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3.3 Vectors in two dimensions 3.3 teachON

LESSON 3.3
Vectors in two dimensions

SYLLABUS LINKS

Use ordered pair notation and column vector notation to represent a
position vector in two dimensions.

Calculate the magnitude and direction of a vector.

|al = (:I)‘ =y a; +a3

tan(d) = }l"‘ £0

Calculate and use a unit vector, n, in the plane.
n

o fi= —
n|

Define and use unit vectors and the perpendicular unit vectors 2 and J

Express a vector in Cartesian (component) form using the unit vectors i
and J

Understand and express a vector in the plane in polar form using the
notation (r, ).

Convert between Cartesian form and polar form, with and without
technology.
Understand and use the Cartesian form and polar form of a vector,
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(QCAA) 2024, licensed under CCBY 40

3.3.1 Cartesian form of a vector

As a vector has both magnitude and direction, it can be A
represented in 2-dimensional planes.

In the figure, the vector u joins the point A to point B. =

considered to join the origin with the point C.

It is easy to see that u is made up of two components:
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LESSON
1.1 Overview

Hey students! Bring these pages to life online AN qu
Engage with Answer questions Track your ,,) ?
interactivities and check results progress y,

Find all this and MORE in jacPLUS (C)

1.1.1 Introduction

Ever since you were a small child, even before you started school, you have had the experience of counting.
These simple counting techniques are built upon to develop very sophisticated ways of counting and arranging,
in a field of mathematics known as combinatorics. Permutations and combinations allow us to calculate the
number of ways objects belonging to a finite set can be arranged. This is particularly useful in computer science.

Do you know how many three digit numbers can be formed from the digits 0 —9? How many of these are
divisible by 9? How about if there can be no repetition of a digit, or if the first digit cannot be zero?

The techniques provided in combinatorics are useful in various areas of mathematics, such as algebra
and probability.

In this chapter you will apply combinatorics to determine, for example, the number of ways a team of five
players can be chosen from a group of ten. Consider its usefulness in developing rosters for staff or flow charts
for projects. Combinatorics spans industries as varied as gambling, internet information transfer and security,
communication networks, computer chip architecture, logistics and DNA modelling. It has applications in any
field where different choices mean different efficiencies.

4 Jacaranda Maths Quest 11 Specialist Mathematics Units 1 & 2 for Queensland Second Edition



1.1.2 Syllabus links

Lesson

Lesson title

Syllabus links

1.2

1.3

1.4

15

1.6

Counting techniques

Factorials and
permutations

Permutations with
restrictions

Combinations

Applications of
permutations and
combinations

O

OO0O0O0O

OO 0O

O
O

O

Use the inclusion-exclusion principle formulas to determine the number
of elements in the union of two and the union of three sets.

® |[AUB|=|A|+ |B|—|ANB|

® [AUBUC|=|A|+|B|+|C|—|AnB|—|ANnC|—|BNC|+|[AnBNC|

Use the multiplication principle.
Use the addition principle.
Define and use permutations.
Use factorial notation.

Use the notation "P, to represent the number of ways of selecting r
objects from n distinct objects where order is important.

o np = n!
" (n=n)!

Solve problems that involve permutations.

=nXm—1DXm—=2)X--Xn—r+1)

Solve problems that involve permutations with restrictions including
repeated objects, specific objects grouped together and selection from
multiple groups.

Define and use combinations

Use the notation <Z> and "C, to represent the number of ways of

selecting r objects from n distinct objects where order is not important.

Solve problems that involve combinations.

Solve problems that involve combinations with restrictions including
specific objects grouped together and selection from multiple groups.

Model and solve problems that involve permutations and combinations
including probability problems, with and without technology.

Source: Specialist Mathematics Senior Syllabus 2024 © State of Queensland (QCAA) 2024; licensed under CC BY 4.0
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LESSON
1.2 Counting techniques

SYLLABUS LINKS

® Use the inclusion-exclusion principle formulas to determine the number of elements in the union of two and
the union of three sets.
e« [AUB|=|A|+ |B| —|ANB]|
e [AUBUC|=|A|+|B|+|C|—|AnB|—|ANnC|—|BNC|+ |[AnBNC|
® Use the multiplication principle.
® Use the addition principle.
Source: Specialist Mathematics Senior Syllabus 2024 © State of Queensland (QCAA) 2024; licensed under CC BY 4.0

1.2.1 Review of set notation
A set, S, is a collection of objects. The objects in a set are referred to as the elements of the set.

A set can be written in a variety of ways. Curly brackets are generically used to denote a set.
Consider the following. Let the sample space be the set of natural numbers between 1 and 20, that is
{1,2,3,4,5,6,7,8,9,10,11, 12,13, 14, 15,16, 17, 18, 19, 20}.

Let the set S be the set of even numbers between 1 and 20 inclusive.

S can be:
e written as a list: S={2,4,6,8, 10,2, 14, 16, 18,20} (in any order)
e writtenasarule: S={n:n=2rfor1 <r<10}
e shown in a Venn diagram.

The complement of S, written as S, is the set of all things NOT in S. In this example,
S§'={1,3,5,7,9,11,13,15,17,19}.

The complete set of objects being considered is called the universal set, £. It is represented by the rectangle in
the Venn diagram, and is abbreviated with Greek letter £ (pronounced ‘ksi’). In this example,
£={1,2,3,4,5,6,7,8,9,10,11,12,13,14,15, 16,17, 18, 19, 20}.

Now consider a second set, T, which is the set of numbers that are multiples of 3 between 1 and 20; that is,
T=1{3,6,9,12,15,18}. The sets S and T can be combined in various ways.

13
¢ 5 L

7 5 19 11

6 Jacaranda Maths Quest 11 Specialist Mathematics Units 1 & 2 for Queensland Second Edition



The union of S and 7 is all the elements in either S or 7 or both. It is shown as follows.

13
¢ 3 L

17 5 19 11

SUT={2,3,4,6,8,9,10, 12, 14, 15, 16, 18, 20}

The intersection of S and 7 is all the elements that are in both S and 7.

13
¢ S L

17 5 19 11

SNT=1{6,12,18}

The size of a set S, which is the number of elements in the set, is noted |S| or n(S).

1.2.2 The inclusion — exclusion principle

Using the previous example with the two sets S=1{2,4,6, 8, 10, 12, 14,16, 18,20} and T={3, 6,9, 12, 15, 18},
and their union SUT={2,3,4,6,8,9, 10, 12, 14, 15, 16, 18,20} and their intersection SN T={6, 12, 18}, we can
determine the size of each set by counting the number of elements in each set: |S| =10, |T| =6, |SUT| =13 and
|SNT|=3.

We can observe that the size of the union of two sets S and 7' is equal to the sum of their individual sizes, minus
the size of their intersection, the number of elements in both S and 7, as these have already been counted in sets
Sand T.

13=10+6 -3
ISUT| =|S|+|T1—1SNT]

This is known as the inclusion—exclusion principle.

Inclusion — exclusion principle for two sets

The size of the union of two sets is equal to the sum of their individual
sizes, minus the size of their intersection

[AUB|=|A|+ |B|—|ANB|

CHAPTER 1 Combinatorics 7



WORKED EXAMPLE 1 The inclusion - exclusion principle for two sets

Let the sample space be the set of natural numbers between 15 and 30 inclusive.
Let S be the set of even numbers between 15 and 30 inclusive.
Let T be the set of numbers that are multiples of 3 between 15 and 30 inclusive.

a. Construct a Venn diagram to represent S and 7.
b. Show that |SUT|=|S|+|T|—|SnT]|

THINK

a. 1. Sis the set of natural numbers between a.

15 and 30 divisible by 2 so:
S={16,18,20,22,24,26,28,30}.

2. T is the set of natural numbers between
10 and 30 divisible by 3 so:
T={15,18,21,24,27,30}.
SN T are the numbers which occur in both S
and 7, so:
SNT={18,24,30}.

b. 1. |S] is the number of elements in set S and |7]| b.

is the number of elements in set 7.
|SN 7] is the number of elements in the
intersection of both circles.

2. Evaluate [SUT]| and |S|+ |T| — |SNT].
|SUT]| is the number of elements in sets .S
and T. Count the number of elements in each
portion of each circle.

3. Conclude.

S| =8
|T|=6
[SNT|=3

IS|+ |71 = |SNT|=846-3=11
|SUT|=11
~SUT| =S|+ [T = |SNT]

The inclusion — exclusion principles can be generalised to more than two sets.

Inclusion — exclusion principle for three sets

If three sets are involved, the inclusion — exclusion principle becomes:
[AUBUC|=|A|+|B|+|C|—|AnB|—|AnC|—|BnC|+|AnBnC|

8 Jacaranda Maths Quest 11 Specialist Mathematics Units 1 & 2 for Queensland Second Edition



An example of the inclusion — exclusion principle with three sets is shown in Worked example 2.

WORKED EXAMPLE 2 The inclusion - exclusion principle for three sets

Let the sample space be the set of natural numbers between 15 and 30 inclusive.

Let R be the set of natural numbers between 15 and 30 inclusive that are divisible by 2.
Let S be the set of natural numbers between 15 and 30 inclusive that are divisible by 3.
Let T be the set of natural numbers between 15 and 30 inclusive that are divisible by 5.
a. Construct a Venn diagram to represent R, S and 7.

b. Use this diagram to evaluate |[RUSUT|.

c. Recall the inclusion — exclusion principle to compute |[RUS U T|.

THINK WRITE
a. 1. R is the set of natural numbers between a.
15 and 30 divisible by 2, so:
R=1{16, 18, 20, ... 30}

2. S is the set of natural numbers between
15 and 30 divisible by 3, so:
S=1{15,18,21,24,27,30}

RN S are the numbers which occur in
both S and R, so:
RnS=1{18,24,30}

3. T is the set of natural numbers between
15 and 30 divisible by 35, so:
T={15,20,25,30}

RN T=1{20,30}
SNT={15,30}
RNnSNT={30}
b. |[RUSUT]| is the number of elements b. |[RUSUT|=4+4+2+1+2+1+1+1
in sets R, S and 7. Count the number of = 112

elements within each portion of each circle.

c. 1. Recall the inclusion-exclusion principle c. |[SUTUR|=|S|+I|T|+I|R|—ISNT]|

formula. — |TNR|—=|SNR|+|SNTNR|
2. The number of elements in each set can ISUTUR| =6+4+8—-2—-2-3+1
be substituted into the formula. =12

This is in agreement with SU TU R =
{15, 16, 18,20, 21, 22, 14,25, 26,27, 28,30}
as represented in the Venn diagram in part a.
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1.2.3 Types of counting techniques

Counting techniques allow us to determine the number of ways an activity can occur. This in turn allows us to
calculate the probability of an event. Recall from your earlier probability studies that the probability of event
A,P(A), can be determined by counting the number of elements in A and dividing by the total number in the
sample space, &, according to the formula
PA) = M
n(§)

Different types of counting techniques are employed depending on whether order is important. When order is
important, this is called an arrangement or a permutation; when it is not important, it is called a selection or a
combination. Permutations and combinations are defined more formally in sections 1.3 and 1.5.

1.2.4 The multiplication principle

To count the number of ways in which an activity can occur, first make a list. Let each outcome be represented
by a letter and then systematically list all the possibilities.

Consider the following question:

In driving from Brisbane to Rockhampton I can take any one of four different roads and in driving from
Rockhampton to Townsville there are three different roads I can take. How many different routes can I take in
driving from Brisbane to Townsville?

To answer this, let Ry, R,, R3, R, stand for the four roads from Brisbane to Rockhampton and T, T,, T stand for
the three roads from Rockhampton to Townsville.

Use the figure to systematically list the roads:
T
T,

AN A A

R,

—
w2

y

R;

—~ =
W N

T
T,
T;

R,

Hence, there are 12 different ways I can drive from Brisbane to Townsville.

In the above example it can be argued logically that if there are four ways of getting from Brisbane to
Rockhampton and three ways of getting from Rockhampton to Townsville then there are 4 X 3 ways of getting
from Brisbane to Townsville.

This idea is formalised in the multiplication principle.

The multiplication principle should be used when there are operations or events (say, A and B), where one event
is followed by the other — that is, when order is important (the events are dependent).
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The multiplication principle

If there are n ways of performing operation A and m ways of
performing operation B, then there are n X m ways of performing A
and B in the order AB.

Note: In this case ‘and’ means to multiply.

A useful technique for solving problems based on the multiplication principle is to use boxes. In the example
above we would write:

1st 2nd
4 3

The value in the ‘1st’ column represents the number of ways the first operation — the trip from Brisbane to
Rockhampton — can be performed.

The value in the ‘2nd’ column stands for the number of ways the second operation — the trip from
Rockhampton to Townsville — can be performed.

To apply the multiplication principle you multiply the numbers in the lower row of boxes.

WORKED EXAMPLE 3 Application of the multiplication principle

Two letters are to be chosen from the set of five letters. A, B, C, D and E, where order is important
and the same letter is not repeated in a pair.

a. Recall how to list all the different ways that this may be done.

b. Use the multiplication principle to calculate the number of ways that this may be done.

c. Determine the probability the first letter will be a C.

THINK WRITE
a. 1. Begin with A in first place and make a list of each a. AB AC AD AE
of the possible pairs.
2. Make a list of each of the possible pairs with B in BA BC BD BE
the first position.
3. Make a list of each of the possible pairs with C in CA CB CD CE
the first position.
4. Make a list of each of the possible pairs with D in DA DB DC DE
the first position.
5. Make a list of each of the possible pairs with E in EA EB EC ED

the first position.
Note: AB and BA need to be listed separately as
order is important.

b. The multiplication principle could have been used b. Ist ond
to determine the number of ordered pairs. 5 4

1. Rule up two boxes which represent the pair.

2. Write down the number of letters which may be
selected for the first box. That is, in first place any
of the five letters may be used.
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3. Write down the number of letters which may
be selected for the second box. That is, in second
place, any of the four remaining letters may

be used.
Note: One less letter is used to avoid repetition.
4. Evaluate. 5% 4 =20 ways
5. Write the answer. There are 20 ways in which two letters

may be selected from a group of five
where order is important and the same
letter is not repeated in a pair.

A
c. 1. Recall the probability formula. The total number c. PA) = n(A)
in the set n(§) was determined in part b. n(§)
n(€) =20

2. Let A be the event that the pair starts with a C. ‘ 1 ‘ ‘
Draw a table showing the requirement imposed by
the first letter to be C.

3. Complete the table. Once the first letter has ‘ 1 ‘ 4 ‘
been completed, there are four choices for the
second letter. Use the multiplication principle to
determine the number of combinations starting

There are 1 X4 =4 possible combinations
beginning with C.

with C. So. n(A) = 4.
. n(A)
4. Use the probability formula to answer the P(A) = —
question. ’Z(g)
" 20
1

5
This is confirmed by examining the
answer to part a.

WORKED EXAMPLE 4 Multiplication principle and probability

a. Use the multiplication principle to calculate how many ways an arrangement of five numbers can
be chosen from {1, 2, 3,4, 5, 6}.
b. Determine the probability of the number ending with 4.

THINK WRITE

a. 1. Instead of listing all possibilities, draw five boxes Ist | 2nd | 3rd | 4th | Sth
to represent the five numbers chosen.
Label each box on the top row as 1st, 2nd, 3rd,
4th and 5th.
Note: The word arrangement implies order
is important.
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. Fill in each of the boxes showing the number of

ways a number may be chosen.

a. In the first box there are six choices for the
first number.

b. In the second box there are five choices for
the second number as one number has already
been used.

c. In the third box there are four choices for the
third number as two numbers have already
been used.

d. Continue this process until each of the five
boxes is filled.

1st

2nd

3rd

4th

5th

. Use the multiplication principle as this is an
‘and’ situation.

. Write the answer.

No. of ways = 6 X5X4 X3 X2
=720

An arrangement of five numbers may be
chosen 720 ways.

. Recall the probability formula.
The total number of arrangements, n(§), was
determined in part a.

. Let A be the event that the number ends with 4.
Draw a table showing the requirement imposed by
the last digit to be 4.

. Complete the table. Once the last number has
been completed, there are five choices for the
number in the first position, four choices for

the next number. Continue this process until
each of the five columns has been filled. Use the
multiplication principle to determine the number
of combinations ending with 4.

. Use the probability formula to answer the
question.

A
. P4y = "4
n(§)
n(&) = 720

Ist | 2nd | 3rd | 4th | 5th

1

Ist | 2nd | 3rd | 4th | 5th

5 | 4 | 3 | 2 1

There are 5 X4 X3 X2 X 1 =120 possible

combinations ending with 4.

So, n(A) = 120.

P(A) =

n(A)

n(€)
120

720
1

6
This is confirmed by examining the

answer to part a: there are 720 ways to

arrange five numbers, all have the same
probability, there are six digits possible
for the last digit thus the probability the

number ends with a specific digit is p

CHAPTER 1 Combinatorics

13



1.2.5 The addition principle
Now consider a different situation, one in which the two operations do not occur one after the other.

I am going to travel from Brisbane to either Sydney or Adelaide. There are four ways of travelling from
Brisbane to Sydney and three ways of travelling from Brisbane to Adelaide. Travelling to Brisbane and
travelling to Sydney are mutually exclusive here.

How many different ways can I travel to either Sydney or
Adelaide?

A~
It can be seen from the figure that there are 4 + 3 =7 ways of A ’ 0 S
completing the journey. This idea is summarised in the addition B

principle.
The addition principle should be used when trying to count the total ways/probabilities of doing several actions
that cannot be done at the same time (mutually exclusive).

The addition principle

If there are n ways of performing operation A and m ways of performing
operation B, then there are n + m ways of performing A or B.

Note: In this case ‘or’ means to add.

WORKED EXAMPLE 5 The multiplication and the addition principles

One or two letters are to be chosen from the set of six letters A, B, C, D, E, F. Assuming order is
important, use the multiplication principle and the addition principle to calculate:

a. the number of ways to choose two letters.

b. the number of ways to choose one or two letters.

THINK WRITE
a. 1. Determine the number of ways of choosing  a. Number of ways of choosing one letter = six.
one letter.
2. Rule up two boxes for the first and second Ist | 2nd
letters. 6 5

3. Determine the number of ways of choosing
two letters from six.
In the first box there are six choices for the
first letter.
In the second box there are five choices for
the second letter as one letter has already

been used.
4. Use the multiplication principle (as this is Number of ways of choosing two letters
an ‘and’ situation) to evaluate the number of =6X5
ways of choosing two letters from six. = 30
5. Write the answer. There are 30 ways of choosing two letters and

there are six ways of choosing one letter.
b. 1. Determine the number of ways of choosing  b. The number of ways of choosing one or two
one or two letters from six letters. Use the letters is 6 + 30 = 36.
addition principle as this is an ‘or’ situation.
2. Write the answer. There are 36 ways of choosing one or two
letters from six.
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The multiplication and addition principles can be used to count the number of elements in the union of two or
three sets in the same way as for one set. Remember, the multiplication principle is used with ‘and’ situations,
and the addition principle is used with ‘or’ situations.

WORKED EXAMPLE 6 Application of the multiplication and the addition principles

Oscar’s cafe offers a choice of three starters, nine main

courses and four desserts.

a. How many choices of three-course meals (starter,
main, dessert) are available?

b. How many choices of starter and main course meals
are offered?

c. How many choices of meals comprising a main
course and dessert are offered?

d. How many choices of two- or three-course meals
are available (assuming that a main course is
always ordered)? ¢

e. If one of the starter options is chicken wings and one of the mains is grilled fish, determine the
probability of choosing chicken wings and grilled fish in a three-course meal.

THINK WRITE

a. 1. Consider each course as separate sets andruleup a. [ g [ M | D
three boxes to represent each course — starter, 3 9 4
main, dessert. Label each box on the top row as
S, M and D.

2. Determine the number of ways of choosing each
meal: starter = three, main = nine, dessert = four.

3. Use the multiplication principle (as this is an Number of choices = 3 X9 x4
‘and’ situation) to evaluate the number of choices =108
of three-course meals.
4. Write the answer. There are 108 choices of three-course meals.
b. 1. Rule up two boxes to represent each course — b. g M
starter, main. Label each box on the top row as S 3 9
and M.

2. Determine the number of ways of choosing each
meal: starter = three, main = nine.

3. Use the multiplication principle (as this is an Number of choices = 3 X9
‘and’ situation) to evaluate the number of choices =27
of starter and main courses.
4. Write the answer. There are 27 choices of starter and main course.
c. 1. Rule up two boxes to represent each course — c. M I D
main and dessert. Label each box on the top row 9 4
as M and D.

2. Determine the number of ways of choosing each
meal: main = nine, dessert = four.
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. Use the multiplication principle (as this is an
‘and’ situation) to evaluate the number of choices
of main course and dessert.

. Write the answer.

. Determine the number of ways of choosing two-
or three-course meals, assuming that a main
course is always ordered.

Use the addition principle as this is an ‘or’
situation.

. Write the answer.

. Recall the probability formula.
The total number in the set n(§) was determined
in part a.

. Let A be the event that the meal contains chicken
wings and grilled fish.

Draw a table showing the requirement imposed
that the starter and main be these two dishes.

. Complete the table — there are four dessert
options. Use the multiplication principle to
determine the number of combinations of

the meal.

. Use the probability formula to answer
the question.

Number of choices = 9 X 4
= 36

There are 36 choices of main course and dessert.

. The number of ways of choosing two- or

three-course meals, assuming that a main
course is always ordered, is:
108 +27 +36=171

There are 171 ways of choosing two- or three-
course meals, assuming that a main course is
always ordered.

n(A)
. PA) = —
TS
n(§) =108
S| M| D
1 1
S| M| D
1 1 4

There are 1 X 1 X4 =4 possible combinations
for the meal.

So, n(A) =4.
n(A)
PA) = —
D=1®
_ 4
108

_ 1

T 27

The probability of choosing chicken wings
and grilled fish as part of the three-course

meal is —.
27
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Exercise 1.2 Counting techniques learn

1.2 Exercise 1.2 Exam questions These questions are

Lmem -
even better in jacPLUS!  “(ff q
¢ Receive immediate feedback ;, b
Simple familiar Complex familiar Complex unfamiliar * Access sample responses =
® Track results and progress
1,2,3,4,5,6,7, 19, 20, 21 22 i
8,9,10,11,12,13, .
14,15,16,17,18

Simple familiar

1. [IIZW Let the sample space be the set of natural numbers between 20 and 40 inclusive.
Let M be the set of odd numbers between 20 and 40 inclusive.
Let N be the set of numbers that are multiples of 5 between 20 and 40 inclusive.

a. Construct a Venn diagram to represent M and N.
b. Show that [MUN|=|M|+ |[N|—|MNN|

2. [l Let the sample space be the set of natural numbers between 30 and 45 inclusive.
Let R be the set of natural numbers between 30 and 45 inclusive that are divisible by 2.
Let S be the set of natural numbers between 30 and 45 inclusive that are divisible by 3.
Let T be the set of natural numbers between 30 and 45 inclusive that are divisible by 5.

a. Construct a Venn diagram to represent R, S and 7.
b. Use this diagram to evaluate |[RUSUT].
c. Recall the inclusion—exclusion principle to compute |[RUSUT].

3. Recall the inclusion—exclusion principle to calculate the number of
cards in a deck of 52 that are either red or even or a 4. -

G v ML :
4. Student Services has the following data on Year 11 students and their AR _’"“Qf“;“ =
sport commitments: & %_"3:-'-" ;\._- -
* 18 play no sport. A 5 :
* 16 play netball (and possibly other sports). ' A
e 24 play football. > .
e 20 are involved in a gym program. - - i il
e seven play netball and football. AN .
e six play netball and are in the gym program. = __‘."‘
* 15 play football and are involved in the gym program. s .y
e five students do all three activities. "':C:‘-‘f \
How many students are there in Year 11? @ L

5. TN Two letters are to be chosen from A, B and C, where order =
is important. i T ~Era
a. Recall how to list all the different ways that this may be done.
b. Use multiplication principle to calculate the number of ways that
this may be done.

c. Determine the probability the last letter will be a B.

6. a. List all the different arrangements possible for a group of two colours to be chosen from B (blue), G
(green), Y (yellow) and R (red).
b. Use the multiplication principle to confirm the answer to part a.
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10.

