MICHELL | LANGSFORD WILLING | ROZEN | SWALE

JACARANDA MATHS QUEST

MATHEMATICAL’I ’I
METHODS

«~ VCE UNITS 1 AND 2 | THIRD EDITION

]

S A
) R

» A

A\ &

[ ; ~

1SS i \

——= : AL N Al .

—_L‘ |’ i ; N
jacaranda

www.jacplus.com.au

A Wiley Brand






JACARANDA MATHS QUEST

MATHEMAT\CAL’I’I
METHODS

IIIIIIIIIIIIIIIIIIIIIIIII






JACARANDA MATHS QUEST

MATHEMAT\CAL’I’I
METHODS

VCE UNITS 1 AND 2 | THIRD EDITION

SUE MICHELL

BEVERLY LANGSFORD WILLING
RAYMOND ROZEN
MARGARET SWALE

jacaranda
A Wiley Brand



Third edition published 2023 by
John Wiley & Sons Australia, Ltd
155 Cremorne Street, Cremorne, Vic 3121

First edition published 2016
Second edition published 2019

Typeset in 10.5/13 pt TimesLTStd

© John Wiley & Sons Australia, Ltd 2023

The moral rights of the authors have been asserted.
ISBN: 978-1-119-87641-0

Reproduction and communication for educational purposes

The Australian Copyright Act 1968 (the Act) allows a maximum of one chapter or 10% of the pages of this work, whichever is the
greater, to be reproduced and/or communicated by any educational institution for its educational purposes provided that the
educational institution (or the body that administers it) has given a remuneration notice to Copyright Agency Limited (CAL).

Reproduction and communication for other purposes

Except as permitted under the Act (for example, a fair dealing for the purposes of study, research, criticism or review), no part of
this book may be reproduced, stored in a retrieval system, communicated or transmitted in any form or by any means without prior
written permission. All inquiries should be made to the publisher.

Trademarks

Jacaranda, the JacPLUS logo, the learnON, assessON and studyON logos, Wiley and the Wiley logo, and any related trade dress are
trademarks or registered trademarks of John Wiley & Sons Inc. and/or its affiliates in the United States, Australia and in other
countries, and may not be used without written permission. All other trademarks are the property of their respective owners.

The covers of the Jacaranda Maths Quest VCE Mathematics series are the work of Victorian artist Lydia Bachimova.

Lydia is an experienced, innovative and creative artist with over 10 years of professional experience, including five years of
animation work with Walt Disney Studio in Sydney. She has a passion for hand drawing, painting and graphic design.

lustrated by diacriTech and Wiley Composition Services
Typeset in India by diacriTech

A catalogue record for this
s Tl

NATIONAL book is available from the
LIBRARY National Library of Australia

OF AUSTRALIA



Contents

About this FeSOUICE ...\ vii 5 Quartic polynomials 257
Acknowledgements...............oo Xiv 5.1 OVEIVIEW oo oo 258
. . . . 5.2 Quartic polynomials ... . 259
1 Lines and linear relatlonshlps 1 5.3 Families of polynomials ............................ 272
1.1 Overview ...l 2 5.4 Numerical approximation of roots of
1.2 Linear equations and inequations ................... 3 polynomial equations ... 277
1.3 Systems of simultaneous linear equations ........ 8 5.5 Review ... 287
1.4 Linear graphs and their equations ................. 15 ANSWENS ..o 291
1.5 Intersections of lines and their
applications ... 24 6 Functions and relations 301
1.6 Straight lines and gradients ... 31 6.1 OVEIVIEW ..o 302
1.7 Bisection and lengths of line segments .......... 38 6.2 Functions and relations ............................ 303
1.8 Review ... 45 6.3 The rectangular hyperbola and the
ANSWEIS oo 49 truncus ... 314
6.4 The square root function ............................ .3382
2 A|gebl’aiC foundations 55 6.5 Other functions and relations .................... 339
2.1 Overview ................ 6.6 Transformations of functions ...................... 353
2.2 Algebraic skills 6.7 Review ... 365
2.3 Pascal’s triangle and binomial expansions ...... 67 ANSWEIS ..o 370
2.4 The binomial theorem .................................. 71
2.5 Setsof real numbers ... 80 7 Probability 389
2.6 SUrdS ... 87 7.1 Overview ... 390
2.7 Review ... 99 7.2 Probability review ... 391
ANSWEIS ... 103 7.3 Conditional probability ............................... 403
7.4 Independence ... 413
3 Quadratic relationShipS 109 7.5 Counting techniques ................................ 420
3.1 OVErVIEW ... 110 7.6 Binomial coefficients and Pascal’s triangle ... 434
3.2 Quadratic equations with rational roots ........ 111 7.7 ReVIeW ... 444
3.3 Quadratics over R ... 116 ANSWEIS ... 449
3.4 Applications of quadratic equations ............. 129
3.5 Graphs of quadratic polynomials .................. 134 8 Trigonometric functions 455
3.6 Determining the rule of a quadratic 8.1 Overview ... 456
polynomial from a graph ... 146 8.2 Trigonometric ratios ... 457
3.7 Quadratic inequations ... 162 8.3 Circular measure ............................. 466
3.8 Quadratic models and applications ... 160 8.4 Unit circle definitions ... 475
3.9 ReVieW ... 166 8.5 Symmetry properties ... 486
ANSWEIS ... 171 8.6 Graphs of the sine and cosine functions ....... 497
. . 8.7 Review ... 508
4 Cubic polynomials 183 Answers 519
4.1 OVerview ... 184
4.2 POlYNOMIAIS ... 185 9 Trigonometric functions and
4.3 The remainder and factor theorems .............. 197 applications 521
4.4 Graphs of cubic polynomials . 9.1 OVEIVIEW ... 522
4.5 Equations of cubic polynomials 9.2 Trigonometric equations ... 523
4.6 Cubic models and applications 9.3 Transformations of sine and cosine
4.7 Review ... graphs ... 533

ANSWEIS ...

CONTENTS v



vi

9.4 Applications of sine and cosine functions ..... 542
9.5 The tangent function ... 549
9.6 Trigonometric identities and properties ......... 558
9.7 Review ...

ANSWEIS oo

10 Exponential functions and

logarithms 585
10.1 Overview ... 586
10.2 Indices as exponents ... . B87
10.3 Indices as logarithms ... . 596
10.4 Graphs of exponential functions .................. 606
10.5 Applications of exponential functions ........... 617

10.6 Inverses of exponential functions
10.7 Review ...

ANSWEIS ...
11 Introduction to differential

calculus 653
11.1 Overview ... 654
11.2 Ratesofchange ... 655
11.3 Gradientsof secants ................................... . 664
11.4 The derivative function .............................. .669
11.5 Differentiation of polynomials by rule ............ 677
11.6 Review

ANSWENS ...

12 Differentiation and applications 701
12,1 OVerview ... 702
12.2 Limits, continuity and differentiability ............ 703
12.3 Coordinate geometry applications of

differentiation ... 714
12.4 Curve sketching ... 724
12.5 Optimisation problems ............................... . 733
12.6 Rates of change and kinematics ................... 739
12.7 Derivatives of power functions (extending) ... 750
12.8 Review ... 756
ANSWENS ... 761

CONTENTS

13 Anti-differentiation and

introduction to integral calculus 771
13.1 OVerview ... 772
13.2 Anti-derivatives ... 773
13.3 Anti-derivative functions and graphs ............ 780
13.4 Applications of anti-differentiation ............... 787
13.5 The definite integral .................................... 794
13.6 Review ... 806
ANSWEIS ... 811

only




About this resource

Everything you need

MATHEMATICAL IATHEMATICAL
METHODE

METHODS T e e

MATHS QUEST

MATHEMATICAL
M ETH O DS VCE UNITS 1 AND 2 | THIRD EDITION

Developed by expert Victorian teachers
for VCE students

Tried, tested and trusted. The NEW Jacaranda VCE Mathematics series continues
to deliver curriculum-aligned material that caters to students of all abilities.

Our expert author team of practising teachers and assessors ensures 100 per cent coverage of the new
VCE Mathematics Study Design (2023-2027).

Everything you need for your students to succeed, including:

° Access targeted question sets including exam-style questions and all relevant past VCAA exam
questions since 2013. Ensure assessment preparedness with practice Mathematical investigations.

° Be confident your students can get unstuck and progress, in class or at home. For every question
online they receive immediate feedback and fully worked solutions.

° Teacher-led videos to unpack concepts, plus VCAA exam questions and exam-style questions to
fill learning gaps after COVID-19 disruptions.

ABOUT THIS RESOURCE vii



| earn online with Australia’s most

in one simple view

Practical teaching advice and ideas for
each lesson provided in teachON

Each lesson linked to the Key
Knowledge (and Key Skills) from the
VCE Mathematics Study Design

Reading content and rich media
including embedded videos
and interactivities

Trusted, curriculum-aligned theory
Engaging, rich multimedia

All the teacher support resources you need
¢ Deep insights into progress
Immediate feedback for students
Create custom assignments in just a few clicks.

6.2 Constructing straight line graphs

The gradient of a linear function

The gradient of a straight-line function, also known as the slope,
determines the change in the y-value for each change in z-value. The
gradient can be found by analysing the equation, by examining the

» graph or by finding the change in values if two points are given. The
gradient is typically represented with the pronumeral m.

A positive gradient means that the y-value is increasing as the z-value
increases, and a negative gradient means that the y-value is decreasing
as the z-value Increases.

N a ) ’
A gradient of ;3 means that for every increase of b in the z-value, there

: - ; 2
is an increase of a in the y-value. For example, a gradient of 3 means

that for every increase of 3 in the z-value, the y-value increases by 2.

x- and y-intercepts

point where the graph of the equation
crasses the w-axis. This occurs when » = )

viii ABOUT THIS RESOURCE

1.2 teachON

The x-intercept of a linear function is the A g
point where the graph of the equation ,
crosses the x-axis. This occurs when y = 0. 034"
/|
The y-intercept of a linear function is the .
- '/ ' -

6.2 Exercise
Q1

State the gradients
ay=2z+1

Gradient =

by=-z+3

Gradient =

'y:%:~4

Gradient =
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Teacher and student views

Textbook questions
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6.2 Ex2 6218Q s

Topic PDF .
Fully worked solutions and

Solutions * sample responses

igital
and y-intercepts of the following linear equations. Dighat docusments

Digital documents

E BB B

Video eLessons *

Determining the gradient from a graph
Play, rewind and re-watch this teacher-led video,
Duration: 3:10

Video eLessons
, y-intercept =

Interactivities
Linear modelling
2 mark(s) Play, rewind and re-watch this teacher-led video,

Duration: 5:56

Reliability of predictions
Play, rewind and re-watch this teacher-led video.
Duration: 4:45

, y-intercept = Interactivities « 18]

Teacher-led videos A

2 mark(s) Digital documents Enhanced teaching support resources

Chapter 6 Test A
Student test A, designed in Word for easy editing and
customisation,

Interactive questions with
Chapter 6 Test A and answers . f
Student test A with answers included, designed in immediate feedback

y-intercept = Word for easy editing and customisation,

Chapter 6 Test B
Student test B, designed in Word for easy editing and
customisation.
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KEY CONCEPTS
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+ use of symbolic notation 1o develop algebraic expressions and represent | Lo, equations,
and systems of simultancous equations
. into, and i ion of, these exp
* solution of a set of simultancous lincar equations (mnc(m nltq:ﬂ:nm only m;mml for two
variables) and equations of the form fx) = g(x) i and
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3.2.1|Anti-derivatives of polynomial functions Differcntiate

Anti-differentintion is the reverse process (or “undoing’ process) to > <l - ~
differentiation. = S P

The derivative of x* is 2x: hence, reversing the process, an A (ol Smumpetsy

anti-derivative of 2x is x%, M e e €
s ot P e - : Antidifferentiate

The expression ‘an’ anti-derivative is of significance in the above ! S weeecactwties (=]

The family of curves y = & ¢ onResources link to targeted
of 2vis x* + ¢. The constant ¢ is referred to s an arbitriry constant. -\‘. \ \ \ / 17111 dlglta| resources including video
I % =2¢, then y=x* + . In this family of parabolas, cach \\ \\ = // / elLessons and weblinks.

a \ [/

.

d
example. For any constant ¢. l—(r +¢)=2x, 50 "the’ anti-derivative

member has identical shape and differs only by the amount of
vertical translation each has undergone. Each curve has the same

gradient function of dﬂ =2x,

The e f anti-differentiation of polynomia

By studying the patterns in the following examples, the basic rule
of anti-differentiation can be deduced. The values in the table can
be verified by differentiating the polynomial y.

3iisd 1s 1a

3 Tables and images break down
Sx+c r+e X X4+ =X+ i
3 4 content, allowing students to

¥
dy 2 2 »
e S o 3 ; ¥ understand complex concepts.
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The dingram shows the line L, pussing through the points A and B and Y
the hine Ly passing through the points A and D, with the angle BAD -
being i right angle.
Taking AC as | unit, the sides in the diagram are labelied with their / -
lenpshs. The side CB has length m, . Because lengths must be positive, w Ao
the side CD fs labelled s <1y, since m; <) o + - Voesronta
z Joa
From the triangle ABC in the diagram, tn 8 = '+ =, and from the -
triangle ACD in the disgram, tan 0 = 2 o
-~ 0
.
Hence, .
I
- —
. . . —
Pink highlight boxes sy = =1
summarise key information
. . * Gradients of perpendicular line
and provide tips for VCE .
. Mgy =—1 or my=——
Mathematics success. -
* 1 1wo Jines with pradients ar, and s, are perpendicular, then the product of their gradients is —1
One gradient is the negative reciprocal of the other
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- . >0 n

T —

« State the gradiont of a line that is:
paralicl to 2y — Sr=4 perpendicular to 2y — Sx = 4.
Show that the lines y = 4x and y = ~0.25x are perpendicalar.
Determine the equation of the line through the point (1, 1) perpendicular to the line y = =X =9,

THINK WRITE

Sample problems break down the
process of answering questions using
a think/write format.

Rearrunge the equation of the given line
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L Stae the gradient of the given line.

1 Staoe the gradient of a line parallel w the
pven hoe.
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1.1 Overview

Hey students! Bring these pages to life online

Watch Engage with Answer questions
videos interactivities and check results

Find all this and MORE in jacPLUS (C)

1.1.1 Introduction

The French mathematician René Descartes
(1596-1650) was one of the first to combine
algebra and geometry.

The story may be fictional, but it is said that
while lying in bed one morning Descartes
was engaged by the problem of how to
describe the position of the fly that he

was watching move about on a wall in his
bedroom. He proposed that the position of the
fly could be fixed by specifying two numbers:
one number giving the fly’s distance from
one wall and the other its distance from the
adjoining perpendicular wall. The concept

of specifying the position of a point using
coordinates had come to Descartes.

Furthermore, he recognised that algebra and geometry could be combined. Graphs, such as lines and circles,
could be specified by equations. This branch of mathematics, developed by Descartes, Fermat and others, is
called analytic geometry or coordinate geometry.

The idea of using a reference frame was not entirely new, as the ancient Greeks had used such a concept. The
astronomer Eudoxus (c.408-335 BCE) devised a complex coordinate system to represent the motion of the sun
and moon with the Earth as origin.

Today coordinate systems are used in large-scale real-world applications, such as GPS tracking of vehicles from
aircraft to delivery vans. GPS tracks positions relative to the two fixed axes of the Greenwich Prime Meridian
and the equator. In the abstract, digital world, the three-dimensional polar and cylindrical coordinate systems are
used in all computer animation.

KEY CONCEPTS

This topic covers the following key concepts from the VCE Mathematics Study Design:
¢ use of symbolic notation to develop algebraic expressions and represent functions, relations, equations,
and systems of simultaneous equations
e substitution into, and manipulation of, these expressions
 solution of a set of simultaneous linear equations (geometric interpretation only required for two
variables) and equations of the form f{x) = g(x) numerically, graphically and algebraically.

Note: Concepts shown in grey are covered in other topics.

Source: VCE Mathematics Study Design (2023-2027) extracts © VCAA; reproduced by permission.
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1.2 Linear equations and inequations

LEARNING INTENTION

At the end of this subtopic you should be able to:
e re-arrange and solve simple algebraic equations and inequalities by hand.

1.2.1 Linear equations

Throughout this subject, the ability to solve equations and inequations of varying complexity will be required. In
this section we revise the underlying skills in solving linear equations, noting that a linear equation involves a
variable that has an index or power of one. For example, 2x + 3 =7 is a linear equation in the variable x, whereas
2x* +3 =7 is not (it is a quadratic equation).

WORKED EXAMPLE 1 Solving linear equations

Solve the following linear equations for x.

a. 4(3+2x)=22+3x p Z¥3_1-dx_,
5 7
THINK WRITE
a. Expand the brackets and collect all terms in x a. 4(3+2x)=22+3x
together on one side in order to solve the equation. 12+ 8x =22+ 3x
8x—3x=22-12
S5x=10
10
x=—
5
Sax=12
2 1-4
b. 1. Express fractions with a common denominator b. SR =k
and simplify. 3 !
72x+3)—5(1—4x)
=
35
14x+21—-5+20x .
35
34x+ 16
=5y
35
2. Remove the fraction by multiplying both sides 34x+16 = 35x
by the common denominator and solve for x. 16 = 35x —34x

S.x=16

TOPIC 1 Lines and linear relationships 3



TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
b. 1. On a Calculator page, b. 1. On a Main screen, complete © gt Action mwractive
press MENU and select: the entry line as: EIREEE ,!_T;‘J:ftj
3. Algebra solve solve( 22158, x) e
x=16)
1. Solve I 2x+3  1—4x o (
Complete the entry line as: 5 - 7 =X,X
solve
Then press EXE.
( 2x+3 1—4x )
- =XX
5 7
Then press ENTER. o

2. The answer appears on
the screen.

x==1,y==-2,z=1

2. The answer appears on the
screen.

Literal linear equations

Literal equations contain pronumerals rather than known numbers. The solution to a literal equation in x
expresses x as a combination of these pronumerals. Always check to see if answers may be simplified using

algebraic skills such as factorisation.

WORKED EXAMPLE 2 Solving literal linear equations

+a b—x

Solve for x: el

a

THINK

1. Place each fraction on the common

denominator and then multiply each side by

that term.

Note: Since there is only one fraction on each
side of this equation, a quick way to do this is

to ‘cross-multiply’.

2. Collect all the terms in x together and take out

x as the common factor.

3. Divide by the coefficient of x to obtain an
expression for x.

4. Simplify the expression, if possible.

5. Cancel the common factor to give the solution

in its simplest form.

WRITE
x+a b—x

b a
alx+a)=b(b—x)

ax+a* = b*—bx

ax+bx = b* —a?

x(a+b) =b*>—a?

b2 — g>

a+b

The numerator can be factorised as a difference of two

squares.
B =a?
" a+b
_(b—a)(b+a)
a+b
o (b—a) (b+a)
a+b
Sx=b—a
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1.2.2 Linear inequations

An inequation contains one of the order or inequality symbols:

< less than

< less than or equal to

> greater than

> greater than or equal to.

Linear inequations are solved in a similar way to linear equations; however, care must be taken when
multiplying or dividing by a negative number. Remember to reverse the order symbol when multiplying or
dividing by a negative number.

To illustrate this, consider the inequality statement —6 < 15. If this inequality is divided by —3, then the
statement must become 2 > —5, so the order symbol has been reversed.

The solutions to linear inequations are sets of values satisfying an inequality.

When illustrating inequalities on a number line:
e an open circle, o, is used when the end point is not included (< or >)
e aclosed circle, °, is used when the end point is included (< or >).

WORKED EXAMPLE 3 Solving linear inequations

Calculate the values of x for which 5 — 4?x > 13 and show this set of values on a number line.

THINK WRITE

1. Subtract 5 from both sides of the inequation. 5 — 45_x > 13

Note: Subtracting a number does not affect

4
the inequality symbol. —?x >13-5
4
__.X > 8
5
2. Multiply both sides by 5. —4x > 8X5
Note: Multiplying by a positive number does —4x > 40
not affect the inequality symbol.
3. Divide both sides by —4. x < 40
Note: Dividing by a negative number does ) N
require the symbol to be reversed. o =1l
4. Illustrate this set of values on a number line. 0
D T T T T T | ——
=25 =20 -15 -10 -5 0 5

The number line has an open end at x = —10 since this
value is not included in the set of solutions, x < —10.

1.2.3 Solving problems using equations
Algebra enables real-life problems to be expressed as equations.

In setting up equations:
e define the symbols used for the variables, specifying units where appropriate
e ensure any units used are consistent
e express answers in the context of the problem.
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WORKED EXAMPLE 4 Solving problems using linear equations

The organisers of an annual student fundraising event for charity know there will be a fixed cost of

$120 plus an estimated cost of 60 cents per student for incidental costs on the day of the fundraiser.

The entry fee to the fundraising event is set at $5.

a. Form an algebraic model for the profit the event can expect to make.

b. Determine the least number of students who must attend the event to avoid the organisers
making a loss.

THINK WRITE

a. 1. Define the variables. a. Letn = the number of students attending the event.
Let P = the profit made in dollars.

2. Form expressions for the cost and the Profit depends on costs and revenues.
revenue, ensuring units are consistent. Revenue ($) =5n
Costs ($) =120+ 0.60n
3. Form the expression for the profit to define Profit = revenue — costs
the algebraic model. Hence,

P=5n—(120+ 0.60n)
.. P=4.4n— 120 gives the linear model for the

profit.
b. 1. Impose the condition required to avoid a loss b. A loss is made if P < (0. To avoid making a
and calculate the consequent restriction on 7. loss, the organisers require P > 0.
4.4n—120>0
4.4n > 120
ns 120
4.4
Son>272727...
2. Express the answer in the context of the To avoid making a loss, at least 28 students
question. need to attend the event.

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

Technology free
1. IEZM Solve the following linear equations for x.

a.30Gx—1)=4x—-14 b. =5
3 4
2. Solve the following linear equations for x.
a 2x—5=11 b. §+4=—1 c. 2x—4=5x+3
d. 5x+3=—4(1—x) o 32X _xtd P ke e
6 4 6 12
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. Solve the following linear equations for x.

4 2
a. 7(2x—3)=5@3 +2x) b. ?—9:7 c.4—2(x—6)=?x
d. 3x+5:4—2x e_x+2+£_x+1:1 f.7_)c_£:2 x+2
9 5 3 2 4 5 10 2
d— a—x
. Il Solve for x: =
a d
. Solve the following literal equations for x, expressing solutions in simplest form.
a.ax+b=c b. a(x—b)=>bx c. a’x+a*> =ab+ abx
d.£+£=a+b .bx—a=cx+a f.x+a_2=x—b
a b c b b a

. IlIEH Calculate the values of x for which 7 — % < —2 and show this set of values on a number line.

. Solve the following inequations for x.

a.4—2x>5 b 220 L a< c. 2x—3<4r+1

d. —2(—5)—x>3(x+4) e 1-37%5 . 5;x<—3x;2

. Solve the following inequations for x.

a.3x—5<-8 b. 4(x—6)+3(2—-2x)<0 c. 1—%2—11
d_5_x_4—x>2 e. 8x+7(1—-4x)<7x—=3(x+3) f.%(x—6)—%(x+4)>1+x

Technology active

9.

10.

11.

12.

13.

14.

Tx=3)  3Qx+5 _3x
4 2

+ 1.

Solve for x:

Solve for x: b(x+c)=a(x—c)+ 2bc.
Solve for x: 4 (24 3x)>8 -3 (2x+1).
Use CAS technology to solve the following equations.

a.3(5x—2)+503x—2)=8(x—2) p, =1, 3=2x 3

+ —_
5 4 20
Solve the following problems by first forming linear equations.

a. The sum of two consecutive even numbers is nine times their difference. Calculate the two numbers.

b. Three is subtracted from a certain number and the result is then multiplied by 4 to give 72. Calculate the
number.

c. The sum of three consecutive numbers is the same as the sum of 36 and one-quarter of the smallest
number. Calculate the three numbers.

d. The length of a rectangle is 12 cm greater than twice its width. If the perimeter of the rectangle is 48 cm,
calculate its length and width.

e. The ratio of the length to the width to the height of a rectangular prismis 2 : 1 : 3, and the sum of the
lengths of all its edges is 360 cm. Calculate the height of this rectangular prism.

IZA Although the organisers of a secondhand book sale are allowed free use of the local Scouts Hall for
their fete, they must contribute $100 towards heating and lighting costs and in addition donate 20 ¢ from the
sale of each book to the Scouts Association. The books are intended to be sold for $2.50 each.

a. Form an algebraic model for the profit the book sale can expect to make.
b. Determine the least number of books that must be sold to ensure the organisers make a profit.
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15. A company manufactures a special batch of mobile phone covers. The fixed costs are $250 and materials
cost $1.80 per cover. The company sells the covers for $12 each. Determine how many mobile phone covers
the company will need to sell to cover all of their costs.

16. The local football club is raising funds for new equipment by setting up a takeaway stall during all of their
games. The stall cost the club $65. They sell drinks for $4 each, but the club purchases the drinks for $1.20
each. The cost of the new equipment is $450. Determine how many drinks the club will need to sell before it
has the funds for this new equipment.

