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Introduction and overview

Cambridge Senior Mathematics for Queensland Mathematical Methods Units 1 & 2 provides
complete and aligned coverage of the QCAA syllabus to be implemented in Year 11 from
2025. Its four components — the print book, downloadable PDF textbook, online Interactive
Textbook (ITB) and Online Teaching Resource (OTS) — contain a huge range of resources,
including worked solutions and revision of Year 10 material, available to schools in a single
package at one convenient price (the OTS is included with class adoptions, conditions apply).
There are no extra subscriptions or per-student charges to pay.

New features in the second edition:

m Learning intentions complemented by a Skills Checklist at the end of each chapter that
allows you to check your understanding and tick off your achievements,

m Technology-free and technology-active short-response and multiple-choice questions are
clearly labelled in Chapter review sections and Unit Revision chapters.

m The problem-solving and modelling task (Appendix C): There are three appendices at
the end of the book. Appendix C is written by consultant Joel Speranza, providing advice
on how to complete problem-solving and modelling tasks (PSMTs). This is supported by
video resources accessed through QR codes and in the Interactive Textbook.

Appendix A provides further material for Topic 2 of Unit 1 of this course and together
with Appendix B provides a preparation for the study of the probability and statistics
components of Mathematical Methods Units 3 & 4.

The Second Edition also features significantly revised and updated material from the first
edition, including:

Review of Years 9 and 10: The first two chapters can be considered as a review of material
covered in Years 9 and 10. The topics covered in these chapters are essential knowledge
before proceeding with the rest of the book. You may choose to complete these chapters prior
to the beginning of Year 11.

Degree of difficulty classification of questions: in the exercises, questions are classified as
simple familiar B3, complex familiar &, or complex unfamiliar [£11 questions and are
indicated by a strip along the margin. The revision chapters described below also contain
model questions for each of these categories, and tests are also provided in the teacher
resources, made up of such categorised model questions.

Three revision chapters of material covered in the course: The first two of these chapters
each cover an entire unit, and the last revision chapter contains questions revising the

whole book. Each is divided into technology-free and technology-active short-response

and multiple-choice questions, followed by problem-solving and modelling questions and
investigations.
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The problem-solving and modelling questions are multi-part questions where the students
undertake modelling or problem solving with an indication of the path to be taken. These can
be used in introducing the techniques of problem-solving and modelling. The investigation
section is less structured and the student will have to make decisions about the pathway they
will follow. Answers for them are not given in the textbook, but model solutions are in the
Online Teaching Suite.

Calculator guidance: Throughout the book there is guidance for the use of the TI-Nspire
CX non-CAS and the Casio fx-CG20AU and fx-CG50AU graphics calculators for the
solution of problems. Guidance on the TI-84Plus CE is included in the Interactive Textbook,
accessed via icons next to the TI-Nspire boxes. There are also online guides for the general
use of each of these calculators.

Assessment: Examination practice questions and assessment tasks are provided in the
revision chapters and the Online Teaching Suite. Check the updates there for developments as
more guidance is published closer to implementation of the new assessment.

Interactive Textbook (ITB)

The Interactive Textbook (ITB) is an online HTML version of the print textbook powered by
the HOTmaths platform, included with the print book or available as a separate purchase.

Updated and revised for the new syllabus, the Interactive Textbook includes:
m Video demonstrations of all worked examples

m Quick quizzes containing auto-marked multiple-choice questions have been thoroughly
updated and revised, enabling students to check their understanding.

m A success criteria checklist at the end of each chapter with linked questions and examples
available for download

m Comprehensive worked solutions for all questions are provided in the Interactive
Textbook as an option that teacher can choose to enable for their students.

m Downloadable skillsheets can be used for homework or in class to focus on a single skill
or small set of related skills.

m Definitions pop up for key terms in the text, and are also provided in a dictionary.

The Online Teaching Suite (OTS)

The Online Teaching Suite is automatically enabled with a teacher account and is integrated
with the teacher’s copy of the Interactive Textbook. All the teacher resources are in one place
for easy access. The features include:

m A teacher’s view of a student’s working and self-assessment which enables them to modify
the student’s self-assessed marks, and respond where students flag that they had difficulty.
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m The task manager allowing to direct students on a custom activity sequence based on
their scores in measurable activities

m Quickly create customised tests from a bank of multiple-choice questions using the test
generator. Tests are auto-marked in the Interactive Textbook or can be printed and used
for homework or assessment practice.

m An expanded and revised suite of chapter tests and assignments
m Editable curriculum grids and teaching programs.

m A brand-new Exam Generator, allowing the creation of customised printable and online
trial exams (see below for more).

More about the Exam Generator

The Online Teaching Suite, available from 2025, will include a comprehensive bank of
QCAA exam questions, augmented by exam-style questions written by experts, to allow
teachers to create custom trial exams.

Custom exams can model end-of-year exams, or target specific topics or types of questions
that students may be having difficulty with.

Features include:

Filtering by question-type, topic and degree of difficulty
Searchable by key words

Answers provided to teachers

Worked solutions for all questions

QCAA marking scheme

Multiple-choice exams can be auto-marked if completed online, with filterable reports

All custom exams can be printed and completed under exam-like conditions or used as
revision.
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Reviewing linear equations

Chapter contents

1A Linear equations

1B Constructing linear equations

1C Simultaneous equations

1D Constructing simultaneous linear equations

1E Solving linear inequalities

vVvyyvyVvVvyypy

1F Using and transposing formulas

Many problems may be solved by first translating them into mathematical equations and then
solving the equations using algebraic techniques. An equation is solved by finding the value
or values of the variables that would make the statement true.

Consider the equation 2x + 11 = 3 — 2x. If x = -2, then
LHS =2(-2)+11=7 and RHS=3-2(-2)=7
The statement is true when x = —2. The solution to the equation is therefore x = —2. In this

case there is no other value of x that would give a true statement.

The equations that we deal with in this chapter are called linear equations since they are
related to the equation of a straight line.

Linear equations have either one solution (as shown in the example above), no solutions or
infinitely many solutions. The equation 2x + 3 = 2x + 4 has no solutions, since no value of x
makes the statement true. The equation 2(x + 3) = 2x + 6 has infinitely many solutions, since
it is true for all values of x.

We note that the equation x> = 16 has exactly two solutions, x = 4 or x = —4, but this
equation is not linear.
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2 Chapter 1: Reviewing linear equations

m Linear equations

Learning intentions

» To be able to solve linear equations.

A linear equation (in one unknown) is a particular type of polynomial equation in which the

variable is to the first power. The following are examples of linear equations:
z—=3 2z-5
3x-5=11,  7-2t=8t-11, 4
! 4 3

In each of these equations, the variable is to the first power.

=11

The following are examples of non-linear polynomial equations:
x> —x—-12=0 (quadratic), 2x3 —x=0 (cubic), x* =16 (quartic)

In each of these equations, the highest power of the variable is not the first power. You have
met some of these in your previous study, and they are also in later chapters of this book.

Solving linear equations

It is important when setting out the solution to an equation that each step is written under the
previous one with the equals signs aligned. This careful setting out makes the algebra easy to
check. Unsystematic methods, such as guess and check, will generally be of limited use for
more complicated equations.

It is often helpful to look at how the equation has been constructed so that the steps necessary
to ‘undo’ the equation can be identified. It is most important that the steps taken to solve the
equation are done in the correct order.

Linear equations of the formax+b =c¢

Many linear equations that arise in applications are of the form ax + b = c.

Solve the equation 3x + 4 = 16 for x.

Solution Explanation

3x+4=16
3x=12 Subtract 4 from both sides.
x=4 Divide both sides by 3.

Check: Once a solution has been found it may be
LHS = 3(4) + 4 = 16 checked by substituting the value back into
RHES < 16 both sides of the original equation to ensure

a that the left-hand side (LHS) equals the

.. the solution is correct. right-hand side (RHS).

The first three equations in the above example are equivalent equations. Obtaining the second
two equations enables us to solve the first equation.
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1A Linear equations 3

Given an equation, an equivalent equation can be formed by:

m adding or subtracting the same number on both sides of the equation
m multiplying or dividing both sides of the equation by the same non-zero number.

Importantly, two equivalent equations have the same solution. By forming suitable equivalent
equations, we solve linear equations.

Equations with the unknown on both sides

Group all the terms containing the variable on one side of the equation and the remaining
terms on the other side.

o/

Solve 4x + 3 = 3x — 5.

Solution Explanation
4x+3=3x-5
x+3=-5 Subtract 3x from both sides and then
x=-8 subtract 3 from both sides.
Check: The solution can be checked as previously

LHS = 4(-8) +3 = -29 shown.

RHS =3(-8)-5=-29

.. the solution is correct.

Equations containing brackets

A frequently used first step is to remove brackets and then to follow the procedure for solving
an equation without brackets.

( _,-\) I
i

Solve 32x + 5) = 27.

Solution Explanation

32x+5) =27 We note that since 27 is divisible by 3, the

6x+ 15 =27 following method is also possible:
6x =12 32x+5) =27
) 2x+5=9

Check: 2x=4

LHS =32 %2 +5) =27 x=2

RHS =27

.". the solution is correct.
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4 Chapter 1: Reviewing linear equations

Equations containing fractions

A frequently used first step is to multiply both sides of the equation by the lowest common
multiple of the denominators of the fractions.

B Examples

X X
Solve = —2 = —.
olve 3
Solution Explanation
X 2= X The denominators of the fractions are 3
. . and 5. The lowest common multiple of 3
Sx15-2x15=2x15 and 5 is 15.
Multiply both sides of the equation by 15.
5= dl=3a This means that each term of the LHS
—2x =30 and the RHS of the equation is multiplied
x=-15 by 15.
-15
Check: LHS = T_2:_3_2:_5
-15
RHS = — =-5
3

.. the solution is correct.

-3 2x—4
Solve X e =3,
3
Solution Explanation
x-3 2x—4 Remember that the vinculum (the
X6 — X6=5%X6 . .
2 3 line separating the numerator and the

3(x=3)-22x-4) =30
3x-9-4x+8=30

—x =31
x=-31
Check:

-31-3 2x(=31)-4

LHS = -
2 3
-34 -66
=— - —=-17+22=5

2 3 -

RHS =5

.. the solution is correct.

Mathematical Methods Units 1 & 2 ISBN 978-1-009-53719-3
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J§ Example 6

S

:/.

| Using the TI-Nspire CX3noniCAS
Yo
=5:

To solve the linear equation
m Open a Calculator application.

m Select (menu) > Algebra > Numerical Solve.

m Enter the equation as shown. (A template for
fractions is obtained by pressing (ctrl)( = ).)
Press (enter) to obtain the solution x = 7.

1A Linear equations 5

1.1 B *TI-Nspire RAD [: X

3 x=1 7.
nSolve =5x
4

Using the Casio
x—1

3
To solve the linear equation yE 5:

m Press (MENU) (1] to select Run-Matrix mode.

> ) () (5) () @8

m Press [ExiT) to reveal the solution x = 7.

m Use the numerical solver SolveN: (oPTN) (F4) (F5) o
= Enter the equation: (3) (=)(1) v (4)

a (d7c) Real

SolveN[3—x41=5]

{73

{Soiveld/dxld%/dx? | dx SolveN I

,.—/I

Note: The appendices of the Interactive Textbook give more details on using your calculator.

Literal equations

An equation for the variable x in which all the coefficients of x, including the constants, are

pronumerals is known as a literal equation.

Solve ax + b = cx + d for x.

Solution Explanation

ax+b=cx+d Collect terms in x on the left-hand side and

ax—cx=d-b

constants on the right-hand side.

(a-c)x=d->b Factorise the left-hand side.
d-b
P=]
a—c¢c

| Summary 1A

® An equation is solved by finding the value or
the statement true.

values of the variables that would make

m A linear equation is one in which the variable is to the first power.

m The following steps provide some suggestions for solving a linear equation:

1 Expand brackets and, if the equation involves fractions, multiply through by the

lowest common denominator of the terms.

2 Group all of the terms containing a variable on one side of the equation and the

terms without the variable on the other side.

Mathematical Methods Units 1 & 2 ISBN 978-1-009-53719-3
Photocopying is restricted under law and this material must not be transferred to another party.

© Evans et al. 2024 Cambridge University Press
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1A

1 Solve each of the following equations for x:

ax+3=6 b x-3=6 c3-x=2 d x+6=-2
e 2-x=-3 f 2x=4 g 3x=5 h -2x=7
3x —3x —5x
i 3x=-7 j —=5 k —=2 Il —=-2
b 3 5 7
2 Solve each of the following literal equations for x:
ax—-b=a b x+b=a c ax=>b dfzb e%=c
a b
Example1 3  Solve the following linear equations:
al2y-4=6 b 3r+2=17 c 2y+5=2 d 7x-9=5
y tr 1 1
2a -4 = f =14 =—11= h -+-=-
e 2a 7 3a+6 g g 6 3+6 5
i§+5:9 j3-5y=12 k 3x-7=14 1 14-3y=8
Example2 4 Solve the following linear equations:
a 6x—-4=3x b x-5=4x+10 c 3x-2=8-2x

5 Solve the following linear equations:

Example 3 a 2(y+6):1() b 2y+6:3(y—4) C
d 5(-3)=202y+4) e x-6=2(x-3) f
Examplo & Z+2=10 h oxtd=2 i
xample g Stz = X —2x
2(1-2 2 42 -
Example 5 j %—2x2—3+% k

Example6 6 Solve the following literal equations for x:

2x+4)=Tx+2
y+2

3 4
Tx+3 9x-8
2 T 4
4y -5 2y-1
2 6

aax+b=0 b cx+d=e c alx+b)=c d ax+b=cx
b
e TiYo F212-9 g ax—b=cx-d h ¥ <_g4
a b X X b
7 Solve each of the following for x, giving answers in exact form:
2x + 12
a 02x+6=24 b 0.6(2.8 — x) = 48.6 c = —— =65
1
d 0.5x—-4=10 e Z(x—10)=6 f 64x+2=32-4x
b—cx a-cx
8 Solve +2 =0 for x.
9 Solve a + b =a+bforx.
x+a x-b x+c
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1B Constructing linear equations 7

m Constructing linear equations

Learning intentions

» To be able to construct a linear equation from a worded problem.

As stated earlier, many problems can be solved by translating them into mathematical
language and using an appropriate mathematical technique to determine the solution. By
representing the unknown quantity in a problem with a symbol and constructing an equation
from the information, the value of the unknown can be found by solving the equation. Before
constructing the equation, each symbol and what it stands for (including the units) should be
stated.

Example 7

A chef uses the following rule for cooking a turkey:
‘Allow 30 minutes for each kilogram weight of turkey and then add an extra 15 minutes.’

If the chef forgot to weigh a turkey before cooking it, but knew that it had taken 3 hours to
cook, calculate how much it weighed.

Solution Explanation
Let the weight of the turkey be x kilograms. ~ Assign a variable to the quantity that is to
Then the time taken is (30x + 15) minutes. be found. In this example, the weight of
30x + 15 = 180 the turkey is x kilograms.
30x = 165 Determine, in terms of x, the time to cook
=55 the turkey. Then form the equation. Note

that 3 hours is 180 minutes.

The turkey weighed 5.5 kilograms.
State the solution to the problem in words.

Example 8

Determine the area of a rectangle whose perimeter is 1.08 m, if it is 8 cm longer than it is

wide.
Solution Explanation
Let length = £ cm. We know that
Then width = (£ — 8) cm. Perimeter = 2 X length + 2 X width
Perimeter = 2 X length + 2 X width and that the width is 8 cm less than the
=20+2(£—-8) length. Let £ cm be the length. Then the
=4¢ - 16 cm width is (¢ — 8) cm.
Perimeter = 108 cm Determine the perimeter in terms of ¢.
4¢ - 16 = 108 Determine the length and width, and hence
A = 124 determine the area.
¢ =31 cm

The length is 31 cm and the width is 23 cm.
Therefore the area is 31 X 23 = 713 cm?.
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8 Chapter 1: Reviewing linear equations 1B

Example 9

Adam normally takes 5 hours to travel between Higett and Logett. One day he increases
his speed by 4 km/h and determines the journey from Higett to Logett takes half an hour
less than the normal time. Determine his normal speed.

Solution Explanation
Let x km/h be his normal speed. In problems such as this, the speed is the

The distance from Higett to Logett is AEIEE SPEL.
x X 5 = 5x kilometres. We note that

Adam’s new speed is (x + 4) km/h. distance = speed X time

Hence (x+4)X g =5x

9(x+4)=10x
9x +36 = 10x
36 =x
His normal speed is 36 km/h.

Summary 1B
Steps for solving a word problem with a linear equation:

Read the question carefully and write down the known information clearly.
Identify the unknown quantity that is to be found.
Assign a variable to this quantity.

Form an expression in terms of x (or the variable being used) and use the other relevant
information to form the equation.

m Solve the equation.

m Write a sentence answering the initial question.

Exercise 1B

1 For each of the following, write an equation using the variable x, then solve the equation E
for x:
a A number plus two is equal to six.
b A number multiplied by three is equal to ten.
¢ Six is added to a number multiplied by three and the result is twenty-two.
d Five is subtracted from a number multiplied by three and the result is fifteen.
e

Three is added to a number. If the result of this is multiplied by six, then fifty-six is
obtained.

f Five is added to a number and the result divided by four gives twenty-three.
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1B 1B Constructing linear equations 9

2 $48is divided among three students, A, B and C. If B receives three times as much as A, E
and C receives twice as much as A, how much does each receive?

3 The sum of two numbers is 42, and one number is twice the other. Determine the two
numbers.

Example7 4 A chef uses the following rule for cooking food on a spit: ‘Allow 20 minutes for each
kilogram weight and then add an extra 20 minutes.” If the chef forgot to weigh the food
before cooking it but knew that it had taken 3 hours to cook, calculate how much it
weighed.

Example8 5 Determine the area of a rectangle whose perimeter is 4.8 m, if it is 0.5 m longer than it
is wide.

6 Determine three consecutive whole numbers with a sum of 150.
7 Determine four consecutive odd numbers with a sum of 80.

8 Two tanks contain equal amounts of water. They are connected by a pipe and 3000 litres
of water is pumped from one tank to the other. One tank then contains 6 times as much
water as the other. How many litres of water did each tank contain originally?

9 A 120-page book has p lines to a page. If the number of lines were reduced by three
on each page, the number of pages would need to be increased by 20 to give the same
amount of writing space. How many lines were there on each page originally?

Example9 10 A rower travels upstream at 6 km/h and back to the starting place at 10 km/h. The total
journey takes 48 minutes. How far upstream did the rower go?

11 A shopkeeper buys a crate of eggs at $1.50 per dozen. He buys another crate, containing
3 dozen more than the first crate, at $2.00 per dozen. He sells them all for $2.50 a dozen
and makes $15 profit. How many dozens were there in each of the crates?

Exampled 12 Jess walked for 45 minutes at 3 km/h and then ran for half an hour at x km/h. At the end
of that time she was 6 km from the starting point. Determine the value of x.

13 A man travels from A to B at 4 km/h and from B to A at 6 km/h. The total journey takes
45 minutes. Determine the distance travelled.

14 A boy is 24 years younger than his father. In two years’ time the sum of their ages will
be 40. Determine the present ages of father and son.
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Simultaneous equations

Learning intentions

» To be able to solve linear simultaneous equations in two unknowns.

A linear equation that contains two unknowns, e.g. 2y + 3x = 10, does not have a single
solution. Such an equation actually expresses a relationship between pairs of numbers,
x and y, that satisfy the equation. If all possible pairs of numbers (x, y) that satisfy

the equation are represented graphically, the result is a straight line; hence the name
linear relation.

If the graphs of two such equations are drawn on ¥

the same set of axes, and they are non-parallel, the A

lines will intersect at one point only. Hence there is 44 w
one pair of numbers that will satisfy both equations 34 </
simultaneously. 4

The intersection point of two straight lines can be

found graphically; however, the accuracy of the
solution will depend on the accuracy of the graphs.

Alternatively, the intersection point may be found
algebraically by solving the pair of simultaneous
equations. We shall consider two techniques for

solving simultaneous equations.

7 Example 10

Solve the equations 2x —y = 4 and x + 2y = 3.

Solution Explanation
Method 1: Substitution

2x—y=4 (hH Using one of the two equations, express
x+2y=-3 ) one variable in terms of the other variable.

From equation (2), we get x = =3 — 2y.

Substitute in equation (1): Then substitute this expression into the
A-3-2y)—y=4 other equation (reducing it to an equation
in one variable, y). Solve the equation for y.
-6-4y-y=4
-5y =10
y=-2
Substitute the value of y into (2): Substitute this value for y in one of
x+2(-2)=-3 the equations to determine the other
r=1 variable, x.
Checkin (1): LHS =2(1) - (-2) =4 A check can be carried out with the other
RHS = 4 equation.
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Method 2: Elimination

2x—y=4 ()

x+2y=-3 2)
To eliminate x, multiply equation (2) by 2
and subtract the result from equation (1).

When we multiply equation (2) by 2, the
pair of equations becomes:
2x—-y=4 (1)
2x+4y =-6 2"

Subtract (2’) from (1):
-5y =10
y=-2

Now substitute for y in equation (2)
to determine x, and check as in the
substitution method.

1C Simultaneous equations 11

If one of the variables has the same
coefficient in the two equations, we can
eliminate that variable by subtracting one
equation from the other.

It may be necessary to multiply one of
the equations by a constant to make the
coefficients of x or y the same in the two
equations.

Note: This example shows that the point (1, —2) is the point of intersection of the graphs of

the two linear relations.

Using the TI-Nspire CX non-CAS

Method 1: Using a Calculator application

Simultaneous linear equations can be solved in a

Calculator application.

m Use > Algebra > Solve System of
Linear Equations.

m Complete the pop-up screen.

m Enter the equations as shown to give the

solution to the simultaneous equations
2x—y=4and x +2y = -3.
m Hence the solutionis x = 1 and y = -2.

Note: The solution can also be found using
linSolve(2x —y = 4 and x + 2y = =3, x,y).

ISBN 978-1-009-53719-3

KRN *TI-Nspire rap [I] X

Solve a System of Linear Equations

lest | xy

Cancel

1.1 B *TI-Nspire rap [I] X

linSoIve({} e ,{,\-J-}) {12

X+2: y==3
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Method 2: Using a Graphs application

Simultaneous linear equations can also be solved graphically in a Graphs application.

Entering the equations: JEEN’ *TI-Nspire rao [l X

m Equations of the forma-x+b -y =ccan rei2(xy)

be entered directly by using > Graph x42: ya-3
Entry/Edit > Relation. i

m Enter the equations as shown. =

Alternatively:
m The equations can be rearranged to make y the subject. The equations in this form are

F100) = 2x — 4 and f2(x) = _32_ ay

m Enter these in the default function entry line.

Notes:

m If the entry line is not visible, press or double click in an open area. Pressing

will hide the entry line.
m Equations of the form ax + by = ¢ can also be entered directly using > Graph
Entry/Edit > Equation Templates > Line > Line Standarda*x+ by =c.

Finding the intersection point:

m Use > Analyze Graph > Intersection.
m Use the touchpad to move the cursor to the left of the intersection point (lower bound),
click, move to the right of the intersection point (upper bound) and click again.

m The intersection point’s coordinates will appear on the screen.

1 B *TI-Nspire rap [l X
_., Se7 4y 4

2 x=ym4 X+2 ym=3 2  x=y=4

“
E 10 10 ™ 1 10
~J
[~gintersection (1,-2)
N =
el e

upper bound? .67 i N 6,67 e

o

Note: You can also determine the intersection point using > Geometry >
Points & Lines > Intersection Point(s). Use the touchpad to move the cursor to
select each of the two graphs. Press to exit the Intersection Point(s) tool.
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1C Simultaneous equations 13

(Using the Casio

Method 1: Using Equation mode

= Press and then select Equation mode by
pressing (x,6,T).

m Select Simultaneous (F1).

m Select Number of unknowns? (F1).
Choose (2).

m Enter the coefficients of the two equations
2x —y =4 and x + 2y = -3 as shown:

m Select Solve (F1).

m Hence the solutionis x = 1 and y = -2.

Method 2: Using Graph mode
m Press (5) to select Graph mode.
m Transpose 2x —y = 4 to make y the subject, and
enter the equation in Y'1:
=)

m Transpose x + 2y = —3 to make y the subject, and
enter the equation in Y2:

v (2) (&)

m Select Draw (F6).
® Go to the G-Solve menu and select

Intersection (F5).

\

Simultaneous linear equations can be solved in Equation mode or in Graph mode.

Equation

Select Type
Fl:Simultaneo
F2:Polynomia
F3:Solver

[ SIMULJ POLY JSOLVER]

an X+bn Y=Cg
a

1[ 2 =3 4
2 1 2

SOLVE] CLEARJ[ EDIT |

1
(REPEAT)
Graph Func :Y=
Yig2x—-4 [—1
Yza% [—7]
y5.:
0

Y1=2x-4
Yo=(=(x#3))42 |
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The geometry of simultaneous equations

Two distinct straight lines are either parallel or meet at a point.

There are three cases for a system of two linear equations with two variables.

Example Solutions Geometry
Casel 2x+y=5 Unique solution: Two lines meeting at a point
x—y=4 x=3,y=-1
Case 2 2x+y=95 No solutions Distinct parallel lines
2x+y="17
Case 3 2x+y=5 Infinitely many solutions Two copies of the same line
4x+2y =10

This is further discussed in Chapter 2.

Summary 1C
We have two methods for solving simultaneous linear equations in two variables by hand.
1 Substitution

Make one of the variables the subject in one of the equations and substitute for that
variable in the other equation.

For example, for the equations:
3x+y=6 (1)
Sx+3y=-2 )

m From (1), we have y = 6 — 3.
m Substitute this into (2), and solve the resulting equation Sx + 3(6 — 3x) = —2 for x.
m Substitute this value for x back into one of the original equations to determine the

value of the other variable, y.

m Check that your solution satisfies the original equations.
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1C 1C Simultaneous equations 15

2 Elimination

In this method, one of the variables is eliminated. For example, with the same
equations considered above:

)
2)

m Decide which variable to eliminate. We will eliminate y.

3x+y=6
Sx+3y=-2

m If necessary, multiply both sides of one or both equations by a number to obtain the
same or opposite coefficient for the variable to be eliminated. With this example,
multiply (1) by 3:

9x +3y =18 (1)
Add or subtract the equations to eliminate the chosen variable. In this example,
subtract (2) from (17).

Solve the resulting equation, and then proceed as with the substitution method.

1 Solve each of the following pairs of simultaneous equations by the substitution method: E

ay=2x+1 b y=5x-4 c y=2-3x
y=3x+2 y=3x+6 y=5x+10
d y—4=3x e y—4x=3 fy—4x=6
y=5x+6=0 2y —-5x+6=0 2y—-3x=4
2 Solve each of the following pairs of simultaneous equations by the elimination method:
ax+y=6 b y-x=5 c x—-2y=6
x—-y=10 x+y=3 x+6y=10
Example10 3 Solve each of the following pairs of simultaneous linear equations by either the
substitution or the elimination method:
a2x-3y=7 b 2x-5y=10 c2m—-1=n
y=5-3x 4x+3y=7 2n+m =38
d 7x—-6y=20 e 3s—-1=¢ f 4x-3y=1
3x+4y=2 S5s+2t =20 4y —5x =2
g I5x-4y=6 h 2p+5¢g=-3 i 2x—-4y=-12
9x-2y=>5 Tp—2g=9 2y+3x-2=0
4  For each of the following pairs of simultaneous linear equations, state whether there is
one, none or infinitely many solutions:
al3x+y=6 b 3x+y=6 c 3x+y=6 d 3x—-y=6
6x+2y=17 6x+2y =12 6x—2y=17 6x+2y="7

Mathematical Methods Units 1 & 2
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Chapter 1: Reviewing linear equations

Learning intentions

@ Constructing simultaneous linear equations

» To be able to construct simultaneous linear equations from a worded problem.

Problems involving two unknowns can often be solved by using simultaneous equations with

two variables. The following examples show how this may be done.

The sum of two numbers is 24 and their difference is 96. Determine the two numbers.

Solution

Let x and y be the two numbers with x > y.
Then

x+y=24 (H
x—y=96 2)
Add equations (1) and (2):
2x =120
x =060
Substitute in equation (1):
60+y=24
y=-36

The two numbers are 60 and —36.

% m

Explanation

The problem can also be solved by
eliminating x. Subtracting (2) from (1)
gives 2y = =72 and hence y = -36.

The problem can also be solved by
substitution. From (1), we have y = 24 — x.
Substitute in (2).

The values found for x and y have to make
each of the equations true. The equation
which has not been used in the final
substitution is the one to use for the check.

3 kg of jam and 2 kg of butter cost $29, and 6 kg of jam and 3 kg of butter cost $54.

Determine the cost per kilogram of jam and butter.

Solution

Let the cost of 1 kg of jam be x dollars and
the cost of 1 kg of butter be y dollars.

Then 3x+2y=29 (1)
and 6x+3y=54 (2)
Multiply (1) by 2:  6x+4y=58 (1)
Subtract (1”) from (2): -y=-4
y=4
Substitute in (2):  6x +3(4) =54
6x =42
x=1

Jam costs $7 per kg and butter $4 per kg.

ISBN 978-1-009-53719-3

Explanation
The unknowns are the cost per kilogram of
jam and the cost per kilogram of butter.

Three kilograms of jam and two kilograms
of butter cost $29.

Six kilograms of jam and three kilograms
of butter cost $54.
Check in the original problem:

3 kg of jam = $21 and 2 kg of butter = $8
Total = $29

6 kg of jam = $42 and 3 kg of butter = $12
Total = $54

© Evans et al. 2024 Cambridge University Press



iD 1D Constructing simultaneous linear equations 17

Summary 1D
Steps for solving a word problem with simultaneous linear equations:

Read the question carefully and write down the known information clearly.
Identify the two unknown quantities that are to be found.

Assign variables to these two quantities.

Form expressions in terms of x and y (or other suitable variables) and use the other
relevant information to form the two equations.
m Solve the system of equations.

m Write a sentence answering the initial question.

sheet ,;'iJ

£

1 Determine two numbers whose sum is 138 and whose difference is 88.
2 Determine two numbers whose sum is 36 and whose difference is 9.

3 Six stools and four chairs cost $58, while five stools and two chairs cost $35.
a How much do ten stools and four chairs cost?
b How much do four stools cost?

¢ How much does one stool cost?

4 A belt and a wallet cost $42, while seven belts and four wallets cost $213.
a How much do four belts and four wallets cost?
b How much do three belts cost?

¢ How much does one belt cost?
Use simultaneous equations to solve the following.
Example1l 5 Determine a pair of numbers whose sum is 45 and whose difference is 11.

6 In four years’ time a mother will be three times as old as her son. Four years ago she
was five times as old as her son. Determine their present ages.

7 A party was organised for thirty people at which they could have either a hamburger or
a pizza. If there were five times as many hamburgers as pizzas, calculate the number
of each.

8 Two children had 110 marbles between them. After one child had lost half her marbles
and the other had lost 20 they had an equal number. How many marbles did each child
start with and how many did they finish with?
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18 cChapter 1: Reviewing linear equations 1D

9 One hundred and fifty tickets were sold for a basketball match and $560 was the total
amount collected. Adult tickets were sold at $4.00 each and child tickets were sold at
$1.50 each. How many adult tickets and how many child tickets were sold?

10 The sum of the numerator and denominator of a fraction expressed in simplest form
is 17. If 3 is added to the numerator, the value of the fraction will be 1. What is the
fraction?

11 Linda thinks of a two-digit number. The sum of the digits is 8. If she reverses the digits,
the new number is 36 greater than her original number. What was Linda’s original
number?

12 Tickets to a musical cost $30 for adults and $12 for children. At one particular
performance 960 people attended and $19 080 was collected in ticket sales. Determine
the number of adults and the number of children who attended the performance.

13 Aninvestor received $1400 interest per annum from a sum of money, with part of it
invested at 10% and the remainder at 7% simple interest. This investor found that if
she interchanged the amounts she had invested she could increase her return by $90 per
annum. Calculate the total amount invested.

Example12 14 A shopkeeper sold his entire stock of shirts and ties in a sale for $10 000. The shirts
were priced at 3 for $100 and the ties $20 each. If he had sold only half the shirts and
two-thirds of the ties he would have received $6000. How many of each did he sell in
the sale?

15 A tent manufacturer produces two models, the Outback and the Bush Walker. From
earlier sales records it is known that 20 per cent more of the Outback model is sold than
the Bush Walker. A profit of $200 is made on each Outback sold, but $350 is made on
each Bush Walker. If during the next year a profit of $177 000 is planned, how many of
each model must be sold?

16 Oz Jeans has factories in Brisney and Sydbane. At the Brisney factory, fixed costs
are $28 000 per month and the cost of producing each pair of jeans is $30. At the
Sydbane factory, fixed costs are $35 200 per month and the cost of producing each pair
of jeans is $24. During the next month Oz Jeans must manufacture 6000 pairs of jeans.
Calculate the production order for each factory, if the total manufacturing costs for each
factory are to be the same.

17 A tea wholesaler blends together three types of tea that normally sell for $10, $11 and
$12 per kilogram so as to obtain 100 kilograms of tea worth $11.20 per kilogram. If the
same amounts of the two higher priced teas are used, calculate how much of each type
must be used in the blend.
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@ Solving linear inequalities

Learning intentions

» To be able to solve linear inequalities.

An inequality is a mathematical statement that contains an inequality symbol rather than an
equals sign: for example, 2x + 1 < 4. When you solve the inequality 2x + 1 < 4, you answer
the question:

‘Which numbers x satisfy the property that 2x + 1 is less than 4?°

You will find that your answers can be described using a number line. This is a good way to
represent the solution, as there are infinitely many numbers that satisfy an inequality such as
2x + 1 < 4. For example:

1
2D +1=3<4, 20)0+1=1<4, 2(§)+1=2<4, 20-D+1=-1<4

To solve linear inequalities, proceed exactly as for equations with the following exception:
m When multiplying or dividing both sides by a negative number, the ‘direction’ of the
inequality symbol is reversed.

CIY Example 13/

Solve the inequality 2x + 1 < 4.

Solution Explanation
2x+1<4
2x <3 Subtract 1 from both sides.
3
x < 3 Divide both sides by 2.
- : : : = The solution can be represented on a real number line.
2 -1 0 132
2

Note: In a number-line diagram, the ‘endpoint’ of an interval is indicated with a closed circle
if the point is included and with an open circle if it is not.

R
(D)

Solve the inequality 3 — 2x < 4.

Solution Explanation
3-2x<4
-2x <1 Subtract 3 from both sides.
1
X2 ~5 Divide both sides by —2. Note that the inequality

symbol is reversed.

2 110 1 2

2
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[CJ} Example 15

2x+3 3-4
Solve the inequality - > 3 2.
Solution
2x+3 . 3-4x i
5 3

3(2x+3) > 5(3 —4x) + 30

32x+3)-53 —-4x) > 30
6x+9—-15+20x > 30
26x — 6 > 30

- 36
x —_—
26

18
13

Explanation

Multiply both sides by 15, the lowest
common denominator of 5 and 3.

Collect the terms containing x on the
left-hand side of the inequality.

F2(x) = 3—-4x

Mathematical Methods Units 1 & 2

m Plot the graphs of f1(x) =

.. .
Using the TI-Nspire CX non-CAS

The inequality can be solved graphically in a Graphs application.

Method 1: Finding an intersection point

2x+3

+ 2.

m Use > Analyze Graph > Intersection to
determine the intersection point.

m Hence f1(x) > f2(x) when x > 1.385 (value
correct to 3 decimal places).
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Note: The display digits can be changed using > Settings > Display Digits.
Solving graphically will only give answers as whole numbers or decimals.
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1E Solving linear inequalities 21

Method 2: Finding a zero

m Plot the graph of 3 “TI-Nspire
2x+3 (3-4x _ad iy
flw === - (5= +2) i
5 3 n(\).-:—-(' j Y+>)
= Use > Analyze Graph > Zero to » -
determine the intersection with the x-axis. : 4 >
0 Y(1.28462,0)  ®
m Hence f1(x) > 0 when x > 1.385 (value
correct to 3 decimal places).
] 7‘5.67 A |
\_ J
(Using the Casio )
Method 1: Finding an intersection point
To solve the inequality: forml  [eal
Graph Fune :Y=
m Press (5) to select Graph mode. yig2x+3 2x+3 flas
. 2x+3 .
m Enter the equation y = 5 inYl: V'= 3 34x 2 i
33 A == 1|
v (5) s T R I e L0

Y f2in Y2

m Enter the equation y =

ElEEE&D v (3)»

® Select Draw (Fe). View Window
m Adjust the View Window: W
max

.o

scale:1
)6 B 66 (e v Y;’,‘;’,E ;0502645502

(Exe) (5] (ExE) (1) (ExE) B
LEEa el [TRIG I8 m»m

= To return to the graph, press (EXIT). Vi=(2x+3)35
Y2=((3-4x)i3)+

® Go to the G-Solve menu and select
Intersection (F5).

-4 = -1 0 1 2 3 a

m Hence Y1 > Y2 when x > 1.385, correct to three 2
decimal pl ‘ = INTSE
ecimal places. X=1.384616385 =1.163846164

Method 2: Finding a zero
2x+3 3-4x
5 3
m To determine the x-axis intercept, go to the

m Plot the graph of y =

X
G-Solve menu (SHIFT and select Root (F1). I
m Hence y > 0 when x > 1.385, correct to three ROOT
decimal places.
J
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22 Chapter 1: Reviewing linear equations 1E

( Summary 1E
m We can add or subtract the same number on both sides of an inequality, and the
resulting inequality is equivalent to the original.
m We can multiply or divide both sides of an inequality by a positive number, and the
resulting inequality is equivalent to the original.
m If we multiply or divide both sides of an inequality by a negative number, then we must
reverse the inequality sign so that the resulting inequality is equivalent.

sheet | & ’

1 Solve each of the following inequalities for x: H
Example 13,14 a x+3<4 b x-5>8 c 2x>6
d§s4 e —x>6 f —2x < —6
—3x )
g 6-2x>10 hTS6 i dx—-4<2
Example 14,15 2 Solve for x in each of the following and show the solutions on a real number line:
1
adx+3<11 b 3x+5<x+3 cz(x+1)—x>1
1 2 3x-1 2x+3
d cre3)z1 e S(2x-5)<2 f x4 - x2 <2 g
4x-3 3x-3 1-7x 5x—-2 2-—x
- h >1 i - -1
8 3 <3 - =10 '3 37

3 a For which real numbers x is 2x + 1 a positive number?
b For which real numbers x is 100 — 50x a positive number?

¢ For which real numbers x is 100 + 20x a positive number?

4 Tn a certain country it costs $1 to send a letter weighing less than 20 g. A sheet of paper
weighs 3 g. Write a suitable inequality and hence state the maximum number of pages
that can be sent for $1. (Ignore the weight of the envelope in this question.)

5 A student receives marks of 66 and 72 on two tests. What
is the lowest mark she can obtain on a third test to have an

: 5o,
average for the three tests greater than or equal to 75? T @ 4
i A
J e ., W
3 T~ -
,\ 4 \ o
4 ; O
B ° 8
Z) o,
¢ o
[ e\
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1F Using and transposing formulas 23

m Using and transposing formulas

" —~

B8 Example 16

Learning intentions

» To be able to substitute in a formula and transpose a formula.

An equation containing symbols that states a relationship between two or more quantities
is called a formula. An example of a formula is A = {w (area = length X width). The value
of A, called the subject of the formula, can be found by substituting in given values of £
and w.

Determine the area of a rectangle with length (¢) 10 cm and width (w) 4 cm.

Solution Explanation
A=1Cw
A=10x4 Substitute £ = 10 and w = 4.
A =40 cm?

Sometimes we wish to rewrite a formula to make a different symbol the subject of the
formula. This process is called transposing the formula. The techniques for transposing
formulas include those used for solving linear equations detailed in Section 1A.

\ Example 17

Transpose the formula v = u + at to make a the subject.

Solution Explanation
vV=u+at
v—u=at Subtract u from both sides.
V—u

a= Divide both sides by ¢ and reorder to place

t
the subject of the equation on the left.

If we wish to evaluate an unknown that is not the subject of the formula, we can either
substitute the given values for the other variables and then solve the resulting equation, or we
can first transpose the formula and then substitute the given values.

B8 Example 18

Evaluate pif 2(p +q) —r=z,andg=2,r = -3 and z = 11.

Solution Explanation
Method 1: Substituting then solving
2p+2)-(-3)=11 First substitute g =2, r = -3 and z = 11.
2p+4+3=11 Then solve for p.
2p =4
p=2
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24  Chapter 1: Reviewing linear equations

Method 2: Transposing then substituting

2p+tq—-r=z First solve for p.
Ap+q=z+r
Lo it
ptq= 5
_Z+r
pP= ) q
11+ (-3
p= 2( )—2 Substitute g =2, 7r = -3 and z = 11.
p=2

A path x metres wide surrounds a rectangular lawn. The lawn is £ metres long and
b metres wide. The total area of the path is A m>.

a Determine A in terms of £, b and x.

b Determine b in terms of £, A and x.

Solution

a b+ 2xm

\d

bm {+2xm
f{m

The area of the path is
A=(Db+2x)(+2x)—bl
= bl + 2xC + 2xb + 4x* — bl

A = 2xl + 2xb + 4x°

b A— (Qxt+4x%) =2xb

Therefore
b A — (2xt + 4x)
2x
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6 Example 20

For each of the following, make c the subject of the formula:

Mathematical Methods Units 1 & 2

a e=V3c—-"Ta
Solution
a e=V3c—-"Ta

Square both sides of the equation:

e’ =3c—Ta

Therefore
3c=¢*+7a
e +7a
=
3

( Summary 1F

1F Using and transposing formulas

1 1 1
a b c¢c-2

Establish common denominator on the
left-hand side of the equation:

b—a 1
ab ~ ¢-2
Take the reciprocal of both sides:
ab
=c—-2
b-a ©
ab

Therefore ¢ = P +2

m A formula relates different quantities: for example, the formula A = mr? relates the

radius r with the area A of the circle.

25

m The variable on the left is called the subject of the formula: for example, in the formula

A = 72, the subject is A.

m To calculate the value of a variable which is not the subject of a formula:

Method 1 Substitute the values for the known variables, then solve the resulting

equation for the unknown variable.

Method 2 Rearrange to make the required variable the subject, then substitute values.

sheet é,

1 For each of the following, determine the value of the letter in parentheses:

ac=ab,a=6,b=3 (c)
c c=ab, a=6, c=18 (b)
e c=+Va,a=9 (¢

g p=2u=10,v=2 (p)
A%

ISBN 978-1-009-53719-3

br=p+q, p=12, g=-3 (r)
dr=p+q, p=15r=-3 (g
fc=+Va c=9 (a

hp:ft—

, p=10, v=2 (u)
v
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Example 16

Example 17

Example 18

Chapter 1: Reviewing linear equations 1F

3

4

5

For each of the following, construct a formula using the given symbols: E
a §, the sum of three numbers a, b and ¢

b P, the product of two numbers x and y

¢ the cost, $C, of five CDs which each cost $p

d the total cost, $7', of d chairs which cost $p each and ¢ tables which cost $¢ each

e the time, 7, in minutes, of a train journey that takes a hours and b minutes

Determine the values of the following:
a E=IR,whenlI =5andR =3
b C=pd,when p=3.14andd = 10

c P:%,whenR:60,T:150andV:9

d /= %,whenE:240andR:20

e A=mnrf,whenmt =3.14,r=5and € = 20
f S =902n-4),whenn =206

For each of the following, make the symbol indicated the subject of the formula:
aPV=cV b F=ma; a c I=Prt; P
2R

d w=H+Cr;r e S=Pl+r);t fv=R oy
—-r

Determine the value of the unknown symbol in each of the following:
a D= Tsz,whenDz 10,P =5

b A= 1bh,when A =40, h =10

c V= %nrzh, when t = 3.14, V = 100, r = 5 (to two decimal places)
d A= %h(a+b),whenA=50,h=5,a= 10

The diagram represents the brick wall of a ¢ s ¢ i ¢ bm E
dwelling with three windows. Each of the
windows is 4 m high and w m wide. Other

dimensions are as shown. — _— e <>
am am am am

a Determine the length of the wall.
b Determine the height of the wall.