11.

12.

13.

14.

18

a. List all the different arrangements possible for a group of three letters to be chosen from A, B and C.
b. Use the multiplication principle to confirm the answer to part a.

[V

. IZA Use the multiplication principle to calculate how many ways can an arrangement of two letters be
chosen from A, B, C, D, E, F and G?

. In how many ways can an arrangement of three letters be chosen from seven different letters?

. In how many ways can an arrangement of four letters be chosen from seven different letters?

. How many different arrangements of five letters can be made from seven letters?

. Determine the probability of the letters starting with an E.

O Q 0 T

a. A teddy bear’s wardrobe consists of three different hats, four different shirts and two different trousers.
How many different outfits can the teddy bear wear?

b. A surfboard is to have one colour on its top and a different colour on its bottom. The three possible
colours are red, blue and green. In how many different ways can the surfboard be coloured?

c. A new phone comes with a choice of three cases, two different sized screens and two different storage
capacities. With these choices, determine how many different arrangements are possible.

d. Messages can be sent by placing three different coloured flags in order on a pole. If the flags come in four
colours, determine how many different messages can be sent.

a. = One or two letters are to be chosen in order from the letters A, B, C, D, E, F and G. Use the
multiplication principle and the addition principle to calculate the number of ways can this be done.

b. Two or three letters are to be chosen in order from the letters A, B, C, D, E, F and G. In how many ways
can this be done?

Manish is in a race with seven other runners. If we are concerned only with the first, second and third
placings, in how many ways can Manish finish first or second or third?

= Hani and Mary’s restaurant offers its
patrons a choice of four entrees, ten main
courses and five desserts.

a. How many choices of three-course
meals (entree, main, dessert) are
available?

b. How many choices of entree and main
course are offered?

c. How many choices of meals comprising
a main course and dessert are offered?

d. How many choices of two- or three-
course meals are available (assuming
that a main course is always ordered)?

e. Determine the probability of choosing
vegetable soup for entree and roast for
main in a three-course meal.

Jake is able to choose his work outfits from the following items of clothing: three jackets, seven shirts, six
ties, five pairs of trousers, seven pairs of socks and three pairs of shoes.

a. Calculate how many different outfits are possible if he wears one of each of the above items. (He wears
matching socks and matching shoes.)

b. If Jake has the option of wearing a jacket or not, but he must wear one of each of the above items,
determine how many different outfits are possible. Justify your answer.

I There are 12 people on the committee at the local football club. In how many ways can a president and
a secretary be chosen from this committee?

A 2 B. 23 C. 132 D. 144
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15. [l A TV station runs a cricket competition called Classic Catches. Six catches, A to F, are chosen and
viewers are asked to rank them in the same order as the judges. The number of ways in which the six catches
can be ranked:

Al B. 6 C. 30 D. 720

i 16. How many different four-digit numbers can be made from the numbers 1, 3, 5 and 7 if the numbers can be
repeated (that is 3355 and 7777 are valid)?

i 17. How many four-digit numbers can be made from the numbers 1, 3, 5, 7, 9 and O if the numbers can be
repeated? (Remember — a number cannot start with 0.)

18. Jasmin has a phone that has a four-digit security code. She remembers that the first number in the code was
9 and that the others were 3, 4 and 7 but forgets the order of the last three digits. How many different trials
must she make to be sure of unlocking the phone?

Complex familiar

{ 19. The local soccer team sells ‘doubles’ at each of their games to raise money. A ‘double’ is a card with two
digits on it representing the score at full time. The card with the actual full time score on it wins a prize.
If the digits on the cards run from 00 to 99, how many different tickets are there?

i1 20. Julia has a banking app that has two four-digit codes. She remembers that she
used the digits 1, 3, 5 and 7 on the first code and 2, 4, 6 and 8 on the second
code, but cannot remember the order. What is the maximum number of trials
she would need to make before she has opened both codes? (Assume that she
can try an unlimited number of times and once the first code is correct, she
can try the second code.)

f= 21. A combination lock has three digits each from O to 9.

a. How many combinations are possible?
The lock mechanism becomes loose and will open if the digits are within
one either side of the correct digit. For example if the true combination is
382 then the lock will open on 271, 272, 371, 493 and so on.

b. How many combinations would unlock the safe?

c. List the possible combinations that would open the lock if the true
combination is 382.

Complex unfamiliar

[7 22. Determine how many integers between 1 and 315 included are divisible by 3 or by 5 or by 7.

Fully worked solutions for this chapter are available online.
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LESSON
1.3 Factorials and permutations

SYLLABUS LINKS

* Define and use permutations.

® Use factorial notation.

® Use the notation "P, to represent the number of ways of selecting r objects from n distinct objects where
order is important.

n!
. nPy =

% )'=n><(n—1)><(n—2)><-~><(n—r+1)
n—r)
® Solve problems that involve permutations.

Source: Specialist Mathematics Senior Syllabus 2024 © State of Queensland (QCAA) 2024; licensed under CC BY 4.0

1.3.1 Factorials

The Physical Education department is to display five new trophies along a shelf in the school foyer and wishes to
know in how many ways this can be done.

Using the multiplication principle from the previous section, the display may be done in the following way:

Position 1 Position 2 Position 3 Position 4 Position 5
5 4 3 2 1

That is, there are 5 X4 X3 X2 x 1 =120 ways.

Depending on the number of items we have, the notation of the working out of this method could become quite
time consuming.

In general when we need to multiply each of the integers from a particular number, n, down to 1, we write n!,
which is read as n factorial.

Hence:

S5'=5%x4x3x2x1

=120
8l =8XTX6X5%x4%x3x2x%x1

=40320
nl=nXm—-—1DXn-2)Xn—-3)X..X3x2x1

Factorials

The number of ways n distinct objects may be arranged is n! (n factorial) where:
nl=pXm-1DXm—-2)xn—-3)X...x3x2x1

That is, n! is the product of each of the integers from n down to 1.

A special case of the factorial function is: 0! = 1.
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WORKED EXAMPLE 7 Calculating factorials

Evaluate the following factorials.

1 -1
a 7! b. 13! o & g &=
5! (n—-3)!
THINK WRITE
a. 1. Write 7! in its expanded form and a. T'=T7TX6X5X4%X3%x2xX1
evaluate. = 5040
2. Verify the answer obtained using the | LR
factorial function on a calculator. 7!
R040
b. 1. Write 13! in its expanded form and  b. 13! = 13X 12X 11X 10X9X8XTXO6X5X4 X3 X2 X 1
evaluate. =6227020800
2. Verify the answer obtained using the 131 LI
factorial function on a calculator. '
B227020800
|
c. 1. Write each factorial term in its c. 8—' = BXTX6XEXAXFXIX]
expanded form. 5! B FxAXIXZxL
2. Cancel down like terms. =8X7x6
=336
OR
81 _ 8xTx6x50
5! 5
=336
3. Evaluate.
4. Verity the answer obtained using the a1 @ s
factorial function on a calculator. ST
336
—1) _ _ (n—4Y
d. 1. Write each factorial term in its d. (n 1); = (n=Dn=2)n—3) X AX BxZxk
expanded form. (n—3)! (=3 (n—4] X e XEXIX )
2. Cancel like terms. =mn—-1)n-2)
OR
(n=1! m—-1)Xn-2)X@m—3)T
(n—3)! (=37
=(n—-1)n-2)
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TI| THINK CASIO | THINK WRITE

c. 1. On a Calculator page, c.1. On a Run-Matrix (EralT)
complete the entry = = screen, complete the 8!

! = 8! 5!
line as: 5 5! entry line as: 5 . 336
then press ENTER. : then press EXE. i
Note: The factorial Note: To find the
symbol can be found factorial symbol, L ELLnPL LnCE LRAND, =
by pressing CTRL, press OPTN, then
then the Catalogue press F6, and then
button or through the select PROB and x!
Menu, Probability, by pressing F3, then
factorials (!). Fl1.
2. The answer appears 8 336 2. The answer appears 8 336

on the screen. >t on the screen. >t

1.3.2 Permutations

The term permutation is often used instead of the term arrangement, and in this section we begin by giving a
formal definition of permutation.

Previously, we learned that if you want to create a three-letter word from seven letters (that is, CAT is a different
word from ACT), this means that order is important. In these cases, the number of arrangement (or number of
permutations) is:

1st 2nd 3rd

The number of arrangements = 7 X 6 X 5
=210
TX6x5x4! 7!
41 4
Using more formal terminology we say that in choosing three things from seven things where order is important,
the number of permutations is ’P; =7 X 6 X 5. The letter P is used to remind us that we are finding permutations.

This value may also be expressed in factorial form: 7X6 X 5 =

Ordered arrangements

The number of ways of choosing r things from n distinct things is given by the rule:

"P.=nXm—1)X..Xm—r+1)
_nxm—=1)X..Xm—r+1)n-r)!
B (n—r)!
np = n!
(n—r)!

The definition of "P, may be extended to the cases of "P, and "P,,.

"P, represents the number of ways of choosing n objects from n distinct things. Logically, we know that there
are n! ways of choosing n objects from n distinct things.

"P,=nX(n—1DXn-2)X..X(n—n+1)
=nXm—1)Xn-2)X..x1
=n!
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From the definition:

!

P = n!
(n—n)!
n!

o

!
Therefore, equating both sides, we obtain: n! = %
This can occur only if 0! =1.

n n!

0T —0)!
_n!

_n!

Permutations special cases
The two special cases are:

"P,=n!

WORKED EXAMPLE 8 Calculating the number of permutations

a. Calculate the number of permutations for P, by expressing it in expanded form.
b. Write 8P3 as a quotient of factorials and hence evaluate.

THINK WRITE
a. 1. Write down the first four terms beginning a. °P L = 6X5X4X3
with 6.
2. Evaluate. = 360
!
b. 1. Recall the rule for permutations. b. "P, = T
(n—n)!
. . 8!
2. Substitute the given values of n and r into the 8P3 = '
permutation formula. g‘; -3
TS
4032
3. Use a calculator to evaluate 8! and 5! = %00
4. Evaluate. =336

CHAPTER 1 Combinatorics 23



Tl | THINK WRITE CASIO | THINK WRITE

a. 1. On a Calculator page, . a. 1. On a Run-Matrix B Bokies) GO6d
press MENU, then S 355 screen, press OPTN, 6P4 360
select: 5: Probability then F6. O

2: Permutations. Select PROB by

Complete the entry pressing F3, then
line as: nPr (6, 4) select nPr by pressing X! | nPr ] nCr | RAND] ]
then press ENTER. F2. Complete the
entry line as:
6P4
then press EXE.
2. The answer appears °p , = 360 2. The answer appears °p , = 360

on the screen. on the screen.

WORKED EXAMPLE 9 Solving problems using permutations

The netball club needs to appoint a president, secretary and treasurer. From the committee seven

people have volunteered for these positions. Each of the seven nominees is happy to fill any one of the

three positions.

a. Determine how many different ways these positions can be filled.

b. For three years, the same seven people volunteer for these positions. Determine the probability one
of them is president three years in a row.

THINK WRITE
!

a. 1. The three roles are different, thus the order a. P, = & :
matters, thus use permutations here. (n—7)!
Recall the rule for permutations.

. . . 7!
2. Substitute the given values of n and r into the (= '
permutation formula. (7=3)!
7!
T
4
3. Use a calculator to evaluate 7! and 4! = %
4. Evaluate. =210

5. Write the answer. There are 210 different ways of filling the

positions of president, secretary and treasurer.

b. 1. In three years of the president’s position, b. ‘ 7 ‘ 7 ‘ 7 ‘
each year this could be awarded to one of the
seven people.

The total number of ways the president’s
position could be filled is 7 X 7 X 7.
n(€)=7x7x17

=343

. Let A be the event that the same person fills the
position three years in a row.

There are seven choices of the same person to
fill the positions three years in a row. n(A) =7.
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n(A)

3. Calculate the probability that the same person PA) = —
fills the president’s position three years in a row. n(§)
7
S IXTXT
_ L
49

The probability that one of the seven
volunteers, fills the president’s position three

. .1
years in a row 1s —.
49

Note that when the order does not matter (for instance if the three roles to fill are the same), then combinations
are used (see lesson 1.5).

1.3.3 Permutations in a circle

Consider the following situation: you want to arrange four objects in a circle.
There are 4! ways for you to arrange those four objects in a circle. However, you can cyclically rearrange them
in four ways that are not considered different arrangements, as it does not matter where the circle starts.

Same arrangements ABCD

Same arrangements ABDC

Same arrangements ACBD

Same arrangements ACDB

Same arrangements ADBC

Same arrangements ADCB

© © © © @) @
S5O000OO0
@ © @ © © ©
) &) ) &) ) &)
SOOOO0
© C) © @) © ©
) © C) © © ©
SOO0O00
© © © © @ @
© @) © @ © ©
SOOOO0
) ) ) ) ) )
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!
Thus the number of arrangements of four objects in a circle is 42 =@4-1)

This can be generalised to n objects.

Circular permutations

1
The number of arrangements of n objects in a circle is L n-1)!
n

Now consider this problem: In how many different ways can seven people be seated, four at a time, on a bench?
By now you should quickly see the answer: ’P , = 840.

Let us change the problem slightly: In how many different ways can seven people be seated, four at a time, at a
circular table?

The solution must recognise that when people are seated on a bench, each of the
following represents a different arrangement:

ABCD BCDA CDAB DABC
However, when sitting in a circle, each represents the same arrangement. It is

important to note that in a circle arrangement we do not consider positions on the
circle as different — remember, it does not matter where the circle starts.

© @
OO

@ ©

@, &
OO

&, ©

In each case B has A on the left and C on the right.

We conclude that the number ’P , gives four times the number of arrangements of seven people in a circle four at
p
a time. Therefore, the number of arrangements is 74 =210.

Permutations in a circle, n objects among r at a time

In general, the number of different ways n objects can be arranged, r at a time,
in a circle is:

nPr

r

WORKED EXAMPLE 10 Calculating the number of permutations in a circle

a. By recalling the appropriate formula, give an
expression for the number of different
arrangements if, from a group of eight people,
five are to be seated at a round table.

b. Evaluate this expression.

c. Each table receives one lucky door prize and one
lucky seat prize. Determine the probability of the
same person at one table winning both.
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THINK WRITE

”P
a. 1. Write down the rule for the number of a. —
arrangements in a circle. "
5p
2. Substitute the given values of n and r into =3
the formula. 3
3. Write the answer. The number of ways of seating five people
from a group of eight people at a round table is
5p
given by the expression ?5
6720
b. 1. Use a calculator to evaluate 8P5. b. 8P5 = e
2. Evaluate. = 1344
3. Write the answer. The number of ways of seating five from a

group of eight people at a round table is 1344.

c. 1. There are two prizes, and each prize can be c.

won by any one of the five people.
The total number of ways the prizes could be

wonis 5 X5
n¢)=5x%x5
=25
2. Let A be the event that the same person wins There are five choices of the same person to
both prizes. win both prizes.
n(A)=>5
. n(A)
3. Calculate the probability that the same person PA) = —
wins both. n(s)
5
5X5
1
5

The probability of the same person winning

both prizes is =

Resources

Digital documents Skill[SHEET Calculating "P, (doc-26824)
SpreadSHEET Permutations (doc-26825)
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|

Exercise 1.3 Factorials and permutations learn

1.3 Exercise 1.3 Exam questions These questions are B o
even better in jacPLUS! 'ﬂ'i(lﬂ
. » . » ¢ Receive immediate feedback Ft" Ny
Simple familiar Complex familiar Complex unfamiliar ¢ Access sample responses - 4
e Track results and progress
1,2,3,4,5,6,7,8, 15,16,17,18,19 20
9,10,11,12,13,14

Find all this and MORE in jacPLUS @

Simple familiar

1. Recall the definition of n! and write each of the following in expanded form.

a. 4 b. 5! c. 6! d. 7!
2. Evaluate the following factorials.
a. 4 b. 5! c. 6! d. 10!
e. 14! £. Ol g. 7! h. 3!
3. = Evaluate the following factorials.
ol 10! 7! 6!
a. — b. — C. = d. —
5! 41 3! 0!
4. KTZZM Evaluate the following factorials.
! ! —3) —2)!
S b, (n+3)! .. (n=3)! a (n=2)!
(n—95)! (n+1)! n! (n+2)!

5. =2 Calculate each of the following by expressing it in expanded form.
a. 8P, b. 7Ps c. 8P,

6. =T Write each of the following as a quotient of factorials and hence evaluate.
a. °Pg b. 5P, c. 8P,

| 7. Use your calculator to determine the value of:

20 800 18
a. P b. P, c. °Ps

8. The school musical needs a producer, director, musical director and script coach.
Nine people have volunteered for any of these positions. In how many different DIRECTOR
ways can the positions be filled? (Note: One person cannot take on more than A
1 position.)

9. There are 14 swimmers in a race. In how many different ways can the 1st, 2nd
and 3rd positions be filled?

10. [IZTM a. By recalling the appropriate formula, give an expression for the number
of different arrangements if, from a group of 15 people, four are to be seated at a
round table.

b. Evaluate this expression.
c. Each table receives a lucky door prize, a lucky seat prize and a best-dressed prize. Determine the
probability of the same person at one table winning all three prizes.
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[ 11. A round table seats six people. From a group of eight people, give an expression for, and hence calculate, the
number of ways six people can be seated at the table.

[z 12. At a dinner party for ten people all the guests were seated at a circular table. How many different
arrangements were possible?

[z 13. At one stage in the court of Camelot, King Arthur and 12 knights would sit at the round table.
If each person could sit anywhere determine how many different arrangements were possible.

i= 14. In how many ways can the letters of the word TODAY be arranged if they are used once only and taken:

a. three at a time?
b. four at a time?
c. five at a time?

Show your answers in the form "P, and then evaluate.

Complex familiar

i 15. IEM A soccer club will appoint a president and a vice-president each year. Eight people have volunteered
for either of the two positions.

a. In how many different ways can these positions be filled?
b. For two consecutive years the same eight people volunteered for these positions. What is the probability
one of them is president for both years?

f= 16. There are 26 players in an online game. How many different results for 1st, 2nd, 3rd and 4th can occur?

i 17. A rowing crew consists of four rowers who sit in a definite order. How many different crews are possible if
five people try out for selection?

i 18. [ Which one of the following permutations cannot be calculated?
1000 1 8 4
A. l000p B. 'P, c. 8P, D. *P

i 19. A The result of 100! is greater than 94!.
Which of the following gives the best comparison between these two numbers?

A. 100! is 6 more than 94!

B. 100! is 6 times bigger than 94!

C. 100! is about 10 000 more than 94!
D. 100! is 9P, times bigger than 94!

Complex unfamiliar

{1 20. Twelve teachers (six men and six women) from the same
school are attending a conference together.
They notice that there are twelve empty seats in the front
row and decide to sit there. Five of these teachers are
maths teachers, four are humanities teacher and three are
science teachers. One of the maths teacher says that there
are approximately 20 more ways to sit if all the science
teachers sit together than if all the men (or women) sit
together, and that there are nearly 500 million ways for
the group to sit without any specific order.
Justify whether this teacher’s estimations are reasonable.

Fully worked solutions for this chapter are available online.
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LESSON
1.4 Permutations with restrictions

SYLLABUS LINKS

® Solve problems that involve permutations with restrictions including repeated objects, specific objects
grouped together and selection from multiple groups.
Source: Specialist Mathematics Senior Syllabus 2024 © State of Queensland (QCAA) 2024; licensed under CC BY 4.0

1.4.1 Like objects

A five-letter word is to be made from three As and two Bs. How many different permutations or arrangements
can be made?

If the five letters were all different, it would be easy to calculate the number of arrangements. It would be
5!'=120. Perhaps you can see that when letters are repeated, the number of different arrangements will be less
than 120. To analyse the situation let us imagine that we can distinguish one A from another. We will write
Ay, A,, A;, B, and B, to represent the five letters.

As we list some of the possible arrangements we notice that some are actually the same, as shown in the table.

A;A,BA3B, A A;B,A3B, Each of these 12 arrangements
A;A3BA,B, AA3B,A,B, is the same — AABAB — if
A,A B A3B, A,AB,A3B, A;=A,=A; and B, =B,.
AyA3B 1A B, AyA3ByA B,

A3AIBIAB,  A3AByA;B,

A3ABIAIB,  A3AByA B,

B,A A;B Az BiAA,B,A; Each of these 12 arrangements
B,A | A3;B A, B;AA3B,A, is the same — BAABA — if
B,A,A B Az B A,AByA; A;=A,=Aj;and B, =B,.
ByAsA;3B 1A B1AsA3ByA

B,A3ABIA;  BiA3A|ByA

ByA3ABIA;  BIA;ABA,

The number of repetitions is 3! for the As and 2! for the Bs. Thus, the number of different arrangements in
5!

31 x 21

choosing five letters from three As and two Bs is

Permutations with restrictions

The number of different ways of arranging n objects made up of groups of
indistinguishable objects, n; in the first group, n, in the second group and so on, is:

n!

nilnyins!...n,!

Note: If there are elements of the group which are not duplicated, then they can be considered as a group of one.
It is not usual to divide by 1!; it is more common to show only those groups which have duplications.
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WORKED EXAMPLE 11 Permutations with repeated objects

Determine how many different permutations of seven counters can be made from four black and
three white counters.

THINK WRITE

1. Write down the total number of counters. There are seven counters in all; therefore, n="7.

2. Write down the number of times any of the There are three white counters; therefore, n; = 3.
coloured counters are repeated. There are four black counters; therefore, n, =4.

!
3. Write down the rule for arranging groups of ~

ny!ny!ng!..n,l

like things.
. . 7!
4. Substitute the values of n, n; and n, into =
31 x 4!

the rule.
_TX6X5Xx4x3x2x1
3X2X1Xx4x3x2x1

5. Expand each of the factorials.

L . 7X6X5
6. Simplify the fraction. = —
7. Evaluate. =35
8. Write the answer. 35 different arrangements can be made from seven

counters, of which three are white and four are black.

1.4.2 Restrictions

Sometimes restrictions are introduced so that a smaller number of objects from the original group need to be
considered. This results in limiting the numbers of possible permutations.

WORKED EXAMPLE 12 Permutations with restrictions

A rowing crew of four rowers is to be selected, in

order from the first seat to the fourth seat, from

eight candidates. Determine how many different

arrangements are possible if:

a. there are no restrictions

b. Jason or Kris must row in the first seat

c. Jason must be in the crew, but he can row anywhere
in the boat

d. Jason is not in the crew.

THINK WRITE

a. 1. Write down the permutation formula. a. P, =
Note: four rowers are to be selected from
eight and the order is important.
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. . . 8!
2. Substitute the given values of n and r into 8p

4 =
the permutation formula. g — !
T
. EXTXOXSXAXIXDIX
3. Expand the factorials or use a calculator to = R
evaluate 8! and 4!. AXBXIXN
=8XTX6X5
4. Evaluate. = 1680
5. Write the answer. There are 1680 ways of arranging four rowers from
a group of eight.
b. 1. Apply the multiplication principle since b. No. of arrangements
Fwo events .Wﬂl follow each other; that = no. of ways of filling the first seat X no. of
is, Jason will fill the first seat and the ways of filling the remaining three seats.
remaining three seats will be filled in o
7% 6 x5 ways or Kris will fill the first = 2X°P,
seat and the remaining three seats will be
filled in 7 X 6 X 5 ways.
176 5/|-7p
or
K|7]65]|=P
2. Substitute the values of n and r into the =2x"P,
formula and evaluate. =2x210
=420
3. Write the answer. There are 420 ways of arranging the four rowers if
Jason or Kris must row in the first seat.
c. 1. Apply the addition principle, since Jason c. No.of arrangements
must be in either the first, second, third or = no. of arrangements with Jason in seat 1
fourth seat. The remaining three seats will + No. of arrangements with Jason in seat 2
be filled in 7 X 6 X 5 ways each time. + No. of arrangements with Jason in seat 3
+ No. of arrangements with Jason in seat 4.
J1716|5|+|7,TJ]6
7161 |5|+|7]6|5|1]
Alternatively, select Jason (1 way of No. of arrangements = 1 X 'Py X 4
selecting Jason), select the other three =4x120
seats in order (7P3 ways) and then slot = 840
Jason in any of the four spaces between or
on the end of them (four ways).
2. Substitute the values of n and r into the No. of arrangements
=4x210
3. Evaluate. = 840
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4. Write the answer. There are 840 ways of arranging the four rowers if

Jason must be in the crew of four.

d. As Jason is not in the crew, there are only d. 'P = L'
seven candidates. Four rowers are to be (77' =
chosen from seven and order is important. = 5
_TX6X5%x4x3x2x1
a 3x2x1
=7X6Xx5x%x4
= 840

There are 840 ways of arranging the crew when
Jason is not included.