1.2 Exam questions

Question 1 (3 marks)
Solve the literal equation for x, expressing the answer in simplest form.
xX—a b—x

—2=
b a

Question 2 (1 mark)
& The solution to the equation 3 (x —4) <6 is
A x>6 B. x<2 C. x<-2 D. x>-2 E. x<6

Question 3 (3 marks)
Solve for x.

2x—1

| =
(O8]
A%
|
o

More exam questions are available online.

1.3 Systems of simultaneous linear equations

LEARNING INTENTION

At the end of this subtopic you should be able to:
e set up and solve systems of simultaneous linear equations involving up to four unknowns, including by
hand for a system of two equations in two unknowns.

To determine the value of one variable, one equation is needed. However, to find the values of two variables,
two equations are required. These two equations form a 2 X 2 system of equations. To determine the values of
three variables, three equations are required, that is a 3 X 3 system of equations. This pattern continues for four
variables with a 4 X 4 system of equations.

1.3.1 Systems of 2 X 2 simultaneous linear equations

The usual algebraic approach for finding the values of two variables, x and y, that satisfy two linear equations
simultaneously is by using either a substitution method or an elimination method. Technology may also be used
to solve simultaneous linear equations.

Substitution method

In the substitution method, one equation is used to express one variable in terms of the other, and this expression
is substituted in place of that variable in the second equation. This creates an equation with just one variable that
can then be solved.
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Elimination method

In the elimination method, the two equations are combined in such a way as to eliminate one variable, leaving an
equation with just one variable that can then be solved.

WORKED EXAMPLE 5 Solving 2 x 2 simultaneous equations

a. Use the substitution method to solve the following system of simultaneous equations for x and y.

y=

3x—1

x—3y=11

b. Use the elimination method to solve the following system of simultaneous equations for x and y.

8x+3y=-13
S5x+4y = —6
THINK WRITE
a. 1. Write the two equations and number them for a. y=3x—1 [1]
ease of reference. x—3y=11 [2]

2. Since the first equation already has y in terms
of x, it can be substituted for y in the second
equation.

3. Solve for x.

4. Substitute the value of x into one of the
original equations and calculate the y-value.

5. State the answer.

6. Itis a good idea to check that these values
satisfy both equations by substituting the
values for x and y into the other equation.

. Write the two equations and number them for b.
ease of reference.

2. Choose whether to eliminate x or y and adjust
the coefficient of the chosen variable in each
equation.

Note: Neither equation readily enables one
variable to be expressed simply in terms of
the other, so the elimination method is the
more appropriate method here.

3. Eliminate y and solve for x.

Note: ‘Same Signs Subtract’ can be
remembered as the SSS rule.

Substitute equation [1] into equation [2]:
x=30CBx—-1)=11

x—9%x+3=11
—8x=11-3
—8x =8
Sox=-—1

Substitute x = —1 into equation [1]:
y=3(=D-1

Sy=-—4

The solution is x=—1 and y = —4.

Check: In equation [2], if x=—1 and y = —4,

then:

x=3y=(—1)—3%x(—4)

=—1+12
=11
True
8x+3y=—13 [I1]
Sx+4y=—-6 [2]

Eliminate y.

Multiply equation [1] by 4:
32x+12y=-52 [3]
Multiply equation [2] by 3:
15x+12y=—18 [4]

Equation [3] — equation [4]:
32x—15x = =52 — (—18)
17x = =34
Sox=-2

4
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4. Substitute the value of x into one of the
original equations and calculate the y-value.

Substitute x = —2 into equation [2]:

5(=2)+4y=—-6

Note: Alternatively, start again but this time —10+4y=—-6
eliminate x. 4y =—-6+10
4y =4
Soy=1

5. State the answer.

The solutionis x=—-2, y=1.

TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE

b. 1. On a Calculator page, b. 1. On a Main screen, select: o i Acton nractive
press MENU and select: solve(8: x+3: y=-13 and 5+ x+4 y=-6,{x'}) ® Action Eilb} : . T
3. Algebra ‘ x=-2and y=1 ® Advanced Dl opi
1. Solve ® solve

Complete the entry line as:
solve (8x 4+ 3y =—13 and
S5x+4y=—6,{x,y})
Then press ENTER.

2. The answer appears on the
screen.
Note: Alternately,
choose the symbol for
simultaneous equations on
the keyboard.

x=-=-2,y=1

Complete the entry line as:
solve ({8x +3y=—13,
Sx+4y=—6}, {x,y})
Then press EXE.

2. The answer appears on the
screen.

x=-=-2,y=1

1.3.2 Problem solving with simultaneous linear equations

The same method used to solve linear problems is used to solve problems that require solving simultaneous
linear equations. Remember to always define your variables, taking particular care that all units are consistent.

WORKED EXAMPLE 6 Using simultaneous equations in problem solving

The annual student fundraising event for charity has been scheduled for the next week. If 30 students
and 5 staff attend, the revenue gained on entry fees is $145, whereas if 55 students and 15 staff attend,
the revenue is $312.50. Determine how much the proposed entry fee is for a student and how much it
is for a member of the staff.

WRITE
a. Let the entry fees be:
s dollars for students and
t dollars for staff.
30s + 5t = 145
55s+ 15t =312.5

THINK

a. 1. Define the variables and express the given
information using a pair of simultaneous
equations.

(1]

(2]
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2. Solve this system of simultaneous equations Eliminate ¢.

by elimination. Multiply equation [1] by 3:
90s + 15t = 435 [3]
55s+ 15t =312.5 (2]

Subtract equation [2] from equation [3]:
90s — 555 =435 —-312.5

35s = 122.5
1225
35
2§ =35

Substitute s = 3.5 into equation [1]:
30(3.5)+ 5t = 145

105 + 5¢ = 145
5t=40
S t=8
3. Write the answer in a sentence. The student entry fee is $3.50 and the staff

entry fee is $8.

1.3.3 Systems of simultaneous linear equations with technology

A CAS calculator or other technology is used to solve 3 X 3 system of equations or 4 X 4 system of equations.

WORKED EXAMPLE 7 Using technology to solve systems of simultaneous equations

Solve the following 3 X 3 system of simultaneous equations for x, y and z.

3x—4y+5z=10
2xx+y—3z=-17
Sx+y—2z=-9

THINK WRITE

Use your CAS calculator with the steps below  x=—1,y=—-2andz=1
to obtain the result.

TI| THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE

b. 1. On a Calculator page, b. 1. On a Main screen, press (=]
press MENU and select: e e to get the template for systems
3. Algebra soxve({z~m~-:- =7 Jx ».:}) of equations. . -
7. Solve System of e Press again to get another row.
Equations ' Enter the equations into the
1. Solve System of template and the variables to
Equations... the right.
Number of equations: 3 Then press EXE.
Variables: x, y, z
Press OK. !
Enter the equations into the A -
template.
Then press ENTER.

2. The answer appears on x=—1l,y=-2,z=1 2. The answer appears on the x=—1l,y=-2,z=

the screen. screen.
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Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS ®

Technology free
1. lIEA a. Use the substitution method to solve the following system of simultaneous equations for x and y.

x=2y+5
4x—3y =25
b. Use the elimination method to solve the following system of simultaneous equations for x and y.
S5x+9y =-38
—3x+2y=38
2. Solve each of the following sets of simultaneous equations for x and y.
a. 4x+3y=5 b. x=2y—-4 c. x=3y=11
y=x-3 x=1-—28y 2x+3y=7
d. 2x+3y=10 e. 2x+3y=11 f. 4x—3y = -38
x—y=-=5 3x+5y=18 5x+2y=-13
3. Solve the following simultaneous equations for x and y.
a.y=5x—1 b. x=5+z
x+2y=9 2
—4x—3y=35
4. Solve the following simultaneous equations for x and y.
a.  8x+3y=8 b. 42 =3
2 3
rgily=2 Yoy
6 3 2
5. Solve the following simultaneous equations for x and y.
a. 2x—y=7 b. ax—by=a
Tx—=5y=42 bx+ay=>
6. Solve the following simultaneous equations for x and y.
a. 4x—3y =23 b. 3(x+2)=2y
Tx+4y =31 Tx—6y =146

7. A a. When 4 adults and 5 children attend a pantomime, the total cost of
the tickets is $160, whereas the cost of the tickets for 3 adults and 7 children
is $159. Determine the cost of an adult ticket costs and a child’s ticket.

b. A householder’s electricity bill consists of a fixed payment together with
an amount proportional to the number of units used. When the number of
units used was 1428 the total bill was $235.90, and when the number of
units was 2240 the bill was $353.64.

Let the fixed payment be $a and the cost per unit be $.

Determine how much the householder’s bill will be if 3050 units
are used.
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Technology active
8. IlIZA Solve the following 3 X 3 system of simultaneous equations for x, y and z.

5x—=2y+z=3
3x+y+3z=5
6x+y—4z=062

9. Solve the following 3 X 3 system of simultaneous equations for x, y and z.

z=12—x+4y
z=4+5x+3y
z=5—-12x—"5y

10. Solve the following 3 X 3 systems of simultaneous equations for x, y and z.

a. 2x+3y—z=3 b. x—2y+z=-1 c. 2x—y+z=-19
Sx+y+z=15 x+4y+3z=9 3x+y+9z=-1
4x—6y+z=06 x—=Ty—z=-9 4x+3y—5z=-5
d. 2x+3y—4z=-29 e. 3x—2y+z=38 f. y=3x-5
—5x—2y+4z=40 3x+6y+z=32 I y+10=0
Tx+5y+z=21 3x+4y—5z=14 2
Ix+2y+z=0

In questions 11-13, set up a system of simultaneous equations to use to solve the problems.
11. At arecent art exhibition the total entry cost for a group of 3 adults,
2 concession holders and 3 children came to $96; 2 adult, 1 concession
and 6 child tickets cost $100; and 1 adult, 4 concession and 1 child ticket
cost $72.

Calculate the cost of an adult ticket, a concession ticket and a child ticket.

12. Agnes, Bjork and Chi are part-time outsource workers for a
manufacturing industry. When Agnes works 2 hours, Bjork 3 hours and
Chi 4 hours, their combined earnings total $194. If Agnes works
4 hours, Bjork 2 hours and Chi 3 hours, their total earnings are $191;
and if Agnes works 2 hours, Bjork 5 hours and Chi 2 hours their
combined earnings total $180.

Calculate the hourly rate of pay for each person.

13. A student buys a sandwich at lunchtime from the school canteen for
$4.20 and pays the exact amount using 50-cent coins, 20-cent coins
and 10-cent coins. The number of 20-cent coins is the same as half the
number of 10-cent coins plus four times the number of 50-cent coins,
and the student pays the cashier with 22 coins in total.

Determine how many coins of each type the student used.
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14. a. Use CAS technology to obtain the values of x, y and z for the following system of equations.

2x+6y+5z=2
5x—10y—8z=20.8
Ix+4y+10z=1

b. Use CAS technology to obtain the values of x, y, z and w for the following 4 X 4 system of equations.

x—y+4z-2w=38
3x+2y—2z4 10w = 67
2x+8y+ 18z4+w=—14
8x—Ty—80z+Tw =117

c. Use CAS technology to obtain the values of x;, x,, x3 and x4 for the following 4 X 4 system of equations.

4x; + 2xy + 3x3 + 6x4 = —13

12x; — 11xy — 7.5x3 + 9x4 = 16.5
x1+18x3 —12x, =8

—3x; 4+ 12x, —x3+ 10x4 = —41

15. A nutritionist at a zoo needs to produce a food compound in which
the concentration of fats is 6.8 kg unsaturated fats, 3.1 kg saturated
fats and 1.4 kg trans fats. The food compound is formed from three
supplements whose concentrations of fats per kg are shown in the
following table.

Unsaturated fat| Saturated fat Trans fat
Supplement X 6% 3% 1%
Supplement Y 10% 4% 2%
Supplement Z 8% 4% 3%

Calculate how many kilograms of each supplement must be used in
order to create the food compound.

1.3 Exam questions

Question 1 (1 mark)
& If 3y = —4x — 4 and 2x — % =5, the solution (x, y) equals

A. (—2,-36) B. (2,—4) C. (—4,52) D. (—1,-28) E. (1,-12)

Question 2 (1 mark)
I If the equations x — 4 =4y + 8 and 3x — 6 = 2y + 20 are solved simultaneously, the y-coordinate of their
point of intersection would equal

A. 2 B. 14 C. —1 D. —14 E. -2

Question 3 (1 mark)

. . . 1 .
I The solution to the simultaneous equations y = x + 2 and Zx +y=0is

A (1,—-1) B. (4,—1) c. (2,0) D. (0,4,2) E. (—1.6, 0.4)

More exam questions are available online.
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1.4 Linear graphs and their equations

LEARNING INTENTION

At the end of this subtopic you should be able to:
e determine the gradient and equation of a straight line
e sketch graphs of linear equations by hand.

Plotting ordered pairs (x, y) that satisfy the linearly related variables x and y creates a straight-line graph. From
earlier study in Years 9 and 10, you will be familiar with the linear relationship y = mx + ¢, where m is the
gradient of the line and c is the y-intercept.

1.4.1 Gradient of a line

. . . rise
The gradient or slope measures the steepness of the line as the ratio —.
run

If a line contains the two points with coordinates (x;, y;) and (x,, ¥,), then the gradient, m, of the line
is calculated as follows.

Gradient

rise Y2—);
m= =

run  x; —Xx;

YA

(e, 1)
run = X, — Xy

N
(e}
=Y

/

An oblique line has either a positive or a negative gradient.
e Ifitis increasing, as the run increases, the rise increases and m > 0.
e If it is decreasing, as the run increases, the rise decreases or falls and m < 0.

YA

m>0 YA

run

—|-r

\i fall

A

A

=Y
(=)
<Y

Y m>0
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Horizontal lines have a gradient of zero since the rise between any two points is zero. The gradient of a vertical
line is undefined since the run between any two points is zero.

YA

A
Y

Y

YA

A

Y

~Y

m is undefined

All vertical lines are parallel, and all horizontal lines are parallel. For other lines, if they have the same gradient,
then they have the same steepness, so they must be parallel to each other.

WORKED EXAMPLE 8 Calculating the gradient between two points

Calculate the gradient of the given line.

YA

\ 0, 4)

(10, 0)

A

THINK
1. Examine the diagram to locate two known
points on the line and state their coordinates.

2. Apply the gradient formula using one point as
(x1,y;) and the other as (x,, y,).

3. State the answer.

4. An alternative method would be to calculate
the rise and the run from the diagram.

WRITE

The intercepts with the coordinate axes are shown.

Given points: (0,4), (10, 0)

Let (x;,y)=(0,4) and (x,,y,) = (10,0).

=02=N

Xo — X
0—-4

10—0
L
10

Som=-04

The gradient of the given line is —0.4.

Run = 10 and rise (fall) = —4
_ rise

run
—4

m= =—04
10
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1.4.2 Sketching straight lines

Although many straight lines may be drawn through a single point, only one line can be drawn through two fixed
points. Two points are said to determine the line. The coordinates of every point on a line must satisfy the rule or
equation that describes the line.

Although any two points whose coordinates satisfy the equation of a line can be used to sketch it, the two points
that are usually chosen are the x- and y-intercepts. Should the line pass through the origin, then the coordinates
of the x- and y-intercepts are both (0, 0), which gives one point to use. A second point would then need to be
identified. The coordinates of a second point may be obtained by substituting a value for x or y into the rule or
equation that describes the line, or alternatively the gradient could be used.

Sketching horizontal and vertical lines

The equation y = ¢, where c is a constant, represents a horizontal line with a y-axis intercept at (0, c).

The equation x = d, where d is a constant, represents a vertical line with an x-axis intercept at (d, 0).

WORKED EXAMPLE 9 Sketching straight lines

Sketch the set of points for which:

a.y=—3?x b.2x—y=6 c.x=4
THINK WRITE
. 3x
a. 1. Calculate the y-intercept. a.y=——
When x=0, y=0.
= (0, 0) is both the x- and the y-intercept.
The line must pass through the origin.
2. A second point is needed. Substitute another Point: let x = 2.
value for x in the equation of the line. __3x®
2
= -3
= (2, —3) is a point on the line.
3. Plot the two points and sketch the line. YA
—_3x
2
< 00 -~
- 0 i “x
|
|
F---w(2,-3)
Y
b. 1. Calculate the y-intercept. b. 2x—y=6
y-intercept: let x =0.
2X0—y=06
Sy=—06

= (0, —6) is the y-intercept.
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2. Calculate the x-intercept. x-intercept: let y =0.

2x—0=6
2x =16
Sox=3
= (3, 0) is the x-intercept.
3. Plot the two points and draw a straight line h)
through them. Label the points and the line x—y=6
appropriately. '
< 0 G0 x
(07 _6)
c. x=41is the equation of a vertical line. x=4
Sketch this line. x-intercept (4, 0)
YA
x=4
= 0 @0l x

1.4.3 Forming equations of lines

Regardless of whether the line is oblique, horizontal or vertical, two pieces of information are required in order
to form its equation. The forms of the equation of an oblique line that are most frequently used are:

¢ the point-gradient form
e the gradient—y-intercept form.

Point—gradient form of the equation of a line

Given the gradient m and a point (x;, y;) on the line, the equation of
the line can be formed as follows.

For any point (x, y) on the line with gradient m:

y—=W

m=——

X — X
y—y=m(x—x)
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Point—gradient form

A line with gradient m and passing through the point (x;,y,)
has the equation:

Y=y =mx —x1)

Gradient—y-intercept form
For a line with gradient m cutting the y-axis at the point (0, ¢), use (0, ¢) for (x;,y;) in the point—gradient form:
y=yr=mx—x)

Sy—c=m(x—0)
SLy=mx+c

Gradient—y-intercept form
A line with gradient m and y-intercept ¢ has the equation:

y=mx+c

1.4.4 General form of the equation

The general form of the equation of a line can be written as ax + by + ¢ =0. The equation 3x+y—2 =0 can be
expressed in equivalent forms that include y =—3x+2 and y =2 — 3x.

WORKED EXAMPLE 10 Determining the equation of a straight line

a. Form the equation of the line with gradient 4 passing through the Y
point (3, —7).
b. Form the equation of the line passing through the points (5, 9)
and (12, 0).
c. For the line shown, determine its equation. = 0 8.0) =
d. Obtain the gradient and the coordinates of the y-intercept of the
line with the equation 3x — 8y +5=0.
0,-4)
THINK WRITE
a. 1. State the given information. a. The gradient and a point are given.
m=4,(x;,y;)=@3,-7)
2. Write the point—gradient form of the y=yi=m(x—xp)
equation.
3. Substitute the given information and simplify y—(=7)=4x-3)
to obtain the equation. y+7=4x—-12
Sy=4x—-19
b. 1. State the given information. b. Two points are given.
Let (x;,y1)=(5,9) and (x,,y,) =(12,0) >
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2. Use the two points to calculate the gradient. m= Sz
=2
7
3. Write the point—gradient form of the y—y;=m(x—x;)
equation.
4. The point—gradient equation can be used Let (12, 0) be the given point (x,y;) in this
with either of the points. Substitute one of equation.

the points and simplify to obtain the equation. 9
y=10I=1— ;(x— 12)

9
—y=—(x—12
y=-z ( )
5. The equation could be expressed without Ty ==9(x—12)
fractions. Although this is optional, it looks 7y = —9x+ 108
more elegant. So9x+ Ty =108
6. Had the point (5, 9) been used, the same Check:
answer would have been obtained. : _ 9
y—9= —= (x—5)

T7T0—-9)=-9x-5)
Ty—63 = —9x+45
S 9x 47y =108
This is the same equation as before.

. rise
c. 1. Calculate the gradient from the graph (oruse c. m = e
the coordinates of the y-intercept and the Zun
x-intercept points). m= 3
1
.m=—
2
. . . 1
2. One of the points given is the y-intercept. m=—,c=—4
State m and c. .
3. Use the gradient—y-intercept form to obtain y=mx+c
. . 1
the required equation. y= 5 r—4

d. 1. Express the equation in the form y=mx+c. d. 3x—8y+5=0

3x+5=238y
o3,
SOy -
2. State m and c. m= §’C:§
8 8
. . . .. 3 . .
3. Express the answer in the required form. The gradient is — and the y-intercept is

-3)
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Resources

Interactivity Equations from point-gradient and gradient-y-intercept forms (int-2551)

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS

Technology free
1. IlIEA Calculate the gradient of the given line.

YA

(=3,0)

0,-4)
N

2. a. Determine the gradient of the straight line with x-intercept at (—2, 0) and y-intercept at (0, 4).
b. Determine the gradient of the line shown.

y
. 5.0 7
< 5 >
0,-2)
c. Determine the gradient of the line shown.
YA
1 —
< _é = >
Y

d. Determine the gradient of the line passing through the points (7, —2) and (2, 5).

3. Calculate the gradients of the lines joining the following points.

a. (=3, 8) and (-7, 18) b. (0, —4) and (12, 56)
c. (=2, =5) and (10, =5) d. (3, =3) and (3, 15)
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4. Show that the line passing through the points (a, ) and (—b, —a) is parallel to the line joining the points
(—c¢,d) and (—d, c).

5. IIEZA Sketch the set of points for which:

a. y=4x b. 3x+2y=6 c.y=2
6. Sketch the following linear graphs.
a.y=3x—6 b. y=—4x+1 c.y:%—S
d.y+3x=8 e.y=4x f. y=—0.5x
7. Sketch the lines with the following equations.
a.y=3x+8 b. 4y—x+4=0 c. 6x+5y=30
x 3y 6x
d. 3y—5x=0 e.———=6 f.y=——
g 2 4 =T
8. IlIIZA a. Form the equation of the line with gradient —2 passing through YA

the point (-8, 3).

b. Form the equation of the line passing through the points (4, —1) and
(=3, D).

c. Determine the equation of the line shown.

d. Obtain the gradient and the coordinates of the y-intercept of the line
with equation 6y —5x — 18 =0.

0, 6)

< 4, 0) .
- 0 \ x
Y
9. Determine the equation of the line parallel to the x-axis that passes through the point (2, 10).
10. a. State the equation of the line with a y-intercept at (0, 2) and a YA
gradient of 5.

b. Determine the equation of the graph shown.

c. Determine the equation of the line with a gradient of 3 and passing B =

X

through the point (1, 2). ( 1 0) 0
d. Form the equation of the linear graph passing through the origin with .
a gradient of —5.
e. Form the equation of the line that passes through the points (—1, 0) ©,-1)
and (3,-2).

f. Determine the equation in the form ax + by + ¢ =0 for the line with

gradient —% and passing through the point (-3, 5).

11. a. Form the equations of the given graphs.
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b. A line contains the points (—12, 8) and (—12, —1). Form its equation and sketch its graph.
c. Determine the equation of the line passing through (10, —8) that is parallel to the line y =2 and sketch its
graph.
12. Determine the equations of the straight lines that are described by the following information.

a. Gradient —5, passing through the point (7, 2)

2
b. Gradient 3 passing through the point (—4, —6)
c. Gradient —1 % passing through the point (0, —9)
d. Gradient —0.8, passing through the point (0.5, —0.2)
e. Passing through the points (-1, 8) and (-4, —2)
f. Passing through the points (0, 10) and (10, —10)
13. a. State the gradient and the coordinates of the y-intercept of the graph that has the equation y = 2x — 8.
b. State the gradient of the line with equation 5x — 3y —6=0.
c. Determine the gradient and the coordinates of the y-intercept of the line with equation 4y —3x=4.
d. Determine which of these lines are parallel.
i. 3x—4y—4=0
i. 4y—3x—6=0
iii. 6x—8y—6=0

iv. 2y—6x—12=0

14. Determine the gradients and the y-intercepts of the lines with the following equations.

a. dx+5y=20 b X _Y_ s
3 4
c.x—6y+9=0 d. 2y—3=0

Technology active

15. Sketch with CAS technology the lines with the following equations.
a. 2y—4x=-11 b. x=5 c.y=-3

16. a. Determine the value of a if the point (2a, 2 — a) lies on the line given by 5y = —3x + 4.
b. Form the equation of the line containing the points (p, ¢) and (—p, —q).

17. If the cost, C dollars, of hiring a rowing boat is $30 plus
$1.50 per hour or part thereof:

a. determine the rule for C in terms of the hire time in
hours, t.
b. sketch the graph of C versus ¢ and state its gradient.
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1.4 Exam questions

Question 1 (1 mark)
I The gradient of the line passing through the points (=3, 5) and (1, —4) is

A. 2 B. —2 C. —1 D. —l E.
2 4 4

O | —

Question 2 (1 mark)
I State which of the following graphs can represent the equation —3y + 2x = —6.
A. B. YA C. Y

YA
\ N
3 /
2 .

=Y

o
y
=Y

=Y

A

> -3
VA /
Y Y
Question 3 (2 marks)
Form the equation of the line passing through the points (3, 1) and (—1, 3).

More exam questions are available online.

1.5 Intersections of lines and their applications

LEARNING INTENTION

At the end of this subtopic you should be able to:
e set up and solve systems of linear equations by hand.

Graphs allow visual comparisons to be made between models. A
. Revenue
For example, if a revenue model and a cost model are graphed together,
it is possible to see when a profit is made. E Costs
A profit will be made only when the revenue graph lies above the cost & ;
graph. At the point of intersection of the two graphs — also known as the : )
. . . i Break-even point
break-even point — the revenue equals the costs. Before this point, a loss !
occurs, since the revenue graph lies below the cost graph. 0 ' >
N
Number of sales
Sales <N Sales > N
= Loss = Profit

24 Jacaranda Maths Quest 11 Mathematical Methods VCE Units 1 & 2 Third Edition



1.5.1 Intersections of lines

Two lines with different gradients intersect at a point. Since this point must lie on both lines, its coordinates are

found algebraically using simultaneous equations.

