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The gradient of a linear function

The gradient of a straight-line function, also known as the slope,
determines the change in the y-value for each change in z-value. The
gradient can be found by analysing the equation, by examining the
graph or by finding the change in values if two points are given. The
gradient is typically represented with the pronumeral m.

A positive gradient means that the y-value is increasing as the z-value
increases, and a negative gradient means that the y-value is decreasing
as the z-value increases.

A

54

a
A gradient of 3 means that for every increase of b in the z-value, there

: : 2
is an increase of a in the y-value. For example, a gradient of Y means

that for every increase of 3 in the z-value, the y-value increases by 2.

x- and y-intercepts

crosses the z-axis. This occurs when y = 0.

The z-intercept of a linear function is the A
point where the graph of the equation X

The y-intercept of a linear function is the /

6.2 Constructing straight line graphs 1.2 teachON

point where the graph of the equation /’ 0
crosses the w-axis. This occurs when » = 0 3.9

6.1 OVERVIEW

6.2 Exercise
Q1

State the gradients
ay=2z+1

Gradient

WORKED SOLUTIO

b.y=—z+3

Gradient =

c.y {,—.z»»l

Gradient =

6.3 DETERMINE AND |




owerful learning tool, learnON

Teacher and student views

Textbook questions

«§ SHARE Student NoClass @ = 9 Help % Lindsey Abeyasekere

6.2Ex2 6.27TBQ L RESOURCES

Topic PDF

Fully worked solutions and
sample responses

Solutions »

Digital documents
and y-intercepts of the following linear equations. L e

Digital documents

B ERE

Video eLessons * =

Determining the gradient from a graph
Play, rewind and re-watch this teacher-led video.
Duration; 3:10

Video eLessons
, y-intercept

Interactivities
Linear modelling
- 2 mark(s) Play, rewind and re-watch this teacher-led video.
Duration: 5:56
Reliability of predictions

Play, rewind and re-watch this teacher-led video,
Duration: 4:45

 yrintercept = Interactivities 4}

Teacher-led videos

- 2 mark(s) . Digital documents —

Chapter 6 Test A
Student test A, designed in Word for easy editing and
customisation.

Enhanced teacher support resources

’ = Interactive questions with
Chapter 6 Test A and answers . :
Student test A with answers included, designed in Immedlate feedbaCk

_ yillterccpl = Word for easy editing and customisation,

Chapter 6 Test B
Student test B, designed in Word for easy editing and
E = o customisation.

NTERPRET THE SLOPE AND INTERCEPTS OF STRAIGHT LINE GRAPHS
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L1 Overview

12.1.1 Introduction

The noemal distribution is sometimes referred

e It is also called the

Each topic is linked
to Key Knowledge
(and Key Skills) from . t
the VCE Mathematics

a coin, increased, the shape of the binomial

Study Design. isribution spproschod 1 smooth curve. He

was able 10 find a mathematical expression

KEY CONCEPTS

This topic covers the following key concepts from the VCE Mathematics Study Design
« rundotn variables, including the concept of a random variable as a real function defined on & sample
space and examples of continuous random variables

* continvous random variables
effect of variation in the value(s) of defining parameters on the graph of a given probability
density function for a continuous random variable
calculation of probabilities for intervals defined in terms of a mndom variable, including
conditional probability

Saurce: VCE Mathemsatios Stady Design (2023-2027) extracts © VCAA: reprodaced by permission.

2.2 Trigonometric symmetry properties ok a2

onResources link to targeted
S a digital resources including video

* stte two trigonometric identities RCARAES @ eLeSSOnS and Weblinks.

* determine complementary angles

* determine exict values for the sine, cosine and tangent of specific angles. Irtreactivities [z ]

2.2.1 The unit circle
/)
Angles ire measured in degrees o radfns. To define a radian, a circle with 4 |1 it i
9 e
7

LEARNING INTENTION

At the end of this subtopic you should be able to:

radius of | unit is used, This circle is called the unit circle. When the point P is -~
moved around the circle such that the arc length from S to P is | unit, the angle
SOP is defined. The measure of this angle is | radian, I P 7”‘/ ) 1\”. Tables and images break down
For the blue right-angled triangle POX, where G is the angle ut the origin, we L\ f

the distance akong the y-axis is defined as sin(@) N |-/ content, allowing students to
: . v understand complex concepts.

| / Plry))
’,/ Tangent
tan @) [ 0
= - s 0

S T
O MR \\ Jt Interactive glossary terms
g help develop and support

' ‘ mathematical literacy.
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Tearn[gy

The diagram shows the line L, passing through the points A und B and
the line L; passing through the points A and D, with the angle BAD v
being  right mngle

Taking AC as | unit, the sides in the diagram are Lsbelled with their
lengths. The side CB has length m . Because lengihn must be positive. -
the side CD is labeliod ns —my, since m; <0
From the wiangle ABC in the diagram, tn 8 = HT = my. sod from the

1
riangle ACD in the dlagram, tan 0 = ———
-

Hence

Pink highlight boxes
summarise key information
and provide tips for VCE
Mathematics success.

* Gradients of perpendiculur line

1
ey =1 or iy =——
"y

* 1f two Lines with gradients sy aod m; are perpendicular, thea the product of their gradients is
One gradient is the negative reciprocal of the other

* Tnfollows that if m my = 1, then the two lines are perpendicular. This cun be used to test for

perpendicularity

:

The graph of the function defined by the rule fix) = ¢ is shown.
"

Worked examples break down the

process of answering questions using

a think/write format.

- | - w0
1 s © ns 1S 2 35 3

Use the trapezium rule with interval widths of 0.5 to upproximate the wrva bound by the curve and
the x-axis from x = 0.5 to x = 2.5, Give your answer cotrect to 2 decimal places,

THINK WRITE
1, Draw the traperivms on the graph. Identify the
key poimts secdad foe the trapeziams

tearnCD

Teacher-led videos that explain
how to approach exam questions,
including VCAA exam questions.

¢ Online and offline question sets
contain practice questions, exam-
style questions and past VCAA exam
questions with exemplary responses
and marking guides.

e Every question has immediate,
corrective feedback to help students
to overcome misconceptions as they
occur and to study independently —
in class and at home.
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Topic reviews

End-of-topic exam questions
include relevant past VCE exam
questions and are supported by

Topic reviews ' e teacher-led videos.
include online ;

summaries and
topic-level review
exercises that cover
multiple concepts.
Topic-level exam
questions are
structured just like
the exams.

Students can start
preparing from
lesson one, with
exam questions
embedded in every
lesson — with
relevant past VCAA
exam questions R
since 2013. e A

Customisable practice SACs
available to build student
competence and confidence.

Combine units flexibly
with the Jacaranda Supercourse

Build the course you’ve always wanted with the

Jacaranda Supercourse. You can combine all

learnG) . e Mathematical Methods Units 1 to 4, so students can
] | 3 move backwards and forwards freely. Or combine

Methods and Specialist Units 1 & 2 for when students

switch courses. The possibilities are endless!

MATH
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A wealth of teacher resources

Enhanced teacher support resources,
including:
e work programs and curriculum grids

1.2 Unear functions.

1.2 Exercise 1.2
Linear functions

1 2 Linear functions

1.2.1 Functions 4 Sabutrars [+ ]

For each of the fotowing. state:

Afunction is a set of ordered pairs in which each =-value is palred to a . ° t h d . d ddt | t t
e e e o = — eaching advice and additional activities
o i o et B B g T — e quarantined topic tests (with solutions)
Intersect the graph more than once, in which case the function has & L n . .
AR Sy o e © e quarantined SACs (with worked
The domain of a function is the set of swvalues in the ordered pairs, and \ -
the range is the set of the y-values of the ardered pairs. ‘ m . (DX Ognat docimmnts . . .
g, solutions and marking rubrics)
As a mapping, a function s written f: D < R, J (2) = ..., where the Topie 1 Test A
ordered pairs of the function / are formed using each of the = values in \ atia Siadert test A ot Sermat
the domain 1) and pairing them with a unique y-value drawn from the co- [ CUROmRI00A.
domain set R according to the function rule 7 (x) Not st of the o2 —

avalabie y-vakies may be required for a particular mapping; ts is ' T
dependent on the function rule. et tes: A weth sy 00 Aword Format
Tor ey edting and cntorisnon

Far ary pobynomial function, the implied or maximal domain is 1. For
example, the mapping or function notation for the straight ine y — 2215
JiR =R, [(x) =2z Topk 1 Test
St test & i Wortd Rrmat for e5ng et
Under this mapping, the image of 3, or the value of f at 3, is Cuttemasanon

£(3) = 2 x 3 = 6 and the ordered palr (3, 6) hes on the line of the

[0 50 memm Y0 e
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1.1 Overview

Hey students! Bring these pages to life online “n an
Watch Engage with Answer questions ',) 9
videos interactivities and check results /°

Find all this and MORE in jacPLUS C)

1.1.

Solving algebraic problems is one of the oldest processes in
mathematics; however, it wasn’t until the fifteenth century
that the practical notation we use today was created. Before
this, all equations were written out in words. As far back as
ancient Egypt and Babylon, people were solving linear and
quadratic equations, and the current solving processes are
similar to the original methods. It took until the sixteenth
century for a group of Italian mathematicians to solve the
general cubic equation.

Polynomials have many applications in a range of industries:

1 Introduction

in engineering, a polynomial might be used to model the

curves of rollercoasters or bridges; in economics, a combination of polynomial functions might be used to do
cost analyses; and in physics, polynomials are used to describe energy, inertia and voltage difference, as well as
the trajectories of moving objects.

KEY CONCEPTS

This topic covers the following key concepts from the VCE Mathematics Study Design:

graphs of polynomial functions and their key features

graphs of the following functions: power functions, y = x", n € Q; exponential functions, y=a*,a € R,
in particular y = *; logarithmic functions, y =log, (x) and y =log,, (x); and circular functions,
y=sin(x),y=cos (x) and y = tan (x) and their key features

graphs of sum, difference, product and composite functions involving functions of the types specified
above (not including composite functions that result in reciprocal or quotient functions)

modelling of practical situations using polynomial, power, exponential and logarithmic functions,
simple transformation and combinations of these functions, including simple piecewise (hybrid)
functions

solution of polynomial equations with real coefficients of degree n having up to n real solutions,
including numerical solutions

solution of equations of the form f(x) = g (x) over a specified interval, where f and g are functions of
the type specified in the ‘Functions, relations and graphs’ area of study, by graphical, numerical and
algebraic methods, as applicable

solution of simple systems of simultaneous linear equations, including consideration of cases where no
solution or an infinite number of possible solutions exist (geometric interpretation only required for two
equations in two variables).

Note: Concepts shown in grey are covered in other topics.

Source: VCE Mathematics Study Design (2023-2027) extracts © VCAA; reproduced by permission.
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1.2 Linear functions

LEARNING INTENTION

At the end of this subtopic you should be able to:
e define a function
¢ sketch and determine a linear function
¢ determine the midpoint and distance between two points.

1.2.1 Functions

A function is a set of ordered pairs in which each x-value is paired to a unique y-value. A vertical line will
intersect the graph of a function at most once. This is known as the vertical line test for a function.

A horizontal line may intersect the graph of a function once, in which case the function has a one-to-one
correspondence, or the horizontal line may intersect the graph more than once, in which case the function has
a many-to-one correspondence.

The domain of a function is the set of x-values in the ordered pairs, and the range is the set of the y-values of
the ordered pairs.

As a mapping, a function is written f : D — R, f(x) =..., where the ordered pairs of the function f are formed
using each of the x-values in the domain D and pairing them with a unique y-value drawn from the co-domain
set R according to the function rule f(x) =... Not all of the available y-values may be required for a particular
mapping; this is dependent on the function rule.

For any polynomial function, the implied or maximal domain is R. For example, the mapping or function
notation for the straight line y=2x1isf: R — R, f(x) =2x.

Under this mapping, the image of 3, or the value of fat 3, is f(3) =2 X 3 =6, and the ordered pair (3, 6) lies on
the line of the function.

If only that part of the line y =2x where the x-values are positive was required, then this straight line function
would be defined on a restricted domain, a subset of the maximal domain, and this would be written as
g:RT >R, g(x)=2x.

WORKED EXAMPLE 1 Recognising functions

Part of the graph of the parabola y = x? is shown in the diagram.

a. Explain why the graph is a function and state the type of
correspondence. (3,9)

b. State the domain and range.

c. Express the given parabola using function notation.

d. Calculate the value of y when x = —\/5.

YA

2,4
y =X

A

0,0 *
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THINK WRITE

a. 1. Use the vertical line test to explain why the a. This is a function because any vertical line that
graph is of a function. intersects the graph does so in exactly one place.
2. State the type of correspondence. A horizontal line could cut the graph in up to two

places. The correspondence is many-to-one.
b. 1. State the domain. b. Reading from left to right horizontally in the x-axis
direction, the domain is (—2, 3].
2. State the range. Reading from bottom to top vertically in the y-axis
direction, the range is [0, 9].
c. Use the domain and the function rule to form the c. Let the function be f. As a mapping, it is
mapping. f:1(=2,3] =R, f(x) =x%.

d. Calculate the required value. d. fx)=x

Letx=—\/5. i
7(-v2) = (-v2)’

=

1.2.2 The linear polynomial function

Two points are needed in order to determine the equation of a line. When sketching an oblique line by hand,
usually the two points used are the x- and y-intercepts. If the line passes through the origin, then one other point
needs to be determined from its equation.

Gradient
Y2—W

The gradient, or slope, of a line may be calculated from m = ——. A
X2 =X

This remains constant between any pair of points (x;,y;) and (x,, y,) on the line. A
The linear function either increases or decreases steadily. @1, 1)

Parallel lines have the same gradient, and the product of the gradients of
perpendicular lines is equal to —1. That is: B w2 72)
0 \
Gradient
m= y2—y1 v
X2 —X1

m; = m; for parallel lines

and m;m, = —1 for perpendicular lines.

The angle of inclination of an oblique line with the positive direction of the x-axis can be calculated from the
gradient by the relationship m = tan (6). The angle 6 is acute if the gradient is positive and obtuse if the gradient
is negative.

Equation of a line

The equation of a straight line can be expressed in the form y = mx + ¢, where m is the gradient of the line and
c is the y-value of the intercept the line makes with the y-axis.
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If a point (x;,y;) and the gradient m are known, the equation of a line can be calculated from the point—gradient
form, y —y; =m (x —x)).

Oblique lines are one-to-one functions.
Horizontal lines run parallel to the x-axis and have the equation y = c¢. These are many-to-one functions.

Vertical lines rise parallel to the y-axis and have the equation x = k. These lines are not functions.

WORKED EXAMPLE 2 Sketching a linear graph

Consider the line L where L = {(x, y) : 2x + 3y =12}.
a. Sketch the line.
b. Calculate the gradient of the line.

THINK WRITE
a. 1. Calculate the x- and y-intercepts. a. 2x+3y=12
y-intercept: let x =0.
3y=12
y=4

The y-intercept is (0, 4).
x-intercept: let y=0.
2x =12
x=6
The x-intercept is (6, 0).

\\y,
0.4 ri3y=12

(6,0)

2. Sketch the graph.

A

(=]
A

Y

b. Rearrange the equation in the form y =mx + ¢ b. 2x+3y =12
and state the gradient. 3y=—2x+12
Note: The gradient could also be calculated using y= —2x +4

3

rise .
m = — from the diagram. )
run The gradient is m = e

WORKED EXAMPLE 3 Determining linear equations

Determine the equation, in the form ax + by + ¢ =0, for the line:
a. passing through the point (2, 3) and parallel to the line with equationy —3x +5=0
b. passing through the point (—1, 6) and perpendicular to the line with equation 2y + 4x = —10.

THINK WRITE

a. 1. Convert the equation into the form y=mx+c¢ a. y—3x+5=0
and state the gradient of the parallel line. This y=3x—5
is also the gradient of the desired line. Som=3
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2. State the gradient—point form of a straight y—y; =m(x—x;)
line equation.

3. Substitute the given point (2, 3) and the y—3=3(x-2)
gradient, and simplify. y—3=3x—6
y=3x-3
4. Rearrange the formula into the required form, y=3x-3
ax+by+c=0. y—3x+3=0
b. 1. Convert the equation into the form y=mx+c¢  b. 2y +4x=—10
and state the gradient of the perpendicular 2y = —4x—10
line. y=-2x—5
Som==2
2. Calculate the gradient of the desired line. myXm, = —1
—2Xmy, = —1
Lmy = !
.o 2 2
3. State the gradient—point form of a straight y—y=m(x—xp)

line equation.

1
4. Substitute the given point (—1, 6) and the y—6==-(x+1)
gradient, and simplify. % |
y—6=—x+—
2 2
1 . 13
AR
. . 1 13
5. Rearrange the formula into the required form, y=—x+—
- 2 2
ax+by+c=0.
2y =x+13
2y—x—13=0

WORKED EXAMPLE 4 Gradients and linear equations

a. Calculate, correct to 1 decimal place, the angle made with the positive direction of the x-axis by the
line that passes through the points (-3, —2) and (4, 1).
b. Determine the equation of the line that passes through the point (5, 2) at an angle of 45°.

THINK WRITE
a. 1. Determine the gradient of the line passing a. m= il
between the given points. =4
e
T 443
)
7
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2. State the relationship between the angle and tan (6) = m

the gradient. tan (6) = S
7
. 1 (3
3. Calculate 6, correct to 1 decimal place. 0 = tan -
= 23.2°
b. 1. Determine the gradient from the given angle. b. tan () = m
m = tan (45°)
=1
2. State the gradient—point form of a straight y—y;=m(x—x;)
line equation.
3. Substitute the given point (5, 2) and the y=—2=1x-=5)
gradient, and simplify. y—2=x-—5
y=x-3

1.2.3 Midpoint and distance between two points

Midpoint between two points
The midpoint, M, of a line cuts the line exactly in half, so M is equidistant YA
from points A and B. (2, 32) 8 5

The coordinates of M are found by averaging the x- and y-coordinates of
points A and B.

Midpoint between two points (¥, y1)

+
M=<x1+x2’,"1 )’2>
2 2

A

o
<Y

Distance between two points
The distance between two points is the length of that line segment. yA
Essentially, a right-angled triangle can be constructed with vertical height

vy, —y; and horizontal length x, — x;. Applying Pythagoras’ theorem, the
formula for the distance between two points is as follows.

A

Xy — X|—>

Distance between two points 1, )

d=1/(x2 —x0)" + G, —y))?
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WORKED EXAMPLE 5 Calculating the midpoint and distance between two points

Given the points (-3, 5) and (4, —6), calculate:
a. the midpoint, M, between the two points
b. the distance between the two points.

THINK WRITE
+ +
a. 1. Write the formula for finding the midpoint between a. M= ey , AT >
two points. z z
344 5—
Substitute the x- and y-coordinates and simplify. M= < s , ﬁ)
Note: It doesn’t matter which is point 1 and which is 1 2 1 2
point 2. _ <_’__>
2 2
b. 1. Write the distance formula. b. d= \/(x2 — X )’ + (O, —yl)2
2. Substitute the two points into the equation and simplify. d= \/ (4+3)° +(—6-5)°
the: It doesn’t matter which is point 1 and which is _ /72 (=11
point 2.
=149+ 121
=4/170
3. State the final answer. The distance is /170 units.
Resources

Interactivities Equations from point—-gradient and gradient-y-intercept form (int-2551)
Midpoint of a line segment and the perpendicular bisector (int-2553)

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

Technology free

1. [KZM Part of the graph of the parabola y = x? is shown in the diagram.

a. Explain why the graph shows a function and state the type of 410

correspondence.
b. State the domain and range. y=x2
c. Express the given parabola using function notation.

d. Calculate the value of y when x=—-2 \/3_’ . 2,4

A

8 Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Third Edition



2. For each of the following, state:

i. the type of correspondence
ii. the domain and the range
iii. whether or not the relation is a function.

a. _i y b. YA
(7)1 ‘
3.5¢ N (0,4
(1,0)
- 0 X - >
0, 0) X
(6, -6)
9
y (7’_9) Y
c y d. YA

©,2)
0,2)
\(3, 0)

(-2,0) 0 (2,0) x < >
0 \ic
(0’ _2)
y Y
e YA f by
(2,8
0,2)
< - ~
< 0 :x
Y (2.-8)
\
3. A Consider the line L where L={(x,y) : 3x—4y=12}.
a. Sketch the line.
b. Calculate the gradient of the line.
4. Sketch the following linear functions and state the range of each.
a.f:R->R f(x)=9—4x b.g:(—3,5]—>R,g(x)=35—x
2x
c. 2x+y=4, xe[-2,4) d.y=?+5, x€[-1,5]

5. Determine the equation of the line:

a. with a gradient of —3 and passing through the point (2, 6)
b. passing through the points (—2, —4) and (1, 5).

TOPIC 1 Functions and graphs 9



6. =M Determine the equation, in the form ax + by + ¢ =0, for the line:
a. passing through the point (—1,4) and parallel to the line with equation y +2x—3=0
b. passing through the point (2, 3) and perpendicular to the line with equation 3y — 6x =4.
Technology active
7. 2 Determine:

a. the angle made with the positive direction of the x-axis by the line that passes through the points (2,1) and
(8,—4) correct to 1 decimal place
b. the equation of the line that passes through the point (—2, 4) at an angle of 45°.

8. a. A Given the points (2, 0) and (6, —4), calculate:

i. the midpoint, M, between the two points
ii. the distance between the two points.

b. Given the points (—3, —2) and (4, 3), calculate:

i. the midpoint, M, between the two points
ii. the distance between the two points.

9. Determine the value of a when:

a. the midpoint of (a,4) and (10, -2) is (8, 1) b. the midpoint of (6, a) and (-3, —2) is <§, %)

c. the distance between (1,a) and (4,6) is /73 d. the distance between (a, 4) and (-2, —2) is \/45.
10. Consider the three points A (5,—3), B (7,8) and C (—2, p). The line through A and C is parallel to
Ox+Ty="24.

a. Calculate the value of p.
b. Determine the equation of the line through B that is perpendicular to AC.
c. Calculate the shortest distance from B to AC, expressing the value to 1 decimal place.

1.2 Exam questions

Question 1 (1 mark)
Source: VCE 2013, Mathematical Methods (CAS) Exam 2, Section 1, Q2; © VCAA.

I The midpoint of the line segment that joins (1, —5) to (d, 2) is

A <ﬂ,_§> B. <1;d,_z> c. (‘1—_4,())
2 2 2 2 2
D. <0,1;d> E. <5i1’2>
3 2

Question 2 (1 mark)
Source: VCE 2014, Mathematical Methods (CAS) Exam 2, Section 1, Q2; © VCAA.

& The linear function f: D — R, f(x) =4 — x has range [—2, 6).
The domain D of the function is
A. [-2,06) B. [-2,2) C.R D. (-2, 6] E. [-6, 2)
Question 3 (1 mark)
I The gradient of a line perpendicular to the line that passes through (3, 1) and (0, —5) is

A. l B. 2 C. —l D. -6 E. -2
2 2

More exam questions are available online.
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1.3 Solving systems of equations

LEARNING INTENTION

At the end of this subtopic you should be able to:
e solve simultaneous equations with two and three variables.