WORKED EXAMPLE 13 Permutations with objects grouped together

a. Calculate the number of permutations of the letters in the word COUNTER.
b. In how many of these do the letters C and N appear side by side?

c. In how many permutations do the letters C and N appear apart?

d. Determine the probability of the letters C and N appearing side by side.

THINK

a. 1. Count the number of letters in the given word.

2. Determine the number of ways the seven
letters may be arranged.

3. Write the answer.

b. 1. Imagine the C and N are ‘tied’ together and
are therefore considered as one unit.
Determine the number of ways C and N may
be arranged: CN and NC.

2. Determine the number of ways six things can
be arranged.
Note: There are now six letters: the ‘CN’ unit
along with O, U, T, E and R.

3. Determine the number of permutations in
which the letters C and N appear together.

4. Write the answer.

c. 1. Determine the total number of arrangements
of the seven letters.

2. Write down the number of arrangements in
which the letters C and N appear together, as
obtained in a.

WRITE
a. There are seven letters in the word

COUNTER.

The seven letters may be arranged 7! = 5040
ways.

There are 5040 permutations of letters in the
word COUNTER.

. Let C and N represent one unit.

The ‘CN’ unit may be arranged 2! =2 ways.

Six units may be arranged 6! = 720 ways.

The number of permutations = 2 X 6!
=2x720
= 1440

There are 1440 permutations in which the
letters C and N appear together.

. Total number of arrangements = 7!

= 5040

Arrangements with C and N together = 1440
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3. Determine the difference between the values The number of arrangements = 5040 — 1440
obtained in steps 1 and 2. = 3600
Note: The number of arrangements in which
C and N are apart is the total number of
arrangements less the number of times they
are together.

4. Write the answer. The letters C and N appear apart 3600 times.
. n(§)
d. 1. Recall the probability formula. d. PA)=——
n(A)
2. State the number of elements in the set &, From part a, there are 5040 permutations of
that is n(§). letters in the word COUNTER.
n(&) =5040
3. Determine the number of elements in the From part b, there are 1440 permutations in
set A, that is the number of arrangements in which the letters C and N appear side by side.
which the letters C and N appear side by side. n(A) = 1440
A
4. Calculate the answer. PA) = M
n(§)
1440
5040
.
7

The probability of the letters C and N
. L. 2
appearing side by side is =

WORKED EXAMPLE 14 Solving problems involving permutations with restrictions

Consider the two words ‘PARALLEL’ and ‘LINES’.

a. How many arrangements of the letters of the word LINES have the vowels grouped together?

b. How many arrangements of the letters of the word LINES have the vowels separated?

c. How many arrangements of the letters of the word PARALLEL are possible?

d. Determine the probability that in a randomly chosen arrangement of the word PARALLEL,
the letters A are together.

THINK WRITE
a. 1. Group the required letters together. a. There are two vowels in the word LINES.
Treat these letters, I and E, as one unit.
2. Arrange the unit of letters together with the Now there are four groups to arrange: (IE), L,
remaining letters. N, S. These arrange in 4! ways.
3. Use the multiplication principle to allow for The unit (IE) can internally rearrange in 2!
any internal rearrangements. ways. Hence, the total number of arrangements
is:
41Xx21 =24%2

=48
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. State the method of approach to the problem.

. State the total number of arrangements.

. Calculate the answer.

. Count the letters, stating any identical letters.

n!
—— and state the
n1! n2! 000
number of distinct arrangements.

. Recall the rule

. Calculate the answer.

. State the number of elements in the
sample space.

. Group the required letters together.

. Calculate the number of elements in
the event.

. Calculate the required probability.
Note: It helps to use factorial notation in
the calculations.

b. The number of arrangements with the

vowels separated is equal to the total number
of arrangements minus the number of
arrangements with the vowels together.

The five letters of the word LINES can be
arranged in 5! = 120 ways.

From part a, there are 48 arrangements with
the two vowels together. Therefore, there are
120 — 48 =72 arrangements in which the two
vowels are separated.

The word PARALLEL contains eight letters of

which there are two As and three Ls.
]

There are arrangements of the word
PARALLEL.

8l 8 XTX6X5x%x4x3H
21 x 3! 2 x 3

= 3360
There are 3360 arrangements.

. There are 3360 total arrangements of the word

2! x 3!

For the letters A to be together, treat these two
letters as one unit. This creates seven groups:
(AA),P,R,L, L, E, L, of which three are
identical L s.

PARALLEL, so n (£) =3360 or

!
The seven groups arrange in 5 ways. As the

unit (AA) contains two identical letters, there
are no distinct internal rearrangements of this
unit that need to be taken into account. Hence,

7. .
5 is the number of elements in the event.

The probability that the As are together
_ number of arrangements with the As together

total number of arrangements
7! 8!

T30 21x3!
7 21%3
T3 8x 7!
2
"3
1
"4
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Exercise 1.4 Permutations with restrictions learn

Simple familiar Complex familiar Complex unfamiliar e Access sample responses

1,2,3,4,5,6,7,8, 13,14, 15,16 17,18
9,10,11,12

1.4 Exercise 1.4 Exam questions These questions are o

even better in jacPLUS! fﬁr ]
¢ Receive immediate feedback o) Ny

-

* Track results and progress

‘Find all this and MORE in jacPLUS ®

Simple familiar

1.

10.

36

. A collection of 12 books is to be arranged on a shelf. The books

ET3EW Determine how many different arrangements of five counters can be made using three red and two
blue counters.

. Determine how many different arrangements of nine counters can be made using four black, three red and

two blue counters.

. Recall the appropriate formula and calculate the number of different arrangements can be made using the six

letters of the word NEWTON, assuming:

a. the first N is distinct from the second N b. there is no distinction between the two Ns.

. How many different permutations can be made using the 11 letters of the word ABRACADABRA?

consist of three copies of Great Expectations, five copies of
Catcher in the Rye and four copies of Huntin’, Fishin’ and
Shootin’. How many different arrangements of these books are
possible?

. A shelf holding 24 cans of dog food is to be stacked using nine

cans of Yummy and 15 cans of Ruff for Dogs. Determine how
many different ways the shelf can be stocked.

. lIIZEA A cricket team of 11 players is to be selected, in batting order, from 15. Determine how many

different arrangements are possible if:

a. there are no restrictions

b. Arjun must be in the team at number 1

c. Arjun must be in the team but he can be anywhere from 1 to 11
d. Arjun is not in the team.

. The Student Council needs to fill the positions of president, secretary and treasurer from six candidates.

Each candidate can fill only one of the positions. Determine how many ways can this be done if:

a. there are no restrictions b. Tan must be secretary
c. Tan must have one of the three positions d. Tan is not in any of the three positions.

. The starting five in a basketball team is to be picked, in order, from the ten players in the squad. Determine

how many ways can this be done if:

a. there are no restrictions

b. Jamahl needs to be player number five

c. Jamahl and Anfernee must be in the first five players (starting five)
d. Jamahl is not in the team.

NT=ZEN a. Calculate the number of permutations of the letters in the word MATHS.

b. In how many of these do the letters M and A appear together?
c. In how many permutations do the letters M and A appear apart?
d. Determine the probability of the letters M and A appearing apart.
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i 11. A rowing team of four rowers is to be selected in order from
eight rowers.

a. In how many different ways can this be done?

b. In how many of these ways do two rowers, Jane and Lee, sit
together in the boat?

c. In how many ways can the crew be formed without using Jane
or Lee?

d. In how many ways can the crew be formed if it does not
contain Jane?

f 12. A decathlon has 12 runners.

a. In how many ways can 1st, 2nd and 3rd be filled?
b. In how many ways can 1st, 2nd and 3rd be filled if Najim finishes first?

Complex familiar

 13. IN32H Consider the words SIMULTANEOUS and EQUATIONS.

a. How many arrangements of the letters of the word EQUATIONS have the letters Q and U
grouped together.

b. How many arrangements of the letters of the word EQUATIONS have the letters Q and U separated?

. How many arrangements of the letters of the word SIMULTANEOUS are possible?

d. Determine the probability that in a randomly chosen arrangement of the word SIMULTANEOUS, both
the letters U are together.

(2]

14. I If the answer is 10, which of the following options best matches this answer?

A. The number of ways 1st and 2nd can occur in a race with five entrants
B. The number of distinct arrangements of the letters in NANNA
C. The number of permutations of the letters in POCKET where P and O are together
D. 10P2 +4p,
15. [ If the answer is 480, which of the following options best matches this answer?

A. The number of ways 1st and 2nd can occur in a race with five entrants
B. The number of distinct arrangements of the letters in NANNA
C. The number of permutations of the letters in POCKET where P and O are apart
D. 1P, +4P
- 2 . 2
16. The clue in a crossword puzzle says that a particular answer is an anagram of STOREY. An anagram is
another word that can be obtained by rearranging the letters of the given word.

a. Determine the number of possible arrangements of the letters of STOREY.
b. The other words in the crossword puzzle indicate that the correct answer is O__T__. How many
arrangements are now possible? Can you see the word?

Complex unfamiliar

f5 17. In web design, hex colours are expressed as a six-digit combination of numbers and letters from A to F,
b95d74 or 51dedc for instance. There are 16° different codes for hex colours.
Determine the percentage of hex code that contains two identical letters grouped together with no other
repetition of this letter. Give your answer to one decimal place.

k= 18. Twelve musicians (six violinists, two cellists and four pianists) sit around a circular table. The six violinists
always sit next to one another, and the four pianists do the same, but no violinist sit next to a pianist.
One of the violinists and one of the cellists are siblings. Determine the probability that they sit next to
each other.

Fully worked solutions for this chapter are available online.

CHAPTER 1 Combinatorics 37



LESSON
1.5 Combinations

SYLLABUS LINKS

® Define and use combinations
® Use the notation <rrl and "C, to represent the number of ways of selecting r objects from n distinct objects

where order is not important.

n!
n —
¢ 'C,.=

rl(n—r)!
® Solve problems that involve combinations.

Source: Specialist Mathematics Senior Syllabus 2024 © State of Queensland (QCAA) 2024; licensed under CC BY 4.0

1.5.1 When order does not matter

A group of things chosen from a larger group where order is not important is called a combination. In previous
sections we performed calculations of the number of ways a task could be done where order is important —
permutations or arrangements. We now examine situations where order does not matter.

For instance, going back to Worked Example 9, if instead of selecting a president, a secretary and a treasurer
among seven volunteers, the netball club selected three treasurers, then as the roles are the same, the order is not
important, and combinations, instead of permutations, would be used.

Suppose five people have nominated for a committee consisting of three members. It does not matter in what
order the candidates are placed on the committee; it matters only whether they are there or not. If order was
important we know there would be 5P3, or 60, ways in which this could be done. Here are the possibilities:

<

ABC ACB BAC BCA CAB CBA
ABD ADB BAD BDA DAB DBA
ABE AEB BAE BEA EAB ABA
ACE AEC CAE CEA EAC ECA
ACD ADC CAD CDA DAC DCA
ADE AED DAE DEA EAD EDA
BCD BDC CBD CDB DBC DCB
BCE BEC CBE CEB EBC ECB
BDE BED DBE DEB EBD EDB
CDE CED DCE DEC ECD EDC

AV

il

The 60 arrangements are different only if we take order into account; that is, ABC is different from CAB and so
on. You will notice in this table that there are 10 distinct committees corresponding to the 10 distinct rows. Each
row merely repeats, in a different order, the committee in the first column. This result (10 distinct committees)
can be arrived at logically:

1. There are 5P2 ways of choosing or selecting three from five in order.

2. Each choice of three is repeated 3! times.

3. The number of distinct selections or combinations is *P; + 3! = 10.

This leads to the general rule of selecting r objects from n objects.
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Unordered selections

The number of ways of choosing or selecting r objects from r distinct objects,
where order is not important, is given by "C,:

nPr
ne =

r

r!

C is used to represent combinations.

The formula we use to determine the number of ways of selecting r objects from n distinct objects, where order
is not important, is useful but needs to be simplified.

nCr = n—! —] <n>
rl(n—r)! r

0 <r <n where r and n are non-negative integers.

WORKED EXAMPLE 15 Calculating combinations

Apply the concept of "C, to calculate the number ways
a basketball team of five players can be selected from

a squad of nine if the order in which they are selected
does not matter.

THINK WRITE
|
1. Recall the rule for "C,. Note: Since order C, = %
does not matter, use the "C, rule. rt(n—n)
. . 9!
2. Substitute the values of n and r into C.=—
> 51(9-5)
the formula. : :
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!
3. Simplify the fraction. = o
5! 4

_ 9IX8XTX6XS!
T 4x3%x2X1x5!
_ 3024
T 24

4. Evaluate. =126

WORKED EXAMPLE 16 Using the combination notations

Determine the value of the following.

10
a. 12C, b. <2>

THINK WRITE
!
a. 1. Recall the formula for "C,. a. "C, = L
(n—nr)!r!
. . . 1 12!
2. Substitute the given values of n and r into the C = P
combination formula. (12 = 5 5!
12
71!
!
3. Simplify the fraction. _ 12X11X10X9x8XT!
TIX5X4x3%x2x1
12X 11 x M XY xR
IXAXIX2X1
4. Evaluate. =12X11x3%x2
=792
b. 1. Recall the rule for (Z) b. <’Z> ="C,
n!
R
. . . 10 10!
2. Substitute the given values of n and r into the Y lrremr ey
combination formula. (10 = 2)! 2!
_ 10!
812!
!
3. Simplify the fraction. = 10Xx9 X8t
8Ix2x1
_10x9
2x1
4. Evaluate. = %
=45
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1.5.2 Probability calculations

The combination formula is always used in selection problems. Most calculators have a "C, key to assist with
the evaluation when the figures become large.

Both the multiplication and addition principles apply and are used in the same way as for permutations.

A
The calculation of probabilities from the rule P(A) = M requires that the same counting technique is used

for the numerator and denominator. We have seen for permutations that it can assist calculation to express
numerator and denominator in terms of factorials and then simplify. Similarly for combinations, express
the numerator and denominator in terms of the appropriate combinatoric coefficients and then carry out
the calculations.

WORKED EXAMPLE 17 Solving problems using combinations

A committee of five students is to be chosen from seven boys and six girls. Use "C, and the
multiplication and addition principles to answer the following.
a. Calculate how many committees can be formed.

b. Calculate how many of the committees contain exactly two boys and three girls.
c. Calculate how many committees have at least four girls.
d. Determine the probability of the oldest and youngest students both being on the committee
in part a.
THINK WRITE
a. 1. As there is no restriction, choose the a. There are 13 students in total from whom five
committee from the total number of students are to be chosen. This can be done in 13C5
students. ways.
2. Use the formula "C, = _ to S LI
rl X(n—r)! 51(13 =5)!
calculate the answer. _ 13!
518!
13x12x11x10x9x 81
- 51 81
13X M x 11X W x9
T ExdxFxZIx1
=13x11x9
= 1287

There are 1287 possible committees.

b. 1. Select the committee to satisfy the given b. The two boys can be chosen from the seven boys
restriction. available in 7C2 ways. The three girls can be chosen
from the six girls available in 6C3 ways.

2. Use the multiplication principle to form The total number of committees which contain two
the total number of committees. boys and three girls is 7C2 xC;.
Note: The upper numbers on the
combinatoric coefficients sum to the total
available, 7 + 6 = 13, while the lower
numbers sum to the number that must be
on the committee, 2 + 3 =5.
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3. Calculate the answer.

. List the possible committees which
satisfy the given restriction.

. Write the number of committees in terms
of combinatoric coefficients.

. Use the addition principle to state the
total number of committees.

. Calculate the answer.

. State the number in the sample space.

. Form the number of ways the given event
can occur.

. State the probability in terms of
combinatoric coefficients.

. Calculate the answer.

'C,x°C; = o
- 2150 313!

_1X6 » 6Xx5x%x4

2 3x2

=21%20

=420
There are 420 committees possible with the given
restriction.

. As there are six girls available, at least four girls

means either four or five girls. The committees of
five students which satisfy this restriction have either
four girls and one boy, or they have five girls and
zero boys.
Four girls and one boy are chosen in °C, X ’C; ways.
Five girls and zero boys are chosen in °C5 x’C,
ways.
The number of committees with at least four girls is
6C,x7C;=15x7=105
°C;x7Cy=6x1=6
6C4 x7C, +°Csx7Cy =105+6

=111
There are 111 committees with at least four girls.

. The total number of committees of five students is

130 —
C, = 1287 from part a.

Each committee must have five students. If the oldest
and youngest students are placed on the committee,
then three more students need to be selected from the
remaining 11 students to form the committee of five.
This can be done in ''C, ways.

Let A be the event the oldest and the youngest
students are on the committee.

P(A) = @

13C5
1 13!

318!~ 518!
5x4
13x 12
5
39
The probability of the committee containing the

youngest and the oldest students is =
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WORKED EXAMPLE 18 Comparing the binomial coefficients at the same distance from

the beginning to the end

Evaluate the following using your calculator and comment on your results.

a. ’C, b. °C c. 15C, d. 15C,, e. 12C, f. 12C4
THINK WRITE
a-f. Use your calculator to evaluate the listed a.9C3 =84
combinations. b_9c6 =84
c.’C 5 =3003
d.>C,, =3003
e.’C, =792
f.12C, =792

Comment on your results. S0?C, = 9Cq, 15C5 = 15Cyp and 2C; = 2G4,

It appears that when, for example, '*C, = '*C,
p+q=12.
TI | THINK WRITE CASIO | THINK
a. 1. On a Calculator page, a. 1. On a Run-Matrix
press MENU, then belos| % screen, press OPTN
select: | then F6.
5: Probability Select PROB
3: Combinations. by pressing F3,
Complete the entry then select nCr DEL-UNEJDELALL
line as: nCr(9, 3) by pressing F3.
then press ENTER. Complete the entry
line as: 9C3
then press EXE.
2. The answer appears 9C3 =84 2. The answer appears 9C3 =84
on the screen. on the screen.

For each of the preceding examples, it can be seen that "C, = "C,_,.

Drawing on our understanding of combinations, we have:
e "C,="C,_,, as choosing r objects must leave behind (n — r) objects and vice versa
* "C,=1="C,, as there is only one way to choose none or all of the n objects
* "C, =n, as there are n ways of choosing 1 object from a group of n objects.

The formula for "C,, also noted <’:> is exactly that for

the binomial coefficients used in the binomial theorem, or Row 0 °Co
binomial expansion, which is used to describe the algebraic Row 1 1c, 1
expansion of powers of a binomial, in the mathematical !
methods course. Row 2 2004‘ :C2
Combinations produce the elements of any row in Pascal’s Row 3 ‘ Gy
triangle, which can be used to calculate "C, by hand. Each
new row in Pascal’s triangle is obtained by first placing Row 4 “ “
a 1 at the beginning and end of the row and then adding
adjacent entries from the previous row. Row 5 ¢ ¢

500 501 502 5c3 Sc4 505
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The elements of the 6™ row for instance are 1, 1+ 5, 5+ 10, 10+ 10, 10+ 5, 5+ 1and 1. Those elements can be
used to expand (x + y)6:

(X+y)6 = <8> x0y0 + (?) Oyt + <g> xty? + <§) Xy’ + <2> Kyt + <g> x'y’ + <2> x0yS

= x0 + 60y 4 15x*y% + 2053y + 15x%y* 4 6xy° +°

Resources

Digital documents SkillSHEET Listing possibilities (doc-26826)
SpreadSHEET Combinations (doc-26827)

Interactivity Counting techniques (int-6293)
Exercise 1.5 Combinations learn
1.5 Exercise 1.5 Exam questions These questions are D
even better in jacPLUS! ‘}’J"’{ﬂ
) N N N ¢ Receive immediate feedback ',;,‘i,',
Simple familiar Complex familiar Complex unfamiliar * Access sample responses z L
* Track results and progress
1,2,3,4,5,6,7, 16,17,18,19 20 fi
8,9,10,11,12,13, -
14,15

Simple familiar

1.

44

Write each of the following as statements in terms of permutations.
8 19 1 5
a. °C, b. 7C, c. C d. °C,
. Write each of the following using the notation "C,.
8P2 9P3 8P0 IOP4
21 Y “ o " Ta

. IEEHE Apply the concept of "C, to calculate the number of ways three types of ice-cream can be chosen in

any order from a supermarket freezer if the freezer contains:

a. three types b. six types c. ten types d. 12 types.

. A mixed netball team must have three women and four men in the side. If the squad has six women and five

men wanting to play, determine how many different teams are possible.

. A quinella is a bet made on a horse race which pays a win if the punter selects the first two horses in any

order. Determine how many different quinellas are possible in a race that has:

a. eight horses b. 16 horses.

. I3 At a party there are 40 guests and they decide to have a toast. Each guest ‘clinks’ glasses with every

other guest. How many clinks are there in all?
A. 39 B. 40 C. 40! D. 780

. Il On a bookshelf there are 15 books — seven geography books and eight law books. Abena selects five

books from the shelf — two geography books and three law books. How many different ways can she make
this selection?

15 15 15 15 7 8 7 8
A. 15C, x 15C, B. 15C, x 15C, c. 7C,y x 3¢, D. 7C, + 8C,
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B 8.

= 11.

B 12.

A cricket team of 11 players is to be chosen from a squad of 15 players. Determine how many ways can this
be done.

. A basketball team of five players is to be chosen from a squad of ten players. Determine how many ways can

this be done.

. lEEA Determine the value of the following:

21
12 11 12
a. C4 b. C1 c. C12 d. (15>

From a pack of 52 cards, a hand of five cards is dealt.

() ()

a. How many different hands are there?

b. How many of these hands contain only red cards?

c. How many of these hands contain only black cards?

d. How many of these hands contain at least one red and at least one black card?

A committee of five students is to be chosen from six boys and eight girls. Use "C, and the
multiplication principle to answer the following.

a. Calculate how many committees can be formed.

b. Calculate how many of the committees contain exactly two boys and three girls.

c. Calculate how many committees have at least four boys.

d. Determine the probability of neither the oldest nor the youngest student being on the committee.

. A rugby union squad has 12 forwards and ten backs in training. A team consists of eight forwards and seven

backs. Determine how many different teams can be chosen from the squad.

. A music collection contains 32 albums. Determine how many ways five albums can be chosen from

the collection.

. a. lIIZEH Calculate the value of:

i. 12C3 and 12C9 i 15C8 and °C, ii. 10C1 and 10C9 iv. 8C3 and 8C5

b. What do you notice? Give your answer as a general statement such as ‘The value of "C, is ...".

Complex familiar

Questions 16, 17 and 18 refer to the following information. A tennis tournament involve 16 players. The
organisers plan to use three courts and assume that each match will last on average two hours and that no more
than four matches will be played on any court per day.

i 16.

. The organisers split the 16 players into two pools

In a ‘round robin’ each player plays every other player once.

a. If the organisers use a round robin format, determine how many games will be played in all.
b. For how many days would the tournament last?

of eight players each. After a ‘round robin’ within
each pool, a final is played between the winners of
each pool.

a. Determine how many matches are played in the
tournament.
b. How long does the tournament last?
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18. A ‘knock out’ format is one in which the loser of every match drops out and the winners proceed to the next
round until there is only one winner left.

a. If the game starts with 16 players, determine how many matches are needed before a winner is obtained.
b. How long would the tournament last?

k= 19. Lotto is a gambling game played by choosing six numbers from 45. Gamblers try to match their choice with
those numbers chosen at the official draw. No number can be drawn more than once and the order in which
the numbers are selected does not matter.

a. Calculate how many different selections of six numbers can be made from 45.
b. Suppose the first numbers drawn at the official draw are 42, 3 and 18. How many selections of six
numbers will contain these three numbers?

Note: This question ignores supplementary numbers. Lotto is discussed further in the next section.