WORKED EXAMPLE 11 Solving problems using a point of intersection

The model for the revenue in dollars, d, from the sale of n items is dg = 20n, and the cost of
manufacture of the n items is modelled by d¢ =500 + 5n.
a. Find the coordinates of the point of intersection of the graphs of these two models and sketch the

graphs on the same set of axes.

b. Obtain the smallest value of n for a profit to be made.

THINK
a. 1. Write the equation at the point of
intersection.

2. Solve to find n.

3. Calculate the d coordinate.

4. State the coordinates of the point of
intersection.

5. Both graphs contain the intersection point.

Find one other point on each graph.

6. Sketch the graphs.

WRITE

a. At the intersection or break-even point:
dR = dc
20n =500 + 5n

151 = 500
500

"=

15
n:33l
3

When n = %,

4=20x 120

cod = 666 2
3

1 2
The point of intersection is <33 5 , 6663 ) .
Points: Let n=0.

. dR =0and dC =500
The revenue graph contains the points (0, 0),

<331,666%>.
3 3

The cost graph contains the points

(0,500) and <33% and 666%).

d (dollars)
800

Revenue

600
400
200

Y

< 0 T T T T T
l 10 20 30 40 50
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b. 1. State the condition for a profit to be made. b. For a profit, dp > d.
1
From the graph, dg > dc when n > 335.

2. Write the answer in a sentence. Therefore, at least 34 items need to be sold for a
profit to be made.

1.5.2 The number of solutions to systems of 2 x 2 linear simultaneous
equations

Since a linear equation represents a straight line graph, by considering the possible intersections of two lines,
three possible outcomes arise when solving a system of simultaneous equations.

Case 1 Case 2 Case 3
my # my my=my my=my 1= ¢
(parallel) (identical)
Case 1: Unique solution to the Case 2: No solution to the Case 3: Infinitely many
system. The equations represent system. The equations represent solutions. The equations are
two lines that intersect at a single parallel lines. equivalent and represent the same
point. line. Every point on the line is a
solution.

Linear simultaneous equations

If a system of equations is rearranged to be in the form

y=mx +c;

y=myx +c;

then:
¢ there is a unique solution if m; # m;
e there is no solution if m; =m, and ¢y #c,
e there are infinitely many solutions if m; = m; and ¢ = ¢;.

26 Jacaranda Maths Quest 11 Mathematical Methods VCE Units 1 & 2 Third Edition



WORKED EXAMPLE 12 Determining the number of solutions of a 2 X 2 system

Determine the value of m so that the system of equations shown below has no solutions.

mx—y=2
3x+4y =12
THINK WRITE
1. Rearrange both equations to the y=mx + ¢ mx—y=2=>y=mx—2
form. and

2. State the gradients of the lines the equations
represent.

3. State the condition for the system of equations
to have no solution, and calculate m.

4. The possibility of the equations being
equivalent has to be checked.

5. State the answer.

3x+4y= 12=>y=—§x+3
. 3
The gradients are m and —

For the system of equations to have no solution, the
lines must be parallel but have different y-intercepts.
For the lines to be parallel, the two gradients have to

be equal.
3

Som=——

. 3.

Substitute m = 1 into the y = mx + ¢ forms of the
equations.

3 3 .
y=— Zx —2andy=— Zx + 3 represent parallel lines
since they have the same gradients and different
y-intercepts.

. 3 .
Therefore, if m = —Z, the system will have no

solution.

1.5.3 Concurrent lines

Three or more lines that intersect at a common point are said to be concurrent. Their
point of intersection is known as the point of concurrency.

To show that three lines are concurrent, the simplest method is to find the point of
intersection of two of the lines and then check whether that point lies on the third line.

WORKED EXAMPLE 13 Determining if lines are concurrent

Show that the three lines with equations 5x + 3y =1, 4x + 7y = 10 and 2x —y = —4 are concurrent.

THINK
1. Select a pair of equations to solve
simultaneously.

WRITE

Consider the following equations:
4x+T7y=10 [1]
2x—y=—-4 [2]
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2. Solve this system of equations.

3. Test whether the values for x and y satisfy the
third equation.

4. Write a conclusion.

Eliminate x.

Multiply equation [2] by 2 and subtract it from

equation [1].

Ty—=2X(—y)=10—2X%(—4)
Ty+2y=10+8

9y =18
Sy=2
Substitute y =2 into equation [2].
2x—2=—4
2x = —2
e =1=1l

Lines [1] and [2] intersect at (—1, 2).

Substitute x=—1,y=2 into Sx + 3y = 1.
LHS =5X(-1)+3X%x(2)

=1

= RHS
Therefore, (—1,2) lies on Sx+3y=1.

Since (—1, 2) lies on all three lines, the three lines
are concurrent. The point (—1,2) is their point of
concurrency.

Resources

Interactivity Intersecting, parallel and identical lines (int-2552)

Students, these questions are even better in jacPLUS

Receive immediate Access
feedback and access additional
sample responses questions

Find all this and MORE in jacPLUS C)

Track your
results and
progress

Technology free

1. Use simultaneous equations to find the coordinates of the point of intersection of the lines with equations

3x—2y=15and x + 4y =54,

2. Determine the coordinates of the point of intersection of each of the following pairs of lines.

a. 4x—3y=13and 2y —6x=—7
b. y:%—9andx+5y+7:0

c.y=-5andx=7

3. A triangle is bounded by the lines with equations x=3, y=6 and y = —3x.

a. State the coordinates of its vertices.

b. Calculate its area in square units.
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4. ITZEM If the model for the revenue in dollars, d, from the sale of n items is dr = 25n, and the cost of
manufacture of the n items is modelled by d- =260 + 12n:

a. determine the coordinates of the point of intersection of the graphs of these two models and sketch the
graphs on the same set of axes
b. obtain the smallest value of n for a profit to be made.

5. The daily cost of hiring a bicycle from the Pedal On company is $10 plus 75 cents per kilometre, whereas

from the Bikes R Gr8 company the cost is a flat rate of $20 with unlimited kilometres.

a. State the linear equations that model the costs of hiring the bicycles from each company.

b. On one set of axes, sketch the graphs showing the cost versus the number of kilometres ridden, for
each company.

c. Determine the number of kilometres after which the costs are equal.

d. Shay wishes to hire a bicycle for the day. Explain how Shay can decide which of the two companies
would be cheaper.

6. IEAA Determine the value of m so that the following system of equations has no solutions.

2mx+3y =2m
dx+y=5

7. Determine the values of a and b for which the following system of equations will have infinitely many
solutions.

ax+y=»>b
3x—=2y=4

8. Determine the value of p for which the lines 2x 4+ 3y =23 and 7x + py = 8 will not intersect.

9. a. Express the lines given by px+ 5y =gq and 3x — gy =5q, ¢ #0, in y = mx + ¢ form.
b. Hence, determine the values of p and ¢ so the system of equations shown will have infinitely
many solutions.

px+35y=gq
3x—qy=5¢q

c. State the relationship that must exist between p and ¢ so the lines px + 5y = ¢ and 3x — gy = 5¢
will intersect.

Technology active

10. Use the graphing facility on CAS technology to obtain the point of intersection of the pair of lines
17+ 9x

and y=8 — ?x to 2 decimal places.

11. The line passing through the point (4, —8) with gradient —2 intersects the line with gradient 3 and
y-intercept 5 at the point Q. Find the coordinates of Q.

12. [IIZEH Show that the three lines with equations 2x + 3y =0, x — 8y =19 and 9x + 5y = 17 are concurrent.

13. Determine the value of a so that the three lines defined by x +4y =13, 5x —4y=17 and —=3x+ay =35
are concurrent.

14. Show that the following three lines are concurrent and state their point of concurrency: 3x —y +3 =0,
S5x+2y+16=0and 9x—5y+3=0.

15. Determine the values of d so that the three lines x + 4y =9, 3x — 2y = —1 and 4x + 3y = d are not concurrent.
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16. The graph shows cost, C, in dollars, versus distance x, in kilometres, CHA B

for two different car rental companies A and B. -
The cost models for each company are C =300 + 0.05x and A
C=250+0.25x.

a. Match each cost model to a company.

b. Explain what the gradient of each graph represents.

c. Construct a linear rule in terms of x for y = C, — Cy, the difference in
cost between Company A and Company B.

d. Sketch the graph of y = C, — Cy, showing the intercepts with the coordinate axes.

e. Use your graph from part d to determine the number of kilometres when:

i. the costs of each company are the same
ii. the costs of Company A are cheaper than those of Company B.

17. The position of a boat at sea is measured as x km east and y km north of a lookout taken to be the

origin, (0, 0). Initially, at 6 am, the boat is 2 km due north of the lookout. After 1 hour, its position is 6 km

east and 3 km north of the lookout.

a. Write down the coordinates of the two positions of the boat and, assuming the boat travels in a straight
line, form the equation of its path.

b. The boat continues to sail on this linear path and at some time ¢ hours after 6 am, its distance east of the
lookout is 67 km. At that time, show that its position north of the lookout is (¢ 4+ 2) km.

c. Determine the coordinates of the position of the boat at 9.30 am.

d. The positions east and north of the lighthouse of a second boat, a large fishing trawler, sailing along a

linear path are given by x =

and y = ¢ respectively, where ¢ is the time in hours since 6 am. Find the
coordinates of the positions of the trawler at 6 am and 7 am, and hence (or otherwise) find the Cartesian
equation of its linear path.

e. Show that the paths of the boat and the trawler contain a common point, and give the coordinates
of this point.
f. Sketch the paths of the boats on the same axes and explain whether the boat and the trawler collide.

18. At time ¢, a particle P; moving on a straight line has coordinates given by x =¢,y =3 + 27, while at the same
time a second particle P, moving along another straight line has coordinates given by x=¢+1,y=4r—1.

a. Use CAS technology to sketch their paths simultaneously and so determine whether the particles collide.
b. State the coordinates of the common point on the two paths.

1.5 Exam questions

Question 1 (1 mark)
T The simultaneous equations y=2x—1 and y=2x+ 1
A. intersect at (2, 0). B. intersect at (—1, 1). C. do not intersect.

. 1 1 .
D. intersect at <5, —5> E. intersect at (0, 2).

Question 2 (1 mark)
I The value of a such that the linesy=4(2a+ 1)x+2and y=2(a—1)x— % will not intersect is

A1 B. —1 cC. 4 D. 2 E. —%
Question 3 (5 marks)
Determine the values of a and b for which the system of equation ax +y=», and x + 3y = 2 will have infinitely
many solutions.

More exam questions are available online.
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1.6 Straight lines and gradients

LEARNING INTENTION

At the end of this subtopic you should be able to:
* solve problems involving gradients of parallel and perpendicular lines.

1.6.1 Collinearity

The gradient of a line has several applications. It determines whether lines are parallel or perpendicular, it
determines the angle a line makes with the horizontal, and it determines whether three or more points lie on the
same line.

Three or more points that lie on the same line are said to be collinear.
If mpp = mpc, then the line through the points A and B is parallel to the line /
through the points B and C. Since the point B is common to both AB and BC, the A

three points A, B and C must lie on the same line.

Alternatively, the equation of the line through two of the points can be used to test whether the third point also
lies on that line.

WORKED EXAMPLE 14 Determining collinearity of three points

Show that the points A (-5, —3), B(—1,7) and C (1, 12) are collinear.

THINK WRITE
1. Select two of the points. For the points A and B, let (x,y;) be (=5, —3)
and (x,,y,) be (—1,7).
2. Calculate the gradient of AB. = LA
X=X
7—(=3)
C—1—(-5)
_ 10
T4
. 5
L. Mg = 5
3. Select another pair of points containing a For the points B and C, let (x;,y;) be (—1,7)
common point with the interval AB. and (x,, y,) be (1, 12).
. _ V2=
4. Calculate the gradient of BC. m=——
Note: The interval AC could equally as well 2 =X
have been chosen. m= 12-7
1-(=1
)
mpc = >
5. Compare the gradients to determine Since mg = mpc and the point B is common, the
collinearity. three points lie on the same line, so they are collinear.
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1.6.2 Angle of inclination of a line to the horizontal

If 6 is the angle a line makes with the positive direction of the x-axis ¥
(or another horizontal line), and m is the gradient of the line, then a

relationship between the gradient and this angle can be formed using
trigonometry.

In the right-angled triangle,

opposite 0
tan 6 = zp—
adjacent
__ rise ‘/"
run
S.tan 8 =m

Angle of inclination
The gradient of a line is given by
m=tan@
where 0 is measured in the positive (or anticlockwise) direction from the x-axis.

If the line is vertical, 6 = 90°. If the line is horizontal, 6 = 0°.

For oblique lines, the angle is either acute (0° < 8 < 90°) or obtuse
(90° < 6 < 180°), and a calculator is used to find 6.

When the gradient, m, is negative, the calculator gives a negative angle for

Y

A

tan~! m. That is, the angle has been measured in the negative or clockwise ®
direction from the x-axis. The angle of inclination, 8, is measured in the
anticlockwise direction. Thus, 6 = 180 — 1.

Positive and negative gradients

If m > 0, then 6 is an acute angle, so 6 = tan™'(m) .

If m < 0, then 0 is an obtuse angle, so 6 = 180° — tan~!(|m|) .

LY

WORKED EXAMPLE 15 Calculating angles of inclination

a. Calculate, correct to 2 decimal places, the angle made with the positive direction of the x-axis by
the line that passes through the points (—1,2) and (2, 8).

b. Calculate the angle of inclination with the horizontal made by a line that has a gradient of —0.6.

c. Obtain the equation of the line that passes through the point (5, 3) at an angle of 45° to the
horizontal.
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THINK

a. 1. Calculate the gradient of the line through the

given points.

2. Write down the relationship between the
angle and the gradient.

3. Find 6 correct to 2 decimal places using a
calculator.

4. Answer in context.
. State the gradient.
2. Determine tan~! (m) .

3. Calculate the angle of inclination.

4. Answer in context.

. State the relationship between the gradient
and the angle.

2. Substitute the given angle for 6 and calculate
the gradient.

3. Use the point—gradient form to obtain the
equation of the line.

4. State the answer.

WRITE

a. Points (—1,2) and (2, 8)

8—2
m=
2—(=D
_0
3
=2
tan6 = m
c.tanf =2
8 =tan"! (2)
.0 ~63.43°

Therefore, the required angle is 63.43°.
b. The gradient —0.6 is given: m = —0.6
tan~! (=0.6) = —30.96°

0 = 180 —30.96°
.0 >~ 149.04°

Therefore, the required angle is 149° to the
nearest degree.

c. m=tan6
m = tan (45°)
Sm=1

y—MW =m(x_xl)7n1=1a(xl’yl)=(5’3)
y=3=1x=95)
SLy=x—2

The equation of the line is y = x — 2.

1.6.3 Parallel lines

Parallel lines have the same gradient.

If two lines with gradients m; and m, are parallel, then m; = m,.

Each line would be inclined at the same angle to the horizontal.

1.6.4 Perpendicular lines

YA

4 ¢

v

A pair of lines are perpendicular to each other when the angle between them is 90°. For a pair of oblique lines,
one must have a positive gradient and the other a negative gradient.

To find the relationship between these gradients, consider two perpendicular lines L, and L,, with gradients m,
and m, respectively. Suppose m; >0 and m, <0, and that L, is inclined at an angle 6 to the horizontal.
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The diagram shows the line L; passing through the points A and B and L
the line L, passing through the points A and D, with the angle BAD {
being a right angle.

Taking AC as 1 unit, the sides in the diagram are labelled with their
lengths. The side CB has length m,. Because lengths must be positive,

the side CD is labelled as —ms,, since m, < 0. > Horizontal

From the triangle ABC in the diagram, tan 6 = % =m,, and from the

triangle ACD in the diagram, tan 6 = L

—m,
Hence,
1
m = —
—m,
S myni, = —1

Gradients of perpendicular lines

mymy=—1 or my=——
my

e If two lines with gradients m; and m, are perpendicular, then the product of their gradients is —1.
One gradient is the negative reciprocal of the other.

e [t follows that if m;m, = —1, then the two lines are perpendicular. This can be used to test for
perpendicularity.

WORKED EXAMPLE 16 Determining parallel and perpendicular gradients

a. State the gradient of a line that is:
i. parallel to 2y —5x =4 ii. perpendicular to 2y —5x =4.
b. Show that the lines y =4x and y = —0.25x are perpendicular.
c. Determine the equation of the line through the point (1, 1) perpendicular to the line y = —3x — 9.

THINK WRITE
a. i. 1. Rearrange the equation of the given line a. i. 2y—5x=4
to express it in y = mx + ¢ form. 2y =5x+4
_ 38O
AarRE
5
SV
Y 2
. . . 5
2. State the gradient of the given line. The given line has m = >
3. State the gradient of a line parallel to the The gradient of a parallel line will be the
given line. same as that of the given line.

Therefore, a line parallel to 2y —5x=4

has a gradient of %
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ii. 1. State the gradient of a perpendicular line ii. The gradient of a perpendicular line will
to the given line. be the negative reciprocal of the gradient

of the given line.

5 2
Ifm, = 2 then m, = ——.
Therefore, a line perpendicular to

2y — 5x =4 has a gradient of —%.

b. 1. Write down the gradients of each line. b. Lines: y=4x and y = —0.25x
Gradients: m; =4, m, =—0.25
2. Test the product of the gradients. mym, = 4 X —0.25
S mynmy, = —1

Therefore, the lines are perpendicular.

c. 1. State the gradient of the given line and c. For y=—3x—9, its gradient is m; = —3.
calculate the gradient of the perpendicular The perpendicular line has gradient
line. My =——.

m
Therefore, the perpendicular line has
radient —.
. 3
. . . 1
2. Use the point—gradient form to obtain the m= - and (x;, yp)=(1, 1)

equation of the required line. y—y, =mx—x)

1
y=l=2G-D
30-D=1Gx-1
3y—3=x-—1
3y=x+2
po ey 2
3 3
3. State the answer. The required line has equation
NI
3 3

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS (C)

Technology free
1. IE3ZH Show that the points A (—3, —12), B (0, 3) and C (4, 23) are collinear.

2. Determine whether the points A (—4, 13), B (7,—-9) and C (12, —19) are collinear.
3. Find the value of b if the three points (3, b), (4,2b) and (8,5 — b) are collinear.
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10.

11.

12.

13.

14.

36

. For the points P (=6, —8), Q (6,4) and R (—32, 34), find the equation of the line through P and Q, and hence

determine if the three points are collinear.

. Explain whether or not the points A (—15, —95), B (12,40) and C (20, 75) may be joined to form a triangle.
. IIIEMA a. State the gradient of a line that is:

i. parallel to3y—6x=1 ii. perpendicular to 3y —6x=1.

b. Show that the lines y =x and y = —x are perpendicular.
. Determine the equation of the line through the point (1, 1) perpendicular to the line y = 5x + 10.

(¢}

. Determine the gradient of the line parallel to the line x —2y =6.

. Determine the gradient of the line parallel to the line 3y —4x+2=0.
. Determine the gradient of the line perpendicular to y = 3x — 4.

. Determine the gradient of the line perpendicular to 4y —2x = 8.

0 T 9o

[V

. Determine the gradient of the line perpendicular to Sx +4y—1=0.
. Determine the gradient of the line that is perpendicular to the line connecting the two points (=3, 5)
and (2,-7).
c. Determine the gradient of the line that is perpendicular to the line connecting the two points (2, 4)
and (7,—1).
d. Show that the lines y =0.2x and y = —5x are perpendicular.

o

. Determine, in the form ax + by = ¢, the equation of the line that:

a. passes through the point (0, 6) and is parallel to the line 7y —5x=0

. 4 . .
b. passes through the point <—2, g) and is parallel to the line 3y +4x=2

c. passes through the point <—% 1> and is perpendicular to the line 2x —3y+7=0
d. passes through the point (0, 0) and is perpendicular to the line 3x —y=2.

Find the coordinates of the x-intercept of the line that passes through the point (8, —2) and is parallel to the
line 2y —4x=17.

ZHE a. Calculate, correct to 2 decimal places, the angle made with the positive direction of the x-axis by
the line that passes through the points (1, —8) and (5, —2).

b. Calculate the angle of inclination with the horizontal made by a line that has a gradient of —2.

c. Obtain the equation of the line that passes through the point (2, 7) at an angle of 135° to the horizontal.

a. Determine the gradient of the line that passes through the point (1,2) at an angle of 40° to the horizontal.
b. A line passes through the x-axis inclined at an angle of 145° with the positive direction of the x-axis.
Calculate the gradient of this line.

a. Calculate the angle of inclination with the horizontal made by the line that has a gradient of 0.5.
b. Calculate the angle of inclination with the horizontal made by the line that has a gradient of —0.5.

Calculate the magnitudes of the angles the following lines make with the positive direction of the x-axis,
expressing your answers correct to 2 decimal places where appropriate.

a.
yA (3’ 9)

(-2.0)/)
0 X
Y
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b. The line that cuts the x-axis at x =4 and the y-axis at y=3
c. The line that is parallel to the y-axis and passes through the point (1, 5)
d. The line with gradient —7

15. Calculate the angle of inclination with the horizontal made by each of the lines whose gradients are 5 and 4
respectively, and hence find the magnitude of the acute angle between these two lines.

16. Determine the equation of the line that passes through the point (—6, 12) and makes an angle of tan~! (1.5)
with the horizontal.

17. A line L cuts the x-axis at the point A where x =4, and is inclined at an angle of 123.69° to the positive
direction of the x-axis.
a. Form the equation of the line L, specifying its gradient to 1 decimal place.
b. Form the equation of a second line, K, that passes through the same point A at right angles to the line L.
c. State the distance between the y-intercepts of K and L.
18. a. Find the value of a so that the line ax — 7y =8 is:
i. parallel to the line 3y + 6x=7 ii. perpendicular to the line 3y + 6x=7.
b. Find the value of ¢ if the line through the points (2c, —c) and (¢, —c — 2) makes an angle of 45° with the

horizontal.
c. Find the value of d so the line containing the points (d+ 1,d — 1) and (4, 8) is:

i. parallel to the line that cuts the x-axis at x =7 and the y-axis at y = —2
ii. parallel to the x-axis
iii. perpendicular to the x-axis.

d. The angle between the two lines with gradients —1.25 and 0.8 respectively has a magnitude of a°.
Calculate the value of a.

19. Given the points P (-2, —3),Q(2,5), R(6,9) and S (2, 1), show that PQRS is a parallelogram. State
whether PQRS is a rectangle.

20. Determine the equation of the line that passes through the point of intersection of the lines 2x — 3y =18 and
5x+y=11, and is perpendicular to the line y = 8.

1.6 Exam questions

Question 1 (1 mark) NS 0TEH
I The equation of the line that would pass through the points shown on the graph is

YA
(6,(/
0 6 X
=40,-3)
/
A.y=§—3 B.y=§—3 C.y=2x-3 D. y=—2x-3 E.y=—§+3
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Question 2 (4 marks)

a. Line L, has equation y = 3x and line L, has the equation y =3 — x. Sketch the graphs for each line on the

same axes, labelling them clearly.

b. Write down the equation of the line with the same gradient as L; and the same x-intercept

as L,.

Question 3 (1 mark)

T To the nearest degree, the line with equation 6x + 10y — 3 =0 is inclined to the positive direction of the

x-axis at an angle of:
A. 99° B. 17° C. 31°

More exam questions are available online.

D. 149°

(2 marks)

(2 marks)

1.7 Bisection and lengths of line segments

LEARNING INTENTION

At the end of this subtopic you should be able to:

e calculate the distance between two points located on a Cartesian plane

e calculate the midpoint and gradient of a line segment (interval) on the Cartesian plane

1.7.1 Line segments

Sections of lines with two end points that have finite lengths are called line segments. The notation AB is used

to name the line segment with end points A and B.

1.7.2 The coordinates of the midpoint of a line segment

The point of bisection of a line segment is its midpoint.
This point is equidistant from the end points of the
interval.

Let the end points of the line segment be A (x;,y;) and B
(%25 )

Let the midpoint of AB be the point M ()_c, }), where
x is the mean of the x-values for A and B and y is the
mean of the y-values for A and B. Since M bisects
AB, AM = MB and the triangles ACM and MDB are
congruent (identical).

Equating the ‘runs’:

AC =

YA

B

@]

MD

x—xl =.X2—}

2}=x1 +x2

Xx=

X1 +X2
2
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and equating the ‘rises’:

CM = DB
Y=Y =y:—Yy
2y=y;+y;
5= ity
2

Hence, the coordinates of the midpoint of a line segment are found by averaging the coordinates of the end
points.

Coordinates of the midpoint

The coordinates of the midpoint of a line segment with end points (xl, yl) and
(xz, y2) are:

S <x1 +x2 Y1 +y2>
midpoint = 5 5
2 2

WORKED EXAMPLE 17 Calculating midpoints

Calculate the coordinates of the midpoint of the line segment joining the points (—3, 5) and (7, —8).

