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Introduction

The Diploma Programme (DP) Physics course is for

16-19 year old students. This course aims to develop a
conceptual understanding of physics and the nature of
science, enabling students to apply their knowledge

in familiar and unfamiliar contexts. The course also
encourages students to further apply and strengthen the
IB Learner Profile attributes.

The course is splitinto 5 'themes' which are labeled A to
E. These cover broad areas of knowledge, such as 'Wave
behaviour' or 'Fields'. Each theme is then broken down
into four or five 'topics' which are labeled with numbers,
for example Topic B.3. Each topic focuses on a more
specific area of knowledge, such as 'Wave phenomena'
or 'Gravitational fields'.

Physics deals with the structure and interactions of the
matter that makes up the observable Universe, and in
studying physics, we aim to formulate universal principles
that explain the many different phenomena around them.

Three over-riding scientific concepts used to explain
physics are: particles, forces, and energy, and the 2023
DP Physics course uses these broad concepts to bind
together all of the topics it covers.

Physics uses the idea of a particle —a small piece of
matter — to describe nature at both the macroscopic
(large scale) and microscopic (small scale) levels. Both
terms recur throughout the course as you reconcile
practical observations of the macroscopic world with
explanations that attempt to model it at the microscopic
level. While the nature of the "particle’ used in the
modelling varies from theme to theme, the concept of
a small piece of matter and the idea that we can model
the average behaviour of many such particles is repeated
throughout.

Particles interact through the forces that act between
them. A 'force' is often described as a push or a pull.

A more sophisticated description is that force is the
concept linking a particle property to the acceleration
that the particle experiences. Physics still has difficulty

in describing the origins of some forces even though

it can describe the effects of these forces well. For
example, in Topic D.1 we have a convincing link between
gravitational force/acceleration and mass, but only a
poor understanding of what causes gravity.

One of the reasons for the technological progress of our

species is our ability to control the transfer of energy.
Cooking, heating, transport and communication all

rely on civilization maintaining control of this transfer.
Again, we find it difficult to describe what energy is
other than to say that it is the ability to do work. Topic
A.3 tells us that energy comes in many forms and that we
recognise its presence best when it is moving from one
state to another. The way we treat particles, forces, and
energy are linked by the five themes of this book. The
introduction to each theme describes the links between
these concepts and the individual theme. The topics
that make up that theme then examine how the three
concepts are developed through the ideas, theories and
laws discussed in that individual topic.

Course book definition

The IB Diploma Programme course books are resource
materials designed to support students throughout
their two-year Diploma Programme course of study

in a particular subject. They will help students gain an
understanding of what is expected from the study of
an IB Diploma Programme subject while presenting
content in a way that illustrates the purpose and aims of
the IB. They reflect the philosophy and approach of the
IB and encourage a deep understanding of each subject
by making connections to wider issues and providing
opportunities for critical thinking.

The books mirror the IB philosophy of viewing the
curriculum in terms of a whole-course approach; the use
of a wide range of resources, international mindedness,
the IB learner profile and the IB Diploma Programme core
requirements, theory of knowledge, the extended essay,
and creativity, activity, service (CAS).

IB mission statement

The International Baccalaureate aims to develop
inquiring, knowledgeable and caring young people who
help to create a better and more peaceful world through
intercultural understanding and respect.

To this end, the organization works with schools,
governments and international organizations to develop
challenging programmes of international education and
rigorous assessment.

These programmes encourage students across the world
to become active, compassionate and lifelong learners
who understand that other people, with their differences,
can also be right.



Nature of Science

Science has features that make it different from other pursuits such as the arts,
social sciences, mathematics, or the study of language. Science has particular
methodologies and purposes.

We return many times in this course to the Nature of Science (NOS). We
illustrate the work you need to understand with the methodology and
philosophy of scientists” work. We examine how they measure its impact on
science and on society. The effective pursuit of modern scientific work and its
theories depends on the Nature of Science, which can be summarized in the
following eleven aspects:

Observations and experiments
Sometimes the observations in experiments are
unexpected and lead to serendipitous results.

Measurements

Measurements can be qualitative or quantitative,
but all data are prone to error. It is important to
know the limitations of your data.

Evidence

Scientists learn to be sceptical about their
observations and they require their knowledge to
be fully supported by evidence.

Patterns and trends

Recognition of a pattern or trend forms an
important part of the scientist’s work whatever the
science.

Hypotheses

Patterns lead to a possible explanation. The
hypothesis is this provisional view and it requires
further verification.

Falsification

Hypotheses can be proved false using other
evidence, but they cannot be proved to be
definitely true. This has led to paradigm shifts in
science throughout history.

Models

Scientists construct models as simplified
explanations of their observations. Models often
contain assumptions or unrealistic simplifications,
but the aim of science is to increase the complexity
of the model, and to reduce its limitations.

Theories

Atheory is a broad explanation that takes observed
patterns and hypotheses and uses them to generate
predictions. These predictions may confirm a
theory (within observable limitations) or may falsify
it.

Science as a shared activity

Scientific activities are often carried out in
collaboration, such as peer review of work before
publication or agreement on a convention for clear
communication.

Global impact of science

Scientists are responsible to society for the
consequences of their work, whether ethical,
environmental, economic or social. Scientific
knowledge must be shared with the public clearly
and fairly.




How to use this book

The aim of this book is to develop conceptual understanding, aid in skills
development and provide opportunities to cement knowledge and
understanding through practice.

Feature boxes and sections throughout the book are designed to support these
aims, by signposting content relating to particular ideas and concepts, as well as
opportunities for practice. This is an overview of these features:

Developing conceptual understanding

These boxes in the
margin will direct you
to other parts of the
book where a concept
is explored further or
in a different context.
They may also direct
you to prior knowledge
or a skill you’ll need, or
give a different way to
@ Linking questions think about something.

Guiding questions

Each topic begins with two or more guiding questions to get you thinking.
When you start studying a topic, you might not be able to answer these
questions confidently or fully, but by studying that topic, you will be able to
answer them with increasing depth. Hence, you should consider these as
you work through the topic and come back to them when you revise your
understanding.

Linking questions within each topic highlight the connections between
content discussed there and other parts of the course. Physicists often
connect dissimilar phenomena using similar approaches, both conceptual
and mathematical.

Nature of Science

These illustrate NOS using issues from both modern science and science
history, and show how the ways of doing science have evolved over the
centuries. There is a detailed description of what is meant by NOS and the
different aspects of NOS on the previous page. The headings of NOS
feature boxes show which of the eleven aspects they highlight.

Theory of knowledge

This is an important part of the IB Diploma course. It focuses on critical
thinking and understanding how we arrive at our knowledge of the world.
The TOK features in this book pose questions for you that highlight these
issues.

Parts of the book have a coloured bar on the edge of the page or next to a
question. This indicates that the material is for students studying at DP Physics
Higher Level. AHL means “additional higher level”.

THV




Developing skills

@ Approaches to learning

These ATL features give examples of how famous scientists have demon-
strated the ATL skills of communication, self-management, research, think-

ing and social skills, and prompt you to think about how to develop your
own strategies.

Physics skills

These contain ways to develop your mathematical, experimental or inquiry
skills, especially through experiments and practical work. Some of these
can be used as springboards for your Internal Assessment: don't be afraid to
modify these to suit the experimental setup available to you.

¢ The bullet points at the top of these boxes link the content to the skills it
helps you develop.

Tools for physics, the inquiry process and internal assessment

These three section of the book are full of reference  of the subject and to work through your internal
material for all the essential mathematical and ex- assessment (IA). Flick to this section as your working
perimental tools required for DP Physics, details on through the rest of the book for more information.
data analysis and modelling physics, as well as guid-  Links in the margin throughout the book will direct
ance on how to use the inquiry process in the study  you towards it too.

Practicing
Worked examples Practice questions
These are step-by-step examples of how to answer
questions or how to complete calculations. You These are designed to give you further practice at
should review these examples carefully, preferably using your physics and to allow you to check your own
after attempting the question yourself. understanding and progress.

@ Data-based questions

Part of your final assessment requires you to answer questions that are based
on the interpretation of data. Use these questions to prepare for this. They
are also designed to make you aware of the possibilities for data acquisition
and analysis for day-to-day experiments and for your IA.

End-of-theme questions

Use these questions at the end of each theme to draw together concepts from that theme and other parts of
the book, and to practise answering exam-style questions. Many of these are past IB physics exam questions.
You will also find some practice extended-response questions near the back of the book.

Vii




The IB Learner Profile

The aim of all IB programmes to develop internationally minded people who work to create a
better and more peaceful world. The aim of the programme is to develop this person through
ten learner attributes, as described below.

Inquirers: They develop their natural curiosity. They acquire the skills necessary to conduct
inquiry and research and snow independence in learning. They actively enjoy learning and this
love of learning will be sustained throughout their lives.

Knowledgeable: They explore concepts, ideas and issues that have local and global
significance. In so doing, they acquire in-depth knowledge and develop understanding across
a broad and balanced range of disciplines.

Thinkers: They exercise initiative in applying thinking skills critically and creatively to recognize
and approach complex problems, and to make reasoned, ethical decisions.

Communicators: They understand and express ideas and information confidently and
creatively in more than one language and in a variety of modes of communication. They work
effectively and willingly in collaboration with others.

Principled: They act with integrity and honesty, with a strong sense of fairness, justice and
respect for the dignity of the individual, groups and communities. They take responsibility for
their own action and the consequences that accompany them.

Open-minded: They understand and appreciate their own cultures and personal histories, and
are open to the perspectives, values and traditions of other individuals and communities. They
are accustomed to seeking and evaluating a range of points of view, and are willing to grow
from the experience.

Caring: They show empathy, compassion and respect towards the needs and feelings of
others. They have a personal commitment to service, and to act to make a positive difference
to the lives of others and to the environment.

Risk-takers: They approach unfamiliar situations and uncertainty with courage and
forethought, and have the independence of spirit to explore new roles, ideas and strategies.
They are brave and articulate in defending their beliefs.

Balanced: They understand the importance of intellectual, physical and emotional ballance to
achieve personal well-being for themselves and others.

Reflective: They give thoughtful consideration to their own learning and experience. They are
able to assess and understand their strengths and limitations in order to support their learning
and personal development.



A note on academic integrity

It is of vital importance to acknowledge and
appropriately credit the owners of information when
that information is used in your work. After all, owners
of ideas (intellectual property) have property rights.

To have an authentic piece of work, it must be based

on your individual and original ideas with the work of
others fully acknowledged. Therefore, all assignments,
written or oral, completed for assessment must use your
own language and expression. Where sources are used
or referred to, whether in the form of direct quotation
or paraphrase, such sources must be appropriately
acknowledged.

How do | acknowledge the work of

others?

The way that you acknowledge that you have used the
ideas of other people is through the use of footnotes and
bibliographies.

Footnotes (placed at the bottom of a page) or endnotes
(placed at the end of a document) are to be provided
when you quote or paraphrase from another document
or closely summarize the information provided in another
document. You do not need to provide a footnote for
information that is part of a "body of knowledge’. That is,
definitions do not need to be footnoted as they are part
of the assumed knowledge.

Bibliographies should include a formal list of the
resources that you used in your work. ‘Formal” means
that you should use one of the several accepted forms
of presentation. This usually involves separating the
resources that you use into different categories (e.g.
books, magazines, newspaper articles, internet-
based resources, and works of art) and providing

full information as to how a reader or viewer of your
work can find the same information. A bibliography is
compulsory in the Extended Essay.

What constitutes malpractice?
Malpractice is behaviour that results in, or may resultin,
you or any student gaining an unfair advantage in one
or more assessment component. Malpractice includes
plagiarism and collusion.

Plagiarism is defined as the representation of the ideas or
work of another person as your own. The following are
some of the ways to avoid plagiarism:

e words and ideas of another person to support one'’s
arguments must be acknowledged

e passages that are quoted verbatim must be enclosed
within quotation marks and acknowledged

e email messages, websites on the internet and any
other electronic media must be treated in the same
way as books and journals

e the sources of all photographs, maps, illustrations,
computer programs, data, graphs, audio-visual and
similar material must be acknowledged if they are not
your own work

e when referring to works of art, whether music, film
dance, theatre arts or visual arts and where the
creative use of a part of a work takes place, the
original artist must be acknowledged.

Collusion is defined as supporting malpractice by
another student. This includes:

e allowing your work to be copied or submitted for
assessment by another student

e duplicating work for different assessment
components and/or diploma requirements.

Other forms of malpractice include any action that

gives you an unfair advantage or affects the results of
another student. Examples include, taking unauthorized
material into an examination room, misconduct during an
examination and falsifying a CAS record.




Experience the future of education
technology with Oxford’s digital
offer for DP Science

You're already using our print resources, but have you tried our digital course on
Kerboodle?

Developed in cooperation with the IB and designed for the next generation of
students and teachers, Oxford’s DP Science offer brings together the IB curriculum
and future-facing functionality, enabling success in DP and beyond. Use both print
and digital components for the best blended teaching and learning experience.

Learn anywhere with mobile-
optimized onscreen access to
student resources and offline
access to the digital Course Book
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E Simple harmonic motion

Encourage motivation with a
variety of engaging content including
interactive activities, vocabulary
exercises, animations, and videos



Embrace independent learning and Deepen understanding with intervention

progression with adaptive technology that and extension support, and spaced
provides a personalized journey so students repetition, where students are asked follow-
can self-assign auto-marked assessments, get up questions on completed topics at regular
real-time results and are offered next steps intervals to encourage knowledge retention
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Recommend Oxford’s digital offer for DP Science to your school today!
For more information and to sign up for free trial access, go to:
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Introduction

A ball is thrown into the air. The Earth revolves on its axis in
its journey around the Sun. The Sun moves within the Milky
Way. Galaxies separate.

Understanding motion lies at the heart of physics.
Descriptions of motion have formed the bases for scientific
hypotheses since the science of the Ancient Greeks.

Theme A links the concepts of particle, force and energy
transfer. First, we consider motion in the context of a single
particle with mass but without size or shape. On this basis
we can take first steps to define the parameters of motion in
Topic A.1: velocity, displacement, acceleration. These are
linked by the important idea of rate of change for the first

— but certainly not the last —time in this course. Force links
to acceleration in Topic A.2, and an important conserved
quantity known as momentum is introduced. Energy
transfers that arise from the changes of Topics A.1and A.2
are discussed in Topic A.3.

Scientists link subject areas together to help extend their
insights. In Topic A.4 the collective motion of particles
formed into a solid object is discussed in the contexts of
momentum, force and energy. The theory underpinning this
relies heavily on the first three topics. We see how scientists
use concepts in linear motion to inform the description of
rotational motion.

Up until the beginning of the 20" century, physics
decoupled space and time treating them as distinct
properties. The work of Einstein and others shows that
space and time are not separate concepts but are linked
through the speed of electromagnetic radiation in a vacuum.
This is one of the most profound paradigm shifts in physics
there has ever been. Topic A.5 introduces special relativity
and explains how it changes our views of Galilean space
and time.

Throughout the long development of scientific thought
about motion and its effects, scientists have relied on the
careful accumulation of evidence and observation. This is

a crucial stage in the Inquiry Cycle and one that allows a
reflection of the truth or otherwise of a scientific hypothesis.

This theme is a foundation for your understanding of IB
Diploma Programme physics. The important ideas and
concepts of this theme allow us to predict the behaviour

of the average particle in a gas. We will be able to analyse
the behaviour of a wave and an oscillating system. Knowing
how forces behave permits an understanding of electric
and gravitational field theory. The study of Theme A leads
to theories of the behaviour of the very largest and the very
smallest objects in the universe.
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Kinematics

How can the motion of a body be described quantitatively and qualitatively?

How can the position of a body in space and time be predicted?

How can the analysis of motion in one and two dimensions be used to solve real-life problems?

The word “kinematics” comes from the Greek word
kinesis, meaning “movement” or “motion”. So
“kinematics” means the study of motion and the quantities
used to describe it. To describe the motion of a particle,
you need quantitative ways to describe its position in

the world. You also need to describe the rate at which

its position changes (its speed). Then you will need

the rate at which the speed itself can also change (its
acceleration). You need to know the precise meanings of
these terms and be able to distinguish between the size
(magnitude) of the quantities and their direction.

With a language to describe distance, speed and
acceleration, you can formulate rules to predict future
changes. These rules are based on both observation
and deduction.

In this topic, you will learn about:

However, to arrive at these rules, you will also need
assumptions. As your understanding changes, you can
change these assumptions and evolve more complex
descriptions of motion. For example, you can change
from describing one-dimensional motion (an object
moving in a straight line) to two-dimensional motion

(an object projected into the air close to Earth’s surface).
You can understand two-dimensional motion more
broadly by separating it into the horizontal and vertical
motion. By removing the assumption of negligible friction,
you can investigate realistic cases of air resistance acting
on an object as it moves through the air.

* describing and analysing motion through
space and time, using position, velocity and
acceleration vectors

¢ displacement and the difference between distance
and displacement

* velocity and acceleration

* instantaneous and average values of velocity, speed
and acceleration, and how they are determined

* the kinematic equations of motion for solving
problems with uniform acceleration

*  motion with uniform and non-uniform acceleration

* the behaviour of projectiles when there is no
fluid resistance

* resolving motion into vertical and horizontal
components

* the effects of fluid resistance on projectiles.
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Describing motion

Vectors and scalars

It is important to arrive at school or college on time for your class. To do this,
you need to determine the distance and deduce a time for your journey using a
reasonable estimate for the speed at which you travel.

Figure 2 shows the journey a student takes to travel from home (A) to school (B).
Table 1 gives the time at various parts of the journey.

A Figure 1 Many devices use GPS to help
you navigate. By knowing the distance to
your destination and assuming a speed,
they calculate an estimated time to arrival.

(BIY
school <« Figure 2 Ajourney to school. The map
shows the direct route (the displacement)

and the actual journey (the distance).

e

stop

Journey leg ‘ Time ‘ Distance forleg/m
leave home 08.10.00 0
arrives at bus stop 08.20.15 800
bus arrives at stop 08.24.30 0
bus arrives near school 08.31.10 2400
<« Table 1 Distances and times for different
walk from bus to school 08.34.00 200 stages of the journey from home to school.

The total distance for this route on foot and by bus is 3.4 km, including all the
twists and turns. The distance is the same for the return journey too. Distance is a
scalar quantity. It only has magnitude (size).

The direct line from the student’s home to school is also shown on Figure 2. This
quantity is known as the displacement. It is the change in position of the student
between the start and the end of their journey.

The direct line from school to home is the same length as the direct line from
home to school, but it is in the reverse direction. The two displacements—to and
from school—are not the same. This is because displacement is a vector quantity.
Vectors have both a magnitude and a direction.

You can find out about the
properties of vectors and scalars
in the Tools for physics section on

page 339.
A scalar is a physical quantity that has size but no direction.

A vector is a physical quantity that has size and direction.
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You need to know how to work
with units as almost every
quantity you deal with in IB
physics has its own unit. You
can find out about the units in
the course and how to use and

manipulate them on page 334. 45° from north.

Measurements—Vectors and scalars

The distinction between vectors and scalars is important.
Some physical quantities, such as force, electric field
strength and acceleration, have direction built into them;
they are the vectors. Other quantities, such as mass and
energy, only have magnitude with no direction assigned
to them; they are the scalars.

Sometimes a vector quantity might have a minus sign,
which indicates its direction. For example, =2 m s~ might
mean a speed of 2ms™ in the reverse or backwards
direction. It may be tempting to think that any quantity

The student’s journey in Figure 2 is from A to B, which can be written as ,ﬁ The
direction lineis 1.7 km long and is in a south-west direction. The displacement
must be given as the magnitude together with the direction: 1.7 km on a bearing
of about 225° from north.

9
The displacement of the student’s journey home from school is the vector BA.
This vector s still 1.7 km long but is in the opposite direction at a bearing of about

that has a minus sign must be a vector, but this is not the
case. As an example, consider the amount of money in a
bank account. A positive amount means that you are in
credit, whereas a negative amount means that you are in
debt and owe the bank money. Although the balance of
the account can have a negative quantity, money itself is
still a scalar quantity.

Charge and energy are another two examples of scalar
quantities that can have negative values. Can you think of
any others?

Measurements—Moving in three dimensions

Displacement is described here in terms of a journey
across the flat, two-dimensional landscape of Figure 2.
Do changes in height alter things? In fact, only one thing
changes, and that is the number of pieces of information
required to specify the final position relative to the start.
Three pieces are now required:

* the magnitude plus its unit
* the heading (direction)
* the overall change in height during the journey.

Specifying motion in three dimensions thus requires three
numbers or coordinates. You will already be familiar with
the idea of coordinates from drawing and using graphs.

There is flexibility in how the three numbers can be
chosen. You may have seen three-dimensional graphs
with three axes each at 90° to the others. In this case,
coordinate numbers give the distance along each axis.
Another option is to use spherical coordinates (Figure 3).
Here, a distance rand two angles are required. One
angle is the bearing ¢ from north, called the azimuth in
astronomy. The other is the angle known as the altitude or
elevation 6 needed to look directly up or down from the
horizontal to the object above (or below) you.

z)
\’(M Y1, 21)
(r 0, ¢)

7

A Figure 3 A Cartesian coordinate system with three
distances and a spherical coordinate system with two angles
and a distance.

In some circumstances, even the distance itself may not
be required. Sailors use latitude and longitude when they
are navigating. They stay on the surface of the sea and
this is effectively a constant distance from the centre of
Earth. Astronomers use just azimuth and elevation as the
distance to the star is irrelevant for observation.
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Science as a shared endeavour—Units of distance

Throughout the world there are many units of length: and the astronomical unit which is the distance from Earth
metres, miles and kilometres are all common ways to to the Sun. However, in your examination, lengths will be
specify distance. Different countries and professions in multiples and sub-multiples of the metre orin a

use alternative units depending on what is traditional well-recognized scientific unit such as the light year.

or convenient. For example, surveyors use chains and There is a list of some of the quantities used in astronomy
astronomers use light years (a unit of length, not time) in the data booklet.

Worked example 1

A ball is dropped from rest from an initial height of 1.2 m and rebounds to 75% of the initial height.
Calculate, for the instant when the ball is at its maximum height after the bounce:

a. thedisplacement of the ball

b. the distance moved by the ball.

Solutions

a. Theheightafter the bounceis 0.75x 1.2 =0.9m. The displacement is the change in the ball's position,
0.9 = 1.2 = =0.3m. The minus sign indicates that the displacement is directed downward.

b. The distance is the length of the path moved by the ball in both phases of motion, 1.2 + 0.9 =2.1m.
The distance is a scalar quantity and does not consider direction.

Worked example 2
A cyclist rides 250 m up a slope that makes an angle of 8.0° to the horizontal. Calculate:
a. thechange in height during the ride

b. the horizontal component of the cyclist’s displacement.

Solutions

250m .
vertical
/’w/\ displacement

horizontal displacement

a. The components of the displacement vector can be calculated using trigonometry.
The change in height is equal to the vertical displacement, 250 x sin8.0° = 35m.

b. Horizontal displacement = 250 x cos 8.0° = 248 m. Even on a relatively steep road, there
is little difference between the horizontal distance and the distance along the slope!

Practice questions

1. Aboattravels due east for 2.5 km, then travels due 2. The minute hand of a wall clockis 15cm long.
north for a further 3.8 km. Calculate: Calculate, to the nearest cm, the distance travelled
a. thedistance travelled by the boat by the tip of the minute hand and the magnitude of

its displacement:

c. the bearing from north of the displacement of a. from12.00t012.15
the boat. b. from12.00to 12.30.

b. the magnitude of the displacement of the boat
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Speed and velocity

@ Using symbols

consistently There are scalar and vector measures of how quickly an object moves.

The scalar quantity is speed, which is defined as:

distance travelled on a journey
time taken for the journey

or speed = change of distance per unit time.

Distances and displacements
can be represented using many speed =
different symbols. Sometimes a
distance may be labelled as d.

When it is a height, then h may You will already be familiar with units of speed such as metre per second (ms™)
be used. In three dimensions, and kilometres per hour (kmh~"), but you can combine any distance unit with any
Ax, Ay and Az may denote the time unit to give speed units.

displacements in each direction. Velocity is the vector equivalent—it is the speed in a given direction. So

Why is s often used to represent to describe the velocity, you need the magnitude and the direction, as for
distance or displacement in displacement. For example, “4.2ms™" due north” or “55kmh="atN 22 5E".

physics? The Latin for distance is
spatium. It was also useful not to
use the letter d since it may be

The definition of velocity is change of displacement per unit time or the rate of
change of an object’s position.

confusing when Writingds An object moving at a constant speed covers equal distances in equal times. A
derivatives such as v= o passenger train that travels 2400 m in one minute has a speed of 40ms™'. In one
Another Latin abbreviation is the hour, the train will travel (3600 x 40 =) 144000m. So 40ms~'=144kmh-".

use of ¢ for speed, usually for
the speed of light; ¢ stands for
celeritas—Latin for speed.

Using symbols rather than numbers, the magnitude of the velocity of an object
(its speed) vis the distance travelled s divided by the time taken t:

S
v=?ands=vt.

Worked example 3

A train moving at a constant speed of 280 km h~" takes 2.3 s to pass a signal pole.
Calculate the length of the train.

Solution
280 % 10°

The speed of the train needs to be converted to ms™. Speed = E0x60 77.8ms™.
Length of the train = 77.8 x 2.3 = 180m. X

Worked example 4

The astronomical unit (AU) is approximately equal to 1.50 x 10" m. Assuming that Earth moves around
the Sun in a circular orbit of a radius T AU, estimate the orbital speed of Earth. Give the answer in kms™.

Solution

The circumference of Earth’s orbit is 27z x 1.50 x 10" = 9.42 x 10" m. Earth travels this distance in one year.
) 9.42 x 10" . B

Orbital speed = 365 x 24 %60 <60 — 2.99%x10*ms™"'=29.9kms™".

Practice questions

3. Two cyclists, Ada and Matt, start from the same point 4. The speed of light in a vacuum is 3.0 x 108 m. Sirius,
and ride in opposite directions along a straight road, the brightest star, is approximately 5.5 x 105 AU from
each at a constant speed. After one minute, they Earth (1 AU =1.50 x 10" m). Calculate the distance
are 580 m apart. Ada rides at a speed of 20kmh=". to Sirius in light years (1 light year, (ly) is the distance

Determine the speed at which Matt rides. travelled by light in one year).
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* Tool 1: Understand how to accurately measure mass and time to an
appropriate level of precision.

* Inquiry 1: Demonstrate independent thinking, initiative, or insight.

To measure speed, you need to know the distance travelled (using a “ruler”)
and the time taken (using a “clock”). The trick is to choose the best “ruler”
and the best “clock” for the speed being measured.

A 30cm ruler and a digital wristwatch are fine when a biologist measures

the speed of an earthworm. But, to measure the speed of a 100 m sprinter,

a measured distance on the ground, a stopwatch measuring to O.1sand a
human observer are barely good enough. Even then, the observer (at the
finish) must be careful to watch the smoke from the starting pistol (at the start)
and not wait to hear the sound of the gun.

To measure the speed of a soccer ball after a penalty kick, the stopwatch-
plus-human method is no longer adequate. You need to use a video camera
taking image frames at a known rate (the clock) and a scale, visible on the
video, near the path of the ball (the ruler). When measuring the speed of a jet
aircraft, the equipment needs to change again.

Choosing the best equipment and method for the task in hand is all part of
designing the experiments for an internal assessment.

Graphing motion [—Distance-time

To calculate speeds and velocities, you need two variables: distance and time.
Figure 2 showed a map of a student’s journey to school. The student does not

travel at the same speed throughout the journey as part of it is on foot, part by bus.

A distance-time graph is a good way to display such data visually. The distance
travelled by the student is plotted on the y-axis of Figure 5, while the time since
the beginning of the journey is plotted on the x-axis.

The gradient of the graph changes for the different parts of the journey: small for

the walking sections of the journey, horizontal (zero gradient) for stationary at the
bus stop, and steep for the bus journey. What will the graph for the journey home

from school look like, assuming that the time for each segment of the journey is
the same as in the morning?

Information can easily be extracted from this graph. The gradient of the graphis

the speed. Add the overall direction to this speed and you have the velocity too.

For the first walk to the bus stop, the distance was 800 m and the time taken was

6155s. The constant walking speed was therefore % whichis1.3ms™.

3500 4 walk to
c school
~ 3000 -
3 2500 -
o bus ride
& 2000 A
8 1500 A waitat
S 1000 4 walktobus  bus stop
5 500 - stop

O 1 T T
0 500 1000 1500 (in seconds) since the start.

time elapsed /s

The Oxford Calculators

Measurement and experiment
are essential tests of scientific
knowledge. Galileo was one of
the first to appreciate the use of
a simple pendulum as a timing
instrument. He conducted many
early kinematic experiments.
Before Galileo, the ability of
physicists to study practical
kinematics experiments was
limited; they made deductions

in other ways. Aristotle and other
Greek thinkers used logical
reasoning to construct persuasive
arguments.

A group of scholars in the

14th century started to use
mathematical methods to make
scientific progress. This approach
caused them to be termed the
Oxford Calculators. They were
sometimes known as the Merton
School due to their association
with Merton College, Oxford.
Their methods influenced

many scholars around Europe

at that time, and mathematical
approaches are still an important
way for physicists to test theories.

A Figure 4 Scholars at Merton College,
Oxford, were among the first to apply
mathematical methods to physics and
philosophy.

What are the tests of truth or
knowledge in other disciplines,

such as literature, history or
the law?

<« Figure 5 The Figure 2 journey as a distance-time graph.
The graph has the clock time for the journey translated into time
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3500
c 3000 {speed = % — e

distance

distance travelled /
- NN
o O O,
S & o
5 & &
L 1 L

travelled on
bus =2400 m
time taken
for bus

/journey =400 s
i P A

1000
time elapsed /s

A Figure 6 Using the distance-time graph
to calculate average speed.

@ How does graphical
analysis allow for the
determination of physical
quantities? (NOS)

Throughout the IB Diploma
Programme physics course,

you use graphs to help you
understand the significance of
data or the relationship between
two quantities. As well as its
shape, the graph contains valuable
information about other quantities.

The gradient of a graph gives
information about the ratio of the
change in the y-axis quantity to the
change in the x-axis quantity. The
area under a graph indicates the
size of the product of the quantities
on the axes.

The Tools for physics section
contains more information about
the area and gradient of a graph
and how to determine them
(pages 360-361).

2400
400
is 6.0ms™". The way this is worked out is shown on Figure 6.

The gradient of the segment for the bus journey is = 6.0 and so the speed

Practice questions

5. The graph shows how the distance travelled by an underground train varies
with time.

A

2000

arrives at B arrives at C

leaves B

distance travelled /
o
o)
o)
1

0 T T T T T T T T ™
0 20 40 60 80 100 120 140 160 180
time elapsed /s

The train departs station A at Oss, arrives at station B at 80's, departs from
station B at 100 s and arrives at station C at 160's. Calculate:

a. thespeed, in kmh, of the train between stations A and B

b. the distance between stations Band C

c. thespeed, inkmh, of the train between stations B and C.

6. Louise kicks a ball towards a wall that is 4.0 m away from her. The ball moves
at a constant speed of 10m s~ when travelling towards the wall. The ball
returns to Louise 0.90s after it was kicked.

a. Calculate:
i. thetime taken for the ball to reach the wall

ii. thespeed ofthe ball after it bounces off the wall, assuming that it
is constant.

b. Sketch a graph to show how the distance travelled by the ball varies
with time.

Instantaneous and average speed

Representing the student'’s journey by joining data points with straight lines is
simplistic. Real journeys rarely have a completely constant speed. You need ways
to handle varying speeds and velocities. For real journeys, the distance-time
graph will be curved because the speed will be different at different times.

The speedometer in the bus tells the driver the speed. This measure is the
instantaneous speed: the speed at the instant in time at which it is determined.
The instantaneous speed is also the gradient of the distance—time graph at the
instant concerned. You can calculate the instantaneous speed from a curved
distance-time graph by drawing a tangent at that point and finding the gradient
of that tangent.

Figure 7 shows a more realistic distance-time graph for the bus journey to
school. The original red line for the bus has been replaced by a green line that
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is more realistic for the motion of a real bus. The speed varies as the driver
gradually speeds up and slows down or negotiates traffic. Figure 7 shows the
instantaneous speed calculated at time 1000ss:

Use as large a tangent line as possible.

Gradient = change in values on y-axis + change in values on x-axis
Change in distance = 2500 m — 500 m = 2000 m

Change intime =1300s-900s=400s
Gradient=2000+400=5.0ms™"

From a mathematical point of view, the instantaneous speed is the rate of
change of position with respect to time.

A mathematician will write this as % where s is the distance travelled and tis

dt
the time. You may also have seen this written as % where the symbol A means

As change in distance

“change in”. =22 is shorthand for —
At changeintime

There is another useful measure of speed. This is the average speed and is the

speed calculated over the whole the journey without regard to variations in

speed. As an equation, this is:

distance travelled over the whole journey

35007

3000+

o
S
<

distance travelled /m

1000+

500

25004

2000- for the bus

amore
realistic

graph

tangent to graph
att=1000s

1 T >
1000
time elapsed /s

A Figure 7 A portion of the distance-time

d= graph for the bus.
R time taken for the whole journey
In terms of the distance-time graph, the average speed is equal to the gradient
of the straight line that joins the beginning and the end of the time interval
concerned (that is, the red line on Figure 7). For the part of the student’s journey
up to the moment when the bus arrives at the stop near home, the distance
travelled is 800 m and the time taken is 870 s (including the wait at the stop), so
the average speed is 0.92ms™".
Everything written here about average and instantaneous speeds can also refer
to average and instantaneous velocities. Remember, of course, to include the
directions when quoting these measurements.
Worked example 5
The graph shows how the distance travelled by an
. . ) 2000 A
object varies with time.
a. Calculate the instantaneous speed of the object at: E 1600
i. 10s 2
o 1200 A
ii. 30s. &
b. Calculate the average speed for the whole 80's § 800 +
of the motion. £
5 400+
c. Outline why the information on the graph is ©
insufficient to determine the average velocity of
the Ob-ect O I I I I I I I I
Ject. 0O 10 20 30 40 50 60 70 80
SOIGHETE time elapsed/ s
a. i. Thespeed ofthe objectis constant from O to 20s and the instantaneous

speed at 10s is equal to the gradient of the first straight section of the graph.

_ 1200 _ 4
Speedat10s = 0 =60ms™.
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S
ii. The speed of the object is constant again from 20 to 80s and
equal to the gradient of the second straight section of the graph.
_ 1600 =1200 B
Speedat30s=—g5 55— =6./ms™".
._total distance _ 1600 .
b. Theaverage speed S taken = 80 = 20ms™.
c. The graph shows the distance along the path travelled by the object but not whether the object changes
direction as it moves, and any change in the direction would affect the displacement and the average velocity.
Worked example 6

Emma runs along a straight track with a constant speed of 2.6 ms~' for 30's. She then stops for 5.0s and
runs in the opposite direction with a constant speed of 3.8 ms™' for a further 15s. Calculate:

a. thetotal distance run by Emma
b. herdisplacement at the end of the run
the average speed

d. theaverage velocity.

Solutions

a. Emmaran 2.6 x 30 =78 m in the first part and 3.8 X 15 = 57 m in the second part.
The total distance is therefore 135 m.

b. Thedisplacementis 78 — 57 =21 m. The run ended 21 m from the starting point.

total distance _ 135

— =1
timetaken — 50 —2JmE

c. Thetotaltimeis 50s so the average speed is

w = 2L =0.42ms~" and has the same direction
time taken 50

as her original velocity in the first part of the run.

d. Theaverage velocity is

Practice questions
7. Anice hockey puck is hit and slides across ice. The a. Estimate the:
distance-time graph for the puck is shown. i. initial speed of the puck
30 ii. speedofthe puckat5.0s.
b. The puck stops after 12.55s. Calculate the average
€ 24 - speed of the puck during the motion.
~
§e)
Q 184 8. Stephen runs half a lap on a circular track of radius
% 25min 19s. Calculate his:
© 124 a. average speed
O
5 b. average velocity.
% 6
O T T T T T T T T
0O 25 5 75 10 125 15 175 20

time elapsed/'s
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Acceleration

In real journeys, instantaneous speeds and velocities change frequently. Again,
you need a mathematical language that helps you to understand the rates
of change.

The rate of change of velocity is called acceleration. Acceleration is a vector.
It is derived from the vector quantity velocity. Sometimes you can write the
“magnitude of the acceleration” meaning the size of the acceleration ignoring
its direction.

The definition of acceleration is:

change in velocity
time taken for the change

acceleration =

=1
. . ms
so the units of acceleration are

, which is written as ms=2. Sometimes you will

see this written as m/s?. However, ms=2is preferred in IB Diploma Programme
physics, as using the solidus (/) can be ambiguous.

It is important to understand what acceleration means, not just to be able to use
it in an equation. When an object has an acceleration of 5ms=2, then, for every
second it travels, its velocity increases in magnitude by 5m s~ in the direction of
the acceleration vector.

For example, the Japanese N700 train has a quoted acceleration of 0.72ms2,
Assume that this is a constant value (very unlikely). One second after starting from
rest, the speed of the train will be 0.72ms™". One second later (at 2 s from the
start) the speed willbe 0.72 +0.72 =1.44ms™". At 3sitwillbe 2.16 ms™"and so
on. Each second the speed increases by 0.72ms™".

In a similar way to finding average and instantaneous values for speed and
velocity, you can find average acceleration and instantaneous acceleration.

overall change in velocity
time taken for the overall change

average acceleration =

whereas the instantaneous acceleration is the gradient of the tangent to a speed
Av

(or velocity)-time graph and is represented symbolically as 3—\; orE.

Worked example 7

How many seconds will it take the N700 to reach its maximum speed of 300 km h~" on the Sanyo Shinkansen route?

Solution

300kmh="'=83.3ms"!

Time taken to reach the maximum speed: I

075 = 116, just under 2 minutes.

* Tool 2: Use spreadsheets to manipulate data. * Tool 3: Determine the effect of changes to variables

* Tool 2: Represent data in a graphical form.

on other variables in a relationship.

* Inquiry 2: Interpret diagrams, graphs and charts.
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model them using a spreadsheet.

One powerful way to help you think about acceleration (and other quantities that change in a predictable way) is to

A B C D | | F | ¢ | nvw | 1+ | J |
1| accel / ms—2 0.72
2
3| time/s |speed/ms"! 50 T ]
4 0 0 L |
5 5 3.6 40 - !
6 10 72 T A i
7 15 10.8 £ 30 - |
8 20 14.4 > i
9 25 18.0 o oo [
| 30 216 = | T
1 35 25.2 10 4 ]
12 40 28.8 |
1B 45 32.4 0 , . ‘ ' , . =~
14 50 36.0 0O 10 20 30 40 50 60 70
15 55 39.6 time/s
16 60 432
17 65 46.8
18 70 50.4

This is a spreadsheet model for the N700 train.

velocity / m s

The value of the acceleration is in cell B1.

Cells A4 to A18 give the time in increments
(increases) of 5.0's; the computed speed at each
of these times is in cells B4 to B18. The speed is
calculated by taking the change in time between
the present cell and the one above it, and then
multiplying by the acceleration.

The formulain cell B5is “=B4+$B$1*(A5-A4)" and
this is copied vertically down cell-by-cell so that cell
B6is “=B5+$B$1*(A6-A5)" and the last cell B18
is “=B174+$B$1*(A18-A17)". (The acceleration is

written as $B$1 so that the spreadsheet uses this

cell every time and does not change the cell every
time the new speed is calculated. This is achieved by
using the dollar sign $ in the cell reference.)

Finally, a graph is inserted into the spreadsheet

to show speed against time and the equation of
the straight line. The equation for the line can be
computed by the program and added to the graph
to confirm that the gradient of the line is 0.72 ms=2.

Construct this spreadsheet model yourself. Try
changing the value of the acceleration in cell Bl and
seeing the effect on the graph.

Graphing motion lI—Velocity-time

acceleration.

Lo_mpwaom

JoE=204050 80 100,120
-2
-3
4
5]

time/s

A Figure 8 The velocity-time graph for the
bicycle ride.

T Distance-time graphs are convenient for displaying speed and velocity changes.
Similarly, if you plot speed (or velocity) against time, this displays the changes in

Figure 8 shows the journey of a bicycle that is travelling in a straight line. For

the first 10's, the bicycle accelerates at a uniform rate to a velocity of +4ms=". A
positive sign here means that the velocity (and later the acceleration) is directed
to the right. From 10's to 45 s the bicycle moves at a constant velocity of +4ms™.
At 45 s the cyclist applies the brakes so that the bicycle stops in 5s. The bicycle is
then stationary for 10s.
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The velocity from 60's onwards is negative, meaning that the bicycle is
travelling in the opposite direction (to the left). The pattern is similar. The bicycle
accelerates until the velocity is —=3ms™, moves at constant velocity for a period
and, finally, decelerates to a stop at 120s.

The magnitude of the gradient of a velocity-time graph gives the magnitude
of the acceleration, and the sign of the gradient gives the direction in which the
acceleration acts.

From 45sto 505 the velocity goes from 4ms™ to O, and so the acceleration is

final speed — initial speed 0 -4 —_0.80ms-2

time taken for speed change =~ 5
From 90s to 120's the magnitude of the acceleration is

speed change 3.0 .
time taken ~ 30 =010ms

Care is needed with the sign of the acceleration. The gradient of the graph is
positive, as is the acceleration, because the bicycle is moving in the negative
direction and is slowing down. This simply means that a force acts to the right on
the bicycle, in the positive direction, which is slowing the bicycle down. You will
see how force leads to acceleration in Topic A.2.

The area under a velocity-time graph provides more information. It tells
you the total displacement of the moving object. Remember that the product
of velocity x time is a displacement (and that the product of speed X time is

a distance). The units tell you this too: when the units of speed and time are
multiplied, the seconds cancel to leave only metres:

metre
second
In the case of a graph with uniform accelerations, the areas, and hence the
displacements (distances), are straightforward to calculate. Divide the graph
into right-angled triangles and rectangles and then work out the areas for each
individual part. This working is shown in Figure 9.

X second — metre

S5qarea=7 x10x4=20m

area=+ X 5x4=10m

N
1

0 20 | 40

D

velocity/m s~
1

Lo
1

|
N

T area=35%x4=140m
_34
4

time/s
A Figure 9 The velocity-time graph of Figure 8 broken up into its areas.
The individual areas and their calculations are shown on the diagram. Up to 60
theareais (20 + 140 + 10 4+ 0) = 170 m. The area from 60s until the end is

(=15 - 60 — 45) = =120 m. As usual, the negative sign indicates motion in the
opposite direction to the original.
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The total distance travelled by the cyclistis 170 + 120 = 290 m (this is the total
ground covered as usual for “distance”). The total displacement after 120s is
170 =120 = 50m. The cyclist (who was travelling along a straight line) is 50m
from the starting point after 120s.

When a velocity-time graph is non-linear, you:

42: * estimate the number of squares
Tg 3'2 ] ¢ determine the area (distance) for one square
> 2.51
g 24 e multiply the number of squares by the area of one square.
o 1.5
s 0 ; 1 This will usually give you an estimate of the overall distance.
OO 10 20 30 10 Figure 10 gives an example of how this is done.
time/'s There are approximately 85 squares between the time axis and the line. Each of
A Figure 10 When a graph line is curved, the squares is 2s along the time axis and 0.5ms™ along the speed axis. The area
count the number of squares to estimate the of one square is equivalent to (2 X 0.5) = 1.0 m of distance. The total distance
area under the curve. travelled is 85m (or, at least, somewhere between 80 and 90 m).
Worked example 8 N
20

The velocity-time graph of an object moving
in a straight line is shown. A positive velocity 154
means that the object is moving to the right.

a. Describe the motion of the object from O 10+
to 50s.

€]
1

b. Calculate:

i. thetotal distance travelled to the

S
| BT

NEEE CREE> CHEE? CEESY SHEN: ') NGEZ CHEE, cHEE: SHEWC SHEAT!)

velocity /ms!
o

right
ii. theacceleration from 20sto 70s =51
iii. thedisplacementat100s. ~10 -
c. Determine at what time the object passes
the starting position. SIS
Solutions e time /s

a. The object starts at rest and accelerates uniformly to the right for the first 20s, then decelerates uniformly for the next
30s, still moving to the right. At 50's the object is instantaneously at rest.

b. i. Theobjectis moving to the right whenever its velocity is positive, so the total distance travelled in this direction

is equal to the area under the velocity-time graph from O to 50s. Distance = % X 50x15=375m.
i. Theacceleration is constant from 20 to 70's and equals the slope of this section of the graph.

final velocity — initial velocity — (=10) — (+15)
time taken - 70-20

The negative sign indicates that the velocity is becoming more negative, but note that the object first

decelerates (while moving to the right) from 20's to 50's and then accelerates (to the left) from 50s to 70s.

Acceleration = =—-0.50ms™2.
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iii. From 50to 100s the object is moving to the left and you need to subtract the distance moved in this direction

from the result of part (i).

The distance is equal to the area between the graph and the time axis from 50s to 100s:

%x20x10+30x10=400m.

The final displacement = 375 — 400 = —25m. The negative sign indicates that the object is to the left from the

starting position.

c. At100s the object is moving away from the starting position at a constant speed. It takes 2.5s to travel 25m at a
speed of 10ms™, so the object must have passed the starting position at 97.55s.

Practice questions
9. The graph shows how the speed of a bicycle varies
with time.
8_
" 61
£
5 47
(]
& 24
[%2]
O T T T T T
o 1 2 3 4 5

time /s

What is the best estimate of the distance travelled by
the bicycle during the first 5s7?

A. 15m B. 20m
C. 30m D. 40m
10. For the bicycle in question 9, what is the best estimate
of the instantaneous acceleration at 2.0s?
A. 1.0ms™? B. 2.0ms™?
C. 3.0ms™ D. 6.0ms™?

11. The speed-time graph of a sprint runner is shown.

speed

0 1 T | | T
0 1 2 3 4 5

time /s

What are the instantaneous speed and instantaneous
acceleration of the runner at a time of 4.0s?

Instantaneous Instantaneous
speed at4s accelerationat4s
greater than the zero

average speed

equal to the average non-zero
speed

greater than the non-zero
average speed

equal to the average zero
speed

12. The graph shows the variation with time of the velocity
of a cart moving along a straight track. The cart starts
from rest.

/N
Y

velocity
o

time

How many times does the cart change its direction of
motion?

B. 2 cC. 3 D. 4
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13. The graph shows how the velocity of a cart moving on a. Describe the motion of the cart during the
an inclined straight track varies with time. first 2.5s.
~ b. Calculate:
21 i.  theacceleration of the cart
ii. the maximum distance of the cart from its
o 19 starting position
= iii. thedisplacementofthe cartat2.5s.
} 0 T T T > c. Sketch agraph to show the variation of the
e D 05 | 1.5 2 2.5 displacement of the cart with time.
2 |
o
time /s
= . The kinematic (suvat) equations of motion
- suvat equations
The graphs of distance-time and speed-time give a set of kinematic equations of
* Tool 3_: Selectand manipulate motion that predict the values of the parameters in motion. These also help you to
equations. understand the connection between the various quantities introduced so far.
* Tool 3: Identify and use The kinematic equations only apply when the acceleration is constant, when the
symbols stated in the guide graph of speed against time for the motion is straight.

and the data booklet. ) ) .
It is easy to forget the strict rule of constant acceleration for the use of suvat

The lfinematic equations use a equations. Figure 11 shows two examples that look similar but need to be treated
con5|§t§nt set of symbgls for th? in completely different ways. You can use the suvat equations in the left-hand
quantities. The table gives the list. diagram because the skier’s acceleration is constant.
Symbol | Quanti .. . . .
-/ : ty . Deriving the kinematic equations
s displacement/distance
u initial (starting) The derivation begins from a simple graph of speed against time for a constant
. acceleration from an initial velocity u to a final velocity v during a time t (Figure 12).
velocity/speed
A
v final velocity/speed Y| PO O VAP RLTUL DS S, PO ULCTINICISE (D P St DTS B
a acceleration ]
time taken to travel :
. . - u) :
distance s gradient = : i
The list of symbols in the table i
spell out suvat. The equations are kS !
sometimes also known by this name. é’_ ared, = %x (v—u)xt E
u :
areag=uXxt E
0 2%
0 t
time
A Figure11 Motion down a slope of A Figure 12 Deriving the first two kinematic equations.

constant gradient means you can use the
kinematic equations. When the slope
changes, they should not be used.
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When can problems on projectile motion be solved by
applying conservation of energy instead of kinematic
equations?

In the left-hand diagram a skier is about to ski down a slope of constant
gradient. As you will see in Topic A.2, this means that the force is constant
and that the kinematic equations can be used because the acceleration

is constant. In the right-hand diagram the slope varies throughout the
ski-run. It is poor physics to try to use suvat here because the acceleration
is not constant. You must, strictly speaking, use the energy transfers and
the concept of energy conservation (which you will meet in Topic A.3).

The gradient of the graph gives the acceleration: a = change in speed

time taken for speed change

The change in speed is v—u, the time takenis t, so a = V;t“ This can be
rearranged to:

v=u+at first equation of motion

The area under the speed-time graph gives the distance. The graph from Oto t
is made up of two parts: the lower rectangle, area_ and the upper right-angled
triangle, areaq,.

xbosexhe:’ght=lxtx(v—u)=l><t><ot

1
area, == 5 5

areag =5 X base X height = ut

. 1
distance s = total area = area, + area, = ut + > X (at) x t

leading to

1
s= ut+§cn‘2

The first equation of motion does not contain the distance s. The second equation

second equation of motion

has no final velocity v. There are three more possible equations, one with a missing

tand one with a missing a. The third has a missing u but is not often used.

To eliminate t from the first and second equations, rearrange the first equation in
terms of t:
p=V—u
a

This can then be substituted into the second equation:

= dep

so that
as=ulv— u)+l(v—u)2=uv+lv2+lu2—lx 2uv
2 2 2 2
and therefore
2as=Vv> — U’
or

v2=u?+ 2as third equation of motion

@ Research skills

Modern scientists are careful to
reference their sources. However,
this has not always been so.

The fourth equation of motion

is often called the mean-speed
theorem. It is attributed to

Galileo (1564-1642), but it has

its origins many centuries before.

[t was proved by Nicole Oresme
(c.1320-1382) and was known

by the Oxford Calculators (see
page 13). The work of these early
scholars spread around Europe and
influenced many other thinkers, but
it was not often attributed to them.

The theorem's origins may lie
centuries before that. A translation
of a Babylonian tablet suggests that
the ancient Babylonians were using

a version of this rule to calculate the
position of Jupiter. Whether they were
the first to use this rule is unknown.

A Figure 13 A Babylonian tablet
showing calculations of the position
of Jupiter.
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The derivation of the final equation is left to you as an exercise:

s= (%)t fourth equation of motion
There are two ways to approach this fourth proof. One way is to think about the

meaning of the speed that corresponds to (itis the average speed over the

v+u

2
time t) which applies over the whole of the motion. The second way is to take the
third equation and amalgamate it with the first.

You will not be expected to remember these proofs or the equations themselves
(which appear in the data booklet). They illustrate how useful graphs and
equations are for solving kinematic problems.

Worked example 9

A driver of a car travelling at 25 ms™' along a road applied the brakes. The
car comes to a stop in 150 m with a uniform deceleration. Calculate:

a. thetime the cartakes to stop

b. the deceleration of the car.

Solutions

a. Start by writing down which values in the suvat equations you do and
don’t know from the question.

s=150m,u=25ms",v=0,a=2,t="
To work out t, you need the fourth equation: s =
i
s
+u

Substituting the values in the question gives t = (%)150 =2X6=12s

5

which rearrangesto t = (v

b. Tofind athe equation v? = u?> + 2as s best.

Substituting: 0 =252+ 2 x ax 150
25x25 25 =2

300~ a2 elms
The minus sign shows that the car is decelerating rather than accelerating.

Worked example 10

A cyclist slows uniformly from a speed of 7.5ms™"'to a speed of 2.5ms'ina
time of 5.0s. Calculate:

a. theacceleration

b. the distance moved inthe 5.0s.

Solutions
a. s=%u=75msv=25msa=?t=50s

Usev=u+ atandtherefore 2.5=75+ax 5.0
So,a= —g;o= —1.0ms™2

The negative sign shows this is a deceleration.

b. s=ut+%at2=7.5x5.0—%x1.0x5.02=37.5—12.5:25m
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Practice questions

14. A cartis launched up a frictionless ramp with an initial 18. The graph shows how the displacement of a uniformly
speed of 3.0ms™'. The cart moves with a constant accelerated bicycle varies with time.
acceleration of 1.8 ms=* directed down the ramp. a.  Whatis the acceleration of the bicycle and its
Calculate: instantaneous speed at 2.0's?

a. thetime the cart takes to return to the starting point A

b. the maximum distance from the starting point. L2

15. An aircraft starts its takeoff roll from rest and

accelerates uniformly to a speed of 100kmh="in a
time of 16s.
a. Calculate, in ms=, the acceleration of the aircraft.
To take off, the aircraft must achieve a speed of
250kmh-.

b. Calculate the minimum length of the runway
required for takeoff, giving the answer to the 0
nearest 100 m. Assume that the acceleration is 0 4.
constant during the entire takeoff. time /s

16. A car needs a distance of 25m to slow down to a ‘A lerati ‘S dat2.0
speed of 12 m s~ with a constant deceleration of cceleration | opeedat 2.Js

displacement/ m

Y

4.3ms2. Calculate the initial speed of the car. A. 0.75ms™ 1.5ms™
17. Anunderground train can accelerate and slow down at B. 0.75ms™2 3.0ms™!
a constant rate of 1.3ms=2. The distance between two C. 1.5ms2 1.5ms-
underground stations is 720 m. Determine:
. ) _ D. 1.5ms™2 3.0ms™!
a. the maximum speed the train can achieve between
the stations b. Sketch the velocity-time graph for the bicycle.

b. the minimum time of travel between the stations.

@ How effectively do the equations of motion model Newton’s laws of dynamics?

In Topic A.2, you will meet the laws of motion constructed These two conditions are surprisingly rare in practice.

by Isaac Newton. These laws can be applied whenever The mass of moving objects changes (an automobile

the speed of the objects is much less than the speed of consumes fuel as it moves). The forces acting on an object
light (as explained in Topic A.5). The kinematic equations change for all sorts of reasons: variations in mass, friction
only apply when acceleration is uniform. Newton's second  or air resistance, and so on. Modelling real motion is more
law of motion suggests that the kinematic equations will difficult than the kinematic equations suggest.

therefore only be applicable when the force is constant or
the mass of the object does not change.

@ How are the equations for rotational motion related to those for linear motion?

In Topic A.4, you will meet the equations that apply to The concepts are similar and the use of these definitions
rotational motion—when objects are rotating about an leads to a parallel set of equations. This makes them easier
axis. The definitions that set up rotational motion are to learn and use.

deliberately chosen to mirror those of linear motion.
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Projectile motion

Watch a dog catching a ball thrown high into the air. It is a remarkable feat of
coordination by the animal. What is the physics of the motion? The ball is moving
in two dimensions, and it is subject to the vertical acceleration of gravity and the
deceleration of air resistance. How do physicists treat this complex situation? The
trick they use is to split it up into horizontal and vertical components.

Acceleration due to gravity

When an object is released close to Earth’s surface, it accelerates downwards.
The force of gravity acts on the object, pulling it towards the centre of Earth.
Equally, the object pulls with the same force on Earth in the opposite direction.
Not surprisingly, with small objects, the effect of the force on Earth is so small that
you do not notice it.

Topic D.1 looks in greater detail

at gravitational fields, but for the

moment you can assume that there

is a constant acceleration that acts

on all bodies close to the surface

of Earth. The acceleration due to gravity at Earth’s surface is given the symbol g. The
accepted value varies from place to place on the surface. For example, in Kuala
Lumpur gis 9.776 ms=? whereas in Stockholm itis 9.818 ms=2. This is because
Earth is not a perfect sphere (it is slightly flattened at the poles) and the densities
of the rocks in different locations vary. The different tangential speeds of Earth
at different latitudes also have an effect. It is better to buy gold by weight at the
equator and sell it at the North Pole rather than the other way round—of course,
buying by mass makes no difference!

/) Data-based questions

In 2012, the Red Bull Stratos project set the record forthe  ®  Deduce what the gradient represents.
highest altitude parachute jump when Felix Baumgartner (Hint: use v> = u? + 2as.)
jumped from an altitude of almost 39 km. This record was The absolute uncertainty in the given speeds is

subsequently broken by Alan Eustace in 2014. +1ms". Calculate the uncertainties in the values

VA | v/ms™! of v? and add error bars to your graph.

38965 6.7 * By considering the maximum and minimum
38960 | 114 gradients of your graph, deduce whether the data
38955 14.4 are consistent with an acceleration due to gravity

of 9.8ms2.
26949 18.5 Wh h died Topic D.1 il be abl

° t .

38945 | 203 enyou have studied Topic D.1 you will be able

to calculate the acceleration due to gravity g at an
38940 21.7 altitude of 39 km. Show that it is only about 1% lower
38936 | 23.6 than g at the surface of Earth.

The table shows Baumgartner's speed v at different
altitudes h above Earth’s surface.

* Plotagraph of v2 against h.
* Find the gradient of the graph.
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( Models—The object’s shape

Scientists use models to represent natural phenomena. The kinematic
equations make up a particularly simple model. The requirement of uniform
acceleration is already clear, but are there others?

The answer is yes. The equations implicitly ignore the shape of the object.
For now, the objects are treated as moving points. The point in question
can be the centre of mass. You will meet this idea later in Topic A.4, where
you will re-examine the linear kinematic equations and draw parallels with a
similar set of equations for rotational motion.

Once forces are acting on an object and the acceleration is changing, then

you cannot use suvat anymore. The kinematic model has broken down and it
needs to be improved. This is where Newton's second law of motion (Topic
A.2) comes in because it allows you to link an acting force to an acceleration

and, later, to the changing momentum of an object.

You can find out about using error
bars in the Tools for physics section
on page 358.

¢ Tool 2: Use sensors. * Inquiry 2: Collect and record sufficient relevant

¢ Tool 3: Interpret features of graphs including

quantitative data.

gradient and intercepts. ¢ Inquiry 3: Compare the outcomes of an
investigation to the accepted scientific context.

There are several ways to measure g. The first method uses

a data logger to collect data. One of the problems with
measuring g “by hand” is that the experiment happens quickly
on Earth. Manual collection of the data is difficult.

Method 1

* Anultrasound sensor should be mounted to sense objects
below it.

* Thelogging system must measure the speed of the
object over a time of about Ts. The time interval between
measurements will need to be set. An interval of between
0.1sand 0.01s is best. The object, large enough to be
detected by the sensor, is dropped vertically.

* The datalogger should be set to output a speed-time
graph. This is likely to be a straight line. The logger's
software may be able to calculate the gradient for you.

*  You could extend this experiment by testing objects of
different mass but similar size and shape to confirm a
suggestion by Galileo that such differences do not affect
the drop.

ultrasound
sensor

Q

A Figure 14 Measuring g using an
ultrasound sensor.

&
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>

Method 2 connection between the terminals of a timing clock
or computer. (The exact details of these connections
will depend on your equipment.)

Another option does not involve a sensor and data

logger.
* This system measures the sphere’s time of flight t
ruler electromagnet between the contacts and the trapdoor.
—— ¢ Thedistance h from the bottom of the sphere to the
E ________ . ‘ > top of the trapdoor is needed. (You should think about
= T why these are the appropriate measurement points.)
2 } . - ~ ~
= height of fall = h to switeh One possible anal>/5|s for the dat§ is to measure t for
= : one value of h—with repeat readings for the same h.
= and timer 1
3 trap-door - Then, to calculate g, use h= 50? as u=0. However,
o = v 4 this is a one-off measurement that is prone to error.
> Think of some reasons why.
A Figure 15 When the current to the * Away to reduce the errors is to change the vertical
electromagnet is switched off, the steel ball falls distance h between the sphere and trapdoor and to
and opens the trapdoor. plot a graph of h against t*. The gradient of the graph
* A magnetic field is used to hold a small steel sphere is <. What do you think an intercept on the h-axis

(such as a ball bearing) between two metal contacts.
The magnetic field is produced by a coil of wire

with an electric current in it. When the current is Method 3
switched off, the field disappears, and the sphere
falls vertically.

represents?

A further method to estimate g could include making a
video of a falling object against a fixed calibrated scale.
* Asthe sphere leaves the metal contacts, an The image should include a clock. There is an example of
electronic circuit starts a clock. The clock stops when such an image later in this topic.
the sphere opens a small trapdoor and breaks the

Projectile motion in two-dimensions

A So far, you have assumed that things are moving in one dimension—along a
straight line and with no air resistance. While this is often the case, there are
% also important examples of objects that move in a circle (see Topic A.2) or that
g are projected into the air. The rest of this topic looks at objects moving in two
% dimensions, with and without air resistance.
= A baseball is thrown vertically upwards with an initial speed U. Gravity acts on the
baseball from the moment of its release, slowing it down until it stops for an instant
fime > at the top of its motion. Gravity continues to act and the baseball now accelerates
downwards to reach the ground with the same speed at which it was released.
A Figure 16 Adisplacement-time graph Without air resistance, the displacement-time graph would look like Figure 16.
for a baseball thrown vertically upwards
in the air. Remember that this is a graph of The ball goes vertically up and then down to land in the same spot from which it
vertical displacement against time, not the was projected. The path in the air is called the trajectory and is a vertical line up
shape of the path the ball makes in the air. and down for this case.

A distance-time graph would look different (Figure 17). It gives similar information
but without the direction part of the displacement and velocity vectors. Make
sure that you understand the difference between these graphs.

The suvat equations introduced earlier can be used to analyse this motion. The
initial vertical speed is U, the time to reach the highest pointis T, the maximum
height is Hand the acceleration of the ball is —g; g has a negative sign because
upwards is the positive direction. As the acceleration due to gravity is downwards,
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g must have the opposite, that is, negative, sign. The kinematic equations are A
printed again but with differences to reflect the vertical motion to the highest point: maximum ,
0=U-gT which comes from v=u + at g height i
C 1
H= UT—%QTQ which comes from s = ut+]§at2 2 . i
© | |
0=U?*-2gH which comes from v = u? + 2as . ! !
The time for the entire motion (that is, up to the highest point and then back to 0 o E >
Earth again) is simply 2T. 0 time
Figure 18(a) shows the speed-time graph for the baseball, while Figure 18(b) A Figure 17 The distance-time graph for
shows the velocity-time graph. the motion of Figure 16.
A A
3 g
Q 0 —> o0 —>
2 0 time 4 0 time
<« Figure 18 (a) The speed-time and (b) the
velocity-time graphs for an object thrown
(a) (b) vertically upwards.
Worked example 11

A student drops a stone from rest at the top of a well. She hears the stone splash into the water
at the bottom of the well 2.3 s after releasing the stone. Ignore the time taken for the sound to
reach the student from the bottom of the well. The acceleration due to gravity g is 9.8 ms=2.

a. Calculate the depth of the well.
b. Calculate the speed at which the stone hits the water surface.

c. Explain why the time taken for the sound to reach the student can be ignored.

Solutions
a. u=0;t=23s
s= ut+]5at2

s=0+%x9.8x2‘32=26m
b. v=u+at=04+9.8%x2.3=23ms"

c. The speed of sound is about 300 ms™ and so the time to travel about 25 m is about 0.08's.
This is only about 4% of the time taken for the stone to fall.

Worked example 12

A hot-air balloon is rising vertically at a constant speed of 5.0 ms™. A small object is released
from rest relative to the balloon when the balloon is 30 m above the ground. Calculate:

a. the maximum height of the object above the ground
b. the time taken to reach the maximum height

c. the total time taken for the object to reach the ground.
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Signs

The signs of the quantities in the
kinematic equations are important.
For vertical motion, treat upwards
as positive and downwards as
negative. Something else that is
easy to forget is that, at the top of
the motion, the vertical speed of
the object is zero.

Topic D.1 goes into more details of
what happens if Earth’s surface is
not considered to be flat.

dropped projected to the right

A Figure 19 These are multiple images of a
ball’s motion taken every tenth of a second.
A stroboscope is used in a dark room to
illuminate the ball at regular time intervals.

Solutions

a.

The object is moving upwards at +5.0ms™ when it is released. The
acceleration due to gravity is -9.8 ms=.

When the object is released, it will continue to travel upwards, but this
upwards speed will decrease under the influence of gravity. When it
reaches its maximum height, it will stop moving and then begin to fall.
v —u? 0-5?

2a ~ 2x(-9.8
This shows that the object rises a further 1.3 m above its release point, and
is therefore 31.3 m above ground at the maximum height.

V2=U’+ 2as,s0s = >=+1.3m

b. v=u+atsot=L"Y= % = +0.51s (The plus sign shows that this is
0.51s after release.)
c. After reaching the maximum height (at which point the speed is zero) the

object falls with the acceleration due to gravity.
s=-31.3m,u=0,v=?,a=-9.8ms", t="7

Notice that s is negative because it is in the opposite direction to the
upwards + direction.

Usings=ut+ ]5 at? gives a value for t of £ 2.53s. The positive value is the

one to use. Think about what the negative value stands for.

So the total time is the 0.51 s to get to the maximum height together with
the 2.53 s to fall back to Earth.

This gives a total of 3.04 s, which rounds to 3.0s.

Notice that, in this example, if you carry the signs through consistently,
they give you information about the motion of the object.

Calculating horizontal and vertical motion

You can assume that:

The surface of Earth is large enough for its surface to be considered locally flat.

e Thereis no friction or air resistance.

Gravity acts vertically and does not affect motion in the horizontal direction.

This will be important when you combine horizontal and vertical motions later.

Because the horizontal acceleration is zero, the suvat equations are simple.
For horizontal motion:

e The horizontal velocity does not change.

e The horizontal distance travelled is horizontal speed X time for the motion.

A student throws a ball horizontally. Figure 19 shows multiple stroboscopic

images of the ball every 0.10s as it moves through the air. The figure also shows,

for comparison, the image of a similar ball dropped vertically at the same
moment as the ball is thrown.

It is obvious which ball was thrown horizontally. Careful examination of the images of
this ball should convince you that the horizontal distance between them is constant.
When the time interval between images and the distance scale on the picture are

known, then you can work out the initial (and unchanging) horizontal speed.
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The images tell you about the vertical speeds too. Concentrate on the ball that was
dropped vertically. The distance between vertical images (strictly, between the same
point on the ball in each image) is increasing. The distance s travelled varies with
time t from release varies as s o t2. This means that when t doubles, then sincreases
by factor of four. Does it look as though this is what happens? Careful measurements
from Figure 21 followed by a plot of s against t? could help you to confirm this.

Horizontal motion and vertical motion are completely independent of each other.

The horizontal speed continues unchanged (remember that you are assuming

no air resistance) while the vertical speed changes as gravity accelerates the ball.
This independence allows a straightforward analysis of the motion. The horizontal
and the vertical parts of the motion can be split up and treated separately. Then
they are re-combined to determine the velocity and the displacement for the
whole of the motion.

The position is summed up in Figure 20 which is a simplified version of Figure 19.
At two positions along the trajectory, the separate components of velocity are
shown in solid green for the ball projected to the right. From these the resultant
vectors (the velocity including direction) are drawn as dashed arrows.

To achieve the best range (best overall horizontal distance travelled), a ball should be

projected upwards into the air at an angle to the horizontal. The general principles
above still allow you to analyse the situation using the kinematic equations.

A vertical speed =0 time for whole
at maximum height motion is twice time
/ — to maximum height
u p» AR
. —» horizontal speed is
vertical v -
_ . constant if air
© acceleration . _
.0 A ! resistance negligible
= is—g
)
> h
gonlyactson %—»
vertical speed
0
A »
\ T >

initial velocity u at @ to horizontal horizontal
initial horizontal component = u cos 8

initial vertical component = usin 6

Figure 21 shows the trajectory of an object (vertical distance against horizontal
distance) that has an initial speed u at an angle of @ to the ground. As usual, you
assume no air resistance. The first step in the analysis of this motion is to resolve
the initial velocity into two components, horizontal and vertical.

The horizontal speed is u cos 6. The initial vertical speed is u sin 8.
Horizontal motion

The horizontal speed is constant throughout and remains at its initial value of
u cos 8. When the time that the object takes to reach the highest pointis T, then
the horizontal distance travelled R (known as the range) is 2Tu cos 6.

dropped projected to the right

\
\

. \
<

A Figure 20 The motion of the ball in
Figure 19 with velocity vectors added to
scale to two images.

maximum height:

b= u?sin26
2g
range:
R=2Tucos @

Tis the time to reach the
highest point:
7= U sin@
g

<« Figure 21 An analysis of
projectile motion.

Analysis of the motion requires the
resolution and addition of vectors.
Details of how to do this are shown
on page 340 of the Tools for
physics section.
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In Topic A.3, you will see how
problems of this type can be
solved by considering energy
transfers instead of kinematic
equations. The energy-transfer
approach is essential when the
acceleration is not constant.

Vertical motion

This is more complicated because gravity acts on the object throughout the
motion. The kinematic equations must be used to calculate the vertical position
ofthe object for any time t.

* Thevertical speed v attis (usin@—gt) [fromv=u+ at].
2

e The vertical positions _ attis utcos @ —g—.
vert 2

* Atthe highest point of the trajectory, v _. = 0 so usin 8 = gt, which leads to

ind
7 usin
g
* The highest point occurs halfway through the motion which is reached at time
T so that 2T (the time taken for the object to return to the ground) is given by
2usin@
g
* The highest point his given by h =
equation v2 =0 =(usin §)’—2gh.

u’sin? @

from solving the third kinematic

The trajectory is a parabola because the vertical position of the object varies
with t? whereas the horizontal position varies with t.

Study Figure 21 carefully and apply the ideas in it to any projectile problems you
need to solve.

Worked example 13

An arrow is fired horizontally from the top of a tower 35 m above the ground.
The initial horizontal speed is 30 ms~'. Assume that air resistance is negligible.

Calculate:
a. thetime for which the arrow is in the air
b. the distance from the foot of the tower at which the arrow strikes the ground
c. the velocity at which the arrow strikes the ground.
Solutions
a. Thetime taken to reach the ground depends on the vertical motion of the arrow.
At the instant when the arrow is fired, the vertical speed is zero. The time to reach
the ground can be found using
1
s=ut+—at?
2
2= % sot=2.67/sor2.7sto2s.f.
b. The distance from the foot of the tower depends only on the horizontal speed.
s=ut=30x%x2.67=80.1m=80m.
c. To calculate the velocity, the horizontal and vertical components are required.

The horizontal component remains at 30 ms~'. The vertical speed is calculated
usingv=u+at=0+9.8x2.67=26.2ms™".

The speed in the direction of travel can be found using Pythagoras’ theorem
because the vertical and horizontal components are at 90° to each other:

V3024 26.22 =39.8ms'=40ms"
6.2

The angle at which the arrow strikes the ground is tan-! (23—0) =471°.
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Worked example 14

An object is thrown horizontally from a ship and strikes the sea 1.6 s later
at a distance of 37 m from the ship. Calculate:

a. theinitial horizontal speed of the object

b. the height of the object above the sea when it was thrown.

Solutions

a. Theobjecttravelled 37min 1.6sand the horizontal speed was % =23ms.
b. Distance above sea, s = ut+]§at2 =04+0.5%x9.8%x1.6°=12.5m.
Worked example 15

A stone is thrown towards a wall with an

initial speed of 13 ms~'atan angle of 35°

to the horizontal. The stone is initially 350
2.0m above the ground and its horizontal X =777
distance to the wall is 12m. The wall is 2.0 I

4.5m high.

a. Calculate the time taken for the stone [«

to travel the horizontal distance to 12m

the wall.
b. Show that the stone will hit the wall.
Deduce whether the stone reaches its maximum height before or after hitting the wall.

d. Calculate the speed with which the stone hits the wall.

Solutions
a. The horizontal speed of the stone is 13 cos 35° = 10.6 ms™ and remains constant
! . . . 12
h h [to th llis———===1.1s.
during the motion, so the time to travel to the wall is 13 cos 35° S

b. Find the height of the stone above the ground at the time 1.1s and compare it to the
height of the wall. The initial vertical speed of the stone is 13 sin 35°=7.5ms™" and
the vertical motion is uniformly accelerated, with the acceleration —9.8 ms=2. At the wall,
the vertical displacement (relative to the initial position) is given by

13sin 35° % 1.1269 —%x 9.8 x(1.1269)? = 2.2m, so the height above the ground is
2.2+ 2.0=4.2m. This is just below the top of the wall.

Note that the time value used in the calculation has a higher precision than the answer in
part a. This avoids the accumulation of a rounding error.

c. The vertical velocity of the stone when it hits the wall is 13 sin 35° - 9.8 x 1.1269 =-3.6 ms™'.

It is negative, which means that the stone is in the downward phase of motion and therefore
it must have reached the maximum height before hitting the wall.

d. The speed is the magnitude of the velocity vector and can be calculated from its horizontal

and vertical components. Speed = V10.6% + 3.6 = 11ms™". This is less than the initial speed
because the stone is now at a greater height.
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Practice questions

19.

20.

21.

22.

The diagram shows trajectories of two projectiles
launched from the same point. The projectiles reach
the same maximum height.

Which quantity has the same value for both
projectiles?

A. initial speed

B. time of flight

C. horizontal component of initial velocity

D. speed at maximum height

An arrow is fired horizontally from height h and travels
a horizontal distance s before striking the ground.
Another arrow is fired with the same velocity and
travels a horizontal distance 2s.

What is the height from which the second arrow
is fired?

A. \2h B. 2h

C. 2¥2h D. 4h

A stone is thrown vertically downwards from the top
of a tower with an initial speed of 4.0ms™. The stone
hits the ground 1.9 s later. What is the height of the
tower?

A. 76m B. 10m
C. 18m D. 25m

A steel ball rolls off a table of height h with a horizontal
initial velocity v. What is the horizontal distance
moved by the ball, from the edge of the table to the
point where the ball hits the floor?

h \/E

A. ngxv B. gXV
2h \/E

C. ‘/g XV D. g><2v

23.

24.

25.

A football player kicks a ball into the air. The ball
reaches its maximum height 0.90s after the kick, and its
horizontal displacement at that instant is T6 m.

1
1
1
1
1
1
1
1
1
t
1
»J
1

A

16m

Calculate, for the ball:
a. itsvertical component of the initial velocity
b. itsinitial speed
c. theangle to the horizontal at which it leaves the
ground
d. its maximum height.
A tennis player serves a tennis ball towards the net.
The ball leaves the racquet horizontally at a height of
2.70m above the ground. The net is 0.900 m high
and a distance of 12.0 m from the player. Determine
the minimum initial speed of the ball so that it passes
above the net.
Olaf throws a dart with a speed of 9.0ms™" atan angle
of 4.0° above the horizontal. The dart hits the bullseye
onadart board, ata height 0.25m below the initial
height of the dart.
a. Show that the time of flight of the dart is
approximately 0.3s.
b. Calculate the:
i.  distance between Olaf and the dart board
i. speed ofthe dart when it hits the bullseye.
c. Sketch graphs to show the variation with time of
the dart’s:
i.  horizontal velocity
i. vertical velocity.
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How does the motion of a mass in a gravitational field compare to the motion of a charged
particle in an electric field?

In Topic D.3 you will study the motion of charged objects moving in an electric field.

When the electric field is uniform, then the force acting on the charged object is constant.

You already know what will happen! The force and therefore the acceleration will be constant,

so the motion will be parabolic; the displacement will vary with time?. One branch of physics helps another!

@ How does the motion of an object change within a gravitational field?

The parabola is a member of the family of curves known as the conic
sections. This is because each member of the family can be cut from part
of a cone (Figure 22). circle

It is no accident that each of these shapes has an important role in motion.
The parabola, ellipse and hyperbola all have a part in the orbits and parabola ellipse
escape trajectories of satellites and rockets. There is more detail about

orbits and motion in a gravitational field in Topic D.1. hyperbola
The parabolic shape arises from the nature of the gravitational field

near to Earth's surface. This is because the (approximately) A Figure 22 The various shapes that can
constantgravitational force leads to a uniform acceleration and the vertical ~ be made from a cone. These can all be
displacement must be proportional to the (time of flight)?. The possible trajectories for an object moving in

horizontal displacement is proportional to time of flight, so a gravitational field.
(vertical displacement) o« (horizontal displacement)?.

The other conic sections can be seen in other types of motion in a gravitational field and are explored in Topic D.1.

This result helps you to predict the trajectory for other types of field where the force is constant.
An example is a charged particle that is moving perpendicular to a uniform electric field. The
mathematics of the trajectory is similar and the particle also moves in a parabola. This is treated in Topic D.3.

@ How does a gravitational force allow for orbital motion?

The gravitational attraction between a satellite and Earth is always towards the centre of mass of the objects.
The satellite is subjected to a force directed to Earth’s centre. This is precisely the condition for the satellite
to orbit Earth in a circular or an elliptical orbit. The nature of the force (called a centripetal force) is explored
in Topic A.2.

Moving through fluids

The assumption that air resistance is negligible is usually unrealistic—ask any cyclist.
An object that travels through a fluid “stirs” the fluid up. Both gases and liquids are
called fluids. The object moving in the fluid is subject to a viscous drag force. The
stirring process is complex so that, even after introducing some simple assumptions
about the resistance of a fluid, it is difficult to give a complete analysis.

The effects of the viscous drag
forces themselves are explored in
more detail in Topic A.2.

In energy terms, air resistance comes from the transfer of some of the kinetic
energy of the moving body into the fluid through which it is moving. Some fluids
absorb this energy better than others: swimming through water is much more
tiring than running through the air.
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time
»

>

acceleration

speed

distance

time
N

acceleration
speed

distance

(b)

A Figure 23 Graphs of distance, speed
and acceleration against time for an

object falling vertically from rest with

(a) no air resistance and (b) air resistance
that varies o« v2. The graphs are drawn to the
same scale.

Air resistance in one dimension

Before tackling the more difficult case of projectile motion, it is worth looking at
the effects of air resistance on the motion of an object falling vertically after being
released from rest.

The effects of air resistance increase with the speed of an object. Eventually, at

a high enough speed, the force resisting the movement of the object becomes
equal to the gravitational pull downwards. The object cannot accelerate to a
greater speed and so has reached a speed maximum. This value is known as the
terminal speed.

Figure 23 shows graphs of the vertical motion for an object without air resistance
(Figure 23(a)) and with air resistance (Figure 23(b)).

Figure 23(a) shows:
¢ ahorizontal line for the acceleration because it is constant at =9.8 ms—2

* agradient for the speed graph that is constant; the speed is proportional to
the time elapsed

* acurved parabolic line for the distance fallen as the displacement is
proportional to (time elapsed)?.

All of these are expected from earlier parts of this topic.
Figure 23(b) shows very different behaviour:

¢ The acceleration is —=9.8 ms=?when time t = O but it then falls to zero as the
drag force increases (with speed).

¢ The initial gradient of the speed graph is the same as that for the case without
drag but then decreases. The speed becomes constant as the acceleration
reaches zero. This constant speed is the terminal speed.

¢ The distance fallen graph is no longer parabolic and becomes straighter as the
time increases. Note that the distance travelled in Figure 23(b) is much less at
any given time when drag acts.

The result of all these changes is that:
e Thetime to fall a particular distance (the time of flight) increases.
* The acceleration varies, falling from g to zero as the speed increases.

* Thereis a terminal speed that depends on the dimensions of the object (this is
explored in Topic A.2).
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Worked example 16

The graph shows how the speed of a raindrop falling vertically to the ground
varies with time.

a. Outline which feature of the graph indicates that the raindrop falls with
a decreasing acceleration.

b. State the terminal speed of the raindrop.

c. Estimate the distance fallen by the raindrop during the first 2.0s.

d. Calculate the distance fallen during the first 2.0's by an object dropped
from rest in the absence of air resistance. Compare this with your
answer to part c.

e. Theraindrop is formed in a cloud 240 m above the ground. Calculate
the time the raindrop takes to fall to the ground.