Complex unfamiliar

i 20. Consider n distinct points in the plane. Determine how many different k-sided polygons (3 <k <n) can be
created from those n points. Comment on the reasonableness of your answer using five points and triangles.

Fully worked solutions for this chapter are available online.

LESSON
1.6 Applications of permutations and combinations

SYLLABUS LINKS

® Solve problems that involve combinations with restrictions including specific objects grouped together and
selection from multiple groups.
® Model and solve problems that involve permutations and combinations including probability problems, with
and without technology.
Source: Specialist Mathematics Senior Syllabus 2024 © State of Queensland (QCAA) 2024; licensed under CC BY 4.0

1.6.1 Permutations and combinations in the real world

Counting techniques, particularly those involving permutations and combinations, can be applied in gambling,
logistics and various forms of market research. In this section we investigate when to use permutations and when
to use combinations as well as examining problems associated with these techniques.

Permutations are used to count when order is important. Some examples are:
¢ the number of ways the positions of president, secretary and treasurer can be filled
¢ the number of ways a team can be chosen from a squad in distinctly different positions
¢ the number of ways the first three positions of a race can be filled.

Combinations are used to count when order is not important. Some examples are:
¢ the number of ways a committee can be chosen
¢ the number of ways a team can be chosen from a squad
¢ the number of ways a hand of five cards can be dealt from a deck.
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These relatively simple applications of permutations and combinations are explored in the worked examples that
follow. However, it is important to be mindful that the modern world relies on combinatorial algorithms. These
algorithms are important for any system that benefits from finding the fastest ways to operate. Examples include
communication networks, molecular biology, enhancing security and protecting privacy in internet information
transfer, data base queries and data mining, computer chip design, simulations and scheduling.

WORKED EXAMPLE 19 Solving problems using combinations and permutations

a. Ten points are marked on a page and no three of these points are in a straight line. Determine how
many triangles can be drawn joining these points.

b. Determine how many different three-digit numbers can be made using the digits 1,3,5,7 and 9
without repetition.

THINK WRITE
!

a. 1. Note: A triangle is made by choosing three a. '"C,.= ~ -
points. It does not matter in what order the (DT
points are chosen, so "C, is used.

Recall the rule for "C,.
. . . 10!
2. Substitute the given values of n and r into the 0C; = ———
o (10-3)! 3!
combination formula. 101
T
o . 10X9X8X7!
3. Simplify the fraction. = ———————
TIX3x2x%1
_10xY’ x§’*
3IX 21
4. Evaluate. =10x3x4
=120
5. Write the answer. 120 triangles may be drawn by joining

three points.

6. Verify the answer obtained by using the

combination function on a calculator.
n

b. 1. Note: Order is important here. b. "P,.= :
Recall the rule for "P,. (=)t
. . . 5!
2. Substitute the given values of n and 7 into the Py = ——
permutation formula. 6=3)
5!
T2l
4%x3%2
3. Evaluate. = IXAXIXD
2!
=5X4x%3
=60
4. Write the answer. 60 three-digit numbers can be made without
repetition from a group of five different
numbers.

5. Verify the answer obtained by using the
permutation function on a calculator.
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WORKED EXAMPLE 20 Solving problems involving combinations with restrictions

Jade and Kelly are two of the ten members of a basketball squad. Calculate how many ways can a
team of five be chosen if:

a. both Jade and Kelly are in the five
c. Jade is in the five but Kelly is not.

THINK

a.

i

Note: Order is not important, so "C, is used.
Recall the rule for "C,.

Note: If Jade and Kelly are included then
there are three positions to be filled from the
remaining eight players.

Substitute the given values of n and r into the
combination formula.

Simplify the fraction.

Evaluate.

Write the answer.

. Note: Order is not important, so "C,. is used.

Recall the rule for "C,.

Note: If Jade and Kelly are not included then
there are five positions to be filled from eight
players.

Substitute the given values of n and r into the
combination formula.

Simplify the fraction.

Evaluate.

Answer the question.

. Note: Order is not important, so "C, is used.

Recall the rule for "C,.

Note: If Jade is included and Kelly is not then
there are four positions to be filled from eight
players.

Substitute the given values of n and r into the
combination formula.

b. neither Jade nor Kelly is in the five

WRITE

a "C,=—""
(n—=nr)! r

3 8!

Cy= ———
> (8-3) 3!
8!

ETIEY

_ 8XT7x6x5!
SIx3x2x1
_ 8X7X§
IXRX 1
=8X7
=56
If Jade and Kelly are included, then there are
56 ways to fill the remaining three positions.
]
b. "C,= ———
(n=n'r!
g 8!

Co=——
> (8=5) 5!
8!

3151

_ 8XT7x6x5!

T 3x2x%x1X5!

_ 8XTx8&

T 3x2X1

=8Xx7

=56
If Jade and Kelly are not included, then there
are 56 ways to fill the five positions.

n!

n —

c. "C,=——
(n=n'r!
|
C, = 8!
(8 —4)! 41
8!
41 4
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3. Simplify the fraction. =
4x3x2x1x4

B IxXTXE X5
4 x3xZx1

4. Evaluate. =T7TX2X5
=70
5. Write the answer. If Jade is included and

are 70 ways to fill the fi

6. Verify each of the answers obtained by using
the combination function on a calculator.

_ 8XTX6X5x4

Kelly is not, then there
our positions.

1.6.2 Lotto systems

An interesting application of combinations as a technique of counting is a game that

Australians spend many

millions of dollars on each week — lotteries. There are many varieties of lottery games in Australia. To play
Saturday Gold Lotto in Queensland, a player selects six numbers from 45 numbers. The official draw chooses
six numbers and two supplementary numbers. Depending on how the player’s choice of six numbers matches the

official draw, prizes are awarded in different divisions.

Division 1:  Six winning numbers

Division 2:  Five winning numbers and one of the supplementary numbers
Division 3:  Five winning numbers

Division 4:  Four winning numbers

Division 5:  Three winning numbers and one of the supplementary numbers
If the official draw was:

Winning numbers Supplementaries

13\42\6\8\20\12 2 | 34

A player who chose:
8 34 13 12 20 45

would win a Division 4 prize and a player who chose:

8 34 13 12 22 45

would win a Division 5 prize.

A player may have seven lucky numbers 4, 7, 12, 21, 30, 38 and 45, and may wish
combinations of these seven numbers in a six numbers lotto entry.

to include all possible
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This can be done as follows:

4 7 12 21 30 38
4 7 12 21 30 45
4 7 12 21 38 45
4 7 12 30 38 45
4 7 21 30 38 45
4 12 21 30 38 45
7 12 21 30 38 45

The player does not have to fill out seven separate entries to enter all combinations of these seven numbers six at
a time but rather can complete a ‘System 7 entry by marking seven numbers on the entry form.

A System 9 consists of all entries of six numbers from the chosen nine numbers.

WORKED EXAMPLE 21 Combinations and lottery systems

Use the information on lottery systems given above.

A player uses a System 8 entry with the numbers 4, 7, 9, 12, 22, 29, 32 and 36.

The official draw for this game was 4, 8, 12, 15, 22, 36 with supplementaries 20 and 29.
a. How many single entries are equivalent to a System 8?

b. List three of the player’s entries that would have won Division 4.

c. Determine how many of the player’s entries would have won Division 4.

THINK WRITE
!
a. 1. Note: Order is not important, so "C, is used. a. "C,= i —
Recall the rule for "C,. (n—n!r
. . 8!
2. Note: A System 8 consists of all entries consisting of 8Ce = P
six numbers chosen from eight. (& —6)! 6!
. . . 8!
Substitute the given values of n and r into the = G
combination formula. Lol
. . 8X7x6!
3. Simplify the fraction. = -
2X7X6!
_®'x7
2x1
4. Evaluate. =4x7
=28
5. Write the answer. A System 8 is equivalent to 28

single entries.

6. Verify each of the answers obtained by using the
combination function on a calculator.

b.  Note: Division 4 requires four winning numbers. b. Some of the possibilities are:
The player’s winning numbers are 4, 12,22 and 36. 4 12 22 36 7 9
Any of the other four numbers can fill the remaining 4 12 22 36 7 29
two places. 4 12 22 36 7 32
List three of the player’s entries that would have won
Division 4.
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n!

c. 1. Note: Order is not important, so "C,. is used. c. "C,= P——
Recall the rule for "C,. (n—n)t 1!
!

2. Note: To win Division 4 the numbers 4, 12,22 and 36 4C2 = %
must be included in the entry. The other two spaces (44'_ D
can be filled with any of the other four numbers in = ﬂ
any order. s
Substitute the given values of n and r into the
combination formula.

!

3. Simplify the fraction. = AxSxlt

Zx1x2!
_#£x3
Zx1
4. Evaluate. =2X3
=6
5. Write the answer. Six of the player’s entries

would have won Division 4.
6. Verify each of the answers obtained by using the
combination function on a calculator.

Exercise 1.6 Applications of permutations and combinations learn

1.6 Exercise 1.6 Exam questions These questions are LB e
even better in jacPLUS! Ll ©
e Receive immediate feedback J
Simple familiar Complex familiar Complex unfamiliar e Access sample responses

e Track results and progress

Simple familiar

1. [lIZEAA Determine how many ways there are:

a. to draw a line segment between two points on a page with ten points on it

b. to make a four-digit number using the digits 2,4, 6,8 and 1 without repetition
c. to choose a committee of four people from ten people

d. for a party of 15 people to shake hands with one another.

2. Determine how many ways there are:

a. for ten horses to fill 1st, 2nd and 3rd positions

b. to choose a team of three cyclists from a squad of five

c. to choose 1st, 2nd and 3rd speakers for a debating team from six candidates
d. for 20 students to seat themselves in a row of 20 desks.
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3. The French flag is known as a tricolour flag because it is
composed of the three bands of colour. Determine how many
different tricolour flags can be made from the colours red,
white, blue and green if each colour can be used only once in
one of the three bands and order is important.

4. In a taste test a market research company has asked people to
taste four samples of coffee and try to identify each as one of
four brands. Subjects are told that no two samples are the same
brand. Determine how many different ways the samples can be
matched to the brands.

5. IIZZH A volleyball team of six players is to be chosen from a squad of ten players. Calculate how many
ways can this be done if:

a. there are no restrictions

b. Stephanie is to be in the team

c. Stephanie is not in the team

d. two players, Stephanie and Alison, are not both in the team together.

6. A cross-country team of four runners is to be chosen from a
squad of nine runners. Determine how many ways this can be
done if:

a. there are no restrictions

b. Cecily is to be one of the four

c. Cecily and Michael are in the team

d. either Cecily or Michael but not both are in the team.

7. I A netball team consists of seven different positions: goal
defence, goal keeper, wing defence, centre, wing attack, goal
attack and goal shooter. The number of ways a squad of ten
players can be allocated to these positions is:

10!
7!

A. 10! B. 7!

1
D. '0p;

i1 8. IIIZZM Use the information on lotteries given in 1.6.2 Lotto systems.
A player uses a System 8 entry with the numbers 9, 12, 14, 17,27,34,37 and 41. The official draw for this
game was 9, 13,17, 20,27,41 with supplementaries 25 and 34.

a. How many single entries are equivalent to a System 8?
b. List three of the player’s entries that would have won Division 4.
c. Determine how many of the player’s entries would have won Division 4.

2 9. Use the information on lotteries given in 1.6.2 Lotto systems.

A player uses a System 9 entry with the numbers 7, 10, 12, 15, 25,32, 35,37 and 41. The official draw for
this game was 7,11, 15, 18,25, 39 with supplementaries 23 and 32.

a. To how many single entries is a System 9 equivalent?

b. List three of the player’s entries that would have won Division 5.

c. How many of the player’s entries would have won Division 5?
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Complex familiar

& 10.

A soccer team of 11 players is to be chosen from a squad
of 17. If one of the squad is selected as goalkeeper and
any of the remaining players can be selected in any of the
positions, determine how many ways can this be done if:

a. there are no other restrictions

b. Karl is to be chosen

c. Karl and Andrew refuse to play in the same team
d. Karl and Andrew are either both in or both out.

Questions 11 and 12 refer to the following information: Keno is a popular game in clubs and pubs around
Australia. In each round a machine randomly generates 20 winning numbers from 1 to 80. In one entry a player
can select up to 15 numbers.

B 11.

& 12.

H13.

H 14.

Suppose a player selects an entry of six numbers.

a. Determine how many ways an entry of six numbers can contain six winning numbers.
Suppose an entry of six numbers has exactly three winning numbers in it.

b. In how many ways can the three winning numbers be chosen?

c. In how many ways can the three losing numbers be chosen?

d. How many entries of six numbers contain three winning numbers and three losing numbers?

Suppose a player selects an entry of 20 numbers.

a. Determine how many ways an entry of 20 numbers can contain 20 winning numbers.
b. Suppose an entry of 20 numbers has exactly 14 winning numbers in it.

i. In how many ways can the 14 winning numbers be chosen?

ii. In how many ways can the six losing numbers be chosen?
iii. How many entries of 20 numbers contain 14 winning numbers and six losing numbers?
iv. How many entries of 20 numbers contain no winning numbers?

In the gambling game roulette, if a gambler puts $1 on the winning number he will win $35. Suppose a
gambler wishes to place five $1 bets on five different numbers in one spin of the roulette wheel. If there are
36 numbers in all, determine how many ways the five bets can be placed.

T A secret chemical formula requires the mixing of Y
three chemicals. A researcher does not remember the three -
chemicals but has a shortlist of ten from which to choose.
Each time she mixes three chemicals and tests the result
she takes 15 minutes. How long does the researcher need,
to be absolutely sure of getting the right combination?

A. 120 hours B. 7.5 hours
C. 15 hours D. 30 hours
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Complex unfamiliar

i 15. During a family reunion, people left their shoes in the entryway. There are ten different pairs of shoes,
five pairs of loafers, three pairs of boots and two pairs of sneakers. If someone select a pair at random,
determine the probability that they have a left and a right shoe of the same type of shoe (that is a left loafer
and right loafer, or a left boot and right boot, or a left sneaker and right sneaker).

i= 16. A yellow-footed Antechinus wants to catch and eat an unmoving beetle that is 9 cm to its east and 6 cm
to its north. The antechinus also notices a flower 4 cm to its east and 3 cm to its north. If the Antechinus
moves 1 cm at a time, either east or north, determine in how many ways can it reach the beetle if it checks
the flower for nectar on its way to the beetle.

Fully worked solutions for this chapter are available online.
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LESSON
1.7 Review

1.7.1 Summary

4. Hey students! Now that it’s time to revise this chapter, go online to:
41920 Access the - . Review your . Practise exam

chapter summary [wd results ~2 questions

Find all this and MORE in jacPLUS @

1.7 Exercise learn(:]]]

1.7 Exercise 1.7 Exam questions [ These questions are
even better in jacPLUS!
¢ Receive immediate feedback
Simple familiar Complex familiar Complex unfamiliar ¢ Access sample responses
e Track results and progress

9,10,11,12

Simple familiar

1. a. State the inclusion—exclusion principle for three sets, R, S and 7.
b. Use the inclusion—exclusion principle to calculate the number of cards in a deck of 52 cards that are

either red, a jack or a court card (king, queen or jack).

2. a. State the multiplication principle.
b. One or two letters are to be chosen from the letters A, B, C, D, E and F. In how many different ways
can this be done without replacement, if order is important?

3. a. State the definition of "P,.
b. Without a calculator, compute the value of '°P;.
n!

(n—r!

i 4. A free-style snowboard competition has 15 entrants.

In how many ways can the first, second and third places
be filled?

c. Prove that "P,. =

5. a. Suppose five people are to be seated. Explain why there
are fewer ways of seating five people at a circular table
compared with seating the group on a straight bench.

b. How many ways can five people be seated at a round
table?
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iz 6. The main cricket ground in Brisbane is called the Gabba.
It is short for Woolloongabba. How many different
arrangements of letters can be made from the word
WOOLLOONGABBA? You may wish to use technology
to answer the question.

7. Apply the concept of "C,. to calculate the number of ways
12 different ingredients can be chosen from a box of 30
different ingredients. What can you conclude about the
ingredients left behind? Do not use algebra to explain this.

5 8. A committee of five men and five women is to be chosen from eight men and nine women. In how many
ways can this be done?

9. A netball team of seven players is to be chosen from a squad of 11 players. Suppose any squad member
can play any position. In how many ways can this be done:

a. if each player is chosen to play a particular position
b. if players have no particular position?

[/ 10. A ward in a city hospital has 15 nurses due to work Friday. There are three shifts needed to be staffed by
five nurses on each shift. How many ways can this be done assuming each nurse works only one shift?
(The order of the nurses on each shift and the order of each shift are not important.)

f 11. 12 pots of aromatic herbs are to be arranged in a row on a
windowsill. There are two pots of basil, one of thyme, two
of rosemary, three of mint and four of oregano.

Determine the number of different arrangements of pots if
the four oregano pots must be next to each other.

12. a. How many four-digit numbers can be made from the
numbers 0— 9 if the numbers can be repeated?
b. What is the probability that one of these four-digit
numbers is greater than 7000 (included) and divisible
by 5?7

Complex familiar

[ 13. Assume that car number plates are sequenced as follows: DLV334 — DLV335 — ... DLV999 — DLW000
and so on. Using this sequence, how many number plates are there between DLLV334 and DNU211
inclusive?

[ 14. a. A school uses identification (ID) cards that consist of two letters from A to D followed by three digits
chosen from 0 to 9. Each digit may be repeated but letters cannot be repeated. If the school receives
about 800 new students each year, after how many years will they run out of unique ID numbers?

b. For a scene in a movie, five boy—girl couples are needed. If they are to be selected from ten boys and
12 girls, in how many ways can this be done? (Assume the order of the couples does not matter.)

k4 15. Determine the number of ways nine people can be arranged around two distinct circular tables, one with
four seats, the other with five seats.

[ 16. Juan has a bike lock with a four-digit key but has forgotten the code. He knows that he used either the
year he bought the bike, 2016, or the current year, 2019. Also, he jumbled the digits, so 2016 and 2019
are not possible keys. How many different possible keys are there to unlock the bike?
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Complex unfamiliar

[ 17. Jane, Laura and Steff are in a netball squad of 13 players. The team only takes nine players to games.
Jane, Laura and Steff’s parents share the driving if they can. If two or more of the girls are playing, one
parent drives them to the game and another parent picks them up. The parents do not share the driving
if only one of the girls is playing. For what proportion of games would you predict the girls’ parents are
able to share the driving?

[z 18. Considering that a number is divisible by 9 if the sum of its digits is also divisible by 9, what is the
probability that a random four-digit number is a multiple of 9 if no digit is repeated?

19. The inclusion—exclusion principle for three sets R, S and T states:
[RUSUT|=|R|+|S|+|T|—|RNS|—|RNT|—=|SNT|+|RNSNT|
Generalise this principle to four sets, Q,R, S and T

20. A plane is covered in points at 1-unit spacing. Each point on the plane is coloured red, blue or white.
Show there are three points of the same colour at a maximum distance 2\/5 from each other.

Fully worked solutions for this chapter are available online.

Hey teachers! Create custom assignments for this chapter

i? Create and assign Access quarantined *_- Track your
v ° unique tests and exams tests and assessments 4 5  students’ results

Find all this and MORE in jacPLUS
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AHSWGFS 9. a.24 b. 6 c. 12 d. 24
10. a. 49 b. 252
Chapter 1 Combinatorics 1126 |
1.2 Counting techniques 12.a. 200  b. 40 c. 50 d.290 e 7h
. 13. a. 13230
1.2 Exercise ?
b. 17640
1. a. £ 22 24 26 Jake may wear 13 230 outfits with a jacket or 4410 outfits
N without a jacket. Therefore he has a total of 17 640 outfits
to choose from. The assumption made with this problem
20 is that no item of clothing is exactly the same; that is,
30 none of the seven shirts are exactly the same.
40 14. C
15. D
28 32 34 36 38 16. 256
b. Sample responses can be found in the worked solutions 17. 1080
in the online resources. 18. 6
2. a. 19. 100
¢ R 20. 48
21. a. 1000
3234 38 44 b. 27

c. 271 371 471
272 372 472
273 373 473

281 381 481
282 382 482
283 383 483
291 391 491
292 392 492
293 393 493

22. There are 171 integers, between 1 and 315 included, that are

b. [RUSUT| =12

c. [RUSUT|=12 divisible by 3 or by 5 or by 7.
3. n (red, even or 4) = 36
4. 55 students 1.3 Factorials and permutations
5.a.AB BA CA 1.3 Exercise
AC BC CB
b 6 1.a.4X3%x2x%x1
1 b. 5X4x3x2x1
0-5 c. 6X5x4x3%x2x1
6.a.BG GB YB RB d. 7X6X5X4x3%x2x%1
BY GY YG RG 2.a. 24 b. 120
BR GR YR RY c. 720 d. 3628 800
b. | e. 8.71782912x 10" 1. 362880
L lst . g. 5040 h. 6
4 3
. a. 3024 b. 151200 c. 840 d. 720
Number of choices = 4 X 3 4anmh—1)n-2)n—-3)(n—4)
=12 b.(n+3)(n+2)
7.a. ACB BAC CAB 1
ABC BCA CBA | c. T D=2
b st 2nd 3rd 1
‘ d.
3 2 1 m+2)(n+Dnr—-1)
5.a.8X7=56

Number of choices = 3x2 X 1

—6 b. 7X6X5X4%x3=2520

c. 8XTX6X5%x4x3x2=40320
8. a. 42 b. 210 c. 840  d.2520 e

=
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9! S5t 18!

6. a. 5260480 b.§—20 C.E:1028160
7. a. 27907200 b. 639200 c. 1028 160
8. 3024
9. 2184

|5P4 1
10. a. — b. 8190 c. —

4 16

11. 3360
12. 362 880

13. 479001 600
14. a. °P; = 60 b.’P, =120  c.’Ps=120

15. a. 56 b.

16. 358 800
17. 120

18. D
19.D

20. The teacher’s estimations are reasonable.
Sample responses can be found in the worked solutions in
the online resources.

1.4 Permutations with restrictions

1.4 Exercise

1. 10
2. 1260
6
6 Ps

3. a. P6 =720 b. 7 =360
4. 83160
5. 27720
6. 1307504
7. a. 5.42x 10" b. 3.63 % 10°

c. 4.00%x 10 d. 1.45%x 10"
8. a. 120 b. 20 c. 60 d. 60
9.2.30240  b. 3024 c. 6720 d. 15120

3
10. a. 120 b. 48 c. 72 d.g
11. a. 1680 b. 180 c. 360 d. 840
12. a. 1320 b. 110
13. a. 80640 b. 282240
1

c. 119750440 d.g
14. B
15. C
16. a. 720 b. 24, OYSTER
17. 5.9%

1
18. —

6

1.5 Combinations
1.5 Exercise
1. a. 831!3 b. % c 111'] d. 501!0
2. a. 8C, b. °C;4 c. 3¢, d. 1°c,
3. a. 1 b. 20 c. 120 d. 220
4. 100
5. a.28 b. 120
6. D
7.C
8. 1365
9. 252
10. a. 495 b. 11 c. 1

d. 54264 e. 100 f. 680
11. a. 2598 960 b. 65780

c. 65780 d. 2467400
12. a. 2002 b. 840 c. 126 d. §
13. 59400
14. 201376
15. a. i. 220, 220 ii. 6435,6435

iii. 10, 10 iv. 56, 56

b. The value of "C, is the same as "C,_,..
16. a. 120 b. 10 days
17. a. 57 b. 4 days 6 hours
18. a. 15 b. 1 day 4 hours
19. a. 8 145060 b. 11480
20. %(k - 1)'C,

1.6 Applications of permutations and
combinations

1.

1.

2
3
4
5.
6
7
8

6 Exercise
a. 45 b. 120

.a. 720 b. 10
.24

.24

a. 210 b. 126
.a. 126 b. 56
.D

. a. 28

c. 210 d. 105
c. 120 d.2.4%x10'®
c. 84 d. 140
c. 21 d. 70

b. Sample responses include: 917274112 14
91727411237 91727411234

c. 6
a. 84

b. Sample responses include: 71525321012
71525321035 71525321037

c. 10
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10.
11.

12.