1.3.1 Solving simultaneous equations with two variables

Three possible scenarios exist when we are dealing with two linear simultaneous equations. There may be one
solution only, there may be no solutions, or there may be infinitely many solutions.

One solution | If the two straight lines intersect each other at only y

one place, we have one solution. This indicates that

the gradients of the two equations are different.

<

4

o
<Y

<

No solution If the two straight lines have the same gradient, y
they are parallel lines, so they never meet.
Therefore, there are no solutions to the
simultaneous equations. Although the gradients of

the lines are the same, the y-intercepts are different. /

>

A

=

<

NN

Infinitely If the two straight lines have the same equation, ¥
many one line lies on top of the other and there are
solutions infinitely many solutions. Both the gradients and
the y-intercepts are identical.

<
<
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Resources

Interactivities Solving systems of equations (int-2549)
Intersecting, parallel and identical lines (int-2552)

WORKED EXAMPLE 6 Determining unique solutions

Determine the value of k for which the following simultaneous equations have a unique solution.

kx+3y=1
4x+3ky =0
THINK WRITE
1. Label the equations. kx+3y =1 [1]
4x+3ky =0 2]

2. There will be a unique solution for all values  [1]|= kx+3y =1

of k, except when the gradients of the two lines 3y=1—kx
are the same. To find the gradient, write the = 1 —kx
equations in the general form, y = mx + c. 3
Som= K
3
[2]=>4x+3ky =0
3ky = —4x
W
T
) 4
oM = ——
3k
. k 4
3. Equate the gradients and solve for k. — = e
3k =12
k=4
k==2
4. Write the solution. keR\{-2,2}

This solution tells us that if k== 2, the
equations will have the same gradient, so for
any other value of k, there will be a unique
solution.

1.3.2 Simultaneous equations with three variables

An equation with two variables defines a line. An equation with three variables defines a plane. If an equation
has three variables, there needs to be three different equations for us to be able to solve for the point at which the
three planes intersect (if in fact they do intersect at a single point).
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There are a number of different possible outcomes when planes intersect.

No solution One unique solution Infinitely many solutions

A

The planes are identical.

Planes are parallel to one another.

There is a single point at which all
three planes intersect. The planes intersect along a line.

There is no common point of
intersection.

When solving three simultaneous equations without technology, the strategy is to eliminate one of the variables
and reduce the three equations with three unknowns to two equations with two unknowns.

Solving simultaneous equations with technology becomes a straightforward problem in CAS by using the inbuilt
functions.

WORKED EXAMPLE 7 Solving simultaneous equations with three unknowns

Solve the following system of simultaneous equations.

2x—3y+2z2=-5
x—=5+z=1
2+3y+z=-2

THINK WRITE
1. Label the equations and determine which 2x—3y+2z=-5 [1]
of the three pronumerals you are going to x=5y+z=1 [2]
eliminate. 203y =—"—238[3]

Either x or z would be appropriate choices, as
the coefficients in all three equations are either
the same or a multiple of the other.
Let us eliminate z.
2. Subtract equation [2] from [3] to eliminate z [31—-12]=> x+8y=-3 [4]
and label this equation [4].
3. We need another equation without z. Inorder [3|X2= 4x+6y+2z=—4 [5]
to subtract equation [1] from [3], multiply
equation [3] by 2. Label this equation [5].
4. Subtract equation [1] from the newly formed  [5] —[1]= 2x+9y=1 [6]

[5] to eliminate z and label this equation [6]. >
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. We now have two equations with only x and y.

. Substitute y = —1 back into the system of

x+8y=-3 [4]

2x+9y =1 [6]
. The standard elimination method will be 4] x2=> 2x+16y=—6 [7]
used to solve this pair of simultaneous
equations. Multiply equation [4] by 2 so that
the coefficients of x are the same. Label this
equation [7].
. Subtract equation [6] from [7] and solve for y. [7]-[6]=> Ty = -1
y=-l1

Substitute y = —1 into [4]:
equations in order to find x. Choose one of the x—8 = —3
equations containing only x and y. x=135

9. Substitute the values for x and y into one of the Substitute y=—1 and x =5 into [2]:
original equations and solve for z. S+5+z=1
10+z=1
z=-9
10. Write the final solution. Alternatively, CAS x=5y=—1,z=-9
can be used to solve the three simultaneous
equations if the question is technology active.
TI| THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE

1. On a Calculator page, press

MENU, then select:
3: Algebra

7: Solve System of Equations
1: Solve System of Equations . ..

Complete the entry line as:
2x—3y+2z=-5
solve|{x—5y+z=1
2x+3y+z=-2
then press ENTER.

2. The answer appears on the

’{x’y’Z}

screen.

(2 X=3 y+2-2=-5 |
solve|{x-5- y+z=1 ,{.\“v,: }
i

20 x+3: ytz=-2

x=5and y=-1and z=-9

x=5y=—1,z=-9

1. On a Main screen,
complete the entry

line as:

Solve ({2x — 3y + 2z = -5,
x—5y+z=1,
2x+3y+z=-2},
{x,y, 2}

then press EXE.

2. The answer appears on
the screen.

O Edit Action Irteractive

] [afsm ] [ TN

solve ( { 2x-3y+22=-5, x-5y+z= | L1
{x=5,y==1,z==9} |

D

Alg Standard  Fieal Red -

x=5y=—-1,z=-9

Resources

Interactivity Equations in 3 variables (int-2550)
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1.3.3 Simultaneous equations involving parameters

When there are infinitely many solutions to a system of equations, such as when planes intersect along a line, we
can describe the set of solutions through the use of a parameter. Conventionally, the parameter chosen is 4.

WORKED EXAMPLE 8 Solving simultaneous equations using a parameter

The simultaneous equations shown have infinitely many solutions.

2x+y—4z=2
x+y+3z=-—

a. Eliminate y by subtracting the second equation from the first equation.
b. Let z = 1 and solve the equations in terms of A.
c. Explain what this solution represents.

THINK

a. 1. Label the equations.

WRITE
a. 2x+y—4z=2 [1]
x+y+3z =-—1 [2]

2. Subtract equation [2] from equation [1].

. Substitute z = A and solve for x.

2. Substitute z=A4 and x =3 + 74 into equation
[2] and solve for y.
Note: Equation [1] could have also been

[1]-[2]=>x—=T7z=3

. =
x—T1=3
x=3+4+74

Substitute z=A and x=3 + 74 into [2]:

3+TA+y+31=-1
y+101+3=-1

chosen.
3. Write the solution.

c. Interpret the solution.

y=—4-104

x=34+T71,y=—4—104,z=41
c. This solution describes the line along which
the two planes intersect.

TI| THINK

b. 1. On a Calculator page, press
MENU, then select:
3: Algebra
7: Solve System of Equations
1: Solve System of Equations . ..
Complete the entry line as:

DISPLAY/WRITE

i2: X4y=4-z=2 |
ml\'e({xﬂ"*-?o' z=-1 ,{ Xz }
z=A !
=7+ A+3 and y=-2 (5- 4+2) and z=1

2x+y—4z=2
solve| ix+y+3z=—1,{x,y,2}
z=A
then press ENTER.
Note: The A symbol can be found
by pressing ctrl+ (7]
2. The answer appears on the screen. x =71+ 3,
y==2051+2)),
z=A1

CASIO | THINK

b. 1. On a Main screen,
complete the entry line
as:
solve ({2x+y—4z=2,

x+y+3z=-11,

2=} {xy,3}
then press EXE.
Note: The A symbol can

be found in the Keyboard

menu by selecting abc
then selecting a3y .

2. The answer appears on
the screen.

DISPLAY/WRITE

o Edit Action Interactive

] i [lafsm e T T4

solve ({ 2xky—42=2, xhy+3z=—1 >/
{x=T-4+8, y==10-A-4, 2=} ||

a

Alg Standerd  Feal Red -

x=T71+3,
y=—101—4,

<
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Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

Technology free
1. [lIIZA Determine the value of k for which the following simultaneous equations have a unique solution.

2x+ky=4
k—=3)x+2y=0

2. Determine the value of m for which the following simultaneous equations have infinitely many solutions.

mx—2y=4
x+(m—=3)y=m

3. Determine the value of m for which the following simultaneous equations have no solution.

x+my=3
dmx+y=0

4. Determine the value of k for which the following simultaneous equations have a unique solution.

x+3ky=2
k—1)x—1=—6y
5. Calculate the value of m for which the following simultaneous equations have:

a. a unique solution
b. no solution
c. an infinite number of solutions.

—2x+my=1
(m+3)x—2y=-2m

Technology active
6. Solve the following system of simultaneous equations.

2m—4n—p=1
dm+n+p=>5
3m+3n—2p =22

7. Solve the following system of simultaneous equations.

2d—e—f=-2
3d+2e—f=5
d+3e+2f=11
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10.

11.

12.

13.

14.

15.

16.

. Solve the following systems of simultaneous equations.
a. 2x+y—z=12 b. m+n—p==~6
—x—=3y+z=-13 3m+5n—2p =13
—4x+3y—z=-2 Sm+4n—"Tp =34
c. u+2v—4w=23 d a+b+c=4
3u+4v—2w =37 2a—b+2c=17
B3u+v—-2w=19 —a—3b+c=3
. The measure of the largest angle of a triangle is 20° more than the smallest angle, and the sum of the

largest and smallest angles is 60° more than the third angle. Calculate the angle sizes of the triangle using
simultaneous equations.

Solve the following system of simultaneous equations.

w—=2x+3y—2z=10
2wH+x+y+z=4

—w4+x+2y—z=-3

3w—2x+y=11

Solve the following system of simultaneous equations in terms of a.

2x—y+az=4
a+2)x+y—2z=2
6x+(@a+1)y—2z=4

= The simultaneous equations shown have infinitely many solutions.
x+2y+2z=1
2x—2y4+z=2

a. Eliminate y by adding the second equation to the first equation.
b. Let z=A and solve the equations in terms of 4.
c. Explain what this solution represents.

Solve the following pair of simultaneous equations through the use of the parameter A.
x+2y+4z=2
x—y—3z=4

Solve the following pair of simultaneous equations through the use of the parameter A.
x+y—2z=5
x=2y+4z=1

Solve the following pair of simultaneous equations through the use of the parameter A.

—2x+y+z=-2
x—3z=0

Determine the values of m and n for which the equations below have:

a. a unique solution

b. an infinite number of solutions

c. no solution.
3x+2y=-1
mx+4y=n
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1.3 Exam questions

Question 1 (1 mark)

Source: VCE 2014, Mathematical Methods (CAS) Exam 2, Section 1, Q17; © VCAA.

& The simultaneous linear equations ax — 3y =5 and 3x — ay = 8 — a have no solution for
A a=3

a=-3

. botha=3anda=-3

. a€R\{3}

. a€ER\[-3,3]

moow

Question 2 (1 mark)
& The simultaneous linear equations

—2x—my = —4 and
m—1Dx+6y=2(m—-1),

where m is a real constant, have a unique solution for
A.m=4 or m=-3

.m=4 only

. mER\(4,-3)

m#4

m=-3 only

mo o

Question 3 (1 mark)

3 A unique solution for solving a system of three simultaneous equations in three variables represents
. three planes intersecting along a line.

. three planes intersecting along a plane.

. three planes intersecting at a point.

. three planes having no common intersection.

. three planes intersecting at a point, a line or a plane.

mooOow>»

More exam questions are available online.

1.4 Quadratic functions

LEARNING INTENTION

At the end of this subtopic you should be able to:
e factorise and solve quadratic functions
e sketch quadratic functions in different forms.

1.4.1 Factorisation

Review of quadratic expressions

The following techniques are used to factorise quadratic expressions.
o Perfect squares: a2 + 2ab + b* = (a + b)*
« Difference of perfect squares: a> — b*> = (a—b) (a+b)
e Product and sum (trinomials): To factorise ax* + bx + ¢, we look for two numbers that multiply to give ac
and add to form the middle term, b.
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For example, in the trinomial x2 —x—6,ac=—6and b = —1. The two numbers are —3 and 2.

Therefore, we split the middle term: x> —=3x+2x—6
Then pair and factorise: ¥ =3x+2x—6
x(x—3)+2(x—-3)
x—=3)x+2)
e Completing the square: The method of completing the square will work for any quadratic that can be
factorised.

WORKED EXAMPLE 9 Factorising quadratic expressions

Use an appropriate technique to factorise each of the following quadratic expressions.

a. 9a® — 24ab + 16b> b. 6x>—17x +7 c. 22 +8t—14

THINK WRITE

a. The first and last terms are perfect squares, so  a. 9a2 — 24ab + 16b* = (3a)* — 2 (3a) (4b) + (4b)*
check if the expression fits the perfect square = (3a — 4b)?
formula.

b. 1. Factorise by product and sum before applying b. 6x” — 17x+ 7

the method of completing the square. ac=42,b=—-17

2. Find two numbers that have a product of ac The two numbers are —14 and —3.
and a sum of b.

3. Split the middle term. 6x> —3x — 14x+7

4. Pair and factorise. 6x* — 3x — 14x+7

3x(2x—1) = 72x— 1)
Bx—T7)(2x—1)

5. Write the answer. 6x2—17x+7=0CBx—7)2x—1)
c. 1. Take out the common factor of 2. c. 27 +8t—14=2 (A +4r-7)
2. Product and sum is not an appropriate method =2(P+4r+2° -2 -7)

here, as the only factors of 7 are 1 and 7,
and these cannot be combined to give a
middle coefficient of 4. Thus, the method of
completing the square is required.

2((t+27°—4-7)
2((t+2)7° —11)
2

<t+2—\/ﬁ> <t+2+\/ﬁ>

Resources

Interactivities Perfect square form of a quadratic (int-2558)
Completing the square (int-2559)

1.4.2 Solving quadratic equations

Polynomial equations, whether they be quadratics, cubic polynomials, quartic polynomials or polynomials of
a higher degree, can be solved using the Null Factor Law (that is, if the product of two numbers is zero, one of
them must equal zero).
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For example,
0=x*-5x+6
Factorising gives
0=x—-3)(x—-2)
Applying the Null Factor Law,
x=3orx=2

The quadratic formula

Quadratic equations of the form 0 = ax? + bx + ¢ can also be solved by using the quadratic formula.

Solving quadratic equations

—b + Vb —dac

2a

x=

The discriminant = A
= b* —dac
If A > 0, there are two real solutions to the equation.

If A =0, there is one real solution to the equation.
If A <0, there are no real solutions to the equation.

Generally, we check if the discriminant is a perfect square; if it is not, the quadratic formula is required.

WORKED EXAMPLE 10 Solving quadratic equations

Solve the following equations for x.

a. 6x>—=Tx—-3=0 b. x2+8x+1=0
THINK WRITE
a. 1. First try to factorise by two brackets. a. 6x>—7x—3=0
2. Apply the Null Factor Law to solve for x. Bx+1)2x—3)=0
13
372
b. 1. First try to factorise by two brackets. If this ~ b. A = »” —4ac
doesn’t work, check the discriminant. =82 _4x1x1
As the discriminant is not a perfect square, - 60
the quadratic formula must be used to solve A>0, ..2solutions

the equation.
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_ —=bxVb>—4ac

2. Apply the quadratic formula. F= >
a
. —8+14/60
2
—8+2v/15
- 2
3. Write the answer. x=—4+4/15
Tl | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
b. 1. On a Calculator page, b. 1. On a Main screen, o it Action Tnwrective
press MENU, then select: o — complete the entry line as: |=o sl = [T
solvalx“+8: x+1=0,x, solve(x248x41m0, x ‘
3: Algebra ""'(E‘M) orx=y15 -4 solve (x2 + SX + 1 = O’ .X) - (i*:/%—l:.w\"l_ﬁ'-‘l)
1: Solve then press EXE. o
Complete the entry :
line as:
solve (x2 +8x+1= O,x)
then press ENTER.
W swhd e e m
2. The answer appearson  x=—1/15—4,x=1/15—4 2. The answer appears on the x=—1/15—4,x=1/15—-4
the screen. screen.
Resources

Interactivities The discriminant (int-2560)
The quadratic formula (int-2561)

1.4.3 Graphing quadratic functions

The function f: R — R, f(x) = ax®> + bx + ¢, where a,b,c €R and a #0, is the quadratic polynomial function. If
a> 0, the graph of the function is a concave-up parabola with a minimum turning point; if a <0, the graph of the
function is a concave-down parabola with a maximum turning point.

General form, y=ax* + bx+c¢

As the x-intercepts of the graph of y = ax? + bx + ¢ are the roots of the quadratic equation ax* + bx + ¢ = 0, there

may be zero, one or two x-intercepts as determined by the discriminant A = b — 4ac.

A<0 A=0 A>0
a>0 Y )’17 YA
< 0 e T0 £ 0 X

(continued)
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(continued)

A<0 A=0 A>0
a<0 YA V) YA
< 0 > 0 ° Rl 0 i

The discriminant

The quadratic function is either positive or negative, depending whether a > 0 or a < 0 respectively.
If A <0, there are no x-intercepts.

If A =0, there is one x-intercept, a turning point where the graph touches the x-axis.

If A > 0, there are two distinct x-intercepts and the graph crosses the x-axis at these places.

Axis of symmetry

b% —4dac .
, the axis of symmetry of the

b+

As the roots of the quadratic equation are given by x =

parabola has the equation x = Z

This is also the x-coordinate of the turning point, so by substituting this value into the parabola’s equation, the
y-coordinate of the turning point can be calculated.

Turning point form, y=a(x — h)* + k

The simplest parabola has the equation y = x. Its turning point is the origin, (0, 0), which is unaltered by
a dilation from the x-axis in the y-direction. However, if the graph of this parabola undergoes a horizontal
translation of 4 units and a vertical translation of k units, the turning point moves to the point (%, k).

Thus, y = a(x — h)* + k is the equation of a parabola with turning point (%, k) and axis of symmetry x = A.

If y=a(x—h)* +kis expanded, then the general form y = ax? + bx + c is obtained. Conversely, when the
technique of completing the square is applied to the equation y = ax? + bx + ¢, the turning point form is obtained.

x-intercept form, y=a (x —x;) (x — x»)

When the equation of a quadratic function is expressed as the product of its two linear factors, the x-intercepts at

x=ux,; and x = x, can be obtained by inspection. The axis of symmetry lies midway between the intercepts, so the

. . . X +x
equation for this axis must be x = L=

, and this gives the x-coordinate of the turning point. The y-coordinate

of the turning point can be calculated from the equation once the x-coordinate is known.

Expanding the equation y = a (x — x;) (x — x,) will return it to general form, and factorising the general equation
y =ax® + bx + ¢ will convert it to x-intercept form.
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Key features of the graph of a quadratic function

When sketching the graph of a parabola by hand, identify:
e the y-intercept
* any x-intercepts
* the turning point
* the axis of symmetry, if it is helpful to the sketch
¢ any end-point coordinates if the function is given on a restricted domain.

The methods used to identify the key features of a graph will depend on the form in which the equation of the
graph is expressed.

Similarly, when determining the equation of a parabola given a key feature, you should select the form of the
equation that emphasises that key feature.

o If the turning point is given, use the y = a(x — h)* + k form.

e If the x-intercepts are given, use the y=a (x — x;) (x — x,) form.

» Otherwise, use the y = ax® + bx + ¢ form.

Three pieces of information are always required to determine the equation, as each form involves 3 constants or
parameters.

WORKED EXAMPLE 11 Sketching a quadratic graph

Sketch the graph of y = 9 — (2x + 1)? and state its domain and range.

THINK WRITE
1. Rewrite the equation so it is in a standard y=9—(Qx+1)
form (turning point form). y=—2x+ ])2 49
or

1 2
=—(2(x+-)) +9
== 2(+3))
12
=—4(x+=-) +9
’ < 2>

. . . 1
2. State the coordinates and type of turning The graph has a maximum turning point at <—5, 9> .
point.

3. Calculate the y-intercept. y-intercept: let x =0.
y=9-(1)?
y=38
The y-intercept is (0, 8).
4. Calculate any x-intercepts. As the graph has a maximum turning point with a
positive y-value, there will be x-intercepts.
Let y=0.
9—(2x+1)>=0
2x+1=9
2x+1 =3
2x=—4or2
x=—2orl
The x-intercepts are (—2,0) and (1, 0).
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5. Sketch the graph.

6. State the domain and range.

(0. 8)

d. 9

y=9-(Qx+1)?

Y

The domain is R and the range is (—oo, 9].

TI| THINK

1. On a Graphs page,
complete the entry
line for function 1 as:
fl)=9—-Qx+1)
then press ENTER.

2. To find the x-intercepts,
press MENU, then select:
6: Analyze Graph
1: Zero
Move the cursor to the left
of the x-intercept when
prompted for the lower
bound, then press ENTER.
Move the cursor to the
right of the x-intercept
when prompted for the
upper bound, then press
ENTER.

Repeat this step to find the
other x-intercept.

3. To find the y-intercept,
press MENU, then select:
5: Trace
1: Graph Trace
Type 0, then press ENTER
twice.

DISPLAY/WRITE

‘L[l.o) x

e ()

(-2,0)

CASIO | THINK

1. On a Graph & Table screen,
complete the entry line for
yl as:
y1=9—-Q2x+ 1)?
then press EXE.

Select the Graph icon to
draw the graph.

2. To find the x-intercepts,
select:
® Analysis
® G-Solve
® Root
With the cursor on the first
x-intercept, press EXE. Use

the left/right arrows to move

to the other x-intercept, then
press EXE.

3. To find the y-intercept,
select:
® Analysis
® G-Solve
® Y-Intercept
then press EXE.
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4. To find the maximum, m 4. To find the maximum, O EAt Zoom Aalyals £
press MENU, then select: g 5 010 (31 63 B A (e

(-05,9) < < 2 select: ‘sheet{ |sheet2 Sheet3 ‘Shestd Sheets|
6: Analyze Graph 0‘8?(‘]’9’“ x+1) ® Analysis T —0
3: Maximum \ ® G-Solve 7el }
Move the cursor to the left ® Max i
of the maximum when f then press EXE.
prompted for the lower . (2.0 )f : E( 1.0) 5
bound, then press ENTER. }' 5 \

Move the cursor to the
right of the maximum
when prompted for the
upper bound, then press

ENTER.
5. The domain and range can The domain is R and the range 5. The domain and range can ~ The domain is R and the
be read from the graph. is (—oo0, 9] . be read from the graph. range is (—oo, 9] .

WORKED EXAMPLE 12 Determining the equation of a quadratic graph

Determine the equation of the given graph and hence obtain

YA
the coordinates of the turning point. 1
EEONIC ®0  x
0,-4)
Y
THINK WRITE
1. Select a form of the equation. As the two x-intercepts are known, the x-intercept
form of the equation will be used.
y=a(x—xp)(x—x)
2. Use the key features to partially determine There is an x-intercept at x = —5.
the equation. = (x+5) is a factor.
There is an x-intercept at x = 8.
= (x — 8) is a factor.
The equation is y=a (x +5) (x — 8).
3. Use the third piece of information to fully The point (0, —4) lies on the graph. Substitute this
determine the equation. pointin y=a (x+5) (x — 8).
—4=a(5)(-8)
—4 = —40a
1
a=—
10 ]
The equation is y = E (x+5) (x—738).
>
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4. Determine the equation of the axis of The axis of symmetry lies midway between the

symmetry. x-intercepts.
L —5+8
2
_3
2

5. Calculate the coordinates of the turning point. The x-coordinate of the turning point is >

. 3. .
Substitute x = > in the equation of the graph.

