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Oxford Maths 7-10 NSW Curriculum utilises an innovative suite of print and digital resources to guide
students on a focused mathematics journey. The series makes maths accessible to students with
differing levels of understanding, increasing engagement by giving learners the opportunity to
achieve success at their own skill level while also providing comprehensive syllabus coverage.

> Complete access to all digital resources available on Student obook pro.
> Australian Maths Trust (AMT) spreads offer unique questions designed to
Key features challenge students and build engagement.

of Student > STEAM projects encourage inter-disciplinary thinking.

Books > Semester reviews provide an opportunity to revise key concepts from
each semester.

Each chapter opens with:

¢ Prerequisite skills with
reference to an online
diagnostic pre-test and
interactive skillsheets.

e Curriculum links to
all relevant content
descriptions in the
NSW Curriculum.

e Materials used to complete
the exercises.

!

2 sErss
i

{

Infroducing Oxford Maths 7-10

Learning intentions
¢ Signpost the foundational
skills being developed in

! == New theory
each section. ;

e Backed by the latest
pedagogical research to
promote engagement with
the material.

¢ Filled with precise

Inter-year links

e Provide easy access to
support and extension
material from each of the ) diagrams that bring key
7-10 Student Books as = L - i concepts to life, and aid
students build knowledge SP understanding.
year on year. e e I

Worked examples
e Outline a step-by-
step thought process

Helpful hints
e Provide additional

for solving essential —'_:‘_"i';:- s e = Exercise 28 Sciontifc notaton strategies for tackling
questions with direct P el N o p'TObl_emSj
reference to the exercises. Patruicmncaeyn | T i e Highlight important

oo B - o elements of the theory.
: : ~ ¢ Point out common
SRS FR—— misconceptions.
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Differentiated learning
pathways

Understanding and :
fluency WL eyor pv TR el B ocarers
* Basic exercises dedicated '

to practising key concepts. i E3ES.

Problem solving and B . Y e

reasoning ) . T e b Checkpoint

e Comprehensive exercises AN s i S I s G s e
bring together new ideas T f | SRRmRemseaes s é e
and provide engaging ek e

contexts from real-world
problems.

[ -

Challenge

* Advanced exercises
designed to build
engagment and anticipate
future learning outcomes.

© 0 - Ut -

= Chapter review

Mammematicol Bieracy review

Chapter summary

e Condenses all the theory
from each section into —
one accessible revision
page. B

oy e [ Muttipre crsice

-k
N

Integrated STEAM

projects

e Take the hard work out
of cross-curricular
learning with engaging
STEAM projects. Two
fully integrated projects
are included at the end of
each book in the series,
and are scaffolded
and mapped to the
Science, Maths and HSIE
curricula.

[STEAM project 1]

Sustanatie forming
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e Each exercise is
separated into three
pathways, tailoring for
students of all skill levels.

e Each pathway can be
assigned based on results
of the diagnostic pre-tests
that are recommended
at the beginning of every
chapter.

Checkpoint

e Asection in the middle of
each chapter dedicated
to summarising key skills
and encouraging memory
retention.

e Reference to an online
checkpoint quiz to gauge
student progress.

'//—-' Chapter review

e Additional practice
questions to further
consolidate understanding
at the end of each chapter.

e Reference to an online
chapter review quiz to
track results.

o Reference to Quizlet test to
revise new terminology.

anartin s mt— - )

Problem solving through
8 design thinking
“ «f o Each STEAM project
investigates a real-world
problem that students are
encouraged to problem-
solve using design
thinking.

- Full digital support
e Each STEAM project is
supported by a wealth
of digital resources,
including student booklets
(to scaffold students
through the design-
thinking process of each
project), videos to support
key concepts and skills,
Smaniia o and implementation and
ul assessment advice for
teachers.
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Key features > Student obook pro is a completely digital product delivered via
of Student Oxford's online learning platform, Oxford Digital.
obook pro > It offers a complete digital version of the Student Book with
— interactive note-taking, highlighting and bookmarking functionality,
allowing students to revisit points of learning.
> A complete ePDF of the Student Book is also available for download
for offline use and read-aloud functionality.

Integrated digital gbooko & Oxford Maths9 NSW Curriculum 1B Other forms of income

resources Onford Maths § NSW Curriculum

¢ Integrated hotspots
allow students to
ISR Gl e e 1B Other forms of income
tests, quizzes, Pr———— jyr—— @
interactive skill e o =
sheets, videos and
inter-year links simply
by clicking on the blue
digital resource boxes
throughout the pages
of the book.

Commissions. plece work and royalties &
1€ Tasation & i e

Checkpoint
dgeting and spending money
1E Simple interest . o e A v svpimman  TfiinA

1F Simple interest calculations.

Intfroducing Oxford Maths 7-10

Complete digital T

version of the Student Semester 1 review

Book AMT explocaions 1

e The digital version
of the Student Book
is true to the print
version, making it
easy to navigate and
transition between
print and digital.

Toolbar features
¢ Notes can be added and saved to the text by simply
selecting and highlighting.

Desmos integration
e Our partership with Desmos allows students to access
a suite of calculator tools as they read through the text,

° Bookm;rks can be saved t(_) any page. _ providing convenient graphical support as well as the
* Australian Concise Oxford Dictionary can provide opportunity to investigate plane geometry and Cartesian
immediate definitions to any word within the text. coordinates.

> Integrated Australian Concise Oxford Dictionary look-up feature

> Targeted instructional videos for every worked example question Benefits for

students

> Groundwork resources to support assumed knowledge
> Interactive assessments to consolidate understanding

> Auto-marked practice exam question sets
> Integrated Quizlet sets, including real-time online quizzes with live leaderboards
> Access to online assessment results to track progress
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Reports

FILTER BY :

CLASS, GROUPS & STUDENTS

Al Students

INTERYEAR LINK REPORT

\\\\\ 1

Additional resources

Oxford Maths 9

1
HOME  RESOURCES ASSIGNED WORK

oxforddigital .
(_)book@

> Teacher obook pro is a completely digital product delivered via
Oxford’s online learning platform, Oxford Digital.
> Each chapter and topic of the Student Book is accompanied

by full teaching support, including assessment reporting, worked
solutions, chapter tests, detailed teacher notes and lesson plans.

> Teachers can use their Teacher obook pro to share notes and easily
assign resources or assessments to students, including due dates
and email notifications.

RUPORTS (& NoTmCATIONS )

Learning pathway reports

e Teachers are provided
with clear and tangible
evidence of student
learning progress through
innovative reports.

e Assessment reports

gnastic Skills Repont

CH1 - Financial mathematics ~

Chapter 1 - Financial mathematics

Student Skill 1 Skill2 skill 3 skill4 directly ShOW hOW
Alice Apphe . mm - . - students are performing
in each online interactive
Bernard B [E— ] 5 -
assessment, providing
Chris Cherry % ] - oo instant feedback for
Daisy Durian « I E— [ [ ] teaCherS ab_OUt areas Of
understanding.
Evan Elderberry I N i [ o o
e Curriculum reports
Fiona Fig ] [ [EE— [— ] Summarise Student

performance against
specific curriculum content
descriptors and curriculum
codes.

e Skill reports indicate the
students’ understanding
of a specific skill in
mathematics.

e Each chapter of the Student Book is
accompanied by additional interactive

> Diagnostic pre-tests and chapter tests that track students’ progress against
Study Design key knowledge, providing detailed learning pathway reports that
differentiate each student’s ability in each skill

> Assign reading and assessments to students either individually, or in groups -
administration is taken care of!

skillsheets, worksheets, investigations and
topic quizzes to help students progress.

Benefits for

teachers

> Ability to set-up classes, monitor student progress and graph results

> Worked solutions for every Student Book question

> Detailed teacher notes, teaching programs and lesson plans
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Index

1A Wages and salaries

1B Other forms of income

1C Taxation

1D Budgeting and spending money
1E Simple interest

1F Simple interest calculations

Prerequisite skills

Diagnostic pre-test
Take the diagnostic pre-test to assess your knowledge of the

prerequisite skills listed below.

@ Interactive skillsheets
After completing the diagnostic pre-test, brush up on your

knowledge of the prerequisite skills by using the interactive
skillsheets.

v’ Equivalent fractions

v’ Multiplying and dividing decimals
v Rounding decimals

v Calculating percentages

Curriculum links

e Solves financial problems involving simple
interest, earning money and spending money
(MA5-FIN-C-01)

— Solve problems involving earning money
— Solve problems involving simple interest
— Solve problems involving spending money
© NESA

Materials

v/ Calculator



1A Wages and salaries

Learning intentions | .

nter-year links
By the end of this topic you will be able to ... @ Year 8 3C Mark-ups and discounts
v understand the difference between a wage and a salary Year 10 1A Earning money

v’ calculate income for working a given period of time
v apply penalty rates and leave loading.

Wages, penalty rafes and leave loading & rener e

e Income is money received over a period of time in exchange for work or investment.
e A wage is a fixed rate of income an employee receives for working a specified time period, usually per
hour. For example, an employee may receive a wage of $25 per hour, or $25/hour.
— An hourly wage can be calculated by dividing the amount someone earns by the number of hours
they worked.
— When given a wage, you can work out how much an employee will earn for a given number of hours.
e DPenalty rates are higher rates of pay that are given to employees for working particular hours or days,
such as weekends, public holidays or overtime.
— Time-and-a-half means an employee is paid 1.5 times their standard wage.
— Double time means an employee is paid 2 times their standard wage.
e All full-time employees are entitled to a minimum of four weeks of paid annual leave per year.
Leave loading is an extra payment on top of annual leave pay and is usually calculated as 17.5%
of normal pay for this period.

Salaries and bonuses

e A salary is a fixed income which is paid to an employee on a regular basis. Salaries are usually
expressed as an annual figure, with regular payments being made each week, fortnight or month.
— When calculating weekly or fortnightly pays, it is assumed there are 52 weeks and 26 fortnights in a

year.

— Monthly pay can be calculated by dividing an annual salary by 12.
— Salaried employees do not typically receive penalty rates or leave loading.

e Some employees receive a bonus on top of their salary, as an incentive or to reward good performance.
Bonuses are often given as a percentage of an employee’s salary.

— Bonuses may also be given to employees who receive a wage instead of a salary.

Example 1A.1 Calculafing wages

In a week, Petra works for 26 hours at her local cafe and earns $650 without penalty rates. What is her
hourly wage?

Divide the amount earned by the number of $650 _ $25/hour

hours to get the hourly wage. 26 hours

4 — OXFORD MATHS 9 NSW CURRICULUM OXFORD UNIVERSITY PRESS



Example 1A.2 Calculating income for a given period of time

©

Jordan works for 35 hours per week and is paid $32.50 per hour. How much does he earn in a fortnight?

1 Multiply the hourly wage by the number
of hours worked each week to calculate the
weekly wage.

2 Multiply the weekly wage by 2 to calculate the
fortnightly wage.

Example 1A.3 Calculating income with penalty rates

weekly wage = $32.50 x 35

= §1137.50

fortnightly wage = $1137.50 x 2

= $2275

Miriam’s standard wage is $38.30 per hour and on weekends she is paid time-and-a-half.

a What is Miriam’s weekend rate of pay?

b How much does Miriam earn in a week when she works 6 hours per weekday and 5 hours on Saturday?

a Multiply the weekday rate by the penalty rate a
(1.5) to calculate the weekend rate.

b 1 Calculate the weekday income by b
multiplying the weekday rate of pay by the
number of hours worked on weekdays.

2 Calculate the weekend income by
multiplying the weekend rate of pay by the
number of hours worked on the weekend.

3 Add the weekday income to the weekend
income to get the total income.

Example 1A.4 Calculating leave loading

weekend rate = $38.30 x 1.5

= $57.45
weekday income = $38.30 x (6 x 5)
= $38.30 x 30
=$1149
weekend income = $57.45 x 5
= $287.25

total income = $1149 + $287.25
= $1436.25

Will works 38 hours per week and is paid $26 per hour. He takes one week of annual leave, for which he
receives an additional leave loading of 17.5%. How much does Will get paid for his week of annual leave?

1 Calculate the weekly wage by multiplying the
hourly wage by the number of hours worked in
a week.

2 Calculate the leave loading by multiplying the
weekly wage by 17.5%.

3 Add the leave loading to the weekly wage to
calculate the annual leave weekly wage.

OXFORD UNIVERSITY PRESS

weekly wage = $26 x 38

= $988

leave loading = $988 x 17.5%

= $988 x 0.175
= $172.90

annual leave weekly wage = $988 + $172.90

=$1160.90

CHAPTER 1 FINANCIAL MATHEMATICS — 5



v/ When calculating a monthly salary, you do not need to consider how many days that month has. All
months should be considered as == of a year. To calculate a monthly salary, divide the annual salary by
12. It should not be calculated by multiplying the weekly salary by 4.

1 Exercise 1A Wages and salaries

ADNINTd ANV ONIANVLISIIANN |

A 1-3,6-8,11,12,15,16 |:| 2-4,7-9,12,13,16,17 Q 2,5,8-10,12,14,17-19

1A 1
2

1A2 3

1A3 7

1A4 8

Last week Iona worked for 32 hours and earned $1318.40. What is her hourly wage?

Calculate the hourly wages for the given amount of time worked and money earned. Assume that no penalty
rates were applied.
Time worked Amount earned
a 20 hours $560
b 35 hours $1575
c 12 hours $280.80
d 18.5 hours $444
e 27.25 hours $915.60

Hiro works for 26 hours per week and is paid $39.20 per hour. How much does he earn in a fortnight?
a Rafael works as a courier delivering parcels around the city.
He earns $28.50 per hour. Calculate Rafael’s income
for a week in which he works 20 hours.

o

.
~

b In one particular week, Rafael’s wage totalled $684. How many
hours did Rafael work in this week?

Copy and complete the following table.
Hourly wage Time worked Amount earned
$32.20 25 hours
30 hours $735
$27 $756
$30.30 38 hours
32 hours $1638.40

For each of these hourly wages, calculate:
i the time-and-a-half hourly wage
ii the double time rate.
a $18 b $24 c $18.80
d $25.90 e $32.60 f $29.90
Jo’s standard wage is $25.80 and on weekends she is paid time-and-a-half.
a What is Jo’s weekend rate of pay?
b How much does Jo earn in a week when she works 5 hours per weekday and 7 hours on Saturday?

Raj works 34 hours per week and is paid $31 per hour. He takes one week of annual leave, for which he
receives an additional leave loading of 17.5%. How much does Raj get paid for his week of annual leave?

6 — OXFORD MATHS 9 NSW CURRICULUM OXFORD UNIVERSITY PRESS



9 Calculate the annual salary for the following given values.
a $6450 per month b $4480 per month ¢ $1240 per week
d $950 per week e $5100 per fortnight f $3330 per fortnight
10 Lina works in research and earns a salary of $66612.
a If Lina is paid monthly, what is her salary each month?
b If Lina is paid fortnightly, what is her salary each fortnight?
11 Dina earns a wage of $34.50 per hour and works for 28 hours each week.
a What is Dina’s weekly income?
b Use your answer to part a to calculate Dina’s yearly income.
¢ Use your answer to part b to calculate Dina’s monthly income.
12 As a bricklayer, LLuka receives a standard rate of $27.40 per hour. He receives

a penalty rate of one-and-a-quarter for any overtime (above 30 hours
per week).

a How much does Luka earn in a week in which he works 35 hours?
b How many hours does LLuka work in a week in which he earned $890.507?
13 Rahim earns $3200 per month and Sal earns $780 per week. Rahim argues

that he earns more money than Sal, because if you multiply Sal’s wage by
4 the result is less than his wage, and there are four weeks in a month.

Is Rahim correct? Justify your answer by showing appropriate calculations.
14 The following table shows the hours a group of workers worked for over the

past week, as well as their hourly wage. All workers receive time-and-a-half
for working on weekends. Calculate each worker’s weekly income.

Worker Hourly wage Mon Tue Wed | Thu Fri Sat Sun

Nathan $31.50 9-5 9-5 - 9-3 9-1 9-3 -

Kristina $33.20 10-4 | 104 | 104 | 104 10-6 - -
Jack $26.50 9-3 - 9-3 - 9-3 9-3 9-3
Mina $29.40 - 8-5 8-5 9-5 - 10-5 | 9-3

15 For two weeks of annual leave, Lola receives $3172.50, including leave loading of 17.5%. L.ola works a 36-hour
week. What is Lola’s hourly wage?

16 For the 2023-2024 financial year, the minimum wage in Australia is $23.23.
a How much does someone receiving the minimum wage earn if they work a 38-hour week?
b A junior is an employee under 21 years old. Juniors usually get a percentage of the adult pay rate. If a junior
is entitled to 80% of the adult pay rate, what is their minimum wage per hour to the nearest cent?

17 Marty works in a cafe on weekdays and at a bar on weekends. His cafe job pays $24.80 an hour and his bar job
pays $37 an hour. One week Marty works for 22 hours at the cafe. How many hours did Marty need to work
at the bar for his income for the week to total $1000 or more?

18 Shivani works at an internet security company and receives a fortnightly salary of $4246. At her end of year
performance review, she’s informed that she will receive a 6.5% bonus on her annual salary. How much is her
bonus worth, correct to the nearest dollar?

19 Exactly halfway through the financial year, Henrik received a promotion at work which gave him a 15%
increase in his salary. In this financial year Henrik also received a 3% bonus on his new salary.

If Henrik’s income from work for the year was $75 446, what was his salary at the end of the year?

Check your Student obook pro for these digital resources and more: @

Interactive skillsheet Topic quiz
Wages and salaries 1A

OXFORD UNIVERSITY PRESS CHAPTER 1 FINANCIAL MATHEMATICS — 7
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1B Other forms of income
Learning intentions Inter-year links

By the end of this topic you will be able to ... Year 7 4H Calculating percentages
v calculate income including a commission Year 8 3B Calculating percentages
v calculate piece work income and royalty payments. Year 10 1A Earning money

Commissions, piece work and royalties & e

e When an employee earns a commission, they are paid a proportion of the value of their sales. For
example, a real estate agent may receive a 2% commission on their house sales.

— Employees who receive a commission usually also receive a base salary, which is a guaranteed
income. This base salary may be lower than the national minimum wage.

e DPiece work is income which is paid for each item (of group of items) produced or action performed.

For example, an employee might earn a rate of $20 for each haircut they perform.

— Piece rates are paid in place of a wage. The piece rate has to allow for the average worker to earn
the equivalent of 15% above the minimum wage, and piece rate workers are guaranteed a minimum
wage for each day that they work.

e A royalty is a payment made to a person or company for the use of their assets. For example, a royalty
may be paid to an author for the publication of their content. Royalties are usually paid as a percentage

of net sales.

Example 1B.1 Calculafing income including a commission

Oscar earns a base salary of $450 per week plus a commission of 12% on all sales. For a week in which
Oscar has sales of $6500, calculate his:

a commission b total income.
a Multiply the value of the sales by the a commission = $6500 x 12%
commission percentage. = $6500 x 0.12
= §780
b Add the base salary to the commission to b total income = $450 + $780
calculate the total income. =$1230
Example 1B.2 Calculating piece work income

Mishra is paid $8.65 for each bouquet of flowers he arranges. In one week he arranges 56 bouquets of

flowers. How much is he paid in that week?

Multiply the amount earned per item by the income = $8.65 x 56
number of items sold. = $484.40
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Example 1B.3 Calculating royalty payments

Mikayla receives a 12.5% royalty on all sales of her book. If the book sales over the last financial year were
$72 610, how much will Mikayla receive in royalties?

Multiply the value of the sales by the royalty royalty payment = $72610 x 12.5%
percentage to calculate the royalty payment. =$72610 x 0.125
= $9076.25

[ v/ To multiply a value by a percentage, first convert the percentage into a decimal number by dividing by 100.

I3 Exercise 1B Other forms of income

A 2-5,7,9,10,12,14 |:| 1,3,5,6(a-c),8,11,13,15,16 Q 1,3,6,8,11,13,14,16,17

1 Calculate the commission payable in each of the following situations.

Commission rate Sales
a 4% $22500
b 9% $15300
c 1.5% $250000
d 3% $42150
e 2.1% $56050

1B1 2 Justine earns a base salary of $520 per week plus a commission of 2.6% on all sales. For a week in which
Justine has sales of $48 000, calculate her:

a commission b total income.

3 Damo earns a base salary of $310/week plus a commission of 5% on all sales. How much does he earn in
weeks with the following sales totals?
a $22000 b §9000 c $36500

d $17800 e $31000 f $42200
1B2 4 Jermaine is paid $24 for each haircut he completes. In one week, he cuts 42
people’s hair. How much is he paid in that week?
5 Kylie is paid $2.50 for each cup of coffee she makes.
a How much does Kylie earn if she makes:
i 40 cups ii 53 cups iii 64 cups?
b How many cups of coffee did Kylie make if she earned:
i $90 ii $177.50 iii $212.50?
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[ 183 6 Calculate the amount authors will receive in royalties given the following rates and sales figures.

Royalty rate Sales
a 11% $135000
b 1.2% $240000
c 4.5% $65000
d 15% $72000
e 6% $110500

7 Last year, Juan received a royalty payment of $557.20 on a 3.5% royalty. What were the sales for that year?

Hanna receives a royalty payment of $1108.80 on sales of $46200. What is her royalty rate?

9 Denis received a base wage of $400/week and a commission of 3.2% on sales. Denis’ income for a week is

$1459.20. How much product did Denis sell that week?
10 Luna receives $4.50 for every candle and $3.50 for every bath bomb she sells. In one afternoon, LLuna earned
$161.50. If Luna sold 18 candles, how many bath bombs did she sell?
11 Three friends, Abi, Beth and Craig, all start new jobs at the same time. Abi earns a wage of $24.50 plus penalty
rates, Beth earns a base salary of $200 plus a commission of 4% on all sales, and Craig is paid $25 for each
item he produces. In one week:
e Abi works 20 hours at her standard rate, plus 6 hours at time-and-a-half
e Beth sells $18 000 worth of product
e Craig produces 58 items.

Put the amount the three friends earn in this week in ascending order.

12 Jerome receives $32 for each phone screen he replaces. If Jerome replaces
25 phone screens in 8 hours, what is his equivalent hourly rate of pay?

13 Greta earns $2.80 for each small cup of coffee she makes and $3.50 for each

large cup of coffee she makes. If Greta makes 35 small cups of coffee and
14 large cups of coffee in 3 hours, what is her equivalent hourly rate of pay?

14 Owen receives $3.50 for the first 20 trees he plants and $4.40 for each
additional tree planted.
a If Owen plants 34 trees, how much does he earn?
b If Owen earns $188.80, how many trees does he plant?

15 Gabby earns a base salary of $250/week. If, in one fortnight, Gabby earns
$1472 on sales of $27 000, what is Gabby’s rate of commission?

16 Patrick earns $3280 on $80000 worth of sales and Erica earns $3010 on
$70000 worth of sales.
a Who receives the higher rate of commission?

b If their rates of commission were swapped, how much would they each earn?
17 When starting her new job, Nina is given the following options for her pay:
e Option A: base salary $600, 2.4% commission on sales
* Option B: base salary $400, 2.8% commission on sales
*  Option C: base salary $250, 3.0% commission on sales
a Which option would give the highest income for Nina if she expects to sell $55000 of product per week?

b For what amount of expected sales should Nina choose each option?

Check your Student obook pro for these digital resources and more: @
- Interac?ti\{e skiFlsheet Z’sj’ Topic quiz
Commission, piece work and B
royalties
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1C Taxation

Learning intentions @

Inter-year links

By the end of this topic you will be able to ... Year 7 4D Multiplying decimals
v’ calculate an individual's taxable income Year 8 2F Multiplying and dividing
decimals

v/ calculate income tax.

|nC0me TOX Gnd deduc‘l’ions e Key content video

e A person’s total income includes wages, salaries, bonuses, royalties and interest earned.

e Tax deductions are expenses that can be subtracted from an individual’s total income to determine
their taxable income. Tax deductions include work-related expenses, gifts and donations, the cost of
managing tax affairs, and self-education expenses.

taxable income = total income — tax deductions

e Income tax is tax which is paid on an individual’s taxable income.

— Income tax is a progressive tax, which means that the tax rate increases as the taxable income
increases. This is based on the concept of the ability to pay, meaning that those who can afford to
pay more, do pay more.

— Personal income tax is the largest source of government revenue in Australia, allowing the
government to fund community services such as education and emergency services.

e The following table details the income tax rates for the 2023-2024 financial year:

Taxable income Tax on this income

0-$18200 Nil

$18201-$45000 19 cents for each $1 over $18 200
$45001-$120000 $5092 plus 32.5 cents for each $1 over $45000
$120001-$180000 $29467 plus 37 cents for each $1 over $120 000
$180001 and over $51 667 plus 45 cents for each $1 over $180 000

— For example, if someone has an income of $70 000 for the 2023-2024 financial year, their income
tax payable would be:
$5092 + 0.325 x ($70000 — $45000) = $5092 + 0.325 x $25000
= $5092 + $8125
=$13217

Poy—As—You -Go (PAYG) fax

Pay-As-You-Go (PAYG) is a system whereby the approximate income tax owed by an employee is
withheld from their pay, meaning they are paying their income tax in instalments instead of having to
pay a lump sum at the end of the year.

— The PAYG taxation system helps to ensure people pay their income tax.

— Any discrepancies between the amount of income tax paid under the PAYG system and the amount
of income tax owed in a financial year are resolved by completing a tax return. After reviewing the
tax return, the Australian Taxation Office (ATO) will either provide a refund or let you know how
much is still owed for each financial year.

OXFORD UNIVERSITY PRESS CHAPTER 1 FINANCIAL MATHEMATICS — 11



Tax tables

e The ATO produces weekly, fortnightly and monthly tax tables, which detail the amount of tax that

should be withheld given an exact amount of earnings for that specified period.

— These tax tables can be downloaded from the ATO website. To determine the amount of tax to be
withheld, look up the earnings in the first column and read the amount to be withheld from the

second or third columns.

— The first $18 200 an Australian earns in a financial year is tax-free. This is known as the tax-free

threshold.
Amount to be withheld
With No
Weekly  tax-free tax-free
earnings threshold threshold
1 2 3
$ $ $
1,026.00 171.00 292.00
1,027.00 171.00 293.00
1,028.00 172.00 293.00
1,029.00 172.00 293.00
1,030.00 172.00 294.00

Medicare levy and net earnings

e The Medicare levy is a 2% tax on taxable income which helps to fund the health care system.

— Some individuals may be either exempt from the Medicare levy or eligible to pay a reduced levy.

e A person’s net income can be calculated by subtracting their income tax and Medicare levy from their

taxable income.

net income = taxable income — income tax — Medicare levy

Example 1C.1 Calculating taxable income

In the last financial year, Reina:
earned a salary of $77 800

received a $2500 bonus from work
earned $232 in interest on her investments
had $950 of work-related expenses

donated $300 to charity

paid an accountant $120 to manage her tax affairs.

Calculate Reina’s taxable income.

1 Calculate the total income by adding the

salary, bonus and interest together.

Calculate the total deductions by adding the
work-related expenses, charity donations and
cost of managing tax affairs together.
Subtract the tax deductions from the total
income to determine the taxable income.

12 — OXFORD MATHS 9 NSW CURRICULUM

total income = $77800 + $2500 + $232

= $80532

total deductions = $950 + $300 + $120

=$1370

taxable income = $80532 — $1370
=$79162
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Example 1C.2 Income tax

Use the 2023-2024 financial year tax table to calculate the income tax payable on the following incomes.
a $65230 b $144900

a 1 Identify the row in the table into whichthe a $65230 — $45000 = $20230

income falls. $65 230 lies between income tax = $5092 + $20230 x 0.325
$45001 and $120000. = $5092 + $6574.75
2 Follow the instructions in the second =$11666.75

column of the table. To calculate ‘$5092
plus 32.5 cents for each §1 over $45000’,
start by calculating the income over
$45000. Then, multiply this figure by
0.325. Finally, add the result to $5092.

b 1 Identify the row in the table into whichthe b $144900 — $120000 = $24900

income falls. $144 900 lies between income tax = $29467 + $24900 x 0.37
$120001 and $180000. = $29467 + $9213
2 Follow the instructions in the second = $38680

column of the table. To calculate ‘$29467
plus 37 cents for each $1 over $120000’,
start by calculating the income over
$120000. Then, multiply this figure by
0.37. Finally, add the result to $29467.

[ v’ ‘37 cents for each $1 over $120000° means 130—70 or 0.37 of the income over $120000.

I3 Exercise 1C Taxation

A 3,4(a-c), 5, 6(a-c), 7,9, 10(a-c), 1,2, 4(d-f), 6(d-f), 8, 10(d-f), 11,

1,4(d-f),7,9.11,12,13(d-f), 14,16,17
11,15 13(a-c), 16 Q @n 3(a-H 6

1c1 1 In the last financial year, Lisa:
e carned a salary of $57 500
e received a $1500 bonus from work
e earned $88 in interest on her bank account
* had $550 of work-related expenses
e donated $100 to charity
e paid an accountant $80 to manage her tax affairs.
Calculate Lisa’s taxable income.
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2 In the last financial year, Kosta’s income from his two jobs was $55 000 and $34 800, respectively. Kosta also
earned $395 in interest on his savings account and made a monthly donation of $30 to his favourite charity.
Calculate Kosta’s taxable income.

3 In each of the following situations, calculate the taxable income.

a income $4981.95; work-related expenses $56.80; donations $9.45
b 36 hours of work at $25.70 per hour; additional income $187.50; work-related expenses $38.90
¢ annual salary $91 200; work-related expenses $61.25 per month; donations $27 per month

4 Use the 2023-2024 financial year tax table to calculate the income tax payable on the following incomes.
a $59000 b $111000
c $80300 d $16000
e $231500 f $99900

5 Last year, Julie had a salary of $72 000 and received a 5% bonus at work. She earned $1045 in interest on her
investments and had tax deductions that totalled $2420.

a Calculate Julie’s taxable income.

b How much income tax does Julie need to pay?

4

6 Calculate the Medicare levy payable on the r
following incomes.
a $82000 b $46000
c $104000 d $66500 N
e $133000 f $59200

7 In the 2023-2024 financial year, Mika earned
$122400 and had tax deductions of $4200.

a What is Mika’s taxable income?

med\ca‘e

b How much income tax must Mika pay?

¢ How much does Mika have to pay for the
Medicare levy? e Q

d What is Mika’s net income?

N

8 Cody has a taxable income of $91 500 after deductions. What is Cody’s net income after deducting income tax
and the Medicare levy?

9 Last year, Portia had a salary of $86 520 and each month her employee withheld $1699 in tax for her. Portia
earned an additional $872 in interest on her investments, had work-related expenses of $610 and donated
$480 to charity.

a Calculate Portia’s income tax for the year.
b Is Portia due a tax refund, or does she owe more money? By how much?

10 The tax brackets are named after the amount of cents paid for each $ over the given amount in that bracket.
Explain why someone whose income falls into the 32.5% tax bracket does not pay 32.5% of their income in
income tax.

11 Calculate the percentage, correct to one decimal place, of these taxable incomes that needs to be paid in

income tax.

a $94000 b $48500
c $70500 d $114000
e $37040 f $142100

12 Explain how the fixed values in the 2023-2024 tax table ($5092, $29467 and $51 667) are calculated.
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13 Use the ATO website to look up the weekly, fortnightly and monthly tax tables and to state the amount of
income tax that should withheld for the following earnings. State the amount with the tax-free threshold.

a $774 per week b $1950 per week c $3122 per fortnight
d $2150 per fortnight e $4797 per month f $7644 per month
14 This is a section from the ATO fortnightly tax table for the 2023-2024 financial year:

Amount to be withheld Amount to be withheld
With No With No
Fortnightly tax-free  tax-free Fortnightly tax-free  tax-free
earnings threshold threshold earnings threshold threshold
1 2 3 1 2 3
$ $ $ $ $ $
2,622.00 540.00 782.00 2,792.00 598.00 840.00
2,624.00 540.00  782.00 2,794.00  600.00 840.00
2,626.00 542.00 782.00 2,796.00 600.00 842.00
2,628.00 542.00  784.00 2,798.00 600.00 842.00
2,630.00 542.00 784.00 2,800.00 602.00 842.00

a In 2023-2024, Ben earned $38.80 per hour and worked a 36-hour week. What was his fortnightly income?

b How much did Ben’s employer withhold in tax for him each fortnight?
15 Copy and complete the information in this table.

Income Deductions | Taxable income | Income tax | Medicare levy | Net income
$83100 $300 $82800 $17377 $1656
$55400 $550 $54850 $1097

$102310 $1100
$68440 $810

16 The tax brackets are scheduled to be changed to the following structure for the 2024-2025 financial year:

Taxable income Tax on this income

0-$18200 Nil

$18201-$45000 19 cents for each §1 over $18 200
$45001-$200000 $5092 plus 30 cents for each $1 over $45000
$200001 and over $51592 plus 45 cents for each $1 over $200 000

Compared to the 2023-2024 tax table, how much would people with the following taxable incomes save?

a $55000 b §97000 c $165000

17 An alternative tax system is proposed, where all individuals pay 25% of their taxable income in income tax.

a If someone pays exactly the same income tax under the 2023-2024 system and this alternative system,
what is their taxable income?

b Who would be worse off and who would be better off under this proposed tax system?

¢ Calculate the difference in income tax payable between the 2023-2024 and this alternative system for
people with the following taxable incomes.

i $38600 ii $82100 iii $163000
d Use your answers to parts a—c¢ to comment on the merits of using a progressive income tax system.

Check your Student obook pro for these digital resources and more: @

Interactive skillsheet / Topic quiz
Income tax 1C
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@ Checkpoint quiz

Check your
knowledge of the first
part of this chapter.

Copy and complete the following table.

Hourly wage Time worked Amount earned
$32.20 12 hours
$23.90 $478.00
$40.05 15 hours
$36.25 $1051.25
33 hours $1402.50
For each of these hourly wages, calculate:
i the time-and-a-half hourly wage ii the double time rate.
a $23 b $29 c $38 d $26.50 e $34.20 f $44.40

Calculate the annual salary for the following given values.
a $5740 per month b $4510 per month c $1205 per week
d $2070 per week e $1840 per fortnight f $3430 per fortnight

Grant works 30 hours per week and is paid $26.60 per hour. He takes one week of annual leave, for which he
receives an additional leave loading of 17.5%. How much does Grant get paid for his week of annual leave?

Calculate the piece work rate in each of these situations.

Items produced Income
a 59 $442.50
b 112 $403.20
c 46 $791.20
d 2450 $294.00
e 440 $171.60

Last year, Angel received a royalty payment of $3380 on a 5.2% royalty. What were the sales for that year?

In the last financial year, Isaac earned a salary of $74 000 plus a 3.5% bonus. Isaac also earned $247 in interest
on his bank account. He had $350 of work-related expenses, donated $240 to charity and paid an accountant
$100 to manage his tax affairs. Calculate Isaac’s taxable income.

This is the income tax table for the 2022—2023 financial year.

Taxable income Tax on this income
0-$18200 Nil
$18201-$45000 19 cents for each $1 over $18 200
$45001-$120000 $5092 plus 32.5 cents for each $1 over $45000
$120001-$180000 $29467 plus 37 cents for each $1 over $120000
$180001 and over $51667 plus 45 cents for each §1 over $180 000

Use the tax table to calculate the income tax payable on the following incomes.

a $75300 b $94200 c $47000 d $53990 e $115040 f $66095
Calculate the Medicare levy payable on the following incomes.

a $50500 b $63420 c $76100 d $82090 e $104820 f $137950

3 10 In the 2023-2024 financial year, Dina earned $81 300 and had tax deductions of $1800.

a What is Dina’s taxable income? b How much income tax must Dina pay?
¢ How much does Dina have to pay for the Medicare levy? d What is Dina’s net income?
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1D Budgeting and

spending money

Learning intentions :
@ Inter-year links
By the end of this topic you will be able to ... Year 7 1D Multiplying whole numbers
v’ evaluate payment options Year 8 1C Multiplying and dividing whole
numbers

v create a budget.

POymen‘I' Op'l‘ions e Key content video

When purchasing a product or service there may be a variety of different payment options. By

understanding all the different available options, you can make the best decision in each situation.

To buy an item on terms means to make an initial deposit on the item, and then to pay the remaining

amount in regular instalments.

— Buying an item on terms is usually more expensive than buying an item outright.

Buy now, pay later services allow a consumer to buy a product or service and delay the payment.

These services are usually interest-free; however, other fees may be charged, including late fees,

account-keeping fees, payment processing fees and establishment fees.

A lay-by agreement is a contract where a consumer pays for goods in two or more instalments and

does not receive the goods until the full price has been paid.

— A consumer can cancel a lay-by agreement at any time before receiving the product; however, they
may have to pay a termination fee.

Budget

A budget is a financial plan. Budgets can be used to make sure you have enough money for future
spending and to help you avoid going into debt.

To prepare a budget you need to estimate your expected income and expenses. Expenses can be split up
into essential items, such as food and housing, and discretionary items, such as entertainment and gifts.

— To avoid going into debt, the total expenses in a budget should be less than the total income.

Example 1D.1 Evaluating payment options

Lea is shopping for a new television set and wants to purchase a set which is listed at $799. The sales
assistant tells Lea that instead of paying the full amount up front, she can pay a deposit of $200 today,
followed by 12 weekly instalments of $56.

a If Lea chooses to buy this item on the offered terms, how much will she end up spending?

b What is the percentage increase in the cost of the item if it is purchased on terms as opposed to being

paid for up front? Give your answer correct to two decimal places.

a Multiply the weekly instalment cost by the a total cost = $56 x 12 + $200
number of weeks and add the deposit to = $672 + $200
determine the total cost. = $872
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b 1 Calculate the increase in cost if purchasing b increase in cost = $872 — $799

the items on terms by subtracting the listed =$§73
price from the cost for purchasing on
terms.

2 Divide the increase in cost by the list price percentage increase in cost = $$77939 x 100%
and multiply by 100% to determine the 9136, %
percentage increase in cost.

3 Round the answer to two decimal places. ~9.14%

Example 1D.2 Creating an annual budget

Shai has just started a new job and wants to create a budget to keep track of his finances. He will earn a net
income of $1200 per week, and his estimated weekly expenses are $300 on rent, $165 on food, $100 on
entertainment and $50 on personal items. Each month he also spends $60 on his mobile phone and $120
on clothes.

a Prepare an annual budget for Shai.

b Shai aims to save $20000 each year to put towards a house deposit. Does his budget reach that target?

a 1 Calculate the annual income by multiplying a Annual income

the weekly net income by 52. $1200 x 52 = $62400
2 Calculate the annual expense for each Annual expenses
item by multiplying the weekly expenses Rent: $300 x 52 = $15600
by 52 and multlplylng the rnonthly Food: 3165 X 52 = $8580
expenses by 12. Entertainment: $100 x 52 = $5200
Calculate the sum of the annual expenses. Personal items: $50 x 52 = $2600
4 Subtract the total expenses from the Mobile phone: $60 x 12 = $720
income to calculate the annual savings. Clothes: $120 x 12 = $1440

Total: $15600 + $8580 + $5200 + $2600 +
$720 + $1440 = $34 140
Annual savings
$62400 — $34 140 = $28260
b Compare the annual savings in Shai’s budget b Yes, Shai’s budget reaches his target of saving
to his target and comment. $20000 this year.

v A budget is only an estimate of future income and expenses, which is unlikely to be 100% accurate.

v/ Make sure to include all your potential expenses when creating a budget. A good way to make sure you
include everything is to look at your expenses over the past year.

v If you need to save more money, it is easier to cut discretionary spending than it is to cut essential spending.
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A Exercise 1D Budgeting and spending money

A 1,2,4,5,8,11,13 |:| 2,3,6,7,10,11,13 Q 3,5,6,9.10,12 14

1 What is the total payable for each of the following purchasing options?
a $500 deposit plus 20 payments of $49 b $150 deposit plus 52 payments of $29
c $5000 deposit plus 24 payments of $499 d $399 deposit plus 10 payments of $399

11 2 Damon is shopping for a new sound system and finds his
perfect system for a listed price of $1599. The sales assistant tells
Damon that instead of paying the full amount up front, he can
pay a deposit of $250 today, followed by 12 monthly instalments
of $120.
a If Damon chooses to buy this item on the offered terms, how
much will he end up spending?

b What is the percentage increase in the cost of the item if it is

purchased on terms as opposed to being paid for up front?
Give your answer correct to two decimal places.

3 Cat purchases a new handbag using a buy now, pay later service. This allows her to pay for the $399 handbag
with 10 payments of $39.90. Cat has to pay $5.95 to set up the payment system, and each payment has a
$1.50 processing fee.

a How much does Cat end up paying in total?

b What is the percentage increase in cost with the buy now, pay later service? Give your answer correct to
two decimal places.

4 Sheldon comes up with the following list of expected expenses for the
year. What are his expected total annual expenses?

¢ Rent: $350/week

e Food: $150/week

¢ Entertainment: $200/month
e Gifts: $300/year

e Clothes: $600/year

e Mobile phone: $45/month

e Transport: $240/month

e Other items: $100/month

1.2 5 Andrea has just started a new job and wants to create a budget to keep track of her finances. She will earn a
net income of $2600 per fortnight, and her estimated weekly expenses are $420 on rent, $140 on food, $80 on
entertainment and $100 on personal items. Each month she also spends $75 on her mobile phone, $150 on
clothes and $100 on transport.

a Prepare an annual budget for Andrea.

b Andrea wants to purchase a car that will cost $25000 at the end of the year. Does her budget allow enough
savings for the car?

6 Gil is creating an annual budget. His net income is $61 500 per year, and his rent is $360 per week.
He estimates that he spends $175 on food and $50 on public transport each week.
a Prepare an annual budget for Gil.

b What expenses may Gil not have considered when planning for his budget?
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7 If someone is conservative when estimating their expenses, they will tend to overestimate them. Explain why
being conservative with your expense estimates may be a good idea.

8 Explain why weekly expenses can’t be multiplied by 4 to get monthly expenses.

9 Some companies offer an interest-free period on purchases without any fees or penalties. Give some reasons
why companies may make this offer with no obvious benefits for them.

10 When purchasing an item using a lay-by agreement, the customer usually
pays a deposit, followed by equal weekly payments which cover the full
purchasing price. There is often an additional setup fee for a lay-by
agreement.

a What do you think are the potential benefits of a lay-by agreement?
Consider this type of agreement compared to other purchasing options.
b What are the potential downsides of a lay-by agreement?

11 A mobile phone can be purchased outright for $1250 or purchased with a
24-month contract for $55 per month.

a How much extra will someone be paying if they decide to purchase the
phone on a contract?

b Give reasons why some people may prefer to purchase the phone
outright, and why other people may prefer to go with the contract.
12 Buy now, pay later services make money by charging fees. These fees may include account-keeping fees,
establishment fees and late-payment fees.
a Comment on how buy now, pay later services may affect purchasing decisions.
b Considering your answer to part a, why do some buy now, pay later services decide to only charge late-
payment fees?

13 Amber wants to start saving money, so she decides to create an annual budget. Her weekly net income is $935,
and she estimates her expenses as:

e Rent: $325/week e Food: $130/week

¢ Entertainment: $250/month ¢ Clothes: $350/month

e Mobile phone: $60/month e Car: $400/month

e Health insurance: $110/month ¢ Other items: $100/month

a How much will Amber be able to save each month?
b Make some suggestions as to where Amber could reduce her expenses to increase her savings.
14 Sam has prepared a mystery budget for his friends to decipher. He provides the following details:
e His rent is exactly % of his net income.
e His weekly food expenditure is the same as his weekly transport expenditure.

¢ The sum of his monthly mobile phone and entertainment expenses is equal to the amount he spends on
transport each week.

e His other weekly expenditures are half his weekly rent.
e The amount he spends on food each week is $200 less than his rent.
a If Sam’s annual net income is $54 600, how much will he be able to save each month?

b If Sam spends $210 each week on transport, how much will he be able to save each month?

Check your Student obook pro for these digital resources and more:

Interactive skillsheet Investigation = Topic quiz
Payment options Short-term loans 1D
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1E Simple interest

Learning intentions

By the end of this topic you will be able to ...
v calculate interest using the simple interest formula

v calculate the simple interest on an investment
v’ calculate the simple interest on a loan.

Loans and investments

Inter-year links

Year 7 6C Terms, expressions and
equations

Year 8 6A Equations

Year 10 1B Simple interest

e Key content video

A loan is when money is borrowed and interest is paid on the amount of money borrowed. If you take
out a loan from a bank, the total of your repayments will be more than the amount borrowed. Banks
charge interest for providing access to their money.

An investment is when money is deposited and interest is earned on the deposited money. If you invest
money with a bank, the bank pays you interest for giving them access to your money.

1 Borrow money from bank
2 Bank charges interest

3 Must pay back loan and
interest

Principal ' l Repayments

Loan

Simple interest

[ ]

you borrow (or invest), the interest rate charged per time period

Simple interest can be calculated using the formula:

— [ = interest

— P = principal, the original amount of money borrowed or
invested

— r = interest rate per time period, usually a percentage

converted to a fraction or decimal
5

For example, 5% would be substituted as 100

or 5% per year.
— n = number of time periods
[ )

Total amount = P + I

OXFORD UNIVERSITY PRESS

Principal

1 Deposit money in bank
2 Bank pays interest

3 Money must stay in bank
to gain interest

Investment

Interest payments

The amount of interest you pay on a loan (or earn on an investment) depends on the original amount

and the number of time periods.

I=Prmn
5 & 2

simple
interest

e . number of

prlnClpal mterest . )
time periods
rate

or 0.05.The interest rate 5% p.a. means 5% per annum

The total you repay (or receive) includes the original amount plus the interest.
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Example 1E.1 Calculating interest rates (=3

Write an 8% interest rate as:

a a fraction in simplest form b a decimal.
a 'To convert a percentage to a fraction, the a 8%= %
percentage becomes the numerator and the 2
denominator is 100. Simplify the fraction if ~ 25
possible.
b To convert a percentage to a decimal, divide b 8% =8+ 100
the percentage by 100. =0.08
Example 1E.2 Calculating simple interest @
For an investment of $5200 at a simple interest rate of 6% p.a. for 4 years, calculate:
a the amount of simple interest earned b the value of the investment after 4 years.
a 1 Write the simple interest formula and a I=Prmn
identify the key terms: principal, interest P =$5200
rate, and number of time periods. The rate r=6% = 0.06 per year
must be written as a fraction or a decimal. n =4 years
2 Substitute the values into the formula and I=$5200 x 0.06 x 4
calculate the result. = $1248
3 Write the answer. The simple interest earned in 4 years is $1248.
b 1 'The value of the investment after 4 years b Total amount = P + [
is calculated by adding the interest to the = $5200 + $1248
principal. = $6448
2 Write your final answer. The value of the investment after 4 years is
$6448.
: g nioes |
v/ Be careful when converting your interest rate to a decimal or fraction.
v/ When using cash, round your answers to the nearest 5 cents. For all other transactions, round to the
nearest 1 cent.
v If you are finding the simple interest formula difficult, write it out in words to help you.
Simple interest = principal X interest rate X number of time periods
v/ Remember that the principal is the initial amount invested or borrowed.
v Make sure that the interest rate (r) and number of time periods (#) are in the same unit. If the interest
rate is per annum, then the number of time periods must also be in years. If the interest rate is per month,
then the number of time periods must be in months.
b J/
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I3 Exercise 1E Simple inferest

/\ 1-5.7.8(2 column), 9,10,11,13,15 [ ] 1-3.4(b,d. 1), 6.7.8(c. 1, g, ), () 2.3.7.8(c.e.0.0.10(-).13,14,16-20

10(a.c.e, g.i).12,13,16,18,19(a)

You can use your calculator for all questions in this exercise.

1E1 1

1E2 2

Write these interest rates as:
i afraction in simplest form ii a decimal.
a 7% b 11% c 24% d 6% e 10% f 12%

For each investment, calculate:

i the amount of simple interest ii the value of the investment after the time period listed.

a asimple interest investment of $5000 at an interest rate of 5% p.a. for 2 years
b a simple interest investment of $4800 at an interest rate of 4% p.a. for 3 years
¢ asimple interest investment of $12 500 at an interest rate of 8% p.a. for 5 years

For each loan, calculate:
i the amount of simple interest ii the total amount to be repaid.

a aloan of $7500 at a simple interest rate of 5% p.a. over 3 years
b aloan of $10800 at a simple interest rate of 12% p.a. over 5 years
c aloan of $25000 at a simple interest rate of 7% p.a. over 8 years

Calculate the simple interest given each of these. All interest rates are per annum.

a P =$4000,r= 6%, n =5 years b P=$8650,r= 7%, n =4 years
c P=$15000,r= 8%, n =10 years d P=$9200,r= 4%, n = 3 years
e P=%$19999,r=15%, n = 6 years f P=$20000,r=20%,n =15 years

Christian invests $3500 in a bank that offers the simple interest rate of 4.8% per
annum. He plans to leave the money invested for 2 years.

Term deposit

4.8

fixed rate

a Identify the values of P, r and n.

b How much simple interest does Christian earn?

¢ What is the total value of Christian’s investment after 2 years?

Jenna plans to start her business in massage therapy and needs

to borrow $44 000 to assist with her set-up costs. She obtains an !

agreement with her lender to repay the money over 5 years with

simple interest charged at 9.5% p.a.

a Identify the values of P, r and n.

b How much simple interest is Jenna charged?

¢ What is the total amount that Jenna repays?

a Calculate the amount of simple interest in each of the
following situations.
i $5000 is invested at a simple interest rate of 0.4% per

month for 30 months

ii $5000 is borrowed at a simple interest rate of 0.4% per month for 30 months.

b Compare each of the answers in part a. Briefly explain how the simple interest formula is used for
investment and loan situations.

¢ Given that the simple interest calculations involving loans and investments are identical, how are the
calculations different when they are interpreted?
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8 Convert each time period to years. Where appropriate, write the fraction in simplest form.

a 11 months
d 3 months

g 15 months
j 1241 days

b 7 weeks

e 271 days
h 48 months
k 30 months

c 26 weeks

f 155 days
i 84 weeks
1 286 weeks

9 A simple interest investment is made for 4 years and 3 months. Matthew thinks this is equivalent to 4.3 years
but Lizzy is certain that Matthew is wrong. How is 4 years and 3 months written as a decimal in years?

10 For the values given in the table below, calculate:

P
[y

12 A bank is offering the simple interest rates shown in the table below for its
customers to invest in a term deposit. The interest is calculated at the end of the
investment. Jasmine has $20 000 to invest and plans to invest it for 12 months.

i the amount of simple interest

ii the total amount at the end of the term.

Principal $ Simple interest rate p.a. Time
a 9000 6% 3 years
b 10500 4.5% 6 months
c 7500 9.8% 130 weeks
d 29000 3.2% 90 days
e 8600 6.4% 35 days
f 155570 12.5% 11 months
g 19999 19.9% 25 weeks
h 45950 14.05% 2 years and 5 months
i 208654 8.75% 5 weeks and 4 days

Sade is investigating which is the best way to calculate her simple interest for a short-term investment.

She invests $2400 for the month of June at a simple interest rate of 4.6% p.a.

a Calculate the simple interest amount after writing the time as a fraction of the total number of months in

the year.

b Now calculate the simple interest amount after writing the number of days in June as a fraction of the total
number of days in the year.

¢ Which method of calculation would Sade hope would be used? Briefly explain why.

d If the values given represented a short-term loan instead of an investment, which method of calculation

would Sade prefer? Briefly explain why.

a What simple interest rate will Jasmine receive for her investment?

b How much interest does she earn?

¢ Jasmine’s brother informed her that she would have earned more interest if
she invested the money for one day less than 12 months. Investigate whether

this statement is true and show working to support your finding.

Term Interest on investment amount (% p.a.)
(months) $5000-<$10000 $10000-<$50 000 $50000-<$100000
1-2 2.5 2.5 2.8
3-6 3.25 3.25 3.25
7-11 5.5 5.55 5.5
12-24 5.3 5.25 5.2
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13 Simple interest assumes the same amount of interest
is added every period (year, month, day, etc.).
Therefore, if we know the interest amount per period,
we can multiply that by the number of periods to
determine the total interest using the unitary method.
For each of the following calculate:

i the amount of interest per period

For example: P = $4000, r = 4% p.a., n = 5 years, I = §?
4%p.a. x $4000 = $160 per 1 year

So for 5 years:

$160 x 5 per 1 x 5 years = $300 per 5 years

ii the total amount of interest

iii the total amount owing for a loan or in an account for an investment.

a P=$200,r=5%p.a.,n =10 years, [ = §?
¢ P =$500000,r=8%p.a.,n=12.5 years, [ = §?
e P=$26000,r=5%p.a.,n="72 weeks, I = §?

14 The total amount owing for a loan or in an account
for an investment can be determined by adding
the interest to the principal. Alternatively, we can
find the percentage increase for the given time period,
then apply the percentage increase to the principal.

For each part in question 13:

b P=§1400,r=6.2% p.a., n = 8 years, I = §?
d P=§750,r=8% p.a.,n =20 months, [ = §?
f P=$4380,r=3.5%p.a.,n =153 days, I = §?

For example: P = $4000, r = 4% p.a., n = 5 years, I = $?
4% per 1 year

So for 5 years:

4% x 5 per 1 x 5 year = 20% per 5 years

(100% + 20%) x $4000 = $4800

i find the multiplier to determine the total amount using a percentage increase. Give your answers correct to

four decimal places where appropriate

ii recalculate the total amount using the percentage increase in part i.

15 Banks vary in the ways in which they calculate simple interest on savings and transaction accounts.

Some accounts earn no interest while others attract bonus interest rates if certain conditions are met. If an

account provides interest, it is most likely to be calculated on the daily account balance. Consider the account

balances for the month of February shown.

a 'The opening balance of $640.90 applies for the first 7 days of the month and each new balance applies
from the date the transaction is made. How many days does each balance on this account apply for?

Date Transaction Credits $ Debits $ Balance $
01/02 Opening balance 640.90
08/02 Withdrawal at Handybank —-100.00 540.90
15/02 Deposit +240.00 780.90
24/02 EFTPOS purchase —-125.40 655.50
28/02 Interest

b The account attracts simple interest at a rate of 2.1% p.a. For each new balance in the account, calculate the

simple interest based on the number of days each balance applies.

¢ Add all the amounts from part b to calculate the total interest for the month.

d What is the account balance at the end of February, if the total interest is added at the end of each month?

16 This bank statement shows the transactions made during the month of August. Interest is calculated daily at a

rate of 1.8% p.a.

Date Transaction Credits $ Debits $ Balance $
01/08 Opening balance 345.50
09/08 ATM Withdrawal —-50.00 295.50
14/08 Deposit — Pay +370.00 665.50
16/08 ATM Withdrawal —120.00 545.50
19/08 EFTTPOS Purchase —85.95 459.55
28/08 Deposit — Pay +370.00 829.55
31/08 Interest

a How much simple interest is earned during the month?

OXFORD UNIVERSITY PRESS

b What is the final account balance?
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17 A bank offers a simple interest rate of 1.5% p.a. on its savings accounts, calculated daily. An extra 3.2% p.a.
bonus rate is offered if no more than one withdrawal is made in the month and the account balance has
increased by at least $200 for the month. Consider each of the account statements shown.

A Date Transaction Credits $ Debits $ Balance $
01/09 Opening balance 1200.85
15/09 Deposit — Pay +450.75
24/09 Deposit — at branch +820.00
29/09 EFTPOS Purchase —245.85
30/09 Interest

B Date Transaction Credits $ Debits $ Balance $
01/01 Opening balance 1548.90
08/01 EFTPOS Purchase —-246.20
15/01 Deposit — Pay +1920.00
29/01 EFTTPOS Purchase —-85.94

31/01 Interest

a Will either of these accounts receive the bonus simple interest rate? Provide a reason to support your answer.
b Calculate the total interest earned on each account. You will need to determine the account balances
following each transaction first.
¢ State the final account balance for each statement at the end of the month.
18 Joel plans to buy a second-hand car for $12 500. He has saved

$2500 and plans to borrow the remaining money from his bank at

a simple interest rate of 8.5% p.a. for 3 years.

a The car-seller asks for a deposit of 15% of the selling price.
Are Joel’s savings enough to cover the deposit? Note: A deposit is
the first part of a payment often used as a promise to pay.

b How much does Joel borrow to buy the car?

¢ Calculate the total amount, including simple interest, that Joel
pays for the car.

19 You have $2000 and wish to double this amount over 3 years. You explore some different options to earn the
most amount of simple interest possible.

a What is the annual simple interest rate that will enable your investment to double in 3 years?
b Explore how this rate changes if the time of the investment increases to:
i 4 years
ii 5 years
iii 6 years.
¢ Explore how this rate changes if the time of the investment decreases to:
i 2 years
ii 1 year.
20 Provide three different annual interest rates and their corresponding time periods that would result in an
investment of $5000 earning $1250 in simple interest.

Check your Student obook pro for these digital resources and more:

Interactive skillsheet Worksheet Topic quiz
Calculating simple Calculating simple 1E

interest interest
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1F Simple interest calculations

Inter-year links

Learning intentions @

By the end of this topic you will be able to ... Year 7 6H Solving equations using inverse
v/ calculate the number of time periods for a loan or investment operations
using the simple interest formula Year 8 6D Changing the subject of a
v calculate the principal using the simple interest formula Il
Year 10 1B Simple interest

v calculate the interest rate using the simple interest formula.

Calculating the principal, interest rate B e
and number of fime periods

e The simple interest formula is I = Prn.
I = Prn Solve for principal
I =Prn Solve for interest rate
I =Prn Solve for number of time periods

e o solve the simple interest equation for B 7 or n:
1 Write the simple interest formula and identify the known variables.
2 Substitute the values into the formula and simplify the calculation.
3 Solve the equation for the unknown value using inverse operations.
4 Write the answer.

Example 1E1 Calculating the number of time periods for an investment

How long will it take for an investment of $4000 at an interest rate of 4% p.a. to earn $800 in simple

interest?
1 Write the simple interest formula and I=Prn
identify the variables. Write r as a fraction P = $4000
or a decimal. r=4% = 0.04 p.a.
1= 8$800
2 Substitute the values into the formula and $800 = $4000 x 0.04 x n
simplify the calculation. $800 = §$160 x n
3 Solve the equation for 7. $800 = $1,\60 xn
$160 $160
n=>5
4 Werite the answer and include the unit ‘years’ It will take 5 years for an investment of $4000 to
because ris ‘per annum’. earn $800 in simple interest.
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Example 1F.2 Calculating the principal value (=)

How much needs to be invested at an interest rate of 6% p.a. for 3 years to earn $1440 in simple interest?

1 Write the simple interest formula and identify
the variables. r should be written as a fraction
or a decimal.

2 Substitute the values into the formula and
simplify the calculation.

3 Solve the equation for P.

4 Worite the answer.

I=Prn

r=6% = 0.06 p.a.
n = 3 years
I=$1440

$1440 =P x 0.06 x 3
$1440 = P x 0.18

$1440 _ P x 0.18
0.18 0.18
P = $8000
$8000 needs to be invested to earn $1440 in
simple interest over 3 years.

Example 1E.3 Calculafing the interest rate (=)

At what rate is $6000 invested at over 6 years if $864 is earned in simple interest?

1 Worite the simple interest formula and identify
the variables. r should be written as a fraction
or a decimal.

2 Substitute the values into the formula and
simplify the calculation.

3 Solve the equation for r using inverse
operations.

4 Convert r to a percentage by multiplying the
decimal by 100.

5 Write the answer and include the unit p.a.
because 7 is in years.

I=Prn
P =$6000
n = 6 years
1= §864

$864 = $6000 x r x 6
$864 = $36000 x r

$864 _ $36000 X r

$36000  $36000
r=0.024
=2.4%

$6000 is invested at 2.4% p.a. to earn $864 in
simple interest.

v Remember the order of operations (BIDMAS) when solving equations.
v Remember to round your answers to the nearest cent.

v/ To find the solution, the pronumeral does not have to appear on the left-hand side of the equation — if the
pronumeral is by itself on either side of the equation, you have found the solution!
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I8 Exercise 1F Simple inferest calculations

A 1-9,11-14, 15(a-c) |:| 1(d-f), 2-4, 7, 8,10, 12-14, 15(d-f) Q 4,7(b,d,f),8,13-17

You can use your calculator for all questions in this exercise.

1 Calculate the simple interest in each case. All interest rates are given per annum.

a
b
c
d
e
f

P =$2000, r =7%,n = 3 years
P=$250,r=11%,n =1 year

P = $8500, r = 5%, n = 4 years

P =$25000, r = 4%, n = 5 years

P =$100000, r = 9.5%, n = 4 years
P=$%16000, r = 6%, n = 2.5 years

1E1 2 Find the value for # in each of these situations.

a

b

c
d

How long will it take for an investment of $8000 at a simple interest rate of 3% p.a. to earn $1200 in
simple interest?

How long will it take for an investment of $1250 at a simple interest rate of 4% p.a. to earn $350 in
simple interest?

How long does a loan of $15000 at a simple interest rate of 9% p.a. take to earn $5400 in simple interest?

How long will it take for an investment of $5600 at a simple interest rate of 5% p.a. to earn $1120 in
simple interest?

1E2 3 Find the value for P in each of these situations.

a

How much needs to be invested at a simple interest rate of 8% p.a. for 5 years to earn $2000 in
simple interest?

How much is borrowed at a simple interest rate of 10% p.a. over 4 years if $6000 is paid in simple interest?
How much is borrowed at a simple interest rate of 9% p.a. over 5 years if $1800 is paid in simple interest?

How much needs to be invested at a simple interest rate of 6% p.a. for 2 years to earn $576 in
simple interest?

4 Find the unknown value in each of these situations. All interest rates are given per annum.

a

<

- 0o o 6

I=$600, P = $3000,r =4%,n="
I1=$1200,P ="?,r=5%,n =4 years
I1=$450,P ="?,r=9%, n = 2 years
I=$850, P =$8500,r=5%,n="
I1=$%1000, P ="?,r=8%,n =4 years
I=$5060, P = $9200,r =11%,n="?

5 Jessica has invested $4500 in a bank that offers simple interest of 5.0% p.a. She plans to earn $675 in interest.

a
b
c
d

From the simple interest formula, which variable do you not know the value of?
What variables do each of the given values represent?
How long does the money need to be invested to earn $675 in simple interest?