13.
14.

15.

16.

a. 8008
a. 38760
c. 34220
a. 1
b. i. 38760
ii. 50063 860
iii. 1940475213600
iv. 4191 844 505 805 495
376992
D
14
95
2450

b. 5005 c. 5005

b. 1140
d. 39010800

d. 4004

1.7 Review

1.7 Exercise

1.

a. [IRUSUT| = |R| +|S| +|T| = IRN S| —
[RNT|=|SNT|+|RNSNT|
b. n(red, court card or jack) = 32

. a. If there are n ways of performing operation A and m

ways of performing operation B, then there are n Xm
ways of performing A and B in the order AB.

b. 64 ways
. a. "P, is the number of ways of choosing r objects from n
L. . .. n!
distinct things, when order is important. "P, = ool
n— :

b. 1P, =720

c."P,=nx(n—DXxn—-2)X..x(n—r+1)
_nxX(n=Dxm=2)X.Xx(n—r+DXxm—r)!

- n—=r)!
n!
(n—r)!

4. 5p, =2730
5. a. When people are sitting in a circle, we cannot tell the

difference between arrangements such as between
{A,B,C,D,E}and {C,D,E, A, B}. In a circle, these
represent the same arrangement. Therefore, there are
fewer ways to arrange people in a circle than in a
straight line.

b. 24

. 32432400

7.30C,, =3 Cyy_1, =3 C15 = 86493 225

Each separate time we choose r things from # distinct
things, we also leave n — r objects. (We can interchange
taking and leaving.) Hence, "C, =" C,_,

8. 7056

9. a. 1663200
10.
11.

12,

13.
14.

. 156
16.
17.

18.

19.

20.

b. 330
756756
15120

a. 9000 b. —
15
50878

a. 15 years b. 199584

46 possible combinations
540 out of 715

2

27
[QURUSUT

=10+ R+ S| +1T1 = Q0N R — QN3]
—1ONnT|=|RNS|=|RNT|=1SNT|
+|0NRNS|+|QNRNTI+|0NnSNT]|
+|IRNSNT|—|Q0NRNSNT]
Sample responses can be found in the worked solutions in
the online resources.
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LESSON
2.1 Overview

Hey students! Bring these pages to life online

Engage with
interactivities

Answer questions
and check results

2.1.1 Introduction

Mathematics is based on absolute truths.
Theories are the best current explanation for
observations, and may be later replaced by
better theories, using new information, that
better predict or explain how things work.
Theories are useful in many fields of Science.
Mathematics, however, is based on formulas
and rules that are provable and always true.
Provable rules include geometric relationships
for calculating area and volume, Pythagoras’
theorem and trigonometry formulas. Proofs
make Mathematics different to the Sciences.

In Greece during the fifth century BCE,
philosophers developed the idea of proving
that a mathematical statement or proposition
was true. To do this they needed to agree on
the definitions of some basic terms. Also, to
have starting points for their arguments, they
needed to agree that some basic statements,
called axioms, were true. Once a statement
was proven true using a rigorous logical
argument based on the definitions and axioms,
it was called a theorem. Once a theorem was
proved, it could be used to prove other more

Track your
progress

Prop. X VIII, 7

JOIU: ke st XNz £' ‘ dn:‘rt';‘;?l’:
o W ‘Q nea mrq:um
"":}“j‘*” AB, GK;
it dou B - quarte autem
R o +— parti quadra-
,,...,..A FCD b, quod fit &
G — mnari GK

o el an Mo Mo (ot A wale ﬂ‘l‘
¥y _a Ousinh yaa=ty. . 73 IM’N‘M
ADB ad majerem AB appliceinr , deficiens figurd

.ﬁ,ﬂ;_ &uadma, « inpartts AD, DB lon‘uudm:m-

T 11 menfutabiles ipfam dividat , major AB tante plus
P ;__:;.;" terit quam minor GK ,. qmmu oft quadratum
bo: & vella linea ¥D fibi longitudine commenfiarabibs ;
sy  “Quod [i major AB tanto plus poffit, quam miner
fa O F—‘ Y GK, quantum ¢t quadratum reéla linea D fbi
¢o-o- ¥ loaguudine commenfurabilis ; quavie aurem parti

froa-y beo ?u.ulrm, quod fis a minors GK, MMW
‘o 6-0 ogrammnm ADB ad mjmm--A
deficiers fignrd quadrata, in part

2 101, itndine commenfurabiles iy fam divi,
b8 6 W:{me H; & * facref}
< B3 GHq, abfcinde AF = DB :
s AJB‘(OGH

complicated theorems. Euclid (325-263 BCE) collected these definitions, theorems and proofs into a series of
13 books called The Elements — a book so influential it has been used for over 2000 years, not only in the study
of mathematics, but also the development of logic. The image shows Sir Isaac Newton’s copy of Euclid’s work

with his own notes in the margin.

However, in 1931, Kurt Godel (1906-1978) proved that in any complex mathematical system with a certain
number of axioms, there will be some statements that can be neither proved nor disproved using the axioms.

If all theorems have already been proved, why is it important to learn how to construct a proof? The first reason
for a proof is to convince someone that a statement is true. The second reason is that it helps us to understand

why the statement is true.
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2.1.2 Syllabus links

Lesson

2.2

2.3

2.4

2.5

Lesson title

Number systems and
writing propositions

Direct proofs using
Euclidean geometry

Indirect methods
of proof

Proofs with rational
and irrational
numbers

Syllabus links

OOO0O

O 0000 0O

O

Use implication, converse, equivalence, negation, contrapositive.
Use the symbols for implication (=), equivalence (<), and equality (=).
Use the quantifiers ‘for all’ (V) and ‘there exists’ (3).

Define and use set notation of number systems, including integers (2),
positive integers (Z+), negative integers (Z~), rational numbers (Q),
irrational numbers (@'), and real numbers (R).

Use the set notation symbol ‘is an element of’ (€).

Use implication, converse, equivalence, negation, contrapositive.

Use proof by contradiction.
Prove irrationality by contradiction.
Use examples and counterexamples.

Prove results involving integers, e.g. proving that the product of two
consecutive odd numbers is an odd number and 51 +3n+ 6Vn e Z is
an even number.

Express rational numbers as terminating or eventually recurring
decimals and vice versa.

Prove irrationality by contradiction.

Source: Specialist Mathematics Senior Syllabus 2024 © State of Queensland (QCAA) 2024; licensed under CC BY 4.0
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LESSON
2.2 Number systems and writing propositions

SYLLABUS LINKS

® Use implication, converse, equivalence, negation, contrapositive.
* Use the symbols for implication (=), equivalence (<), and equality (=).
¢ Use the quantifiers ‘for all’ (V) and ‘there exists’ (3).
* Define and use set notation of number systems, including integers (Z), positive integers (Z+), negative
integers (Z™), rational numbers (Q), irrational numbers (Q’), and real numbers (R).
® Use the set notation symbol ‘is an element of’ (€).
Source: Specialist Mathematics Senior Syllabus 2024 © State of Queensland (QCAA) 2024; licensed under CC BY 4.0

2.2.1 The real number system

The set of real numbers consists of all the numbers that can be thought of as points on a number line. The set
of real numbers is represented by the symbol R.

< >

T T T T T T T 1
-4 -3 -2 -1 0 1 2 3 4

The set of real numbers has a number of subsets.
The set of natural numbers (or counting numbers) is represented by the symbol N, where N={1, 2, 3, ...}.

The set of integers consists of all the positive and negative whole numbers and 0 (which is neither positive nor
negative). Represented by the symbol Z, the set of integers can be divided into the subsets of positive integers
(or natural numbers), represented by Z* (or N), and negative integers, represented by Z~. That is:
Z=A.,-3,-2,-1,0,1,2,3,..}
7t ={1,2,3,4,5,6, ..}
7= ={-1, -2, -3, —4, -5, -6, ..}

Using set notation, Z =2Z% U Z~ U{0}.
Integers and natural numbers may be represented on the number line as illustrated below.

< >

32-101232 1 23 456 N Z 6-5 4 -3-2-1
The set of integers The set of positive integers The set of negative integers
or natural numbers

Note: Integers on the number line are marked with a solid dot to indicate that they are the only points we are
interested in.

When an integer is divided by another integer, the result is a rational number. More formally, a rational number
. . . . a
can be written as the ratio of two integers, a and b, in the form — where b # 0 and @ and b do not have any

common factors (except 1). The set of rational numbers is represented by the symbol Q.

In set notation,

@2{%’ a, bE€Z, b#0, ged(a, b) = 1}

where gcd(a, b) = 1 means that the greatest common divisor of ¢ and b is 1.
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a . .
If b=1, then Z = a. Therefore, integers are a subset of the set of rational numbers.

Some rational numbers may be expressed as terminating decimals (that is, they contain a specific number of
digits). For example:

l=0.5
2
1 =0.125
8

22 =-1.8
5

Other rational numbers may be expressed as recurring decimals (non-terminating or periodic decimals).

For example:

1_ 0.3333333..=0.3

3
11 =0.63636363 ...=0.63=0.63

3 _ 0.588 888 88 ...=0.58
90

17—5 =2.142857 142857 ...=2.142857=2.142857

Note: Recurring decimals with more than one digit can be shown by either a dot over the first digit and the last
digit in the recurring sequence, or an overscore over the recurring sequence.

Rational numbers can be represented on a number line as illustrated below.

—3.743 ) 1
_Zf 1

4 321 0 1 2 3 4¢

163 3.6

Any real numbers that are not rational numbers are called irrational numbers . These include surds (for

example \/5 and 4/10 ) and all other decimals that neither terminate nor recur, such as 7 and e. There is no
common symbol for irrational numbers, but because they are the set of real numbers excluding the set of rational
numbers, they can be represented by R \ Q.

Irrational numbers may be represented by decimals. For example,

0.03 = 0.173205080....
V18 = 4.242 64068 ...
—/5=-2.236.6797 ...

—24/7=-5.29150262...
m =3.141592653 ...
e=2.718281828...

These decimal approximations can be shown on a number line as illustrated below.

=N -5 70.03 en V18
S S N 1
-6 54 -3-2-1 01 2 3 45
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Using geometry, Pythagoras’ theorem and a compass, irrational numbers in surd form can be represented on the
number line exactly, as shown.

\/E units \

1 unit \\‘
\
0 — A C |
0 unit 1 \/5 2 R

In summary, the set of real numbers can be divided into two main sets: rational and irrational numbers. These
may be divided into further subsets as illustrated below.

Real numbers R

Irrational numbers Q' or R/Q
(surds, non-terminating and
non-recurring decimals, 7, e)

Rational numbers Q

Non-integer rationals
Integers Z (terminating and
recurring decimals)

Zero Positive Z*

Negative 2~ (neither positive nor negative) (Natural numbers N)

Note that O is an integer, but is not, in this resource, included in the natural numbers N.

Definitions in mathematics are precise descriptions of mathematical terms, such as those given above for real
numbers, integers, rational numbers and irrational numbers. Definitions make it easier for us to discuss and
apply mathematical concepts.

WORKED EXAMPLE 1 Classifying numbers as rational or irrational

Identify the following numbers as either rational or irrational.

a. 7 b. i c. 0.25
11

d. 0.010110111... e. 3.7 . /5

THINK WRITE

a. 7 is an integer. All integers are rational. a. Rational

b. 13—1 is the quotient of two integers. It is rational. b. Rational
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c. 0.25 is a terminating decimal. It is rational. c. Rational

d. 0.010110111 ... is neither terminating nor eventually d. Irrational
repeating. It is irrational.

e. 3.71is arecurring decimal. It is rational. e. Rational

=h

\/g is a surd. It is irrational. . Irrational

=h

2.2.2 Converting between fractions and decimals

Rational numbers can be expressed as the quotient of two integers or as numbers whose decimal expansions
are either terminating or eventually recurring. It is necessary to be able to express each rational number in
both formats.

Expressing common fractions as decimals
Consider the following decimal fractions and their common fraction equivalents.

! 0.37= 37 0.163=@

0.1=—
10 100 100

All terminating decimals can be expressed with a power of 10 as the denominator. As the only prime factors
of 10 are 2 and 5, any common fraction whose denominator can be written as powers of 2 and/or 5 will be a
terminating decimal.

Consider % The denominator can be written as powers of 2 and 5: 40 =23 x 5. Therefore, the number can be

expressed as a terminating decimal. 11 X BB =0.025.

40 2025 1000
Consider % As the denominator is not a multiple of either 2 or 5, the number will be a recurring decimal.

0.333..
. . oL 1 .
This decimal can be calculated by division: 3 j 17000 Therefore, 3= 0.3.

Likewise, the rational number % is a recurring decimal as % =0.83, and can be calculated by division:

0.833...

6)5.502020’ Therefore, % =0.83.
WORKED EXAMPLE 2 Converting fractions to decimals

Express the following numbers as decimals.

1 7 5
a. — b. — c. —
50 9 11
THINK WRITE
a. 1. The denominator can be written as powers of 2 and 5. a. 50=5%x2
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1 1 2

2. Write the denominator as a power of 10. As 50 = 52%2,it — == X —
needs to be multiplied by 2 in order to be written as a power of 0 5°x2 2
10 (10% = 100). _1x2
(5%x2)*
2
10°
. . . 1 2
3. Write the result as the decimal fraction 2 hundredths. —_ ==
50 100
= 0.02
b. 1. The denominator cannot be written as powers of 2 and 5. The b. o.77.
decimal will be recurring. Use division to determine the decimal 9ﬁ7 707070
equivalent. ’
. . . 7 :
2. Write the result as a recurring decimal. 5 =0.7
c. 1. The denominator cannot be written as powers of 2 and 5. The c. 0.4545
dec1'mal will be recurring. Use division to determine the decimal 11) 5500505050
equivalent.
: . . 5 .. —
2. Write the result as a recurring decimal. _l =0.45 (or 0.45)
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
c. On a Calculator page, c. On a Main screen,
complete the entry line . otsdoa complete the entry line %
5 —» Decimal Poc 3
as —. i as — and click on o 0.4545454545
11 11
Press MENU then select: the fraction/decimal
2 Number conversion button (the | sy FHrE7 owH rr
1 Convert to Decimal S<D button).
Then press ENTER.

Alternatively, complete the

5
entry line as — and then
11

press ctrl ENTER.

Expressing decimals as fractions

The fraction 0.04 can be expressed as 1:%0 This simplifies to %

For recurring decimals, the process is demonstrated in the following example.

WORKED EXAMPLE 3 Expressing recurring decimals as fractions

Express the following recurring decimals as common fractions.
b. 3.215

a. 0.2

THINK

a. 1. Let variable x equal the recurring decimal.

2. 10x and x will have identical recurring decimals.

WRITE
a. Letx=0.2
=0.2222 ...
10x=2.2222 ...
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3. Subtracting x from 10x will result in a whole number.

4. Solve for x.

5. Write your concluding statement.

2. Calculating 10x will result in a number with only the

. Let variable x equal the recurring decimal.

recurring part after the decimal.

3. 10x and 1000x will have identical recurring decimals.

4. Subtracting 10x from 1000x will result in a whole number.

10x—x=22-02

Ix=2

2
xX=-
9

02=

O | D

b. Let x=3.2i5.
10x=32.15

1000x = 3215.15

1000x — 10x = 3215.i15 - 32.1i5

990x = 3183
o 3183
5. Solve for x and simplify. xX=—
990
_ 1061
330
. . .. 1061
6. Write your concluding statement. 3215 = 0 or
3215 = 3%
330
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
b. On a Calculator page, b. On a Main screen,

complete the entry line as
3.2151515151515.

Press MENU then select:
2 Number

2 Approximate to Fraction
Then press ENTER.

3.2151516151515bapproxFraction(5.6-14)
1061

330

complete the entry line
as 3.2151515151515
and click on the O
fraction/decimal
conversion button (the

[ JUMP JDELETE

S<D button).

2.2.3 Propositions

A proposition or mathematical statement is a sentence that is either true or
false. It may contain words and symbols. For example, ‘3 is a prime number’ is
a mathematical statement that is true. However, ‘\/7 =3’ is a false mathematical
statement. Propositions may be combined to make larger, more complex
propositions (that must be either true or false, but not both). In propositions,
some words have very precise meanings that may differ slightly from their

everyday use.

Either/or

In everyday language, ‘either A or B’ means that one of the options is true, but
not both. For example, if you were asked if you would like salad or vegetables

with your meal, the wait staff are not expecting you to choose both. However,
in mathematics, saying that A or B is true means that at least one of them is true
(which also means that they both might be).

CHAPTER 2

Introduction to proof 69



A truth table can be used to display all possible true/false combinations. A truth table contains one column for
each input variable, and a column showing all possible logically valid results. Each row contains the unique
possible configurations of the input values.

A B AorB
T T T
T F T
F T T
F F F
A or B can also be presented in a Venn diagram, ‘A or B’ =A UB.
¢

WORKED EXAMPLE 4 Classifying integers as even and/or prime 1

From the set of numbers {1, 2, 3, 4, 5, 6, 7, 8, 9}, select the numbers that are either even or prime.

THINK WRITE
1. Select the even numbers. Even numbers: {2, 4, 6, 8}
2. Select the prime numbers. Prime numbers: {2, 3, 5, 7}

3. Numbers that are either even or prime will be in at least Even or prime: {2, 3, 4, 5, 6, 7, 8}
one of the sets.

And

The use of the word ‘and’ in mathematics and everyday language is similar. In mathematics, saying that A and B
is true means both of them are true.

A truth table for A and B displays all possible true/false combinations, A N B.

A B A and B
T T T
T F F
F T F
F F F
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A and B can also be presented in a Venn diagram, ‘A and B>’ =ANB.

WORKED EXAMPLE 5 Classifying integers as even and prime 2

From the set of numbers {1, 2, 3, 4, 5, 6, 7, 8, 9}, select the numbers that are even and prime.

THINK WRITE

1. Select the even numbers. Even numbers: {2, 4, 6, 8}
2. Select the prime numbers. Prime numbers: {2, 3, 5, 7}
3. Numbers that are even and prime Even and prime: {2}

will be in both sets.

WORKED EXAMPLE 6 Determining the truth of a statement

Consider the following statement:

‘A triangle has two congruent sides, and its interior angles add up to 180 degrees.’
a. Is this statement true or false? Explain why.

b. Can you think of any specific types of triangles that fit this description?

THINK WRITE

a. Regardless of the triangle’s specific type, the a. True. This statement can be true; it describes an
sum of its interior angles is always 180 degrees. isosceles triangle, in which two sides are of equal
This is a fundamental property of triangles. length. Since the second part of the statement is true

for all triangles, the entire statement is true for all
isosceles triangles.

b. A triangle that has two sides of equal length is b. Examples of isosceles triangles:
called isosceles triangle. e Equilateral triangle: All three sides and angles
For the “AND” statement to be true, both parts are congruent.
of the statement need to be true. e Right isosceles triangle: Two sides are
congruent, and one angle is a right angle
(90 degrees).

e Any isosceles triangle with two sides and two
angles equal, with the third side and angle
being any value, such that the angles add to
180 degrees.

Negation
Sometimes it is necessary to know what the opposite of a statement is. This is called ‘negating’ a statement.
The negation of a true statement is false, and the negation of a false statement is true.

Using symbols, the negation of statement A is written as =A.
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The negation of the earlier true statement ‘3 is a prime number’ is the false statement ‘3 is not a prime number’.

The negation of A can be shown in a truth table.

A -A
T F
F

—A can be presented in a Venn diagram as A’.

A/

WORKED EXAMPLE 7 Writing negations of statements

Write the negation of the statement 5 > 7.

THINK WRITE
1. The negation of ‘larger than’ is ‘not larger than’. SHT
2. If a number is not larger than a number, it must be smaller 57

than or equal to the number. This is a better way to
write the statement.

Negation of A or B

In Worked example 4, we looked at numbers that were even numbers or prime numbers. The numbers that
weren’t included were the ones that were not even and were not prime.

In general, the negation of the statement ‘A or B’ becomes ‘not A and not B’.

Compare —(A or B) with =A and =B in the truth table below:

A B (A orB) —(A or B)
T T T F
T F T F
F T T F
F F F T
A B —A -B (—A and —B)
T T F F F
T F F T F
F T T F F
F F T T T
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Let us examine the second row of both tables, where A is true and B is false. In the upper table (=(A or B)),
(A or B) is true, because in an ‘or’ statement, at least one option must be true (but both options do not need to be
true). If (A or B) is true, then =(A or B) must be false.

¢

Comparing this to the same line in the lower table (—A and —B), —A is
false and —B is true, so (—A and —B) must be false, because in an ‘and’
statement, both options must be true.

Hence, =(A or B) is the same as —A and —B. It can also be presented on a
Venn diagram, (A UB)'".

The following Worked example is an extension of Worked example 4.

WORKED EXAMPLE 8 Using negation of A or B

From the set of numbers {1, 2, 3, 4, 5, 6, 7, 8, 9}, the set of numbers that are either even or prime is
{2,3,4,5,6,7, 8}.

a. Select the numbers that are neither even nor prime.

b. Identify another way this set of numbers could be described.

THINK WRITE
a. From {1, 2, 3, 4, 5, 6, 7, 8, 9} remove the a. Neither even nor prime: {1, 9}
elements that are ‘not even’ and also remove the
elements that are ‘not prime’. Recall that ‘or’
means it is in one of those categories or the other,
not necessarily both:
The numbers that are neither even nor prime
are the numbers that are not in the set
{2,3,4,5,6,7, 8}.

b. 1. Identify the set of numbers that are not even b. Not even (odd) numbers: {1, 3, 5, 7, 9}
(i.e. the odd numbers). Identify the set of Not prime numbers: {1, 4, 6, 8, 9}
numbers that are not prime.
2. The members of the set {1, 9} are members of The set {1, 9} could also be described as the
the set of odd numbers and the set of numbers set of numbers that are odd and not prime, that
that are not prime. is the intersection of numbers that are not even

with the numbers that are not prime.

Negation of A and B

In Worked example 5, we looked at numbers from the set {1,2,3,4,5,6,7, 8,9} that were even numbers and
prime numbers, and the only result was 2. The numbers that were not included were the ones that weren’t even
or weren’t prime. Numbers that are (even and prime) are numbers that are not (‘not even’ or ‘not prime’). The
‘or’ is used here because we are combining the ‘not even’ with the ‘not prime’ when deciding which elements to
remove from the set.

In general, the negation of the statement ‘A and B’ becomes ‘not A or not B’.

By comparing —(A and B) with —A or =B, this can be confirmed.
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A B (A and B) —(A and B)
T T T
T F F T
F T F T
F F F T
A B A -B (—A or —B)
T T F F F
T F F T T
F T T F T
F F T T T

As above, by examining the second row of both tables, we see that when
A is true and B is false, (A and B) is false, so (A and B) is true. (In ‘and’
statements, both options must be true.) Comparing this to the same line in
the lower table (—A or —=B), —A is false and —B is true, so (—A or —B) is
true, as only one option must be true in an ‘or’ statement.

Hence, the negation of A and B, =(A and B), is the same as —A or —B.
This can also be presented on a Venn diagram, (A NB)’ as the negation of
AandBis A'UB’, or (ANB)'.

The following Worked example is an extension of Worked example 5.

WORKED EXAMPLE 9 Using negation of A and B

From the set of numbers {1, 2, 3, 4, 5, 6, 7, 8, 9}, the set of numbers that are even and prime is {2}.
a. Select the numbers that are not (even and prime).
b. Identify another way this set of numbers could be described.

THINK WRITE

a. The numbers that are not (even and prime) are Not (even and prime): {1, 3,4, 5, 6, 7, 8, 9}
the numbers that are not in the set {2}.

b. 1. Identify the set of numbers that are not even Not even (odd) numbers: {1, 3, 5, 7, 9}
(that is, odd numbers). Not prime numbers: {1, 4, 6, 8, 9}

Identify the set of numbers that are not prime.

2. The members of the set {1, 3, 4, 5, 6, 7, 8, 9} This could also be described as the set of numbers
are members of the set of odd numbers or the that are not even or not prime.
set of non-prime numbers.

If, then statements (implication)

Statements using implication (also called implicative statements) are normally written in the form ‘if P, then Q’
or ‘P implies Q’.

