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ABOUT THIS RESOURCE

Jacaranda Maths Quest 11 Specialist Mathematics Units 1 & 2 for Queensland is expertly tailored to comprehensively address the
intent and structure of the new syllabus. The Jacaranda Maths Quest for Queensland series provides easy-to-follow text and is
supported by a bank of resources for both teachers and students. At Jacaranda we believe that every student should experience
success and build confidence, while those who want to be challenged are supported as they progress to more difficult concepts and

questions.

Preparing students for exam success

Chapter openers

place mathematics

in real-world
contexts to drive
engagement.

FREE access to
studyON — our
study, revision

and exam practice
tool — is included
with every title.
studyON allows
you to revise at the
concept, chapter,
curriculum topic or

unit level.

Every chapter
concludes with
exam practice
questions classified
as Simple familiar,
Complex familiar
and Complex
unfamiliar.

Questions and topics
are sequenced from
lower to higher levels
of complexity; ideas

CHAPTER 1
Permutations and combinations

1.1 overview

1.1.1 Introduction

Ever since you were a small child, cven
before you stared school, you have had
the experience of counting. These simple
counting techniques are built upon n  ield
of mathematies known as combintorics to

develop very sophisticated ways of count-
ing. Permutations and combinations allow
us to caleulate the number of ways objects
belonging 10 a finte set can be arranged.
Have you encountered the pigeon-hole prin-
ciple before? Itis a decepively simple state-
ment that can be used 1o identify patterns
in huge amounts of data, such as in DNA
analysis

— 5.7 Review: exam practice

Simple familiar
1. 1 LABD = 32, detcrmine the sizes of the folloving angles,

a zcon

e p——

[ study[X)

Exercise 6.6 Complex numbers in polar form

o)

Inthe T or 3 places
expressed as a common multiple of =
1. . Represent = = -+ 8 on an Argand diagram,
. Caleulae the exacr distance of = from the origin. (Do not use your calculator)
2. [T Find the modulus of each ofthe followine.
i bz=

—6i o
o EEAIfz=3+i w=4-3iandu=~2+5i then:

PRACTICE ASSESSMENT 1
Specialist Mathematics: Problem solving and modelling task

k' Cambimi, ks rd ot
T

B n - |
Conditions

| wston ose vt |

b 4A-C+3B-2=0

and concepts are
logically developed
and questions are
carefully graded,
allowing every
student to achieve
success.

An extensive
glossary of
mathematical terms
is provided in print

: 7;] determine th values of x and.y given the ollowing

wama|? ]

and as a hover-over
feature in the
eBookPLUS.

g T ——r— pep—

WORKED EXAMPLE 7

Iz =34+ 5i,w=4—2and v = 6 + 10i, evaluate:

a 4w b2-y R
THINK WRITE
a.1. Caleulate 3z-+ w by substituing values . 3z +w =33 +50) + (4 = 20)
for zand w. =O+15)+@-20)
2. Use the rule for adding complex =O+4)+(15-2)
numbers. = 13+ 13i (or 1301 +0)
b.1. Caleulate 22 — v by subsituting values b, 22 — v = 2(3 + 5i) — (6 + 10i)
for zand 1.
2. Use the rule for subtraction of complex =6+ 10i -6~ 10i
numbers. =040

.1, Calculate 4z — 3w+ 2 by substituting . 42— 3w + 2= 4(3 + 51) — 34 - 20) + 2(6 + 10i)
values for z, wand v.
2. Use the addition rule and the subtraction = 124200 124 6i+ 124200
nule to simplify. = 124460

by pressing
SHIFT O,

(CHAPTER 1 Pormutations and conbinatons « EXERCISE 12 11

Chapter 1 — Permutations and combinations

Exercise 1.2 — Counting techniques

Each subtopic
concludes with
carefully graded
Technology free and
Technology active
questions.

Two complete sets of
practice assessments
modelled on QCAA
guidelines — a set
for student revision
and a quarantined set
for teachers — are
included. Exemplary
responses and
worked solutions are
provided for teachers.

Chapter questions
and activities

are aligned with
Marzano and

Kenall’s taxonomy

of cognitive

process — retrieval,
comprehension,
analysis and
knowledge utilisation.

Fully worked
examples in the
Think/Write format

provide guidance
and are linked to
questions.

Selected worked
examples
demonstrate the
use of non-CAS
calculators.

Free fully worked
solutions are
provided, enabling
students to get help
where they need it,
whether at home or
in the classroom —
help at the point of
learning is critical.

Answers are provided
at the end of each
chapter in the print
and offline PDF.
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Fully worked solutions for every question Concept summary links to studyON for
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Interactivities and video eLessons placed
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understanding and correct common
misconceptions

jacaranda
In the Prelims section of
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A downloadable PDF of the entire

solutions manual, containing worked
solutions for every question in the text
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A set of four practice assessments: a
problem solving and modelling task and
three examination-style assessments

FREE copies of the Maths Quest Manual

for the TI-Nspire CAS calculator and

the Maths Quest Manual for the Casio

Classpad Il calculator A downloadable PDF of the entire print text

jacaranda

Additional resources

Reflections and rotations

for teachers available <l PR -
in the eGuidePLUS b= —_—

In the Resources tab of every chapter m e

there are two topic tests in downloadable, e T A erimeriirremnll E e

customisable Word format with on Mottt srerotesntsmirmnt . | >
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worked solutions. e
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In the Prelims section
of the eGuidePLUS

jacaranda

Work programs are provided to assist with

classroom planning. C——
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Practice assessments: in addition to
the four provided in the eBookPLUS,
teachers have access to a further four
quarantined assessments. Modelled on
QCAA guidelines, the problem solving
and modelling tasks are provided

with exemplary responses while the
examination-style assessments include
annotated worked solutions. They are
downloadable in Word format to allow
teachers to customise as they need.
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studyON — an invaluable exam preparation tool

studyON provides a complete study solution. An interactive and highly visual online study, revision
and exam practice tool, it is designed to help students and teachers maximise exam results.

Concept summary screens
and interactivities summarise
key concepts and help prevent
misconceptions.

Direct links from the
eBookPLUS help scaffold
students’ understanding and
study practices.

My Results

My Results tracks your results for Practice questions and Sit
exam assessments, SO you can pinpoint your strengths and
weaknesses. My Results has three main components:

1. Achievement report

2, Performance graph PLo—
3. Assessment history

The studyON question hierarchy allows students in the
Continue Studying feature to revise across the entire
course, or to drill down to concept level for a more granular
set of questions.

Course Overview

Sit Exams

My Resulis

Offiine Study Pack

jacaranda

studyON prepares students for actual exams:
¢ The Sit Exams feature allows students to sit timed practice exams.
e Exam-style questions have been authored by our team of highly quali¥ed teachers.

¢ From 2020, offcial past QCAA exam questions will be available for Units 3 & 4 with exemplary

worked solutions to provide feedback for every question.

studyON’s built-in progress tracker enables
self-diagnosis of strengths and weaknesses at

a topic and concept level, so students know
exactly what needs extra revision and can sit
their exams with confidence.

studyON Teacher edition is a powerful diagnostic tool

study

= MY GROUPS
———l

Enables teachers to assign
activities for extra revision and
practice, and track progress

at an individual, group
and classroom level

Monitor

Assign activities to your classes, to groups
of to individual students activities

Assign practice questions at a concept,
topic, area of study or unit level

Assign sit exams - past VCE exams or
topic tests.

Monitor your students’ progress throughout
the year.

Review their assessment activities

Review their results and answers to
Individual questions

Student performance is tracked and shown
at topic and concept levels, allowing you to
easily pinpoint individual student strengths
and weaknesses

Results can be scheduled, exported and
printed In Excel

Allows teachers to monitor students’
activities and results to pinpoint
strengths and weaknesses. Armed with
evidence-based insights, teachers can
intervene at the right time.

Alignment with the Jacaranda text helps

with planning, and instant feedback saves
marking time. Built-in reporting functionality
lets teachers easily schedule, export and print
reports in Excel.
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Access your online Jacaranda STEP 10 Go to www.jacplus.com.au

and create a user account.

resources anywhere, anytime, from STEP 20 Enter your registration code.
. sl STEP 3 © Instant access!
any device in three easy steps:

eBookPLUS is an electronic version of the studyON is an interactive and highly visual online
textbook, together with a targeted range of study, revision and exam practice tool designed to help
supporting multimedia resources. students and teachers maximise exam results.

eBookPLUS features: studyON features:

' BE eBook — the entire textbook in ° @ Concept summary screens provide concise

electronic format explanations of key concepts, with relevant examples.

Digital documents designed for easy ° Access exam questions that have been written
customisation and editing v 4 by experienced examiners for practice at a concept,
e R e s Al s e area or entire course level, and receive immediate
students’ learning feedback. From 2020, QCAA questions will be

included with exemplary worked solutions.
. eLessons — engaging video clips and

supporting material Sit past QCAA exams (Units 3 & 4) or topic tests
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" Weblinks to relevant support material on - . . . L
the internet :>>_. Video animations and interactivities

demonstrate concepts to provide a deep
eGuidePLUS features assessment and understanding (Units 3 & 4 only).
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CHAPTER

Permutations and combinations

1.1 Overview
1.1.1 Introduction

Ever since you were a small child, even
before you started school, you have
had the experience of counting. These
simple counting techniques are built upon
to develop very sophisticated ways of
counting, in a field of mathematics known
as combinatorics. Permutations and combi-
nations allow us to calculate the number of
ways objects belonging to a finite set can be
arranged.

Have you encountered the pigeon-hole
principle before? It is a deceptively simple
statement that can be used to identify
patterns in huge amounts of data, such as
in DNA analysis.

Have you encountered Pascal’s triangle before? It spans the mathematical fields of combinations,
probability, the binomial theorem, Fibonacci numbers and the bell-shaped normal distribution. In developing
his triangle, Blaise Pascal (1623-1662) made a fundamental contribution to the field of combinatorics.

In this chapter you will apply combinatorics to determine, for example, the number of ways a team of 5
players can be chosen from a group of 10. Consider its usefulness in developing rosters for staff or flow charts
for projects. Just as Pascal’s triangle spans mathematical fields, combinatorics spans industries as varied
as gambling, internet information transfer and security, communication networks, computer chip architec-
ture, logistics and DNA modelling. It has applications in any field where different choices mean different

efficiencies.

LEARNING SEQUENCE

1.1 Overview

1.2 Counting techniques

1.3 Factorials and permutations
1.4 Permutations with restrictions
1.5 Combinations

1.6 Applications of permutations and combinations
1.7 Pascal’s triangle and the pigeon-hole principle

1.8 Review: exam practice

Fully worked solutions for this chapter are available in the Resources section of your eBookPLUS at

www.jacplus.com.au.
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1.2 Counting techniques

1.2.1 Review of set notation

A set, S, is a collection of objects. The objects in a set are referred to as the elements of the set.

A set can be written in a variety of ways. Consider the following. Let the sample space be the set of numbers
between 1 and 20, thatis {1, 2, 3,4, 5,6, 7,8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20}.

Let the set S be the set of even numbers between 1 and 20 inclusive.

S can be:

e written as a list: S = {2, 4, 6, 8, 10, 12, 14, 16, 18, 20} (in any order)

e written as arule: S = {n:n = 2r forl <r <10}

e shown in a Venn diagram.

The complement of S, written as S, is the set of all things NOT in S. In this example,
S ={1,3,5,7,9, 11, 13, 15, 17, 19}.

The complete set of objects being considered is called the universal set, &. It is represented by the rect-
angle in the Venn diagram, and is abbreviated with Greek letter & (pronounced ‘ksi’). In this example,
£=1{1,2,3,4,5,6,7,8,9,10,11,12,13, 14, 15,16, 17, 18,19, 20}.

Now consider a second set, 7, which is the set of numbers that are multiples of 3 between 1 and 20; that is,
T=1{3,6,9, 12, 15, 18}. The sets S and T can be combined in various ways.

13
¢ S LI
14

8 10
16

17 5 19 11

The union of S and 7 is all the elements in either S or 7 or both. It is shown as follows.

17 5 19 11
SuT=1{2,3,4,6,8,9,10,12,14, 15,16, 18,20}

2 Jacaranda Maths Quest 11 Specialist Mathematics Units 1 & 2 for Queensland



The intersection of S and 7 is all the elements that are in both S and 7.

17 5 19 11
SNT=1{6,12,18}

1.2.2 The inclusion-exclusion principle

Continuing the example from subsection 1.2.1, we have the two sets S = {2, 4, 6, 8, 10, 12, 14, 16, 18, 20}
and T = {3, 6,9, 12, 15, 18}. If we find the number of elements in the two sets, we obtain n (S) = 10 and
n(T)=6.

In general, for two sets Sand 7, n(SU T) = n(S) + n(T) — n(SN T).

This is known as the inclusion—exclusion principle.

n(S U 7T) is the number of elements in the union of § and T (i.e. the number of elements in S or T or both).
This is equal to n(S) (the number of elements in S) plus n(7) (the number of elements in 7) minus n(S N 7)
(the number of elements in both § and 7, as these have already been counted in sets S and 7).

For our example above:

nSu=nS)+n)—nlSnT)
n(§)=10,n(1)=6,n(SNT)=3

So, n(S U T) = 13, which can be confirmed by counting all the elements which occur in S, T or both.

If three sets are involved, the inclusion—exclusion principle becomes:

n(SUTUR)=nS)+n(T)+nR)—nSNnT)—n(TnR)—n(SNR)+n(SNTNR)

An example of the inclusion—exclusion principle with three sets is shown in Worked example 1.

WORKED EXAMPLE 1

Let R be the set of natural numbers between 15 and 30 inclusive that are divisible by 2.
Let S be the set of natural numbers between 15 and 30 inclusive that are divisible by 3.
Let T be the set of natural numbers between 15 and 30 inclusive that are divisible by 5.
a. Construct a Venn diagram to represent R, S and 7.

b. Use this diagram to evaluate n(R U S U T).

c. Recall the inclusion—exclusion principle to compute n(R U S U T).

CHAPTER 1 Permutations and combinations 3



THINK

a. 1. R is the set of natural numbers between
15 and 30 divisible by 2, so:
R = {16, 18, 20, ... 30}

2. S is the set of natural numbers between
15 and 30 divisible by 3, so:
S = {15, 18, 21, 24, 27, 30}
R N S are the numbers which occur in
both S and R, so:
RN S = {18, 24, 30}

3. T is the set of natural numbers between
15 and 30 divisible by 5, so:
T = {15, 20, 25, 30}
RN T=1{20, 30}
SNnT={15, 30}
RNSNT= {30}

b. n(R U S UT) is the number of elements in
sets R, S and 7. Count the number of
elements within each portion of each
circle.

c. 1. Recall the inclusion-exclusion principle
formula.

2. The number of elements in each set can
be substituted into the formula.

nRUSUT) =4+2+1+2+1+1+1
=12

nSUTUR) =n(S)+n(T) +n(R) —nSNT)
—n(TNR)—n(SNR)+nSNTNR)
nSUTUR)=6+4+8-2-2-3+1
=12
This agrees with the calculation from the Venn
diagram in part b.
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1.2.3 Types of counting techniques

Counting techniques allow us to determine the number of ways an activity can occur. This in turn allows us
to calculate the probability of an event. Recall from your earlier probability studies that the probability of
event A, P(A), can be determined by counting the number of elements in A and dividing by the total number
in the sample space, &, according to the formula

Py = A

n (&)

Different types of counting techniques are employed depending on whether order is important. When order
is important, this is called an arrangement or a permutation; when it is not important, it is called a selection
or a combination. Permutations and combinations are defined more formally in sections 1.3 and 1.5.

1.2.4 The addition and multiplication principles

To count the number of ways in which an activity can occur, first make a list. Let each outcome be represented
by a letter and then systematically list all the possibilities.

Consider the following question:

In driving from Brisbane to Rockhampton I can take any one of 4 different roads and in driving from
Rockhampton to Townsville there are 3 different roads I can take. How many different routes can I take in
driving from Brisbane to Townsville?

To answer this, let R;, R,, R;, R, stand for the 4 roads from Brisbane to Rockhampton and T;, T,, T;
stand for the 3 roads from Rockhampton to Townsville.

Use the figure to systematically list the roads:

R]T], R1T2, R1T3
R2T1’ R2T2’ R2T3

Hence, there are 12 different ways I can drive from Brisbane to Townsville.

In the above example it can be argued logically that if there are 4 ways of getting from Brisbane to
Rockhampton and 3 ways of getting from Rockhampton to Townsville then there are 4 X 3 ways of getting
from Brisbane to Townsville.

This idea is formalised in the multiplication principle.

The multiplication principle should be used when there are operations or events (say, A and B), where one
event is followed by the other — that is, when order is important.

The multiplication principle:
If there are n ways of performing operation A and m ways of performing
operation B, then there are n X m ways of performing A and B in the order AB.

Note: In this case ‘and’ means to multiply.
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A useful technique for solving problems based on the multiplication principle is to use boxes. In the example
above we would write

1st 2nd

4 3

The value in the ‘1st’ column represents the number of ways the first operation — the trip from Brisbane
to Rockhampton — can be performed.

The value in the ‘2nd’ column stands for the number of ways the second operation — the trip from
Rockhampton to Townsville — can be performed.

To apply the multiplication principle you multiply the numbers in the lower row of boxes.

WORKED EXAMPLE 2

Two letters are to be chosen from the set of 5 letters. A, B, C, D and E, where order is important.
a. Recall how to list all the different ways that this may be done.

b. Use the multiplication principle to calculate the number of ways that this may be done.

c. Determine the probability the first letter will be a C.

THINK WRITE

a 1. Begin with A in first place and make a list of each a AB AC AD AE
of the possible pairs.

2. Make a list of each of the possible pairs with B in BA BC BD BE
the first position.

3. Make a list of each of the possible pairs with C in CA CB CD CE
the first position.

4. Make a list of each of the possible pairs with D in DA DB DC DE
the first position.

5. Make a list of each of the possible pairs with E in EA EB EC ED

the first position.
Note: AB and BA need to be listed separately as
order is important.

b The multiplication principle could have been used to b 5 4
determine the number of ordered pairs.

1. Rule up two boxes which represent the pair.

2. Write down the number of letters which may be
selected for the first box. That is, in first place any
of the 5 letters may be used.
3. Write down the number of letters which may be
selected for the second box. That is, in second
place, any of the 4 letters may be used.
Note: One less letter is used to avoid repetition.
4. Evaluate. 5 X 4 =20 ways
5. Answer the question. There are 20 ways in which 2 letters
may be selected from a group of 5
where order is important.
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n(A)

c 1. Recall the probability formula.The total numberin ¢ P(A) = ——
o n(é)
the set n(§) was determined in part b.
n(é) =20
2. Let A be the event that the pair starts with a C. ’ 1 ‘ ‘
Draw a table showing the requirement imposed by
the first letter to be C.
3. Complete the table. Once the first letter has been ’ 1 ‘ 4 ‘

completed, there are 4 choices for the second letter.
Use the multiplication principle to determine the
number of combinations starting with C.

4. Use the probability formula to answer the question.

There are 1 X 4 = 4 possible
combinations beginning with C.

So, n(A) = 4.
n(A)
LS n(é)
B 4
20
B 1
5

This is confirmed by examining the
answer to part a.

WORKED EXAMPLE 3

a. Use the multiplication principle to calculate how many ways an arrangement of 5 numbers

can be chosen from {1, 2, 3, 4, 5, 6}.
b. Determine the probability of the number ending with 4.

THINK

WRITE

a 1. Instead of listing all possibilities, draw 5 boxes to represent

the 5 numbers chosen.

Label each box on the top row as 1st, 2nd, 3rd, 4th and 5th.

Note: The word arrangement implies order is important.
2. Fill in each of the boxes showing the number of ways a

number may be chosen.

a. In the 1st box there are 6 choices for the first number.

Ist | 2nd | 3rd | 4th | 5th

b. In the 2nd box there are 5 choices for the second number

as 1 number has already been used.

c. In the 3rd box there are 4 choices for the third number
as 2 numbers have already been used.

d. Continue this process until each of the 5 boxes is filled.
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3. Use the multiplication principle as this is an ‘and’ No. of ways =6X5X4 X3 X2
situation. =720
4. Answer the question. An arrangement of 5 numbers
may be chosen 720 ways.
A
b. 1. Recall the probability formula. b. P(A) = n(A)
The total number of arrangements, n(§), was determined in (&)
part a. n(&) =720
2. Let A be the event j[hat the nulgber end§ with 4. Ist | 2nd | 3rd | 4th | 5th
Draw a table showing the requirement imposed by the last
letter to be 4. 1
3. Complete the table. Once t.he last number has I?een Ist | 2nd | 3rd | 4th | 5th
completed, there are 5 choices for the number in the first
position, 4 choices for the next number. Continue this 5 4 3 2 1

process until each of the 5 columns has been filled.
Use the multiplication principle to determine the number
of combinations ending with 4.

There are
SX4x3%x2x1 =120 possible
combinations ending with 4.
So, n(A) = 120.
n(A)
n(§)
_ 120
~ 720
1

6
This is confirmed by examining

4. Use the probability formula to answer the question. P(A) =

the answer to part a.

Now consider a different situation, one in which the two operations do not occur one after the other.

I am going to travel from Brisbane to either Sydney or Adelaide. There are 4 ways of travelling from
Brisbane to Sydney and 3 ways of travelling from Brisbane to Adelaide.

How many different ways can I travel to either Sydney or 1

1
Adelaide? PRI A

It can be seen from the figure that there are 4 + 3 = 7 ways of 5 ’ 0 S
N,

completing the journey. This idea is summarised in the addition
The addition principle should be used when two distinct operations or events occur in which one event is

principle.
not followed by another — that is, when the events are mutually exclusive.

The addition principle:
If there are n ways of performing operation A and m ways of performing
operation B, then there are n + m ways of performing A or B.

Note: In this case ‘or’ means to add.
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WORKED EXAMPLE 4

One or two letters are to be chosen from the set of 6 letters A, B, C, D, E, F. Assuming order is
important, use the multiplication principle and the addition principle to calculate:

a. the number of ways to choose 2 letters.
b. the number of ways to choose 1or 2 letters.

THINK

a 1. Determine the number of ways of choosing
1 letter.

2. Rule up two boxes for the first and second
letters.

3 Determine the number of ways of choosing
2 letters from 6.
In the 1st box there are 6 choices for the first
letter.
In the 2nd box there are 5 choices for the

second letter as 1 letter has already been used.

4. Use the multiplication principle (as this is an
‘and’ situation) to evaluate the number of
ways of choosing 2 letters from 6.

5. Answer the questions.

b 1. Determine the number of ways of choosing
1 or 2 letters from 6 letters. Use the addition
principle as this is an ‘or’ situation.

2. Answer the question.

WRITE

Number of ways of choosing 1 letter = 6.

1st | 2nd
6 5

Number of ways of choosing 2 letters
=6X5
=30

There are 30 ways of choosing 2 letters.

The number of ways of choosing 1 or 2
letters is 6 + 30 = 36.

There are 36 ways of choosing 1 or 2 letters

from 6.

The multiplication and addition principles can be used to count the number of elements in the union of
two or three sets in the same way as for one set. Remember, the multiplication principle is used with ‘and’
situations, and the addition principle is used with ‘or’ situations.

WORKED EXAMPLE 5

Oscar'’s cafe offers a choice of 3 starters, 9 main

courses and 4 desserts.

a. How many choices of 3-course meals (starter,
main, dessert) are available?

b. How many choices of starter and main course
meals are offered?

c. How many choices of meals comprising a main
course and dessert are offered?

d. How many choices of 2- or 3-course meals are
available (assuming that a main course is
always ordered)?

e. If one of the starter options is chicken wings and one of the mains is grilled fish, determine
the probability of choosing chicken wings and grilled fish in a 3-course meal.
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THINK

a 1.

Consider each course as separate sets and rule
up 3 boxes to represent each course — starter,
main, dessert. Label each box on the top row
as S, M and D.

. Determine the number of ways of choosing

each meal: starter = 3, main = 9,
dessert = 4.

. Use the multiplication principle (as this is an

‘and’ situation) to evaluate the number of
choices of 3-course meals.

. Answer the question.

. Rule up 2 boxes to represent each course —

starter, main. Label each box on the top row as
S and M.

. Determine the number of ways of choosing

each meal: starter = 3, main = 9.

. Use the multiplication principle (as this is an

‘and’ situation) to evaluate the number of
choices of starter and main courses.

. Answer the question.

. Rule up 2 boxes to represent each course —

main and dessert. Label each box on the top
row as M and D.

. Determine the number of ways of choosing

each meal: main = 9, dessert = 4.

. Use the multiplication principle (as this is an

‘and’ situation) to evaluate the number of
choices of main course and dessert.

. Answer the question.

. Determine the number of ways of choosing 2-

or 3-course meals, assuming that a main
course is always ordered.

Use the addition principle as this is an ‘or’
situation.

. Answer the question.

WRITE

a

S|M | D
31914

Number of choices =3 X9 x4
=108

There are 108 choices of 3-course meals.

b
S| M
319
Number of choices =3 X 9
=27
There are 27 choices of starter and main
course.
c
M| D
91 4

Number of choices = 9 x 4
=36

There are 36 choices of main course and
dessert.

d The number of ways of choosing
2- or 3-course meals, assuming that a main
course is always ordered, is:
108 + 27 4+ 36 = 171

There are 171 ways of choosing 2- or
3-course meals, assuming that a main
course is always ordered.
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n(A)

e 1. Recall the probability formula. PA) = —
The total number in the set n(£) was ()
determined in part a. n(§) =108

2. Let A be the event that the meal contains
chicken wings and grilled fish. S|M|D
Draw a table showing the requirement 111
imposed that the starter and main be these
2 dishes.
3. Complete the table — there are 4 dessert
options. Use the multiplication principle to S|[M|D
determine the number of combinations of the 11114
meal.
There are 1 X 1 X 4 = 4 possible
combinations for the meal.
So, n(A) = 4.
. n(A)
4. Use the probability formula to answer the P(A) = —
question. e
4
108
1
~ 27

The probability of choosing chicken wings
and grilled fish as part of the 3-course

meal is —.
27

study(T)

Set notation Summary screen and practice questions
Counting techniques Summary screen and practice questions

Exercise 1.2 Counting techniques

Technology free

1. [EZ1 Let R be the set of natural numbers between 30 and 45 inclusive that are divisible by 2.
Let S be the set of natural numbers between 30 and 45 inclusive that are divisible by 3.
Let T be the set of natural numbers between 30 and 45 inclusive that are divisible by 5.
a. Construct a Venn diagram to represent R, S and 7.
b. Use this diagram to evaluate n(RU S U 7).
c. Recall the inclusion—exclusion principle to compute n(RU S U 7).
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2. Recall the inclusion—exclusion principle to calculate the number of ez ” g
cards in a deck of 52 that are either red or even or a 4.

3. Student Services has the following data on Year 11 students and -a ‘-5_\:::' 5 X
their sport commitments: 4 "’,‘;:'-""'?;{7’"
* 18 play no sport. v ',-,5';;-‘:'?
e 16 play netball (and possibly other sports). ‘..:-%"
* 24 play football. A
e 20 are involved in a gym program. kg :"'w
* 7 play netball and football. _
* 6 play netball and are in the gym program. KW\
e 15 play football and are involved in the gym program. e .
-~ = —Fra

* 5 students do all three activities. =
How many students are there in Year 11?
4. I Two letters are to be chosen from A, B and C, where order is important.
a. Recall how to list all the different ways that this may be done.
b. Use multiplication principle to calculate the number of ways that this may be done.
c. Determine the probability the last letter will be a B.
5. List all the different arrangements possible for a group of 2 colours to be chosen from B (blue),
G (green), Y (yellow) and R (red).
6. List all the different arrangements possible for a group of 3 letters to be chosen from A, B and C.
7. a. [fIE Use the multiplication principle to calculate how many ways can an arrangement of 2 letters be
chosen from A, B, C, D, E, F and G?
In how many ways can an arrangement of 3 letters be chosen from 7 different letters?
In how many ways can an arrangement of 4 letters be chosen from 7 different letters?
How many different arrangements of 5 letters can be made from 7 letters?
Determine the probability of the letters starting with an E.
A teddy bear’s wardrobe consists of 3 different hats, 4 different shirts and 2 different trousers. How
many different outfits can the teddy bear wear?
b. A surfboard is to have 1 colour on its top and a different colour on its bottom. The 3 possible colours
are red, blue and green. In how many different ways can the surfboard be coloured?
c. A new phone comes with a choice of 3 cases, 2 different sized screens and 2 different storage
capacities. With these choices, determine how many different arrangements are possible.
d. Messages can be sent by placing 3 different coloured flags in order on a pole. If the flags come in
4 colours, determine how many different messages can be sent.
9. a. [fIZY One or 2 letters are to be chosen in order from the letters
A, B, C, D, E, F and G. Use the multiplication principle and the
addition principle to calculate the number of ways can this be done.

P O 2o T

b. Two or 3 letters are to be chosen in order from the letters A, B, C, D,
E, F and G. In how many ways can this be done?

10. Manish is in a race with 7 other runners. If we are concerned only with
the first, second and third placings, in how many ways can Manish finish
first or second or third?

11. [[IE Hani and Mary’s restaurant offers its patrons a choice of 4 entrees,
10 main courses and 5 desserts.

a. How many choices of 3-course meals (entree, main, dessert)
are available?
b. How many choices of entree and main course are offered?
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12.

13.

14.

c. How many choices of meals comprising a main course and dessert are offered?

d. How many choices of 2- or 3-course meals are available (assuming that a main course is always
ordered)?

e. Determine the probability of choosing vegetable soup for entree and roast for main in a 3-course
meals.

Jake is able to choose his work outfits from the following items of clothing: 3 jackets, 7 shirts, 6 ties, 5

pairs of trousers, 7 pairs of socks and 3 pairs of shoes.

a. Calculate how many different outfits are possible if he wears one of each of the above items. (He
wears matching socks and matching shoes.)

b. If Jake has the option of wearing a jacket or not, but he must wear one of each of the above items,
determine how many different outfits are possible. Justify your answer.

IId There are 12 people on the committee at the local football club. In how many ways can a president

and a secretary be chosen from this committee?

A. 2 B. 23 C. 132 D. 144

Il A TV station runs a cricket competition called Classic Catches. Six catches, A to F, are chosen and

viewers are asked to rank them in the same order as the judges. The number of ways in which the six

catches can be ranked:

Al B. 6 c. 30 D. 720

Technology active

15.

16.

17.

18.

19.

20.

The local soccer team sells ‘doubles’ at each of their games to raise money. A ‘double’ is a card with 2
digits on it representing the score at full time. The card with the actual full time score on it wins a prize.
If the digits on the cards run from 00 to 99, how many different tickets are there?
Jasmin has a phone that has a 4-digit security code. She remembers that the first
number in the code was 9 and that the others were 3, 4 and 7 but

forgets the order of the last 3 digits. How many different trials

must she make to be sure of unlocking the phone?