¢ Determine the total area of the three ¢b m ¢b m ¢ bm

windows.

d Determine the total area of brickwork.
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1F 1F Using and transposing formulas 27
7 A lampshade has a metal frame consisting of two circular hoops of
radii p cm and ¢ cm joined by four straight struts of length /2 cm.
The total length of metal is 7 cm.
a i Find an expression for T in terms of p, ¢ and h.
ii Determine the value of T when p = 20, ¢ = 24 and h = 28.
b The area of the material covering the frame is A cm?, where
A = mwh(p + g). Determine an expression for p in terms of A, &, g and 7.
8 Determine the value of the unknown symbol in each of the following:
T-M
aP=—"" P=6T=8M=4 b H=2+% H=5ada=6
D 3 b
90(2n — 4
0=L,a=6 dR:£+£,a=2andR:4
n a 3
Example19 9 Right-angled triangles XYZ and ABC are B
similar.
AB BC CA 4 C
If AB=ccmand AC = b cm, determine: bcm
a the area, D cm?, of the shaded region in terms of ¢, b and k
b kinterms of D, b and ¢
¢ thevalueof kif D=2,b=3and c =4.
10 Two rectangles each with dimensions ¢ cm X b cm ] T
are used to form a cross as shown. The arms of b b
the cross are all of equal length. o 15 cm
a Determine the perimeter, P cm, of the cross in l
terms of b and c. c ¢ ccm
b Determine the area, A cm?2, of the cross in
terms of b and c.
¢ Determine b in terms of A and c.
Example20 11 For each of the following, make the symbol in brackets the subject of the formula:
+ b -
aa=vVat2b () b 22222 (y
a-x b+y
X V2
c px=+3qg-r> (r) d —=4/l-= O
y u
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28 Chapter 1: Reviewing linear equations

Chapter summary

m A linear equation is one in which the variable is to the first power.

m It is often helpful to look at how the equation has been constructed so that the steps
necessary to ‘undo’ the equation can be identified. It is most important that the steps taken
to solve the equation are done in the correct order.

= An equation for the variable x in which all the coefficients of x, including the constants,
are pronumerals is known as a literal equation: for example, ax + b = c.

m The two methods for solving simultaneous linear equations are substitution and
elimination.

= An inequality is a mathematical statement that contains an inequality symbol rather than
an equals sign: for example, 2x + 1 < 4.

m To solve linear inequalities, proceed exactly as for equations except that, when multiplying
or dividing both sides by a negative number, the ‘direction’ of the inequality symbol is
reversed.

= An equation containing symbols that states a relationship between two or more quantities
is called a formula. An example of a formula is A = {w (area = length X width). The
subject of this formula is A.

m If we wish to evaluate an unknown that is not the subject of the formula, we can either
substitute the given values for the other variables and then solve the resulting equation, or
we can first transpose the formula and then substitute the given values.

Skills checklist

_ | Download this checklist from the Interactive Textbook, then print it and fill it out to check

c,.:ck. your skills. M
list

1 Ican solve linear equations of the formax+b =—c. [ ]

See Example 1 and Question 3

2 Ican solve linear equations with the unknown on both sides. L]

See Example 2 and Question 4

I can solve linear equations which involve brackets. [ ]

See Example 3 and Question 5

4 1can solve linear equations which involve fractions. (]

See Example 4, Example 5 and Question 5

(2]

5 Ican solve linear literal equations. (]

See Example 6 and Question 6
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m 6 Ican construct linear equations from suitable different contexts. []
See Example 7, Example 8, Example 9 and Questions 4, 5 and 10

m 7 Ican solve simultaneous linear equations by substitution and elimination. (]
See Example 10 and Question 3

m 8 Ican construct and solve simultaneous linear equations from different ]
contexts.

See Example 11, Example 12 and Questions 5 and 14

E 9 Ican solve linear inequalities. (]

See Example 13, Example 14, Example 15 and Questions 1 and 2

m 10 Icanuse formulas and transpose them. (]
See Example 16, Example 17, Example 18, Example 19, Example 20 and Questions 3,

4,5and 9

Short-response questions

Technology-free short-response questions

1 Solve each of the following equations for x:

a2x+6=8 b 3-2x=6 c 2x+5=3-x
3—x X 13x
d =6 = =4 f—-1=10
5 °3 4
2 _
£32x+1)=51-2x) h 3x5+ +32x=5
2 Solve each of the following for ¢:
t+b
aa-1=b b“c -d cat-c)=d
a—t at+b 1
b—t ¢ N ct—b at+c
3 Solve each of the following inequalities for x:
a2-3x>0 b 3_52">60
-9 _
¢ 3(58x—24)+ 10 < 70 d35x—x67sz

4  Make x the subject of the formula z = %x — 3t. Determine x when z = 4 and t = 3.

5 Solve each of the following pairs of simultaneous equations for a and b:

a da-b=11 b a=2b+11
3a+2b=6 4a-3b =11
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30 Chapter 1: Reviewing linear equations

6

10

11

12

13

14

15

16

A number d is equal to the square of a number e plus twice a number f.
a Determine a formula for d in terms of e and f.

b Make f the subject of the formula.

¢ Determine f whend = 10 and e = 3.

The surface area of a sphere of radius 7 is given by the formula A = 4%, Calculate the
surface area of a sphere of radius 10 cm. Give your answer in terms of 7.

The volume of metal in a tube is given by the formula V = nuf[r?> — (r — 1)?], where £ is
the length of the tube, r is the radius of the outside surface and ¢ is the thickness of the
material. Determine V when:

a ¢=100,r=5andr=0.2 b ¢=50,r=10and ¢ = 0.5

For each of the following, make the variable in brackets the subject of the formula:

a A=ars (r) b T=P1+rw) (w)

cv= nop (r) d ac=b*+bx (x)
N -
t.

Lets:(u+v)

a Determine the value of sif u = 10,v =20 and t = 5.
b Determine the value of ¢ if u = 10,v = 20 and s = 120.

The volume, V cm?, of a cylinder is given by V = mr?h, where r cm is the radius and
h cm is the height. Determine the radius of the cylinder if the volume of the cylinder is
5007 cm?® and the height is 10 cm.

A rope of length 205 m is cut into 10 pieces of one length and 5 pieces of another
length. The total length of three of the first 10 lengths exceeds that of two of the second
length by 2 m. Determine the lengths of the pieces.

1
If I add one to the numerator of a fraction — it simplifies to 3 If I subtract one from the
n

. o 1 . .m
denominator it simplifies to 7 Determine the fraction —.
n

Mr Adonis earns $7200 more than Mr Apollo, and Ms Aphrodite earns $4000 less than
Mr Apollo. If the total of the three incomes is $303 200, determine the income of each
person.

A motorist travelled a total distance of 424 km, and had an average speed of 80 km/h
on highways and 24 km/h while passing through towns. If the journey took six hours,
determine how long the motorist spent travelling on highways.

The formula for converting degrees Celsius, C, to degrees Fahrenheit, F, is

9
F=-C+32.
5

a Convert 30°F to Celsius. b Convert 30°C to Fahrenheit.
¢ If x°C = x°F determine x. d If (x + 10)°C = x°F determine x.
e If 2x°C = x°F determine the value of x. f If k°F = (-3k)°C determine k.
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. . . 1 2 . .
17 For a spherical mirror of radius r cm, — + — = —, where u cm is the distance from E

v . u r
the mirror to the object and v cm is the distance from the mirror to the image. The
v—r

magnification is given by m = .
r—u

a Determine r in terms of v and u from the first formula.

b Determine m in terms of v and u only.

18 The diagram shows a section of wire - wm >

mesh w metres in width and ¢ metres in

length. /m

a Determine an expression in terms of

w and ¢ for the total length of wire

required for the mesh.
b 1 If w =3¢, determine an expression in terms of w for the total length of wire
required.
ii If the length of wire used is 100 m, determine the value of w and the value of ¢.
¢ The total length of wire, L m, required for another type of rectangular mesh of
dimensions x m by y m, is given by the formula L = 6x + 8y.
i Determine y in terms of x and L.
ii Determine y if L = 200 and x = 4.

d A third type of mesh can also be used to cover a rectangular region of dimensions
x m by y m. In this case, the type of mesh introduced in part ¢ requires 100 m of
wire and so 6x + 8y = 100. This third type of mesh requires 80 m and this gives the
equation 3x + 2y = 40. Determine the values of x and y.

Technology-active short-response questions

19 For each of the following, determine the value of the letter in parentheses: E
ac=ab, a=62, b=301 (¢ b r=p+q, p=73, ¢q=-387 (r)
¢c c=ab, a=62, c=47.12 (b) dr=p+q, p=156, r=-79 (g9
e ¢c=+a, a=164025 (¢ fc=+a, c=267 (a)
gp=%,u:9.1,v:3.5 ») hp=%,p=23,v=2.8 ()

20 Solve the following linear equations:

a 2,-62=6.12 b 03x+6=786 c 2y+5=274
d 17x-92=51.32 e % ~56=62 f g +0.84 = 0.652
£ 3.6-54y=-8.82 h —3x—13 =14
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32 Chapter 1: Reviewing linear equations

21 Solve each of the following pairs of simultaneous linear equations by either the E
substitution or the elimination method:
a 2x-5y=0 b 2x -5y =10 ¢ 08x-6y=20
y=05-02x 45x—-22y=8 03x+04y=2

22 The mean coeflicient of linear expansion, a, of a metal rod over the temperature range
t;C to t;C is defined by the formula
_ 52 - 1
YT
where 1 cm is the length of the rod at #7C and £, cm is the length of the rod at 7;C.
Calculate the value of ¢, correct to two decimal places if £; = 435,¢; = 15,#, = 95 and
o = 0.000012.

22 The value A of an investment of $P after n years at r% per annum is given by the
formula

r n
A= P(l + —)
100

Determine A when P = 5342, r = 5.5 and n = 6. Give your answer to the nearest dollar.

24 Prove that the lines with equations 2y —x = 2, y+ x = 7 and y — 2x = —5 meet at the one
point.

25 Tom leaves town A and travels towards town B at a constant speed of # km/h. At the E
same time, Julie leaves town B and travels towards town A at a constant speed of
v km/h. Town B is d km from town A.
a How far has each travelled after ¢ hours?
b By considering that the sum of their distances travelled must be d km when they
meet, determine:
i the time it takes for them to meet
ii their distance from town A when they meet.

¢ Ifu =30,v=>50andd = 100, determine the time it takes for them to meet and their
distance from town A.

26 Xiu travels from town A to town B at 1 km/h and then returns at v km/h. Town A is
d km from town B.

a Determine the average speed at which Xiu travels for the complete journey, in terms
of u and v. Remember that
total distance travelled

average speed = -
£¢ 5P total time taken

b If it takes T hours to travel from A to B, determine the time taken:
i for the return trip from B to A, in terms of 7, u and v

ii for the entire trip, in terms of 7', u and v.
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Multiple-choice questions

Technology-free multiple-choice questions

1 The solution of the linear equation 3x —7 = 11 is

11 -3
= B c D -
3 4 6 6
2 154 22 thenx=
33— en x =
2 7
A = B - c5 D 7
3 3

3 The solution of the equation x — 8 = 3x — 16 is

A)c:13—1 B x=4 C x=2 D x=-2
4  The statement that 7 is 11 times the result of subtracting 2 from x can be written as

A ll(x-2)=7 B 7=11(x+2)

11 7
=7 D —-2=
x-2 11 !

5 The solution of the simultaneous equations 2x —y = 10 and x + 2y = 0 is

A x=2andy=-3 B x=4andy=-2

C x=6andy=2 D x=1andy=-8

6 1bought x CDs for $a and y DVDs for $b. The average price paid, in dollars, is

a+b B xa + yb ¢ y+x D g+é
y+x y+x xa + yb Xy
+1 2x-1
7 The solution of the equation al = e =% is
5 1
Ax:B B x=1 Cx:—g D x=-1
72+ 15
8 The values of z that satisty the inequality TZ > 4 are
A z>-4 B z=-4 C z<4 D z<-4
h k
9 1A =% then
A W= k B w= A -2k
YEATh Y=o
3Ah 2
Cw=—-% D w==-h(A+k)
2 3
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34 Chapter 1: Reviewing linear equations

10

11

12

Bronwyn walks one lap of an oval at 2.5 km/h and then jogs another eight laps of the
oval at 5 km/h. If it takes her 30 minutes in total, how long in metres is each lap?

A 250 m E 300 m C 350m D 400 m

Which of the following equations has no solutions?
A 2(x+3)=2x+6 B 3x—4=5-x
C3x+6=2x+6 D 2x+4=2x+6

Which of the following equations is true for all values of x?
A 5(x+3)=5x+15 B 3x-4=10-x
C 7Tx+6=-2x+6 D 2x+4=2x+6

Technology-active multiple-choice questions

13

14

15

16

17

A boat travels 30 km up a river in the same time it takes to travel 47 km down the same
river. If the speed of the current of water is 5.5 km/h, then the speed of the boat in still
water correct to one decimal place is?

A 26.8 km/h B 22.9 km/h C 249 km/h D 31.8 km/h

Charles and Lois paddled downstream at an average speed of 12.8 km/h. They turned
around and paddled back upstream at an average rate of 4.2 km/h. The total trip took
one hour twenty minutes. After how much time, correct to the nearest minute, did
Charles and Lois turn around?

A 18 minutes B 19 minutes C 20 minutes D 21 minutes

4
The volume of a sphere V cm? is given by the formula V = gmﬁ where r cm is the
radius of the sphere. If V = 27, the value of r correct to two decimal places is
A 1.62 B 1.86 c 221 D 262

The cost $C of renting a truck is given by the formula C = 4.35x + 200 where x is the
number of kilometres travelled. A person is charged $1248 for the rent of a truck. The
number of kilometres travelled (given to the nearest kilometre) is

A 229 B 239 C 240 D 241

2
The shorter sides of a parallelogram are each 3 of the length of a longer side. The
perimeter of the parallelogram is 170 cm. The length of each of the longer sides is x cm.
The value of x is

A 51 B 45 C 43 D 41
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Review of coordinate geometry
a|_1d linear relations

Chapter contents

2A Distance and midpoints

2B The gradient of a straight line
2C The equation of a straight line
2D Graphing straight lines

2E Parallel and perpendicular lines
2F Families of straight lines

2G Linear models

VVvVVvyVvVvVvyYvyy

2H Simultaneous linear equations

The number plane (Cartesian plane) is divided into four quadrants by two perpendicular axes.
These axes intersect at a point called the origin. The position of any point in the plane can be
represented by an ordered pair of numbers (x, y), called the coordinates of the point. Given
the coordinates of two points, we can determine the equation of the straight line through the
two points, the distance between the two points and the midpoint of the line segment joining
the points. These are the beginning ideas of coordinate geometry. The topic of calculus,
which is introduced later in this book, builds on these ideas.

A relation is defined as a set of ordered pairs in the form (x, y). Sometimes we can give

a rule relating the x-value to the y-value of each ordered pair, such as y = 2x + 1, and this

is a more convenient way of describing the relation. A relation may also be represented
graphically on a set of axes. If the resulting graph is a straight line, then the relation is called
a linear relation.
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Chapter 2: Review of coordinate geometry and linear relations

Distance and midpoints

Learning intentions
» To be able to determine the distance between two points.

» To be able to determine the coordinates of the midpoint of a line segment.

Midpoint of a line segment

Finding the midpoint of a line segment parallel to an axis is a simple special case, and it is
useful in obtaining the more general result.

A line segment parallel to an axis
The midpoint of the line segment AB with endpoints A(2, 3) and

Y
B(2,—4) is the point P with coordinates (2, —%). A A2,3)
Note that —% is the average of 3 and —4. The line through A and l
B is parallel to the y-axis. ] > X
0 s
P(2,-3)
B(2,-4)
Similarly for the line segment CD with endpoints C(-1, 2)
and D(3,2), the midpoint is the point P with coordinates f:
1,2).
Note that 1 is the average of —1 and 3. The line through C C(-1,2) D(3,2)
and D is parallel to the x-axis. = P(1,2)
> X
0

A line segment not parallel to one of the axes

Let P(x,y) be the midpoint of the line segment
y

joining A(x1,y;) and B(xz, y2), where the line j

through A and B is not parallel to either axis.

Let points C and D be chosen so that AC and
PD are parallel to the x-axis, and PC and BD
are parallel to the y-axis.

The triangles APC and PBD are congruent
(AAS). Hence

AC = PD and PC = BD

AN

X=X =X—X y=yY1=»-Jy
2x=x1+x Zy=y1+y
X1t X y_y1+)72
2 2
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2A Distance and midpoints 37

We have proved the following result.

The coordinates of the midpoint P of the line segment AB joining A(x;,y;) and B(xz, y2)

are

(Xl +X2 yi +Y2)
2 72
That is, we take the average of the x-coordinates and the average of the y-coordinates.

T~
-/

Determine the midpoint of the line segment joining A(2, 6) with B(-3, —4).

Explanation
The coordinates of the midpoint of the line
segment joining A(x;,y;) and B(x,,y,) are

Solution
The midpoint of line segment AB has

coordinates
(2+(—3) 6+(—4))_(_1 1) (X1+X2 y1+y2)
2 72 U2 )

The distance between two points
The distance between given points A(xy, y;) and
B(x3,y,) can be found by applying Pythagoras’
theorem to the triangle ABC:

AB* = AC? + BC?

=(x2—x1)" + (2 —y)*

Therefore, the distance between the two points > "
Axi,y1) and B(xa, o) is 0
AB = \J(x2 = x1)? + (2 = 1P
[O)f Example 2
Calculate the distance EF if E is (—3,2) and F is (4, -2).
Solution Explanation
EF = \J(z2 = 1)? + (2~ 1P y
E
= V(@4 - (3)P +(-2-2) s
1 -
=72 + (—4)2 .
= V65 —3 =2 Il ?_ 1 3 4
= 8.06 (to two decimal places) 24— =
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38 Chapter 2: Review of coordinate geometry and linear relations 2A

| Summary 2A

m The coordinates of the midpoint of the line segment joining A(xy, y;) and B(x,,y,) are

(x1+x2 y1+y2)
2 2

m The distance between points A(xy, y;) and B(x,y7) is

VO =32 + (2 = )2

sheet @

1 Determine the coordinates of M, the midpoint of AB, where A and B have the following E

coordinates:
Example 1 a A(2,12), B(8,4) b A(-3,5), B4,-4)
c A(-1.6,34), B4.8,-2) d A3.6,-2.8), B(-5,4.5)

2 Determine the midpoints of each of the sides of a triangle ABC, where A is (1, 1), B is
(5,5)and Cis (11,2).

3 The secretary of a motocross club wants to
organise two meetings on the same weekend.
One is a hill climb starting from point A(3.1,7.1)
and the other is a circuit event with the start at
B(8.9,10.5), as shown on the map. Only one
ambulance can be provided. The ambulance can
be called up by radio, so it is decided to keep it
at C, halfway between A and B.

What are the coordinates of C?

2 4 6 8 10 km

4 If M is the midpoint of XY, determine the coordinates of ¥ when X and M have the
following coordinates:

a X(-4,2), M(,3) b X(-1,-3), M(0.5,-1.6)
c X(6,-3), M(2,1) d X(4,-3), M(0,-3)

5 Determine the coordinates of the midpoint of the line segment joining (1,4) and (a, b),
in terms of a and b. If (5, —1) is the midpoint, determine the values of a and b.

Example2 6 Determine the distance between each of the following (correct to two decimal places):

a (3,6) and (—4,5) b (4,1)and (5,-3)
¢ (-2,-3)and (-5,-8) d (6,4)and (-7,4)
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2A 2B The gradient of a straight line 39

7 Calculate the perimeter of a triangle with vertices (=3, —4), (1,5) and (7, -2).

8 The diagram shows the four points

A(6,06), B(10,2), C(-1,5) and D(-7,1). x
If the midpoint of AB is P and the |
midpoint of CD is M, calculate the 8 i Jn
distance PM to two decimal places. = +
4-
T B
D 4 °
Tt [T KL T | LIRS | T T X
8 4 0 4 8

9 There is an off-shore oil drilling platform in Bass Strait situated at D(0, 6), where
1 unit = 5 km. Pipes for this oil drill come ashore at M (-6, 1) and N(3, —1). Assuming

the pipelines are straight, which is the shorter, DM or DN?

@ The gradient of a straight line

Learning intentions

» To be able to determine the gradient of a straight line.

» To be able to determine the angle a straight line makes with the x-axis.

Through any two points it is only possible to draw a
single straight line. Therefore a straight line is defined
by any two points on the line.

In coordinate geometry the standard way to define the

rise

rise
gradient of a line segment AB is — where: A
run

m rise is the change in the y-values as you move from A to B

m run is the change in the x-values as you move from A to B.

The gradient of a line is defined to be the
gradient of any segment within the line.
This definition depends on the fact that
any two segments of a line have the same
gradient. Hence given any two points

on the line, A(xy,y;) and B(xy, y2), the
gradient of the line can be found. The
symbol used for gradient is m.

run

rise =y, — ¥,

rise  y, —yi
run X2 — X1

Gradient m =

Note that since
Y2=Y1 _ Y11=
X2 — X1 X1 — X2

it does not matter which point we take as the first and which point we take as the second.
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40 Chapter 2: Review of coordinate geometry and linear relations

Determine the gradient of each line:

a Y b y
A A
> X
14 2
14
: > X
£2 -1 0 : > X
0 1 2
Solution Explanation
2-0
a Gradient m = O——(—Z) Let (]C],yl) = (—2, 0)
. and (x2,y2) = (0,2).
- 2 Gradient m = 2
X2 — X1
=1
. 0-3
b Gradient m = 770 Let (x1,y1) = (0,3)
5 and (x2,y2) = (2,0).
- 2 Gradient m = A
X2 — X1

Notes:

m The gradient of a line that slopes upwards from left to right is positive, as illustrated in
Example 3a.

m The gradient of a line that slopes downwards from left to right is negative, as illustrated in
Example 3b.

m The gradient of a horizontal line (parallel to the x-axis) is zero, since y, —y; = 0.

m The gradient of a vertical line (parallel to the y-axis) is undefined, since x, — x; = 0.

Rt

Determine the gradient of the line that passes through the points (1, 6) and (-3, 7).

Solution Explanation

Y2 =1 The gradient can also be found using
2= H mo JLTY2

. 7-6 X1 — X2
—-3-1 6-17 1

1 1-(=3) 4

4
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2B The gradient of a straight line 41

The tangent of the angle of slope

We will look first at the case when the gradient is positive and then when the gradient is
negative.

Positive gradient

From Year 10 you will be familiar with the trigonometric

ratio )
opposite opposite

tan0 = —
adjacent 0

adjacent

Consider a straight line with positive gradient. The line forms an acute angle, 6, with the
positive direction of the x-axis.

The gradient, m, of the line is given by

Y2 =1
m=——-
X2 — X1

(x1 # x2)
From the diagram, it follows that

m = tan O

where 0 is the angle that the line makes with
the positive direction of the x-axis.

©) EETD

Determine the gradient of the line passing through the points (3,2) and (5, 7) and the
angle O that the line makes with the positive direction of the x-axis.

Solution Explanation
V=2 The gradient is given by
m=——-
5-3 »2—n
m=———
. 5 X2 — X
2 The gradient is positive and so the angle 0
5 is acute.
tan0 = =
2
0 =68.1986...° The angle can be found with a calculator
= 68.20° using inverse tan.
correct to two decimal places.
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42  Chapter 2: Review of coordinate geometry and linear relations

Negative gradient

Now consider a line with negative gradient.
The line forms an acute angle o with the
negative direction of the x-axis, and an obtuse
angle 0 with the positive direction of the x-axis. -t X)—X|—>
We have 0 = 180° — a. N :
A(x1, y1)

From the diagram, we see that the gradient
satisfies

=y —Oh—y)
m = = = —tano
X2 — X1 X2 — X1

From your work on trigonometric functions in Year 10 you may recall that
tan0 = tan(180° — o) = —tan a

Thus the gradient satisfies

m = —tano = tan 0

fCI} Example 6

Determine the gradient of the line passing through the points (5, —3) and (-1, 5) and the
angle O that the line makes with the positive direction of the x-axis.

Solution Explanation
_5-(-3) The gradient is negative and so the angle 0
- -1-5 between the line and the positive direction
4 of the x-axis is obtuse.
3

You first use your calculator to determine

the adjacent supplementary angle o, which
tan@ = e is acute. You do this by finding the inverse

. . tangent of %. The magnitude of this angle is
0 = 180° — (53.130...%)

53.130...°.
= A You subtract this magnitude from 180° to
correct to two decimal places. obtain 0.

Summary 2B

m The gradient of a line segment AB joining two points A(x;,y;) and B(xz, y2) is
Y2 =N
X2 — X1

provided x; # x».

m The gradient of a line is defined as the gradient of any line segment of that line.
m A horizontal line has gradient zero.

m A vertical line does not have a gradient.
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m Let O be the angle that a line makes with the positive direction of the x-axis.

The gradient m is positive if and only if 0 is acute.
The gradient m is negative if and only if 0 is obtuse.
If O is acute or obtuse, then m = tan 0.

If 6 = 0°, then m = tan 0° = 0.

If 6 = 90°, then the gradient is not defined.

Exercise 2B

Example3 1 Calculate the gradient of each of the following lines:

a Y
4
3
1
T T ; x
2 hol| 1
d y e y f Y
A
4
3 3
3 |
2 2
2 1 1
1 X — .
: B Z 1 2 3 —3—2—10|\1
1ol 1 2
g y h y i y
A (6, 10) A
(0, 8) SN
3,2)
(=2,0)/
X X » X
0 0 0 A%
i y k y
A A
/ o
4
> X
0
> X
3 0
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2B

2 Sketch a graph of a line with gradient 1.
3 Sketch a graph of a line with gradient O which passes through the point (1, 6).
Example4 4 For each of the following, determine the gradient of the line that passes through the two
points with the given coordinates:
a (6’ 3)’ (2, 4) b (_3’4)’ (la _6)
c (69 7)9 (119_3) d (59 8)9 (63 0)
e (6’ 0)’ (_6? 0) f (07 _6)7 (_6’ O)
g (3,9), 4,16 h (5,25), (6,36)
k (1,1), (10,1000) I (5,125), (4,64)
5 a Determine the gradient of the straight line that passes through the points with
coordinates (5a, 2a) and (3a, 6a).
b Determine the gradient of the straight line that passes through the points with
coordinates (5a, 2a) and (5b, 2b).
6 a A line has gradient 6 and passes through the points with coordinates (—1, 6) and
(7, a). Determine the value of a.
b A line has gradient —6 and passes through the points with coordinates (1, 6) and
(b, 7). Determine the value of b.
7 Determine the angle, correct to two decimal places, that the lines joining the given
points make with the positive direction of the x-axis:
a (0,3), (-3,0) b (0,-4), (4,0)
c (09 2)9 (_49 0) d (09 _5)9 (_5’ O)
Example 5,6 8 Determine the angle, correct to two decimal places, that the lines joining the given
points make with the positive direction of the x-axis:
a (_49 _2)9 (6’ 8) b (29 6)9 (_25 4)
c (_37 4)7 (69 1) d (_47 _3)7 (2’ 4)
e (3b,a), (3a,b) f (c.D), (b,0)
9 Determine the gradient of a straight line which is:
a inclined at an angle of 45° to the positive direction of the x-axis
b inclined at an angle of 135° to the positive direction of the x-axis
¢ inclined at an angle of 60° to the positive direction of the x-axis
d inclined at an angle of 120° to the positive direction of the x-axis.
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2C The equation of a straight line 45

@ The equation of a straight line

Learning intentions

» To be able to determine the equation of a straight line.

In this section we discuss different ways of determining the equation of a straight line. In
general two independent pieces of information are required. The following given information
is considered:

m gradient and y-axis intercept
m gradient and a point
E two points.

Sketching straight lines given the equation is discussed in Section 2D.

Gradient-intercept form of the equation of a straight line

We first consider an example before stating the general result. The argument in the general
case is exactly the same.

Theliney =2x+ 4

Consider the line with gradient 2 and y-axis intercept 4.

This line passes through the point A(0,4). Let B(x,y) be A
any other point on the line. B(x, )
-4 -4
Gradient of line segment AB = M A
x—0 X

We know that the gradient of the line is 2. Therefore A(0, 4)

-4

X 0 > X

y—4=2x
y=2x+4

So the coordinates (x, y) satisfy the equation y = 2x + 4.

Conversely, if a point B(x, y) in the plane satisfies y = 2x + 4, then

Thus we know that the gradient of the line segment joining point B to the point A(0, 4) is 2.
Therefore the line through A(0, 4) and B(x,y) has gradient 2 and y-axis intercept 4.

Theliney =mx+c

In the same way as for the line y = 2x + 4, we can show that:

m The line with gradient m and y-axis intercept ¢ has equation y = mx + c.

m Conversely, the line with equation y = mx + ¢ has gradient m and y-axis intercept c.
This is called the gradient—intercept form.
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Example 7

Determine the gradient and y-axis intercept of the line y = 3x — 4.

Solution Explanation
The gradient is 3 and the y-axis intercept m=3andc=-4
is —4.

Example 8

Determine the equation of the line with gradient —3 and y-axis intercept 5.

Solution Explanation
y=-3x+5 y=mx+c

Example 9

State the gradient and y-axis intercept of the line 3y + 6x = 9.

Solution Explanation
3y+6x=9 Rearrange the equation 3y + 6x = 9 into
3y =9 - 6x gradient—intercept form.
y= 9 - 6x
3
y=3-2x
ie. y=-2x+3 Now the gradient and y-axis intercept can

Therefore m = -2 and ¢ = 3. be read directly from the equation.

Point-gradient form of the equation of a straight line

If A(xy,y;) is a point on a line with gradient m and P(x, y) is

any other point on the line, then %
Y= P(x, y)
—=m
X — X
and so we have A(xy,y))
> X
y =y =m(x—xp) ~ 0]
The point-gradient form of the equation of a straight line is
y =y =m(x—xp)
where (x1,y;) is a point on the line and m is the gradient.
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Determine the equation of the line which passes through the point (-1, 3) and has

gradient 4.

Solution

Method 1

(x1,y1) = (=1,3) and m = 4.
The equation is

y=3=4x-(-1)

y=4x+1)+3

=4x+4+3

=4x+7
Method 2

Since m = 4, the equation is of the form
y=4x+c.

When x = -1,y =3.

Therefore
3=4x(-1)+c
T=eE

The equation is y = 4x + 7.

Explanation

We use the equation y — y; = m(x — xy).
(It is not necessary to work from first
principles every time.)

Rearrange to make y the subject and write
the equation in the form y = mx + c.

We can also use the equation y = mx + ¢
and determine the value of ¢. The gradient
is 4.

The point (-1, 3) lies on the line.

Solve for c.

Determine the equation of the line that passes through the point (3, 2) and has a gradient

of —2.

Solution
y—2=-2(x-13)
y—2=-2x+6

y=-2x+8
The equation is
y=-2x+8
which could also be expressed as

2x+y—-8=0

ISBN 978-1-009-53719-3

Explanation

Y

A

g )

9 (3,2)

1_

—t > X

of 1234
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A line through two points

To determine the equation of the line through two Y

given points (xy, y;) and (xz, y,), first determine the

gradient

y2—2
m=
X2 — X1

and then use the point—-gradient form

y=y1 =m(x—x1)

B(x3, y,)
P(x, y)
A(xy, )

Pl
0

We can also determine the equation directly by taking the point P(x,y) and noting that

Y=
X — X

Determine the equation of the straight line passing through the points (1, -2) and (3, 2).

Solution

Y2 =i
m=—"
X2 — X1
3 2-(=2)
- 3-1

_4

2

=)
Pl )
x—1

2x—-2=y+2

y=2x-4

Explanation

First determine the gradient m and then use

y=y1 _
—— =m
X — X1

Choose (x1,y1) = (1, -2).

y
A
21 3,2)
P(x,y)
T T T : x
0 1 2 3 4
=2 (1,-2)
4
/]

Determine the equation of the straight line with y-axis intercept —3 which passes through

the point with coordinates (1, 10).

Solution

The gradient is
_10-(=3)
=0

13

Therefore the equation is y = 13x — 3.

Mathematical Methods Units 1 & 2

ISBN 978-1-009-53719-3

Explanation

Determine the gradient using (x1,y;) =
(O’ _3) and (XQ, y2) = (1a 10)

The general equation of a line with y-axis

intercept =3 is y = mx — 3.

© Evans et al. 2024

Photocopying is restricted under law and this material must not be transferred to another party.

Cambridge University Press



2C The equation of a straight line 49

Two intercepts

A special case of finding the equation of a line given the coordinates of two points is when
the intercept with each axis is known, that is, finding the line through (a, 0) and (0, ), where

a,b#0.
In this case, the gradient is y
b-0 b A
m= = — -
0—-a a ‘\
Thus the equation of the line is 0, b)

b
y=-0=—-—=(x-a)
a
Multiplying both sides of the equation by a gives

ay + bx =ab
Dividing both sides of the equation by ab gives the 0 (a, 0\ -
following:

The intercept form of the equation of a straight line is
x .y
-+==1
a b

where a and b are the x-axis intercept and y-axis intercept respectively.

Determine the equation of the line shown in the fi
graph.
As
3 4
2 4
1 1
B
T X
of 1 2
Solution Explanation
The intercept form of the equation is The coordinates of A and B are (0,4) and
2,0).
f + X =1
2 4
Multiply both sides by 4:
2x+y=4
The equation of the line is y = —2x + 4.
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Vertical and horizontal lines

If a line is horizontal, then its gradient m = 0 and its equation is simply y = ¢, where c is the
y-axis intercept.

If a line is vertical, then its gradient is undefined and its equation is x = a, where a is the
Xx-axis intercept.

Equation y =2 y Equationx =3 Y
A A
x=3
3 -
2\ y=2
1 .
T T > X
- X 0 1 2 3

0

Note that the equation of a vertical line is not of the form y = mx + c.

General form of the equation of a straight line

We have seen that all points on the line through two given points satisfy an equation of
the form mx + ny + p = 0, with m and n not both 0. Conversely, any ‘linear equation’

mx + ny + p = 0 is the equation of a (straight) line. This is called the general form of the
equation of a line.

Summary 2C

m Gradient-intercept form: The line with gradient m and y-axis intercept ¢ has
equation y = mx + c. Conversely, the line with equation y = mx + ¢ has gradient m and
y-axis intercept c.

m Point-gradient form: If (x;,y;) is a point on a line with gradient m and (x, y) is any
other point on the line, then

y-n
X — X1

which can be written as
Y=y =m(x—xp)

m Two points: To determine the equation of the line through two given points (x;, y;)
and (x,, y»), first determine the gradient

Y2 =1
m=—-
X2 — X1

and then use the point—gradient form

y=y1 =m(x—x1)
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Example 7

Example 8

Example 9

Example 10

Example 11

Example 12

Example 13

2C The equation of a straight line 51

Intercept form: If a line has x-axis intercept a and y-axis intercept b, the equation of

the line is
X Yy
-+==1
a b

Horizontal line: A line parallel to the x-axis through the point (a, ¢) has equation

y=c.

m Vertical line: A line parallel to the y-axis through the point (a, ¢) has equation x = a.

m General form: Every straight line satisfies an equation of the form mx + ny + p = 0,

1

with m and n not both 0. Conversely, any ‘linear equation’ mx + ny + p = 0 is the

equation of a straight line.

sheet @

State the gradient and y-axis intercept of the graph of each equation:

ay=3x+6

b y=-6x+7

c y=3x-6

dy=-x-4

a Determine the equation of the straight line with gradient 3 and y-axis intercept 5.

b Determine the equation of the straight line with gradient —4 and y-axis intercept 6.

¢ Determine the equation of the straight line with gradient 3 and y-axis intercept —4.

State the gradient and y-axis intercept of the graph of each equation:

a3x—-y=6

b 4x-2y=28

c 5x—-10y =20

d 2x-6y=10

Express in gradient—intercept form and hence state the gradient and y-axis intercept of

each of the following linear relations:

a2x-y=9

b 3x+4y=10

c —x—-3y=6

d 5x-2y=4

a Determine the equation of the straight line that has gradient 3 and passes through the
point with coordinates (6, 7).

b Determine the equation of the straight line that has gradient —2 and passes through

the point with coordinates (1, 7).

Determine the equations of the straight lines passing through the following pairs of

points. (Express your answer in gradient—intercept form.)

a (-1,4), 2,3)

b (0,4), (5,-3)

c (3,-2), 4,-4)

d (5,-2), 8,9

For the straight line that has y-axis intercept 6 and passes through the point with

coordinates (1, 8), determine:

a the gradient

b the equation

Determine the equation of the straight line that passes through the point (1, 6) and has

gradient:
a?
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B2 Chapter 2: Review of coordinate geometry and linear relations 2C

9 Write, in the form y = mx + ¢, the equations of the lines which have the given gradient E
and pass through the given point:

am=2; (-1,4) b m=-2; (0,4) c m=-5 (3,0

Example 14 10 Determine equations defining the lines which pass through the following pairs of points:
a (Oa 4)’ (69 0) b (_370)7 (0’ _6)
c (0,4), 4.0 d (2,0), (0,3)

11 Determine the equations, in the form y = mx + ¢, of the lines which pass through the
following pairs of points:

a (0,4), (3,6) b (1,0), 4,2)
c (-3,0), (3,3) d (-2,3), 4,0
e (-1.5,2), 4.5,8) f (-3,1.75), (4.5,-2)

12 Determine the equation of each of the following lines:

a y c y
4 2
3 |
\ T T |;x
2 110 12
x -2
240l 1 2
d y e y f y
A A
2 4] 41
1 3 3
> X 2 2
—1_0 2 3 1 1-
-2 X . — X
210l 1 2 210l 12

13 Do the points P(1,-3), O(2,1) and R(21,3) lie on the same straight line?

14  For which of the following does the line pass through the origin?
ay+x=1 b y+2x=2(x+1) c x+y=0 d x—y=1

15 a Determine the equation of the line that is parallel to the y-axis and passes through the

point with coordinates (4, 7).

b Determine the equation of the line that is parallel to the x-axis and passes through the
point with coordinates (—4, 11).

¢ Determine the equation of the line that is parallel to the y-axis and passes through the
point with coordinates (11, —7).

d Determine the equation of the line that is parallel to the x-axis and passes through the
point with coordinates (5, —1).
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2D Graphing straight lines 53

@ Graphing straight lines

Learning intentions

» To be able to sketch the graph of a straight line.

In the previous section we discussed methods of finding the equation of a straight line given
suitable information. In this section we look at sketching a straight line from an equation. To
sketch the graph we need to derive the coordinates of two points on the line. A convenient
way to sketch graphs of straight lines is to plot the two axis intercepts.

Sketch the graph of 2x + 4y = 10.
Solution
x-axis intercept (y = 0): 2x+4(0) = 10
x=5 2.5
y-axis intercept (x = 0): 2(0) +4y =10
y=25 X

Example 16

Sketch the graph of y = 2x — 6 by first finding the intercepts.

Solution
x-axis intercept (y =0): 0=2x-06

y
A /
x=3
y-axis intercept (x =0): y=2(0)—-6 A > X

y=-6

Note: You can also obtain the y-axis intercept
directly from the equation.

[ Using the TI-Nspire CX non-CAS
To plot the graph of 6x + 3y = 9: 1.1

S7T4Y

= Open a Graphs application: press (& on) and
select the Graphs icon, or use (ctrl)( 1) and 6 3439
select Add Graphs. \

m Equations of the forma - x+ b -y = c can = 1
be entered directly using > Graph
Entry/Edit > Relation. Enter as 6x + 3y = 9.

Swx

“6.67

Note: The window settings ((menu) > Window/Zoom > Window Settings) will have to be

changed if the axis intercepts do not appear on the screen.
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To determine the axis intercepts:

L

Chapter 2: Review of coordinate geometry and linear relations

=)
Select Draw .

m Select > Trace > Graph Trace.
® Move the cursor to an axis and press [enter). 6:x+3:y=9 ¥ intercep
Then move to the other axis and press (enter). X .
m Press (esc) to exit the Graph Trace tool. 10 1(\1.5,0) i
6.67 rell; ( 0,3
J/
A .
Using the Casio i
To plot the graph of 6x + 3y = 9: A _EARdel  fa
‘Graph Func :Y=
m Press (5] to select Graph mode. Y183-2x St
|
m Transpose 6x + 3y = 9 to make y the subject, and :4 : -
enter the equation in Y1: Y5: -

Y6: [—1
EEMIDELETE TYPE | TOOL JXWnlai It

m To determine the x-axis intercept, go to G-Solve and select Root (F1).
m To determine the y-axis intercept, go to G-Solve and select y-Intercept (F4).

¥Y1=3-2x

Y1=3-2x

‘83

X=0

A

From Section 2B we know that the gradient of a line is the tangent of the angle of slope (that

is, the angle formed by the line with the positive direction of the x-axis).

® Example 17

For each of the following lines, determine the magnitude of the angle 6 (correct to two

decimal places) that the line makes with the positive direction of the x-axis:

ay=2x+3 b
c y=-03x+15
Solution
a y=2x+3 b
Gradient = 2
Hence tan0 =2
Therefore 0 = 63.43°
correct to two decimal places
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c y=-03x+1.5
Gradient = 0.3
Hence tan = -0.3
Therefore 0 =(180-16.699...)°

= 163.30° correct to two decimal places

Summary 2D
m The most practical way to sketch a straight line is to plot two points known to be on the
required line and draw the line through them.

e Two important points are the intercept with the x-axis and the intercept with the
y-axis. These are the best two points to use in order to sketch a line that does not
pass through the origin and is not parallel to one of the axes.

e To sketch a line with equation of the form y = mx, plot one other point on the line
besides the origin.

m The gradient m of a line y = mx + c is equal to tan 0, where 0 is the angle of slope
measured between the line and the positive direction of the x-axis.

1 For each of the following, give the coordinates of the axis intercepts: E

ax+y=4 b x-y=4 c —x—y=6 dy-x=8

Example15 2 Sketch the graphs of each of the following linear relations:
a 2x-3y=12 b x—4y=28 c 3x+4y=24
d —5x+2y=20 e 4x—-3y=15 f 7x-2y=15

Example16 3 For each of the following, sketch the graph by first determining the axis intercepts:
ay=x-1 b y=x+2 c y=2x—-4
4  Sketch the graphs of each of the following by first determining the axis intercepts:
ay=2x-10 b y=3x-9 c y=5x+10 d y=-2x+10
5 Sketch the graphs of each of the following:
ay=x+2 b y=-x+2 c y=2x+1 d y=-2x+1
6 Sketch the graphs of each of the following:
ax+y=1 b x-y=1 cy-x=1 d x-y=1

7 Sketch the graphs of each of the following:
ay=x+3 b y=3x+1 cy=4—%x d y=3x-2
e 4y+2x=12 f 3x+6y=12 g 4y—-6x=24 h 8x-3y=24
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B6 Chapter 2: Review of coordinate geometry and linear relations 2D

8 Sketch the graphs of each of the following:
ay=3 b x=-2 cy=-2 d x=5

Example17 9 Determine the magnitude of the angle, correct to two decimal places, made by each of
the following with the positive direction of the x-axis:

ay=x b y=-x c y=x+1 d x+y=1
e y=2x fy=-2x

10 Determine the magnitude of the angle, correct to two decimal places, made by each of
the following with the positive direction of the x-axis:

ay=3x+2 b 2y=-2x+1 c 2y—2x=6 d3y+x=7

11 A straight line has equation y = 3x — 4. The points with coordinates (0, a), (b,0), (1,d)
and (e, 10) lie on the line. Determine the values of a, b, d and e.

m Parallel and perpendicular lines

Learning intentions
» To be able to determine if two lines are parallel.

» To be able to determine if two lines are perpendicular.

Parallel lines

m Two non-vertical lines are parallel if they have the same gradient.

m Conversely, if two non-vertical lines are parallel, then they have the same gradient.

This is easily proved through considering the angles of inclination of such lines to the
positive direction of the x-axis and using the following two results:

y
//
0 = > X

1 Two non-vertical lines are parallel if and only if the corresponding angles 0, and 0,

formed by the lines and the positive direction of the x-axis are equal.