10
8 -]
b
£ 6+
~
oY
(%]
2 .
O T T T T T T T T
O 05 1 15 2 25 3 35 4
time/s

Solutions

a. Acceleration is equal to the gradient of the speed-time graph. The graph
has a decreasing gradient, which means that the acceleration of the
raindrop quickly decreases from the initial value of 9.8 ms=2to zero.

b. The terminal speedis 8 ms™', as indicated by the straight section of the
graph after approximately 2.

c. Thedistance can be estimated by counting grid squares between the
graph and the time axis. There are approximately 11.5 squares from
Oto 2s, and each square is equivalentto 2 ms™' x 0.5s=1m.
Estimated distance =11.5m.

d. Calculate the distance fallen in the absence of air resistance using

. : . . 1
kinematic (suvat) equations. Distance = > X 9.8 x 22=19.6m. For the
raindrop, air resistance decreases this distance by more than 8 m.
e. Assume that after 2 s the raindrop falls with a constant speed of 8ms™.

The distance leftis 240 — 11.5 = 228.5m and the time to reach the

ground is therefore 2 + 228.5 — 375,
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* Tool 3: Calculate mean and range.

* Tool 3: Construct and interpret tables and graphs for
raw and processed data including scatter graphs and
line and curve graphs.

* Inquiry 1: Justify the range and quantity of
measurements.

* Inquiry 2: Interpret diagrams, graphs and charts.

This experiment compares the distance-time graphs
for two objects that experience different amounts of air
resistance. You need two objects to drop:

* One object should be small and dense such as a ball
bearing. This object should experience negligible
air resistance when dropped through small heights.

* The other object should be larger and lighter: a
balloon with a mass of 2 or 3 g attached to it
works well.

You are going to drop both objects from a range of
heights. First, decide on this range. The maximum height
will depend on the room you have available. A maximum
height of 2 m will be sufficient, although 3 or 4 m would
be better. You need at least eight different height
measurements. Divide your maximum height by 8 to give
suitable height increments which should ideally be larger
than 20cm.

* Drop the ball bearing from each height and measure
the time taken to hit the floor. You should use a
suitable method for the time measurement.

* Repeat each measurement three times and record
your results.

* Repeat the experiment with the balloon.

* Take averages of your results.

* Plot a distance-time graph for the two objects on the
same axes. (Note that time should be on the horizontal
axis even though it is the dependent variable.)

Compare the distance-time graphs for the two objects.
How do they differ? Is there evidence that the balloon
reached a terminal speed?

You can also calculate the average speed over each
interval and plot a speed-time graph. To do this, assume
that the average speed for each interval occurs at the
mid-point of each time interval. An example is shown in
the table. The mid-point time for the ball falling between
0and 0.2mis 0.23s (the average of 0 and 0.455s). The
average speed at this time is 0.44 ms™' since the ball
travelled 0.2 m in the 0.45 s time interval.

0.2 0.45 0.23 0.44
0.4 0.61 0.53 1.25
0.6 0.71 0.66 2.00

Air resistance in two dimensions

e

.0
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S vacuum
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S drag
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20 - — >
>0 horizontal position

The results are similar in two dimensions, as shown for the two cases in Figure 24.
Here, the trajectory is shown for an object projected at 45° to the horizontal in a
vacuum and with a drag force.

Comparisons of the two trajectories (Figure 24) and the two distance-time
graphs (Figure 23) show that when air resistance is taken into account:

* Therange is decreased.

A Figure 24 Effect of drag on an object
projected at 45° to the horizontal.

The trajectory is no longer parabolic.

*  The maximum height is reduced.

* The vertical acceleration is no longer constant.

* Thereis now a horizontal deceleration.

* Speeds are reduced.

* The determination of the time of flight becomes complex and depends on the
initial conditions of the motion.
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Worked example 17

A football is kicked with a speed of 25 ms~" at an angle of 16° to the
horizontal.

Assuming that air resistance is negligible, calculate for the football:
i. the maximum height reached
ii. therange.
State the effect of air resistance on your answers to part a.
Discuss the effect of air resistance on the vertical acceleration of the ball.

Sketch a possible graph to show how the horizontal speed of the ball
varies with time, including the effects due to air resistance.

Solutions
Use equations derived on page 31.
2 cin2 o
i.  Maximum height = 25°sin° 167 =2.4m.
2x9.8 2 % 25 % sin 16°
ii. Time taken to return to the ground = % =1.4s.

Range=25x%x1.4 x cos 16° = 34m.
Both the maximum height and the range will be reduced.

Air resistance always acts against the motion of the ball, but its effect

on the acceleration depends on the phase of motion. When the ball
moves up, the vertical component of air resistance acts downwards and
increases the vertical acceleration (or rather deceleration—the upward
speed of the ball decreases faster than under the force of gravity alone).
When the ball goes down, the opposite happens: the vertical component
of air resistance acts upwards and decreases the vertical acceleration of
the ball.

The horizontal speed is initially 25 x cos 16° = 24 m s~ and decreases
gradually towards zero due to air resistance. How quickly and by how
much depends on factors such as the mass and the diameter of the ball,
but a possible graph may look like the one below. Note that the time

of flight will be reduced, too, but the graph only shows the first 1.2 s of
the motion.
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Using simulations
and models

The graphs of an object subject
to air resistance in Figure 23
were produced using modelling
software. This is one way to
investigate a system that is
complicated or where the
situation would involve complex
mathematics. You may want to
use modelling in your scientific
investigation for the internal
assessment.

Methods for solving problems
such as this are shown in the Tools
for physics section of this book
(on page 364). This can be done
using a spreadsheet such as Excel
or modelling software such as
Modellus X, Desmos or Geogebra.

Modelling techniques are used
frequently in scientific research.
The powerful computers that
enable multi-factor simulations
are very much part of the modern
nature of science.
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How can forces acting on a system be represented both visually and algebraically?

How can Newton’s laws be modelled mathematically?

How can knowledge of forces and momentum be used to predict the behaviour of

interacting bodies?

For the motion of an object to change, a force must
acton it. This is the first and most basic of Newton’s
laws of motion. At first glance, this law seems obvious.
Nevertheless, many questions arise: What does force
mean? What is the connection between the force acting
on, and the change in movement of, an object?

Scientists need a language to describe forces. They are
vector quantities, so they require both magnitude and
direction in their description. You can visualize them using
scale drawing which works well in situations where more
than one force acts on an object.

Sometimes multiple forces combine to give no resultant
change in an object’s motion. What does our visual
approach tell us about this situation? You can extend your

understanding beyond purely visual descriptions, to use
the mathematics of vectors.

This area of physics is known as classical mechanics. It was
the product of the amazing insight of Isaac Newton and
others in the 17th century. He formulated a mathematical
framework that lasted for 200 years and that is still

reliable for many applications today. This framework links
force to kinematics for both linear and (as you will see in
Topic A.4) rotational motion.

As well as size and direction, the time period over which
a force acts on an object is significant. This leads to a
new and fundamental concept in physics: momentum.
Changes in momentum help you to understand the
collisions between objects and particles.

In this topic, you will learn about:

e  Newton'’s laws of motion
e forces as interactions between bodies

* free-body diagrams and how they are used to find the
resultant force on a system

* the nature of these contact forces:
o normal force
o surface frictional force
o elastic restoring force
o viscous drag force

°  buoyancy force

* the nature of these field forces:
o gravitational force
o electricforce
°  magnetic force

* |inear momentum and the conservation of linear
momentum

* impulse and change in momentum

* the elastic and inelastic collisions of two bodies and
explosions

* angular velocity

* centripetal force and centripetal acceleration.
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Describing forces

Introduction

We depend on forces and their effects in all aspects of our life. Forces are sometimes
thought of as “pushes or pulls”, but the concept of a force goes well beyond this
simple description. Forces change the motion of an object and deform the shapes
of objects. Forces can act at a distance when there is no contact between a system
that produces a force and the object on which it is acting.

Aristotle and the concept of force

A Figure 1 Swimmers experience many
forces during a race. They exert a force
backwards on the water which, by Newton's

Discussion about the meaning of
“force” goes back to the times of

earliest scientific thought. third law, exerts a forwards force on the

swimmer. The swimmer also experiences

Aristotle, a Greek philosopher who lived X
viscous drag and buoyancy.

about 2300 years ago, had an overarching
view of the world (called the Aristotelian
cosmology) and he is regarded as
important in the development of science.
The German philosopher Heidegger wrote
that there would have been no Galileo
without Aristotle before him. However,
despite Aristotle’s importance to us, he
would not be regarded as a scientist in

our modern sense. He is, for example, not
known to have performed any experiments
to verify his ideas.

This paves the way for your
understanding of the nature of a
gasin Theme B and provides a
key to many of the interactions of
nuclear particles in Theme E.

A Figure 2 A statue of the Greek
philosopher Aristotle.

Aristotle believed in the “nature” of all
objects, including living things. He thought
that all objects have a natural state which is to be motionless on the surface
of Earth and that all objects, when left alone, try to attain this state. Then he
distinguished between “natural motion” in which objects fall downwards
and “unnatural” or “forced” motion in which objects need to have a force
continually applied if they are to remain anywhere other than their natural
state. Unfortunately for those learning physics, this is a very persuasive idea
because you know intuitively that, when you hold something in your hand,
your muscles have to keep “working” in order to do this.

There are many other examples of Aristotelian thought that needed to be
overturned before later scientists could move our thinking forward. But it is
important to remember the contribution that Aristotle made to science, even
if some of his ideas are now disregarded. What do you think students in a
century’s time or a millennium from now will make of our physics?

Newton'’s laws of motion

Scientists in the time of Galileo had begun to realize that things were not as
simple as the Greek philosophers thought. They were coming to the view that
moving objects have inertia, meaning a resistance to stopping and that, once in
motion, objects continue to move.
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@ Thought experiments

Sometimes in the history of
science, scientists have made
progress by using experiments

to prove or disprove a theory.
However, there are also times
when they have made progress by
pursuing “thought experiments”.

A thought experiment is when you
take a known situation in which it
is easy to imagine the outcome.
You then extend the scope of

that situation to imagine how the
outcome might change. The result
may lead to a new theory which
can itself be tested using practical
experiments.

Galileo himself was reputed to
have dropped two cannon balls
from the Leaning Tower of Pisa

to demonstrate that the ancient
Greeks'’ ideas about falling
objects was wrong. There is no
contemporary evidence that he
did this. It is more likely that it was
an idea that he used to explain

his ideas of forces. This would
encourage others to pursue further
thought experiments. There is
evidence that a similar experiment
was performed in Delft in the
Netherlands, possibly earlier

than Galileo’s version. Galileo
demonstrated the link between
weight and Newton'’s second

law by persuading people that
objects in free-fall accelerate at the
same rate.

Einstein is also famous for a
thought experiment in which he
imagined riding along the crest
of a light wave. By pursuing this
idea, he conceived his theory of
special relativity which is explored
in Topic A.5.

Galileo carried out an experiment with inclined planes and spheres. In fact, this
may have been a thought experiment—this was often the way forward in those
days—but in any event it is easy to see what Galileo was trying to suggest.

A Figure 3 Galileo's thought experiment.

Figure 3 shows a sphere rolled down the left-hand arm of a double inclined
plane. In the first experiment (Figure 3(a)), both arms of the inclined plane are at
the same angle and the sphere rolls the same distance up the slope as it rolled
down (assuming no losses). In the second experiment (Figure 3(b)), the second
arm is at a lower angle than before. The sphere rolls up the right-hand plane to
the same height as that from which it was released. Galileo suggested that, when
the right-hand plane is horizontal (Figure 3(c)), the sphere will continue to roll for
ever because it will never be able to climb to the original release height.

Newton’s first law

Newton included Galileo’s idea in his first law of motion, which says:

An object remains stationary or moves at a constant velocity unless an
external force acts on it.

Galileo suggested that the sphere on the horizontal plane never stopped. However,
Newton realized that there is more to say than this. Unless something from outside
applies a force to change it, the velocity of an object (both its speed and its direction)
must remain the same. This directly opposed Aristotle’s view that a force had to keep
pushing constantly at a moving object for the speed to remain the same.

Theories—Overthrowing Aristotle

Aristotle’s methods were based on making observations rather than scientific
experiments and creating logical explanations. It is a measure of his success
that his ideas dominated science for over a thousand years.

Some of the first scientists to question Aristotle’s ideas lived in the Islamic
Golden Age. While Europe was in the Dark Ages, Islamic scholarship
flourished between the 8th and 14th centuries.

Aristotle’s ideas of motion suggested that a moving object would stop once
it had found its natural place. The Persian polymath lbn Sina (luew ¢0l) who
lived from c. 980 to 1037 considered the motion of projectiles and
concluded that motion without air resistance would continue indefinitely—a
precursor to Newton's first law.

Later, the Islamic physicist Abu’l-Barakat Hibat Allah ibn Malka al-Baghdadi
(golasd Ko ¢ dlll o OS5I ), who lived c. 1080—c. 1165, proposed a
relationship between force and acceleration—a precursor to Newton's
second law.
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Al-Baghdadi, building on Ibn Sina’s work, had started to formulate the

idea of experimental methods involving repeated observations as a method
of investigation. This was an early version of what is now known as the
scientific method.

P0957619

A Figure 4 Ibn Sina as depicted on a banknote from Tajikistan.

Newton’s second law

The next step is to ask: when a force acts on an object, in what way does the
velocity of the object change?

Newton proposed a fundamental equation that connected force and rate of
change of velocity (acceleration). This is contained in his second law. The law can
be written in two ways (see later in this topic for the alternative form of the law).

Newton’s second law, in its simpler form, says that:
force = mass x acceleration

In symbols, this is written F = m X a, where a is the acceleration of an object of
mass m when force Fis acting on it.

The appropriate Sl units are force in newtons (N), mass in kilograms (kg) and
acceleration in metres per second squared (ms=?). The newton is a derived unit
in SI. In terms of fundamental units, it is kgms=2.

Two things arise from Newton's equation:

*  Massis a scalar quantity, so multiplying a by m will not change the direction
of the acceleration. The direction of the force and the direction of the
acceleration will be the same. Conversely, applying a force to a mass will
change the velocity in the same direction as that of the force.

*  One way to think about the mass in this equation is as the force required per
unit of acceleration for a given object. This provides a way to standardize
force units. When an object of mass 1kg is observed to accelerate with an
acceleration of 1ms=2, then one unit of force (1 N) must have acted on it.

Definition of a newton
Newton'’s second law of motion leads directly to the definition of the unit of
force—the newton (N):

1N is the applied force needed to accelerate 1kg of mass at the rate of
1ms~2in the direction of the applied force.

@ Communication skills

In English, proper nouns such

as a person’s name are given an
initial capital letter, Isaac Newton
for example. However, under the
international system of units which
is adopted by scientists—the
Systeme Internationale d’Unites or
Sl units—units should be written in
full without a capital letter (unless at
the start of a sentence) even when
the abbreviated unit is capitalized.

As a result, units named after
scientists such as the newton,
joule, hertz, and coulomb, are all
written in lower case, while their
abbreviations (N, |, Hz, C) are
upper case.

Which other units are named
after scientists?
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Inertial and

gravitational mass

What exactly is mass? The mass used
in Newton’s second law of motion is
inertial mass (F=m, x a). This is the
property through which an object
resists the effects of a force that is
trying to change its motion. Italso
appears later in this topic in the
definition of momentum
(o=mxV).

However, the quantity called

mass when considering weight
(W= m X g) is different. This is the
response of matter to the effects of
gravity and is called gravitational
mass.

Galileo is said to have dropped
two cannonballs of different mass
from the Leaning Tower of Pisa. He
observed that they accelerated at
the same rate, and thus showed
that inertial mass and gravitational
mass were the same. This is
shown through the application of
Newton'’s second law which gives:
ma=mg
When inertial mass and
gravitational mass are equal, then
this becomes:

a=g
Objects in free-fall (in the
absence of other forces such as
air resistance) will experience an
acceleration of g.
Even though these two quantities
seem to be the same, is there
any reason why they should be
equivalent?
The equivalence of inertial and
gravitational mass has been
experimentally verified to better
than 1 part in 10%.

Does this mean that what you
understand by mass varies with

the context? Can you imagine

what would happen if inertial and
gravitational masses were not equal?

Force, mass and acceleration

* Tool 2: Use sensors.
¢ Tool 3: Select and manipulate equations.

¢ Tool 3: Construct and interpret tables and graphs for raw and processed
data including scatter graphs and line and curve graphs.

* Inquiry 2: Collect and record sufficient relevant quantitative data

This series of experiments can help in your understanding of Newton's

second law.
es
card \@\_

light gat

cart

-

runway

A Figure 5 Acartis subject to a constant force provided by an elastic string. The light
gates time the cart over a known distance.

Experiment 1

The acceleration of a cart of constant mass is measured when it is pulled by
different numbers of identical elastic threads, each one extended by the
same amount.

* The motion can be timed using light gates and an electronic timer
as shown in Figure 5. Alternatively, the timing can be done using a
data logger connected to an ultrasound (or other) sensor. You could
even use your mobile phone with a suitable app.

*  Accelerate the cart with one elastic thread attached to the rear of the cart.
The thread must be extended by the same amount for each run. Devise a
way to do this: your hand needs to move at the same speed as the cart so
that the thread is the same length throughout the run for the acceleration
to be constant.

The card on the cart is of a known length. The time taken by the card to break
the light beam can be used to calculate, first, the average speed at each gate
and then (using the distance apart of the gates), the acceleration of the cart.
The kinematic equations are used for this—so it is essential that the force and
acceleration are constant.

e Alternatively, a data logger will give you a direct output of speed against time.

* Repeatthe experiment with two, three and possibly four elastic threads,
all identical, all extended by the same amount. This means that you will
be using one unit of force (with one thread), two units of force (with two
threads), and so on.

* Plota graph of calculated acceleration against number of force units. Is
your graph straight? Does it go through the origin? Remember that this
experiment has several possible uncertainties when you judge your line of
best fit.
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Experiment 2

The setup is essentially the same as for Experiment 1. However, this time, you

use a constant force (possibly two elastic threads).

Measure the acceleration with a constant force and different masses of carts.

This time, Newton's second law predicts that mass «

graph of acceleration against ! . Is it a straight line?
mass

Experiments—Valid or invalid

Experiments are important in determining the validity

of hypotheses. But the experiments must be carefully
designed so that the results measure what is intended.
An experiment that is a good measure of a physical
situation is said to be “valid”, whereas an experiment that
gives misleading results is “invalid”.

An experiment may be invalid when a control variable

is not properly controlled. Allowing such a variable to
change affects the collected data and may lead to a false
conclusion.

As an example, consider this experiment. A student
wants to test Newton'’s second law and attaches a
trolley to a string. The string passes over a pulley and
its other end is attached to some weights on a hanger.
The weights produce a tension in the string and
accelerate the trolley. The trolley is released from rest
and accelerates over a distance d. The acceleration
can be calculated when the travel time is known. The
student intends to vary the weight on the hanger and
measure the effect on the acceleration of the trolley.
The independent variable is the weight; the dependent

acceleration’

Plota

variable is the acceleration a. The control variables are
the distance d and the mass of the trolley m.

While this may seem a reasonable experiment, there is

a reason why it will not give the results that you might
expect. The trolley, the string and the weights are all
accelerating. As a result, the mass of this system is
changed when different weights are added and the
control variable is not constant. To make the experiment
valid, the mass of the trolley and the mass of the weights
must both be included (assuming the mass of the string is
negligible). A typical way of doing this is by transferring
weights from the trolley to the hanger.

trolley of

mass m
L

d

pulley

weights

A Figure 6 To what extent will this experiment be valid?

[C) Data-based questions

The diagram shows an ___pulley  Atableoftheresults is given.

experiment where an

object of mass 0.20kg m/kg t/s

is connected via a 1st trial 2nd trial 3rd trial

string and a pulley to 0.30 0.99 1.14 1.25

another object of mass 0.40 100 0.78 0.86

m. In the experiment, 4 0.50 0.80 0.88 0.66

m was varied and the - - - -

amount of time t that 0.60 0.74 0.62 0.80

the Object took to h 0.70 0.60 0.78 0.66

fall a distance h was 0.80 0.78 0.66 0.54

measured. 0.20kg 0.90 0.56 0.74 0.62
v 1.00 0.64 0.69 0.52

LTTTTTTTETTTTT 7777 HT7r7rr
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e Copy the table and add a column to find the average * Find the gradient of the graph. Using maximum

time. and minimum gradients, find the uncertainty in
e Plotagraph of t (y-axis) against m (x-axis). Include your graph.
error bars for t. * Use the equation for t?, todeduce h for this
it can be shown that: £ — &(m + 0_20) experiment. Quote the uncertainty in h as part of
m \m—0.20 your value.
Prove this relationship.
s ... m+0.2 You can find explanations for error bars and
* Plotagraph of t? against ———. o . .
m—0.2 uncertainties in the Tools for physics section on
e Add error bars to your new graph. Remember page 358.

that the percentage uncertainty in t? is double the
percentage uncertainty in t.

Worked example 1

A car with a mass of 1500 kg accelerates uniformly from rest to a speed of 28 ms™ (about 100kmh™") in a time of 11 s.
Calculate the average force that acts on the car to produce this acceleration.

Solution

Acceleration=a=Y"Y = 28

; —TZ 2.55ms‘2.
Force = ma=1500 x 2.55=3.8kN.

Worked example 2

An aircraft of mass 3.3 X 10°kg takes off from rest in a distance of 1.7 km. The maximum thrust of the engines is
830kN.

a. Calculate the take-off speed.

b. Discuss the assumptions you have made in part a.

Solutions
8.3x10°

oo _ >
a. Accelerahon——3.3x]Os 2.5151...ms

v2=u?+2ass0 v?=0+ 2 x 2.5151... x 1700 = 8552. Therefore, v= 8552 =92.5ms™".

b. The student has to assume that the thrust of the engines is constant and no other forces act on the aircraft in the
direction of its motion. They have to ignore effects of air resistance and assume that the runway is horizontal.

Practice questions
1. Anobjectis projected vertically upwards. Which is 2. Anairrifle pellet of mass 2 g is fired at an initial speed
correct about the net force acting on the object, at the of 200m s into a stationary block of clay. The pellet
instant when the object reaches its maximum height? penetrates the block for a distance of 10 cm before
The net force: coming to rest. What is the average force acting on
?
A is zero B. isamaximum the pellet from the block of clay?
0 1
C. changes direction D. isdirected downwards A 4x10°N B. 4x1O'N
C. 4x10°N D. 4x10°N
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3. Astationary tennis ball of mass 58 g is hit by a racket. 6.
The ballis in contact with the racket for a time of 10ms
and leaves the racket with a speed of 15ms™. Calculate
the average force exerted by the racket on the ball.

4. A carof mass 1200 kg decelerates from a speed of

80kmh™"to a speed of 45kmh™" over a distance of
18 m. Calculate:

a. theaverage force acting on the car during
deceleration

b. thetime taken to decelerate.

An electron moving horizontally at an initial speed of
8.0 x 10°m s~ enters a region where a constant vertical
force of 6.4 x 107N acts on it.

a. Outline why the horizontal component of the
velocity of the electron remains constant.

b. The electron travels a horizontal distance of 25cm
before leaving the region of the force. The mass of
the electronis 9.11 x 1073'kg.

Determine:

i. thevertical displacement of the electron as it
leaves the region of the force

5. A constant force of 4.0 x 102N acts on an initially
stationary railway carriage of mass 1.1 x 10*kg for
8.0s. Calculate, for atime of 8.0s:

a. thevelocity of the carriage

b. the distance travelled.

Newton’s third law

Newton’s third law of motion can be expressed in several equivalent ways.
One common way to write Newton'’s third law of motion is:
Every action has an equal and opposite reaction.

The first point in this formulation of the law is that the words “action” and
“reaction” mean “action force” and “reaction force”. The law refers directly to
the effects of forces.

A second point is that the action—-reaction pair must be matching types.
A gravitational action force must correspond to a gravitational reaction. A
gravitational action cannot link to an electrostatic force.

The third law suggests that forces must appear in pairs, but it is important
to identify all the possible force pairs in a situation and then to pair them up
correctly. Take, as an example, a rubber ball resting on a table (Figure 7).

The obvious action force here is the weight of the ball, that is, Earth’s gravitational
pull acting onit. This force acts downwards and—if the table were not there—the
ball would accelerate downwards towards the floor according to Newton's
second law. What is the reaction force? Given that action force and reaction
force must pair up like for like, the reaction is the gravitational force that the ball
exerts on Earth. This is the same size as the pull of Earth on the ball, but is in the
opposite direction. This gravitational force pair is shown as red vectors in

Figure 7(a).

What prevents the ball accelerating downwards? There must be a force exerted
by the table on the ball. Because the ball is not accelerated, this upwards force is
equal and opposite to the downwards gravitational pull of Earth on the ball.

However, the upwards table force is not the reaction force to the ball’s
weight—that reaction force is the gravitation pull on Earth. The origin of the table
force lies in the electrostatic forces between atoms. As the ball rests on the table,
it deforms the horizontal surface very slightly. Imagine pushing downwards on
the middle of a metre ruler suspended by supports at its end. The ruler bends in

ii. theangle thatthe electron’s velocity makes
with the horizontal.

upwards gravitational
force on Earth due to ball

ball

table

downwards gravitational
force on ball due to Earth

upwards force from table

ball

table

downwards force from
deformation of ball

A Figure 7 The forces acting on a ball on
atable. The forces should all lie on the same

vertical line that goes through the centre of

the ball.
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But are these laws
at all?

Can Newton's laws of motion

be proved? The answer is that
they cannot. Strictly speaking
they are assertions, as Newton
himself recognized. In his famous
Principia (written in Latin as was
the custom in the 17th century) he
writes Axiomata sive leges motus
[meaning: the axioms or laws

of motion].

In physics, a law differs from
atheory in that a law makes

no attempt to explain itself. It

is only based on the results of
observation. A theory, on the
other hand, justifies itself with

an explanation.

However, Newton's laws of
motion allow us to predict most
types of motion. They remained
unchallenged for about 200 years
until Einstein formulated two
theories of relativity at the turn of
the 20th century. Einstein showed
that the rules Newton proposed
were only approximate. However,
for human speeds, the laws are
reliable to a high degree and are
good enough most of the time.

a spring-like way to provide a response to the force acting downwards. The dent
in the table surface is the response of the atoms in the table to the weight lying
on it. Remove the ball and the table will become flat again. This upwards force,
trying to return the table surface to the horizontal, is pushing upwards on the ball.
There is a corresponding downwards force from the deformed ball (the ball will
become slightly flattened as a response to the gravitational pull). So here is the
second action—reaction pair (the black vectors in Figure 7(b)) between two forces
that are electrostatic in origin.

To get a feeling for this (literally), take a one-metre laboratory ruler and suspend
it between two lab stools. Press down gently with your finger in the centre of
the ruler so that it becomes curved. The ruler will bend; you will be able to feel it
resisting your efforts to deform it. Remove your finger and the ruler returns to its
original shape.

@ Thinking skills—The language of force

In explaining Newton'’s third law for a particular example, you must
remember to emphasize the nature, the size and the direction of the force
you are describing. A common example is that of a rocket in space. Students
sometimes write that “...by Newton's third law, the rocket pushes on the
atmosphere to accelerate” but this shows a weak understanding of how the
propulsion works.

First, of course, the rocket does not “push” on anything. This is proved by the
fact that a rocket can accelerate in space where there is no atmosphere.

fuel and oxygen

ignite
oxygen fed _ﬁv
into chamber{ ——
\ /\U"
\
fuel mixed with T
oxygen at end of fuel.fed into
chamber cavity around
chamber

A Figure 8 The combustion chamber of a rocket.

Inside the rocket, chemicals react in a combustion chamber to produce a

gas with a high temperature and large pressure (Figure 8). The chamber has
exhaust nozzles through which this gas escapes. At one end of the chamber,
the gas molecules rebound off the end wall and exert a force on it. As a result,
they reverse their direction. In principle, the rebounding molecules could
then travel down the rocket and leave through the nozzles. There is an action—
reaction pair here: the force forwards that the gas molecules exert on the
chamber (and therefore the rocket) and the force that the chamber exerts on
the gas molecules. It is the first of these two forces that accelerates the rocket.
If the chamber were completely sealed and the gas could exert an equal and
opposite force at the back of the rocket, then the forward force would be
exactly countered by the backwards force and no acceleration would occur.
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Later you will interpret this acceleration in a different way. But this explanation
will still apply at a microscopic level.

Think about the following situations and discuss them with fellow students. You
may wish to return to these when you have a further perspective on mechanics,
atthe end of Topic A.3.

e Afire fighter must exert considerable force on a fire hose to keep it
pointing in the direction that sends water to the correct place.

* Thereis a suggestion to power space travel to deep space by ejecting
ions from a spaceship.

* Asailing dinghy moves forward when the wind blows into the sails.

Worked example 3

Describe action—-reaction force pairs according to Newton'’s
third law for the following situations:

a. a helicopter hovering above the ground

b. adog pulling on its leash (consider forces on the dog).

Solutions

a. The helicopter’s weight and the gravitational force exerted by the helicopter on Earth are one such pair. Another
pair describes the interaction of the helicopter blades with the surrounding air: the blades exert a downward force
on the air and consequently, the air exerts an equal but opposite force on the blades. This is the upward lift force
that prevents the helicopter from falling!

b. There are at least three action-reaction pairs that involve forces acting on the dog:
e The dog's weight and the gravitational force from the dog on Earth.

e Thetension in the leash acts on the dog in the direction parallel to the leash; the dog exerts an equal but
opposite force on the leash.

* The reaction force from the ground acts on the dog. This force has a forward and upward component and forms
a force pair with the force exerted by the dog on the ground.

Worked example 4

A brick of mass 4.0kg lies on a floor. A force of 20N is applied downwards to the brick. Calculate the magnitude of
the force exerted by the brick on the floor.

Solution

The total downward force acting on the brick is the sum of the brick’s weight and the externally applied force,
4.0% 9.8 + 20 =59 N. For the brick to remain at rest, this force must be balanced by an upward reaction force of 59N
exerted by the floor. By Newton'’s third law, the brick exerts an equal but opposite force on the floor, 59 N downwards.
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There is an introduction to the use
of vector diagrams on page 340.

(a) situation diagram
ball
pull of Earth pull of ball
on ball on Earth

Earth

(b) free-body diagram for the ball
ball

pull of Earth
on ball

A Figure 9 (a) The situation diagram and
(b) the free-body diagram for a ball falling
freely under gravity.

Free-body force diagrams

Force is a vector quantity and can be represented by an arrow. The scaled length
of the arrow gives the magnitude of the force, and the arrow direction gives the
force direction. In simple cases where there are only a few forces acting, this
works well. As the situations become more complex, diagrams showing all the
forces can become complicated. You can avoid this problem by drawing a
free-body force diagram.

The rules for a free-body diagram for a body are as follows:

* The diagram is used for one body only. The force vectors are represented
by arrows.

e Only the forces acting on the body are drawn.

*  The force (vector) arrows are drawn to scale originating at a point that
represents the centre of mass of the body

e Allforces must be clearly labelled.

Drawing a free-body diagram

¢ Tool 3: Draw and interpret free-body diagrams showing forces at point of
application or centre of mass as required.

* Tool 3: Add and subtract vectors in the same plane (limited to three
vectors).

* Inquiry 2: Interpret diagrams, graphs and charts.

Begin by sketching the general situation with all the bodies that interact in
the situation.

Select the body of interest and draw it again removed from the situation. The
body may be simply represented as a point (at its centre of mass) or a box or
circle.

Draw all the forces acting on this body to scale and label them.

Add the force vectors together (either by drawing or calculation) to give
the net force acting on the body. This sum can be used later to draw other
conclusions about the motion of the object.

Examples of free-body diagrams
1. Aball falling freely under gravity with no air resistance

There are two gravitational forces acting: Earth pulling on the ball and the
ball pulling on Earth. For the free-body diagram of the ball (Figure 9), we are
only interested in the first of these. The free-body diagram is a particularly
simple one, showing the object and one force. Notice that the ball is not
represented as a real object, but as a point that marks the centre of mass of
the object.
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2. The same ball resting on the ground (a) situation diagram
As we saw earlier for the case of the ball on the table, four forces act:
* the weight of the ball downwards acceleration =0 Q ball
* the reaction of Earth to this weight ground
e the upwards force from the ground because the ground has been deformed
e thereaction of the ball to this “spring-like” force. (b) free-body diagram 4 foce on ball
The normal force (often labelled FN) is the component of the contact force for the ball from ground
that acts perpendicular to the surface. In this situation this normal force is the ball
force on the ball from the ground.
force of Earth
A free-body diagram (Figure 10) helps here because, by restricting the on ball
diagram to the forces acting only on the ball, the four forces reduce to two: N 10 The free-body di ‘
the weight of the ball and the upwards force on it due to the deformation igure ¢ free-body dlagramfora
. ball at rest on the surface of a table.
ofthe ground. These two forces are equal and opposite. The net resultant
(vector sum) of the forces is zero and there is therefore no acceleration.
3. Anobject accelerating upwards in a lift
general situation free-body diagram for free-body diagram
the mass for the lift force exerted
lift cable by cable on lift
force exerted force exerted
by lift :
acceleration é.l on by earth on lift
of object object (weight of lift)
lift object
force exerted
by Earth on
object iforce exerted
by object on lift
A Figure 11 The free-body diagram for an object in a lift.
The weight of the object acts downwards (Figure 11). The magnitude of
this force is the same as when the object is on Earth’s surface. However,
the upwards force of the floor of the lift on the object is now larger than the
weight and the resultant force of the two has a net upwards component. The
object is accelerated upwards.
For the lift, there is an upward force in the lift cable and a downwards weight
of the lift together with the weight of the object. The resultant force is upwards
and is equal to the force in the cable less the weight forces of the lift and object.
Worked example 5
A person stands on a weighing scale placed on the floor of a lift. The weighing scale reads the force in newtons.
a. Explain, by reference to the forces acting on the person, why the reading of the weighing scale depends on the
vertical acceleration of the lift.
b. The mass of the person is 75 kg and the lift is moving with a downward acceleration of 1.5ms™2.

i. Draw a free-body diagram for the person.

ii. Calculate the reading of the weighing scale.
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~ Solutions

a. By Newton’s third law, the reading of the weighing scale is equal to the magnitude of the normal force F, exerted by the
scale on the person. The only other force acting on the person is the person'’s weight mg, so the net force on the person
is F,, — mg (taking forces and accelerations directed upwards as positive, and those directed downwards as negative).
The net force is related to the acceleration a of the lift (and the person), ma = FN —mg. Hence, FN =m(g+ a). This
shows that the reading of the weighing scale depends on the acceleration of the lift. Upward acceleration (a > 0O) gives
the reading greater than the person’s weight; downward acceleration (a < O) gives the reading

less than the person’s weight. "
normal force, Fy
b. i. The netforce is downwards, so the normal force has a smaller magnitude than the
weight.
- ) o o ® person
i. Downward acceleration has a negative sign in the formula derived in part a.
The reading of the scale is 75(9.8 — 1.5) = 620 N.
Note that ‘downward acceleration” means that the lift is either moving upwards with a weight, mg
decreasing velocity or moving downwards with an increasing velocity. W
Practice questions
7. Forthe person in the worked example above, draw a. moving with a constant vertical speed
a free-body diagram and calculate the reading of the b. accelerating upwards at 2.0ms2.

weighing scale when the lift is:

There is also rotational equilibrium
where something is rotating at

a constant angular speed; this is
discussed in Topic A.4.

h force 1 Q force 2

(@)

A 4

force components
add vertically

0
1
]
1
1
1
1
1
:
1

force components cancel horizontally
(b)

A Figure 12 (a) Force 1and force 2 are
equal in size and opposite in direction; the
next force is zero. (b) The two forces are no
longer in the same line of action and cancel
horizontally but not vertically.

Translational equilibrium

When an object is in translational equilibrium, it is either at rest or moving ata
constant velocity (not just constant speed in this case). “Translational” here means
moving in a straight line.

Newton'’s first and second laws remind us that when there is no change of
velocity then there must be zero force acting on the object. This zero force can
often be the resultant (addition) of more than one force. In this section, we will
examine what equilibrium implies when there is more than one force.

The simplest case is that of two forces. When they are equal in size and opposite
in direction, they will cancel out and be in equilibrium (Figure 12(a)).

When the forces are equal in size, but not acting in the same direction, then
equilibrium is not possible. In Figure 12(b), the two horizontal components of the
force vectors are equal and opposite, and there is no resultant force component
in this direction. Vertically, the two vector components point in the same
direction. Overall, there will be an unbalanced vertical force. The object will
accelerate upwards in response to this unbalanced force.

This gives a clue as to how we should proceed when there are three or
more forces.
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situation diagram

horizontally

free-body diagram

A =

(b)

mg

T sin@

———————-

mg

vertically

A Figure 13 The (a) situation diagram and (b) free-body diagram for the forces acting on a

small ring.

Figure 13 shows a small ring on which three forces act. The forces are provided
by a weight, a spring balance, and the tension in a string. For equilibrium to
occur, the three components must add up to zero in any direction in which they
are resolved. This is an example of the resolution of vectors. The principles

behind this are stated on page 342.

Figure 13(b) shows that horizontal and vertical are two good directions for this
resolution of vectors, because two forces are aligned with these directions and

one disappears in each direction chosen:

* The vertical force mg has no component in the horizontal direction.

* The horizontal force T, has no vertical component.

Whichever direction is chosen, all the
forces must cancel for there to be no
resultant force.

There is one more consequence of this
idea. Figure 14 shows the forces drawn, as
usual, to scale and in the correct direction
(in red). The forces can be moved, as
shown by the green arrows, into a new
arrangement (shown in black). What is
special in the rearrangement is that the
three forces form a closed triangle where all
the arrows meet. This is called the triangle
of forces. Whenever you can draw the
vectors for a system in this way, then the
system must be in translational equilibrium.

1
1
1
1
1
1
1
1
1
1
1
1
i
1
\4

Tz',"
/" Move the mg vector vertically upwards to
the start of Ty.

Move T, sideways to the end of Ty.

The three vectors now form a closed triangle.
The three forces are in translational equilibrium.

A Figure 14 Moving the force vectors so that they act as a triangle of forces.
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Worked example 6

A cart of mass 0.80kg is placed on a ramp that makes an angle of 20°
to the horizontal. The cart is held in equilibrium by a thread.

Draw a free-body diagram for the cart.
Calculate the magnitude of:

i. the normal force from the ramp on the cart

ii. thetension inthe thread.

The thread breaks. Calculate the acceleration of the cart.
normal force, Fn

Solutions

a.

The forces acting on the cart are the cart’s weight, the tension tension. T
in the thread and the normal force from the ramp. cart

It is convenient to resolve the weight of the cart into components parallel and
perpendicular to the ramp. In equilibrium, the tension is equal and opposite to the
parallel component of the weight, and the normal reaction is equal and opposite to
the perpendicular component of the weight.

i. F,=0.80x%9.8cos20°=74N
i. T=0.80%9.8sin20°=2.7N

weight, mg

When the thread breaks, the net force on the cart is parallel component

equal to the parallel component of the weight. of weight, mg sin 20°
i ® erpendicular component
7mgsr|;120 =gsin 20°=3.4ms2 perp P

Acceleration = of weight, mg cos 20°

Practice questions

8.

An object of mass 2.0 kg is suspended in equilibrium 10. A ball of weight 0.50N is suspended by a thread of
by two threads of equal length attached to the ceiling. negligible mass. A horizontal force F acts on the ball.

7 0 5 0 T 7 0 S B T o a7 In equilibrium, the thread makes an angle of 40° to
150° the vertical.

1 40°
a. Calculate the tension in each thread. E

b. Explain why the threads are more likely to break
when the angle between them is increased. 0.50N

The diagram shows an arrangement of two objects

ded by threads of ligibl .
suspendedbyhreads of neglgible mass a. Determine the magnitude of:

The mass of object Ais Mand the i theforce F
mass of object B is 2M.

object A ii. thetensioninthe thread.
a. Draw a free-body diagram for b. The thread breaks and the horizontal force remains
object A. . unchanged. Describe the initial motion of the ball.
object B

b. Calculate, interms of M, the
tension in each thread.
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Investigating a triangle of forces

* Tool 1: Understand how to accurately measure angles
an appropriate level of precision.

* Tool 3: Construct and interpret tables and graphs for
raw and processed data including scatter graphs and
line and curve graphs.

* Inquiry 2: Interpret diagrams, graphs and charts.

For this experiment you need weights, string and a pulley.
Assemble them as shown in the diagram. The pulley
should be mounted on a retort stand. It may be easier if
the horizontal string, attached to the wall, is also attached
to another retort stand so that you can adjust that as well.

pulley

my

FRTTRTRRRA AR

m

A Figure 15 Investigating the triangle of forces.

Types of forces

There are many types of force:

*  Non-contact forces occur when there are forces acting between objects
that do not touch. For example, magnetic, electrostatic (electromagnetic)

and gravitational forces.

e Contact forces are forces that we observe when two objects are touching in

some way. We can usually imagine how the forces arise.

The three contact forces that you study in IB Diploma Programme physics are:

e elastic restoring forces

*  buoyancy forces

e friction between solids (solid friction) and friction between solids and fluid

(viscous drag forces).

Place a known mass m, as shown. This mass will
remain constant throughout the experiment.

Place a mass m, as shown (m, should be less than m,).
Adjust the position of the pulley so that the string
attached to the wall is horizontal.

Measure the angle marked 6.

Change m,, repeat the adjustment of the pulley and
measure 6.

Take repeats for each mass.

Construct a table of your results.

Add a column for the average angle and for cos 6.
Plot a graph of cos 6 against m,.

What does the gradient of your graph represent?

@ How can knowledge of
electrical and magnetic
forces allow the prediction
of changes to the motion
of charged particles?

The study of forces and their effects
is not just about spheres bouncing
and strings pulling. All forces have
a direct impact.

Charged particles from the Sun
enter the upper atmosphere

and come under the influence

of Earth’s magnetic field. They
interact with the magnetic field

and their motions change. The
result is the Aurora Borealis or the
Aurora Australis—depending on the
hemisphere in which you live. Topics
D.2 and D.3 will put some of the
work from this topic to use in linking
the electrical and magnetic forces to
the motion of these particles.
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0

A Figure 16 The elastic restoring

0

force—extension graph for a spring that

obeys Hooke's law.

Elastic restoring forces

The shape of a solid can be changed by applying a force to it. Different materials
respond to a given force in different ways.

A stretched spring exerts an elastic restoring force f, on the objects attached to
each end of the extended spring (Figure 16). F, is equal and opposite to the force
that extended the spring initially. The extension is the change in length from the
spring’s initial unextended length; it usually has the symbol x.

Figure 16 shows the variation in the tension produced by the spring against

the extension of the spring. When the graph is a straight line through the origin,
then F, o x and the tension is directly proportional to the extension. This is
known as Hooke's law because Robert Hooke is thought to be the first person
to formulate it.

Science as a shared endeavour

Robert Hooke (1625-1703) was an English scientist, architect and polymath. He was
an assistant to Robert Boyle and constructed the air pump that allowed the discovery of L E C T u R E S

Boyle's law (see page 256).

De: Potentie  Reflitutiva,.

OR OF

Hooke argued with Isaac Newton over which of them should take credit for various
discoveries, including Newton'’s theory of gravitation. S PR I NG

He published his discovery of Hooke's law as an anagram, revealing the solution two
years later. Scientists would do this to prove that they were the discoverer without
disclosing to their rivals what their discoveries were.

Nowadays, scientists work more collaboratively. They publish their works promptly

Explaining the Power of Springing Bodies.
To which are added fome

COLLECTIONS

Vig

f Dr.Pappios Wind-Fowntaie and Férce-Pasp.
S h it camcerwing l’l:‘ taral Fowntates,
Jeme otber! prations mnnsr:&"

so that other scientists might confirm and improve their findings. Scientists ﬁz"é'?“@ix...d.-mm‘?ﬁﬁa"fﬁ‘l" '

are careful to reference work carried out by other scientists. A system of peer
review—where other scientists check articles before publication—ensures that full
credit is given to other scientists’ work.

You will see more about the forces in

springs and how this links to elastic

potential energy in Topic A.3.
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P Figure 17 Hooke's De Potentia Restitutiva
in which he published the solution to his
anagram and described Hooke's law.
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The law can be written as: F, = —k X x, where kis the constant of proportionality
known as the spring constant.

The units of kare Nm~": in fundamental Sl units, this is kg s=2.

The stiffer the spring, the larger the value of k. The spring constant k is known also
as the elastic constant and the force constant.

The negative sign in F, = —kxreminds you that the force that the spring exerts

is in the opposite direction to the extension. Figure 18 shows this for a spring
that can be longer or shorter than its unstretched length. When the spring is
lengthened and the extension is to the right (the middle diagram), the spring is
exerting a force to the left to try to return to its unextended (equilibrium) length.
When the spring is compressed and shorter so that the compression is to the left,
the spring exerts a force to the right.

A Figure 18 Extending and compressing a spring of unextended length L.
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@ How does a restoring force acting on a particle result in simple harmonic motion?

This emphasis on the direction in which a force acts as predicted by its sign is important. In simple harmonic motion
(discussed in Topic C.1), you will see how a force directed to the centre of a motion leads to the prediction of an
oscillation.

The spring in Figure 18 is an obvious example of this. Imagine a mass attached to the right-hand end of the spring. The
spring is always trying to return the mass to its equilibrium position. The mass accelerates and overshoots the equilibrium
position and now the force on it due to the spring acts in the opposite direction. In the absence of frictional losses, the
oscillation—compression and extension of the spring—will continue forever without stopping.

Worked example 7

An object of mass 1.5 kg is suspended by a spring attached to the ceiling. The spring extends by 3.0 cm from the
unstretched length. The mass of the spring is negligible.
Calculate the elastic constant of the spring.

Solution
The object is in equilibrium so the elastic force from the spring and the weight of the object have equal magnitudes,
_ _ 1.5x9.8 "
kAL =mg. From here, k= 30x102= 490Nm™.
Worked example 8 61
A student investigates how the spring force F varies 5 1
with extension AL of a spring. The graph shows the 6
experimental results and the line of best fit. > 44
a. Estimate the elastic constant of the spring. o 3
b. The student wants to use the graph to predict 2
the extension of the spring when stretched by a force 14
of 50N. Comment on the assumptions needed. 0
T T T T T T T T T T
O 1 2 3 4 5 6 7 8 9 10
. AL/cm
Solutions
a. The elastic constant is equal to the gradient of the line of best fit. We use the coordinates of two extreme points on
. . . _ 58-0 _ i
the best fit line to calculate the gradient. Elastic constant = [00-0)x102= 58Nm™.

b. The linear relationship needs to be extrapolated beyond the range of the experimental data. For a given spring,
Hooke's law is only valid in a certain range of extensions (this is called the elastic region of the spring), and the
student has to assume that the extension corresponding to the force of 50 N is within this range, which may not be
justified for this particular spring!

Investigating Hooke's law

e Tool 3: Construct and interpret tables and graphs for raw and processed data including scatter graphs and line and
curve graphs.

* Inquiry 1: Demonstrate independent thinking, initiative, or insight.

>
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* Inquiry 2: Collect and record sufficient relevant quantitative data. support

* Arrange a spring of known unstretched length with a weight

hanging on the end of the spring.

* Devise a way to measure the extension of the string for several
weights of increasing size that hang on the end of the spring.

* Repeat the measurements as you remove the weights to check.

* Plota graph of force (weight) acting on the spring (y-axis) against
the extension (x-axis). This is not the obvious way to draw the

S u o

W NN
S & o

w
O
o
0]
a
T L LI L e

graph, but it is the way often used. Normally, we would plot the [ = ==

dependent variable (the extension in this case) on the y-axis.

ANMANAR NN NN
spring P I
X

spring Q

A Figure 20 Two identical springs in
series give double the extension of one
spring for the same force.

In Topic B.5, you will see two
quantities combined using

a reciprocal relationship in a
similar way.

original length

new length =

weight, mg

Investigating Hooke's law.

Combining springs

In series
Two identical springs P and Q, both of spring constant k, are connected in series,
and a weight mg is hung on the bottom of Q (Figure 20).

Each spring has the same tension (mg) and therefore each extends by x = %

The total extension for the pair of springs is 2—Tg Hooke's law for the springs is
written as:
2mg
k
where k’is the new spring constant for both springs acting together. This leads to

mg =k’

k'= g where the new paired spring constant is half of the spring constant for one
spring alone.

When springs P and Q have different spring constants k, and k then the new
spring constant k”is given by:

1 1 1
—=—t
k kP kQ

In parallel
This time the identical springs are connected in parallel (Figure 21).

The weight is “shared” between them. To see this, remember that the force
downwards is mg and, when the springs are in equilibrium, then the total force
upwards is mg. Each spring will only contribute one-half of this force, so that is

% for each spring. With a full load of mg, each spring extends by x. With a load
of half of this, each spring extends by%and the effective spring constant is 2k, as
the arrangement appears to be twice as stiff.
With different spring constants:

k'=k,+ kg

A Figure 21 Two identical springs in parallel give
half the extension of one spring for the same force.
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Practice questions

11. When a load is applied to a spring of negligible mass, 12. Spring 1 has the elastic constant k and spring 2 has
the spring extends by a distance L. The spring is now the elastic constant 2k. The springs are connected in
cut into two halves of equal length and the halves of series and extended by a combined distance L.
the spring are arranged in parallel. What is the effective spring constant of the serial
What is the extension of the parallel system under system and what is the extension of spring 17

unchanged load?

Effective spring constant | Extension of spring 1

WX | w|R | w|> | w|=

WN | w]— | w|N | w|~

L

Ay A.
B. é two halves of

c | the original spring B.

D. 2L
load C
D.

Buoyancy forces

How does floating—or buoyancy as it is properly called—work? Buoyancy is

related to the density of an object. Many people think that objects float because
their weight is small, and that heavy objects sink because they are heavy. Objects

that are denser than the fluid sink, objects less dense than the fluid float. The
question is: why?

¢ Tool 3: Select and manipulate equations.
* Tool 3: Identify and use symbols stated in the guide and the data booklet.
* Tool 3: Express derived units in terms of Sl units.

The ideas of pressure and density are important for the work on gas
properties in Theme B.

Density is defined as the mass for each unit volume of an object. When the
mass is m and the volume is V, then the density p is given by p = %

The unit of density is kg m=3. The density of water is 1000 kg m=2. The density
of steel is about 8000 kg m=3.

Pressure is the normal (perpendicular) force that acts on a surface for each
unit area of the surface (Figure 23). When a normal force F acts on an area A,

L F
the pressure Pis given by p = 7

The Sl unit of pressure is N m=2 which is usually written as Pa (where Pa stands
for pascal). Thus TN m=2 = 1Pa. The pressure of the atmosphere acting at the
surface of Earth is about TOO000N m=2 (10°Pa).

A Figure 22 Some examples of

floating objects.
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/ weight of the

/ whole object

< weight of this
volume of fluid

A

A Figure 24 An object floats on the
surface so that its weight is equal to the
weight of fluid it displaces.

>

Pressure is a scalar quantity. In a fluid it acts in all directions. When defined for
a solid, pressure acts in the same direction as the weight.

force F

<« Figure 23 Aforce Fisacting
normal to a surface of area A.

The buoyancy force (also called the upthrust), F,, is equal to pVg where p is the
density of the liquid, Vis the volume of displaced fluid and g is the acceleration
due to gravity. The buoyancy force arises from the pressure difference between

the top and bottom of the floating object.

The height of an object floating above the surface of a fluid depends on the
relative densities of the fluid and the object.

* When the densities are equal, the object has neutral buoyancy. The object
remains where it is in the fluid.

*  When the object density is greater than the fluid density, the net force on the
object is downwards and the object sinks.

*  When the object density is less than the fluid density, the net force is upwards
and the cube floats at the surface. The volume of the object below the
surface has displaced its volume of fluid (displaced means “moved out of
the way”). The displaced fluid has a weight equal to the total weight of the
object (Figure 24).

This leads to Archimedes’ principle: The upward buoyancy force on an object,
completely or partially submerged in a fluid, is equal to the weight of fluid
displaced by the object.

Objects float, so the fraction of their volume that is below the water must be
density of object

I .
equalto density of fluid

Global impact of science—The Plimsoll line

The density of seawater is not constant around the world.
The salt concentration varies from around 30 g in every litre
of seawater to about 40 g|~". The density also varies with
temperature. This has implications for ocean-going ships.

The outside of the ship’s hull is marked to show

the position where the water level ought to be in

various oceans with different salinities and temperatures
(Figure 25). This ensures that the ships are not loaded
excessively. The ship’s master must ensure that the vessel
does not have the relevant line under the water surface

before leaving harbour.

TF tropical freshwater loadline  F freshwater loadline
T tropical loadline S summer loadline
W winter loadline

A Figure 25 The Plimsoll line on the hull of a ship.
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Submariners and divers need to be aware of the implications of buoyancy:

A submarine has buoyancy tanks that are filled with air when the ship is on
the surface. To submerge, water is allowed to flood the buoyancy tanks

to replace the air. This increases the weight of the submarine, and it goes
below the surface. To travel back to the surface, compressed air stored
inside the submarine pushes the water out of the tanks, so the weight of the

submarine decreases.

Scuba divers need to be able to adjust their position relative to the water
surface. They usually wear weights to achieve neutral buoyancy in the water.
Otherwise, the diver will have to use too much energy swimming to remain
at a particular depth. The weight required to keep an individual diver neutral
will, of course, depend on the salinity and temperature of the water.

Worked example 9 buoy

A buoy of a uniform cross-sectional area of 0.20 m? floats in fresh water, with 0.75m of the

height submerged below the water line. The density of fresh water is 1000 kg m™3.

a. Calculate the mass of the buoy. 10.75 m

b. The buoy is now placed in seawater of greater density than fresh water. Explain the

change, if any, in the submerged height of the buoy.

Solutions

fresh water

a. Newton’s first law says that, since the buoy floats without sinking, the buoyancy force must be equal to the weight
ofthe buoy. From Archimedes’ principle, this force is equal to the weight of the water displaced by the buoy. By
combining the two laws, we can deduce that the mass of the buoy is the same as the mass of the displaced water.

m=p,,.V=1000x0.75x 0.20 = 150kg

b. Asmaller volume is needed to displace the mass of seawater equal to the mass of the buoy. Hence, a smaller height

of the buoy will be submerged in seawater.

Practice questions

13. Two objects float in water. 25% of the volume of
object 1 and 50% of the volume of object 2 remain
above the surface of the water.

density of object 1

Whatis density of object 2
A 15 B. 2.0
C. 25 D. 3.0

Hot-air balloons rise because their total weight is
less than the weight of the air they are displacing.
The physics of gas pressures and temperatures is
examined in Topic B.3.

14. A container, open at the top, in the shape of a cuboid
of dimensions 25cm X 25cm X 10 cm floats in water
so that 2.0 cm of the height is submerged below the
water line. The density of water is 1.0 x 10°kgm™.

a. Calculate the mass of the container.

b. Aniron bar of mass 4.0kg is placed in the
container. Predict whether the container will sink.
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Worked example 10

A balloon can be modelled as a sphere of radius 8.5 m. The balloon is filled with hot air of average density 0.92 kgm™3
and anchored to the ground with a mooring line. The density of the surrounding airis 1.2 kgm™.

a. Calculate the maximum combined mass of the balloon and the load that the balloon can lift.

b. The actual mass of the balloon and its load is 650 kg. The mooring line is released. Determine the initial vertical
acceleration of the balloon.

Solutions
a. The mass of the displaced cold airis 1.2 X %ﬂ' % 8.5%=3090kg. The mass of the hot air inside of the balloon is
0.92 x i7r % 8.5%=2370kg. The combined mass of the balloon and the load that can be lifted is the difference,

3
3090 — 2370 = 720kg.

b. The upward force on the system is the difference between the force of buoyancy due to the displaced cold air and
the combined weight of the hot air and the balloon with its load, (3090 — 2370 — 650) x 9.8 = 690 N. The mass

that is being accelerated by this force includes the hot air inside the balloon in addition to the balloon itself.

. force 690 B
Acceleration = mass = 2370 + 650 = 0.23ms>?

Practice questions
Assume that atmospheric air has a density of 1.2 kgm~3. 16. Afoam ball of radius 3.0cm and mass 1.8 g is
15. A spherical balloon of radius 0.15m and mass 0.014 kg suspended by a thread of negligible mass.

is filled with a gas. The balloon floats in air in the state
of neutral buoyancy.
Determine the density of the gas in the balloon.

a. Calculate the magnitude of the buoyancy force
acting on the ball.

b. Determine the percentage change in the tension
force in the thread when the system is placed ina
vacuum chamber.

Solid friction

Friction is the force that occurs between two surfaces in contact. If you happen
to live in a part of the world where there is snow and ice, then you will know that
when the friction between your shoes and the ice disappears it can be a good
thing (for skiing), or a bad thing (for falling over).

Figure 26(a) shows an experiment to illustrate the physics of solid friction.

(b) forcel

spring

static friction
balance

dynamic friction }-

rollers

distance moved
winch system by block

A Figure 26 Asthe winch handle is turned, static friction occurs between the weight and the platform.
Eventually this is replaced by dynamic friction and the reading on the spring balance decreases.
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A metal object rests on a block of wood. One end of the metal is connected to

a spring balance (newton-meter). The other end is connected to a winch. Both
connections are made using strings that do not stretch. The wood sits on a series
of rollers.

When both connecting strings are slack, the spring balance reads zero. The
winch is then turned, and the string attached to the wood is wound in. The wood
starts to move towards the winch, and initially there is no relative movement
between metal and wood.

At first, the spring balance reading (the tension in the strings) increases. The metal
and the wood do not move relative to each other as the tension is not enough to
overcome the friction between the metal and wood. Eventually, however, the pull
is sufficiently great that the wood and the metal begin to slide relative to each
other. At this point, the reading on the spring balance decreases, showing that
there is now less force required to keep the metal moving relative to the wood.

Figure 26(b) shows how the force registered by the spring balance varies with
distance moved by the wooden block. The tension in the string at the instant
when the metal begins to slip is greater than the tension when the metal has
begun to move.

In summary:

e Asthe force on the spring balance increases from zero, the platform does not
begin to move relative to the weights immediately.

e The platform suddenly begins to move at a particular value of force. At this
instant, the force, as shown by the spring balance, drops to a lower value.

* This new value is then maintained as the platform moves steadily.

*  “Stick-slip” behaviour occurs where the platform alternately sticks and then
jumps to a new sticking position. This behaviour is associated with two values
of friction, but this may be too difficult to observe.

e The friction forces depend on the magnitude of the weights on the platform.
The observations lead to a description of frictional forces as:

e static friction (in the first part of the experiment, when there is no relative
movement between the surfaces), or

e dynamic friction (once the metal and wood are moving relative to each other).
These two friction values are observed for most surface pairs.

Any mathematical description of friction needs to take account of this change in
behaviour. Such a theory will be empirical.

A surface frictional force F, acts in a direction that is parallel to the plane of
contact between a body and the surface on which it rests (Figure 27). The force
acts at the plane surface and is given empirically by F, = uF, ,where F,is the
frictional force exerted by the surface on the block. F is the normal reaction

of the surface on the block. This is the weight of the block when there is no
vertical acceleration.

The symbol p changes its subscript and its value depending on whether the
friction is static or dynamic. It is known as the coefficient of friction. It has no units
because it is the ratio of two forces.

Empirical or theoretical?

Empirical means that the
hypothesis arises purely from
experimental results. Theoretical
means that a physical model
(which may or may not be
mathematical) has been
constructed to explain results.

The two equations for static and
dynamic friction do not arise from
a study of the interatomic forces
between the surfaces; they are
derived purely from experiments
with bulk materials. You will see
this approach again in Theme B
where the gas laws are empirical,
but the kinetic model of gases is a
theory.

Are there fundamental differences
in these two approaches in
science? Is one form a “better”
type of knowledge than the other?
Was Greek science empirical or
theoretical?
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Static friction
The force expression has the form F, = p F,; us is the coefficient of static friction.

The "less than or equal to” sign (=) is meant to show that the static friction force
can vary from zero up to a maximum value. Between these limits F is equal to the
pull on the block. Once the pull on the block is equal to F, then the block is just
about to move.

pull on
block
EE——
friction force FNn
exerted by pull of Earth | “reaction force
surface on on block| | of surface
block on block
Fre———=

A Figure 27 Forces acting on a block subject to friction at its bottom surface.

Dynamic friction

Once the pull exceeds p F, , then the block begins to slide. For forces > F,
dynamic friction is at work. The force expression becomes F, = u F, , where y_is
the coefficient of dynamic friction.

Dynamic friction only applies when the surfaces move relative to each other.
The friction drops from its maximum static value and remains at a constant value.
This fixed value depends on the total reaction force acting on the surface but
(according to simple theory) is not thought to depend on the relative speed
between the two surfaces.

The values of y_and p vary greatly depending on the pair of surfaces being

Surface 1 ‘ Surface 2 ‘ K, ‘ Hqy used and the condition of the surfaces (for example, whether they are lubricated

glass metal 0.7 | 0.6 ornot). A few typical values are given in Table 1. If you want to investigate a
rubber concrete 10 | 08 wider range of surfaces, there are many sources of the coefficient values on the
Ubber wettarmac | 0.6 | 0.4 Internet—search for “Coefficients I?f friction”.

rubber ice 03 | 02 Each friction coefficient is a ratio [=-| and so has no units.

metal metal 0.15| 0.06 N

It is possible for the coefficients to be greater than 1 for some surface pairs. This
reflects the fact that for these surfaces the friction is very strong and greater than
A Table 1 Typical values of the coefficients the weight of the block. Remember that the surfaces are being pulled sideways
of static and dynamic friction for different by a horizontal force, whereas the reaction force is vertical, so we are not really

surfaces. comparing like with like in these empirical rules for friction.

(lubricated)
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Friction between a block and a ramp

¢ Tool 1: Understand how to accurately measure angles
to an appropriate level of precision.

¢ Tool 3: Carry out calculations involving fractions and
trigonometric ratios.

¢ Tool 3: Draw and interpret free-body diagrams
showing forces at point of application or centre of
mass as required.

*  Tool 3: Resolve vectors (limited to two perpendicular
components).

One way to measure the static coefficient of friction
between two surfaces in a school laboratory is to use the
two surfaces as part of a ramp system. Figure 28 shows
the arrangement and a free-body diagram for the block.

The upper surface of the ramp is one of the two materials
under test. The bottom of the block is the other surface.

Resolving at 90° to the plane, F,, = mgcos; resolving
along the plane, F,= mgsiné.
F

f

Combining these gives tan 8 = F=H
N

Fe

A

free-body diagram of

just the block

a block onaramp Fu

N F

0

¢mg

Figure 28 Measuring p_using a block on a ramp.

mg

Begin with the ramp in a horizontal position.

Gradually raise one end of the ramp until the block just
starts to slip.

The angle between the ramp and the horizontal is
measured and the tangent of this angle is equal to
the coefficient of static friction.

) Data-based questions

The picture shows an experiment to investigate dynamic
friction. A block of wood rests on a sanding belt which

is moving towards the right. The wood is attached to

a newton-meter. Weights are added on top of the
wooden block and the frictional force is measured on
the newton-meter and recorded. A table of data is given.

* Plota graph of the data and add error bars.
* How could the graph be used to find:
o the coefficient of friction, y

o the mass of the block?

Weight placed on Frictional force
wooden block/N (£0.2) /N
0.0 1.0
1.0 1.4
2.0 2.0
3.0 2.6
4.0 3.2
5.0 3.8
6.0 4.4
7.0 5.2
8.0 6.0

The uncertainty in the reading on the newton-meter
was £ 0.2 N. Use this to find the uncertainty in your
measurement of the coefficient of friction.

You can find explanations for error bars and
uncertainties in the Tools for physics section on
page 358.
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Worked example 11 9]

Sophie investigates the frictional force
between a metal block and a wooden table.
She pulls the block with an inextensible
horizontal string connected to a force sensor
and records the tension force in the string.
The block is initially at rest. Sophie gradually
increases the force until the block starts
moving. The graph shows the data collected.
The block starts moving at about 4.6s. The
mass of the block is 3.5kg.

force /N

a. Estimate the coefficient of static friction
between the block and the table.

b. After 7.0s the block is moving at a constant
speed. Estimate the coefficient of dynamic
friction between the block and the table.

time/s

Solutions
a. The maximum static frictional force recorded just before the block starts moving is about 8.0 N. The coefficient of

tatic friction is theref =_080 _p23
Static Triction 1s ereoreps 35)(98

b. When the block is moving at a constant speed, the dynamic frictional force is equal and opposite to the tension in

the string. The magnitude of this force is about 7Z.0N, so u = ﬁ =0.20

Worked example 12

A box is pushed across a level floor at a constant speed with a force of 280N at 45° to the floor. The mass of the box is
50kg. Calculate:

a. the vertical component of the force F

b. the weight of the box 45°

c. the horizontal component of the force

d. the coefficient of dynamic friction between the box and the floor.

Solutions
a. The vertical component =280 sin 45° =198 N.

b. The weight of the box =mg=50x 9.8 =490N.
c. The horizontal component = 280 cos 45°= 198 N.
d. The vertical component of the force exerted by the floor in the box = 490 + 198 = 688 N.

The friction force = the horizontal component (the box is travelling at a steady speed), so u, = 198 _ 0.29.

688
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Worked example 13

A skier places a pair of skis on a snow slope that is at an angle of 1.7° to the horizontal. The coefficient of static friction
between the skis and the snow is 0.025. Determine whether the skis will slide away by themselves.

reaction force

of surface on ski friction force

weight component
down slope

The diagram not to scale

lweight of ski

Solution

Call the weight of the skis W. The component of weight down the slope = Wsin1.7° and the reaction force

of the surface of the ski = Wcos1.7°.

Therefore, the maximum friction force up the slope = y_Wcos1.7°. The skis will slide if y Wcos1.7° < Wsin1.7°.
In other words, if u_<tan1.7°.

The value of tan1.7° is 0.0297 and this is greater than the value of y_which is 0.025, so the skies will slide away.

Practice questions

17. A boxis placed on the horizontal floor of a truck Calculate:
moving at an initial speed of 50 km h~'. The coefficient

a. theacceleration of the box
of static friction between the box and the floor is 0.45.

The truck decelerates uniformly and comes to rest in a b. the component of the weight of the box parallel to
distance of 25m. the ramp
a. Calculate the magnitude of the acceleration of c. the magnitude of the frictional force on the box
the truck. d. the coefficient of dynamic friction.
b. Deduce whether the box will start sliding against 20. A book of weight 12 N i P
the floor. pushed against a vertical wall book |~
18. Ahockey puck is sent across an ice rink with an initial with a horizontal force F. ;
speed of 8.0ms ™" towards a goal that is 16 m away. The coefficient of static friction ) ==
The coefficient of dynamic friction between the puck between the book and the wall r B
and the ice is 0.10. Determine the speed of the puck is 0.75 and the coefficient of —> =i
asitreaches the goal. dynamic friction is 0.60. ;
19. Abox of mass 2.0kg is pulled up a ramp that makes an a. The bookis initially at rest. ==
angle of 15° to the horizontal with a constant force of Calculate the minimum =
8.0N. The box starts from rest and travels a distance of magnitude of F so that the ;
0.50min 3.8s. book does not slide down
8-0\\\ the wall.
b. Forthe value of F you have calculated in part a,
draw a scaled free-body diagram for the book.
15° c. Theforce Fis now reduced to 10N and the
book starts sliding. Determine the acceleration of
the book.
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Theories
Friction originates at the interface between the two Anewe or L \’A;l"'""r" )
materials. The actual causes of friction are still being 0 ‘%":': * %
investigated today and the explanation here is simplified. [‘: r\aw\ " A mla &Y" e
Leonardo da Vinci mentions friction in his notebooks and f"‘ e e

some of the next scientific writings about friction appear
in works by Guillaume Amontons from around 1700
(Figure 29).

Surfaces that seem very smooth to us are not smooth
at all under a microscope. At the atomic level, surfaces
consist of peaks and troughs of atoms (Figure 30(a)).
When two surfaces are at rest relative to each other,
then the atomic peaks rest in the troughs, and it needs
a certain level of force to deform or break the peaks
sufficiently for sliding to begin. This accounts for

static friction.

A Figure 29 Leonardo da Vinci mentions friction in his notebooks.

Once relative motion has started and dynamic friction
occurs, then the top surface rises above the deformed moving to rig ht‘
peaks. The frictional force is less. The irregularities on the -

surface are small and of atomic size, which means that W\W
i
Y

even the small forces applied in our lab experiments can
cause large stresses to act on the peaks. The peaks then (a)
deform like a soft plastic whether the material is hard
steel or soft rubber.

moving to left

Moving surfaces are often coated with a lubricant

to reduce wear due to friction (Figure 30(b)). The \/\/\/\/__ liquid lubricant layer
lubricant fills the space between the two surfaces and

either prevents the peaks and troughs of atoms from
touching or reduces the amount of contact. In either (b)
event, the atoms from the surfaces do not interact as
much as before and the friction force and the coefficient
are reduced.

A Figure 30 Irregularities at the surfaces of two materials cause
the friction.

These friction forces originate in the complex electronic properties of the atoms at the surface. However, this simple
theory should give you some understanding of how friction arises. The properties of bulk materials that we perceive
on the macroscopic scale arise from microscopic properties that operate at the atomic level.

Air resistance and drag force

Topic A.1 described the effects that air resistance has on the motion of an
object falling vertically or being projected at an angle to the horizontal. It will
now be clear that the effects are due to a drag force that acts on objects when
they move.

In 2014, the skydiver Alan Eustace jumped safely from a record-breaking height
of 41.4km above New Mexico, USA to reach a top speed of about 1300 kmh',
which is faster than the speed of sound. A skydive from more usual heights does
not take place at such high speeds. These are usually less than 200 km h~". The
difference between Eustace’s speed and the lower value is because air resistance
varies with height above Earth.
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Figure 31 shows two of the forces that act on a skydiver. The weight of the diver
acts vertically downwards and is effectively constant (because there is little
change in the Earth’s gravitational field strength at the height of the dive, even
when 41 km above the surface). The drag force acts in the opposite direction to
the motion of the diver and, for a diver falling vertically, this drag will be vertically
upwards. (Other forces acting on the diver include the upwards buoyancy caused

by the displacement of air by the diver.)

When the skydiver initially jumps from the aircraft, the vertical speed is almost
zero and there is almost no air resistance in this direction. Air resistance
increases as the speed increases so that, as the diver goes faster and faster, the
resistance force becomes larger and larger. The net force therefore decreases
and, consequently, the acceleration of the diver downwards also decreases.
Eventually the weight force downwards and the resistance force upwards

are equal in magnitude and opposite in direction. At this point there is zero
acceleration, and the diver has reached terminal speed.

Atypical graph of vertical speed against time for the skydiver is shown in Figure 32.

accelerates parachute

4 toterminal  gpens (not to scale)
speed }
§e,
O]
O]
o greater drag
© f
L oreeso lands
5 terminal
> speed smaller l
\

time

A Figure 32 Vertical speed-time graph for a skydiver.

Eventually the skydiver opens the parachute. The parachute envelope has a large
surface area. The upwards resistive force is much larger than before and is now
greater than the weight. As a result, the directions of the net force and acceleration
are also upwards, so the vertical velocity decreases in magnitude. Once again, a
balance will be reached where the upward and downward forces are equal and
opposite—but at a much lower speed than before (about 12 ms™' for a safe landing).

Stokes’ law

We can estimate the terminal speed using Stokes’ law. In 1851, the Irish scientist
George Stokes derived the theory for the drag force (called more properly the
viscous force) acting on a small sphere that is moving through a viscous fluid.
So Stokes’ law can apply to both gases and liquids. A viscous fluid with a high
viscosity (such as a concentrated sugar solution or an engine oil) has a high
resistance to deformation—it will pour slowly. A low-viscosity liquid (such as
water) has a low resistance to deformation and pours quickly with little drag.

Stokes had to make some assumptions to derive his theory. These are:

e Thatthe flow is laminar so that layers in the fluid flow smoothly past each
other without mixing. (The alternative is turbulent flow where the layers mix
and the whole of the fluid swirls about in a random manner.)

e Thatthe moving particles are spheres with smooth surfaces.

e Thatthe fluid is homogeneous (it is uniform in composition).

e The particles do not interact.

body released
from rest

forces on body
during acceleration

drag force

mg
forces on body
at terminal speed

A Figure 31 Forces acting on a skydiver.

A Figure 33 A model of an aircraft wing
in a wind tunnel. The wing is atan angle
such that the air flow around it becomes
turbulent.
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Stokes’ equation can be used to determine 5 for a liquid
with the apparatus shown in Figure 35.

y

<« Figure 34 A sphere dropping
through a viscous liquid has its

W weight W, a buoyancy force B, and a
drag force D acting onit.

Stokes suggested that the drag force F is given by F = 6anrv, where ris the
radius of the sphere and vis its speed. The constant 7 is the dynamic viscosity of
the fluid through which the sphere is moving; it has the units Pas. For example,
the dynamic viscosity of water is 1 x 10~3Pa's, whereas the dynamic viscosity

of honey is up to 20 Pas. Viscosity is also temperature dependent. For water, 5
varies from about 1.8 mPas to 0.3 mPas as the temperature rises from O to 100°C.

In real life, air resistance is dominated by turbulent, rather than laminar, flow as
turbulence becomes established at very small speed gradients. The mathematics
of turbulence indicates that the turbulent drag force is proportional to (speed)?
rather than the (speed) of the Stokes equation.

Moving through fluids

Both viscous drag and buoyancy effects need to be considered when an object
moves through a fluid. A sphere dropping under its own weight through a fluid is
subject to three forces as, shown on Figure 34:

*  weight Wdownwards = mg, where mis the mass of the sphere

* buoyancy force B upwards = p, gV where p, is the density of the fluid and V'is
the volume of the sphere

e drag force D upwards = 6anrv, where ris the radius of the sphere and vis its
speed downwards.

Summing the forces gives a net force downwards on the sphere of W — B — D or
mg —pgV — 6mnrv.

The mass m can be replaced by the sphere’s density p_and volume V'so that the
net forceis also p Vg — p, gV — 6mnrvor (p, — p) gV — 6mnrv

As the sphere falls, the total upward force increases because Stokes’ law means
that the drag force is proportional to the speed. Eventually the sum of the
buoyancy and drag will equal the weight downwards. This is the condition for
terminal speed v, (see Topic AT).

Measuring the coefficient of viscosity of a fluid

Tool 3: Understand the significance of uncertainties

in raw and processed data.

Tool 3: Use basic arithmetic and algebraic

calculations to solve problems.

Inquiry 1: Demonstrate independent thinking,

initiative, or insight.

Inquiry 2: Collect and record sufficient relevant

quantitative data.

Five or six balls are needed. They should be made
from the same material but with different radii.

Some trials will be required to match the ball radius
to the fluid. It is important to have a small fractional
uncertainty in the time measurement—why?

. o p,—plgV
Setting the net force to zero and rearranging gives v, = 567
metal ball
o |
?_ light gate
10] =
20| = [
metre ruler - 3
30
» Figure 35 40
A small sphere drops 50 0.000
through a viscous seconds
liquid at its terminal 60
speed. The timer 70 timer
measures the time 3 oil
to drop between 80 =N I
two light gates to 90 3
determine the speed j light gate
of the sphere. 100
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* Measure the density of the liquid and of the material from which the balls are made. Then pour the liquid into a tall,
wide, transparent container—for example a large measuring cylinder.

¢ Devise a way to measure the time for each ball to travel a known vertical distance in the liquid. Each ball needs to
be travelling at its terminal speed before it reaches the start of the measurement distance. The measurement can
be using a stopwatch or a light-gate arrangement (as shown in the diagram).

(p,—p)gV
Gmnr

* How could this be developed into an internal assessment?

* Usethe equationv,= to calculate 7.

Worked example 14 =
A ball of radius 8.0mm and mass 1.3 g is released from rest
from the bottom of a long vertical tube filled with oil. The ball 1.257
rises towards the surface of the oil. The diagram shows how T, 1.
the vertical speed of the ball varies with time. S
~
Estimate the initial acceleration of the ball. g 0757
()]
b. Hence, calculate the magnitude of the buoyancy & 0.5+
force on the ball.
0.25+
c. Draw a free-body diagram for the ball at a time of 1.5s.
d. Determine the coefficient of viscosity of the oil. 0 0 ' 0'5 ' 1' ' 1 '5 ' é
time/s
Solutions
a. Theinitial acceleration is the gradient of the tangent to the 7 (035, 115)
speed-time graph att=0. 1.254
Acceleration =£=4.3ms‘2. o :
b. Initially, the only forces acting on the ball are the \E
buoyancy force F_and the ball’s weight. The net force B 0.754
is the difference between the two and is related to ol
the acceleration by Newton's second law. @ 0.51
Fb—mg=mo;so 0.254
F,=13x107(9.844.3)=1.8x1072N.
c. Att=1.5stheballis moving upwards with a constant 0 ' ' ' ! ' ' ' i
. . 0 0.5 1 1.5 2
terminal speed and the viscous drag force acts downwards fime /s
so that the net force on the ball is zero.
d. Atterminal speed, the dragforceis F,=F —mg=13x102x4.3=5.6 x10N. 1
The drag force F, = 6anrv, where the terminal speed v is approximately 1.Tms™".
Combining equations gives buoyancy force
8
o 2EXI0 —3.4x102Pas.
6rx8.0x1073x1.]
drag force

weight
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Worked example 15

Calculate the upwards force acting on a skydiver of mass 80 kg who is falling at a constant speed.

Solution

The weight of the skydiver is 80 x 9.8 = 784 N. Because the skydiver is falling at a constant speed (that is, terminal
speed) the upwards drag force is equal to the downwards weight. Therefore, the upwards force is 780N to 2 sf.

Practice questions

21. Askydiver is falling vertically towards the ground and
opens the parachute a short time after jumping. The
graph shows how the speed of the skydiver varies
with time.

0N parachute opens

speed

L

Lol S T ———

time

—~
N

Which of the following correctly compares the
directions of the velocity and of the acceleration of the
skydiver at times t, and t,?

Directions of Directions of

velocityatt and t, accelerationatt andt,

A. | same same
B. | same different
C. | different same
D. | different different

22.

23.

24.

Two balls of radius Rand 2R, made from the same type
of steel, fall through a liquid that exerts a viscous drag
force on the balls. The smaller ball reaches the terminal
speed v. What is the terminal speed of the larger ball?

A v B. 2v C. 4v D. 8v

A ball of weight 1.2 N falls through a liquid at a
constant speed. The density of the ball is 1.5 times
greater than the density of the liquid. What is the
magnitude of the drag force acting on the ball?

A. 04N B. 0.6N C. 0.8N D. 1.2N

A steel ball falls in a long vertical tube filled with
vegetable oil.

a. Explain how the ball reaches a terminal speed.

The following data are given.

density of the vegetable oil = 920kgm™3

viscosity of the vegetable oil = 8.4 x 107?Pas
density of steel = 8000 kgm™3
radius of the ball = 2.0mm

b. Calculate:
i. the weight of the ball
ii. the buoyancy force acting on the ball in the oil.

c. Determine the terminal speed of the ball in the
oil, assuming that the ball is affected by a viscous
drag force.

Force and momentum

Introduction

Many sports involve throwing and catching a ball. Compare catching a
table-tennis (ping-pong) ball with catching a baseball travelling at the same
speed. One of these is a more painful experience than the other! The velocity
may be the same in both cases, but the combination of velocity and mass makes
a substantial difference. Equally, comparing the experience of catching a baseball
when gently tossed from one person to another with that of catching a firm hit
from a strong player tells you that changes in velocity make a difference too.
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Momentum

The product of the mass m of an object and its instantaneous velocity v is called
the momentum p of the object (p = m x v). This quantity has far-reaching
conseguences in physics.

*  Momentum is mass X velocity never mass X speed.

*  Momentum has direction (Figure 36). Mass is a scalar quantity, but velocity
is a vector. When mass and velocity are multiplied together, the momentum
is also a vector with the same direction as the velocity. Think of the mass as
“scaling” the velocity—in other words, just making it bigger or smaller by a velocity v
factor equal to the mass of the object.

*  The unit of momentum is the product of the units of mass and velocity:
kgms™. You will see a alternative unit later.

*  When velocity or mass is changing, then the momentum must also be changing. momentum=mv
*  When anet resultant force acts on an object, the object accelerates, and the A Figure 36 The momentum of a moving
velocity must change. This means a change in momentum too. A net force object is the product of its mass and its
leads to a change in momentum. velocity.
Worked example 16

A ball of mass 0.25 kg is moving to the right at a speed of 7.4ms™. It strikes a wall at 90° and rebounds from the wall,
leaving it with a speed of 5.8 ms™ moving to the left. Calculate:

a. the momentum of the ball before it strikes the wall

b. the change in momentum after the ball strikes the wall.