Julia has a banking app that has two 4-digit codes. She remembers
that she used the digits 1, 3, 5 and 7 on the first code and 2, 4, 6 and 8
on the second code, but cannot remember the order. What is

the maximum number of trials she would need to make before she has
opened both codes? (Assume that she can try an unlimited number of
times and once the first code is correct, she can try the second code.)
How many different 4-digit numbers can be made from the

numbers 1, 3, 5 and 7 if the numbers can be repeated (that

is 3355 and 7777 are valid)?

How many 4-digit numbers can be made from the numbers

1, 3,5, 7, 9 and 0 if the numbers can be repeated?

(Remember — a number cannot start with 0.)

A combination lock has 3 digits each from 0 to 9.

a. How many combinations are possible?
The lock mechanism becomes loose and will open if the
digits are within one either side of the correct digit.
For example if the true combination is 382 then the
lock will open on 271, 272, 371, 493 and so on.

b. How many combinations would unlock the safe?

c. List the possible combinations that would open the
lock if the true combination is 382.
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1.3 Factorials and permutations
1.3.1 Factorials

The Physical Education department is to display 5 new trophies along a shelf in the school foyer and wishes
to know in how many ways this can be done.
Using the multiplication principle from the previous section, the display may be done in the following way:

Position 1 Position 2 Position 3 Position 4 Position 5

5 4 3 2 1

That is, there are 5 X 4 X 3 X 2 X 1 = 120 ways.
Depending on the number of items we have, this method could become quite time consuming.
In general when we need to multiply each of the integers from a particular number, n, down to 1, we write
n!, which is read as n factorial.
Hence:
6!=6X5X4x3x2x1

=720
I =8X7TX6X5%x4x3x2x1

=40320

nl=nxXm—-1)Xn-2)X(n—-3)X...x3x2x1

The number of ways n distinct objects may be arranged is n!(n factorial) where:

nl=nXm—-1)Xm—-2)Xxm—3)x...x3x2x1
That is, n! is the product of each of the integers from n down to 1.
A special case of the factorial function is: 0! = 1.

WORKED EXAMPLE 6

Evaluate the following factorials.

8! (n—1)
7 b. 13! & d.
. ) n—3)!
THINK WRITE

a. 1. Write 7! in its expanded formand a. 7! =7 X 6XxX5x4 x3x2x 1
evaluate. = 5040

2. Verify the answer obtained using
the factorial function on a

calculator.
b.1. Write 13! in its expanded form b. 13! =13X 12X 11 X1I0X9X8XTX6X5X4Xx3x2xX1
and evaluate. = 6227020800
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2. Verify the answer obtained using
the factorial function on a
calculator.

c. 1. Write each factorial term in its c
expanded form.
2. Cancel down like terms.
3. Evaluate.

4. Verify the answer obtained using
the factorial function on a

.a—

81 8XTX6X5X4X3X2X1

S5Xx4x3x2x1

=8XT7X6
= 336

calculator.
- 1) —D(n-2)1n- —4)x ... 2x%x1
d. 1. Write each factorial term in its d. (n ;)’ = (n ) 3)(n i)(: 3:; » 2X 31X x
expanded form. (n=3)! (=3 =D x... x
2. Cancel like terms. =n-1)n-2)
TI| THINK WRITE CASIO | THINK

c.1. On a Calculator page,
complete the entry line as:
8!
51
then press ENTER.
Note: The factorial symbol
can be found by pressing

CTRL, then the Catalogue
button.

- =336

2. The answer appears on the
screen.

c.1. On a Run-Matrix screen,
complete the entry line as:
8!
31
then press EXE.
Note: To find the factorial
symbol, press OPTN, then
press F6, and then select
PROB and x! by pressing F3,
then F1.

!
2. The answer appears on the 2— =336

screen.

In parts c and d of Worked example 6, there was no need to fully expand each factorial term.

!
The factorial % could have first been simplified to

(n—1)!

The factorial ———
e factoria =3

cancelled.

1.3.2 Permutations

8XTX6x%S5!

5] and then the 5! terms cancelled.

(n—1)(n—2)n—3)!

could have first been simplified to and then the (n — 3)! terms

(n—=23)!

The term permutation is often used instead of the term arrangement, and in this section we begin by giving a

formal definition of permutation.

Previously, we learned that if you select 3 letters from 7 where order is important, the number of possible

arrangement is:

1st

2nd

3rd
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The number of arrangements =7 X 6 X 5
=210
TX6x5x4! 7!
4! 4!
Using more formal terminology we say that in choosing 3 things from 7 things where order is important, the
number of permutations is 'P3 = 7 X 6 X 5. The letter P is used to remind us that we are finding permutations.

This value may also be expressed in factorial form: 7 X 6 X 5 =

The number of ways of choosing r things from n distinct things is given by the rule:

"P.=nxm—1)X..xXm—r+1)

_nx(n—l)x...x(n—r+1)(n—r)!
- (n—r)!

np — n!
" (m—=r)

The definition of "P, may be extended to the cases of "P, and "P,,.
"P, represents the number of ways of choosing n objects from n distinct things.

"P,o=nX(n—-1)Xn-2)X..X(n—-—n+1)
=nXn—-1)Xxm-2)x..x1
=n!

From the definition:
— n!
" (n—-n)!

n!

0!

!
Therefore, equating both sides, we obtain: n! = n_'

This can occur only if 0! = 1.

The two special cases are:
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WORKED EXAMPLE 7

a. Calculate the number of permutations for °P, by expressing it in expanded form.
b. Write °P; as a quotient of factorials and hence evaluate.

THINK WRITE
a. 1. Write down the first 4 terms beginning with 6. a. P, =6x5x4x%x3
2. Evaluate. = 360
: n!
b.1. Recall the rule for permutations. b. "P, = ( Y
n—r)!
. . . 8 8!
2. Substitute the given values of n and r into the P; = W
permutation formula. '
8!
"~ 5!
40320
3. Use a calculator to evaluate 8! and 5! =0
4. Evaluate. = 336
TI | THINK WRITE CASIO | THINK
a.1. On a Calculator page, press K a.1. On a Run-Matrix screen,
MENU, then select: apr{6.4) %0 press OPTN, then F6.
5: Probability I Select PROB by pressing
2: Permutations. F3, then select nPr by
Complete the entry line as: pressing F2. Complete
nPr (6, 4) the entry line as:
then press ENTER. 6P4
then press EXE.
2. The answer appears on the  °P, = 360 2. The answer appears ®p, =360
screen. on the screen.

WORKED EXAMPLE 8

The netball club needs to appoint a president, secretary and treasurer. From the committee

7 people have volunteered for these positions. Each of the 7 nominees is happy to fill any one of the

3 positions.

a. Determine how many different ways these positions can be filled.

b. For three years, the same 7 people volunteer for these positions. Determine the probability one
of them is president 3 years in a row.

THINK WRITE
|
a. 1. Recall the rule for permutations. a. P, = ( e Y
Note: Order is important, so use n=r
permutations.
. . . 7!
2. Substitute the given values of n and r into the Py = W
permutation formula. '
7!
Y >

CHAPTER 1 Permutations and combinations 17



3. Use a calculator to evaluate 7! and 4!

4. Evaluate.
5. Answer the question.

b. 1. In three years of the president’s position,
each year this could be awarded to one of the
7 people.

2. Let A be the event that the same person fills
the position three years in a row.

3. Calculate the probability that the same
person fills the president’s position three
years in a row.

5040
24
=210
There are 210 different ways of filling the
positions of president, secretary and

treasurer.

77| 7

The total number of ways the president’s
position could be filled is 7 X 7 X 7.
&) =7x7x7

=343
There are 7 choices of the same person to fill
the positions three years in a row.

n(A) =17.
n(A)
S n(é)
- 7
O TIXTXT
- 1
T 49

The probability that one of the 7 volunteers,

fills the president’s position three years in a
1

row 18 —

49°

1.3.3 Arrangements in a circle

Consider this problem: In how many different ways can 7 people be seated, 4 at a time, on a bench?

By now you should quickly see the answer: 'P, = 840.

Let us change the problem slightly: In how many different ways can 7 people be seated, 4 at a time, at a

circular table?

The solution must recognise that when people are seated on a bench, each of the

following represents a different arrangement:
ABCD BCDA CDAB

DABC

However, when sitting in a circle, each represents the same arrangement. It is
important to note that in a circle arrangement we do not consider positions on the
circle as different — it does not matter where the circle starts.

In each case B has A on the left and C on the right.

© &)
OO

® ©

© &
OO

<, ©

We conclude that the number "P, gives 4 times the number of arrangements of

7

7 people in a circle 4 at a time. Therefore, the number of arrangements is % =210.

In general, the number of different ways n objects can be arranged, r at a time, in a circle is:

nPr
r
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WORKED EXAMPLE 9

a. By recalling the appropriate formula,
give an expression for the number of
different arrangements if, from a group
of 8 people, 5 are to be seated at a round
table.

b. Evaluate this expression.

c. Each table receives one lucky door prize
and one lucky seat prize. Determine the
probability of the same person at one
table winning both.

THINK WRITE
. "P,
a. 1. Write down the rule for the number of a. —
arrangements in a circle. g
8
P
2. Substitute the given values of »n and r into the =
formula.
3. Answer the question. The number of ways of seating 5 people
from a group of 8 people at a round table is
. . °Ps
given by the expression —.
6720 )
b.1. Use a calculator to evaluate 8P5. b. 8P5 = 5
2. Evaluate. = 1344
3. Answer the question. The number of ways of seating 5 from a

group of 8 people at a round table is 1344.

c. 1. There are 2 prizes, and each prize canbe won c.| 5 | 5

by any one of the 5 people. .
The total number of ways the prizes could
be won is 5 X 5.
n) =5x5
=25
2. Let A be the event that the same person wins There are 5 choices of the same person to
both prizes. win both prizes.
n(A) =5
- n(A)
3. Calculate the probability that the same person PA) = —
: n(é)
wins both. 5
T 5x5
1
5

The probability of the same person winning

both prizes is 5
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1| Resources

Digital document: SkillSHEET Calculating "P, (doc-26824)
Digital document: SpreadSHEET Permutations (doc-26825)

study(T)

Factorials Summary screen and practice questions

Exercise 1.3 Factorials and permutations

Technology free

1. Recall the definition of n! and write each of the following in expanded form.

a. 4! b. 5! c. 6! d. 7!
2. [ Evaluate the following factorials.
| ! ! !
a. 9— b. & C. 7— d. 6—
5! 4! 3! 0!
3. [ Evaluate the following factorials.
n! (n+3)! (n—-3)! (n—2)!
R — b. —— c. d ——
(n—=>5") (n+ 1! n! (n+2)!

Technology active
4. [EEZX] Evaluate the following factorials.

a. 4! b. 5! c. 6! d. 10!
e. 14! f. 9! g 7! h. 3!
5. Calculate each of the following by expressing it in expanded form.
a. %P, b. "Ps c. %p,
6. Write each of the following as a quotient of factorials and hence evaluate.

a. °P; b. °P, c. Bp,
7. Use your calculator to determine the value of:

20 800 18
a. “Pg b. P, c. °Ps

(o]

either of the two positions.
a. In how many different ways can these positions be filled?

. EIEA A soccer club will appoint a president and a vice-president. Eight people have volunteered for

b. For three years the same 8 people volunteered for these positions. What is the probability one of

them is president for both years?

9. There are 26 players in an online game. How many different results for 1st, 2nd, 3rd and 4th can occur?
10. A rowing crew consists of 4 rowers who sit in a definite order. How many different crews are possible if

5 people try out for selection?
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11.

12.

13.

14.

15.

16.

17.

18.

19.

:

The school musical needs a producer, director,
musical director and script coach. Nine people
have volunteered for any of these positions. In
how many different ways can the positions be

filled? (Note: One person cannot take on more
than 1 position.)

There are 14 swimmers in a race. In how many different ways can the 1st, 2nd and 3rd positions

be filled?

K a. By recalling the appropriate formula, give an expression for the number of different

arrangements if, from a group of 15 people, 4 are to be seated at a round table.

b. Evaluate this expression.

c. Each table receives a lucky door prize, a lucky seat prize and a best-dressed prize. Determine the
probability of the same person at one table winning all 3 prizes.

A round table seats 6 people. From a group of 8 people, give an expression for, and hence calculate, the

number of ways 6 people can be seated at the table.

At a dinner party for 10 people all the guests
were seated at a circular table. How many
different arrangements were possible?

At one stage in the court of Camelot, King
Arthur and 12 knights would sit at the

round table. If each person could sit
anywhere determine how many different
arrangements were possible.

@ Which one of the following permutations cannot be calculated?

A. 1% 4 B. 'Py c. ®pg D. *Pg

@ The result of 100! is greater than 94!.

Which of the following gives the best comparison between these two numbers?

A. 100! is 6 more than 94! B. 100! is 6 times bigger than 94!

C. 100! is about 10000 more than 94! D. 100! is 'P times bigger than 94!

In how many ways can the letters of the word TODAY be arranged if they are used once only and taken:
a. 3 atatime? b. 4 at a time? c. 5atatime?

Show your answers in the form "P, and then evaluate.

4 Permutations with restrictions

1.4.1 Like objects

A 5-letter word is to be made from 3 As and 2 Bs. How many different permutations or arrangements can be
made?

If the 5 letters were all different, it would be easy to calculate the number of arrangements. It would be
5!'= 120. Perhaps you can see that when letters are repeated, the number of different arrangements will be
less than 120. To analyse the situation let us imagine that we can distinguish one A from another. We will
write Aj, A,, A;, B, and B, to represent the 5 letters.
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As we list some of the possible arrangements we notice that some are actually the same, as shown in the

table.

AAB1A3B, A1ABrA3B, Each of these 12 arrangements is
AA3B1AB, A1A3B,AB, the same — AABAB — if
A2A1B1A3B2 A2A1B2A3B1 A] = A2 = A3 and B] = Bz.
AyA3B1A 1B A2A3B2A 1B

A3;A1B1AB, As3A1B>A;B,

A3A2B1A 1B, A3AB2A 1B

B,AA;BA; B1A1A;ByA; Each of these 12 arrangements is
B2A1A3B1A2 B1A1A3B2A2 the same — BAABA —if
B2A2A1B1A3 B1A2A1B2A3 A1 = A2 = A3 and B] = Bz.
B2A2A3B1A] B1A2A3ByA

B2A3A1B1A> B1A3A 1B A,

B,A3;A>B 1A B1A3A,BA

The number of repetitions is 3! for the As and 2! for the Bs. Thus, the number of different arrangements

in choosing 5 letters from 3 As and 2 Bs is 5—
31 x 2!

The number of different ways of arranging n objects made up of groups of indistinguishable objects,
n, in the first group, n, in the second group and so on, is:

n!
() '’
nnyng!...n!

Note: If there are elements of the group which are not duplicated, then they can be considered as a group of
1. It is not usual to divide by 1!; it is more common to show only those groups which have duplications.

WORKED EXAMPLE 10

Determine how many different permutations of 7 counters can be made from 4 black and 3 white
counters.

THINK WRITE

1. Write down the total number of counters. There are 7 counters in all; therefore, n = 7.
2. Write down the number of times any of the

coloured counters are repeated.

There are 3 white counters; therefore, n; = 3.

There are 4 black counters; therefore, n, = 4.

[
3. Write down the rule for arranging groups i

| | | |-
of like things. AN

7!
31 x4!
_7><6><5><4><3><2><1
T3x2X1x4x3x2x1

_7><6><5

6
=135

4. Substitute the values of n, n; and n, into
the rule.

5. Expand each of the factorials.

6. Simplify the fraction.

7. Evaluate.
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8. Answer the question.

Thirty-five different arrangements can be made
from 7 counters, of which 3 are white and 4 are
black.

1.4.2 Restrictions

Sometimes restrictions are introduced so that a smaller number of objects from the original group need to be

considered. This results in limiting the numbers of

WORKED EXAMPLE 11

A rowing crew of 4 rowers is to be selected, in
from the first seat to the fourth seat, from
8 candidates. Determine how many different
arrangements are possible if:

a. there are no restrictions

b. Jason or Kris must row in the first seat

c. Jason must be in the crew, but he can row

anywhere in the boat
d. Jason is not in the crew.

possible permutations.

order

THINK WRITE
!
a. 1. Write down the permutation formula. a. "P, = 1 ‘
Note: 4 rowers are to be selected from (n=n)!
8 and the order is important.
!
2. Substitute the given values of n and r p, = g 8'4 '
into the permutation formula. il
8!
T4
3. Expand the factorials or use a calculator = 8§ X7 X Z AR j X ? x2x 1
to evaluate 8! and 4!. —8 %7 ><6>><<gx x
4. Evaluate. = 1680

5. Answer the question.

b. 1.
two events will follow each other; that
is, Jason will fill the first seat and the
remaining 3 seats will be filled in
7 X 6 X 5 ways or Kris will fill the first
seat and the remaining 3 seats will be

filled in 7 X 6 X 5 ways.
J17]165

or

K|7]6]|5

Apply the multiplication principle since  b.

There are 1680 ways of arranging 4 rowers from
a group of 8.

No. of arrangements

= no. of ways of filling the first seat X no. of
ways of filling the remaining 3 seats.

=2X"P,
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2. Substitute the values of n and r into the =2x P,

formula and evaluate. =2x210
=420
3. Answer the question. There are 420 ways of arranging the 4 rowers if

Jason or Kris must row in the first seat.

c. 1. Apply the addition principle, since Jason c. No. of arrangements

must be in either the first, second, third = no. of arrangements with Jason in seat 1
or fourth seat. The remaining 3 seats will + No. of arrangements with Jason in seat 2
be filled in 7 X 6 X 5 ways each time. + No. of arrangements with Jason in seat 3

+ No. of arrangements with Jason in seat 4.
J1716|5(+|7|J]6]|5

716|J|5|+|7,6|5]]

2. Substitute the values of n and r into the No. of arrangements
formula. =1x Py +1xP;+1x"P;+1x P,
=4x'p,
=4x210
3. Evaluate. = 840
4. Answer the question. There are 840 ways of arranging the 4 rowers if
Jason must be in the crew of 4.
d. As Jason is not in the crew, there are d. P, = L
. (7 — 4)!
only 7 candidates. Four rowers are 7
to be chosen from 7 and order is = 5
important. '
_7TX6X5X4x3x2x1
B 3x2x1
=7X6X5x%x4
= 840

There are 840 ways of arranging the crew when
Jason is not included.

WORKED EXAMPLE 12

a. Calculate the number of permutations of the letters in the word COUNTER.
b. In how many of these do the letters C and N appear side by side?

c. In how many permutations do the letters C and N appear apart?

d. Determine the probability of the letters C and N appearing side by side.

THINK WRITE

a. 1. Count the number of letters in the given a. There are 7 letters in the word COUNTER.
word.

2. Determine the number of ways the 7 letters The 7 letters may be arranged 7! = 5040 ways.
may be arranged.
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. Answer the question.

. Imagine the C and N are ‘tied’ together
and are therefore considered as 1 unit.
Determine the number of ways C and N
may be arranged: CN and NC.

. Determine the number of ways 6 things
can be arranged.

Note: There are now 6 letters: the ‘CN’
unit along with O, U, T, E and R.

. Determine the number of permutations in
which the letters C and N appear together.

. Answer the question.

. Determine the total number of
arrangements of the 7 letters.

. Write down the number of arrangements in
which the letters C and N appear together,
as obtained in a.

. Determine the difference between the
values obtained in steps 1 and 2.

Note: The number of arrangements in
which C and N are apart is the total
number of arrangements less the number
of times they are together.

. Answer the question.
. Recall the probability formula.

. State the number of elements in the set &,
that is n(¢).

. Determine the number of elements in the
set A, that is the number of arrangements
in which the letters C and N appear side
by side.

. Calculate the answer.

There are 5040 permutations of letters in the
word COUNTER.

. Let C and N represent 1 unit.

They may be arranged 2! = 2 ways.

Six things may be arranged 6! = 720 ways.

The number of permutations = 2 X 6!
=2x720
= 1440
There are 1440 permutations in which the
letters C and N appear together.

. Total number of arrangements = 7!

= 5040
Arrangements with C and N together = 1440

The number of arrangements = 5040 — 1440
= 3600

The letters C and N appear apart 3600 times.
n(é)

. P(A) = —=

n(A)
From part a, there are 5040 permutations of
letters in the word COUNTER.
n(&) = 5040
From part b, there are 1440 permutations in
which the letters C and N appear side by side.
n(A) = 1440

n)
n(g)
1440
5040

P(A) =

The probability of the letters C and N
2
appearing side by side is =
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WORKED EXAMPLE 13

Consider the two words ‘PARALLEL’ and ‘LINES’.

a. How many arrangements of the letters of the word LINES have the vowels grouped together?
b. How many arrangements of the letters of the word LINES have the vowels separated?

c. How many arrangements of the letters of the word PARALLEL are possible?

d. Determine the probability that in a randomly chosen arrangement of the word PARALLEL,

the letters A are together.

THINK
a. 1. Group the required letters together.

2. Arrange the unit of letters together with
the remaining letters.

3. Use the multiplication principle to allow
for any internal rearrangements.

b. 1. State the method of approach to the
problem.

2. State the total number of arrangements.

3. Calculate the answer.

c. 1. Count the letters, stating any identical
letters.

|
L and state the
n ! AN coa

number of distinct arrangements.

2. Recall the rule

3. Calculate the answer.

d. 1. State the number of elements in the
sample space.

2. Group the required letters together.

WRITE

a. There are two vowels in the word LINES. Treat

these letters, I and E, as one unit.

Now there are four groups to arrange: (IE), L, N,
S. These arrange in 4! ways.

The unit (IE) can internally rearrange in 2! ways.
Hence, the total number of arrangements is:
4!x21=24 %2

=48

. The number of arrangements with the vowels

separated is equal to the total number of
arrangements minus the number of arrangements
with the vowels together.

The five letters of the word LINES can be
arranged in 5! = 120 ways.

From part a, there are 48 arrangements with the
two vowels together. Therefore, there are

120 — 48 = 72 arrangements in which the two
vowels are separated.

The word PARALLEL contains 8 letters of which
there are 2 As and 3 Ls.

2! x 3!
PARALLEL.
8]  8XTX6x5x¥% x 3
20 x3! 2 x 3
= 3360
There are 3360 arrangements.

There are arrangements of the word

. There are 3360 total arrangements of the word

8!
2! x3!°
For the letters A to be together, treat these two
letters as one unit. This creates seven groups:
(AA),P,R, L, L, E, L, of which three are
identical Ls.

PARALLEL, s0 1 (£) = 3360 or
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!
3. Calculate the number of elements in the The seven groups arrange in 5 ways. As the unit

event. (AA) contains two identical letters, there are no

distinct internal rearrangements of this unit that
. 7! .
need to be taken into account. Hence, el 18 the

number of elements in the event.

4. Calculate the required probability. The probability that the As are together

Note: It helps to use factorial notation in number of arrangements with the As together
the calculations. -

total number of arrangements
7! . 8!
317 21x3!
7! 21x3!
— X
31 8 x 7!

A= ool

study(T)
[ Units 182 > Area1 ) Sequence1 > Concept4 2

Permutations Summary screen and practice questions

Exercise 1.4 Permutations with restrictions

Technology active

1.

®

Recall the appropriate formula and calculate the number of different arrangements can be made using
the 6 letters of the word NEWTON, assuming:

a. the first N is distinct from the second N

b. there is no distinction between the 2 Ns.

How many different permutations can be made using the 11 letters of the word ABRACADABRA?
EZT Determine how many different arrangements of 5 counters can be made using 3 red and 2 blue
counters.

Determine how many different arrangements of 9 counters can be made using 4 black, 3 red and 2 blue
counters.

A collection of 12 books is to be arranged on a shelf.
The books consist of 3 copies of Great Expectations,

5 copies of Catcher in the Rye and 4 copies of Huntin’,
Fishin’ and Shootin’. How many different arrangements
of these books are possible?
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6. A shelf holding 24 cans of dog food is to be stacked using 9 cans of Yummy and 15 cans of Ruff for
Dogs. Determine how many different ways the shelf can be stocked.
7. IZE A cricket team of 11 players is to be selected, in batting order, from 15. Determine how many
different arrangements are possible if:
a. there are no restrictions
b. Arjun must be in the team at number 1
c. Arjun must be in the team but he can be anywhere from 1 to 11
d. Arjun is not in the team.
8. The Student Council needs to fill the positions of president, secretary and treasurer from 6 candidates.
Each candidate can fill only one of the positions. Determine how many ways can this be done if:
a. there are no restrictions b. Tan must be secretary
c. Tan must have one of the 3 positions d. Tan is not in any of the positions.
9. The starting 5 in a basketball team is to be picked, in order, from the 10 players in the squad. Determine
how many ways can this be done if:
a. there are no restrictions
b. Jamahl needs to be player number 5
c. Jamahl and Anfernee must be in the first 5 players (starting 5)
d. Jamahl is not in the team.
10. [fZH a. Calculate the number of permutations of the letters in the word MATHS.
b. In how many of these do the letters M and A appear together?
c. In how many permutations do the letters M and A appear apart?
d. Determine the probability of the letters M and A appearing apart.
11. A rowing team of 4 rowers is to be selected in order from
8 rowers.
a. In how many different ways can this be done?
b. In how many of these ways do 2 rowers, Jane and Lee,
sit together in the boat?
c. In how many ways can the crew be formed without
using Jane or Lee?
d. In how many ways can the crew be formed if it does
not contain Jane?
12. A decathlon has 12 runners.
a. In how many ways can 1st, 2nd and 3rd be filled?
b. In how many ways can 1st, 2nd and 3rd be filled if Najim finishes first?
13. [lIZE Consider the words SIMULTANEOUS and EQUATIONS.
a. How many arrangements of the letters of the word EQUATIONS have the letters Q and U grouped
together.
b. How many arrangements of the letters of the word EQUATIONS have the letters Q and U separated?
How many arrangements of the letters of the word SIMULTANEOUS are possible?
Determine the probability that in a randomly chosen arrangement of the word SIMULTANEOUS,
both the letters U are together.
14. I If the answer is 10, which of the following options best matches this answer?
. The number of ways 1st and 2nd can occur in a race with 5 entrants
. The number of distinct arrangements of the letters in NANNA
. The number of permutations of the letters in POCKET where P and O are together
. p, +p,

e o0

A
B
(&
D
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15. 9 If the answer is 480, which of the following options best matches this answer?
A. The number of ways 1st and 2nd can occur in a race with 5 entrants
B. The number of distinct arrangements of the letters in NANNA
C. The number of permutations of the letters in POCKET where P and O are apart
p. %P, =+ %P,
16. The clue in a crossword puzzle says that a particular answer is an anagram of STOREY. An anagram is
another word that can be obtained by rearranging the letters of the given word.
a. Determine the number of possible arrangements of the letters of STOREY.
b. The other words in the crossword puzzle indicate that the correct answer is O__T__.How many
arrangements are now possible? Can you see the word?

1.5 Combinations
1.5.1 When order does not matter

A group of things chosen from a larger group where order is not important is called a combination. In previous
sections we performed calculations of the number of ways a task could be done where order is important —
permutations or arrangements. We now examine situations where order does not matter.

Suppose 5 people have nominated for a committee consisting of 3 members. It does not matter in what
order the candidates are placed on the committee, it matters only whether they are there or not. If order was
important we know there would be P3, or 60, ways in which this could be done. Here are the possibilities:

ABC ACB BAC BCA CAB CBA a
ABD ADB BAD BDA DAB DBA
ABE AEB BAE BEA EAB ABA
ACE AEC CAE CEA EAC ECA
ACD ADC CAD CDA DAC DCA
ADE AED DAE DEA EAD EDA
BCD BDC CBD CDB DBC DCB
BCE BEC CBE CEB EBC ECB
BDE BED DBE DEB EBD EDB
CDE CED DCE DEC ECD EDC

The 60 arrangements are different only if we take order into account; that is, ABC is different from CAB
and so on. You will notice in this table that there are 10 distinct committees corresponding to the 10 distinct
rows. Each row merely repeats, in a different order, the committee in the first column. This result (10 distinct
committees) can be arrived at logically:

1. There are °P3 ways of choosing or selecting 3 from 5 in order.
2. Each choice of 3 is repeated 3! times.
3. The number of distinct selections or combinations is °P5 + 3! = 10.

This leads to the general rule of selecting r objects from n objects.

The number of ways of choosing or selecting r objects from n distinct objects, where order is not
important, is given by "C,:
nC = nPr
r!

r

C is used to represent combinations.
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WORKED EXAMPLE 14

Write these combinations as statements involving permutations, then calculate them.

a.’C, b. 2C,

THINK WRITE
nPr
a. 1. Recall the rule for "C,. a. "C, = '
7!
p
2. Substitute the given values of n and r into the 'c, = 2—'2
combination formula.
7
3. Simplify the fraction. = (;_")
= g =)
L
51721
_7X6Xx5!
S 5Ix2x1
7 X6
4. Evaluate. ==
.
-2
=21
"P
b.1. Write down the rule for "C,.. b. "C, = ‘r
7!
ZOP
2. Substitute the values of n and r into the formula. ¢, = 3—‘3
Gl
3. Simplify the fraction. = 137"
20!
= -13]
=17 ° 3!
_200 1
-~ 171 3!

20X 19 x 18 x 17!
T I x3x2x1
20 % 19 x 18
T 3x2x1

6840
"6
= 1140

4. Evaluate.
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WORKED EXAMPLE 15

Apply the concept of "C, to calculate the number
ways a basketball team of 5 players be

selected from a squad of 9 if the order in which
they are selected does not matter.

THINK WRITE
l’lPr
1. Recall the rule for "C,. G = —
Note: Since order does not matter, use the "C, rule. "
9
P
2. Substitute the values of n and r into the formula. °Cs = 5—'5
(%)
3. Simplity the fraction. = %
!
= % & Sl
_9a 1
TR
9!
415!

_9X8XTX6xS5!
T4 x3%x2x1x5!

_9IX8XTX6
T 4x3%x2x1
3024
24
=126

4. Evaluate.

The formula we use to determine the number of ways of selecting r objects from n distinct objects, where
order is not important, is useful but needs to be simplified.
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0 < r < n where r and n are non-negative integers.

e n!
r'(n—r)!

r

=(7)

The formula for "C, is exactly that for the binomial coefficients used in the binomial theorem, which is

explored with reference to Pascal’s triangle in section 1.7.

1| Resources

Interactivity: Counting techniques (int-6293)

WORKED EXAMPLE 16

Determine the value of the following.

10

12

a. “Cs b. (2>
THINK

a. 1. Recall the formula for "C,.

b. 1.

. Substitute the given values of n and r into the

combination formula.

. Simplify the fraction.

. Evaluate.

Recall the rule for <n>
r

. Substitute the given values of n and r

into the combination formula.

. Simplify the fraction.

WRITE

n!
. "C = ———
. " (n=n'r!

12!

(12 = 5)!5!
12
T 715!
_12><11><10><9><8><7!
T x5 x4x3x2x1

C12x 11 x M X Q) xR
S XAXIX2AXI

=12%X11x3%x2
=792

12C5 —

n!
(=17

<m>_ 10!
2/ 7 a0 =212

_ ot

812!
10 X 9 x 8!
8! x2 x 1
10x9
2x%1
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4. Evaluate. = —

1.5.2 Probability calculations

The combination formula is always used in selection problems. Most calculators have a "C, key to assist with
the evaluation when the figures become large.
Both the multiplication and addition principles apply and are used in the same way as for permutations.