2 If two angles 0, and 0, are acute, obtuse or zero, then tan 0; = tan 0, implies 0; = 0,.

For example, consider the lines Y
A y=2x+3
y=2x+3 4- /
y:2x—4 3_ y=2x—4
Both lines have gradient 2, and so they are parallel. 14 /
T T T > X
/z/ -1 0 12
N
—34
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2E Parallel and perpendicular lines 57

Perpendicular lines

We prove that two lines are perpendicular if and only if the product of their gradients is —1
(or if one is horizontal and the other vertical).

Two lines with gradients m; and m, (both non-zero) are perpendicular if and only if
mymp = —1.

Proof Initially we consider the case where the two lines intersect at the origin.

Step 1 Draw two lines passing through the origin with one of the lines having
positive gradient, my, and the other negative gradient, m,. Form right-angled triangles
OPQ and OAB with OQ = OB.

AB .
Gradient m; = — gradient A

BO my gradient
00 Px----- 19 "
Gradient my = —— A
PQ =4 X
|
% X ﬁ 1l Fl > X
PO " BO N 5
oQ y AB
PO 0Q
__A4B
PQ

Step 2 We now prove: If two lines passing through the origin are perpendicular, then

Product mym, = —

the product of their gradients is —1.

If the lines are perpendicular, then ZPOQ = /AOB. y
Therefore triangles OPQ and OAB are A
congruent. So PQ = AB and therefore the 0
product of the gradients is PXT ™ A
AB AB a__90° —a
mmy = —-———=—-——=-1 i
PO AB TR > X
O 1T B =

Step 3 We next prove the converse: For two lines passing through the origin, if the
product of their gradients is —1 then the lines are perpendicular.

If the product m;my = —1, then AB = PQ, which implies that the triangles OAB and
OPQ are congruent. Therefore /POQ = /AOB and so ZAOP = 90°.

Step 4 If we are given two lines anywhere in the plane, we can draw lines through
the origin parallel to the original two lines. The slopes of the new lines are the same.
So the result holds for lines that do not necessarily pass through the origin.
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§CJR Example 18

(¢

Chapter 2: Review of coordinate geometry and linear relations

Determine the equation of the straight line which passes through (1, 2) and is:

a parallel to the line with equation 2x —y = 4

b perpendicular to the line with equation 2x — y = 4.

Solution

The equation 2x — y = 4 is equivalent
toy =2x — 4. The line y = 2x — 4 has
gradient 2.

a The required line passes through (1,2)
and has gradient 2. Hence

y—2=2(x-1)

Therefore the line has equation y = 2x.

b The required line passes through (1,2)
and has gradient —%. Hence

1
y-2=-5(-1)
Therefore 2y —4 = —x + 1 and
equivalently 2y + x = 5.
The line has equation 2y + x = 5.

|l Example 19

Explanation

A line parallel to y = 2x — 4 has gradient 2.

We use y — y; = m(x — x1) where
(x1,y1) = (1,2) and m = 2.

A line perpendicular to a line with
gradient m has gradient —% (provided
m # 0).

We use y — y; = m(x — x;) where
(x1,y1) =(1,2) and m = _%.

The coordinates of the vertices of a triangle ABC are A(0, —1), B(2,3) and C(3, —2%).
Show that the side AB is perpendicular to the side AC.

Solution
Let m; be the gradient of the line AB and
let m, be the gradient of the line AC.

3—(=1)
mi =
'm0
=
1
L _T3-CD
2 320
1
_
3
R
)

Since m; X mp = 2 X (=) = —1, the lines

AB and AC are perpendicular to each other.
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We use the fact that two lines with
gradients m; and m, (both non-zero) are
perpendicular if and only if m;m, = —1.

We show the product of the gradients is —1.
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Summary 2E
m Two non-vertical lines are parallel if they have the same gradient. Conversely, if two
non-vertical lines are parallel, then they have the same gradient.

m Two lines are perpendicular if the product of their gradients is —1 (or if one is
horizontal and the other vertical). Conversely, if two lines are perpendicular, then the
product of their gradients is —1 (or one is horizontal and the other vertical).

sheet ¥

1 Determine the equation of the straight line which passes through (4, —2) and is: E

Example 18 a parallel to the line with equation y = 2x + 1

b perpendicular to the line with equation y = 2x + 1

¢ parallel to the line with equation y = —2x + 1

d perpendicular to the line with equation y = —2x + 1

e parallel to the line with equation 2x — 3y = 4

f perpendicular to the line with equation 2x — 3y = 4

g parallel to the line with equation x + 3y =5

h perpendicular to the line with equation x + 3y = —4.

2 For which of the following pairs of equations are the corresponding lines parallel to
each other? Sketch graphs to show the pairs of non-parallel lines.
a2y=6x+4; y=3x+4 b x=4-y;, 2x+2y=6
c3y-2x=12; y+1=3x d 4y-3x=4; 3y=4x-3

3 Determine the equation of the line:
a perpendicular to the line x = 3 and which passes through the point (3, 4)
b perpendicular to the line y = 3 and which passes through the point (2, 3)
¢ perpendicular to the line x = —2 and which passes through the point (-2, 4)
d perpendicular to the line y = —4 and which passes through the point (3, —4).

4 Determine the equation of the straight line which passes through the point (1,4) and is
perpendicular to the line with equation y = —%x + 6.

5 Points A and B have coordinates (1, 5) and (-3, 7) respectively. Determine the
coordinates of the midpoint M of the line segment AB and determine the equation of the
line which passes through the point M and is perpendicular to the line AB.

Example19 6 If the points A, B and C have the coordinates A(5, 2), B(2, —-3) and C(-8, 3), show that
the triangle ABC is a right-angled triangle.

7 Given the points A(3,7), B(6, 1) and C(20, 8), prove that AB is perpendicular to BC.
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8 Show that RSTU is a rectangle if the coordinates of the vertices are respectively R(2, 6), E
S(6,4), T(2,-4) and U(-2,-2).

9 Given that the lines 4x — 3y = 10 and 4x — {y = m are perpendicular and intersect at the
point (4,2), determine the values of ¢ and m.

10 The line y = 2x + 3 intersects the y-axis at A. The points B and C on this line, distinct
from A, are such that AB = BC. The line through B perpendicular to AC passes through
the point D(—1, 6). Determine:

a the equation of BD
b the coordinates of B

¢ the coordinates of C.

g Families of straight lines

Learning intentions

» To be able to consider families of straight lines determined by a parameter.

Here are three families of straight lines:
m y = mx, where the gradient m of the lines varies — the graphs are the straight lines through
the origin.

m y = 3x + ¢, where the y-axis intercept ¢ of the lines varies — the graphs are the straight lines
with gradient 3.

m y = mx + 2, where the gradient m of the lines varies — the graphs are the straight lines with
y-axis intercept 2. Some graphs in this family are illustrated below.

y=-3x+2 Y

The variable m is called a parameter. We will use parameters to explore other families of
graphs in later chapters of this book.
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L ® ] Example 20

Determine the value of m if the line y = mx + 2 passes through the point (3, 11).
Solution

We can write

11=3m+2

Therefore 3m = 9 and hence m = 3. It is the line y = 3x + 2.

A family of lines have equations of the form y = mx + 2, where m is a negative number.
a Determine the x-axis intercept of a line in this family in terms of m.

b For which values of m is the x-axis intercept greater than 3?

¢ Determine the equation of the line perpendicular to the line y = mx + 2 at the point (0, 2).

Solution Explanation
a Wheny=0: mx+2=0 To determine the x-axis intercept puty = 0.
mx = =2
2
xX=—=
m
The x-axis intercept is —%.
2
b ——>3 Multiply both sides of the inequality by m.
m
Since m is negative, the inequality sign is
—2<3m reversed. Then divide both sides by 3.
2 <
——<m
3

Therefore the x-axis intercept is greater
than 3 for —% <m<0.

¢ The equationisy —2 = —%x and the The perpendicular line has gradient —% and
gradient—intercept form is y = —%x + 2. passes through (0, 2).

kSummary 2F

Families of straight lines can be described through the use of a parameter. For example:

m All the non-vertical lines passing through (0, 2) have equation of the form y = mx + 2,
where m is a real number. (If m = 0, the line is horizontal.)

m All the lines with gradient 3 have equation of the form y = 3x + ¢, where c is a real

number.
. . .. . X oy .
m All the lines with x-axis intercept 4 have equation of the form I + b= 1, where b is a
non-zero real number.
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sheet \53_

Example20. 1 The line with equation y = mx — 3, where m is a positive number, passes through the E
point (2, 7). Determine the value of m.

2 The line with equation y = 2x + ¢, where c is a number, passes through the point (3, 11).
Determine the value of c.

3 A line has equation y = mx + 3, where m # 0. A second line is perpendicular to this line
and passes through the point (0, 3).
a Determine the equation of the second line in terms of m.

b Determine the value of m if the second line passes through the point (1, —4).

4 The line with equation y = mx + 2, where m is a positive number, passes through the
point (3, 8). Determine the value of m.

Example21 5 A family of lines have equations of the form y = mx — 3, where m is a positive number. E
a Determine the x-axis intercept of a line in this family in terms of m.
b Determine the value of m if the line passes through the point (5, 6).
¢ For which values of m is the x-axis intercept less than or equal to 1?
d Determine the equation of the line perpendicular to the line y = mx — 3 at the
point (0, =3).

6 A family of lines have equations of the form y = 2x + ¢, where c¢ is a number.
a Determine the x-axis intercept of a line in this family in terms of c.
b Determine the value of c if the line passes through the point (5, 6).
¢ For which values of c is the x-axis intercept less than or equal to 1?
d Determine the equation of the line perpendicular to the line y = 2x + ¢ at the

point (0, ¢).

7 A family of lines have equations of the form T 1y_2 = 4, where a is a non-zero number.
a

a Determine the x-axis intercept of a line in this family in terms of a.
b Determine the gradient of the line in terms of a.
¢ Determine the value of « if the gradient is
i 2 ii -2
8 A family of lines have equations of the form y = —2x + ¢, where c is a positive number.
a Determine the x-axis intercept of a line in this family in terms of c.
b Determine the value of c if the line passes through the point (1, 7).
¢ For which values of c is the x-axis intercept less than or equal to 1?
d Determine the equation of the line perpendicular to y = —2x + ¢ at the point (0, ¢).
e Let O denote the origin, and let A and B be the x-axis and y-axis intercepts of
y=-2x+c.
i If the midpoint M of the line segment AB is (3, 6), determine the value of c.

i If the triangle AOB has area 4, determine the value of c.

iii If the midpoint M of AB is such that OM = 2\/5_, determine the value of c.

Mathematical Methods Units 1 & 2 ISBN 978-1-009-53719-3 © Evans et al. 2024 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.



2F 2G Linear models 63

9 A family of lines have equations of the form 3x + by = 12, where b is a non-zero E
number.
a Determine the y-axis intercept of a line in this family in terms of .
b Determine the gradient of the line in terms of .
¢ Determine the value of b if the gradient is
il
i -2
d Determine the equation of the line perpendicular to the line 3x + by = 12 at the point
4,0).

@ Linear models

Learning intentions

» To be able to use a linear relation to model.

There are many practical situations where a linear relation can be used.

§Cl) Example 22
Austcom’s rates for local calls from private telephones consist of a quarterly rental fee of

$50 plus 25c for every call. Construct a cost function that describes the quarterly telephone
bill and sketch the linear graph for this.

Solution

Let CA

C = cost ($) of quarterly telephone bill I

n = number of calls -

Then C = 0.251n + 50 .

The number of calls is counted in whole numbers

including zero. 401

Draw the graph of the function C = 0.25n + 50 where 2U) . : : i
n is a whole number including zero. 50 100 150 200 "

Note: The graph should be a series of discrete points rather than a continuous line,
because n is a whole number. With the scale used it is not practical to show it
correctly.

An important linear relation is the relation between distance travelled and time taken when an
object is travelling with constant speed. If a car travels at 40 km/h, the relationship between
distance travelled (s kilometres) and time taken (z hours) is

s = 40¢ (fort > 0)

The graph of s against ¢ is a straight-line graph through the origin. The gradient of this graph
is 40.
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[CJ} Example23

A car starts from point A on a highway 10 kilometres past the Corumbilla post office. The
car travels at a constant speed of 90 km/h towards picnic stop B, which is 120 kilometres
further on from A. Let # hours be the time after the car leaves point A.

a Determine an expression for the distance d; of the car from the post office at time
t hours.
b Determine an expression for the distance d; of the car from point B at time ¢ hours.

¢ On separate sets of axes, sketch the graphs of d; against # and 5, against ¢ and state the
gradient of each graph.

Solution
a At time 7 the distance of the car from the post office is 10 + 90z kilometres.
b At time ¢ the distance of the car from B is 120 — 90z kilometres.

C aA dy A
4 120
(4.1
10 _ o
0 r 0 3 !
Gradient = 90 Gradient = —90

skill- [ B |
sheet L$)

Example22 1 The weekly wage, $w, of a vacuum cleaner salesperson consists of a fixed sum of $350 E
plus $20 for each cleaner sold. If n cleaners are sold per week, construct a rule that
describes the weekly wage of the salesperson.

Example23 2 a A train moves at 50 km/h in a straight line away from a town. Give a rule for the
distance, d; km, from the town at time ¢ hours after leaving the town.
b A train has stopped at a siding 80 km from the town and then moves at 40 km/h in
a straight line away from the siding towards the town. Give a rule for the distance,
d, km, from the town at time ¢ hours after leaving the siding.
¢ On separate sets of axes, sketch the graphs of d; against ¢ (0 < # < 4) and d, against ¢
and state the gradient of each graph.

3 a Aninitially empty container is being filled with water at a rate of 5 litres per minute.
Give a rule for the volume, V litres, of water in the container at time ¢ minutes after
the filling of the container starts.

b A container contains 10 litres of water. Water is then poured in at a rate of 5 litres
per minute. Give a rule for the volume, V litres, of water in the container at time
¢t minutes after the pouring starts.
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The reservoir feeding an intravenous drip contains 500 mL of a saline solution. The drip E
releases the solution into a patient at the rate of 2.5 mL/minute.
a Construct a rule which relates the amount of solution left in the reservoir, v mL, to
time, ¢t minutes.
b State the possible values of ¢ and v.
¢ Sketch the graph of the relation.

The cost ($C) of hiring a taxi consists of two elements, a fixed flagfall and an amount
that varies with the number (1) of kilometres travelled. If the flagfall is $2.60 and the
cost per kilometre is $1.50, determine a rule which gives C in terms of 7.

A car rental company charges $85, plus an additional amount of 24c per kilometre.

a Write a rule to determine the total charge $C for hiring a car and travelling
x kilometres.

b What would be the cost to travel 250 kilometres?

Two towns A and B are 200 km apart. A man leaves town A and walks at a speed of
5 km/h towards town B. Determine the distance of the man from town B at time ¢ hours
after leaving town A.

The following table shows the extension of a spring when weights are attached to it.

x, extension (cm) 0 1 2 3 4 5 6
w, weight (g) 50 50.2 50.4 50.6 50.8 51.0 51.2

a Sketch a graph to show the relationship between x and w.
b Write a rule that describes the graph, expressing w in terms of x.
¢ What will be the extension if w = 52.5 g?

A printing firm charges $35 for printing 600 sheets of headed notepaper and $47 for
printing 800 sheets.

a Assuming the relationship is linear, determine a formula, for the charge, $C, in terms
of number of sheets printed, 7.

b How much would they charge for printing 1000 sheets?

An electronic bank teller registered $775 after it had counted 120 notes and $975 after it E
had counted 160 notes.

a Determine a formula for the sum registered ($C) in terms of the number of notes (n)
counted.

b Was there a sum already on the register when counting began?

¢ If so, how much?
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m Simultaneous linear equations

Learning intentions

» To be able to consider the geometry of simultaneous equations with two unknowns.

In this section we revisit the geometry of simultaneous equations, first introduced in
Section 1C, and also make use of parameters to explore these properties. Finally we consider
some of the many applications of simultaneous equations.

The geometry of simultaneous equations

There are three possible outcomes when considering a system of two simultaneous linear
equations in two unknowns:

m There is a unique solution. (Lines intersect at a point.)
m There are infinitely many solutions. (Lines coincide.)

m There is no solution. (Lines are parallel.)

Explain why the simultaneous equations 2x + 3y = 6 and 4x + 6y = 24 have no solution.
Solution
First write the equations in the form y = mx + ¢. They become

2 2
y=—§x+2 and y:—§x+4

Each of the lines has gradient —%. The y-axis intercepts are 2 and 4 respectively. The
equations have no solution as they correspond to parallel lines and they are different lines.

The simultaneous equations 2x + 3y = 6 and 4x + 6y = 12 have infinitely many solutions.
Describe these solutions through the use of a parameter.

Solution

The two lines coincide, and so the solutions are all points on this line. We make use of a
6 — 3\

third variable A as the parameter. If y = A, then x = ————. The points on the line are all

6 — 3\
points of the form (T 7»).

Using the TI-Nspire CX non-CAS

Simultaneous linear equations can be solved in a

Calculator application.

A d Yo Yuu \
lmSolve({“ "+f y=6 .{.\'.v})
4 x+6° ym12

m Use (menu) > Algebra > Solve System of Linear
3¢l
Equations. { l—f‘.cl}

m Complete the pop-up screen.

The solution to this system of linear equations is given by the calculator as shown.
. The parameter c/ takes the place of A.
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' Using the Casio

To solve the simultaneous equations 2x + 3y = 6 ; B pkdien) GOk
_ . an X+bn Y=Cn
and 4x + 6y = 12: & b

. 1 [ 2 3 a]
m Press (MENUJ(ALPHA) (X,0,T) to select Equation 2 4 8
mode. Then select Simultaneous (F1). Select
Number of Unknowns?. Choose (2). ' 12

| COLVE)CEER(

m Enter the coefficients of the equations as shown:

&8 (5) &) [N N —
(4)(exe)(e)(ExE) (1) (2) (EXE) Infinitely

Many Solutions
m Select Solve (F1).

There are infinitely many solutions, so the two lines
coincide. The solutions are all points on this line. [REPEAT]

[ ® | Example 26

The family of lines y = mx + 2 with varying gradient m all pass through the point (0, 2).

a For what values of m does the line y = mx + 2 not intersect the line y = 5x — 3?

b For what values of m does the line y = mx + 2 intersect the line y = 5x — 3?

c If the line y = mx + 2 intersects the line y = 5x — 3 at the point (5, 22), determine the
value of m.

Solution

a The y-axis intercept of y = mx + 2 is 2 and the y-axis intercept of y = 5x — 3 is —3.
The lines will not intersect if they are parallel, that is, if they have the same gradient. So
m=235.

b The lines intersect when m # 5.

c If (5,22) lies on the line y = mx + 2, then

22=5m+2
20 = 5m
m=4

Thus the lines intersect at (5,22) when m = 4.

Gl Example 27

The lines y = x + k and y = mx + 4 intersect at (1, 3). Determine the values of m and k.

Solution
When x =1,y = 3.

So3=1+kand3 =m + 4.

Hence k =2 and m = —1.
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§CJR Example 28

The lines (m — 2)x + y = 2 and mx + 2y = k intersect at (2, 8). Determine the values of m
and k.

Solution
m-2)x+y=2 (1)
mx+2y =k 2)

When x = 2, y = 8. Substituting these values into equations (1) and (2), we have the
equations

2m—-2)+8=2 3)
2m+ 16 =k 4)
From (3), we have 2m — 4 + 8 = 2. Therefore m = —1.

From (4), we have 2(—1) + 16 = k. Therefore k = 14.

@) I

Consider the simultaneous linear equations (m — 2)x + y = 2 and mx + 2y = k. Determine
the values of m and k such that the system of equations has:

a no solution b infinitely many solutions ¢ aunique solution.

Solution
m-2)x+y=2 @)
mx+2y =k 2)
We know that for no solution or infinitely many solutions, the corresponding lines are

parallel or coincide. If the corresponding lines are parallel or coincide, the gradients are
the same.

Gradient of line (1) =2 -m
Gradient of line (2) = _-’271

m
Hence 2-m= —5
4-2m=-m
m=4
Substitute m = 4 in equations (1) and (2). We have
2x+y=2
4x+2y =k

a There is no solution if m = 4 and k # 4.
b If m = 4 and k = 4, there are infinitely many solutions as the equations are equivalent.

¢ The solution is unique if m # 4 and k is any real number.
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Applications of simultaneous equations
fC)f Example 30
There are two possible methods for paying gas bills:

Method A A fixed charge of $25 per quarter + 50c per unit of gas used
Method B A fixed charge of $50 per quarter + 25c¢ per unit of gas used

Determine the number of units which must be used before method B becomes cheaper

than method A.
Solution A
: C(®)
Let C, = charge ($) using method A Cy=0.5x+25
100 - ’

C, = charge ($) using method B
x = number of units of gas used €, =0.25x+50
Then C;=25+0.5x 50 A

C, =50+ 0.25x 25 +

|
|
|
|
|
|
|
|
|

L

From the graph we see that method B is e
cheaper if the number of units exceeds 100. 0 2550 75100125150 x (units)

The solution can be obtained by solving simultaneous linear equations:

Ci=C,
25 +0.5x =50 + 0.25x
0.25x = 25
x =100

OJ Example31
Robyn and Cheryl race over 100 metres. Robyn runs so that it takes a seconds to run
1 metre, and Cheryl runs so that it takes b seconds to run 1 metre. Cheryl wins the race by
1 second. The next day they again race over 100 metres but Cheryl gives Robyn a 5-metre
start so that Robyn runs 95 metres. Cheryl wins this race by 0.4 seconds. Determine the
values of a and b and the speed at which Robyn runs.

Solution
For the first race: Time for Robyn — time for Cheryl = 1 s.

100a — 1006 = 1 (1)

For the second race: Time for Robyn — time for Cheryl = 0.4 s.
95a - 1006 = 0.4 2)

Subtract (2) from (1). This gives Sa = 0.6 and therefore a = 0.12.

Substitute in (1) to determine b = 0.11.

, 1 25
Robyn’s speed = 0= 3 m/s.
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| Summary 2H
m There are three cases for a system of two linear equations with two variables:

e unique solution (lines intersect at a point), e.g. y = 2x+ 3 andy = 3x + 3
¢ infinitely many solutions (lines coincide), e.g. y = 2x+ 3 and 2y = 4x + 6
e no solution (lines are parallel), e.g. y = 2x + 3 and y = 2x + 4.

m There are many applications of simultaneous linear equations with two variables. The
problems often arise by working with two quantities both changing at a constant but
often different rate.

sheet %,_

1 Explain why the following simultaneous equations have no solution: E
Example 24 x+y= 6
2x+2y=13

Example25. 2 The simultaneous equations x + y = 6 and 2x + 2y = 12 have infinitely many solutions. E
Describe these solutions through the use of a parameter.

Example26 3 The family of lines y = mx + 6 with varying gradient m all pass through the point (0, 6).
a For what values of m does the line y = mx + 6 not intersect the line y = 4x — 5?
b For what values of m does the line y = mx + 6 intersect the line y = 4x — 5?
c If the line y = mx + 6 intersects the line y = 4x — 5 at the point (5, 15), determine the
value of m.

Example27 4 The lines y = 2x + k and y = mx — 4 intersect at (2, 6). Determine the values of m and k.

Example28 5 The lines (m — 2)x + y = 4 and mx + 3y = k intersect at (2, 8). Determine the values of m
and k.

Example29 6 Determine the value of m for which the simultaneous equations mx —y = 5 and
3x +y = 6 have no solution.

7 Determine the value of m for which the pair of simultaneous equations 3x + my = 5 and
(m + 2)x + 5y = m have:
a infinitely many solutions

b no solutions.

Example30 8 Two bicycle hire companies have different charges. Company A charges $C, according
to the rule C = 10t + 20, where # is the time in hours for which a bicycle is hired.
Company B charges $C, according to the rule C = 8¢ + 30.
a Sketch each of the graphs on the same set of axes.

b Determine the time, ¢, for which the charge of both companies is the same.
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John and Michael race over 50 metres. John runs so that it takes a seconds to run

1 metre and Michael runs so that it takes b seconds to run 1 metre. Michael wins the
race by 1 second. The next day they again race over 50 metres but Michael gives John
a 3-metre start so that John runs 47 metres. Michael wins this race by 0.1 seconds.
Determine the values of a and b and the speed at which Michael runs.

The distances, dy km and dg km, of cyclists A and B travelling along a straight road
from a town hall step are given respectively by day = 10¢ + 15 and dg = 20t + 5, where ¢
is the time in hours after 1 p.m.

a Sketch each of the graphs on the one set of axes.

b Determine the time at which the two cyclists are at the same distance from the town
hall step.

A helicopter can be hired for $210 per day plus a distance charge of $1.60 per km or,
alternatively, at a fixed charge of $330 per day for an unlimited distance.

a For each of the methods of hiring, determine an expression for cost, $C, in terms of
the distance travelled, x km.

b On one set of axes, draw the graph of cost versus distance travelled for each of the
methods.

¢ Determine for what distances the fixed-charge method is cheaper.

Three power boats in a 500 km handicap race leave at 5-hourly intervals. Boat A leaves
first and has a speed for the race of 20 km/h. Boat B leaves 5 hours later and travels at
an average speed of 25 km/h. Boat C leaves last, 5 hours after B, and completes the race
at a speed of 40 km/h.

a Draw a graph of each boat’s journey on the same set of axes.

b Use your graphs to determine the winner of the race.

¢ Check your answer algebraically.

d Write a short description of what happened to each boat in the race.

If the line OT has the equation y = —%x y
and the line HT has the equation \\/ﬂ
y= %x — 12, determine the point over /\f//_L/
which both craft would pass.

<

L
T Lot

T Trawler

—-10 4Hovercraft

Scale: 1 unit = 1 nautical mile
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14 A school wishes to take some of its students on an excursion. If they travel by public E
transport, it will cost the school $2.80 per student. Alternatively, the school can hire a
bus at a cost of $54 for the day plus a charge of $1 per student.
a For each mode of transport, write an expression for the cost ($C) of transport in
terms of the number of students (x).
b On one set of axes, draw the graph of cost, $C, versus number of students, x, for each
mode of transport.

¢ Determine for how many students it will be more economical to hire the bus.

15 Anne and Maureen live in towns that are 57 km apart. Anne sets out at 9 a.m. one day E
to ride her bike to Maureen’s town at a constant speed of 20 km/h. At the same time
Maureen sets out to ride to Anne’s town at a constant speed of 18 km/h.

a Write down a rule for the distance, d km, that each of them is from Anne’s place at a
time ¢ minutes after 9 a.m.

b On the same set of axes, draw graphs of the distance, d km, versus time, f minutes
after 9 a.m., for each cyclist.

¢ Determine the time at which they will meet.

d How far has each of them travelled when they meet?

Mathematical Methods Units 1 & 2 ISBN 978-1-009-53719-3 © Evans et al. 2024 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.



Chapter 2 review 73

Chapter summary

The midpoint of the line segment joining (x;,y;) and (x», y») is the point with coordinates
(xl +x2 Y1 +)’z)
2 72

m The distance between two points A(xy,y;) and B(xz, y2)

y
is A
AB:\/(xz—x1)2+(y2—)’1)2 %y)
2202
> /0 ——
Axy, yy)
m The gradient of a straight line joining two points: y
Gradient m = 22 2L A ‘
X2 = X1 B(x2, y2)
Ay
W - 1
7 0 -

m For a line with gradient m, the angle of slope (0) can be found using
m =tan0

where 0 is the angle the line makes with the positive direction of the x-axis.

m The gradient—intercept form of the equation of a straight line is
y=mx+c

where m is the gradient and c is the y-axis intercept.

m The equation of a line passing through a given point
(x1,y1) and having gradient m is

y=y1 =m(x—x1)

m The equation of a line passing through two given
points (x1,y1) and (x2, y2) is

Y2 =i B(x,, ,)
X2 — X1

y—y =m(x—x;) where m=

A(xy, )

/O| > X

m Two straight lines are perpendicular to each other if and only if the product of their
gradients is —1 (or if one is horizontal and the other vertical):

mymy; = —1
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Skills checklist

Download this checklist from the Interactive Textbook, then print it and fill it out to check

your skills.

Check-

list

1 Icandetermine the midpoint of a line segment. (]
See Example 1 and Question 1

m 2 Ican determine the distance between two points. (]
See Example 2 and Question 6

m 3 Ican determine the gradient of a line given the coordinates of its intercepts (]
with the axes.
See Example 3 and Question 1

m 4 1can determine the gradient of a line given the coordinates of two points. [ ]
See Example 4 and Question 4

m 5 Ican determine the angle a line makes with the positive direction of the x-axis. (1]
See Example 5, Example 6 and Question 8

m 6 Ican determine the y-axis intercept and the gradient of a line given an equation = |
of the formy = mx + c.
See Example 7 and Question 1

m 7 Ican determine the equation of a line given the gradient and y-axis intercept. (]
See Example 8 and Question 2

m 8 Ican determine the gradient and y-axis intercept of a line given an equation of |
the form ax + by = c.
See Example 9 and Question 3

m 9 Ican determine the equation of a line given the gradient and the coordinates of = |
one point.
See Example 10, Example 11 and Question 5

m 10 Icandetermine the equation of a line given the coordinates of two points. [ ]
See Example 12, Example 13, Example 14 and Questions 6, 7 and 10

m 11 Ican sketch the graph of a straight line given its equation. [ ]
See Example 15, Example 16 and Questions 2 and 3

m 12 1candetermine the angle a line makes with the positive direction of the x-axis []
given its equation.
See Example 17 and Question 9
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E 13 Icandetermine the equation of a line parallel or perpendicular to a given line []
when given a point on the other line.

See Example 18, Example 19 and Questions 1 and 6

14 I can work with families of lines determined by a parameter. ]

See Example 20, Example 21 and Questions 1 and 5

15 Ican use linear equations to model suitable real life situations. [ ]

See Example 22, Example 23 and Questions 1 and 2

16 Icandetermine when simultaneous equations with two variables have two, (]
infinitely many or no solutions.

See Example 24, Example 25, Example 26, Example 27, Example 28, Example 29 and
Questions 1, 2, 3,4, 5 and 6
m 17 1Ican use simultaneous equations to solve problems. (]

See Example 30, Example 31 and Questions 8 and 9

Short-response questions

Technology-free short-response questions

1 Determine the length and the coordinates of the midpoint of the line segment joining E
each of the following pairs of points:

a A(1,2)and B(5,2) b A(-4,-2)and B(3,-7) ¢ A(3,4)and B(7,1)

2 Determine the gradients of the lines joining each of the following pairs of points:
a (4,3)and (8,12) b (-3,4)and (8,-6) ¢ (2,1)and (2,9)
d (0,a) and (a,0) e (0,0)and (a, b) f (0,b) and (a, 0)

3 Determine the equation of the straight line of gradient 4 which passes through the point
with coordinates:

a (0,0 b (0,5) c (1,6) d 3,7

4 a The point (1, a) lies on the line with equation y = 3x — 5. Determine the value of a.

b The point (b, 15) lies on the line with equation y = 3x — 5. Determine the value of b.
5 Determine the equation of the straight line joining the points (=5, 2) and (3, —4).
6 Determine the equation of the straight line of gradient —% which passes through (4, 1).

7  Write down the equation of the straight line that:
a passes through (5, 11) and is parallel to the x-axis
b passes through (0, —10) and is parallel to the line with equation y = 6x + 3

¢ passes through the point (0, —1) and is perpendicular to the line with equation
3x-2y+5=0.
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8 Determine the equation of the straight line which passes through the point (2, 3) and is E
inclined at 45° to the positive direction of the x-axis.

9 Determine the equation of the straight line which passes through the point (-2, 3) and
makes an angle of 135° with the positive direction of the x-axis.

10 Determine the equation of the straight line passing through the point (4, 8) and which is
perpendicular to the line with equation y = =3x + 2.

11 A straight line has equation y = 2x + 1. The points with coordinates (0, a), (b,0), (2, d)
and (e, 7) lie on this line. Determine the values of a, b, d and e.

12 Sketch the graph of each of the following by first determining axis intercepts. Clearly
label each axis intercept.
ay=2x-8 b 3x+y=6 c3x+y+6=0
dy—-2x-8=0 e y=-6x+6 f 2x+5y+10=0

132 a Determine the equation of the line parallel to the x-axis passing through the point
(8,-9). Sketch the graph.

b Determine the equation of the line parallel to the y-axis passing through the point
(8,-9). Sketch the graph.

¢ Determine the equation of the straight line that passes through the origin and has
gradient:
i3 i -3
Sketch the graphs of each of these.

14 A car travels at a constant 60 km/h.

a Write down the formula for the distance d km travelled by the car in ¢ hours.
b What is the gradient of the graph of d against ¢?

15 The weekly wage $S of a car salesperson consists of a fixed sum of $800 plus $500 for
each car sold. If n cars are sold in a week, construct a formula that describes the weekly
wage of the salesperson in terms of 7.

16 A family of straight lines satisfy the rule y = ax + 2.
a Determine the equation of the straight line in this family for which y = 6 when x = 2.
b i Determine the x-axis intercept of the line with equation y = ax + 2.
ii If a <0, determine the values of a for which the x-axis intercept is greater than 1.
¢ Determine the coordinates of the point of intersection of the line with equation
y = x + 3 and the line with equation y = ax + 2, given thata # 1.

17 The cost of hiring a motor cruiser consists of a down payment of $500 and a running
charge of $100 per day, or part of a day. The cost of fuel is $27.50 per day. There is also
a charge of $50 for filling the freshwater tanks and charging the batteries. Food for a
cruise of n days costs $62.50 per day.

a Give a formula for C, the total cost in dollars of hiring the cruiser for n days (all
costs to be included).
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b For how many days can a cruiser be hired if the cost of a cruise is to be no more E
than $3000?

¢ A rival company has a fixed rate of $300 per day. For how many days would it be
cheaper to hire from this company?

18 The cost of fitting a new plug and cable for an electric drill is $C, when the length of the
cable is x metres and C = 4.5 + 1.8x.
a What meaning could be given for the constant term 4.5?
b What could be the meaning of the coefficient 1.8?7
¢ What would be the gradient of the graph of C against x?
d What length of cable would give a total cost of $24.50?

19 The profit made on a single journey of an Easyride bus tour is $P, when there are x
empty seats and P = 1020 — 24x.
a What do you think is the meaning of the constant term 10207
b What is the least number of empty seats which would result in a loss on a single
journey?

¢ Suggest a meaning for the coefficient 24.

20 The diagram shows a quadrilateral. Angle BAD y E
is a right angle and C lies on the perpendicular A 42,8
bisector of AB. The equation of the line
through points B and C is 3y = 4x — 14. B(8, 6)
Determine:

a the equation of the line AD

b the coordinates of D 3y =4x— 14
¢ the equation of the perpendicular D

bisector of AB
d the coordinates of C 0 > X
e the area of triangle ADC \/
f the area of the quadrilateral ABCD. C

Technology-active short-response questions

21 Determine the length of the line segment joining each of the following pairs of points, E
giving your answer correct to two decimal places:

a A(1,1) and B(6,6) b A(-4,-2)and B(5,-7) ¢ A(2,4)and B(11,2)

22 For each of the following lines, determine the magnitude of the angle 0, correct to two
decimal places, that the line makes with the positive direction of the x-axis:

ay=-02x+4 b y=04x-5 cy=12x+3
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23 Solve each of the following sets of simultaneous equations giving your solutions correct E
to two decimal places.

a 3x-46y=112 b -89x-3.6y=21.8 ¢ 9.23x - 4.65y = 7.86
6.4x + 3.3y = —4.64 0.4x —7.8y = —56.83 1.02x + 0.4y = 6.32

24 Determine the equation of the line passing through the points (4, —5) and (1, 6) and the
angle 0, correct to two decimal places, that the line makes with the positive direction of
the x-axis.

25 A quarterly electricity bill shows the following charges:
m For the first 50 kWh (kilowatt hours): 9.10c per kWh
m For the next 150 kWh: 5.80c per kWh
m Thereafter: 3.56¢ per kWh
a Write down a formula relating cost, $C, to n, the number of kWh of electricity used:
i for the first 50 kWh
ii for the next 150 kWh
iii for more than 200 kWh.
b Draw a graph of C against n. Use the graph, or otherwise, to determine the
charges for:
i 30kWh
it 90 kWh
iii 300 kWh

¢ How much electricity could be used for a cost of $20?

26 The diagram shows the side view of a
rough, uncut diamond fixed in position on
a computer-controlled cutting machine.

Scale:
The diamond is held at the points 1 unit =2 mm
A(-4.5,2), B(0.25,7), C(5,1.5) and
D(1.5,0).

a If a straight cut is made joining A
and B, determine the y-coordinate of
the point V at which the cut will cross
the vertical axis.

b determine the equation of the line
joining V and C.

¢ Would the cuts AB and VC be equally
inclined to the vertical axis? Explain
your answer.
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27 A construction company estimates that for every 1% of air left in concrete as it is E
being laid the strength of the hardened concrete decreases by 7%. Let x represent
the percentage of air in the concrete (by volume), and the strength of the concrete be
s units, where s = 100 when x = 0.
a Write a formula for s in terms of x.
b Sketch a graph of s against x.
¢ Calculate how much air can be allowed to remain in the concrete for a strength of at
least 95%.
d Estimate how much air the concrete will contain at 0% strength.
e Is the model sensible at 0% strength?

f State the possible values of x.

28 The diagram shows a plan view of a paddock Iy
over which a Cartesian framework has been Scale
superimposed. From an observation point O, L ~ lunit=10m
a rabbit has been spotted first at A(0, 2) and / alla s
} s irrigation channel
then at B(4, 6). A fox is seen at C(3,0) and h

later at D(5,4).

a Determine the equations of the lines AB and
CD.

b Assuming that both the rabbit and the fox
were running along straight lines, calculate
whether the fox’s path would cross the - s - > X
rabbit’s track before the irrigation channel. o C 4 8

— ) o s

=t
i

i

29 A new light beacon is proposed at P(4, —75) for air 34
traffic flying into an airport located at O(0, 0). It is A
intended that the aircraft should follow a course over
beacons at P and Q(36, —4), turning at Q towards the
runway at O.

a Would a direct line from P to Q pass directly over
a hospital located at H(20, -36)? _40 -
b If not, state how far east or west of H the aircraft
would be when the y-coordinate of an aircraft’s —601
flight path is —36.

Scale:
P 1 unit= 1km
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30 The map shows an area where it is y .

proposed to construct a new airport. It gy Scale: 1unit= 1T

is thought that the main runway of the 40— T

airport will have one end of its centre line 30 - W-I_E o

at A(48, 10), but the position of the other 20 | | i | B £

end of this line, B, has not been decided. &

There is a light aircraft airport at E(68, 35) L0 [Tl

and a radio beacon at C(88, —10). 0 30 40 50 60 70 80 90> X

a What is the equation that will define —10 - —_— or
the new runway if aircraft coming in 70 | |
to land from the east must be on the

31

extended central line of the new runway when they are 5 km due south of E?

b If Bis to be 8 km to the east of A, what will be its coordinates?

¢ A marker beacon is to be built at D(68, 30) and it is proposed that several auxiliary
beacons should be placed on the line CD. What is the equation of the line CD?

d If one of the auxiliary beacons is to be placed due east of A, what are the coordinates
of its position?

An electricity supply authority is offering customers a choice of two methods of paying
electricity bills. Method 1 involves payment annually and method 2 involves payment
each quarter (that is, every three months). The charges for each method are as follows:

Method 1 - per year Method 2 - per quarter
Fixed charge $100 Fixed charge $27.50
Price per unit ~ $0.08125 Price per unit ~ $0.075

a Suppose a customer used 1560 units of electricity in a year. Calculate which is the
cheaper method of payment.
b Copy and then complete the following table:

Number of units of electricity
0 1000 2000 3000

Cost ($) calculated by method 1
Cost ($) calculated by method 2

¢ Use these values to plot graphs of the costs for each method of paying for electricity.
Clearly indicate the approximate number of units of electricity for which the cost is
the same for both methods of payment.

d If C; is the cost by method 1, C; is the cost by method 2, and x is the number of units
of electricity used in a year, write down the two formulas which show the cost of
x units calculated by each method. Use these formulas to calculate the exact number
of units for which the cost is the same for both methods.
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Multiple-choice questions

Technology-free multiple-choice questions

1 The coordinates of the midpoint of AB, where A has coordinates (4, 12) and B has
coordinates (6, 2), are
A (45,8) B (5,8) c 5,7 D (1,5)
2 If (6, 3) is the midpoint of the line segment joining the points (-4, y) and (x, —6), then
the value of x + y is
A 16 B 20 c -10 D 28
3 The gradient of the line passing through the points (5, —8) and (6, —10) is
1 1 3
A -2 B - c —— D -
2 18 2
4 The gradient of the line passing through points (4a, 2a) and (9a, —3a) is
A —5a B 1 c -5 D -1
5 The equation of the straight line with gradient 3 that passes through the point (1, 9) is
A y=3x+9 B y=3x+6 Cy=—%x+l Dy=—%x+6
6 A straight line passes through the points (2, —6) and (-2, —14). The equation of the
line is
Ay=%x—7 By=%x—10 Cy=2x-10 Dy=—%x—8
7 The line with equation y = 2x — 6 passes through the point (a, 2). The value of a is
A4 B 5 c -4 D -2
8 The relation with graph as shown has rule y
A y= —%x -3
_1
B y=3x-3 0 X
C y=3x+3
D y=3x-3 -3
9 Iftwolines 5x —y+7 = 0and ax + 2y — 11 = 0 are parallel, then a equals
AS B -10 c 10 D -4
10 The cost ($C) of hiring a car is given by the formula C = 2.5x + 65, where x is the
number of kilometres travelled. A person is charged $750 for the hire of the car. The
number of kilometres travelled was
A 145 B 160 c 200 D 274
11 The solution of the two simultaneous equations 2ax + 2by = 3 and 3ax — 2by = 7 for x
and y is
3-4a 2 1
A x= = BEBx=—,y=—— € x=0,y=0 D x=3a, y=17b
x=2,y b X P y T X y x=3a, y
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82 Chapter 2: Review of coordinate geometry and linear relations

Technology-active multiple-choice questions

12 The magnitude of the angle that the line with equation y = 2.8x + 3 makes with the
positive direction of the x-axis is closest to

A 35° B 48° C 52° D 70°

13 The distance between the points with coordinates (4.6, 7) and (—3.5,9) is closest to
A 6.75 B 834 Cc 9.21 D 9.87

14 A straight line makes an angle of 124° with the positive direction with x-axis. The
gradient of the line is closest to:

A 152 B -1.48 c 223 D -2.13

15 A straight line with equation —150x + 76y = 230 crosses the x-axis at (a, 0). The value
of a is closest to:

A -152 B 235 C 3.03 D -1.53
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Sets of numbers and the
arithmetic of surds

Chapter contents
» 3A Set notation and sets of numbers
» 3B Surds

» 3C Rationalising the denominator

In the first section of this chapter elementary notation for sets is introduced. The use of sets in
this course is largely informal and often not explicitly identified but the ideas are present in
the study of functions and used in the study of probability.

In the final two sections of the chapter numbers such as \f2-, V77 are considered. These

are examples of what are called surds. You use surds when you are dealing with exact
solutions in problems. For example the solutions of the equation x> = 2 are x = V2 or

x = —V2. Calculators may give an approximate values for V2 as x = 1.41421. This decimal
approximation can be continued to any number of decimal places but it is not exact.

In the previous chapter the distance between two points was considered. The distance
between the points A(0, 0) and B(1, 1) is V2. This is the exact distance between the two
points derived by an application of Pythagoras’ theorem.
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m Set notation and sets of numbers

Learning intentions
» To be able to read and use the notation of sets

» To be able to identify and describe subsets of the real numbers.

» To be able to represent subsets of the real numbers on a number line.

Set notation

Set notation is used widely in mathematics and in this book where appropriate. This section

summarises all the set notation which may be useful in your study of functions and relations.

We will discuss set notation again in Chapter 9 for our study of probability.

m A set is a collection of objects.

m The objects that are in the set are known as elements or members of the set.

m If xis an element of a set A, we write x € A. This can also be read as ‘x is a member of the
set A’ or ‘x belongs to A’ or ‘x is in A’. For example: 2 € set of even numbers.

m If x is not an element of A, we write x ¢ A. For example: 2 ¢ set of odd numbers.

m Set B is called a subset of set A if every element of B is also
an element of A. We write B C A. This expression can also be
read as ‘B is contained in A’ or ‘A contains B’.