Solutions
a. Initial momentum, p=mv=0.25%x 7.4=1.85kgms™

b. Final momentum, p=0.25 x 5.8 =1.45kgms™ to the left. So taking the direction to the right as being positive, the
change in momentum = —1.45 — (+1.85) = — 3.3kgms™ to the right (or, alternatively, + 3.3kgms™ to the left).

Collisions and changing momentum

You may have seen a “Newton’s cradle”. Newton did not invent this device (it
was developed in the 20th century as an executive toy), but it helps us to visualize
some important rules relating to his laws of motion.

i

One of the balls (the right-hand one in Figure 37) is moved up away from the
remaining four. When released, the ball falls back and hits the second ball. The
right-hand ball stops moving, and the left-most ball moves off to the left. Itis as
though the motion of the original ball transfers through the middle three—which
remain stationary—and appears at the left-hand end.

This is a transfer of momentum. Think about a simpler case where only two
spheres are in contact (in the toy, three balls can be lifted out of the way).

The right-hand sphere gains momentum as it falls from the top of its swing. When
it collides with the other sphere, the momentum appears to be transferred to the
second sphere. The first sphere now has zero momentum (it is stationary) and the
second has gained momentum. What rules govern this transfer of momentum?

A Figure 37 ANewton'’s cradle.
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Often in mechanics it is possible
to explain an observation in more
than one way. The motion of the
pballsin a Newton'’s cradle can be
explained using energy ideas from
Topic A.3.

A Figure 38 In 2021, a team of eight
strong men pulled the world’s heaviest
plane 4.3min 73s. The plane has an
unloaded mass of 285000kg. If we

assume that the plane accelerated uniformly
from rest, we can calculate the unbalanced
force on the aircraft. Frictional forces

mean that a much larger force would have
been needed.

Resultant force

In most cases where an impulse
acts, the force F varies throughout
the contact time At.

Where the force varies, then F

is the average resultant force that
is acting throughout the time of
contact.

Worked example 17

These interactions between the balls in the Newton'’s cradle are called collisions.
This is the term given to any interaction where momentum is transferred or shared
between moving objects. Examples of collisions include:

e firingagun
*  hitting a ball with a bat in sport
* two toy cars running into each other

e apiledriversinking vertical cylinders into the ground on a construction site.

Impulse and momentum

The change in velocity of the spheres in the Newton's cradle can be interpreted
either as a change in momentum or as the effect of a force that acts between two
colliding spheres for a given time. Itis possible to link momentum and force using
Newton'’s second law of motion. This involves a new quantity known as impulse.

Earlier in this topic, Newton's second law of motion was written as F= ma,
where the symbols have their usual meaning. This equation can be rearranged

using one of the kinematic equations: a = v;tu Eliminating a from Newton'’s

Mvvhi(:h, in words, means that

second law gives F = ma =
change in momentum
time taken for change”
We use the convention that “A” means “change in”. In symbols, the equation

now becomes:

force =

A
Fx At=AporfF= TF; where pis the symbol for momentum and t (as usual)
means time.

This equation gives the relationship between force and momentum and
provides a further clue to the real meaning of the concept of momentum. The
equation shows that we can change the momentum of an object (in other words,
accelerate it) by exerting a large force for a short time or by exerting a small force
for along time. A small number of people can get a heavy vehicle moving at a
reasonable speed, but they must push for a much longer time than the vehicle
itself would take if powered by its own engine (which produces a larger force).

The product of force and time is called impulse and is given the symbol J.

Impulse is the product of the average resultant force acting on an object Fand
the contact time At over which the force acts. In symbols this is:

= FAt

The units of impulse are newton seconds (N's). Impulse is equivalent to change in
momentum, and N's gives us an alternative to kgm s~ as a unit for momentum.

An impulse of 85 N's acts on a body of mass 5.0 kg that is initially at rest. Calculate the distance moved by the body in
2.0s after the impulse has been delivered.

Solution

The change in momentum is 85 kg ms™ so that the final speed is 85—5 =17ms™. In 2.0s the distance travelled is 34 m.
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Worked example 18

Jonathan strikes a tennis ball moving with a horizontal initial velocity of
45ms™". The ball leaves the racket in the opposite direction at a speed of
65ms™'. The mass of the ball is 58 g.

a. Calculate the impulse that the racket delivered to the ball.
The ball is in contact with the racket for 20 ms.

b. Calculate the average force that the racket exerted on the ball.

Solutions

a. Theinitial and final velocities of the ball have opposite directions, so the
change in velocity is Av =65 — (—=45) =110 ms™". The impulse is the
change in the ball's momentum, /= mAv=0.058 x 110 = 6.4 Ns.

impulse 64
time taken ~ 0.020 320N

b. Force=

Practice questions

25. A ball of mass 0.40 kg moves in a direction at right angles to a wall. The ball
hits the wall at a speed of 9.0ms™" and rebounds at a speed of 6.0ms™".
The contact time between the ball and the wall is 50 ms.

Calculate the average values of:

a. theacceleration of the ball during the collision with the wall
b. the force between the wall and the ball.

26. Anair rifle pellet of mass 2.0 g is fired at an initial speed of 180ms™ into a
stationary block of clay and becomes embedded in the block. The average
force acting on the pellet from the block is 750 N.

a. Calculate:

i. thechange in the momentum of the pellet

ii. thestoppingtime of the pellet in the clay block.
b. Estimate the distance that the pellet penetrated.

c. Outline why the answer in part b. is an estimate.

Force-time graphs

So far we have assumed that forces are constant and do not change with
time. This is rarely the case in real life. We need a way to cope with changes in

: . A
momentum when the force is not constant. The equation F= -A—pt— helps here.
It suggests that a force-time graph can be useful.

When a constant force acts on a mass, then the graph of force against time will
look like Figure 39(a). The change in momentum is F X T. This is the hatched area.

The area under a force-time graph is equal to the change in momentum.

Another straightforward case that may more plausible than a constant force is the
one in Figure 39(b), where the force rises to a maximum F .. and then decreases

to zero in a total time T. The area under the graph this time is > Fx Tand this'is
the change in momentum in this case.

area=FXx

force

2

0 time T
(b)
A
(0]
o
O
0 >
0 time T

A Figure 39 Force-time graphs.
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The final case (Figure 39(c)) is one where there is no obvious mathematical
relationship between Fand t, but nevertheless there is a graph of the variation of
force with time. You will need to estimate the number of squares under the graph
and use the area of one square to evaluate the total change in momentum.

Worked example 19
The sketch graph shows how the force acting on an object varies with time.
A
15 f----- .
z i
N i
(0] 1
8 1
ke :
0 : =
0 5 20 25
time/s

The mass of the object is 50 kg and its initial speed is zero. Calculate the
final speed of the object.

Solution
The total area under the force—time graph is

2><(l><15><5)+(15><15)=75+225=3OONS.

2
This is the change in momentum, so the final speed is % =6.0ms™.

Worked example 20 200
The graph shows how the momentum of an object of 180
mass 40 kg moving along a straight line varies with time. 1604
a. Explain why the acceleration of the object 140 -
remains constant. =
© 120 1
b. Calculate the acceleration of the object. £
2 1001
3
80 A
60
40
20 A
O T T T T T T T T T T
Solutions A 01 2 3 45 6 7 8 910
a. The gradient of the graph is Tﬁ;and this is equal to the t/s

net force acting on the object. The gradient is constant. Hence, the net force is constant.
Since the mass of the object does not change, the acceleration is also constant.
200 F_ 20

b. The netforceis % =——=20N. The acceleration is thereforea=—=--=0.50ms2.
At 10 m 40
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Practice questions

27. Anice hockey puck of mass 150 g moves at a constant

28.

force

initial speed of 8.0ms~"across a horizontal ice
surface. A hockey stick hits the puck and it bounces
off in the opposite direction. The graph shows how
the horizontal force on the puck varies with time.

1500 7
1200 1
900 A
600
300
0 T — 1

force/N

0 1 2 3 4 56 7 8 9
time /1035

What is the speed of the puck immediately after
the hit?

A. 80ms’

B. 12ms™

C. 20ms™

D. 28ms™!

A ball rolling on a floor rebounds at right angles from

a vertical wall. The graph shows how the contact force

between the ball and the wall varies with time.

Fmax

0

time/10-3s

Rockets and impulse

Earlier in this topic we discussed the acceleration of a rocket and looked at the
situation from the perspective of Newton's second and third laws. A similar
analysis is possible in terms of impulse.

0 10 20 30 40 50 60 70 80 90 100

29.

Fm
ch

. I1s the maximum force acting on the ball. The

ange in the momentum of the ballis TON's.

What is the best estimate of F__ 7

A.
B.
C.
D.

20N
50N
200N
500N

A ball is dropped vertically onto a floor and rebounds.

Th

e graph shows how the momentum of the ball

varies with time. The direction upwards is positive.

momentum/Ns

1
0.754
0.5
0.254

0™ 0.2 013 0/4 0,5/0/6 0,7 0/8 0|9 1
0.251

0.5
_0.75.-

—1

time/s

The ball falls freely between O and 0.5s. Air resistance

is negligible.
a. Calculate:
i. the weight of the ball

b.

ii. thespeed of the ball just before impact.

The ball is in contact with the floor for a time

of 0.10s.

Determine the magnitude of the average contact
force between the floor and the ball.
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Revisiting Newton’s second law

* Tool 3: Determine rates of change.
* Tool 3: Derive relationships algebraically.

¢ Tool 3: Identify and use symbols stated in the guide and the data booklet.

Earlier, we used F = ma to show that F also equals % Using the full expression for momentum p gives F = %
This can be written as (using the product rule): F = mi—\t/ + \/ATT

You may have to take this algebra on trust, but you can understand the physics that it represents by thinking through
what the two terms stand for:

e Thefirst term on the left-hand side is just:
change in velocity
time taken for change
which you will recognize as mass X acceleration—our original form of Newton's second law of motion.

mass X

e The second term on the right-hand side is something new. It is:
change in mass

time taken for change
Our first version of Newton's second law was a simpler form of the law than this new version. The extra term takes
account of what happens when the mass of the accelerating object is also changing.

instantaneous velocity X

Our later form of Newton's second law helps with a rocket because the rocket is always losing mass (as the propellant
escapes), so min the equation is not constant.

The second term in the equation contains the ejection speed of the fuel relative to the rocket v, and the rate at which
mass is lost from the system ATT The acceleration of the rocket is therefore:

_Av__vAm _ v  Am

a= = = .
At mAt m= At
The negative sign reminds us that the rocket is losing mass while gaining speed.

Rockets operate effectively in the absence of an atmosphere. All rockets release
a liquid or gas that leaves the rocket at high speed (Figure 40). The fluid can

be an extremely hot gas generated in the combustion of a solid chemical (as in
a domestic firework rocket) or from the chemical reaction when two gases are
mixed and react. It can also be a fluid stored under pressure inside the rocket.
In each case, fluid escapes from the combustion or storage chamber through
nozzles at the base of the rocket.

As aresult, the rocket accelerates in the opposite direction to the direction of
fluid ejection. The impulse on the rocket is equal and opposite to the impulse on
the fuel as they form a closed system. Therefore, the rate of loss of momentum
from the rocket in the form of high-speed fluid must be equal to the rate of gain in
momentum of the rocket.

A Figure 40 The launch of the Soyuz

TMA-10 mission taking astronauts to the Worked example 21
International Space Station. The rocket has

amass of 309 000 kg on the launch pad, A small firework rocket has a mass of 65 g. The initial rate at which hot gas is
but burns about 158 000 kg of fuel in the lost from the firework after it has been litis 3.5gs™ and the speed of release
first 2 minutes of its flight. The exhaust gases of this gas from the rear of the rocketis 130 ms™.

leave the rocket at 2.6 kms™'. What is the

initial acceleration of the rocket? Why will
the acceleration increase?

Calculate the initial acceleration of the rocket.
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Solution
_Av__vAm
At mAt
loss of gas and m is the mass of the rocket.
130x 3.5
e——=
65

, where vis the release speed of the gas, % is the rate of

=70ms>

Practice question

30. A spacecraft is initially at rest in outer space. The spacecraft is propelled by
a rocket engine that ejects exhaust products at a constant rate of 2.8 kg s™
with a speed of 3.6 x 10°m s~ relative to the spacecraft. The initial mass of
the spacecraft and its fuel is 4.0 x 10%kg.

a. Calculate:
i. thethrustforce of the rocket engine
ii. theinitial acceleration of the spacecraft.

The rocket engine is fired for 25 minutes. The spacecraft accelerates along a
straight line.

b. Explain how the acceleration of the spacecraft varies with time.
c. Calculate the final speed of the spacecraft.

d. The thrust force of the engine must be briefly increased to 65 kN
without changing the relative speed of the exhaust products. Calculate
the mass that will have to be ejected from the engine per second.

Momentum and Newton’s third law

A consequence of Newton's third law of motion is that when two objects A and
B interact with object A producing an impulse on object B, then object B must
produce an impulse on A. The two impulses will be equal and opposite. Imagine
two toy cars colliding in a straight line and then rebounding.

The forces F that the cars exert on each other are equal and opposite and the
cars are in contact for identical times At. This means that the magnitude of the
product F X Atis the same on both cars, but because the two forces are in
opposite directions the signs of F x At are different. This product of average
resultant external force and the contact time is the change in momentum of each
car. It follows that the change of momentum of car A is equal in magnitude and
opposite in direction to the change of momentum of car B. When we think of
the system as consisting of both cars together, then there has been no change in
momentum of the system combined during the collision.

We say that the momentum has been conserved.

Experiments to compare the momentum before a collision with the momentum
after a collision show, within the experimental uncertainty of the measurements,
that the total momentum in a system does not change when no resultant external
forces act on it.
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Is momentum conserved in a laboratory experiment?

Inquiry 1: Appreciate when and how to
reduce friction.

Inquiry 1: Demonstrate creativity in
the designing, implementation or

presentation of the investigation cart

light gate ﬂ

stationary

timing card
moving cart

raised to
compensate
for friction

Inquiry 3: Compare the outcomes of an
investigation to the accepted scientific
context.

A Figure 41 One cart moves down the track at constant speed and collides
with another stationary cart. In the collision, the momentum of the system can

be shown to be conserved within experimental error.

Inquiry 3: Identify and discuss sources
and impacts of random and systematic
errors.

The exact details of this experiment will depend on the
apparatus you have in your school (Figure 41). You may
have alternatives to carts on runways, such as air pucks
floating on an air table.

The experiment consists of measuring the speed of
a cart of known mass which hits another cart, also of
known mass, that is initially stationary. You are likely
to have carts of almost identical mass, as this is a
particularly easy case to begin with.

You need a way to measure the velocity of the carts
just before and just after the collision. This could be
done in various ways:

o using a data logger with motion sensors

o using a paper-tape system where a tape attached
to the cart is pulled through a device that makes
dots at regular time intervals on the tape

°  using a video camera and computer software

o using a stopwatch to measure the time taken to
cover a short, known distance before and after
the collision.

If your carts roll on a track or runway, you can allow for
the friction at the cart axles and air resistance. Raise
the end of the track so that, when pushed, a cart

runs at a constant speed. The friction at the bearings
and the air resistance will be exactly compensated

by the component of the weight of the cart down

the track.

For the first part of the experiment, arrange the two
carts so that they will stick together after colliding.

This can be done using modelling clay, by attaching
a pin to one cart that enters a cork on the other cart,
or by attaching an attracting magnet to each cart.

Make the first (moving) cart collide with, and stick to,
the second (stationary) cart.

Measure the speed of the first cart before the
collision and the combined speed of the carts after
the collision.

Repeat the experiment several times and think
carefully about the likely errors in the results.

The initial momentum is:
(mass of first cart) X (velocity of first cart).
The final momentum is:

(mass of first cart + mass of second cart) X (combined
velocity of both carts).

What can you say about the total momentum of the
system before the collision compared with the total
momentum after the collision? You should consider
the experimental errors in the experiment before
making your judgement.

If you have done the experiment carefully, you
should find that the momentum before and after the
collision are approximately equal.

Now extend your experiment to different cases:

o where the carts do not stick together

o where they are both moving before the collision
o where the masses are not the same

o andsoon.

You may need to alter how you measure the velocity
to cope with the different cases.

An important point here is that there must be no external force from outside
the system that acts on the colliding objects that make up the system. External
forces produce accelerations, and these will change the velocity and hence the
momentum of the whole system.
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In the colliding-carts experiment, gravitational force is acting on the carts.
However, because the gravitational force is not being allowed to do any work
when the track is horizontal, the force does not contribute to the interaction
because the carts are not moving vertically.

Momentum is always constant when no resultant external
force acts on the system.

This is known as the principle of conservation of linear momentum, the word
“linear” is here because the objects concerned move in a straight line. This rule is
always confirmed in experiments and is one of the important conservation rules
that are true throughout the universe (as far as we know). The history of nuclear
physics shows that scientists have needed to propose the existence of new
particles in experiments where momentum was apparently not conserved. The
proposed particles were subsequently found to exist.

Momentum conservation in practice

Momentum conservation is such an important rule that it is worth us considering
a few different situations to see how momentum conservation works. In each of
these cases we assume that the centres of the objects lie on a straight line so that
the collision happens in one dimension.

1 Two objects with the same mass, one initially stationary,

when no energy is lost
This is known as an elastic collision. No permanent deformation occurs in the
objects that collide, and no energy can be released as internal energy (through
friction), as sound or in any other way. The spheres in the Newton's cradle
earlier lose only a little energy every time they collide, and this explains why the
apparatus is a reasonable demonstration of momentum conservation.

Figure 42 shows the arrangement when the first moving object collides with
the second stationary object. The first object stops and remains at rest while the
second moves off at the speed that the first object had before the collision. (Try
flicking a coin across a smooth table to hit an identical coin head-on to see this
happen.) In this case, momentum is conserved because (using an obvious set
of symbols for the mass m of objects 1and 2 and their velocities u (before the
collision) and v (after the collision)):

m Xu=m,Xv
Because m, = m,, then u =y, so the velocity of one mass before the collision is
equal to the velocity of the second mass afterwards. The kinetic energy of the
moving mass (whichever mass is moving) is %muz and does not change either.

Energy is conserved meaning that the collision is elastic.

Energy and momentum

Kinetic energy —the energy that a body has when it is
moving—is considered in Topic A.3. Itis likely, though,
that you will have met kinetic energy in an earlier course.

The kinetic energy of translational motion is £, = %mvz,

where m is the mass of the moving object and vis its
linear speed.

The discovery of the electron
antineutrino is a case where the
energy spectrum of the emitted
beta-minus particle (B7) in beta
decay led to the prediction of
the neutrino and its subsequent
discovery. You will find the details
of this discovery in Topic E.3 .

@& How are concepts

of equilibrium and
conservation applied to
understand matter and
motion from the smallest
atom to the whole universe?

In this course, there are many
references to the conservation laws
of charge, energy and momentum.
Other conservation rules exist

in physics, too. The concept of
equilibrium is also universally
applicable. The equilibrium of the
skin of a balloon and the steady
state of stars in the middle of their
lives arise from a balance of forces,
inwards and outwards. You will
find references to conservation in
every topic in the course and to
equilibriain Themes Band E.

u

—> Oms™!
before: |mass my mass my
after: mass m mass my
Oms™!

v=u

A Figure 42 An elastic collision between two
identical masses, one of them initially at rest.

The unit of energy is the joule (]). An object of mass 1.0kg
moving at a speed of 1.0ms™ has a kinetic energy of 0.50).

There is a convenient link between kinetic energy and
momentum. The equations £, = %mvz and momentum
p = mv can be combined using p? = m?v? to give

2
E = 2p_ This is often useful in calculations.
m
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@ fexperimental

measurements contain
uncertainties, how can
laws be developed
based on experimental
evidence? (NOS)

No measurement in science

is certain. The Heisenberg
uncertainty principle shows this

at a fundamental level when

it predicts that the product of
uncertainty in energy measurement
(AE) and uncertainty in time
determination (At) must always be

h
greater than —, where his the
iy s

Planck constant. This limitation

in experimental measurement is
accepted in science and does

not inhibit the inquiry cycle of
scientific discovery. Uncertainties
in measurement are factored into
our imprecision in knowledge

and do not prevent the generation
of theory.

Uy

up
—_—

before: m

V1
V2
ft
after: my

A Figure 43 Two moving objects with

different mass in an elastic collision.

Worked example 22

An astronaut of mass 90 kg (including his gear) is initially at rest outside a
spaceship. The astronaut throws a tool of mass 1.5 kg at a speed of 3.0ms™!
away from him. Calculate

a. the speed of the astronaut immediately after he releases the tool
kinetic energy of the tool

b. theratio—— .
kinetic energy of the astronaut

Solutions

a. The momentum of the system of the astronaut and the tool is zero; hence
90v — 1.5 x 3.0 =0, where vis the speed of the astronaut. The minus
sign indicates that the astronaut and the tool are moving in opposite

directions.
1.5x3.0
v=——71—"=0.050ms".
90 P2 astronaut m
b. The ratio of the kinetic energies is equal to (ﬂ) + (— = —oshonaut
2mtool mastronaut mtoo\
Because the tool and the astronaut have equal magnitude of momentum,
kinetic energy of the tool 90
P_ =P  Therefore, 9 = 60.

kinetic energy of the astronaut 1.5
The tool has a much greater kinetic energy than the astronaut, even if their
momenta have equal magnitudes. Note that the answer only depends

on the masses involved, not on the speed with which the tool has been
thrown.

2 Two objects with different masses when no energy is lost
This time (as you may have seen in an experiment) the situation is more
complicated (Figure 43).

Again, m,u, + m,u, =m v, + m,v, but, this time, we cannot eliminate the mass
terms from the expression so easily, as m, and m, are not the same. What we do
know is that kinetic energy is conserved. The kinetic energy before the collision
must equal the kinetic energy after the collision (because no energy is lost).

This means that (summing the kinetic energies before and after the collision):

1Emwuw2 + %m2u22 = 1Emwv]2 + 1§m2v22.
The momentum and kinetic energy equations can be solved to show that:

m—m, 2m2 m,—m, 2m1
v1=(—)u]+( )uzandvzz(—)u2+( )u]
m+m, m+m, m+m, m+m,

Different cases

*  Tool 3: Determine the effect of changes to variables on other variables in
a relationship.

*  Tool 3: Select and manipulate equations.
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S
There are two interesting cases when mass m, is initially stationary and m, @ How do collisions
collides with it: between charge carriers
*  When m, is much smaller than m,. In the v, equation, when m, is small, and the atomic cores

of a conductor resultin
thermal energy transfer?

m
the first term becomes roughly( -
2

second term is zero because u, = 0;. The small m, mass “bounces off” the
large mass (this is shown by the minus sign). The large mass gains speed
in the forward direction. The magnitude of the speed of the larger mass is

2

) u, which is approximately —u;; the

In Topic B.5, electrical resistance is
related to the collisions between
om electrons moving through a
roughly (—W u,. This is a small fraction of the original small-mass speed. conductor and the transfer of

m energy from them to the atoms
of a metal. Momentum must be
conserved in all these interactions.
This is the case where an elastic
collision occurs between a small

*  When m, is much greater than m,, (m1 > mz). This time the original mass
loses hardly any speed. The momentum lost by m, is given to m, which
moves off in the same direction, but at about twice the original speed of
m,. Look at the v, and v, equations and satisfy yourself that this is true.

Figure 44 shows the effects of the mass ratio for a golf club and ball. fast-moving object (the electron)
and a very massive object (the

atom). Although the energy transfer
is not very efficient, there are very
many interactions every second
and so an appreciable amount

of energy is transferred to the

metal resistor.

In golf, the head of the driver is heavier than the golf ball. A professional
golfer club might strike the ball with the club moving at about 50 ms™" but the ball might
travel off at about 75 ms™.

3 Two objects colliding when energy is lost

When a moving object collides with a stationary one and the two objects stick U 0
together, moving off at the same speed, then some of the initial kinetic energy
is lost. After the collision, there is a single object with an increased (combined) before: [ M my

mass and a single common velocity. This is an inelastic collision (Figure 45).
V1

This is a case you can easily study experimentally. —>
The momentum equation this time is mu, = (m1 + mz)vw. A rearrangement shows after: my | +my
thatv, = — 1 d ight t, the final velocity is in th

atv _muW and, aswe might expect, the inal velocity 1S In the same A Figure 45 Aninelastic collision between
direction as before, but is always smaller than the initial velocity. two objects.

As for energy loss, the incoming kinetic energy is 1Emwuw2 and the final kinetic

2

energy (substituting for v,) is l(m +m )Luz.
1 2 1 2 (m_‘ + m2)2 1
2 . . .
This is lLuf and the ratio ,ﬂh?l k|r1et|'c energy ___ M .
2 (m1 + m2) initial kinetic energy (m] + m2)
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0 0 4 Two objects when energy is gained
before: my w1 my There are many occasions when two initially stationary masses gain kinetic
energy. Some laboratory dynamics carts have a way to demonstrate this with a
v Vo plunger and spring inside the cart. Another easy way is to attach two small strong
<« —> magnets to the front of two carts with the like poles of the magnets facing each
afterr<— my  fom m, |—» other. When the carts are released after being held together, the magnets repel
and drive the carts apart.

A Figure 46 Energyis gained in this
collision where a spring between the
objects is released.

The analysis is straightforward in this case (Figure 46). The initial momentum is
zero as neither object is moving. After the collision, therefore, the momentum is

m,v, + m,v, = 0. This means that m v, = —m,v,.
The objects move apart in opposite directions. When the masses are equal, the
Popper and speeds will be the same, with one velocity the negative of the other. When the
faIS|ﬁab|I|ty masses are not equal, then UL —%
No-one has yet observed a case : 1
where the momentum in an
isolated system is not conserved,
but we should continue to look! Worked example 23
Karl Popper, a philosopher of A rail truck of mass 4500 kg moving at a speed of 1.8 ms™ collides with a
the 20th century, argued that stationary truck of mass 1500 kg. The two trucks couple together. Calculate
the test of whether a theory was the speed of the trucks immediately after the collision.
truly scientific was whether it was
capable of being falsified. By this Solution

he meant that there must be an
experiment that could, in principle,
contradict the hypothesis being

Initial momentum = 4500 x 1.8 = 8100 kgms™.
Final momentum = (4500 + 1500) x v, where v is the final speed.

tested. Popper argued that Momentum is conserved so v = L 1.4ms™.
psychoanalysis was not a science 4500 +1500
because it could not be falsified by
experiment.
Popper also applied his ideas to
scientific induction. He said that, Worked example 24
although we cannot prove that the Stone A of mass 0.5 kg travelling at 3.8 ms™ across the surface of a frozen
Sun will rise tomorrow, because it pond collides with a stationary stone B of mass 3.0kg. Stone B moves off at
always has we can use the theory a speed of 0.65ms™ in the same original direction as stone A. Calculate the
that the Sun rises in the morning final velocity of stone A.
until the day when it fails to do so.
At that point trevi 3
theofy point we must revise our Solliifion

’ Ang — — -1
Wit sheuldl hesmandian Imhal momentum =0.5x 3.8 =1.9kgms™.

Final momentum = 3.0 x 0.65 + 0.5v,.

momentum appears not to be &
conserved in an experiment? Momentum is conserved so v, = 1.9-B0X063) _ _gymsr,

Is it more sensible to look for a .
new theory or to suggest that The minus sign shows that the final velocity of stone A is opposite to its

something has been overlooked? original motion.
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Practice questions

31. A ball of mass mrolling on a floor with speed v
rebpunds from a wall with an unchanged speed and at
the same angle @ to the wall. The diagram shows the
top view of the collision.

~

PN

Apis a vector representing the change in the linear
momentum of the ball.

a. Whatis the magnitude of Ap?

A. mvsin@ B. mvcosé
C. 2mvsind D. 2mvcos@
b.  Which arrow correctly represents the direction
of Ap?
D
A
A« »C
A 4
B

32. Two rail trucks of equal masses move towards each
other with speeds 2vand v.
The trucks collide and stick together. What is the
speed of the trucks immediately after the collision?

2v v
77Ei///i///////////////////Ei///ié77
v

A. 0.5v B.
C. 1.5v D. 2v

Momentum conservation in two dimensions

33.

34.

An object of mass 2.0 kg slides without friction on

a horizontal ice surface at a speed of 6.0ms™. The
object explodes into two pieces of masses 0.5 kg and
1.5kg. Immediately after the explosion, the smaller
piece stops relative to the ice.

Calculate:

a. thespeed of the larger piece immediately after the
explosion

b. the gainin kinetic energy of the system as a result
of the explosion.

An air rifle pellet of mass 2.0 g is fired horizontally at
a block of clay of mass 50 g that rests on a frictionless
horizontal surface. The pellet passes through the
block with no change in the direction of motion and
emerges with a speed of 150ms™. Immediately after
the pellet emerges from the block, the block is
moving at a speed of 2.4ms™.

a. Calculate the initial speed of the pellet.

b. lttakes1.5x 107s for the pellet to travel through
the block.

Calculate:
i. theaverage acceleration of the pellet

ii. the average force between the pellet and
the block.

35. Two rail trucks of masses 6000 kg and 2000 kg collide

head-on at equal speeds v.

6000kg |— " [2000kg
TR Tl E L T

Immediately after the collision, the 6000 kg truck stops
relative to the ground and the 2000 kg truck moves off
with a speed of 6.0ms™.

a. Determine the initial speed v of the trucks.

b. Show that the collision is elastic.

The momentum and energy considerations above were applied to cases where
the motions of the colliding objects were all in the same line. This is motion in one
dimension. The physics of two-dimensional collisions is identical to the simpler

case of linear motion:

Momentum is conserved; this is true in every direction.

AHL
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o |
I What ti
& at assumptions

about the forces
between molecules of
gas allow for ideal gas
behaviour? (NOS)

In Topic B.3, there is an important
microscopic analysis of the
particles in a gas that links the
motion of these particles to the
macroscopic measurements

that we can make of the gas.

This analysis relies heavily on the
ideas of force and momentum
conservation that are introduced in
this topic.

To carry out the analysis,
assumptions are required.
Collisions between the gas
particles and the wall are assumed
to be elastic, for example. When
you have studied the mechanics
used in the kinetic theory of Topic
B.3, review this topic, and link

the ideas there to those here.
Cross-linking topics in this way will
improve your understanding of
both areas of the subject.

Figure 47 shows an air puck travelling towards a stationary puck on an air
hockey table.

after

% before

system after
collision
system before
collision

A Figure 47 Momentum conservation in two dimensions. A moving object collides
off-centre with a stationary object. After the elastic collision the objects move apart
with an angle of 0, + 0, between them.

The centres of the pucks are not in line with the direction of motion of the first
puck and so the pucks move off in different directions, as shown. We assume that
the pucks do not rotate either before or after the motion. Otherwise, we would
have to allow for the rotational energy and rotational momentum of the pucks;
this is left for Topic A.4.

Immediately before the collision, the first puck which has a mass m, is moving
with speed u,. The pucks move as shown in Figure 47 immediately after the
collision with speeds v, and v, atangles 6, and 0,.

In problems such as this, a good tip is to choose two axes at right angles that make
the subsequent analysis as straightforward as possible. For the example here, one
axis is in the same direction as u, and the other axis is at right angles to it.

For the axis in the same direction as u, (horizontally along the page), applying
the conservation of momentum immediately before and after the collision and
resolving the velocities gives

m, X u,=m, XV, cos +m,Xv,cosb,
For the axis at 90° to u, (vertically up the page), momentum conservation gives
O=m, Xv,sin@, —m,Xv,sin@,sothatm Xv,sind, =m,xv,sind,
So far, we have two equations, and we can use these to determine two unknown
values. For example, suppose v, and 6, are unknown. It is possible to show that

v, sin@ m.v, sin@
0,=tan™! (#) andv,=—-1—1
u=v, (:os91 m,siné,

which, when 6, has been calculated, allows v, to be worked out too.

When the collision is elastic (no energy lost from the system), then there is an
additional equation from equating kinetic energies before and after the collision:

1 1 1
e 2_ 2, 1 2
muy=—mVvy +—=myV;

2 2 2



A. Space, time and motion

With the further assumption that the puck masses are the same (m1 = mz), there
is an interesting result because the combination of the momentum equations
leads to

%muf = %mvf + %mvj + mv,v, cos (6, +0.).
For the elastic interaction of two objects with identical masses, conservation of
momentum and energy indicates that there are three outcomes:

* v,=0;inotherwords, the pucks do not collide and v, = u,.

* v, =0; the collision was head-on; the first puck stops dead and the second
puck continues with the initial velocity of the first puck.

e cos(f +6,)=0;theangle § + 6,, which is the angle of separation, must
be equal to 90° after the collision. The pucks move apart with an angle
of 90° between them.

Figure 48 shows a time-lapse photograph of the collision between two pucks,
one moving and one stationary before the impact.

Worked example 25

An air puck of mass 0.20 kg collides with a stationary air puck of mass
0.30kg. After the collision, the second puck moves away with a speed
of 0.50ms™. The paths of the pucks make angles of 37° and 45° with
the original direction of the first puck.

a. Determine the speeds u, and v, of the first puck before and after
the collision.

b. Calculate the percentage change in the kinetic energy of the system.

Solutions

A Figure 48 A photograph of an almost
elastic collision between two air pucks.
The puck that was initially stationary moves
off to the bottom of the image. The angle
between the two velocity vectors after the
collision is arightangle.

Ui

N

@
0.20kg

0.50ms™!

a. The speed of the first puck after the collision can be determined by considering the vertical component of the

momentum of the system, which is zero before and after the collision.

0.20x v, xsin37°=0.30x 0.50 x sin45° = v,

_0.30%x0.50 x sin45°

0.20 xsin37°

=0.8812... =0.88ms™".

The horizontal component of momentum is also conserved, which leads to an equation for the initial speed of the

puck: 0.20 X u, =0.20 X v, X cos 37° 4+ 0.30 X 0.50 x cos 45°.

U =v, cos 37° +%x0.50 X c0s45°=1234. ~12ms",

b. The kinetic energy before the collision is%x 0.20x1.2342=0.152].

After the collision, itis ]5 x 0.2 x0.8812% + ]E x0.3x0.502=0.115].

The kinetic energy of the system has decreased by 0.152 — 0.115 = 0.037]. This is about 24% of the initial KE of

the first puck.
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Worked example 26

A snooker ball moving at a speed of 1.20ms™' collides elastically with
another stationary snooker ball of the same mass. After the collision,
the balls move apart in perpendicular directions. The path of the first ball

. L =
makes an angle of 30° to the original direction. ‘] '2OTS
>
Determine the speeds v, and v, of the balls after the collision.
Solution
The second ball recoils at an angle of 60° to the original direction of the first
ball. The total momentum in the vertical direction is zero:
H o
mv, sin30° =mv, sin60° = v, = M v,
sin60°
Applying the conservation of momentum in the horizontal direction:
H o o
mx 1.20 = mv, cos 30° + mv, cos 60° = mv, (cos 30° + % =1.15mv,.
sin

From here, v, =%= 1.04ms™and v, = ﬁ x1.04=0.60ms™".

sin60

Practice questions
36. Abody of mass 1.0kg moving at a speed of 1.6 ms™!

37. A particle of mass m moving at a speed of 200ms™

collides with an initially stationary body of mass 2.0kg.

After the collision, the first body moves at right angles
to the original direction of motion with a speed of
0.80ms™.

0.80ms-!

1.6ms!

1.0kg 2.01@\\

a. Determine the velocity (magnitude and direction)
of the second body after the collision.

b. Deduce whether the collision is elastic.

collides elastically with a stationary particle of mass

4 m. After the collision, the first particle moves with a
speed of 160ms™ at an angle of 82.8° to the original
direction of motion.

a. Determine the speed v of the second particle after
the collision. Hint: the kinetic energy is conserved.

b. Calculate the angle 6 that the path of the second
particle makes with the original direction of motion
of the first particle.
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Momentum conservation in practice

Recoil of a gun

Figure 49 shows a gun being fired to trigger a snow fall. This prevents a more
dangerous avalanche. When the gun fires its shell, the gun moves backwards in
the opposite direction to the shell. You should be able to explain this in terms of
momentum conservation.

Initially, both gun and shell are stationary; the initial total momentum is zero.
When the gun is fired, the shell is propelled in the forwards direction through the
gun barrel by the expansion of hot gas. This is the case discussed earlier, in which
energy is gained.

The explosion in the barrel is a force internal to the system. The explosion in the
chamber behind the shell generates gas at high pressure. The gas exerts a force
on the interior of the shell chamber and hence a force on the gun as well. The
explosion releases energy and this is transferred into the kinetic energies of both
the shell and the gun.

The initial linear momentum was zero and no external force has acted on the
system. The momentum must continue to be zero and this can only be true when
the gun and the shell move in opposite directions with the same magnitude of
momentum. The shell will go fast because it has a small mass compared with the
gun; the gun moves relatively slowly.

While the gun recoils with equal and opposite momentum to the shell, the kinetic
energies are not evenly divided. The kinetic energy of the shell is much larger than
the kinetic energy of the gun’s recoil since the kinetic energy depends on speed?.

Water hoses

Watch fire fighters extinguish a fire using a high-pressure hose and you will see
the effect of water leaving the system. Often two or more fire fighters are needed
to keep the hose on target because there is a large force on the hose in the
opposite direction to which the water emerges. This can be seen when a garden
hose that is free to move starts to shoot backwards in unpredictable directions
when the water tap is turned on.

The cross-sectional area of the hose is greater than that of the nozzle through
which the water emerges. The mass of water flowing past a point in the hose

every second is the same as the mass that emerges from the nozzle every second.

The speed of the water emerging from the nozzle must be greater than the water
speed along the hose itself. The water gains momentum as it leaves the hose
because of this increase in exit speed compared with the flow speed in the hose.

The momentum of the system must be constant and so there must be a force
backwards on the end of the hose which needs to be countered by the fire
fighters. The water pump (or other source of pressure) that feeds water to the fire
hose supplies the kinetic energy and the momentum.

The momentum lost by the system per second is

(mass of water leaving per second) X (speed at which water leaves the
nozzle — speed in the hose)

The mass of water lost per second is % so the momentum lost per second is

p= A—m(v — u), where vis the speed of water as it leaves the nozzle and u is the

At
speed of the water in the hose (Figure 50).

A Figure 49 Firing a shell fromgunintoa
snow mass to cause a minor avalanche.
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When we know the cross-sectional area A of the nozzle of the hose and the
density of the water, p, then % can be determined. Figure 50 shows what

happens inside the hose during a one-second time interval. Every second you
A, cross-sectional %@ can imagine a cylinder of water leaving the hose. This cylinder is vlong and has

area of nozzle N anarea A. The volume leaving per second is therefore Av.
one second of water
The mass of the water leaving in one second is
A Figure 50 Momentum conservation

when water leaves a hose. % = (density of water) X (volume of cylinder) = pAv.

Because the mass entering and leaving the nozzle per second must be the same,
this means that

the change of momentum in one second = % X (v —u) = pAvlv—u).

When u < v, then the expression simplifies to pAv.

The hose is an example of where it is important to look at the whole system.
Consider what happens when the water is directed at a vertical wall. The water
strikes the wall, loses all its horizontal momentum, and trickles vertically down
the wall. The momentum must have been absorbed by the wall, its foundations
and, therefore, the ground. We might conclude that Earth itself has gained
momentum and that we can speed up Earth’s rotation by using a garden hose.
This is not true, because the water originally gained momentum from a pump.
This gain in momentum at the pump must have given some momentum to Earth
too. The amount of momentum Earth gained at the pump is equal and opposite
to the momentum gained by Earth when the water strikes the wall.

Worked example 27

A mass of 0.48 kg of water leaves a garden hose every second. The nozzle of the hose has a cross-sectional area of
8.4 X 107°m?2. The water flows in the hose at a speed of 0.71 ms™'. The density of water is 1000 kg m=3. Calculate:

a. the speed at which water leaves the hose

b. the force on the hose.

Solutions

a. Volume of water leaving the hose per second = % =4.8x10%*m?3.

4.8x10*

8.4x 107
b. The force on the hose = mass lost per second X change in speed =0.48 x (5.71 — 0.71) = 2.4N.

This leaves through a nozzle of area 8.4 x 10°m?, so the speed must be =57Ims™.

Practice question

38. Water flows in a garden hose with inner diameter b. Determine the change of momentum of the water
14 mm at a rate of 9.0 litres per minute. leaving the nozzle in one second.
a. Calculate the speed of water in the hose. c. Explain why a force is needed to keep the nozzle
The cross-sectional area of the nozzle of the hose is of the hose stationary.

12 times smaller than the cross-sectional area of the
hose itself.
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Helicopters

Helicopters are aircraft that can take off and land vertically and can hover
motionless above a point on the ground (Figure 51). There were many attempts
to build flying machines on the helicopter principle over the centuries, but the
first commercial aircraft flew in the 1930s.

A Figure 51 The rotors of a helicopter allow it to take off and land vertically as well as hover
above a point on the ground. This uses the principle of conservation of momentum.

A helicopter uses the principle of conservation of linear momentum to hover.

The rotating blades exert a force on air that was originally stationary, causing it

to move towards the ground, gaining momentum in the process. As a result of
Newton'’s third law, there is an upward force on the helicopter through the rotors.

Global impact of science—Momentum and safety

Both seat belts and airbags
restrain the occupants of a
car, preventing them from
striking the windscreen or
the hard areas around it
when there is an accident.
But there is more to the
physics of the air bag and
the seat belt than this.

On the face of it, someone in
a car loses the same amount
of kinetic energy and
momentum whether they
are stopped abruptly by the
windscreen or restrained by
the seat belt. The difference
between the two cases is the time during which the kinetic energy and
momentum are lost. Without the seat belt or air bag, the time taken by the
passenger to stop will be extremely short and the deceleration will therefore
be large. A large deceleration implies a large force acting on the passenger
and it is the magnitude of the stopping force that determines the amount of
damage they sustain in an accident.

A Figure 52 Inthe case of a car crash, the front of
the car is designed to crumple rather than remain
rigid. This enables the car to slow down over a
longer time.

Seat belts and air bags increase the time taken by the occupants of the
car to stop and as force X time = momentum change, for a constant
change in momentum, a long stopping time will imply a smaller, and less
damaging, force.

@ How is conservation of

momentum relevant to
the workings of a nuclear
power station?

A nuclear power station
demonstrates many aspects of the
conservation of momentum. The
simple example of a hose here can
be extended to the more complex
situation of a jet of steam at high
pressure striking the blades of the
rotating turbine with the transfer
of kinetic energy from steam to
turbine.

The process of moderation in the
containment vessel of the reactor
also relies on momentum transfer
as the neutrons interact (collide)
with the moderator atoms. This
is again the case where a moving
object collides with a stationary
object. For maximum energy
transfer the masses of the objects
should be the same. In practice,
in reactors the moderator atoms
are often more massive than the
neutrons.

Nuclear engineers use
conservation of momentum to
predict the number of collisions
required before a neutron has

lost sufficient energy (speed) to

be effective in promoting further
fissions. This number informs the
engineers about the shape and size
of the moderator in the reactor.

What other examples of
momentum transfer and
conservation can you think of for
the nuclear power station?
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Worked example 28

A toy helicopter of mass 0.80 kg hovers motionless above the ground. The rotating blades of the helicopter force the
initially stationary air to move downwards with a speed of 9.0ms™".

a. Calculate the mass of air pushed downwards in one second so that the helicopter can remain stationary.
b. The density of airis 1.2 kg m=3. The helicopter has a single rotor. Estimate:
i. the surface area spanned by the blades of the rotor

ii. theradius ofa blade.

Solutions

a. The lift force exerted by the air on the helicopter is equal to the rate of change of the momentum of the air, VATT'

When the helicopter hovers, the magnitude of this force is equal to the weight of the helicopter.
Am_0.80x9.8

Am . Am _
9.0 A =0.80 % 9.8; therefore A 5.0 =0.87kg.
b i Area— volume of air passing the b'Iades per second _ 0.87+1.2 —81%102m>.
speed of air 9.0

ii. Thearea spanned by the blades is a circle with radius equal to the length of a blade.

wr2=81x102= r= [BIX10= _16cm

Practice questions

39. A helicopter of mass 3.0 x 10°kg hovers motionless 40. A skier of mass 64 kg crashes at a speed of 45kmh™

above the ground.

a. Calculate the magnitude of the lift force acting on
the helicopter.

The rotor of the helicopter pushes initially stationary air
with a downward speed v. The surface area of the rotor
is A=95m?2 The density ofairisp=1.2kgm™.

b. Show that the mass of air pushed downwards per
second is pAv.

c. Calculate the speed v.

The air is now forced to move with a higher speed u
so that the helicopter ascends with an initial upward
acceleration of 1.2ms™2.

d. Estimate the new speed u.

into a safety net installed at an edge of a ski slope. The
skier will avoid injury if the force on her from the safety
netis less than 6.0 kN.

a. Calculate the minimum time needed to stop the
skier safely.

b. Estimate the distance by which the safety net
deflects if the skier stops in the minimum safe time.
Assume that the force on the skier is constant
during deceleration.

Momentum and sport

This topic began with a suggestion that it was less painful to catch a table-tennis
ball than a baseball. You should now be able to understand the reason for the
difference. You should also realize why good technique in many sports hinges on

the application of momentum change. Think about a sport you play or watch, and
how effective use of momentum change helps the player.
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Many sports in which an object—usually a ball—is struck by hand, foot or bat rely

on the efficient transfer of momentum. This transfer is often enhanced by a “follow
through”, which increases the contact time between bat and ball. The player can

maintain the same force but for a longer time interval, so the impulse on the ball

increases, increasing the momentum change as well.

‘
&

¢ Tool 3: Select and manipulate equations.

¢ Inquiry 3: Explain realistic and relevant improvements
to an investigation.

You can estimate the force used to kick a soccer ball

in a laboratory. It uses many of the ideas contained in
this topic and is a good place to conclude our study of
momentum. The basis of the method is a measurement
of the contact time between the foot and the ball and the
subsequent change in momentum of the ball (Figure 53).

The use of
force X contact time = change in momentum

allows the force to be calculated.

* To measure the contact time: Stick some metal foil
to the shoe of the person who is to kick the ball and
to the soccer ball itself. Set up a data logger or fast
timer so that it only times while the two pieces of foil
are in contact.

¢ To measure the change in momentum: The ball
starts from rest so all you need to estimate is the
magnitude of the final momentum. The ball should
be kicked horizontally from a lab bench.

o Measure the distance s from where the ball is
kicked to where it lands.

o Measure the distance h from the bottom of the
ball on the bench to the floor.

o Use projectile motion and the kinematic
equations to calculate the time t taken for the

1
ball to reach the floor: h = > gt? and therefore

2h
e

o Use this value of t to estimate the initial speed

S
uofthe ballas u =7

o Measure the mass of the ball M; therefore
the change in momentum is Mu which is equal
to the force on the ball X T.

This method can be modified to estimate the impact
forces involved in many sports including hockey,
baseball and golf. Consider this as a possible preliminary
experiment leading to your IA. Think about how you
might develop the experiment within an inquiry cycle
(see the Tools for physics section).

to timer

A Figure 53 An estimation of the force that acts on a
soccer ball when it is kicked requires a measurement of the
contact time and the change in momentum.
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A Figure 54 A fairground carousel—the
physics of circular motion in action.

A Figure 55 What keeps the object
moving in the horizontal circle? Why is the
string not horizontal?

w,angularspeed = —— = —+

0 0
th—1 t

time ty

time t

A Figure 56 Angular speed.

Motion in a circle

Theme-park rides are popular with many people. Such rides often include
movement around a circle, sometimes moving horizontally, sometimes vertically
(Figure 54). What is the physics of circular motion (Figure 55)?

Imagine a small object whirling around in a horizontal circle with a constant
speed held at the end of a piece of string.

The choice of the words “constant speed” is deliberate. When motion is circular,
you can say that the “speed is constant” but not that “velocity is constant”.
Motion around a circle at a constant speed is known as uniform circular motion.

Velocity—a vector quantity—has both magnitude and direction. The object on
the string has a constant speed but the direction in which the object is moving

is changing all the time. The velocity has a constant magnitude but a changing

direction. When either of the two elements that make up a vector change, then
the vector can no longer be regarded as constant.

As the velocity changes (even if only the direction is changed) then the object
has been accelerated. Understanding the physics of this acceleration is the key to
understanding circular motion. But before looking at how the acceleration arises,
you will need a technical language to describe rotational motion.

Angular displacement

Angular displacement is the angle through which an object moves in its circular
motion. Angular displacement can be regarded as a scalar. Angular displacement
can be measured in degrees (°) or in radians (rad). Radians are more commonly
used than degrees in this branch of physics so, if you have not met radians before,
read about the differences between radians and degrees in the Tool for physics
section on page 335.

Angular speed and angular velocity

The term speed is usually used to refer to “linear speed”—motion in a straight
line. When the motion is in a circle, there is an alternative: angular speed. This is
given the symbol w (the lower-case Greek letter, omega).

angular displacement

average angular speed =
g g P time for the angular displacement to take place

Figure 56 shows how the symbols are defined and you will see that, in symbols,

the definition of angular speed becomes w = % where @ is the angular
displacement and tis the time taken for the angular displacement. In terms
of the diagram:

0
L=t
You will also meet the term “angular velocity” in the IB Diploma Programme

physics course. You will not have to treat it as a formal vector quantity.

=
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You may be wondering about the distinction between angular speed and
angular velocity, and whether angular velocity is a vector like linear velocity.
The answer is that angular velocity is a vector but with a surprising direction
which is along the axis of rotation, as shown in Figure 57. In other words,
through the centre of the circle around which the object is moving, and
perpendicular to the plane of the rotation.

The direction follows a clockwise corkscrew rule so that, in this example,
because the object is rotating clockwise, the direction of the angular velocity
vector is into the plane of the paper.

In the IB Diploma Programme physics course, both the terms angular velocity
and angular speed are used but they refer always to the magnitude of the
angular velocity.

Period and frequency

The time taken for a rotating point to go round its circle once is known as the

periodic time or simply the period of the motion; it has the symbol T. In one time

period, the angular distance travelled is 2zrad and therefore T= %

When Tis in seconds, the units of w are radians per second, abbreviated to
rads™.

If you have already studied waves in this course, you will have met the similar idea
of time period as the time taken for one cycle of the wave.

Another quantity that is associated with T is frequency. Again, this quantity

is common to both the physics of rotation and wave theory. Frequency is the
number of times an object goes round a circle in unit time, and one way to
express the unit of frequency would be in “per second” or s™'. However, the unit
of frequency is re-named after the 19th-century physicist Heinrich Hertz and is

abbreviated to Hz. Tis linked to f by: T:lf
This leads to a link between w and f: w = 2xf

Linking angular and linear speeds

Sometimes you know the linear speed around a circle and need the equivalent
angular speed or vice versa.

This is straightforward. When the circle has a radius r, its circumference is 2ar.
Tis the time taken to go around the circle once.

The linear speed of the object along the edge of the circle vis: v= %
Rearranging the equation gives: T= %

2n . . . 2nr _ 2n
Also, T= = Soequating the two equations for T gives T= = o

Cancelling the 2z and rearranging gives v = rw.

Notice that both in this equation and in the earlier equation s =r@, the radius r
multiplies the angular term to obtain the linear term. This is a consequence of our
definition of angular measure.

direction
of rotation
direction
ofangular
velocity vector

A Figure 57 Angular velocity direction.
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Worked example 29
A large clock on a building has a minute hand that is 4.2 m long. Calculate:
a. theangular speed of the minute hand
b. theangulardisplacement, in radians, in the time periods:
i. 12noonto12.20 i. 12noonto14.30.

c. thelinear speed of the tip of the minute hand.

Solutions

a. The minute hand goes round once (2 rad) every hour.
One houris 3600s.

angulardisplacement_ or

Angular speed = : = =0.00175rads™
time taken 3600
b. i. 20 minutesis % of 2r, so 2?ﬂrad

i. 2.5his2xx2.5=5xrad
c. v=rw=4.2x0.00175=0.00733ms™' =7.3mms"’

Worked example 30

The International Space Station (ISS) moves in an approximately circular orbit, 420 km above Earth’s surface, with a
linear speed of 7650 ms™. The radius of Earth is 6370 km. Calculate the number of times the ISS orbits Earth each day.

Solution
The orbital radius of the ISS is 6370 + 420 = 6790 km. The period of one orbit is
circumference _ 2z x 6790 x 103

- = =5.58x%x10%s
linear speed 7650
The number of orbits in one day (24 x 60 x 60 seconds) is therefore 24x60x60 =15.5.
5.58x 103
Practice question
47. The motion of Earth around the Sun can be modelled 42. The blades of a toy helicopter complete 670
as uniform circular motion around an orbit of radius revolutions in one minute. Each blade is 16 cm long.
1.50x 10" m. Calculate:
Calculate, for the orbital motion of Earth: a: g::sggle’ in radians, swept by a blade in one

. th | d
@ e anguiarspee b. the linear speed of the tip of a blade.

b. thelinear speed.

Centripetal acceleration

An object moving at a constant angular speed in a circle is being accelerated.
Newton'’s first law tells us that, for any object in which the direction of motion or
the speed is changing, there must be an external force acting. In circular motion,
the direction of motion is constantly changing and so the object accelerates,
and there must be a force acting on it to cause this to happen. The force that acts
to keep the object moving in a circle is called the centripetal force. This force
leads to a centripetal acceleration. (The word “centripetal” originates from two
Latin words, centrum and petere— literally “to lead to the centre”.)




A. Space, time and motion

The centripetal acceleration is directed inwards towards the centre of the circle.
The acceleration is always at 90° to the velocity vector.

The centripetal acceleration a is given by

Worked example 31

Using the data provided in Worked example 30, calculate the centripetal acceleration of the International Space
Station in its orbital motion.

Solution
gV 76502

r (6370 +420)x 10°

The numerical value of the answer is slightly less than the acceleration of free fall near Earth’s surface (9.8 ms™2). This is
not a coincidence! In Topic D.1 you will learn that all bodies moving in a gravitational field of a massive object such as
Earth experience an acceleration due to gravity whose magnitude decreases with the distance from the centre of the
object. At an altitude of 420 km, the gravitational acceleration is reduced to about 88% of its value on Earth’s surface.

6ms—2.

Worked example 32
A cyclist rides along a circular track of radius 25 m at a constant linear speed of 30 kmh™'. Calculate:
a. theangular speed of the cyclist

b. the centripetal acceleration.

Solutions

a. Thelinear speed should be converted toms™, v= 30 v_30+36

——=8.3ms™". Angular speed @ =—=—"—""-=0.333rads™’
6 r 25

b. Accelerationa=w?r=0.333?2%x25=2.8ms2

Practice questions

43. A paper disc of radius R rotates at a constant angular

. . centripetal acceleration of P,
speed about an axis passing through the centre of the What is the ratio

centripetal acceleration of Q

disc. Pand Q are two particles of the disc. P is on the A 1 B 1

circumference of the disc and Q is at a distance ofg 2 '

from the centre. C. 2 D. 4

rotation 44, Neutron stars, known for their relatively small size
and fast rotation, are compressed remnants of
exceptionally massive supergiant stars. A neutron star
has a radius of 10 km and rotates at a frequency of
5Hz. For a particle on the equator of the neutron star,

p calculate:

a. thelinear speed

b. the centripetal acceleration.
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45. A Ferris wheel rotating at a constant angular speed Calculate:
completes two revolutions per minute. Passengers
riding on the Ferris wheel move at a linear speed
of3.0ms™. b. theradius of the Ferris wheel

a. theangular speed of the Ferris wheel

c. the centripetal acceleration of a passenger taking

the ride.
Investigating how F varies withm, vand r
¢ Tool 3: Determine the effect of changes to variables * Thetension in the string is the same everywhere
on other variables in a relationship. (whether below the glass tube or above in the

horizontal part). This tension is equal to Mg, where M

* Inquiry 1: Identi d justify the choice of
ey entify and justify the choice o is the mass of the object that hangs vertically.

dependent, independent and control variables.
Use an angular speed at which you can comfortably
count the number of rotations of the bungin a

particular time. From these data you can work out the
* Inquiry 3: Explain realistic and relevant improvements linear speed v of the bung.
to an investigation.

* Inquiry 3: Identify and discuss sources and impacts of
random and systematic errors.

* To verify the equation, you need to test each variable
against the others. There are several possible
experiments. In each of these, one variable is
held constant (a control variable), one is varied

v2
This experiment tests the relationship m—= Mg

and uses the simple apparatus shown in Figure 58. To do

this an object is whirled in a horizontal circle. (the independent variable), and the third (the
_____________ <€ dependent variable) is measured. One example is:
b roTeees
': - Variation of v with r
R 1 I -“mass, m
““““““ >---|p-----m T * Inthis experiment, m and M must be unchanged.

Move the clip to change rand, for each value of r,

lass tube ) .
9 measure v using the method given above.
. 2
paper clip . Analysis:VT=constantand so a graph of v? against r
. ought to be a straight line passing through the origin.
string ] . .
Alternatively, for each experimental run, you might
simply divide v2 by rand look critically at the result
weight (Mg) (which should be the same each time) to see if the
5 value is constant. You should assess the errors in the
A Figure 58 A simple experiment to confirm F=m—. . o V2
r experiment and put error limits on your value ofT.
*  Anobject (of weight Mg) hangs from one end of e What are other possible experimental tests?

a string and a mass (a rubber bung of mass m) is
attached to the other end of the string. A paper clip is
attached to the string below a glass tube. The clip is
used to ensure that the radius of rotation of the bung
is constant. The bung should be rotated at a speed
so that the paper clip stays just below the glass tube.

* In practice, the string cannot rotate in the horizontal
plane because of its own weight. How can you
improve the experiment or the analysis to allow this?
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Centripetal force

Newton’s second law of motion in its simpler form tells us that F = ma using the
usual symbols. The second law applies to the force that provides the centripetal

acceleration, so the magnitude of the force is:

2
v
ma=m-=—= mw?r = mvaw

The question you need to ask for any situation involving circular motion is: what
force provides the centripetal force in that situation? The direction of this force
must be along the radial line between the object and the centre of the circle.

Models—Centripetal or centrifugal?

When discussing circular motion, you will almost certainly
have heard the term “centrifugal force” —probably
everywhere except in a physics laboratory! However, so
far this course has exclusively used “centripetal force”.
Why are two terms in use, and which is correct?

The alternative idea of centrifugal force comes from
common experience. Imagine you are in a car going
round a circle at high speed. You will undoubtedly feel
that you are being “flung outwards”.

One way to explain this is to imagine the situation from
the point of view of a helicopter passenger hovering
stationary above the circle around which the car is
moving (Figure 59). From the helicopter you can see the
passenger attempting to go in a straight line (Newton'’s
first law). Nevertheless, the passenger is forced to

move in a circle through friction forces acting between
passenger and car seat. If the seat is frictionless and the
passenger is not wearing a seat belt, then he or she will not
getthe “message” that the caris turning. The passenger
will continue to move in a straight line eventually meeting
the door that is turning with the car. If there is no door,
what direction will the passenger take?

Another way to explain this is to imagine yourself in the
car as it rotates. This is a rotating frame of reference that is
accelerating and so does not obey Newton's laws of
motion. You instinctively think that your rotating frame is
stationary. Therefore, your tendency to go in what you
believe to be a straight line feels like an outward force
away from the centre of the circle (remember that the rest
of the world now rotates round you, and the straight line
you imagine that you are travelling along is actually part
of a circle). Think about a cup of coffee sitting on the floor

direction of car

straight on direction
at this instant

“real centripetal force
supplied by friction
at tyres car

A Figure 59 The centripetal force acting on a car seen from above.

of the car. When there is insufficient friction at the base
of the cup, the cup will slide to the side of the car. In the
inertial frame of reference (Earth) the cup is trying to go
in a straight line. In your rotating frame of reference you
have to “invent” a force acting outwards from the centre
of the circle to explain the motion of the cup.

There are many examples of changing a reference frame
in physics. Research the Foucault pendulum and perhaps
go to see one of these fascinating pendulums in action

or set one up in a high-ceilinged room in your school.
Find out what is meant by the Coriolis force and how it
affects the motion of weather systems in the northern and
southern hemispheres.

Physicists often change reference frames. It is the Nature
of Science to adopt alternative frames of reference to
make explanations and theories more accessible.
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Centripetal accelerations and forces in action

Satellites in orbit

Figure 60 shows satellites in a circular orbit around Earth. Why do satellites follow
these paths? Gravitational forces act between the centre of mass of Earth and the
centre of mass of the satellite. The direction of the force acting on the satellite

A Figure 60 Satellites in orbit. The is always towards the centre of the planet and it is the gravity that supplies the
polar orbit takes about 90 minutes. centripetal force. Topic D.1 returns to the subject of gravitational orbits and looks
A geostationary satellite orbits once in at them in a quantitative way.

24 hours and so appears to sit at one point

above the equator. Amusement park rides

Many amusement park rides take their passengers in curved paths. In the type
of ride called a rotor (Figure 61), the riders are inside a drum that rotates about

a vertical axis. When the rotation speed is large enough, the people are forced
to the sides of the drum and the floor drops away. The people are quite safe
because they are “held” against the inside of the drum as the reaction at the wall
provides the centripetal force to keep them moving in the circle. The people in
the ride feel the reaction between their spine and the wall. Friction between the
rider and the wall prevents the rider from slipping down the wall.

Turning and banking

When a driver wants to make a car turn a corner, a resultant force must act
towards the centre of the circle to provide a centripetal force. The caris in vertical
equilibrium (the driving surface is horizontal) but not in horizontal equilibrium.

friction
force

weight  Turning on a horizontal road
For a horizontal road surface, the friction force acting between the tyres and the
road becomes the centripetal force. The friction force is related to the coefficient
of friction and the normal reaction at the surface where friction occurs (Figure 62).

~action of 2
all on rider /B

A Figure 61 The “rotor” fairground ride
in action.

The centripetal force required must be less than the frictional force if the car is not

to skid:

V2
m=—<pmg

(@)

where _is the static friction coefficient of friction. The expression can be
rearranged to give a maximum speed before skidding occurs of

reaction, R

friction Vo= VU gr

° <

centre of circle

for a circle of radius r.

elevation mg, W
@ Why is no work done on a body moving along
a circular trajectory?

direction

The expression for work done (= force x displacement in direction of force)

has a vector nature that becomes apparent when dealing with motion in

acircle. Thisis outlined in Topic A.4. The centripetal force that is required

to maintain a circular trajectory acts towards the centre of the circle around

which the object is moving. The displacement is zero in this direction as

the circle radius is constant, and the work done is also zero. Of course, any
plan force in the direction of travel—to overcome air resistance, for example—will

A Figure 62 How friction between the require a transfer of energy in the usual way.

road and the tyres enables a car to move

around a circle.

friction
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A. Space, time and motion

Banking

Tracks for motor or cycle racing, and even ordinary roads for cars are sometimes
banked (Figures 63). The curve of the banked road surface is inclined at an angle,
so that the normal reaction force contributes to the centripetal force that is needed
for the vehicle to go round the track at a particular speed. Bicycles and motorcycles
can achieve the same effect on a level road surface by “leaning in” to the curve.
Tyres do not need to provide so much friction on a banked track compared to a
horizontal road; this reduces the risk of skidding and increases safety.

normal
reaction

friction

A Figure 63 (a) A cycle velodrome is banked at varying angles to assist the cyclists. (b) The
forces that act on a cyclist on a banked surface.

Figure 64 shows forces acting on an object rolling round a banked track. This is
simplified to a point object moving in a circle to remove the complications of size
and shape. A horizontal centripetal force directed towards the centre of the circle is
needed for the rotation. The other forces that act on the ball are the force N normal to
the surface (which is at the banking angle 6) and its weight mg acting vertically down.
The vector sum of the horizontal components must equal the centripetal force.

The centripetal force is equal to N sin 8. The normal force resolved vertically is
N cos@and is, of course, equal and opposite to mg. So,

—Neng— M9\ g
. Nsin0= (cosé) sind=mgtan@

m 2 2
Asusual, F —Vand therefore tan9=v—

centripetal = r gr'

The banking angle is correct at a particular speed and a particular radius. Notice
that it does not depend on the mass of the vehicle, so a banked road works for all
the road users provided that they are going at the same speed. At speeds greater
or less than this, there will need to be a horizontal component of friction supplied
between the tyre and the road surface to prevent a slide. The direction of the
frictional force can change: at speeds higher than the correct banking speed it is
towards the centre of the circle, at lower speeds towards the outside of the bend.

Some more examples of banking

*  Commercial airline pilots fly around a banked curve to change the direction
of a passenger jet. When the angle is correct, the passengers will not feel the
turn, they just feel a marginal increase in weight pressing down on their seat.

*  Some high-speed trains tilt as they go around curves so that the passengers
feel more comfortable.

Although you will not be asked
to solve mathematical problems
on this topic in your IB physics
examination, you do need

to understand the principles

of banking.

Y mg

A Figure 64 The forces involved
in banking.
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Worked example 33

A cyclist riding at a speed of 11 ms™ attempts to make a sharp turn on a horizontal road. The turn can be modelled as
a circle of radius 15m.

a. State the force that provides the centripetal acceleration of the bicycle.
The coefficient of static friction between the tyres of the bicycle and the road is = 0.75.
b. Deduce whether the cyclist will be able to turn without skidding.

c. Outline how banking of the turn can increase the maximum safe speed of the cyclist.

Solutions
a. The centripetal force is the friction between the tyres and the road. The direction of this force is towards the centre of
the turn.

b. The maximum centripetal force is umg, where m is the combined mass of the cyclist and the bicycle. This can be
equated to the expression m— for the centripetal force, to give the condition for the maximum safe speed v of the
bicycle. m— = pmg; hence v = Jyugr= V0.75%9.8x15 =10.5ms™". The cyclist rides just above this speed, so he
will start sk|dd|ng during the turn.

c. On abanked road, the normal reaction force has a horizontal component that adds to the frictional force, increasing
the maximum centripetal force and hence the maximum centripetal acceleration.

Worked example 34

An amusement park ride called the rotor (see Figure 61) is a large cylinder rotating about the vertical axis. When the
cylinder rotates fast enough, the floor drops out and the people taking the ride remain motionless against the inside
of the cylinder.

a. State the force that provides the centripetal acceleration of a passenger taking the rotor ride.

b. Show that for the passenger to not slide down the inside of the cylinder, the centripetal acceleration a must satisfy
the condition a = %, where y is the coefficient of static friction between the passenger and the cylinder.
The coefficient of static friction is 0.36. The inner radius of the cylinder is 4.0 m.

c. Determine the maximum period of rotation of the cylinder so that the passenger will not slide down the inside of
the cylinder.

Solutions
a. The centripetal force in this situation is the normal reaction force on the person from the inner surface of the cylinder.

b. To prevent the passenger from sliding down, the static frictional force acting upwards must be equal to the
passenger’s weight, mg. The static frictional force cannot be greater than uN, where N is the normal force from the
cylinder. This leads to the condition uN = mg. But N is the force that provides the centripetal acceleration a, so

N = ma. Substitution into the previous inequality gives puma = mg; hence a = %

c. ltis convenient to first find the minimum angular speed w of the cylinder.

This corresponds to about 25 rotations per minute!
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Worked example 35

An aircraft flying at a constant speed makes a banked turn in a horizontal
plane. The wings of the aircraft make an angle 6 with the horizontal.

a. Draw afree-body diagram showing forces acting on the aircraft in the

vertical plane.

b. The speed of the aircraftis 180 ms~' and the radius of the turn is 7400 m.

Determine the banking angle 6.

Solutions

a. The forces on the aircraft are the lift force (acting perpendicular to the
plane of the wings, so at an angle 8 to the vertical) and the weight.
The diagram also shows the resultant force on the aircraft, which acts
towards the centre of the turn and provides the centripetal acceleration.
Itis important to realize that this is not an independent force but rather

the vector sum of the lift force and weight.

2
b. The centripetal acceleration of the aircraftis a = oo

The lift force can be resolved into horizontal and vertical components.
The horizontal component is equal to the centripetal force on the aircraft,
ma, and the vertical component is equal to the weight, mg. Applying

trigonometry to vector components leads to

tan 9=w=@22 From here, tan @ = ——
weight mg g '

Practice questions

46. A small box is placed at the i box
edge of a turntable of radius
30 cm that rotates about the
vertical axis. The coefficient of _——
static friction between the box turntable rotation

and the turntable is 0.70.

a. Determine the maximum
angular speed of the turntable so that the box does
not fall off.

b. Calculate the period of rotation of the turntable
that corresponds to the angular speed you have
found in part a.

47. Modern jet fighter aircrafts can structurally sustain
accelerations of up to about 9 g during manoeuvring
(1gis equivalent to the acceleration of free fall, 9.8 ms™2).

Ajet aircraft flying at a speed of 280m s is to make a
circular turnin a horizontal plane.

Estimate the minimum possible radius of the turn.

=4.38ms2.

4.
9

48. A small marble rolls around

Q’~

'~
O R
T o —

lift force

'
1
1
'
'
]
1
'
d
.

resultant force

38 04475 0=224°

a horizontal circular path on
the inner surface of a conical
bowl. The surface of the marble
bowl makes an angle 8 with

the vertical.

path of
the

marble
a. Draw afree-body

diagram of the forces acting on the marble.

b. Show that the acceleration a of the marble is given

The speed of the marble is 1.5ms™ and its mass
is 3.0g. The angle of the bowl is § = 28°.

c. Calculate:
i. the radius of the marble’s path

ii. the magnitude of the reaction force on the
marble from the bowl.

A small frictional force acts on the marble so that it
gradually spirals down the bowl along a path that can
be modelled as a circle of slowly decreasing radius.

d. Predict the effect this will have on the angular
speed of the marble.
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Moving in a vertical circle

The examples so far have been of motion around a horizontal circle. The amount
? of thrill from a ride such as that in Figure 65 depends on its height and speed,
and the forces that act on the riders.

How must the horizontal situation be modified when the circular motion of the
mass is in a vertical plane? What forces act when motion is in a vertical circle?

Imagine a mass on the end of a string that is moving in a vertical circle at
constant speed.

Look carefully at Figure 66 and notice the way in which the tension in the string

A Figure 65 Atheme park ride. changes as the mass goes around in an anticlockwise direction.
B Begin with the case when the string is horizontal, at point A. The weight acts
T l downwards and the tension in the string is the horizontal centripetal force
oNnlymg towards the centre of the circle.
Y The mass continues to move upwards and reaches the top of the circle at B. At
. ; this point, the tension in the string and the weight both act downwards. Thus,
D > < A V2
A Tdown + mg =m-—
mg mg r
A and therefore
V2
T, =m—-—m
Tup down r g
The weight of the mass combines with the string tension to provide the centripetal
Emg force and so the tension required is less than the tension Twhen the string is horizontal.

At C, the bottom of the circle, the tension and the weight both act vertically but in

A Figure 66 Forcesacting in circular opposite directions, so

motion in a vertical plane.

T v
p—m7+mg

ul

At the bottom, the string tension must include the weight and the required
centripetal force.

As the mass moves around the circle, the tension in the string varies continuously.
It has a minimum value at the top of the circle and a maximum at the bottom.

The bottom of the circle is the point where the string is most likely to break.
When the maximum breaking tension of the stringis T___, then, for the string to
remain intact,

V2
Tbreak > mT + mg

and the linear speed at the bottom of the circle must be less than

r
E(Tbreak - mg)
—V If this seems to you to be a very theoretical idea without much practical value,

think about a car going over a bridge (Figure 67). Assuming that its shape is part
of a circle, then the bridge will have a radius of curvature r. What is the speed at

radius of which the car will lose contact with the bridge?

curvature
This is the case considered above, where the object, in this case, the car, is at the
top of the circle. What is the “tension” (in this case, the force between car and
A Figure 67 A cargoing overa curved road) when the car wheels lose contact with the bridge? To answer this question,
bridge. you might begin with a free-body diagram. You should be able to show that the
car loses contact at a speed equal to Vgr.
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Worked example 36

A hammer thrower in an athletics competition swings the hammer on its chain round 7.5 times in 5.2 s before
releasing it. The hammer describes a circle of radius 2.1 m and has a mass of 4.0 kg. Assume that the hammer is
swung in a horizontal circle and that the chain is horizontal.

a. Calculate, for the rotation:
i. theaverage angular speed of the hammer
ii. theaverage tension in the chain.
b. Comment on the assumptions made in this question.
Solutions
a. i. /.b5revolutions =15zrad
Angular speed = 25—;[ =9.1rads™
ii. Tension in the chain = centripetal force required for rotation.
Centripetal force = mraw?>=4.0x 2.1 x 9.12= 690N
b. The thrower usually inclines the plane of the circle at about 45° to the horizontal in order to achieve maximum
range. Even if the plane were horizontal, then the weight of the hammer would contribute to the system so that a
component of the tension in the chain must allow for this. Both assumptions are unlikely.
Practice questions
49. A stone of mass 0.25 kg attached to the end of a 50. A car of mass m moving at speed v goes over a bridge
string is moving in a vertical circle of radius 0.80 m at a whose central part can be modelled as a section of a
constant speed. The string will break if the tension in it circle of radius r (see Figure 67).
exceeds 10N. a. Derive an expression, interms of m, vand r, for the
a. Explain whether the string is more likely to break magnitude of the normal reaction force between
when the stone passes the lowest or the highest the car and the bridge as the car passes the top.

point of the path. Itis given that r=60m and m =1400kg.

b. Calculate: b. Calculate:

i. the minimum speed of the stone so that the

. . ) ) i.  the normal reaction force on the car at the top
string remains taut at the highest point

of the bridge when the car moves at 50kmh™".
ii. the maximum speed of the stone so that the

) , ii. thespeed thatthe car would have if the
string doesn’t break.

normal reaction force at the top of the
bridge was reduced to 10% of its value on a
horizontal road.
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:Wed Work, energy and power

How are concepts of work, energy and power used to predict changes within a system?
How can a consideration of energetics be used as a method to solve problems in kinematics?

How can transfer of energy be used to do work?

Energy is a central concept throughout all of science.
During an energy transfer, work can be done and the rate
at which energy is transferred shows the power of the
system that is doing the transfer. The law of conservation
of energy predicts the overall transfers that occur when

energy is transferred to gravitational potential energy.

The water does work against air resistance which causes
energy to be transferred to thermal energy and the water
will be marginally hotter when it returns to the ground. The
lights also transfer energy (from electrical energy).

energy changes its nature. We can predict this change,
either within a system or between systems. The fact that a
conservation law exists underlines the importance of the
energy concept in science.

So farin this theme, you have used derived equations (such
as the suvat kinematic equations) and known physics laws
(such as Newton'’s laws of motion) to predict the outcomes
of mechanical changes. You can also calculate outcomes
in mechanics by considering the energy changes. Indeed,
in some circumstances, considering energy transfer can be
the only reliable method possible.

Figure T shows the transfer of energy between many forms
in a fountain. Kinetic energy is transferred to the water in

this fountain as it rises into the air. As it does so, the kinetic A Figure 1 Awater fountain is an example of energy transfer.

In this topic, you will learn about:

power as the rate of doing work and transferring
energy

* conservation of energy and work done by a force ]

* energy transfers

*  kinetic energy, gravitational potential energy and *  efficiency

elastic potential energy * Sankey diagrams.

Introduction

Topic A.3 examines the physics of energy transfer. The importance of energy only
becomes clear when it moves between different forms. As this happens, we can
make energy do useful work.

The study of energy has a long history stretching back to Aristotle (384-22 BCE).
However, the energy concept that we use today stems from a proposal by
Gottfried Leibniz (1646-1716) who suggested a “vis viva” (living force) which
was mass X speed?. His “living force” was transformed into what we call “heat”
as objects decelerate. The mathematician and natural philosopher Emilie du
Chatelet (1706-49) is believed to have been the first person to recognise the
concept of energy conservation in a closed system. By the middle of the 19th
century, many people working in industry were examining the concept of
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energy in ways close to our present understanding. The idea that energy can

be transferred was sealed by James Prescott Joule (1818-89) when he linked

mechanical work to the production of heat in a quantitative way.

Energy forms and transfers

We now recognize that energy can be stored in many different forms. Some

of the important ones are listed in Table 1.

kinetic

Nature of energy associated with...

the motion of a mass

You will learn more about the
later developments of energy
transfer—a study now known as
thermodynamics—in Topic B.4.

(gravitational) potential

the position of a mass in a gravitational field

sometimes the word “gravitational” is not used

electric/magnetic

charge flowing

chemical

atoms and their molecular arrangements

nuclear

the nucleus of an atom

related to a mass change by AE = Amc?

elastic (potential)

an object being deformed

The word “potential” is not always used.

thermal (heat)

a change in temperature or a change of state

A change of state is a change of a substance
between phases, i.e. solid to liquid, or liquid
to gas. The colloquial term “heat” is usually

acceptable when referring to situations
involving conservation of energy.

conversion to binding (nuclear) energy when
nuclear changes occur

mass

vibration (sound) mechanical waves in solids, liquids or gases

The amount of sound energy transferred is
almost always negligible when compared with
other energy forms.

light photons of light

another form of electric/magnetic energy,
sometimes called “radiant energy”

A Table1 The different forms of energy and what they are associated with.

Energy can be transferred between any of its forms, and it is during these
transfers that you see the effects of energy. For example, water can fall vertically
to turn the turbine of a hydroelectric power station and drive a generator. Many
energy transfers occur in this apparently simple example. Water molecules are
attracted gravitationally by Earth and accelerate downwards through a pipe.
Their momentum is transferred to the blades of the turbine which rotates, gaining
rotational energy, to turn the coils in the generator. As the coils turn, electrons are
forced to move and there is an electric current in the coil. This chain of physical
processes can be summed up as the transfer of gravitational potential energy of
the water into electrical energy.

Another example of an energy transfer is when an animal converts stored
chemical energy in its muscles into kinetic and gravitational potential energy.
Some of this chemical energy is also transferred to frictional energy losses.
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. You should learn to recognize the physical (and sometimes chemical) processes that
Other energy units occur in an energy transfer. It is easy to describe the changes in broad terms. Always

. try to explain the effects in terms of microscopic or macroscopic interactions.
*  Tool 3: Use of units (for v P P P

example, eV, eVc2, ly, pc, Energy is a scalar quantity, which means it has no direction. Whatever the form of
h, day, year) whenever the energy transfer, we use a unit of energy called the joule (J). This is in honour
appropriate. of James Joule, the English scientist, who devoted his scientific efforts to studying

. : energy and its transfers.
You will come across different

energy units in some parts of One joule is the energy transferred when a force of one newton
science. These have usually arisen acts through a distance of one metre.

historically. For example, the
electronvolt (gV), is the energy
gained by an electron whenit is
accelerated through a potential
difference of one volt. Another

In some applications, such as when discussing the output of power stations,
the joule is too small a unit, so you will frequently see energies expressed in
megajoules (M] or 10%)) or even gigajoules (G or 10%)). You should become used
to working both in powers of ten and with the Sl prefixes when dealing with

energy quantities.
example is the calorie which is
sometimes used to talk about the
energy in food. One calorie (cal) @ How is the equilibrium state of a system, such as Earth’s
is4.2]. atmosphere or a star, determined?

You will learn the detail about any
special units used in the course in
the appropriate place in this book.

Elsewhere in the course, equilibrium states, such as those in a star, are
described in terms of a balance of forces. For the star, these are inward
collapse due to gravitation and outwards expansion due to gas pressure.
However, systems that are in equilibrium can also be described as having
attained a minimum in their total energy. Imagine a cylinder of gas with a
piston and a weight resting on the piston. The total energy of the system is
the internal energy of the gas together with the gravitational potential energy
of the weight. When the volume of the gas is too small for equilibrium, forces
in the gas will push the piston and weight upwards. If this change occurs
slowly, then the entropy of the system and surroundings (Topic B.4) will be
constant. It is possible to show that when the force upwards on the piston
(pressure x piston area) is equal to the weight acting downwards, the energy
is minimised.

Worked example 1
Describe and explain the energy changes that occur when:
a. aballoonisinflated

b. theairisreleased from the balloon.

