos2x

1+t

1
:I 20 1-#° lettz
+7

1+t

:J'L
142t —¢2

Z.[ dt
PR (S =)

=-.‘2—(;#—1)2

_ dt
_I(ﬁ—(t—l))(ﬁ+(t—1))

dt

_ 1 J‘ 1 . 1
2 | (V2+1-1) (V2-1+1)

1 ( -
_2\/5( log, +loge‘x/§ 1+t‘)+C
1 —1+¢
272 % +1—t
+C
Zf f+1—tanx

Note: When using a substitution of ¢ = tan f(x), f(x) ¢
between dx and dt.
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EXERCISE 5.3 USING PARTIAL FRACTIONS TO FIND INTEGRALS

. 2dx 3dx
1 Find: (a) Im (b) J.m (©) J.m
2xdx 3xdx (2x —5)dx
( .[(x—l)(x+1) () J(x+2)(x—1) U J(x 3)(x=2)
5x —
2 Iixux =
A log, Ex+§;3 e B log |(x—2P(x+3)|+C
C 6log|(x—2)(x+3)+C D log,|(x—2)(x+3)|+C
x*—2x X" +x
3 Find: (a) -[(x+1)(x e ®) I(x+2)(x2+4) © -[(x—l)(x ®
x“+x+12 x*+x 5x+3
(@) v[(x+3)(x 1o ™ @) J(x—Z)(x2+2) 0 j(x 513
L 8 15x° x> =2
4 Find: (a) .[(x2+1)(x2+9)dx (b) j(x2+16)(x2+1) (©) I(x +1)(x +4)dx
dx X x = x*+3x-9
(@) I(x2+2)(x2+3) (@) J.(x2+4)(x2+5)dx 0 -[(x 1)’ +3)
o 2x—11 3(3x+1) —2x
5 Find: (a) Ii(erz)(x_l)dx o) [ S (©) —( TR
2x>+x+6 2x% +3x—1 4x° +11x+15
(d)-[ x—4 dx ©) xs—x2+x—1dx ® J P 3xtox— 3d
3x—19 9x—2 . e
@ -[(x+3)(2x—1)dx (h) jzx2—7x+3dx ) Iezx+36x+2dx
. 3 x tdx 1—x
6 Evaluate: (a) j —(x+5)(x_1)dx (b) L e ©) 0—(x+1)(x ey
7 U dx 3x—2
@ J5 @ [t 0 [
7 Evaluate: (a) xi—de (b) d—x (c) S—de
4 x*—2x 1 (x*+1)(x +3) 2x*+3x—4
. 1 11 1 [ 1
8 Given that (x+2)(x+1)2 = 43 X+l (x+1)2 , evaluate: JO (x+2)(x+1)2 dx
, 2 1, 1-x
9 (a) Show that: Taiarsl xFIT a1
2
(b) Hence evaluate: -[1 ﬁdx
10 (a) Find real numbers a, b and ¢ such that: x +11)x2 = xil+%+é

(b) Hence find: J( FET
x+1)x

7 .
5 can be written as

11 (a) Given that 2X=
(x=2

(b) Hence find: J4x ;dx
x_

a
x—2+(x_ 2

where a and b are real numbers, find a and b.
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12 (a) Find real numbers a, b and ¢ such that:

2x% +19x — 36
(x+3)(x—=2)

2x°+19x-36 __a b . ¢
(x+3)(x—2)> X+3 x=2 (x-2)

(b) Hence find:

3x2+10x—-5 _ a b c
2 - 2+
(x+1)*(x-2) *+t1 (x+1)> x-2

13 (a) Find real numbers g, b and c such that:

2
(b) Hence find: J%dx

2
14 (a) Find real numbers g, b and ¢ such that: 1 > = % + b +—° 5 (b) Hence evaluate: J. dixz
x(x+1) x+1 (x+1) 1 x(x+1)
2
15 It can be shown that _sz +18x—12 5= 2x > — 3—2x 5. Use this result to evaluate:
(4—x")5-4x+x") 4—-x" 5-4x+x
.[1 —5x” +18x —12
0(4—x")(5-4x+x%)
: 1 __ 1 _1_ 1
16 (a) Show that: o3 = 9(x—3) 9x 3,2
(b) Calculate the area bounded by the curve y = ﬁ, the x-axis and the ordinates x =4 and x = 6.
x“(x—
17 Calculate the area bounded by the curve y = zl_i, the x-axis and the ordinates x = —+ and x = 1.
2x"+7x+6 2 2
18 (a) Given that 7x2——4 can be written as >+ b + where g, b and c are real numbers,
(x=2)"(x+3) (x—2) Xx—2 x+3
find g, band c.
(b) Hence find: J'73€2——4 x
(x=2)(x+3)
19 It can be shown that 2(4 —27x) o= 4-2x 5= 2x . (Do not prove this.)
G-2x+x)2-x) 5-2x+x> 2-x’
1 _
Use this result to evaluate: j 2(4 27x) 5
-1(5-2x+x")(2—x")
20 (a) Find real numbers a, b and ¢ such that: .;5x7+2 = % + % +—£ (b) Hence find: J'.:>x7+2dx
x“(x+1) x> x+l1 x“(x+1)

X

21 Using an appropriate substitution of the type t = tanx, find: Jm

22 Use the substitution ¢ = tan > to find j—
2 1+ 3sinx

-2
1+sm2xdx.
14+cos” x

5.4 INTEGRATION BY PARTS

The product rule for differentiation is associated with the technique known as integration by parts, which comes
from rearranging the product rule. This rule is useful for solving integrals that cannot be found in easier ways.

23 Use the substitution ¢ = tan x to find I

If u(x) and v(x) are differentiable functions of x, then the product rule tells you that:

(uv)— vzu +uZ; or %(uv) =vu' +uv’
Rewriting this: Z; ( v)— v uv’ = d%c(w) —vu’
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Hence: ju%dx=uv—jv%dx J.uv’dxzuv—.[vu’dx

Judv =uy— J.vdu

The integrand on the left-hand side is seen to be a product of two expressions involving x: one of these is denoted by
u and the other by % (or just dv). The choice of which expressions to label as u and dv is made so that the integral

on the right-hand side can be easily found by normal techniques, such as change of variable (substitution). The
arbitrary constant C is inserted into the solution at the appropriate point.

As a general rule, dv should be a function that is easy to integrate and u should be the other function. If they
are both easy to integrate, then you should make u the function that will be of a lesser degree (i.e. simpler) after
differentiation. This is illustrated in the following examples.

Note that for complex integrals the rule sometimes needs to be applied more than once. You may also need to
rearrange terms to solve the desired integral.

Example 23
Find: j X Ccosx dx
Solution
Letu=x, % = cosx as this gives % =1, which is easy to work with in the resulting integral.
Thus: Z—”:l, v=sinx
X
Integration by parts: ju % dx =uv — jv Z—Z dx
Hence: J.xcosxdx = xsinx — Isinxdx

=xsinx +cosx+C

The constant of integration is added after the last integration is performed.

Alternatively: Another choice of variable could have been u = cosx, % =Xx.
. du _ . _ x_2
Thus: I = sinx v=
x’ i
Hence: Ixcosxdx:7cosx—.[7(—sinx)dx

This integral is now more complicated than the original integral.

Example 24
Find: J‘cos_1 xdx

Solution

Rewrite as: Il X cos ' xdx

- dv . . du -1
Letu=cos 'x, 2X=1. This gives 5 = ,x\<1,and v=x.
dx dx 1— 52
Integration by parts: J.uj—;dx =uy— J.v% dx
Hence: J.cosf1 xdx =xcos ' x+ J. X - dx
1-x

1
=xcos ' x—(1-x")2 +C for [y <1
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The method of integration by parts should be used mostly as a last resort, when other known techniques fail.
It can be used very effectively to integrate products of different kinds of expressions, for example:

« algebraic and trigonometric functions such as xcosx
« algebraic and logarithmic functions such as xlog,x

« inverse trigonometric functions and logarithmic functions.

Example 25
Find (a) J-logexdx (b) jxexdx (c) Ixzexdx
Solution
(@) Letu=Ilog x ﬂ—l This ives@zl V=X
B gy T ISBIVES gy T '

Integration by parts: Ju%dx =uv— jv%dx
Hence: Jloge xdx = xlog, x— Ix X %dx
=xlogex—x+C, x>0
=xlog, [ —x+C

(b) Letu=x, Z—;ze".Thisgives%zl, v=¢".

Hence: Jxex dx = xe* — _[ex dx

=xe*—e" +C
=(x—-1)e" +C
(c) Letu=x’ %zex. This gives Z—Zsz, y=c¢".

Hence: Ixzex dx = x%e* — ZIxex dx

You now need to find jxex dx by applying integration by parts again, as in part (b):

_ av _ x o du .
Letu=x, -=e . This gives =L v=e.
Hence: Ixex dx = xe* — J-ex dx

=xe* —e" +C
=(x—-1)e" +C

Thus: Ixzex dx =x’e* —=2(x—1)e* +C

=(x*=2x+2) " +C

Sometimes integration by parts may need to be applied more than once. When there is an integer power of x in

the integrand, as in part (€) of the example above, then each time it is differentiated the power will be reduced by
one until eventually the function becomes a constant. You let u equal this power of x and apply integration by parts
successively.

Useful results for integration by parts: Jcosx dx = sinx Jsinx dx = —cosx Jex dx =¢e*
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Example 26
Find: I= Iex sin x dx

Solution

X

dv . .. du
Letu=e¢", 7 = sinx. This gives g =€ v=—cosx.
= Jex sinxdx = —e* cosx + Jex cos x dx
Now you need to find Jex cosxdx.
dv .. du .
Let u=¢", T = COsX. This gives T = e*, v=sinx.
X X . X .
je cosxdx=e smx—Je sin x dx
Thus: I=—e"cosx+e sinx—1
2] =" sinx —e* cosx
ex
I= Ie" sinxdx = T(Sinx —cosx)+C

The arbitrary constant C did not need to be included until the last line.

Example 27
1 T

Evaluate: (a) I= J.Zsin_1 xdx (b) I= J x” sinx dx
0 0

Solution

(@) Letu=sin"'x, Z =1. This glves v=x

(810
N|._-
N

. —1
Hence: I=J. sin” xdx = xsm x

0
13
1n1(l) 0— [ —x2 2}
2 0

3
> -1

NI»—‘

E!ﬁ

(b) Letu=x j—; = sinx. This gives % =2Xx, V=-COSX.
T T
Hence: I= J x*sinxdx = [—xz cosxTr + ZI X cosx dx
0 0 0

2 ¥
=7 +ZI xcosx dx

Now let u=x, dv _ = cosx. This gives du v=sinx.
dx dx
V4
Hence: I x cosx dx =[x sin x J sin x dx
0
=0+][cos x]o
=2

) 2
Izj x“sinxdx=m"—4
0
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Example 28
2 1
Evaluate: (a) I= J. xlog, xdx (b) I= J. tan”" x dx
1 0
Solution

_ A hiseives W1 _ X7
(@) Letu—logex, D= This gives - VT

2 x’ 11
s = L xlog, xdx =|:710ge xl _5.'.1 x* X ¢ dx
1 2
=2log62—0—§J‘ xdx
1
2

~2log 2- 1%
82773 2 |

1

=210g82—1+Z
=2b&2—%
(b) Let u=tan 'x, %=1.Thisgives %:1+1x2’ v=x
I=Iltan_lxdx=[xtan_1x];—jl X 5 dx
0 01+x

EXERCISE 5.4 INTEGRATION BY PARTS

1 Jsin_lxdxz...
A sin'x+xyVl-x"+C, <1 B sin'x—xvl-x"+C, |y<1
C xsin'x+Vl-x>+C, <1 D xsin'x-vI-x>+C, <1

2 Find: (a) J.x\/4 —xdx (b) jx tan~" x dx (c) jx sin x dx
(d) Jx sin2x dx (e) J-x cos2xdx (] J‘ sin” 2x dx
(9) .[x cos(2x +1)dx (h) J‘cos._1 2xdx () jx sin” xdx

3 Find: (a) J.x\/x +1dx (b) sz sin x dx (c) J’xcos_1 xdx
(d) Ixz cosx dx (e) J-xe_x dx (] Jxloge xdx

4 Find: (a) Je_x sin x dx (b) Jex cosx dx (c) je_x cosx dx
(d) J sin(log, x)dx (e) Jcos (log, x)dx ® j tan”" x dx
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z z 1
5 Evaluate: (a) j ? xcosxdx (b) j ? xsinxdx (c) j xsin”' xdx
0 -z 0

NE) L z
(d) -[1 xtan™ xdx (e) J ‘51 sin”" xdx ® J: xsin2x dx
T 8

1 z 2
6 Evaluate: (a) le cos ' 2x dx (b) J * e sinx dx (c) J te”" dt

i 0 !
e 2 2

(d) I log, x dx (e) j xlog, xdx 1] j 2 e* cosx dx
1 1 0
2 z b

(9) I x° log, 2x dx (h) j * xsec? xdx [{)] j e “sin2xdx
1 % %

V1
7.[ x’sinxdx=...
-
A 21°-2 B 0 cC 2 D 27’

8 Find the area of the region bounded by the curve y =log x (x > 0), the x-axis and the line x=a (a > 1).

5.5 RECURRENCE RELATIONS

Integration by parts can also be used to find a recurrence relation that will allow the evaluation of an integral. Given

b b
I = Ja [f(x)]n dx, you find a relationship of the form I =kI _, whereI | = j [f(x)]n_1 dx. After I, or another of

a
the other easy I integrals can be found, the recurrence relation is then used to evaluate the original integral.

Example 29

/4

. . . 2 4
Find the recurrence relation for Jcos" x dx and use it to evaluate: I cos” xdx
0

Solution
LetI = Icos” x dx and write cos"x = cos" ' x X cosx:
I = J’cos"_1 X cos x dx

Let u=cos" 'x, % = cosx. This gives % =(n—1)cos" *x X (—sinx), v=sinx.

Hence: I = J‘cos'1 xdx =cos" ' x Xsinx +(n— I)J‘sin2 xcos"? xdx
I = cos" ' xsinx + (n— I)J(l —cos® x)cos" 2 xdx
I = cos" ' xsinx + (n— I)J‘cos”_2 xdx—(n— I)Jcos” xdx
I = cos" ' xsinx + (n— l)J‘cos"_2 xdx —(n-1)I

(I+n-DI = cos" ' xsinx + (n— 197

nl = cos" ' xsinx + (n— DI,

cos" ' xsinx  n-—1
I = + 1
1 n 12

This relation between I and I, , is a recurrence relation.
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4 s
To find j *cost x dx, write: I, = J ? cos* xdx
0

0

From the recurrence relation for n = 4, we have: I, :{COS xsmx} +%I Z 5
%
and I, = [Cosxzsmx} +21,=0+1 j dx
: sz _3;, 3,7 _3m
Thus: Iz—z[x]0—4 andso I, =71, =3xX7 =3¢
T
. 2 _3r
Hence: . cos’ xdx = 3
Example 30
X
(@) LetIn:J. tan”" t dt where 0 < x < Z . Show that: I = tan" "x—1_
0 2 n 1’1—1 n-2

(b) Hence find the exact value of: J’Z tan’ ¢ dt
0

Solution
(@) Write tan” ¢t = tan’t X tan” >t = (sec’ t — 1) tan” > £. Thus:

X X
I = j tan” tdt = J. (sec’t—1)tan" >t dt
0 0
X X
= J sec’t tan" *tdt — J tan" 2t dt
0 0

X
= J sec’ttan" *tdt—1
0 n—2

X

Now consider: J. sec’t tan" *tdt
0

It is tempting to try integration by parts here, but using the substitution u = tan ¢ is much easier.
Let u = tant so that du = sec’tdt. Limits are t=0: u=0 t=x:u=tanx

X tanx
0 I sec’t tan”" Y tdt = I u" % du
0 0

el tan x
.z
n—1
0

_ 1 n-1
= tan x
n—1

Thus: I = —1 tan" ' x—1
n n—1 n—-2

% 1 L 1
(b) I :Jo tan’ tdt .. I = 4[tan x]“ I :Z_I3
and I :l[tanzx]%—l _1
32 o 12

_Il

i 5 1 1
Now: I = J.4 tant df = —[loge(cost)](;1 = —(loge (ﬁj —log, 1] =5 log, 2

1

Hence: I, = ———10g2 and I z——(———logEZ)zélogeZ—Z

This gives: J‘Ztan tdt =1 log 2= l
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Example 31

Obtain a recurrence relation for je“x cos bx dx and use it to find je3x cosdxdx.

(This example is just outside the scope of this course, but it is worth looking at as a demonstration of
just how useful this process can be.)

Solution
Write: [ = Je“x cos bx dx

_ ax @_ . . @_ ax _l .
Let u=¢", I = cosbx. This gives = e v= bsmbx.
s I= je’” cosbxdx = %e“" sinbx—%J‘e“x sinbx dx

Now write: H = Je“x sinbx dx

Let u=¢", % = sinbx. This gives % =ae™, v= —%cosbx.

s H= je“x sinbx dx = —%e“" cosbx+%je“x cosbx dx

Substitute this expression for H into the expression for I:

_ ax _l ax . _a _l ax a ax
1= Ie cosbxdx = pe sinbx b( pe cosbx + bje cosbxdx)
I= le“x sinbx + % ¢* cosbx—il
b b? b

2
(1+Z—2)I = %e“x sinbx+b%eax cosbx

2
1= je“" cosbxdx = bzb 5 (1 o sinbx+b%e“x cosbxj+C

e
+a?\b
=bze+—az(bsinbx+acosbx)+C
3x
In fe3x cos4x dx you have a =3 and b =4, thus: J-e3x cosdxdx = 625 (4sin4x + 3cos4x)+C

EXERCISE 5.5 RECURRENCE RELATIONS

1 (a) Differentiate sinxcos” ' x with respect to x to show that if I = Icos“ x dx, then:

I = %Sinx cos" 'x+ 2 - 1 I,
(b) Hence evaluate:
. s s T
(i) J 2 cos® x dx (ii) J. ? sin® x dx (iii) J. ? cos* x sin® x dx (iv) J *sect xdx
0 0 0 0

2 Show that Jx”ex dx =x"e* — njx"_lex dx and hence find: Ix3ex dx

3 (a) Find the derivative of x"log, x.
(b) Hence find (correct to three decimal places) the value of:

2 2
(i) J.l x° log, x dx (ii) -[1 X log, x dx
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n—1

4 (a) Giventhat] = Jicos" x dx, prove that I = ( -
0

)In_2 where n > 2 is an integer.

Y4

(b) Hence evaluate: Jicoss xdx
0

5 (a) Show that: Isin" xdx = —%sin"_1 X cOSX + nT—l J-sin"_2 xdx
T

(b) Hence evaluate: Ig sin® x dx
0

n-2 n—2
(sec” “x tanx)+ mI"—Z

6 (@) IfI = J.sec" xdx show that: I =
(b) Hence evaluate: Jj sec’ x dx

1
n—1

Y/

7 (a) IfI :J‘Z tan”" x dx show that I :#—17 forn>1.
n 0 n 2n—1 n—1

(b) Hence evaluate L.

n-1

1 2
8 (a) Giventhat] = j x>"'e*" dx for each integer n > 1, show that: I = %— (n—-1I
0

(b) Hence, or otherwise, calculate I,.

6
9 (@ IfI = Ixs(loge x)" dx show that: I = )%(logex)'1 - %Iﬂf

1
(b) Hence find: J.xs (log, x)* dx

10 (a) Show that: J.e'”‘ sin x dx =%le“x(asinx—cosx)
a +

(b) Hence find: (i) Jex sin x dx (ii) JeSx sin x dx

_ [t : _x
1161, = [ i dt showtha 1,+1, =%

5.6 OTHER USEFUL TECHNIQUES

Properties of the definite integral
b b b
1 J.a f(x)dx £ L g(x)dx = J.a (f(x) ig(x))dx

2 j: Fx)dx = f Fx)dx+ .[cb F(x)dx
3 ij(x) dx = —J.:f(x)dx

b b
4 L f(x)dx = L f(u)du (i.e. the value of the integral is independent of the variable of integration)

5 If f(—x) =f(x) (i.e.if f(x) is an even function), then: J:a f(x)dx = ZJ'O“f(x) dx.

6 Iff(—x) =—f(x) (i.e. if f(x) is an odd function), then: Ja f(x)dx=0.

a
7 J Va® - x* dx represents the area of a semicircle of radius g, so it can be quickly evaluated using A = 7r°.
—a
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Combinations of even and odd functions
 The product of two odd functions or two even functions is an even function.

o The product of an odd function and an even function is an odd function.

Example 32
Without evaluating the definite integral, find a simpler expression for each definite integral.
. 1
(a) I ® X’ cosxdx (b) j xsin”' xdx
_% -1
Solution

(b) f(x)=x1isan odd function.

g(x) = cosx is an even function. glx) = sin"' x is an odd function.
Hence f(x) X g(x) = [odd] X [even] = [0odd] Hence f(x) x g(x) = [odd] x [odd] = [even]
. 1 1
. Iz xcosxdx =0 J. xsin_lxdxzz.[ xsin” xdx
_I -1 0
2

(@ flx)= x° is an odd function.

Example 33

1
Use the properties of odd and even functions to evaluate: J (1+x7) dx
-1

Solution
f)=Q1+x)

Expand: (1+ x3)3 =1+3x+3x°+ %

flx)=(01- %)’ ... f is neither odd nor even.

1 1
J (1+x°) dx = j (1+3x> +3x° + x”)dx
-1 -1
_ 1 1 3 1 6 1 9
= J._ldx + 3J_1x dx + 3J_1x dx + J-_lx dx
= [even] + [odd] + [even] + [odd]

1 1
=2J dx+0+2><3J- x%dx+0
0 0

1
= ZJ (1+3x%)dx
0

1
_ 3x7 | _5(1.3)_20
—2[x+ i 1)—2(1+7)— -

Example 34

.5 8
Evaluate: J sin’ x cos” x dx

-

Solution
This looks formidable, but the properties of odd and even functions make it quite simple to evaluate.

« 5 . 9 8 . q
f(x) =sin’x is an odd function, g(x) = cos x is an even function:

f(x) x g(x) = [odd] x [even] = [odd]

T
2.5 8
Hence: J’ sin” x cos” xdx =0

-t
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Example 35
() Show that: j Flx)dx = j * fla—x)dx
0 0

T
(b) Hence evaluate: J xsin” x dx
0

Solution
(a) Method 1

If [ f(x)dx = F(x) +C then j: F(x)dx = [F(x)]" = F(a) - F(0)
and j fla—x)dx = [~F(a—x)[" = —F(0)+ F(a) = F(a) - F(0) = j fx)dx

Method 2
Let y=a —x so that dy = —dx. Limitsare x=0: y=a x=a:y=0

[ ra=nax=[ s = roay =" o ax
(b) You can write: Ioﬂx sin” xdx = J-Oﬂ(ﬂ: —x)sin’ (7 — x)dx
Now J‘Oﬂ(ﬂ — x)sin’ (7 — x)dx = J‘Oﬂ(ﬂ — x)sin” x dx

T T
o 2 . 2
=J 7T sin xdx—j xsin” xdx
0 0

T Vi T
Hence: I xsinzxdx:n'j sinzxdx—J xsin” x dx
0 0 0
V3 . 2 ﬂ ¥
2_[ x sin xdxz—J. (1—cos2x)dx
0 2 0
T2 _nrf[. sin2x]"
J.O xsin® xdx = 4[x 5 l)
2
_ T T
=3@-0=

Warning

Be aware of the difference between evaluating the integral Jw f(x)dx and finding the area under the curve y = f(x)

between the ordinates x = —a and x = a.

Example 36

2 2
(@) Evaluate: J xe * dx

(b) Find the area bounded by the curve y = xe_xz, the x-axis and the ordinates x =—2 and x = 2.

Solution y

2 2 2
(@ xe ™ isan odd function, so: J. xe dx=0
-2

2

2 2 2 2 2 4 2 — 0 —
(b) Area = j xe * dx= 2-[ xe " dx= [—e } =1-—e¢ " units —2\~L/l 2
= 0 0
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Formulae involving integration
The length of the arc of the curve y = f(x) between x = a and x = b is given by:

b 2
Arclength = J ,f 1+ (Z—y) dx y
a X B(b,d)

= f(x)
_ [ / dx ) y
= J‘C 1+ (dy) dy Ala, o)

Here u = u, and u = u, are the parameters of A and B respectively.

Example 37
4
Calculate the arc length of the curve y = %~ + 1 fromx=1tox=2 using the formula:

) > 8 4y’
Arclength=J. ‘/1+(j—i) dx
1

Solution

EXERCISE 5.6 OTHER USEFUL TECHNIQUES

4
2

1 '[ xcosxdx =...
ﬂ'

A 2J‘ xcosxdx B 0 C n-2 D

2 Evaluate «/ dx using: - 1+x (1+x)

3 (a) Write (x—1)(3 — x) in the form b* — (x — a)* where a and b are real numbers.
(b) Using the values of a and b from part (a) and making the substitution x — a = bsin 0, or otherwise,

evaluate: J.3«/(x -1)(3—x)dx

SR
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4 (a) Use the substitution t = tan % to find: Isecx dx

(b) By rewriting secx as secx(secx + tanx) , find: Isec xdx
secx +tanx

5 (a) Find: J.sec x tanx dx

(b) Using the substitution u = % - x, find: Jcosecx cotxdx

6 Find the length of the circumference of the circle x* + y* = r* using the arc length formula on the circle’s first

" 2
quadrant, i.e. arc length = j " 1+ (%) dx
0

(@) Use the substitution u =3 — x to show that: I =
(b) Hence find the value of I.

2 sin? (%u)
1 u(3-u) du

8 (a) Differentiate x*tan x with respecttox.  (b) Hence find: J2x tan~" x dx
1 1 1

9 Show that: (a) j P1=-x2) dx=0 (b) j (1—x2)  dx = zj 21— x) dx
-1 -1 0

b b
10 (a) By using an appropriate substitution, show that: J f(x)dx = J fla+b—x)dx

T

(b) Hence show that: j3 sinx dx = I ® cosx dx
6

11 (a) By using an appropriate substitution, show that I xsinxdx = J (7 — x)sinx dx and hence show

that: I xsinxdx = 2,[ sin x dx

(b) Hence evaluate: j x sinx dx
0
1 1

12 (@) Ifx>0and 1 <u<1+x, showthat: —— <=<1
I+x "u

< % <1 with respect to u between 1 and (1 + x), show that:

. . 1
(b) By integrating each term of T+ x

1+ <log,(1+x)<x

5.7 USES OF INTEGRATION

Example 38

, the x-axis and the ordinates x =2 and x = 3.

Calculate the area of the region bounded by the curve y = N
x“+x

Solution

!
Area:-[ 5 dx
2 X" +Xx

1 1

Use partial fractions: =
o +x  x(x+1)

_a, b
_x+ 1

By inspection you can see that a =1 and b=-1.
Or:1=a(x+1)+bx
x=-l:1=-b=b=—1

x=0:1=a
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Hence

1 1
Area— —— dx
2\x x+1

= [loge x—loge(x+1)]z since x >0

z[log . T
‘x+1],

=log, % —log, %

=log, % units’

YEAR 12

Example 39

The region enclosed within the circle x* + y° = a’ is rotated about the line x = 2a to form a solid of revolution
called a torus. (A torus is a ring-shaped object like a doughnut.)

—~P( )

The volume of this torus is given by V = 87z:aJ. Ja* —x* dx— 471'_[ xva* —x? dx.

(@) Evaluate SEaI Na? —x* dx.
(b) Evaluate J xva® —x* dx.

(c) Hence find the volume of the torus.

Solution

a
(@) The integral J Va® — x” dx is the area of a semicircle of radius a.
—-a

Hence 87mJ‘ Na* = x? dx =8max
—a

ra’

5 =47°a’.

(b) I_a xNa® —x* dx:—%f (—2x)Wa* — x*dx
—-1|(@-<) |

=0
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() V=4r’a’ —4rx0=47a’ units’

In part (a), if you did not recognise that the integral represented the area of a semicircle you would use the
substitution x = asin 0 to evaluate the integral. This would involve much more work, as shown below.

x =asinb, dx = acosb. x=—a,6:—%. x=a,9=%.

Ja Nat —x* dx = J‘i\/az —a’sin* 0 xacosOdO
a -

T

:J.EﬂacosexacosOdH
=a2J7”c0529d9
2
a (2
=2 [, (1+cos20)do
2
_a’ sin26 2
—7|:O+ > :|_ﬂ
2
_a £+0—(—£)+0
2\2 2
_na’
2

a 2
Hence 87mJ. Va* = x? dx = 8ma x ”Ta =4r%a’.
—a

The solution of differential equations is all about integrating the given function and substituting the initial
conditions to find a particular solution. You now have new integration skills, so this extends the types of differential
equations that you can solve.

Example 40

Find the particular solution of Z—g; = x” cos x, given that y = 0 when x = 0.
Solution

dy

2 2
——=Xx"Cosx: yzj.x cosx dx

dx
Use integration by parts: y = x”sinx — ij sinx dx

Use integration by parts: y = x” sinx + 2x cos x — J.Z cos x dx

= x"sinx +2xcosx —2sinx +C
x=0:0=C
Hence the particular solution is y = x” sinx + 2xcos X - 2 sinx.

160 New Senior Mathematics Extension 2 for Year 12



EXERCISE 5.7 USES OF INTEGRATION

1
1 Without evaluating the integral, explain why J tan~" x dx is equal to zero.
-1

2 Calculate the area of the region bounded by the curve y = , the x-axis and the lines x =1 and x = 2.

. S
x(3—x)
x> —6x+8
x*—3x
2
4 Calculate the area of the region enclosed by the curve y = i n x2 and the x-axis.
X

3 Find the area of the region bounded by the curve y = , the x-axis and the ordinates x =4 and x = 5.

5 Find the volume of the solid generated when the part of the curve y = ;2 between x=-1and x=11is
rotated about the x-axis. Vd—x
6 Find the volume of the solid generated when the curve with equation y = between x =2 and x=3 is

rotated about the x-axis. x -1
7 The diagram shows the graph of y =Inx.
t
(@) Find j Inx dx.
1

(b) By comparing relevant areas in the diagram, or otherwise, show that Int > 2(%), fort>1.
y
y=Inx
0 1 t x

8 (a) Differentiate sin”' x —v/1—x>.

1
0 1
(b) Hence find j (i"'—z)Z dx=sin"'0+1-+1-6* for0< O< 1.
o \1=

9 Find the volume of the solid of revolution formed by rotating the region between the curve y = sin x and the
x-axis for 0 < x < wabout the x-axis.

10 The diagram shows the graph of xy” = (x - 2)*(4 - x). Find the volume of the solid formed by rotating the loop
in the graph of xy2 = (x - 2)*(4 - x) about the x-axis.
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11

12

13

14

15

16

17
18

19

20

21

22

(@) The region bounded by the curves y = sin x, y = cos x and the y-axis is 4
rotated about the x-axis. Calculate the volume of the solid of revolution y=cosx
formed. —
(b) The region in part (a) is rotated about the y-axis. Write the integral that y=sinx
would give the volume of the solid of revolution formed. Use technology 0.5 +
to find the value of this integral.
0 05 1 x

When the circle x* + y° = a” is rotated about the line x = b (b > a) to generate a torus, the volume of the solid of

revolution formed is given by V = 47rJ. (b—x)Na® — x* dx. Calculate this volume.

Find the volume of the solid of revolution generated when the region bounded y =sin x, 0 < x < %, the x-axis
and the line x = % is rotated about:
(a) the x-axis
(b) the y-axis, using technology to evaluate your integral.
T
(c) The volume of the solid in part (b) is also given by V = 271'J. ? x sinx dx. Find the exact value of this
volume and compare it to your answer in part (b). 0
d
Find the particular solution of % sinx +2xcosx — 2sinx, given that y = 6 when x=0.

dx

Find the particular solution of % =e¢ "sinx, given that y = —% when x=0.

%:— zzil,giventhaty=2whenx:0.
X

d_ e i i -1

= 2 (cosx + sin x), given that y(O)—z.

When the region bounded by y = e ™ and the lines x =1, y = 1 is rotated about the line x = 1, the volume of the

Find the particular solution of

Find the particular solution of

1
solid generated is given by V = 271'"‘ (1 —e " )( 1—x)dx. Calculate the exact value of this integral.
0

2 2
(@) The ellipse x_z + )/_2 =1 is rotated about the x-axis. Show that the volume of the solid generated is %471’&1193
a

cubic units.
2 2
(b) When the ellipse *5 + ij—z =1 is rotated about the line x = a, the volume of the solid of revolution is given

by V= 2ﬂja 2y(a—x)dx. Calculate the volume of this solid of revolution.

Find the particular solution of % =2-log, (x2 + 1), given that y = 1 when x=0.

dy 2x :
- =——=%_ given that y(0) = 2.
dx (x2 + 1)2

2 n
(@ LetI, = j (loge x)n dx where n is a positive integer. Show that I, = 2(loge 2) —nl,_,.
1

Find the particular solution of

(b) Let f(x)= (loge x)n where integer n > 2. By considering the first and second derivatives, show that f (x)

is increasing and concave up over the domain 1 < x < 2. Sketch the curve y = (log, x )" (where n > 2) over
the domain 1 <x < 2.

(c) By considering the area of a triangle that acts as an upper bound, show that: nI, , > %(loge 2)".
(d) Hence show that % <log,2<2.
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23 Itis given that Xt - 8P+ 14 = (2 + dx + 43)(x* - 4x + 4).
(@) Find aand b so that — 642 = 22x+a - 22x—b .
x —8x"+16 x"+4x+4 x"—4x+4
(b) Hence, or otherwise, show that for any real number 0 < m <2,
" 64 m+2 8m
S gemnig 2] m
Jo x* —8x> +16 Elm—2)" 24
24 Ttis given that -3 +9=(x*+3x+3)(x* - 3x + 3).

(@) Find aand b so that — 36 __2x+a __ 2x-b

x'=3x*+9 x*+3x+3 x*-3x+3
(b) Hence, or otherwise, show that for any real number p,

P 36 P +3p+3 (2p+3) _1(21)—3)
5 ——dx=log,| ‘5——— |+2 +t L1
-[0 x*=3x7+9 * Oge[p -3p+ 3] I( NE) o V3
. I P 36
Find the 1 1 oo — 5 ——dx.
(c) Find the limiting value as p — oo as _[O a9

25 The shaded region in the diagram is bounded by y =xlog, x, y=0and x =e. Y
When this region is rotated about the y-axis, the volume of the solid formed is

givenby V =27 J x ydx where y = x log, x. Calculate the exact volume of this
solid.

1 e

26 The base of a solid is formed by the area bounded by y = sin x and y = —sin x for 0 < x < E and the line x =

N|:]

=

Vertical cross-sections of the solid taken parallel to the y-axis are isosceles triangles with equal sides of lengt

1 unit, as shown. The volume of this solid is given by V = J y\l1— y* dx where y = sin x. Calculate the exact
volume of this solid.

y
y=sinx
1
O % X M X
y=-sinx
CHAPTER REVIEW 5
1 Evaluate: 5 d b [ 2X=7
valuate: (a) J% X cosxdx (b) J . 3 —3x+2
2 Find: (a) Iloge 2xdx (b) j x2+21 dx
X% —
P dx
3 Evaluate: L 2
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Vi 6
4 Evaluate: (a) .[ tan™ xdx (b)
1

-2 9—x

dx

2
5 Find the derivative of log, (cosecx + cotx) and deduce the value of:

(@) J‘ cosec = (b) Jf secudu

6 (a) Find the derivative of: &+1 og ,[m
1—sin’ x ¢ sinx

Y4

(b) Hence evaluate: J.: sec’ 0d6

6

7 () Write (x— 1)(7 — x) in the form b* — (x — a)’, where a and b are real numbers.
(b) Using the values of a and b from part (a) and making the substitution x — a = bsin 6, or otherwise,

evaluate: J.7\/(x —1)(7—x)dx

8 Find real numbers a, b and ¢ such that: %=g+%+ ¢
x(x+1) X x> x+1
9 Reduce each rational function to its partial fractions.
x" —10x+1 x"+10x+1 X —4x"+2x+ x~ —=53x+
(@) > —10x+13 (b)206()34226() 6x” —53x + 42
(x—1)(x*=5x+6) (x—1D(x*=4) (x=3)(x-2) (2x —3)(2x* =5x—3)
10 Express each rational function as partial fractions.
—6x+14 2x> +x+6
@ ey ®
11 (@) Showthat: — 2O*¥*6) _ 2x+4 . 2x
(x"+2x+2)3-x") x"+2x+2 3—-x

(b) Show that: —2X*+4 _ 2x+2 2
XxT+2x+2 x"+2x+2 (x+1)+1

11x—28 _  a b

12 Given that = + +
O a3 (-2 (x4 x+3 a2

where a, b and c are real numbers, find a, b and c.

13 Evaluate:

2x% +2x+5 7
(@ _[ (1 3)(2x— 1)dx (b) J‘% xcosx dx

4
14 Differentiate log, x —log, (a +va’ - x* ) where a > 0 and deduce the value of: I di\/xi
25—x

4 % sinx
15 Evaluate: (a) L (x + 1)/x dx (b) IO cosx e dx (c) I —16
1 3
(d) J. (2x —1)sinx dx (e) J x*V9—x* dx
-1 0
X x*
16 Find: b d d
ind: () 1- 4 (®) -[1—4x2 * © -[1—4x2 *
dx dx
(d) | ——dx € |— 0 |——=
-[\/1—4x2 j\/1—4x2 1+4x°
17 Find:
dx dx do cos®
(@) _[sinx+tanx (b) JS+4C052X () .[4c059—3sin9 (d) .[5 3cos€d9
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18

19

20

21

22

23

24

25

26

27

Use the substitution ¢ = tan to find the exact value of J’?;
2 o 4+5cosx
Find: leoge 2xdx
Find:
x +1 dx x+1
a b) | ——— c) |=—d
()J.x+3x ()Ix2+2x+1 ()»[ x
@ [ o [ @ [xsin™ xdx
Find:
dx dx dx
a) | 54——— b) | ————— c) | ————
@) jx2—4x—1 (b) J.3x2+6x+10 (© J“/xz_4x+1
(@) Sketch the graph of the curve with equation y = ﬁ for 0 <x<3.

YEAR 12

d x+1
@ IVx +2x—

(h) J.x tan~" x dx

dx
d __ax
@ IVx2+16

(b) Find the area bounded by the curve, the x-axis and the lines x=1 and x = 2.

Calculate the area of the region bounded by the curve y = xe *, the x-axis and the line x = 1.

COS X

Sketch the graph of y = ="~

for —m < x < m, stating the coordinates of its intersection with the x-axis and

of the turning point. Find the area of the region bounded by the curve and the x-axis.

. . NPT | : _
Find the particular solution of R +1 given that y(0) = 1.

Find the general solution of % =(2-y)(2+ y) given that y(0) = 1.

(@) Using the substitution u = a — x, or otherwise, prove that J f(x)dx = J fla—x)dx.
0 0

T

(b) Hence evaluate I %dx.
0 1+cos” x
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CHAPTER 6

Mechanics

6.1 VELOCITY AND ACCELERATION AS FUNCTIONS OF x

The expressions for displacement x(t), velocity v(t) = x(t) and acceleration a(t)=x(¢)=v(t) all clearly define
functions of time t. This makes sense because an ordinary particle cannot be in two different places at the same time:
for each value of t there corresponds only one value of x() that satisfies the function. Similarly, v(t) and a(t) define
functions because a particle cannot be moving in two different ways (that is, cannot have more than one velocity and
one acceleration) at any given time.

However, sometimes it is still useful to express acceleration in terms of the displacement x or in terms of the
velocity v, rather than in terms of time ¢. In this case you must be careful, because equations relating a, v and x
will not necessarily define functions.

Consider a particle that moves so that its displacement at time ¢ > 0 is given by x(¢) = sint. This means that the
particle is moving back and forth between the limits x = £1. (This is an example of simple harmonic motion, an
important kind of motion that is explored in more detail later in this chapter.)

The particle is at x = % whenever sint = %, i.e. when t= %, - %, 21+ %, ... so that x(t) defines a many-to-one

function of time. Similarly, v(t) = x(t) = cos t defines a many-to-one function of time.

Note that v* = cos’t = 1 — sin’t = 1 — x°. Hence the equation V=1-x expresses v

A P B
in terms of x. However, this equation is not a function of x, because (for example) + —t—t—
-1 o 1 1
T 2

atx= % you may have v= ig . The point (l,ﬁ) corresponds to ¢t =7, while

6
(%,— @ 5?” There is an infinite number of values of ¢ for each value of x. As the particle moves

to and fro between A and B, its velocity has two possible values at any point P in between, depending on whether the
particle is moving towards A or towards B at the time. At the extremes A and B, the velocity is zero, so at these points
you can say the particle is instantaneously at rest.

) corresponds to ¢ =

dv
dx

meaning if v = v(x) defines a function. Hence if you want to differentiate the equation v* = 1 — x’ you must restrict v

Remember that differential calculus needs to be applied to functions. In this context, —— can only have a useful

to be either positive or negative. This means that in the equation v’ = 1 — x* you consider v to apply only to velocities
as the particle moves from A to B, i.e. v> 0, or only from Bto A, i.e. v<0.

If v(x) specifies a velocity function of x according to one of these restrictions, then you can use the chain rule

of differentiation to calculate acceleration:

dv_dv_ dx
dt  dx " dt
L,
e VT
_4(1,2), v
T dv ( 2Y )X dx
_4d(1,
A{s) |
. . dv d°x dv d(1.»
Hence acceleration may be expressed in any of the forms @ g7 Vdx " E(Ev ) .
The form to use in a particular problem will depend on the form of the equation that defines acceleration:
. _ dv  d’x . _ d (1.
o Given a=f(t), use T or ? » Given a =g(x), use dX(Z y )
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dv e ..
T if initial conditions are values for t and v
o Given a=h(v), use
dv e s .
VI if initial conditions are values for x and v

It is customary to write derivatives with respect to time using dots above the dependent variable,

dx . dx . dv
e.g. x_dt’x_dtz’v_dt'

Example 1
A particle moves in a straight line so that at time ¢ its displacement from a fixed origin is x and its velocity is v.
If the acceleration is 3 — 2x, find v in terms of x given that v=2 when x = 1.

Solution
X =3-2x gives the acceleration as a function of x and the initial conditions are v and x, so to find vas a

function of x:

o d 1 2 . d 1.2 _
Use x—a(iv ) E(EV )—3—2x
Integrate with respect to x: %vz = j(3— 2x)dx
Ly2_3x_x2+cC
2
Atx=1,v=2: 2=3-1+C
Cc=0
1 2_a. 2
21/ 3x—x

v =6x—2x"
v=246x—2x>

The conditions include x = 1, v = 2, which means that v is positive when x = 1.
To satisfy the initial conditions you must take the positive square root.

v=\/6x—2x2

It is worth noting the domain of the velocity function. For v to exist, 6x — 2x° > 0, s0 0 < x < 3: this means that
the motion exists only for 0 < x < 3.

Example 2

A particle moves in a straight line so that at time ¢ its displacement from a fixed origin is x and its velocity is v.
If ¥=3x*and v=—+/2, x =1 when t=0, find x as a function of t.

Solution

. 2 . . . .
X =3x" gives acceleration as a function of x, so to find v as a function of x:

Use X = %(%vz) : %(%vz): 3y’

Chapter 6 Mechanics 167



YEAR 12

Integrate with respect to x: %vz = J3x2 dx
%vz—x3+C1
Atx=1,v=-+/2: 1=1+C,
C =
1.2_ .3
SVi=x
Vv =2x
v==442x"

The conditions include x = 1, v =—/2, which means that v is negative when x = 1.
To satisfy the initial conditions you must take the negative square root.

y=—/2x2
_dx dx _ 3
Now V=" E——\/Ex
Reciprocal of both sides: ﬁz—ix%
‘ dx =
3
Integrate with respect to : t=—L [x2dx
g P \/EJ
t——%x(—% x 2+4C,
1
t=2x"2+C,
Atx=1,t=0: 0=2+C,

1
Find x in terms of t: V2x 2=t+2

1 442
TR
12
ST ;3
o2
(t+«/§)2

Example 3
The velocity of a particle is v=3x+7ms .
(@) Find an expression for the acceleration.

(b) If the initial displacement is 1 m to the right of the origin, find the displacement as a function of time.
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Solution
dx
(@ v=3x+7 (b) W=3x+7
dv_3
dx Reciprocal of both sides: L J
dx  3x+7
U ) ¥ =(3x+7)X3 Integrate with ttox: t= o
seX=vo X=(3x , ntegrate with respect to x: =) 3247
=3(3x+7)ms t:%loge(3x+7)+C
Att=0,x=1: Cz—%logelo
t:%loge(3x+7)—%log610
_1 3x+7
“J%{loj
3x+7
3t—loge( 10 j
3x+7 _ 3t
S
3x+7=10e"
x:%(10e3t—7)
Example 4

A particle moves in a straight line so that at time ¢ its displacement from a fixed origin is x and its velocity is v.

IfX=—e 2and v=2, x=0when t=0, find x as a function of t.

Solution
L d(1.2). d(1 2\_ %
Use x—a(zv ) E(EV )——e
Integrate with respect to x: %vz—— e 2dx
_X
%VZZZG 24 G,
Atx=0,v=2: 2=2+C1
C =
1.2_5,72
21/ 2e
vi=4e 2
_X
y==22e 4

_X
The conditions include x = 0, v = 2, which means that v is positive when x = 0; also e 4 >0 for all x.
To satisfy the initial conditions you must take the positive square root.

v=2e *
_dx dx _ =
Now v= PE T 2e
Reciprocal of both sides: dr_ 1,3
’ dx 2
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X
Integrate with respect to ¢: = %J.e‘* dx
1 X
t=§X4€4 +C2
X
t=2e*+C,
Att=0,x=0: 0=2+C,
C,=-2
X
t=2e* -2
X
Find x in terms of t: et = #

EXERCISE 6.1 VELOCITY AND ACCELERATION AS FUNCTIONS OF x

1 A particle moves in a straight line so that at time ¢ its displacement from a fixed origin is x and its velocity is v.
If its acceleration is given by X=4+x and v=1 when x =0, find v when x = 1.

2
2 The acceleration of a particle moving in a straight line is given by 6;7’; =7—2x and the particle starts from rest

at the point where x = 0. Find the speed in terms of x. What values can x take?

3 Attime ¢, the displacement of a particle moving in a straight line is x. If the acceleration is given by
d’x
dr?
if any, does the particle come to rest?

=3—4x and the particle starts from rest at x = 1, find its velocity at any position. At what other point,

4 The acceleration of a particle moving in a straight line is given by ¥ = kx where k = 1. If =10 ms ' when
x = 6m, the velocity of the particle when it is 15m from the origin is:

A —-17ms’’ B J79ms" C 17ms’ D 23ms’’

5 A particle leaves O with velocity 2ms . Its acceleration is —%%/; ms ~ when its displacement from O is
x metres. Find its displacement when it first comes to rest.

6 A particle moves in a straight line and its acceleration at any time ¢ is cosx. If v=0 and x = 0 when ¢ =0,
express v in terms of x.

dx

at given

2
7 A particle moves in a straight line and its acceleration at any time is given by ZT’ZC =sin” x. Find

dx _ _
that dt =1 when x=0.

8 If 5&=%(%v2)=2x—3x2 and v=2 when x =0, find v in terms of x.

9 A particle moves in a straight line. At time ¢ its displacement from a fixed origin is x. If X =x—3 and x =-2
when x =1, find x when x =0.
10 The velocity of a particle is given by v =4+ x’ms .
(a) Find the acceleration as a function of x.

(b) Ifinitially x = —2m, what is the displacement after % seconds?
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o1
x+4

7 and x =0 when t =0, find t when x = 2.

If % =x+4 and x =-3 when ¢ =0, express x in terms of ¢.

The velocity of a particle at any time ¢ is 2(4 — x)*. Find its position x() at any time ¢ given x(0) =
2
If Z==(3-x)andx=2whent=0,find: (a) xasa function of ¢ (b) ZT); as a function of x.

A partlcle moves in a straight line. At time t its displacement from a fixed origin is x. If x =x+3:

(@) express X in terms of x (b) find x when t =1, given that x=—2 when t=0.

The acceleration of a body moving under gravitational attraction towards a planet varies inversely as the
2
square of its distance from the centre of the planet. This can be written as dx_ —Lz where x is the distance

dt* X

from the centre of the planet and k is a constant. If the body starts from rest at a distance a from the centre of
the planet, show that its speed at x (before it hits the planet) is given by Zx W .

A particle is moving in a straight line with its acceleration as a function of x given by ¥ =—e>*. It is initially at
the origin and travelling with a velocity of 1 metre per second.

(@) Show that x=¢"". (b) Hence show that x =log (¢ +1).
A particle is moving so that ¥ =32x> +48x” +16x. Initially x = —2 and the velocity v is —8.

(@) Show that v* = 16x*(1 + x)* (b) Hence, or otherwise, show that —4¢ =

1
.[ x(1+x) dx
(c) It can be shown that for some constant C, log, (1+ %) =4t +C. Using this equation and the initial

conditions, find x as a function of t.

d*x

The acceleration of a particle P is given by the equation e =32x(x*+9), where x metres is the displacement

of P from a fixed point O after ¢ seconds. Initially the particle is at O and has a velocity 36ms " in the
positive direction.

(@) Show that the speed at any position x is given by 4(x*+9) ms .
(b) Hence find the time taken for the particle to travel 3 metres from O.

A body falls from rest so that its velocity v metres per second after ¢ seconds is v = 80(1 — e **).

(@) Show that the acceleration is proportional to (80 — v).
(b) Calculate the distance fallen in the first five seconds.
(c) Calculate the distance fallen when v = 60.

A particle is brought to top speed by an acceleration that varies linearly with the distance travelled, i.e.
% = kx +C where k and C are constants. It starts from rest with an acceleration of 3ms > and reaches top speed
in a distance of 160 metres. Find:

(@) the top speed (b) the speed when the particle has moved 80 metres.
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6.2 SIMPLE HARMONIC MOTION (SHM)

Consider the motion of a particle moving along a straight line back and forth, so that its displacement from a fixed
point at time ¢ is given by a sine or cosine function.

Example 5
A particle moves in a straight line so that its displacement x m from a fixed point O at time ¢ seconds is defined
by x = 4sin2t. After considering properties of the graph of x = 4 sin 2t to analyse the motion of the particle, find

expressions for:

(@) the velocity (b) the acceleration. (c) Discuss the motion of the particle.
Solution
Look at the properties of the sine curve to help X Displacement
determine the nature of the movement of the particle. B
e Whent=0,x=0 x=4sin2t
e Whent=2 x=4 /
. | |
e« Whent=2Z,x=0 © z & 3z w7
2 4 2 4
=3
e When t= 40 5= 4 als
o Whent=m,x=0

Remember that the particle is moving in a straight line along the x-axis. It starts at x = 0 and takes % seconds

(approximately 0.8 s) to move to A, another % seconds to return to O, another % seconds to move to B and

then another % seconds to return to O again. This pattern of movement repeats every 7 seconds. You say that

the particle oscillates from A to B about the point O, the centre of the motion, with a period of 7. The distance
between O and the extreme positions A and B (in this case 4m) is called the amplitude.

(@) v=%=8c052t [1] Y Velocity
o Whent=0,v=8atx=0 ] v =8cos2t

« When t:%,v:Oatx:AL

l
T T
oWhent:%,VZ—SatxZO o z z 37 T !
1 2 1
o« When tZ%,V:Oatx=—4 el

e« Whent=mv=8atx=0

In the original displacement diagram above, the particle is at rest at A and B because v =0

whentzlatx:4andwhent=3—”atx:—4.

4 4
The velocity diagram above right shows that v=0 when t = % and when ¢ = 3%

When t=0,x=0and v=8. Whent= %, x =0 and v=-8. This means that at O, v = 8 when the particle

is travelling in the positive direction (towards A) but v = —8 when the particle is travelling in the negative
direction (towards B).
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V2 = 64 cos’ 2t

v =64 (1 —sin’2t)

2
2_ X
v —64(1 _16j

Squaring [1]:

v =4(16 — x°) [2]
Equation [2] gives the velocity in terms of x.
. dv .
(b) x—E——16sm2t [3]
X=—4x (4]

Equation [3] gives the acceleration in terms of t. Equation [4] gives the acceleration in terms of x.
X =—4x tells us that when x =0, X =0; when x =4 (at A), X =—16; and when x = —4 (at B), X =16.
X and x always have the opposite sign. v

dar

e Whent=0,x=0atx=0 6L

e When t=%,5€=—16atx=4 %=—165V\
e When t:%,jc'=0atx:0 I I |

3 0 z 7 3z @ 7
e When t=%,5&z16atx=—4 4 2 T

e Whent=m x=0atx=0 _16 -

(c) In this type of motion, the particle moves in a straight line so that its acceleration is always directed towards
a fixed point in the line and the magnitude of this acceleration is proportional to its distance from the fixed

point.

Taking O as the fixed point, the above description tells you that when the s 0 a

particle is at A (x> 0) its acceleration is towards O (X <0), while when o4 LIS L

the particle is at B (x < 0) its acceleration is again towards O (X >0). %=0 %]=8 =0
=16 =0 x=-16

Note that the equation of motion x = 4 sin 2¢ in this example could also be written as x = 4cos(2t - %)

In a situation such as Example 5, X and x are always opposite in sign and the magnitude of the acceleration is always
proportional to the distance from O. This means you can take the differential equation X =—4x from this example
and write it as a general equation X =—kx, where k can be any positive constant, to define all motion of this type.
This type of motion is called simple harmonic motion (SHM) and it can be applied to many real-life physical
situations. Because k is a positive constant, it is usually replaced by n” so that X =—n’x s the basic equation of SHM.
In general, for simple harmonic motion you have:

o displacement x: x=acos(nt+a),ot>0,n>0 OR x=asin(nt+ o), x>0,n>0

o velocity, x: x =—ansin(nt + o) X =ancos(nt + o)

o acceleration X: % =—an® cos(nt + @)
or ¥ =-n’x

o Squaring the velocity: v =—ansin(nt + @)

vi =a*n’sin’(nt+ )
=n? (az —a* cos*(nt + a))

:nz(az_xz)

% =—an’sin(nt + o)
i=-n’x
v=—ancos(nt+a)
v? =a*n® cos®* (nt + @)
=n’ (a2 —a’sin’(nt + Oc))

=n2(a2—x2)
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So, regardless of your starting point you have the very useful result: v* = n*(a” - x%).
As you work through this chapter, you will discover which form (sine or cosine) is best to use in a particular situation.
Of course, if you start with the differential equation X = —n’x and use either form, the forms will only differ by a
constant, which will be given by the initial conditions.
Important results

1 When x=0 (e.g. at A and B in Example 5) the magnitude of the acceleration is greatest.

2 When x =0 (i.e. at O, the centre of the motion), the speed is greatest (i.e. the velocity has its greatest or least value).

The general equation x=acos(nt+ o), a>0,n>0

If when t =0, x = g, the particle is initially at A (the extreme point) and a = acos ¢, then cosa=1 and a=0.
The equation of motion can then be written x = acosnt.

X =acosnt (1] x
v=x=—nasinnt [2]
Vv = n’a’sin’ nt A a-

2 2 ) X =acosnt
=n"a (1 - cos nt)

vV =n*(a’ - xz) [3] .
a4
dv =x=-n’acosnt
= E=-
¥=—n’x [4]

o The period T is the time for one complete oscillation: T = 2%

1_n
T 2r
 The amplitude a is the distance from the centre of motion O to either of the extreme points A or B.

« The frequency f is the number of oscillations per unit time: f =

Simple harmonic motion problems are usually solved using either x = a cos (nt + &) or ¥ =—n"x, or occasionally
2 2, 2 2 . . . . . .
v =n"(a” — x°). The starting point will depend on the information given.

Simple harmonic motion (SHM)—summary

x=acos(nt+ o dv . ‘=¥ @ - x") —a<x<
( . ) = — _n’acosnt v=n(a—-x) —a<x<a

=acosnt ifx(0)=a t T r 1

v=x=—nasinnt ¥=-n’x “n f

Note:

o x=asin(nt+ o) can also describe the displacement function, but it is more conventional to use
x=acos(nt+ o).

o In problems involving a pendulum, the motion usually starts at the maximum displacement,
so =0 and the equation of motion becomes x = a cos nt.

The following diagrams illustrate the velocity and acceleration of a particle undergoing SHM, including the extreme values.

v=-na v=-nVa® - x*
v=0 - - v=0
l l l |
f T T 1
-a 0 x a
v=na v=nVa® - x*
—_— —_—
X=n’a X=-n* X=-n*x X=-na

|
Q
=k alll
®
Q
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Note that to the left of O, x is negative, so —n’x (the acceleration) is positive.

The equation X =—n’x describes the motion of a particle under the influence of a force that is directed towards the
origin O and is proportional to the distance of the particle from O. The force (and hence the acceleration) is zero
at O, where the speed is greatest. The magnitude of the force (and hence the acceleration) is greatest at the extreme
points, where the speed is zero.

This type of motion occurs in real physical situations (either approximately or exactly) where a particle oscillates
about an equilibrium position. For example:

o the to-and-fro motion of a pendulum bob
o the up-and-down motion of a mass attached to a spring
« the bobbing motion of a buoy floating on water.

MAKING CONNECTIONS O

Simple harmonic motion
Use technology to explore the representation of a point moving along a straight line as a trigonometric function.

Example 6
The displacement x m of a particle moving in a straight line is given by x = 4 cos 6. Discuss the motion of the particle.
Solution
x =4cos6t is of the form x = acos (nt + @), so the motion is simple harmonic about the origin.
i _ _ =2l _2m_m
Amplitude a =4 n==6 Period = =6 -3
When t=0: x=4cos0=4
.. The particle starts 4 m to the right of O.
Velocity: X =—24sin6t Acceleration: X =-144cos6t
X=-36x
Whent=0: x=-24sin0=0 When t=0: x=-144
.. The particle is initially at rest. . The initial acceleration is 144ms " towards O.

The motion is simple harmonic with amplitude 4 m, period % seconds, initially at rest 4m to the right of O
with an acceleration of 144ms "~ towards O.

Example 7 ,

The motion of a particle moving along a straight line is given by the equation % =—-16x.

If x=0and v=4 when t =0, find its displacement at any time ¢ and state the period and amplitude.

Solution
2

d°x .. .
Because ? =—16x =—n’x where n = 4, the motion is simple harmonic.

. x=acos(nt+ o)
Forn=4: x=acos(4t+ o) (1]
v=x=—4asin (4t + ) [2]
Whent=0,x=0in[1]: 0=acos
T

0527
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When t=0,v=41in [2]: 4=—4asin%
a=-1

- T
= cos(4t+ 2)

You can use the identity —cos 6= cos (7 — 0) to remove the negative sign and write the answer in a more
familiar form:

—CoS (4t+£)= cos (72:—4t—£)

2 2
=cos (%—41‘)
=cos (4t—%)
X =cos (4t—%) Period = 2%: %r:% Amplitude=a=1

2
This would make it easier to sketch the function.

It is worth noticing that cos (E — 4t) =sin4t, so the equation of motion could be written as x = sin 4t.

Example 8

A particle moves in a straight line so that its acceleration at any time is given by X =—4x. Find its period,
amplitude and displacement at time ¢ given that at t = 0, x = 3 and v=—6+/3.

Solution
% =—4x =—n’x where n = 2, so the motion is simple harmonic.

x=acos(nt+ o)

For n=2: x=acos(2t+ o)
When t=0, x = 3: 3=acosx [1]
Velocity: x=-2asin(2t+ )

WhentzO,v=—6\/§: —6\/_:—2asinoc

3J3=asin (2]
2111k GERE =Y

tal’lOC=\/§

As a>0:sina> 0 (from [2]) and cos &> 0 (from [1]), so ¢ is in the first quadrant and is an acute angle.