For example, let B=1{0,1,2} and A = {0, 1,2,3,4}. Then Bis a

subset of A, as illustrated in the diagram opposite. This diagram is
called a Venn diagram. Venn diagrams are revisited in Chapter 9.

m The set of elements common to two sets A and B is called the intersection of A and B, and
is denoted by AN B. Thus x e AN Bif and only if x € A and x € B.

m If the sets A and B have no elements in common, we say A and B are disjoint, and write
AN B = 2. The set @ is called the empty set.

m The set of elements that are in A or in B (or in both) is called the union of sets A and B,
and is denoted by A U B.

A B
For example, let A = {1,3,5,7,9} and B = {1,2, 3,4, 5}.
The intersection and union are illustrated by the Venn
diagram shown opposite:
ANnB={1,3,5tand AUB ={1,2,3,4,5,7,9}
[O)} Example1
For A ={1,2,3,7}and B = {3,4,5, 6,7}, determine:
a ANB b AUB
Solution Explanation
a AnNB={3,7} The elements 3 and 7 are common to sets A and B.
b AUB=1{1,2,3,4,5,6,7} The set A U B contains all elements that belong to A
or B (or both).
Note: In Example 1, we have 3 € A and 5 ¢ A and {2, 3} C A.
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3A Set notation and sets of numbers 85

Sets of numbers

We begin by recalling that the elements of {1,2,3,4,...} are called natural numbers, and
the elements of {...,-2,—-1,0,1,2,...} are called integers.

If A = {positive even numbers less than 17} and
B = {positive natural numbers which are multiples of 3 and less than 17}
list the elements in each of the following sets.

aA b B c ANB d AUB

Note: An even natural number is a natural number that is a multiple of 2.
That is, {2,4,6,...}.

Solution
a A=1{2,4,6,8,10,12,14, 16} b B={3,6,9,12,15}
¢c ANB=1{6,12} d AUB=1{2,3,4,6,8,9,10,12,14, 15, 16}

The numbers of the form E, with p and ¢ integers, g # 0, are called rational numbers.
q

The real numbers which are not rational are called irrational (e.g. 7w and \5).
A subset of the irrational numbers called ’surds’ are discussed in the following two sections.
V2 is a an example of a surd.

The rationals may be characterised as being those real numbers that can be written as a
terminating or recurring decimal.

m The set of real numbers will be denoted by R.

m The set of rational numbers will be denoted by Q.
m The set of integers will be denoted by Z.

m The set of natural numbers will be denoted by N.

Itis clear that N € Z € Q C R, and this may be

represented by the diagram on the right. @ z)Q) R

Describing a set

It is not always possible to list the elements of
a set. There is an alternative way of describing
sets that is especially useful for infinite sets.

The set of all x such that ___ is denoted by { x : ___}. For example:

m {x:0 < x<1}isthe set of all real numbers strictly between 0 and 1
B {x:x>3}is the set of all real numbers greater than or equal to 3

m {x:x# 0} isthe set of all real numbers other than 0.

The following are subsets of the real numbers for which we have special notation:
Positive real numbers R* ={x: x>0} Sometimes, we just write x > 0

Negativerealnumbers R™ ={x:x<0} Sometimes, we just write x < 0
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86 Chapter 3: Sets of numbers and the arithmetic of surds

Interval notation
Among the most important subsets of R are the intervals. The following is an exhaustive

list of the various types of intervals and the standard notation for them. You can stipulate
an interval by simply using inequality signs. We suppose that a and b are real numbers with

a<b.

(a,b) = {x:a < x < b} or without set notation a < x < b
[a,b] = {x:a < x < b} orwithout set notationa < x < b
(a,b] ={x:a < x < b} orwithout set notationa < x < b
[a,b) = {x:a < x < b} or without set notationa < x < b

(a,o0) = {x:a < x} or without set notation x > a

[a, 00) = {x :a < x} or without set notation x > a

(=c0,b) = { x : x < b} or without set notation x < b

}

(=0, b] = {x : x < b} or without set notation x < b

Intervals may be represented by diagrams as shown in Example 3.

Illustrate each of the following intervals of real numbers:

a —2 < x < 3, interval notation [-2, 3]
¢ x < 5, interval notation (—co, 5]

e x > —3, interval notation (-3, co)

Solution
a —2 < x < 3, interval notation [-2, 3]

-y
T T T T T

T
-4 -3 -2-1 0 1

b -3 < x <4, interval notation (-3, 4]

¢ x < 5, interval notation (—co, 5]

T T T T

T T
-4 -3 -2-1 0 1

d -2 < x <4, interval notation (-2, 4)

O o)
T T T T T T

-4 -3 -2-1 01 2 3 4 5 6

e x > —3, interval notation (-3, o)

o L

T T T T

-4 -3 -2-1 0 1

Mathematical Methods Units 1 & 2

ISBN 978-1-009-53719-3

b -3 < x <4, interval notation (-3, 4]
d -2 < x < 4, interval notation (-2, 4)

Explanation

The square brackets indicate that the
endpoints are included; this is shown with
closed circles.

The round bracket indicates that the left
endpoint is not included; this is shown with an
open circle. The right endpoint is included.

The symbol —co indicates that the interval
continues indefinitely (i.e. forever) to the

left; it is read as ‘negative infinity’. The right
endpoint is included.

Both brackets are round; the endpoints are not
included.

The symbol oo indicates that the interval
continues indefinitely (i.e. forever) to the
right; it is read as ‘infinity’. The left endpoint
is not included.

© Evans et al. 2024 Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.



3A 3A Set notation and sets of numbers 87

Note: The ‘closed’ circle (o) indicates that the number is included.
The ‘open’ circle (o) indicates that the number is not included.

 Summary 3A

If x is an element of a set A, we write x € A.

If x is not an element of a set A, we write x ¢ A.

If every element of B is an element of A, we say B is a subset of A and write B C A.
Intersection The set A N B contains the elements in common to A and B.

Union The set A U B contains the elements that are in A or in B (or in both).

If the sets A and B have no elements in common, we say A and B are disjoint and write
AN B = 2. The set @ is called the empty set.

m Sets of numbers:

e Real numbers: R e Rational numbers: Q

o Integers: Z e Natural numbers: N

m For real numbers a and b with a < b, we can consider the following intervals:

(a,b)={x:a<x<b} l[a,b] ={x:a<x<b}
(a,bl ={x:a<x<b} [a,b) ={x:a<x<b}
(a,00) ={x:a<x} [a,0) ={x:a < x}
(—oc0,b) ={x:x<b} (00, bl ={x:x<b}
. L
s
Example 1 1 ForA={7,11,13,19}and B = {3,4,5, 6,7, 13}, determine: E
a ANB b AUB

Example2 2 If A = {prime numbers less than 14} and B = {positive odd numbers less than 15} list the
elements in each of the following sets

aA b B c ANnB d AUB
Note: A prime number is a natural number greater than one that is divisible only by
itself and one. That is, {2,3,5,...}.

3 ForA={1,2,3,57,11,15}, B ={7,11,25,30,32} and C = {1,7, 11,25, 30}, determine:

a ANB b AnBNnC c AUC
d AUB e AUBUC f AnB)UC
4 ForA ={11,14,17,23,25,36,37}, B={11,17,25,30,32} and C = {11, 14,15, 25, 60},
determine:
a ANB b AnBNnC c AUuC
d AUB e AUBUC f AnB)UC

3 11
5 IfA={-1, T 1, V2, 3 mt} and Q is the set of rationals then determine A N Q.
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88 Chapter 3: Sets of numbers and the arithmetic of surds

6 In each part, list the elements of AN BN Cand AUBU C:
a A={1,3,57,911},B={1,2,3,4,5,6},C ={7,8,9,10,11, 12}
b A=1{0,4,8,12,16},B =1{0,3,6,9,12,15},C = {0, 10, 20}

3 11
E) 19 >
4 8

7 IftB={-1,

Example 3 8 Illustrate each of the following intervals on a number line:

a —3 < x < 4 (written with interval notation [-3, 4))

b x < 3 (written with interval notation (—co, 3])

¢ —2 < x < —1 (written with interval notation [-2, —1])

d x > —2 (written with interval notation (-2, o))

e -2 < x < 3 (written with interval notation (-2, 3))

f —2 < x < 4 (written with interval notation(—2, 4])

3A

\/5, 2,m, 100} and Z is the set of integers then determine B N Z.

9 Describe each of the following subsets of the real number line using either simply

inequality signs without set notation or interval notation [a, b), (a, b), etc.

a.__, —/—— b _—]F-
3 2 -1 0 1 2 3 3 2 -1 0 1 2 3
c ——————— d__. . e=— .
3 2 -1 0 1 2 3 3 2 1 0 1 2 3

10 Use the appropriate interval notation (i.e. [a, b], (a, b), etc.) to describe each of the

following sets:

a{x:-1<x<2}
d {y:-3<y<?2}

g R

h R*U{0)

b {x:-4<x<2}
e {x:x>-1}

{y:0<y<\/§}

c
f {x:x<-2}

i R™U{0}

11 LetA={x:-2<x<8}and B={x:3 < x < 11}. Determine:

a ANB

12 For B ={7,11,25,

a (=2,10]nB

30, 32}, determine:
b (3,00)NB

b AUB

c (2,0)UB

d (25,00)N B

13 For each of the following, use one number line on which to represent the sets:
b [39 OO)’ (_OO, 7], [3a OO) n (—OO, 7]

a [-2,5], [3.4],

[-2,5]1N[3,4]

14 Illustrate each of these sets on a number line:

a [-3,2]U[4,8]

d (=5,-2]U(2,6]

b (—00,2] U [4, )
e (—00,2) U (2, )

¢ (~00,-3)U (0, )

f (—00,-3)U (-3,00)

15 Describe each of the following intersections of intervals as simply as possible:

a (—o00,-3)N (-6, 0)
d [-3,2]n[-1,8]
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b (=c0,1) N (4, )
e [-3,11N[1,8]
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¢ (—00,0]N[-6,00)

f (—co,—1]1N(-10,0c0)
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3BSurds 89

@ Surds

Learning intentions
» To be able to apply the rules for working with surds.

We begin by recalling Pythagoras’ theorem which you have met in previous years.

Pythagoras’ theorem and its converse

m In any right-angled triangle, the square of the length of the
hypotenuse equals the sum of the squares of the lengths of
the other two sides. .

A =a*+ b

m A triangle with side lengths a, b, ¢ which satisfy = a? + b? H

is a right-angled triangle. The right angle is opposite the side
of length c.
From Pythagoras’ theorem we have:
Ifa=b=1,thenc®=2andc = V2
Ifa=1,b=v2,thenc? =12+ (V2)* =3 andc = V3
Ifa=2b=3V2 thenc® =22+ 3V2)’
=44+9x%x2
=22

Therefore, ¢ = V22
We have used properties of square roots in the above which you may be familiar with. We
discuss these on the following page.

A quadratic surd is a number of the form +/a, where a is a rational number which is not
the square of another rational number.

Note: +/a is taken to mean the non-negative square root.

For example:

9 1 9
] \/7, \/2—4, \/; , \/; are quadratic surds = 9, ‘/1_6_, \/; are not surds

Quadratic surds hold a prominent position in school mathematics. For example, the solutions
of quadratic equations often involve surds:

1+V5
X = 2\/_ is a solution of the quadratic equation x*> — x — 1 = 0.

We return to the study of quadratic functions in the following chapter.
Some well-known values of trigonometric functions involve surds.

V2

3
For example: sin 60° = % and sin45° = EX
We consider and apply exact values of trigonometric functions in Chapter 8.

Exact solutions are often required in Mathematical Methods Units 3 & 4.
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90 Chapter 3: Sets of numbers and the arithmetic of surds

Properties of square roots

The following properties of square roots are often used.

For positive numbers a and b:

m Vab = \aVb e.g. V50 = V25 x V2 = 52
a _~a 7_\/7_\/_7

I\/g—% C.g.\/;—%—:3

" (Va)=a

m (Va2)=a

Properties of surds
Multiplication of surds

Using the above properties we can simplify expressions involving square roots.

Write each of the following in the form m+/n where m and n are integers.

a 3V6x4V5 b -7V3x4V2

Mathematical Methods Units 1 & 2
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Solution
a 3V6x4V5=3x4xV6xV5
=12V30

b -7V3x4V2=-7x2xV3x V2
=-28V6

Simplify each of the following:

a (V5) b (3v5)°
Solution
a (V5 =v5 x5
=5
b 3V5) =(3V5)* x3V5

=9x5%x3V5
= 135v5

ISBN 978-1-009-53719-3

Explanation

Property of square roots:

Va x Vb = Vab

Property of square roots:

Va x Vb = Vab

Explanation

(Va Y =a

613 = aZXa

(BV5)' =(3V5)x (3V5)
=3x3xV5x V5
=9x5
=45
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Simplest form

If possible, a factor which is the square of a rational number is ‘taken out’ of a square
root. When the number under the square root has no factors which are squares of a rational
number, the surd is said to be in simplest form.

fC)f Example 6

Write each of the following in simplest form:

7

a V12 b V28 c % d z—z
Solution
a V72 =V36x2 b V28 = Vax7

= V62 x2 = V22 x V7

= V&2 x V2 =2V7

=6V2

700 _ V700 0 [P

144 /144 64 64

V7 x 100 VI x 11

V9 x 16 8
_10v7 _5V7 311
126 -8

Like surds

Surds which have the same ‘irrational factor’ are called like surds.
For example: 3V7, 2V/7 and V7 are like surds.

The sum or difference of two like surds can be simplified:

B mA/p +ny\p = (m+n)\/p
B m\p —ny\p = (m—n)\/p

G Example 7

Express each of the following in simplest form:

a 3V2+5V2-2 b 7V5+4V3-2V5+13
Solution
a3V2+5V2-V2=(3+5-1)V2 b 7V5+4V3-2V5+3
=7V2 =(7-2V5+@+1)V3
=5V5+5V3
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' ® | EENEY:

Express each of the following as a single surd in simplest form:

a V147 + V108 — V363 b V50 +vV2-2Vi8+V8 ¢ 3V28-7V63

Solution
a V147 + V108 - V363 b V50 + V2 -2VI8 + V8
=V72x3+V62x3- V112 x3 =5V2+V2-2x3V2+2V2
=7V3+6V3-11V3 =8V2-6V2
=2V3 =2V2
¢ 3V28 - 7V63 =3V7 x4 - 7V7 x9
=6V7-21V7
=-15V7

B8 Example 9

Expand the brackets in each of the following and collect like terms, expressing surds in
simplest form:

a 3-V2)7 b (3-V2)(1+V2)

Solution

a (3-V2)7° b (3-V2)(1+V2)
=(3-V2)3-V2) =3(1+V2)-V2(1 +V2)
=33-V2)-V2(3-V2) =3+3V2-V2-2
=9-3V2-3V2+2 =1+2V2
=11-6V2

Summary 3B

m A quadratic surd is a number of the form +/a, where a is a rational number which is
not the square of another rational number.

m A surd of order n is a number of the form {/a, where a is a rational number which is
not a perfect nth power.

m When the number under the square root has no factors which are squares of a rational
number, the surd is said to be in simplest form.

m Surds which have the same ‘irrational factor’ are called like surds. The sum or
difference of two like surds can be simplified:

mAp+n\p=(m+n)\/p and m+\p—n+p=(m—n)\p
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Exercise 3B

Example 4 Write each of the following in the form m+/n where m and n are integers:
a 7V3x4V2 b —6V7 x 4V11 c 4V2x7V5
Example 5 Evaluate each of the following:
a (VIT) b (5V2) c 2VI1) d (7V3)
Example 6 Express each of the following in terms of the simplest possible surds:
a V8 b VI2 c V27 d V50
e V45 f V1210 g V98 h V108
i V25 i Vis k V512
Example 6 Express each of the following in terms of the simplest possible surds:
24 63 48 80
£ b ./— == d .=
V25 64 “ Va9 81
Example 7 Simplify each of the following:
a 5V3+11V3-2V3 b 7V5 +2V5 - 45
c 6V2+4V2- VI3 d 4VIT-2V11 -5V13 + 11VI3
e 6V7 +3V17 +4vV6 - 5V17 f 4V3-3V6-V6+5V3
Example 8 Simplify each of the following:
a V8+VI8-2V2 b V75 +2V12-+27
c V28 + V175 - V63 d V1000 — V40 — V90
e V512 + V128 + V32 f V24 -3v6 - V216 + V294
Simplify each of the following:
a V75 + V108 + V14 b V847 — V567 + V63
c V720 — V245 - V125 d V338 — V288 + V363 — V300
e VI2+ V8+ VI8 + V27 + V300 f 2V18 +3V5 - V50 + v20 - V80
Example 9 Expand the brackets in each of the following and collect like terms, expressing surds in
simplest form:
a (5-V2)7° b (7-V2)(1+V2) c 3-V2)3+V2)
d 2-V2)7 e (11-vV5)(1 +5) f 2-V2)(2+V2)
g (V2+V3) h 3V2-VID@EVZ+VI1) i (2V5 - V2)(2V5 + V2)
a Express (4V5 = 1)(V5 + 3) in the form p+ q\/g where p and g are integers.
75 —N27
b Show that g is an integer and determine its value.
¢ Simplify 3V2 - 1)" + 3+ V2 )’
d Simplify (V3 + V12)’
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94  Chapter 3: Sets of numbers and the arithmetic of surds 3B

10 Expand and simplify each of the following:

a 2va-1y b (Vx+1+Vx+2)]

11 Since 8 = V64 and 3V7 = V63, it is easy to see that 8§ > 3V7. Using the same idea,
order these numbers from smallest to largest: 7, 3\/5, 5 \5, 44/3.

12 For real numbers a and b, we have a > b if and only if a — b > 0. Use this to state the
larger of:

a 5-3V2and 6V2 -8 b 2vV6-3and7 -2V6

13 The following refer to the sides of length a, b and ¢ of a right
angled triangle as shown. In each case determine the value of

c as a surd in simplest form: b c
aa=8>b=12 b a=5>b=10

c a=2V3b=3V3 d a=3V3,b=3V2

e a=9,b=3V5 fa=7V2,b=3V7 “

14 A right-angled triangle has a hypotenuse of length 25 cm and one of the shorter sides
has a length of 3V2 cm. Determine the length of the other side.

15 Triangles ABC and ADB are right-angled triangles with D
the right-angles as shown. If AC has length 2 and CB and
BD each have length 1 determine the exact length of:

B
a AB
b AD
A C
16 A rectangle has length 7 cm and width 14 cm. Determine the exact length of the
diagonal.
17 A right-angled triangle is shown with side lengths 2 — V3,
2 + V3 and hypotenuse of length x. Determine: ¥
2+V3
a the value of x
b the perimeter of the triangle
¢ the area of the triangle. 2-3
18 If x = V2 evaluate each of the following:
a x> -2x+3V2 b x*-3x c 2x>-5x—4
19 Ifx=+V3-2, express each of the following in simplest form:
a (x-V3)? b 22 +1 c (x— 1)
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@ Rationalising the denominator

Learning intentions
» To be able to rationalise the denominator of surd expressions.

A neat form for surds is to rationalise any surds in the denominator of an expression. This is
still considered to be a neat way of expressing final answers. For V5, a rationalising factor is

\/5, as V5 x V5 = 5.
Example 10

Rationalise the denominator of each of the following:

aL h\/_§ cﬂ
2V V2 V3

Solution

SIS A RENCR IR E
VT VT4 V2 V2 2 V5 5 7

For 1 + V2, a rationalising factoris 1 — V2, as (1 + V2)(1 = V2) =1 -2 = —1.
For V3 + V6, a rationalising factor is V3 — V6, as (V3 + V6)(V3 - V6) =3 -6 = -3.

[CJY Example 11/

Rationalise the denominator of each of the following:

1 1 3+8
a —— b —— c
2-3 V3 -6 3-8
Solution
a 1 x2+\/§_2+\/§ . 1 X\/§+\/€_\/§+\/€
2-vV3 2+43 4-3 V3-v6 V3+v6e 3-6
=2+13

- _?1(\/3+ V6)

. 3+\/§=3+2\/§X3+2\/§

3-V8 3-2V2 3+2V2
9+ 12V2+38
-

=17+ 12V2

Skill-
sheet ;

Example 10 1 Express each of the following with rational denominators:

1 7 1 2 3
a — b — c —— d — e —
V5 Vi V2 V3 46
1 V3 5 3 .2
f — g — h — i — i —
2V2 Vit 2V7 Vi2 3V10
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96 Chapter 3: Sets of numbers and the arithmetic of surds 3C

Example11 2 Express each of the following with rational denominators:

1 1 1 1 2
a b c d e
2+V2 V2+1 2-3 4 -+10 V6 +2
1 3 1 C3V2+V5 D 7+2411

"5y Rveovs "isav aviowvs O iTovin

3 Express each of the following in the form a + b+/c:

2 2 2
a b (V5+2) c (1+V2)(3-2V2) d (V3-1
=5 P (14 V2) )
[ V3+2 p V5 +1 . V8+3
3 V27 2V3-1 V5-1 Vig +2
4 Letx=V2-1andy=+5-2. Determine the exact value of:
1 1 1 1
ax+y b —+ - c ——-
x oy Xy

5 Solve each of the following equations for x, writing your answers in exact form with
surds in simplest form and rational denominator when appropriate:

X X
a V2x=2 b — =18 c —=VI8
V2 V2
d (V5-2)x=4 e (V3-V2x=2 f—— =V6+5
V6 - V5
g V1-Vo)x=1 h (V5-V3)x=1 i (V5-V2)x=1
6 Ifx=13, express in simplest form with rational denominator, each of the following:
1 1 1
a ; X+ 2 ¢ X+ ’\/5
7 A diagram of a rectangular prism is shown B C
opposite. Determine the lengths of EG and EC y
given that: D
1
a FH=2,HG = EandGC:%
F
b EH=2-V3,HG=2+3and GC = 7V2 G
2 6
¢ EH=-—,HG = — and GC = 6V2
TENE £ "

11
d EH = and GC = V5

11
- JHG =
5-V3 5+43

8 a Use the result that (a + bV2)? = a® + 2abV2 + 2b* to write 4/3 + 2V?2 in the form

m+ nV2.
b Use the result that (a — bV3)? = a® — 2abV/3 + 3b” to write /4 — 23 in the form
m + nV3.

¢ Write each of the following in the form m + n+/c where m, n and c are integers
. [ o [_a
' \3v " Vo
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Chapter summary

Sets

If x is an element of a set A, we write x € A.

If x is not an element of a set A, we write x ¢ A.

If every element of B is an element of A, we say B is a subset of A and write B C A.
Intersection The set A N B contains the elements in common to A and B.

Union The set A U B contains the elements that are in A or in B (or in both).

If the sets A and B have no elements in common, we say A and B are disjoint and write
AN B = . The set @ is called the empty set.

= Sets of numbers:
e Real numbers: R « Rational numbers: Q
o Integers: Z o Natural numbers: N

m For real numbers @ and b with a < b, we can consider the following intervals:

(a,b) ={x:a<x<b} [a,b] ={x:a<x<b}
(a,bl={x:a<x<b} [a,b) ={x:a<x<b}
(a,0)={x:a<x} [a,00) ={x:a < x}
(=co,b)={x:x<b} (—co,b]={x:x<b}
Surds

= A quadratic surd is a number of the form +/a, where a is a rational number which is not
the square of another rational number.

» A surd of order n is a number of the form {/a, where a is a rational number which is not a
perfect nth power.

= When the number under the square root has no factors which are squares of a rational
number, the surd is said to be in simplest form.

= Surds which have the same ‘irrational factor’ are called like surds. The sum or difference
of two like surds can be simplified:

mA[p +nyp = (m+n)\/[p and m+/p—n+\p=(m—n)\p

Skills checklist

Download this checklist from the Interactive Textbook, then print it and fill it out to check
your skills. [zr

1 Ican determine the intersection and union of two sets. (1

See Example 1, Example 2 and Questions 1 and 2

2 Icanillustrate intervals on the real number line. (]

See Example 3 and Question 8
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98 Chapter 3: Sets of numbers and the arithmetic of surds

m 3 Ican multiply two surds together, for example, 3V7 x 5V11. []

See Example 4 and Question 1

4 I can expand powers of surds using the results that Va2 = a and (va)? = a for (]
positive a.

See Example 5 and Question 2

5 Ican write surds in simplest form. []

See Example 6 and Questions 3 and 4

I can add like surds. D

See Example 7, Example 8 and Questions 5 and 6

7 1canexpand a product of binomial factors and collect like terms. (]

See Example 9 and Question 8

8 Ican rationalise the denominator of surd expressions. (]

See Example 10, Example 11 and Questions 1 and 2

Short-resonse questions

1 Describe each of the following using either inequality signs or interval notation:

a O

b T T T T T T T ‘I T

-3 -2-1 0 1 2 4 5
c . o

10 1 2 3 4 5 6 7 8 9 10 11 12 13
d o .

5 4-3-2-101 234567 89
e O————e — .

-6 54 -3 -2-1 01 2 3 4 5 6 7 8
f r—————e [ b
5455401234567 8
g o o -
S Sa 52012345678
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2 Simplify each of the following: E
a 4v28 +3V175 - 5V63 b V800 — V288 + V363 — V242
¢ 3V45 +2v5 - V80 d V28 +2V63 - 5V7
e Va4 + 275 —aV11 f 3v6 — V150 + 11V6
3 Simplify each of the following:
24
a (\/6)6 b \/ﬁ x V50 c %
d (V3 +V27)? e 2+VI0)(V5+v20) f 2V3xV6
2—-1
g (2+V3)? h 2V2-3)3V2-1) i V2
V2 +1
48 — V75
j r—@r K -2V9T+2v5) 1 VA@VE+ - VENE- D)
1
4  Determine the values of a and b such that = 7 (a + b\@)

5 Given that (5V2 — a)(3V2 + a) = bV2 — 6 where a and b are positive integers, determine
the value of @ and b.

6 A right-angled triangle has hypotenuse of length 7v/5 cm and the two other sides have
lengths 5V2 cm and x cm. Determine the value of x.

224
7 Simplify V112 — V63 + ——
V28
8 A rectangle has sides of length 3 + V2 and 1 + 2V2. Determine:
a the perimeter of the rectangle b the area of the rectangle

9 A rectangular prism has a square base with edges of length (2 — V3) m. The volume of
the prism is (2V3 - 3) m*. Determine the height of the prism in the form (a + bV3) m
where a and b are integers.

10 Determine the the distance between the points A and B, expressing your answer as a
surd in simplest form:

a A(1,3),B4.5) b A(2,6),B(8,10) ¢ A(7,2),B(4,11) d AQ3,5),B(5,13)

V5 +1 1
11 Ifx= show that 1 + — = x.
2 X
1 1 1 | . . .
12 Write — + — 4+ — + —— in simplest form with rational denominators.
V2 V6 V8 V12
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100 chapter 3: Sets of numbers and the arithmetic of surds

Multiple-choice questions

1 V20 + V45 is equal to
A 5V15 B 13V5 c 5V5 D V65
2 6V45+3v20is equal to
A 9V65 B 9V5 C 45 D 2443
3 ﬁ may be written as a + bV/7 where a and b are integers. The values of a and b are
Aa=1,b=4 B a=3b=4 Ca=4b=1 Da=9,b=4
4 (4V5 = 1)(V5 + 3) can be written in the form p+ q\/g where p and g are integers. The
values of p and g are
A p=2,q=3 B p=11,g=12 € p=3,q=2 D p=17,q=11
5 S + is equal to
V2 242
A 6-V3 B 6-3V3 c3 D6
2 2
6 If (V5 - 1)Vk = V2, then k is equal to
A3_4\/§ BSJF4\/g Cc3+45 D 6+1V5
7 V288 + V200 — V392 is equal to
5
A 30V2 B 3+4‘f c 8V2 D 16V2
8 V3+1 - v3-1 is equal to
V3-1 V3+1
A0 B % c3 D 2V3
1 , 1.
9 Ifx+-=1++3thenx + — isequal to
X X
Al B 4 C 1+2V3 D 2+2V3
1
10 If x = 3 + 2V2, then the value of vx — T is
X
Al B 2 c 2V2 D 3V3
. V6+1 -
11 The expression ———— can be written in the form aV3 + bV2. The values of a and b
V3+12
are
Aa=2b=1 Ba=-1,b=2 Ca=1b=-1 Da=6,b=-6
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Chapter contents

4A Expanding and collecting like terms

4B Factorising

4C Quadratic equations

4D Graphing quadratics

4E Completing the square and turning points
4F Graphing quadratics in polynomial form
4G Solving quadratic inequalities

4H The general quadratic formula

41 The discriminant

4J Solving simultaneous linear and quadratic equations

4K Families of quadratic polynomial functions

vV VvV VvV VYV VVvVVvVVvVYVYYyYy

4L Quadratic models

A polynomial function has a rule of the type
y=a X"+ a1 X"+ aix +ag
where 7 is a natural number or zero, and ag, ai, . . ., a, are numbers called coefficients.

The degree of a polynomial is given by the value of 7, the highest power of x with a non-zero
coeflicient. For example:

B y = 2x+ 3 is a polynomial function of degree 1

® y = 2x? + 3x — 2 is a polynomial function of degree 2.

This chapter deals with polynomials of degree 2. These are called quadratic polynomials.
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102 chapter 4: Quadratics

m Expanding and collecting like terms

Learning intentions

» To be able to expand and collect like terms when dealing with algebraic expressions.

In order to sketch graphs of quadratics, we need to determine the x-axis intercepts (if they
exist), and to do this we need to solve quadratic equations. As an introduction to the methods
of solving quadratic equations, the first two sections of this chapter review the basic algebraic
processes of expansion and factorisation.

An algebraic expression is the sum of its terms. For example:
m The terms of the linear expression 3x — 1 are 3x and —1.

m The terms of the quadratic expression —2x> + 3x — 4 are —2x%, 3x and —4.

/> ’/\ } m
(o)
o/

Simplify 2(x — 5) — 3(x + 5) by first expanding.

Solution
2x=5-3(x+5)=2x-10-3x—-15
=2x-3x-10-15

Explanation
Expand each bracket.

Collect like terms.

=—x-25

Expand 2x(3x — 2) + 3x(x — 2).

Solution

2x(3x = 2) + 3x(x — 2) = 6x* — 4x + 3x* — 6x
=9x* — 10x

For expansions of the type (a + b)(c + d), proceed as follows:
(a+b)c+d)=alc+d)+blc+d)

=ac +ad + bc + bd

[C)} Example3
Expand the following:

a (x+3)2x-3) b (x—3)2x-2V2)

Solution

a (x+3)2x-3)
=x2x-3)+32x-3)
=2x" -3x+6x-9

=2x>+3x-9

Explanation

Each term in the second pair of brackets is
multiplied by each term in the first.
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b (x-3)2x- 2\/5) Be careful with negative signs.
= x(2x — 2\/5) -32x— 2\/5) You can also complete binomial expansions
=22 —2V2x — 6x + 6V2 with a table; this emphasises the terms.
=2x* — 2V2 + 6)x + 6V2 N 3
2x 2x° —6x

—2V2 | —2v2x | 6V2

You add the terms to complete the

expansion.

[OI Example 4
Expand (2x — 1)(3x? + 2x + 4).
Solution
QRx—-DBx® +2x+4) =2x(Bx> +2x +4) — 1(3x* + 2x + 4)
=6 +4x° +8x—3x2—2x—4

=6 +xX>+6x—4

Perfect squares
Consider the expansion of a perfect square, (a + b)*:
(a+b)* = (a+b)a+b)
=a(a + b) + b(a + b)
=a’> +ab + ab + b*

=da* +2ab + b*

Thus the general result can be stated as:
(a+Db)? =a®+2ab + b*

That is, to expand (a + b)? take the sum of the squares of the terms and add twice the product
of the terms.

°) EXED

Expand (3x — 2).

Solution Explanation
(Bx —2)? = (3x)* + 2(3x)(-2) + (-2)* Use the expansion (a + b)? = a® + 2ab + b*.
—0x2 - 12x+4 Here a = 3x and b = -2.
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104 chapter 4: Quadratics

Difference of two squares
Consider the expansion of (a + b)(a — b):
(a+b)a—->b)=ala-Db)+bla-Db)
=a*—ab+ab- b’
=a* - b?

Thus the expansion of the difference of two squares has been obtained:

(a+b)a-Db)=da*-b*

I Example 6

a Expand (2x — 4)(2x + 4). b Expand (x — 2V7)(x + 2V7).

Solution

a (2x—H)Q2x+4) = 2x)% — (4) b (x-2V7)(x+2V7) = X2 — 2V7)?
=4x* - 16 =x*-28

[® ] Example 7

Expand (2a — b + ¢)(2a — b — ¢).

Solution
Qa-b+c)2a-b—-c)=(Ra-b)+c)((2a—-Db)—c)
= (2a-b)* - ¢?
=4a® — 4ab + b* - ¢*
Summary 4A

= A polynomial function has a rule of the type
Y= anxn "'an—l-xn_1 +---t+a1x+aq

where 7 is a natural number or zero, and ag, ai, . . ., a, are numbers called coefficients.

m The degree of a polynomial is given by the value of n, the highest power of x with a
non-zero coefficient.

m A polynomial function of degree 2 is called a quadratic function. The general rule is
of the form y = ax? + bx + ¢, where a # 0.

m General binomial expansion:
(a+b)(c+d) =alc+d)+blc+d)

=ac + ad + bc + bd

m Perfect square expansion: m Difference of two squares expansion:
(a+b) =d*+2ab+b* (a+b)a—-b)=ad>-b
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1 Expand each of the following:
a2x-4 b -2(x-4) c 3(2x-4)
d -3(4-2x) e x(x—1) f 2x(x—5)

2 Collect like terms in each of the following:
a 2x+4x+1 b 2x-6+x
c 3x+1-2x d —x+2x-3+4x

Examplel 3 Simplify each of the following by expanding and collecting like terms:
a 82x-3)-2(x+4) b 2x(x—-4)-3x
c 42-3x)+4(6-x) d 4-35-2x)

Example2 4 Simplify each of the following by expanding and collecting like terms:
a 2x(x—4)-3x b 2x(x—=5)+x(x-15) ¢ 2x(—10 - 3x)
d 3x(2 -3x+2x%) e 3x—2x(2-x) f 3(4x—-2)—6x

example3 5  Simplify each of the following by expanding and collecting like terms:

a Bx-72x+4) b (x-10)(x—-12) c Bx—-1)(12x+4)

d (4x-5)2x-3) e (x—V3)(x-2) f (2x— V5)(x+V5)

g Gx-2V)(x+V7) h (5x-3)(x+2V2) i (V5x-3)(V5x-32V2)
Example4 6 Simplify each of the following by expanding and collecting like terms:

a 2x-3)3x* +2x—4) b (x— DO +x+1)

c (6-2x-3x%)(4-2x) d Gx-3)(x+2)-2x-3)(x+3)

e (2x+3)3x—2) - (4x +2)(4x - 2)

Example5 7  Simplify each of the following by expanding and collecting like terms:

a (x—4)? b (2x-3)? c (6-2x)?
1 2

¢ (x‘z) e (x=V57 f (x-2V3)
Example6 8 Simplify each of the following by expanding and collecting like terms:

a (x-3)(x+3) b 2x—-4H2x+4)

c Ox—-1D)OOx+11) d 2x-3)2x+3)

e 2x+5(2x-5) f (x—V5)(x+V5)

g (2x+3V3)(2x-3V3) h (V3x - VD(V3x +V7)
Example 7 9 Simplify each of the following by expanding and collecting like terms:

a(x—-y+x—-y—2) b Qa—-b+c)2a-b-c)

¢ Bw—4z+u)Bw+4z—u) d (2a-V5b +¢)2a+ V5b + )
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10 Determine the area of each of the following by:
i adding the areas of the four ‘non-overlapping’ rectangles (two of which are squares)

il multiplying length by width of the undivided square (boundary in blue).

a T b 1 cm
1 2| xem T
+ 1 2 | xcm
3 4 |1cm
< xcm-—» lcm Iem ) g l

m Factorising

Learning intentions
» To be able to factorise algebraic expressions including quadratic expressions.

Four different types of factorisation will be considered.

Factorisation using common factors

If each term in an algebraic expression to be factorised contains a common factor, then this
common factor is a factor of the entire expression. To determine the other factor, divide each
term by the common factor. The common factor is placed outside the brackets. This process
is known as ‘taking the common factor outside the brackets’.

a Factorise 9x% + 81.x. b Factorise 2a> — 8ax?.
Solution Explanation
a 9x°+8lx=9xXxx+9xx9 The common factor 9x is ‘taken out’
=9x(x +9) of the brackets.
b 2a*> — 8ax> = 2a X a — 2a X 4x* The common factor 2a is ‘taken out’
= 2a(a — 4x%) of the brackets.

Note: The answers can be checked by expanding.

In general, take out as many common factors as possible.

o
® Example 9

Factorise 7x%y — 35xy”.

Solution Explanation

Tx%y — 35xy% = Txy(x — 5) The common factor 7xy is ‘taken
out’ of the brackets.
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4B Factorising 107

This method can be used for expressions containing four terms.

\: ©Jf Example 10

Factorise x> + 4x% — 3x — 12.

Solution

X +4xr-3x-12= (3 +4x%) - Bx + 12)
=22(x+4)-3(x+4)
= (& =3)(x+4)

Difference of two squares

Explanation

The terms in this expression can be
grouped as shown.

The common factor (x + 4) is ‘taken out’
of the brackets.

You will recall the following identity from the previous section:

(a+b)a-b)=d*-b*

We can now use the result the other way in order to factorise:

a* - b* = (a+b)a-Db)

a Factorise 3x2 — 75.
b Factorise 9x2 — 36.

Solution
a 3x2-75=3(x*-25)
=3(x+5x-5)

b 9x* —36 =9(x* —4)
=9(x —2)(x +2)

[CI} Example 12
Factorise (x — y)? — 16y”.

Solution

(x=y)7* = 16y* = (x - y)* — (4y)?

=(x—y+4y)(x—y—4y)

= (x+3y)(x = 5y)

Mathematical Methods Units 1 & 2 ISBN 978-1-009-53719-3
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Explanation
First ‘take out’ the common factor 3.

Use the difference of squares identity.

First ‘take out’ the common factor 9.

Use the difference of squares identity.

Explanation

Use the difference of squares identity
a* - b* = (a+b)a-Db)

with a = (x —y) and b = 4y.
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Factorising quadratic polynomials
A quadratic polynomial is an expression of the form ax? + bx + ¢ with a # 0. We have seen
in the previous section that we can expand a product of two binomial factors to obtain a
quadratic expression. For example:
x+2)(x-4) =x(x—-4+2(x—-4)
=x*—4x+2x-8
=x*—2x-8
We want to be able to reverse this process. That is, we want to start from the expanded

expression and obtain the factorised form. We have already done this for expressions that are
differences of squares. We now turn our attention to the general case.

Factorise x> — 2x — 8.

Solution Explanation
Using the method described in the explanation We want
opposite, we can factorise without any further 2 -2x—8=(x+a)x+b)

setting out:

X =2x—-8=(x-4(x+2)

=x>+(a+b)x+ab
The values of a and b are such that

Alternatively, we can reverse the process we ab=—-8anda+b=-2.

used for expanding:
P £ Values of a and b which satisfy these

2 2
¥ -2x-8=x"—-4x+2x-38 two conditions are a = —4 and b = 2.
=x(x—4)+2(x-4)
= (x—4)(x+2)

A quadratic polynomial is called a monic quadratic polynomial if the coefficient of x? is 1.
The quadratic polynomial x> — 2x — 8 factorised in the previous example is monic.

Factorising non-monic quadratic polynomials involves a slightly different approach. We need
to consider all possible combinations of factors of the x*> term and the constant term. The next
example and the following discussion give two methods.

JCl) Example 144

Factorise 6x* — 13x — 15.

Solution
. Factors of | Factors of | ‘Cross-products’ add
There are several combinations of 2 15 © o 13
. X - o give —13x
factors of 6x and —15 to consider. £
Only one combination is correct. 6x <+5 +5x
6x* - 13x— 15 = (6x + 5)(x - 3) x> 3 —18x
—13x
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4B Factorising 109

Here is a second method for factorising 6x> — 13x — 15 which still requires some trial and
error but is more systematic. It is the reverse process of expanding (x — 3)(6x + 5).

We let

ax® +bx +c = (ax + V(Px + 9d)
Expanding the right-hand side gives

ax> + bx + ¢ = afx® + (yp + ad)x + vd
Note that ac = afyd and b = yf + ad.
We now apply this to factorising 6x> — 13x — 15.

First we look for two numbers that multiply together to give ac and add to give b. That is, we
look for two numbers whose product is 6 X (—=15) = =90 and whose sum is —13.

The two numbers are —18 and 5. We write:
6x* — 13x — 15 = 6x — 18x + 5x — 15
=6x(x—-3)+5(x-3)
=(x—=3)(6x+)5)

Factorise 8x% + 2x — 15.

Solution Explanation

8x2 +2x—15=8x*+12x - 10x - 15 Here ac = 8 X (—=15) = =120 and b = 2.
= 4x(2x +3) - 52x + 3) We look for two numbers whose product
=(@x-502x+3) is —120 and whose sum is 2.

The two numbers are 12 and —10. So we
write 2x = 12x — 10x.

It is sometimes possible to take out a common factor first to simplify the factorisation.

*\»] Example 16

Factorise 2x% + 6x — 20.

Solution Explanation

2x% + 6x — 20 = 2(x* + 3x — 10) The common factor 2 is ‘taken out’ first.
=2(x+5)(x-2)
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Example 9

Example 10

Example 11

110 chapter 4: Quadratics

® Example 17

Factorise (x + 1) = 2(x + 1) — 3.

Solution

(x+1)?-2x+1)-3=a*-2a-3

=(@a-3)a+1)
=(x+1-=-3)(x+1+1)
=(x-2)(x+2)

4B

Explanation

The substitution a = x + 1 makes
it easier to recognise the required
factorisation.

f Summary 4B

constant term.

m Difference of two squares identity: a> — b*> = (a + b)(a — b).
m Factorisation of monic quadratics: To factorise a quadratic of the form x* + bx + ¢,
determine two numbers whose sum is the coefficient of x and whose product is the

m Factorisation of general quadratics: To factorise a quadratic of the form ax? + bx + c,
determine two numbers e and f whose product is ac and whose sum is b. Split the
middle term bx as ex + fx and then factorise by grouping.

Exercise 4B

1 Factorise each of the following:

a 2x+4 b 4a -8 c 6-3x
d 2x-10 e 18x+12 f 24 -16x
2 Factorise:
a 4x> —2xy b 8ax+ 32xy c 6ab—12b
d 6xy+ 14x%y e x*>+2x f 5x2 - 15x
g —4x> - 16x h 7x+49x? i 2x—x°
3 Factorise:
a 6x°y? + 12y%x? b 7x%y — 6y*x c 8x%y? + 6y°x
4  Factorise:
a xX+5x°+x+5 b xy+2x+3y+6 c Xy —-x*-y"+1
d ax+ay+bx+ by e -3 +a-3 f 2ab —12a - 5b + 30
g 2x2—2x+5x-5 h ¥ —4x+2x*>-8 i X —bx*—ad’x+a’b
5 Factorise:
a x*-36 b x*-8l c xX>-a° d 4x* -8l
e 9x2 - 16 f 25x% —y? g 3x*-48 h 2x*-98
i 3ax’ —27a jiat-7 k 24>-5 I x2-12
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Example 12 6 Factorise:
a (x-272-16 b 25— 2+ x)?
d (x-2)? —(x+3)? e (2x—3)? — (2x + 3)?
Example13 7 Factorise:
a x>-7x-18 b y> - 19y +48
d @®+ 18a+81 e x> —5x-24
Example 14,15 8 Factorise:
a 3x2-7x+2 b 6x2+7x+2
d 2x2+9x+4 e 6x%—19x+ 10
g 12x2-17x+6 5x2—4x—12
Example16 9 Factorise:

a 3y*-12y-36
d 3x% +15x+18

b 2x* — 18x +28

e ax’+7ax+ 12a

Example17 10 Factorise:
a (x-1)2+4x-1)+3
b 2(x-1%+5x-1)-3
c 2x+ 1) +72x+1)+12

m Quadratic equations

Learning intentions

4C Quadratic equations 111

3x+ 12 -12
(2x - 12— (Bx +6)?

a? — 14a + 24
X2 =2x-120

5x%+23x+ 12
6x2—7x-3

i 503 —16x% + 12x

4x%2 —36x+ 72
48x — 24x2 + 33

» To be able to solve quadratic equations by simple factorisation.