Solutions

a. Airmolecules enter the balloon with a certain amount of kinetic energy. The newly added kinetic energy is
distributed among the molecules of air through intermolecular collisions, and results in an increased pressure and
increased force outwards on the skin of the balloon. As the balloon expands, the elastic potential energy stored
in the skin of the balloon increases, until a new equilibrium is established between the tension in the skin and the
atmospheric pressure.

b. The opposite process happens when the balloon is released and deflated. The elastic potential energy stored in the
skin of the balloon is converted to kinetic energy of the air leaving the balloon.
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Conservation of energy Where do the laws of

When energy transfers from one form to another nothing is lost (providing that conservation apply in other
you take care to include every single form of energy involved in the transfers). This areas of physics? (NOS)

is known as the principle of conservation of energy which states that energy

cannot be created or destroyed. The rule that energy is conserved

underpins this entire topic.
Without the conservation of
energy and the concept of a
conservative force, many of our
theories would have no basis.

Physicists now recognize that mass must be included in any table of energy forms
because if the mass changes the total energy also changes. For most changes,
the mass difference between the beginning and end of a process is insignificant,
but in a nuclear reaction it makes a major contribution to the transfer.

But you will see many conservation
laws that apply throughout science.
Topic B.5 shows that charge cannot

@ Constructively assessing the contribution of peers

Emmy Noether (1882 -1935) was a mathematician working in Germany in the be lost or destroyed. Several other
early 20th century. In 1918, she published work, now referred to as Noether’s properties of nuclear particles are
theorem, which links the conservation of energy to the fact that the laws of also conserved (Theme E), soitis
physics do not change over time. A similar application to the conservation possible to predict the outcomes of
of momentum links this to the fact that the laws of physics do not change in nuclear interactions and events.

different spaces.

At that time, it was unusual for women to enter higher education (she was one

of only two female students out of almost one thousand) and even more unusual

for women to teach at a university. To do this she had to lecture under the name

of another mathematician and often was not paid for her work. However, she

was held in high esteem by some of the most renowned mathematicians of the @ How do travelling waves
age and was always encouraged to persevere in her work. allow for a transfer of
energy without a resultant

When she died, Albert Einstein wrote in the New York Times that she was “the X
displacement of matter?

most significant creative mathematical genius thus far produced since the

higher education of women began”. Here in Theme A, kinetic energy

is an attribute of a moving object.

In Theme C, the assertion is
Laws of physics that energy is transferred by the
wave without displacement of

The conservation of energy is a law of physics. As such it is empirical—that is, the medium carrying it. Thisis a
based on observation—rather than something that can be derived through result of the cyclic nature of the
mathematics or deduced with logic. Unlike a scientific theory, a scientific law particle motion in the medium.
makes no attempt to explain why the observations are as they are. In other These particles undergo cycles of
words, the law of conservation of energy does not explain why energy is displacementand, as they move,
conserved. It merely states that it is. are able to transfer energy in the

propagation direction of the wave.
When the wave has passed, the
individual particles return to their
equilibrium positions. They were
the agents of energy transfer only
Do laws of physics count as a valid way of knowing? while they were moving.

Noether’s theorem can be used to derive the conservation of energy from the
fact that the laws of physics do not change over time. This merely moves the
argument to the constant nature of the laws of physics—we have a law that
they do not change over time; however, we cannot explain why.
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A Figure 2 A mine steam engine.

A Figure 3 Sand yachts.

Doing work

In 1826, Gaspard-Gustave Coriolis was studying the engineering involved in
raising water from a flooded underground mine (Figure 2). He realized that
energy was being transferred when the steam engines were pumping the water
through a vertical distance. He described this energy transfer as “work done”,
and he recognized that the energy was transferred because the pumping
engines exerted a force on a particular mass of water and lifted it from the bottom
of the mine to the surface.

In other words:

work done (in ]) = force exerted (in N) X distance moved in the direction of the
force (inm)

When a weight of 5N of water was lifted vertically through a height of 150 m,
then the work done by the engine on the water was 5 X 150 = 750].

In the underground mine Gaspard studied, the force and the distance moved
were in the same direction (vertically upwards), but in many cases this will not be
the case. For example, in a sand yacht (Figure 3), the force F from the wind acts in
one direction and the sail is set so that the yacht moves through a displacement s
thatis at an angle 6 to the wind (Figure 4).

Because the distances moved in the direction of the force and by the yacht are
not the same, you can use the force component in the direction of movement. In
this case, work done = F cos@ X s.

force exerted /

by wind, F

distance moved
by sand yacht, s

plan view

A Figure 4 The wind does work on the sand yacht, even though the wind direction and the
direction in which the yacht travels are not the same.

Work done against a resistive force

Work is done when a resistive force is acting too. Consider a box being pushed
ata constant speed in a horizontal straight line (Figure 5). For the speed to be
constant, friction forces must be overcome. The force that overcomes the friction
may not act in the direction of movement. Again, the work done by the force is
force acting x distance travelled X cos 6.

force F
0
horizontal component
of force = F X cos@ R box direction of motion

A Figure 5 Work done to overcome a resistive force.
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Worked example 2

The thrust (driving force) of a microlight aircraft engine is 3.5 x 10°N. Calculate the work done by the thrust when the
aircraft travels a distance of 15 km.

Solution
Work done = force x distance = 3500 x 15000 = 5.3 x 107 = 53 M|

Worked example 3

55N

A large box is pulled a distance of 8.5 m along a rough
horizontal surface by a force of 55 N that acts at 50° to the
horizontal. Calculate the work done in moving the box 8.5m.

Solution

The component of force in the direction of travel is
55 x cos 50° =35.4N.

The work done = this force component x distance travelled = 35.4 x 8.5 = 301].

Worked example 4 6.0N

A cart rolls down a ramp that makes an angle of 25° with the
horizontal. A horizontal force of magnitude 6.0 N acts on the cart.

The cart moves a distance of 0.75m down the ramp. Calculate the
work done by the horizontal force.

Solution

The angle between the force and the direction of motion is
180° — 25°=155°.

The work done =6.0 x 0.75 X cos 155° = —-4.1].

Note that the work done is negative, which indicates that the horizontal force has a component acting against the
displacement of the cart. In other words, the force opposes the motion of the cart.

Practice questions

1. Aparticle travels a distance of 2.5 m along a straight 2. Acarmoves at a constant speed of 50kmh~"on a
line. A constant force of magnitude 0.60 N acts on the horizontal road. The work done by the driving force of
particle. Calculate the work done by the force on the the car in one minute is 190Kk].

particle, when the angle between the force and the
displacement of the particle is:

a. 60°
b. 90°
c. 160°.

Calculate:
a. thedistance travelled by the car in one minute
b. the magnitude of the resistive force acting on the car

c. thework done by the resistive force.
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A
F

force

area=FXs

0 >
0 distance moved s

(@)

total area = (number of squares)
X (energy represented by
one square)

one square =F Xs

(0]
O
O
S,
F} >
0 distance moved
(b)

A Figure 6 The work done in a process
can be determined by evaluating the area
under the graph of force-distance moved.

Worked example 5

The graph shows the variation with displacement d of a force F that is applied
to a toy car. Calculate the work done by the force Fin moving the toy through a

distance of 4.0cm.

Solution

The work done is equal to the area of the triangle enclosed by the graph and the axis.

0
This is%x base of the triangle X height of the triangle:%xél.Ox1O‘Zx5.O=O.1OJ. 0 %) 4 6

Worked example 6

An initially stationary ice hockey puck is hit by a stick. The graph
shows how the force exerted by the stick on the puck varies with the

distance travelled by the puck.

The work done on the puck is 30]. Determine the peak force F__

on the puck.

Solution

The area under the force-distance graph is % x5x107?F . Onthe

Force-distance graphs

In practice, it is rare for the force acting on a moving object to be constant. Real
boxes or sand yachts are subject to air resistance and frictional losses. These lead
to energy losses that vary depending on the speed of the object or the type of
surface that the object runs over.

When you know how the force varies with distance, then you can use this to
calculate the work done.

For example, when the force is constant (Figure 6(a)), the graph of force against
distance will be a straight line parallel to the x-axis. The work done is the product
of force x distance (we are assuming that @ = 90° in this case). This corresponds
to the area under the graph of force against distance.

When the force is not constant with distance moved (Figure 6(b)), the work done
is still the area under the line, but this time you must work a little harder and
estimate the number of squares under the graph and equate each square to the
energy that it represents. Energy for one square X number of squares will then
give you the overall work done.

There is a further example of this type of calculation later in the topic on elastic
potential energy.

-

max |

force

O T T T T

other hand, the area is equal to the work done on the puck. 0 ] 5 3 4 5 6

% x5x102F =30;henceF =

_ 30x2
5x10°2

=1200N. distance /102 m
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Practice questions

3. The graph shows how the driving force provided by
the engine of a car varies with the distance moved by

4. The graph shows how a force exerted on an object
in the direction of its motion varies with the distance
travelled by the object.

the car.
2.0 6
1.6 4-
Z
5124 _ 2
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) o O
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4
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0O 10 20 30 40 50 60 70 80 90 100 -6 -
distance /m
o ) Calculate:
a. Calculate the work done by the driving force in
moving the car through a distance of 100 m. a.

distance /m

the work done by the force when the object has

moved a distance of 10m

b. A constant force of 400N opposes the motion of
the car. The mass of the car is 1600 kg. Calculate
the acceleration of the car when is has travelled a
distance of:

i. 50m
i. 100m.

Power

Imagine two people, Renee and Phillipe, with identical body weights (say, 650 N)

who climb the same hill (7Om high). Because they have the same weight and
climb the same vertical distance, they both gain the same amount of gravitational
potential energy. However, Renee climbs the hill in 150 s whereas Phillipe takes
300s.

Renee is gaining potential energy twice as fast as Phillipe because Renee’s time
is half that of Phillipe’s. This is important when we compare machines or people
taking different times to carry out the same amount of work.

The quantity power is used to measure the rate of doing work. In other words,
the number of joules that can be converted every second. Power is defined as:
energy transferred
power = —
time taken for change

When the energy change is in joules, and the time for the transfer measured in
seconds then the power is in watts (W).

TW=1]s™
In the example of Renee and Phillipe above, both did 45.5 k| of work against
gravity, but Renee’s power in climbing the hill Was% =300W and

Phillipe’s was T50W because Phillipe took twice as long in the climb.

b. the distance moved by the object when the work
done by the force is zero.

Which other quantities
in physics involve rates
of change?

The use of rate of change—the
variation of a quantity with time—is
often found in science. Topic

A.1 shows the repeated use of

rate of change of displacement
leading first to velocity and then

to acceleration. Power is the rate
of transfer of energy which has a
bearing both here and in the work
on heat capacity and latent heat

in Theme B. Similar arguments to
those in mechanics occur in the
wave theory of Theme C. Topic D.4
connects the generation of emf
with rate of change of magnetic
flux. Finally, the rate of change of
activity of a sample of a radioactive
nuclide is important in Topic E.3.

13
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A Figure 7 James Watt (1736-1819).

James Watt was a Scottish
mechanical engineer who worked
in the 18th and 19th centuries. He
improved steam engine design and
developed a way of making copies
of paper documents used in offices
until early in the 1900s.

Watt wanted to sell more engines
and made money based on the
amount of coal saved by using his
more efficient engines. He came
up with a unit called horsepower
which enabled him to compare the
power of his engines to machines
previously run by horses. One
horsepower is equal to about

750 W.

He was also careful to compare

his engines in a favourable way.

A horse can generate over ten
horsepower for short amounts of
time. But by taking an average over
one day, Watt convinced potential
buyers that his engine was more
powerful than a horse.

Today, the unit of horsepower is still
widely used by car manufacturers.

The equation work done = force X distance can be rearranged to give another
useful expression for power.

work done _ force X distance moved by force

power = - -
time time taken

distance moved by force
time taken

= force X

This is the same as power = force X speed. The power required to move an object
travelling at a speed v with a force Fis Fv.

Maximum speed of a car

The maximum speed of any car is determined by several factors. There is a
maximum force that the engine can exert through the tyres on the road surface.
But, as with a sphere falling through a fluid, this is not the only force acting. There
is a considerable drag force on the vehicle due to the air. This force increases
significantly as the speed of the car becomes larger. Typically, when the speed
doubles the drag force F will increase by at least a factor of four, in other words
F v

There is a maximum power that the car engine can produce. When the car
accelerates and the speed increases, the power dissipated in friction also
increases. When the maximum energy output of the engine every second is
completely used in overcoming the energy losses, then the car cannot accelerate
further and has reached its maximum speed.

Worked example 7

A car is travelling at a constant speed of 25ms™" and its engine is producing
a useful power output of 20 kW. Calculate the driving force required to
maintain this speed.

Solution
power 20000

speed 25 = 800N

Driving force =

Worked example 8

A cyclist rides up a 1.5 km long hill at a constant speed in a time of 350s. The
cyclist maintains a power of 240 W for the whole ride. The hill makes an angle
of 3.0° with the horizontal. The mass of the cyclist and the bicycle is 80 kg.

Calculate:
a. the total work done by the cyclist
b. the forward force exerted on the system of the cyclist and the bicycle

c. the magnitude of the resistive force acting on the system.

Solutions

a. work = power X time = 240 x 350 = 84k
workdone 84 x10°
distance ~ 1.5x10° 26N

b. force=
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c. Theforces opposing the motion of the system are the component of the
weight acting down the slope, equal to 80 X 9.8 x sin3° = 41N, and the
unknown resistive force. The cyclist rides at a constant speed; hence
the net force on the system must be zero. Therefore the resistive force

is56—41=15N.
Practice questions
5. Askieris towed at a constant speed of 1.5ms " by a C. ltincreases from zero to a maximum.

ski lift whose cable makes an angle of 60° with the ski
slope. The rate at which work is being done in towing

D. Itdecreasesfrom a maximum to zero.

the skieris 180W. 7. Acarof mass 1600kg is initially at rest and accelerates

What is the tension force in the cable?

opposes the motion of the car.

uniformly at 2.5ms=2. A constant force of 500N

A. 6ON B. T20N a. Calculate the driving force acting on the car.
C. 180N D. 240N b. Forthe first 10s of the motion, calculate:
6. Arailway locomotive is driven from rest along a i. thetotal work done by the driving force

horizontal track. The locomotive develops a constant
power. What is correct about the acceleration of the

ii. theaverage power developed by the car.

locomotive? c. Explain why the power developed by the car must
increase to maintain a constant acceleration.

A. ltis constant.

B. Itincreases uniformly with time.

Kinetic energy (KE)

Kinetic energy £, is the energy an object has because of its motion. Objects gain
kinetic energy when their speed increases.

An object of mass mis at rest at time t = O and is accelerated by a force F for a
time T. The kinematic equations and Newton’s second law allow us to work out
the speed of the object vattime t=T.

The acceleration ais £ (using Newton'’s second law of motion).
m

Thereforev=0 + %T(because the initial speed is zero). So F = m_Tv

The work done on the mass is the gain in its kinetic energy AE, and is F X s where
(v+0O)xT
—
The work done by the force is equal to the gain in kinetic energy and is:

sis the distance travelled. So, AE, = FX s = m_Tv X vi because s =

AE = lmv2
2

Remember that this is the case where the initial speed was 0. When the object is
already moving at an initial speed u, then the change in kinetic energy will be

AE = %m(\/2 —u?), as shown in Figure 8.

u
e

KE :%mu2

_1 .2
KE_2mv

changein KE = %m(vz —u?)

\%
—_—>

A Figure 8 The speed of an object of

mass m increases from u to v. The change in

kinetic energy, AE,, is

%m(vz —u?).
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Kinetic energy
equation

¢ Tool 3: Select and manipulate
equations.

There is a subtle piece of notation
here. When we talk about a value
of kinetic energy, we write £,

but when we are talking about a
change in kinetic energy from one
value to another then we should
write AE, where "A”, as usual,
means “the change in”.

This equation for AE, is one that
needs a little care. Notice where
the powers are: they are attached
to each individual speed. This

equation AE, = %m(vz —u?)is not

the same as AE, = %m(v —u)2

Kinetic energy can also easily be
linked to linear momentum p.
Remember that p = mv and that

E = lmvz. Therefore, E, _can be
2

Worked example 9

A vehicle is being designed to capture the world land speed record. It has a
maximum design speed of 1700 km h~" and fully fuelled mass of 7800kg.

Calculate the maximum kinetic energy of the vehicle.

Solution
1700kmh='=472ms™!

EK=]§mv2= 0.5x7800x 472>=8.7 x108] =0.87GJ

Worked example 10
A car of mass 1.3 x 103kg accelerates from a speed of 12ms™' to a speed
of 20ms~'. Calculate the change in kinetic energy of the car.

Solution
AEk =]§m(v2 —u?) =0.5%x1300 x (202 - 12?) =1.7 x 10°|

Worked example 11

An object of mass 0.80 kg moving in a straight line has an initial kinetic
energy of 24]. Calculate:

a. theinitial speed of the object

b. thedistance in which the object will come to rest when a net force
of 4.0N opposes the motion.

2 2
written as Ek:lm:p__ .
2 m 2m Solutions
1 2 _24x2 i
a. 2><O.8><v =24=>v= 08 =77ms
b. There must be 24| of work done to stop the motion of the object.
The force acting is 4.0N, so the stopping distance is % =6.0m.
Practice questions
8. Arailway truck of mass 2500 kg is moving at an initial Calculate:

speed of 8.0ms™". A forward driving force is applied

a. thework done on the truck by the driving force

to the truck. The graph shows how the driving force
varies with the distance travelled. No other forces act b. the speed ofthe truck when it has travelled 100 m.

in the direction of motion.

2000
1600 -
1200 ~

force /N

800
400 A

0

9. Acartofmass 1.2kg moves up a ramp with an initial
speed of 2.7 ms™". The net force acting on the cart is
constant. The kinetic energy of the cart is halved after
0.90s.

Calculate, for the first 0.90 s of motion:
a. thework done on the cart by the net force
b. the final speed of the cart

c. thedistance travelled.

T T T T T T T T T T
O 10 20 30 40 50 60 70 80 90100
distance /m
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Gravitational potential energy (GPE)

Gravitational potential energy Ep is the energy an object has because of its
position in a gravitational field. When a mass is moved vertically up or down in the
gravity field of Earth, it gains or loses gravitational potential energy. Only the initial
and final positions relative to the surface determine the change of GPE AE .

Conservative forces

There is an important difference between forces such as gravitational forces and
frictional forces.

When an object is raised in a gravitational field, the work done is independent of
the path. It depends only on the start height and end height of the motion. It does
not depend on the route taken by an object to get from start to finish. The end
position does not have to be vertically above the starting position. Gravitational
force is said to be conservative. In other words, it conserves energy. We can
recover all the energy by moving the object back to the starting point. When the
object is moved in a closed path, the work done in a conservative field is zero.

In contrast, friction acts between a book and the surface of a table when a book

is moved on the surface from one point to another. When the book goes directly
from start to finish, a certain amount of energy will be required to overcome the
friction. But if the book goes by a longer route, more energy is needed (work
done = friction force X distance travelled). A force is said to be non-conservative
when the exact route must be known to calculate the total energy conversion. If
the book is moved back to its starting place, you cannot recover the energy in the
way that you could when only a gravitational force acts.

Calculating gravitational potential energy

The work done when an object is raised at constant speed through a change in
height Ah'is, as usual, equal to force X distance moved. In this case, the force
required is mg and work done, AE = mg X Ah.

The value of g close to Earth’s surface is 9.8 ms=2, but this value becomes smaller
when we move away from Earth.

Ah

A

mass, m

gainin GPE(AEp) = mgAh

A Figure 9 The gain in gravitational

potential energy is equal to mg x Ah.

Why is the equation for the change in gravitational potential energy only relevant close to the
surface of Earth? What happens when moving further away from the surface?

The value of g varies with the location where it is
measured. This can be in terms of a position at sea level
at different places on the planet, or it can be in terms
of height above sea level. The theory behind this is
explained in more detail in Topic D.1.

Gravitational field lines extend outwards from the centre
of a sphere of uniform density. The gravitational force on

a nearby object is directed along these field lines. With

a large sphere the size of Earth these are (as far as we are
concerned) locally at right angles to the surface. However,
move away from Earth'’s surface and the lines begin to
spread out indicating a reduction in the gravitational pull

and a smaller value for g. For the scale over which we can
ignore the non-perpendicular nature of the field lines,

we can use mgAh. Otherwise, the full Newtonian law of
gravitation in Topic D.1 must be used.

The value of g is also highly dependent on the density of
the material, especially when there are density variations
close to the surface. This is the basis of gravimetry where
small local changes in the gravitational field at Earth’s
surface are measured by instruments on the surface and by
those carried in orbiting satellites. The observed range is
from9.79ms2t09.83ms™2.
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Energy transferring between GPE and KE

The kinetic energy and the gravitational potential energy of a body or system
can be summed to give a new quantity known as the mechanical energy of the
system. The mechanical energy of a system is constant provided that the system
is isolated and is subject only to conservative forces. Thus, a satellite orbiting a
planet with no atmosphere in an elliptical orbit is constantly transferring energy
between the kinetic and gravitational potential forms with no overall change in
the total mechanical energy available.

Sometimes the use of mechanical energy provides a neat way to solve a problem.
For example, in Figure 10 a snowboarder is moving down a curved slope starting
A Figure 10 The mechanics of from rest (u = 0). The vertical change in height of the slope is Ah = 50m. What s
snowboarding. the speed of the snowboarder at the bottom of the slope? Assume that we can
ignore friction at the base of the snowboard and air resistance.

You must not use the kinematic (suvat) equations in this example. They do

not apply here because the acceleration of the snowboarder is not constant.
Although they give the correct numerical answer in this case, they should

not be used because the physics is incorrect. The final answer is correct only
because we use the start and end points and because the gravitational force is
conservative. We are also using an average value for acceleration down the slope
by assuming that the angle to the horizontal is constant. The kinematic equations
would not give the correct answer if friction forces were involved.

Conservation of energy helps because (as friction loss is negligible) we know
that the loss of gravitational potential energy as the snowboarder goes down

the slope is equal to the gain in kinetic energy over the length of the slope (in
other words, the mechanical energy is constant). Because we know that the GPE
change depends only on the initial and final positions, then we do not need to
worry at all about what is going on at the base of the snowboard.

SOAE =mxgxAh= ]5 X m X V2, Rearranging this gives v=2gh.

In this case, v=V2x9.8 x50 =31ms".

(This is a speed of about 110km h~', which tells you that the assumption about no
air resistance and no friction is a poor onel)

Notice that the answer does not depend on the mass of the snowboarder: the
mass term cancels out in the equations. Again, including the effects of friction

(depending on the snowboarder’s mass) and air resistance (depending on the
snowboarder’s shape) will reduce the estimate of final speed.

Worked example 12

A ball of mass 0.35kg is thrown vertically upwards at a speed of 8.0ms™". Calculate:
a. theinitial kinetic energy

b. the maximum gravitational potential energy

c. the maximum height reached.
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~ Solutions

1 1
a. Ekzzmv2=§x0.35x82=ﬂ.2j

b. Atthe maximum height, all the initial kinetic energy will have been converted to gravitational potential energy,

so the maximum value of the GPE is also 11.2].
11.2 11.2

mg T 0.35%9.8

=33m

c. The maximum GPEis 11.2] and this is equal to mgAh, so Ah =

Worked example 13

A pendulum bob is released from rest 0.15 m above its rest position.
Calculate the speed as it passes through rest position.

Solution

E, atthe rest position = E; at the release position so ]Emvz = mgAh which

rearranges to v=v2gAh=v2x9.8x0.15=1.7ms"".

Worked example 14

In ski jumping, competitors glide down a steep low-friction ramp before taking off.
A ski jumper of mass 60 kg starts the in-run phase from rest and reaches a take-off
speed of 90 km h~! after travelling a vertical height of 40 m down the ramp.

kinetic energy gained by the ski jumper
change in the gravitational potential energy

a. Calculate the ratio

b. Calculate the work done on the ski jumper by any resistive forces.
The in-run ramp is 75m long.

c. Estimate the magnitude of the average resistive force on the jumper.

Solutions
a. The take-off speedis 25ms™.

1
AL om? 05x25?
AE, " mgAh™ 9.8 x40
on top of the ramp has been transferred to KE.

= 0.80. It means that 80% of the GPE that the jumper had

b. The GPE on top of the ramp is greater than the KE at take-off, and the work done by
the resistive forces accounts for the difference.

work done by resistive forces = (GPE loss) — (KE gain) = 60 x 9.8 x 40 — ]E X 60 x 252=4.8K|

) . . 4.8%x10° .
c. Work = force X distance; hence the resistive force is —o5 = 64 N. The forceis

not necessarily constant during the in-run phase, so the answer represents the average value.

119




120

Topic A.3  Work, energy and power

Worked example 15

A steel ball of mass mis attached to the end of a weightless string of length Rand path of the ball
made to move in a vertical circle. The speed of the ball at the lowest point of the
circle is u. The only forces acting on the ball are the weight and the tension in
the string.

State the work done by the tension in the string during one full rotation.

b. Derive an expression, in terms of u and R, for the speed v of the ball at the
highest point of the path.

Show that the ball will not reach the highest point of the path unless u > V5gR.

d. ltisgiventhat R=1.2m. Calculate the minimum value of u so that the ball
reaches the highest point of the path.

Solutions
a. Theangle between the tension and the velocity is always 90°, so the work done by the tension is zero.

b. The loss of KE of the ball between the lowest and the highest point of the path is equal to the gain of GPE.
1

Emu2 - %mvz =mg(2R), because the change in height is 2R. The equation can be solved for the speed

at the top of the circle: v=vu?> — 4gR .

c. Forthe ball to reach the highest point and continue to move inza circular path, its instantaneous acceleration a must
%
be related to the speed and radius through the equation a = ) (this is the centripetal acceleration formula that you
met in Topic A.2). At the highest point, the net force on the ball is equal to or greater than the ball’s weight (because

weight and tension act in the same direction), so the smallest possible acceleration of the ball is g. This leads to the
\/2

condition R > g, or v2 > gR . Combining this inequality with the result of part b. gives u?>— 4gR > gR, which results in

a condition for the speed at the bottom of the path: u > V5gR.

d. Substitution into the inequality in part c. gives the minimum speed of the ball at the bottom of the path,

V5x9.8x1.2=77ms™".

Practice questions
10. An object of mass 1.5kg slides down a 4.0m long 11. Apendulum bob is released from rest in the horizontal
ramp that makes an angle of 30° with the horizontal. position. The only forces acting on the bob are the

weight and the tension in the string.

*o

[

z
\
‘o

What is the work done on the object by the What is the acceleration of the bob when the string is
gravitational force? vertical?
A. 3.0 B. 6.0J C. 30 D. 60| A O B. g C. 2g D. 3g.
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12. A helicopter of mass 2900 kg takes off vertically and
ascends to a height of 45 m above the ground. A
constant lift force of 3.2 x 10*N acts on it.

a. Calculate:
i. thework done on the helicopter by the lift force

ii. thechange in the gravitational potential
energy of the helicopter.

b. Explain why the answersina. i. and ii. are different.
c. Determine the final vertical speed of the helicopter.

13. A block of wood of mass 2509 is suspended at
rest from a string. An air rifle pellet of mass 1.80g is
fired horizontally at the block of wood at a speed
of 200ms™". The pellet becomes embedded in
the block.

* Inquiry 1: Appreciate when and how to reduce friction.
* Inquiry 1: Design and explain a valid methodology.

* Inquiry 3: Compare the outcomes of an investigation
to the accepted scientific context.

* Inquiry 3: Evaluate the implications of
methodological weaknesses, limitations and
assumptions on conclusions.

cart

smart pulley
to interface

clamp

mass

A Figure 11 The mass falling vertically transfers gravitational
potential energy to the kinetic energy of all moving masses:
cart, string, pulley and falling mass.

* Arrange a cart on a track and compensate the track
for friction. This is done by raising one end of the
track through a small distance so that the cart travels
down the track at constant speed.

14.

200ms-!
e—>

pellet

block

Determine the vertical height h through which the
block of wood rises after the impact.
ball

Atennis ball is served from
a height of 2.50m above
the ground at an initial
speed of 20.0ms™". Air
resistance is negligible.

a. Explain why the speed with which the ball
hits the ground does not depend on the angle
that the initial velocity of the ball makes with
the horizontal.

b. Calculate the speed with which the ball hits
the ground.

Pass a string over the pulley. Attach a known mass to
the other end of the string.

Measure the mass of the cart.

Devise a way to measure the speed of the cart.

You could use a “smart pulley” that can measure

the speed as the string turns the pulley wheel.
Alternatively, use an ultrasound sensor, a data logger
with light gates, or your mobile phone.

When the mass is released, the cart gains speed, as
its gravitational potential energy changes.

Make measurements to assess the gravitational
potential energy lost (you will need to know the
vertical height through which the mass falls) and the
kinetic energy gained (you will need the final speed).
Notice that only the falling mass is losing GPE but
both masses and the cart are gaining kinetic energy.

Compare the two energies. Is the energy
conserved? Where do you expect energy losses in
the experiment to occur?
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F max A

force

0 |

Y

0 extension Ax

Area = %Fmox X AX

= work done in extending spring
= stored elastic potential energy

A Figure 12 The force-extension graph
for stretching a spring. The shaded area
is the energy transferred to the spring as
it stretches.

Elastic potential energy

As you saw in Topic A.2, when a force is applied, the shape of a solid can be
changed. Some materials will be able to return the energy that has been stored
in them when the force is removed. A metal spring, that obeys Hooke's law is

a good example of this. Most springs are designed to store energy in this way
in many different contexts. The materials that can return energy in this way have
stored elastic potential energy E .

Hooke showed that, for small loads acting on a spring, the extension of the
spring is directly proportional to the load. The graph of force F against extension
Axis a straight line going through the origin.

In symbols, thisis Fe< Ax, or F = kAx, where kis the spring constant as usual
(see page 56). The gradient of the graph is equal to k.

You can now relate this graph to the work done in stretching the spring
(Figure 12). The force is not constant (the bigger the extension, the bigger
the force required) but we know how to deal with this. The work done on
the spring is the area of the right-angled triangle under the F—Ax graph.

Thisis £, =1F _ x Ax.
2 max

Hooke's law is F =kAx, so k= F and £, = ll<(A><)2 )
Ax 2

Worked example 16

A spring, of spring constant 48 Nm-', is extended by 0.40 m. Calculate the
elastic potential energy stored in the spring.

Solution
Energy stored = %kxz —0.5x 48 x0.40? = 3.8]

Worked example 17

An object of mass 0.78 kg is attached to a vertical spring of unstretched
length 560 mm. When the object has come to rest, the new length of the
spring is 620 mm. Calculate the energy stored in the spring as a result of this
extension.

Solution
Change in length of spring, Ax =620 — 560 = 60 mm.

The final tension in the spring will be equal to the weight of the object
=mg=0.78x9.8=7.64N.

The energy stored in the spring = %FAX =0.5%x7.64x0.06=0.23].
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Practice questions

15. The elastic potential energy stored in a spring extended

16.

17.

through a distance Ax from its relaxed length is E.

How much work is done on the spring when its
extension increases from Axto 2Ax?

A. E B. 2E
C. 3E D. 4E
A block of mass mis attached to the end of a

weightless spring and placed on a frictionless
horizontal surface. When the spring is compressed
through a distance Ax from its unstretched length, it
exerts a force F on the block.

block| F
FZXXXXXXXX?L R ! !

The block is released from rest from the position
shown in the diagram. What is the speed of the block
when the spring returns to its unstretched length?

A (FAX g [FAx
2m m

c. [2FAx D. 2 [FAx
m m
A force of magnitude 60N is needed to hold a spring

that is extended through a distance of 3.0cm from its
unstretched length.

a. Calculate:
i. thespring constant

ii. the elastic potential energy stored in the
spring when its extension is 3.0cm.

Work of 0.70] is done to extend the spring further.

b. Determine the new extension of the spring,
relative to its unstretched length.

0.60kg is dropped 0.60kg
onto a vertical
weightless spring.
The spring is initially
unstretched. The
speed of the block
just before it makes
contact with the
spring is 2.0ms™".

18. Ablock of mass
l 2.0ms

The block instantaneously stops when the spring is
compressed through a distance of 5.1cm.

a. Calculate:
i. theinitial kinetic energy of the block

ii. thework done onthe block by the
gravitational force, since the first contact with
the spring until it stops

iii. the elastic potential energy stored in the
spring at the instant when the block is at rest.

b. Hence, calculate the spring constant.

c. Determine the acceleration of the block at the
instant when the block is at rest.
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* Tool 1: Recognize and address relevant safety, ethical or environmental issues in an investigation.

¢ Tool 3: Construct and interpret tables and graphs for raw and processed data including scatter graphs and line and
curve graphs.

¢ Tool 3: Draw and interpret uncertainty bars.

* Tool 3: On a best-fit linear graph, construct lines of maximum and minimum gradients with relative accuracy
(by eye) considering all uncertainty bars.

You must wear safety glasses for this experiment and ensure that your flying
spring will not hit anyone.

* Getaspring and a length of wood (a wooden ruler would do). ke SR

* Make a notch in the top of the length of wood so that the end of the o strgtched
spring does not slip off (Figure 13). o spring

*  Mark the natural (unextended) length of the spring on the wood. ‘\ X

* Pullthe spring so that it extends by 2cm. Release it so that it flies ’ o
vertically into the air. > S

*  Measure the maximum height of the spring’s motion. You should

repeat this measurement three times. A Figure 13 Fire the spring vertically and

estimate the maximum height reached.
* Repeat for five different extensions of the spring.

¢ Tabulate your values of extension and height. Take averages of the heights.

* By considering energy transfer, consider what you should plot on the x- or y-axes to give a linear graph. Plot this
graph (use a computer spreadsheet to do it quickly). Is your graph linear?

* Usethe variation in your repeats and the uncertainties to add error bars to your graph.
* Isit possible to draw a line of best fit that passes within the error bars?

* What does the gradient of your linear graph represent? How could you deduce the spring constant k of the spring
from your gradient?

* Whatis the uncertainty of your gradient? Can you deduce the uncertainty in your measurement of k?

*  Measure the spring constant in a different way (e.g. by considering Hooke's law). Try to evaluate the uncertainty in
this measurement. Do your two values of k agree?
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Efficiency

In most real experiments where gravitational potential energy is transferred to
kinetic energy, some gravitational potential energy will not appear in the kinetic
energy of the object. Some energy is lost:

* tointernal energy, because of friction
* to elastic potential energy, etc.

We need to have a way to quantify these losses. One way is to compare the total
energy put into a system with the useful energy that can be taken out. This is
known as the efficiency of the transfer and can be applied to all energy transfers,
whether carried out in a mechanical system, electrical system or other type of
transfer. The definition can also be applied to power transfers because the energy
change in these cases takes place in the same time for the total energy in and the
useful work out.

useful work out _ useful power output
total energy in total power input

efficiency =

Practice questions

19. A cyclist rides up a 50m high hillin a time of 200ss.
The average power developed by the cyclist is 270 W.
The mass of the cyclist and the bicycle is 85 kg.

Determine the efficiency with which the work done
by the cyclist is transferred to the gravitational
potential energy.

/) Data-based questions

A ball is dropped from a fixed height of 1.00 m so that it
bounces several times. The subsequent heights that it
reaches are measured after each successive bounce. The
results are given in the table.

Worked example 18

An electric motor raises a weight
of 150N through a height of 7.2 m.
The energy supplied to the motor
during this process is 3.5 x 10%].

Calculate:

a. theincrease in gravitational
potential energy

b. the efficiency of the process.

Solutions
a. AE =150x7.2=1080]

b. efficiency

_ useful work out
~ energyin

= 1989 _ ¢ 310r31%

" 3500

20. An electric car of mass 1600 kg accelerating on a
horizontal road converts 65% of the electrochemical
energy stored in the battery to kinetic energy.

Calculate the energy transferred from the battery when
the car accelerates from rest to a speed of 50kmh~".

* Calculate the energy of the ball on each bounce.

* Hence calculate the efficiency of the ball when it

bounces.

* How could you show that these data display an

exponential trend (once you have studied Topic E.3)?

* |dentify other topics in this book where you find

examples of exponential decay.

N;:;ﬁi;:f Height/cm
Trial 2
0 100 100 100
1 94 93 91
2 85 84 82
3 77 78 76
4 69 73 71
5 64 o1 66
6 59 58 59
7 53 55 54
8 49 50 50
9 46 45 44
10 42 40 42
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Sankey diagrams

Sankey diagrams are visual representations of the flow of the energy in a device
orina process.

The rules to remember about using Sankey diagrams are:
* Fach energy transfer in the process is represented by an arrow.

* Thediagram is drawn to scale with the width of the arrow being proportional
to the amount of energy transfer it represents.

* The energy flow is drawn from left to right.

* When energy is lost from the system, it moves to the top or bottom of
the diagram.

* Power transfers as well as energy flows can be represented.

coal (primary electricity electricity light radiation

energy source) (secondary energy) (final energy)  (useful energy)

2 1.0

33 30

domestic wiring

transmission
distribution
lampshade

)Y
A
<

N
N

65 28

A Figure 14 A Sankey diagram for the energy transferred to an electric lamp.

Figure 14 is a Sankey diagram that shows the transfer of energy in an electric lamp.
It shows the energy transfers that begin with the conversion of chemical energy
from fossil fuels and end with light energy emitted from the filament of the lamp.
Red arrows represent energy that is transferred from the system. In any process
where there is an energy transformation, this energy is “lost” and is no longer
available to perform a useful job. This degraded energy loss occurs in all energy
transfers.

Of the original primary energy in Figure 14, only 35% appears as useful secondary
energy. The remaining 65% is lost to the surroundings in the generation
processes. The arrows that point downwards show this. There are losses involved
in the transmission and distribution of the electricity, and losses in the house
wiring. In the lamp itself, most of the energy (28% of the original) is transferred to
the internal energy of the surroundings. Only 1% of the original primary energy is
left as light energy for illumination.

A Sankey diagram is a useful way to visualize the energy consumption of nations.
You can see many examples of this on the Internet. Figure 15 shows the energy
flows associated with the US economy in 2017. Search the Internet to find the
Sankey diagram for the energy demand of the country where you live.
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Estimated U.S. Energy Consumption in 2021: 97.3 Quads || ™ Lawrence Livermore

Net Electricity  0.05

Imports
58 == .

Nuclear
8.13

Hydro
2.28

Wind
3.33

Geothermal
0.206

Petroleum
351

National Laboratory

Energy
Services

318

A Figure 15 The energy flow for the USA in 2017. Lawrence Livermore National Laboratory and the US Department of Energy (March, 2022).
One quad is equal to 2.9 x 10" kW h (about 180 million barrels of petroleum, 39 million tons of coal, or 1000 billion cubic feet of natural gas).

Worked example 19

An electric kettle of rating 2.0 kW is switched on for 90s. During this time
20k] of energy is lost to the surroundings from the kettle. Draw a Sankey

diagram of this energy transfer.

Solution

The energy supplied in 90sis 2 x 1000 x 90 = 180K/.

Percentage lost to the surroundings = % x 100 = 11%.

Worked example 20

In a petrol-powered car 34% of the energy in the fuel is converted
into kinetic energy of the car. Heating the exhaust gases accounts
for 12% of the energy lost from the fuel. The remainder of the
energy is wasted in the engine, the gearbox and the wheels. Use
these data to sketch a Sankey diagram for the car.

Solution
Energy lost in the engine and transmission
=100 - 34 —12=>54%.

A convenient way to draw the diagram is on squared paper. Use a
convenient scale: 10% =1 large square is a reasonable scale here.

20K
to surroundings

1000 | as chemical 340 | useful energy
energy to move the car
880 ] as kinetic
energy inthe engine 540 J
wasted
in moving
all the
engine
parts

120 |
as exhaust
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Practice question

21. The energy losses in a pumped storage power station are shown in the
following table:

Percentage loss
Source of energy loss

of energy
frict?on and turbulence of water 57
in pipe
friction in turbine and ac generator 15
electrical heating losses

a. Calculate the overall efficiency of the conversion of the gravitational
potential energy of water in the tank into electrical energy.

b. Sketch a Sankey diagram to represent the energy conversion in the
power station.

Energy density

Much of the extraction of fossil fuels involves hard and dangerous work in mines or
on oilrigs. The effort and risk of extracting fossil fuels does not seem to be justified
when there are other sources of energy available. So why are fossil fuels still
extracted? The answer becomes more obvious when we look at the energy
available from the fossil fuel itself. Energy density is one way to quantify this.

Density is a familiar concept; it is the amount of quantity possessed by one cubic
metre of a substance. Energy density is the number of joules that can be released
from one cubic metre (1m?) of a fuel. Table 2 shows the energy densities of some
common fuels. Notice the wide range of values in this table.

Fuel Energy density / GJm—3

uranium (nuclear fission) 1.3x10°
coal 20-80
diesel 37
gasoline (petrol) 35
natural gas 0.036
hydrogen 0.01

A Table 2 The energy densities of some common fuels.
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Worked example 21

A fossil-fuel power station burns coal. It has an efficiency of 25% and
generates 1200 MW of useful electrical power. The energy density of the
coal is 42 GJm~3. Calculate the volume of coal burnt every minute in the
power station.

Solution
. . - 1.2x10°
The fuel energy equivalent required every second is 025 = 4.8x10%]. In
A .
volume terms, this is % =0.114m3. In one minute, the station will burn

0.114 x 60 =6.9m? of coal.

Worked example 22

A camping stove that burns gasoline (petrol) is used. 70% of the energy
from the fuel reaches the cooking pot. The energy density of the gasoline
is35G/m3.

a. Calculate the volume of gasoline needed to raise the temperature of 1
litre of water from 10°C to 100°C. Assume that the heat capacity of the
pot is negligible. The specific heat capacity of the water (see Topic B.1)
is 4.2kl kg~ K.

b. Estimate the volume of fuel that a student should purchase for a
weekend camping expedition.

Solutions

a. 1litre of water has a mass of 1kg so the energy required to heat the
water is 4200 x 1 x 90 which is 0.38 M|. Allowing for the efficiency

value, 832 = 0.54 M| of energy is required, and this is a fuel volume of
0.54x10° _ L
3 5x 100 = -6 X10°m orabout 20ml.

b. Assume that 2 litres of water are required for each meal, and that there
will be five cooked meals during the weekend. So, 200 ml of fuel should
be enough.
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AW+ Rigid body mechanics

How can the understanding of linear motion be applied to rotational motion?

How does the distribution of mass within a body affect its rotational motion?

How is the understanding of the torques acting on a system used to predict changes in

rotational motion?

This topic illustrates how scientists use one set of ideas

in an altered context. The kinematics and mechanics

of linear motion from Topics A.1and A.2 are used as a
model for rotational motion. On the face of it, the two
types of movement could not be more different. One is

a translational motion of a point object through space.
The other is a motion of an object that has size and shape
and which rotates around a fixed point. Nevertheless,

all your understanding of quantities of force, energy and
momentum can be extended to rotational concepts.

This extension requires the recognition that, for rotation,
the distribution of an object’s mass is important. The mass
has a reduced relevance in rotational mechanics. The size,

In this additional higher level topic, you will learn about:

® torque and rotational acceleration
* rotational equilibrium

* angular displacement, angular velocity and angular
acceleration

* the equations of motion for uniform angular
acceleration

shape and the arrangement of mass within a rigid body
ultimately determine its response to changes in the forces
acting.

However, it is no longer enough to relate the rotational
response to the force alone. The force can act at any
point on the body, so the response of the body will
depend on where the force acts relative to the axis of
rotation. This was not an issue with the translational and
linear motion of the point object. You need to use a new
concept—torque—the rotational equivalent of force.
From this you can state the equivalents of Newton'’s laws
of motion and the conservation rules already familiar from
linear mechanics in the context of rotation.

* the kinetic energy of rotational motion
°* moment of inertia
*  Newton's second law for rotation

* angular momentum and conservation of angular
momentum

* angularimpulse.

A Figure1 Anartist’'s impression of a
black hole.

Introduction

There is an equivalent rotational quantity for each of the linear quantities used
in Topics A.1 and A.2: mass, speed, acceleration, force, momentum and so
on. There is a link between each of the quantities in linear mechanics and its
equivalent in rotational terms.

Figure 1 shows an artist’s impression of a black hole. Matter swirls around to form
an accretion disk. Conservation of angular momentum means that, as the matter
is pulled closer towards the black hole, the angular velocity increases. The gas
close to a black hole is moving extremely quickly. It is extremely hot and emits

large quantities of radiation. Once the matter falls inside the black hole, this
radiation cannot escape. But, in falling, the release of energy is one of the most
efficient processes in the universe. Up to around 40% of the mass—energy of the
material that falls in is radiated away.
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Angular acceleration

Just as in linear motion, a rotating object can speed up or slow down. To do this
it must undergo an angular acceleration @, the change in angular velocity Aw in a

given time interval At. In equation form: In Topic A.2, you were introduced

Aw @,— O, to the terms angular displacement
:E:F and angular velocity. Remember
that angular velocity is treated as a
scalar quantity.

a

where @, is the initial angular speed attime t, and w, is the final angular speed at
time t,. As you may expect, the units of ¢ are rad s™.

How are the laws of conservation and equations of motion in the context of rotational motion
analogous to those governing linear motion?

Throughout this topic there are many parallels drawn between linear and rotational motion. Linking the descriptions
of the two types of motion has lots of advantages. Not least, the common framework allows you to quick transfer
the understandings you have mastered in one area to another area. Always look out for patterns and trends that link
scientific ideas: this highlights the nature of science.

Rotational acceleration

Take care with acceleration in a rotational context. There * Tangential acceleration a.: This is a linear acceleration
are three accelerations to consider. and is the instantaneous rate at which the object is
changing its speed along the circumference of the

* Angularacceleration a: The rate of change of the ) s A )
circle. Itis a, = arin our usual notation.

angular velocity. The angular velocity itself is the rate
at which the angular displacement changes. A constant angular velocity means that the angular
acceleration is zero and the tangential acceleration is zero.
There will still be a centripetal acceleration towards the
centre of the rotation, however.

* Centripetal acceleration a_: The acceleration of the
object directed towards the centre of the rotation. It
2

. Ve .
Isa. = - in our usual notation.

Worked example 1

A bicycle is placed on a repair stand and a mechanic spins its rear wheel from
rest to a final angular velocity of 240 revolutions per minute in a time of 4.0s.

a. Calculate the angular acceleration of the wheel, in rad s72, assuming that it is constant.
b. Theradius of the wheel is 34 cm. Calculate the final linear speed of a point on the circumference of the wheel.

c. Outline how the centripetal acceleration of the point on the circumference of the wheel varies with time.

Solutions
a. Thefinal angular velocity is equal to % X 2x = 25rads™. The angular acceleration is therefore j—% =6.3rads™.

b. Thelinearspeedisv=wr=25x0.34=8.5ms™".

c. The centripetal acceleration depends on the angular velocity of the wheel (alternatively, on the linear speed of the
points on the circumference), as seen in the equations a = w’r= LZ Since the velocity of the wheel increases, the
centripetal acceleration of the points on the circumference increases too. Angular acceleration and centripetal
acceleration are different quantities and should not be confused. Angular acceleration describes the rotation of
the wheel as a whole, while centripetal acceleration refers to the circular motion of individual particles at a certain
distance from the axis of rotation.
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Rotational equations of motion

In Topic A.1, we developed four kinematic equations of motion which can be

symbol ‘ Quantity applied to motion when its acceleration is linear and constant.
4 angular displacement The definitions of angular displacement, angular velocity and angular
o, initial angular velocity acceleration are directly analogous to those of linear displacement, speed and
o, final angular velocity acceleration. This means that an equivalent set of equations can be developed
. for rotational motion for all situations when the angular acceleration is constant.
a angular acceleration .
: When acceleration is not constant, you must look for other methods to solve a
t time particular problem.
A Table1 Notation for rotational Table 1 gives the notation used for some rotational quantities.
quantities. . . . .
Therefore, the rotational kinematic equations are:
w,=w, + at
1
0=wt+—at’
2
o/ =w’+2a0
0= (a)f + o, )t
U2
Although these equations probably look strange to begin with, they can be used
in exactly the same way as the set of linear equations.
Worked example 2

The angular acceleration of a wheel, rotated from rest, is 16 rad s™2. The wheel accelerates for 5.0s. Calculate:
a. thefinal angular velocity

b. the number of revolutions of the wheel in reaching this angular velocity.

Solutions
a. o,=w+atsow,=0+16x5=80rads™

Lr
b, 9= _0+80) , 56_200rad
2 2
One revolution corresponds to the angular displacement of 2zrad. Hence, the wheel makes 200 = 32 revolutions

during the acceleration. 2n

Worked example 3

A spinning top is rotating with an initial angular velocity of 30rads™. It decelerates at a constant
rate of 0.45rad s2. The top falls over when its angular velocity has decreased to 5.0rad s™". Calculate:

a. the number of rotations the top makes before it falls over

b. thetime it takes for the top to fall over.

Solutions

a. We use the equation @? = @’ + 2a6 to find the angular displacement 8. Note that the substituted
value of the angular acceleration must be negative because the top is slowing down.

5.02=302— 2 x 0.450 = 8 = 970 rad. The number of revolutions is 222 = 150.

7
b. 50=30-0.45t= t=56s.
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Worked example 4

A merry-go-round of radius 2.0 m is rotated from rest with a constant angular
acceleration and makes two complete revolutions during a time of 16s. Calculate:

a. theangularacceleration
b. thefinal linear speed of a point on the circumference of the merry-go-round

c. thetimeittookto complete the first revolution.

Solutions

a. Two revolutions correspond to the angular displacement of 4z. The initial angular
velocity is zero and we use the equation 6 = ]Eatz =>4r= —]2—0( % 162. From this, « = 0.098rad s 2.

b. The final angular velocity can be calculated from @, = at = 0.098 x 16. The linear speed
atthe circumferenceis wr=0.098 x 16 x 2.0=3.1ms™".

c. Theangular displacement for one revolution is 2z. 2z = ]5 x0.098t?=> t=11s.

Practice questions

1. Awheelis rotating with an initial angular velocity of a.
5.0rads™. The angular velocity increases uniformly to

Calculate the angular acceleration of the drill.

The drill, initially rotating at 1800 revolutions per

15rads™' during a time of 20s. Calculate:
a. theangularacceleration

b. the number of revolutions the wheel makes during
this time.

The drum of a washing machine rotates from rest
with a constant angular acceleration of 4.7 rad s™2.
The drum reaches its final angular velocity after a time

minute, jams and comes to rest after making five
complete revolutions.

b. Calculate the time taken for the drill to stop,
assuming a constant angular deceleration.

The angular velocity of a flywheel is increased
uniformly from 10rad s™" to 50rads™". During the
acceleration, the flywheel turns through 20 complete

of 20s. revolutions. Calculate:
a. Calculate the final angular velocity of the drum. a. theangularacceleration of the flywheel
Give the answer in revolutions per minute. b. the time to complete

b. Calculate the number of revolutions the drum

. o i. all 20 revolutions
makes during this time.

ii. thefirst 10 of the 20 revolutions.
3. Abattery drill is switched on from rest and reaches its
final angular velocity of 1800 revolutions per minute in
atime of 0.10s.

A
. . (05 TS o i o S o S o e e i

Rotational mechanics graphs f :
You can also deduce the graphs showing the variation of angular quantities with )
time from their linear equivalents. Figure 2 shows how the second equation of 1 y
rotational motion is derived from the graph of angular velocity against time. w el =y X (wf — i) X t]

i i
The angular displacement is equal to the area below the line in a graph of angular T = g S :
velocity against time. You can derive an equation for angular displacement by . ' E
adding together the two areas. 0 0 time lt:

Angular displacement 0 = total area =a)it+l05t2 1
2 A Figure 2 The equation 0 = wt + ?ozt2

is derived by adding the two areas.

133




=
L

134

Topic A.4  Rigid body mechanics

Using units in rotational mechanics

e Tool 3: Work with fundamental units. * Angular displacement can be the trickiest of all as there
are several ways to specify it. Using radians is usually
best for calculations. One revolution is equivalent to
once round a circle, so one revolution = 2z rad.

Although the equations are similar to those for linear
kinematics, think carefully about the units.

¢ Time should be in seconds. This is straightforward as
the units are unchanged. Make sure that all values are
in seconds before you do any calculations.

For example, a flywheel is turning at 150 revolutions per
minute. What is the angular velocity in rad s™'?

210
*  Angular velocity must always be in radians per unit U7 1.0s.the ﬂyw.he.el ST UTOUE | 60 515
: . . revolutions. Thisis 3.5 X 2z = 22rad.
time. The time unit here must match the rest of the Th | ocity is 22 rad &
problem. Usually it will be rads™. € ahgularveloclly s £« fads -
* Angular acceleration must match the angular velocity
and the time. The unit rad s72 is the most common.
Try not to use mixed units such as rad s™" hour™.
These are bound to give conversion difficulties at
the end.
Worked example 5 hula-hoop
The diagram shows a hula-hoop (a large plastic ring) rolling with /
constant angular speed along a horizontal surface, A. It then rolls —
down a uniform inclined plane, B. When it reaches a second
horizontal surface, C, it moves with a constant angular speed again. A
Sketch and explain graphs to show the variation with time of:
B
a. theangular velocity
b. theangularacceleration. C
Solutions
a. The graph shows the hula-hoop travelling w/arbitrary 5 When the hula-hoop is travelling at the
with constant angular velocity along A and C. units higher angular velocity it covers the same
It has a greater value along C since it has now distance in a shorter time
undergone angular acceleration. As B is of C
constant gradient, the angular acceleration is B
constant here.
A
b. The second graph shows zero angular > t/arbitrary
acceleration throughout Aand C, and a units
constant angular acceleration along B.
a/arbitra
Note: compare these graphs with the graphs for a / units Ve
point object moving along a frictionless surface.
B
A c » t/arbitrary

units
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Worked example 6 1

The graph shows how the angular velocity of a
rotating cylinder varies with time.

Calculate:

a. theangularacceleration of the cylinder during

angular velocity / rad s~
w
1

the first 4.0s 5
b. theangular displacement of the cylinder from
0to10.0s. 1
. O 1 I
Solutions o 1 2

a. Theangularacceleration is the gradient of the

5.0
hra==—==1.2 2t
graph: a 20 Srads

4 5 6 7 8 9 10
time /s

N

b. Theangular displacement is the area under the graph: 8 = % X4.0x5.0+4+6.0x5.0=40rad.

Moment of inertia

Mass played an important role in linear mechanics when you were treating
masses as point objects. What is its equivalent in rotational mechanics?

It is not just the mass that is important but the way the mass is distributed about
the centre of rotation. The inertial mass of an object is a measure of its opposition
to changes in its linear motion. We need a rotational equivalent which gives a
measure of how hard it is to change the rotational speed of an object. This is
called the moment of inertia. The moment of inertia of an object is its resistance
to a change in its rotational motion. The moment of inertia of an object depends
on the axis about which it is rotated.

For example, flywheels are designed to store rotational kinetic energy for
machines. The two flywheels in Figure 3 are mounted on the same axle. Both are
designed with large mass and these masses are arranged to be as far from the
axis of rotation as possible. This makes it difficult to change the rotational speed
and means that they have high moments of inertia.

Figure 4 shows a single point mass rotating in a circle of radius r. The axis of rotation
is aline at 90° to the plane of the circle of rotation that goes through the centre of the
circle. The moment of inertia I for this mass is given by

I[=mxr?
The unit of moment of inertia is kg m? and it is a scalar quantity.
However, a single point mass rotating about a circle is of little practical use. You
need to know how to treat objects that have more than one mass or a mass that is

distributed (spread out) in space. When there is more than one mass the moment of
inertia is calculated by adding together the moments of inertia for each point mass:

[=Ymr
The symbol “ )" here means “add up every mass X (its distance from the axis of

rotation)?”. For an arrangement of three masses, m,, m,, m,thatarer, r,andr,,
H H H 2 2 2
respectively, from the axis, [is m,r,* +m,r,* 4+ m,r,*.

axis of
“"“rotation

A Figure 3 Two flywheels both with
a large mass placed as far from the
rotation axis as possible.

axis of
~7 rotation

A Figure4 Asingle mass m rotating
in a circle of radius r has a moment of
inertia of m x r2.
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A simple dumbbell with a small mass at each end of a light rod of total length 2L.
The dumbbellis rotating about the midpoint of the light rod in a plane at 90° to
the axis. Figure 5 shows that the moment of inertia is given by 2ml2.

When the mass is distributed, perhaps as a thin disc or as a pendulum,
the problem becomes more complicated. Integral calculus or a numerical
light computation is used for such calculations.
connecting ,.-~7"
rod <

point masses Table 2 gives the equations for the moments of inertia of some common shapes
. ofvaluem  that you may meet. (The mass is always m and the shapes are assumed to have
a uniform density.) You do not need to learn these. In IB Diploma Programme
physics examinations you will be provided with the equation for the moment of
inertia of a particular shape distribution when you need it.

) RN
axis of rotation ~~~

into plane simple dumb-bell Shape and rotation axis Moment of inertia
of page >
. . . _2 5
A Figure 5 Two identical point masses sphere of radius R rotating around a diameter = - mR
connected py a'I|ght'rod (@ dumbbell disc of radius R rotating about an axis 1
shape) rotating in a circle of radius L . [=—mR
R perpendicular to and through the centre
have a moment of inertia | given by
mxL24+mx12=2ml2 rod of length L rotating about its centre = LmLZ
perpendicular to the length 12
rod of length L rotating about one end = 1_mL2
perpendicular to the length
hoop of radius R rotating about its central axis |=mR?

A Table 2 Equations for the moment of inertia of different shapes.

Models

Neutron stars are very dense objects created from the collapse of a massive star.
A typical neutron star will have a mass of about 2.8 x 10*°kg and a radius of about
11km. This would give it a moment of inertia of about 1.4 x 10%kg m2. This is
important, as some neutron stars rotate with a time period of less than a second.

However, neutron stars are complex and, since they are almost impossible to
investigate directly, somewhat mysterious. It is not easy to make measurements of
their mass or radius and their rotational frequency is so small that it too can affect the
radius and moment of inertia. Mathematical models are required to investigate how
a neutron star might theoretically behave and these models are then compared with
astronomical observations.

A Figure 6 Anartist’s
impression of a neutron star.

Worked example 7

A bicycle wheel has a mass of 850 g and a radius of 34 cm. Estimate
the moment of inertia of the wheel about the axis of rotation.

Solution

If we assume that all of the wheel's mass is concentrated in the rim, it can be modelled as

a thin hoop. I = MR?=0.850 x 0.34% = 0.098 kg m?. The actual moment of inertia is slightly
less than the calculated value because some of the mass is in the hub and in the spokes, and
hence closer to the axis of rotation than the wheel’s radius.




A. Space, time and motion

Worked example 8

Two circular discs are cut from the same uniform metal plate. The moment of inertia of the first
disc about its central axis is I. The radius of the second disc is twice the radius of the first disc.

Calculate, in terms of I, the moment of inertia of the second disc.

Solution
If M and R are the mass and the radius of the first disc, then | = l/\/IR2 . The surface area and hence

the mass of the second disc is four times greater than that of the first disc. The moment of inertia of

the second disc is therefore ]E X AM x (2R)?> =16 X ]EMRz =16/, which is sixteen times greater than

that of the first disc.

Practice questions
5. Ball Ais made of steel and ball B is made of lead. The 6. Two balls are made of the same material. The moment
density of lead is greater than that of steel. Outline of inertia of the first ball is I. The radius of the second
which ball has a greater moment of inertia, when the ball is half of the radius of the first ball. What is the
balls have moment of inertia of the second ball?
a. equal mass
. A L B. L
b. equal radius. 3I2 ]I6
C. — D. —
8 4
Torque—Newton’s first and second laws of rotational motion
In linear mechanics, the net force acting on an accelerated object is F = ma
(Newton's second law), when we know m and a.
Moment of inertia | is the rotational equivalent of mass m; angular acceleration a
is the rotational equivalent of linear acceleration a. The rotational equivalent of
Newton'’s second law of motion, is:
t=IXa
This defines the torque 7 acting on the object. The symbol used for torque is a
Greek lower case tau 7.
The unit of torque is the newton-metre (N m).
You can use Figure 7 to define torque. A force F acts on a point P and causes a N
rotation about a point raway from P. The radius of the rotation is r. The force acts RN

atangle 8to the line between the centre and P. Torque is then defined as:
7= Frsin@

This can be imagined also as F X (rsin 8) where the quantity in brackets is the
perpendicular distance from the line of action of the force to the centre of rotation.

A given pair of Fand r gives its maximum torque when @ = 90° (sin@ = 1). In this
case, t=Fr. A Figure 7 The definition of torque in
terms of the force F acting on a point P to

Atorque is also known as a “moment”. However, you may want to avoid thisterm | © w0 4o dius r away from P.

as it is easy to confuse with the word “momentum”.

According to Newton's first law of motion, no resultant force acts on a body in
translational equilibrium. The equivalent statement in rotational terms is that for an
object in rotational equilibrium, no external resultant torque can act on it. Such an
object continues at rest or rotating with a constant angular velocity.
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. . Formally, Newton'’s first law for angular motion may be stated as:
Topic A.2 showed that a body in y 9 Y

translational equilibrium does not An object moves at a constant angular velocity (which may be
accelerate. It remains either at rest zero) unless an external torque acts on it.

or moving with a uniform velocity.

Foran object to be in rotational equilibrium, the total clockwise torque
acting on the object must equal the total counter-clockwise torque acting. This
statement is the principle of moments.

Direction rules

Strictly speaking, a torque is a type of vector with a F applied
direction at 90° to the plane of the circle in which i force
the object rotates. The direction follows a right-hand
corkscrew rule: imagine that your right hand grips the
rotation axis so that the fingers curl round the axis in the
direction of applied force; your thumb then points in the
direction of the torque vector. Vector aspects of rotation
are not used in IB Diploma Programme physics.

torque
direction

A Figure 8 Direction rules for rotational mechanics. The torque
acting on an object follows a right-hand corkscrew rule.

Worked example 9
The picture shows a child leaning against a strong wind.

a. Draw adiagram showing the forces acting on the child. Assume that
the effect of air resistance can be represented by a single force acting
horizontally through the child’s centre of mass.

b. The child remains in translational equilibrium. State the relationship between
the magnitudes of the horizontal and the vertical forces acting on him.

c. Toremain in rotational equilibrium, the child must lean at an angle of 65° to
the horizontal. His mass is 42 kg.

Determine the magnitude of the force of air resistance acting on the child.

Solutions

a. The forces acting through the centre of mass C are weight W and air resistance
due to the wind, F . The forces applied to the point of contact with the ground
are the static frictional force F, and the normal reaction force N.

b. The net force must be zero; hence F,=F,.and W= N.

c. The nettorque about the pivot point P must be zero. Friction and the normal
force act through P and their torque is therefore zero. The air resistance force
acts at an angle 65° to the line PC and provides a clockwise torque about P.
The weight acts at an of angle 25° and provides an anticlockwise torque. The
torques have equal magnitudes, so mgrsin 25° = F rsin65°, where ris the

mg sin 25°

sin65°

distance between C and P. From this, F = =T190N.
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Practice questions
7. Two objects of masses 1.5 kg and m are attached to 9. Arod of mass 40kg is attached to a vertical wall at
the ends of a weightless horizontal rod, as shown in point P. The other end of the rod is suspended from a
the diagram. The rod is supported at point P. string that makes a right angle with the rod. The rod
80cm 100em remains in equilibrium.

é ® string
1.5kg A m

The rod remains in equilibrium. Calculate:

a. themassm o
30°/ rod

b. the reaction force on the rod at P.

8. Aladder of mass 12 kg leans against a vertical ¢
frictionless wall. The ladder is at rest and makes an
angle of 55° with the floor.

a. Determine the magnitude of the tension in
the string.

b. Explain whether the contact force on the rod from
the wall at P has a vertical component.

ladder 10. A uniform rod rests horizontally on two supports P and
Q. A mass mis attached to the rod, at a distance of
10cm from P and 40 cm from Q.

55o ;Ocm;l{ 40cm R
m
a. Draw a diagram showing the forces acting on A A
the ladder. P Q
b. Determine the magnitude of the reaction force What is the increase in the reaction force on the rod
between the wall and the ladder. from support P after the mass has been attached to

c. Calculate the minimum value of the coefficient the rod?
of static friction between the floor and the A. 0.25mg B. 0.50mg
ladder so that the ladder does not slide away C. 0.75mg D. 0.80mg
from the wall.

Couples

A common arrangement of forces that gives rise to a turning effect is known as

a couple. A couple consists of two equal and opposite forces which do not act
along the same straight line. Because the forces are offset, they produce a torque
which causes the system to rotate. Because they are equal and opposite, they do
not produce a linear acceleration. The system is in translational equilibrium but
not rotational equilibrium.
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Figure 9(a) shows an example of a couple. The torque due to each force about
the point P in the system of Figure 9(a) is F X % Both torques act in the same

rotational direction (in this case, clockwise) so they add together making the total

torque acting 2 X F x % = Fd: that is, the product of one of the forces, F, and the

(a) perpendicular distance d between the forces.

To emphasise the importance of d being the perpendicular distance, consider

//k\\ the slightly different arrangement in Figure 9(b). Now the forces still act in
‘\d —F opposite directions and are still offset by a distance d.
& P \/ You must use the perpendicular distance between the lines of action of the
/ forces (the construction with dashed lines shows this) and so the torque is
F still Fx d.
(b)

A Figure 9 (a) Acouple consisting oftwo ' 7). How does a torque lead to simple harmonic motion?
equal, parallel but opposite forces that will

turn the rod about P but not translate it.

(b) The line of action between the forces

is still d (the distance between where the
forces act is now greater) so the couple will
be the same.

A Wilberforce pendulum is a mass—spring system that acts first as a vertical
oscillator and later as a torsional oscillator, eventually reverting to the vertical
motion again. Energy is being transferred between the two modes of
motion. You can see many videos on the Internet of the pendulum in action.

In its torsional mode, the loaded cylinder, suspended on the spring, rotates
about a vertical axis and the spring becomes twisted. This twist exerts

a torque on the cylinder trying to restore the cylinder to its equilibrium
position. For small rotations, the torque is directly proportional to the
angular displacement and tends to return the spring to equilibrium; precisely
the conditions required for simple harmonic motion (Topic C.1).

This is a special case of resonance (Topic C.4); one mode can be regarded
as providing the forcing oscillation for the other mode. Because the two
modes have the same oscillation frequency, the system cannot make up its
mind whether to oscillate vertically or in torsion. It moves between them one
after the other!

KA K A

linear oscillation ~ <«— angular oscillation

A Figure 10 The Wilberforce pendulum. The two modes of oscillation have the
same time period and the system switches repeatedly between the two modes.
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Worked example 10

Two parallel forces of magnitudes F,.= 3.0 Nand F, = 4.0 N are applied to
a circular disc, as shown in the diagram.

a. Calculate the magnitude of:
i. the netforce acting on the disc
ii. the nettorque about the centre P of the disc.

b. The moment of inertia of the disc is 0.080 kgm?. Calculate the initial
angular acceleration of the disc.

Solutions
a. i. Theforcesactin the same direction, so the net forceis 4.0 +3.0=7.0N.

ii. Thetorque provided by F, is 7, = 3.0 x 0.50 X sin40° = 0.96 N m and the torque provided by
F,ist,=4.0x0.20 =0.80Nm. 7, acts clockwise and 7, acts counter-clockwise, so the net torque
is the difference ¢ = 0.96 — 0.80 = 0.16 N m in the clockwise direction.

Worked example 11
A constant force of 25 N is applied tangentially to the sprocket of a bicycle wheel.

The wheel accelerates from rest to an angular velocity of 40rads™ in a time of 3.0s.
The radius of the sprocket is 4.0cm.

Calculate the moment of inertia of the wheel.

Solution
The torque applied to the wheelis 7 = 25 x 0.040 = 1.0Nm. The wheel’s angular
1.
accelerationisa = % = 13.3rad s Using Newton’s second law for rotation, | = % = % =0.075kgm?.
Worked example 12

A constant frictional torque acting on a spinning top causes its angular velocity to decrease

from 150rads™" to 80rads™'. The top undergoes 300 revolutions while the angular velocity is
changing. The moment of inertia of the spinning top is 5.0 x 10~*kg m?. Calculate the magnitude
of the frictional torque acting on the top.

Solution

The angular acceleration can be found from 80? = 150% - 2a X 300 X 27 = a = 4.27rads ™.
The torque acting on the top is therefore t=5.0 x 102 x 4.27 =0.021 N m.
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Worked example 13
Two objects of masses 2.0kg and 1.0kg are attached to the ends of a < 40cm 60cm ..
weightless rod supported at point P as shown in the diagram. The rod is ! ! !
initially horizontal. i i p i
Determine the initial linear acceleration of each mass when the rod is ° @
2.0kg 1.0kg
released.
Solution
The moment of inertia of the system about Pis =Y mr?=2.0 x 0.40? + 1.0 x 0.602=0.68 kg m?.
The weights of both masses are initially at right angles to the rod, so the initial torque about P is
7=2.0%x0.40-1.0x0.60 =0.20Nm. The torque acting on the 2.0 kg mass is greater than that
due to the 1.0kg mass; hence the net torque is directed counter-clockwise. The initial angular
accelerationisa = % = % =0.294rads™ and is equal for both masses. The initial linear accelerations
are different: 0.294 x 0.40 = 0.12 ms? downward for the 2.0kg mass and 0.294 x 0.60 =0.18 ms™
upward for the 1.0 kg mass.
Practice questions
11. A couple consisting of two forces F acts on a system b. the final angular velocity of the cylinder when the
of two masses m connected by a weightless rod of string unwinds completely
length L. E c. thetime taken to unwind the string.
. 13. A bicycle wheel has a moment of inertia of

0.090 kg m? and rotates at an angular velocity of
23rads™. When the brakes are applied to the wheel,
it turns through one quarter of a revolution before

m .
coming to rest.

E a. Calculate the frictional torque acting on the wheel.

What is the angular acceleration of the system about The wheel is equipped with a disc brake system in

the midpoint of the rod?

A g2 £ A

2mlL " mL mL " mL

pads, one on each side of the disc, at a distance of
8.0cm from the axis of rotation of the wheel. The
coefficient of dynamic friction between braking pads
12. A uniform cylinder of radius 4.0 cm and mass 1.2 kg and the discis 0.85.
can rotate freely around its central axis. A string is
wrapped five times around the cylinder and a constant
force of 1.8 N is applied to the string. The cylinder is
initially at rest and the string unwinds without slipping. 14. Afan rotates at an initial rate of 320 revolutions per
minute. When the motor is switched off, a resistive
torque of 0.10 N m brings the fan to rest in a time of
8.0s. Calculate:

a. the moment of inertia of the fan

b. Calculate the magnitude of the normal force
acting between the disc and each braking pad.

-

1.8N
o7 b. the number of revolutions the fan rotates through
before coming to rest.

Calculate:
a. theangular acceleration of the cylinder

which a force is applied to the disc by a pair of braking
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Centre of mass

The centre of mass of an object is the point that moves as though the whole mass
were concentrated there. An external force applied at the centre of mass causes

linear but not angular acceleration. Figure 11 shows the centres of mass for some
common shapes.

* Inquiry 1: State and explain predictions using scientific understanding.

* Inquiry 2: Identify and record relevant qualitative observations.

* Inquiry 3: Compare the outcomes of an investigation to the accepted
scientific context.

* Setup the arrangement shown in the diagram, with two forks sticking
into opposite ends of a cork and a match stuck in the middle of the cork.

¢ Consider where the centre of mass of this combination is.
* |nvestigate how you could find the centre of mass of this combination.

* The centre of mass of the combination of two forks and a cork lies
somewhere in the space between the forks.

* Balance the fork, cork and match combination on the edge of a cup. The
combined centre of mass is at the point where the match balances on
the edge of the cup.

e Slightly wet the match above this balance point.

* light the match and watch what happens. Consider why this is.

When a single force acts on an object through the centre of mass, then the object
will undergo linear acceleration (in a straight line). This is known as translational
acceleration.

However, when the single force acts on an object in any other direction than
through the centre of mass, two things happen. There is both a translational
acceleration and a rotational acceleration. Figure 12 shows how this arises. The
single force F acts near the top of the baseball bat. This has two effects on the
bat:

e Aforce Facts at the centre of mass. This gives rise to a translational
acceleration to the right.

* Acouple acts on the bat producing a clockwise rotation. The couple has
forces +1§F at the top of the bat and —%F at the bottom.

h/3

Y

triangular plate

>
i

CoM I

b/2

rectangular plate

ol
solid hemisphere

A Figure 11 The position of the centre of
mass (CoM) for four objects.
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F—>

When a force has acted on the bat, it will be moving at a constant linear velocity
and rotating with a constant angular velocity.

j—

=—F) +

centre of mass

P Figure 12 The effects of a force acting
on a baseball bat at a position other than the
centre of mass.

* Inquiry 1: Demonstrate creativity in the designing,
implementation or presentation of the investigation

* Inquiry 1: Develop investigations that involve hands-
on laboratory experiments, databases, simulations
and modelling.

* Inquiry 1: Design and explain a valid methodology.

Anyone who plays a game that involves a bat will be
aware that all bats and racquets have a single “sweet
spot”. This is the region on the bat where contact with a
ball gives minimal jarring of the wrist(s) and produces the
best result in terms of transferring energy to the ball.

This phenomenon is caused by the existence of a centre
of percussion. Again, the example of a baseball bat
shows how it occurs.

For the sake of simplicity, the bat is modelled as a
horizontal block of wood of constant cross-section that
is pivoted (hinged) at one end. The hinge corresponds
to the player’s wrist. When the ball impacts the bat at the
centre of percussion, the wrist is not jarred.

stationary

<«

centre of gravity centre of gravity

centre of
percussion

centre of
percussion

A Figure 13 Centre of percussion.
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translation rotation

When a force Fis applied to the object there are always
two effects:

e The force applies a rotational impulse about the
centre of gravity (unless F acts exactly at the centre of
gravity). This rotates the bat.

* The force applies a translational motion to the bat
which moves it linearly.

Figure 13 shows these two effects in operation. When

F acts below the centre of gravity, the rotation caused

is counter-clockwise giving an impulse to the left at the
hinge. The linear effect is to the right at the hinge. The
centre of percussion is the point at which these two
effects will have the same magnitude and be opposite in
direction so that there is no net force acting at the hinge.

Devise an investigation along the lines of an internal
assessment to determine the position of the centre of
percussion for a bat used in sport.
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Newton’s third law of rotational motion

The rotational equivalent of Newton'’s third law is straightforward. In rotational
terms, the action torque and reaction torque are equal and opposite. The pair of
torques, as in action—reaction pairs for linear motion, must act on different bodies.

When object A applies a torque to object B, then object B will apply an
equal and opposite torque to object A.

Rotational kinetic energy

The work done by a torque when an object is rotated is an analogue of the work
done by a force acting in a linear direction:

W = torque X angular displacement =17 x 0
and for power
P =torque X angular velocity =7 X @
The kinetic energy of an object in linear motion is £, = %mv? Therefore, the
rotational kinetic energy of a rotating object is
1
Ek = E/a)2
Worked example 14

A uniform disc of mass 0.25 kg and radius 0.15 m rotates about the central axis with an initial
angular velocity of 8.0rads™. Calculate:

a. theinitial rotational kinetic energy of the disc

b. the work done in increasing the angular velocity of the disc from 8.0rads™'to 16rads™.

Solutions

1 1 1

a. I=—MR? =Ex 0.25x0.15?=2.8 x 10 kgm?. The kinetic energy is E, =%Ia)2 =Ex 2.8x102x%x8.02=0.090].

2
b. Thework done is equal to the change in the rotational energy of the disc,
vv=]3/(w§_w§) =]3>< 2.8x 107 x (162~ 8.09 = 0.27).

Worked example 15

A stationary bicycle trainer has a flywheel with electronically controlled resistance to simulate
different cycling conditions. When the cyclist stops pedalling, the flywheel comes to rest from

an initial angular velocity of 180rad s in a time of 9.0s. The moment of inertia of the flywheel is 0.070 kg m?.

Calculate:

a. theresistive torque acting on the flywheel, assuming that it is constant

b. thework done by the resistive torque in stopping the flywheel

c. the power that the cyclist needs to transfer to the flywheel to maintain the constant angular velocity of 180rads™.
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Solutions

a. Theangular deceleration of the flywheel is @ = % = 20rads™. The resistive torque is therefore

7=la=0.070x20=1.4Nm.

b. The work done is equal to the change in rotational kinetic energy of the flywheel: W = ]5 x 0.070x1802=1.1k|.

c.  When the flywheel rotates with a constant angular velocity w = 180rads™, the external torque applied to the flywheel
by the cyclist must be equal to the resistive torque, and the power transferred by the cyclist is

P=tw=1.4x180=250W.

Worked example 16

A metre stick of mass 0.15 kg is suspended at one end and can rotate freely
about the point of suspension. The metre stick is set in motion so that it passes
through the vertical position with an angular velocity of 3.4rads™.

a. Calculate the rotational kinetic energy of the metre stick in the vertical
position.

b. Explain why the torque acting on the metre stick increases with the angular
displacement from the vertical position. State the direction of the torque.

1.0m

c. Determine the maximumangle 6 through which the metre stick rotates before

it reverses the direction of motion.

Solutions

3.4rads™

a. The moment of inertia of the metre stick through the fixed end is | = %MB = % x 0.15x 1.0?

=0.050kgm?. The kinetic energy is therefore E, = ]5 x 0.050 x 3.42=0.29].

b. Thetorque is provided by the weight W, applied to the centre of mass of the metre stick at its

midpoint.

Sincer= W(L)sin 0, the torque increases with 6, and reaches the maximum value when the

2

metre stick is horizontal. The torque is directed clockwise towards the vertical position, so

against the angular displacement of the metre stick.

c. Attheangular position@__, all of the kinetic energy of the metre stick has

been converted to gravitational potential energy; hence mgh = ]E/a)oz,
where h is the height through which the centre of mass of the metre stick

has risen, and @, is the angular velocity in the vertical position.
0.15%9.8h= ]5 % 0.050 x 3.42 = h=0.20m. In the initial position,
the centre of mass was 0.50 m below the fixed end so now it is
0.50-0.20 =0.30m below the end. The angle of rotation can be

determined using triangle trigonometry: cos@__ = O30 =60 =53°

X 0‘50 max

0.30m

______

centre of mass
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Practice questions

15. Afootball can be modelled as a thin spherical shell of
mass 0.45kg and radius 0.11m. The football is kicked
so that it rotates with angular velocity 60rads™. a.

a. Calculate the rotational kinetic energy of the
football. The moment of inertia of a spherical shell

of mass m and radius Ris %mRz.

b. Determine the linear speed of the football if
its translational and rotational kinetic energies
are equal.

16. A wind turbine transfers kinetic energy of the wind to

electrical energy at a rate of 1.5 MW. The turbine rotates calculate:
at a constant angular velocity and makes one complete a.
revolution in a time of 4.0's. Calculate the torque acting

on the turbine due to the wind. b.

Angular momentum

Angular momentum L is the direct rotational equivalent of linear momentum. It
is defined as the product of an object’s moment of inertia and its angular velocity.
It is a vector quantity but in the IB Diploma Programme physics you will only
consider its sense (clockwise or counter-clockwise).

Using the symbols already defined:
[=Ixw

The units of angular momentum are kg m?[rad]s™". The radian is a ratio and so
unitless. It is normally omitted.

Conservation of angular momentum

The total (linear) momentum of a system remains constant when no external
forces act on the system. In rotational dynamics, a similar law of conservation of
angular momentum applies:

The total angular momentum of a system remains constant providing no
external torque acts on the system.

In equation terms, using the summation symbol (Z) introduced earlier:

Z(linitial X winitial) = Z(Iﬂnal X wﬁnal)'

Imagine two co-axial flywheels (Figure 14) rotating in opposite directions at
different angular velocities (I] and /2) and with different initial angular velocities
(@, and w,). When these flywheels are suddenly clamped together so that
they must rotate at the same speed £, then the equation that describes the
conservation of angular momentumis L@, - L, = (I, + 1, )R.

The negative sign on the left-hand side is there because the flywheels are rotating
in opposite directions. The final sign of 2 will show the direction in which the
pair of flywheels rotate afterwards. If Q2 is positive, the pair will rotate in the same
direction as flywheel Tinitially. If £2 is negative, the pair will rotate in the same
initial direction of flywheel 2.

17. Earth has radius 6.4 x 10°m and mass 6.0 x 10%kg
and rotates about its axis once every 24 hours.

Calculate the rotational kinetic energy of Earth,
assuming that it is a uniform sphere.

b. The density of Earth is not uniform but increases
towards the centre. Outline what effect this has on
the energy calculated in a.