Hence: o= %

From [1]: 3=acos %
a=6
x:6cos(2t+%)
Hence the period = 2772: =7, amplitude = 6 and displacement is given by x =6 cos (2t+ %)
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This diagram shows the motion of the particle at t = 0. v=—63
It starts at A and moves towards the centre of the motion. ¢ | T4 B

. . 1 1 1 T T
C and B are the extreme points of the motion. P E . : -
This diagram shows the displacement x for any time ¢ in the .

domain0<t< . 6 1 z
x—6cos<2t+/\
3
3
\ l l l
T T T t
o = z 7 57 %
3T 12 3 12 6
-6

Example 9
The speed v ms ' of a particle moving in a straight line is given by v* = 6 + 4x — 2x”, where the magnitude of

its displacement from a fixed point O is x m. Show that the motion is simple harmonic and find:
(@) the centre of the motion (b) the period (c) the amplitude.
Solution
v* = f(x), so it seems likely that using X = %(%vz) might help.
V =6+ 4x—2x°
%vz =3+2x—x’
Differentiate with respect to x: di(lvz) =2-2x
x\2
Hence: Xx=-2(x—-1)
Withy=x-1: y==-2y (asy=x)

This is simple harmonic motion about y = 0.
(@) With y=x—1, SHM about y =0 is the same as SHM about x = 1.

(b) n*=2,s0n=+/2 and the period = % =2

(c) The extreme positions of the particle are found where v=0.

6+4x—2x"=0
2(x*—2x-3)=0 c
x+1)(x-3)=0 i i + i + i +
( )(x—3) 7
-3 -2 -1 0 1 2 3
x=—-1lor3

The particle oscillates between x =—1 and x = 3 about the centre x = 1, so the amplitude is 2 m.
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Example 10

A particle moves in a straight line so that its position at any time ¢ is given by x = 3 cos 2t + 4 sin 2¢.

(a) Show that 3 cos2t +4sin2t=5cos (2t — o) where 0 < o < % and tanor = %

(b) Show that the motion is simple harmonic and find its greatest speed in metres per second.

Solution
(@) Expression = 3 cos 2t + 4 sin 2t
324+4% =5: =5(% cos 2t+% sin 2t)
cos o = %, sin a:%: =5(cos 2t cos o + sin 2f sin )
i 4
tanor = T 2, 5cos (2t — &) where 0 < o< & and tanor =4
cosox 3 2 3
(b) x=5cos(2t— )

Velocity: % =-10sin(2t— )

Acceleration: X =-20cos (2t—)
=—4x

% =—n"x with n = 2, so the motion is simple harmonic.

The greatest speed occurs when x =0, i.e. when cos (2t — &) = 0.

Hence: 2t—a= %
Thus: x=-10 sin%
=-10 The greatest speed is 10ms .

Example 11

A particle moving in a straight line with SHM has a speed of 15ms™ when passing through its mean position
(the centre of the motion). Find the amplitude of the motion and the acceleration in the extreme positions,
given that the period of the motion is 2 seconds.

Solution
2
x=0 |v|]=15 T=2=—- hencen=r.
The values of x, v and n are known. Use the result v* = n’(a” — x°) to find a.
225=r1(a’ - 0)
22
225
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Motion is SHM, so: ¥=—-n’x
Hence: ¥=—1x
.. 15 . 1
At the extreme position, x =a= ;: ¥=-m*x 75 =—-157

At the other extreme position, x = —%: i=—m*x (— %) =157

Thus the amplitude of the motion is %5 metres and the magnitude of the acceleration is 157 ms ™.

Example 12

A particle is moving in a straight line with SHM. The velocity of the particle is respectively +/5ms™ and 2ms ™"
at distances of 1 m and 2m from the centre of motion. Find:

(@) the length of the path (b) the period of the motion.

Solution
(@) Givenx=1, v=x/§;x:2, v=2.

Henceuse: v =n’(a"—x°)

Atx=1,v=A/5: 5=n’(a’—1) [1]
Atx=2,v=2 4=n’(a"—4) (2]
5 n*(a*-1)
1]+ [2]: —=——-—=
M-k =ty
5a°—20=4a"—4
=16

a=4 asa>0
The amplitude of the motion is 4m, so the length of the path (24) is 8 m.
(b) Substitute a=4into [1]: 5= 15n"

rz—L asn>0
NE)

Thus the period of the motion is T = 27” = 271'\/5 seconds.

Simple harmonic motion about the point x=c¢

In Example 5, you considered a particle moving in a straight line with displacement x m from a fixed point O at time
t seconds defined by the equation x = 4 sin 2t. The graph of the displacement is given in the following diagram.

X Displacement

444

X = 4sin 2t

-4 + B

Simple harmonic motion about the point x = ¢ will involve a vertical translation of the trigonometric graph.
This will be considered in the following example.
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Example 13
The equation of motion changes to x = 4sin 2t + 3. By considering the graph of this function, analyse the motion
of the particle, and find expressions for (a) velocity, (b) the acceleration. (¢) Discuss the motion of the particle.

Solution -
i t
The effect of the +3 on the equation x = 4sin 2 is to translate the graph X \splacemen
3 units upwards with no horizontal translation. g L
The graph shows the following points. 74
e Whent=0,x=3 6 - x=4sin 2t +3

. Whent=%,x=7.

« Whent=% x=3. S It o
2 2 4
. Whent:%,x:—l. 14
1 i 1
o Whent=m, x=3. 0 ) : M .
=l dbhcacad FECEEEE: 5-----
The particle is moving in a straight line along the x-axis. It starts at x=3 o E *

and takes % seconds to move to A, a distance of 4 m. It takes another %
seconds to return to x = 3 and then another % seconds to move to B,

a point 4 m below x = 3. It then takes % seconds to return to x = 3.

The pattern repeats every 7 seconds and the particle oscillates about x = 3, the centre of the motion, with a
period of . The amplitude of the motion is 4.

(@) x=4sin2t+3 Y Velocity
8 -
CE%ZSCOSZIL v =8cos 2t

This is the same as the velocity function in Example 5
(page 172), so shifting the centre of the motion makes
no change to the velocity of the motion as a function
of time.

The particle is instantaneously at rest at A and B =
3r

because v=0 when ¢t = % and t = e

When t=0, x = 3, v=8 so the particle is travelling towards A with its greatest velocity.

When ¢ = %, x =3, v=-8so the particle is travelling towards B with its least velocity.

Squaring the velocity function gives v> = 64 cos” 2t

v = 64(1— sin® Zt)

2
But sin 2t = X =3 V2:64(1_(x—3) J

4 4
v =4(16-(x-3))

This gives the velocity in terms of x and reflects the shift of 3 units in the centre of the motion.
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(b) x=v=8cos2t
. _dv .
X ==-=-16sin2t
dt
This is the same as the acceleration function in Example 5 (page 172), so shifting the centre of the motion
makes no change to the acceleration of the motion as a function of time.
x=3
4
X =—4(x-3)
This gives the acceleration in terms of x and reflects the shift of 3 units in the centre of the motion. It
shows that the acceleration is always directed towards the centre of motion.

X=3 w=_16x

But sin2t =

Thus when x = 3, ¥ = 0: the acceleration is zero when the particle passes through the centre of the motion.
When x =7, X = —16: the acceleration is least when the displacement is greatest.

When x =—1, X =16: the acceleration is greatest when the displacement is least.

(c) In this motion, the particle moves in a straight line so that its acceleration & , “
is always directed towards the fixed point in the line that is the centre of the ~ x=-1 x=3 x=7
motion. The magnitude of this acceleration is proportional to its distance =0 |;|:08 it

from the centre of the motion.
x =3 is the centre of the motion, when the particle is at A (x > 3) its acceleration is towards x = 3 (¥ < 0),

while when the particle is at B (x < 3) its acceleration is again towards x =3 (¥ > 0).

Thus the equations of motion for simple harmonic motion about the point x = ¢ may be written as:

Displacement: x=asin (nt+ o) +c x=acos (nt+ o) +c
Velocity: x =ancos(nt + o) X =—ansin(nt + o)
Acceleration: % =—an*sin(nt + ) % =—an* cos(nt + @)
or: ¥=-n*(x—c)

where x = c is the centre of the motion, a is the amplitude, 27 s the period and & the phase shift.
n n

Example 14
A particle is moving with SHM about the point x = 5cm. The particle starts from rest at the point x = 14cm
with a period of 47 seconds. Calculate:

(@) theamplitude (b) the acceleration when ¢ =4.

Solution
(a) The centre of motion is x = 5 so the (b) Period: 47 = 2771-
displacement is given by: x =acos (nt+ o) +5 ]
t=0,x=14:14=acosa+5 n=>
acoso =9
Velocity is given by: x = —an sin(nt + ) X =-9nsinnt
t=0,x=0:0=-ansin o 1 . 9 . t
=0 nZE:x:_ESIHE
acos0=9 k——2c0s£
a=9 4 2
The amplitude is 9. f— 4. Xz—%cosZ
~0.936 cm s~
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Example 15

Assume that the tides of the ocean rise and fall in SHM. The depth of water y metres in a harbour channel
Tt
6
at 7 a.m. when the channel is 8 metres deep. On the same day, high tide occurs at 1 p.m. when the channel is

12 metres deep.

is given by y =10—2 cos — where ¢ is the number of hours after low tide. On a particular day, low tide occurs

(@) Show that these values satisfy the equation y =10—2cos %t
(b) What is the depth of the channel at 10 a.m.?
(c) State the amplitude and period of the motion.

(d) Draw the graph of y=10—2cos %t for0<t<12.

(e) A ship needs at least 9 metres of water in the channel to be able to pass through safely. Use your graph to
find when the ship can safely pass through the channel.

() Find the answer to part (e) algebraically.

Solution
(@) At7am.,t=0: d
y=10—2cos(0)=10-2=8m 12 4
The depth at 7 a.m. is 8 metres.
Atlpm., t=6: 1o

y=10—2cos (7)=10—-2%(-1)=10+2=12m g
The depth at 1 p.m. is 12 metres.
(b) 10am., t=3:
y=10—2cos(%)=10—0: 10m
The depth at 10 a.m. is 10 metres.

(This is halfway between low tide and high tide.) —
2 4

Gt ccocococooscccconoocood oo

(¢) Amplitude =2m; period =12 hours
(e) Draw the line y =9 on the graph. When the curve is above the line it is safe to pass through the channel.

y It is safe to pass through the channel from 2 hours after
bl | | b low tide (i.e. after 9 a.m.) until 10 hours after low tide
E/E\E E (i.e. before 5 p.m.).
10 —_ 1 1 1 1
: i d i (f) To find the answer algebraically, solve 10—2 cos (%t) >9as
8 —/E' E E\E an equation and interpret the result:
6+ i i i i 2cos (%t) =1
4+ ! : L o)1
| | ! cos( %)=
2 -T- 1 1 1 1
: : 1 It _T ST
% —t—t—t—t—1— 6 3’3
2 4 6 8 10 12 t=2,10

EXERCISE 6.2 SIMPLE HARMONIC MOTION (SHM)

1 The displacement x m of a particle moving in a straight line is given by x = 6 cos 4t. Describe the motion
of the particle.

2 The equation of motion of a particle moving with simple harmonic motion is X =—9x. Find its period,
amplitude and greatest speed if: (@ x=0,x=2 whent=0 (b) x=2,x=2when t=0.
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2
A particle is moving in a straight line. If x metres is its displacement at time ¢ seconds and (Ccll_)zf) = 5(4 -x° ),

find the acceleration in terms of x only. Show that the motion is simple harmonic and find its period and
amplitude.

The velocity v metres per second of a particle moving in simple harmonic motion along the x-axis is given by
the equation v* = 100 — 4x°. The amplitude in metres of the motion of the particle is:

A 2 B 5 C 10 D 50

The displacement of a particle at time ¢ is given by x = 8sin4t + 15 cos 4t. What is the maximum velocity of the
particle?

A 2417 B 17 C 34 D 68

A particle undergoing simple harmonic motion in a straight line has an acceleration given by ¥ = 36 — 6x,
where x is the displacement after t seconds. Where is the centre of the motion?

A x=0 B x=6 C x=12 D x=18

The displacement of a particle at time ¢ is given by x = 5sin2¢ + 12 cos 2t. What is the maximum acceleration of
the particle?

A 52 B 26 C 13 D 4

A particle is moving along the x-axis in simple harmonic motion centred at the origin.

When x = 2, the velocity of the particle is 5.
When x = 5, the velocity of the particle is 4. Find:

(@) the amplitude of the motion (b) the period of the motion.

A particle moves in a straight line. At time ¢ seconds, its displacement x cm from a fixed point O in the line

T,
21773

simple harmonic. Find:

is given by x =5 cos ( ) Express the acceleration in terms of x only and hence show that the motion is

(@) theperiod (b) the amplitude (c) thespeed whenx=-2.5 (d) the acceleration when x =-2.5.

The speed of a point moving along the x-axis is ¥ ms " and the displacement of the point from the origin is
x m. Prove in each case below that the motion is simple harmonic, finding (i) the centre of motion and (ji) the
period and amplitude, when v is given by:

(@) v*=300+100x—25x"  (b) +v*=128—32x— 16x° () V'=6+4x—2x"
A particle is moving in SHM along the x-axis. Its velocity v at position x is given by v = 30 — 4x — 2x”. Find:

(@) all values of x for which the particle is at rest
(b) an expression for the acceleration of the particle in terms of x
(c) the maximum speed of the particle.

The displacement x metres at time ¢ seconds of a point moving in a straight line is given by x = a cos (nt + ¢).
Find the form that this expression takes if initially:

(@ x=0andx=-5 (b) x =0 and the velocity is negative.

The velocity of a particle moving in a straight line is 3v16—x> ms ™' where x m is the displacement of the

particle from a fixed point in the line. Is the motion simple harmonic? Find the acceleration when x = 4. What
is the maximum speed?

d’x

dr*

dx _

Solve the differential equation +16x =0 subject to the conditions x =3 and g =16 when ¢ = 0. Find the

maximum displacement and the maximum speed if x metres is the displacement of the particle moving in a
straight line at time ¢ seconds.

A particle moves with simple harmonic motion. If the particle starts from the equilibrium position (centre of
motion) with velocity 4ms ™' towards the origin and the period is % seconds, find:

(@) the displacement at time ¢ (b) the amplitude.
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17

18

19
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21

22

23

24

25

26

27

28

29

30

A particle moves with simple harmonic motion. When it is 2m from its equilibrium position, its velocity is
6ms”'; when it is 3m from equilibrium, its velocity is 4ms . Find the period of this motion and the amplitude.

If x = asinnt + bcos nt, find the velocity and acceleration of a particle whose displacement from a fixed
point O is x at time ¢. Show that X =—n"x and find the amplitude and maximum speed.

The position x m of a particle relative to a fixed point O at any time ¢ seconds is x = 5 — 2 cos’t. By finding the
acceleration in terms of x, show that the motion is simple harmonic. Find:

(a) the centre of motion (b) the period (c) the amplitude.

A particle executes simple harmonic motion of period 8 seconds and amplitude 10 m. Calculate the velocity and
acceleration when its displacement is 6 m from the centre of motion. Find also its maximum acceleration.

A particle moves in a straight line so that its position x metres from a fixed point O at time ¢ seconds is given
by x =10 + 8sin 2t + 6 cos 2t. Prove that the motion is simple harmonic. Find the period and amplitude.

A particle moves in a straight line. At time  seconds its

distance from a point O on the line is x metres. The t 0 7 9 11 18

following is an incomplete table of observations: X 0 0.5 0

Complete the table using two different assumptions, namely:

(@) that the particle moves with uniform acceleration
(b) that the particle performs simple harmonic motion with a period of 12 seconds.

A floating buoy oscillates up and down with the waves, rising and falling 2 metres about its mean position.
Find its greatest velocity and acceleration if the period of the motion is 3 seconds.

A particle moving with SHM starts from rest at x = 5 and after two seconds reaches x = 2.5. Find:

(@) an expression for the displacement at time ¢ >0 (b) the speedatx=0
(c) the amplitude, frequency and period  (d) the maximum speed (e) the maximum acceleration.

The amplitude of a particle moving with SHM is 5m and the acceleration when 2 m from the mean position is
4ms~. Find the speed of the particle when at the mean position and when 4m from the mean position.

A particle is moving with SHM of period 7 seconds and a maximum velocity of 8 metres per second. Find the
amplitude and the velocity at a distance of 3 metres from the central position.

A particle executes SHM of period ZTZ- seconds. If it starts from rest with displacement 10 metres, find:

(@) the frequency (b) the amplitude.

A point moving with SHM has a speed of 5ms™ when passing through its mean position O. Find the speed
and acceleration when it is 1.5m from O, given that the period is 7 seconds.

A particle is moving with SHM of amplitude 10 metres. Find how much time it takes to travel 6 metres from
its mean position if the period is 10 seconds.

A point moves with SHM in such a way that its speed is 8 and 6ms™' respectively at distances 3 and 4m from
the mean position. Calculate the period of the motion and the magnitude of the greatest acceleration.

Assume that the tides rise and fall in SHM. At low tide the channel in a harbour is 9m deep and at high tide it
is 12m deep. Low tide is at 9 a.m. and high tide is at 4 p.m.

(@) What is the depth of the channel at 12:30 p.m.? (b) What is the amplitude of the motion?

(c) What is the period of the motion?

(d) Show that the depth y m of the water in the channel is given by y =10.5—-1.5 cos%t where t is the number
of hours after low tide.

(e) A ship needs at least 10 m of water to pass through the channel safely. Between what times can the ship
safely navigate the channel?
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Assume that over several days of constant weather, the cycle of changing temperature each day is simple
harmonic between 13°C at 4 a.m. and 23°C at 4 p.m.

(@) What is the temperature at 10 a.m.?

(b) Show that the pattern of temperature can be represented by T' =18 —5 cos ZL \where T is the temperature

12
in °C and t is the time in hours after 4 a.m.

(c) At what time of day would the temperature be: (i) 18°C (i) 15°C (iii) 21°C?

A particle is moving in simple harmonic motion in a straight line. Its maximum speed is 3ms™" and its
maximum acceleration is 8 ms . Find the amplitude and period of the motion.

(@) A particle is travelling in a straight line. Its displacement from the origin is x metres at time f seconds.
If x =cos2t— \/g sin 2¢, express x in the form Rcos (2t + ), where R>0and 0 < < 27t.
(b) Find the maximum speed of the particle and the time at which it first occurs.

A particle moves in a straight line and its position at time ¢ is given by x = 4 + 3 sin3t — cos 3t.
(@ If \/5 sin 3t — cos 3t = Rsin(3t — ), where o is in radians, find the value of R and ¢x.

(b) Prove that the particle is undergoing simple harmonic motion.

(c) Find the amplitude and the centre of the motion.

(d) Find when the particle is first at its minimum displacement.

A particle with displacement x and velocity v is moving in simple harmonic motion with acceleration, X, given
by & = —12x. The particle is initially at rest at x = —4.

(@) What is the period of the motion? (b) Show that V' =12(16 —x°). (c) Find x as a function of time.

A particle moves along a straight line and its displacement, x centimetres, from a fixed point O at a given time
t seconds is given by x = 4 + cos’ .

(@) Show that its acceleration is given by ¥ =18 —4x.

(b) Explain why the motion is simple harmonic.

(c) Find the centre, amplitude and period of the motion.

A particle is moving in a straight line under simple harmonic motion. It has a displacement of x metres from a
point O, on the line, at time t seconds given by x =1+ 2cos(2t - %)

(@) Show that ¥ =—4(x—1).
(b) Find the centre of the motion and the time taken for the particle to first reach maximum speed.
(c) Find the amplitude of the motion and when the particle is first at rest.

The tide can be modelled using simple harmonic motion. At a particular location, the depth at high tide
is 5 metres and the depth at low tide is 1 metre. At this location, the tide completes two full periods every
25 hours. Let x represent the depth in metres and ¢ be the time in hours after the first low tide of the day.

(@) If this depth of this tide can be modelled by the function x = a cos nt + ¢, find the values of 4, n and c.
The first low tide today is at 2 a.m.

(b) At what time is the first high tide today?

(c) At what time this evening is the depth of water increasing at the fastest rate?

Chapter 6 Mechanics 185



YEAR 12

186

6.3 OTHER EXAMPLES OF MOTION

Displacement, velocity, acceleration—important connections

Given the displacement function, you can find the velocity and acceleration functions by differentiating with respect
to time.

Given the velocity function, you can find the displacement function by integrating with respect to time, and you can
find the acceleration function by differentiating with respect to time.

If the information is given as a graph, then you must remember that the definite integral can be seen as the area
under the graph, while the derivative can be seen as the gradient of the curve. If you have the graph of the velocity

dx against time, then the value of the definite integral gives the displacement and the slope of the curve gives the

dt

acceleration.

Example 16

The graph shows the velocity % of a particle as a function of time. Initially the particle is at the origin.

de (@) At what times is the velocity zero?

dt (3,2) (5,2) (b)

L At what time is the displacement x from the origin a maximum?

(c) What is the displacement when ¢ = 42 What does this tell you?
(d) When does the particle have zero acceleration?

0 a t  (e) Atwhat time is the acceleration the greatest?
(f) Use the trapezoidal rule to estimate the displacement when ¢ = 6.

2 -
(1,-2)

Solution
(a) % = 0: graph shows this at =2, 6.
Hence the velocity is zero (particle at rest) at 2 seconds and again at 6 seconds.

(b) Maximum and minimum displacement occur when dx _ 0.

dt
2
From the graph, the value of x = I %dt < 0 so the displacement at = 2 is a minimum.
0

6
The value of x = J. d—xdt > 0 so the displacement at ¢ = 6 is a maximum.

(c) From the symmetry of the graph, x= j ax g = 0, so the displacement is zero and the particle is again at
the origin at £ = 4.

(d) The particle has zero acceleration when the velocity is constant, i.e. when the graph is horizontal.
Acceleration is zero for 0<t<1,3 <t <5.

(e) The velocity graph is steepest at t =2 and t = 6. At t = 2, the slope > 0; at ¢ = 6, the slope < 0.
Greatest acceleration is at t = 2.

(f) Asthe partlcle is back at the origin when t = 4, the displacement when ¢ = 6 is given
b J‘ dx
yx=| S dt.
From the graph you have the points (4,2), (5,2), (6,0): x= I dx ~3(2+2x2+0) =3.

The particle is about 3 units on the positive side of the origin.
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EXERCISE 6.3 OTHER EXAMPLES OF MOTION

1 The displacement x of a particle at time ¢ is given by x = 6 cos 4t + 3. Find:

(@) the velocity and acceleration at any time t  (b) the position of the particle when =0
(c) the values that x can take (d) the time when the particle first reaches the position x = 0.

2 Consider the graph.

Which of the following functions does this graph
1> represent?
_ mt _ mt
14 A x—0.9+cos10 B x—0.9+cos5
054 C x:0.9+0.5cos71z—5 D x:0.9+0.5cos%t
0 5 10 15 !

3 The position x metres of a particle relative to a fixed point O at any time ¢ is x =4 — cos 2t.

(@) Sketch the graph of x as a function of ¢ in the domain 0 < ¢ < 27.
(b) Find the times when the particle is at rest.
(c) Express the acceleration in terms of: (i) ¢ (i) x

4 A particle moves in a straight line so that at time ¢ its displacement from a fixed origin is x and its velocity is v.
If its acceleration is 2sint, and v=1 and x = 1 when t =0, find x as a function of ¢.

5 A particle moves in a straight line. At time ¢ seconds, its displacement x cm from a fixed point O in the line is
given by x = Ssin%t, 0<t<4.
(@) Sketch the graph of its displacement at any time t.  (b) At what times is the particle at rest?
(c) Find the speed when t=2.5.  (d) Express the acceleration in terms of: (i) ¢ (i) x

6 A particle moves in a straight line so that at time ¢ its displacement from a fixed origin O is x, where
x=2+t—2cost.

(@) Write the velocity and acceleration at any time ¢.
(b) Find its initial displacement, velocity and acceleration.

7 A particle moves in a straight line so that its displacement x from a fixed origin at any time ¢ is given
by x(t) =2(1 - eh).
(a) Find x(0), x(0) and X(0). (b) Sketch the graph of x(t). (c) Find t when x(t) =1.

8 A particle moves in a straight line. At time ¢ its displacement from a fixed origin on the line is x, where
x=2-2sin2t,0<t<2m.
(@) Draw the graph of x as a function of .
(b) Show that the particle oscillates between x = 0 and x = 4.
(c) For what values of ¢ is the velocity zero?
(d) Express the acceleration in terms of: (i) ¢ (i) x

9 A particle moves along the x-axis. Initially it is at rest at the origin. The graph shows the acceleration a of the
particle as a function of time f for 0 <t <6.

a (@) Write the time at which the velocity of the particle is a
2 maximum.
\ (b) At what time during the interval 0 < t < 6 is the particle at rest?
: P (c) At what time during the interval 0 <t < 6 is the particle farthest
ol 1 3 4 5 6 from the origin? Give brief reasons for your answer.
2T @G 6-2)
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10 The graph shows the velocity % of a particle as a function of time. Initially the particle is at the origin.
rji_x (@) At what time is the displacement x from the origin a maximum?
t
2+—12 (b) At what time does the particle return to the origin? Justify your
‘\ answer.
2
| (c) Draw a sketch of the acceleration d—f as a function of time for
© 2 6! 0<t<e. dt
2T G2 (5-2)

11 The table shows the velocity (in metres per second) of a moving object, evaluated at one-second intervals.

t 0 1 2 3 4 5 6

% 0 4.6 5.7 8.0 9.9 12.7 18.2

Use the trapezoidal rule to estimate the distance travelled over the time interval 0 <t < 6.

12 An object is moving on the x-axis. The graph shows the velocity % of the object as a function of time ¢. The

coordinates of the points shown on the graph are A(2,1), B(4,4), C(5,0) and D(6, -4). The velocity is constant

fort>6.
% (@) Using the trapezoidal rule, estimate the distance travelled between
4l B t=0and t=4.
(b) How far is it from B to C?
1L oA (c) The object is initially at the origin. During which time(s) is the
o=t i ¢ —t— displacement of the object decreasing?
(d) Estimate the time at which the object returns to the origin. Justify
! your answetr.
—44 DI (e) Sketch the displacement x as a function of time.

13 The velocity-time graph at right shows the first 10 seconds of motion of an
object moving in a straight line. The graph also shows the areas between
the curve and the ¢-axis from t=0to t=5and from t=5to t = 8.

(@) Find the distance travelled by the object before it first comes to rest.

(b) Find the total distance travelled by the object before it comes 4=30
to rest for the second time.

(c) Ifthe 1.mt1al displacement is 20 metres, ﬁnd the displacement when < é\fhyé =
the object comes to rest for the second time.

14 Each graph below shows the velocity-time relationship for an object moving in a straight line. In which case
does the object change its direction only once?

A Vl\/ B v C v D v
0 t 0 t 0 t o%\/ t
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6.4 MATHEMATICAL REPRESENTATION OF MOTION IN

PHYSICAL TERMS

Mechanics is a topic that includes both kinematics and dynamics.

« Kinematics is the study of the motion of bodies without reference to the causes of their motion.

« Dynamics is the study of the effects of forces that cause bodies at rest to move, or that cause bodies in motion to
have their state of motion altered.

Forces produce accelerations, so you will be using the principles of kinematics in much of the dynamics material of
this chapter.

In this topic, all bodies are treated as particles, which means that all forces are regarded as acting through a single
point in the body (as if the body were just a single point). Hence the terms ‘particle; ‘object’ and ‘body’ will be
interchangeable.

Newton'’s first law of motion

Consider a book resting on the top of your desk. It will remain there in that state of rest unless some external force
or forces are applied to change that state. The book is unable to alter its state of rest by itself.

Similarly, consider a marble rolling along a smooth horizontal floor at a constant speed. By itself, this marble is
unable to increase or decrease its speed or to change its direction.

This property of bodies is summed up in Newton’s first law of motion:

A body remains at rest or in uniform motion in a straight line unless it is acted on by a non-zero resultant force.

A body can be acted on by several forces that balance each other, so that the resultant force is zero. (For example, a
book resting on a horizontal desk is acted on by two forces: the weight force of gravity that acts vertically downwards
and the reaction force of the desk that acts vertically upwards.) A zero resultant force is the equivalent of no force
acting, so the body remains stationary or in its original state of motion.

Newton’s second law of motion

Experience suggests that a given force will produce different accelerations in different bodies. For example, on

a smooth horizontal floor the same amount of rolling force applied to a marble and to a heavy steel ball would
produce a larger acceleration in the marble. The steel ball is more massive than the marble. Similarly, a piano is more
massive than a school desk, as is shown by the fact that it is easier to make the desk move than it is to get the piano
to move.

This property of bodies that determines their response to an applied force is called their inertial mass. Inertial mass
is a measure of a body’s resistance to acceleration. This mass is essentially related to the amount of matter that makes
up the body. It can be shown experimentally that the ratio of the accelerations produced in two bodies by the same
force is the inverse ratio of their masses,

a, m

ie. —L=—2 sothat ma, =mya,=a constant, proportional to the same force.

aZ ml
The standard unit of mass is the kilogram (kg). Mass is a scalar quantity.
The momentum p of a body is the product of its mass and velocity: p=mv
Because the standard unit of mass is the kilogram (kg) and the standard unit of velocity is the metre per second

(ms"), the standard unit of momentum is the kilogram metre per second (kgms™"). This is a vector quantity that
has the same direction as the velocity.

For example, if a body of mass 5kg is moving with a velocity of 10ms™, its momentum is 50 kgms™". According to
Newtonss first law of motion, this body is unable by itself to change its velocity, and hence is also unable to change its
momentum, unless it is acted on by a non-zero resultant force.

This leads to a statement of Newton’s second law of motion:

The rate of change of momentum is proportional to the applied force and occurs in the direction of the force.
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If a body of mass m is acted on by a non-zero resultant force F, then:
F o< rate of change of momentum

d
oc E(mv)

oc m% if m is constant

_dv
F < ma wherea = I

That is, F = kma where k is a constant.

By a suitable selection of units, you can make k= 1. If 1 unit of force is defined as the amount of force required to
produce an acceleration of 1ms™" in a body of mass 1kg, then: 1=kx1x1 .. k=1

Hence F=ma.

This standard unit of force is called a newton (N) where 1N = 1kg ms >

Alternative definition for Newton’s second law of motion

The acceleration of a body is proportional to the resultant force that acts on the body
and inversely proportional to the mass of the body.

Look at the formula F = kma from the previous definition.

If k and m are constant, then F o< g and a o F, which satisfies the alternative definition.

If F and k are constant, then since ma = constant then g o< i, which satisfies the alternative definition.

m
This definition says that “The acceleration of a body is proportional to the resultant force that acts on the body,
which can be written a o< F, or removing the proportionality that F = Ka, where K is a constant.

The m, which is a constant in a given situation, is introduced by taking K = km, as this makes later calculations easier.

Newton’s third law of motion

When two objects exert force on each other, the forces are equal in magnitude but opposite in direction.
In other words: For every action there is an equal but opposite reaction.

Dynamics of a particle

You will consider all bodies as particles, so that all external forces acting on a body are regarded as acting through a
single point in the body and producing only a translational effect (i.e. no rotation).

You have seen in section 6.1 that acceleration can take different forms apart from % For example, using the
chain rule:
dv_dv dx
dt — dx " dt
dx dt
=4 (1,2), v
-1 E
= d (1,2
Codx (2 Y ) R
Hence acceleration may be expressed in any of the forms: Avd x vd—v i(lvz)
yheexp Y Yar g2 dxe dx \2
The form to use in a particular problem will depend on the form of the equation that defines acceleration or force:
e g — dv  d’x e g — d (1.2
« Givena=f(t), use ar OF P o Givena=g(x), use I (2 v )
dv

n if initial conditions are values for t and v

e Givena=h(v), use
Vo oepe ey el
V Iy if initial conditions are values for x and v
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Derivatives with respect to time are often written using dots above the dependent variable,
o %= dx P dzx . _dv
EXT g T gV T ar
F

Note also that for constant m you have F = m Z ; and so you obtain: Z F = m

The derivative on the left-hand side is the acceleration, which forms the basis for the solution of a differential
equation. As m is constant, the problem is converted to a kinematics problem, for which previous methods can
be applied.

Some problems may be set in terms of acceleration and some in terms of force.

YEAR 12

Example 17

A particle of mass 4kg is acted on by a force whose direction is constant and whose magnitude at time ¢ seconds
is (12t — 3t*) newtons. If the particle has an initial velocity of 2ms " in the direction of the force, find the velocity

after 4 seconds.

Solution
There is only one external force acting on the particle, so F = ma becomes:
dv
12t —3t* = 4 i
where the particle moves with a variable velocity of magnitude v ms™" in the direction of the force. Hence:
dv
ar =3t— ft
There are two dlfferent methods to complete the solution for the given initial conditions:
Method 1 Method 2
v:j(3t——t )dt dv=(3t—%t2)dt
3 5 final v final ¢
=28 -2 +C J dv=J (3t—§t2)dt
2 4 initial v initial ¢ 4
When t=0:v=2and so C=2. v 4 g 4
3, 13 JdV:J.(:))t—Zt )dt
=2~ +2 2 0
2" T4 s
When t=4:v=10 v], :[%tz —itﬂ
0
v—2=24-16—-(0-0)

=10

Hence the velocity after 4 seconds has a magnitude of 10ms .

Example 18

A particle of mass 2kg moves in a straight line so that at time ¢ seconds its displacement from a fixed origin is x

metres and its velocity is v ms . If the resultant force (in newtons) that acts on the particle is:

(@) 6—4x, find v in terms of x given that v=2 when x=1
(b) 8—2+ find tin terms of v given that the particle is initially at rest
(c) 8-2v find x in terms of v given that the particle is initially at the origin.
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Solution
(@) F=mi: 2Xx=6-—4x

Hence the equation of motion is ¥ = 3 —2x. As the question requires v in terms of x and the initial

.\ . . . dv . d(1 2\
conditions are in v and x, you can use either ¥ =v—5-or ¥ = 7-(5v"):
dx dx \2

Method 1
%(%vz):.%—Zx
% = I(S—Zx)dx
%vz =3x—x"+C

Whenv=2,x=1
S 2=3-14+C,s0C=0:
1

2 _ . .2
EV =3x—x

v =6x—2x"

Method 2
av _
Vﬂ =3-2x

vdv=(3—2x)dx
From startv=2,x=1toendv=v, x=x:

J:vdv = Jlx (3—2x)dx

VZT_ 27
|:2 2—[3x—x ]1
2

A= — (31

(b)

2

% 2
v =+/6x — 2x° 5 =3x—x
2= 6x—2x
v=i\/6x—2x2

Which solution for the velocity is valid—positive or negative?
On a quick inspection, you might say that because the initial condition is v =2 (i.e. positive), then
you should take the positive square root. However, you should recognise from the start of the question

that the motion is simple harmonic, as: ¥ = -2 (x — %)

Hence the particle moves both left and right, and so both solutions are valid: v = +1/6x — 2x”
In future examples, Method 2 will be used.

2

mi =8—2v" and m =2, so the equation of motion is: ¥ = 4 —v*

You require ¢ in terms of v, hence: %=4—v2
dt 1
L +
dV 4—1/2’ V¢_2
J‘tdt: v dV
0 04—v?
i N 1 _ 1 _1( 1 1
Use partial fractions: PRl oYy o b 4(2—1/ + 2+v)
t _ 1 24V
t:%loegtz, —2<v<2
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(c) mx =8—2v" and m = 2, so the equation of motion is: X = 4 — v’

You require x in terms of v, hence: vﬂ =4-°

dx
dv _4-v"
dx v
dx _ v _
dv - 4—y?
dexzjv Vzdv (from start x=0,v=0toend x=x, v=")
0 04—y
x__l _ 2 v
[x]5 = 2[loge4 VHO
-1 _
X = 2(10g6‘4 ‘ log 4)
1 4
x==lo
2 g‘e4—v2

Example 19

Assume that Earth is a sphere of radius R and that at any point x > R distant from the centre of Earth, the
acceleration due to gravity is proportional to x > and is directed towards Earth's centre. Ignore all forces
other than Earth’s gravity.

A body is projected vertically upwards from the surface of Earth with initial speed V.

S : . .
(@) Show that the equation of motion of the particle is ¥ = —g—z, where g is the acceleration due to gravity
x

at Earth’s surface.

(b) Show that the velocity v of the particle during its flight is given by: v* = V> + 2gR* (% - %)

(c) Prove that the body’s ‘escape velocity’ is \/2gR (i.e. prove that if the particle’s initial speed is V > /2R,
then the particle will escape from Earth and never return).

(d) If V=./2gR, prove that the time taken to rise to a height R above Earth’s surface

.1 R
is 3(4—x/§)\/;.

Solution
(@) Take O as the centre of Earth and define motion away from O as being in the positive direction.
Then: X=- Lz [1] P
X

Butatx=R, X=-g
(i.e. at the surface, acceleration due to gravity is g):

k
8=t s k=gR
&

2
X

Substitute into [1]: X=
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dv

(b) Ve = —ngx_2
J. vdv = —gRZJ‘xx_2 dx (from startv=V,x=Rtoend v=v, x =x)
B vz} =gR [x_l]R

1 2 2(1 1
2 _ 52 2(1 1
v- =V~ +2gR (x R)
(c) If the particle escapes, then x — e and so % -0
From the solution of part (b): v — V> + 2gR* (0 - l) or vV = V’—2gR

R
But v* >0 and hence V> —2gR >0

ie. V?>2gR
As the particle is escaping (i.e. always only moving away from the centre of Earth):
2¢gR
_ ; - 2(1_1
(d) IfV =,/2gR, the solution of part (b) becomes: v* =2gR+2gR (x R)
2
ie. v’ = 28R
x

As you are only concerned with motion away from Earth:

v= @Rx%
b JagRx

dt 1%

" gk’
Jue= el

(Note the limits of the integral on the RHS: from Earth’s surface to distance R above Earth’s surface.)
" o 2R
= X5 [x ’ ] R
J2gR" 3

_ 2 _
t—3R\/§(2R«/§ RJR)

= L\2/—(2\/5 ~1)RJR

_(4-\2)RJR
~ 3RJg

=14 f)(

1
x2dx
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Example 20
A particle of mass 1kg is fixed in position, being suspended from the ceiling by two light rods AP and BP.
The lengths of AP and BP are in the ratio 3:2, and AP is inclined at an angle of 30° below the ceiling. The tension
forces in the rods AP and BP are T, and T, respectively.
(@) Show that the rod BP is inclined at an angle o below the ceiling, where sino = %
(b) Draw a diagram to show the three forces (T}, T, and the weight force) that act on the particle.
(c) Resolve the forces into horizontal and vertical components.

(d) Use Newtonss first law of motion to calculate the values of T, and T, correct to 1 decimal place.
(Useg=9.8m s2)

Solution
(@) Using the sine rule in triangle ABP: (b)
sina _ sin30°
32
3
sine = 7
(c) A B
& [ Z T,sin
T, sin 30°

NP

T, cos 30° T, cos &
mg

(d) The particle is fixed in position, so according to Newton’s first law of motion there is a zero
resultant force acting horizontally and a zero resultant force acting vertically.
Horizontally: T, cos30°=T,cos o
sin(x=% cosazgz 97“1:%@ [1]
Vertically (mass m=1): T, sin30°+ T,sinax=9.8

1 3
ETl +ZT2=9.8 [2]

From [1]: T = @Tz

1
Substitute into [2]: %Tz + %Tz =938

T,(\21+9)=117.6
T,=8.65815...
Substitute into [1]: T, =6.61277...
. Correct to 1 decimal place: T, =6.6 and T,=8.7
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EXERCISE 6.4 MATHEMATICAL REPRESENTATION OF MOTION IN PHYSICAL TERMS

1 A 1kg object in a wind tunnel is suspended from a point A on A
the ceiling by a light rope. A wind equivalent to a horizontal force &
of 49N is directed down the tunnel. This causes the rope and wind —» T
the object to move from their position vertically below A to be —
inclined at an angle o to the ceiling. The object remains in this —

position while the wind is blowing.

The diagram shows the three forces (tension T newtons in the rope, the wind force and the weight force)
acting on the object. Resolve the forces into horizontal and vertical components. Noting that the object is
stationary, use Newton’ first law of motion to find the values of ccand T (Use g= 9.8 ms ). The correct
equations are:

A (x:tan_IZande\z/‘% B Ot=tan_1(é)andT=\2/‘§
C aztan_IZandeg D aztan_l(%)andT:@

A particle of mass 1kg moves in a straight line such that at time ¢ seconds its displacement from a fixed origin
is x metres and its velocity is v ms . If the resultant force is 3 + 2¢ (in newtons), find its displacement in terms
of t given that v=1and x =2 when t=0.

The velocity v ms™' of a particle of mass 2 kg that is moving in a straight line is v = * — 6t + 8 at any time  s.

(a) Find the resultant force in terms of ¢. (b) Find the force when the particle is stationary.

A particle of mass 10kg starts from rest at a point A and moves in a straight line under the action of a force
that decreases uniformly from 20N to zero in 20 seconds. The particle then travels with constant velocity for a
further 20 seconds. After this, the particle moves under the action of a retarding force of 40 N until it comes to
rest at point B.

(@) Express the force that applies for the first 20 seconds as a function of t.

(b) Find the velocity of the particle at t = 20 seconds.

(c) Find the time taken for the retarding force to stop the motion of the particle.
(d) Find the maximum speed attained during the motion.

(e) Find the total distance travelled during the motion.

(f) Find the average speed during the motion.

A particle of mass 10kg moves under the action of a force so that its velocity v ms™ is given by
v =+/x" —6x +5. Find the force F in terms of the displacement x.

A particle of mass m moves so that its velocity v is given by v = f(x). The resultant force that causes this motion
is given by:

A mfi(x) B mxf/(x) C mf’(%xz) D mf(x)f(x)

A particle of mass 8kg is acted on by a force whose magnitude is 2(25 + 60x — 6x”) newtons, where x is the
displacement from a fixed point O. If the particle is initially at rest at O, find its speed when it is 10 metres
from O.

A particle of mass 2kg moves in a straight line. At time ¢, its displacement from a fixed origin is x metres and
its velocity is v ms . If the resultant force (in newtons) acting on the particle is:

(a) 6cost,and v=2 and x =0 when ¢t =0, then find x in terms of ¢
(b) 2+ 4x, and v=2 when x =0, then find v when x =2
() 4—2v,and v=0 when t =0, then find the time when v=1.
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m(3—5x).

At time t a particle of mass m is moving in a straight line under the action of a force given by F = 3
x

The particle starts from rest at x = %
(@) Find its velocity in terms of x.

(b) At what other point, if any, does the particle come to rest?

A particle of unit mass is acted on by a force F = v* log, v, where vm s is the velocity of the particle. The
motion starts from O with a velocity of e ms. Find the displacement when the velocity is e’ms™".

The acceleration of an object moving towards a planet under gravitational attraction varies inversely as the
square of the distance from the centre of the planet (i.e. ¥= —% where x is the displacement from the centre

X
of the planet and k is a constant). Show that if the object starts from rest at a distance a from the centre of the

planet, its speed at distance x from the centre of the planet is: , ,W

A particle of unit mass starts from rest with displacement b (where b > 0) and is attracted towards the origin O

with an acceleration of magnitude % where x is the displacement from the origin and k is a positive constant.
x

(@) Explain why ¥=— Lz

(b) Show that the velocity v is given by: v* = Zk(% - %)

(c) Use the substitution x = bcos’ 0 to show that: '[ b f o dx =—Jbx—x" — gcos_1 (2xb_ b) +C

3\2
(d) Hence show that the time required for the particle to reach the origin is: 7 (g—k)

4
An object of mass m moves in a straight line under a force of magnitude mk” (x + 643), k> 0 towards
x

the origin O. If the particle started from rest at a distance a units from O, show that its speed when x =

V15 ka

2

[NSIRN)

is

The deck of a ship is 2.4 m below the level of a wharf at low tide and 0.6 m above wharf level at high tide. Low
tide is at 8:30 a.m. and high tide is at 2:35 p.m. Find the time when the deck is level with the wharf, assuming
the motion of the tides is simple harmonic.

A particle moves in a straight line with simple harmonic motion. Its speed at distances x,, x, from the centre of
its motion are v , v, respectively. Show that:

2 2 2 2 2
X, —x VXS —VoX
(a) the period of the motion is 277, [ 3—- (b) the amplitude is, [L—2—3—1
i ™V, i ™Y,

A particle moves in a straight line under a force such that it describes simple harmonic motion of amplitude a
about a point O. The time of a complete oscillation is 5T The particle is released from rest at a point A, where
OA = a. At time T, another particle describing an exactly similar motion is released from rest at A.

SIS

(@) Show that the two particles first meet at time 2T after the release of the second particle.
(b) Find the distance from O to the point where the particles first meet.

A vertical pole subtends an angle rat a point P in the same horizontal plane as the foot of the pole. Two
particles are projected at the same instant from P in directions that make angles ¢, and ¢, with the horizontal,
with initial speeds v, and v, so that the first particle hits the top of the pole at the same instant that the second
particle hits the bottom.

(@) Show that: v cosa, =v,cos, (b) Show that the time of flight is:
(c) Hence prove that: tan o= tan ¢t, — tan o,

21/2 sinc,

Chapter 6 Mechanics

197



YEAR 12

18 A projectile A is projected from O with speed u at an angle o above the horizontal. A package B is parachuting

198

19

20

21

vertically downwards at a constant speed equal to —usin o.. At the moment when A is projected, the package B
2 2
is at the point Q(u? sin2¢, % sin’ a).

(@) Find the coordinates of A and B at time ¢ after A is projected.
(b) Show that a searchlight, which is located at O and which is moved so that its beam is continually directed
at A, will always have B in its beam.

Two stones are thrown simultaneously from the same point in the same direction and with the same
non-zero angle of projection & (upward inclination to the horizontal), but with different velocities
u, v metres per second (u < v).

The slower stone hits the ground at a point P on the same level as the point of projection. At that instant, the
faster stone just clears a wall ZQ of height h metres above the level of projection as its (downward) path makes
an angle 3 with the horizontal.

(@) Show that while both stones are in flight, the line joining them has an inclination to the horizontal which
is independent of time.

(b) Hence express the horizontal distance from P to Z (the foot of the wall) in terms of h and c.

(c) Show that v(tan o+ tan 8) = 2utan .

(d) Deduce that if g = %OC then u < %v.

A ball thrown from a point A with speed V at an inclination ¢ to the horizontal reaches a point B after

t seconds.

(@) Find the position of B relative to A.

(b) Show that if AB is inclined at 6 to the horizontal then the direction of motion of the ball when at B is
inclined to the horizontal at an angle f3, given by tan 8 = 2tan 6 — tan cv.

A particle is projected, with speed V and inclination ¢ above the horizontal, from a point O on a plane
inclined at 30° to the horizontal (so that &> 30°). It lands at a point Q on the inclined plane, at right angles to
the plane.

(a) Find the coordinates of Q.

(b) Find the horizontal and vertical components of the velocity when the particle is at Q.

(c) Show that the time of flight is: t = V(siner ++/3 cosar)
53 g
(d) Show that: tanor = 3
2
(6) Hence show that the range on the inclined plane (i.e. OQ) is: 47‘2

6.5 RESISTED MOTION

Whenever a body moves through a medium (such as air, water, oil etc.), it is subjected to a resistance that acts in the
opposite direction to the motion. If the body falls vertically downwards, the resistance acts upwards; if the body is
projected vertically upwards, the resistance acts downwards. (Of course the gravitational weight force mg always acts
vertically downwards.)

In general, the faster the body moves, the greater the resistance. Air resistance is typically proportional to some
power of the speed, so that air resistance = kv". This topic will consider this for n =1 and n =2, i.e. air resistance
proportional to the speed of the body (n =1) and air resistance proportional to the square of the speed of the body
(n=2). These are the two most useful models for air resistance.

It is important to realise that the effect of air resistance (or other resistance) is always one of retardation:

In problems involving resisted motion, you should always define the positive direction to be the direction in which
motion is actually occurring and take the origin O as the point from which the motion begins.
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Example 21

A particle of mass m and initial speed v, moves on a horizontal surface against a resistance proportional to the

square of the speed. Express the velocity in terms of the distance travelled.

Solution

Take the origin O as the particle’s initial position. Take the particle’s direction of motion as the positive direction.

Vertically, there is no motion (i.e. the particle moves always at the same horizontal level), so there is a
zero resultant force acting in the vertical direction: .. N—mg=0

Horizontally, there is motion. The only force acting horizontally is the resistance:

mx=—kv
k2
x——av N
yav__k 2 4,
dx~ m motion
dv __ k k== '
dx = " m’
dx _ _m
oc %— Ty’ v#0 g
I dx:—%j dv (from start x=0,v=v, toend x=x, v=")
0 Yo v
__m K
x=-7 [log v]vo
x=-Llog L
k %8 v,
_kx
v=ve " (making v the subject)

Motion of a particle falling downwards in a resisting medium with gravity

Example 22
A body of mass 5kg is dropped from a great height under a constant gravitational acceleration gms ™ and air

resistance proportional to the speed vms™". If the constant of proportionality is 3

(@) find the velocity at time ¢ (b) sketch the velocity—time graph

(c) find the terminal (i.e. maximum) velocity

. =0
Solution T -0
(@) Take O as the point of release of the particle P. Take motion downwards as positive. =
There are two forces acting on P: its weight force of 5¢ acting downwards and its air
resistance of év acting upwards (i.e. opposing the motion). -
The resultant force on Pis 5X=5g — %v and this is the equation of motion: P
i=g—2 "
8§70 *
dv _40g—v
at 40
dt 40
dv 40g—v’ v#40g x
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t _ v 40 _ _ . _
Ldt— 04Og—vdv (fromt=0,v=0tot=t,v="v)

t= —40[loge(40g = v)];, 0<v<40g

t =40log, 404;‘E "
W __40g
40g—v

t

40g —v=40ge ©

v =40g (1 - ¢ )

(c) Astincreases, the gravitational force acting on P causes it to accelerate downwards. However, as the
speed increases, the resistance also increases until eventually the downwards weight force and the
resistance force are equal in magnitude but opposite in direction. At this stage the resultant force is
zero: according to Newton’s first law of motion, P will now move in a straight line at constant speed,
i.e. the terminal velocity.

The terminal velocity occurs when the acceleration is equal to zero.

Method 1 (graphically):

In the velocity-time graph in part (b), the horizontal asymptote at v = 40g indicates the
terminal velocity.

Method 2 (algebraically):
Asi=g— % the terminal velocity occurs when g — % =0, i.e. when v=140g.

_t
(d) v:40g(1—e 4°j
Z’tc=40g(1—e’ﬁ)
X t _t
I dx:40g'[ (l—e 4°jdt (fromx=0,t=0tox=x,t=t)
0 0

7
x= 40g[t+40e 40}

t

x= 40g(t+40e 40) 40g X 40

x =40g|t+40e o _ )
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Motion of a particle moving upwards in a resisting medium with gravity

Example 23
A particle is projected vertically upwards with a velocity of u ms™' under the influence of gravity and a resistance
force proportional to the square of the speed. Find:

(@) the greatest height reached X
(b) the time taken to reach the maximum height. v=0
Solution
(@) Take O as the point of release of the particle P. Take motion upward as positive.
There are two forces acting on P: its weight force of mg acting downwards
and its resistance of mkv” acting downwards (i.e. opposing the motion).
(Note that although you do not have a numerical value for m, you write a factor .
of m into the constant of proportionality for the resistance. This will simplify P
later calculations where factors of m can be cancelled in the equation of motion.) ot il
g
The resultant force on P is mx = —mg — mkv* and this is the equation of motion.
You need to find x when v=0:
¥=—(g+kv*)
dv 2 x=0
voo=—(g+kv = =0
dx (g ) v=u
dv_ g+ kv*
dx v
dx_ v
v gk’
X 0 v
I dx:—J. >dv (fromx=0,v=utox=x,v=0)
0 u g+kv

0
u

x= —%k[loge(g+kv2)]

1 1
x = —2—k10g6g+2—kloge(g+ kuz)

_ 1 g+ku2
wdom22)

2
The maximum height attained has a value of: iloge (g +gku )m

(b) You now need to find t when v=0:

5c'=—(g+kv2)
dv _ 2
E— (g‘l‘kV )

0
J‘tdt:—J‘ %dv (fromt=0,v=utot=t,v=0)
0 ug+kV
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1(° 1
== dv
ey
0
t=—l><\/E tanl(\/Ev)
k™\g g )]
t=—L(tan_10—tan_l\/Euj
Jkg 4

1 ! ’k u seconds, this is the time taken to reach the maximum height.

I =—F/—tan
N

The next example looks at the motion of a particle that goes upwards and then downwards. This requires the
solution to take a new O and a new positive direction when you analyse the downwards motion.

Example 24

A particle of mass 1kg is projected vertically upwards from the ground at a speed of V:ms . The particle is acted
on by both gravity and a resistance of magnitude 0.02v°, where v is the velocity of the particle at time t.

(@) Explain why the equation of motion while the particle is moving upwards is: ¥= —(g +0.02v>)
(b) Find the greatest height h reached by the particle.
(c) Find the time taken to reach this greatest height.

Having reached its maximum height, the particle falls back down towards its initial point of projection.
(d) Write the equation of motion for the downwards journey.

(e) Find the speed of the particle when it hits the ground.
() Determine whether the particle’s speed on return is less than, equal to, or greater than its initial speed on

projection.

Solution
(@) Take O as the point of projection and take upwards motion as positive.

The particle is acted on by gravitational force mg downwards and by resistance force 0.02v°

downwards (i.e. opposite to the motion).
Resultant force on the particle: mi=—mg —0.02v°
But m =1, so: 5c'=—(g+0.02v2)

(b) X=—(g+0.02v%)
dv _ _(SOg + vz)

14

dx 50

dv_ (503+V2)

=50y i

h=-25|log (50¢ +v*)

dx _ __ 50v [ - ]V

v 50 + 2 h= _25(10ge 50g —log,(50¢ + v? ))
h o 509

dx=—-| ——dv (fromx=0,v=V ’
J.O J.V50g+1/ tox=h,v=0) h=2510g€(50<g(;_gvj
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(c) ﬂ:_(750g+v2) t=—750 [tan_l( L ﬂo
dt 50 \/@ \J50g v

di___ 50
dV_ 50g+v2 50 -1 V
t=,/—tan
0 b4 JSOg)
jdt——j — 304y (fromt=0,v=V
v50g+v tot=tv=0)

(d) For the downwards journey it is necessary to take a new O and a new positive direction. Remember:

In problems involving resisted motion, you should always define the positive direction to be the
direction in which motion is actually occurring and take the origin O as the point from which

the motion begins.

This simplifies the calculations required to solve the problem.

Take O as the maximum height and take downwards motion as positive.

YEAR 12

The particle is acted on by gravitational force mg downwards and by resistance force 0.02v* upwards (i.e.

opposite to the motion).
Resultant force on the particle: mi= mg — 0.02v°

But m=1, so: X= g—0.02v2

dv_50g— v
(&) V=50
dv _50g— v’
dx~  50v
dx _ _ 50v
dv 50g — v

You need to find v when x = h:
h v
J. dx :I vadv
0 050g—v

h= —25[loge‘50g - VZHZ

h=25log |08 But from (b): 4 = 25 log M
e 2 @
50g —v
2
. 2510ge M =2510 . ng
>0g 50g —v
50g+V?  50g
50¢ 50g —v*
2500g” + 50¢V° — 50gv* — 'V = 2500¢
50gV° = v(50g + V?)
2
v = SOLVZ and so the speed on returnis: V 504g2
50g +V 50g +V
2 2 50g
(f V°>0,s0 50g+V°>50g and  [—°— <1
50g +V

". Speed on return is less than V, i.e. the speed on return is less than the speed of projection.
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EXERCISE 6.5 RESISTED MOTION

1 A particle of unit mass moves horizontally under a retarding force that is proportional to the cube of the

speed. Find:

(@) the speed of the particle when it has travelled a distance d after the instant when its speed is u
(b) the time taken to travel a distance d after the instant when its speed is u.

A particle has an initial velocity U. After travelling a distance d in time T along a straight horizontal path, its
velocity is V. The retardation of the particle at any time is proportional to its velocity at that time.
T(U-V)

Showthat: (@) V=U-kd (o) U=V (c) U=Ve ¢

As a truck moves along a horizontal straight road it experiences a horizontal driving force of T newtons (from
the engine) and a resistance force. The resistance force is mkv* newtons, where mkg is the mass of the truck,
vms ' is its speed at time ¢ seconds and k is a positive constant. The equation of motion of the truck is:
dv 2 dv 2 dv dv 2
A m>=T-kv B m—5 - =T-mkv C 5-=T-kv D m5=T-mkv
dt dt dx dx
An object of mass m falls from rest under constant gravitational force and against air resistance equal to kv,

where v is the speed and k is a positive constant.

(@) Find its velocity at any time ¢. (b) Sketch the velocity-time graph.
(c) Find the terminal velocity. Find the time taken to reach a speed v, where v, is one-quarter of the terminal
velocity.

(d) Find the distance travelled when the speed v, is reached.

A particle of mass 10kg falls from rest and is subject to a force of (98 — 2v) newtons, where v is the speed of
the particle at time f seconds.

(@) In writing the force as ‘(98 — 2v)’ newtons, the ‘98’ represents the weight force of the particle. What is the
physical meaning of the 2v?

(b) Find the terminal velocity. (c) Find the distance fallen in the first 5 seconds.

A particle falls from rest under constant gravity and a resistance force. If the retardation due to the resistance

force varies as the square of the velocity, find:

(@) the equation of motion (b) the terminal velocity

(c) the distance fallen as a function of the velocity

(d) the distance fallen when half the terminal velocity is reached
(e) the time taken to reach half the terminal velocity.

An object falls towards the Earth with constant gravitational acceleration g and against a resistance that
produces retardation proportional to the velocity.

(@) State the equation of motion. (b) Express the velocity v as a function of time ¢.
(c) State the terminal velocity.

If the constant of proportionality k= 0.2 and g= 9.8, find:

(d) the velocity after 5 seconds (e) the time required to reach half the terminal velocity.

A particle is dropped from a height of 1000 metres in a medium whose resistance provides a retardation of
0.004v%, where v is the velocity.

(@) Find+*in terms of x, the distance fallen.

(b) Find the speed at which the particle reaches the lowest point.

A parachutist jumps from a stationary balloon at a great height. The parachute opens after 10 seconds.
Assume that air resistance produces a retardation proportional to the velocity, with a constant of
proportionality k = 0.1 for the first 10 seconds (i.e. during freefall) and k = 2 after the parachute opens. Find:

(@) the parachutist’s velocity after 10 seconds ~ (b) the parachutist’s velocity after 15 seconds
(c) the parachutist’s terminal velocity, i.e. the approximate velocity while floating to the ground.
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10 A particle is projected vertically upwards against air resistance. Its acceleration at any time ¢ seconds after
projection is given by ¥ = —( g+ % vz), where v ms ™ is the velocity. If the initial velocity is 20ms ™, find:
(@) the greatest height reached (b) the time taken to reach the greatest height.

11 A particle is projected vertically upwards with initial speed u. Its acceleration is given by the differential
equation ¥ = —(g + kv) where v is the speed at any time ¢, k is a positive constant and kv is the retardation due
to air resistance.

(@ Find the maximum height reached by the particle.
(b) Find the time taken to reach the maximum height.
(c) Write the differential equation for the downward motion.
(d) Show that the particle returns to its point of projection with a speed V given by:
_ g+ku
k(u+V)=glog, [7g — kV}
12 An object of mass m is projected vertically upwards with speed u. Air resistance is equal to k times the square
of the speed, where k is a positive constant.

(@) Find the maximum height reached by the object.
(b) Find the speed V of the object when it returns to the point of projection.
(c) Show that V<u.

13 An object, projected vertically upwards with speed U, returns to the point of projection with speed V.
Assuming constant gravity and air resistance proportional to the square of the speed, find the total time taken
in terms of U and V.