50

yo L, 13, -1
10 2 2
169
Ty
The turning point is (é, —@>
2 40

Resources

Interactivity Quadratic functions (int-2562)

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS @

Technology free
1. IEEA Use an appropriate technique to factorise each of the following quadratic expressions.
a. 15u* —u-2 b. 6d%—28d+ 16 c. 37 +12—6 d. h*—1
2. Use an appropriate method to factorise each of the following quadratic expressions.
a. £ —12f—28 b. g2 +3g—4
3. IlIZA Solve the following equations for x.
a. 8x*+2x—3=0 b. 2x* —4x+1=0
4. Fully factorise and solve the following quadratic equations over R.
a. 81y’ =1 b. 4722 4+287+49=0 c. 5m*+3=10m d. x> —4x=-3

5. Fully factorise and solve the following quadratic equations over R.
a. 48p=24p”> + 18 b. 39k =4k> + 77 c. m*+3m=4 d. 4n*> =8 —5n

6. IET=EM Sketch the graph of y=2(3x — 2)? — 8 and state its domain and range.
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7.

a. Given the function f: (=2,2] = R, f(x) =3(1 —x)2 + 2, state the range of the graph.
b. Sketch the graphs of the following quadratic functions. State the range for each one.
i y=x—2)2x+3), xe€[-2,3]
i. y=—x>+4x+2, x€R
iii. y=-2(x+1)>=3, xe(=3,0]

iv. y=%(2x—3)2—1, XER

Technology active

8.

10.

11.

12.

13.

14.

15.

16.

Consider the quadratic function f: R* U{0} > R, f(x) = 4x*> — 8x + 7.

a. Determine the number of intercepts the graph of y =f(x) makes with the x-axis.
b. Express the equation of the function in the form f(x) = a(x + b)2 +c.
c. Sketch the graph of y =f(x) and state its domain and range.

. IE3A Determine the equation of the given graph and hence obtain the coordinates of the turning point.

YA

0,2)

- 4.0)
o ) \
Y

Determine the equations of the following quadratic functions.

=)

a. The turning point has coordinates (—6, 12) and the graph of the function passes through the point (4, —3).
b. The points (-7, 0), (0, —20) and <—2 %, O> lie on the graph.
c. The minimum value of the function is —5 and it contains the points (-8, 11) and (8, 11)

. Express —x? + 2x — 5 in the form a(x + b)2 +c.

. Hence, state the coordinates of the turning point of the graph of y = —x? +2x — 5.

. Sketch the graph of y = —x? + 2x — 5 and state its range.

. Use a graphical method to show that the graphs of y=x+ 3 and y = —x? + 2x — 5 never intersect.

. Determine the value of k so that the graphs of y = x + k and y = —x? + 2x — 5 will touch exactly once.

® Q& O T o

Determine the possible values of k such that the graphs of y=2x? and y = kx — 2 do not intersect.
Determine the values of m for which the line y = —3 — 2mx intersects the parabola y = x> — 1 twice.
Show that y = 2x — 3 is a tangent to the graph y = x> — 2.

a. Find the values of k for which the equation kx> — 3x + k= 0 has no solutions.
b. If kx? + 4x — k+ 2 =0, show that the equation has a solution for all values of k.

A quadratic equation has the rule (m — 1) x> + <5 — m) x4+ 2m = 0. Find the value(s) of m for which the

quadratic equation has two solutions.
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1.4 Exam questions

Question 1 (1 mark)
Source: VCE 2019, Mathematical Methods Exam 2, Section A, Q2; © VCAA.
I The set of values of k for which x2 + 2x — k=0 has two real solutions is
A {—1,1} B. (—1, ) C. (—o0,—1)

Question 2 (1 mark)
Source: VCE 2018, Mathematical Methods Exam 2, Section A, Q17; © VCAA.

I The turning point of the parabola y = x*> — 2bx + 1 is closest to the origin when

A.b=0 B.b=—lorb=1 C.b:—Lorbz

[\S)
Sil-
[\

D.b:lOI'b:—l E_b:lorb:_l
2 2 4 4

Question 3 (1 mark)
Source: VCE 2015, Mathematical Methods (CAS) Exam 2, Section 1, Q21; © VCAA.

A The graphs of y = mx + c and y = ax* will have no points of intersection for all values of m, c and a
such that 5

A a>0andc>0 B. a>0and ¢ <0 C.a>0andc> -1
a
2

D.a<0andc>—’:— E. m>0andc¢>0
a

More exam questions are available online.

1.5 Cubic functions

LEARNING INTENTION

At the end of this subtopic you should be able to:
e factorise and solve cubic equations
e sketch cubic functions in different forms.

1.5.1 Factorisation

For polynomials of degree 3, it is necessary to remember the perfect cube patterns as well as the sum and
difference of two cubes.

Cubic factorisations
Perfect cubes:
a® +3a®b +3ab* +b* = (a +b)°
a® —3a®b + 3ab*> - b* = (a - b)’
Sum and difference of two cubes:

@ +b° = (@+b)a®—ab+1b>
a®—b® = (@a—b)a®+ab+b>
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WORKED EXAMPLE 13 Factorising cubic expressions

Use an appropriate method to factorise each of the following cubic expressions.

a. 27y3 —27y* +9y—1 b. x3+8
c. 3y°—81 d. 8m* + 60m* + 150m + 125
THINK WRITE
a. This is a perfect cube pattern. a. 27y’ —27y* + 9y —1
Check to see that it has the pattern of 3 2 2 3
=By)” —=3@y)" (1) +3C@y)(1)"—
R AN ] (3’ =36)* D+ 3G - )
=Gy-1)
b. This is a sum of two cubes pattern. b. x> +8=x3+2°

= (x+2) (¥ —2x+2?)
=(x+2) (P2 —2x+4)

c. 1. Take out a common factor first. c. 3y’ —81=3(y*-27)
2. Now factorise using the difference of two =3(y*-3?%)
cubes pattern. =3(y—3) (yz +3y+ 32)

=3(y—3) (y2+3y+9)

d. This is a perfect cube pattern. d. 8m® +60m> + 150m + 125
Check to see that it has the pattern of = 2m)® +32m)(5) + 32m)(5)% + (5)°

a3+3a2b+3ab2+b3=(a+b)3. s
=Q2m+5)

Factorising cubics using the technique of grouping

To factorise x* — 3x* 4+ 4x — 12, start by grouping two groups of two terms in the following manner.

X -3x2+4x-12
() [
TWO TWO

=x2(x-3)+4x-3)
=(x=3)(x*+4)

The other possible method is to group three and one. For example, to factorise x*> — z> + 4x + 4, rearrange the
expression as shown.

P+dx+4-7
XHdx+4-7
-

THREE ONE
=(x+2)?>-7
=(x+2-2)(x+2+2)
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WORKED EXAMPLE 14 Factorising cubic expressions

Fully factorise the following polynomials.

a. m*—n*—-36—12n b. P +2p*—4p -8

THINK WRITE

a. 1. Group the polynomial one and three and a. m>*—n*—36—12n
rearrange, taking out —1 as a common factor. =2 =12 —12n—36

=m?’— (n*+ 12n + 36)
NI N —

ONE THREE

2. Factorise the group of three terms as a perfect =m?—(n+6)°
square.
3. Apply the difference of perfect squares =(m—m+6))(m+(n+06))
method. =m—-—n—6)(m+n+06)
b. 1. Group the polynomial two and two. b. pP+2p?—4p-8
- -
TWO TWO
2. Factorise each pair. P +2p*—4p—38
=P (p+2)—4(p+2)
=(p+2) (p*—4)
3. Finish the factorisation by applying the =p+2)(p—2)(p+2)
difference of perfect squares method. =(p+ 2)? 0—2)

Factor theorem

When the previous methods are not appropriate for a third degree polynomial or a higher degree polynomial,
then knowledge of the factor theorem is essential. The factor theorem is an algebraic theorem that links the
zeros of a polynomial. It states the following:

Factor theorem

A polynomial, P(x), has a factor (x — a) if and only if P(a) = 0;
that is, if a is a root of the polynomial.

Consider the factorisation of x> + 3x2 — 13x — 15.
Let P(x) =x> +3x* — 13x—15.

By substituting integer values of x that are factors of the constant term, we aim to achieve a zero remainder, that
is, to achieve P (x) =0. If this is so, we have found one linear factor of the polynomial.

P()=1>+31)>-13(1)-15

=1+3-13-15
+0

P(-1)= (=1’ +3(-1)’=13(=1)—-15
=—1+3+13-15
=0
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Thus, (x + 1) is a factor. The quadratic factor can then be found by long division or by inspection.

x> +2x-15
X+ 10 4 302 — 13x - 15
-+ D
2x2 - 13x - 15
- (2x*+ 2x)

—15x - 15
—(—=15x - 15)

0

—15x + 2x

or X +3x°—13x—-15=(x+1) (x**+2x—15)

2x%+ x?

Completing the factorisation gives:

X432 —13x—15=(x+1) (£ +2x—15)
=x+1D&x+5)x-3)

WORKED EXAMPLE 15 Factorising a cubic expression

Fully factorise 2x3 — 3x* —8x — 3.

THINK WRITE

1. Let P (x) equal the cubic polynomial. P(x)=2x>—3x*—8x-3

2. Try P(1), P(—1),P(2)andsoonto getazero P(1)=2-3-8—-3+#0
remainder. P(-1)=-2-3+8-3=0

Therefore, x + 1 is a factor.

3. Use long division to obtain a quadratic factor.

2x* —5x—3
X+ 126 - 3¢ — 8x - 3
— (2% + 2x%)
—5x — 8
— (= 5x — 5x)
—-3x-3
—(Bx-3)
0

4. Complete the cubic factorisation by factorising P (x) = 2x° — 3x” —8x —3
the quadratic factor into its two linear factors. = (x+1) (2 22— Sx— 3)

=x+1)2x+1)(x—3)
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TI| THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE

1. On a Calculator page, press 1. On a Main screen, select: O Filt Action Intaractve
MENU, then select: [gia ) ® Action ] Jreafsm]e [ [ [
3: Algebra PR S AT "'_é_z). i) e Transformation m'“(zxa;?z,'.‘::z;.(,.m, B
2: Factor ® factor a
Complete the entry line as: ® factor
factor (2x3 —3x* —8x— 3) Complete the entry line as: |
then press ENTER. factor (2x* —3x* —8x—3) ‘

then press EXE.
! ‘ |
|
‘!
Alg Standard  Feal FRad :;

2. The answer appears on the 2 =3 —8x—3= 2. The answer appears on the 20 =32 —8x—3=
screen. @=3)x+DC2x+ D screen. @+Dx=3)2x+ 1D

Resources

Interactivities Long division of polynomials (int-2564)
The remainder and factor theorems (int-2565)

1.5.2 Solving polynomial equations
Consider again the cubic polynomial x* + 3x* — 13x — 15.

X 4+32—13x—15=(x+1) (F* +2x—15)
=x+DE+5x-3)

We will equate it to zero so that we have a cubic equation to solve.

¥ +3x2—-13x—15=0
(x+D(FP¥+2x—15)=0

@+Dx+5)x=3)=0

Applying the Null Factor Law, x=—1, x=—=5 or x=3.

WORKED EXAMPLE 16 Solving a cubic equation

Solve 2x3 — 3x2 — 8x — 3 =0 for x.
THINK WRITE

1. The cubic expression was factorised in Worked example 15. 0 = 2x* —3x” —8x—3

=(x+1) (24— 5x-3)
=@+ D@+ 1) (x=3)

2. Use the Null Factor Law to solve the cubic equation for x. x=-1, —%, 3

Equality of polynomials

Two polynomials, P (x) and Q (x), are such that:
P@)=axX"+a,_ X" ' +a,_,x" 2+ ...+ a,x* + a;x + a and
Q@)=bX"+b,_ X" +b, ;X" 2+ ..+ byx* +bx+b,.

32 Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Third Edition



P (x) is identically equal to Q (x) for all values of x (that is, P (x) = Q (x)) if and only if:

a, = bn, a,_1 = bn—l’ a,_» = bn_z..., a, = bz, a; = bl and ap = b().

For instance, 3x> + (m — 2) x> + (m 4 n) x = kx> + x*. You are required to find the values of m, n and k. As the
polynomials are equal to each other, we can equate coefficients to give:

k=3 m—2=1
m=3

m+n=0
34n=0
n=-3

WORKED EXAMPLE 17 Equating coefficients

If (n—3)x>+ 2n+p)x* + (p + g)x = —2x> + x?, find the values of n, p and g.

THINK

1.

Equate the coefficients of the x* terms and
solve for n.

Equate the coefficients of the x* terms and
solve for p.

Equate the coefficients of the x terms and solve
for q.

Note: As there is no x term on the right-hand
side, the coefficient is zero.

. Write the answer.

WRITE
n—3=-2
n=1
2n+p=1
2+p=1
p=-1
p+q=0
—1+g=0
q=1
n=1,p=—-1,qg=1

1.5.3 Graphing cubic functions

The function f: R— R, f(x) = ax’ + bx* + cx+d, a,b,c,d € R, a#0 is the cubic polynomial function. Although
the shape of its graph may take several forms, for its maximal domain the function has a range of R. Its
long-term behaviour is dependent on the sign of the coefficient of the x* term.

If a >0, then as x - 00, y > 00 and as x > —00, y = —0.
If a <0, then as x - o0, y - —o0 and as x - —o0, y = 00.

This behaviour is illustrated in the graph of y = x3, the simplest cubic function, and that of y = —x°.

YA

A

(=1,-1)

3

YA

=Y

(1,-1
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Cubic functions of the form y=a(x — h) +k

A significant feature of the graphs of y=x> and y = —x is the stationary point of inflection at the origin. This
point is constant under a dilation but becomes the point (4, k) following a horizontal and vertical translation of
h and k units respectively.

Cubic functions of the form y = a(x — hy} +k

These cubic functions have:
* a stationary point of inflection at (%, k)
* one x-intercept
¢ long-term behaviour dependent on the sign of a.

The coordinates of the stationary point of inflection are read from the equation in exactly the same way the
turning points of a parabola are read from its equation in turning point form.

Cubic functions expressed in factorised form

A cubic function may have one, two or three x-intercepts, and hence its equation may have up to three linear
factors. When the equation can be expressed as the product of linear factors, we can readily deduce the
behaviour of the function and sketch its graph without finding the positions of any turning points. Unlike

a quadratic function, the turning points in a cubic function are not symmetrically placed between pairs of
X-intercepts.

Cubic functions — factorised form y == mix = m@-p)
o If there are three linear factors, that is
y=(x—m)(x —n)(x—p), the graph cuts the

x-axis at x =m, x =n and x =p. n x
e If there is one factor of multiplicity 2 and one

other linear factor, thatis y = (x — m)2 (x —n), the

graph touches the x-axis at a turning point at

x =m and cuts the x-axis at x =n. y=(—mi—n)

Y

If the equation of the cubic function has one linear factor and one irreducible quadratic factor, it is difficult
to deduce its behaviour without either technology or calculus. For example, the following diagram shows the
graphs of y=(x+ 3) (x2 + 1) andy= (x2 + 3) (x—=1).
The intercepts made with the coordinate axes can be located YA
and the long-term behaviour is known. However, at this stage
we could not predict that y = (x2 + 3) (x — 1) has no turning
points or stationary point of inflection (it has a non-stationary (0, 3) y=GE+36-1)
point of inflection). Nor could we predict, without numerical y=02+ Dx +3) \
calculations, that there is a maximum and a minimum turning
point on the graph of y = (x+ 3) (x2 + 1). (-3, 0)/\ (1, 0)

=Y

0/
0,-3)

)

34 Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Third Edition



Determining the equation of a cubic function from its graph

Depending on the information given, one form of the cubic equation may be preferable over another.
e If there is a stationary point of inflection given, use the y = a(x — h)* + k form.
e If the x-intercepts are given, use the y =a (x — m) (x — n) (x — p) form, or the repeated factor form
y=a(x— m)2 (x —n) if there is a turning point at one of the x-intercepts.

. b b\ . . .
e If an x-intercept occurs at x = —, then <x — —> is a factor. Alternatively, the rational root theorem allows
c c

this factor to be expressed as (cx — b).

e Use the general form y = ax® + bx? + cx + d if, for example, neither x-intercepts nor a stationary point of
inflection are given.

WORKED EXAMPLE 18 Sketching a cubic graph

Sketch the graph of y = 2(x — 1)* + 8, labelling the intercepts with the coordinate axes with their exact
coordinates.

THINK WRITE
1. State the key feature that can be deduced from y=2(x— 1) +38
the equation. This equation shows there is a stationary point of

inflection at (1, 8).

2. Calculate the y-intercept. y-intercept: let x =0.
y=2(-1)"+8
y=06

The y-intercept is (0, 6).

3. Calculate the x-intercept in exact form. x-intercept: let y =0.
2—1)+8=0
x—1>=-4

x—lzs/—_4
x=1+\3/—_4
x:]—\3/4_1

The x-intercept is (1 - \3/4_1, O>.

4. Sketch the graph and label the intercepts with YA
the coordinate axes. y=2x-17%+38

(1, 8)
(0, 6)

(1 -, 0)

S
Y
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WORKED EXAMPLE 19 Determining the equation of a cubic graph

Determine the function f whose graph is shown in the diagram, expressing its rule as the product of

linear factors with integer coefficients.

y=f()

(2,0

) 075,00 NO,_—"

THINK
1. Obtain a linear factor of the equation of the
graph that has integer coefficients.

2. State a second factor.

3. State the form of the equation.

4. Determine the equation fully.

5. State the required function.

=Y

(0,-0.5)

WRITE
The graph has an x-intercept at x = —0.75.

. .. 3
In fraction form, this is x =——.

Therefore, (4x + 3) is a factor.

The graph has a turning point on the x-axis at x = 2.
This means (x — 2)2 is a factor.

The equation is of the form y =a (4x + 3) (x — 2)2.
The point (0, —0.5) or <0, —%) lies on the graph.
Substitute one point into
y=a(dx+3)(x—2)".

1 2
—— —a@) (2

5 3)(=2)

1
—— =12a
2
1

24
The graph has the equation

__ 1 _ o2
y= 24(4)c+3)()c 2).

=

The domain of the graph is R. Hence, the function fis
given by

. 1 .
fiR=R == (4x+3) (=2,
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Resources

Interactivities Cubic polynomials (int-2566)
x-intercepts of cubic graphs (int-2567)

Students, these questions are even better in jacPLUS

Receive immediate Access
feedback and access additional
sample responses questions

Find all this and MORE in jacPLUS @

Track your
results and
progress

Technology free

1. [IIEEH Use an appropriate method to factorise each of the following cubic expressions.

a. 1254° —=27b3
c. 40p* -5

b
d

.23 +6¢*d+6¢d? +2d3
L8 — 1202 +6x—1

2. Use an appropriate method to factorise each of the following cubic expressions.

a. 277% — 547% + 367 —8

3. N3 Fully factorise the following polynomials.
a. 3x> —xy—3x+y

4. Fully factorise the following polynomials.
a. 9a> — 16> — 12a+ 4

5. IIZHA Fully factorise x* — 2x* —21x—18.

6. Factorise the following expressions.
a. 7P —49°7 +r—17

. 2m® +3m? —98m — 147

. 4x* —28x 449 — 25y?

V=4 —w? 4w

7. HIEA Solve 2x* — x> — 10x + 5 =0 for x.
Technology active
8. Solve each of the following equations over R.

a. b*+50>+2b—8=0
c. 283 —x2—6x+3=0

Q o 0

b

5> -~ Q T

b.

d

. mPn® + 64

393+ 3y =27y - 273
. n*pt—4m? —4m—1

.36V + 612 +30v+5
L2822 +2z-1

. 16a*> —4b* —12b—9
L A4p? — 1+ 4pq + ¢*

2m3+9m*—m—12=0
23 4+ T2 +2x—3=0

9. a. Show that 373 + 22/ + 37t + 10 is divisible by (¢ + 5) and hence solve the equation 3> + 221> + 37t + 10 = 0.
b. Show that 3d® — 164 + 12d + 16 is divisible by (d — 2) and hence solve the equation

3d® — 164> +12d+16=0.

10. EEH If Ax* + B— 1) X2+ (B+ C)x+ D=3x>—x* 4+ 2x — 7, determine the values of A, B, C and D.

M. P 4+9°% —2x+ 1=+ (dx + e)2 + g, determine the values of d and e.

TOPIC 1 Functions and graphs 37



12.

13.

14.

15.

16.

17.

18.

19.

38

a. Given that P () =57° — 32> +4z—1 and Q (z) = az’ + bz> + cz + d, calculate the values of a, b, ¢ and d if

P()=0).
b. Given that P (x) =x> —6x> +9x— 1 and Q(x) =x (x + a)2 — b, calculate the values of @ and b if

Px)=0 ).

If 253 = 5x2 + 5x = 5=a(x— 1)’ + b(x — 1)’ + ¢ (x — 1) + d, determine the values of a, b, ¢ and d and hence
express 2x° — 5x* + 5x — 5 in the form a(x — 1)3 + b(x — 1)2 +c(x—1)+d.

Given (x4 3) and (x — 1) are factors of ax® + bx> — 4x — 3, calculate the values of a and b.

=T Sketch the graph of y = —4(x + 2)* + 16, labelling the intercepts with the coordinate axes with their
exact coordinates.

Consider the function f: [—=2,4] = R, f(x) =4x> — 8x*> — 16x + 32.

a. Factorise 4x> — 8x% — 16x + 32.
b. Sketch the graph of y =f(x).
c. State the maximum and minimum values of the function f.

Sketch the graphs of the following cubic functions without attempting to locate any turning points that do
not lie on the coordinate axes.

1
a. y=x>—x>—6x b.y=l—§(x+1)3,x€[—3,2)
c.y=12(x+ 1)* =3(x+1)°

EEE Determine the function f whose graph is shown in the diagram, expressing its rule as the product of
linear factors with integer coefficients.

Y

(2,24)

X

©0,0)] A%
(0.8,0) (1.5,0)

<

Form a possible equation for the cubic graph shown.

YA

(0, 10)
- (_4’ O)

LY
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20. a. Show that the graph of y=f(x) where f(x) = —2x> + 9x?> — 24x + 17 has exactly one x-intercept.
b. Show that there is no stationary point of inflection on the graph.
c. State the long-term behaviour of the function.
d. Given the function has a one-to-one correspondence, draw a sketch of the graph.

1.5 Exam questions

Question 1 (1 mark)
Source: VCE 2020, Mathematical Methods Exam 2, Section A, Q2; © VCAA.

A Let p (x) = x> — 2ax’ + x — 1 where a € R. When p is divided by x + 2, the remainder is 5.

The value of a is ;

A 2 B. — C. l D —é E. -2
4 2 2
Question 2 (4 marks)
Source: VCE 2017, Mathematical Methods Exam 1, Q3; © VCAA.
Letf: [<3,0] = R, f(x)=(x+2)* (x— 1).
a. Show that (x+2)> (x— 1) =x° + 322 — 4. (1 mark)
b. Sketch the graph of f on the axes below. Label the axis intercepts and any stationary points with their
coordinates. (3 marks)
y
I
S . Lo . 4 o I
A (I
R o L N L
L L L L T2 L L
] R
-4 -3 =2 -1 0 t P2
S R R R
B e R
B T T B R E R R

Question 3 (1 mark)
Source: VCE 2015, Mathematical Methods (CAS) Exam 2 Section 1, Q17; © VCAA.