THINK WRITE
— + — +
1. Average the x- and y-coordinates of the = /% y= )%
end points. (=347 54(=8)
2 2
4 _3
2 2
2. Write the coordinates as an ordered pair. Therefore, the midpoint is (2, —1.5).
1.7.3 The perpendicular bisector of a line segment
The line that passes through the midpoint of a line segment at right Perpendicular bisector of AB
angles to the line segment is called the perpendicular bisector of the
line segment.
To find the equation of the perpendicular bisector:
e its gradient is ———, since it is perpendicular to the line
map
segment AB
B
e the midpoint of the line segment AB also lies on the perpendicular M
bisector. A
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WORKED EXAMPLE 18 Determing the equation of a perpendicular bisector

Determine the equation of the perpendicular bisector of the line segment joining the points A (6, 3)

and B (-8, 5).
THINK

1. Calculate the gradient of the line segment.

2. Obtain the gradient of a line perpendicular to
the line segment.

3. Calculate the coordinates of the midpoint of
the line segment.

4. Form the equation of the perpendicular
bisector using the point—gradient equation.

5. State the answer.

WRITE
A (6,3) and B (=8,5)
_5-3
—8—6
I
—14
-
7
. 1 . . .
Since mpp = —= the gradient of a line perpendicular
to ABism, =7.
- 6+(=8) - 345
= y=——
2
-2 _ 8
2 2
=1 =4

The midpoint is (—1, 4).
Point (—1, 4); gradient m =7

y—y =m(x—x)

y—4=Tx+1)
y—4="Tx+7
Sy=Tx+11

The equation of the perpendicular bisector
isy=Tx+11.

1.7.4 The length of a line segment

The length of a line segment is the distance between its end points.
For a line segment AB with end points A (x;,y;) and B (x,, y,), the
run x, — x; measures the distance between x; and x,, and the rise

v, —y; measures the distance between y; and y,.

Using Pythagoras’ theorem, (AB)* = (xy — x1)2 + (O — yl)z.

A (xy, y1)

-~ XX

The length of a line segment

AB = \/(6 —x1)? + (2 —y1)?

This could be expressed as the formula for the distance between two points:

dap = \/ (2 —x1)* + (y2 —y1)*, where dp represents the distance between the points A and B.
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WORKED EXAMPLE 19 Calculating the distance between two points

Calculate the length of the line segment joining the points A (—2,—5) and B (1, 3).

THINK WRITE

1. Write the distance formula. dpag = \/ (6 —x1)" + (2 — 1)

2. Substitute the coordinates of the two points. A(=2,-5)and B (1, 3)
Note: It does not matter which point is Let A be (x;,y;) and B be (x,, y,).

labelled (x;, y;) and which (x,, y,).
v v dys = /(1 = (=2)* + 3= (=5))”

=1/3Y +@®)
=1/9 + 64
= /73

3. State the answer. By choice, both the exact Therefore, the length of AB is 1/73 ~8.54 units.
surd value and its approximate value to
2 decimal places have been given.

Resources

Interactivity Midpoint of a line segment and the perpendicular bisector (int-2553)

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS @

Technology free
1. Calculate the coordinates of the midpoint of the line segment joining the points (12, 5) and (=9, —1).

2. Determine the coordinates of the midpoint of the line segment joining the points:

a. (—2,8)and (12, -2) b. (1,0) and (-5, 4).
3. Determine the coordinates of the midpoint of the line segment joining the points:
a. (7,3) and (—4,2) b. (24,12) and (16, 12).

4. 1A M is the midpoint of the line segment AN. Given that M has coordinates (5, 6) and A is the point (3, 7),
select the correct coordinates for point N.

A. (4,6.5) B. 4,-2) c. (7,5) D. (1,8) E. (=7,-5)
5. If the midpoint of PQ has coordinates (3, 0) and Q is the point (—10, 10), find the coordinates of point P.

6. Determine the equation of the line that has a gradient of —3 and passes through the midpoint of the segment
joining (5, —4) and (1, 0).
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7. Given the points A (3,0), B (9,4), C(5,6) and D (—1, 2), show that AC and BD bisect each other.

8. IlIIZE Determine the equation of the perpendicular bisector of the line segment joining the points A (—4,4)
and B (-3, 10).

9. Determine the equation of the perpendicular bisector of the line segment joining the points A (—6, 0) and
B (2,4).

10. Determine the equation of the perpendicular bisector of the line segment joining the points A (1,2) and
B (-3,5).

11. Given that the line ax + by = ¢ is the perpendicular bisector of the line segment CD where C is the point
(—2,—5) and D is the point (2, 5), find the smallest non-negative values possible for the integers
a,b and c.

12. IIEHEA Calculate the length of the line segment joining the points (6, —8) and (—4, —5).
13. Calculate the distance between the points (10, —3) and (-2, 6).

14. Find the exact distance between the points:
a. (—3,2) and (3,—4)
b. (—1,-5) and (5, —1).

15. Triangle ABC has vertices A (—2,0), B (2,3) and C (3, 0). Determine which of its sides has the
shortest length.

Technology active

16. Calculate the distance between the point (3, 10) and the midpoint of the line segment AB where A is the
point (=1, 1) and B is the point (6, —1). Give the answer correct to 2 decimal places.

17. If the distance between the points (p, 8) and (0, —4) is 13 units, find two possible values for p.
18. Given the points A (—7,2) and B (—13, 10), obtain:

a. the distance between the points A and B

b. the coordinates of the midpoint of the line segment AB

c. the equation of the perpendicular bisector of AB

d. the coordinates of the point where the perpendicular bisector meets the line 3x 4+ 4y =24.

19. Triangle CDE has vertices C (-8, 5), D (2,4) and E (0.4, 0.8).

a. Calculate its perimeter to the nearest whole number.

b. Show that the magnitude of angle CED is 90°.

c. Find the coordinates of M, the midpoint of its hypotenuse.

d. Show that M is equidistant from each of the vertices of the triangle.

20. A circle has its centre at (4, 8) and one end of the
diameter at (—2, —2).
a. Specify the coordinates of the other end of the
diameter.
b. Calculate the area of the circle as a multiple of 7.
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21.

22,

Two friends planning to spend some time
bushwalking argue over which one of them should
carry a rather heavy rucksack containing food and
first aid items. Neither is keen, so they agree to each
throw a small coin towards the base of a tree, and
the person whose coin lands the greater distance
from the tree will have to carry the rucksack. Taking
the tree as the origin and the distances in centimetres
east and north of the origin as (x, y) coordinates,
Anna’s coin lands at (—2.3, 1.5) and Liam’s coin
lands at (1.7,2.1). Determine who carries the
rucksack. Support your answer with a

mathematical argument.

The diagram shows a main highway through a country town. The section of this highway running between
a petrol station at P and a restaurant at R can be considered a straight line. Relative to a fixed origin, the
coordinates of the petrol station and restaurant are P (3, 7) and R (5, 3) respectively. Distances are measured
in kilometres.

Highway

Petrol station
P@3,7)

North

Restaurant
RS, 3)

East

a. Calculate how far apart the petrol station and restaurant are. Give your answer correct to 1 decimal place.
b. Form the equation of the straight line PR.

Ada is late for their waitressing job at the restaurant and is still at home at the point H (2, 3.5). There is no
direct route to the restaurant from Ada’s home, but there is a bicycle track that goes straight to the nearest
point B on the highway. Ada decides to ride to point B and then to travel along the highway from B to the
restaurant.

c. Form the equation of the line through H perpendicular to PR.

d. Hence, find the coordinates of B, the closest point on the highway from Ada’s home.

e. If Ada’s average speed is 10 km/h, find how long, to the nearest minute, it takes Ada to reach the
restaurant from home.
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23. a. Using CAS technology, construct the perpendicular bisectors of each of the three sides of the triangle.
Write down what you notice about the bisectors. Repeat this procedure using other triangles. State
whether your observation appears to hold for these triangles.

b. For the triangle formed by joining the points O (0,0), A (6,0), B (4,4), find the point of intersection of the
perpendicular bisectors of each side. Check your answer algebraically.

24. a. Using CAS technology, construct the line segments joining each vertex to the midpoint of the opposite
side (these are called medians). Write down what you notice about the line segments. Repeat this
procedure using other triangles. State whether your observation appears to hold for these triangles.

b. For the triangle formed by joining the points O (0,0), A (6,0) and B (4, 4), find the point of intersection of
the medians drawn to each side. Check your answer algebraically.

1.7 Exam questions

Question 1 (1 mark)
I The distance between the points A and B on the graph shown is

YA

=Y

A 2 B. 13 C.7 D.5 E. 25

Question 2 (1 mark)
I The midpoint of interval joining P (=5, —3) and Q (2, —1) is

7 7 3
A. <—5,—2> B. <—§,—1> C. (-7,-4) D. (—3,-4) E. (——,—2)

Question 3 (4 marks)

For the points A (1, —5) and B (4, —2), find
a. the gradient of the line joining A and B (1 mark)
b. the equation of the line that is perpendicular to AB and passes through A. (3 marks)

More exam questions are available online.
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1.8 Review
1.8.1 Summary

doc-37016

Hey students! Now that it's time to revise this topic, go online to:

Access the Review your Watch teacher-led Practise exam
topic summary results videos questions

1.8 Exercise

Technology free: short answer

1. Solve the following equations for x.
2x—1 3-2x 3

a.30Gx=2)+50@x—-2)=8(x—-2 b. + =—
( )+5( )=8(x—=2) 5 1 20
c. ax+3c=3a+cx 5x—b_%=2
2b b
2. Solve the following system of equations for x and y.
2x+y=6
Sx—2y=24

3. Solve the following inequations for x.

a.3-2x<1 b.23—x—5>2+3x

4. Sketch, labelling any axis intercepts with their coordinates, the line with the equation 3x — 4y = 24.

5. Find the equation of the line:

a. through the point (=5, 8) parallel to the line 2x — 7y =2
b. through the point (4, 0) perpendicular to the line 2x — 7y =2
c. through the two points (9, 2) and (6, =7).

6. Determine the equation of the line through the points (—4, 6) and (2, —2).

Technology active: multiple choice
7. A4 (1 —3x)+2(3+x)>5, then:

A x>2 B. x<2 C.x<-2 D.x<% E.x>%
8. I The solutions to the simultaneous equations 7x —2y =11 and 3x + y =1 are:

A x=9,y=-26 B. x=5,y=11 C.x=—-1,y=2

D.x=1,y=-2 E.x=1,y=4

9. I A calculator purchased for $200 depreciates each year by an amount of $25. The value, V, of the
calculator after ¢ years is:
A. V=25¢ B. V=-25¢ C. V=200—-25¢
D. V=200 +25¢ E. V=25¢r—-200
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10. I The equation of the graph shown is: YA
A.x—2y=6
B.2y+x=6
C.6x—3y=1
D.y= 1x 3 < G
-y > 0 X
E.y=2x-3
(0, _3)
/v

11. [IA For the points (—1, —2), (4, 3) and (9, b) to be collinear, b would equal:
A. =3 B. =2 C. —1 D. 8 E. 10

12. I The angle of inclination to the positive direction of the x-axis made by the line with equation g - % =1
is closest to:
A. 26.6° B. 33.7° C. 56.3° D. 123.7° E. 146.3°

13. 1A The equation of the line through (9, 5) parallel to y = —2 is:
A y=-2x+13 B. 2y=x+1 C.x=9 D.y=9 E.y=5

14. I The midpoint of a line segment AB is (3, —5). If A is the point (13, 11), then the coordinates of B are:
A. (8,3) B. (—23,-27) C. (23,27) D. (=7,-21) E. (7,21)
15. I The value of a such that there would be no point of intersection between the two lines ay + 3x =4 and

2y +4x=31is:

A. 2 B. 1.5 C. D. -0.5 E. -2

W | oo

16. I The distance between the points (—3, 5) and (=6, 12) is:

A. 4 B. /40 c. v/38 D. /370 E. /388

Technology active: extended response

17. After school, Tenzin rides their bike along a straight path from school
to a golf range. Tenzin travels one-third of the way at an average speed
of 20 km/h and the remainder of the way at 10 km/h. 44 e T(154)

a. Find the distance Tenzin travels from school to the golf range if the /
journey takes 45 minutes. /

At the golf range Tenzin is trying to improve their putting. A set of o
Cartesian coordinates can be imagined to be marked so that Tenzin will /
be aiming to hit the ball at the point T (1.5, 4) into the hole at the origin 19/
(0,0). /
b. If all units are measured in metres, state how far Tenzin’s golf ball is — T ! 0 ! %
from the hole. Give your answer correct to 2 decimal places.
c. State the equation of the straight-line path Tenzin’s golf ball needs to
travel along for the ball to reach the hole. 2
d. In fact, Tenzin hits the golf ball along the path with equation
6x—2y=1. Y
i. Sketch this path.
ii. Determine the equation of the line through (0, 0) perpendicular
to this path and hence find, to the nearest centimetre, the closest
distance of the golf ball’s path to the hole at (0, 0).
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18.

19.

20.

A small fireworks rocket travels along a path that can be considered to be a straight line. On a Cartesian
set of x- and y-axes where the units are in metres, the x-coordinates give the horizontal distance the rocket
travels and the y-coordinates give the height of the rocket above the ground.

The fireworks rocket is launched from a point S (0, 1) at an angle of 6° with the horizontal. The fireworks
explode on reaching a point E, which is at a height of 10 metres above the ground.

YA

(Height of rocket)

0, 1)

=Y

(Horizontal distance
travelled)

a. i. The first rocket is launched at an angle of 45° to the horizontal. Find the equation of its path and the
coordinates of point E.
ii. After the explosion, part of the debris travels from point E along a line perpendicular to the rocket’s
path. Find the equation of this path and work out how far horizontally from E the debris reaches the
ground.

b. The angle at which the rockets are launched from S (0, 1) is varied and the fireworks explode at E (k, 10),
k> 0. Show that the equation of the paths of all possible rockets is given by 9x — ky + k=0.
c. i. Let r be the horizontal distance from E at which the debris travelling on a line perpendicular to the
path SE reaches the ground. Form an expression for r in terms of k.
ii. Itis desirable for the debris not to be too widely scattered. Find the possible values for k such that
4<r<6.

Rain water is collected in a water tank. On 1 April the tank contained 1000 litres of water. Ten days later it
contained 1250 litres. Assume the amount of water increases uniformly.

a. Find the rate of increase in litres per day.

b. Form the linear relationship between the volume V litres of water in the tank 7 days after 1 April.

c. State how much water the linear model predicts should have been in the tank on 30 March.

d. The tank needs replacing and quotes are obtained from two companies. The Latasi company charges $500
for materials plus $26 per hour of construction. The Natano company charges $600 for materials plus $18
per hour of construction.

i. Form linear models for the costs for each company, defining the symbols used.
ii. Determine when the costs are the same for each company and calculate this cost.
iii. Sketch both cost models on the same axes.
iv. Itis estimated that the construction should take approximately 8 hours of work. Determine which
company could do the job at a cheaper cost.

Three friends visit their local supermarket to buy snacks for a party. One friend buys 3 bags of chips, 1 bag
of lollies and 2 boxes of biscuits. The second friend buys 2 bags of chips, 2 bags of lollies and 4 boxes of
biscuits. The third friend buys 1 bag of chips, 3 bags of lollies and 3 boxes of biscuits. The three friends
spent a total of $24.10, $33.40 and $29.50 respectively.

Determine:

a. the cost of one bag of chips
b. the cost of one bag of lollies
c. the cost of one box of biscuits.
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1.8 Exam questions

Question 1 (2 marks)

Sam is a very good student, and his latest test results show that the sum of his marks for Mathematical Methods,
Chemistry and Physics is 256. Mathematical Methods is his best subject, and the difference between his
Mathematical Methods and Chemistry marks is 8. His Chemistry mark was 1 mark higher than his Physics
mark.

Determine his marks for each subject.

Question 2 (1 mark)

& The gradient, m, and y-intercept, ¢, of the line with equation 3x+y—35=0 are
A.m=3,c=5 B. m=3,c=-5 C. m=-5,¢=3
D. m=-3,¢c=5 E. m=-3,c=-5

Question 3 (4 marks)
Find the value of a such that the system of equations has no solution.

2ax —3y=2a
8x—10=2y

Question 4 (1 mark)

A The angle that the line shown makes with the positive direction of the x-axis is nearest to

YA
B
(1,5)

0 -

-« 0 >
-1,-1
A
Y
A. 37° B. 53° C. 72° D. 76° E. 0.05°

Question 5 (1 mark)
& The equation of the line passing through the point (3, —2) and perpendicular to the line with equation
2x—3y—1=0is

A. 2x—3y=0 B. 3x+2y—5=0 C. 3x—2y—13=0

D. 2x+3y—1=0 E. 2x—3y—12=0

More exam questions are available online.

Hey teachers! Create custom assignments for this topic

— Create and assign Access quarantined K= Tack your
| - ) )
v ° unique tests and exams tests and assessments 4 5  students’ results

Find all this and MORE in jacPLUS C)
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Answers

Topic 1 Lines and linear
relationships
1.2 Linear equations and inequations

1.3 Systems of simultaneous linear equations

1.3 Exercise

1

11.
12.
13.

14.

15.

ax=7y=1 b.x=—4,y=-2
ax=2,y=-1 b.x=-3,y==
c x=2,y: d.x_—l,y=4
eex=1,y=3 f.x=-5,y=6
1
a x—l,y:4 b.x:—z,y:—]]
> 2 b 12 6
a. x ==, y == LX= ,y=
1 y 3 y
7 35 b 1 0
LA X=—"T,y=—— x=1l,y=
377773 Y
ax=5y=-1 b.x=-82,y=-120

. a. An adult ticket costs $25; a child ticket costs $12.

b. $471.09

.x=5,y=8,z=-6
x=1l,y=-=2,z=3
10.

ax=2y=1,z=4 b.x=4,y=2,z=-1
c.x=—-6,y=8,z=1 dx=-2,y=5,z=10
e.x=4,y=3,z=2 f.x=-2,y=-11,z=40
Adult ticket $14; concession ticket $12; child ticket $10
Agnes $20 per hour; Bjork $18 per hour; Chi $25 per hour

Two 50-cent coins, twelve 20-cent coins and eight 10-cent
coins
a.x=3,y=15,z=-2.6
b.x=10, y=—-6, z=0.5, w=5

1
c.x;=-2, x, =—4, x3=§, x4=g
The food compound requires 50 kg of supplement X, 30 kg
of supplement Y and 10 kg of supplement Z.

1.2 Exercise
1.a.x=-1 b.x=10
7
2.a.x=8 b.x=—10 c.x=—§
6 26
dx=-7 e.x=—-— =
7 7
3.a.x=9 b. x =20 c.x=6
1
dx=— e.x=1 f.x=-—10
3
4. x=a+d
c—b ab
5.a.x= b. x= c.x=-—1
a a—b
a
d.x=ab e.x= f.x=b—a
b—c
6. x>24
—_
R P T L A
23 24 25 26 27 28 29
1
7. a.xs—i b.x< -3 c.x>—2
dx<—-— e. x>0 f.x>22
8.a.x<—1 b. x> -9 c.x<18
2
d.x>3 e.xZg f.x<—6
1
9. x=—=
7
10. x=c¢
1
Ul eeeooc
6
12. a. x=0 b. x>4
13. a. 8 and 10
b. 21
c. 12,13 and 14
d. Length is 20 cm; width is 4 cm.
e. Height is 45 cm.
14. a. The profit for the sale of n books is P = 2.3n — 100.
b. 44 books

15.
16.

25 phone covers
184 drinks

1.3 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.
1. B

2.C
3.E

1.4 Linear graphs and their equations

1.2 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.

1l.x=a+b

2.E

3.x<5

1.4 Exercise
4
im=—=
3
2
2. a2 b.7=
3
1 7
c.—— d. —=
3 5
3.am=-25 b.m=5
c.m=0 d. Undefined
4. Show both gradients equal 1; sample responses can be

found in the worked solutions in the online resources.
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Y y=4x
(1,4)
0,0 e
«< G >

c YA
0,2) y=2
f. Y
< o >
y=-0.5x
Y - o
. B 0 (1,-0.5) "X
A
60 Y y=3x+8
0,8)
b. Y
y=—4x+1
0.1)® 0250
< 0 >
b.
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10.

11.

d. y
3y-5x=0
(3,5)
©,0) ~
- 7 >
e.

s
Y Y=T7
ay=—2x—13 b. 7y+2x=1
5
c.y=—1.5x+6 d.m=g;(0,3)
y=10
a.y=5x+2 b.y=-2x—1
c.y=3x—1 d.y=-5x
e.x+2y+1=0 f.3x+4y—11=0
a _ 5x
iy= 2
i.y=—3x+9
2 2
iii. y=-—x—
Y73
iv.y=—=—x—1
b. x=—12
Y
¢ (-12,8) h
x=-12
= ® 0 X
(=12, -1) \

12.

13.

14.

15.

16.

17.

c.y=-8
YA(0, 2) y=2
<— >
y=-8
Y-8 (10, -8)
a.y=-5x+37 b.3y—2x+10=0
c.4y+7x+36=0 d.y=—-0.8x+0.2
e.3y—10x=34 f.y=—2x+10
5
am=2, (0,-8) b. =
3
c.m= Z’ O, 1) d. i, ii and iii are parallel.
8
am=—-,c=4 b.m==,¢c=20
5 3
1 3 3
c.m==,c=-= dm=0,c= -
6 2 2
a. y
by
< 5 >
1
o)
b. YA x=5
> 6.0 o
< = >
Y
C. y“
- = >
0,-3) =233
Y
a.a=-—6 b. y="%<kx
a. C=30+1.5¢
b. cA
60
(10, 45)

30—

Y

~
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1.4 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.

1. B
2.C

_ 1 5
3.y_—5x+§

1.5 Intersections of lines and their applications

1.5 Exercise

1. (12,10.5)

2. a. (-0.5,-5) b.(8,-3)

3.a.(=2,6),(3,6),(3,-9)
b. 37.5 square units

4. a. (20, 500)

c. (7,=5)

800
600
400
200

(20, 500)

o B L T T T |f1
5 10 15 20 25 30 35 40

b. At least 21 items

5. a. C; =10+ 0.75x, C, = 20 where C is the cost and x the
distance

b. C“

20
/ =20
(13—’ 20)
10 3

0

~Y

1
c. 13— km
3

1
d. If the distance is less than 135 km, Pedal On is cheaper;

1
if the distance exceeds 135 km, Bikes R Gr8 is cheaper.
6.m=26
7.a=—-1.5,b=-2
8.p=10.5

9.ay=——

b. p=0.6,g=-25
c. pqg#—15

10. (1.39,5.91)

11. (—1,2)

12. Sample responses can be found in the worked solutions in
the online resources. Point of concurrency at (3, —2)

13. a=10

14. (=2, -=3)

15. Any real number except for d = 10

16. a. C, =300 + 0.05x, Cy =250 + 0.25x

b. Cost per kilometre of travel

c.y=50—-0.2x
d C
50 (0, 50) e
25 y=0a—-C(p
= (250, 0) s
= T T T T T T T
0+ 50 100 150 200 2hN5Q 400 *
e. i.250 km
ii. More than 250 km
X

17. a. 6am(0,2);7am(6,3);y=8+2

b. Sample responses can be found in the worked solutions
in the online resources.
c. (21,5.5)
d. 6 <10>7 1,1 3x+1
.6am | —=,0);7am(1,1);y=—+ =
3 YTy Ty
e. (3,2.5)
f. There is no collision, since the boat is at the common
point at 6.30 am and the trawler is there at 8.30 am.
YA

Trawler

L

< T-/O >

=94

18. a. No collision

b. (4,11)

1.5 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.
1. C

2.B

1 2
3.a==-,b=-
3 3

1.6 Straight lines and gradients

1.6 Exercise

1. Sample responses can be found in the worked solutions in
the online resources.

2. Collinear
3.b=~-
7
4. y =x — 2; not collinear
5. The points are not collinear, so a triangle can be formed.

6.a.i. m=2 i. m=-0.5
b. mym, = —1
c.5y+x=6
1 4 1
7.a. = b. = c. —— d. -2
2 3 3
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4 5
8. a. — b. —
5 12
c. 1 d02x-5=-1
9.a. —5x+7y=42 b. 20x + 15y = —28
c. 12x+8y=-1 d.x+3y=0
10. (9,0)
11. a. 56.31° b. 116.57° c.y=—x+9
12. a. 0.839 b. —0.7
13. a. 26.6° b. 153.4°
14. a. 60.95° b. 143.13° c. 90°
d. 98.13°
15. 78.69°,75.96°, 2.73°
16. 3x — 2y = —42
17.a.y=—1.5x+6 b. 2x—3y =38
c. — units
3
18. a.i. a=—14 i. a=3.5
b.c=2
c.i. d=11.4 i. d=9 ii. d=3
d.a=90

19. mpg = mgg = 2, mpg = mgg = 1
PQRS is a parallelogram as opposite sides are parallel.
Adjacent sides are not perpendicular, so PQRS is not a
rectangle.