At a higher interest rate of 7.5% p.a., how much sooner can Jessica earn $675 in simple interest?

6 Throughout the course of a simple interest investment, Stefan’s money increased in value from $8400 to

$8946. The interest was earned at a simple interest rate of 0.25% per month.

a
b

What is the total amount of interest earned on this investment?

How many months was the initial amount of money invested for?
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1E3 7 For the values given in the table, calculate the simple interest rate per annum that applies.

Simple interest $ Principal $ Time
a 1640 8200 4 years
b 420 3500 2 years
c 985 9850 48 months
d 1680 12000 30 months
e 3936 18000 3 years and 5 months
f 680 6400 4 years and 3 months
Use the simple interest formula to determine the values for the missing amounts in the table.

Simple interest $ Principal $ Rate % p.a. Time
a 3700 5.6 4.5 years
b 234 4.8 13 months
c 42532 70000 6.2 years
d 3549 19500 5.2
e 1711 14.5 48 months
f 2631.60 15480 130 weeks
g 56.88 948 1.2 years
h 1534.40 13700 6.4

Priyansha borrowed a sum of money from her

parents to help her buy her first laptop. They agreed
to charge interest at a rate of 4% p.a. over a period
of 3 years. The total interest charge for the term of

the loan is $144.

a From the simple interest formula, which variable

is unknown?

b Which variable does each of the given values

represent?

¢ How much money does Priyansha borrow from

her parents?

d Priyansha plans to pay her parents $35 each month for 3 years and believes this will cover the agreed terms
of their loan. Determine whether Priyansha’s plans are correct and show working to support your finding.

e What are the exact monthly payments Priyansha needs to make to repay her loan?

10 The cost of the latest tablet is $873. Although Gabriella has the savings to purchase the new

tablet, she would rather let the interest earned from her investment cover the cost of the purchase.

a One bank offers her a simple interest rate of 7.2% p.a. for her investment of $10 000.

How long does this money need to be invested to earn enough interest to pay for the tablet?

b Gabriella decides on 12 months to reach her goal. At the same rate of interest, how
much does she need to invest in order to fully pay for the tablet with the interest she earns?

11 Daniel has decided to learn the alto saxophone through his school music program.

To encourage his development, his parents bought the saxophone shown through

a purchase program arranged by his school valued at $1200. The repayment conditions
involve quarterly payments over 3 years. The simple interest charged on the saxophone’s

costis §$162.

a What is the quarterly interest rate charged?

b What is the amount of each quarterly payment required?
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12 The simple interest formula can be used to find the values of the principal, rate or number of time periods
if you know the interest amount and two other values, but you can also use your knowledge of rates and
percentages. You can use the unitary method or a multiplier with the interest amount per annum to find the
number of time periods for the desired interest amount.

P = $4000, r = 4% p.a., n = ? years, I = $300

Unitary method Multiplier method

4%p.a. x $4000 = $160 per 1 year 4%p.a. x $4000 = $160 per 1 year
_ N N _ 800 800
=$160 = 160 per 1 = 160 years =$160 x 160 Per 1 x 160 Years
_ 1 _
= $1 per Teo Years = $800 per 5 years
_ 1
= $1 x 800 per 160 © 800 years

= $800 per 5 years
When the interest rate per annum or principal amount are not known, you can start by finding the interest per
year then either writing it as a percentage of the principal or determining what percentage it is of the interest rate.
For example:

P=8?r=6%p.a.,n =3 years, I = $1440 P = $6000, r=?% p.a., n = 6 years, [ = $364
1440
$1440 per 3 years = i 3 per % years $864 per 6 years = 38% per g years
= $480 per year = $144 per year
$480 per year $144 per year
_ro- v e = x 1
~ 6% per year ! $6000 x 100
_ $480 per year =2.4%p.a.
~ 0.06 per year
= $8000
Determine the values for the missing amounts in the table using rates and percentages.
Simple interest $ Principal $ Rate % p.a. Time
a 297.50 850 5 ? years
b 786.24 ? 4.2 12 years
c 569.43 999 ? 10 years
d 125 ? 8 15 months
e 548.80 3200 ? 91 weeks
f 2947000 7300000 5 ? days
13 The following graph details the value of a simple interest investment.
1500
e
g
o
£ 1000-
A
£
i
°
5 500-
S
T T T T
0 1 2 3 4

Time (years)

a What is the value of the principal?
b What is the value of the investment after 4 years?

¢ What is the interest rate of the investment?
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14 Determine the interest rate for each of these simple interest investments.

a b

700 - 1700+
2 2 .
5 5 i
: : HT

600 - — 1600 - =

/
§ / ? //
>
g e g =
o = =) —p
g 500+ g 1500 4
g .
0 1 2 3 4 0 1 2 3 4
Time (years) Time (years)
15 a After 92 weeks Alex is charged $63.25 on a simple interest loan with an annual interest rate of 6.5%.

How much interest will he be charged after 100 weeks?

b Charlotte borrows $1000 at a simple interest rate of 3.65% p.a. and is charged $500 interest after a number
of days. After how many days will Charlotte be charged $1000 interest?

¢ Helen has a simple interest investment of 20c. After 1000 months, she earns $1.05 in interest. Correct to
the nearest year, how long will it take Helen to earn $1000 in interest?

16 This bank statement is linked to a savings account and shows the transactions made during the month of April.

Date Transaction Amount $ Balance $
01/04 Opening balance 2905.60
03/04 | Deposit — Pay 1230.75 4136.35
08/04 | ATM Withdrawal 250.00 3886.35
15/04 EFTPOS Purchase 499.95 3386.40
17/04 | Deposit — Pay 1230.75 4617.15
Monthly interest 7.54 4624.69

What is the annual interest rate (% p.a.) that applies to this account? Remember that each new balance applies
from the day of the transaction. Round your answer to one decimal place.

17 The statement shown is linked to a credit card where interest is charged from the day of purchase. To avoid
additional charges, the total amount spent, plus interest, is to be paid each month.

Date Description Amount $
06/07 | BPAY to electricity provider 290.00
08/07 Gym membership 72.00
11/07 | Petrol 45.00
20/07 NRL tickets 85.00
21/07 Clothing store 189.95
24/07 | Petrol 52.87
Interest charge for the month of July 6.31

a How much needs to be paid at the end of the month to avoid any additional charges?

b What is the annual interest rate (% p.a.) that is charged to this credit account?

Check your Student obook pro for these digital resources and more:

= Interactive
skillsheet
Calculating
simple interest
rate

®

Interactive
skillsheet
Calculating the
number of time
periods for an
investment

@
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Interactive
skillsheet
Calculating the
principal by
simple interest
formula

o

Investigation

=W\ Topic quiz
1F

What percentage
interest are you
really paying?
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Chapter summary

Wages and salary

$78000
* Income: money received in exchange for work or investment 12 $6500 per month
e Wage: a fixed rate of income for working a given period, e.g., $25/hour $78 000
e Salary: fixed income paid on a regular basis T 50 $1500 per week
Penalty rates and leave loading Commissions, royalties and piece work
¢ Time-and-a-half: 1.5 x standard wage e Commission: being paid a proportion of sales
¢ Double time: 2 x standard wage ¢ Royalties: payments made for the use of assets
o Leave loading: 17.5% additional pay for 2% of $44 000 = 0.02 x $44 000

annual leave = $880
¢ Piece work: income paid for each item produced
or action performed

Income tax
e Total income: wages, salaries, bonuses, royalties and interest earned
e Tax deductions: work-related expenses, gifts and donations and the cost of managing tax affairs
e Taxable income = total income — tax deductions
e PAYG tax is withheld to ensure employees meet their tax obligations

e Discrepancies are resolved by completing a tax return

Taxable income Tax on this income

0-$18200 Nil

$18201-$45000 19 cents for each $1 over $18200

$45001-$120000 | $5092 plus 32.5 cents for each $1 over $45000

$120001-$180000 | $29467 plus 37 cents for each §1 over $120 000

$180001 and over | $51667 plus 45 cents for each $1 over $180 000

Medicare levy and net earnings
* 2% tax on taxable income to fund the health care system

¢ Net income = taxable income — income tax — Medicare levy

Simple interest e ] = interest
I = Prn e P = principal, the original amount of money
. borrowed or invested
simple
interest e r = interest rate, usually a percentage converted

number of to a fraction or decimal

rincipal Interest . .
P P time periods

rate n = number of time periods
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= Chapter review @::;- o
Assess your Test your knowledge of this

knowledge of this topic by working individually
chapter. or in teams.
Mathematical literacy review
The following key terms are used in this chapter:
e bonus * income e Medicare levy e salary
e budget e income tax * netincome e simple interest
e buy now, pay later e interest « PAYG tax ¢ tax deductions
e buying an item on e interest rate * payment options e tax tables
terms e investment * penalty rates e taxable income
* commission + lay-by agreement » piece work e time-and-a-half
* double time  leave loading + principal »  wage
® expenses e loan e royalties

B W N =

What percentage tax (on taxable income) is the Medicare levy?

How can you calculate a fortnightly salary if given an annual salary?

What does the acronym PAYG stand for?

Identify the key terms being referenced in each of these definitions.

a when money is borrowed, and interest is paid on the amount borrowed

b a fixed rate of income an employee receives for working a given period

Using an example, provide a definition in your own words for the following key terms.
a leave loading

b simple interest

Complete the following sentences using words from the key term list.

a ___ isincome which is paid for each item produced or action performed.

b __ areexpenses that can be subtracted from a person’s total income to determine their

Multiple choice

(14 B

LA P

s

i 4

108

Emma worked for 30 hours and earned $855. What is her hourly wage?

A $28/hour B $28.50/hour C $30/hour D $825/hour E $25650/hour
Mo receives a standard rate of $30.20 per hour. He receives a penalty rate of one-and-a-quarter for any
overtime (above 25 hours per week). How much does Mo earn in a week in which he works 32 hours?

A $264.25 B $755 C $966.40 D $1019.25 E $1208

Vita receives a base income of $350/wage plus a 3.5% commission on sales. How much does Vita earn in a
week in which her sales total $25000?

A $875 B $1100 C §1145 D $1225 E $25350
Arthur receives a piece work rate for every haircut he performs. If Arthur cuts 17 people’s hair in one day, he
will earn $399.50. What is his piece work rate of pay?

A $23 B $23.50 C §24 D $24.50 E $25.50

Last year, Saheed had a salary of $8420 per month and received a 4% bonus at work. He earned $2304 in

interest on his investments, spent $1105 on work-related expenses and paid his accountant $100 to manage his
tax affairs. What was Saheed’s taxable income?

A $9835 B $101573 C $107386 D $105082 E 3106181
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10 I

Scott purchases a new kitchen on terms, with a deposit of $5000 plus 24 monthly payments of $599. The retail
price of the kitchen is $18999. What is the percentage increase in price for purchasing on the given terms,
correct to two decimal places?

A 1.98% B 1.95% C 2.95% D 2.69% E 7.54%
) 7 Jasmine comes up with the following list of expected expenses for the year. What are her expected total annual
expenses?
¢ Rent: $475/week e Gifts: $250/year
e Utility bills: $450/quarter ¢ Clothes: $500/year
¢ Food: $160/week ¢ Mobile phone: $55/month
e  Home insurance: $50/year e Transport: $200/month
e Health insurance: $108/month e Other items: $100/month
¢ Entertainment: $100/month
A §2448 B $29376 C $40689 D $42376 E $127296

[1e |

1e B

$12000 is invested at 4.2% p.a. simple interest for 18 months. Which values should be substituted into the
simple interest formula?

A P=12000,r=4.2,n=18 B P=12000,r=042,n=1.5

C P=12000,r=4.2,n=1.5 D P=12000,r=0.042,n= 18

E P=12000,r=0.042,n=1.5

Ginger invests $6400 in a bank that offers a simple interest rate of 7.2% per annum. What is the value of her

investment after 3 years?
A $921.60 B $8243.20 C $7782.40 D $7321.60 E $6860.80

3 10 A loan of $4500 with simple interest 8.5% p.a. is charged $1530 in interest so that $6030 is now owed. Which

simple interest variable do you not know the value of?
A number of time periods B principal

C interest rate D interest amount

E total amount

Short answer

(14 B

N2
s

Copy and complete the following table.

Hourly wage Time worked Amount earned
$26.40 24 hours
$33.20 28.5 hours
30 hours $1131
$41.80 $877.80
$23.90 $872.35

Katie works 36 hours per week and is paid $32.50 per hour. She takes two weeks of annual leave, for which she
receives an additional leave loading of 17.5%. How much does Katie earn for her two weeks of annual leave?

Calculate the amount authors will receive in royalties given the following rates and sales.

Royalty rate Sales
a 5.5% $45000
b 3.2% $98000
c 1.8% $30000
d 9% $143000
e 13% $57200
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[ 4 This is the income tax table for the 2023-2024 financial year.

1c
i 6

10

8

L1e

Taxable income Tax on this income $35000
0-$18200 Nil
$18201-$45000 19 cents for each $1 over $18 200
$45001-$120000 $5092 plus 32.5 cents for each $1 over $45000
$120001-$180000 $29467 plus 37 cents for each $1 over $120000
$180001 and over $51667 plus 45 cents for each $1 over $180000

Use this tax table to calculate the income tax payable on the following incomes.

a $113000 c $59500 e $35000

b $81000 d §77000 f $189900

Morgan has a taxable income of $58 100 after deductions. Use the tax table in question 4 to calculate Morgan’s
net income after deducting income tax and the Medicare levy.

Guy purchases a new sofa using a buy now, pay later service. This allows him to pay for the $1092 sofa

with 12 payments of $91. Guy has to pay $9.95 to set up the payment system, and each payment has a
$2 processing fee.

a How much does Guy end up paying in total?
b What is the percentage increase in cost with the buy now, pay later service? Give your answer correct to
two decimal places.

Ellie has just started a new job and wants to create a budget
to keep track of her finances. She will earn a net income of
$2010 per fortnight, and her estimated expenses are:

¢ $390/week on rent

e $170/week on food

e  $100/week on entertainment

e $100/week on personal items

¢ $35/month on mobile phone

¢ $200/month on clothes

¢ $240/month on transport

e $420/quarter on utility bill.
a Prepare an annual budget for Ellie.

b Ellie wants to save $7500 over the next year. Does her

budget allow her to reach her target?
a Convert the given simple interest rates into a rate per annum.
i 0.1% per week ii 0.55% per month iii 1.8% per quarter
b Convert each given simple interest rate into the rate for the time period specified in brackets.
i 4.8% p.a. (per month) ii 6.24% p.a. (per week) iii 3.8% p.a. (per quarter)
Calculate the simple interest in each case.
a P=§3000,r=5%p.a.,n=4years
b P=§6400,r=2.5% p.a., n = 3 years
¢ P=$§35000,r=4.8% p.a., n =5 months

@ 10 Find the unknown value P, r or n when:

a I=$240,P = $2000,r = 4% p.a. b I=$854.40,r=8.9% p.a., n = 2 years
c I=%$1400,P = $16000,r = 3.5% p.a. d I=$630,P=$3500,n = 2 years
e I=§1011.50, P = $8500, n = 3.5 years
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Analysis

Julia manages a bookstore and earns an annual salary of $80000. The

normal hourly rate of $24.50 applies to her casual staff, although the
opportunity for overtime is available. The store’s rent is $1800 per
week and Julia allows an extra $200 per week to cover other costs.

a Julia’s annual tax deductions total $1240. What is Julia’s monthly

net income after subtracting her income tax and the Medicare levy?
Use the tax table for the 2023-2024 financial year.

b One week, Julia has three staff working. Simon works 24 hours
at the normal hourly rate. Melanie works 15 hours at the normal
rate, 3 hours at time-and-a-half and 5 hours at double time. Tahlia

works 30 hours at the normal rate and 5 hours at time-and-a-half.

Calculate the weekly income for each employee.

¢ What amount of money must Julia’s store make each week to cover the cost of staff pay and store costs?

The owners receive a quote for $48 000 to re-fit the store. They have half of this amount in savings and plan to
borrow the remaining amount.

d The bank lends the money at a simple interest rate of 8.2% p.a. over 3 years. What is the total amount of
money that must be repaid?

If the money is repaid in equal monthly instalments, what is the amount?

In total, how much will the store makeover cost?

Chapter checklist

Now that you have completed this chapter, reflect on your ability to do the following.

I can do this

L0 OO0 o Ho oo et

Understand the difference between a wage and a salary
Calculate income for working a given period of time
Apply penalty rates and leave loading

Calculate income including a commission

Calculate piece work income and royalty payments

Calculate an individual’s taxable income

Calculate income tax

Evaluate payment options
Create a budget

Calculate interest using the simple interest formula
Calculate the simple interest on an investment
Calculate the simple interest on a loan

Calculate the number of time periods for a loan or investment
using the simple interest formula

Calculate the principal using the simple interest formula
Calculate the interest rate using the simple interest formula

OXFORD UNIVERSITY PRESS

I need to review this

D Go back to Topic 1A
Wages and salaries

Go back to Topic 1B
Other forms of income

D Go back to Topic 1C
Taxation

Go back to Topic 1D
Budgeting and spending
money

D Go back to Topic 1E
Simple interest

D Go back to Topic 1F
Simple interest calculations
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Index

2A Indices

2B Products and quotients of powers
2C Raising indices and the zero index
2D Negative indices

2E Scientific notation

2F Rounding and estimating

Prerequisite skills

&0 Diagnostic pre-test
Take the diagnostic pre-test to assess your knowledge of the

prerequisite skills listed below.

@ Interactive skillsheets
After completing the diagnostic pre-test, brush up on your

knowledge of the prerequisite skills by using the interactive
skillsheets.

v Prime factorisation

v Multiplying terms

v Dividing terms

v Rounding integers

v’ Ordering and comparing large numbers

Curriculum links

e Simplifies algebraic expressions involving
positive-integer and zero indices, and
establishes the meaning of negative indices for
numerical bases (MA5-IND-C-01)

— Extend and apply the index laws to variables,
using positive-integer indices and the zero
index

— Simplify algebraic products and quotients
using index laws

— Apply index laws to numerical expressions
with negative-integer indices

e Solves measurement problems by using
scientific notation to represent numbers and
rounding to a given number of significant figures
(MA5-MAG-C-01)

— ldentify and describe very small and very
large measurements

— Estimate and round numbers to a specified
degree of accuracy

— Express numbers in scientific notation

© NESA

Materials

v/ Calculator




2A Indices

Learning intentions @ Inter-year links
By the end of this topic you will be able to ... Year7 16 Indices and square roots
Year 8 4A Indices

v’ convert between index notation and expanded form
v calculate the value of numbers in index notation Year 10 2Alndices

v express integers as a product of prime factors.

Index notation © rescontentvises

e Index notation (or index form) is used to represent index/exponent

repeated multiplication. l
— 3*is read as ‘3 to the power of 4’. base — 34 =3 x 3 x 3 x 3 = 81
— a? is read as ‘a to the power of 3’.

. . . Lo index notation expanded form basic numeral
e The base is the number or variable that is multiplied

repeatedly. index/exponent
e The index (or exponent) indicates the number of times
the base is multiplied. l
e If no index is indicated, then the base has an index of 1. base —> a’=axaxa
3 =3 index notation expanded form
x = x!

e Index notation can also be used to represent powers of negative numbers.
index/exponent
base —> (=2)° = (-2) x (=2) X (=2) =8
index notation expanded form basic numeral

— If the base is negative and the index is an even number, the basic numeral will be positive.
— If the base is negative and the index is an odd number, the basic numeral will be negative.

Prime factorisation

e The prime factorisation of a positive integer is the product of all prime factors of that integer.
— Prime factorisation is often expressed in index notation with the bases listed in ascending order.

For example, the prime factorisation of 24 is: 24 =2 x 2 x 2 X 3
=23x 3.
e The prime factorisation of a positive integer can be found using factor trees. In factor trees, composite
numbers are broken down into pairs of factors until all remaining factors are prime numbers.

24

N

6 4
ANV
® 00 o
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Example 2A.1 Calculating the value of a number in index notfation

Write the following in expanded form and evaluate.
a 2° b (—4)3

Identify the base and the index. The base
is 2 and the index is 5, so 2 is multiplied by
itself 5 times.

2 Perform the multiplications.

Identify the base and the index. The base
is —4 and the index is 3, so —4 is multiplied
by itself 3 times.

2 Perform the multiplications. Recall that if
the base is negative and the index is an odd
number, then the basic numeral will be
negative.

Identify the base and the index. The base
is 2 and the index is 4,50 % is multiplied by
itself 4 times.

2 Perform the multiplications. Recall that

to multiply fractions, you multiply the
numerators together and the denominators
together.

Example 2A.2 Writing variables in expanded form

Write the following in expanded form.
b (—ab)’?

a x*

a Identify the base and the index. The base is x
and the index is 4, so x is multiplied by itself
4 times.

b Identify the base and the index. The base is
—ab and the index is 3, so —ab is multiplied by
itself 3 times.

¢ There are four bases in this term. Identify the
bases and the matching index. Recall that if a
base doesn’t have an indicated index, then the
index is 1. Therefore, 2, x and z each have an
index of 1, and y has an index of 2.

OXFORD UNIVERSITY PRESS

24
c (3)
a 2°=2x2x2x2x2

=4 x2x2x2
=8x2x2
=16 x2
=32
b (—-4)*=-4x-4x—-4

_2X2X%x2x%x2
T5x5x5x%x5
_ 16
625

c 2xy’z

a x'=xXxXXxXX
b (—ab)’=—abx —abx —ab

C 2xy2=2XXXYXYX2Z
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Example 2A.3 Prime factorisation using factor frees

Use a factor tree to express each number as the product of its prime factors. Write your answers in

index notation.
a 20 b 315

Identify a factor pair by dividing the composite number by its smallest prime factor. The smallest
prime factor of an even number is always 2. Remember that if the sum of all the digits in a number
is divisible by 3, then that number is also divisible by 3, and that any number ending in 0 or 5 is
divisible by 5.

Continue to split factors into factor pairs until all remaining factors are prime.

Write the composite number as a product of its prime factors. Write the answer in index notation
and list the bases in ascending order.

20=2x2x%x5
=22x5

20 20
/\ /\
©) 10 or 4 5)
AN N
@ 6 @ ©

315=3x3x5x%x7
=32x5x7

315
N N
3) 105
or N
3) 35
N
® ® O

Remember that raising a number to an index and multiplying are different operations.

For example: 24 #2 x 4,24=2x2 x 2 X 2.

Take care when writing indices — they should be a smaller size than the base and sit high up on the
shoulder of the base to avoid confusion between 3* and 34.

When creating factor trees, remember that if a branch doesn’t end on a prime number, then keep
dividing the composite number until the branch ends on a prime.

Recall that the first 10 prime numbers are: 2, 3,5, 7, 11,13, 17,19, 23 and 29.

42 —
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I3 Exercise 2A Indices

1-8,9(a,c.e, @), 10,11,13, 1-3(b. d. f, h). 4,6-8,9(b. d. f, h),
14,17(a, b) 12,13,15,17,19

1-3(g. h). 4, 6(e-h), 8(e. f), 12-14,
16,17(c, d), 18-20

2aa1 1

2A2 2

3

2A3 4

Write the following in expanded form and evaluate.

a 6* b 8 c (=2)°
5\’ 1\’ 2\*

e (3) £ (3) e (-3)

Write the following in expanded form.

a 0b° b (—w? ¢ (—cd)?

e 2pq* f —4da?b’c g (Bm?>3

Write the following in index notation.
a 5x5x5x5

o

(=3)°
(-3)

pg)*
3 (m2) 5

=

=2 =N

d 378
h 1665

d (Gxy)?
h (-3abc)?

b axaxaxa

C vXkXkxoxkxoxox7

d qu X qu X qu X qu X qu

e —hx—-hx-h

f —(hxhxh)

g nPxnPxnPxndxnxnd

h 5b6%d* x 56%d*

Express each number as the product of its prime factors. Write your answers in index notation.
a 50 b 72 c 135

e 152 f 812 g 550
Evaluate the following.

a (0.2)? b (-0.2)? c (0.02)?2
d (0.2)? e (-0.2)° f (0.02)°
g (0.2)* h (-0.2)* i (0.02)*
Write the following in index notation without brackets.

a (-5¢ b (-5)° c (ab)*

e 5(xy)? f (%)6 g (-3abe)’®

Substitute in the given values and evaluate the expressions.
a x3 wherex=7

b 6a*b?’, wherea=—-2and b =
4
c %,Wherep:3,q:5andr:—4

IS

d 2x3+ 8x?+ x + 7, where x = 10

Write the following in index notation.
a 2x2x2x3x3

b 5x5x5x5x5x5x%x6

c 13x13x13x13x17x17x17x17x17
d 101 x 101 x 103 x 103 x 103 x 103 x 103
€ 4X4X4XXxXXXXXX

T XT XXy XXyXxyXxyXxyxxyXxy
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9 Use the fact that 300 = 22 x 3 X 5% to help find the prime factors of each of the following numbers and then
write the numbers in index notation.

a 600 b 150 c 900 d 1500
e 3000 f 1800 g 2100 h 2400
10 Express each of the following in index notation.
a  XXXXXXX b aaabb c 3rssit d 4ececeeeff
11 Explain the mistake in each of the following. Then change the right-hand side so that the equation is correct.
a RR=IXkEXIXEXIXRXIXRXIXE
b Qra)* =2 xrXxwXxwXwXw
c -3x(=2*=6"
12 Substitute in the given values and evaluate each expression.
a (2x+ 3)% where x = -2
3
b (%) + 44y, where y = 9
¢ ab®-ba’>,wherea=5and b=-3
d 2r°+ 87— 3r,where r = —%
13 a Evaluate each of the following.
i (12 ii (-1)° iii (—1)* iv (-1)° v (—1)°
vi (—1)7 vii (—1)8 viii (—1)° ix (DY x (—D"
b Copy and complete the following sentences.
i  When the index # is odd, the basic numeral of (—1)"is
ii When the index # is even, the basic numeral of (—1)"is

¢ Decide for each of the following whether the basic numeral will be positive or negative. Do not evaluate.

i (2 i (=47
iii (—24)% iv  (=17)'%8
v (=16)7 x (=34)1 Vi (=8)Mx (=5)7
.o oo 77 108 301 404
vii (=78)% x (=81)% x (=21)68 viii (—m) x (-ﬁ)

14 Consider each pair of numbers written in index notation.
i Using a calculator, evaluate each pair.

ii Describe how the two numbers are similar and how they are different in their index notation and as a
basic numeral.
a (0.7)%and (0.07)°
b (-0.4)°and —(0.4)°
¢ (-1.2)%and (-1.2)*
d (2.1)°and (2.01)3
15 A farmer’s herd of cattle grows by approximately 20%
each year. In 2023, the farmer had 20 cows.
a By what number can the number of cows be
multiplied to increase it by 20%?
b DPredict the size of the farmer’s herd in 2024, 2025

and 2028. Round your answers to the nearest whole
number.
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16 Three different groups of bacteria, Bacteria A, Bacteria B and
Bacteria C, reproduce at different rates.
a Bacteria A splits into two bacteria every day.
How many times larger will a population of this bacteria
be after 3, 8 and 12 days? Write your answers in index
notation.

b Bacteria B splits into two bacteria twice each day. How
many times larger will a population of this bacteria be
after 3, 8 and 12 days? Write your answers in index notation.

¢ Bacteria C splits into two bacteria once every two days. How many times larger will a population of this
bacteria be after 3, 8 and 12 days? Write your answers in index notation.

d Populations of Bacteria A, B and C each have three bacteria initially. Determine the size of each bacteria

population after three days.

17 The lowest common multiple is the product of the largest index of each prime factor or pronumeral in each

term. The highest common factor is the product of the smallest index of each prime factor or pronumeral in
each term. Find the lowest common multiple and highest common factor of each pair of terms. Write your

answers in index notation.
a 28x3°x5%x7and2*x 35 x5%2x7*
b a®b°c?d and a*b'>c2d*
¢ pg°r’s? and pgiris*
d 8x3y°z*and 12xy3z*
18 For each of the following, state how many different sequences
of answers there are. Write your answers in index notation.

a a quiz that has 10 true or false questions

b a quiz that has 10 multiple-choice questions each with
options A, B, C, D, E

¢ a quiz that has 12 true or false questions and 8
multiple-choice questions with options A, B, C, D, E

19 Using positive and negative whole numbers (integers), see how
many different index expressions you can find that equal 64.

|

20 Evaluate each of the following.

= 64

2
a %,Wherea:@b:%andc:—z
P _3 _2
b ?,Wherep—zandq—:‘;
c 7—43, where m = —=0.5,n=0.2and r=-0.7

(mmn)

Check your Student obook pro for these digital resources and more:

Interactive Worksheet Worksheet
skillsheet Index notation Writing terms in

Indices expanded form
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Interactive
skillsheet
Using indices to
determine how
card tricks work

Topic quiz
2A
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2B Products and quotients
of powers

Learning intentions @ Inter-year link
By the end of this topic you will be able to ... support  Adding and subtracting whole
. . . - . numbers
v simplify products of numbers and variables in index form with _
ear INg wnolte numpers
the same base Year7 18 Adding whol °
. . . . . Year 8 4B Products and quotients of
v simplify quotients of numbers and variables in index form - - ’ auen

with the same base. Year 10 2A Indices

Product of powers law © roraneenvise

e The index laws are rules that apply to all expressions (numeric and algebraic) containing indices.
e When multiplying terms in index notation with the same base, add

. . . .. 22%x 2°=208+>  @Bxa’=abl*>
the indices and write the result with the same base. Writing the terms e — g
in expanded form and then simplifying achieves the same result, only
at a slower pace.
For example, 22 X 2°=2 X2 X2 X2 X2 x2X2X2 is the same as 27 52 2° = 29+°
= 28 = 28,

e To multiply terms where variables have indices and coefficients:
1 Multiply the coefficients of each term.
2 Apply the product of powers law and add the indices of any common bases.
3 Write the coefficient first, followed by the variables listed in alphabetical order.

Quotient of powers law

e When dividing terms in index notation with the same base, subtract the 2"+ 2'= 20"’ a+-a=a"
second index from the first index and write the result with the same base. =2 =a
e Remember that quotients can be written as fractions. When 7
simplifying fractional quotients, subtract the index of the term 2 — 9(5-3 ) = g6-?
in the denominator from the index of the term in the numerator. 2’ a
= 22 =a

e To divide terms where variables have indices and coefficients:
1 Divide the coefficients by their highest common factor.
2 Apply the quotient of powers law and subtract the indices of any common bases.
3 Write the coefficient first, followed by the variables listed in alphabetical order.

Example 2B.1 Simplifying numerical expressions using an index law
Use an appropriate index law to simplify each expression. L.eave each answer in index notation.

4 2 8 . 75 8°
a 3*x3 b 78+7 c§
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a Product of powers law: add indices with a common base, 3.
b Quotient of powers law: subtract indices with a common base, 7.

¢ Remember that fractions can be written as division problems.

Quotient of powers law: subtract indices with a common base, 8.

Example 2B.2 Using the product of powers law

Using the product of powers law, simplify each expression.

a x°xx? b 2x7 x 3x*

a Product of powers law: add indices with a common base, x.

b 1 Multiply the coefficients of each term.

2 Product of powers law: add indices with a common base, x.

3 Write the coefficient first, followed by the variable.

¢ 1 Product of powers law: add indices with common bases,
a and b.

2 Write the variables in alphabetical order.

Example 2B.3 Using the quotient of powers law

Using the quotient of powers law, simplify each expression.

8x°
12x°

a x° - x?

a Quotient of powers law: subtract indices with a common base, x.

b 1 Divide the coefficients by the highest common factor.

2 Quotient of powers law: subtract indices with a common
base, x.

3 Write the coefficient first, followed by the variable.

¢ 1 Quotient of powers law: subtract indices with the common
bases, a and b. Remember that b = b'.

2 Write the variables in alphabetical order.

OXFORD UNIVERSITY PRESS

a x°-x’=x

a 34X32:34+2

=36
b 75 75=76-9
=73
c 8_5— 8G-2

82
=83

c a’b?x ab'®

a x6XX3:x6+3
:xg
b 2x”x3x*= (2 x3) xx7 x x*
:6 ><x(7-+—4)
=6 x x'!
= 6x!!
c a*b’xab®=a’>xb>xa' x b’
=B+ x p2+10)

= a%ph12

c a’b’+a’b

5-2

:x3

b 8x° 8 x x°

12x° 12 x x°
x9

xS

x x0=9

W W[

4
= gx“ or 27

3 3

c a’b?~atb=aC-PpG-D

= a3b?
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v ‘Simplify’ and ‘evaluate’ are different commands:

— To simplify in this chapter, use index laws to combine the terms and hence reduce the complexity of
the calculation or numerical expression.

— To evaluate or ‘find the value’ of a calculation or numerical expression, convert the expression from
index notation into a basic numeral.

v/ Indices only apply to the number or pronumeral immediately to the left of the index. For example, in the
term 4g/>, the index of 3 only applies to the variable /4, so 4gh> =4 X g X h X h X h.
v Recall the rules for multiplying positive and negative numbers. +x —= —

—X —=+
L

M Exercise 2B Products and quotients of powers

1-5, 6-8(1¢, 3" columns), 1(f. h, j. 1), 3-9(2", 4™ columns), 10, 5-9(2¢, 4" columns),
9.11(a,b), 14 11(b, ¢), 12(a, b), 14, 15(a-d) 10,11(c, d), 12(b,c), 13,15,16

281 1 Use the appropriate index law to simplify each expression. Leave each answer in index notation.

a 3°x3* b 78+7? c (=2)"x (=2)° d 6 x6°
e (-8B = (-8)° f 102x10° g 360+3° h 5=5
. 47 . (=9 13° 5 2 3
L I oy k 135 1 2°x22x2

2 Using a calculator, calculate the basic numeral for question 1 parts a—d.
282 3 Using the product of powers law, simplify each expression.
a 373 xy° b g2x7g° c 20 x 3P d -6k x 2k
e —2b%x —3b° f —5g°x —2gx-8g> g 3cx3c x3c° h p°x =3p> x =5p?
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28.3 4 Using the quotient of powers law, simplify each expression.
a a+a b d7+df c gl=g d p=p’
e a®+al f ntt=nt g = h 8x!7 + x°

5 Use the product and quotient of powers laws to simplify each expression.

a 3x° X 4x° b Sx* x 2x? ¢ —8x2x 3x’7 d —-6x'"x —9x
e 6x7 + (2x%) f —20x°-+ (—5x?%) g 4x®+ (10x7) h 15x2 = (9x%)
. =241 . —20r% 10¢7 15y"
YT b T332 k o5 1 =5
6 Use the product and quotient of powers laws to simplify:
ax” p @ o mn q bd
ax* a’ m> b2d
x4 x x® m’ X m® 6a* x a® n> xn’
€ x?2 f m° g at h n3 x n*
5d° x d° j 81> x 1 k —4kx 3k° 1 15¢
d’ =21 —6k10 3e% x 5e°
7 Simplify each expression.
374 67,2 5,,2 6 cd’ k*m?®
a a’b* x a% b 6m’n* x —3mn ¢ d T
e x? Xy xxbxy? f 3g%x5h®x 2g° g a’b* x a’b? h 5x%° x 3x%y°
. .1 o’ =67
- i 9w*x® x 6x°y* ios X = k S 1 —49°x —9y3 x =303y’
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8 Use the product and quotient of powers laws to simplify each expression.

x7 x x° 2R x k° 4a* x 3a° Sm? x 2x*
a x4 b k® ¢ 2a’ d 10x°
a’b’ x a’b® n'’p" -6jq° x 5/7¢° 6wx° X 3wix>
asbt? n3p? x npd 157%g 9w3x* x wox3

9 Use the product and quotient of powers laws to determine whether each statement is true or false. Explain your
reasoning. For each false statement, change the right-hand side to make the statement true.

a x’xxt=x" b B+kE=k c V' +y=)° d @®xaxa =a"
3 7 5hH6 355
e minS x mint=m*n* £ 100°+ 100° = 100 g %z% h 3224 ‘;f}) = a?

10 If the index of the denominator is greater than the index of the numerator, we can instead subtract the

numerator’s index from the denominator’s index, leaving the base on the denominator. For example:
231 1

28 = OxOxOxOxOxOx0x0 - OxOxOx0 - 20~ 2@-o
56 OxOxCOxOxCx[C] O_ 0O O

ST T T OxOxOxOxOx0 - 0 09 - 00-0

11 Write the following products in index notation with prime number bases.

a 2x4x8x16x32 b 3x9x27x81x243 c 6x36x216 d 4x16x64x256x 1024
12 Determine the values of the unknowns.

a 2°x 3% x512x 773 =2 x 312 x 5% x 71

b (5*x7%x119) x (3%°x5°x11) =3 x 55 x 7 x11°
11¢x13°x 17%* x 198 _
11°x 13°%x 173 x 194
13 Do the product and quotient of powers laws work when the terms have different bases? Explain, using 2* x 32

and y® +~ x° as examples.

PERb R
a Simplify the following. Write your answers in index notation.
34 .o 52 o 25 % 32 . 25x37 29 x 32
13w s Y REPEIEE Vo2 x3
b Copy and complete the following.
i 23 _ 2x2x2 1 1 __ 1
25 7T 2x2x2x2x2 [x[]~ 287 2@-D
iq 2= UxOxOx[] 0 0 a

c 11 x 133 x 17° x 192

14 Fill in the box to make each statement true.
a 20=8 b 3H=27 c sH=25 d 109 =10000
15 Fill in the box to make each statement true. Start by writing the base on the right as a power of the base on the
left. For example, 8* = (23)* = 23 x 23x 23 x 23 = 212,
a 20=g¢ b 3U=27° c sH=2s° d 109 =10000°
e 4H=16" f 28 =326 g 65 =216 h 33U =243¢
16 Simplify the following expressions.
a a"b*xa't’

b a"bt* =~ (a'b)

Check your Student obook pro for these digital resources and more:

Interactive skillsheet Worksheet “{-g?‘ Topic quiz
Products and Multiplying and 2B
quotients of powers dividing using index

form
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2C Raising indices and the
zero index

Learning intentions @ Inter-year links
By the end of this topic you will be able to ... M““ibplyi”g aundl a8l agyweivale
. - . . numpers

v/ raise a term in index notation by another index o

. . . ) . ) Year 7 1D Multiplying whole numbers
v simplify and evaluate expressions and calculations involving o

. Year 8 4C Raising indices and the zero
the zero index. - index

Year 10 2A Indices

Power of a power law © rorontemvieo

e When raising a power to another power, multiply the indices. Writing the term in expanded form and
applying the product of powers law achieves the same result, only at a slower pace.

For example, (2°)° = 2% x 2 x 2% x 2° x 2° is the same as (23)°=237°
=2% =25
(2°y° =267 (a°)’= a®>
=2 =a

e o raise an index by another index:
1 Multiply the index of every base inside the brackets by the index outside the brackets. If there is no
indicated index for a term, the index is 1 and must still be multiplied.
2 Write the coefficient first, followed by the variables listed in alphabetical order.
e Every term inside brackets should have its index multiplied by the index outside the brackets.
(2% 3)=2°>x%x3 (ab)’ =a’ X b

{5 @)=

The zero index

e Excluding 0, any base with an index of 0 is equal to 1.This is because for every non-zero base, the index
indicates the number of times we multiply 1 by the base. If we multiply 1 by the base zero times, we
haven’t performed any multiplications and are left with 1.

20=1 (k) =1

e The zero index law can be demonstrated by considering the fact that any non-zero value divided by

itself is equal to 1, and then applying the quotient of powers law.

m

For example, 1 = Z’“

— gm—-m
=a’.
Therefore, a® =
e The order of operations also applies to simplification. Calculations in grouping symbols should be
simplified first. Remember BIDMAS: Brackets, Indices, Division and Multiplication, Addition and
Subtraction.
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Example 2C.1 Raising numerical powers by another index @
Use the power of a power law to simplify the following expressions. Give your answers in index notation.

a (39 b (4% x7) c (%)4 d 3(22)*

a Multiply the index of the base by the index outside the brackets. a (39)3=36x3

=32
b Multiply the index of every base inside the brackets by the b (43x7)2=43x2x71x2
index outside the brackets. Remember that base numbers that =46x7?
do not have an indicated index have an index of 1,s0 7 = 7%.
4 X
¢ Multiply the index of every base inside the brackets by the c (%) = g i Xj
index outside the brackets. Remember that 5 = 51, 54
20
d Multiply the index of the base by the index outside the brackets. d 3(2H)*=3 x22x4
The index outside the brackets only applies to the term inside =3x28
the brackets.
Example 2C.2 Raising algebraic powers by another index
Using the power of a power law, simplify each expression. R
a (2x%3 b (3a%3)> c (;—§C> d 4(a%b)*
a 1 Multiply the index of every base inside the brackets by the a (2x%)3=21x3x4x3
index outside the brackets. Remember that 2 = 21,
2 Write the coefficient first, followed by the variables listed = 23x1!? or 8x!?

in alphabetical order.
b 1 Multiply the index of every base inside the brackets by the b (3a%b?)? =31x2g2*2p3*2
index outside the brackets.
2 Write the coefficient first, followed by the variables listed = 32a*b° or 9a*b®
in alphabetical order.

3 X
¢ Multiply the index of every base inside the brackets by the c <_—§) = (_i—):f
index outside the brackets. Recall that if the base is negative Y _f:S
and the index is an odd number, then the basic numeral will = PR
be negative. X3
yé

d 1 Multiply the index of every base inside the brackets by the d 4(a?b)* =4 x a?*4pt >4
index outside the brackets. The index only applies to the
terms inside the brackets.

2 Write the coefficient first, followed by the variables listed = 4a%b*
in alphabetical order.

OXFORD UNIVERSITY PRESS CHAPTER 2 INDICES — 51



Example 2C.3 Simplifying expressions using the zero index

Use the property a® = 1 to simplify each expression.

a 23° b 3x°

a Any number, excluding 0, raised to an index
of 0 is equal to 1.

b Any variable raised to an index of 0 is equal
to 1. Recall that an index only applies to the
term immediately to its left.

c¢ 1 Multiply the index of every base inside the

brackets by the index outside the brackets.
2 Any variable raised to the index of 0 is
equal to 1.

c (xZ)O

a 23°=1

b 3x°=3 xx°
=3x1
=3

c (x)0=x2x0

= xY

=1

Example 2C.4 Simplifying expressions using the index laws

Use the index laws to simplify each expression.

a (x%)° x«x?

a 1 Use the power of a power law to simplify
the first term. Multiply the index of every
base inside the brackets by the index
outside the brackets.

2 Apply the product of powers law and add
the indices of the common base, x.

b 1 Simplify the brackets using the power of a
power law. Remember BIDMAS.
2 Simplify the numerator and simplify the
denominator.
3 Divide the numerator by the denominator.
Divide the coefficients. Keep the base and
subtract the indices.

4 Use the property a° = 1 to simplify further.

4x® x 3x°
258 5% (53)?

a ()Sxx?=x3"5x x2

=x1 x x?
= x(15+2)
= 517

4x® x 3x° _ 4x% x 3x°

2x* x ()3 7 2x* x x°
__12xY
2x* x x°

_12x1
T 213
= 6x°

=6x1

-
v 'Take care not to mix up the index laws.

— across a multiplication sign, add indices
— across a division sign, subtract indices

— across brackets, multiply indices

v Remember that 2° = 1, not 0.

A

adxat=as+3
ad+at=a"3

3
5\3 — ,5x3 3 373 a
a’)’=a ab)? = ab (—)
(@) (ab) g

a’®=1

=/
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M Exercise 2C Raising indices and the zero index

1-10(1¢, 3 columns), 3-8(29, 4" columns), 6-8(2, 4™ columns), 9,10, 13, 15,
12,13(a-e), 15(a, b) 9.10(c. h,j.1),11,13-15,16(b), 17 16(c, d), 18-20

2ca 1

2c.2 2

2c3 5

2c4 7

OXFORD UNIVERSITY PRESS

Use the power of a power law to simplify the following expressions. Give your answer in index notation.

a (643 b (3%)2 c (33x4)? d (29¢
3\’ 53\* 1\’
4 2 e A
e (5x2) £ (4) g <22> h (85>
. Y . _25\4 _ 74 _ 3\7 138 °
i (=39 i (=39 K (=7*x —11%) 1(_174)
Using the power of a power law, simplify each expression.
a (bS)Z b (m4)2 c (]'5)2 d (]'2)5 e (nIO)S f (pll)‘)
Using the power of a power law, simplify each expression. Give your answer in index notation.
a (x)° b 2d’ c (=5h)7 d Op*
8\° x\°©
e (-3m)’ £ (3) g (3) h (g
. . k 3 d 5
5 v _ 8 _“
i (ab) j (m) kK (=2%) 1 ( 3)
Using the power of a power law, simplify each expression. Give3 your answer in index notation.
2
a (3x%)* b 5(a'b) c (sz> d (%)
7
_9(3)4 4. 7. 310 7(P 1 22 0vs
e —2(u) £ 3w g 9(46) h L)
i _1 ) : 7Y 2 3(94.5)8 5(5x* ’
i 8(zin) i 7Gi) Kk 23(2%) 13035
Use the property a° = 1 to simplify each expression.
a 34° b (18)° c d (7a)°
Use the property a’ = 1 to simplify each expression.
a 2x° b (2x)° c —=7y° d (-7y)°
e —(-3¢)° f 8°+4° g 2x50-30 h m®+ m°
i n%+p° j oa®+8°+¢° k (x+y)° 1 (-a%*
m (5%)° n (-8)° o -8° p —(=3)°
Use the index laws to simplify each expression.
a (xH*xx’ b (&%) x «x7 c x3x (x%° d ()2 x (x7)3
xt x (x)° ¢ @) x @)’ 6(6)* x (b’ L exe
x° (w*)? 8 186% e x et
(x6)2 X x3 . 4a6 X 6(@3)4 [8 ([6)7 oo (f7>11
x5 x (x2)° ) 2a* X 3a° k BF X 15 1 (f9)? % 72
Use the index laws to simplify each expression.
a a@d+a b —7x°=x° c (m?)3 +mb d —18(b%° = [-6(b°)1]
e Y xy=18 f (k%) x k? g S5g*x2(—g")° h 3(w®? =+ (w?)?
i x> = j 4p7 x 3p? = (6p°) k 16(0%)° = [-2(6*)4] 1 4m’ x m = [10(m*)?

Use the index laws to simplify each expression.

5(n")? x —6(n?)? b (kR®)? x k x k°
1512 x (n?)° k3 x (B*)? x k>

4(m3)*n? x (m?)3 =317k x 2h(k3?)? £ (0»)?* % ac
Smn® x mn ¢ UD% x —6h(k")? b x &

c (x4)2y7 X xSyZ

d

X bc~a

CHAPTER 2 INDICES — 53
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10 Use the index laws to simplify each expression.

a (xy)? x xby* b (2k)° x (7k)? c (—3x%* d -5(a*b)’
x* o (x\¢ 2m\’ ar\* wix?)’
e 3% (3) £ (%) (%) h (y4>
. (BPm)’ n® \* . ( I )5 (4r>)? (a’6?)° x (ab®)® (Beh)?(2h%)°
! ( n? ) % <k2m> ) r2p3 % P67 k (a’b)* 1 (e*h)*

11 a Simplify @® + &® by first writing the expression as a fraction with each term in expanded form.
b Simplify @® = @ using an index law. Leave your answer in index notation.
¢ Use your answers to parts a and b to explain why a° = 1.

12 Use the index laws to decide whether each statement is true or false. Explain your reasoning. For each false
statement, change the right-hand side to make the statement true.

6 3\2 4
a (39)*=3"xg* b -8'=-1 c(ﬁ):%; d'gﬁéjlzﬁ
e 64k =7 £ 100°=100°=0 g ﬂ%%@:1 h x5 =0
13 Find the value of x that will make each statement true.
a 2x=2 b 5¥x52=25¢ c 4*=1 d 7*=7=7
N2 _ Q6 2\"'_ 32 6* X 63 _ /5 N4 20
e (992=9 £ (3) =22 g X0 -6 h (3a)*=81a

14 Eden simplified 34 x (3°)3 as (3%)3 = 3?7, Explain and correct her mistake.

15 The power of a power law can be explained using the product of powers law.
Complete the following.

a (2)°=2°) x (2% x X X b (x)*= (x7) x X X
—23+3+0+0+0 = ,7+0+0+0
—23x0 = x7x0
c 2x3=(2x3)x X X d (2)6_§X%X% %x%x%
=2X_ X__X__X3X__X_X__ >0
=20 30 =50

16 We can describe repeated addition in terms of multiplication, 2 + 2 + 2 = 2 x 3, and repeated multiplication in
terms of raising a base to the power of an index, 2 x 2 x 2 = 23, However, repeatedly raising a number to the
same index does not require a new operation, as it can be simplified using the index laws.

For example: (((2°)%)%) = 23%5%5 = 269 = 215,
Write the following in index notation with a single index.
a ((((BHHHHH? b (((57)°)°)° c ((((7HHHH* d ((((10°)°)°)%)°
17 A cube has side lengths of 85 cm. What is the volume of the cube in cm?? Write your answer in index notation.

18 A rubber band is stretched to % of its current length, and this is repeated
another four times until it snaps. How many times longer was the rubber
band when it snapped than it was originally?

19 Use the power of a power law to show that (a™)" = (a")".

20 Solve the following equation for x.

12x%y7 359324
Tx2y10z4 X 300

Check your Student obook pro for these digital resources and more: @

Interactive skillsheet Topic quiz
Raising indices and the zero 2C

index
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@ Checkpoint quiz

[ ANS | Check your

p430 knowledge of the first
part of this chapter.

BN 1 Write the following in expanded form, then evaluate.

a 26 b (-3)* c (-4)° d (%)3
BN 2 Write the following in expanded form.

a a° b (-b)* c (By)?’ d 3(xy)°
BN 3 Write the following in index notation.

a 8Xx8X8Xx8X8x8x%xY b uxuxuxu

c 4bx 4bx 4bx 4b x 4b d -TXEXRXRXhXxhXhXhXh

BN 4 Write the following numbers as a product of their prime factors. Express your answers in index notation.
a 28 b 72 c 484 d 270
E3 5 Use the index laws to simplify each expression. Express your answers in index notation.
85 x 8¢
b 57x74x53x78
68
63
3 14 X 1 0 12
d 36%x10°
B 6 Use the index laws to simplify each expression.

C

a’x a’®
b 4b'¢® x —3b7c™
e
-
_ 15p17q21
d _21p3q4
B3 7 Use the index laws to simplify each expression. Write your answers in index notation.
37x 312
39
k23
b k7 % k8
cr®
C14t7
d 9d’w* 25d"7w!?

1042w’ X 6dw?

EZ) 8 Use the index laws to simplify each expression.

a 87° b =0 c —(4g)° d 7a°+ (8b)°

B 9 Use the index laws to simplify each expression. Write your answers in index notation.
5\ 8

a (3%° b (%) ¢ (=5a%)° d - (%)

EXJ 10 Use the index laws to simplify each expression. Write your answers in index notation.
% (2)3
th
L 3E)x (g’
G

(5m"n')® x (Smnb)®

(5m°n")? x (5m?n3)°

&7°p)° x 6(j°*)’
(pH°
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2D Negative indices

Learning intentions E f.I]i.

Inter-year links

By the end of this topic you will be able to ... Year 7 3F Multiplying fractions

v write a term with a negative index as a term with a Year 8 2C Multiplying and dividing
positive index fractions

v write a term with a positive index as a term with a Year 10 2B Negative indices

negative index

v apply index laws to numerical expressions with negative
indices

v simplify and evaluate numerical expressions with
negative indices.

Reciprocals and negative indices © rercomentuises

e The reciprocal of a number can be found by dividing 1 by that number.
For example, the reciprocal of 3 is %
— The product of a number and its reciprocal is 1.

For example, 3 x % =1.

e 'The reciprocal of a fraction can be found by swapping the numerator with the denominator.
For example, the reciprocal of % is %

e A negative index is the reciprocal of the base with a positive index.
For example, 27! = % = % and 472 = %

e Negative indices can be used to write fractions in index notation.

e The index laws also apply to expressions containing terms with negative indices.

Example 2D.1 Determining the reciprocals of numbers
Determine the reciprocal of each of the following.
3 1
a 3 b i (Y Z
1 Write the base with a negative index as a a 3!= %

fraction if it is not already.

-1
2 Find the reciprocal of the fraction. Swap the b (§> = %
numerator and denominator.

. . 1 -1
3 Simplify the result. c <_) =
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Example 2D.2 Writing a term with a positive index @

Write each power with a positive index.

a 3°° b 7+

1 Write the reciprocal of the base. a 373= %

2 Change the negative index to a positive index. b 7%= %
Example 2D.3 Writing fractions with positive indices
Write each fraction in index notation with a positive index.

1 2\’

4 3= b (%)

1 Write the reciprocal of the fraction. a # = 3T_2

2 Change the negative index to a positive index. =32

3 Use the power of a power law to remove the brackets. Recall
that a number without an indicated index has an index of 1.

G
A/
o
~—

&
I
N
N—
w

4 Simplify the result. PE

Example 2D.4 Simplifying expressions with negative indices
using index laws

Use an appropriate index law to simplify each expression. Write your answers using positive indices.

a 3°x37 b 2¢4+273 c (5792x53
a 1 Apply the product of powers law to multiply the a 3°x37=36+CM
terms. Write the base and add the indices. =37
2 Find the reciprocal of the fraction and write the = %
index as a positive number.
b Apply the quotient of powers law to divide the terms. b 2¢4+-23=26-
Write the base and subtract the indices. =27
¢ 1 Apply the power of a power law to simplify the first c (5792x53=5°x2x153
term. Multiply the index of every base inside the =512x53

brackets by the index outside the brackets.

2 Apply the product of powers law to multiply the =50C12+3)
terms. Write the base and add the indices. =59
3 Find the reciprocal of the fraction and write the = %

index as a positive number.
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v Don’t confuse negative indices with negative numbers. For example: 273 =

v/ If you want to move a number or a variable from the numerator to the denominator, remember that 1 will

be left in its place, not zero.
1

For example: 472 = yER

% and 273 = —(23).

M Exercise 2D Negative indices

ADNINTd ANV ONIANVLISIIANN |

1-9¢a-d). 11(a-d). 12,
15, 18(a, b), 22(a. b)

6-9(e-h), 11(e-h).13,16,19, 21,
22(e-h)

1(e-h). 6-7(e-h), 8-10(c-f). 11(e-h),
14,17,18, 20, 22(i-p)

2p.1 1

2p.2 2

2D.3 6

204 8
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Determine the reciprocal of each of the following.

8 1

a 7 b j c -3 d 9
7 2

(S —§ f -9 g § 15
Write each power with a positive index.
a 57! b 81 c (=2)7! d 42
e 2°° f (-9 g (-5 h -738
Write each of the following in index notation with a negative index.

1 1
a g b —ﬁ c 5 d -8

2
(S 7 f -21 g —g h 12
Write each fraction in index notation with a negative index.

1 1 1 1
a 33 b 75 € 6 d =5

1 1 1 -1

¢ o2 b1 & ¥ b e
Write each fraction in index form with a prime base and a negative index.

1 1 1 1
2 %49 b 133 ¢ 16 d 31
Write each fraction in index notation with a positive index.

1 1 _1 1
a 55 b 5 c 8 d 39

1 1 1 1

© h f 3 & o b

Write each fraction in index notation with a positive index.
i -2 z -1 _i -3 _2 -11
a(s) b<3) °<4) d(7>
6 -7 9 -9 13 ~14 500 -11
€ (5) £ (2) & (17) h(43)
Use an appropriate index law to simplify each expression. Write your answers in index notation with positive

indices.

a 47 x 42 b 7Px7+* c 2°%x28 d (-3)!'x(-3)7
e S7x57 £ (=2)* = (-2)° g 9 =9 h 36=32

i 47148 j 107 =10+ k 2117°x211°° 1 13% =138

OXFORD UNIVERSITY PRESS



9 Use an appropriate index law to simplify each expression. Write your answers in index notation with positive

indices.

a (57)? b (32)* c (=27H7 d (3)*x 32

e (6,5)3 x 611 f (4—2)3 % (4—5)—1 g 93 x 9-6 x 92 h %

. 7S w73 . 28%x (272)? N (99-12)-6 x 9915 ) (15-9)% x (157)6
1 TA 77 ) 25 (99%)- (151

10 Using a calculator, calculate the basic numeral for parts a—f in question 7. Write your answers as an integer or
fraction.

11 Find the value of x that will make each statement true.

12

13

14

a

€

<

® ® o 6

s L s L ro1 R
2—23 bS—S7 c3—3 d6_6*2
o 1 e 1 o 1 v 1
4= 16 f 3=37 g8 =33 h10"= 150600
Complete this table.
Index notation 23 24 23 22 2! 20 27! 272 273 274 273
Basic numeral 32 16 8 1 %
Describe the pattern you can see in the table.
Following the pattern, write 27° as a fraction.
Use the fact that 2'° = 1024 to write the value of 27'° as a fraction.
Use the fact that 277 = ﬁ to write the value of 2.
Complete this table.
Index notation 33 34 33 32 3! 30 37! 372 373 34 373
Basic numeral 81 27 1 é
Describe the pattern you can see in the table.
Following the pattern, write 37° as a fraction.
Use the fact that 3% = 6561 to write the value of 37% as a fraction.
Use the fact that 377 = lew to write the value of 37.
Complete this table.
Index notation 104 103 10? 10! 10° 107! 102 1073 10
i 1 1
Basic numeral 100 10 100
Describe the pattern you can see in the table.
Write the value of each of the following terms as a whole number.
i 10° i 10° iii 107 iv 108 v 10°
Write the value of each of the following terms as a fraction.
i 107 ii 10° iii 1077 iv 10°® v 107°
Write 107! as:
i afraction ii a decimal.

Write each of the following terms as a decimal. Hint: Use the matching fractions from your table.
i 1072 ii 1073 iii 10
Write each fraction from your answers to part d as a decimal.

Explain any shortcuts you used to obtain your answers to parts c—g.
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15 A microscopic worm is 47> mm in length. Using a calculator, write this
length in millimetres:
a as a fraction b asadecimal.

16 The time for light to travel 3 m is about 10~% s. Using a calculator,
write this time in seconds:

a as a fraction b as a decimal.

17 The diameter of a strand of human hair is about 5-° m. Using a
calculator, write this measurement in metres:

a as a fraction b asa decimal.
18 a Without using a calculator, find the whole number value
of each of the following. Hint: What shortcut can you use
when multiplying by a positive power of 10?

i 2x10* ii 7 x10° iii 3 x 10°
iv 4 x 10" v 9x 107

b Write each expression as a fraction involving positive
indices.
i 5x107 ii 8x 1073 iii 2 x 1073
iv 7 x 10~ v 6x107°

¢ Without using a calculator, find the decimal value of each result in part b.
Hint: What shortcut can you use when dividing by a positive power of 10?

d Use your results from part ¢ to describe a shortcut that can be used when multiplying by a negative
power of 10.

19 a Complete the following by writing the missing numerals and operations.

i 2x3=2xH=2=20 i 2437 =2 =2xg=203
b Explain the connection between multiplication, division and reciprocals.

20 a Evaluate the following.
—1\ !
i 3! i (5 iii <<%> )
b Use index laws to explain why (a™})! = a.
¢ Explain what (a™!)"! = a means in terms of reciprocals.
21 Write the following as products without fractions by using negative indices.

3
For example: 93% = 9x3y~2

a % b —32’)—[32 c %44 d ﬁ
22 Use an appropriate index law to simplify each expression. Write your answers using positive indices only.
a x*xx® b x3xx! c 4x?x2x° d 5x78%x 6x3
e 3x" xx7’ f x> +x* g x 10 +x7 h 4x3 + (2x72)
i 6x7°+ (18x%) j 8x7 = (14x'") k (x2)3 x x* 1 (%> xx?
m (x7°)3 x 4x2 n 2x73 x (x71)3 o (x*?2x (xH! p Gy’

Check your Student obook pro for these digital resources and more: @

Interactive skillsheet Topic quiz
Negative indices 2D
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2E Scientific notation

Learning intentions @ Inter-year links
. . . Support Place value
By the end of this topic you will be able to ... —
. . L . . Year 7 1A Place value
v/ convert numbers written in scientific notation to basic numerals } -
Year 8 1A Rounding and estimating

v/ convert numbers written as basic numerals to scientific notation.

SCienTiﬁC nOTOTion e Key content video

e Scientific notation (or standard form) is a way of writing very 1230 = 1.23 x 10°

large and very small numbers. basic numeral  scientific notation

e A number is written in scientific notation if it is the product of a
number, a, between 1 (inclusive) and 10 (exclusive) or —1 and —10,
and a power of 10, written in index notation.

— Thatis,a x 10", where 1 <a< 10or —10<a < —1 and m is 0.00123 =1.23 x 103
basic numeral  scientific notation

an integer.
e When the value of a is positive:
— If m is a positive integer, the number is larger than or equal to 10.
— If m is a negative integer, the number is between 0 and 1.
— If m is zero, the number is between 1 and 10.
e The index laws can be used to perform operations on numbers in scientific notation.
e To convert a number in scientific notation to a basic numeral, the index indicates the 107 —>
number of places the decimal point is moved.
— If the index is positive, move the decimal point to the right. 10 <—
— If the index is negative, move the decimal point to the left.
e To write a number in scientific notation, place the decimal point after the first non-zero digit and
multiply by the appropriate power of 10.

31500 =3.15 X 1% < indexof4
RAANS

move four spaces to the left

0.042 =4.2 x 10—2 <— index of -2
A7 :
move two spaces to the right

e While we can write the expanded form of a basic numeral using powers of 10, scientific notation uses
only the highest power of 10 from the expansion.

Place value Thousands | Hundreds | Tens | Ones . | Tenths | Hundredths | Thousandths
Index notation 103 10?2 10! 100 . 107! 1072 1073
Basic numeral 1000 100 10 1 . 0.1 0.01 0.001
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Metric prefixes

e A prefix is a letter or group of letters added to the beginning of a word to change its meaning.

Metric prefixes can be used for very small or very large units of measurement, meaning that

measurements of weight, distance and time can be expressed to a high degree of accuracy by using
only a few digits.