The calculation of probabilities from the rule P (A) = ((_‘f)) requires that the same counting technique is used
n
for the numerator and denominator. We have seen for permutations that it can assist calculation to express
numerator and denominator in terms of factorials and then simplify. Similarly for combinations, express
the numerator and denominator in terms of the appropriate combinatoric coefficients and then carry out the
calculations.

WORKED EXAMPLE 17

A committee of 5 students is to be chosen from 7 boys and 4 girls. Use "C, and the multiplication
and addition principles to answer the following.

a. Calculate how many committees can be formed.

b. Calculate how many of the committees contain exactly 2 boys and 3 girls.

c. Calculate how many committees have at least 3 girls.

d. Determine the probability of the oldest and youngest students both being on the committee

in part a.
THINK WRITE
a. 1. As there is no restriction, choose the a. There are 11 students in total from whom 5 students
committee from the total number of are to be chosen. This can be done in ''Cs ways.
students.
n n! 11 11!
2. Use the formula "C, = ———— =
rl X(n—r)! 5 x(11 = 5)!
to calculate the answer. 11
5! x6!
11 X 10 X 9 X 8 X 7 X 6!

5! x 6!
11 x 102 x 9x 8 x 7
X 4x3x7x1
=462

There are 462 possible committees.
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b. 1.

d. 1.

Select the committee to satisfy the
given restriction.

. Use the multiplication principle to

form the total number of committees.
Note: The upper numbers on the
combinatoric coefficients sum to the
total available, 7 + 4 = 11, while the
lower numbers sum to the number that
must be on the committee, 2 + 3 = 5.

. Calculate the answer.

. List the possible committees which

satisfy the given restriction.

. Write the number of committees in

terms of combinatoric coefficients.

. Use the addition principle to state the

total number of committees.

. Calculate the answer.

State the number in the sample space.

. Form the number of ways the given

event can occur.

. State the probability in terms of

combinatoric coefficients.

b. The 2 boys can be chosen from the 7 boys available

in 'C, ways.The 3 girls can be chosen from the

4 girls available in *C; ways.

The total number of committees which contain two
boys and three girls is 'C5 X 4C3.

7!
2! x5!
_1x6
T
=21x4

=84
There are 84 committees possible with the given
restriction.

7C2 X 4C3: X4

X 4

. As there are 4 girls available, at least 3 girls means

either 3 or 4 girls.The committees of 5 students
which satisfy this restriction have either 3 girls and
2 boys, or they have 4 girls and 1 boy.
3 girls and 2 boys are chosen in *C3 x 'C, ways.
4 girls and 1 boy are chosen in *C,4 x 'C, ways.
The number of committees with at least three girls
is “C; x 'C,+*Cc, x 'C,.
Yy x 1Cy+4C, x 'C =84+ 1x7

=91
There are 91 committees with at least 3 girls.

. The total number of committees of 5 students is

s = 462 from part a.

Each committee must have 5 students. If the oldest
and youngest students are placed on the committee,
then 3 more students need to be selected from the
remaining 9 students to form the committee of 5.
This can be done in °C5; ways.

Let A be the event the oldest and the youngest
students are on the committee.

P(A) = n{4)

n (&)

%,

e,
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4. Calculate the answer.

or 11!

PA)=——+
31 x6! " 5! x6!
9! 5! X 6!
= X
3! X 6! 11!
_ 1 5!
T3 711 x 10
_5><4
110
2

1
The probability of the committee containing the

2
youngest and the oldest students is TR

WORKED EXAMPLE 18

Evaluate the following using your calculator and comment on your results.

a.’C, b. *Cq c. 3C; d. 3¢y e. 2¢, . 12C4
THINK WRITE
a-f. Use your calculator to evaluate the listed a. °C; = 84
combinations. b. °Ce = 84
c. °C5 =3003
d. 15C10 = 3003
e. °C; =792
f. 2Cs =792
Comment on your results. S0 °C; = °Cq, °C5 = °Cyy and
12 _ 12
C7 - CS .
Its appear that when, for example,
12 _ 12
C,=C,
p+q=12.
Tl | THINK WRITE CASIO | THINK
a.1. On a Calculator page, press a.1. On a Run-Matrix screen, N
MENU, then select: press OPTN then F6. & 84
5: Probability Select PROB by pressing
3: Combinations. F3, then select nCr by
Complete the entry line as: pressing F3. Complete
nCr(9, 3) the entry line as:
then press ENTER. 9C3
then press EXE.
2. The answer appears onthe ~ “C3 = 84 2. The answer appears on °C3 = 84
screen. the screen.
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For each of the preceding examples, it can be seen that "C, = "C, _,. This may be derived algebraically:

n
n, _ Pn—r

T (n=r)!

(7tram)
(n—r)
(%)
n—r)
r! (n—r)!
n!

r'(n—r)!
n!

T (m=n)!r

"pP

r

r!
="C

r

Drawing on our understanding of combinations, we have:

e "C,="C,_y, as choosing r objects must leave behind (n — r) objects and vice versa
e "Cy=1="C,, as there is only one way to choose none or all of the n objects

e "C| = n, as there are n ways of choosing 1 object from a group of n objects.

1| Resources

Digital document: SkillSHEET Listing possibilities (doc-26826)
Digital document: SpreadSHEET Combinations (doc-26827)

study[T)

Combinations Summary screen and practice questions

Exercise 1.5 Combinations

Technology free

1. 28 Write each of the following as statements in terms of permutations.

a. 8C3 b. 19C2 c. 1C1 d. 5C()
2. Write each of the following using the notation "C,.
8 9 8 10
P P P P
a. 2 b. — c. —2 d. —2
2! 3! 0! 4!

3. [EZH Apply the concept of "C, to calculate the number of ways three types of ice-cream can be chosen
in any order from a supermarket freezer if the freezer contains:
a. 3 types b. 6 types c. 10 types d. 12 types.

4. A mixed netball team must have 3 women and 4 men in the side. If the squad has 6 women and 5 men
wanting to play, determine how many different teams are possible.
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5. A quinella is a bet made on a horse race which pays a win if the punter selects the first 2 horses in any
order. Determine how many different quinellas are possible in a race that has:
a. 8 horses b. 16 horses.

6. g At a party there are 40 guests and they decide to have a toast. Each guest ‘clinks’ glasses with every
other guest. How many clinks are there in all?
A. 39 B. 40 C. 40! D. 780

7. ¥ On a bookshelf there are 15 books — 7 geography books and 8 law books. Abena selects 5 books
from the shelf — 2 geography books and 3 law books. How many different ways can she make this
selection?
A. PCy x 13C, B. 1°C, x 15Cq c.’Cc, x 8C, D. ’'C, + 8C,

Technology active

8. A cricket team of 11 players is to be chosen from a squad of 15 players. Determine how many ways can
this be done.
9. A basketball team of 5 players is to be chosen from a squad of 10 players. Determine how many ways
can this be done.
10. [fI20 Determine the value of the following:
a. ’Cy b. ''Cy c. *Cp

a <21> N (100) . <17)
15 1 14
11. From a pack of 52 cards, a hand of 5 cards is dealt.
a. How many different hands are there?
b. How many of these hands contain only red cards?
c. How many of these hands contain only black cards?
d. How many of these hands contain at least one red and at least one black card?
12. E2H A committee of 5 students is to be chosen from 6 boys and 8 girls. Use "C, and the multiplication
principle to answer the following.
a. Calculate how many committees can be formed.
b. Calculate how many of the committees contain exactly 2 boys and 3 girls.
c. Calculate how many committees have at least 4 boys.
d. Determine the probability of neither the oldest nor the youngest student being on the committee.
13. A rugby union squad has 12 forwards and 10 backs in training. A team consists of 8 forwards and
7 backs. Determine how many different teams can be chosen from the squad.
14. A music collection contains 32 albums. Determine how many ways 5 albums can be chosen from the
collection.

Questions 15, 16 and 17 refer to the following information. The Maryborough Tennis Championships involve
16 players. The organisers plan to use 3 courts and assume that each match will last on average 2 hours and
that no more than 4 matches will be played on any court per day.

15. In a ‘round robin’ each player plays every other player once.
a. If the organisers use a round robin format, determine how many games will be played in all.
b. For how many days would the tournament last?
16. The organisers split the 16 players into two pools of 8 players each. After a ‘round robin” within each
pool, a final is played between the winners of each pool.
a. Determine how many matches are played in the tournament.
b. How long does the tournament last?
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17. A ‘knock out’ format is one in which the loser of every match drops out and the winners proceed to the
next round until there is only one winner left.

a. If the game starts with 16 players, determine how many matches are needed before a winner
is obtained.
b. How long would the tournament last?

18. Lotto is a gambling game played by choosing 6 numbers from 45. Gamblers try to match their choice
with those numbers chosen at the official draw. No number can be drawn more than once and the order
in which the numbers are selected does not matter.

a. Calculate how many different selections of 6 numbers can be made from 45.
b. Suppose the first numbers drawn at the official draw are 42, 3 and 18. How many selections of 6
numbers will contain these 3 numbers?
Note: This question ignores supplementary numbers. Lotto is discussed further in the next section.
19. a. [fEH Calculate the value of:
i. 2C3and '2Cy ii. °Cgand 1°C, iii. 1°C, and '°Cy iv. 8C5 and ®Cs
b. What do you notice? Give your answer as a general statement such as ‘The value of "C, is ...".

1.0 Applications of permutations and combinations
1.6.1 Permutations and combinations in the real world

Counting techniques, particularly those involving permutations and combinations, can be applied in gambling,
logistics and various forms of market research. In this section we investigate when to use permutations and
when to use combinations as well as examining problems associated with these techniques.

Permutations are used to count when order is important. Some examples are:

* the number of ways the positions of president, secretary and treasurer can be filled
* the number of ways a team can be chosen from a squad in distinctly different positions
* the number of ways the first three positions of a race can be filled.

Combinations are used to count when order is not important. Some examples are:
* the number of ways a committee can be chosen

* the number of ways a team can be chosen from a squad

* the number of ways a hand of 5 cards can be dealt from a deck.

These relatively simple applications of permutations and combinations are explored in the worked examples
that follow. However, it is important to be mindful that the modern world relies on combinatorial algorithms.
These algorithms are important for any system that benefits from finding the fastest ways to operate. Examples
include communication networks, molecular biology, enhancing security and protecting privacy in internet
information transfer, data base queries and data mining, computer chip design, simulations and scheduling.

WORKED EXAMPLE 19

a. Ten points are marked on a page and no three of these points are in a straight line.
Determine how many triangles can be drawn joining these points.

b. Determine how many different 3-digit numbers can be made using the digits 1, 3, 5, 7 and 9
without repetition.
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THINK WRITE

!

a. 1. Note: A triangle is made by choosing 3 a "C, = T =
points. It does not matter in what order the (n=ntr
points are chosen, so "C, is used.

Recall the rule for "C,.
!
2. Substitute the given values of n and r into the 10¢C; = __1or
. (10 = 3)!3!
combination formula. 0!
7131
10X 9 x8x7!
3. Simplify the fraction. = ——
implify the fraction T3 X2 X 1
_10x 9 x 8!
Ix2x1
4. Evaluate. =10x3 x4
=120
5. Answer the question. 120 triangles may be drawn by joining 3
points.
6. Verify the answer obtained by using the
combination function on a calculator.
b. 1. Note: Order is important here. b "P, = 1 '
Recall the rule for "P,. (@ =
!
2. Substitute the given values of n and r into the P; = 55—3
permutation formula. é' -3
~ 2l
3. Evaluate. = w
=5X4X3
= 60
4. Answer the question. Sixty 3-digit numbers can be made without

repetition from a group of
5 numbers.
5. Verify the answer obtained by using the
permutation function on a calculator.

WORKED EXAMPLE 20

Jade and Kelly are 2 of the 10 members of a basketball squad. Calculate how many ways can a
team of 5 be chosen if:

a. both Jade and Kelly are in the 5

b. neither Jade nor Kelly is in the 5

c. Jade is in the 5 but Kelly is not.
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THINK

a. 1.

Note: Order is not important, so "C,. is used.
Recall the rule for "C,.

. Note: If Jade and Kelly are included then

there are 3 positions to be filled from the
remaining 8 players.

Substitute the given values of n and r into the
combination formula.

. Simplify the fraction.

. Evaluate.

. Answer the question.

. Note: Order is not important, so "C, is used.

Recall the rule for "C,.

. Note: If Jade and Kelly are not included then

there are 5 positions to be filled from

8 players.

Substitute the given values of n and r into the
combination formula.

. Simplify the fraction.

. Evaluate.

. Answer the question.

. Note: Order is not important, so "C, is used.

Recall the rule for "C,.

. Note: If Jade is included and Kelly is not

then there are 4 positions to be filled from

8 players.

Substitute the given values of n and r into the
combination formula.

. Simplify the fraction.

WRITE

a

"c = n!
" m=n'r
SCy = 8!
(8 =3)!3!
8!
~ 5131

_8x7x6x5

T 5Ix3x2x1

_8x7x8§

IXRx1

=8x%x7

=56
If Jade and Kelly are included, then there are
56 ways to fill the remaining 3 positions.

~ 8=5)5
8
~ 315!

_ 8XT7x6x5!

T 3x2x1x5!

_8x7x8§

Ix2x1

=8X7

=56
If Jade and Kelly are not included, then there
are 56 ways to fill the 5 positions.

e = n!
" m-nr
S, = 8!
(8 — 4)!4!
8!
T 44

_ 8XTX6x5x4!
T 4x3x2x%x1x4!

_BXTXE XS
C 4x3x2Zx1
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=T7X2X5

=70
If Jade is included and Kelly is not, then
there are 70 ways to fill the 4 positions.

4. Evaluate.
5. Answer the question.

6. Verify each of the answers obtained by using
the combination function on a calculator.

1.6.2 Lotto systems

An interesting application of combinations as a technique of counting is a game that Australians spend many
millions of dollars on each week — lotteries. There are many varieties of lottery games in Australia. To play
Saturday Gold Lotto in Queensland, a player selects 6 numbers from 45 numbers. The official draw chooses
6 numbers and 2 supplementary numbers. Depending on how the player’s choice of 6 numbers matches the
official draw, prizes are awarded in different divisions.

Division 1: 6 winning numbers
Division 2: 5 winning numbers and one of the supplementary numbers
Division 3: 5 winning numbers
Division 4: 4 winning numbers
Division 5: 3 winning numbers and one of the supplementary numbers

If the official draw was:

Winning numbers Supplementaries

13 42 6 8 20 12 2 34

A player who chose:
8 34 13 12 20 45

would win a Division 4 prize and a player who chose:
8 34 13 12 22 45

would win a Division 5 prize.

A player may have 7 lucky numbers 4, 7, 12, 21, 30, 38 and 45, and may wish to include all
possible combinations of these 7 numbers in a 6 numbers lotto entry.
This can be done as follows:

4 7 12 21 30 38
4 7 12 21 30 45
4 7 12 21 38 45
4 7 12 30 38 45
4 7 21 30 38 45
4 12 21 30 38 45
7 12 21 30 38 45

The player does not have to fill out 7 separate entries to enter all combinations of these 7 numbers 6 at a
time but rather can complete a ‘System 7’ entry by marking 7 numbers on the entry form.
A System 9 consists of all entries of 6 numbers from the chosen 9 numbers.
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WORKED EXAMPLE 21

Use the information on lottery systems given above.

A player uses a System 8 entry with the numbers 4, 7, 9, 12, 22, 29, 32 and 36.

The official draw for this game was 4, 8, 12, 15, 22, 36 with supplementaries 20 and 29.
a. How many single entries are equivalent to a System 8?

b. List 3 of the player’s entries that would have won Division 4.

c. Determine how many of the player’s entries would have won Division 4.

THINK WRITE
!
a 1. Note: Order is not important, so "C, is used. a "C, = n—H
Recall the rule for "C,. (n=r)ir!
!
2. Note: A System 8 consists of all entries consisting of 8Ce = 8
8—-106)!6!
6 numbers chosen from 8.
Substitute the given values of n and r into the _ 8!
combination formula. 216!
L . 8 X7 x6!
3. Simplify the fraction. S SANEARL
Py 2x7x6!
_®'x7
2x1
4. Evaluate. =4x7
=28
5. Answer the question. A System 8 is equivalent to

28 single entries.

6. Verify each of the answers obtained by using the
combination function on a calculator.

b  Note: Division 4 requires 4 winning numbers. The b Some of the possibilities are:
player’s winning numbers are 4, 12, 22 and 36. Any of 4 12 22 36 7 9
the other 4 numbers can fill the remaining 2 places. 4 12 22 36 7 29
List 3 of the player’s entries that would have won 4 12 22 36 7 32
Division 4.
!
¢ 1. Note: Order is not important, so "C, is used. c 'C, = n—"
Recall the rule for "C,. (@ = 7Hirs
!
2. Note: To win Division 4 the numbers 4, 12, 22 and 36 4C2 = m

must be included in the entry. The other 2 spaces can be

!
filled with any of the other 4 numbers in any order. = %
Substitute the given values of n and r into the o
combination formula.

. . 4x3x1!

3. Simplify the fraction. = —

Py Zx1x2!
_ #7x3
Zx1
4. Evaluate. =2X3
=6
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5. Answer the question. Six of the player’s entries would
have won Division 4.
6. Verify each of the answers obtained by using the
combination function on a calculator.

study(T])

Applications of permutations and combinations Summary screen and practice questions

Exercise 1.6 Applications of permutations and combinations

Technology active

1.

. In a taste test a market research company has asked people

K28 Determine how many ways there are:
a. to draw a line segment between 2 points on a page with 10 points on it

b. to make a 4-digit number using the digits 2, 4, 6, 8 and 1 without repetition
c. to choose a committee of 4 people from 10 people

d. for a party of 15 people to shake hands with one another.

Determine how many ways there are:

a. for 10 horses to fill 1st, 2nd and 3rd positions

b. to choose a team of 3 cyclists from a squad of 5

c. to choose 1st, 2nd and 3rd speakers for a debating team from 6 candidates
d. for 20 students to seat themselves in a row of 20 desks.
The French flag is known as a tricolour flag because it

is composed of the 3 bands of colour. Determine how
many different tricolour flags can be made from the
colours red, white, blue and green if each colour can

be used only once in one of the 3 bands and order is
important.

to taste 4 samples of coffee and try to identify each as

one of four brands. Subjects are told that no 2 samples

are the same brand. Determine how many different ways the
samples can be matched to the brands.

K233 A volleyball team of 6 players is to be chosen from a squad of 10
players. Calculate how many ways can this be done if:

a. there are no restrictions

b. Stephanie is to be in the team

c. Stephanie is not in the team

d. two players, Stephanie and Alison, are not both in the team together.
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6. A cross-country team of 4 runners is to be chosen from
a squad of 9 runners. Determine how many ways this can be
done if:

a. there are no restrictions

b. Cecily is to be one of the 4

c. Cecily and Michael are in the team

d. either Cecily or Michael but not both are in the team.

7. @ A netball team consists of 7 different positions:
goal defence, goal keeper, wing defence, centre,
wing attack, goal attack and goal shooter. The number
of ways a squad of 10 players can be allocated to
these positions is:

A. 10! B. 7!

10!
]
8. [fIZZ1 Use the information on lotteries given on page 41.
A player uses a System 8 entry with the numbers 9, 12, 14, 17, 27, 34, 37 and 41. The official draw for

this game was 9, 13, 17, 20, 27, 41 with supplementaries 25 and 34.
a. How many single entries are equivalent to a System 8?
b. List 3 of the player’s entries that would have won Division 4.
c. Determine how many of the player’s entries would have won Division 4.
9. Use the information on lotteries given on page 41.
A player uses a System 9 entry with the numbers 7, 10, 12, 15, 25, 32, 35, 37 and 41. The official draw
for this game was 7, 11, 15, 18, 25, 39 with supplementaries 23 and 32.
a. To how many single entries is a System 9 equivalent?
b. List 3 of the player’s entries that would have won Division 5.
c. How many of the player’s entries would have won Division 5?

10. In the gambling game roulette, if a gambler puts $1 on the winning number he will win $35. Suppose a
gambler wishes to place five $1 bets on 5 different numbers in one spin of the roulette wheel. If there
are 36 numbers in all, determine how many ways the five bets can be placed.

11. A soccer team of 11 players is to be chosen from a squad of 17. If one of the squad is selected as
goalkeeper and any of the remaining players can be selected in any of the positions, determine how
many ways can this be done if:

a. there are no other restrictions

b. Karl is to be chosen

c. Karl and Andrew refuse to play in the same team
d. Karl and Andrew are either both in or both out.

12. @ A secret chemical formula requires the mixing —
of 3 chemicals. A researcher does not remember the
3 chemicals but has a shortlist of 10 from which to , _ |t o=
choose. Each time she mixes 3 chemicals and tests the .
result she takes 15 minutes.
How long does the researcher need, to be absolutely
sure of getting the right combination?
A. 120 hours B. 7.5 hours
C. 15 hours D. 30 hours
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Questions 13 and 14 refer to the following information: Keno is a popular game in clubs and pubs around
Australia. In each round a machine randomly generates 20 winning numbers from 1 to 80. In one entry a
player can select up to 15 numbers.

13. Suppose a player selects an entry of 6 numbers.
a. Determine how many ways an entry of 6 numbers can contain 6 winning numbers.
Suppose an entry of 6 numbers has exactly 3 winning numbers in it.
b. In how many ways can the 3 winning numbers be chosen?
c. In how many ways can the 3 losing numbers be chosen?
d. How many entries of 6 numbers contain 3 winning numbers and 3 losing numbers?
14. Suppose a player selects an entry of 20 numbers.
a. Determine how many ways an entry of 20 numbers can contain 20 winning numbers.
b. Suppose an entry of 20 numbers has exactly 14 winning numbers in it.
i. In how many ways can the 14 winning numbers be chosen?
ii. In how many ways can the 6 losing numbers be chosen?
iii. How many entries of 20 numbers contain 14 winning numbers and 6 losing numbers?
iv. How many entries of 20 numbers contain no winning numbers?

1.7 Pascal’s triangle and the pigeon-hole principle
1.7.1 Pascal’s triangle

Combinations are useful in other areas of mathematics, such as probability and binomial expansions. If we
analyse the "C, values closely, we notice that they produce the elements of any row in Pascal’s triangle or
each of the coefficients of a particular binomial expansion.

The triangle shown was named after the French mathematician Blaise Pascal. He was honoured for his
application of the triangle to his studies in the area of probability.

Each new row in Pascal’s triangle is obtained by first placing a 1 at the beginning and end of the row and
then adding adjacent entries from the previous row.

Oth position

This 5 is in the 2 1
1st position in 1
3
the 5th row. : 3
4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6 1

The next entry here is 21.
It is the sum of the 2 numbers
above it — 6 and 15.
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Each element in Pascal’s triangle can be calculated using combinations. For example, 10 is the 2nd element
in the 5th row of Pascal’s triangle; that is, °C, = 10 (assuming 1 is the zeroth (Oth) element). Hence, the

triangle can be written using o C, notation.

n=0: 1 0C,

n=1: 1 1 Ic, I,

n=2: 1 2 1 2C, 2C, 2c,

n=3: 1 3 3 1 3C 3C, 3C, 3Cs

n=4: 1 4 6 4 1 4y iC, 4C, 4Cy ic,
n=>5 1 5 10 10 5 1 3Cy °C, 3C, 3Cs 3C, 3Cs

Note that the first and last number in each row is always 1.
Each coefficient is obtained by adding the two coefficients immediately above it.
The binomial expansion can therefore be generalised using combinations.

Pascal’s triangle shows that the rth element of the nth row of Pascal’s triangle is given by "C,.
It is assumed that the 1 at the beginning of each row is the Oth element.
This gives Pascal’s identity:

"C, ="71C,_; +"7IC, for0 <r <n

The relationship between Pascal’s triangle and combinations can be extended to the binomial theorem.
This theorem gives a rule for expanding an expression such as (a + b)". Expanding expressions such as this
may become quite difficult and time consuming using the usual methods of algebra. Consider the coefficients
of the binomial expansion.

x+y°’=1
x+)'=x+y
(x+y)? =x> + 2xy +?

AN
1 2/
1
(x+y)7* = +3x%y + 307 +y° . N 3 \3/ 1
(x+ ) =1 + 4%y + 6x2y? + 4xy? +y* \4/ 6/ \4/ 1
(x+9)° =2 + 5x*y + 10532 + 10x%° + 50p* +° . \5/ \10/ \10/ \5/ 1

The coefficients in the binomial expansion are equal to the numbers in Pascal’s triangle.
These relationships are summarised in the following table.

x+y)°’=1 Coefficient: 1 °Cy

x+)'=x+y Coefficients: 1 1 'cy, lCl’

x4+ =x2+2xy+)? Coefficients: 12 1 ’Cy,%C,,%C,

0+ =y + 3%y + 302 +21° Coefficients: 133 1 3C, 3C,,3C,, 3C3

(x+ ) = x* + 453y + 6332 + 4xy? +y* Coefficients: 1 4 6 4 1 *Cy,4C,.%C,, *Cy, 0y,
(x4 =2 +5x%y + 1063y? + 10x%y® + 5xy* +y° | Coefficients: 1510105 1 | °Cy,°C,,°C,,C5,°C,,C5
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The binomial expansion can therefore be generated using combinations:

(x +y)" ="Cox" 4+ "C1x"ly + "Cox" 2y* + ... + "C X"y + ... + "C )"
=x"+"Cx" 'y + "C I "C,x""’y’ + .o +3°

Resources

Interactivity: Pascal’s triangle and binomial coefficients (int-2554)
Digital document: SpreadSHEET Pascal’s triangle (doc-26828)

WORKED EXAMPLE 22

Refer to Pascal’s triangle above and answer the following questions.

a. What number is in the 4th position in the 6th row?

b. Complete the 7th row in Pascal’s triangle.

c. The numbers 7 and 21 occur side by side in the 7th row. What element in the 8th row
occurs below and in between these numbers?

THINK WRITE

a 1. Locate the 6th row and the 4th position. a 6throw=1 6 15 20 15 6 1
Note: Remember the Oth row is 1 and the first
row is 1 1. In the 6th row the 1 on the left is in
the Oth position.

2. Answer the question. The number in the 4th position in the 6th
row is 15.

b 1. Write down the elements of the 6th row. b. 6throw = 1 15 20 15 6 1
2. Obtain the 7th row. 7th row = 1 &7'/\2'1/ \ég/ \33/ \<2'1/ \7¢
a. Place the number 1 at the beginning of the row.
b. Add the first 2 adjacent numbers from the
6th row (1 and 6).
c. Place this value next to the 1 on the new row
and align the value so that it is in the middle
of the 2 numbers (directly above) which
created it.
d. Repeat this process with the next 2 adjacent
numbers from the 6th row (6 and 15).
e. Once the sums of all adjacent pairs from the
sixth row have been added, place a 1 at the
end of the row.

3. Answer the question. The 7th row is
1 7 21 35 35 21 7 1.

¢ 1. Add the numbers 7 and 21 in order to obtainthe ¢ 7
element in the 8th row which occurs below and \ /
in between these numbers. 28 [
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2. Answer the question. The element in the 8th row which occurs
below and in between 7 and 21 is 28.

WORKED EXAMPLE 23

Use combinations to calculate the number in the Sth position in the 9th row of Pascal’s triangle.

THINK WRITE
1. Write down the combination rule. "C,
2. Substitute the values for n and 7 into the rule. °Cs = 126

Note: The row is represented by n = 9.
The position is represented by r = 5.

3. Evaluate using a calculator.

4. Answer the question. The value of the number in the 5th
position in the 9th row is 126.

WORKED EXAMPLE 24

Use the binomial theorem to expand (a + 2)4.

THINK WRITE
1. Recall the rule for the binomial theorem. (x +y)" = x" + "C x" Iyl + ... "C X"y  + ... y"
2. Substitute the values fora,band ninto  (a+2)* = a* +*C,a’2' +*C,a?2% + *C;a'23 +2*
therule: x =a,y =2 and n = 4.
3. Simplify. =a*+4Xa’xX2+6Xa*>x4+4xax8+16
=a* +8a’ +24a* + 32a + 16

WORKED EXAMPLE 25

What is the 4th term in the expansion of (x + y)’?

THINK WRITE

1. Recall that the rule for the 4th term can be obtained  r th term = "C .a"~"b"
from the binomial theorem:
x+y)'=x"+"C K"y + ... "C ATy 4 .Y
Write down the rule for the r th term.

2. Substitute the values for x, y, n and r into the rule: "Cx Ty = TC Ty
a=x,b=y,n="Tandr = 4.
3. Simplify. = 353"

Note: The Oth term corresponds to the first element
of the expansion.

4. Answer the question. The 4th term is equal to 35x>y*.
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1.7.2 Pigeon-hole principle

Henri Poincaré, a famous mathematician, once described mathematics as ‘the art of giving the same name to
different things’. Consider three phenomena, which on the surface appear different — population growth, the
value of investments and radioactive decay. Each can be described by one mathematical concept: exponential
change. The mathematician gives three seemingly different things the same name.

The pigeon-hole principle is a good example of how mathematics gives the same name to different things.

The pigeon-hole principle:
If there are (n + 1) pigeons to be placed in n pigeon-holes, then there is at least one pigeon-hole
with at least two pigeons in it.

Notes:

* Note the precise use of language in this statement, in particular the importance of the phrase ‘at least’.
» Some may view the pigeon-hole principle as an obvious statement, but used cleverly it is a powerful
problem-solving tool.

WORKED EXAMPLE 26

In a group of 13 people show that there are at least 2 whose birthday falls in the same month.

THINK WRITE

1. Think of each person as a pigeon and each month There are 12 months and 13 people.
as a pigeon-hole.
2. If there are 13 pigeons to be placed in 12 holes at Using the pigeon-hole principle:
least one hole must contain at least two pigeons. 13 people to be assigned to 12 months.
At least one month must contain at
least two people.
That is, at least two people have
birthdays falling in the same month.

Generalised pigeon-hole principle:

If there are (nk + 1) pigeons to be placed in n pigeon-holes, then there is at least one pigeon-hole
with at least (k + 1) pigeons in it.

WORKED EXAMPLE 27

In a group of 37 people show that there are at least 4 whose birthdays lie in the same month.

THINK WRITE
1. Think of each person as a pigeon and each month There are 12 months and 37 people.
as a pigeon-hole.
2. Recall the generalised pigeon-hole principle. Using the generalised pigeon-hole
principle:

37 people to be assigned to 12 months.
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3. (nk + 1) pigeons to be allocated to n holes; The value of n is 12 and £ is 3. So at
n=12—-k=3 least one month has at least (k+ 1) or
4 people in it.
That is, at least 4 people have
birthdays falling in the same month.

WORKED EXAMPLE 28

On resuming school after the Christmas vacation, many
of the 22 teachers of Eastern High School exchanged
handshakes. Mr Yisit, the Social Science teacher, said,
‘Isn’t that unusual — with all the handshaking, no two
people shook hands the same number of times’.