T3 A graph with rule f(x) = x> — 3x? + ¢, where c is a real number, has three distinct x-intercepts.

The set of all possible values of ¢ is
A. R B. R* C. {0,4} D. (0,4) E. (—0,4)

More exam questions are available online.
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1.6 Higher degree polynomials

LEARNING INTENTION

At the end of this subtopic you should be able to:
e factorise and solve quartic functions
e graph quartic functions
e sketch polynomial functions of higher degrees.

1.6.1 Factorisation and solving

Many of the factorising resolving techniques covered in subtopics 1.4 and 1.5 also apply to polynomials of
degree 4 or higher.

WORKED EXAMPLE 20 Factorising a quartic expression

Fully factorise x* — 4x3 — x? + 16x — 12.

THINK WRITE
1. Let P (x) equal the quartic polynomial. P(x)=x*—4x - x> +16x—12
2. Try P(1), P(=1), P(2), P(=2)etc. togeta P (1) = 14 —4(1)° = (12 + 16 (1) = 12
zero remainder. =17-17
=0

Thus, (x— 1) is a factor.

3. Use long division to obtain the cubic factor. P32 - drt 12

x— 1) =4 — 2+ 16x— 12
- - X
32 - 2+ 16x—-12
— (=33 +3x)
—4x? + 16x — 12
— (—4x? + 4x)
12x — 12
— (12x — 12)
0

4. Let H (x) equal the cubic polynomial. Apply ~ H (x) = x’ —3x” —4x+ 12
the factor .theorem again to find a linear factor ; (=13 =312 =4(1)+12
of the cubic. —13_7

#0
HQ)=2*-327-4Q)+12
=20-20
=0
Thus, (x — 2) is a factor.
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5. Use long division to obtain the quadratic
factor.

6. Complete the quartic factorisation by
factorising the quadratic factor into its two
linear factors.

X2 —x—6
x=203—3x2 —4x + 12
— (3 =24

-2 —4x+ 12

— (=22 + 2x%)
—6x + 12
- (=6x + 12)
0

P)=x*—4 -2+ 16x—12

=@—1)x=2) (x> —x—6)
=x—1D@=-2)x—=3)(x+2)

WORKED EXAMPLE 21 Solving quartic equations

a. Solvex* —4x3 —x2 +16x—12=0.

THINK

a. 1. The quartic expression was factorised in

Worked example 20.

Use the Null Factor Law to solve the quartic
polynomial for x.

. The left-hand side is in quadratic form. Let
m = a’ to help with the factorisation.

Factorise the quadratic.

Substitute m = a* and factorise further where
possible.

Note: There is no factorisation technique for
the addition of perfect squares.

Solve the equation.

b. Solve 2a* — 542 -3 =0.

WRITE

=4 -2+ 16x—12=0
x—=DEx=-2)x=3)x+2)=0

a.

w= 1,23, =2

2a*—542-3=0
Let m = d2.
2m?—5m—3=0
Cm+1)(m—3)=0

(2a*+1) (a*=3) =0

(2a2+l) <a—\/§> <a+\/§> =0

242 + 1 =0 has no real solution.
S.a==% \/§

1.6.2 Graphing quartic and higher degree polynomial functions

The function f: R — R, f(x) = ax* + bx> + cx* + dx + e, where a, b, c,d, e €R, a # 0, is the general form of

a quartic polynomial function. Its graph can take various shapes, but all of them exhibit the same long-term
behaviour. If the x* term has a positive coefficient, y — oo as x — *o0; if the x* term has a negative coefficient,
y — —o0 as x — *oo. Particular forms of the quartic equation enable some shapes of the graphs to be predicted.
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Quartic functions of the form y =a(x — h)* + &

The simplest quartic function is y = x*. It has a graph that has much the YA

same shape as y = x?, as shown in the diagram.

This leads to the conclusion that the graph of y =a(x — * + k will y=x* y=x2

be much the same shape as that of y =a(x — h)2 + k and will have the

following characteristics.

Quartic functions in turning point form

Fory =a(x —h)4 +k:
e if a > 0, the graph will be concave up with a minimum
turning point (&, k)

¢ if a <0, the graph will be concave down with a maximum

turning point (&, k)
e the axis of symmetry has the equation x =h
e there may be zero, one or two x-intercepts.

LD

1,1

0,0

)

Quartic functions with linear factors

Not all quartic functions can be factorised. However, if it is possible to express the equation as the product of
linear factors, then the multiplicity of each factor will determine the behaviour of its graph.

Quartic functions with linear factors

A quartic polynomial may have up to 4 linear factors as it is of fourth degree. The possible

combinations of these linear factors are:

e four distinct linear factors: y=(x —a) (x —b) (x —c) (x —d)
e one repeated linear factor: y = (x — a)2 (x — b) (x — c), where the graph has a turning point that

touches the x-axis at x =a

e two repeated linear factors: y = (x — a)*(x — b)z, where the graph has turning points that touch the

x-axisatx=a and x=b

e one factor of multiplicity three: y = (x —

inflection that cuts the x-axis at x =a.

a)’(x — b), where the graph has a stationary point of

The factorised forms may be derived from the general equation using standard algebraic techniques. Technology
or calculus is required to accurately identify the position of turning points that do not lie on the x-axis.

WORKED EXAMPLE 22 Sketching a quartic graph

Sketch the graph of y = —x* + 8x*> — 7 and hence determine graphically the number of solutions to the

equation x* —8x*> +3=0.
THINK

1. Express the equation in factorised form.

WRITE

y=—x4+8x2—7
This is a quadratic in x°.
y=— (x4—8x2+7)

Let a=x.
y=—(a*—8a+7)
=—(@=T(a-1)

Substitute back for a:
y=- <X2—7) (XZ— 1)

=— <x+ ﬁ) (x—\/7> x+1D)x-=1)
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2. State the x- and y-values of the intercepts x-intercepts: let y =0.
with the axes. —(x+\/§> <x—\/§)(x+l)(x—l)=0

S K= iﬁ,xz +1
y-intercept:
y=—x*+8x*—7

Let x=0.

Sy=—1.
3. State the long-term behaviour. As the coefficient of x* is negative, y — —oo as x — *oo.
4. Sketch th h. y

ete © gtap 0 y= —x*+ 8x2-17
< 0 ;x
(a0 / (v7.0)
(-1,0) 1,0
(O’ _7)
Y

5. Rearrange the given equation so that the ~ The given equation is x* — 8x*> +3 =0.
graph’s equation appears on one of its This rearranges to
sides. 3 = —x* 4 8x?
3—7=—x*+8x*-7
482 —T7=—4
6. Explain how the number of solutions to ~ The number of intersections of the graph of
the equation could be solved graphically. y= —x* + 8x?> — 7 with the horizontal line y = —4 will

determine the number of solutions to the equation
x*—8x?+3=0.

7. Specify the number of solutions. The line y = —4 lies parallel to the x-axis between the
origin and the y-intercept of the graph y = —x* + 8x*> — 7.
YA

y=—x*+8x2-7

0,-7)

Y
There are four points of intersection, so there are four

solutions to the equation x* — 8x*> + 3 =0.
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TI | THINK
1. On a Graphs page,

complete the entry line p v screen, complete the entry
. . [\ / \ . . Sheet: [Sheet? [Shaet sheatd Sheets | 3
for function 1 as: f \ \ line for yl1 as: Byi=—trga?q —B
f1 x) = —x4 + sz -7 f \‘. / “‘ yl= —x4 + 8x2 -7 .‘J
then press ENTER. | \\ . [ then press EXE. yacil
5 2 | . ¥5i

|' ‘-\ / { Select the Graph icon to 3 :n

" \ / draw the graph. i :

| f1(x)ex+ L

| =10

2. To find the x-intercepts,

DISPLAY/WRITE

CASIO | THINK
1. On a Graph & Table

2. To find the x-intercepts,

DISPLAY/WRITE

O Flle Edit Type o

Red  Rasl

O Edit Zoom Analysls &

8 1Y 2 53 5 ) (5

press MENU, then select: ~ ’ select:
6: Analyze Graph [ \\ / \\ ® Analysis ::Ermfisms, e
1: Zero ||{ \. / l\‘ ® G-Solve '
Move the cursor to the left { " 3 * Root vast
of the x-intercept when 205 0" L 03 3 /‘f(l'(’) f"é's'O) ; With the cursor on the first el
prompted for the lower " / ) x-intercept, press EXE. L —
bound, then press ENTER. | "("""“""""'"’7 Use the left/right arrows to
Move the cursor to the : ol ) move to the next |- A Aumn‘
right of the x-intercept x-intercept, then press i fin Y / i
when prompted for the EXE. 7 b Y
upper bound, then press Repeat for all x-intercepts. M ;‘ i ;
ENTER. Note: The calculator will
Repeat for all x-intercepts. show approximate values
Note: The calculator will for the x-intercepts, not
show approximate values exact values.
for the x-intercepts, not
exact values.

3. To calculate exact values R 3. To calculate exact values R R T

for the x-intercepts, open 5 for the x-intercepts, go ENEECEEIn [_T'
Calculat d solve(-r448~\"‘~7-0.\') to the Mai d solve (=x48x2=720, x)
a Lalculator page aq \‘=‘ﬁ orx=-1 or,\=lor,\'=ﬁ 0 the ain screen a.n {x=—1,x=1,x==V7,x=71]
complete the entry line as: complete the entry line as: o
|
solve (—x4 +8°%—7= 0, x) solve (—x4 +8x%—7= O,x)
then press ENTER. then press EXE.
i~ I~

4. Return to the Graphs page, To find the y-intercept,

O Edit Zoom Amalysis &

double click on the value ~ select: ] el *L”_L 4
—2.64. .., change the [ \\ // \s ® Analysis St etz e o e
value to —4/7, then press ,'{ \ / Hw ® G-Solve i

ENTER. Double click on : $ oo X - / \ - ¢ Y-Intercept vail

the value 2.64. .., change A7 o) (-1 o) '/'( 9) (, R then press EXE. .~

the value to /7, then press || ““_)__‘_Q'L' s =

ENTER. | i

BRA

Ty | G

-] Ll
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5. To find the y-intercept, m 5. Answer the question. The graph shows
press MENU, then select: ok four x-intercepts. Hence,
5: Trace /\ there are four solutions
1: Graph Trace \\L .\ to the equation
Type ‘0, then press b ) | . 82 =7=0.
ENTER twice. 1(-5.0){ (-1,0) 7“-"’ VV oM
/ (0'_7) fl(r)--.\"im-,\")-?
= L W
6. Answer the question. The graph shows four
x-intercepts. Hence, there
are four solutions to the
equation —x* + 8x* =7 =0.

WORKED EXAMPLE 23 Determining the equation of a quartic function

A quartic function has the equation y = a(x + b)* + c. The points (0, 5), (—2,9) and (4, 9) lie on the
graph of the function. Calculate the values of a, b and ¢, and state the coordinates of the turning
point.

THINK WRITE

1. Deduce the equation of the axis of symmetry. y=a(x+ b +c

As the points (—2,9) and (4, 9) have the same y-value,
the axis of symmetry must pass midway between
them.

The axis of symmetry is the line

_ —2+4
2

x=1

Sob=—1

2. Use the given points given to form a pair of The equation is y = a(x — 1)* + .
simultaneous equations. Substitute the point (4, 9):
a@®*+c=9  [1]
8la+c=9

Substitute the point (0, 5):
a-D+c=5 [2)

at+c=5
3. Solve the equations. Subtract equation [2] from equation [1]:
80a =4
1
a=—
20
c=5-— L
20
_%
20
. . . . . 1 4 99
4. Give the coordinates of the turning point. The equation is y = %(x 1"+ 20"

The minimum turning point is <1, %) .
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Resources

Interactivity Polynomials of higher degrees (int-2569)

1.6.3 The family of polynomial functions y = x* where n € N

One classification of the polynomial functions is to group them according to whether their degree is even or odd.

The graph of y=x", where n is an even positive integer

The similarities shown between the graphs of y=x?, and y = x* continue to hold for all polynomial functions of
even degree. A comparison of the graphs of y =x?, y=x* and y = x° is shown in the diagram.

The graphs each have a minimum turning point at (0, 0) and each contains the points (—1, 1) and (1, 1). They
exhibit the same long-term behaviour that as x = oo, y = oo.

The graph of the function with the highest degree, y = x°, rises more steeply than the other two graphs for x <
—1 and x> 1. However, for —1 <x <0 and 0 < x < 1, the function with the highest degree lies below the other
graphs.

L1

A

<

The graph of y =x", where n is an even positive integer

For y =a(x —h)" + k, where n is an even positive integer:
e if a > 0, the graph will be concave up with a minimum turning point (%, k)
e if a <0, the graph will be concave down with a maximum turning point (%, k)
e the axis of symmetry has the equation x =
e there may be zero, one or two x-intercepts
* the shape of the graph will be similar to that of y =a(x —h)* + k
e if a > 0, the range is [k, o)
¢ if a <0, the range is (—oo, k].
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The graph of y=x", where n is an odd positive integer, n> 1

Polynomials of odd degree also share similarities, as the
graphs of y=x> and y = x° illustrate. Both y=x and y =x>
have a stationary point of inflection at (0, 0), and both pass
through the points (—1,—1) and (1, 1), as does the linear
function y = x. The three graphs display the same long-term
behaviour that as x - +o0, y = *o00.

As observed for even degree polynomials, the graph of the
function with the highest degree, y = x>, rises more steeply
than the other two graphs for x < —1 and x > 1. However, for
—1 <x<0and 0 <x< 1, the function with the highest degree
lies closer to the x-axis.

The graphs of y = a(x — h)" + k, where n is an odd positive
integer, n # 1, have the following characteristics.

(=1,-1)

The graph of y =x", where n is an odd positive integer, n > 1

For y =a(x —h)" + k, where n is an odd positive integer and n > 1:
e there is a stationary point of inflection at (%, k)
¢ if a > 0, the long-term behaviour is asx - + o0,y > * ©

¢ if a <0, the long-term behaviour is asx — + co,y > ¥ o0

e there will be one x-intercept

e the shape of the graph is similar to that of the cubic function

y=a(x—h)® +k.

Polynomial functions that can be expressed as the product of linear factors

A degree n polynomial function may have up to n linear
factors and therefore up to n intercepts with the x-axis. Where
the polynomial can be specified completely as the product

of linear factors, its graph can be drawn by interpreting the
multiplicity of each linear factor together with the long-term
behaviour determined by the sign of the coefficient of x".

For example, consider y = (x + 2)3(1 —x)(x— 3)2. The
equation indicates there are x-intercepts at —2, 1 and 3. The
x-intercept (=2, 0) has a multiplicity of 3, meaning that there
is a stationary point of inflection at this point. The x-intercept
(3,0) has a multiplicity of 2, so this point is a turning point.
The point (1, 0) is a standard x-intercept. The polynomial is
of degree 6 and the coefficient of x° is negative; therefore, as
x— *o00,y—> —c0.

(=2,0)

Ny

(0,72)

(1,0) (3,0)
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WORKED EXAMPLE 24 Sketching graphs of higher degree polynomials

Sketch the graph of y = (x —1)° — 32.
THINK WRITE

1. State whether the graph has a turning pointora y = (x — 1)° =32
point of inflection, and give the coordinates of As the degree is odd, the graph will have a stationary

the key point. point of inflection at (1, —32).
2. Calculate the intercepts with the coordinate y-intercept: let x=0.
axes. y= (-1’ =32
=-33

The y-intercept is (0, —33).
x-intercepts: let y = 0.

0=(x—11"-32
(x=1y° =32
x—1=2
x=3
The x-intercept is (3, 0).
3. Sketch the graph. yA
y=(x-1)Y°-32
- 0 6.0 *

(0, -33) (1,-32)

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

Technology free
1. K2 Fully factorise x* — 5x> — 32x% 4 180x — 144.

2. [IZZA Solve the following.
a X =8+ 172 +2x—=24=0 b. a* +2a*-8=0
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3.

4,

Solve each of the following equations over R.

a. =177 +16=0 b. ¢*+¢ =102 —4c+24=0
Solve each of the following equations over R.

a. a*—10a>+9=0 b. 4k* —101k* +25=0

c. 92" — 14522 +16=0 d. (¥ —2x)° =47 (x —2x) =48 =0

Technology active

5.

6.

10.

11.

12.

13.

14.

If (x4 2), (x—3) and (x + 4) are factors of x* + ax® 4+ bx> + cx + 24, determine the values of a, b and c.

224 Sketch the graph of y = x> — x* and hence determine graphically the number of solutions to the
equation x* —x* + x—2=0.

. Sketch the graph of y = x* — 6x® and hence state the number of intersections the graph of y = x* — 6x> + 1

would make with the x-axis.

. K220 A quartic function has the equation y = a(x + b)* + ¢. The graph of the function cuts the x-axis at
q q y grap

x=—9 and x = —3. The range of the graph is (—oo0, 7]. Calculate the values of a, b and ¢, and state the
coordinates of the turning point.

. Use CAS technology to sketch the graphs of y=x*—2 and y =2 — x?, and hence state to 2 decimal places

the values of the roots of the equation x* +x* —4=0.

Use CAS technology to obtain the coordinates of any turning points or stationary points of inflection on the
graphs of the following. Express answers to 2 decimal places where appropriate.

a.y:(x2+x+1) (x2—4) b. y=1—4x—x>—x°
c.y= i((x— 2)°(x + 3) + 80)

=23 Sketch the graph of y = (x + 1)® + 10.

Sketch the graph of y=(x+4) (x+ 2)2(x - 2)3 (x—=5).

a. A quartic function has exactly one turning point at (—5, 12) and also contains the point (—3, —36). Form
its equation.

b. Sketch the graph of y= (2 +x) (1 —x)’.

c. i. Factorise —x* + x> 4+ 10x? — 4x —24.
ii. Hence, sketch y=—x*+ x> + 10x? — 4x — 24.

a. i. Sketch the graphs of y=x% and y = x” on the same set of axes, labelling any points of intersection with
their coordinates.
ii. Hence, state the solutions to {x : x® —x’ > 0}.

b. Sketch the graphs of y=16 — (x + 2)4 andy=16—(x+ 2)5 on A
the same set of axes, identifying the key features of each graph
and any points of intersection.

c. Consider the graph of the polynomial function shown.

i. Assuming the graph is a monic polynomial that maintains
the long-term behaviour suggested in the diagram, give a
possible equation for the graph and state its degree.

ii. In fact, the graph cuts straight through the x-axis once 3.0) 1.0) 0 (2,0) )
more at x = 10. This is not shown on the diagram. Given (0, -2)
this additional information, state the degree and a possible
equation for the function. Y
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1.6 Exam questions

Question 1 (1 mark)
Source: VCE 2015, Mathematical Methods (CAS) Exam 2 Section 1, Q3; © VCAA.

 mC | y

A

AR S VN

The rule for a function with the graph above could be

A y=—=2(x+b)(x—c) (x—d) B. y=2(x+b) (x=0) (r—d)
C.y==2@x—b)(x—c)’(x—d) D. y=2(x—b)(x—c)(x—d)
E.y=—2x—b)(x+¢)* (x+d)

Question 2 (2 marks) fFEELES

Solve —x* + 7x3 — 12x2 > 0.

Question 3 (1 mark)

& A quartic graph crosses the x-axis at x=—3, x=—1, x=2and x =4, and crosses the y-axis at y = —24.

The equation of the graph is
A y=—x=-3)x—-1Dx+2)(x+4) B. y
C.y=—x+3)x+1)x—-2)(x—4) D.y
E.y=x+3)x+1)(x—-2)(x—4)

More exam questions are available online.

x=3))x—-1Dx+2)(x+4)
—x=-3)x+1D)x-2)(x—4)

1.7 Other algebraic functions

LEARNING INTENTION

At the end of this subtopic you should be able to:
e determine the maximal domain of a function
e sketch graphs of the hyperbola and truncus functions

e sketch graphs of the square root and cube root functions
P
e sketch graphs of the form y =x4.

The powers of the variable in a polynomial function must be natural numbers. In this subtopic we consider
functions where the power of the variable may be rational.

1.7.1 Maximal domain

The maximal domain of any function must exclude:
¢ any value of x for which the denominator would become zero
¢ any value of x that would create a negative term under an even root sign.

50 Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Third Edition



The maximal or implied domain of rational functions of the form y = &, where both f(x) and g (x) are
polynomials, must exclude any values of x for which f(x) =0. The domafn would be R\ {x : f(x) =0}.
Likewise, the maximal domain of square root functions of the form y = \/}% would be {x : f(x) > 0}.
g ()
VG

WORKED EXAMPLE 25 Determining the maximal domain

Determine the maximal domains of each of the following functions.
5
a.y=vV3—4x b.y=2— ——
x—4

For a function of the form y = , the maximal domain would be {x : f(x) > 0}.

THINK WRITE
a. 1. Identify what must be excluded from the The term under the square root cannot be negative.
domain. The restrictive element to the equation S3—4x>0

is the square root function.
2. Solve the inequation to find x. 3—4x>0

—4x > -3
x< -

AW

. . . 3
3. State the maximal domain. Domain = <—oo, 4_1]

b. 1. Identify what must be excluded from the The denominator cannot be equal to zero.
domain. The restrictive element to the equation Sx—4#0
is the denominator of the fraction.
2. Solve the equation. x#4

3. State the maximal domain. Domain=x€R \ {4}

1.7.2 The rectangular hyperbola

1
The equation of the simplest hyperbola is y = —. In power
X

form this is written as y =x~!. Its maximal domain is R \ {0},
as the function is undefined if x=0.

The graph of this function has the following characteristics.

e There is a vertical asymptote with equation x = 0.

e There is a horizontal asymptote with equation y =0.

® Asx— o0,y — 0 from above the horizontal asymptote,
and as x - —oo, y — 0 from below the horizontal
asymptote.

* Asx—>0%,y—>oco,andasx— 07, y—> —co.

¢ The function has one-to-one correspondence.

e The domain is R \ {0} and the range is R \ {0}.

A

As the asymptotes are perpendicular to each other, the graph
is called a rectangular hyperbola. The graph lies in the first
and third quadrants formed by its asymptotes. The graph of yx=0

y= 1 would lie in the second and fourth quadrants.
X
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a

Hyperbolas of the form y = +k

x—h
The asymptotes are the key feature of the graph of a hyperbola. Their positions are unaffected by a dilation,
. 1. . . . .
but if the graph of y = — is horizontally or vertically translated, then the vertical and horizontal asymptotes are
X

moved accordingly.

Hyperbolas of the form y = +k

x—h

The graph of y = a

+ k has:
x—h
e a vertical asymptote atx =h
e a horizontal asymptote at y =k
* a domain of R\ {h}
e arange of R\ {k}.

If a > 0, the graph lies in quadrants 1 and 3 as formed by its asymptotes.

If a <0, the graph lies in quadrants 2 and 4 as formed by its asymptotes.