14 A particle of unit mass moves in a horizontal straight line against a resistance numerically equal to v + v,
where v is its velocity. Initially the particle is at the origin and is travelling with velocity Q, where Q > 0.

. 14 -1, _ 1| Q—v
(@) Showthat:tan Q—tan v =tan [1 +Qv}

(b) Show that x = tan" [8_—Q1;i|, where x is the displacement.

2 2
(c) Showthatt= %loge {Qz(l-kvz)} where ¢ is the elapsed time when the particle is travelling with
velocity v. v (1+Q7)

(d) Find v* as a function of .
(e) Find the limiting values of v and x as t — co.

15 A particle of unit mass is projected vertically upwards in a medium in which the retardation due to resistance
is 0.1v. It is allowed to fall back to its point of projection. The initial speed of projection is V,; and the final
speed on return is V. Show that:

(@) the equation of motion on the upwards journey is ¥=—(g +0.1v)

(b) the maximum height reached is h =10V, +100g log, (10;%)
0

10g+VOj

(c) the time taken to reach the highest point is T, = 10log, ( 10g

(d) the equation of motion on the downwards journey is = g — 0.1y

: . . _ 10g
(e) the time taken on the downwards journey is T, =10 log, (W)

(f) by analysis of the downwards journey, h = —10V, +100g¢ log, ( 10 102 )

g_VF
VotV

(g) the total time of the motion is T =
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16 A plane of mass 20 tonnes touches down on a runway while moving at a horizontal speed of 60ms™". As the

plane moves along the runway, its speed at time ¢ seconds after touchdown is v ms ™. From the instant that it
touches down, it is being slowed by a reverse thrust of 40 000 newtons supplied by the engines and a force of
4v* newtons supplied by the braking effect of wing flaps and other frictional forces. After 10 seconds of motion
along the runway, wheel brakes are applied which supply an additional 300(60 — v) newtons of braking force.

2
—(2+ 14 ) 0<t<10
5000
(a) Show that: ¥=
( v? 3y ) 10
—29+5000—m t>

(b) Find the speed of the plane 10 seconds after touchdown. Answer in ms " correct to one decimal place.
(c) Find the distance in metres (correct to one decimal place) travelled in the first 10 seconds after
touchdown.

(d) Find the total time in seconds (correct to one decimal place) from touchdown until the plane stops. Without
354 dV
roof, you may assume J
proobyenmay o v’ —75v+14500
(e) Find the total distance that the plane travels along the runway before it stops. Without proof, you may
354 v dV
assume J. >
0 v"—=75v+14500
() By integrating, verify the integral values given in parts (d) and (e).

= 0.002607 21 (correct to six significant figures).

=0.0469319 (correct to six significant figures).

6.6 PROJECTILES AND RESISTED MOTION

Review of projectile motion with no resistance

In New Senior Mathematics Extension 1 for Years 11 ¢ 12, Chapter 13, you looked at projectile motion. Unless
otherwise stated, any air resistance is ignored when investigating projectile motion and it is assumed that the only
force acting on the projectile is the force of gravity. Furthermore, it is assumed that the gravitational force is constant
throughout the motion. The following examples 25-27 review projectile motion with no resistance.

Use # for the acceleration vector, 7 for the velocity vector and 7 for the displacement vector.

Example 25
A golf ball of mass m kg is hit down the middle of a fairway with an initial speed of 25ms™" at an angle of

projection to the horizontal ¢, where tanor = 4

3
(@) Taking unit vectors i horizontally in the direction of motion and j vertically upward, find an expression
for the initial velocity # ms ™ of the ball. i

(b) Taking the origin at the point of projection, find an expression for the position vector  of the ball
after ¢ seconds.

(c) Assuming the fairway to be horizontal, find the horizontal distance that the ball travels before
hitting the ground. Give your answer correct to one decimal place.

(d) Find the maximum height reached by the ball during its flight. Give your answer correct to one
decimal place.
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Solution
(@) Draw a diagram.

Express y in component form: ¥ =ucosoi +usina j

:25(§)g+25(§)1

=15i +20]

(b) Determine the equation of motion: If the ball has a mass of m kg, its equation of motion is
—mgj=mi . P=-g]
Integrate each component with respect to tto find 7:  7=-gtj+c
Apply the initial condition to find ¢: Att=0, f=u so ¢=15i+20j
Hence 7 =15i +(20—gt)j

Integrate each component with respectto ttofind r:  r=15ti + (20t - %gl‘2 )j +d
Apply the initial condition to find d: Att=0,r=0sod=0

Hence r = 15t£+(20t—%gt2)j

(c) The ball hits the ground when the j component of 7 is zero: 20t — 49t* =0
£(20—4.9t)=0
- _20
t=0ort= 19 4.08s
The horizontal distance that the ball has covered is the i component of 7:
Distance = 15¢

155 20
—15><4.9

=612m
The ball travels 61.2 m before hitting the ground.

(d) The ball reaches its maximum height when the j component of 7 is zero: 20—-9.8t =0

- 20
‘=98
t=2.04s
Its height is given by the j component of 7: h,,,. = h(2.04)

— _ 20

= 2.04(20 49x 9.8)

=2.04x%x10

=204m

The ball reaches a maximum height of 20.4 m.
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Example 26

A football is kicked towards goal with an initial speed of 26ms " at an angle of projection to the horizontal

where tano = %
(@) Find an expression for the initial velocity u ms™" of the football.
(b) Taking the origin at the point of projection, find an expression for the position vector r of the football

after ¢ seconds.

(c) Write the parametric equations of the path of the football and use them to find the Cartesian equation
of the path.

(d) Assuming the ground to be horizontal, find the horizontal distance that the football travels before
hitting the ground. Give your answer correct to the nearest metre.

(e) The horizontal crossbar of the goal is 2.44 m above the ground and is 0.1 m wide. If the football is
heading towards the goal, which is 40 m from where the football is kicked, will the football pass below
the crossbar?

Solution
(@ 7
j 13a 5
Ol i x 12

5 5 12

_ -1 — 2 o cingy — _ _12
u=26ms ,tano:-12 Sosma_m_l.’)’cosa_w

u=ucosoi+usino j

e 12 o 5
—26><131+26><13l
=24i+10j

(b) 7 =—gjasgravity is acting against the motion in the vertical direction.
Integrajte with respecttot: 7=—gtj+c
t=0,u=24i +10j: 24i+10j=¢c
f=—gtj+24i+10j -
= 24i +(10- g1)j i
Integrate with respect to t:  r =24ti + [IOt — %)Z +d
t=0,r=0: d=0

[=24t£+(10t—%gt2)j

(c) x=24t, y=10t— % gt* are the parametric equations of the path.

_x o _lox_g (xV
=207 24 2X(24)

_ o, 10x 49x? . .
Ifg=98ms ™ V=754 ~ 575 isthe Cartesian equation of the path.

t
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, _q. 1ox_49x% _
(d) Hits the ground when y=0: 4 576 = 0

x(240—4.9x)=0

_ _ 240 _
x=0o0rx= 49 49m

The ball hits the ground 49 metres from where it was kicked.

a0 10 0 49 0
(6) x=40, y=, x40~ ;x40

=3.06m

The ball will pass over the crossbar.

Example 27
A particle is projected from level ground with a velocity of 7i + 24 j ms ™', where i is horizontal and J
is vertically up. Use g=9.8ms . )

(@) Find the initial speed and angle of projection of the particle. Give the angle of projection correct to the
nearest tenth of a degree.

(b) Find the time of flight of the particle. Give your answer correct to one decimal place.

(c) Find the horizontal distance travelled by the particle, correct to one decimal place.

(d) Find the maximum height reached by the particle, correct to one decimal place.

(e) Determine whether the particle is ever travelling in a direction perpendicular to its initial velocity.

Solution
@ u=7i+24j: |u|=V7"+24"=25ms”
Angle of projection 0is 6 = tan™’ (%) =73.7° to the horizontal
b) F=-gj
Integrate with respectto t: 7=—gtj+c
t=0, u=7i+24j: 7i+24j=c
F=—gtj+7i+24]
=7i+(24—gt)j
Integrate with respectto t: 7 =7ti+ (24t - %gtz )l +d
r(0)=0: d=0
[=7t£+(24t—%gt2)j=7t1'+(24t—4.9t2)j

For the time of flight, find when the vertical component of r is zero: 24t — 49t* =0

1(24—49t)=0
0 t=2%_
t=0,t=7=49s

(c) Substitute t=4.9 into the horizontal component of r: Distance =7 X 4.9 =34.3m
(d) The time to the greatest height is half the time of flight: t =2.45

Substitute this value of t into the vertical component of r:
Greatest height = 24 x 2.45 — 4.9 X 2.45° = 29.4m
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(e) The direction at any instant is given by the velocity function as it is tangential to the position function at
any point in the path.

w=7i+24], ; =7i+(24-49¢)j. Find when y o7 = 0: (71 +24]) (71 +(24-9.8t)j) =0

49 +24(24-9.8t)=0
494576 —2352t =0

L 625
2352

The particle is travelling in a direction perpendicular to the original direction at 2.66 seconds.

=2.66s

As considered in section 6.5, projectile motion with no air resistance is generally not a realistic model because real
projectiles experience resistance due to the medium that they move through. This resistance is a force that can often
be approximated as being proportional to the velocity, or proportional to the square of the velocity of the projectile,

depending on the conditions of the medium. In this section you will consider resistance proportional to the velocity
of the projectile.

Resistance as well as gravity—a vector approach

If there is any resistance other than gravity, it needs to be incorporated into the acceleration vector. The new
acceleration vector can then be used to form the other equations of motion.

Example 28

During a game of badminton at the beach, a shuttlecock is hit at a
height of 1 m with a velocity of 2i +2j+8k ms™', where i, j and k are
unit vectors in the east, north and vertically up directions respectively.
The acceleration of the shuttlecock due to the combined effect of } _I 'm
gravity, air resistance and wind is 2i — j — 8k ms . Assume the sand to L
be horizontally flat and take the origin to be at sand level, directly below

the point of projection.

(@) Find the time of flight of the shuttlecock. Give your answer correct to two decimal places.
(b) Find where the shuttlecock will land.

(c) Find the maximum height reached by the shuttlecock.

Solution
(@) Define 7: ¥ =2i— j—8k.

Integrate with respect to t: 7 = J[ dt

- J(2i- j-sia
=2ti—tj—8tk+c
t=0,7=2i+2j+8k:2i+2j+8k=c
Hence f=2ti—~tj—8tl~<+2£~+2j+81~<
:(2+2t~)g+(2—t)l'+(f;—8t)lg
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Integrate with respect to t: 7 = j((Z +2t)i+(2—-1)j+(8— 8t)l§)dt

:(2t+t2)i+(2t—%)1+(8t—4t2)l~c+cj
t=0,r=k: k=d

2

Hence [:(2t+t2)1’+(2t—%)z+(1+8t—4t2)1§

The shuttlecock hits the sand when the vertical component (k) of the motion is zero: 1 + 8t — 4 =0

8++/80 _2+45
8

Rewrite as 4t — 8t — 1 =0 and solve: t = 5

2 +2\/§ ~212
The time of flight of the shuttlecock is 2.12 seconds.

As t> 0, the only solution is ¢ =

(b) Find r whent=2.12s: r=(4.24+2.12*)i + (4 24— %)] +0k
=8.73i +1.99]
The shuttlecock lands approximately 8.7 m east and 2 m north of its point of projection.

(c) The maximum height is achieved when the k component of the velocity vector is zero: 8 — 8t =0
t=1s

Hence the maximum height can be found by substituting ¢ = 1 into the k component of the displacement:
h=1+8(1)—4(1)*=5m.

The shuttlecock reaches a maximum height of 5 metres.

When the resistance to the motion is included in the acceleration vector, the solution to the problem follows the
same approach as used earlier. Note that if you are working in three dimensions, coordinates will be needed to locate
points in a plane.

Resistance as well as gravity—a Cartesian approach

A particle of mass m is launched at time t = 0, from ground level on a flat plane, with an initial velocity of u m st

at an angle of 6 to the horizontal. In addition to gravity, there is an air resistance force, which acts in the opposite
direction to the instantaneous direction of motion. The magnitude of this resistance force is directly proportional to
the particle’s instantaneous speed.

Use standard Cartesian coordinates with the x-axis horizontal and the y-axis vertical. Let the components of
the acceleration be ¥ and y, so that the components of the velocity are x and y and so the components of the
displacement are x and y.

Initially: x=0, X =u, =ucosf,y=0, y = u, = usiné.
Now mi = —mkx and mj = —mg —mky, where k is a positive constant.

Dividing by m reduces these equations to: ¥ = —kx, y =—g —ky

Consider the horizontal motion and let v, = X so that X = d;t" : d;f‘ =—kv,
Vs —kar
V.X
Integrate with respect to t: J T —kj dt

[loge ]

loge(zxj =—kt
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dx —kt
Now v, =x: == =u.e
dt x

Inte ith J.t H

grate with respecttof: x =u dt
-]
=l

=)

dv dv
. . . I o 7)/. _
Consider the vertical motion and let v, = y so that j = g d_ty =—g—kv,
dv
Y _ —
g+kv, dt
. Vy
Integrate with respect to t: J T kv I dt

[%loge (g+kvy)lz =-—t

loge(g+kv),)—loge(g+kuy):—kt

+k
b&(g w]z—kt
g+ku,

g+kV,V _ —kt
=~ =¢
g+ku,
kvy = (g+kuy)efkt -g
= %((g+kuy)e_kt —g)

d _
Now v, Zyandd—};=%((g+kuy)€ kt—g).

1(f —kt
Integrate with respect to t: y = EJ ((g +ku,)e " — g)dt

+k '
_ k[g _ku)' ekt _ gt}

0

g+ku, efkt_g_t+g+kuy

K k K
_gtku, k) &t
-4

>

As a result of all of this, you have obtained the parametric equations of the velocity: X = ue y= %((g +ku, Je  — g).

+ku
The parametric equations of the path are x = ’%‘(1 —eM ), y= (gk—zy)(l —e ™ ) - ‘%t
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Summary of important results
Projectile motion in a medium whose resistance is proportional to the velocity of the particle:

t=0,x=0,y=0, x=u,, y=u, where 1, =ucos0, u, = usin 0, k is the constant of proportionality in the resistance,
0 is the angle of projection relative to the horizontal axis, and u is the initial velocity.

i=—ki, j=—g—ky

. —kt _ _kt ._l —kt _ _l . —kt _ . —kt_& _ -kt
X=u.e " =ucosfe ,y—k((g+ku),)e g)—k((g+kus1n9)e g)—usmOe k(l e )

L B B e
With no air resistance, the equations are instead:

Acceleration: ¥ =0, j=—g

Velocity: x =ucos@, y=usinf— gt

Displacement: x = ucos6t, y = usin6t — %gt2
When there is no air resistance, the horizontal velocity is x = ucos8, whereas with air resistance the horizontal

velocity becomes x = ucosfe™", which means the horizontal velocity is reducing over time, decaying exponentially.
This means that with air resistance, the particle slows down and will not travel as far.

When there is no air resistance, the vertical velocity is y = usin@ — gt, whereas with air resistance the vertical

velocity becomes 7 = usin@e ' — %(1 —e M ) With no air resistance the greatest height is achieved after
using seconds, but with air resistance it is after %loge kusin @ +1| seconds.
2 2 . .
With no air resistance, the greatest height attained is ”Szline m; with air resistance it is % - I;% log, |1+ ku;ﬂ ,
4

which is always less (for sensible positive values of the constants).

This air resistance behaviour is best considered using a numerical example.

Example 29
A particle is projected from a point on the horizontal plane with an initial velocity given by the components
u =3 ms_l, u,= Sms .. Use g= 9.8ms >
(@) If the only resistance to the motion is gravity, find the parametric equations of the trajectory of the
particle. When does the particle hit the ground?

The particle is projected again into a medium which resists the motion, where the resistance to the motion is
directly proportional to the velocity of the particle. Let the constant of proportionality be k.

+ ku ¢
The parametric equations of the trajectory are given as x = %‘(1 —e M ), y= %(1 —e M ) - ‘%

(b) Find the parametric equations of the trajectory when (i) k= 0.5 (ii) k=0.1.
(c) Using technology, draw on the same set of axes the graphs of the three trajectories in parts (a) and (b).

(d) Discuss what your graphs in part () tell you about the motion in each case.
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Solution
(@ No air resistance: u_= 3, U, = 8,g=938.

Initial equations of motion: ¥ =0 y=—g=-98
Integrate with respectto t: X =C, y=-98t+C,
t=0,u,=3u =8 %=3 y=8-9.8t
Integrate with respectto t:  x=3t+C; y=8t—49t" +C,
t=0,x=0,y=0: x=3t y=8t—4.9¢
Hits the ground when y=0:  8t— 4.9 =0
-8
t= 9 s
) kelix=3[1-¢2 _98+4( ) 5| 98t
(b) (i) k_z'x_O.S(l e j y= e (1 e 05

_t _t
x=6(1—e2J y=55.2(1—e 2)—19.61?

2 _t
(i) k:o.l:x:%[l_ew] y=9.8+4(1_em]_&

0.1

_t _t y
x=30(1—61°j y=1380(1—e“’)—98t 4t

(c) In the diagram, the solid line represents part (a), the dotted line represents (a)
part (b)(i) and the dashed line represents part (b)(ii). Each line has been N

completed for ¢ = % seconds, the time taken for the particle without air Y
O g5

Two of the lines show y < 0, but this is just so the line lengths can be 0 2 \\\ it'-.: 8 é x
compared for the largest value of ¢ in part (a). After each particle hits the ‘ ?

ground, it stops, so the parts of the paths below zero do not actually exist. '

resistance to return to the ground.

(d) At the beginning of the motion the paths are similar. The trajectory in part (a) is symmetrical about its
greatest height.

The larger the air resistance, the sooner the trajectory falls below the path in part (a). The particles in
part (b) hit the ground before the particle in part (a).

The larger the air resistance, the shorter the range.

The larger the air resistance, the lower the greatest height and the steeper the fall after the particle reaches
its greatest height.

o

Projectile motion and initial velocity
Use technology to observe the effect of changing the initial velocity on a model of projectile motion.
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Example 30

A projectile is fired from the origin O with an initial velocity # ms™" at an angle 6 to the horizontal in a medium
whose resistance is proportional to the velocity.

ucosf —kt _ (10+kusin®) —k\ 10t
HCOS6)(y i) and y= LOERUINO), _ u) 10
where k is the constant of proportionality of the resistance.

The projectile is fired at an angle of 60° to the horizontal with an initial velocity of 10+/3 ms™, k= 0.4.

The parametric equations of the trajectory are x =

(@) Find when the projectile reaches its greatest height, correct to two decimal places.

(b) Find the greatest height that is reached, correct to two decimal places.

(c) Show that the projectile hits the ground when ¢ = 2.6 s (i) graphically (i) by substitution.
(d) Find the horizontal range of the projectile.

(e) Graph the path of the projectile.

Solution
Write the parametric equations of the trajectory using the information provided.
10\/§x% g 10+0.4><10\/§><§ T
— _ 04t = 04t _ 10
v U 0.42 (=) 04
=12.53(1-¢*") =100(1—¢ ") -25¢

(@) Greatest height when y=0: y = 100(1 —e ) —25¢
)‘/ — 406*0.41‘ —25

40 -25=0
-04t _ S
8
0.4t = log, (%)
t=25log, 1.6
t=1.18s
(b) t=1.18 y=100(1-¢*"**)-25x1.18
=8.12m
The greatest height is 8.12 metres.
(c) (i) Hits the ground wheny=0: y= 100(1 — e 04 ) —25¢ 1ooy--_

100(1-¢*)-25t=0 (- 100(1 - %)

100(1 — e 04 ) = )5¢ A(2.568, 64.198)

50
Hence graph y = 100(1 — e‘o““) and y = 25¢.
It hits the ground at t = 2.6 seconds.
(i) t=2.65, y=100(1—¢"*)-25¢ ) A

=100(1-¢™")-25x 26
=-0.345=0
It hits the ground at approximately ¢ = 2.6 seconds.
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—0.4x2. e y
(d) t=2.6, x=125y3(1-¢ ") (e 4
=12.5V3(1-¢"") 8+
7 1L
=13.998 = 14.0m ol
51
4 1
3 L
2 1
14
ol 3 4 6 8 1012 14 16 *

Using terminal velocity

Given the terminal velocity v; = g, consider what this means in the equations involving air resistance. Remember,

k

the terminal velocity for a projectile falling vertically downwards is the velocity at which the drag force (air
resistance) balances the gravitational force.

Now v = %, k= v£ or % =-L can be substituted in each of the previous equations for air resistance motion.
T
. -gt -gt
. . X . - T u - uv Vo
Horizontally: ¥ = —kx = L ue M =ye'l x= —"(l—e kt)z =T 1—e'T
Vr k g
When there is no air resistance, the horizontal velocity is X = u,, whereas with air resistance the horizontal velocity
gt

has become % = u_e "7, which is reducing over time, decaying exponentially.
Vertically: y=—g—ky = —g(l + vy)’
T

—gt _7gt ;gt

g+kuy k) &t _vp _"Tg“t
R ST [

k

When there is no air resistance, the vertical velocity is y = u, — gt, whereas with air resistance the vertical velocity

. T g
hasbecome y=u.e = —vp|1-e'T |

Consider some values for #: t = *L, % = ue ' =037u,, y= uyef1 —vr (1 e ) ~0.37u, —0.63v
t=2"0 ¢ = ue? =0.14u,, j= ue” —vp(1-e?)=0.14u, —0.86v;
t= %, x=ue” =0.05u, y= uye_3 —Vr (1 - e_3) =~ 0.05u, —0.95v;

. . v . .
Because vy <0, as it is downwards, therefore as t increases above ¢ = ?T, the horizontal velocity decreases

exponentially and becomes negligible, so that the particle appears to be falling vertically.
When t < ?T, the equations of motion with air resistance approximate the equations of motion where air resistance

is ignored.
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EXERCISE 6.6 PROJECTILES AND RESISTED MOTION

1 An aircraft drops a package of emergency rations to a family stranded in the floods. The aircraft is travelling
horizontally at 45.0ms " and is 100 m above the ground. A parachute allows the package to fall with constant
speed and hit the ground 10 s after release. Air resistance can be ignored.

(@) Find where the package hits the ground relative to the point from where it was dropped, to the nearest metre.
(b) Find the velocity of the package just before it hits the ground, correct to one decimal place.

2 A particle is projected from level ground with a velocity of 7i + 24 jms ", where i is horizontal and j is vertically up.

(@) Find the initial speed and angle of projection of the particle. Give the angle of projection, correct to the
nearest tenth of a degree. Air resistance can be ignored.

(b) Find the time of flight of the particle. Give your answer correct to two decimal places.

(c) Find the horizontal distance travelled by the particle. Give your answer correct to one decimal place.

(d) Find the maximum height reached by the particle. Give your answer correct to one decimal place.

(e) Determine whether the particle is ever travelling in a direction perpendicular to its initial velocity.

3 A cricket ball is thrown from a height of 1 metre with a speed of 30ms ' and at an angle of 60° to the horizontal.

(@) Taking the origin at the point of projection and assuming the ground to be level, find the horizontal
distance travelled by the ball before it lands. Give your answer correct to one decimal place.

(b) Find the maximum height of the ball above the ground. Give your answer correct to one decimal place.

(c) Find the Cartesian equation of the path of the ball and sketch its path.

4 A baseball is hit horizontally with a speed of 200kmh™ from a height of 1.225m. Find how far it travels horizontally
before landing, assuming that the baseball field is level. Give your answer correct to one decimal place.

5 A projectile is launched at an angle of 45° to the horizontal. Determine the launching speed, correct to one
decimal place, needed to achieve the following (relative to a horizontal plane through the point of projection):

(@) arange of 100m (b) aheight of 25m.

6 A particle is projected from level ground with a speed of 19.6ms " at an angle of projection of c.

(@) Show that the particle reaches its maximum height halfway through its flight.
(b) Find the angle o for which the range of the particle is a maximum and determine this maximum range.
Express the maximum range correct to one decimal place.

7 A projectile is projected from the origin with initial speed © and angle of projection c.
&
2u’

(@) Show that the Cartesian equation of its path is y = x tanor — sec’ Q.

(b) Hence find an expression for the projectile’s range R.
(c) Hence find an expression for the projectile’s maximum height y,..,.
(d) Show that for a given initial speed, the maximum range of the projectile occurs when o =45° and is given

2
byR=%.
YT

8 A golf ball is hit from a point O with initial velocity V at an angle 0 to the horizontal ground. The ball first hits
the ground at a point P, which is at the same horizontal level as O.

(@) Given that Vcos@ = 6u and Vsinf = 57”, find the time taken to travel from O to P, in terms of u and g.

(b) Find the range R of the golf ball in terms of u and g.
(c) Express Vin terms of u.
(d) State the golf ball's minimum speed during its flight.

9 The velocity (in ms™') at time ¢ seconds of a ball hit from a height of 2 metres above ground level is given by
7 =12i+9j+(30—-9.8t)k, where i, j and k are unit vectors in the east, north and vertically up directions
respectively and the origin is at ground level. Find the ball’s height above ground level, in metres, after
2 seconds.
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A golf ball is hit from the ground with a velocity 20i +0j+15k ms ', where i, j and k are unit vectors
horizontally forward, horizontally to the left, and vertically upwards, respectively. After being hit, the ball
has a gravitational acceleration of —~10k ms > and also has a hook’ (i.e. a horizontal acceleration to the left)
of 4jms . Air resistance can be ignored.

(@) Find the expression for r, the position vector of the ball at time ¢.

(b) When the ball hits the ground, how far will it be to the left of the line along the horizontally forward
direction?

(c) Find when the speed of the ball is a minimum. Give your answer correct to two decimal places.

(d) Calculate the minimum speed. Give your answer correct to one decimal place.

A particle is projected from a point on the horizontal plane with an initial velocity given by the components

u,=4ms’, u,=6 ms . Use g=9.8ms .

(@) If the only resistance to the motion is gravity, find the parametric equations of the trajectory of the
particle. When does the particle hit the ground?

The particle is projected again into a medium which resists the motion, where the resistance to the motion is

directly proportional to the velocity of the particle. Let the constant of proportionality be k.

+ku
The parametric equations of the trajectory are given as x = %"(1 —e ) » Y= L 2 2 ) (1 —e M ) - ‘%
(b) Find the parametric equations of the trajectory when (i) k= 0.4 (i) k=0.2.

(c) Using technology, draw on the same set of axes the graphs of the three trajectories in parts (a) and (b).

(d) Discuss what your graphs in part (c) tell you about the motion in each case.

The velocity (in ms') at time ¢ seconds of a ball thrown at a height of 12 metres above ground level is given
by 7 =8i+3j+(20-9.8t)k, where i, j and k are unit vectors in the east, north and vertically up directions
respectively and the origin is at ground level. Find when the ball hits the ground.

The trajectory of a projectile fired with speed u ms™" at an angle 6 to the horizontal, in a medium whose
resistance to the projectile’s motion is proportional to the projectile’s velocity, is represented by the

10+ kusin@
g(l —ek ) - &, where k is the constant of

k

parametric equations x = #(1 - e_kt) and y= 2
proportionality of the resistance.
L 1 10+ kusin@
(@) Show that the greatest height is reached when t = --log,| ———~——|.
. . k 10
(b) Find the greatest height.
A ball is thrown from a point 20 m above the horizontal ground in the
same medium as mentioned above. It is thrown with speed 30ms ™" at
an angle of 30° to the horizontal. At its highest point it hits a wall
as shown in the diagram. A

(c) If k=0.4, show that the ball hits the wall at a height of 25.8 m above

NOT TO
SCALE

Wall

the ground.
(d) What is the horizontal distance of the wall from the point of S ——
projection? Ground

A projectile is fired from the origin O with an initial velocity V ms™" at an angle 6 to the horizontal in a
medium whose resistance is proportional to the velocity.

] .
The parametric equations of the trajectory are x = VCTOSO(l —eM ) and y = (0+kk\2/sm€)(1 —eM ) 1ot

where k = 0.2 is the constant of proportionality of the resistance.

The projectile is fired at an angle of 45° to the horizontal with an initial velocity of 20+/2 ms™.

(@) Find when the projectile reaches its greatest height, correct to one decimal place.

(b) Find the greatest height attained, correct to one decimal place.

(c) Show that the projectile hits the ground when ¢ = 3.6 s (i) graphically (i) by substitution.
(d) Find the horizontal range of the projectile.

New Senior Mathematics Extension 2 for Year 12



6.7 RESISTANCE PROPORTIONAL TO THE SQUARE OF THE VELOCITY

In section 6.6 you considered projectile motion with resistance proportional to the velocity. In this section you will
extend this to consider projectile motion with resistance proportional to the square of the velocity.

For air resistance that is proportional to the square of the velocity, the resistance can be represented as a vector
that is opposite in direction to the velocity vector, with a magnitude equal to the magnitude of the velocity vector
squared, multiplied by a constant k.

Using this definition to derive the parametric equations of the resistance in the two-dimensional case:

24 N
R=-k|y|"? where y:ﬁ and so 4
v
. —\2 Y v+ v}
B:—k( v, v, ) —
v+,
_ 2 2
R=—ky/v, +v, v
_ 2 2
R, =—kve v, +v,
_ 2 2
R, kvy v+, . -~

The horizontal and vertical components of the air resistance are given by —kv,/v,” +v, and —kv, v +v,7,

respectively. These components are not independent of each other, which means there is no straightforward way
to find the position vectors by integration. Instead, projectile motion can be examined by using a mathematical
model where the components of the resistance are simplified and approximated to be simply proportional to the

. . . . 2 .
velocity vector components squared. That is, —kv, /v, + vyz is approximated as —k(v, )" and —kv,, |/ v+ vyz is

approximated as —k(vy )2.

A mathematical model for air resistance with the square of the velocity

A particle of mass m is launched at time ¢ = 0, from ground level on a flat plane, at an angle of 6 to the horizontal
with an initial velocity of u ms™. In addition to gravity, there is an air resistance force that acts in the opposite
direction to the instantaneous direction of motion. The magnitude of this resistance force is directly proportional to
the square of its instantaneous speed.

Use the standard Cartesian coordinates with the x-axis horizontal and the y-axis vertical.

Let the components of the acceleration be % and y, the components of the velocity be X and y, and the components
of the displacement be x and y.

Initially, x=0, X =u, =ucosf,y=0, y = u, = usin@.

Now the model is mx = —mk(x)* and mj = —mg — mk(y)’, where k is the constant of proportionality of the
resistance.

Dividing by m reduces these equations to: X = —k(x)?, j = -g- k(y)*.
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Consider the horizontal motion and let v, = x so that ¥ =

Integrate both sides:

Integrate with respect to t: x = u,

Consider the vertical motion and let v, = y so that j =
dv
Tz =—g—k(v,)’
d
#2 = —dt
g+k(v,)
vy dvy t
ides: ——=—| dt
Integrate both sides: J.uy g+ k(vy % L
1 vy dV _ t
E J.u), g 2 B J.O dt
% +(Vy)
vy
% k tan”' el =—t
g g
k
Uy

220

New Senior Mathematics Extension 2 for Year 12

dA- dvx _ 2
dtdr =R
Ve _ _kar
VX
Vx de _ t
LT det
o]
i S S
V.X uX
1 _ l+kut
ve  u,
y, =
* T 1+ kut
_ g dx Uy
Ve T X T T kut
fodt
0 1+k1/lxt
1 t
x:%[loge(1+kuxt)]0
1
xziloge(l+kuxt)
.
dt -



Now tan(A— B)= % and A= tanl(

7)

So: tan(ykgt) = [\/Jf ]_(

e

kv

Jﬁj

N
tan(\/Et :%xg+ P \/Ev
tan(rt)(g+fu kv, \/E( ku, —kv )

gtan(\/k—t)+kv u tan(\/Et

\/_v +kv,u tan(\/Et \/ﬂ , —gtan \/Et)

Now v, = j and ¥/ dy \/ﬂusine—gtan(\/@t)

dt \/ﬁ+ kusin@tan(\/ﬁt)

ousin@

(
_ eku, —gtanE\/Et)

k + ku, tan

,so that y = J

Jgt)
\/7u51n9 gtan(\/g)

YEAR 12

ﬂ+ ku51n9tan(\/g7kt)

— gtan(at)

2
Leta:\/gsoaz=gkorg=aT.Thus:y=

Rewriting this integrand in terms of sin(at) and cos(at):
gsin(at)
cos(at)
kusin @ sin(at)
cos(at)

ousing —

owsin B cos(art) — g sin(at)
o cos(at) + kusin@sin (ot )

Now differentiate the denominator:

dr
2

= k((xu sin@cos(ot) — aT

o + kusinO tan(at)

4 acos(at) + kusin@sin(at)) = —o* sin(ort) + otku sin O cos(oxt)

sin(at))

= k(au sin@cos(at)— g sin(at))

f'@)
f()
ausin@cos(at) — gsin(ot)
o cos(at) + kusinOsin (ot )

Thus you can write y = k

Hence: y =

J- ausin@cos(at) gsin(at))
~ kJ ocos(at) + kusin@sin(ar)

= %loge acos(at) + kusinOsin(ot)|+C

dt.

= occos(at) + kusin@sin(at), so that y = log, ‘f(t)‘ +C.
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Rewriting this with o = \/g now gives y = %loge \/g cos(\/gt) +kusin@ sin(\/gt)‘ +C.
_1 Jek|

\/gc050+ kusin@sino‘ +CandsoC= kloge

e

When t=0,y=0,s00= %loge

Hence: y = %loge Jg?cos(@t)+ ku sin@sin(\/gt)‘ - %loge

ku sin O si k
:%loge cos(\/gt)+ e \/S;ik(\/git)

= %loge cos(\/gt)+ \/%usin@sin(\/g_kt)
Thus the parametric equations of the path are:
x= %loge (1 + (kucos@)t) and y = %loge cos(\/gt) + \/Eu sinGsin(\/gt)
To obtain y as a function of x, first solve x for t:
kx =log, (1 + (kucosG)t)
e =1+ (kucos8)t

(kucos)t = ™ —1

_ e —1
kucos6
kx kx
() o (@)
So y—Eloge COS[W + §u51n631n ~ncoso |l the equation of the path.
Example 31

A projectile is fired from the origin O with an initial velocity # ms™ at an angle 6 to the horizontal in a medium
whose resistance is proportional to the square of the velocity. Use g= 10ms .

The parametric equations of the motion are: X = —k(x)*, j =—10— k()
 weos0 . ~10kusin®—10tan(10kt)
X = > =
I+ kucos6t” \/10k+kusin0tan( IOkt)
_1 [k e
x—kloge(1+kuc059t),y kloge cos( 10kt)+ Eusm@sm( 10kt)

The projectile is fired at an angle of 60° to the horizontal with an initial velocity of 10v/3 ms™. k=0.4.

_1

(@) Find when the projectile reaches its greatest height (correct to two decimal places).
(b) Find the greatest height (correct to two decimal places).

(c) Find when the projectile hits the ground (correct to two decimal places).

(d) Graph the path of the projectile.
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Solution

V10kusin@ — 10tan( 10kt)
V10k + kusin@tan(\/IOkt)

x/ZXlOﬁX%—IOtanZt

(@) Greatest height when y=0: y =

- Solve: 5(3—tan2t)=0
Ja+04x1043 x LB ran 2t (3-tan2t)
2 tan2t =3
_30—10tan2t¢ _
~ 2+6tan2t 20 =1.249
_ 5(3—tan2t) t=0.62s
~ 1+3tan2t Greatest height is at 0.62 seconds.
(b) t=0.62:
y= %loge cos(+/4x0.62)+ % x104/3 X \/fsin(x/ZXO.&)‘ = 2.5log, |cos1.24 + 3sin1.24| = 2.878 = 2.88m

() y=o: 2.510ge‘c052t+3sin2t‘ =0
cos2t+3sin2t = —1

\/ﬁ(isin2t+Lc052t =1
J10 J10

. 1 1
sin(2t + o) = —=— where tano =
V10 3

2t+0.3218 = 0.3218, 2.82
2t =2.4982
t=125s

(d) The dotted line uses the parametric equations x = 2.5log, (1 W 2\/51‘), y =25log, ‘cos 2t +3sin2t

e o . | 2(60.4x _ 1) 2(60.4)( _1)
or the Cartesian equation of the path y = 2.5log, [cos| ———— |+ 3sin| ————
q path y g 23 23

The solid line represents no resistance, the 12y
dashed line represents resistance proportional T
to the velocity and the dotted line represents

resistance proportional to the square of the 10+
velocity.
. . . 8+ L
The solid graph uses the parametric equations e .
2 a Y
x=53t, y =15t =5t2 or y =3x — 2 /

. 6+ ¢
15 \
The dashed graph uses the parametric equations

x=125\3(1-¢*" ) or y=100(1—e )25t *7T \‘

oy ‘

©)
= e e
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EXPLORING FURTHER °

Resistance proportional to the square of the velocity
Use technology to explore a model for projectile motion with resistance.

Summary of equations for projectile motion at an angle 6 to the horizontal

A particle is projected from the ground with an initial velocity u at an angle 6 to the horizontal where u, = ucos8,
u, =usin 6. If projected from above the ground, then this initial height of projection needs to be added to the equation
for y. k is the constant of proportionality for any resistance.

No resistance

x=0 y=-g
X =ucos@ y=usin@— gt
X =ucosOt y:usinet—%gt2
Resistance proportional to the velocity
i=—kx j=—g—kj
% =ucos@e y:%((g+kusin6)e_kt—g)
_ ucos@ —kt B (g+ kusine) —kt\ &t
x =42 (1-e) y= 1)
Resistance proportional to the square of the velocity—mathematical model
& =—k(x)’ j=-g—k(y)
4cosO _ \/gusine—IOtan(\/gt)
X=—FTFF =
1+ kcos 6t Y \/g_k+kusin0tan(\/g_kt)
x= llog (1 + kucos@t) y= llog cos(\/gt)+ kusinesin(\/gt)
kee k—ee g

EXERCISE 6.7 RESISTANCE PROPORTIONAL TO THE SQUARE OF THE VELOCITY

Use the summary of equations given above and appropriate graphing technology, where necessary, to answer the
following questions. Use g=10ms .

1 A projectile is fired at an angle of 45° to the horizontal with an initial velocity of 10v/2 ms ™.

(@) Write the equation of the trajectory if there is no air resistance.

(b) If air resistance is proportional to the velocity of the projectile, with k = 0.01, write the equation of the
trajectory in parametric and Cartesian form.

(c) Ifair resistance is proportional to the square of the velocity of the projectile, with k = 0.01, write the
equation of the trajectory in parametric form.

(d) Determine, by calculation, the greatest height of attained.

(e) Determine, by calculation, the range of the projectile.

(f) Graph the path of the projectile in each case.

(9) From your graph, determine the greatest height attained in each case.

(h) From your graph, determine the range of the projectile in each case.

() Discuss the significance of your answers.
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2 Repeat question 1 with k=0.05.
3 Repeat question 1 with k= 0.1. Compare your answers to questions 1, 2 and 3.

4 A projectile is fired at an angle of 30° to the horizontal with an initial velocity of 6ms ™.

(@) Write the equation of the trajectory if there is no air resistance.

(b) 1If air resistance is proportional to the velocity of the projectile, with k = 0.02, write the equation of the
trajectory in both parametric form and Cartesian form.

(c) If air resistance is proportional to the square of the velocity of the projectile, with k = 0.02, write the
equation of the trajectory in parametric form and Cartesian form.

(d) Graph the path of the projectile in each case.

(e) From your graph, determine the greatest height attained in each case.

() From your graph, determine the range of the projectile in each case.

(@) Discuss the significance of your answers.

5 A projectile is fired at an angle of 60° to the horizontal, from a point 2 metres above ground level, with an
initial velocity of 10ms™".

(@) Write the equation of the trajectory if there is no air resistance.

(b) If air resistance is proportional to the velocity of the projectile, with k = 0.005, write the equation of the
trajectory in parametric form.

(c) Ifair resistance is proportional to the square of the velocity of the projectile, with k = 0.005, write the
equation of the trajectory in parametric form and Cartesian form.

(d) Graph the path of the projectile in each case.

(e) From your graph, determine the greatest height attained in each case.

() From your graph, determine the range of the projectile in each case.

(@) Discuss the significance of your answers.

CHAPTER REVIEW 6

1 A particle moves on the x-axis with velocity v. The particle is initially at rest at x = 2. Its acceleration is given

by ¥ = x+6. Using X = %(%Vz), find the speed of the particle at x = 3.
2 A particle moves along the x-axis, starting from a position 2 metres to the right of the origin (i.e. x =2

when t = 0), with an initial velocity of # ms ' and an acceleration ¥ = x° + x.
2

(@) Show that x = X \/% L . (b) Hence find an expression for x in terms of ¢.

2
3 The equation of motion for a particle moving in simple harmonic motion is given by Z—f =—n’x where n
is a positive constant and x is the displacement of the particle at time ¢. t
(@) Show that the square of the velocity of the particle is v* = n*(a” — x°), where v = % and a is the amplitude
of the motion.
(b) Find the maximum speed of the particle. (c) Find the maximum acceleration of the particle.

(d) The particle is initially at the origin. Write a formula for x as a function of t. Hence find the first time that

the particle’s speed is a quarter of its maximum speed.
4 A particle moves with simple harmonic motion on the x-axis about the origin. It is initially at its extreme

negative position. The amplitude of the motion is 16 and the particle returns to its initial position every

5 seconds.

(@) Write an equation for the position of the particle at time ¢ seconds.

(b) How much time does the particle take to move from a rest position to the point halfway between the rest
position and the equilibrium position?
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A particle moves in a straight line. Its displacement x metres after ¢ seconds is x = sin 2t —~/3 cos 2t + 3.

(@) Prove that the particle is moving in simple harmonic motion about x = 3 by showing that x =—4(x—3).

(b) What is the period of the motion?

(c) Express the velocity of the particle in the form x = Acos(2t— ), where o is in radians.

(d) Hence, or otherwise, find all times within the first 7 seconds when the particle is moving at 2 metres per
second in either direction.

A particle is moving along the x-axis and is initially at the origin. Its velocity v metres per second at
2t

9+t

(@) What is the initial velocity of the particle?

(b) Find an expression for the acceleration of the particle. () When is the acceleration zero?
(d) What is the maximum velocity attained by the particle and when does it occur?

(e) Find the position of the particle when ¢ = 3.

time f seconds is given by v=

A particle of mass 5kg moves in a straight line under the action of a force whose magnitude after t seconds is
50 — 10t N. Initially the particle is at the origin O with velocity 24ms™".

(@) At what time is the particle momentarily at rest? (b) What is its position at that time?
(c) Describe the motion.

An object of mass 10kg is at rest at the origin. It is acted on by a force that decreases uniformly with the
distance travelled by the object, from 50N at the start to 10 N when the distance travelled is 25 m.

(@) Write the function for this force F in terms of displacement x.
(b) Find the velocity of the object when its displacement is 25 m.

A particle of mass 5kg moves in a straight line so that at time ¢ its displacement from a fixed origin is x and its
velocity is v.

(@) If the resultant force (in newtons) on the particle is 10sin ¢, and v =1 and x = 1 when ¢ =0, then find x as
a function of ¢.

(b) If the resultant force (in newtons) on the particle is 15 + 5v, and v = 0 when ¢ = 0, then find v as a function
of t.

A parasailing waterskier is being towed horizontally at a constant speed. The tow rope from the boat makes an
angle of 20° above the horizontal and there is tension of 300N in the tow rope. The waterskier has a mass of
100kg. A resistance force of 120N acts against the waterskier in a horizontal direction. A parachute is attached
to the skier by a cord that is inclined at an angle o above the horizontal. There is tension of T newtons in the
parachute cord. (Use g=9.8ms ~.)

(@) Draw a diagram to show the four forces acting on the waterskier, W.
(b) Explain why the resultant force on the waterskier is zero.
() Find T correct to one decimal place and find o correct to the nearest degree.

An object is fired vertically from the surface of the Moon with initial velocity v, under a gravitational

acceleration such that ¥ = —Lz , where x is the displacement from the centre of the Moon and k is a constant.

x
Let the radius of the Moon be R. The gravitational acceleration at the surface of the Moon is % .

(@) Find the velocity of the object in terms of its distance x from the centre of the Moon.

(b) Find the value of v, for which the object travels a distance of 2R from launch before it starts
to fall back.

(c) Find the escape velocity.

A particle moves from the initial conditions ¢ = tp X=Xy, V=v,t0 the final conditions t = ts X=X, V=,
under a force that produces acceleration %. Which of the following is incorrect?

) E oy 3y F f(v)
A Ifi=f(v),thenx, = dv+x B If X= f(v), then x, = —Ldy+x
F ), ) 0 f F jVO v 0

F dy

C Ifi= f(v) thent = [ -3 4¢
f r=),

D Ifi= f(x) thenv? =2 ' f(x)dx+v,
*0
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13 (a) Show that the range on a horizontal plane of a particle projected upwards at an angle o to the plane and

2 . 2
with velocity V metres per second is V- sin2a metres, and that the maximum range is —.

A garden sprinkler sprays water symmetrically about its vertical axis at a constant speed of V metres per
second in a circular pattern. The direction of the spray varies continuously between angles of 15° and 60° to the
horizontal.

(b) Prove that the sprinkler, from a fixed position on level ground, will wet the surface of an annular region

2 2

with centre O and with internal and external radii g—g metres and V? metres respectively.

() Deduce that if the sprinkler is placed appropriately relative to a rectangular garden bed of size 6 m by 3 m,
2
then the entire garden bed may be watered, provided that ‘2/—g >14+4/7.

14 An underwater camera of mass 0.5kg is allowed to fall vertically from the ocean surface into a deep ocean
trench. As it falls to the ocean floor, it is acted upon by gravity and by a resistance of 2v newtons, where v ms™"
is the velocity of the camera t seconds after beginning its descent.

(@) Show that the equation of motion of the camera is ¥ = g —4v.

(b) Find v as a function of t.

(c) Find the terminal velocity of the camera.

(d) Find the time taken for the camera to reach half of its terminal velocity.

(e) It takes 50 seconds for the camera to reach the ocean floor. Find the depth of the ocean at that point.

15 A particle moves so that its position vector r at time ¢ is given by r = 3cos2¢ti +3sin2tj, t > 0.
(@ Show that the particle moves in a circle and find the Cartesian equation of its path.
(b) Show that the particle moves with constant speed.
(c) Show that the particle’s acceleration has constant magnitude and is perpendicular to the direction of
motion of the particle.

16 The position vector of a particle at time ¢ seconds, t > 0, is r = (1 +sin 4t) i+ (2 —Cos 4t) j metres.
(@) Show that the particle moves in a circle and sketch its path.
(b) Show that the particle’s acceleration is always perpendicular to its velocity.

17 The position vector of a particle at time ¢, £ > 0, is ¥ = 2cos3ti + 2sin 3¢t j + 3tk.

Show that the magnitudes of the particle’s velocity and its acceleration are constant.

18 A particle moves so that its position vector at time ¢ is given by r = 3costi + 2sint j, 0 < t < 27

(@) Find the Cartesian equation of the path of the particle and sketch the path.

(b) Find when the velocity of the particle is perpendicular to its position vector and hence find the position
vectors at these times.

(c) Sketch the graph of the speed function and find the maximum and minimum speeds of the particle.

(d) Show that the particle’s acceleration is directed towards the origin and is equal in magnitude to the
particle’s distance from the origin.

(e) Find when the acceleration is perpendicular to the velocity.

Chapter 6 Mechanics 227



228

SUMMARY

The complex number system

Any number z of the form x + iy, where x, y are real, is
called a complex number.

x is the real part of z, Re(z) = x, and

y is the imaginary part of z, Im(z) = y.

If y =0, then z is purely real. The set of real numbers is
a subset of the set of complex numbers.

If x =0, then z is purely imaginary.

Equality

Two complex numbers are equal if and only if their real
parts are equal and their imaginary parts are equal:

a+bi=c+di ifandonlyif a=c and b=d
Addition and subtraction
Ifz= z,tz, where z,=x, +iy, and Z,=x,+1iy, then
z=(x, +x,) Ti(y, +y,).
Multiplication
Ifz= z, X z,, where z,=x, +iy, and Z,=x,+1y, then:
z=(x, +iy)(x, +iy,)
2 . .

=xx,+iyy, +ixy, +ixy,

= (X, = y,p,) Hilxy, + 59,
The conjugate of a complex number
If z = x + iy, then the conjugate of zis z = x — iy.
The product of a complex number and its conjugate is
a real number:

zZ = (x +iy)(x —iy)

2 2 2
=x"—iy
— x2 + y2
Division z
To calculate the division z = Z—l, multiply the
2

numerator and denominator by the conjugate of z,.
This realises the denominator, i.e. makes it real.
zZ,Z,
— 172

z
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Square roots of a complex number
To find the square roots of a + ib, let z = x + iy such that
2’ = a+ ib, with a, b real. Equating the real parts and

the imaginary parts:
2 2
X —y =a 2xy="b

Substitute to solve for x and y.
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Geometrical representation of a complex
number as a point

Any complex number z = x + iy can be represented by
the point P with coordinates (x,y) in a number plane
in which the x-axis is the ‘real’ axis and the y-axis is
the ‘imaginary’ axis. This Cartesian representation

of complex numbers is called the Argand diagram,
mapped on the complex number plane.

Imaginary axis
e P(x + yi)

y

(6] x
Real axis

Geometrical addition and subtraction of
complex numbers

. Im
On the Argand diagram, 61 X
points P, Q and R represent 5T it
41 - '
Z,2, agd z + z% , N Qz’ .- ,
respectively. Points Q" and S 1 /2 I'Z 1
represent —z, 11 .

and z, — z, respectively. — .
Note that z, — z, is
calculated as z, + (-z,). }-
OPRQ and OPSQ’ are Q,l
parallelograms.

Geometrical representation of multiplication by i
The Argand diagram shows that each multiplication

by i causes a complex number z to be rotated
anticlockwise about the origin by % (90°).

Im
61
iz 4l
Q 31 Z
2 P

I\l 2 3 4 p 6Re

i3z

Geometrical representation of conjugates
The points that represent a pair of complex conjugates
are reflections in the real axis.

Modulus-argument form of a complex number
A point P on an Argand diagram may be located by
Cartesian coordinates (x, y), or by its modulus and
argument:



+ The modulus is the distance from the origin O to P:

modz=|d =[x+ =\’ + )" =r

o The argument is the angle at which the ray OP is
inclined to the positive direction of the real axis:
argz = @such that x=rcos6 and y=rsin0

« The principal argument is 6 such that -7 < 6< 7.

Im

z=x+iy

For any complex number:
z=x+iy=rcos0+irsin@=r(cosO+isinb)

A complex number expressed as r(cos 8+ isin 6)
=rcis Ois in mod-arg form.

The result z x z = | z|?
The product of a complex number and its conjugate is
the modulus squared.

Products in mod-arg form
Letz, =r/(cos 6 +isin6) and
z,=r,(cos 6, +isin 6,).
Then z X z, =r,r,(cos 6, + isin 6,)(cos 6, + isin 6))
=rr,cis(6, +6)
=~z =z Xz
Also: argz, +argz, is one value of arg(z,z,), not
necessarily the principal value.
+ The modulus of a product is the
product of the moduli.

 The argument of a product is the
sum of the arguments.

Quotients in mod-arg form
Let z, =r,(cos 6, +isin 6)) and z, = r,(cos 6, + isin B)).
z

Then =+ = — =
2y Ty(cosH, +isin6,)

AN
2

_ z
Also: argz, — argz, is one value of arg Z—l, not
necessarily the principal value. 2

r(cos@, +isin@ ) r |
L L 1 —éas(el—ez)

+ The modulus of a quotient is the
quotient of the moduli.

o The argument of a quotient is the
difference of the arguments.

Two special results

1 If z=r(cos 8+ isin 6), then the conjugate
Z =rcis(—0)

2 If z=r(cos O+ isin 0), then % = %cis(—B)

Basic identities

zlzz‘ = \zl sz‘ and arg(z,z,) = argz, + argz,

z 21 z
L= u and arg =+ =argz —argz,, z, =0
Z) ’22‘ 2
n
o |2" =‘z‘ and arg(z")=nargz
1 1 1
—|=——and arg — =-nargz,z=0
n n n
| "] :

o EI+EZ=ZI+ZZ
° 2122=21Z2

— 2
. ZZ=‘Z‘
e 2+2z =2Re(z)
e 2—2z =2iIm(z)

Powers using mod-arg form

De Moivre’s theorem:

If z=r(cos 6+ isin 0) and # is an integer,
then Z"=1"(cosnO+isinnb)

De Moivre’s theorem for negative integers
If n is a negative integer, de Moivre’s theorem states that
z7" =r"(cos(-nB) + i sin(-n0)).

Euler’s formula
In general, when ‘z‘ 11,z =r(cosO +isin@) = re'”.

Powers of complex numbers
Since any complex number can be written in the

exponential form, %, it is easy to find powers of this
number as (eie )n =e"

Geometrical representation of products
involving complex numbers—consolidation
and summary
Multiplication of a complex number z by a real number k:
o arg(kz)=argk+argz
If k is a positive real number, then argk =0, so
arg(kz) = argz.
If k is a negative real number, then argk = 7, so
arg(kz) = m+argz=m+argz —2n=—(n—argz).
(Note that 27 is subtracted to find the principal
argument.)
o |kzl =kl x|zl i.e. there is a scaling by a factor of kl.
If k is a negative real number, then the direction from
the origin O to the point representing kz is opposite
to the direction from O to the point representing z.

Summary 229
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Multiplication of a complex number z by i:

o arg(iz) =argi+argz= % +argz

o lizl =lil x|zl =lzl aslil =1

» Hence multiplication by i causes an anticlockwise
rotation by % about the origin O, with no change to
the modulus.

Multiplication of a complex number z by ki, where k is
a real number:

« This combines the two cases above.

» Rotate by % anticlockwise about O and then scale

by a factor of |k|, remembering also to reverse the
direction if k is negative.

Multiplication of a complex number z by another
complex number r(cos 6+ isin 6):

o arg(zXxrcis@) =argz +arg(rcis@) =argz+ 0
o lzxrcisl=lz|x|rcis6l =z x r

 To multiply by rcis 6, rotate by 6 anticlockwise about
O and then scale by a factor of r.

Properties of complex conjugates

e z+z =2Re(z)and z— 7z =2Im(z) X i

« the conjugate of a sum is equal to the sum of the
conjugates

« the conjugate of a difference is equal to the difference
of the conjugates

« the conjugate of a product is equal to the product of
the conjugates

« the conjugate of a quotient is equal to the quotient of
the conjugates

« the conjugate of a power is equal to the power of the
conjugate

« the conjugate of a real number is itself,
ie ifz=x+0ithenz=x—-0i=z.

Geometrical representation of a complex number as a vector

Complex numbers can be represented as vectors
for which the modulus gives the magnitude and the
argument gives the direction.

On an Argand diagram, let point P represent the
complex number z = x + iy. This z is also represented
by the position vector OP, where OP has length |z|
and direction given by a rotation from the positive
direction of the real axis by argz.

Im Im

) A Pz=x+iy) P(1,2)
\ i d
1
| B(4,1)

|2| :
) /
1
1
: (0] Re
arg z L A(3,-1)
O X Re '

The vector to represent a complex number does not have to ‘start’ at the origin O; a complex number can be
represented by any vector with the same modulus (length) and argument (angle), called a free vector (if it is not a

position vector from the origin).

Operations on complex numbers represented as vectors

Addition (to form the vector sum p+q):
Method 1 (complete the triangle)
1 Translate g so that its tail is located at the head of p.

2 'The vector for the sum p + g now goes from the tail of p to the head

of the translated q.

Method 2 (construct the diagonal of the parallelogram)

1 Translate g so that its tail is located at the tail of p.

2 Locate the fourth vertex of the parallelogram of vectors.

3 The vector for the sum p + g now goes from the common tail of

p and q to the fourth vertex of the parallelogram.

Subtraction (to form the vector difference p—q):
Method 1 (add the opposite vector)
1 Form the vector —q.

2 Form the vector sum p +(—q).
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q translated _ _ _

-~ 7 g translated

_

-q translated _ __




Method 2 (construct the other diagonal of the parallelogram) _ Jean
1 Translate g so that its tail is located at the tail of p. = P-1
2 Locate the fourth vertex of the parallelogram of vectors. ?/ Ll

- -q translated

3 The vector for the sum p — g is the diagonal of the

parallelogram that goes from the tip of g to the tip of p. /
1

Let A represent z and B represent z,.

When the parallelogram OACB is formed: i ¢
« vector OC represents z, +z,

o vector AB represents z, — z, and vector BA represents
2T

. ’21 + zz‘ and ‘zl - z2| are the lengths of the diagonals of the
parallelogram 0

arg(z; + z,)

N J\a\rg(zl -Z) Re
« arg(z, +z,)) and arg( z, — z,) are the angles at which the )
diagonals are inclined to the positive direction of the real axis.

Multiplication by i:

When working with vector representations of complex numbers, multiplication by i rotates the vector anticlockwise
by Z (90°).

Multiplication by ki (where k is real):

To multiply by ki, rotate the vector anticlockwise by % (90°) and scale by a factor of k.

Multiplication of a complex number z by another complex number r(cos 6+ isin 6):

To multiply z by rcis 6, rotate the vector that represents z through an angle 6 and scale by a factor of r.

Hint: Whenever you see z, + z, and z, — z, in a problem, the problem can most likely be solved using the geometrical
properties of parallelograms.

The triangle inequalities

In a triangle OAC: OC < OA + AC, with OC=0A + AC Im Oz, +2,)
when O, A and C are collinear. B(zy) __---""_

‘zl + zz‘ < |zl‘ + ‘zz , with ’zl + zz‘ = |zl‘ + ‘zz‘ when z, = kz, (where k is real). a-% \/\ 5 +2

In AOAB: OA < OB + BA, with equality when O, B and A are collinear. >

‘Z1| < ‘z2| +‘z1 - zz‘ 5 e F

‘Zl - zz‘ > |Z1‘ - ‘zz , with equality when z, = kz, (where k is real).

Roots of complex humbers

De Moivre’s theorem can be used in reverse to find roots of complex numbers.

o 'The n-th roots of 1 (i.e. the n roots of 2" = 1) are equally spaced around the circumference of the circle with centre
O and radius 1, separated by an angle of 277[ at the centre.

o One root is 1. If  is even, another root is —1. The other roots occur as non-real conjugate pairs.

2km 2k

o The roots are 1(cosT +isin T) where k=0, £1, 12, ... until the n unique roots are identified.

o The n-th roots of any complex number Rcis o are equally spaced around the circumference of the circle with
centre O and radius ¥R, separated by an angle of 277[ at the centre.

o The roots are ’\’/ﬁ (cos o +n2k7r +isin% +n2k7t) where k=0, £1, 12, ... until the n unique roots are identified.

Summary 231



232

Complex roots of unity

To investigate properties of the n-th roots of 1, you can
work with symbolic representations rather than the
actual values of the roots.

An important result is the factorisation (where w is a

root):
1 n

W —1=(w=DW""+w" 7+ . +w+w+1)

Curves and regions on the Argand diagram

If z=x + iy, then:

o |z] = \x* + y* is the algebraic definition;
geometrically |z| is the distance from the origin O to
the point (x, y)

o algebraically |z — (a+ib)| = \/(x —a) +(y-b);
geometrically |z — (a + ib)| is the magnitude of the
vector from (a, b) to the point representing z

« geometrically argz is the angle made with the
positive direction of the real axis by the vector from
the origin O to the point representing z

+ geometrically arg(z — z,) is the angle made with the
positive direction of the real axis by the vector from
the point representing z, to the point representing z

o arg0 is undefined.

o The negation of ‘P and Q’ is ‘not P or not Q.
o The negation of ‘P or Q’ is ‘not P and not Q..