Not wanting to spoil the fun, the Mathematics
teacher, Mrs Pigeon, said respectfully, ‘I am afraid
you must have counted incorrectly. What you say is not
possible’

How can Mrs Pigeon make this statement?

THINK WRITE

1. Think of the possible number of For each person there are 22 possible numbers of
handshakes by a person as a pigeon-hole. handshakes; that is, O to 21.

2. If two or more people have O 1 person with 0 handshakes:
handshakes, the problem is solved. If there is 1 person with 0 handshakes, there can
Consider the cases where there is 1 be no person with 21 handshakes. Thus, there are
person with 0 handshakes or O persons 21 people to be assigned to 20 pigeon-holes.
with 0 handshakes. Therefore, there must be at least one pigeon-hole

with at least two people in it.
0 people with 0 handshakes:
If there is no person with 0 handshakes, there are
22 people to be assigned to 21 pigeon-holes.
Therefore, there must be at least one pigeon-hole
with at least two people in it (at least two people
have made the same number of handshakes).

3. Conclude using a sentence. Thus, there are at least two people who have
made the same number of handshakes.

study[I)
[ Units 182 > Areai > Sequence 1 > Conoepts 7848 2

Pascal’s triangle Summary screen and practice questions
The pigeon-hole principle Summary screen and practice questions
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Exercise 1.7 Pascal’s triangle and the pigeon-hole principle

Technology free

1.

Write the first 8 rows in Pascal’s triangle.

2. [fZA Refer to Pascal’s triangle on page 45 and answer the following questions.

a. What number is in the 4th position in the 8th row?
b. Complete the 9th row in Pascal’s triangle.

c. If 9 and 36 occur side by side in the 9th row, what element in the 10th row occurs below and in

between these numbers?

Technology active

3.

10.

11.

12.

K23 Use combinations to:

a. calculate the number in the 7th position of the 8th row of Pascal’s triangle
b. calculate the number in the 9th position of the 12th row of Pascal’s triangle
c. generate the 10th row of Pascal’s triangle.

K22 Use the binomial theorem to expand:

a. (x+ y)2 b. (n+m)’ c. (a+3)*
EZZZH a. What is the 4th term in the expansion of (x + 2)%?

b. What is the 3rd term in the expansion of (p + ¢)?
c. What is the 7th term in the expansion of (x + 2)°?
I A row of Pascal’s triangle is given below. What number is located at position x?

X
193684 126 126 84 36 9 1

A. 8 B. 28 C. 45 D. 120
I8 1623 is definitely a term in the binomial expansion of:
A (x+2)° B. (x +4)° c. (x+2)* D. (x + 4)*
a. In Pascal’s triangle, calculate the sum of all elements in the:

i. Oth row ii. Istrow iii. 2nd row

iv. 3rd row v. 4th row vi. 5th row

b. i. What do you notice?

ii. Complete the statement: ‘The sum of the elements in the nth row of Pascal’s triangle is ...

Use the result from question 8 to deduce a simple way of calculating:
Cy +°C, +°C, + °C5 + °C, + °C5 + °Cy

K23 In a cricket team consisting of 11 players, show
that there are at least 2 whose phone numbers have

the same last digit.

K222 A squad of 10 netballers is asked to nominate when
they can attend training. They can choose

Tuesday only, Thursday only or Tuesday and Thursday.
Show that there is at least one group of at least

3 players who agree with one of these options.

J&L lollies come in five great colours — green, red, brown,
yellow and blue. How many J&Ls do I need

to select to be sure I have 6 of the same colour?
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13.

14.
15.

16.

.

The new model WBM roadster comes in burgundy, blue or yellow with white or black trim. That is, the
vehicle can be burgundy with white or burgundy with black and so on. How many vehicles need to be
chosen to ensure at least 3 have the same colour combination?

Is it possible to show that in a group of 13 people, there are at least 2 whose birthdays fall in February?

K22 Nineteen netball teams entered the annual state
championships. However, it rained frequently and not all
games were completed. No team played the same team more
than once. Mrs Organisit complained that the carnival was
ruined and that no two teams had played the same number
of games. Show that she is incorrect in at least part of her
statement and that at least two teams played the same
number of games.

Prove that in any group of 6 people either at least 3 are
mutual friends or at least 3 are strangers.

.8 Review: exam practice

A summary of this chapter is available in the Resources section of your eBookPLUS at www.jacplus.com.au.

Simple familiar

1.

a. State the inclusion—exclusion principle for 3 sets, R, S and 7.

b. Use the inclusion—exclusion principle to calculate the number of cards in a deck of 52 cards that are
either red, a jack or a court card (king, queen or jack).

a. State the multiplication principle.

b. One or two letters are to be chosen from the letters A, B, C, D, E and F. In how many different ways
can this be done without replacement, if order is important?

a. State the definition of "P,.

b. Without a calculator, compute the value of °P;.

!
c. Prove that "P, = n_
(n—r)!

A free-style snowboard competition has 15 entrants. In how many ways can the first, second and third

places be filled? You may wish to use technology to answer this question.

a. Suppose 5 people are to be seated. Explain why there are fewer ways of seating 5 people at a circular
table compared with seating the group on a straight bench.

b. How many ways can 5 people be seated at a round table?

The main cricket ground in Brisbane is called the Gabba. It is short for Woolloongabba. How many

different arrangements of letters can be made from the word WOOLLOONGABBA? You may wish to

use technology to answer the question.

Apply the concept of "C, to calculate the number of ways 12 different ingredients can be chosen from a

box of 30 different ingredients. What can you conclude about the ingredients left behind? Do not use

algebra to explain this.

A committee of 5 men and 5 women is to be chosen from 8 men and 9 women. In how many ways can

this be done?

A netball team of 7 players is to be chosen from a squad of 11 players. Suppose any squad member can

play any position. In how many ways can this be done:

a. if each player is chosen to play a particular position
b. If players have no particular position?
You may choose to use technology to answer this question.
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10. A ward in a city hospital has 15 nurses due to work Friday. There are 3 shifts needed to be staffed by
5 nurses on each shift. How many ways can this be done assuming each nurse works only one shift?
(The order of the nurses on each shift and the order of each shift are not important.)

11. a. In your own words explain how to construct Pascal’s triangle.

Where in Pascal’s triangle would you find the number 56, which is equal to *C3?

Give an example of the pigeon-hole principle.

Jock has black, blue and beige socks. How many socks does he need to have to be sure that at least

one pair are the same colour? Justify your answer.

12.

T o 0T

Complex familiar

13. Assuming that car number plates are sequenced as follows: DLV334 — DLV335 — ... DLV999 —
DLWO000 and so on. Using this sequence, how many number plates are there between DLV334 and
DNU211 inclusive?

14. Jane, Laura and Steff are in a netball squad of 13 players. The team only takes 9 players to games. Jane,
Laura and Steff’s parents share the driving if they can: if 2 or more of the girls are playing, one parent
drives them to the game and another parent picks them up. The parents do not share the driving if only
one of the girls is playing. For what proportion of games would you predict the girls’ parents are able to
share the driving?

15. a. Show algebraically that "C,_; + "C, = "*'C,_,.

b. Interpret this result in terms of Pascal’s triangle.

16. Consider the expansion (x +y +2)° = x> + 5x*y + 5x*z + ...

Use your knowledge of permutations involving identical objects to determine the coefficient of the term
x*yz?. Recognize that this term could be written as xxyzz, xzyzx and so on.

Complex unfamiliar
17. a. A school uses identification (ID) cards that consist of two letters from A to D followed by 3 digits
chosen from 0 to 9. Each digit may be repeated but letters cannot be repeated. If the school receives
about 800 new students each year, after how many years will they run out of unique ID numbers?
b. For a scene in a movie, five boy—girl couples are needed. If they are to be selected from 10 boys and
12 girls, in how many ways can this be done? (Assume the order of the couples does not matter.)

18. Juan has a bike lock with a 4-digit key but has forgotten the code. He knows that he used either the year
he bought the bike, 2016, or the current year, 2019. Also, he jumbled the digits, so 2016 and 2019 are
not possible keys. How many different possible keys are there to unlock the bike?

19. a. Consider the first three rows of Pascal’s triangle.

1 2 1

The sum of the entries of the first three rows of Pascal’s triangleis7 (= 1 + 1 + 1 + 1 + 2 + 1).
How many rows of the triangle are needed for the sum to exceed 20 0007 Justify your result.
b. The inclusion—exclusion principle for three sets R, S and 7T states:
nRUSUD) =nR)+nS)+n(M)—nRNS)—nRNT)—nSNT)+nRNSNT)
Generalise this principle to four sets, O, R, S and T.
20. A plane is covered in points at 1-unit spacing. Each point on the plane is coloured red, blue or white.

Show there are three points of the same colour at a maximum distance 2\/5 from each other.

study[T]

Sit chapter test
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Answers

Chapter 1 Permutations and
combinations

Exercise 1.2 Counting techniques

1.

a.
¢ R

32 34 38 44

(NN

c. 271 371 471
272 372 472
273 373 473
281 381 481
282 382 482
283 383 483
291 391 491
292 392 492
293 393 493

Exercise 1.3 Factorials and permutations

1. a. 4x3x2x1
b. 5Xx4x3x2x1
c. 6X5x4x3x2x1
d 7X6X5Xx4x3x2x1
2. a. 3024 b. 151200 c. 840 d. 720
b. n(RUSUT) =12 3.a nn—1)n-2)(n-3)(n-4)
c. nf(RUSUT) =12 b. n+3)(n+2)
2. n(red, even or 4) = 36 c. _
nn—1)(n-2)
3. 55 students 1
d.
4. a. AB BA CA b. 6 c. n+2)(n+ Dnn—1)
AC BC CB 4. a. 24 b. 120
5 BG GB YB RB c. 720 0 d. 3628800
BY GY YG RG e. 8.71782912x 10 f. 362880
BR GR YR RY g. 5040 h. 6
6. ACB BAC CAB 5.a. 8x7=56
ABC BCA CBA b. 7X6X5x%x4x3=2520
. c. 8XTX6X5Xx4x3x2=40320
7.8 42 b. 210 c. 840  d. 2520 e 1} 0 S 181
8.a 24 b 6 c. 12 d 24 6. a 37=60480 b 37 =20 ¢ 131~ 1028160
9. a 49 b. 252 7. a. 27907200 b. 639200 c. 1028160
10. 126 ] 8. a. 56 b.
11. a. 200 b. 40 c. 50 d. 290 e 5 9. 358800
12. a. 13230 10. 120
b. 17640
Jake may wear 13 230 outfits with a jacket or 4410 11. 3024
outfits without a jacket. Therefore he has a total of 12. 2184
17 640 outfits to choose from. The assumption made 15p
L . . S 13.a. —*  b. 8190 <.
with this problem is that no item of clothing is exactly 4
the same; that is, none of the 7 shirts are exactly the 14. 3360
same. 15. 362880
13. C 16. 479 001 600
14. D 17. D
15. 100 18. D
16. 6 19. a. %P3 =60 b. 5P, = 120 c. SPs =120
17. 48
18. 256 . . . .
19. 1080 Exercise 1.4 Permutations with restrictions
: 6
20. a. 1000 1. a. %Pg =720 b. % =360
b. 27 2. 83160
3. 10
4. 1260
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5. 27720 16. a. 57 b. 4 days 6 hours

6. 1307504 17. a. 15 b. 1 day 4 hours
7. a. 5.45x10" b. 3.63x 10° 18. a. 8145060 b. 11480
10 10
c. 40010 d. 14510 19. a. i 220, 220 i, 6435, 6435
8. a. 120 b. 20 c. 60 d. 60 iii. 10, 10 iv. 56, 56
9.a 30240 b. 3024 ¢ 6720 d. 15120 b. The value of "C, is the same as "Cy—.
10. a. 120 b. 48 c. 72 d. 2
1. a. 1680  b. 180 e 360 4. 840 Exercise 1.6 Applications of permutations and
12,2 1320 b. 110 combinations
13. . 80640 b. 282240 1. a. 45 b. 120 c. 210 d. 105
e 119750440 d. 1 2. a. 720 b. 10 c. 120 d. 24x10"
14. B 3. 24
15. C 4. 24
16. a. 720 b. 24, OYSTER 5. a. 210 b. 126
c. 84 d. 140
Exercise 1.5 Combinations 6. a. 126 b. 56 e 21 d. 70
SP 19P lP SP
1. a. 3—,3 b. 2!2 c. — d. 0!0 b
2. a. 8C2 b. 9C3 C. 8C0 d. 10C4 8. a. 28
3. a 1 b. 20 c. 120 d. 220 b. Sample responses include: 9 17 27 41 12 14
4. 100 91727411237 91727411234
5 a 28 b. 120 e 6
6. D 9. a. 84
b. Sample responses include: 7 15 25 32 10 12
7. C 715253210 35 71525 32 10 37
8. 1365 c. 10
9. 252 10. 376992
10. a. 495 b. 11 c. 1 11. a. 8008 b. 5005 c. 5005 d. 4004
d. 54264 e. 100 f. 680
12. D
11. a. 2598960 b. 65780
. 65780 d. 2467400 13. a. 38760 b. 1140 c. 34220 d. 39010800
12. a. 2002 b, 840 ¢ 126  d. ¥ 14. a. 1
13. 59400 b. i. 38760 i. 50063860
: iii. 1940475213600 iv. 4191844 505805495
14. 201376
15. a. 120 b. 10 days

Exercise 1.7 — Pascal’s triangle, and the pigeon-hole principle

1. Row
0 1
1 1 1
2 1 2 1
3 1 3 3 1
4 1 4 6 4 1
5 1 5 10 10 5 1
6 1 6 15 20 15 6 1
7 1 7 21 35 35 21 7 1
8 1 8 28 56 70 56 28 8 1
2. a. 70
b. 1 9 36 84 126 126 84 36 9 1
c. 45
3. a. 8
b. 220

c. IOC() IOC] 10C2 10C3 10C4 l()c:5 IOCG 10C7 IOCS 10C9 l()c:10
1 10 45 120 210 252 210 120 45 10 1
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4. a. xX* 42y +y*
b. 1+ 30 m + 3nm* + m’>

a* + 124 + 54a* + 108a + 81

c.
5. a. 80x b. 56p°¢° c. 4608x>
6. B
7. D
8. a. i 1 i. 2 ii. 4
iv. 8 v. 16 vi. 32
b. i. The sum of the elements in each row of Pascal’s

triangle is a power of 2:

Row Sum

0 20 =1
1 2l=2
2 22 =4
3 23 =38
4 2% =16
5 2’ =32

ii. The sum of the elements in the nth row of Pascal’s
triangle is 2".

9.20=64
10, 11. Sample responses can be found in the worked solutions

in the online resources.
12. 26

13. 13

14-16. Sample responses can be found in the worked solutions
in the online resources.

1.8 Review: exam practice

1. a. n(RUSUT) =n(R) +n(S) +n(T) —n(RNS) —n(RN
) —nSNT) +nRNSNT)
b. n (red, court card or jack) = 32
2. a. If there are n ways of performing operation A and m
ways of performing operation B, then there are n X m
ways of performing A and B in the order AB.
b. 64 ways

3. a. "P,is the number of ways of choosing r objects from n
n!

distinct things, when order is important. "P, = ﬁ
n—r)!

b. 10P3=720
c. Pr=nx(n—-1)Xn-2)X..xX(n—r+1)
_nX(n-DXn=-2)X..X(n=r+1)xXm-r)!
- (n—r)!
n!
T (-1

. 5P, = 2730

5. a. When people are sitting in a circle, we cannot tell the

difference between arrangements such as between
{A,B,C,D,E} and {C,D,E, A,B}. In a circle, these
represent the same arrangement. Therefore, there are
fewer ways to arrange people in a circle than in a
straight line.

b. 24

6. 32432400

’ 30Clz = 30C30—12 = 3OC18 = 86493 225

Each separate time we choose r things from # distinct
things, we also leave n — r objects. (We can interchange
taking and leaving.) Hence, "C, = "C,_,

8. 7056
9. a. 1663200 b. 330

10.
11.

12.

13.
14.
15.

16.
17.

18.
19.

20.

756756

a. In Pascal’s triangle, the first two rows (the O row and the
1 row) contain only 1s. In subsequent rows, each row
begins and ends with a 1, and each other term is the sum
of the two terms above it. Row 2is 12 1.

b. Row 8, position 3 (and 5)

a. Sample response: In a club with 367 members, there
will be at least 2 people with the same birthday
(assuming 366 days in a year for leap years).

b. 4 socks. Jock has socks of three different colours. If he
selects 4 socks, which is one more than the number of
types of socks he has, he would, by the pigeon-hole
principle, have at least one matching pair.

50878

540 out of 715

Sample responses can be found in the worked solutions in

the online resources.

30

a. 15 b. 199584

years

46 possible combinations

a. 15 rows

b. n(QURUSUT)
=n(@)+nR)+nS)+n(1)—n(@NR)—n(Qns)
-n(ONT)—nRNS)—nRNT)—n(SNT)
+n(O@NRNS)+n(@NRNT)+n(@nNnSNT)
+nRNSNT)—n(@NRNSNT)

Sample responses can be found in the worked solutions in
the online resources.
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REVISION UNIT 1 Combinatorics, vectors and proof

TOPIC 1 Combinatorics

For revision of this entire topic, go to your studyON title
in your bookshelf at www.jacplus.com.au.

e Select Continue Studying to access hundreds of
revision questions across your entire course.

Select your course
Specialist Mathematics
for Queensland Units 1&2 Specialist Math QLB Uit
to see the entire course Plcan o =
divided into syllabus topics.
e Select the area you are

) specilisc Mathematics for QLD Units 182

jacaranda

» 2 Vectors in the plane Prcce [

» 2 Introdustion to proof | Poxcs IR

studying to navigate into the
sequence level OR select
Practice to answer all
practice questions available
for each area.

» 4 Complex numhers
» 5 Trigonometry and functions

» & Matrices

Q oo concept coe

jacaranda

e Select Practice at the sequence level to
access all questions in the sequence.

A} SeeclistMathemadies for QLD Units 182 3 Introdution t proof
3 Introductior to proof
» 1lntroduction to proof

» 2 Gircle gsomstry

* At sequence level, drill down to
concept level.

Gy Specialist Mathematics for GLD 3 introduetion toproaf ) 2 Circle geometry

2 Circle geometry

» 1 Gongruent triangls tests
» 2 Gircle terms

» 3 Gircle theorems — angles Pracce

P ——— m
» 5 Gircle theorems — tangents, secants and segments

jacaranda jacaranda

e Summary screens provide
revision and consolidation
of key concepts. Select
the next arrow to revise all
concepts in the sequence
and practise questions at
the concept level for a more
granular set of questions.

Specialist Mathematics for QLD Units 182 3 Intraduction to proof ) 2 Circle geometry 3 circle theorems — angles

« Circle geometry requires an understanding of the terms centre, radius, diameter, chord,
tangent, arc, circumference, sector and segment, among others.

 Circle theorems include: ]
v=2y r=y @ x4y = 180°
| The angle subtended by | Angles at the | Any angle at the | Opposite angles

a chord at the centre of a circumference circumference | of a cyclic

circle is twice the angle at the ' standing on the which stands on | quadrilateral are
circumference subtended by  same chord or equal  a isa ppl nary.
the same chord. chords are equal. right angle.

a jacaranda
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CHAPTER 2
Vectors in the plane

2.1 Overview
2.1.1 Introduction

A vector is a directed line segment that is described using both magnitude and direction. The length of the
line segment is the magnitude of the vector and the direction is determined by a reference to the angle from
a fixed line. Wind is a vector as it is described using magnitude and direction, for example a north-easterly
wind of 20 km/h.

Consider the two yachts shown in the photograph. Could they be in danger of a collision? One yacht is
travelling at a speed of 15 km/h and the other at a speed of 12 km/h. Their speeds give no indication of their
direction. Their respective directions are as important as their speed for a correct analysis their path.

Vectors are used in physics to describe and analyse any quantity that has both magnitude and direction,
such as motion and force. Vectors can be used by coaches in many sporting areas to illustrate the importance
of the angle of contact with the ball or the optimum position to kick a goal. For example, by watching film
clips with vectors superimposed over their golf swings, professional golfers can determine the perfect angle
to hold their club to ensure the best outcome.

LEARNING SEQUENCE

2.1 Overview

2.2 \/ectors and scalars

2.3 Position vectors in the plane

2.4 Scalar multiplication

2.5 The scalar (dot) product

2.6 The projection of vectors — scalar and vector resolutes
2.7 Review: exam practice

Fully worked solutions for this chapter are available in the Resources section of your eBookPLUS at
www.jacplus.com.au.
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2.2 Vectors and scalars
2.2.1 Introduction

In mathematics, one of the important distinctions is between scalar quantities and vector quantities. Scalar
quantities have magnitude only; vector quantities have direction as well as magnitude. Most of the quantities
that we use are scalar, and include such measurements as time (for example 1.2 s; 15 min), mass (3.4 kg; 200t)
and area (3 cm?; 400 ha). For some quantities it is very important that
we know both magnitude and direction.

Consider the force involved in Daniel and Anna fighting over
who gets to use the television remote control.

Daniel exerts a force of 40 N and Anna exerts a force of S0N and
they apply these forces as shown.

In what direction will the remote control move and what is the
force in that direction? That is, what is the resultant force?

The resultant force depends not only on the size of each force but the directionin 40N 150°
which the forces are applied.

50N

A vector is a quantity that has magnitude and direction.
A scalar is a real number only.

2.2.2 \Vector notation

A vector is shown graphically as a line, with a tail (start) and head (end). The length of B
the line indicates the magnitude and the orientation of the line indicates its direction. /
In the figure, the head of the vector is at point B (indicated with an arrow), and the

tail is at point A.
When writing this vector, we can use the points A and B to indicate the start and end points with a special

A

arrow to indicate that it is a vector: AB. Some textbooks use a single letter, in bold, such as w, but this is
difficult to write using pen and paper, so w can also be used. The symbol (~) is called a tilde.

2.2.3 Equality of vectors

Vectors are defined by both magnitude and direction.

Two vectors are equal if both their magnitude and direction are equal.

_’_>W

In the figure, the following statements can be made:
U=y
u # w (directions are not equal)
u # z (magnitudes are not equal).

2.2.4 Addition of vectors — The triangle rule

Consider a vector, u, that measures the travel from A to B and another vector,
v, that measures the subsequent travel from B to C. The net result is as if the
person travelled directly from A to C (vector w). Therefore, we can say that
w=u-+y.
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To add two vectors, take the tail of one vector and join it to the head of another. The result of this
addition is the vector from the zail of the first vector to the head of the second vector.

Returning to Daniel and Anna who are fighting over the television remote control, we see that the forces
they apply to the remote control unit can be represented as a sum of two vectors.

Daniel’s

force
Resultant 40 N
force

>

Anna’s 50N
force

From this figure we are able to get a rough idea of the magnitude and direction of the resultant force. In the
following sections, we will learn techniques for calculating the resultant magnitude and direction accurately.

2.2.5 The negative of a vector

If u is the vector from A to B, then —u is the vector from B to A.

We can subtract vectors by adding the negative of the second vector to the first vector.

WORKED EXAMPLE 1

Using the vectors shown, draw the results of:

a.u-+v b. —u c.u—vy d.yv —u. v
u
THINK WRITE
a. 1. Move v so that its tail is at the head of u. a.

2. Join the tail of  to the head of v to find u + v.

b. Reverse the arrow on u to obtain —u. b. N

c. 1. Reverse y to get —v. c.

18
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2. Join the tail of —v to the head of u to get —v + u,
which is the same as u — v or u + (—v).

d.1. Reverse u to get —u. The vectors are now ‘aligned  d.
properly’ with the head of —u joining the tail of v.

1<

2. Join the tail of —u to the head of v to get y — u.
Note that this is the same as (—u + V)

WORKED EXAMPLE 2

The parallelogram ABCD can be defined by the two vectors b and c. D

In terms of these vectors, find: . ©
a. the vector from A to D @
b. the vector from C to D -
c. the vector from D to B. >

A b B
THINK WRITE

a. The vector from A to D is equal to the vector from  a. AD = ¢
B to C since ABCD is a parallelogram.

b. The vector from C to D is equal to the vector from B b. CD = -b
to A and is the reverse of B to A, which is b.

_

c. The vector from D to B is obtained by adding the c. DB
vector from D to A to the vector from A to B.

Il
|
| 1O

Il

1S

1o +
1

WORKED EXAMPLE 3

A cube PQRSTUVW can be defined by the three vectors a, b and ¢ as
shown.
Express in terms of a, b and c:

a. the vector joining P to V

b. the vector joining P to W

c. the vector joining U to Q

d. the vector joining S to W

e. the vector joining Q to T.
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THINK WRITE

All of the opposite sides in a cube are equal in length
and parallel. Therefore all opposite sides can be
expressed as the same vector.

a. The vector from P to V is obtained by adding the a. PV = P_(j + @

vector from P to Q to the vector from Q to V. PV = a+b
b. The vector from P to W is obtained by adding b. PW =PV + VW
the vectors P to V and V to W. WV=Q+Q+Q
c. The vector from U to Q is obtained by adding the c. UQ=UP + P_Q
vectors U to P and P to Q. U_Q =-b+a
=a-b
d. The vector from S to W is obtained by adding the d. SW=SR +RW
vectors S to R and R to W. STVzg+Q
e. The vector from Q to T is obtained by adding the e. @ = (jl5 +PS + ST
vectors Q to P, Pto S and S to T. Gf:—g+£+l~)
=bt+c-a

2.2.6 Multiplying a vector by a scalar

Multiplication of a vector by a positive number (scalar) affects only the magnitude of
the vector, not the direction. For example, if a vector u has a direction of north and a W<—I_>E
magnitude of 10, then the vector 3u has a direction of north and magnitude of 30.

If the scalar is negative, then the direction is reversed. Therefore, —2u has a direction
of south and a magnitude of 20.

Scalar multiples of a vector are all parallel as multiplication by a positive scalar only
affects the magnitude of a vector, and multiplication by a negative scalar only affects
the vector’s magnitude and reverses its direction.

IS —
9]

(98
I8
|
[\
N

WORKED EXAMPLE 4

Use the vectors shown at right to draw the result of:
2 S
Z

a.2r +3s b.2s —4r.
THINK WRITE
a. 1. Increase the magnitude of r by a factor of a.
2 and s by a factor of 3. 3
S
< 5
2. Move the tail of 35 to the head of 2. Then join 2+ 3 4
the tail of 27 to the head of 3s to get 2r + 3. 35 T
S /3s
/
= 2r
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b. 1. Increase the magnitude of s by a factor of b.
2 and r by a factor of 4. 2

A

4r
2. Reverse the arrow on 471 to get —4r.
%
—4r :
3. Join the tail of —4r to the head of 2s. 25— 4r
ﬁf
—4r -

Vectors can be used to solve real-world problems involving movement and direction. Direction is typically
referenced using a compass and expressed as the degrees from north. This is known as a bearing. We can
then use Pythagoras’ theorem and trigonometry to solve displacement and bearing problems through vector
addition.

WORKED EXAMPLE 5

A boat travels 30 km north and then 40 km west.

a. Make a vector drawing of the path of the boat.

b. Draw the vector that represents the net displacement of the boat.

c. Determine the magnitude of the net displacement.

d. Calculate the bearing (from true north) of this net displacement vector.

THINK WRITE
a. 1. Set up vectors (tail to head), one pointing north, a. m N
the other west.
N (30 km) W E

S
2. Indicate the distances as 30 km and 40 km

respectively.

b. Join the tail of the N vector with the head of the b. ‘W
W vector. \
4 NNLV (30 km)
c.

c. 1. Let Rkm = lengthof N + W. < W (40 km)

R=N+W N (30 km)

2. The length (magnitude) of R can be calculated using R =1/30% + 40°

Pythagoras’ theorem.
= 1/900 + 1600

=50 km
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d. 1. Indicate the angle between N and N + W as 0.

2. Use trigonometry to find 6, where the magnitude of
the opposite side is 40. The hypotenuse, R, was
determined in part ¢ as 50.

3. The true bearing is 360° minus 53.13°.

——
W (40 km)

N+W N (30 km)
40
o=
Sin 30
=0.8
0 =53.13°

Therefore the true bearing is:
360° — 53.13° = 306.87°

Resources

Digital document: Skill[SHEET Bearings (doc-26829)

study[T]

Concepts 1 & 2

Introduction to vectors Summary screen and practice questions
Operations on vectors Summary screen and practice questions

Exercise 2.2 Vectors and scalars

Technology free
1. a. [lIZ0 Draw the result of:

b. [fZJ Draw the result of:

L. r+s ii. r—3s iii. s—r /s
-

i. 2r+2s i. 2r—2s iii. 35 —4r
2. [l The pentagon ABCDE at right can be defined by the four vectors, s, f, u and v. C

Find in terms of these 4 vectors:

a. the vector from A to D b. the vector from A to B
c. the vector from D to A d. the vector from B to E

e. the vector from C to A.

B

3. I A girl travels 4 km north and then 2 km south. What is the net displacement vector?
A. 6 km north B. 6 km south
C. 2 km north D. —2 km north
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4. In the rectangle ABCD, the vector joining A to B is denoted by u and the vector g Y c
joining B to C is y. Which pairs of points are joined by: u ”
a. u+y? b. u—y? u
c. v—u? d. 3u+2y —2u—y? 0
5. [T Consider the following relationships between vectors u, v and w. Aj FD
u=2y+w
w=y-—u
Which of the following statements is true?
Au=w B.u=y C.u=3y  D.u=3y
6. [l A rectangular prism (box) CDEFGHIJ can be defined by three J I
vectors r, s and ¢ as shown at right. F | E
Express in terms of r, s and ¢: kl Hi
a. the vector joining C to H b. the vector joining C to J G ;" 777777777777 \\‘\
c. the vector joining G to D d. the vector joining F to I - C r ~ Db
e. the vector joining H to E f. the vector joining D to J
g. the vector joining C to I h. the vector joining J to C.
7. In terms of vectors g and b in the figure, define the vector joining O to D.
~._D
—
e
3

8. In terms of vectors a and b, define the vector joining E to O.

E

.

S

a e

ob
9. Which of the following are vector quantities? Justify your answer.
speed  velocity  displacement force  volume  angle
10. Which of the following are scalar quantities? Justify your answer.
speed time  acceleration velocity length  displacement
11. A 2-dimensional vector can be determined by its length and its angle with respect to (say) true north.
What quantities could be used to represent a 3-dimensional vector?

Technology active

12. A pilot plans to fly 300 km north then 400 km east.
a. Make a vector drawing of her flight plan.
b. Show the resulting net displacement vector.
c. Calculate the length (magnitude) of this net displacement vector.
d. Calculate the bearigg (from true north) of this net
displacement vecto
13. Another pilot plans to travel 300 km east, then
300 km north-east. Show that the resultant bearing
is 67.5 degrees. Determine how far east of its
starting point the plane has travelled, to 1 decimal place
14. An aeroplane travels 400 km west, then 600 km
north. How far is the aeroplane from its starting
point? Determine the bearing of the resultant
displacement. Give your answers to 1 decimal place.
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

Using technology or a piece of graph paper, draw a vector, g, that is 3 units east and 5 units north of the
origin. Draw another vector, b, that is 5 units east and 3 units north of the origin. On the same graph,
draw the following vectors.

a. a+b b. a+3b c.a—-b>b d b-a e. 3b—4a

f. 0.5a +2.5b g. a—2.5b h. 4a i. 2.5a—-1.5b i b—25a

Find the direction and magnitude of a vector joining point A to point B, where B is 10 m east and 4 m
north of A.