20. x=3

1.6 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.
1. B

2. a.

b.y=3x-9
3.D

1.7 Bisection and lengths of line segments

1.7 Exercise
. (1.5,2)

.a. (5,3)

. a. (1.5,2.5)
C

. P(16,—10)
Ly==3x+7
. (4,3) is midpoint of both AC and BD.
L 2x+ 12y =77

Ly==2x-—2

. 6y—8x—29=0

b. (=2,2)
b. (20, 12)

© © N O U A W N =

-
o

11.a=2,b=5,c=0

12. 1/109~10.44

13. 15

14.a.\/7—2:6\/§ b.\/ﬁ:Z\/ﬁ
15. BC

16. 10.01

17. p==%5

18. a. 10 units b. (—10,6)

3
d. | —5,9-
4
19. a. 23 units

. Sample responses can be found in the worked solutions
in the online resources.

c.4y—3x=54

T

c. (=3,4.5)
d. ME =MC =MD = y/25.25
20. a. (10, 18) b. 1367 square units
21. Anna
22. a. 4.5 km b.y=-2x+13
c.y=0.5x+2.5 d. (4.2,4.6)

e. 26 minutes

23. a. Perpendicular bisectors are concurrent.
b. 3,1)

24. a. Medians are concurrent.

(10 4)
“\3’3

1.7 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.
1. D

2.E
3.a. 1l

o

b. Equation of the line perpendicular to AB and passing
through Aisy +x+4=0.

1.8 Review

1.8 Exercise
Technology free: short answer

1.a.x=0 b.x=4
c.x=3 d. x=5b

2. x=4,y=-2

3.ax>1 b. x< =3

4

yT 3x—4)‘=V

X

A

5.a. 7y —2x=66
b. 2y +7x =28
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Technology active: multiple choice

7. D 8. D 9. C 10. A 11. D

12. B 13. E 14. D 15. B 16. C

Technology active: extended response

17. a. 9 km b. 4.27 m c.3y—8x=0
d i

18. a. i.y=x+1;E(9, 10)
ii.y=—x+19; 10 m
b. Sample responses can be found in the worked solutions

in the online resources.
90

k
i. 15<k<22.5
. 25 litres/day
. tis the independent variable; V = 1000 + 25¢
. 950 litres

i. Cp. =500 + 26t; Cy =600 + 18¢; cost is C dollars,
construction time is 7 hours.
i. 12.5 hours; $825
i. )
000  (12.5,825)
800 -/ Natano

c.i.r

2 o T o

0 5 10 15
iv. Latasi Company is cheaper.
20. a. $3.70
b. $4.20
c. $4.40

1.8 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.
1. Mathematical Methods: 91; Chemistry: 83; Physics: 82

D
a=—6
C
B

o 0D
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LEARNING SEQUENCE

2.1 Overview

2.2 Algebraic skills

2.3 Pascal’s triangle and binomial expansions
2.4 The binomial theorem

25

2.6

2.7

Fully worked solutions for this topic are available online.




2.1 Overview

Hey students! Bring these pages to life online ~n qu
Watch Engage with Answer questions ,,) 9
videos interactivities and check results /'

Find all this and MORE in jacPLUS (C)

2.1.1 Introduction

In 2017 the Cassini spacecraft disintegrated in Saturn’s
atmosphere, having successfully completed a 7-year mission
to observe that planet and its moons. In all, it completed

22 orbits of Saturn, sending extraordinary images and
information back to Earth. In an earlier mission, the Voyager
1 spacecraft passed Pluto in 1990, and in 2004 it left our
solar system. On board Voyager 1 was a time capsule
carrying information about Earth and our achievements

for, should they exist, any intelligent alien life forms it may
reach.

None of this would have been possible without mathematics.

Mathematics and physics are essential to the launch and success of all space missions. It has been argued that
should there ever be communication between Earthlings and intelligent extra-terrestrials, communication will be
through mathematics. This is because mathematics is universal. It is universally true that Pythagoras’ theorem,
a® + b* =c?, holds in every country on Earth and, by extension, in any galaxy in the universe.

Expressing the rule for Pythagoras’ theorem in symbols gives an example of the succinct nature of algebra.

It is the language of mathematics — the unifying thread that has evolved through the ages — that underlies

its different branches. Elementary algebra, as studied at school, seeks to establish the fundamentals vital for
confident and automatic use of this language. There are other algebras, higher-order ones such as group theory,
rings and fields, that have developed only since the 19th century. Despite its abstract nature, research in these
fields is highly valued today for its applications in cryptography, encryption and other aspects of internet
security.

Two modern-day mathematicians include Cheryl Praeger, an Australian who works in group theory and
combinatorics, and the late Maryam Mirzakhani, so far the only female recipient of the Fields medal — the
highest award in Mathematics — for her work in the dynamics and geometry of complex surfaces.

KEY CONCEPTS

This topic covers the following key concepts from the VCE Mathematics Study Design:
¢ use of symbolic notation to develop algebraic expressions and represent functions, relations, equations,
and systems of simultaneous equations
e substitution into, and manipulation of, these expressions
e recognition of equivalent expressions and simplification of algebraic expressions involving different
forms of polynomial and power functions, the use of distributive and exponent laws applied to these
functions, and manipulation from one form of expression to an equivalent form.

Note: Concepts shown in grey are covered in other topics.

Source: VCE Mathematics Study Design (2023-2027) extracts © VCAA; reproduced by permission.

56 Jacaranda Maths Quest 11 Mathematical Methods VCE Units 1 & 2 Third Edition



2.2 Algebraic skills

LEARNING INTENTION

At the end of this subtopic you should be able to:
e expand and factorise linear and simple quadratic expressions with integer coefficients by hand
e factorise the sum or difference of two cubes
e simplify algebraic fractions.

This topic covers some of the algebraic skills required for the foundation to learning and understanding of
Mathematical Methods. Some basic algebraic techniques will be revised and some new techniques will be
introduced.

2.2.1 Review of expansion and factorisation

Expansion

The distributive law is fundamental in expanding to remove brackets.

Distributive law

a(b+c)=ab +ac
Some simple expansions include:

(@a+b)(c+d) =ac+ad+bc+bd
(@+b)* =d® +2ab + b?
(@a—b)* = a® —2ab +b*

(a+b)@a—b) = a® —b*

WORKED EXAMPLE 1 Expanding and simplifying an expression

Expand 2(4x — 3)? — (x = 2)(x + 2) + (x + 5)(2x — 1) and state the coefficient of the x term.
THINK WRITE

1. Expand each pair of brackets. 2(4x — 3)2 —(x=2)x+2)+x+52x—1)
Note: The first term contains a perfect square, _ 2(16x2 = 24x +9) — (2 —4) + (2% — x + 10x — 5)
the second a difference of two squares and the
third a quadratic trinomial.

2. Expand fully, taking care with signs. =32x> —48x+ 18 —x* +4+2x* +9x -5

3. Collect like terms together. =33x>—39x + 17

4. State the answer. The expansion gives 33x> —39x + 17 and the
Note: Read the question again to ensure the coefficient of x is —39.

answer given is as requested.
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TI| THINK

1.

On a Calculator page,
press MENU and select:
3. Algebra

3. Expand

Complete the

entry line as:

expand
2x@x—37—(x-2)
x+2)+x+502x—1))
Then press ENTER.

The answer appears on
the screen.

DISPLAY/WRITE

(-xpand(.’: (4- \'-Z):-—(r—l)v (\-»:)+(\»os)- (2- 4

33 X7 =20 X417

The expansion gives
33x% = 39x + 17.

CASIO | THINK

1.

On a Main screen,
complete the

entry line as:

expand

(2x@x =3 —(x—2)
x+2)+ x+5)2x—1))
Then press EXE.

The answer appears on
the screen.

DISPLAY/WRITE

© Edlt Action Intersctive

Wl [T 1 I .Y
RS ek f

expand (2(4x=8) T (x=2) (x42%>
|
33x2-39-x+17

”

i

Alg Stawhwd  Rea) R @

The expansion gives
33x% —39x + 17.

Factorisation

Some simple factors include:

e common factors

e the difference of two perfect squares

e perfect squares and factors of other quadratic trinomials.

Factorised form
(a+ b)(c+d)

Q“BCL"Q

is equal to

ac +ad + bc + bd
Expanded form

A systematic approach to factorising is displayed in the following diagram.

Two terms

Difference of two squares?
a?-b*=(a+b)a-Db)

Common

factor?

How many

terms?

Three terms

Quadratic trinomial?
Perfect squares?

a®+ 2ab + b* = (a + b)?
a*—2ab + b* = (a - b)?

Four or more

terms

Grouping?

ac + ad + bc + bd
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Grouping terms is commonly referred to as grouping ‘2 and 2’ and grouping ‘3 and 1°, depending on the number
of terms grouped together.

For example, as the first three terms of a? + 2ab + b> — ¢? are a perfect square, grouping ‘3 and 1’ would create a
difference of two squares expression, allowing the whole expression to be factorised.

a*+2ab+b*> —c? = (a®> + 2ab+ b*) - 3
=(a+b)2—c2
=(a+b—-c)a+b+c)

WORKED EXAMPLE 2 Factorising algebraic expressions

Factorise:

. 3x2 —12y°

.x*4+7x -8

.32 —17x+10

. 2x3 4+ 5x%y — 12y%x

. 4y? —x? +10x — 25

f.7x+1)*—8x+1)+1 using the substitution a = (x + 1).

® & 0 T 9

THINK WRITE
a. 1. Take out the common factor. a. 3x2—12y*=3 (x2 — 4y2)
2. Recognise the difference of two squares. =5 ()c2 — (2y)2)
3. Factorise using the difference of two =3 (x—2y)(x+2y)
squares, a> — b*> = (a — b) (a + b).
b. 1. Recognise the trinomial ax’* + bx+c. b. x>+ 7x—8,wherea=1, b=7and c=—-8
2. Find two numbers that multiply to the ac=-8,b="7
outside product, ac, and add to the The numbers are —1 and 8.
middle, b.
3. Split the middle term of the given equation. X+ Tx—8=x>—1x+8x—8
4. Pair and factorise. =x>—1x +8x—8
=x(x—1)+8x—1)
5. Take out the common factor. =x—1)(x+8)
Note: The middle term may be split as
Tx=—1x+8xor 7x=8x— 1x.
c. 1. Recognise the trinomial ax® +bx +c. c. 3x2—17x+ 10, where a=3, b=—17 and ¢= 10
2. Find two numbers that multiply to the ac=30,b=—-17
outside product, ac, and add to the The numbers are —15 and 2.
middle, b.
3. Split the middle term of the given equation. 3x% — 17x+10=3x% — 2x — 15x + 10
4. Pair and factorise. =322 —2x—15x + 10
=xBx—2)—5Bx—-2)
5. Take out the common factor. =Bx—-2)(x—5)
d. 1. Take out the common factor. d. 20 +5x%y — 12x? =x (227 + 5xy — 12)?)
2. To factorise the expression in the brackets, The numbers are 8 and —3.

find two numbers that multiply to the outside
product (2x — 12 = —24) and add to the
middle (=3 +8=5).
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Split the middle term of the expression in
brackets.

4. Pair and factorise.

5. Take out the common factor and write the
three factors.

. The last three terms of the expression can be e.
grouped together to form a perfect square.

2. Use the grouping ‘3 and 1’ technique to
create a difference of two squares.

3. Factorise the difference of two squares.

4. Remove the inner brackets to obtain the
answer.

. Substitute a = (x + 1) to form a quadratic f.
trinomial in a.

2. Factorise the trinomial using any suitable
method.
3. Substitute (x + 1) back in place of a.

4. Remove the inner brackets and simplify to

x (2% + 5xy — 12y?) =x (2% — 3xy + 8xy — 12)?)
=x(2x2—3xy + 8xy — 12y2)
=x(x2x—3y)+4y(2x—3y))
=x(2x—3y) (x+4y)

4y? — x? +10x — 25 = 4y? — (x> — 10x + 25)

=4y* — (x—5)°

=2y’ — (x=5)

=2y — (x =512y + (x—5)]
=2y—x+5Q2y+x-5)

T+ 1> =8+ 1)+1
=7a>—8a+1wherea=(x+1)
=Ta—1)a-1)

=T+ 1) = D(x+1D)—1)
=Tx+7—Dx+1-1)

obtain the answer. =(Tx+6)(x)
=x(7x+6)

TI| THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE

b. 1. On a Calculator page, press b. 1. On a Main screen, complete [o wir e i
MENU and select: (a5 ) the entry line as: DEESDOENE

factor\d: ¥~ =x=+10- x-25, 2, o

3. Algebra ~(e=2-3-5): vt 2/7=5) factor (4y2 —x* 4 10x = 25) 'mm}:q.;?;:::-z-y-m i
2. Factor Then press EXE. v ‘

Complete the entry line as:
factor (4y> — x> 4 10x — 25)
Then press ENTER.

2. The answer appears on the
screen.

—(x=2y—=5x+2y—95)

Ag ‘Brandend fieal Rl L)

—(x+2y—95)
(x—2y—5)

2. The answer appears on the
screen.

2.2.2 Factorising sums and differences of two perfect cubes
Check the following by hand or by using CAS technology.

Expanding (a + b)(a® — ab + b*) gives a® + b*, the sum of two cubes.
Expanding (a — b)(a®> + ab + b?) gives a® — b, the difference of two cubes.
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Hence, the factors of the sum and difference of two cubes are as follows.

Sum and difference of two perfect cubes
a’ +b* = (a+b)a® —ab+b?
a’ —b* = (a —b)@a® + ab+b?

WORKED EXAMPLE 3 Factorising perfect cubes

Factorise:
a. x3-27 b. 2x3 + 16.
THINK WRITE

a. 1. Express x> — 27 as a difference of two cubes. a. x* —27=x"—33

2. Apply the factorisation rule for the difference ~ Using a® — b’ = (a — b)(a® + ab + b*) with

of two cubes. a=x,b=3,
X =3 =(x-3)(x*+3x+3?)
3. State the answer. S =27=(x—-3)x*+3x+9)
b. 1. Take out the common factor. b. 23 +16=2(>+38)

2. Express x> + 8 as a sum of two cubes. =2(x> +2%)
3. Apply the factorisation rule for the sum of Using @® + b = (a + b)(a*> — ab + b*) with

two cubes. a=x,b=2,

2 +22 =@x+2)02 -2x+2?)
28 +2%) = 2(x + 2)(x* —2x + 2?)

4. State the answer. L2834 16=2(x+2)(x* —2x + 4)

2.2.3 Algebraic fractions

The same methods used to simplify, add, subtract, multiply or divide arithmetic fractions are used to simplify
algebraic fractions.

Simplifying algebraic fractions

An algebraic fraction can be simplified by cancelling any common factor between its numerator and its
denominator. For example:

ab + ac _ db+c)

ad dd
_b+c
d

Multiplication and division of algebraic fractions

For the product of algebraic fractions, once numerators and denominators have been factorised, any common
factors can then be cancelled. The remaining numerator terms are usually left in factors, as are any remaining
denominator terms. For example:

¢(b+c)xd(a+c)_(b+c)(a+c)
ad b b
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Note that b is not a common factor of the numerator so it cannot be cancelled with the b in the denominator. As
in arithmetic, to divide by an algebraic fraction, multiply by its reciprocal.

a. c a_d
— s —=—X -
b d b ¢
WORKED EXAMPLE 4 Simplifying algebraic fractions
Simplify:
x*—2x =1 1427
a — b. =
x2—5x+6 x—-3 3—x
THINK WRITE
X2 —2x o x(x—2)

a. 1. Factorise both the numerator and the
denominator.
Note: The numerator has a common factor;
the denominator is a quadratic trinomial.

a. =
X =5%+6 x—-3)(x—-2)

. X
2. Cancel the common factor in the numerator = ﬂ
and denominator. (r=3)(x—2)
. N X
3. Write the fraction in its simplest form. = :
x —

No further cancellation is possible.

4 2 4
e S -1 1 -1 3-
b. 1. Change the division into multiplication by b. + LN o

= X
- _ _ 2
replacing the divisor by its reciprocal. =3 3-—x x-3 l+x

2. Factorise where possible. Since x* — 1 = ()" — 12
Note: The aim is to create common factors (,)f =212 +1)
both the numerator and denominator. For this )

ite (3 —x) as —(x— 3) then:
reason, wri . P_1 3—x

X

x=3 1+

_ @ -DE*+1) » —(x—=3)

a x—3 1+4x2

(@@ -DOEEFT) e
x=3 17

=1 _ -1

3. Cancel the two sets of common factors of the = X —

numerator and denominator. 1 I
: . : - =1)

4. Multiply the remaining terms in the =—
numerator together and the remaining terms 1
in the denominator together.

5. State the answer. =—(x*-1)

=1—x2
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Tl | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
b. 1. On a Calculator page, [ o A x| b. 1. On a Main screen, complete [z e
complete the entry line as: i % the entry line as: S ¢
4 5 X<, -(x'~ l) 4 P =lytp) §
xX'=1 14+x 3 xX'=1 14+x R i
/ L= / -
x—3 3—x i x—3 3—x :
Then press ENTER. 3-x Press EXE, then press SIMP
to simplify the answer.
2. The answer appears on the —(x* — 1) 2. The answer appears on the —x° + |

screen.

screen.

Addition and subtraction of algebraic fractions

Factorisation and expansion techniques are often required when adding or subtracting algebraic fractions.
e Denominators should be factorised in order to select the lowest common denominator.
e Express each fraction with this lowest common denominator.
e Simplify by expanding the terms in the numerator and collect any like terms together.

WORKED EXAMPLE 5 Adding and subtracting algebraic fractions

1 + X

Simplif' — .
P y3x+3 x—2 xX—x-2

THINK

1. Factorise each denominator.

2. Select the lowest common denominator
and express each fraction with this as its
denominator.

3. Combine the fractions into one fraction.

4. Expand the terms in the numerator.
Note: It is not necessary to expand the
denominator terms.

5. Collect like terms in the numerator and state
the answer.
Note: Since there are no common factors
between the numerator and the denominator,
the fraction is in its simplest form.

WRITE
2 1 X
- +
3pF30 x—2 ==
2 1 X

T36+D) -2  GiDa-2)

__2X@=2)  1x3@+Dh | xx3
T30+ D@—2) 3G+ D@E—2) 3G+ DHx—2)

_2(x—2)—3(x+1)+3x
T 3@+ DHx=2)

B 2x—4 —3x—3+3x

T 3+ DHx—2)

B 2x—17
T3+ D(x=2)
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Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

Technology free
1. Expand the following and simplify where appropriate.

a. 4m(m —2)+3m b. 5(m*> —=3m+2)—(m+2) c. x=3)x+5)
d. BGm—2)5m—4) e. (4—3x)(4+3x) f. 2x—5)
2. Expand and simplify the following.
a. 2(x—5)(x+5)—-312x-3) b. 3—2(x+5)3x—-2)
c. B=2x)x—5—-(x+3)x+4) d 32x—D2x+ 1)+ (x— 5)2

3. IT3M Expand 3(2x + 1)* + (7x+ 11)(7x — 11) — (3x + 4)(2x — 1) and state the coefficient of the x term.

4. Expand each of the following expressions.

a. 2x+ 3)2 b. 4a(b —3a)(b + 3a) c. 10—(c+2)4dc—-5)
d. 5—7y) e. (3m® +4n)(3m® — 4n) f.(x+1)°
5. Expand and simplify the following, and state the coefficient of the x term.
a. 22x=3)x=2)+(x+52x—-1) b. (2 +3x)(4 — 6x — 5x%) — (x — 6)(x + 6)
c. @x+T7)Ax—-T)(1—-x) d x+1-2y)x+14+2y)+(x— 1)2
e. B3-20)2x+9)—-35x— 14 —x) f. X2 4+x—40>+x—4)
6. Factorise the following.
a. x> =36 b. 4 —254° c. 9m?> —1
d. 4a® — 64 e. 2m> — 98 f. 1—9(1 —m)’
7. Factorise the following.
a. x>—9x+18 b. x> —6x+9 c. x> +7x—60
d. 4x* +4x—15 e. 4x* —20x+25 f. 8x% — 48xy +72y?
8. [N Factorise:

a. Sx% —45y?
b. x> —9x—10

c. 8x>—14x—15
d. 4x3 — 8x%y — 12xy°

e. 9y’ — x> —8x—16

f. 4 (x —3)* = 3 (x — 3) — 22 using the substitution a = x — 3.

9. Factorise:

a. 49 — 168x + 144x2 b. 2(x—1)2+13(x—1)+20
c. 40()C+2)2 —18(x+2)—7 d. 144x* — 36y?
e. 3a’x+9ax—a—3 f. 16x% +8x+1—y?
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10. Fully factorise the following.
pbreiein AN EEEREA
. 100p*® — 81pg?
CAn? +4n+1—4p?
. 49(m +2n)* — 812m —n)?
C13(a—1)+52(1 —a)’
- —a+b+@+b—1)7

- 0 2 0 T o

11. Use a substitution method to factorise the following.

a. (x+5° +(x+5)—56 b. 2(x+3)° = 7(x+3)—9
c. 7O(x+y)2 —y(x+y)—6y? d. x*—8x*—9
2
e. Ip—q) + 120> — ) +4(p + q)* f. a? <a+ 1) —4a? <a+ 1) +44
a a
12. A Factorise:
a. x> =125 b. 3+ 3x°
13. Factorise the following.
a. x>—8 b. x* + 1000 c. 1—x°
d. 27x° + 64y° e. x* —125x f. (x—1) +216
14. Fully factorise the following.
a. xy° —27x b. —x3 =216 c. 3—-81x°
d. 32x +4m? e. 27m’ + 64n’ f. 250x° — 128m°
15. Fully factorise the following.
a. 24x —81y? b. 8x*y* +xy c. 125(x+2)° + 64(x—5)°
d. 2(x—y)’ = 54(2x + y)? e. d® — b +a*b® - b° f. x0 — 0
16. IKZH Simplify:
L, X4 p 64 X +8
Cx24+2x—8 " 5-x  x=5
17. Simplify the following algebraic fractions.
X x—2 5 10
a. X b. -
x+Dx—-2) 3x xBx+1)  x(x+3)
x> +5x+6 16—9x> 2x+10
c. —————— d. X
4x+8 8+ 6x 3x—4
4x 18x% — 6x 2x*=3x-5 3x*—5x—12
e. - f. X
32 4+5x+2 9% —1 22 —11x+15 3> +7x+4
18. Simplify the following.
, 3x? —7x—20 b x° +4x* —9x—36
’ 25 — 9x? . 2 +x—12
(x+h) —x° 2x° 1—9x
c.—— d. X
h Ox* +3x%  18x* —12x+2
m3—2m2n; m?* — 4n? ; 1-x3 l—xz;l+)c+)c2
m+n®  m?+ 3mn + 2n? 1+ T 1+ x4+

1 2x

19. A Simplif + - .
P =25 T x—1 X —6x+5

TOPIC 2 Algebraic foundations 65



20. Express each of the following as a single algebraic fraction.

2x  Sx x  3x 4 5
a. —+— b. - —— c. +

3 4 7 2 x—3 x+5

X 5 x—3 x+2 3 1 5
d. - e. — f. — +
3x—1 1-—2x 2x+1 x-—1 2=-9 x+3 x-3

Technology active
21. Simplify the following expressions.

4 4 4 3 5
a. b. -
241 x—x2 X—4 x+2 x-2
5 4 3 1 2 1
C. + + d. + -
x+6 5-x x*4x-30 4y =36y +81 4y*—81 2y>—9y

22. a. Expand (2 + 3x)(x + 6)(3x — 2)(6 — x).
b. Factorise x> — 6x + 9 — xy + 3y.
c. Factorise 2y* + 2y(x — y)°.

23. Expand the following.

a. (g+12+h)’
b. (2p +79)*(7q—2p)
c. (x+10)(5+2x)(10 —x)(2x—5)

24. Simplify the following.

x =125 5 <4 3 > 16x% —1
a. X b. - +
X =25 X +5x°+25x x+1  (x+1)?/) P+2x+1
3
. L1 d.(a+6b)+< ! - > )
p—q p’-¢ p'-q' a* —3ab+2b*  a®—ab—2b’

25. Using CAS technology:
a. expand (x+5)(2 —x)(3x+7)
b. factorise 27(x —2)” + 64(x + 2)°
8
+ .
x—1 x+8

2.2 Exam questions

Question 1 (1 mark)
™ The coefficient of x in the expansion of x (x —2) (x + 1) + (x — 3)* is
A. 12 B. 8 C. 4 D. —4 E. -8

c. simplify

Question 2 (1 mark)
™ The factors of 9 (2x— 1)> — 9 are

A. (1,0) B.2x—1,9 C. <——, 9) D. 36x, x—1 E. 36x2 —36x

Question 3 (1 mark)
Factorise 8 (x + 3)* 4 24 (x + 3) + 16.

More exam questions are available online.
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2.3 Pascal’s triangle and binomial expansions

LEARNING INTENTION

At the end of this subtopic you should be able to:
e expand and simplify perfect cubes
e use binomial coefficients from Pascal’s triangle to expand higher powers of (a + b).

2.3.1 Expansions of perfect cubes

The perfect square (a + b)? may be expanded quickly by the rule (a + b)* =a?* + 2ab + b*. The perfect cube
(a+ b)* can also be expanded by a rule. This rule is derived by expressing (a + b)® as the product of repeated
factors and expanding.

(a+b)’ = (@a+b)a+Db)a+Db)
= (a+b)(a+b)*
= (a+ b)(a® + 2ab + b?)
= a’ +2a%b + ab* + ba* + 2ab* + b3
=a’ +3a%*b + 3ab* + b*

Therefore, the rules for expanding a perfect cube are as follows.