— Grams (g), metres (m) and seconds (s) are the base units for weight, distance and time, respectively.

e The following table details the most common metric prefixes:

Prefix | Abbreviation Meaning Power of 10
tera T one trillion of the unit 1012
giga G one billion of the unit 10°
mega M one million of the unit 108

kilo k one thousand of the unit 10°
centi c one-hundredth of the unit 102
milli m one-thousandth of the unit 1073
micro n one-millionth of the unit 106
nano n one-billionth of the unit 107°
pico P one-trillionth of the unit 10712

— The prefixes can be added before the full names of the base units to create new units. For example,
one kilogram is equal to 1000 grams.

— Similarly, the abbreviations can be added before the abbreviated names of the base units.

For example, cm is the abbreviation for centimetres, and there are 100 centimetres in a metre.

Example 2E.1 Converting numbers writfen in scientific notation to
lbasic numerals

Write each number as a basic numeral.

a 2.4 x10°

a Multiply by 10°¢ (or 1000000). When multiplying by 10°,

b 7.1x10®

move the decimal point six place-value spaces to the right.
Add zeroes where necessary.

b Multiply by 10~ (or divide by 10%). When dividing by 108, b
move the decimal point eight place-value spaces to the left.

Add zeroes where necessary.
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2.400000
\NAANANANY

2.4 x 10° = 2400000
000000007.1
WAANAAAANS

7.1 x 107#=0.000000071
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Example 2E.2 Converting numbers written as basic numerals to
scientific nofation

Write each number in scientific notation.

a 230000 b 0.000 856
a Count the number of places the decimal point in 230 000 would be a 230000
moved to produce 2.3.The decimal point needs to be moved five M
— 5
places to the right to obtain the original number, so the index is 5. 230000 = 2.3 x 10

b Count the number of places the decimal point in 0.000 856 would be b 0.000856
moved to produce 8.56. The decimal point needs to be moved four R

places to the left to obtain the original number, so the index is —4. 0.000856 = 8.56 x 10~
) [betiin |
v/ When converting from scientific notation to a basic numeral, remember that if the 100 ——>

index is positive, move the decimal point to the right, and if the index is negative,
move the decimal point to the left. 10~ <
v/ Multiplying a number by 10 increases each digit’s place value by one column. Move

the decimal point one place-value space to the right and insert a zero where necessary.
523 x10=52.3
= &
5.23 X 100 = 523.
== Aq
5.23 X 1000 = 5230.
\NAg

v/ Dividing a number by 10 decreases each digit’s place value by one column. Move the decimal point one

place-value space to the left and insert a zero where necessary.
\ /

I Exercise 2E Scientific notation

1,2,3(1* column), 5¢a-h), 6,7, 3(d. g.1.k). 4, 5(e-1), 6, 8(e-h), 4,5(i-p). 8(e-h). 12,13,
8(a-d), 9,10, 12(a-c), 15,16 11,12,14,19,22 17,18,20,21,23

1 Calculate each of these. Hint: Move the decimal point an appropriate number of places.

a 5.4x100 b 7.36 x 10 000 ¢ —-1.8x1000
d 4.05x 100 000 e 2.753 x 1000 000 f %
g 8.22 h =2.76 3 _7.003
1000000 10000 100000
2 Write each number as a power of 10.
a 100 b 1000 c 10000 d 100000 e 1000000
f 0.1 g 0.01 h 0.001 i 0.0001 j 0.00001

OXFORD UNIVERSITY PRESS CHAPTER 2 INDICES — 63




ADN3INTd ANV ONIANVLSIIANN |

2E1 3

262 5

10 Write each approximate measurement as a basic numeral.

Write each number as a basic numeral.

a 3.2x10° b 8.14 x 10° ¢ —-5.0x10?

d -2.345 x 10’7 e 1.1x10* f 6.4x107

g 7.28 x 10°¢ h 9x 107 i -3.02x107°
j —-5.41x107 k 4.5x 10" 1 6.12x10°
m 5.7 x 10! n 1.3068 x 10° o 27316 x 10

Calculators use different methods for entering in and
displaying numbers in scientific notation. Most scientific
calculators have a button for entering numbers in scientific
notation quickly. It is usually labelled with a bold E, Exp,
x10* or x10".

Check with your teacher if you cannot find this button.

To use the button, type the value of a, press the scientific
notation button, and then type the index of 10.

a Use a calculator to verify each number in question 3.

b Were there any numbers that you could not easily
display on your calculator? Explain.

Write each number in scientific notation.

a 4500 b 7320000 c 200000 d -190
e 3216 f 0.0063 g 0.00000018 h 0.05
i -0.0000702 j 0.427 k 11220 1 0.000004
m —568.2 n 0.000249 o 679300 p -0.0102
Consider the following numbers A-H.
A 34 x10 B 2.03 x 1073 C -0.58 x 10° D 60.34 x 10?
E 0.009 F -4.19 x 10° G 700 x 10° H 9x10*

a Which numbers are written in scientific notation?
b Which numbers are larger than 10?
¢  Which numbers are less than 1?

Put the following numbers expressed in scientific notation in ascending order.
3.51 x 103, 2.814 x 10%,8.02 x 10%,7.422 x 10%9.10 x 103 5.76 x 102

Convert the following metric units into the units specified in brackets. Hint: Use the metric prefix table.

a 13 centimetres (metres) b 2 kilolitres (litres)

¢ 99 kilometres (centimetres) d 5 milliseconds (microseconds)
e 0.4 litres (microlitres) f 3000 nanoseconds (seconds)
g 0.001 gigalitres (centilitres) h 755 nanometres (millimetres)

Write each approximate measurement in scientific notation.
a A medium-sized grain of sand has a length of 0.0005 m.

b Lake Eucumbene has a capacity of approximately 4 800000 ML.
¢ The thickness of the epidermal layer of skin on your eyelid is 0.048 mm.
d An estimate for the world’s population in 2050 is 9300 000 000.

a The number of times the wings of a hummingbird flap in a minute is 6.4 x 10°.
b The diameter of a virus is 8 x 10~ mm.

¢ The distance from the Sun to Earth is 1.496 x 10% km.

d

The radius of an electron is 2.8 x 10713 cm.
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11 Complete the table below by writing the numbers as a product with each of the powers of 10. Underline the
answers that are in scientific notation. The first row has been completed for you.

1234.56 4.0191 0.0492 0.007 40

x 103 1.234 56 x 10° 0.004 0191 x 10° 0.000 0492 x 10° 0.000 007 40 x 10°
10?

10!

100

107!
1072
1073

X | X | X [ X |X|X

12 We can perform arithmetic operations in scientific notation. Multiplication and division can be performed by
multiplying or dividing the values of a and then the product and quotient of powers laws to multiply or divide
the powers of 10. For example:

(2.1 x 107) x (8.4 x 103) (2.1 x107) = (8.4 x 10%)

= (2.1 x8.4) x (107 x 103) = (2.1 =8.4) x (107 = 103)

=17.64 x 10° =0.25x 104

=(17.64 - 10) x 1040+D =(0.25 x 10) x 10“-DV

=1.764 x 10" =2.5x%x103
Evaluate the following products and quotients. Write your answers in scientific notation.
a (1.7 x10% x (4 x 10% b (8x107) = (4 x 105 c (-5%x107%) x (-9 x 10%)
d (-6 x10% = (1.5 x 105 e (4.1 x107° x (=3 x 10% f (7.2x1072) = (2.4x107)

13 Addition and subtraction require digits with the same place value to be added together. Therefore, in scientific
notation, both numbers must be written using the same power of 10 so that the digits in the values of a have
the same place value relative to the decimal point. For example:

(2.1 x 10°) + (8.4 x 103) (2.1 x1072) - (8.4 x1073)
= (2.1 x 10°) + (0.084 x 10%) = (2.1 x1072) — (0.84 x 107?)
= (2.1 +0.084) x 10° =(2.1-0.84) x 1072
=2.184 x 10° =1.26 x 1072
Evaluate the following sums and differences. Write your answers in scientific notation.
a (3.4 x10% + (7.3 x 105 b (8.52x10% — (1.6 x 10%) c (6.03x1073%) + (2.7 x 10™)
d (82x1073%) - (3.5x107? e (-9.8x10% + (-7.7 x 10%» f (1.01 x10°) — (7.5 x 103

14 Light travels at a speed of approximately 3.00 x 10! cm/s.
a How many kilometres does it travel in 1 hour? Give your answer in scientific notation.
b How many kilometres does it travel in 1 day? Give your answer in scientific notation.

¢ As defined by the International Astronomical Union, a light-year is the distance light travels in 365.25 days.
How far is 1 light-year in km? Give your answer in scientific notation.

15 The following table lists the mass and diameter of all the planets in the solar system.

Planet Mass (kg) Diameter (km)
Mercury 3.30 x 10% 4.88 x 10°
Venus 4.87 x 10* 1.21 x 10*
Earth 5.98 x 10* 1.28 x 10*
Mars 6.42 x 10 6.79 x 103
Jupiter 1.90 x 1077 1.43 x 10°
Saturn 5.69 x 10%¢ 1.21 x 10°
Uranus 8.68 x 10%° 5.11 x 104
Neptune 1.02 x 10%° 4.86 x 10*

a Compare the masses of the planets and list them in ascending order.

b Compare the diameters of the planets and list them in ascending order.
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16 Earth revolves around the Sun at an average speed of 10° km/h.
a What distance does Earth travel in 1 day?
b How many days would it take Earth to travel 9.6 x 108 km?

17 The Sunis 1.52 x 10® km from Earth. Light from the Sun travels towards Earth at a speed of 3 x 10% m/s.
How long does it take this light to reach Earth? Give your answer to the nearest minute.

18 The Australian $1 coin has a mass of 9 g and a thickness of 3 x 107! cm. —

a Sarah has a pile of these coins on her desk. She stacks as many of them as she can on
top of each other between two shelves in a bookcase. The distance separating the shelves /3\
is 26 cm. \

i How many coins are in the stack?
ii What would be the mass of these coins?
b Ben takes Sarah’s stack of coins and places them end-to-end in a line. The line stretches
to a length of 2.15 m. What is the diameter of a $1 coin?
19 Write the following in seconds in scientific notation.
a 47 minutes b 14 days c 40 weeks d 1 year (not a leap year)
20 A number written in engineering notation is the product of a number, a, between positive or negative 1

(inclusive) and positive or negative 1000 (exclusive) and a power of 1000 written as a power of 10 in index
notation. That is, a X 10%", where 1 < a < 1000 or —1000 < a < —1 and m is an integer.

For example, 3.456 x 10° 34.56 x 10° 345.6 x 107° are in engineering notation while 0.3456 x 10, 3456 x
10%, 345.6 x 1073 are not in engineering notation.

a Worite the following in seconds in engineering notation.

i 7.3 kiloseconds (7.3 ks) ii 9.1 microseconds (9.1 ps)

iii 54 nanoseconds (54 ns) iv 82 teraseconds (82 T's)

v 129 megaseconds (129 Ms) vi 974 picoseconds (974 ps)
b Write the following times in engineering notation using the appropriate prefix.

i 5.601 x 107 seconds ii 9.2 x 10° seconds

iii 4.31 x 107° seconds iv 7.88 x 1077 seconds

v 8 x 1072 seconds vi 1.0356 x 10" seconds

21 Sound travels at 330 m/s, whereas light travels at 3 x 10° km/s.
a Compare the speed of light and the speed of sound.
A timekeeper stands at the end of a 100 m straight
running track. The starting gun at the beginning of the
track goes off.
b How long does it take:
i for the sight of the smoke to reach the timekeeper
ii for the sound of the gun to reach the timekeeper?

¢ What advice should you give the timekeeper in order to
have an accurate recording of the time of the race?

22 The circumference of a hydrogen atom is 7.98 x 10~° cm. How far would a line of 1 million hydrogen atoms
stretch if placed next to each other?

23 Consider the multiplication problem 23° x 32 x 43 x 53% Write the exact answer in scientific notation.

Check your Student obook pro for these digital resources and more:

Interactive skillsheet Investigation Topic quiz
Scientific notation Measuring large units 2E

in our solar system
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2F Rounding and estimating

Learning intentions @

Inter-year links

By the end of this topic you will be able to ... Year 7 4B Ordering and rounding
v/ round numbers to a specified degree of accuracy decimals
v estimate the results of calculations Year 8 1A Rounding and estimating

v determine the effect that rounding during calculations has on
the accuracy of results.

Rounding to a given number of ) rercontentviaes
decimal places

e When rounding a number, you are replacing the
number with an approximation that is easier to 3. 5 4 =~ 3.57 4. 9~4.02
interpret and use in calculations. The approximately
equal (=) symbol should be used when rounding ©)
occurs.

e To round to a given number of decimal places, put a ©®
box around the digit that you are rounding to and look
at the value of the digit to the right of the box. If it is 5 or greater, round up; if it is less than 5, round down.

3.5[7134 =~ 3.57 4.0(1169 ~ 4.02

Significant figures
e Significant figures are the number of digits required to express a number to a specified degree of accuracy.
e When counting significant figures, start by counting the first non-zero digit from left to right.
— All non-zero digits are significant. For example, 7.789 has four significant figures, as all digits are
Nnon-zero.
— Zeroes between two non-zero digits are significant. For example, 4056 has four significant figures
including the zero between 4 and 5.
— Leading zeroes are not significant. For example, 0.051 has two significant figures, as both the zeroes
are leading zeroes.
— Trailing zeroes to the right of the decimal point after the last non-zero significant digit are significant.
For example, 112.00 has five significant figures.
— Trailing zeroes in an integer are not significant. For example, 8300 has two significant figures.
e [If a number is expressed in scientific notation, all the digits in the value of a are significant. For example,
2.301 x 1072 has four significant figures.
e Rounding to a given number of significant figures involves the same process as rounding to a given
number of decimal places. Put a box around the digit that you are rounding to and look at the value of
the digit to the right of the box. If it is 5 or greater, round up; if it is less than 5, round down.

Truncation

e 'To truncate a number, the digits after a specified point are cut off. When truncating a number, you do
not need to consider the value of the digit after the point at which you are truncating, and all the digits
before that point will stay the same.
11.2|93 ~ 11.2
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Estimations and accuracy

e An estimate is an approximate value which is close to the actual value. The results of calculations can

be estimated by using rounded values instead of the actual values.

e The level of accuracy of an approximate value describes the closeness of that approximation to the

exact value. The higher the degree of accuracy, the closer the approximation is to the exact value.

— Rounding to a greater number of decimal places or significant figures will increase the level of

accuracy of an estimate.

Example 2F.1 Idenfifying significant figures

How many significant figures are shown in each number?
a 5.42 b 20803 c 6.200

All non-zero digits are significant.

Zeroes between non-zero digits are significant.
Zeroes at the end of a decimal number are significant.
Zeroes at the end of an integer are not significant.

o o6 o R

Zeroes to the left of the first non-zero digit in a
decimal number are not significant.

d 4000 e 0.0082

o a6 g o

5.42 has three significant figures.
20 803 has five significant figures.
6.200 has four significant figures.
4000 has one significant figure.
0.0082 has two significant figures.

Example 2F.2 Writing numbers in scientific notation using

significant figures

Write each number in scientific notation with the number of significant figures indicated in brackets.

a 53726 (2) b 0.08403 (3)

a 1 This number has five significant figures. Round to two
significant figures (the nearest thousand). Remember
that zeroes at the end of an integer are not significant.

2 Write in scientific notation.

b 1 This number has four significant figures. Round to

three significant figures (the nearest ten-thousandth).
2 Write in scientific notation. Remember that zeroes at
the end of a decimal are significant.

c¢ 1 This number has six significant figures. The minus
sign does not impact how many significant figures
a number has. Round to five significant figures (the
nearest thousandth).

2 Write in scientific notation.
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a

b

(o

c —13.6007 (5)

53726 = 54000

=54x10*

0.08403 = 0.0840

=8.40 x 1072

—13.6007 = —13.601

=-1.3601 x 10!
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Example 2F.3 Estimating the results of calculafions

Estimate the result of 535.6 x 38.3 by first rounding each value to two significant figures.

1 Place a box around the digit that you are rounding to and 935.6 = 540
look at the value of the digit to the right of the box. If it is 38B =~ 38
5 or greater, round up; if it is less than 5, round down.

Complete the calculation using the rounded values. 540 x 38 = 20520
3 Write the answer, using the approximately equal to 535.6 x 38.3 = 20520
symbol (=).

v/ When truncating a positive number, the truncated value will always be smaller than the original value.
v A truncation will never be more accurate than rounding to the same number of decimal places or
significant figures.

L3 Exercise 2F Rounding and estimating

1-2(a-h), 3(a-d). 4-5(a-h), 2(e-1), 3(e-h), 5(e-1), 6(e-h). 3(e-h), 5(e-h), 7(c. d, g. h),
6(a-d), 7(a, c, €), 10 7(b.d.f,h),8-10,13 10-14

1 Round the following numbers to:
i one decimal place

ii two decimal places.

a 14.851 b 9.549 c 24.020 d 103.999

e —3.2612 f 17.1164 g —99.293 h 5.5454

i 72.8848 j —125.094 k 10.0030 1 -356.8261

21 2 How many significant figures are shown in each of the following numbers?

a 345 b 25000 c 5072 d 400

e —809 f 0.59 g —0.003 h 1472

i 48.062 j -—7.300 k 36020 1 0.00904
3 How many significant figures are shown in each of the following numbers?

a 2.4x10° b 5.06 x10™ c 1.900 x 107 d 8.0x10°

e —3.206 x 10~ f 7.00 x10° g —15.120 x 1072 h 220.10 x 10"
4 Round each number to the number of significant figures indicated in brackets.

a 2.58x10° (2) b -5.037 x 10* (3) c 9.1042 x 10° (4) d -6.00x 10° (2)

e 458 (2) f 73051 (4) g 1279 (1) h 40008 (1)

i -5.1437 (3) j 0.0349 (2) k —-42.0607 (4) 1 0.852 (1)

OXFORD UNIVERSITY PRESS CHAPTER 2 INDICES — 69

ADN3INTd ANV ONIANVLISIIANN |




ADNINTd ANV ONIANVLISIIANN |

ONINOSVId ANV ©ONIATOS NF1904d ] |

FONITIVHO I I

2F.2

2F3

5 Worite each number in scientific notation with the number of significant figures indicated in brackets.

a 327 (2) b 48654 (3) c —190760 (4) d 2621 (1)
e 0.4031 (3) £ —0.0544 (2) g 0.000207193 (4) h -0.008327 (1)
i 7584 (2) j —20703.02 (4) k 40.155 (3) 1 54007.63 (5)

6 'Truncate the following numbers after:
i one decimal place

ii two decimal places.

a 9.02415 b 13.41602 c —-110.1415 d 80.00001
e —4.1539 f -33.31733 g 255.0542 h 1090.0148
7 Estimate the result of the following calculations by first rounding each value to two significant figures.
a 358.35+40.51 b 94.61 -16.65 c 2450.45 + 43291 d 540.67 —249.43
e 2798 x 11.31 f 123.45-+24.19 g 8.53 x16.49 h 2984 - 154.9
8 a Round each of the following to one, two and three significant figures.
i 1.901 ii 1.994 iii 1.997
iv 2.003 v 2.006 vi 2.098

b Explain how significant trailing zeroes are important in determining to how many significant figures a
number is rounded.

9 Consider 0.41,0.0000000000012 and —0.000034.
a Round each number to one significant figure.

b If leading zeroes were significant, what would each value be when rounded to one significant figure?
¢ Explain why not including leading zeroes as significant is more useful than including them. Consider how
including them is similar to rounding to a place value or number of decimal places.

10 Explain the mistake each student made.
a Jane rounded 4.1025 to three significant figures as 4.103.
b Kaleb rounded 0.0432 to three significant figures as 0.04.
¢ Lisa rounded 102948.3618 to three significant figures as 102 900.
d Marius rounded 102948.3618 to three significant figures as 103.

11 Explain why rounding to a given number of decimal places will never give a less accurate approximation of a
number when compared to truncating after the same number of decimal places.

12 Does rounding to a greater number of significant figures before performing a calculation always result in a
more accurate estimate? Provide an example with your answer.

13 Convert the following measurements into the units in brackets, giving the answers in scientific notation correct
to three significant figures.
a 10000 seconds (hours) b 1000000 seconds (days)
¢ 1000000000 seconds (years) d 1000000000000 seconds (millennia)

14 Find the value of the following numbers in scientific notation to three significant figures without using a
calculator. Hint: (a x 10%)? = @? x 10%,
a 24 b 28 c 2 d 2%

Check your Student obook pro for these digital resources and more: @

@ Interactive skillsheet Investigation
{-( Significant figures Investigating the

accuracy of estimates

% Topic quiz
2F
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Chapter summary

Indices
index/exponent

l

base —> 3* =3 x 3 x3x3=281

index notation expanded form basic numeral

Product of powers law

3% 25 =203+
=28

BXa=agl+d
=a°

Quotient of powers law

Prime factorisation

315
N\ 315=3x3x5%7
3 /1(< =32x5x7
©) 35
& O

29+ 20 =269
=22

a+a=a""

Power of a power law
(2%)5= 26x
=215

(az)z = g%

= q°

Reciprocals and negative indices

@2x3y=2x3 (a)'=a'xb

1230 =1.23 x 10°

basic numeral scientific notation

0.00123 =1.23 x 107

basic numeral scientific notation

004.2 x
wA/

3.1500 x 10* = 31500
\NANAS

move four spaces to the right

move two spaces to the left

5 - 3
2)_2 al _a
The reciprocal of 3 is 3 3 > b b’
The reciprocal of % is % The zero index
0= 0=
. 1_1 20=1 a’=1
212 .
Truncation
gml
42 11.2]93~11.2
Scientific notation
index of 4 index of 4

y V

31500 =3.15 x 10*
WRAANS

move four spaces to the left

index of -2 index of -2
102 =0.042 0.042 =4.2 x 102
\Nr

move two spaces to the right

Rounding

3.9734 ~3.57 4.9 ~ 4.02

4 9

g) Round § Round
1 | down ®| up

0 5

Significant figures

7.789 has four significant figures

4.056 has four significant figures

0.051 has two significant figures

112.00 has five significant figures

8300 has two significant figures

2.301 X 1072 has four significant figures
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= Chapter review @::~

Mathematical literacy review

The following key terms are used in this chapter:

e approximation
e Dbase

e Dbasic numeral
e BIDMAS

e decimal points
e estimate

e expanded form
e exponent

e factor

e factor tree

e index

e index form

¢ index notation

* integer

e leading zeroes

e level of accuracy
* magnitude

e metric prefix

knowledge of this
chapter.

negative index
place value
positive index
power

prime factor
prime factorisation
prime number
product

quotient

Which key term can be used to help find the prime factorisation of a number?

Which description best explains the term prime factorisation of a number?

A the sum of two or more integers that equals the given number

B the sum of two or more prime factors that equals the given number

C the product of two or more integers that equals the given number

D the product of two or more prime factors that equals the given number

E the product of two or more composite numbers that equals the given number

Quizlet

Test your knowledge of this
topic by working individually
or in teams.

reciprocal
rounding
scientific notation
significant figures
standard form
trailing zeroes
truncate

zero index

Use one of the numbers 7, 12 or 15 to clearly explain the difference between factors and prime factors.

Show how 24 can be written in expanded form and index notation.

Complete the following sentences using words from the key terms list.

a The

b Taking the negative index of a fraction is the same as taking the

of a value written in

is the number or variable that is multiplied repeatedly.
of the .

Determine if the following statements about significant figures are true or false. If they are false, give an

example to support your claim.

a All non-zero digits are significant.

b All zeroes are not significant.

o 6

Multiple choice

All leading zeroes are not significant.

All trailing zeroes are significant.

PN 1 Which of the following is not equivalent to 9(xy)*?

A 9 X xyXxyXxyXxy B —32x%* C 9x*y*
D 9xxxxyyyy E (-3)2x%y*
BN 2 Which of the following is the prime factorisation of 360?
A 62x10 B 4x9x10 C 23x3%2x5 D 22x32x10 E 3x10x12
Bl 3 Which expression shows ?(812222 in simplified form?
6ab? ab’c b 6ab? 5
A T8a B 32¢ €3 D 1842 E 3ab
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X4

2c |

(20 [

(20 I

Els
El o

Which statement does not correctly represent one of the index laws?

A wd X m?=m?

4 4
5 = af ¥) =%
D a’xa=a E (y) Ty
%fuﬂy simplifies to:

10x9 S.X'g
A X B 5

Using the index laws,

5x17
c 2x8

Which of the following is nor the reciprocal of %?

A% B 3 x4 C (g)_1

Which statement is false?

2 1 1
7 B 47= 16 c 36
Which number is equivalent to 6.4724 x 10??
A 0.64724 B 64.724

B (pxqP=p"x¢g*

= 3_6

C 0.064724

Cuow--w=w"

10x°

3 s_ 1
D 7°x7 =79 E <7

D 64724 E 647.24

What is the value of 9.1517 x 1072 when rounded to three significant figures?

A 9.151 x 1072 B 9.15x 10

C 9.1517 x 10!

D 9.1517 x 10°° E 9.15x 10!

E 10 What is the value of —38.725 04 when it is truncated after two decimal places?

A -38 B -39 C

Short answer

(2 B
EN 2

2c [

E 4

EXs

(20 [

2 g

Els
Exo

Evaluate the following.

a 3¢ b (-5)3 c
Write the following in index notation.

a 17x17x17x17x17 x17

—43

C —10XfXfXfXUXUXUXVUXVUXVXV
Simplify each expression using the index laws.
b =5

e (65)5 X (611)2

a a''xa’
d 1847 + (54d%)
Simplify each expression.

m3nt X mon!!
m’n’
Write each term with a positive index.

a 57 b (-11)

a If 4% = 65536, write the value of 478 as a fraction.
b If73= %, write the value of 7°.

Write each number as a basic numeral.

a 5.876 x 10*

Write each number in scientific notation.
a 540000

-38.72

D -38.73 E -38.725

e (0.6)° f 1.2)

3 5
a (3)
b —-5b%>x —5b%>x —5b> x —5b> x —5b?

b*d> _ b*d> _ b*d® _ bi*d°
6n® " 6n® " 6m* " on?

c ()2

f 5a°+ 3%+ 1¢°

GRP)’ x QRP)*
(2k%12)°

a (4

1_
4-4

b 9.02x10°

b 0.00076

A scientist estimates that there are 3.40 x 10* bacteria in one sample and 4.6 x 10° in a second sample.

Write the total number of bacteria:
a as a basic numeral

b in scientific notation.

Bl 10 State the number of significant figures in each part of question 7.

B3 11 Round each of the following to the number of significant figures indicated in brackets.

a 879 (2)
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b 2.58x 105 (1)
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Analysis

1 Thy and Asha are playing a game. They are using die rolls and a coin flip to generate the product of three

numbers in index notation per round. They each roll the dice to determine the value of the bases and indices

and flip the coin to determine if each index is positive or negative.

The products generated after each round are multiplied together with the goal to end up with the least number
of remaining factors after three rounds.

The table below shows the numbers Thy and Asha got in their three rounds.

Thy Asha
Round 1 24x 43 x 573 13x36x 57
Round 2 32x 5% 673 273 x 31 x 64
Round 3 270 x 23 x 34 379 x42x 53

a Use the facts that 4 = 22 and 6 = 2 x 3 to write Thy and Asha’s round 1, 2 and 3 numbers in index notation
with positive indices using only the bases 2, 3 and 5.

b Determine Thy and Asha’s final number for their game by multiplying their round 1, 2 and 3 numbers
together and simplifying the products in index notation with positive indices.

¢ Who won the game with the least number of factors? Hint: Find the sum of the positive indices.

d Did the winner have the smaller value? Explain.

Thy and Asha decide to play one more round of the game.

e What products do Thy and Asha need to generate to end up with a total product of 1?

Thy and Asha decide to change the rules so that they can choose which base gets which index. Their products
from the first two rounds are given in the table below.

Thy Asha
Round 1 473 x 5% 6° 273 x57?2x6*
Round 2 1°x 23 x 37 373 x 44 x 52

f Determine the product of round 1 and 2 for Thy and Asha. Write the products in index notation.
For round 3:

e Thy gets the bases 2, 4 and 6 and the indices —6, —4 and 1.

e Asha gets the bases 1, 5 and 5 and the indices —4, 3 and 6.

g Determine which index should go with which base so that Thy and Asha get the minimum number of
factors remaining for the game.

h Who wins this game and by how many factors?

2 a Complete the following table.

Base (n) n? n’ nt n’ nt n’
3
5
7

11

13

17

19

b Describe the patterns in the final digits for the different powers of each prime number in part a.

¢ Predict the last digit of 7' for each of the prime numbers in part a.

d Use the patterns you observed in part a to predict the last digit of (a x )'° for the following products.
i 3x5 ii 3x7 iii 3 x 11 iv 7 x 19
v 13x17 vi 32x7 vii 132 x 17
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3 In June 2022, the population of each Australian state State Population at 30 June 2022 (*000)
was recorded. The figure for each state is shown in NSW 3153.6
the table. -

) o . Vic 6613.7
a Which states and territories have a population
. Qld 5322.1
listed to:
. L SA 1820.5
i four significant figures
. . WA 2785.3
ii five significant figures? T -
b Copy the table and add three additional columns. as -
. . NT 250.6
¢ In the first new column, write the population of each
state and territory in full. ACT 456.7
Source: ABS

d In the second new column, round each population
to its leading digit.

e In the third new column, write each population in scientific notation to one significant figure.

f Use your answers from part d to determine the following. Write the values in scientific notation.
i Which state or territory has the highest population?
ii Which state or territory has the lowest population?
iii Calculate the difference between the highest and the lowest population.
iv Calculate the total population of SA,Tas, ACT and N'T combined.
v Calculate the total population of Australia.

g 'The actual total population value recorded at the end of June 2022 was 25 978 935. Calculate the
difference between your answer to f part v and the actual value. Why is there a difference?

Chapter checklist
Now that you have completed this chapter, reflect on your ability to do the following.
I can do this I need to review this
Convert between index notation and expanded form D Go back to Topic 2A
Calculate the value of numbers in index notation Indices

Express integers as a product of prime factors

Simplify products of numbers and variables in index form with D Go back to Topic 2B

the same base Products and quotients
Simplify quotients of numbers and variables in index form with of powers

the same base

Raise a term in index notation by another index D Go back to Topic 2C
Simplify and evaluate expressions and calculations involving the Raising indices and the
zero index zero index

Write a term with a negative index as a term with a positive index D Go back to Topic 2D
Write a term with a positive index as a term with a negative index Negative indices
Apply index laws to numerical expressions with negative indices

Simplify and evaluate numerical expressions with negative indices

Convert numbers written in scientific notation to basic numerals D Go back to Topic 2E

Convert numbers written as basic numerals to scientific notation Scientific notation

Round numbers to a specified degree of accuracy D Go back to Topic 2F

Estimate the results of calculations Rounding and estimating

N N A B A I G | |

Determine the effect that rounding during calculations has on
the accuracy of results
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Index

3A Simplifying
3B Algebraic fractions with numerical denominators
EEM3C Algebraic fractions with algebraic denominators
3D Expanding
EWA3E Factorising using the HCF
EEM3F Factorising monic quadratic expressions

Prerequisite skills

@ Diagnostic pre-test
Take the diagnostic pre-test to assess your knowledge of the

prerequisite skills listed below.

Interactive skillsheets
After completing the diagnostic pre-test, brush up on your

knowledge of the prerequisite skills by using the interactive
skillsheets.

v Multiplying and dividing with negative
numbers

v’ Grouping symbols

v Index laws

v’ Highest common factor

Curriculum links

e Simplifies algebraic fractions with numerical
denominators and expand algebraic expressions
(MA5-ALG-C-01)

— Apply the 4 operations to simplify algebraic
fractions with numerical denominators

— Apply the distributive law to the expansion of
algebraic expressions and collect like terms
where appropriate

EEMe Simplifies algebraic fractions involving

indices, and expands and factorises algebraic

expressions (MA5-ALG-P-01)

— Apply the 4 operations involving algebraic
fractions with pronumerals in the denominator

— Factorise algebraic expressions by taking out
a common algebraic factor

— Expand binomial products and factorise
monic quadratic expressions

© NESA




3A Simplifying

Learning intentions @ Inter-year links

Year 8 5C Adding and subtracting
algebraic terms

By the end of this topic you will be able to ...
v simplify algebraic terms involving addition and subtraction S
v simplify algebraic terms involving multiplication Year 10 2 Simplifying

and division.

Terms and expressions © s contentvises

e A pronumeral is a letter or symbol that is used in place of a number. pronumerals
Pronumerals can be used to represent an unknown or a variable. CoefﬁCieMmtam
e An expression is a quantity that is represented by a sequence of numbers
and/or pronumerals that are connected by mathematical operations. ook \—_|2_y/ N
e A term is part of an expression that is separated from the other parts term + term + term
by a plus or minus sign (as long as the plus or minus sign is not inside _
expression

any brackets).

Note: If the term is separated on the left by a minus sign, then the term is negative.
e A coefficient is the number acting as a multiplier in an algebraic term, usually written before the

pronumeral. A pronumeral without a number preceding it has a coefficient of 1.

e A constant is a term without any pronumerals. It also counts as a coefficient.

Adding and subfracting algebraic ferms

e Like terms contain the same pronumerals with the same indices
— The order of pronumerals can be different in two like terms.
For example, xyz, 4yxz, and 7zxy are all like terms.

— You can write terms containing indices in expanded form to determine whether they are like terms.
For example, a?b = a X a X b and ab® = a X b x b, so a’b and ab? are not like terms.

3a2b=3xaxaxb

index form expanded form

e Like terms can be added or subtracted by adding or subtracting the coefficients of the terms.
For example, a?b + 2a’b = 1a%b + 2a°b = 3a%b

Multiplying algelbraic ferms

e To multiply algebraic terms:
1 Write the coefficients and pronumerals for each term 3a3b x (—2a2b*) =3 x (=2) x a®*2x b' +2
in expanded form, without expanding index form. = —6a°b?
Multiply the coefficients together.

Apply the product of powers law to multiply the numbers in index form. Keep the base and
add the indices.

4 Simplify by leaving out the multiplication signs. Write the coefficient first, followed by the
pronumerals listed in alphabetical order.
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Dividing algelraic ferms

e Algebraic fractions are fractions that contain at least one pronumeral.

e Remember that quotients can be expressed as fractions. 12abc 3 X4 XaXbXc

For example, x ~ 7 = % .
e To divide algebraic terms:

9b - 3X3%Xb

_3x4dxaxbXc

1 Write the coefficients and pronumerals for each term in expanded form. =T 3 x3x%xk

2 Divide the coefficients by the HCE

4ac

3 Cancel any common pronumeral in both the numerator and the 3

denominator.

4 Write the coefficient first, followed by the pronumerals listed in

alphabetical order.

Example 3A.1 Adding and subtracting algebraic terms

Simplify each expression.
a 10a—6a+a

¢ —5bc+2b—3ch-2

2

a Identify like terms and simplify by adding
and subtracting the coefficients.

b 1 Rearrange the expression so that like
terms are grouped together.
2 Simplify by adding and subtracting the
coefficients.

¢ 1 Rearrange the expression so that like
terms are grouped together. Check that
the + or — sign in front of each term
has moved with that term.
2 Simplify by adding and subtracting the
coefficients. Remember that fractional

coefficients can be written in two ways,

b_1
505_26.

d 1 Rearrange the expression so that like
terms are grouped together. Check that
the + or — sign in front of each term
has moved with that term. Note that
xy? and x*y are not like terms.

2 Simplify by adding and subtracting
the coefficients. Rearrange pronumerals
in alphabetical order.
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b 4xy+ 2x — S5xy
d 6x%y —3y° — 2y%x + 3

a 10a—6a+a=((10-6+ 1)a
= 5a

b 4xy+ 2x — Sxy = 2x + 4xy — Sxy

=2x+ (4 - 5)xy
=2x — xy
c —5bc+2b—3cb—§:751n=3cb+2bf%

= (=5 - 3)bc+ ( —%)b

= —8bc + %b

d 6x%y -3y’ =2y + y? = 6x%y - 3v° + v = 2y%x

=6x*y+ (=3 + 1)y’ — 2xv°
= 6x2y — 2y° — 2xy?
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Example 3A.2 Multiplying algebraic terms

Simplify the following products.

a 4dex 7ab

W N =

Write both terms in expanded form.

Multiply the coefficients together.

Simplify by leaving out the multiplication
signs. Write the pronumerals in

alphabetical order.

Write the coefficients and pronumerals

for each term in expanded form, without
expanding the index form.

Multiply the coefficients together.

Apply the product of powers law for the
multiplication of indices, so x* X x = x?* D and
ys Xy3 :y(5+3>.

Simplify by leaving out the multiplication signs.

Example 3A.3 Dividing algebraic terms

Simplify the following quotients.

2a

a3

b 12ab+3b

a Divide the coefficients of the numerator and the
denominator by the HCF of 2.

Write the coefficients and pronumerals for
each term in expanded form.

Cancel any common factors from the
dividend and divider.

Write the answer by placing the coefficient
first and leave out the multiplication sign.

Write in expanded form.

Cancel the coefficients, and divide —15 and
10 by the HCF of 5. Cancel any common
pronumerals from the numerator and
denominator.

Simplify the numerator and the denominator.
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b Sx?y® x (—2kwxy?)

dde x Tab=4 xdxex T xaxb
=28xdxexaxb
= 28abde

S5x2y° X (—2kwxy?)
=5xx?xyx (=2) xkxwxxxy’

=—10x x> xy I xkxw

=—10x x> xy¥x kX w

= —10kwx>y8

—15xy
10x

2a 2Xa

8 T 2x4
_2Xa
T 2x4
—a

4
12ab+-3b=3%x2x%x2xaxb= (3xb)

=3x2x2xaxb+-3xbh
=2XxX2Xa
=4da

—15xy —-15xxxy
10x ~ 10x«x
=15 xx' Xy
T 107 x X!
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v/ Recall the rules for writing algebraic notation.

— Products are simplified by leaving out the multiplication sign and placing the coefficient first.

For example: 7 x x = 7xand 7 x (x + 2) = 7(x + 2).

— When a pronumeral is multiplied by 1, the 1 is not shown.

For example: 1 x x = x.

— Quotients are represented by fractions.

For example: x ~ 7= %

— Terms with fractional coefficients can be written in two ways.

x_1

For example: 7 =X

— Write pronumerals in a term in alphabetical order

For example: ba’c = a’be.

v/ Recall the rules for multiplying and dividing positive and negative numbers.

+ X —=— + X+ =+

— XAt =— - X —=+

M Exercise 3A Simplifying

1,2,3-4(1¢ column), 5,
6-8(1¢ column), 10-12,13(a, d, e, f),
14(a,c). 15,16

4,5,6-8(2" column), 9,10,
14,17-18

Q 5,7,8(2" column),9,10,15-18

3A1 3

Consider these terms: 3x, 7xy, —x, 2x%, xw, 20x.

a Which are like terms?

b Explain how you can tell.

¢ What is the coefficient of each term?

List each group of like terms from these terms: 2ba?, 3a, 26%a, 6a°, aaa, 6a, 3aab, 6ab*, 6a*a, 6a*b, 3abb.

Simplify each expression where possible.

a 6a-—4a+8a

c X2+ 3x% 4 2x2

e 3x+4y+9x+ 2y

g m—2p+4p+8m

i 4dxy+3x% —xy + 2x2

k 5mP+7-m?-5

Simplify each expression.

a 6x+3y—x+2y+5x—4y
c 2k+3km—6k+4+ 4k —km
e 9a-4a>+a+5a>-3-"7a
Simplify each expression.

a 7a>+53a)?+ (-5a)? — %aa
c 9c2d? — (6¢d)? + 15(cd)? + 9d3c?

e 2ab+ 3cd + 4ac + Sba+ 6dc
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bk Nemde

4k — S5k — Tk
3cd + c¢d — 9cde
7a+5b—3a+b
3+5k—-2-6k
d+ de* + d— 5dé

abc + ab + ac + 3ab

8ab—4b— b+ b* + a— 3ab

d 4> -7x>-3x+5+6x—9

m?n + 3m? + Snm? — 2n? + dmn® — 3m?

—5bbb + 40b%b — (2b)3 + 2(—3b)3
r(gp)? + prq® + ppaqr + p>¢’r + pg’r

4yx? + 3xy — 2xy + yx + 3x%y
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3A2 6 Simplify each expression.
a 2ab x 3cd b —5xy x dmp 9gh X g
d 4km x (—6kn) e 7jp x 8bpt —x*y X (—ay)
g 6a’b X 3acd h —10hk x 2hkp i 3bx(=2b) xb
j wPnx4nxkn k —5xy x x? x (—3xy) 1 8abc x 7a’c x b

7 Simplify each expression by first using index laws.
a (5a’z%)? x 3(a*z%)*
c SCemx)> x c(=2mx)3 x mx (=2¢)?

e 533p12[5 X (610P4t2)0 X (_3e4p6[7)2 f

b (=3by")3 x (=2yb7)*
d 4(d@Pn’w)’ x 11(dnsw’)
_6(g245u3)5 X 4(_g4q4u5>3 X _7(g2qu7>4

3a3 8 Simplify each expression.
3a . 25xy
a g b 12abc = 12b ¢ s
d 36ab+ 24a e 12mn = 36n f aa_bcc
12¢d 7ef . —5xy
& 34 h = 1 —0x
. 4dmn K L5mn? —3a’bc
Y 22mn om 12ab

9 Simplify each expression following the correct order of operations.

a %x6b+8ab+2 b 144b = 12 x Sab + 2ab>

¢ (6a*+8a*h—+0b)+7

10 Determine whether each statement is true or false.

d (44ab+ 5a % 11b) - (%+ 30a)

a Two like terms can be added to form one new term.

b Any term can be subtracted from another term to form one new term.

¢ Two terms can be multiplied to form one new term only if they are like terms.
d Any term can be divided by another term to form one new term.

11 Students in a class were asked to simplify two algebraic expressions. Three sets of working for each expression
are shown below. One set is correct and the other two sets contain errors.
For each expression, choose the correct set and then identify the errors in the other two sets of working.
a Expression 1:4a-3b+2+2a+8b—7

Set A Set B Set C

4a—-3b+2+2a+8b—7

=4a+2a+2+7+3b+8b

4a—-3b+2+2a+8b—-7

=4d4a+2a+2—-7-3b+8b

da—-3b+2+2a+8b—-7

=4a—-2a+2-7-3b+8b

=6a+9+11b =6a—5+5b =2a+9+5b

b Expression 2: —3ab x 4bc
Set A Set B Set C
—3ab x 4bc —3ab x 4bc —3ab x 4bc
=-3x4xaxb'xc =-3x4dxaxb*'xc =-3x4dxaxb*tlxc
= —12ab% =12xaxb>xc =—12xaxbx2xc

= 12abc

= —24abc

12 If x = 3 and y = —2, evaluate each expression. To make it easier, simplify each expression first.

a S5x—6y+7y+3x b
10xy

d ) e

g x+y—2xy+5y—x h
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3xy — 8xy — xy
xy X xy?
XxX3x—2x2+4x—y

c Sxx 3y
f 12xy = 24x
i 49x%? + 1452
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13 Evaluate each expression if a = 2, b = —1 and ¢ = 5. Remember to simplify each expression first.

a 3a+2b+7c—a—-5c+0b b 7ab+ 4a - 5a+ ab
c a’b+ ab® + ac — 3a*b + 2ac d 2abc x bc x 5a
e 18ab’c + (6bc) f 3ac® x 4ab + (9abe)
14 Write the shaded area in each shape as an algebraic expression in simplest form.
[ 1 Ry L 1 i
+= = Sy =l I ]
u , ] Tx
c d
3x v
6y 2y

15 Calculate the area shaded in each shape in question 14 forx =3 mand y = 2 m.
16 A rectangle has a breadth of k.
a If the length of the rectangle is twice the breadth, write an expression for:
i the perimeter of the rectangle
ii the area of the rectangle.
b Calculate the perimeter and the area of the rectangle when 2 = 5 cm.
17 Lana plants a 1-metre-wide flowerbed around a square section of lawn.
a If the lawn has a length of x metres, write an expression for:
i the perimeter of the lawn
ii the area of the lawn
iii the perimeter around the outer edge of the flowerbed
iv the area of the flowerbed, given that the total area of the lawn and
flowerbed is (x? + 4x + 4) m?.
b When x = 8, calculate:
i the area of the flowerbed
ii the length of edging needed around the inner edge of the flowerbed
iii the length of edging needed around the outer edge of the flowerbed

iv the area to be mown.

18 Consider the shaded region of this shape.

a Worite an algebraic expression for the area of the shaded region. ] i 15

b If x =4 cmand y = 5 cm, calculate the area of the shaded region.

¢ Write an expression for the total length of the outer and inner edges of 1 [: 2x y:] T
the shape. 1 1 [}

d Use your sets of values from part b to calculate the total length of the 4' X

outer and inner edges of the shape.

e If x = 12 cm and the area of the shaded region is 210 cm?, determine the total length of the outer and inner
edges of the shape.

Check your Student obook pro for these digital resources and more: @
Interactive Interactive Interactive Worksheet Topic quiz
skillsheet skillsheet skillsheet Simplify 3A

Like terms Multiplying Dividing algebraic
terms terms expressions
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3B Algebraic fractions with
numerical denominators

Learning intentions @

Inter-year links

By the end of this topic you will be able to ... Year 7 oD Equivelent Tractons
v multlpl}/ and divide algebraic fractions with numerical Year 8 BEBivdinglalgebralaterme
denominators Year 10 2C Simplifying

v add and subtract algebraic fractions with numerical
denominators.

Multiplying and dividing algebraic © o contentieo
fractions

o The product of two algebraic fractions is the product of the numerators over the product of the
denominators. For example,

3x 2% _ 3 x X 2x
29 2x%x9

XZ

= 3 N
e The quotient of two algebraic fractions is found by multiplying the fraction before the division sign by
the reciprocal of the fraction after the division sign. For example,

3x . 2x _3x., 9

29 27 2

_3xx9
2 X 2x

_27
i

Adding and subftracting algebraic fractions

¢ Adding and subtracting algebraic fractions is no different from adding and subtracting any other fractions.
1 Identify the lowest common denominator (ILCD) by identifying the lowest common multiple (LCM)
of the denominators.

Write each fraction as an equivalent fraction with the LCD.

The sum of the algebraic fractions with a common denominator is then found by adding the numerators.

X, X
For example, it

The LCD of % and % is 12, so:
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e The difference of algebraic fractions with a common denominator is found by subtracting the
numerators. So, using the same algebraic fractions from the previous example, we have:

XxX_xX_x,3_x,2
4764737672
3x 2
12712
D32
T 12
- X
12
Example 3B.1 Multiplying and dividing algebraic fractions with

numerical denominators

Write each of these expressions as one fraction in simplest form.

X XY X 12x ESAY
a 5z b 1273 0(12>

a 1 Write the expression as a single fractionby a X3
multiplying the numerators together and

_x X 12°%xy
the denominators together. T 2x5
2 Look for common factors. Divide both the _ XX 6xy
numerator and the denominator by 2. >
3 Simplify. _ 6x52y
b 1 Write the expression as the productof two b % + lgx
fractions. x5
127 12x
2 Write the expression as a single fraction by = éy xxlgx
multiplying the numerators together and
the denominators together.
3 Look for common factors. Divide both = 132} i ? 5
the numerator and the denominator
o 5y
by x, then simplify. =144
. . xy\?
¢ 1 Write the expression as a product of two c (ﬁ)
identical fractions. Xy x
127 12
X
2 Multiply the numerators together and the = %
denominators together.
Simplif; _ Xy
3  Simplify. =14a
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Example 3B.2 Adding and subtracting algebraic fractions with
numerical denominators

Write each of these expressions as one fraction in simplest form.

2x  x 7x _x x_dx  3x
a 773 ® 1076 € 2737%3
a 1 The LCMof7and 3is 21.So writeeach ~ a 2x,x_2x 3 x 7
fraction as an equivalent fraction with an 73 37( 2%) ’ 73
_ Tx
LCD of 21. =51 T3]
2 Write the expression as a single fraction by = 6x2+1 7x
adding the numerators.
3 Simplify the numerator by adding and = le
subtracting like terms.
b 1 The LCM of 10 and 6 is 30. So write each b Z—x—g:%x%—%xg
fraction as an equivalent fraction with an B
_2lx_5x
LCD of 30. 30 30
2 Write the expression as a single fraction by _21x—5x
subtracting the numerators. 30
3 Simplify the numerator by adding and _ 16x
subtracting like terms. 30
4 Simplify by dividing the numerator and the _ 3
denominator by their HCF of 2. 15
‘ - x_4x 3x _x 15 4x 10, 3x 6
¢ 1 When more than one fraction are being C S-FHT =X T Xy tT X,
added or subtracted, find the L.CD of all the
denominators. The LCM of 2, 3 and 5 is 30.
_15x _ 40x , 18x
2 Write each fraction as an equivalent 30 30 30
fraction with an LLCD of 30.
3 Write the expression as a single fraction by = 1ox - 4300x + 18x
adding and subtracting the numerators.
4 Simplify by adding and subtracting like - _Ix

30
terms.

) (s |

v/ You don’t need to find the LCD to add and subtract fractions! While the LLCD is often the simplest to
work with, any common denominator will do. The easiest way to find equivalent fractions with common

denominators is to multiply each fraction by the denominator of the other fraction.

a,b_a_d  b_c
ctaTcatare
_ad, b
cd dc
_ad+ bc

\ - Y,
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M Exercise 3B Algebraic fractions with numerical

3B.1

denominators

1-4,5(a,c. e, g.i.j). 3-4(2 column), 6(b, d),
6(a, c), 7-9(1¢, 2" columns), 12(a-c) 7-9(3", 4™ columns), 10,
12(d, e, f), 14,15

3(3 column), 6(b, d), 7-9(3 column),
11,13,16-18

1 Simplify the following expressions.

OXFORD UNIVERSITY PRESS

X xy 25m S 4

a 2><3 b 4><6 c 3 x 3 d TREE
X . P .1 n_.1 x2 1

€ 37 f 3676 g 373 h 5374

2 Simplify the following fractions.

a 3xxxy b MXnXnX5 c xXXyx3 d SX3xsx3
2x2x3x%x5 2X2x5x%5 2x7x3x%x5 2x3x3x5
3XxXx5xyx7T g mXmXmx8xn mXnx8Xn h EXsx8x1

2x7 x5 2%x2x3 8 2% m 3% sx2
3x X 5 X2y . mXmXmX8 Kk Mmx8n ] 6sx16
6x x 12 ) 2 % 3m 12 xm 36 x 8s
3 Write each of the following quotients as a product of two algebraic fractions.
x . X x . 3x xy 12y Xy x

a 275 b 1375 ¢ 2777 T

32 25 12 ° 2 2 7 2 1
4 Write each of these expressions as a single fraction in simplest form.
X X X 3x LAY x, 129z

a2 275 b 3% ¢ 277 d 3%

X% 36x 21x . 3x 15xz , 2V Xy 2y

¢ 12°s £ 973 g 2 27 h 5" +1s

. Sxyz 2y . 8n:_ mn 25mn . 2n 16st . 3t

1234 Ts ) 37Xy k52 73 1 3673

5 Solve each of the products from question 3.

Write each of these expressions as a single fraction in simplest form.

X, X X 25x  3x _ 4x x Y, Y z . 12yz

a 3%12%5 b Gy x5 xS € 3X7%3 d 5x—7x%
x2z 30y =z 7x . x . 3x x.2x X x? . 2x Y
2°75 %2 f 5x137% 8 27773 h T 1573

7 Simplify the following expressions.
2 2 2 2
x 3x mn 3&)
a (%) b<4> ¢ (5) d(z
3 3 3 3
ay XV a_bC>' (ﬁ)
e (5) f (2) <4 h {5
8 Find the LCD of each of the following groups of fractions.
X X X X X X 13x X

a gandg b mandg c Eandg d Wandg
3x Tx X X X X X X S5x 3x Tx

(S 73Hd§ f §,€andﬁ g E,%andﬁ h ?,E d?
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[ 382 9 Write each of these expressions as a single fraction in simplest form.

X, x x_x X, x x_x
a 17*s b 35-7 € 6%3 d $-10

2x |, X 3x x 4x | 3x Sa , 3a
¢ 33 58 & 57 h F+5
. a a . Sn, 13n a , a S5s  3s
i -3-3 b 3+75 k —5+3 I 5735

10 Find the sum of each group of fractions in question 8.
11 Find the product of each group of fractions in question 8.

12 Simplify each of these expressions using the most appropriate method.

o
-
o} X, 2%, X Sx, Xx_X 4x _5x _ 3x x2_x2
% a 375 7%3 b Gt € 3768 d5-3%
2 5p*  5p° 2 X2, &2 5 7 9 6x _S5x _4
2 PSP E G mn  Tmn  9mn 6x _ Sx _ 4x
2 ¢ 277 £ 2+7+% g8 3 t75 t77 BT
< 13 Fill in an algebraic expression in simplest form to make each of the following a true statement.
zZ
® x X 3x2 . _X x _Tx
> a X —77 b —=3 ¢ 2?—‘4 i
_Ix _ 17x x X x_ 0 _x
i d — -3 ° 12X 3 "uty 6 2
g 14 Write the perimeter of each shape as an algebraic expression in simplest form.
o
zZ 3a
= a - b c .
® T ‘ T s
= ::—.>£ 4= -
4
- g = SRR
3% mn
5 7
15 Simplify the following expressions.
XL x\? 2_b_é)3 2a\*, 3a* 2. (20
a ({5+3) b (3 2 ¢ (%) +3% d =5

i ion_n_Xx
16 Consider the equation > 4"

a Substitute m = x and n = x into the equation to verify if the equation is a true statement.

b Substitute m = 2x and n = 3x into the equation to verify if the equation is a true statement.

FON3TIVHO ‘ l

¢ Find another set of algebraic expressions for # and » that makes the equation a true statement.
b _ 10y

. . a o _
17 Consider the equation 5 + 33

a Substitute a = 4y and b = 4y into the equation to verify if the equation is a true statement.
b Substitute a = 2y and b = 7y into the equation to verify if the equation is a true statement.

¢ Find another set of algebraic expressions for a and b that makes the equation a true statement.

. . P z _ g
18 Consider the equation 373%%

a Substitute p = z and ¢ = z into the equation to verify if the equation is a true statement.

b Substitute p = 3z and g = 7z into the equation to verify if the equation is a true statement.

¢ Find another set of algebraic expressions for p and ¢ that makes the equation a true statement.

Check your Student obook pro for these digital resources and more: @

Interactive skillsheet Topic quiz
Algebraic fractions with 3B

numerical denominators
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ADVANCED

3C Algebraic fractions with
algebraic denominators

Learning intentions
By the end of this topic you will be able to ... @

Inter-year links
Year 7 3B Equivalent fractions
v multiply and divide algebraic fractions with algebraic Year 8

denominators Year 10

5E Dividing algebraic terms

2E Algebraic fractions
v add and subtract algebraic fractions with algebraic

denominators.

Simplifying algebraic fractions © rerconmentiaeo

e Algebraic fractions are fractions that contain at least one pronumeral. They can be simplified just like
any other fractions, by identifying common factors of the numerator and the denominator.

e The fastest way to simplify a fraction is to divide the numerator and the denominator by their highest
common factor (HCF).

2
For example, the HCF of 2x? and 4x is 2x, so to simplify 2x we divide the numerator and denominator

4x°
by 2x, as shown below.
+ 2x

2o

- X
4x 2
A

= Dx

This gives us %

I\/Iulhplymg and dividing algelbraic fractions

The product of two algebraic fractions is the product of the numerators over the product of the
denominators. For example,

3ab, 2 _3abx2

2 6b 2 x6b
_3xXaxbx2
T 2%x2x3xb

N[

e The quotient of two algebraic fractions is found by multiplying the fraction before the division sign by
the reciprocal of the fraction after the division sign. For example,

3 . 2x_3 %

8y 9y 8y 2x
_ 3x9y
T8y X 2x

_27
16x
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ADVANCED

Adding and subfracting algebraic fractions

e Adding and subtracting algebraic fractions is no different from adding and subtracting any other fractions.

1 Identify the lowest common denominator (LCD) by identifying the lowest common multiple (LCM)
of the denominators.

2 Write each fraction as an equivalent fraction with the L.CD.

3 The sum of the algebraic fractions with a common denominator is then found by adding the numerators.
1 ,6
+ =

For example, 1T x

x

The LCD ofﬁ and 6 is 4x, so:

1.,6_1_ 6.4
dx TXxTaxTx X7
_1 .24
_4x+4x
_1+24
4x

25

4x

Example 3C.1 Simplifying algebraic fractions with algebraic
denominators

Simplify each of these algebraic fractions.

Ta 8a’b
Tab 2a%b?
a 1 Look for factors common to both the a Ja _ Ta
Tab T7a'b

numerator and the denominator to
determine the highest common factor
(HCF).The HCF is 7a.
2 Divide both the numerator and the =
denominator by 7a.

S

b 8a’b _ 8xa’xb

b 1 Write the coefficients and pronumerals b 2 x X B

for each term in expanded form, without
expanding index form.

4 3
2 Divide each coefficient by the HCE = % X % X %
3 Apply the quotient of powers law to cancel =4 x a3 ?x %

out repeated pronumerals that appear in
both the numerator and denominator. Keep
the base and subtract the indices.
4 Simplify the numerator and the ===
denominator.
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Example 3C.2 Multiplying and dividing algebraic fractions with
algebraic denominators

Write each of these expressions as one fraction in simplest form.
3m? 12 b 3a% . 12a

2n? x m?n* 8b° b

2
a 1 Write the expression as a single fractionby  a 327;’142 X mlzi Z
multiplying the numerators together and
_ 3m?x 12

the denominators together. T3 x mint

2  Write the numerator and denominator _ 3x m*x12
2xnx m?>xnt

in expanded form without expanding

index form.
3 Rearrange the factors in the numerator and __ 3x12xm?
denominator in alphabetical order. 2x n*xntx m?
4 Rewrite the fraction as a product of a _3x12 1 % m?
2 n?x n*" m?

coefficient and two fractions, where one
fraction only contains the pronumeral
n, and one fraction only contains the
pronumeral .

5 Simplify each fraction using the HCE _ 1

=18 x 2+4

6 Apply the index law to simplify the answer. - 1_§

n
: : 3a® . 12a
b 1 Write the expression as a product of two b T
fractions. _3a’, b
8b° " 12a

2 Write the expression as a single fraction by __3a’xb
multiplying the numerators together and 8b% x 12a
the denominators together.

3 Write the numerator and denominator __3xa*xb
in expanded form without expanding 8xbix12xa
index form.

4 Rearrange the factors in the numerator and __3xa’xb
denominator in alphabetical order. 8 x 12 x ax b

5 Rewrite the fraction as a product of a _ 3 % a* % b

. . T 8x127a s

coefficient and two fractions, where one

fraction only contains the pronumeral

a, and one fraction only contains the

pronumeral b.
6 Simplify each fraction using the HCF and _ 1 1

’ =35 xXax-

the index law. 32 b

7 Write the answer as one fraction. __a
325*
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Example 3C.3 Adding and subtracting algebraic fractions with
algebraic denominators

Write each of these expressions as one fraction in simplest form.

1 4 3 1
D et b 5 6x

a 1 The LCM of 3x and x is 3x. So write each a L 4-1,4.3
. . . . 3x x 3x x 3
fraction as an equivalent fraction with an 1 12
LCD of 3x. ~3x T3
_1+12
2 Write the expression as a single fraction by 3x
adding the numerators. _13
3x
b 1 The LCM of 5x and 6x is 30x. So write b 3_1_3,6_ 1,5
. . . . Sx 6x 5x 6 6x 5
each fraction as an equivalent fraction with
an L.CD of 30x. _18 5
30x 30x
2 Write the expression as a single fraction by = %
subtracting the numerators. 13 X
~30x

) (o |

v/ 'Take care not to mix up the index laws and definitions.

Index law Example

— Across a multiplication sign, add indices.
Product of powers law | a° x g> =g°*3

Across a division sign, subtract indices.
Quotient of powers law | a° ~ g3 = ¢° 3

Power of a power law (@ =a>"3

_’
— Across brackets, multiply indices.
—

Zero index: o’ = 1
o J

A Exercise 3C Algebraic fractions with algebraic
denominators

1-4,5(a, c, e, g). 6(a.c), 7(a-c), 1-7(a-c), 8(1% column), 9, 10(a-d), 3-7(3" column), 8(2" column),
8(a, c), 10(a, b),11, 12-14(a-c), 11, 12-14(1* column), 17(b). 18 9(c. d), 10(e-h), 16-19
15,17(a)

3ca1 1 Simplify the following expressions.

kmn —16w 18ab 18a?
a kp b xw ¢ Tsac d 3a
6x%y 2a%bc 6x%y xy'?
¢ T f 8abd g 2xy h x4y®
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2 Simplify the following expressions.