Consider a parallelogram defined by the vectors @ and b, and its associated diagonals, as shown.

>

=\

a >

Show that the vector sum of the diagonal vectors is 2a.
Show, by construction, that for any vectors  and v:

3(u+y)=3u+3y

(This is called the Distributive Law.)
Show, by construction, that for any three vectors g, b and c:

(@+b)+c=a+kb+9)

(This is called the Associative Law.)

Show, by construction, that for any two vectors r and s:
3£—§=—(s—3r)

A girl walks the following route: 400 m north — 300 m east — 200 m north — 500 m west — 600 m
south — 200 m east.
Make a vector drawing of these six paths. Determine the net displacement vector.
As you will learn shortly, vectors can be represented by two values: the horizontal (or x) component and
the vertical (or y) component.
Consider the vector w, defined by joining the origin to the point (4, 5), and the vector v, defined by
joining the origin to (2, 3). Determine the horizontal and vertical components of each vector.
Demonstrate graphically that the sum w + v has an x-component of 6 (that is, 4 + 2), and a
y-component of 8 (that is, 5 + 3).
Using the same vectors, w and v, as in question 22, demonstrate graphically that the difference vector,
w — v, has an x-component of 2 and a y-component of 2.
Using the same vectors, w and v, as in question 22, demonstrate graphically that:
a. the vector 4w has an x-component of 16 and a y-component of 20
b. the vector —2y has an x-component of —4 and a y-component of —6.
Using the results from questions 22, 23 and 24, what can you deduce about an algebraic method (as
opposed to a graphical method) of addition, subtraction and multiplication of vectors?
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2.3 Position vectors in the plane
2.3.1 Cartesian form of a vector

As a vector has both magnitude and direction, it can be represented in
2-dimensional planes.
In the figure, the vector u joins the point A to point B.

Using the Cartesian plane, an identical vector can be considered to join the origin
with the point C.

It is easy to see that u is made up of two components: one along the x-axis and
one parallel to the y-axis. Let 7 be a vector along the x-axis with magnitude 1.
Similarly, let j be a vector along the y-axis with magnitude 1. Vectors # and j are
known as unit vectors, and are discussed in section 2.3.5.

We can say the vector u is the position vector of point C relative to the origin.

Note: Unit vectors i and j may also be shown as i and j respectively.

With vectors, it is equivalent to travel along u from the origin directly to C, or
to travel first along the x-axis to D and then parallel to the y-axis to C. In either
case we started at the origin and ended up at C. Clearly, then, u is made up of
some multiple of 7 in the x-direction and some multiple of j in the y-direction.

For example, if the point C has coordinates (6, 3) then u = 6 + 3j. This is
the Cartesian form of a vector.

YA

The Cartesian form of a vector from the origin to the point (x, y) is given by:

u = xi+yj

2.3.2 Ordered pair notation and column vector notation

P . . . 6
The vector u = 6i + 3j can be expressed as an ordered pair (6, 3) or in column vector notation as [ 3 ] .

Similarly, the vector u = xT + yj can be expressed as an ordered pair (x, y) or in column vector

. X
notation as [ ] .
y

2.3.3 The magnitude of a vector

By using Pythagoras’ theorem on a position vector, we can find its length, or magnitude.

Consider the vector u shown.

The magnitude of u, denoted as |u| or r, is given by: YA
C(6,3)
=TT u
lul = V45 17
s PR
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The magnitude of a vector, u = xi + yj, is given by:

r=lu| = Vx?+y?

2.3.4 The polar form of a vector

From what we already know about trigonometry, we can work out the YA
angle (0) that u makes with the positive x-axis (that is, anticlockwise
from the positive x-axis). This gives us the direction of u.

3
f=tan""' | =
' (3)

=tan"! 0.5

= 0.464 radians
=26.6°

The angle 6 can be calculated as:

The result obtained by this method needs to be adjusted if the angle is in the 2nd, 3rd, or 4th quadrants.
This allows us to express the vector in polar form as [3 \/5_ , 26.6"].

The direction of a vector,u = xi + yj, is given by 0 = tan™! (X)
X

The polar form of vector u is [r, 6],

where u is a vector of magnitude r in the direction of 6 from the positive
direction of the x-axis.

WORKED EXAMPLE 6

Using the vector shown, determine: y)
a. the magnitude of u
b. the direction of u (express the angle with respect
to the positive x-axis)
c. the true bearing of u.
d. the expression of u in polar form.

\

=Y

1t

(37 _5)

THINK WRITE

a. 1. Use Pythagoras’ theorem or the rule a. |u|l = 3%+ (=5).
for magnitude of a vector with the x- and
y-components 3 and —5 respectively.

2. Simplify the surd. lu]l = v9+25

= /34 (= 5.831 to 3 decimal places)
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b. 1. The angle is in the 4th quadrant since b. § = tan™! <_—5>
x =3 and y = —5. Use trigonometry to ’
find the angle 6 from the x- and
y-component values, recalling

opp
tanf = —.
adj
2. Use a calculator to simplify. 0 = -59°

c. The negative sign implies that the direction c. True bearing = 90° + 59°
is 59° clockwise from the x-axis. The true = 149°
bearing from north is the angle
measurement from the positive y-axis to the

vector u.
d. 1. Recall the polar form of a vector is [r,0]. d. [r, 0]
2. Write u in polar form. u is a vector of magnitude /34 in a direction of

—59° from the positive direction of the x-axis. In
polar form, u = [\/ 34, —590].

TI| THINK WRITE CASIO | THINK WRITE

d. 1. Put the calculator in Degree
mode.
On a Calculator page,
complete the entry line as:
[3 5]

d. 1. Put the calculator in Degree [B_Sbem) @

[]

Pol (3,-5)

mode. {37 ,-59.03624347)
I On the Run-Matrix screen, |-

press OPTN, then press F6
to scroll across to more

[z -s]vpotar [s.82095 £-59.0362)

Press MENU, then select: menu options. Select
7: Matrix & Vector ANGLE by pressing F5,
C: Vector press Fo6 to scroll across to
4: Convert to Polar more menu options, then
then press ENTER. select Pol( by pressing F1.
Note: The matrix template can Complete the entry line as:
be found by pressing the Pol (3,-5)
Templates button. then press EXE.
2. The answer appears on the u = (5.831,-59°) 2. The answer appears on the 1 = (ﬁ —59°)
screen. screen.

Note: The calculator will give
decimal values, not exact
values.

2.3.5 Unit vectors

As we have seen, any vector u is composed of x- and y- components denoted by x%, yj. The vectors, #, and j are
called unit vectors, as they each have a magnitude of 1. This allows us to resolve a vector into its components.

If a 2-dimensional vector z makes an angle of 0 with the positive x-axis and it has a magnitude of
r, then we can find its x- and y-components using the formulas:

x =|r| cos@
y =|r| sin@
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WORKED EXAMPLE 7

Consider the vector u, whose magnitude is 30 and whose bearing
(from N) is 310°. Determine its x- and y-components and write z in
terms of 7 and j, that is, in Cartesian form.

THINK WRITE
1. Change the bearing into an angle with respect to the Y
positive x-axis (6). 50°
2. The angle between u and the positive y-axis is <o\
360° — 310° = 50°. %
3. Calculate 6. 0 =90° + 50°
= 140°
4. Find the x- and y-components using trigonometry. x=lrlcosé y =Irlsin6
=30 cos 140° =30 sin 140°
= —22.98 = 19.28
5. Express u as a vector in Cartesian form. u=—2298i + 19.28f
TI| THINK WRITE CASIO | THINK WRITE
1. Determine the angle that u 0 = 50° +90° = 140° 1. Determine the angle that u 0 = 50° +90° = 140°
makes with the positive makes with the positive x-axis.
X-axis.
2. Put the calculator in Degree 2. Put the calculator in Degree [0 _Suitaifa) @
Rec(30,140)
mode. ((20 £ 140))pRect  ~22.9813+19.2836+ ¢ mode. {-22.98133329,19.283>
On a Calculator page, I On the Run-Matrix screen, d
complete the entry line as: press OPTN, then press F6 to
(30£140) scroll across to more menu
Press MENU, then select: options. Select ANGLE by
7: Matrix & Vector pressing FS5, press F6 to scroll
C: Vector across to more menu options,
5: Convert to Rectangular then select Rec( by pressing
then press ENTER. F2.
Note: The « symbol can be Complete the entry line as:
found by pressing CTRL Rec (30, 140)
and the Catalogue button. then press EXE.
3. The answer appears on the u = —=22.98i + 19.28f 3. The answer appears on the u = —=22980+ 19.28
screen. The first value is the screen. The first value is the
x-component and the second x-component and the second
value is the y-component. value is the y-component.

WORKED EXAMPLE 8

A bushwalker walks 16 km in a direction of bearing 050°, then walks 12 km in a direction of
bearing 210°. Determine the resulting position of the hiker giving magnitude and direction from
the starting point. State the resultant vector in polar form.
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THINK WRITE

1. Draw a clear diagram to represent
the situation.

2. Resolve the position vectors into a = 16 cos 40°7 + 16 sin 40°%f
their x- and y-components by b = 12 cos 240° + 12 sin 240%
recalling the component formulas,

x = |rlcos @ and y = Irl sin 8, where 0
is the angle from the x-axis.

3. Simplify position vectors. 12.25677 + 10.2846j

a
b = —61 — 10.3923j

4. Use the triangle rule of addition of a+ b= (12.2567 — 6)i + (10.2846 — 10.3923)7
vectors. = 6.25671 — 0.1077f
a
0 b
a+b
—-0.1077
5. Find the angle 6 by recalling the 6=tan"! [ ——
y 6.2567
direction formula, # = tan™! (;) — _0.986°
6. Find the magnitude. la + bl = /x> +y?

=1/6.262 + (=0.11)?
=1/39.2

=6.26
7. State the resultant vector polar form. The bushwalker’s final position is 6.26 km at an angle
of —0.986° from the starting point: [6.26, —0.986°].

Unit vectors can also be found in the direction of any vector. This is merely the original vector divided by
its magnitude.

The unit vector of any vector u in the direction of u, denoted by #, is:

133
Il
|l=
Il

&
N R
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WORKED EXAMPLE 9

Determine the unit vector in the direction of u.
Confirm the unit vector has a magnitude of 1.

THINK

1. Express the vector in component form.

2. Calculate the magnitude of the vecto
Pythagoras’ theorem.

3. Divide each component of the original vector by the

magnitude to get i.

4. Confirm that # has a magnitude of 1.

r u using

Tl | THINK

1. On a Calculator page, press
MENU, then select:
7: Matrix & Vector
C: Vector
1: Unit Vector
Complete the entry line as:
mitV ([6  3])

unilV([6 Z])
I

[0.894427 0.447214)

then press ENTER.

Note: The matrix template can
be found by pressing the
templates button.

2. The answer appears on the
screen.
Note: The calculator will give
decimal values, not exact
values.

i = 0.8947 +

0.447f

CASIO | THINK

. The answer appears on the

WRITE

1. On the Run-Matrix screen, ﬂ,n ﬁﬁ%ﬁ
press OPTN then select [ 2J5
MAT/VCT by pressing F2. 5
Press F6 twice to scroll
across to more menu options,
then select UnitV( by
pressing F5.

Press EXIT twice to return to
the main menu, then select
MATH by pressing F4. Select
MAT/VCT by pressing F1,
then press F6 to scroll across
and select 1 X 2 by pressing
Fl1.

Complete the entry line as:
UnitV ([6  3])

then press EXE.

screen.
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2.3.6 A vector between two points

In the figure g is the position vector of point A, OA, and b is the position vector of point
B, OB, relative to the origin.

The vector describing the location of A relative to B, BA, is easily found using vector
additionas —b+aora—>b

Similarly, the vector describing the location of B relative to A, AB, is b—a.

If A and B are points defined by position vectors a and b respectively, then
AB=b—a

WORKED EXAMPLE 10

a. Determine the position vector locating point B (3, —3) from point A (2, 5).
b. Calculate the length of this vector.

THINK WRITE
a. 1. Express the point A as a position vector . a. Let OA = a=2i+3
2. Express the point B as a position vector b. Let OB = b=3i-3
3. The location of B relative to A, (ﬁ), isb—a, AB = b-a
=3-3—-Q2i+9))
=i—§
b. The length of (AB) is b —al. b. |ﬁ| =1b—al

=12+ (-8)2
=1/65 (or 8.06)

We are now in a position to resolve the problem of finding, accurately, the resultant force acting on the
television remote control when Daniel and Anna are pulling on it.
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First redraw the diagram to show the addition of vectors.
Taking the direction of Anna’s force as the # direction:
Anna’s force, a = 507 + (f

Daniel’s force, b = 40 cos 150° + 40 sin 150% Damiel’s
= _34.6410i + 20j Resultant 40 N
Resultant force, a + b = (50 — 34.6410)i + 207 force 30° r\lsoo
= 15.3590i+ 20f Annass SON Pt
Magnitude = la + b force
=25.2N
20

Direction 6 = tan™! ————

irection N~ Teoes0

=52.48°
Resources

Digital document: SpreadSHEET Position vector (doc-26830)

— study[T])

Concepts 3, 4 and 5

The magnitude of a vector and polar form Summary screen and practice questions
Unit vectors Summary screen and practice questions
Resolution of vectors Summary screen and practice questions

Exercise 2.3 Position vectors in the plane

Technology active

1. State the x, y components of the following vectors.
a. 3i+4j b. 61— 3f c. 3.4i4+4/2f

2. [[IEZX3 For each of the following, determine:
i. the magnitude of the vector
ii. the direction of each vector. (Express the direction with respect to the positive x-axis.)
a. (6,6) b. 47 y

X
w

~ (320,-10)

(-3.4,-3.5)

3. i. [JEZX] Determine the true bearing of each vector in question 2.
ii. Express each vector in question 2 in polar form.
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4,

10.

11.

12.

13.

14.

Consider the vector w shown. Its magnitude is 100 and its bearing is 210° True.

y N

W<—I—>E
X
210°

100 S

w

Find the x- and y-components of w, and express them as exact values (surds). State the answer in the
form w = xi + )j.
A A vector with a bearing of 60 degrees from N and a magnitude of 10 has:

A. x-component = g, y-component = % B. x-component = %, y-component = @
C. x-component = 5\/? , y-component = 5 D. x-component = 5, y-component = 5\/?

An aeroplane travels on a bearing of 147 degrees for 457 km. Express its position as a vector in terms of
7 andj (to 1 decimal place).

A ship travels on a bearing of 331 degrees for

125 km. Express its position as a vector in terms

of fandj (to 1 decimal place).

KT A pilot flies 420 km in a direction 45° south

of east and then 200 km in a direction 60° south of
east. Calculate the resultant displacement from the
starting position giving both magnitude and direction.
State the final vector in polar form to 1 decimal place.
The instructions to Black-eye the Pirate’s hidden
treasure say: “Take 20 steps in a north-easterly
direction and then 30 steps in a south-easterly direction.” However, a rockfall blocks the first part of the
route in the north-easterly direction. How could you head directly to the treasure?

Two scouts are in contact with home base. Scout A is 15 km from home base in a direction 30° north of
east. Scout B is 12 km from home base in a direction 40° west of north. Determine how far is scout B
from scout A.

K Determine unit vectors in the direction of the given vector for the following:

c. b=4i+3j

e. c=10+ \/Ej
Id A unit vector in the direction of 37 — 4j is:
34, 44 3a_ 4a P 34 44
A. si+3J B. s1—3J C.i—jJ D. 550 — 557
Not all unit vectors are smaller than the original vectors. Consider the vector v = 0.37 + 0.4j. Show that
the unit vector in the direction of v is twice as long as .

Find the unit vector in the direction of w = —0.17 — 0.02j.
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15.

16

17.
18.
19.

20.

21.

22,

23.

24,

Consider the points A (0, 1) and B (4, 5) in the figure. A vector joining A to B can be drawn.
B

y
1 @.5)

O, D YA

>
>

X

a. Show that an equivalent position vector is given by: 4i + 4j.
b. Similarly, show that an equivalent position vector joining B to A is given by: —41 — 4j.
K21 For each of the following pairs of points determine:
i. the position vectors locating the second point from the first point
ii. the length of this vector as an exact value.

a. (0,2), 4, -5) b. (2,3), (5,4)
c. 4,-5), (0,2) d 5,4), (2,3)
e. 3,7, 5,7 f. (7, =3), 3, =3)

Determine the position vectors from question 16, by going from the second point to the first.

Determine unit vectors in the direction of the position vectors for each of the vectors of question 16.

Letu = 5i —2jand e = -2 + 3j.

a. Determine:
i ul ii. |ef iii. £ iv. & v. u+te vi. lu+ el

b. Confirm or reject the statement that |u| + |e| = lu + ¢l

Lety =-3i+4jande =51 —j.

a. Determine:
i ul ii. e iii. @ iv. & V. ute vi. lu+ el

b. Confirm or reject the statement that |u| + |e| = lu + el.

To calculate the distance between two vectors, a and b, simply find |a — b|.

Calculate the distance between these pairs of vectors:

a. 3T+ 2j and 27 + 3f b. 5 —2j and 27 + 5

A river flows through the jungle from west to

east at a speed of 3 km/h. An explorer wishes F

to cross the river by boat, and attempts this by

travelling at 5 km/h due north.

Determine:

a. the vector representing the velocity of the
river

b. the vector representing the velocity of the
boat

c. the resultant (net) vector of the boat’s
journey

d. the bearing of the boat’s journey

e. the magnitude of the net vector.

Consider the data from question 22. At what bearing should the boat travel so that it arrives at the
opposite bank of the river due north of the starting position?

A boat travels east at 20 km/h, while another boat travels south at 15 km/h. Determine:

a. a vector representing each boat and the difference between the boats

b. the magnitude of the difference vector

c. the bearing of the difference vector.
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25. Consider the vector u = 37 + 4j and the vector v = 4i — 3j. Find the angles of each of these vectors with
respect to the x-axis. Show that these two vectors are perpendicular to each other. Also show that the
products of each vector’s corresponding x- and y-components add up to 0. Can you confirm that this is a
pattern for all perpendicular vectors?

26. A river has a current of 4 km/h westward. A boat which is capable of travelling at 12 km/h is attempting
to cross the river by travelling due north. Determine:

a. the vector representing the net velocity of the boat

b. the bearing of the actual motion of the boat

c. how long it takes to cross the river, if the river is 500 m wide (from north to south). (Hint: The
maximum ‘speed’ of the boat is still 12 km/h.)

2.4 Scalar multiplication of vectors
2.4.1 Equality of two vectors

When a vector in 7 and j form is multiplied by a scalar, each coefficient is multiplied by the scalar.

If g = xi + yj, then ka = kxi + kyj.

For example, if @ =7 — 2j, then 2a = 2i — 4j and —a = —i + 2j.
Given the vectors OA = a = xii + y;j and OB = b = x;i + y»j, the two vectors are equal, a = b, if and
only if x; = x, and y; = y».

WORKED EXAMPLE 11

If a = xi — 3j and b = 4i — 5j, determine the value of x if the vector ¢ = 2a — 3b is parallel to the
y-axis.

THINK WRITE

1. Substitute the vectors @ and b into ¢ = 2a — 3b. c=2a-3b
=2(xf — 3j) — 347 — 5))

CHAPTER 2 \Vectors in the plane 77



2. Multiply the vectors g and b by the scalars 2 and —3. ¢ = (2xi — 6]) — (12 — 15))
3. Simplify c=2x—-12)i+ (-6 +15)j
c=2x—-12)i+ 9
4. As vector c is parallel to the y-axis, its f component  2x — 12 = 0
must be zero. Equate the # component to zero.

5. Solve for x. 2x=12
=

WORKED EXAMPLE 12

Determine the vector representing the midpoint of the line segment AB if A = (1, 2) and
B =4, 3).

THINK WRITE
1. Draw a diagram to represent this situation. Let M be the midpoint of AB.
YA
4_
B
3] M
A
2_
1 —
LR
Y
2. Write OA and OB in component form. OA =i+ 2j
OB = 4i + 3
3. Write AB in component form. AB = AO + OB
= OB - OA
=4i+3—-i-2f
=3i+j
—_— _ _— 1 —_—
4. Write OM in component form. OM = OA + EAB

1
=i+2+ 5(3i+j)
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Further consideration of Worked example 12 demonstrates that the vector representing the midpoint, M, of
the line segment AB can be determined using the formula:

O—’M=OA;-OB

2.4.2 Solving vector problems

When solving vector problems, we may often need to solve simultaneous, linear or even non-linear equations
to solve for the unknown in each case.

WORKED EXAMPLE 13

Given the vectorsa = 2i — 4j,b = 37 — §f and ¢ =7 + 4j, determine the values of the scalars m
and n if ¢ = ma + nb.

THINK WRITE

1. Substitute the vectors @ and b into ¢ = ma + nb. ¢ =ma+nb
T+ 47 = m(2i — 47) + n(31 — &)
2. Multiply the vectors g and b by the scalars m and n. 7+ 4j = (2mi — 4mj) + (3ni — 8nj)
3. Simplify. I+4=0Cm+3n)i— (4m+ 8n)j
4. Equate the components. Since the 7 components are equal:
1=2m+3n [1]
Since the j components are equal:
4 =—-4m - 8n [2]
5. Solve the simultaneous equations. 2X[1] 2=4m+ 6n
4=—-4m—8n (2]
Adding gives
6=-2n >n=-3

6. Substitute into [1] to solve for m. 2m=1-3n
2m=1+9 =10
m=>5
7. Write the answer. ¢=5a-3b

2.4.3 Parallel vectors

Two vectors a and b are parallel if @ = kb, where k € R. Conversely, if a = kb, then a is parallel to b.
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WORKED EXAMPLE 14

Given the vectors r = xi + 3j and s = 5i — 6j, calculate the value of x in each case if:
a. the length of the vector r is 7
b. the vector r is parallel to the vector s.

THINK WRITE

a. 1. Determine the magnitude of the vector in terms of  a. 7 =xi+ 3]

the unknown value. Ir| = \/m
2. Equate the length of the vector to the given value. Since |r| = 7:
X249 =7
3. Square both sides and solve for the unknown value. ¥ +9=49
Both answers are acceptable values. 2 =40

b. 1. If two vectors are parallel, then one is a scalar b. r=ks
multiple of the other. Substitute for the given xi + 3f = k(51 — 6))
vectors and expand. = 5ki — 6k
2. For the two vectors to be equal, both components From the j component, 3 = —6k, so
must both be equal. . 1
>
From the  component,
x = 5k.
3. Solve for the unknown value in this case. x = 5Skbutk = —%, SO
5
x=—=.
2

study(T])

Scalar multiplication of vectors Summary screen and practice questions

Exercise 2.4 Scalar multiplication

Technology free

1. EEER If g = 47 — 57 and b = 37 + yj, determine the value of y if the vector ¢ = 3a + 2b is parallel to the
X-axis.

2. The vector CD = 7§ — 5j, the coordinates of point C are (x, —3) and the coordinates of point D are (4, y).
Determine the values of x and y.
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3. [lIZA Determine the vector representing the midpoint of the line segment AB if A = (3, 4) and

B = (7, 8).
4. a. Determine the value of x if the vector xi + 3f is parallel to the vector 57 — 6j.

b. Determine the value of y if the vector —4i + 5 is parallel to the vector 67 + yj.
For the vectors ¢ = —2i + 3j and b = 4i — 2j, show that the vector 2a + 3b is parallel to the x-axis.
For the vectors ¢ = 37 — 5f and d = 4i — 3j, show that the vector 4c¢ — 3d is parallel to the y-axis.
Given the vectors @ = xi — 5f and b = 57 + 3j, find the value of x if the vector 3a + 4b is parallel to the
y-axis.
If ¢ = 5f — 3j and d = 4i + yJ, find the value of y if the vector 5S¢ + 7d is parallel to the x-axis.
6. a. Show that the points A (3, —2), B (4, —5) and C (1, 4) are collinear.

b. Show that the points (5, —3), (2, 1) and (8, —7) are collinear.

2 S

e

Technology active

7. a. Given the points A (5, —2) and B (—1, 3), determine:
i. the vector AB
ii. the distance between the points A and B
iii. aunit vector parallel to AB.
b. Two points C and D are given by (—4, 3), (2, —5) respectively. Determine:
i. the vector CD
ii. the distance between the points C and D
ii. a unit vector parallel to DC.
8. lIZHE Given the vectors @ = 51 + 2j, b = =37 — 4f and ¢ =7 — 8, determine the values of the scalars m
and n if ¢ = ma + nb.
9. Given the vectors r = xi + yj and s = 4i — 3j, determine the values of x and y if 27 + 35 = 8i +].
10. {32 Given the vectors r = xi — 4f and s = 37 + 5f, calculate the value of x if:
a. the length of the vector r is 6
b. the vector r is parallel to the vector s.
11. Calculate the value of y for the vectors ¢ = 4f + yj and b = 2i — 5j if:
a. the vectors a and b are equal in length
b. the vector a is parallel to the vector b.
12. a. Given the vectors @ = xi + 3f and b = —2i + yj, and also given that 3a + 4b = 4i +j, determine the
values of x and y.
b. For the vectors a = 4i — 5j, b = —7i + 3f and ma + nb = 8 + 13j, determine the values of m and n.
c. Ifa=>51-6j, b =-2i+4j and ma + nb = 2j, determine the values of m and n.

2.5 The scalar (dot) product
2.5.1 Calculating the dot product

In a previous section we studied the result of multiplying a vector by a scalar. In this section we study the
multiplication of two vectors.

The scalar or dot product of two vectors, a and b, is denoted by a - b.

There are two ways of calculating the dot product. The first method follows from its definition. (The
second method is shown later.) Consider the two vectors g and b.
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By definition, the dot product a . b is given by:

1

~

a.b=|al|l|b| cos 6

Y

where 0 is the angle between (the positive directions of) a and b. b

Note: The vectors are not aligned as for addition or subtraction, but their two tails are joined.

Properties of the dot product

* The dot product is a scalar. It is the result of multiplying three scalar quantities: the magnitudes of the
two vectors and the cosine of the angle between them.
* The order of multiplication is unimportant (commutative property); thus,

a-b=b-a

* The dot product is distributive; thus,

* Since the angle between g and itself is 0°

WORKED EXAMPLE 15

Leta = 3i + 4j and b = 3i. Determine a - b.

THINK WRITE
1. Find the magnitudes of ¢ and b. la| = \/32-|-742
=5
bl = V32
=3

2. Draw a right-angled triangle showing the angle that Y
a makes with the positive x-axis since b is along the
X-axis.

3. Find cos 0, knowing that @ = 5 and the cosf =
x-component of g is 3.

4. Find q - b using the equation with the angle between ¢ - b = |a| X |b| X cos 6

2 vectors —5%3%X>
5

5. Simplify.
=)
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TI| THINK WRITE CASIO | THINK WRITE

1. On a Calculator page, m 1. On the Run-Matrix 8 o) GOa

press MENU, then select: aoe(z 4l[2 o) o screen, select MAT/VCT TR :

7: Matrix & Vector ; by pressing F3. vot C :None

C: Vector Select M < V by ver B i Noxs

3: Dot Product pressing F6 to switch DL-AlL "NonGs.

Complete the entry line as: from the Matrix screen to

dotP ( [ 3 4 ] [3 0 ] ) the Vector screen. 8 o) GOGa

then press ENTER. To define a as Vector A, v D;mension mXn

Note: The matrix template highlight VCT A and vl s s

can be found by pressing press EXE. Change the ¥ .

the templates button. dimension to 1 X 2, then |Vet F :None
press EXE. DELETEJDEL-ALL] DIM J M=V
Enter the values 3 and 4
into the matrix template, 2— iE gm

then press EXIT. Y
Repeat these steps to
define b as Vector B.
P ENEDT)

2. The answer appears on a-b=9 2. On the Run-Matrix B Eflgfn) [k
the screen. screen, press OPTN, then
select MAT/VCT by
pressing F2. Press F6
twice to scroll across,
then select DotP( by
pressing F2.

Complete the entry line
as:

DotP(VctA,Vct B)

then press EXE.

Note: Press F1 for ‘Vct’.

3. The answer appearson  a - b =9
the screen.

Note: An easier method for finding the dot product will now be shown.

2.5.2 The scalar product of vectors expressed in component form

Consider the dot product of the unit vectors 7 and j. Firstly, consider 7 - { in detail. By definition, |{|= 1 and,
since the angle between them is 0°, cos @ = 1, thus 7 - 7 = 1. To summarise these results:

f-i=1 (sinced =0°)
j-j=1 (sinced =0°)
i-7=0 (since 8 = 90°)

Using this information, we can develop another way to calculate the dot product of any vector.
Let a = x1i +yij and b = xoi + y,f where x1, y1, X2, 2, are constants. Then we can write g - b as:

a-b=xi+yJ) - Oof+y2))

=x1@ - 1) + x1y2@ - ) + y1x2(J - ) + y1y2(J - J)
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Considering the various unit vector dot products (in brackets), the ‘like’ products (7 - 7 and j - j) are 1; the
rest are 0. Therefore:

a-b=xx,+yy,

This is a very important result.

We only need to multiply the corresponding x- and y-components of two vectors to find their dot
product.

WORKED EXAMPLE 16

Leta = 3i + 4jand b = 6i — 4j. Determine a - b.
THINK WRITE

1. Write down a - b using the equation a-b=@G3i+4j) - (61— 4
a-b=xx+yy.
b=3x6+4x-4

3. Simplify. =18-16
=

2. Multiply the corresponding components.

1

2.5.3 Finding the angle between two vectors
We now have two formulas for calculating the dot product:

a-b=1lallblcos 6

a-b=xx+yy

~ o~

Combining these two formulas allows us to determine the angle between the vectors.
Rearranging the two equations, we obtain the result:

X1X5 + Y1),

cosO =
lal 5]

Note: The angle will always be between 0° and 180° as 180° is the maximum angle between two vectors.

WORKED EXAMPLE 17

Let a = 4i + 3j and b = 2i — 3j. Calculate the angle between them to the nearest degree.

THINK WRITE

1. Determine the dot product using the equation a-b=@i+3))- 2-3))
a-b=xix+y1y. =4x243x-3

2. Simplify. =—1
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3. Find the magnitude of each vector.

=413
. . . —1
4. Substitute results into the equation cosf = ——
X1Xx2 +
cosf = X2 Yiy2 5V 13
lallbl
5. Simplify the result for cos 6. = —0.05547
6. Take cos™! of both sides to obtain @ and round the 0 = cos~!1(—0.05547)
answer to the nearest degree. — 930
Tl | THINK WRITE CASIO | THINK WRITE
1. On a Calculator page, complete 1. On the Run-Matrix screen, \i/, tE' A
the entry line as . wl dotells z1[2 -3) select MAT/VCT by pressing e R
COS_] ( dOtP([4 3]’ [2 _3]) > nom((4 2])-nom([2 -2]) o E3. vg% 8 B Ng:g
Select M < V by pressing F6 | St g NS
_ | c one
norm([4 3]) X norm([2 =3) to switch from the Matrix ct F

then press ENTER.
Note: ‘dotP(’ can be found by

pressing MENU and then
selecting

7: Matrix & Vector

C: Vector

3: Dot Product.