Perfect cubes
(@ +b)® = a® + 3a®b + 3ab* + b°
(a—b) = a® —3a®b + 3ab® - b*

Features of the rule for expanding perfect cubes

e The powers of the first term, a, decrease as the powers of the second term, b, increase.
e The coefficients of each term in the expansion of (a + b)3 are 1, 3, 3, 1.

e The coefficients of each term in the expansion of (a — b)3 are 1, -3, 3, —1.

e The signs alternate — + — in the expansion of (a — b)3.

WORKED EXAMPLE 6 Expanding a perfect cube

Expand (2x — 5)3 .

THINK WRITE

1. Use the rule for expanding a perfect cube. (2x—5)°
Using (a — b)’ = a® — 3a*b + 3ab* — b?,
let2x=a and 5 =b.

2x—5)* = 20 = 3(20)%(5) + 3(20)(5)* = (5)°

2. Simplify each term. =8x% —3X4x? X5 +3x2x%x25—125
= 8x% — 60x> + 150x — 125

3. State the answer. S (2x=75)> =8x3 —60x% + 150x — 125
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2.3.2 Pascal’s triangle

Pascal’s triangle contains many fascinating patterns. Each row from
row 1 onwards begins and ends with ‘1’. Each other number along a
row is formed by adding the two terms to its left and right from the
preceding row.

Row 0 1

Row 1 1 1

Row 2 1 2 1

Row 3 1 3 3 1
Row 4 1 4 6 4 1

The numbers in each row are called binomial coefficients.

The numbers 1, 2, 1 in row 2 are the coefficients of the terms in the
expansion of (a + b)z.

(a+b)* = 1>+ 2ab + 1b?

The numbers 1, 3, 3, 1 in row 3 are the coefficients of the terms in
the expansion of (a + b)3.

(a+b)’ =1d3+3a*b + 3ab* + 13

Each row of Pascal’s triangle contains the coefficients in the expansion of a power of (a + b).

To expand (a + b)4 we would use the binomial coefficients 1, 4, 6, 4, 1 from row 4 to obtain:

(a+b)' = la* +4ab + 6a°b* + 4ab® + 1b*
= a* +4a’b + 6a’b* + 4ab’® + b*
Notice that the powers of a decrease by 1 as the powers of b increase by 1, with the sum of the powers of @ and b
always totalling 4 for each term in the expansion of (a + b)".

For the expansion of (a — b)” the signs would alternate:

(a—b)* =a* — 4a3b + 6a*b* — 4ab® + b*

By extending Pascal’s triangle, higher powers of such binomial expressions can be expanded.

WORKED EXAMPLE 7 Using Pascal’s triangle in binomial expansions

Form the rule for the expansion of (a — b)5 and hence expand (2x — 1)S .

THINK WRITE

1. Choose the row in Pascal’s triangle ~ For (a — b)s, the power of the binomial is 5. Therefore, the
that contains the required binomial  binomial coefficients are in row 5. The binomial coefficients

coefficients. are: 1,5,10, 10,5, 1.
2. Write down the required binomial Alternate the signs:
expansion. (a—b)’ = = 5a*b + 10a°b* — 10a2b> + 5ab* — b°
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3. State the values to substitute in To expand (2x — 1)5 ,a=2x,b=1.
place of a and b.

4. Write down the expansion. (2x)° = 52x)" (1) + 102x)° (1)* = 10(2x)*(1)* + 52x)(1)* = (1)
5. Evaluate the coefficients and state =32x> —5X 16x* + 10 X 8x> — 10X 4x? 4+ 10x— 1

the answer. = 3255 — 80x* + 80x° — 40x2 4 10x — 1
So(2x— 1)5 =32x° — 80x* + 80x> —40x% 4+ 10x— 1

Resources

Interactivity Pascal’s triangle and binomial coefficients (int-2554)

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS @

Technology free
1. EEA Expand 3x —2)°.

2. Expand the following and simplify where appropriate.

a. (x—3) b. 2x—1)° c. (x+4)°
3. Expand the following.
a. 3x+1)° b. (1—2x)° c. (5x+2y)°
4. A Select the correct statement(s).
A x+2°=x+6x2+12x+8 B. (x+2°=x>+23 C. x+2 P =(x+2)(2—2x+4)

D. x+2 =(x+2)(02+2x+4) E (x+2°=x3+32+3x+8
5. Expand (a + 2[)2)3 and give the coefficient of a’b?.

6. Copy and complete the following table by making use of Pascal’s triangle.

Binomial power | Expansion Number of terms Sum of indices
in the expansion in each term
(x+ a)*
(x+ a)3
(x+ a)4
(x+ a)5

7. Form the rule for the expansion of (a — b)® and hence expand (2x — e,

8. Expand (3x + 2y)4.
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Technology active
9. Expand the following using the binomial coefficients from Pascal’s triangle.
a. (x+4) b. (x—4)° c. (xy+2)°
10. Expand the following using the binomial coefficients from Pascal’s triangle.
a. (3x—5y)° b. 3 -2’
11. Expand and simplify (1 +x0°—(1-x° using the binomial coefficients from Pascal’s triangle.
12. Find the coefficient of x? in the following expressions.
a. (x+1)° = 3x(x +2)° b. 3%(x +5)(x— 5) +4(5x - 3)°
c. (= DEx+2)(x—3)—(x—1)° d. (22 —3) +2(4 -2

13. Expand and simplify [(x — 1) + y]*.

6
14. Find the term independent of x in the expansion of (g + z) .
X

15. If the coefficient of x?y? in the expansion of (x + ay)4 is 3 times the coefficient of x?y* in the expansion of
(ax® —y)", find the value of a.
16. Find the coefficient of x in the expansion of (1 + 2x)(1 — x)s.

17. a. Expand (1 +x0)"
b. Using a suitably chosen value for x, evaluate 1.1* using the expansion in part a.
18. Expand (x+ 1)’ — (x + 1)* and hence show that (x+ 1)° — (x + 1)* = x(x + 1)*.

n+1

19. Prove (x+ 1" — (x+ )" =x(x + 1)".

20. A section of Pascal’s triangle is shown. Determine the values of a, b and c.

45 a
b 165 330
220 c

2.3 Exam questions

Question 1 (1 mark)
A The coefficient of x* in the expansion of (x + 2)S is
A. 120 B. 40 C. 1 D. 8 E. 20

Question 2 (1 mark)

X
A 4 B. —6 C. 6 D. —24 E. 24

4
. . . . 2\ .
T The coefficient of the term independent of in the expansion of <x - —) is

Question 3 (1 mark)
Expand (x — 2)4 —(x— 2)3 and hence show that the coefficient of x is —44.

More exam questions are available online.
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2.4 The binomial theorem

LEARNING INTENTION

At the end of this subtopic you should be able to:
e evaluate expressions using factorial notation
e calculate combinations
e expand using the binomial theorem
e determine particular terms using the binomial theorem.

Note: The binomial theorem is not part of the Study Design but is included here to enhance understanding.
Pascal’s triangle is useful for expanding small powers of binomial terms. However, to obtain the coefficients
required for expansions of higher powers, the triangle needs to be extensively extended. The binomial theorem
provides the way around this limitation by providing a rule for the expansion of (x + y)". Before this theorem can
be presented, some notation needs to be introduced.

2.4.1 Factorial notation

In this and later topics, calculations such as 7X 6 X5 X4 X3 X2 X 1 will be encountered. Such expressions can
be written in shorthand as 7! and are read as ‘7 factorial’. There is a factorial key on most calculators.

Definition
nl=nXm—1)X{Mm—-2)X..xX3X2x1 for any natural number .
It is also necessary to define 0! = 1.

7! is equal to 5040. It can also be expressed in terms of other factorials such as:

T =Tx(6X5x4x3%x2x%1) TN =Tx6X(5x4x3x2x1)
=7 %6 o —7x6x5!

This is useful when working with fractions containing factorials. For example:

5
227:,?3( or T Tx6x 50

=7 -1l
42

By writing the larger factorial in terms of the smaller factorial, the fractions were simplified.

Factorial notation is just an abbreviation, so factorials cannot be combined arithmetically. For example,
31 —21# 11 This is verified by evaluating 3! — 2.

3-20=3x2x1-2x1
=6-2
=4
#1

TOPIC 2 Algebraic foundations 71



WORKED EXAMPLE 8 Evaluating an expression with factorial notation

50!
Evaluate 5! — 3! + —.
49!
THINK WRITE
. 50!
1. Expand the two smaller factorials. SI—31+ o]
50!
=5X4X3X2X1—-3%X2X1+—
49!
. . . . 50 x 49!
2. To simplify the fraction, write the larger =5X4X3X2X1-3%x2x1+ —
factorial in terms of the smaller factorial. g
50x 491
3. Calculate the answer. =120—-6+ ———
=120—-6+50
=164
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
1. On a Calculator page, T T 1. On a Main screen, O £t Action Ikrctive
complete the entry line &5 Vil complete the entry line o Jisafsm]e T
as: so1 R Ty as: so0 s1-a14 537 i
184]
51—314— | 51-31+ — o |
491 491 ’l
Then press ENTER. Then press EXE. |
Note: The factorial symbol Note: The factorial symbol |
is located in CTRL Menu, is located in the Advanced
Symbols OR menu of the keyboard. ‘
® Menu
® Probability -
® factorial Ag  Stecard Rl Rw ;
2. The answer appears on the 164 2. The answer appears on the 164
screen. screen.
Resources

Interactivity The binomial theorem (int-2555)

2.4.2 Formula for binomial coefficients

Each of the terms in the rows of Pascal’s triangle can be expressed using factorial notation. For example, row 3
contains the coefficients 1, 3, 3, 1.

3! 3! 3! 3!
0!x 31" 11x 21" 21x 117 31X 0!
(Remember that 0! was defined to equal 1.)

These can be written as

The coefficients in row 5 (1, 5, 10, 10, 5, 1) can be written as:

51 51 51 51 51 51
01x 5! 11x4!” 21x 31" 31x 21" 41x 11" 51 x 0

The third term of row 4 would equal and so on.

72 Jacaranda Maths Quest 11 Mathematical Methods VCE Units 1 & 2 Third Edition



The (r + 1)th term of row n would equal ——.
r'xX(m—r)!

. . . . n
This is normally written using the notations "C, or <r> .

These expressions for the binomial coefficients are referred to as combinatoric coefficients. They occur
frequently in other branches of mathematics, including probability theory.

Combinatoric coefficients

<n> __n —nC,
r r'(n—r)!

where r <n and r and n are non-negative whole numbers.

2.4.3 Pascal’s triangle with combinatoric coefficients

Pascal’s triangle can now be expressed using this notation.

8
0
8
()
w00

Binomial expansions can be expressed using this notation for each of the binomial coefficients.

The expansion (a + b)’ = <(3)> a’+ G) @b+ @) ab’ + <§> b

Note the following patterns:

o (g) =1= <Z> (the start and end of each row of Pascal’s triangle)

(1)
()

<n ﬁ 1) (the second from the start and the second from the end of each row)

()
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WORKED EXAMPLE 9 Evaluating combinations
Evaluate (g)

THINK WRITE

!
1. Apply the formula. (n) = T

rnn—r)!

Letn=28 and r= 3.

(8)_ 8!
3 31(8=3)!
8!

BETE

2. Write the largest factorial in terms of the next = M
largest factorial and simplify. 3 51
_ 8XT7x6
]
3. Calculate the answer. = m
3xZx1
=8X7

=56

2.4.4 The binomial theorem

The binomial coefficients in row n of Pascal’s triangle can be expressed as <8> , (7) , (Z) - (Z) , and hence

the expansion of (x +y)" can be formed.

The binomial theorem

The binomial theorem gives the rule for the expansion of (x +y)” as:

x+y)" =x"+ <'11> "y + <'21> X"y L+ <:l> XY Y

e (§)-1-(1)

Features of the binomial theorem formula for the expansion of (x + y)”

e There are (n+ 1) terms.

¢ In each successive term, the powers of x decrease by 1 as the powers of y increase by 1.

e For each term, the powers of x and y add up to n.

e For the expansion of (x —y)", the signs of each term alternate + — + — + ... with every even term assigned
the — sign and every odd term assigned the + sign.
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WORKED EXAMPLE 10 Expanding using the binomial theorem

Use the binomial theorem to expand (3x + 2)4.

THINK WRITE

1. Write out the expansion using the Bx+2)*
binomial theorem. 4, (4 3 4 2,72, (4 3 4

=3 3x)°(2 3x)°(2 3x)(2 2

Note: There should be 5 terms in the O+ <1> O @)+ <2> On7 2+ <3> COE)+(@)
expansion.

2. Evaluate the binomial coefficients. =G0 +4Xx G0’ 2) +6 X 322> +4x 30)(2)° + (2)*

3. Complete the calculations and state =81x* +4 X273 X2+ 6X 9> X4 +4x3xx8+16
IO s Bx+2) = 81x* +216x% +216x% + 96x + 16

2.4.5 Using the binomial theorem

The binomial theorem is very useful for expanding (x + y)". However, for powers n > 7 the calculations can
become quite tedious. If a particular term is of interest, forming an expression for the general term of the
expansion is an easier option.

The general term of the binomial theorem

Consider the terms of the expansion:

x+y)'=x"+ <r11> X ly+ (;) X4+ (’:) XY 4 LY

0> xny()
>xn—1yl
>xn—2y2

Following the pattern gives:

S

Term 1: ¢ =

Term 3: t; =

Term 2: t, = (’I
n
2

Term (r+1): 1,44 = <’:> X"y

The general term of the binomial theorem

n—r.r

For the expansion of (x +y)", the general term is ¢, = (:’) x"Ty".

For the expansion of (x —y)", the general term can be expressed as t,., 1 = <:z> xX"(—=y).

The general term formula enables a particular term to be evaluated without the need to carry out the full
expansion. As there are (n + 1) terms in the expansion, if the middle term is sought, there will be two middle
terms if n is odd and one middle term if n is even.
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WORKED EXAMPLE 11 Determining a term in the binomial expansion

9
Determine the fifth term in the expansion of <§ — %) .
THINK WRITE
. 9
1. State the general term formula of the <— — X)
expansion. 44 n—r r
sro= (MY (2 (=2
The(r+1)thterm1st,+1—<r> <2> < 3) .

Since the power of the binomial is 9, n =9.

=) (@) ()

2. Choose the value of 7 for the required term. For the fifth term, #5:
r+1=5
r=4

5 4

3. Evaluate to obtain the required term. =126 X ;—2 X ;—1
3 7 X5y4
144

2.4.6 Identifying a term in the binomial expansion

The general term can also be used to determine which term has a specified property, such as the term
independent of x or the term containing a particular power of x.

WORKED EXAMPLE 12 Determining a particular term

12
Identify which term in the expansion of (8 — 3x?) ~ would contain x® and express the coefficient of x®
as a product of its prime factors.

THINK WRITE
1. Write down the general term for this 8- 3x2)12
i 12 _
expansion. The general term: 7, ; = < . ) (8)'27"(=3x2)

12 _ r
2. Rearrange the expression for the general term 7, = < . ) (8)12 "(=3)"(x?)
by grouping the numerical parts together and
the algebraic parts together. _ <1r2> (8)12"(=3)'x2r

76 Jacaranda Maths Quest 11 Mathematical Methods VCE Units 1 & 2 Third Edition



3. Find the value of r required to form the given
power of x.

4. Identify which term is required.

5. Obtain an expression for this term.

6. State the required coefficient.

7. Express the coefficient in terms of prime
numbers.

8. State the answer.

For x%, 2r=8, sor=4.

Hence, it is the fifth term that contains x®.

The coefficient of x® is (142> (8)8(—3)4.
12X 11Xx10%x9

12 8 4
8)°(—=3)" =
<4>()( ) 4x3x2x%1
=11X5x9x2%x3*

=11x5%x3%2x2%x34

=11x5x%x3%x2%

Therefore, the coefficient of 8 is 11 x 5 x 30 x 224,

x (2%)° x 3¢

Students, these questions are even better in jacPLUS

Receive immediate Access
feedback and access additional
sample responses questions

Find all this and MORE in jacPLUS (C)

Track your
results and
progress

Technology free

1.

Evaluate the following.

a. 3! b. 4! c. 5!

2. Rewrite the following using factorial notation.

a. 7TX6X5Xx4x3%x2x%x1
c. 8x7!

10!

3. A Evaluate 6! + 4! — a

4. Simplif —.
P -
5. Evaluate the following.
a. 6!
c. 7X6Xx5!

gl
f.
6!

e. OIx 1!

b. 8X7X6X5Xx4Xx3%x2X%1
d. 9x8!

b. 414 2!
6!
3!
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6. Evaluate the following.

. 20 , 2
24! 43!

cﬂ—@ d. 11!+ 10!
50! 70! 111 —10!

7. =M Evaluate <471>

. . . . 21
8. Determine an algebraic expression for <Z> and use this to evaluate < ) >

9. Evaluate the following.

5 b 5 12
a |, 13 e\
7 13
20
o e, - (2) (5)
10. Simplify the following.
n n n+3
N <3> b. (n_3> ‘ ( )
2n+1 n n n+1
+ (550 - (3)+() (57)
11. Simplify the following.
!
a. (m+1)xn! b. (n—1)(n—-2)(n—-23)! c. e
(n—3)!
(n—1)! n=1D! (m+1)! n—n*=2n_  (n—=2)!
d. e. — f. X
(n+1)! n! (n+2)! (n+1)! n—2
Technology active
12. [lIIZMA Use the binomial theorem to expand (2x + 3)°.
13. Use the binomial theorem to expand (x — 2).
14. Expand the following.
a. (x+17° b. 2—x)° c. (2x+3y)°
X 7 1 ’
d. <—+2> e. <x——> f. (x2+1)10
2 X

;
15. INZEH Determine the fourth term in the expansion of <§ — %) .

10
16. Determine the middle term in the expansion of <x2 + %) .

17. INEHA Identify which term in the expansion of (4 + 3x3)8 would contain x'3 and express the coefficient of

x'3 as a product of its prime factors.

6
. . . . 2

18. Determine the term independent of x in the expansion of <x + —> .
X
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For questions 19 and 20, use either expansion or the general term formula.
19. Obtain each of the following terms.

a.

b.
c.

20. a.
. Express the coefficient of x° in the expansion of (3 +4x)'" as a product of its prime factors.

The fourth term in the expansion of (5x + 2)6

The third term in the expansion of (3x* — 1°
The middle term(s) in the expansion of (x + 2y)7

Obtain the coefficient of x% in the expansion of (1 — 2x2)9.

10
. . . . 1
. Determine the term independent of x in the expansion of <x2 + —3> .

X

21. Evaluate the following using CAS technology.

a.

15
|
o (5)

2

22. a. Solve for n: <n> =1770.

b. Solve for r: <1r2> =220.

2.4 Exam questions

Question 1 (1 mark) S 0TEH

41431 =21,
™ The value of —— is
41—3142!
A. 1
B. —1
C. 20
7
D —_
5
7
E. ——
5

Question 2 (1 mark) NS 0TE

™ The value of 3 X <§> +4x <4> is
A.

B
C.
D
E

2
13
16
21

. 54
.78

Question 3 (4 marks)

. . . : 7 . :
Identify which term in the expansion of (3 —4x>)  would contain x'? and express the coefficient of x'* as a
product of its prime factors.

More exam questions are available online.
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2.5 Sets of real numbers

LEARNING INTENTION

At the end of this subtopic you should be able to:
e classify numbers as elements of the real number system
e use interval notation and number lines to describe sets.

The concept of numbers in counting and the introduction

of symbols for numbers marked the beginning of a major
intellectual development in the minds of humans. Every
civilisation appears to have developed a system for counting
using written or spoken symbols for numbers. Over

time, technologies were devised to assist in counting and
computational techniques, and from these counting machines
the computer was developed.

Over the course of history, different categories of numbers have
been defined that collectively form the real number system. Real
numbers are all the numbers that are positive, zero or negative.
Before further describing and classifying the real number system,
a review of some mathematical notation is given.

Resources

Interactivity Sets (int-2556)

2.5.1 Set notation

A set is a collection of objects, these objects being referred to as the elements of the set.

For example, if the universal set is € ={1,2,3,4,5,6,7,8,9, 10}, then sets could include set A ={1,2, 3,4, 5},
set B={1,3,5}and set C={2,4,6,8, 10}.

The table below gives the common symbols used in set notation.

Symbol Example Meaning
S 2€eA 2 is an element of set A, or belongs to set A.
& 2¢B 2 is not an element of set B, or does not belong to set B.
- BCA Set B is a subset of set A, or every element of set B is an element of set A.
¢ A¢ZB Set A is not a subset of set B.
U AuC The union of sets A and C; contains the elements that are either in A or in C
or in both, giving AU C={1,2,3,4,5,6,8, 10}
N ANC The intersection of sets A and C; contains the elements that are in both A and
C, givingANC={2,4}
\ A\C The exclusion symbol; the elements of set A that are not in set C, giving
A\C={L,3,5}
0] BnC=9@ The empty set, or disjoint sets, since sets B and C do not have any common
elements.
! ANA'=@ The complement of A; the set of elements not in A, with the symbol A’,
giving A’ ={6,7,8,9, 10}
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2.5.2 Classification of numbers

Although counting numbers are sufficient to solve equations such as 2 + x = 3, they are not sufficient to solve,
for example, 3 +x =2, where negative numbers are needed, or 3x =2, where fractions are needed.

The table below shows the classification of numbers in our real number system.

N={1,2,3,4,..}

The set of natural numbers, that is the positive whole numbers or
counting numbers

Z={..—-2,-1,0,1,2..}

The set of integers, that is all positive and negative whole numbers and
the number zero

Q={"%?ﬁﬂiogjp}

The set of rational numbers, all numbers that can be expressed in the
form 1—7, q#0 and p, g € Z, that is all fractions, integers and finite and
q

recurring decimals.

1= { — \/5, v TT, ..\/5, }

The set of irrational numbers where QN I=@ or
I=R\Q, that is all real numbers that are not rational. Some irrational
numbers, such as 7 and e, are called transcendental numbers.

R=0QuU I

The set of real numbers, that is the union of the set of rational
numbers and the set of irrational numbers

The relationship between the sets, NCZ C Q C R, can be illustrated as shown.

R N = natural numbers
Z = integers
Q = rational numbers
[ = irrational numbers
R = real numbers

The set of all real numbers forms a number line continuum on which all of the positive, zero or negative
numbers are placed. Hence, R=R~ U{0} UR"™.

Zero Rt

Y

The sets of the real number system can also be viewed as the following hierarchy.

Real numbers R

Rational numbers Q

I
I |
Non-integer rationals
(terminating and
recurring decimals)

Integers
VA
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Expressions and symbols that do not represent real numbers

It is important to recognise that the following are not numbers.
e The symbol for infinity co may suggest this is a number, but that is not so. We can speak of numbers
getting larger and larger and approaching infinity, but infinity is a concept, not an actual number.

. a . o . .
e Any expression of the form — does not represent a number, since division by zero is not possible. If a =0,
. 0. . . . .
the expression 0 is said to be indeterminate. It is not defined as a number.

This is beyond the Mathematical Methods course, but there are numbers that are not elements of the set of real

numbers. For example, the square roots of negative numbers, such as \/—1, are unreal, but these square roots
are numbers. They belong to the set of complex numbers. These numbers are very important in higher levels of
mathematics.

WORKED EXAMPLE 13 Classifying numbers as elements of the real number system

a. Classify each of the following numbers as an element of a subset of the real numbers.

=3 ii. V7 iii. 6—2x3 iv. /9

5
b. Identify which of the following are correct statements.
i.5€ez i.Z CN ii. R“UR*=R
THINK WRITE
. . 3
a. i. Fractions are rational numbers. a. i.—€0
5
ii. Surds are irrational numbers. ii. \/7 el
iii. Evaluate the number using the correct iiil. 6—2X3=6-06
order of operations. =0
S (6-2%x3)eZz
iv. Evaluate the square root. iv. \/5 =3
~Voez
b. i. Zis the set of integers. b. i. 5€ Zis a correct statement since 5 is an
integer.
ii. IVis the set of natural or counting ii. ZC N is incorrect since NC Z.
numbers.
iii. This is the union of R, the set of negative  iii. R~ UR™ =R is incorrect since R includes
real numbers, and R, the set of positive the number zero, which is neither positive
real numbers. nor negative.

2.5.3 Interval notation

Interval notation provides an alternative and often convenient way of describing certain sets of numbers.

Closed interval

[a, b] ={x : a <x < b} is the set of real numbers that lie between « and b, including the end points, a and b. The
inclusion of the end points is indicated by the use of the square brackets [].
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This is illustrated on a number line using closed circles at the end points.

A

IS B
S q 0

Open interval

(a,b) ={x : a<x< b} is the set of real numbers that lie between a and b, not including the end points, a and b.
The exclusion of the end points is indicated by the use of the round brackets ().

This is illustrated on a number line using open circles at the end points.

o—0

T T i

a b

A

Half-open intervals

Half-open intervals have only one end point included.
[a,b)={x:a<x<b}

® O
T T
a b

A
Y

(a,b]={x 1 a<x<b}

(o,

T
a

A

S q 0

Interval notation can be used for infinite intervals using the symbol for infinity with an open end.

For example, the set of real numbers, R, is the same as the interval (—oo, ).