Y n 25 S5 4
a 2><6x b 4n><6m c 6p><3p d 16s><253
3. P .1 no. 1 1.1
e x76 f 36,77 & 3 3m h S
3c.2 3 Worite each of these expressions as a single fraction in simplest form.
1,1 11 4,12
a3y %5y b o Xn ¢ 2% 7
Ty 122 x?  8x 21x  3x
d 5557 € 327725 SRRl
4 Write each of these expressions as a single fraction in simplest form.
Xy  x x . 12yz x2 . 36x
a 7 - 5 b y - 5 C T - yz
d 21p>  3p® e 25mn* . 2n ¢ 12 . ab
12 = 24¢? 12 " 3m? Sabc "~ 2c
5 Write each of these expressions as a single fraction in simplest form.
1.1 1 25 3,4 1.y, 1 x 2y 1
B 41> b 150 %50 X 5m € 2 XT7%2y d 5% 7 X%z
x’z 36V Tx XV . 3 g 228, Y X2 . 2x Y
12 7 5247 2x3 2yz " 12z 7 2x? 2x ~ Tyz " 3z 21yz ~ 15yz = 2xz
3c3 6 Worite each of these expressions as a single fraction in simplest form.
1.1 1.1 5.3 1 _2
a xtx b 3a+a ¢ 3a+5a d 3a 5Sa
5 .13 5.3 _1 12 __7 4
€ 13, 5 L PRI & "T2ab " ab b s T Tz
7 Simplify each of these expressions using the most appropriate method.
3,5 ,.1 5,7.,9 6x _ Sx _4x
a T 3m? * Sm? b 35t 55t T s ¢ 7y 6y 5y
22, 3 .5 4.12_ 5x S
d X qox X% CxTReTT b e i T
8 Fill in an algebraic expression in simplest form to make each of the following a true statement.
a 1 X - b 3x? __=z
dxy " — 5 4 T 2xy
1 -7 _7_17
€ 2t T dx d 4x — 4x
X = 3x 2 . X
€ 4 X = 5y2 f 33 — 2
X - __5 __1
€ 1y 4 ~24 b — T " Gmn = Zmin
9 Simplify the following expressions.
2
1 L)Z (A_Lf (L) _3 2;<ﬁ ’
a (12a * 24 b (3525 Sxy) T 25x%y d mn= (5,
10 Simplify each expression following the correct order of operations.
ab _4a _ 3b x 5 3x x4, x x , 7.3
273 %% b S+exs ¢ 3x3*3 d 3+3%7
x.5x 3 x 4wy 3y mn , 4m . 3n 3, 2x . 3x
€ 27% 5 f 2373 2 T3 %5 h Z+5+5

11 Eve completed a worksheet on algebra. Identify the errors in Eve’s working.
n _4n  2n_ n 1 _4n 1  2n 1
2m T7m  Sm  2m "~ 35 Tm "~ 10  Sm "~ 14
__n__ 4n n 2n
70m  70m  70m
_n—4n+2n
N 70m
__n
= 70m
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12 Find the LCD of each of the following groups of fractions.

1 x X y y x?
a @andg b yandy C m&l’ldg

x 1 . D SR U 1 11 1
d 3y’ 6x and 12x2 € TSmn’ 25m and 5n f 6xy° 20x2 and 5y?

13 Find the sum of each group of fractions in question 12.
14 Find the product of each group of fractions in question 12.
15 The area of a rectangle is 16xy.
a If the length is 8x, write an expression for the breadth of the rectangle.
b If the length of the rectangle is 16 m and vy is 5 m, calculate the breadth and the area of the rectangle using
the result from part a.
16 The area of a right-angled triangle is 6x2.
a If the base length is 4x, write an expression for the height of the triangle.
b If the height of the triangle is 12 c¢m, calculate the area and the base length of the triangle using the result
from part a.

17 Write each of these expressions as a single fraction.
a % + % + % b

18 Consider the rectangle below.

(SIS

ISIISY

>R

5x—2
— m

a Worite an expression for the area of the rectangle.

b Write an expression for the perimeter of the rectangle, expressed as just a single fraction.

mplify L+ 1,1 | o S

19 a Simplify o -Ta too i+ Das? single fraction in simplest form by filling in the missing terms.
_ 1t .1 _metD+@-DE+ D+
mn=1a na @m+1)a - (n—Dnn+ Da

_nin+nw-—1+n-n
(n—Dnn+ a
-1
T (n—-Dnn+ Da
b Choose an appropriate value of #z and use the conclusion from part a to simplify ﬁ +

1,1
42 * Tsa
¢ Verify your answer in part b by adding the algebraic fractions.

Check your Student obook pro for these digital resources and more: @

22 Interactive skillsheet Topic quiz
Algebraic fractions with 34C

algebraic denominators
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N1

3A [P

ENs

14

s

Els6

ac )

[ENES s

v | 30 [0

Simplify the expressions.

a —3a+6b—5a-8b+12a-5

b 9r—r+4t-6+52+2—1¢

c 7x>—4x*—3x+ 2+ 8x — 3x? — 5x°
d 7cd* - T7d?+ 2¢ — 8d* — 3d?c + 5d°
Simplify the expressions.

a Sax (=7b)

b —8ac x 3a x (—2bc)

45gh

20g

187%u
S54tu

Simplify the expressions.

a (—5a%0%?% x (—2a%b*)°

b Ga+2b-3a) - (2b-2a+1b)
c 2a® X 3bx 4dab x b*

d mn?x 3n = (4m x n?)

(Y

Simplify the following.

n . <m
a ;X

25xy 2y
2 5
Simplify the following.

Simplify the following.

2ab\’

a (%)
Simplify the following.

36b%

9abd

PqIZ

piq*
Simplify the following.
X%y . 36z
Z "2
Xy'? . 8x
32y " 5y3
Simplify the following.
¢ 25ab* . 2a

ab 12 3¢
49 .-9, 2P

2p p? o =7

a

C

a

OXFORD UNIVERSITY PRESS

ab . 3a
12°75
X . 2x
12 7
Sm _m
2 4
Sxyz  Sxyz
2 T4

60q _ 5pq

5 6
6x%yz

12xyz

6y%z

—2xy

21174; P>

29 1247
11n>< 3n
2m® " 2m3
12;<mﬁxl)
Smn =\ 2 N

7s 71> 12s?
5453 T8

@ Checkpoint quiz
Check your
knowledge of the first

part of this chapter.
v Core

v/ Advanced
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3D Expanding

Learning intentions @
By the end of this topic you will be able to ...

Inter-year links
Year 8 SF Expanding

v expand algebraic expressions of the form alb + c) Year 10 2D Expanding
v expand algebraic expressions of the form (a + b)(c + d.

The dlSTrlbUTlve |OW e Key content video

e A binomial is an expression containing two terms that are either added or subtracted.
For example, x — 7, 2x + y and x? + y? are all binomials.

e A trinomial is an expression containing three terms that are either added or subtracted. For example,
x — 7+ y, 2x* + 2y+ y and x*> + 2xy + y? are all trinomials.
e The distributive law is used to distribute or expand products over addition and subtraction.

a(b+c)=ab+ ac

AN

a(b+c+d) =ab+ac+ ad
Note: The distributive law only applies if the expression inside the brackets is not raised to the power
of any index (other than 1). For example, in a(b + ¢)?, (b + ¢)? needs to be expanded first to remove the
index before being multiplied to a.
e To expand algebraic expressions with one pair of brackets:
1 Multiply each term inside the brackets by the term outside the brackets.
2 Simplify the results by performing any multiplication, addition and subtraction.
e The distributive law for expanding over a binomial product is: (a + b)(¢c + d) = ac + ad + bc + bd

(@a+b)(c+d) =ac+ ad + bc + bd
2

e To expand binomial products:

1 Multiply each term inside the second pair of brackets, ¢ and d, by each term in the first pair of
brackets, a and b.

2 Simplify the results by performing any multiplication, addition and subtraction.
e Where possible, expanded expressions should be simplified.

e The distributive law for expanding a binomial product can be derived by treating the first binomial as a
single term and then applying the distributive law for expanding over one pair of brackets.

(a+b)(c+d) =(a+bc+ (a+bd
=c(a+b) +d(a+b)

™

=ca + cb+ da + db

=ac+ad + bc + bd
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Example 3D.1 Expanding over one pair of brackets

Expand and simplify each expression using the distributive law.
a —503a+28) b —-3a(5a-4b+ 3¢)

a 1 Multiply each term inside the a —5(3:1 +48) =-5x%x3a+ (-5 x8
brackets by the term outside
the brackets.
2 Simplify the results by performing =—-15a-40
the multiplications. Take care with
+ and — signs when simplifying. : /é:f: = * o
b 1 Multiply each term inside the b —-3a(5a—-4b+ 3¢) =-3a x 5a + (-3a) x (-4b) +
brackets by the term outside the (=3a) x (3¢)
brackets. Enclose negative terms in
brackets to avoid errors.
2 Simplify the results by performing =—15a%+ 12ab — 9ac
the multiplications. Remember the
product of two negative numbers
gives a positive number.

Example 3D.2 Expanding binomial products =
Expand each algebraic expression to remove the brackets.
a (a+9)(b+2) b (x+4)(x-06)
7 TN
a 1 Multiply each term inside the a (a+9)b+2)=axb+ax2+9xb+9x2
second pair of brackets, b and 2,
by the first term in the first pair of
brackets, a, and then the second
term in the first pair of brackets, 9.
2 Simplify each term. =ab+2a+9b+ 18
,/— N N\
b 1 Multiply each term inside the b (x+4)(x—-6)=xxx+xX(-6)+4xx+4Xx(-6)
second pair of brackets, x and —6, A
by the first term in the first pair of
brackets, x, and then the second
term in the first pair of brackets, 4.
2 Simplify each term. =x>—6x+4x—24
3 Simplify any like terms. =x?-2x-24
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o

v/ When multiplying by a negative term, use brackets for clarity.

For example: —7p(3g — 4) = —=7p x 3q + (=7p) x (—4)

Simplify, simplify, simplify!

‘FOIL (First terms, Outer terms, Inner terms, Last terms).

(s E O, L. L.

(a+ b)(c+d) =ac+ ad+ bc+ bd

Inner/ Last

Note: This rule only works for expressions of the form (a + 6) (¢ + d).

Show all your working to avoid arithmetical errors and to ensure all signs are correct.

After expanding expressions containing brackets, always simplify your results by looking for like terms.

A good way of remembering which terms to multiply when expanding a binomial product is to memorise

€1 Exercise 3D Expanding

ADNINTd ANV ONIANVLSIIANN |

f 1(1¢ column), 2, 3-4(1¢, 2" column),

2-8(2™ column), 11-16,

5-8(1¢, 2™ columns), 9-15,17, 19, 21 18,20, 24

4(b, d, f), 5-8(2" column),
11,15,16,22-25

3p1 1

3D.2 6

Expand each algebraic expression to remove the brackets.

a 4(a+3) b 7(b+5)
d 5d-1) e 6(4+e
g 3(@+4) h -8 -75)
i —-52-) k k(p+6)
m 6(3m + k) n n(2p + 4q)

Expand and simplify each algebraic expression.
a 2(2ab+ 4bc + 6ac) b -3(xy+x+y)

d a*(a®? - b*+ 2ab) e —%(41)(] —16p + 32q>
Expand and simplify each algebraic expression.

a 3(x+2)+8x b 11+5(p-1)

d -70-y)+4y+3 e Sk+2+4(h—-k)
Expand and simplify each algebraic expression.

a 2(x+5) +3(kx—-06) b 8k-3)+5k+4)
d x(x+1)+3(x+4) e mim+2)+3(m+2)

Expand and simplify each expression.

a 3a(4z+5) b 8b(7 + 5y)
d -5d(4w +5) e —6e(8v—-9)
g 4g2g—71) h —-6h(5r—7h)

Expand each algebraic expression to remove the brackets.
a (a+3)(b+4) b (c+2)(d+7)
d G-9¢*k-5) e C2a+7)(b+3)

98 — OXFORD MATHS 9 NSW CURRICULUM

3(c—-2)
-2(f+8)
—4(x-9)
a(b—4)
x(x — 7y)

—(m?* — n*+ 2m*n?)
dabc(4b + 2a + 8¢)
8

alb+4) —2a

m(m — 6) — m?

3p+7) -4G5-p)

f y0-5-20-5)

2¢(7 — 3x)
—10e(4t + 3u)
34/(4ik + 55k)

(m+5m+1)
(5¢+2)(3d—4)
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7 Expand each algebraic expression to remove the brackets.

a (a+2)(a+3) b (x+5(x+10) c (d+4)(d-6)

d (w+3)(v-28) e (k-7(k+9 f (m—-6)(m+3)

g (Ge—-2)(e—4) h (7a-8)Ba-1) i BGy-5Cy-1
8 Expand each algebraic expression to remove the brackets.

a G-ak+4 b (x+6)(3-x c (c+3)(5-40

d (11d-9¢)(4d - 6¢e) e (6p+ 59 (8q—"7p) f (x+2)(x-3)+3x*-8x+5

g (C+x) +x) h (Ax*+7)(12-5x%) i +2)x+3)+x+Dx+5)
9 Expand each algebraic expression to remove the brackets.

a (a+3)(a-3) b (b+2)(b-2) c (c+5)(c-5)

d Gp-8)Bp+38) e (-DM+1) f (k+m)(k—m)

10 Describe the pattern or shortcut you can see in question 9. What is special about the two binomial factors that
are multiplied together?

11 The pattern you observed in question 10 is known as the difference of two squares. This rule can be written as:
(a+b)a—b)=a>-0
a Why do you think the rule is called the difference of two squares?
b Does it matter whether the productis (a + b)(a — b) or (a — b)(a + b)? Explain.
¢ Use the rule (or shortcut) to expand each algebraic expression.
i (x-2)(x+2) i 0+90Ww-9) iii (m + 6)(m — 6)
iv (3d - 10)(3d + 10) v (m+n)(m—n) vi B+x)(3—-x)
12 a Use the difference of two squares expansion rule to expand (100 + 3)(100 — 3).
b Use your answer to work out the result for 103 x 97.
¢ Work out the result for each product without using a calculator.

i 102 x98 ii 95 x 105
iii 1001 x 999 iv 994 x 1006
13 Expand each algebraic expression to remove the brackets and simplify.
a (a+2)(a+2) b Gb+7)bB+7) c (c+dD(c+4)
d Gp-5@GBp-5) e (-1 -1) f (m+n)y(m+n)

14 Describe the pattern or shortcut you can see in question 13. What is special about the two binomial factors that
are multiplied together?

15 The pattern you observed in question 14 is known as the expansion of a perfect square. This rule can be
written as: (a + b)? = a*> + 2ab + b*.
a Why do you think the rule is called the expansion of a perfect square?
b Use the rule (or shortcut) to expand each algebraic expression.
i (x+3)? ii (v+6)° ili (m + 2)?
iv (4b+ 11)2 v (m+ n)? vi (5+x)?
¢ Is (a— b)*>=a*>— 2ab + b* also an expansion of a perfect square? Explain.
d Expand each algebraic expression.

i (a-2)? ii (b—4) iii (¢ - 7)?
iv (Sw — 6)? v (k-p)? vi (3 —x)?
16 Expand each algebraic expression.
a 2x(Bw-5x+ 7y—42) b (Ba+5b-6)2x+ 3y)
c (x+3y+6)2x+y+3) d (x+2)(*+6x+7)
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17 The area of the large rectangle in this diagram can be determined in two ways:

Area of large rectangle = length X total breadth

Area of large rectangle = area of rectangle 1 + area of rectangle 2

= length x breadth 1 + length x breadth 2

For each diagram below:

i

ii

3

2

write an expression for the area of the large rectangle by

multiplying the length by the total breadth

write an expression for the area of the large rectangle by adding
the area of rectangle 1 and rectangle 2.

7

rectangle 1

rectangle 2

b

X

2

breadth

rectangle 1

rectangle 2

length 1
length 2
5
rectangle 1
(x+2)

rectangle 2

¢ Use the rectangle below to explain how a(b + ¢) can be expanded to obtain ab + ac.

a

b

rectangle 1

4

rectangle 2

b+

18 The area of the largest rectangle in this diagram can be determined in two ways:

Area of largest rectangle = total length X total breadth

T

total length

Area of largest rectangle = area of rectangle 1 + area of rectangle 2 + area of rectangle 3 + area of rectangle 4
= breadth 1 x length 1 + breadth 2 x length 1 + breadth 1 x length 2

For each diagram below:

i

breadth 1

breadth 2

+ breadth 2 x length 2

length 1

length 2

rectangle 1

rectangle 3

rectangle 2

rectangle 4

<«———total length ——>

total breadth

write an expression for the area of the large rectangle by multiplying the total length by the total breadth

ii write an expression for the area of the large rectangle by adding the area of rectangle 1, rectangle 2,

Ul

o

rectangle 3 and rectangle 4.

6

4

rectangle 1

rectangle 3

rectangle 2

rectangle 4

a

b

rectangle 1

rectangle 3

rectangle 2

rectangle 4

(a+b)

(c+d)
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b

k

2

m| rectangle 1

rectangle 3

[SN]

rectangle 2

rectangle 4

(m + 3)

(k+2)
¢ Use this rectangle to explain how (a + b) (¢ + d) can be expanded to obtain ac + ad + bc + bd.
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19 Which of the following is not equivalent to 3(x + 2)(x + 8)?
A Bx+6)(x+8) B (x+2)(3x+24) C 3(x*+ 10x + 16)
D 3x?+ 30x + 48 E (GBx+6)(3x+24)

20 a For the rectangle on the right, write the area as a product of two factors. }

b Expand the expression to remove brackets.

. = +8 cm
¢ When x = 3, calculate the area using your answer to:

s

i parta ii partb. il

d Compare your answers in part ¢. How does this show that you have expanded the (2x +5) cm

area expression correctly?
21 For each of the following rectangles:
i write the area as a binomial product

ii expand the binomial product to remove brackets

iii calculate the area when x = 5.

C (2x—1) cm

A
Y

(x +2) cm

22 A rectangular trampoline is 6 m long and 4 m wide. Safety matting that is p metres wide is to be placed around
the perimeter of the trampoline.

a Draw a labelled diagram of the top of the trampoline and the matting around it.
b Write an expression for:

i the total length of the trampoline and matting

ii the total breadth of the trampoline and matting.

¢ Write an expression for the total area taken up by the trampoline and matting. Simplify the expression by
expanding to remove any brackets.

d Worite an expression for the area of the matting only.
e If p = 2, calculate the area taken up by:
i the trampoline ii the trampoline and matting iii the matting.
23 Expand and simplify each expression.
a (10y—-17)? b x*(x*—x?) c (®=50*+5)
d (°+ 3y)? e a(@+4)-a(a+9a) f x5y (vt + 2w)
24 Show that the expression (a — b)? + (¢ — d)? is equivalent to (b — a)* + (d — ¢)*.
25 A rectangular piece of paper is x cm long and y cm wide. The paper is torn along a line ~—ycm—+
parallel to its breadth, forming a square of side length y cm, and another rectangle.

a Worite the dimensions of the newly formed square and rectangle. ycm

b Prove that the area of the original rectangle is the same as the total area of l '
the two new shapes.

Check your Student obook pro for these digital resources and more:

Interactive Interactive Worksheet Investigation Topic quiz
skillsheet skillsheet Expanding It's a mystery 3D

Expanding over Expanding
one pair of binomial products
brackets
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ADVANCED

3E Factorising using the HCF

Learning intentions @ Inter-year links
By the end of this topic you will be able to ... Year 7 2D Factors and the highest
v find the HCF of two or more algebraic terms common factor

Year 8 5G Factorising

v/ factorise algebraic expressions by taking out the HCF

v factorise algebraic expressions by grouping terms. Year10  2F Factorising

Factorising terms © <o contentviee

e Factorising an algebraic expression is the opposite to expanding an expanding —— >

algebraic expression. T(a+2)=Ta+ 14
<«———  factorising
e An expression is in simplest factorised form if all the terms inside the

brackets have no common factors. 2x? — 6x = 2x(x— 3)

e An expression is in expanded form if it has no brackets and is simplified. = expanded form  factorised form

The highest common factor (HCF)
of an expression

e The highest common factor (HCF) of two or more algebraic terms is the ‘highest’ or ‘largest’
combination of coefficients, pronumerals and algebraic expressions that are factors of every term.

e The HCF of an expression can have numerical and

pronumeral terms. Algebraic expressions HCF
e The HCF can be a binomial factor. X+ 7x X
e To identify the HCF of an expression: 6m + 12mn + 8mp 2m

1 Find the HCF of the coefficients. 15a%bc + 9a’c 3a’c

2 Find the HCF of the pronumerals. x(x—1)+2(x—-1) (x—1)

3 Multiply the factors from steps 1 and 2, and then simplify.

Factorising algebraic expressions

e o factorise an expression:
1 Identify the HCF of the expression. Ta 1
. . . . . Ta+ 14 =7 &7 + &
2 Write the HCF in front of the brackets. Inside the brackets, divide each 7! Vi

7
term in the original expression by the HCE B
/(a+ 2)

3 Simplify the bracketed expression.

Factorising by grouping terms

e To factorise an expression with four terms by grouping:
1 Identify pairs of terms wi mmon factors. Gr ir ;o
dentify pairs of te : s with co 0 ac.:t'o s. G oup.thepa S o 2x— 3x— 6 = x(x + 2) — 3(x + 2)
of terms, remembering to move the positive or negative sign

with the term. =(x+2)(x-3)
Factorise each pair of terms by dividing out the HCE

3 Factorise using the binomial factor and simplify the expression.
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ADVANCED

Example 3E.1 Identifying the HCF

Find the highest common factor (HCF) of each pair of terms.

a 24 and 84 b a’b and b%ac

a 1 Write the prime factorisation for each
number.

2 Multiply the common factors to find
the HCE

b 1 Write each term in expanded form.

2 Multiply the common factors to find
the HCE

¢ 1 Find the HCF of the coefficients.
The negative sign can be represented using
the factor ‘-1°.
Find the HCF of the pronumerals.

Multiply the common factors to find the
HCE Simplify the product.

c 12x?y? and —18x%y

a 24=2x2x2x3
84 =2x2x3x7

HCF=2x2x3
=12
b a’b=axaxbd

blac=bxbxaxc

HCF=axb
=ab

¢ The HCF of 12 and —18 is 6.

The HCF of x?y? and x>y is x2y.
The HCF of 12x2y® and —18x3y is 6x2y.

Example 3E.2 Factorising algebraic expressions

Factorise each expression.
a 6a+ 18 b x?-7x

a 1 Identify the HCE
2 Write the HCF in front of the brackets.
Inside the brackets, divide each term
by the HCE
3 Simplify the bracketed expression.
b 1 Identify the HCE
2 Write the HCF in front of the brackets.
Inside the brackets, divide each term
by the HCE
3 Simplify the bracketed expression.
Use the index laws to help you.
c¢ 1 Identify the HCE

2  Write the HCF in front of the brackets.
Inside the brackets, divide each term
by the HCE

3 Simplify the bracketed expression.
Use the index laws to help you.

OXFORD UNIVERSITY PRESS

c 10&%m? + 15k*m

a HCF=6
6a+18:6<%+%)

=6(a+3)
b HCF=x
x2—7x:x<x72—%>

=x(? ' =7x1h
=x(x—7)
¢ HCF = 5k*m
10~%m? + 15k*m
_ ey (Y0°RPm? 15‘k2m>
=Sk m( 5km | 5'Em
= 5R*m(Q2k32m?~ ' + 3k 2m!' )
= 5k*m(2km + 3)
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ADVANCED

Example 3E.3 Factorising using an HCF that is a binomial factor
Factorise each expression.
a yx+3)+7(x+3) b 4kQ2 —-m)—-512 — m)
a 1 Identify the HCE It is the a HCF=(x+3)
binomial factor of (x + 3). ( ST 3
. . _ Y(xA43)! xA43)!
2  Write the HCF in front of the Yx+3)+7(x+3)=(x+3) ( 3 + 3 )

brackets. Inside the brackets,
divide each term by the HCE

3 Simplify the bracketed =x+3)@+7)
expression.
b 1 Identify the HCE It is the b HCF =2 -m)
binomial factor of (2 — m). K 55 3
. . 4k(2—m 2 —m
2  Write the HCF in front of the 42 —m)=5Q2 -m) = (2 —m) ( o () )

brackets. Inside the brackets,
divide each term by the HCE

3 Simplify the bracketed =Q2-m)y(dk-5)
expression.

Example 3E.4 Factorising by grouping terms

Factorise xy + 2x + 3y + 6 by grouping terms.

1 Check for an HCF of all four xy+2x+3y+6=(xy+2x)+3By+6)
terms. Group the terms in pairs HCEF of xy and 2x is x.
and identify the HCF for each pair. HCF of 3y and 6 is 3.

2 Factorise each pair of terms by xy+2x+3y+6=x(y+2)+ 3@y +2)
dividing out the HCE

3 Factorise using the binomial =(+2)(x+3)
factor of (y + 2). Simplify the
expression.

a
v/ When looking for the highest common factor, remember to consider any coefficients and all pronumerals.

v/ The divisibility rules can help you to find the HCE Recall that a number is:
— divisible by 2, if the number is even
— divisible by 3, if the number’s digits add to a multiple of 3
— divisible by 5, if the number ends in 0 or 5.
v/ The great thing about factorising is that you can always check your answer by expanding the brackets!

7
2x-16=2(x—-8) = 2x— 16

. 4
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EH Exercise 3E Factorising using the HCF

1-4(1¢, 2" columns), 5, 6, 2-4(3 column), 5-6(e-h), 4(g-i), 7-10(2", 3 columns),
7-10(1%, 2" columns), 11,12, 15, 7-10(2", 3 columns), 13-16, 15,16,19-25
16(a, b), 17 18,20, 21,24

3E1 1

3E2 5

3E3 9

Find the highest common factor (HCF) of each pair of terms.

a 4and 28 b 6and 10 c¢ 15and35

d d4?and 3d e 2e¢and 2k f 3and -6

g 12and -8 h 9%4and —154? i 24x*and 36x

Find the HCF of each pair of terms.

a bcand cd b 2xyand 2y ¢ 18mnand —9m

d abcd and bdf e 8xyand 28y f 6k%*and —10%

g pand 11p? h 45aband —40cd i 3pgand6p

Factorise each expression using the HCFs from question 2.

a bc+ cd b 2xy+ 2y c 18mn —9m

d abcd + bdf e 8xy+ 28y f 6k*— 10k

g p+11p? h 45ab— 40cd i 3pg+6p

Find the HCEF of each pair of terms.

a a*andd’ b 5b°and 387 c 16¢° and -2¢

d 6d‘z” and 64°2° e 7¢%° and 14¢7y8 f -20/x'? and 6f3x°

g —2g%and —2gh’ h 12k’ and —18°k® i OylzB and —x!ly’z10

Factorise each expression.

a 10x+5 b 3y-21 c 8k+12 d 15-6d

e 28x+ 21y f 20n-50 g x*v+ 3xy* h w’m? - 9n’m

Factorise each expression.

a 20ab - 5b b 8d + 8cde c 15x + 10x d 4k - 22k

e 30n— 18n% f 16a°>+a g 21— 14h h 6p+ 6p?

Factorise each expression. Remember to use the index laws to help you simplify.

a 24m® + 16m* b 21¢°r? + 35¢%¢ c 15t%2 =587

d 120d° + 6c4d* e Tellf3-7f3 £ 3052k + 2747k

g ab? + b’Pd* h Smpqg-3np°¢ i 'y’ + vwxt?

Factorise each expression by factoring out a negative HCE Remember that —5mn = —1 X 5 X m X n.

a —5mn— 10n b —14xy — 7x c —6¢+ 6¢d

d -a>-3a e —4k -2k f —-8x?+ 8x

g —12-3xy h —-16m— 10m? i —9x%y + 18xy

Factorise each expression.

a x(w+4)+2(w+4) b yx-1)+7(x-1) c ala+6)—3(a+6)

d p(5-n)+8(5 —-n) e 3k(4—-k)-54-k) f 2x(3x—4)+93x—-4)

g 4gCg+ 1)+ (2g+1) h 2h8n-d)— 8n—-4d i 3a(7x + 6y) + 2b(7x + 6Y)
34 10 Factorise each expression by grouping terms.

a ab+ 5b+4a+ 20 b xyv—6x+7y—42 c mn+4m—2n—-8

d y»+3y+5y+15 e kR—Tk+2k—14 f 6x+ 18+ x%+ 3x

g a#—T7a-2a+ 14 h p>+5p—-2p—-10 i 62—2¢+9-3
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11 Explain the difference between expanding an expression and factorising an expression.
12 a Write an expression in factorised form for the perimeter of each rectangular shape.

i (2x+ 1) em > ii (x> + 3) cm

(4x — 3) cm
A
b Calculate the perimeter of each rectangle when x = 5.
13 Write an expression for the missing side length of each rectangular object, given the area shown.
a areca of rugis (8x + 20) m? b area of stained glass panel is (m? + 15m) cm?

m cm

)

T o s
R

%20
2

13 Kl

S

R

i
SR

S
&

" ¥y,
PN,
A RN

14 Write an expression for the perimeter of each item in question 13 in factorised form.
15 Expressions with more than two terms can be factorised in the same way as those with two terms. For example,
to factorise 8a + 1256 — 6¢ write the HCE, 2, in front of the brackets and divide each term inside the brackets by

the HCE So, 2 ( 5 + === 126 @> = 2(4a + 6b — 3¢). Factorise each expression.

2 2
a 27x—-9y+ 15z b 45p-50q9-5
c 4 —20:+ 405 — 60k d &+a*+a?
e 18b3¢c° — 36b%c* + 24b3¢° £ 84r2® + 7r3t7 + 49r%H + 14r°18

16 We can take fractions out as a factor so that all terms in the brackets no longer involve fractions. For example:
g a+ Sb ma +2 b

_é(160a><6+—bx6)

= E(IOa + 5b)

_5(10%a 5
_6( 3 +5)

-3
= 6(2a +b).

Factorise each expression.

5 3 9 3 15 7
a §x+§y b §g+§h Cc 2p+—q d gm—

N[,
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17 A rectangle has an area of (10x — x?) mm?.
a Worite the area in factorised form.
b List possible expressions for the length and breadth of the rectangle.
¢ Suggest values for the length and breadth of three different rectangles that have the given area.
18 A triangle has an area of (21x — 3x?) cm?.
a List possible expressions for the height and base length of the triangle.
b Suggest numerical values for the height and base length of three different triangles that have the given area.
19 A square-based prism has a volume of (9x> + 45x2) cm? and a height of (x + 5) cm. Determine the length of
the square base of the prism in terms of x.
20 Consider the expression x* + 3x — 4x — 12.
a Factorise the expression by grouping the first two terms together, and the last two terms together.
b Perform the factorisation again by grouping the first and third terms together, and the second and fourth
terms together.
¢ Compare your answers to parts a and b.
21 A number is represented by the pronumeral 7.
a Worite down the next two consecutive numbers in terms of 7.
b Write the sum of these three consecutive numbers.
¢ Factorise your expression from part b. Explain the answer.
d Investigate to see whether the same outcome results from the sum of three consecutive even numbers.
22 In question 21, an odd number (three) of consecutive numbers were added together. Investigate to see the

outcome when an even number of consecutive numbers are added together. Write a factorised expression for
the sum of 10 consecutive numbers, where the first number is 7.

23 Completely factorise each expression.
a x(v+5) —@By+15) b p(2¢—3)—-29+3 c 2(@*-3a)+ (9-3a)

24 A circle of radius r cm fits within a square as shown in the diagram. Write a factorised expression for the area
of the square not covered by the circle. Leave your answer in terms of » and 7.

25 It is possible to take any term or expression as a factor of another expression by dividing it out. For example, to
take 7 out as a factor of 3x + 5, write the 7 in front of the brackets; inside the brackets, divide each term by 7.

So0,3x + 5 = 7(%+§).

7
a 'Take 5 out as a factor of 9x + 17. b Take 12 out as a factor of 12x? + 3x + 6.
¢ Take x out as a factor of 3x? + 5xy + y. d Take x + 2 outas a factor of 7(x + 2)? + 5(x + 2) + 9.

Check your Student obook pro for these digital resources and more:

@3 Interactive - Interactive Worksheet Investigation Topic quiz
skillsheet skillsheet Factorising Surface area of a 3E
Factorising using Factorising by soft drink can
the HCF grouping terms
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3F Factorising monic quadratic
expressions

Learning intentions @

Inter-year links

By the end of this topic you will be able to ... Year 7 2D Factors and the highest common
v’ factorise monic quadratic trinomials factor
v factorise quadratic trinomials by first taking out a Year 8 56 Factorising

common factor. Year 10 2G Factorising quadratic expressions

QUCIdI’CI'I'IC Trlnomlqls e Key content video

e A quadratic expression is an algebraic expression that contains a squared pronumeral, with no index
greater than 2 in the expression.
For example, 672, x> + 5, k> + 14k + 30, and 45> — a? are all quadratic expressions.

e A quadratic trinomial is an expression of the form ax? + bx + ¢, where a, b and ¢ are constants.

ax? + bx + ¢
— ax’ is the leading term
— bx is the linear term
— c¢is the constant term

e Many quadratic trinomials can be factorised to produce a binomial product.

expanding

xX*+4dx+3=((x+1)(x+3)

quadratic trinomial binomial product
expanded form factorised form
factorising

>
s

Factorising monic quadratics of the form x2 + bx + ¢

e A monic quadratic trinomial is a quadratic trinomial in which the leading coefficient is equal to 1.
X2+ bx + ¢
e Expanding a binomial product of the form (x + m) (x + n), where m and 7 are constants, gives a
quadratic trinomial of the form x? + bx + c.

&+ m)x+ n) =x(x+m) + nlx + m)
= x? + mx + nx + mn
=x%+ (m + mx + mn
=x+bx+c
where b =m + nand ¢ = m X n
e The process can be reversed to factorise quadratic trinomials of the form x> + bx + ¢, by finding two
numbers (m and 7) that add to give b and multiply to give c.

For example, x>+ 4x+3=x>+ 3+ Dx+ (3 x 1)
=(x+3)x+1)
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Example 3F.1 Finding the numbers for a given product and sum

Identify which two numbers add to give the first number and multiply to give the second number.

a sum: 5, product: 6 b sum: -2, product: —8 ¢ sum: 1, product: —6

a 1 List the factor pairs of 6. Remember that
if the positive/negative sign is changed for
both factors then the product will be the
same, so there are two combinations of
factor pairs with the same numerals.

2 Add the factor pairs together and
determine which pair adds to 5.

b 1 List the factor pairs of —8. Remember
that a negative multiplied by a positive is a
negative, so there are two combinations of
factor pairs with the same numerals.

2 Add the factor pairs together and
determine which pair adds to —2.

c 1 List the factor pairs of —6. Remember
that a negative multiplied by a positive is a
negative, so there are two combinations of
factor pairs with the same numerals.

2 Add the factor pairs together and
determine which pair adds to 1.

a 1x6=6>1+6=7
—-1x(-6)=6—>—-1+(-6)=-7

2xXx3=6—>2+3=5
-2x(-3)=6—>-2+(-3)=-5

The numbers are 2 and 3.

b -1x8=-8-5-1+8=7
1x(-8)=-8—>1+(-8)=-7
2x4=-8>5-2+4=2
2% (-4) =852+ (-4)=-2

The numbers are 2 and —4.
c -1x6=-6—>-1+6=5
1x(-6)=-8—>1+(-6)=-5

3x2=-8—>3-3+2=-1
3x(-2)=-8—-3+(-2)=1

The numbers are 3 and —2.

Example 3F.2 Factorising simple quadratic trinomials

Factorise the quadratic trinomial x* + 7x + 10.

1 List the factor pairs of the constant term, 10.
Remember that if the positive/negative sign is
changed for both factors then the product will
be the same, so there are two combinations of
factor pairs with the same numerals.

2 Add the factor pairs together and identify
which pair adds to the linear coefficient, 7.

3 Worite the expression in factorised form.

4 Check your result by expanding.

OXFORD UNIVERSITY PRESS

1x10=10—->1+10=11
-1x(-10)=10—>-1+(-10)=-11
2x5=10>2+5=7
-2x (=5 =10>-2+(-5=-7

The numbers are 2 and 5.
x2+10x+7=(x+2)(x+5)

Check: (x +2)(x + 5) =x*+ 2x + 5x + 10
=x?+7x+ 10
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Example 3F.3 Factorising more complex quadratic tfrinomials (+ and -)

Factorise each quadratic trinomial.

a m*+2m-3 b x*—-7x-8
1 List the factor pairs of the constant term. a I1x(-3))=-3-51+(-3)=-2
Remember that if the signs for both factors are -1x3=-3—>5-1+3=2

changed at the same time then the product will 12 + 2; — 3 = (m + 3)(m — 1)
be the same, so there are two combinations of

) ) Check: im+3)(m—1)=m?*>—m+3m—3
factor pairs with the same numerals.

=m?>+2m-3

2 Add the factors in each pair together and b 1x(-8)=-8—>1+ (-8 =-7
identify which pair adds to the linear term. -1x8=-8—>-1+8=7

2x(-4)=-8->2+ (-4 =-2

3 Worite the expression in factorised form.
2%xX4=-8>-2+{4)=2

4 Check your result by expanding. X2—T7x—-8=(x—8)(x+1)
Check: (x = 8)(x+ 1) =x?+x—8x— 8
=x>-T7x-8

Example 3F.4 Factorising quadratfic frinomials by first taking out
a common factor

Factorise by first taking out a common factor.

a 2x?—14x+ 12 b —x?+4x-3
1 If the coefficient of x? is not 1, check for a a 2x2—14x+12=2(x*—"7x+6)
common factor of the three terms. Write I1x6=6—>1+6="7
the HCF in front of the brackets. Inside the —-1x-6=6—>—-1+(-6)=-7
brackets, divide each term by the HCE 2X3=6—2+3=5
A common factor can be —1. —2x-3=6->-2+(-3)=-5

2(x*—=7x+6)=2(x—6)(x—1)
Check:2(x = 6)(x — 1) =2(x*—x — 6x + 6)

=2(x*—"7x+6)
3 Add the factor pairs together and identify —ox?— 14x + 12

2 Factorise the expression inside the brackets.
List the factor pairs of the constant term.

which pair adds to the linear term.
p b —x?+4x—-3=—-(>-4x>+3)

4 Write the expression in factorised form. 1x3=3—531+3=4
5 Check your result by expanding. “1x-3=3->5-1+(-3)=-4
—(x?=4x+3)=—(x-3)(x—-1)
Check:—(x - 3)(x—1)=—=(x>—x—3x+ 3)
=—(x*—4x+3)
=—x*+4x-3
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\

The order of the binomial products doesn’t matter. This is because of the commutative law for
multiplication. For example: 2 X3 =3 x 2and (x — 2)(x+3)=(x+3)(x — 2)

The order of the terms in a quadratic trinomial does not change the value of the expression. This is
because of the commutative law for addition. For example: x? + 6x + 8 = 6x + 8 + x> = 8 + x” + 6x

Always look for the HCF of the three terms before factorising. You might get lucky and find that it makes
factorising easier.

You can check your factorisation of the binomial products by expanding the brackets!
X +4x+3=(+1)(x+3)
N

=x2+3x+x+3
=x’+4x+3
You don’t always need to consider all the factor pairs of the constant term, ¢, to factorise a quadratic of
the form x? + bx + c.
If the constant term, ¢, is positive, then both factors will have the same sign. So:
— if b is positive, then both factors will be positive

— if b is negative, then both factors will be negative.

/

M Exercise 3F Factorising monic quadratfic expressions

1-3(1+, 2" columns), 4,
5-6(1+, 2" columns), 7-13,
16(a-d), 18

4,6-11,13,14,16(b, e, g. h, i), Q a¢c. i, 1),6¢c.£i.1),7-11,14,15,
18.19.21(a. c. d.f) 16(d. g. h.i). 17.20, 21(b, c. d. . i). 22, 23

3k1 1

3F2 4

Identify which two numbers add to give the first number and multiply to give the second number.

a Sum: 5, product: 4 b Sum: 6, product: 8 ¢ Sum: 13, product: 22
d Sum: 9, product: 20 e Sum: 10, product: 24 f Sum: 7, product: 12
g Sum: 13, product: 42 h Sum: 12, product: 35 i Sum: 8, product: 16
Identify which two numbers add to give the first number and multiply to give the second number.

a Sum: 2, product: -8 b Sum: -1, product: -6 ¢ Sum: -8, product: 12
d Sum: 3, product: —10 e Sum: -8, product: -9 f Sum: -5, product: 6
g Sum: 5, product: —6 h Sum: -6, product: —27 i Sum: —12, product: 11
Use your results from question 1 to factorise each of these quadratic trinomials.

a x*+5x+4 b x*+6x+38 c x*+ 13x+ 22

d x*+9x+ 20 e x>+ 10x+ 24 f x*+7x+12

g x?+ 13x+42 h x*+ 12x+ 35 i x¥*+8x+16
Factorise each quadratic trinomial.

a a?+4a+3 b 0*+9+ 14

c +7c+6 d d%+10d+ 21

e 2+8e+7 f f2+8f+15

g £+ 11g+28 h 72+ 13h+ 36

i x?+9x+ 18 j 72+ 145+ 45

k R+ 11k + 30 1 >+ 13y +40
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5 Use your results from question 2 to factorise each of these quadratic trinomials.

a x’+2x—38 b x¥>’-x-6 c x>—8x+ 12

d x*+3x-10 e x>’—-8 -9 f x¥>’-5x+6

g xX*+5x-6 h x?-6x-27 i - 12x+ 11

3k3 6 Factorise each quadratic trinomial.

a a*+2a-3 b »¥-2b-15 c -5¢+4

d &+5d-14 e &—10e+ 24 f f~-3f-10

g g2+g-12 h »#-8h+15 i x¥*-5x-24

i 7#—-10/+16 k & +3k-18 1 y»—y-2

3k4 7 Factorise each quadratic trinomial by first taking out a common factor.
a 3x*+9%x+6 b 2x*+ 16x+ 30 c 5x*+15x-20
d —4x*—-20x - 24 e —6x2+ 36x— 30 f —x?—-2x+35
8 Factorise each quadratic trinomial by first taking out a common factor.
a ax’+ 8ax + 12a b bx?>—11bx + 28b ¢ 10cx? = 10cx — 300c¢
d —2dx* + 34dx-120d e p*x* + 13p°x + 30p? f ¢@x*+ 15gx? + 44x%°
9 Factorise each quadratic expression.
a x?-6x+9 b x*+0x-9 c x*—6x+0
10 Factorise each quadratic expression.
a x*-25 b x?— 10x + 25 c x*—25x
d x*+ 14x + 49 e x?—49x f x*-49
11 Factorise each quadratic by first reordering and simplifying the terms of each expression.

a 21+ 10a+ a? b 26-35+0° c 3c+c?-18

d 48 +2d - 4 e —24-10e—¢ f 10f-f*-16

g 10g+70+g>+7¢g+2 h -24+5+r-19-3A i 50-20x—x*+ 7x—86

12 a Determine all the non-negative integers (including zero) that can be substituted into the constant term of
x? + 6x + D so that it can be factorised. Write both the expanded and factorised forms for each possible
value.

b Determine all the positive integers up to 40 that can be substituted into the constant term of x> + 6x — D
so that it can be factorised. Write both the expanded and factorised form for each possible value.

¢ When the coefficient of x is positive, how can you tell if the factors are both positive or if one is positive and
one negative?

13 a Determine all the positive integers that can be substituted into the constant term of x? — 6x + D so that it
can be factorised. Write both the expanded and factorised forms for each possible value.

b Determine all the non-negative (including zero) integers up to 40 that can be substituted into the constant
term of x> — 6x — | |so that it can be factorised. Write both the expanded and factorised form for each
possible value.

¢ When the coefficient of x is negative, how can you tell if the factors are both negative or if one is positive
and one negative?

14 a Determine all the positive integers that can be substituted into the x term of x? + Dx + 64 so that it can be
factorised. Write both the expanded and factorised forms for each possible value.

b Determine all the positive integers that can be substituted into the x term of x> — Dx + 64 so that it can be
factorised. Write both the expanded and factorised forms for each possible value.

¢  When the constant term is positive:

i how can you tell if the factors need to be positive or negative

ii is the coefficient of x the sum or difference of the positive values of the factors?
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15 a Determine all the non-negative integers (including zero) that can be substituted into the x term of
x2 —| |x — 64 so that it can be factorised. Write both the expanded and factorised forms for each
possible value.

b Determine all the non-negative integers (including zero) that can be substituted into the x term of
x2+| |x — 64 so that it can be factorised. Write both the expanded and factorised forms for each
possible value.

¢ When the constant term is negative:

i how can you tell which factor must be positive and which must be negative
ii is the coefficient of x the sum or difference of the positive values of the factors?

16 Use the expansion of a perfect square rule, (a + b)? = a®> + 2ab + b and (a — b)? = a®> — 2ab + b , to completely
factorise each quadratic trinomial as a perfect square.

a x*+8x+ 16 b > — 10y + 25 c +20+1
d (22)?%?-12z2+9 e 9w’ + 42w + 49 f 3W¥-12h+ 12
g —k*—-18k-381 h f2+2fg+ g i (5p)?—40pq + (49)*

17 The following quadratic trinomials cannot be factorised as perfect squares.
i X¥*+6x-9 ii x*+6x+9 iii x>+ 3x+9 iv x>+ 6x+ 3
a Describe how you can check if a quadratic trinomial is a perfect square.
b State why each of the above quadratic trinomials are not perfect squares.
18 A rectangle has an area of x> + 9x + 18 and a breadth of x + 3.

Area = x> + 9x + 18 x+3

a Determine the expression of the length of the rectangle.
b Worite the area of the rectangle as a product of its length and breadth.
¢ If x = 2 m, calculate the area using:
i the product of the length and breadth
ii the expression x> + 9x + 18.
19 a Write an expression for the missing side length for each rectangular object.
i area within frame is (x*> + 7x — 18) cm? ii area of billboard is (9y? — 16) m?

By —4) cm

Find the value of x that gives an area of 152 ¢cm? for part i.
Find the value of y that gives an area of 425 m? for part ii.
Determine the positive value of x and y such that the area of the rectangular objects is zero.

o o6 o

Substitute x = 1 and y = 1 into the length, breadth and area expression and state why they are not
appropriate for the items.
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20 Two friends, Melissa and Lena, want to renovate their square-shaped xm
backyards by adding a full-length rectangular porch and planting a
rectangular section of grass with garden beds on either side. Both
friends want to have the same breadth for their porches and their garden

beds but have different-sized backyards, so they decide to use algebra
to determine the area of grass that they need for both. They’ve already
decided on the breadth of their porches, and have narrowed down the xm

grass

area of grass to four options:
i (¥*-5x+6)m?
ii («*—7x + 10) m? porch
iii (x> —4x + 4) m?
iv (x*—6x+ 8) m?

a Factorise each quadratic expression.

b Consider the factors of each equation and relate them
to the possible side lengths of the grass. Judging from
Melissa and Lena’s four options, what is the breadth of
Melissa and Lena’s porches?

¢ Lena also suggested the grass areas (x> — x — 6) m? and
(x* + x — 6) m?. Explain why Melissa said these areas
wouldn’t be possible.

d Melissa and Lena decide to have 2 m of space either
side of the lawn for their garden beds. Which quadratic
expression did they decide on?

e If Melissa’s backyard is 6 m by 6 m, determine what area
of grass she will plant.

f If Lena’s backyard is 7.5 m by 7.5 m, determine what area of grass she will plant.
g Determine how much area Melissa and LLena will each have for planting flowers.
21 Factorise each quadratic expression.

a (3x)%+503x) — 14 b (11x)%+ 2(11x) — 80 ¢ (5x)2—12(5x) + 32
d (x+2)2+3(x+2)-4 e (x—4)2-11(x-4) + 30 f (x-9)?%+14(x-9) + 45
g (Bx)>—(3x) —42 h (2x)>+ 7(2x) — 30 i (8x)?+32(2x) — 48

22 Fully factorise each expression.
a (x)?-13x*+ 36 b (x*)?-12x* - 64 c (x®)?+ 24x*-25
23 We can factorise quadratic trinomials by splitting the linear term once we have determined the two factors and
then using grouping. For example, two numbers that add to 7 and multiply to 12 are 3 and 4 so:
X2+ 7x+12=x*+3x+4x+ 12
=x(x+3)+4x+3)
=x+3Dx+4
Factorise each of the following by splitting the linear term and using grouping.
a x*’+5x+4 b x*+6x+8 c x>+ 13x+22

d x*+3x-10 e x>—8x-9 f x*-5x+6

Check your Student obook pro for these digital resources and more:

S Interactive skillsheet Worksheet Topic quiz
Factorising quadratic Factorising quadratic 3F

expressions expressions

114 — OXFORD MATHS 9 NSW CURRICULUM OXFORD UNIVERSITY PRESS



Chapter summary

Simplifying

¢ Like terms can be added and subtracted
by adding and subtracting their
coefficients.

a’b + 2a°b = 1a?b + 2a%b
= 3a%b

3a°b X (—2a%b*) =3 x (=2) xa**?x b *?
= —6a°b’

e Products and quotients of algebraic
terms can be simplified using the HCF
and the index laws.

12abc _ 3 X4 XaxbXc
9b T 3x3xb

_FX4AdxXaXhXc
FX3Xb

dac
3

Multiplying and dividing algebraic fractions
*  Product: product of the numerators over the
product of the denominators.

¢ Quotient: multiply the first fraction by the
reciprocal of the fraction after the division

Adding and subtracting algebraic fractions

1 Write each fraction as an equivalent fraction
with the LCD.

2 The sum or difference of the algebraic
fractions with a common denominator is then
found by adding or subtracting the numerators.

sign.
3x y 2x — 3x X 2x 3x - 2x = 3x « 9 )
ST TS50 = ™ X4 X _3x, 2x X_X_3x_2x
29 2x9 2 9 2 16 12712 476 127 12
x2 —3xx9 _3x+2x _3x—2x
=35 2 X 2x ) 12
_27 SRE -
=3 12 12
Expanding Factorising quadratic trinomials

»  Use the distributive law to expand brackets
a(b+c¢) =ab+ ac

(a+b)(c+d) =ac+ ad+ bc + bd
7

Factorising using the HCF
factorising

2x? — 6x = 2x(x — 3)

expanded form factorised form

<
<

expanding

Factorising by grouping terms

X+ 2x=3x—6=x(x+2)-3(x+2)
=x+2)(x-3)

To factorise a quadratic trinomial of the
form x? + bx + c:

* find two numbers that add to give b and multiply
to give ¢
x+m&+mn =xx+m + nlx + m
=x% + mx + nx + mn
=x2+ (m+ mwx+ mn
=x2+bx+c¢
where b =m + nand ¢ = m x n

e substitute those two numbers into the binomial
product factorised form.

factorising

x2+4x+3:(x+i)(x+3)

binomial product
factorised form

quadratic trinomial
expanded form

<

expanding
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Assess your Test your knowledge of this

knowledge of this topic by working individually
chapter. or in teams.
Mathematical literacy review v Core
v/ Advanced
The following key terms are used in this chapter:
e algebraic fraction e difference of two e FOIL ° monic quadratic
* algebraic expression squares * highest common trinomial
e binomial e distributive law factor (HCF) e pronumeral
+ binomial product e expanded form e index form e quadratic expression
e coefficient e expand e leading term ° term
e constant e expression e like terms e trinomial
e factorising e linear term e variable

1 Complete the following sentences using words from the list of key terms.

a An algebraic expression contains one or more

A has only two terms and a has three terms.
b A has three terms and the leading coefficient of the x? term is 1.
c is the strategy used to expand the product of two
expressions.
d is the opposite process to expanding. The first step is to identify if there is a
e An is a fraction with a in the numerator or in the

denominator or both.

2 For the expression 9x2 — 6x + 12, match the following in the left-hand column with a key term in the
right-hand column.

a 12 I leading coefficient
b 9xxxux II  constant
c -6 III linear term
d x IV quadratic expression
e 9 V  highest common factor
f 9x*—6x+12 VI expanded form
g —6x VII variable / pronumeral
h 3 VIII coefficient
3 State which of the following I-VI are used in the equations below. There may be more than one option.
a 4(x*-2)=4x>-8 I  expanding
b % " % _ % II distributive law
III FOIL

c b+ D&x-2)=x*-x-2 o
IV factorising
3x%y _ x? o
6y’ = 2y? V  dividing by the HCF

e x?—10x+24=(x—-6)(x—4)

VI none of the above
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Multiple choice
EN 1 Which is not a like term to 4ab®?

A 3abbb B 4ba’ C -4ba D 2bab’ E %4
EN2 Ifx=-3andy=2,then —5y3?is equal to:
A -360 B 360 C -540 D 540 E -9000
El 3 What does % X %b = f—g equal?
N LE T T
EJ 4 What does 1—962 + % equal?
A 1z B 18 c DL E 2
I EJ 5 Which expression shows ?gzzi in simplified form?
EMES 6 What does 1x_22x X 9;_3) = % equal?
2 2 2 2
A g B 3 C iy D 5 E 37
EIEJd 7 What does % + ﬁ equal?
ZLmn B % c 373;172 D ﬁ E m%nz
El 8 Which expression is equivalent to 8 — 2(3 — 5¢)?
A 18 - 30g B 10g+2 C 10g+ 10 D 2-10g E 10-10g
EJ 9 Which expression is not equivalent to (3x + 4)(2y — 5)?
A 2y(Bx+4)-50Bx+4) B 6xy - 20
C 6xy—15x+ 8y — 20 D 3xx2y+3xx (-5 +4x2y+4x (=5
E 3x2y—5) +4Q2y-5)
E2J 10 Which expression cannot be expanded using the difference of two squares rule?
A (x+6)(x—6) B (7-p)(7+p) C 2x=-7(Q2x+7)
D (g+9)(—q+9) E (d+5)(d-2)
EZJ 11 Which statement is incorrect?
A (d+3)d-7)=d?+4d-21 B -3(b+5)=-3b-15
C m—-4(m+4)=m>-16 D (2b6+5)(36—-2) =6+ 11b-10
E (e—6)2=¢&—12¢+ 36
Y E# 12 When fully factorised, the expression 9x? — 3x3 factorises to:
A 3(3x*-x% B 3x?(3 —x) C x*(9 -3x)
D 3x(3x —x?) E —3x(x*-3x)
=Y E# 13 Which of the following is not a factor of 12x%y — 24xy??
A x? B 12xy C 12 D 6y E 3x
IEY E# 14 The expression 3x — 2 is not a factor of which expression?
A 24xy+ 15x— 18y — 10 B 6(3x-2) —y(3x—2) C 3x(5y+9) - 2(5vy+9)
D 21x- 14 E 3x-2
I E# 15 The expression 2 + 3t — 18 factorises to:
A (t+90@-2) B (t-6)(+3) C (t+6)(r-3)
D (¢t-9)(@+2) E (¢t+50-2)
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Y EHl 16 When fully factorised, the expression 3y — 33y + 84 factorises to:

A30b-7Nb-4 B By-7By-4) C BGy-2D00-4
D 3(v+7)(v+4) E (-7)(3y-12)
=Y E#l 17 Which of the following is not equivalent to b*> — 8b + 16?
A (b-4)? B (4-10)? C (b-44-b)
D 4-b)4-b) E b0b-4)0b-4)
Short answer
EN 1 Simplify each expression.
a 151—7t+ 8t b a-7p-11p+ 12a
¢ 3k+5km—Tk— 15+ 2k — 4km d  6m?n — 2m? + Tnm? + 11n% — dmn? — 3m?
EN 2 Simplify each expression.
a 4dxy x 1lxyz b 9mnp x 2m*p X 4n?
c 15de =+ (18d) d 11kimn + (=22kIm)
EJ 3 Simplify each of these expressions.
EJ 4 Simplify each of these expressions.
EEMES 5 Simplify each of these expressions.
M ES 6 Simplify each of these expressions.
a %+§ b %—% c %—%+é—3 d 2ip+4ip_6%b
EJ 7 Expand each product.
a 4(z—-7) b -8(5-3y) ¢ Sx(7 - 6w)
d w+3)¢-4) e (57r+6)(8—3v) 9p + 119)(7m — 3m)
EJl 8 Expand and simplify each expression to remove the brackets.
a 5(a+2)-3(7-a b (b-11)(b+2) c (Bc—2)(4c-5)
d (d+w)(d-w) e (6+¢)? f—9)?
EJ 9 Expand and simplify each product.
a x*(x>—x2) b vz - 2?) c (x5 =)+ 1Y)

Y E3 10 Factorise each expression.
a 4a-24
c 7d8-d)-4@8-4d
Y E3 11 Factorise each expression.
a 6z -5z
c —36r%%u’ — 96+71%u3
Y E3 12 Factorise each expression.
a 24x*(x*+2) — 8x(x*+ 2)
Y E& 13 Factorise each quadratic trinomial.
a a’+6a+5 b -
EY E& 14 Factorise each quadratic trinomial.
a 154 8x+«x?

c 32x-2x*-120

7b+ 12
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b r+@+35+0+q9k-3)

b 36pg® + 144pq
d Se+ 15¢+ 2+ 6f

b 9d*y + 15dx?
d &b d3 + a®b’Pd’ + a*b>edd’

c 4x*+ 16x —6x— 24

c Z+4c-21 d d>-16d- 36

b 60 + 20x — 5x?
d 240 - 6x — 3x?
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Y EJ 15 Factorise each quadratic expression.
a 98 — 2x? b 16y? + 64x2 c x?—10x+ 25 d 9x?—36x

Analysis

1 Malak and Samara are investigating how to quickly add the positive integers from 1 to #:

1,2,3,4,5,..,n

2 _
Malak finds the expression %n(n + 1) and Samara finds the expression (n+1) 5 (n + 1), a
which will give the sum of the integers from 1 to 4, if n = 4. Visually, the first four positive 3
integers can be represented using bars. 1 2

a Fully expand both of Malak’s and Samara’s expressions to show that they are equivalent.
b Calculate the sum of the first five positive integers:

i by manually computingthesum 1 +2+3+4+5

ii by using one of the expressions.

¢ Calculate the sum of the first 100 positive integers.

Malak decides to investigate the sum of the first # positive even numbers:
2,4,6,8,10,...,n

Malak finds the expression 72 + 7, which will give the sum of the positive
even numbers from 2 to 8, if n = 4. Visually, the first four even numbers 3| 3

can be represented using double bars. 212

d Calculate the sum of the first 100 positive even numbers.

e Describe the connection between the sum of the first n positive even
numbers and the sum of the first 7 positive integers.

Samara decides to investigate the sum of the first z square

numbers: 1,4,9, 16, 25,...,n

Samara finds the expression %(n2 + n)(2n + 1), which will give the
sum of the square numbers from 1 to 16, if » = 4. Visually, the first 4 4alala
four square numbers can be represented using squares 3133

of bars. 1

f Fully expand é(n2 +n)2n+ 1).

g Calculate the sum of the first five square numbers:
i by manually computing thesum 1 +4 + 9 + 16 + 25
ii by using one of the expressions.

h Calculate the sum of the first 100 square numbers.

2 The following diagrams show different tile patterns made by adding rectangular tiles of breadth x cm around a

central tile.

In this pattern, the first tile is a square of side length 1 c¢m, and the area of Figure 1 is 4. In Figure 2, each

added rectangle has length (x + 1) cm and a breadth of x cm. The area of Figure 2 is A4,

a Complete the following table with algebraic expressions for the overall side length of each new pattern, the
area A as a square of the side length and A4 expanded into quadratic expression form. Identify the pattern
to complete the table for Figure 4.

Figure Side length (cm) A = (Side length)’ A = ax’+bx +c
1 (1)? 1
4x? +4x+ 1

B W[ -
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x
—x—
x T x
. A
1 1
1 1 i 1
x l x
Al
Figure 1 x
AZ
Figure 2
A3
Figure 3

b By looking for a pattern in the coefficient of x in the side length, determine the side length for Figure 10.
¢ Write a general expression for the side length of Figure » and its area, A , in factored form.
d For Figure 3, write an expression for the remaining area if the original square is removed.

In a similar pattern, the original shape with area A, is a rectangle of length 2 cm and breadth 1 cm. In
Figure 2, the added rectangles have lengths (x + 1) cm or (x + 2) cm and each has a breadth of x cm.

X
I x+ 2 {
X I x
+
2 2 2
1 1 i 1
X l X
Al
Figure 1 4
AZ
Figure 2
A3
Figure 3

e Complete the following table with algebraic expressions for the breadth and length of each new pattern, the
area A as the product of the two side lengths, and 4 expanded into quadratic expression form. Identify the
pattern to complete the table for Figure 4.

Figure Length and breadth A =length X breadth A = ax’+bx +c
1 2and 1 2x1 2
2
3
4

By looking for a pattern in the coefficient of x in the table, determine the length and breadth for Figure 10.
Write a general expression for the side length of Figure » and its area, 4 , in factored form.

= - T

What difference do you notice between your answers for part ¢ and part g? Explain why.
If the original rectangle was 4 cm x 5 cm, write down the area in factored form and quadratic expression

e

form for Figure 6 in the pattern.
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3 Sara Lee wants to transport her apple pies in a Styrofoam box. She finds that the internal volume of the large
Styrofoam can be calculated using IV = 30x2 + 600x cm?® and the apple pie box is a square prism of height
5cm. Sara wants the apple pie boxes to fit exactly with no wasted space.

a The height of the Styrofoam box is a positive integer and the dimensions of the base involve x. Use
factorisation to work out all the possible dimensions of the inside of the box.
b Sara can stack six apple pie boxes on top of each other in the Styrofoam box. Determine which dimensions
from part a are correct.
Sara now needs to calculate the full outside volume of the box. The thickness of the Styrofoam is 2 cm and the
lid is a piece of Styrofoam which is the same size as the base of the box and is also 2 cm thick.
¢ Worite down the external dimensions of the box in
terms of x.
d Write down an expression for calculating the
external volume in factored form.
e Expand your answer to part d as a quadratic
trinomial.
Sara has an order for 72 pies and they fit exactly in
one Styrofoam box using three rows of four pies in
each layer.
f Determine the dimensions of each apple pie box.
g What is the value for x in this case?
h Use your value for x and your equation in part d
to find the external volume of the Styrofoam box.

Chapter checklist
Now that you have completed this chapter, reflect on your ability to do the following.

I can do this I need to review this

D Simplify algebraic terms involving addition and subtraction D Go back to Topic 3A

[ ] Simplify algebraic terms involving multiplication and division Simplifying

D Multiply and divide algebraic fractions with numerical D Go back to Topic 3B
denominators Algebraic fractions with

[ ] Addand subtract algebraic fractions with numerical numerical denominators
denominators

D Multiply and divide algebraic fractions with algebraic D Go back to Topic 3C
denominators Algebraic fractions with

[ ] Add and subtract algebraic fractions with algebraic denominators algebraic denominators

D Expand algebraic expressions of the form a(b + ¢) D Go back to Topic 3D

D Expand algebraic expressions of the form (a + 6)(c + d) Expanding

[ ] Find the HCF of two or more algebraic terms [ ] Go back to Topic 3E

D Factorise algebraic expressions by taking out the HCF Factorising using the HCF

D Factorise algebraic expressions by grouping terms

D Factorise monic quadratic trinomials D Go back to Topic 3F

[ | Factorise quadratic trinomials by first taking out a common Factorising monic quadratic
factor expressions
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ADV

ADV

Index

4A Solving linear equations

4B Solving linear inequalities

4C Plotting linear relationships

4D Gradient and intercepts

4E Sketching linear graphs

4F Determining linear equations

4G Direct variation

4H Midpoint and length of a line segment
41 Parallel and perpendicular lines

Prerequisite skills

@ Diagnostic pre-test
Take the diagnostic pre-test to assess your knowledge of the

prerequisite skills listed below.