The symbol V (known as the universal quantifier) is
used to mean ‘for all’

The symbol 3 (known as the existential quantifier) is
used to mean ‘there exists.

When the symbols V and 3 appear together in the same
statement, the order in which they appear is important.

« Providing a single example is always sufficient to
prove that a ‘there exists’ statement is true.

« Providing a single counter example is always
sufficient to prove that a ‘for all’ statement is false.

The negation of a for all’ statement is a ‘there exists’
statement. Similarly, the negation of a ‘there exists’
statement is a ‘for all’ statement.

Two statements are logically equivalent if whenever one
is true, the other must be.

Each of the following means the same as P = Q:
o IfP,then Q

e« QifP

o Pisa sufficient condition to conclude that Q

o Qis necessary if P

o Pimplies that Q.
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For a statement of the form P = Q that involves some
variable:

o The converse is the statement Q = P
o The contrapositive is the statement not Q = not P

« The negation is the statement ‘there exists some value
of the variable for which P is true, but Q is false.

The contrapositive of a conditional statement essentially
says the same thing as the original statement, and thus,
will be true whenever the original statement is true.

Two statements are logically equivalent if whenever one
is true, the other must be.

Each of the following can be used to express the fact
that P and Q are logically equivalent:

o Pis necessary and sufficient for Q
« Pifandonlyif Q

e P> Qand Q=P

e P Q.

Algebra of vectors expressed in component

form

(i) Equality: Two position vectors are equal if and
only if the corresponding components are equal.

ie. aii+bj+ck=a,i+b,j+c,kif and only if
al = az, bl = bz, Cl = Cz.

(This is true because the i, j, k representation of a
vector is unique.)

(ii) The components of the sum (difference) of two
position vectors are equal to the sum (difference)
of the corresponding components of the vectors;
eg. If

a=xi+yj+zkandb=x,i+ y,j+z,k, then
axb=( £x)i+(y = )’z)z +(z; £ 2)k.
(iii) The components of a scalar multiple of a position

vector are equal to the scalar multiple of the
corresponding components of the vector.

eg Ifa=xi+yj+ zk and A €R, then
Aa = ()i + (Ay)j + Gk,
Summary of formulae
Distance formula
Given A(x,, y,,2,) and B(x,, y,,z,), then
AB = (x, - %)i + (y, - »)j + (2 - 2,)k and

48| = o, 0+ 02 = 1 42 -2




Unit vectors

~ a
Q - =

t
Scalar product

= (xi + }’11. +2z,k)* (x50 + )’zz +2,k)
=X%t )Y+ 212,

Algebraic properties of the dot product
e a*b=bea

+c)=asb+acc
b)*(c+d)=ascra=d+brc+bed
angle between two vectors, 6, is given by

cosf = = ba’|‘0b’|‘0

{1
a|

Geometric properties of the dot product

o Ifa*b=0,then gand b are perpendicular,ga L b
° Ifg L4 Q =
o Ifaand b are parallel vectors, theng*b = ‘E‘HZZ‘

o By convention, 0° < 0 < 180°.

a||b|, then g and b are parallel vectors

Projections
The scalar projection of g onto b is a 001:7, where

-2k
U
The vector projection of a onto b is (a b)b

The vector projection of a perpendicular to b is

@—(@'@)Eor@-g:g~~

Equation of a sphere

(x—h)2+(y—k)2+(z—k)2=r2

Equation of a line

Vector equation of a line: r = r y+ Av, this equation
consists of the position vector, 1, of a fixed point P,
on L and a fixed vector, 7, that determines the direction
of L.

Parametric equations of a line: x = x, + aA, y =y, + bA,
z=z,+ c/, represent the parametric equations of the
line L through the point (x, y,, z,) parallel to the vector
v =(a,b,c).

Properties of lines in three dimensions

Given line L, with equation x =a + bt, y = c + dt,
z=e+ ftand line L, with equation x =g+ hs, y =j + ks,
z=1+ ns, then:

L, and L, intersect if a unique value of t and s satisfies
the three equations a + bt =g+ hs, c+ dt =j + ks,
e + ft =1+ ns simultaneously

o L LLifbh+dk+fn=0(a*b=0)
« If they are not parallel or coincident and do not
intersect, then they are skew.

Note: In three dimensions coincident lines will
be parallel and have a point in common. This
means that for L, and L, above to be coincident,

Vector equation of a line

Consider two straight lines, L, and L,, with vector

equations r, =g, + Ab;and 1, = g, + )Lbz respectively

and with direction vectors b, = x,i + y,j + z;k and

b, = x,i + y,j + z,k respectively. )

o If the two lines are parallel, then b,= kb,, k # 0, and
so x, =kx,, y, =ky, and z, =kz,.

Then, eliminating the constant k, you have that if L and

L, are parallel then L = 2L = 2L
X2 V2 %
o If the two lines are perpendicular, then b,* b,=0
and so x;x, + ¥, ¥, + 2,2, = 0.
« Providing a single example is always sufficient to
prove that a ‘there exists’ statement is true.

Trigonometric integrals
Using double-angle formulae:

Jsinxcosxdx = %J.siHZxdx
Icosz xdx = %J(1+c032x)dx

Jsinz xdx = %J(l —cos2x)dx

« For Isinm xdx and jcosm xdx,
m an even positive integer:

m . (14+cos2x)" .o [1=cos2x\"
Use cos™ x = — and sin”” x = — -

e For |sin™ xdx and | cos™ xdx,

m an odd positive integer:
. .2 . 2
Rewrite as Jsm " x sinxdx or J.COS " x cosxdx

. 2 2
where m =2n + 1, then substitute sin“x=1— cos“ x
2 .2 .
or cos”x =1 —sin”x and work towards creating an

integral of the type If(u) du, u= g(x) that can
be found.

Summary
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Inverse trigonometric functions
. J‘¥dx =sin
2 2
va© —x
J.\/idx—cos 'X4C for—a<x<a

. J‘ﬁdxztanlx+C for all x
a +x

_1£+C for-a<x<a

You may need to complete the square to put the
integrand into the required form.

Integration by substitution
This is also called ‘integration by change of variable’:

[reoay=[ r@tax =] fodu

An expression like va* — x* can be integrated with
a substitution of x = asin 6 or x = acos 6, while

an expression like a” + x” can be integrated with a
substitution of x = atan 6.

The domain of the substitution should be chosen to
coincide with the corresponding inverse function:

7<9<E

o for the substitution x =acos 0, set 0 < < 7.

« for the substitution x = asin 6, set —

The endpoints of the domain are not included as
1

— is undefined there.
NVa —x

For the substitution x = tan 6, no restriction on @1is
required: 1+ x” > 0 for all values of x, so the integrand’s
denominator will never be zero for real x.

Special case: evaluating J a’—x>dx,a>0
0

The graph of y =va’ — x7,

a> 0 for the domain 0 < x < a” is the

first quadrant of the circle
2, 2 2
X+y =a.

The formula for the area of a circle
can be used to evaluate the integral:

_1 2_7[612
Area—4><7r><a =

Sum or difference of two squares

All quadratic expressions of the form ax” + bx + ¢ can be
expressed as the sum or the difference of two squares,
depending on whether their discriminant A = b” — 4ac is
positive or negative. This can be achieved by completing
the square of the quadratic.

(asr=a)

After this is done, the associated integral can usually be
found by using an appropriate substitution.
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Logarithmic functions

. %loge (f(x)): ?((;‘))

. Jd—leog lx|+C

Jh (%) g = log, |A(x)/+C

The substitution t = tang
The substitution ¢ = tang enables us to express sin 6

and cos 0 in terms of £, which then enables us to express
any rational function of sin 8 and cos 8 as a rational
algebraic function of ¢. This then allows standard
techniques of integration such as partial fractions or
integration by parts.

6 . 2t
t=tan> sinf =

2 1+t
cos = 1= e 49 __2

1+ dt 144

If using a substitution of t =tanf(6), f(6) # Q,

differentiate the substitution to find the link between
d0 and dt.

Rational functions
A rational function f(x) is the ratio of two polynomials,

fx)= 1;8)) , defined for all values of x except those for
which B(x) =

If the polynomial degree of A(x) > degree of B(x),
then: A(x) =B(x) X Q(x) + R(x)
where degree of R(x) < degree of B(x)

which leadsto:  f(x)=Q(x)+ 1;83

The problem of partial fraction decomposition arises
when B(x) is a product of polynomials of lower degree,
i.e. B(x) = B (x) X B,(x) with degree B, (x) > 0, degree
B,(x) > 0.

You wish to find polynomials #1,(x), m,(x) such that:
R(x) m(x) m,(x)

B(x)  B,(x) B,(x)

Now m, (x) and m,(x) can be found if: R(x) =
B,(x) + m,(x) X B (x).

Comparison of degrees shows that you can suppose

degree m, (x) < degree B (x), degree m,(x) < degree
B,(x).

m, (x) X



Linear factors
Consider the general case, where B(x) is a product of distinct linear factors: B(x) =k(x—a)(x—a,)...(x—a )

c c c
You want to discover if constants ¢, c,, ... ¢, exist so that: I;E;C; =5 - a +5 2 a +o.t 5 — a
Linear factors—Method 1 (equating coeflicients)
Consider the monic case when n =2, so that k=1 and B(x) is a quadratic.
R(x) =dx+eand B(x) = (x —a,)(x — a,): R(x) _ dx+e -4 . 5
B(x) (x—a)(x—a,) X4 X-—d,
c(x—a)+c, (x—a
Write with common denominator: dx+e = i 2) 6y )
Goa)x—a) (-a)x-a)
Write the numerators: dx+e=c(x—a,)+c(x—a)

Using identity property of polynomials, equate coefficients: ~ d=c, +¢,
e=—(a,c, +a.c,)
As a, # a,, these two equations can be solved for ¢, and c,.

In the general case, a,, a,, ... a_ are distinct, so the coefficient equations can be solved for ¢, ¢,, ... c,.

n

Linear factors—Method 2 (substitution)

Again consider the monic case when n =2, so that k= 1 and B(x) is a quadratic.

_ (e _ .\ Rx)_ dx+e __4 2
R(x) =dx+eand B(x) = (x —a )(x —a,): Bx) (i—a)(x—a,) ¥4 + 5= a,
c(x—a)+c (x—a
Write with common denominator: dx+e = i )6 )
(x—a)(x—a,) (x—a)(x—a,)
Write the numerators: dx+e=c(x—a,) +c(x—a)
Letx=a: da te=c/(a, —a,)
da +e
Solve for c.: =1
! 1 a-a
Letx=a,: da,+e=c,(a,—a,)
da, +e
. _ 2
Solve for c,;: c, = @ —a

You should always check your answer by writing the partial fractions over a common denominator again.

Partial fractions, quadratic factors
B(x) is a product of distinct linear factors and a simple quadratic factor such that

R(X) Cl Cz Cn dx+e .
= + +...+ + , with degree R(x) <n+ 2.
B(x) *—a  x-—a X=a,  x*+bx+c 8 ()

As for partial fractions with linear factors, here ¢, c,, ... ¢, can be found using any of the previous methods for
partial fractions with linear factors. You then only need to find d and e as follows.

s Ifnoneofa,a,...a, is zero, then let x = 0 to find the value of e.

 Multiply through by x and let x — oo (which will require dividing each fraction by the largest power of x in the
numerators) to find the value of d.

o Ifeg. a, =0, first find d and then select a small integer value for x distinct from a,a,...a togivea simple
equation that can be solved for e.

Two quadratic denominators
When finding partial fractions for pairs of quadratic denominators like (x* + a*) and (x* + b*) and the numerator
does not have odd powers of x, you can write the first step as:

ex’ +d e f

55 5. =5 5 +—5 5 Where either c or d could be zero.
(x“"+a”)(x"+b") x"+a” x°+b

Summary 235
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Repeated linear factors ox+d ¢ fx+g
This course does not require you to find partial * Im = J‘(m + PR j dx

fractions with repeated linear factors. However, you

may be asked to show a repeated factors result. . J(xz pY )C(xz e ) dx = -[(xz _|d_az + 2 j_bz )dx
. - 2
Partial fractions . J’ _olvd =,[( - 2f z)dx
(x"+a”)(x"+b") x“+a° x"+0b

(x—ac)b(cx—b)zj.(xia—kx(ib)dx

Integration by parts
This comes from rearranging the product rule.

If u(x) and v(x) are differentiable functions of x, then, by the product rule:

%(w):v%+ug§ or %(uv)zvu'+uv'
Hence: ju%dxzuv—JvZ—xdx Iuv'dx:uv—jvu’dx

Iudv =uv— Jvdu
dv

The LHS integrand is a product of two expressions involving x: one denoted by u and the other by = I

(or just dv). The choice of which parts to label as u and dv is made so that the RHS integral can be easily found. The
arbitrary constant C is inserted into the solution at the appropriate point.

As a general rule, dv should be a function that is easy to integrate and u should be the other function. If they are
both easy to integrate, then u should be the function that will be simpler after differentiation.

Note that for complex integrals, the rule sometimes has to be applied more than once. You may also need to
rearrange terms to solve for the desired integral.

Recurrence relations
These are found by integration by parts. Given I = I [ f (x)] dx a relationship of the form I = kI _ is found, where
I j [ f (x)]n " dx. After I, or another of the other easy I integrals can be found, the recurrence relation is then

used to evaluate the original integral.

Properties of the definite integral

b b b
1 j f(x)dx £ j g(x)dx = j (f(x) + g(x))dx
a a a radius a, so it can be quickly evaluated using

2 jabf(x)dx = J.:f(x)dx + J.be(x)dx A=

a
7 j Va® — x* dx represents the area of a semicircle of
—a

b a Combinations of even and odd functions
8 j . fx)dx = _Jb f(x)dx « The product of two odd functions or two even

b p b p functions is an even function.
4 L flxyd = L fu)du o The product of an odd function and an even
(i.e. the value of the integral is independent of the function is an odd function.

variable of integration)

Integrals and areas
5 If f(—x) = f(x) (i.e.f(x) is an even function), then: N

] ) Be aware of the difference between evaluating the
J_af(x) dx = ZL f(x)dx integral j f(x)dx and finding the area under the

6 If f(—x) =—f(x) (i.e.f(x) is an odd function), then: curve y = f(x) between the ordinates x = —a and x =a.

j_“af(x)dxzo
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6 MECHANICS

Velocity and acceleration as functions of x
The expressions x(t), v(t) = x(t) and a(t) = X(t) = v(t), which denote displacement, velocity and acceleration

respectively, define functions of time ¢. For each t there corresponds only one value of x(f) that satisfies the function,

because the particle can only be in one place at one time. Similarly (¢,v(¢)) and (¢, a(t)) define functions because a
particle cannot have more than one velocity and one acceleration at any given time.

However, sometimes it is useful to express acceleration in terms of the displacement x or the velocity v. In this case
you must be careful, because equations relating a, v and x will not necessarily define functions.

Remember that calculus only makes sense when applied to functions, so ? can only have meaning if v = v(x)
x

defines a function. Hence if you want to differentiate the equation v* = 1 — x° you must restrict v to be either positive

or negative, so you consider v to apply only to velocities as the particle moves from A to B, i.e. v > 0, or only from B

to A, i.e. v < 0. If v(x) specifies a function according to one of these restrictions, then the chain rule of differentiation

can be used:
dv_dv_ ds
dt dx dt
= vﬂ asv= dx
dx d
_d (1) v
dv (2 ’ )>< dx
2 d
= %(%w) Hence acceleration may be expressed in any of the forms %, ZT;C, v% or E(%Vz)
The form to use in a particular problem will depend on the form of the equation that defines acceleration:
. _ dv _d’x dv  if initial conditions
+ Given a=f(t), use w2 Given a= h(v), use dt  arevalues for tand v
o Givena=h(v),u
_ d(1, av  if initial conditions
 Given a =g(x), use E(Ev ) dx are values for x and v

It is customary to write derivatives with respect to time using dots above the dependent variable,
e.g. x:d_x 5c'=ﬁ v:ﬂ.
e’ ar’’  dt
Simple harmonic motion (SHM)
SHM is the motion of a point particle moving along a straight line so that its displacement x from a fixed point at
time ¢ is given by a sine or cosine function:
o displacement x: x=acos(nt+ o), «>0,n>0 o acceleration ¥: X =—an*cos(nt+ o)
o velocity X: X =—ansin(nt + o) or ¥=-n’x
Important results:
1 When x = 0 (i.e. at the endpoints of the motion), the acceleration is greatest.

2 When ¥ =0 (i.e. at O, the centre of the motion), the speed is greatest (i.e. velocity has its greatest or least value).
The general equation x = acos(nt+a),x >0,n >0
If when t =0, x = g, the particle is initially at the extreme point A and a = acos o, then cos =1 and

o= 0. The equation of motion can then be written x = a cos nt.
x=acos(nt+ o)

=acosnt ifx(0)=a A a- x=acosnt
Vv =X=-—nasinnt \ | /
dv 2 0 I 2|n: t
—=X=—-n"acosnt o
dt B-a—+ n
X

- _nzx

2m

V=n'a®-x),-a<x<a T=—
n

~ [~

Summary
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The amplitude a is the distance from the centre of motion O to either of the extreme points A or B.

SHM problems are usually solved using either x = acos (nt + &) or X = —n’x, or occasionally Vv =n*(a® = x).

The starting point will depend on the information given.

The following diagrams illustrate the velocity and acceleration of a particle undergoing SHM, including the extreme
values.

v=-na v =-nVa® - x*
v=0 - - v=0
v | ! ! |
Velocity | } } |
-a 0 X a
v =na v=nVa® - x*
X=n’a X=-n* X=-n* X=-na
—_— —_— X=0 - Bl
Acceleration | } | | |
-a 0 X a

Note that to the left of O, x is negative, so —n’x (the acceleration) is positive.

The equation ¥ =—n"x describes the motion of a particle under the influence of a force that is directed towards the origin
O and is proportional to the distance of the particle from O. The force (and hence the acceleration) is zero at O, where
the speed is greatest. The force (and hence the acceleration) is greatest at the extreme points, where the speed is zero.

This type of motion occurs in real physical situations (either approximately or exactly) where a particle oscillates
about an equilibrium position. For example:

o the to-and-fro motion of a pendulum bob (approximately SHM)

o the up-and-down motion of a mass attached to a spring

« the bobbing motion of a buoy floating on water.

The equations of motion for Simple Harmonic Motion about the point x = ¢ may be written as:

Displacement: x=asin (nt+o)+c x=acos(nt+a)+c

Velocity: X =ancos(nt + ) X = —ansin(nt + o)
Acceleration: % = —an’sin(nt +a) % = —an® cos(nt + a)
Or: ¥ =-n"(x-c) ¥=-n*(x=-c)
Newton’s first law of motion Alternative definition for Newton’s second law
+ A body remains at rest or in uniform motion in of motion
a straight line unless it is acted on by a non-zero The acceleration of a body is proportional to the
resultant force. resultant force that acts on the body and inversely

Newton’s second law of motion proportional to the mass of the body.

o The rate of change of momentum is proportional to the Newton’s third law of motion

applied force and occurs in the direction of the force. « When two objects exert force on each other, the
If a body of mass m is acted on by a non-zero resultant forces are equal in magnitude but opposite in
force F, then: direction. In other words:
F o< rate of change of momentum For every action there is an equal but opposite reaction.
oc %(mv) Dynamics of a particle
g We will consider all bodies as particles, so that all
o< M- if m is constant external forces acting on a body are regarded as acting
- Focma wherea=% through a single point in the body and producing only

dt a translational effect (i.e. no rotation
i.e. F=kma where k is a constant. (ie. )

k=1 when we define 1 standard unit of force, called a Recall tgjt jlczielerzt:on dmay be expressed in any of the

newton (N), as the amount that produces an acceleration forms: e g2 Vi E(% Vz) .
of Ims™ in a body of mass 1kg, hence: F= ma.
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The form to use in a particular problem will depend on
the form of the equation that defines acceleration or force:

 Given a = f(t), use dv or d’x
’ dt dt2
« Given a =g(x), use %(% vz)
o Given a=h(v), use
% if initial conditions are values for t and v
dv
‘V —_—

dx if initial conditions are values for x and v

Derivatives with respect to time are often written using
dots above the dependent variable, e.g.

dt’ dr?’ dt
Note also that for constant m we have F = m%
and so: av _F
“dt m

The derivative on the left-hand side is the acceleration,
which forms the basis for the solution of a differential
equation.

Resisted motion

Whenever a body moves through a medium (such as
air, water, oil etc.), it is subjected to a resistance that acts
in the opposite direction to the motion.

In general, the faster the body moves, the greater the
resistance. Air resistance is typically proportional to
some power of the speed, so that air resistance = kv".
We will consider this for n=1and n = 2.

The effect of resistance is always retardation:

« Resistance is force acting in the opposite direction to
the motion.

 Retardation is acceleration acting in the opposite
direction to the motion.

In problems involving resisted motion, define the
positive direction to be the direction in which motion
is actually occurring and take the origin O as the point
from which the motion begins.

Terminal velocity

As t increases, the gravitational force acting on an object P
causes it to accelerate downwards. However, as the speed
increases, the resistance also increases until eventually

the downwards weight force and the resistance force are
equal in magnitude but opposite in direction. At this stage
the resultant force is zero: according to Newtonss first law
of motion, P will now move in a straight line at constant
speed, i.e. the terminal velocity.

« 'The terminal velocity occurs when the acceleration is
equal to zero.

Summary of equations for projectile motion at an angle 6 to the horizontal
A particle projected from the ground with an initial velocity V at an angle 6 to the horizontal where u, = V cos6,
u, = Vsin6. If projected from above the ground, then this initial height of projection needs to be added to the equation

for y. k is the constant of proportionality for any resistance.

No resistance

#=0 j=-g
X =VcosO y=Vsinb - gt
x =V cosOt y=Vsin0t—%gt2

Resistance proportional to the velocity

¥ =k j=-g-ky
% =V cosfe ™ )'/=%((g+szin9)e"kt —g)
x=VCTOSH(1—e"“) y=w(l_e_kt)_%
Resistance proportional to the square of the velocity, mathematical model
£ = —k(x)° j=-g- k(P

__Vcosf ) _\/nginH—IOtan(\/gt)

L+ keosOt - \/g7k+szin9tan(\/gt)

X = %loge (1 + chosGt)

1
y= Eloge

cos(Jth) + \/Eu sin@ sin(Jth)

Summary
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Mathematics Extension 2 Course Outcomes

Objective
Students:

o develop efficient strategies to solve complex problems using pattern recognition, generalisation, proof and modelling
techniques

Year 12 Mathematics Extension 2 outcomes
A student:

MEX12-1

understands and uses different representations of numbers and functions to model, prove results and find solutions to
problems in a variety of contexts

Objective
Students:

o develop their knowledge, skills and understanding to model and solve complex and interconnected problems in the
areas of proof, vectors and mechanics, calculus and complex numbers

Year 12 Mathematics Extension 2 outcomes
A student:

MEX12-2

chooses appropriate strategies to construct arguments and proofs in both practical and abstract settings

MEX12-3

uses vectors to model and solve problems in two and three dimensions

MEX12-4

uses the relationship between algebraic and geometric representations of complex numbers and complex number
techniques to prove results, model and solve problems

MEX12-5
applies techniques of integration to structured and unstructured problems

MEX12-6

uses mechanics to model and solve practical problems
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Mathematics Extension 2 Course Outcomes

Objective
Students:

« develop their problem-solving and reasoning skills to create appropriate mathematical models in a variety of forms
and apply these to difficult unstructured problems

Year 12 Mathematics Extension 2 outcomes
A student:

MEX12-7

applies various mathematical techniques and concepts to model and solve structured, unstructured and multi-step
problems

Objective
Students:

« use mathematics as an effective means of communication and justification in complex situations

Year 12 Mathematics Extension 2 outcomes
A student:

MEX12-8

communicates and justifies abstract ideas and relationships using appropriate language, notation and logical argument

Mathematics Extension 2 Stage 6 Syllabus 2017 extracts © NSW Education Standards Authority
for and on behalf of the Crown in right of the State of New South Wales, 2017, reproduced by permission.

Mathematics Extension 2 Course Outcomes 241



ANSWERS

CHAPTER 1
EXERCISE 1.1
1C
2 (@x=%3i (b)x=15i (C)x=-1%t4i (d)x=1+£2i
@x=2%4i (x=322i (g)lei"z*/3_1
(h)xz—x+4:0,x—1ii2\/E
3 (a)—i (b)1 (c)—1 (d)—i (e)1
(a)2%+% (b)5+2i ()29 (d)29-20i (e)-16
(f)%+%z
5 (@)10+3i (b)6-2i (c)23—14i (d)58 (e)—-21—20i
Mi @7 05— 0 Z+3ei ) +5oi
7 17 48 247 .
W-5-10¢ O-25-5
6 @x=3y=-2 (b)x=6,y=2
7 (@)-15+8i (0)9+7i (C)9+7i (d) —2—39+%1
8 (a)(z+3i)(z—3i) (b)(z+ 6i)(z— 6i)
©) (z=3+4i)(z—3—4i) (d) (2z+3+2320)(2z+3 - 22i)
() (z+1+5)(z+1 =5i) () (z=3+11i)(z—3—+/11})
1,47, 1 7.
© 2(“5*7’)(“5—7’)
(h) (z+ 10)(z = 5 + 54/3i)(z = 5 — 5/31)
9 (@z=8-4i (b)z=2i
10 (a)+(1+3) (b)z=i, —%—%i
(C)Sumofroots=—%—%i+i=—%+%i=—%
Product of roots =i(—%—%i)=%—%i=%
11 (@+1-3) (b)£2v2- 220) () +(¥+*/—)
12 (@) LHS = (V3 —i) ~(V3 - )3 i) +9(J3 —i) - 9¥3 +9i

13

14

242

=0=RHS
b) 22— (V3 =) +9z— 943 +9i=
2z-W3-i)+9z-B+i)=0
z-B+)EZ+9)=0
.. z=3iand z = —3i are the other solutions.

(c) Sumofroots=x/§—i+3i—3i:«/§—i:—%

Sum of products of pairs of roots
=3i(V3 ~ i) = 3i(3 ~ i) +3i(-3) = 9=©
Product of roots = 3i(—3i) (+/3 — i) = 9(/3 — i) = —%
@z=2-i1-i (0)z=1-2i,2i (C)z=2+1i,i
(d) z=3+2i,—i
Let (x + iy)2 =a+ ib where x, y are real. Then X —y2 =a [1]
and2xy=0b [2].
Substitute [2] into [1]: x* — 4a’x* = b* =0
4a’ £+16a" +4b°
2
Note that 16a* + 4b* = 0 (as a, b are real) and that
16a* +4b* =0 only when a = b =0.

Also, as V16a* + 4b* > 44>, there will be one positive value
of x* and one negative value of x°. But x is real, so the negative
value of »° is disregarded and there are exactly two values of x,
each with a unique value of y (from [2]).

Solving this as a quadratic in x* x* =

New Senior Mathematics Extension 2 for Year 12

.. There are two square roots of every complex number (except

0 + 0i).

15 (a) 2, +Z; =2x =2 X Re(z)
(b) 2, =7 =2iy, =2ixIm(z,)
() LHS = x, +iy, +x, +iy, =

(x, +x,)+i(y, +,)
=(x, +x,)~i(y, +,)
—iy,=LHS
x, =iy, = (X, = x,)+i(y, = ¥,)
=(x =%,)=i(n =)
L — iy, — (x,— iy,) =LHS
(©) LHS = z, Xz, = (x,x, = y,3,) +i(x,y, + X, 7,)
= (%%, =y 9,)—i(x, 5, +x,0,)
RHS = z; xz; =(x, —iy)(x,—iy,)=LHS

16 (a)(z+5)(z—%—¥i)(z—g+¥i)

(b) w satisfies z° — 5z +25=0 (from linear factors)
w =5w—25
() (5w=25)"=(w")’ = (W’)* = (-125)* = 15625
(Note: w* =—125 because w is a root of 2’ + 125 = 0)

=x1—1y1+x2

EXERCISE 1.2
1 \77777\77\77711”;1"”\77 777777(07 o
e T
L) RRIERER SR L
) TS SR
D (L AR
N R N <R
543 2-10/H1 2 3 4 5 6 7Re
,,,,,,,,, HA,,,,I,,,,,,,,,,,
Coe) b
r*O(*e)ﬂ**\**:‘—z-**\**rzﬂ*ﬂ**\**r*ﬂ
F R Y T, . 34,,L,i,,:,,:,,L,4‘, :
g
2 A 3D
- .. —T 51 51
4 (a) Zﬁ(cosT+zs1nT) (b) 2(cos 3 +1sm?)
37 =3r T, .. T
(©) 632 (cosT +isin T) (d) 4(c057 +isin 5)
(e) 4(cos m+ isin ) U] 2«/—(cos—+1sm—
-, .. - ..o
(9) 4(cos? +isin ?) (h) Z(COSZ +1smz)
5 (a)2+2+3i (b) 442 —4-/2i
(c) =332 +32i (d)-1-+/3i
T, .. T T,.. T
6 (a)16(c057+lsm5),c05g+zsmg
3, .. 3w\ 5 b4
(b)lS(cosT+zsmT) 3(cos4+zsm4)
(c) 2(cos%+ isin%), cosm+isinm
7 (a)LHS=4/x*+y*, RHS =|x —iy| = {Jx* +
(b) LHS=(x+iy)(x—iy)=x2+y2:RHS

(C)LHS:z+Z7Z:z+2:2x:2Re(z):RHS



10

11

12
13

14

15

16

In parallelogram OACB:
A =z, OB=AC=|w|, OC=|z +w|
In AOAC: OC< OA + AC (each side
of a triangle is less than the sum
of the other two sides)
sz +wl <zl +|wl

If O, B and A are collinear then |z + w| =|z| +|w/|
oz wl <lzl +wl

(@ -32i  (b)16
-8-831 () —o-zdzi (@ 2
(h) 128 + 128i (i)%—%i (i) —4

3.4

(b)—4—3l (C) £+£l

(c)—64 (d)—4 +4i

(a) =7 — 24i

r(cosO +isin6)
r*(cos20 +isin20)+r>
r(cos@ +isin0)
r*(2cos’ 6 —1+2isinOcosO+1)
_ cos@ +isinf _
" 2rcosB(cos@+isind)

n
@) 3
(a) Step 1
Step 2 Assume true for n =k, i.e. assume that
(cos O+ isin 6)F = coskO+ isin kO
Now whenn=k+1:
(cos O+ isin 0)F"' = (cos kO + i sin kO)(cos O+ isin 6)
= (coskOcos 6 — sin kOsin ) + i(sin kO cos O+ cos kOsin 6)
=cos(k+1)0+isin(k+1)0
Step 3 Conclusion
True for n =k + 1 if true for n = k. True for n=1.
.. True for all positive integers n > 1.

LHS =

1 L1
77050’ which is real.

b %

. 1 .
Prove trueforn=1:z=cis 6,z =cis1l0=z

(b) (cos O+ isin6)™" S —
(cos@+isinB)"
1 (cosnB —isinnB) _ cosnb—isinnd

" (cosnf+isinn@) " (cosn@ —isinnd)  cos® nd + sin? no
= cos (n6) — isin (n6) = cos (—n6) + isin (—n6)
z=r(cos @+ isin 6)
o Z"=1"(cosnO+ isinnb)
s 2" =1"(cosnO—isinnb)
zZ =r(cos (—6) + isin (—0))
= (2)" =1"(cos (—n0) + isin (—n0))
=1"(cosn@—isinn0)
L2 =)
(@) 2" +(z)' =2" +7" =2Re(z")

b) 1++/3i = 2(cos£+isin%)

3
0
. (1+\/§i)1 =21°(cos—1%”+isin—103”)
A0 =27 =27
=2 (cos 3 +zsm—3 )
10
©(14430) "+ (1-431)" = 2x 2" cos 2T = 1024
zisarootof P(x)=0 .. az’ +bZ+cz+d=0

az’ +bz”> +cz+d =0 (taking conjugates of both sides)

az’ +bz’ +cz+d =0 (conjugate of a sum is the sum of the
conjugates; conjugate of 0 is 0)

axz’+bxz*+cxZ+d =0 (conjugate ofa product is the

product of the conjugates)

ax(@)’+bx (@)’ +cxzZ+d=0 (conjugate of a real is itself;

conjugate of a power is the power of the conjugate)

o P(Z)=01i.e.Z is also a root

EXERCISE 1.3
in
T o cosErisin® oL V3,
1 (@e —c053+zs1n3 2+ 5
i
(b) e? =cos%+isin%=0+i=i
57
6 —cos2E 57 _ﬁ 1,
() e ® =cos= 6 +isin=>— 3 5 toi
(d) e%zcos£+isinﬁzi+ii
4 4 2 2

—in

(e)e? =cos(—%)+isin(—% =0—i=—i

—27i
5 _M) isi (_l):_l_i-
) e cos( 3 ) Tisin{== 37
_in -in
(9) e 2 =exe? —e(cos(—%)+ism(—%)):e(O—l)——ez
in in
() ™3 =*xe? =e (cos;ﬂsm?) ez(%+§z)
(a) 3@151
sit
(b) - 3+i=2(—73+%i) Z(COSS?”+ISIHS67[)=2€6
. 3 2 ..
(¢) 3+21=\/—( + = z)=x/ﬁ cos@+isin@
NERNEL B :
where 6 = tan™ 1(%)= .59

— \/_6059’

(d) 4(cos 2 —isin 2) = 4(cos(~2) + i sin(-2)) = 4¢ >

) 2-20=243( J -1 )= 24 cos(- T s - 7))

—ir
=224
—cosE +isinE 4n =
) 4( c055+zsm5) 4(cos 5 +isin 2% 5 )4e
=g ~2 -3 2 of cos[- 27 ) 4 isin(- 22
(9) -2 2«/51—4( ) 21)—4(@5( 3)+zsm( 3)j
—2im
=4e 3

(1+ﬁ)+(1_\/§)1’=\/€(1+\5+l_ﬁijzx/g(c050+isin0)

where O=tan™ (l_ﬁ)
1+

V2
=tan*‘(2\51‘3)=—0.17
667017!‘
C o =31r )= 41+ )= L (24 2),
cos— \/r sin%:— 2—x/§
(a) €' =cos@+isind, e ¥ =cosO—isinf

Answers Chapter 1
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(b) e +e7® =cos@+isinO+cosH—isinb = 2cosH.

cosf = %(eie +eii9)

e'% —¢7'% = cosO+isin@— (cos® —isin®) = 2isin6.
g1 (e -io
smG—zl,(e e )

7[

=\/§+i= (—3 ﬁl) 2(c05g+zsm6) 2e®

) 24243

[\S)

2inin
(b)) 2> =2%e & =4e3 = 4(cos§+1sm

T
8(cos ) +isin 2) 8i

(i) z* =2"¢ ¢ =16e 3 =16

4in 2ir
( 3

cosz—”+zsm 3 )=—8+8\/§1

in
(iv)xf_zﬁelz:x/—(cos—+zsm—)—137+037z

12 12
V) 2™ =l€% =l(COS(—%)+iSin(—£))=£—

1
2 2 6 4 4
—in
\/Zgi]=2e 3
=2im

1

6 z=1- \/—l (%

0) () 222 —de =4(cOs(‘2T”)+,-sin(‘zl))
=-2-23i

=3ir

(i) 2 =2% 3

=8e¢”'" =8(cos(~m)+isin(—7x))=—8+0i

=5ir in
(i) z2°=2"¢ 3 =32¢3 —32(cos§+zsm3)—16+16\/§z

5 el )6

in
(V)%z%e3 %(cos—+zsm%)=i+%i
b1 e 1 ing) = — Lo
(vi) e’ =ge —8(cosﬂ:+zs1n7r)— g o

7 (a) Cosine and sine are both negative in the third quadrant.

—31:‘[
z= \/—( cos——zst) ﬁ(cos(—%)ﬂ'sin( )) x/—e
5mi
orz=\/5(—cos%—isin%)=x/z(cos%r 1sm ) J2e ¢
. 5 —bin =3in in
(b) () 22:(\/5) e 4 =2e 2 =2e? :2(cos%+isin%)

=0+2i ‘
(i) 2* =(\/5)3 679% =2\/5€¥
—ZJ_(cos(—%)Hsm(—Z)) 2-2i

—12im

(i) ' =(V2) e * =de¥" =4

=4(cos(—m)+isin(-m))=—4+0i

8
1_1 %_L( 37 37:)__1 1
(V)Z— 26 =5 cosTtisin= = =2+ i
L_(fB)2er ZL _l,
(VI)Z—Z—(x/E) et =je? =ze
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(a) e*? = cos20+isin26,
(eie )2 = (cos@+isinB)* = cos’ O —sin® O + 2i sinOcosO
(b) cos 20 = cos® @— sin” 6; sin 26 = 2sin 6 cos 6
(a) €*% = cos360+isin36
e’e) =(cos@+isinB)’
= cos” 0+ 3icos® Osin @ +3i* cosfsin® O+’ sin’ O
= cos’ @+ 3icos” @sin@ — 3cosOsin® O —isin’ O
= cos’ 6 —3cosHsin’ 9+(3c052 Osin@ —sin’ 9)1’
(b) cos 30 = cos® O—3cos O (1 — cos’ 6) = 4cos’ O — 3cos O

(c) sin30=3sin O (1 — sin* ) —sin’ 6= 3sin O —4sin’ O

1-3i _1-3i 1-2i _=5-5i __ 1 1.
172 1+2i°1-2i 5 ! "‘/5( NG \/Elj
=3im

=V2e 4. r=42, 0———
(\/g—i)(—x/g+i)=—3+2x/§i—i2=—2+2x/§i:4(—l+§ij

2in
=4e3 . r=4, 9=2?”
(@) zyxz,=2e ® X3e3 =6e ® 3 =6e2(=6i)

JT PR 4
—6(cos2+zs1n2)
2im in 2im in 1lizr.

() z,xz3=3e 3 xe* =3e 3T =30 12 —3(c05111—;+15’ 111;)

=2ir 2im 12 P T
(©) z°xz,=2% ¢ x3e3 =12¢3 =12(cos§+isin§)

—in

— —iT 2ig —5im . .
zZ _2e® 2 <5 _2 =5im | . . =5imw
d) ZL=25_ =26 3 =26 —6|cos +isin )
S Z, 3 %" 3 3 6 6
e
2in 2im_im 5i.
z 3 2in_in iz
(e) B3¢’ 3,574 23012 =3[cos2Z 4isinZ
z, = 12 12
e
) —2im 2im i m in
z° Xz 6 3 ziz
(f) 1 2 27e 1;(38 —12¢3 _12612
Z5 or
b1 T
=12(cos+—= +isin—
12 12)
@) Im
6 & 2, X2,
5 1
4 1
3 4
&)
2 4
1 4+
t t t t
-2 -1 0 1 2 Re
-1 + z,




(h) Im siz o . .
1 Z, 36 siz i 7in Sin
4 (d) Z2==—=3e% 3 =3e6 =3¢ ¢
z i 2/
3,3
zZ.
3 L z_2 Im
z, 3 3+
24 24
)
1+ 1+
23
1 1 1 1 1 1
1 1 1 1 T T T T T T
T T T T
5 3 Y 1 , Re 4 3 2 a7 1 2 Re
-1 4+
-1 4+ 23
(2
3
. -2 4+
LA T i =i
13 (a) z1 Xz, =2e* Xfe 2 =et 2 =et
Im ST
2 4
zy Z i i 3im
z 4 (4 2t
. (€) B=28" _ 4172 —yp
-+ Z4 1 —ir
1e2
2
2 Im
} } } } 1
(@] — 3 L
-2 -1 1 2 Re 2
24
a4 ®z, Xz, 5 1
2
2 4 I+
. . . . . 1 1 1 1 1 1
Elz3 —ir Sim  —in 3ir in T T T T 0 T T R
(b) z,Xz3=3e ® Xe 3 =3e® 3 =36 =3e2(=3i) -4 -3 -2 -1 4z, ! 2 7
Im -1 4+
3 ¢2,Xz;
2 1
2 4
2
1+ 3T
} } } o } } N , T 5iz vir sin i
T IT I
-3 -2 -1 1 2 Re (f) Z" X2z, _ 2 4 ?(33 6 =1ZET+?+?
Z3 i
-1 4+ e 3
23
i, 7in 10in =iz
ol =12e? ¢ =12e ¢ =12¢°?
Im
10iz —ix sin_in 7i —Si 2+
2 1 5 _955_9 % _9 & z 2
C) z,"Xz,=3"¢e® XZe? =Z¢3 2=2¢6 =Z¢ 6 2
( ) 2 4 2 2 2 2 1 4+
Im ! I I I I I | | | | | |
T T T T O T T T T T T T T
3T 4 3 2 -1, I\J 2 3 4 5 6 7 gke
33
2 + 2T
z, -3 L
1+ -4 4
-5 1
} } -6 4+
-5 1 Re
_7 4+
8 1+
9 1
z? Xz -10 + 22X z,
31 -11 4+ )
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1 -z i 1 iz i
Gxa=|ie? x2et =o't X2t =2 (=42
4 1 ) 2
Im
2 4
Zy
14
| ) ‘/Z_AXXZI |
T } |
-1 Y 1 2 Re
2y
-1 4
in iz ir,sin 1Bir
(h) ZIXZZ_284X3€6 _ et © _12612
Z3 X2z, i 1 —im 1 —im —in —5in
3 2 3 2 6
e X—e —e e
2 2
Bir , 5im 23ir —in
=12¢ 12 6 =12¢ 12 =12e12
Im
2 4
2
2
14
f f
ZO 5 10 Re
4
214z
24
3 4
Z, X 2,
Z,X 2,
4 4
2 5 iz iz in_3im =i
14 (@) z°xz,=2"¢ ® x5e 4 =2et 4 =22 (=-2i)
Im
14+
2y
1 i |
T t |
-1 0 1 2 Re

2
-2 4 z°%Xz,
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Sim 1 =5in 5in_5in —5ix
(b) z, xz; =3e 12 x3e 6 —egl2 6 —p 12
Im B
3 41 3
2 1
14
Il | ,
T T t
-1 z, 0 1 2 Re
-1+ ez Xz
ir  Simooq iz
(C) 2z, Xz, Xz; Xz, =2e8 xe 12 Xfe 4
in_5im_3im —25in 23ir
_68 12 42624 2624
Im
3 4+ 2
2 4
14
Z
2 X2 X 23X 2y
T } 4
-1 Z (0] 1 2Re
2
-1 4+
, L, .
z 2%e 8 i 3w X
(d) L-=="5—=8e* * =8¢"(=-8)
%4 le 4
2
Im
3 1
2 4
1 4+ z;
2y
—t—t—t—F+—t+— —t
[0)
8 -7 -6 -5 -4 -3 -2 -l 1 2 Re
24
-1 4+




=5im
2 5 12
'Z \/?_)e 1 =5im_5im \/3 =5im
(e) N23 _ — e 12 12 =NJ 76
5
23 361%[ 33 9
Im
34+ %
24
1 -
} }
-1 ‘Q\ 1 Re
Z3 Z3
z
1472

15 z=r(cosO+isinB)
Z" =r"(cosO+isinf)"
:rnenie
=r"(cosn@ +isinnb)
16 (@)Cis2+4i,Dis—1+3i;0orCis—2—4i,Dis-3—1i

(b)—%, % (respectively)

1 , 1 .
17 E(l+21)z or 5(1—21)2:

EXERCISE 1.4
1 (a) (cos O+ isin )" = cos40+isin46
(cosO+isinB)" = (8cos'@—8cos’O+1) +i
(4 cos’ Osin O — 4 cos Osin’ 6)
(i) Equate the real parts of the expansion.
(ii) Equate the imaginary parts of the expansion.

4tan6 —4tan’ O

(b) tan 46 = tan* 0 —6tan’ 6 +1
() () icos%, icos% (if) icos%, icos51—72t
(iii) i%, iTS (iv) tan%, tan51—76r, —tanei—g, —tan71—g
2 (a) cos%, —cos%r, —cos%[
(b) Product of roots [of part (a)] = —% = %

3 (@ ()2"+z"=cosn@+isinnB+ cos(—nb) + isin (-n0)
=cosn@+isinn@+ cosnb—isinnb
=2cosnb

(il) 2" — 2" = cosnO + isin n@— cos (—nb) — isin (—nb)
=cosn@+isinn@—cosnb+isinnb

=2isinnf
(b)LHS = 2* -3z x L43zx L - L
z z z
=z3—3z+§—%=(z3—273)—3(z—271)=RHS

z
(c) (2isin )’ = 2isin30— 3 X 2isin O
—8isin’ 6= 2isin30— 6isin 6
4sin®@=—sin360+ 3sin O
sin’ 0= i (3sin O —sin36)

3 2
4 (a)W3—2w2—W+2=(z+l) —2(z+l) —(z+l)+2
z z z

=z3+3z+§+%—2z2—2—%—z—l+2
z 5 z z
=(z3+%)—2(z2+%)+2(z+l)—2
z
z z

T 2r

+4& 2%
)0, £3, +3

cos30=4cos’ 0—3cos b, cos20=2cos> 0 — 1;

4cos’0—3cosO@=2cos’0—1

4cos’0—2cos*0—3cos0+1=0

s 4x’ = 2x* = 3x+1=0 where x=cos 6
cos360=cos26:

30=20+2km or 30=-20+ 2km,

0=2kr or 50=2kx, 6 = %

Cubic equation .. only 3 roots: x = cos0, cosz?ﬂ", cos4—”

5
ie.x=1 cos—zn cos—47[
> 5’ 5

By division, equation becomes: (x — D@x*+2x-1)=0

_ 2420 _—1x\5 . 2w 1445
X = 3 = n ,1..c055——4
() cos46=8cos’ O— 8cos” O+ 1
(b) cos46=0

T 3m 5Sm 7w

46= 2727272

- 3w 5m 7w

0= 88’8’ 8
x=cos8: x=cosZ, cos L, cos>%, cos LT
: 8’ 8’ 8’ 8

(c) Sum of roots: cos% + cos 3?7[ + cos %t + cos%[ =0

3n 51t 7w _ 1

. T 0527 c0s2F cos/Z =L
(d) Product of roots: cos g COS7g- CosTercos ==

(a) cos 50= cos’ 8— 10 cos’ Osin” @+ 5 cos Osin* O
sin560= 5 cos” @sin @ — 10 cos’ Bsin’ O+ sin” O

(b) tan56 = 5cos’ @sind—10cos® Osin’ O + sin®
cos’ @ —10cos’ Osin® O + 5cosOsin’ O
_ 5tan@—10tan’ @+ tan’ 6 _ t° —10¢° +5¢

1-10tan*@+5tan* @  5¢t* —10£* +1
(c) tan50=0:

50=2km or m+ 2km, hence@:M or 9=%+2k?”
e Qo _Am _2m o 27 4z
.e. T 5>V 5 5

- _3n _m &m 3m
or 6=... 5> "5 5 5 ST ..
t=tan9,sot=tan0=tanlo?”=tan7t=...,
— tan 27 — tan =37 _ —tan 2T _ qn=F =
t=tan 5 = tan 5 =...,t=tan 5 = tan 5 T
_ T _ —Ar _ _ 3T _ =27 _
t—tans—tan—5 —...,t—tan5 —tan—5 =...

#(t* = 10£ + 5) = 0: the roots are =0
and the roots of ' — 10£ +5=0:

—an” an 2 an 3 an AT
t—ta.ns,tans,tans,tan5

Product of roots: tan% tanz?’r tan%r tan% =5

EXERCISE 1.5

(@) P(i) =—i—2i+3i=0

(b) P(3)=9—15+3i+6—3i=0

(C) P(=2 + i) =2(3 — 4i)(—2 + i) + 33 — 4i) — (12 + i) — 17 — 9i
=2(=2+11i)+9—-12i+12-i—17-9i=0

(©) P(3-2i) = 2(7 - 6v2i) ~12(3-2i)(7 - 6+2i)

+23(7 - 6v2i)-18+6v2i+11

= 2(-23-84+2i) - 12(9 - 25v2i) + 154~ 132/2i

= —46—168+/2i — 108+ 300/2i +154 —1324/2i =0
C 3 a=6 4 g=-2,b=-2
a=4,b=-4
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a)(z+1—«/§z)(z+1+\/_)

c) (2z—3)(z—i)(z+1)

) (z—1)(22° —2z+1)

b) 2(z—1)(z—§—%)( _%Jr%)
a) (z—2)(z+2)(Z+4)

) (z—2)(z+2)(z— 2i)(z + 2i)
)

(b) 2(2—%—%)(2—%-%%)
(d) (z+3)(z—i)(z +1)

a

(
(
(
(
(
(b
(
(
(
(

9 (a)(-2)(Z+3) (b)( —«/5)(2+«/5)(z2+3)

0~ + e~ + )
10 (a) (z—2)(Z*—2z+5) b) (z=2)(z—1-2i)(z—1+2i)
11 @)+ -22+4)  (0) (2 +2)(z—-1-3i)(z—1+3i)
12

13 ( a)z- D+ D)@ +z+1)(Z-z+1)

(b) (z—1)(z+l)(z+l—£i)(z+l+£i)

2 2 22
(o3B30 5

() (z—D(z+ 1)+ 1)(z+3)

b) z—D(z+1)(z—i)(z+1i)(z+3)
15 (z—1)(z+1)(4z—1)
16 (a) (z+3)(Z—z+1)

( NY

b) (z+3)(z—%—73i)(z— ;

1
2
23 . 3 23 .
17 2(2—2)(2— —le(z—z‘f—le

z=2)(z+42)
b)(z+2—z)(z+2+z)(z—J_ (z+2)

14

\/3.]

N

EXERCISE 1.6
1 (a) (22 +4z+5)

(
2 (@z=2+2i,2-2i
(b) (Z)_(Z+3)(Z —Z+1) z:—3,%+§j)%_73,‘
(©) P(2)=(Z +8)(z -1)
=(z+2)(Z-2z+4)(z- )(Z +z+1)

2=1,-2,143, -1+

(d) z=+i 2
3 (@) ((z-1)(Z+2z+5)=0,z=1
(b) z=1, -1+ 2i, -1 —2i
4 (z-DE+D)Ez+3)(E+1)=0,z==%1,-3
B
PA+i)=1+i)’+a(l+i)+b
2i—2+ai+a+b=0
a=-2,b=4
7 z-1D(z+2)(Z+2z+2)=0
sm1—2 _LaNT
, 272
8 -1,-33
9 (F-2z+5)(Z+2z+3)
_1+2z,—li£
27 2
10 (z—1)(£—2z+5)=0,z=1
11 @) GE-1D(+4)(Z+z+1)=0
1,43,
—1 —4 —5_71
b) (z—=2)*(Z+2z+4)*=0
z=2,-1++/3i
12 (@) ()Z—GB+i)z+2+2i=0 (i) £2—42+6z-4=0
() () 2> =(B+3-i)z+23+2-/3i-i=0
(i) 2t =622 + 1122 = 22— 10=0

o O,

i

New Senior Mathematics Extension 2 for Year 12

(© (.)z 3-2i=0 (i) - 6z+11=0

(d) () —(4 2§)z+3—-4i=0
(i) 2t — 82° + 262" — 40z + 25 =0
)

)

i)

(e) ()z—3-2i=0 (ii) —6z+13=0

(i
® (i zz—(2+2\/§1)z 2+424/3i=
(i z4—4z +127 ~162+16=0
13 P(ai)=a'+2a’i—7a* —4ai+10=0
Imaginary parts: 2a°—4a=0
a=12 (z=+2i,1£2i)
14 g=-2,b=-1
15 (a)-1,1+i (b)3—i
16 —Ki—-Q2+)k+Q2+2)ki+4=0
Imaginary parts (divided by —k): kK’ +k-2=0
k=1,-2 (z=i,—2i,-2)
17 (@) P(2)=z'+42° +527 +4z+ 4
P(2) =42+ 1222+ 10z + 4

The factors of 4 are +1, +2, +4. If z> 0, then P’(z) > 0

P(=1) =2, P'(=2) = 0, P'(—4) = —100
Hence z = -2 is the double real root.
P(2) = (z+2)(Z + bz +¢)
4c=4,c=1
P(2) = (z+2)(Z + bz +1)
(P +4z+4) (L +bz+1)=2"+42 + 57 + 4z +4
4z+4bz =4z givesb=0
P(z) = (z+2(Z+1)
z=-2,%i

(b) P(z) = 2* +22° — 2x* — 62+ 5
P(2) =42 + 67 —4x* — 6
The common factors of 5 and 6 are +1.
P(1)=0,P(-1)=-8
Hence z = 1 is the double real root.
P(z) = (z— 1) + bz +c)
c=5
P(z) = (z—1)%(Z" + bz +5)
(ZZ=2z+ 1) +bz+5)=2"+22 -2 —6z+5
—10z+ bz = -6z gives b =4
P(z) = (z— 1)X(Z* + 4z + 5)

_ —41\/216—20 o4

z=1,z

18 z2=1+22i=(V2+i)% z=+(\2 +1),

EXERCISE 1.7
1 (@+2i

(x+iy)’ =2i

xz—y2+2xyi:0+2i

¥ —y =0,2xy=2

(* +y) (xz—y2)2+4x2y2:0+22:4

+(V2-1i)

X
x=1ly=lx=-1,y=-1

V2i=1+i or —1—i
(b) 3+4i

(x+iy)2:3+4i

x2—y2+2xyi:3+4i

2 2
x'—y =3,2xy=4
&+ = (=) +4x’y =3+ 47 =25
x2+y2=5
2

x —y2=3
2%° =8



2y =2
X _4)y_x
x=2,y=lx=-2,y=-1
m:z_l_l’ or —2—i
(©)V5-12i
(x+iy)* =5-12i
xz—y2+2xyi:5_12i
x2_)’2=5,2xy:_12
(xz +}/2)2 — (xz _yz)z +4x2y2 5122 = 169
2 2
Xty =13

Xz—yzzs
2x* =18
gy
X —9’};_ p

x:3,y:—2.x:_3)y:2

m:s_zl' or —3+42i
(d) V=8+15i

(X+iy)2 =—_8+15i
xz—}/2+2xyi:_8+ 15

x—y' =-8,2xy=15
2

(x +y2)2:(xz—y2)2+4x2y2:82+152:289

X+yi=17

2 2

X -y =-8

26> =9

x2=18 15

4’)/ 2x

_& —M. __& —_M

O A

ST =N 2 o 2250

J-8+15i = 2,502 o 3 J
(e)V—3—4i

(x+iy)’=—3—4i

X =y 2xpi=—3—4i
x2_y2 =-3, ny:_4

(2497 = (P m ) 4 4y = 4+ 145 = 25

\/ﬂ:l_zl- or —1+2i
() V1+i

(x+iy)’=1+i

xz—y2+2xyi:1+i

P-y=12:y=1
(x2+)’2)2:(xz—y2)2+4x2y2: iy

x2+y2:ﬁ
x2_y2:1
2x° =241
2(vV2+1) X
* =T’y=ﬂ
2(vV2+1) , )
= 2 »y=5X _

1

e LS R S

or _\/2(ﬁ+1)_\/2(ﬁ_1)i

2 (@)’ +2x+2i=0

F42xr1=1-2i

(x+1)°=1-2i

Letx+1=a+ i

(o+ i)’ =1-2i

o'~ B +20Pi=1-2i

az_ﬂ2=1,2aﬂ:_2
o

o+ =5
a’l-pr=1
200 =+5+1
2(V5+1)
a:?,ﬁ:_é
2(V5+1 o
Ot:(25+))ﬂ:_ 2 _ (25 )
\/2(\/§+1)
2(V5+1 N
o=— (25+)>[3= (25 )
x+1=‘/2(\/2§+1)_\/2(\/2§—1)i)

o E] B,

:_\/2(\/2§+1) —1+\/2(*/2§_1)i

X

(b) X’ —dx+2-i=0

KC—Ax+4=4-2+i
(x=2)=2+i
Letx—2:a+ﬁi
(o+Bi)’ =2+i
az_ﬁ2+2aﬁi:2+i
aZ_BZZZ,Z(xﬁzl

(a2+ﬁ2)2 =(0‘2—ﬁ2)2+(2aﬂ)2 iP5

a’+ B =5
o’ —p*=2
200 =+5+2

2 2(\/§+2)
o =?, =i

2(~/§+2) ﬁ—L—l 5 i 2(\5_2)

2 P 2a 2 \/2(\@_2)_ 2
2(V5-2 2(V5+2

o=— (25 ),ﬁ:_ (25+ )
x—2=‘/2(\/2§_2)+\/2(‘/2§+2)i)
x—2+‘/2(f_2)+\/2(f+2)i
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\/2(J§—2)_\/2(\/§+2)' 3_41._\/6(\/%”) J6(v73-3

2 2 " Xt = 4 * 4

2(5-2) (P(¥5+2) 3di_ \/6‘/—+3 \/6

- +
2 2 1 X l

©) X +22+i)x+3=0 1/ +3 1/ +8

L2 +)x+Q+i)=02+i)*-3
(x+2+i)=4i \/ \/
Letx+2+i=o+ i —6 6\/%+3 8— 6\/%_3)1'
(o + i)’ = 4i

o’ — BP+206i = 4i
o’-p*=0208=4

x—2=-

x=2-

(&) +2(1-3i)x+2+i=0
4201 =3Dx+ (1-3i)=(1-3i)-2—i

2 2
(a®+B*) =(0’ - B*) +(20B)" =0* +4* =16 (et 130 = 10— 71
2, p2 Letx+1-3i=o0+ i
o’+B*=4
az_gzzo (o+ Bi)> =-10—7i
20%=4 o’ - B +208i=-10-7i
2 2
o’ - B*=-10,208=—
(X2=\/§,ﬁ=£ ﬁ ) ﬁ ) ,
20! (a2+,62) =(0(2—[32) +(206ﬁ) —10%+7% =149
a=v2,p=-%==\2. a=—2,8=-2.
2 o’ + B =149
x+2+i=~2+2i, L
o —-pB =-10
x:(J5—2)+(J§—1y 2ot = JT29 - 10
x+2+i=—2-2, ., 2(v149-10) =
o'=——> =2
x=-(V2+2)-(V2+1)i 4 20
() %+ (3+4i)x—4=0 ., 2(V149-10) ﬁ— 5 ~y2(¥149 +10)
A 2 Ai 2 2 2
x2+(3—4i)x+(¥) :(%) +4 \/2 J149 10)
o34V _9-24i 1/2(«/@—10) \/2 (V49 +10)
2 T4 o= 5 ,B= 5
3—4i
Let x+ =+ Bi
2 P \/2(\/@—10) \/2(\/@“0)
( N2 9-—24i x+1-3i= - i
o+ i) ==
2 \/14 ~10) 2 \/14 +10
az—ﬁ2+2aﬁi:%—6i \/ \/ ) y
2 2_9
o =B =y 208=6 i —\/2(J149—10 \/2 \/149+10)
+1-3i= ;
(o +8) =(a* =) +(20B)' =(3] +6* =57 = 2XT2 x+1=3i
\/ (Vi49-10) - \/2 J149 +10)
a2+ﬂ2:3£§ x= 5 > i
az—ﬂZ:% (f) ix* —4x+3=0
L +4ix—3i=0
202 = 3473 +9 8+ dix+ (20) = (2i) + 3i
o4 (x+2i)° = -4+ 3i
Letx+2i= o+ i
6(~73+3
a2: ( T ),ﬁ:% ((X2+B122:—4+3i
o — B +200i =—4+3i
2 2
6(v73+3) 5 354 6(v73-3) o' =B =—420p8=3
o= = = 2 2 2 2 2 2 2
n 1 (2 +p) =(a?-p*) +(20B) =4*+3* =25
\/6(\/%+3) -
a‘+B°=5
6(~73+3) 5 6(~73-3) azz_ﬂz_ .
“=- == 202=1
4 4
2_2 p_ 3
=P
N2 o 32 N2 32
a=So b5 a=— b=
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. ﬁ 32, N2 3J2-4. 2_5\2-7
x+2i= Tz,x—7+ > i 2007 = 25
x+2i:—£——3‘5i,x=—ﬁ—3‘5+4' ,_2(5v2-7)
2 2 2 ot =
s 100
(9)ix"+2ix+3=0
X +2x-3i=0 2(5v2-7)
K +2x+1=1+3i e
(x+1)=1+3i
Letx+1=a+fi - 2(5v2+7)
(o+ Bi)* =1+3i - 10
2 2 . .
o =P +20Pi=1+3i
az_gzzl 2ﬂa[3—3 —\/2(5\/5—7) 5 \/2(5\/5+7)
> - o= N =
(02 +B) =(0? =) +(2ap) =1 +3" =10 1 o
a+ﬂ - (2+l) \/25J— \/25«/_+7
o —ﬁ =1
202 =10 +1 ,/ SJ— 7 ,/ 5«/_+7 +2
2 2(JE+1) 3
T
o 2+1 \/2 5J_ \/2 5J_+7
2(Vio+1) 5 2(V10-1) X
o= ,P== .
2 =3 \/2(Jﬁ+1) 2 ,/ 5«/— 7)+4 1/ 5I+7
a:-\/z(JE+1) ﬁ:‘\/z(\/ﬁ‘l) 3 (a) Expression (x—3)(x—1—i)(x— 1 + i)
2 ’ 2 ’ =(x—-3)(x*—2x+2)
3 2
=x —5x"+8x—-6
2(J10+1 2(+/10 -
x+1=\/ (\/2_ )+\/ (\/2_ i, (b)x:3,1+1,1_l
\/z(mﬂ) 2 \/2(@_ EXERCISE 1.8
x= 3 + 3 i 1D P Im
2 (a)For Q: w=(-3+4i)xi Q
~2(Vio+1) (2(Vio-1) =—4-3i ’
x+l= 2 B 2 b ForQZ:O—Q2:®
\/2(\/E+1)+2 \/2(\/5— . w=—(—4 — 3i) !
X=- 2 - 2 ! =4+3i Re
h@-dx+2x+1=0
5% +2(2+i)x+2=0 G,
x2+@x+%ﬂzo (b) For lef@represents3—4i
> > ) P—leﬁrotated anticlockwise%
2(25+l) (%) =(%) —% .'.ITQ—lrepresents (B3-4i)xi=4+3i
, Then OQ, = OP+PQ, = -3 +4i+4+3i=1+7i
2+ _ 7+i iew=1+7i
N5 T 3
. For Q,: PQ = PO rotated anticlockwise 27[
LetJH-%:OH'l,B PQ2 represents (3 — 4i)xiP=—4-3i
2 7 1 Then OQ, = OP + PQ, =3 +4i+ (-4 = 3i) =7 +i
o+if) = -=c
(r+if) 25 25 ie.w=-74i
2_ 732 __7_1 Im
o’ — B +20Pi = 3528 o
27 -1
@ —p =—y5208=5;
(@) =(a- ) o2 = (5] o (5] - P
25 25) " 25
2 2 \/5
o+ ==
p 5 Q
2 _p2_ 7 O Re
o 25
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(c) For Q: w= (=3 +4i) x 2i

=86
For Q; OQ, = Q0
w=—(~8 — 6i)
=8+6i
P [m Q

Q

3 For B: EB = EA rotated anticlockwise %
=i(3+4i)=—-4+3i
Then OB= OE + EB=-2+i+—4+3i=—6+4i
i.e. B represents —6 + 4i.
For C: EC = AE =-3 — 4i
Then OC = OE + EC
= 2+4i+-3—4i=—5-3i
i.e. Crepresents —5 — 3i.
For D: ED = BE =4 - 3i
Then OD = OE + ED
=2+i+4-3i=2-2i
i.e. D represents 2 — 2i.
4 (@ f|=10ande,|=15 . |z, +2,| <[z |+],|< 25
(b) |z, +z,| =25 when z, = kz, (real k) . |¢,|=k x|z,
15=10k,k=1.5
.z, =1.5(6+8)) =9+ 12i

>

5 For Q: O—Qé1 = OP rotated anticlockwise %

3
PR N | Q.)_l—\/E 1443 .
—(1+1)><c1s3—(1+1)(2+21—72 i
For Q,: 0Q, = OP rotated anticlockwise 5?”
e BT .l_ﬁ.)_uﬁ 1-3.
—(1+1)><c1s3—(1+z)(2 Sil=—g i
Qllm
P
60°
o Re
Q

6 (a) OA=[|=2, OB=l,|=2

. OACB is a rhombus (parallelogram with adjacent
sides equal)

b)z,=z,+2,=V3 +i+ (-3 +i)=2i
(€)OC=2 .. equilateral triangle . 6= %

3
7 (a) Cis the midpoint of AB
c g L s =L Pz =L
soa= 2(wz+wz)—2(w+w)z—2><2Re(w)><z

=cos Exz=--L,
4 7

(b) Diagonals of a parallelogram bisect each other, so C is also

the midpoint of OD.
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8

9

10

11

12

s OD=2x0C=2x— 1 V2z ieD represents

L=
2z V2
|Z1| = |z2| .. OA=0B .. OACB is arhombus.
ZAOB=0,-6, -.ZAOC=1(6,-6)
arg(z, +z,) = ZXOC= £XOA + ZAOC
=0,+ 1(6,-6)=1(6,+6)
arg(z, — z,) = —(£LXPQ) = —(£LAPO)
=—(m—- (% + £ZXOM)) (angle sum of AOPM)

0,+0,-x

coarg(z —z,) = —
Im C
B
M,
A
6, 9, p X
] \Q Re

(a) OQ = OP rotated anticlockwise %
Sow=zXi
2 2
w=—z
w+22=0
(b) R is z+ w. E is midpoint of OR.
... E represents %(z+ w) = %(1 +i)z
(@) OE=AB=w,—w, .. Eisw,—w,
(b) OF = OE rotated anticlockwise %
o Fis (w,—w)) Xi
(c) OD = OA+AD = OA+OF = w, + (w,— w))i

Z; +Z2 .
=2i .. 0C=2xABand OCLAB

Im C

Z) 7%,

(0] Re

(a) OACB is arhombus (diagonals perpendicular)
.. OA=0B .. |zl‘ = ‘zz‘

(b) £AOC = % (diagonals of rhombus bisect angles)
Ctan & =AM _ 1
In AAOM: tan 2= O0M 2
(©) z, +2,=2i(z, — z,)
z,+2iz,=2iz, — z,
2,(1+2i) =2,(-1 +2i)

C142i L,
%=1 21—5(3)+41)z1
(a)|z|=l,argz=%,|w|=1, arng%

(b) rhombus (equal sides |z| = [w|)
(c)arg(z+w)= % (diagonals of rhombus bisect angles)

V2 2++2)
2

ZHw=SS 4
2

Butz+w=rcis3?”, OC=r



3m_ 2 3 (2+\/—)

L rCosTe = [1] and rsin =+ 3 >
2]+ [1]: tan =2+1
Im C
- =4 =~
7’ e - N N A
\‘ D
0) "1 Re
13 (a) Values of z and w may vary. Example:
Im Clz +w)
B(w) —
OCisz+w
BAisz-w
A(z)
0] Re
b) (i) |z2/=|w| .. OA=O0B .. rhombus
-. diagonals are perpendicular .. ;tﬁ = ki
(iy|z+w|=]z—w| ..O0C=BA
", rectangle (parallelogram with equal diagonals)
=ki

14 @ w,—w =ilw,—w)
. |W2 - W1| = ‘i(w3 - wl)’ = |W3 - wl‘
", two sides equal, also perpendicular (multiplication by 1)

. right-angled isosceles triangle Im N
(B) PR= w, =y PQ=w, =y Q R(wy)
PS=PR+PQ=w,+w,—2w, (wy) }
(c) OS=0P+PS P(wy)
=W AW tw, 2w =witw,—w
o Re
3r 3 _ T, .. T
15 (a)z, —2(cos 1 +zsmT) z, = 2(cos6 +1sm6)
(b) rhombus (parallelogram with adjacent sides equal)
_1(3x , m\_1lrx
(c) arg(z, +z,) = E(T E) =5T
d)z, +z,= («/_— \/_) (\/—+ l)i in Cartesian form
117 117
r(cosﬂ +isin ﬂ) in mod—argform (r=OR)
So rcos— -2 1
andr sm =2 +1 (2]

(2] = [1] glves the result.
16 (a)LHS= |z1 + zz|2 + |z1 - z2|2
=(z+ ZZ)(ZI + Zz)+ (z - Zz)(z —z )
(using the property zZ = z*)
=(z, + zz)(E1 + 52) +(z, - zz)(Z1 - 22) (The conjugate of a
sum or difference is the sum or difference of conjugates.)