In mathematical proof, an implication is a logical statement that connects two statements, often referred to as the
hypothesis (P) and the conclusion (Q).
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Here’s a breakdown of its key aspects:

Conditional Statement: An implication doesn’t assert that either P or Q is true on its own. It merely states that if
P is true, then Q must also be true. It’s a conditional relationship.

Truth Value: An implication is considered true as long as it doesn’t lead to a false conclusion from a true
hypothesis. In other words, the only way for an implication to be false is if P is true and Q is false.

Some examples are:
e If x=35, then x2 =25.
e If x#0, then l is real.
X
e If a quadrilateral is a rectangle, then its diagonals are congruent and bisect each other.

‘If P, then Q’ can be written using symbols as P=> Q. The above statements can be rewritten as:
e x=5=x>=25

1
e x#0=>-€R
X
e A quadrilateral is a rectangle = its diagonals are congruent and bisect each other.

Implicative statements only tell you about what happens if P is true. They do not tell you what happens if Q
is true.

An implicative statement can be shown on a Venn diagram. Inside the circle labelled ‘P is true’, the statement P
is true. Outside the circle labelled ‘P is true’, the statement P is false.

* Whenever P is true, Q is also true. P = Q is a false statement.

* Whenever P is not true, Q might or % P is true but Q is not true.
might not be true.

To disprove the implicative statement P= Q, you need to find a case where P P Q P=0Q
is true but Q is not true. As seen in the truth table for P= Q, there is only
one combination of P and Q that will make the statement false. T T T

T F F

F T T

F F T

Note: If P is false, the statement P=> Q is said to be ‘vacuously true’. That
means it is technically true but doesn’t really tell us anything. ‘If pigs could
fly, then ...” (You can put what you like there and it is vacuously true, but
pigs can’t fly.)

b S
\
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The negation of the statement P = Q can be considered a false
statement, that is, P = Q is false if and only if (iff) P is true and
Q is false. Hence, the negation of P = Q is logically P and not

Q (P and —Q). This is demonstrated in the truth table.

P Q -Q P and -Q
T T F F
T F T T
F T F F
F F T F

WORKED EXAMPLE 10 Propositions using implication

Determine if the following are true statements.
a. If a shape has four sides, then it is a rectangle.
b. If x> > 8, then x > 0.

THINK
a. 1. This is an ‘if, then’ statement. Identify the
propositions.

2. Consider if the statement is true.
If P is true (the shape has four sides),
that means Q is also true (the shape is
a rectangle).
If the statement is not true, then we should
be able to determine when P is true (the
shape has four sides) and Q is not true (the
shape is not a rectangle).

3. Write the concluding statement.

b. 1. This is an ‘if, then’ statement. Identify the
propositions.

2. Consider if the statement is true.
If P is true (x° > 8), that means Q is also
true (x> 0).
If the statement is not true, then we should
be able to determine when P is true and Q
is not true.

3. Whenever P is true, Q is also true. Write
the concluding statement.

WRITE
a. P: A shape has four sides.

Q: It is a rectangle.
A parallelogram is an example of a shape that
has four sides but is not a rectangle.

The statement is false.

. P:x¥>8

Q: x>0

P: x*>8
x>2

o Q is true.
O——> Pis true.

<T T T T T 1
-1 0 1 2 3 4

The statement is true.

Equivalence

The converse of the statement ‘if P, then Q’ is ‘if Q, then P’ or Q= P. The converse of a statement may or may
not be true. The converse of the previous examples can be written as follows.
o If x2 =25, then x = 5. In this case the converse is false, as x = —35 is also possible. This means that it is

possible for x> =25 but x # 5.

o If x> =27, then x = 3. In this case the converse is true.
e If the diagonals of a quadrilateral are congruent and bisect each other, then it is a rectangle. In this case the
converse is true, remembering a square is also rectangle.

If P= Q and Q= P, then P and Q are said to be equivalent statements.
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Equivalent statements can also be expressed as ‘P if and only if Q’. This is written symbolically as P < Q.
Rewriting the first two examples above using symbols gives us:

e x=5=>x*=25

e x=3&x=27

P < Q is true if both P and Q are true. It is also true if P and Q are both false, as illustrated in the truth table
forP< Q.

P Q P<Q ¢
T T T

T F F P is true.

F T F Q is true.

F F T

P < Qs a true statement.
* P s true and Q is true.
% P is false and Q is false.

WORKED EXAMPLE 11 Propositions using equivalence

For each of the following, write the converse statement and

identify if implication (=) or equivalence (<) is the more

appropriate symbol.

a. If an animal is a kangaroo, then it is a marsupial.

b. If a number, n, is odd, then r? is odd.

c. Events A and B are mutually exclusive if and only if the
probability of both events occurring (Pr(A and B)) is

equal to 0.
THINK WRITE
a. 1. Identify the two propositions. a. P: An animal is a kangaroo.
Q: The animal is a marsupial.
2. Write the converse statement, Q= P. The converse is ‘If an animal is a marsupial,
then it is a kangaroo.’
3. Determine if the converse is true. The converse is not true.
4. The converse is not true, so implication is The symbol = should be used.
more appropriate. P=Q
b. 1. Identify the two propositions. b. P: nis odd.
Q: n? is odd.
2. Write the converse statement, Q= P. The converse is ‘If n? is odd, then n is odd.’
3. Determine if the converse is true. The converse is true.
4. The converse is true, so equivalence is The symbol < should be used.
more appropriate. P&Q

CHAPTER 2 Introduction to proof 77



c. 1. Identify the two propositions. c. P: Events A and B are mutually exclusive
Q: The probability of both events occurring
(Pr(A and B)) is equal to 0.

2. Write the converse statement, Q = P. Q=>P:

If the probability of both events occurring
(Pr(A and B)) is equal to 0O, then events A and
B are mutually exclusive.

3. Determine if the converse is true. If the probability of both events occurring
(Pr(A and B)) is 0, it implies disjointness
between them. That means, both events cannot
occur simultaneously, so the converse is true.

4. Conclude. The converse is true, so P Q

equivalence is more appropriate.

In determining if P < Q is true, it is necessary to confirm that P=> Q is true and that Q= P is also true.

2.2.4 Quantifiers

The proposition 9 > 7 is a true statement, and the proposition 4 > 7 is a false statement. However, x > 7 might
be true or false depending on the value of x. A proposition that includes variables is known as a propositional
function. Because it is a function, we can use function notation to name the function. In this case, we might
call it P(x).

Quantifiers are used to give information about the values of the variables in propositional functions so that we
can determine if the function is true or false

The universal quantifier

The universal quantifier, for all, is written with the symbol V. This means that all possible values for the
variable are considered.

Consider the propositional function x > 7. Using the universal quantifier, the statement becomes ‘For all real
numbers x, x> 7. Written with symbols, the proposition is Vx € R, x> 7. As the proposition is not true for all
possible values of x, it is a false statement.

WORKED EXAMPLE 12 Propositions using the universal quantifier

Consider the proposition Vx € R, x? > 0. Write the proposition in words and determine if it is true
or false.

THINK WRITE

1. The symbol V means ‘for all’. x € R means x is For all real numbers x, x> > 0.
a member of the set of real numbers.

2. Ifx>0, x>0, and if x <0, x2 > 0. Therefore, The proposition is true.

the proposition is always true.
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The existential quantifier
The existential quantifier, there exists, is written with the symbol 3. This means that there is a value for the

variable that would make the propositional function true.

Let us again consider the propositional function x > 7, but this time using the existential quantifier. The
statement becomes ‘There exists a real number, x, where x > 7. Written in symbols, the proposition is 3 x € R,
x> 7. In this case, because there are values of x that make the proposition true, it is true.

WORKED EXAMPLE 13 Propositions using the existential quantifier

Consider the proposition 3x € N, 2x + 1 is a multiple of 3. Write the proposition in words and
determine if it is true or false.

THINK WRITE
1. The symbol 3 means ‘there exists’. There exists a natural number x where 2x+ 1 is a
x € N means x is a member of the set of multiple of 3.
natural numbers.
2. If x=1, then 2x + 1 is a multiple of 3. The proposition is true for x =1 and is therefore true.

Negating quantifiers

Consider the statement ‘For all even numbers, x, x2 is even.’ This is a true statement. However, it would not be
true if you could find one even number, x, where x2 was not even.

Now consider the false statement ‘All prime numbers are odd.” This can be rewritten as ‘For all prime numbers,
p, p is odd.” The negation of this false statement is the true statement ‘There exists a prime number, p, where p is
not odd.’

The negation of the statement Vx € X, P(x) is the statement Ix € X, =P(x)
This also means that the negation of the statement 3x € X, P(x) is the statement Vx € X, =P(x).

Combining quantifiers

If a propositional function has more than one variable, then quantifiers are needed for all of the variables. If the
quantifiers are the same type, the order that they are written in is immaterial. Also, if a quantifier is shown before
a group of variables separated by commas, the quantifier applies to all of the variables in the group. For example,
the following statements are equivalent.

VxeR, VyeR

VyeR, VxeR

Vx, yeR

If the quantifiers are different, then the order becomes important. The statement Vx, Iy means that for each

possible value of x, there exists a value for y that makes a proposition true. The statement Jx, Vy means that
there is a value for x that makes the statement true for any possible value of y.
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WORKED EXAMPLE 14 Deciding whether a proposition involving quantifiers is true

For each of the propositions below, write the proposition in words and determine if it is true or false.
a. Vx €R,3y eR,y > x>
b. 3IxeR,Vy R, y > x*

THINK WRITE
a. 1. Vx, dy means that for each possible value a. For all real numbers x, there exists a real
of x, there exists a value for y that makes number y where y > x?.

a proposition true.

2. For every real number, there is another True
real number greater than the square of the
original. Therefore, the proposition is true.

b. 1. 3x, Vy means that there is a value for x b. There exists a real number x where for all real
that makes the statement true for any numbers y, y > x%.
possible value of y.
2. If y is a negative number, the inequality is False
never true. Therefore, the proposition
is false.
Exercise 2.2 Number systems and writing propositions learn
2.2 Exercise 2.2 Exam questions These questions are ~ABMe M
even better in jacPLUS! iy ©
¢ Receive immediate feedback )
Simple familiar Complex familiar Complex unfamiliar ¢ Access sample responses

e Track results and progress

8,9,10,11,12,13

Simple familiar

1

80

. IEEM Identify the following numbers as either rational or irrational.
a. 6.2 b. 0.321 c. 0.25
d. 3.121221222... e. 156 f. V13

. Identify the following numbers as either rational or irrational.

a.\/7 b.\3/§ c.\/ﬁ d. 7w

. IIZA Express the following numbers as decimal fractions.
a. 1—7 b. ﬂ c. z d. i
20 125 3 15
. Express the following numbers as decimal fractions.
3 9 22 13
a. 1= b. — c. — d —
5 16 7 12
. IE=H Express the following recurring decimals as common fractions.
a. 0.5 b. 0.23 c. 3.0
d. 6.16 e. 7.112 f. 0.702
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6.

10.

11.

12.

13.

From the set of numbers {0, 3, 6, 9, 12, 15, 18, 21, 24}:

. IE2A select the numbers that are either odd or less than 12

. I select the numbers that are odd and less than 12

. IEA select the numbers that are the negation of odd

. select the numbers that are not less than 12

. IEZEA select the numbers that are neither odd nor less than 12. Identify another way that this set of
numbers could be described.

f. IEA select the numbers that are not (odd and less than 12). Identify another way that this set of numbers

could be described.

® & O T 9

. IZIA Determine if the following are true statements.

. If a polygon has three sides, then it is a triangle.

. If a polygon is a square, then it is a rectangle.

. If the sides of a square are doubled in length, then the area of the square is also doubled.
CIfFx3>27, xeN, thenx>2, xeN

Ifx2>16, xeN, thenx>4, xeN

Ifxr <4, xeN, thenx<?2, xeN

-0 Q0 T 9

. lZA Decide if the following statements are true and justify your decision.

a. A quadrilateral is a square when it has four congruent sides and four right angles.
b. A quadrilateral has both two right angles and two obtuse angles.
c. In a right triangle, the longest side must be opposite the right angle and all other angles must be acute.

. IEEEN For each of the following, write the converse statement and identify if implication (=) or equivalence

(<) is the more appropriate symbol.

a. If it is a fish, then it lives in water.

b. If the quadrilateral is a rhombus, then the diagonals bisect each other.
c. Ifn—m>0, then n>m.

d. If n+ 1 is odd, then n is even.

ETEEA For each of the propositions below, write the proposition in words and determine if it is true or false.
a. VxeN, 2x is even. b. VxeN, 2x+ 1 is a multiple of 3.

c. VxeN, x>0 d. VxeR, x>0o0rx<0.

e. VxeN, xis even. f.VxeR, x24+1>0

=K For each of the propositions below, write the proposition in words and determine if it is true or false.
a. Ixe”Z, x+5=7 b. IxeR, 2 <0

c. AxeN, xis even. d. IxeR, x¥>+1=0

e. WeR, >~ 1=0 f. x€Q, VxeQ

IEZA For each of the propositions below, write the proposition in words and determine if it is true or false.
a. VxeR, yeR, y=x b. IxeR, VyeR, y=x

c. VxeR, IyeR, xy=0 d. IxeR, VyeR, xy=0

For each of the propositions below, determine if it is true or false.

a. VxeR, IyeR, x>y b. IxeR, VyeR, x>y

c. xeR, VyeR, x>y d. VxeR, Vye (x, ), x<y

Complex familiar

14.

15.

Consider the statement ‘Vx €N, x(x+ 1) is even.” Decide if this is a true statement and justify your decision.

The negation of A and B can be written as ‘not A or not B’. Determine another way to write the negation
of A and B or C in terms of ‘not A’, ‘not B’ and ‘not C’. You must provide evidence to support your claim.
Note: ‘A and B or C’ can be thought of as ‘(A and B) or C’.
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Complex unfamiliar

f= 16. Use the graph of y = sin(x) + cos(x) to complete the true proposition Vx € (...), sin(x) + cos(x) > 1

i 17. Use the graph of x? + y?> =9 to answer the following.

a. Use quantifiers for x and y to create a true proposition.
b. Use quantifiers for x and y to create a false proposition.

Fully worked solutions for this chapter are available online.

LESSON
2.3 Direct proofs using Euclidean geometry

SYLLABUS LINKS

® Use implication, converse, equivalence, negation, contrapositive.
Source: Specialist Mathematics Senior Syllabus 2024 © State of Queensland (QCAA) 2024; licensed under CC BY 4.0

2.3.1 Direct proofs

When trying to prove a statement directly you might think that we can simply show that the statement is true for
a few randomly selected values; however, regardless of how many cases a statement is shown to be true for, this

does not prove that the statement is true in general. A direct proof is a common method used to prove statements
of the form ‘if P then Q’ or ‘P implies Q’, which is written mathematically as P= Q.

The method of a direct proof is to take a statement P, which we assume to be true, and use it directly to show that
Q is true.

Direct proof method

1. Identify the statements P and Q and assume that P is true.
2. Use the fact that P is true to directly show that Q is true.
3. Therefore P = Q is true. This completes the proof.

Before we can start using direct proof to prove mathematical statements, we must know the exact definitions of
the properties that we are wishing to prove.

2.3.2 Odd and even numbers

Definitions of odd and even numbers
An even number is an integer n such that n =2k, where k is an integer.

An odd number is an integer n such that n = 2k 4+ 1, where k is an integer.

Note that zero in an integer.

For example, consider the number 14. Since 14 =2 X 7 (and 7 is an integer), 14 is even. Alternatively, consider
the number 15. Since 15=2X7+ 1 (and 7 is an integer), 15 is odd. Note that 15 is not even since there is no
integer k such that 2k = 15.
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All integers are either odd or even, so we could have defined odd numbers as integers which are not even.

WORKED EXAMPLE 15 Direct proof

Prove that the sum of two even integers is an even integer.

THINK

1o

Write an equivalent statement to be proved.

p: a and b are even integers.
q: their sum a + b is even.

Assume that p is true, that is @ and b are
two even integers.

(Note that it would be incorrect to state
b =2j as that would imply a =b.)

WRITE

Proof:

If a and b are even integers, then their sum a + b
is even.

Let a=2j and b =2k where j, k€ Z.

3. Express the sum of @ and b using the a+b=2j+2k
expressions formed in step 2. =2(+k)
Recall that the sum of any two integers is =2i
an integer. Wherei=j+ke”Z

4. Use the definition of an even number to a+b=2i,ie”Z

show that q is true.

We have shown that p — ¢.
State the conclusion.

Therefore a + b is even.

The sum of two even integers is an even integer.

2.3.3 Axioms and postulates

As mentioned in Section 2.1.1, in mathematics there are some basic statements that are accepted as true without
proving them. In general, when these statements refer to working with numbers, the statements are called
axioms. When the statements are about geometry, they are called postulates.

In The Elements, Euclid tried to use only four postulates in his geometric proofs. The first four postulates
state that:
¢ a straight line can be drawn from one point to another (that is, any two C

[ ]

points will form a straight line)

e it is possible to produce a finite straight line
e acircle can be described with any centre and radius
e all right angles are equal to each other.

A
Y

> @
we

However, he found that it was necessary to introduce a fifth postulate:
e if there is a line and a point not on the line, then only one line can be
drawn through the point that is parallel to the original line.

Mathematicians have discovered that Euclid’s fifth postulate is true when working with flat surfaces but is

not true in other instances (for example, in 3 dimensional geometries such as the geometry of the Earth). This
means that geometry can be either Euclidean (a flat surface) or non-Euclidean. In this section, we are going to be
constructing proofs using Euclidean geometry.
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2.3.4 The fundamentals

Consider the following set of statements.
e Penguins are birds.
e Birds can fly.
e Therefore, penguins can fly.
Or can they? Where does the logic break down?

There are a number of methods of combining relationships
to produce new relationships. These techniques assist in the
logical construction of proofs. We must also state the
postulates that will be the basis for our proofs.

Transitive property of equality

Consider the following:

a=b:>_
bec a=c

Because both a and ¢ are equal to b, we can conclude that a = c. This technique is called the transitive property

of equality.

Substitution

Consider the following:

a+b=c atd=
b=d a =c

Because b =d, the statement a + b = c is equivalent to the statement a + d = c. This technique is called
substitution.

Matching

Consider the following:

a+b=c Sh=d
at+d=c

Because the two statements can be rewritten as b =c —a and d = ¢ — q, it is clear that b = d. This technique is
called matching.

Adding equals
Consider the following:

a=bl_ ve=btd
c=d

Asa=b,a+c=b+c.
Asc=d,a+c=b+d.

This technique is called adding equals.
These techniques can be used to reach a logical conclusion that is necessarily true. This is known as deduction.
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WORKED EXAMPLE 16 Using techniques of deduction

Use techniques of deduction to determine the following.
a. If x =20 and x =y, determine y.

b. Ifa+b =16 and b = c, determine a + c.
c. If m +n =45 and p + n =45, determine the relationship between m and p.
d. Ifa =6 and b = 10, determine a + b.
e. Ifx +y=56,y =a and a = ¢, determine the relationship between x and c.
THINK WRITE
a. As x is equal to both y and 20, the transitive property a. x=20
of equals can be used. x=y
Sy=20
b. As b= c, substitution can be used to replace b with c. b. a+b=16
b=c
Sa+c=16
c. As both statements equal 45, matching can be used to c. m+n=45
show that m must equal p. p+n=45
Sm=p
d. a+ b can be found by adding equals. d. a==6
b=10
sa+b=6+10
=16
e. 1. Using substitution, y can be replaced by a. e. x+y=256
y =a
Sx+a=56
2. Using substitution again, a can be replaced a=c
by c. Sx+c =56

2.3.5 Two additional postulates

¢ Adjacent angles on a straight line are supplementary; conversely, supplementary adjacent angles are on a
straight line.

POR < a + b = 180° a ~
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e If two lines are parallel, the corresponding angles are congruent; conversely, if corresponding angles are
congruent, they are on parallel lines.

P = / > Q

PQIIRS < a=bh /::

R—< > S
/b

2.3.6 Theorems of Euclidean geometry

The direct proof is the most common form of proof in geometry. In a direct proof, the statements are made in
a logical order, beginning with a statement that we know is true and ending with the statement that we wish to
prove. The reason that each statement can be made is given beside the statement.

The postulates can be used to prove new theorems. Consider the following proof for vertically opposite angles:

a+c= ISOO_d

¢+ b=180°

..a = b (matching)

This proves that vertically opposite angles are congruent.

In a similar fashion, the following theorems can be proved in the order given using the given postulates and the
previously proven theorems.
e Vertically opposite angles are congruent.

a, b are vertically opposite = a = b a b ><

e If two lines are parallel, the alternate angles are congruent; conversely, if alternate angles are congruent, the
two lines are parallel.

PQ|RS < a=bh Z
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e If two lines are parallel, the co-interior angles are supplementary; conversely, if co-interior angles are
supplementary, the two lines are parallel.

.- /[ .
a
PQ|RS<=>a=bh [:
b
> S

R /

e The exterior angle of a triangle is equal to the sum of the two interior opposite angles.

Q
b
m=a+b {i
a m
P R

e The sum of the angles of a triangle is 180°.

P
C
a+b+c=180° Q
a b
Q R

e If two sides of a triangle are congruent (i.e. the triangle is an isosceles triangle), the angles opposite those
sides are also congruent. Conversely, if two angles of a triangle are congruent, the sides opposite those
angles are congruent.

Q
PQxPRea=h ﬁ
A
P R

e If three sides of a triangle are congruent (i.e. the triangle is equilateral), the angles of the triangle are also
congruent and equal to 60°. Conversely, if three angles of a triangle are congruent, the sides are congruent.

Q
- b
PQzPR=2QR & a=b=c=060° ﬁ
a c
P f R
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e The sum of the angles of a quadrilateral is 360°.

a+b+c+d=360°

* The opposite angles of a parallelogram are congruent; conversely, if the opposite angles of a quadrilateral
are congruent, it is a parallelogram.
P Q
a

PQRS is a parallelogram E

<~ a=bandc=d

e Angles at a point add to 360°.

a+b=180°

c+d=180 5 %J . @_

a+b+c+d=360°

WORKED EXAMPLE 17 Direct proof and geometry

Use the diagram shown, the postulates given above and the A B
vertically opposite angles theorem to prove that: a

a. if two lines are parallel, the alternate angles are congruent

b. if alternate angles are congruent, the lines are parallel.

THINK WRITE

a. 1. Assume that AB is parallel to CD to prove a. Assume AB || CD.
the first half of the proof.

2. Angles a and d are corresponding and a=d l
therefore congruent.

3. Angles b and d are vertically opposite and b=d E i
therefore congruent.

4. Using the transitive property of equals, a = b. Sa=b
5. Write the concluding statement. If two lines are parallel, the alternate angles
are congruent.
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b. 1. Assume that a and b are congruent. b. Assume that a =b.

2. Angles b and d are vertically opposite and b=d ><
therefore congruent.
3. Using the transitive property of equals, a =d Soa=d
4. Angles a and d are corresponding and .. AB||CD F
congruent. Therefore, AB is parallel to CD.
5. Write the concluding statement. If alternate angles are congruent, the lines

are parallel.

Exercise 2.3 Direct proofs using Euclidean geometry learn
2.3 Exercise 2.3 Exam questions These questions are LIS ey s
even better in jacPLUS! "(1 -
® Receive immediate feedback F:.' ‘, i
Simple familiar Complex familiar Complex unfamiliar e Access sample responses

e Track results and progress
1,2,3,4,5,6,7, 11,12,13,14 15,16, 17
8,9,10

:Find all this and MORE in jacPLUS @

Simple familiar

1. lIZEA Prove that the sum of two odd integers is an even integer.

2. IIZA Use the transitive property of equals to determine the value of a in each of the following.

a.a=x;x=17 b. a=y; y=15
2
c.z=—15a=¢ d.p=§;a:p
3. Use substitution to determine a relationship between a and b in each of the following.
a.a+d=7,d=>b b. 3ax=17; x=b
c. 2ac=5;c=b+1 d. bz—zbc=17;a=§
4. Use matching to determine a third relationship in each of the following.
a.x+y=15x+z=15 b.a+b=25a+c=25
c.a—b=32;x—b=32 d a+b=7,b—c=17
5. Add equals to determine a value of x + y in each of the following.
a. x=5;y=-10 b. x=27; y=15
c.x=2;y=0 d x=-7;y=7

6. Use techniques of deduction to determine the following.

a. If x=4 and x =y, determine y.

b. If a+b=21 and b =c, determine a + c.

c. f m+n=19 and p +n=19, determine the relationship between m and p.
d. If a=8 and b =9, determine a + b.
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7. Use techniques of deduction to determine the following.

a. If 2ab =50 and b = ¢, determine the relationship between a and c.
b. If x+ y=34, x=a and y = b, determine the relationship between a and b.