@ Interactive skillsheets
After completing the diagnostic pre-test, brush up on your knowledge

of the prerequisite skills by using the interactive skillsheets.

v’ Number lines

v’ Order of operations

v Expanding over one pair of brackets
v’ The Cartesian plane

v’ Plotting graphs

Curriculum links

e Solves linear equations of up to 3 steps, limited to
one algebraic fraction (MA5-EQU-C-01)

e Determines the midpoint, gradient and length of an
interval, and graph linear relationships, with and
without digital tools (MA5-LIN-C-01)

e Graphs and interprets linear relationships using the
gradient/slope-intercept form (MA5-LIN-C-02)

¢ Identifies and solves problems involving direct
and inverse variation and their graphical
representations (MA5-RAT-P-01)

e Solves monic quadratic equations, linear
inequalities and cubic equations of the form ax® = k
(MA5-EQU-P-01)

— Solve linear inequalities and graph their
solutions on a number line

© NESA
Materials

v/ Calculator
v Graph paper
v Ruler



4A Solving linear equations

Learning intentions @

Inter-year links

By the end of this topic you will be able to ... Year 7 6H Solving equations using inverse
v solve linear equations using inverse operations operations
v solve linear equations with the unknown on both sides using vl ek seliing ceuations sl e

. . unknown on both sides
Inverse operations.

Year 10  4A Solving linear equations

LlﬂeCIr eq UOTIOHS e Key content video

e An equation is a mathematical statement that shows equivalence equals symbol
between the expression on the left-hand side (LHS) and the l
right-hand side (RHS) of the equation. 3n + 10,=40
e An equation may contain one or more pronumerals / ¥<
(such as x, v, a or b) that represent values, sometimes referred to left-hand side of  right-hand side of
as unknowns. If the pronumeral represents an unknown that can equation (LHS) equation (RHS)

have more than one value, then it is called a variable.
e A linear equation is an equation containing only pronumerals that are raised to a power of 1 and no
two such pronumerals are multiplied together.

Linear equations | Non-linear equations
y=x y=x?
n_ mn —
i 2 1 2
2a-3b=10 a*+6b=0

Solving linear equations using inverse operations

e A solution is a value for an unknown that makes the Operation Inverse operation
equation a true statement. +3 _3
e To check whether a value is a solution to an equation, _3 +3
substitute that value into the equation to see whether it <3 3
makes a true statement. -
=3 x 3

e Jo solve equations using inverse operations, identify
and apply the inverse operation(s) required to reverse the operation(s)
and isolate the unknown on the LHS of the equation (x = ...).

— For equations involving more than one operation, inverse operations /m
must be performed in the reverse order to BIDMAS. B ID l \/ ‘ A S

— A useful shorthand is to put the inverse operation in brackets to the
right of the equation for each line of working out.

— To solve an equation in which the unknown appears on both sides of the equation, use inverse
operations to eliminate the pronumeral term from one side of the equation, then solve the equation
using inverse operations.

For example, 4x—-2 =3x+ 1 (- 3x)
x-2=1 (+ 2)
x = 3.
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Example 4A.1 Solving two-step equations using inverse operations @

Solve the following equations using inverse operations.

a§—5:7 b 10=-2(x+6)

a Identify and apply the inverse operations to both sides of a

X .
=-5=7 +5
the equation in the reverse order of BIDMAS, and then 3 S
write the solution to the equation. % =12 (x3)
x =36
b Divide both sides by —2, remembering that the sign b 10==2x+6) (= (-2)
changes when you multiply or divide by a negative 5=x+6 (- 6)
number. Subtract 6 from both sides. Note that —11 = x x=-11

is the same as x = —11.

Example 4A.2 Solving three-step equations using inverse operations @

Solve:

_7x _ -x—4 _
a 12—2 9 b 3 = 1l

a Identify and apply the inverse operations to both sides of a 15— Tx _ 9 (+9)
the equation in the reverse order to BIDMAS, and then 2

write the solution to the equation. 21 = 7?96 (x 2)
42 =7x (=7
x=6
b Identify and apply the inverse operations to both sides of b x-4 1 (<3
the equation in the reverse order to BIDMAS, then write 3 )
the solution to the equation. Note that —x = 7 is not the —-x—-4=3 (+4)
solution, as the —x has a coefficient of —1. —x=7 (= (1))
x=-=7
Example 4A.3 Solving equations with the unknown on both sides 0@3
Solve each equation for x.
a 4x+7=2x-3 b 3Q2x+1)=-17—-4x
a 1 Eliminate the pronumeral term from one side of the a 4x+7=2x-3 (-2x)
equation by subtracting the pronumeral with the
smaller coefficient, 2x, from both sides of the equation.
2 Solve the equation using inverse operations. 2x+7=-3 7
2x =-10 (+2)
x=-5
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b 1 Remove the brackets by expanding the expression b 3Qx+1)=-17-4x
on the left-hand side of the equation.

2 Eliminate the negative pronumeral term by adding 6x+3=-17-4x (+ 4x)
4x to both sides of the equation.
3 Solve the equation using inverse operations. 10x +3 =-17 -3
10x = =20 (= 10)
x=-2

) (o |

v/ Writing the inverse operation beside the appropriate line of working out is a great . )
way to keep track of your calculations! 3 5=7 (+5)

v/ Remember that you have to apply the inverse operation to both sides of the equation.

v Remember to define your pronumerals before writing equations to represent the variables in worded
problems. For example, let 7 = number of eggs in a carton or let = = weight of eggs (grams).
Note: ‘n = eggs in a carton’ would not be correct, as a pronumeral must always represent a quantity.
Similarly, ‘w = weight of eggs’ would not be correct because it doesn’t specify a unit of measurement.

[ /

A Exercise 4A Solving linear equations

ADN3INTd ANV ONIANVLISIIANN |

/\ 1-6,7(a,c.1.0).8-14 |:| 2-13,15,16,18 Q 2-5,7(e-h),9.11-13,16-18

aa1 1 Solve the following equations using inverse operations.

_ x+3 _ X 5 _ 2x _
a 4x+5=29 b > =4 c 7 2=7 d 5—4
e —2(x+6)=28 f —17=-3x-5 g 9=%+6 h xg4:—1
i —20=4(x-2) i —5x+1=16 Kk ‘73":—18 1 3+7=4
aa2 2 Solve the following equations using inverse operations.
a x4, b X i1=7 cwzzo d 4(x+3)-2=30
e xg2—3:0 £ 1:%+23 g 3:% h —5(x+2)-7=3
i 2=2048) i —16=4(5-0+4 k 6=X-4 1 23352
3 Verify if x = —2 is a solution to the following equations using substitution.

x—2 _ x—4 _ 3x _ Sx+1 _

a 7 =1 b 3 +11=9 c 3 1.9=-34 d—3 =-3

4 a Solve 5(x — 2) = 20 by first dividing both sides by 5.

b Another way to solve this equation is first to expand the expression on the left-hand side. Try this method.
Do you obtain the same solution?

¢ Solve 5(x — 2) = 18 by first dividing both sides by 5.
d Solve 5(x — 2) = 18 by first expanding the expression on the left side.
Which method did you find easier to use when solving 5(x — 2) = 18? Explain.
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4A3 6

Solve the following equations using the appropriate method from question 4. Where relevant, write the solution
as an improper fraction.

a 4x-1)=8 b 3(x+7)=-6 c 2(x—-3)=5

d 5(x+4)=8 e —4(x+2)=-24 f -6(x-2)=1
Solve each equation for x.

a 6x+5=4x+9 b 3x—-11=x+3 c 3x—-8=6x-5 d -15-2x=4x+3

e 3x+7=-3-2x f 9x—-4=10x-11 g 10—-x=7x-22 h —5x-5=11-«x
Solve each equation for x. Use substitution to check that your solution is correct.

a 3(x—2)=8x-1 b 2x—-1=5kx-2) c 2B8x—4)=5x-1 d -3(-2x-1)=-18 —x
e 4x+3)=5x+1) f 5x+9)=-3x-7) g -6(1-x)=3(x—-8 h —-6(x+1)=-10(x—-3)
Trent is sharing a bag of jellybeans equally with three of his friends and finds that there are two left over.
Consider the number of jellybeans that each person receives, including Trent, if there were 34 jellybeans

in the bag.

a Define a pronumeral to represent the unknown quantity in this problem.
b Use this pronumeral to write an equation to represent the problem.

¢ Solve the equation using inverse operations.

d How many jellybeans did each person receive?

Lily is saving to buy a pair of sneakers that cost $395. She is able to save
$70 per month. If she currently has $115, consider the number of months it

will take for Lily to buy the shoes.

a Define a pronumeral to represent the unknown quantity in the problem.
b Use this pronumeral to write an equation to represent the problem.

¢ Solve the equation using inverse operations.

d In how many months can Lily buy the shoes?

10 For each problem, set up an equation and solve it using inverse operations.

11 Nylah and Josh have the same amount of money.

a Darnell buys three model planes online for a total cost of $590, which
includes the delivery charge of $35. What is the cost of each model
plane?

b Emma and Maggie score a total of 35 goals in a basketball match.
Maggie scores seven more goals than Emma. How many goals did
Emma score?

¢ The perimeter of a rectangular playing field is 100 m. If the length is
12 m longer than the breadth, what are the dimensions of the playing
field?

d The cost of hiring a party venue is $500. There is a $26 per person charge for food. If Kasey has a budget
of $2700 for the party, what is the maximum number of people that can attend?

Nylah buys seven sushi rolls and has $1.50 left over.
Josh buys four sushi rolls and has $12 left over.

a If x represents the cost of one sushi roll ($),
which equation fits this situation?

A 7x+ 150 =4x+ 12
B 7x+15=4x+ 12
C 7x-15=4x-12
D 7x—-150=4x—-12
E 7x+12=4x+1.5

b Solve the equation to find the cost of one sushi roll.
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12 The length, /, of a rectangle is twice its breadth, b.
a Worite an expression for the perimeter, P, of the rectangle in terms of /.
b If the perimeter of the rectangle is 60 m, find the breadth of the rectangle.

13 Violetta cooked sausages for the school sausage sizzle. Each
sausage was placed in bread with tomato sauce. Twenty of these
were sold with mustard. Half of those left were sold with fried
onions. If there were 18 sausages sold with fried onions, how
many sausages did Violetta cook?

14 One angle in a triangle is 30°. The second angle is twice the size
of the third angle in the triangle. Find the size of the largest angle.

15 The sum of three consecutive integers is 13 more than the

smallest of the three numbers. Identify the three numbers using
algebra.

16 The linear equations you have dealt with have sometimes been equal. That is, for a particular value of the
pronumeral, the left- and right-hand sides are equal. The linear equations 2x + 5 = 2x + 5,3x + 5 = 3x + 5 and
3x + 6 = 3x + 6 are equal for all values of x. That is, regardless of the value of x, the equations are always equal.
The linear equations 2x + 5 = 2x + 6, 3x + 5 = 3x + 6 and 3x + 4 = 3x + 6 are equal for no value of x. That is,
regardless of the value of x, the equations are never equal.

a For each of the following, determine whether the equation is always, sometimes or never equal.

i 2x+5+43x=1+5x+4 ii 7x-2+4=3x+4x-6 ili 2x+3x—-5=6x-9

iv 15-12x=-34x+5) v 4(6x+ 10) =8(3x+5) vi 43 —-4x) +x=4-35x-3)
b When are the two sides of a linear equation with one pronumeral equal?
¢ In which cases are the two sides of a linear equation with one pronumeral never equal?

17 A truck driver travels a total of 650 km at a constant
speed for a particular trip.

a Define two pronumerals for the unknown quantities
in this problem.

b Use these pronumerals to write an equation to
represent the problem.

¢ If the truck driver had increased their speed by 20
km/h, write an expression to represent the distance
they would have covered in the same time with the
two pronumerals defined in part a.

d If the truck driver travelled 850 km at the new speed
in the same time, how long has the driver been on
the road?

e What is the new speed?

18 A factory worker made 440 identical parts at a constant speed for a particular shift. If the factory worker had
decreased their speed by 10 parts/h, they would have made 40 fewer parts in the same shift. How many parts
was the worker making in an hour originally?

Check your Student obook pro for these digital resources and more: @
43 Interactive skillsheet 5 Interactive skillsheet Worksheet Topic quiz
Solving equations using Solving equations with Solving linear equations LA
inverse operations the unknown on both
sides
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4B Solving linear inequalities

Learning intentions @

Inter-year links

By the end of this topic you will be able to ... Year 7 6H Solving equations using inverse
v/ represent linear inequalities using a number line operations
v solve linear inequalities using inverse operations. Year 8 6C Solving equations with the

unknown on both sides

Year 10 4B Solving linear inequalities

Lineor inequoliTieS e Key content video

e An inequality is a mathematical statement that compares the values of two unequal expressions.
Inequalities are written using inequality signs, like the ones shown in the table below.

Inequality sign Meaning Example Meaning of example
#* ‘is not equal to’ x#2 x is not equal to 2
< ‘is less than’ x<?2 x is less than 2
> ‘is greater than’ x> 2 x is greater than 2
< ‘is less than or equal to’ x<2 x is less than or equal to 2
> ‘is greater than or equal to’ x=2 x is greater than or equal to 2

e A linear inequality is an inequality containing pronumerals only raised to the power of 1 and no two
pronumerals are multiplied together.

e
|:| equals |:|

Representing linear inequalities on a number line

e Inequalities involving a single variable can be represented on a number line, using rays and line

segments to represent all of the values that satisfy the inequality (see the table on the next page).

On a number line:

— a line or line segment indicates that all the values the line passes through are included in the possible
range of values for the variable

— aray (arrowed line) indicates that the possible values for the variable have no limit and continue to
positive or negative infinity in the direction indicated

— a closed circle (solid dot @) indicates that the endpoint value is included, meaning the value is either
‘less than or equal to’ (<) or ‘greater than or equal to’ (=) the value represented by that point on the
number line

— an open circle (hollow dot O) indicates that the value is not included, meaning the value is either
‘less than’ (<) or ‘greater than’ (>) the value represented by that point on the number line.
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Inequality | Number line representation Meaning

x#k - > x is not equal to %
ic X

x<k 9 x is less than &
Iic X

x>k o > x is greater than &
é X

x<k - * x is less than or equal to &
lxe X

x>k ¢ > x is greater than or equal to &
lie X

k<x<m : .) . x is greater than or equal to & but less than m
k m

Solving linear inequalities

e In most cases, if the same operation is performed on both sides of an inequality sign, the result is an
equivalent linear inequality of a different form and the possible values of the unknown remain the same.
e Inverse operations can be used to solve linear inequalities. However, the inequality sign is reversed when
both sides of the inequality are multiplied or divided by a negative number.
For example, 5 - 2x< 1 -5
2x<—4 (= (=2)

x> 2.

Example 4B.1 Representing linear inequalifies on a number line

Write the inequality represented by each of these number lines.

— > «—— o0 o— o
a ULl T T R Y b L L (Y
1 2 3 4 5 6 -8 -7 -6 -5 -4 -3 -2

a 'The line has a closed circle at 3, indicating a x>3
that x can be equal to 3. The ray points to the
right, indicating that x can be any value greater
than 3. So x is greater than or equal to 3.

b The line has an open circle at —4, indicating b x<—4
that x cannot be equal to —4. The ray points to
the left, indicating that x can be any value less
than —4. So x is less than —4.

¢ The line has an open circle at —1, indicating c —-l<x<2
that x cannot be equal to —1.The line segment
extends to a closed circle at 2. So, x is greater
than —1 but less than or equal to 2.
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Example 4B.2 Solving linear inequalities

Solve each of these inequalities.
a 7-8<0 b

Apply the inverse operations to both
sides in the correct order.

2 Check your solution. Substitute x = 32
into the LHS of the inequality. The
result should equal the RHS. Then
substitute any value for x that is less
than 32 into the original inequality to
check the inequality sign. The result
should be less than or equal to the
RHS.

Apply the inverse operations to both

sides in the correct order.

2 Write the solution with x on the LHS,
reverse the inequality sign if needed.

3 Check your solution. Substitute x = _1

into the RHS of the inequality. The

result should equal the LHS. Then

substitute any value for x that is less

than —% into the original inequality to

check the inequality sign. The result
should be less than the LHS.

Apply the inverse operations to both
sides in the correct order.
2 Write the solution with x on the LHS,
reverse the inequality sign if needed.
3 Check your solution. Substitute x = —28
into the RHS of the inequality. The
result should equal the LHS. Then
substitute any value for x that is greater
than —28 into the original inequality to
check the inequality sign. The result
should be less than the LHS.

OXFORD UNIVERSITY PRESS
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-2>10x+3

a

c 3>-1-2

7850 (+9)

78 (<D

x <32
Check by substituting x = 32 into%—S <0.

-32_
LHS = 1

=0

=RHS (For x = 32, LHS = RHS as required.)
Check by substituting a value less than 32
(for example, x = 8).
LHS =83

=-7

-7 <0 (Forx < 32,LLHS < RHS as required.)
-2>10x+ 3 (- 3)

-5>10x (= 10)
_%>x1
X<-3
Check by substituting x = —% into -2 > 10x + 3.
RHS = 10(—%) +3
=-2
=LHS (Forx= f%, [LHS = RHS as required.)
Check by substituting a value less than _1

2
(for example, x = —2).

RHS =10(-2) + 3
=-17
-2>-17 (Forx < f%, LHS > RHS as required.)
3>-1 —§ (+1)

4> —§ (< (=7))
28 < x
x> -28
Check by substituting x = =28 into 3 > -1 — %
RHS =-1- =28
=-1+4
=3

=LHS (For x = -28, LHS = RHS as required.)
Check by substituting a value greater than —28
(for example, x = 0).

~-_1-9
RHS = -1 5
=-1
3>-1 (Forx>—-28,1.HS > RHS as required.)
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Example 4B.3 Solving inequalities with the unknown on both sides

Solve each of these inequalities.
a 7x-223x-10

1 Use inverse operations to
remove the pronumeral on
the side where the coefficient
is a number less than the
coefficient on the other side.

2 Identify and apply the
correct inverse operations,
in order, to both sides of
the inequality.

3 Check your solution by
substituting appropriate
values for x into the original
inequality to see if true
inequalities result.

b 4-5x<3-8x

a 7x-223x-10 (- 3x)

4x—-22>-10 (+2)
4x > -8 (=4)
x>-2

Check by substituting x = =2 into 7x — 2 > 3x — 10.
LHS =7(-2)-2 RHS =3(-2) - 10
=-16 =-16
(For x = =2, LHS = RHS as required.)
Check by substituting a value greater than —2 (for example, x = 0).
LHS =7(0) -2 RHS =3(0) - 10
=-2 =-10
(For x > =2, LHS > RHS as required.)
4—-5x<3-8x (+ 8x)

4+3x<3 (- 4)
3x < -1 (= 3)
el
Check by substitutingx:—l into 4 — 5x < 3 — 8x.
—4_s(_1 —3_g(-1
LHS = 4-5(-1) RHS =3-8(-1)
_17 - 17
T3 T3

(For x = f%, LLHS = RHS as required.)
Check by substituting a value less than —% (for example, x = —1).
LHS =4-5(-1) RHS =3 -8(-1)

=9 =11

(For x < f%, [LLHS < RHS as required.)

v Be careful when multiplying and dividing inequalities by negative numbers.

v If you need to swap the LHS and RHS of an inequality, remember to reverse the inequality sign so that it
is still pointing towards the lesser expression. For example, if 5 < x, then x > 5.

v/ When solving linear inequalities with the unknown on both sides, always remove the pronumeral on
the side where the coefficient is less. That way you will always have a positive value for the remaining

coefficient.
v Remember, 4 > 2 but 4 < -2.
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3 Exercise 4B Solving linear inequalifies

1-4,5(1¢, 2" columns), 2-3(2™ column), 5-7(3, 4™ columns), Q B}
6,7,8 (a-€),9,11,13 8(e-i).9,10,12,14 2-3(2 column), 6-8(e-h). 9.12,14-17

1 Write each of the following statements as an inequality.

a 'T'wo is less than three. b Three is greater than two.
¢ Three is greater than or equal to two. d Negative three is less than or equal to negative two.
e 'Three is not equal to negative three. f Negative three is not equal to three.

a1 2 Write the inequality represented on each of these number lines.

< ® o——>
a T T T T T T > X b T T T T T T > X
1 2 3 4 5 6 7 -1 0 1 2 3 4 5
o > «— o
C T T T T T T > X d T T T T T T T > X
-6 -5 -4 -3 =2 -1 0 -6 -5 -4 -3 =2 -1 0 1
< o < >
€ T T T T T T T T > X f T T T T T T T T T T T > X
-6 -5 4 -3 -2-10 1 2 -2 -1 0 1 2 3 4 5 6 7 8 9
° > o ®
g T T T T T T T X h T T T T T T T T T X
-2 -1 0 1 2 3 4 -6 -5 4 -3 -2-10 1 2
o ° . e—oO
1 T T T T 17 T T 1T 1% ) — T T 1 T T >%
-3 -2-1 01 2 3 4 5 6 -12 -11 -10 -9 -8 -7
3 For each of these inequalities, show the possible values of x on a number line.
a x>4 b x<3 c x=>-2
d x<0 e x#2 f x#-2
g l<x<5 h -4<x<2 i 0<x<6

4 Apply the following operations to each side of the following inequalities. Ensure the correct inequality symbol
is written between the two numbers.

a —4<9 b x>6
i add five ii subtract nine
iii multiply by three iv multiply by one-half
v multiply by negative three vi multiply by negative one-half
vii divide by three viii  divide by negative three

482 5 Solve each of these inequalities.

a x+5>19 b lios3o c 20> 4x d -3x>-15

e 7<—1—% f §+10311 g 2x-9>-11 h 26> 14—4x

i —x+3>12 i 5(x+3)<50 Kk xl‘58>—3 1 1<10x+ 14

m 12 - 14x > 14 n 17 <—6x + 12 o —6(x-4)<13 p -11(3x +5) =40
6 Solve each of these inequalities and show the solution on a number line each time.

a 3x+2>-13 b 1-7x<-6 ¢ 5-%<2 d x54<5

e 75’“2—1 £ %ﬂ g %—534 h 8;’C—3<—2
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[ 1483 7 Solve each of these inequalities. Use substitution to check your solutions.

a 4x-3>2x+5 b 7x+1<3x-7 c 5x-929-x d 2x+4<5x-8
e 3—x>4x-2 f x+11>7-3x g 8-3x<18-5x h 1-6x>-3x-5

8 Solve each of these inequalities by first expanding to remove brackets.
a 2(x-3)>x+5 b 4x-7<3(x+2) c Skx+1)=-3x-11
d 32x-5) <7x+4 e 9(x+5) <10(x+6) f 30Bx-1)<-2(kx-4)
g 4(x+3)22(5x-3) h 22-x)>3(1-2x) i 53-2x)<-4Q2x-7)

9 Linear inequalities have an infinite number of solutions unless additional conditions are added. For each
inequality in question 7, state the number of solutions if x is:

i a positive integer
ii a negative integer.

10 Write an inequality statement to represent each of the
following situations. Use a pronumeral for the unknown
quantity each time.

a A boatis sold for at least $750000. What could the
boat have sold for?

b To fit in an economy class seat on an aeroplane, a
person must be less than 200 cm tall. What could be
the height of a person in such a seat?

ONINOSV3IYd ANV ©NIATOS NIT190dd | |

¢ AVespa cannot travel faster than 55 km/h. At what
speeds could a Vespa travel?

d To fit in a new sleeping bag, a person must be less
than 196 cm tall. How tall could a person be to fit in
the sleeping bag?

11 Emily and Klaus are selling watermelons at a market. They start with 20 melons and agree to share any that are
left at the end of the day.

a Write an expression for the number of melons they each will take home if they sell x watermelons.

b Emily and Klaus aim to take home no more than three watermelons each. Use your expression from part a
to write an inequality for this situation and then solve it.

¢ How many watermelons can they sell to meet their goal?

12 Ella runs a business selling candles where customers can pay for delivery or

pick them up from her store. She sells each candle for $2.50 and can mail

a package containing one candle for $3, two candles for $5.50 and four L4

candles for $10.

A customer has $26 to spend on candles. They live too far away to visit the

store, so they must pay the delivery fee.

a How many candles could they buy if each candle is packaged
individually?

b If the candles in part a are packaged in groups of two, can the customer
afford an extra candle and the delivery fee?

¢ The customer decides to prioritise buying packs of four candles instead.
If they have enough money left over, they will buy a pack of two candles
or a single candle. How many candles can the customer afford now?
Make sure to include the delivery fee in your calculations.

134 — OXFORD MATHS 9 NSW CURRICULUM OXFORD UNIVERSITY PRESS



13 Todd is deciding how many packs of playing cards he should buy. Each pack costs $3 and he has $25 in
his wallet.

a Write an inequality to represent this situation and then solve it.
b List the number of packs of playing cards Todd could possibly buy.

14 a Square all parts of the following inequalities. Ensure the correct inequality symbols are written between
the numbers.

i 2<3 ii -2>-3 iii 2>-3 iv -2<3
1.1 .1 1 ..
v §>§ vi —§<§ vii -2 #2

b Explain why we need to be careful when squaring both sides of an inequality.

¢ Apply the reciprocal to all parts of the following inequalities. Ensure the correct inequality symbols are
written between the numbers.

. 1 .s 1 1
i 3>§ ii —3<§ 111—3<—§
. 1 1 1 . 1 1
iv 3>—§ v §<§ v1—§<§

d Explain why we need to be careful when applying the reciprocal to both sides of an inequality.

15 A company makes and sells two products: X and Y. It costs the company $4 for each of product X to be made
and $5 for each of product Y. The company needs the cost of producing the two products to be no more than
$100 per day. Let x be the number of product X the company makes and let y be the number of product Y the
company makes.

a Worite an inequality describing the cost of producing products X and Y for one day.
b State two other inequalities that must be true given that x and y represent the number of each product.
¢ Determine the greatest number of product X that could be produced in one day.

Determine the greatest number of product Y that could be produced in one day.

Determine the greatest number of product X that could be produced in one day if eight of product Y
are produced.
16 Determine a and b for the each of the following inequalities.
a 3x+8=zaifx#-2

b 3x+8<aifx<6
c a<3x—-1<bif-7T<x<-4
d a<3-x<bif-7<x<6
e ax<2ifx>-10
f 2<ax—-4<2ifl<x<3
O =)
2+£3b,'f T T T T T T T T > X
g a< 5 Y65 4-32-10 1 2
o ®
ha<3—%<b,if| — T T T T 1 T T 1=
-3 -2-1 01 2 3 4 5 6
17 Solve each of these inequalities.
a -3<5-2x<7 b 1s%—%<10 c -2<4-3<3

Check your Student obook pro for these digital resources and more:

Interactive skillsheet Interactive skillsheet Worksheet Topic quiz
Representing linear Solving linear inequalties Solving linear @ 4B
inequalities on a inequalities

number line
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4C Plotting linear relationships

Learning intentions
By the end of this topic you will be able to ...
v’ plot linear relationships from tables of values and equations.

Year 8

Year 10

Linear relationships

The relationship between two variables can be represented by an
algebraic equation, a table of values, a set of coordinate points or a
graph.

A linear relationship is a relationship between two variables, the
independent variable and the dependent variable, which produces a

linear graph. The standard form of a linear relationship is v = mx + c.

A linear graph is a straight line on a Cartesian plane.
Substitution can be used to determine whether a point lies on a line.

Plofting linear relationships

A plot is composed of individual coordinate points.

A linear graph is a continuous line made up of an infinite number of
coordinate points.

To sketch a graph from an equation follow these steps:

Year 7

Inter-year links
Support

The Cartesian plane

5D The Cartesian plane

6F Plotting linear relationships

5A Linear relationships

e Key content video

(-1, 1)8 1

y
8

7 $2,7)

Yy =2x+3

s-{ 43,5

3-9(0,3)
2_

1 Construct a table of values by selecting values for x, then substituting each value of x into the

equation to find the corresponding value of y.
Write out the coordinate points listed in the table.
Plot the coordinate points on the Cartesian plane.

4 Join the points using a straight line.

Example 4C.1 Defermining whether a point lies on a line

Determine whether the following points lie on the line y = —4x — 6.
a (-1,-2)
b (1,2)

Substitute the x-coordinate into the equation and a y=-4x-6

simplify. If the result is equal to the y-coordinate, y=-4(-1) -6
then the point lies on the line. If not, then the —4-6
point does not lie on the line. -2

The point lies on the line.
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b y=—-4x-6
y=—-4) -6
=4-6
=-2
#2

The point does not lie on the line.

Example 4C.2 Determining whether a relationship is linear Q)

Use the table of values to construct a plot of the relationship between x and y. Is the relationship linear or
non-linear?

x -2 -1 0 1
y -5 -3 -1 1 3
1 Worite out the coordinate points listed in the (-2,-5),(-1,-3), (0, -1), (1, 1), (2, 3)
table. y
3 ®(2;3)
2 Plot the points on the Cartesian plane. 5
3 Consider whether the points form a straight 14 e@,1)

line. As the points form a straight line, the

relationship is linear. 1T 1T T T T 1
—4—3—2—11 1 2 3 4

o, -y
|, |
(-1, =3)e-3
| 4
(=2,-5)s =5

The relationship is linear.

Example 4C.3 Plotting linear relationships from a table of values

Plot a graph of y = —x — 3 by first completing a table of values for x from —3 to 2.

1 Construct a table of values for x from -3 to 2. 3| 2 [ 1 0 1 2
Substitute each value of x into the equation to
find the corresponding value of y.

(_33 0)> (_23 _1)3 (_13 _2)3 (03 _3)3 (13 _4)3

2 Write out the coordinate points listed in 2, -5)
-

the table.
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3 Plot the points on the Cartesian plane.

4 Join the points with a straight line.

(03 _3)
(13 _4)
2,-5)

) (Ao )

v/ Remember that in Cartesian coordinates, the x-coordinate is always listed first, followed by
the y-coordinate.
(_43 1)

x-coordinate —horizontal distance y-coordinate — vertical distance
from the origin from the origin
v/ When constructing plots and sketches, always label your x- and y-axes and label your graph with the

equation of the graph.
_ /

EH Exercise 4C Plotfing linear relationships

ADNINTA ANV ONIANVLISIIANN |

/\ 1,2,3-4(1% column), 5-9, 12 [] 2.3-4¢2 column),6,8.10,11-14 () 3(3 column).4(iv). 6,8, 11-15

4c.1 1 Determine whether each of the following points lies on the lines below.

i (0,0 ii (1,-5) iii (-4, -24)
a y=06x b y=x-6 c y=2x—-16 d y=5x-10
4c2 2 a Use the following tables of values to construct a plot of each relationship between x and y.
i x |-3|-2|-1]0 1 2 3 ii | x |[-3|-2|-1] 0 1 2 3
y |-2|-1]0 1 2 3 4 y |11 ] 6 3 2 3 6 | 11
iii | x| -3|-2|-1] 0 1 2 3 iv| x| -3 |-2|-1|0 1 2 3
y |10 ]| 9 8 7 6 5 4 y |-27|-8|-1| 0 1 8 | 27

b Classify each relationship as linear or non-linear.
4c3 3 TFor each of the following linear relationships, construct a table of values for x from —3 to 3 and then write out
the coordinate points listed in the table.

a y=x+2 b y=x-4 c y=3-x
d y=2-x e y=-x-3 f y=4x
g y=2x+1 h y:3x—2 i y:4—2_x
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4 a Complete the following tables of values using the equations provided.

i x+y=24 i xy=24
x 0 3 6 9 | 12| 15| 18 x |—-12| -6 | -2 2 6 12
Yy Yy
ili y=x(x+2) iv x=4y—-2
x |-3|-2|-1|0 1 2 3 x
y y |-3|-2|-1|0 1 2 3

b Plot the coordinates from the tables of values and classify each relationship as linear or non-linear. Do not
attempt to join the points with curves or lines.
5 a Sketch a graph of each linear relationship on the same set of axes by first constructing a table of values.
i y=x ii y=2x iii y = 3x iv vy =4x
b Describe the similarities and differences between each of the four graphs.
¢ Describe the relationship between the coefficient of x and the steepness of the corresponding graph.
d Without using a table of values, sketch an approximate graph of the following relationships on the same set
of axes.
i y=>5x ii y=3.5x
e Use your answers to b and ¢ to describe the graph of y = 0.5x.
6 a Sketch a graph of each linear relationship on the same set of axes by first constructing a table of values.
i y=—x ii y=-2x iii y=-3x iv y=—-4x
b How do these graphs differ from those sketched in question 5?
¢ Describe the relationship between the coefficient of x and the feature of the graph identified in part b.
d Without using a table of values, sketch the graphs of the following relationships on the same set of axes.
i y=-5« ii y=-1.5«x
7 a Sketch a graph of each linear relationship on the same set of axes by first constructing a table of values.
i y=x ii y=x+1 iii y=x+2 iv y=x+3
b Describe the similarities and differences between each of the four graphs.
¢ Describe the relationship between the equations and corresponding graphs.
d Without using a table of values, sketch an approximate graph of the following relationships on the same set
of axes.
i y=x+4 ii y=x+1.5
8 a Sketch a graph of each linear relationship on the same set of axes by first constructing a table of values.
i y=x ii y=x-1 ili y=x-2 iv y=x-3
b Describe the similarities and differences between each of the four graphs.

c Describe the relationship between the equations and corresponding graphs.
d Without using a table of values, sketch an approximate graph of the following relationships on the same set
of axes.
i y=x-4 ii y=x-5
9 Use your answers to questions 5 to 8 to match each equation with its corresponding graph.
a y=x+2 b y=2x c y=—-x-1 d y=-0.5x
A y B v C y D y
2
1 1 1-
14
T T T _ 0] j X T 0 ! x T ! x
22100 1 2 x 1 1 -1 -1 1
-1 — 1 i
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10 Use your answers to questions 5-8 to sketch the graphs of the following linear relationships. In each part,
sketch the two graphs on the same set of axes.
a i y=2x ii y=2x+1
bi y=-x i y=-x-1
¢ Describe the relationship between the first and second graph in parts a and b.
11 Javier is training for a cross-country race. He runs laps of the oval every other day and records the number of
laps he runs.
Day 1 3 5 7 9 11 13
Number of laps 3 3.5 4 4.5 5 5.5 6

a i What feature(s) of the table of values indicates that the graph is likely to be linear?
ii Hence, what is the minimum number of points you need to plot to sketch the line?
b Sketch the relationship on a Cartesian plane and extend the line to day 25.
¢ Use the graph to determine:
i the number of laps Javier should run on day 17
ii the day Javier should run 8 laps.
12 A bus is hired for a school trip to the snow. The school pays $250 towards the bus hire and charges each
student an additional $40.

a If m is the total amount of money collected for bus hire and » students go on the trip, write an equation for
the relationship between . and 7.

b Calculate how much money would be collected for bus hire if:

i 0 students go on the trip ii 20 students go on the trip.
¢ Use your answer to part b to sketch a graph of this relationship using a scale from 0 to 30 along the
horizontal axis.

Is the relationship linear? Explain.
Use the graph to find the total amount of money collected if 30 students go on the trip.

Use the graph to determine how many students need to go on the trip to collect a total of $850 for bus hire.

| = 0o o

The hire cost of the bus is $1300. Use the graph to determine the minimum number of students who need
to go on the trip to cover the hire cost.
13 The formula F = 1.8C + 32 describes the relationship between temperatures in degrees Celsius, C, and
temperatures in degrees Fahrenheit, F.
a Plot the graph of this relationship. Show a scale from —50 to 50 along the horizontal axis.

b Use the graph to find the temperature in °F for 30°C.
¢ Use the graph to find the temperature in °C for —22°E

14 Use the graph in question 13 to find where the temperature in °C has the same numerical value as the
matching temperature in °E

15 For each of the following pairs of linear relationships, plot two graphs on the same Cartesian plane to
determine the coordinates where the two lines intersect.

a y=x+1landy=2x b yszandy:%x
c y:%x—landy:—x+2 d yv+2x=12and3y+x=16

Check your Student obook pro for these digital resources and more:

g Interactive skillsheet ~ Worksheet W5 |nvestigation =8 Topic quiz
Plotting linear Plotting graphs of linear How accurate is a rule 4C
relationships relationships of thumb’ temperature

formula?
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4D Gradient and intercepts

Learning intentions
By the end of this topic you will be able to ... @
v/ identify the x- and y-intercepts of a linear graph

v/ determine the gradient of a line segment and a graph.

Features of linear graphs

The features of a linear graph include its x-intercept, y-intercept and gradient.

positive
gradient

The x-intercept is the point where the graph crosses the x-axis.
The y-intercept is the point where the graph crosses the y-axis.
The gradient is a numerical measure of the slope of the graph.

It is also referred to as the rate of change between the two variables.

positive run

positive
rise

negative
negative rise

gradient

positive run
The gradient of a linear graph is a constant because the gradient
between any two points on the line is the same. This means that the
rate of change between two variables in a linear relationship does not
change.
The value of the gradient is the number of units that the graph
increases in the vertical direction for every 1 unit that it increases
in the horizontal direction. So, if the gradient is 3, then the linear
graph increases 3 units up in the vertical direction for every 1 unit
that it increases to the right in the horizontal direction.
The formula for the gradient, m, between any two points, (x , y,)
Y, =
.\‘3 — v\‘l
Gradients can be positive, negative, zero or undefined.

and (x,, v,),18: m =

Support
Year 7
Year 8
Year 10

Inter-year links

The Cartesian plane
5D The Cartesian plane
6l Finding linear equations

5A Linear relationships

e Key content video

Y1 y-intercept
3\ (0, 3)
2_

1 x-intercept

(4, 0)

T T
1 2 3 4 35X

Gradient = ——

y
rise
=Y,
(3 -y,
V‘l ‘l
[ [
X, x, X
rise _ Y, =V

run - x, — X,

Positive Negative Zero

Undefined

y y y

y
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Example 4D.1 Determining the gradient of a line segment by
identifying rise and run

Find the gradient of each line segment.

a y b y
3+ 3
2_ / —
1 i
T T T T T T I | I I [ |
.} —110 1 2 3 4x -2 —110_ 2 3 4%
-2 -2
-3 —3
—4- —4-
a 1 Determine the run, the horizontal distance a y
between the endpoints of the line segment. 3
; : 'rise =
The run is 2 units. 5] ‘/:
. . . . =2
2 Determine the rise, the vertical distance 1 ron
between the endpoints of the line segment.
The rise is 1 unit. _Il 0 i é 3[ AI‘ o
3 Calculate the gradient by dividing the rise Gradient :%
by the run. Simplify the gradient where _1
possible. 2

b 1 Determine the run, the horizontal distance b
between the endpoints of the line segment.
The run is 3 units.

2 Determine the rise, the vertical distance
between the endpoints of the line segment.

The rise is —6 units. _'2 _'1 10_ 3 4 x
-2 -
—3
—4-
3 Calculate the gradient by dividing the rise Gradient :%
by the run. Simplify the gradient where _—6
possible. 3
=-2
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Example 4D.2 Determining the gradient, x-intercept and y-intercept

For each of the linear graphs shown, determine the:

i gradient il x-intercept iii y-intercept.
a y b y c y
3 6 3
2 5 5]
1+ 4 1
I | | | 3
m 1 2 3 % 2 3 a3
N 1y |
2]
3210 1 2 3 «x -3
a i Select any two points that have integer ai y Gradient :%
coordinates. Determine the rise and run, 2 4
and then calculate the gradient. 2
=2
| |
. 1 x
rise = 4
ii State the coordinates of the point at which ii x-intercept: (—%, 0)
the graph crosses the x-axis.
iii State the coordinates of the point at which iii y-intercept: (0, 1)
the graph crosses the y-axis.
b i The graph is a horizontal line, so it has a b i Gradient =0
zero gradient.
ii The graph does not cross the x-axis, so it ii no x-intercept
does not have an x-intercept.
iii State the coordinates of the point at which iii y-intercept: (0, 4)
the graph crosses the y-axis.
c i Select any two points that have integer c i y Gradient :ﬁ%
coordinates. Determine the rise and run, 1 1
and then calculate the gradient. Remember 3
that if the graph is sloping down to the - _%

right then the gradient is negative.

ii State the coordinates of the point at which ii x-intercept: (0, 0)
the graph crosses the x-axis.
iii State the coordinates of the point at which iii y-intercept: (0, 0)

the graph crosses the y-axis.
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Example 4D.3 Determining gradient using two coordinate points

Use the formula m = %j :i}: to calculate the gradient of the line segment joining the points (3, 2) and (9, 5).
1 Define the points (x,y,) and (x,,y,). Let (x;,,)=(3,2) and (x,, v,) = (9, 5)
The order of the coordinates does not v, =,
affect the value of the gradient. M=% =x,
2 Substitute the x- and y-coordinates into = %
the gradient formula.
3 Calculate and simplify the gradient. — %
_1
2

/
v/ The order in which you substitute points into the formula for the gradient
of a line won’t affect your final value — you just need to make sure the x- and
y-coordinates of a given point match up vertically!
v Graphs with positive gradients are described as - ) ) )
. . . Positive gradient: Negative gradient:
increasing, as the value of y increases from . .
) Increasing Decreasing
left to right. y / y
v/ Graphs with negative gradients are described as /
decreasing, as the value of y decreases from ’
left to right.
X X
A 4

E3 Exercise 4D Gradient and infercepts

3-5,6(2" column), 8-11,
A 1-5, 6(1 column), 7-10, 12,16 13,14,15(a-c) 3,4(c, e), 6(2" column), 7,9,13-16

1 Use the rise and run marked on the graphs below to determine the gradient of each line.

a y b y c Y,
54 5 EE
4 4
34 ~3
2 2
14 14
—IZ—IIO_ i é é ;l %x ‘_12_110 i é é ); é; ‘_12_110 l;c

\ r Y
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4p.1 2 Find the gradient of each line segment.

a

Y b
4_.
3_
2- ./
1_
10 1 2 03 4 sx
A\

-7 | O
_1(11123x

3 Classify the gradients of the following lines as positive, negative, zero or undefined.

a

y b

1

-2
—3

y (S
1

|
2 X

—

I I
3210

=2

y
2_ /
1_
T T |
410 /1 2«
-2
y
2_.
._..—._i__—

4ap.2 4 For the linear graphs shown, determine the:

i

gradient

b
P /

>
™o
Yo
.
8

(=]
it —
N~
o

2

T T
-3 -2-1
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ii x-intercept

| ] I I 0
-5 -4 3-2-10] 1x

15
—3
4
5]

o Y

1]

\;_
24

I T l\\ T
-3-2-19 "rx

1 |
(98]
1|
[\9)
1

[\9)

D
]
N—
D9 —
ted

A3
-4
5] \
f y
3
2]
N 14
L5L 1
i3] \\\
—4] >
-5
—6-
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4ap3 6 Use the formula m =

5 i

ii Determine the gradient of the line segment.

a (2,3)and (6,8)
¢ (3,7)and (4,4)
yz - yl
X, X
a (2,4) and (5,6)
d (4,6)and (7,5)

g (-1,-6)and (-1,-1)

j

(-3, 3) and (-3, -5)

b
d

b
e
h
k

(1,2) and (3, 6)
(-4, 5) and (2, -3)

(3,1) and (7, 4)
(=2,5) and (3,7)
(0,5) and (1, 0)
(=5,—-6) and (-4, —8)

c
f
i
1

Plot each pair of points on the Cartesian plane and join them with a straight line to form a line segment.

to calculate the gradient of the line segment joining each pair of points.

(1,2) and (4, 8)
(0,8) and (1, 5)
(-=4,-3) and (-1, 4)
(=9, 3) and (-6, 3)

7 Consider the following pairs of points.
i Plot each pair on the Cartesian plane and then join them with a straight line. Ensure your lines cross
both axes.
ii Determine the x- and y-intercepts of the line, if they exist. Write the intercepts as coordinates.
a (2,2)and (5,8) b (1,2)and (3,6)
¢ (—6,6) and (-4, 3) d (-2,1)and (-2,-3)
8 Consider the graph to the right.

a Determine the gradient of the following line segments: 3| C
i 4B ii AC. 7]
b Compare your answers to part a and describe the 6
relationship between the gradient of a line and the gradient 5 B
of line segments on that line. 4
9 a i Find the rise and run of the line in question 6 part g and then try 3
to use these values to find the gradient of the line. 5 A
ii Explain why the gradient of a vertical line is undefined. 1
b i Find the rise and run of the line in question 6 part 1 and then find
the gradient of the line. L5491 2 3 4 s 6 "
ii Explain why the gradient of a horizontal line is zero. I Z,

10 Consider the four linear graphs on the Cartesian plane to the right.
a Calculate the gradient for the following line segments:

i AB ii BD 2
iii CD iv AE. D
b Use your answers from part a and your observations in question 11 E
9 to determine the gradient for the following line segments. G
i DE ii BC ] / ‘5 3' cll x
iii DF iv FG

11 Kane calculates the gradient of the line segment joining (2, 8) and
(6, 5), as shown below. Identify Kane’s error and calculate the

correct value for the gradient of the line segment.

Kane
_8-5
"Te-2
_3
B
12 Todd and Bridget calculated the gradient of the line segment joining (-1, 9) and (3, —3), as shown below.
Explain why both students have produced correct calculations. .
Todd Bridget
e =39 _ 91— (=3)
3-(-1) M= 3
V3 _12
T4 i
= -3 - _
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13 Complete the table below.

Run 8 -20 4

Rise -4 | —-16 30
: 3 4] 1] _2 _

Gradient 5 5 5 5 7 5

14 Consider these linear graphs.

a Complete the following table by calculating the gradient and identifying the coordinates of the y-intercept
of each graph.

iv YA v iii . Equation Gradient y-intercept

s 7__ 1
i y=2x-3

ii -_3
y= 4x+5

i |yv=x+4

iv |[y=-2x-1

o A% y=4x
vi |y=2

-
U -
N\ —
2

54

—6
Y

b What pattern can you see in the table that allows you to identify the gradient and the y-intercept from the
equation for the graph?

¢ Determine the gradient and y-intercept of the linear graphs with the following rules:
i yv=6x+4 ii y=x-5 iii v =-3x

15 Determine the value of the unknown in each of the following.

a A line with a gradient of 3 passes through the points (1, 4) and (x, 10).

b A line with a gradient of —2 passes through the points (1, 4) and (3, y).

¢ A line with a gradient of 2 passes through the points (1, 4) and (3, y).

d A line with a gradient of 2 passes through the points (0, 4) and (3, y).

e A line with a gradient of —% passes through the points (1, 4) and (3, y).

f A line with a gradient of % passes through the points (—1, —4) and (x, 8).
16 The gradient of a line is 2 and it passes through the points (0, 4) and (x, v).

a Worite an equation for the gradient of this line.

b Rearrange the equation in part a to solve for y in terms of x.

The gradient of another line is 2 and it passes through the points (1, 4) and (x, v).

¢ Write an equation for the gradient of this line.

d Rearrange the equation in part ¢ to solve for y in terms of x.

Check your Student obook pro for these digital resources and more:

Interactive Interactive Worksheet : Worksheet Topic quiz
skillsheet skillsheet Finding the Identifying 4D
Gradients Intercepts gradient of a features of a

linear graph linear graph
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4E Sketching linear graphs

Learning intentions

By the end of this topic you will be able to ...

v determine the x- and y-intercepts of a linear graph from its
equation

v’ sketch linear graphs with two intercepts using the x- and

y-intercepts

v/ sketch linear graphs with one intercept.

Sketching linear graphs with
two intercepfts

A minimum of two coordinate points are required to sketch a

linear graph.

The x-intercept is the point where the linear graph crosses

the x-axis and y = 0.

The y-intercept is the point where the linear graph crosses

the y-axis and x = 0.

Sketch a linear graph with two intercepts by first finding the

x- and y-intercepts:

1 Determine the x-intercept by substituting y = 0 into
the equation of the line and solving for x.

2 Determine the y-intercept by substituting x = 0 into the equation
of the line and solving for y.

3 Plot and label the x- and y-intercepts on the Cartesian plane.

4 Draw a straight line through the two points.

For example, to sketch the graph of y = 2x + 3:

Year 7
Year 8
Year 10

@ Inter-year links
Support The Cartesian

5D The Cartes
6F Plotting lin

5A Linear rela

©

y
2

x-intercept 1|

plane
ian plane
ear relationships

tionships

Key content video

[
1 2 3 x

y-intercept

K<OJ_V =-2

For x-intercept, let y = O: For y-intercept, let x = O: 3 -7/ 210 {1 3 3x
0=2x+3 y=2x0+3 —19
-3=2x y=0+3 -2
x= —é y= 3
2 -intercept: (0, 3)
x-intercept: (—%, 0) Y o
Sketching linear graphs with one intercept
There are three cases in which a linear graph has only one intercept:

Description General equation Intercept Gradient
Vertical lines x=a x-intercept: (a, 0) undefined
Horizontal lines y==>b y-intercept: (0, b) 0
Lines that pass through Y = mx origin: (0, 0) m
the origin

where «, b and 72 are constants.

To sketch a linear graph that passes through the origin (0, 0), determine a second point on the graph
by substituting any value of x into the equation and then solve for y.
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The gradient-intercept method

e The equation for all linear relationships can be expressed in the general gradient-intercept form
shown below, where:
— m is the gradient of the line
— ¢ is the y-coordinate of the y-intercept (the point where the line crosses the y-axis).

e The gradient—intercept form can be used to identify the gradient and y-intercept, enabling us to sketch

the graph.
y=mx+c
gradient y-intercept
Example 4E.1 Calculating x- and y-infercepts
Determine the coordinates of the x- and y-intercepts of the graphs of the linear relationships:
a x+5y=10 b y=3x—-4

a 1 'To determine the x-coordinate of the a For x-intercept, let y = 0:
x-intercept, substitute y = 0 into the x+5(0)=10
equation and solve for x. The coordinates x+0=10
of the x-intercept have the form (x, 0). x=10

x-intercept: (10, 0)
2 To determine the y-coordinate of the For y-intercept, let x = 0:
y-intercept, substitute x = O into the 0+5y=10
equation and solve for y. The coordinates 5y=10 (= 5)
of the y-intercept have the form (0, y). y=2
y-intercept: (0, 2)

b 1 To determine the x-coordinate of the b For x-intercept, let y = 0:
x-intercept, substitute y = 0 into the 0=3x—-4 (+4)
equation and solve for x. The coordinates 4 =3x (= 3)
of the x-intercept have the form (x, 0). x = 4

3

x-intercept: (%, 0)

2 To determine the y-coordinate of the For y-intercept, let x = 0:
y-intercept, substitute x = 0 into the y=3(0)-4
equation and solve for y. The coordinates =0-4
of the y-intercept have the form (0, y). =-4

y-intercept: (0, —4)

OXFORD UNIVERSITY PRESS CHAPTER 4 LINEAR RELATIONSHIPS — 149



Example 4E.2 Sketching linear graphs with two intercepts

Sketch a graph of 4x — y = 8 by first finding the x- and y-intercepts.

1 Determine the x-intercept by substituting For x-intercept, let y = 0: For y-intercept, let x = 0:
v = 0 into the equation and solving for x. 4x—-0=8 4(0)—y=8
Determine the y-intercept by substituting 4x=8 (= 4) 0-y=28
x = 0 into the equation and solving for y. x=2 -y =38 (=-1)

x-intercept: (2, 0) y=-8

y-intercept: (0, —8)

2 Plot and label the x- and y-intercepts on the y
Cartesian plane. 1<
. . . (2,0)/
3 Rule a straight line through the points. Label o . 2
the graph with its equation. _11_ 1 ‘,"2 3x
-2
—3 4
—4 /
/4x —y =8
s T
—6—
—7 |
84 (0,-8)
Example 4E.3 Sketching vertical and horizontal lines @
Sketch a graph of the following linear relationships.
a x=4 b y=-2
a The graph of x = 4 is a vertical line that a y x =4
passes through the point (4, 0). Rule a vertical 27—
line through (4, 0) and label the x-intercept. 1
Label the graph with its equation. 4, 0)
| T 1 |
-100 1 2 3 4 5 x
-1
L 5 ]
b The graph of y = —2 is a horizontal line that b y
passes through the point (0, —2). Rule a T T, T
horizontal line through (0, —2) and label the B2 1 2 3%
y-intercept. Label the graph with its equation. 2 0,-2) y=-2
=9 o) (S (57 '\Seb ] Bt A
-3
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Example 4E.4 Skefching linear graphs that pass through the origin

Sketch the graph of y = —3x.

1 The x- and y-intercepts are both (0, 0) so the For x-intercept, let y = 0:
graph passes through the origin (0, 0). 0=-3x (- -3)
Determine a second point on the graph by x=0
substitut'ing any value of x into the equation x- and y-intercept: (0, 0)

and solving for y. )

For a second point, let x = 1:

y=-3(1)
=-3
Second point: (1, —3)
2 Plot and label the two points on the v
Cartesian plane. 1-
o . \l(0, 0)
3 Rule a straight line through the points and —F ok | T |
label the graph with its equation. B 2 _11_ ‘ 1 2 3 *
5] \ y‘y =-3x
3 &(1,-3)

Example 4E.5 Skefching linear graphs using the gradient-intercept
metfhod

Sketch the graph of y = —%x + 3.

1 Identify the gradient, m, and the y-intercept, 1
¢, by comparing the equation to the general
gradient—intercept form y = mx + c. m=—

rise _ _1

run ~ 2
appropriate values for the rise and the run. So let rise = —1 and let run = 2.

2 Write the gradient as a fraction and identify

3 Plot a point at the y-intercept and label the y
coordinates (0, 3). 4 =k i3
4 Add the rise to the y-coordinate and the run 1 (0, 3)
. . Er N
to the x-coordinate of the y-intercept to find a
second point on the graph. Move 2 units to the 2-
right and 1 unit down to the point (2, 2).
5 Rule a straight line through the points. Label

the graph with its equation.
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To find the x-intercept of a linear relationship, set y = 0 and solve for x.
To find the y-intercept of a linear relationship, set x = 0 and solve for y.

R S X

Find the x- and y-intercepts before you start sketching so you can plan the scale on the axes of your
Cartesian plane.

v Always label your graph with the following information:

— the equation of the graph

— any x- and y-intercepts.
. /

L3 Exercise 4E Skeftching linear graphs

AON3INTd ANV ONIANV1ISIIANN |

4E.1

IS
fJ
()

4E.3

4E.4

4E.5

A'I-7,9,'I'I,'I3,'I4 |:| 3-8,10,12-14,16(a,b), 18 Q 3,6,7,12-19

1 Determine the coordinates of the x- and y-intercepts of the graphs of the following linear relationships.

a x+4y=12 b y=x+4 c 2x+y=6
d y=x-5 e y=-2x+38 f y=3x-6
g Sx+y=-10 h y=—-x+7 i y=4-x
2 Sketch the linear graphs that have the following x- and y-intercepts.
a x-intercept: (2, 0), y-intercept: (0, 1) b x-intercept: (-3, 0), y-intercept: (0, 5)
¢ x-intercept: (—1, 0), y-intercept: (0, —1) d x-intercept: (%, 0), y-intercept: <O, —%)
3 Sketch a graph of each of the following linear relationships by first finding the x- and y-intercepts.
a dx+y=4 b y=x-2 c —2x+3y=6
d y=-3x+3 e Sx+y=-5 f y=2-x
g 2y=2-4x h 3y-9x+12=0 i 4x-3y-8=0
4 Sketch a graph of the following linear relationships.
a x=1 b y=4 c x=-3 d y=0
5 Sketch a graph of the following linear relationships.
a y=3x b y=-2x c y=06x d y=—-x
6 Identify the gradient, 7, and the coordinates of the y-intercept of the linear graphs with the following
equations.
a y=2x+5 b y=4x+1 c y=-3x+7 d y=-5x-3
e y=x—6 f y=1-x gy:%x+2 hy:%—S
i y:—%+% i vy=9 k y=-7x 1 yZS—%x
7 Sketch the graph of each linear relationship using the gradient—intercept method.
a y=2x—4 by:%x+1 c y=-3x+5
dy:%x—Z e y=-5x-1 f y:—%x+3
g y=3x—-4 h y=x+6 i y=-x-3
8 Use the most appropriate method to sketch the graph of each linear relationship.
a 2x—-5y=10 b y=4x+2 c x+y=6 d y=-3x
e yv=7 f y=6-3x g x=1 h y=4x-4
i x+3vy-9=0 i yv=x k yv=-3x+5 1 y=-7
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9 Without sketching, determine how many axis intercepts the graph of each relationship has.

a y=10 b y=2x+1 c x=-12
d y=15x e S5x—y=25 f x+y=1
g V=X h x=1 i —2y=-7x
10 Which of these three graphs is a correct sketch of 3x + 2y = 6? Identify the errors in the other two options.
A YA B YA C AN

4- \g 4-
\ A X
2 21 .

14 14 14
D S T > T T T —T> < T T T 17>
32 12 3T 32 M1 o2\3 4x —3/2 Q123 ax
-2 -2 -2
-3+ -3 -3+

A7 7 7

11 Decide whether each statement about the graph of y = 3x + 6 is true or false. Correct each false statement.
a 'The y-intercept is 6. b The x-intercept is 2.

d The point (1, 9) lies on the line.

f The gradient of the line is 3.

12 Decide whether each statement about the graph of y = —4x is true or false. Correct each false statement.

¢ The relationship is linear.

e The line passes through the origin.
a The x-intercept is —4. b 'The y-intercept is 0.
¢ The line passes through the origin. d The point (1, 4) lies on the line.

f 'The gradient of the line is —l.

e 'The gradient is negative. 7

13 a Sketch the following lines on the same set of axes:
2x+3y=12,2x+3y=18,2x+3y=0and 2x + 3y = —12
b State the similarities between the equations and their graphs.
¢ Describe the impact of the differences between the equations and their graphs.
14 a Sketch the following lines on the same set of axes:
2x+3y=12,2x-3y=12,-2x+3y=12and —2x - 3y =12
b State the similarities between the equations and their graphs.
¢ Describe the impact of the differences between the equations and their graphs.
15 Determine the gradient of the following lines by finding and using the x- and y-intercepts.
a 3x—-5y=30 b 7x+6y+9=0 c 10y=3-5x d 8x=4y-3
16 Tony is buying a skateboard on a purchase plan where he makes a regular payment each week. He creates the
formula y = 300 — 25x to describe the relationship between the amount still owed in dollars (y) after a number

7 (o

of weeks (x).

a Explain why Tony has chosen to solve for y (amount still owed in dollars) in terms
of x (number of weeks), rather than the other way around. Hint: Think about the
relationship between the variables.

b Sketch the graph of this relationship by first determining the coordinates
of the x- and y-intercepts.

¢ What does the y-intercept represent on this graph?
d What does the x-intercept represent on this graph?

Describe the purchase plan Tony is using. When will he be able to bring his
skateboard home?

OXFORD UNIVERSITY PRESS CHAPTER 4 LINEAR RELATIONSHIPS — 153

ONINOSVIU ANV ONIATOS INI190dd |




17 A rainwater tank has a capacity of 1500 L and feeds a drip system to water the garden. At the beginning
of April, the tank is full, but it is empty at the end of the last day of the month. Let x represent the number of
days from the start of April and y represent the number of litres of water in the tank. Assume a constant rate
of water use and no further rain during April.

ONINOSV3IY ANV ©NIATOS NIT190dd l
A

Explain why this relationship can be represented by a linear graph.

Determine the coordinates of the x-intercept for this relationship.

Determine the coordinates of the y-intercept for this relationship.

Use an appropriate method to sketch the graph of the relationship.

Use the graph to estimate the number of litres of water in the tank at the end of the day on 10 April.
Use the graph to estimate when there is 600 L of water left in the tank.

[
(> ]
6 o = o0 o 6 ¢ D

Explain why the reciprocals of a and b are respectively the x- and y-intercepts of ax + by = 1.
Explain how you could find the x- and y-intercepts of linear equations in the form ax + by = d.

For the equation ax + by = d, write an expression for d in terms of @ and b such that the x-intercept is equal

3oNITIVHO | |

to b and the y-intercept is equal to a.
19 The gradient-intercept form y = mx + c is a specific case of the gradient—point form y = m(x — k) + k,
where (%, k) is a point on the line. For example, y = 2(x — 3) + 4 passes through the point (3, 4) and
v = 2(x + 3) — 4 passes through the point (-3, —4).
a Substitute (&4, k) = (0, ¢) and show that the equation y
v =m(x—h) + kbecomes y = mx + c.
b Sketch the following lines by plotting the point (%, k) and

then use the gradient to plot another point in the same way (3, 4)
you would using the gradient—intercept method.
i =-3x—-2)+6 ii y=3(x-2)+6
111y—§<x+ )— iv y——Z(x+7)+
¢ Determine the coordinates for the x- and y-intercepts of —6 -5 -4 3 2 /10 3 4 5 6%

v =m(x—h) + kin terms of m, & and k.

d i Substitute (4, k) = (b, 0) to determine a new general y=2(x-3)+4

form for writing a linear relationship in terms of the

x-intercept. (-3, -4)

ii Explain what you can do to the equation y = mx + ¢ to
write it in this form.

iii Explain how you can use this form to determine the
x-intercept.
e Use your method from part d to write the following equations in the new general form and determine their
x-intercepts.

.

i y=3x-12 ii y=2x-5 ili y=-3x-12 iv y=2x+5

Check your Student obook pro for these digital resources and more:

2 Interactive skillsheet R Investigation - Topic quiz
@ Sketching linear @ Making a stained glass @ 4E
relationships using window
intercepts
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Checkpoint quiz
Check your
knowledge of the first
part of this chapter.