—ZZ+ZZ +ZZ+ZZ +ZZ ZIZZ—ZZZI+ZZZ2

(b) In a parallelogram, the sum of the squares of the diagonals is

equal to the sum of the squares of the (four) sides.
17 (a) midpoint of AC

(b) Parallelogram. %( B+ 8) is midpoint of BD;
when o+ y= B+ , the midpoints are the same point,

i.e. the diagonals bisect each other .. parallelogram.
18 z -z,+z,—z,=0ie z +2z,=2,+z, .. parallelogram
z, —iz,—z,tiz,=01ie z —z,=i(z,— z,) i.e. diagonal AC is

equal to and perpendicular to diagonal BD .. ABCD is a square.

19 Letz =rcis6,z,=r,cis 0, z,=r,cis 6,
Then zz,=rr,cis(6, +9)and22=1‘32ci5293

v
If zz,=z, ? then rr,= r3 sie. r_l = r_3 .. geometric series
3 N
Also: 0, + 6,=20,, i.e. argz, is the average of argz, and argz,
" OZ, bisects £Z,0Z,.
EXERCISE 1.9
1 B
2r —2r ir —Ar
2 cis0, cis==, cis—=—, cis—, cis——
(@) 5 5 5 5
Im
L
PR AN
s 1 ~
4 A
I’\ II \\
1 S ! 2z \
1 N 5 1
By O 1 Re
. \ '
’ \
) \ s
N N
S~ 1 e
-1
(b) cis=, c1s—”, c1s3—”, cis—— —3r
4 4 4 4
Im
Ll
' )}
BN RN
1 \\ ll’ \
. MAE
M T
-1 L0 1 Re
7 N
‘e N
G717
T =3
C) cis, cis——
(c) cis 1
Im
1— = ~
e \\Q
’ /’E Y
. 4
H T
—1" L0 1 Re
\‘,, ’
a7
=57
(d) 2cis—= 6 2c1s > ,2cis 3
Im
_ ,2-4»- -
II, \\\
N \
\
! ;
_2l| .-0 -Z ;2 Re
v ~e
5 s
N ’
~ //
277
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(e) 2cis % > 2c1s% 2cis éiﬁ,ZCis _éiﬂ cos%+cos2?”——% (equating real parts)
Im 4r _ _ . 2r_ E__1
5 Butcoss— COST . COSTE-—COs T = —5
-OT -~
A >~ (d) Using cos26=2cos* 6 1: 4c052%—2cos%—1=0
’ \ \
N ' \ . Cosg_Zi\/ZO_li\/g
,l - ’I e 5 ——8 ——4
e o 12 Re But%is an acute angle, so it must be the positive option:
\ !
\\ ‘\ /I COSEZ 1+\/§
\\ \ // 5
\:2" o 8 (a1, c152—” c1sﬂ c1s4—” c1sﬂ c1s6—ﬂ c1sﬂ
7’ 7’ 7’ 7’ 7’ 7
Im
51 r .-llg .-7Tm . -T
) c1s ,c1s 12,c1s 1 sy cs— 5, cs— ,.1_“\
Im A LN
1 ’,\ ' //272- \\
T L AAT
,/' . / * -1 JRage AN 11 Re
/ N 1 \ ./ , \\ I,
1 AN T--® N 1 4
| NI ‘1—2 ‘I SOt ’/C
—ll*,—"’ol’\\ B Re ST°
\ ! AN ’
\ 1 N4
\\.,’ R (b)yw —1=0
a7° W=D +wW +w'+wW +nw+w+1)=0
w# 1 as w is non-real
. .6 5, 4 3 2 _
3 (a2, 2cis2E , 2¢is 27 2cis 2% | 2 cis AR werw +M2/ +VZ W +W:1_50 .
5 5 3 5 3 5 (c)Letox=w+w +w and f=w"+w +w
(b) 2c1s4 ZCIST ZCIST” 2cis 4” LarB=wtEw v+ wW Wt w=-1
3 37 P - af=w+w +wHw +w + v’ =2
(©) -1, CIS?’CIS 5 ’CISF’CIS 5 Equation with roots orand B is Z—(o+Pz+aBf=0
2
cis c1s— c1s— cis —, S =
d) /3 1?; B BaisBT s Z+z+2=0
- B (d) Sum of roots = -2
V3cis iéﬁ’ﬁds i;” 2 =) 4 4 | . 6 -6
1+c1s7”+c1s?7r+c1s 77T+cis - +c1577r+c1s 7”—0
4 (a)-2,1-+3i (b)z=-8 , _
2z iy cos (—0) = cos 0 and sin (—6) = —sin
S (@w, :c1s? e _Zs 3 2 Wi =W, 1+2c0527+2cos47”+2c0s——0 (equating real parts)
Also: (w) =cis 3ﬂ—c1s ;r w, But cos 8% T T 2T 4 1
ut COS—-— = —COS= .. COS= = COS=—+COos——+ =
(b) Roots of 22 — 1 = 0 are Lw,w, 7 7 7 7 7 2
b 9 (aw'-1=0
Sum ofroots=—=: I+ w, +w,=0 ... w, +w, =-1
a J L2 1o W =)W'+ w*+1)=0 (difference of two cubes)
(c) Product of roots = - ww,=1 aw—1=0 or w+uw'+1=0
6 (@w—-1=0 But w is non-real .. w*+w’+1=0
(W=D +w+1)=0 () LHS=w?x w°=w" (asw’=1)
~w+w+1=0asw#1 (wis non-real) RHS=1+w’+w'+w'=0+w'=LHS
2 2 3
(b)(l—W)(l—W)=1—W—W2+W 10 (@)2-1=("-1)(+2+1) (difference of two cubes)
=l-(w+w)+1 ». roots of 2 — 1 =0 include
=1-(-1)+1=3 roots of 22 — 1 =0, and roots of z° + 2’ + 1 =0
c)-1 d)3 e)l 27
@1 @ @1 0 . o
7 (a)wisaroot,sow’ =1 1
(W)’ = (w) —11ew1salsoarootofz= /34,\'"',"\
Similarly: (w™ Y=w)'=1and (w2’ =) SN B :.\
i.e. w " and w are also roots of 2’ = 1 T o N
__b . -1 2 _ ! TS0\
(b)Sumofrootzs " 2 WAwWHL+W 4w =0 Y ’/"Q‘\\ X Re
(c) Letw= cos?ﬂﬂsm 5” ’ S s /
\\ 4 \/
Am L AT 2T L 2T -2 S
cos = +isin 5 teos +isin 5 +1+cos z T
=27 —A4r —4r
+isin 5 + cos 5 +isin—— 5 =0
6 3
But cos (—6) = cos @ and sin (—0) = —sin 0 (c) Roots of z"+ 2" + 1 =0 are
. 27 =27 4r —4r 8z -8
o cos 2 4 iein2T 4 02T 1isin2F 11+ cos2E cls T, cis—g, cis =g, cis—g, cls =g~ cls—g
5 5 5 5 5
As cos (—0) =cos 6 and sin(—6) =—sin6:
—zsm2”+cos4ﬂ—zsm4” 0 27 4r 8w
5 5 5 Sum of roots = 2(cos7+cosT+cos 9
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(d) Sum of roots = —% =0

. 27 4r 8w _

- cos=g" +cos—9 +cos—9 =0

cosz—”+cos4—”=cos£ (ascos8—ﬂ=—cos£)
9 9 9 9 9

(e) The result follows from using the expansion
(z-a)(z—@)=z" - 2xRe(a) x z +|of* with each of the
three conjugate pairs.

(f) If expanded there are 27 terms, although many are
like terms in 2 or z. LHS term in z” has coefficient 0.
Examining RHS terms in z” and result of part (€):

2 4r 4r T T 2 _
4cos 9 cos 9 —4cos 9 c059—4c059cos 9 +3=0
c052—7rcos4—7t—cos4—7rcos£—cos£cos2—”=—é

9 9 9 9 9 9 4

11 (@)22-1=0 . z=1)(Z+2+Z+2z+1)=0
zl=cosz?”ﬂ'sinz?”isarootofz5—1=0,

hence also aroot of 2* + 22 + 22+ z+ 1 = 0.

(b) The roots are the non-real roots of z° — 1 =0

ie. cisZE (s T2 AR AT
e 5° 5 5’ 5

(c) Sum of roots = —Z :

2, 2@ . 4m . 4w
c1s?+c1sT+c1s?+c1sT— 1

But cos (—6) = cos 0 and sin (—6) = —sin 0:

cos2l+cos4—ﬂ =-1

5 5 2

(d) cosz?”+cos4?ﬂ = —%
cosz?”+2cos22?”—l = —%
4cos’ 2?”+ ZCOSZ?”— 1=0

2m _ —2%20 _ -1£45

L ST =g 1

But 2?” is an acute angle, so it must be the positive option:
27 _ -1+

. COS

10
(b) w, w,,...w arerootsof z~ —1=0
Coefficients of the equation are real, so roots occur as
conjugate pairs.
10 10

Y w=d W =0

i=1 i=1

Sum of roots = —% =0 .

(c) Distance PW, = |z - wi|

[PWi]2 =|z—wi‘2 =(z-w)x(z-w
=(z—wi)><(2—Wi)=zE—z

=2-zW, - Zw,

(aszZ =lz" =land wiw =Iwl* =1)

10 10 10

S I
i=1 i=1 i=1
10

=20-2) W, - ziwi
i=1

i=1

=20-zX0-zx0=20

EXERCISE 1.10

\
/2 Re

1B 2 C
3 (a) Im (b) Im
—4 @) 4 Re _ZQ
2
;)
(© hgl (@ Im
N
-3 ‘3\1(3} 3Re
0
3
(e)
(), Im y=2c () Im
z
(=2, 1) 2
® S ~
-y
Nz - _20 !
(i) Im
(_1: 1)
0) \\\ Re
yex2 (3-3)
4 @ Im g (b) \, Im
9 Re ©
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3 2 -1 9 1 2Re
-1 O] 1 [2 3Re y=-1
-1 -2
(© Im (d) Im -
y=-x+1\ 2 21 y=x."
\ 1t 7 1
-1 O] 1I\'2 3 Re 2 -1,7[0 1 2Re
-1 -
p 2
-2 -2
3
e Im f Im
( ) 2 x=3 () 2 y=2 4
1 1
5
1 O 1 2 3 4Re 2 -1 O] 1 2 3Re
—1 -1 6
() Im
2
1 y2=4x+4
1O 1 2 3 4Re 7
1
8
-2
i Im i Im
0 m 0N\ Gayo
61(x-6)2+y2=20 1 9
A6, 0) 3 5 -INO| 1Re
-6 -3 [O\3 6~9/12 15 18Re -1
-3 @
-6 -2
-9
10
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+ m + —41—3— -] O: 34Re
-1 O\ 1 3 Re j
_1.u -
(c) Im . (d) Im
3 |
2 |
I N

|

S}

| | 'I_'
U)l\)v—‘Q
P
TTTTTR
w

Pe)

o

X2+ =4

—32

?%Ej?yfg

CHAPTER REVIEW 1

(@) 2i (b) =3 + 4i
@—%—%i@) — 2i)
(@) £5i (b) -1

() 222 @1+fz
@p=1lg=1 (b

3\/_(cos +zsm37r)

4

-4-3-2-10] 1 2 B\d Re
:2' X+y=3

(c) 25

bp——l q=2 or p———,q——

(b) cos (— E) +isin (— %)

a) —24/3+2i (b) =332 -36i
(@ () S(COS( > )+1sm( 2”)),—81'

’ Yk 7m) 1-+3 1443,

(|I)\/2(cos 12+zs1n 12) 5t
(b) Equate the real parts: v/2 cos 2 = 1-3

12 2
- cos I E _~N2-+6 -6
12 4

cis3—ﬂ

10

a)3<|z+3-31<3v2

(c)2<|z<3and —%Sargz <

(d) arg(z—1+i):3Tﬂ

(a) cis % , cis (— %) cis 377[ , cis (

(b) cis0, cis 3 ,c1s(— 3
2r

9 cisﬁ,cis _r , Cis=—, cis|— =~
© 3 3) 3

(1+42i) = —5+2i

.2 .
E),as—,as -

(b) |z —4i| =|z +2 - 2i]



11 (a) Let A, B, Crepresent z, 27 respectively.
Let D represent 2+

On an Argand diagram OBDC is a rhombus, OB=0C =1,

so diagonal OD bisects ZBOC.
arg(z *y=20and arg(z4 ) =486, so arg(zz+z4 )=36

(b)InAOBD OD=2cosB, ie. |z° +z ‘ =2cos 0
.Z+72'=2cos 0 (cos30+isin36)

T

c)+Z
e 2
T T
=< < ==
12 S_argz_ 3

13 (@) (w)=w"’=i

(b) Roots of z'> = i are on the circumference of a circle of
radius 1.
‘zl + zz| = |z1 —(~z, )| = distance from —z, to z ,
i.e. the distance between two points on the
circumference of the circle.
Asz, and z, are two distinct roots, z, and —z, are not
endpoints of a diameter .. |zl + zz‘ <2

14 (a)argiz=argi+argz= % +o
(b) Values of z may vary. Example:

Im

z-iz

Re

(c) Pythagoras’ theorem shows the result.

(0) Area =1 x|2] x|iz| = 2 x|2| x1x|¢| = 1 x|2* =1 27

(e) Interval from iz to z is a diameter (subtends rlght
angle at O).
Length of diameter is «/ﬁ , area of circle is 5777
Area of triangle is %(l +2i)(1-2i) = %
.. Area required = %(ﬂ: -1

15 C
16 (a) midpoint of AC

(
) oa+y=B+6 - (a+y) (,B+6)
.. midpoints of AC and BD are coincident,

i.e. diagonals bisect each other .. parallelogram
1_ . 1 .
17 (a) z+;—k,x+zy+x.+iy =k+0i
) 1 x—iy )
x+1y+x+iy x iy =k+0i
x+iy+ > —i 2}/ > =k+0i
X+ )/ X" +y
Equating imaginary parts: y — Y - 0
P4y
Y +y )=y=0

Y+ =1)=0
S y=0 or x2+y2:1
(b) If y = 0 then z+%=kbecomesx+%=k
X —kx+1=0
This equation must have real roots (or else there are no
solutions to the original equation).
o A>0,ie k*—4>0, hence [k >2

18

19

20

21

22

(©) If x* +y* =1 then |2 = =1

Usmg the triangle 1nequahty z+ ‘<|z|+‘ ‘
IS
(@x—-2y—4=0
b)z+z=2x .. x:z-IZ-E
z-z _-ilz-72)

Z—E=2yl Soy= 3

Substituting into x — 2y —4=0:

z+z 5 -iz=2) _,_,

z+z+2i(z—-2)-8=0
(1+2i)z+(1-2i)z—8=0
(aA)w—-1=0
w=D(w'+w +nw*+w+1)=0
Butw#1l - l+w+w'+w +w'=0

(b) (1= w)(1 = w)(1 - w)(1 —w")
=(1—w)(1 - w") x (1 - w’)(1-w’)
=(1-w—-w'+w)x1-n'—w'+n)
=Q2-w-wHh)x2-nw—w)
=420 —2w —2w+w +w 2w+ W'+
=4 2w+ w+w +w)+(w+w +w +uw')
=4-2(-1)+(-1)=5

(c) Sum and product of roots
z,+z, =w+w+w+w'=-1
z,z, —(w+w)(w +w)

—w +w +ut +w

=w+wtwrw=-1
*. Quadratic equation: Z- (z,+2)z+(22,) =0
Z+z-1=0
(@) 2cis T 3 ,2cis, 2cis (—%)

(b) Without loss of generality,

let w, = 2cis% and w, = 2cis(—%).
Then w16" + w26"
_ A6n 6nw . 6nmw 6n 6nm 6nw
=2 (cos 3 +isin 3 )+2 (cos( 3 )+zsrn( 3 ))
=2%"(cos2nm + i sin 2n7 + cos (=2n7) + i sin (-2n7))
=2"(1+ix0+1+ix0)=2""

Im

(@) M is midpoint of OB

M represents lwz,

2
AM = wz z

=2-2

(b) Cosine rule in AOAM: AM = wz z
(c) LOMA = ? (angle sum of 1sosceles triangle)
_s5m

arg(1 wz — z) o= Z +9+3ZF +6 (exterior angle of
AOMC)
(a) LHS =1 — cos O — isin O + cos @ — cos” @ — isin Ocos O
+isin O— isin Ocos O+ sin’ @
=1-(cos’ 0—sin”6) — 2isin Ocos 6
=1-(cos20+isin20)=RHS
(b) Step 1 Prove true for n = 1: (See part (a))
Step 2 Assume true for n =k, i.e. assume that:
1—cis(k+1)8
1—cis@

8

1+cis@+cis20+ ...+ ciskO=

257
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Now when n =k + 1, need to prove that:
1—cis(k+2)0
1—cis@

LHS=1+cisO+cis20+... +ciskO+cis(k+1)0
_ 1—cis(k+1)0

1+cis@+cis20+... +cis(k+1)0=

+cis(k+1)0

1—cis@
_1—cis(k+1)0 + cis(k+1)0 x (1—cisO)
T 1-cis@ 1—cis@
_ 1—cis(k+1)@ +cis(k+1)0 — cis(k +1)8 X cis@
- 1—cis@

_1—cis(k+2)0
T 1-—cisf
Step 3 Conclusion
True for n =k + 1 if true for n = k. True for n=1.
- True for all positive integers n > 1.

(c)Let 0 =2 and apply part (b) with n=71:

727
27 71 _ L-cis5
1+c1536+c1s 36 +...+cis 36 - I—cisE
_1—cis2x _ _1-1
l1—cisf l—cisg
(d) The sum of the 72 roots of 27> =1 is 0.

23 (a) coslzﬂ cos(2>< ”) ﬁ

=RHS

6 2 12 2
2 _\/g 2£_2+\/§
2cos B 1 2>cos L= 2

=+
ST 2 %
T ¥4 2++/3
But = is acute cos75 3
2 am . 2+\3_2-43
(b) sin 12—1 cos 12—1 7 - 4

: sin£=
: 12

o (B8

4
T
COS12 +isin 12)

ccosE risinZ oL, V3.
=cosHising =5+ 5
2 4r
24 (a)x =tanZ 9> ~tan=gT, tan—g=
(b) Sum of roots [of part (a)] = —% =33
4
25 (ﬁ) =w4=—4hasr00tsi‘/zcos”+42k7t+isin”+42k”
w=1+i1—-i-1+i,-1—1
z _ .
Forz_i—1+1
z=z+iz—i+1
iz=—14+1
z=1+i
For%—=1-i
z—1i
z=z—iz—i—1
iz=—-1—1i
z=-1+1i
For —%—=—1+i
z—1i
z=—z+iz+i+1
22-i)=1+i
Z_1+3i
5
Forfz—l—z
z=—z—iz+i—-1
Q2+i)=-1+1i
—1+3i
5
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26 (2x+1)(4x*+2x—1)=0:x =
27 (a)x*—y* =5, xy=6:+(3 +2i)

by 5 = 3EO—4(1-30)
b)z=—""——"—"—

_3x5+12i _ B3E(3+2i) .,
= ==EEE L,

2

28 P'(x) =3x"+2ax+b
P’(1) =3+2a+b=0
P(1)=a+b+3=0
a=0,b=-3

29 (a) Coeflicients real .. other zeros are conjugates

(a—ib), (a—2ib):a=1,b=2

(b) (% = 2x + 5)(x* — 2x + 17)

30 P/(x)=3ax"+b:
8a+2b+c= 0 12a+b=0,-8a—2b+c=20

5 ——.Cc=
=35 ,b= 2 10

CHAPTER 2

Many of the proofs below are not complete: in most cases only the
outline of the proof of S(k + 1) is given. For more complete solutions,
see the Student Worked Solutions book.

EXERCISE 2.1

1 (a) Either p is odd or ¢ is odd.

b)x<5andx>-50r—5<x<5
C) x is divisible by neither 7 nor 8
d) Neither x nor y are zero or both x and y are non-zero.

a) Doubling any integer and adding 3 results in an odd
number. This is true as doubling any integer results in an
even number, and the sum of any even number and any odd
number is odd.

(b) There is a real number that is equal to its reciprocal. This is
true as the number 1 has this property.

(c) The square of a real number is always greater than zero. This
is false since the square of zero is zero.

(d) There is a real number whose square is —1. This is false.

(e) The product of any integer and the next is divisible by 3. This
is false (since, for example, 4 x 5 is not divisible by 3).

(f) The difference between any two real numbers is positive.
This is false since 3 — 5 is negative, for example.

(9) For all real numbers, there is a real number that can be
added to it to obtain an answer of zero. This is true (since
adding the negative of any number to itself results in an
answer of zero).

(h) There is a real number with the property that multiplying
it by any other real number (y) gives an answer of y. This is
true, as the number 1 has this property.

3 (a) V integers n, n” > n. This is false as 0% = 0.

(b) 3 a real number x, such that 5x=0. (3 x € R such that
5x=0.) This is true as the number 0 has this property.

(c) V integers n, n+ n + 1 is odd. This is true.

(d) 3 a real number x such that x = x>. (3 x € R such that x=x%)
This is true as both 0 and 1 have this property.

(e) V real numbers x and y, x* + y* < xy. (V x, y € R, &> + y* < xy)
This is false (for example, when x=—1and y = 1).

(f) 3 areal number x such that for all real numbers y, =y.
(3xe Rsuchthat Vye R, X = y) This is true. The number 1
has this property.

(9) V non-zero integers n, 3 an integer m such that n is
divisible by m. This is true as every integer is divisible by
itself (and 1).



4

6

(a) 3 a real number x such that x* < 0. Negation is true (since
0°<0).

(b) V real numbers x, x> # x. Original is true (since 1’=1).

(c) 3 a positive integer n such that 10n < n. Original is true since
10 times any positive number is greater than the number.

(d) 3 a real number x such that x is neither positive nor negative.
Negation is true (as the number 0 has this property).

(e) V integers n, either n=0 or n>1. Negation is true as
squaring any integer gives a positive integer, except for the
integer 0.

(f) 3 an integer n such that either (—1)n# 1 and (-1)n #—1.
Original is true as raising —1 to any integer power always
results in 1 or —1.

Q) x>3=x">9

b) n is divisible by 9 = # is divisible by 3

c)n>5=>n>4

d) p>3 = 7pis positive

e) 2q is a perfect square = q is even

f) m is a multiple of 6 = m is divisible by 3

g x<—2=x">2

h) n even and n > 2 = n is not prime

a) Original: This is true, since a number divisible by 20 must be
divisible by any factor of 20.

Converse: If # is divisible by 5, then 7 is divisible by 20. This
is false. For example, 10 is divisible by 5 but not by 20.
Contrapositive: If n is not divisible by 5, then # is not
divisible by 20. This must be true as the original statement
is true.

Negation: There exists an integer n with the property that

n is divisible by 20 and 7 is not divisible by 5. This must be
false as the original statement was true.

(b) Original: This is true since the square of any integer is
divisible by all factors of the integer.

Converse: If * is divisible by 3, then # is divisible by 3. This
is actually true as the square of any integer must have the
same prime factors as the integer.

Contrapositive: If n* is not divisible by 3, then # is not
divisible by 3. This must be true as the original statement is
true.

Negation: There exists an integer n with the property that n
divisible by 3 but »* is not divisible by 3. This must be false
as the original statement was true.

(c) Original: This is true, as the second inequality can be
obtained by multiplying both sides of the first by 10.
Converse: If 10x > 70, then x > 7. This is true as the first
inequality can be obtained by dividing both sides of the
second by 10.

Contrapositive: If 10x < 70, then x < 7. This must be true as
the original statement is true.

Negation: There exists a real number x with the property
that x > 7 and 10x < 70. This must be false as the original
statement was true.

(d) Original: This is true. (It is the null-factor law.)

Converse: If x=0 or y =0, then xy = 0. This is true.
Contrapositive: If x # 0 and y # 0, then xy # 0. This must be
true as the original statement is true.

Negation: There exist real numbers x and y with the property
that xy =0 and x # 0 and y # 0. This must be false as the
original statement was true.

(e) Original: This is false. For example, 20 is divisible and its
final digit is not 5.

Converse: If the final digit of # is 5, then # is divisible by 5.
This is true.

(
(
(
(
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10

11

Contrapositive: If the final digit of n is not 5, then # is not
divisible by 5. This must be false as the original statement
is false.
Negation: There exists an integer » that is divisible by 5,
and with the final digit of # not 5. This must be true as the
original statement was false.
(f) Original: This is clearly true.
Converse: If xy = 16, then x =4 and y = 4. This is false.
For example, 8 X 2 = 16.
Contrapositive: If xy # 16, then x # 4 or y # 4. This must be
true as the original statement is true.
Negation: There exists real numbers x and y with the
property that x =4 and y =4, and xy # 16. This must be false
as the original statement was true.
(9) Original: This is true as any number divisible by 24 must
contain factors of 2 and 3.
Converse: If 1 is even and # is divisible by 3, then n is
divisible by 24. This is false. For example, 12 is even and
divisible by 3 but not by 24.
Contrapositive: If # is odd or # is not divisible by 3, then
n is not divisible by 24. This must be true as the original
statement is true.
Negation: There exists an integer n with the property that n
is divisible by 24, and # is either odd or not divisible by 3.
This must be false as the original statement was true.
a) nis even < n’ is even
b)x+y=0x=-y
C) n is even and divisible by 3 < n is divisible by 6
a) Examples: 7, 14, 28. Counterexample: 21
b) Examples: 2, 3, 4. Counterexample: 0.5
c) Examples: 2, 3, 5. Counterexample: 11
d) Examples: 60, 120, 180. Counterexample: 30
e) Examples: x=10,y=0; x=10, y=1;x=10, y=2.
Counterexample: x =4, y = 100
(f) Examples: x=3,y=3;x=3,y=4;x=3,y=5.
Counterexample: x=0.1, y =10
D. Alternative A, in everyday language, says that for all real
numbers x, there exists a real number y such that xy = 6. But this
is not true for x = 0.
Alternative B, in everyday language, says that there exists a real
number x, such that for all real numbers y, xy = 6. There is no
single number (for x) that multiplies with every real number to
give a result of 6.
Alternative C, in everyday language, says that there exists a real
number x, such that for all real numbers y, x + y =6.
There is no single number (for x) that adds to every real number
to give a result of 6.
Alternative D, in everyday language, says that for all real
numbers x, there exists a real number y such that x + y = 6.
This is definitely true. If you start with any real number, you’ll
be able to find a real number to add to it that gives a result of 6.
B. The original statement, in everyday language, says that for
all real numbers x, there exists a real number y such that
x +y = 6. If this is not the case, it would mean that there
must exist a real number x such that for all real numbers y,
x+y # 6. Thus, B is the correct alternative.
Notice that alternative B is different from alternative C. Alternative
C says that the result of adding any two real numbers is never 6.
This is different from saying there is at least one special
number, such that when any number is added to it, the result is
never 6.
3 a real number x such that x >0 and x < 10, but x < 0 or x > 10.
It is clear that the original statement is true.

(
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12 (a) Starting with the number 6, you obtain the sequence: 6 > 3 >
10>5-> 16> 8 >4 > 2> 1. Since the sequence reaches the
number 1, the conjecture is verified for this case.

(b) Starting with the number 13, you obtain the sequence:
13540>20>10>5>16>8->4->2-> 1. Since
the sequence reaches the number 1, the conjecture is verified
for this case.

(c) Starting with the number 7, you obtain the sequence: 7 > 22
>11534>17>525>26>13>40>20>10>5>16->8
>4 > 2> 1. Since the sequence reaches the number 1, the
conjecture is verified for this case.

EXERCISE 2.2
1 (a) Let p and g be odd integers.
Let p=2k+1and g=2I+ 1 for integers k and I.
p+q=2k+1+21+1
=2k+2[+2
=2(k+1+1)
Since (k + I+ 1) must be an integer then it follows that p + g
is even.

(b) Let p be an odd integer and g be an even integer.

Let p=2k+ 1 and g =2l for integers k and I.
p+q=2k+1+2l

=2(k+D+1
Since (k + I) must be an integer then it follows that p + g is
odd.

(c) Let p and g be odd integers.

Let p=2k+ 1 and g =2I+1 for integers k and L.
pg=Q2k+1)2I+1)
=4kl +2k+21+1
=2Q2kl+k+D)+1
Since (2kl+ k + I) must be an integer then it follows that pgq
is odd.

(d) Let p and g be two consecutive odd integers.

Let p =2k + 1 and g = 2k + 3 for some integer k.
p+q=2k+1+2k+3

=4k+4

=4(k+1)
Since (k + 1) must be an integer then it follows that p + g is
divisible by 4.
(Could also have used 2k — 1 and 2k + 1.)

(e) Letn, n+ 1, n+ 2, n+ 3, n + 4 be five consecutive integers.
Sum of squares = P +n+1)+n+2+n+3)+(n+4)
=+’ +2n+ 1+ +an+4+n’ +6n+9+n"+8n+16
=5n"+20n+30
=5(n*+4n+6)

Since #* + 4n + 6 must be an integer then the sum of the
squares is divisible by 5.
(Could also have used (n—2), (n — 1), n, (n+ 1), (n+2).)

(f) Let a and b be rational numbers, i.e. let a = p and b= g

where p, g, 1, s are integers with g, s non-zero.

© N

ab=£><
q

_pr
=
Since pr and gs must both be integers, and gs cannot be zero

(since neither g nor s is 0), it follows that ab is rational.
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(9) Let a and b be rational numbers, i.e. let a = L and b= %

where p, g, 1, s are integers with g, s non-zero.

a+b=L41
N

q
_ ps+gqr
=
Since ps + gr and gs must both be integers, and gs cannot
be zero (since neither g nor s is 0), it follows that a + b is
rational.

(h) If n is odd, then n = 2k + 1 for some integer k.

n’=(2k+1)’
=4k + 4k + 1
=202k +2k) +1
Since 2k” + 2k must be an integer it follows that ” is odd.
(i) If nis divisible by 7 then, n = 7k for some integer k.
n’ = (7k)’
=7x 7k
Since 7k” must be an integer then it follows that n” is
divisible by 7.
() fm+nandn+pareeven, thenm+n=2kandn+p=2I
for integers k and 1.
Hence n=2k—-m
Substitute inn+p =25 2k—m+p=2I
-m+p=21-2k
m+p=21-2k+2m
m+p=2(I-k+m)
Since (I — k + m) must be an integer then it follows that
m+ p is even.

2 (a) The contrapositive statement is: if 1 is odd, then 31 + 2 is odd.
Suppose that 7 is odd. Then n =2k + 1 for some integer k.
3n+2=32k+1)+2

=6k+3+2

=6k+5

=203k+2)+1
Since (3k + 2) must be an integer then it follows that 3n + 2
is odd.

(b) The contrapositive statement is: if neither a nor b are even
then at least one of a and b is even.

Suppose that neither a nor b are even. This means that both
are odd so then a =2k + 1 and b =2+ 1 for integers k and I.
ab=(2k+1)(21+1)

=4kl +2k+21+1

=2Qkl+k+D+1
Since (2kl + k + I) must be an integer then it follows that ab
is odd.

(c) The contrapositive statement is: if # is odd, then 7’ +5 is even.
Suppose that 7 is odd, so n =2k + 1 for some integer k.
nw+5=02k+1)7°+5

=8k’ + 12k’ + 6k +1+5

=8k’ + 12k’ + 6k + 6

=2(4k® + 6k* + 3k + 3)
Since (4k® + 6k +3k + 3) must be an integer then it follows
that n° + 5 is even.

(d) The contrapositive statement is: if Vx is rational, then x is
rational.

Suppose that v/x is rational, then v/x = P here pandgqare
integers and g # 0. 1

2

Square both sides: x = p—z

Since p” and ¢ are integers with > # 0 then x is rational.



(€) The contrapositive statement is: if 1 is rational, then x
is rational. x

P

Suppose that % is rational, then % =4 where p and g are

integers and q # 0. Also, p #0 as % #0.

Thus x = L and since p and q are integers with p #0, it
follows that x is rational.

(a) Suppose, for a contradiction that \/5 is rational, then \/— =

S |

for integers p and g, with p and g having no common factor.
other than 1.

2
3=£

2

»

p* =3q" and thus p’ is divisible by 3.

If p* is divisible by 3 then p is divisible by 3 so write p = 3m
for some integer m.

Im’ = qu

Il = gt

Hence ¢’ is also divisible by 3 so q is divisible by 3.

Since p and g are both divisible by 3 then you have a
contradiction since p and g have no common factors other
than 1.

It follows that /3 is an irrational number.

(b) Suppose, for a contradiction, that 5 is rational, then /5 = g
for integers p and g, with p and q having no common factors
other than 1.

p*=5¢" and thus p” is divisible by 5.

If p* is divisible by 5 then p is divisible by 5 so write p = 5m
for some integer m.

25m’ = qu

5ml= qz

Hence ¢’ is also divisible by 5 so g is divisible by 5.

Since p and g are both divisible by 5 then you have a
contradiction since p and g have no common factors other
than 1.

It follows that v/5 is an irrational number.
(c) Let a be a rational number and b an irrational number.
Suppose, for a contradiction, that a + b is rational. Since a

and a + b are both rational, a = g anda+b= % where p, g,

1, s are integers with ¢ # 0 and s # 0.

a+b="
s
Pipor
q s
p=t_P
s 4
_rq—ps
o

This is a contradiction as b is irrational. Hence, a + b must be
irrational.

(d) Let a be a non-zero rational number and b an irrational
number. Suppose, for a contradiction, that ab is rational.

b4

Since a and ab are both rational, g = E and gb ="' where
s

D> g, 1> s are integers with g # 0 and s # 0. Note also that p #0
since a is non-zero.

ab=~
Ebzl
q s
-
=5

This is a contradiction as b is irrational. Hence, ab must be
irrational.

(e) Suppose, for a contradiction, that there exists integers a and
b such that 18a + 6b = 1.
6Q2a+b)=1

=1
3a+b—6

This is a contradiction as 3a + b is an integer. Therefore,
there cannot be integers a and b such that 184 + 6b = 1.

4 (a) First, suppose that n + 9 is even. Then n + 9 = 2k for some

integer k.

n+6=n+9-3
=2k-3
=2(k-2)+1

Thus, n + 6 is odd.
Conversely, suppose that n + 6 is odd. Then n + 6 =2k + 1 for
some integer k.
nt+9=n+6+3
=2k+1+3
=2k+4
=2(k+20
Thus n + 9 is even.
(b) First, suppose that n — 3 is odd. Then n — 3 =2k + 1 for some

integer k.

n+2=n-3+5
=2k+1+5
=2k+6
=2(k+3)

Thus, n + 2 is even.
Conversely, suppose that n + 2 is even. Then #n + 2 = 2k for
some integer k.
n—-3=n+2-5
=2k-5
=2k-3)+1
Thus, n — 3 is odd.
(c) First, suppose that n is even. Then n = 2k for some integer k.

13n+4=13x2k+4

=26k+4

=2(13k+2)
Thus, 137 + 4 is even.
Conversely, suppose that 137 + 4 is even. Suppose, for a
contradiction, that # is odd. Then n =2k + 1 for some
integer k.
13n+4=132k+1)+4

=26k+17

=2(13k+8)+1
Thus, 13n + 4 is odd—a contradiction. Hence, if 131 + 4 is
even, n must be even.
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(d) First, suppose that n is odd. Then n =2k + 1 for some integer k.
n+6=72k+1)+6
=14k+13
=2(7k+6)+1
Thus, 7n + 6 is odd.
Conversely, suppose that 71 + 6 is odd. Suppose, for a
contradiction, that » is even. Then #n = 2k for some integer k.
n+6=7x2k+6
=14k+6
=2(7k +3)
Thus, 7n + 6 is even — a contradiction. Hence, if 7n + 6 is
odd, n must be odd.
(e) First, suppose that n is even. Then n = 2k for some integer k.
n’* = (2k)*
=2x2k
Thus, n” is even.
To prove the converse, suppose that #” is even. Suppose, for a
contradiction, that # is not even. Then this would mean that
n is odd, meaning n = 2k + 1 for some integer k.
n’=(2k+1)’
=4k’ + 4k +1
=202K* +2k) + 1
But this would mean that #* is odd—a contradiction. Hence,
if n” is even, n must be even.

5 Alternative A is the converse of the given statement, which is

not logically equivalent to it (despite being a true statement in
this case).

Alternative B is not the contrapositive, as the statement ‘at least
one of the integers is odd’ is not the negation of the statement
‘at least one of the two integers must be even, i.e. if you have one
odd integer and one even integer, then both statements ‘at least
one odd’ and ‘at least one even’ are true.

C. A contrapositive proof must start by assuming that it is not
the case that at least one of the two integers is even—in other
words, assuming that both integers are odd. Hence, C is the
correct alternative.

Alternative D is how a proof by contradiction would proceed.
Suppose, for a contradiction, that this number is rational. Then

1-5v2 = g for integers p, g with g # 0.

N
q
-_Fr 1
V2= 5q+5
J2=_P*4
59

This is a contradiction as +/2 is irrational, and thus cannot be
expressed as the ratio of two integers. Therefore, the number
1—5+/2 must be irrational.

Suppose, for a contradiction, that both a and b are greater

than +/c.
Thenax b > \/E X \/;
ab>c
This is a contradiction as ab = c. Thus, it must be the case that at
least one of a and b is less than or equal to \/Z .
This is most readily proved by proving the contrapositive
statement: if a is not odd, then a> — 2a + 7 is not even.
If a is not odd, then it is even, and can be expressed as a = 2k for
some integer k.
a’—2a+7
=4k> -4k +7
=20k -2k+3)+1
Thus, a> — 2a + 7 is odd (not even), as required.
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Let a, b, ¢, d be the digits, in order, of a four-digit number, N.
The actual number is therefore N = 1000a + 1006 + 10c + d.
First, suppose that N is divisible by 9.
Thus, 1000a + 100b + 10¢ + d = 9k for some integer k.
Then 999a+99b+9c+a+b+c+d=9k
a+b+c+d=9k—999a—-99b - 9c
a+b+c+d=9k-111a-11b-c¢)
Thus, the sum of the digits is divisible by 9.
Conversely, suppose the sum of the digits is divisible by 9. Then
a+ b+ c+d=9k for some integer k.
Then N =1000a + 100b + 10c + d
=999a+99b+9c+a+b+c+d
=999a+ 99b + 9¢ + 9k
=9(11la+11b+c+k)
Thus, N is divisible by 9.
(a) Squaring a real number produces a non-negative real
number.
Hence, (a—b)*=0
a’—2ab+b">0

a’+b*>2ab
1. 1\_,,a.b
(b)(a+b)(a+g)—l+b+a+1
_ a* +b?
—2+7ab

From part (a), a* + b 2 2ab, and so provided that ab is positive
(which it is in this case, since a and b are positive), it follows
that @’ +b” | 2ab

ab — ab

a’+b’ > 246
ab T af

a+b’
ab

Combining this inequality with the earlier one yields the result

that(a+b)(%+%)24,

(c) From part (a):

=2

a’ +b* = 2ab
a’> +2ab+b* > 4ab
(a+b)* >4ab
a+b>4ab (provided a,b positive)
a+b=2ab

Let n be an odd integer. Then n = 2k + 1 for some integer k.
n=2k+1

=K +2k+1-K

=(k+17>-Kk
For a contradiction, suppose there exist integers a and b such
that a* — 4b—3 =0, and so a’ = 4b + 3.
From this equation, a* must be odd, and so a must be odd.
Hence, a = 2k + 1 for some integer k.
Then (2k+1)°=4b+3
4k° +4k+1=4b+3

4 + 4k —4b=2
4k +k-b)=2
2 =1

k +k—b_2

The left-hand side of this equation is an integer, while the right-
hand side is not. This is a contradiction. Therefore, there cannot
possibly exist integers a and b such that a* — 4b — 3 = 0. The
stated result follows.



13

14

15

If 2% + 3" is divisible by 5, then 2 + 3* = 54 where A is an
integer.
Therefore, 282 =54 — 3%
2" =254 -33Y
"*3 =104 —2x3*
Thus, 27 + 33% = 104 — 2 x 3% + 3%
=104 -2 x 3%+ 3’ x3*
=104 -2 x3%+27x3*
=104 +25x 3%
=5(2A4 +5x 3%
As the expression in the brackets is an integer, it follows that
23 4 3% i divisible by 5.
Suppose, for a contradiction, that \/g + \/ﬁ is rational. Then

J6 +4/10 = g for integers p, q with g # 0.
2
o[

6+2/6~/10 +10 = p—z
q
16+\/——p—2
q
2
@:p—z—m
q
P2—16¢12
:T

This is a contradiction, as +/60 is irrational (since 60 is not a
perfect square). The result follows.

Suppose, for a contradiction, that r = P is a rational solution

to the equation, where p, g are integers with no common factor
other than 1 and with g #0.

3
Then (Ej +2i1=0
q q

3

2P iis,
q

P +pq +q =0
If p is even and g is odd, then p’ must be even, pg> must be even,
and q3 must be odd; this would mean the left-hand side of the
equation must be an odd number—a contradiction (since the
right-hand side is 0).
If p is odd and q is even, then p® must be odd, pg” must be even,
and ¢ must be even; this would mean again that the left-hand
side of the equation must be an odd number—a contradiction
(since the right-hand side is 0).
Finally, if both p and q are odd, then p’ must be odd, pq* must
be odd, and q3 must be odd; this would mean again that the
left-hand side of the equation must be an odd number—a
contradiction (since the right-hand side is 0).
(Note that both p and g cannot be even as it was assumed that p
and g have no common factor other than 1.)
Thus, in all cases, a contradiction is obtained. The result follows.

EXERCISE 2.3

1

2

(a—b)*20,a’+b* > 2ab

ah(a2 + bz) >2a%b* asboth a, b are positive.
x <y and x is positive nab<xy [1]
Alsox<yandyis posmve Lay<y [2]
Link [1] and [2]: * <y’

(\f ﬂ 20 n3+dz

b) (x—)’20,x" —xy+y > xy

(©) +y3 =(x +y)(x2 —xy+y2) 2 (x+y)xy = xyz(§+%)

(d)y3+232xyz(% i),x +z >xyz(y }')
(e) Add the results of parts (c) and (d)
+2 + DA SNE. 3 )
Xy y
2 xyz(2 + 2 + 2) = 6xyz (using part (a))

2(363 +y3 + ZS) > xyz(

Xy 2 23z
(f) () Leta=x’, b=y, c=7" and substitute into part (€):
a+b+c> 3%
(ii) Similarly @ + b+ d > 33/abd, a + ¢ + d > 33/acd,
b+ ¢+ d > 33/bcd: Multiplying gives the result required.
(@) @+ b =2ab, B>+ *=2be,  +a’ > 2ca
Adding gives the result required.
(b) (a+b+c)*=a’+ b+ + 2ab + 2bc + 2ca = 3(ab + bc + ca)

5 Leta=xy, b=yz c=zx and substitute into the given result.

a)(Wa-b) 20 . a+b=2ab
Similarly: # > \/a
Add these results: WZM“@
. a+b;|1-c+d ZJENJ ]

A+B.

-.“T”’z\/E

=\/%andB=\/E:
Mz\/\@x@ =4abcd [2]

Link [1] and [2] to obtain the required result.

(b) Letd = %b-i—c; from part (a):

a+b+c

a+b+c+ a+b+c
T T3 s auTovTLC
) _4abc( 3 )

a+é}+c 24/_abc><4’a+g+c

Using the result =—= > /AB with A

(Lmr > abcx(a+g+c) (a+g+c)3 > abc
(@mw< (l * b) question 6(a)
(b) Ibh < (Hb%h)i question 6(b)
8 (a) Usinga’+b*=2ab [1]
Leta=— \/— b_\/_toobtal % % %y

Leta=+/x,b= \/7 and substitute into [1]' +y2 ZM (3]
Taking reciprocals of both sides of [3]: <1

x+y 2\/@

L > 1 2 > 4 [y

2\/@ XFY [y “XTY
Link [2] and [4]: 5+ 2 745

1,21, 1,12
(b) From [1],leta= -, b—y. x2+y2 £ [5]

From [3], squaring both sides: (x + y) > 4xy
. 1 1 1, 1

. 7 < or > 3
(x+y)  4xy 49 " (x+y)

2 8
i 6

Xy (x+y)2 L6]

Link [5] and [6] to get the required result.

9 (a) Assume that 4a® — 6ab + 4b° < a* + b*:

3(a— b)* < 0 which is a contradiction as a, b are real
- Assumption is false, so: 4a” — 6ab + 4b> > a” + b’

Answers Chapter 2

263



264

10

11

12

13

(b) (a—b)'=a"—4a’b + 6a’b’ — 4ab’ + b'
Now (a—b)* 20, so: a* — 4a’b + 6a°b* — 4ab’ + b* >0
soat+ bt > 4a°b — 6a°* + 4ab’ = ab(4a” — 6ab + 4b%) > ab
@+ =a’b+ab’
a* +b* <(M)2, @+’ _a’ +2ab+b’
2 “\2 )" 2 ° 4
ie.a’—2ab+b*<0or(a—b)*<0
which is a contradiction as a, b are real and unequal.
a’ +b* _(a+b)
2 7 (T)
(@) a+b>2+ab: similarly b+ ¢ > 2</bc and ¢ +a > 2J/ca
Multiply to get the required result.
(b) A+ B+ C>33YABC
Let A=bc(b+c), B=ca(c+a), C=aba+b):
be(b+c)+calc+a) +ab(a+b) >
33/bc(b +c)ca(c + a)ab(a+b)
= 3%/a2 22 (b+c)c+a)a+b) = 3%/a2 22 8abc
using (a), and the result is then obtained.
(c) Froma+b> 2@, let a = b*c* and
b=ca% b’ + a2 2abd’
Similarly: ’a” + a’b” 2 2a’bc and a’b* + b’c* = 2ab’c
Add these results to obtain the required result.
(d) From a+b = 2+/ab, let a = ab and b=xy:
ab +xy = 2,/abxy
Similarly: ax + by = 2,/axby  Multiply to get the result.
(e) Froma+b > 2ab, let a=a*and b = x*:

Assume that

.. Assumption is false, so:

2 2
a2+x222ax,axﬁ%

2,2
Similarly: by < b%

a+x+b+y’
2
(asa*+b* =1 andx2+y2= 1)
@ () Froma+b+523m,leta=x2y, b=yz c=2x:
xzy + yzz +27x> 3xyz
(i) Let a=xy’, b= yz’, c = zx*:
xy2 + yz2 +zx’ > 3xyz
) (x+y+2)°
=X +y + 2 + 3y + 2+ 2%) + 3(xy’ + yZ + 2x7) + 6xyz 2
3xyz +9xyz + 9xyz + 6xyz = 27x)2
() (ad—bc)*20 .. 2abed < a*d* + b’
Add @’V + &d” to both sides:
(ab+cd)’ <a’d + b’ +a’b* + Cd = (@’ + )b + &)
Take the square root of both sides to obtain the result.
(b) Assume that (a + 5b)(a + 2b) < 9b(a + b):
@’ +7ab+ 10b° < 9ab + 9b°
ie.a’=2ab+b*<0o0r(a—b)><0
which is a contradiction as a, b are real and unequal.
.. Assumption is false, so: (a + 5b)(a + 2b) = 9b(a + b)

Adding: ax + by < =1

a’ | b 4a 4b_a*t* (a® 4a b 4b
(C)b—2+—2 e szx b7_7+3+a7_7+3
_a’(a® —4ab+3b*)+b* (b —4ab+3a*)
- 212
a’b
_a’(a—3b)(a—b)+b*(b—3a)(b—a)
a’b?
(a—b)|(a® —3a%b)—(b> —3ab?)]
= 2.2
a’b
3 4
= (u—b)z(az—b) = (a;bz) >0 as a, b are real
a’b a’b
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(d) (a+b)(%+%)=1+%+g+1 >4
(using the result % + % > 2, which has been proved in earlier

questions)

JsG=a)s—b)(s—c)<?

(s—a)+(s=b)(s—c)
2

s —as+s’ —bs—cs+bc

<
2
<25 —s(a+b+o)+be _be
< . =k
: bC .. ca ub
ie. A< 5 Similarly: A < 5 and A < >
Adding: 34 < WHECTCA popge 4 c AbTbetca

But:ab+bc+ca<a’+b’ +c ASM

Let f(x) = x” — px + (p — 1) where integer p > 1. Note that f(x) is
a continuous function.

Now f’(x)=px""' —pand f”(x)=p(p- x>

Stationary points where f’(x)=0,

i.e. where p =0 (not possible as p > 1) or x = 1.

Also: f”(1)=p(p—1) (which is positive as p > 1); and f(1) =0
.. The only stationary point on the continuous function is a
minimum at (1,0).

So f(x) 20 for all x, i.e. x* —px+ (p—1) 20
~xl+(p-1)=2px

Equality holds when f{x) = 0:

p-1
(x— 1)[2xi - p} =0
i=0

Let f(x) =" — ¢" — e"x + ¢"a. Note that f(x) is a
continuous function.
Now f'(x)=¢"—e"and f”(x)=¢"
Stationary points where f’(x)=0, i.e. where x = a.
Also: f”(a)=¢" (which is positive); and f(a) = 0
.. The only stationary point on the continuous function is a
minimum at (a,0).
Sof(x)>0forall x,ie. e"—e'—e’x+e’a>0
se—e"2e'(x—a)
(@) g(0)=sin0-0=0
g'(x)=cosx—1: g’(0)=cos0—-1=0
(b)—1<cosx<1: -2<cosx—1<0
ie.—2<g’'(x)<0
(c) g’(x) is non-positive .". g(x) is non-increasing,
i.e. at every point g(x) is either decreasing or stationary.
From part (a), there is a stationary point at (0,0), but the
function decreases as x increases, i.e. g(x) < 0 for x > 0.
(d) g(x)<0:sinx—x<0,sinx<x (forx>0)
2
(@) d—Jz} =¢" is positive for all x, so the graph is concave up for
x
all x.
(b) R is above the curve, so the y-coordinate of R is greater than
the y-coordinate of the point on the curve directly below R.
a+b c+d
() e +e" >2¢ 7 ; similarly e +e? >2e =
a+b c+d i;,*#

atb c+d a+b+c+d
soe? +e? >2e ?

=2e *

a+b >c+d

Also > 2

L
e tel et tet>2e 7 4262

(M ﬂ) a+b+c+d
=2\ ? +e? />4e *




19 (a) Expression 1 + 1 _4
Xy Xy
1 2 1 4
==+ +—-—
x*  xy yz xy
_1_ 2.1
PR
2
- 1.1
Xy
=0
Hence L4+l =4
Xy Xy
Taking the positive square root of both sides gives
1.1 2
it 2
x xy
2
. 1 1 4
(b) Expression s + 7 - P
1 2 1 4
1 2 1
TRy
2
- 1_1
x2 y2
=20
2
Hence L + 1 > 4
272 2.2
x xy
Taking the positive square root of both sides gives
1,12
x2 yz = X)/.
20 1<x<4
1</x <2
2<1++/x <3
1 1 1

21

3 = 1++/x s 2

@ () f/(x)=1-¢""and f"(x)=—¢""

Stationary points where f’(x)=0, i.e. where x=1
Also: f’(0)>0and f’(2)<0

ie. f’(x)changes from +ve to —veatx=1

. Maximum turning point at (1,0)
(ii) f(x) is a continuous function with a maximum

value of 0
s f(x)<0forallx, e x— &0, x< et
XX, ... X, X, X x
1772 n 1 2 n
i) ——L=-2Ix-=x..x=2
(i) == X*X X
1y *_ *n _
<eX xeX x..xeX
XXyt X,
- x n—n
=e =e =1
XX, X, <1
XYI
HenceX"lexz.‘.x and so: X > p/x x,...x
n 172 n
L dly 1. . . .
(b) (|)72:_7215 negative for all x in the domain (x > 0),
dx x
so the curve is concave down.
., log, x, +log, x, +...+log, x, < X, tx, . tx,
(ii) " <log, "

)

X X+ X )
et B B
n
X+, +otx,
log, (x,x,...x,) <log, T a—
X+ X, Fo X j"
T Ty

(xlxz...x”)s( ”
X X, +o X,
e Z,n/xlxz...x
n n

(©) Letx, =1,x,=2,...x, =n.
LHS is simplified as the sum of the terms of an arithmetic

% > %/n! and hence the result.