Identifying the asymptotes

The presence of a vertical asymptote at x =/ on the graph of y = Lh + k could also be recognised by solving
x—

x—h=0. The hyperbola y = ) ?_ has a vertical asymptote when bx + ¢ =0, and its maximal domain is

X+ c
c
R\{——+.
)

The horizontal asymptote is identified from the equation of a hyperbola expressed in proper rational form, that

+2x .
should be rewritten as

. . . . 1
is, when the numerator is of lower degree than the denominator. The equation y =
X

1 . . . .
y=—+2in order to identify the horizontal asymptote y = 2.
X

WORKED EXAMPLE 26 Sketching and determining the equations of hyperbolas

a. Determine an appropriate equation for the hyperbola

YA A
shown. |
|
b. i. Obtain the maximal domain of y = 22tk 5. |
x+1 i
ii. Sketch the graphofy = By and state its range. E
x+1 !

©.0 [ R

! x
|

e y=—d

________________ S SO
|
|
|
|
Y |
x=2
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THINK

. Write the general equation of a hyperbola.

Identify the asymptotes and enter them
into the equation.

Identify the known point through which
the graph passes and use this to fully
determine the equation.

1. Identify what must be excluded from
the domain.

2. State the maximal domain.

1. Express the equation in proper
rational form.

2. State the equations of the asymptotes.

3. Calculate any intercepts with the
coordinate axes.

WRITE

a. Let the equation be y = Lh + k.

r—
The graph shows there is a vertical asymptote
atx=2.

Sy= +k
. x—2
There is a horizontal asymptote at y = —4.
a
Sy= —4
! x—2

The graph passes through the origin.
Substitute (0, 0):

0="2-4
-2
4=-2
2
a=-—8
. —8
The equation is y = —4.
x—2

| _ 2x+5
’ x+1

The function is undefined if its denominator is

Z€ro.

Whenx+1=0,x=—1.
This value must be excluded from the domain.
The maximal domainis R \ {—1}.
2x+5 2(x+1)+3
x+1 x+1

B 2(x+1)+ 3
x+1 x+1
3
=2+ —
x+1
The equation 1s y = aF 2.
x+1

The graph has a vertical asymptote at x = —1
and a horizontal asymptote at y = 2.

. . 2x+5
x-intercept: let y=01in y = .
x+1
0= 2x+5
x+1
0=2x+5
5
xX=—=
2

The x-intercept is <— g, O>
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y-intercept: let x =0.
=1

=5
The y-intercept is (0, 5).

4. Sketch the graph. i y 2ess
i Y= x+ 1
|
|
| $0.5)
| g
|
____________________ I ———
D y=2_
b (-2.5,0)\ 0 x
|
i
|
|
|
|
|
x=-1
5. State the range. The range is R \ {2}.

Resources

Interactivity Hyperbola (int-2573)

1.7.3 The truncus

. 1.
The graph of the function y = - is called a truncus. Its rule
X
can be written as a power function, y=x"2.
The graph of this function has the following characteristics.
e There is a vertical asymptote with equation x =0.
There is a horizontal asymptote with equation y = 0.
The domain is R \ {0}.
e The range is R™.
The function has many-to-one correspondence.
The graph is symmetric about its vertical asymptote.

The graph of y = iz lies in the first and second quadrants that
X

. 1 .
are created by its asymptotes. The graph of y = - would lie
X

in the third and fourth quadrants.

 x=0

The truncus is steeper than the hyperbola for x € (—1,0) and x € (0, 1). However, a similar approach is taken to

sketching both functions.
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The general form of the truncus y = S +k

(x —h)?

The graph of y = 5+ k has the following characteristics.
(x—h)

e There is a vertical asymptote at x = h.

e There is a horizontal asymptote at y =k.

¢ The domainis R\ {h}.

If a > 0, then the range is (k, c0).

If a < 0, then the range is (— oo, k).

WORKED EXAMPLE 27 Sketching the graph of a truncus

Sketch the graph of y =8 —

> and state its domain and range.
x=3)

THINK WRITE
2

 (x—3)

1. State the equations of the asymptotes. y=38

The vertical asymptote is x = 3.
The horizontal asymptote is y = 8.

2. Calculate the y-intercept. y-intercept: let x =0.
2

(-3)*

y=8-
7

= 7L
YT
The y-intercept is <0, 7%)

3. Calculate any x-intercepts. x-intercepts: let y = 0.
2

0=8—
(x—3)

2
=38
(x—3)°

2=8(x—3)°

)c=2l orx=23-—
2 2

The x-intercepts are <2%,0>, (3%,0).
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4. Sketch the graph.

5. State the domain and range. The domain is R \ {3} and the range is (—o0, 8).

1.7.4 The square root and cube root functions

The square root function has the rule y = \/)_c, and the rule for the cube root function is y = \3/)_6 As power
1 1
functions these rules can be expressed as y = x2 and y = x3 respectively.

The maximal domain of y = \/)_c is [0, 00), because negative values under a square root must be excluded.
However, cube roots of negative numbers are real, so the maximal domain of the cube root function

3 .
y=+/x1s R.

The graph of the square root function

The function y = \/)_c is the top half of the ‘sideways’ parabola y*> = x. The bottom half of this parabola is the
function y =— \/;

YA

(e}
- Y

The parabola y*> = x is not a function, but its two halves are. The equation y> = x could also be written as
y==+ \/)_c The turning point or vertex of the parabola is the end point for the square root functions y = \/)_c and

y= —\/)_c. These functions both have domain [0, c0), but their ranges are [0, 00) and (—o0, 0] respectively.

The parabola y*> = —x would open to the left of its vertex. Its two branches would be the square root functions
y=4/—x and y = —4/—x, with domain (—o0, 0] and ranges [0, co0) and (—o0, 0] respectively.

56 Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Third Edition



YA

=)
=Y

The four square root functions show the different orientations that can be taken. Calculation of the maximal
domain and the range will identify which form a particular function takes.

Square root functions

Square root functions of the form y = a+/x — h + k have the following
characteristics.

e The end point is (&, k).

¢ The domain is [/, o0).

e If a > 0, the range is [k, o0); if a < 0, the range is (—o0, k].

Square root functions of the form y =a+/—(x — k) + k have the following
characteristics.

¢ The end point is (&, k).

¢ The domain is (— oo, &].

e If a > 0, the range is [k, o0); if a < 0, the range is (—o0, k].

The graph of the cube root function

The graph of the cubic function y = x> has a stationary point of inflection at the origin. The graph of y* =x has a
‘sideways’ orientation but still has a point of inflection at the origin.

The rule y* = x can also be expressed as y = \3/; The graph of y = \3/)_5 is shown in the diagram.

0,0

The graph y = \3/)_c has the following characteristics.
e There is a point of inflection at (0, 0) where the tangent drawn to the curve would be vertical.
e The domain is R and the range is R.
e The function has one-to-one correspondence.
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The graph of y = —\3/; is the reflection of y = \3/)_c in the x axis.

0,0

Sy

This is also the graph of y = /—x, as /—x = —\3/)_6.

Cube root functions

The general equation y = a\3/x — h + k shows the graph has the following
characteristics.

e There is a point of inflection at (%, k).

e The domain is R and the range is R.

. . 3

* One x-intercept can be located by solving a\/x —h +k=0.
If a > 0, the long-term behaviour isx — * o0,y — * .
If a < 0, the long-term behaviour is x - * o0,y — Foo0.

The long-term behaviour of the cube root function resembles that of the cubic function.

WORKED EXAMPLE 28 Cube root and square root graphs

a. i. State the maximal domain of y=+1/4—x—1.

ii. Sketch the graph of y = v/4 —x — 1 and state its range.
b. The graph of a cube root function has its point of inflection at (1, 5) and the graph cuts the y-axis at
(0,2). Determine the rule and sketch the graph.

THINK WRITE

a. i. Form the maximal domain. a. i. y=vyv4—x—1
The term under the square root cannot be
negative.
4—x>0

x<4
The maximal domain is (—oo, 4].
ii. 1. State the coordinates of the end point. ii. The end point is (4, —1).
2. Calculate the y-intercept, if there is one. With the domain (—o0, 4], the graph opens

to the left, so it will cut the y-axis.
y-intercept: let x =0.

y=V4-1

y=1

The y-intercept is (0, 1).
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3. Calculate the x-intercept, if there is one. The end point lies below the x-axis and
the y-intercept lies above the x-axis. There
will be an x-intercept.
x-intercept: let y = 0.

0=+v4—x—1
Vd—x=1

4—x=1

x=3
The x-intercept is (3, 0).

4. Sketch the graph.

y =@ -1

A

5. State the range. The range is [—1, 00).
. . . 3
1. Write the general equation of a cube root b.  Let the equation be y =a\/x —h +k.
function.
2. Insert the information about the point of The point of inflection is (1, 5).
inflection. Ly=aVx—1+5
3. Fully determine the equation using the Substitute the point (0, 2):
other piece of information given. 2= a\3/— 1+5
2=—-a+5
a=3
The equation is y = 3\3/x =14 5.
4. Calculate the x-intercept. x-intercept: let y = 0.
0=3Vx—14+5
Vx—1= _—5
3
3
--(3)
3
125
x=1——
27
_ B
27
The x-intercept is (— %, O) .
27
5. Sketch the graph. YA y=3"T1+5
0,2)

=Y
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p
1.7.5 Power functions of the form y=x4, p, g€N
P
The square root and cube root functions are examples of power functions of the form y = x4, p, g € N. For the
1 1
square root function, y = \/)_c =x2, so p=1 and g = 2; for the cube root function, y = \3/)_5 =x3,sop=1and g=3.
In this section, we consider some other functions that have powers that are positive rational numbers and deduce
the shape of their graphs through an analysis based on index laws.
14
Index laws enable x4 to be expressed as \q/; .

With p, g €N, the function is formed as the gth root of the polynomial x”. As polynomial shapes are known, this
interpretation allows the shape of the graph of the function to be deduced. Whichever is the larger of p and g will
determine whether the polynomial or the root shape will be the dominant function.

Power functions

14
For the graph of y=x4%,p,q €N:

e if p > g, the polynomial shape dominates, because the index P >1
q

e if ¢ > p, the root shape dominates, because the index must be in the interval 0 < P <1
q
¢ if p =q, the index is 1 and the graphisy =x
 even roots of the polynomial x” cannot be formed in any section where the polynomial graph is
negative
¢ the points (0, 0) and (1, 1) will always lie on the graph.

The basic polynomial or root shape for the first quadrant ;

is illustrated for p > g= index > 1, p=¢=index =1 and y P
g>p=index < I. L Y=XP=g

7
y=x,p>gq

Note that the polynomial shape lies below y=x for 0 <x <1 -~
and above y =x for x > 1, whereas the root shape lies above .
y=xfor 0 <x<1 and below y =x for x> 1. It is always -~ P

helpful to inclgde the line y = x when sketching a graph of . y=x,q>p

the form y = x4. 7 (1.1

(0, 0) x

Resources
Interactivities Patterns of functions (int-6415)

The relation y? = x (int-2574)
Fractional power functions (int-6521)
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WORKED EXAMPLE 29 Graphs of power functions

Give the domain and deduce the shape of the graph of each of following.

2
a.y=x3

THINK

a. 1. Express the function rule in surd form and
deduce how the function can be formed.

2. Use the nature of the operation forming the
function to determine the domain of the
function.

3. Reason which shape, the root or the
polynomial, will dominate.

4. Draw the required graph, showing its position
relative to the line y = x.
Note: There is a sharp point at the origin.

. Express the function rule in surd form and
deduce how the function can be formed.

2. Use the nature of the operation forming the
function to determine the domain of the
function.

3
b. y=x2
WRITE

2
a. y=2x3

3
- ¥
The function is formed as the cube root of the
quadratic polynomial y = x2.

Cube roots of both positive and negative
numbers can be calculated. However, the graph
of y=x? lies in quadrants 1 and 2 and is never
negative. Therefore, there will be two non-
negative branches to the power function, giving
it a domain of R.

As 3> 2 (or as the index is less than 1), the
root shape dominates the graph. This means
the graph lies above y=x for 0 <x< 1 and
below it for x> 1.

The points (0,0) and (1, 1) lie on the graph,
and by symmetry the graph will also pass
through the point (—1, 1).

YA

\
~
L
=
p—
)

b. y =x2

e
The function is formed as the square root of
the cubic polynomial y = x>.

The graph of y = x> is positive in quadrant 1
and negative in quadrant 3, so the square root
can only be taken of the section in quadrant 1.
There will be one branch and its domain will
be R U {0}.
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3. Reason which shape, the root or the As 3 >2 (or as the index is greater than 1), the

polynomial, will dominate. polynomial shape dominates. The graph will
lie below y = x for 0 < x < 1 and above it for
x> 1.
4. Draw the required graph, showing its position The points (0,0) and (1, 1) lie on the graph.
relative to the line y = x. YA y=x A
3 /’,
y= x? ,/,
A0
00 .
< % >
¥ Y

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS (C)

Technology free
1. IIEZEA Determine the maximal domains of each of the following functions.

a.y=x_6 b. y=+v1-2x

x+9
c =2 d !
. = N y =
(x+3)° x2+3
2. a. [llIZZA Determine an appropriate equation for the hyperbola shown. i Yy
b. i. Obtain the maximal domain of y = X 2. i
x—1 !
.. Sx—2 . 1
ii. Sketch the graph of y = and state its range. | K
= i
y=1 |
________________ R
3. Sketch the graph of y = , stating its domain and range. e ) >
1—-2x (-9,0) !
|
4. Sketch the following hyperbolas and state the domain and range of each. i
4 |
a.y=—-+5 b. y=2-— |
X x+1 ! ; Y
4x+3 xX=-
T e
oy 10
Y S5—x
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5. a. The graph of a hyperbola has a vertical asymptote at x=—3 and a
horizontal asymptote at y = 6. The point (—4, 8) lies on the graph.
Form the equation of this graph.

b. Form a possible equation for the graph shown.

— 2 and state its domain

6. A Sketch the graph of y =
x+2)

and range.

7. Sketch each of the following and state the domain and range of each.
- S +1 b. y= _—32 -2
(B—x) 4x—1)
1 2532 — 1
y=——75-1 d. y= Sx—z
2x+3) S5x

a.y

C.

=
Il

|
S}

8. Determine an appropriate equation for the truncus shown.

YA

Technology active

9. a. The diagram shows the graph of a truncus. Form its equation. ¥ !
b. A function f defined on its maximal domain has a graph y = f(x) :

in the shape of a truncus with range (—4, 00). Given f(—1) =8 and i

f(2) =8, determine the equation of the graph and state the function !
fusing function notation. S N S e

10. K= < \

a. i. State the maximal domain of y=—4/x+9+2.
ii. Sketch the graph of y=—14/x+ 9+ 2 and state its range.
b. The graph of a cube root function has its point of inflection
at (1, 3) and the graph cuts the y-axis at (0, 1). Determine its
rule and sketch its graph, locating its x-intercept.

11. a. Determine the maximal domain and the range of y=31/4x—9 -6,
and sketch its graph.

b. State the coordinates of the point of inflection of the graph of
1
y=(10—3x)3 and sketch the graph.

12. Give the equations of the two square root functions that form the branches of each of the following
‘sideways’ parabolas, and state the domain and range of each function.

a. (y—=2)>=4(x-3) b. y* +2y+2x=5
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13. Sketch the following square root functions and state the domain and range of each.

a.y:l—\/g b.y=2\/—_x+4
c. y=2V4+2x+3 d. y=—13-V12-3x

14. a. The graph of the function f: [5, c0) — R, fix) =a\/x+ b+ c is shown in the diagram. Determine the

15.

b.

a.

1—
. Sketch the graph of y =f(x) where f(x) = 5

values of a, b and c.

by

A

=Y

T

(5.-2)

y

The graph of the function f: (—o0,2] = R, fix) = \/ax + b+ c is shown in the diagram.

i. Determine the values of a, b and c.
ii. State the equation of the reflection if the graph of y =f(x) is reflected in the x-axis.

YA
y=f(x)
- 0.0) X
(2,-2)
Y
Sketch the graph of {(x, y)iy= \3/ x+2— 1}, labelling the intercepts y

with the coordinate axes with their exact coordinates.

\3/x+8 tating i
————— stating its (IM

implied domain and range.

. Sketch the graph of g : [-3,6] = R, g(x) = \3/ —x + 5 and state its 0, -2)

domain and range.

. Form a possible equation for the cube root function shown in the

diagram.

. The graph of a cube root function passes through the points (-9, 5)

and (—1, —2). At the point (—1, —2), the tangent drawn to the curve
is vertical. Determine the equation of the graph.

. Express y as the subject of the equation (y + 2)3 = 64x — 128 and hence state the coordinates of the point

of inflection of its graph.

16. State the maximal domain of the function y = 4/(2 — x) (x + 3). Use CAS technology to investigate the shape
of the graph.
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17. I Give the domain and deduce the shape of the graph of each of the following.

3 4
a. y=x4 b. y=x3

18. Give the domain and deduce the shape of the graph of each of the following.
1 1
a.y=x5 b. y=x8

19. For each of the following, identify the domain and the quadrants in which the graph lies, and sketch the
graph, showing its position relative to the line y = x.

3 3
a. y=x2 b. y=x3
3
c. y=x5 d. yzxo'25

1
20. a. Explain how the graph of y =x3 could be drawn using the graph of y = x.
1
b. On the same set of axes, sketch the graphs of y=x and y =x3.

(2]

1
. Hence, obtain {x X3 —x> 0}.

1.7 Exam questions

Question 1 (1 mark)
Source: VCE 2020, Mathematical Methods Exam 2, Section A, Q5; © VCAA.

2
I The graph of function f: D — R, f(x) = 35x + , where D is the maximal domain, has asymptotes
A.x=—5,y=% B. x=-3,y=5
2
C.x=§,y=—3 D. x=5,y=3
E. x=5,y=-3

Question 2 (1 mark)
Source: VCE 2020, Mathematical Methods Exam 2, Section A, Q18; © VCAA.

T Let a € (0,00) and b ER.

Consider the function 4 : [—a,0)U (0,a] = R, h(x) = a4 +b.
X

The range of 4 is
A [b—1,b+1] B.( b—1,b+1)
C. (—o0,b—1HUB+1,00) D. (—o0,b—1]JU[b+ 1, 0)
E. [b—1,0)

Question 3 (1 mark)
Source: VCE 2018, Mathematical Methods Exam 2, Section A, Q2; © VCAA.

T The maximal domain of the function fis R\ {1}.

A possible rule for fis
xr—5 x+4
A f(x)= B. f(x)=
x2—1 )c—S2
x+x+4 5—x
C. f)="——— D. f(0)=
x"+1 1+x

E. f(x)=vx—1

More exam questions are available online.
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1.8 Combinations of functions

LEARNING INTENTION

At the end of this subtopic you should be able to:
e sketch and determine hybrid functions
e sketch sums, differences and products of functions.

By combining together pieces of different functions defined over restricted domains, a ‘piecewise’ function
can be created. By combining together different functions using arithmetic operations, other functions can be
created. In this section we consider some of these combinations.

1.8.1 Hybrid functions

A hybrid function, or piecewise function, is a function whose rule takes a different form over different subsets
of its domain. An example of a hybrid function is the one defined by the rule

\3/)_c, x<0

fx)=12, 0<x<?2.
X, x>2

To sketch its graph, the three functions that combine to form its y
branches, y = \3/)_6, y=2 and y =x, are drawn on their respective

restricted domains on the same set of axes. If the branches do not

join, then it is important to indicate which end points are open and

which are closed, as each of the x-values of any function must have a

unique y-value. The graph of this hybrid function y = f(x) is shown in 0,2)
the diagram.

The function is not continuous when x =0 as the branches do not join ©.0)

for that value of x. It is said to be discontinuous at that point of its
domain. As the rule shows, x =0 lies in the domain of the cube root
section, the point (0, 0) is closed and the point (0, 2) is open.

The function is continuous at x =2 as there is no break or gap in

the curve. There is no need for a closed point to be shown at x =2,
because its two neighbouring branches run ‘naturally’ into each other
at this point.

To calculate the value of the function for a given value of x, choose the function rule of that branch defined for
the section of the domain to which the x-value belongs.

WORKED EXAMPLE 30 Sketching hybrid functions

\/—_x, x<-1
Consider the function for whichf(x)=92-x?, —1<x<1.
Ve+1, x>1
a. Evaluate f(—1), f(0) and f(4).
b. Sketch the graph of y =f(x).
c. State:
i. any value of x for which the function is not continuous
ii. the domain and range.

66 Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Third Edition



THINK WRITE

—X, x<-—1
a.  For each x-value, decide which section of a. f(x)=32—x2 —1<x<1
the domain it is in and calculate its image \/} +1, x>1

using the branch of the hybrid function’s rule

applicable to that section of the domain. SR SIS = B (D o SOs

x < —1, use the rule f(x) = 1/—x.
f=D)=+y—=(=D

- Vi

=h
£(0): Since x =0 lies in the domain section
—1<x< 1, use the rule f(x) =2 — x%.

f0)=2-0
=2-0
=2

f(4): Since x =4 lies in the domain section
x> 1, use the rule f(x) = \/}+ 1.

f@ =v4+1
=2+1
=K
b. 1. Obtain the information needed to sketch b. y= \/—_x x < —1 is a square root function.
each of the functions forming the branches The points (—1, 1) and (—4, 2) lie on its graph.
of the hybrid function. y=2—x? —1<x<1is a parabola with

maximum turning point (0, 2).

Atx=—1lorx=1, y=1. The points (—1, 1)

and (1, 1) are open for the parabola.

y= \/; + 1, x> 1 is a square root function.

The points (1,2) and (4, 3) lie on its graph.
2. Sketch each branch on the same set of axes

YA
to form the graph of the hybrid function.
4, 3)
(_4, 2) 0, 2 /
\‘\(/)‘\(1 2) y=fx)
-1, 1) (1,1
< 0 >
Y
c. i. State any value of x where the branches of c. The function is not continuous at x = 1.

the graph do not join.

ii. State the domain and range. The domain is R.
The range is [1, o).
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TI| THINK

a. 1. On a Calculator page,
press MENU, then
select:

1: Actions

1: Define
Complete the entry
line as:

Define 1 (x) =

\/—_x,xﬁ—l

2—x%,—1<x<1
Vx4 a1
then press ENTER.
Note: The hybrid
function template can
be found by pressing the
Template button.

2. Complete the next entry
line as:
F1(=1)
then press ENTER.
Complete the next entry
line as:
£10)
then press ENTER.
Complete the next entry
line as:
f1@4
then press ENTER.

3. The answers appear on
the screen.

b. 1. On a Graphs page,
select {1, then press
ENTER.

Note: The hybrid
function automatically
appears in the entry
line for f1 as it was
previously defined on
the Calculator page.

DISPLAY/WRITE

«EER» *Doc

J:, x<-1
Define 71(x)={ 342, ~1<x<1

Jx_u,\‘zl

F, XS~1.

Define /1(x)= 2—.\'2, ~lex<l
J_: +1x21

1(-1)

#1(0)

71(4)

m-r[] %

Done

w

f=D=1Lf0)=2,f4=3

|
I

F. xs-1
fl)=0522, -1<x<1

Jr+1e21

&

CASIO | THINK

a.

b.

1.

3. The answers appear on

1.