Similarly, ‘norm’ can be found
by pressing MENU and then
selecting

7: Matrix & Vector

7: Norms

1: Norm.

2. The answer appears on the screen. The angle is 93°.

screen to the Vector screen.
To define g as Vector A,

highlight VCT A and press
EXE. Change the dimension
to 1 X 2, then press EXE.
Enter the values 4 and 3 into
the matrix template, then
press EXIT.

Repeat these steps to define b

as Vector B.

2. On the Run-Matrix screen,
press OPTN, then select
MAT/VCT by pressing F2.
Press F6 twice to scroll
across, then select Angle(by
pressing F4.

Complete the entry line as:
Angle(VctA,Vct B)

then press EXE.

Note: Press F1 for “Vcet'.

3. The answer appears on the
screen.

Vet F :None

8 Bxdfen) ()Eed
A 1 2
s +
3
| ROW_JCOLUMNINTAA)
B _Eafbuifen) (@ofsd
ngle(Vet A,Vet B
93.17983012

The angle is 93°.
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2.5.4 Special results of the dot product
Perpendicular vectors

If two vectors are perpendicular then the angle between them is 90° and the equation a - b = lallblcos 6
becomes:

lallbl cos 90°
=lallbl X0 (Since cos 90° = 0)

If a - b =0, then a and b are perpendicular.

WORKED EXAMPLE 18

Find the constant m if the vectors a = 4i + 3j and b = —3i + mj are perpendicular.

THINK WRITE

1. Find the dot product using the equation a-b=@4i+ 3 (=31 + mj)
a-b=xx+yy.

2. Simplify. =—-124+3m

3. Set a - b equal to zero since a and b are a-b=-12+3m
perpendicular. =0

4. Solve the equation for m. m=4

Parallel vectors

If vector a is parallel to vector b, then a = kb where k € R.
Note: When applying the dot product to parallel vectors, € (the angle between them) may be either 0° or 180°
depending on whether the vectors are in the same or opposite directions.

WORKED EXAMPLE 19

Let a = 57 + 2j. Find a vector parallel to a such that the dot product is 87.

THINK WRITE
1. Let the required vector b = ka. Let b = k(51 + 2f)

= Ski + 2kj
2. Find the dot product of a - b. a-b=(5t+72) - (5ki + 2kj)
3. Simplify. = 25k + 4k

= 29

4. Equate the result to the given dot product 87. 29k = 87
5. Solve for k. k=3
6. Substitute k = 3 into vector b. b=15+6
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The scalar (dot) product Summary screen and practice question

Exercise 2.5 The scalar (dot) product

Technology free
1. I3 Determine the dot product of the vectors 37+ 3f and 67 + 2 using the equation a - b = | all b| cos 6.

2. Compare the result from question 1 with that obtained by finding the dot product using the equation
a - b = x1x, + y1y2. Which is probably the most accurate?

3. I8 Determine g - b in each of the following cases.

a. a=20+3f, b=31+3f b. a=41-2f, b =5{+] c.a=—i+4f,b=3i-T7f
d. a=5i+9, b=2—-4f e. a=-3i+j, b=10+4k f. a=10f b=-2
9. a=3i+5,b=1 h. a=6i-2f, b=—-i—-4

4. I The dot product of @ = 3f —3fand b =i — 2j is:
A. B. 12 c. 21 D.9

(O8]

5. Let g = xi + yj. Show that g - @ = x* + y*.
6. Let g = 27 — 5 and let b = —i — 2j. Determine their dot product.
7. Leta =3i+2j, b=1i-2jand ¢ = 5i — 2j. Demonstrate, using these vectors, the property:

¢cl@a-b)=c-a-c-b

Formally, this means that vectors are distributive over subtraction.
8. Repeat question 7 for the property:

o
P
R
+
S
N—’
I
o
1R
+
1o
Sy

Formally, this means that vectors are distributive over addition.
9. [ If a = 5i + 4j which of the following is perpendicular to u?

A. =5i—4j B. 31+ 4j C. -5i D. —4i+ 5
10. ™ If (a — b).(a + b) = 0, then:
A. a is parallel to b B. a and b have equal magnitudes
C. a is perpendicular to b D. a is a multiple of b
11. I If (@ — b) - (a + b) = |b?|, then:
Aca=b B. a must be equal to the zero vector, Q
C. ais perpendicular to b D. |a| must be equal to \/5 1]
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Technology active

12. Id Consider the two vectors shown.

13.

14.

15.
16.

17.

18.
19.
20.
21.

Their dot product is:
A. 30
B. 21.2
C. -21.2
D. There is insufficient data to determine the dot product.
Consider the vectors g and b.

Their magnitudes are 7 and 8 respectively. Calculate g - b, to the nearest whole number.
Determine the dot product of the following pairs of vectors.
a. 41 —3jand 7T + 4f b. i+ 2j and — 97 + 4
c. 8+ 3f and — 27 - 3j d. 51— 5f and 5T+ 5]

Calculate the angle between each pair of vectors in question 14 to the nearest degree.
@ The angle between the vectors 27 + 3j and 27 — 3f is closest to:

A. 0° B. 67° C. 90° D. 113°
@ The angle between the vectors 27 — 3j and —4i + 6j is closest to:
A. 0° B. 69° c. 111° D. 180°

FT3H Determine the constant m, if the vectors b = mi + 3f and g = 61 — 2j are perpendicular.

Determine the constant m, such that b = mi — 2mj is perpendicular to a = 41 — 3j.
E=8 Let g = 27 + 4j. Find a vector parallel to a such that their dot product is 40.
Let a = 47 — 3j. Find a vector parallel to g such that their dot product is 80.

2.0 The projection of vectors — scalar and
vector resolutes
2.6.1 Introduction

Previously we have resolved a vector parallel and perpendicular to the x- and
y-axes. In this section we consider a generalisation of this process where we

resolve one vector parallel and perpendicular to another vector.
Consider the two vectors, a and b, shown. The angle between them, as for

adot product, is given by 6. It can be shown that b is made up of a projection
acting in the direction of g and another projection acting perpendicular to a. o

Firstly we wish to find the projection in the direction of a.

Y

1Q
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2.6.2 The scalar resolute

To obtain the projection of b in the direction of a, we perform the following construction:

1. Drop a perpendicular line from the head of b to a (this is perpendicular to a). b
This line joins a at point A.

2. We wish to find the length of the line OA.
This construction is shown.

Y

0}
Let the length of b (its magnitude) be denoted by | 5. Then, from trigonometry:

IS
>

OA =1blcosf

But from the definition of the dot product:

1

-b=lallblcosf (from the equation a - b = ||l b| cos §)

1

- b=1al0A

Therefore, solving for OA:

a

This quantity, the length OA, is called the scalar resolute of b on a. It effectively indicates ‘how much’ of
b is in the direction of a.

The scalar resolute of b on a is given by a - b, where a is the unit vector in the direction of a.

WORKED EXAMPLE 20

Leta = 37 + 4j and b = 6 — 2j. Determine:
a. the scalar resolute of b on a
b. the scalar resolute of on a and b.

THINK WRITE
a. 1. Find the magnitude of a. a |a|=vV3>+4?

=5
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2. Find g by dividing a by lal. = Il
_4
e
1
3. Simplify. = 5(3 L+4))
3. i 4.
~5:7s5L
4. Find the scalar resolute of @ on b using & - b. Ap= gi N g]> _
5. Simplify. -
P _ 18 8
5 5
10
e
=7
b.1. Find the magnitude of b. b bl =162+ (=2)
=140
b
2. Find b by dividing b by |b|. b= 7
% -
= ——(61 — 2))
40
a 1
3. Find the scalar resolute of b on ¢ using b - a. b-a=——(6i-2j)-3i+4j)
140 - -
1
4. Simplify. = —(18 - 8)
V40
10
40
V10
-2
Notes:
* The two scalar resolutes are not equal.
b-

1

* The scalar resolute of b on g can easily be evaluated as

z_‘

2.6.3 Vector resolutes

Consider, now, the vector joining O to A at right. Its magnitude is just the scalar
resolute (& - b), while its direction is the same as a, that is &. This quantity is called the
vector resolute of b parallel to g and is denoted by the symbol b).

The vector resolute of b parallel to a is given by:

by=(@-ba
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Consider the geometry of the above figure. The original vector can be seen to be the sum of two other
vectors, namely b and b, . This second vector is called the vector resolute of b perpendicular to g and can be

computed simply as follows:

b = b, + b, (by addition of vectors)

b1 = b — b (by rearranging the vector equation)

By substitution for b from the equation by = (a - b)a, we can determine the vector resolute of b
perpendicular to g:

The vector resolute of » perpendicular to a is given by:

b=b—-(-b)a

In practice, once b has been calculated, simply subtract it from b to get b, .

WORKED EXAMPLE 21

Leta = —2i + 3j and b = 4i + 2j. Find:

a. the scalar resolute of 5 on a

b. the vector resolute of b parallel to a, namely b,

c. the vector resolute of » perpendicular to a, namely b, .

THINK WRITE
a. 1. Calculate the magnitude of g. a. |a| = V/(-2)? + 32
=13
Z
2. Determine a. a=—
~ ~  lal
1 .
= ——(-2i+3j)
13
3. Determine the scalar resolute using ol = 1 (=2 + 3f) - (48 + 2))
a-b. C 13
. Simplify. 1
4. Simplify. _ (-8 +6)
13
- 2
13 ’
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b. 1. Determine b using equation b. by=(@-b)a

by=(@-ba ) |
2, Simplify. = —= ) |—=2+3)
V13 V13

2 on

= —B(—Zl + 3j)
4. 6
313

c. 1. Determine b, by subtraction of | c. by =b-D,

from b as in equation b, = b — by.

48 20
2. Simplify by subtracting £, , and k b= Ei - Ej

components.

study(T)

Scalar and vector resolutes Summary screen and practice

Exercise 2.6 The projections of vectors — scalar and vector resolutes

Technology free

1. [fZ23 For each of the following pairs of vectors, determine:
i. the scalar resolute of @ on u.
ii. the scalar resolute of u on a.
a. u=2i+3jand a=4+5 b. u
c. u=-2i+6jand a=1—-4 d u=3i—2 and g = —-4i - 3j
e. u=8—6jand a=-5+j
2. {230 For each pair of vectors g and b, determine:
i. the scalar resolute of b on a.
ii. the vector resolute of b, parallel to a, namely by.
iii. the vector resolute of b, perpendicular to a, namely b, .

a. a=3—J;b=21+5f b. a=4i+5; b =81+ 10j
c. a=4+35b=-3i+4f d. a=i+j,b=2i+j
e. a=2i+3;b=2i-73f f.a=3T+;b=2
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Technology active

3.

An injured bushwalker is located at a position
relative to a camp given by the vector 27 + 3j.
A searcher heads off from the camp in a direction B
parallel to the vector 37 + 4j. All measurements |
are in kilometres.
a. How far is the searcher from the camp

when closest to the bushwalker?
b. What is the minimum distance between

the searcher and the bushwalker?
A distressed yacht is located at a position given
by the vector 57 — 2j relative to a cruiser. A rescue
boat is sent off from the cruiser and travels in a
direction parallel to the vector 37 —j. If all
measurements are in kilometres calculate, to the
nearest metre, how close the rescue
boat gets to the yacht.

Given the two vectors @ = 4f — 3j and b =i — 2j, determine:
a. the scalar resolute of g in the direction of b

b. the vector resolute of g in the direction of b

c. the vector resolute of a perpendicular b.

Given the two vectors r = 2f — 3f and s = 37 — 4j, determine:
a. the vector component of r parallel to s

b. the vector component of r perpendicular to s.

Two points A and B are given by (5, 2) and (4, —3) respectively. Let E be the point on OB such that OF
is the vector resolute of OA onto OB.
a. Determine |6]§|

b. Show that the vector OC = —37 — 4j is perpendicular and equal in length to the vector OB.
c. Point D is placed so that OCDE is a rectangle. Show that the area of this rectangle is equal to
OA . OB.
Two points A and B are given by (-1, 5) and (3, —2) respectively. Let C be the point on OB such that

OC is the vector resolute of OA onto OB.
a. Determine the scalar resolute of OA onto OB.
b. Show that the vector OF = —2f — 3j is perpendicular and equal in length to the vector OB.
c. Point D is placed so that OCDE is a rectangle. Show that the area of this rectangle is equal to
OA . OB.
a. Given the two vectors ¢ = 3i —j and b =i +j. determine:
i. a unit vector parallel to b
ii. the scalar resolute of g in the direction of b
iii. the vector resolute of a in the direction of b
iv. the vector resolute of a perpendicular to b.

b. For the two vectors a = 37 + 4j and b = 2i — j determine the vector resolute of a in the direction of b.
c. If r =4i+jand s = —3i + 4j, determine the vector resolute of r perpendicular to s.
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10.

11.

12.

13.

If |a| =4,|b| =3 and a - b = 0, determine |a + bl and la — b|.

If |la|=5,|b|=12and g - b = 0, determine |a + bl and |a — bI.

If[r]=7,|s| =24 and r - s = 0, determine |7 + sl and |7 — s|.

Given that |a| = a, |b| = b and a - b = 0, deduce |a + bl and |a — bl.

If |a| =4,|b| =3 and g - b = 2, calculate:

i. (a+b)-(a-b) ii. (a+2b)-(a—>b) iii. (@a+b)-(a—2b)

If |a| = 6,|b| =7 and a - b = —4, calculate:

i. la+ bl ii. la — bl iii. 3a,—,2b]|

If the angle between the vectors 27 +j and 7 + )j is 45°, determine the value of y.
If the angle between the vectors xi — 2\/3_j and —37 + \/gj is 150°, determine the value of x.
Determine a unit vector in the xy plane perpendicular to 37 — 4j.

Determine a unit vector in the xy plane perpendicular to —57 + 12j.

Determine a unit vector in the xy plane perpendicular to 77 + 24j.

Deduce a unit vector in the xy plane perpendicular to ai + bj.

Pp 2o T

4

g 0T U @

2. [ Review: exam practice

A summary of this chapter is available in the Resources section of your eBookPLUS at www.jacplus.com.au.

Simple familiar

1.
2.

. @ A unit vector perpendicular to: 37 — 4j is:

If a = 41 — 3j and b = 2i — 4j then evaluate (without technology) 4a — 2.5b.
A boat sails 5 km due east from H, turns northward at a
bearing of 45° (N45°E) for a distance of 10 km and
then travels due north for a further 5 km to point X.
a. Determine the position vector from H to X.
b. Calculate the distance from H to X (correct to

2 decimal places).
Calculate the angle between a = 37 — 2j and
b =161 + 24j.

A. 47+ 3j B. 07+ Of
C. 0.81+ 0.6f D. 47 — 3j

5. If a = 3T+ qj, b = 2ai — qf, and it is known that g is perpendicular to b, calculate a.

6. Leta = 4i+3j, b = —i+2j. Calculate the angle between the two vectors, in radians, to 4 decimal places.

. Leta = 3i — 5 and b = —4i +j. Determine:

a. a+b b. a—-b c.a-b
d. e. the angle between g and b.

s}

. Find value(s) of p such that pi + 2(1 — 3p)j is perpendicular to 2pf + 3j.
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Using the vectors @ = I — 2j and b = 2i + 3j answer questions 9 and 10.
9. Determine the scalar resolute of ¢ on b.
10. Determine the vector resolute of b parallel to a.

11. a.
b.
Cc.

12. a.

b.

C.

Given the points A (2, 5) and B (-4, 7), find the vector OM where M is the midpoint of AB.
Show that the points (-2, —6), (1, —3) and (5, 1) are collinear.

Given the points A (3, —5) and B (-3, 4), find the vector OP where P is a point on AB such that
AP = LAB.

Demonstrate that the points (—6,4), (2,0) and (-2, —4) form an isosceles triangle.

Demonstrate that the points (2\/? , 4\/? ), (4,—-2) and (—4, 2) form an equilateral triangle.

Demonstrate that the points (-7, 5), (1, —3) and (6, 2) form a right-angled triangle.

Complex familiar

13. a

b.

. Given the points A (3, —4), B (x, y) and C (7, 8), calculate the values of x and y if AB =BC.
Given the points A (x, 3), B (2, —1), C (7, —2) and D (2, —4), calculate the value of x if AB is
parallel to DC.

Given the points A (3, 5), B (-1, y), C (2, 7) and D (-6, 3), calculate the value of y if AB is
parallel to DC.

14. The parallelogram OXYZ has O at the origin. The vector joining O to Z is given by 57 while the vector
joining O to X is given by 27 + 7j. You may wish to use technology to answer the following.

a
b
c
d
e

f

9

h

. Sketch the parallelogram, labelling all vertices.
. State the vectors joining Z to Y and Y to X.
. State the vectors which represent the diagonals of the parallelogram.

. Determine the cosine of the angle between the diagonals. Express your answer in simplest surd form.

. Calculate the angle that OX makes with the x-axis.
. State the vector resolute of the vector joining O to X in the direction of OZ.

. Let P be a point on the extended line of XY, such that the vector joining P to Z is perpendicular to

OY. Determine the coordinates of P.
. Calculate the area of the parallelogram.

15. If a = 51 — 6f and b = xi + 3j, calculate the value of x if:

a
b
c
d

. the two vectors are equal in length
. the vectors g and b are perpendicular

. the vectors @ and b are parallel
2

Ver

. the scalar resolute of b in the direction of a is equal to

16. Given the two vectors ¢ = 4f — 5f and b = 27 — j, determine:

a.

o 2 0 T

a unit vector parallel to b

the scalar resolute of g in the direction of b
the angle between the vectors a and b

the vector resolute of g in the direction of b

the vector resolute of a perpendicular b .
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Complex unfamiliar

17. a.

OAB is a triangle in which M is the midpoint of AB. Let OA = a and
OB = = b. Express OM arzld AM in terms of a and b and hence show that
|OA| + |0B| =2|AM| +2|0M] .

This result is known as Apollonius’ theorem. Apollonius of Perga
(262—-190 BCE) was a Greek astronomer. He is also noted for naming the
conic sections. There is a crater on the moon named after him.

. If a =cos(A)i+sin(A)jand b = cos (B)i +sin(B)j, find a - b and

hence show that cos (A — B) = cos (A) cos (B) + sin (A) sin (B).

18. Consider the box shown.You may wish to use technology of you choice
to answer the following.
The coordinates (in cm) of point D are (3, 0, 4), and the coordinates
of E are (0, 5.5, 4).

a.
b.
c.

d
e.
f

g-
19. Given the vectors @ = xi + yj and b = 2i + 3j, find the values of x and y if the length of the vector a is

Determine the coordinates of point C.

Express the line joining C to E as a vector.

Show that the two diagonals in the same plane as CE intersect
with an angle of 73.7°.

. Calculate the volume of the box in litres.

Express the longest diagonal, from the origin, as a vector.

. Determine the length of this diagonal.

Determine the angle that this diagonal makes with the other long diagonal.

\/ﬁandg-lz=9.

20. If a =xi — 2j, b = =3i+yj, |12a + 3b| = /65 and |3a + 2b| = /85, determine the values of x and y.

study[T]

Sit chapter test
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Answers
Chapter 2 Vectors in the plane

Exercise 2.2 Vectors and scalars

11.
12,

13.
14,

NneaooTow

Ueogoo

iii. -

g s—=r
i. Same as 1 ai except scaled by a factor of 2
ii. Same as 1 aii except scaled by a factor of 2

+ +

S@e@ 00T

| IS @ 1IN 1S = s
+ 4+ 1

[ TS TR TSN TSN T I 1Y

1~

. Displacement, velocity, force

10.

Speed, time, length
1 magnitude and 2 angles
a,b 400 km

N

Start

c. 500km
d. 53.1° clockwise from N

512.1 km; find bearing using trigonometry
721.1km, 326.3° (clockwise from N)

15. Each part of the answer has coordinates as shown in the
diagram a, b, ... j. The original vectors a and b are also

16.

drawn.

Magnitude = 10.77, direction 68.2° True.

17-20. Sample responses can be found in the worked

21.

22 -24. Sample responses can be found in the worked solutions

25.

Exercise 2.3 Position vectors in the plane
1.

2.

12,
13.

14,
15.

16.

17.

solutions in the online resources.
(0]

in the online resources.
One can deduce that x and y components can be
added/subtracted/multiplied separately.

. a.

a. 3,4 b 6,-3 c 34,12
a. i 62 i, 45°
b. i. V65 i. 119.7°
c. i. 4.88 ii. 225.8°
d. i. 320.16 ii. 358.2°
i oa 045° i a [6\/5,45°]
b. 330.3°
o a0 b [ 65,—60.3"]
d. 091.8° c. [4.88,225.8°]
d. [320.16,358.2°]
w = =50f — 50y/3}
C
. 248.97 — 383.3]
. 60.67 + 109.37
. [615.4, —49.8]
. 36 steps 11.3° south of east
. 20.8km
i+ 3j b. 3i—-3f c. 3+
EPSNE Lo V25
d. —3zl+3] \/34 \E‘]
B

A sample response can be found in the worked solutions in
the online resources.

—0.987 — 0.207
Sample responses can be found in the worked solutions in
the online resources.

Y

"0 0 0 T O

i 4i—7f
i. 30+

i. —4i+ 7
i =3t—j
i. 20

i. —47
—4 + 7§

. 3i+j

i. 65

i. V10

i. /65

ii 10

i. 2

i. 4
b. =3i—j c. 4i-17f
e. =24 f. 4i
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18. a. %z‘— % b. \/%i+ \/LWA Exercise 2.5 The scalar (dot) product
. — iy Lz d -5 _Ls 1. 23.99
e f 0 0 p _i\/ﬁ Vio 2. Dot product = 24; more accurate, since no angle needed
19. a. i V29 i 13 3. a 15 b. 18 c. =31 d. =26
iii.\/%i‘ \/279]” iv.—\/%i+i13" e. 1 f. =20 g. 3 h. 2
v 3i4j vi. V10 4 D.
b. Reject, because magnitude is different. 5. Sample responses can be found in the worked solutions in

the online resources.

. .. 3A  4a
20. a. i. 5 ii. V26 iii. —si—3f 6 8
. —=f-——j v 2043 vi. V13 . .
T V26 \/76] ’ ’ 7, 8. Sample responses can be found in the worked solutions in
. . o the online resources.
b. Reject, because the magnitude is different. 9. D
21. a. \/5 b. V58 10. B
22. a. 3i 11. D
b. 5{ ) 12. C
c. 3i+5f
d. 031L.0°T 13. =36
e. V34 km/h 14. a. 16 b. —1 c. 7 d. 0
23. 329.0° 15. a. 67° b. 93° c. 77° d. 90°
24. a. a =20f, b =—15f, 205 + 157 16. D
b. 25 17. D
c. 053.1 Bom=1
25. 53.1°, —36.9° Difference = 90°; sample responses can be 3
. . . . 19. m=3
found in the worked solutions in the online resources. 2
- - 20. 47+ &f
26. a. —4i+ 12f .

b. 341.6° 21.
c. 0.0417h or 2.5 minutes
Exercise 2.6 The projections of vectors —

. s scalar and vector resolutes
Exercise 2.4 Scalar multiplication

1. % 1. a. i %ﬁ b. i 172929
2 x=-3,y=-8 i 23)‘/? . %
3. OM = 5i + 6 c. i —13}{? d. i ——6‘1/3‘7
4. a. -3 b. -2 i, — 20V i. —¢
5. a, b. Sample responses can be found in the worked solutions e i —25—3
in the online resources. . 23126
20 15 SENE
C. -3 d. 7 1
6. Sample responses can be found in the worked solutions in i by = 35 1s ii. by =28+10j
the online resources. ~ 10 R ! . mn Ql =0
ii. by =74+ 3L
. L en 21L= 10 1
7. a. i. —6i+5f c. i 0 d i =
ii. \/161 ii. 2l=9 L. bﬁ_ 3A+ 3a
ii. \ﬁ(_& + 5)) iii. by =-31+4 " Z” = 212 21{
A . AL e . b1 =31—3]
b. i. 61 —§ i. 10 iii. %(—3t+4j) S P 2 2
8. m=2,n=3 13 Vio
. —10~ _ 154 - 34, 14
9-x=_2’y=5 ii. Q”:Fl—l—}] ii. b||=§l+§]
0. o 22V 1 iii. by =327— 2 i, by =2+ 45
T N 3. a. 3.6km b. 0.2km or
11. a. +V13 b. —% 200 metres
12. 8. x=4,y=-2 4. 316 metres
b. m=-5n=—4 5. a. ‘—\% b. 2(-2f) c. 20+jf
¢ m= %’ n= % 18 1
6. a. 5=(3T—4)) b. —5=(4i+3))
7. a. 2.8
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b. Sample responses can be found in the worked solutions

in the online resources.

8. a. —\/E

b, c. Sample responses can be found in the worked
solutions in the online resources.

i V2

. L/\ ~
9 a. i ﬁ(l+1)

iii. £47 iv. 2f—2f

b. 2(2f-j)

c. 5:(76i+57f)
10. a. 5,5 b. 13, 13

c. 25,25 d. Va2 +b?,\a? + b?
1. a i7 i. 0 iii. —4

b. i. V77 i. V93 iii. 2y/142
12. a. 3,-3 b. 2

13. a. *1(4i +3) b. +5 (127 + )

c. +5-(24i - 7)) d. (bt — af)

1
® Va? + b?

H+

2.7 Review: exam practice

1. 11i-22f

2. a. 5+5V2)i+(G+5/2)
b. 17.07km

3. 90°

4. C

5.6

6. 1.3909

7. a. —i—4f b. 7i— 6 c. =17
345 o

d. \/gl Wers e. 135

10.

11.

12,

13.

14.

15.

17.

18.

19.

20.

a. —I+6
b. Sample responses can be found in the worked solutions
in the online resources.

c. i-2f

Sample responses can be found in the worked solutions in
the online resources.

a. x=5y=2

b. x=12

c. y=3

a. Y
X Y(7,7)
2i+ 75

b. 20+ 7j, =5

c. T+, =3+

2¢/29
d. =%
e. 74.1°
f. 2%
9. (2,7
h. 35 square units

/12 18 5

i NER °
. a. \/5(21 ¥ b. s c. 24.775
d. 2@i-j e. —=2@+2)

Sample responses can be found in the worked solutions in
the online resources.

a. (3,55,0)

b. =3T+4k

c. Sample responses can be found in the worked solutions
in the online resources.

d. 0.066 litres

e. 3i+5.5+4k

f. 7.43cm

g. 84.5°

x=-3,y=50rx= %,y:—%

x=5y=40rx=324,y=-1.22

CHAPTER 2 \Vectors in the plane 99



CHAPTER 3
Applications of vectors in the plane

3.7 Overview

3.1.1 Introduction

In Chapter 2, we discussed the theory
of vectors. As vectors allow us to con-
sider motion and force in three dimensions,
they are the ideal mathematical tool for
dealing with the motion of objects and the
forces acting on them. In this chapter, we
will consider the applications of vectors —
displacement, velocity, forces in equilib-
rium and relative velocity.

An understanding of the causes of motion
is fundamental to our understanding of the
world. All around us objects are in motion,
from tiny particles to planets.

Sir Isaac Newton was an English
mathematician and physicist in the
seventeenth century. He is considered one of the most influential scientists of all time. In 1665, when
Cambridge University was closed due to an outbreak of the bubonic plague, Newton was sent home to his
family’s farm at Woolsthorpe Manor. There he spent time formulating ideas that would lead to revolutionary
advances in mathematics, optics, physics and astronomy. (The event of an apple falling from the tree and
inspiring his theories on gravity is thought to have occurred during this time.)

The publication of Newton’s Philosophiae Naturalis Principia Mathematica in 1687 was one of the keys
to unlocking the mysteries of the physical world. His three simple laws accurately describe the motion of
large objects, and with his mathematical descriptions of mechanics and gravity, lunar and planetary motion
can be explained. The mathematical models embodied in his First and Second Laws of Motion are based on
the effect that forces have on the acceleration of objects treated as point particles.

LEARNING SEQUENCE

3.1 Overview

3.2 Displacement and velocity

3.3 Force and the triangle of forces
3.4 Force and the state of equilibrium
3.5 Relative velocity

3.6 Review: exam practice

Fully worked solutions for this chapter are available in the Resources section of your eBookPLUS at
www.jacplus.com.au.
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3.2 Displacement and velocity
3.2.1 Applications of vector addition

Technology will be required throughout this chapter where trigonometric ratios for angles other than
the angles 30°, 45° and 60° need to be determined.

Vectors have applications in surveying, navigation, orienteering and many other areas where problems need
to be solved that involve displacement and velocity.

When considering a vector problem, draw a diagram and use the properties of two-dimensional vectors to
help solve the problem.

WORKED EXAMPLE 1

A man walks 4 km due north, then 3 km due west.
If 7 and j represent unit vectors of 1 kilometre in the
directions of east and north respectively, determine:

a. his position vector

b. his displacement and true bearing from his starting

point.
THINK WRITE
1. Let the man start at point O. He then walks 4 km N
north to point A, then 3 km west to point B. B < O km 0 A
4 km
W
>
W o7 E
Y
S

2. Find the vectors OA and AB. As 7 represents a unit OA = 4j
vector in an easterly direction, the vector AB in a AB = =37
westerly direction will be negative.

3. Use vector addition, OB = OA + ﬁ, to find his OB = OA + AB
position vector. OB = 37 + 4f

4. The distance OB is the magnitude of this vector. d(OB) = v/ (—3)2 + 42
It can be abbreviated to d(OB). _ m

V5

= 5km
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5. Use direction cosines to find the bearing.

6. State the final answer in a sentence.

cos (f) = 4
-5
_ =il ([ =
P = cos 5
p=36.87°
f=36°52

Alternatively, 360 — 36°52" = 323°8’
as a true bearing.

The man’s displacment is 5 km on a
bearing 323°8'T.

Although the next two worked examples could be solved using the sine and cosine rules, they can be now
solved using the method of resolution of vectors, which is usually an easier method.

WORKED EXAMPLE 2

A group of hikers walk 3 km due south, then turn and

walk 2 km on a bearing S25°W. If 7 and j represent unit
vectors of magnitude 1 kilometre in the directions of east

and north respectively, determine:

a. the position vector of the hikers from their initial

starting point

b. the hikers’ distance and bearing from their starting

point.
Give your answers correct to 3 decimal places.

THINK

a. 1. Draw a diagram, labelling the starting point
as the origin, O, the first point as A and their
final point as B.

2. The hikers walk 3 km south from O to the
point A. Asj represents a unit vector in a
northerly direction, the southerly vector OA
will be negative.