18. A merry-go-round rotates at an angular velocity of
0.60rads™". Assuming that the merry-go-round can be
modelled as a ring of mass 150 kg and radius 2.5m,

the rotational kinetic energy of the
merry-go-round

the power required to stop itin atime of 5.0s.

A Figure 14 Two flywheels rotating just
before they are clamped together. Angular
momentum must be conserved when

this happens.

Rotational momentum

Rotational kinetic energy can

be written in terms of rotational
LZ
momentum L: £, = > to match the
2
= £ formulation from linear
2m

mechanics.
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A Figure 16 The ice skater conserves

angular momentum as she rotates (a). She
pulls in her arms to decrease her moment of

small mass

spinning disc

onto a turntable.

inertia (b). As a result, her angular velocity conserved.

A Figure 15 Conservation of angular momentum as a small mass is dropped

Figure 15 gives another example of angular momentum conservation when a
small mass is dropped onto a disc that is spinning freely in a horizontal plane. The
combined moment of inertia of the disc and mass is greater than the moment of
inertia of the disc alone. Friction acts between the mass and the disc surface and
this accelerates the mass. The reaction force to this friction decelerates the disc.
The angular velocity of the system will decrease so that angular momentum is

increases. Conservation of angular momentum is of great importance in sport. An ice skater
can increase their angular velocity about a vertical axis by pulling their arms tightly
into their body (Figure 16).

Worked example 17

A disc of radius 30 cm and mass 1.2 kg spins freely at an angular velocity
of 5.0rads™". A small object of mass m = 0.25 kg is dropped onto the

disc with a negligible initial velocity and comes to rest relative to the
disc at a distance of 20 cm from the axis of rotation.

a. Calculate the final angular velocity of the system consisting of the disc and spinning disc E
the mass, assuming that no external torques act on the system. !

b. Determine the change in the rotational kinetic energy of the system.

c. Explain why the rotational kinetic energy has decreased.

Solutions

a. The moment of inertia of the disc about the axis of rotationis |, = 15 x 1.2 x0.30?=0.054kgm?and
the moment of inertia of the massis | __=0.25x0.20% = 0.010kgm?. Initially, the mass has zero angular
velocity and it does not contribute to the angular momentum L of the system, L =1, _w,=0.054 x 5.0 =
0.27 kgm?s™. When the mass has come to rest relative to the disc, the system rotates with a new angular
velocity @ and with a combined moment of inertia [, +/___. The angular momentum is unchanged,

[
sol=(l, +!I_ Jo=I, o, Fromhere, o= as® 027 4 2rads™.
* e I Idisc + Imass 0064

b. Theinitial rotational energy is that of the spinning disc alone, 1Eldisca)oz. The final rotational energy
is%(ldisc + /)@’ The change is therefore % x 0.064 x 4.2? —% x0.054 x5.02=-0.11J.
The negative sign indicates that the energy has decreased.

c. Before the mass has come to rest relative to the disc, a frictional force must have acted on the mass at the

——/
5.0rads™!

disc surface, slowing it down relative to the disc. The work done by the frictional force results in a decrease

of the kinetic energy of the system by the amount equal to the work done.
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Worked example 18

A rotating star collapses, decreasing its moment of inertia to 101 of the initial value. The initial angular
velocity of the star is w, and its initial rotational kinetic energy is E .. For the star after the collapse, calculate:
a. theangular velocity

b. the rotational kinetic energy.

Solutions

/O

a. Theangular momentum is unchanged; hence | ,w,=

/
b. The new kinetic energy is £, = ]E/a)z = ]E : OOOO

a thousandfold increase in both the angular velocity and the rotational kinetic energy. Where do you

w. From here, ® = 1000w,,.

(1 OOOa)O)2 = 1000E,. The collapse of the star results in

think this additional energy comes from?

Worked example 19 8.0ms™ g 504g

A child sits at the edge of a merry-go-round of radius r= 2.5 m. The child throws a stone of
mass m = 0.50 kg tangentially to the merry-go-round, with an initial speed of v=8.0ms™.

a. Show that the angular momentum of the stone relative to the rotation axis of the
merry-go-round is given by [ = mvr.

The merry-go-round is initially at rest and can rotate without friction. The combined moment of
inertia of the child and the merry-go-round is | =1400 kg m?.

b. Calculate the final angular velocity w of the merry-go-round.

Solutions
a. Theinitial moment of inertia of the stone is | = mr* and its initial angular velocity relative to the
centre of the merry-go-round is @_= % Hence, L=|w = mr2¥ =mvr.

b. The total angular momentum is zero; hence lw — mvr = Q. The minus sign means that the

merry-go-round rotates away from the direction of the initial velocity of the stone.

W= # =7.1x1073rads™. This corresponds to about 0.4° per second.

Practice questions

19. Anice skater doubles the angular velocity about the 20. Aflywheel in the shape of a solid cylinder of mass
vertical axis of rotation by pulling in her arms close to 7.0kg and radius 0.10 m rotates at an initial angular
her body. The initial rotational kinetic energy of the ice frequency of 80rads™'. Another flywheel, of radius
skater is E. No external torques act on the ice skater. 0.25m and mass 3.0kg, is initially at rest. The
What is the change in her rotational kinetic energy? flywheels are coupled together. Calculate:
A. O B. E a. thefinal angular velocity of the system
C. 2E D. 3E b. the change in the rotational kinetic energy.
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@ How does conservation of angular momentum lead to the determination of the Bohr radius?

Topic E.1 describes the important work of Niels Bohr
who took empirical data for the hydrogen spectrum
and linked it to the energy states of the atom. This work

moved the description of the atom forward. Even though

he used classical mechanics to describe the behaviour

of what is a quantum-mechanical system, Bohr made
predictions and hypotheses that were confirmed
experimentally. He was able to calculate the radius of the
electron orbit in the ground state using conservation of
angular momentum.

@ How does rotation apply to the motion of charged particles or satellites in orbit?

Kepler identified the three law of planetary motion which

are described in Topic D.1 and are now named after him.
The second law involves the line joining the centre of a

planet to the centre of the Sun. The law suggests that this

line sweeps out equal areas in equal times. This is clear

for a circular orbit with the planet moving with a constant

angular velocity. For comets where the orbit can be
ellipses, then it is not so clear.

The conservation of angular momentum helps here.
The angular momentum of the comet is equal to
m X v X r, where mis the mass of the comet, vis its linear

speed and rthe radius of its orbit. When the distance of
the comet from the Sun is large, its speed is small and
vice versa. Analysing the orbit carefully and assuming
conservation of angular momentum shows that the area
the comet sweeps out is indeed constant, which verifies
Kepler's second law.

Similar ideas apply to the rotation of a charged particle
moving in a magnetic field. Topic D.4 contains the
analysis which can be easily carried out in terms of
rotational mechanics.

@ How can rotation lead to the generation of an electric current?

150

In Topic D.4, you will learn that a conducting coil rotating

relative to a magnetic field will lead to the generation of
an electromotive force across the terminals of the coil.
There are direct links between the theory you meet in

A Figure17 A gyroscope canbe
used to stabilize cameras because its
large angular momentum means that
a large torque is required to change
its direction.

of rotation.

this topic and the later one which deals with the effects
of changing a magnetic flux. Some of the mathematical
ideas will appear again too.

@ Applying key ideas and facts in new concepts

A gyroscope consists of a disc that spins rapidly. Gyroscopes can be used
to help keep things level and upright. For example, they can be used to aid
navigation or to help stabilize cameras. In Figure 17, the camera operator is
standing on a self-balancing transporter that uses gyroscopes to detect the
tilt and adjusts the wheels to keep the rider in balance.

Because gyroscopes spin rapidly, they have a large angular momentum. The
effects of this angular momentum can cause a gyroscope to have seemingly
strange properties. Similar effects can be observed with other spinning
objects such as bicycle wheels.

A fast-moving object with a large linear momentum requires a large force to
stop it or to change its direction within a given timeframe —this is because

of Newton’s second law, F = %t) The same effect applies to a gyroscope.

Its large angular momentum requires a large torque to change the direction
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Investigating a spinning bicycle wheel Behaviour of gyroscopes

* Inquiry 2: Identify and record relevant qualitative observations.

* Inquiry 2: Interpret qualitative and quantitative data.

Imagine a bicycle wheel that is spinning counter-clockwise in a horizontal plane.
The wheel's angular momentum can be represented by a vector along its
axis. In this instance, the direction of the vector would be vertically upwards.
Now imagine twisting the bicycle wheel by lifting the far side upwards and
the near side downwards. This is represented by a torque with its vector
direction acting along the axis of rotation to the right. This torque creates an
angular impulse in the same direction.

The angular impulse gives the change in the angular momentum.

A Figure 18 When spinning, a
gyroscope can balance in a way that
seems unexpected.

The axis of rotation has changed so that the left-hand side of the wheel
rotates upwards and the right-hand side moves downwards. But this was not

the direction in which the wheel was rotated. e belhedeur efasiang e5jess

* Trythis with a bicycle wheel. Make it spin rapidly —you could add some such as gyroscopes can seem
mass evenly distributed around the rim to increase the moment of inertia strange. They do not seem to
of the wheel. This will make the effect more noticeable. follow the laws of physics. What

is really happening is that we are

* Trystanding on a rotating platform while you twist the bicycle wheel. ) )
making poor assumptions as to

What happens? ) .
- ¢ what the laws of physics predict.
At irection o .
direction of —— Often, intuition is correct and can
angular I predict the outcome of events.
momentum Sometimes, however, it lets us
d | down. Is intuition a valid way of
— angular - .
leaion alirerion im?)ulse predicting what will happen?

* [fyou cannot carry out the experiment, you could search for a video
online—try searching for “angular momentum conservation with rotating
bicycle wheel”.

Global impact of science

Earth rotates about an axis which passes between the
North and South poles. This axis is tilted, relative to the
plane in which Earth rotates about the Sun, by an angle of
about 23.5°. This tilt is responsible for the seasons —for
example, when the North Pole is tilted towards the Sun, it
is summer in the Northern Hemisphere.

The tilt varies slowly over a period of about 41,000 years. A Figure 19 Thetilt of Earth is responsible for the seasons.
Additionally, the gravitational effect of the Sun and the o . o
moon create a torque which causes the direction of the and they have caused periodic ice-ages in Earth’s history.

tilt to wobble with a period of about 26,000 years. Understanding the rotational dynamics of Earth’s orbit
' helps us to understand what effect these cycles currently

have on Earth’s climate and to evaluate the impact of
humans on the planet.

The way in which the rotational motion of Earth varies
over time causes variation in the seasons and in Earth's
climate. These variations are called Milankovitch cycles
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() Data-based questions

Angular momentum is important when considering
the Solar System. Table 1 shows that the Sun accounts
for approximately 99.9% of the Solar System's mass.
However, the Sun does not account for the majority

of the angular momentum in the Solar System. This is
important when considering theories for how the Solar
System formed.

The planets possess angular momentum because of their
rotation about their axis (as a rotating sphere: [ = %/\/W)
as well as their orbit around the Sun (acting as a point
mass: | = MR?).

¢ Use the rotational period and radius to calculate

the angular momentum of each of the solar system
objects as they spin on their axis.

Two objects rotate in the opposite direction and so
their rotational periods are expressed with a minus
sign. You may wish to use a spreadsheet here.

Use the orbital period and orbital radius to calculate
the angular momentum of the planets as they orbit
the Sun. The Sun has zero angular momentum from
this motion.

Hence calculate the total angular momentum of each
object.

Calculate the percentage of the total angular
momentum of the solar system that is possessed by:

a. the Sun

b. Jupiter.

Draw a pie chart to represent the distribution of the
angular momentum of the Solar System objects.

Solar System Orbital Orbital Rotational
objecty Mass/x10%*kg period/x 10%s | radius/x10°m | period/x 10°s seEliE e
Sun 1990 000 - 0 2.16 696
Mercury 0.330 7.60 579 5.07 2.44
Venus 4.87 19.4 108 -21.0 6.05
Earth 5.97 31.6 150 0.0860 6.38
Mars 0.642 59.4 228 0.0886 3.40
Jupiter 1900 374 779 0.0356 71.5
Saturn 568 929 1430 0.0385 60.3
Uranus 86.8 2640 2870 —0.0619 25.6
Neptune 102 5170 4500 0.0580 24.8

Units of angular Angular impulse

impulse As you saw in Topic A.2, in linear mechanics, impulse | is the product of the

average resultant force acting on an object F and the contact time At over which

Because angular impulse is equal to the force acts. In symbols, /= FAt.

the change in angular momentum,
both quantities should have the
same units. Earlier the units for

In rotational dynamics, the angular impulse AL is the product of the average
torque T and At:

Al=1X At
angular momentum were stated as
being kgm?2rads™ orkgm?s~. Itis This can also be written as
easy to show that the newton has All X w)

units kgms2and so (N x m X s) is

The units of angular impulse using Al=tAt are Nms (z has the units N'm).
(kgms?xmxs)=kgm?s™.
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Worked example 20

Two rocket thrusters T, and T, separated by a distance of 80 m are used to rotate
a space station around its axis. Each of the thrusters provides a 1.0kN force at a
right angle to the line joining the thrusters. The moment of inertia of the space
station about the point halfway between the thrusters is 2.8 x 108kg m?.

The space station rotates initially in a clockwise direction with a period of 20
minutes. The thrusters operate for 30s. Calculate:

a. theinitial angular momentum of the space station
b. theangularimpulse delivered to the space station by the thrusters

c. thefinal rotational period of the space station.

Solutions

a. Theinitial angular velocity of the space station is w, = 2z =————=524x%x103rads™.
The angular momentumiis [, = lo, = 2.8 X 10° X 5.24 x 107 =1.47 x 10°Nms.

b. The torque provided by the thrustersis t=1.0 x 10° x 80 = 8.0 x 10*Nm.
The impulse delivered for 30 sis AL=7At=8.0 x 10*x 30 =2.40 x 10°N ms.

c. Thefinalangular momentumis L=1L + AL=1.47 x10°42.40x 10°=3.87 x 10°N ms.

6
This corresponds to the angular velocity @ = % = % =1.38x10?rads™,
.8 X
and the period ofL = 4555 =7.6 minutes.

1.38 x 102
Solve the same task using the equations for uniformly accelerated motion, instead of angular momentum and impulse.

Worked example 21

A flywheel of the moment of inertia 0.070 kg m? is driven by an electric 5
motor that provides a torque that varies with time t. The graph shows
the variation with t of the net torque applied to the flywheel.

torque/Nm
w
1

The flywheel is initially at rest. Calculate:

2_
a. theangular momentum of the flywheel whent=>5s 14
b. theangular velocity of the flywheel when t =10s 0 I L A R B A
O1 23456 738 910
c. theaverage acceleration of the flywheel during the first 10s. t/s
Solutions

a. Theinitial angular momentum is zero so the angular momentum at t = 5sis equal to
the area under the graph for t € [0,5]s. L=]E><4><5 +1x5=15Nms.

b. Theangular momentum at t =105 is the total area under the graph, L=35Nms.

The angular velocity iswzézi:SOOrads“.
| 0.070
_Aw 500 >
C. a=3— =0 =50rads™.
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Practice questions
21. The motor of an electric saw delivers a torque of 23. The graph shows how the net torque acting on a
40N m to a circular cutting blade. The moment of turntable varies with time t. The turntable starts from
inertia of the cutting blade about the rotation axis rest and its moment of inertia about the rotation axis is
of the saw is 8.0 x 10°kgm?. The cutting blade 0.16kgm?2.
accelerates to its operating speed in a time of 0.10s. a. Determine the angular velocity of the turntable
a. Calculate the angular impulse delivered to the att=1.0s.
cutting blade in 0.10ss. 6]
b. Hence, calculate, in revolutions per minute (rpm), 4

22.

the final angular velocity of the cutting blade.

A golf ball can be modelled as a uniform solid sphere
of radius 2.2 cm and mass 45 g. The ball is hit by a golf
club and is launched with an initial angular velocity of

2 -

torque/N m
S AL o
e
et
anat
o
(G-
-
meat
o
<
S

75rads™.

a. Calculate the angular impulse delivered to the ball
by the golf club. t/s

b. The ballis in contact with the golf club face for b. Explain why the angular velocity remains constant
a time of 15 ms. Calculate the average torque betweent=1.0sand 8.0s.

exerted by the golf club on the ball.

c. Calculate the number of revolutions the turntable
makes betweent=1.0sand 8.0s.

d. Explain why the turntable comes to restat t =10s.

Change in angular momentum

As shown in Topic A.2, you can extend Newton's second law from the simple
equation F = ma to the more complex form FAt= A(mv). This change expresses
the link between change in momentum and impulse. This led to a second
expression for Newton’s second law as

Av Am
F= mE + VF
The first term on the right-hand side of the equation is Newton’s law in its simple
form. The second term gives the dynamic contribution of the change of mass

while the force acts to the overall change.

As you will expect, there is an equivalent statement for rotational dynamics:

Aw Al
— |80 B8
RN,
It is clear from this equation that a torque is required to:

® change the angular velocity of an object that has a constant moment of inertia
(e.g. accelerating a flywheel), or

® maintain, at a constant angular velocity, any object that has a changing
moment of inertia (e.g. a figure skater).

Both of these conditions can change simultaneously.
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Worked example 22 sand

Sand is poured at a rate of 8.0 gs™ onto a spinning disc. The sand lands with i 8.0gs
a negligible vertical speed at an average distance of 10 cm from the centre of , '

the disc. The moment of inertia of the disc is 0.040 kg m? and its initial angular ' 2

velocity is 5.0rad s™'. No external torques act on the system consisting of the

discand sand.
a. Calculate the rate of change of the moment of inertia of the system. v

_/

b. Calculate the initial angular acceleration of the spinning disc. spinning disc :
5.0rads™

c. Explain whether the acceleration will remain constant as the sand is
being poured.

Solutions
a. %’:A_m/@ =0.0080kgs (0.10m)2=8.0x10" kg m2e
t At
22 =R oo _ Ao oAl 50 L )
b. From /E__wAt’ the angular acceleration is a = AT __lAt__—O.O4OX8'OX]O =-0.010rads™.

c. Theangular velocity of the system decreases and the moment of inertia increases, so the magnitude of

the angular acceleration will decrease, as given by |a| = %%’
RO”mg and Slldmg There is more about coefficients of
Itis important to distinguish between two motions: rolling and sliding. Rolling static friction in Topic A.2.

means that the object is rotating across a surface about an axis of rotation. Sliding
means that the object is moving smoothly along the surface. When an object is
moving on a perfectly frictionless surface, then it cannot roll—the only motion
possible is sliding.

When there is friction between surface and object, the point of contact between
the two is instantaneously at rest; this implies that the coefficient of static friction
u, must be used in any calculation.

Figure 20 shows a rolling disc with its motion broken down into a linear,
translational motion (Figure 20 (a)) and rotational motion (Figure 20 (b)). The disc
of radius r has a linear motion of v, and an angular velocity @. When the point

of contact at the ground is instantaneously stationary, then v, must be equal to
rw—which is the tangential velocity of each point on the edge of the disc. At the
top of the disc the speed must be v, + rw, which is 2v,..

(a) (b) (©

VO ra VO+ rw

)

o - ,Vo Vo

$--------0
=~

[}
[}
[}
1
|
Vo |
7

Q <
7 7 7\

A Figure 20 When a disc or a sphere rolls, the point of contact with the ground has an instantaneous
velocity of zero and the top of the object has a speed of 2v,, where v, is the linear speed of the centre of mass.
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Rolling and slipping— An energy perspective
The total kinetic energy of a body of mass m and moment of inertia I rolling without
slipping at linear speed vand angular velocity  is ]Emvz + ]Ela)? When the body

rolls down a slope of vertical height Ah, it loses mgAh of gravitational potential

energy. Applying conservation of total energy gives mgAh = ]Em\ﬂ + %/a)? By

combining this equation with the moment of inertia for a particular shape, you can
often eliminate w and /, and use this to calculate quantities such as the velocity of
the rolling object.

Worked example 23

A round object of mass M, radius Rand moment of inertia / rolls without slipping down an inclined plane
that makes an angle @ with the horizontal.
a. Draw a diagram showing the forces acting on the object.

b. Derive an expression for the linear acceleration of the object.
c. Calculate, interms of 6, the linear acceleration of the object if the object is:

i. asolid sphere ii. asolid cylinder iii. athinhoop.

Solutions

a. Theforces acting on the object are the weight, Mg, the normal reaction force,
N, and the static frictional force F, between the object and the plane. The
frictional force provides the angular acceleration, because both Mg and N act
through the centre of the object and their torque is zero. The diagram also
shows the parallel and normal components of the weight.

b. The object has both a linear acceleration a and an angular acceleration a. The
net force acting on the object down the plane is Mgsin @ — F.. Hence the linear

acceleration is a = gsin H—Mf. The torque provided by the frictional force

F.R
is F.R. Hence the angular acceleration is a = fT The object rolls without slipping so the linear and

angular accelerations are related to each other, a = aR. We eliminate a from the last two equations and
al
MR?

getF = ;—Zl. This expression is substituted into the equation for the linear acceleration: a = gsin 0 —
gsiné

. From here, the accelerationis a = T

-|+W
c. i Forasolidsphere,/=2MR2andcr=g5m9=§gsin9.
5
ii. Foracylinder, /=lMR2and og=23NY il =zgsin 0.
2
ii. Forathin hoop,/=MR2ando=g]s_ll_n]0=]§gsin9.

Of these three objects, the sphere is rolling down with the greatest acceleration, and the hoop with
the smallest. Note that, for each object, the acceleration only depends on the angle of inclination, and
not on the mass or the radius of the object.
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Worked example 24

A solid cylinder rolls down an incline that makes an angle 8 = 5.0° with the horizontal. The cylinder starts

from rest and travels a distance of 1.0 m, measured along the plane.

a. Determine the final linear speed of the cylinder:

by using the kinematic (suvat) equations for uniformly accelerated motion

by considering energy changes of the cylinder.

b. Asolid sphere of the same mass as the cylinder in part a. rolls down the same inclined plane, starting
from rest. Explain which of the objects has a greater rotational kinetic energy at the bottom of the plane.

Solutions

a. I

From worked example 23, the linear acceleration is a = gg sin@. The final linear velocity can be
calculated from v? = 2as. 3

e \/2><%><9.8><sin5.0°><1.0=1.1 ms,

(M+i

RZ

For rolling without slipping, the total kinetic energy is £, = 1EMV2 + lI(Z oL v2. In case of

2\R 2
the cylinder, [ = l/\/1R2 and E, = g/\/Ivz. The increase in E,_is equal to the decrease in its gravitational
2 4

potential energy, %/\/Iv2 = Mgssin@, where s =1.0m is the distance travelled along the plane. v= ’\/% X

9.8x1.0xsin5.0°=1.1ms", in full agreement with the answer in i.

b. The sphere had a greater linear acceleration so its final speed and the translational kinetic energy is greater
than that of the cylinder. On the other hand, both objects have moved through the same vertical distance
and their total kinetic energies are therefore equal. This means that the cylinder must have a greater
rotational energy than the sphere.

The total kinetic energy of each object is the same, but it is distributed in different proportions between
translational and rotational components.

Practice questions

24. A solid cylinder and a thin hoop have the same mass b. Show that the linear acceleration satisfies the
and roll equal distances down the same inclined
plane. The rolling occurs without slipping. Which
is correct about the total kinetic energy and the

equationa= %gsin 0, where @ is the angle that

the inclined plane makes with the horizontal.

translational kinetic energy of the objects? c. Calculate 6.
Total kinetic Translational 26. A horizontal cylinder of IR .-
energy kinetic energy radius Rand moment of !
A equal equal inertia I can rotate without
: friction around the central
B. equal different axis. A weightless thread
C. different equal is wrapped around the
D. different different cylinder and an object of
mass M is suspended from M
25. A solid ball rolls down an inclined plane of length the thread. The object is
1.8minatime of 2.9s. The ball starts from rest and released so that the system accelerates from rest. The
rolls without slipping. thread unwinds from the cylinder without slipping.
a. Calculate the linear acceleration of the ball. a. State the force that provides the torque about the

axis of rotation axis of the cylinder.
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b. Show that the linear acceleration of the mass M is
_ 9

—.
-l + MR2
Itis given that M = 0.400kg, I = 0.0200 kg m? and
R=0.100m.

givenbya=

c. Calculate the linear acceleration of the mass M.

d. Determine the rotational kinetic energy of the
cylinder after 0.600 m of the thread has unwound
from the cylinder.

Verifying equations of rotational motion

* Tool 3: Select and manipulate equations.
* Tool 3: Derive relationships algebraically.

* Tool 3: Record uncertainties in measurements as a
range (£) to an appropriate precision.

* Inquiry 3: Compare the outcomes of an investigation
to the accepted scientific context.

For this experiment, you need a ramp and an object
that will roll down it—for example, a sphere, a hollow
cylinder or a solid cylinder (Figure 21).

The ramp should be about 1m long and at an angle of
about 10° to the horizontal. A longer ramp means that the
object takes more time to reach the bottom, which reduces
the uncertainty in the measurement of the time taken.

* Mark a suitable start line on your ramp so that you roll
the object from the same place each time. Measure
the height of the object when it is on the start line.
Be careful to measure the difference in height of the
object’s centre of mass between the top and bottom
of the ramp—in practice, this may mean measuring
the change in height of the bottom of the object.

* Allow the object to roll down the slope and measure
the time it takes to do so. Repeat this measurement
three times.

* With no rotation you would expect the time taken
for the object to move down the ramp to be given

2
by t? = 29% Use your values to calculate this

predicted time.

* Compare your measured time with the time
predicted by the equations.

27. Acar of mass 1200 kg moves with a constant speed

of 20ms™. Each of the four wheels of the car can be
modelled as a solid disc of mass 25 kg and radius 0.3Tm.

a. Calculate the translational kinetic energy of the car.

b. Determine the ratio

rotational kinetic energy of the wheels
total kinetic energy of the car

ramp

A Figure 21 The setup for the experiment.

The time for the object to roll down the ramp should
2

be given by t* = 2g—dh(1 + a), wherea = % Fora

MR
hollow cylinder a =1, for a solid cylinder a = % and

for a solid sphere a = %

Use your measurements to determine « for each
type of rolling object and see whether it agrees with
the theory.

Use the variation in your time measurements to find
the uncertainty. By considering this, and the other
uncertainties in your experiment, find the uncertainty
in your measurements of a. Can your experiment
distinguish between a sphere and a cylinder? If not,
consider how you might improve your experiment to
doso.

Finally, use the conservation of energy to derive the
equations given above. Do not forget that the energy
at the end of the ramp depends on the final velocity,
while using your measured values of d and t will help
you calculate the average velocity.

This could be the basis for an internal assessment.
How would you develop this experiment to answer a
question about the design of a ball used in a sport?
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Conserving energy — Determining the moment of inertia of a flywheel

* Tool 1: Understand how to measure mass, time and
length to an appropriate level of precision.

* Tool 3: Derive relationships algebraically.

* Tool 3: Construct and interpret tables and graphs for
raw and processed data including scatter graphs and
line and curve graphs.

* Tool 3: Interpret features of graphs including
gradient, changes in gradient, intercepts, maxima
and minima, and areas under the graph.

Itis possible to use the conservation of linear and rotational
energies to estimate the moment of inertia of a flywheel.

view from front view from side

peg axle
flywheel
’ \

axis of rotation

slotted masses
mass hanger

A Figure 22 Measuring the moment of inertia of a flywheel.

*  Mount aflywheel on a horizontal axle so that it can
rotate freely. (This experiment eliminates the effects
of friction on the axle.) The total moment of inertia of
both flywheel and axle is /.

® Attach a mass hanger of total mass m, to a string and
wind it around the axle. Do not overlap the string.
Ensure that it falls away from the axle just as the
object reaches the floor.

* Release the object from rest. As it falls, the gravitational
potential energy of the object is converted into its own
linear kinetic energy + rotational kinetic energy of the
flywheel + work done against the frictional forces.

* Conservation of energy shows that, just as the object

reaches the floor:
1 1
mgh = zmv2 + 5’602 +n,W.
Wis the work done against friction for each of the n,

revolutions before the object reaches the floor.

*  Once the string has disengaged, the axle will
continue to turn and make n, extra revolutions before
it stops moving (n, is determined by the friction
acting on the axle).

*  Make the following measurements:
* theradius rofthe axle

* the mass m of the falling object

the initial height h of the falling object above the
floor

* thetime tfor the falling object to reach the floor
* n,andn,.

®  Adjust the mass hanging from the string and then
measure t, n, and n, again.

* Repeat several times with different masses and
calculate the mean values.

* These data can be used graphically to find a value of /.

The rotational kinetic energy of the flywheel is transferred

to the surroundings while it turns through the final n,
revolutions, so %la)z =n,W, leading to

_ o

- 2n,’
Substituting this into the whole energy conservation
energy gives

1 lw?
mgh = Emv2 + Elco2 + n12—nz,
or mgh = lmv2 + lIco2 (1 + &)
=5 2 n,/
As usual, v = rw and for the falling mass % = h? e}

thatw = %
rt

This equation reduces to:
gE e
2h — mr?
®  Compare this with y = mx + c. The variable you can
alteris m. The dependent variables are tand n,.

n, | |
(1+—)+1= 2><—+(1+ 2).
n2 mr n2 mr

* Usethisto plotagraph and determine /.
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W] Galilean and special relativity

How do observers in different reference frames describe events in terms of space and time?

How does special relativity change our understanding of motion compared to Galilean relativity?

How are spacetime diagrams used to represent relativistic motion?

In 1905, a far-reaching paradigm shift took place in
physics when Albert Einstein published the first of a
series of scientific papers dealing with the dynamics of
moving bodies. His new theories and his conceptual
understanding of spacetime became famous as the
special and (later) the general theories of relativity.
Einstein and fellow scientists such as Albert Michelson
and Hendrik Lorentz had overturned 200 years of
Newtonian classical mechanics.

Isaac Newton based his theories of motion on an
assumption of Galilean relativity. The term “relativity”
has become associated with Einstein’s work, but the
concept itselfis far older and is rooted in the idea of
simultaneity —the question of whether two events take
place at the same time. Humans (who move slowly
compared with the speed of electromagnetic waves)
assume that intervals of time observed in different
frames are identical. Compare person A standing in

an athletics stadium who is timing person B, an athlete
running a 100 m race. We all assume that when A’s
stopwatch says 11.50's, B's watch will also indicate
11.50s. Special relativity overturns this. The fabric of
space and time—spacetime—is more tightly knit than a
simple equivalence of time intervals between different
reference frames.

There are other key names in the history of special
relativity. Einstein based his work on some suggestions
by the Dutchman Hendrik Lorentz. Later developments
by Hermann Minkowski, three years after Einstein’s

In this additional higher level topic, you will learn about:

* reference frames and inertial reference frames

e Galilean relativity and the Galilean transformation
equations

* thetwo postulates of special relativity
* the Lorentz transformation equations

* the relativistic velocity addition equation

original papers, provided a visualization of reference
frames. Minkowski (spacetime) diagrams owe their
original existence to Minkowski's appreciation of the
four-dimensional nature of spacetime. Is there conflict
between the algebraic approach of Lorentz and the
visualizations of Minkowski?

A Figure 1 Albert Einstein pictured in 1905 —the year he
published his theory of special relativity.

® invariant quantities such as the spacetime, the proper
time interval and proper length

* time dilation and length contraction
* simultaneity
* spacetime diagrams

* muon decay experiments and the evidence they
provide.
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Introduction

On 8 December 1864, James Clerk Maxwell read a scientific paper to the Royal
Society of London. It was entitled A dynamical theory of the electromagnetic
field. In the paper, he presented four short equations that sum up the whole

of electrical and magnetic theory. These had profound significance for the
development of physics during the remainder of the 19th century and beyond.

Maxwell’s four equations provoked Albert Einstein to think how it could be
possible for Maxwell’'s conclusions to sit comfortably with the then agreed
rules of classical physics. If Maxwell’s theory were correct, the speed of an
electromagnetic wave would be the same to any observer whatever the
observer’s motion relative to the source of the radiation. This flew in the face of
the perceived wisdom of the day. Before Einstein it was believed that, when a
moving observer approached a stationary light source, the speed of the light
measured by the observer was the sum of the speed of the object and the speed
of the light. Einstein showed that this could not be so and, in announcing his
result, overturned 200 years of Newtonian mechanics—a mechanics based on
simple assumptions about the independence of time and the existence of an
absolute rest frame.

This topic introduces the physics of special relativity. The theory has profound
implications for many aspects of life in the 21st century: magnetism, GPS, the
properties of heavy metals, and the behaviour of light itself.

Spacetime

One concept underpins all the work in this topic: spacetime. Einstein realised
that space and time together constituted a set of coordinates in just the same
way that a 2D graph uses pairs of coordinates to display data. It is important not
to regard space and time as separate when dealing with concepts in special
relativity. A key element in understanding the special theory is the recognition
that we move through the four dimensions of spacetime rather than the three
dimensions of Euclidean space.

Much of our work in this topic uses just two of these dimensions: x (for space) and
t (for time). However, all the work in this topic can be generalized into the four
dimensions (t, x, v, z).

We will also use the term event extensively: an event is simply one set of
spacetime coordinates that identifies a particular position in spacetime.

Reference frames

A reference frame allows us to refer to the position of a particle. A frame consists
of an origin position together with a set of axes. In IB Diploma Programme
physics, the Cartesian reference frame is used most often for this. Here, a position
in space is defined using three distances measured along axes that are set at 90°
to each other. For example, the axes of a three-dimensional graph make up what
is known as a Cartesian reference frame (Figure 2). In this frame, the position of
the point is specified by the three numbers (x,, y;, z,).

Other frames are possible:

* Figure 2 specifies the same particle position using one distance rand two
angles @ and ¢ referenced to the frame. Sailors use such angles as latitude and
longitude; and, together with the distance of an object from the centre of Earth,

they constitute a different but equivalent alternative to the Cartesian coordinates.

Theories— Validating
a paradigm shift

The development of Einstein’s
ideas of relativity required a shift in
the scientific view of the physical
rules that govern the universe.
How do scientists ensure that the
need to shift perspectives is valid?

Z
\(X1/ 1, 21)
(r 6, ¢)

7

A Figure 2 A comparison between

a Cartesian reference frame with three
distances and a frame that uses spherical
coordinates: two angles and a distance.
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You will see that the definition of
an inertial frame excludes frames
where, for example, a Coriolis
force or a centrifugal force is
required. Recall the discussion
about a car turning in a circle on
page 100 in Topic A.2. The car
accelerates towards the centre

of the circle even though it is
travelling at constant speed (the
velocity direction alone changes).
The stationary helicopter above the
car was in an inertial frame; the car
itself was not. A passenger in the
car needed to invoke a centrifugal
force to explain the fictitious force
that appeared to act.

y y
A A
?
X Lx!
xé >
(@) §
X
.Y
y
XI
o)
X
(b)
later time t
y y' v
At= O Y
vt X' it
________________ x 1 ]
e x = X'
X=vt+x'

(©

A Figure 3 Translations, rotations and
boosts between reference frames.

* Astronomers use angles to define the position of a star or galaxy that is being
observed. Only two angles are required because the distance to the star (for
observational purposes) is irrelevant.

For some frames of reference, one or more of Newton's laws of motion do not
hold. Our own everyday frame, on the surface of a rotating planet, shows this.
Everything off-planet appears to be spinning around us. Ancient civilisations
factored this spin into their world view. This rotating frame has further
implications. An object that is at rest relative to us on planet Earth cannot be
moving at a constant velocity. This has the consequence, as we saw in Topic A.2,
that we need to invent the fictitious “centrifugal” force when we are observing
from the rotating frame. Another invented force, the Coriolis force, is sometimes
used to “explain” the movement of weather systems.

Inertial frames of reference

It is inconvenient to have frames of reference in which forces need to be
“invented” to explain physical effects. We define a concept called an inertial
frame of reference to overcome this. There are several ways in which to define
the inertial frame, but the one used here is that:

An inertial frame of reference frame is a frame that is not accelerated.

All inertial frames are, by definition, moving at constant velocity (constant speed
in a straight line) with respect to each other. The requirement that an inertial frame
does not accelerate has wide implications. The lack of acceleration in one inertial
frame means that Newton's first law is valid in that frame. Because all inertial
frames are related by a constant relative velocity, then Newton's first law holds in
every inertial frame.

Do inertial frames exist? The best way to find one is to take a spaceship out into
deep space, far away from the gravitational effects of planets and stars, and then
turn off the engines. No forces act from outside or inside the spacecraft and this
will be a true inertial frame of reference.

Galilean relativity and Newton’s postulates

There are an infinite number of inertial frames of reference in the universe and
three ways to move between them (Figure 3):

 Translation from one frame to another frame. Figure 3(a) shows two Cartesian
frames (x, y) and (x’, y) that are offset in the x-direction by a constant distance
X. Translation is the movement between these two frames.

e Arotation by a constant angle @ of one set of axes (x, y) to form another set
(x’, v') (Figure 3(b)). (Rotations are not discussed in IB Diploma Programme
physics.)

* A boost from one frame (x, y) to another frame (x”, y’) that has a constant

relative velocity (Figure 3(c)).

When an object is moving with a constant velocity in one reference frame, then,
under any of these three conditions, it will also have a constant (but possibly
different) velocity in the other reference frame.
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The principle of relativity tells us about the nature of our universe.

e The translation rule is equivalent to saying that there is no special place in the
universe; position is relative.

* The boost rule says that there is no special velocity. Being at rest (stationary) is
not an absolute condition.

e The rotation rule says that there is no special direction; direction is relative.

For the translation in Figure 3(a), to convert a position in (x, y) to one in (x’, y) you
need to subtract X (the offset between frames) from x for it to become x” (x — X, y).

A mathematical way to write this is as x’—x — X. Here “—" means “transforms to”.

For a boost, when one inertial frame moves relative to the other by a constant
relative velocity v along the x-axis, then the distance between the origins of the
reference frames must be changing by v every second and this distance is v X t,
where tis the time since the frames coincided.

Imagine that the origins of the two reference frames Sand S’ (Figure 3(c)) were
at the same position (that is, they coincided) at time t = 0. We say that clocks in
the frames were synchronised so that x=x"=0when t=1t'=0. Ata latertime T,
the origins of the reference frames will be separated by vI where v is the velocity
of frame (x’, y’) relative to frame (x, y). Therefore a position Xin frame (x, y) will be
related to position X" in (x”, y') by X — X" + vT or, alternatively, X" — X —vT.

The velocities of an object in the two inertial frames also transform in an obvious
way. When the velocity of an object in (x, y) is u and the velocity in (x’, y’) is u’,
then u” — u—v. When the velocities u and v are not in the same direction, then
they must be subtracted as vectors. An alternative is to treat u and u” as velocity
components in the direction of the relative motion of the inertial frames.

These equations that link two reference frames by their relative velocity are known

as the Galilean transformations (Figure 4).

¢ El

oy 1=

p——

\\

A Figure 4 The travelling walkways at airports are good examples of Galilean
transformations. They typically move at speeds of about 0.7 ms™'. A passenger standing on
one walkway will see a passenger standing on the other walkway coming towards them at
1.4ms™'. A stationary passenger by the side of the walkways will see each of the passengers
moving at 0.7 ms™' towards each other.

Observations
in relativity

In one sense, as physicists
working in a laboratory and

taking measurements, we are all
observers. However, the meaning
of “observer” in special relativity
is different from this. The observer
now becomes the reference frame
in which objects or, more usually,
events are measured. Observers in
inertial frames of reference cannot
accelerate and are fixed within

the frame.

The meaning of “observer”

has continued to change in

a subtle way throughout the
development of special relativity.
It is probably best to think not
of a single observer, but of a
team of observers each making
observations in the local area.
All members of the team have
synchronized clocks so that they
can report their findings to each
other (with corrections arising from
the finite speed of light).

This meaning of observer
becomes crucial later in the
discussion of simultaneity on
page 182.

Observing relativity

The principle of relativity is often
associated with Albert Einstein. In
fact, Galileo was probably the first
person to discuss the principle. He
describes how, in a large sailing
ship, butterflies in a cabin with no
windows would be observed to fly
at random whether the ship was
moving at constant velocity or not.
An observer in the cabin could not
deduce, by an observation of the
butterflies, any movement of the
ship. The butterflies would not, for
example, be pinned against the
back wall of the cabin by the ship’s
forward motion!
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Later in this Topic (page 168), you
will see that the transformation of
time intervals in Einstein relativity
must include an extra factor that
is related to the speed of the
inertial frame.

Theories

A different but equivalent version
of Einstein’s second postulate
was later re-phrased to give an
alternative version that you will
often see:

The speed of light in free space
(a vacuum) is the same in all
inertial frames of reference.

Hypotheses —The way
Newton put it

These postulates in Galilean
relativity were expressed

by Newton in the Principia
Mathematica—the book (in Latin)
that he wrote to publish some of
his discoveries. In translation his
postulates were:

“I. Absolute, true, and
mathematical time, of itself, and
from its own nature, flows equably
without relation to anything
external.

Il. Absolute space, in its own
nature, without any relation to
anything external, remains always
similar and immovable.”

The equation set when applied to two reference frames, initially coincident at
time t =0, moving apart in the x direction at speed vis:

o X' =x-—vt

e " =u-vThisis known as the velocity addition equation for the Galilean
transformation.

The two postulates of special relativity

Newton developed Galileo’s ideas further in his Principia Mathematica by
suggesting two important postulates of special relativity. A postulate is an
assertion or assumption that is not proved and acts as the starting point for a
proof.

* Newton treated space and time as fixed and absolute. This is implied in our
use of tin the equations above (t’ does not appear, only t). A time interval
between two events described in frame (x, y) is identical to the time interval
between the same two events as described in frame(x’, y’). The evidence of
our senses seems to confirm this (but remember that we do not travel close
to the speed of light in everyday life). This leads to a further transformation for
time changes At: At — At.

* Newton recognized that two observers in separate inertial frames must make
the same observations of the world. In other words, they will both arrive at the
same physical laws that describe the universe. This is a direct consequence of
Galilean relativity.

This basic principle is important:

Galilean relativity means that Newton'’s laws of motion are the same in all
inertial reference frames.

Einstein’s great intellectual accomplishment was to recognize that, because
Maxwell’s four electromagnetic equations are true in all inertial frames (which had
to be the case), then some modifications of Newton'’s postulates were needed.

Einstein’s two postulates of special relativity were:
The laws of physics are the same in all inertial frames of reference.

(Newton'’s second postulate is generalized to all scientific laws including those of
optics and electromagnetism).

The speed of light relative to any observer in an inertial frame is independent
of the motion of the source of light relative to the inertial observer.

(This replaces the concept of absolute time and space in Newton's first postulate.)

Simultaneity

Do two events at different places occur at the same time? Are they simultaneous?
This is the key issue in the concept of simultaneity. In Galilean relativity, Newton
said that time was independent of the observer and simultaneity is absolute. So, if
you synchronize two clocks in the same place and then move them into different
frames, the clocks will keep time at the same rate as each other.

However, in Einstein’s relativity the clocks will no longer measure identical time
intervals for the same event as described by the observers in the different frames.
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Worked example 1

A bus moves at a constant velocity of 8.0ms™ relative to the ground. A boy on the bus walks towards the rear
of the bus at a constant velocity of —1.5ms™ relative to the bus.

a. Calculate the velocity of the boy relative to the ground.
The distance walked by the boy relative to the bus is 3.0m.

b. Calculate the distance travelled during the same time by the boy relative to the ground.

Solutions
a. Relative to the ground, the velocity of the boy is smaller than the velocity of the bus: 8.0-1.5=6.5ms™.

b. Thetime takenis % = 2. During this time, the distance travelled relative to the ground is 6.5 X 2.0 =13 m.

Worked example 2

A cyclist rides a bicycle along a straight road, in the direction of the positive x-axis of the reference frame of
the road. The position of the cyclistat t = O is x = 0 and the position at t = 50 is x = 350 m. A car moving ata
constant velocity of 12m s relative to the road overtakes the cyclist. Calculate, relative to a reference frame in
which the car is at rest:

a. thedisplacement of the cyclistfromt=0tot=50s

b. the average velocity of the cyclist.

Solutions

a. Thedisplacement of the cyclist in the reference frame of the car can be found using the Galilean
transformation: Ax” = Ax—vAt, where Ax = 350m is the displacement in the reference frame of the road,
At=>50sisthe time taken and v=12ms" is the relative velocity of the reference frames.

AxX =350-12 X 50 =-250m. A negative displacement means that in the car’s frame the
cyclist moves towards the negative x™-axis.
displacement _ -250

b. locity = = =-5ms’.
average velocity fime Gaken 50 ms

Changing perspectives

In Topic A.2, we began by describing Newton's second law of motion as: force = mass X acceleration.

Later, we showed that this was better expressed as: force = rate of change of momentum.

A similar change of expression is possible here: Newton's first law is usually given as a variant of “Every object continues
in its state of rest or uniform motion unless net external forces act on it” (and you should continue to use this or a similar
wording in your own work). But this is not the only possibility. A succinct and interesting way to express Newton's first
law is “Inertial frames exist.”

To what extent do concise forms of scientific laws help or hinder our understanding?
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Measurement
James Clerk Maxwell established four equations which are today recognized
as “Maxwell's equations”. An important result of his work was that the speed

of light (an electromagnetic wave) travels at a speed ¢ = . (You will

EoH
meet the constants £, and p, in Topics D.2 and D.3.) oro

This result tells us that observers in different inertial frames observe the same
value for the speed of light when they agree about physical laws such as the
values of e, and u,,. This is directly contrary to the assumption of absolute
time and absolute space as postulated by Newton, and as embodied in the
Galilean transformations.

In 1887, two US physicists, Albert Michelson and Edward Morley, used

an interferometer to observe light as it passed through different reference
frames. Their apparatus was highly sensitive. It could send a beam of light
over a distance of 11 m measuring changes to about 1078 m in this distance.
They mounted their apparatus on a massive stone slab floated on mercury so
that it could be rotated. They expected to see a difference in the path of the
light caused by the Earth's rotation about the Sun. However, despite their
experiment being sensitive enough to measure the predicted change, they
could not find any evidence for a difference. The experiment is sometimes
referred to as a null experiment since they found no evidence of the effect
that they were trying to measure. However, the result was an important
confirmation that the speed of light is the same in all inertial reference frames.

Today, interferometers are still used as sensitive detectors. In 2015, the LIGO
experiment (Laser-Interferometer Gravitational-Wave Observatory) used

an interferometer to confirm one of the predictions of Einstein’s theories:
gravitational waves.

A Figure 5 Albert Einstein with Albert Michelson to his right during a visit to the
Mt Wilson Observatory. Edwin Hubble is the second from the left of the picture.
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@ Research skills

Einstein first published his ideas of special relativity Scientific historians have questioned whether Einstein

in 1905 in a paper whose title translates as “On the worked independently and was unaware of the work
Electrodynamics of Moving Bodies”: A. Einstein, Zur of Lorentz and Henri Poincaré, a French mathematician
Elektrodynamik bewegter Kérper, Annalen der Physik and physicist. Others have asserted that Poincaré or
17,891 (1905). Unusually, his paper contained no Lorentz are the true founders of relativity. It is more
formal references, even for the Lorentz transformations likely that Lorentz and Poincaré had contributed many
which had already been published. However, he did of the ideas of length contraction, time dilation, the
mention Lorentz along with four other scientists: Newton, Lorentz transformations and some of the mathematical
Maxwell, Hertz and Doppler. framework, but that Einstein was the first to condense all

these into the theory of special relativity.

Proper time interval

Some of the most dramatic differences between our everyday perceptions of
space and time and the predictions made by special relativity concern the time
and length differences that arise between observations made in different inertial
reference frames.

Figure 6(a) shows a simple light clock that consists of two mirrors facing each
other across a room. An observer is at rest in the room and watches light reflect
between the mirrors. The distance across the room is L and so the time interval

2L
taken for the light to return to the first mirror is At = —. The symbol for the
speed of light is c as usual. ¢

(a) (b)

[ D L D

L Atp= %L

l mirror position T mirror position 2
VAt

A Figure 6 Alight clock. Because the two references frames move relative to each other,
the trip taken by the light differs according to two observers, one in each frame: (a) is in the
frame of the mirrors, (b) is the frame for an observer moving to the left.

Another observer (Figure 6(b)) is moving to the left, parallel to the mirrors, at
constant velocity v relative to the mirrors, watching the reflections. The diagram
shows the bottom mirror at two positions as seen by this moving observer:

e position T when the light leaves the bottom mirror
e position 2 when the light returns to it.

In the frame of this moving observer, the light appears to travel to the right at
an angle to the direction of motion (but, of course, at the same speed of light).

The distance travelled by the light is now 2D and the time observed between

reflections at the same mirror is now At = %
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The meaning of the term “time-like
interval” is explained on page 186.

168

The distance travelled horizontally by the moving observer in time At is vAtand,
Z(At 2

A We already know

by an application of Pythagoras’ theorem: D? = [2 +

21
that D= %‘tand rearranging for At gives At= ;2
1 _v
At, ‘/ ¢
so At= —, which reduces to At =yAt,, wherey = ——.

The time intervals in the two frames are very clearly different. The observer
(clock) at rest in the inertial frame of the mirrors observes a time Ato = % and the

observer (a different clock) at rest in an inertial frame moving relative to the mirror
. 2L 1
(at constant speed v) observes a time At = = X
v
] J] <

is always greater than 1, this shows that the time interval for

Becausey = >
%

-
c
the journey of the light observed by the observer moving relative to the mirror is
greater than the time interval for the observer who is stationary in the mirror frame.
This is a general result: the time measured in the frame in which the event takes

place is the shortest time observable for two events that have a time-like interval.

The time interval At is known as the proper time interval (often shortened to
proper time).

The proper time interval between two events is the time interval measured
by an inertial observer at the place where the events occur.

Time dilation occurs in any other frame, with the time interval observed to be
longer than the proper time interval.

How are equations of linear motion adapted in
relativistic contexts?

The kinematic equations and other equations that arise throughout this theme
were developed in Topics A.1to A.3 in terms of Newtonian mechanics. A
great deal of emphasis was placed on the importance of acceleration there,
both in terms of its use to predict changes in velocity and displacement, and
in terms of its relationship to applied force.

The discussion of special relativity in IB Diploma Programme physics deals
exclusively with frames moving with constant relative velocities to each
other. The twin paradox (see page 193) shows the difficulties that arise when
acceleration takes an observer from one frame to another.

The concept of proper acceleration deals with this. Just as time intervals
require a new definition—that of proper time—in relativity, so relative speeds
and accelerations also require a new definition. Proper velocities and proper
accelerations are all carefully defined to specify the reference frame in which
measurements of displacement and time are taken. This was not required for
Newtonian mechanics.
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Patterns and trends —What Lorentz did

Initially, physicists tried to find a way round Maxwell’s conjectured that there must be a mysterious length

ideas within the context of classical physics. This contraction to explain this result. Later, Lorentz and others
led some to invent an “aether”, a medium that was realized that such a length change implied a time change
responsible for the transmission of electromagnetic too. This resulted in the Lorentz transformations.
radiation. However, the crucial experiment by Michelson It was this work that sparked Einstein’s great discovery.
and Morely showed that there was no aether and that, He was able to work from his two postulates to the same
essentially, electromagnetic radiation can move through algebraic transformation as Lorentz without invoking any
empty space. Lorentz and Fitzgerald independently need for an aether.

The factor y that appears in the time-dilation equation At = yAt was first
identified by Lorentz and is part of the Lorentz transformations that are the
Einstein relativistic equivalents of the Galilean transformations. It is known as the
Lorentz factor.

Figure 7 shows how the Lorentz factor changes with speed (or more properly
the ratio LC/). The graph shows us that, for speeds up to 20% of that of light, the
Lorentz factor remains close to 1. If the Galilean transformations were true for all

speeds, then the graph would show a horizontal line at value 1 for all values of%.
As vtends to ¢, y tends to infinity.
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Many aspects of physics can

0 ' ' ' ' ' ' be described as intuitive —that
0 0.2 0.4 0.6 0.8 1 1.2 : -
v applying a theory to a situation
T gives results that match our
A Figure 7 Variation of the Lorentz factor y with v expectations. Intuition can be a
¢ helpful way of checking whether
our answers are right. When they
Evidence and falsification SERMIE), M= el e Uik
we have made a mistake.
Are laws such as conservation of energy helpful to scientists? On the one While our intuition often works
hand they allow the prediction of, as yet, untested cases, but on the other well for areas of physics such as
hand they may restrict the progress of science. This can happen when Newtonian mechanics, it does
scientists are not prepared to challenge the status quo. not help us with special relativity.
In 2012, the results of an experiment suggested that neutrinos could The concepts of time dilation and
travel faster than the speed of light in a vacuum. This flew in the face of length contraction are non-intuitive
the accepted science originally proposed by Einstein. Later investigations and seem hard to understand.
showed that small errors in the timings had occurred in the experiments. Does this mean that intuition is
There was no evidence for faster-than-light travel. Were the scientists right to unhelpful? Or can intuition be a
publish their results so that others could test the new proposals? valuable way of knowing?
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Models

In Topic E.1, you will meet the Bohr model for the atom.
This model allows us to estimate the radius of electron

orbitals in the hydrogen atom. The model predicts that
the electron in the ground state of hydrogen is moving

at % of the speed of light. At this speed, the Lorentz
factoris y = 1.00003. Despite this small correction, its
effect on the spectrum of hydrogen was first measured

by Michelson and Morley in 1887. The fine structure

constant, oL = has become an important quantity in

1
) 137
atomic physics.
The electron orbitals of heavier elements are more
complex as the outermost electrons are further from

the nucleus. According to the Bohr model, the outer
electrons move at a speed % For atoms such as silver

and gold, with atomic numbers Z= 47 and Z =78, this
gives Lorentz factors of y = 1.06 and y = 1.22. Silver and
gold both have similar electron structures (they are in the
same column of the periodic table) but the larger Lorentz

Worked example 3

A Figure 8 Gold and silver have different colours
because of special relativity.

factor for gold means that the electrons experience time
dilation and length contraction on a greater scale. These
relativistic effects on the outer orbitals change the energy
gaps between them. This changes the wavelengths of
light that are absorbed and reflected by gold. The result
is that gold absorbs more blue light than silver. While
silver reflects most wavelengths equally, giving it a silvery
colour, gold gains its colour thanks to special relativity.

Leah is flying a plane at 0.9 c. The landing lights on the plane flash every 2 s as measured in the reference
frame of the plane. Zosia watches the plane go by. Calculate the time between flashes as observed by Zosia.

Solution

1 1
Whenv=0.9¢c,y = = =
1 _Lz V1-0.92

©

2.3.

The time between flashes for Leah is 2's. Therefore, the time between flashes for Zosia=yt=2.3 X 2=4.6s.

Worked example 4

A spaceship travels at a constant speed from Earth to a space station. The space station is stationary
relative to Earth. According to clocks on the spaceship, the journey takes 4.0 days and according to

clocks on Earth and on the planet, it takes 5.0 days.

a. Outline which of these intervals is the proper time interval between the launch

and the arrival of the spaceship.

b. Calculate the speed of the spaceship relative to Earth.

Solutions

a. The propertime interval is measured in a reference frame in which the launch and the arrival occur at the
same position, so it is the interval measured by spaceship clocks.

0

b. 5.0days=y x4.0days; hencey= fl_O =1.25. The speed can be calculated

from the Lorentz factor,

1=

The speed of the spaceshipis 0.6 c.

;=125=>!=/1_L=06
v c 1252 2%
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The Lorentz transformation
Inverse Lorentz

transformations

Hendrik Lorentz showed that the null result of Michelson and Morley
(see page 166) could be avoided by using a set of transformation equations.
Einstein proved that this Lorentz transformation could be derived assuming only

. L ] > The transformations given here
Einstein’s own modifications of Newton's postulates of special relativity.

allow you to transform from

In the Galilean transformation, lengths measured within one frame transform (x, ct) to (X, ct’). Sometimes the
without change into the same length in any other frame. When length Ax s the reverse change from the primed ()
difference between two positions in one frame and Ax’ is the difference in the frame to the non-primed frame is
other, then (using the Galilean transformations from earlier): required.

, ’ This is straightforward algebra.
Ax'=x"—x"=(x —vt)—(x, - vt) = x, —x, = Ax.

VX ==l - =x -, The Lorentz transformation for time
In Einstein relativity, this equality of Ax and Ax’is no longer true and Lorentz

) . gives ct’ = y(ct + K) which can
proposed that the transformation must become Ax” = y(Ax — vAt). c
be re-written with t as the subject:

It is more useful to deal with a position X’ in an inertial reference frame rather than ct’ VX ot vx
" L . —=ct—2,sothatct==—+ 2.
two position determinations to give a length Ax, and therefore y c y c

Substituting for x using

X =ylx—wt)
’_ \4 . . 9
gives the position x” of the object as observed in a reference frame moving at = 7/(X_Ed)’ whichiis equivalent
speed vrelative to it. tox = X +ZCf, SivesE— ct e
vy C Yy C

The Lorentz transformation tells us about position measurements when one a
inertial reference frame is moving at a constant velocity relative to another. (},— + c X Cf)~
Imagine two observers, one in each frame, both making measurements of the . . L
. . . . This expression can be simplified

same distance. The observer in one frame will not agree with the measurement W '
made by the other observer. Space is no longer absolute. toct= V(Ct + - ) remembering

o . . o, VX
Similarly, Lorentz realised that the transformation for time is: t’ = y(t—F). that 1 - (%)2 = %
The equivalent inverse
transformation from x” to x is

bg= y()( +Y ct’).

c
These are known as the inverse
Lorentz transformations.

With this transformation, time, like space, loses its Galilean property of being
absolute. Time as measured in different reference frames differs when there is
relative velocity between the frames. Also, terms in x now appear in the time
equations and terms in t appear in the equations for x.

We have assumed so far that there is no relative motion between the frames in
the y or z directions. When this applies, then there will be no relativistic changes
in these directions either (this can be proved formally). The assumption of no
motion in directions y and z along with the previous expressions lead to the
complete set of Lorentz one-dimensional transformations which are compared in
Table T with their Galilean equivalents.

Theories

The links between the xand t

The Lorentz transformations in Table T have been modified further so that the transformations mean that the
expression of time uses ct rather than t alone (this gives the time equation the coordinates for position and
dimensions of distance). A second change is to include the speed of light ¢ twice time have become entangled.
in the distance equations. These changes make the equations appear more The time interval between two
symmetrical and help to explain why later in this topic we use axes of ctand x to events depends on the spatial
draw our spacetime diagrams. separation of the events, and vice
. versa. This is another aspect of
Lorentz | Galilean the paradigm shift that occurred
= y(x —Lct) = x—vi when the special theory of relativity
C was accepted.
=y V=y « Table1 Lorentz
7=z 7=z one-dimensional
transformations
Cf’=Y(Ct—%X) V=t and their Galilean

equivalents.
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Observations

What does “observation” mean
in special relativity? Are relativistic
observations the same as the
observations that we make in
everyday life?

When we say “an observer
observes a moving clock to be
running slower”, it does not mean
that the observer can see this effect
visually. The tick rate of the clock
is revealed by measuring time
and space coordinates within the
reference frame of the observer.

In each case, when v < ¢, then y & 1 and the Lorentz equations reduce to the
Galilean equations.

The result from the thought experiment where light travels between mirrors
(Figure 6) follows directly from the Lorentz transformations: the two events (the
light leaving from, and then returning to, the bottom mirror) occur at t,and t,.
These events occur at the same place (the mirror), so we do not need to include
the x terms in our proof (because X, =X, = X). The time interval between these
eventsis At=t,—t. Therefore, in the observer frame,

A=t/ -t/ =r(t,- G-t

time interval in the observer frame =y X time interval in the mirror frame

)) =yAtand

which is written At = yAt,, as before.

This result shows that time measured in a frame moving relative to a clock is always
longer than the time measured in a frame that is stationary relative to the clock. The
effect is known as time dilation (“dilated” means “expanded”). When the moving
observer in our example also has a clock, then an observer stationary with respect
to the mirror frame observes the moving clock running slower than the mirror clock.
The situation is symmetrical. We will discuss this later in this topic on page 187.

@ Why is the equation for the Doppler effect for light so different from that for sound?

In Topic C.5, you will study the Doppler effect for both sound and electromagnetic radiation. There are essential
differences between them. In this topic, you see the importance of the relative difference in velocity between two
observers in different inertial frames. Light does not require a medium for propagation and cis a limiting constant speed for

the universe.

In the propagation of sound, movement of both source and observer relative to the medium is important and this leads
to the difference between the two effects. There is a relativistic treatment of the Doppler effect for sound and this is

discussed in more detail in Topic C.5.

@ Special relativity places a limit on the speed of light. What other limits exist in physics? (NOS)
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There are limits on our knowledge. Sometimes these are technical limits. A measurement cannot be taken with sufficient
precision at a particular time in scientific history. But these limits may be overcome in time or better methods may be

developed.

There are philosophical limits to physics too. Science is built around the presumption of repeatability—do the same
experiment twice and the same thing happens. When a reviewing scientist cannot replicate the result from another
laboratory, problems arise in accepting the result. There is no obvious reason why the universe has to work in this way.

Finally, there are fundamental limits. The Heisenberg uncertainty principle predicts that we cannot know the precise
position x and momentum p of a particle at the same time. Werner Heisenberg concluded, early in the history of

h
quantum mechanics (Topic E.2), that Ax X Ap > P where A stands for the “uncertainty in”. This is just one of the

fundamental limits that prevents us from knowing the exact state of the universe at any instant.

As you reflect on this course, what other limits to our knowledge can you identify? Are these limits shared with other

areas of knowledge?
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Worked example 5

A reference frame S’ is moving at a velocity of 2.7 X 108 ms™ relative to a reference frame S, in the direction
of the positive x-axis of S. The Lorentz factor y for the relative speed of frames Sand S is 2.29. Spacetime
coordinates of events A and B are measured in frames Sand S'.

According to measurements in frame S, event A occursatx, =50m, y, =z, =0, t, =0.30us,
and event B occursatx,=80m, y,=z,=0, t,=0.40pus.
Calculate, as measured in S’:

a. the distance between events A and B

b. thetime interval between events A and B.

Solutions
a. AX =x"—x"=plx;—x)-vt,—t)
Substituting gives Ax” = 2.29((80 - 50) - 2.7 x 108(0.40-0.30) X 10 =6.9m

80-50)
3x108)
This is a different time interval from that measured in S: At=0.1 X 10%s =100 ns. Time intervals are not
absolute and depend on the relative motion of the observers!

’ ’ ’ V(XB_XA) 5
b, Af=t'—t'=y (tB—tA)—ET)=2.29((0.40—0.30)><10 ~09%

23ns

Worked example 6

A rescue spaceship is sent from Earth to the site of a space accident. The spaceship moves in the direction
of the positive x-axis of the reference frame of Earth, at a relative speed of 0.75c. The clocks on Earth and
in the spaceship are synchronized so that the launch of the spaceship occursatt=t =0and x=x"=0.
When the spaceship arrives at the site of the accident, the clock in the spaceship reads 8.0s.

a. Explain why, according to Earth observers, the journey of the spaceship takes longer than 8.0 s.

b. Calculate, in the reference frame of Earth, the spacetime coordinates of the arrival of the spaceship at
the site of the accident.

Solutions

a. 8.0sisthe proper time interval between the start and the end of the spaceship’s journey, because it is
measured in the rest frame of the spaceship. Earth is moving relative to the spaceship, so observers on
Earth will measure a dilated (longer) time.

b. Inthe reference frame of the spaceship, the coordinates are x” = O (because the spaceship is now at the
site of the accident) and t’ = 8.05s. To find the coordinates (x, t) in the reference frame of Earth, we use
the inverse Lorentz transformation:

]

15
r=-07/5

X=pl +v¥) =1.510 +0.75 X 3x 108 8.0) = 2.7 x 10°m
v X\ 0 \_
t—y(t+CC)—1.51(8.O+O.75><3X]OS_125

According to observers on Earth, the spaceship has travelled a distance of 2.7 x 10°m to the site of the
accident, and the journey took 12s.
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Practice questions

1. Clocks in two reference frames S and S are synchronized so thatt=t"=0
when x = x"=0. Frame S" has a speed of 0.300c relative to S. A lightning
strike occurs at x=25.0km and t =0.150 ms, as measured in S. Calculate
the space and time coordinates of the lightning strike according to &,
assuming that S is moving:

a. inthe direction of the positive x-axis of S
b. inthe direction of the negative x-axis of S.

2. Aspace probe moves at a speed of 0.60c relative to the surface a planet.

Clocks are synchronized so thatt=t"=0when x=x"=0.

y y'
A
space probe
0.60c
—_—
X > X'

planet

Event P has coordinates X’ = 250 m and ct’ = 400 m in the reference frame
of the space probe.

Calculate the spacetime coordinates (x,ct) of P in the reference frame of the
planet.

Proper length

The length of an object also changes when observed in frames that are moving
relative to the object. When measuring a proper time interval, care is needed
to specify that the position at which the times are measured is the same for both
measurements (in the light clock on page 167 it was the position at which the
light leaves the first mirror and to which it returns in the reference frame of the
mirror). The proper length of an object (where the length is x, — x,) must have x,
and x, measured at the same time.

In reference frame S, x, and x, represent the ends of an object of length L. Sis the
frame in which the object is at rest. Frame S’ is an inertial frame moving at speed v
relative to S. In &, the positions become x,” and x,” with alength L.

InS, L, =x,—x;, whichin §", using the Lorentz transformations, is equal to
YX + V) —y(x + vt).

The ends of the rod are measured at the same time and so t,”and t,” are equal.

’

Therefore L,=

= and L, =yl’. L is the proper length.
sl
Proper length is defined as the length of an object measured by an

observer at rest relative to the object.

Both measurement events must be made at the same time. The proper length can
also be regarded as the longest measured length that can be determined for an
object. All other determinations of length made in a frame moving relative to the
object frame will be shorter and are said to have undergone length contraction

with a contracted length I = 70.
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Worked example 7

Priya and Orhan fly identical spacecraft that are 16 m long in their own frame of reference.
Priya’s spacecraft is travelling at a speed of 0.5 crelative to Orhan’s. Calculate the length of:

a. Priya’s aircraft according to Orhan

b. Orhan’s aircraft according to Priya.

Solutions
y =1.15 for this relative speed.

16
1.15
b. Because the situation is symmetrical, Priya will also think that Orhan’s aircraft is 13.9 m long.

a. Thelength of Priya’s aircraft is m according to Orhan. Thisis 13.9m.

Worked example 8

Alpha Centauri is a nearby stellar system located at a distance of 4.4 light years (ly) from Earth, as
measured in a reference frame in which Earth is at rest. A spaceship is sent from Earth to Alpha Centauri at
a constant speed of 0.40c.

a. Inthe reference frame of the spaceship, calculate:
i. the distance between Earth and Alpha Centauri
ii. thetime taken for the travel.
Immediately after the spaceship reaches the Alpha Centauri system, a radio message is sent to Earth.

b. Calculate, according to clocks on Earth, how long after the departure of the spaceship the radio
message is received.

Solutions
a. i. Forv=0.40c,y=1.1. 44
The distance according to the spaceship is contracted and equals to ﬁ =40ly
ii. Thejourney to Alpha Centauri would take % =10 years, according to clocks on the spaceship.
4.4y

b. According to Earth observers, the journey takes =11 years. The radio message travels at the

0.40c¢
speed of light and needs another 4.4 years to reach Earth. The message will be received 11+ 4.4 =15.4

years after the departure of the spaceship.

Practice questions

3. Arod of proper length 1.5 m moves at a speed of 4. Suppose that another spaceship is to be sent to
0.8crelative to a laboratory. In the reference frame of the Alpha Centauri system, but it must reach the
the laboratory, the velocity of the rod is parallel to the destination after 5.0 years, according to its own
rod. The rod passes through a light gate that is at rest clocks.
relative to the laboratory. a. Show, using the data in Worked Example 8, that
CalCUlate, in the reference frame of the Iaboratory: the Speed vofthe Spaceship relative to Earth
a. thelength of the rod v
b. the time taken for the rod to pass through the satisfies the equation —=0.88.

light gate. 1 —%

b. Hence, calculate v. Give the answer in terms of the
speed of light.
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frame A

One way to get the signs correct
for a particular combination of
frame velocities is to begin with
the Galilean transformation (that
is, when v < ¢) and work out what
sign you expect. Then remember
that the signs match at the top and
bottom of the equation.

176

Velocity addition

A spaceship is moving in frame A with a constant velocity u,. Frame B is moving
with a constant velocity v with respect to frame A. What do the Lorentz equations
tell us about the velocity u, of the spaceship when itis viewed by an observerin
frame B?

frame B

A Figure 9 Relativistic velocity addition. The spaceship is moving in frame A. Frame B is
moving relative to frame A. What is the speed of the spaceship in frame B?

Galilean relativity has no problem with this. The answer is simple: u, = u, — v. This
cannot be correct for Einstein relativity, however. Suppose the rocket in frame A is
moving at the speed of light. When the observer in frame B and the spaceship are

moving in opposite directions relative to frame A, then v is negative and u, will
exceed c. This is not allowed by Einstein’s second postulate.

We need to use the Lorentz equations. The speed u, is equal to % when viewed in

frame A. Here, x is the distance moved from the origin in A together with the time

t taken for the movement from the origin in A. Similarly, u, is equal to ra when
measured in frame B.

Sou,= % = },(X—_V;/f) using the Lorentz transformations.
rle-=
You should satisfy yourself that substituting x = u, tinto this expression gives:
u,—Vv
U, =—>=
N
=

This is the relativistic velocity addition equation.

Worked example 9

Jean and Phillipe are in separate frames of reference, neither of which

is accelerating. Jean observes a spacecraft moving to his right at 0.8c.
Phillippe observes the same spacecraft moving to his left at 0.9¢. Calculate
the velocity of Phillippe’s frame of reference relative to Jean’s.
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Solutions
Relative to the spacecraft, Phillippe is moving at 0.9c to the right. The diagram
shows the situation from the point of view of Jean’s frame:

v=0.8c u=0.9¢c
relative to Jean relative to the spacecraft
Jean’s frame spacecraft's frame Phillippe’s frame

If the velocities were non-relativistic, we would expect Phillippe’s velocity
relative to Jean’s frame to be u + v. Therefore, we use the “plus” sign in the
relativistic velocity addition equation.

4 q 0.9+0.8

The velocity of Phillippe’s f lati 'sis——————c=0. )
e velocity of Phillippe’s frame re atlvetojean5|s] +O.9><O.8C 0.988c

Practice questions

5. Aprobe moves at a speed of 0.15c away from a space 6. Two spaceships A and B travel in opposite directions
station. A beam of electrons is emitted from the space away from Earth. Relative to Earth, spaceship A moves
station towards the probe, at a speed of 0.40 c relative at 0.40c and spaceship B moves at 0.60c. Calculate,
to the space station. in the reference frame of spaceship A, the speed of:
Calculate, in the reference frame of the probe, the a. Farth
speed of the electrons according to: b. spaceship B.

a. the Galilean transformation
b. the Lorentz transformation.

Invariant quantities and the spacetime interval

Einstein recognized that absolute time and absolute space are not invariant
(unchanging) properties when moving from one inertial reference frame to
another. However, there are some quantities that do not change between inertial
frames. These quantities are said to be invariant.

Invariant quantities include the proper time interval and the proper length.

Athird invariant quantity is the spacetime interval. This arises because of the
deduction from Einstein’s second postulate that the speed of light is universal.
In Galilean relativity, time intervals are invariant and cannot change between
reference frames. In Einstein relativity, it is no longer true that At = At. The time
interval must be replaced by the spacetime interval to reflect the unification of
space and time as four coordinates.

We expressed time in the table of Lorentz transformations not as plain t but as
the product of the speed of light and time, ct. This quantity has the dimensions
of length and leads to the spacetime interval As that is defined for motion in the
x-direction as

As? = (cAt)? — AX?
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When the terms are written as
(ct)? — x*> = constant?, the equation
is known as the invariant
hyperbola (the equation here
assumes that one pair of xand t
are zero). The importance and

use of this curve are discussed on
page 184.

Another name used for As is the invariant interval. (You may see As defined in
some books as Ax? — (cAt)?, in other words, as the negative of our definition.)

The spacetime interval is invariant because comparing two different frames of
reference and using the ct formulation of the Lorentz transformations,
’ V ’ V ’ V /
cAt=c(t,—t)= y(ct2 + EXZ)_ y(cﬁ + EX‘) = y(cAt’ + AX )
and
’ 1% ’ ’ Vv ’ 1% ,
Ax=(x,—x)= y(x2 +— ctz) - ;/(x1 + —ct]) = y(A)( + - cAt )
c c c
Therefore

As? = (cAt) — Ax* = 72(CAt' +2 AX')2 —7(AX + VALY
C
V2 ’ V2 / V2 /
— 7/2((:2— V2) At/2_y2('| _E)AX 2 - },2(] _E)C2At 2_},2(] —E)AX 2

So As? = (cAt)? — Ax"? = As”? because, asy* = , the terms in y cancel.

2
-2
This is obviously identical to the original definition using the same quantities (and
no others) but is measured in the other reference frame.

In three dimensions, the spacetime interval becomes As? = (cAt)? — Ax? — Ay? — Az°.

Worked example 10

Events A and B are two lightning strikes. In the reference frame of a ground
observer, Aand B have coordinates x, = 2.5 X 10°m, t, = 0 and
x;=8.0x10°m, t, =1.2 X 10°s. Arocket flies above the ground at a speed
of 0.75c towards the positive x-axis of the ground observer.

a. Calculate the spacetime interval between events A and B, using the
coordinates of:

i. theframe of reference of the ground observer
ii. the frame of reference of the rocket.

b. Discuss whether it is possible that A and B occur at:
i. thesame position

ii. the same time relative to some other inertial reference frame.

Solutions

a. i. Relative to the ground, time and space differences between A and B
are At=1.2 x10°sand Ax=5.5x 10°m. The spacetime interval is
therefore (As)?=(3x 108 x 1.2 x 102 — (5.5 x 103> =-1.73 x 10’ m?.

i. Time and space differences relative to the rocket can be calculated
using the Lorentz transformation. Forv=0.75¢, y =1.51.

AX =1.51(55x10°-0.75x3x108%x1.2x10°) =423 x 10°m

3
AY =1.51(1.2x105-0.75 x 22 X1 _ 5 65 105
3x 108
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(As")?=(3x 108 % (-2.65x1079)? = (4.23 x 103> =-1.73 x 10/ m?.
This is the same value as in part i., demonstrating that the spacetime
interval is invariant. Note that At" <0, and hence in the frame of the
rocket, lightning B struck before lightning Al

b. i. Inareference frame in which the lightning strikes are at the same
position, Ax =0 and the spacetime interval between A and B would
have to be greater than zero, because, in this case, (As)? = (cAt)%. But
we know from part a.i. that the interval is negative. Hence, no such
frame exists. This is an example of a space-like interval (see page 185).
A and B are spatially separated in every inertial frame of reference,
regardless of its relative velocity.

ii. The negative value of the spacetime interval between A and B implies
that there is a reference frame in which the events happen at the same
time. In this particular frame, At=0and (As)> = 0? — (Ax)?> = — (Ax)?
which is a negative quantity as required by a.i. Note that the separation
Axin this equation is the proper distance between the lightning strikes,
which is greater than that measured in any other reference frame.

Muon decay in the upper atmosphere

There is direct experimental evidence for both time dilation and length
contraction (which are two sides of the same coin).

Muons are particles that can be created either in high-energy accelerators or in
the upper atmosphere when cosmic rays strike air molecules. These muons have
short mean lifetimes of about 2.2 us. When travelling at 0.98c, the distance the
muon will travel in one mean lifetime is roughly 660 m. This distance is far less
than the height of 10 km above Earth's surface where the muons are created.
Based on Newtonian physics, very few muons would be expected to reach

the surface as the time to reach it is about 15 mean lifetimes. Nevertheless, a
considerable number of muons are detected at the surface. Many more than
would be expected.

The presence of muons at the surface is due to time dilation (or length
contraction, whichever viewpoint you choose). At a speed of 0.98¢,

1
y= = 1 = 5.0. So, in the reference frame of Earth, the mean

v 1-098°

c
lifetime becomes 11 ps. The time to travel 10km at 0.98c is 33 us, so a significant
number of muons remain undecayed at the surface.

In the frame of reference of the muon, the 10 km from atmosphere to Earth’s
surface (as measured by an observer on the Earth) is onIyEkm (as far as the

muon is concerned). This is 2.0 km in the muon’s rest frame corresponding to a
travel time of about 3 mean lifetimes, which allows many more muons to reach
the surface than Galilean relativity would suggest.

Thus, depending on the viewpoint of the observer, either time dilation or
length contraction can be used to explain the observed large number of muons
at the surface.
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/) Data-based questions
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In 1940, B. Rossi and D. Hall measured the decay of
atmospheric muons. Their experiments were improved in
1963 by D. Frisch and J. Smith who detected muons both
in Cambridge, Massachusetts and on Mount Washington
which is 1907 m higher in altitude than Cambridge. Their
results are shown in the table.

Run Number of muons detected in one hour

at Cambridge
1 568 412
2 554 403
3 582 436
4 527 395
5 588 393
6 559

Data taken from D. H Frisch, J. H. Smith, Measurement

of the Relativistic Time Dilation using y-mesons, Physical

Review 64 (7-8), 199-201 (1963).

¢ Calculate the average number of muons detected in
each location and give an uncertainty with your value.

¢ The muons were measured to have a speed of
0.9952c.

o Calculate the time taken, in Earth’s rest frame for
a muon to travel 1907 m.

o Calculate the value of y for a speed of 0.9952c¢.

o Hence calculate the time taken in the muon'’s rest
frame to travel this distance.

e 1=4.55x%x10°s7"isthe decay constant of muons.
Use the equation N = N e~ (see Topic E.3)
(where N, is the number of muons detected on Mt
Washington) to calculate the number of muons (N)
that are expected to be detected at Cambridge:

o withouttime dilation
o when the effects of time dilation are included.
¢ Calculate an uncertainty in your two answers.

¢ Compare the measured value of the number of
muons at Cambridge with your predicted values.

Practice questions

7. Anunstable particle is produced in a high-energy
collision in a particle accelerator. The particle travels
a distance of 2.4 cm at a speed of 0.85 ¢, both
measured relative to the accelerator, before it decays.
Calculate the proper lifetime of the particle.

8. Charged pions are particles present in cosmic ray
bursts in Earth’s atmosphere. The mean lifetime of a
charged pionis 2.60 x 10785, in a reference frame in

Global impact of science—GPS

Satellite navigation units (satnavs) in cars and other
devices use global positioning systems to pinpoint a
position on Earth’s surface to within a few metres. Several
satellites are always above the horizon anywhere on
Earth. Inside each satellite is an atomic clock, accurate to
about £1ns, which controls the transmission of a signal to
the receivers on Earth.

These receivers triangulate the signals from satellites
above the local horizon to arrive at a positional fix to
within metres in a few seconds. Wait a little longer with
some special GPS receivers and this precision can rise to

which the pion is at rest. The mean lifetime of charged
pions in a particular cosmic ray burst is estimated as
1.00 X 10”7 s in the reference frame of Earth.
Calculate:

a. the speed of the charged pionsin the cosmic ray
burst

b. the mean distance travelled by the charged pions
relative to Earth.

orders of millimetres. A satnav in a moving vehicle can
show the speed and heading in real time.

The design of both the satellite transmitters and the GPS
receivers need to take account of relativity. The atomic
clocks are adjusted so that once in orbit they run at the
same rate as Earth-bound clocks. The GPSs contain
computers that carry out the calculations required to
make the relativistic corrections.

Special relativity predicts that the clocks on the satellites
fall behind ground clocks by about 7 us in every
24 hours due to their relative motion with respect to

>



A. Space, time and motion

the surface. General relativity, Einstein’s later theory that
links gravitational effects and spacetime, predicts that
the satellite clocks should advance compared with the
surface clocks by about 45 ps every day.

The net result of the two relativistic corrections is that
the clocks in the GPS satellite gain on clocks back on
Earth by about 1.6 us every hour. This factor swamps the

When relativistic effects are not considered, then the
position errors become serious after about 100s and
accumulate at a rate of tens of kilometres every day. This
is unacceptable for navigation. The GPS receivers in our
cars and on our mobile phones are constantly carrying
out relativistic corrections to adjust for the unavoidable
time changes due to relativistic effects.

20ns accuracy required of Earth-bound GPS receivers.