On a Graph & Table
screen, complete the
entry line for y1 as:
yl=

V=xx<—1
22—, —1<x<1

Vxi+Lx>1
then press EXE.
Note: The hybrid

function template can

be found in the Math 3

tab of the Keyboard

menu. Click it twice for

three equations.

Click the Table Input
icon and complete the
fields as:

Start: —1

End: 4

Step: 1

then select OK.

the screen.
Click the Graph icon.
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DISPLAY/WRITE

© File Edit Typs o
VTR [T} () o g ¢ T ¥ =y
mIMEEREEIET B
Sheet! |Sheet2|Sheat3 [Shaatd [Sneats

Vox, xs-1 4
Bivi=|2-x2, —1¢xc) —

Vx+l,x21
v2:1

Rad  Feol @

Start: =1
End i 4
Step 1|11

4

"

L

9 x

9 L&l

" I

> I

i
g ILIEY|
Rad  Awol @

© Edit T-Fact Gragh &

s b A 2€] (4] !
Sheet! |Sheet2 |Sheet3 [Sheetd |Shaats

V=x, xs-1
Bivi={2-x2, ~1¢x¢1 —

Vx+l,x21 e

yail
Liy5:0
x vl

0

1

2 2

3 2

1 ~
-1 LIE)
Rad Aol

f(=D=1[0)=2,
f@=3

© Edit Zoom Analysis e

5 P R I C

Sheet! Sheet2 [Sheetd |Sheetd [Sheets

ot
o
*

L4 o]




2. Press MENU, then m 2. Select: © E&t Zoom Alysls o :
select: “ ® Analysis 755 [ G 2] (A ) 3
5: Trace ® Trace ot SFE‘(.Z.STT_S'M" e
1: Graph Trace \‘0-:’/".\(/ Type ‘—1°, select OK, R cau —d
Type ‘—1’, then press (z2,2)7" % x then press EXE to mark |20 a
ENTER twice to mark |~ (/5 ve1 | A the point (—1, 1). =
the point (—1, 1). f1()={2-x2, ~1<x<1 Type ‘1°, select OK, 250 .

Type ‘1°, then press e eraz N then press EXE to mark :

ENTER twice to mark o the point (1, 2). \/‘\',//
the point (1, 2). Note: The point (1, 1) s AEEEE:
Press the down arrow to should be drawn as an B

move to the point (1, 1), open circle. e & e

then press ENTER.
Note: The point (1, 1)
should be drawn as an
open circle.

3. To find the maximum,

press MENU, then select:

. Sheet) Sheet2 Sheetd Sheetd [Sheets
select: ® Analysis V=5, e -
6: Analyze Graph \‘0-:’/",\(/ e G-Solve -
3: Maximum I (-2,2)0 i x o Max
Move the cursor to the | J=, xs1 g then press EXE. 9
left of the maximum f1(x)={ 502, “1exel v5:0 .
when prompted for vt -

the lower bound, then
press ENTER. Move
the cursor to the right
of the maximum when

To find the maximum,

© Edt Zoom Analysis &

7= 0 5 R A B ;']T'-

fed  Aesl i)

prompted for the upper
bound, then press
ENTER.
. i. Look for points where = The graph is discontinuous at i. Look for points where = The graph is discontinuous
a break in the graph x=1. a break in the graph atx=1.
occurs. occurs.

ii. State the domain and
range.

The domain is R and the range is

[1, co].

i. State the domain and

range.

The domain is R and the
range is [1, oo].

Resources

Interactivity Hybrid functions (int-6414)

1.8.2 Sums, differences and products of functions

New functions are formed when two given functions are combined together under the operations of addition,
subtraction and multiplication. The given functions can only be combined where they both exist, so the domain
of the new function formed must be the domain common to both the given functions. For functions f and g with
domains dy and d, respectively, the common domain is d;Nd,,.

Sums, differences and products of functions

* The sum and difference functions ' + g are defined by (f+ g)(x) =f(x) £+ g(x) with domain d;nd,.
* The product function fg is defined by (fg)(x) = f(x)g(x) with domain drnd,.
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Graphs of the functions f+ g and fg may be able to be recognised from their rules. If not, the graphs may

be deduced by sketching the graphs of f and g and combining by addition, subtraction or multiplication, as
appropriate, the values of f(x) and g (x) for selected x-values in their common domain. The difference function
f— g can be considered to be the sum function f+ (—g).

WORKED EXAMPLE 31 Determining sums and products of functions

Consider the functions f and g defined by f(x) = /4 + x and g (x) = \/4 — x respectively.
a. Form the rule for the sum function f + g, stating its domain, and sketch the graph of y = (f+ g) (x).
b. Form the rule for the product function fg and state its domain and range.

THINK WRITE
a. 1. Write the domains of the functions a. fx)y=v4+x
fand g. Domain: 4 +x > 0
x> —4
dy=[~4, )

g)=V4—x
Domain: 4 +x >0

x<4
dg = (_00’4]

2. State the common domain. - ds

d, .
<~ T T T T T I

-6 5 4 3 2 -1 0 1
dynd, = [~4,4]

o -
W
~
(9]
(@)}

3. Form the sum function and state its (f+o @) =fx)+gkx)
domain. =4+ x+/4—x
dpyg = [=4,4]
4. Sketch the graphs of y =f(x) and Y/

y=(f+8x)
y = g (x) on the same set of axes.

Add the y-coordinates of key points
together to form the graph of
y={+8 ).

(~4,0) @0 *

X —4 0 4
f@) 0 | 2 | V8
g ) V8| 2 | o
f@+g) | V8 | 4 | B8
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b. 1. Form the product function and state  b. (fg) (x) = f(x) g (x)
its domain. _ (m) % ( 4 —x>
=116 —x2

dp = [=4,4]

2. State the range of the function. The rule (fg) (x) = V/ 16 — x2 is that of the top half of a
semicircle with centre (0, 0) and radius 4. Therefore, the
range is [0,4].

Resources

Interactivity Sums, differences and products of functions (int-6416)

1.8.3 Graphical techniques

Given the graphs of functions whose rules are not necessarily known, it may be possible to deduce the shape of
the graph of the function that is the sum or other combination of the functions whose graphs are given.

Addition of ordinates

Given the graphs of y; = f(x) and y, = g (x), the graphing technique known as addition of ordinates adds together
the y-values, or ordinates, of the two given graphs over the common domain to form the graph of the sum
function y =y, +y, =f(x) + g (x).

Graphical techniques

Note the following points when applying the addition of ordinates technique over the common
domain dynd,:
o If the graphs of f and g intersect at (a, b), then the point (a, 2b) lies on the graph of f+ g.
* Where f(x) = —g(x), the graph of f+ g cuts the x-axis.
If one of f(x) or g(x) is positive and the other is negative, the graph of f + g lies between the graphs
of fand g.
If one of f(x) or g(x) is zero, then the graph of f + g cuts the other graph.
If f(x) » 0", then the graph of f + g approaches the graph of f from above.
If f(x) — 0, then the graph of f+ g approaches the graph of g from below.
* Any vertical asymptote of f or g will be a vertical asymptote on the graph of f+ g.

The subtraction of ordinates is usually simpler to achieve as the addition of the ordinates of y; = f(x) and
y2=—g ().

Squaring ordinates

Given the graph of y =f(x), the graph of y=(f (x))* can be deduced by squaring the y-values, or ordinates,
noting in particular that 0> =0, 1> =1 and (-)*=1.

e The graph of f'and its square will intersect at any point on f where y=0or y=1.

e If the point (a, —1) is on the graph of f, then (a, 1) lies on the graph of the squared function.

e The squared function’s graph can never lie below the x-axis.

e Where 0 <f(x) < 1, (f(x))* <f(x), and where f(x) > 1 or f(x) < —1, (f(x))* > f(x).
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Similar reasoning about the ordinates and their square roots and the domain will allow the graph of y =4/f(x) to
be deduced.

These graphing techniques can be applied to combinations of known functions where the first step would be to
draw their graphs.

WORKED EXAMPLE 32 Addition of ordinates

The graphs of the functions f and g are shown.

YA
0,4)
0,2)
y=f)
(-2,0) 0 (2, 0) X
. y =8

Draw the graph of y = (f+ g) (x).

THINK WRITE

1. State the domain common to both functions. Both of the functions have a domain of R, so d;Nd, =R.

2. Determine the coordinates of a key point on Atx=0, f(x) =2 and g (x) =4. Hence, the point (0, 6)
the required graph. lies on the graph of f+ g.

3. Deduce the behaviour of the required graph Atx==2, g(x)=0. Hence, the graph of f+ g will cut
where one of the given graphs cuts the x-axis. the graph of f when x =+ 2.

4. Use the long-term behaviour of one of As x — £00, f(x) = 0F. Hence, (f+ g) (x) = g (x) from
the given graphs to deduce the long-term above as x — *oo.
behaviour of the required graph.

5. Draw a sketch of the required graph. y)

Y=+
(0, 4)
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Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

Technology free
1. [l=A Consider the function for which:

—\3/)_6, x< -1
f)=1x° —-1<x<1.
2—x, x>1
a. Evaluate f(—8), f(—1) and f(2).

b. Sketch the graph of y =f(x).
c. State:

i. any value of x for which the function is not continuous
ii. the domain and range.

2. Sketch the graphs of each of the following hybrid functions and state their domains, ranges and any points of

discontinuity.
-2x, x<0 \3/;’ x<l1
a.y= b. y=
Y 4—x, x>0 Y l, x>1
X
3. A hybrid function is defined by:
;2’ X < _1
x+1
JO=12-x, —1<x<2
8 — 2x, x>2
a. Evaluate:
i. f(=2) i. £(2).

b. Sketch the graph of y =f(x).
c. State the domain over which the hybrid function is continuous.

4. Consider the following function.

l)c3+5, x<-=3
9

JIR=R =112y, —3<x<l.
x—2, x>1
a. Show the function is not continuous at x=1.

b. Sketch the graph of y =f(x) and state the type of correspondence it displays.
c. Determine the value(s) of x for which f(x) =4.
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5. Form the rule for the hybrid function shown in the diagram.

YA

(8,8)

4.4

6. Form the rule for the function whose graph is shown in the diagram.

Y

y=5(x
0,4) o——o(2,4)

(3.2

(-3,0) 1,0 \(4, 0)

A
(e
)

Technology active

7. K= Consider the functions f and g defined by f{ix) = —4/1 + x and g(x) = —v/ 1 — x respectively.
a. Form the rule for the sum function f+ g, stating its domain, and sketch the graph of y = (f+ g) (x).
b. Form the rule for the product function fg and state its domain and range.

8. Given f(x) =x> and g (x) = x?, form the rule (f— g) (x) for the difference function and sketch the graphs of
y=f(x),y=—g(x)and y = (f— g) (x) on the same set of axes. Comment on the relationship of the graphs at
the places where y = (f— g) (x) cuts the axes.

9. A The graphs of the functions fand g are shown. Draw the graph of y = (f+ g) (x).
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10. The graphs of two functions y =f(x) and y = g (x) are drawn in the following diagrams. Use the addition of
ordinates technique to sketch y =f(x) + g (x) for each diagram.

b. YA

y=gx)

A

=]

Y
x=0

11. Consider the functions f'and g defined by f(x) =5 — 2x and g (x) = 2x — 2 respectively. For each of the
following, give the rule, state the domain and the range, and sketch the graph.
a.y=(f+g )
b.y=(f-g (x)

c. y=(f2) (%)

12. Consider the functions f(x) =x*> — 1 and g(x) = V/x + 1.

a. Evaluate:
i (g=1)3)
i. (gf)(8).

b. State the domain of the function f+ g.

c. Draw a possible graph for each of the following functions.

i. f+g
i. g—f
iii. fg
13. Use addition of ordinates to sketch y =x 4+ 1/—x.

14. Sketch the graph of y =x? — 1 and hence draw the graph of y = (x2 — 1)2, stating the domain and range.

15. a. Consider the function defined by g(x) = (2x — 1)3. Sketch the graph of y = g (x) and hence sketch

y=(g (@)
b. Calculate the coordinates of the points of intersection of the graphs of y=f(x) and y=(f (x))2
if f(x) =x3 = 2x.

16. Use CAS technology to draw on screen the hybrid function defined by the rule:
—X, x<-—1
fx) =141, —-1<x<1
2x—1)x=3), x>1

State the range of the function.
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17. A hybrid function is defined by:

x+a, X E(—0,—8)

3
Fay={Vx+2, xE(=8,8)
b
. x€(8,00)
X
a. Determine the values of a and b so that the function is continuous for x € R, and for these values, sketch
the graph of y =f(x).
Use the values of a and b from part a for the remainder of this question.
b. Determine the values of k for which the equation f(x) = k has:
i. no solutions ii. one solution iii. two solutions.

c. Find {x : f(x)=1}.

1.8 Exam questions

Question 1 (1 mark)
& The diagram shows the graphs of three functions: y =f(x), y =g (x) and y = & (x). State which of the
following statements is true.

A f()=g ) —h@®) B. g =/(0)—h(®) C. g =h®—f)
D. h()=f(x)—g () E. h(x)=g ) —f()

Question 2 (1 mark)

& Given the functions f{x) = v/x + 3 and g(x) = v/ 1 —x, the graph of y =f(x) — g (x) has
. a maximal domain of [—3, o0) and a range of R.

. a maximal domain of [1, co) and a range of R™.

. a maximal domain of (—o0, —3] U[1, c0) and a range of R.

. a maximal domain of [—3, 1] and a range of R*.

. a maximal domain of [—3, 1] and a range of [—2,2].

moOooO w >

Question 3 (1 mark)
x—2, x>1
I For the function defined by fix)=4 —1,—1<x< 1 then
x, x<-=-2
A. f(1)=—1 and the range is R.
B. f(1) =—1 and the range is [-2, —1].
C. f(—1)=—1 and the range is R\ (=2, —1).
D. f(—1) does not exist and the range is R\ (=2, —1].
E. f(—1) does not exist and the range is R\ [—2, —1).

More exam questions are available online.
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1.9 Modelling and applications

LEARNING INTENTION

At the end of this subtopic you should be able to:
e apply various functions to practical situations
¢ determine the best function to fit a set of data.

People in research occupations, such as scientists, engineers and economists, analyse data though the use of
mathematical models in order to increase our understanding of natural phenomena and to draw inferences about
future behaviour. In this subtopic we consider some applications of the functions that are discussed earlier in
this topic.

1.9.1 Modelling with data

Consider the set of data shown in the table.

t 2 4 7 9
h 15 23.5 21 8.5
In deciding what type of model this data might best fit, a linear nA
model would be ruled out as the data is not steadily increasing or 269 h()=-0.9+931,0<r<10333
decreasing. The values increase and then decrease; there are no 249 (4,235
obvious signs that the data is oscillating or showing asymptotic 227 (7. 21)
20 ’

behaviour. Observations such as these would rule out an exponential

model, a trigonometric model, and a hyperbola or truncus model. 12 ]
2,15
The data is likely to be a polynomial model with a many-to-one 14 @19

correspondence. Plotting the points can help us recognise a possible 12
model. If the variables ¢ and & are time and height respectively, then 10 7

we may suspect the polynomial would be a quadratic one. Three 8 ©.85) ¢

of the data points could be used to form the model in the form 6]
h=af*+ bt + c, or the entire set of data could be used to obtain 47
the model through a quadratic regression function on CAS. The 27
quadratic model / (f) = —0.9¢% 4+ 9.3¢ shows a good fit with the data. 0 '1 é é i 5' é 7' é '9 1'0 1'1 1'27

Applications of mathematical models

The variables in a mathematical model are usually treated as continuous, even though they may represent a
quantity that is discrete in reality, such as the number of foxes in a region. Values obtained using the model need
to be considered in context and rounded to whole numbers where appropriate.

Domain restrictions must also be considered. A variable representing a physical quantity such as length must
be positive. Similarly, a variable representing time usually cannot be negative. However, it is important to read
carefully how the variables are defined. For example, if # is the time in hours after 10 am, then = —2 would be
possible as it refers to the time 8 am.
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Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

Technology active
1. Consider the data points shown.

0 1 3 4
y 4 2 10

oo

a. Discuss why neither a linear, trigonometric, exponential nor a power function of the form y =x" is a likely
fit for the data.

b. Assuming the data set fits a hyperbola of the form y = a

+k,x€[0,00)\{2}:
x—2

i. use the data to determine the equation of the hyperbola
ii. sketch the model, showing the data points.

2. The population, in thousands, of bees in a particular
colony increases as shown in the table.

Month (7) 1 2 314
Population in thousands (P) | 36 |38.75|42.5| 45

a. Plot the data points p against ¢ and suggest a likely
model for the data.

b. Use the values when t=2 and ¢ =4 to form a rule
for the model expressing P in terms of ¢.

c. If the variable # measures the number of months
since January, determine how many bees were in
the colony in January, according to the model.

d. State the rate of increase in the population of bees
according to the model.

3. A parabolic skate ramp has been built at a local park. It is YA
accessed by climbing a ladder to a platform as shown. ( 32 )
The platform is 2 metres long. The horizontal distance from "9

the origin is x and the vertical distance from the origin is y.
The lowest point on the skate ramp is at (5, 0) and the highest

point is at (9, 39%) 0, a) 2,a)

a. Calculate the value of a where (0, a) is the point where
the ladder connects with the platform.

b. Find the coordinates of the point where the platform
and the skate ramp meet.

c. Determine the equation of the parabolic section of the skate ramp.

. Write a hybrid function rule to define the complete skate ramp system for {x : —1 <x<9}.

e. Determine the exact values of x when the skateboarder is 1.5 metres above the ground.

“Y

T Lo 9 (5.0)

o
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4. ABCD is a square field of side length 40 metres. The points E and F are located on AD and DC respectively
so that ED = DF = x m. A gardener wishes to plant an Australian native garden in the region that is shaded in

the diagram.

. . L 1
a. Show that the area, A m?, to be used for the Australian native garden is given by A =800 + 20x — Ex .

2

b. State the restrictions that must be placed on x.
c. i. Calculate the value of x for which the area of the Australian native garden is greatest.
ii. Calculate the greatest possible area of the native garden.

A

B

5. The graph of y = g (x) is shown. The graph has a stationary point of inflection at the origin and also crosses

the x-axis at the points where x = — \/g and x = \/g . The coordinates of the maximum and minimum turning

points (— \/5, 12\/5 ) and ( \/3j ,—12 \/3j ) respectively.

a. Use the above information to form the equation of the graph. (_ V3 12 \/5) YA

b. Hence, show that g (x) =2x> — 10x°. '

c. A water slide is planned for a new theme park. Its cross-sectional
shape is to be designed using a horizontal and vertical translation of

the curve g (x) =2x°> — 10x°>.

The image of the point A, the maximum turning point of the original (-5, 0) 0,00 (5.0
X

curve, now lies on the y-axis. The image of the point B, the minimum
turning point of the original curve, now lies 1 unit above the x-axis.
The point C is the image of the origin (0, 0) after the original curve is

translated.

The water slide is modelled by the section of the curve from A to B

with the x-axis as the water level.

Y

7 (\/g, -1 2\/5)

[
o
)
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i. State the values of the horizontal and vertical translations required to achieve this model.
ii. Give the height of A above the water level to 1 decimal place.
iii. State the coordinates of the points C and B.

6. In an effort to understand more about the breeding habits of a species of
quoll, 10 quolls were captured and relocated to a small reserve where
their behaviour could be monitored. After 5 years the population size
grew to 30 quolls.

A model for the size of the quoll population, N, after ¢ years on the

reserve is thought to be defined by the function N : R U{0} - R,
at+b

N@)= .

t+2

a. Calculate the values of a and b.

b. Sketch the graph of N against 7.

c. Hence or otherwise, determine how large the quoll population can grow.

1.9 Exam questions

Question 1 (1 mark)
Source: VCE 2014, Mathematical Methods (CAS) Exam 2, Section 1, Q15; © VCAA.

I3 Zoe has a rectangular piece of cardboard that is 8 cm long and 6 cm wide. Zoe cuts squares of side length x
centimetres from each of the corners of the cardboard, as shown in the diagram below.

6 cm

X cm

D e s o

“-->

Zoe turns up the sides to form an open box.

- - 4

The value of x for which the volume of the box is a maximum is closest to

A. 0.8 B. 1.1
C. 16 D. 2.0
E. 3.6
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Question 2 (1 mark)
T The graph shows the relationship between two variables, x and y.

YA

S
=Y

If a is a positive constant, the equation relating x and y is most likely

A. y:a\/)_c
2

B. y=ax

C. y:g
X

D. y=ae*

E. y=alog, (x)

Question 3 (6 marks) L G0TE
A right circular cone is inscribed in a sphere of radius 4 cm, as shown in the cross-section.

B —
h
O ¢
4 cm
A D rcm C

a. Express the radius, » cm, of the cone in terms of A. (1 mark)
b. Write an equation expressing the volume of the cone, V cm?, in terms of / and state any restrictions

on h. (2 marks)
c. Sketch the graph of V versus A. (2 marks)
d. Use the graph to find the maximum volume for the cone to the nearest cm?. (1 mark)

More exam questions are available online.
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.10 Review

.10.1 Summary

Find all this and MORE in jacPLUS @

Hey students! Now that it's time to revise this topic, go online to:

Access the Review your Watch teacher-led Practise VCAA
topic summary results videos exam questions

1.10 Exercise

Technology free: short answer

1.

Solve the following equations.

a. 3x2—5x=4 b. 4 =82 = 3x+6=0
c.2m*—5m*—-3=0 d. =23 + 1242 =22x+12=0

2. a. Show that m — 2 is a factor of 4m* — 1 1m> — 19m2 + 44m + 12.

b. Hence, solve the equation 4m* — 11m* — 19m? + 44m + 12 =0.

3. If (x4 1), (x+2) and (x + 3) are factors of x* + ax® 4+ bx> + cx — 6, find the values of a, b and c.

. Sketch the graphs of each of the following, stating the domain and range.
4

(=20

a.y:é(x—2)4—l b. y=1 c.y=Q2x+1’+8

. Solve the following system of simultaneous equations.
m+n—p=-2

3m+5n—-2p=1
Sm+4n+2p=9

. Solve the pair of simultaneous equations through the use of a parameter, A.
2x+y—z=7
—x—y+3z=1

. a. Sketch the graph of the hybrid function defined by the following.

\3/x+1, x<0
f@={3-x)(x+1), 0<x<3
x+3, x>3

b. State where this function is discontinuous.
c. State the domain and range of the function.

. Consider the functions fand g with respective rules f{ix) = v/x+ 2 and g(x) = V4 — x2.

a. Give the maximal domain of each function and hence state their common domain, D.
b. On the same axes, sketch y =f(x) and y = g (x), and hence sketch the graph of the function y = (f+ g) (x).
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Technology active: multiple choice
9. I When fully factorised, 4x> — 2x> — 36x + 18 becomes:

A 2x—1) (24* — 18) B.2(2x—1)(x—3)’ C.4x—1)(x=3)(x+3)
D.2(2x— 1) (x—3) (x+3) E.2(2x—1)(x*=9)
10. [0 (x — 1) is a linear factor of 6x° — 5x> — 2x + 1. The solutions to the equation 6x> — 5x> — 2x + 1 =0 are:
A.)c=l,—landl B.x=1,—land—l C.x=1,landl
2 3 2 3 2 3
D.x:l,land—l E.x=—1,—l and—l
2 3 2 3

1. DA ax® +bx* +ex+d=3(x— 2)3 +2 (x—2), then a, b, ¢ and d are respectively:

A. 3,—18,36 and —24 B. 3,18,—36 and 24 C. 3,—18,38 and 28
D. 3,—18,38 and —28 E. 3,18,38 and —28

12. I Find the value of k for which the simultaneous equations

2kx+ (k+2)y=1
4x+Gk+1)y=2

have infinitely many solutions.