8. Use the diagram shown and the given postulates to prove
the following.
a. If two lines are parallel, the co-interior angles are supplementary
(that is, a + b = 180).
b. If co-interior angles are supplementary, the lines are parallel.

9. Use the diagram, the alternate angle theorem and the given postulates
to prove that c=a + b.

10. Use the external angle of a triangle theorem and the given postulates to
prove that the sum of angles in a triangle is 180°.

Complex familiar
11. Prove that the sum of the angles in a quadrilateral is 360°. Hint: Divide the quadrilateral into two triangles.
12. Prove that the opposite angles of a parallelogram are congruent, and also prove the converse.

13. Use any of the postulates and theorems given above to prove that a = c.
b.
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Complex unfamiliar

15. Prove that a = b in each of the following.
a. b.

al

s

SN

16. If AD=~BD, prove that a =»b.

A B
17. If «BDG = ZEDG, identify a relationship between x and y. You must justify this relationship.
E

Y

Fully worked solutions for this chapter are available online.
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LESSON

2.4 Indirect methods of proof

SYLLABUS LINKS

® Use proof by contradiction.
® Prove irrationality by contradiction.
® Use examples and counterexamples.

Source: Specialist Mathematics Senior Syllabus 2024 © State of Queensland (QCAA) 2024; licensed under CC BY 4.0

2.4.1 Disproof by example/proof by counter example

When we attempt to construct a proof, sometimes the direct path is

not the most efficient.

Proofs in mathematics require more than just lots of examples to
demonstrate that a conjecture is correct. Examples can help to
convince us that a claim is likely to be true, but they cannot prove

that a statement is true.

A single example is all that is needed to show that a conjecture is

false. This is called a counter example.

To prove that P= Q is false, it is necessary to find an example
where P is true and Q is not true.

WORKED EXAMPLE 18 Using a counter example to disprove a conjecture

Identify a counter example for each of the following conjectures:
a. All primes are odd numbers.
b. All quadrilaterals with four congruent sides are squares.

c. If two events are independent, then their intersection must have a probability of 0.

d. All infinite sets only contain countable subsets.

THINK

a.

‘We need to find an even number that is
also prime.

. A thombus has four congruent sides, but its

angles are not all right angles, making it not
a square.

. The independence of two events doesn’t imply

a zero probability for the intersection of events.
Two events can be independent (the occurrence
of one doesn’t affect the other’s probability)
and still have a chance of happening together.

. Infinite sets can have subsets that are not

countable.

WRITE

a.

The number 2 is both prime and even.

A quadrilateral that has four congruent sides
can be a rhombus

Rolling a 6 on a standard die and flipping a coin
to get heads are independent events, but their
intersection (rolling a 6 and getting heads) has

1
robability —, not 0.
p y D)

Consider the infinite set of all real numbers R.

A subset can have any two distinct real numbers.
There are infinitely many real numbers between
these two numbers you pick. Therefore, the
infinite set R can have many uncountable subsets.
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2.4.2 Contrapositive

The contrapositive of the conjecture ‘If P, then Q’ is ‘If not Q, then :
not P.” Notice that both are P and Q are negated and the order is
reversed. The contrapositive of a true statement is also true.

Consider the true proposition ‘If x is even, then x + 1 is odd.’

The contrapositive would be ‘If x + 1 is not odd, then x is not even’
or ‘If x4+ 1 is even, then x is odd’. Notice that these propositions are

also true.

Previously, we used a Venn diagram to demonstrate what P=> Q looks
like when it is true. You can see on the diagram that if not Q is true,

Q is true.

If P = Qs true, then =Q = —P is also true.
* P = Qs true.
% Q is not true = P is not true.

then not P will also be true. Using symbols, if P=> Q is true, then

—Q= —P is also true.

This can also be seen by comparing truth tables. P= Q has the same truth table as Q= —P.

We know that if a proposition is true, the contrapositive is also true. Therefore, if we prove that the

contrapositive is true, the proposition is also true.

P Q P=Q P Q -Q -P | -Q=-P
T T T T T F F T
T F F T F T F F
F T T F T F T T
F F T F F T T T

WORKED EXAMPLE 19 Proofs using the contrapositive

Let n € Z and prove the following statements by proving the contrapositive.

a. If n + m is odd, then n # m.
b. If n? is odd, then n is odd.
c. If a shape is a square, then it is a rectangle.

THINK

a. 1. Identify the propositions and their negatives.
Write the contrapositive by negating both
statements and reversing the order.

2. If n =m, then substitution can be used.

3. Write concluding statements.
. Write the contrapositive.
2. Prove the contrapositive

WRITE
a. P:n+misodd.

=P :n+miseven.

Q:n#m.

-Q :n=m.

Contrapositive: If n =m then n + m is even.
If n=m, then n +m = 2n.

If n=m, then n+ m = is even.

Therefore, if n + m is odd, then n # m.

. If n is even, then n? is even.

Let n=2k(k € Z), then
n? = (2k)* = 4k* =2 x (2k%)
- n? is even.

Therefore, if 7% is odd, then n is odd.
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c. 1. Write the contrapositive. c. If a shape is not a rectangle, then it is not

a square.
2. Consider a square is a specific type of Because every square is also a rectangle (by
quadrilateral that has the following properties:  fulfilling all rectangle properties), if a shape
e All four sides are congruent (equal is not a rectangle, it automatically cannot be
in length). a square (since squares are a specific type
e All four angles are right angles (90°). of rectangle).

Also, consider a rectangle is a quadrilateral

that has the following properties:

e Opposite sides are parallel and congruent
(equal in length).

e All four angles are right angles (90°).

Notice how the definition of a square includes

all the properties of a rectangle. Additionally,

squares have the extra property of all sides

being congruent.

2.4.3 Proof by contradiction

To prove something by contradiction, we assume that what we
want to prove is not true. The proof continues until the initial
assumption is contradicted. As the initial assumption must be
false, the alternative is true.

If you were trying to prove that P=> Q is true by contradiction,
you would try to show the following:
1. Assume the proposition to be proved is false, that is,
P= Qs not true (if P is true and Q is not true).
2. Show that the proposition contradicts the initial
assumptions, that is, show that if P is true, Q is true.
3. Conclude that as the solution does not meet the initial
assumptions, the original assumption must be false, and
hence the proposition is true: P= Q.

WORKED EXAMPLE 20 Using proof by contradiction

Use proof by contradiction to prove the proposition ‘There are no positive integer solutions to the
Diophantine equation x> —y*> =1.’
Note: This could also have been written as ‘If x and y are positive integers, then x> —y? # 1.’

THINK WRITE

1. Assume that the proposition is not true. This Assume that x> —y>=1,x, yeZ*.
means that it is possible a solution exists where
x and y are both positive integers.

2. Factorise the equation. x+yx—y)=1
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3. Asx, yEZ™, x+y is a positive integer and
X —y is an integer.

4. Use simultaneous equations solve the equations.

5. The initial assumption was thatx, y€Z *; y=0
does not fit with this assumption.

6. As the only solution does not meet the original
assumption, the original assumption must be false.

Two integers, x + y and x — y, multiply to give 1.
Both integers must equal 1 or —1.

But,if x, yeZ*, thenx+ye Z*.

Therefore, x +y # —1.

Thus, x+y=1landx—y=1.

x+y=1 [1]

x—y=1 [2]

[11+[2]: 2x =2
x=1

Substituting x =1 into [1] results in y =0.

y =0 contradicts the initial assumption that ye Z *.

There are no positive integer solutions to the
equation x> —y?> =1.

Exercise 2.4 Indirect methods of proof

2.4 Exercise

Simple familiar Complex familiar

1,2,3,4,5,6,7,8 9,10,11,12 13,14

Simple familiar

1. In the following list, prime numbers are marked in red.

2.4 Exam questions

Complex unfamiliar

learn(:
These questions are ~LEmY
R / B
even better in jacPLUS! T
* Receive immediate feedback o/ i
e Access sample responses 5

e Track results and progress

Find all this and MORE in jacPLUS @

1|2|3]|4|5|6|7|8|9]10
11|12 13|14 15|16 17 | 18 | 19 | 20
21 (22|23 | 24| 25| 26|27 (282930 2R L5 Be(0] 49T

From the list, select counter examples to disprove each of the

following statements.

a. All numbers of the form 6n + 1 are prime, n € N.
b. All numbers of the form 2" + 1 are prime, n € N.

2. [lIZEH Identify counter examples to disprove each of the following

conjectures.
a. If x2 =100, then x = 10.

75556, |58/59]60
BT 898

b. If a quadrilateral has four congruent sides, then it is a square.

c. If n is a multiple of 3, then it is odd.
d. If n is a multiple of 5, then the last digit is 5.
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8.

. Write the contrapositive statement to each of the following propositions:

a. If today is Monday, then tomorrow is Tuesday.
b. If A bisects a line segment, then A is the midpoint of the line segment.

. If proof by contradiction was being used to justify that \/ab < a_—;b , what would the initial assumption be?

. =N Consider the statement ‘If n>m, thenn—m>0.

a. Write the contrapositive statement.
b. Prove the statement by proving the contrapositive.

. At the beginning of a proof by contradiction ‘that x is a positive number’, Ailsa wrote ‘Assume x is a

negative number.” What has Ailsa overlooked?

. I3 Use proof by contradiction to prove the proposition ‘There are no integer solutions to the

Diophantine equation 4x*> —y>=1.

Use proof by contradiction to prove the proposition ‘If x, y€ Z, then 2x+4y #7.

Complex familiar

9.

10.

11.

12.

Analyse the following proof and identify the flaw in the logic.

Proposition: All integers are the same.

Assume that there are two integers a and b that are not the same.

Therefore, 3c,a=b +c.

Multiplying both sides by a — b: a(a —b) = (b+c) (a—b)

a?—ab=ab—b*+ac—bc

Expanding the brackets: a> — ab — ac = ab — b* — bc
ala—b—c)=bla—b—rc)

Therefore, a = b.

This contradicts the initial assumption.

Therefore, all integers are the same.

Is the proposition ‘There are no integer solutions to the equation 25 — y? = x*’ true or false? Provide
appropriate evidence to justify your claim.

. . . . . 1
Consider the statement ‘If a and b are integers, there is no solution to the equation a+ b = 5.’

a. Write the contrapositive statement.
b. Prove the statement by proving the contrapositive.

Consider the statement ‘If x4+ y > 5, then either x >2 or y > 3, x,y € R.” This statement can be justified by
proving the contrapositive.

a. Write the contrapositive statement.
b. Justify the statement by proving the contrapositive.

Complex unfamiliar

13.

14.

bl

Prove the statement ‘There are no integer solutions to x> — y> = 2.

Prove that statement ‘For every x € Q™ there exists y € Q* for which y <x.

Fully worked solutions for this chapter are available online.
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LESSON
2.5 Proofs with rational and irrational numbers

SYLLABUS LINKS

® Prove results involving integers, e.g. proving that the product of two consecutive odd numbers is an odd
number and 51* + 3n + 6 Vn € Z is an even number.
® Express rational numbers as terminating or eventually recurring decimals and vice versa.
® Prove irrationality by contradiction.
Source: Specialist Mathematics Senior Syllabus 2024 © State of Queensland (QCAA) 2024; licensed under CC BY 4.0

Earlier in this chapter, you explored ways to construct proofs. In this section, you will use the skills that you
developed to write proofs with rational and irrational numbers.

2.5.1 Proofs with consecutive numbers
If a series of numbers are consecutive, they can be written as n, n+ 1, n+2, ...

Sometimes, it is easier to call the middle number #. so the series would be ... n—1, n, n+ 1.

WORKED EXAMPLE 21 Proofs with consecutive numbers

Demonstrate that the sum of three consecutive natural numbers is equal to 3 times the
middle number.

THINK WRITE

1. As the example talks about the middle Let the middle number be n, n € N.
number, it might be easier to let the middle  The seriesisn—1, n, n+ 1.
number be n, where n is a natural number.

2. Determine the sum of the three numbers. Sum=mn—1)+n+mn+1)
=3n
3. Write the concluding statement. The sum of three consecutive natural numbers is equal

to 3 times the middle number.

2.5.2 Prove that a number is irrational by contradiction

A proof by contradiction can also be used to prove that a number is irrational. Begin by assuming that the
number is rational and work to prove that the assumption is false.

WORKED EXAMPLE 22 Proving that a number is irrational by contradiction

Prove that the following numbers are irrational.

a. \/5 b. log,(5)

THINK WRITE

a. 1. Use a proof by contradiction and assume that a. Assume 4/2 is rational.
\/5 is rational. This means that \/5 can be \/_ _4 ,a,beZ, ged(a,b)=1, b#0
written as the ratio of two integers a and b, b
where b # 0 and a and b have no common
factors, that is, the greatest common divisor

of a and b is 1, written gcd(a, b) = 1. >

CHAPTER 2 |Introduction to proof 97



. Multiply by b and square both sides.

that a divides into b evenly, or a is a factor
of b.

. If 2 divides a evenly, then a is a multiple of 2.

. Substitute [2] in [1] and repeat the process to

show that 2 will divide b evenly.

. 2 is a divisor of both a and b.

. Write your concluding statement.

. Use proof by contradiction and assume that

log,(5) is rational.

. The only case in which powers of 2 and 5 are

equal is 20 =59,

. Write your concluding statement.

\/Ebza [1]

2b? = a?
. This means that 2 divides a” evenly and ~2 | a?
therefore 2 divides a evenly. Note: a | b means S 2 a

Leta=2m, me Z. [2]
Substitute [2] in [1]:
20% = (2m)*
2b% = 4m?

b? = 2m?
2| b?
S22 b
2 divides both a and b.
But ged(a, b) = 1.
The assumption is false.

\/5 is irrational.

. Assume log,(5) = 2’

a,be”Z, ged(a,b)=1, b#0.

2b =35

. Rearrange the equation.
1
290 =5
24 — 5/)

As ged(2,5) =1, the only solution is a =b=0.
But b #0.
The assumption is false.

log,(5) is irrational.

2.5.3 Proofs with odd and even numbers

If a proof involves odd or even numbers, you can use the fact that for any integer n, 2n will be even and 2n — 1
will be odd.

WORKED EXAMPLE 23 Proofs with odd numbers

Prove that n? is odd if and only if n is odd.

THINK

1. ‘If and only if” means you need to prove
that n? is odd if n is odd and also that n is
odd if n? is odd. Begin by assuming that n
is odd. This means that it is 1 more than an
even number.

WRITE
Ifnisodd,n=2a+1,a€”Z.
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Determine an expression for n2.

Odd numbers can be expressed as 1 more
than an even number.

Write your concluding statement.
Now assume that n? is odd, meaning that

it can be written as 1 more than an even
number.

Consider n> — 1. This expression can be
factorised as the difference of two
squares.

Substitute n2 =2b + 1.

If the product of two numbers is even, then
one of the numbers must be even.

Write your concluding statement.

n’ = Qa+1)
=4a’*+4a+1

=2(2a* +2a)+ 1
This is an odd number.
Therefore, if n is odd, then 7?2 is odd.

If n? is odd, then n2 =2b+ 1, b€ Z.

n—l=n+1)m-1)

Qb+ —1=@m+1)mn—1)
2b=m+1)(n-1)

Either n + 1 is even, which means that n is odd, or
n — 1 is even, which also means that 7 is odd.

Therefore, if 7% is odd, then 7 is odd.
Therefore, n* is odd if and only if 7 is odd.

2.5.4 Prove that a set of numbers is infinite

A proof by contradiction can be used to prove that a set of numbers is infinite (that is, it has an infinite number

of members). Begin by assuming that the set is finite and work to prove that this assumption is false.

WORKED EXAMPLE 24 Proofs that a set of numbers is infinite

Prove that there are infinitely many prime numbers.

THINK

1.

Use a proof by contradiction. Begin by
assuming that there are a finite number
of primes.

There must be a number that is 1 more than

the product of all of the primes. Call this
number q.

n

Note: The notation H p; indicates the

i=1
product of all prime numbers between 1
and n.
If we divide g by any of the primes, the
remainder is 1. This means that ¢ is not
a product of any of the primes p;.

There are more prime numbers than
initially assumed.

Write your concluding statement.

WRITE
Assume that p; ... p, are the only prime numbers.

Letqup,»+1.

i=1

If we divide g by any of the primes, the
remainder is 1.

Therefore, ¢ is prime, or there is a prime number
greater than p, that is a factor of g.

This means that the assumption is false, as there
must be a prime number greater than p,,.

There are infinitely many prime numbers.
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2.5.5 Other proofs with real numbers

It can be possible to prove that an expression is larger or smaller than another expression. It can also be possible
to prove that an expression is not equal to another expression.

WORKED EXAMPLE 25 Proofs involving equalities and inequalities

a. Prove that for a, b € R, a* + b* > 2ab.

1 1
b. Prove that — + — #
x y x+y

for x,y #0.

THINK

a. 1. The elements a®, b* and 2ab are part of a
perfect square expansion. A perfect square
is always greater than or equal to 0.

2. Expand the brackets.

3. Rearrange the terms to form the proof.

. Use a proof by contradiction and begin by
assuming that the equation is true. Rewrite

— + — as a single fraction.
Xy

2. Rearrange the equation.

3. (x+ y)2 will be positive. (It cannot equal
zero as x, y#0.)

4. Expanding (x + y)2 to show an xy term.

5. x* +y?* will be positive.

6. Identify the contradiction.

7. State your conclusions.

WRITE

a.

(a—b)*>0

a?—2ab+b*>0

sat+b?>2ab
1 1
. Assume that — + — = ——
X y x+y
1
yox_ 1
Xy xy x+y
y+x 1
Xy X+Yy
(x+y)’ =xy
(x+y)2>0
Soxy>0
(c+y)’ =2xy

2 +2xy+y* =xy
2 +y? = —xy

x% +y?* > 0; therefore, —xy > 0
xy <0

But earlier, we found that xy > 0.

Therefore, the assumption is false.
1 1 1

Xy

x+y
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Exercise 2.5 Proofs with rational and irrational numbers learn

2.5 Exercise 2.5 Exam questions These questions are ~ ¢, B U o =
even better in jacPLUS! ",\jﬁﬁﬂ
. N N » ® Receive immediate feedback r';"" )
Simple familiar Complex familiar Complex unfamiliar ¢ Access sample responses =
e Track results and progress
1,2,3,4,5,6,7, 15,16,17,18 19, 20 [
8,9,10,11, 12, ‘
13,14

Simple familiar

10.

1.

12.

13.

14.

. An even number, n, can be written in the form n=2a, a€ Z.

. An odd number, n, can be written in the formn=2a+ 1,

. Consider four consecutive numbers, 1y, n,, 13, ny.

. I3 a. Prove that \/g is irrational.

. Prove that for any natural number 7,

. IlZ20 Demonstrate that the sum of five consecutive natural numbers is equal to 5 times the middle number.
. Demonstrate that if n and m are multiples of 3, then n + m is a multiple of 3.

. Demonstrate that if m, n and p are consecutive natural numbers, then n> —mp = 1.

Demonstrate that if m and n are even numbers, then m? + n?
and m? — n? are both divisible by 4.

a € Z. Demonstrate that the sum of two consecutive odd
numbers is divisible by 4.

Demonstrate that ny + ny + ns + Ny =nznyg — nny.

b. Prove that /3 is irrational.

. a. Prove that 10g3(7) is irrational.

b. Prove that log,(11) is irrational.

nn+1)

is a natural number.

Use your understanding of divisibility to show the following. Note: a | b means that a divides into b evenly,
or a is a factor of b.

a. Ifalband b| ¢, thena]| c.
b. Ifa|banda]c,thena| (b+c).

=0 Prove that n? is even if and only if z is even. Hint: When assuming that »? is even, consider
factorising n* — 1.

Prove that all numbers of the form n® —n, n € Z are multiples of 6.
Prove that if x is rational and y is irrational, then x + y is irrational.

IZZA a. Prove that there are infinitely many integers. (Hint: Assume that n is the largest integer.)

b. Prove that there are infinitely many even numbers.
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Complex familiar

15. lZZA Prove that for a >0, a + l > 2. Hint: Begin by noting that (a — 1)2 >0.
a

16. Prove that for a, b€ Rt U {0}, %(a +b) >V ab.

17. Prove that for a, b€ Z, if 4| (a> + b?), then a and b
are not both odd.

18. Two resistors have resistances of a ohms and b ohms.
If the resistors are placed in series, the combined
resistance is Ry = a + b. If the resistors are placed

in parallel, the combined resistance is found using

1.1 + l Justify that Rg > Rp.
Rp a b

Hint: Use a proof by contradiction.

Complex unfamiliar

{7 19. Consider \/ﬁ where 7 is an integer. There are two irrational numbers, \/E and \/g, between the rational
numbers \/I =1and \/4_1 =2. There are four irrational numbers between the next rational pair, \/4_1 =2 and

\/5 = 3. Determine a rule for the number of irrational numbers of the form \/ﬁ between consecutive integers
m and m + 1. Prove that your rule works.

i4 20. a. Arrange the integers 1 to 200 in a table similar to the one shown, marking all the primes and multiples
of 6. You may like to use a spreadsheet or similar to assist with this.

1 2 3 4 5 6 7
9 10 11 12 13
14 15 16 17 18 19
20 21 22 23 24 25
26 27 28 29 30 31
32 33 34 35 36 37
Primes are in red. | Multiples of 6 | Primes are in red.

Note that with the exception of the primes 2 and 3, the other primes are all 1 less than or 1 more than a
multiple of 6. This means that primes can be expressed in the form 6n * 1.

b. Sophie Germain primes, p, are prime numbers where 2p + 1 is also prime. This means that 2 is a Sophie
Germain prime, because 5 is also prime. Determine the other Sophie Germain primes between 1 and 200.
Note that, with the exception of 2 and 3, they are all 1 less than a multiple of 6. Justify why this is so.

Fully worked solutions for this chapter are available online.
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LESSON

2.6 Review

2.6.1 Summary

=
doc-
41923

Hey students! Now that it’s time to revise this chapter, go online to:

"1 Access the

‘ . Review your
= chapter summary 4 results

Find all this and MORE in jacPLUS @

2.6 Exercise
2.6 Exercise 2.6 Exam questions [ |
Simple familiar Complex familiar Complex unfamiliar
1,2,3,4,5,6,7, 13,14,15, 16 17,18, 19, 20
8,9,10,11,12

Simple familiar

1. Identify the following numbers as either rational or irrational.

23

b. 4.32
7
d. 1.010110 11101111 ... e. V7
2. Determine if the following are true statements.
a. IxeN,x*<1 b. VxeR, x>3
d. x| >5=>x>5 e. x=7&x*=49

Practise exam
questions

These questions are

even better in jacPLUS!

* Receive immediate feedback
e Access sample responses

e Track results and progress

Find all this and MORE in jacPLUS ®

c. 3.454 5454545 ...

e
9

c.x>4=>x>3
f. x2<16=>x<4

3. For each of the following, write the converse and determine if implication (=) or equivalence (<) is the

more appropriate symbol.

a. If an animal is a monotreme, then it is a mammal.
b. If a number is prime, then it has exactly two factors.
c. If x> 2, then x> > 8.

d. If x=9, then x2 = 81.

4. Write the negation of each of the following statements.

a.x<4,xeR

b. The number is odd or a multiple of 5.

c. The number is an even perfect square.

d. If x is an interesting number, then x has exactly 3 factors.
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5. Express the following common fractions as decimal fractions.

3 7 13
a. — b. — c. —
50 25 11
13 1 7
d — e. — f. —
6 24 15
6. Express the following decimals as simplest common fractions.
a. 1.252 b. 0.6 c. 0.i7
d. 0.087 e. 0.790 f. 3.296

7. Using a technology of your choice, identify a counter example to disprove the conjecture ‘All numbers of
the form 2> + 1 are prime, n € Z* U{0}

8. If Pravdeep was using proof by contradiction to prove that the diagonals of a trapezium do not bisect each
other, what would her initial assumption be?