(iii) log, (x,x,...x,) < nloge(

series to give

EXERCISE 2.4

1

_1. 1 _1 __1 _
n=1:.LHS= X2 2,RHS— 1=
Result is true for n =1
Assume the result is true for n =k, i.e. assume that

k

L

- r(r+1) k+1-
Prove the result is true for n =k + 1, i.e. prove that
k+1

2 1 _k+1
r(r+1) k+2-

r=1

=LHS

~

+1

1
r(r+1)

LHS =

T

1 i 1
£ r(r+1)  (k+1)(k+2)

k1
Tk+1 0 (k+1)(k+2)
_ k(k+2)+1

T (k+1)(k+2)

K +2k+1

T (k+1)(k+2)

o (k+1)

T (k+1)(k+2)
_k+1

T k+2

=RHS

The result is true for n = k + 1 if it is true for n = k. But the
result is true for n =1, hence it is true for n =1+ 1 and by the
principle of mathematical induction it is true for all n > 1.
n = 2: Expression 2’ — 2 = 6, which is a multiple of 6.
Result is true for n = 2.
Assume the result is true for n = k, i.e. assume that k> — k = 6 M,
where M is a positive integer.
Prove the result is true for n =k + 1, i.e. prove that (k + 1)
(k+ 1) is a multiple of 6.
(k+1)° = (k+1)
=K +3K+3k+1-k-1
=k’ —k+ 3K +3k
=6M+3k(k+1)
k(k+1)
2

M-

I
-

3_

~o{u+

If k is odd, (k + 1) is even and thus
integer.

k(k2+ D i always a positive

Hence = 6(M + @) is a multiple of 6.

The result is true for n = k + 1 if it is true for n = k. But the
result is true for n =2, hence it is true for n =2+ 1 and by the
principle of mathematical induction it is true for all n > 2.
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3 n=2: Expression is 2° + 4 = 8, which is divisible by 8.
Result is true for n=2.

Assume the result is true for n = 2k, i.e. assume that
4k* + 4k = 8M, where M is a positive integer.

Prove the result is true for n =2k + 2, i.e. prove that
4(k +1)* + 4(k + 1) is divisible by 8.

4(k+1)" +4(k+1)

Prove the result is true for n =k + 1, i.e. prove that

Y 4 1 2
p— r(r+1)(r+2) (k+2)(k+3)

k+1

HS = Zr(r+1 (r+2)

r=1

k

=4(k+1)(k+1+1) z 4
=4(k+1)(k+2) rr+1 r+2) T R+ D)k +2)(k+3)
=4(I§2+3k+2) = 5 A
;gﬁi‘giﬁf;s G DG TR DG+ 2)(k+3)
= 8(M + k + 1), which is divisible by 8. =1- %

The result is true for n =2k + 2 if it is true for n = 2k. But the

result is true for n =2, hence it is true for n =2 + 2 and by =1- . 2k+2

the principle of mathematical induction it is true for all even (k+1)(k+2)(k+3)

integers, n > 2. —1— 2

n = 1: Expression 3* — 1 = 80, which is divisible by 80. (k+2)(k+3)

Result is true for n=1. =RHS

Assume the result is true for n =k, i.e. assume that
3% 1=80M, where M is a positive integer.
Prove the result is true for n =k + 1, i.e. prove that

The result is true for n = k + 1 if it is true for n = k. But
the result is true for n =1, hence it is true for n =1+ 1 and
by the principle of mathematical induction it is true for

38D _ 1 s divisible by 80. alln>1.
3(kﬂ) i 1 3 2+1 3
=3ty 3% n=2: LHS = 1-2—2 Z,1{H5=m_Z=LHs

=81x3%-81+80

=81(3%-1)+80

=81 X 80M + 80

=80(81M + 1), which is divisible by 80.

The result is true for n = k + 1 if it is true for n = k. But the
result is true for n =1, hence it is true for n =1+ 1 and by the
principle of mathematical induction it is true for all n > 1.
n=1:LHS=2-1=1;RHS=1>=1=LHS

Result is true for n=1.

Assume the result is true for n = k, i.e. assume that

Result is true for n = 2.
Assume the result is true for n = k, i.e. assume that

1 1 1 k+1

-5 1-=5 . 1-= =

2? 32 K 2k

Prove the result is true for n = k + 1, i.e. prove that

1 1 1 k+2

1-= 1-= .. 1- =

2? 3? (k+1)”  2(k+1)

LS =(1- | %)( 137)(1_(kj1)2]

: |
Y @r-1=k (k+1) _(k+1) k(k+2)
= - 2 2k 2
p k+1) (k+1)
Prove the result is true for n =k + 1, i.e. prove that  k+2 — RHS
& “2(k+1)
2(2’— = (k+1)? . o 1(1e1)
8 n=1:LHS=(-1)"(1)" = RHS =(-1)"~ 5— =1=LHS
k+1
LHS:Z(zr_l) Result is true for n = 1.
pay Assume the result is true for #n = k, i.e. assume that
- : o k(k+1
= (2r-1)+(2k+1) =22 +3 =4 4+ (-1) 7 K = (1) ( 2* )
_ ;l+ 2k+1 Prove the result is true for n = k + 1, i.e. prove that
~ (k+1)? 122243 -4 4+ (1) R+ (<) (k+1)
=RHS oy (k+1)(k+2)
(e rile2)

The result is true for n =k + 1 if it is true for n = k. But the
result is true for n =1, hence it is true for n =1+ 1 and by the
principle of mathematical induction it is true for all n > 1.

LHS=12 =22 +3* =42 + .+ (-1D)"'K? + (1" (k+1)?

el 42 2 _2_ :_k—l[M]_k 2
n=LLHS= === RHS= 1- 525 =T = LHS (-1) 5 [T (k1)
Result is true forn—l. _ ko (k+1)

Assume the result is true for n = k, i.e. assume that =(=1)"x 2 x[~k+2(k+1)]
4 2 ko (k+1)(k+2)
=1- =(-1 ~—————=~-=RHS
gr(r+1)(r+2) D k+2) (7
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9 n=2:L1LHS= log(1+1)—log2; RHS = log(1+1) = log2 = LHS

10

11

12

Result is true for n = 1.
Assume the result is true for n = k, i.e. assume that

log(%)+log(%)+log( )+ +log(kk ) log(k +1)

Prove the result is true for n = k + 1, i.e. prove that

2 3 k+ k+2)
T)+10g(§)+10g( )+ +log( Z ) log(k+1)—log(k+2)

_ 2 3 4 k+1 k+2
LHS—log(1)+log(2)+log(3)+...+log( 2 )+10g(k+l
:log(k+1)+log(%)

:log((k+1)>< Eiﬁ))jzlog(ku):ms

n = 1: Expression x — y, which is divisible by (x — ).

Result is true for n=1.

Assume the result is true for n =k, i.e. assume that P yk is
divisible by (x —y), i.e. that x* — y* = (x — ) (" + Xy + ... +
xyk—z + yk—l).

k+1

Prove the result is true for n.=k + 1, i.e. prove that x**' — y**! is

divisible by (x — y).

xk+1 el
— xky " xky _ yk+1
=x];(x—y)+y(xk—yk)kl =) 2,k
=x(x—y)+yx—y) +x Y+ Hxy +y71)
= (x— )+ y T+ i),

which is divisible by (x — y).
The result is true for n = k + 1 if it is true for n = k. But
the result is true for n =1, hence it is true forn=1+1 and
by the principle of mathematical induction it is true for
alln>1.
n=1: Expression is x" —
Result is true for n=1.

1, which is divisible by (x —1).

Assume the result is true for n =k, i.e. assume that X — 1= (x— 1)

G2 x+ 1)

Prove the result is true for n =k + 1, i.e. prove that 1 1is
divisible by (x -1).

Consider x_l
x—1

x—1
(x D + xF2
x—1

+..+x+1)

=xF T xR x+l

which has no remainder, hence it is divisible.

The result is true for n = k + 1 if it is true for n = k. But

the result is true for n =1, hence it is true forn =1+ 1 and
by the principle of mathematical induction it is true for

alln>1.

n=1:LHS =2log 2; RHS = log 1
Result is true for n=1.
Assume the result is true for n =k, i.e. assume that

irlog(r+1) (k-]tll)k .

r=1

=log2 =LHS

Prove the result is true for n =k + 1, i.e. prove that
k+1

;rlog(r+l)—l %
. riog[")
zk“r (r+1)+(k+l)log(k+ )

r=1
(kz,” F(k+1) 10g(k+2)
= klog(k+1)—logk!+ (k+1)log(k+2)— (k+1)log(k+1)
=(k+1)log(k+2)—log(k+1)—logk!

=log(k+2)"*" —log((k+1)k!)

=log(k+2)*" —log(k+1)!

(k+2)k+1
(k+1)!

k+1

=log~7—1

=RHS
The result is true for n =k + 1 if it is true for n = k. But the
result is true for n = 1, hence it is true for n =1+ 1 and by the
principle of mathematical induction it is true for all n > 1.

EXERCISE 2.5
1 S(k)isk*—11k+30=0

For S(k+ 1): (k+ 1)* = 11(k + 1) + 30
=k +2k+1—11k—11+30
=(k* =11k +30) + 2k—10) >0
ask’—11k+30>0and k=6
S(k) is K>+ 5k—14>0
For S(k+1): (k+ 1)*+5(k+1) — 14
=k*+2k+1+5k+5—14
=(k*+5k—14) + 2k +6) >0
ask*+5k—14>0and k>0
S(k)is 12F—7F—5F> 0
For S(k + 1); 1251 — 751 _ gk+1
=12x (125 =7 =55 +5x 7+ 7x 5 >0
S(k) is 10F = 2F -3k — 5k >
For S(k + 1): 1051 — gk*1 _ 3k+1 _ g+l
=10x (10°=2F =3 - 55) 4 g x 2 + 7x 3k + 5x 55 >0
Sk is(1+x)f—1-kx=0
For Stk+1): (1+ )" = 1— (k+1)x
=1+ 1+ —1—kx] +kx*20
Let S(n) be the statement that 21 — n* > 0.
Prove that S(5) is true.
LHS =2° -5
=32-25
=7>0
Hence S(5) is true.
Assume that S(k) is true, i.e. assume that 2k — k%> 0.
Prove that S(k + 1) is true if S(k) is true, i.e. 2k™ — (k+1)*> 0.
LHS =2k — (k + 1)
=2x2k— (kK +2k+1)
=2x2k-2k* +k* =2k —1)
=202k - k) + (K> =2k —-1)
>0+ (kK —2k—1)
In the worked example it was shown that k> — 2k — 1 >0 for k > 3,
so LHS > 0.
Hence S(k + 1) is true if S(k) is true.
But S(5) is true so by the principle of mathematical induction
S(n) is true for all n > 4.

Answers Chapter 2



() F(n) =n®+20n: F(n+2) = (n+2)* +20(n+2)

F(n+2)—E(n) =(n+2)°+20(n+2) — (n* +20n)
=(n+2°-n*+40
=(n+2-n)((n+2)"+n(n+2)+n’)+40
=2 +4n+4+n* +2n+n") +40
=203n* +6n+4) +40
=6n"+12n+48
=6(n*+2n+8)

(b) n=2: Expression is 2% + 40 = 48, which is divisible by 48.

Hence result is true for n = 2.

Assume the result is true for n =k, k even, i.e. assume that

k* + 20k = 48M where M is an integer.

Prove the result is true for n =k + 2, i.e. prove that (k + 2%+

20(k + 2) is divisible by 48 when k is even.

F(k+2)— F(k) = 6(K* + 2k + 8)

Now prove that 1* + 2 + 8 is divisible by 8 when 7 is even.

n=2: Expression is 4 + 4 + 8 = 16, which is divisible by 8.

Hence result is true for n = 2.

Assume k* + 2k + 8 = 8N, where N is an integer.

Prove that (k + 2)*+ 2(k + 2) + 8 is divisible by 8 when k is

even.

(k+2)+2(k+2)+8

=K +4k+4+2k+4+8

=K +2k+8+4k+8

=8N+4(k+2)

Since k is even then k + 2 has a factor of 2 and hence the

expression is divisible by 8.

Hence n” + 2n + 8 is divisible by 8 when # is even.

Hence F(n +2) — F(n) is divisible by 6 x 8 = 48 when  is

even.

Hence F(n +2) and F(n) are each divisible by 48 when n is

even.

Hence prove n’ + 20n is divisible by 48 if 7 is even.

8 (a) (i) SQ): LHS=%(x) =L;RHS=1xx"=1=LHS

Hence result is true for n = 1.
(i) Now 2" = x x x*.
d( k\_ 1 ki1
S(k) assume that a(x )— kx
d ([ k1) _ k
S(k +1) prove that E(x + )— (k+1)x

LHS = ;—x(xk“)

S

=1x x5 + x x kx*!
=x* +kx*
=(k+1)x*
=RHS
(b) The result is true for n =k + 1 if it is true for n = k. But the
result is true for n =1, hence it is true for n =1+ 1 and by
the principle of mathematical induction it is true for all
n>1.
The odd numbers are 1, 3,5, 7, ..., (2n — 1) for n a positive
integer.
n = 1; Expression 2(1) — 1 = 1. Hence the result is true for n = 1.
The first odd number from the formula is 1.
Assume that the kth odd number is (2k — 1).
Prove that the (k + 1)th odd number is (2k + 1).
Odd numbers go up by 2 so the odd number after (2k — 1) is
(2k — 1) + 2, which simplifies to 2k + 1.
Hence the (k + 1)th odd number is (2k + 1) if the kth odd
number is (2k — 1).
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The result is true for n = k + 1 if it is true for n = k. But
the result is true for n =1, hence it is true for n =1+ 1 and
by the principle of mathematical induction it is true for all
n=1.
n=r= 1:LHS=1+1=2;RHS=¥=2=LHS
Result is true when n=r=1.
Assume the result is true for n =r =k, i.e. assume that
n(n+1) nn+1)(n+2)...(n+k-1)
+...+

2! k!
_(n+1)(n+2)...(n+k)
- k! ’
Prove the result is true for n =r =k + 1, i.e. prove that

1+n+

1_HHF11(112-!I-1)+.'._i_n(n+1)(n+i)!...(n+k—l)
+n(n+1)(n+2)...(n+k) _(n+D)(n+2)...(n+k)(n+k+1)
(k+1)! - (k+1)! :
LHS:1+n+n(n-!'rl)+m+n(n+1)(n+i)!...(n+k—1)
+n(n+1)(n+2)...(n+k)
(k+1)!

_ (n+1)(n+2)...(n+k)+n(n+1)(n+2)...(n+k)

- k! (k+1)!

_(n+D)(n+2)...(n+k)((k+1)+n)

- (k+1)!

_(n+1)(n+2)...(n+k)(n+k+1)

- (k+1)!

=RHS

The result is true for n =r=k + 1 if it is true forn=r=k.
But the result is true for n = r = 1, hence by the principle of
mathematical induction it is true foralln=r> 1.

n = 3: The figure is a triangle.

The o, are the exterior angles of the triangle, the 6, are the
interior angles of the triangle.

0, + 0, + 6, =180°, the sum of the angles of the triangle.

o, + 6, =180°, a straight angle.

Similarly, o,+0,= o, + 93 =180°
Soo+6,+0a,+6,+0a,+6,=3x180°

o, + o, + 0y, =540°— (6, + 0,+ 0,)

o, + @, + o, =540° — 180°

o, +a, + o, =360°

Hence the result is true when n = 3.

The variable in this question is really the angle sum of the polygon
involved since the sum of the exterior angles is a constant.
When n = 3, the sum of each interior angle and its
corresponding exterior angle was 3 X 180°.

Thus what really has to be proved is that in an n-sided polygon
the sum of each interior angle and its corresponding exterior
angle is nn X 180°.

Assume that the sum of each interior angle and its
corresponding exterior angle of a k-sided polygon is k x 180°.
Prove that the sum of each interior angle and its corresponding
exterior angle of a (k + 1) sided polygon is (k +1) x 180°.

In the (k + 1) sided polygon, draw a diagonal to create a k-sided
polygon and a triangle.

This triangle gives another interior angle, of the original (k + 1)
sided polygon, and its exterior angle, whose sum is 180°.



12

13

Hence the sum of each interior angle and its corresponding

exterior angle of a (k + 1) sided polygon = k X 180° + 1 X 180° =

(k+1) % 180°.

The result is true for n =k + 1 if it is true for n = k. But the
result is true for n = 3, hence by the principle of mathematical
induction it is true for all n > 3.

The angle sum of an n-sided polygon is (1 — 2) X 180° for all
integers n > 3.

Hence the sum of the exterior angles of an n-sided polygon =
nx 180° — (n—2) X 180 =2 X 180° = 360°.

S(1): LHS=2?= 4 RHS = 1X3X8 _ 4 _ 15

Hence S(1) is true. 6

Assume that S(k) is true, i.e. assume that

(k+1* +(k+2)* +(k+3)* +...+(2k)* =
Prove that S(k + 1) is true, i.e. prove that
(k+2) +(k+3) +(k+4)* +...+(2k+2)?
_ (k+1)(2k+3)(7k+8)

k(2k+l)(7k+1)

For S(k +1) °
LHS = (k+2)* +(k+3)* +(k+4)* +...+ (2k)* + 2k +1)
+(2k+2)?
=(k+2)*+(k+3)* +(k+4)* +...+ 4(k+1)
=(k+1) +(k+2)* +(k+3)* +(k+4)* +...+(2k)
+(2k+1)? +3(k+1)>

:w+(zk+1)2+3(k+1)2

=KL (k7K + 1)+ 62k + 1))+ 3(k +1)

2k+1@%2+k+12k+6)+xk+1)

2k+1(7#443k+6)+xk+1)

_ Qk+1)(7k+6)(k+1)

6
=£%r{14k2+19k4—6+18k+18)

_k
ol

+3(k+1)*

14k2+37k+24)

_(k+1)(2k+3)(7k+8)

B 6
Hence S(k + 1) is true if S(k) is true.
But S(1) is true so by the principle of mathematical
induction S(n) is true for all positive integers n.
n=hLHS=é§(§) =L Rus = jl=§}=LHs

Result is true for n =1

Assume that the result is true for n =k, i.e. that
Prove that the result is true for n =k + 1, i.e. that

d( 1 )_-(k+1)
dx Xk+1 - xk+2

d 1
ws= £ )

d(1 1

dx(x Xx)

—k 1 -

Plas +x_kxx_2
-k 1

xk+2 k+2
(k+1)
xk+2

=RHS

a1 )_ -k
dx xk _xk+1~

The result is true for n =k + 1 if it is true for n = k. But the
result is true for n = 1, hence by the principle of mathematical
induction it is true for all n > 1.

14 n=hLHS=§§U)=kRHS=H=1=LHS
Result is true for n=1.
k
Assume that the result is true for n =k, i.e. that Lk( x* ) =kl

Prove that the result is true for n =k + 1, i.e. that

k+1
;ckﬂ (x*1) = (k+ 1)L

LHS:Lii;(x”ﬂ

_d|d* ( ka
el )
= ((k+Dk(k-1) . x2xx)
=(k+1)!
=RHS
The result is true for n =k + 1 if it is true for n = k. But the
result is true for n = 1, hence by the principle of mathematical
induction it is true for all n > 1.

15 (x+a)' = z "C.x"a""

r=0
n=1:LHS=x+a; RHS='Cyx’a' + 'C,x'a’ =x+a=LHS
Hence result is true when n=1.
Assume the result is true for n =k, i.e. assume

(x+a) =x* +kx*"a k(kZ' ) 22+ +kxd "t +a",
Prove the result is true for n =k + 1, i.e. prove
(x+a)Ht = x*1 +(k+1)xka+w:ck_la2 +...
+(k+1D)xa* +a**
LHS = (x +a)(x +a)*
:(x+a)(xk+kxk’ k(kz' D202 4+ kxat +akj
4 kxka+ k(k2|_1) o v+ kxta ! + xdk
+xfa+kx*'a? k(k2| D) k20
k(k2' D) x2d + kxa* +a**

Lk + l)xka+(k+ k(k_l)jx"’la2 +...

[k+k(k l)jxa )

5 Ly (k+1)xa +a*"

k(k+1) k-1 2+ k(k+1)x2ak71

k1 k
=x""+(k+1)x"a+ X a ot 2

+(k+1Dxa* +a*!

=RHS
The result is true for n = k + 1 if it is true for n = k. But the
result is true for n =1, hence it is true for n =1+ 1 and by the
principle of mathematical induction it is true for all n > 1.

16 (a) n=1, no handshakes
n=2, 1 handshake. 1 = %

n =3, say A, B, C so handshakes: AB, AC,BCso2+1=3
_3x2

2
n=4,say A, B, C, D so handshakes: AB, AC, AD, BC, BD,

_4x3
CDso3+2+1=6="3

For n people, (n—1)+H(n—2)+(n—3)+...
n(n—1)
2 Answers Chapter 2
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~(A"=B")A-B)>0
~A"™ —A"B+ B —B'A>0
S A" 4B > A"B+B'A

(b) Prove that for n people there are ”(”2_ 1) handshakes, 1> 1.
n=2: & =1
Assume the result is true for n =k, i.e. assume that there are
k(k-1)
—
Prove the result is true for n =k + 1, i.e. prove that there are
(k+1)k
5

When there are k + 1 people, each of the k people originally
there now have another person whose hand they can shake,

this means another k handshakes.

So with (k + 1) people there are @ + k handshakes,

ie. K —k+2k _ k*+k _ (k+1)k handshakes.

2 2 2
The result is true for n = k + 1 if it is true for n = k. But the

result is true for n =1, hence it is true for n =1+ 1 and by the

principle of mathematical induction it is true for all n > 1.

17 S(4): From the diagram, the quadrilateral has two diagonals.

18

S(4) = 4(4=3) _) Hence S(4) is true.

S(k) is that there are @ diagonals.

S(k + 1) is that there are Mz(k—m diagonals.

Ak

Polygon with (k + 1) vertices

(©) Sk is (#)k _AT+B

S-S
For S(k+1):
(A+B)k+1_Ak+1+Bk+1 Z(A+B)(A+B)k_Ak+l+Bk+l
2 2 2 2 2
_(A+B\(A+B\f A*+B*| ABF+BAF— Ak _ BF
=[5 ) - + i <0

using S(k) and the result from part (b).

19 To generate the greatest number of regions, each new line has to
intersect each of the existing lines inside the circle. So, if there
are two existing lines (giving four regions), then the third line
would cut the other two lines inside the circle, producing three
extra regions for a total of seven regions.

S(k) is ‘k straight lines gives a maximum of %(k2 +k+2)
regions.

For S(k + 1): next line produces maximum of (k + 1) new regions
.. number of regions = % (F+k+2)+k+1= % (K* + 3k + 4)

=%((k+1)2+(k+1)+2)

20 S(k) is sin (x + km) = (~1)"sinx
For S(k+ 1): LHS =sin (x + (k+ 1) x m) = sin ((x + k&) + 7)
=—sin (x + k) as sin(a + 1) =—sin o
= LHS = -1 % (=1)*sinx = (-1)**'sin x = RHS

21 (a) $1 (impossible)
$2 (impossible)
$3 1x$3
$4 (impossible)
$5 1x9$5
$6 2% $3
$7 (impossible)
$8 1x$3,1x$5
$9 3x$3

$10 2 % $5
$11 2x$3,1%x$5
$12 4 X $3
$13 1Xx$3,2%x$5
$14 3x$3,1x$5
$15 3 X $5

(b) ‘Using only $3 and $5 coins, it is possible to make $n for all

S(k + 1): The polygon with (k + 1) vertices has all the diagonals
of the polygon with k vertices plus the (k — 2) diagonals drawn
(dotted lines) plus the diagonal joining A, A, (which was a side
in the first polygon).

Number of diagonals =

MEZ3) 4 (k-2)+1=

k(k=3)+2(k-1)
2

_kz—k—zz(k+1)(k—2).

2 2

The result is true for n =k + 1 if it is true for n = k. But the
result is true for n =4, hence it is true for n =4 + 1 and by the
principle of mathematical induction it is true for all n > 4.

(a) (A"-B")(A-B)

(b) If A > B then A" > B" as A, B both positive

(A"-B")A-B)>0

If A< B then A" < B" as A, B both positive

(A"-B")A-B)>0

IfA=Bthen (A"-B")(A-B)=0

New Senior Mathematics Extension 2 for Year 12

22 (@ n=1:p =landg =1

integers n > 8.
For S(k + 1), there are 3 cases to consider.
Case 1: k is a multiple of 3, e.g. 9 or 12.

To generate k + 1, replace 3 X $3 by 2 X $5
Case 2: k is a multiple of 5, e.g. 10.

To generate k + 1, replace 1 X $5 by 2 X $3
Case 3: k = 3p + 59 where p, g are positive integers.

To generate k + 1, replace by 3(p +2) + 5(q — 1)

o trueforn=1.
Assume true for n =k, i.e. assume that p, and g, are
unique positive integers such that: (1++/3)" = Pt a, NE)
Forn=k+1:

A+V3) =1 +3)  x (1+4/3)
=(Pk+%<‘/§)x(l+‘/§)
= (P +3q)+(p +q N3

Hence p, , , = p, + 34, is a unique positive integer
and g, , =p,+ g, is also a unique positive integer.



(byn=1:p’>-3q°=1-3=-2 . trueforn=1.
Assume true for n =k, i.e. assume that (pk) —3(qk) =(-2)k.
Forn=k+1:

(Pin)’ =3, = (39, = 3(p+ 4,
= (pk)2 + 6pqu + 9(qk)2 - 3(Pk)2 - 6pqu - 3(qk)2
= —2(pk)2 + 6(qk)2 = —2(pk2 - 3qk2) = (—Z)k+1 as required.
L=V p(p=1)(p- 2k
21 31

L Plp=D(p- 2)k’ p(p—l)k2
3! 20

23 (a) k? + pk?™!

+ pk+1
(b) k?, 1

(c) Verify for n = 1. Assume true for n =k, i.e. assume that
k? — k is a multiple of p. For n=k+ 1: (k+ 1)’ — (k+ 1)

_ p-2 _ _ p-3
p(p—Dk +p(p D(p-2)k +

=Kk S 31
3 2
p(p_l);p 2k p(pgll)k +pk+1+k-1
_1)kP2 _ p-3
— (k= k) + ph 4 P2 21')" P 1)(30' L
(p-D(p-2)K p(p-DkK’
P 22D SRR

which is divisible by p, as required.

24 (a) tan(@ + %) = cot&l - (9+ %)) = cot(—6) =—cotl

2
(b) Verify for n = 1. Assume true for n =k, i.e. assume that
tan[(2k+ 1)%] = (-1~

Forn=k+1: tan[(Z(k+1)+ 1)%] = tan[(2k+ 1)%+ %]

-1
-1
25 (a) Assume that 2k +3 < 24/(k+1)(k +2) for some k> 0.

Square both sides, which are known to be positive:

4K + 12k +9<4k* + 12k + 8

which produces the contradiction 1 <0

.. Assumption is false, so required result is true.
(b) Verify for n = 1. Assume true for n =k.

Prove true for n =k + 1 as follows:

LHS > 2(VE 1 —1)+ L = 20k+1) —2Jk+1+1

=—cot(2k + 1)% = = (-1)"*" as required.

Vk+1 Jk+1
=2k+3_2
Vk+1

S 2J(k+1)(k+2)
Jerl

(c) Incorrect; n = 10 is one counterexample.

-2= 2( k+2— 1) as required.

EXERCISE 2.6

The following are only brief outline proofs. For more detailed
solutions of the odd-numbered questions, see New Senior
Mathematics Extension 2 for Year 12 Student Worked Solutions, for
even-numbered questions, see Reader+ Worked Solutions.

1 n=Luy —1 u,=3x1+4=7
S(1): u —3 —2—1 which is true.
u, =3’ —2 7, which is true.
Result is true when n=1.
S(k): Assume true for n =k, i.e. assume that uk—3 —2.
S(k +1): Prove true for n=k+ 1, i.e. prove that u
Nowu, ,  =3u +4

k1

=3x(3"-2)+4
=3 _6+4
:3k+1_2

3k+1 2.

The result is true for n =k + 1 if it is true for n = k. But the

result is true for n = 4, hence it is true for n =4 + 1 and by the

principle of mathematical induction it is true for all n > 1.
n=1u, —6 u, =6+2'+4=12

S(1): u, olia=g; u,=2"+8=12

Result is true when n=1

S(k): Assume true for n =k, i.e. assume that u, = 2+ 4k

S(k + 1): Prove true for n =k + 1, i.e. prove that

Uy, = "“+4(k+1)

Nowuk+1—uk+2 +4
=2k +4k+2 +4
=2x2"+4k+4
=21 4k +1)

The result is true for n = k + 1 if it is true for n = k. But the
result is true for n =4, hence it is true for n =4+ 1 and by the
principle of mathematical induction it is true for all n > 1.
Verify for n=1and n=2. Assume true forn=1,2,... k.
Prove true for n =k + 1 as follows:

u, =2u —u,_ =22k-1)-[2(k-1)-1]
=4k-2-2k+2+1
=2k+1=2(k+1)—1as required.

Verify for n=1and n=2. Assume true forn=1,2,... k.

Prove true for n =k + 1 as follows:

u,,, =5u,—6u,_, =502%3-62""+3"")
=5x245x3F —3x2F—2x 3
=2x2"+3x3F=2""43"" 45 required.

Verify for n=1 and n =2. Assume true forn=1,2,...k.

Prove true for n =k + 1 as follows:

u,,,=11u, —28u,_ =11(7" -4 -28(7""' - 4"
=117 - 11 x4 —ax 7 +7x 4 =7x7F -4 x4t
=71~ 4! a5 required.

Verify for n=1and n=2. Assume true forn=1, 2,... k.

Prove true for n =k + 1 as follows:

=10u, - 25u,_, =10(k— 1) x 5"~ 25(k — 2) x 5"

=(2k-2) x5 — (k—2)x 55 = kx 55 as required

Verify for n=1 and n=2. Assume true forn=1,2,... k.

Prove true for n =k + 1 as follows:

cormsco < - [ -

k+1
5 25 _ (5 .
< (5) X5= (5) as required

n= 2u—1a—6a—6a —9a,=6Xx6-9=27

S(2): a, 3 12x329+18=27

Result is true when n=2

S(k) Assume true for n =k — 1, i.e. assume that
=3+ (k-1)3""

Assume true for n =k, i.e. assume that u, = 3k K3k

uk+1

k+1
3

S(k+ 1): Prove true for n =k + 1, i.e. prove that u, = +
(k+1)3*!
Now u, = 6u, —9%,

=6(3"+k35-9(3 -1+ (k-1)3"-1)
=2><3k+1+2k3k+1 k+1 (k ) k+1
— 3k+1 + 2k3k+1 _ k3k+1 + 3k+1
k+1 + k3k+1 + 3k+1
k+1 + (k + 1) k+1
The result istrueforn=k+ 1ifitistrueforn=kandn=k— 1.
But the result is true for n =2 and n = 1, and by the principle of
mathematical induction it is true for all n > 2.
(@) Assume that (4k + 3)Jk > (4k+1)k+1 for some k> 0.
Square both sides:
16k + 24K” + 9k > 16k + 24k” + 9k + 1
which produces the contradiction 0 > 1
.. Assumption is false, so required result is true

Answers Chapter 2 271
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(b) Verify for n=1. Assume true for n=k. Forn=k + 1:

NPT BRI ey P € NN
<(4k+1)\/k+1 +6\/k+1 _ (4k+7)Vk+1
- 6 6 6

as required

_3..,_3
4_u1'u1_4
3¥-3_3
n=1lu == == . truefor n=1. Assume true for n =k.
331 4
n=k+1:4=uk+ 3 to find:
uk+1
L .3 .3 _ 3 (3" -1
k“_4—u - 3k+1_3_ K+l k+l _
£ (4‘%“_?) G
B 3k+2_3 _3k+2_ ) d
= 4(3k+1 _1)_(3k+1 23 T as require

n=lu=0,u=(1-x)x0+x=x

oy = A 11— )= —1(r,_ —x)?
S(1):w = (x~1+1-x)=0, uz—x(Zx 1+(1 x))
=l(2x-1+1-2x+x*)=x
x
Result is true when n=1, 2.
S(k): Assume true for n =k, i.e. assume that
Ll AV
= (ke=1+(1-x)").
S(k + 1): Prove true for n =k + 1, i.e. prove that
1
Upyy = ;((k+1)x—1+(1—x)k“)
Now u,,, = (1 —x)u, + kx
_l=x(p — )
== (k=14 (1-x)" )4k

2

(kx—kx® =1+ x4 (1- )" )+ kx

1
x
= L (k=14 x4 (1= )"~ kx + kx
X

_l _ _ k+1

—x((k+1)x 1+(1-x)")
The result is true for n = k + 1 if it is true for n = k. But the result

is true for n = 1 and, by the principle of mathematical induction,
itis true forall n > 1.

CHAPTER REVIEW 2

1

(@) n=1:LHS=1;RHS= L (4—1)=1=LHS
Result is true for n =1.

k
> _k 2
Assume that Z{(Zr—l) —§(4k —1).
k+1 h

Prove that 21(21‘—1)2 =
k+1 =
LHS =Y (2r-1)’
r=1
=§(4k2—1)+(2k+1)2
_1 2
=3 (K@k+1)(2k-1)+3(2k+1)°)

(k+1)

T(4(k+1)2 -1),

= —(2](3"'1)(2k2 —k+6k+3)

= G (a4 3)(k41)

_ (k+D(2k+1)(2k+3)
3
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N a)

(4(k+1)2 —1)

+

k

~~

1)

(4k2+8k+4—1)

+ W

_ 1)(4k2+8k+3)
_(k+1)(2k+1)(2k+3)
- 3
The result is true for n = k + 1 if it is true for n = k. But the
result is true for n = 1, and by the principle of mathematical
induction it is true for all n > 1.
_1. __1 _1 -1 _1
(b) n=1:LHS = —— = RHS = -2 =7
Result is true for n=1.

—~

w

=LHS

=LHS

k
1 _ k
Assume that 2:4 Gr-2)(r+1)  3k+1"

k+1

1 _ k+1
Prove that 21(3r—2)(3t’+1) T 3k+4

k+1
_ 1
LHS = 211(3r—2)(3r+1)

__k + 1
3k+1 (3k+1)(3k+4)
_ k(Bk+4)+1
T (Bk+1)(3k+4)
__ 3k’ +4k+1
(Bk+1)(3k+4)
_ (Bk+1)(k+1)
T (Bk+1)(3k+4)
_ _k+1
3k+4
The result is true for n = k + 1 if it is true for n = k. But the
result is true for n =1, and by the principle of mathematical
induction it is true for all n > 1.
(c)n=1:LHS=2; RHS=1 x 2! =2=LHS
Result is true for n = 1.

=RHS

k
Assume that Z(rz +1)r! =kx(k+1).
r=1
k+1

Prove that Z(rz +1)r! =(k+1)x(k+2).
r=1
k+1

LHS = Z(rz +1)r!
r=1

= kx (k+1)!+((k+1) +1)(k+1)!
= (k+1)![k+k2 +2k+1+1}
= (k+1)![k2 +3k+21
=(k+D)1(k+1)(k+2)
=(k+1)x(k+2)!=RHS
The result is true for n =k + 1 if it is true for n = k. But the result

is true for n =1 and, by the principle of mathematical induction,
itis true forall n > 1.

3
(d)n=1:LHS=1+3 =4 RHS = 1%X2" _4_1Hs
Result is true for n=1.
k
K (k+1)
3 5\ _
Assume that Z(r +3r )—f.

r=1
k+1

Prove that 2(r3 +37°

r=1

)_ (k+1) (k+2)°
=



k+1

LHS = Z(ﬁ +3r°)

r=1
3 3
ke lerl) (k2+1) +(k+1) +3(k+1)

_(k+1)
T2

_(k+1)
- 2

3
= —(kzl) [k +6K* +12k+8]

[k3+2+6(k+1)2]

[k3+2+6k2+12k+6]

3 3
_(k+1) 2(k+2) — RHS
The result is true for n =k + 1 if it is true for n = k. But the result
is true for n = 1, and by the principle of mathematical induction,
itis true for all n > 1.
r+2—-r

2 (a) Expression = rr+1)(r+2) =

2
r(r+1)(r+2)°

n

b) ;m:%;(r(ril)_(r+l)l(r+2))
g (b T e e erreay]

1 1
+(n(n+1)_(n+1)(n+2))

_l(l_+
202 (m+D(n+2)
_nt+3n+2-2
T4(n+1)(n+2)

_ n(n+3)

T 4(n+1)(n+2)

1x4 _1_
4x2%x3 6 LHS

(C)n=1:LHS = é; RHS =
Result is true for n=1.

1 k(k+3)

Assume that z:; rr+1)(r+2) 4(k+1)(k+2) -

k+1

Prove that 2 _ (k+1)(k+4)

T 4(k+2)(k+3) -

r+1(r+2)
k+1
_ 1
LHS_Zr(r+1)(r+2)
_ k(k+3) + 1
T4k +1)(k+2)  (k+1)(k+2)(k+3)

_ k(k+3)+4
T 4(k+1)(k+2)(k+3)

k(K +6k+9)+4
T 4(k+1)(k+2)(k+3)

K46k +9k+4

T 4(k+1)(k+2)(k+3)
(k+1)(k+4)
4(k+2)(k+3)

__ kK +5k+4
4(k+2)(k+3)

(k+1)(k* +5k+4)
T4k+)(k+2)(k+3)

K45k +4k+k* +5k+4
4(k+1)(k+2)(k+3)

K +6k*+9k+4
T 4(k+1)(k+2)(k+3)

RHS =

=LHS

3 (a)3,9,21,45,93

(b) S(k) is T, _3(2k—1)
For S(k+1): LHS=T,,,
=2XT, +3= 6(2 -1)+3
=6x2"-3=302""1-1)=RHS
(@) S(1): LHS=u, + 1; RHS =2, + 1) =u, + 1) = LHS
Hence S(1) is true.
S(k): u +1=2""(u, +D)
S(k+1): uk+1+1—2(u +1)
Now u, 1—2u,ﬁ(
—2(2 fu,+1)-1)+1
=2 (u +1) 2+1
—uk+1+1—2(u +1)
Hence S(k + 1) is true if S(k) is true. Since S(1) is true then
by the principle of mathematical induction the result is true
for all positive integral values of .
O)u=2""1+1)-1=2"-1
n n n n__
Nu=32-1=32-n= 2 1)—n=2”+1—n—2
r=1 r=1 r=1

5 n=Lu=1+x)u -1Ix=(1+x)x0-x=-x

S =L[1+x-(1+x)]=0

_1 27 _
S(2): u, —;[1+2x—(1+x) 1=
Hence S(1) and S(2) are true.
S(k): Assume that u;, = %[1 +hx—(1+x)* ]
S(k+1): Prove that u;,, = %[1+(k+ Dx—(1+x)]

Now:
Uy = (L4 x)uy —kx

é[1+2x—(1+2x+x2)]=—x

= () x L1+ kx—(1+2) ]
=+ (1+kx-+0)") |-

= L[+ 0+’ = (1) |- kx
=1 e D ko = (14 ) — k]
=1k Dx =+ 0]

Hence S(k + 1) is true if S(k) is true. Since S(1) is true then by
the principle of mathematical induction the result is true for all
positive integral Values of n.
6 S(k)is (x+y) — —y >0
FOI‘S(k+1) (x+y)k+1 k+1_yk+1
=(x+p)x+y) —xx 2 —yx)f
=(x+ Y[+ - =y T+yxF+xx)f>0
using S(k) and x>0, y >0
sin2kx
2sin
_ sin2kx 2k.x
~ 2sinx
sin 2kx + 2 sin x(cos 2kx cos x — sin 2kx sin x )
2sinx
_ sin2kx + sin 2x cos 2kx — 2sin 2kx sin® x
2sinx

7 (@)LHS = +cos(2k+1)x

2=—=2= + cos2kx cosx — sin2kx sin x

_sin2x cos2kx — sin 2kx(2sin” x —1)
- 2sinx
sin 2x cos 2kx + sin 2 kx cos 2kx
2sinx
sin(2(k+1)x)

= 2sinx = RHS
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(b) For S(k + 1):
LHS = sin 2kx
2sinx

using the result of part (a).

_sin(2(k+1)x)

+cos(2k+1)x = Tsnx

=RHS

8 n=1:LHS=1and RHS=1
.. True for n = 1. Assume true for n =k, i.e. assume that:

1.1 1 1 2
(xl+x2+x3+"'+xk)(71+@+73+"'+@j2k

Prove true for n =k + 1 if true for n = k.
O B 1.1 1 1
n=k+1: LHS_[(xl+x2+x3+...+xk)+xkﬂ]>< Tttt et |t

1

=(x1+x2+x3+...+xk)><(x—1

X x _x xk X X
2 +1 k+1 k+1
O R R AT ~ t % .

k+1 k+1 k+1 2

>k’ +2k+1 (usinga+ L 1 >2)
=(k+1)
*. True for n =k + 1 if true for n = k.
True for n=1, ... by induction true for all integers n > 1.

9 (a) Assume that x ++/x < y/x(x +1) for some x> 0. Square both 7 (a 5i+6j+ 8k (b) ~7i+35j +42k ©) ‘7i+52+6IS
sides (which are known to be positive): (d)8i-5j- 5]5 (e)r=3,s=2,t=-1

4 2xx +x<x+x 8 m_— -3,n=2
2x+/x < 0 which is a contradiction. 9 RP =V16+16+49 =9
sox+x 2 Jx(x+1) R—=(12 =Vi+4+4=3 - |RP|=3RQ
(b) Verify for n=1and n=2. Assume true forn=1, 2, ...k. 1
n=k+1: 10 P=g»q='1—
u =u tku 2R+ kD =yE-DixWE+R) 1T @1 B4 ©3 @5 (@0 (V17
> J(k=1)! x Jk(k+1) = \J(k+1)! EXERCISE 3.2
o Trueforn=k+ 1liftrueforn=1,2,... k. 1 @)1 (i) 81°52” (b) (i) 4 (i) 43°5
True for n=1, n=2, .. by induction, true for all integers (c) (i) 24 (i) 47°28’ (d) (i) -2 (i) 98°27
n=1. 2 (a) AB=i+2j+3k CD=5i-10j-10k  (b)143°18’
CHAPTER 3 (c) BC = —41+21:;i15 AD=2i-6j-4k  (d)142°34
4514
EXERCISE 3.1 ©= 07y
, 1 1 3 @b+c=-2i-j-5k
1 @05 @i(3i+4)) G013 G)5(-5i+12) ae(bve)= (204 ) 3k) (20 - - 5k) =20
@02 ()(-7i-24j) @05 (i) (3-41) avbravc-(2i+j+3k)s(4i-3j-k)
. 17 B B
2 @0)-i+4j (17 (i) ‘1+41) +(21+Z+315)°(—61+2]—4k)
®)@)6i+8j  (i)10 (Ill)§(3i+4z =8-3-3-12+2-12=-20
©@0)2i+2j+k ()3 (|ii)%(21'+2j+l~c) Hencea*(b+¢)=asb+as¢
) \f" (b) =100 + 70 j + 14k
@) ()-3i+4j+5k ()52 (i) 10(31+4]+5k) 4 @1 B @3 (d)ﬁ(i_j_k)
@04 (@4 ()i . Y
) 30 ©0L(i-j-k) ) 3(5i+13-8k)
OOi+vj+k N3 )2 (i+jrk) -
3 (a)2i . ; Y 5 @8 (1 (o ”—
i+6j-k (b)6j -4k (c)42i-6j -5k 29
(d)-12i-9j+15k () 62i+3k () -10i+27)- 42k 6 (a)?5(2]+1§) (b)_l( 3]+6k)
4 9’%(1‘41”’5) 5 7 @0 (b)3acb
~ ] 2 L
5 4= g5(120+3)-ak) b= 3 (41 -35-5k). 8 (a)(l)_421\éﬁ (ii)—%(£+2])
Sl v -
£ - 5o+ 25+ 34 ©0-21 ) -L(age2j+k)
6 PQ=i-j+3k RS=2i- 2j+6k=2(i-j+3k|=2PQ \/E 7 - i
~ PQJ|RS, OO @i-j+k @0 (i-j
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9 (a)g°}2=‘5>@°@=9,13°13=27 (b)_W
5 5
(©) 55 (i + j-5K), - 3(2i-2j+k)
1 . 218 . .
(d) = T8 11£+9Z—4~)0r_ 218 (111+9l_4l~()
10 (@ a*b=0,a°a=49,b°b=49 (0)0  (c)0
(... 1 ‘ V5.
11 (a)§(1+zz-zig) (b)§(21+31—6k) (C)—(Z+215)
20 .
(d)(l)@(2£+3z—6lg) ()49(9z+38]+22k)
12 g*lg=’@”!g‘cos@
Ifg'lg=‘gHb|thencos 6=1 and 6= 0°. Thus, the vectors g and
b are parallel.
18 p=-1
14 @2(14))  ©)2ie2),-i4j-1k
15 (a) V76 = 2419 (b)_”'l\gE ()13 (d)S%
6 1 2 21
NETRENGTINGY]

17

18
19
20
21
22

The projection of the sum of the vectors equals the sum of the
projections of each vector.

@b-a (b)-a (©)-b (d)-(a+b)or-a-b (e)2(b-a)
(ﬂ@-ﬁj=—(a+b)°2(b—g)
-2(a*b-a

=—z(|@| -|g| )

=0 since ’g’ = |l3‘ since the hexagon is regular.

Hence BD and FC are perpendicular.

g=—%(£’+22—2k)d— (221 j+10k)
(@14 (b)-2i-2j-2k
V3 V2.
@2 (o) =2(j-%)
() 2] + 3k (b)%(g+21+21~<) ©8 (d)%
(@ AC=3i+2j, DB=3i-2j

(b) 113°. The acute angle is 67°.

23 (@ 1(i+j+V2k) ()60 (o) 3(i+j+v2k)

24 120°

EXERCISE 3.3

1 (a) AC=(6,12), BC=(2,4) (b)AC=(6,12)=3(2,4)=3BC

(c) Since AC = 3BC then AC || BC.
As the vectors share a common point, then A, B and C are
collinear.

(a) —2i +4j

b)|OA| =5,

then AOAB is isosceles.
(c)4i+2j

= 2\/5. Since|ﬁ| =|@| ==|E§|

(@) AB=i+3j,CB=6i (b)OB=7i+3j,CA=5i-3]

=~ _ 1(-. AN w I i P .
(c)ON = 5(71 + 31)’ OM = 5(71 + 31)
M and N are the same point, hence the diagonals bisect each

other. -
(d) CP =2i -3j, BP = —4i - 3j
(@) AB=-2i+4j,0C =7i+2j

(b) DC = 4i. OA = 8i = 2DC hence DC is parallel to OA and
equal to half its length.

10

11

12

13

(a)ﬁs=i+2j R=2i-j,A—C=3z‘+1
(0)[4B| =5
\AB| +|Bc\ =10=|Ac\.

The triangle is right-angled at B, soZABC is a right angle.

©)3i-j

(@) OP =5i + j,0Q = 3i +5j, PQ = 2i + 4j

(0) AC = ~4i +8 = 2(~2i + 4j) = 2PQ. Hence PQ = %XC
PQ|| AC and half its length.

OA=i+2j,0B=5i+2j,0C = 4i -

AC=0C-0A=3i-3j

jyOD=2i-j

BD = OD - OB = -3i - 3j
AC*BD=3(i-j)*3(-i-j)=9(-1+1)=0.
Therefore, the diagonals intersect at right angles.

(b) 36°52

=-2+1+1=0
Hence the diagonals of OABC are perpendicular.

(a)ﬁé:—m£'+\/§mj (b)5]\71=l(3m1'+\/?_>mz)
(c)OM * PQ = ( (3m1+\/_m])) ( mi+\/§m1)
- %(—3m2 ~33m” +343m’ + 3m* ) = 0

Hence OM L ﬁ
OP=i+j,0Q=>5i+4j,0R=2i+8j,08 = -2i +5].
PQ=4i+3j,5R = 4i +3j. PQ = SR so PQ|| SK.
PS=-3i+4j,QR=-3i+4j. PS = QR so PS || QR. Hence
PQRS is a parallelogram (both pairs of opposite sides parallel).
PQ-QR=(41'+3j)-(—31'+4j)=—12+12=0soPQLQR
and PQRS is a rectangle (parallelogram with one angle a right
angle).

‘E| =5, QTQ| =5,s0 ‘E| = |@‘ Hence PQRS is a square
(rectangle with a pair of adjacent sides equal).
OA=2i+j+2k OB=3i-jOC=i-2j-2k
AC=-i-3j-4k

AC+ OB - (-i-
Hence AC 1 OB.

3j-4k)*(3i-j)=-3+3+0=0.

‘X@‘ =3, AB = i-2j-2k, AB| = 3, so AOAB is isosceles with
AO = AB so the line from the vertex A perpendicular to the side
OB bisects OB.

Hence AC bisects OB at right angles.

() OP = 4i + j, 0Q = 3i -
PQ--i-
QR+ RP =(-2i+ j-3k)*(3i+3j~k|]=-6+3+3=0
so QR L RP and APQR is right-angled at R.

3j+4k, OR=i-2j+k.
4j+4k QR=-2i+j-3k RP=3i+3j-k.
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14

15

16
17

18

19

20 AB

(b)|QR| = V14 \FAreaAPQR%x\/ﬂx\@=@
(a) AB = 31+5LBC——81 2j, AC-5i +3j
(b) AB* AC = (31 +5j)+ (51 +3j) = -15+15=0.

Hence ABC is right-angled.

Let OA = a, OB = b. Thus, OP = L g and 0Q

N |

Hence PQ || AB and is half its length.

AB-3{1+))

AO +OB+0C = AB+0OC

B = DC

A0 +0B+0C = DC +0C
=DC-CO
_0b

AO + OB +CO = AB + CO

AB = DC

AO +0B+0C =DC +CO
= DO

=
3|
/o)
I I
o= o
:>I S
ol o+
+ O
ol O
al o+
+ Q
e
8
~
j
[>+]
[e)

PQ =PA+ AB+BQ \
1= 15~ N
—2DA+AB+2BC D C
(b)2ﬁ2=lA—+—C+l—B+lD—+—B+lB—
2 2 2 2
- l-= ——= 1= l= -
—EA —EAD+DC+§ B—E B+ AB
= AB+DC
pE— lﬁ
PQ=§AB+DC)
Since AB || DC then AB = kDC
SoPQ—f(kDC+DC)—MDC

Hence PQ || DCand PQ || AB.
Since PQ = %(HB+D—C)then‘E| = %(|ﬁ‘ +|ﬁ‘)

=y =B D C

DB 1 AC: DB
(9—2%(y+0=0 4 ’

—
1S

|

1
~—

B
o —_~
|

I
S
S
=
I
+ ©

IS SRS
L]
S0
I
L]
e S
I
o
w
9]

L]
S g IS0
+ +
IS SRS IR
L]
[ WA
|
SRS
L]

S
[
I
Q
L]
L]
1
|
1
L]
1
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22

23

24
25

26

|4B| = x,|DC DA| =y,
Let AB=b, DA =g, DC = 2b
Now AC=AD+DC=2b-a
and DB=DA+ AB=a+b
s0BC=DC-DB=2b-a-b=b-a,
Henceﬁ-%(@—g)

=2x,

BE|

SoDE=DB+BE=a+b+3(b-a)=2(2b+a)
AC+DE = (2b-a)*2(2b+a)
=2(4bob+2boa-a-2b-a"a)
- 2(4[aB" - |a]")
-3(ax-r)
OA=4a,OB=b,0C = ¢
AB=b-a AC=c-a,BC=¢c-b
OC*AB=0
c*(b-a)=0
ceb-c*a=0
c*b=cea
OB*AC=0
be(c-a)=0
bec-bea=0
bec=bea
Consider OA * B—=g°(g—lg)
=a*c-a*b
= c*b- b ¢ from previous two parts.

Hence OA is perpendicular to BC.

(@ a=3i-4j-kb=2i+3j-6k
a*b=6-12+6=0
The diagonals of the parallelogram are perpendicular, so the
shape isa rhombus

(b)]a| = 26
53
2

5V3
Letm=g,&'=l3where‘g‘=‘lg’ C B
since OABC is a rhombus.
OB = a+b
AC=b-a

,72°8’,107°52'

Hence OC L AG, so the diagonals of a rhombus are perpendicular.

D is the midpoint of AC. A

L_etﬁ_:gandB—CElg b

BA*BC=0

a*b=0

AC = b- aso AD = Eé—l(b—a) ’ ¢
2 a

BD=a+~ (b a)=1(a+b)

2



and[BB] = 2(a+)| = 2" + 20+ a+af* = 2o +[af

Hence D is equidistant from the three vertices of AABC.

27 Given ’A—Cl = l@’ ABCD is a parallelogram.

Let AD =a=BC, AB=b=DC. b c
Now AC=b+aand BD=a-b o
Hence|l~1+g|=lg—l~)|

lb+al* =[a-b| A B

[B" + 28+ a+[al =|a|" - 22+ b +[p["
4a°b=0
a*b=0
Thus, AD L AB and the parallelogram ABCD is a rectangle.

28 ABCD is arhombus. E, F, G and H and the midpoints of the

sideﬁB, ILC, CD a&l DAﬁrespectively.
Let AD = BC = g, AB=DC = b,|a| =]

E=EB=1@=E=EE,E=@=%@=EJ=%
G C
EH=FA+AH=1(a-b) 7
2 ~
= _ T wm_]
EF = EB+BF = (b+a) B

H—G=ﬁ+D—G—%(g+l~))

( _13) A E B

Hence EH = FG-l(a b)and EF = HG-f(b+a) so EFGH

isa parallelogram (both pairs of opposite s1des parallel).

EH * EF =~ (a b)e (l3+g)

FG = FC+CG =

NI»—‘

~Laebraca-beb-bea
4 ~ ~ ~ ~ ~ ~

=2 (laf" -[el*)
=0

Hence EH L EF and thus, EFGH is a rectangle (parallelogram
with one angle 90°).

29 ABCD isasquare. E, F, G and H and the midpoints of the sides

AB, BC, CD and DA respectively.
Prove that EFGH is a square.

Let@=§6=g,ﬁ§=5€‘=l},|g|=ll}l
AF - - - DG - GC, AF - HD -

a=BF=FC

G C

B - EA+ 4 - L(a-1) ’

(b+a)

HG - D + DG - L (a+b)

EF = EB + BF =

N
T
]

FG = FC+CG = 1(a-1) A F s

l\)l»—l

Hence EH = FG = 1 (a b) and EF = HG = —(b + a) so EFGH

is a parallelogram (both pairs of opposite s1des parallel).

30

31

Consider EH * EF =

N N NI»—‘
3

I
o

Hence EH L EF and thus, EFGH is a rectangle (parallelogram
with one angle 90°).

B |- 2la-b] - 2 \(a-)

1 2
=50ﬂﬂ2=%ﬁe

|BF| = La+b] =2 [avb) =1 a

T_V2
- 2|£l|

1
=L \Jlaf (6 - 20+

1
= 5\2laf

Hence ’EH | = lEF |, so EFGH is a square (rectangle with a pair

of adjacent sides equal).

Let AD=BC=4q, AB=DC=b
AE = EB=1b=DG = GC, AH = HD = 1.a = BF = FC
EH=FEA+AH=2(a-b) b G c
== 1
EF = EB+BF = 5(b+a)
— H F
HG = HD + DG = 5 (a +)
FG=FC+0CG =2(a-b) = 5
2 - E

Hence EH = FG (a b)and EF = HG——(b+a) so EFGH
is a parallelogram (both pairs of opposite sides parallel).

Now AD 1L ABso AD * A—B—Ohenceg'l~1=0.

| EH| - —|a bl = 5,/ Ja *b-2a*b+beb
1
= 2lal +[ef
lﬁl=%|g+@|=%,/(g+@)2 TNasb+2ab+beb
1
= lal +[ef

Thus, lEH l = |EF l, so the parallelogram EFGH has a pair of
adjacent sides equal, so it is a rhombus.

RS 1 PQ . p
In ASQR, cosQ = lS_—Ql S
R
|§)'| = QR|cosQ
s ‘
In ASPR, cos P = ——
| PR ’
‘ﬁ?‘ ‘ﬁﬁ‘cosP

|PQ‘ |PS|+|SQ‘ |PRlcosP+|QR|cosQ
PQ =PR+RQ
PQ*PQ=PR*PQ+RQ*PQ

Q[ <[] 7] cos + P s

Answers Chapter 3
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Divide both sides by | PQ ‘1
|ﬁ(§| = ‘ﬁﬁ|cosP+|ﬁ6|cosQ
Write this in terms of lengths.
PQ = PR cosP + RQ cosQ
32 S R

P Q

Let PQ=SR =4, PS=QR=b.
Since PQRS is a rectangle,a* b =0.
Now AQ = a+ AP, AS = b + AP
5] [0 oo 48 o] 28
=(b+ﬁ)’(lg+ﬁ)+(g+ﬁ)'(g+ﬁ)
=|lg|2+2@°XI3+‘XI3‘2+|Q|2+2@°KI3+‘K13‘2
=‘g‘2 +‘Q’2+2ﬁ(g+k)+2‘A—P|2
Nowﬁ=m+l~7.

=2’TP‘2+|Q|2+|Q\2+2g°@+2(g+é)°TP
=|af’ +|bf +2(a+b) AP +2|4B|
_2 —2
=|AS[ +|Aq|
EXERCISE 3.4
1 (@) AB=3, BC =3, AC = /26. Isosceles.
b) AB = \/%, BC =+/245, AC = +/155. None of these.

c) AB=+/14, BC = /59, AC = \/73. AABC is right-angled at B.

d) AB = /26, BC = /26, AC = +/26. Equilateral.

(b)
(
@
(a) Not collinear  (b) Not collinear
(c) Collinear (d) Collinear
3 (a)(x-1) +(y 2)? +(z 3)’=16
(b) (x+1) +y +(z-5)"=3
(©) (x-3)° +(y+2) +(z 4)*=2.25
(d) «* +(y+1) +(z-2)1=18
(a) Completing the square gives (x + 2%+ (y— D*+(z+3)*=10.
This is a circle with centre (=2, 1, —3) and radius v/10.

4

(b) Completing the square gives (x —4)°+ (y +2)* + 2° = 14.
This is a circle with centre (4, —2, 0) and radius v/14.

New Senior Mathematics Extension 2 for Year 12

(c) Completing the square gives x* + (y + 1)* + (z - 1)* = 2.
This is a circle with centre (0, —1, 1) and radius +/2.