This section looks at the solution of quadratic equations by simple factorisation. There are

three steps to solving a quadratic equation by factorisation:

Step 1  Write the equation in the form ax? + bx + ¢ = 0.

Step 2 Factorise the quadratic expression.

Step 3 Use the result that mn = 0 implies m = 0 or n = 0 (or both); this is known as the

null factor theorem.

For example, to solve the equation x> — x = 12:

2-x=12
¥-x-12=0 (Step 1)
(x—4)(x+3)=0 (Step 2)
x=4=0 or x+3=0 (Step 3)

x=4 or x=-3

In the simplest cases, the first two steps may have been done already.
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NGO Example 18

Solve x2 + 11x +24 = 0.

Solution Explanation
2 ‘ Y ‘ 1l The quadratic can also be factorised in the
| following way:
+3 | +

xﬂ< 3| 4 1lx+24 =2 +8x+3x+24
x +8 | +8x

—_— =x(x+8)+3(x+8)

+11

* = (x+8)(x+3)

Factorising gives
P+ 1lx+24=0
x+3)(x+8) =0
x+3=0 or x+8=0

x=-3 or x=-8

Note: We can check the answer for this example by substituting into the equation:
(-3 +11(-3)+24=0
(-8 + 11(-8)+24 =0

Example 19

Solve 2x2 + 5x— 12 = 0.

Solution Explanation

D52 ’ _12 ‘ LG The quadratic can also be factorised in the

following way:

2x -3 | -3x 5 5
2x°+5x—-12=2x"+8x—-3x—-12
X +4 | +8x
=2x(x+4)-3(x+4)
+5x

=2x-3)(x+4)
Factorising gives
2% +5x—12=0
2x-3)(x+4)=0
2x—-3=0 or x+4=0

3
X==— or x=-4
2
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4C Quadratic equations 113

(Using the TI-Nspire CX non-CAS )

To solve the quadratic equation 2x> + 5x — 12 = 0, use a Calculator application.

m Select > Algebra > Polynomial Tools >
Find Roots of Polynomial. |

Roots of a Polynomial

m Select ok in the initial pop-up screen, and SR
then complete as shown opposite. =
b
a= [12 [»]

3
m Hence x = —4orx= 7

Note: You can also use > Algebra > Numerical Solve. But you need to be careful,
as quadratic equations can have two solutions. You may need to try several guess
values using the syntax: nSolve(equation, x = guess value).

(Using the Casio
To solve the quadratic equation 2x> + 5x — 12 = 0:

m Press (MENU) (1) to select Run-Matrix mode. 8 EaiRedfon] ([(C)fel

SolveN(2x2+5x-12=0)

[+

m Select the numerical solver by going to

Calculation (F4), then SolveN (F5). " ' 2
m Enter the equation:
@D HE XD [Solveld/dx|d?/dx? J dx [SolveNEi=m
(-)(e)

m Press (EXIT).

3
m Hence x = —-4orx= R
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Applications of quadratic equations

Problems involving the solution of quadratic equations arise in many situations. We will meet
more such problems in Section 4L.

[® Example 20

The perimeter of a rectangle is 20 cm and its area is 24 cm?. Calculate the length and
width of the rectangle.

Solution
Let x cm be the length of the rectangle and y cm the width.

Then 2(x + y) = 20 and thus y = 10 — x.

The area is 24 cm? and therefore xy = x(10 — x) = 24.

ie. 10x — x> =24
X =10x+24=0
x-6)(x-4=0

Thus the length is 6 cm or 4 cm. The width is 4 cm or 6 cm.

P
Summary 4C
To solve a quadratic equation by factorisation:

Step 1 Write the equation in the form ax? + bx + ¢ = 0.
Step 2 Factorise the quadratic polynomial.

Step 3 Use the result that mn = 0 implies m = 0 or n = 0 (or both).

sheet @

1 Solve each of the following for x: E
a (x-2)(x-3)=0 b x2x-4)=0 c (x—-4H2x-6)=0
d B-x)(x-4)=0 e 2x-6)(x+4)=0 f2x(x-1)=0
g 5-2006-x=0 h =16

2 Use a calculator to solve each of the following equations. Give your answer correct to
two decimal places.

a x’-4x-3=0 b 2x2-4x-3=0 c 2x2-4x+3=0

Example 18 3 Solve for x in each of the following:

ax’-x-72=0 b x>-6x+8=0 c x> -8x-33=0
d x(x+12) =64 e ¥*+5x-14=0 f x2=5x+24
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Example 19 4  Solve for x in each of the following:

a 2x2+5x+3=0 b 4x2-8x+3=0 c 6x2+13x+6=0
d 2x2-x=6 e 6x2+15=23x f2x2-3x-9=0
g 10x>-11x+3=0 h 122 +x=6 i 4x% + 1 =4x

1 3
j x(x+4) =5 k 7x2=7x I x> +8x=-15

m 5x2=11x-2

5 Calculate the value of x. X cm

T Area =30 cm2

l X cm

<—7cm—>

6 The bending moment, M, of a simple beam used in bridge construction is given by the
formula

M=t X
2 * 77

If £ =13 m,w =16 kg/m and M = 288 kg m, calculate the value of x.

7 The height, & metres, reached by a projectile after 7 seconds travelling vertically
upwards is given by the formula # = 70 — 162, Calculate ¢ if / is 76 metres.

n(n —3)

8 A polygon with n sides has diagonals. How many sides has a polygon with

65 diagonals?

9 For a particular electric train, the tractive ‘resistance’ R at speed v km/h is given by
R = 1.6 + 0.03v + 0.003v. Determine v when the tractive resistance is 10.6.

Example20. 10 The perimeter of a rectangle is 16 cm and its area is 12 cm?. Calculate the length and
width of the rectangle.

11 The altitude of a triangle is 1 cm shorter than the base. If the area of the triangle is
15 cm?, calculate the altitude.

12 Tickets for a concert are available at two prices. The more expensive ticket is $30 more
than the cheaper one. Determine the cost of each type of ticket if a group can buy 10
more of the cheaper tickets than the expensive ones for $1800.

13 The members of a club hire a bus for $2100. Seven members withdraw from the club
and the remaining members have to pay $10 more each to cover the cost. How many
members originally agreed to go on the bus?
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@ Graphing quadratics

Learning intentions

» To be able to graph quadratic relations which are simple transformations of y = x2.

A quadratic polynomial function is defined by the general rule
y=ax’ +bx+c

where a, b and c are constants and a # 0. This is called polynomial form.

The parabolay = x?

The simplest quadratic function is y = x*. If a table of values is constructed for y = x* for
—3 < x < 3, these points can be plotted and then connected to produce a continuous curve.

x| 3] 2] 1] 0o [ 1
y | ol 4] 1| o 1] 4o

Features of the graph of y = x*: y
A

m The graph is called a parabola. 104~ Axis of symmetry

m The possible y-values are all positive real
numbers and 0. (This is called the range of the y=x2
quadratic and is discussed in a more general 6 -
context in Chapter 6.) 4 4

m The graph is symmetrical about the y-axis. The 7]
line about which the graph is symmetrical is
called the axis of symmetry. 7'3 7‘2 7'1 O\ '1

» X

m The graph has a vertex or turning point at the Vertex ir tuining point
origin (0, 0).

® The minimum value of y is 0 and it occurs at the
turning point.

Transformations of y = x>

By a process called completing the square (to be discussed in Section 4E), all quadratics
in polynomial form y = ax? + bx + ¢ may be transposed into what will be called the
turning point form:

y=a(x-h?+k
We first consider the effect of changing the value of a for our basic graph of y = x?.

We then consider the effect of changing /4 and k for graphs of the form y = ax?. Graphs
of the form y = a(x — h)* + k are formed by translating the graph of y = ax?. The graph
of y = a(x — h)?> + k is exactly the same shape as y = ax?. All of these graphs are indeed
congruent to y = ax? and each other.
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4D Graphing quadratics 117

Graphs of y = ax?

We first consider graphs of the form

y = ax?. In this case both 4 = 0 and Iy =2x2
k = 0. In the basic graph of y = x?, the / ,
value of a is 1. / yox
The following graphs are shown on the y= %x2
same set of axes:

y =

y=2x (a=2) 3 > X

i e

y=-2x> (a=-2)

\
\ = —2x2
\

If a > 1, the graph is ‘narrower’. If 0 < a < 1, the graph is ‘broader’. The transformation
which produces the graph of y = 2x? from the graph of y = x? is called a dilation of factor 2
from the x-axis.

When a is negative, the graph is reflected in the x-axis. The transformation which produces
the graph of y = —x? from the graph of y = x? is called a reflection in the x-axis.
Graphs of y = x? + k

On this set of axes are the graphs of

=x2
y= v y=x2+1
y=x*-2  (k=-2) y=x2
y=x+1 (k=1)
As can be seen, changing kK moves the basic y=x2-2
graph of y = x? in a vertical direction.
T T T T > X
-2 1 0 1 2
-1
2o

m When k = -2 the graph is translated 2 units in the negative direction of the y-axis. The
vertex is now (0, —2) and the range is now all real numbers greater than or equal to —2.

m When k = 1 the graph is translated 1 unit in the positive direction of the y-axis. The
vertex is now (0, 1) and the range is now all real numbers greater than or equal to 1.

All other features of the graph are unchanged. The axis of symmetry is still the y-axis.
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Graphs of y = (x — h)?
On this set of axes are the graphs of /
2

As can be seen, changing 7 moves the 47
graph in a horizontal direction.

hapter 4: Quadratics

y=e+3? =2 y=(-2)

y=x 9
y=(x=-2  (h=2) /
y=@x+3?  (h=-3)

When £ = 2 the graph is translated
2 units in the positive direction of the T R N o
x-axis. The vertex is now (2, 0) and the

axis of symmetry is now the line x = 2.

When i = -3 the graph is translated 3 units in the negative direction of the x-axis. The
vertex is now (=3, 0) and the axis of symmetry is now the line x = -3.

In both cases, the range is unchanged and is still all non-negative real numbers.

Examples of transformations

By combining dilations, reflections and translations, we can sketch the graph of any

quadratic expressed in the form y = a(x — h)? + k:

m The vertex is the point (A, k).

m The axis of symmetry is x = A.

m If 7 and k are positive, then the graph of y = a(x — h)? + k is obtained from the graph
of y = ax? by translating / units in the positive direction of the x-axis and k units in the
positive direction of the y-axis.

m Similar results hold for different combinations of 4 and k positive and negative.

Sketch the graph of y = x> — 3.

Solution

The graph of y = x? — 3 is obtained from the graph of y = x* A
by translating 3 units in the negative direction of the y-axis.

The vertex is now at (0, —3). The axis of symmetry is the
line with equation x = 0.

To determine the x-axis intercepts, let y = 0:

0=x"-3
=3
x=+V3

Hence the x-axis intercepts are +V3.
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©) BT
Sketch the graph of y = —(x + 1)

Solution

The graph of y = —(x + 1)? is obtained from the graph of A
y = x” by a reflection in the x-axis followed by a translation of
1 unit in the negative direction of the x-axis.

The vertex is now at (—1, 0).
The axis of symmetry is the line with equation x = —1.

The x-axis intercept is —1.

Sketch the graph of y = 2(x — 1) + 3.

Solution

The graph of y = 2x? is translated 1 unit in the positive direction of b
the x-axis and 3 units in the positive direction of the y-axis.

The vertex has coordinates (1, 3).
The axis of symmetry is the line x = 1.
The graph will be narrower than y = x2. 3

(1,3)
The range will be y > 3.

To add further detail to our graph, we can determine the axis :
intercepts: 0 1 2

y-axis intercept
Whenx=0, y=2(0-1)>+3=5.

x-axis intercepts
In this example, the minimum value of y is 3, and so y cannot be 0. Therefore this graph
has no x-axis intercepts.

Note: Another way to see this is to let y = 0 and try to solve for x:
0=2(x-17>+3
—2) = U= 17
— = (=1

As the square root of a negative number is not a real number, this equation has no
real solutions.
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Sketch the graph of y = —(x + 1)* + 4.

Solution

The vertex has coordinates (—1,4) and so the Y
axis of symmetry is the line x = —1. A
y-axis intercept -1,4)
When X = 0, (0’ 3)

y=—0+1>+4

1,0)
_ 3 (1, -
3,00 o g

.. the y-axis intercept is 3.
Xx-axis intercepts
When y = 0,

SOED D=0

(x+ 12 =4
x+1=42
x=+2-1

.. the x-axis intercepts are 1 and —3.

Summary 4D

m The graph of y = x? is called a parabola. The vertex (or turning point) is the point (0, 0)

and the axis of symmetry is the y-axis.

turning point form y = a(x — h)* + k.

For y = ax? and a > 1, the graph is ‘narrower’ than the graph of y = x.

The graph of y = —x? is the reflection of the graph of y = x? in the x-axis.

2

Fory = ax® and 0 < a < 1, the graph is ‘broader’ than the graph of y = x%.

All quadratic functions in polynomial form y = ax? + bx + ¢ may be transposed into the

m The graph of y = a(x — h)?> + k is a parabola congruent to the graph of y = ax?.

e The vertex (or turning point) is the point (%, k).

e The axis of symmetry is x = A.

o If h and k are positive numbers, then the graph of y = a(x — h)* + k is obtained from

the graph of y = ax? by translating & units in the positive direction of the x-axis and

k units in the positive direction of the y-axis.

e Similar results hold for different combinations of 4 and k positive and negative.
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Sketch the graph of each of the following quadratics by first finding: E
i the coordinates of the turning point
ii the axis of symmetry

ifi the x-axis intercepts (if any).

Example21] 1 a y=x>-4 b y=x>+2 cy=-x>+3
dy=-2x*+5 e y=-x>+4 fy=3x-9
Example22 2 a y=(x-2)? b y=(x+3) cy=—(x+1)? d y=—%(x—4)2
Example23,24 3 a y=(x—-2)>+1 b y=(x-2>-1 cy=(@x-1>%+2
dy=x+17%-1 e y=—(x-3)72+1 fy=(x+27>-4
g y=2(x+2)?%-18 h y=-3(x-4>+3 iy:—%(x+5)2—2
i y=3x+2?%-12 k y=-4x-2)%+8 Iy:%(x—1)2—3

m Completing the square and turning points

Learning intentions
» To be able to complete the square of a quadratic expression.

To sketch the graph of a quadratic using the techniques from the previous section, the
quadratic must be expressed in turning point form. This can be done using two different but
related methods: by completing the square and by using the equation of the axis of symmetry.
Completing the square
To transpose a quadratic in polynomial form we can complete the square.
Consider the expansion of a perfect square:

(x+a) =x*+2ax+d*
The last term of the expansion is the square of half the coefficient of the middle term.
Now consider the quadratic polynomial

X +2x-3
This is not a perfect square. However, by adding and subtracting a new term, we can form a
perfect square as part of a new expression for the same polynomial.

We have that
PH2x+1=(x+1)7

which is a perfect square. In order to keep our original quadratic ‘intact’, we both add and
subtract the ‘correct’ new term. For example:

PH2x-3=+2x+1)-1-3

=(x+1)* -4
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122 chapter 4: Quadratics

Hence the quadratic y = x*> + 2x — 3 is expressed in turning point form as y = (x + 1)> — 4, and

so the vertex (turning point) of its graph is the point with coordinates (-1, —4).

In the above example, the coefficient of x2 was 1. If the coefficient is not 1, this coefficient

must first be ‘factored out’ before proceeding to complete the square.

A geometric representation of completing the square

Completing the square for x> + 2x is represented in the following diagrams. The diagram on

the left shows x> + 2x. The small rectangle to the right is moved to the ‘base’ of the x by x
square. The red square of area 1 unit is added. Thus x> + 2x + 1 = (x + 1)%.

|

l 11 ‘

- X ——>

Solving equations by completing the square

The process of completing the square can also be used for the solution of equations.

Solve each of the following equations for x by first completing the square:

ax>-3x+1=0
b 2x>-3x-1=0
Solution
a Completing the square:
X =3x+1=0

2 2
x2—3x+(§) —(%) +1=0

Explanation

1
EX(—3)=—

329
We add and subtract (—5) = 1 on the

( 3 )2 5 left-hand side of the equation.
x—=) -—==0
2 4 This gives an equivalent expression to
(x 3 §)2 _ § the expression of the left-hand side.
2 4 Solve the equation as shown.
345
Theref ——=t—
erefore % — = 5
and so _§+ﬁ_31\/§
T2t T2
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4E Completing the square and turning points 123

b Completing the square:

Divide both sides by 2 before

22 _3x-1=0 completing the square.
3 1 1 3 3
22 N\ _ 0 (sl
2(x 2" 2) 0 2 ( 2) 4
2 2 3 9
X - %x+(§) _(2) _% =0 We add and subtract (_Z) T
the left-hand side of the equation.
( 3)2 17
x— — = —
4 16
17
Therefore x— - = ig
and so - + VI7 _3£V17
X=——4—=
4 4 4

Sketching the graph of a quadratic polynomial after completing the square

Completing the square enables the quadratic rule to be written in turning point form. We have
seen that this can be used to sketch the graphs of quadratic polynomials.

ECJ Example 26

Determine the coordinates of the vertex by completing the square and hence sketch the
graph of y = —2x% + 6x - 8.

Solution
Take out —2 as a common factor and then complete y
the square: A
T T T T > X
y=-2x+6x—8 o] 1 2
— _9(y2 _
=-2(x"-3x+4) . (2 *Z)
2(2 =35+ (2] = (2) +4 B 2
=— -3x+(=] =) +
e -3e+ (5] - (5) +4) =
32 7 ]
(x 2 4) ]
3\2 7 -8 -
2_2( __) !
Y *72) T2

3 7 3
Therefore the vertex is (5 —5) and the axis of symmetry is x = 2
The y-axis intercept is —8.

. 7 .
The graph has maximum value of ~5 and so there are no x-axis intercepts.
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124 chapter 4: Quadratics

The equation for the axis of symmetry of a parabola

We first complete the square for y = ax’ + bx + c:

y=ax’> +bx+c

, b ¢
=alx"+-x+ -
a a
, b b ¥ ¢ .
=alx*+-x+-——-——+-— completing the square
a  4a> 4a®> a

b\2 b
a(x+%) —E-FC

Axis of symmetry of a parabola

For a quadratic function written in polynomial form y = ax® + bx + ¢, the axis of symmetry

of its graph has the equation x = 5=
a

Therefore the x-coordinate of the turning point is ~5a Substitute this value into the
a
quadratic polynomial to determine the y-coordinate of the turning point.

[C)§ Example 27

Use the axis of symmetry to determine the turning point of the graph and hence express in
turning point form:

ay=x>-4x+3
b y=-2x+12x-7

Solution Explanation
a The x-coordinate of the turning point is 2. Here a = 1 and b = —4, so the axis of
. -4
Whenx=2, y=4-8+3=-1. symmetrylsx=—(7)=2.

The coordinates of the turning point For the turning point form

are (2, -1). y = a(x — h)?> + k, we have found
Hence the equation is y = (x — 2)* — 1. thata=1,h=2and k = 1.
b The x-coordinate of the turning point is 3. Here a = -2 and b = 12, so the axis of
. 12

Whenx =3, y=-2x3?+12x3-7=11. symmetryisx = —(-_—4)=3-

The coordinates of the turning point For the turning point form

are (3, 11). y = a(x — h)> + k, we have found

Hence the equation is y = —2(x — 3)> + 11. thata = -2, h =3 and k = 11.
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Summary 4E

Quadratic equations can be solved by completing the square. This method allows us to

deal with all quadratic equations, even though some have no solutions.

To complete the square of x* + bx + c: ) 2
e Take half the coefficient of x (that is, 5) and add and subtract its square T
To complete the square of ax’ + bx + c:

o First take out a as a factor and then complete the square inside the bracket.

b
The axis of symmetry of the graph of y = ax? + bx + ¢ has equation x = ——.
a

To convert the quadratic function y = ax? + bx + ¢ into turning point form using the
axis of symmetry:

b
1 The x-coordinate 4 of the vertex of the parabola is r
a

2 Determine the y-coordinate k of the vertex by substituting in y = ax® + bx + c.
3 Substitute these values for 4 and k in y = a(x — h)* + k.

sheet \-}

Example 25 3

Example 26 4

Example 27 6

Expand each of the following:

a (x—1)7? b (x+2)? c (x-3)? d (—x+3)
e (—x-2) f (x-5)7 g (x—-l—)z h (x—§)2

2 2
Factorise each of the following:
a x’—4x+4 b x>-12x+36 ¢ —x*+4x—4 d 2x* —8x+38
e —2x>+12x—-18 fxz—x+;1 gx2—3x+§ hx2+5x+?
Solve each of the following equations for x by first completing the square:
ax’-2x-1=0 b x*»-4x-2=0 c xX>-6x+2=0
d X*-5x+2=0 e 2x—4x+1=0 f3x*-5x-2=0
g X>+2x+k=0 h kx> +2x+k=0 i X>-3kx+1=0

Express each of the following in the form y = a(x — h)? + k by completing the square.
Hence state the coordinates of the turning point and sketch the graph in each case.

ay=x>-2x+3 b y=x>+4x+1 c y=x>-3x+1
Express each of the following in the form y = a(x — h)*> + k by completing the square.
Hence state the coordinates of the turning point and sketch the graph in each case.
ay=2x2-2x-5 b y=4x>+8x+8 c y=3x>-6x—-4

Express each of the following in the form y = a(x — h)? + k using the axis of symmetry.
Hence state the coordinates of the turning point and sketch the graph in each case.

ay=x>-8x+12 b y=x*-x-2 c y=2x>+4x-2
dy=-x>+4x+1 e y=-2x>-12x-12 fy=3x2-6x+12
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m Graphing quadratics in polynomial form

Learning intentions
» To be able to graph a quadratic polynomial written in polynomial form.

It is not always essential to convert a quadratic to turning point form in order to sketch its
graph. We can sometimes determine the x- and y-axis intercepts and the axis of symmetry
from polynomial form by other methods and use these details to sketch the graph.
Step 1 Determine the y-axis intercept

Let x = 0. For the general quadratic y = ax’ + bx + c, this gives

y = a(0)* + b(0) + ¢

y=c

Hence the y-axis intercept is always equal to c.
Step 2 Determine the x-axis intercepts

Let y = 0. In general, this gives

0=ax’>+bx+c

In order to solve such an equation it is necessary to factorise the right-hand side and
then use the null factor theorem.

Step 3 Determine the equation of the axis of symmetry
Once the x-axis intercepts have been found, the equation of the axis of symmetry
can be found by using the symmetry properties of the parabola. The axis of
symmetry is the perpendicular bisector of the line segment joining the x-axis
intercepts.

Step 4 Determine the coordinates of the turning point
The axis of symmetry gives the x-coordinate of the turning point. Substitute this
into the quadratic polynomial to obtain the y-coordinate.

I} Example 28

Determine the x- and y-axis intercepts and the turning point, and hence sketch the graph of

y = x2 — 4x.
Solution
Step1 ¢ = 0. Therefore the y-axis intercept is 0.
Step2 Lety=0. Then
0=x>—4x
0=x(x—-4)

x=0or x=4

The x-axis intercepts are 0 and 4.
. . . . _ 0+4 .
Step 3 The axis of symmetry is the line with equation x = — that is, x = 2.

Step4 Whenx =2, y=(2)>-4(2) = —4. The turning point has coordinates (2, —4).
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G Example 29

Determine the x- and y-axis intercepts and the turning point, and hence sketch the graph of

y=x2-9.
Solution
Step 1 ¢ = —9. Therefore the y-axis intercept is —9. Y

Step2 Lety = 0. Then
0=x*-9
0=x+3)(x-3)

x=-3 or x=3

The x-axis intercepts are —3 and 3.

Step 3 The axis of symmetry is the line with equation

-3+3
X =

, thatis, x = 0.

Step4 Whenx=0, y=(0>-9
=
The turning point has coordinates (0, —9).

| ® ] Example 30

Determine the x- and y-axis intercepts and the turning point, and hence sketch the graph of
2
y=x +x—12.

Solution

Step 1 ¢ = —12. Therefore the y-axis intercept is —12. y

Step2 Lety=0. Then
0=x>+x-12
O=(x+4)(x-3)

x=—-4or x=3

The x-axis intercepts are —4 and 3.

Step 3 The axis of symmetry is the line with equation
—-4+3 1

2 2

X

Step4 Whenx=-1, y=(-1?+(-H-12
=-121

The turning point has coordinates (— % ,—1 2%).
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(Using the TI-Nspire CX non-CAS

To graph the quadratic function with rule

y=x*+x-12:

m Enter the rule in the entry line of a Graphs
application as shown, and press (enter).

m Using > Window/Zoom > Window
Settings, select the window settings
—10 < x <10 and —15 <y < 15 to obtain
the graph shown.

\_

(1.1

|
n f1 (\')=x2+x—12

iii

R T 10
£1(x)=x2+x-12

(Using the Casio

To graph the quadratic function with rule
y=x>+x-12:

m Press to select Graph mode.

= Enter the expression x> + x — 12in Y1:

=)
m Select Draw (Fs6).
® Adjust the View Window if required.
m To determine the x-axis intercepts, go to G-Solve
and select Root:

() (/) (D) () »

m To determine the y-axis intercept, go to G-Solve
and select y-Intercept:

m To determine the turning point, go to G-Solve and
select Minimum:

Grapﬁ Func Y=

Y1Bx?+x-12 [—1]
Y.4}»: L:]
[—1]

&m@mm&m

View Window

max
scale:1

dot :0.02645502
Ymin :-20

max :10
[N RS V-MEM JSQUARE

1=x2+x-12 oy
(4.0 (3.0) X
 ER Y

MIN
-16
X=-0.4998990312 ¥=-12.25
SHIFT
. J
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{ Summary 4F
Steps for sketching the graph of a quadratic function given in polynomial form:
Step 1 Determine the y-axis intercept.
Step 2 Determine the x-axis intercepts.
Step 3 Determine the equation of the axis of symmetry.

Step 4 Determine the coordinates of the turning point.

A parabola has x-axis intercepts 4 and 10. State the x-coordinate of the vertex. E

A parabola has x-axis intercepts 6 and 8. State the x-coordinate of the vertex.

o T »

A parabola has x-axis intercepts —6 and 8. State the x-coordinate of the vertex.

2 a A parabola has vertex (2, —6) and one of the x-axis intercepts is at 6. Determine the
other x-axis intercept.
b A parabola has vertex (2, —6) and one of the x-axis intercepts is at —4. Determine the
other x-axis intercept.
¢ A parabola has vertex (2, —6) and one of the x-axis intercepts is at the origin.
Determine the other x-axis intercept.

Example 28,29 3  Sketch each of the following parabolas, clearly showing the axis intercepts and the
turning point:

ay=x>-1 b y=x>+6x cy=25-x2
dy=x>-4 e y=2x>+3x fy=2x"—4x
g y=-2x>-3x h y=x>+1

Example30 4 Sketch each of the following parabolas, clearly showing the axis intercepts and the
turning point:

ay=x>+3x-10 b y=x>-5x+4 c y=x*+2x-3
d y=x>+4x+3 e y=2x>-x-1 fy=6-x—-x
gy=-x"-5x-6 h y=x>-5x-24

@ Solving quadratic inequalities

Learning intentions
» To be able to solve a quadratic inequality.

In Chapter 1 we looked at solving linear inequalities. The situation is a little more complex
for quadratic inequalities. We suggest one possible approach. To solve a quadratic inequality
(for example, x> + x — 12 > 0):
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Step 1 Solve the corresponding equation (for example, x> + x — 12 = 0).
Step 2 Sketch the graph of the quadratic polynomial (for example, y = x> + x — 12).
Step 3 Use the graph to determine the set of x-values which satisfy the inequality.

G} Example 31
Solve x2 + x— 12 > 0.

Solution
Step 1  Solve the equation

OO
Y
=

¥ +x-12=0
x+4)(x-3)=0
x=—-4 or x=3

Step 2  Sketch the graph of the quadratic
y=x+x-12.

Step 3 From the graph it can be seen that al2
x> +x—12>0when x < —4or x > 3.
= . N
Using the TI-Nspire CX non-CAS

To solve the inequality x* + x — 12 > 0:

m In a Graphs application, plot the graph of
Fl(x) =2 +x-12.

m Use > Analyze Graph > Zero to
determine the intersections with the x-axis. 10 (-2.0 )‘ T /(3.0)

“

-
Syx

m From the graph, we see that f1(x) > 0 when

x < —4orx>3. 11 (x)=x2 +x-12

S

[Using the Casio T

To solve the inequality x> + x — 12 > 0:

m Plot the graph of y = x> + x — 12 and determine
the x-axis intercepts, as shown in Section 4F.

m From the graph, we see that y > 0 when x < —4
or x > 3.

.
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' 4
#

| Summary 4G

When solving quadratic inequalities of the form ax? + bx + ¢ < 0 (or with >, > or <), it is
best to sketch the graph of y = ax® + bx + c.

sheet gj
Example3t 1 a Solve the equation x> — 2x — 8 = 0. E
b Sketch the graph of y = x> — 2x — 8.

¢ Solve the inequality x* —2x — 8 < 0.
d Solve the inequality x> — 2x — 8 > 0.

2 Solve each of the following inequalities:

(x=3)(x+2)=>0 b (x+4)(x+3)<0
Cx-Dx+4) <0 d (x-6)(2x-4)>0
2x-6)2x—-4)<0 F(7-202x-3)>0
Cx+7R2x-4)<0 h Bx+6)2x-5)<0
5-2x)05+x)<0 J 7-20)x+2)=>0
(7-2x)(05x-2)<0 I (11 -2x)(5-2x)>0

A =00 0 0 ®

3  Solve each of the following inequalities:
a(G-05+x<0 b 4-92>0 c 16-y*<0
d 36-25x>>0 e 1-162<0 25 -36y* <0

-

4 Solve each of the following inequalities:

ax’+2x-8>0 b x> -5x-24<0 c ¥*-4x-12<0
d 2x*-3x-9>0 e 6x°+13x < -6 f—x>-5x-62>0
g 12x2+x>6 h 10x>-11x< -3 i x(x—1)<20
i 4+5p-p*>0 k 3+2y—-y><0 I x> +3x>-2
5 Solve each of the following inequalities:
a xX*+3x-520 b x>-5x+2<0 ¢ 2x¥*-3x-1<0
d 8-3x-x*>0 e 2x*+7x+1<0 f2x2-8x+52>0
6 Explain why (x — 3)> > 0 for all x.
7 Explain why —(x — 1)? < 0 for all x.
8 Complete the square for x> + 2x + 7 and hence show that x> + 2x + 7 > 6 for all x. E

9 Complete the square for —x> — 2x — 7 and hence show that —x*> — 2x — 7 < —6 for all x.
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m The general quadratic formula

Learning intentions
» To be able to use the quadratic formula to solve quadratic equations.

Not all quadratics can be factorised by inspection, and it is often difficult to determine the
x-axis intercepts this way. There is a general formula for determining the solutions of a
quadratic equation in polynomial form. This formula comes from ‘completing the square’ for
the general quadratic. In Section 4E we showed that

y=ax’> +bx+c

b\? b
:a(x+—) — &=+ ¢
2a

We can use this to solve the general quadratic equation:

ax* +bx+c=0

=
I
[
[\o)
N
H
ool
[}%]
Fell
L~
Q
(o)
I
[
S
H
(o]
SN IS
[
N
Q
[}

The solutions of the quadratic equation ax?> + bx + ¢ = 0, where a # 0, are given by the
quadratic formula

—b + Vb? — 4ac
X= —
2a

Note: The quadratic formula provides an alternative method for solving quadratic equations
to ‘completing the square’, but it is probably not as useful for curve sketching as
‘completing the square’, which gives the turning point coordinates directly.

It should be noted that the equation of the axis of symmetry can be derived from this general

formula: the axis of symmetry is the line with equation x = ~a
Also, from the formula it can be seen that:

m If b — 4ac > 0, there are two solutions.

m If b* — 4ac = 0, there is one solution.

m If b2 — 4ac < 0, there are no real solutions.

This will be further explored in the next section.
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;”;fw
| &

Solve each of the following equations for x by using the quadratic formula:

ax(-x-1=0 b x>-2kx-3=0
Solution
axX-x-1=0 b x> -2kx-3=0
Herea=1,b=-1andc = —1. Herea =1,b = -2k and ¢ = 3.
The formula gives The formula gives
x_—biVb2—4ac x_—bJ_erz—4ac
a 2a B 2a
(=D (=12 -4 x1Ix(-1) _ —(=2k) £ V(-2k)? -4 x 1 X (-3)
- 2x1 a 2x1
_1£45 2k = VA2 + 12
2 a 2
=k+Vk2+3
Note that k> + 3 > 0 for all values of ,
since k% > 0.

)

Sketch the graph of y = —3x> — 12x — 7. Use the quadratic formula to calculate the x-axis
intercepts.

Solution
Since ¢ = -7, the y-axis intercept is —7.
b -12
Axis of symmetr =——= —(—) =-2
XS orsy Y X= 72" x>
Turning point
When x = =2, y = =3(=2)?> = 12(=2) — 7 = 5. The turning point coordinates are (=2, 5).

Xx-axis intercepts y
A
2 —
—b + Vb? — 4ac .
X=——
2a i
_ —(=12) £ V(=122 - 4(=3)(-7)
B 2(-3)
_ 12+ 60
-6
_12+2V15
==

The x-axis intercepts are —2 — %\/E and -2 + %\/B .
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o -

" Summary 4H

The solutions of the quadratic equation ax?> + bx + ¢ = 0, where a # 0, are given by the
quadratic formula

—b + Vb? — 4ac
X =—
2a

From the formula it can be seen that:
m If b — 4ac > 0, there are two solutions.
m If b> — 4ac = 0, there is one solution.

m If b* — 4ac < 0, there are no real solutions.

1 For each of the following, the coefficients @, b and ¢ of a quadratic y = ax® + bx + ¢ are E
given. Determine:

i b?—dac ii Vb2 — 4ac in simplest surd form
aa=2,b=4andc=-3 ba=1,b=10andc =18
ca=1,b=10andc=-18 da=-1,b=6andc=15
e a=1,b=9andc =-27

2 Simplify each of the following:

R 2+2v5 b 9-3v5 . 5+5V5 p 6+ 12V2
2 6 10 6

Example32 3  Solve each of the following for x. Give exact answers.

a x>+6x=4 b x>’-7x-3=0

c 2x2-5x+2=0 d 2x>+4x-7=0

e 2x°+8x=1 f 5x>—10x=1

g 2x%+4x-1=0 h 2x>+x=3

i 25x°+3x+03=0 i —0.6x>-13x=0.1

k 2kx*> —4x+k=0 1 2(1 —k)x> —dkx +k =0

Example 33 4 Sketch the graphs of the following parabolas. Use the quadratic formula to determine
the x-axis intercepts (if they exist) and the axis of symmetry and, hence, the turning

point.

ay=x>+5x-1 b y=2x-3x-1
cy=-x>-3x+1 d y+4=x>+2x

e y=4x>+5x+1 fy=-32+4x-2
g y=-2+5x+6 h y=4x"-3x+2

i y=3x2-x-4
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m The discriminant

Learning intentions
» To be able to use the discriminant to investigate the number of solutions and their
nature for a quadratic equation.

In the previous section we found that the solutions to the quadratic equation ax® + bx + ¢ = 0
are given by

—b + Vb? — 4ac

X =
2a
The expression under the square root sign is called the discriminant. We write

A = b* - dac

The number of x-axis intercepts
There are three different possibilities for the number of x-axis intercepts of a parabola:
m zero — the graph is either all above or all below the x-axis

m one — the graph touches the x-axis and the turning point is the x-axis intercept

m two — the graph crosses the x-axis.

For a parabola y = ax® + bx + ¢, we can use the discriminant A = b* — 4ac to determine when
each of these three situations occur.

y
m If the discriminant b* — 4ac < 0, then the equation ax’+bx+c=0 A
has no solutions and the corresponding parabola will have no x-axis
intercepts.
—— X
m If the discriminant > — 4ac = 0, then the equation ax® + bx +c¢ = 0 y
has one solution and the corresponding parabola will have one A
x-axis intercept. (We sometimes say the equation has two coincident
solutions.)
X
m If the discriminant b2 — 4ac > 0, then the equation ax’+bx+c=0 y
has two solutions and the corresponding parabola will have two
Xx-axis intercepts.
X
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J

Determine the discriminant of each of the following quadratics and state whether the graph
of each crosses the x-axis, touches the x-axis or does not intersect the x-axis.

ay=x>-6x+8 b y=x*-8x+16 c y=2x>-3x+4
Solution
a Discriminant A = b* — dac b A=b*-4dac
= (6> - (4x1x8) =(-8)% -4 x1x16)
=4 =0
As A > 0, the graph intersects the x-axis As A = 0, the graph touches the x-axis,
at two distinct points, i.e. there are i.e. there is one solution of the equation
two distinct solutions of the equation x> -8x+16=0.
x> —6x+8=0.
c A=b-dac
= (-3 -(@4x2x4)
=-23

As A < 0, the graph does not intersect the
x-axis, i.e. there are no real solutions for
the equation 2x> — 3x + 4 = 0.

Determine the values of m for which the equation 3x> — 2mx + 3 = 0 has:

a one solution b no solution ¢ two distinct solutions.

Solution

For the quadratic 3x2 — 2mx + 3, the discriminant is A = 4m? — 36.

a For one solution: b For no solution:
A=0 A<O
ie. 4m*-36=0 ie. 4m*-36<0
m* =9 From the graph, this is equivalent to
m= 3 -3<m<3
¢ For two distinct solutions: A
A>0
ie. 4m*-36>0 \ / .
From the graph it can be seen that =3\ 0 3oom
m>3 or m< -3
-36
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The nature of the solutions of a quadratic equation

The discriminant can be used to assist in the identification of the particular type of solution
for a quadratic equation ax” + bx + ¢ = 0.

For a, b and ¢ rational numbers with a # 0:

m If A = b> — 4ac is a perfect square and A # 0, then the quadratic equation has two rational
solutions.

m If A = b> — 4ac = 0, then the quadratic equation has one rational solution.

m If A = b> — 4ac is not a perfect square and A > 0, then the quadratic equation has two
irrational solutions.

Example 36

Show that the solutions of the equation 3x + (m — 3)x — m = 0 are rational for all rational
values of m.

Solution
A = (m—3)* —4x3x(-m)
=m*—6m+9+12m
=m’+6m+9
=(m+3)>0 forallm

Furthermore, for any rational m, (m + 3) is also rational and therefore A is the square of a
rational number.

[ Summary 41
The discriminant A of a quadratic polynomial ax? + bx + c is
A = b* - 4ac
For the equation ax® + bx + ¢ = 0:
m If A > 0, there are two solutions.
m If A = 0, there is one solution.
m If A <0, there are no real solutions.
For the equation ax® + bx + ¢ = 0 where a, b and ¢ are rational numbers and a # 0:

m If Ais a perfect square and A # 0, then the equation has two rational solutions.
m If A = 0, then the equation has one rational solution.

m If A is not a perfect square and A > 0, then the equation has two irrational solutions.

1 Determine the discriminant of each of the following quadratics:
a xX>+2x-4 b x> +2x+4 c xX>+3x—4
d 2x* +3x-4 e —2x’+3x+4
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Example34 2 Without sketching the graphs of the following quadratics, determine whether they cross E
or touch the x-axis:

ay=x>-5x+2 b y=-4x+2x-1 cy=x>-6x+9
d y=8-3x-2x° e y=3x>+2x+5 fy=—x>-x-1
3 By examining the discriminant, determine the number of distinct solutions of:
a x>+8x+7=0 b 3x>+8x+7=0 c 10x>-x-3=0
d 22 +8x-7=0 e 3x-8x-7=0 f10x>-x+3=0

4 By examining the discriminant, state the nature and number of distinct solutions for
each of the following:

a 9x>-24x+16=0 b —x>-5x-6=0 c xX*-x-4=0
d 25x* -20x+4=0 e 6x2-3x-2=0 fx>+3x+2=0
Example35 5 Determine the values of m for which each of the following equations: E
i has no solutions ii has one solution iii has two distinct solutions.
a x> —4mx+20=0 b mx*-3mx+3=0
c 5x>—-5mx-m=0 d X +4mx-4m-2)=0

Example36 6 For m and n rational numbers show that mx* + (2m + n)x + 2n = 0 has rational solutions.

7 Determine the values of p for which the equation px> + 2(p + 2)x + p + 7 = 0 has no
solution.

8 Determine the values of p for which the equation (1 — 2p)x> + 8px — (2 + 8p) = 0 has
one solution.

9 Determine the value(s) of p for which:
a px?> — 6x + p = 0 has one solution b 2x* —4x+ 3 = p has two solutions

¢ 3x? = 2x+ p — 1 has two solutions d x? —2x+ 2 = p has two solutions.

10 Determine the values of p for which the graph of y = px?> + 8x + p — 6 crosses the
X-axis.

11 Show that the equation (p? + 1)x> + 2pgx + ¢* = 0 has no real solution for any values of
pand g (g # 0).

12 a Determine the discriminant of x> + 4mx + 24m — 44.
b Show the equation x> + 4mx + 24m — 44 = 0 has a solution for all values of m.
13 a Determine the discriminant of 4mx* + 4(m — )x +m — 2.
b Show the equation 4mx> + 4(m — 1)x + m — 2 = 0 has a solution for all non-zero
values of m.
14 Determine the discriminant of the equation 4x” + (m — 4)x — m = 0, where m is a rational
number, and hence show that the equation has rational solution(s).

15 Determine the discriminant of the equation x> — (m + 2n)x + 2mn = 0, where m and n
are rational numbers, and hence show that the equation has rational solution(s).

16 If both a and c are positive, what can be said about the graph of y = ax? + bx — ¢?

17 If ais negative and c is positive, what can be said about the graph of y = ax® + bx + ¢?
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4J Solving simultaneous linear and quadratic equations 139

m Solving simultaneous linear and quadratic equations

)

Learning intentions
» To be able to solve simultaneous linear and quadratic equations.

As discussed in Section 2H, when solving simultaneous linear equations we are actually
determining the point of intersection of the two corresponding linear graphs.

If we wish to determine the point or points of intersection between a straight line and a
parabola, we can solve the equations simultaneously.

It should be noted that depending on whether the straight line intersects, touches or does not
intersect the parabola we may get two, one or zero points of intersection.

A A A

=Y
A
o |

My,
ol \* o\ o\\

Two points of intersection One point of intersection No point of intersection

If there is one point of intersection between the parabola and the straight line, then the line is
a tangent to the parabola.

As we usually have the quadratic equation written with y as the subject, it is necessary to

have the linear equation written with y as the subject. Then the linear expression for y can be
substituted into the quadratic equation.

Il Example 37

Determine the points of intersection of the line with equation y = —2x + 4 and the parabola
with equation y = x* — 8x + 12.

Solution
At the point of intersection: y
X —8x+12=-2x+4 !
¥ -6x+8=0 12} y=x2-8x+12
x=2)(x-4)=0 i
Hence x = 2 or x = 4. }

When x =2, y=-2(2)+4=0. )

4
When x =4, y=-2(4)+4 = —4.
Therefore the points of intersection are (2, 0)
and (4, —4).
The result can be shown graphically.
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i — .
Using the TI-Nspire CX non-CAS

To determine the intersection points of the two graphs:

£2(x)mx2 8- x+12

m In a Graphs application, plot the graphs of
f1(x) = —2x+ 4 and f2(x) = x> — 8x + 12. \
m Adjust the Window Settings as required.
m Use > Analyze Graph > Intersection to 2
determine the intersection points.

Note: Alternatively, using > Geometry > 0 f1(x)=-2:x+4
Points & Lines > Intersection Point(s) will

determine both intersection points at once.

/Using the Casio

To determine the intersection points of the two graphs:

rap unc

Press (MENU] (5] to select Graph mode. YIE-2x+4 (—1
9 Y2Bx®-8x+12 [—]

Entery=-2x+4in Y1:

Enter y = X2 —8x+12in Y2:
x67) (x?) (=) (&) (x6.7) (+) (1) (2] (ExE)
Select Draw (F6).