9. Prove that the following numbers are irrational.
a. \ﬁ b. log,(7)
10. Prove each of the following propositions by proving the contrapositive.
a. If n? is even, then n is even, n € N.
b. If n? is odd, then n is odd, n € N.

11. Prove that the sum of four consecutive whole numbers is 2 less than a multiple of 4.

12. Prove that when the product of three consecutive numbers is added to the middle number, the result is the
cube of the middle number.

Complex familiar

13. Identify what is wrong with each of the following proofs.
a. Proposition: 2 = 1
Let x and y be two non-zero integers where x = y.
x=y [1]
x? = xy
2=y =ay—y?
(x+y)(x—y) =yx—y)

x+y=y (2]
Substitute [1] into [2] (for x):
y+ty=y
2y=y
2=1
b. Proposition: —6 =—6
9—-15=4-10
9—15+§ —4—10+§
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14. Determine if the following propositions are true.

a. Vx,yeR, x—yeZ b. EIyGQ,VxEQ,{GZ
y
x x
c. /e, IxeQ, -eZ d. 3x, yeQ, = €Z
y y

15. Prove that in a set of any three different natural numbers, there are always two whose sum is
divisible by 2.

16. The numbers 1 to 100 are arranged in a 10 by 10 grid. Part of the grid is shown below, with a 2 by 2
square and its 4 corner elements highlighted.

[1]2]3]a]s]e[7][8]9]10
C11 12 13 (14 1516 1 17 | 18 | 19 | 20
21222324 [25[26[27 282920
(31 [32(33[3435[36[37[38]39]40
(41 [42 (43|44 |45 46 |47 |48 |49 50
515253545556 5758|5960

Show that for any square in the grid:

a. the sum of the numbers inside the square is equal to the sum of the 4 corner numbers.
(In the example, this means that 254+26+35+4+36=14+17+44 +47.)
b. the sum of each diagonal is equal to the sum of the numbers inside the square.
(In the example, this means that 14 +25+36+47 =17 +26+ 35+ 44 =25+26 + 35 + 36.)

Complex unfamiliar

[ 17. If n; is a 2-digit number where the digit in the tens place is greater than the digit in the units place, the
number 7, is found by interchanging the two digits. Prove that n; — n, is a multiple of 9.

fzf 18. Consider the following conjecture: ‘The sum of the squares of any pair of consecutive natural numbers
is always 1 more than a multiple of 4." Use your calculator to explore examples and demonstrate that the

conjecture is likely to be true. Use algebra to prove the conjecture.

[ 19. If a=b and c =d, then ac = bd. If it is true that a > b and ¢ > d, then show that ac > bd is false. Justify
your conclusion.

i1 20. Prove that for a, b€ Z, a*> — 4b # 2.

Fully worked solutions for this chapter are available online.

Hey teachers! Create custom assignments for this chapter

‘F Create and assign Access quarantined Tk your
= =
v o unique tests and exams tests and assessments 4 g  students’ results

Find all this and MORE in jacPLUS @
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Answers

Chapter 2 Introduction to proof
2.2 Number systems and writing propositions

2.2 Exercise

1. a.
d.

2. a.

- 0O Q2 0 T 9o

Rational b. Rational c. Rational
Irrational e. Rational f. Irrational
Irrational b. Irrational

. Rational d. Irrational

.0.85 b.0.856  ¢.0.6 d. 0.53

. 1.6 b. 0.5625

. 3.142857 0r3.142857 d. 1.083
5 23 271 1

.- b. — — or 3—
9 99 90 90
610 16 2347 37 26
—or6— e.—or7— f. —
99 99 330 330 37

.{0, 3, 6,9, 15, 21}

.{3,9}

.{0, 6, 12, 18, 24}

{12, 15, 18, 21, 24}

. {12, 18, 24}; even and greater than or equal to 12

. {0, 6, 12, 15, 18, 21, 24}; even or greater than or equal

to 12
. True b. True c. False
. True e. False f. True
. True b. False c. True

a. If it lives in water, then it is a fish. (=)

o

10.

- O Q2 O T o Qo 0

11.

- 0 Q2 O T o

12, a.

106

. There is a rational number, x, so that

. If the diagonals of a quadrilateral bisect each other, it is a

rhombus. (=)

dfn>m,thenn—m>0. (&)

. If nis even, then n + 1 is odd. (&)

. For all natural numbers, x, 2x is even. True

. For all natural numbers, x, 2x + 1 is a multiple of 3. False
. For all natural numbers, x, x> 0. True

. For all real numbers, x, either x> 0 or x <0. True
. For all natural numbers, x, x is even. False

. For all real numbers, x, x> + 1 >0. True

. There is an integer, x, so that x + 5 =7. True

. There is a real number, x, so that X2 <0. False

. There is a natural number, x, that is even. True

. There is a real number, x, so that 22+ 1=0. False

. There is a real number, x, so that 2 —=1=0. True

x is also rational.
True

For all real numbers, x, there exists a real number, y, so
that x = y. True

. There exists a real number, x, so that for all real numbers,

v, x =1y. False

. For all real numbers, x, there exists a real number, y, so

that xy = 0. True

. There exists a real number, x, so that for all real numbers,

v, xy = 0. True

13. a. True b. False c. False d. True

14. True

15. (Not A or not B) and not C; with symbols, (—A or —B)
and -C

T
16. One of several solutions: (O, 5)

17. Answers may vary. Sample answers:
a. Vx,ye(-3,3), x +y2 <9
b.VxeR,IyeR, x> +y2 =9

2.3 Direct proofs using Euclidean geometry

2.3 Exercise

8-16.

1

17.

. Sample responses can be found in the worked solutions in

the online resources.

a.a=17 b.a=15

2
c.a=-—15 da=~-

3
La.a+b=7 b. 3ab=17
c.2a(b+1)=5 d. b* —2ab* =17
ay=z b.b=c c.a=x d.a=—c
a. =5 b. 42 c.2 d. 0
a.y=4 b.a+c=21
c.m=p da+b=17
.a.ac=25 b.a+b=34
Students will need to write their own proofs. Sample

responses can be found in the worked solutions in the
online resources.

x+2y=180°

2.4 Indirect methods of proof

2.4 Exercise

1.
2.

- Vab>

ca. Ifn—m<0, thenn<m.

a. 25 b. 9

a. x=-10

b. Counter examples include: a rhombus

c. Counter examples include: the numbers 6, 12, 18, ...
d. Counter examples include: the numbers 10, 20, 30, ...
a. If tomorrow is not Tuesday, then today is not Monday.
b. If A is not the midpoint of a line segment, then A does

not bisect the line segment.
a+b

b. Students will need to write their own proofs. Sample
responses can be found in the worked solutions in the
online resources.

6. Ailsa forgot that x could equal 0.

8. Students will need to write their own proofs. Sample

responses can be found in the worked solutions in the
online resources
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9. At the ‘Expanding the brackets’ step, a(a — b — ¢) = b(a — b — ¢) only if a — b — ¢ = 0. Therefore, the proof breaks down.

10. False. One solution is x> = 9 and y* = 16 (disproof by counter example).

1
11. a. There is a solutiontoa + b = 3 if a or b is not an integer.

b. Students will need to write their own proofs. A sample response can be found in the worked solutions in the online

resources.

12. a. If x<2and y <3, thenx +y <5.

b. Students will need to write their own proofs.
A sample response can be found in the worked solutions in the online resources.

13, 14. Students will need to write their own proofs. Sample responses can be found in the worked solutions in the online resources.

2.5 Proofs with rational and irrational numbers

2.5 Exercise

1-19. Students will need to write their own proofs. Sample responses can be found in the worked solutions in the online resources.

20. a.

1 2 3 4 5 6 7
8 9 10 11 12 13
14 15 16 17 18 19
20 21 22 23 24 25
26 27 28 29 30 31
32 33 34 35 36 37
38 39 40 41 42 43
44 45 46 47 48 49
50 51 52 53 54 55
56 57 58 59 60 61
62 63 64 65 66 67
68 69 70 71 72 73
74 75 76 77 78 79
80 81 82 83 84 85
86 87 88 89 90 91
92 93 94 95 96 97
98 99 100

| Primes are in bold. | Multiples of 6 | Primes are in bold.

b. The Sophie Germain primes less than 200 are 2, 3, 5, 11, 23, 29, 41, 53, 83, 89, 113, 131, 173, 179 and 191. A sample
response for the proof can be found in the worked solutions in the online resources.

2.6 Review

2.6 Ex

1. a

o

a
d

3. a

4. a.

ercise

. Rational
. Irrational
. False

. False

RS
x>4,xeR

. &

b. Rational
e. Irrational

b. False
e. False

b. The number is even and not a multiple of 5.

c. The number is odd or not a perfect square.

d

5. a
d

. x is an interesting number and it does not have exactly 3 factors.

. 0.06
.2.16

b. 0.28
e. 0.0416

f

. Rational
. Rational

. True
True

. 1.18
. 0.46
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9-12.

13.

14.
15-18.

19.
20.

313 63 2 17
a. — orl— b. = —
250 250 3 99
29 87 89
d. = e. = f. —or3—
330 110 27 27

. Examples include 4 294 967 297.
. The diagonals of the trapezium bisect each other.

Students will need to write their own responses. Sample responses can be found in the worked solutions in the online
resources.

a. The line (x + y)(x —y) = y(x — y) does not simplify to x + y =y, because dividing by x — y would mean dividing by 0
asx=y.

5\° 5\° 5 5 . 5 5 .
b.{3—=) =(2—=) meansthat + {3— =)=+ {2— = ). Inthisinstance, — | 3— = | = | 2 — = ). That is, the
2 2 2 2 2 2
. 5 5. .
line ( 3— =) =(2— =] is incorrect.
2 2

a. False b. False c. True d. True

Students will need to write their own responses.
Sample responses can be found in the worked solutions in the online resources.

ac> bd is true only if a, b, ¢ > 0. The statement is therefore false.

Students will need to write their own proofs. Sample responses can be found in the worked solutions in the online resources.
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Fully worked solutions for this chapter are available online.

EXAM PREPARATION
Access exam-style questions in every lesson, available online.
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Exam questions Exam question booklet — Chapter 3 (eqb-0281)

Digital documents Learning matrix — Chapter 3 (doc-41553)
Chapter summary — Chapter 3 (doc-41559)

3 Vectors in the plane




LESSON
3.1 Overview

Hey students! Bring these pages to life online AN ‘Z;
Engage with Answer questions Track your ',) 9 :
interactivities and check results progress /'

3.1.1 Introduction

Scalars and vectors are quantities that are
commonly used in mathematics and physics.
The main difference between a scalar and a
vector is that vectors have direction, whereas
scalars do not. For instance, the speed of

an object is a scalar quantity whereas its
velocity is a vector quantity.

Consider the tawny owl trying to catch its
prey. Knowing the speed of the owl and the
mouse would not be enough to determine
whether the owl will catch the mouse, you
would have to know the direction of each
too, that is their velocity.

Vectors are used to represent 2-dimesional
or 3-dimensional space (in unit 3). In

this chapter, you will learn about vectors
in two dimensions. Vectors are useful
tools to represent such things as position,
displacement, velocity, acceleration,
momentum etc.

Vectors can be used by coaches in many
sporting areas to illustrate the importance
of the angle of contact with the ball or
the optimum position to kick a goal.

By watching film clips with vectors
superimposed over their golf swings,
professional golfers can determine the
perfect angle to hold their club to achieve
the best outcome.
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3.1.2 Syllabus links

Lesson

3.2

3.3

Lesson title

Vectors and scalars

Vectors in two
dimensions

O O O O0O0O0O0O O O

O O OO O

O

Syllabus links

Examine examples of vectors including displacement, velocity
and force.

Understand the difference between a scalar and a vector including
distance and displacement, speed and velocity, and magnitude of force
and force.

Define and use the magnitude and direction of a vector.
Understand and use vector notation: A_B', ¢,d, unit vector notation .
Understand and use vector equality.

Represent and use a scalar multiple of a vector.

Use the triangle rule to represent the resultant vector from the sum and
difference of two vectors.

Represent a vector in the plane using a combination of the sum,
difference and scalar multiple of other vectors.

Use ordered pair notation (x, y) and column vector notation <)yc> to

represent a position vector in two dimensions.

Calculate the magnitude and direction of a vector.
a

( 1) = \/a? + ai
a

o tan@) =2, x40

X

° |a|=

Calculate and use a unit vector, #, in the plane.
° = l
|n|

Define and use unit vectors and the perpendicular unit vectors i and j.

Express a vector in Cartesian (component) form using the unit vectors
andj.

Understand and express a vector in the plane in polar form using the
notation (r, ).

Convert between Cartesian form and polar form, with and without
technology.

Understand and use the Cartesian form and polar form of a vector.

Source: Specialist Mathematics Senior Syllabus 2024 © State of Queensland (QCAA) 2024; licensed under CC BY 4.0
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LESSON
3.2 \ectors and scalars

SYLLABUS LINKS

* Examine examples of vectors including displacement, velocity and force.

Understand the difference between a scalar and a vector including distance and displacement, speed and
velocity, and magnitude of force and force.

Define and use the magnitude and direction of a vector.

Understand and use vector notation: ﬁ, ¢,d, unit vector notation 7.

Understand and use vector equality.

Represent and use a scalar multiple of a vector.

Use the triangle rule to represent the resultant vector from the sum and difference of two vectors.
Represent a vector in the plane using a combination of the sum, difference and scalar multiple of
other vectors.

Source: Specialist Mathematics Senior Syllabus 2024 © State of Queensland (QCAA) 2024; licensed under CC BY 4.0

3.2.1 Introduction

In mathematics, there is an important distinction between scalar quantities and vector quantities. Scalar
quantities have magnitude only; vector quantities have direction as well as magnitude. Most of the quantities
that we use are scalar, and include such measurements as temperature (for example 30 °C, 750 K), time, mass,
length, surface area, volume, energy, density, speed (e.g. 30 m/s, 300 km/h) etc. For some quantities it is very
important that we know both magnitude and direction.

Consider the forces involved in Linh and Kim fighting over a stuffed bear.
The direction they are pulling is important, as well as how hard they pull
the bear.

Linh exerts a force of 40 N and Kim exerts a force of 50 N and they apply 7, “4'@
these forces as shown in the diagram on the right, where the angle between e
the two forces is 150°.

In what direction will the toy move and what is the force in that direction? That
is, what is the resultant force, which is the vector sum of these two forces?

40N @

50N

The resultant force depends not only on the size of each force but the direction in which the forces are applied.

Consider the two yachts shown in the photograph. Could
they be in danger of a collision? One yacht is travelling at a
speed of 15 km/h and the other at a speed of 12 km/h. Their
speeds give no indication of their direction. Their respective
directions are as important as their speed for an analysis
their path.

Examples of vectors include force, displacement, velocity,
acceleration, momentum etc.
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Vectors and scalars
A vector is a quantity that has magnitude and direction.

A scalar is a real number only.

3.2.2 Vector notation

A vector is shown graphically as an arrow, or directed line, with a tail (start) and head B

(end). The length of the line indicates the magnitude and the orientation of the arrow
indicates its direction.

In the figure, the head of the vector is at point B (indicated with an arrow head), and the tail
is at point A.

When writing this vector, we can use point A to indicate start point, and point B to indicate end point. A special
arrow can be used to indicate that it is a vector going from point A to point B: AB. Some textbooks use a single
letter, in bold, such as w, to denote a vector, but this is difficult to write using pen and paper, so w can also be
used. The symbol (~) is called a tilde.

Magnitude and direction of a vector

The magnitude of a vector is determined by the length of the
line segment. The direction is determined by the start point
and the end point, or the angle with respect to a fixed line.

3.2.3 Equality of vectors

Vectors are defined by both magnitude and direction.

Equality of vectors

Two vectors are equal if and only if both their magnitude and
direction are equal.

In the figure, the following statements can be made:

IR IR 3N

=v
# w (directions are not equal)
#z

(magnitudes are not equal). \

Note: equal vectors do not necessarily need to have the same start points or end points.

3.2.4 Addition of vectors — The triangle rule

Consider a vector, ¥, that measures the travel from A to B and another vector, v,
that measures the subsequent travel from B to C. The net result is as if the person
travelled directly from A to C (vector w). Therefore, we can say that w =u +v.
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Addition of vectors

To add two vectors, take the tail of one vector and join it to
the head of another. The result of this addition is the vector
from the tail of the first vector to the head of the second vector.

Returning to Linh and Kim fighting over a stuffed bear, we see that the forces they apply to the toy can be
represented as two vectors. The resultant force is the sum of those two vectors.

Kim’s
force
Resultant
force
Linh’s 50N
force

From this figure we are able to get a rough idea of the magnitude and direction of the resultant force. In the
following sections, we will learn techniques for calculating the resultant magnitude and direction accurately.

3.2.5 The negative of a vector

If we walk from A to B, and then back from B to A, we have a Q net movement. Thus, the
vector A to B is the opposite of the vector B to A. If we label vector A to B as u then the
vector B to A must be —u.

Subtraction of vectors

We can subtract vectors by adding the negative of the second
vector to the first vector.

WORKED EXAMPLE 1 Representing the addition and subtraction of vectors using the

triangle rule

Using the vectors shown, sketch the results of:

a. u+vy b. —u c.u—vy d. v—u. »

4
THINK WRITE
a. 1. Sketch u and move y so that its tail is at the head of u. a.

2. Join the tail of u to the head of y to determine u + v.
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b. Reverse the arrow on u to obtain —u. b.

c. 1. Reverse y to get —y. c:

2. Sketch u and join the tail of —y to the head of u to get
—v +u, which is the same as u —y or u + (—).

d. 1. Reverse u to get —u. The vectors are now ‘aligned d.
properly’ with the head of —u joining the tail of y.

1<

2. Join the tail of —u to the head of v to get vy — u.
Note that this is the same as (—u +v)

WORKED EXAMPLE 2 Expressing a vector as a combination of the sums and differences
of other vectors

The parallelogram ABCD can be defined by the two vectors b and c. D C
In terms of these vectors, determine:
a. the vector from A to D
b. the vector from C to D
c. the vector from D to B.

THINK WRITE

a. The vector from A to D is equal to the vector from Bto C a. AD = c
since ABCD is a parallelogram.

b. The vector from C to D is equal to the vector from B to b. CD=—b
A and is the reverse of A to B (it is the same as the vector
from B to A) which is b.

c. The vector from D to B is obtained by adding the vector  c. DB = —C
from D to A to the vector from A to B. =b—
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WORKED EXAMPLE 3 Expressing a vector as a combination of the sums and differences
of multiple other vectors

A cube PQRSTUVW can be defined by the three vectors a, b and ¢ as shown.

Express in terms of a, b and c: T o
|
a. the vector joining P to V S IR
b. the vector joining P to W
c. the vector joining U to Q c Jv
d. the vector joining S to W b
e. the vector joining Q to T. P 5 0 ~
THINK WRITE
All of the opposite sides in a cube are equal in length and
parallel. Therefore all opposite sides can be expressed as
the same vector.
a. The vector from P to V is obtained by adding the vector a. PV = P_Q) + (j;
from P to Q to the vector from Q to V. PV = a+b
b. The vector from P to W is obtained by adding the vectors b. PW = PV + VW
PtoVand Vto W. PW=a+b+c
c. The vector from U to Q is obtained by adding the vectors c. UQ = UP + PQ
UtoPandPto Q. UQ =-b+a
=a-=b
d. The vector from S to W is obtained by adding the vectors d. SW =SR+RW
StoR and R to W. SW=a+1b
e. The vector from Q to T is obtained by adding the vectors e. Gf = @ +PS+ST
QtoP,PtoSandStoT. QT =—a+c+b
=b+tc—qa
3.2.6 Multiplying a vector by a scalar
Multiplication of a vector by a positive number (scalar) affects only the magnitude of N
the vector, not the direction. For example, if a vector i has a direction of north and a
magnitude of 10, then the vector 3u is still in the direction of north and magnitude of 30. w E
If the scalar is negative, then the direction is reversed. Therefore, —2u has a direction of T S
south and a magnitude of 20. @ 3 | 2w

Scalar multiples of a vector are all parallel as multiplication by a positive scalar only
affects the magnitude of a vector, and multiplication by a negative scalar affects the
vector’s magnitude and reverses its direction.

116 Jacaranda Maths Quest 11 Specialist Mathematics Units 1 & 2 for Queensland Second Edition

=



WORKED EXAMPLE 4 Representing a scalar multiple of a vector

Use the vectors shown at right to sketch the result of:

a. 2r+3s
b. 25 —dr. 4_/§
r
THINK WRITE -
a. 1. Increase the magnitude of r by a factor of 2 a.
and s by a factor of 3.
3s

21
2. Move the tail of 3s to the head of 2r. Then join s 4
the tail of 27 to the head of 3s to get 2r + 3s. \ e
S /I 3s
/
/
2
b. 1. Increase the magnitude of s by a factor of 2 b.
and r by a factor of 4. o
< 4£
2. Reverse the arrow on 4r to get —4r.
2
—4r =
3. Join the tail of —4r to the head of 2s. 25— 4r
—4r g

Vectors can be used to solve real-world problems involving movement and direction. Direction is typically
referenced using a compass and expressed as the degrees clockwise from north. This is known as a bearing.
We can then use Pythagoras’ theorem and trigonometry to solve displacement and bearing problems through
vector addition.

WORKED EXAMPLE 5 Using vectors to determine the displacement of an object

A boat travels 30 km north and then 40 km west.

a. Sketch a vector drawing of the path of the boat.

b. Sketch the vector that represents the net displacement of the boat.

c. Determine the magnitude of the net displacement.

d. Given that vectors require a direction, calculate the bearing (clockwise from true north) of this net
displacement vector.

THINK WRITE
a. 1. Set up vectors (tail to head), one pointing north, the a. < o h N
other west. -
N (30 km) W<—I—>E
S

2. Indicate the distances as 30 km and 40 km respectively. >
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b.  Join the tail of the N vector with the head of the W vector. b. <—W @0km)
N+ W N (30 km)

= —
c. 1. Let R km=Ilength of N+ W. c. W (40 km)
R=N+W N (30 km)
2. The length (magnitude) of R can be calculated using R = V307 + 40
Pythagoras’ theorem. = 1/900 + 1600
=50 km
d. 1. Indicate the angle between N and N+ W as 6. d. W @0 k)
N+W N (30 km)
. . . . 40
2. Use trigonometry to determine 8, where the magnitude of sin(f) = —
the opposite side is 40. The hypotenuse, R, was determined B 50
in part c as 50. =L
g =53.13°
3. The true bearing is 360° minus 53.13°. Therefore the true bearing is:

360° —53.13° =306.87°

WORKED EXAMPLE 6 Using vectors to determine the distance of an object from its

starting point

A student rides their bicycle 8 km south-east and then 15 km north-east.

a. Determine how far the student is from their starting point.

b. Determine how far east the student is from their starting point.

c. Determine how far north the student is from their starting point.

d. Calculate the bearing (clockwise from true north) of the net displacement vector.
Give your answers to two decimal places where appropriate.

THINK WRITE
a. 1. Sketch a vector drawing of the a. Finish
bicycle ride.
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2. The magnitude of the net
displacement vector w can be
calculated using Pythagoras’
theorem.

. 1. Complete your sketch with the b.

displacement east and north.

2. The total distance east from
the starting point is the
distance SB, which is equal
to the sum of the distances SA
and CD.

The total distance north

from the starting point is the
distance BF, which is equal to
the difference of the distances
DF and DB.

. 1. The direction 6 of the
displacement vector can
be determined using
trigonometric ratios.

2. The bearing from true north
can be calculated as 90° — 6.

C.

lw| = V82 + 152
=17
The total distance from the starting point is 17 km.

Finish

SB =SA+CD

= 8c0s(45°) + 15 cos(45°)
= 16.26
The student is 16.26 km east from the starting point.

BF = DF - BF

= 15sin(45°) — 8 sin(45°)
=4.95
The student is 4.95 km north from the starting point.

BF

. sin(f) = —
©) -
495