A.k=—i B.k;é—i and k# —1 C. k=-1
5 5
D. k#—1 andk=§ E. k=1

13. I A possible equation for the graph shown is:

YA
(1,0)
< =" >
-— y=-1
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14. 1A A possible equation for the graph shown is:

YA
= (-2, 0) 0. 0) G0l
Y
A y=x*(x+2)(x—3) B.y=x>(x—2)(x+3) C.y=x*(x+2)3-x)
D. y=—x(x—2)(x+3) E.y=—xx+2)(x—3)
15. I The maximal domain of the function with the rule y = % is:
Vx—64

A. R\ {4} B. R\ {64} C. (4, 00)
D. (64, ) E. R

16. I Data about the relationship between two variables, x and y, are plotted in the diagram.

YA
/’
/,,,
/
/
/
/
/
/
/
] >
0 X
The most likely model for the relationship is:
A. linear of the form y=x—a B. exponential of the form y=a"
1
C. power function of the form y = (x — a)2 D. trigonometric of the form y = cos (x — a)

E. polynomial of the form y = (x — a)*
17. 1A The graphs of y =f(x) and y = g (x) are shown.

Vi
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Select the correct statement about the graph of y =g (x) — f(x).

A. The graph of y = g (x) — f(x) has no x-intercepts.
B. The graph of y = g (x) — f(x) has one x-intercept.
C. The graph of y = g (x) — f(x) has two x-intercepts.
D. The graph of y =g (x) — f(x) has three x-intercepts.
E. The graph of y =g (x) — f(x) has four x-intercepts.

Technology active: extended reponse
18. a. fam* +bm> + cm®> +dm+ e = (m2 + 2)2 —13 (m2 + 2) + 42, find the values of a, b, ¢, d and e.
b. Hence, or otherwise, solve (m?® + 2)2 —13 (m*+2) +42=0overR.

19. Determine the values of m for which the equation (m + 1) x> + 2x + 3m = 0 has two solutions.

20. Solve the following system of simultaneous equations.

X—=y+z+w=5

2x+y—z+2w=1

x+2z—w=0
2y—3z—2w=-11

21. In the figure shown, the parabola is defined by y = ax? + bx + ¢, where a, b and c are constants.
A C.—(.4
2,3

A

L

The curve intersects the x-axis at points A and B. Point C is the vertex of the parabola. The curve passes
through the point (2, 3) and has a maximum turning point at (3, 4).

a. Calculate the values of a, b and c.
b. Find the coordinates of points A and B.
c. Hence, calculate the area of the triangle ABC.
d. i. Show that every member of the family of quadratic polynomials defined by y = ax> — 6ax + 8a + 3,
a € R\ {0} passes through the point (2, 3).
ii. Determine the value(s) of a for which these parabolas will have two x-intercepts.

22. Consider the polynomial y = 8 + 4x — 2x? — x>.

a. Factorise 8 + 4x — 2x% — x°.

b. Sketch the graph of y= 8 +4x — 2x*> — x> and state an interval, using integer values for x, in which its
maximum turning point must lie.

c. The cross-section of a mountain range is modelled by the curve y = \/ 8 +4x—2x2 —x3 for =2 <x<aq,
where x km is the horizontal distance and y is the vertical height in hundreds of metres.

i. State the largest value a can take.
ii. Expressy=1/8+ 4x—2x2 —x3 as the product of a polynomial f and a square root function g,
specifying the rule for each function.
iii. Using the largest value that a can take, state the ranges of the functions fand g.
iv. Sketch the functions fand g.
v. Hence, draw a sketch of the cross-section of the mountain range.

TOPIC 1 Functions and graphs 85



1.10 Exam questions

Question 1 (1 mark)
Source: VCE 2018, Mathematical Methods Exam 2, Section A, Q3; © VCAA.

T Consider the function f[a, b] — R, f(x) = l, where a and b are positive real numbers. The range of fis
X
A |11 B. (1.1 c. |11
ab ab b a
11
D. [ -, - E. [a,b
H l0.b)
Question 2 (1 mark)
Source: VCE 2015, Mathematical Methods (CAS) Exam 2, Section 1, Q7; © VCAA.
I The range of the function f: (—1,2] = R, f(x) = —x*>+2x—3is
A. R B. (—6,—3] C. (—6,-2]
D. [-6,-3] E. [—6,-2]
Question 3 (1 mark)

Source: VCE 2014, Mathematical Methods (CAS) Exam 2, Section 1, Q18; © VCAA.

I The graph of y = kx — 4 intersects the graph of y = x> + 2x at two distinct points for
A k=6 B. k>60rk<—2 C. 2<k<6
D. 6—2v3<k<6+2/3 E. k=-2

Question 4 (1 mark)
I The simultaneous linear equations
—3x+my=m—1and
(m+ 1)x—10y = -8,
where m is a real constant, have an infinite number of solutions for

A.m=5 or m=-6 B. m=5 only C. meR\{-6,5}
D. m#—6 E. m#5

Question 5 (2 marks)
Find the value(s) of a for which the simultaneous equations 3x +ay =15 and (a + 2) x + 5y = a have no solution.

More exam questions are available online.

Hey students! Access past VCAA examinations in learnON

Sit past VCAA Receive immediate Identify strengths
examinations feedback and weaknesses

Find all this and MORE in jacPLUS

Hey teachers! Create custom assignments for this topic

‘? Create and assign Access quarantined :_— Track your
v ° unique tests and exams tests and assessments 4 5  students’ results

Find all this and MORE in jacPLUS C)

86 Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Third Edition



Answers

Topic 1 Functions and graphs

1.2 Linear functions

1.2 Exercise
1. a. Many-to-one correspondence
b. Domain: [—4, 2); range: [O, 16]
c.f: [—4, 2) > R,f(x) =5
d.y=12

2. a. i.Many-to-one il [—3,6), [—9, 7]
iii. Yes
b. i.One-to-many ii. [0, ), R iii. No
c. i.Many-to-many ii. [—2, 2], [—2, 2]
iii. No
d. i.One-to-one ii. R, R iii. Yes
e. i.Many-to-one ii. R, {2} iii. Yes
f. i.One-to-one ii. R, R iii. Yes
3. a
b.
4. a
% &3
Y
Range R
b YA
-
-5
(5.3)

(0,0)

Y

10.

c. YA

(-2,8) \
0,4) \

- 2 9 @ 0')\2;) x
(4, -4)

Range (—4, 8]
d. YA
25
/( ’ 3)
105
3
3
0 s f
Y
13 25]
Range | —, —
3°3
a.y=-3x+12 b.y=3x+2
ay+2x—2=0 b.2y+x—8=0
a. 140.2° b.y=x+6
a.i. (4,=-2) ii. 44/2units
11
b. i. (E’ 5) ii. /74 units
a.a=6 b.a=7
c.a=-2,14 d.a=-5,1
ap=6 b. 9y —7x=23
c. 8.3 units

1.2 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.

1.

A 2.D 3.C

1.3 Solving systems of equations

1.3 Exercise

1.
2.

3.

ker\ {-1,4}
m=2

1

2

m==

4. keR\ {—1, 2}
5.a.meR\ {—4, 1} b.m=—4

c.m=1

.m=2,n=2andp=-5

7.d=1,e=2andf=2
8.a.x=3,y=2andz=—4

b.m=7,n=—-2andp=—1
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10.

11.

12.

13. x

14.

15.

16

c.u=3,v=6andw= -2
13
2

1
da=—,b=-3andc=—
2

. The largest angle is 70°, the smallest angle is 50° and the

third angle is 60°.
w=1l,x=-3,y=2andz=3
2(a+2) 4(a+2) 4
X = s Y= ==
ala+4) ala+4)
a.3x+3z=3

A
b.x:l—ﬂ,,y:—-z-,z:/l

c. This solution describes the line along which the two
planes are intersecting.
2(1+45) TA+2
= yy=— y T = /‘l
3 3
11 2(30+2)

=—,y=—, =1
X 3 y 3 Z

x=34,y=51-2,z=21
a.meR\{6},neER b.m=6,n=-2
c.m=6,neER\{-2}

1.3 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.

1.

B 2.C 3.C

1.4 Quadratic functions

1.4 Exercise

1.

a. Gu—=2)Bu+1)
b.2(Bd—-2)(d—4)

3G +2-Ve)(j+2+6)
A b=1b+1)

(2]

a. (f=1H(f+2) b.g+4(—D
3] 2+4/2
ax=——,- b.x=
472 2

Domain R, range [—8, c0).

YA

0,2)

2-+6,00/0

Y
Range = (—,6]

YA

(3.9

2,6

2 + 6, 0)

-1,-3)

b(0,-5)

(-3,-11)
Y
Range = (—11, —3]

=Y

Range = [—1, )
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8.

a. None 14. X=2=2x-3

b. f(x) =4(x— 1)> +3 X =2x+1=0
¢ y A = b —4ac
y=4-8x+7 =(-2-4x1x1
=4-4
0,7 -0
As A =0, the graph of y =2x — 3 is a tangent to the graph
(1,3) of y=x*—2.

=~ Ol > ( 3> <3
15.a. k€| —c0,—= JU | =, 00
2 2

Domain R* U {0}, range [3, co]. )
b. kx*+4x—k+2=0

1 7 81
9.y=—5(2x+1)(x—4),TP=<— ) A=16—4xkx(=k+2)

10.

11.

12.
13.

4’ 16 = 16+ 4K — 8k

=4 (kK —2k+4)

=4 (K =2k+1*— 17 +4)
=4|k+1)* +3]
=4(k+ 1) + 12

1 As (k+1)*>0,

—_ el
y=7x o3 SAk+1720

a —(x—17 -4 and 4 (k + 1)* + 12> 0.
L (1,—4) A is always greater than zero. Therefore, the equation
c. Y will always have a solution for all values of k.

3—24/46 3+4+24/46
16. me < 5 ha ) \{1}
14 14

1.4 Exam questions

Note: Mark allocations are available with the fully worked

y==x>+2x-5 R R
solutions online.
(1, -4) 1B

2.C
3.D

3 2
a.y:—E(x+6) +12

o

.y:—g(x+7)(2x+5)

(2]

o

y
Y

(05 _5)

1.5 Cubic functions

Y 1.5 Exercise

1. a. (5a — 3b) (254* + 15ab + 9b?)
b. 2(c + d)*
5(2p—1) (4p* +2p+1)
C@x—1)°
. (3z-2)° b. (mn + 4) (m*n* — 4mn + 16)
=1 (3x—y) b. (y+72°) (3y* —22)
4.a. (3a—2—4b)(3a — 2+ 4b)
b. (np—2m—1) (np+2m+1)
5 (x+1)x—6)(x+3)
=7 (77 +1)
(6v+1) (6v” +5)
.Cm+3)m=T)m+7)
Q=D (2 +1)
(2x=7=5y) (2x=7+5y)
ke (—d.4) f. (4da—2b—3)(4a+2b+3)
v=w+2)v+w—2)

’”e(_‘x”\/z)U(\/z’“) i- (2p+q-1)(2p+q+1)

1
7. x=%14/5,=
2

Range (—o0, —4]

O O o0

«
o

[Y

e O T

19
e.k=——

4

[]
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8.a.b=—4,-2,1 17.

3
b.m=-1,-,4
2
1
c.x=%x14/3, =
2

1
d.x=-3,—1and =
2

9. a. Let P(f) = 38 + 2277 + 37t + 10.

P(=5) = 3(=5)* +22(=5)* + 37 (=5) + 10
=3x125+22x25—185+ 10
—375 +550 — 175

y=x'—x*—6x

=0
St+S5is afactor.1 b. YA
t:—5,—2and—§ ,\::1_§<,\—+1>3
b. Let P(d) = 3d* — 164* + 12d + 16. 3.2 ;
P2)=3(2)°-1612)° +12(2) + 16 !((’@) (1,0)
=24—64+24+16 P % ;
=0 0 *
..d —2is a factor.
2
d=—-=,2and4 23
3 an (2’ 28)
10.A=3,B=0,C=2and D= -7
Y
1
11-d=i3,e:i§ e y=1200+ 1)’ =3+ 1)

12. a.a=5,b=—-3,c=4andd=—1
b.a=-3andb=1

18.a=2,b=1,c=1and d=-3;
26— +G@x-12 +(x=1=3

14.a=2,b=5

15.

y=—-4x+2)>3+16

18. y=2x(5x—4)(2x —3)
1
19. y = 1—0(x+4)(4x—5)2

20. a. f(x) = =2x> + 9x* — 24x 4+ 17
f)==2+49-24417=0

;. (x—=1)is a factor.
16. a. 4(x = 2)* (x +2) By inspection,

b. y =2 +9x% —24x+17=(x— 1) (=27 +7x — 17) .
Consider the discriminant of the quadratic factor
=2 +7x — 17.
y=4x*-8x>—16x + 32 A=49—4(=2)(—17)
=49—-136

<0

c. Maximum value 96, minimum value 0.
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As the discriminant is negative, the quadratic cannot be YA
factorised into real linear factors; therefore, it has no real

ZEe1os.

For the cubic, this means there can only be one
x-intercept, the one which comes from the only linear
factor, (x — 1).

b. For there to be a stationary point of inflection, the
equation of the cubic function must be able to be written (=2,0)
in the form y = a(x + b +ec. - >
Let —2x3+9x2—24x+17=a(x+b)3+c x
By inspection, the value of @ must be —2.

5= 20+ 9 = 24x 4+ 17
==2 (x3 + 3x%b + 3xb* + b3) +c (=3, —4)

» (0, -4)

Equate coefficients of like terms:

3
x2:9:—6b:>b:—5 2D

t=24=—6b*=> b =4 . :
* 1.6 Higher degree polynomials
It is not possible for b to have different values. 1.6 Exercise
Therefore, it is not possible to express the equation of the
function in the form. y = a(x + b)3 + c. 1L r=DE=9x=6)(r+6)
There is no stationary point of inflection on the graph of 2.a.x=-1,2,3,4

the function. b.a==* \/5
c.x— * co,y—>F o0 3. a.l=*4and %1
d. % b. c=—3 and £2
4.a.a==1and £3
1
b. k=% — and +5
2

0, 17) y=-2x3+9x2 - 24x + 17

1.0

Y

1.5 Exam questions

Note: Mark allocations are available with the fully worked 2 solutions
solutions online. 7.
1. E

2.a.f0)=Gx+2 (x—-1)
= (x2+4x+4)(x—1)
=0 = +4 —dx+4x—4
=X +37%—4

y=x*—6x> + 1 will make 2 intersections with the x-axis.

7
8.a=——,b=6,c=7,(-6,7)
81
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9. x=-—1.75,x=1.22
10. a. Minimum turning points (—1.31, —3.21) and

(1.20, —9.32), maximum turning point (—0.64, —2.76)

b. None

c. Minimum turning point (—2.17, —242), stationary point

of inflection (2, 20)
11. y
y=(x+ 105410
, 11
(-1, 10)

A
=)
-
9

12 y=@+4)(x+2)%x-2)x-5)
YA T
(=2,0)
(0, 640)
4 0)[\\./ 2o Jso
< s -

Y
13. 2. y==3@x+5*+12

b. YA

y=Q2+00-x?
20| 42 _q 9
0 X
A

c. i —(x+2°(x=2)(x=13)

i A
y==x*+ 3+ 10x2—4x - 24
(-2,0)

A

14. a. i.

X

y=16-(x+2)

y=16-(x +2)*

c. i.y=(4+3)*(x+1)(x—2)°, degree 6
i, y=(+3)* (x+ 1) (x = 2)* (10 — x), degree 7

1.6 Exam questions

Note: Mark allocations are available with the fully worked

solutions online.
1. C

2. x€[3,4] u{o}
3.C

1.7 Other algebraic functions

1.7 Exercise
1

1. a. R\{-9} b. <—oo,5]

c. R\{-3} d. R
2.a.y= +1

& x+3

b. i. Maximal domain R \ {1}

ii. Range R \ {5}
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Domain R \ { } ,range R \ {0}.

1
2

Yx=0

Domain R \ {0}, range R \ {5}

i YA
I
I
| 5 3
: y= x+ 1
]
! 1
i (E’O) y=2
____________ E-_--l_---_—____-
< .[0 == >
A
[ ©-n
|
|
]
x=-11yY
Domain R \ {—1}, range R \ {2}
iPA
|
| _dx+3
. T 2x+1
|
|
1 30, 3)
___________ :L___H___________
y=2
}L——x——l
% : 2
D / 10 x
|
|
i
3
(7’0) |
iy

1
Domain R \ {— z}, range R \ {2}

xy+2y+5=0

y=0
=X

(0,-2.5)

A

x:—ZI

Domain R \ {—2}, range R \ {0}

(4,0

Domain R \ {—2}, range (—2, c0).

7. a.

EPSRR eI S SR S S S i EUe R S A

Domain R \ {3}, range (1, o)
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b. A 10. a. i. Maximal domain [—9, c0)
ii. Range (—o0, 2]
Y
» -9.2) y=—Vx+9+42
N 0
______________ (=5, 0)
o1

J

Domain R \ {1}, range (—oo0, —2)

¢ : YA

S
T (2x+3)?

. 19
x-intercept <— 3 0> .

9
11. a. Maximal domain [Z, oo), range [—6, 00)

- o s e e e i o o . e o

e
0 * YA
e e o - —————— !:::!__
=-1 g
\y y=34x-9-6
8
0-3)
2 Y
3

1
3

y=(10-3x)
2= 3 10
Domain R \ {0}, range (— 0, 5) (O’ 10 ) (?’ O)
1 = >
8.y=——1 *
Y 4x2 \
9 = 4
La.y=
(x—4)7
b.y= &2 —4; 12. a. y=24/(x — 3) + 2, domain [3, o0), range [2, c0);
(2x1— 1) 108 y=—24/(x = 3) + 2, domain [3, o), range (—00,2].
fiR \{‘} SR f)=—7—4 b. y=1/=2(x—3) — 1, domain (— o0, 3], range [—1, 0);
2 2x—-1)
y=—4/—2(x—3)— 1, domain (— oo, 3], range

(—o0, —1].
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<Y

Domain [0, o), range (—oo, 1]

b. YA
y= 2\/—7-{— 4

» (0,4)

< >
X

0

Y
Domain (— oo, O], range [4, 00)
c. YA

©,7)

y=2V4+2x+3

(2.3)

A
=Y

0

Y
Domain [—2, o), range [3, o0)

YA

A
Y

0

()

o)

y=—3-+/12-3x

Y

Domain (—oo,4], range <—oo, —\/’3;]

14.a.a=2,b=—-5,c=-2
b. i.a=-2,b=4,c=-2

i.y=—vV-2x+4+2

15. a.

Domain [—3,6], range [—1,2]
d.y=2v/x-2

7YX+ 1

e y=———— 2

2
fy=4v(x—2)—2,(2,-2)
16. The maximal domain is x € [—3, 2] .
17. a. Domain R U {0}
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18. a. Domain R

d. Domain [0, c0), quadrant 1

20. a. Draw y = x and determine the cube roots of the
appropriate y-values to construct the shape.

;Y i c.{x:x<—-1Jufx:0<x<1}
5 .
=X ) = .
! 7 =* 1.7 Exam questions
4
0.0 ’1 ) Note: Mark allocations are available with the fully worked
- O, i Y > solutions online.
P 1. E
o
,/’ 2.D
> 4 3. A

1.8 Combinations of functions

1.8 Exercise
1.a.f(=8)=2,f(-1)=—1,f(2)=0

b. YA
-1, 1)

T 0 | aq.1)

% (2,0) o

> i >

(=1, -1)
Y

c.i. x=-—1 ii. Domain R, range R.

Domain R, range R, x =0
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y 7.a.y=—v14+x—1/1—x, domain [—1,1]
YA
3_

1,1
0.0y D =

Domain R, range (—oo, 1] , no point of discontinuity
3.a il

i. 2 Y
b.
y=>+gk
b. y =141 — x2, domain [—1, 1], range [O, 1].
8. (f—g) W=x—x*
c. R\{—1,2}

4. a. The branch to the left of x = 1 has the rule
f)=vV1—=-xs0f(1)=0.
The branch to the right of x = 1 has the rule f(x) =x — 2,
so f(1) - —1 (open circle).
These branches do not join, so the hybrid function is not
continuous at x = 1.

The graphs of fand g intersect when x =0, x = 1, which
gives the places where the difference function has
x-intercepts.

YA
(-3.2)
(-435.0)
y=(+8x
Y
Many-to-one correspondence
c.x=6
x+4, x<0
5. y= 14, 0<x<4
X, 4<x<8
4
g(x+3)(x+ 1), x<O0
6. y=
4, 0<x<2
—2x+ 8, x>3
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YA
y=gW)

y=1)+ g

WA Lo

y =) + g(x)

11. a. y = 3, domain R, range {3}, horizontal line through (0, 3)

YA
y=3

0.3)

e

-~
0 X

Y
b. y =7 — 4x, domain R, range R, straight line through (0, 7)

7
and <—,0)
4

9
c.y=2(5—2x)(x— 1), domain R, range <—oo, Z],

709
concave down parabola with turning point 77

passing through (0, —10), (1, 0) and (2.5, 0)
y=2(5-2x)(x-1)

12. a.i. —6 i. 189 Domain R, range [0, c0)

b. [—1, )
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15. a. y b. i.y= +6
X—
2 1 y |
y=(gW)’ YA !
I
: (3. 10)
1-9 (0,1 1
0,1 : @.8)
i
____________ 0 AL S
S ! _ 4
-1 O w2 *°
I
]
) (1, 2):
x= 2
0 ] i
w T
b. (0,0),(1\/5,0),(—1,1),< 2\[,1> Y :
2..a. p(°000s) A
16. y“ 50“
45
40|
B (-1, 1)e——e(1, 1) 3.0) 35
- 0 X 70,325
a,-2) 30
(l, _2) 254
48
204
Y
f T T T T T ™
Range = [—é,oo> 0 1 2 3 4 5 6!
8 The data appears to be linear.
17.a.a=8,b=32 b. P=3.125t+32.5
c. 32 500 bees
d. 3.125 thousand per month
3.a.a=2
b. (2,2)
2 2
c.y= §(x—5) ,2<x<9
b. i.k>4 ii.k=4o0rk<0
i. 0<k<4 2x+2, —1<x<0
2, 0<x<2
e {~1, 32} d.y=15 !
§(x—5)2, 2<x<9
1.8 Exam questions
. ; ; ; 3v3 1
Notet Mark a}llocatlons are available with the fully worked e x=5+ \/_ or x = &
solutions online. 4
1 E 2 E 3. D 4. a. The garden area is the area of the entire square minus the

area of the two right-angled triangles.