Adjust the View Window if required.
Go to the G-Solve menu and select Intersection:

(GarFT) (75) (75) (5E) » (B0

N

Prove that the straight line with the equation y = 1 — x meets the parabola with the

equation y = x> — 3x + 2 once only.

Solution y
At the point of intersection: A
2 — — —
X =3x+2=1-x PR
P-2x+1=0
(@-17=0 2
Therefore x=1andy=1-1=0. \1\
The straight line just touches the parabola at (1, 0). -
This can be illustrated graphically. 0 ! 2
y= 1—x
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| Summary 4J
To determine the points of intersection of a straight line y = mx + ¢, and a parabola
y = ax* + bx + ci:
m Form the quadratic equation
ax> + bx +c; = mx + ¢
m Rearrange the equation so that the right-hand side is zero:
ax’* +(b-m)x+(c; —¢c3) =0
m Solve the equation for x and substitute these x-values into the equation of the line to
determine the corresponding y-values.
The discriminant applied to the second equation, ax® + (b — m)x + (¢; — ¢;) = 0, can be
used to determine the number of intersection points:
m If A > 0, there are two intersection points.

m If A = 0, there is one intersection point.

m If A <0, there are no intersection points.

Example37 1 a Determine the points of intersection of the line with equation y = x — 2 and the E
parabola with equation y = x> — x — 6.
b Determine the points of intersection of the line with equation x + y = 6 and the
parabola with equation y = x°.
¢ Determine the points of intersection of the line with equation Sx + 4y = 21 and the
parabola with equation y = x%.
d Determine the points of intersection of the line with equation y = 2x + 1 and the

parabola with equation y = x> — x + 3.

2 Solve each of the following pairs of equations:

ay=x"+2x-8 b y=x"-x-3 cy=x+x-5
y=2-x y=4x-17 y=—-x—-2
dy=x*>+6x+6 e y=6-x-x fy=xX"+x+6

y=2x+3 y=-2x-2 y=6x+8

Example38 3 Prove that, for each of the following pairs of equations, the straight line meets the
parabola only once:

ay=x>—6x+8 b y=x>-2x+6
y=-2x+4 y=4x-3
c y=2x>+11x+10 dy=x>+7x+4
y=3x+2 y=—-x-12
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142 chapter 4: Quadratics 4J

4  Solve each of the following pairs of equations:

ay=x>-6x b y=3x"+9x c y=5x"+9x
y=8+x y=32-x y=12-2x

d y=-3x+32x e y=2x>-12 fy=11x
y=32-3x y=3(x-4) y=21-06x

5 a Determine the value of ¢ such that y = x + ¢ is a tangent to the parabola y =

x?> — x — 12. Hint: Consider the discriminant of the resulting quadratic.

b i Sketch the parabola with equation y = —2x> — 6x + 2.
ii Determine the values of m for which the straight line y = mx + 6 is tangent to the
parabola. Hint: Use the discriminant of the resulting quadratic.

6 a Determine the value of ¢ such that the line with equation y = 2x + ¢ is tangent to the
parabola with equation y = x? + 3x.
b Determine the possible values of ¢ such that the line with equation y = 2x + ¢ twice
intersects the parabola with equation y = x> + 3x.

7 Determine the value(s) of a such that the line with equation y = x is tangent to the
parabola with equation y = x> + ax + 1.

8 Determine the value of b such that the line with equation y = —x is tangent to the
parabola with equation y = x> + x + b.

9 Determine the equation of the straight line(s) which pass through the point (1, —2) and is

(are) tangent to the parabola with equation y = x.

m Families of quadratic polynomial functions

Learning intentions
» To be able to investigate families of quadratic equations by using parameters.

In Chapter 2 we considered the information that is necessary to determine the equation of a
straight line and we also studied families of straight lines. In this section these two ideas are
extended for our study of quadratic polynomials.

Families of quadratics

Here are some examples of families of quadratic polynomial functions:

y=ax*, a#0 The parabolas with their vertices at the origin.
y=a(x-2Y+3,a#0 The parabolas with turning point at (2, 3).
y=a(x—-2)(x+5), a#0 The parabolas with x-axis intercepts 2 and —5.
y=ax-h)(x-2), a#0 The parabolas with x-axis intercept 2.

y=ax’>+bx, a#0andb #0  The parabolas with two x-axis intercepts, one of
which is the origin.
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4K Families of quadratic polynomial functions 143

The letters a, b and & used to define these families are called parameters. Varying the values
of the parameters produces different parabolas. For example, for y = ax? + bx some possible
curves are shown below.

y=2x2+4x

*

=y2 _
y=x2+2x y=x2-3x

y=-2x2+4x

y=-x2-2x

Example 39

A family of parabolas have rules of the form y = ax? + c. For the parabola in this family

that passes through the points (1, 7) and (2, 10), determine the values of a and c.

Solution Explanation
When x = 1,y =7 and when x = 2,y = 10. Substitute x = 1, y = 7 in the
Tea+te ) equation y = ax® + ¢ to obtain (1).
10 =4a + ¢ 2) Substitute x = 2, y = 10 in the

equation y = ax? + c to obtain (2).
Subtract (1) from (2):
3 =3a and hence a = 1.

Substitute in (1):
7 = 1 + ¢ and therefore ¢ = 6.

The equation is y = x> + 6.

Example 40

A family of parabolas have rules of the form y = ax? + bx + 2, where a # 0.

(@]

a For a parabola in this family with its turning point on the x-axis, determine a in terms
of b.

b If the turning point is at (4, 0), determine the values of a and b.
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Solution Explanation
a The discriminant A = b — 8a. The discriminant of ax? + bx + ¢ is
b? A = b? — 4ac. In this case ¢ = 2.

We have A = 0 and therefore a = —.
8 The discriminant A = O since the

parabola touches the x-axis at its
turning point.

b
b We have e 4, which implies b = —8a. The axis of symmetry has equation
a
b? X =——
From part a, we have a = R 2a
4 2
Hence a = 6Ta = 8a’.

Thus a(l — 8a) = 0 and, since a # 0, a = 3.

Substituting for a in b = —8a gives b = —1.

Determining quadratic rules

At the beginning of this section we looked at different families of quadratic polynomial
functions. We now consider three important such families which can be used as a basis for
determining a quadratic rule from given information. These are certainly not the only useful
forms. You will see others in the worked examples.

1 y=a(x—e)x—f) Thiscan be used if two x-axis intercepts and the coordinates of
one other point are known.

2 y=a(x-h?+k This can be used if the coordinates of the turning point and one
other point are known.

3 y=ax’+bx+c This can be used if the coordinates of three points on the
parabola are known.

A parabola has x-axis intercepts —3 and 4 and it passes through the point (1, 24).

Determine the rule for this parabola.

Solution Explanation
y=ax+3)(x—-4) Two x-axis intercepts are given. Therefore
When x = 1, y = 24. use the form y = a(x — e)(x — f).
Therefore 24 = a(l +3)(1 —4)
24 = —12a
a=-2

The ruleis y = —=2(x + 3)(x — 4).
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The coordinates of the turning point of a parabola are (2, 6) and the parabola passes
through the point (3, 3). Determine the rule for this parabola.

Solution Explanation

y=a(x-2?+6 The coordinates of the turning point and

When x =3,y =3 one other point on the parabola are given.
’ Therefore use y = a(x — h)> + k.

Therefore
3=a(3-27+6
3=a+6
a=-3

The rule is y = —3(x — 2)> + 6.

A parabola passes through the points (1,4), (0,5) and (-1, 10). Determine the rule for this

parabola.
Solution Explanation
y=ax’>+bx+c The coordinates of three points on

Whenx = 1,y = 4. the parabola are given. Therefore

When x =0,y =5.
When x = -1,y = 10.

substitute values into the polynomial form
y = ax* + bx + c to obtain three equations

in three unknowns.
4d=a+b+c (1)

S5=c 2)
10=a-b+c 3)
Substitute from equation (2) into

equations (1) and (3):

-l=a+b 1)
S=a-b 3"
Add (1”) and (3'):
4 =2a
a=72

Using equation (1), we obtain b = —3.

The rule is y = 2x*> — 3x + 5.
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-

Calculator).

\_

Using the TI-Nspire CX non-CAS
To determine the rule for the parabola passing

through the points (1, 4), (0,5) and (-1, 10):

m Open a Lists & Spreadsheet application.
m Enter the coordinates in lists named x and y.

= Insert a Calculator page ((ctrl)(1)> Add

= Use > Statistics > Stat Calculations >
Quadratic Regression.

m Complete the pop-up screen as shown.
Select ok to display the values of a, b and c.

m Hence the rule is y = 2x? — 3x + 5.

*TI-Nspire

S

Quadratic Regression

X List: |x »

Y List: Iy

v

Save RegEqn to: | fl

-

-

Category List: |

»

[*]
[*]
[]
Fre-.‘u‘:—w:,ﬂLnstll l I
[}]
[*]

Include Categories: |

Cancel

*TI=Nspire

QuadReg x,),1: CopyVar stat.RegEqn f1: stat®
"Title"  "Quadratic Regression"

\_

To determine the rule for the parabola passing
through the points (1,4), (0,5) and (-1, 10):

Press to select Statistics mode.

Enter the x-coordinates in List] and the

(D) (Exe) (0] (Exe) (@) (1) (ExE) »

]
n
y-coordinates in List2:
(o)
]

Select Quadratic Regression by going to

Calculation (F2), Regression (F3), then X2 (F3).

m Hence the rule is y = 2x*> — 3x + 5.

"RegEqn" "a- x*2+b- x+c"

rar 2.

"b =3.

Her 5.

"R 1.

"Resid" O
|
J
(s . )
Using the Casio

8 Radforn])

| List 1 | List 2 | List 3 | List 4
SUB|
1 1 4
2 5
3 -1 10
4 I

DIST M|

8 (dZc)Besd
QuadReg

2
-3
5

SooE

2
MSe=
yv=ax2 +bx+c
LCOPY ]

J
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N/

Determine the quadratic rule for each of the following parabolas:

a y b y
A
0,3)
(2,5)
X (_35 1)
0 -
/X%

c Y d y
A A
(0, 8)
cho (1.6
— o
0 3 0 =
Solution
a This is of the form y = ax? b This is of the form y = ax® + ¢
For (2, 5): 5=4a For (0, 3): 3=a(0)+c
5 Sooc=3
=7
For (-3, 1): 1=a(-3)*+3
Hence the rule is  y = §x2 1=9a+3
4
_ -
“T79

2
Hence theruleis y = —§x2 +3

¢ This is of the form y = ax(x — 3) d This is of the form y = a(x — 1)* + 6
For (-1, 8): 8 =—-a(-1-3) For (0, 8): 8=a+6
8 =4a Sooa=2
@=2 Hence the rule is  y = 2(x — 1)’ +6
Hence the rule is  y = 2x(x — 3) y=2(x>-2x+1)+6
y =232 — 6x y=2x>—4x+8
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Summary 4K

To determine a quadratic rule to fit given points, first choose the best form of quadratic
expression to work with. Then substitute in the coordinates of the known points to
determine the unknown parameters. Some possible forms are given here:

i y i y
y= ax2
= ax?
; S y= a))cc +c
0
One point is needed to Two points are needed to
determine a. determine a and c.
7] y iv y
= ax2 + bx
7 y=ax2+tbx+c
X
0 * 0
Two points are needed to Three points are needed to
determine a and b. determine a, b and c.

Skill- .
sheet y:}J

Example3s 1 A family of parabolas have rules of the form y = ax” + c. For the parabola in this family E
that passes through the points (-1, 2) and (0, 6), determine the values of a and c.

Example40 2 A family of parabolas have rules of the form y = ax? + bx + 4, where a # 0.
a determine the discriminant of the quadratic polynomial ax? + bx + 4.

b For a parabola in this family with its turning point on the x-axis, determine a in terms
of b.

c If the turning point is at (—4, 0), determine the values of a and b.

Example4l 3 a A parabola has x-axis intercepts —2 and 6 and it passes through the point (1, —30).
Determine the rule for this parabola.

Example 42 b The coordinates of the turning point of a parabola are (-2, 4) and the parabola passes
through the point (3, —46). Determine the rule for this parabola.

Example 43 ¢ A parabola passes through the points (1, —2), (0, =3) and (-1, —6). Determine the
rule for this parabola.

4 A quadratic rule for a particular parabola is of the form y = ax?. The parabola passes
through the point with coordinates (2, 8). Determine the value of a.
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4K 4K Families of quadratic polynomial functions 149

5 A quadratic rule for a particular parabola is of the form y = ax? + bx. The parabola E
passes through the point with coordinates (—1,4) and one of its x-axis intercepts
is 6.Determine the values of @ and b.

6 A quadratic rule for a particular parabola is of the form y = a(x — b)*> + ¢. The parabola
has vertex (1, 6) and passes through the point with coordinates (2, 4). Determine the
values of a, b and c.

Example44 7 Determine the equation of each of the following parabolas:

a y b Y c y
A A
5 \ /
\ (_3: 9) \ |/4, 4)
/ 0 A > X 5 X —M > X
e y
(_1’ 5)

8 A parabola has vertex with coordinates (—1, 3) and passes through the point with
coordinates (3, 8). Determine the equation for the parabola.

9 A parabola has x-axis intercepts 6 and —3 and passes through the point (1, 10).
Determine the equation of the parabola.

10 A parabola has vertex with coordinates (—1, 3) and y-axis intercept 4. Determine the
equation for the parabola.

11 Assuming that the suspension

cable shown in the diagram forms a
parabola, determine the rule which
describes its shape. The minimum
height of the cable above the roadway
is 30 m.

180 m —————>=

12 A parabola has the same shape as y = 2x2, but its turning point is (1, —2). Write its
equation.

13 A parabola has its vertex at (1, —2) and passes through the point (3, 2). Write its
equation.
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150 chapter 4: Quadratics 4K

14 Which of the curves could be most nearly defined by each of the following?
ay:%(x+4)(8—x) b y=x>-x+2
c y=-10+2(x—-1) d y=19-x%
A y B y D y
A A A
10 4
5 S X
-2\0| 2
X T T
-2 0] 2\4 20| 2
-8
15 A family of parabolas satisfies the rule y = ax> + 2x + a.
a Express ax® + 2x + a in the form a(x + b)’ + ¢ for real numbers b and c.
b Give the coordinates of the turning point of the graph of y = ax® + 2x + a in
terms of a.
¢ For which values of a is ax?> + 2x + a a perfect square?
d For which values of a does the graph of y = ax?> + 2x + a have two x-axis intercepts?
16 A parabola has its vertex at (2, 2) and passes through (4, —6). Write its equation.
17 Write down four quadratic rules that have graphs Y
similar to those in the diagram. 8{ }
6 . (c)
(6,6)
;(a) 42 o)
‘4 20 10" 12
24
—44
(@)
6
18 Determine quadratic expressions which could y
represent the two curves in this diagram, given
that the coefficient of x is 1 in each case. (@)
The labelled points are A(2, 3), B(2, 1), C(0,-5) N _
and D(0, 2). 3 4 5
19 The rate of rainfall during a storm ¢ hours after it began was 3 mm per hour when ¢ = 5,
6 mm per hour when # = 9 and 5 mm per hour when # = 13. Assuming that a quadratic
model applies, determine an expression for the rate of rainfall, » mm per hour, in terms
of 1.
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4K 41 Quadratic models 151

20 a Which of the graphs shown below could represent the equation y = (x — 4)*> — 3? E
b Which graph could represent y = 3 — (x — 4)%?

A B c D

y y y y

A
— X X
13 13 0 4 ol 2 4
~13f n
X X
ol 2 4 6 ol 2 6

21 Determine the equation of the quadratic which passes through the points with
coordinates:

a (-2,-1), (1,2), 3,-16) b (-1,-2), (1,-4), (3,10) ¢ (-3,5), (3,20), (5,57)

m Quadratic models

In this section it is shown how quadratics can be used to solve worded problems, including
problems which involve determining the maximum or minimum value of a quadratic
polynomial that has been used to model a ‘practical’ situation.

Learning intentions
» To be able to model situations by using a quadratic polynomial.

[CJf Example 45 4
Jenny wishes to fence off a rectangular vegetable garden in her backyard. She has 20 m of

fencing wire which she will use to fence three sides of the garden, with the existing timber
fence forming the fourth side. Calculate the maximum area she can enclose.

luti .
Solution timber fence
Let A = area of the rectangular garden CURN A g
S b= A
x = length of the garden 10-3 iR
TR AT N
20— x X v ERhRy st
Then width = > =10—§ - X —>
Therefore
) A A
A:x(10—’—‘):10x—x— 50-
2 2
= —1(x* = 20x + 100 - 100) 407
(completing the square) 301
= —1(* - 20x + 100) + 50 20-
= —3(x—=10)*+50 104
Hence the maximum area is 50 m? when x = 10. : : ' -
0 5 10 15 20 X
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152 cChapter 4: Quadratics

Example 46

A cricket ball is thrown by a fielder. It leaves his Y
hand at a height of 2 metres above the ground and

the wicketkeeper takes the ball 60 metres away,

again at a height of 2 metres. It is known that after

the ball has gone 25 metres it is 15 metres above the

(25,15

ground. The path of the cricket ball is a parabola
with equation y = ax? + bx + c.

a Determine the values of a, b and c.

b Determine the maximum height of the ball above the ground.

60

¢ Determine the height of the ball when it is 5 metres horizontally before it hits the

wicketkeeper’s gloves.

Solution
a The data can be used to obtain three equations:
2=c (1
15=25%a+25b+c (2
2=(60a+60b+c  (3)

Substitute equation (1) in equations (2) and (3):

13 = 625a + 25b 2"
0 = 3600a + 60b (3"
Simplify (3") by dividing both sides by 60:
0=060a+b 3"
Multiply this by 25 and subtract from equation (2"):
13 = —875a
13 156
= ——— d b=—
s 175
The path of the ball has equation
13 , 156
= —— —x+2
YRt st
. . 538
b The maximum height occurs when x = 30 and y = 35
.. maximum height is ﬁ m.
35
213
¢ Wh =55y=—.
en x Y=733
213
.. height of the ball is — m.
35
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2 5]

Example45 1 A farmer has 60 m of fencing with which to construct three sides of a rectangular yard E
connected to an existing fence.

a If the width of the yard is x m and the area inside the existing fence

yard is A m?, write down the rule connecting A and x. SN SN -
b Sketch the graph of A against x. I
¢ Determine the maximum area that can be formed for ¢

the yard.

2 A rectangle has a perimeter of 20 m. Let x m be the length of one side. Determine a
formula for the area A of the rectangle in terms of x. Hence determine the maximum
area A.

3 The efficiency rating, E, of a particular spark plug when
the gap is set at x mm is said to be 400(x — x?).

a Sketch the graph of E against x for 0 < x < 1.
b What values of x give a zero efficiency rating?

¢ What value of x gives the maximum efficiency rating?

d Use the graph, or otherwise, to determine the values of x
between which the efficiency rating is 70 or more.

4 A piece of wire 68 cm in length is bent into the shape of a rectangle.
a If x cm is the length of the rectangle and A cm? is the area enclosed by the
rectangular shape, write down a formula which connects A and x.
b Sketch the graph of A against x for suitable x-values.

¢ Use your graph to determine the maximum area formed.

5 A piece of wire 80 cm long is to be cut into two pieces. One piece is to be bent into a
square and the other into a rectangle four times as long as it is wide.

a Let x cm be the length of a side of the square and y cm be the width of the rectangle.
Write a formula connecting y and x.
b Let A cm? be the sum of the areas of the square and the rectangle.
i Determine a formula for A in terms of x.

ii Determine the length of both pieces of wire if A is to be a minimum.

6 A construction firm has won a contract to build cable-car pylons at various positions on
the side of a mountain. Because of difficulties associated with construction in alpine
areas, the construction firm will be paid an extra amount $C for each pylon, given by the
formula C = 240h + 100A2, where h is the height in km above sea level.

a Sketch the graph of C as a function of 4. Comment on the possible values of A.
b Does C have a maximum value?
¢ What is the value of C for a pylon built at an altitude of 2500 m?
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154 chapter 4: Quadratics

7 A tug-o-war team produces a tension in a rope
described by the rule

T =290(8 — 0.5t* — 1.4) units
where ¢ is the number of seconds after
commencing the pull.

a Sketch a graph of T against ¢, stating the
practical domain.

b What is the greatest tension produced
during a ‘heave’?

4L

Example4s 8 A cricketer struck a cricket ball such that its height, d metres, after it had travelled

3 1
x metres horizontally was given by the rule d = 1 + =x — —x2, x > 0.

5 50

a Use a calculator to graph d against x for values of x ranging from 0 to 30.

b i What was the maximum height reached by the ball?

ii If a fielder caught the ball when it was 2 m above the ground, how far was the

ball from where it was hit?
iii At what height was the ball when it was struck?

9 An arch on the top of a door is parabolic in shape. The
point A is 3.1 m above the bottom of the door. The equation
y = ax? + bx + ¢ can be used to describe the arch. Determine
the values of a, b and c.

25m

-

1.5m

10 Itis known that the daily spending of a government department follows a quadratic
model. Let # be the number of days after 1 January and s be the spending in hundreds of

thousands of dollars on a particular day, where s = ar® + bt + c.

t 30 150 300
s 7.2 12.5 6

a Determine the values of a, b and c.
b Sketch the graph for 0 < r < 360. (Use a calculator.)

¢ Determine an estimate for the spending when:

i +=180
it =350
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Chapter summary

= The general expression for a quadratic function is y = ax* + bx + c.
m Methods for factorising:

o Taking out a common factor
e.g. 9x° +27x% = 9x%(x + 3)
o Grouping of terms
e.g X +4x> —3x—12= (X +4x%) - Bx+ 12)
= X(x+4) -3(x+4)
=(x* - 3)(x+4)
« Difference of two squares: x> —a® = (x + a)(x — a)
e.g. 16x> —49 = (4x — 7)(4x +7)
o Factorising quadratic expressions
eg X +2x—8=(x+4)(x-2)
6x% — 13x— 15 = (6x + 5)(x — 3)

m The graph of a quadratic function may be sketched by first expressing the rule in
turning point form, y = a(x — h)> + k. The graph can then be obtained from the graph
of y = ax? by translating / units in the positive direction of the x-axis and k units in the
positive direction of the y-axis (for A, k positive).
eg fory=2(x-17%+3

y y

A A

y=2x2 y=2x—-1)2+3

0,5)
(1,3)

> X
(0,0) 0

= A quadratic equation ax® + bx + ¢ = 0 may be solved by:
e Factorising

o Completing the square

—-b £ Vb2 -4
o Using the general quadratic formula x = 2—ac
a

m The following steps can be used to sketch the graph of a quadratic function in polynomial
form, y = ax® + bx + c:

o Ifa > 0, the function has a minimum value.
o Ifa < 0, the function has a maximum value.
o The value of ¢ gives the y-axis intercept.

b
o The equation of the axis of symmetry is x = ~5
a

« The x-axis intercepts are determined by solving the equation ax® + bx + ¢ = 0.
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Check-
list

Chapter 4: Quadratics

= The number of solutions of a quadratic equation ax? + bx + ¢ = 0 can be found from the
discriminant A = 5 — 4ac:
o If A > 0, the quadratic equation has two distinct solutions.
o If A =0, the quadratic equation has one solution.
o If A <0, the quadratic equation has no real solutions.

m To determine a quadratic rule to fit given points, choose an appropriate form. For example:

y=a(x—e)(x— f) This can be used if two x-axis intercepts and the coordinates of
one other point are known.

y=alx—h?+k This can be used if the coordinates of the turning point and one
other point are known.

y=ax’> +bx+c This can be used if the coordinates of three points on the
parabola are known.

Skills checklist

Download this checklist from the Interactive Textbook, then print it and fill it out to check
your skills. [Zr

1 Icanexpand and collect like terms for expressions such as (]
5x(2x — 3) + 3x(bx — 2).

See Example 1, Example 2 and Questions 3 and 4

2 Ican expand and collect like terms for expressions such as (x — 5)(2x — V3)and |
(X — B)(x2 — V3x + 4).

See Example 3, Example 4 and Questions 5 and 6

3 Icanexpand and collect like terms for perfect squares of the form (a + b)>. (]

See Example 5 and Question 7

4 1Ican recognise a difference of squares. That is, (a + b)(a — b) = a® — b?. (]

See Example 6, Example 7 and Questions 8 and 9

5 Ican factorise an expression by taking a common factor outside the brackets. (]

See Example 8, Example 9 and Questions 2 and 3

6 Ican factorise suitable expressions by first grouping terms. [}

See Example 10 and Question 4

7 Ican factorise an expression by recognising a difference of perfect squares. [ ]

See Example 11, Example 12 and Questions 5 and 6
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10

11

12

13

14

15

16

17

18

19

20

Chapter 4 review

I can factorise suitable monic quadratic polynomials.

See Example 13 and Question 7

I can factorise suitable non-monic quadratic polynomials.

See Example 14, Example 15 and Question 8

I can factorise suitable non-monic quadratic polynomials by first taking out a
common factor.

See Example 16 and Question 9

I can factorise suitable non-monic quadratic polynomials by first making a
suitable substitution.

See Example 17 and Question 10

I can solve quadratic equations.

See Example 18, Example 19 and Questions 3 and 4

I can apply quadratic equations to solve problems posed in a context.

See Example 20 and Question 10

I can graph quadratic equations of the form y = a(x — h)? + k.

See Example 21, Example 22, Example 23, Example 24 and Questions 1, 2 and 3

I can solve quadratic equations by first completing the square.

See Example 25 and Question 3

I can graph a polynomial with quadratic rule by first completing the square.

See Example 26 and Question 4

I can use the equation of the axis of symmetry of a parabola to help sketch the
graph of that parabola.

See Example 27 and Question 6

I can graph a polynomial with quadratic rule by determining the coordinates of
the points of intersection with each axis, the equation of the axis of symmetry
and the coordinates of the turning point.

See Example 28, Example 29, Example 30 and Questions 3 and 4

I can solve a quadratic inequality.

See Example 31, and Question 1

I can use the quadratic formula to solve an equation.

See Example 32, Example 33 and Questions 3 and 4

157
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m 21 Ican use the discriminant to determine how many solutions a quadratic []
equation has.

See Example 34, Example 35 and Question 5

m 22 1can determine the coordinates of the points of intersection of a straight line ]
and a parabola.

See Example 37 and Question 1

m 23 Ican determine the equation of a parabola given sufficient information about (]
the parabola.

See Example 41, Example 42, Example 43, Example 44, and Questions 3 and 7

m 24 1can model suitable real-world situations with a quadratic polynomial. (]

See Example 45, Example 46 and Questions 1 and 8

Short-response questions

Technology-free short-response questions

1 Express each of the following in the form (ax + b)*:

ax2+9x+8—41- b x>+ 18x+81 cxz—gx+;—5
d x*+2bx +b* e 9x>—6x+1 f 25x* +20x+ 4
2 Expand each of the following products:
a -3(x-2) b —a(x—-a)
¢ (7Ta-b)(Ta+b) d (x+3)(x—-4)
e 2x+3)(x—-4) fF (x+y)(x—y)
g (a—-b)a® +ab+b?) h 2x+2y)3Bx+y)
I Ba+1)(a-2) J (x+y)? = (x—y)?
k u(v+2)+2v(1 —u) I Bx+2)(x—=4)+ (@4 —-x)(6x-1)
3 Express each of the following as a product of factors:
a 4x-8 b 3x> + 8x ¢ 24ax - 3x
d 4-x° e au+2av + 3aw f 4a’b* - 9a*
g 1-36x%a% h X2+x-12 i C+x-2
i 232 +3x-2 ke 6x% +7x+2 I 3x —8x-3
m 32 +x-2 n 6a’>—a-2 0 6x>—Tx+2
4 Solve each of the following equations for x by first factorising:
ax*-2x-15=0 b x>-9x=0 c 2x>—10x+12=0
d x?-24x-25=0 e 3x2+15x+18=0 fx2-12x+36=0
g 2x2-5x-3=0 h 12x>-8x-15=0 i Sx%+7x-12=0
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5 Sketch the graphs of each of the following: E
ay=2x+3 b y=-2x"+3 cy=2(x-27>+3
dy=2x+2)2%+3 e y=2x-4)?%-3 fy=9-4x
g y=30x-2y h y=22-x%+3

6 Express in the form y = a(x — h)? + k and hence sketch the graphs of the following:
ay=x>-4x-5 b y=x*-6x cy=x>-8x+4
dy=2x"+8x—4 e y=-3x>-12x+9 fy=-x>+4x+5

7 For each of the following, determine

i the axis intercepts

ii the axis of symmetry
iii the turning point
and hence sketch the graph:
ay=x>-7x+6 b y=-x>-x+12 cy=-x>+5x+14
dy=x>-10x+16 e y=2x>+x-15 fy=6x>-13x-5
g y=9x-16 h y=4x*-25

8 Solve the following quadratic inequalities:

a x*>x b (x+2)* <34 c 3x2+5x-2<0
d -2x*+13x> 15

9 Use the quadratic formula to solve each of the following:

a x>+6x+3=0 b x> +9x+12=0 c x> -4x+2=0
d 2x2+7x+2=0 e 2% +7x+4=0 f3x2+9x-1=0

10 Determine the value(s) of p that will make the quadratic (5p — 1)x*> —4x+ (2p—1)a
perfect square.

11 Determine the equation of the quadratic, the graph of which y
is shown.

(6, 10)
X
0 5

12 A parabola has the same shape as y = 3x? but its vertex is at (5,2). Determine the
equation corresponding to this parabola.

13 Determine the possible values of m if (2m — 3)x* + (5m — 1)x + (3m — 2) = 0 has two
solutions.
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14 Two numbers have a sum of 30. Determine the maximum value of the product of such
numbers.

15 Determine the rule of the quadratic function which describes y
the graph. (2, 10),

(1,5)

0l

16 Determine the coordinates of the points of intersection of the graphs with equations:
a y=2x+3andy = x? b y=8x+1landy=2x>
c y=3x>+7xandy =2 d y=2xandy=2-3x

17 a A parabola has x-axis intercepts —4 and 1 and it passes through the point (-1, —12).
Determine the rule for this parabola.
b The coordinates of the turning point of a parabola are (-1, 3) and the parabola passes
through the point (1, —5). Determine the rule for this parabola.
¢ A parabola passes through the points (1, —3), (0, =3) and (=1, 1). Determine the rule
for this parabola.

18 The surface area, S, of a cylindrical tank with a hemispherical top is
given by the formula S = ar? + brh, where a = 9.42 and b = 6.28.
What is the radius of a tank of height 6 m which has a surface area
of 125.6 m??

19 a For what value(s) of m does the equation 2x> + mx + 1 = 0 have exactly one solution?

b For what values of m does the equation x*> — 4mx + 20 = 0 have real solutions?

20 Consider the family of quadratics with rules of the form y = x*> + bx, where b is a
non-zero real number.
a Determine the x-axis intercepts.
b Determine the coordinates of the vertex of the parabola.

¢ i Determine the coordinates of the points of intersection of the graph of y = x? + bx
with the line y = x, in terms of b.

ii For what value(s) of b is there one point of intersection?
iii For what value(s) of b are there two points of intersection?

Technology-active short-response questions

21 Solve each of the quadratic equations, giving the solutions correct to three decimal E
places.
a —2.6x>-3.76x+9.21=0 b 3.06x* —2.816x—8.26 =0
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22 The parabola with equation y = ax? + bx + ¢ passes through the points with coordinates
(—1.5,5.2),(3.98, —3.54) and (6, 4.32). Determine the values of a, b and ¢ correct to
three decimal places.

23 A particle is projected from a point 2 metres above a stretch of horizontal land so that its
height y metres above the ground after it has travelled x metres horizontally is defined
by the equation y = 2 + 1.731x — 0.024x. For the following give your answers correct
to two decimal places.

a How far does the particle go horizontally before it hits the ground?
b How high does the particle go?

¢ How far has the particle gone horizontally before it first reaches a height of 5 metres
above the ground?

d How far has the particle gone horizontally before it again is at a height of 2 metres
above the ground?

24 A stone is thrown vertically upwards from the edge of a cliff which is 25 m high.
The vertical height y m above the base of the cliff after 7 seconds is given by
y =25+ 21.8¢ — 4.91%. For the following give your answers correct to two decimal
places.

a How far in metres above the edge of the cliff does the stone go?

b How long after being thrown does it take for the stone to hit the ground at the base of
the clift?

¢ For how long is the stone above the point where it was thrown?

25 The diagram shows a masonry arch
bridge of span 50 m. The shape of the
curve, ABC, is a parabola. The line AC is

the water level and B is the highest point
of the bridge.

a Taking A as the origin and the maximum height of the arch above the water level as
4.5 m, write down a formula for the curve of the arch where y is the height of the
arch above AC and x is the horizontal distance from A.

b Calculate a table of values and accurately plot the graph of the curve.

¢ At what horizontal distance from A is the height of the arch above the water level
equal to 3 m?

d What is the height of the arch at a horizontal distance from A of 12 m?

e A floating platform 20 m wide is towed under the bridge. What is the greatest height
of the deck above water level if the platform is to be towed under the bridge with at
least 30 cm horizontal clearance on either side?

26 A piece of wire 12 cm long is cut into two pieces. One piece is used to form a square
shape and the other a rectangular shape in which the length is twice its width.
a If x cm is the side length of the square, write down the dimensions of the rectangle in
terms of x.
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162 cChapter 4: Quadratics

b Formulate a rule for A, the combined area of the square and rectangle in cm?, in
terms of x.

¢ Determine the lengths of the two pieces if the sum of the areas is to be a minimum.

27 Water is pumped into an empty metal tank at a steady rate of 0.2 litres/min. After 1 hour
the depth of water in the tank is 5 cm; after 5 hours the depth is 10 cm.

a If the volume of water in the tank is V litres when the depth is x cm and there is a
quadratic relationship between V and x, write down a rule for V in terms of x.

b It is known that the maximum possible depth of water in the tank is 20 cm. For how
long, from the beginning, can water be pumped into the tank at the same rate without
overflowing?

28 100 m of angle steel is used to make a rectangular frame with three crossbars as shown
in the figure.

a If the width of the frame is x m, determine an expression - XM —»
for ¢, the length of the frame in metres, in terms of x.

b The frame is to be covered by light aluminium sheeting. If T
the area of this sheeting is A m?, formulate a rule connecting fm
A and x.

¢ Sketch a graph of A against x, stating the axis intercepts and
the turning point.

d What is the maximum area and the value of x which gives this area?

29 A shape which has been of interest to architects and < 1 >
artists over the centuries is the ‘golden rectangle’. A - P
Many have thought that it has the perfect proportions e T
for buildings. The rectangle is such that, if a square X
is drawn on one of the longer sides, then the new
rectangle is similar to the original. Let tl}:}lenggl I;)f l
AP =1 unit; then AB = 1 — x units and D - AB' D c 0
Determine the value of x. (This value is the reciprocal of the ‘golden ratio’.)

30 The point P is x m from B along the line BC. A
a Determine distance PA in terms of x. D
b i Determine distance PC in terms of x. >m ,_I 3m

ii Determine distance PD in terms of x. B i C
¢ Determine x if PA = PD. -~ lbm————

d Determine x if PA = 2PD. (Answer correct to three decimal places.)

e Determine x if PA = 3PD. (Answer correct to three decimal places.)
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Chapter 4 review 163

31 ABand CD are crossroads. A jogger runs along road AB at a speed of 8 km/h and E
passes O at 1 p.m. Another runner is moving along road CD. The second runner is
moving at 10 km/h and passes O at 1:30 p.m.
a Let y km be their distance apart ¢ hours D
after 1 p.m.

i Determine an expression for y in terms of ¢.
p Y 8 km/h

ii Plot the graph of y against 7 on a calculator. [ >

ifi Determine the time(s) when the runners are A 0 B

4 km apart. (Use a calculator.)

iv Determine the time at which the runners T 10 km/h

are closest and their distance apart at this C
time.

b Determine the exact value(s) of ¢ for which:

iy=5  iiy=6

32 A path cuts across a park. Its centreline y
. . X
can be described by the equation y = 3 A pond
where the origin is at a point O in y
. 1 (30,35 E _JB(40,40)
the park. The path starts at a point (=20, 45)
C(-30,-15) and finishes at a point i D
D(60, 30). |
a How long is the path? |
T T T T T T T T T : x
One boundary of the pond in the park is 10
parabolic in shape. The boundary passes |
through the points A(-20, 45), B(40, 40) C

and E(30, 35). The equation of the
parabola is of the form y = ax? + bx + c.
b i Determine the equation of the parabola.

ii Determine the coordinates of the vertex of the parabola.

¢ On the one set of axes sketch the graphs of y = % and the parabola.
(Use a calculator to help.)

d Consider the rule y = (ax* + bx +¢) — %x, where a, b and ¢ have been determined in
partbi.
i What does this expression determine?

ii Determine the minimum value of this expression and the value of x for which this
occurs.
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164 chapter 4: Quadratics

Multiple-choice questions

Technology-free multiple-choice questions

1 The linear factors of 12x> + 7x — 12 are
A 4x-3and3x+4 B 3x—2and4x+6
C 3x+2and4x—-6 D 6x+4and2x-3

2 The solutions of the equation x*> — 5x — 14 = 0 are
A x=-7,x=2 B x=-2,x=7
C x=-2,x=-7 D x=-2only

3 Fory = 8+ 2x — x?, the maximum value of y is
A 5% B9 c 93 D 10

4 If the graph of y = 2x? — kx + 3 touches the x-axis, then the possible values of k are
Ak=1 B k=-3ork=-4
Chk=lork=3 D k=2V6ork=-2V6

5 The solutions of the equation x*> — 56 = x are
A x=-T7or8 B x=7o0r8
C x=-9o0r6 D x=9o0r-6

6 The value of the discriminant of x> + 3x — 10 is
A -5 B 49 c77 D -2

7 The coordinates of the turning point of the graph with equation y = 3x> + 6x — 1 are
A (-32) B (-1,-4) c (1,4 D (-1,-4)

8 The quadratic 5x> — 10x — 2 in turning point form a(x — h)> + k, by completing the
square, is
A (Sx—172-5 B 5(x—172-5
C 5(x+1)7%-2 D 5(x-17-7

9 The value(s) of m that will give the equation mx? + 6x — 3 = 0 two solutions is (are)
A m=3 B m=0 C m>-3 D m<-3

10 6x* — 8xy — 8y? is equal to
A (Bx+2y)2x —4y) B (6x—4y)(x+2y)
C Bx—-2y)2x+4y) D (6x+ y)(x—8y)
11 The turning point of a quadratic with rule y = x?> — ax has coordinates
a —-a® -a? -a —a*
N
(2 4 ) @0) ) 2 4
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12 The solution of the inequality x> > b%, where b < 0, is
A x>Db B b<x<-b C -b<x<b D x<borx>-b

13 The quadratic equation x*> — 2ax + b = 0, where a and b are positive constants, has one
solution when
A b=+aandb=—-+a B b=1landa#1
C a=+Vbora=-Vb D b=a=2

Technology-active multiple-choice questions

14 The sum of the solutions, correct to two decimal places, of the quadratic equation
2.1x2-3.5x-27=0is

A -121 B 1.67 C 285 D -1.66

15 A helicopter climbs vertically from the top of a 110 m building so that its height above
ground after ¢ seconds is given by & = 110 + 54¢ — 5.61>. The maximum height above
the ground, in metres, correct to two decimal places, it reaches is

A 178 m B 224 m C 240.18m D 296.78 m

16 A parabola passes through the points with coordinates (3.6,4.8), (4.4, 8.04) and
(6.3, 1.24). The equation of the parabola, giving values correct to three decimal places,
is
A y=1.123x> + 26.655x + 53.541 B y=-0.821x> — 26.655x + 54.577
C y=-2.826x% + 26.654x — 54.536 D y=-2.821x% - 26.654x — 53.54

17 The cost, ¢, in dollars per hour of running a certain steamboat is modelled by the
function ¢ = 1.7v? — 13.6v + 166.4 , where v is the speed in kilometres per hour. The
minimum cost which can be achieved is
A $4.25 per hour B $111.32 per hour
C $128.22 per hour D $139.20 per hour

18 The line y = x + k touches the parabola y = 9.61x> — 15.12x + 1.76 at exactly one point.
The value of k is

A =56 B -50 c -6.7 D 32

19 A group of n people agreed to buy a racehorse for a total price of $119 000. They were
each to put in an equal amount. Three of the people dropped out and an additional cost
of $1050 was reallocated to each of the remaining people. How much did each of the
remaining people have to contribute?

A $8500 B $7933.33 C $5950 D $7000
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Graphs of relations

Chapter contents : -
5A Rectangular hyperbolas i Aa!,_
» 5B The graph of y? = x A :

» 5C The graphofy = vx
>
>

v

5D Circles

5E Determining rules

In Chapter 2, we looked at linear graphs, sketching them and determining their rules given
sufficient information. All linear graphs can be considered as transformations of y = x. The
features we concentrated on for linear graphs were the x-axis intercept, the y-axis intercept
and the gradient.

In Chapter 4, we considered quadratics written in ‘turning point form”’ and sketched their
graphs by using transformations of the graph of the basic quadratic y = x>. The features we
concentrated on for graphs of quadratic polynomials were the x-axis intercepts, the y-axis
intercept and the coordinates of the turning point (vertex).

In this chapter, we study some other common algebraic relations, and develop methods
similar to those used in Chapter 4 to sketch the graphs of these relations. The relations in this
chapter have different types of key features. For example, we introduce asymptotes for graphs
of rectangular hyperbolas, and the coordinates of the centre and the length of the radius are
key features in the study of circles.
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5A Rectangular hyperbolas 167

m Rectangular hyperbolas

Learning intentions
» To be able to sketch the graph of y = x~! and simple transformations of this graph.

Consider the rule

B 4 | 3| 2| -1 | -

D=

N =
p—

-1 -2

e
D=
W=
A=

y —

We can plot these points and then connect
the dots to produce a continuous curve.

A graph of this type is an example of a
rectangular hyperbola.

Note that y is undefined when x = 0, and
that there is no x-value that will produce the
value y = 0.

Asymptotes

There are two lines associated with this graph L1
that help to describe its shape.

Horizontal asymptote -2

From the graph we see that, as x approaches infinity in either

direction, the value of y approaches zero. The following notation will be used to state this:

B As x — oo,y — 0%, This is read: ‘As x approaches infinity, y approaches 0 from the
positive side.’

B Asx — —oo,y — 0. This is read: ‘As x approaches negative infinity, y approaches 0 from
the negative side.’

The graph approaches the x-axis (the line y = 0) but does not cross this line. The line y = 0 is

a horizontal asymptote.

Vertical asymptote
As x approaches zero from either direction, the magnitude of y becomes very large. The
following notation will be used to state this:

B Asx — 0%,y — co. This is read: ‘As x approaches zero from the positive side,
y approaches infinity.’
B Asx — 07,y — —oo. This is read: ‘As x approaches zero from the negative side,
y approaches negative infinity.’
The graph approaches the y-axis (the line x = 0) but does not cross this line. The line x = 0 is
a vertical asymptote.
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168 chapter 5: Graphs of relations

Dilations from an axis
The diagram on the right shows the graphs of
1 2 1
y=-, y=- and y=—
X X 3x

The asymptotes are the x-axis and the y-axis,
and they have equations y = 0 and x = 0

respectively.

As can be seen from the diagram, the graphs
2
ofy=—-andy= I have the same ‘shape’
X X 1
and asymptotes as the graph of y = —, but they
X

have been ‘stretched’.

1 2
The transformation that takes the graph of y = — to the graph of y = — is called the dilation
X X

of factor 2 from the x-axis. For example, the point (1, 1) on the graph of y = — is taken to the
X

2
point (1,2) on the graph of y = —. Dilations will be considered formally in Chapter 6.
X

Reflection in the x-axis
1
When the graph of y = — is reflected in the x-axis,
X
1
the result is the graph of y = ——.
X

The asymptotes are still the two axes, that is, the lines
x=0andy=0.
- 2, . 2, .
Similarly, y = —— is the reflection of y = — in the x-axis.
X X

Reflecting in the y-axis gives the same result for these
two graphs.