Spacetime diagrams and worldlines

In 1908, Hermann Minkowski introduced a way to visualize the concept of
spacetime. Minkowski represented the four-dimensional nature of spacetime
using a graph known as a spacetime diagram (sometimes known as a Minkowski
diagram).

e t
{ P’ 31 worldline of Q 1
2--
14
e NN R A

(a) (b) (©

A Figure 10 Spacetime diagrams. (a) P is stationary in the inertial frame of the diagram.
(b) Q is moving at a constant velocity relative to the diagram frame. (c) R is accelerating
relative to the diagram frame.

Spacetime diagrams (Figure 10) show the position of an object in one dimension
(x) atatime (t) in an inertial frame. The axes themselves constitute the inertial
frame. The diagram resembles (but should not be confused with) the ordinary
distance—time graphs which are familiar from Topic A.1. One difference is that
time is plotted on the y-axis and position on the x-axis.

Figure 10(a) shows the spacetime diagram for a particle that is stationary with
respect to the inertial frame represented by the diagram. At t = O, the particle

P is on the x-axis. As time increases, because the object is stationary, it does not
change its position (x) in the reference frame. Line PP’ shows the trajectory of the
particle through spacetime and is known as the worldline of the particle.

Figure 10(b) shows a different particle Q moving at a constant velocity in the
reference frame of the same spacetime diagram. At t =0, Q is at the origin of the
diagram (x = 0) and it is moving at 4ms™' to the right. Each second after t =0,

Q is 4 m further to the right and so its worldline in the spacetime diagram is a line
atan angle to the axes. When another particle R is accelerating relative to the
reference frame of the diagram, then the worldline of Ris a curve (Figure 10(c)).

There must be a limit to the gradient of the R worldline because nothing can
exceed the speed of light in free space. The gradient of the dashed line on
Figure 10(c) shows the maximum limiting speed of R. This dashed line also

represents the worldline of a photon in the diagram (the minimum gradient of RR’).

We can combine two separate spacetime diagrams for different inertial frames
moving at constant speed relative to each other. This combination of axes is

Models

The algebraic approach of the
Lorentz transformations and the
geometric approach devised by
Minkowski are complementary.
They describe the same
phenomena, one in a visual way,
one using algebra. They give the
same results and yield the same
conclusions.

Neither approach is more
fundamental than the other.
Indeed, it was the geometry of
the Minkowski diagram that led
Einstein, who had earlier been
Minkowski’s student, to extend
his work from special to general
relativity.
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ct ,
A ct

worldline of Q

» X

A Figure 11 The spacetime diagram
can show the inertial frame for Q.

particle
ct X worldline

' ’

» X

A Figure 12 The angle 0 between the
worldline and the ct-axis is a measure of the
velocity of the particle.
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of help later in this topic when we resolve some of the paradoxes that special
relativity appears to create.

Figure 11 shows spacetime diagram for particle Q which is again moving at
constant velocity relative to the frame of P (P is not shown). Q is displaced from
the origin of its own reference frame and remains there. Notice also how the time
axes have changed. They are now not t but have been changed to ct. This is how
you will see the axes written from now on. It is a convenient convention because
it means that:

* both x-and ct-axes have the dimensions of length
e the worldline of a photon must be at 45° to both x- and ct-axes.

In Figure 11, the Q axes (x'—ct’) are the rest frame for Q. They have rotated away
from ctand x and become closer together. The x™-axis is now at the same angle as
the previous Q worldline in the P reference frame. Q is moving along a worldline
parallel to the time axis of its own reference frame. In other words, Qs ata
constant position along its own x™-axis.

An additional convention is that sometimes physicists define c to be equal to 1
so that, in calculations, large values for the answers do not trouble them. Equally,
expect to see speeds quoted as, for example, 0.95¢c meaning 95% of the speed
of lightin free space (2.85 X 108 ms™).

Some simple geometry (Figure 12) shows that when we are using (x—ct) axes,
then the angle @ between the particle worldline and the ct-axis is given by:

opposite _ X _ 1, X_v

tan@ =

adjacent ¢l ¢ T ¢

or
\%
— -1 _
0 =tan (C)
When v = ¢, then 8 = 45° (because tan45° =1) and

the worldline for a photon starting at the origin of the spacetime diagram
is a line at 45° to both ct- and x-axes.

Simultaneity

Simultaneity in Galilean relativity is absolute. All frames in Galilean relativity share
a universal, or absolute, time. Newton assumed that both time and place were
absolute and independent. For Newton, time was independent of the observer,
so that direct comparisons between different frames were possible because the
“flow” of time proceeded at the same rate in every frame. An alternative way

to imagine this is to think of a series of clocks that can be synchronized across

all frames. After being brought together for synchronization, the clocks can be
moved to different frames. Under Galilean relativity, the clocks in their different
frames will keep time at the same rate as each other. This is because every time
interval At transforms (in the Galilean invariance) into At’, where At = At'.

An important axiom of Einstein’s relativity is that the clocks, after moving to
different reference frames, will no longer measure identical time intervals for the
same event as described by the observers in the different frames.

There are significant changes to our ideas about the order in which things
happen or whether two events happen simultaneously under Einstein’s relativity
compared with Galilean relativity. This is because the speed of light is always
observed to have the same value by observers in different frames.
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The classic “thought” experiment to illustrate this is the example of a train
carriage moving at constant velocity past an observer standing on a station
platform (Figure 13). A person in the carriage (Jack) switches on a lamp that hangs
from the centre of the ceiling. Jack observes that the light from the lamp reaches
the two end walls of the carriage (Rand L) at the same moment.

railway carriage

"

platform
: not simultaneous
simultaneous ct'
N /’
\\ th /,
N 4
Lo Sl< R
N e
\\ ,/
\\ ,I
\\ //
\\ /l
X X
ack’s frame ill's frame (ct’' — x’
(a) J (b) J ( )

A Figure 13 The lamp in the carriage is switched on as Jack, in the train, passes Jill who is on
the platform. (a) Jack thinks the light reaches each end of the carriage simultaneously. (b) Jill
thinks that the light reaches the left-hand end of the carriage first.

Jill, who is on the platform, does not agree with this observation. The light from
the lamp moves to both ends of the carriage at the same speed c. However,
while the light is moving to the ends, the left-hand end of the carriage moves
towards the light and the right-hand end moves away. The consequence is that
the light (according to |ill) hits the left-hand end first (event L) before the right
(eventR).

This result becomes clear in a spacetime diagram. In the reference frame of Jack
(x—ct), the events R and L occur at the same instant because they are on a line
parallel to the x-axis and are at the same ct-coordinate (Figure 13(a). In Jill's frame
(xX'—ct), plotted on Figure 13(b), L occurs before R when you consider these
events in terms of the ct’-axis.

Itis possible to misunderstand and to think that the loss of simultaneity is to do
with the transmission of the information. In other words, that this difference of
opinion between Jack and Jill arises because the light travels through different
distances from the ends of the carriage to their eyes. That is not the explanation
of what is happening. The lack of simultaneity arises because the speed of light
is always constant even when a particular observer is moving relative to the light
source. As far as Jack is concerned, he is always midway between the carriage
end walls. As far as Jill is concerned, once the photons have left the lamp,
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then they travel at c and the carriage will continue to move while the photons
themselves are in transit.

As mentioned earlier in this topic, one of the reasons for this confusion is the use
ofthe term “observer”, which is universal in books and articles about relativity.
We often think of an observer as being located at one point in the inertial
reference frame. This is not the true meaning. It is better to think of the observer
as being in overall charge of an (infinitely) large number of clocks and rulers that
are located throughout the observer’s frame. Jack (the stationary observer in

this case) can take a reading at the instant when the light hits the end wall of the
carriage without having to worry about the time taken for this information to travel
from the carriage to his position. Another way to think about the observeris as a
whole team of observers with each one able to make measurements of his or her
immediate region of the reference frame.

The distinction between Jack’s and Jill's observations can also be explained in
terms of the Lorentz transformations. Imagine that two events are simultaneous in
one frame of reference so that At = 0. The full transformation for the time interval

. A . .
between the eventsisis At = y(At - %) with the usual notation. When At =
0, then At’ can only be zero when Ax = 0. Two events can only be simultaneous

in both frames when they occur at the same position (so, essentially, they must be
the same event).

The invariant hyperbola

Earlier we wrote the equation for the spacetime interval as (ct)? — x> = +(constant)?
by taking one of the values of tin At =(t,—t ) to be O. This equation has a
geometric meaning in terms of the spacetime diagram.

Time-like intervals
Begin with the equation with a positive right-hand side:
(ct)? — x? = +(constant)?

Figure 14 shows two frames (x, ct) and (x’, ct’) where the observer in the second
frame is moving at 0.5c¢ relative to the first. For convenience, we will call (x, ct)
the laboratory frame and (x’, ct’) the moving frame (relative to the lab). Added

to the diagram are three lines that correspond to the upper branches of the
invariant hyperbolas where the constant in the equation is equal to +1, +2, or +3.
(Hyperbolas below the x-axis are equivalent but relate to events in the past, that
is, before ct = 0; these are not shown on the diagram.)

(b)

ct

A Figure 14 The invariant hyperbola gives information about (a) time-like and (b) space-like
intervals.
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When the sign on the right-hand side of the equation is positive, then it is possible
for x to be equal to O but c(At), and therefore At, cannot equal zero. The events
represented by the set of hyperbolas are separated by a non-zero time intervals (three
intervals are shown on Figure 14(a)). These are therefore known as time-like intervals.

Imagine that a first event occurs at the origin of the spacetime diagram. This
occurs at the same point in both frames and so both observers will agree about its
position and time. A second event P then occurs at the position x =0 and at the
time ct =1in the lab frame (the red curve in Figure 14(a)). The invariant hyperbola
that intersects P shows what happens in the moving frame. P has the same time
coordinate in frame Sas Q has in frame S’. In other words, intersections of the
hyperbola with the ct” axis sets the scale for the axis. Another event at R in the lab
frame is similarly related to S in the moving frame. The observer in the lab frame
sees P and R as occurring in the same place but at ct = 3 (the green curve), which
is not true for the moving observer.

The invariant hyperbolas allow another question to be answered: is a succession
of events separated in the lab frame by equal times also separated by equal times
in the moving frames? In other words, can the moving-frame axes be calibrated?
The red, blue and green hyperbolas cross the lab ct-axis at equal times (ct =1,

2 and 3). From the perspective of the lab frame, this is not true for the moving
frame because the distances along the ct’-axis decrease with increasing ct’. An
additional question is: are these crossing times spaced equal distances apart in
the moving frame of the observer?

To answer this, look at the red dashed line on Figure 14(a); it is parallel to the x™-axis.

This line passes through event R (x =0, ct = 3). ltintersects the ct™-axis at (X' = 0, cT"),

ﬁ) We know that this

c

intersection is simultaneous with R in the moving frame and so cT'= y(3 _vx O),
c

leading to cT’= 3y. As ct has the value 3 this means that the ct’-axis must be scaled

by the factor y. As y itself depends only on vand ¢, we can infer that the scaling on

the ct’-axis is uniform and does not change with time.

where (using the Lorentz time transformation) cT'= y(ct—

Space-like intervals

Similar arguments apply for the set of hyperbolas shown in Figure 14(b). These are
the curves for (ct)> — x* = —(constant)?. Again, the first event is at the origin (O, O) for
both frames, but we focus on the position, not the timing, of subsequent events.

For this set of curves, Ax cannot be zero (but At can). The intervals in this case are
space-like. Events that are space-like can be observed to take place at the same
time although never at the same position.

Again, afirst event happens at the origin of the frames and both observers agree
about the time and the position. Events also occur simultaneously in the lab frame
atdistances Tm, 2m, and 3 m from the origin. The intersections of the hyperbolas
with the x'-axis indicate the position and time at which the moving observer
thinks that these other events occur. Again, the scaling on the x’-axis is not the
same as that on the x-axis.

The red dashed line on Figure 14(b) is parallel to the ct™-axis and passes through
the event T at ct = 0 for X = 3m. The intersection at U on the x"-axis isat ct’=0
(because U lies on the x’-axis) and so X’ = y(x _Vv ct). Cancelling c gives x” = (x— vt).

c
As x =3, X’ = 3y. Once again, the factor y acts as a scaling factor between the
x-axes for the two frames.

The reason why ct cannot be
zero is that, if itis, then x must be
imaginary (a complex number)

as opposed to a real value.
Complex numbers are treated

in some parts of the IB Diploma
Programme mathematics, so you
may meet them there. A complex
number contains both a real and
an imaginary part. The imaginary
part arises from the solution of an
equation such as x* = —1. You will
recognize that when c(At) =0,
then this must be the case here for
—x? = + (constant)?.
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What about time travel?

The spacetime interval has a bearing on the
cause-and-effect relationship between two objects or
events. Intervals can be classified as space-like, time-like,
or light-like depending on the value of As? for the two
events that make up the interval.

Figure 15 shows space-like and time-like regions for the
invariant hyperbolas. These regions are separated by
the photon worldlines. A time interval on the photon
worldlines is light-like.

Light-like intervals

When As? is zero, the spatial distance and the time
interval are the same because (cAt)? = Ax?. Such events
are linked by a photon travelling at the speed of light.
Suppose event S is the eruption of a solar flare on

the Sun and W is the event of an astronomer on Earth
witnessing the eruption. The photons from the eruption
travel directly from event S to event W (along the photon
worldline) and because this world line is common to both
reference frames (Sun and astronomer), both observers
will agree about the order of the events and their light-
like separation.

On the invariant hyperbola (in this case a straight line)
the information about the event moves along the photon
world line.

Space-like intervals

For an interval to be space-like, As> must be < O (that

is, negative). This corresponds to (cAt)? — Ax?> = —
(constant)?, so Ax? > (cAt)%. This means that the distance
between the events is too great for light from one event
(or anything travelling slower) to have any effect on the
other event. They do not occur in each other’s past or
future. Although there is a reference frame in which they
occur at the same time, there is no reference frame in
which the events can occur at the same place.

Suppose the Earth-bound astronomer turns on a light

5 minutes after the flare occurs on the Sun. Call this event
L. (The distance from the Sun to Earth is 8 light minutes.) L
occurs 3 minutes before the astronomer sees the flare. To
get from event S to event L, it will be necessary to travel
faster than the speed of light. There is a space-like interval
between event S and event L.

Time-like intervals

Finally, when As?is > O (that is, positive), then
(cAt)? > Ax?. There can be a cause-and-effect
relationship between the events because the time

photon worldlines

inten

spaca-like spaceflike

intervals

intenvals
timetlike
intervals

A Figure 15 Aset of invariant hyperbolas together with
photon worldlines.

part of the spacetime interval is greater than the spatial
separation. Time-like intervals lie in the regions defined
by photon worldlines that include the ct-axis.

Event L and event W occur at the same place (the
astronomer turns on the light and sees the solar flare
without moving). These events are time-like. They would
also be time-like if they occurred at different places if the
astronomer was moving because the astronomer cannot
travel faster than c.

Another observer travelling in a different reference frame
from either the Sun or the astronomer (an astronaut, say)
will disagree with the astronomer about the times and
positions at which the events occur. The astronaut may
well disagree about the order in which events Land S
occur because these are space-like separated. However,
both astronaut and astronomer will agree about the
spacetime intervals so that, for example, the interval As?
between events S and W is zero for all observers.

Time travel has always been a fascination of science-
fiction authors. The spacetime interval can tell us the
extent to which two events in space and time can affect
each other.

To what extent do fictional works that you know mirror
scientific truth?
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Time dilation and length contraction re-visited
The effect of time dilation can be visualized in spacetime diagrams.

Figure 16(a) shows two frames, S (x, ct) and S’ (x’, ct’), in the usual way. A clock
isatrestin S” and ticks once at the origin (ct’ = 0) and later at event E. The green
curve in Figure 16 is the invariant hyperbola for this event. Event G in frame S and
event E in frame S both lie on the invariant hyperbola and so have the same time
coordinate. This means that an identical clock placed in S would also tick at the
originand G. The dashed line represents simultaneity in frame S. Hence, according
to S, events F and E have the same time coordinate. F is later than G according to
S, so the time of event E is greater (dilated) than the time observed in S.

ct ct
ct’' ct'
F I X' X'
G ¢ G
He
0 X0 x
(@) (b)

A Figure 16 Space diagrams with invariant hyperbolas can be used to explain time dilation
when (a) a clock is at rest in frame S’ and (b) the clock is at rest in frame S.

In Figure 16(b), a different clock is at rest in S and ticks at H. This time, the dashed
line shows simultaneity in frame S’. The events H and E have the same time
coordinate in frame S’ because they lie on the same line parallel to the x” axis.
This time coordinate is the same as the time coordinate of event G in frame S
(because E and G remain joined by the invariant hyperbola). G is later than H, so
S” measures a longer time for event H than observer S. The time dilation effect is
symmetrical between the two frames.

Length contraction can also be visualized in spacetime.

ends of the rod

ct ct
ct! ct’'
,, 1.0m
/l X, X'
M N’ 7 M’
‘v" L 2 X & X
O N M O M
() (b)

A Figure 17 Using the invariant hyperbola to explain length contraction when a rod is at
restin (a) frame S’ and (b) in frame S.

Figure 17(a) shows arod at restin S”. The length of the rod in S”is OM’. An
identical rod in S has the length OM. M and M therefore both lie on the same
(green) spacelike invariant. However, the length of the moving rod according to
Sis ON, because the position of both ends of the rod must be measured at the
same time in S. ON is less than OM and so the measurement in S shows a length
contraction.
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Figure 17(b) shows the spacetime diagram for a rod of length 1.0 m (the spacelike
hyperbola is labelled with this value). This time, the rod is at rest in S with the

end labelled M as before. The argument is left to you to show that there is length
contraction according to frame S” when the observer compares a 1.0m rod with

the frame S rod.

Remember that OM’ is a scaled length and does not indicate the true calibration
of the x-axis from the point of view of the S” observer.

Worked example 11 ct ct’
A
In the distant future a network of four warning beacons W, X, Y, worldline.of
and Z is set up to warn spaceship commanders of the approach spaceship
lanes for planet Earth. The beacons flash in sequence. The
spacetime diagram shows the reference frame in which the
beacons are at rest and one cycle of the sequence. The worldline %
for a spaceship is also shown.
a. Determine the order in which the four beacons flash
according to: *
i. anobserver stationary in the frame of the beacons 55 s
ii. an observer on the spaceship. . . .
< T T T >» X
b. Determine the order in which the observer on the spaceship W X beacon y 7
sees the beacons flash. frame
Solutions o ct’
a. i. Thespacetime diagram in the frame of the beacons A
indicates the chronological order in which the beacons
flash: W and Z simultaneously, then X, and then Y.
ii. The order of the flashes in the spaceship frame has to be
obtained from constructing lines parallel to the x’-axis. In
this frame, Z is observed to flash first, then W and X flash Y
simultaneously. Finally, Y flashes.
b. To decide on the arrival of the light from the beacon, itis
necessary to add the photon worldlines to the diagram. These X mm e
are lines that begin at the beacon flash and travel at 45° to the Weommmmmmeeee b o7
axis. The intersection of the photon worldline with the ct’-axis
gives the arrival time at the spacecraft. The orderis Z, Y, X, W.
< >» X

ct
A
light from
Y
light (‘
light 7 fom X |ight>
from W fromZ
< > X
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Worked example 12

A train moves at a constant velocity relative to a station. When the

train passes the station, the train’s front and rear lights are switched on
simultaneously in the train’s reference frame. Event F is the train’s front lights
switched on and event R is the train’s rear lights switched on. The spacetime
diagram shows event F and the worldlines of the front and rear of the train

in the frame of reference of the station.

a. i. Calculate the speed of the train relative to the station.
ii. Construct event R on the spacetime diagram.

iii. Explain which event, F or R, happened first according to an
observer at rest relative to the station.

The proper length of the train is 100 m.
b. Calculate, in the frame of reference of the station:
i. thelength of the train

ii. thetime elapsed between events F and R.

Solutions

a. i. Theratio % is equal to the tangent of the angle 8 between either of
the worldlines of the train and the ct-axis and can be estimated from
the diagram.
YV _tang=20ROStE _2_ 44
c adjacent 5

The speed of the train is 0.4c.

ii. RandF are simultaneous in the train’s frame, and all events
simultaneous with F are represented by a line through F that makes
an angle 0 to the x-axis. The diagram shows how this simultaneity line
for F can be constructed. Ris at the intersection of the simultaneity
line and the worldline of the rear of the train.

iii. From the diagram, the ct-coordinate of event R in the reference
frame of the station is less than the ct-coordinate of event F.
Hence, R happens before F according to measurements done
in this frame.

ct

b. i. The lorentz factor for the speed is 0.4cis y = —————==1.09.
P ooz
The length of the train in the frame of the station is shorter than
the proper length by this factor.
_ 100 _
L__1.O9 =91.7m.

ii. Thetime difference between Rand F in the frame of the station

can be calculated using the inverse Lorentz transformation:

t—t = y((tF’ — )+ é (x/ —x/)|. From the simultaneity of

ct

ct

simultaneity line for F
inthe train’s frame

Rand F in the train’s frame, we have
0.4
3 %108

t/—t’=0andx/ -x/ =L, Hencet -t =1.09 x

X100=1.45%x10"s=145ns.
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Worked example 13

A rod of proper length 2.0 m is moving at a constant velocity relative to a laboratory reference frame (x, ct). In the
laboratory frame, the velocity of the rod is parallel to the rod and directed towards the positive x-axis. The ct’-axis in
the spacetime diagram represents the worldline of the left-hand end of the rod.

ct/m ct'/m
37 2
X'/ m
2_
2
1
'l_
1
0 T T T X/m
0 1 2 3

a. Construct, on the spacetime diagram, the worldline of the right-hand end of the rod.
b. Estimate the length of the rod in the laboratory reference frame:
i. by making an appropriate coordinate measurement on the diagram

ii. by using the length contraction equation.

Solutions
a. Theworldline of the right end of the rod is parallel to the ct’-axis and crosses the x-axis at x' = 2m.

worldline of the

tV
gy m s/ right-hand end
37 2
X'/ m
2_
2
1
'| -
1
L
0 — 2 T T X/m
0 1 2 3

The measurement of the length of the rod in the laboratory frame involves subtracting the x-coordinates of the
ends of the rod measured simultaneously at the same value of ct. When ct = 0, the rod extends from the origin
of the coordinate system to the point labelled L on the diagram. Hence, the length of the rod in the laboratory
frame is equal to the x-coordinate of L, which is approximately 1.4 m.

ii. Tousethelength contraction equation, we need to estimate the speed of the rod relative to the laboratory.
The method explained in worked example 12.a.i. gives v= 0.7c. The length of the rod in the laboratory frame
is therefore

2—7'/0 =2.0x4y1-0.72=1.4m. This is, of course, consistent with the answer to part b.i.!
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Practice questions
9. The spacetime diagrams show coordinate axes of 11. A space probe moves at a constant velocity. Two
reference frames S(x, ct) and S’(x’, ct’). For each photons are emitted in opposite directions towards
diagram, state which event is simultaneous with the probe and arrive at the probe simultaneously. The
event P, according to measurements done in the diagram shows the emission event and the worldline
reference frame: of each photon and the event of their common arrival
i S at the probe. ct’ is the worldline of the probe and x” is
s the space axis of its reference frame.
a) ct ct' ct
A A Ctr
A p arrival of
B ° the photons
X' X'
5 emission of
C > X photon 2 . x
b) ct
ot A emission of
hoton 1
A P
P . . .
B ° Which statement is correct in the reference frame of

the space probe?
A. Photon 1 travels a longer distance than photon 2.
B. Photon 1 travels for a longer time than photon 2.
> X C. Photon 2 travels at a higher speed than photon 1.
\\ D. Both photons travel an equal distance.
C D X' 12. A spaceship moves away from Earth at a constant

velocity. On the spacetime diagram, the ct-axis is the

10. The spacetime diagram shows events P, Qand R worldline of Earth and the ct’-axis is the worldline of
in coordinate axes of reference frames S(x, ct) and the spaceship.
S, ct). a. Calculate the speed of the spaceship relative
ct to Earth.
A ,
ct ct/106m ot'
, 6]
X
P 5
. X!
.R 4-
Q
[ 3 -
> X
2 —
What is the order of these events, from earliest to 14
latest, according to an observer at rest with respect to .
frame S'7? 0 ]l |2 T éll T — x/10°m
A. PQR B. PR Q O 3 5 6
C. RQP D. QR,P
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TopicA.5 Galilean and special relativity

A radio pulse is emitted from the spaceship towards Earth.
In the reference frame of Earth, the emission occurs at a
distance of 2.00 X 106 m from Earth. The emission of the
pulse is event P and its detection is event Q.
b. Construct events P and Q on the spacetime
diagram.
c. Calculate:

i. the propertime interval between the launch of
the spaceship and event P

ii. thecoordinates (ct’, X) of event Q in the
reference frame of the spaceship.

d. State the distance travelled by the radio pulse
according to:

i. aspaceship observer
i. anobserveron Earth.

13. A spaceship is sent from Earth towards a distant
planet. The diagram shows the spacetime axes (x, ct)

and moves at a constant velocity relative to Earth, in
the direction of the negative x-axis. Coordinate axes
are scaled in light years (ly). When t = 2.00 years, a
communication signal travelling at the speed of light is
sent from Earth towards the spaceship.
a. Copy the spacetime diagram and draw on it:
i.  thespace axis x’ for the reference frame of the
spaceship
i. theworldline of the communication signal.
b. Estimate, using the diagram, the time at which the
communication signal is received:

i. according to the clock in the spaceship
ii. according to the clock on Earth.

c. The speed of the spaceship is 0.500 c. Determine,
using the Lorentz transformation, the spacetime
coordinates in the reference frame of the spaceship
of the event when the communication signal is

of the reference frame of Earth and the worldline ct’ received.
of the spaceship. The spaceship leaves Earthatt=0
ct'/ly ct/ly
5 £
4
4 <1
3
3 €1
2 51
N
I I I I I I I I I = x/ly
5 4 3 2 g 0 1 y) 3 4




A. Space, time and motion

Theories—The twin paradox

Many ideas in this topic lead to paradoxes in which
deductions using special relativity are at odds with
everyday existence. The twin paradox is the most famous
of these and is simply stated:

Malik and Maha are twins. Malik journeys to a distant star
at a high speed (Lorentz factor equal to y ) taking atime T
in Maha's frame of reference, Malik returns and his return
journey also takes time T (according to Maha). Maha has

aged 2T in her frame but, to her, Malik has only aged
2T

by —.

I4
This is time dilation —so where does the paradox arise?
Malik sits in his spacecraft and watches Maha move away
at the same high speed so why is Maha not younger than
him on his return? We expect symmetry between the
frames.

In fact, there is no symmetry between the two cases.
Maha remains in an inertial frame throughout Malik's
journey. He accelerated four times: at the start of the
trip, when slowing down at the star, when accelerating
back to top speed towards Maha, and, finally, when he
decelerates to arrive home. Leaving an inertial reference
frame even once breaks the symmetry. This is why Malik
and Maha age at different rates relative to each other.

Figure 18(a) shows what happens. Maha's frame is (x, ct),
Malik’s is (x’, ct’). Maha remains at the origin of her
frame moving along the ct-axis. Malik moves along his
worldline at his origin x" = 0 or at x = vt in Maha’s frame
(vis Malik’s speed relative to Maha). Malik reaches the
star at event P and lines of simultaneity are given for Malik
and Maha. Maha thinks that Malik arrives at the star at Q.
Ris when Malik thinks that Maha observes his arrival at
the star. They disagree about the simultaneity of Q and R
as we expect. At this stage, both Malik and Maha think
that the other is younger by a factor of y —as predicted
by symmetrical time dilation.

Malik must change velocity to return. This is not
necessary if, when he reaches the star, he synchronizes
his clock with another clock on a spacecraft carrying Jay.
Jay is already on his way to Earth (and therefore Maha)
with the Lorentz factor y. Figure 18(b) includes the
worldline for Jay. When Jay leaves the star, he thinks that
Maha is at S. Were Malik to decelerate, turn round, and

(@) ct
A
Malik worldline
Q¢-----=- P Malik arrives
R¢--T /et at star

X
> X
Maha worldline
b ct )
(o) 4 Jay worldline
Malik worldline

Steel.

Q»__--:--:- - Malik arrives

Ry--" /¢t at star

X/
> X

Maha worldline

A Figure 18 A spacetime view of the twin paradox for (a) up
to the instant at which Malik arrives at the star and (b) the whole
journey as Malik/Jay return to Earth.

go back to Earth, the acceleration would make Maha
appear to age rapidly from Rto S.

This prediction has been used as a test of the special
theory of relativity using high-speed aircraft. This was just
one of a number of tests that have been used to confirm
the theory and to justify the paradigm shift it involved.

193




Theme A End-of-theme questions

Theme A — End-of-theme questions

1. Astudent strikes a tennis ball that is initially at rest so that
it leaves the racquet at a speed of 64 ms™. The ball has a
mass of 0.058 kg and the contact between the ball and
the racquet lasts for 25 ms.

a. Calculate:

i. theaverage force exerted by the racquet on
the ball

ii. theaverage power delivered to the ball during
the impact.

b. The student strikes the tennis ball at point P. The
tennis ball is initially directed at an angle of 7.00° to
the horizontal.

not to scale

-1
64ms net.

|Ié.910m

3
>

ground

A

11.9m

i. Calculate the time it takes the tennis ball to
reach the net.

i. Show that the tennis ball passes over the net.

iii. Determine the speed of the ball as it strikes
the ground.

2. Acompany designs a spring system for loading
ice blocks onto a truck. The ice block is placed in a
holder H in front of the spring and an electric motor
compresses the spring by pushing H to the left. When
the spring is released, the ice block is accelerated
towards a ramp ABC. When the spring is fully
decompressed, the ice block loses contact with the
spring at A. The mass of the ice block is 55 kg.

spring ice block

il ,

1

Assume that the surface of the ramp is frictionless
and that the masses of the spring and the holder are
negligible compared to the mass of the ice block.

a. i. The blockarrives at C with a speed of
0.90ms™". Show that the elastic energy stored
in the spring is 670].

ii. Calculate the speed of the block at A.

b. Describe the motion of the block:
from A to B with reference to Newton'’s first law

ii. from B to C with reference to Newton's
second law.

c. Sketch a graph to show how the displacement of
the block varies with time from A to C. (You do not
have to put numbers on the axes.)

d. The spring decompression takes 0.42s. Determine
the average force that the spring exerts on the block.

A company delivers packages to customers using a
small unmanned aircraft. Rotating horizontal blades
exert a force on the surrounding air. The air above the
aircraft is initially stationary.

aircraft

package

-, ground

The air is propelled vertically downwards with speed

v. The aircraft hovers motionless above the ground. A
package is suspended from the aircraft on a string. The
mass of the aircraft is 0.95 kg and the combined mass of
the package and string is 0.45 kg. The mass of air pushed
downwards by the blades in one second is 1.7 kg.

a. i. Statethe value of the resultant force on the
aircraft when hovering.

ii.  Outline, with reference to Newton'’s third
law, how the upward lift force on the aircraft
is achieved.

iii. Determine v. State your answer to an
appropriate number of significant figures.

b. The package and string are now released and fall
to the ground. The lift force on the aircraft remains
unchanged. Calculate the initial acceleration of
the aircraft.



A. End-of-theme questions

4. A small ball of mass mis moving in a horizontal circle 5. A constant force of 50.0 N is applied tangentially to the
on the inside surface of a frictionless hemispherical outer edge of a merry-go-round. The following diagram
bowl. shows the view from above.

bowl
50.0N

The normal reaction force N makes an angle 8to

. The merry-go-round has a moment of inertia of

450kgm? about a vertical axis. The merry-go-round has

a. i. Statethe direction of the resultant force on a diameter of 4.00 m.
the ball. )
a. Show that the angular acceleration of the merry-go-
i. Onthe diagram, construct an arrow of the round is 0.2 rads™.
correct length to represent the weight of )
the ball b. The merry-go-round starts from rest and the force is

applied for one complete revolution. Calculate, for

N the merry-go-round after one revolution:

the angular speed

ii. theangular momentum.

A child of mass 30.0kg is now placed onto the edge of the
merry-go-round. No external torque acts on the system.

c. Calculate the new angular speed of the

iii. Show that the magnitude of the net force F on rotating system.

mg

tan@ d. The child now moves towards the centre.

b. The radius of the bowlis 8.0m and 0 = 22°.
Determine the speed of the ball.

the ball is given by the equation F =

Explain why the angular speed will increase.

i. Calculate the work done by the child in moving
from the edge to the centre.

c. Outline whether this ball can move on a horizontal
circular path of radius equal to the radius of

the bowl. 6. a. Explain whatis meant by the statement that the

d. Asecond identical ball is placed at the bottom of spacetime interval is an invariant quantity.

the bowl and the first ball is displaced so that its b.

- ) > Observer A detects the creation (event 1) and
height from the horizontal is equal to 8.0 m.

decay (event 2) of a nuclear particle. After creation,
first ball the particle moves at a constant speed relative to
A. As measured by A, the distance between the
events is 15 m and the time between the events is
80m 9.0 X 10°%s. Observer B moves with the particle.

second ball Forevent 1 and event 2:

Calculate the spacetime interval.
The first ball is released and eventually strikes

the second ball. The two balls remain in contact.
Determine, in m, the maximum height reached by
the two balls.

ii. Determine the time between them according
to observer B.

c. Outline why the observed times are different for
Aand B.
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Introduction

Look at a polished stone, an electron microscope The particle concept becomes apparent as we alternate
image of a plastic, or an X-ray diffraction pattern. The between macroscopic and microscopic views of matter.
structure of matter and its intrinsic beauty springs out This is of particular importance in Topics B.3 and B.4

at you immediately. Matter does not have the uniform, where the observable macroscopic properties of gases
homogeneous nature that we assumed in Theme A. In are explained using microscopic descriptions of the

this theme we recognise the differences between solids, interacting particles of the gas. In Topic B.5, electric current
liquids, and gases —and we acknowledge the different is described through the collisions between electrons
descriptions needed to explain their observed properties. and positive ions in a conductor — both entities treated as
These explanations range from simple models for the flow particle-like.

of electric charge through to a complex multi-factorial

Our over-arching concept of force has its part to pla
description of the origin of the weather. N P P piay

too. The link between the macroscopic and particulate
descriptions of a gas is provided by the momentum
conservation at the walls of the gas container and the force,
and hence pressure, to which it leads.

The concept of particle merges with our over-arching
theme of energy too. In Topic B.2, the impact of particle
behaviour on the Earth’s climate is considered. Topic B.4
discusses the impact of energy change within the context of
individual particle behaviour on a thermodynamic system.

One concept that links these descriptions is that of the
particle. In Theme B a particle is taken to be an atom,
molecule or —in the case of electric current in Topic B.5
—an electron. The very name “atom” itself comes from

the Greek language of 400 BCE where the word dropog
(atomos) was coined by Democritus for something that
could not be subdivided further. Atoms and molecules can
be combined in different ways to form the four phases of
matter. These combinations and their consequences are
discussed in Topic B.1.

Throughout the theme we model phenomena. Establishing
a theory is an essential part of the Nature of Science.

This modelling is backed up by that other essential of the
subject: empirical (experimental) results. As you study this
theme you will become aware of the importance within

this area of physics of shared endeavour effort by many
scientists and engineers. Work undertaken over decades
and centuries that provides us with useful and accurate
models of the behaviour of the everyday material world.
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Thermal energy transfers

How do macroscopic observations provide a model of the microscopic properties of a substance?
How is energy transferred within and between systems?

How can observations of one physical quantity be used to determine the other properties of a system?

The transfer of energy between systems affects the
behaviour of the particles which make up the systems.
At the simplest level, transferring energy into a system
increases the kinetic energy of the particles that make up
the system. They will move faster, and one could say that
the material is “hotter”. There are also issues of energy
transfer throughout the system. Interactions between
the particles govern this. Our models must provide a
mechanism for energy transfer between systems. These
models must also provide mechanisms to explain how this
energy can spread through a whole system of particles.
Above all, macroscopic observations and microscopic
properties must align so that changes to one give the
observed response in the other. This link between
observation and explanation is an important aspect of
21st-century science.

How do the systems of particles respond to the transfer

of energy into them? What are the links between the
observed macroscopic effects and the energy changes at
the microscopic level? The quantitative thermal properties
of materials have been well studied since the 1700s, but
qualitative explanations for the properties are more recent 4 Figure 1 The energy transferred from the Sun, and the

and are underpinned by our knowledge of the nature of subsequent energy transfers as it heats the oceans and the land,
the microscopic particles that make up our world. form an important environmental system on Earth.

In this topic, you will learn about:

*  molecular theory for solids, liquids and gases * specific latent heat of fusion and vaporization
*  density of substances

* conduction, convection and thermal radiation as

* the Celsius temperature scale '
energy transfer mechanisms

* the Kelvin temperature scale as a measure of the o
average kinetic energy of particles *  thermal conductivity

e theinternal energy of a system *  the Stefan-Boltzmann law

*  phase changes * apparent brightness and luminosity

*  specific heat capacity of a substance *  theemission spectrum of a black body

*  Wien's displacement law.




B. The particulate nature of matter

Introduction

In Topic B.1, you will meet types of matter that have different structures: solids,
liquids and gases. Some materials conduct energy well; others do not. Materials
transfer thermal energy at different rates and in different ways. Models are used to
explain these differences in terms of the microscopic and macroscopic changes
that occur when energy is transferred to and from materials.

Particles

Describing material structure requires a new technical language. One important
concept is that of the particle. Two hundred years ago, particles were taken to
be individual minute point objects. We now understand that materials consist of
atoms. For some purposes, we still describe them as small impenetrable objects.
We use further descriptions of ions and free electrons when, for example, we
deal with electrical conduction. These atoms (or molecules when chemically
combined) interact with each other to yield the macroscopic behaviour that we
see in our everyday objects.

Phases of matter

You will probably be familiar with the three phases of matter: solid, liquid and
gas. Each state is modelled as an arrangement of particles and as the movement
of the particles relative to each other. The movement arises because, at any
temperature above the lowest, each particle has kinetic energy and therefore
some degree of random motion.

The three states are:

* Solid. Solids have a fixed shape, meaning they must have a fixed volume.
Each particle vibrates about a given fixed position. The arrangement of these
fixed positions may determine other features of the solid too: for example,
whether it is a crystal or a more amorphous material such as a plastic. Solids
tend to have higher densities than gases.

* Liquid. Liquids do not have a fixed shape, but they do have a fixed volume
at a particular temperature. The particles also vibrate relative to each other
asinasolid, but this time the particles of the liquid have more freedom.
They can move around relative to their nearest-neighbour particles, perhaps
exchanging positions with a neighbour from time to time. Liquids and solids
have similar densities and nearest-neighbour distances.

* Gas. A gas has neither a fixed shape nor a fixed volume. It completely fills
its container. For most of the time the gas particles move in straight lines
until they collide with another particle or with the container wall. Gases
typically have a low density but they can be compressed over a wide range
of pressures to give variable densities.

Water, like many substances, moves between the three phases (ice, water and
steam) depending on the amount of kinetic energy available to its particles and
the external conditions. When there are large amounts of kinetic energy, then
particles can break apart from each other and behave as a gas.

Temperature, energy transfer and internal energy

Before atoms were discovered, scientists did not describe solids, liquids and
gases in terms of particle vibration and movement. What they observed were
transitions between phases as energy is transferred to and from the substance.

You will use the concept of a point
particle when you model the
behaviour of gases as a series of
particle interactions in Topic B.2.

Models—Macroscopic
and microscopic

The models in this topic describe
materials in either macroscopic or
microscopic terms.

*  Macroscopic means that
we view the materials and
objects largely, ignoring
internal structure, much as
in Theme A.

*  Microscopic means that the
objects are modelled at the
atomic or molecular level and
that the interactions between
the basic building blocks
become the focus of attention.

There was a paradigm shift

when scientists realized that

matter consists of atoms. Later it
was recognized that the atoms
themselves have a structure with
even smaller particles whose
properties determine behaviour.
This internal structure to the atom is
the focus of Theme E.

A fourth phase

There is a further phase

known as a plasma, which is a
high-temperature phase where the
atoms are completely ionized and
act as an ensemble of high-speed
charged particles. This phase is
not discussed in the IB Diploma
Programme physics course.
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Topic B.1 Thermal energy transfers

A Figure 2 Allfour states of matter are
visible in this picture. The air is transparent,
but its presence can be seen in the colour of
the sky. (The Sun is a plasma-the fourth state
of matter.)
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A Figure 3 Motion of molecules in three of
the four phases of matter.

From the 17th century onwards, scientists thought that a substance called
phlogiston (or sometimes caloric) flowed from hot objects to cold objects
rather like water being poured from one container to a lower one. Even today, a
common (though not SI) unit of the energy transferred by food is the “calorie”.

Another concept that scientists developed gradually, and that we still use
today, is the description of the “degree of hotness” of an object using the term
temperature or, more properly, a temperature scale.

Measurements — Comparing temperature scales

A temperature scale has two fixed points. The choice of fixed points and the
number of degrees between them defines the scale. Temperature scales used
today are the Celsius, Kelvin and the Fahrenheit scales.

The Celsius (formerly called Centigrade) and Kelvin scales are compared in
Figure 4. In the Kelvin scale, the lower temperature is absolute zero (0K), a
theoretical temperature which is the lowest attainable. The upper fixed point
is the triple point of water: a unique temperature at which ice, water and
water vapour all co-exist at a pressure of 611 Pa and a temperature of 273.16 K.
This pressure is about 0.6% of atmospheric pressure. Small changes in the
conditions will make the substance change into one of the three phases.

) I
" - 400K N -
Celsius 1000°CH —— Wa?el’ — 1l 373K Kelvin (until 2019)
fixed points 100°C boils 350K fixed points
boiling point 500°C+ [~
of water 00°C- fwater 573K
0°C freezing point| -400°C | reczes - 250K 273.16K triple
of water :ggg og_ - d.ry ice | L ]zgg)KK point of water
1°Cis1/100 of |~1000°CH (solid CO) e OK Absolute zero
the temperature | -1500°CH 1Kis1/273.16
difference . liquid - 100K | of the temperature
b —2000°CH— . o —10r 79K . .
etween the air boils of the triple point
freezing and 2500°CH 20K of water
boiling points  |_2730°C- | absolute  |§}
of water Zero

A Figure 4 Two temperature scales, Celsius and Kelvin, compared.

Figure 5 shows how a mercury-in-glass thermometer can be calibrated by

marking the lengths reached by the

mercury when the thermometer is in an

ice-water mixture and in steam at 100 °C. The distance between the two
lengths is divided into 100 divisions to give the degree Celsius intervals.

100 mark

divided into 100
divisions

A
Y

0 mark

<« Figure 5 A mercury-in-glass
thermometer is made by marking
the 100 °C and the 0 °C point and
dividing the length between the
marks into 100 divisions.
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Calibrating a thermocouple

* Tool 1: Understand how to accurately measure
temperature and electric potential difference to an
appropriate level of precision.

¢ Tool 3: Construct and interpret tables and graphs for
raw and processed data including scatter graphs and
line and curve graphs.

* Inquiry 2: Assess accuracy, precision, reliability
and validity.

A thermocouple is a temperature sensor that uses the
potential difference between two different metals that
are joined together. This pd varies with the temperature
difference between the metals.

*  You need a voltmeter sensitive enough to measure
to the nearest 0.1 mV. The most sensitive scale on a
multimeter is usually sufficient. Two lengths of wire
made of copper with crocodile clips attached and
one length of another type of wire are also required.
Nichrome wire (a nickel-chromium alloy) is suitable
for the single length.

*  One ofthe junctions must be at a reference
temperature. A mixture of ice and water can give a
reference of 0°C.

*  Attach the nichrome wire to the other copper wires
that lead to the voltmeter with the clips (Figure 6). Put
one junction in the ice water and the other in a beaker
of warm water. Use a mercury-in-glass thermometer to
measure the temperature of the warm water and record
this temperature as well as the reading on the voltmeter.

@ Communication skills—Using terminology

Vary the temperature of the warm water and record
your voltmeter readings. Plot a calibration graph of
your results to show the recorded voltage against
thermometer temperature.

nichrome or
other different
wire

voltmeter

warm water

ice water

A Figure 6 The Seebeck effect allows two metal junctions to
act as a thermometer.

Use your calibrated thermocouple to measure the
temperature of another object—perhaps a freezer
compartment or something recently removed
from the freezer. How accurate do you think your
thermocouple is?

This may be a temperature measurement technique
that you will need in your IA. How would the
thermometer calibration fit into your inquiry cycle
(page 702)?

Temperature and temperature conversions

Temperature is measured in units of kelvin (K) or degrees Celsius (°C). Note
that there is no degree symbol for the K of kelvin but the symbol must be used

for the Celsius measure.

Temperature difference is measured in units of kelvin or “degrees” (deg). a.
Technically, Celsius, Fahrenheit and any other scale (other than the Kelvin

scale) cannot be used to specify a temperature change in SI.

Only Celsius and Kelvin scales are regularly used in scientific work. A change

Worked example 1

The temperature of a metal
sample is increased from 100 °C to
500°C. Calculate, in K:

the initial absolute
temperature of the sample
b. thetemperature change of
the sample.

in temperature is the same in Kelvin and Celsius so that the conversion

between them is straightforward.

To go from a Celsius temperature to a Kelvin temperature, add 273. Thus, a.

T/K=6/°C+273.

To go from Kelvin to Celsius, subtract 273. Remember that expressions such

as 8/ °C in this context mean: 8 “measured in” degrees C.

Solutions

100 + 273 =373K

b. 400K. The temperature change
is the same expressed in kelvin
as in degrees Celsius.
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Absolute zero

The choice of the unattainable OK
(absolute zero) for a temperature
scale seems odd. The point is that
it is never required in a practical
way to calibrate the thermometers.
In fact, the thermometer used

for these purposes is a gas
thermometer which requires only
one calibration measurement at the
ice or triple point.

This occurs elsewhere in physics.
In field theory (Theme D), a point
called “infinity” is imagined as a
point so far away that no force acts.

How can readings or positions that
cannot be attained be useful?

Given the opportunity, energy
always transfers spontaneously
from a high-temperature region to
one at a low temperature. “Heat”,
we say rather loosely, “flows from
hot to cold”. On pages 214-224,
we will look at the ways in which
energy can transfer between and
within objects due to temperature
differences.

Practice questions

1. Several physical properties vary with temperature.
a. State an example of a physical property that varies with temperature.
b. Outline how this property can be used to measure temperature.

When a cold object is in contact with a hot object with no other energy supplied,
the two will eventually come to a common “degree of hotness”. At this point they
are said to be in thermal equilibrium.

All objects (at a temperature above absolute zero) possess internal kinetic energy
due to the motion of their particles. The higher the temperature of the object, the
greater the internal energy associated with the particles.

Internal energy
The phase of a substance determines the freedom of movement of its particles.
As energy is transferred to the particles, two processes can take place:

* Particles can move further apart from each other, increasing the stored
potential energy of the system of the particles.

* Particles can move faster, increasing the kinetic energy of the system.
Taken together, this means that for a substance:

The internal energy of the system is the sum of the total intermolecular
potential energy arising from the forces between the molecules and the total
kinetic energy of the molecules arising from their random motion.

The particles of a gas are, on average, far apart and the stored potential energy
must be small, meaning that, for a gas, the internal energy is almost completely
made up of kinetic energy. For a solid, the sizes of the stored potential energy
and the kinetic energy are about the same. The internal energy of a gas is an
important quantity and is discussed further in Topic B. 3.

Patterns and trends — Changes in stored
potential energy

It may seem to be a contradiction that, as energy is transferred to a substance,
its intermolecular potential energy can increase but the gas phase (when
most energy has been accumulated) has effectively zero intermolecular
potential energy.

This is because the stored potential energy for solids and liquids is negative.
These are similar ideas to those of binding energy in nuclear physics (Theme E)
and the negative gravitational potential energies of bound planet-satellite
systems in Theme D.

The solid atoms and molecules are said to be in a potential well, the bottom of
which is a negative energy. As energy is transferred to the system, the potential
energy increases, getting nearer and nearer to the zero value for a gas. The
stored potential energy is a measure of the strength of the links between atoms.
As atoms get further and further apart, these links become weaker and weaker.
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Regarding the internal energy as made up of two parts helps to explain phase
change. As energy is transferred to a solid, both the random kinetic part and

the intermolecular potential part increase. The former increases the vibrational
speed, the latter the distance between the molecules. But, as the molecules
move apart, the force of attraction between two molecules is reduced enough for
the inter-particle bonds to be broken. Eventually, groups of molecules become
free. We say that the solid has melted. During this phase of energy transfer, the
intermolecular potential energy has been rising, but the kinetic energy has stayed
the same. This means that the temperature is constant. The solid is melting at
constant temperature (it is at the melting point). As more energy is supplied,

the bulk of the energy now begins to increase the random kinetic energy of the
molecules with only a fraction going to intermolecular potential energy. The
temperature is increasing again.

Eventually, the molecules have so much random kinetic energy that they begin to
break apart (to overcome the intermolecular forces) and become unbound from
their nearest neighbours. They are now free and act as a gas. Again, while this
occurs, the incoming energy is transferred to the potential form not the kinetic.
When all molecules are free, then the temperature begins to increase again, and
other parameters of the gas can also change (pressure, density, volume).

Average kinetic energy and the Boltzmann factor

Increased temperatures are linked to increases in the internal energy for a substance.
However, we have not made this idea quantitative. The quantity, now known as the
Boltzmann constant, was first introduced by Max Planck in a theory that described
black-body radiation (you will meet this theory in Topic B.2). However, Planck also
linked the Kelvin temperature T of a gas to the average translational kinetic energy

E, of a gas particle by

3
EkzikBT

The value of kg is 1.381 x 10723 K.

One way to think of the Boltzmann constant is as the conversion factor between
Kelvin temperature and average kinetic energy of a gas. It reminds us that
temperature is the macroscopic measure that we use to assess the amount of
kinetic energy in a substance.

Energy terminology

Heat and heat transfer are the
terms used for the energy being
transferred into or away from

a system through mechanisms
such as radiation, conduction

or convection. The transfer

must involve the surroundings.
Therefore, heat is not a property of
a single system.

Internal energy can be regarded
as the energy difference between
the present state of a system and
a reference state. The reference
state we assume is absolute zero
(OK). With this assumption, the
internal energy of a system is the
total of the kinetic energies of the
entities in the system (the atoms
and molecules) and the potential
energies of the entities.

Thermal energy is a loose term
that is generally taken to relate
to the movements of the atoms
or molecules within an object
or system. These movements
can be translational, vibrational
or rotational.

@ How can observations of one physical quantity allow for the determination of another? (NOS)

The Boltzmann factor ks provides a vital link—both
numerical and conceptual —between the average kinetic
energy of the particles and temperature. Observing one
quantity determines the other.

The factor kg itself is relatively recent and was introduced
by Max Planck in 1900. The ideal gas constant R (which
you meet in Topic B.3) was all that could be used to link
the macroscopic quantities used to describe a gas.

If you study Topic B.4, you will find another interpretation
for ks which follows the link that Boltzmann himself made
(even though he never used a fundamental constant in his
ideas). The link here is between entropy and probability.
So, again, kg provides the means to determine the value of
one quantity when another has been measured.
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Worked example 2

A sample of a gas is heated from an initial temperature of 20 °C. The average kinetic energy of the molecules of the
sample is doubled during this heating. Calculate, in °C, the final temperature of the sample.

Solution

The average kinetic energy is directly proportional to the absolute temperature; hence the absolute temperature must
have doubled during the heating. The initial absolute temperature is 273 + 20 = 293 Kand the final temperature is
2 x 293 =586K. Thisis equivalent to 586 - 273 = 313°C.

Worked example 3

Samples of two gases A and B are kept at the same temperature. Molecules of gas A have a greater mass than
molecules of gas B. Compare the average speed of the molecules of gas A with that of gas B.

Solution
The average kinetic energy of the molecules depends on the temperature only; hence it is equal for both samples.

1 .
From E, == mv?, molecules of sample B are moving at a greater average speed.
2

Practice questions
2. Asample of a gas is kept at a temperature of 100 °C. 3. Airisa mixture of molecular oxygen (O,) and molecular
The average kinetic energy of the particles of the nitrogen (N,). The ratio of molecular masses of O, to

sample is E. The temperature of the sample is
increased to 470 °C. Which is the best estimate of the
change in the average kinetic energy of the particles?

. ) 8
N, is approximately =

_average velocity of O, molecules ]
Whatis ST of N - atagiven
A E B oF C o 4F D. 5F average velocity of N, molecules

temperature?
7 \/7 \/§ 8
A. 3 B. 3 C. 52 D. -

Measuring energy transfers in temperature and
phase changes

When identical amounts of energy are transferred to equal masses of two
different solids it is unlikely that the same temperature change will occur in both.

To measure these energy transfers we use two quantities:

* Specific heat capacity when a substance changes its temperature but not
its phase.

¢ Specific latent heat when a substance changes its phase at constant
temperature. Specific latent heat is itself divided by the type of phase change:

* Specific latent heat of fusion (melting) when the substance is changing
between a liquid and a solid.

¢ Specific latent heat of vaporization, when the substance is changing
between a liquid and a gas.
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Historical terminology

Some of the terms used in this area of physics come from the English language of two centuries ago and need some
explanation. “Specific” has an exact meaning in science that is not now used in everyday language. It means “per unit
mass”. So “specific heat capacity” means the heat capacity of an object that has a mass of one kilogramme. It makes

sense to refer the energy transfer to a standard mass for a particular material.

In the same way, the specific energy of a fuel is the energy transferred per unit mass of fuel.

“Latent” is another old word that means “hidden”. The energy transfer to a substance as it changes phase is hidden

because it does not appear as a temperature change.

The term “heat capacity” is used in this course, but some authors prefer to use the term “thermal capacity”. This makes a
more direct link between energy transfer and changing temperature. You can expect to see either “specific heat capacity” or

“specific thermal capacity” used in books. They mean the same thing.

Specific heat capacity
Transfer 1000] of energy to 1kg of water and the temperature will rise by about

%K. Transfer the same amount of energy to 2 kg of copper and the temperature

increase will be roughly 1.3 K. These two materials have different heat capacities.

When the masses are the same (at 1kg each), then the temperature change for
copper will be about 2.5 K. To make the comparison easily:

The specific heat capacity of a substance is defined as the energy transfer
required to raise the temperature of 1kg of the substance by 1K.

L, where Q is the energy transferred, m is the mass of
mXx AT
the substance, AT is the temperature change and c is the specific heat capacity.

Algebraically, c=

The units of care |kg™'K="or |kg~'deg™".

This equation is commonly written as Q = mcAT
Using copper and water as examples, the energy, mass and temperature change
1000 hich

1x0.25" "
whichis 380) kg™ K.

above mean that the specific heat capacity for water ¢, .., is about

100
H —1K-1 S ——
is 4000] kg™ K=" and the value for copper Ceopper i %13

Table 1 shows typical values of specific heat capacity for some solids and liquids.

Patterns and trends —Water

Water has one of the highest specific heat capacities of all common liquids
and solids (ammonia is another notable anomaly). This has a significant
impact on the water-based life forms of Earth. A large specific heat capacity
implies that a large energy is required to change the temperature of the
organism by a small amount. This large value helps animals to maintain a
more-or-less constant temperature to survive.

In a similar way, the large quantities of water in liquid that exist in the
atmosphere can buffer temperature changes because large amounts of
energy are required to change the air temperature significantly.

The value of ¢ for water is large due to an unusual bonding between a
hydrogen atom in one water molecule and the oxygen atom in another
molecule. This linking is known as a hydrogen bond.

Units

You should avoid writing | kg='°C™!
because a Celsius temperature is

a point on the temperature scale
not a temperature difference.
Determinations of specific

heat capacity always involve
temperature change.

Specific heat
Substance capacity / |kg ' K-
copper 380
iron 410
diamond 510
glass 840
wood ~2000
ethanol 2400
water 4200

A Table1 Typical values of the specific
heat capacity of some substances.

A Figure 7 Despite being almost in the
Arctic Circle, Iceland has a relatively mild
climate due to it being surrounded by ocean
water with a high specific heat capacity.
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* Inquiry 1: Appreciate when and how to maintain
constant environmental conditions of systems.

e Inquiry 2: Collect and record sufficient relevant
quantitative data.

to immersion
heater circuit

— 0—100 °C thermometer

aluminium block —

immersion heater —

PRI ZARRRZZZA— insulating board

A Figure 8 Measuring the specific heat capacity of an
aluminium block.

Energy is transferred to a metal block (in this case,
aluminium) from a coil of resistance wire (an immersion
heater) inserted into it. When the current in the wire is [
and potential difference across the wire is V, the energy
supplied every second to the wire (the power) is VI.
Energy is supplied to the coil for a time t and this causes

the temperature of the block to rise. This temperature
change Afis measured with a thermometer. This is shown
as a mercury-in-glass thermometer inserted into the block
here, but it could also be a data-logging temperature
Sensor.

The analysis is straightforward:

* Energy transferred to the block (and the thermometer
and heater) = VIt.

* Energyabsorbed by block = mcA#, where cis the

specific heat capacity of the aluminium.

e Therefore, c= ﬂ
mA6@

There are some errors and assumptions to think about.

¢ The energy does not spread instantly from heater
to block. Itis important to wait until the recorded
temperature is at its greatest. (You can tell when the
value starts to drop.)

e Theblockis placed on an insulating board to prevent
energy loss to the surface below the block.

*  You can insulate the sides of the block to prevent
energy transfer to the air surrounding the block.

e |fyou know the specific heat capacity and the mass
of the thermometer and the heater, then you can
allow for the energy transfer to them too. Normally,
however, these are ignored with this apparatus.

How can the phase change of water be used in the process
of electricity generation?

When energy is transferred to water, first its temperature increases and then

it changes into the vapour phase. The steam can do useful work by rotating a
turbine linked to an electrical generator (see Topics B.3 and B.4). The use of
steam was historically important both as a stimulus to scientists and engineers
investigating steam engines and also as a driver of societal change.
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e Tool 1: Understand how to accurately measure mass
and temperature to an appropriate level of precision.

* Inquiry 1: Pilot methodologies.

* Inquiry 3: Identify and discuss sources and impacts of
random and systematic errors.

You can use a technique called the method of mixtures
to measure heat capacities, as shown in Figure 9. Two
substances both of known mass but at different initial
temperatures are mixed. The final temperature after the
mixing is determined. When the specific heat capacity
of one substance is known, the energy transferred to the
other substance can be determined.

A known mass of water is placed in a container together
with a thermometer. A block of metal of known mass m,,
and specific heat capacity ¢, is placed in boiling water for
long enough to ensure that the entire block is at 100°C.
The metal is then removed from the boiling water, quickly
dried on paper tissue to remove droplets of water and then
immediately transferred to the water in the container. The
thermometer is read when the temperature of the mixture
has reached its maximum.

The calculation is straightforward:

energy transferred from
the block

My X Cy X (] OO - Tﬁnal) =my Xy X (Tfinal - Tiniﬂa\)

energy transferred to
the water

e Tool 1: Understand how to accurately measure
mass, time, temperature, electric current and
electric potential difference to an appropriate
level of precision.

e Tool 3: Select and manipulate equations.

e Inquiry 2: Collect and record sufficient relevant
quantitative data.

You need a mains power meter that can measure the
current and that attaches to a plug socket and an electric
kettle (or a portable electric hob and a saucepan).

*  Measure the mass of a quantity of water (about 1kg
would be suitable) and put it in the kettle.

e Use athermometer to measure the initial temperature
of the water.

metal

My,

Tinitial Tﬁnal

step | step 2

A Figure 9 The method of mixtures with a solid and a liquid.

My X Cp X (]OO— Tﬂna|)
My, X (Tt = Tiritia)

leading to ¢, =

where T, is the starting temperature of the water before
the addition of the block and T, is the final temperature
of the water and block together.

However, the estimation of T, is not so easy because,
in practice, energy is transferred to the surroundings
and the container. One way to allow for this is to
design the experiment so that T, begins as far below
room temperature as it ends above it. Then, to a fair
approximation, the energy transferred into the mixture
in the first half of the experiment is equal to the energy
transferred out in the second half. A preliminary run is
normally required to estimate what m,, needs to be.

e Switch the kettle on until the water boils. Measure the
time that this takes. While the water is boiling, note
the energy being transferred to the kettle.

*  Once the water has boiled, measure the final
temperature of the water.

e Determine the energy supplied from the mains. Use
the temperature difference, the mass of water and the
specific heat capacity of water (c = 4200 kg™'K™')
calculate the thermal energy transferred to the water.
Hence calculate the efficiency of the kettle.

Note: This experiment could also be carried out using a
microwave and a bowl of water. The microwave should
have a power rating (there may be different settings
with different powers). Compare this rated power to the
measured heating of the water.
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Worked example 4

In the following examples take the specific 40
heat capacity of water to be 4200) kg~'K-".

1. Energy is transferred from an electric 30
heater to a metal sample of mass 1.2kg.
The graph shows how the temperature > 20
change AT of the sample varies with the <
energy Q absorbed by the sample. 10

a. Determine the specific heat

O I I I I I I I I

ity of th le. '
capacily of e sampie O 2 4 6 8 10 12 14 16 18
When the metal sample reaches the Q/103]

temperature of 100 °C, it is transferred
to a thermally insulated container filled with 5.0 kg of water at an initial temperature of 20 °C.

b. Determine the final equilibrium temperature of the system.

Solutions
a. From Q= mcAT, the gradient of the line is %Tz ]— The value of the gradient can be obtained directly
mc
AT 32
fromth h=—=—"=—-=1.6x102K]".
rom the grap O = 20x10° J
1 1
—=1.6x102KJ =——————=520]kg'K"
me F'= = TaxTexios =220k

b. Energy lost by the metal is equal to energy gained by the water.

1.2 %X 520 X AT et = 5.0 X 4200 X AT ater = AT eta = 33.6 X AT yater

On the other hand, AT, e + AT,aer = SOK. Combining the equations gives 33.6AT e + AT, aer = 80K
80
34.6

temperature is 22.3°C.

= AT jater = = 2.3K. The temperature of the water has increased by 2.3 K, so the final equilibrium

Worked example 5

Energy is supplied to a mass of 300 g of water at a constant rate of 600 W. The temperature of the water
increases by 25Kin 1.0 minute.

Calculate:

a. theincrease ininternal energy of the water

b. theaverage power transferred by the water to the surroundings.

Solutions

a. Theincrease ininternal energy is proportional to the increase in temperature.
Q=mcAT=0.300x 4200 x 25 =31.5K/
31.5x10°

60
total power supplied to the water, and the remaining power is transferred to the surroundings:

600-525=75W.

b. The power required to increase the internal energy of the water is =525W. This is less than the

20
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Practice questions

4.

a. Discuss, with reference to molecular behaviour,
the process of mixing two liquids of different initial
temperatures.

b. A piece of metal of mass 100 g at a temperature of
90°C is dropped into a thermally insulated flask
containing 150 g of a liquid at a temperature of
20°C. The liquid is stirred until it reaches the final
temperature of 30°C.

specific heat capacity of the liquid 5

What is — _ /
specific heat capacity of the metal

A 2 B. 4 C. 6 D. 9
Two samples of the same material are allowed to reach
thermal equilibrium without exchanging thermal energy
with the surroundings. The graph shows how the
temperature of each sample varies with time.

) 407 sample 1

~

2 30+

>

©

(qg 207 sample 2

O]

10 -

time

The mass of sample 2 is 600 g. What is the mass of
sample 1?7
A. 200g B. 300g C. 900g D. 12009
A block of metal of mass 300 g transfers 8.3 k| of thermal
energy to the surroundings. The temperature of the
block decreases by 60 K. Calculate the specific heat
capacity of the block.
Two metal samples A and B of equal masses in contact

are allowed to reach thermal equilibrium. The following
data are given:

Specific heat capacity of sample A =920]kg™'K"!
Initial temperature of sample A =20°C

Initial temperature of sample B =250°C

Final equilibrium temperature of the system = 87 °C

Thermal energy losses to the surroundings
are negligible.

Calculate the specific heat capacity of sample B.

8.

10.

640] of thermal energy is transferred to a lead ball of mass
80.0g atan initial temperature 22.0°C. The specific heat
capacity of lead is 127 kg="K=".

a. Calculate the final temperature of the lead ball.

The ball is now transferred to a thermally insulated
container filled with 160 g of cold water. The ball and
the water reach thermal equilibrium.

temperature change of the water
temperature change of the lead ball

b. Estimatetheratio

An electric kettle contains 0.90 kg of water at an initial
temperature of 20 °C. The kettle supplies a power of
2.2 kW to the water.

a. Calculate the time required to increase the
temperature of the water to 95 °C. Ignore any
thermal energy losses.

b. The actual time taken to increase the temperature
of the water to 95°Cis 150s. Calculate the power
transferred by the water to the surroundings.

Hot water enters a wall-mounted radiator at a
temperature 65 °C and leaves it at a temperature
30°C. The mass of water flowing through the radiator
each minute is 0.50kg. Determine the power that the
radiator transfers to the room.
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Specific heat capacity of...

...ice/ kK kg™ K"
...water/ k| kg~ K"

... water vapour / k| kg~ K~

Specific latent heat of...

...fusion of ice / k| kg™

2.1
4.2
2.0

330

...vaporization of water / k| kg=' 2300

210

Specific latent heat

The specific latent heat [ for a phase change is the amount of energy Q
transferred when changing one kilogramme of the substance from one phase to

another. Algebraically:

=2
m

where m is the mass of the substance.

The units of specific latent heat are | kg™'. Notice that there is no reference to Kin
the unit because there is no temperature change.

This equation can also be writtenas Q = mlL

To help you to think about all these energy-transfer quantities, imagine a small
block of ice removed from a freezer. Energy is transferred to the block at a
constant rate until the ice has changed first into liquid water and then into water
vapour. Figure 10 shows how the temperature of the block changes with time.

A
250
200
S
150+ &Q ‘;
s d ° g
2 molecules condenses o IS
% 100 1 . =
e ?O\/ boils gas
o} G
£ 504 8
S
o/ &
04— R
4 melts liquid fime
warms
~504 /
solid
-100

A Figure 10 How the temperature of a block of ice changes with time.

Energy is being transferred to the water at a constant rate, so the x-axis could also
be “energy supplied”. There would be no change in the shape of the graph.

The horizontal parts of the graph correspond to the temperatures at which
latent heat (phase) changes occur. Even though energy is being supplied, the
temperature is constant:

¢ from the instant the ice begins to form water until it is all completely melted
* from the instant the water begins to boil until it is completely vaporized.

The relative lengths of these sections give you an indication of the comparative
sizes of the specific latent heats of fusion and vaporization.

The sections of the graph that have positive gradients correspond to heat-capacity
changes where temperature is increasing without change of state. Again, the
value of the gradient gives a relative sense of the values of the three specific heat
capacities. Study the graph and link the data to the various parts of the graph.
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Measuring the specific latent heat of the fusion of ice

e Tool 3: Use basic arithmetic and algebraic
calculations to solve problems.

e Tool 3: Select and manipulate equations.

—>

Myater

Tinitial ice water

e Inquiry 2: Collect and record sufficient relevant
quantitative data.

0°C Mice +
Myater
7-ﬁnal

step 1

step 2

step 3

A Figure 11 Using the method of mixtures to measure a specific latent heat.

This is another method-of-mixtures where a substance
with an unknown specific latent heat (ice, in this case) is
added to a substance with a known specific heat capacity
(here, water). The basic procedure is shown in Figure 11:

e Step 1. Aknown mass ofice at 0°Cis added to a
known mass of water at a higher temperature.

e Step 2. The ice melts at a temperature of 0°C. The
energy required to melt the ice is transferred from the
original water, the temperature of which decreases.

* Step 3. The original water then continues to transfer
energy to the melted ice until all the water (original
and melted ice) in the container is at the same
temperature. This will be somewhere between the
initial water temperature and 0 °C.

The water is placed in a container and its initial
temperature is measured. The container should have a
small mass so as not to absorb too much energy itself. A
paper cup is ideal. The ice is dried (on a paper tissue) and
added to the container, stirring the original water all the
time. The mass of the ice is determined at the end of the

experiment by knowing the difference between the initial
mass of water and the final mass of water plus melted ice.

This time the algebra is more complicated as there are
two contributions for the ice:

* The energy transferred to the ice to melt it, m. X L.

* The energy transferred to heat the ice from 0 °C to the
ﬁnal temperature, Tﬁnal = Mice X Cuater X (Tﬁnal - O)

*  The original water has energy transferred from it equal
to Myater X Cuwater X (Tmitial - Tﬁna\) as |t COO|S from Timtia\ to Tfinal~

Equating the energy transfers gives
Mice X L + Mice X Cuater X (Tfinal - O) = Myater X Cuwater X (T'\nitial - Tﬂna\)

water

) m
Thisleadsto L =|——
although it is easier to evaluate the energy contributions
separately rather than use this equation.

X Cwater <Timﬁal - Tﬁnal ) - Cwater Tﬂna\:

@ How is the understanding of systems applied to other areas of physics?

In physics the word “system” is applied to any self-contained group of interacting objects. In this theme, “system”

often applies to a body of gas sealed in a container. The properties of this group of gas particles can be predicted by
assuming that they obey the ideal-gas equation (Topic B.3).

We talk about the Solar System, meaning the group of objects that constitute the Sun and all its satellites. There are
gravitational interactions between these objects the effects of which can be predicted using Newton's laws of motion
and his law of gravitation and the Keplerian laws, as outlined in Topic D.1.

One interpretation of “system” is of a complete entity that self-interacts but that has only limited interaction with the
environment beyond it. An example in Topic B.4 is the distinction made between the system under consideration, the
surroundings and the universe.
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Worked example 6

In an experiment to determine the specific latent heat of fusion of ice, an ice cube of mass 15 g at a temperature 0°Cis
dropped into an insulated container filled with 210 g of water at a temperature of 25 °C. The ice melts completely and
the final temperature of the systemis 18 °C.

a. Calculate the thermal energy:
i. transferred from the original water as it cools from 25 °C to 18 °C
ii. transferred to the molten ice to heat it from 0°Cto 18 °C.

b. Hence, determine the specific latent heat of fusion of ice.

Solutions
a. i. 0.210x4200x%(25-18)=6.17k]
i. 0.015x4200x%x(18-0)=1.13k]|

b. The energy transferred to melt all the ice is equal to the difference between the energies calculated in part a.

_Q_617-113_ B
b= =005~ 340Kk

Worked example 7

A piece of ice of mass 40.0 g and temperature —10.0 °C is dropped into 300 g of water at a temperature 18.0°C.
Specific heat capacity of ice = 2100 kg™ K!
Specific latent heat of fusion of ice = 334 k| kg™

Predict the final equilibrium temperature of the system, ignoring any energy transfers to or from the surroundings.

Solution

The energy required to increase the temperature of the ice to 0 °C and melt it completely is 2100 x 0.040 x 10.0 + 334
x 10°x 0.040 =14.2k]

- ! . . 14.2 x10°
The temperature change of the original water resulting from this energy transfer is AT =

—== = =11.3K.O
0.300 x 4200 nee
the ice has melted, the system can be thought of as consisting of 300 g of water at a temperature 18.0-11.3=6.7°C

and 40 g of water at a temperature O °C. The original water will still transfer energy to water that was originally ice, until
equilibrium is reached. Energy lost by the original water is equal to energy gained by the original ice,

50 40(Tna — 0) = 300(6.7 — T4a). From this, the final temperature is Ti = % =5.9°C.
Worked example 8
Energy is supplied at a constant rate of 2604
750 W to a sample of ammonia of mass «
0.51kg that is initially in liquid phase. E 240 4
The graph shows how the temperature of 3
the sample varies with time. The sample %
begins to boil during heating. % 2204
. ong (0]
a. State, inK, the boiling temperature = 200 |

g I I I I I I I I I
of ammonia. . . O 20 40 60 80 100 120 140 160 180 200
b. Determine the specific heat capacity -~
of ammonia in its liquid phase.
c. The specific latent heat of vaporization of ammonia is 1400 k] kg~'. Determine the mass of the sample that remains

in the liquid phase at a time of 200s.
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S
Solutions
a. 240K
b. Thermal energy delivered to the sample during the first 120 s is 750 x 120 = 90 k| and the temperature change
is 40K.
90 x 10°
90 x 10*=0.51 40 =—"—=4400]kgK"
% XX =2 €= 51x 40 Jkg
c. After120s, the sample is at the boiling point and a further 750 x (200 — 120) = 60k| of thermal energy is delivered
3
to it. The mass of the sample that has boiled away is% = 0.04kg. The mass remaining in the liquid phase is
0.51-0.04 = 0.47kg. X
Practice questions

1.

In cold climates, the decrease of air temperature
during the winter is often slower near lakes and other
large bodies of water. Discuss this phenomenon.

15. A metal sample is heated in a furnace. The graph shows
how the temperature of the sample varies with time t. The
sample starts melting at t=10s.

12. A mass of 50g of crushed ice at an initial temperature
0°Cis added to a thermos flask containing water at a
temperature of 20 °C.

a. Calculate the energy required to melt the ice.

b. Determine the minimum mass of water that must
be present in the flask to melt the ice completely.

c. Describe the final state of the system if the flask
initially contains less water than the value you
have calculated in b.

13. Athermally insulated container has 0.50 kg of water
at a temperature 30 °C. Determine the mass of ice
that must be added to the container to decrease the
temperature to 10°C, when the ice is initially at:

a. 0°C
b. —-18°C.

14. Tin-lead alloy used for soldering has the following

properties:

Melting temperature = 190°C

Specific heat capacity = 210 kg™ K™

Specific latent heat of fusion = 52 x 103 kg™
A soldering iron has a power of 45W. Calculate the
minimum time required to melta 5.0 g sample of
tin-lead solder that is initially at 20 °C.

1800 +
1500 1
1200 +
900 -
600 -+
300 1

0

temperature /K

O 5 10 15 20
t/s

The following data are given:

Power of the furnace = 1000 W

Melting temperature of the metal = 1340K
Specific heat capacity of the metal =126 | kg~'K-"
Estimate the mass of the metal in the furnace.

The sample melts completely when t=15s.

Calculate the specific latent heat of fusion of
the metal.

The heating of the sample continues. The specific
heat capacity of the metal in the liquid phase

is greater than the specific heat capacity of the
metal in the solid phase.

Outline how the temperature of the sample is
changing fort>15s.

213




Topic B.1 Thermal energy transfers

This is a term that needs care.
Throughout this discussion of
specific heat capacity and specific
latent heat there is a careful
distinction between temperature
change (heat capacity) and
constant temperature conditions
(phase change). The term
“cooling” only has the meaning of
a temperature decrease in physics.
In everyday life we are less careful
in using the term. On a hot day
you might say that you need to
“cool down” but what you mean
is that you need to transfer more
energy from your body to maintain
the correct temperature even
though you feel “hot”. This is a

physiological, not a physical, effect.

When water is in the process of
freezing to ice, itis not cooling. Its
temperature is constant (at 273 K)
and energy is being transferred
from it.

Should language vary between
scientific practice and everyday life?

Absolute temperature

Absolute temperature is equivalent
to the average translational kinetic
energy of the molecules of a gas

using the conversion
- 3
Ek - 5 kB T

You study electrical conduction in
Topic B.5.

Thermal energy transfer

Earlier in this topic you saw that an object with a temperature above absolute
zero possesses internal energy that is due to two contributions:

* therandom motion of its atoms and molecules
* theirintermolecular potential energy.

The higher the temperature of the object, the greater the internal energy
associated with the molecules.

Energy spontaneously transfers from a region at a high temperature to a region at
a low temperature.

There are three ways in which this thermal energy transfer can be achieved:
* conduction

® convection

® thermal radiation.

All are important to us on both an individual level and in global terms.

A Figure 12 Iceis often putinto drinks. When the ice starts at a temperature of less than
0°C, then adding more ice to a drink will result in less ice melting.

Thermal conduction

Conduction can occur in a thermal sense (thermal conduction) and in an electrical
sense (electrical conduction), but it is normally just shortened to ‘conduction’.

Everyone has experienced practical conduction in some way. Burning a hand
on a camping stove, plunging a hot metal into cold water which then boils, or
melting ice in the hand all give the experience of energy moving by conduction
from a hot source to a cold sink.
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Metals are excellent thermal conductors, just as they are also good electrical
conductors. Poor thermal conductors such as glass or some plastics also
conduct electricity poorly. This suggests similarities between the mechanisms
that lead to both types of conduction. However, you should note that there
are still considerable differences in scale between the best metal conductors
(copper, gold) and the worst metals (brass, aluminium). There are many
laboratory experiments that you can carry out to determine the different
thermal properties of good and poor conductors. Figure 13 shows just two
demonstrations of conduction.

The use of the words “source” and
“sink” link to the same usage in
Topic B.4 where they have distinct
meanings: source means a provider
of energy capable of transferring
energy to an absorber (sink) of the
energy at a lower temperature.

In conduction processes, energy transfers through the bulk of the material

. . cool water
without any large-scale relative movement of the atoms that make up the good
solid. Thermal conduction and electrical conduction are collectively known as conductor
transport phenomena. warm
water
vibrating ions transfer free electrons transfer
energy to free electrons energy through the metal

|
o o.. g o) @)
\4@/@/& N ¢.* cold
H/ JaNe g o)

m Oatom e electron

A Figure 14 A good conductor heated to a high temperature at one end soon transfers
energy along its length.

hot

A Figure 13 Examples of conduction.

Atomic vibration occurs in all solids, both metals and non-metals. At all (a) A good conductor is able to transfer

temperatures above OK, the ions in the solid have an internal energy. They energy from a hot object to a cold one.
are vibrating about their average fixed position in the solid. The higher the (b) Ice held in the hand soon chills
temperature, the greater is their average kinetic energy, and therefore the the fingers.

higher their mean speed.

Imagine a metal rod heated at one end and cooled at the other (see Figure 14).
At the high-temperature end, the ions have a larger average kinetic energy than
at the low-temperature end. The ions transfer energy to the free electrons, which
re-distribute this energy along the rod. The ion with the smaller energy tends to
gain energy, and the other one loses energy in the electron collisions. There is a
transfer of internal energy along the metal rod until the whole of the metal rod is
at the same temperature.

Conduction can occur in gases and liquids as well as solids. However, the
inter-atomic connections are weaker and the gas atoms are about ten times
further apart than in solids and liquids. Thus, conduction is much less
important than convection in many fluids.

AR
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Models @ What role does the molecular model play in understanding
other areas of physics? (NOS)

This section on conduction

moves between microscopic

and macroscopic descriptions of

the phenomenon. Both sets of

descriptions are equally valid. The

concept of energy transfer and the

idea of thermal equilibrium with a

balance of incoming and outgoing Electrical conductors have a covalent (or metallic) bonding that releases free

energy is shared by both models. electrons to form what is essentially an electron gas filling the whole of the
interior of the solid. These free electrons are in thermal equilibrium with the
positive ions that make up the atomic lattice of the solid. The electrons can
interact with each other and the energy from the high-temperature end of
the solid “diffuses” along the solid by interactions between these electrons.
When an electron interacts with an atom, energy is transferred back into
the atomic lattice to alter the vibrational state of the atom. This free-electron
mechanism for conduction depends critically on the numbers of free
electrons available to the solid. Good electrical conductors, where there are
many charge carriers (free electrons) available per unit volume, are likely also
to be good thermal conductors. For example, in copper there is one free
electron per atom. You should be able to use Avogadro’s number, the density
of copper and its relative atomic mass, to show that there are 8.4 x 10%®
electrons in one cubic metre of copper.

Although thermal conduction by atomic vibration is universal in solids, there
are other conduction processes that vary in importance depending on the
type of solid. This is one example of a physical model that occurs in several
areas of physics. We use the atoms and ions of the substance in discussing
thermal conduction. The agent for electrical conduction is different but the
ideas lying behind the model are the same.

Analogies are often used in science to aid our understanding of phenomena.
Electrical and thermal conduction are also closely linked in terms of their
mathematical descriptions. You can read more about this in Topic B.5 on

page 300.
(&) Data-based questions
Since free electrons have a role in thermal conductivity, * |tissuggested that p < k~'. Plot a suitable graph to
it should not surprise you that thermal conductivity is verify whether metals obey this relationship.

related to electrical conductivity. The table below gives

- o e Thevalues given in the table are to the nearest 10%.
the thermal conductivity k and resistivity p of some metals.