: I 1 1
1.9 Modelling and applications A= 4040~ 5 XXt = 2 X (80— ) x40

1.9 Exercise
1. a. The data points increase and decrease, so they cannot
be modelled by a one-to-one function. Neither a linear

model nor an exponential model is possible.
The data is not oscillating, so it is unlikely to be

1
= 1600 — Exz —20(40 —x)

1
1600 — -z-xz — 800 + 20x

trigonometric. The jump between x=1andx=3is a = - lx2 + 20x + 800
concern, but the data could be modelled by a polynomial 2

such as a cubic with a turning point between x = 1 and b. 0<x<40

x = 3. However, y = x" requires the point (0, 0) to be on it c. i. 20

and that is not true for the data given. ii. 1000 m?
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5.a. y=2x (x— \/§> <x+ \/g)
b.y=2x (x2 —5)
=2 —10x°

c. i. Horizontal translation of 4/3 units to the right and
vertical translation of 12\/5 + 1 units upward

ii. (24\/-3' + 1) =~ 42.6 metres

iii. B (2\/5, 1), c (\/5, 12V3+ 1)
6.a.a=38,b=20
b. NA

_38t+20
o422

(0, 10) ¢

Tt

0

c. The population will never exceed 38.

1.9 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.
1. B

2.C

3.a.r=V8h—h?

1
b. V= gnhz(S—h),O<h<8

C. VA
1
(5? 79.4)
e
V= 3 zh™ (8—h)
(38,0
(0, 0) T
d. 79 cm’
1.10 Review

1.10 Exercise
Technology free: short answer

5+4/73
lax=——m-—
6
c.mzi\/g

2. a. Let P(m)=4m* — 11m> — 19m® + 44m + 12.
If m — 2 is a factor, then P(2) =0.
P(2)=4(2)* =112 = 192)* + 44 (2) + 12

=4x16—11xX8—19%x4+88+ 12
=64—88—76+88+ 12
=76—88 —76+ 88
=0
.m—21is a factor.
1
b.m=—-,x2and 3
4

3.a=5b=5andc=-5
4. a. Domain R, range [—1, c0)

YA

xi=)
c. Domain R, range R
YA

y=Qx+ 173 +8

A
Ty
=3 (=]

<Y

r
5m=—1,n=2andp=3
6. x=8—21,y=5A—9andz=A41

100 Jacaranda Maths Quest 12 Mathematical Methods VCE Units 3 & 4 Third Edition



d/<2ﬂn
(3.6)

(3.0)_

,4)

0,3)

) L0) (0, 1)

P

=

b.x=0andx=3
c. Domain R, range R \ (4, 6]

8. a.d=[-2,00),d, = [-2,2].d,nd, =D =[-2,2]
b.

YA
(o, 2 +\E) y=(+8
(2,2)
_ (2,0 -
R - 0 X
Y

Technology active: multiple choice
9. D

10.
11.
12,
13.
14.
15.
16.
17. C

Technology active: extended response
18.a.a=1,b=0,c=-9,d=0and e =20

b. m==*+/5and £2

(=

AmOwmmg >

19. m ,
—6 —6
20. x=0,y==-2,z=1,w=2
21.a.a=—-1,b=6,c=-5
b. A (1,0) and B (5,0)
c. 8 units?
d. i. y=ax’ — 6ax+ 8a+3,a R\ {0}
Letx=2:
y=4a—12a+8a+3
=3
Every parabola in this family passes through the
point (2, 3).
ii.a<0ora>3

22. 2. 2+ 2—x)

b. y=Q2+xA2-%)
YA

(0,8)

(2,0)

<Y

-2,0) 0

Y
The maximum turning point lies in the interval

—2<x<2.
c. .ha=2
i. fk)=24+x,x€ [—2,2];g(x)= V2 —ux,
xe[-2,2]

iii. ran, = [0, 4], ran, = [O, 2]

Iv. y

2,4
fe)=x+2
(-2,2) ©.2)
g(x) =12 -x
- (=2,0) 2.0) -
< P = * >
v YA
Y=N8+4x-2x% - ,\3
0,2v2) (1, 3)
0 X
Y

1.10 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.
1.D

C

B

B

.a=—-5,a=3

No solutions, a =3

o s e
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Trigonometric
functions

LEARNING SEQUENCE

2.1
2.2
2.3
24
2.5
2.6
2.7
2.8

Fully worked solutions for this topic are available online.

Overview
Trigonometric symmetry properties
Trigonometric equations ............

General solutions of trigonometric equations

The tangent function

Review

The sine and cosine funNGtionNs ...

Modelling and applications ...

circular




2.1 Overview

Hey students! Bring these pages to life online

Watch Engage with " Answer questions
videos interactivities and check results

Find all this and MORE in jacPLUS (C)

2.1.1 Introduction

Trigonometry comes from two Greek words meaning
‘triangle’ and ‘measure’.

Trigonometry has its origins in astronomy and was .‘A : i‘g A : A

used to give coordinates for stars using spherical

triangles — the stars were thought to be fixed on a """/ ""v ‘-"-
crystal sphere of a large size. It has been hypothesised

that the beginnings of trigonometry began with

Hipparchus of Nicaea around 150 BCE, as he was

the first to create a table of chords from a circle —

he tabulated corresponding arc and chord lengths for

different angles. He is known as the ‘father of trigonometry’. In the early ninth century a Persian astronomer,
al-Khwarizmi, produced accurate sine and cosine tables; he also created the first table of tangents.

Trigonometry has been used for centuries by surveyors and engineers. It is also used in developing digital
music. Sound travels in the form of a wave, and this wave pattern can be described by a sine or cosine function.
Other applications include calculating the heights of buildings; in microbiology, investigating how the depth of
sunlight affects algae in terms of photosynthesis; and in oceanography, calculating the heights of ocean tides
and waves.

KEY CONCEPTS

This topic covers the following key concepts from VCE Mathematics Study Design:

e graphs of the following functions: power functions y =x", n € Q; exponential functions, y=a", a €
R™, in particular y = ¢*; logarithmic functions, y = log, (x) and y =log , (x); and circular functions,
y=sin (x), y =cos (x) and y = tan (x) and their key features

e transformation from y =f(x) to y=Af(n (x+ b)) + ¢, where A, n, b and ce R, A,n#0, and fis one of
the functions specified above, and the inverse transformation

e modelling of practical situations using polynomial, power, circular, exponential and logarithmic
functions, simple transformation and combinations of these functions, including simple piecewise
(hybrid) functions

* solution of equations of the form f(x) = g (x) over a specified interval, where f and g are functions of
the type specified in the ‘Functions, relations and graphs’ area of study, by graphical, numerical and
algebraic methods, as applicable

e solution of literal equations and general solution of equations involving a single parameter.

Note: Concepts shown in grey are covered in other topics.

Source: VCE Mathematics Study Design (2023-2027) extracts © VCAA; reproduced by permission.
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2.2 Trigonometric symmetry properties

LEARNING INTENTION

At the end of this subtopic you should be able to:
e state two trigonometric identities
e understand the symmetry properties of the unit circle
e determine complementary angles
e determine exact values for the sine, cosine and tangent of specific angles.

2.2.1 The unit circle

Angles are measured in degrees or radians. To define a radian, a circle with a
radius of 1 unit is used. This circle is called the unit circle. When the point P is
moved around the circle such that the arc length from S to P is 1 unit, the angle
SOP is defined. The measure of this angle is 1 radian, 1°.

For the blue right-angled triangle POX, where 6 is the angle at the origin, we
know that, by definition, the distance along the x-axis is defined as cos(6) and
the distance along the y-axis is defined as sin(9). In addition, if we consider the
similar triangles POX (blue) and TOA (pink), the following important facts can be

observed.
T
P V4
tan(6d) |
sin(6) 1
] (% [ i
cos(6) 0 1 A !
3z I
2 1
\ Y
For triangle TOA, by definition, tan(6) = % = %; hence, TA = tan(9).
Using similar triangles, we can say that
tan(0) 1
sin@)  cos(6)
So
in(6
tan(0) = sin©)
cos(9)

This result is known as one of the trigonometric identities. You should learn and remember it, as it will be used
frequently in later sections.
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Also, if we consider the triangle POX, then by Pythagoras’ theorem,
(sin (8))* + (cos (8))* =1
or

sin?(0) + cos2(8) = 1

This is known as the Pythagorean identity and should also be learned and remembered.

Trigonometric identities
sin(0)
cos(0)

tan(0) =

sin?(0) + cos2(0) =1

Special values for sine, cosine and tangent

Using the unit circle and rotating anticlockwise, we can determine the values of sine and cosine for the angles

0, %, T, > and 27 by reading off the x-axis or the y-axis. The value for tangent is determined by the identity
tan(0) = zi:((z))
Angle (0) sin(0) cos(0) tan(0)
0 0 1 0
% 1 0 Undefined
T 0 -1 0
3?71 -1 0 Undefined
2 0 1 0

The first quadrant: 0°<6<90° or 0<6 < %

YA

F0r0°<6<90°0r0<6<z,

cos(B) = % =X

Sln(@) = % =

tan(0) = sin(6) =Y P" (=x, -y) P" (x,-y)
cos(0) «x
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The second quadrant: 90° <6 < 180° or % <0<m

Consider the point P’ in the second quadrant. When 6 is the angle in the blue
triangle at the origin, angles in the second quadrant are usually expressed

as 180° — 06 or 7 — 6. The angle refers to the angle made with respect to the
positive direction of the x-axis and in an anticlockwise direction.

All angles in the second, third and fourth quadrants can be related back to
the first quadrant.

Remember that in the first quadrant, x = cos(8), y = sin(6) and tan(6) = X.
X

So in the second quadrant, using symmetry, the angles are:

cos(r —0) = —x=—cos(6)
sin(r — 0) = y=sin(6)

o 0
-2
—x
= —tan(0)

The third quadrant: 180° <6 <270° or 1 <6 < 377{

P’

180° - orz—0

0

P (x, —y)

When the point P”’ is in the third quadrant and 6 is the angle in the blue triangle at 180°+ Qorz+ 6

the origin, angles in the third quadrant are usually expressed as 180° + 6 or 7 + 6.

-X---- X
The angle refers to the angle made with respect to the positive direction of the x-axis 00

and in an anticlockwise direction. pr

In the first quadrant, x = cos(8), y =sin(6) and tan(6) = Y YA

X

So in the third quadrant, using symmetry, the angles are:

cos(m +60) = —x=—cos(0)
sin(rr + 6) = —y = —sin(0)
sin(7 + 6)
cos(rt +6)
-

—x

tan(6)

tan(r + 6) =

P (=x, -y)
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The fourth quadrant: 270° < 6 < 360° or 37% <0<2m

When P’" is a point in the fourth quadrant and 6 is the angle in the blue triangle at
the origin, angles in the fourth quadrant are usually expressed as 360° — 6 or 277 — 6.
The angle refers to the angle made with respect to the positive direction of the x-axis

and in an anticlockwise direction.

In the first quadrant, x = cos(6), y = sin(0) and tan(0) = X.
X
So in the fourth quadrant, using symmetry, the angles are:

cos(2w —6) = x=cos(B)
sin(2r —0) = —y = —sin(6)

tan(zﬂ — 9) — M
cos(2r —0)
—
x
= —tan(0)

The summary of the results from all four quadrants is as follows.

P (—x, —y)

360° -0 or 27— 6

7] X

P

YA

P (x, —)

Symmetry properties of the trigonometric functions

Tan positive
sin(x + 0) = —sin(0)
cos(x + 0) = —cos(0)
tan(x + 0) = tan(0)

3rd quadrant

2nd quadrant 1st quadrant
sin(zr — 0) = sin(0) sin(0)
cos(rt — 0) = —cos(0) cos(0)
tan(xr — 0) = —tan(0) tan(0)
S| A
Sin positive | All positive
T C

Cos positive
sin(2rx — 0) = —sin(0)
cos(2x — 0) = cos(0)
tan(2z — ) = —tan(0)

4th quadrant

Negative angles

Angles measured in a clockwise direction rather than in an anticlockwise direction are called negative angles.

cos(—0) = x=cos(0)
sin(—6) = —y=- sin(6)
tan(—6) = sin(—0)
cos(—06)
N
x

—tan(6)

o
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The following relationships apply for negative angles.

Negative angles of trigonometric functions

sin( — 0) = —sin(0)
cos(— 6) = cos(0)
tan( — 0) = —tan(0)

Note: These relationships are true no matter what quadrant the negative angle

is in.

WORKED EXAMPLE 1 Symmetry properties
3

If sin(@) = — and cos(a) = g, and 0 and « are in the 1st quadrant, determine the exact values of the
following trigonometric expressions.
a. sin(x + 0) b. cos(—a) c. tan(0)
d. cos(x — 6) e. sin(r + «) f. tan(2x — a)
THINK WRITE
a. 1. (7 +0) means the 3rd quadrant, where sine  a. sin(z7 +6) = —sin(0)

is negative.

3
2. Substitute the appropriate value. =— %
b. 1. (—a) means the 4th quadrant, where cosine  b. cos(—a) = cos(a)

is positive.

2. Substitute the appropriate value. =

5
c. 1. Use the Pythagorean identity to find the value c. sinz(e) +cos?(0) =1
of cos(9). cos2(6) = 1 —sin*(6)
cos2(@)=1— ( >
3
cos’(@)=1-=
©) = 7
cos2(9) = —
cos’(0) = = !
2

0 is in the 1st quadrant, so cosine is positive.

Hence, cos(6) = —
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sin(0) sin(0)

2. Use the identity tan(0) = ) to find tan(0) =

tan(0).

d. 1. ( —6) means the 2nd quadrant, where cosine d. cos(w —6) = — cos(6)
is negative.

. 1
2. In part ¢ we determined cos(6) = —, so we =——

can substitute this value.

e. 1. In order to find the value of sin («), apply the e. sinz(a) + cos?(a) = 1

Pythagorean identity. sin?(a) = 1 — cos(q)
4\2
. 2
sin“(a) =1—| =
@=1-(%)
) 16
sin“(a) =1——
(@) 25
9
2
sin“(a) = —
(o) 55
3
sin(a) = £ —
(o) =
a is in the 1st quadrant, so sine is positive.
Hence, sin(a) = g
2. (m + a) means the 3rd quadrant, where sine is sin(r + o) = — sin(@)
negative.
3. Substitute the appropriate value. = —%
in(6 in(2mw —
f. Use the identity tan(6) = sin(©) and simplify. f. tan(2mr — ) = sin@x @)
0) cos(2m — &)
_ —sin(a)
cos(ar)
3
-3
T4
5
.
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Resources
Interactivities The unit circle (int-2582)

Symmetry points and quadrants (int-2584)
All sin cos tan (int-2583)

2.2.2 Complementary angles

. . . . Vo Vs
Sometimes angles are named relative to the y-axis rather than the x-axis, for example — + 6 or > +06. These

are special cases, and great care should be taken with these types of examples.

The first quadrant: reference angle 90° — 6 or % -0

Remember that in the first quadrant the distance along the x-axis is defined as cos(8), while the distance along

the y-axis is defined as sin(0).

YA
Y p
% -6 or
0
90° -6
o X P" (=x, —y) P (x, —y)
Y

cos <§ —6> = sin(0)
sin <§ —6> = cos(6)

<7T > sin(53—6)  cos(®) 1
tan| ——0 ) = = =
cos($—06) sin@6) tan(d)

Note: sin <§ - 6) =cos(0) is a complementary relationship because the sum of the angles adds to %

The second quadrant: reference angle 90° + 6 or % +6

P (—x, —y)
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cos <% +9> = —sin(0)

sin <z +9)
2

cos(6)

tan <§+9> = sin(%+9) _ cos® _

cos (% +9) - —sin(6) Y

The third quadrant: reference angle 270° — 0 or 3771 -0

YA

270°—eor37”—9

=Y

1

cos (3777 —9) = —sin(0)
sin (37” —6) = —cos(B)
tan (3_7[_9) = Sin(STﬂ_ ) = _COS(G) =
2 cos (Z—-6) —sin®) tanb

2
The fourth quadrant: reference angle 270° + 6 or 3?” +0
3r P'(_x’ }’)

270 +60r7+9 X

A

= —cos(9)

1

cos (37” + 6) sin(6)

in(Z+0) _—
tan<3—”+6> s1n(2 )— COS(G)—
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WORKED EXAMPLE 2 Complementary angles

If cos(0) = 0.5300 and 6 is in the 1st quadrant, determine the values of the following, correct to
4 decimal places.

a. sin<£—6> b. cos <3—n—9> c. tan (3—”+6>
2 2 2

THINK WRITE
/4 .. . T
a. 1. <E - 9) is in the 1st quadrant, so all a. sin <E - 6) =cos(0)

trigonometric ratios are positive.

2. Substitute the appropriate value. =0.5300

b. 1. <37ﬂ - 6) is in the 3rd quadrant, so sineis  b. cos (%T - 9) = —sin(0)
negative.
2. Use the Pythagorean identity to find sin(6). sin® 8 + cos2(6) = 1
sin’ 6 = 1 — cos2(0)

sin? 6 = 1 — (0.5300)>

sin(6) = +1/1 — (0.5300)*

sin(6) = 0.8480
as 0 is in the Ist quadrant.

3. Substitute the appropriate values to determine cos (3—7T — 9> = —sin(6)

3 2
cos = —-0). = —0.8480
1
c. 1. <3—7T + 6) is in the 4th quadrant, so tangent tan <3—7T + 6> =—
2 2 tan 6
is negative.

in(6 ¢

2. Use the identity tan 6 = sin(©) to find the L C?S( )
cos(0) tan(0)  sin(0)
reciprocal. 0.5300
©0.8480
= 0.6250

.. tan <377T + 6) = —0.6250

Resources

Interactivity Complementary properties of sin and cos (int-2979)
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2.2.3 Exact values

In Mathematical Methods Unit 2, you studied the exact trigonometric ratios for the angles %, % and % (30°, 45°

and 60°). These values come from an isosceles triangle and an equilateral triangle.

30°| 30°
2 2
45°
V2 . N}
45° 60° . [[1 ., 60
1 -~ ] —>
B — 2 _—

The following table provides a summary of these angles and their ratios.

Angle (0) sin(0) cos(0) tan(0)
o™ | L | V3| L
6 2 2 \/5
soor | L L 1
t VA | v
T \/5 1
60° or — —_— - 3
E 2 2 V3

WORKED EXAMPLE 3 Exact values

Give exact values for the following trigonometric expressions.

(%) (%) (-%) a ()
a. cos | — b. tan | — c. cos| —— d. sin| —
3 4 6 3

THINK WRITE
. . 27 Vo
a. 1. Rewrite the angle in terms of 7 and find the a. cos <—> =cos <7r = —>
corresponding angle in the 1st quadrant. . .
2. The angle is in the 2nd quadrant, so cosine is negative. = —CO0S (%)
. 1
3. Write the answer. = =3
. . 7 V4
b. 1. Rewrite the angle in terms of 27z and find the b. tan <T> =tan <27Z' = Z)

corresponding angle in the 1st quadrant.
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2. The angle is in the 4th quadrant, so tangent is negative. = —tan <%>

3. Write the answer. =—1
. . Vg V4
c. 1. Rewrite the negative angle as cos(—6) = cos(6). c. cos (—g> =cos <g>
. V3
2. Write the answer. = —
. . . . [ 1lx . V4
d. 1. Rewrite the angle in terms of a multiple of 27. d. sin —~ =sin | 47 — B
2. Subtract the extra multiple of 27z so the angle is within =sin <27T = z)
one revolution of the unit circle. S
3. The angle is in the 4th quadrant, so sine is negative. = —sin <§>
4. Write the answer. =— =y

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS @

Technology free

1. INIEA Give exact values for the following trigonometric expressions.

3 Sm .
a. tan | — b. cos | — c. sin

4 6

T T .
d. cos | — e.tan| —— f. sin

3 3

2. Give exact values for the following trigonometric expressions.

<57r> <147T>
a. tan | — b. cos | —
6 3
< 3n> . ( 2n>
d. cos| —— e.sm|——
4 3

3. Determine exact values for the following trigonometric expressions.

. <7n> <77r>
a. sin| — b. cos | —
3 3

d. sin(150°) e. cos <7?7r>

=h
2]
=
=

0
—
o
=

0
—+
o
=
VN TN TN N N
|
SN
N————

oh

-t

&

=
7N

|

o3
N~
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4. Determine exact values for the following trigonometric expressions.

a. cos <§) b. tan(270°) c. sin(—47)
. (37
d. tan(7) e. cos(—6m) f. sin <7>
5. Simplify the following.
a. sin(wr — 0) b. cos(6r — ) c. tan( + 0)
d. cos(—6) e. sin(180° + 0) f. tan(720° — 6)

6. Calculate the exact values of the following.

a. cos<7—ﬂ +cos<2—ﬂ b.2sin<7—ﬂ +4sin<5—ﬂ c. \/gtan 5—7T>—tan 5—7[)
6 3 4 6 4 3

tan (ZZ) cos(—=77
d. sin’ (8—”> + sin <9—7T> e. 2cos? <_5_7r> —1 f. ( 4 ) ( )
3 4 4 sin (_117[)

6

Technology active
7. IIZM Evaluate the following expressions correct to 4 decimal places, given that sin(6) = 0.4695,
cos(a) = 0.5592 and tan(f) = 0.2680, where 6, a and (3 are in the first quadrant.
a. sinmr —0) b. cos(w — &) c. tan(—f3)
d. sin(z + 6) e. cosQr —a) f. tan( + B)

8. Evaluate the following expressions correct to 4 decimal places, given that sin(6) = 0.4695 and
cos(a) = 0.5592, where 6 and « are in the first quadrant.

a. cos(—0) b. tan(180° — ) c. sin(360° + o) d. tan(360° — o)
9. Simplify the following.

a. cos (% - oc) b. tan(90° + a) c. sin(270° — o)

d. tan (“Tﬂ - oc) e. cos (%T + oc> f. sin(90° — @)

10. I Evaluate the following expressions correct to 4 decimal places, given that cos(6) = 0.8829 and
sin(a) = 0.1736, where 8 and « are in the first quadrant.

a. sin <E+e> b. cos (3—7T—9> c. tan <£—6>
2 2 2
. (3w (T 37
d.sin{ —+«a e.sin| ——«a f.tan| — 4+«
< 2 > <2 ) < 2 >

11. Evaluate the following expressions correct to 4 decimal places, given that sin(6) = 0.8290 and
cos(f) =0.7547, where 6 and 3 are in the first quadrant.

a. sin(90° —9) b. cos(270° + 0) c. tan(90° + 6)
d. sin(270° — B) e. tan(90° — B) f. cos(270° —f3)
12. Given that sin(6) =0.9511 and 6 is in the first quadrant, evaluate the following correct to 4 decimal places.
a. sinm —0) b. sin(zt —0) c. COS (% — 6>
d. tan(6) e. cos(3mr +6) f. tan(2w — 0)
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13. Given that cos(a) = 0.8572 and « is in the first quadrant, evaluate the following correct to 4 decimal places.

a. cos(180°+ ) b. cos(—a) c. sin (377[ + oc>
d. tan(180° — a) e. cos(360° — ) f. tan <§ + oc)

14. If sin(B) = % and % < f8 < 7, determine the exact values of:

a. cos (B) b. tan (B) c. cos2(B) + sin*(B) d. cos?(B) — sin*(B)
15. F