Translations

1
Now let us consider the graph of y = P + 3.
X—

1

The basic graph of y = — has been translated 1 unit
X

to the right and 3 units up.

Asymptotes The equation of the vertical
asymptote is now x = 1, and the equation of the
horizontal asymptote is now y = 3.

Intercepts with the axes The graph now has
x-axis and y-axis intercepts. These can be calculated
in the usual way to add further detail to the graph.
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5A Rectangular hyperbolas 169

Sketching rectangular hyperbolas

Using dilations, reflections and translations, we are now able to sketch the graphs of all

rectangular hyperbolas of the form y = 4 ik

©) Y

2
Sketch the graph of y = T 3.
X

Solution
y
A

=—1 1
) i\ (_?’0)

1

T T T T L \» T T > X

4 2 1\0 2
! =
v L
: _
|

__________ EAON | e
| L4 y=73
LoL
|
| -6
|
I
]

[CJ} Example 2/
-2
Sketch the graph of y = T 1
x f—

Solution

. the x-axis intercept is —+

Explanation

2
The graph of y = — has been translated 1 unit to
X
the left and 3 units down. The asymptotes have
equations x = —1 and y = -3.

2
Wh =0, y=——-3=-1.
ens 4 0+1
.. the y-axis intercept is —1.
When y =0,
2
0= -3
x+1
2
3=
x+1
3x+1)=2
1
xX=-=
3

3

2 2
The graph of y = —— is obtained from the graph of y = — by reflection in the x-axis.
x x

-2
This graph is then translated 1 unit to the right to obtain the graph of y = ——.
X

-1
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170 chapter 5: Graphs of relations

4

o . 1
m For a > 0, a dilation of factor a from the x-axis transforms the graph of y = — to the
X

| Summary 5A

graph of y = =
X

m A reflection in the x-axis transforms the graph of y = 2 to the graph of y = —g.
X X

m For i,k > 0, a translation of 4 to the right and k upwards transforms the graph of y = =
X

to the graph of y =

a
+ k.
x—h

m A rectangular hyperbola with rule of the form y = Lh + k has:
x —_—

Example 1,2

2

3

Mathematical Methods Units 1 & 2

e vertical asymptote x = h

e horizontal asymptote y = k.

1 2 1
X X 2x
1 1 2
y=—-+2 fy=--3 gy=—-4 hy
X X X
1 -1 1
= i = = I
M by x+2 Y x+1+3 Y

1 Sketch the graphs of the following, showing all important features of the graphs:

-3

Write down the values of the asymptotes for each of the graphs in Question 1.

a

1
W itey = = 3
ecan write y = -———=asy 301 2)
1
Sketch the graph of y = — and hence the graph of y = i
3x 3x+6
3
We can write y = xrd asy = 0 12)
3
Sketch the graph of y = — and hence the graph of y = ——.
2x 2x+4
Wi it - !
ecanwritey= —— asy = — .
YT+ 4™V T o2
1 _
Sketch the graph of y = —— and hence the graph of y = .
2x 2x+4
. 1
We can write y = rr] Y= e %).
1
Sketch the graph of y = — and hence the graph of y = ;
2x 2x+1

2
S 3x+1
3

Sketch the graphs of the following, showing all important features of the graphs:
1 1 -1
R Y T R Y
-2 -2 2
= —_ f = 3 = - 1 h
® YT Ve L1t BYTan; Y
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5A 5B The graphofy? =x 171

+3 4 +3

5 Show that - = + 1 and hence sketch the graph of y = I
x—1 x-1 x—1
2x+3 1 2x+3

6 Show that - + 2 and hence sketch the graph of y = als :
x+1 x+1 x+1
3-2 1 3-2

7 Show that o — 2 and hence sketch the graph of y = N
x—=2 x—=2 x—=2

@ The graph of y? = x

Learning intentions
» To be able to sketch the graph of y> = x and simple transformations of this graph.

Now consider the rule y> = x. We can construct a table of values for y between —4 and 4:

4| 3| 2| -1]0 | 1|23/ 4
16 9| 4| 1[0 1| 4] 9 16

We plot these points with y against x and then connect Y
the dots to produce a continuous curve.

The graph of y? = x is a parabola. It can be obtained

from the graph of y = x? by a reflection in the

— T X

. _ T T
line y = x. 10 12 14 16

The vertex of the parabola is at (0, 0), and the axis of
symmetry is the x-axis.
The transformations considered in the previous section can be applied to the graph of y* = x.
All graphs of the form

-k’ =a*(x-h)
will have the same basic parabola shape. The vertex of the parabola will be at the point (4, k),
and the axis of symmetry will be the line y = &.

Sketch the graph of:

a (y-4>2=x+3 b y2+2y=2x+3 c YV +2y=-x-1
Solution Explanation

a y The graph of y? = x is translated 3 units to

‘/ the left and 4 units up. The vertex is (=3, 4).
Whenx=0, (y-4)*=3
+\3 T

4
(—3,4)< y=—4=4+V3
4-3 y=4i\/§

L .

0 113\ Wheny =0, 16=x+3
x=13
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172 chapter 5: Graphs of relations 5B

b Complete the square: The graph of (y + 1)> = 2(x + 2) is obtained
from the graph of y* = x by a dilation

2
Y +2y=2x+3
of factor V2 from the x-axis and then a

YV 4+2y+1=2x+4
G+ 172 =2x+2)

translation 2 units to the left and 1 unit down.

The vertex has coordinates (-2, —1).

A Whenx =0, (y+1)?=4
+1=x+2
.2/ - y=—-1x2
-2,-Dg 0 y=lory=-3
=3
\ Wheny=0, 1=2x+4
x = _%
2
¢ Completing the square as in The graph of (y + 1)> = —x is obtained from
part b gives (y + 1)? = —x the graph of y> = —x by a translation of 1 unit

down.

Wheny =0,x=—-1.

y
T The vertex has coordinates (0, —1).
L O ; x
-1

(0,-1)

( Summary 5B

m All graphs of the form (y — k)*> = a(x — h) + ¢ will have the same basic shape as the
graph of y> = x. The graph will have a vertex at (i, k).

Exercise 5B

Example3 1 Sketch the graph of each of the following relations, showing all important features: E
a(y-2?>=x-3 b y+2?=x+4 c y? =2x
d y?=2(x+5) e (y-4)=2(x+3) f (y+4)?=2x
g (y+3)P=2x—4 hy2=)§c i 4y =2x+4
i y?+6y-2x+3=0 k Y +y-x=0 I y»+7y-5x+3=0
m )y’ =-x ny+2y—x=0 o (y-2)Y%=—x

2 Sketch the graph of each of the following with the help of your calculator. (Instructions
are given in the calculator appendices of the Interactive Textbook.)

a y?=-4(x+5) b y»+2y+3x+12=0 ¢ (y—5%=7-4x
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@ The graph of y = /x

Learning intentions

5C The graphofy = vx 173

» To be able to sketch the graph of y = 4/x and simple transformations of this graph.

The rule
1
y=+Vx=x2 forx >0

<
:
I
v ;?1
=

corresponds to the upper part of the graph shown opposite. 0
It is one arm of the parabola y* = x.
y=—x
Coordinates of points on the graph of y = v/x include y
(0,0), (1, 1), (4,2) and (9, 3). A
All graphs of the form y= Vx
y=aVx—h+k 4,2)
will have the same basic shape as the graph of y = v/x. (1, 1)
0 > X

[CN Example 4
,

Sketch the graph of y = 3Vx + 1 — 6.

Solution
y
A
y=3\x+1-6
0 / (3,0) =
0,-3)
(-1,-6)
When x =0, y=-3
Wheny =0, 3Vx+1-6=0
3Vx+1=6
Vx+1=2
x+1=4
zs3
Mathematical Methods Units 1 & 2 ISBN 978-1-009-53719-3

Explanation

The graph is formed by dilating the graph
of y = v/x from the x-axis by factor 3

and then translating 1 unit to the left and
6 units down.

The rule is defined for x > —1.

The set of values the rule can take
(the range) is all numbers greater than or
equal to —6, i.e. y > —6.
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174 chapter 5: Graphs of relations

©) XD
Sketch the graph of
ay=-2vVvx-1+3.

Solution

a Vb
A

(1,3)

N
\

When y = 0: 2Vx—-1+3=0
2Vx—-1=3
Square both sides: 4x-1)=9
9 13
Theref ==+1=—
erefore x 7 + =
y
(_23 4) “
0 > X
_10
9 : \
When y = 0: -3V2x+4+4=0
4
V2x +4 = §
10
X =——
9

The graph of y = v—x
The rule

y=V-x

forx <0

yields a graph which is the reflection of the graph of y = y/x

in the y-axis.

All graphs of the form

y=am+k

will have the same basic shape as the graph of y = v—x.

Mathematical Methods Units 1 & 2 ISBN 978-1-009-53719-3

b y=-3V2x+4+4.

Explanation

The graph is formed by dilating the
graph of y = 4/x from the x-axis by
factor 2, reflecting this in the x-axis and
then translating it 1 unit to the right and
3 units up.

The rule is defined for x > 1.

The set of values the rule can take (the
range) is all numbers less than or equal
to3,i.e.y < 3.

Note that,

3V2x+4+4=-3V2Vx+2+4.

The graph is formed by dilating the

graph of y = /x from the x-axis by

factor 3\/5, reflecting this in the x-axis and
then translating it 2 units to the left and

4 units up.

The rule is defined for x > 2.

The set of values the rule can take (the
range) is all numbers less than or equal
to4,i.e. y<4.

© Evans et al. 2024 Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.



5C 5C The graphofy = vx 175

Example 6
Sketch the graph of y = V2 — x + 3.
Note: V2 —x = y/—(x—2)

Solution Explanation
We can write the rule as

y
\“ y = —(x - 2) + 3
(0, V2 +3) The rule is defined for x < 2. The set of
0

\ 5 3 values the rule can take (the range) is
2,3) all numbers greater than or equal to 3,

ie.y>3. Whenx=0, y=V2+3.

Summary 5C

m All graphs of the form y = aVx — h + k will have the same basic shape as the graph of
y = +/x. The graph will have endpoint (A, k).
m The graph of y = v/—x is the reflection in the y-axis of the graph of y = v/x.

Example4 1 For each of the following rules, sketch the corresponding graph, giving the axis
intercepts when they exist, the set of x-values for which the rule is defined and the set of
y-values which the rule takes:

a y=2yx+3 b y=Vvx-2+3 cy=Vx-2-3
dy=vVx+2+1 e y=—-Vx+2+3 fy=2vx+2-3

Example 5,6 2 For each of the following rules, sketch the corresponding graph, giving the axis
intercepts when they exist, the set of x-values for which the rule is defined and the set of
y-values which the rule takes:

ay=—-Vx—-2+3 b y=+y-(x-4)-2
c y=-24-(x+4)-1 dy=2V3-x
e y=-2V3-x fy=4Vv3—-x-4

3 For each of the following rules, sketch the corresponding graph, giving the axis
intercepts when they exist, the set of x-values for which the rule is defined and the set of
y-values which the rule takes:

a y=V3x b y=+3x-1) c y=-V2x

d y=+23-x) e y=-242 - x) f y=44/23-x)—-4
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176 cChapter 5: Graphs of relations

@ Circles

Learning intentions
» To be able to sketch the graph of x> + y> = 1 and simple transformations of this graph.

Consider a circle in the coordinate plane with centre the origin and radius r. If P(x,y)
is a point on the circle, its distance from the origin is » and so by Pythagoras’ theorem

x> +y? =12

Conversely, if a point P(x, y) in the plane satisfies the ¥
equation 2+ y2 = 12, its distance from the origin is r, A
so it lies on a circle with centre the origin and radius . 1

To the right is the graph of the circle with equation

X +yr=1.

All circles can be considered as being transformations 7 5 : > X
of this basic graph. -

As has been seen with other graphs, the basic graph

may be translated horizontally and vertically. 1

The equation for a circle is
(x=h)*+ @ -k?*=r

where the centre of the circle is the point (4, k) and the radius is r.

If the radius and the coordinates of the centre of the circle are given, the equation of the circle
can be determined.

Ml Example 7

Write down the equation of the circle with

a centre (—3,5) and radius 2.
b centre (4, —-5) and radius V3.

Solution
a If the radius is 2 and the centre is the point (=3, 5), then the equation will be
(x=(=3)? + (-5 =4
x+3°+(y-57=4
b If the radius is V3 and the centre is the point (4, —5), then the equation will be
(=47 + (- (=5)" = (V3)?
(x—47+(y+57=3
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If the equation of the circle is given, the radius and the centre of the circle can be determined
and the graph sketched.

fC)} Example 8

Determine the centre and radius of the circle (x — 1)> + (y — 2)> = 4

Solution Explanation
The equation We can sketch the circle with a little extra work.
(-1 +(-2P =4 When x = 0,
defines a circle of radius 2
with centre at (1, 2). 1+ -2 =4
»y-27°=3

Hencey:2i\/§

® | Example 9

a Sketch the graph of the circle (x + 1)> + (y + 4)> =9
b Determine the coordinates of the points of the intersection of the circle (x + 1)? + (y +
1)?> = 9 with each axis.

Solution y Explanation
a When x =0, A The circle has radius 3 and
1+ G+ 4?2 =9 . centre (—1, —4). The y-axis
5 intercepts can be found in the
y+4) =8
usual way.
Hencey = -4 + V8
=—4+2V2
b Whenx=0,1+(y+1)°=9 i
A
y=-1+2V2
5 0, -1 +2y2)
Wheny=0,1+(x+1)"=9
y (x+1) /ﬂ 0\l + 2\/5 0)
x=-1 12\/5 (-1 +2\fi 0).( 1)
(0,-1-2y2)
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The equation of a circle may not always be written in the form (x — h? + (@ —k)? =r.

Expanding the general equation of a circle gives
(x=h?+(Gy-k?=r
X =2hx+ W +y =2ky+ Kk =1
Ay =2hx=2ky+ W+ -r**=0
Letc = h% + k2 — 2.

Then we obtain an alternative form for the equation of a circle:

The general form for the equation of a circle is

¥ +y?—2hx-2ky+c=0

You will note that there is some similarity with the general form of a straight line,
ax+by+c=0.

Notice that in the general form of the circle equation, the coefficients of x> and y* are both 1
and there is no xy term.

In order to sketch a circle with equation expressed in this form, the equation can be converted
to the ‘centre—radius’ form by completing the square for both x and y.

©J Example 10

Determine the radius and the coordinates of the centre of the circle with equation
P+y —6x+4y—-12=0
and hence sketch the graph.

Solution
By completing the square for both x and y we have
X +y —6x+4y-12=0
(P -6x+9 -9+ +4y+4)-4-12=0
(P —6x+9)+(* +4y+4)=25
(x-3)%+(y+2)7> =5

The radius is 5 and the centre is at (3, —2).
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Semicircles

Transposing the equation of the circle x> + y* = r to make y the subject, we have

V=P

y= VA2
We can now consider two separate rules
y = +Vr2 =2 and y = V-2
which correspond to the top half and bottom half of the circle respectively.
Similarly, solving for x will give you the semicircles to the left and right of the y-axis:

The separate rules are

x=+4/r2—=y* and x=—r2—)?
©) I

Sketch the graphs of:
ay=+V4-—x? b y=-V4-x2
c x=—-y4-)? d x=+4-)2
Solution
ay=+V4-—x? b y=-V4-x2
Y Y
A A
2

2%
o
Y
=
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Sketch the graph of y = =2 + /49 — (x — 2)2.

Solution Explanation

Y It is a semicircle of the circle
x-2%+(+2)>=49
2+3V5 The centre is at the point (2, —2) and

the radius is 7.
It is the semicircle y = V49 — x2

> X
2-3V5 1 0 . 2 3V5 \ translated 2 units the right and
2,-2) 2 units down.

In the usual way, we determine

the x-axis intercepts and the y-axis

intercept.
When x = 0,
y=—2+\/ég
=-2+3V5
When y = 0,
2+ 49— (x-272=0
49— (x-2)2=2
49-(x-2=4
(x—2)* =45
x=2+3V5

Summary 5D
m The equation of a circle with centre (4, k) and radius r is
(x—hP+ -k =1
m The general form for the equation of a circle is
P +y—2hx-2ky+c=0
m The two separate rules for semicircles with their base on the x-axis are

y=+4+Vr2—x2 and y=-Vr2-x?

They correspond to the top half and bottom half of the circle respectively.
m The two separate rules for semicircles with their base on the y-axis are

x=+4r2—=y2 and x=—4r2—)?

They correspond to the right half and left half of the circle respectively.
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sheet i

1 Write down the equation of each of the following circles, with centre at C(h, k) and E

radius r:

Example 7 a C(0,0), r=3 b C(0,0), r=4 C C(1,3), r=>5
5

d C2,-4), r=3 e C(-3,4), r= 5 f C(-5,-6), r=4.6
Example8 2 Determine the centre, C, and the radius, r, of the following circles:

a (x-1)2+@y-37=4 b (x-22+@y+4)?=5

c x+3’+(r-27=9 d x+52+@-4)?>=8
examples 3  Sketch the graphs of each of the following:

a xX’+y’ =64 b X+(y-4*=9

c (x+2+y*=25 d x+1)?+@-4>-169=0

e 2x-3)’+@2y-5?%=36 f (x+5°+(-5?%=36
Example10 4 Determine the centre, C, and the radius, r, of the following circles:

ax>+y’-6y—-16=0 b x> +y?-8x+12y+10=0

c X+y —6x+4y+9=0 d X +y>+4x-6y-12=0

e X>+y°—8x+4y+1=0 fX2+y’—x+4y+2=0

Example10 5 Sketch the graphs of each of the following:
ax’+y’-6y-16=0
b x*+y*+4x—-6y-3=0
c X>+y?—8x+22y+27=0

Example11 6 Sketch the graphs of each of the following:

ay=+Vv9-x? b x=+9-)? c y=-VI6-x?
2
dy=-V25-x2 e x=—449-)? f x= —Zs——yz

Example12 7 Sketch the graphs of each of the following:
a y=+36-(x-2) b y-—2=+4-(x+2)

8 The graph of x*> + y? < 9 is as shown. Note that (1, 1) satisfies
12 + 1% < 9. The coordinates of every point in the shaded region
satisfy the inequality.

Sketch the graphs of each of the following. Use a dotted line
when indicating that the boundary is not included.

a xX>+y’ <4 b x>+y>>1 c X>+y*<5
d X*+y*>9 e X>+)y°>6 fx2+y°<8
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@ Determining rules

Learning intentions

» To be able to determine the rules of the graphs discussed in this chapter.

In Chapters 2 and 4 we looked at some sufficient conditions for determining the rules for

straight lines and parabolas. For straight lines these included:

m the coordinates of two points
For parabolas these included:

m the coordinates of three points

m the gradient and a point.

m the coordinates of the vertex and the coordinates of one other point.

In this section we are looking at some sufficient conditions for determining the rules for the

graphs of this chapter.

a The rectangular hyperbola y = < + 8 passes through the point (-2, 6). Determine the
X

value of a.

b The rectangular hyperbola y = a + k passes through the points (2,7) and (-1, 1).
X

Determine the values of a and k.

Solution
a When x = -2,y = 6. Hence

6=—+38
_2+
a

P = e
-2

a=4

4
The equationisy = — + 8.
X

b Whenx=2,y=7. Whenx=-1,y=1.

So we have the equations

a
T==+k 1
5 (1
l=-a+k 2)
Subtract (2) from (1):
6= g +a ()
Multiply both sides of equation (3) by 2:
12=a+2a
a=4

From equation (2): k =35.
4

The equationisy = — + 5.
X
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Explanation
The general technique is to substitute
the given values into the general
equation

y = r i ; +k
In this case 4 = 0 and k = 8.

The general technique is to substitute
the given values into the general
equation

a+k

y:

.
In this case & = 0 and the values of a
and k are unknown.

Simultaneous equations need to be
formed and then solved.
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A graph which has rule y = aVx — h passes through the points (4, 2) and (7,4). Determine

the values of a and A.

Solution
When x =4,y =2. Whenx =7,y =4.
We have the equations

2=aV4-h (1)
4=aVT-h (2
Divide (2) by (1):
5 7-h 3)
4—-h
Multiply both sides of equation (3) by V4 — h:
2V4—h=VT-h
Square both sides of the equation:
44-hy=T7-h
16-4h=T7-h
3h=9
h=3

Substitute in (1) to determine a = 2.

The required equation is y = 2Vx — 3.

Explanation

The general technique is to substitute
the given values into the general
equation

y=aVNx—-h+k

In this case k = 0 and the values of a
and & are unknown.

Simultaneous equations need to be
formed and then solved. Note that
h # 4 from equation (1).

Determine the equation of the circle whose centre is at the point (1, —1) and which passes

through the point (4, 3).

Solution
Let r be the length of the radius. Then

r=V@4-12+G- (DY
= V32442
=
Hence the equation of the circle is

x-12+@+1)*=25

ISBN 978-1-009-53719-3
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Explanation
‘We use the centre—radius form for the
equation of a circle:

(x—h>+G-k?*=r

The centre is (1, —1). We need to
determine the radius.

Cambridge University Press
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sheet @

Example13a. 1 The rectangular hyperbola y = 943 passes through the point (1, 8). Determine the E
X

value of a.
2 A rectangular hyperbola with rule of the form
a
y=——+k
X

has vertical asymptote x = 3, horizontal asymptote y = 4 and passes through the

point (0, 6). Determine the values of a, h and k.
Example13b 3 The rectangular hyperbola y = Sy passes through the points (1, 8) and (-1, 7).

X

Determine the values of ¢ and k.

4 A rectangular hyperbola with rule of the form

a
= ——+k
Y x—h

has vertical asymptote x = 2, horizontal asymptote y = —4 and passes through the
point (0,4). Determine the values of a, h and k.

5 A graph which has rule y = a+/x passes through the point (2, 8). Determine the value
of a.

Example14 6 A graph which has rule y = aVx — h passes through the points (1, 2) and (10, 4).
Determine the values of a and A.

Example15 7 Determine the equation of the circle whose centre is at the point (2, 1) and which passes
through the point (4, —3).

8 Determine the equation of the circle whose centre is at the point (-2, 3) and which
passes through the point (-3, 3).

9 Determine the equation of the circle whose centre is at the point (-2, 3) and which
passes through the point (2, 3).

10 Determine the equation of the circle with centre (2, —3) which touches the x-axis .

11 Determine the equation of the circle whose centre lies on the line y = 4 and which E
passes through the points (2, 0) and (6, 0).

12 Determine the equations of the circles which touch the x-axis, have radius 5 and pass
through the point (0, 8).

13 Determine the equation of a circle which passes through the points A(0, 2), B(2,0) and
C(-4,0).
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14 Determine the rule for each of the following graphs. The general form of the rule is E
given for each graph.
a (x-h2+@y-k*=r b y=aVx—-h+k
y Y
A A
/0/_\ > X
(-5,-2) °(2,-2) 2, 1)
0 X
(1 5 _2)

Centre at (2, -2)

a a
cy—x_h+k dy_x—h+k
y y
A A
| |
| |
| |
1\ 6.3 21 >x
y=2 &Y l
el L i L
lx=2 y==21
0 ; > X ! 3,-3)
| |
| |
| |
| |
e y=aVh—x+k f O—k?=b(x-h)
y y
A A
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Chapter summary

m The standard graphs: m Dilations of these graphs:

y
A

Rectangular hyperbola

V
-
"
A

— x2+y2=1
Circle xtyr=1 Y
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m Reflections in the axes:

(r=22+(-27=4

bk S

0 0
tx=1

m Equation for a circle with centre at (4, k) and radius r:
(x—h?+O-k*=r
Alternative form:
¥ +y? —=2hx-2ky+c=0

where ¢ = h? + k% — 2.

Skills checklist
i Download this checklist from the Interactive Textbook, then print it and fill it out to check
Check- your skills. M

list

m 1 [Ican sketch and analyse graphs with rule of the formy = ﬁ + k. ]
See Example 1, Example 2 and Question 1

m 2 Ican sketch and analyse graphs with rule of the form (y — k)? = a(x — h) + c. I3
See Example 3 and Question 1

m 3 Ican sketch and analyse graphs with rule of the formy = aVx — h + k. (]
See Example 4, Example 5 and Questions 1 and 2.

@ 4 1can sketch and analyse graphs with rule of the formy = avh — x + k. (]

See Example 6 and Question 2.
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188 chapter 5: Graphs of relations

m 5 [Ican sketch and analyse graphs of circles given the coordinates of the centre []
and the radius.

See Example 7, Example 8, Example 9 and Questions 1, 2 and 3

6 Ican determine the centre and radius of circle where the equation of the circle = |
is given in the form x? + y?> — 2hx — 2ky + ¢ = 0.

See Example 10, and Questions 4 and 5

m 7 1can sketch and analyse graphs of semicircles. [ ]
See Example 11, Example 12 and Questions 6 and 7

8 Ican determine rules for graphs considered in this chapter given sufficient (]
information.

See Example 13, Example 14, Example 15 and Questions 13, 14 and 15

Short-response questions

Technology-free short-response questions

1 Sketch the graphs of each of the following: E
ay=2 by= — cy=—2 41 dy=— [
YT M YAl M
4
ey=j; +3 fy?=x-2 g O0-12=x+1 h y=2yx+2
-Xx
i y=2Vx-3+2 Jy=-2Vx+2+2 k y2 =4(x-2)

L =12 =16(x-2) m (y—472=-4(x-1)

2 By completing the square, write each of the following equations in the form
(x —a)? +(y—b)2 =%

a xXX+y?—6x+4y-12=0 b x>+’ -3x+5y-4=0
c 2x*+2y?—x+y-4=0 d ®+y*+4x-6y=0
e x>+ =6(x+Yy) f x> +y?> =4x-6y

3 For the circle x> + y?> — 4x + 6y = 14, determine the equation of the diameter which
passes through the origin.

4  For the circle x> + y> — 3x + 2y = 26, determine the equations of the diameters which cut
the x-axis at an angle of 45°.

5 Determine the equation of the circle with centre C and radius r for each of the following E

and sketch the graph:
a C3,4), r=5 b C(-1,0), r=1
— 1 1 - |
C C(4,4), r=2 d C('2',—§), r = 3
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6 The equation of a circle is x> + y* + 4x — 6y = 23. Determine the centre and radius. E
7 Determine the length cut off on the x-axis and y-axis by the circle x* + y> — 2x — 4y = 20. E

8 Sketch the graphs of the following semicircles: E

ay=V9-x? b y=-416—-(x+1)?
cy—-2=-Vl-x2 d y+3=4/4—(x+2)?
9 A rectangular hyperbola with rule of the form
= +k
Y x—h

has vertical asymptote x = 2, horizontal asymptote y = 5 and passes through the
point (0, 8). Determine the values of a, & and k.

10 For each of the following, write the equation in the form (y — k)* = a(x — h) by
completing the square, and state the coordinates of the vertex, the x-axis intercept and
the y-axis intercepts of the graph of the equation:

ayY+dy=x+2 b Y +6y+2x+4=0 c 2y’ +8y-5x+6=0
1
11 Show that the line x + 4y = 4 touches the hyperbola y = — at only one point.
X

12
12  Consider the hyperbola y = —. The points P(2, 6) and Q(—4, —3) lie on the hyperbola.
x
The line PQ cuts the y-axis at B and the x-axis at A.

a Determine the coordinates of points A and B.
b Prove that PB = AQ.

Technology-active short-response questions

k

13 The variables x and y are connected by a rule of the form y = —. A table of values, with E
X

two missing values, constructed from this rule is shown here.

X 2 4 6 a
y b 1 0.667 1.414

Determine the value of k and the values of a and b. Give the value of a correct to two

decimal places.

14 The maximum speed of yachts is given by a formula of the form y = k+/x, where
y knots is the maximum speed and x m the length. If a yacht 20 m long can maintain a
maximum speed of 15 knots, determine the maximum speed of a yacht 15 m long. Give
your answer to the nearest knot.

15 a The air in a tube occupies 43.5 cm® and the pressure is 2.8 kg/cm?. The volume of

air is given by a formula of the form V = B where k is a positive constant and P is

the pressure. Determine the formula connecting V and P.

b Calculate the pressure when the volume is decreased to 12.7 cm?.
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16 A vehicle moves past a post at a speed of 5 m/s. The vehicle is accelerating and the E
speed v m/s of the vehicle s m past the post is given by the equation v = V25 + s.
a Find the speed, correct to two decimal places, of the vehicle when it has gone 10 m.

b How many metres does the vehicle go before it reaches a speed of 12 m/s?

17 The weight (w kg) which a beam that is supported at each end will carry without

breaking is given by a formula of the form w = — where & is a positive constant and d is
the distance between supports. A beam which measures 6 m between supports will just
carry a load of 500 kg.

a Determine the formula connecting w and d.

b What weight could the beam carry if the distance between the supports were 5 m?

¢ What weight could the beam carry if the distance between the supports were 9 m?

18 A graph which has rule y = =2Vx — h + k passes through the points (12, 0) and (39, —6).
Determine the values of 4 and k.

19 A graph which has rule y = L6 + k passes through the points (0, 34) and (12, 26).
x—
Determine the values of a and k.

20 A circle passes through the points (-5, 1), (6, 1) and (3, 5). Determine the equation of
the circle.

21 Consider the parabola with equation (y — 2)> = 3x — 2. E
a Determine the coordinates of the points of intersection of this parabola with the line
y=x.
b Determine, in terms of a, the coordinates of the points of intersection of this parabola
with the line y = x + a.
¢ i Determine the value of a for which the line y = x + a just touches the parabola.
ii Determine the values of a for which the line y = x + a does not intersect
theparabola.

22 a Show that the line y = x + 1 touches the parabola y*> = 4x at the point (1, 2).
b Determine the coordinates of the points of intersection, P and Q, of the line y = x + 1
and the parabola y* = —4x.
¢ Determine the distance between points P and Q.

d Determine the midpoint of the line segment PQ.

23  The line with equation y = mx is tangent to the circle with centre (10, 0) and radius 5 at
the point P(x,y).
a Determine the equation of the circle.
b Show that the x-coordinate of the point P satisfies the equation
(1 +m?)x*>=20x+75=0.
¢ Use the discriminant for this equation to determine the exact value of m.
d Determine the coordinates of P. (There are two such points.)

e Determine the distance of P from the origin.
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24 A circle has its centre at the origin and radius 4.
a Determine the equation of this circle.
b Two lines which pass through the point (8, 0) are tangents to this circle.
i Show that the equations of these tangents are of the form y = mx — 8m.
ii Use techniques similar to those used in Question 23 to determine the value of m
and, hence, the equations of the tangents.
25 A circle has centre at the origin and radius 5. The point P(3, 4) lies on the circle.
a Determine the gradient of the line segment OP, where O is the origin.
b Determine the gradient of the tangent to the circle at P.
¢ Determine the equation of the tangent at P.
d If the tangent crosses the x-axis at A and the y-axis at B, determine the length of line
segment AB.
26 Let P(x;,y;) be a point on the circle with equation x> + y> = a°.
a 1 Give the gradient of the line segment OP, where O is the origin.
ii Give the gradient of the tangent to the circle at P.
b Show that the equation of the tangent at P(x,y;) is x| X + y1y = a.
¢ If x; = y; and a = 4, determine the equations of the possible tangents.
27 An equilateral triangle ABC circumscribes the circle with equation x*> + y* = a. The
side BC of the triangle has equation x = —a.
a Determine the equations of AB and AC.
b Determine the equation of the circle circumscribing triangle ABC.
28 Consider the curve with equation y = Vx — b + c.
a Show that if the curve meets the line with equation y = x at the point (a, @), then a
satisfies the equation a*> — (2c + 1)a + ¢> + b = 0.
b i If the line with equation y = x is a tangent to the curve, show that ¢ = #
ii Sketch the graph of y = v/x — i and determine the coordinates of the point on the
graph at which the line with equation y = x is a tangent.
¢ Determine the values of k for which the line with equation y = x + k:
i meets the curve with equation y = y/x — i twice
ii meets the curve with equation y = v/x — % once
iii does not meet the curve with equation y = y/x — %.
29 For the curve with equation y = v/x — 1 and the straight line with equation y = kx,
determine the values of & such that:
a the line meets the curve twice
b the line meets the curve once.
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30 The line px + gy = 1 touches the parabola y*> = 4a(a — x), where p, g and a are non-zero E
real numbers.

a Show thata = ———.
P +q
b For each of the following values of p and ¢, determine the value of a and the

coordinates of the point where the line touches the parabola:
i p=landg=1 it p=3andg=4
Now assume that ¢ = 1 and consider the parabola y* = —4(x — 1).

¢ By using simultaneous equations in p and ¢, determine the equation of the line
px + gy = 1 that touches this parabola at:

i the point (0, 2) ii the point (-3, —4)
31  The line px + gy = 1 touches the hyperbola y = ﬂ’ where p, g and a are non-zero real
X
numbers.

1
a Show thata = —.
b For each of the following values of p and ¢, determine the value of a and the
coordinates of the point where the line touches the hyperbola:
i p=landg=1 it p=2andg=2
1
Now assume that a = 1 and consider the hyperbolay = —.
X

¢ By using simultaneous equations in p and ¢, determine the equation of the line
px + qy = 1 that touches this hyperbola at:

i the point (2, 1) i the point (-2, 1)
Multiple-choice questions

Technology-free multiple-choice questions

1 The circle with equation (x — a)? + (y — b)*> = 36 has its centre on the x-axis and passes
through the point with coordinates (6, 6). The values of a and b are

A a=0andb =0 Ba=2andb=0
C a=-6andb=0 D a=6andb=0
1
2 The equations of the asymptotes of the graph of y =5 — =3 are
x—
5 5
A = 5’ = — B = 5’ = —
y X 3 X y 3
3 5
Cy=5 x=- D x=5 y=-=
Y= 173 * 3
5 a
3 Fortheruley = — + 3, when x = oA y=
X
AS_a+3 BZOCH-3 c§+3 D2+3
2 a a a
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4 If the y-axis is an axis of symmetry and the circle passes through y
the origin and (0, 4), the equation of the circle shown is A 4
AXC+(y-2)P%=4 B (x+2)?2+y*=4
C X+(+27°=4 D ¥*+y’-2=4
0 X

2
5 The equations of the asymptotes of the graph of y = o i 4 are
X

Ax=-2 y=—-4 B x=-2y=-2
C x=2,y=4 D x=-4,y=-2
6 For the circle with equation (x — 5)? + (y + 2)* = 9, the coordinates of the centre and the
radius are
A (-5,2)and9 B (5,-2)and9
C (5,-2)and 3 D (-2,5)and 3

7 For the rule y = —2+/x + 3, where x > 0, the range of possible y-values is
A y>-3 B y>-3 Cy<3 Dy>3

8 The equation of the circle which has a diameter with endpoints at (-2, 8) and (6, 8) is

A (x+22+(+8)> =64 B (x-22+(-8?%=16

C (x-22+(y+8?%=4 D (x-2%+(y+8)?%=16
9  Which of the following is the equation for the graph of a circle?

Ay =16+ B x+y’ =16

c -y =16 D y> =16 - x?

y

10 The equation of the semicircle shown is 8“

A y=V9-x2+3 g

By=Vo+x2-3 5

Cy=-V9-x2-3 §

Dy=-Vo-2+3 7]

DEE RN E DI

11 The graph of (y + a)*> = =3(x — 2), where a > 0, has
A vertex at (2, —a) and y-axis intercepts at (0, —a — \/6) and (0, —a + \/6)
B vertex at (-2, a) and y-axis intercepts at (0, —a — V3) and (0, —a + V3)
C vertex at (2, —a) and y-axis intercepts at (0, a — V6) and (0, a + V6)
D vertex at (=2, a) and y-axis intercepts at (0, —a) and (0, a)
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194 chapter 5: Graphs of relations

12

13

The graph of y — b = —va — x, where a > 0 and b > 0, has
A endpoint (b, a) and y-values y < a B endpoint (a, b) and y-values y < b
C endpoint (a,b) and y-valuesy > a+b D endpoint (a,—b) and y-values y < —b

The rule (y — 2)*> = —3x + 1 is defined for

1
Ax§§ B x>3 C x<2 D x

\Y
W | =

Technology-active multiple-choice questions

14  The graph of y = =3V3x + 5 + 7 passes through the points (a, 0) and (0, b). The values
of a and b correct to two decimal places are
A a=0.15b=0.29 B a=029,b=0.15
C a=0.13,b=0.30 D a=031,b=0.15
. . 1 .
15 The straight line y = x + 1 crosses the rectangular hyperbola y = I at points A and
X
B. The distance AB is equal to
A 2V2 B 8 c 4 D V2+1
16 The straight line y = x + a touches the semicircle with equation y = V4x — x2. The value
of ais
A -2+2V2 B 1 c -2 D -2-2V2
17 The speed, v m/s, at time ¢ seconds, of a small stone falling is given by the formula
v = k+/s where s is the distance the stone has fallen at time ¢ seconds and & is a real
constant. The stone has a speed of 7 m/s after falling 2.5 m. Its speed after falling 10 m
is
A 7Tm/s B 28 m/s C 14m/s D 7V10 m/s
. . . 2 .
18 A curve passes through the points with coordinates (2, —2), (4,2) and (6, 5) A possible
equation of the curve is
2 2
A y=2x*-4 B y=1V2x C y= Dy=-+1
x-=3 X
19 A curve has a rule of the form y = aVx — h. The points with coordinates (13, 9) and
(20, 12) lie on the curve. The values of a and 4 are
A a=3h=4 Ba=4h=3 Ca=5h=4 Da=3h=5
20 The circle with equation x> + y* — 6x — 10y + ¢ = 0 does not intersect (or touch) either
coordinate axis and the point (1, 4) lies inside the circle. The range of possible values of
c are
A 25<c<29 B c>9 C c>254 D c<29
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Chapter contents

6A Relations, domain and range

6B Functions

6C Piecewise-defined functions

6D Applying function notation

6E Functions and modelling exercises
6F Fitting data

6G Translations of functions

G6H Dilations and reflections

61 Combinations of transformations
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6J Determining transformations

In Chapters 2 and 4 we looked at linear polynomials and quadratic polynomials, and in
Chapter 5 we studied rectangular hyperbolas, square-root graphs, circles and semicircles.
These are all examples of relations. You will meet them all again in this chapter, but using a
new notation which will be carried through into the following chapters of this book.

We have studied transformations in the earlier chapters of this book without any systematic
consideration of transformations of the points of the plane in general. In this chapter we offer
the opportunity to develop techniques for both applying and identifying transformations.
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196 chapter 6: Functions and relations

m Relations, domain and range

Learning intentions
» To be able to represent a relation and identify the domain and range
of a relation.

In previous chapters we have looked at how to sketch the graphs of various mathematical
relations. We will now look at this aspect of representing relations in a more formal way. An
introduction to set notation was given in Chapter 3.

m An ordered pair, denoted (x, y), is a pair of elements x and y in which x is considered to
be the first coordinate and y the second coordinate.

m A relation is a set of ordered pairs. The following are examples of relations:
a §={(1,1),(1,2),3,4),(5,6)}
b T ={(-3,5),(4,12),(5,12),(7,-6)}
m Every relation finds two sets:
e The set of all the first coordinates of the ordered pairs is called the domain.
e The set of all the second coordinates of the ordered pairs is called the range.
For the above examples:
a domain of § = {1, 3,5}, range of S = {1,2,4,6}
b domain of T = {-3,4,5,7}, range of T = {5, 12, -6}
Some relations may be defined by a rule relating the elements in the domain to their

corresponding elements in the range. In order to define the relation fully, we need to specify
both the rule and the domain. For example, the set

{(x,y):y=x+1, xe€{1,2,3,4}}
is the relation
{(1,2),(2,3),(3,4),(4,5)}
The domain is the set {1, 2, 3,4} and the range is the set {2, 3,4, 5}.

Representing relations
Graphing relations
We can represent a relation as a graph on a set of Cartesian axes. The
domain is the set {1, 2, 3,4} and the range is the set {2, 3,4, 5}.
On the right is the graph of the relation
{(,y):y=x+1, xe{l1,2,3,4}}

— N W B W

Note that we only graph the individual points of this relation.
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BA Relations, domain and range 197

If the domain of the relation is the set of real numbers, R, then
there are infinitely many points. For example, the graph of

{(x,y):y=x+1, xeR}

is a continuous straight line. The range is R.

Another example of a relation is one defined by an inequality. For

example, A

{(x,y):3x—2y <6, xeR} 3x-2y=6
is a region of the real plane. o
The domain is R and the range is R. g

A circle is a further example of a relation.

{((6y): (x=2*+(y+2)° =49, xR}
The domain is [-5, 9] and the range is [-9, 5].
Without interval notation:

Domain: -5 <x <9, Range: -9<y<5

Arrow diagrams

A relation may also be represented by an arrow diagram.

This diagram represents the relation This diagram represents the relation
{(3,6),(3,5),(2,5),(2,4),(1,2)}: {(5.4),(4,3),(3,2), (2, D}:

m A relation may be written as:
o a listed set of ordered pairs (not always convenient or possible)
o arule with a specified or implied domain.

m A relation may be represented by a graph or an arrow diagram.

Often set notation is not used when describing a relation. For example:
®m {(x,y):y=x*}is written as y = x°
B {(x,y):y=x+1, x>0}iswrittenasy=x+ 1, x > 0.

This has been the case in your previous considerations of relations.
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198 chapter 6: Functions and relations

Sketch a graph of each of the following relations and state its domain and range:
a {(-2,-1,(-1,-D,(=1,1,(0, 1), (1, -1)}

b x2+y*=1

c 2x+3y=6, x>0

d y=2x-1, xe[-1,2]

Solution
a y b y
A A
21 1
e |- /“\
~ > X
ERE U I -\ o i
° L °
-1
9
Domain = {-2,-1,0, 1} -1<x<1 .. Domain=[-1,1]
Range = {1, 1} -1<y<1 .. Range=[-1,1]
c y d y
A A
2_' (0’ 2) 3“ (23 3)
1 27
1..

o] 1 2 il 3a0/T 53"

x>0 .. Domain = [0, c0) —-1<x<2 .. Domain=[-1,2]
y<2 .. Range = (—o,2] -3<y<3 .. Range=[-3,3]

In order to determine the range of a relation it is necessary to consider the graph. This
strategy is used in the following examples.
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BA Relations, domain and range 199

For each of the following, complete the square, sketch the graph and state the range. The

domain is R.
ay=x>—4x+5
b y=-x*+4x-5

Solution
ay=x>—4x+5
=x-22%+1
The range is [1, o).

Without interval
notation: y > 1

b y=-x>+4x-5
= =27 =1
The range is
(=00, —1]. Without
interval notation:
y< -1

JCJ) Example3

Explanation

Complete the square:

X —dx+5=x"—4x+4-4+5
=(x-2%+1

The vertex is at (2, 1).

(=]

(2’ _1)

Sketch the graph of the relation defined by

y=x*+2for 2<x<1

and state the range.

Solution

y
(-2, 6) A

(1,3)

0

The range is [2, 6] or without interval

notation: 2<y<6
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The minimum y-value is 1.

Complete the square:

-2 +4x-5=—(x> —4x+5)

> x =2 —-4x+4+1)

=—((x-272+1)
=—(x-27-1

The vertex is at (2, —1).
The maximum y-value is —1.

Explanation

Note that the range is not determined
by considering the endpoints alone. The
minimum y-value is 2, not 3.
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200 cChapter 6: Functions and relations

Implied (maximal) domain

When the rule for a relation is written and no domain is stipulated, then it is understood that
the domain taken is the largest for which the rule has meaning. This domain is called the
maximal or implied domain.

For example, the implied domain of y = x? is R, and the implied domain of x*> + y*> = 1
is =1 <x <1, thatis, [—1,1]. This concept is considered again in Section 6B.

For each of the following relations, state the implied domain and the range:

a (x-172+y*=9 b y=Vv9-x2+1

Solution

a This relation is a circle with centre (1, 0) and radius 3. J
The implied domain is —2 < x < 4, that is [-2, 4].
The range is —3 < x < 3, thatis [-3,3].