WORKED EXAMPLE 14 lllustrating a set on the number line

a. Illustrate each of the following sets on a number line and express each set in alternative notation.

i. (—2,2] i. {x:x>1} ii. {1,2,3,4}
b. Use interval notation to describe the sets of numbers shown on the following number lines.
i. o——o iil. ° o
<~T T T T T T T> <7 T T T T T 1>
01 2 3 4 5 6 1 2 3 45 6 7
THINK WRITE
a. i. 1. Describe the given interval. a. i. (—2,2]is the interval representing the set
Note: The round bracket indicates ‘not of numbers between —2 and 2, closed at 2,
included’ and the square bracket indicates open at —2.
‘included’. o————
<717 1 1T 1>
2 -1 0 1 2
2. Write the set in alternative notation. An alternative notation for the set is

(=2,2]={x: —2<x<2}.
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ii. 1. Describe the given set. ii. {x:x>1} isthe set of all numbers greater
than or equal to 1. This is an infinite
interval that has no right-hand end point.

2. Write the set in alternative notation. An alternative notation is
{x:x>1}=[1, ).
iii. 1. Describe the given set. iii. {1,2,3,4} is a set of discrete elements.
Note: This set does not contain all 5 O O O
numbers between the beginning and end < ] > 3 4 >

of an interval.
2. Write the set in alternative notation. Alternative notations could be
{1,2,3,4} ={x:1<x<4, xeN} or
{1,2,3,4} =[1,4]NnN.

b. i.  Describe the set using interval notation b. i. The set of numbers lie between 3 and 5
with appropriate brackets. with both end points excluded. The set is
described as (3, 5).
ii. 1. Describe the set as the union of the two ii. The left branch is (—o0, 3] and the right
disjoint intervals. branch is [5, co0). The set of numbers is the
union of these two. It can be described as
(—0,3]U[5, ).
2. Describe the same set by considering the Alternatively, the diagram can be
interval that has been excluded from R. interpreted as showing what remains after

the set (3, 5) is excluded from the set R.
An alternative description is R\(3, 5).

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS @

Technology free
1. INZEAN Classify each of the following numbers as an element of a subset of the real numbers.

6 b. V27 c. (6—2)X3 d. /0.25

a. —
11

2. ZEA Identify which of the following are correct statements.
a. 17eN b. OCN c. QUI=R

3. Classify each of the following numbers as a subset of the real numbers.

12 V25 ¢ —Vi

a. — b. 37 c.

\/5 2
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10.

11.

12.

13.

14.

15.

. Determine the value(s) of x for which L would be undefined.
x+DHx-3)
. I Identify which of the following does not represent a real number.
2-3x4 8—4)x2
A. V-4 B. V0 c. 8X2=3xX4 f shay3 g §=Hx2
7 8—4x2
. Explain why each of the following statements is false and then rewrite it as a correct statement.
4
a. V16+25€Q b. <§—1>€Z c. Rt ={x: x>0} d. V225€l
. Determine any values of x for which the following would be undefined.
a. ! b. X *+2 c. _ 8 d. 4
x+5 x=2 2x+3)(5—x) x> —4x
. State whether the following are true or false.
a. R~ CR b. NCR* c.ZUN=R d. onzZ=Z e. [lUZ=R\Q f.Z\N=Z"
. Select the irrational numbers from the following set of numbers. 3
2 = 1 4
{\/11,—,11“,1171,\/121,2”} /
11 J
IEZA Qlustrate each of the following sets on a number line and 00’527950‘) O
express each set in alternative notation. (\:;’) ; %
— <+ = @)\
a. [<2,2) O $ (O
b. {x:x<—1} @\ %, SN
O 01, ¢66% (A)
c. {-2,-1,0,1,2} O
j | | P %
= Use interval notation to describe the sets of numbers shown on eg 6 Lb
the following number lines.
a. —o b. o o
<~T T T T T T 1> <7 T T T T T 1>
0123456 1 234567
Use interval notation to describe the intervals shown on the following number lines.
aa e——0 b. o o
<~TT T T T T T 1> <~TT T T T T T T 1>
—2-1 012 3 45 123456789
c. =—o0 d o—m——
1234567 0123456
Describe the intervals shown below using interval notation.
a o&————— b. o—>
TS EEEEE
c. O o—e d -0 o—>
EEREREY T T334
Write R\{x : 1 <x <4} as the union of two sets expressed in interval notation.
Express the following in interval notation.

a. {x:4<x<8} b. {x:x>-3} c. {x:x<0} d. {x: -2<x<0}
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16. Show the following intervals on a number line.
a. [-5,5)

. (4, )

. [=3,7]

. (=3,7]

. (—00,3]

. (—00, )

- 0 O O T

17. Illustrate the following on a number line.

a. R\[-2,2] b. (—00, V2) U(V/2, ) c. [-4,2)Nn(0,4)
d. [-4,2)U(0,4) e. {—1,0,1} f. R\{0}
18. Use an alternative form of notation to describe the following sets.
a. {x:2<x<6,xeZ} b. R\(—1, 5]
c. R~ d. (—o0,—4)U[2, o)

Technology active

19. Determine which of the following are rational and which are irrational
numbers.

a. \/7225 b. /75600 c. 0.234234234 ...

4
20. The ancient Egyptians devised the formula A = 6—d2 for calculating

the area, A, of a circle of diameter d. Use this formula to find a rational
approximation for 7z and evaluate it to 9 decimal places. State whether

. o 22
it is a better approximation than =

2.5 Exam questions

Question 1 (1 mark)
T Identify which of the following represents a rational number.

2
A A+l B. <\/3+\/§> c. —2 D. V9+1/16 E. V9—9x4
3-1/9

Question 2 (1 mark)
x—=2

Determine the values of x for which ——————— would be undefined. State the reason.
x(x=1Dx+3)

Question 3 (1 mark)

T The set of numbers described by R\[—2, 5) is the same as
A {x:—-2<x<5} B. {x:x<-2}u{x:x>5} C. {x :x<—=2}U{x:x>5}
D. {x:—-5<x<2} E. {x:x<5lU{x:x>-2}

More exam questions are available online.
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2.6 Surds

LEARNING INTENTION

At the end of this subtopic you should be able to:
e simplify and order surds
¢ expand and simplify expressions involving surds
e rationalise denominators with surds.

A surd is an nth root, \”/J_c Surds are irrational numbers; they cannot be expressed in the quotient form B. Any
q
decimal value obtained from a calculator is just an approximation.

All surds have radical signs, but not all numbers with radical signs are surds. For surds, the roots cannot be

evaluated exactly. Hence, 1/26 is a surd. 4/25 is not a surd, since 25 is a perfect square; \/25 =5, which
is rational.

2.6.1 Ordering surds

Surds are real numbers and therefore have positions on the number line. To estimate the position of \/g we can
place it between two rational numbers by placing 6 between its closest perfect squares.

4<6<9
Va <6<+
~2<46<3

So \/6 lies between 2 and 3, closer to 2, since 6 lies closer to 4 than to 9. Checking with a calculator,

\/g ~2.4495. Note that the symbol \/' always gives a positive number, so the negative surd —\/6 would lie on
the number line between —3 and —2 at the approximate position —2.4495.

To order the sizes of two surds such as 3 \/g and 5\/5, express each as an entire surd.
3v5=19%x1/5 5v3=125%x1/3

= 9%5 and =m
_ 3 _ 5

Since /45 < 1/75, it follows that 3v/5 < 51/3.

2.6.2 Surds in simplest form

Surds are said to be in simplest form when the number under the square root sign contains no perfect square
factors. This means that 34/5 is the simplest form of /45 and 5v/3 is the simplest form of 1/75.

If the radical sign is a cube root, then the simplest form has no perfect cube factors under the cube root.

To express /128 in its simplest form, find perfect square factors of 128.

V128 = /64 x2
=64 x/2
=812

- 1/128 =82
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WORKED EXAMPLE 15 Simplifying and ordering surds

a. Express {6\/5, 4\/3, 2\/3, 7} with its elements in increasing order.
b. Express the following in simplest form.

i. /56
ii. 21/252a%b assuming a > 0
THINK WRITE
a. 1. Express each number entirely as a square a. {6\/5, 4\/3, 2\/5, 7}
root. 6\/52\/%)(\/5:\/5,
4V/3=1/16x1/3=/48,
2v/5=V4xV/5=+20
and 7= \/@
2. Order the terms. \/% < \/4—8 < \/4_9 < \/ﬁ

In increasing order, the set of numbers is

{2\/5,4\/5,7,6\/5}.

b. i. Find a perfect square factor of the number b. i. V56=1+4x%x14

under the square root sign. —\ax\/14
=2+/14
ii. 1. Find any perfect square factors of the ii. 2V/252a%b =2v4%x9X7a’b

number under the square root sign.

2. Express the square root terms as products =2X VAx V9x VTx Va2 x /b
and simplify where possible. =2X2X3X\7TXaX \/Z

=12a\/7b

3. Try to find the largest perfect square factor Alternatively, recognising that 252 is 36 X 7,

for greater efficiency. 2v/252a2b = 21/36 % Ta2b

=2><\/§><\/7><\/;><\/Z

=2x6xV7xax\/b

= 12a\/7b

2.6.3 Operations with surds

As surds are real numbers, they obey the usual laws for addition and subtraction of like terms and the laws of
multiplication and division.

Addition and subtraction with surds

ay/c+by/c = (a+b)/c
a\/E—b\/_= (a—b)\/z

Expressions such as \/5 + \/3j cannot be expressed in any simpler form as \/E and \/5 are ‘unlike’ surds. Like
surds have the same number under the square root sign. Expressing surds in simplest form enables any like surds
to be recognised.
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Multiplication and division with surds

Vex\d=ed
a cxb\/c_l=ab\/a
N

va Vd

2 2
Notethat(ﬁ) = c because (\/Z) =\/E><\/—=\/c—2=c.

Simplify the following.
a. 3V5+7vV2+6v5-3v2  b. 31/98 —41/72 +21/125 c. 4/3%x64/15
THINK WRITE
a. Collect like surds together and simplify. a. 3v/5+7V2+6v/5-3v2
=3v/5+6V5+7v2-3V2
=9v/5+41/2
b. 1. Write each surd in simplest form. b. 31/98 —44/72 +24/125
=31/49x 2 —41/36 X2 +21/25 %5
=3x7V2-4x6V2+2x54/5
=21v/2-24v2+104/5
2. Collect like surds together. =(21V2-242) + 10V/5
=-3v2+10V/5
c. 1. Multiply the rational numbers together and c. 4y/3X%X64/15
multiply the surds together. =4 x6)\/(3x%15)
=24/45
2. Write the surd in its simplest form. =244/9X%5
=24x3/5
=72+/5

2.6.4 Expansions

Expansions of brackets containing surds are carried out using the distributive law in the same way as algebraic
expansions.

Distributive law with surds

va (vb++/c) = Vab+-/ac
(Va+Vb) (Ve+ V) = yac+ad+be + Vb
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2
The perfect squares formula for binomial expansions involving surds becomes (\/E + \/E) =a=x2v\/ab +b, as
follows.

Perfect squares involving surds

(Vat Vb = (/&) 2yavh+(\VB)

=a+2\/ab+b

The difference of two squares formula becomes <\/Z + \/Z ) <\/— - \/l; ) =a—Db, as follows.

Difference of two squares involving surds

(Va+ V) (vVa=vb)=(va) - (Vb) =a-b

The binomial theorem can be used to expand higher powers of binomial expressions containing surds.

WORKED EXAMPLE 17 Expanding and simplifying expressions with surds

Expand and simplify the following.

a. 3\/E<4 2—5\/6> b. (2 3—5\/5> (4\/§+\/ﬁ)
. (3\/§+2\/§)2 d. <\/7+3\/E) (\/7—3\/5)

THINK WRITE

a. Use the distributive law to expand, then simplify a. 3 \/5 <4\/§ — 5\/6) = 12\/4_1 —15v12

each term.
=12x2—-15y4x%x3
=24—15x21/3
=24-304/3
b. 1. Expand as for algebraic terms. b. (2\/3—5\/5) (4 5+\/14>
=8V 15+2v42—-20y/10—-5+/28
2. Simplify where possible. =8V 15+2v42—-20V/10—-5v4 X7

=81/15+21/42-201/10 - 5% 2+/7
=81/15+21/42=201/10— 101/7

There are no like surds, so no further
simplification is possible.

2
c. 1. Use the rule for expanding a perfect square. c. (3\/5 aF 2\/5 )

- (3V3) +2(5¥5) (35 + (5

2. Simplify each term, remembering that =9X3+2X3X2y3X5+4X5
2
(\/Z) = a, and collect any like terms together. =27+ 124/15+20
=47+ 124/15
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d. Use the rule for expanding a difference of two d. (\/7 aF 3\/5) <\ﬁ -3 \/E )

squares. )
=(v1) - (3v2)
==19D
=7-18
=—11

2

2.6.5 Rationalising denominators

It is usually desirable to express any fraction whose denominator contains surds as a fraction with a denominator
containing only a rational number. This does not necessarily mean the rational denominator form of the fraction
is simpler, but it can provide a form that allows for easier manipulation, and it can enable like surds to be
recognised in a surdic expression.

The process of obtaining a rational number for the denominator is called rationalising the denominator. There
are different methods for rationalising denominators, depending on how many terms there are in
the denominator.

Rationalising monomial denominators

. a . . . . . . . .
Consider 7, where a, b, c € Q. This fraction has a monomial denominator, since its denominator contains
by/c

one term, b \/Z

In order to rationalise the denominator of this fraction, we use the fact that 1/c X 1/c = ¢, a rational number.

Multiply both the numerator and the denominator by \/E As this is equivalent to multiplying by 1, the value of
the fraction is not altered.

Rationalising monomial denominators

a a \/E

b bye e
Ak
b(y/c X /c)

. a a \/E . . .
By this process, —— = —— and the denominator, bc, is now rational.
b \/Z bc
Once the denominator has been rationalised, it may be possible to simplify the expression if, for example, any
common factor exists between the rationals in the numerator and denominator.

Rationalising binomial denominators

\/E + \/E and \/_ — \/E are called conjugate surds. Multiplying a pair of conjugate surds always results in a
rational number, since (\/Z + \/E) <\/_ — \/Z) =a— b. This fact is used to rationalise binomial denominators.
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Consider ———, where a, b € Q. This fraction has a binomial denominator since its denominator is the
Va++/b
addition of two terms.

To rationalise the denominator, multiply both the numerator and the denominator by \/_ - \/E, the conjugate
of the surd in the denominator. This is equivalent to multiplying by 1, so the value of the fraction is unaltered;
however, it creates a difference of two squares on the denominator.

Rationalising binomial denominators
1 _ 1 V- Vb
Varvh yarvh ya- b
b
~ (Va+Vb)ya-b)
_ Yaz b

a—>b

1 Va-+b
\/54_\/5_ a—b

WORKED EXAMPLE 18 Rationalising denominators

a. Express each of the following with a rational denominator.

L 22 i —5\/3—3\/ﬁ
B —-

b. Simplify 51/2 — \/i_ +34/18.
2

By this process we have , where the denominator, a — b, is a rational number.

c. Express — 0 with a rational denominator.
5v/3-312

d. Givenp = 3\/5 — 1, calculate 2;1, expressing the answer with a rational denominator.

THINK WRITE

a. i. 1. The denominator is monomial. a. i i = i X ﬁ
Multiply both numerator and 3 \/5 5 \/§ \/5
denominator by the surd part of the
monomial term.

1243

2. Multiply the numerator terms =

together and multiply the =
denominator terms together. 1 2\/3
15
4
3
3. Cancel the common factor between = ’]/Z\/_
the numerator and denominator. 15’
43
5
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ii. 1. The denominator is monomial.
Multiply both numerator and
denominator by the surd part of the
monomial term.

2. Simplify the surds, where possible.

3. Take out the common factor in the
numerator since it can be cancelled
as a factor of the denominator.

b. Rationalise any denominators containing surds b.
and simplify all terms in order to identify any
like surds that can be collected together.

c. 1. The denominator is binomial. Multiply c.
both numerator and denominator by the
conjugate of the binomial surd contained
in the denominator.

2. Expand the difference of two squares in
the denominator.
Note: This expansion should always
result in a rational number.

5\3-3yi0 _ (5v3-3VI0)
s 44/5
V5 (5v3-3v/10)

45

_5v15-34/50

20

_5V15-3%5¢/2

20
_5v15-152
20
'3 (V15-32)
B 20,
V15-342

4

L V5
NG

4
5v2 - —— +31/18
V2

4 V2

=5V2 - — x Y= +3x3V2
V2 V2

: \/5+9\/§
1z
=5v2-2v2+9V2
=122

The conjugate of 5v/3 —3v/2 is 5v/3 +31/2.

6 _ 6 3 3+34/2

5v3-3v2 5v3-3v2 5vV3+3V2
6<5 3+3\/§)

(5\/3—3\6) (5 3+3\/§>

6(5 3+3\/§>

) -y
6 (5 3+3\/§>

=5v2-—

25%3-9%2
6(5 3+3\/§>
- 57
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26 (5 3+3\/§>

3. Cancel the common factor between the

numerator and the denominator. o0
Note: The numerator could be expanded 2 (5 3+3 \/§> 10V/3 + 642
but there is no further simplification to = or
. . 19 19
gain by doing so.
d. 1. Substitute the given value and simplify.  d. Given p = 3\/5 -1,
1 1
21 2
p-1 (3 V2-1 ) —1
B 1
(9x2—6\/§+1) —1
B 1
18 —6v/2
. . |
2. Factorise the denominator so that the — ————
binomial surd is simpler. 6 (3 = \/5)
. . 1 3+V2
3. Multiply numerator and denominator = X \/_
by the conjugate of the binomial surd 6 (3 = \/5) 3+ \/5
contained in the denominator. - 3+ \/E
6 (3 . \/E) (3 + \/§>
3+vV2
4. Expand the difference of two squares and = \/— 5
simplify. 6 <(3)2 _ <\/§> >
3442
©6(9-2)
3442
~ 6%7
3442
Y
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
c. 1. On a Calculator page, Do nao @ c. 1. On a Main screen, o E81 iction Iarctive
complete the entry i ) complete the entry line L2 0TE0 8
line as: Ny = as: sty 5 257T)
6 | implif: < 6 > 1e3.00 0
_— simpury - - = n |
5v3-312 5v3-3v2 H
Then press ENTER. Then press EXE. \
|
Alg Stancard Feal R ";
2(5\/§+3\/§) 103 612
2. The answer appears on the —— 2. The answer appears on the +
screen. 19 screen. 19 19
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Students, these questions are even better in jacPLUS

Receive immediate
feedback and access
sample responses

Find all this and MORE in jacPLUS C)

Access
additional
questions

Track your
results and
progress

Technology free

1. H3HA a. Express {3 \/5, 4\/5, 5 \/5, 5} with its elements in increasing order.

b. Express the following in simplest form.

i \/84

2. Select the surds from the following set of real numbers.

3. Express the following as entire surds.

a. 45 b. 21/6
d. 3 e. ab\/z
V3
4. Simplify each of the following.
a. \/ﬁ b. 2@
d. 3\/% e. \/E
5. Express each of the following in simplified form.
a. \/% b. 5\/&
d. 31/288 e. 2¢/72

6. IEEA0 Simplify the following.

a. V5—4\1-7V5+3/7

a. 5V/11=23-93+4y/11

c. 43428 -7V2+51/48
e. 20/12 = /125 — /50 + 21/180

8. Simplify the following.

a. 3V/7+8V3+12/7-9V3
c. 3\/%—\/@
e. V6+75+4v/24-81/20

ii. 24/108ab? assuming b > 0

SCHOOL

SPEED LIMIT

V900

c. /2000

f. v/54

b. 3148 —41/27 +31/32 c. 3v/5x7V15

7. Simplify the following by collecting like terms together.

b

-~ Qo

o T

5 2+\@+4\/2—_%m

.24/3-3v20+4V12-/5
. /36 — /108 +21/75 — 41/300

.10v2-12¢/6 +41/6—-81/2
. 8v/45+24/125

24/12-7 243+%\/_—§\/162

TOPIC 2 Algebraic foundations 95




10.

11.

12,

13.

14.

15.

16.

96

. Simplify the following.

4v/6x /21 b. —41/27x —1/28

c. 4\/§<\/§+ \/E) d. 3\/7(2\/7—3@)

e. <\/§—2) (4—\/§> f, (4\/3—2> (2 5+3\/7)

Carry out the following operations and express answers in simplest form.

a. 4v/5x27 b. —101/6x —84/10

c. 3v/8x2/5 d. V18x /72

. % £ 5VEXVixaVEx Lo 4 3y/Ex VD

Expand and simplify the following.

o (Vi) (V-9 o (Vi) (v213)
.. (Vi-2) o (VIT+v2)

. (4—2\/3) (4+2\/§) f, (3 5+2\/§)2

IZEA Expand and simplify the following.

a. 2\/§<4\/B+5\/§) b. (\/5—8\/5) (sﬁ—z\/ﬁ)
c. (4\/5—5\/5)2 d. (3\/5—2\/ﬁ) (3\/§+2\/H)
Expand and simplify the following.

a. \/5(3\/3—7\/8) b. 5\/5(7—3\/§+2\/6)

c. 2\/E—3\/€(3 15+2\/€> d. (2 3+\/§)(3 2+4\/7)
Expand the following.

a. (2 2+3)2 b. (3\/8—2\/5)2

o (Vi) o (2354 ) (5-¥5)

. (10\/5—3\@) (10 2+3\/§) f, (\/§+\/5+1)(\/§+\/5—1)
Rationalise the denominator and simplify where appropriate.

a ﬁ b. M c —\/5+3\/§
V3 3\f G

o 3V5-5V2 L _Vs
EEEIT) \/_ 2v243
Express the following in simplest form with rational denominators.

L 3V2 +V2 L Vi2-3v2
43 \5 2V

g 1 . 2¢/10+ 1 .3 3+24/2
Vo+v2 5-4/10 V32
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Technology active

17.

18.

19.

20.

21.

22,

23.

a. IlIZEA Express each of the following with a rational denominator.
.6 3v5+7V/15
i. 7\/_ ii. —2\/5
b. Simplify 14\/_+ 7 - 5\/_

10 . . .
c. Express ———— with a rational denominator.

4 3+3\/§

d. Given p = 4\/5 + 1, calculate

, expressing the answer with a rational denominator.
pr—
Express \3/ 384 in simplest form.

Simplify %\/1—— é\/%+€ +1/243+5.
2

a. Expand <\/§+ 1>3
b. If(\/_ \/—) —2\/_<\/— \/8) (\/5—\/8)=a+b\/§,a,b€N,ﬁndthevaluesofaandb.

24/3-1 3

a. Simplify - by first rationalising each denominator.

V3+1 V342

V3-1 V3+1

b. Show that + is rational by first placing each fraction on a common denominator.
V3+1 V3-1

Express each of the following as a single fraction in simplest form.

a5-2v6+ - 10 b.\/E(z 1o+9\/§)—\/_\/g

5-2
3 L2 . 24/3 - \/_ 2¢/3+12
2 3(\/5+\/§>2 V3 2\/—+\/— 2V3-1/2

Vi yHeys V)
16—4/T 0T 243 4-3\2

a. Ifx= 2\/3 — 4/ 10, calculate the value of the following.

bt ii. x2 —44/3x

X

V7+2

Y

b. Ify= , calculate the value of the following.
V7-2
iy— 1 i, 1
y ¥ -1

c. Determine the values of m and n for which each of the following is a correct statement.

i 1 - 1 =m\/+n ii. + 4—L—m+
v Vi (2+¥3) (2+3) v
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—b+Vb2—4ac

d. The real numbers x; and x, are a pair of conjugates. If x; = 5
a

i. state x,
ii. calculate the sum x; + x,
iii. calculate the product xx,.

24. A triangle has vertices at the points A (\/5 —1) B (\/3, \/10) and C (\/10, \/3).

a. Calculate the lengths of each side of the triangle in simplest surd form.
b. Calculate from the surd form the length of the longest side to 1 decimal place.

25. A rectangular lawn has dimensions (\/g + \/§ + 1) m by (\/5 + 2) m. Hew agrees to mow the lawn for the
householder.

a. Calculate the exact area of the lawn.
b. The householder received change of $23.35 from $50. Calculate the cost per square metre that Hew
charged for mowing the lawn.