3. They walk from A to B, a distance of 2 km
on a bearing S25°W. Resolve the vector AB.

WRITE

OA = -3j

AB = —25in (25°)7 — 2 cos (25°)f

102 Jacaranda Maths Quest 11 Specialist Mathematics Units 1 & 2 for Queensland



—_—

4. Use vector addition to find OB = OA + ﬁ, OB = OA + AB

which represents their position vector, and = —3j + (=25sin (25°) 7 — 2 cos (25°)))
group like components. = —2sin(25°)7 — (3 + 2 cos (25°))j
5. Use a calculator to find the position vector OB = —0.8457 — 4.8 137

correct to 3 decimal places.

b. 1. The distance from O to B is the magnitude b. d(OB) = |OT31
of this vector.

= \/ (—0.845) + (—4.813)?

= 1/23.88

= 4.886
. — —4.813
2. The bearing is the angle that the vector OB cos (f) = 18857
makes with the y-axis or the north direction. ’
f=cos™! (0.2016)
= 170.04°
= 170°2’
3. Alternative bearings are possible. 360° — 170°2" = 189°58’ as a true bearing.
4. State the final answer in a sentence. The hikers are 4.89 km from their starting

point on a bearing 189°58'T.

3.2.2 Applications using vector subtraction

Sometimes when solving vector problems, we may need to subtract two vectors.

WORKED EXAMPLE 3

A train leaves a point O and travels a distance of 45 km on a bearing N25°W. At the same time a
car leaves the same point O and travels a distance of 65 km on a bearing S55°W. If 7 and j
represent unit vectors of magnitude 1 kilometre in the directions of east and north respectively,
determine the position vector of the train from the car. Hence, calculate the final distance correct
to 2 decimal places and the true bearing of the train from the car.

THINK WRITE

1. Draw a diagram, labelling the origin, O, the
train at point T and the car at the point C. The
vectors OT and OC represent the position
vectors of the train and car respectively.
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2. By resolving the vector ﬁ, write down the OT = —45sin (25°)T+45cos (25°)]
position vector of the train.

3. By resolving the vector ﬁ, write down the OC = —65sin (55°)7 — 65cos (55°)]
position vector of the car.
4. The position vector of the train from the car is OT = OC + CT
given by CT. This vector is found using CT=0T-0C
subtraction of the two vectors OT and OC.
5. Substitute for the two vectors. CT = (—455sin (25°) 7 + 45 cos (25°))
— (—=655sin (55°)7 — 65 cos (55°)))
6. Use the rules for subtraction of vectors. CT = (65 sin (55°) — 45 sin (25°)) 1
+ (45 cos (25°) + 65 cos (55°))]
7. Using a calculator, give the position vector - CT= 34.227j + 78.066j
correct to 3 decimal places.
8. The distance of the train from the car is the |ﬁ I = \/ 34.2272% + 78.0662
magnitude of this vector.
¢ = 1/7265.788
=85.24
S 78.066
9. The bearing is the angle that the vector CT cos (p) = 2524
makes with the north direction. ’
p=cos™!(0.9158)
= 23.675
=23°40'
10. State the final answers in a sentence. Note that The train is at a final distance of 85.24 km
other possible equivalent bearings are also from the car on a bearing 23°40'T.

acceptable.

study(T)

Applications of vector addition and subtraction Summary screen and practice questions

Exercise 3.2 Displacement and velocity

Technology active

1. 2] A train leaves Roma Street Station and travels 7 km due east, then turns a corner and travels 24 km
south. If 7 and j represent unit vectors of 1 kilometre in the directions of east and north respectively,
determine:

a. the position vector of the train
b. the train’s displacement from its starting point.
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2. A jogger runs 1200 metres due south, then
500 metres due west. If 7 and j represent unit
vectors of 1 metre in the directions of east
and north respectively, determine:

a. the position vector of the jogger from her
initial starting point
b. her displacement from her starting point.

3. [ A plane flies 35 km due south, then
turns and travels 25 km on a bearing S35°W.
If 7 and j represent unit vectors of magnitude

1 kilometre in the directions of east and north

respectively, determine:

a. the plane’s position vector from its initial
starting point

b. the plane’s distance (to 2 decimal places)
and bearing from its starting point.

4. A ship moves 70 km due west, then turns
and moves 240 km on a bearing N53°W.

If 7 and j represent unit vectors of magnitude

1 kilometre in the directions of east and

north respectively, determine:

a. the ship’s position vector from its initial
starting point

b. the ship’s distance and bearing from its
starting point.

5. [l Amanda leaves a point O and runs a distance of 6 km on a bearing N37°E. At the same time
Brianna leaves the same point O and walks a distance of 2 km on a bearing S48°E. If  and j represent
unit vectors of magnitude 1 kilometre in the directions of east and north respectively, determine:

a. the position vector of Amanda from Brianna
b. the final distance (correct to 2 decimal places) and the true bearing of Amanda from Brianna.

6. A train leaves a point O and travels at a speed of 100 km/h on a bearing N34°W. At the same time a car
leaves the same point O and travels at a speed of 60 km/h on a bearing S50°W. If 7 and j represent unit
vectors of magnitude 1 kilometre in the directions of east and north respectively, determine:

a. the position vector of the train from the car after 30 minutes
b. the distance between the car and the train and the true bearing of the train from the car at this time.

7. Petra is an avid horse rider. One day she leaves the
stable and rides 3 km due east, then turns and
rides 2km 138°T. If 7 and j represent unit vectors
of magnitude 1 kilometre in the directions of east
and north respectively, determine:

a. Petra’s position vector from the stable

b. Petra’s distance in kilometres, correct to
2 decimal places, and true bearing from
the stable.
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8. A yacht moves 1600 metres due south from a -
buoy, then turns and travels 800 metres on ) '
a bearing 158°T. If  and j represent unit vectors ‘.
of magnitude 1 metre in the directions of east and
north respectively, determine (to 2 decimal places):
a. the yacht’s position vector from the buoy
b. the yacht’s distance, correct to the nearest

metre, and true bearing from the buoy.

9. A bus leaves a depot and travels 4 km due west,
then turns and travels 6 km on a bearing N58°W.
If 7 and j represent unit vectors of magnitude
1 kilometre in the directions of east and north respectively, determine:
a. the position vector of the bus from the depot
b. the bus’s distance in kilometres, correct to 2 decimal places, and bearing from the depot.

10. A water skier leaves a point O and travels a distance of 300 metres on a bearing N27°W. At the same
time a boat leaves the same point O and travels a distance of 800 metres on a bearing S39°W. If 7 and j
represent unit vectors of magnitude 1 metre in the directions of east and north respectively, determine:

a. the final position vector of the water skier from the boat
b. the distance in metres, correct to 1 decimal place, and the true bearing of the water skier from the
boat in their final position.

11. A plane leaves an airport and travels at 300 km/h on a bearing S48°W. At the same time a helicopter
leaves the same airport and travels at 90 km/h on a bearing E26°S. If i and j represent unit vectors of
magnitude 1 kilometre in the directions of east and north respectively, determine:

a. the position vector of the helicopter from the plane after 30 minutes
b. the distance, correct to the nearest kilometre, and the true bearing of the helicopter from the plane
after 30 minutes.

12. A police car leaves a station and travels a distance of d; km due east, then turns and travels a further
distance of d;, on a bearing 6°T, where 0° < 6 < 90°. If i and j represent unit vectors of magnitude
1 kilometre in the directions of east and north respectively, determine the position vector and distance of
the police car from the station.

13. A taxi leaves a point O and travels a distance of d; km on a bearing Ef, °N, where 0° < 6§, < 90°. At the
same time a motorbike leaves the same point O and travels a distance of d, km on a bearing Ef,°S,
where 0° < 6, < 90°. If 7 and j represent unit vectors of magnitude 1 kilometre in the directions of east
and north respectively, determine the final position vector and distance of the taxi from the motorbike.
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3.3 Force and the triangle of forces
3.3.1 What is a force?

We all know from experience what a force is. Itis a ‘push’ or a ‘pull’. The force due to gravity acts on us all the
time. A bar magnet repels a second bar magnet: a magnetic force acts here. The force of friction slows down
the wheel of a bike when the brakes are applied. Air resistance retards the motion of athletes. In both these
cases there is relative motion between two objects. The strings of a tennis racquet when stretched exert a force
on a tennis ball while the strings and ball are in contact. In all these examples, objects which have unbalanced
forces acting on them tend to undergo a change in their motion; objects which have a balanced set of forces
acting on them maintain their motion. Objects under balanced forces are said to be in equilibrium.

The forces that we will discuss in this chapter can be classified as one of three types: field forces, applied
forces, and resistive forces.

Field forces

Field forces act without physical contact between objects. The
weight force which acts on an object due to the presence of an
external gravitational field or the electric force which influences the
motion of a charged particle are examples of field forces.

Applied forces

Applied forces are the pushes or pulls exerted on objects due to
contact. They are forces with which we have daily experience. The
normal contact force acting upwards on a book resting on a table or
on us as we stand on the floor or sit on a chair are examples of applied
forces. Other examples of applied forces include tensile forces in
taut strings and cables (as in the cable used by a crane or rescue
helicopter), and compressive forces acting on weight-bearing rods.

Resistive forces

Air drag and friction are examples of resistive forces. This type of
force occurs when two objects move or attempt to move relative to
one another. Air drag has been put to good use in the design of hang
glider; it is found also, in the resistance between a moving body
like a car and the air. An example of friction is seen in a bicycle
that is slowing down on level ground, even without the brakes being
applied.

3.3.2 What is a particle?

We are all familiar with the notion of a particle, but in Newtonian dynamics a particle is used to model an
object and is taken to be a point. That is, the size of the object is not relevant and any internal movements such
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as spin and change in shape are not included in the model. A particle can, in principle, model the movement
of a bullet, a car, a diver or a planet, provided that we accept the model as an approximation to the motion of
the real objects they represent. Any force that acts on a particle is said to act through the point that defines the
position of the particle.

For example, if we were to describe the various forces acting on a car, we would include the upwardly
directed contact forces exerted on the car by the road at each of the four tyres in addition to frictional forces
exerted on the tyres by the road. If the car was moving, we would add the drag forces due to the movement
of the car through the air. There would be the weight force acting on the car due to the gravitational field
of the earth. If we were to treat the car as a particle, we would describe all these forces as acting through a
single point. The word particle serves to define the position of an object and sets it apart from the rest of the
immediate environment.

3.3.3 What assumptions do we make in Newtonian dynamics?

In modelling motion we make the following assumptions so that problems can be solved to give reasonably
accurate predictions.

Term Meaning

Light (body or string) Object has no mass.

Smooth No frictional forces are exerted.

Inextensible Strings or ropes do not stretch.

Rigid Objects do not change shape when forces are applied to them.

Perfectly elastic Applied forces do not permanently deform an object (for example, a spring).

In many cases we ignore the presence of forces which would be insignificant, such as air drag on slowly
moving objects.

3.3.4 The resultant force, R

Crucial to a good understanding of Newton’s laws of motion is the concept of a net or resultant force acting
on a particle. Force is a vector quantity because a force has not only a magnitude but also a direction. The
unit of force is the newton (N). (This is a derived unit, which is simply one defined in terms of the standard
units, namely distance, time and mass. This will be discussed later.)

Forces can be described in two ways:

1. Using  — j notation
For example, F' = 2i — 47 N (only coplanar forces will be considered).

2. Using size and direction notation.
For example, F' = 200N, N45°E is a force of magnitude 200 N directed at an angle 45° from north
towards east.

The net or resultant force is simply the vector sum of all real physical forces acting on the particle. It
represents the sum or total force acting on a particle representing an object. It is not in itself a real force, only
the sum of real forces.

The net or resultant force acting on a particle is the vector sum of all real forces acting on that
particle.

Force diagrams

Individual forces are one of three types — field, contact or resistive — and are drawn as vectors which indicate
their direction and magnitude.
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WORKED EXAMPLE 4

Draw ‘vector diagrams’ to represent the forces involved in the situations shown below as a set of
vectors acting on a point particle. Indicate the relative size of the force by the length of the vector
arrows. Further indicate the nature of each of the forces acting by labelling them W for weight, N
for normal contact, F for friction, A for applied force and D for air drag or air resistance.

a. A stationary person b.  Constant velocity C. Accelerating
d. Constant €. f
velocity
@ Constant
velocity
Cricket ball
through the air Ball rolling down a slope
THINK WRITE

In the force diagrams for a to f, treat each object as a particle.

a. There are two equal, opposing forces: the weight force a. AN
down, which is a field force, and the normal contact force up.

b. 1. A cart moving at constant velocity has balanced b.
horizontal forces.
2. Any resistive forces (D) must be balanced by an applied
force (A) to keep the cart moving at constant velocity.
3. The cart will have balanced vertical forces arising from
the weight force of the cart and the normal contact force.

c. An accelerating cart will have balanced vertical forces as  c.
in a and b but unbalanced horizontal forces giving rise to
an acceleration.

d. 1. A ball moving through the air will have the vertical force  d.
of weight and the resistive force of air drag.

2. As the ball is moving at constant velocity, the drag force
will be in the opposite direction to that of the ball and the
applied force acting on it to maintain constant velocity.
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e. A ball rolling down a slope will have a weight force directed e. N
vertically down, a normal contact force perpendicular to the £
slope and a resistive or frictional force.

=

f. The parachutist has a constant velocity (i.e. is not f. AD
accelerating) so will have two balanced vertical forces: one
down due to the weight force and the second upwards due to
air drag.

WORKED EXAMPLE 5

Three forces — F, ', and F'; — act on a ball as shown in the force vector diagram.
The three forces are described by the vectors:

F,=4i-5
F,=10i +2
Fy=—6i+7.

a. Determine the resultant force R, the sum of the three forces ', ', and F3.
b. Determine the magnitude of the resultant force |R|.
c. Determine the angle that the vector R makes with the 7 vector.

d. The force F| is changed so that R = 0; that is, the resultant force equals zero. Determine the

force F,.
THINK WRITE
a. 1. The resultant force R is the sum of the forces a.
Fi, F> and F3.

2. Evaluate R.
=L+ + 1
=41 -5+ 100 —2f — 6+ Tj
=8i+ 4
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b. 1. The magnitude of the vector R is its length. b. |[R|=+/R-R

2. The symbol |R| or R is used to represent the — \/(81” +47) - (8T + 4)
magnitude of a vector R.
— /%2 4 42
3. Recall thati-f=j-j=1landf-j=j-7 =0, and =V +4
evaluate |R|. = 1/80
=44/5
c. 1. Define 6. c. Let the angle that R makes with 7 be 6.
2. Then use the result for the dot product of two LetR -7 =|R||7] cos6.
vectors a - b = |a| |b| cos 6. cosg= Bt 1
4y/5x1
8
3. Evaluate 6 to the nearest tenth of a degree. cosf) = ——
4/5
~ 26°6°
d. 1. The vector sum of all forces is now equal to zero. d R=F +F,+F;
SetR = 0. =10
2. Make F; the subject of the equation. Fi=—(F,+F;)
3. Substitute F> and F3 into the equation and simplify Fi=—(10f + 2j — 61 + 7f)
to find F. =—47 -9
Tl | THINK WRITE CASIO | THINK WRITE
a.1. On a Calculator page, a.1. On the Run-Matrix screen, ] tﬁ
- E—
complete the entry line as: [4 -s}fa0 2}sf-s 7] select MAT/VCT by pressing CE A g
[4 =51+ [102]+[-67] | F3. Vot ¢ :None
then press ENTER. Select M < V by pressing yer o :None

:None

. : Vet F
Note: The matrix template

can be found by pressing
the templates button.

F6 to switch from the Matrix
screen to the Vector screen.

To define F; as Vector A,
SOl - o] el
highlight VCT A and press EXE.| § s

=

Change the dimension to 1 X 2, Dimension mxn

then press EXE.
Enter the values 4 and -5 into :

i ct F :None
the matrix template. then press

Vv m :1
\
\'4

EXIT.
Repeat these steps to define F»
A

as Vector B and F3 as Vector C. ¥ 1 - ]

2. The answer appears on the R = 87 +4j 2. On the Run-Matrix screen,

screen. complete the entry line as:

Vet A+Vcet B+VcetC
then press EXE.

Note: To find ‘Vct’, press
OPTN, then select MAT/VCT
by pressing F2. Press F6 twice to
scroll to more menu options,
then select Vct (by pressing F1).
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3. Press VAR and type ‘7’ to
store the result as R.

b.1. Press MENU, then select:
7: Matrix & Vector

7: Norms

1: Norm.

Complete the entry line as:
norm(r)

then press ENTER.

2. The answer appears on the
screen.

Note: The calculator will
give a decimal answer, not
an exact answer.
Complete the next entry
line as;

4 dotP(r, [1 O ])>
cos | ————
norm(r)

then press ENTER.
Note: ‘dotP(’ can be found
by pressing MENU and
then selecting:
7: Matrix & Vector
C: Vector
3: Dot Product.
Similarly, ‘norm’ can be
found by pressing MENU
and then selecting:
7: Matrix & Vector
7: Norms
1: Norm.
2. The answer appears on the
screen.
Find an expression for F.

c.1.

d.1.

2. Complete the next entry

line as:

[0 O]-[10 2]-
[-6 7]

then press ENTER.

3. The answer appears on the
screen.

[ -s}sl10 2]sf-6 7]
[ 4]

[B -l:i—-r

[4 -s}sf10 2]sf-s 7]
[8 4]-r [s 4]
normir) 8.94427

|R| = 8.944

[4 -s}sf10 2)+f-6 7]
[8 4f-r [z 4]
nomir) 8.94427

Lo " aotelr[1 o))

aomm(r)

26.5651

The angle is 26.6°.

Fi+F,+F;=0

LB =0-F,—F;

[~ -] |

[o o}-10 2}-[-6 7]

Fy=—4i—-9

b.1.

c.1.

The answer appears on the
screen.

Press the ‘Store’ button, then
select Vet (by pressing F1) and
type ‘R’. This will store the
result as R.

Press OPTN, then select
MAT/VCT by pressing F2.
Press F6 three times to scroll to
more menu options, then select
Norm (by pressing F1).
Complete the entry line as:
Norm(Vct R)

then press EXE.

The answer appears on the
screen.

Use the steps outlined in a1 to
define the vector 7 + (f as
Vector D.

Press OPTN, then select
MAT/VCT by pressing

F2. Press F6 twice to scroll to
more menu options, then select
Angle (by pressing F4).
Complete the entry line as:
Angle(Vct R, Vet D)then press
EXE.

The answer appears on the
screen.

. Find an expression for F.

Use the steps outlined in a1

to define the vector 07 + Of

as Vector E.

Complete the next entry line as:
VctE-VetB-VetC

then press EXE.

The answer appears on the
screen.

0 Eeiellen) (0fd
Vet A+Vet B+Vet C ]
[8 4]

Mat Ans-Vet R

[8 4]

[8 4]
Mat Ans»Vct R
[8 4]
Norm(Vet R)
45

Norm(Vet R)

45
Angle(Vet R,Vet D)
26.56505118

The angle is 26.6°

Fi+E,+F;=0

VE=0-FE -k
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The triangle of forces

If three non-parallel forces acting on a particle have a resultant force of zero then the X
three forces can be represented in a triangle since the vector sum of the forces is zero.

From the figure, if R = X + Y +Z = 0, then the three forces X, Y and Z can be
represented in a triangle representing the magnitude and direction of the three forces.

1~
IN

The advantage of representing three forces in a triangle is that the sine rule and/or cosine rule can be used
to solve some problems involving three forces whose vector sum is zero. That is:

a b c
S. l: = — © a

Cosine rule: a* = b* + ¢* — 2bc cos A b

WORKED EXAMPLE 6

Three forces — A, B and C — act on an object such that the resultant force is zero. The force A
acts at an angle of 150° to the force B and they have the same magnitude of 20 N.

a. Determine the magnitude of C.

b. Calculate the angle that the force C makes with B to the nearest degree.

THINK WRITE

a. 1. Draw a force vector diagram of three forces a.
acting through a point with an angle of 150°
between A and B and an angle of 6 between
Band C.

2. To determine the angle between A and B, A
draw a sketch. B

A
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3. Since the resultant of the three forces is &

zero, place them in a triangle of forces. c
4. Mark the angle between A and B as (V=02
180° — 150° = 30° and the angle between 300
Band Cas 180° — 0. 4
5. Recall the cosine rule and substitute a* = b* 4+ ¢®> — 2bccos A
a= C, b= 20, c=20and A = 30°. CZ — 202+202 — 2 %20 %20 cos 30°
=107.18
6. Solve for C to find the magnitude of C. C =10.35
7. State the solution. The magnitude of force C is approximately
10.35 newtons.
b
b. 1. Recall the sine rule and substitute a = 20, b. .aA = — B
5 B _ sin sin
A =180°—-6,b =10.35 and B = 30. 20 1035
2. Invert both sides of the equation. sin(180 — )°  sin 30°
sin(180 — 0)° _ sin 30°
3. Make sin(180 — 0)° the subject of the 20 ~10.35
equation. . 20 sin 30°
. 1 _pge=_—"""""
| sin(180 — ) 1035
4. Find the value of 180° — 6. — 0.9662
180° — 6 = sin~'(0.9662)
5. Solve for 6. ‘ — 75.06°
6. State the solution to the nearest degree. 0 = 104.94°

The angle between forces B and C'is
approximately 105°.

Note: The angle between two forces in the ‘real’ situation and the angle between them in a triangle of three

forces are supplementary; that is, they sum to 180°.

Resources

Digital document: SkillSHEET The sine rule (doc-26831)
Digital document: Skill[SHEET The cosine rule (doc-26832)
Digital document: SpreadSHEET Vector addition (doc-26833)

— study[T])

Concepts 2 & 3

Types of forces Summary screen and practice questions
Resultant force and equilibrium Summary screen and practice questions
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Exercise 3.3 Force and the triangle of forces

Technology free

1. |23 Draw vector diagrams to represent forces which act on the following objects. Indicate the relative
size of the force by the length of the vector arrows. Further indicate the nature of each of the forces acting
by labelling them: N for normal contact forces, W for gravitational forces (that is, weight), A for applied
forces, D for air resistance (drag) forces, and F for friction forces.

A book sitting on a table.

A ball falling vertically through the air at constant speed.

A car driving on a horizontal road at a constant speed.

A boat drifting through the water at constant speed.

A body sliding across a smooth horizontal surface at constant velocity.

A car accelerating on a horizontal road.

A body at rest on an inclined plane.

A body sliding down an inclined plane at constant speed.

A ball travelling vertically up (include air resistance).

j. A ball travelling vertically down (include air resistance).

TQe@ ~0 20 T D

Technology active

2. Refer to the diagram to answer the following questions.

Y
T

34-——=7F/—= 1

0 4 33
a. Using 7 and j notation, determine the exact value of the resultant force.
b. Determine the magnitude of a third force for the resultant force to be zero.
3. I The three coplanar forces A, B and C act in such a way that the resultant force is zero. Use a triangle

of forces to assist in answering the following questions.

A (5 newtons)

B (4 newtons)

a. The magnitude of Cis:

A. ISN B. 21N C.3N D. -2IN
b. The angle between the forces A and C, to the nearest degree, is:
A. 180 — sin™! (0.8) B. sin”! (0.8) C. cos~1(0.8) D. 180 — cos™! (0.8)
4. [lIE Two forces — F; and F> — act on an object. They are described by the vectors:
i Fi=13{-5,F,=4i+9 i. F1=8+6,F,=14i+9

iii. Fy =2V2i-3.F, = -3V5i+72j.
For each of the above, determine:
a. the resultant force, R, acting on the object
b. the magnitude of the resultant force, | R |
c. athird force, F3, applied to the body so that the resultant force is equal to zero.
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5. Three forces — F'y, F> and F3 — act on an object. They are described by the vectors:
i. I\ =31-5,F,=4+9%and F3 = —6i — 2j
i. Fy =i—j, F,=—2{+3fandF3 = \2i - 2.
For each of the above, determine:
a. the resultant force, R, acting on the object
b. the magnitude of the resultant force, | R |
c. the angle that the vector R makes to the i vector, to 1 decimal place
d. afourth force, F4, applied to the body so that the resultant force is equal to zero.
6. In each of the following cases:
i. determine the resultant force, R, for the specified forces acting on a body
ii. deduce the additional force needed to attain equilibrium; that is, R = 0.
a. F=25NatN30°E and G = 45N at N30°W
b. W= —80fand F = 50f + 75§
c. A =26i—80jand B = —30i + 92j
d. F=10Nat S50°W, G = 7.0N at N45°W and H = 12N at N70°E
7. [ Three forces — X, ¥ and Z — act on an object such that the resultant force R = 0. The force Y acts
at an angle of 120° to the force X and has the same magnitude as the force X, which is 10 N.
a. Determine the magnitude of Z.
b. Calculate the angle that the force Z makes to X.
8. Three coplanar forces —A, B and C — have magnitudes of 1000 N, 1200 N and 1700 N respectively.
They act on a body such that the resultant force is zero. Determine the angle between A and B.
9. Three forces — X, Y and Z — add to give a resultant force equal to zero.

a. Calculate f (to the nearest degree) if @ = 135°,|Z] = 200N and |X| = 150 N.

b. Determine |Z| (to 1 decimal place) if « = 100°, # = 135° and |¥] = 27 N.
c. If |X] = |¥] and a« = 60°, demonstrate that |Z] = V3 |X].

3.4 Force and the state of equilibrium
3.4.1 Newton’s First Law of Motion

Historically, Newton’s First Law of Motion had its origins
in some of the work done by Galileo. The law concerns
itself with the motion of a particle when the resultant force,
R, acting on it is zero. It was a commonly held belief
that in order to have motion, an unbalanced force was
required. This belief seemed quite natural: clearly, carts
need to be pulled by horses in order to move and that balls
rolling across a lawn come to rest. However, experiments
showed that the force of friction could be used in both
cases to explain the apparent necessity of an applied force
to maintain constant motion.
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It was Newton who stated that in the absence of an unbalanced force (that is, R = 0) acting on a body,
the body would continue in a state of uniform motion. The phrase ‘uniform motion’ is used to describe the
motion of a body with zero acceleration; that is, the velocity of the body is a constant.

Today we would write this as:

If R = 0 (the resultant force acting on the body is zero)
then v = c¢ (the velocity of the body is a constant)

and thus a = 0 (the acceleration of the body is zero).

If the resultant force acting on a body is zero, then its acceleration is zero.

It is important to recognise that the inference above is equally valid in reverse. That is,

If a = 0 (the acceleration of the body is zero)
then v = c¢ (the velocity of the body is a constant)

and thus R = 0 (the resultant force acting on the body is zero).

When the net or resultant force acting on an object is equal to zero, it is commonly said that the body is
‘in equilibrium’. Such an object moves at a constant velocity. These types of situation belong to a class of
problems called statics.

To solve dynamics and related kinematics problems there is a clear strategy.

* Read the question carefully.

* Draw a clear diagram that contains all the information.

* Superimpose arrows depicting vectors which act on the body in question. This is called a force vector

diagram.

* Find the resultant force vector that is the sum of all forces acting on the body.

Mass and weight

We know from experience that some objects are harder to push
than others; that is, it is more difficult to modify their motion.
We call this property of matter inertial mass. The SI (Systeme
International d’Unités) unit for mass is the kilogram. It is harder
to stop or accelerate a large truck than a small car, the truck
having the greater mass.

Weight is a vector quantity. It is a force, equal to the product
of the acceleration due to gravity and the mass on which it is
acting. We often refer to ‘the weight of the object’ but the
object does not possess weight as an intrinsic quantity; it does,
however, possess mass. The SI unit for weight, since weight is a force, is the newton. Suppose that an astronaut
is somewhere in space where there is a zero gravitational field (g = 0 N/kg); he may be 70 kg, but he is said
to be ‘weightless’. The gravitational field strength g is a measure of the magnitude of the force of gravity
acting on a unit mass. Consequently it has the dimensions of force per unit mass. In SI units this is the newton
per kilogram (N/kg). The same 70 kg man on the surface of the Earth where the vector g has a magnitude
of 9.8 N/kg down would have a weight of 686 N or 70 N downward. That is, the weight W of a mass m in a
gravitational field g is given by the equation:

1=
I
S

o
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Note: The value for g of 9.8 m/s> down is used universally in examples and problems in this textbook. Some-
times the unit for g is quoted as N/kg. This is the acceleration due to gravity. For a mass of 1kg, it becomes
equal to the weight force when all other forces are ignored.

3.4.2 Resolving a force into its components

In many cases the size of a force acting in a particular direction needs to be calculated. For example, when
a jet aircraft is taking off from a runway the engines provide a thrust. Part of the thrust assists in lifting the
plane up into the air (the vertical component) and the other component exerts a horizontal push making the
plane move forward. In the diagram at right, the combined thrust of the jet’s engines is represented by a single
vector F acting on a particle representing the aircraft.

If F is the applied force acting on the plane due to the action of the engines then j
we can write the force vector as the sum of two vectors F, and F), that are parallel T_» .
to the unit vectors # and j respectively.

F
Thus F=F.+F, P,
_rr3 A [l
F=Fi+ Fy Jj . 5
Aircraft ~x
where F, =|F|cos@
and Fy, =|F| sin@.

The quantities F, and F, are referred to as the components of the vector force F/
in the 7 and j directions respectively.

A force F can be resolved into perpendicular components:

F = Fcos0i + Fsin6j
where F = |F| and 0 is the angle between F and i.

For example, if the combined thrust of the engines is
2 x 10°N and the plane during take-off had a 15° elevation
angle, then the vertical component would be:
Fy, =|E|sin6
=2x10% x sin 15°
~518x10°N
while the horizontal component would be:
Fy=|F|cos@
=2x10%x cos 15°
=193%x10°N

or F~ (1.93% 109) i+ (5.18 x 10%)5.

Note: The T and j components are usually horizontal and vertical components respectively, but they can be
rotated to suit a particular problem.

118 Jacaranda Maths Quest 11 Specialist Mathematics Units 1 & 2 for Queensland



WORKED EXAMPLE 7

A water skier is being pulled along by rope attached h e
oo, b

to a speed boat across a horizontal lake. The rope
makes an angle of 5° to the horizontal and exerts a
force of 6000 N on the skier.

a. Calculate the horizontal component of the force
exerted on the skier by the rope.

b. Calculate the vertical component of the force
exerted on the skier by the rope. The skier is
moving with a constant velocity.

c. Calculate the size of the horizontal resistance
forces on the skier.

THINK WRITE

1. The skier has four forces acting on him: the weight T
force, W, acting vertically downwards; the normal
reaction, &V, of the water on the skier, acting vertically
upwards; the tension force, 7, in the rope, acting 5° to
the horizontal; and the resistance forces, F, acting
horizontally against the direction of motion.

A

0O
\

2. Draw a force vector diagram showing the forces acting
on the skier.

a. Evaluate the magnitude of the horizontal component of  a. 7 = 6000 cos 5°

T, Ty. ~ 5997 N
b. Evaluate the magnitude of the vertical component of b. Ty = 6000 sin 5°
T, Ty. ~ 523N

c. 1. Constant velocity means the acceleration is zero and in  ¢. Since acceleration = 0,
turn the resultant of the horizontal forces is zero.

2. The magnitude of the horizontal resistance forces, F, F=Tg~5997N
is equal to the horizontal component of the tension
force, T.