¥ 1 Solve the following equations for x. v’ Core
a $+2=-7 b 4(x+2) =28 c 5Q2x-3)-8x=-1 v’ Advanced
3 2 Solve the following equations for x.
a Sx+7=2x-5 b 7-4x=6x—-13 ¢ 7x—3)=-61—-x d 8Q2x+7) =4@Bx+11)
3 3 Jamie orders five equally priced video games online for a total cost of $409.70, which includes the delivery
charge of $9.95.
a Define a pronumeral to represent the unknown quantity in this problem.
b Use this pronumeral to write an equation to represent the problem.
¢ Solve the equation using inverse operations.
d What is the cost of each game?
I3 4 Represent the values of x for each inequality on a number line.
a x<5 b x>-3
c —-l1<x<4 d x>4
) 5 Write the inequality that is represented on each of these number lines.
< O
& 5 T I I | T X
0 1 2 3 4 5 6
O L J
b T T T T T T T 1 x
-3 2 -1 0 1 2 3 4 5
[ >
CIN | | | T T X
-7 -6 -5 -4 -3 -2 -
< L
d < T T T T e
-5 4 -3 2 -4
3 6 Solve the following inequalities.
a 6x>18 b -4x>20
c —13<§—8 d 7-3x<4

e 4x+7#6x+ 13
I3 7 Determine whether the following points lie on the line y = 4x — 4.
a (-1,0) b (2,4 c (0,-4)
I3 8 Consider the following tables of coordinate points.
i Plot the points from the following tables.
ii State whether the graph is linear or non-linear.

f 4(3x-3)<3(Bx+2)

d (_43 _8)

a x | -3 | -2 -1 0 1 2 3 b x |[-3]|-2|-1]0 1 2 3
y |-10| -8 | -6 | -4 | =2 0 2 y |45 4 |35 2.5 1.5

c x [-3] -2 | -1 0 1 2 3 d | x| -3|-2|-1]0 3
y 512250 |-1.75|-3|-3.75| -4 =210 2 6 12

OXFORD UNIVERSITY PRESS
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3 9 Sketch a graph of each of the following linear relationships by first completing a table of values for x from

c y=-3x+1 d y=-2x-3

3 10 State whether the following lines have a gradient that is positive, negative, zero or undefined.

-3 to 3.
a y=2x-15 b y=5-x
a y b
| — | —
X
c y d
| — T
X

23 11 Determine the gradients of the lines that pass through the following pairs of points.

a (1,5 and (3,11)

b (-1,3) and (2, -6)

¢ (0,5) and (3,0)

d (-6,-2)and (-1, -8)

23 12 State the x- and y-intercepts of the following lines as coordinates.

a y b
7_
\‘{
4
3_
2_
1_
|0 T T T T T
-1 1 2 N 5 6%
¢ y
2_
1_
T T T T |0 T T T
—8—7—’6\—‘5\—h3\4<_1‘__ 1 2 3%
\
_2_

3 13 Sketch the following linear relationships

a y=2x-4 b y=—4x
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4F Determining linear equations

Learning intentions
By the end of this topic you will be able to ...
v determine the equation of a linear graph.

Determining the equation of
a linear graph

To find the equation of a linear graph in the form of y = mx + ¢,
determine the value of the:
— gradient, for any two points (x,,y,) and (x,, y,):

_ rise

m = Tun

T

B XZ - xl
— y-coordinate of the y-intercept: (0, ¢).

For example, this linear graph has a gradient of 3 and a y-intercept
at (0, 6).

m = 3 and ¢ = 6, so the equation of the graph is y = 3x + 6.

Note: The x-intercept at (-2, 0) is not used in this calculation.

For lines with only one intercept, the equations can be determined

Inter-year links
Year 8 6l Finding linear equations

Year 10 5A Linear relationships

e Key content video

y
F—F
y-intercept ¢ |
(0,6) ‘
5
4

) 3 |
gradient TTA 3
=3/1 2
[} rise =3
x-intercept / | 1—
(_29 0)\‘

I N | 0 I

-3 £2 —_1_1_ 1 X

/ run =1

using the following general equations where «, b and 72 are constants. *3 _133’_

— A vertical line with an x-intercept at (a, 0) is given by x = a.
For example, the graph of the equation x = —1 is a vertical line y=-2x 2
with an x-intercept at (—1, 0). 1

— A horizontal line with an y-intercept at (0, b) is given by vy = b. -1,0) \ 0, 0)
For example, the graph of the equation y = -2 is a horizontal line _'2 fl 0 i é é x
with a y-intercept at (0, —2). -1

— A line that passes through the origin (0, 0) with gradient  is (0, —2) y=-2
given by y = mx. 2
For example, the graph of the equation y = —2x passes through -3
the origin and has a gradient of —2.

Example 4F.1 Determining the equation of a linear graph given

the gradient and the y-infercept

Determine the equation of a linear graph with a gradient of —3 and a y-intercept of (0, 7).

Identify the values of gradient » and the m=-3

y-coordinate of the y-intercept ¢, and then The y-intercept is (0, ¢).
substitute into the gradient—intercept form, c="7

y:mx+c. y:_3x+7

OXFORD UNIVERSITY PRESS
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Example 4F.2 Determining the equation of a linear graph

Determine the equation of each of the following linear graphs.

a y
5]

a 1 Determine the value of the gradient, m, by
identifying the rise and run between any

two integer coordinates on the graph.

2 Determine the value of the constant, ¢, by
identifying the y-coordinate of the
y-intercept.

3 Substitute the values of m and ¢ into the
general equation for a straight line.

Determine the value of the gradient, m, by
identifying the rise and run between any
two integer coordinates on the graph.

2 Determine the value of the constant ¢
by identifying the y-coordinate of the
y-intercept.

3 Substitute the values of m and ¢ into the
general equation for a straight line.
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b

y
3_
ik
1 1
2 10 x
2 190\ 1 2
-2 -
_ rise
= run y
_4 5
T2
=2
rise =4
T
1 x
y-intercept: (0, 4)
c=4
y=mx+c¢
y=2x+4
_ rise
- run runyzl
=3 3>
1
=-3 rise = -3
1
1 1
0 x
-2 -1\ 1 2
-2
y-intercept: (0, 0)
c=0
y=mx+c
y=-3x+0
y=-3x
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Example 4F.3 Determining the equation of a linear graph given
two points

Find the equation of the linear graph that passes through the points (6, 5) and (2, —3).

1 Calculate the value of the gradient, . = y,— Y,
X, =X
2 Substitute the value of the gradient, m, into the 52_ (_13)
general equation for a straight line, y = mx + c. =T %6-2
_8
4
=2
y=2x+c¢
3 Select one of the two coordinates, substitute From the point (6, 5):
the values of x and y into the partially lLetx=6andy=>5:
completed equation, and solve for c.
5=2(6) +¢
5=12+c¢ (—12)
c=-7
4 State the equation of the line. y=2x-7

v/ The different methods for finding the equation of a line can be overwhelming, so remember that you just
need to find the gradient » and the y-intercept (0, ¢), which you can then substitute into the formula for
a linear graph, y = mx + c.

€3 Exercise 4F Determining linear equations

1-2(a-d), 3, 4(1¢ column), 1-2(e-h), 3(b. e, g. h). 4(b. d. ), 5,6, 2(2 column), 3(b. d. £, h), 6(e-h),
5,6,7(a-€),9,11(a, b), 13 7(e.f).9.10,11(a, b, d), 13, 14(a, b) 7(b.d.f),10,11(c, d), 12-15

4r1 1 Determine the equations of the lines in the following graphs in the form y = mx + c.

a gradient: 3, y-intercept: (0, 4)

<

gradient: —2, y-intercept: (0, 10)
gradient: 1, y-intercept: (0, —7)

a 6

gradient: —12, y-intercept: (0, —1)

o

gradient: —1, y-intercept: (0, 20)

=

gradient: 5, y-intercept: (0, 0)
o1 (0.4
g gradient: 3 intercept: (0, 5)

3 y-intercept: (0, 0)

gradient: -
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4r2 2 Determine the equation of each of the following linear graphs.

a y b
8-
7

-2

10 11 12 %
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4r3 3 Find the equations of the linear graphs that pass through each pair of points.

a (1,-20) and (11,0) b (2,4)and (3,2)

¢ (-1,6) and (3,2) d (-4,-12) and (-2, -6)
e (2,5) and (1,3) f (9,-4)and (11,6)

g (-1,-2)and (5,-5) h (6,-3)and (9,1)

4 Find the equation of the linear graphs below. Recall that the general equation for a vertical line is x = a and the
general equation for a horizontal line is y = b, where a and b are constants.

a RY b y

7 2

6 14

I I I I I I IO
~7-6-5-4-3-2-171 1 2 3 4%

40 80 X

0 T T T T 2/3+ *
-2/7y,7 217 417 6T 8[7%

-2/7+ 1/37

U

=
{ J
L

T
- 0 x
—5/74 1/3 1/3 23 1

-6/7- ~1/3+ ¢
-1

5 Find the equations of the x-axis and y-axis.

6 Determine the equations of the linear graphs that have the following intercepts.

a x-intercept: (4, 0), y-intercept: (0, 12) b x-intercept: (-5, 0), y-intercept: (0, 10)
¢ x-intercept: (3, 0), y-intercept: (0, —21) d x-intercept: (-6, 0), y-intercept: (0, —24)
e x-intercept: (—1, 0), y-intercept: (0, 10) f x-intercept: (18, 0), y-intercept: (0, 6)

g x-intercept: (5, 0), y-intercept: (0, —2) h x-intercept: (-6, 0), y-intercept: (0, 9)
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7 Identify two integer coordinates on each linear graph and use these to determine their equations.
b

a
8

7

—-10-

ot —]

N —

9 —

-

8 Azami invests some money into a simple interest account. After two years the account has $2500, and after

five years the account has $3400. Determine the equation that gives the amount in Azami’s account, $A4, after

n years.

9 Roland recently started a business and realised his profits were increasing at a constant rate. After seven days
of being open, he had made a profit of $450, and after 14 days, he had made $870 in profit.

a Worite a linear equation that gives the amount of profit, $ P, that Roland earns after » days.

Being overly optimistic about his launch, Roland uses his model to predict the profit he will earn one year

(365 days) after opening.

b What is the predicted profit Roland will have earned exactly one year (365 days) after opening?
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10 As water drips from the ceiling of a cave it creates a long crystalline
formation that hangs from the ceiling called a stalactite. A specific
stalactite is measured to be 85 centimetres long in 2010 and then
10 years later it is measured to be 87 centimetres long.

a Determine a linear equation for the growth of the stalactite, g, in
centimeters 7 years after 2010.

b Use your equation to estimate the age of the stalactite in 2010.
What year did it begin to form?

11 Determine the equation of the lines with the following tables of values.

a x -3 -2 -1 0 1 2 3
y -32 -23 -14 -5 4 13 22
b x -3 -1 1 3 5
y -2 1 4 7 10 13 16
c x 10 20 30 40 50 60 70
y 48 51 54 57 60 63 66
d x 1 4 9 16 25 36 49
y 28 22 12 -2 -20 —42 —68

12 A carpenter sells his wares based on the cost of the materials and the time spent crafting. A particular
collection all cost the same in materials but take different amounts of time to craft. A piece that takes 16 hours
to craft costs $845 and a piece that takes 28 hours to craft costs $1385. The carpenter then marks up the total
cost by 120% to sell.

a Write the equation that gives the total cost, $C, for a piece in this collection that takes 7 hours to craft.
b Write the equation that gives the revenue, $R, for a piece in this collection that takes » hours to craft.
¢ Write the equation that gives the profit, § P, for a piece in this collection that takes 7 hours to craft.

13 a Factorise the right-hand side of each of the following equations.

b Find the x-intercept of each of the following equations.

¢ Describe the connection between the factor form in part a and the x-intercept in part b.

i y=3x+12 ii y=-5x-15
iii y=2x-10 iv y=6x—-38
v y=21-"7x vi y=16x—40

14 Find the equations of the linear graphs that pass through each pair of points.

a <%, 0) and (O, %)
b (£ ()

e (-3)md(-5-3)

15 The product of the gradient, m, and y-intercept, ¢, for a particular line is 99. The sum of the gradient and
y-intercept is 20.

a Write the two possible equations for the line.

b Find the coordinates of the point where the graphs of the two equations intersect.

Check your Student obook pro for these digital resources and more:

2 Interactive skillsheet AR Worksheet 4 Investigation 7= Topic quiz
@ Determining linear @ Writing the rule for @ The human body @ 4LF
equations horizontal and vertical
linear graphs
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ADVANCED
4G Direct variation
Learning intentions ‘Z} Inter-year links
By the end of this topic you will be able to ... Support Multiplying and dividing whole
v identify when two variables vary directly in numbers
an equation or graph Year7 5E Line graphs

v’ solve problems involving direct variation. Year 8 3H Rates

Year 10 51 Direct and inverse variation

DireCT VoriGTion y — kfc e Key content video

e Two variables x and vy are said to vary directly when: o
constant of variation

2 x=0,y=0 = rate of change
— the rate of change of y with respect to x is constant. = gradient
e [tis also said that y is directly proportional, or just proportional, to x. y
e Direct variation (or direct proportion) is denoted using the symbol o<, 54 y=2x/
e If y < x, then the equation for the relationship between x and y is y = kx, where % is 4 //
the rate of change of y with respect to x and is called the constant of variation. 3 /
e The graph of y = kx is a straight line that passes through the origin (0, 0) and has a 2 /
gradient of k. Al
For example, in the relationship represented by the graph to the right, the constant /
of variation is 2. 0 1 5 3x
Example 4G.1 |Identifying direct variation =

Determine whether x and y vary directly in each of the following relationships. If the relationship is not
directly proportional, provide a reason for your answer.

a x 0 1 2 3 4 b
y 0 -7 -14 =21 -28
a 1 Checkthatx =0 wheny=0. a Whenx=0,y=0.
2 Check whether the rate of change is % = _T7 =-7 %’ = _Tm -7
constant. To determine the rate of change Vv —14 Yy  -28
from a table of values, calculate% for each X~ T 7 X" 74 T 7
pair of coordinates excluding (0, 0).
3 State whether or not y o< x. x and y vary directly.
b 1 Checkthat x = 0 when y = 0. b The graph passes through the origin (0, 0).
2 Identify whether the gradient of the graph The graph of y versus x is non-linear and,
is constant. therefore, does not have a constant gradient.
3 State whether or not y o< x. x and vy do not vary directly.
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Example 4G.2 Finding the constant of variation

ADVANCED

Find the constant of variation if vy e x using the given information, then write the equation for each

directly proportional relationship.
a y=18whenx=3

b x 0 2 4 6 8
y 0 24 48 72 96
¢ v
3
2
1
0 T T T T T T T T T T
1 2 3 4 5 6 7 8 9 10%
a 1 Ifyecx,y = kx. Substitute the given a y=kx
values into y = kx and solve for k. Letx=3andy=18:
18=%k%x3
18=3%k (= 3)
k=6
2 Substitute into the general equation y=6x
v = kx.
b 1 Select any pair of values in the table and b x 0 2 4 6 8
substit.ute the corresponding values of x y 0 24 48 72 96
and vy into y = kx, then solve for 4.
2 Substitute into the general equation v =kx
V= kx. Letx=2andy = 24:
24 =k x 2
24 =2k (= 2)
k=12
y=12x
¢ 1 Asthe graph passes through the origin, ¢ ¥
(0, 0), to find the gradient, k, select 3
any point on the graph, substitute the 2
corresponding values of x and y into 1 G

v = kx, then solve for k.

2 Substitute into the general equation
v = kx.

OXFORD UNIVERSITY PRESS
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V= kx
Letx=5and y=1:
1=kx5
1=5k (+5)

_1

-5
y=Ls
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Example 4G.3 Solving problems involving direct variation

Jamie completes a 200 metre sprint in 40 seconds.

a Assuming Jamie runs at a constant speed, sketch a graph of Jamie’s distance, d, from the starting line
against the time, 7, for the duration of the sprint.

b i Determine the gradient of the graph.
ii Express Jamie’s average speed as a rate.

¢ Determine the equation for the relationship between d and z.

d How far had Jamie run after 10 seconds?

a Plot the endpoints:
Start 1 = 0 s, Jamie is d = 0 m from the
starting line: (0, 0). 150-
End ¢ = 40 s, Jamie is d = 200 m from the
starting line: (40, 200).

200+

d (m)

100+

50+

0 5 10 15 20 25 30 35 40

t(s)
b i To find the gradient, select the points b i = 21_8161
(0, 0) and (40, 200), and calculate ~ 200
_ rise =%0
run _s
ii The rate of change of d with respect ii Speed =5 m/s
to ¢ is the same as the gradient of the
graph of d vs. t. Jamie runs 5 metres per
second.
¢ The equation for direct proportion c d=>5t
is v = kx, where k is the constant of
proportionality.
d Substitute time, ¢ = 10 seconds, into the d Letz=10
equation and solve for the distance, d. d=5(10)
=50m

v/ Direct variation is an example of linear algebra and linear graphs. Remember that for the relationship
v = kx, k = constant of variation = rate of change = gradient.

v/ For a relationship to be directly proportional, the constant of variation 2 must be a constant, but it can
still be fractional, irrational or negative!
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I Exercise 4G Direct variation

/\ 1-4.6.7.10 [[]1-3s5689m ORETRARL

46.1 1 Determine whether x and y vary directly for each of the following relationships. If the relationship is not
directly proportional, provide a reason for your answer.

a x 0 1 2 3 4 b x 0 1 2 3 4
y 0 4 8 12 16 y 0 1 8 27 64
c x 0 1 2 3 4 d x 0 2 3 4
y 0 -9 | -18 | =27 | =36 y 1 2 4 6 8
e f v
0 x 0 x
g YA h y
x
0 x
1y i v
0 X 0 X
2 Identify and state the constant of variation for each relationship.
a y= 4x b m=-10n

46.2 3 Find the constant of variation using the given information, then write the equation for each directly
proportional relationship.

a y=50forx=5 b y=63forx=-7
c y=16forx=064 d y=—-12forx=18
€ x 0 1 2 3 4 f x 0 5 10 15 20
y 0 -6 -12 | =18 | =24 y 0 25 50 75 100
g x 0 10 20 30 40 h x 0 2 4 6 8
0 -5 -10 | =15 | =20 0 10 20 30 40
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i

k

463 4 Julian ecarns $24 an hour working at the local deli.

a

o 6

b

6 The graph on the right shows the distance travelled by a car over time.

a

b

d

7 The cost, C dollars, of building a house is proportional to
the area, A, of the floor space in square metres. It costs $90 000
to build a house with a floor space of 150 m?.

a
b
c

8 The Australian dollar (AUD) and the US dollar (USD)
are directly proportional to each other where $1 USD

Y j y
54
_30_
4_
3 -25-
2+ -204
14 ~15-]
—T T T
0 1 2 3x 107
-5
—T T
0 1 2%
a and b vary directly and a = 2 when b =7 1 cis directly proportional to dand ¢ = V2 and d=5

i Sketch a graph of Julian’s earnings, ¢, against z, the
number of hours he works during an 8-hour shift.

ii Determine the gradient of the graph.

Express Julian’s hourly wage as a rate.

Determine the equation for the relationship between ¢ and ¢.
If Julian has to leave halfway through the 8-hour shift, how
much will he earn in total?

Use the formula C = 27r to explain why the circumference of
a circle is directly proportional to the radius of the circle and
identify the constant of variation.

Use the formula A = 77” to explain why the area of a circle is not directly proportional to the radius
of the circle.

Describe the car’s journey, including the speed at which the car is ¢ tkam
travelling at different times in the journey. 180
Write an equation for the relationship between d and ¢ during 120
the first hour of the journey.

Write an equation for the relationship between d and 7 during 607

the second hour of the journey.
Is d o< ? Why or why not?

Given C o< A, determine the constant of variation.
Write an equation for the relationship between C and A.
Use your answer from part b to calculate the floor
space of a house that you could build with a budget of
$126000.

is approximately equal to $1.50 AUD. When converting
between different currencies, the constant of variation is better known as the exchange rate.

a

b
c
d

Identify the exchange rate and the equation to use when converting from USD to AUD.

Draw the graph of the equation from part a for values on the horizontal axis from $0 USD to $100 USD.
Use your graph to convert $50 USD to AUD.

What is the exchange rate to convert from AUD to USD?
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9 A physiotherapist sees 160 patients every week.
a If the physiotherapist works 40 hours each week, on average,
how many patients does the physiotherapist see per hour?
b On average, how many minutes does the physiotherapist
spend with each patient?
c If the physiotherapist wishes to earn at least $10000 every
week, what is the minimum he must charge each patient?

10 Jasmine lives 1200 m from school. She walks to school each day
at a speed of 1 m/s. Nelson lives 4.5 km from school. He rides

his bike to school each day at a speed of 15 m/s.
a If both Jasmine and Nelson arrive at school at 8.30 am, what time did each student leave home?
b Jasmine and Nelson live 4.8 km apart. They plan to meet each other one morning and both leave their
homes at 9.00 am. At what time will they meet?
11 Tom is riding in a cycling event. His distance from the start line at given times is recorded. The table shows
values for 7 (number of hours) and d (distance from the start line in km).

t 0 1 4 9 16
d 0 20 40 60 80

a Plot the points on a Cartesian plane and then join them with a smooth line.
b Is the relationship between ¢ and d an example of direct variation? Explain.
c¢ Complete this table.

vt
d 0 20 40 60 80

d Plot the points on a Cartesian plane and join them with a smooth line.

(¢

Is the relationship between vz and d an example of direct variation? Explain.

f Determine the constant of proportionality for the relationship
between V7 and d and hence write an equation for the relationship.

g What distance is Tom from the start line after 36 hours?

12 The graph below shows the journeys made by two friends between towns A and B. Both friends leave their
homes at midday and arrive at their destinations 2 hours later.

Helena travels at a constant speed from town A to town B. Julia travels at a constant speed for the first hour,
then rests for 15 minutes before continuing on to town A at the same speed travelled as Helena.

Determine how far each of them was from town A after travelling for half an hour.

town B
160 -

Distance from town A (km)

town A
wi 0-+— Time
midday 2 pm

Check your Student obook pro for these digital resources and more:

Interactive skillsheet Investigation Topic quiz
Direct variation How much gold is 46
actually in a piece of

gold jewellery?
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4H Midpoint and length of a

line segment

Learning intentions @

By the end of this topic you will be able to ... Year 7
v determine the midpoint of a line segment on the Year 8
Cartesian plane Year 10

v calculate the length of a line segment on the Cartesian plane.

Midpoint of a line segment

e The midpoint of a line segment is the point located exactly halfway
between the endpoints of the line segment. If the coordinates of two

endpoints of a line segment are (x, y,) and (x,v,), then:
X, tx, ¥ +y2>

2 2

— The x-coordinate of the midpoint is the average of the x-coordinates

midpoint = (

of the endpoints.
— The y-coordinate of the midpoint is the average of the y-coordinates
of the endpoints.

Length of a line segment

e The formula for the length of a line segment can be determined by drawing
an appropriate right-angled triangle and using Pythagoras’ theorem. If the
coordinates of two endpoints are (x,v,) and (x , v,), then the two shorter
side lengths of the triangle are a = x, — x, and b = y, — y,. The distance, c,
between the two points is the length of the hypoteneuse, and can be found
by taking the positive solution to the equation:

& =a+ b

Inter-year links

1G Indices and square roots

7D Pythagoras’ theorem

5B Gradient, midpoint and length of

alines

¥1

Y7

egment

G Key content video

(x,53,)
midpoint +

Example 4H.1 Determining the midpoint of a line segment

Find the coordinates of the midpoint of the line segment joining (-1, 4) and (7, 9).

1 Calculate the x-coordinate of the midpoint by
averaging the x-coordinates of the endpoints.

x-coordinate of the midpoint =

2 Calculate the y-coordinate of the midpoint by  y-coordinate of the midpoint =

averaging the y-coordinates of the endpoints.

3 Worite the coordinates of the midpoint. Coordinates of the midpoint: (3, 73>

170 — OXFORD MATHS 9 NSW CURRICULUM

-1+7 _
—5 =3

4+9 _13

2

\9}

—_
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Example 4H.2 Calculating the length of a line segment

Calculate the length of the line segment joining (-1, 4) and (7, 9), correct to one decimal place.

1 Define the points (x,, y,) and (x,, y,). The Let (x;, y,)=(-1,4) and (x,, v,) = (7,9)
order of the points does not affect the result.
2 Determine the lengths of the two shorter sides  a=x, — x, b=y,—y,
of the corresponding right-angled triangle. =7-(-1) =9-4
=8 =5
3 Substitute the shorter side lengths into c=a+
Pythagoras’ theorem and solve for c. 32=82+52
=64 + 25
=89

4 Use a calculator to evaluate the root and round ¢ =89
the answer to one decimal place as specified by ¢~ 9.4 units
the question.

v/ Take care when finding the horizontal or vertical distances between two points — watch carefully for any
changes in sign!

v When finding the distance between two points, it may help to plot the two points on the Cartesian plane
and identify a suitable right-angled triangle before applying Pythagoras’ theorem.

€O Exercise 4H Midpoint and length of a line segment

2-3(2 column), 2-3(g-1).4.8,10,12, 13(b),

/\ 1.2-301" column), 4-7,9, 11 4,8-10,12,13(a), 15 14,16-18

1 State the coordinates of the midpoint of the following line segments.

a v by
2+ of T I I I I .
1- 1 1 2 3 4 5 6
0 I S R N =2+ — ¢
1012 3 4 5
c v d vy
® 6 3
54 2 /
4+ 14
3 T T 1
1}
5 1 2 3 4x
1_
T T
43219 x
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4H1 2 Find the coordinates of the midpoint of the line segment joining each pair of points.

a (1,4)and (3, 10) b (2,5) and (8, 3)

¢ (1,0) and (5, 2) d (2,6)and (2,10)

e (0,5) and (8,9) f (3,—-4)and (7,6)

g (2,—-1)and (6,7) h (-3,-4) and (5,-4)

i (-4,-2)and (-2,2) j (3,9) and (4,8)

k (5,0)and (8,11) 1 (-5,7) and (5,-7)
4H2 3 Calculate the length of the line segment joining each pair of points correct to one decimal place.

a (2,5 and (3,7) b (3,4) and (5,8)

¢ (6,2)and (9, 3) d (-4,5) and (-4,9)

e (2,-4)and 4,2) f (5,0)and (8, —-4)

g (0,-1)and (1,-2) h (7,8)and (-7,38)

i (4,-3)and (6,0)
k (-5,-4)and (-1,-2)

4 For each line segment, find:

(=3,6) and (-2, 2)
(6,-5) and (-6, 5)

bk e

i the midpoint ii the length (to one decimal place) iii the gradient.
a YA b YA
5 4
4- 3-
N \' 2
2 14
14 < T Tol/ T I 1 >
S -3-2 W12 3 ax
T To I r L o I I'x
-2 ] 123456 en
—2 —3
A4 —4
v
[ y d y
8 14
7 PN L T U S SN S I ™ x
-10-9-8-7-6-5-4-3-2 1- 1
6- Ll
5- —2-
4- -3
3 —4-
24 -5
14 —6-
T T Tol I I x 77
6-54-3-2_ 0 1 2 s
-2 -9+

5 Calculate the distance between the midpoint and one of the endpoints of each of the line segments in
question 3.

6 The midpoint of a line segment AB has the coordinates (6, 4). If point A has the coordinates (2, 3),
find the coordinates of point B.

7 'The midpoint of a line segment CD has the coordinates (-5, 1). If point D has the coordinates (4, —7),
find the coordinates of point C.
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8 A point, 4, on a circle has the coordinates (—1, —1).
a If the centre of the circle is at (2, 3), calculate the radius of the circle.
b Identify the coordinates of another point on the circle that forms a diameter with point A.
9 Calculate the perimeter of AABC correct to one decimal place.
Ya

a4 4

A
1]
W
|
-
1
w
1 |
\S]
UL
N =
| |
’-‘\
N —
W —
.
W
QY

-3
\/

10 Calculate the perimeter of each shape correct to one decimal place.
a triangle with vertices at (-3, —2), (-2, 4) and (4, 2)
b square with vertices at (-1, 2), (2, 5), (5,2) and (2, —1)
¢ rectangle with vertices at (-4, —-2), (2,4), (4,2) and (-2, —4)
d trapezium with vertices at (-3, 3), (1, 5), (3, 3) and (2, —2)

11 A yacht race follows a triangular course that has been mapped onto a Cartesian plane. The scales on the axes
represent distances in kilometres. The race begins and ends at the origin.

y (km) A
24+
20 > leg 2
:" --.> .....
16 ; R 4
leg1 ; | P
12 ;
8 ; . leg 3

Start \ K
a Calculate the length of each leg of the race correct to }f
0

Finish L]

| | T
4 8 12 16 20 24 28~C&m

one decimal place.

Calculate the total distance covered during the race correct to one decimal place.
¢ An observer’s boat is located close to the midpoint of the second leg of the race. Determine the distance
between the observer’s boat and the finishing point, correct to one decimal place.
12 Consider this parallelogram drawn on a Cartesian plane.
a List the coordinates of the vertices of the parallelogram.

b Find the coordinates of the midpoint of: vy (cm),

i the longer diagonal 47

ii the shorter diagonal. 3 1
¢ What do you notice about your answers to part b? i_

d Calculate the perimeter of the parallelogram. B _
- T T T T T | T T T T T T

Find the difference in length of the two diagonals -6 —=5/ -4 -3 -2 10 1 2 i/ 4 5 6 7x(cm)

correct to one decimal place.

-2
Y
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13 A shape (in blue) is drawn on a Cartesian plane. A smaller shape (in orange) is then formed by joining the
midpoints of the vertices of the original shape.
In each case, find the perimeter (correct to one decimal place) of:
i the blue shape
ii the orange shape.

iii Compare the perimeter of the orange shape to the perimeter of the blue shape.

a
1 2 3 4 5x(m)
y
b y (cm)
4
3
2~
1—

"‘ x (cm)

14 A quadrilateral ABCD has vertices at A(—4, 2), B(—1,4), C(3, —-2) and D(0, —4). The scales on the axes
represent distances in metres.

Determine the length of each side of the quadrilateral correct to one decimal place.

Determine the coordinates of the midpoint of each diagonal.

Determine the distance between each vertex and the midpoint correct to one decimal place.

Use your answers for parts a—c to identify the shape of the quadrilateral ABCD. Explain your reasoning.

Hence use the correct formula to determine the area of the quadrilateral, correct to one decimal place.

e 0o a6 g 9

Prove that triangle ABC with vertices at A(3, 6), B(—1, —2) and C(-5, 2) is an isosceles triangle. State any

dimensions in simplified surd form.
b Calculate the area of the triangle using your knowledge of the midpoint and length of a line segment.

16 Prove that quadrilateral ABCD with vertices at A(-5, 3), B(—1,5), C(3, —=2) and D(—1, —4) is a parallelogram.
State any dimensions in simplified surd form.

17 A line segment has endpoints at A(—1, —1) and B(2, 5). If point C lies between A and B such that AC is % the
length of AB, determine the exact coordinates of C.

18 A line segment has a midpoint at the origin, a length of 10 units and a gradient of 2. Determine the
coordinates of the two endpoints. Write your answer in simplified surd form. Hint: Sketch a diagram and then
consider only one half of the line segment.

Check your Student obook pro for these digital resources and more:

Interactive skillsheet Interactive skillsheet Investigation Topic quiz
Midpoint of a line Length of a line segment From square to triangle 4H

segment
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41 Parallel and
perpendicular lines

Learning intentions
By the end of this topic you will be able to ... @

Inter-year links
Year 8 6H Intersecting lines

v determine if two lines are parallel or perpendicular from Year 10 5B Gradient, midpoint and length of a
their equations line segment

v determine linear equations for parallel lines
v determine linear equations for perpendicular lines.

Parallel lines © o contentvies

e Parallel lines are two or more straight lines that never meet. y
e 'Two lines are parallel if they have the same gradient. 5-
If the gradient-intercept equations for two lines are y = 12 x + ¢, 4-

and y = m x + c,, the lines are parallel if 72, = ..
For example, the lines y = 2x + 3 and y = 2x — 1 shown on the
right are parallel.

Perpendicular lines

e Perpendicular lines are straight lines that meet at right angles. y
e Two lines are perpendicular if the product of their gradients 5
is —1 or, expressed another way, if one gradient is the negative
reciprocal of the other.
If the equations of two lines written in gradient—intercept (0, 3)
form are y = . x + ¢, and y = m.x + ¢,, the lines are -
perpendicular if 72, X m, = —1 or, expressed another way,

if m, = ——.
1 HZZ

For example, the lines y = 2x + 3 and y = —%x + 1 are

perpendicular because 2 X (f%) =-1.

rise

y=mx+c
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Equations of parallel and perpendicular lines

e To determine the equation of a parallel or perpendicular line in the form y = mx + c:
1 determine the gradient of the given line, 1,
2 determine the gradient of the new line, 772,
— If lines are parallel, then their gradients are equal: 72, = m,.
— If lines are perpendicular, then their gradients are the negative reciprocal of each other: 7, = ~
3 identify the x- and y-coordinates of a point on the new line
substitute into the formula y = mx + ¢ to determine c.

Example 41.1 Determining whether two lines are parallel @
or perpendicular

For each pair of equations, decide whether the lines are parallel, perpendicular or neither. Give reasons.

a y—-2=>5 b 1-4y=2x+3 c y=3x-2
Y —5%=19 1 +4x =2y 3x+y=-2
a 1 Rearrange y— 2 = 5x to make y the a y—-2=>5 (+2)
subject and identify the gradient. y=5x+2
So the gradient of y— 2 = 5xis 5.
2 Rearrange y — 5x = 9 to make y the y—5%=9 (+ 5x)
subject and identify the gradient. y=5x+9
So the gradient of y— 5x = 91is 5.
3 State whether the lines are parallel, The lines are parallel because their gradients are
perpendicular or neither, by the same.
comparing the two gradients.
b 1 Rearrange 1 —4y = 2x + 3 to make y b 1-4y=2x+3 (GRY)
the subject and identify the gradient. A4y =2x+2 (+ -4
So the gradient of 1 — 4y = 2x + 3 is —5
2 Rearrange 1 + 4x = 2y to make y the 1+4x=2y
subject and identify the gradient. 2y =1+ 4x (+~2)
y=2x+ %
So the gradient of 1 + 4x = 2yis 2.
3 State whether the lines are parallel, The lines are perpendicular because their gradients
perpendicular or neither, by are the negative reciprocals of each other.

comparing the two gradients.

¢ 1 Identify the gradient of y = 3x — 2 by ¢ The gradient of y = 3x — 2 is 3.
looking at the coefficient of x.

2 Rearrange 3x + y = —2 to make y the 3x+y=-2 (= 3x)
subject and identify the gradient. y=-3x-2

3 State whether the lines are parallel, So the gradient of 3x + y = -2 is —3.
perpendicular or neither, by The lines are neither parallel nor perpendicular. Their
comparing the two gradients. gradients are not equal, nor are they the negative

reciprocals of each other.
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Example 41.2 Determining parallel lines

Determine the equation for a line that is parallel to the graph of y = —7x — 5 and passes through (2, 6).

1 Identify the gradient of the graph of y = —7x -5
and use this to define the gradient of the parallel
line. Parallel lines have equal gradients.

2 Substitute the values for the gradient and
the coordinates into the gradient—intercept
equation: y = mx + c.

3 Solve the equation for ¢ and write the final
equation in gradient—intercept form.

The gradient of y = —7x—5is —7.

For the parallel line, use m = —7 with x = 2 and y = 6.

y=mx+c
6=-7%x2+c¢
6=-14+c¢ (+ 14)
¢c=20

The equation is y = —=7x + 20.

Example 41.3 Determining perpendicular lines c

Determine the equation for a line that is perpendicular to the graph of y = ;x + 11 and passes

through (10, -8).

1 Identify the gradient for the graph of
= %x + 11 and use this to define a gradient
for the perpendicular line. Perpendicular lines
have gradients that are the negative reciprocal

of each other, 72, = —%
2

2 Substitute the values for the gradient and
the coordinates into the gradient—intercept
equation: y = mx + c.

3 Solve the equation for ¢ and write the final
equation in gradient—intercept form.

3

The gradient of y = %x + 111is %

For the perpendicular line, use

n=d Gl

Use x = 10 and y = -8.

y=mx+c¢
-_3
-8 = 2><10+c
-8 =-15+¢ (+ 15
c=7

The equation is y = —%x + 7.

/

&

v If yis already the subject of the equation, you do not need to rearrange the equation to the form
vy = mx + c to identify the gradient, m. The coefficient of x will be the gradient.

For example, the gradient of y = 1 — 4x is —4 and the gradient of y = is

v/ Remember, if you know the y-intercept, (0, ¢), all you need to do is determine the gradient, /72, and
substitute both values into the gradient—intercept equation y = x + c.

)

1+2x. 2
3 °3
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M Exercise 4l Parallel and perpendicular lines

1-3,4(a,c. e, 9g).5.6(a.c.e. Q). 7,
8(a,c,e,g).9-11,13,16

4,5,6(a,c.e g).7,8(a.c e g)9 5,6(g. h). 7.8(g. h). 9,14, 15,18, 20,
12,17,19,21 22-26

1 a Calculate the gradients for the linear graphs on each of these Cartesian planes.

i v i y
4 4

ADNINTd ANV ONIANVLISIIANN |
N
h
— 7/[\)
h

b What do you notice about both pairs of lines?
¢ What can you say about the gradients of parallel lines?

d Decide whether each equation below describes a linear graph parallel to those in part a i.

i y=2x-9 ii y=5+2x ili y=3x+2
2 a Calculate the gradients for the linear graphs on each of these Cartesian planes.
i y ii
4- 4{—
3 3

\\\\\\i 2

T T T T T I T T T T T I I I
—4-3-2-1% 1 2 3 4% —4-34-1% 1 2 3\4 5%
2 2
—3

¥ M

b Find the product of the gradients for each pair of lines in part a.

¢ What do you notice about both pairs of lines?

d What can you say about the product of the gradients of perpendicular lines?
Write an equation for determining the gradient 2, of a line that is perpendicular to another line with
gradient m,.

f Decide whether each of the following equations describes a linear graph that is perpendicular to those in
question 1 part a ii.

i y=3x—-4
ii y:%x+4

iﬁy:9—%x

3 If each of the numbers below is the gradient of a line, then find the gradient of the corresponding
perpendicular lines.

a 5 b -8 c -1 d

O\|—
(¢]
(SA1F
)
|
[NS][SY)
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4 For each linear equation below:
i rearrange the equation so that it is in gradient—intercept form, y = mx + ¢
ii write the gradient of a line parallel to the line described by the given equation
iii write the gradient of a line perpendicular to the line described by the given equation.

a 3x+y=11 b —4x+y=7 c —§x+y:%

d 3x+2y=8 e Sx—-2y=4 f 8x+5y=-11
_ 5y N

g 9y—-3x=15 h x=-5y-3 i x+5_1

4.1 5 Decide whether each of these pairs of equations describes lines that are parallel, perpendicular or neither.
Give a reason for your answer.

a y=4x-3and4x—-y=5 b 3y-2x=12and3x+ 2y =8
c y:%xand3y:4—8x d 2x+y=3andy=2x+6
e S5x+y+4=0andx+5y=7 f 2x—7y=11land 14y =4x+1

g 8x—12y=7and 18y + 12x = —-11 h 6x+3y="7and 20y - 10x =4
4.2 6 Determine the equation for the line that is:

a parallel to the graph of y = 4x + 3 and passes through (2, -5)

b parallel to the graph of y = —3x + 7 and passes through (-1, -3)
¢ parallel to the graph of y = —x — 6 and passes through (-4, 2)
d

parallel to the graph of y = %x + 9 and passes through (6, 0)

e parallel to the graph of y = —%x — 8 and passes through (15, 0)
f parallel to the graph of y = gx + 5 and passes through (0, 11)

7
g parallel to the graph of y = % - %x and passes through (0, —5)

h parallel to the graph of y = %x - % and passes through (-9, 12).
7 Rearrange each of these equations to help you determine the equation for a line that is:
a parallel to the graph of 8x + 2y = 10 and passes through (5, —2)
b parallel to the graph of 5x + 10y = 30 and passes through (-8, 1)
c parallel to the graph of 7x — 3y = 5 and passes through (0, 6)
d parallel to the graph of 40y — 24x = 6 and passes through (5, 0).
4.3 8 Determine the equation for the line that is:
a perpendicular to the graph of y = 5x + 9 and passes through (5, -8)
b perpendicular to the graph of y = —7x — 3 and passes through (0, 3)
¢ perpendicular to the graph of y = x + 4 and passes through (-1, -2)

d perpendicular to the graph of y = —zx + 1 and passes through (-4, 4)

3
e perpendicular to the graph of y = gx — 7 and passes through (0, 8)
f perpendicular to the graph of y = —%x + 2 and passes through (—10, 0)
g perpendicular to the graph of y = 13—4 - %x and passes through (9, 0)

h perpendicular to the graph of y = %x - 28—1 and passes through (—28, 3).
9 Rearrange each of these equations to help you determine the equation for a line that is:
a perpendicular to the graph of 15x + 3y = 12 and passes through (-10, 7)
b perpendicular to the graph of 12x — 36y = 72 and passes through (-9, —6)
¢ perpendicular to the graph of 9x + 7y = 13 and passes through (0, 47)
d perpendicular to the graph of 45y — 18x = 63 and passes through (—40, 0).

OXFORD UNIVERSITY PRESS CHAPTER 4 LINEAR RELATIONSHIPS — 179

ADN3INTd ANV ONIANVLSIIANN |




ONINOSVIU ANV ONIATOS INI190dd |

10 Write the equation for a line that is perpendicular to each line shown and has a y-intercept of 3.
¢ y
10

8 (4, 8)

10
g 5,9

(1, 1)

T T 0 T x

—4—:22/ 2 4 6
4

11 For each line shown in question 10, write the equation for a line that has a y-intercept of —4 and is:

i parallel to the given line
ii perpendicular to the given line.
12 a Sketch each pair of graphs on the same Cartesian plane.

i 2x+3y=12and2x—3y=12

i 2x+3y:123nd%x—%y:12
iii 2x+3y:123nd2x—3y:%

iv 5x + 2y =20 and 2x — 5y = 20
v S5x+2y=20and -2x + 5y =20
vi 5x + 2y =20and 2x + 5y =-20
b Determine which pairs of graphs are perpendicular.
¢ Write the equation of a line perpendicular to ax + by = 1 in the same form and in terms of a and .
13 a Sketch the graphs of x = 2 and y = 4 on the same Cartesian plane.
b Explain why each of the following explanations is either correct or incorrect.

i Aamira says the graphs are perpendicular because they meet at a right angle.
0.1

ii Jack says the graphs are not perpendicular because 1%0° 1+-1.
c¢ Complete each of the following sentences.
i Vertical lines are perpendicular to horizontal lines because they meet ata ____ degree angle.
ii Vertical lines are perpendicular to horizontal lines, but we cannot use the formula _ x _ =_

because the gradient of a vertical line is

iii Vertical lines are perpendicular to horizontal lines, so the equations and are perpendicular.
14 Show that the line joining (2,-3) and (4, 5) on the Cartesian plane is parallel to the graph of y = 4x— 7.
15 Show that the line joining (-11,-7) and (-1, -2) on the Cartesian plane is perpendicular to the graph of
y=-2x+5.
16 A line passes through two points, (-2, 3) and (7, 9).
a Find the gradient of the line.
b Worite the equation for a linear graph that is:
i parallel to the line and passes through (6,—1) ii perpendicular to the line and passes through (-4, 8).
17 A line segment joins (-6, 7) and (0, —11). Write the equation for a linear graph that is:
a parallel to this line segment and passes through the origin
b perpendicular to this line segment and passes through (-6, 7)
¢ perpendicular to this line segment and passes through its midpoint.

X, X, v+,
2 02

Hint: Use ( > to find the coordinates of the midpoint.
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18 In his backyard, Husayn is planning to add a concrete path that goes from the back door to the barbecue on
the left fence, then continues to the gate in the right corner. He wants the path to make a right turn at the
barbecue. The path is planned to be 1 m wide and the back door is 1 m away from the left fence. Determine
the equations of the four lines that mark the edge of the proposed path.

gate

left fence

BBQ

00 1 2 3 4 5 6%
back door

19 Four points are plotted on a Cartesian plane: A(-2, 1), B(5,4), C(-6,—4) and D(8, 2).
a Isline segment AB parallel to line segment CD?
b Isline segment AC perpendicular to line segment BD?
20 The following three points are plotted on a Cartesian plane: A(-2, 3), B(1, 12) and C(7, 10).
a Show that line segments drawn between these points form a right-angled triangle with the points 4, B and
C as vertices.
b Is the triangle ABC an isosceles right-angled triangle? Show your reasoning.
¢ Calculate the perimeter of the triangle, correct to one decimal place.
d Calculate the area of the triangle, correct to one decimal place.
21 Use your knowledge of parallel lines and Pythagoras’ theorem to:
a show that quadrilateral ABCD, with vertices at A(1, 4), B(2, 6), C(4,7) and D(3, 5), is a rhombus
b show that quadrilateral EFGH, with vertices at E(1, 3), F(8, 6), G(4,-2) and H(-3, -5), is a parallelogram.
22 Prove that quadrilateral KLMN, with vertices at K(0, 0), L(2,4), M(6, 2) and N(4,-2), is a square. Then find
its perimeter and area, correct to one decimal place.

23 Prove that quadrilateral PORS, with vertices at P(-7, 5), O(-3, 1), R(0, 4) and S(-4, 8), is a rectangle. Then
find its perimeter and area, correct to one decimal place.

24 A perpendicular bisector is the line that passes through the midpoint of a line segment between two points at a
right angle. Write the equation for the perpendicular bisector of the line segment joining (-2, 3) and (8, 7).
25 Prove that quadrilateral WXY/Z, with vertices at W(-9,-11), X(-1, 8), Y(6,9) and Z(7, 2), is a kite.
Hint: Also consider the diagonals of the quadrilateral.
26 Without plotting points on a Cartesian plane, what type of quadrilateral is ABCD if its vertices are
A, 1),B(8,4), C(9, 1) and D(-3,-5)? Show your reasoning, using your knowledge of parallel and
perpendicular lines.

Check your Student obook pro for these digital resources and more:

Interactive skillsheet Worksheet Topic quiz
Parallel and Working with linear 4l
perpendicular lines relationships
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Chapter summary

Linear inequalities Intercepts
y
Inequality | Number line representation Meaning
x#k x is not equal to & ‘<« y-intercept
T X
k x-intercept
- N
x<k D a—— x is less than £
: * 0 x
x>k o—> x is greater than &
T X
k
-0 1 . .
x<k : N x is less than or equal to % Gradient-intercept form
k
x>k ’—’x x is greater than or equal Y = mx +c
k ok gradient y-coordinate
k< x< m &——0 x x is greater than or equal of y-intercept
3 m to k but less than m
Midpoint Length Gradient
naing —| 1t Y+, 3 3 . ri y,—y
Midpoint _ﬂT’ 5 Length = V0o, —x)=,—y1) Gradient = rgg =% =%
2 1
y
(x2:2) y (5, 35) y (5 35)
Y2 4 midpoint
Vi
Ce 1)
T T : :
0 x x, * 0 X x, * 0 9é1 9é2 X
Linear graphs with one intercept x=-2 y=dx
y
4 1,4
Description General equation Intercept Gradient y=3 0,3)
Vertical lines x=a x-intercept: (a, 0) | undefined 5
Horizontal lines y==5b x-intercept: (0, b) 0
1 —
Lines that pass YV =mx origin: (0, 0) m -2,0| (0,0
through the origin T ™o T 1
-3 2 -1 1 2 3X
where «, b and . are constants. -1
Parallel lines Perpendicular lines Direct variation
 Their gradients are equal. « The product of their gradients — whenx=0,y=0

is —1.

— the rate of change of y with
respect to x is constant

Yo x —> y=rkx

f

= rate of change
= gradient

rise
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= Chapter review

Mathematical literacy review

The following key terms are used in this chapter:

Cartesian plane

e gradient-intercept

@ Chapter review quiz

Assess your
knowledge of this
chapter.

v Core
v/ Standard
v/ Advanced

linear graph

Quizlet

Test your knowledge of this
topic by working individually
or in teams.

rate of change

e constant form linear relationship solution

e constant of variation * inequality midpoint variable
 coordinate points * inverse operations « number line o vary directly
* direct variation * linear equation  parallel » x-intercept

e gradient * linear inequality e perpendicular e y-intercept

1 Complete the following sentences using words from the list of key terms.

a A linear is a mathematical statement that compares two unequal expressions. The result can be
plotted on a

b A relationship is a relationship between two variables that produces a straight line when drawn on
the

c A linear is a mathematical statement that compares two equal expressions. It contains a

that has a power of 1 and is not multiplied by another variable.
2 Given two linear equations in gradient—intercept form, y = mx + b, what do the two values of  in each
equation tell us? State True or False for the following statements.
a 'They indicate if the lines are parallel to each other.

<

They indicate if the lines are perpendicular.

¢ They indicate what the y-intercepts are.

d They indicate what the x-intercepts are.

e 'They indicate the rate of change.

f They indicate if there is a direct variation between the variables.
g They indicate if the line is horizontal.

3 Explain the difference between the following terms using one or both of the following equations
as an example.

Equation 1: y=3x+ 1 Equation 2 involving cost and time: C = 6¢

a 'The constant in the gradient—intercept form of a linear equation and the constant of variation.

b A hnear relationship and a direct variation.

Multiple choice

PN 1 The solution to the equation 3x — 9 = 12 is:

A x=1 B x=7 C x=12 D x=13 E x=63
¥ 2 The value of x in the equation 5x — 2 = 3x + 7 is:
5 1 1 1 1
A§ B 1§ sz D4§ ESZ
BN 3 What is the solution to 2x — 1 < 5?
A x>3 B x<3 C x>2 D x<2 E x<6
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N 4 Which of the following values of x satisifies the inequality 60 < 2x + 12?

A 36 B 24 C 12 D 6 E O
5 Which point does not lie on the graph of y = 2x — 4?
A (0> _4) B (1) _2) C (4: 4) D (_13 _2) E (_2) _8)

) 6 The gradient of the linear graph shown to the right is:

A -2 B—% C D 1 E 2

1
2

) 7 The gradient of the line segment joining the points (-2, 4) and (7, —4) is:

A B -3 (o D -2 E 0
23 8 A line with a gradient of 0:
A s vertical B is horizontal C is undefined
D increases from left to right E decreases from left to right.
Il 9 At the point where a line crosses the x-axis:
A x=y By=—x Cy=1 D x=0 E y=0
3 10 The y-intercept for the graph of 2y = 3x — 4 is:
A (0,-4) B (0,-2) C (0,0) D (0,2) E (0,4)
3 11 In a linear graph, y = mx + ¢, the pronumeral ¢ represents the:
A y-intercept B x-intercept C rise D run E gradient
3 12 A linear graph has a gradient of 3 and a y-intercept of (0,—2). The equation of the graph is:
A y=-2x+3 By:%x—Z C y=3x-2 D y=-3x+2 E 3x-2y=1
S0 2 13 For which graph is y o< x?
ADV Ay B YA Cy
0 x x 0 x
D v E i
0 x o x

Z) 14 The coordinates of the midpoint of the line segment joining (3, 5) and (7, 9) are:

A (5,7 B (7,5 C 2,2 D 4,8 E (1,2)
&} 15 The length of the line segment joining (3, 5) and (7, 9) is closest to:
A 4 B 5 C 6 D 7 E 8
IZl 16 A line parallel to the line 3x + 2y = 6 would have a gradient of:
2 3 3 2
Az B3 -3 c -3 D3 E -2
IZH 17 A line has a gradient of T A line perpendicular to this line would have a gradient of:
3 3 4 4
A 3 B 7 C 7 D -3 E 3
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Short answer

N 1 Solve each equation using inverse operations.

a 3x—4=2 b 2=4-3x c 4x-3)=3 d g—zz—l
¥ 2 Solve each equation for x.
a 7x-3=4x+9 b x+8=1-6x

¥ 3 One more than three-fifths of the class is 16 people.
a Define a pronumeral to represent the unknown quantity in this problem.
b Use this pronumeral to write an equation to represent the problem.
¢ Solve the equation.
d How many people are in the class?
BN 4 Write the inequality that is represented on each of these number lines.
— «—o0 o—o

a T T T T b T T T T > X c T T 1 T X
-5 4-3-2-1 -12 -11-10 -9 -8 -2-1012 3 4
BN 5 Solve each of these inequalities.
a 5-2x<7 b 2—x>10+ 2x

I3 6 Complete a table of values from x = —2 to x = 2 for each linear relationship, and then plot the relationship
between x and y.

a y=x+5 b y=x-5 c y=-x+5 d y=-x-5
Bl 7 For each linear graph shown, determine the:
i gradient ii x-intercept iii y-intercept.
a v b y
3 2
/ 14
14 10 1 T
-3-2 —11 1 2 4 X

—9-8-7-6-5-4-3-2-10] 1 2 % N
10 L
(Y y d y
1+ 24

—_
1L
(=)

2l 8 Find the gradient of the line segment joining each pair of points.
a (2,3)and (-2,-3) b (-3,-2)and (-2,-3)
I3 9 For the graph of each linear relationship below, determine the coordinates of the:

i x-intercept ii y-intercept.
a 2x+3y=18 b 3x—-y=6 c y=4x-2
d 2y=5x-3 e x—2y=4 f —y=4-x

3 10 Use your answers from question 9 to sketch each linear graph.
3 11 Use the most appropriate method to sketch the graph of each linear relationship.

a 3x+2y=4 b 4-2x=3y c y:%x d yZS—%x
e y=5 f 2x+3y+6=0 g y:%x—z h x=-7

Il 12 Write the equations of the linear graphs with the following properties.
a gradient: 4, y-intercept: (0, —2) b gradient: %, y-intercept: (0, 0)

¢ gradient: O, y-intercept: (0, —%)
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3 13 Find the equation of each of the following linear graphs.

a y b y
3 5
2 4-
1 3]
T T T
2 3 4% 2
1_

S 14 Determine whether x is directly proportional to y in each of the following relationships. If the

ADV relationship is not directly proportional, provide a reason for your answer.
alx o1 [2]3]a b T o369 12
y 0 1 4 9 16 y 0 |-15| -3 |-45| -6
c v d vy
0 x
0 x
2} 15 For the line segment that joins each of the following pairs of points, find the:
i midpoint ii length (correct to one decimal place).
a (2,3)and (8,7) b (-4,6) and (-3, 5)
c (2,-4)and (-2,4) d (-3,-1)and (2,-9)
I} 16 Determine the equations of the linear graphs that pass through each pair of points.
a (-5,2)and (1,-4) b (100, 39) and (—47, 39)
¢ (-3,4) and (6, —8) d (7,12) and (-3,4)

Il 17 Write an equation for a line that is:
a parallel to the graph of y = —4x + 5; with y-intercept of —3
b perpendicular to the graph of y = 2x — 7; with y-intercept of —4.
Il 18 Write an equation for a line that is:
a parallel to the graph of y = 3x + 2 and passes through (3, 2)
b perpendicular to the graph of y = 3x + 2 and passes through (-3, —-2).
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Analysis

1 For a hot food stall, Sophie buys and then sells sausage rolls and party pies. The sausage rolls cost 71 cents
each and the party pies cost 26 cents each. Sophie sells the sausage rolls for $1.20 each and the party pies for
50 cents each. Sophie has a budget of $60 per day. Let s be the number of sausage rolls Sophie buys and p be
the number of party pies Sophie buys.

a Write an inequality that describes how Sophie can spend her budget each day.

b If Sophie buys 50 sausage rolls, write an inequality that describes the number of party pies she can buy.

¢ If Sophie buys 150 party pies, write an inequality that describes the number of sausage rolls she can buy.

d Assume Sophie is able to sell all the sausage rolls and party pies she buys on a particular day. Let PP be the
profit Sophie will make that day.

Write an equation that describes the profit Sophie will make.

e On another day, Sophie made $50 profit.

Sketch the graph of the number of sausage rolls against
the number of party pies Sophie could have bought and
sold. Write the coordinates of the intercepts, correct to two
decimal places. Hint: Put sausage rolls on the vertical axis.

f State the maximum number of party pies Sophie could have
bought and sold on the day she made $50 profit.

g On the day Sophie made $50 profit, the price she paid for
the sausage rolls and party pies was $59.90. Determine the
number of sausage rolls and party pies Sophie bought and
sold that day. 4

2 David decides to visit his friend Steve, who lives 6 km away. It takes him 60 min to get there if he walks quickly.
This can be shown in the graph of distance, D, in kilometres from Steve’s house and time, ¢, in minutes.

T T T T T T T x

10 20 30 40 50 60 70
t (min)
Determine the gradient of the graph.
Express David’s average speed for walking as a rate in km per minute.
Determine the equation for David’s journey in gradient—intercept form using the variables D and z.

Steve decides to meet David halfway. What is this distance from his home?

o o 6 o o

Steve leaves home on a skateboard at the same time

as David leaves and gets to the halfway point after

20 minutes. Plot this point on the graph and draw in line segments to show Steve’s journey and him waiting
to meet David.

f How long did Steve have to wait to meet David?
g Express Steve’s average speed when riding his skateboard as a rate in km per minute.

h Determine the equation for Steve’s journey in gradient—intercept form using the variables D and .
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3 a The shape below is made from seven line segments. Determine the linear equation and an inequality
showing the values of x or y involved to produce each line segment in the following table.

y Line Linear x- or y-values
5.0 segment equation involved
4.5

A y=1 2<x<3
4.0
3.5 B 1<y<
3.0

C
2.5
2.0+ D 25<x<4
1.5

E 1<x<25
1.0 A
0.5 F

O 0.51.01.52.02.53.03.54.045 % G

b Complete the table of linear equations and corresponding inequalities showing the values of x or y involved
to produce the line segments for this shape.

Line Linear x- or y-values
segment equation involved
0, a) A
F B
A a |___
2 | E
D C
-1,0) (1,0 b
E
B C
F
0, -a)

¢ Which lines are parallel in part b?
d What value of a will make lines 4 and B perpendicular in part b?
4 A rectangle DEFG has vertices at D(-2, —1), E(0, 1), F(3, -2) and G(1, —4).
a Draw the rectangle on the Cartesian plane.
b Calculate the lengths of all the sides of the rectangle, correct to one decimal place.

¢ Using your sketch, identify the coordinates of the y-intercepts of the line segments:

i DE ii EF iii DG iv FG
d Find the gradients of the lines through:
i DE ii EF iii DG iv FG

e Point Pis the midpoint of DE, point Q is the midpoint of EF, point R is the midpoint of FG and point S is
the midpoint of DG. Find the coordinates of:

i P ii O iii R iv §
Describe the shape of the figure PORS. Justify the statements you make.

g If the original figure DEFG had been a square instead of a rectangle, explain how this would affect the shape
of PORS. Support your answer with mathematical evidence.
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5 The cross-section of a building is drawn on a Cartesian plane with the scale on the axes showing length in
metres. The x-axis represents ground level.

a On the same Cartesian plane, sketch the graph of:
i dy—-x=12 ii y:S—%x
b To represent the cross-section of the building, shade the area between the graph of 4y — x = 12 and the

x-axis from x = 0 to x = 4, as well as the area between the graph of y = 5 — %x and the x-axis between

x=4and x = 8.

¢ How tall is the building at its highest point?

d What is the distance from the top of the roof to the lower edge of the roof, correct to one decimal place?

e What is the positive gradient of the roof?

f If a chimney is to be placed halfway along the slope of the roof on the side with the positive gradient,

describe its position on the Cartesian plane.

Chapter checklist

Now that you have completed this chapter, reflect on your ability to do the following.

I can do this I need to review this
Solve linear equations using inverse operations D Go back to Topic 4A
Solve linear equations with the unknown on both sides using Solving linear equations

inverse operations

Represent linear inequalities using a number line D Go back to Topic 4B
Solve linear inequalities using inverse operations Solving linear inequalities
Plot linear relationships from tables of values and equations D Go back to Topic 4C

Plotting linear relationships

Identify the x- and y-intercepts of a linear graph D Go back to Topic 4D
Determine the gradient of a line segment and a graph Gradient and intercepts

Determine the x- and y-intercepts of a linear graph from its equation D Go back to Topic 4E
Sketch linear graphs with two intercepts using the x- and y-intercepts Sketching linear graphs

Sketch linear graphs with one intercept

Determine the equation of a linear graph D Go back to Topic 4F
Determining linear equations

Identify when two variables vary directly in an equation or graph D Go back to Topic 4G
Solve problems involving direct variation Direct variation

Determine the midpoint of a line segment on the Cartesian plane D Go back to Topic 4H

Calculate the length of a line segment on the Cartesian plane Midpoint and length of a
line segment

Determine if two lines are parallel or perpendicular from their D Go back to Topic 41
equations Parallel and perpendicular
Determine linear equations for parallel lines lines

s ¥ e Y e O B N A B |

Determine linear equations for perpendicular lines
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m Semester 1 review

Short answer

1 Ben works 32 hours per week and is paid $24 per hour. He takes two weeks of annual leave,
for which he receives an additional leave loading of 17.5%. How much does Ben get paid for his
two weeks of annual leave?