(13 _3)
b This relation is a semicircle with centre (0, 1) and y
radius 3.
The implied domain is -3 < x < 3, that is [3, 3] 4
The range is 1 < x < 4, thatis [1, 4].
(3,1 0,1) 43, 1)

| »> X

Summary 6A

m An ordered pair, denoted (x, y), is a pair of elements x and y in which x is considered
to be the first coordinate and y the second coordinate.

m A relation is a set of ordered pairs.
o The set of all the first coordinates of the ordered pairs is called the domain.
e The set of all the second coordinates of the ordered pairs is called the range.

m Some relations may be defined by a rule relating the elements in the domain to their

corresponding elements in the range. In order to define the relation fully, we need to
specify both the rule and the domain. For example:

{(x,y):y=x+1, x>0}

m For a relation described by a rule with y in terms of x, the domain is the x-values and
the range is the y-values.

m The maximal or implied domain is the largest domain for which the rule of the
relation has meaning.
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sheet

Skill- EJ Exercise 6A

Example1 1 Sketch a graph of each of the following relations and state its domain and range:

a {(_3, _4)’ (_1’ _1)’ (_6a 7)a (la 5)} b {(_4a l)a (_4a _l)a (_6a 7)a (_6a 8)}
c >+y’=4 d3x+2y=12, x>0
e x—y=4, -1<x<2 fy=2x+3, 4<x<1

2 State the domain and range for the relations represented by each of the following

graphs:
a y b y
A )
2,2)
> X
e 0 > X & 0 2
(-2,-1) -
y
c y d 1

3 Draw an arrow diagram to represent each of the following relations:
a {(3,0),(3,4),(2,3),(2,2),(1,3)} b {(1,2),(1,3),(2,2),(2,4),(3,3)}
¢ {(1,2),(2,3),(3,4),(4, 1),(5,2)} d {(1,2),(2,3),(3,4),(4,5),(5,0)}

Example2 4 For each of the following, complete the square, sketch the graph and state the range:

ay=x2+6x+10 by=—x2—4x—6 cy=2x2—4x+6

5 Sketch the graphs of each of the following and state the range of each:

ay=x+1lforx>2 b y=-x+1forx>2
c y=2x+1forx> -4 d y=3x+2forx<3
e y=x+1forx<3 fy=-3x—-1for-2<x<6
g y=-3x—lfor-5<x<-1 h y=5%-1for-2<x<4

example3 6 Sketch the graphs of each of the following and state the range of each:

ay=x2+3,x€[—1,1] by=x2+4,x€[—2,1]
c y=x*-4, xe[-1,2] d y=2x>+1, xe[-2,3]
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202 cChapter 6: Functions and relations 6A

7  Sketch the graphs of each of the following relations, stating the range of each: E
ay=x>+1 b y=x>+2x+1 cy=4-x% -2<x<2
dy=x>+2x+3 e y=—x>+2x+3 fy=x>-2, xe[-1,2]

g y=2x>-3x+6 h y=6-3x+x

Example4 8 Sketch the graphs of each of the following relations, stating the implied domain and
range of each:

ax’+y’=9 b (x-2?%+(k-3?=16
c 2x-12+Q2y-47=1 d y=vV25-x2

e y=-V25—x? fy=—25-(x-2)?

9 Sketch the graphs of each of the following relations, stating the maximal domain and
range of each:

2
2x -5

dy=+4-(x-52 e y=(4-21)2

10 Sketch the graphs of each of the following relations, stating the maximal domain and

+3 b y=vV2x-5 c y=V5-2x

ay=

range of each:

ax=y b x=y>+1 c x=y"-1 d x=(u-372+1

@ Functions

Learning intentions
» To be able to identify when a relation is a function and use function notation.

A function is a relation such that for each x-value there is only one corresponding y-value.
This means that, if (a, ) and (a, c) are ordered pairs of a function, then b = c¢. In other words,
a function cannot contain two different ordered pairs with the same first coordinate.

[C)f Examples |
Which of the following sets of ordered pairs defines a function?

a {(_39 _4)7 (_17 _1)7 (_6’ 7)’ (1’ 5)}
b {(-4,1),(-4,-1),(-6,7),(-6,8)}

Solution
a {(-3,-4),(-1,-1),(=6,7),(1,5)} is a function, because for each x-value there is only
one y-value.

b {(-4,1),(-4,-1),(=6,7),(=6,8)} is not a function, because there is an x-value with two
different y-values. The relation contains two ordered pairs, (—4, 1) and (-4, —1), with
the same first coordinate.

One way to identify whether a relation is a function is to draw a graph of the relation and then
apply the following test.
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Vertical-line test

If a vertical line can be drawn anywhere on the graph and it only ever intersects the graph
a maximum of once, then the relation is a function.

 ® | BREIEE
2

a Isy = x? afunction? State the maximal domain and range of y = x°.

b Is x*> + y* = 4 a function? State the maximal domain and range of x> + y* = 4.

Solution Explanation
a y For each x-value there is only
A one y-value.

The ordered pairs of the relation
are all of the form (a, a?).

The vertical-line test shows that y = x? is a
function. The maximal domain is R and the range
is [0, o). Without using interval notation the

range is y > 0.

b y Note that (V2, V2) and (V2, —=V2)

are ordered pairs of the relation.

There is an x-value with more
than one y-value.

-
\

The vertical-line test shows that x> + y* = 4 is

not a function. The maximal domain is [-2, 2]
and the range is [-2, 2].

Function notation
Functions are usually denoted with lowercase letters such as f, g, .
If f is a function, then for each x in the domain of f there is a unique element y in the range

such that (x,y) € f. The element y is called ‘the image of x under f” or ‘the value of f at x’,
and the element x is called ‘a pre-image of y’.

Since the y-value obtained is a function of the x-value, we use the notation f(x), read as
‘f of x’, in place of y.
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204 cChapter 6: Functions and relations

For example, instead of y = 2x + 1 we can write f(x) = 2x + 1. Then f(2) means the y-value

obtained when x = 2.
f)=22)+1=5

[ =2(-dH+1=-7
fla) =2a+1

e.g.

By incorporating this notation, we have an alternative way of writing functions:

m For the function with rule y = x> and domain R, we write f(x) = x>, x € R.

m For the function with rule y = 2x — 1 and domain [0, 4], we write f(x) =2x— 1, x € [0,4].

If the domain is R, we often just write the rule. For example: f(x) = x°.

§CJR Example 7

If f(x) = 2x* + x, determine:

a f(3) b f(=2) ¢ fx-1

Solution
a f3)=203)72+3=21

c fx-D=2x-1>+x-1
=2(x*=2x+ D +x—-1

=2x>-3x+1

ECJN Example 8

Consider the function defined by f(x) = 2x —

a Determine the value of f(2) and f(¢).
¢ Find the value of x for which f(x) = 0.

e For what values of x is f(x) > x?

d f(é) a#0

b f(-2)=2(-22-2=6

1 1\2 1
d 1(z)=2(;) +5
a a a
_2 1
az  a
_2+a
==

4 for all x € R.

b Find the value of x for which f(x) = 6.

d For what values of ¢ is f(z) = ¢?

f For what values of x is f(x) < 3x?

Solution
a f2)=22)-4=0 b f(x)=6 c f(x=0
f(®)=2t—-4 2x—4=6 2x—4=0
2x =10 2x =4
x=35 z=22
d fo=t e f(x)=>x f o f(x)<3x
2t -4 =t 2x—-4>x 2x -4 < 3x
t—-4=0 x-4>0 -4 <x
t=4 x>4 x>-4
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(Using the TI-Nspire CX non-CAS )

= Use > Actions > Define to define the KK’ *Ti-Nspire
function f(x) = 2x —4. Define fix)=2- x-4 DoiE
m Determine f(2) as shown. 42) 0

m Use > Algebra > Numerical Solve to nSolve(f(d)=t.) "
solve the equation f(z) = t.

\_ J
(Using the Casio )
Using the numerical solver
For the function f(x) = 2x — 4: ] ([F)Rea)
) SolveN(2x-4=6
® In Run-Matrix mode, select the numerical solver {5}
(calculation (F4), SolveN (F5)). SolveN(2x-4=0) {2}
m To solve f(x) = 6, enter the equation 2x — 4 = 6. SolveN(2x-4=x) (4}
Repeat to solve f(x) = 0 and f(x) = x as shown. I:E

Using Graph mode

m In Graph mode, enter the rule for the function
f(x) =2x—41in Y1 as shown.

¥

m Select Draw (F6). e —
Y4: {—1]
Y5: [—1]

(—1

Y6:
(SN[ DELETE] TYPE | TOOL JIiad Tl

To determine f(2): Vi=2xz-4 oY

® Go to the G-Solve menu and select
y-Cal . o O/U'Y X)) ) 3

m Enter the x-value 2. / s
m Press to obtain the answer f(2) = 0. X=2 =0
To determine the value of x for which f(x) = 6: Vi=2x-4 o

= Go to the G-Solve menu and select '
x-Cal (Fe) (F2). n o/ 55

m Enter the y-value 6. / e

m Press to obtain the answer x = 5. =5 -9

\_ J

A constant function has a rule of the form f(x) = a. For example, let f(x) = 7; the domain

is R and the range is {7}.

A linear function has a rule of the form f(x) = mx + c. For example, let f(x) = 3x + 1; the
domain is R and the range is R.
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Restriction of a function

Consider the following functions:

Jx) h(x)
A h

0| ~ oT ™
fx)=x% xeR gx)=x% -1<x<1 h(x)=x*, x>0

The different letters, f, g and A, used to name the functions emphasise the fact that there are
three different functions, even though they all have the same rule. They are different because
they are defined for different domains. We say that g and # are restrictions of f, since their

domains are subsets of the domain of f.

L @T} Example 9

Sketch the graph of each of the following functions and state its range:

a fx)=x, -1<x<2 b fx)=x*+x, -1<x<1
1
c f(x)=—, 0<x<2 d f(x)=x*>-2x+8, xeR
X
Solution
a ¥ b
A y
2,2) A
(1,2)
() > X _1
- > X
(-1,-1) @ v
2’ 4

Rangeis —1 <y < 2, thatis [-1, 2] 1

Range is —i <y <2, thatis [-3,2]

Y

y
[ A d

A

1 _ 2 (v 132
Range is y > =, that is [3, o) f@=x"-2x+8=(-1)"+7
2 Range is y > 7. That is, [7, )
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6B Functions 207

(Using the TI-Nspire CX non-CAS

m In a Calculator application, use >
Actions > Define to define the function
fx)=x>+x, -1<x<1.

Note: The ‘with’ or ‘given’ symbol | and the
inequality signs can be accessed using

(etrt) (=).

m Use > Calculus > Numerical Function
Minimum and > Calculus > Numerical
Function Maximum to help determine the
range of this restricted function. The range
is [-1,2].

The graph of y = f(x) is plotted by entering
f1(x) = f(x) in a Graphs application.

Use > Analyze Graph > Minimum or
Maximum to show the key points.

Note: You can also enter the restricted function
directly in the function entry line in the
Graphs application if preferred.

\_

*TI-Nspire

Define fx)=x2 +x-1<x<1
nfMin(Ax).x)
nfMax([(x),t)
3]

A1)

3y

maximum

(1,2)
£1(x)=(x

-

)

(38

EENREY _T-vere ol X

~| -

(-0.5,-0.25)

15

vy x

(i .
Using the Casio
m Press to select Graph mode.

m Enter the rule y = x*> + x and the domain [—1, 1]
in Y1:
x6.7) (&) (+]) (x0.1) (&)
(shrFT) (+) () (1) () (1) (sHrFT) (=) (ExE)

Note: Use for the left square bracket [.
Use (=) for the right square bracket ].

m Adjust the View Window:

A
m Select Draw (F6) to view the graph.

Note: When defining a restricted function, always
use square brackets to specify the domain
(not round brackets).

Graph Func :Y=
g1=x2+x,[—1.11

VEE
Y4:

L=
f=={
[—1]
[—)
E—1

Y5
Y6 : [—1
DELETE L8[/ [HODIFY)[DRAW]

View Window

max

scale:l

dot :0.0105820
Ymin -

max :3

(INITIAU[TRIG JISTANDRDINYEIEY)

1

[SQUARE
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208 cChapter 6: Functions and relations

Implied (maximal) domain
We considered implied domains for relations in Section 6B. We recall our definition but this
time we do so for functions in particular.

The implied (maximal) domain of a function is the set of all real numbers for which the rule
of the function has meaning.

For example:
f(x) =3x* —2x has implied domain R
g(x) = Vx has implied domain [0, c0)

NCJR Example 10

State the implied domain, sketch the graph and determine the corresponding range of each
of the following:

a f(x)=v2x-5 b g(x):ﬁ ¢ h(x)=4-x

Solution
a For f(x) to be defined, we need Yy
2x—=5>0

5

>
*=3

Hence the implied domain is [%, ).

Nl

The range of the function is [0, o).

b For g(x) to be defined, we need ¥
2x—-5#0

e
x —
2

Hence the implied domain is R \ {%}
The range is R \ {0}.

¢ Since h(x) = 4 — x? is defined for all x, the Y
N . A
implied domain is R.

The range is (—c0, 4]. /\
> X
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{ Summary 6B

m A function is a relation such that for each x-value there is only one corresponding
y-value.

m Vertical-line test If a vertical line can be drawn anywhere on the graph and it only
ever intersects the graph a maximum of once, then the relation is a function.

m Functions are usually denoted with lowercase letters such as f, g, .

m For an ordered pair (x, y) of a function f, we say that y is the image of x under f or that
v is the value of f at x, and we say that x is a pre-image of y.

m Since the y-value obtained is a function of the x-value, we use the notation f(x), read
as ‘f of x’, in place of y.

m A restriction of a function has the same rule but a ‘smaller’ domain.

m When the domain of a function is not explicitly stated, it is assumed to consist of all

real numbers for which the rule has meaning. We refer to the implied (maximal)

domain of a function, because the domain is implied by the rule.

Skill- L;j Exercise 6B

sheet

Example5 1 Which of the following relations are functions? State the domain and range for each: E
a {(0,1),(0,2),(1,2),(2,3), (3,4}
b {(-2,-1),(-1,-2),(0,2),(1,4), (2, -5)}
¢ {(0,1),(0,2),(-1,2),(3,4),(5,6)}
d {(1,3),(2,3),(4,3),(5,3),(6,3)}

2 Each of the following is the graph of a relation. State which are the graph of a function.
a y b y

[ y
o) 3
> X > X
AN 7 R

d y e y
A A

NAL D
V%

/>x
O s
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210 Chapter 6: Functions and relations

Which of the following arrow diagrams represent functions?

6B

a 4——4 b 4 ——4 c 44— 4
3 =——=53 3— 3 3 —7=F3
2 ;Z 2 i’ =T
| =1 | =——1 ] — 1
d 4 4 e 44— 4 f 4
3 3 3= 3 3
2 2 2 . é § 2
1 1 1 1
Example6 4 Sketch the graph of each of the following relations, then state the range of each and
specify whether the relation is a function or not:
ay=x2,x6[0,4] b x2+y2=4,x€[0,2] c 2x+ 8y =16, x € [0, 0)
1
d y=+/x, xeR* e y=—, xeR* fy=x% xe[-1,4]
X
gy =x, x>0
5 Which of the following relations are functions? State the domain and range for each:
a {(x,-2):xeR} b {(3,y):yeZ} cy=-x+3
dy=x*+5 e {(x,y):x*+y> =9}
Example7 6 a Given that f(x) = 2x — 3, determine:
1
i f(0) ii f(4) iii f(-1) iv f(x-1) v f(—)
a
4
b Given that g(x) = —, determine:
X
i g(l) i g(=D) i g(3) v g(2)
¢ Given that g(x) = (x — 2)?, determine:
i g4) i g(-4) i g(8) v g(a)
1
d Given that f(x) = 1 — —, determine:
X
1
i () i f0+a) i f1—a) v f(—)
a
Example8 7 Consider the function defined by f(x) = 2x + 1 for all x € R.

a Determine the value of f(2) and f(¢).

b Find the value of x for which f(x) = 6.

¢ Find the value of x for which f(x) =0. d For what values of 7 is f(¢) = ¢?

e For what values of x is f(x) > x?

a fx)=5x-2, f(x)=3

c f)=x f=9
e f(x)=x>-2x, f(x)=3

1
b fx)=1, f(x)=6
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Let g(x) = x> + 2x and h(x) = 2x> — x> + 6.
a Evaluate g(—1), g(2) and g(-2).
b Evaluate i(—1), h(2) and h(-2).
¢ Express the following in terms of x:
i g(-3x) ii g(x-15) iii h(-2x) iv g(x+2) v h(x?)

Consider the function f(x) = 2x> — 3. Determine:
a f(2), f(-4) b the range of f

Consider the function f(x) = 3x + 1. Determine:

a the image of 2 b the pre-image of 7 c {x:f(x)=2x}

Consider the function f(x) = 3x* + 2. Determine:

a the image of 0 b the pre-image(s) of 5 c {x: f(x)=11}

Consider the functions f(x) = 7x + 6 and g(x) = 2x + 1. Determine:

a {x: f(»)=gx} b {x:f(x)> g} ¢ {x:f(x)=0}
Sketch the graphs of each of the following functions and state the range of each:
a fx)=x -1<x<2 b f(x)=x>+2x, 2<x<2
cf(x)=§,0<x§3 d fx)=x*-2x+3, xeR

e f(x)=x>—4x+6, 1<x<6 f f)=x>-2x+1, -3<x<6

For each of the following, determine the implied domain and the corresponding range
for the function defined by the rule:

ay=7-x b y=2+x cy=x*+1
1
d y=-V9-x2 e y=— fy=3-2x
Jx
g y=Vx-2 h y=v2x-1 i y=vV3-2x
1 1 1
j y= k y=—— I y= +2
R T YT o1y YT a1
16 For each of the following, state the implied domain and range:
a fx)=vVx-4 b f(x)=vV4-x c f(x)=2Vx—-2+3
d = — e f()= ——+3 F A= —— 3
- - )
17 Each of the following is the rule of a function. In each case write down the maximal
domain and the range:
a f(x)=3x+4 b g(x)=x*+2
1
c y=-V16-x2 dy=
xX+2
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212 Chapter 6: Functions and relations

@ Piecewise-defined functions

Learning intentions
» To be able to work with piecewise-defined functions.

Functions which have different rules for different subsets of their domain are called
piecewise-defined functions. They are also known as hybrid functions.

a Sketch the graph of the function f given by:

—x—1 forx<0

fx)=42x—-1 for0<x<1

1 1
73X+ 5 for x > 1

b State the range of f.

Solution Explanation
a fx) A m The graph of y = —x — 1 is sketched for
3- x < 0. Note that when x = 0, y = —1 for
this rule.
24
m The graph of y = 2x — 1 is sketched for
1 1,1 0 <x < 1. Note that when x = 0, y = -1
- . : : > and when x = 1, y = 1 for this rule.
2 —N 12 3 7 N
1 m The graph of y = 7x + 5 is sketched for
(07 _1)
x> 1.
b The range is [—1, o).
a Sketch the graph of the function: b State the range of the function.
—4 for x < —4
fx) = —%x2+2 for—-4<x<0
2x+6 forO0<x<2
Solution Explanation
a y m The graph of y = -4 is

sketched for x < —4.

2, 10)
6/ ] Thegraphofy:—%x2+2is

sketched for —4 < x < 0.
4 i 2 s

0 > m The graphof y =2x + 6 is
(-4.-4)
sketched for 0 < x < 2.
(-4,-6)
b The range is (—6,2] U (6, 10].
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6C Piecewise-defined functions 213

(Using the TI-Nspire CX non-CAS

m In a Calculator application, use >
Actions > Define as shown.

m Select the piecewise template {88 from the
2D-template palette ().

m In the pop-up screen, select ok for a function
definition with 3 pieces.

m Complete the template as shown.

In a Graphs application, plot the graph of
f1(x) = f(0).

Note: You can also enter the piecewise-defined
function directly in the function entry line
if preferred.

\_

define j(x)=

$ovase e e ¢
oo (38 e []] B Eo S0 £o £0 95 e
[op b Cg

x-1, x<0 Done

2-x-1, 0sxs<1
Define flx)= 1 1
—x+=x>1
2 2

(Using the Casio
m Press (5) to select Graph mode.

m Enter the firstrule,y = —x — 1 for x < 0, in Y1:

@D ENE
(shiFT) (+) () (0] (shreT) (=) (Exg)

m Enter the third rule, y = %x + % forx>1,1in Y3:

® Adjust the View Window for

m Enter the second rule, y =2x -1 for0 < x < 1,in Y2:

(2)x01) (=) (@) ) D) (+) (0) () (2) (shFT) (=) (Exe)

[E]@) v @) » oD ®[E]IR) v (2) » () (s (£) (1) () (sHFT) () (ExE)

Graph Fune :Y=

YiE-x-1,[,0] [—1
Y282x-1,[0,1] [—]
Y3E S x+o

> [1,] (=3

atlDELETE] TYPE | T00L Lo

LA

E

o

-10<x<10and -2 <y < 10. 7

. 5

m Select Draw (F6) to view the graph. 4

2

1

B
\_ J
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214 chapter 6: Functions and relations 6C

Example11 1  Sketch the graph of each of the following functions and state its range:
X, x>0 x—1, x>1
a h(x) = b h(x) =
-x, x<0 1-x, x<1
-x, x>0 1+x, x>0
¢ h(x)= d h(x) =
X, x<0 1-x, x<0
X, x>1
e h(x) =
2—-x, x<1
2 a Sketch the graph of the function: b What is the range of f?
%x +3, x<0
J)=9x+3, 0<x<lI
-2x+6, x>1
3 Sketch the graph of the following functions :
-x-3, x<l1 x+3, x<-=-3
a gx)=qx-5, 1<x<5 b f(x)={x*-9, -3<x<3
3x—15, x>5 x—3, x>3
4  Sketch the graph of the following functions and state their range:
1
2+1, x>0 - x>1
a h(x) = b f(x)={*
1- X, x<0 X, x < 1
5 Sketch the graph of each of the following and state the range:
1 .
x+3 ifx<-3 Y13 if x <=3
a f(x)= s b f(x) =
. x> x? ifx>0
i 1
2x+3 ifx<1 3 ifx < =3
¢ fx)=1x ifl<x<3 d f={*"
—x ifx>4 (x+2)* ifx>-1
6 Specify the function represented by this graph: y
2
1
s ——» X
3 -2 -1 ? IN2 3 4
-2
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6D Applying function notation 215

@ Applying function notation

Learning intentions

» To be able to apply function notation to solve solve problems.

The first five chapters of this book involve functions without using function notation. This
section presents further questions which arise from the first five chapters of this book but

where function notation can now be used.

——
&) m

4
The volume of a sphere of radius 7 is determined by the function with rule V(r) = gnr3.

State the practical domain of the function V and determine V/(5).

Solution Explanation
The practical domain is (0, o).
5007

3

4
V(5)=§><:r:><53=

500
A sphere of radius 5 has volume T

cubic units.

Note: Since V is expressed as a function of r, we say that V is the dependent variable and

r is the independent variable.

[CJ) Example 14/

A function has rule f(x) = ax + b, where a and b are constants. If f(1) = 7 and f(5) = 19,

determine the values of a and b and sketch the graph of y = f(x).

Solution

Since f(1) = 7 and f(5) = 19,
T=a+b (1)

and 19=5a+0b 2)

Subtract (1) from (2):
12 =4a

Thus a = 3 and substituting in (1) gives b = 4. Hence
f(x) =3x+4.

) D

Determine the quadratic function f such that f(4) = f(-2) = 0 and f(0) = 16.

Solution

Since 4 and -2 are solutions to the quadratic equation f(x) = 0, we have

f(x) =k(x—4)(x+2)
Since f(0) = 16, we obtain

16 = k(—4)(2)
k=-2
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216 Chapter 6: Functions and relations 6D

Hence f(x) = —2(x — 4)(x +2)
=-2(x*-2x-298)
=-2x+4x+16

Skill- [;] Exercise 6D

sheet

Example13 1 A metal bar is L cm long when its temperature is 7°C. The quantities L and T are E
approximately related by the formula L = 0.002T + 25.

a Lis a function of T and the rule can be written (7)) = 0.0027 + 25. State a possible
practical domain for the function.

b Determine:
i L(30) ii L(16) iii L(100) iv L(500)
Example14 2 If f(x) = a + bx with f(4) = —1 and f(8) = 1: E
a determine a and b

b solve the equation f(x) = 0.

3 Determine a linear function f such that f(0) = 7 and whose graph is parallel to that of
the function with rule g(x) = 2 — 5x.

4 If fis a linear function such that f(-5) = —12 and f(7) = 6:
a i determine f(0) ii determine f(1)

b solve the equation f(x) = 0.

Example15 5 Determine the quadratic function f such that f(2) = f(4) = 0 and 7 is the greatest value
of f(x).

6 Write f(x) = x*> — 6x + 16 in the form f(x) = (x — 3)> + p and hence state the range of f.
7 Let f(x) = ax’> + bx + c. Determine a, b and c if £(0) = 2, f(4) = 0 and f(5) = 0.

8 Determine two quadratic functions f and g such that f(1) =0, g(1) = 0 and f(0) = 10,
2(0) = 10 and both have a maximum value of 18.

9 a Determine the set of values of k for which f(x) = 3x* — 5x — k is greater than 1 for
all real x.

5
b Show that, for all k, the minimum value of f(x) occurs when x = = Determine k if

this minimum value is zero.

10 Define a function f with domain N recursively by f(1) =4 and f(n + 1) = f(n) + 1 for E
alln e N.
a Give an explicit rule for f(n) in terms of n.
b What is the range of f?
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@ Functions and modelling exercises

(®

Learning intentions

» To be able to apply function notation to model practical situations.

In the following examples we see how function notation can be used when applying
mathematics in ‘real’ situations.

Il Example 16

A book club has a membership fee of $60.00 and each book purchased is $10.00.
Construct a cost function that can be used to determine the cost of different numbers of
books, then sketch its graph.

Solution CA

Let C(n) denote the cost (in dollars) when i;g .

n books are purchased. Then 100 .
C(n) = 60 + 10n ol

The domain of this function is N U {0}, the set 401

of non-negative integers, and its graph will be as A

sY

shown. 0 1 2 3 4 5 6 7

Note: The graph of this function consists of discrete points. Sometimes to simplify the
situation we represent such functions by a continuous line. Strictly, this is not
mathematically correct, but it may aid our understanding of the situation.

Example 17

The following table shows the Younanistan Post rates for sending letters.

Mass, m (g) Cost, C ($)
Upto50 ¢ $0.70
Over 50 gup to 100 g $1.15
Over 100 gup to 250 g $1.70
Over 250 g up to 500 g $3.00

Sketch a graph of the cost function, C, giving its domain and range and the rules that
define it.

Solution Cost (5)
ost
0.70 for0<m <50 3.00
1.15 for 50 < m < 100 2.50
Cim) = 2.00
1.70 for 100 < m < 250 150 o—
3.00 for 250 < m < 500 1.00:4 ="
. 0.50
Domain = (0, 500] _— >
Range = {0.70, 1.15, 1.70, 3.00} 0 SESESADES Mass ()
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[ C, Example 18
A householder has six laying hens and wishes to construct a rectangular enclosure to
provide a maximum area for the hens, using a 12 m length of fencing wire. Construct a
function that will give the area of the enclosure, A, in terms of its length, £. By sketching a
graph, determine the maximum area that can be fenced.
Solution
Let £ = length of the enclosure T
12 -2¢ 6-¢
Then width = =6-¢ +
The area is - —>
A) =0(6-10) )
=6(- 9
8
The domain of A is the interval [0, 6]. Z
The maximum area is 9 m? and occurs when £ = 3 m, i
i.e. when the enclosure is a square. 3
2
1
4
Example16 1 Austel’s rates for local calls from private telephones consist of a quarterly rental fee
of $45 plus 15c¢ for every call. Construct a cost function that describes the quarterly
telephone bill.
Example17 2 Suppose that Younanistan Post charges the following rates for airmail letters to Africa:
$1.20 up to 20 g; $2.00 over 20 g and up to 50 g; $3.00 over 50 g and up to 150 g.
a Write a cost function, C ($), in terms of the mass, m (g), for letters up to 150 g.
b Sketch the graph of the function, stating the domain and range.
3 Self-Travel, a car rental firm, has two methods of charging for car rental:
Method 1 $64 per day + 25 cents per kilometre
Method 2 $89 per day with unlimited travel
a Write a rule for each method if C; is the cost, in dollars, using method 1 for
x kilometres travelled, and C is the cost using method 2.
b Draw a graph of each rule on the same axes.
¢ Determine, from the graph, the distance which must be travelled per day if method 2
is cheaper than method 1.
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Example18 4 A piece of wire 100 cm long is bent to form a rectangle of width x cm. E
a Determine the length of the rectangle in terms of x.
b Determine the rule A(x) for the function A that gives the area of the rectangle in cm?.
¢ Determine the allowable values for x.

d Determine the maximum possible area of the rectangle and the value of x for which
this maximum occurs.

5 The table gives the rates charged by MD Couriers for Weight, w kg ‘

Cost ‘
delivering parcels within Brisbane.

w< 1 $3.50
l<w<25 | $650
25<w<5 | $12.00
S5<w<10 | $20.00

a Sketch a graph representing the information given in
the table.

b Determine the cost of sending a parcel that weighs:
i 2kg ii 4kg iii 5kg

¢ Alexa has two items to send to the same destination: one item weighs 2.6 kg and
the other weighs 2.3 kg. Should she send the two items separately, or package them
together? Justify your answer.

6 Two taxi services use the following different systems for charging for a journey:
Gold Taxi Initial charge of $10, plus a charge of 50 cents for each 200 m travelled
Purple Taxi Flat fee of $25 for travelling up to 20 km, plus a charge of $1 for each
kilometre travelled beyond 20 km

a Let G(d) be the cost (in dollars) of a journey of d km in a Gold Taxi. Show that
G(d)=25d+10 ford=>0
b Let P(d) be the cost (in dollars) of a journey of d km in a Purple Taxi. Show that

25 for0<d <20
P(d) =
d+5 ford>?20
¢ On the same coordinate axes, sketch graphs to represent G(d) and P(d).
d Determine the cost of a journey of:
i 7 km in a Gold Taxi ii 12 km in a Purple Taxi
e Art wants to travel a distance of 15 km. Which taxi service will be cheaper?

f Determine the distances for which a Purple Taxi is the cheaper option.

7 A gardener charges $40 per hour for work that takes up to 2 hours and then charges
$30 per hour for work after the first 2 hours, up to a maximum of 6 hours.
a Write the rule for a function that describes the total fee, $F, for work that takes the
gardener ¢ hours. (Assume a continuous model.)
b Sketch a graph of your function.
¢ Determine the fee for work that takes the gardener:
i 1.5 hours ii 2.5 hours ifi 3.5 hours

d What is the effective hourly rate for work that takes 4 hours?

Mathematical Methods Units 1 & 2 ISBN 978-1-009-53719-3 © Evans et al. 2024 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.



220 cChapter 6: Functions and relations 6E

10

Assume that angles that look like right angles are right angles.

a i Determine an expression for the area A in <~ yom ——>
terms of x and y. T

ii Determine an expression for the perimeter P g
. cm
in terms of x and y. ¢

b i If P =64 cm, determine A in terms of x.

ii Determine the allowable values for x. - cm“

>

iii Sketch the graph of A against x for these x cm
values. ¢
iv What is the maximum area?

After taking a medication, the concentration of the drug in a patient’s bloodstream
first increases and then gradually decreases. When a second medication is taken, the
concentration starts to increase again. The concentration of the drug, C mg/L, in the
patient’s bloodstream over a 12-hour period is modelled by the function

-5(t—-3)?+45 for0<t<3
C(t) ={—(t—-3)*+45 for3<t<9
-5(t-12)>+54 for9<t<12

Determine the concentration of the drug 2 hours after the first medication was taken.

What was the maximum concentration of the drug during the first 3 hours?

Determine the concentration of the drug 6 hours after the first medication was taken.

2 0 T 9

When did the patient take the second medication, and what was the concentration of
the drug at that time?

e What was the maximum concentration of the drug during the 12-hour period?

Sections of the rail of a ride at an amusement park are modelled by the function

—02(x-52%+8 for0<x<7
h(x) ={-0.8x+ 12.8 for7<x<11
02(x—13)>+32 forll <x<16

where h(x) m is the height of the rail above the ground at a horizontal distance of x m
from the start of the ride.
a Determine the height at the start of the ride.
b Determine the height at each of the following horizontal distances from the start of
the ride:
i S5m ii 10m iii 15m

¢ Determine the horizontal distance(s) from the start of the ride when the height is 6 m.
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Learning intentions

6F Fitting data 221

» To be able to model data with functions of the form y = kx" where k > 0 and n # 0

In Section 4K of the chapter on quadratics we used quadratic regression with a graphics

calculator to determine the equation of parabola passing through points. In the example in
that section only 3 points were used (these points are not collinear). If more than 3 points
are used the information returned by the calculator will define the parabola that best fits the

given data. We will not discuss what ‘best fits’ means but comment that the calculator returns

a value of R?, which is a measurement of the fit. If the fit is perfect the calculator returns

R

2 =1.

In the following examples power regression is employed. We will use other forms of

regression in Chapter 8, Trigonometric functions and Chapter 11, Exponential functions.

G} Example 19

\

Mathematical Methods Units 1 & 2
Photocopying is restricted under law and this material must not be transferred to another party.

The following data was collected, ‘ Days (D) 5 10 15
recording the number of calls, N(D), made
t . D s aftor t( t) . Number of 50 | 400 | 1350
0 a compan, ays after the start of an
. .p U .y calls (N(D))
advertising campaign.
Determine a relationship between N and D using a calculator.
- - \\n
Using the TI-Nspire CX non-CAS
m In a Lists & Spreadsheet page, enter the data in lists xs [ e wE X
and ys as shown. _ a8 R
‘ o
10 400
3 15 1350
‘ ‘ » ]
m Insert a Data & Statistics page ((ctrl)(1)> [ EEREEY> e B X
Add Data & Statistics). 1200 | g
m Click on the ‘Click to add variable’ box and select xs Lt
from the dropdown menu. s
300 ®
m Repeat for the y-axis and select ys. ol e
45678 9101112131415
xs
m Use > Analyze > Regression > Show Power.
m This gives y = 0.4x> and so the required relationship is 1200
N =04D3. ..
> 600 ] 4
y=0.4x"
300 4
04
45678 9101112131815
xS
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222 Chapter 6: Functions and relations

~
Using the Casio

m Press to select Statistics mode.
m If required, clear any contents in List]l and List2: a @) Read

List1 | List 2 [ List 3 | List 4
(78) () (FD) » () () « (F0) 7o) S —
m Enter the days in List] and the number of calls : i: l;gg
in List2: 4

(8)(Exe) (1) (@) (exe) (1) () (xE) »
(8)(eJ(&xg)(4) () () (xe) (1) (3)(8) ()

EXE
m Graph the data by selecting Graph (F1), then
Graph1 (F1).

m For power regression, select Calculation (F1), then

owerReg
Power (F6) (F4). a =0.39999999
m This gives y = 0.4x> and so the required E '__':i}
. .. _ 3 r2=1
relationship is N = 0.4D". MSe=0
yv=a'x"b
COPY J(DRAW]
m Select Draw (F6) to view the graph. dflaral
v
3 <
- B g
il X
3 J
Example 20
Using the data in the table, establish a rule connecting y x 1 8 64
and x. y | 5 | 25| 125
0 .
Using the TI-Nspire CX non-CAS i
The rule is
1
y = Sx_§ = 3—
X
.
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(Using the Casio i
The rule i 5 -3 i
eruleisy=5x 3 = —
y B
Bbn) GoBe
List 4 owem
b =-0.3333333 |
r =-1
r2=1 5
MSe=0

Example19,20 1 Given that f(x) = ax? for each of the following, use your calculator’s power regression E

function to establish the values of a and b:

21 x400] 8001200 1600 Plx| 1 5 10 15
y | 050|071 | 087 | 1.00 vy | 200 | 1495 | 3557 | 50.04
c d
x| 1 [ 10 ] 100 | 1000 x| 10 | 20 | 30 40
y | 350 | 879 | 22.08 | 5547 y | 4642 | 7368 | 96.55 | 116.96
e[ 1 > [ 3 | 4 FT 1 3 [ 5 [ 7
y | 200 | 035 | 0.13 | 0.06 y | 320 206 | 1.68 | 147

2 The concentration of antibodies (C) in an animal’s bloodstream depends on the time
(¢ hours) after which the animal is injected with an antigen. The relationship can be
modelled by a rule of the form C = a®. The following data is collected.

t 1 2 3 4
C 100 114.87 124.57 131.95

a Determine values for a and b. b Determine the concentration after 10 hours.

3 The level of infestation (/) of a pest in a crop depends on the time (¢ days) after which
the crop is sprayed with an insecticide. The relationship can be modelled by a rule of
the form I = at®, for t > 1. The following data is collected.

1
| 1

1 2 3 4
1500 1061 866 750

a Determine values for a and b. b Determine the level of infestation after

10 days.

Mathematical Methods Units 1 & 2 ISBN 978-1-009-53719-3 © Evans et al. 2024
Photocopying is restricted under law and this material must not be transferred to another party.

Cambridge University Press



224

66,

Chapter 6: Functions and relations

Note: Sections 6G, 6H, 61 and 6] offer a systematic approach to transformation.

Translations of functions

Learning intentions

» To be able to use a notation for considering translations of the plane.

The Cartesian plane is represented by the set R? of all ordered pairs of real numbers.
That is, R? = {(x,y) : x,y € R}. The transformations considered in this book associate
each ordered pair of R? with a unique ordered pair. We can refer to them as examples of
transformations of the plane.

For example, the translation 3 units in the positive direction of the x-axis (to the right)

associates with each ordered pair (x,y) a new ordered pair (x + 3,y). This translation is a
transformation of the plane. Each point in the plane is mapped to a unique second point.
Furthermore, every point in the plane is an image of another point under this translation.

Notation

The translation 3 units to the right can be written A

(x,y) = (x + 3,y). This reads as ‘(x,y) maps to (x + 3,y)’. (-2, 4) (1. 4)
—————tpe )

For example, (-1,-2) — (-1 + 3, -2).

SN (%)
In applying this translation, it is useful to think of every

point (x, y) in the plane as being mapped to a new point »
(x’,y"). This point (x, y) is the only point which maps to 1.-2) L pe(2,-2)

[

(x/,y"). The following can be written for this translation:

X =x+3 and y =y
A
As another example, consider the translation 2 units in the A ©.8)
positive direction of the x-axis (to the right) and 4 units / f. . 6)
in the positive direction of the y-axis (up). This can be (-2, 4) ] 8
described by the rule (x,y) — (x + 2,y + 4). !

For example, (3,2) — (3 +2,2 + 4). A.2)

Y

The following can be written for this translation: /

J
X'=x+2 and y =y+4 -1,-2)

A translation of /4 units in the positive direction of the x-axis and k& units in the positive
direction of the y-axis is described by the rule

(x,y) > (x+ h,y+k)
or xX'=x+h and y =y+k

where & and k are positive numbers.
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6G Translations of functions 225

A translation of 4 units in the negative direction of the x-axis and & units in the negative
direction of the y-axis is described by the rule

(x,y) > (x—h,y—k)
or xX'=x—-h and Y =y-—k

where /& and k are positive numbers.

Notes:

m Under a translation, if (a’,b’) = (¢’,d’), then (a, b) = (¢, d).

m For a particular translation (x, y) — (x + h,y + k), for each point (a, b) € R? there is a
point (p, g) such that (p, g) — (a, b). (Itis clear that (a — h, b — k) — (a, b) under this
translation.)

Applying translations to sketch graphs

We look at a particular example.
Translate the set of points defined by the function
() :y=2")
by the translation defined by the rule
(6,y) = (x+2,y+4) (1,

X=x+2 and Yy =y+4

For each point (x, y) there is a unique point (x’,y")

~
~

o
0,0)

/
/
and vice versa. (=hd)

Wehave x = x" —2andy =y — 4.

2

This means the points on the curve with equation y = x~ are mapped to the curve with

equation y' — 4 = (x' — 2)°.

Hence { (x,y) : y = x?} maps to { (x",y") 1y —4=(x"— 2)% ).

For the graph of y = f(x), the following two processes yield the same result:

m Applying the translation (x,y) — (x + A,y + k) to the graph of y = f(x).

m Replacing x with x — & and y with y — k in the equation to obtain y — k = f(x — h) and
graphing the result.

Proof A point (a, b) is on the graph of y = f(x)
& fla=>b
o fla+h-h)=b>b
S flla+h)—-h=0b+k) -k
& (a+ h,b + k) is apoint on the graph of y — k = f(x — h)

Note: The double arrows indicate that the steps are reversible.
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226 Chapter 6: Functions and relations

Determine the equation for the image of the curve with equation y = f(x), where f(x) =

=

)

(@)

under a translation 3 units in the positive direction of the x-axis and 2 units in the negativ
direction of the y-axis.

Solution Explanation
Let (x’,y") be the image of the point (x, y), The rule is (x,y) — (x + 3,y — 2).
where (x,y) is a point on the graph of y = f(x).

Thenx’ =x+3andy =y - 2.

Hence x=x" -3 andy =y  + 2.

The graph of y = f(x) is mapped to the graph of Substitute x = x” — 3 and
V+2=f(x"-3) y=Y +2intoy = f(x).
e y= i is mapped to

1
x =3

Yy +2=

Recognising that a transformation has been applied makes it easy to sketch many graphs.

For example, in order to sketch the graph of
1
x=2

y:

1 1
note that it is of the form y = f(x — 2) where f(x) = —. That is, the graph of y = — is

X X
translated 2 units in the positive direction of the x-axis.

Examples of two other functions to which this translation is applied are:
f) =¥ fx=2)=(x-2)
f)=vx  f(x-2)=Vx-2

Summary 6G
For the graph of y = f(x), the following two processes yield the same result:
m Applying the translation (x,y) — (x + h,y + k) to the graph of y = f(x).

m Replacing x with x — & and y with y — k in the equation to obtain y — k = f(x — &) and
graphing the result.
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1 Determine the image of the point (—3,4) after a mapping of a translation: E
a of 2 units in the positive direction of the x-axis and 3 units in the negative direction
of the y-axis
b of 2 units in the negative direction of the x-axis and 4 units in the positive direction
of the y-axis
¢ of 3 units in the negative direction of the x-axis and 2 units in the negative direction
of the y-axis
d defined by the rule (x,y) —» (x —4,y+5)
e defined by the rule (x,y) = (x -2,y — 1).

Example21 2 In each of the following, determine the rule for the image of the graph of y = f(x) under
the given translation:

a f(x) = — under a translation 2 units in the positive direction of the x-axis and 1 unit
X
in the negative direction of the y-axis
b f(x) = — under a translation 4 units in the positive direction of the x-axis and 3 units
X
in the positive direction of the y-axis

¢ f(x) = x* under a translation 2 units in the negative direction of the x-axis and
3 units in the negative direction of the y-axis

d f(x) = x* under a translation 4 units in the positive direction of the x-axis and 2 units
in the negative direction of the y-axis

e f(x) = vx under a translation 2 units in the positive direction of the x-axis and 1 unit
in the negative direction of the y-axis.

1
3 Fory = f(x) = —, sketch the graph of each of the following, labelling asymptotes and
X
axis intercepts:

ay=f(x-1 b y=fx+1 c y=f(x+3)
dy=f(x-3 e y=f(x+1) fFy=rfx»-1

4 Fory = f(x) = x*, sketch the graph of each of the following, labelling axis intercepts:
ay=flx-1 b y=fx)+1 cy=f(x+3)
dy=fx-3 e y=fx+1 fy=fn-1

5 Fory = f(x) = x?, sketch the graph of each of the following, labelling axis intercepts:

ay=fx-1+2 b y=f(x-3)+1 cy=f(x+3)-5
dy=f(x+1)-3 e y+2=f(x+1) fy=f(x-5-1
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@ Dilations and reflections

Learning intentions

» To be able to use a notation for considering dilations and reflections of the plane.

Dilation from the x-axis

A dilation of factor 2 from the x-axis can be defined by the Y
A
rule (x,y) = (x,2y). y=2\x
Hence the point with coordinates (1, 1) — (1, 2). (1.2)
Consider the curve with equation y = v/x and the dilation 4 X= x
of factor 2 from the x-axis. o ,, —————
<7 (L)

m Let (x',y") be the image of the point with coordinates

(x,y) on the curve. 0

/

m Hence x’ = xandy’ =2y, and thus x = x’ and y = %