WORKED EXAMPLE 8

In a science laboratory a 1.0-kg mass is suspended by two taut strings String 2

as shown. The tension forces in string 1 and string 2 are 7, and T, ¢ String 1f| =,
respectively. \ ¢ TJ_>
a. Draw a force vector diagram showing all three forces which act —HXE* !
on the 1.0 kg mass.

b. By resolving vectors into 7 and j components, determine the
magnitudes of 7' and T, respectively.

1.0-kg mass

L 1
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THINK

a. 1. The mass has three forces acting on it: the
weight force vertically downwards and the
two tension forces. One tension force acts
horizontally; the second acts at an angle of
42° to the horizontal.

2. Draw the force vector diagram.
b. 1. The weight vector can be written

as —gj.

2. The first tensile force can be written
as T, i.

3. The second tensile force can be resolved as
T, = =T, cos 42°1 + T, sin 42°j.

4. Express the resultant force, R, as the sum of
the three forces.

5. Set the sum of the three vectors to zero in
accordance with Newton’s First Law of
Motion.

6. Set the 7 component of R to zero and call it
equation [1].

7. Set the j component of R to zero and call it
equation [2].

8. Solve equation [2] for 75.

9. Solve for 7' by substituting 75 into
equation [1].

Note: Part b could also be solved by drawing

a triangle of forces and solving using

trigonometry.

T, = —T> cos42°%
+7, sin 42°%
R=(T) —T>cos42°)i
+(T, sin42° — g)j
But R = 0 + 0.

Ty —Trcos42° =0

T,sin42° — g =0

8

h=Gnare
~ 14.6 N

T, =T, cos 42°
~ 109N

W =g =T, tan42°

8
T =
: tan 42°
~ 109N
and W =g = T sin42°
8
T = ———
> §in 42°

Q

14.6 N (as in part b above)
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WORKED EXAMPLE 9

A car of mass 800 kg is parked in a street which has an angle of elevation
of 15°. The 7 direction is parallel down the street and the j direction is
perpendicular to the street.

The car is subject to three forces, namely its weight, W, the normal contact
force, IV, of the road acting on the car and the applied force of the brake (this
is actually a static friction force) F.

a. Draw a vector diagram indicating the three forces, W

)

N and F, acting on the car, taking the car as a particle.

b. Determine the magnitude of the resultant force R.

c. Resolve the weight, W, into its components and express
it as a vector using 7 — j notation.

d. Calculate the magnitude of ¥, the normal contact force.

e. Calculate the magnitude of the applied force of the
brake F.

THINK

a. 1. A stationary car parked on a street will have a
vertical weight force, a normal contact force and a
static frictional force resisting its sliding or rolling
down the street.

2. Draw the force vector diagram.

b. 1. The car is in equilibrium since it is stationary. b.R =0
2. Apply Newton’s First Law of Motion: the resultant
force, R, must be zero.
3. Therefore, the magnitude of the resultant force, R=0N
R, is zero.
c. 1. Draw a diagram showing the resolution of the
weight, W, into components parallel to  and j.

2. The component of W parallel to z, W,, is Wsin 15°.

3. Substitute W = 800g and evaluate. W, = 800g sin 15°
~ 207g
4. The component of W parallel to j, W, is Wcos 15°. W, = Wcos 15°
5. Substitute W = 800g and evaluate. = —800g cos 15°
~ —T73g
6. Express W in vector notation. W=W,i+W,j
W=207gi—T73gj
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d. 1. The component of the net force parallel to the j d. (N—-773g)] =0f
vector is zero.

2. Solve for the magnitude of the normal N. N ="T73g
e. 1. The component of the net force parallel to the 7 e. 2Q07g-Fi=01
vector is zero.
2. Solve for the magnitude of the applied force of the F=207g
brake, F.

Note: In general, when an object of mass m and hence weight mg is on an inclined plane with incline
angle 60, the weight vector can be resolved into two components:

Component 1: magnitude mg sin 9, acting down the plane
Component 2: magnitude mg cos 0, acting perpendicular to the plane.
This is opposed by the normal contact force, N

3.4.3 Friction
A body resting on a table is acted on by a number of forces. As we have discussed AN
the weight W acts downwards and is given by the formula -
‘./Y = mass X § FricLion .G

The normal reaction, N, is the force exerted by the table on the body -

which opposes and balances the weight. Suppose the body is further acted on
by a horizontal force G. If the table is smooth, there is no friction and the mass \
will move to the right. If the table is not smooth a frictional force will oppose -
the motion. The frictional force depends on the roughness of the surface and the normal reaction N.

Friction = u X normal reaction, where p is the coefficient of friction.
F=uxN

Note that this formula gives the maximum value for friction. If, in the diagram, G is less than uN, then the
frictional force will just balance the force G.

WORKED EXAMPLE 10

A body of mass 4 kg, at rest on a table, is acted on by a horizontal AN
force, P, as shown in the figure. If the body just begins to move when

Pis 12 N, calculate the coefficient of friction between the body and the Friction
table. = s
Y w
THINK WRITE B
1. The weight of the body is m X g. W=mxg
=4x%x938
=39.2N
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2. The normal force, N, must balance the weight. N=W

=392 N
3. The friction will oppose P and its maximum F=uxN
value is p X N. 12 =pux39.2
u=0.3
WORKED EXAMPLE 11
A body of mass 4 kg rests on a plane inclined at an angle of 30° to the Friction N

horizontal. It is just prevented from moving by friction. Calculate:
a. the weight, |[W|
b. the magnitude of the normal reaction, N
c. the magnitude of the frictional force, F
d. the coefficient of friction, u.

THINK WRITE

a. Recall the formula for weight, W=m X g,and a. |W|=mXx g

substitute the known values: m = 4 kg and =4x9.8
g = 9.8 m/s”. The units are newtons. =392N
b. 1. First resolve each force into its components. b. N=Nj
Take the 7 direction to be down the plane and W =39.2 sin 30 + —39.2 cos 30f
the j direction to be perpendicular to the plane. = 19.61 + —33.97
F=—uNi
2. If a body is at rest, the vector sum of forces F+N+W=0
is 0. —Fi+ Nj+ 19.61 + -33.97 =0
3. Ifai+bj+ci+djf =0,thena = —cand b = —d. The 7 and j components add to 0.
—-F=-19.6
N =339
SN=339N
Take the value of F from part b3. c. F=19.6N
The coefficient of friction, u, can be calculated d. F = uN
using F' = uN. 19.6 = u x33.9
u=0.58

~ study[T])

Newton’s First Law of Motion Summary screen and practice questions
Friction and tension Summary screen and practice questions
Motion on an inclined plane Summary screen and practice questions
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Exercise 3.4 Force and the state of equilibrium

Technology active
Note: Use g = 9.8 m/s> down for all problems involving weight.

1. A girl is pulling along her baby brother in a cart attached to a rope. The cart is on a horizontal path.

The rope makes an angle of 20° to the horizontal and exerts a force on the cart of magnitude 25 N.

a. Calculate the horizontal component of the force exerted on the cart by the rope.

b. Calculate the vertical component of the force exerted on the cart by the rope.
The cart moves along at a constant velocity; that is, the acceleration of the cart is zero.

c. Calculate the size of the horizontal friction force acting on the cart. Give you answer to 1 decimal
place.

2. [T A child of mass 40 kg is held on a ‘swinging rope’ at an angle of 25° to the vertical by a horizontal
force of 300 N. If T is the tension force of the rope acting on the child, then:
a. the force vector diagram which best represents this situation is:

b. the horizontal component of T is:
A. 40gN
B. 300N
C. 127N
D. 272N
c. the vertical component of T is:
A. 300N
B. 127N
C. 40gN
D. 200N
d. the magnitude of 7 is nearest to:
A. 494N
B. 440N
C. 477N
D. 92N
3. A ship of mass m is being pulled by two tugboats. It glides through the water at constant velocity. The
angle between the two ropes connecting the two tugboats to the front of the ship is 20° and they each
support a tension of magnitude 20 000 N.

Ship
-
o>
10° Tugboat

a. Draw a force vector diagram showing all three coplanar forces which act on the ship.

b. Determine the magnitude of the resultant force acting on the ship. (Be careful; use
Newton’s First Law of Motion.)

c. Calculate the magnitude of the force of friction due to the water acting on the ship, correct to
1 decimal place.
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4. I3 A swing chair of mass 8 kg is suspended by two taut
ropes as shown at right. The tension forces in rope 1 and
rope 2 are T and 75 respectively.

a. Draw a force vector diagram showing all three forces
which act on the swing.

b. By resolving vectors into i—j components find the exact
magnitudes of T and 7.

5. A speaker in an auditorium has a mass of 50 kg and is
suspended from the ceiling by two 4.0-m ropes. The
ropes are attached to the ceiling at points A and B
whose separation is 6.0 m as shown at right.

a. Draw a force vector diagram showing all forces
which act on the speaker.

b. Calculate the angle that each rope makes with the
ceiling to 1 decimal place.

c. Determine the vertical component of the tension
force in each rope.

d. Give the vectors for the tensions in the left and right
rope respectively using 7—j notation.

e. Calculate the magnitude of the tension in each rope to
1 decimal plate.

f. The speaker is to be raised by increasing the
separation between the points A and B, but the ropes
will break if the tension exceeds 4000 N. Find the
maximum possible separation to the nearest metre
between A and B; that is, when the tensions
in the ropes are equal to 4000 N.

6. Sam earns some extra pocket money by mowing his neighbour’s front lawn. When he pushes the
lawnmower at a constant velocity he applies a force of 120N down the shaft of the mower which is
angled at 40° to the vertical. The lawnmower has a mass of 40 kg.

a. Draw a force vector diagram illustrating all four forces acting on the
lawnmower. (Treat the lawnmower as a particle.)

b. Calculate both the vertical and horizontal components of the force that
Sam applies to the lawnmower, correct to 1 decimal place.

c. Using i—j notation, write a vector equation for the resultant force, R,
acting on the lawnmower in terms of the four forces acting on the

lawnmower.
d. Determine the magnitude of the force of friction acting on the
lawnmower as it moves across the lawn at constant velocity.
e. Determine the magnitude of the normal contact force.
7. EEH A 1.5-kg mass is placed on a smooth inclined plane angled at 30° to the horizontal. To stop it
from sliding down the plane a string is attached to the upper side as shown.
The unit vectors  and j are also shown.
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The unit vectors # and j are also shown.

f\/f

30°

a. Draw a force vector diagram showing the forces which act on the mass. Label the forces N for the
normal contact force, T for the tension force and W for the force arising from the effect of gravity.

. What is the magnitude of the resultant force, R?

. Determine the weight vector, W, using i—j notation.

. Determine the tension force, 7, using i—j notation.

e. Determine the magnitude of the normal contact force, N.

o O T

8. A 1.5-kg mass is placed on a smooth inclined plane angled at 30° to the horizontal.
To stop it from sliding down the plane a horizontal force is applied to the mass as j\/

shown . The unit vectors # and j are also shown. Horizontal
force, H
a. Draw a force vector diagram showing the forces which act on the mass. Label ———

the forces N for the normal contact force, H for the horizontal force and W for
the force due to gravity.

b. Determine the weight vector, W, using i—j notation.

c. Determine the horizontal force, H, using i—j notation.

d. Determine the normal contact force, N, using i~j notation.

3

e. Show that H = M = M

9. [FZEI A box containing books has a mass of 40 kg. It requires a force of 300 N to move the box across
the floor. Calculate the coefficient of friction between the box and the floor.

-~

10. The maximum deceleration the BMV
Tycoon can achieve under braking
is 4 m/s®. If this vehicle has a
mass of 1900 kg, calculate:
a. the frictional force on the car
b. the normal reaction
c. the coefficient of friction between
the tyres and the road.
11. A force of 200 N is needed to keep a log
of mass 300 kg sliding along a horizontal
path. Calculate the coefficient of
friction between the log and the path.
12. [FIEEEN A body of mass 6 kg rests on a plane
inclined at an angle of 40° to the horizontal.
It is just prevented from moving by friction.
Calculate the:
a. weight
b. normal reaction

c. frictional force
d. coefficient of friction.

13. A book lies on a horizontal table. One end of the table is raised until, at an angle of 35°, the book starts
to slide. Calculate the coefficient of friction between the book and the table.

14. An object of mass 2 kg rests on a plane inclined at an angle of 40° to the horizontal. If the coefficient of
friction between the object and the plane is 0.2, calculate the resultant force down the plane.
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3.5 Relative velocity

3.5.1 Relationship between velocities

As you sit at your desk reading this paragraph it appears that
you are not moving significantly. While this may be apparent to
someone in the room watching you, an observer with a
different point of reference may disagree entirely. As you sit in
the room you are moving around the Sun at about 100 000 km/h.
Measurement of velocity depends on the frame of reference.

Most people have experienced the sensation of movement
while sitting in a stationary train and observing a nearby train
moving. The visual messages tell our brain we are moving and,
for a moment, we become disoriented.

Consider the situation of a boy rowing a boat across a swiftly flowing river. The boy thinks he is rowing
directly towards the bank opposite but to an observer on the shore his velocity is different. The situation can
be described using vectors.

Velocity of boy relative to river

Velocity of river

Actual velocity of boy

In general the relationship between relative velocities is

Yo = Zarelb+l),b

where v

Za rel b

WORKED EXAMPLE 12

The pilot of a boat heads due north at a speed of 12 km/h with
respect to the water. The water moves at a velocity of 5 km/h in
an easterly direction. Calculate the velocity of the boat as seen
by an observer on the shore.

is the velocity of a (v,) relative to the velocity of b (v;).
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THINK WRITE

1. The velocity of the boat relative to the water Vorelw = 12
(Vp re1 ) 18 12 m/s north. The velocity of the Yy =51
water (v,,) is 5 km/h east. ) (12
We want to find the velocity of the boat, v, lo_,
Take the 7 direction to be easterly and the j 5

direction to be northery.

2. Use the relative velocity formula. Vb = Vorelw T Yy

=127 +5¢
3. Write the answer as a speed and direction. lvpl = V122 + 52
=13
tan 0 12
anf = —
5
0=0674°

An observer on the shore sees the boat
moving at 13 km/h at 67.4° north of east.

WORKED EXAMPLE 13

A pilot is to fly a plane to a destination which is
450 km from his present position in a

direction N20° W. There is a wind from the
east at 22 km/h and the plane has an airspeed
of 300 km/h. In what direction should the plane
head to reach the destination?

THINK

1. Use the relative velocity formula and draw a
diagram.
The wind velocity is v, and the airspeed of the
plane is v

~arelb*

The speed of the plane, relative to the ground is y,.
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2. Let x be the direction the plane needs to head.
Recall the sine rule:
a b ¢
sinA  sinB  sinC
and substitute
a=22,A=x,b=300and
B = 180° — (90 + 20)°
= 70°.

sin x B sin 70°
22 300
sinx = 0.0689

x =3.95°
3. Solve for the plane’s required direction. Direction = 20° — 3.95°
= 16.05°

The plane should head 16.05° west of
north or N16.05°W

study(T)

Relative velocity Summary screen and practice questions

Exercise 3.5 Relative velocity

Technology active

1. [EIZH The pilot of a boat heads due east at a speed of 16 km/h with respect to the water. The water
moves south at a velocity of 4 km/h. Calculate the velocity of the boat as seen by an observer on the
shore, correct to 1 decimal place.

2. A plane with an airspeed of 300 km/h heads due north. A wind blows from the west at 30 km/h.
Determine the velocity of the plane relative to the ground, correct to 1 decimal place.

3. A rowing crew heads across river at 15 m/s. The crew heads in a direction 45° north of west. At the same
time the current flows at 3 m/s due north. What is the speed and direction of the boat on the river? Give
your answer to 1 decimal place.

4. KIZH The driver of a cross-river ferry wants to head to
a pier directly across the stream, at right angles to
the bank. His boat can travel at 20 km/h and there is a
current flowing downstream at 6 km/h. At what angle to
the bank should the driver head in order to travel directly
across the river?
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5. A passenger on a cruise ship walks at 6 km/h towards the stern (the back) of the ship. The ship travels at
19 km/h in a north-westerly direction. Determine the speed of the passenger with respect to the water.

6. Copy and complete the following table.

Va Yp Va rel b
a 40m/s N 20m/s E
b 15m/s S 20m/s N
c 25 m/s NE 20m/s E
d 4m/s SE 30m/s W
e [3m/s 30° S of E | S5m/s 25° W of N

7. A cyclist rides north at 15 km/h and observes that the
wind appears to come to her from the north-east. On the
return journey she rides at the same speed in the opposite
direction. Now the wind appears to be coming from the
south-east. Calculate the true speed and direction of
the wind.

8. A cyclist rides north at 15 km/h and observes that the
wind appears to come to her from the north-east. On the
return journey she rides at the same speed in the opposite
direction. Now the wind appears to be coming from 30° south of east. Calculate the true speed and
direction of the wind.

9. As ajogger runs along level ground at 9 km/h, the rain appears to be heading directly towards her at an
angle of 10° with the vertical. When she turns around and travels at the same speed in the opposite
direction the rain still appears to be coming directly towards her but now makes an angle of 5° with the
vertical. Calculate the speed and direction of the rain.
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3.0 Review: exam practice

A summary of this chapter is available in the Resources section of your eBookPLUS at www.jacplus.com.au.
Simple familiar

1. A body is in equilibrium under the action of three forces f1, f, and f3.
f1==3i+7jand f, =57+ 2

Determine the magnitude of the vector f3

2. If the three forces shown are in equilibrium, determine the magnitude of the force F.

20N
60°
20N

3. Two forces, equal in magnitude, are sufficient to keep the mass shown at right in
equilibrium against the force of gravity.

50°

2 kg

Calculate the magnitude of each force, to 1 decimal place.
4. An object is in equilibrium under the action of three forces f, f, and f3.

Calculate the magnitude and direction of f3 to 1 decimal place.

5. Three coplanar forces have magnitudes of 400 N, S00 N and 600 N. They act on a body such that the
resultant force is zero. Find the angle between the 500 N and 600 N forces.

6. A body of mass 6.0 kg is suspended from a ceiling by two ropes. The angle between the two ropes is 90°
and they are connected to the ceiling at points A and B respectively. The tension, 75, in rope 2 is twice
the tension, 77, in rope 1. Give you answers to 1 decimal place where appropriate.

a. Draw a force vector diagram for the 6.0 kg mass.
b. Calculate the magnitudes of the tensions 7' and 75.
c. Find the angles that rope 1 and rope 2 make with the horizontal.

V5x

d. If rope 1 has a length x, show that the distance AB is 7

7. A mass of 4 kg rests on a plane which has a coefficient of friction of 0.25.

L

40°
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10.
11.

12.

Calculate the minimum force P, acting parallel to the plane, needed to prevent the mass slipping down
the plane.Give your answer to 1 decimal place.

I3 Of the following quantities, which one contains only vectors?

A. Displacement, velocity, force

B. Distance, velocity, force

C. Displacement, speed, force

D. Displacement, velocity, force, mass

If 7 and j represent unit vectors in the directions of east and north respectively, evaluate a force of
magnitude 3\/5 newtons in the southeast direction.

The vector %i + yj makes an angle of 150° with the y-axis. Determine the value of y.

I3 Given the vectors @ = 2f — 3j and b = -3 +j:

A. ais parallel to b

B. the vector 2a + 3b is parallel to the x-axis

C. the vector 2a + 3b is parallel to the y-axis
D. None of the above.

A ship travels a distance d km on a bearing of N6°W where 0° < 6 < 90° from an origin O. If 7 and j
represent unit vectors in the directions of east and north respectively, determine the position vector of
the ship from the origin.

Complex familiar

13.

14.

15.

16.

Complex unfamiliar
17.

LA If v, =20+ 3f and v, = =27 + 2, the value of v is

A. 5f B. 4i +j C. —4i—j D.j

A river flows from north to south at 5 km/h. A boat heads directly across the river from the river bank to
the other side at 11 km/h. Find the true velocity of the boat.

A cyclist travels at 15 km/h on a road heading east. When she is travelling in this direction the wind
appears to be coming from a direction 60°E of N. When she turns around and travels west on the road at
the same speed the wind appears to come from 60°W of N. Find the true speed and direction of

the wind.

While on holidays, Lilly hired a Segway as a great way to move
around and explore the city. One day she travelled 500 metres
on a bearing S28°E then turned and travelled 800 metres on

a bearing S67°W. If T and j represent unit vectors of magnitude
1 metre in the directions of east and north respectively, find

her position vector from the starting point. Hence, find her
displacement, correct to 1 decimal place, and her true bearing
from her starting point.

Arnie is pushing against a trailer, preventing it from rolling down
a hill. The trailer has a mass of 200 kg and the hill is on an
incline of 15° to the horizontal. At the moment there is no
problem because Arnie is capable of pushing with a force of
1000 N parallel to the plane.

However, it is raining and the trailer is filling with water at a
rate of 25 litres per minute. How long will Arnie be able to hold
the trailer and stop it from running down the hill?
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18. When the surf gets big at Kirra there is always a sweep running from south to north.

Take-off area

Sweep =4 km/h
-
120 m

Jodie is heading out at 8 km/h. If she heads directly out to sea and she wants to get to the take-off area,
how far up the beach should she walk before paddling out?

19. A ball of mass 0.20 kg is shot vertically in the air. It decelerates under the action of two forces: the
weight force and the force of air resistance. When the ball moves with a speed of 40 m/s, it has an air
resistance of 1.0 N. When the ball is stationary, the air resistance force is equal to zero.

a. Determine the magnitude and direction of the resultant force acting on the ball when it is moving
upwards at a speed of 40 m/s.

b. Determine the magnitude and direction of the resultant force acting on the ball when it is at its
maximum height above the ground.
Later, the ball is travelling toward the ground at 40 m/s.

c. Determine the magnitude and direction of the resultant force acting on the ball when it is moving
downwards at a speed of 40 m/s.

20. In a James Bond movie scene, a car of mass 1500 kg rolls in a straight line from rest down a road
inclined at 10° from the horizontal. It takes 10 seconds for the car to reach the bottom of the incline at a
speed of 43.2 km/h where the road becomes level. The handbrake of the car was on, providing a
constant retardation force of 20g newtons.

a. Calculate the value of the coefficient of friction correct to 3 decimal places.
At the bottom of the incline the car jolts, and the handbrake is rendered inactive.
b. How much further does the car travel? (Give your answer to the nearest tenth of a metre.)

study(l])
m Sit chapter test

CHAPTER 3 Applications of vectors in the plane 133



Answers
Chapter 3 Applications of vectors

in the plane

Exercise 3.2 Displacement and velocity

1. a Ti-24f b. 25km 163°44'T

2. a. —500f — 1200f b. 1300m 202°37'T
3. a. —14.34f — 55.48) b. 57.26km S14°30'W
4. a. —261.671 + 144.44f b. 298.89 km N61°6'W
5. a. —2.131—6.13f b. 6.49km 19°5'T

6. a. —4.987 + 60.74f b. 60.94km N4°39'W
7. a. 4347 — 1.49 b. 4.59 km 109°4'T

8. a. 299.69f — 2341.75) b. 2360.85m 172°42'T
9. a. —9.097 + 3.18f b. 9.63kmN 70°43'W
10. a. 367.26i + 889.02f b. 961.9m22°27'T
11. a. 151.927 + 80.64f b. 172km 62°2'T

12. (dy + o 5in (0)7 + d> 03 (O)f, \ [ + d + 2d1dz sin (0)
13. (d1 cos (0]) — d, cos (02)) i+ (dl sin (01) + d; sin (02))j,
V& + & = 21> cos(0, +6,)

Exercise 3.3 Force and the triangle of forces

1. a. AN b. AD
Book Ball
w W
c N d. N
F A F
Car Boat ~
w w
e N f
Sliding object
w
g. N h
Body at rest
w
i. Ball moving j- D
up -
W Ball moving
~ down
D
w
2.a. (4+3V3)i+ (3 +4V/3) b 1/100+48/3 =
13.53N
3. a C b. A
4. a. i. 9+ 4 b. i. V97
i, —6i— i 3V5

iil. (22 -3V5)i-f iii. /54 —12/10

e i —9i—4
i. 60+ 3f
i. 3V5 —2v2)i+j
5. a i [+2f b. i \/\/5
ii. (\/E_ i iii. 2 -1
c. i. 63.4° d. i. —-1-2f
i. 0° i. (1 —\/5)1‘
6. a. i. 61.4N at N9.4°W b. i. 50f-5f
ii. 61.4N at S9.4°E i. =50+ 57
c. i. —4i+ 12 d. i. 29N at N26.9°W
ii. 40— 12f ii. 29N at S26.9°E
7. a. 10N b. 120°
8. 79.2°
9. a. 77°
b. 37.6N

c. Sample responses can be found in the worked solutions
in the online resources.

Exercise 3.4 Force and the state of equilibrium
1.a. 235N b. 86N ¢ 235N
a. D b. B c. C d. A

3. a. Drag force
due to Tugboat

water 10° T

54—065:-

Shlp 10° Z

b, ON Tugboat
c. 393923N

N

i
b. Ty =4gN;
T, =4y/3gN
i
Tiert | Tiight
|

Speaker

w
414°  ~
245N
Left rope: —278i + 2457 N; right rope: 2787 + 245f N
370.6N
8.0m

~000yT

A=120Nathy

40° to
vertical

W= 40g

b. Ay = 91.9N down
Ay = 77.1N left
c. R = (Fiction — 77.1) + (N —483.9)j =0
d. 77.1N
e. 4839N

b. ON c. —74i—12.7jN

d. 74N ~ e.
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=7.4f - 12.7fN

7.4i — 43N

177N

Sample responses can be found in the worked solutions
in the online resources.

o o0 T

. 0.77
10.
11.
12.
13,
14.

a. 7600N b.
0.07

a. 58.8N
0.7
9.6 N

18620N c. 0.41

b. 45.04N c. 378N d. 0.84

Exercise 3.5 Relative velocity

- N T N I C RN

. 16.5km/h at 14.0°S of E
. 301.5km/h at 5.7°E of N
. 17.3m/s at 52.1° N of W

72.5°

. 13km/h

45m/s at 27°W of N
S5m/sN

18 m/s at 8° W of N
33m/s at 5°S of E
8mat 52°S of E

o oo oo

7. 15km/hE (i.e. towards the west)
8. 19.4km/h78°W of S
9. 68.3km/s at 2.5° towards the jogger’s original direction

3.6 Review: exam practice

V85

o o p N

1

1

a.

o

. 346N

0.8N

. 89.4N at 153.4° to f

38.6°

Sample responses can be found in the worked solutions
in the online resources.

263N, 52.6N

26.6°, 63.4°

Sample responses can be found in the worked solutions
in the online resources.

7. 177N

®

A

9. 31— 3

10.
11.

12,

13.
14,

15.

16.
17.

18.
19.

20.

VES

2
D

—dsin ()T + dcos (0)]

B

12.1 km/h at 65.6° to the bank

8.7km/h N (i.e. from the north)

—501.7f — 754.1f; distance 905.7 km, bearing 213°38'T
7 minutes 46 seconds

60m

a. 2.96 N down

. 1.96 N down
c. 0.96N down

a. 0.038 b. 193.3m
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REVISION UNIT 1 Combinatorics, vectors and proof
TOPIC 2 Vectors in the plane

e For revision of this entire topic, go to your studyON title
in your bookshelf at www.jacplus.com.au.

e Select Continue Studying to access hundreds of
revision questions across your entire course.

for QLU Unils 182

e Select your course
Specialist Mathematics
for Queensland Units 1&2
to see the entire course
divided into syllabus topics.

e Select the area you are
studying to navigate into the
sequence level OR select
Practice to answer all
practice questions available
for each area.

jacaranda

Specialist Mathematics for QLD Units &2
» 1 Combinatorics
» 2 Vectors in tha plane

» 3 Introduction to proct

jacaranda

e Select Practice at the sequence level to
access all questions in the sequence.

G} Shecilistiathermarics or OLD Units 182 3 ntraduction t proof

3 Introduction to proof
» 1 Introduction to proof

» 2Gircle geometry

* At sequence level, drill down to
concept level.

G specilist Marhematicsfor QLD UNits 182 3 Intraduction o proaf. ) 2 ircle geometry,

2 Circle geometry

» 1 Congruent triangle tests
» 2 Gircle terms
» 3 Gircle theorems — angles

» 4 Gircle theorems — chords

jacaranda jacaranda

e Summary screens provide
revision and consolidation
of key concepts. Select
the next arrow to revise all
concepts in the sequence
and practise questions at
the concept level for a more
granular set of questions.

Specialist Mathematics for QLD Units 182 3 Introduction to praof ) 2 Circle geomatry 3 Circle theorems — angles

« Circle geometry requires an understanding of the terms centre, radius, diameter, chord,
tangent, arc, circumference, sector and segment, among others.

 Circle theorems include: ]
R x=y % ¥+ y= 180"
| The angle subtended by | Angles at the | Any angle at the | Opposite angles

a chord at the centre of a circumference

circle is twice the angle at the ' standing on the
circumference subtended by ' same chord or equal ' a di
the same chord. chords are equal. right angle.

circumference | of a cyclic
which stands on | quadrilateral are
isa ppl Y-

a jacaranda
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PRACTICE ASSESSMENT 1
Specialist Mathematics: Problem solving and modelling task

Unit

Unit 1: Combinatorics, vectors and proof

Topic
Topic 1: Combinatorics

Conditions
Duration Mode Individual/group
4 weeks (including 3 hours of Written report, up to 10 pages (maximum 2000 words) Individual

class time)

excluding appendix

Resources available

e computer

e internet

e spreadsheet program

e graphics calculator

e other software/technology

The use of technology is required, for example:

Milestones

Week 1

Week 2

Week 3

Week 4 (assessment
submission)

Criterion

Marks allocated

Formulate
*Assessment objectives 1, 2, 5

4

Solve
*Assessment objectives 1, 6

Evaluate and verify
*Assessment objectives 4, 5

Communicate
*Assessment objective 3

Total

20

Scaffolding

The approach to problem-solving and modelling on the following flowchart must

be used.

* Queensland Curriculum & Assessment Authority, Specialist Mathematics General Senior Syllabus 2019 v1.1, Brisbane, 2018.

For the most up to date assessment information, please see www.qcaa.qld.edu.au/senior.
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Context

At the beginning of the 2015/2016 English Premier League (EPL) season, Leicester City were placed at odds of 5000 to
1 of winning the championship. It was considered likely that they would be relegated in the following season, and yet
they won the premiership. According to sports writer Posnanski, “The Premier League is the world’s biggest sports
league, and it is almost flawlessly designed — or so it seemed — to make sure that a team like Leicester City NEVER
wins the Premier League.’!

Posnanski was referring to the lack of incentives to help small teams be successful, but there is another potential
reason that Leicester City should not have been able to win the competition. There are 38 rounds in the EPL season,
compared to 26 in the Australian National Rugby League (NRL) regular season, 16 in the American National Football
League (NFL) regular season and 27 in the Australian A-League competition. Having more rounds in the competition
should make it less likely for a weaker team to be successful.

Task

In this task, you are going to explore the claim that weaker teams (or players) have a better chance of winning when
there are fewer rounds.

You must use mathematical and statistical procedures to determine the validity of the claim. Test your claim using
data from a competition or competitions. You may choose to explore the claim from the perspective of t