2 What is the total payable for each of the following purchasing options?
a $150 deposit plus 15 payments of $45 b $500 deposit plus 24 payments of $175
c  $799 deposit plus eight payments of $399 d $1295 deposit plus 12 payments of $547
3 a $4500 is invested at a simple interest rate of 8% p.a. How much interest is earned after nine years?
b

$150 is borrowed and $35 interest is charged after two years. At what annual simple interest rate was the
$150 borrowed, correct to two decimal places?

c §5 interest is earned on an investment after two weeks with a simple interest rate of 6% p.a. How much was
invested, correct to the nearest cent?
d $100000 is borrowed at a simple interest rate of 0.6% per month. After how many months is $1200 of
interest charged?
4 Round the following as specified in the brackets.

a 20.040194 (three decimal places) b 20.040 194 (three significant figures)

c 0.000782718 (four decimal places) d 0.000782718 (four significant figures)
5 Solve the following equations for x.

a 12x-7=4 b 9-2x=15 ¢ 4x+9=6x-7 a 2l-3
6 DPlot the graphs of the following equations by completing each table of values and plotting the coordinates.

a y=3x—-4 b y:—%x

x 0 1 2 3 4 x -4 | -2 0 2 4
Yy y

7 Write the following numbers in index form (as the product of powers of prime factors).

a 81 b 500 c 216 d 2700
8 Write the following as basic numerals.

a 7° b 3x53 c 8.213x 104

d 1.0530 x 102 e 273 £ (3)°

’ 7

9 Write the following in index form with positive indices.

a (2°x72)%x (2°x 75?2 b 1172 x13°x 17°

114 x 13°%x 171

¢ 10175 x 975 x 10177 x 97 d (‘?517;3)_8 x (ﬂj)ﬁ
10 Simplify the following. Write your answers using positive indices.

a (ab®)* x (bao)> b cﬁi‘jiii

c 52X Thx2¢ xht d (PZ+FE)°
11 State the number of significant figures in the following.

a 946025 b 120000000 c 0.00252020 d 630.00

12 Write the following numbers in scientific notation.

<

a 751425963, correct to four significant figures
c 0.0000859456, correct to two significant figures d 75000, correct to three significant figures

25.360 141, correct to five significant figures
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13 Expand the following products.

a 8(7-2x) b -2x’(3x*-198) c (x+2Dx-7)

d Gx-2)2y+3) e 5-4Cx+7) f 2x(x+9) +3(x*—4x+2)
14 Determine the x- and y-intercepts for the graphs of each of the following equations.

a y=3x—-6 b 5x+8y=-60 c y=7-2x d 2x+y=17
15 Write each of these expressions as a single fraction in simplest form.
16 Sketch the graphs of the following equations.

a 2x+3y=12 b y=2 c y=2x
17 Calculate the gradient of the following lines.

a y b y

4_

(3,3)
31/'/ L0 1533553 ¢F
-1,-2) (6,-2)

T T 0 | | T T —3_
-2-1 1 2 3 4%
c y d y
6_ 24 (1: 2)
2,
g @3 ]
:: —2-19 {1 2 3x
2- -2 (13_2)
1+ -3
1235 6x
4, -1
N (4,-1)
18 Determine the equations of the following graphs.
a y b kY
A iy
a 5
4+ 4+
3+ 3
2+ 2
1+ 1
T T T T O T T T T T T T 0 | T T T
—4-3-2-101 12 3 4 x ~4-3-2-10] 1 2 3 4 x
—2- —2
C v d y
9_
DU R DI -,
2 6
-3 5+
4_
34
2
14
T T T T 0 | T T T T T
—4—3—2—__11_ 123 456X
-2
_371
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19 Find the midpoint of the following straight-line segments.

a b y

—
(S}
w
=

2

20 From the given information, determine the equation of each of the lines in a—e below. Write each equation in
the form y = mx + c.
a 'The gradient of the line is 4 and the line passes through the point (-2, 5).

The line passes through the points (3,—4) and (8, 12).

The line is parallel to 3x — 6y = 12 and passes through the point (4, 3).

The line is perpendicular to y = —ix + 5 and passes through the point (-2, 5).

3
The line is perpendicular to the line segment between the points (1, 4) and (-2, 5) and passes through the

midpoint of the line segment.

o o 6 g

21 Determine the length of the following line segments, correct to two decimal places.

54 1

x
/

T T T T
—6—5—4—3—2—_11_ 1 23 45 X

22 Find the constant of variation using the given information, then write the equation for each directly

proportional relationship.
a y=5forx=20 b y=-12forx=4
Clx]o] 1] 2]3 4 drxTol 4 [ s ]12] 16
y | 0| =5 |-10|-15]| =20 y | 0| -1 -2 -3 -4

B 23 State the inequality represented on each of the following number lines.

< O

A ~T—T—T1T T T T T T X b T T T 1T T T T T T1°%
2 -1 01 2 3 4 5 6 -2 -10 1 2 3 4 5 6
®- > O g
C <7711 T T T T T T > x d ~T—7T 7 1T T 1T T 1T T 1%
4 5 6 7 8 9 10 11 12 13 -6 -5 -4-3-2-101 2 3
5 24 Solve each of the following inequalities. Show each solution on a number line.
a 4x+5=17 b -6x+4>28
c 8—-4x<5 d 50Q2x-3)<4x
B 25 Factorise the following expressions.
a 12a+ 18b%* — 6¢d b 21g2-7¢ ¢ 3m(n-5)—-4(n->5)
d vw+ 50+ 2w+ 10 e 3p*+3p-—18 f r”+5r-36

192 — OXFORD MATHS 9 NSW CURRICULUM OXFORD UNIVERSITY PRESS



EBM26 Write each of these expressions as a single fraction in simplest form.

2,5, 3.2 7 1,5 2¢, 3¢, 4c
a 3378 “2x b 4q ~ qr % 2pq ¢ TZabe * 6abc d 5d * 6d * 7d
Analysis

1 Jane is driving home from work, which is 30 km from where she lives. It takes her 36 minutes to drive home.
Assume Jane drives at a constant speed throughout her journey. Jane’s distance from home, d kilometres, at time ¢
minutes after leaving work can be described using a linear equation.

a Which two features of the graph of d are given in the information above?

b Determine Jane’s speed throughout her journey in kilometres per minute.

¢ How does the gradient of d relate to your answer to part b?

d Write the equation of d in gradient—intercept form.

e Sketch the graph of d and label the axis intercepts.

Jane’s daughter Vanessa attends a school located at the exact midpoint of Jane’s journey home. Occasionally,

Jane picks up Vanessa on her way home. It takes three minutes for Vanessa to get into the car and for Jane to be

on her way again at the same constant speed as before.

f Find the coordinates of the point on your graph that represents Jane stopping to pick up Vanessa.

g How should you represent the time spent picking up Vanessa from school on your graph? How does this
affect the key features of the graph of d?

h Sketch the graph representing Jane’s journey home on a day when she picks up Vanessa. Label any key
coordinates.

i Your sketch from part h can be broken into three linear graph segments. Find the equation of each segment
in terms of d and .

2 Lisa works at an aged care centre and receives a wage of $24 per hour. For hours worked outside of the core
working hours (8 am to 6 pm) Lisa receives time-and-a-quarter pay.
Lisa’s regular working week is shown in the table below:

Day Mon | Tue Wed Thu Fri Sat | Sun
Hours 8—4 84 12-8 12-8 8-2 - -

a How much does Lisa earn in a regular working week?

b Lisa is provided with 20 days of annual leave each year, for which she receives leave loading of 17.5%.
How much is Lisa paid for her four weeks of annual leave?

c Calculate Lisa’s annual income from her job if she works for 48 weeks and takes four weeks of annual leave.

Lisa is also a co-author of a book on health care, for which she receives a 4.5% royalty. Over the last financial
year, the book recorded sales of $65320.

d Calculate the amount of income Lisa receives from her book royalty.

Lisa also started the year with $12600 of savings, which she put into a simple interest account which paid 7.4% p.a.
e How much interest did Lisa earn on her savings?

f Given that Lisa had tax deductions which totalled $484, what is Lisa’s taxable income for the year?

g Use the following tax table to determine Lisa’s income tax for the year.

Taxable income Tax on this income $35000

0-$18200 Nil

$18201-$45000 19 cents for each $1 over $18 200
$45001-$120000 $5092 plus 32.5 cents for each $1 over $45000
$120001-$180000 $29467 plus 37 cents for each §1 over $120000
$180001 and over $51667 plus 45 cents for each $1 over $180000

h What is Lisa’s net income from the year, after her income tax and the Medicare levy has been deducted
from her taxable income?
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™ EXPLORATIONS 1

1 Overtake

A car, a van, a truck and a bicycle are all travelling in the same direction on the same road, each at its own
constant speed. At 10 am, the car overtakes the van; at noon, it overtakes the truck; at 2 pm it overtakes the
bicycle. At 4 pm, the truck overtakes the bicycle. At 6 pm, the van overtakes the truck.
a Suppose the speed of the car is 120 km/h and the speed of the truck is 80 km/h.
i Find the speeds of the van and the bicycle. Then find the time at which the van overtakes the bicycle.
ii A motorbike overtakes the van at 10 am and the bicycle at 3 pm. What is its speed?
iii A semi-trailer travelling at 80 km/h in the opposite direction passes the van at 6 pm. At what time does it
pass the bicycle?
b Let c and 7 represent the speeds, in km/h, of the car and truck, respectively. Find the speeds of the van and the
bicycle in terms of ¢ and z. Then show that the time at which the van overtakes the bicycle is always the same,
regardless of the speeds of the car and the truck.

2 Borders

The design shown is formed by removing one square from each corner of

a rectangular grid and shading a border of thickness 1 unit. In this 6 x 8
example, there are 24 shaded squares in the border and 20 unshaded squares
in the interior.

a Ignoring rotations, we want to find the number of such designs that have
the same numbers of border and interior squares. Follow these steps:

i Let the dimensions of the original rectangular grid be x X y. Find
expressions, in terms of x and v, for the number of border squares and

the number of interior squares.

ii Setting the expressions equal, rearrange the equation to get 0 on the right-hand side.

iii The left-hand side can almost be fully factorised as a binomial product of the form (x — _ )(y — __ ).
What number do you need to add to both sides of the equation to make this work?

iv Remember that x and y are positive integers, so the factorised expression on the left-hand side of your
equation should match up with a factorisation of the number on the right-hand side. Deduce that there are
six possible pairs of positive integer solutions for x and y.

v Why does this mean that there are only three possible designs?

b Adapt the above methods to find, ignoring rotations, the number of such designs in which there are:
i twice as many interior squares as border squares
ii twice as many border squares as interior squares.

3 Absurd surds

What does the infinite surd expression \/6 + V6 + V6 + ... equal? Does it even equal anything? Maybe as you add
more and more sixes, the result gets larger and larger without ever settling down.

a One way to get an idea of what’s going on is to use the ‘answer’ button on your scientific calculator, as follows.
The instructions for your model might be slightly different.
» Enter @B @ D — this calculates the first approximation of V6 and stores it as the most recent answer.
» Enter @B @D ED @D ED — this calculates the next approximation V6 + Ans based on the previous answer.
» Now repeatedly enter &9 — this repeats the previous calculation as often as you like.
» What number do the approximations appear to get closer to?

b Now let’s prove that your observation in part a is correct. Let x be the final answer, then notice that x = V6 + x.
Square both sides and solve the quadratic equation. Which solution can you ignore and why?

¢ i Adapt the method in part b to calculate the exact values of\/12 +V12 +V12 + ... and \/2 V2 =2 — ...

ii Find two different infinite surd expressions that are equal to 5.
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4 Snowflakes

There is a famous conjecture in mathematics about so-called /ailstone numbers. Starting with any positive integer,
we halve the number if it is even, otherwise we triple it and add 1. Now repeat this process to form a sequence

of numbers called hailstones, because of the way they rise and fall like real hailstones forming in a cloud. The
conjecture states that every number will eventually ‘fall to the ground’ by reaching the number 1. Even though this
idea dates back to 1937, when it was first introduced by Lothar Collatz, mathematicians still do not know whether
this will always happen. You might like to check what happens when you start with 27; it takes a surprisingly long
time for the hailstones to fall!

Let’s look at a gentler version of this problem: snowflake numbers. Again, if a number is even we halve it, otherwise
we triple it and subtract 1. For example, the snowflakes of 11 are 32,16, 8,4,2,1,2,1 ... and so on. The sequence
starting with 11 has a cycle of length 2 that repeats indefinitely, which we can represent as follows:

11—32— 16—>8—>4—>2—>lj
We call them snowflakes because, being lighter than hailstones, they might never fall to
the ground!
Show that the snowflakes of 12 also result in a cycle of length 2.
Show that the snowflakes of 13 result in a cycle of length 5.
Find a cycle of snowflakes with length greater than 5.
Explain why no cycle of snowflakes can contain a multiple of 3.
Find all cycles of length 5.
Find an odd number whose snowflakes are alternately even and odd, which do not
form a cycle for at least 1000 terms.

5 Square pizzas

Angelo likes square pizzas because they fit inside square boxes more efficiently
than round pizzas do. However, not having as many symmetries, he worries that
it might not be possible to share square pizzas as fairly as round ones. By ‘sharing

- 0 a6 o B

fairly’, Angelo means that everyone gets the same amount of topping (total area of

their slices) and the same amount of crust (total length of boundary shared with the
original square). (B
Angelo makes a cut parallel to one pair of sides, and then makes a second cut parallel 45

to the other pair of sides. Through the point P where these two cuts meet, he makes

two more cuts at 45° to the others, as shown.

a A pizza has side length 20 cm and the point P is 8 cm from the left edge and
6 cm from the bottom edge. Find the length of each piece of crust (ignoring its thickness) and the area of each
slice (including the crust).

b Verify that the pizza in part a will be shared fairly among two people if they take alternate slices, shaded lighter
and darker in the diagram.

¢ Show that, regardless of the size of the pizza and the location of the point P, the method above will always
share a pizza fairly among two people. Hint: Use coordinates (0, 0), (¢, 0) and (a, b) for the bottom-left corner,
bottom-right corner and intersection point P, respectively. What if P is on a diagonal? What if it isn’t?

d Next, Angelo is interested in sharing a square pizza fairly among three people. He wants to do this by making
three straight cuts from a common point somewhere inside the square. Is this possible?

e For what values of 7 is it possible to share a square pizza fairly among » people by making # straight cuts from
a common point?
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EB5A Solving quadratic equations
5B Plotting quadratic relationships
5C Sketching parabolas using intercepts
5D Sketching parabolas using transformations
5E Plotting exponential relationships

Prerequisite skills

@ Diagnostic pre-test
Take the diagnostic pre-test to assess your knowledge of the

prerequisite skills listed below.

B Interactive skillsheets

After completing the diagnostic pre-test, brush up on your
knowledge of the prerequisite skills by using the interactive
skillsheets.

v’ Solving equations using inverse operations
v’ Factorising quadratic expressions

v/ The Cartesian plane

v’ Plotting graphs

v’ Substitution

Curriculum links

e |dentifies connections between algebraic and
graphical representations of quadratic and
exponential relationships in various contexts
(MA5-NLI-C-01)

— Examine the connection between algebraic
and graphical representations of quadratics
and exponentials

e |dentifies and compares features of parabolas

and exponential curves in various contexts
(MA5-NLI-C-02)
— Graph and examine quadratic relationships
— Graph and examine exponential relationships
— Distinguish between linear, quadratic and
exponential relationships by examining their
graphical representations
EmMe Solves monic quadratic equations, linear
inequalities and cubic equations of the form
ax® = k (MA5-EQU-P-01)
— Solve monic quadratic equations
© NESA

Materials

v’ Calculator v’ Graph paper




ADVANCED

5A Solving quadratic equations

Learning intentions
By the end of this topic you will be able to ...
v’ solve simple quadratic equations.

Quadrafic equations

@ Inter-year links
Year 7 6C Terms, expressions and

Year 8
Year 10

equations
6A Equations

4D Solving quadratic equations

e Key content video

e A single variable quadratic equation is an equation that, when expanded, has its variable raised to an

index of no more than 2.

e The general form of a quadratic equation is: ax? + bx + ¢ = 0 where a, b and ¢ are constants.

e A monic quadratic equation is a quadratic equation in which the coefficient, a, of the leading term, ax?,

is 1. The general form of a monic quadratic equation is x> + bx + ¢ = 0.

The Null Factor Law

e The Null Factor Law states that if the product of factors is 0, then one or more of the factors must be 0.

Given the factors a and b,if o x b =0,then o =0 or b = 0.

e Applying the Null Factor LLaw to quadratic equations in factor form, (x — p)(x — ¢) = 0:

if (x—p)(x—g)=0,thenx—-p=0o0rx—g=0.

Solving quadratic equations

e To solve a factorisable quadratic equation in general form:

1 Factorise the quadratic expression.

2 Apply the Null Factor Law by equating each factor to 0.

3 Solve each linear equation.
For example, x> + 2x —3 =0
(x+3)x-1)=0
x+3=00rx—1=0
x=-3orx=1

e Quadratic equations can have 0, 1 or 2 real solutions.

Type of quadratic equation Example Number of solutions
x*+3x+2=0
Factorised form is (x + a)(x + b) = 0, X+ 1Dx+2)=0 5
where a # b x+1=0o0rx+2=0
x=—-lorx=-2
x*+2x+1=0
Factorised form is a perfect square: (x+1D2=0 1
x+d?=0 x+1=0
x=-1
ax? + bx + ¢ = 0 cannot be factorised
x*+x+1=0 0
for some values of a, b and ¢
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ADVANCED

Example 5A.1 Solving factorised quadratic equations
Solve each quadratic equation.
a (x—-6)(x+2)=0 b x(x-4)=0 c 2x+1)@x—-3)=0
1 Check that the quadratic equation is in factor a x—-6)(x+2)=0
form and is equal to 0. x—6=0o0rx+2=0
x=60rx=-2
2 Apply the Null Factor Law by equating each b x(x—4)=0
factor to 0. x=0orx—-4=0
x=0orx=4
3 Solve each linear equation. c Cx+1)@x-3)=0

2x+1=0o0rd4x-3=0
2x=—-1lor4x=3

-1 _3
X=-—5orx=7
Example 5A.2 Factorising and solving quadratic equations
Solve the quadratic equation x> — 3x — 10 = 0.
1 Factorise the quadratic equation. x2—3x—-10=0
(x+2)(x-5)=0
2 Apply the Null Factor LLaw by equating each x+2=00rx—-5=0
factor to 0.
3 Solve each linear equation. x=-2orx=35
Example 5A.3 Rearranging quadratic equations before solving =
Solve x? + 12 = 8x.
1 Rearrange the equation so that one side of x>+ 12 = 8x
the equation is equal to 0, and the x? term is x> =8x+12=0 (— 8x)
positive.
Factorise the quadratic equation. x-=2)(x—-6)=0
Apply the Null Factor Law by equating each x—2=0o0orx—-6=0
factor to 0.
4 Solve each linear equation. x=2o0orx=6
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Example 5A.4 Solving quadratic equations with common factors
Solve each quadratic equation
a 2x2+22x+36=0 b —x?+ 10x=25
a 1 TTake the highest common factor (HCF) out of the a 2x>+22x+36=0
quadratic expression. 2(x*+11x+ 18) =0

Y (2
2 Divide both sides by the HCE Note that you can never 27+ 11x+ 18) =0

2 2
divide both sides by the variable, x, in case x = 0.

3 Factorise the quadratic equation. x2+11x+18=0
x+2)x+9) =0

4 Apply the Null Factor Law by equating the factors to 0. x+2=00rx+9=0

5 Solve each linear equation. x=-2orx=-9

b 1 Rearrange so that the right-hand side is 0. b —x?+ 10x =25
—x*+10x-25=0
2 Take out the HCE Remember, the HCF can be —1. ~1(x>=10x+25) =0

. 2 _
3 Divide both sides by the HCE [ —10x+25 _ 0

-1 -1
4 Factorise and apply the Null Factor LLaw. Remember, x2—=10x+25=0
there is only one solution when the factorised form is a (x—52=0
perfect square. x—5=0
5 Solve the linear equation. x=5

) (i

v/ Watch for changes in sign when solving quadratic equations for x.
x+6)x—-2)=0
x+6=00rx—-2=0
x=—-60rx=+2
v/ Although it is possible to add and subtract multiples of x, you must not divide both sides of an equation
by x in case x = 0, since dividing anything by 0 is undefined.
For example,

5 = S (- 5x) X =5x (= x)
x*=5x=0 %8=25
x(x-5)=0 Solution x = 0 is missing

x=0orx=>5

v/ Always check the coefficients for a highest common factor (HCF). You can factor out the HCF from any

quadratic equation, ax? + bx + ¢ = 0, by dividing on both sides. This is because % = 0 for any HCE
L %
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1 Exercise 5A Solving quadratic equations

A 1,2(a,c, e, @), 3-11,13,16 |:| 1,2(f, 9.h),4-10,12,13,15,18 Q 1,5-7,9,10,12,15-18

1

5A.1 4

5A.2 5

5A.3 6

5A.4 9

Which of the following are quadratic equations?

a x*-2=0 b 3(x+1)=0 c x*+x=5 d x¥>»+5x+6

e 2x>+x—-4=0 f ¥*+8=0 g 6x+1=2x-15 h x¥*»+7x=x-3
Use substitution to check whether the value in brackets is a solution to the given quadratic equation.

a (x—4Hx-5=0 (x=5) b (x+2)(x-8)=0 (x=2)

c x(x—6)=0 (x=13) d x*»+8x+7=0 (x=-1)

e x*—-4x+4=0 (x=-2) f x*-49=0 (x=17)

g x*—2x—-15=0 (x=-3) h ¥*»-8x+12=0 (x=-4)

Solve each of the following linear equations.

a x+3=0 b x-6=0 c 4x-8=0 d 3x+1=0
Solve each of the following quadratic equations.

a (x+2)(x-3)=0 b (x—7)(x—-1)=0 c (x+dHx-4=0
d x(x-6)=0 e (x+5x+1)=0 f x(x+2)=0

g (x—-8)x+8 =0 h QCx+2)(x-7)=0 i x(x—-11)=0

i Cx+3)(x-5)=0 k (4x-2)4x-2)=0 1 Bx+50@x+3)=0
Factorise and then solve each quadratic equation.

a x*+7x+10=0 b ¥*-3x+2=0 c x*+5x=0

d x¥»-3x=0 e x*-36=0 f x*+10x+21=0
Rearrange, factorise and then solve each quadratic equation.

a x*-2x=28 b x*=1 c x*=-8x

d x¥*+3=4x e 6x=-x*-9 f 1=2x-x«°

Use substitution to check that your solutions for questions 5 and 6 are correct.

Solve each quadratic equation.

a 2x+8)x—-2)=0 b 3(x-Dx-4)=0
c —7(x+6)(x—6)=0 d -5x(x+9)=0
Solve each quadratic equation by first dividing both sides by the highest common factor (HCF).
a 3x°+9%+6=0 b 2x2+8x=0 c 2x?—-4x-16=0
d 3x?-12x+12=0 e -5x*-5x+10=0 f —-4x*+8x=0
g —x*—10x-21=0 h -3x?-24x-48=0 i —2x+32=0
10 Solve each equation.
a x>+ 14x+48=0 b 3x*-12x=0 c x—x*=0
d ¥*-64=0 e —x*-2x+3=0 f —x*+8x-16=0
g —x*+5x=6 h 2x?>+50=-20x i 20 =5x?

11 a Determine how many solutions each of the following quadratic equations has.

OXFORD UNIVERSITY PRESS

i —-4dHx-7)=0 i 0—-4Hkx-4)=0 iii ¥*+4=0
b Identify and describe the feature(s) of each equation in part a that result(s) in the number of solutions
that the equation has.
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12 State how many real solutions each equation has.

a x*’+3x-10=0 b x¥*-4=0 c X*—-6x+9=0 d x*+1=0

e x¥*+7x=0 f x*+12x+32=0 g x*—x-72=0 h x»+2x+5=0
13 The length of a rectangular mouse pad is 8 cm longer than its breadth (b).

a Worite an expression for the area of the mouse pad in terms of b.
b Expand the expression.
¢ The area of the mouse pad is estimated to be 560 cm?. Write an
equation for the area of the mouse pad.
d Factorise and solve the equation. Which value of & is a feasible
solution in this scenario? Explain.
e State the dimensions of the mouse pad.
14 The area of a rectangular sand pit is 35 m?. The length is 2 m longer than the breadth (b).
a Write a quadratic equation to represent this scenario.
b Solve the quadratic equation.
c State the dimensions of the sand pit.
15 The breadth of a laptop screen is 12 cm less than its length. If
the area of the screen is 640 cm?, use algebra to determine the
dimensions of the screen.
16 Alec throws a tennis ball back on to the court from the spectator
stand. The height of the ball above the surface of the tennis court can
be represented by the quadratic relationship # = —4(t + 1) (z — 2),
where /7 is the height in metres after 7 seconds in the air.
a What is the height of the ball after:
i 1 second ii 2 seconds?
b What is the height of the ball when Alec releases it from his hand?

¢ How long does it take for the ball to hit the tennis court after it is thrown?

d Explain why there is only one time value for your answer to part ¢ even though you have solved a quadratic
equation that has two solutions.

17 The height above the ground, /4, of a firework rocket x seconds
after it is launched is given by the equation # = —5x2 + 40x.
a When is the rocket at a height of 60 m above the ground?

b Why are there two solutions? Explain the significance of
each solution.

18 An equation containing a pronumeral that is taken to the power
of three (and no higher) is called a cubic equation. Use the
Null Factor Law to solve the following cubic equations.

a (x—-Dkx-3)x-5=0

b x(x+6)(x—6)=0

c (x+1D(x-4)2=0

d Cx-4)Bx+1)4x-6)=0

Check your Student obook pro for these digital resources and more:

g Interactive skillsheet ™8  Worksheet =N Topic quiz
Solving quadratic Solving quadratic 5A

equations equations
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5B Plotting quadratic
relationships

Learning intentions @

Inter-year links

By the end of this topic you will be able to... Support The Cartesian plane
v identify the key features of a parabola Year 7 5D The Cartesian plane
v’ plot parabolas from tables of values. Year 8 6F Plotting linear relationships

Key feGTureS Of pGrObOlOS e Key content video

e The general form of a quadratic relationship is y = ax®> + bx + ¢, where a, b and ¢ are constants.
The graph of a quadratic relationship is called a parabola.
e The key features of a parabola include:
— x- and y-intercepts; while all parabolas have one y-intercept, parabolas can have no, one or two
x-intercepts

— a turning point or vertex; a quadratic ) ) )
no x-intercept one x-intercept  two x-intercepts

relationship with a positive leading term has
y y y

a minimum turning point and a quadratic
relationship with a negative leading term has a
maximum turning point

— Concavity; curves with a minimum turning

maximum turning point are concave down

— an axis of symmetry, x = —%, where —% is

o o X
point are concave up, and curves with a \

the x-coordinate of the turning point.

e [f there are two x-intercepts, then the axis of symmetry will pass through the midpoint between them.

Plofting paralbolas

e o plot the graph of a quadratic relationship, . -2 -1 0 1
cre'ate a table of co.ordmate po.mts and join the y=xi—2 5 ~1 5 ~1
points on a Cartesian plane with a smooth curve.

1 Construct a table of x- and y-values by selecting values y
for x, then substituting each value of x into the relationship A7 x'-2
to find the corresponding value of y. (=2,2)
Write the coordinate points in the table. ’ 27 2,2)
Plot the coordinate points on a Cartesian plane. 1

Join the points using a smooth curve to form a parabola and
label the graph with its equation.
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Example 5B.1 Identifying the key features of a parabola @

. . y
For the parabola shown, identify: y= a2+ 4
. . 41
a the coordinates of the x-intercepts
b the coordinates of the y-intercept S
¢ whether the turning point is a maximum or minimum. 2
14

3 2 - 0 1 2 3 %
/ —14 \'v‘

/

w" _2_ \
a State the coordinates of the points where the a x-intercepts: (—2, 0) and (2, 0)
graph crosses the x-axis.
b State the coordinates of the point where the b y-intercept: (0, 4)
graph crosses the y-axis.
¢ The turning point is the highest point on the ¢ maximum turning point
parabola, so it is a maximum turning point.
Example 5B.2 Plotting quadratic relationships

Sketch a graph of y = 2x? — 3 by first completing a table of values for x from —2 to 2.

1 Construct a table of values for x from -2 to 2. x N 0 1
Substitute each value of x into the equation to
. y=2x*-3 5 -1 -3 -1
find the corresponding value of y.
2 List the coordinate points. (=2,5), (=1, =1), (0, =3), (1, =1, 2, )
\ y
3 Plot the points on a Cartesian plane. 6
4 Join the points with a smooth curve. Label the (-2,5) 5 (2,5)
graph with its equation.
4.
y=2x*-3
3_
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/
¢/ Rather than drawing ‘hairy’ parabolas, try Y y
starting at the turning point and then drawing 5 5
two smooth, continuous and symmetrical 4 4+
curves through the other plotted points. 37 37
2 2
1 1
3 —'2—'110_ 12 3% —'3—'2—'110_ 12 3%
v/ Draw a short horizontal dash where the turning B ¥
point is to ensure the parabola does not end up 5 5
with a pointy turning point. 4+ 4
3 3
2 2
1+ 1+
329123 3291237
v/ Take care when reading a question. If you are asked to find the coordinates of the x- and y-intercepts,
then you must give your answer as coordinates. So, if the coordinates of the intercepts are (5, 0) and
(0, —1), do not write x = 5and y = —1.
o )
™ Exercise 5B Plotting quadratic relationships
1-3,4(1¢, 2" columns), 2,3,4(2", 3 columns), 2(c), 3(b). 4(3, 4™ columns),
5,6,8,9 5-7.9 5,7-10
1 Which of the following graphs are parabolas?
I v I kY I y
T T T X
I T T I x
T T T T X _
v y A\ y VI kY
| | |
T T T x T T T T T T P X
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ii the coordinate
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58.1 2 For each parabola, identify:
i the coordinates of the x-intercepts, if any

s of the y-intercept

iii the coordinates of the turning point

b

ii plot the graph

a y=2x*-8

3 For each quadratic relationship:

i complete the table of values

iv whether the turning point is a maximum or minimum.

y

x |-3|-2|-1[0]| 1|2

y

b y=9-—x?

x |-4|-3|-2|-1|0 |1

Y

from -2 to 2.
a y=x?

e y=x2+1

i Y

2

b y=—-x
f y=1-x«?

ii

y=5-3x%

ONINOSVIU ANV ©ONIATOS NF190dd | |

c y=2x?
g y=1+2x?

5 a How many x-intercepts do each of the following parabolas have?

206 — OXFORD MATHS 9 NSW CURRICULUM

b Can a parabola have more than two x-intercepts? Explain.

¢ How many y-intercepts does each parabola in part a have?

iii

iii identify the axis intercepts and the turning point, and then state the equation of the axis of symmetry
iv state whether the turning point is 2 maximum or minimum.

582 4 For cach quadratic relationship, plot its graph by first completing a table of coordinate points using x-values

d y=-2x°
h y=1-2x°
y=x2+2
T 1 T T
3-2-19 1 2 3«
\d

d Describe the link between the y-intercept of a parabola and the general equation, y = kx? + c.
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6 For each of the following parabolas state the number of:
i x-intercepts ii y-intercepts.
a parabola with a minimum turning point at (0, 0)

b parabola with a maximum turning point at (10, 0)

7 Alani’s hair clip falls to the ground while she is on a roller coaster. The position of the clip as it falls can be
described by the relationship # = 100 — 42, where % is the height of the clip above the ground in metres after

t seconds.
a Plot the graph of the relationship for z-values from 0 to

S.

b Why shouldn’t you draw the parabola for values less than O or greater than 5?

¢ What is the height of the clip above the ground after:

i 2s ii 3s?

d From what height above the ground did the hair clip start to fall?

e How long did it take for the hair clip to hit the ground?
8 Consider the graph of y = —4x? + 4.

a Identify the x-coordinates of the x-intercepts from the graph.

b Solve the quadratic equation —4x? + 4 = 0.

c¢ Compare your answers for parts a and b. What do you notice?

d Explain how you can use the graph of y = x> — 10 to solve x> — 10 = 0.

y=-4x*+ 4

9 Use your observations from question 8 to solve each quadratic equation below using \
the following graphs.
Y y y
24 y=-—x>+24
P I ; a y=-2x>+12
245 2v5
i y=2x2
26 246 l ol x V6
—20%y = x2 - 20 ' } of [ T «x . r
\ | =

a x?-20=0 b —x?+24=0 c 2x2=0 d -2x*+12=0

10 The equation for a graph with x-intercepts at (-5, 0) and (5, 0) is written as y = x*> — a, where a is a constant.

a Determine the x-intercepts of y = x> — a in terms of a.

Hence identify an appropriate value for a and write the equation for the graph.

b
¢ Determine the minimum value of y.
d

Determine the equation for a graph with x-intercepts at (-5, 0) and (5, 0) and a maximum value of 25.

Check your Student obook pro for these digital resources and more:

Interactive skillsheet W Topic quiz
Plotting quadratic 5B

relationships
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5C Sketching parabolas using
intercepts

Learning intentions @
By the end of this topic you will be able to ...

Inter-year links
The Cartesian plane

v find the intercepts of a quadratic relationship in the Year 7 6E Substitution
formy=kx?+c Year 8 5B Substitution
v’ sketch parabolas using the intercepts. Year 10 5C Graphing parabolas

using intercepts

Sketching parabolas using intercepts & e

e The intercepts of some quadratic relationships can be used to sketch the parabola.

y

T \ T T x
-\\ x-intercepts

* y-intercept

e Find the coordinates of all the intercepts, plot them on the Cartesian plane and then join the points with
a smooth curve.

e To find the x-intercepts of a quadratic relationship in the form y = kx? + ¢:

1 Substitute y = 0 into the quadratic relationship. y=x>-16
Lety=0:
2 Solve the quadratic equation. x2—16=0
x*=16
x=—-4orx=4

x-intercepts: (—4, 0) and (4, 0)

e If kx> + ¢ = 0 does not have a real solution, then the quadratic relationship y = kx*> + ¢ has no x-intercept.

e o find the y-intercept, substitute x = 0 into the y=x*-16
quadratic relationship. Letx =0:
y=(0)?-16
y=-16

y-intercept: (0, —16)

e The axis of symmetry for the graph of a quadratic relationship in the form y = kx* + ¢ is the y-axis.
This makes the y-intercept of the parabola the turning point.
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Example 5C.1 Finding the coordinates of the x- and y-intercepts

Find the coordinates of the x- and y-intercepts of y = x* — 36.

1 o find the x-coordinate of the x-intercept,
substitute y = 0 into the quadratic
relationship.

2 Solve the quadratic equation by adding 36 to
both sides of the equation.

3 Write the coordinates of the x-intercepts.

To find the y-coordinate of the y-intercept,
substitute x = 0 into the quadratic relationship
and solve for y.

5 Write the coordinates of the y-intercept.

Example 5C.2 Sketching parabolas using the intercepts

y=x>-36

For x-intercepts, let y = 0:

x>—=36=0
x> =36
x=—-6o0orx=6
x-intercepts: (—6, 0) and (6, 0)

For y-intercept, let x = O:
y=(0)?-36
=-36

y-intercept: (0, —36)

Sketch the graph of y = —x? + 5 by first finding the x- and y-intercepts.

1 Find the x-intercepts by substituting vy = 0 into
the relationship.

2 Solve the equation for x.

3 Find the y-intercept by substituting x = 0 into
the relationship and solving for y.

4 Mark the x- and y-intercepts on the axes, then
draw the parabola. Label the equation of the
graph.

OXFORD UNIVERSITY PRESS

y=—x*+5
For the x-intercepts, let y = 0:
-x*+5=0

x>=5
x=V5orx=—-V5

x-intercepts: (—=V5, 0) and (V5, 0)
For the y-intercept, let x = O:

y=—(0)2 +5
=5
y-intercept: (0, 5)
y
(0, 5) y=-x*+5
/ 4]
3_
2_
1 = \
V5, 0) \(/5,0)
T T T T |2 T
3 |2 190 1 3 X
14 \
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v/ Label your working out so that it is clear that you are calculating the x-intercepts and the y-intercept. This

can make it easier to check your calculations on a test.
v/ Always label the key features of a graph such as the x-intercepts and the y-intercept with their values or
coordinates when sketching parabolas.
v/ A parabola can have 0, 1 or 2 x-intercepts. If your quadratic relationship has no x-intercepts, or the
x- and y-intercepts are both at the origin, you will need information about other features of the parabola
to sketch the graph.
- /

M Exercise 5C Sketching parabolas using intercepts

A 1-2(a-c). 3-5,9,10,11 |:| 1-2(d-f), 5-12 Q 1-2(b, 7). 8-14

—15€1 1 For each quadratic relationship, find the coordinates of the:

c
% i x-intercepts ii y-intercept.
e a2 — 2 _ — 2
g a y=x XZZ b y=2x"-8 c vy x+x35
Z dy:Z—E e y=—-4x*+36 f y:ZS—Z
(,2) 5C.2 2 Sketch the graph of each quadratic relationship in question 1.
)z> 3 Match each graph with its rule from the list below.
o
o a y b y c y
E 2 (O: 4) 3
0O
< 24
(2,0
1 3 X
(_2’ 0)
3 1
(03 74)
xZ
I y=x-4 Ily:7—2
. x? x?2
4 Consider the graphs of y = 3 18andy =18 - 5

a Identify the x-intercepts for each graph.
b Identify the y-intercepts for each graph.
¢ Describe the similarities and differences between the two graphs.

5 Find the y-intercepts of the following relationships.

a y=2x*-3

b y:x2+%

c y=-2x2+5

d y:xzz—6

2

2

y=-18+
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6 For a quadratic equation in the form y = kx* + ¢:

a write the coordinates of the y-intercept in terms & and ¢

b write the coordinates of the x-intercept in terms % and ¢

¢ find the value of ¢ if the quadratic relationship only has one x-intercept
d write a relationship between & and c if there is no x-intercept.

7 Use your answer to question 6 to determine how many x-intercepts each of the quadratic relationships in
question 5 has.
8 For each of the following parts, find:
i the value of ¢

ii the coordinates of the x-intercept(s)

ONINOSVIY ANV ONIATOS NIT190dd |

iii if the relationship has a maximum turning point or a minimum turning point.
a A quadratic relationship in the form y = x? + ¢ passes through (0, —16).
b A quadratic relationship in the form y = —x?2 + ¢ passes through (0, 64).
9 TFind the equation of the parabola in the form y = kx? that passes through the following points:

a (1,1 b (1,2) c (1,4 d (1%)

10 Sketch the parabolas in question 9 on one graph; remember your parabola needs to pass the given point.
Describe the relationships between the shape of the graph and the coefficient k.
11 For each quadratic relationship:
i identify whether its graph will be a concave up or concave down parabola
ii find the coordinates of the x- and y-intercepts
iii write the coordinates of the turning point
iv sketch the graph of the relationship.

x2
a y=2x?-18 b y:—7+8
2
c y:%—lz d y=12 - 3x?

12 The equation for a parabola with at least one x-intercept can be expressed in factorised form:
y=alx-p)(x+p).
The values of p are equal to the x-coordinates of the positive x-intercepts. The value of a can be determined
by substituting the coordinates of any other points on the graph into the values for x and y. Use the factorised
form to determine the equation of each of the following parabolas.
a b
I ’

100, 8)

(_73 O) (73 0) (_53 0) /\ (53 0)
T T T T

T 0 T // x /| 0 [} x

Wil N
A

13 What is the y-intercept of a quadratic relationship in the form y = a(x — p) (x + p)?

I9NITIVHO ‘ [

I

14 Find the equation of the parabola in the form y = kx? + ¢ that has two x-intercepts, one of the x-intercepts at
(3, 0), and a y-intercept of (0, 6). S

Check your Student obook pro for these digital resources and more:

Interactive skillsheet M)\ Topic quiz
Sketching parabolas using 5C

intercepts
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["ANS | Checkpoint quiz

D470 @ Check your
knowledge of the first
part of this chapter.

3 1 Solve each quadratic equation using the Null Factor Law. v’ Core
a (x—4)(x-3)=0 b (x—2)(x+2)=0 v’ Advanced
c (x+9)x+9)=0 d x(x+4)=0
EMEY 2 Solve:
a x>—-12x+35=0 b x?+3x—-28=0
c x*—12x+36=0 d x*-81=0
BN 3 Solve the following quadratic equations by first identifying an HCE
a 2x*-32=0 b 8x*—16x—64=0
c —2x?-12x-10=0 d 45x-3x>=0
E3 4 For the parabolas shown identify:
i the coordinates of the x-intercepts
ii the coordinates of the y-intercept
iii whether it is a maximum or minimum turning point
iv the equation of the axis of symmetry.
a y b y
7 3
2_
1_
B 1 2 3 *
_3_
1 43
E3 5 Sketch a graph of y = 2x% — 8 by first completing a table of values for x from —3 to 3.
E3 6 A quadratic relationship in the form y = x> + ¢ has a minimum turning point at (0, —2).
a What is the value of ¢?
b What are the coordinates of the x-intercept(s)?
EJ 7 For each quadratic relationship, find the coordinates of the:
i x-intercept(s)
ii y-intercept.
a y=x>-3
b y=2x*-50
c y=x*-8
d y=x>*-64
E3 8 Sketch the graph of y = x? — 3 by first finding the x- and y-intercepts. Label the turning point with its
coordinates.
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5D Sketching parabolas using
fransformations

Inter-year links

Learning intentions @

By the end of this topic you will be able to ... Support The Cartesian plane
v sketch quadratic relationships in the form y = kx? + ¢ using Year 7 5D The Cartesian plane
reflections, dilations and vertical translations. Year 10 5D Graphing parabolas using

transformations

SkeTChlng pOrObC)lOS US|ng e Key content video
tfransformations

e The graph of y = x? is an upright parabola with a minimum 2| y=x

turning point at the origin, (0, 0). )
e Transformations can be performed on the graph of y = x? |
to sketch a graph of y = kx? + ¢, 5 5 4 0
—1-

it —|

o

W
2

where:

— the dilation in the y-direction is by a factor of %
— the coordinates of the turning point are (0, ¢).
o . L = kx> +¢
e A dilation by a factor of % in the y-direction will: Y

— enlarge the parabola in the y-direction if % > 1 \ vertical .
dilation translation of ¢ units

k > 0, upright ¢>0,up
e A reflection in the x-axis will take place if z = —1. k < 0, inverted ¢ <0, down

— compress the parabola in the y-direction if 0 < % < 1.

e A reflection and a dilation will take place if 2 < 0 and % # —1.
e A vertical translation will move the parabola ¢ units:

— upif ¢>0

— down if ¢ < 0.

e Note: Reflections and dilations must be applied before translations.

W= o 6 -
y=x“+3

[\

reflection

) , y=x
Y =X" in the|x-axis !

1 2 37 (0, 3)

0] (0,0) X
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Example 5D.1 Sketching a parabola using translations

Sketch the graph of y = x? on a Cartesian plane, and then perform a translation to sketch the graph of each
quadratic relationship. Label the y-axis at the intercept and label the turning point with its coordinates.

a y=x*-3 b y=2x?

a 1 Identify the transformation. The
relationship is in the form x? + & where
k = =3, so the graph of y = x? undergoes a
vertical translation of 3 units down. So the
y-intercept is at the turning point.

y=x2@
\

vertical translation of 3 units down

2 Sketch the graph of y = x? and label its
turning point, (0, 0). Translate the turning
point 3 units down to find the turning point
of y = x* — 3.

b 1 Identify the transformation. The
relationship is in the form y = kx? where
k = 2, so the graph of y = x? is dilated in
the y-direction by a factor of 2.

— 2
y =2
vertical dilation by a factor of 2

2 Sketch the graph of y = x2 and label its
turning point (0, 0). Stretch the curve in
the y-direction by a factor of 2. That means
for any given x-coordinate, every point on
y = 2x?is twice as tall as on y = x2.

¢ 1 Identify the transformation. The
relationship is in the form y = kx? where
k = —1, so the graph of y = x? is reflected
across the x-axis.

—_ 2
Y ;ﬁk
reflection in the x-axis
2 Sketch the graph of y = x? and label its
turning point, (0, 0). Reflect the curve
across the x-axis. That means the minimum
turning point for the upright parabola at

(0, 0) becomes the maximum turning point
for the inverted parabola.
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c y=—x?
L
0 x
y=x2-3
(0> _3)
2x?
00 7
y
y = X
0 X
y=-x
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Example 5D.2 Sketching a parabola using multiple fransformations

Sketch the graph of each quadratic relationship by performing transformations on the graph of y = x2.
Label the y-axis at the intercept and label the turning point with its coordinates.

a y=—-x>+3 b y=2x>-1

a 1 Identify the transformation. The a v
relationship is in the form y = kx? + ¢,
— ar2e
so the graph of y = x2: ©, 3)
e isinverted,as k= —1

e is translated 3 units up, as ¢ = 3.

y =x2G 3
reflected across vertical translation
the x-axis of 3 units up

2 Sketch the graph and label the turning o
point.

b 1 Identify the transformation. The b v
relationship is in the form y = kx? + ¢,
so the graph of y = x2: 2
e is stretched in the y-direction by a factor
of 2,as k=2 1-
e is translated 1 unit down, as ¢ = —1. y=2x-1

=2 N

vertical dilation vertical translation
by a factor of 2 of 1 unit down 0,-1)

2 Sketch the graph and label the turning point.

-

v/ Remember that if & is negative, you must reflect the graph y
in the x-axis before translating.

v/ Not all quadratic relationships can be written in the form
y = kx?+ ¢. That means not all parabolas have a turning
point at (0, ¢) and an axis of symmetry at the y-axis. For
example, the graph of y = —(x + 3)? is shown to the right.
You will learn more about quadratic relationships in other
forms and perform horizontal translations on parabolas in
Stage 5 Adv Path.

—9-

y=—(x+3)

OXFORD UNIVERSITY PRESS
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3 Exercise 5D Sketching parabolas using
fransformations

/\ 1.2(a-c). 3-7. 8(b-d). 9(c). 10-12 [] 1-2c.dr3.6.7.8¢-0.9.11-15 () 20.6.8¢e.0.12-16

1 Complete the descriptions of transformations below.

a To sketch the graph of y = x> — 10, the graph of y = x? is translated units

b To sketch the graph of y = x? + 8, the graph of y = x? is translated units

¢ To sketch the graph of y = x2, the graph of y = x? — 2 is translated units

d To sketch the graph of y = x2 + 2, the graph of y = x? — 2 is translated units

sp.1 2 Sketch the graph of y = x? on a Cartesian plane, then perform a vertical translation to sketch the graph of each
quadratic relationship on the same set of axes. LLabel the turning point on each parabola with its coordinates.

a y=x*+3 b y=x*+1 c y=x-2

ADN3INTd ANV ONIANVLSIIANN |

d y=x*+6 e y=x’-4 f y=x>+9
3 Consider the graphs of the form y = kx2.
a What is the value of the dilation factor, &, for y = x??

y:ZxZva:xzy:%xQ

R T
a
b
C
|éx
d
(S
f
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b Which graph is narrower than the graph of y = x?? State the
value of the graph’s dilation factor.

¢ Which graph is wider than the graph of y = x?? State the value
of the graph’s dilation factor.

d Describe how the value of the dilation factor affects the width
of the corresponding parabola compared to the parabola y = x2.

4 Match each graph on the Cartesian plane on the right with its
equation from the list provided below.

I y=x°

II y=-2x°
Iy =~
IVy:%xz
V y=2x2
VI y=—x?




5D.2 8§

Sketch the graph of y = x? on a Cartesian plane, then perform a vertical dilation to sketch the graph of each
quadratic relationship on the same set of axes.

a

C

y=4x?
y=—4x?

b y:%

d y= —%xz

Without plotting the graph, determine if the following quadratic relationships would have a maximum turning
point or a minimum turning point.

a
(Y

€

g

y=x2+2 b y=2x?2-12
_x? — 2
y=-3 d y=—x*+3
y=-3x?-2 f y==x
y=10-2x? h y=-2x°

Complete the following descriptions of transformations.

a

a

<

- 0 o 6

a

T
X
Sketch the graph of each quadratic relationship by -4 -3 3 4
performing transformations on the graph of y = x2. Label the
turning point on each parabola with its coordinates.
y=-x*+4
y=-x*-3
y=2x*-1
_x?
Y= 7 +1
y=-2x*+4
- _x2
y= 3 +2
Consider the parabolas below.
¥ b ¢ ¥
24 4+
14 3
PSR “
53 5 10 2 3 X
T T _l_
1 3 X

To sketch the graph of y = —2x2, the graph of y = x?is
reflected across the
2 in the direction of the

and stretched by a factor of

To sketch the graph of y = 4 — x?, the graph of y = x?is
across the x-axis and translated
units

i State whether the parabola is concave up or concave down.

ii State whether the graph will have wider, narrower or equal width to the graph of y = x2.

iii Identify the coordinates of the turning point.
If each graph has an equation of the form y = kx? + ¢:
iv decide whether k is positive or negative

v determine the value of c.

OXFORD UNIVERSITY PRESS
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10 Consider the quadratic relationship y = x? + 5.
a What are the coordinates of the turning point?
b What is the smallest y-value that this relationship can have?
¢ Is there a maximum value for y? Explain your answer.
11 Consider the quadratic relationship y = —x? + 2. What is the maximum y-value in this relationship? Explain.

12 Write the equation for each of the parabolas described below. Assume each parabola has the same shape as y =
x?%; that is, the dilation factor is +1 or —1.

a concave up, turning point at (0, 7) b concave up, turning point at (0, 5)
¢ concave down, turning point at (0, 4) d concave down, turning point at (0, —1)
13 Write an equation for the parabola produced after performing each set of transformations on the graph of
Y= x%
a dilation by a factor of 3, then a translation of 2 units up
b reflection in the x-axis, then a translation of 4 units down
¢ dilation by a factor of %, then a reflection in the x-axis
d dilation by a factor of 4, reflection in the x-axis, then a translation of 2 units up

14 Compare the following pairs of parabolas and determine which parabola would be narrower.

aiy=2x?-1 ii y=x2-2
biy=-—x? ii y=-3x°
c i y=8x*—-4 ii y=4x*-8
. X . X2
diy= 4 i y=-5
e i y=12+2x2 ii y=8-—4x2
£ i —> x2 .e _ x?
1 Y= —Z m y= —7
15 a Perform the following transformations to the graph of y = x? in the given order.

i Reflect across the x-axis, dilate by a factor of 2, move 3 units up.

ii Dilate by a factor of 2, reflect across the x-axis, move 3 units up.

iii Reflect across the x-axis, move 3 units up, dilate by a factor of 2.

iv Dilate by a factor of 2, move 3 units up, reflect across the x-axis.

v Move 3 units up, reflect across the x-axis, dilate by a factor of 2.

vi Move 3 units up, dilate by a factor of 2, reflect across the x-axis.

b Which of the transformations in part a would produce the same graph?
Match the following quadratic relationships to the transformations in part a.
I y=-2x"+3 II y=-Qx*+3) Iy =-2(x>+3) IVy=2(—x*+3)

16 A parabola is the set of all points in a plane equidistant from a fixed point and a fixed line.

a Graphy= %xz - % and y = —1 on the same Cartesian plane.

b Verify if the following points are on the parabola.
i (1,0 i (o, —%) iii (—2, %)

¢ What is the vertical distance between each point in part band y = —1?
Calculate the distance between each point in part b and the point (0, 0) and compare it with your solution
in part c.

e 'The fixed line y = —1 is called the directrix of the parabola, and the fixed point (0, 0) is called the focus. Choose
apointony = %xz - % and verify if your point of choice is equidistant from the focus and the directrix.

Check your Student obook pro for these digital resources and more:

o Interactive skillsheet 8 Worksheet =8 Topic quiz
Sketching parabolas Quadratic 5D

using transformations relationships
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S5E Plotting exponential
relationships

Learning intentions @

By the end of this section you will be able to ...

Inter-year links
Year 10 5G Graphing exponential and
v describe features of exponential curves logarithmic relationships
v sketch simple exponential relationships using a table
of values.

Exponential relationships ©® o contentviceo

e Exponential relationships can be used to model many real situations involving growth and decay; for
example, situations involving population growth or investments.
e The basic form of an exponential relationship

. . y = a* where a > 1
has the following equation:

y=a,where 0 <a<1

y

index/exponent

x/
=a
Y AN
base
where a > 0
e 'T'he graph has:
— a y-intercept of 1

— and a horizontal asymptote along the x-axis.

e An asymptote is a boundary line that a curve

approaches but never reaches. The asymptote for
vy = a* is the horizontal line with equation y = 0.
e To plot the graph of an exponential relationship, create a table of coordinate points and join the points
on a Cartesian plane with a smooth curve.
1 Construct a table of x- and y-values by selecting values for x, then substituting each value of x into
the relationship to find the corresponding value of y.

x -2 -1 0 1 2
— 1)1
y=2 4 5 1 2 4

2 Write the coordinate points.
3 Plot the coordinate points on a Cartesian plane.
4 Join the points using a smooth curve and label the graph with its asymptote.

e An exponential graph in the basic form can be reflected, dilated and translated to create the graph
of other exponential relationships. The new graph would still have a horizontal asymptote and one
y-intercept.

e The new exponential graph can have 0 or 1 x-intercepts. If an x-intercept exists, the x-coordinate can be
found by substituting y = 0 into the equation.
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Example 5E.1 Describing features of an exponential curve

Use the exponential graph of y = 2* + 1 to answer the following questions. kY
a Does the curve have an x-intercept? 4-
b What is the coordinate of the y-intercept of y = 2%+ 1? o
¢ What is the asymptote of y = 2* + 1? SIS
d As x increases, do the y-values increase, decrease or stay the same? _,2—-“'
el T Sl b AR s s

The red curve does not cross the x-axis, so the
curve does not have an x-intercept.
The curve crosses the y-axis at 2. Substitute
x = 0 into the equation to verify:
Whenx=0,y=2"+1

=2°+1

=1+1

=2
The asymptote of an exponential curve is a
straight line that the curve approaches but
never reaches. In the graph, the red curve
approaches the horizontal line that crossed the
y-axis at y = 1.
The curve trends upwards as we move along
the x-axis from left to right, so the y-values
increase as x increases.

(e}

o

The curve does not have an x-intercept.

The coordinates of the y-intercept are (0, 2).

The asymptote is y = 1.

The y-values increase as x increases.

Example 5E.2 Plotfting exponential equations from a table of values @

Sketch the following exponential equations by first completing a table of values for integer values of

x from -2 to 2.

a y=3"

- ()

Construct a table of values for x from —2 to 2. Substitute each value of x into the equation to find

the corresponding values of y.

Write out the coordinates of each point listed in the table.

Plot the points on a Cartesian plane, mark the asymptote, and join the points with a smooth curve.
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a x -2 -1 0 1 2 Y

1 (2,9

1
3 1 3 9

9
(—2, %) (—1, %) 0, 1), (1,3), (2,9) 7

127
1. =
1 ( ’3>1
(—2,52*//@, 1

v The graph of an exponential relationship can get increasingly closer to the asymptote but can never cross
or touch it.

v/ Remember that every exponential graph has an asymptote and you must always include it, even when it
is y = 0 (which is on the x-axis).

A Exercise 5E Plofting exponential relationships

/\ 1-8.10 []2n () s9m12

1 For each of the following relationships, state whether or not it is exponential. Determine the base for the
exponential relationships.

a y:x3 b y:3x c y:3x d y:%
e yZ% f y:% g y=3" h y=(-3)
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51 2 Determine the features of the following exponential graphs.

3 Complete the following tables of values.

a

i Does the curve have an x-intercept?
ii What are the coordinates of the y-intercept?
iii What is the asymptote?

iv As x increases, do the y-values increase, decrease or stay the same?

I y=2-3 b y=2" ¢ y=3+1

x -2|-1] 0| 1] 2

562 4 Plot the graph of each of the exponential relationships in question 3.

5 Sketch the graph of each exponential relationship using a table of values.

a

d

2
& = 0o o 6 o

- 0o o6 o

y=2x3 b y=3%x3*" c y=0.5x3"

yzZX(%)x e y:3x<%>x £ yzO.SX(%)x

Draw graphs of y = 2* and y = 3* for x-values from —3 to 3 on the same Cartesian plane. You can plot the
graphs using a table of values or digital technology.

Compare the two curves. How are they different?

Which features are the same?

Write the y-intercept for each graph.

Write the rule for the asymptote for each graph.

Predict how the graph of y = 5* would compare to the two curves you have drawn.

Draw graphs of y = <l> and y = <l> for x-values from —3 to 3 on the same Cartesian plane.You can plot

2 3
the graphs using a table of values or digital technology.

Compare the two curves. How are they different?
Which features are the same?

Write the y-intercept for each graph.

Write the equation for the asymptote of each graph.

Predict how the graph of y = (%) would compare to the two curves you have drawn.
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8 Draw the graphs of y = 2*and y = 27 for x-values from —3 to 3 on the same Cartesian plane and compare the
two curves. You can plot the graphs using a table of values or digital technology.
a How are they different?

b Which features are the same?

¢ Write the y-intercept for each graph.

d Write the rule for the asymptote for each graph.

e Describe the transformation that has been performed on the basic graph of y = 2 to produce y = 27~
f What transformations are needed to produce the graph of y = -2 from the graph of y = 2*?

9 Add a row to the table of values you created in question 3 to find the ratio between consecutive values of the
dependent variable. What do you notice? Use the index laws to explain your finding.

10 Sienna invests $2000 at 10% p.a. interest compounded annually.
The amount, A4 (in dollars), of the investment after » years can be
represented by 4 = 2000 x (1.1)".

a What will the graph of this relationship look like? Sketch the
graph showing the key features.

b Describe what happens to the value of A as » increases.

¢ Produce the graph of A = 2000 x (1.1)" for 0 < n < 10, using a

table of values or digital technology to help you. Use the graph
to find:

i the amount of the investment after four years

ii the number of years it takes for the investment amount to
be more than $4000. 1 :
11 The value of Gabriel’s work tools depreciates at the rate of 20% ttresil
p.a. compounded annually. The asset value, 17 (in dollars), after n
years can be represented by 7= 3500 x (1.25)™.

a What will the graph of this relationship look like? Sketch the graph showing the key features.
b What was the initial value of Gabriel’s tools?
¢ Describe what happens to the value of 17as n increases.

d Produce the graph of V= 3500 x (1.25)™ for 0 < n < 10, using a table of values or digital technology
to help you. Use the graph to find the number of years it takes for the asset value of the tools to be less
than $1000.

12 The equation x? = 2* has three solutions.

a Complete the following table to find two of the solutions.

x -2 -1 0 1 2 3 4 5
x?
2x

b Use the table to explain why the third solution must be between —1 and 0.

¢ Sketch the graphs of y = x? and y = 2* using appropriate technology, and find the value of the third solution
to x*> = 2% rounded to three decimal places.

Check your Student obook pro for these digital resources and more: @

Interactive skillsheet Topic quiz
Exponential relationships 5E
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Chapter summary

The Null Factor Law

e Ifuxb=0,thena=0o0rb=0.
e If(x—p)(x—¢)=0,thenx—p=0o0rx—g=0.

Parabolas

y

Intercepts of parabolas

y

/
\

no x-intercept

X X

one x-intercept

two x-intercepts

VT

~

y-intercept

Turning points

Transformation of parabolas

x-intercepts

y y maximum
turning point
y=kx*+c¢
o \ vertical
dilation translation of ¢ units
k > 0, concave up ¢>0,up
k < 0, concave down ¢ <0, down
\ x x
minimum
turning point
Dilations in the y-direction Reflection Translation
Y y — 2
— 2 | 5 =x*+3
y=2x 3 =y 6 Yy
reflection 2
across the -\ 1 .
— 2 1 / y =1 X
y=x x—ax1ls 1 I I I
. 3 210 \1 2 3x ©,3
Y =3X +/—14
-2
x
-3 y== 0] (0,0) x
Exponential graphs g
y = a* where a > 0. 8
The basic exponential equation graph has a Z
y-intercept of (0, 1) and an asymptote along 5
the x-axis with equation y = 0. 4
3
y=a',where0<a<1\»y y=la*where a/> 1
0, 1) V=0
—65432-100 12345 067%
=2
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]
= Chapter review @z oo
Assess your Test your knowledge of this

knowledge of this topic by working individually
chapter. or in teams.
Mathematical literacy review v Core
v/ Advanced
The following key terms are used in this chapter:
e asymptote e factor e linear equation e reflection
e Dbase e factorise e monic e symmetry
e concavity e highest common e non-linear e transformation
e dilation factor e Null Factor Law * turning point
« exponent * leading coefficient + parabola o vertex
+ exponential * leading term » quadratic equation

1 Complete the following sentences using words from the list of key terms.
Solving a quadratic equation involves the following steps:

Step 1:  Have all the terms on one side so the equation equals zero.

Step 2:  Identify and divide by the if present.
Step 3: the quadratic equation into two binomial terms being multiplied.
Step 4:  Apply the by equating each to 0.

Step 5:  Solve each

2 Match the following descriptions in the left-hand column with a term in the right-hand column for quadratic

relationships.

a A form of a quadratic relationship I Parabola

b Indicates the y-intercept I Concavity

¢ The shape of a quadratic graph IIT  Turning point or vertex
d The maximum or minimum point on the graph IV  y=Fkx’+c¢

e A vertical line of reflection for the graph A% 0,1o0r2

f The number of x-intercepts VI  The x-intercepts

g Describes if the curve opens upwards or downwards VII The value of ¢

h The solutions to the factored form of a quadratic equation VIII Axis of symmetry

3 State true or false for the following statements about the transformation of a quadratic graph y = kx?. If it is
false, change the statement to make it true.
a If k> 1, then the graph has a vertical dilation and is enlarged.
b If k < —1, then the graph has a vertical dilation and is compressed.
¢ If k= —1, then the graph has a vertical dilation.
d If0 < k < 1, then the graph is compressed vertically.
A constant, ¢, and ¢ = 0, is added to the equation to give y = kx? + c.
e The graph will now be translated vertically.
f The graph will pass through the origin.

g 'The coordinates of the vertex are (c, 0).
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Multiple choice

BN 1 The solution(s) to the quadratic equation x(x + 1) = 0 are:

A x=-1 B x=1 Cx=-lorx=1 D x=0orx=-1 E x=0orx=1
EEYEN 2 In the quadratic equation x*> — 13x — 48 =0, x =
A -3orl6 B —-160r3 C —12o0r4 D -6o0r8 E -8or6

E3 3 Which of the following parabolas has two x-intercepts?
A parabola with a maximum point at (0, 2)

B parabola with a maximum point at (0, —2)
C parabola with a minimum point at (0, 0)
D parabola with a maximum point at (0, 0)
E parabola with a minimum point at (0, 2)

2
E 4 What are the coordinates of the y-intercept of y = %~ — 2?

2
A (0, 2) B (0,-2) C (vV2,0) D (-2,0) E (0,V2)
E3 5 Which of the following quadratic relationships is concave up?
A y=3-2x? B y=-3-2x? C y=-3x>+2x? D y=3x*-2 E y=-3x>+2
E3 6 The graph of y = x? is translated 5 units down. The equation of the translated graph is:
A y=x*+5 B y=5x? Cy=x*-5 D y=(x+5)? Ey:%x2

EJ 7 Which of the following transformations is required to sketch the graph of y = 4x? —1?
A y = x? must be translated to the left by 1 unit.