2.6 Exam questions

Question 1 (1 mark) FEESFSNTEH

mSimplifys\/Ex3\/5—\/§<4 3+2).
A. 28v/3—12 B. 8v/12—12—/6 c.32v/3-12
D. 1616 — 12 E. 9v3+5V2

Question 2 (1 mark)

Expand and simplify (3\/5—2\/5) (3 2+2\/§>.
Question 3 (1 mark) [ESES0TEH

2—1/3

V2+1/3

A. 5+24/6 B. —5—-21/6 c. -1 D. 5—2/6 E. 20/6-5

More exam questions are available online.

is equal to
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2.7 Review

2.7.1 Summary

doc-37017

Hey students! Now that it's time to revise this topic, go online to:

Access the Review your Watch teacher-led Practise exam
topic summary results videos questions

Find all this and MORE in jacPLUS C)

Technology free: short answer
1. Expand and simplify where possible.

a. (5x+2y)" —=3(1 +2y)(1 —2y) b. 2x—3)(x* —6x+2)—(5—x)(5+x)
3
. <2x+ \/§> d. (2x—5)*
5
e. <1—§> f. (x+1—y)?
3
2. Factorise the following.
a. 72x% + 41xy — 45y? b. x2y3 —36x%y c. 4y —x*> + 18x—81
d. 64x° +1 e. x+2)° —8(x—1)° f. 203 + 6x%y + 6xy? + 2y°

3. a. Evaluate <160>'

b. i. Write down row 5 of Pascal’s triangle.
ii. Hence, or otherwise, expand (1 + 2xy)°.

c. Given row 6 of Pascal’s triangleis 1 6 15 20 15 6 1, calculate the middle term(s) in the expansion of
(3-2x°

4. Simplify the following.

a. 4/3+3v8-2v72-75 .<\/7—\/§)(\/7+\/§)
5 . 1

c. \/%+\/ﬁ7\/§ d. —2\/5_3\/5

2 V125 3 3

e.4y5———-———— f.

W52 NERNVERVERSY:

5. Simplify the following.

(=3

X +Tx+12 4 3
a ——— b. +
x+1)7%-9 ¥—9 x*—6x+9
5x  5x*—15x 2 4\/§

C. -
x> +27 9—x2

'E+3\/§—1
o3 V10 f 3V2 25+
V-2 V-2 V23 221
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6. Arrange the elements of the following sets of numbers in decreasing order.
a. {2\/6,4\/5, 34/5,51/2, 2\/10}
!
b. {7! L2, 28 sy }
141

c. Given \/E ~ 3.162, calculate an approximate decimal value for:
1 (V5-v2)
i \/—1_0 —3 - \/ﬁ
d. Given x = 1 —24/5, calculate the value of x* and hence deduce V21— 4\/3.

Technology active: multiple choice
7. I The factors of 2(x + 1)> + 9(x + 1) — 5 are:

A 2x+ D)(x+6) B. 2x—1D(x+5) C. 2x+3)(x—4)
D. 2x+ )(x—75) E. 4x> +13x+6

8. I The expanded form of (1 — )c)3 is:
Al=x B. | +x+x*—3x3 C. 1-3x=32%-%
D. 1 —3x+3x2—x° E. —x>—2x2+2x+1

9. I The factorised form of 24x> — 81y is:
A. 3(2x 4 3y)° B. (2x—3y)’ C. 3(2x — 3y)(4x% + 6xy + 9y?)
D. 3(2x —3y)(@x> + 12xy +9y?)  E. (8x+27y)(8x% — 2xy +27y?%)

I+ n!
10. 1A (nt Dt nl is equal to:
(n+ D! —n!
A 1F2 B. —1 c. 1 D. 2 E. n!
n

1
A.n=2 B.n=5 C.n=9 D. n=10 E.n=11

11. I The solution to the equation <n> =10is:

12. [T Select the correct statement about the expansion of (2x — 3)°.

A. The coefficient of x* would be 5.
B. The coefficient of x* would be —5.
C. The constant term would be 243.

D. The third term would be (i) 2x)’3)%.
E. There are 6 terms in the expansion.

13. & Select the incorrect statement.
A.I=R\Q B. Zt=N C.0'¢N
17+3

D. EN E. Z\N=Z~u{0}

14. I Select the expression that represents a rational number.

1
A. V4+9 B. vV11-4%9 c. ———
Va+1/9

D.3i E. 4

9 \/6_3
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15. I If a = 18, then the value of i + ﬁ is:
Va' Ve
A. 612 B. V2+1/3 c.94+1/3 D. V6 E. V2+316

16. I The section of the number line illustrated could be described as:

A. (=00, 11U (4, 00) B. (=0, 1)N[4, ) c. R\(1,4]
D. R\[1,4) E.RN(1,4)

Technology active: extended response

17. a. Solve the following system of simultaneous equations to obtain the values of x and y in simplest form
with rational denominators.

5¢3x—y=12

24/3x+3y =15

b. Express the solution set for {x : x — \/Ex < \/E} in interval notation.
-1 a+1 34
3+1 &A@ —-1 a®—1
d. i. Expand and simplify (a + b+ ¢)(@® + b* + ¢> — ab — bc — ca).
ii. Hence, show thatif a +b+ ¢ =0, then a®> + b + ¢ = 3abc.
iii. Hence, calculate 1023 — 1003 — 23.

c. Simplify a
a

. . 2 5
18. a. State a rational number that lies between 5 and g

b. i. If a and b are any two real numbers, show that it is possible to find another real number that lies
between them.
ii. If a and b are integers, determine whether it is always possible to find another integer that lies
between them.

6 6
c. By expanding <1 + \/5) + (1 — \/5) , show it is rational.

d. Given m is a prime number, find the values of m and n for which

\/E—\/E+\/r7+\/5=8\/§'

19. Two friends arrange to meet in a park in order to do some walking as part of their exercise regime.

a. On Monday they walk around a square of edge 80\/5 metres. It takes them
20 minutes to complete a circuit. Find their average walking speed in km/h.

b. On Tuesday they walk around the circumference of the circle that the
square encloses.

If they walk on Tuesday at an average speed of \/§ km/h, obtain an exact

expression for the time, in minutes, that it takes them to do two circuits of
the circular path.

80v2 m
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create a regular octagonal route to walk along. Calculate the total distance \\
they walk around the perimeter of this path in simplest surd form.

d. On Thursday the friends go to another area, which is bounded by a
triangle, PQR. The midpoints of the sides PQ, PR and RQ of the triangle = 4 4

are (\/5, \/5) , (\/ 10— \/5 \/§> and (\/5, \/5— \/5) respectively
(measured in kilometres).
i. Determine the coordinates of P, Q and R.

ii. Find how far it is for them to walk directly from P to R.

c. On Wednesday the two friends cut across the corners of the square park to /

. 3. . 2.3 80v2 m
20. a. Calculate the coefficient of x° in the expansion of (1 —2x + 3x°)".
b. Consider the expansion of (x + 1)17.
. . . 1
i. Show that the ratio of the coefficients of the (» + 1)th term to the ( + 2)th term is lr + .
—r

ii. Obtain the two terms for which this ratiois 2 : 1.
iii. Determine the other values of n, n < 17, for which the ratio of the coefficients of a pair of consecutive
terms in the expansion of (x + 1)" would also be 2 : 1.

2.7 Exam questions

Question 1 (1 mark)

(a—b)’
M| e

2 2
L azb g, “=b c. _4=h p. -
a+b (a+b)’ a* + ab + b? ab

simplifies to

Question 2 (1 mark)
P’=9¢ . (p+39)°
(p—3q) 4p—12q
Question 3 (1 mark)

I Select the sets to which 77 and /169 respectively belong.
A. Rand N B. Qand N C. Rand Z D. Rand QO E. Qand Z

Simplify

Question 4 (2 marks)
Illustrate the interval (—3, 1] on a number line and write the set in alternative notation.

Question 5 (1 mark)

5v6—-24/2

m 2Y6=2V2
8

N 5v6-2 5 5\/i—2 5v12—-4 D. 513 34/8

4

is equal to

More exam questions are available online.

Hey teachers! Create custom assignments for this topic

Create and assign Access quarantined :_— Track your
v ° unique tests and exams tests and assessments 4 5  students’ results

Find all this and MORE in jacPLUS ®
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Answers

Topic 2 Algebraic foundations
2.2 Algebraic skills

2.2 Exercise

1. a. 4m® — 5m b. 5m* — 16m + 8
c. X 4+2x—15 d. 15m* = 22m + 8
e. 16 —9x* f. 4x* — 20x + 25
2. a. 2x° —6x—41 b. 23 — 6x* — 26x
c. 6x —3x*> =27 d. 13x% — 10x + 22
3. The expansion gives 55x* 4 7x — 114. The coefficient
of xis 7.
4.2 47 +12x+9 b. 4ab® — 364’
c. 20 — 3¢ — 4c? d. 25 — 70y + 49y*
e. 9m® — 16n> £ 3 +3x+ 1
5.a 6x>—5x+7; =5
b. 44 —29x* — 15x*; 0
c. —16x° + 16x% + 49x — 49; 49
d. 2x* —4y* +2;0
e. 39 — 75x + 11x%; =75
f. =32 —3x + 16; =3
6.a. (x—6)(x+6) b. (2 —5a) 2 + 5a)
c. Bm—1)CBm+1) d4a@—4)(a+4)
e.2(m—"Tx)(m+ 7x) f. BGm—2)(4 —3m)
7.a. x=3)(x—06)
b. (x—3) (x — 3) = (x — 3)?
c. x—=5(x+12)
d. 2x—3)(2x+5)
e. 2x—5)(2x—5)=(2x—5)*
f. 8(x — 3y)(x — 3y) = 8(x — 3y)?
8. a5 (x - 3y) (x + 3y)
b. x—10) (x + 1)
c. 2x—5)(4x+3)
d. 4x (x+y) (x=3y)
e. (3y—x—4) (3y+x+4)
f.(x—1)(4x—=23)
9. a. (7 —12x)° b. (2x +3)(x + 3)
c. (Ax+9)(10x + 13) d. 36(2x + y)(2x — y)
e. Bax—1)(a+3) f.lAx+1—y)dx+1+y)
10. a. (x+ 2)(x = 5)(x + 5)
b. p(10p = 9¢)(10p + 9q)
c.2n+1-=2p)2n+1+2p)
d. 5(n + 5m)(23n — 11m)
e. 13(a— DB =2a)2a—1)
f.(a+b—1Q2a—1)
1. a (x+ 13)(x = 2) b. 2x—3)(x+4)
c. (7x+ 9y)(10x + 7y) d (x—=3)(x+ 3)()62 +1)
e. 5p—¢q)? f. (a— D
12.a. (x =5 +5x4+25)  b.3(1+x0)(1 —x+x%)
18.a. k= 2)( 4+ 2x+ 4)
b. (x + 10)(x*> — 10x + 100)

Q=01 +x+22)

(1]

14.

15.

16.

17.

18.

19.

d

T O - O

- O Q2 O T 90 -~ 0O Q9 O

o

5

20. a

21.

22,

23.

24.

. (Bx + 4y)(9x% — 12xy 4 16y%)
. x(x — 5)( + 5x +25)

. (x+5)(% — 8x +43)
Sx(y—=3) (P +3y+9)

. —(x+6) (x* — 6x+36)

301 =3%) (14 3x+94%)
. 4Q2x + m)(4x? — 2mx + m?)
. Bm+4n) (9m® — 12mn + 16n*)
- 2(5x — 4m) (25x% + 20mx + 16m?)
. 3(2x = 3y)(4x% + 6xy + 9°)
L xyQxy + D(@x*y? = 2xy + 1)
. 7(9x — 10)(3x> + 100)
. —=2(5x + 4y)(43x% + 31xy + Ty%)
. (a —b)a+ b)*(@* —ab+ b
L= DE N+ xy+ ) —xy +)7)
= b. 8 — x*
x—2
1 b x+3
3x+ 1) 2(3x+1)
x+3
2 d —x—5
N Ch 0 R
33x+2)x+1)
x—4
T b.x+3
. 32 4+ 3xh + W2 d.;
3(1 —3x)
m? . (1 —=x)*
m? — mn + n? T+
x—131
Se—9e—1
23x 19x
. E b. _ﬁ-
9x+5 4 222 — 14x+5
x=3)x+5) Bx—1D(1 —2x)
=9 +1 . 4x+21
x4+ D=1 " (x2=9)
4(x+1) b 2x+ 20
Cx(l =02+ 1) S 24
x—46 g 2y* — 9y + 81
S+ 6 —5) T2y — 922y +9)

a. =0t +328* — 144 b.(x—3)(x—3—y)
c. 2xy(x* — 3xy + 3y%)

2+ I+ 2gh +24g +24h + 144

b. 343¢> + 984%p — 28¢p® — 8p°

L —dx* 4 42557 — 2500

5 b 1
x(x+5) 4x—1
r’q
—q

d. %(a —2b)(a— b)(a+b)
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25. a. —=3x° — 16x% + 9x + 70
b. (13x% 4 28x + 148)(7x + 2)
1lx+ 16
“ G-

2.2 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.
1. E

2.D
3.8(x+5 (x+4)

2.3 Pascal’s triangle and binomial expansions

2.3 Exercise
1. 27x° — 54x% + 36x — 8
2. a. x° =92 +27x—27
L8 — 12 +6x— 1
0+ 1257 + 48x + 64
L2760 27 4+ 9x 4+ 1
L1 —6x + 12x% — 8x°
. 125x° + 150x%y 4 60xy* + 8y°
a. A

5. a® 4 6a*b* + 12ab* + 8b°
The coefficient of a*b” is 6.

6. See the table at the bottom of the page.*
7. (a —b)® = a® — 6a°b + 154*b* — 20a°b* + 154°b* —
6ab® + b°
(2x — 1)® = 64x% — 192x° + 240x* — 160x> + 60x>—
12x+ 1
8. 81x* 4 216x°y + 216x%y% + 96xy° + 16y*
9. a. X° 4+ 20x* 4+ 160x° + 640x> 4 1280x + 1024
b. x° —20x* + 160x* — 640x> + 1280x — 1024
c. Xy + 10xy* 4+ 4007y + 80x%” +
80xy + 32
10. a. 81x* — 540x°y 4 1350x%y* — 1500xy” + 625y*
b. 81 — 108x% + 54x* — 1245 +®
1. 12x +40x° + 12¢°
12. a. —9 b. —975 c. 1

13 x5 +y =4 — 4y’ + 67 + 6y —dx—dy + 40y +
doy® — 12x%y — 12xy” + 6x°y% + 12xy + 1

(]
0O T ®» 0 T o

d. —42

17. a. 1 +4x + 627 + 40’ +x*
b. Letx=0.1; 1.1* = 1.4641.

18. (x+ 1’ —(x+ D' = + ot + 63 + 4% +x; sample
responses can be found in the worked solutions in the online
resources.

19. Sample responses can be found in the worked solutions in
the online resources.

20. a=120, b =55, c =495

2.3 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.
1. B

2. E

3. x* — 9% 4+ 3067 — 44x + 24
The coefficient of x = —44

2.4 The binomial theorem

2.4 Exercise

1.a. 6 b.24 ¢ 120 d.2 e. 1 f. 7
2.a.7! b. 8! c. 8! d. 9!
3. 734
4. n(n—1)
5. a. 720 b. 26 c. 5040 d. 120
6. a. 650 b. —1- c. z d. -6-

43 5 5
7.35

n n(n—1) 21
8. (2> :Tand <2> =210

9.a.10 b.10 e 1 d. 1140 e. 1 f. 286
10. nn—1)(n-—2) b, nn—1)n-2)
6 6
c. ("+3)("J6rz)("+ Do @+ 1)
nn—1n+1) ; nn—1n+1)
e. —6 . —6
11.a. (n+ 1)! b. (n—1)! c.n(n—1)(n—2)
1 2 1
d. e. .
nn+1) nn+2) n—1

12. 320 + 240x* + 7205 + 1080x% + 810x + 243

14. 20
15 a=—2 13 x7 — 14x% + 84x" — 280x* + 560x° — 672" + 448x — 128
16. —3 14. a. 8 + 52 +106° + 1087 + 5x + 1
b. 32 — 80x + 80x* — 40x* + 10x* —x°
*6. !
Number of terms | Sum of indices in
Binomial power . Expansion in the expansion each term
(x+a)? X2+ 2xa+d* 3 2
x+a) X +3x%a + 3xd® + d° 4 3
x+a)t X+ ada+ 6x%2a* + 4xd® + at 5 4
x+a) X +5x%a +108°a% + 10x%a® + 5xa®* + & 6 5
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15.

16.

17.
18.
19.

20.

21.
22.

2.

c. 64x°% + 576x°y 4 2160x*y? + 4320x°y° + 4860x°y* +
2916xy° + 729y°

X 21 35xt 3 5
st — + —— + —— + 70 + 168x
128 32 8 2

+224x+ 128
e. x% — 8x% 4 28x* — 5652 + 70 — 2 + 83 +i
X2 ox* x0 a8
%0 4 10x!8 4+ 45x'0 4 120x* 4+ 210x"% 4
252x'0 +210x% 4 120x° + 45x* + 1027 + 1

=

4.3

il

63x]0y5

8

Sixth term; the coefficient of s 22 %37 x7.

t, =160

a. 1, =20000x°

b. t; = 1215x

c. 1, = 280x*y?, 15 = 560x°y*

a. —672 b. 11x7x37 x2!!

c. 210

a. 1 307 674 368 000 b. 3003

a. n=060 b.r=3o0rr=9
4 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.

1. D
2.D
3. Fourth term; the coefficient of 22is7Tx5x 3% x 28,
2.5 Sets of real numbers
2.5 Exercise
1 6 eQ
. a. 11

b. \/27€l

c.12eNorl12€Zor12€Q

d. 0.5€Q
2. a. True b. False c. True
3.a N b. [ c.Q d. Z
4. x=—lorx=3

. 8.
5. E, since 6 is not defined
5

6. a. V4l el b.—aeQ

c. RV ={x: x>0} d. y/2.25€Q

3

7.a. =5 b. 2 c.—E,S d. 0,4
8. a. True b. True c. False

d. True e. False f. False
9. V11,117m,2™

11.

12.
13.

14.
15.
16.

17.

18.

19.

20. T

ca fx —2<x<2} <

T

(=00, —1) < T >
2 L | o

.ZN[=2,2]or {x: —2<x<2,x€Z}

(2]

-
~

o e
—~— e
o1 e
—_——1 0
N- @
Y

- [3,5]

. R\[3,5] or (—0,3)U (5, )

.[=2,3)  b.(1,9) c. (—00,5) d.(0,4]

. [=5,-1]

. (=2, 00)

. [=3,-2)u(2,3]

d. (—00,2)U (4, ), R\[2,4]

(—o0,1]U 4, 00)

a. (4,8] b. (—3,00) c.(—00,0] d.[-2,0]
a. *r——0

T o

o

0O T o

A
Y

Y

4
Y

Y

I
Nl
514

o
A
I
b
1 :
[\S)
B

A
L]
W
g

Y

o
]

A
Y

|
—
—— e -

f. <

-
3

o0 o8 o-

a. {3,4,5} b. (—o0, —1]U(5, o0)

c. (—00,0) d. R\[—4,2)

a. Rational b. Irrational c. Rational
256 256 .

~ —; — =3.160493 827 to 9 decimal places.

5 81 81

= is a better approximation.
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2.5 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.

1.D
x—2 . .
2. —————  — is undefined if x =0, 1, —3.
x(x—=1DKx+3)
3.B

B R ) R CH P B R SO i PR G
B32-101234567"
2.6 Surds

2.6 Exercise

1. a.{5,3v/3,5v2,4V5}

b. i. 2V/21
ii. 12b\/3a
2, \/g, V103, \3/% are surds.
5.2 V30 b. Va8 e
d. V3 e. Vatb*c f. V/mn

4.a. 42 b. 4y/11 c.2V/13
d. 124/5 e. 31/5 f. @

6

5.a 5V3 b. 201/3 c. 2015

d. 36V/2 e. 1242 f.3v/2
6.a. —61/5—1/7 b. 1212 c. 1051/3
7.2.9v11—111/3 b. 2v/2 + 1313

c. 24y/3 =312 d. 10V/3 =75

e. 4V3+7V5-5V2  £.6-36\/3

8.a. 15V7—v3 b.2v2-8V6 c 1212
d. 34v/5 e. 9v/6-9v5 £ —59/3-5V2
9. a. 1214
b. 241/21
c. 20+ 2042
d. 42 — 6342
e.6v/5-13
8154 12421 —41/5 - 61/7
10. a. 84/35 b. 160V/15 c. 124/10

=

d. 36 e. 421/3 f. 62v/5
11.a. 4 b. —62 c. 11—44/7
d.13+2V22 e —4 f. 57 +124/15

12. a. 244/5 + 30
. 5/15 = 69/7 — 40V/10 + 161/42
. 98 —404/6

1

.3vV10 = 144/3

.35v/3 +30V/2 — 45

. —25¢/10-36

d. 6v/6 + 821 + 31/10 + 41/35

T

13.

T ® a0

(1]

14.

15.

16.

17. a. i

18.

19.

20.

21.

22,

23.

24,

25.

a. 17+12y/2  b.66-36V2 ¢ 12—24/35
d. 17 e. 155 f. 4426
e Ve 2v/3 +3/30
a. 3 3 C. —6
L R SR S
NG V10 +2 Ve-3
a. —— b. c.
4 2 6
4 15
34/2 V154745
a 1 7 Il. 2
b. 616
4/3-312
¢ 3
d 6= V3
T 264
4v/6
10\/§+§+5
a.7+5V2 b.a=8,b=12
a. 13 _27\/§ b. 4, which is rational
194/3 — 18V2 14
C. e d.i—
6 5
V14
&~ f.26—19/3 =36
6v/3 — V10
a. i, ——— i. —2
2
8v/7 11v/7-128
b. i.— ii, ——m———
3 56
1
c i.m=0,n=—5 ii.m=181,n =147
—b—Vb* —4ac
d ix,=
2a
—b

il. x; +x, = —
a

c
jiil. xx, = =
a

a. AB =34/2, BC = /30— 20v20r2v/5 — V10,
AC=1/18 =245

b. AB ~ 4.2 units

a. 2v/6+3V3+3V2+5m?

b. $1.38 per square metre
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2.6 Exam questions

Note: Mark allocations are available with the fully worked

solutions online.
1. A

2.6
3. E

2.7 Review

2.7 Exercise
Technology free: short answer
1. a. 25x% + 20xy + 16y> — 3
b. 2x° — 14x* 4+ 22x — 31
c. 8 + 124/32% + 18x 4+ 31/3
d. 16x* — 160x” + 600x> — 1000x + 625
10x  40x>  80x° 80x* 32%°
R TR 5]
X+ 2x+1—2xy—2y+)°
. (Ox—=5y)(Bx+9y)
- y(y — 6)(y + 6)
(2y=x+92y+x-9)
. (4x+ D(A6x2 —4x + 1)
L4 =x)(TxF =2x+4)
20+ y)?
. 210
.i.15101051

e.1—

- ® 2 0 T o

T o

ii. 14 10xy 4 40x%” + 80x°y® + 80x*y* + 32x4°y°

4.a. —\/3—-6V2 b. 4

_\/5 ] _2V3+4345

2 ’ 3
414/5
L= f.21/2
“ 730 V2
x+3 Tx—73
5. a. b, — ™
x—2 (x+3)(x—3)°
-1 374/5 + 225
c. ——— d, i—
X2 =3x+9 165
74/10 + 20 . 5v6—41/3=2+/5-7V10
e. 3 . 7
6. a. {5v2,41/3,31/5,21/10,2V/6}
16!
1. 41% 50 . (41)2, —
b. {7.,4.><5.,(4.) , 14!}
c. i.0.3162 i, —4.162

d.21—44/5,2¢/5-1
Technology active: multiple choice
7. A
8.D
9.C
10. A
11.D
12. E

13. C
14. C
15. B
16. D
Technology active: extended response

17. a. x= \/§,y=3
b. (—2—\/5,00)

3
a

" 1—ab
d. i.d +b+ —3abe

ii. Sample responses can be found in the worked
solutions in the online resources.

iii. 61200

3
18. a. Many answers are possible, such as T

b. i. Suppose a < b.

Sat+a<a+banda+b<b+b
S 2a<a+b<2b
a+b

a< <b

a+b
Therefore, the real number lies between a and

b, showing it is always possible to find another real
number between the two.

ii. No
. 416
.m=3;n=4
19. a. 0.96/2 km/h
. 4.87T minutes

c. 640 (2—\/5) metres
d. i.P(\/E—\/E,\/g+\/5>,
Q(3v2-V10,2v3-+5-12),
R(VI0-v2,V5-12)
ii. 24/2km

20. a. —200

i. Sample responses can be found in the worked
solutions in the online resources.

ii. 1), = (H) KO and )y = G;) x

i. n=2,5,8,11, 14

o o0

o

c

2.7 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.
1. C

4
p+3q

3.C

4. {x: -3<x<1}

X
-3-2-1 01 2

5. B
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3 Quadratic relationships

LEARNING SEQUENCE

3.1 Overview ..

3.2 Quadratic equations with rational roots

3.3 Quadratics over R

3.4 Applications of quadratic equations

3.5 Graphs of quadratic polynomials ...

3.6 Determining the rule of a quadratic polynomial from a graph ...
3.7 Quadratic inequations

3.8 Quadratic models and applications

3.9 Review

Fully worked solutions for this topic are available online.




3.1 Overview

Hey students! Bring these pages to life online ~n an
Watch Engage with Answer questions ,,) 9
videos interactivities and check results /'

Find all this and MORE in jacPLUS (C)

3.1.1 Introduction

Watching water cascade from a fountain or a ball
bouncing along a pathway may be the first encounter

a young child has with a parabola. The arches of water
rise and fall along parabolas; the ball follows a series
of parabolas, each with a maximum turning point
lower than that of the previous one. It was Galileo who
showed that the path of a projectile is parabolic.

In later life, that child may be lucky enough to catch a
glimpse in the night sky of the return of Halley’s Comet
as its nearly parabolic path passes closest to Earth in O e 8 8
2061. Isaac Newton, having studied Halley’s Comet
in 1680, initially theorised that the path of the comet
was consiste