2 2
(d) Completing the square gives (x + %) + (y - %) +(z+1) = %

This is a circle with centre (— % )1 % ) —1) and radius %
=3+ +(z-7) =14

5

6 (x—4) +(@-5"+(z+2)=38

7 (@) AB*AC=-2+4-2=0,ZBAC=90°  (b)32

8 DE =(2,3,4), EF = (-1,3,-9), DF = (1,6, -5).
ﬁ*ﬁ (234) (16 5) 2+18 20=0, .. ZEDF=90°.
|DE| + ’DF‘ =294+62=91=|EF

DEF is right-angled at D.
9 (@ x-2+@y-2 +(z-3) =4
b) (x=2)+ (@ -2>+(z-3)=9

_7
10 (a)z—8
2
(b)x2+y2— @ ) Z=Z Centre(O,O,Z),radius 5139
8 8 8 8
11
" @y=7
2, 2 135 11 1 3415
b)x"+z" = 6’ V=1 Centre(O, 4,0),rad1us 4
9
12 (a)x——8
2, 2_73 9 9 . 735
(b) y*+2z° = o1’ 3 Centre( 8,0, 0),rad1us 3
EXERCISE 3.5

1 (a)(i)y=§+20rx—2y+4=0,x20 (i)r=2i+(t+2)j,t>0

(0)() y = x>0

©) ()X’ +y* =4 (ii)r=2cos@i+25in9j 0<60<L2m
d) () y=(x— 3)—50ry X —6x+4,x>3
(i) r =

i (t+3)1+(t -5)j,t=0
5 J

&) () y=1-x°,
() () (x=p)=2(x+y), x>0 (i) (2+s)i+(52—s)z,s>0
g)(|)2 =x+1, —1<x<1 (II)E=COSZB£+COSBZ,SOS27‘E

(ii)g=ti+%j,t>0

2

—_

-1<x<1 (iyr=v’i+

(1—u2)1,—15us1

A

) - —10r3x2+4y2=12,—2SxS2

(i )[=2cost1+\/§sintj,t20



2

5

@Ox+y=1 (=

(b) () singp = %, cosp =2, X+
a b’ 42
(i) r = asingi + beosgj, peR
(©) () y==2xN1-x*  (i)r=
(

(d) (i) (x— 2) +(1- y) =1
(i) r =(2+sm0)1+(1—c059)z,020

—4 (ii)r=(u+$)i+(u—l)j,u¢0
=10r4x+3y—12 0,0sx<3,0sy<4

sinfi+sin2tj,0<t<2mw

=lor9x’ +4y =36

,3-7)

1+t
2ty—t t>0

],teR
X2

(@ (@) x= (i) y = T,xZO

(b) () x= c0529 y—sm29 6eR (i) +y" =1

(©) () x=4cos’6, y=3sin"6, B R

(i) 3x+4y=12,0<x<4,0<y<3

@) ()x=t y=4at’, t>0 (i) y=4ax’, x>0

e) () x= 2—sm9y—1+c059 0<6<2rm

(ii) (x—2)* +(y—1) 1

(

() (i) x —t+%y=t—%t¢0 (il) ¥
9) (i) x= u+3y w5 ueR

)
(i) y=(x—-3)-50ry=x"—6x+4

—y2:4,x+y¢0

—

2 2
4 1
(i) y=x"

(h) () x=2sint, y=4cost, teR (i) X~

() (x=t-fy=r+ 5120
x=acost,y=asint
£=cost,Z=sint

a a

sin’t+ cos’f=1

This is the equation of a circle centre (0, 0), radius = a.
(a), (b) x=4cos3t, y=4sin3t
x_ Y_
4—cos3t 4 sin 3¢ 2 s

_ x" )
sin®*3t+ cos’3f=1 so 16+16

X +y =16 is a circle, centre (0, 0), radius =4

o)r|=

1

EXERCISE 3.6

1
2

5
6

@r=Q0+2)i+(2+4)j (b)0)(,2)
(@r (1+A)z+(4 )L)]+(6+}L)
O 0(-3.33.61) 212
(@r= 4+4A)1+(2+4A)]

(b) () (12,10) (i) (20,18) (iii) (36, 34)
(8) £ =(2-5A)i +(3-54)j + (4+3A)k

(b) () (7,8, 1) (ii) (2,3, 4) (iii) (-3,-2,7)
g=(4+2}\,)1+12]+( 3-3A)k
r=0B+30)i+(5-2)j+(7-2A)k

(i) (0, 1) (iii) (3,4)

(iii) (-4, 7, 3)

/_\

EXERCISE 3.7

1
5

D 2 B 3 A 4 C
(@a=9 (b)a=-12

10

11

12

(@) x=-14+24,y=2-42z=1+31
(b) (1, 2, 3) does not lie on the line.
(3, 0, 7) lies on the line.

(c) A=3, Answers will vary. Two examples are (5, -1, 10) (A= 3)

and (-3, 3,-2) (A=-1).
y-z plane: (0, 6, 2)
x-z plane: (3, 0, 5)
x-y plane: (-2, 10, 0)
(@) Cdoes not lie on AB.  (b) Clies on AB.
(8)by=i-3j+kby=4i-12j+4k by=4(i-3j+k)=4b,.
Hence the lines are parallel.
()L isr1=(2+A)i+(1-3A)j+(-1+A)k.
Whenx=1,2+1=1,A=-1.
ForA=-1,y=1-31=4,z=-1+A=-
~.(1,4,-2) lieson L,.
Lyisr, =(-2+4A)i +(3-124)j+ (2 + 4A)k.
When x=6,-2+41=6,A=2.y=-21,z=10.
ForA=-2,y=3-24=-21,z=2+4A=10.

g (6, —21,10) lieson L,.

bi=i-3j+4k,by,=-2i+2j+2k.
by 13 (‘3Z+4]5)'(‘2i’:21+2]5)
—-2-6+8
=0

Hence the lines are perpendicular.
@7r=2+A)i+(1=-2A)j+(-2+3A)k

b)yr=1-A)i+(- 2+4)L)]+(1—3)»)k

(c) (i) Not parallel (i) Not perpendicular (i) Do not intersect.
C

CHAPTER REVIEW 3

1

O~NO O

10

11
12
13

@0)-i+4j+2k ()21 (iii)@(—1‘+41+215)

21
(0) ()3i +6j+8k (i) V109 (iii)—"llo()99(3i+6l‘+81~c)
©0)-2i+2j-k ()3 (iii)%(—21+2j—l~c)
(a) 86°51” (b) 133°19’ (c)131°51’

(a) Not collinear  (b) Collinear

B 2

a= (2z+3] 4k) h=Y= 10 (31 5j- 41;),
;=%(2£+6Z+3I~c)

(@) -17i + 21 +19k (b) =17 (c) =36

43°46
Any multiple of 4i + 4j + 3k.

(a) Completing the square gives (x + 7%+ (y— 6)*+(z+1)*=81.

This is a sphere with centre (-7, 6, —1) and radius 9.
(b) Completing the square gives (x — 37+ y2 +(z+ 1) =4.
This is a sphere with centre (3, 0, —1) and radius 2.

@0 y=%

(o) () #* -y’ =1
For —% <0< % the only restriction will be |x| > 1.

(ii)g=2t1'+t21'

(il) r = sec@i +tan0]
(a) (i) x=4f ,y=2t (II)x—y2
(b) (i) x = cosec 26, y = sec 20
r= (+2A)z+(19 3&)] 31k
r=(4-2A)i+(3+2A)j+(6-3A)k
AB = (4, 4, 2),CD = (3, -5, 4)

AB*CD =(4,4,2)*(3,-5,4)=12-20+8=0
- ABLCD

2

W)y =——

Answers Chapter 3
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2(H. . 1
14 c=-5\2i+j-2k|,d=3(13i-16j + 5k P
< 9( ~ 2 ~) 9( ) (C)L (d) [sm x} —l(l—l)=0
15 pol g Ul 16 4| "1 s
6’ 12 1 1 4 /4 943 —4+2
e) = = = h) =
6 (a) 0OA=(1,1,0),|04| = V1> +1* = ©3; Oz @35 037 075
OB=(1,0,1),|]0B = V1* +1* = 0 F_Smf de:[_l g :2_%:6—32*/5
z 0 cosO |z 3
0C=(0,1,1) ,|oc|=\/1 +12 =J— o €08 o
AB= (0,1, 1)|AB = J(CIF + T = V3 EXERCISE 4.2 1
L1 X 1 x -1 X
AC=(~1,0,1),|AC| = /(_1)2 =2 1 (a) sin §+C (b) gtan §+C (c) cos Z+C
BC=(-1,1,0),|AB| = y/(-1)* +1*> =2 2 (a)sin™ %+C (b) %cos_1 %+C (c) %cos 12?X+C
All lengths are equal, so all faces will be equilateral triangles 3 B )
and the shape must be a regular tetrahedron. 4 (a)tan' (x+2)+C (b) tan~" (x—3)+C
(b)60°  (c) 90° ©) si 1( = )+c @) sin_l( . )+c
17 (@m=0 (bym=3 ,
(e) ~1(16-x")* +C 0 Zsin" £+2J9-x7 +C
CHAPTER 4 . 1 _
(g)ism x—z 1-x*+C (h) sin™ E—\M—x +C
EXERCISE 4.1
| -1 x+2
x 1. X, 1 ) —=tan | —=|+C
(a) 5—gsin2x+C (b) 5+gsindx+C M NG (ﬁ ) -
. T b3 1 343
© g—%smﬂc @ £+ ﬁ sin6x +C 5 @& (o) © 3 @23
x_1g x_1 T dx - -z
(e) S~ 13sin6x+C () 3 16sm8x+C ©) J.,2m=[tan 1(x+2):|,2=Z
X, 1 x, 1
(9) 3+58 sin3x+C (h) 3 msm5x+c 0 J.E dx =[sin_l(x—1)f
2D I 1= (x—1)? 3
.11 .- 1
3 (a) %sin3x+C (b) %tan2x+C (C)—icos4x+C = sin I(E)—sm 1(—5)=%
1.5 2 3 x, 1 25 1 3
(d) 5 sin x+C (e) —3cos x+C (f 5+Zc052x+C ©) T” (h) 5 () %
(9) —écos5x+C (h) secx+C (i) —cosecx + C N S| x—1\T 1 . .
0 =31 |5 =20 1%))=%
4 (a) J.seczxdxztanx+C (b) 2tan%+C (x=1)"+4 -1
1 1 a1y W - L tan_l(x—HJ T
(c) 3tan3x+C (d) 2tanx+C (e) 5 851n4x+C (k) 4 -[l(x+1) 3 85 5 B 63
U] %sin2x+c (9) x+sinx+C (h)%+isin2x+c (m)J% dc [ 1x+i:|i
——=—=sin" 2
(i)—%cos3x+cosx+C (j)tan§+C i 24—5—(x+%)2 : -2
5 (a)%—ésin4x+C (b)%sian—%sin3 2x+C :[sin‘l (2x5+1) !
7
X 3x 1 4
(C)§—6—4s1n8x+C (d)?+zsm2x+3—zsm4x+c —sin_l(l)—sin_l(—l):l
2 3 1 s 2 2) 3
(e)—cosx+§cos X —gcos x+C 5 ot
1 (n) % (0) [tan_1 t] = tan"" (cotx) — tan”' (tan x)
f = 17 8in6x + 4sin2x+C fanx
_(z _T
(9) sinx — Lsin® x + Lsin® x + C —(7—x)—x—7—2x
2 > 6 C
(h)—%c033x+%cos5x+C
) EXERCISE 4.3
(i) > tan’ x —tanx + x + C 1
3 1 (@log,(x+1)+C x>~1 (b) log, (2x + 1)+C,x>—§

6 J.cos4 x (1= cos® x)sinx dx = J(cos4 x —cos® x)sinx dx 1
2
(e) %logc(x2+2x+3)+C,xreal (f) 2x+5log,x+C, x>0

t . (C)—%loge(S—x3)+C,x<2 (d)—iloge(l—Zx)+C,x<
fcos x—gcos x+C

1 sm2x 1
7 ZJ. 1- cosZX)dx—E[ :|0 -8 1 (9) loge(cosx+sinx)+C 2nﬂ—%<x<2nﬂ+37”
1 sm2x H 1 2 ; 1
1 2 == h) =log (1+x°)+C, x real ) ——————+C, xreal
2,[ (1+cos2x)dx 2[ 5 :|% (h) 5log, ( ) @ 2+ )
1z, ﬁ_l_\/g - (i) V1+x* +C, xreal (k)lloge(2x+5)+C,x>—§
203774 "6 4 ) 12 2 2

280 New Senior Mathematics Extension 2 for Year 12



1 5
(l) —m+c,x¢—5

m) J(1+ 52

(n) log, (secx) + C, (2n - %)71‘ <x< (211 + %)ﬂ

(0) log, (1 + sinx)*+C, x # (Zn—%)ﬂ

1
1)+C,x>§

)dx x+log, (2x—

(P) x+lloge(x2 +1)+C, x real
2

q)%—_’»x 5log, (x=2)+C,x>2
J.xz—x+1——)dx
X
—?—7 x—log,(x+1)+C,x>-1

(s) %loge(x +6x—7)+C,x#-7,1

(t) log, (sinx) + C,2nwr<x< 2n+ )&

2 A

3 (a)In3 0) 3n (g) ©) In (g)
(d) 1+1og,3 () 3+3log,10 () - 1Llog
@ +11l0g2  (h) 2log,5 () Z+1og,2
() Zlog,5-3 (<) 1og, 3 () log,2
) [ =vio-v5 @1 02

2 3
(p) log, 2 (mj(x—2+%JM:[%—2b&M—£;}
1 X

-2l
=3 2log,2

1

) log, (15

1 X
4 (a) |1+
x+\/x2—a2 ( \/xz—azj
1 X\]xz—a2+x_ 1

(r) log,2 (t) log, 2

_x+\/x2—a2 \/xz—a2 _\/xz—a2
(b) loge‘x+ x’—a’|+C
5 (a) 1 x[l+ X j
XtV +a Vi +ad?
_ 1 \/x +a° +x _ 1
vt +at i +ad A +d
(b) loge‘x+\/x2+a2 +C
6 (a)logex+\/x2—l‘+C (b)loge‘x+\/x2+1‘+C

c) logc‘x—2+\/x2—4x+3‘+c
d) loge‘x+3+\/x2+6x+l3‘+c
x—%+\/x2—5x+7‘+c
) loge‘x+%+\1x2+x+1‘+c

e) log,

2

7 (a) log, (4+2J§) (b) log, (1+«/B]

3+45 3
5++/26 3+2\/5)
c) 1 = d)1
()0g3[3+mj ()Ogg(z_'_\/g
EXERCISE 4.4
1 A
x
2 o tanE +C
2 (a)log.[2—cosx|+C (b) ==t
(a) log, | [+C () Fan| —

—2
(c) X
1+tan 2

3 (a)log, (2+3) () logeé (c)%

4 (a)gtanl(tan;j+c (b) Ttan (\/_tan ) 0+C

+C

3 3
1 6 4 1 2tang—1
(c) 2 tan™ (tan—)——tanf 2 +C
2 \/g \/g
(d) \/_tan (\/—tan () log, |sin(x)+1|+C
2 X
) tanE+C (9) C—-log, ‘ — tan 3
5 (a) 1 % ar_ _ dt _ dt
Jl+ 2t 144 J1+t2+2t (1+1t)
1+£ 1
:_m+c_c_tanx+1
2t 1 dt
b X = dt
®) 1-t* 1=t e -[l—t

1+t
:C—%logell—t ‘:C—logell—tanzx‘

T anfFo L, Zl —tanZ =
6 (a)x—3,t—t e \/_ Jt= tan3 NEY
J‘ZT” de _ (C1ee 2dt
1 1 2
% sinx 5 2t 1+¢
J“Bdt
=, =
ﬁt
=[tog. 1]
3

=loge\/§—loge(%J

=1 1 -
= 2loge3+ 2loge3 log, 3

=0,t= = 4 tanZ=
(b)x—O,t—O.x—z,t tan4 1

T L T
o 5+4cosx  Jo 4(1—t2) 1+
R —
1+t

_ZJ" dt

- 2 2
05+5t"4+9—4t
=g[tan'1

Uodt
1
LS,

09+t
2L
—3tan (3)

[SSREN
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n n dt Vi
=0,t=0. =—,t=ta ——— 9 t=t ,do = .0=0,t=0.0=",t=1
(c)x x=3 n NG an6, do +t2 e e 1
2t
% tan x % 1-¢° 2dt J dt
—dx=J ——X 2+sm26 0 2t 1+t
1+cosx —¢? 2 244
0 0 1+1+:2 1+t 1+
1
:4Jﬁ t dt 2 01+t+t
1+2+1-1
i e

1
_af Gt ( 1) 43
4]0 Z(I_tz)dt :

[rog. (1)1 > T[ [H
- tog.1- 1] -0=1ex.(3)

,J;

1
(d)x=0,t=0.x:%,t=tan%=l ‘/§ V3 0
T
2 dx Jl 1 2dt S _ —{L)
- % = an” tan
jo 3—cosx—2sinx 05_ l—t 4t 1+¢% NE) ( 3
T .2
L+f Lot ZL(E_E) n__\3m
j B3 6] 63 18
34 3¢t? 1+t — 4t
Tyl T
j t—4t+2 10 x—g,t—tan6—\/§. x—2,t—tan4—1
j I:J"% dx
(2t - 1)2 +1 Z 12sinx —5cosx +13
— 1
:[tan71(2t1 1)} :JI 1 % 2dt2
0 Glax 2t 5><(1 t]+13 1+t
=tan'1—tan"' (-1) 1+ 1+
1
_n_(_x\_=x = 2dt .
=% 2732 $-24t—5+51° +13+13t
! .[1+ %9+ in ; x 2 e
oSS Sy 1o, 2t 1t L1867 +241 +8
1+t° 1+t 3
1
_J‘ 2dt N Y S
IR Ty ot +12t+4
ldtt :JI dt
+ i3(3t+2)2
=In|1+t|+C
: ]
=ln‘1+tanf‘+C 303t+2] L
2 Vg
8 x=0,t=0. x=%,t=tan%=% =_l(l_ 1 )
3 305 3+2
1+coscjcx—smx .l.of 1_t21 2t X12_|.d:2 -_1 l_\/g_z
1+ — = 3157 -1
1+t 1+t \/_
1 9—54/3
:‘[ﬁ—z"” NG
1+2 411> =2t
5 2dt CHAPTER REVIEW 4
- 0o 2-2t T T
1 (@ % (b) = (0 (d)1
1 3 8
_[v_dt )
o 1-t 2 (a)—=2—+cC (b)x—+tan_1x—lloge(x2+l)+c
1—x? 2 2

1
=[~log. -]} 2 X
(C) 7—2x+m+3loge|x+l|+c

)
V3 3 (@1 (b) log,2  (c) 3log, 5%
= log, (—ff = log, ( : ] @2 @6
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4 @B ) EEL (5L
81
5 16

6 (@) log,Jx|-2x"+C () x—%Hoc

(© Lin’x+c (d) secx+C
3
(e) tanx—x+C 0 43(‘3#4_(:
X , sin2x 3x , sin2x , sindx
AR 0 g +5 5 +C
7@5 O ilg? ©F
4 T
@1 © % 0 Z 3
8 (a)—eC°5X+C (b) %(x+2)(x_3)5 +C
2 3 )
©) glx=3)x*+C - +C
(c) 5(96 )x ( 32(x2_2)2

(e) Leos’x+cC

3
(9) 241+ cos8 +C
9 (a) -222c26, ¢ () -1 +c
(¢) loge(x2+1)+C (d) %sin(x2)+C

(e) %tan3 x+C

/4
! 4

=
—_
|
1N
Cs
)

10 C

-

@ [loge(x+1)] :loge% (€) [log, (x+1)(x+4)] =10ge§

11 x= s 1. x 2,t 1.

7 dx (! 1 2dt
_T24+cosx  J.g 1—1‘2><1+1‘2
2 2+—-
1+t

:Jl 2dt
24288 +1-42

:J'l 2dt
£ +3

_ 2x/§7z
9

12 (@ \ yh o
N 1
\\ 4+ :
\\ I
N 1
N 1
2%
S
b
4 2 O !
1
24\
1

(b) Area = J.i(z—x—x(;i__x))dx: J")de

,31—x

= [—2 log, (1- x)]i3 =2log,4~2.773 units’

13

15

16

17

_ _ T _
x=0,t=0. x—z,t 1

j% 1 dx:_[l 1 o 2dt
o 3sinx+4cosx+5 0 4(1—1‘2) 1+¢2
6t A s

1+t*  1+48

:J'l 2dt
0 6t +4 —4t* +5+5¢°

:Jl 2dt
0t>+6t+9

:J'I 24t
o (t+3)
_o[ 17
h 2[t+3}0
— ol _1)_1
- 2(4 3)_6
y !
25+ !
1
24 |
1
154 '
1
14 1
B !
0.5+ :
1 1 AI 1 Ilﬂl
O 05 1 15\2 25 31 35%
054 !
1
14 1
1
1
A(E,O). For B: 22%) 2sin’x =3 cosx,
2 3 sin’x
2cos’x+3cosx—2=0, (2cosx—1)(cosx+2)=0
. gz 2
X—3.B(3,3)

e 2
= 18 units

=£_[ -1 ]% _=z [I_L]_ﬂ+18—12\/§

=142 (127 = £ 5 units?
—( 1+ 4) (1 4)—7r 2 units
2 )/2 3
x _ _3 [, 2
n + 9 —l,y—2 4—x
2
Area = 4J. %\/4—x2 dx = 67 units*
0
(@) x=0,t=0. x=%, =1
Todx ' 1 2dt
o 1+sinx 014 2t2 1+¢%
1+t
:J‘l 2dt
ol4+t%+2t
=J‘1 2dt
o (t+1)>
-2 1
:[t+1l
=—1+2=1
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(b) (7 sinx :J'%1+sinx—1d
0

8 (@a=-3,b=5c=2

o 1+sinx 1+sinx
z
2
( 1+smx)
z
:[toz_
_rn=2
2
CHAPTER S5
EXERCISE 5.1
1 D
1 1 1 1
2 @ x—1 x+3 (b) x+2+x—3
1 2 1 2 3
© x+3 AT
1 1 1 2
8 @172 0 5353
3 2 1 2 3
© x—2 x+2 (d); x—3 x+4
4 C
1 4 3 9
M S R ) B ey Ry
3 3 4 3
T ey Rl ey @ 7= 73
4 5 3 2
6 @ i3 20 b 5t =2
3 4 2 3 4
d 2
© 51t x+s ey R
5 4 8 5
e _
© T3 %43 0 332
4 __3 1 1 8
(g)2+x—2 x+2 (h)1+x 5(x—1) 5(2x+3)
;4 .3 2
x+1 x+2 x+3
EXERCISE 5.2
1 C
2 (a) 1 1 () 1 1
X +1 x*+4 x"+1 x"+9
4 1 3 1
C—
()x2+4 x*+1 x“+1 x"+2
3 (g 3%-2_ 2 2x+1 1
K+l X2 K rx+l x+2
€)_2___3 _3x+2 4 x-1
x=1 x+1 4241 X x"+x+1
4 B
1 2 1 3 3x—1
° (a)x+2+x2—2x+5 ®) 2(l—x)+2(l+x)+1+x2
2 3x—1 1 2x+2
0) x—1+—"—— d) x+ 5 ETe
© x+1 P41 @ x5 x> +2x+4
2 x—1 2 x—1
e + -
()3(x—1) 3(x*+x+1) 0 2x+1 % 41
6 (@a=4b=1 (b)a=3,b=—4
() a=3,b=4 ) a=2b=5
3 4 2

7 (a) RHS=

2x+3_x—2+(x_2)2

~ 3(x—2)" —4(2x +3)(x—2)+2(2x +3)
- Q2x+3)(x—2)°

3x° —12x+12—-8x> +4x+24+4x+6
(2x+3)(x—2)

—5x° —dx+42
2x+3)(x-2)°
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2 3 4

x=2 2x+1 (2x+1)?

_202x+1)° —3(x—2)(2x +1) - 4(x —2)
(x—2)(2x +1)

_8x +8x+2—6x"+9x+6-4x+8
(x-2)(2x +1)

_2x +13x+16 _

(x=2)(2x +1)

(b) RHS =

(b)a=-1,b=-1,c=2

EXERCISE 5.3
xX— 3 x=2
1 )loge +C (b) log, P +C
1 x-4 2

(c) gloge 2 +C (d) loge’x —1‘+C
(©) log,[(x—1)*(x+1)|+C () log,|(x=3)(x—2)|+C
D
(a) loge\x+1|—%loge(x2 +1)+C (b) log,|x+2| - tan™ %+C
(©)log,|x—1-tan” x+C  (d) log, |x+3|+ %tan’1 §+ c
(e) log,|x —2[+ %tanf1 5 +C

(f) log,|x-5] —%loge (x2 +3)+C

1

(@ tan'x—2tan ' T +C (b) 4tan' X —tan x+C

3 3 4
(c) tan™ %— tan”"' x+C (d) %tanf1 %—%tanf1 %+ C
(e)llog (x2+4)+C (f) 1log (x*+9)— —=tan" 2= +
27\ kP +5 ¢ \/— \/_
5
(a) log, ((’; ’:f))a +C (D) log,|(x =3 (x+3)![+C

c) loge‘(x+1)3\/x2 +1‘—3tan_1x+C
(x-2)"

(d) 2x +log, +C () log, (x—1)* +3tan"' x+C

(x+2)°
(® %loge|x—l|+zloge\x+3|—210ge|x+1\+C
(x+3)* (x-3)
(9) log, 5|+C (h) log,|-—=|+C
908 1) S| Vzx -1

) ex“)+c
0 Oge(ex+2

1 1 1 72
(c) log, 3~ Eloge 5 (d) Eloge 3 (e Zloge 3 (f) log, %%

12 1 -1 T T 7
(a)1+loge? (b)i(tan 3—@—2) (C)410geg+log82

%+logez
@ RHS:x2+1+(1—x)(x+1)=x2+1+x+1—x2—x
(x+1)(x* +1) O+t +x+l
-2
O 4+xt+x+l

! 1 x
© Il ("+1+x2+1 x2+1)dx

2
= [loge lx+1]+ tan” x — %loge (x2 + 1)]
1

=LHS

Ly 9 T,
—Zlogelo 4 Ttan 2



10

1

12

13

14

15

16

17

18

19

20

21

(@) 1=(a+b)x’ +(b+c)x+c a=1,b=-1,c=1
) 1o x+1 +C
(a) 4x _a(x 2)+b a=4,b=1
(b) 4log, |x— 2|——+C

x—2)
(@a=-3,b=5,¢c=2 (b)logei +3;3 -
(@a=0,b=4,c=3

(@a=1,b=—1,c=1 (b)[logeﬁmel_

2x

1
+
J‘0(4—x2

= [_IOge (4—x*)+ log, (x* —4x+5)+tan" (x — 2)];

2x—4 1
2 2 X
x"—4x+5 (x—=2)" +1

b) log, ‘(x 2) ‘——+C

1

|
O\ | =

=loge%—%+tan712
(@) RHS = & —x(x—3)-3(x-3)
9(x 3)x?
x —x* +3x— 3x+9 1
9(x —3)x> (x 3)x?

(¢ 1 1 1
(b)Area—j4(—9(x_3)—g—§)dx

-[bee 52+ 5]

_l _Lz 2
—9log62 3¢ ~ 0-049 units

1

(3 8
Area = .[ (2x+3 x+2)dx

—[4 log,(2x +3)~51og, (x+2)]

®) |
Il

[

=0-log,4+log,1- (tan_1 (-1)-log, 8 +log, 1)

=4log, 2+ 510ge 5= 0.218 units’
@a=2,b=1,c=-1

2 1 _
((x—2)2+x 3 x+3]dx log,

2

4+ (x

X —

. 2x-2 @ 2x dx
-1 x*-2x+5 2-—x*

2

T T
=—210ge2+z+3log82=10g62+z

@a=1,b=2,c=-1

®) |

X

dx

x+1

(l+%——)dx loge\x\—%—loge|x+l|+c
x

2
=log, x+1 -5+

x—=2|_
x+3

1)—loge‘x2 —2x+5‘ +loge‘2—xzu1
-1

J~ :J‘ 1 % dt
sin2x — cos2x 2t 1-£2 1+

1+ 1+¢°

Jt +2t+1) 2_J.(t+fl)t2—z

v

1- (t+1+\/_)

J—J((t+1—J—) (t+11+x/5)jdt

-

log, |t +1- 2|~ log [t +1+72])+C

t+1-42|

1
—=1
\/— %8 t+1+\/_

tanx+1—\/§

—=1
2\/_ %8 tanx +1++/2

tan’2‘+3—2\/EJ

dx 1
22 | —& - log,| ———7= |+C
.[1+331nx 42 & [tan’z‘+3+2\/2

1+s1n x
23 _[
1+4cos® x

EXERCISE 5.4
1 C

4 2

Ttan [tf/"_x) x+C

-Z+C (c) —xcosx+sinx+ C

2 4

f) xsin” 2x+—\)1—4x +C,|x| = -1

Q) £51n(2x+1)+—cos(2x+1)+c

(h) xcos™ 2x — =

(i) (g - i} sin”™"

(
(d)fs1n2x—£cos2x+C (e)ﬁsin2x+lc052x+C
(
(

"’1—
x+EJ1-x* +C, \x|<1

4

3
3 (a)%(x+1)2(3x—2)+c,x2—1

(b) —x*cosx + 2xsinx + 2 cosx + C

(

(1)

i—l cos™
2 4

NN o

4

(d) x*sinx + 2xcosx — 2sinx + C

2
) —(x+1)e"+C () %loge|x|—T+C

4 (a) —2 (sinx +cosx)+C (b) %(sinx+cosx)+C
(¢) e; —cosx)+C

(d) %[sin(loge |x|

(e) %[sin(loge |x]

) - cos(loge |x|)] +C
) + cos(log‘3 |x|)] +C

(i) xtanflx—%loge(1+x2)+c

5@5-1 ®2 ©F
@F-LL g0 gl
6 @P-%  Oif,) ©-3

@1 (e)2log2-2  MH1(5_,)

(9) 5log, 2~

7 B

BT 15 e P

8 Area= J.ulogexdx =[xlogex—x]f =alog,a—-a+l
1

EXERCISE 5.5
1 (a) %(sinx cos

= cosx cos”

d ( . n—
——|sinx cos
dx

n d . n—-1 22 n—
cos” x = - -(sinx cos” " x +(n—1)sin” x cos" " x

n—1
)

M x +sinx X (n—1)cos" * x X (—sinx)

1 n -2 n—2
x)zcos x—(n—1)sin” x cos" “x

2

. -1 .2 -2
J.cos"xdxzsmxcos’1 x+(n—1)Jsm x cos" “ xdx

From here the recurrence relation is found as in Example 25

(see page 148).
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. M. 7.5 _5
(b) () I, = gsmxcossx} 314 314’
Ml veodc P a3y 23
4= 4smxcos x} 41 412

= ,J' (14 cos2x)dx

I IV PSS I U P AP B 4

—_x+2s1n2x]0 —2(2+O—0)—4
.7 53 1 _57T
=6 X 1y T3

% .

- .. 6 2 2 3
= 1—
(ii) _[0 sin” x dx IO (I—cos” x) dx

= J. : (1-3cos® x + 3cos” x — cos® x ) dx
0

e}

I =j cos® x dx:
0

J.Esin(’xdx = J.de—?alz +31, -1,
0

3_.m 5m_b5¢m
= G-I =%

T .

(iii) J *cos” x sin® x dx = J ? cos* x(1— cos® x)dx
0 0

_3r 5m_ =&

i i sT16 32 32
(iv) J.4 sec* xdx = J. *sec” x sec” x dx
0 0

=1,-1

sinx
jtanxesecx 5—dx

= [sec X tanx
Cos X

= 2—ZI i tan® x sec® x dx

0£
= 2—2J ! (sec” x — sec® x)dx

0 ] .
=2+2[tanx]s - ZJ‘O4 sect x dx

E

s
. 3J4sec4xdx=4, J.45ec4xdx:é
0 0 3

(x e ) =nx""'e" + x"¢* hence by integration:

x"e* :Jnxnlxdx+j e* dx
Jx”e" dx = x"e" —nJ‘x’He" dx

-1

n
n _ n—1 X _ -1 n
—x(x log, x) =nx""log,x———=nx""log, x+x

2 2 2
(b) (i) L x? log, x dx :[%xs log, xi|1 —% X x% dx
8 2T 8 7
Zgloge2—[?j‘1 2310g22—§:1.071
. 1 4 S 1%
(if) -[1 X logexdx:[zx log, x]l ~1).* dx
4P
=4log,2 - [16] =4log, 2——~1835
(@I, =J7cos"xdx
0
[cos N xsmx] +(n—1).[ sin® x cos" 2 x dx

=0+ —IJ. (1-cos® x)cos" > xdx

=(n—1)J2cos"_2xdx—(n—1)Jzcos”xdx
0
sl =m-DI_,—(n-Dl;nl =(n-

n

n—1
I, =( n )In—z

)n2
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z b1
—%13, I, = %Il, I = JOZ cosx dx =[sinx]07 =1
_4.2,,_38
=5X3%1=13

5 (a) jsin” xdx = J.sin”_1 x sin x dx

sin" ™ x(—cosx)—(n— 1)_[sin”_2 x cosx (—cosx)dx

—sin" ' x cosx +(n— I)J’sin"f2 x(1-sin® x)dx

=—sin" " x cosx + (n— I)J.sin"_2 xdx—(n— l)jsin” xdx

. on .
njsm xdx =—sin

" x cosx +(n— I)J‘sin”_2 xdx

. 1 . n-1 n—1 . n-2
J.sm”xdx:—ﬁsm" xcosx+( 7 )Ism" xdx

® |

A E
6

. 4 _ 113 3 3 (6 2
sin” xdx = 4[sm xcosx] +4j0 sin” x dx

= _l(£]+%'[% (1-cos2x)dx

4\ 16 0
B3 1. s
——a+§|:x—§sm2x:|0
__ B 3(x_B\_z_ 73
64 8{6 4 16 64
6 (a I =|sec" xdx = J.secnfz x sec” x dx
=sec" ?x tanx —(n— Z)Jtanx sec" ™ x SIX gy
cos” x
=sec" ?x tanx —(n— Z)J.sec'“2 x tan® x dx
=sec" ?x tanx —(n— Z)Jsec" dx+(n— Z)J‘secn_2 xdx
W= sec" 2 x tanx —(n— 2) +(n-2)I,_,
(n—-1I = sec" “xtanx + (n— 2)I
__1 - n—2
In—n_l(sec xtanx)+ II"-2
3 1
(b) J; sec! xdx = 3[sec x tanx 3-[ sec” x dx
6

. 4
7 (a)Inzj.4 tanz"xalxzj4 tan”"”
0 0

(4J— 4‘/—J S[tanxﬁ
_3243 Z(I—L)=4A;\7/§

27 3

2n-2

tan x(sec* x —1)dx

I
(=]
=N

o o
4 2n—-2 2 4 2(n—-1
=I tan™""" x sec xdx—j tan’""V x dx
0

.4

_ 1 -1 |4 _
_[Zn—ltan x]o L, ,=

i

I, ='[0 tan? xdx—g—

1
In=1 L

4 2
tan” x dx
0

=l—J.Z (sec® x —1)dx
3 Jo

1 2 1 2
8 (@I, =J 2l dle'[ x> 2 2xe” dx
0 2Jo




x° (log, x)" dx

©
=
(-
=
—

x6 n 1 6 n-1 1
=?(logex) —gjx n(log, x)"" S dx
6
=% (log, x)" ~ % | x" (log, x)" ™" dx
6
=X n_n
I = 3 (log, x) 61"*1

6
I 2 X 22
(b) I, _jx (log, x)” dx = *(log, x)* - 21,

=—(loge x)— 1 x° dx
_xﬁlogex 1 x6_x6logex x8
=76 666 36
2 1 xlog, x 6
12: 6(log2x) —5 6 _%
6 x®log x 6
=X 2_ et L X
=g (log. ) 8 108" C

x—(lS(log x)* - 6log, x +1)+C

10 (@) I= J.e“x sin x dx = —cosxe™ — J‘(—cosx)ae“x dx

= —cosxe™ + chosxe“X dx

H= J.cosxe'”‘ dx = sinxe™ — aJ.sinxe“X dx = sinxe®™ —al

J.7 V1—sin’ @ cos6do = JE cos> 0o = ZJ.ECOSZOde
_ _z 0

v
2

j (1+c0s20)do = [9+ szw ]

0

B /N SR B 4
—(2+251n7t O)—2
_ (1>, 2 _ (.1 1
4 (a) Jsecxdx_.[(—l_tzX—1+t2)dt_j(—1+t+l—t)dt
X
1+tan>
1+t 2
=log, 1—’ C=log, p +C
l—tan>
2
b secx(secx + tanx)
(0) [secxdx = | ———"""""2dr =log |secx+tanx +C
secx + tanx ¢

5 (a)secx+C
(b) u= E—x,du:—dx:
b4 n
Jcosecx cotxdx = Icosec (7 - u)cot(i - u)(—du)

=—jsecutanudu=—secu+C

=—sec(%—x)+C=—cosecx+C

6 KX+y =1 2x+2yZ =0, dy %

C= 4J' ,/1+ dx 4j rdx 4J.\/7x
= 4r[sm ‘(7)}0 = 4r><(E

1 cos’ (%(3— u))

0) 2rr

cos? (z_zu)
2
2 6 d

s I'=—cosxe™ +a(sinxe™ —al) 7 () I:J' (—du):J.
(@® +1)I = —cos xe™ + asin xe™ 2 G-uu 1 uB-u)

j sinxdx = —1 e™ (asinx — cosx) 5 sinZ(Eu)

a +1 6
_J. u(3—u) -
J.e s1nxdx——(smx cosx)+C !
s e cos’ (E x) sin’” (1 x)

(if) s1nxdx——(3s1nx cosx)+C (b) 21 = 2 6 du+J2 6 dx = J‘z dx

x4 x gnel 1 x(3-x) 1 x(3—x) 1 x(3—x)

W= | s 1= | gt

]

1131 1 _1
_gjhl(y+—3_x)dx—3[loge

-1 _ 122
= 3(10&2 loge(z))— 310g62

X
3—x

sI o+ :J.x t dt + g dt:J.x t +tH dt
n n-1 01+t 01+t 0 +t 1+t

= %loge 2
EXERCISE 5.6 X2

8 (a) %(xztanflx) 2xtan” x +
1 1 2 1
2 [1+x 2 |(1+x) 2
J.O,,—l_xdx—J.OJ - dx = .

J :xztan_lx—J.(l— jdx
\/1_7 \/— xX+1
=x’tan" x—x+tan x+C
I [ 2
—|:51n x—N1l—x :|0 9 (
*ll_ﬁ_(o ‘/5 4

272 (0-D=1-7F7+%

3 (@ +4x-3=1-(F—4x+4)=1-(x—2)
3 3
b) j «/(x—l)(S—x)dsz‘ J1=(x—2) dx
1 1
x—2=sin0, dx=cos0d6O
=1 0= % y—3.9=F
Limitsx=1: 6 = 5 X 3: 0 o)

x2+1

b) J.than_1 xdx = J.(%(xz tan™! x)— filjdx
x

=

a) f(x) = x is odd, gx)=(1- x%)? is even.
Hence f(x) X g(x) is odd: jl r(1-x*)dx=0

(b) f(x)
Hence f(x) X g(x) is even: Jl 2 (1=x2) dx

=sin

= is even, gl =(1- x°)’ is even (as 1 — x” is even).

-1
1

=2J 2 (1=x2) dx
0
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10 (a) Letx=a+b—u:dx=—du
Limitsare x=a:u=b x=b:u=a

jbf(x)dx - j:f(a+b—u)(—du)
= jbf(a+b—u)du - jbf(a+b—x)dx

(b) j

s
sin x dx =J; sin(%+%— x)dx
6

ol Gy

. .
=J3sin(%—x)dx=1;cosxdx
3
11 (@) Letu=rm—x: du=—dx
Limitsare x=0:u=7 x=mu=0

J‘:xsinxdx = J.O(u—ﬂ')sin(u— 7)(—du)

alN

= J.Oﬂ(u— ) sin(u—m)du

= J. (u—rm)sin(w+u)du

0

= —J”(u—ﬂ)sinudu
0

77.'
= J. (m—u)sinudu
0
But the variable in the integrand is arbitrary, so:

b4 V4
J xsinxdx:J. (m—x)sinxdx
0 0
T T T
J. xsinxdx:J. n’sinxdx—j x sinx dx
0 0 0
T r
2'[ xsinxdxzn’J. sinx dx
0 0
V4 7[ V3
J. xsinxdxzij sin x dx
0

0

(b) J.Oﬂxsinxdx = %[—cosx]g = —%(—1— )=r

12 (a) Take reciprocals of each term in 1 < u < 1 + x, remembering

to reverse the inequality signs:

1 1
l>”>1+x
Hence: ﬁ<%<l
1+x 1+x 1+x
1 du I
(b) L deu<jl e au

[ U ]HX <[lo u]Hx <[u]l ™
1+x ety 1

I
1
l—m<loge(1+x)<1+x—1

X

T+ <log,(1+x)<x

EXERCISE 5.7

1 y=tan" xis an odd function. Hence

0 1 1
I tan™ xdx = —J tan™" x dx so that J tan™ xdx = 0.
-1 0 -1

2 Area=J‘2¥dx:l(ln2—lnl)=zln2 units®
1 x(3—x) 3 2] 3
5.2

3 Area:J. X -6x+8 5 148104 11220174 units?
4 x2—3x 3 5 3

4 1-¥*=0=x=+1

T1—x? .2
Area :I > dx = 7 — 2 units
-114+x
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1
5 Volume = 7r'|. ( 1
-1

\/4—x2

2
3
6 Volume:ﬂj( f ]dx=ﬂ(3+%ln%—(2+%ln%))
2\Vx" -1

.y
2

t
7 (@ j Inxdx=tlnt—t+1
1
(b) Area of triangle = %x (t—1)xInt

2
_r _nlleZ 3
] dx—4(ln3 ln3) 2ln3 units

(2+1n1.5) units’®

_(t=1)Int
2
Area under curve > Area of triangle
it 15 (=Dt

2tInt—2t+2>tlnt—Int
tint+1Int >2(t-1)
Int(t+1)>2(t—1)

1nt>2(ﬂ),t>1
t+1

8 (a %(sin’lx— l—xz): 11+x2
—x

i Lol .2 :Hix: Hix
(6) Now g (sin” x— 1" (-x)(+x) Vi=x

J‘e(lt_x)% dx = J.gi(sin_1 x—m)dx

o\1l—x odx

0
:[sinflx—\ll—xz}

0

=sin”' 9 -+1-6% —(0-1)
=sin"' 0+1-+1-6°

T 77,'2
9 V:ﬁj sinzxdx:T units®
0

400 _9\2(4—
10 V=7tj Wﬁlx:ﬂ(lﬂogeZ—lO%)zz.% units’
2

z . z
11 (3 V=nj4(coszx—sin2x)dx=7r[%:|4 =2 units’
0 2 1y 2

(b) V=7t"‘%(sin_1y)2 dy+7r-|‘l1 (cos_ly)2 dy
‘ 7

~0.42+0.28 = 0.70 units®
12 v= 47[_[ (b—x)Va* — x? dx = 2m*a*b units®

4

T 2
13 (a) V=7rj 2sinzxclx=ﬂ7 units
0

2 1
b)V=rm X(%) x1— 7r'|. (sinf1 x)2 dx =~ 6.283 units’
0

s

(V= ZEJ.stinxdx =27 units’®
0

14 y=—x?cosx+6cosx+4xsinx+C
x=0,y=6:6=6+C,C=0
y=(6—x2)c0sx+4xsinx

15 y=—%(c03x+sinx)
16 y:2—loge(x2+1)
17 yzefx gosx
1
18 V=ZHJ.O(I—e*x)(l—x)dxzﬂ(l—%) units®



19 (V= n'J. y dx—ﬂ—szla(a -x )dx

_ab[ o | (s &) _ 4mab’
o 3] & 3 3
(b) V:ZﬂJ.a 2y(a—x)dx=27r2a2b units®
20 y:4x—xloge(x2+1)—2tan_1x+1
1
21 y=
4 x+1
n 2
22 (a) Integrate by parts: I, =[x(logex) :|
1

+1
2 n—1
—nJll (log, x)" dx

= 2(loge x)n —nl,_;
n—1
(b) d_y: n(log, x) .
dx x
Asn>2,forl<x <2 all factors are positive

d
AN 0. Hence the function increases for 1 < x < 2.

o
dz_y_ n(log, x)niz(n—l—loge x) '
dx? x? '

dZ
By a similar argument d—)zl >0forl<x<2.
x

Hence the function is concave up for 1 < x < 2.
y
1
(2, (Inx)")

T T
Ol 1 2 *

(c) Area under the curve < Area of triangle

(log{_, 2)”
2

From part (a): 2(loge 2)" —nl,_; <

which yields the result:
(d) I, =2log, 2 —1; from part (C) with n = 2, the result follows.

23 (a) 64 = (2x+a)(x’ —4x +4) — Qx — b)(x* + 4x + 4)
x=2:64=—(4-b)x16=>b=8
x=-2:64=(—4+a)x16=>a=8
(orusex=0:64=4a+4b=a+b=16,a=16-Db)

(b)Jm 64 dx:jm( 2x+8 __ 2x-8 )dx
o x*—8x*+16 o \x*+4x+4 x*—4x+4
=J""( x4 4 x4 4 ]dx
0\ x"+4x+4 x"+4x+4 x " —4x+4 x"—4x+4

= [log,z (x2 +4x+4)—loge (x2 —4x+4)]:l

1
-[ [(x+2)2 (x—2) )dx

2 m
m +4m+4)_0+4[ -1, -l }

2

Il
_—
(=]
g
®
/N

m> —4m+4 x+2 x-2)],
_ m+2\ (1 1 (1.1
_IOgE(m—z) 4(m+2+m—2 (2 2))
_ m+2)  8m
—210ge(m_2) m?—4

24 (a)36=(2x+a)(x*—3x+3)— Q2x—b)(x* +3x+3)
x=0:36=3a+3b=a+b=12=a=12-b
x=1:36=2+a)X1-2-b)x7=a+7b=48
Substitutea=12-6:12-b+7b=48 = b=6,a=6

b 36 ‘Jp( 2x+6  2x—6 j
0 x*=3x*+9 22 +3x+3 x*—3x+3
P _
:J'(22x+3+23 o -3 3 )dx
o\x"+3x+3 x“"+3x+3 x"-3x+3 x"-3x+3

= [loge (x2 +3x+ 3)— log, (x2 —3x+ 3)]5

+ 2\/§(tan'1 (Zf/;f > j +tan™! (%)—(tan_l V3 +tan”! (—ﬁ)))
(a5 57)

36 dx—hm|:loge(p +3P+3J
0 x*=3x>+9 e -3p+3

+2\/§(tan‘x(2f/§3)+tanlx(z‘f/;jﬂ

2
lim {loge [wﬂ =log,1=0

[\S)

(c) lim

poseo

pree p —3p+3
iﬂ{(tan'lx(2$3)+tan'lx(%jﬂ:[%+%]:ﬂ
Hence lim dx 237

poedo x* —3x

25 V:27tJ. xydxz%(2e3+l) units’
1

1-y° dxz—[sm xJz =L units?

_(2
26 V_-[oy 2

CHAPTER REVIEW 5

1 (a) (2\/5_1)77:_’_1—\/3

(b)[ log, [x* —3x+2| flogex 2” =log, 18
2 (a) x(log,2x|-1)+C ) Liog [=D1,

¢ 2% x11
3 log, 3
(4f3-3)1 1

4@ mgles2

(b) 2log,5
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5 —cosecx

(@ 2| log,

(b) J; secudu = [loge (secu+ tanu)E
6 6

0 GH% _ ~/§+z)
cosec + cot =2lo
z ge(\/2+1

:10g6(2+\/§)—10ge(i+

1)

%10g6(1+ sinx)—%loge(l— sinx))

¥

&

6 (a) d ( sin x

dx\ cos® x

2 . .
cosx cos” x —sinx X 2cosx (—sinx)

cos* x
cosx  —cosx
2(1+sinx) 2(1-sinx)

_ cos’ x + 2sin® x 4 cosx 1-—sinx+1+sinx
- 3 2 2
cos” x 1-sin" x
_ coszx+2sin2x COoS X 2
= + X 2
cos’ x 2 cos” x
2(cos” x+sin” x
—Q 2sec’ x
cos’ x
: 5
z . -
(b) J sec39d9=l|: s1n20 +log, —1+sz}
z 2| cos’ @ 1-sin x

_1[V3 [2+J§_ 1. 4 2+1
_2[2 x4 +log, 3 (2><3+loge 2_1)]
_1 [@+43)" 2

—2[2ﬁ+loge i3 3 loge«/g

(2= (457]

7 (@) -7+8x—x*=b—a*+2ax—x"a=4,b=3

) [ VG- de= [ o (x-4) dx

x—4=3sin6
dx—3cos@d9
x=1,0=- 2, x=7, 9—5
J.l7\/9—(x—4)2dxz'l.%g\/9—9sin293cos0d9
=9j_£2£\/1—sin20c050d9
%2 2
=9J‘7%cos 646
=%ji(1+c0520)d0
2

T
sin20 |2 _9¢
[9+ > lg— 3

8 (a+0)x’+(a+bx+b=1
a+c=0,a+b=0:b=1,a=-1,c=1

2 3 4 10 9
9 (a)x—1+x—2_x—3 (b)x—Z_x—l
3 2 4 3 5
© x—3 x—2 @ o3 %3 2x 1
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10

11

12

14

15

18

19

20

21

1 2 3
@ 3 %22 30
4 3
Xx—2 x+2
Qx+40)B=x)+2x(x* +2x+2)
(x* +2x+2)(3-x%)
_6x—2x" +12—4x" +2x" +4x° +4x
(x* +2x+2)(3-x%)
_ 10x+12
(P +2x+2)(3-x2)
204242 _ 2x4+2 2
X +2x+2 X +2x+2 P +2x+1+1

S X422 _ppg
x“+2x+2 (x+1)"+1

(b) 2+

(@) RHS =

=LHS

(b) LHS =

5077257725

b) ﬁ(z—zl)

1 9
(©) glog, 5

8l
(e) 16

1
ey +C (b) —gloge

+C (9 —i\/ -4x* +C

1 . 1 1 -1
(e) 5 sin 2x+C U] 5 tan 2x+C

(b)e-1

1—4x2\+c

x| 1. 2x 1, -l
tanz‘—4tan +C (b) 3 tan (3tanx)+C
[

(c) lloge (2+tan9)——loge(2tan5—1)+C
6)_0
9)-9+c

’ 3J§+1) 1, (14+3J—)

— 1 =1
o d+5cosx n(3f 1) 3 13

x*log [2x] 42

(@) L1og,

(d) % tan™" (2 tan

2 1 +C
1 3 1
(@) glOge‘X +3x‘+C (b) —m‘FC
3
(c) %+logex+C (d)Vx*+2x-3+C
1 11X
(e) logeL+—tan =+C
Nxi+4 2 2
1 x—1 1 -1 2x+1
(f) 3log, — —=tan ( )+C
308 W rx+l V3 V3
1 2 . -1 xy1—x*
(9) Z(Zx —1)sin x+?+c

Xtanlx x? 1 2
(h) ———+gloge(x +1)+C

3 6
x=2-45|, 1 aABx+)
(b)\/ﬂtan [ Nid J+C

=245
(© loge‘x—2+\/x2—4x+1‘+C (d) log, (x+\/x +16)

5

(a) W 10




22 (a) Jf 0 area= [
34 :%-[12(% i’C)dx

! 2
b
2 : 3] %8 \3-x/|

0 1 PR

1

23 Area= '[lxe_x dx = [—xe_q0 - J.Ol—e_x dx

0
1
=4[] =-3-F+1=1-2 = 0264 units’
24 ; y i
1 1__ 1
1 1
- A B '
3 5/ 3 0 1 \2 3X
| o1 |
: :
1 =24 1
1 1
| X |
1 1
d_y_—sinx(1+cosx)—cosx(—sinx)_ —sinx
dx (1+cosx)? (1+cosx)?
Turning point where sinx = 0: (O, %)
A
1 T . _[? _cosx
A( 2’0)’ B(Z’O) -+ Area J:%l+cosx
1-¢
cosX 4 _ 1+£ o 2dt :J'(_H_ 2 )dt
1+cosx PEETA N 1+£
144
=2tan™ t—t=x—tan%
yd
2
" Area=|:x—tan£:| = 71— 2 units®
21z
) ) ) dy 1 )
25 Find the particular solution of%: >——+1, given that y =1
when x=0. X"+l
e (5]
2= +1: =j +1 |dx
dx  x?+1 4 X +1

=tan' x+x+C
x=0,y=1:1=C
y=tan ' x+x+1

d
26 F-=(2-y)(2+)
dx 1

=(—ln‘2—y’+ln|2+y|)+C

= 3log, 4~0.462 units’

2+
4x+C=1n—y+C
2-y
2"’)’ =e4x+C
2=y
Let A = £¢% 242 = pet>
2+ y=2Ae" — Aye™*
y(1+Ae4") (Ae“— )
2(Ae* -1)
r= 1+ Ae**
Z(A—ef‘”)
r= Ate™
2(A-1
y()=1:1= 2420
A+1=2A-2
A=3
2(3—e‘4")
y= 347

27 (@) Letu=a—xsox=a—uanddx=—du

x=0u=a. x=a,u=0

j:f(x)dx - —_[:f(a—u)du
= J.:f(a—u)du

=Jaf(a—x)dx
I= J' _xsinx
0 1+ cos® x
ZJ‘”(n—x)szm(n'—x)dx
0 l+cos”(mr—x)
:J"‘ (m—x)sinx dx

0 14 (—cosx)?

T msinx dx—J.” xsinx
0 1+cos’ x 0 1+ cos® x

2] = J’ _msinx
1+cosx

(b) Letu=cosx,du=—sinxdx. x=0,u=1. x=m,u=-1
T . -1
n’sm;c dx:ﬂj —duz
0 1+cos” x 1 14+u
o[t du
“114u?
— -1 !
—ﬂ'[tan ”],l
—gl E_(Z
‘”(4 (4)]
_r
2
2
_r
I= 4
CHAPTER 6
EXERCISE 6.1
d (1l 2 1 > 1
1 dx( ) 4+x, Ev —4x+2x +C
x=0 1:.C==,v P=8x+x"+1
: :»\/—
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2 d(l 2) 7-2x, Ly 27x-x*+C 16 %VZ kict=0v=0x=a

dx 2 x

x=0,v=0:C=0,v"=14x—-2x’, v=+14x-2x*,0<x <7 ok 1o _k_k_ka—x)

d(1.» 1 a’ 2 X a ax
3 ( ) 3-4x, ~v? =3x-2x>+C

dxl2 2 o 2Ka=x) | [Pk

x=1,v=0:C=-1,v*=6x—4x*—2 T oax ax

Atrest:—2(2x2—3x+1):0,(2x—1)(x—1):0,x=% 17 (a)%v2 ; e +Cx=0,v=1:C=0,v"=¢ >, v=te™

C x=0,v>0:v=¢"

d(l,2)__1; ____% dx _ —x dt _ x,_

dx( ) J_ v g% +C (b)_t_e gy —et=e+C

=0 v=2:C=2 v2=4_lx% t=0,x=0:C=-1,t=¢"—Lx=In(t+1)

b . bl 4

v=0:x=8m 18 (a);—x(é 2) 32x° +48x° +16x, %vz—Sx +16x° +8x% +C

6 %(%vz)ﬁosx,%vz =sinx+C x=-2,v=—8C=0,v*=16x" +32x° + 16x°,

V=167 + 2x + 1) = 16x°(x + 1)?

=0,v=0: C=0,v*=2sinx, v=+/2si
x v v S v s (b) v=44x(x+1); x=-2,v<0: v=—4x(x+ 1)

d (1 2) .2 1 d d
7 =sin’ x ==(1-cos2x), ax _ _ at __ 1 _ =J‘+
dx 2 A Ul v o Sl I prapm L
1 2 1 1 .
37 —E(x—551n2x)+c (c) loge(l—%)=0+C,t=O,x=—2:C=—10g62,
1
x=0,v=1:C=1 ’V —x—551n2x+1 4t—loge(1+ )+log62 log, 2 ( %),2(1+%)=e“,
dx 1.
s x—zsm2x+1 1+%=%e4t’x=e4:2_2
1 2
8 2v'=x'-x"+C 19 (a) ¥=2= %x% 8x X 4(x” +9) = 32x(x> +9)
x=0,v=2:C=2,V"=4+2x*—2x, v=v4+2x" —2x°,
> 0 from initial conditi (b) dx —4(x?+9), 41y 1, L 11X, e
v rom initial conditions ar ’dx X9 2713 3
1 2 1
9 Zv*=2x?-3x+C — Ll —1x
2 2 , , t= 0 x=0:C= 0 t lztan 3
x=1,v=-2:C=45,v" =x"—-6x+9 1
) x=3: t=—tan" 1= 2 seconds
x=0:v"=9,v=-3(v<0) 12 48
d*x —04 —04
10 (@) ¥= Z; (44 x*)x2x=2x" +8x 20 (a)?:80(0+0.4e ')=0.4x80e,
2
dr_ 1, _Llini X 8064 =80 — v, A% = 0.4(80— v) o< (80— v
(b) ax 4_ch,t f4+x dx 2tan 2+C i ( ) o< ( )
dx _ 04t _ 0.4t
t:o,x=—2;c:%,t:%tan*1§+%,tan*%:z(t—%), (0) gy =80(1—€ ), x=80(t +2.5¢ ) + C
. £=0,x=0,v=0: C=—-200, x = 80(¢ + 2.5¢ ") = 200
x=2tan2(f—§) t="5: x=80(5 + 2.5¢ %) — 200 = 227 m
.. _zn. ,—04t _ 80—60 _ _
t_z.x—Zm (c)v=60:¢ —T—0.25,t—2.510ge4
11 t=%x2+4x+C x=80(2.510ge4+2.5xl)—200=127m
£=0,x=0:C=0,t =+ x7 4 4x 21 x=0,5=3C=3 (1,2} ke 1
s : s 3 x=0,X= 3, Ix 2 +3, EV 2 +3x,
x=2:1=10 V=kx* +6x
(1 _ o 160 k= — 3 m 3%
12 t—Jx+4dx,t—ln(x+4)+C t &=0whenx=160: k=—1=5, v' =6x— {5
t=0,x=-3:C=0,t=In(x+4),x=¢—4 (8) x= 160, v = 3 X 160, v = 4J30 m s~
1
13 v=204-27 2.[(4 R T R (b) x=80: v =610 ms”"
t=0,x=0: C=—-1, =1 1 ,_ 32 EXERCISE 6.2
8 24-x) 8 8t+1 , o
1 x=6cos4tis of the form x = acos (nt + ¢): motion is simple
14 t=J'ﬁdx ﬁ+C harmonic about the origin, a =6, n=4; periodz%z%z%.
(3-x) Particle starts 6 cm to the right of O.
t=0,x=2:C=-1,t= ﬁ -1 X = —24sin4t, particle is initially at rest.
3t42 1 - R X =-96cos4t, 5&——16x initial acceleration is 96cms > towards O.
(a)xzt 1 (b) x = 5, X = 5 =-2(3-x) 2
X=-9x,n= = ,v— 4—-9x°, x ==sin3t,
+ (t+1) (t+1) 2 9 3,T= N 2 3 in3
15 @ x=x+0=x+3 2 )
a=7’vmax=
(b)t:jx}rsdlen(xw)w 3
t=0,x=-2:C=0,x=¢'-3 (b)5c'=—9x,n:3,T=2Tﬂ,v2=9(%—x2),a=@,
t=1l:x=e—-3 v :Zm
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3 s b s Sama, (L)< 5o )
V=Sl o) vt = W) Y e 2 )
"_Q [ __ﬂ’- =
x2(2x) 5x:SHM, n= \/—T\/_a
4 B
8 15
5 D. x—17(17sm4t+17cos4t)
15 11
:17sin(4t+(x)wheretan(x=?
x =17 X 4 cos(4t + or). Maximum velocityis 68.
6 B.x=6(6—x
( ) 12
7 A. x—13(—s1n2t+%c052t)—13sm(2t+0¢)
wheretana=%
x=13%x2cos(2t+ o). ¥ =—-52sin(2t+ o).
Maximum acceleration is 52.
8 (@) x=2,x=5. x=5,x=4.
v =n*(a® - x*)
25=n*(a*-4) [1]
16 =n?(a* - 25) 2] 13
25 a*-4
4 1]+[2
B [1]+(2]
2 ) 14
25a” -625=16a" - 64
9a* =561
2561
=7
561
3 15
9
2525
2B=nxEg 16
2_9
T
nzi 17
V21
Period :2—7[=27z'><@— 2721
n 3 3
_ R, &) ,_ St (X, T
9 x—5cos(2t 3),x 2sm(2t 3), 18
_ 5w’ [, _m\__7
X= 4 cos(zt 3= 4x SHM
(a)T=27t+%=4s (b) a=5m 19
1_ r,_m),_4
(C)2 cos(zt 3),t 3
__sm (2n_m\__573
X=="s (3 3)— 7 ms
2 2
__ " (_5\_5=m -2 20
(d) = 4><( 2)— g~ ms
10 (a) 142 =150450x =22 x2, % = 50— 25x = —25(x — 2):
2 2 21

SHM around x =2
() x=2m
(i) T = 2?” Vv =25(6 — x)(2 +x) = 25(16 — )
where y=2-xa=4m
(b) L2 —64—16x-8x2, ¥ =—16—16x =—16(x +1):

2

SHM around x =-1

(i)x——l

()T_ ,v—16(2 x)(4+x)=16(9 — y)

wherey:x+1;a:3m

()%v2—3+2x X, ¥=2-2x=-2(x—1):

SHM around x=1
()x=1
(i) T=2T’2f=n 2, =203 —x)(1 +x) =

wherey=1-xa=2m

2(4 -y

@v'=2B3-x)(5+x),x=-5,3

(b)%v2 —15-2x-x% ¥=-2-2x=-2(x+1)
©) x=-1,v"=32, v, =42

(@) x =—ansin (nt+¢)

t=0,x=0:£=0,x=acosnt

t=0,x=-5:-5=a,x=-5cosnt=5cos(mw—nt)

or x ZSSin(f’lt—%)
(b) t=0,x=0:0=acose

g:%; X =acos (nt+%), 9'c=—ansin(nt+£)

t=0,v<0,a>0: x=acos(nt+%)

_ _ d(l > .