Add appropriate error bars to your graph.

You will meet resistivity in Topic B.5. For this question, you
only need to appreciate that a lower resistivity means that
the metal is a better electrical conductor.

e Useyour graph to determine the constant of
proportionality. Include an uncertainty with your

constant.
| p/108Qm | k/WmK™ Note that this relationship only applies to metals.
aluminium 27 240 Diamond, for example, not only has a very high thermal
copper 17 400 conductivity (k &% 2000W m~"'K") but a high resistivity as
: well (p >10"Qm).
gold 2.2 320
lead 21 35
magnesium 4.4 160
platinum 11 72
silver 1.6 430
titanium 42 22

216




B. The particulate nature of matter

Thermal conductivity

Conduction is an important factor in the design of many engineering projects.
It is important to minimize the transfer of energy from buildings in parts of the
world with cold winters. Equally, a good design will maximize the transfer of
energy in heat exchangers for power stations of all types. Engineers must be
able to quantify the amount of energy conducted through different materials.
This is done by defining a quantity known as thermal conductivity which is a
measure of how good a thermal conductor is at transferring energy through
itself when in steady state. Steady state is when the temperature at any point
in the slab does not change with time. The defining word equation is

thermal conductivity =

rate of energy transfer

area of material X temperature gradient across conductor

or rate of energy transfer = thermal conductivity X area of material X temperature
gradient across conductor, which in symbols (see Figure 15(a)) is

where:

* anenergy AQis transferred across the material in a time At

* throughanarea A

* whenthere is a temperature difference AT = T, — T, across the conductor that

has a length Ax.

high temperature low temperature

energy energy
transfer transfer
AQ AQ

temperature Ty temperature T,

—_—>
(a) Ax

energy energy
transfer transfer
AQ AQ

temperature Ty

N
>

Y

(b) Ax Ax

A Figure 15 Energy flow through a conductor of area A and length Ax. The energy transfer is AQ in time At and leads to a temperature

difference of AT.

It can be seen intuitively that this equation makes sense because, if you:

* double the area of the conductor, there will be twice the energy transferred

in time t for the same temperature difference AT and Ax

* double the time for the transfer, then the total energy transfer will double

(everything else remains unchanged).

Imagine one slab joined to another identical slab (Figure 15(b)) with the same
energy transfer through both. Then the temperature difference AT is the same
individually across each slab, which leads to a temperature difference of 2AT

across a width of 2Ax. Inotherwords, T, — T, =T, — T5-

AVS
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Units for k

e Tool 3: Work with fundamental
units.

Take care when writing the units of
thermal conductivity. Writing W/
mK with a solidus and the m close
to the Kmeans something quite

different.

Substance | k/Wm~ K

silver 430

copper 400

iron 80

glass 0.5-0.8

water 0.55-0.7 over
range 0-100°C

air 0.026

A Table 2 Thermal conductivity values for
arange of substances. These are measured

at room temperature, except where specified.

. . . AQ. .
Other technical language is possible: T? is the rate of energy transfer, in other

words, the power input to the slab. For a steady state, this is also the power output
from the slab. This means that there must be no energy transfer out of the sides

of the slab. (This has important implications for experiments involving thermal-
conductivity measurements later.)

Re-writing the definition leads to
k= A_Q X Ax
At T AAT
The units of k are therefore Wm=' K=" (W comes from | s™" as usual).

Thermal conductivity values vary widely as you might expect given the range of
behaviour from the best conductors to the worst insulators. Table 2 gives you an
idea of the range involved.

Worked example 9

A glass window of surface area 1.2 m? is made of a single glass pane of

thickness 5.0 mm and thermal conductivity 0.50 W m~"K-'. The outside

temperature is +5 °C and the inside temperature is +20 °C.

a. Calculate the rate of energy transfer through the window.

b. Incold climates, windows are usually made of two or more glass panes
separated by an air space. Outline what effect the air space has on the
rate of energy transfer through the window.

Solutions
AQ

a. Thetemperature differenceis 15 K. = 0.50x1.2x 15

5.0%x107

b Air has a much lower thermal conductivity than glass. Therefore, the air
space between the glass panes greatly reduces the rate of energy loss
through the window.

=1.8kW

Worked example 10
A layer of ice of a uniform thickness 7.0 cm has formed b. Calculate the mass of water that freezes during one
on the surface of a lake. The temperature of the air above hour below one square metre of the ice. The specific
the ice is —12 °C and that of the water below the ice is latent heat of fusion of ice is 334 k| kg™".
0°C. c. Hence calculate, in mm per hour, the rate of
a. Calculate the rate of thermal energy transfer per unit change of thickness of the ice. The density of ice is
area through the ice. The thermal conductivity of ice 920kgm=3.
is2TWm™K-.
Solutions c. Letdbe the thickness of the additional ice that forms

a. AQ_ s 12 _350wm>

during one hour and A =1.0m?, the surface area under

At 70x 102 consideration.
b. The energy transferred from the water through one density = MERS gy WIEES 39 _

square metre of the ice in one hour is 360 X 60 x 60 Axd Axdensity 1.0x920

= 1.3 x 10°). This loss of thermal energy causes water 4.2 %107 m. The ice is being formed at a rate of

to freeze, and the mass frozen in one hour can be 4.2mm per hour.

calculated using th6e equation Q= mL. Note that, assuming constant air temperature, the rate of ice

~Q_13x10° _ 3.9kg formation decreases with time, because as the thickness of
L 334x10°

218
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Practice questions

16. On a winter day, the outside temperature is =5 °C and
the temperature inside a house is 20 °C. Calculate the
rate of thermal energy loss per unit area of a window,
when the window is made of:

a. asingle glass pane of thickness 4.0 mm and
thermal conductivity 0.50 W m='K-"

b. two parallel panes separated by 1.0cm of air of
thermal conductivity 0.023Wm=K=".
Assume that conduction is the only energy transfer
mechanism and that the glass surfaces in contact
with the air have temperatures —5°C and 20°C.

17. One end of a thin cylindrical rod made of pure aluminium
is kept in a mixture of water and ice at 0 °C and the other
end is maintained at a constant temperature of 300 °C.
The length of the rod is 60 cm and its diameter is 2.0cm.
The rod is insulated and energy losses through its
cylindrical surface are negligible.

a. Calculate the rate at which thermal energy
is transferred through the rod. The thermal
conductivity of aluminium is 240 W m="K-".

b. Calculate the mass of the ice that melts during
one minute.

Measuring thermal conductivity — A study in experimental design

¢ Tool 3: Determine rates of change.

* Inquiry 1: Appreciate when and how to insulate
against heat loss or gain.

The way in which k is measured for a material depends on
whether the material is a good or poor conductor. k must
be measured when the material is in a steady state. The

A .
energy transfer rate (—Q) and the temperature gradient
(A_T) need to be measured with as small a fractional

X
uncertainty as possible.

For a good conductor, the temperature gradient across it
is likely to be small. This means that, to be able to measure

a reasonable temperature difference, x must be large. It

also helps when A is small (because k= A—Q X ﬂ) The
At AAT

optimum shape for the conductor is therefore a long, thin

Searle’s bar— k for a good conductor

¢ Tool 3: Calculate areas and volumes for simple shapes.
* Tool 3: Carry out calculations involving fractions.
¢ Inquiry 2: Collect and record sufficient relevant
quantitative data.
* Inquiry 3: Discuss the impact of uncertainties on
the conclusions.
The energy flowing through the bar is estimated by
knowing the power supplied to the water-cooled coil at
the right-hand end. This is m’Cyater (Ts — T4) Where m’ is
the mass of water entering the cooled coil every second.
The temperature gradient of the material is estimated from

the difference between the thermometers.

This is M

cylinder. This shape has a large surface area, which means
that energy will transfer easily through the sides of the
cylinder unless this is prevented. This leads to a method
first developed by Searle and known as the Searle’s bar
experiment.

The criteria are different for a poor conductor. Here the
power transfer will be small, and is maximized by having
a large area for the conductor. Even a thin specimen has
a large temperature change across it, but a thin poor
conductor will not be prone to energy loss from the
sides. This leads to a method for measuring k for a poor
conductor developed by Lee and known as the Lee’s disc
experiment.

Notice how both scientists used good experimental
design to arrive at different solutions that were matched
to the experiments they were trying to perform.

metal bar

S LS foe sy
o 'Y

P RUICR Pl SIIERE BRI RO L DAL e

SRR S IR S AL S AL SO
lagging

A Figure 16 Searle’s bar apparatus. S

Gt s e s
£
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You should be able to show that
1 L

k=m'Cuater (T3 = Ta) X — X
M’ Coater (T3 — Ta) A ToT

where A is the area of the bar.

The apparatus is set up and allowed to reach steady
state. Take all the readings when they have reached
constant values.

Lee’s disc— k for a poor conductor

¢ Tool 3: Determine rates of change.

¢ Tool 3: Construct and interpret tables and graphs for
raw and processed data including scatter graphs and
line and curve graphs.

* Inquiry 2: Carry out relevant and accurate data
processing.

held by

/ strings \

steam in —» steam chest

specimen =
base plate T

X-

A Figure 17 Lee’s disc method for a poor conductor.

The specimen has a disc shape of thickness x and area
A. The energy transfer through the poor conductor is
hard to estimate and is usually evaluated graphically.

Practice questions

18. The thermal conductivity of a metal bar is investigated
using the apparatus shown in Figure 16. Water flows
through the cooling coil at a steady rate of 0.300kg
per minute. Water enters the coil at a temperature of
11.0°C and leaves it at a temperature of 17.2°C.

a. Calculate, in W, the rate of energy transfer from the
metal bar to the water.

The cross-sectional area of the baris 1.25 x 10°m?. The

steady-state temperatures of the bar, measured at two

points separated by 0.100m, are 76.5°C and 49.2°C.

b. Calculate the thermal conductivity of the metal bar.

Energy is lost from cylindrical sides of the bar is reduced
by lagging the bar.

*  The bar diameter should be measured carefully using
vernier callipers.

* m'should be measured over a long time period to
reduce its fractional uncertainty.

Steam is passed through a steam chest at 100°C. The
whole apparatus is allowed to reach a steady state,
shown by unchanging thermometer readings, to give

the temperature difference across the specimen and the
temperature gradient of @

The specimen is then removed so that the steam chest
sits on top of the base plate with nothing between them.
The temperature of the base plate is then allowed to rise
well above T,. The steam chest is removed and replaced
by an insulating felt pad that prevents energy loss from the
upper surface of the plate. A graph of temperature against
time is recorded from just above to just below the original
temperature T, of the base plate. This enables the rate of

AT
temperature change Eto be calculated at T, and hence

(using its specific heat capacity) the energy transfer rate
through the disc.

The thermal conductivity equation becomes

mcp‘ateﬂzkA (-T)
At X
leading to
k= X mcp\ate XA—T
(T,-T,) A At
90+
&
i (it
%70— . e 4
= ) PY p
260- Tetel il
2
501
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time /s
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19. Consider the apparatus shown in Figure 17. A thin a. Estimate the gradient of the temperature-time
specimen of cardboard is placed between the metal graph, at the instant when the temperature of the
plates In a steady state, the plates reach temperatures base plate is 70°C.

=91°Cand T, =70°C. When the cardboard is b. Hence, calculate the rate at which the thermal
removed, the temperature of the base plate quickly energy is removed from the base plate. The mass
rises above the steady-state value. The steam chest is of the base plate is 0.55 kg and its specific heat
then removed and the base plate is allowed to cool. capacity is 380 kg~ K~

The graph shows how the temperature of the base
plate varies with time.

c. Determine the thermal conductivity of the
specimen of cardboard. The specimen has

thickness 2.0 mm and surface area 8.0 x 103 m?.

Convection

Convection is the movement of groups of atoms or molecules within fluids
(liquids and gases) because of variations in density. Unlike conduction, which
involves the microscopic transfer of energy, convection is a bulk property and

is described in macroscopic ways. Convection cannot take place in solids. An
understanding of convection is important in many areas of physics, astrophysics
and geology. In some hot countries, houses are designed to take advantage of
natural convection to cool them down in hot weather.

Examples of convection

Figure 18 shows three experiments that involve convection. In all three cases,
energy is supplied to a fluid. In Figure 18(a), a candle heats the air underneath
a tube (a chimney) that leads vertically out of the box. The air molecules
immediately above the flame move further apart decreasing the air density in
this region. With a reduced density compared with the surrounding air, these
molecules experience an upthrust and move up through the left-hand chimney.

This upward air movement reduces the pressure in the box slightly and causes
cooler air to be pulled down the right-hand chimney. Further heating of the air
above the flame leads to a continuous current of cold air down the right-hand
chimney and hot air up the left-hand tube. This is a convection current.

Similar currents can be demonstrated in liquids. Figure 18(b) shows a small crystal
of a soluble dye (potassium permanganate, KMnO,) placed at the bottom of a
beaker of water. When the base of the beaker is heated gently near to the crystal,
water at the base heats, expands becoming less dense, and rises.

There is also a convection current in Figure 18(c) where a glass tube, in the shape
of a rectangle, again with a small soluble coloured crystal in the tube, can sustain
a convection current that moves all around the tube.

A convection current is the mechanism through which all the water heated in a
saucepan eventually reaches a uniform temperature. There are many examples of
convection in action. Figure 19 shows examples from the natural world. There are
many others.

(a) /-chlmney-\

1

@

glass fronted box

L]

ﬂ potassium
X permanganate

potassium
permanganate
crystal

'ﬁ1

water

A Figure 18 Convectioninagasand
a liquid.
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day time

night time

(b)

subduction subduction
mid-ocean ridge

L N\

/convection\g(convection\

N R

]

A Figure 19 (a)and (b) Changes in land
and sea temperatures account for on-and
off-shore convected breezes at different
times. (c) Convection currents in

Earth’s mantle.

Sea breezes

The direction of the breeze near an ocean changes during a 24-hour period.
During the day, breezes blow on-shore from the ocean to the land. At night, the
direction is reversed, and the breeze blows off-shore.

Convection effects explain this (Figure 19(a) and (b)). During the day, the land is
warmer than the sea. The air above the land expands so that the fluid density of the
air decreases compared with that of the cooler air above the ocean. This warm air
rises over the land mass, pulling in cooler air from above the ocean. At night, the
land cools down much more quickly than the sea (the variation in sea temperature
over one day is less). Now the warmer air rises from the sea, so the wind blows off-
shore. (You might like to use your knowledge of specific heat capacity to explain
why the sea temperature varies much less than that of the land.)

Convection in Earth

At the bottom of the Atlantic Ocean, and in other places on the planet, new crust
is being created (Figure 19(c)). This is due to convection effects that occur below
the surface. Earth’s core is at a high temperature and drives convection effects

in the upper mantle just below the surface. Two convection currents operate
and drive material in the same direction. Material is upwelling at the top of these
currents to reach the surface of Earth at the bottom of the ocean. This creates
new land that is forcing the Americas, Europe and Africa apart at the rate of a
few centimetres every year. In other parts of the world, convection currents are
pulling material back down below the surface (subduction). These convection
currents, over time, have produced the continental drift that has shaped the
continents that we know today.

Why winds blow

Winds are driven by uneven heating of Earth’s surface by the Sun. This differential
heating can be due to many causes including geographical factors and the
presence of cloud. However, where the land or the sea heat up, the air just above
them rises and creates an area of low pressure. Conversely, where the air is falling,
a high-pressure zone is set up. The air moves from the high- to the low-pressure
area and this is what we call a wind. The wind velocity also interacts with the
rotation of Earth (through an effect known as the Coriolis force—another fictitious
force like those in Topic A.2). This leads to rotation of the air masses such that air
circulates clockwise around a high-pressure region in the northern hemisphere
but counter-clockwise around a high-pressure area in the southern hemisphere.

Theories—Modelling convection

Faced with a hot cup of morning coffee and little time to drink it, most of us
blow across the liquid surface to cool it more quickly. This increases the rate at
which energy is transferred from the liquid and the temperature of the liquid
drops more quickly too. This is an example of forced convection —when the
convection cooling is aided by a draught of air.

=
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Newton stated an empirical law for cooling under conditions of forced
convection. He suggested that the rate of change of the temperature of the

cooling body Ooll_f was proportional to the temperature difference between the
temperature of the cooling body 8 and the temperature of the surroundings 6.

In symbols, %oc ©-0.,).

Newton’s law of cooling leads to a half-life behaviour in just the same way that

: ) . ) . ) . dN . L
radioactive half-life (Topic E.3) follows from the radioactive equation e x N, A Figure 20 Thisis a picture of the Sun’s
where N is the number of radioactive atoms in a sample. . surface taken by the Inouye Solar Telescope.
The Sun’s surface is divided into regions,

We can use the mathematics of radioactivity for cooling too. The cooling an effect called granulation. Each of these

half-life is the time for the temperature excess over the surroundings to halve, regions is a convective cell. Hotter plasma

and this is always the same for a particular situation of hot object and its rises to the surface in the centre of each cell.

surroundings. At the edges, the cooler plasma sinks back
into the Sun.

Two scientists Shigenao Maruyama and Shuichi Moriya repeated Newton's
1692-3 experiments involving forced convection in 2020. They allowed for
effects that Newton could not have begun to imagine and found that, even
s0, his measurements were “quite accurate”.

Worked example 11

Explain the role played by convection in the flight of a hot-air balloon.

Solution

The airin the gas canopy is heated from below and as a result of convection currents its temperature increases. The
hot air in the balloon expands and its density decreases below that of the cold air outside the gas envelope. There is
therefore an upwards force on the balloon. If this exceeds the weight of the balloon (plus basket and occupants), then
the balloon will accelerate upwards.

Worked example 12

Suggest two reason why covering the liquid surface of a cup of hot chocolate with marshmallows will slow down the
loss of energy from the hot chocolate.

Solution

The marshmallows, having air trapped in them, are poor conductors, so they allow only a small flow of energy through
them. The upper surface of marshmallows will be at a lower temperature than the lower surface. This reduces the amount
of convection occurring at the surface, as the convection currents that are set up will not be so strongly driven because
the density differential will not be as great.

Thermal radiation

Thermal radiation is the transfer of energy by means of electromagnetic radiation.
This radiation travels as a wave but does not need a medium in which to move
(propagate). We receive energy from the Sun even though it has passed

through about 150 million km of vacuum to reach us. Radiation is different from
conduction and convection, which require a bulk material to carry the energy
from place to place.

Electromagnetic radiation acting
in a wave-like way is described in
more detail in Topic C.2.

Thermal radiation has its origins in the random thermal motion of atoms. These
contain charged particles and when these charges are accelerated, they emit
electromagnetic radiation. There is more information on page 401.
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Inquiry 1: Justify the range and quantity of
measurements.

Inquiry 1: Demonstrate independent thinking,
initiative, or insight.

Inquiry 2: Collect and record sufficient relevant
quantitative data.

Tool 3: Construct and interpret tables and graphs for
raw and processed data including scatter graphs and
line and curve graphs.

Use this method or something similar to investigate the
impact of black and white surfaces on cooling.

=

Take two identical tin cans and cut out a lid for each
one from thick card. Make a hole in each lid for a
thermometer. Paint one can completely with matt
black paint. Paint the other shiny white.

Fill both cans with the same volume of hot water at
the same temperature. Replace the lids and place the
thermometers in the water.

Position the cans so that radiation from one cannot be
incident on the other.

Collect data to enable you to plot a graph to show
how the temperature of the water in each can varies
with time. This is called a cooling curve.

You could also consider doing the experiment in
reverse, beginning with cold water and using a radiant
heater to provide energy for the cans. In this case, you
must make sure that the heater is the same distance
from the surface of each can and that the shiny can is
unable to reflect radiation to the black one.

Experiments such as this suggest that matt black
surfaces are good at both radiating and absorbing
energy. The opposite is true for white or shiny surfaces.
These reflect rather than absorb energy, and are poor
at radiating energy. Containers used to store or heat
hot drinks are often shiny — it helps them to retain

the energy.

thermometer -

black can

= lood block wood block M=

A Figure 21 The black can transfers more energy in a
given time to the environment than the white can.

What's in a name —Radiator or not?

In many parts of the world, buildings need to be heated during all or part
of the year. One way to achieve this is to circulate hot water from a boiler
through a thin hollow panel often known as a “radiator” (Figure 22). But is this
the appropriate term?

The outside metal surface of the panel becomes hot because energy is
conducted from the hot water through the metal.

The air near the surface of the panel becomes hotter and less dense. It rises,
setting up a convection current in the room.

There is some thermal radiation from the surface but, as its temperature is
close to that of the room, the net radiation is low—certainly lower than the
contributions from convection.

A Figure 22 A radiator, used circulate hot
water to heat a room.

Should the radiator be called a radiator? How important is the accurate use of
scientific language in everyday life?
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Global impact— Making a saucepan

Pans are needed for cooking across the world. Whatisthe ~ The handle of the pan needs to be a poor conductor

best strategy for designing a saucepan? or a good insulator so that the pan can be lifted easily
The pan will be placed on a flat hot surface heated either and safely. Make the handle strong and easy to hold

by flame, through solar energy, or radiant energy from an but as thin as possible (giving a small A in the thermal
electrically heated filament or plate. The energy conducts conductivity equation).

through the base and heats the contents of the pan. The Conclusion: a good pan will have a thick copper base (a
base of the pan needs to be a good conductor to allow a good conductor), handle and sides made from stainless
large rate of energy transfer into the pan. The walls of the steel (a relatively poor conductor for a metal) and the
saucepan need to withstand the maximum temperature overall finish will be polished and silvery.

at which the pan will be used but should not lose energy
if possible. Giving them a shiny silver finish reduces this
energy loss.

Black-body radiation

The observation that black surfaces are poor reflectors of thermal energy leads

to an important idea in the theory of thermal radiation: that of the black-body
radiator. A black body is one that absorbs all the wavelengths of electromagnetic
radiation that fall on it. Equally, a black body is a perfect emitter of radiation. Like
some other concepts developed in physics, the black body is an idealization that
cannot be realized in practice—although there are radiators and emitters that are
close to the ideal.

One way to produce a good approximation to a black body is to make a small
hole in the wall of an enclosed container (known as a cavity) and to paint the
interior of the container matt black. The interior of the container when viewed
through the hole will look very black inside.

Some of the first experiments into the physics of the black body were made by
Lummer and Pringsheim in 1899 using a porcelain enclosure made from fired
clay. When such enclosures are heated to high temperatures, radiation emerges
from the cavity. The radiation appears coloured depending on the temperature
of the enclosure. At low temperatures the radiation is in the infrared region, but
as the temperature rises, the colour emitted is first red, then yellow, eventually
becoming white when the temperature is high enough.

* Theintensity of the radiation coming from the hole or cavity is higher when
the cavity is at a higher temperature.

¢ The radiation emitted from the hole is not dependent on the material from
which the cavity is made.

This can be seen in the picture of the interior of a steel furnace (see Figure 23). In
the centre of the furnace at its very hottest point, the colour appears white. At the
edges the colour is yellow. At the entrance to the furnace where the temperature
is very much lower, the colour is a dull red. The scale in the figure will allow you to
estimate the temperatures inside the furnace.

colour and temperature / K
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A Figure 23 The interior of a furnace and
a temperature scale to allow the furnace
temperature to be estimated.
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Global impact
of science—The
potter’s kiln

Fabrication of ceramic objects was
an early technology developed by
humans.

A potter needs to know the
temperature of the inside of a kiln
while the clay is being “fired” to
transform it into porcelain. Some
potters simply view the interior of
the kiln through a small hole. They
can tell by experience what the
temperature is from the emitted
colour of the pots inside. Other
potters use an instrument called a
pyrometer. A tungsten filament is
placed at the entrance to the kiln
between the kiln interior and the
potter’s eye. An electric current

is supplied to the filament, and
this is increased until the filament
disappears by merging into the
background. At this point the
filament is at the same temperature
as the interior of the kiln. The
filament system will have previously
been calibrated so that the
current required for the filament to
disappear can be equated to the
filament temperature.
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A Figure 25 Black-body spectra for
other temperatures.

0 966 nlm (IR) wavelength

The emission spectrum from a black body

Although there is a predominant colour to the radiation emitted from a black-
body radiator, this does not mean that only one wavelength emerges. To study
the whole of the radiation that the black body emits, an instrument called a
spectrometer is used. It measures the intensity of the radiation at a particular
wavelength across a range of wavelengths.

Intensity is the power emitted per square metre. As an equation, this is
P

[=—
A
where [is the intensity, Pis the power emitted and A is the area on which the

power is incident. The units of intensity are Wm=2or |s7'm=2.

A typical intensity-wavelength graph is shown in Figure 24 for a black body at
the temperature of the visible surface of the Sun, about 5800K. The Sun can

be considered as a near-perfect black-body radiator. The graph shows how the
relative intensity of the radiation varies with the wavelength of the radiation at
which the intensity is measured. No scale is given on either axis. The graph shows
relative values of intensity.

Aax T=2.898 X103 mK
\ 483 nm The wavelength of the peak of
the black-body radiation curve
= gives a measure of temperature
C
g 6000 K
]
2
o
L —1— visib
0 wavelength g

A Figure 24 The spectrum of the Sun assuming that it is a black-body radiator.

Important features of this graph:

* Thereis a peak value at about 500 nm (somewhere between green and blue
light to our eyes). Is it a coincidence that the human eye has a maximum
sensitivity in this region or is this biological evolution at work?

* There are significant radiations at all visible wavelengths.

¢ Thereisa steep rise from zero intensity. Notice that the line does not quite go
through the origin.

¢ Atlarge wavelengths, beyond the peak of the curve, the intensity falls to low
levels and approaches zero asymptotically. Figure 25 shows the graph when
curves at other temperatures are added. This gives some further perspectives
on the emission curves.

As before, the units are arbitrary, meaning that the graph shows relative and not
absolute changes between the curves at the four temperatures.
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This family of curves tells us that, as temperature increases:
* ateach wavelength, the overall intensity increases (because the curve is higher)

* the total power emitted per square metre increases (because the total area
under the curve is greater)

* the curves skew towards shorter wavelengths (higher frequencies)
® the peak of the curve moves to shorter wavelengths.

The next step is to focus on the exact changes between these curves.

Wien'’s displacement law

In 1893, Wilhelm Wien was able to deduce the way in which the shape of the
black-body emission graph depends on temperature. He showed that the height
of the curve and the overall width depends on temperature alone. His full law
allows predictions about the height of any point on the curve, but you will only
use it to predict the peak of the intensity curve.

Wien'’s displacement law states that the wavelength at which the intensity is a
maximum A,... is related to the absolute temperature of the black body T by:

Amax [ =D

where b is known as Wien's displacement constant which has the value
2.9%x102mK.

Stefan-Boltzmann law

The scientists Stefan and Boltzmann independently derived an equation that
predicts the total power radiated from a black body at a particular temperature.
The law applies across all the wavelengths that are radiated by the black body.
Stefan derived the law empirically in 1879 and Boltzmann produced the same law
theoretically five years later.

The Stefan-Boltzmann law states that the total power (luminosity) L radiated by a
black body is given by the equation

L=06AT*

where A is the total surface area of the black body and Tis the absolute temperature
of the surface. The constant o is known as the Stefan-Boltzmann constant and has
the value 5.67 x 1078 W m=2K=4. The law refers to the total power radiated by the
object, but this is the same as the energy radiated per second. It is easy to show
that the energy radiated each second by one square metre of a black body

(so A=1)is T This variant of the full law is known as Stefan’s law.

The unit of Lis the watt (W =]s7").

Units for b

Notice that the unit for b is metre
kelvin, mK, and must be written
with a space between the symbols.
Take care not to write it as mK
which means millikelvin.

@ Whatapplications does

the Stefan-Boltzmann
equation havein
astrophysics and in the
use of solar energy?

You will meet the Stefan—
Boltzmann equation a number of
times in this course. Itis used in
astrophysics for the calculation of
the properties of individual stars.
When applied to our Sun, it allows
us to reach conclusions about the
energy reaching the top of Earth’s
atmosphere and therefore make
climate models of our planet.
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Worked example 13
A student uses a prism spectrophotometer 1
to investigate how the intensity of light from -
two incandescent lamps A and B varies with g g ey
wavelength. The graph shows the results 2 : o lampA
obtained. @ "
5= ®
a. Estimate the temperatures T, and T; of the (% ° i L
light-emitting wire filaments of each lamp. > o | eee
= ® ® e
b. The surface area ofthe filament oflamp Aisthe "2 * 1 la °, 4
same as that of lamp B. L ;' =k S G
. = ® e ™ ®
CalculateL, using the Stefan—-Boltzmann law, & o lamp B R R L
. A .
the ratio— of the total powers radiated by the 0 # . . r . . . >
lamps. ® 0 500 1000 1500 2000 2500 3000 3500
wavelength / nm
Solutions
a. We assume that both lamps are black-body radiators. The peak of the intensity curve of lamp A occurs at a
2.9x10
wavelength of about 1200 nm. The temperature of the filament is therefore T, = 1500 < 100 ~ 2400K. Lamp B has
. . 2.9x%x107
the peak of intensity at about 1400 nm. Ty = 1400 %100 ~ 2100K.
b. Since the surface areas of the filaments are equal, the ratio of the radiated powers depends on the temperatures
only: Lo [TAl* 24004_1 4
V'~ 7l Tl21000 T
Worked example 14

A hot plate has a surface area of 0.025 m? and a constant temperature of 150 °C. Its surroundings are kept at a
temperature of 20 °C. We assume that the hot plate behaves like a black body and that thermal radiation is the
only energy transfer mechanism. Determine the net power exchanged by the exposed face of the hot plate with
the surroundings.

Solution

The absolute temperatures of the hot plate and the surroundings are Tioipae = 423 Kand Tyymoundings = 293 K. The net
power is the difference between the power radiated by the hot plate and the power it absorbs from the surroundings:

Pret = 6A(Thot piate — Tauroundings) = 5.67 X 1078 x 0.025(423* - 293%) =35W

Worked example 15

The Sun has a diameter of 1.4 x 10° m and a surface temperature of 5800 K. Calculate:
a. the power radiated by one square metre of the surface of the Sun

b. the total energy radiated by the Sun in one day.

Solutions

a. P=6T*=5.67%x108x5800*=6.4x10’W

1.4 x10°
2

The energy radiated in one day is 6.4 x 107 x 6.2 x 10'® x 24 x 60 x 60 = 3.4 x 10°'|

2
b. The surface area of the Sunis4ﬂ< ) =6.2x 10" m2.
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Practice questions

20. Visible light has wavelengths in the range from about 22. A hot plate of surface area 0.025m?is placed in an
400 nm to about 700 nm. Calculate the minimum and environment of temperature 20 °C.
the maximum temperature of a black body that has the a. The hot plate exchanges energy with the
peak intensity of its radiation within the visible part of environment at a net rate of 50 W. Calculate the
the spectrum. temperature of the hot plate.

21. The coiled metal filament in a light bulb has a diameter b. Determine the additional power that must
of 0.050 mm and an uncoiled length of 0.30m. The be delivered to the hot plate to increase its
light bulb radiates a power of 45W. temperature to 200°C.

a. Determine the absolute temperature of
the filament.

b. Calculate the peak wavelength of the radiation
emitted by the light bulb.

Science as a shared endeavour—Building a theory

By the end of the 19th century, the graph of radiation intensity emitted by a
black body as a function of wavelength was well known. Wien's equation
fitted the experiments but only at short wavelengths. Rayleigh attempted to
develop a new theory based on classical physics. He suggested that charges
oscillating inside the cavity produce standing electromagnetic waves (see
Topic C.4) as they bounce backwards and forwards between the cavity walls.
Standing waves that escape from the cavity produce the observed black-body
spectrum. Rayleigh’s model fits the observations at long wavelengths, but
predicts an “ultraviolet catastrophe” with an infinitely large intensity at

short wavelengths.

Max Planck varied Rayleigh’s theory slightly. He proposed that the standing
waves could not carry all possible energies, but only certain quantities of
energy E given by nhf where nis an integer, his a constant (Planck’s constant)
and fis the frequency of the allowed energy. Planck’s model fitted the
experimental results at all wavelengths and thus, in 1900, a new branch of
physics was born: quantum physics. Planck limited his theory to the space
inside the cavity, he believed that the radiation was continuous outside.
Some years later, Einstein realized that the photons outside the cavity also
had discrete amounts of energy. Planck was the scientific referee for Einstein’s
paper, and it is to Planck’s credit that he recognized the value of Einstein’s
work and accepted the paper for publication even though it overturned some
of his own ideas.

Observational astronomy and black-body radiation

Given that most stars are black-body radiators to a very close approximation, the
Stefan-Boltzmann law and Wien's displacement law have crucial importance

for astronomers. Indeed, the Stefan—-Boltzmann law is sometimes known as

the luminosity law in astronomy because the radiated power L is known as
luminosity when used in the context of stars (hence the symbol L).
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The luminosity of a star allows comparisons between stars of similar ages or sizes.
It allows astronomers to apply the properties and distances of a known star to
those of a newly discovered star.

When a star radiates a power P, at a large distance from the star the radiation can
be imagined as being emitted by a point source. Imagine the surface of a sphere
of radius d, centred on a star S (Figure 26 shows part of the sphere). The intensity
l'is the power that falls on unit area of the sphere surface. When the sphere has

double the radius, 2d, then the intensity at the new surface falls to l Thisis an
inverse-square law: 4

A Figure 26 As radiation spreads out p

from a point source S it covers an area that = W

increases as the square of the distance from
the source. The units of intensity are watt metre™2 (Wm=—=2=]s'm=2).

. . In astrophysics, luminosity can be quoted relative to the luminosity of the Sun.
@ How has international
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collaboration helped
to develop the
understanding of the
nature of matter?

A Figure 27 A photograph of the

first Solvay conference in 1911. Einstein
(standing second from the right) was
the second youngest participant. Max
Planck can be seen standing second
from the left and Wilhelm Wien is sitting
third from the right.

Scientists regularly hold conferences
to share ideas and promote
research. The first Solvay conference
in 1911 was titled “The Theory of
Radiation and the Quanta”. It was
one of the first conferences bringing
physicists from different countries
together. Hendrik Lorentz chaired
the conference and impressed all
the participants with his careful
chairing.

Today, the Solvay Institute still hosts
international conferences. The

aim of all physics conferences is to
promote the sharing of ideas so
that progress can be made.

The Sun’s luminosity is often given the symbol L, so that a star with an radiated
power output that is 20 times that of the Sun will have a luminosity of 20L,. The ©
notation can also apply to the mass of the Sun Mg, and the surface temperature

of the Sun T,. As an example, the star Betelgeuse is the tenth-brightest star

in the sky with a mass of 17 M, a temperature of 0.62 T, and a luminosity of
130000 Lg. This means that its mass is (2.0 x 10°°x 17 =) 3.4 x 10°'kg, the
surface temperature is (0.62 x 5800 =) 3600 K and the luminosity is

(3.8 x10%6x 130000 =) 4.9 x 10°"W.

Where do inverse-square relationships appear in other
areas of physics? (NOS)

The relationship between the intensity of a wave and the distance that the
wave has travelled from the source is met frequently in physics. You will meet it
again in the wave theory of Theme C. It also describes the variation of intensity
of the radiation with distance from a point source of gamma photons.

Apparent brightness

Using the notation for luminosity introduced earlier (L = P), then the intensity

b falling on the surface of the sphere at a distance d from the staris b= I
T

Astronomers call b the apparent brightness of the star rather than its intensity.

The apparent brightness is the power received at a telescope or other detector
at Earth. A knowledge of the luminosity of the star and details of its spectrum (the
peak wavelength 4., for example) allows astronomers to deduce the distance of
the star from Earth.
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Observations — Discovering galaxies

The concept of a galaxy did not exist until the early 20th century. In
1925, Edwin Hubble deduced that M31 was 900 000 light years away
and therefore well beyond the edge of our own galaxy. This enabled
Hubble to use the apparent brightness of M31 to deduce that its mass
was about 3.5 X 10° Mg and its luminosity about 7 x 108 L.

It was later discovered that M31 (the Andromeda galaxy) is in fact

2.5 million light years away. Its greater distance means that it is much
brighter than Hubble thought. The luminosity of the andromeda galaxy
is now thoughtto be 2.6 x 101/,

Combining the Stefan-Boltzmann law with the equation for the area
of a sphere of radius R, assuming that these stars are spherical in shape,
gives L = ¢4nR?T*. The luminosity of a star depends on its temperature
and its radius.

A Figure 28 The M31 galaxy.

Topic E.5 takes this relationship further to discuss an important classification tool in stellar astronomy —the
Hertzsprung—Russell diagram.

Practice questions

23. The star Antares has a luminosity of 76 000 L, 25. Asphere of radius R has an absolute temperature T
(Lo =3.83x10%®W)and is at a distance of 5.2 x 10" m and it radiates power P. A second sphere has a radius
from Earth. 2R. The spheres can be assumed to be black-body

Calculate the apparent brightness of Antares as seen radiators. Determine:

from Earth. a. the powerradiated by the second sphere, when
its absolute temperature is T

b. the absolute temperature of the second sphere,
when it radiates power P.

24. The minimum intensity of light that can be detected by
unaided human eye is approximately 107"°Wm=2.

Estimate the distance at which the Sun could just be
seen by unaided eye.
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WA Greenhouse effect

How does the greenhouse effect help to maintain life on Earth and how does human activity
enhance this effect?

How is the atmosphere as a system modelled to quantify the Earth-atmosphere energy balance?

A concern of both national governments and world
citizens is the future of Earth’s climate. Science
can model the behaviour of the atmosphere and
the results of this modelling are discouraging.
There need to be urgent efforts to reduce the rate
at which we release greenhouse gases into the
atmosphere to avoid catastrophic temperature
increases on Earth. But we rely on the greenhouse
effect to prevent the temperature of the planet
from plunging. What is the greenhouse effect

and how has our impact modified its effects? All
these questions rely on the development and
understanding of climate models.

Conditions in our Sun dictate the energy that
arrives at Earth. Physics tells us about the balance
of wavelengths emitted from the star and inform
us about the interaction of these wavelengths with
the atmosphere. The Sun's conditions therefore
ultimately influence the emission of radiation by
Earth and the relative intensities of the wavelengths
in this radiation. A Figure1 The atmosphere is responsible for creating the possibly
unique conditions that have allowed life to develop on Earth.

In this topic, you will learn about:

® energy conservation * the main greenhouse gases and how they absorb

. L infrared radiation
emissivity

* the greenhouse effect and the enhanced
greenhouse effect.

* albedo and the albedo of Earth

* the solar constant and the intensity of solar radiation at
Earth’s surface
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Introduction

On the face of it, modelling Earth’s atmosphere should be straightforward. Three
gases, nitrogen, oxygen and argon make up all but 0.04% of the total. But it is the
last one part in 2500 that makes a profound difference to life on Earth. Remove
the ozone and the damaging ultraviolet radiations from the Sun will destroy much
of life on Earth. Increase the amounts of carbon dioxide, methane, nitrous oxide
and water vapour by too much and the greenhouse effect on which we rely
becomes enhanced. This enhancement leads to dramatic changes in the climate
and, specifically, in the mean temperature of the atmosphere with consequent
changes in sea level and climate. A good understanding of the relationship
between climate change and the composition of the atmosphere is vital for all
concerned citizens of this planet not just physicists, chemists and climatologists.

Grey bodies and emissivity

In Topic B.1, you were introduced to the concept of a black body. The spectrum
emitted by a black body has a maximum of intensity at a characteristic wavelength
Amax fOr @ particular temperature T of the body. Two mathematical laws are
associated with black bodies:

*  Wien's displacement law that links 4. and T: Ao T=2.9 X 102 m K

* the Stefan-Boltzmann law that links the total power output of a black body to
its surface area A and the absolute temperature T: P = 6AT*.

In practice, objects can approximate to a black body without being 100% perfect
in the way they behave. These approximations to black bodies are called grey

to account for this. A grey body at a particular temperature emits less energy

per second than a perfect black body of the same dimensions at the same
temperature. How much less is shown by the quantity emissivity e which is the
measure of the ratio between these two powers:

power emitted by a radiating object

e= . - - -
power emitted by a black body with the same dimensions
and at the same temperature

Emissivity has no units because it is a ratio.
For an object with emissivity e, the Stefan-Boltzmann law becomes
P=eAcT*

and e_ﬁx ]
T AT T

The emissivity is

o = Power radiated per unit area

ol*
¢ A perfect black body has an emissivity value of 1.

* An object that completely reflects radiation without any absorption at all has
an emissivity of O.

¢ Allreal objects have an emissivity somewhere between these two values.

Table T shows typical values of emissivity at visible wavelengths for some
substances. It is important to note that emissivity values such as these are a
function of the wavelength of the radiation. It is surprising that snow, although
apparently white and reflective, is an effective emitter (and absorber) at
infrared wavelengths.

Substance ‘ Emissivity
brick 0.90
glass 0.95
ice 0.97
polished silver 0.02
snow 0.8-0.9

A Table1 Typical values of emissivity at

visible wavelengths.
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Worked example 1

The data points in the diagram show 80 -
experimental results of the variation with
wavelength of the intensity of radiation
emitted by a metal sample. The solid curve
corresponds to a black body of the same
shape and at the same temperature as the
metal sample.

a. Calculate the temperature of the
sample.

60

404 black body

20 .:sxperimental

of

intensity / airbitrary units

b. Estimate the emissivity of the sample °o
at the wavelength corresponding to

the peak of the intensity curve. 0+ T T T T T T T
0 500 1000 1500 2000 2500 3000 3500 4000
wavelength / nm

Solutions

-3 -3
a. Amaxisapproximate|y1250nm.T=2'9X]O = 29X10

Ao 1250 %107
b. Emissivity is the ratio of the intensity emitted by the sample to that emitted by the black body. At 1250 nm, the ratio is
_ 20
=50
varies with the wavelength!

=2300K

= 0.33. Note that the ratio would be slightly different at different wavelengths, indicating that the emissivity

Worked example 2

A body of surface area 0.50 m? and temperature 400 K radiates energy at a rate of 580 W.
Calculate the emissivity of the bodly.

Solution

o power radiated per unitarea 580 —0.80
B oT* © 0.5x5.67%x10%x400*

Worked example 3

Human skin can be considered a grey body of emissivity 0.97. An adult person of normal body weight has a total
surface area of about 1.8 m2.

a. Calculate the total energy radiated by the human body during one hour. Assume that the body temperature
is 37 °C.

b. Ifthe temperature of the surroundings is 25 °C, calculate the net energy transferred from the human body as
radiation during one hour.

Solutions
a. The absolute temperature of the human body is 273 + 37 = 310K.
Energy = power X time =0.97 x 5.67 x 108 x 1.8 x 310% x 3600 = 3.3 M|
b. Thetemperature of the surroundings is 273 + 25 =298 K.
The net energy transfer is therefore 0.97 x 5.67 x 10 x 1.8 x (310% - 298%) x 3600 = 480Kk|.

234




B. The particulate nature of matter

Practice questions

1. Abody of surface area 1.4 m? and emissivity 0.90 b. The mass of the cube is 28 kg and its specific
radiates energy at a constant rate of 1.1kW. Calculate heat capacity is 380 kg™ K=", Estimate, using
the absolute temperature of the body. the answer in a., the initial rate of change of the

2. Asphere of radius 0.12 m and surface temperature temperature of the cube. State the answerin Ks™'.
55°C emits thermal radiation at a rate of 100 W. c. Theactual temperature of the cube increases
Calculate the emissivity of the sphere. at a higher rate than calculated in b. Suggest a

3. Acube of side length 0.15m, initial temperature 0°C possible reason for this.

and emissivity 0.75 is placed in an environment of

constant temperature 50 °C.

a. Calculate the net power exchanged by the cube
with the environment as thermal radiation.

The solar constant and our Sun

The Sun emits large amounts of energy every second because of nuclear fusion
reactions. As Earth is small and a long way from the Sun, only a small fraction of this
energy arrives at the top of Earth’s atmosphere. A black body at the temperature
of the Sun has just under half of the energy of its radiation in our visible region,
roughly the same amount in the infrared, and about 10% in the ultraviolet.

The energy gained by Earth from the Sun every second is the overall difference
between the powers of the incoming solar radiation and the radiation that Earth
subsequently emits back into space. This energy gained by the planet is used
by plants in photosynthesis. It also drives the changes in the world’s oceans and
atmospheres. This energy from the Sun is crucial to life on the planet.

The intensity | of radiation is defined as the incident power P arriving per unit
area A, sothat/= % The intensity of the radiation that arrives at the top of the
atmosphere is known as the solar constant S. A precise definition of Sis that:

The solar constant is the intensity of solar radiation across all
wavelengths that is incident at the mean distance of Earth from the Sun
on a plane perpendicular to the line joining the centre of the Sun and the
centre of Earth.

One way to evaluate the solar constant is to imagine that the energy from the
Sun, at Earth's orbit, is spread over the area of an imaginary sphere that has a
radius equal to Earth—-Sun distance (this area is A in the intensity equation).
Earthis roughly 1.5 x 10" m from the Sun and so the surface area of this sphere is
dar’ =4z x (1.5 10"")?=2.8 x 102 m?.

The Sun emits about 3.8 x 10%] of electromagnetic radiation every second.

The energy incident in one second on one square metre at the distance of Earth
P 3.8x10%

A 27x10%
2 s.f., which is a reasonable precision for this estimate which uses 2 s.f. data. It

represents a fraction of about 5 x 10719 of the entire power output of the Sun.

from the Sun is therefore |

= 1400]. This answer is quoted to

When data with more precision are used, the solar constant is 1360 W m=2
to 3 s.f.

Details of the nuclear fusion that is
taking place in the Sun and other
stars are given in Topic E.5.
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The value of the solar constant varies periodically for several reasons:

The astronomical unit 4 o
* The output of the Sun varies by about 0.1% during its principal 11-year

The mean distance from Earth to sunspot cycle.
the Sunis 1.50 x 10" m. This is o
known as the astronomical unit

(symbol: AU). This is an important

length both for climatologists and

for astronomers. Astronomers

rely on the distance across Earth's

Earth’s orbit is elliptical with Earth slightly closer to the Sun in January
compared with July; this accounts for a difference of about 7% in the solar
constant. (This difference is not the reason for a January summer in the
southern hemisphere. Seasons occur because the axis of rotation of Earth is
not perpendicular to the plane of its orbit around the Sun.)

orbit (2 AU) for their baseline in the * Otherlonger-period cycles are believed to occur in the Sun'’s luminosity
detemmireiion of disEmass o selkr and Earth’s orbit. These have periods ranging from roughly hundreds to
objects, as you see in Topic E.5. thousands of years.

Worked example 4

The distances between some of the planets and the Sun are given.
Venus-Sun distance = 0.72 AU
Saturn-Sun distance = 9.6 AU

Calculate the intensity of the solar radiation at the position of:

a. Venus
b. Saturn.
Solutions

The intensity at the location of Earth is S=1.36 x 102Wm==. The intensity
at the location of a planet can be expressed in relative terms:

d arl 2
loanet 1 1 = Ip\anet:( E th) &

S dzplanet N dzEarth dp\anet
— 1 s W2
a.  Nens = 077 X 1.36 x10°=2.6 x T0°Wm=.

This is nearly twice the solar constant.

b. /Saturnzﬁx].36X103=]5Wm_2.

This is a little more than 1% of the solar constant.

Practice questions

4. The Earth-Sun distance changes due to the elliptical 5. Aspace observatory in an Earth orbit is powered by
shape of Earth’s orbit. The minimum Earth-Sun an array of solar cells of total surface area 16 m?. The
distance is 0.9833 AU, in early January each year. The efficiency of solar to electrical energy conversion in
maximum distance is 1.0167 AU, in early July. the solar array is 0.10.
Show that the changes in the Earth-Sun distance Calculate the power output of the solar array when
result in a difference of about 7% in the intensity of the sunlightis incident at right angles to it.

solar radiation received by Earth.

Energy balance in Earth’s surface— Atmosphere system

The solar constant of 1360 W is the power incident per square metre at the top of
the atmosphere. It is not the average power arriving at the surface.

The energy from the Sun falls on only half the area of the sphere at any one time.
The energy is then transferred to the whole of Earth’s surface (Figure 2). The
energy arriving comes through a disc of radius R, where Ris the radius of Earth.
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This disc area is zR?. This energy is then spread over the whole of the sphere
surface (day side and night side) which has a total area of 4zR?.

The average incident intensity I, throughout the course of one day (24 h) at any

power arriving through thedisc ~ SxzR* S
total surfacearea of Earth ~~ 4zR? ~ 4~

point on the surface must be

Therefore I e = @ =340Wm—2to 2s.f.

This is not the end of the story because we have neglected the effect of Earth’s
atmosphere. As the radiation from the Sun enters and travels through the
atmosphere, it is subject to losses that reduce the energy arriving at the surface.
Radiation is absorbed and scattered by the atmosphere. The degree to which
this absorption and scattering occur depends on the position of the Sun in the
sky at a particular place. When the Sun is lower in the sky (at dawn and sunset and
near the poles), its radiation passes through a greater thickness of atmosphere
and thus more scattering and absorption takes place. This also gives rise to the
colours in the sky at dawn and dusk.

The energy arrives at ground level and is incident on the surface. The surface

of Earth is not a black body and it scatters some energy back up towards the
atmosphere. The extent to which a particular surface can scatter energy is known
as its albedo (from the Latin word for “whiteness”).

Albedo is given the symbol a:

_ energy scattered by a given surface in a given time
total energy incident on the surface in the same time
__ total scattered power

" total incident power
Like emissivity, albedo is a ratio and has no units. It varies from O for a surface that
scatters no energy (a black body) to 1 for a surface that absorbs no radiation at all.
Unless stated otherwise, the albedo in Earth system is normally quoted for
visible light.

The average annual albedo for the whole of Earth is about 0.3, so that, on
average, about 30% of the intensity from the Sun that reaches the ground is
scattered. Thus about 70% of the energy is absorbed.

This value for a of 0.3 is an average because albedo varies depending on several
factors:

* Itvaries daily and with the seasons, depending on the amount and type of
cloud cover (thin clouds have albedo values of 0.3-0.4, thick cumulo-nimbus
cloud can approach values of a=0.9).

® [tdependson latitude.

* |tdepends on the terrain and the material of the surface.

Using the mean average intensity at the surface together with the average albedo
shows that the average intensity absorbed by Earth’s surface is

S 1360
] — —_—= 7 —_— = 2 W _2.
(1-a)x ) 0.7 x 7 38Wm
total absorbed power

The factor (1 — a) corresponds to the ratio — )
total incident power

Table 2 gives typical albedo values for some common land and water surfaces.

area collecting
radiation is zR?

radiation falls on half
the surface of the
sphere of radius R

A Figure 2 The radiation incident on half
of Earth’s sphere can be imagined as being
incident on a circle with Earth’s radius.

The inverse-square law used here is
discussed in Topic B.1.

A Figure 3 Cloud cover affects the albedo
of Earth.

Surface ‘ Albedo
ocean 0.06
fresh snow 0.85
seaice 0.60
ice 0.90
urban areas 0.15
desert soils 0.40
pine forest 0.15
deciduous forest 0.25

A Table 2 Typical albedo values.
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Models—Albedo vs emissivity

Why do physicists use two quantities, albedo and
emissivity, when they appear to be related?

The answer is that both albedo and emissivity depend
strongly on wavelength but are different quantities.
Emissivity is the ratio of the radiation emitted by a grey
body compared to that emitted by a black body. Albedo
is the fraction of the radiation that is reflected by a surface
compared to the radiation incident on it.

When considering the energy balance of Earth, the
incoming radiation from the Sun has a black-body
temperature of about 5700 K and a peak wavelength in
the visible part of the spectrum. Earth itself has a black-
body temperature of 288 Kand a peak wavelength
that is in the infrared. Earth’s surface will absorb and
reflect light differently in these different regions of the
electromagnetic spectrum.

There are many other effects to consider. For example, the
Sun’s light is not incident at 90°. This affects the albedo of
the surface.

When radiation is incident at right angles to the surface
and the black-body temperature of the incident radiation
and the surface are the same, then there will be a

relationship between albedo and emissivity so that
e=1-a. Thisis shown in Figure 4.

surrounding temperature T

body
temperature
Tp

A Figure 4 Radiation incident at right angles
to the surface.

The grey body radiates at a rate P,.q = ecATy. The grey
body absorbs a fraction (1 — a) of the incident radiation at a
rate P,o. = (1 — a)oATZ.

The system will reach equilibrium when P4 = P,,. This will
happenwhen T,=T,andsoe=1-a.

The importance of albedo will be familiar to anyone who lives where snow

is common in winter. Fresh snow has a high albedo and scatters most of the
radiation that is incident on it. The snow stays frozen for a long time when the
temperature remains low. However, sprinkle some earth or soot on the snow and,
as the sun shines, the snow soon disappears because the dark surface material
absorbs energy. The radiation provides the latent heat energy needed to melt

the snow.

Science as a shared endeavour —Developments in climate science

In 2021, Syukuro Manabe and Klaus Hasselmann were
awarded part of the Nobel Prize in Physics for their work
on climate change. Itis remarkable that a study of the
unpredictable weather systems on Earth can yield firm
predictions about climate change. Manabe was one

of the first to develop climate models in terms of the
interaction between radiation balance and the movement
of air masses. This was the basis for our present-day

models. Hasselmann was able to identify the imprint of
both natural phenomena and human activity on climate,
leading to an understanding that changes in atmospheric
temperature are due to human activities.

Although the two scientists did not work together directly,
it is the impact of one scientist’s influence on another’s
work that makes science such a powerful tool.
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Figure 5 shows the correlation between climate changes over the past hundred
years and both natural and human events.

Comparison between changes in the mean temperature in relation to
the average for 1901-1950 (°C).

A
+1.0 1

—— oObservations

—— calculations that show

the effect of only natural
sources, such as volcanic
eruptions.

calculations of the effect
of both natural and

observations of changes in temperature I°C

0.0+ ! . human sources.

]! i i i i volcanic eruptions
0s] ! a -
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year

A Figure 5 The impact of human activity on Earth’s temperature over the past hundred years, as deduced by Hasselmann. Klaus
Hasselmann developed methods for distinguishing between natural and human causes (fingerprints) of atmospheric heating.

Worked example 5

Four habitats on Earth are: forest, grassland (savannah), the sea and an ice cap. Discuss which of these have the
greatest and least albedo.

Solution

A material with a high albedo scatters the incident visible radiation. Ice is a good reflector and consequently has a high
albedo. On the other hand, the sea is a good absorber and has a low albedo.

Worked example 6

The data give details of a model of the energy balance of Earth. Use the data to calculate the albedo of Earth that is
predicted by this model.

Incident intensity from the Sun = 340\Wm~2
Scattered intensity at surface = T00\W m~=2

Radiated intensity from surface = 240\W m~2

Solution

Albedo = power scattered by a given surface

total power incident on the surface

In this case, the value is @ =0.29.
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Worked example 7

Mercury is a planet in the Solar System. The average Mercury-Sun distance is 0.40 AU. Mercury has no atmosphere.
a. Calculate the average intensity of solar radiation incident at any point on the surface of Mercury.

b. Thealbedo of Mercury is 0.11. Calculate the average intensity of solar radiation absorbed by the surface of Mercury.

Solutions

a. Theintensity of solar radiation at the location of Mercury is (

exposed area of Mercury is 7 of its total surface area, so the average incident intensity is

=8.5x10°Wm=. The
8.5x10°

e s g, LI
T 0.402

Mercury

=21x10°Wm=.

b. Absorbed intensity = (1 —albedo) x (incident intensity) = (1-0.11) x 2.1 x 10° =1.9 x 10°Wm~.

Practice questions

6. The Moon has no atmosphere and an average albedo 8.
of 0.12. Calculate the average intensity of solar
radiation absorbed by the surface of the Moon.
7. Sunlight of intensity 900 W m~=2 is incident at right
angles on a roof of surface area 64 m?. The radiant
power absorbed by the roof is 43 kW.

Calculate the albedo of the roof.

Models—Greenhouses

The glass in a greenhouse, like the
one in Figure 6, allows the Sun’s light
through but blocks infrared radiation
from the ground. The environment

in the greenhouse remains warm so
that crops grow in cooler climates.
Greenhouses work in a similar way

to the greenhouse effect in the
atmosphere. However, a greenhouse
also traps warmer air by preventing
convection losses. Perhaps a
greenhouse is not the best example of
the greenhouse effect after all!

A Figure 6 The greenhouse effect in
the atmosphere works in a similar way
to a greenhouse.

Eris is a dwarf planet in the Solar System with an
unusually high albedo of 0.96. Its moon, Dysnomia,
has an albedo of 0.04.

Calculate the ratio

average intensity of sunlight absorbed by Dysnomia

average intensity of sunlight absorbed by Eris

The greenhouse effect and temperature balance

Earth and the Moon are the same average distance from the Sun, yet the
average surface temperature of the Moon is 255K, while that of Earth is about
288K. The discrepancy is due to Earth’s atmosphere because the Moon has
effectively no atmosphere.

The difference is due to a phenomenon known as the greenhouse effect in
which certain gases in Earth’s atmosphere trap energy within the atmospheric
system and produce a consequent rise in Earth’s average temperature. The
most important gases that cause this effect are carbon dioxide (CO,), water
vapour (H,O), methane (CH,) and nitrous oxide (dinitrogen monoxide; N,O),
all of which occur naturally in the atmosphere. Ozone (Os), which has natural
and man-made sources, also contributes to the greenhouse effect.

It is important to distinguish between:

* the "natural” greenhouse effect that is due to the naturally occurring
levels of the responsible gases, and

* the enhanced greenhouse effect in which increased concentrations of
these gases lead to further increases in Earth's average temperature and
therefore to climate change.

The principal gases in the atmosphere are nitrogen, N,, and oxygen, O,
(roughly, 80% and 20% by weight). Both gases are made up of tightly bound
molecules and, because of this, do not absorb energy from sunlight. They
make little contribution to the natural greenhouse effect. The 0.04% of the
atmosphere that is made up of CO,, H,O, CH, and N,O has a much

greater effect.
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The structure of greenhouse-gas molecules means that they absorb ultraviolet
and infrared radiation from the Sun as it travels through the atmosphere. Visible
light on the other hand is not so readily absorbed by these gases and passes
through the atmosphere to be absorbed by the land and water at the surface. As
a result of this absorption, the temperature of the surface rises.

Earth then re-radiates just like any other hot object. The temperature of Earth’s
surface is far lower than that of the Sun, so the wavelengths radiated from Earth
peak in the long-wavelength infrared. The absorbed radiation from the Sun was
mostly in the visible region of the electromagnetic spectrum. Just as the gases in
the atmosphere absorb the Sun’s infrared radiation on its way in, now they absorb
energy in the infrared region being radiated by Earth. The atmosphere then
re-radiates the energy yet again, this time in all directions, meaning that some
returns to the surface. Therefore, energy is trapped in the complex system that
consists of the surface of Earth and its atmosphere.

The whole system is in a dynamic equilibrium for which:

total energy incident on
the system from the Sun

total energy being
radiated away by Earth

The enhanced greenhouse effect begins when there are increased levels of
absorbing gases. These increased levels mean that more energy is being retained
and so a greater energy must be radiated away to arrive at a new balance.

The amount of radiated energy depends on temperature according to the
Stefan-Boltzmann law (P = 6AT*). The temperature of Earth has to rise to

achieve this increased amount of radiation.

This increase continues until the balance of incoming and outgoing energies is
reached again. Of course, this balance was originally established over billions of
years. It has also varied steadily as the composition of the atmosphere and the
albedo have changed with variations in vegetation, and with continental drift and
other geological processes.

Observations — Other worlds, other atmospheres

The dynamic equilibrium in our climate has been important for the evolution
of life on Earth. The planets Venus and Mars evolved very differently from
Earth. We have been able to make observations of other worlds through
the development of spacecraft sophisticated enough to travel to

harsh environments.

Venus has similar dimensions to Earth but is closer to the Sun with an albedo
ofabout 0.76. This higher albedo is caused by a thick cloud layer. Without its
atmosphere, the Venusian surface is thought to have an albedo of about 0.6
and this would give Venus a surface temperature of about 260 K. However,
the thick atmosphere is composed almost entirely of carbon dioxide and the
surface temperature reaches 730K. A runaway greenhouse effect acts on
the planet.

Mars has very little atmosphere. The pressure at its surface is about 0.6%
that of Earth’s air pressure. Its surface temperature is about 215K and the
greenhouse effect only contributes about 5K to this. It is thought that Mars
had a thicker atmosphere in its past and that at this time, the greenhouse
effect could have raised its surface temperature sufficiently to have liquid
water and possibly even life.

Reducing greenhouse
emissions

Reducing the emission of
greenhouse gases is a crucial step to
limiting climate change. Much of the
progress in reducing the emission
of greenhouse gases must be
made by industries, governments
and large organizations. However,
individual actions are also
important— particularly when made
by people who live in wealthy
countries. The lifestyles of the richest
10% of the world’s population are
estimated to be responsible for 50%
of all greenhouse-gas emissions.
People try to reduce their
greenhouse emissions by:
e travelling less, particularly

air travel

* eating less meat

e insulating houses
(in cooler countries)

* reducing their electricity
consumption, particularly
where this electricity is
generated from burning
hydrocarbons.

What other actions can individuals
take to reduce greenhouse
emissions?

A Figure 7 Cattle farming is one
industry which releases greenhouse
gases. Some people try to reduce
their intake of milk and beef to
reduce greenhouse emissions.
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>

Venus and Mars are clear reminders to us of the fragility of a planetary climate.

Mechanical resonance is discussed in
more detail in Topic C.4 (page 449).

ONMNONO) equilibrium

position

symmetric stretchin
Y 9 A Figure 8 Venus and Mars. (a) Venus has such a thick atmosphere that its surface

cannot be seen. (b) Mars, on the other hand has very little atmosphere.
anti-symmetric stretching

Why greenhouse gases absorb energy

Both ultraviolet and long-wavelength infrared radiations are absorbed by Earth’s

bending atmosphere.

modes
Photons in the ultraviolet region of the electromagnetic spectrum are energetic

and have enough energy to break the bonds within the gas molecules. This leads
to the production of ionized materials in the atmosphere. A good example is the
reaction that leads to the production of ozone from the oxygen atoms formed
when oxygen molecules are split apart by photons with ultraviolet frequencies.

A Figure9 The modes of vibration in The energies of infrared photons are much smaller than those of ultraviolet
carbon dioxide molecule. photons and are not sufficient to break molecules apart. When the frequency
of a photon matches the frequency of a vibrational state in a greenhouse-gas
molecule, then an effect called resonance occurs. The vibrational states and
resonance in carbon dioxide are described here, but similar effects occur in all
the greenhouse-gas molecules.

A

In a carbon dioxide molecule, the oxygen atoms at each end are attached by
double bonds to the carbon in a linear arrangement. The bonds resemble springs
in their behaviour.

relative absorption

these modes—a linear symmetric stretching mode —does not cause infrared

: : . . . absorption, but the remaining three motions do. Each one has a characteristic

2 3 4 5 6 frequency. When the frequency of the incident radiation matches this frequency,
wavelength /pm then the molecule is stimulated into vibrating at the matching mode. The energy

of the vibration comes from the incident radiation. This leads to vibrational

absorption at infrared wavelengths of 2.7 um, 4.3um and 15 um.

K The molecule has four vibrational modes, as shown in Figure 9. The first of

Y

A Figure 10 Part of the absorption
spectrum for carbon dioxide. The peaks
indicate wavelengths at which significant The effects of these absorptions can be clearly seen in Figure 10, which shows
absorption occurs. part of the absorption spectrum of carbon dioxide.
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@ What relevance do simple harmonic motion and resonance have to climate change?

Electromagnetic radiation, as its name implies, consists of an electric field and a magnetic field that propagate in the
same direction but are at 90° to each other. The fields alternate in field strength and direction.

The waves interact with a greenhouse-gas molecule and drive a forced oscillation of the molecule. The molecules have a
polarity so that one part of the molecule is slightly positive with respect to another part. As the wave passes through the
gas, the alternation in field direction rotates the molecule in a cycle: first in one direction and then the opposite way, at
the frequency of the electric field. This is what stimulates the absorption of the radiation at resonance frequencies.

As the molecule continues to move, charged regions of the molecule oscillate and this movement of charge gives rise to
both electric and magnetic fields—another electromagnetic wave. This time, however, the wave will not be moving in
the original direction. The molecule can be thought of as a point source that radiates equally in all directions.

Imagine the molecule to be a simple system consisting of three or more atoms connected by springs. Provide energy
to it and the spring system will oscillate in a complex way. Provide this energy at exactly the correct frequency and the
system will resonate.

@ What limitations are there in using a resonance model to explain the greenhouse effect?

Oxygen and nitrogen are abundant gases in the atmosphere but do not contribute to the greenhouse effect even though
they have vibrational modes. This is because oxygen and nitrogen are so symmetrical that even when vibrating their
charges do not become “lopsided”. Itis the absence of symmetry in the charge positions that causes greenhouse gases
to absorb and then re-radiate the energy from the Sun.

Practice questions

9. Explain, with reference to greenhouse gases, why 10. Explain why the symmetric stretching mode of
some of the thermal radiation emitted by the land oscillation of a carbon dioxide molecule (see Figure 9)
and water is returned to Earth’s surface from does not cause absorption of infrared radiation, but the
the atmosphere. anti-symmetric stretching mode does.

Modelling climate balance

Knowledge of the present energy balance leads to a simple model for the
climate balance of Earth. Taking everything into account, the average intensity
arriving at the surface is 238 W m=2. The knowledge of this emitted power allows
us to predict the temperature T of a black body that will emit an intensity of
238 Wm=. Using the Stefan-Boltzmann law, 238 = esT* and, assuming a value

L L 4 238 . o
for the emissivity of 0.9, this gives T=\/ 09%567x10° 261K. Thisis =12°C
and is close to the value for the average temperature of the Moon's surface. An
improved estimate can be made by accounting for the fact that the Moon has a
lower albedo than Earth. As a result, less of the incident radiation from the Sun is
reflected and the average intensity arriving at the Moon's surface is greater than
238Wm=. We need to investigate why the mean temperature of Earth is about
27 K greater than this.

A Figure 1T With very little atmosphere,
but the same distance from the Sun, the
Moon shows us the effect that Earth’s
atmosphere has on its surface conditions.
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A Figure 12 (a) The intensity-wavelength
graph for a black-body at 255K. (b) The
variation of transmittance with wavelength
for a transparent atmosphere. Combining
this with (a) does not change the emitted
radiation profile.
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A Figure 13 When the transmittance
is zero for some wavelength ranges the
emitted energy profile changes.

We made the assumption that Earth emits 238 W m~=2, and that this energy
leaves the surface and the atmosphere completely. This would be true for
an atmosphere that is completely transparent at all wavelengths, but Earth'’s
atmosphere is not transparent because of the absorbing effects of the
greenhouse gases.

Figure 12(a) shows the intensity-wavelength graph for a black body at 255K.

As expected, the total area under this curve will be 238 W m= because it
represents the predicted emission from Earth'’s surface assuming no atmospheric
absorption.

Figure 12(b) shows the transmittance of the atmosphere as a function of
wavelength. Transmittance is the measure of how well the atmosphere transmits
a particular wavelength. The value of 100% means that all energy is completely
transmitted at the wavelength; 0% means that no energy is transmitted at the
wavelength. With a completely transparent atmosphere (or no atmosphere at
all), all the black-body radiation leaves Earth because the transmittance equals
100% for all wavelengths in this model. When Figures 12(a) and 12(b) are
combined, they indicate the overall intensity radiated from the planet (at the
top of the atmosphere) allowing for atmospheric effects. The overall radiated
intensity is identical to the emitted intensity because a transparent atmosphere
has no effect.

A more realistic model uses the fact that the atmosphere absorbs energy in both
the infrared and ultraviolet regions. In this model the transmittance remains at
100% for the visible wavelengths but is reduced to zero above and below the
visible wavelengths. Figure 13(b) shows the modified transmittance—wavelength
graph after this change.

The infrared and ultraviolet wavelengths (the yellow shaded areas in Figure 13(a))
will be absorbed by the atmosphere. The total area under the overall emission
curve will now be less than 238 W m~=2 because of this absorption. The infrared
and ultraviolet radiations are absorbed by the atmosphere rather than being
radiated away into space. The atmosphere then re-radiates these wavelengths in
all directions and so some energy returns to the surface.

For the system to reach equilibrium again, the temperature of the emission curve
must be raised enough to compensate for the energy that has been trapped.
The total area under the emission curve must return to 238 Wm=2 to match the
incoming energy from the Sun. The only way that this can happen is for Earth’s
temperature to increase so that the energy deficit is included in the emission
curve. As the curve changes with the increase in temperature, the area under
the curve increases too. The calculation of the temperature change required is
difficult and not given here. However, for the emission from the surface to equal
the incoming energy from the Sun, allowing for the absorption, the surface
temperature must rise to about 288 K. The net effect is shown in Figure 13(c)
where the emission curve is raised and its peak shifts to shorter wavelengths

to compensate exactly for the energy that was not transmitted through the
atmosphere because of absorption.

The suggestion that the atmosphere completely removes wavelengths above
and below certain wavelengths is, of course, an over-simplification. Figure 14
shows the complicated transmittance pattern in the infrared and indicates the
molecules responsible for some of the absorption regions.
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A Figure 14 Transmittance of Earth’s atmosphere in the infrared.
The energy balance of Earth
The surface—atmosphere energy balance system is very complex. Figure 15 is a
diagram showing the basic interactions and you should study it carefully.
Global energy flows W m—2
102, reflected solar radiation 341 incoming solar 239 |/ outgoing
101.9 W m? radiation longwave
\ J 341.3 W m—2 radiation
reflected by 238.5Wm=

clouds and
atmosphere 79 atmospheric
\ /9 / emitted by, 169 / window
atmosphere
\ absorbed by greenhouse
78 atmosphere gases
latent
1780 heat
*

reflected by
surface

\

17 80
thermals evapo-
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net absorbed
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radiation

A Figure 15 The factors that make up the energy balance of Earth (after Stephens and others, 2012
An update on earth’s energy balance in light of the latest global observations. Nature Geoscience.)
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A Figure 16 Winter landscape with
skaters (1608), Hendrick Avercamp.
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A Figure 17 Datafrom Mauna Loa,
Hawaii, showing recent changes in carbon
dioxide concentration.

P Figure 18 Long-term change in carbon
dioxide concentration in the atmosphere.
(Lathi, D., M. Le Floch, B. Bereiter, T. Blunier,
J.-M. Barnola, U. Siegenthaler, D. Raynaud,
). Jouzel, H. Fischer, K. Kawamura, and T.F.
Stocker. 2008. High-resolution carbon
dioxide concentration record 650,000-
800,000 years before present. Nature, Vol.
453, pp. 379-382, 15 May 2008.)
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Global warming

There is no doulbt that climate change is occurring on our planet. Thereis a
significant warming that will ultimately lead to changes in sea level and climate
across the world. The fact that there is change should not surprise us. We have
recently (in geological terms) been through several Ice Ages and we are thought
to be in an interstadial phase (between Ice Ages) now. In the 17th century, a “Little
lce Age” covered much of northern Europe and North America. The River Thames,
in London, regularly froze, and the citizens held fairs on the ice. In 1608, the Dutch
painter Hendrick Avercamp painted a winter landscape showing the typical extent
and thickness of the ice in Holland (Figure 16).

Many models have been suggested to explain global warming, they include:

* changesin the composition of the atmosphere (and specifically the
greenhouse gases) leading to an enhanced greenhouse effect

* increased solar flare activity
® cyclicchangesin Earth’s orbit

® volcanic activity.

Scientists now recognize that climate change is due to the burning of fossil fuels,
which has gone on at increasing levels since the Industrial Revolution in the 18th
century. There is much evidence for this. Table 3 shows some of the changes in
the principal greenhouse gases over the past 250 years.

Pre-1750 Recent % increase

concentration / ppb | concentration / ppb | since 1750
carbon dioxide 280000 410000 46
methane 700 1900 170
nitrous oxide 270 330 20

ppb = parts per billion
A Table 3 Changes in greenhouse gases over the past 250 years.

The recent values in this table have been collected directly in many parts of the
world. There is a long-term study of the variation of carbon dioxide in Hawaii where,
recently, carbon dioxide levels exceeded 400 ppm for the first time (Figure 17).

These changes become even more stark when viewed over the longer term.
Figure 18 shows the carbon dioxide concentration going back roughly 0.8
million years. These data were obtained from the analysis of Antarctic ice cores.
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The cores are extracted from deep in the ice and yield data for the composition of
the atmosphere during the era when the snow originally fell on the continent.

The enhanced greenhouse effect results from changes in concentration of the
greenhouse gases. As the amounts of these gases increase, more absorption
occurs both when energy enters the system and when the surface re-radiates.
For example, in the transmittance—wavelength graph for a particular gas, when
the concentration of the gas rises, the absorption peaks increase too. The surface
temperature increases to emit sufficient energy at sea level so that emission of
energy by Earth from the top of the atmosphere will equal the incoming energy
from the Sun.

Global warming is likely to lead to other mechanisms that will themselves make
global warming increase at a greater rate:

® Theice and snow cover at the poles will melt. This decreases the average
albedo of Earth and increases the rate at which energy is absorbed by
the surface.

* Increased water temperatures in the oceans reduce the extent to which
CO, is dissolved in seawater leading to a further increase in atmospheric
concentration of the gas.

Other human-related mechanisms also drive global warming as the amount of
carbon fixed in plants is reduced. This is a problem that must continue to be
addressed at both an international and an individual level. The world needs
greater efficiency in power production and a major review of the types of fuel
used. As individuals we need to be aware of our personal impact on the planet.
We should all encourage the use of non-fossil-fuel methods and be conscious of
our carbon footprint. Nations can capture and store carbon dioxide and agree to
increase the use of combined heating and power systems. Everyone agrees that
doing nothing is no longer an option.

How do different methods of electricity production affect
the energy balance of the atmosphere?

At present, much of the electrical energy production around the world
comes from the generation of steam that is used to power turbines that rotate
electrical generators. Much of the steam generation comes from the burning
of fossil fuels and this has a major impact on the atmosphere and hence on
global warming.

However, the use of nuclear fission to generate the steam leads to no large-
scale release of carbon dioxide. The same goes for renewable generation
methods such as wind turbines and solar panel farms.

Climate modelling and the physics of energy conversion both impact the
future of the planet.

You learn more about electrical energy generation in Topic D.4.
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Science and society

Opinions about climate change vary with age, nationality, gender and

education. A 2021 UN study found that:

* Inthe US and Canada, women and girls were more than 10% more likely
than men and boys to believe in the climate emergency, whereas the
opposite was true in Vietnam and Nigeria.

* The highest proportion of people who believed that climate change is a
global emergency was in ltaly and the UK (81%).

* High-income countries (72%) and small-island developing states (74%) had
a higher belief in the emergency than the least-developed countries (58%).

More and more people believe that climate change is caused by human
activities. However, there are still discrepancies between the number of
people who believe in the human cause of climate change and the scientific
community. Studies of peer-reviewed scientific articles concluded that more
than 99% of scientists believed that humans were the cause of

climate change.

Surely just being a scientist does not guarantee that you are right? Or have
scientists failed to be persuasive?

Science as a shared endeavour— An international
perspective

There have been a number of international attempts to reach agreement over
the ways forward for the planet. These have included:

e the Kyoto Protocol that was originally adopted by many (but not all)
countries in 1997 and later extended in 2012

e the Intergovernmental Panel on Climate Change
* the Asia—Pacific Partnership on Clean Development and Climate

e various other United Nations Conventions on Climate Change, e.g.
Cancun 2010, Paris 2015, Glasgow 2021.

Internet research will show you what agreements are in force at present
between governments.

@ How are developments in science and technology affected by climate change?

You should understand the impact that climate change is likely to have on both the planet and the plants and animals
that inhabit it. Will this affect developments in science and technology in years to come? The answer must be: almost
certainly. Already we see the development of electric-vehicle technology as industry and governments attempt to
remove the effects of unnecessary fossil-fuel consumption. Work continues to make nuclear fusion (Topic E.5) a reality as
an alternative source of energy.

All this work is driven by a desire to back away from the climate catastrophe that will affect future generations. What
other changes do you expect to see in the development of science and technology?

248




B. The particulate nature of matter

/) Data-based questions

Climate scientists rely heavily on models to predict how changes to the
atmosphere may affect Earth’s energy balance, and how this in turn might
change the average equilibrium temperature of Earth’s surface.

The table on the right shows some data

from a model of how the change in the C/ppm ‘ AT/°C

temperature of Earth’s surface depends (£0.20°C)

on the concentration of carbon dioxide 250 0.46

in the atmosphere C measured in parts 300 0.33

per million (ppm). 0 005

The model is logarithmic: 400 156

AT=axInC—b,whereaand b

are constants. 450 2.06

*  Deduce the units of aand b. 00 2.51
550 2.92

e Tabulate values of InC
* Plotagraph of AT against In C. Include error bars on your graph.
e Usethe graphto find the values of a and b.

e Use maximum and minimum gradients to find uncertainties in your values
foraand b.

e The Paris Agreement in 2021 aimed to limit global warming to below
2°Candideally to 1.5°C. Assuming that no other factors contribute to
global warming, use your values of a and b to deduce the limits for the
amounts of carbon dioxide in the atmosphere in order to achieve these
targets. Give an uncertainty with your answer.

To find out more about this sort of model, research “radiative forcing”.
This is a concept used by climate scientists to measure the imbalance of
Earth’s energy. It is often assumed that the increase in global temperature
will be directly proportional to the increase in radiative forcing. The
constant of proportionality is often called “the climate-sensitivity
parameter”. Modelling the values of these parameters is important in
climate science.

Using models such as these enables climate scientists to compare the
effects of other greenhouse gases to that of carbon dioxide. As a result,
the amount of carbon dioxide in the atmosphere has become a unit of
measurement for climate impact. Hence, the idea of carbon offsetting
when engaging in one activity which acts to reduce global warming is
matched against an activity which acts in the reverse way. The activities
do not necessarily require carbon dioxide to be released or absorbed.
Rather, the amount of carbon dioxide in the atmosphere is used as a
conversion factor or a currency in trading between the two.
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Worked example 8

The diagram shows a simplified model of the energy balance in Earth surface-atmosphere system. The
arrows represent the intensities of radiation. The average intensity of the radiation entering the system is
equal to the average intensity of the radiation leaving it.

a. Thealbedo of Earth is a = 0.300. Calculate the intensity |, of the outgoing radiation emitted by Earth.
Earth’s surface may be assumed to be a black body of absolute temperature T that emits thermal radiation
of intensity I,. A fraction k of this intensity is re-radiated by the greenhouse gases in the atmosphere back

towards the surface.

b. Show that (1 —KoT*= (1 — a)%

c. Explain why Earth surface-atmosphere system can be considered a grey body of emissivity 1 —k.
The present average temperature of Earth is close to 288 K. Determine k.
Outline what effect the enhanced greenhouse effect has on the value of k and therefore, on the global

average temperature.
reflected, C?TS incoming, % outgoing, I
y
atmosphere
radiated by
surface surface atmosphere,
absorption radiation, > I3 =kl
) 4
surface
Solutions

a. Theintensity leaving the system is the sum of the intensities of the reflected solar radiation and the

outgoing thermal radiation of Earth. Energy balance of Earth as a whole implies that this sum must be

equal to the incoming intensity, GTS +h= %
3
Hence, h = ( —a)%: (1-0.300) x%: 238Wm-.

b. We have l,=c6T*and |; = kl, = keT*. On average, the energy entering the atmosphere must be equal to
the energy leaving it, so 6T* = ko T* + I,. Combining this equation with the result of part a.,

weget(1-KoT*=1=(1-aqa) %

& cfeiiye intensity radiated by Earth as a whole _ /_1 1k
oTl* oTl*
. ! . 238 :
d. Rearranging the equation from part b. gives k=1- = 0.39. This means that,

5.67 x 108 x 2884
according to the model, 39% of the longwave radiation emitted by Earth’s surface is returned to it by the

greenhouse gases in the atmosphere.

e. Theincreased concentration of the greenhouse gases in the atmosphere leads to a greater fraction
of the radiation returned to the surface, so k would increase. The energy balance equation in part b.
requires that the average global temperature T increases, too.
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Practice questions

11. Consider the energy-balance model given in Worked
example 8.
a. Suppose that the fraction of the thermal radiation
returned to the surface increases to 0.40
because of the enhanced greenhouse effect.