=9(16 — x%), Ix ( v ) dx[ (16—x )] —9x:
SHM x = 4: ¥ = -36 ms ’, maximum speed = 12ms
d(1l 2\__ — _ _
dx(z )— 16x, v* = 16(25— x%), x = 5sin (4¢ — C)

where sinC = —%

. cosC = S,x 4sin 4t + 3 cos 4t

max displacement = 5 m, maximum speed = 20ms "
_ 2 _
(@t=0,x= 036—4’1 2,;14
x=asin4t, x = —4acos4t,—4=—4a,a=1: x =sin4t
(b)a=1m
_4 _
36 =n*(a* - 4), 16 = n*(d’ 9),16 a2_9,a—
period = &'s, amplitude = J13m
X = ancosnt — bnsinnt,

13, n=2

. 2 . 2 2 . 2
X =—an” sinnt —bn” cosnt = —n"(asinnt +bcosnt) = —-n"x

amplitude:m

x =n(acosnt —bsinnt), maximum speed = nv a* + b*
x=4—cos2t, x = 2sin 2¢,
X=4cos2t=4(4—x)=-4(x—4): SHM

(@ x=4m (b)n—2 T=rs (C)a=1m

>

n==L g=10v*=2

2 2
x:i(%vz)—; [32(100 x )} SE oy 5 =30

(100 X ) x=6:v=2mcms’

2
. . . -2
maximum acceleration when x=10: X, = 2T s

8
x =16cos2t —12sin 2¢,
X =-32sin2t —24cos2t = —4(8sin 2t + 6cos2t) = —4(x —10):
SHM aboutx=10,n=2,T=7ms,a=10m
1 2 1

(a)x=ut+5at,0.5=11u+5x121a,1=22u+121a
0=18u+%x324a,0=u+9a
LSt _ 81
.x—77 154° t=7,x=05t=9, x—154
T it 1. _
(b)yn= 6,x——sm? t=7, X=53 t=9,x=1
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22 a=2,n=2F = ﬁ(‘!—xz ), Vo = 2 s Occurs when —4:—4sm( )

3 9 3 ?
2 . Vi
X nax = 8792’- ms 2 sm(2t+§)=
2 - 13 5w =5 f=L T=12 n_n
3 (@ x 5cos6 (b) € (c)a=5, f B s 2t+3—2
ST By Vi3
24 =2(25-x%);x=0: speed:Sx/Ems_1 T
x=4:speed= 32 ms™ 12 x
25 v = 4(d ) Fms! Maximum speed first occurs after 7 seconds.
v =4(a"—x");a=4m, v =247 ms
: e 1
26 (a) f= £ Hz (vibrations per second) 34 (@) V3sin3t - cos3t = 2(75m3t —5cos3t
(o) n:\/g,a:wm = 2sin(3t — o) where tanOt:%
27 n=2,a=2.5, V2=4(625 xz)-x= 1.5:v=4ms, ¥=6ms > 3
28 a=10,n=%,x=10sin75 x=6:=1.02s =Zsin(3t—%)
29 64=n*a*-9),36=n"a"=16):a=5,n=2, T=mwseconds, R=2, « =%
Ko =20ms
30 (@)10.5m (b)a=15m (¢) T=14h (0) x = 4-+/3sin3t - cos3t
(d) n:%; ZZSin(3t—%)+4
=0(9am.):y=105-15=9m .
t=3.5(12:30 pm.): y =10.5— 1.5cos% -105m = 6C05(3t_ E)
=7(4pm.):y=105-1.5cos7=10.5+1.5=12m. P =—18§in(3t—%)
B )y— 10,10=10.5— 15cos—, 1 5cos”7t—05 cos%t—%,
= i _r
2 = 1231,5.052; =2743h, 11.257h = 9X25m(3t 6)
Between 9 a.m. + 2h45min = 11:45 a.m. =-9(x-4)
and 9 am. + 11h15min = 8:15 p.m. Since the acceleration is proportional to, but in the opposite
31 (a) 18°C direction to, the displacement from the centre of motion,
(b) t=0 (4a.m.), T=13: T=18 — 5cos0=13 X = 4, the particle is undergoing simple harmonic motion.
=12 (4pm.), T=23: T=18 - 5cos w= 18+ 5=23 (€) a =2, centre of motion is x = 4.
~. formula satisfies the given conditions. (d) Minimum displacement occurs when sin(St - %) =-1
(¢) (i) 10 a.m and 10 p.m. (from part (a))
mt 3-L 3%
(i) T=15:15=18— 5cos— 5cos——3 cos=—==0.6, 6 2
12° 12 12 107
5—09273 t=3h33min=at 7:33 a.m and 12:27 a.m. 3= 6
51
(i) T=21:21=18— 5cos % 12 5cos - 12 3, 9
co fzt —0. 6 == =2214,t=8h27min Minimum displacement occurs after 27 seconds.
=at 12:27 p.m. and 7:33 p.m. 35 (a) ¥x=-12x,i=-n*x=n’>=12
=3 2g=8 8 422 _3r
32 na—S,na—S.n-s,a—Sm,T—4s n=23: Period = 2% — 271'_7r\/§
n 23 3

33 (a)x=cos2t—\/§sin2t
: 7 (b) dd(; 2) “12x
=2( sin2tj *

ECOSZt_T

lv2=J —12xdx
=2(cos 2t cos & — sin 2¢ sin &¢) where tan @ = /3 2 -4
g2 1F
=2cos(2t+%) _[ 6x ]_4
x =—6x"+6x16
R=2, 0=~ 5
3 =6(16-x7)
(b)x= 2cos(2t+%) V= 12(16—x2)

%= —4sin(2t+§)

. . -1
Maximum speed is4 ms .
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38 (a) Period = 12.5 hours. 25 2”,71 an
n

(c) Let x = 4c0s(2«/§t+0{)

t=0,x=—-4: -4=4cosx
cosa=—1=a=nrm

X = 4cos(2«/§t+7r)
=—4C082\/§t

36 (a) x =4+cos’t

X =—2costsint
=—sin2t
X =-2cos2t
=—2(2coszt—1)
=—4cos’t+2
=—4(x—4)+2
=18-4x
(b) ¥=18—-4x
=—4(x—4.5)
This is of the form ¥ = —n® (x — k) so represents SHM

about x = 4.5.

(c) Centre is x = 4.5, n* = 4 so n = 2. Period = 27” =7

Since —2cos 2t = 18 — 4x, x = 4.5 — 0.5¢c0s 2t, so amplitude = 0.5.

37 (@x= 1+2cos(2t—%)

N

X = —4sin(2t——)

X= —8cos(2t—£)

'S

'S

But 2cos(2t %) x—1

X=—4(x—-1)

(b) Centre of motion is x = 1

R

):1

Maximum speed when sin(2t -

2t —==

a9
S

2= T

'S

t= 3z seconds

co

(c)a=2

At rest when sin(2t— %) =0

2t—==0

N

2t =

t= % seconds

25
The depth halfway between low tide and high tide = ST =
2 m. amplitude =
Halfway between 1 and5is3.c=3
4mt
x =2cos 25 +3
Check that this fits the given information that low tide is at

t=0:x=2cos 0+ 3 =2+ 3 =5. This is high tide.

4mt

Hence anda=-2
xX=3-2c0s—=— 25

(b) Low tide is at 2 a.m. so the first high tide is at
2+6.25h=8.15am.

(c)x=3- 2cosﬂ

25

. _8mt . 4mt
X =T sin—r
._ 327  Amt
=625 725

4t
X =0 when cos—— 25 =0

ant _n

25 2

t=%=3% hours after low tide

The second low tide is at 3:30 p.m. (3 + 12.5 h)
Now % X 60=7.5,s0 3% hours is 3 h 7.5 min.

The depth is increasing fastest at
3:30+3h 7.5 min = 6:37:30 p.m.

EXERCISE 6.3
1 (a) x=—-24sin4t, ¥ =-96cos4t (b)x=9 (c)-3<x<9
_
(@) t=Z
2D
3 (@ *
5
3
1
| |
O¢ z 2zt
T 3¢
(b) x =2sin2t:t=0, 2,7r, 7 ,2m
(c) (i) ¥ = 4cos2t (i) X=4(4—x)
4 g=2sint,v=3—-2cost,x=1+3t—2sint
5 (@ «x (b)fcz‘%[cos%t:
ST t=1, 3 seconds
|
(0] 2 n t
51
2 2
©) 5”;/5 ems” (d) () x:—%sin%t (i) %= - 2%
6 (a) x=1+2sint,¥=2cost (b)t=0,x=0:x=1%=2
7 (a) x(0)=0, x(0)=2,%(0)=-2
(b) *
2
14
I I I I I
(0] 2 4 t
(©) 1=2-2¢",2¢"'=1,t=log,2
8 (@ *
4
2 -
I |
o 4 ot
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10

(b)x—;4c052t X = Oatt—% 37” STH 77”
= = , 4
t= 1 x=0;t= 4 xX=

.. particle oscillates between x =0 and x = 4.

() ¢t=%, 3% 57 In

=2 SR TR (d) () % =8sin2t (i) & = 4(2—x)

2
(@t=2v= J adt is largest value of v
0

4
(b) t=4;v:J. adt=0

0
(c) t=4: x is maximum when v=0and a <0
(@)t=2 (b) t=4; when the area below the t-axis equals the

area above the axis, the displacement is zero: x = j dx =dt =

(c) dx
| 1,2
2_.. _—
ol Tk
24
(3,-2) (5,-2)
11 distancez%(0+2(4.6+5.7+8+9.9+12.7)+18.2)=50m
12 () distance = 2(0+2x1+4)=6 (5)2 (0)¢>5
(d) When the area under the curve to the right of D has a
magnitude of 6, at time ¢ ;:
J dxdt—04 —6)=6,t,=7.5,s0whent=7.5
g__
6 4
4
24+
I I I I
0 2 4 6 !
44
13 (@)30m (b)35m (c)45m 14D
EXERCISE 6.4
3
1 C 2 x=%+%+t+2
3 (a)F=(4t-12)N (b) +4N
4 (@Q)F=20-t (b) 20ms™ (c)5s
(d)20ms™ (e)716%m (f)lS%—?ms !
5 F=10x-30 6 D 7 25ms’
8 (@)x=3-3cost+2t (b)v=4
(c) t=1log,2
/ a2 2
9 (a)vziw (b)x=3or%
10 log,2m
v _ R 1 2 ,[1 a—x
1 [Tvav=-k[ 2 ax Jv = k[ 1] =422
.. Speed = 2k(a=x)
ax
12 (a) The displacement x in the direction away from O is positive,

so acceleration towards O is negative.

0 v o il -}

c. V = Zk(y—%)

New Senior Mathematics Extension 2 for Year 12

(c)x=bcos’ @ .. dx= —2b cosBsin OdO

J."bfx dx = —ZbJ.cos2 0do = —b(9+%sin29)+ c [1]

Asx=bcos’0 .. cos’0= %, c0s20 = ZXT_b
2

Hence sin26 = Zb% [2]

and 6 = lcos_1 (fob—b) (3]

Substltute [2] and [3] into [1] to complete the proof.

4, 1[ b—x (moving towards O)

__|b x

Iodt— ‘lzk L _xdx,

_ b | b af2x=b)_ [ >
t= Zk[ 5 €os ( b ) bx x}

which produces the required result.

0

b

13 vadv -k F(x+ a*x)dx
0 a

which produces the required result.

14 12:47 p.m.
22,2 2 2_ 2,2 2
15 (@v, =n"(a"—x) [1] and v, =n"(a"-x,) [2]
2
v
From [1]: az=x12+—12
n

2
. . 2 2l 2. Y 2
Substitute into [2]: v, =n [xl +—4—x]

n
v:i—y?
2_ 2,2 2 2 _ V.Y
v, =n"(x"—x,))+v, n= [5—
X —x
1 2
X, —x
T=2m |5
v —v
2 2 2
ol a —X% 2
o)1+ 2): L =L, a* (v} —v))=vlx] —v)x
v —-x
2 2
VZXZ—VZXZ
— 1772 2771
.a= T3
Vl V2
2r 27
16 (a) ===5T ==
@ = =T

The displacements of the particles are given by:

X = acos(ﬁt+a)

For particle 1, x=awhent=0 .. a=0: X, —acos%
For particle 2, x=awhent=T .. a= acos(ST T+ oc)
. _ 2. _ 2r(t—T)
Le or=—" X, =acos T
. o 2r(t=T) _ 2m;t
Particles meet at x, = x,: cos “ep = CosTr
2n(t—T) L 2mt
ep = + i +2km
Fork=0:t= %, which is before particle 2 is in motion.
For k=1:t=3T, i.e. 2T after particle 2 starts to move.
b4
(b) acos 5

17 () For particle 1: x, =v,tcoso and y, = v tsino, — fgt
For particle 2: x,=v,tcos o, and y, =v,tsincr, — Egt
They hit the pole at the same time, so x,=x,att=T:
sovcosay T=v,cosa, T
T(v,cos ot — v,cos @) = 0
As T#0:v cosa, =v,cos 0,



(b) For particle 2: y, = v,tsine, — —gt

When y = 0: t(v2 sinc, —Egt =

2v, sino.
So it hits the pole when: t = —2——2

(c) Distance from O to base of pole:

2v,sina,
OB =v, cosa; X —z
Let height of pole be . As tana = h

OB’
2vv, cose, sina, tan o

g
For particle 1: y, = v tsine, — fgt and y =h

2v_ sin
when t = —2—-2
g .

Hence: 2v,v, cosq, sina, tan o

b4

2v, sina 2v sina, \’

=y, sina, x —2 z—gx( 2 ZJ
14 2 g

Multiply both sides by 2v, sina,

VICOSQItanOCZV SlIlOC -V, SanC

v

ut v rom par
Cos (X p

v, €OS 0(1 Sin 0(2

v, cosqy tan = v, singy; —
cosa,

Divide by v, cos @, to obtain the required result.
18 (a) Ais (utcosar, utsina — %gtz), Bis

u’ 2u° . 2
?SinZ(x, =——sin” o — ut sino

g
utsino—1gt*  2usina—
(b) Gradient OA = 28t _ gt
utcoso 2ucosO
2
%Sinz o —utsing
GradientOB= %~ — "~

2
2.
?sm20(

_ 21 sin’ o —gutsino

' sin20
_ 2usin® o — gtsina  2usino — gt
2usino coso 2ucosa
Gradient OA = Gradient OB .. O, A and B are in a straight
line.
19 (a) At time ¢ during flight, let the slower stone be at C and the
faster stone at D where C'is (ut cosar, ut sino — %gﬁ) and D

is (vtcosoc, vtsina—%gtz):

vtsing — 1 gt’ —(utsina— %gtz)
VECOSOl — Ut coso

_ (v—u)tsino _

Gradient CD =

T (v—u)tcosa tanor
which is independent of ¢.
(b) In triangle PQZ: tanox = % s PZ=hcota
_ 2usinx

(c) Slower stone hits ground at P when ¢ . At that

time, faster stone has:
y=—gt+vsino = 2usina+vsino = (—2u+v)sina
and x=vcosa
—2u+v)sino
So, at Q: tan(-f3) = (Fu+v)sina vcos)a
o —vtan f=—-2utan ¢+ vtan
2utan o= v(tan o + tan )

2utano. Let t = tan%:

_ 2t : . _ Vs 2
t)—Zu(l_tz) which gives u = 4(3 ).

A= ,v(tana+tan02!)
2t

v+
(1—t2

0(>0,sot2>0:

3-£<3

Hence: u < %v

20 (a) (Vtcosa, Vtsina — %gtz)

_ Vtsina—1gt’ 2Vsino—gt
(b) tan® = Vicosae ~  2Vcosa
o 2Vcos o tan0=2Vsin o — gt
gt=2Vsinoe—2Vcosatanf [1]
AtB: x=Vcoso and y=-—gt+Vsina
Vsino — gt
- tanf= Vcosag
gt=Vsino— Vcosatanf§ [2]
Equate [1] and [2]:
2Vsina—2Vcos octan 0= Vsin ot — Vcos o tan 3
Divide by Vcos o to obtain the required result.

21 (a) (Vtcosa, Vtsino — %gtz)

, Veosatan B= Vsina — gt

(b) x=Vcosa and y=—gt + Vsinx
(c) The particle lands at an angle of 60° below the horizontal,

O)==2: - gL+ Vsina
o fan(-60% V3= Vceosa ’
gt:VSinUl'*‘\/_Vcosa (1]
Time of flight: ¢, %\/Ecom)

(d) Let P be the point on the horizontal plane through O such
that P is vertically below Q. Then:
~Lot’ + Vtsino
Vtcosa

243

Lgt= 2Vsina—TVcosa [2]
Equate [1] and [2]:

243

tan30° =

2Vsin(x—TVcosOt:Vsina+«/§Vcosa,
tan(x:#
(e) In triangle OPQ:
__op _ 2
Q_c0330°_\/§xvcosaXtF
V(sino ++/3 cosx
_ 2 yeosqx VsnatV3eosa)
NG g
Nowtana—S\/— so: sinQ = 5\/5 andcos0(=i
2421 2421

Substitute these values into [3] to obtain the required result.

EXERCISE 6.5
oty s
2 (a) ¥=—kv, vgv kv,— —k, j dv——kJ. dx,
V_Us=—kd - V=U-kd
() Gr= ko, = [Jar=—g [ 2,
T:—%loge%, %zeikT s U= VekT

U

(c) From part (a): k=
result.

3 B

; V, substitute into part (b) to obtain
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() v
M .
k
(0] t
mg o _mye 4 g Mgl 4
(c) Terminal velocity is —= LAl log, 3 (d) e (10ge 377
5 (a) Resistance force (b) 49ms (c) %
e 1.2 g L g
6 (a) x=g—kv (b) 3 (c) 2kloge(g kvzj
1 4 1
(d) 57 log, (3) (e ﬁloge 3
7 (a)i=g—kv (b)v=%(1—e’k’) ©%
(d)49(1 —e¢ ™) ms™ (e) 5log,2 seconds

8
©) 5410g(e” —1) s

8 (a) v’ =250g(1 — ™) 5

9 (@) 08D o () 8le Z20+1%) o ©) £ ms
2e
g+40 10, 1 10
10 (a)Sloge( r )m (b) g tan (2 g) S

u, & g 1 +ku .
11 (a)E+k—zloge(g+ku) (b)Eloge(gg ) (©) X=g—kv

dv dv_g—kv
(d)xgkvvd—g k’dx o

_[Ohdxzjo g_kvdv,h=j0 (—%+%xg_lkvjdv,

h:l:—ﬁ—k—loge(g kv)}

u, 8, g \__ V. & g
g+l ge(g+ku)_ k+k2logf(g—kV)

the result follows.
m ku® _ u
12 (a) ﬁloge (1+m—g) (b)V—W
1+ 58
mg
( )1+kLg >1as k, m, gall positive .. V<u

13 zjg{Ztan( \/?j loge[f-'_Xﬁ]]

14 (a) Take tan(...) of both sides to obtain the result.
dv

2y dx 1

(b)Va —(V+V) —(1+V ),E— 1+1/2’

J dx =-— dvz’ x=—[tan71v]g

0 Ql+v Q

_ 1Ay -l _ -1 -V

x=tan Q-tan v, x =tan [1 n Qv}

dv 3y dt 1 ! Vo dy
C) 4 =—(v+v'), 57— =— > t=—| —»
()dt (v+v7) dv v+ -[0 Qv+v’

t:_J' (l_
oV 14w

New Senior Mathematics Extension 2 for Year 12

)dv (using partial fractions)

v 2 2
log (1+v ) ) tzllog Q2 (1+v2)
o 277 (1+Q%)
2 Q’ 1
Vo= e)v—0,x—> tan
(1+Q)-Q © ¢
15 (a) Take O as point of projection, take upwards motion as
positive. Gravity and resistance both act downwards
mx=—(mg+0.1v)
Butm=1,s0: ¥=—(g+0.1v)

(0) ¥=—(g +0.1v), V% = (10§o+ 2 Z_)vc = 101g01/r v
,[ :Olol‘c,?ivd"’h: J;(lo_ I(I)ZOEVJW
h=[10v-100g log, (10g+v)]
h=10V, +100g log, (10;075\/0)

(©) i==(g+01v), & i _10§0+v) JOTI dt = - jo 10;0+v dv

= 10[10ge(10g + V)]:O, T, =10log, (mfo—;vo)

(d) Take O as maximum height, take downwards motion as
positive. Gravity acts downwards, resistance acts upwards
somi =mg—0.1v
Butm=1,s0: X=g—0.1v

dv 10g—v T
(€) ¥=g—0.1v, 7r =" ’Jo

_ (" _10
_J.o 10g—vdv

B v, _ 10g
L= —IO[IOge(IOg _V)]OF’ T, =10log, (IOg— VFJ

dv _10g—v dx _ 10v
dx” 10 dv 10g—v

J.ohd _J.OVFIOIOt dv, h= .[ ( lézoigvjdv

h= [—101/ —100g log, (10g — v)]:F

() ¥=g—-0.1v,v=

h=-10V, +100g log, (10;%)
F

(9) Equate results of parts (b) and (f):

10
10V, +100g log, (log%j
0

10
=—10V, +100g log, (mgi—gv)

10g+V)

V, +V, —10gloge( %

Total time T=T, + T,

10g+V,
=10 lOge( igog 0)4—10 10ge (:l();Oi—gV)
F

10g+V, V +V
—1010ge( g jz b __f
0g-V, 8
16 (a) For 0 < ¢ < 10: 200005 = —(40000 + 4v7)

5000)
For ¢ > 10: 20000% = —(40000 + 4v> +18000 — 300v)

e
29+ 5600 ~ 200

i=f2s

(b) 35.4ms™"



J

354

0

354
V2 —75v +14500 EL v? —75v +14500

(c)473.6m  (d)23.0s  (e)708.3m
(f) j35.4 d‘V _ I 354 dV
o v —75v+14500 Jo v —75v+1406.25+13093.75

_ J~35.4 dV
“do (v-37.57 +(114.4279)

1 fgr (=375
114.4279 (114.4279) |

=0.00260721 (to 6 sig. figs)
2v=75

vdv

+72 5000260721

1 ) 354
= 5[log, (v’ = 75v+14500)] " + 5

=0.0469319 (to 6 sig. figs)

EXERCISE 6.6

1

4

t=0,%=45x=0,y=0, 7 =0.t= 10, y = 100.

(@) x=45t:t=10,x =450 m
The package hits the ground 450 m relative to the point from
where it was dropped.

(b) Taking downwards as positive, travels 100 metres in
10 seconds so y =10.
x=45, =10,V =
6=12.5°.
Hits the ground with a velocity of 46.1 ms ™" at an angle of
12.5° to the horizontal (77.5° to the vertical).

u=7i+24j

a)|ul =7 +24? =25 ms™. o= tan” 21 = 73.7°
)t 2——490s

C) Horlzontal distance =

452 +10> =461 ms . tan O =
45

7X240 _ 240
9 - =343 m

d) Greatest height when t =2.45 s
Greatest height = 24 x 2.45 — 49 x 2.45* =29.4 m

(e) Find when veu =0: (7i+(24—9.8t)2)0(71'+242):

—_~ =~ =
O

49+576—-235.2t=0

_ 625
t——235.2 2.7 s

Yes, when t = 2.7 seconds.
t=0,x=0,y=1,V=30ms ", o= 60°.
(a) Horizontal distance travelled = 15 X 5.34 = 80.1 m
(b) Maximum height = 35.4 m

(0) y =B~ 222
y

2250
35+
30 +
25 +
20 +
15+
10 +
51
A S S W W !
% 10 2 30 40 ';o';'o' 70 80 %

Ground level is when y = —

Horizontal distance travelled 5(9)0 L_ 27.8 m

] |

+EJ-35.4 dV
2Jo y?—75y 414500

=4980=313ms!

v(t)=c—gtj
v(0)=19.6cosri+19.6sincr j

v(t)=19.6cosri +(19.6sincx — gt) j
Greatest height when 19.6sin oc— gt =0

_19.6sinex _ , .
t_79.8 =2sino

r(t)= 19.6cosat1’+(19.6sinat—%gt2)j+c~l
r(0)=0:d=0
r(t)=19.6cosati +(19 651n0£t——gt )]

Hits ground when 19.6sin ort — 5 gt*=0

t(19.6sinor —4.9t)=0
19.6sino
49
Hence reaches maximum height halfway through the flight.
(b) t = 4sin o, x = 19.6¢c0s o t.
Range =19.6cosor X 4sinar = 39.2 X 2sin cosa = 39.2sin2 ¢
Range is greatest when sin 20t =1 or o = 45°
Maximum range = 39.2 m
(@ a=-g

v(t)=c—gtj

t=0, t= =4sino

v(0)=ucosai+usinaj
v(t)=ucosai+(usino — gt)j

r(t)= ucosati+(usinat—%gt2)j+cj
r(0)=0:d=0

r(t)= ucosati+(usinat—%gt2)j

X=UCOS 0t SO t =
ucosa

yzusinoct—%gt2

2
. X X
=usino X -=g (
ucosa 2 ucoso
gx’
2u* cos* o
2
2
5sec” o

=xtano —

=xtano —
u

2
(b)y=0:xtana—&zsec2a=0

2u
X
x(tan(}c—g—zsec2 a): 0
2u
2 2 2
x=0,x= 208G _ U ) Gh gcosq = L2
gsecca & g
Rangezm
g
() Greatest height when u sin ot — gt =0
usino

t=

g
Height is given by y = usinort — —gt
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. . 2
Greatest height =y sin o x usmor % ( usmo )
g

_ Wsin®a  ulsin’ o
8 2g
_ u’ sin® o
28
(d) Range = uzsiTnZa and is a maximum when sin 2o = 1.
Hence o = 45°.
u*sin90° _ u’
g ¢
V cosO =6u, Vsinf = 5714
(a) Time taken to travel from O to P is U seconds.
30u° £
4

Maximum range =

(b) Range is

_13u
() v= >

(d) The minimum speed vertically will be zero when it reaches

its highest point. At this time, t = g—z, the horizontal speed
is 6u.

Hence minimum speed = 36u” +0 = 6u.

9 Ballis 42.4 m above the ground.

11

12
13

300

() r=20ti +2¢7 j+(15¢=5t )k (b)18m () t= 535 =129
(d) £=1.29: v=116X1.29° 300X 1.29+ 625 = 20.8 ms™"
(@)t="L~06s
9.8 (g+ku)
_ Uy —kt g+ uy —k gt
O)x =T (1=e). y =25 1) - S
_04’)=10(1—e_0'4t)

() k=04 x=gr(1-
6

(98+04X )(1 604t) &

4—7625(1 04‘) 24.5¢

0.4°
(i) k=0.2: x—042(1 0 )=20(1-)
9.8+0.2%x6 9.8t
_(98+02x6) > )(1—e*°'2f) oz = 2751 ) - 40t
(c) 7 (d) The greater the value of
25 k, the lower the greatest
24 height and the shorter
— the range. The graphs
ARG imi
o are very similar over the
1T R first second.
] OO
03 o)
% 1 2 3 4 5 7

Hits the ground after 4.6 seconds.

B 10+ kusin@
) p 0 hind)
10+ kusin@
(1o+iasna)
(10+IZ:Sin9)><ke'kt—Q
(10+kusin@)e™ 19

k k

:@( —e_kt)—%

@) y= et ) I

)’;:
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(10+ku sinG)e_k’ 10

y= 0: —k —? =0
(10+kusin6)e_k’ =10
ek = 10
10+ kusin@

_ 10
—kt _log“(10+kusin9j

t—ll 10+ kusin@
Tk o8 10 s

(b) Greatest height is % 10,5 (w) m

k2 10
(€)k=04,t=0,x=0,y=20,u=30ms ', 8= 30°
_ucosb —kt
=5 (=),

10+ kusin@ _ 10
( 7 )(l—e kt)_Tt
30cos30°(

o4 e ) =37.53(1-

(10+0 4X 3051n30°)(
0.4

e )25t

)}:

04t)

—0.4t 10t
—e")-0a

=100(1—

Greatest height when t = —log 10

1 (10+0.4><3OSin30°)
04 °°¢

=2.5log, 1.6

Greatest height is 20 + M(l - Q) _

0.4 16
=20+1125 _62510g,1.6=258 m

32
75J§(1 _ 10)
2 16

10
?loge (16)

225J_

16

75f(16)

(d)t=25log,1.6: x = >

=244 m
14 (a) t=5log,14=1.7s
(b) y= 350(1—%)—50x510g6 1.4=100-250log, 1.4 ~159 m
@ 7

20 +
15 +

10+ t=3.58

54
| | | |

Ol s 10 15 20 25 *

(i) t = 3.6: y = 350(1— "¢ ) = 50x 3.6 = —0.36 = 0
(d) x=50(1-¢>**)=50(1-¢ ") =257 m

EXERCISE 6.7

1 9=45°, V=102, k=0.01, Vcos 8= 10, Vsin 8= 10
2
Trajectory: y = x — x

20
_ 10 001t _ __-o01t
(b) x =g g (1=¢ ") =1000(1-¢"),
_10+0.1¢;  —oo1r)_ 10t
0012 (1-e ) 0.01
—1_g0ou oot g X _1000—x

1000 ? 1000 1000 °

—0.0lt=loge( ), t=10010ge(1010%0_0x)

1000 )
1000 — x

(a) x=10t, y =10t - 5¢*

= 101000(1 e“”’“) 1000t

1000 —x
1000

Trajectory is y =101x —1000001og, (



o cos(\/ﬁt)+\/ﬁsin(\/ﬁt)‘=0
cos(\/Q_lt)+\/OTSin(\/ﬁt)‘ t=174s

x= 2ologe(%)= 12.5m
(d) 7 = 0: V10 - 10tan (0.1t ) = 0

(c)x=ﬁloge(l+%)=loologe(lo+t) (e) y=0: 20log,

y =100log,

y
£=097s ®)
54
y =100log, |cos(0.3063) + +/0.1 sin(0.3063)| =477m YAREN
() y=0:100log, cos(\/O.lt)+\/O.ISin(\/O.lt)’ -0 i [oe, \
L] \
t=194s : . g
\
x =100log, (M) -177m 34 i |
10 . .
\
f) 7 24 . \
5 = \‘
(e \\\ \
. L \\ L o \\
\
4+ . \\ \
A\ * \\
* e —————
3+ A O 2 4 6 8 10 12 14 16 18 20 22 ~
L]
\
) part (a) — solid line
2T 0 part (b) — dashed line
) part (c) — dotted line
o \
LT ) (9) solid line, 5 m; dashed line, 4.8 m; dotted line, 4.1 m
) (h) 20 m, 18.6 m, 12.5 m
S S S S T SR S (i) The three trajectories are similar to begin with. The greater
Ol 5 4 6 8 10 12 14 16 18 20 22 * the air resistance, the sooner the path drops away, and the
steeper the descent.
part (a) — solid line 3 (a) Same as Q1(a)
part (b) — dashed line (b) k=0.1
part (c) — dotted line 10 Soar\ —oit
x—m(l—e )=100(1-¢"),

(9) solid line, 5 m; dashed line, 5 m; dotted line, 4.8 m y= 10 +21 (1 _eou )_ % - 1100(1 o )_ 100¢

() 20 m, 19.9m, 17.8 m 0.01 -

(i) The trajectories with no air resistance and the air resistance x o1t —our x  100—x
proportional to the velocity are very similar. With the air Too=t"¢ ¢ =l=700= 100 °
resistance proportional to the square of the velocity, the . o
trajectory is similar until just before the greatest height, which —0.1t =log, ( 1 06 X ), t=10log, ( 100 —x )

is less, and then falls away faster to give a smaller range.

2 (a) Same as Q1(a) Traiectory is v = 11x — 100010 ( 100 )
(b) k= 0.05 jectoryls y 8e\100—x
_ 10 —0.05¢\ _ —0.05¢ _1 _
x—m(l—e )_200(1—e ) () x O.lloge(1+t) 10log, (1+1)
_10+05(, oost)_ 10t _ 005t y =10log, |cos(t) +sin(¢ )|
=15 (1 )= G035 =105 400(1-¢ ) |
200t = 4200(1—670'0&)—2001’ (d) y=0:10-—10tant =0
t=079s
X _q_ 005t 005t ZI_LZZOO—X - -
200 ’ 200 200 ° y =10log, cos + sinz =347m
- = 200—x) , _ 200 e) y=0:10log, |cost + sint| =0
0.05¢ 10ge( o ),t 2010ge(200_x) ©y g |
t=157s
Trajectory is y = 21x —40001og, (%) x =10log, (1+¢)=10log, 2.57 = 9.44m
1 t 2+t
(C) X = mloge (1 + E) = 2010ge (T)
y = 20log, |cos(V0.5¢) + V0.5 sin(V05¢

(d) = 0:5v2 ~10tan(V0.5¢) = 0
t=087s
c0s(0.6155) + /0.5 5in(0.6155)| = 4.05m

y =20log,
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4 N
72 N
4 \
4 4+ \
\
\
LY \
i . \
3+ . t
\
o \
\
\
2+ e \

4 6 8 10 12 14 16 18 20 22

X

part (a) — solid line
part (b) — dashed line
part (c) — dotted line

(9) solid line, 5 m; dashed line, 4.7 m; dotted line, 3.5 m

(h)20m, 17.6m, 9.5m

(i) The three trajectories are similar to begin with. The greater
the air resistance, the sooner the path drops away, and the
steeper the descent.
As k increases, the greater effect of air resistance reduces
the greatest height and the range. When the air resistance
is proportional to the square of the velocity, the descent
becomes steeper.

4 0=30° V=12, k=0.02, Vcos 8= 63, Vsin 6= 6.

a) x = 6/3t, y = 6t — 5¢°

Traject _Q_&
ra)ecjjy is y 108
6 o002t _ ~0.02t
(b) x= 002( )_300J§(1—e ):
_10+0.12 ¢, -o02¢)_ 10t _ _ 002t _
=g (1 )= 0,05 = 25300(1 ¢ ") 5001
X oot 002 _q_ X :300x/§—x
3004/3 ’ 30083 30043
30043 —x
—0.02t =log, | 222X |
g[ 30043 )
t=5010ge(mj
300/3 —x
25150x 1504/3
Trajectory is y = —500x50log
Jectory 8V =1 5043 ( 50~/3 — x)
_5034/3x _ ZSOOOloge( 1503 )
9 1504/3 — x
33t
(c) x = 50log, 1+%

y =50log, cos(\/_t)+ism(\/_t)
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@ 7
21
..\
[ ]
N
.\\
A\
14 .\
A\
A\
A\
L\
A\
|\
1 1 1 1 1 1 1
T T T T T T T X
Oy 2 4 6 8 10 12 14

part (a) — solid line
part (b) — dashed line
part (c) — dotted line

(e) solid line, 1.8 m; dashed line, 1.8 m; dotted line, 1.7 m

() 12.5m, 12.3 m, 10.9 m

(9) The three trajectories are similar during the upward motion.
The greater the air resistance, the sooner the path drops
away, and the steeper the descent.

5 6=60%t=0,x=0,y=2.V=10,k=0.005, Vcos =5,

Vsin 0 = 5«/5
(@) x = 5t, y = 2+ 53t - 5¢>
Trajectory is y = 3x—5x

_ 5 0005t _ 0,005t
(b)x—m(l—e )=1000(1-¢"*),

y=2+10+0.025\/§(1_efo,005t)_ 10t

0.0052 0.005
=2+40000(10+0.025+/3 ) (1- ™" ) - 2000¢
X _q_ 0005t 0005t _ ~x__1000—x
000 17¢ ¢ 1=7000 = 1000 °

—log (1000-x)  _ 1000
0.005t—10ge( 1000 )’t_ZOOlOgE(IOOO—x)
Trajectory is
N _ 1000
y=2+40(10+0.025v3 ) x 2000><20010ge(—1000_x)
B B 1000
=2+40(10+0.0253 )x 40000010ge(—1000_x)

(c) x = 200log, (1 +0.025¢)

Ji5

¥ = 2+ 200log, | cos( 0.05t)+Wsin( 0.05¢)

@ 7




(e) The greatest height in each case is about 5.7 m (5.75 m in

graph (a)).

(f) The range for graphs (a) and (b) is 9.7 m, the range for graph

(c)is 9.4 m.

(9) When the resistance is small, the results from the three cases

are very similar.
CHAPTER REVIEW 6
d(l > 12 12
1 dx(2v ) xX+6,>v 7% +6x+C

t:0,v=0,x=2:c2=—14,v2:x2+12x—28
x=3:v=A17
2 (a)%(%v2)=x3+x,%v2 =ix4+%x2+c
x=2,v=522:C=i, vzz%(x4+2x2+
v=i%(x2+l)

(b) dx x +1 dt _ \/—

1),

\/_ pr e ct=V2tan'x+C
x2

t=0,x=2:C=—x/—tan 2

t=+2tan" x—~/2tan"' 2

T =tan'x—tan' 2

Ny A

ot 1 -l Xx—2
tan(ﬁj—tan(tan x —tan 2)—1+2x

2+tan(f)
C1- 2tan(k)
3 (a );x(l"z) —”zx’%vzz—%n2x2+C
x=a,v=0:C= éazxz,%vz :%azxz—%nzxz,

V=n*a* - %)

b) x=0: v’ =n’a’, v=na
(b)
() x=-a:i=n’a

an

(d)t=0,x=0,x=asinnt,5c=zmcosnt,x:T:
%zancosn,cosnt=i,nt=cosil(i),t=
4 (@) t=0,x=—a;a=16,T=5;
n—z?” x—16sn(2ﬂt—%)
(b) x=-8: —8—1651n(2m %) (2ﬂ't E)——l
2m_ W __ W O2W_T 5

5 27 675 3 6
5 (a) x =2cos2t +2+/3sin2t,

= 16c05(2gt n’)

¥ =—4sin2t +4+/3 cos2t = —4(sin2t—«/§cos2t)

=—4(x-3)
b)yn=2,T=rs

(c) % = 2(cos2t ++/3sin2t) = 4(%c052t+§
= _T
—4cos(2t 3)

. _ _T\_ _m\_1
(d)x—2,4cos(2t 3) 2, cos(2t 3)— >
51

T__nT T oo,
H=F="3 33

_n 27 T
2t =0, 3 ,2T t—0,3,7rs

sin2tj

PN

ry__1
=-2 4cos(2t )— 2,cos(2t 3)— 2
m_2m 4n_,,__ 5% ,_7z 5m
2t 3 3> S’Zt_”’S’t_Z’GS
_ & &5
Hence t =0, 326" , TS
6 @0 (b)a=18=2L
(9+t2)
() t=3 (d)t=3,v:%m§1
32tdt
(e) x= orl =log, 18 —log, 9 =log, 2
0
7 (a)12s (b) 432 m from O

(c) Particle moves right (i.e. in the positive direction) from O,
slowing until momentarily at rest after 125, then moves left
with increasing speed.

b) 5v/6 ms™

(b)v=3¢'-3

(a) F=—1.6x + 50
(@) x=3t—2sint+1

10 (a) T

© ©

120 N

(b) The waterskier is moving with constant speed in a straight

line. By Newton’s first law of motion, either there is no force

or the resultant of all forces is zero.
(c) T=1094.6, = 81°
11 (a) Take O as the centre of the moon.
Take motion away from O as positive.

s=-%
X

g

Butwhenx=R, ¥ =—-2

(on the surface, acceleration due to gravity is — %):

g__ k gR*
6 k= 6 .
el SR v gR
Substitute 1nt0[1]. =T ex VT g X
2
v __gR X, [l 2:| gR RRE:
J.VOvdv— “6 ). dx, 7V VO——6 [ ]
2 2
2 2 gR(1 1\ 2 . gR(1 1
e R

(b)v=0whenx=2R:O—v +£(——l)

3 \2R R
R 1 _gR . _ [
%=3 %= =\
(c) If the particle escapes: x — oo .-, % -0
The equation from part (a) gives:
2
2 2, &R 1 2 > &R
14 —)Vo +T( —i), 14 —)VO —T
R
But v’ > 0 hence VO > g3

. ng, o ng
ie.vy 2 =3 - escape velocity is 5
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12 B
13 (a) x=Vtcosa, y = Vtsino — % gt’, particle hits ground at

2Vsina  _ V’sin2a
» X =
4 4 V2
Maximum value of sin2ar=1 .. maximum range = e

y=0:t=

_V?sin30° _ V?

b) a=15° R =
(b) 2 23
o=60%: = ¥ sin120° _V3V?
g 2¢g
2 . ° 2
o= 45% R = V7 sin90° _V~
4 g
e 3 V? V>
- spray lands within distances of Z— and —
2g 8
(0 A B
2 2
oB=Y" 0E=Y" EF=3,FB=3:
g 2g
2\2 2 2
({5
g 2¢g
_ VZ. 2 2, a2
LetA—ﬁ.(ZA) =(A+3)+3
A2—2A—6:0,A:%:Iiﬁ
V2 V? Nz
= — iti >
But A 2g,mustbe positive .- 23 >1+47

14 (a) mX =mg—2v,05%=05¢—-2v, ¥ =g—4v
() v=501-¢)

1
(d) Zloge 2s

199¢
(€) ¢ m

15 (a)r=3cos2ti+3sin2tj
x = 3cos 2t, y = 3sin 2

cos2t = 5, sin2t = J

3 3
But sin® 2¢ + cos’ 2¢ = 1
2 2
Sox—-‘,-y—:l
9 9

Hence x* + y* = 1 is the equation of the path. It is a circle
centre (0, 0), radius 3.
(b) r =3cos2ti+3sin2tj

7 =-6sin2ti+6cos2tj

Speed = |¢| = V36sin’ 2t + 36 cos” 2t = 6/sin’ 2¢ +cos” 2¢ = 6

Hence particle moves with a constant speed.

New Senior Mathematics Extension 2 for Year 12

(c) # =—6sin2ti +6cos2t j
i=-12cos2ti—12sin2tj

= —4(3c052t1’+3sin2t2)

= —4{
|#| = 44 [9cos 2¢+9sin? 2¢ =12, which is a constant.
Consider

Foi=(~12cos2ti~12sin2¢ j)s(=6sin2ti + 6cos2t )
=72sin2tcos2t — 72 sin 2t cos 2t
=0
Hence the acceleration is perpendicular to the direction of
the motion.

16 (a)§=(l+sin4t)i+(2—cos4t)j
x=1+sin4t,y=2—cos 4t -
sin4t=x—1,cos4t=2-y
sin® 4f + cos® 4t = 1
(x—1)7+ (y— 2)? =1 is a circle centre (1, 2), radius 1

y
s (x-1*+(y-2)*=1
P
1__

T
5 o4 3 2 19 1 2 3 4 5 7%
14+
24
-3 4

(b)r= (1+ sin4t)1'+(2—cos4t)j
7 =4cos4ti+4sindtj
i =—16sin4ti+16cos4t j

Poi=(-16sin4ti+16cosdt j|o(4cosdti+4sindt
= —64sin4tcos4t + 64 sin4t cos4t
=0

Hence the acceleration is perpendicular to the direction of
the motion.
17 r=2cos3ti+2sin3tj+3tk

#=—6sin3ti+6cos3t j+ 3k
7 =-18cos3ti—18sin3tj+0k

|#| = y/365in’ 3¢ + 36 cos” 3t +9 =36+ 9 = 34/5, a constant.

|i;'| = \/182 cos’ 3t + 187 sin’ 3t = 18, a constant.

()

2
18 (a) % + yT =1 is the equation of the path.




(b) r =3costi+2sintj (d) r =3costi +2sint j
7 =-3sinti+2cost j i =-3sinti+2cost

ConsiderKOZ=(3cost£+Zsintj)O(—3sint£+2costj) f=—3costi—2sint;

—9sintcost +4sintcost -

= _2.5sin2t Hence the acceleration vector is parallel to the position
vector but in the opposite direction. Thus the acceleration

Perpendicular when 7 ® 7 = 0 hence require sin 2¢ = 0 for

0<t<2n vector is always directed towards the origin.

T 3 And ‘[ ’ = ‘[’ so the magnitude of the acceleration is equal to
t=0,=,m =, 2% 1o 1 L

2 2 the particle’s distance from the origin.

£=0: [=3cos01’+231n01=31' Or‘f‘ =\/9c0s2t+4sin2t=\/5c052t+4

t= %1 r= 3C05%i+25m%1 =2j (e) Consider fOf=(—3cost1’—ZsintZ)O(—3sint1'+2costZ)
t=mr=3cosmi+2sinmj=-3i =9sinfcost —4sint cost
t:37”:g=3cos37”g+2sm37”1=—21 = 2.5sin2t

(= 2m 1= 3cos2mi+ 2sin27j = 3i Require sin2¢=0,ice.t=0, 2, 7, 37” 2

()= —3sinti+2costj
Speed = |f| =+/9sin*t +4cos’ t

Maximum speed when cos t =0, i.e. t = %,
speed is 3.

Minimum speed when sin t = 0, i.e. t = 0, 7, 277 so minimum
speed is 2.

SO maximum

NSV

4+
34

H/ZAVAN
1+

1 1 1 1
T T T T
Ol z = 3z 2z !
2 2
The maximum and minimum speed can also be read from

the graph.
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GLOSSARY

A

acceleration
The rate of change of velocity with respect to time:
d2x=.. dv_ _dv _ d

oy av _ av 1.2
kOl i i +=57)
standard units ms .

angular acceleration
The rate of change of angular velocity with respect

Lo d0 _5_do _ do_d (1>
to time: P =0= =20 _d0(2w ),
standard units radians s .

angular displacement
Consider a particle P that moves about the origin O
along a curve AP. OA is a fixed arbitrary (reference) line.
At time t, ZAOP = 6, with rotation anticlockwise taken
as positive. 0 is thus the angular displacement of P about
O at time ¢, in radians.

angular velocity
The rate of change of angular displacement with respect to

time: @ = % = @, standard units radians s

Argand diagram
The representation of complex numbers on a Cartesian
plane such that the real axis is x and the imaginary axis
is y.
argument and principal argument of a complex
number
When a complex number z is represented by a point P
in the complex plane, then the argument of z, denoted
arg z, is the angle 0 that OP (where O denotes the origin)
makes with the positive real axis O , with the angle
measured from O,.
If the argument is restricted to the interval (-, 7], this is
called the principal argument and is denoted by Arg z.

argument of a complex number
For a complex number z = x + iy, the argument is
argz= O such that x =rcos @and y =rsin 6. On an
Argand diagram, this is the angle made with the positive
direction of the real axis by the vector from O to the
point representing z.

o arg0 is undefined.

« arg(z—z,) is the angle made with the positive
direction of the real axis by the vector from the point
representing z, to the point representing z.

See also principal argument of a complex number.
arithmetic mean
The arithmetic mean of the numbers x

X +X, X+ X
defined to be: " .

P X X e X, is

New Senior Mathematics Extension 2 for Year 12

asymptote
A line or curve that a function approaches but never
reaches.
« Asymptotes of a hyperbola
2 2
The asymptotes to x_2 - i[—z =lare: y = il%x
a

C

Cartesian equation
A Cartesian equation is the equation of a relation or a
function expressed in terms of the Cartesian coordinates
xand y.

A Cartesian equation may sometimes be formed from
two parametric equations by eliminating the parameter.

Cartesian form of a complex number
The Cartesian form of a complex number (2) is z = x + iy,
where x and y are real numbers and i is the imaginary
number. Also known as standard or rectangular form.

column vector notation
A vector in two or three dimensions can be represented
in column vector notation.

For example, v = 4i + 5j + 6k can be represented as
the ordered triple v = (4,5,6), and in column vector
4

notationasy = 5 .
6

complex conjugate
The complex conjugate of the number z=a + ib is
given by z = a — ib, where a and b are real numbers.
A complex number and its conjugate are called a
conjugate pair.

complex number
Any number z of the form z = x + iy, where x and y are
real numbers and i* = —1.

complex plane
A complex plane is a Cartesian plane in which the
horizontal axis is the real axis and the vertical axis is the
imaginary axis. The complex plane is sometimes called
the Argand plane. Geometric plots in the complex plane
are known as Argand diagrams.

component form of a vector
The component form of a vector describes the
projections of a vector in the x, y and z-directions. It can
be expressed as an ordered triple (in three dimensions)
or by a linear combination of unit vectors i, j and k.

conjugate hyperbolae
Two hyperbolae are a conjugate pair when the transverse
and conjugate axes of one hyperbola are respectively the
conjugate and transverse axes of the other.



conjugate of a complex number
For a complex number z = x + iy, the conjugate of z is
zZ=x-1iy.
o 2Z=(x+iy)(x—iy)=x>+y =l
conjugate root theorem
If a polynomial P(x) has real coefficients and

P(a+bi)=0, b#0, then P(a - bi) = 0. Complex zeros of
real polynomials occur in conjugate pairs.

contrapositive

The contrapositive of the statement ‘If B then Q’ is ‘If not

Q then not P’ The contrapositive is true if and only if
the statement itself is also true.

converse
The converse of a statement ‘If B, then Q’ is ‘If Q, then P’
The statements can be represented as: the converse of
P QisQ PorP Q.
The converse of a true statement need not be true.
counterexample

A counterexample is an example that demonstrates that
an assertion is not true in general.

D

de Moivre’s theorem
If z=r(cos 0+ isin 0) and # is an integer, then
Z"=1"(cosn@+isinnb).
de Moivre’s theorem states that for all integers n:
[r(cosO +isin®)]" = r"(cosnf + isinnh)
In exponential form, when r = 1, de Moivre’s theorem is
simply a statement of the law of indices: () =™

E

ellipse
(1) A conic with eccentricity 0 < e < 1. Its equation is:
2 2
EE A
a b

(2) The locus (or set) of all points P in a plane such that
the ratio of the distances from P to a fixed point S
(the focus) and to a fixed straight line (the directrix) is
a positive constant e (the eccentricity) less than 1.

(3) The locus (or set) of all points P in a plane such that
the sum of the distances from P to two fixed points
(the foci) is a constant.

Euler’s formula
Euler’s formula states that for any real number 6:
¢ = cosO +isinf
even function
A function is even if f(—x) = f(x) for all values of x in the

domain. The function is also symmetrical about the y-axis.

exponential form of a complex number
The complex number z = a + ib can be expressed in
exponential form as z = re", where r is the modulus of
the complex number and 6 is the argument expressed in
radians.

F

factor theorem
(1) For any polynomial P(z), if P(a) =0, then (z — a) is
a factor of P(z).

(1a) For any polynomial P(z), if P(g) =0, then (az—b) is

a factor of P(z).

(2) For any polynomial P(z), if (z— a) is a factor of
P(z2), then P(a) =0.

fundamental theorem of algebra
Every polynomial equation with complex coefficients,
P(z) =0, of degree n (where n is a positive integer), has a
root that is a complex number.

G

geometric mean
The geometric mean of the positive numbers

X5 Xy X

i . "
P Xp X35 -0, X,, is defined to be: (x,x,x;...x,)

I

identity of polynomials
If two polynomials of degree n are equal for more
than n values of the variable, then the polynomials are
identically equal, i.e. equal for all values of the variable.

imaginary part of a complex number
For a complex number z = x + iy, the imaginary part is
Im(z) =y.

implication
To say that P implies Q means that if P is true, then Q is
true.
In shorthand it can be written as ‘If P, then Q) and in
notation formas P Q.

implicit differentiation
To differentiate a function without explicitly finding its
derivative. For example, the derivative of y" with respect

to x is: ny" ™" %

integration by parts

If u(x) and v(x) are differentiable functions of x, then:

Iu%dx =uv— jv%dx or juv’dx =uv— J.vu’dx

or Judv: uv — Jvdu

M

modulus of a complex number
For a complex number z = x + iy, the modulus is

modz=|z|=4/x*+y* =r.

o |z| =ris the distance from the origin O to the point
(x,y)-

« |z—(a+ib)|is magnitude of the vector from (a,b) to
the point representing z.
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mod-arg form of a complex number
For a complex number z = x + iy, the mod-arg form
is the expression z = r(cos 8+ isin 0) = rcis 6,

wherer = \/xz +y” and x=rcos 6, y = rsin 6.

N

negation
If P is a statement, then the statement ‘not P’ is the

negation of P. The negation of P is denoted by —P or ~P.

Newton’s first law of motion
A body remains at rest or in uniform motion in a

straight line unless it is acted on by a non-zero resultant

force.

Newton’s second law of motion
The rate of change of momentum is proportional to

the applied force and occurs in the direction of the force:

F = kma, where k is a constant.

Newton’s third law of motion
When two objects exert force on each other, the forces
are equal in magnitude but opposite in direction.
‘For every action there is an equal but opposite reaction’

Newton’s laws of motion
Newton’s laws of motion consist of three fundamental
laws of classical physics:

(1) Unless acted upon by a resultant force, a body
remains at rest or in uniform motion in a straight
line.

(2) The acceleration of a body is proportional to the
resultant force that acts on the body and inversely
proportional to the mass of the body.

(3) For every action, there is an equal and opposite
reaction.

O

odd function
A function is odd if f(—x) = —f(x) for all values of x in

the domain. The function has rotational symmetry about

the origin.

P

parameter
(1) A parameter is a quantity that defines certain
characteristics of a function or system. For example,
Ois a parameter in y = x cos6.

(2) A parameter can be a characteristic value of a
situation; for example, the time taken for a machine
to produce a certain product.

parametric equation
Equation in which related variables (e.g. x and y) are
expressed in terms of another variable, the ‘parameter’
(e.g. tor 0), so that x=f(¢), y = g(t) or x =£(6), y = g(6).
o Parametric equations of a circle
x=acos0,y=asinf,0<0<2rx

New Senior Mathematics Extension 2 for Year 12

o Parametric equations of an ellipse
x=acosB,y=bsin6,0<0<2w

o Parametric equations of a hyperbola

T
272
o Parametric equations of a rectangular hyperbola

x=asecO,y=btan6,—wr<O<m, 6 #—

c
x=ct, y= T
o Parametric equations of a parabola
x=2at,y= at’
A parametric equation is the equation of a relation or
function expressed in terms of independent parameters.

partial fractions
When a function f(x) is the ratio of two polynomials
R(x)
B(x)
may be be decomposed into partial fractions with
denominators that are the factors of B(x), such that:

such that degree of R(x) < degree of B(x), this

R(x) Cl CZ Cn
. = + +...+
B(x) x—a, Xx-—a, x—a,
R(x c c c
. ():x—la . 2dx+e ’
B(x) 1 2 n X +bx+c

degree of R(x) <n+2

perpendicular equation of a straight line
The line perpendicular to the line ax + by +c¢=0
which passes through (x,y,) has the equation:
b(x-x)—aly—y)=0

polar form of a complex number
The complex number z = a + ib can be expressed in
polar form as:

z =rcosB + risinO = r(cosO +isin0), where r is the
modulus of the complex number and 0 is its argument
expressed in radians. This is also known as modulus—
argument form.

polynomial equations and roots
Every polynomial equation P(z) = 0 of degree n has
n solutions (‘roots’ of the equation, or ‘zeros’ of the
polynomial) over the field of complex numbers.

Complex roots of a polynomial equation with real
coeflicients occur in conjugate pairs.

principal argument of a complex number
The argument argz = 8 of a complex number z such that
—-T<O< T

proof by contradiction
Proof by contradiction is when a mathematical proof
assumes the opposite (negation) of the original
statement being proven and illustrates through a logical
chain of arguments that the opposite is demonstrably
false. As the reasoning is correct and the conclusion
absurd, the only element that could be wrong was the
initial assumption. Therefore, the original statement
is true.



R

rational function
A rational function fis the ratio of two polynomials:
f(x) =B(x )) defined for all values of x except those for
which B(x) =

A rational function is a function of the form g ; where
p(x) and g(x) are polynomials and g(x) # 0.

real part of a complex number
For a complex number z = x + iy, the real part is
Re(z) = x.

reciprocal functions
Two functions fand g are a pair of reciprocal functions

i 8()= 7155

recursive formula
A recursive formula defines a sequence in which
successive terms are expressed as a function of the
preceding terms.

resistance
A force that acts in the opposite direction to a body’s
motion.

resisted motion
Whenever a body moves through a medium (such as air,
water, oil etc.), it is subjected to a resistance that acts in
the opposite direction to the motion. If the body falls
vertically downwards, the resistance acts upwards; if the
body is projected vertically upwards, the resistance acts
downwards.

Resisted motion is motion that encounters resisting

forces, for example friction and air resistance.

retardation
Acceleration acting in the opposite direction to a body’s
motion.

roots of unity
A complex number z is an nth root of unity if 2" = 1.

The points in the complex plane representing the roots
of unity lie on the unit circle and are evenly spaced.

S

smooth
In physical problems, ‘smooth’ is assumed to mean
‘no friction’

square root of —1

This is the ba51s of imaginary numbers, denoted by i
such that i’ = —1. The two square roots of —1 are =i.

square root of a function

V@) =|f(x)]=f(x) for f(x)20
=—f(x) for f(x)<0

statement
A statement is an assertion that can be true or false but
not both.

string
In physical problems, a light inelastic string is assumed
to have a negligible weight force and constant length, so
that it does not stretch.

T

terminal velocity
The maximum velocity of a body falling under the action
of gravity and a resistance force, which occurs when the
acceleration is equal to zero.

Terminal velocity is the constant velocity that a
free-falling object will eventually reach when the
resistance of the medium through which the object is
falling prevents further acceleration.

t formulae or t substitution
Expressions for sin 6, cos @ and tan 6 in terms of ¢t where

—tan @
t—tanz.
2
Ift—tane then: smO—Lz, cos@zl_tz,
1+t 1+t
o _ 2
dt 14

triangle inequalities
Where z,, z, are complex numbers and k is real:

‘Zl + ZZ‘ s ‘Zl‘ +

,|» with equality when z, = kz,

. ‘21 - zz‘ > ‘zl‘ - ‘22 =kz,
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