Use the model to predict the change in the
average global temperature of Earth.

b. Thereis evidence that the increased global
average temperature results in melting of sea ice
and increased cloud cover. Discuss, by reference
to albedo, how each of these changes modifies
the effects of global warming.

12.

a.

The average temperature of Earth's surface is

288K. Calculate the intensity of thermal radiation
emitted by Earth’s surface.

A more detailed energy balance model of Earth
considers additional ways of energy transfer in the
Earth surface-atmosphere system.

b.

Outline two mechanisms other than thermal
radiation by which thermal energy may

be transferred from Earth’s surface to the
atmosphere.

The average intensity of the solar radiation
absorbed by Earth's surface is 161Wm=2.

The intensity of radiation returning to the
surface from the atmosphere is 333 Wm=.
Estimate the intensity that must be transferred
from Earth’s surface to the atmosphere by other
means than thermal radiation.
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2] Gas laws

How are macroscopic characteristics of a gas related to the behaviour of individual molecules?
What assumptions and observations lead to universal gas laws?

How can models be used to help explain observed phenomena?

We can measure the bulk properties of a gas:
its pressure, volume, temperature and the mass
of the sample. A gas consists of many particles
all interacting on a microscopic level. How can
all these individual interactions be incorporated
in a model that allows us to move from a
microscopic description of a gas to a prediction
of its macroscopic bulk quantities?

The behaviour of a gas can be modelled
using the mechanics of a single moving
particle that describe the effects that occur
when the particle strikes the wall of its
container. This is straightforward and follows
directly from the work in Theme A. Then we
can consider the effects of many particles
moving in many different directions and

at many different speeds—an averaging
process over a very large scale. When these
parameters are linked to the bulk properties,
the behaviour of the gas in our theoretical
interpretation should match the experimental
observations if our model is to be confirmed.

A Figure1 The pressure and temperature of the atmosphere govern the
existence of life on Earth. Should humans want to explore outside Earth’s
atmosphere, they must replicate these conditions.

This mechanical model is based on assumptions
about the gas particles: the nature of their
interaction with each other and with the walls of
their container, and the nature of their motion.
The model also paints a picture of the gas—one that we
can visualize, but not image or observe directly. It aids our

understanding of the nature of a gas and helps us to link
our observations of bulk gas behaviour to the reality of
gas behaviour at the microscopic level.

In this topic, you will learn about:

* pressure and how it arises at a microscopic level * how pressure is related to the average translational

* the mole and the Avogadro constant sozsclo’ine meleces aife e

* howtheinternal energy of a gas is related to its

* how ideal gases approximate the behaviour of )
Kelvin temperature

real gases

o dhedesl ges e oustien * approximating a real gas from an ideal gas.
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Introduction

The atmosphere has a mass of 5 x 10'8kg and contains roughly 10* molecules.
It reaches over 100 km above our heads and produces a pressure at sea level of
about 10°Pa. But how does this pressure arise?

This topic examines the origin of gas pressure and links it to other properties
of a gas. Macroscopic and microscopic concepts are connected using ideas
from Theme A and Topics B.1 and B.2. This topic also looks at ways in which
the microscopic model fails and where it cannot match the behaviour of a real
gas. Recognizing the limitations of a model is as important to a scientist as the
construction of the model itself.

Pressure in solids, liquids and gases

Pressure Pis always defined as the force F per unit area that acts perpendicular to
the surface of the object:

P’
A

where A is the area on which the force acts. This allows pressure to be defined for

solids, liquids and gases.

* Solid. The weight W of a solid acts vertically downwards (Figure 2(a)) onto
a horizontal surface on which it rests. The contact area of the solid on the

surface is A. The solid pressure is P = ﬂ

* liquid. The pressure Pin a liquid at a depth h depends on the gravitational
field strength g and the liquid density p (Figure 2(b)). The pressure definition
leads to P = pgh, asin Topic A.2.

* Gas. The pressure is caused by the force exerted by the gas molecules on
the wall of the gas container when they transfer momentum as they rebound
(bounce) at the wall (Figure 2(c)). The pressure of the gas depends on other
quantities such as the number of gas particles in the container, the volume of
the container and the absolute temperature (in K) of the gas.

Worked example 1

A cyclist applies a force of 800N to a pedal of a bicycle. The pedal can
be modelled as a rectangle of dimensions 6.5cm x 2.5 cm. Calculate the
pressure applied between the shoe and the pedal.

Solution
The contact area is 0.065 x 0.025 = 1.6 x 10°m?. The pressure is
F 800 . . N
P= AT Tex10° - 4.9 x 10°Pa. This is about five times greater than

the standard atmospheric pressure of about 10° Pa.

Topic A.2 contains an explanation
of why a buoyancy force acts on

a solid floating in a liquid. This
explanation involved the concept
of the pressure exerted by a liquid
on the sides of the floating solid.

(a) weight
100N A=0.01m?
g P=10000 Pa
) same force,
A=01m different area,
P=1000 Pa different pressure
(b)
=
h o
B
%

before collision

e

wall

O

wall

1

1

1

1

1

1

1

1

:
-
I after collision
1

1

1

1

1

1

1

1

A Figure 2 Pressurein (a) solids, (b) liquids
and (c) gases.
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Worked example 2

The quietest sound a young person with normal hearing can hear corresponds to an air-pressure variation of about
2 x 107°Pa. The diameter of the human eardrum is about 9 mm. Estimate the amplitude of the force exerted on the

eardrum by the quietest detectable sound.

Solution

-3

The surface area of the eardrum is z!

2
) =6 X% 10°m?2. The variation of the force is of the order of

PxA=2x10°x6x10°~107N. Such a small force is sufficient to produce a vibration of the eardrum that

the human ear can detect!

Practice questions

1. Anice skater pushes off the ice by applying a force
of 1.2kN to the skate. The contact area between the
blade of the skate and the ice is 7.0 x 10~*m?. Calculate
the pressure that the skater exerts on the ice.

2. Apush pinis pressed with a finger into a cork board
by applying a force of 2.5 N to its flat head, which has
a diameter of 8.0mm.

a. Calculate the pressure between the head of the
pin and the finger.

b. The pressure at the sharp tip of the pin is
300 MPa. Estimate the diameter of the tip
of the pin.

@ Working collaboratively — Hot-air balloons
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Even though hot-air balloons were used by the Chinese
in about 300 CE for signalling, much of the history of
ballooning is linked to the development of the gas laws.
This work was centred around France in 1783. In June of
that year, the Montgolfier brothers demonstrated a hot air
balloon at Annonay. They repeated the demonstration in
September at the Palace of Versailles, this time carrying

a duck, a cockerel and a sheep. Following the success of
this experiment, they demonstrated the first piloted flight
later that year.

The principle of hot-air ballooning is that hotter air
expands and becomes less dense. The hot air trapped

in the balloon displaces cooler, denser surrounding air.
When the resulting buoyancy force exceeds the weight of
the balloon and its load, then the balloon rises.

Jacques Charles (after whom Charles'’s law is named)

was also interested in ballooning. Rather than using the
hot-air principle, he used hydrogen to provide buoyancy
and demonstrated a balloon in Paris in August 1783.

The balloon took four days to fill and the demonstration
attracted large crowds. By December, he had launched a
piloted balloon in front of a crowd of 400 000.
Although balloons filled with hydrogen were more
popular at first, they have not proved so resilient. There
was a vogue for commercial passenger flights using
hydrogen-filled airships at the start of the 20th century.

However, a series of catastrophic crashes, in which

the hydrogen in the balloon ignited, stopped the
development of this form of transport. Nowadays,
tethered helium balloons are used to take passengers
above a viewpoint.

Although the first of the gas laws, Boyle's law, was published
in 1662, Charles’s law and the pressure law were not
published until 1802 by Joseph Gay-Lussac who stated that
Jacques Charles had observed the effect of Charles’s law

15 years earlier but had not published his results.

A Figure 3 Hot-air balloons.
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Avogadro’s number and the mole
Measurements

The mole is the SI measure of quantity or amount of a substance.
Up until 2019, the mole was

The mole is defined to be 6.02214076 x 102 particles. The abbreviation for it is mol. )
defined as the amount of substance

The recent redefinition of the mole is helpful as it reminds us that “mole” is simply in 12 g of carbon-12, the isotope

a collective name for a certain number of something (just as we say a “dozen” of carbon that has 6 protons and 6

meaning twelve). The number itself is known as the Avogadro number, and has neutrons in one nucleus. This was

the symbol Na. one of the changes made to the Sl
The Avogadro number, N, = 6.022 14076 X 102 to improve the basis for scientific

measurement. Some of the
other changes made in 2019 are
discussed elsewhere in this book.

You can specify 3mol of electrons (meaning 3 x 6.022140 76 x 10 electrons)
or 0.5 mol of water (meaning 0.5 x 6.02214076 x 10 H,O molecules). The
quantity of the 0.5 mol of water and its chemical formula together tell you straight
away that there are 6.022 14076 x 10%° hydrogen atoms and 3.01107038 x 10
oxygen atoms making a total of about 10?* atoms in each half mole of water.

Molar mass

The use of the mole to yield numbers of atoms and molecules leads to molar
mass. Nitrogen gas normally has two atoms and is written as N,. One mole of
nitrogen has 12.044 x 102 atoms. The mass of one mole of nitrogen atoms is
14.01 g and so the mass of one mole of nitrogen molecules must be 28.02g.

Worked example 3

A bottle contains 0.500 kg of water. The molar mass of water is 18.0 g mol~'. Calculate:
a. the quantity of water, in mol, in the bottle

b. the number of water molecules in the bottle

c. themass, in kg, of one molecule of water.

Solutions
500
n= 80" 27.8 mol

b. N=6.02x10%x27.8=1.67 x 10%* molecules
c.  One mole of water has a mass of 0.0180 kg and contains N, molecules.

. 0.0180 6
The mass of one molecule is therefore 502x10% 2.99 x 10-%°kg.

Worked example 4

A single serving of espresso typically contains about 2.5 x 10%° molecules of caffeine,
which has a molar mass of 194 g mol~". Calculate the total mass, in mg, of caffeine in one
serving of espresso.

Solution
2.5x10%

The number of moles in one serving is n = B00x107 = 4.15 x 10*mol. The total mass of caffeine is
415%x10%x194=8.1x102g~80mg. X

255




256

Topic B.3 Gas laws

Practice questions

3. Aring contains 12.0g of gold and 4.0 g of copper.
The molar mass of gold is 197 gmol~" and that of
copperis 63.5gmol™". Calculate the number of 5.
atoms of each element in the ring. Are there more
gold or copper atoms in the ring?

4. One egg yolk contains about 1 pg of vitamin D3, an
important dietary component. The molar mass of

Models—The ideal
gas law

The properties of gases were
investigated experimentally over a
period of about 150 years starting in
the mid-17th century. In those days,
the experiments were carried out
with gases at about atmospheric
pressure and temperatures around
300K. We will see later that under
these conditions a gas can be
regarded as an ideal gas. An ideal
gas always obeys the gas laws.

In fact, no real gas is ideal at high
pressures and high temperatures.
When the pressure is roughly
atmospheric, the approximation to
ideal behaviour is good.

You can see how real gases deviate
from the ideal gas on page 270 of
this topic.

vitamin D3 is 385 gmol~". Calculate the number of
molecules of vitamin D5 in the egg yolk.

A typical human body contains about 8 x 10 atoms
of radioactive carbon-14, naturally absorbed from
the environment and replenished by breathing

and eating. Calculate the mass, in pg, of carbon-14
present in the body.

The gas laws

Boyle’s law was the first of the laws. Robert Boyle, an Irish physicist, carried out
the work in 1662.

He showed that:

The pressure P of a fixed quantity of gas (that is, a constant number of
molecules) is inversely proportional its volume V when the temperature
does not change.

In fact, the requirement that the temperature should be constant was due to the
French scientist Edmé Mariotte who repeated Boyle's experimentin 1679.
The law can be written algebraically in two ways:
1
Px v or PV =constant (at constant temperature)

The law leads to two graphs (shown in Figure 4) of the variation of pressure with
1

(a) volume and (b) ——.
volume

Boyle's law
PV = constant
. . temperature constant
o increasing o
S temperature >
%} %]
(%] (%]
o g
Q a
0
volume 0 ]

volume

(@) (b)

A Figure 4 Boyles law gives the variation of pressure with volume when the temperature of
a fixed mass of gas is constant.

The inverse nature of the relationship between Pand Vleads to the P-V graph
being curved for each temperature. A fixed quantity of gas gives a different curve
at each different temperature (Figure 4(a)). These curves are known as isothermals
(the name is from Greek words “isos” meaning equal and “therme” meaning heat).

The alternative graph (Figure 4(b)) is more useful as it allows easier predictions of

gas behaviour when conditions change. As well giving P for a change in Vv itis
possible to predict the line:
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* fora higher temperature and the same mass of gas (the gradient of the line
will increase)

* forasmaller mass of gas at the original temperature (the gradient of the line
will decrease).

Charles’s law is named for the French experimenter Jacques Charles who,
around 1787, repeated the earlier experiments of Guillaume Amontons. In these
experiments the temperature of the fixed mass of gas was varied and the volume
change measured; the pressure was held constant. Charles found that every time

1
the temperature changed by 1K, the volume of the gas changed byﬁ ofthe

volume at 273 K (0°C). This implies that when the temperature has dropped to
0K (=273°C) the volume will be zero, assuming that the properties of the gas do
not change with temperature.

Although Charles did not publish this work, it was announced in 1802 by Joseph
Gay-Lussac. In words, the law becomes:

The volume of a fixed quantity of gas at a constant pressure is directly
proportional to the absolute temperature (7)

Mathematically,

V
VT or 7 = constant (at constant pressure)

We now have two laws that connect the three quantities P, Vand T.

The origin of the third pressure law (or Gay-Lussac’s law) is obscure. Amontons
investigated the variation of pressure with temperature, but his equipment was
not sensitive enough to reach a firm conclusion. The law in words is:

The pressure of a fixed quantity of gas at a constant volume
is directly proportional to the absolute temperature

or

P
PxT or ?:constant(atconstantvolume)

The final strand to this experimental work on gases is due to the Italian scientist Count
Amadeo Avogadro who hypothesized in 1811 that all gases at the same temperature
and pressure contain equal numbers of particles per unit volume. This follows

from the knowledge that gases expand by equal amounts for equal temperature
increases. This has become known as Avogadro’s law and can be stated as:

The quantity of gas (in mol) at constant temperature and pressure is
directly proportional to the volume of the gas.

Once again this leads to a mathematical relationship:

n
nxV or V = constant (at constant temperature and pressure)

(Incidentally, each of the four relationships leads to a constant quantity, but these
quantities are different for each equation and different gas samples.)

The ideal gas equation, also known as the equation of state for an ideal gas,
can be derived using all four equations met so far. They combine to give
PV

TR
nT or

PV =nRT

Theories—Law or
theory?

The three rules developed
empirically to predict the behaviour
ofa gas are known as “laws”. These
rules do not attempt to explain the
behaviour of the gases. They simply
report what most gases do when
the pressure is small at around

room temperature. Move away
from these limits and the “laws”

do not apply anymore.

Laws are statements that allow
scientists and engineers to make
predictions without requiring an
explanation.

Are there other examples of

such laws?
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An interpretation of R?

In Topic B.1, the specific heat
capacity was the energy

transfer required to change the
temperature of a unit mass of a
substance by 1K. The units of
specific heat capacity are | kg™'K-".
That should remind you of the unit
of R. The only difference is the
replacement of kg by mol. You can
regard R as a type of specific heat
capacity. It will also remind you
that P x V has the units of energy.

This is, of course, the same
constant from Topic B.1 where the
average kinetic energy of particles

E.is given by E, = EkBT'

Verifying the gas laws

e Tool 3: Construct and interpret tables and graphs for
raw and processed data including scatter graphs and

line and curve graphs.

e Tool 3: Extrapolate and interpolate graphs.

e Inquiry 1: Justify the range and quantity of

measurements.

* Inquiry 1: Appreciate when and how to maintain
constant environmental conditions of systems.

You should be able to recognize that each of the four laws is contained in this
over-arching equation.

The constant Ris the gas constant and it applies for any gas that can be treated
as ideal. When pressure is measured in pascal, volume in cubic metres and
temperature in kelvin, then R takes the value 8.31) mol~"K.

There is one final modification to make to the equation and that is to convert from
an equation in terms of moles to one that contains the number of molecules N in
the gas.

One mole of the gas contains N, molecules (using the Avogadro number from

earlier in this topic), so it is convenient to define a new constant—. Now n can
A
be replaced by the total number of molecules if we also replace R with a new

. . . R
quantity ks, the Boltzmann constant. This is defined as ks = A and leads to the
ideal gas equation in an alternative form: A

PV
m = kB or pV= NkBT
The Boltzmann constant has the value
R 8.31

ke = =1.38x 102K,

N._ 6.02x10%

There are many forms of apparatus used to verify Boyle's
law. They all require measurements of the pressure of a
fixed mass of gas at a known volume under conditions

in which the temperature will remain constant. The
apparatus shown in Figure 5 achieves that well, provided
some precautions are observed.

e The fixed mass of gas is trapped in a transparent
column by a tube of oil. Oil can be forced into
the tube using a bicycle or football pump. This

Boyle's law compresses the gas in the tube, decreasing its
volume and increasing its pressure. The pressure is
) read directly using a Bourdon gauge.
e column of e tis mportant to carry out the change slowly apd then
LEI[ | trapped gas to walt for sevgral seconds because compressing the
L3E gas increases its temperature. The wait allows the gas
o Bourdon to return to room temperature.
Lo galuge e  Once arange of pressure values have been obtained
L-1F valve . . 1
oil ] for various volumes, the graph ofPagamsthan
column be plotted. A straight-line graph like the one in
Figure 4(b) will verify the law.

football pump

A Figure 5 Apparatus to verify Boyle's law.

258




B. The particulate nature of matter

9

Charles’s law * Plotlength against temperature. There is no need to
A convert to gas volume. The graph should be a straight
line that can be extrapolated back to zero length to
give an estimate of absolute zero.
0-100°C Pressure (Gay-Lussac’s) law
thermometer The final experiment involves a constant volume of gas
capillary with readings of the pressure and temperature. Again,
tube 1 rubber band there are many forms of this apparatus (Figure 7).
* The fixed mass of gas is trapped in a round-bottomed
oil plug flask. The flask is connected to a Bourdon gauge.
sulfuric acid Notice that a significant error here is caused by
the tube connecting the gauge and the flask. The
trappegl gas inside it is not at the temperature of the water
ar ——Wwater bath. This is a reason to keep the tube volume small
- compared with the volume of the flask.
l * The temperature of the water bath is varied and, for
t a wide range of temperatures, the pressure is read
directly. Again, time must be allowed for the system
A Figure 6 Apparatus to verify Charles’s law. to reach thermal equilibrium.
The aim here is to keep the pressure constant. Air is trapped * Aplotof pressure against temperature should be
between the sealed end of a glass capillary tube and a a straight line and again you can use the graph to
length of sulfuric acid in the tube (the acid keeps the air dry). estimate a value for absolute zero.

The top end of the tube is open to the atmosphere, meaning
that the pressure in the gas is equal to atmospheric pressure )
plus the pressure due to the length of the acid. Bourdon gauge

* The temperature of the gas is changed by heating
or cooling the liquid. Sufficient time needs to be
left to allow the gas inside the glass to be in thermal
equilibrium with the water. The process of thermal
transfer by conduction through the glass takes time.

L thermometer

250 ml round-bottomed
flask containing air

water bath

* Thevolume of the gas is directly proportional to
the length of the gas column. This assumes that the
internal diameter of the capillary tube is constant.

* Readings of the length of the gas column should be
made over as wide a temperature range as possible, A Figure 7 Apparatus to verify the pressure
recording both length and temperature. (Gay-Lussac’s) law.

Worked example 5

A sample of an ideal gas expands at constant pressure from an initial volume of 80 cm?and
temperature 13 °C to a final volume of 120 cm?. Calculate, in °C, the final temperature of the sample.

Solution .
For constant pressure, v = const.
273+13 T 120

20 _m: Tf_%x286:429K=156 C

Note that each of the gas laws requires the use of the absolute temperature of the gas.
Since the calculation involves the ratio of the volumes, it is not necessary to convert the volume to m?.
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Worked example 6

A sample of ideal gas at a temperature of 280K and pressure 9.0 x 10%Pa is compressed
from an initial volume of 240 cm? to a volume of 60 cm?. Its final pressure is 5.4 x 10° Pa.

Calculate the final temperature of the gas.

Solution by
We use the ideal gas equation, written in the form 7= const.
9.0x10*%x 240 5.4x10°x60 5.4%10°x 60
— T=—" """ %x280=420K
280 T T90x10°x240 "
Worked example 7

A sample of argon undergoes compression in a sealed container. The following data are given:
initial volume =35.0cm?
initial pressure = 9.60 x 10*Pa
final volume =6.00cm?
final pressure =5.60 x 10°Pa
a. Show that the initial and final temperatures of the gas are the same.

b. The mass of the sample is 58.0 mg. The molar mass of argon is 39.9 gmol~". Determine the
temperature of the sample.

Solutions
a. PV=9.60x10%x35.0x%x106=3.36Pam3 PV;=5.60x 10°x 6.00 x 10-6 = 3.36 Pam?

The product pressure X volume has the same value in the initial and final states, indicating that the

temperature of the gas is also the same.

58.0x 107

b. Theamount of the gas in the sampleisn= =1.45 x 10 °mol. Using the ideal gas equation,

N 336 ek 39.9
" nR T 1.45x10°x8.31
Worked example 8
A fixed mass of 19 mg of an ideal gas is 102
kept in a container of a constant volume
5.0 x 10°m3. The gas is heated. The
8 -
graph shows how the pressure of the o
gas varies with temperature. 5 6
a. Calculate the number of molecules %
of the gas in the container. ; 4
Calculate the molar mass of the gas. 4
. . a
c. The experimentis repeated 2 -
with half of the original amount
of the gas in the container. 0 | | | | | | | | | |
Sketch the variation of pressure O 50 100 150 200 250 300 350 400 450 500
with temperature for this new temperature / K
experiment.
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Solutions by
a. From the ideal gas equation, N=?xk—, 10 -
B
P 4.0x10*
where = === — = 160PaK-! s r
the slope of the pressure-temperature %‘
graph, =
[0
5.0x10° 5
N=160 X ——————=5.8x10% 7 44
]38 X 10723 @ /
oL new experiment
b. The number of moles of the gas in the 21 Y ERPEn
N .
container is—. Hence the molar mass is
NA O T T T T T T T T T T
mx Ny 19 % 10 X 6.02 x 102 0O 50 100 150 200 250 3/OKO 350 400 450 500
N 5 8 % 100 temperature
=20gmol™!
c. The graph will be directly proportional, and the slope will be reduced to one half of the original value.
Practice questions
6. The temperature of a fixed amount of an ideal gas 8. Asample of diatomic nitrogen (molar mass 28 gmol~)
changes from 100 °C to 200 °C at a constant volume. occupies a volume of 150 cm® at a temperature 25 °C
The initial pressure of the gas is 2.0 MPa. What is the and pressure 1.0 x 10°Pa. The sample expands to a
final pressure of the gas? final volume of 180 cm? and its temperature increases
A. 10MPa B.1.6MPa C. 2.5MPa D. 4.0MPa t0150°C. Calculate:
7. Afixed amount of an ideal gas is kept at a constant a. thefinal pressure of the sample
pressure P. The graph shows how the volume of the b. the mass of the sample.
sample varies with the absolute temperature. 9. Acontainer of constant volume 2.0 x 103 m?3
A is filled with air at a pressure of 1.0 x 10°Pa and
temperature 22°C.
s i a. Calculate, in mol, the quantity of airin
2 i the container.
2 [ : i The air in the container is cooled to 4.0 °C.
= i i b. Calculate the final pressure of the air in
| | the container.
iT % > The container has a lid of surface area 80 cm?. The
1 2 pressure outside of the containeris 1.0 x 10°Pa.
absolute temperature c. Determine the force needed to open the lid.
What is the quantity of gas in the sample? 10. The gravitational wave detector Virgo near Pisa in ltaly

L-T
Vo=V,
L-T
Vo=V
Vo=V,
L-T
V- Vi
L-T

B.

X

X
x| w O™ = v o=

C.

X

X

is one of the largest vacuum installations in the world.
Its vacuum system has the total volume of 7000 m? and
is kept at a residual pressure of about 10-7Pa. Assume
that the temperature of the gas is 290K.

Calculate:

a. the quantity of the gas, in mol, in the Virgo's

vacuum system

b. the number of gas particles in one cubic

centimetre of the vacuum.

261




Topic B.3 Gas laws

A Figure 8 Ademonstration of diffusion.

P Figure 9 The cell contains smoke
particles that can be seen to be buffeted by
invisible, fast-moving air molecules.
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Observations

Robert Boyle was one of the giants of European science. During his lifetime
the “scientists” of his day resorted to philosophical reasoning rather than
experimentation. Boyle preferred the latter. He described his techniques
carefully so that they could be repeated by others. This was in contrast to the
other scientists who worked independently and guarded their work closely.
Boyle reported his results and conclusions swiftly so that others could make
progress too.

Scientifically speaking, the 17th century was a different time from ours.

Many who we now hold in the highest regard were alchemists as well as
scientists—Isaac Newton is a famous example. They believed that if they
could discover a way to transmute metals—to turn base metal in gold —then
they would make their fortunes. This is why they generally kept their results to
themselves. Of course, true transmutation of one element into another had to
wait 200 years until nuclear fission and fusion were studied.

A microscopic interpretation of gases

Despite the suggestion by Democritus, a Greek philosopher from about
400BCE, the existence of atoms has only been recognized by scientists over

the past century or so. In the 19th century, a chemist named John Dalton realized
that elements combine in fixed ratios. He proposed atoms to account for this.
However, this was not direct evidence and relied on careful measurement of the
products of chemical reactions. Even today, we cannot form direct images of gas
molecules in motion. We have indirect evidence, however, from the effects of
diffusion and the phenomenon known as Brownian motion.

Cook food on a barbecue and the smell soon reaches all parts of the garden,
even on a windless day. Air molecules produce a random motion in the vapours
from the food. This is known as diffusion. Figure 8 shows a demonstration of this.
The gas jars on the right contain bromine gas (bottom jar) and air (top jar). These
are prevented from mixing by a piece of glass between the jars. Remove the
glass, keeping the jars together, and the bromine gas gradually diffuses up into
the upper jar.

The air molecules are colliding at random with the bromine molecules and, by
chance, some are knocked upwards into the jar that was initially full of air.

Robert Brown, in 1827, first observed the motion of small particles that were
suspended in water.

these specks of light
are the smoke particles
scattering light

the random motion of a
smoke particle showing
how it moves linearly in
between collisions with
air molecules
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Some particles of smoke are introduced into a cell that contains air (Figure 9).

The space is illuminated, and the interior of the cell, which has transparent walls,
is viewed with a microscope. Small specks of light are seen. These are smoke
particles and they have a curious random motion in which they move in straight
lines but then change direction abruptly. Some of the invisible air molecules are
moving at large speeds and when they collide with a smoke particle there is a
transfer of momentum. This deflects the smoke particle giving the random motion
that Brown saw.

However, the explanation had to wait 80 years until a young Albert Einstein,
making one of his first scientific contributions, explained the effect. He went
on to analyse the statistics of the motion of the smoke particles with great
success. Another statistical model explaining Brownian motion was developed
independently by a Polish physicist Marian Smoluchowski.

Today we are clear that gases consist of molecules or atoms in constant motion.
We use this as a basis for a theoretical model of the kinetics of a gas.

&) Data-based questions

Brownian motion can be modelled by a random-walk process. A computer
was used to model the data below. A particle starts at the origin (O, 0). It then
takes a step of length 1 unit in a random direction. The computer repeats this
process N times.

The model tracks 10 particles, determining the average distance d of a
particle from the origin after N steps and the uncertainty in d. The results are
given in the table.

)\ | d | Uncertainty in d
10 2.97 0.48
20 2.96 0.68
50 5.52 0.82
100 7.54 0.93
200 12.7 1.8
500 26.6 5.0
1000 18.0 3.2
2000 46.6 7.4
5000 62.6 8.5
10000 92.0 11
20000 137 17
50000 213 34
100000 325 24

e Theory suggests that d? o N. Plot a graph of log d against log N and
explain whether your graph confirms the relationship.

e Plotagraph of d? against N.
*  Calculate the uncertainties in d? and add suitable error bars to your graph.

e Find the gradient. Use maximum and minimum gradients to find the
uncertainty in your value for the gradient.

Empirical or
theoretical modelling

At this point, we move from
empirical models of gas behaviour
to a theoretical model based on a
set of assumptions. Both types of
model have their place in science.

In the 17th century, the
understanding of the microscopic
composition of a gas was not
sufficient to allow Boyle and Charles
and their collaborators to develop

a theory. Nevertheless, the rules of
gas behaviour that they produced
from experiments allow a prediction
of the bulk behaviour of a gas. We
assume that a gas under the same
conditions of an experiment will
always behave in same way.
Theoretical models are based on

a set of assumptions about the
system they model. Theoretical
models are, superficially, very
attractive because they appear

to allow predictions for all
circumstances. But thisis an
illusion. Even today, attempts to
produce a unified theory for all
gases under all conditions have
not been successful. An important
piece of work by the Dutch scientist
Johannes van der Waals (mentioned
later in this topic) requires individual
sets of empirical constants for

each individual gas for his theory
to work. We still need empirical
results when the assumptions of a
model break down.
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Kinetic model of an ideal gas

The gas laws outlined above were based solely on experimental investigations
that involved work by different scientists that stretched over 150 years. It is
important to recognize that they are empirical results.

It is also possible to construct a theoretical model of an ideal gas that begins
with a series of assumptions and uses mechanics principles developed in
Theme Ato arrive at a description of the gas. We will then compare the results
of these two routes to see the extent to which they complement each other.

The ideal gas model we develop is known as the kinetic model of an ideal gas
and itis based on a set of assumptions. These are:

1. Agas consists of many identical particles in a container. They have the same
mass as each other. (We now know that these particles are the atoms or
molecules of the gas.)

A 2. These particles are in constant random motion.

3. The total volume of the particles is negligible compared with the total volume

<> of the gas. (This is the same as saying that the average distance between
L particles is much greater than their average size.)

| 4. The particles collide elastically with each other and with the walls of their
4] container.
v
p 5. Intermolecular forces between the particles and the walls can be ignored
“— - except during collisions. (This means that the energy in the gas can be
Y [ / X considered as entirely kinetic with no potential-energy contribution.)
6. Thetime for a collision between particles, and the time for a collision
A Figure 10 The particle strikes the between a particle and the wall are negligible compared with the time
right-hand wall at 90° and then retraces between collisions.

its path to the far wall. There is a transfer

of momentum between the wall and 7. External forces (such as gravity) are ignored.

the particle. The particle is moving at velocity v as shown which can be resolved into three
components v, v, and v,.

Assumption
Our model begins with the single particle of mass m shown in 1
Figure 10 moving inside a cube of wall length L. This box has a
volume V, where V= [3.
The particle strikes the cube wall at right angles with speed v,
and it is the x-direction on which we initially focus.
The particle collides elastically with the wall and rebounds with 4
a velocity that is equal and opposite to its original value.
The momentum of the particle before the collision is mv, and 5
afterwards is —mv,, giving an overall momentum change of
—mv,— (mv,), which is —2mv, (the signs are important).
The particle will then travel to the opposite wall and back again 6
taking a time T to do so. The average force F, that the wall exerts
on the particle over the whole of this motion is the change of

momentum divided by Tand this is — 2va' /

This time T can be expressed as

total distance travelled as the particle crosses the box 2L

x-component of speed Vi
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The force F, is therefore —2my, =M%

2

This tells us that the particle exerts a force Of% on the right-hand

wall of the box (this is, by Newton'’s third law of motion, in the
opposite direction to the force exerted by the wall on the particle).

For a gas, the box will be filled with N gas particles. One of them
is shown in Figure 11. These particles have a range of velocities
and therefore a range of speed components. The first particle
has three speed components (vXW, Vi, VZW) in the axis directions x,
yand z. The second particle has components (sz, Vi VZQ) and so
on up to the final particle (v, , v, , vz ).

In terms of the original wall, each of the particles collides
with it to give an averaged-out force on the wall, given by
2 2 2
o m(vZ + V2 4+ +V2)
X L .

This averaging can be taken further by using the mean of the
2 2 2
(V2 +v2++ vXN).

— N

The quantity vZ is known as the “mean square speed” of the
x-components. When the square root of it is taken, in other
words, \/vj2 this is the “root mean square speed of the x”
components.

squared velocities, in other words, vZ =

Replacing the individual speed components with their mean
square speed, the average force on the wall becomes
Nm —

Fr=—-V?

L
Foran individual particle, its actual speed v is the combination of
the three components, given by v = v2 + vZ + v2.

Applying this to the mean square speeds means that
VZ=Vvi4 v+ Ve
The quantity V2 is the mean square speed of the molecules.

The line above the symbol extends over the ? to remind you that
the speeds are first squared and then averaged.

When N is very large (and when there is one mole of gas in the
box, there will be around 10%* individual atoms), then the gas
will look the same in whatever direction we observe it. This
means that the magnitudes of mean components of velocity
must be the same: —
v_3=v_y2=v_§and sov?=3vZorvi=—

3
Replacing v, by vleads to a total force F on the wall of
1 Nm—
F=——V

3 L
force acting on wall

The pressure on the wall is P =

area of wall '

because the area of the wall is [?, the pressure on a wall is
1T Nm 1 — 1 Nm—=
P=§_L xvaz or P=§_V V2

Assumption

A Figure 11 The particle is moving with a
random velocity v that has components (v, vy, v,)

Large numbers

The statistical idea of an average or
a mean value works well for large
numbers. The numbers of atoms or
molecules of a gas are usually very
large indeed. Despite the random
motion of the particles, the overall
effect is very unlikely to deviate
from the behaviour of the model.

Where else do large numbers
lead to increased confidence
in knowledge?

Although you need to understand
the physics that underlies the

1 Nm—
derivation of P = ngv% you do

not need to recall the proof that
leads to the result.

265




Topic B.3 Gas laws

@& How does the concept
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of force and momentum
link mechanics and
thermodynamics?

How does a consideration
of the kinetic energy of
molecules relate to the
development of the

gas laws?

The kinetic theory is an analysis of gas
behaviour at the microscopic level.
It begins with a consideration of the
kinematics of a single gas particle
moving in a highly constrained way
and gradually broadens the analysis
until it encompasses all the particles
inthe ensemble. The theory applies
the familiar concepts of force and
rate of change of momentum from
Theme A to link the particle motion
to the pressure that the whole gas
exerts on the internal walls of its
container.

Coupled to this kinematic
approach is the underlying
property that each particle has a
kinetic energy due to its motion
and that therefore the whole
ensemble of atoms has a total
kinetic energy. This can also be
analysed to give an average energy
for all the atoms in the gas.

The gas laws arise empirically. The
kinetic theory arises theoretically.
They both meet in the equation
that links the internal energy of
the gas to the amount of gaseous
substance in the container and its
temperature.

The kinetic theory of an ideal gas
was itself extended later. Four
giants of 20th-century physics,
Fermiand Dirac, and Einstein and
Bose used the kinetic theory as a
basis for a model of the behaviour
of other particles such as electrons,
neutrons and photons.

This is also the pressure of the gas itself because pressure acts
equally all directions.

We will now drop the line that is printed over the v?, but you
should remember that, from here on, v is the square root of
the average (mean) translational speed? of a gas particle. The

1 /Nm
equation becomes P = 3 (7) v2. This square root of the
mean squared speed is usually called the root mean square
(rms) value.
The quantity N x mis the number of molecules X mass of one
molecule. In other words, it is the total mass of the gas in the box.

The term in brackets is the total mass divided by the gas volume:
the gas density. A simpler form of this equation is therefore

2

\%

Root mean square

¢ Tool 3: Carry out calculations involving decimals, fractions and exponents.

Root mean square (rms) speeds are not the same as mean speeds or mean
velocities. Squaring the magnitude of the velocity remove direction.

Imagine that a gas has four particles and at one instant these particles have
velocities of +1ms™', =3ms™!, +5ms~'and +7ms™".

1+3+5+7) 16

* The mean speed of the four particles is 7 =T:4.Oms‘1.

¢  The mean velocity of the four particles is (1_3+45+7) = ? =2.5ms™".
24 (L) 2 2

e The mean square speed is (12+9) 4+ i ! =87r4= 21m?s2,

* Theroot mean square speed is V21 =4.6ms™.

Quantities with rms values occur elsewhere in physics, most notably in

alternating current (AC) theory where the rms value of a current has the same

heating effect as a direct current with the same value.

@ Thinking skills — Credibility

The kinetic model of an ideal gas is successful as it simplifies a complicated
situation. The application of simple physics leads to predictions which
match experimental results.

It is important to consider the credibility of any model and whether it has
limitations. Make some estimates of the air in your room and answer the
following questions.
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Practice questions
11. The kinetic model assumes that the total volume 12. The kinetic model assumes that we can ignore the
of gas particles is much smaller than the volume of effects of external forces such as gravity.
the box. a. Estimate the change in gravitational potential
a. Estimate the volume of the room. energy (Topic D.2) as a gas molecule travels from
b. Estimate the number of gas molecules in the floor to the ceiling.
the room. b. Whatis this change in terms of a percentage of
c. The diameter of a nitrogen molecule is about the molecule’s kinetic energy?
3 x 10719m. Estimate the total volume of the 13. The kinetic model assumes that gas molecules collide
gas molecules in the room. elastically with each other and with the walls of the
container. What would an inelastic collision of gas
molecules be like? Is this a good assumption?
Worked example 9

A beam of electrons is formed in an electron tube. The cross-sectional area of the beam is 1.0 mm?. Electrons
are emitted at a rate of 9.0 x 10 per second and travel at a speed of 1.0 x 10"ms™'. The mass of an electron
is 9.11 x 10~3'kg. The electrons are incident normally on the inner wall of the tube and are absorbed by the
wall. Determine the pressure exerted by the beam on the wall.

Solution

The force exerted by the electrons on the wall is equal to the rate of change of momentum of the electrons.

F=%v=9.0x10*4x9.ﬂ %103 % 1.0% 107 = 8.2 x 10°N.

: F 82x107 ,
The pressure is P—Z—W—8.2XTO Pa.
Worked example 10

Dry air at room temperature and a pressure of 100 kPa has a density of 1.16 kg m=3. Calculate the root mean
square speed of the air molecules in these conditions.

Solution

3
p=d oo y= [P0 3XIOXIC g oo
3 p 1.16

Note that this value represents the average over different gases that make up the air. The air is a mixture of
molecular nitrogen, oxygen and other gases, which all have different root mean square speeds depending
on their molecular mass. See Figure 13 later in this chapter and question 3 in Topic B.1.

Worked example 11

Nitrogen makes up about 75.5% of dry air by mass. The rms speed of nitrogen molecules at room
temperature is 517 ms~!. Calculate the pressure due to nitrogen molecules alone.

Solution

The density of nitrogen in airis 0.755 x 1.16 = 0.876 kg m~3, using the data from Worked example 10.

P=%x 0.876 x 5172 =78.0kPa.

This is known as partial pressure —exerted by the molecules of just one constituent gas in a mixture. Other
atmospheric gases are responsible for the remaining 22.0 kPa of the atmospheric pressure.
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Practice questions

14. Aballoon s filled with 240 kg of helium at a pressure
of 1.1 x 10°Pa. The volume of the balloon is 1300 m?.
Calculate the root mean square speed of helium

atoms in the balloon.

15. Oxygen makes up 23.1% of air by mass. At room
temperature, the molecules of atmospheric oxygen 17.
exert a pressure of 20.8 kPa. The density of air is

1.16kgm=.

Calculate the root mean square speed of oxygen

molecules.

@ How can gas particles
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of high kinetic energy
be used to perform
useful work?

Gas particles with high speed and
therefore large kinetic energies can
do work by acting as sources of
energy that is transferred to energy
sinks. This transfer is the basis of a
heat engine (Topic B.4).

A heat engine is a general concept,
not confined simply to the internal
combustion engine. Any process
where work is done as a result

of energy transfer from a hot to a
cold body can be regarded as a
heat engine—including biological
systems such as animals.

16. The atmosphere of the planet Venus has an average
pressure of 9.0 X 10°Pa and an average density of
5.2kgm=.

Calculate the root mean square speed of the
molecules that make up the atmosphere of Venus.

A sealed container of volume 5.0 X 10~*m? is filled
with 2.2 x 10~*kg of a gas at a temperature of 300K
and pressure 2.5 x 10*Pa.

Calculate:

a. thedensity of the gas
b. theroot mean square speed of the gas molecules
c. the molar mass of the gas.

Interpreting temperature

The empirical ideal gas equation can be linked to this theoretical kinetic model.
1 Nm—

The expression for the pressure ina gas, P= g—mvz, can be rewritten as

%

Nm —
PV = vaz. This leads to a new equation that uses elements of both the

empirical and theoretical equations:
Nm —
P\/=va2 = NkeT

Nm —
A further rearrangement of Tv2 = NksT and the introduction of a numerical

factor i ives
2 g

5 3 V=NX2mV =2NkBT
1 — 3
Therefore, N x 5mv2 =§Nk3Tand
1 - 3
imv2=§kBT

This equation has a very specific physical meaning. The left-hand side of the of
the equationis > X mass X speed? and is therefore the translational kinetic energy

ofthe “average” gas molecule in the box. The right-hand side of the equation is
1.5 X Boltzmann constant X absolute temperature.

This is an important result. The kinetic theory links the macroscopic quantity
temperature to the microscopic quantity kinetic energy of the “average” molecule.
This interpretation is discussed in Topic B.1 (page 203)

Recall that an ideal gas has no long-range intermolecular forces (assumptions 5
and 7) and therefore no potential energy contribution to the total energy. The
total energy of the gas relies solely on the kinetic energy. Given that there are
N molecules in the gas, then

3
total internal energy of an ideal gas = ENkBT

This is an important step in thinking about the properties of an ideal gas. Its total
internal energy is directly proportional to the Kelvin temperature. The units of kg
(JK=1, as we saw earlier) reflect this and will help you to remember the importance
of this relationship.
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Worked example 12

Calculate the root mean square speed of water vapour molecules at a temperature of 300K.
The mass of a water molecule is 3.0 x 10-2°kg.

Solution

We assume that water vapour behaves like an ideal gas.

1 3 3kaT 3x1.38x 102 x 300 _
§mv2=§kBT=>v=\/ - = 3 0% 105 =0640ms™!
Worked example 13

A sample of 2.0 mol of a monatomic ideal gas is kept at a constant volume. Calculate the energy
transferred to the sample when its temperature increases from 30 °C to 100 °C.

Solution
The energy transferred to the sample is equal to the increase in its internal energy:
3 3 3
AU:iNkBATzinRAT:EX 2.0x8.31x(100-30)=1.7K|
Practice questions
18. A container of constant volume is filled with an 19. Helium is a monatomic noble gas. The mass of one
unknown quantity of a monatomic ideal gas. When atom of helium is 6.65 x 10-% kg. Thermal energy
50] of thermal energy is transferred to the container, of 80.0] is transferred to a sample of helium of mass
the temperature of the gas increases by 85K. 2.50 x 10-*kg, without changing the volume of
a. Calculate, in mol, the quantity of gas in the the sample.
container. Calculate:
The molar mass of the gas is 40gmol~". a. the number of atoms in the sample
b. Calculate: b. thechange in the temperature of the sample.

i. themass,inkg, ofthe sample.
ii. the specific heat capacity, in |kg™' K-, of the
gas when it is kept at constant volume.

Ideal and real gases

It is important to remember that the kinetic model derived above appliesto a
monatomic (single atom) gas—not a gas where the molecules have two or more
atoms. For molecules the theory must be adapted.

Some of the behaviours that are shown by real gases should not occur if the
assumptions made in the kinetic theory are correct.

An example of non-ideal behaviour is that gases can be liquefied (turned from a
gas into a liquid). This should not be possible with an ideal gas. Liquefaction was
studied by Thomas Andrews, an Irish chemist of the mid-19th century. He showed
that there is a critical temperature above which a gas cannot be liquefied; for
carbon dioxide this is 31°C. Once the gas has become a liquid, then, of course, it
cannot be compressed.
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3]

PV

RT
1
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A Figure 12 The behaviour of a real
gas showing the deviation from ideal-gas
behaviour.

Hypotheses

Van der Waals won the Nobel Prize
in 1910 for his work on modifying
the ideal gas equation. In its
modified form his equation is

n’a
(P v
term that modifies P is to account
for the intermolecular forces
of attraction. As the number of
molecules increases (increase in
n) or as the volume decreases, the
molecules become closer together.
The forces between them can no
longer be ignored and the pressure
term is effectively increased.

2
(V=nb) = nRT. The <=

Similarly, the volume available

for molecular movement itself

is reduced as nincreases. This
accounts for the change to the V
term and for its negative sign.

The values of a and b depend on
the gas under consideration so that
van der Waals produced a hybrid
empirical-theoretical model.
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A graph of

PV

RT
real

4%
T against P for one mole of a real gas hints at this behaviour. The quantity

= nand so an ideal gas has a constant value on the y-axis. This is not found for

gases at low temperatures and high pressures (Figure 12). For an incompressible

material we would expect the line to rise vertically, parallel to the y-axis. Look at the

lowest temperature here (the green line) and you can see that the behaviour of the
gas is beginning to approach this at high pressures and low temperatures.

The best approximations to ideal gas behaviour occur when a gas is at a high
temperature and low pressure.

Applying a theory — The Maxwell-Boltzmann
distribution and the atmosphere
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A Figure 13 The distribution of speeds of four gases at room temperature.

In principle, Newton'’s laws of motion can be used to predict the behaviour of
the collection of molecules that make up a gas. In practice, this is not possible.
The number of particles is far too great even for the most powerful computer.
In 1860, Maxwell produced arguments resembling our derivation of the
kinetic model but he used ranges of molecular speeds rather than the mean
square speed we used in our proof.
In 1868, Boltzmann improved Maxwell’s argument and his work led to an
understanding of the molecular-speed distribution that is shown in Figure 13.
This shows the speed distribution for four gaseous elements, all for the same
temperature. Helium, the least massive molecule shown here, has the largest
tail and therefore more molecules with the highest speeds. Hydrogen would
have speeds even higher in its tail. This is one reason why the atmosphere
contains little helium and hydrogen. The escape speed for Earth is 11 km s~
and for hydrogen there is a significant number of molecules with this
speed. These molecules are lost from the atmosphere. The speeds are then
re-distributed through collisions so that another group of molecules gains the
highest speeds and the loss of hydrogen continues.
Your work on gravitational fields (Topic D.1) links to the kinetic theory in

this phenomenon.
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/) Data-based questions

The speed of sound in a gas is closely related to the typical speeds of

the molecules. As a consequence, the speed of sound in air varies with
temperature. The table shows the speed of sound at various temperatures.
The uncertainty in each speed is £1ms™'.

T/°C ‘ Speed of sound /ms™’

-20 319
-10 325
0 331
10 337
20 343
30 349
40 355

e Plota graph of the speed of sound vs temperature. Include the
uncertainties in the speed.

e Find the gradient of your graph and use the maximum and minimum
gradients to find the uncertainty in your gradient.

e Although the data seem to follow a linear trend very well, theory would
predict that v2 = bT, where T is the absolute temperature (in kelvin) and b
is a constant. Plot a graph of v against T in kelvin.

e Add error bars to your graph.

e Usethe gradient of your graph to determine b and determine the
uncertainty in b.

e At what temperature would a measurement of the speed of sound have
to be made in order to distinguish between these two trends?

@ What other simplified models do we rely on to communicate
our understanding of complex phenomena? (NOS)

You will come across many examples of complex phenomena that are
explained using simple models. Examples include:
e the motion of electrons through a metallic lattice (Theme B.5)

* the behaviour of single waves as they diffract through apertures and
multiple coherent waves as they interfere (Theme C)

* the behaviour of the air in a pipe when a standing sound wave is
propagated in it (Theme C)

* the use of field theory for the description of gravitational, electric and
magnetic fields (Theme D)

* theenergy levels in atoms (Theme E.1).

What other simplified models are used in this course?
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Thermodynamics

How can energy transfers and storage within a system be described and analysed?

How can the future evolution of a system be determined?

How is entropy fundamental to the evolution of the universe?

Society uses machines that transfer heat into mechanical
energy. Thermodynamics is the branch of physics that
models the conversion of the internal energy of a system
into mechanical work. It also answers the question of the
extent to which such a conversion is possible.

1
Inevitably, in physics, these systems are large. Even 7000
of a mole will contain 107" particles. This means that

statistics can apply to the system in the same way that

the averaging of a collection of molecules allowed us to
develop the kinetic theory of Topic B.3. Thermodynamics
looks at the wholesale transfer of energy between energy
reservoirs, not at the movement of individual particles,
each carrying a minuscule amount of energy.

The tools of thermodynamics allow future predictions of
behaviour too. They can describe the likely (though not
completely certain) outcome of a transfer, or whether it will
even occur or not. Again, this is a statistical judgment. The
sheer number of microscopic particles in a system means
that only average macroscopic behaviour is likely to be
seen. This is itself driven by the assumed randomness of
these large systems. A measure of this randomness, called
entropy, is introduced towards the end of this topic. This
quantity allows a measure of prediction about the possible
outcomes of an energy transfer.

Our knowledge of the universal nature of thermodynamics
allows very long-term predictions. Entropy is a measure

of randomness and, as we allow systems to interact, the
amount of randomness increases with time. One way

to interpret any change is as a transfer of energy from a

In this additional higher level topic, you will learn about:

* thefirst law of thermodynamics

* modelling isovolumetric, isobaric, isothermal and
adiabatic processes

* entropy and the degree of disorder of a system

* entropy and the number of possible microstates of
a system

A Figure1 Afire releases thermal energy and this energy is
dissipated to the cooler surroundings. The ordered structure of the
wood with its complex molecules storing energy, is a useful source
of fuel. Once this thermal energy is distributed to the environment
in a disordered way, it is less useful and impossible to put back.

hot body (at a high temperature) to a cold body (at a low
temperature). The statistics of thermodynamics predict

that transfers are always in this direction except in the very
rarest cases. Essentially, everything in the universe is moving
towards a uniform temperature. This so-called “heat death”
is one way to describe the fate of the universe.

the second law of thermodynamics

entropy changes in a real isolated and
non-isolated systems

irreversibility
cyclic heat engines and their efficiency

the Carnot cycle and its theoretical efficiency.
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Introduction

The ideal gas and how the behaviour of real gases differs from it occupied

Topic B.3. This topic is also largely concerned with gas behaviour but in a
different way. It examines changes in the state of gases and other substances, not
in isolation, but in the context of their surroundings. This is much closer to our real
interactions with matter. We expand and compress gases, we allow them to act
as energy sinks and then we use the stored energy to perform useful work for us.
It is interactions like this that are examined in this topic.

In earlier topics, our interests concerned the overall state before and after a
change to the gas state. Now we are also concerned with the way in which the
change is made. What can we say about the consequences of the rate at which
the changes happen? And what models emerge from these considerations?

The modelling used in this topic again involves the assumption that the molecules
in a solid, gas or liquid can be treated as single entities.

System and surroundings

The Guiding questions for this topic use the term “system”. This word needs
some explanation as the term has an exact meaning in thermodynamics. Figure 3
shows the connection between a system, its surroundings and the universe.

The system is the body or bodies that we are considering. Normally, this system
can interact with the surroundings through the transfer of energy. The system
together with the surroundings constitute the universe. The total energy within
the universe is assumed to have a constant value.

universe

7/

surroundings

system

the flask represents the boundary in this case

A Figure 3 Inthermodynamics, there is a system under consideration and its surroundings.
Taken together, these are the universe.

Sometimes the system is said to be a closed system. This means that the entities
(often the particles of a gas) inside the system cannot vary in number. A phrase
such as “a fixed mass of an ideal gas” indicates this—because when the mass is
fixed, so is the number of particles in the gas which, in this case, is ideal and will
follow the kinetic gas model and the gas laws. However, energy can flow into and
out of a closed system. When neither matter nor energy can enter or leave, then
the system is said to be isolated.

Global impact of
science — Industrial
revolution

Much of the work on
thermodynamics originated

from scientists trying to make
steam engines more efficient.
Throughout the 18th and 19th
centuries, steam engines were
able to do more work, using less
fuel. They became more useful, not
just for transport, but for driving
machinery in factories. This was
the industrial revolution —the
nature of society changed as fewer
people were needed for farming
and more people worked in
factories. The industrial revolution
began to increase life expectancy,
improve living conditions and raise
wages, although some of these
improvements did not appear
straight away. However, the
industrial revolution also marked
the beginning of population
increase, more pollution and a
reliance on fossil fuels.

A Figure 2 A steam locomotive
hauling a passenger train. These
locomotives are direct descendants of
the steam engines originally developed
in the early 1800s.
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Hypotheses —Joule, work and temperature

The unit of energy was named after James Joule, the first
scientist to show that doing work on a system is equivalent
to transferring thermal energy to it.

He showed this using apparatus in which weights fall
(transferring gravitational potential energy to kinetic
energy) and turn paddles which stir the water in a
container (Figure 4). The temperature of the water
increases as a result. This result seems obvious to us
today, but in the 1840s this conversion was not yet
fully understood.

A Figure 4 |oule’s apparatus used to find the mechanical
equivalent of heat.

Joule tried other more direct experiments, too. He
took a pair of sensitive thermometers with him on his
honeymoon and placed one at the top and one at the

bottom of a tall waterfall in Switzerland. He hoped to

find a temperature difference (higher at the bottom
because energy was transferred to the falling water).
Unfortunately, because most waterfalls mix the water with
the surrounding air very effectively, the experiment did
not give the result he expected (Figure 5).

A Figure 5 Even the highest waterfall in the world—Angel Falls
in Venezuela with a single drop of over 800 m—would only have
a theoretical temperature difference of 1.9 °C between the top
and the bottom. In reality, the surrounding air is likely to differ in
temperature by more than this between the top and bottom, and
the water mixes with the air and its surroundings.

This conversion of “work to heat” was a hypothesis

by Joule. He designed an ingenious and successful
experiment to verify his idea (Figure 4). We can interpret
the waterfall test as a falsification of the hypothesis.
However, further examination of the conditions of this
experiment show that it is not a good test of Joule's idea.

The first law of thermodynamics

The internal energy of a system changes when:

* the system does work, or has work done on it

* energy is transferred into or out of the system when there are temperature
differences between the system and the surroundings.

This is a statement of conservation of energy and leads to the first law of
thermodynamics. There are several ways to express this law; the version used in
IB Diploma Programme physics is

Q=AU+ W

where Qis energy transferred, AU is the change in internal energy of the system
and Wis the work done by the system.

It is important to use a consistent sign convention with this equation.

* A positive Q means that heat energy is transferred from the surroundings to

the system

* A positive AU means that the internal energy of the system increases.

* A positive W means that the system does work on the surroundings

This is the Clausius sigh convention.
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@ Using terminology consistently—What'’s in a sign?

There is another sign convention in common usage, It is important to stick to the IB Diploma version. However,
so it is important to be clear about which one is used the two equations always lead to the same answers when
in a particular case. The second convention is that of used consistently.

the International Union of Pure and Applied Chemistry There are many other cases where you must be consistent
(IUPAC) where the first law is written as AU= Q + W. in defining what is a positive quantity. In mechanics, for
AlthOUgh this looks similar at first glance, when the IUPAC examp|e, when Consider]ng project”e motion, you may
equation is rearranged in the same way as the IB Diploma decide that the upwards direction is positive. However,
version, it becomes Q= AU~ W. So in the IUPAC taking the downwards direction as positive should still lead
formulation, work done on the system by the surroundings  to the same answers. Can you find any other examples

is treated as positive. where a sign convention is important?

Worked example 1

80] of work is transferred to a system. The internal energy of the system increases by 60).

a. State, referring to the first law of thermodynamics, the magnitude and the sign of:
i. W i. AU.

b. Calculate the energy transferred between the system and the surroundings. State whether
the energy is transferred into or out of the system.

Solutions

a. i. Theworkisdone by the surroundings on the system, so Wis negative. W=-80].
ii. Theinternal energy hasincreased, so AU is positive. AU = 60].

b. Q=AU+ W=60 + (-80) =-20]. A negative Q indicates that thermal energy is transferred
from the system to the surroundings.

Worked example 2

An ideal gas in a sealed container with a piston expands without change in temperature.
Explain why thermal energy must be transferred to the gas.

Solution

Since the temperature of the gas does not change, its internal energy remains constant: AU = 0.
The first law of thermodynamics becomes Q = W. The gas does positive work on the surroundings
when it expands. Hence, an equal amount of thermal energy must be supplied to the gas.

Worked example 3

A cylinder with a piston contains 0.025 mol of monatomic ideal gas at a temperature 10 °C.
Thermal energy of 12] is supplied to the gas. The gas expands and does a work of 5.0 on the piston.

Calculate:
a. thechange in the internal energy of the gas
b. the final temperature of the gas.

Solutions
a. Inthissituation, @>0and W>0. AU=Q-W=12-5.0="7.0].
b. Foranideal gas, the change in temperature is proportional to the change in the internal energy.

AT= 3AU =3 20 = 22K. The final temperature is 10 + 22 = 32°C.
SnR - $x0.025%8.31
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Practice questions

1.

AX
i

Q 7 s%stem f 3

A Figure 6 When a gas expands, it pushes
back against the atmosphere through the

The work done to compress a sample of a gas is
50]. During the compression, an energy of 30/ is
transferred to the gas from the surroundings. What is
the change in the internal energy of the gas?
A. =-80) B. -20] C. +20] D. +80J
A quantity of 0.060 mol of monatomic ideal gas has a
fixed volume. 40| of energy is supplied to the gas.
a. State the work done on the gas.
b. Calculate the change in the temperature of

the gas.
When 0.030 mol of monatomic ideal gas is
compressed, the temperature of the gas increases
from 20°C to 90°C. The gas does not exchange
thermal energy with the surroundings. Calculate the
work done in compressing the gas.

4. A quantity of 8.0 x 10~°mol of a monatomic ideal gas

ina cylinder is compressed by a piston. The work

done on the gasis 7.0) and the temperature of the

gas increases by 50K.

a. Calculate:
i. thechangeintheinternal energy of the gas
ii. theenergy transferred between the gas and

the surroundings during compression.

b. The gasremains compressed at a constant
volume and its temperature increases by another
50K. State the energy transferred to the gas.

Using pressure-volume diagrams

The work on the three gas laws in Topic B.3 leads to three graphs: pressure—

volume, pressure-temperature, and volume-temperature. These are all graphs
that represent gas processes (that is, changes in the conditions of a gas). The first of
these (P-V) has a particular use because it can lead us directly to the work that a gas
is doing on its surroundings or the work that is being done on the gas.

LA V=AAx
area A

~~~~~~~~~

volume V

ideal gas =

cylinder

piston. This means that the gas does work
on the atmosphere.

An ideal gas at a pressure Pis trapped in a cylinder of cross-sectional area A by
a piston (Figure 6). In this example, the gas constitutes the system. The gas is
allowed to expand moving the piston upwards by a distance Ax. The gas volume
was initially Vand it increases by AV = A X Ax because of this movement. The
distance Ax is taken to be small, so that the change to the volume is also small.

Some energy is now transferred from the surroundings to the gas in a way that
ensures that the gas pressure remains constant. The surroundings in this case are
the cylinder and the atmosphere outside it. We ignore temperature and energy
changes to the cylinder walls and the piston. The volume of the gas increases; the
top of the piston moves upwards and so compresses the atmosphere. Work is
being done on the atmosphere.

The work done by the gas on the surroundings during the expansion is equal to
the force on the piston (which is constant at P x A). The work done is therefore

Fx Ax=(PxA) X Ax=PXx (AAx) =P X AV

Indicator diagrams — Visualizing the work done

P-V graphs are commonly used in engineering physics when dealing with
the performance of steam engines or internal combustion engines. In this
practical context, the graph is known as an indicator diagram. The diagram
was used very early in the development of steam engines by James Watt and
his associate John Southern to study the efficiency of the engines. The P-V
graph itself was first used by Emile Clapeyron in 1834 to illustrate the Carnot
cycle that you will meet later in this topic.

To what extent do graphs such as this represent the scientific fact itself?
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In terms of the first law of thermodynamics, W = +PAV. This is positive area under line = work done by
because the gas (the system) is doing work on the surroundings. Figure 7 pressureA gas on surroundings = PAV
shows the change X to Y for a gas expanding at constant pressure. The work X Y
done by the gas is the area below the line that joins Xand Y on the graph. Pl T
Notice the arrow on this line: it shows the direction of the change (expanding P
gas in this case) and shows also that the work done by the gas is positive. OO P » volume
When the arrow is in the other direction, then the work done is by the (a)
surroundings on the gas and, using our sign convention, is negative. 7
pressure A X Y
p
» Figure 7 (a) The work done by a gas as it expands from X to Y P >
is the area under the line XY. When the change is in the opposite
direction work is done on the gas. (b) The graph sometimes has
a false origin. Always make sure that you calculate the total area OO V »volume
under the line. (b)
Graph origins and areas
e Tool 3: Use basic arithmetic and algebraic calculations Pa A
to solve problems. \ work done = area of strip
e Tool 3: Interpret features of graphs including Py ks & =P X AV
gradient, changes in gradient, intercepts, maxima ol
- S
and minima, and areas under the graph.
Look closely at the graph in Figure 7(a). There is an origin 2
marked as (0, 0). You will not always have a real origin;
sometimes the graph will be the small graph (top-right in
Figure 7(b)) which has a false origin. Don't forget to include >
the green area in your calculation for the total work done. E] volume
When the P-V graph is not straight, then the task becomes —
one of counting squares or estimating the area in some AV2
other way. You must use the technique of dividing the A Figure 8 When the variation of Pwith Vis a curve, use thin
area below the line into strips or other convenient shapes. rectangular strips or counting squares to evaluate the work done.

Figure 8 shows you how. Simply add up the values for

. Make sure that the strips are thin enough to give a
each approximate rectangle. In other words,

reasonable answer but not so thin that the problem takes

work done = P AV, + P,AV, + -+ + PyAVy along time to complete.

Worked example 4 . )
A monatomic ideal gas is compressed along the path AB as shown.
a. Calculate the work done during the compression. & qes B A
The temperature of the gas at A is 480 K. 2
b. Calculate the temperature of the gas at B. E -
c. Determine:

i. thechange inthe internal energy of the gas

ii. the energy transferred between the gas and the surroundings. 0.5 2 215 é 3f5 ‘L 415\

V/103m3

Solutions
a. Thegasis compressed at a constant pressure; hence W= PAV=1.5x10°x (3-4) x 10~ =-150.
The value is negative because the work is done on the gas to compress it.
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S
. I Ts _Ta
b. Foranideal gas at a constant pressure, — = constant, so — = —.
Ta 480 v 5 Va
3)(10_3=4X]O_3and T = 360K.
c. 1. Theideal gas equationimplies that nRAT = PAV. Hence, the change in the internal energy is
AU:%nRAT:%PAV:%x (-150) =-225].
ii. From the first law of thermodynamics, Q=AU+ W =-225-150 =-375]. The energy is transferred out of
the gas.
Worked example 5
The P-V graph shows two possible processes that can change the
conditions of a gas from the initial state A to the final state B.
Deduce which of the processes results in a greater amount of:
a. workdone by the gas
b. thermal energy transferred to the gas. % A
2 process
0
Solutions =
a. Thechange inthe volume of the gas is the same for both
processes. Process 1, on average, has a greater gas pressure process 2
than process 2. From W = PAV, the work done by the gas during B
process | is greater. 0
b. Thechange inthe internal energy of the gas depends only on the 0
temperature difference between the states Aand B. Hence, AU'is volume
the same for both processes. From Q = AU + W, the heat transferred
to the gas is greater during process 1, because the gas must do more
work for the same change in the internal energy.
Worked example 6
An ideal gas expands along the path AB shown in the P-V diagram. 5]
a. Calculate the work done by the gas.
b. Show that the initial and the final temperature of the gas is the same. 4 A
c. Hence, state the energy supplied to the gas.
& 34
Solutions >
a. Theworkisequal to the area under the path AB. The gas expands 27 B
hence the work is positive. W= 2x10° ; 4x10° x 2% 102 =600]. 14
b. P\Va=4x10°%x2x10°=800Pam?®and PV =2 x 10° x 4 X 1073
= 800Pam?. From the ideal gas equation, since P,Va=PsV;, the 0 | | 1 1

temperature at A and at B must be the same.

c. Equaltemperature means that the gas has the same internal energy in
both states, so AU = 0. The first law of thermodynamics gives Q = W = 600.
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Practice questions

5.

A monatomic ideal gas expands at a constant
pressure of 1.2 x 10°Pa. The initial temperature of the
gas is 300K and the initial volume is 1.5 x 104 m?3.

A cylinder with a moveable piston contains an ideal
gas. The cylinder is placed in a cold environment and
thermal energy is removed from the gas. The volume

a. Calculate the number of moles of the gas.

The work done by the gas during the expansion
is6.0]. a.

b. Determine:
i. thefinal volume of the gas
ii. thefinal temperature

iii. theenergy transferred to the gas during C.
the expansion.

An ideal gas and the first law of thermodynamics

P-V diagrams help to visualize four common types of change that occur in a gas:
® isobaric—a change carried out at constant pressure

® isovolumetric—a change carried out at constant volume

* isothermal —a change carried out at constant gas temperature which is
constant internal energy

* adiabatic—a change carried out with no energy transferred to or from the system.

Isobaric change

Isobaric changes occur at constant pressure. (The word “isobaric” comes from
two Greek words "“iso” meaning “the same” and “baros” meaning “weight”.)

This case was considered in Figure 7(a) where the P-V diagram shows a line
parallel to the V-axis and, in this case, the work transferred was easy to calculate.

For an isobaric change, the first law of thermodynamics can be written as
Q=AU+ PAV
The equation of state for the gas, in this case, is

= constant

- <

Isovolumetric change
An isovolumetric change occurs when the volume of the gas is constant.

Therefore the equation of state is

T= constant
Figure 9 shows the P-V diagram for this case. The single line parallel to the
pressure axis makes it clear that the change in volume is zero (AV = 0).
The first law becomes
Q=AU+PAV=AU+PxO0

This leads to Q= AU. All the heat energy transferred into the system appears as
internal energy. Conversely, when the first law is written with a negative sign as
Q=-AU, then all the energy is removed from the system and transferred from
the internal-energy store of the gas.

of the gas decreases from 1.8 X 102 m3to 1.4 x 10> m?
at a constant atmospheric pressure of 1.0 x 10° Pa.

Calculate the work done.

The final temperature of the gas is 260 K.
b. Calculate the initial temperature.

The energy removed from the gas is 100.

Calculate the change in the internal energy of
the gas.

pressure
X ot———Ppe<<

Y

volume

A Figure 9 Anisovolumetric change
shown on a P-V graph. No work is done
because the area under the line is zero.
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A
T] > T2
g
S
A
g
o T]
P

A4

volume

A Figure 10 Two isotherms for an ideal gas.

P A
\isotherms
adiabatic
process
n
work i
done

A Figure 11 An adiabatic process
compared with two isothermal changes.
The gas in the adiabatic change moves
between the two temperatures T, and Ts.

~ Why 3?

5 .
The exponent 3 only applies to

monatomic gases. For molecules

with two or more atoms, the value
changes. Calculations that involve
nitrogen (N,) with two atoms in the

7
molecules take the value = Often

the adiabatic equation is written

as PV' = constant, where yis a
constant that depends on the
number of atoms in a gas molecule.

Isothermal change
The following two equivalent statements describe an isothermal change.
¢ Theinternal energy of the system remains constant, and therefore

* the temperature of the system remains unchanged.

This time, the first law Q = AU + W becomes Q = W because AU = 0. All the
thermal energy is transferred into the system and appears as work done by
the gas.

* Whenthe work done is +W, then the gas in its container is expanding
against the atmosphere (surroundings).

*  When the work done is =W, then energy is transferred away from the gas and
work is done by the surroundings on the gas which is being compressed.

The equation of state for this change is PV = constant. The P-V diagram for two
different temperatures Ty and T, is shown in Figure 10. Each line is known as an
isotherm. T; is greater than T, here. The larger temperature is always further from
the origin.

An important question is whether an isothermal change is ever possible. The
answer is that, in practical terms, it is not. The energy must transfer through

the boundary between the system and the surroundings without changing the
temperature of the gas. This can only happen when the energy transfer happens
very slowly through a boundary that is itself a good thermal conductor. An
isothermal change will take an infinite time to happen. However, in practice, a
slow change can be a good approximation to an isothermal change.

Adiabatic change

When no energy is transferred between the surroundings and the system, the
change is said to be adiabatic. This is achieved when there is an insulating
boundary between the system and the surroundings. (They can in principle be at
different temperatures because of this insulation.)

The first law of thermodynamics tells us that, for adiabatic conditions, Q = 0.
Therefore, Q= AU + W becomes:

0=-AU+ W, so AU= W (work done on the system with an increase in
internal energy), or

e 0=AU-W,soAU=-W (work done by the system with a decrease in
internal energy).

As always, you should note the use of the signs here.
For an ideal monatomic gas, the equation for an adiabatic change is

e
PV? = constant. You do not need the proof for this equation, but it follows
from a combination of the first law and the general gas equation.
PVi PV,

5 s
At constant temperature, P,V;* = P,V,*, and when this is divided by T = 7
1 2

5 5
then T,V;® = T,V,* for conditions where the pressure is constant.

Figure 11 shows a single adiabatic curve (green) on a P-V diagram together with
lines (black) for two isothermal changes. The gradient of the adiabatic curve is
always greater than that of the isothermals because the exponent of Vin the
adiabatic equation is greater than one.
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Is an adiabatic change possible? As for the isothermal case, the answer strictly

is no. There must be no opportunity for any energy to transfer between the
system and the surroundings. The change in internal energy of the system (that
is, its temperature change) must be the work being done. Any transfer of energy
through the system boundary will make the process non-adiabatic.

This leads to the (perhaps surprising) result that an adiabatic change can be
approximated by a very rapid change from one gas state to another. The essential
point is that there must be no time for energy to transfer through the system
boundary (which, in practice, is the wall of the gas container).

Worked example 7
An ideal gas undergoes a cyclic process along the loop
ABCA, as shown in the P-V graph. The change AB is 37 Al
isothermal at a temperature of 900K.
a. Calculate the temperature of the gas at C. 2.57
The work done by the gas during the change AB is 330].
b. Determine the net work done in one cycle. © e 0
c. Explain whether thermal energy is transferred to the Lg 15-

gas or from the gas during each of the changes AB, =

BCand CA. R < |

© B
Solutions 054
a. Ihe%wsangg C]Aolg isovolumetric, so ; = constant.
X X
.~ 900  le=300K °C 05 1 15 2 25 3 35

b. The work done in compressing the gas during the V/10-3 m3

isobaric change BCis PAV=1x10°x (-2 x 103) =

—200]. No additional work is done during the final change CA because the volume remains constant. The net work
is therefore W = 330 - 200 =130]. The sign is positive; hence the work is done by the gas on the surroundings.
Note that this work is equal to the area enclosed by the cycle.

c. During change AB, the internal energy remains constant, AU = O. The first law of thermodynamics gives Q = W, and
since W> 0 (work done by the gas), we must have Q > O (energy transferred to the gas).

During change BC, we have W < 0 and AU <0, because the temperature of the gas decreases. From Q=AU+ W,
it can be deduced that Q < O (energy transferred from the gas to the surroundings).

During change CA, W=0and AU > 0, because the gas returns to its original temperature. In this case, Q= AUand
therefore Q > O (energy transferred to the gas).

Worked example 8
A monatomic ideal gas at an initial temperature 300K, pressure 1.00 x 10°Pa
and volume 3.60 x 10*m?3 is compressed adiabatically to a new volume of 1.20
x 10 m?3. The compression is represented by the change AB in the P-V graph.
The gas is then allowed to cool at constant volume to the original temperature, as a
represented by the change BC. The dashed line is the isothermal at 300 K.
a. Calculate, for the gas in state B:
i. its pressure

ii. itstemperature. 0 | | ! !
b. Determine the change in the internal energy of the gas during the compression. 0 1 2 3 4
Give the answer to the nearest joule. V/10-4m3
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c. Hence, state:
i. thework done during change AB
ii. the energy transferred during change BC.
Solutions . . .
a. i. Weuse the equation of an adiabatic change, PV? = constant, so PsVs = P,V.'.
Ps (1.2 10’ =1.00 x 10° (3.6 x 10)°. From here, P, = 6.24 x 105Pa.
PV PeVe  P.V,
i. Foranidealgas, T = constant, so BTBB = /;AA.
6.24x10°x1.20x 10* 1.00x10°x 3.60 x 104
T 300 > T=6
3
b. The changein the internal energy is AU = —nR(Tg — T»). We find the quantity (number of moles) of the gas by
: : , PaVa 1.00x10°x 3.6 x 10 .
applylnt the ideal gas equation to state A. n = R, 831 % 300 =1.44 x 10 ?mol.
AU= zx 1.44 x 1072 x 8.31(624 — 300) = 58].
c.  We use the first law of thermodynamics, Q = AU + W, to answer both parts of this question.
i. Thechange ABis adiabatic. Hence, Q= 0. The increase in the internal energy is solely due to the work done on
thegas, O=AU+ W=> W=-AU=-58].
ii. The gasdoes notchange volume from B to C. Hence, W = 0. The gas returns to the original temperature,
so AU=-58]. An equal amount of energy is removed from the gas: Q = AU =-58].
Practice questions
7. Anideal gas undergoes a cyclic process that consists of a. Complete the table by filling in the missing
an adiabatic compression AB, an isovolumetric process quantities, including the appropriate sign.
BC and an isobaric expansion CA. b. Determine the net energy that leaves the gas
A during one cycle.
B 8. A monatomicideal gas is compressed at a constant
temperature of 346 K from an initial state A of volume
o 5.00 x 10*m?and pressure 2.00 x 10°Pa to a new
2 Y state B of volume 2.20 X 10 m*. The isothermal
% compression is followed by an adiabatic expansion to
a final state C of volume 5.00 x 10 m?.
> ° A
C g _
olume > ’ 6
volu
4 -
The table contains some of the data about the ©
process. Q is the energy transferred to the gas, AU is 2 37
the change in the internal energy, and W is the work 24
done by the gas. o : C
‘ Q/) ‘ AU/) ‘ w/) 0 T T T T T T
AB -970 0 1 2 3 4 5 6
BC 1570 V/10-3m?
CA 1000 Calculate:

a. thepressureatB
b. thetemperature at C.



B. The particulate nature of matter

9. Anideal gas undergoes adiabatic compression AB, a. Calculate the volume at B.
isobaric expansion BC and isovolumetric process CA. b. Explain why the temperature at B is greater
The volume at Ais 6.00 x 10*m?, the pressure at A is than at A.

2.00 x 10°Pa and the pressure at B is 6.00 x 10°Pa.
A

B C

pressure

Y

volume

Heat cycles and engines

The conversion of internal energy into work is an important one for society
because it is the basis of a motor or engine.

A device that performs useful work by continuously converting energy to work is
known as a heat engine. The principle behind any heat engine (Figure 12) is that
energy Q is transferred into the engine at a high temperature T, and that energy
Q. is rejected by the engine at a lower temperature T.. The energy difference
(Q, — QJ is used for work. Any engine that is to work continuously must
eventually be returned to its initial state and thus work in a cycle. There must be
some way to return the heat engine to its original situation.

The thermal efficiency 5 of the heat engine is

useful work output Q@ — Q.

inputenergy  ~  Q,

The first description of a cyclic heat engine was given by the French engineer and
physicist Nicolas Léonard Sadi Carnot in 1824. He described a cycle, as shown
in Figure 13, in which an ideal gas is carried around four processes in sequence:
two isothermal and two adiabatic. The moving parts of the heat engine are
assumed to be completely frictionless. This is known as the Carnot cycle. You
should compare Figure 13 with Figure 11.

n=

The steps in the cycle are:

* Step A—B. The gas undergoes an isothermal expansion when an energy
Qy is supplied to it at high temperature T,.. As the temperature is constant,
the internal energy of the gas is unchanged. All the energy absorbed (Q,)
does work on the surroundings through the expansion of the gas.

* Step B—C. The gas expands adiabatically. No energy is absorbed or
rejected by the gas (Q = 0) but because this is an expansion, the internal
energy of the gas falls and its temperature decreases to T.. The gas has
transferred internal energy into work done on the surroundings, —AU = W.

e Step C—D. The gas returns to its original state (A) and it does this in two
stages. First, there is an isothermal compression in which energy Q. is
rejected to the surroundings. This is entirely work done on the gas as its
internal energy is unchanged and it is compressed.

*  Step D—A. Finally, there is a further adiabatic compression during which
the work done on the gas increases the internal energy as the gas returns to
temperature T,.

c. Calculate the work done during process BC.

d. The work done on the gas during process AB is
99]. Calculate the net work done in one cycle.

e. Theenergy that leaves the gas during process
CA'is 360]. Calculate the energy transferred to
the gas during process BC.

Y

Y heat

[

/ engine

A Figure 12 Arepresentation ofa

heat engine. This works between a hot
source at temperature T, and a cold sink
at temperature T.. Energy Qy is removed
from the source while Q. is transferred to
the sink. The difference Q, — Q. is used to
perform work.

P

A

A Figure 13 A Carnot cycle in which an
ideal gas is taken through two isothermal
and two adiabatic processes ABCD. The
area bounded by the cycle is work done
by the gas when the arrow directions

are clockwise.
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considerations important
in AC/DC motors and
generators?

Discussions in physics textbooks
are usually in terms of gases and
processes in which gases are
moved around a cycle of changes.
But this tends to conceal the
importance to an engineer of

the efficiency of any process that
involves a cycle.

Take, for example, the electrical
generators of Topic D.4. Such
generators are often fed by
turbines that are driven by steam.
The steam will be superheated
(thatis, will be above 100°C) when
it enters the turbine and will leave
at a lower temperature when it has
expanded and driven the turbine
around. The difference between
these temperatures is crucial to the
overall efficiency. The designers of
the power station will maximize the
steam temperature and minimize
the final temperature at which it is
rejected to improve the efficiency.
This may involve a two-stage
cooling where the steam is
returned to a heat exchanger to
decrease its temperature even
further. The energy from this
cooling will be used to pre-heat
the water that is about to be boiled
to form steam. This second stage
of temperature reduction improves
the overall efficiency of the station.

The cooling towers shown in
Figure 14 are common to many
forms of power station whether
they use fossil or nuclear fuels.

A heat engine that performs the Carnot cycle is reversible.

A reversible process is one in which a system can be returned to its
previous state with only an infinitesimal change to the properties of the
system or its surroundings.

Another interpretation is that:

A reversible process operates continuously in a quasi-static state.
Quasi-static means that the system and its surroundings are always in a state
of thermodynamic equilibrium.

These definitions of reversibility imply that a reversible change must be carried
out infinitely slowly so that the system can return to its exact initial state at the end
ofthe cycle.

For a Carnot cycle, the thermal efficiency fc.me: is given by

_usefulworkoutput  Q,-Q.  T,-T. . T.
iCarmot = inputenergy Q. T, T

where T, and T_are absolute (Kelvin) temperatures.

When the process is irreversible (not reversible), some of the energy will be lost
to non-useful processes such as friction or turbulence and the difference Q, — Q.
will not all be useful work output.

This equation implies that to increase the efficiency of a Carnot cycle (and in
principle any heat engine), T, should be as large as possible and T_ should be as
small as possible.

Modelling a real heat engine

Do not think that heat engines are theoretical devices invented by physicists.
Such engines can be very real. Take a locomotive steam engine, for example.
High temperature superheated steam is allowed to expand in a cylinder,
pushing back a piston. As a result, the steam—air mixture cools and is ejected
from the piston at a much lower temperature. The original internal energy

of the steam is greatly reduced. Energy is transferred to the piston and,
eventually, to the driving wheels and kinetic energy of the locomotive.

Worked example 9

A heat engine is modelled as a Carnot cycle whose hot and cold reservoirs
are maintained at constant temperatures of 900K and 350K, respectively.

a. Calculate the efficiency of this cycle.

The energy is transferred from the hot reservoir into the engine at a rate of
720 W.

b. Calculate:
i. the useful power developed by the engine

ii. the rate at which waste thermal energy is rejected to the
cold reservoir.
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