B y = x? must be reflected across the y-axis.
C v = x? must be reflected across the x-axis.
D y = x? must be dilated.
E y = x? must be translated up by 1 unit.
EJ 8 Which of the following parabolas is the narrowest when plotted on one Cartesian plane?

Ay:x72 By:xT2 C y=2x? D y=-4x? E y=x>-2
EJ 9 Which of the following relationships have one x-intercept?

A y=2* B y=x?+2 C y=x*-2 D y=2+2 E y=2-2
E3 10 What are the coordinates of the y-intercept of y = 3% ?

A (0,3) B 0,1 C (3,0 D (-3,0) E (1,0)

E3 11 Which description best describes an exponential graph, y = a*?
A a graph which is constantly increasing if @ > 1; has a minimum and has an asymptote at y = 0
B a graph which is constantly decreasing if 0 < a < 1; does not have a minimum and has an asymptote
aty=20
C a graph which is constantly increasing if @ > 1; does not have a minimum and has an asymptote at x = 0

D a graph which is constantly increasing if 0 < a < 1; does not have a minimum and has an asymptote
atx =0

E a graph which is constantly decreasing if 0 < a < 1; has a minimum and has an asymptote at y = 0

Short answer
EEMEN 1 Solve:

a x¥*-5%+6=0 b x*+x-30=0 c x*+9=0 d 3x*-36x=0
EEMEN 2 Verify if x = 2 is a solution to the following quadratic equations.
a x*+2x+4=0 b 2x*+ 8 =8x c 3x*-6x=0 d 4-2x)(x+2)=0
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Sketch a graph of the following relationships by first completing a table of values for x from —3 to 3. Use your
graph to identify:
i the coordinates of the x- and y-intercepts
ii the coordinates of the turning point
iii whether there is a maximum or a minimum turning point
iv the equation of the axis of symmetry.
a y=4x*-4 b y=—-4x*+4 c y=x*+4
Complete the following for each quadratic relationship below.
i Find the coordinates of the x- and y-intercepts.
ii Sketch the graph.
a y=2x*-32 b y=64—x° c y=15-3x2
Sketch a graph of each quadratic relationship by performing transformations on the graph of y = x2. Label the
y-axis at the intercept and label the turning point with its coordinates.
a y=x’+3 b y=2x? c y=x>-2 d y=—x?
Sketch the graph by performing transformations on the graph of y = x2. Label the turning point on each
parabola with its coordinates.

a y=-2x° b y=2-x? c y=3x*+1 d y=1-2x?
E3 7 Find the coordinates of the y-intercept of the following exponential relationships.
a y=2~ b y=-2* c y=3* dy:(%)
E3 8 Plot the following exponential relationships by first completing a table of values for x from —2 to 2.
a y=3" b yv= (%)
Analysis
1 A parabolic through-arch bridge has an upper arch and a lower arch that are closely modelled by the following

quadratic relationships:

Lower arch: /i = mdz + 30

Upper arch: 2 = —mdz + 40

where / is the height of the arch at a horizontal distance of d from the middle of the bridge. Both % and d
are in metres.

AR 2
,-n . i ik i s 4 08 %
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a Sketch the two arches on the same Cartesian plane from d = —60m to d = 60m.
b For each parabola, determine:
i the coordinates of the y-intercepts
ii the coordinates of the turning points.
¢ What is the height of the upper arch above the lower arch at each end of the bridge?
d What is the span of the bridge?
The distance between the arches does not remain constant over the span of the bridge.
e Find the height of the highest point of the:
i lower arch ii upper arch.
f How far apart are the two arches at their highest point?
g How far apart are the two arches at a horizontal distance of 30 m from the middle of the bridge?
2 Buzz can hit a golf ball that lands 100 metres away after reaching a height of 80 metres. Assume the course
is on level ground and ignore any additional bouncing and rolling. The ball’s path can be modelled with the

equation /2 = a(d + 50)(d — 50) where /% is the height in metres and d is the horizontal distance, in metres, from
the highest point the ball reached. The value a is a constant.

a Simplify the given equation.

<

Determine the horizontal intercepts and describe what they represent.
Write down the coordinates for the maximum height of the ball.
Sketch a graph showing the path of the ball.

Use the coordinates for the maximum height to determine the value for a in the equation.

- e o 6

Calculate the height of the ball when it has travelled 20 metres horizontally from where it was hit. Round to
one decimal place.

g What is the other horizontal position from when the ball was hit when the ball will be at the same height as
in part f?

h Draw lines on your graph to show your answers to parts fand g.
3 Explore quadratic relationships written in different forms.

a Complete the following table of values for equations A and B.

Equation x =72 -1 0 1 2
A y=x?

B ¥y =4x?

C

b Describe how Equation A has been transformed to make Equation B.
¢ Complete the table for Equation C, y = (2x)2. What do you notice?
d Write two equations for each of the following transformations of y = x*
i dilation of 9
ii dilation of 2
iii dilation of —4
iv dilation of &, for £ > 0.
e Complete the following table of values for equations A and B.

Equation x =2 -1 0 1 2
A y=x°

B y=x*-1

C
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f Describe how Equation A has been transformed to make Equation B.
g Complete the table for Equation C, y = (x + 1)(x — 1). What do you notice?
h Write two equations for the following transformations of y = x*
i translation of 4 units down
ii translation of 2 units down
iii translation of ¢ units down, for ¢ > 0
iv explain why there is not an equivalent equation for ¢ < 0.
4 Explore exponential relationships written in different forms.
a Complete the following table of values for equations A and B.

Equation x =2 -1 0 1 2
A y=2
B y=2x2
C
b Describe how Equation A has been transformed to make Equation B.
¢ Complete the table for Equation C, y = 2**1, What do you notice?
d Write two equations for a dilation of 4 units.
e For the equation y = & x 2% what values of & will follow a similar pattern?
f Choose appropriate values for a given & > 0 and write the equation y = & x 3* and the corresponding
equation y = 3***when:
i ais a positive integer
ii ais a negative integer.
Chapter checklist
Now that you have completed this chapter, reflect on your ability to do the following.
I can do this I need to review this
D Solve simple quadratic equations D Go back to Topic 5A
Solving quadratic equations
D Identify the key features of a parabola D Go back to Topic 5B
D Plot parabolas from tables of values Plotting quadratic
relationships
D Find the intercepts of a quadratic relationship in the form D Go back to Topic 5C
v=kx*+c¢ Sketching parabolas using
D Sketch parabolas using the intercepts intercepts
D Sketch quadratic relationships in the form y = kx? + ¢ using D Go back to Topic 5D
reflections, dilations and vertical translations Sketching parabolas using
transformations
D Describe features of exponential curves D Go back to Topic 5E
[ ] Sketch simple exponential relationships using a table of values Plotting exponential
relationships
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Index

6A Area of composite shapes
6B Surface area

6C Surface area of cylinders
6D Volume of composite solids
6E Errors

Prerequisite skills

@ Diagnostic pre-test
Take the diagnostic pre-test to assess your knowledge of the

prerequisite skills listed below.

@ Interactive skillsheets
After completing the diagnostic pre-test, brush up on your

knowledge of the prerequisite skills by using the interactive
skillsheets.

v’ Area of quadrilaterals
v Area of a circle

v Identifying shapes within composite
shapes

v/ Substitution
v Fractions, decimals and percentages

Curriculum links

e Solves problems involving the surface area of
right prisms and practical problems involving
the area of composite shapes and solids
(MA5-ARE-C-01)

— Solve problems involving areas and surface
areas

— Develop and apply the formula for surface
areas of cylinders

— Solve problems involving surface areas of
cylinders and related composite solids

e Solves problems involving the volume of
composite solids consisting of right prisms and
cylinders (MA5-VOL-C-01)

— Solve problems involving composite solids
consisting of right prisms and cylinders

e Solves measurement problems by using
scientific notation to represent numbers and
rounding to a given number of significant figures
(MA5-MAG-C-01)

— Find absolute and percentage error
© NESA

Materials

v/ Calculator



6A Area of composite shapes

Learning intentions
By the end of this topic you will be able to ...
v calculate the area of composite shapes.

Area of simple shapes

Inter-year links

Support
Year 7
Year 8
Year 10

Understanding area
8E Area of a triangle
8D Area of a circle

8A Area review

e Key content video

Shape Example Formula
Square u ‘ O A=s
+s
1 [
Rectangle ! A=10b
[ “ [
1o
1 I
Triangle I A= %bh
’I
b
Parallelogram/rhombus T A=bh
|
b
Kite/rhombus A= %xy
X
y
Trapezium ~a— A= g(a + b)
«—h—>
Circle A= nr?
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Sectors

e A sector is a portion of a circle formed by two radii and part of the arc
circumference (an arc).
e The area of a sector can be found using % x nr?, where 6 (the Greek letter A

theta) is the size of the angle in degrees between the two radii.
— This formula is derived from the formula for the area of a circle,

A = nr?, where % represents the proportion of a full circle that the

sector represents.

Composite shapes

e A composite shape can be split up into two or more simple shapes.
e o calculate the area of a composite shape, follow these steps:
1 Split the figure into simple shapes that have known area formulas.
2 Calculate any missing dimensions.
3 Calculate the areas of the individual shapes using the area formulas.
4 Add or subtract the areas to calculate the total area.

Example 6A.1 Calculating the area of a composite shape
using addition

Calculate the area of this composite shape.

7 cm

4 cm \

8 cm

1 cm

1 Use dotted lines to split the composite figure 7 cm

into simple shapes.
4 3 cm
2 Find any missing dimensions for each cm
8 cm

individual shape and label these on your figure.

1 cm
9 cm
3 Use area formulas to calculate the areas of the ASquarc =5
simple shapes. =12
=1cm?
o = 5@+ )
= % x (7 +9)
=24 cm?
4 Add the areas together to find the total area of  Total area =24 + 1
the composite shape. Remember to include the =25 cm?

appropriate unit.
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Example 6A.2 Calculating the area of a composite shape

using subfraction

Calculate the area of this composite shape, correct to one decimal place.

2.5 cm

<~ 5 35cm

3 cm

1 Use dotted lines to split the composite figure
into simple shapes.

2 Find any missing dimensions for each

individual shape and label these on your figure.

3 Use area formulas to calculate the areas of the
simple shapes.

4 Subtract the smaller areas from the main area
to find the total area of the composite shape.
Remember to round your answer and include
the appropriate unit.

1 cm

A

=1Ib

rectangle
=6x4
=24 cm?

=1
—th

:%XZXZ

=2cm?
1

= Zar?

semicircle 2

:%xnxl.ZSz

=2.45...cm?

triangle

Total area =24 — 2 — 2.45...

=19.54...
~19.5 cm?

-

in the composite figure.

should be the same!

squared: mm?, cm?, m?, km?.

e.g. A, = Area of shape 1.This is useful when there is more than one of a particular type of simple shape

v/ Many composite shapes can be split up in more than one way. There is not a correct way to split up a
composite shape, but you should look for the easiest method. However the shape is split up, the total area

v/ Remember that area is a measure of two-dimensional space so the units of measurement must be

v/ When calculating the arecas of composite shapes, a useful technique can be to number the different parts,
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I3 Exercise 6A Area of composite shapes

1-3,4(a. b, ¢, e),5-7,8(c. d.1),9, 12, 1,2,4,5,7,8(b.d. e f), 10,12, 2,4,5,8(b,e.f),10,11,13(d, e,f), 14,16,
13(a, b) 13(c. d.f). 15,18(a. b) 17.18(b. c)

1 Calculate the area of these simple shapes. Give your answers to two decimal places where necessary. §_
a 7.7 cm b o
3
2.7 cm 8 cm 45 mm ;
z
9
z
®
>
z
O
)
c
d e }}3 ém %
\ 3.4 cm 4 cm <
: |
4.8 mm
]
* 48 mm
2 Calculate the area of each sector correct to two decimal places.
a b 10 cm [
D
8 m ,
3 cm
3 Identify the basic shapes within each composite shape.
a b 6 cm C
10 cm[
11 cm g
Q
< 25 cm 15 cm
d 8 cm e 10 cm f
3 4 cm 7
cm,
T 7T 10 cm
1 cm ‘ ‘
3 ch T 2cm3cm 4cm
/
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6A.1 4 Calculate the area of each composite shape. Give your answers to two decimal places where necessary.

8 cm

a
>
9 cm
c M
2 cm
8 cm
6 cm
2 cm
10 cm
€ 10 cm

4 cm 16 cm

b

3 cm
T 12 cm
8 cm
4 cm
2 cm
3 cm
15 em f
9 cm

6A2 5 Calculate the area of each composite shape. Give your answers to two decimal places where necessary.

a 12 cm
8 cm
2 cm
¢ 8 cm
10 cm
22 cm
10 cm
— v
6 cm
€ 5 cm
13 cm
2cm4 cm

b

© O

2 mm

oo/ "™
10 mm
15 cm
8 cm
4 cm 3 cm
14 cm
5 cm 8 cm
1.5 cm 3 cm

6 Calculate the area of each composite shape in question 3. Give your answers to two decimal places

where necessary.
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7 This figure is known as an annulus (plural annuli).
a What is an annulus?

b Explain how you can find the area of this annulus using a formula.

¢ Find the area of this annulus if it has an outer diameter of 16 cm and an inner diameter
of 9 cm. Give your answer to two decimal places.

8 Calculate the area of each annulus correct to two decimal places.
a

b
(25
\LO e/
.
‘ f°

9 What area of grass needs to be mowed on this sports oval, assuming that the cricket pitch in the middle is
artificial and does not require mowing? Give your answer to two decimal places.

h -

170 m

10 Emily makes and sells custom tags through the website Etsy.

8 cm

3 cm 4 cm

9 cm

a What is the area of cardboard in a tag with the dimensions shown?

b What is the total area of cardboard required to make 550 tags with the dimensions shown? Explain why
Emily might need to buy more than this amount of cardboard in order to make the tags.
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11 Shannon wants to lay new carpet in his house. 4200

Consider the floor plan with measurements in e ———

millimetres.

a What area of the house would he need to
cover if everything except the bathroom,

5500

kitchen and toilet was to be carpeted? Write
this in square metres. (Hint: You may find
it easier to convert the measurements to
metres.)

b How much would it cost if the carpet is
priced at $45/m??

¢ How much money would he save if he chose
a cheaper carpet at $30/m??

12 Find the amount of cardboard in this DO NOT
DISTURB sign correct to two decimal places.

LOUNGE

o

14 700
5500

3500

2500

KITCHEN

3000

1500 |

2500

5000

14500,

DO NOT 20 cm
DISTURB
NE PAS DERANGER
NICHT STOREN
NO MOLESTAR

<~ 10cm—>

11400 ! 3500

13 Calculate the shaded area of each shape. Give your answers to two decimal places where necessary.

a b
g 20 cm
Q
BN
/cm T _Igcm
27 cm
d e
3 cm
8 cm
3.5 cm
4 cm 2 cm
12 cm 25 cm
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14 The tangram is an ancient Chinese puzzle that consists of seven pieces
(usually placed in a square as shown) that can be rearranged to form a variety
of shapes.

a What is the area of each individual piece in this tangram square if the
entire square has side lengths of 10 cm?

b What is the total area of each of these shapes that can be made from the

seven pieces of the tangram?

i ii iii

15 Find the area of an annulus with an outer circumference of 35 cm and an inner circumference of 25 cm.
Give your answer to two decimal places.

16 A circular skirt, without hems, is cut from a circle of material with a hole for the waist. If a particular circular
skirt had an inner circumference of 70 cm and was 60 cm in length when worn, what was the area of material
used to create the skirt? Give your answer to two decimal places.

17 Calculate the shaded area correct to two decimal places, given the number shown on each arc is the length of
the corresponding semicircle.

11 cm

4.44 cm

)3.14 cm
~ ]

14.14 cm

18 Calculate the shaded area of each shape. Give your answers correct to two decimal places where necessary.

Check your Student obook pro for these digital resources and more:

Interactive skillsheet Worksheet Worksheet Topic quiz
Area of composite @ Identifying simple @ Area of shapes @ 6A
shapes shapes within composite

shapes
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6B Surface area

Learning intentions @

Inter-year links

By the end of this topic you will be able to ... Year 7 8C Area of a rectangle
v draw the net for right prisms Year 8 8C Area of quadrilaterals
v’ calculate the surface area of right prisms. Year 10 8B Surface area review

Prisms e Key content video
e A prism is a 3D object with straight edges, two l
identical bases and a constant cross-section.

— A face is a flat surface on a three-

dimensional (3D) object.

— An edge is a line segment that joins two faces.
— A cross-section of a 3D object is the 2D shape [ [
obtained when cutting through the object. Non-right prism Right prism

e A right prism has right angles between the base and the sides.

— All the sides (non-bases) of a right prism are rectangles.

Cube (6 faces) Rectangular prism (6 faces) Triangular prism (5 faces)

'
L
|
'
! T
L L )
' -
Fmmm-- F-- e

. .
’ o
, -

e A cube has six faces that are all identical squares.

e A rectangular prism has six faces. There are three pairs of identical rectangular faces.

e A triangular prism has five faces. The two ends of a triangular prism are identical triangular faces.

Nets

e Anetis a 2D plan that can be folded to form a 3D object.
e Nets can be used to show all the faces of 3D objects and hence to help calculate the surface areas of
those objects.

Net of a cube Net of a rectangular prism Net of a triangular prism
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Surface area

e The surface area of a three-dimensional (3D) object is

the total area of the outer surface of that object.
e o calculate the surface area of a 3D object:

1 Determine the number of faces.

2 Calculate the area of each face.

3 Add the areas of the faces together.

— The surface area of a rectangular prism can be
calculated using the formula: SA = 2/b + 2lh+ 2hb,
where: /is the length of the base rectangle, & is the
breadth of the base rectangle and / is the height of
the prism.

I I
A=Ixh 1A=1xb1 A=Ixh
I

Example 6B.1 Drawing the net of a right prism

Draw a net for this 3D object.

1

1 A rectangular prism has six faces, made up of
three different kinds. Draw each different one.

2 Try to visualise the rectangular prism
unfolding — which face is on the bottom? This
will form the centre of the net.

3 Arrange the remaining faces in a hopscotch
style net. LLook carefully at which faces are
touching the centre face.

4 Add tabs if you wish to construct the object.

OXFORD UNIVERSITY PRESS
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Example 6B.2 Calculating the surface area of a rectangular prism

Calculate the surface area of this rectangular prism.

1 Determine the number of faces. A rectangular
prism has six rectangular faces; three pairs of
identical faces.

Calculate the area of each face.

3 Add the areas of all the faces together.

Check that all six faces have been included in
the sum.

Example 6B.3 Calculating the surface area of a friangular prism

Calculate the surface area of this triangular prism.

1 Determine the number of faces. A right
triangular prism has two identical triangular
faces and three rectangular faces.

2 Calculate the area of each face.

3 Add the areas of the faces together.
Include the appropriate unit.

242 — OXFORD MATHS 9 NSW CURRICULUM

Area of front and back faces =9 x 4
=36 cm?
Area of side faces =5 x 4
=20 cm?
Area of top and bottom faces =9 x 5
=45 cm?
Surface area =2 x 36 + 2 x 20 + 2 x 45
=202 cm?

11 cm

10 cm

3 cm
6 cm

Area of triangular face = % X bXh

:%X6><8

=24 cm?
Area of bottom rectangular face = 6 x 3
= 18 cm?

Area of left-hand rectangular face = 10 x 3

=30 cm?
Area of right-hand rectangular face = 11 x 3
=33 cm?
Surface area =2 x 24 + 18 + 30 + 33

=129 cm?

OXFORD UNIVERSITY PRESS



v/ All of the non-matching end faces in a right prism are rectangles.

v/ A prism can be orientated in any way. Identify the matching ends to determine the shape of the base
of a prism.

3 Exercise 6B Surface area

A 1.2, 3(a, b). 4(a-c), 5-8,10,12 |:| 3(c. d), 4(d-1),5,6,8,11,13, 14 Q 6,8-16

1 Which of the following objects are right prisms?

a P

[]

2 For each of the following nets, determine:
i the name of the 3D objects it folds up to
ii the surface area of the 3D objects.

5 cm
4 cm—

+ 2cm |
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é8.1 3 Draw a net for each 3D object.
a b

4 Calculate the surface area of each cube.

a : b ' c :
2m 7 mm 10 cm
************* 7 mm 10 cm
2m 7'mm 10 cm
2m ‘
d ! € 3 f !
' : 1.5m :
: 8 mm 1 ; 30 cm
8 mm 1.5m 30 cm
8 mm 1.5m 30 cm
5 a How many faces does the rectangular prism on the right have? A
i m
b Calculate the area of each pair of identical faces of the prism.
¢ Use your answer from part b to calculate the surface area of the prism. LT
682 6 Calculate the surface area of each of these rectangular prisms. 8 m
3m
? 1 b _~ © " 3 mm
‘ 6 mm ‘ —
| T pem
(AR I ! i 8 mm
L S IS 15 mm
7 mm -
10 mm 4 cm
7 cm
d e ‘ f !
‘ i ‘ 6 cm
11m 5.4m S cm
21 cm
-7 6 m - - Bl
- 22m
4m 35m
7 a How many faces does the triangular prism on the right have?
b Calculate the area of each face of the triangular prism. 5 cm

¢ Use your answer from part b to calculate the surface area of the triangular prism.
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6.3 8 Calculate the surface area of each triangular prism.

a b
15 cm
15 cm
50 cm 5 mm
g
24 cm 15 mm
12 mm
c d
3m
4 m
10 m 6 m
€ 25 cm f
40 cm

24 cm

9 Find the surface area of these boxes if you were to consider:
i the amount of material required to build the boxes (no top)

ii the amount of paint (in cm?) required to paint all surfaces of the boxes (inside and outside).

a b

10 cm

4 cm

12 cm

8 cm

18
om 15 cm

represent folds, and the solid lines represent cuts. The tab on the
left is used to join the central section of the box, and the flaps at the
top and bottom are all half of the breadth of the box. Calculate the
amount of cardboard required to make these boxes.

10 The net of a basic cardboard box is shown. The dashed lines J
I
I
I
I

22.86 cm
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11 A block of butter is in the shape of a rectangular prism.

a If the block was 7 cm wide, 16 cm long and 6 cm high, calculate its surface area.

b If the block was cut halfway along the length (that is, to give two pieces 8 cm long), what is the surface area:
i of each piece ii in total?

¢ How is your answer to part b ii different from your answer to part a?

d Imagine that you cut the block of butter into 1-cm cubes. What would be the surface
area of the butter now? /

e If somebody wanted to melt butter quickly, what would you recommend to them? Why?

12 Billy is having his room painted. His room is 6 m long, 5 m wide and 2.5 m high and has a large window
on one wall that measures 150 cm x 95 cm. The walls are to be painted blue and the ceiling is to be
painted cream.

a What area is to be painted blue and what area is to be painted cream?
b How many litres of each colour paint is needed if 1 L of paint covers about 15 m? and the room will
take two coats?

13 A cube has a surface area of 150 cm?.

a What is the surface area of each face?
b What is the side length of the cube?
¢ Write a formula that will help you determine the side length of any cube if you know its surface area.

14 Explain why knowing the surface area of a cube is enough to determine its side lengths but knowing the
surface area of a rectangular prism is not.

15 A sculpture is constructed in the shape of a rectangular box with a smaller box placed on top. The dimensions
of the boxes are shown in the diagram. To finish the sculpture, the artist must work out the surface area to be
painted. Calculate the surface area of the sculpture excluding the base, which will not be visible to the public.
Note: The overlapping parts of the boxes will also not be painted.

1.5m

2.2m

2.6 m
16 These objects are made of 1-cm cubic blocks. Work out their surface area (including the base).

a b

Check your Student obook pro for these digital resources and more:

Interactive skillsheet Worksheet Investigation Topic quiz
Surface area of prisms Surface area of prisms Dissecting cubes 6B
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6C Surface area of cylinders

Learning intentions Ei

Inter-year links

By the end of this topic you will be able to ... Year 7 8B Circumference of a circle
v draw the net of cylinders Year 8 8D Area of a circle
v/ calculate the surface area of cylinders. Year 10 8B Surface area review

Cylinders e Key content video

e A cylinder is a 3D object with a circular base

; . diameter A= P
and a constant circular cross-section. S 2y
— The net of a cylinder is formed by a rectangle circumference
and two identical circular bases. h
— The surface area of a cylinder can be calculated height A = 2narh height
using the formula SA = 277k + 2717,
where 277/ is the area of the rectangle,
2n71? is the area of the two base circles.
Cylinder
Example 6C.1 Drawing the net of a cylinder
Draw the net of this cylinder, labelling dimensions accurately.
6 cm
12 cm

1 Draw a net of a cylinder, remembering that it consists of a rectangle and two circles.
2 Label the radius of the circles and the height of the rectangle. Include appropriate units.

3 The length of the rectangle is the circumference of the circular ends. Use the formula C = 2zr to
calculate this length, correct to one decimal place.

4 Label the length of the rectangle to complete your net. Include appropriate units.

C=2nr
=27%6 ocm
~ 37.7 cm

12 cm 12 cm

37.7 cm
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Example 6C.2 Calculating the surface area of a cylinder

Calculate the surface area of this cylinder correct to two decimal places.

5 cm
4 ¢cm
1 Identify the measurements for the radius (r) r=d=2
and the height (%) and substitute these into =4=+2
the formula. =2cm
h=5cm
2 Write the formula for surface area of a cylinder. SA = 2arh + 2nr?
3 Substitute the values for  and % into the =2XAX2X54+2%xmx2?
formula and calculate the result correct to two = ;g” +8n
. . . = T
decimal places. Include the appropriate unit. — 87964, .
~ 87.96 cm?

v/ If you can't remember the formula for the surface area of a cylinder, remember that a cylinder consists of
two circles (the ends) and a rectangle (the curved surface). Calculate the area of each individual face and
add the areas together.

I3 Exercise 6C Surface area of cylinders

A 1-5(a.e.f),7.9 |:| 5,6,8,11,14 Q 5,8,10,12-16

é6ca 1 Draw a net for each cylinder, labelling the dimensions correct to two decimal places where appropriate.

a 2 mm b 2 (Y
o cm 3 cm

N— N

6 cm 7 cm

9 mm SO

ADN3INTd ANV ONIANVLSIIANN |
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S,

16 cm

-4 cm

18 cm

6c.2 2 Calculate the surface area of each cylinder in question 1. Write your answers correct to two decimal places.
3 Draw a net for each cylinder, labelling the dimensions correct to two decimal places where appropriate.

a

2 mm
12 mm
C /
1
1
1.8 m /
|
|
1
1
1
\
\
\
\
\
\
\\
2.32m
(S I’
I
1
5 km ]
‘\
\\
8 cm

b

\

6 cm

6 cm

10 mm

323m
4 Calculate the surface area of each cylinder in question 3. Give your answers to two decimal places.

5 Calculate the surface area for each cylinder correct to two decimal places.

a 7 2o

6 cm

OXFORD UNIVERSITY PRESS

b

15 cm

T

~4cm

2m

20 cm

£ /40 e

2.5m
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6 Calculate the surface area for each cylinder correct to two decimal places.

a h=8cm,r=10cm b 27=2cm,d=3.1cm
¢ h=21m,r=3m d 2=32m,d=7.3m
-1 -1 -3 _4
e h—zmm,r—13mm f h—zmm,d—smm

7 Calculate the outer surface area of this box and its lid, if the box is 22 ¢m tall and has
a radius of 15 cm. The lid is 4 cm tall and has a diameter of 31 cm. Give your answer
to two decimal places.

8 A cylindrical pool is 2 m deep and has a radius of 6.5 m. How much would it cost, to
the nearest dollar, to paint its interior if it needs two coats of paint that costs $50 per
litre? Assume that 1 LL covers 15 m?.

9 Maria has the choice of two paint rollers. One roller is 25 cm long and has a radius of 4 cm. The other roller is
30 cm long and has a diameter of 6 cm. Assuming they have the same absorbency, which roller would need to
be re-dipped in paint the least often?

10 a What is the surface area of the tube below, including the internal exposed surface? Give your answer

correct to two decimal places.
b Lucian answered part a as 296.88 cm? and Curtis said it was 282.74 cm?. Explain where they went wrong.

10 cm

11 A cylinder has a radius of 4 cm and a surface area of 300 cm?. What is its height to the nearest centimetre?
12 The surface area for any prism can be calculated using the formula:
SA = 2 x area of base + perimeter of base x height.
Explain why this formula works.

13 If you double the height of a cylinder, does its surface area also double? Explain, using an example.

14 The surface area of a sphere can be calculated using the
formula SA = 4xr%. Calculate the surface area of a sphere,
correct to two decimal places, that has:

a radius 4 cm

b radius 7 mm

c diameter 10 cm

d circumference 20 cm.

15 Write a formula that will calculate the height of a cylinder,
given its surface area and radius.

16 Calculate the exterior surface area, correct to two decimal

places, of the structure shown in the image on the right (do
not include the base).

Check your Student obook pro for these digital resources and more:

Interactive skillsheet Investigation Topic quiz
Surface area of Making can-coolers 6C

cylinders
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[ ANS | @ Checkpoint quiz
p479 Check your knowledge

of the first part of this

chapter.
23 1 Calculate the area of these sectors correct to two decimal places.
a b
2 cm
60° 4 cm
N 2 Calculate the shaded area of these composite shapes correct to two decimal places.
a & i | T N NG o
8
m 14m
12m '

) 4 Calculate the surface area of these prisms.

o

a

]

4.5 mm | 75 cm
]
]

- 35 cm

5 mm
12 mm
O

3 5 Calculate the surface area of these cylinders; write your answers correct to two decimal places.

a a cylinder with height 12 cm and diameter 12 cm
b a cylinder with height 6 m and radius 6 m
I3 6 a Draw a net of the cylinder shown on the right and
include dimensions accurate to two decimal places
where necessary.
b Determine the surface area of the cylinder correct to
one decimal place.
/
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6D Volume of composite solids

Learning intentions R ——

By the end of this topic you will be able to ... Support Volume and capacity

v’ calculate the volume and capacity of prisms and cylinders Year 7 8F Volume and capacity
v’ calculate the volume of composite solids. Year 8 8E Volume and capacity

Year 10 8C Volume review

Volume of prisms and cylinders © <o onenviceo

e The volume of a 3D object is the amount of three-dimensional space that it occupies.
e The volume of a right prism or a cylinder can be found by multiplying the base area by the height.
IV = Ah, where A is the area of the base and / is the height of the prism.

Shape Diagram J Formula
|V = (area of rectangle) x h
= Ibh

Rectangular prism

-— S —

| V = (area of triangle) x h
_1
=5 0hh,

Triangular prism

\ 7

Y
b

IV = (area of circle) x h

= mr’h

Cylinder

|
|

Right prism , V= (area of base) x h
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Capacity
The capacity of a 3D object is a measure of how much the object can hold.
A container with an inside volume of: x 1000 X 1000

— 1 cm? holds 1 mL of liquid i 7N O\
.. L mL
— 1000 cm? holds 1 L of liquid s\_/ \\_/

— 1 m?® holds 1 kL of liquid.

Volume of composite solids

e A composite solid consists of two or more simple solids.

+ 1000 + 1000

e o calculate the volume of a composite solid:
1 Split the object into individual parts.
2 Calculate any missing dimensions.
3 Calculate the volume of each individual part.
4

Add or subtract the part volumes to find the total volume.

Example 6D.1 Calculating the volume of a prism

Calculate the volume of this prism.

1 Identify the shape of the base of the right prism and write the 4 = Z (a+b)
. h, 2
appropriate formula for the area: 4 = > (a + D). _ % x (5 + 15)
. . =80 cm?

2 Substitute the values for the base area (A4) and the height of the V= A

prism (%,) into the formula for the volume of the prism: IV'= A#,. B 20 2 4

=80 x

3 Calculate the result. Remember to include the appropriate unit. =320 cm?
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Example 6D.2 Calculating the volume and capacity of a cylinder

For the cylinder on the right, calculate the volume correct to two decimal w

places and the capacity correct to the nearest litre.

18 cm
1 Identify the values for the radius of the base (7) r=15cm
and the height of the cylinder (%). h =18 cm
2 Calculate the volume of the cylinder, using the V= zr2h
7 button on your calculator. —rx152% 18
= 40507
~12723.45 cm?
3 Convert the volume into capacity by using an Capacity = (12723.45 + 1000) L
appropriate conversion factor. ~13L
Example 6D.3 Calculating the volume of a composite solid N
Calculate the volume of the following composite solid ot
correct to two decimal places. e
e
1 CIX 6 cm
1 Split the composite solid into a prism and The length, breadth and height of the

cylinder. List the dimensions of the prism and rectangular prism are 6 cm, 6 cm and 1 cm
s .

the cylinder. ) ) )
The diameter and height of the cylinder are

3cmand 1 cm.

2 Use volume formulas to calculate the volume V iom = (01

of the prism and cylinder. —6x6x1
=36 cm?
2
_(d
I/Cylindcr - ﬂ<§) h
=X %2 x 1
= %ﬂ' cm’

3 Subtract the volume of the cylinder from the Total Volume = mem Ve
volume of the rectangular prism. Use exact 36 9 - '
values of 7 until the last step of your calculation, 4
then round your answer to two decimal places. ~ 28.93 cm?
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v/ For rectangular prisms, any of the faces can be designated as the base, but remember that the height must
be perpendicular (at right angles) to the base.

v/ Remember that volume and capacity are not the same thing! Capacity is a measure of how much an object
can hold (mL, L, kKLL), whereas volume is a measure of how much space an object occupies (mm?, cm?®, m?).

3 Exercise 6D Volume of composite solids

A 1.2,3(a,b), 4-7,9,13 1(d.f, @), 2(d-f), 3(b, c). 1(g-i). 2(e. 1), 3(c). 4(e. 1), 8.

4(d-f),6-9,11,14 10,12,13-15
6p.1 1 Calculate the volume of each prism.
a | b ! c :
3 cm ‘
R REOREECEEEE - 15 cm L
2 cm ! | L
8 cm 18 cm
8 cm 4 ém
9 cm
d e f
4 cm
12 cm 3 cm
7 cm 6 cm 11 cm
v |
5 cm
g 7 cm h i
T e
M 21 cm
10 cm 13 cm
11 cm 10.3 mm

6p.2 2 Calculate the volume of each cylinder. Give your answers to two decimal places.
b c 7

2 mm /

I : 6 cm 1.8|m /

a

!
1
!
1
1
i
1
12 mm '
\
\
\
\
\

2.32m
6 cm

OXFORD UNIVERSITY PRESS CHAPTER 6 MEASUREMENT — 255

ADN3INTd ANV ONIANVLSIIANN |




ADN3INTd ANV ONIANVLSIIANN |

ONINOSVIU ANV ONIATOS NF190dd | |

d / (S /7 f 1
;‘ 5 ktm
12 mm i 8 cm
! 40 m
J \

10 mm

3 Calculate the volume of the following composite shapes.

\/ 2cm
10 cm

Determine the capacity of each cylinder in question 2.

8 cm

4 cm

5 A prism has a volume of 240 cm?.
a If the prism has a height of 8 cm, what is the area of its base?

b If the prism has a base area of 60 cm?, find its height.

6 A prism has a volume of 360 cm?.
a If the prism has a height of 60 mm, what is the area of its base in cm??
b If the prism has a base area of 90 cm?, find its height in mm.

7 The height of a cube of side length x is increased 4 cm. The surface area of the new rectangular prism formed
is 80 cm? more than the surface area of the cube.
a Worite an expression to represent the surface area of the cube.

b Worite an expression to represent the volume of the cube.
¢ What are the dimensions of the rectangular prism?

d What is the surface area of the rectangular prism?

e What is the value of x?

f What is the volume of the rectangular prism?

8 The height of a cube is increased 6 cm and the surface area of the new rectangular prism formed is 96 cm?
more than the surface area of the cube. What is the volume of the rectangular prism?

9 The height of a rectangular prism with a square base is increased 2 cm to form a cube of side length x cm.
The surface area of the new cube formed is 48 cm? more than the surface area of the rectangular prism.

a Write an expression to represent the surface area of the cube.
b Worite an expression to represent the volume of the cube.

¢ What are the dimensions of the rectangular prism?

d What is the surface area of the rectangular prism?

e What is the value of x?

f What is the volume of the rectangular prism?

10 The height of a rectangular prism with a square base is increased 1 cm to form a cube and the surface area of
the new cube formed is 12 cm? more than the surface area of the rectangular prism. What is the volume of the
rectangular prism?

256 — OXFORD MATHS 9 NSW CURRICULUM OXFORD UNIVERSITY PRESS



11 The length and breadth of a rectangular prism are the same, and the height of the prism is double the length.
The sum of the length, the breadth and height is 12 cm. What is the volume of the prism?

12 By calculating the surface area and volume of both of these boxes, demonstrate that boxes with the same
surface area do not always have the same volume.

a

: 20 cm . 10 cm

20 cm 5

20 cm

13 A new kind of insulation is to be fitted in the roof of a house. It is measured in cubic metres rather than square
metres because it fills the entire roof (normally insulation is just a thick layer). The roof is in the form of a
triangular prism. If the roof is 2 m high, 9 m wide and 14 m long, calculate:

a how much insulation is needed (in cubic metres)
b how much it will cost if the insulation costs $30 per cubic metre.
14 Andrew likes to make geometric sculptures.

a If his materials cost $2 per cubic metre, calculate how much it costs him to produce each sculpture.

i 1m ii iii

: b 2.5m
5 3m A - 1.8 m
E ' 1.8 m

E 11'1\131 1 : X 2 m 4 m

: : 1.8 m

15m) P I
Gl ul Am
2.5m 2m

b Mel decides she wants to buy one of Andrew’s pieces, and she wants to buy the lightest of the three
sculptures. Use the following information to recommend which sculpture Mel should buy.
e sculpture i weighs 3 kg per cubic metre
e sculpture ii weighs 2 kg per cubic metre
e sculpture iii weighs 2.5 kg per cubic metre
15 Calculate the volume of the following sculptures.
a b

K ) 2 cm : BP il 3 cm

T T | / N

| | / \

| | ' \

1 e i el s - oo o o e - —— 4=}

1 / / /
’I ! /
¥ / / 2 cm

/ i/ /
5 cm
2 cm

Check your Student obook pro for these digital resources and more:

Interactive skillsheet Interactive skillsheet Interactive skillsheet Topic quiz
Volume of prisms Volume of cylinders @ Capacity 6D
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6E Errors

Learning intentions @

Inter-year links

By the end of this topic you will be able to ... Year 7 4G Fractions, decimals and
v/ determine the precision of a measuring instrument percentages
v find the absolute error of measuring instruments Year 8 1A Rounding and estimating

v’ calculate the percentage error of a given measurement.

Errors e Key content video

e All measurements are estimates of exact values.

— The precision of a measuring instrument refers to the level of consistency of a set of measurements
taken using the same instrument.

— For example, suppose a pencil is measured using two different rulers. It is first measured three times
using a ruler with smallest division 0.1 cm, and the results are 6.1 cm, 6.2 cm and 6.0 cm. Next, the
pencil is measured using a ruler with smallest division 0.5 cm, and the results are 6.5 cm, 6.0 cm and
5.5 cm. The first ruler is more precise than the second ruler because the measurements of 6.1 cm,
6.2 cm and 6.0 cm are more consistent than the measurements of 6.5 cm, 6.0 cm and 5.5 cm.

e The absolute error of a measuring instrument is half of the smallest division on the instrument.

absolute error = % x smallest division

For example, the absolute error of a ruler measuring to the nearest millimetre is 0.5 mm, the absolute
error of a ruler measuring to the nearest half centimetre is 0.25 cm.

e DPercentage error of a given measurement is the ratio between the absolute error and the actual
measurement expressed as a percentage.

absolute error 2
measurement 100%

e The accuracy of a measurement refers to how close a measured value is to the true value.

percentage error =

e For a given measurement:

— the lower bound is the boundary of the true measurements that can round up to the
given measurement. For example, the length of the pencil below is closer to the 6.0 cm mark than
the 5.5 cm mark, so the measurement is recorded as 6.0 cm. However, the true measurement lies
between 6.0 cm and 5.75 cm.

2 3 45 6 7 8 910

— the upper bound is the boundary of the true measurements that can round down to the given
measurement. For example, the length of the pencil below is closer to the 6.0 cm mark than the 6.5
cm mark, so the measurement is recorded as 6.0 cm. However, the true measurement lies between
6.0 cm and 6.25 cm.

e Usually:
lower bound = measurement — 0.5 x smallest division

upper bound = measurement + 0.5 x smallest division
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Example 6E.1 Calculating the absolute error and percentage error

Willa used a protractor to measure an angle in her textbook. Determine:
a the smallest division of the protractor

b the absolute error of the protractor

¢ the percentage error of her measurement.

The smallest division is 1°.

V)

a 'There are 10 markings between every two
numbers labelled on the protractor. For
example, there are 10 markings between
60° and 70°, and each mark represents a
change of 1°.

b The absolute error of an instrument can be b absolute error = L x smallest division

2
calculated using the formula _ 10
2
1 .
absolute error = = x smallest division.
2 =0.5°
Substitute 1° into the equation.
¢ The percentage error of an instrument can c percentage error = %30 x 100%
be calculated using the formula — 0.00833..
percentage error = absolute error 100%. =0.83%

measurement

The measurement on the protractor is 60°.
Substitute the measurement and the
absolute error into the formula.

Example 6E.2 Finding the upper and lower bounds

Mitch measures the length of a pen as 9 cm. Find the lower and upper bounds for this measurement value
if the ruler has:

a 1 mm as the smallest unit of measurement

IR I = R R S T G S [

b 2 mm as the smallest unit of measurement.
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The measurement 9 cm is an estimation
of the exact length of the pen. The error
of this measurement depends on the
accuracy of the ruler being used. Identify
the smallest division on the ruler as

1 mm. Convert 1 mm to 0.1 cm.

Calculate the lower and upper bounds

by substituting the measurement value
and the smallest division into the lower
and upper bound formulas.

Identify the smallest division as
2 mm. Convert 2 mm to 0.2 cm.

Calculate the lower and upper bounds
by substituting the measurement value
and the division into the lower and
upper bound formulas.

a 1mm=0.1cm

measurement value = 9 cm

lower bound = measurement — 0.5 x smallest unit

=9-0.5x%x0.1
=8.95cm

upper bound = measurement + 0.5 x smallest unit

=9+0.5%x0.1
=9.05cm

2mm = 0.2 cm

measurement value = 9 cm

lower bound = measurement — 0.5 x smallest unit

=9-05x%x0.2

=89cm

upper bound = measurement + 0.5 x smallest unit

=9+0.5x%x0.2
=9.1cm

v/ 'To calculate percentage errors, remember to multiply relative errors by 100% rather than just 100.

v/ Convert values to the same unit of measurement before substituting them into a formula.

I3 Exercise 6E Errors

AON3INTd ANV ONIANVLSdIANN |

/\ 1-6.8.9

|:| 2,3,5,6,9-12

Q 2,3,5,7-13

1 Find the absolute errors of the following measuring instruments.

a A measuring tape has markings every 5 mm.

¢ A syringe has markings every 0.1 mL.

e A stopwatch has markings every 0.02 seconds.

b A scale has markings every 0.5 g.

d A thermometer has markings every 0.1°C.

f A water meter has markings every 1 m>.

2 Len uses a digital scale to measure the following ingredients in his cookie recipe. The smallest unit of
measurement of the scale is 0.1 g. What is the percentage error of each of the ingredients?

a 100 g granulated sugar
c 7.4 gsalt
e 4.5 gvanilla extract

g 2.4 g baking soda
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b

d
f
h

165 g brown sugar
115 g unsalted butter
155 g all-purpose flour

110 g semi-sweet chocolate chunks
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3  Which of the following clocks is the most precise?
A

\
Wy

AN
’ w
Trp gy

D
61 4 For each of the following measurements, determine:
i the smallest measuring unit of the instrument
ii the absolute error of the instrument
iii the percentage error of the measurement.
a b P
100 mL
80 mL ¢
60 mL 7
40 mL+
20 mL+
c d

i

ok L G
@™ m,

| IW/,//
%N 4l 5p

5 a What is the smallest decimal that could result in an answer of 1.7 when rounded to one decimal place?
b What is the smallest decimal that could result in an answer of 2.33 when rounded to two decimal places?
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6E2 6 A scale shows that a block of cheese weighs 430 g. Calculate the lower and upper bounds for this measurement

value if the scale has:
a 1 gas the smallest unit of measurement
b 5 g as the smallest unit of measurement.

7 'The length of an object is measured as 125 cm using a measuring tape that has markings every 5 cm. Between
which two values would the true length of the object lie?

8 Jacob measures the side length of a square as 12 cm, correct to the nearest centimetre. Find:

a the lower and upper bounds for the side length of the square
b the lower and upper bounds for the perimeter of the square
¢ the lower and upper bounds for the area of the square.

9 The side length of a cube is measured to the nearest centimetre. The measurement is then used to calculate the
volume of the cube as 64 cm?.

a What is the largest possible volume of the cube, correct to two decimal places?
b What is the smallest possible volume of the cube, correct to two decimal places?

10 Arya wrapped a piece of string around the cylindrical pillar in front of her local art gallery to find the
circumference of the circular cross-section of the pillar. The length of the string is then measured with a ruler
that has 1 cm as the smallest division. The measurement is recorded as 113 cm.

a What are the lower and upper bounds of the measurement?

b What are the lower and upper bounds of the radius of the circular cross-section of the pillar, correct to the
nearest centimetre?

¢ What are the lower and upper bounds of the area of the circular cross-section of the pillar, correct to the
nearest square centimetre?

11 Deb used a ruler to measure the length of a rope. She wrote down the measurement as 24 cm. Paul suggests
that it’s better to record it as 24.0 cm. Is Paul’s suggestion always valid? Explain.

12 Jonny uses a measuring tape to measure his height. The tape’s smallest measuring units are 1 cm on one side
and 0.1 feet on the other side. Jonny’s measurement from the side of the tape using the metric system is 168
cm, and the measurement from the other side, using the imperial system, is 5.5 feet. Which measurement has a
bigger percentage error?

13 The thickness of a piece of printing paper is 0.08 mm. George has a ruler that can measure to the nearest
millimetre. He made a few different stacks of paper and recorded the measurements in the table below.

Stack A Stack B Stack C Stack D
Number of sheets 20 50 200 500
Thickness (mm) 2 4 17 42

a Stack C has 10 times as many papers as stack A, and stack D has 10 times as many papers as Stack B.
Explain why the thicknesses recorded for stacks C and D are not exactly 10 times the thicknesses of stacks
A and B.

b Which measurement is likely to give the most accurate data for calculating the thickness of a piece of
paper? Calculate the thickness of a piece of paper from this measurement.

Check your Student obook pro for these digital resources and more: @

Interactive skillsheet Worksheet @ Worksheet ﬁ Topic quiz
Errors =I5 6E

Upper and lower Reading scales
bounds
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Chapter summary

Area of a sector Surface area

1 Determine the number of faces.

2 Calculate the area of each face.
sector

7 0 3 Add the areas of the faces together.
= — 2
A=365%7 « Rectangular prism SA = 21b + 211 + 2hb
A=hxb
Area of composite shapes | E E E
1 Split the figure into simple shapes that have hlo A=l><b: A=xh :A=l><b: A=Dxh
known area formulas. o | \ | \
o . 3~ -
2 Calculate any missing dimensions. ] b
Calculate the areas of the individual shapes A=hxb
using the area formulas.
4 Add or subtract the areas to calculate the « Triangular prism SA = b + (a + b + ¢)!
total area.
Volume of prisms and cylinders al
~bh bl L oh
1 1 2
| Y\ Yy
cl
V=Ah ‘
Where A is the area of the V = mr2h * Cylinder SA = 2arh + 212
base and % is the height
A
Volume of composite solids 2xr
To calculate the volume of a composite solid:
h

1 Split the object into individual parts.

Calculate any missing dimensions.

2
3 Calculate the volume of each individual part. r
4 Add or subtract the part volumes to find

the total volume.

Capacity
The capacity of a 3D object is a measure of how much the object can hold. A container with an inside volume of:

* 1 cm3 holds 1 mL of liquid ¢ 1000 cm3 holds 1 L of liquid ¢ 1 m3 holds 1 kL of liquid.

Errors
1
absolute error = 2 X smallest division lower bound = measurement — 0.5 X smallest division
absolute error L
percentage error = —— X 100% upper bound = measurement + 0.5 X smallest division

measurement
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™ Chapter review @:» -

knowledge of this
chapter.

Mathematical literacy review

The following key terms are used in this chapter:

* absolute error e composite shape ° percentage error
* accuracy e cross-section * precision

e arc e cylinder *  prism

e area » face e quadrant

e capacity e lower bound e rectangular prism
e circumference * net e right prism

1 a The surface area of a

breadth of the rectangle is equal to the of the circle.

b The of a 3D solid is a 2D plan that can be folded to form a 3D solid.
¢ The of a 3D solid is the amount of space it occupies.
d A is % of a circle; a is % of a circle.

Explain the difference between absolute error and percentage error.

Quizlet

Test your knowledge of this
topic by working individually
orin teams.

sector
semi-circle
surface area
triangular prism
upper bound

volume

can be calculated by adding the area of two circles and a rectangle; the

3 Worite three common units for each of the following and show the conversion between these units:

a area b volume c capacity.

Multiple choice
M 1 The area of this shape is closest to:

17 cm

>
12 cm

A 77 cm? B 204 cm?
The shaded area is closest to:
250 mm

12 cm @401nm

A 99.7 cm? B 137.43 cm? C 143.72 cm? D 150 cm?
Which of the following objects has the largest surface area?

C 431 cm?
[ 6a [P

8 K]
A arectangular prism with length 3 cm, breadth 4 cm and height 5 cm

a cube with side length 4 cm

a cylinder with diameter 4 cm and height 4 cm

a rectangular prism with length 2 cm, breadth 2 cm and height 10 cm

moow

a cylinder with radius 3 cm and height 5 cm
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D 1112 cm?

E 641 cm?

E 162.57 cm?
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Il 4 The surface area of this rectangular prism is:

12cm| @ B
bt 4.5 cm
200 mm
A 6708 cm? B 1080 cm? C 768 cm? D 678 cm? E 384 cm?
3 5 The surface area of this prism is:
6.95 mm

=

A 150.7444 mm? B 143.0216 mm? C 110.65512mm? D 221.217792 mm? E 194.708 mm?
3 6 The surface area of the following cylinder is:

30 cm

A 270 cm? B 7634.1 cm? C 2205.4 cm? D 7351.3 cm? E 678.6 cm?

3 7 The surface area of a cylinder increased by 12z cm? after the height of the cylinder is increased by 3 cm. What
is the radius of the base?

A 4z cm B 2z cm C 4cm D 2cm E 1cm
Il 8 Which of the following options is closest to the volume of the cylinder in question 6?

A 7700 cm?® B 7600 cm? C 700 cm? D 800 cm? E 2000 cm?
) 9 Whatis the capacity of a cylinder with height 25 cm and radius 35 cm?

A 9 L B 67L C 17L D 38L E 24 L

3 10 Which of the following measurements has the biggest percentage error?
A 0.4 g measured to the nearest 0.1 g
B 10 g measured to the nearest 1g
C 2.2 m measured to the nearest 10 cm
D 4 km measured to the nearest 1 m
E 15.5 mL measured to the nearest 0.5 mL.
3 11 The absolute error of a scale is 0.5 g. What is the smallest division on the scale?
A 0.25 B 0.5 C1 D 0.1 E 0.05

Short answer

Z¥ 1 Calculate the area of the composite shape on the right in square 50 mm
centimetres. 6 cm
2N 2 Calculate the shaded area correct to two decimal places. 9 cm ’ ’
20 cm 5 cm
5cm > cm 180 mm
10 cm
15 cm
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Exs
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EXs

Calculate the surface area of each prism.
a ' b

30 mm| oo --
L 4 cm

5cmﬂ
8 cm

Calculate the surface area of each cylinder correct to two decimal places.

a 14 cm b 25 mm

20 cm 9 cm

150 mm

Calculate the volume of each cylinder in question 4. Write your answers correct to two decimal places.

Calculate the volume of these 3D objects; write your answer correct to two decimal places if needed.

a a cube with side length 5 cm
b a rectangular prism with breadth 3 mm, length 4 mm and height 5 mm

C A
24 cm

10 cm

9 cm

<6 cm—>»
10 cm 10 cm

The volume of a cylindrical water tank with a radius of 10 m is 4000 m?>.
a What is the capacity of the water tank?

b Calculate the height of the tank to the nearest metre.

Calculate the percentage error for the following measurements.

a 55.0 cm using a rule with 1 mm as the smallest division

b 32.5 cm using a tape measure with 5 mm as the smallest division

¢ 30 gusing a scale with 1 g as the smallest unit of measurement

d 108 mL using a measuring cylinder with 1 mL as the smallest division

Analysis

1

Angelique is making a sculpture. The rectangular prism will be painted purple

and the triangular prism will be painted pink. The triangular prism has a height

of 2 cm and the cross-section is a right-angled triangle with a base length of

3 c¢cm and a perpendicular height of 4 cm.

a What is the length of the longest side of the triangle?

b Calculate the area to be painted in each colour (cm?), assuming all faces,
including the bottom, will be painted before assembly.

¢ Angelique has a tin of purple paint that will cover 1 m?2. Does she have
enough purple paint for two coats?

12 cm

d After painting two purple coats, what area would the remaining purple paint cover?

10 cm

15 cm

e Pink paint comes in smaller tins that contain enough paint to cover 90 cm?. What is the maximum number

of coats possible from one tin?
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2 Kala is constructing a right prism using cardboard with an 4cm 4cm
irregular hexagonal base. She plans to construct the base using :
right-angled triangles. Her plan is shown on the right. 2cm:
a Calculate the area of the hexagonal base. I

Kala initially wants the prism to be 8 cm tall. >em

b What is the total amount of cardboard Kala will need? 3em

¢ How much space will Kala’s prism take up?

Kala instead decides to choose the height of the prism such that

the value of its surface area and volume are equal. Let /4 be the 3 cmi 3cm

height of Kala’s prism.

d Write expressions, in terms of %, for the surface area and
volume of the prism.

2cm 6 cm

e Determine the height of the prism, correct to two decimal places, if the value of the surface area and
volume are equal.

f Kala uses a ruler with smallest division 0.2 cm to mark the height of the prism, where the height is the
length determined in part e. Assume all other measurements are equal to their true values. Determine,
correct to two decimal places where necessary, the:

i absolute error of the ruler ii percentage error of the height of the ruler
iii minimum and maximum surface areas of the prism.

3 Water is being pumped from a cylindrical water tank with a diameter of 1.2 m and a height of 2.4 m into a
rectangular pool 8 m long, 4 m breadth and 1.5 m deep.

a What is the total area inside the pool that needs to be covered in tiles?

b Calculate the capacity of the water tank, correct to the nearest litre.

¢ Will a full tank of water be enough to fill the pool? If not, how many more identical tanks are needed to fill the pool?
d

A new water tank is installed that is twice as wide as the current tank but only half as high. Will the new
tank hold more or less water than the current tank?

e 1 gram of chlorine is needed to maintain the quality of every 1000 L of water. If the dimensions of the pool
are measured to the nearest 10 centimeters, what are the maximum and minimum amounts of chlorine
needed to maintain the pool? Write your answer correct to two decimal places.

[]

Determine the precision of a measuring instrument Go back to Topic 6E

Find the absolute error of measuring instruments Errors

Chapter checklist
Now that you have completed this chapter, reflect on your ability to do the following.
I can do this I need to review this
D Calculate the area of composite shapes D Go back to Topic 6A
Area of composite shapes
D Draw the net for right prisms D Go back to Topic 6B
[ ] Calculate the surface area of right prisms Surface area
D Draw the net of cylinders D Go back to Topic 6C
D Calculate the surface area of cylinders Surface area of cylinders
D Calculate the volume and capacity of prisms and cylinders D Go back to Topic 6D
[ ] cCalculate the volume of composite solids Volume of composite solids

Calculate the percentage error of a given measurement
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Index

EEM7A Symmetry and reflections
EEM7B Translations and rotations

7C Dilations and similar figures

587D Area and volume scale factors
IES87E Congruence

EES87F Congruent triangles

387G Similar triangles

EXT

7H Trigonometric ratios
71 Using trigonometry to find side lengths
7J Using trigonometry to find angles

Prerequisite skills

@ Diagnostic pre-test
Take the diagnostic pre-test to assess your knowledge of the

prerequisite skills listed below.

@ Interactive skillsheets
After completing the diagnostic pre-test, brush up on your

knowledge of the prerequisite skills by using the interactive
skillsheets.

v The Cartesian plane

v’ Volume of prisms

v Triangle properties

v’ Substitution

v’ Solving equations using inverse operations

Curriculum links

e Applies trigonometric ratios to solve right-
angled triangle problems (MA5-TRG-C-01)
— Demonstrate and explain ...
— Apply trigonometry to solve ...
e I|dentifies and applies the properties of similar
figures and scale drawings ... [MA5-GEO-C-01)
— ldentify and describe the properties ...
— Solve problems using ratio and scale ...
e Describes and applies transformations, the midpoint,
gradient/slope and distance ... (MA5-LIN-P-01)
— Identify line and rotational symmetries
— Describe translations, reflections in an axis ...
e Establishes conditions for congruent triangles
and similar triangles ... (MA5-GEO-P-01)
— ldentify and explain congruence
— Develop and use the conditions ...
— Develop and apply the minimum ...
— Establish and apply properties ...
© NESA



ADVANCED

7A Symmetlry and reflections

Learning intentions
By the end of this topic you will be able to ... @

Inter-year links

Support Transformations
v identify line and rotational symmetry in plane shapes Year7 5D The Cartesian plane
v identify line and rotational symmetry in graphs

v reflect points and objects in axes of symmetry.

Llﬂe Sym meTry e Key content video

e A plane shape has line symmetry if it can be divided into two halves that

are mirror images of each other.
e The line about which a plane shape is symmetrical is called an axis of
symmetry (or line of symmetry).

e The order of line symmetry is the number of axes of symmetry for a shape.

For example, the rectangle on the right has two axes of symmetry, so the
order of line symmetry is 2.

— Plane shapes can have none, one or many axes of symmetry.

Rotational symmmetry

e A plane shape has rotational symmetry if it fits exactly onto
itself after being rotated less than 360°.

e The order of rotational symmetry is the number of times a

plane shape fits exactly onto itself when being rotated through
360°. Original 90° Original = 180°
For example, all non-square rectangles have an order of
rotational symmetry of 2.

e Plane shapes with no rotational symmetry have an order of

rotational symmetry of 1. 270°

Reflections

e A transformation is a manipulation of a shape or object. A reflection is an example of a transformation.

Original = 360°

— A transformed shape (also called an image) should always be given a name that indicates that it is a
transformation — usually by adding a small dash to the top right of the original name. For example,
the image of point A4 is called A" (‘A prime’).

e To reflect a shape in an axis of symmetry, start by reflecting a 5
single point. This point is called the point of focus. Then continue to reflect

15N
Il

single points until you can confidently draw the whole image.
— When performing a reflection, each point in the image must be the same ED 2+ B
distance from the axis of symmetry as the corresponding original point. 1'3 1+
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Example 7A.1 Finding the order of line symmetry @

What is the order of line symmetry for this shape?

1 Draw all axes of symmetry. Consider The order of line symmetry for this shape is 4.
horizontal, vertical and diagonal axes of :
symmetry. Each side of the axis must be a
mirror image of the other side.

2 Count the number of axes of symmetry.

Example 7A.2 Finding the order of rotational symmetry @

What is the order of rotational symmetry for this shape?

1 Rotate the triangle until it looks exactly the same as when you started.
2 Count the number of times the shape looks exactly the same in a 360° rotation.

The order of rotational symmetry for this shape is 3.
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Example 7A.3 Performing a reflection on a Z
Cartesian plane B |,
Reflect the object on the right across the y-axis and give the coordinates A Acf

of the image.

1 Choose a point of focus, B.

2 Reflect B across the y-axis. Label the reflected
point B’.

3 Reflect the other points across the y-axis and
draw the reflected shape.

4 Give the coordinates of the image.

v/ Be careful with diagonal lines of symmetry! Many people

mistakenly think that the diagonals of rectangles and

parallelograms are axes of symmetry when they are not.

v Remember to give your image a name that identifies

4 -3-2-10 1l &

-4-3-2-10 1 2 3 4 X

The coordinates of the image are A’(3, 1),

B'(2,3) and C'(1, 1).

it as

a transformation. For example, for a shape B, the image is \/

named B’.

I8 Exercise 7A Symmetry and reflections

ADNINTd ANV ONIANVLSIIANN |

/\ 1(e-d).2.3(a-d). 4-6,9,10,12-14 |:| 1(c-f), 3¢c-f), 5-9, 11

,13-15,17 Q 2,4,7-9,13-19

7a1 1 What is the order of line symmetry for each of the following shapes?

a b
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7
w,

2 Consider the 26 letters of the alphabet in upper case.
a Find the axis or axes of symmetry for each letter (if they exist). Consider the letter O to be a circle.
b Which letters have an order of line symmetry of 0?
¢ Which letters have an order of line symmetry of 2 or more?
7a.2 3 What is the order of rotational symmetry for each of the following shapes?
| [

b

f

DO
@ 2™~

4 What letters of the alphabet (in upper case) have an order of rotational y
symmetry that is 2 or more? List these with their orders of rotational .C 3+
symmetry. Consider the letter O to be a circle. J 5 B
5 Reflect each of the labelled points in the diagram on the right across the 14 A
y-axis and give the coordinates of the images.
6 Reflect each of the points in question 5 across the x-axis and give the 53 2 10 1 2 3 %
coordinate of the images. D B
7a.3 7 Reflect each of the following shapes across the y-axis and give the 27 ?
coordinates of the images.
a b c d
p3 LT P
-5 -4-3-2-10 x C
A 4 A A B -1 4
3 ¢ 2 3 E
B E C
2 1 -3 2
Bl |C , D I E
R 2-10[ 1 x
—3-2-10| x -10/ 1 2 3 4«x

8 Raeflect each of the shapes in question 7 across the x-axis and give the coordinates of the images.
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9 All graphs of quadratic equations have an axis of symmetry, with the curve being symmetrical on either side of
the axis of symmetry. The equation for the axis of symmetry on a quadratic graph will be of the form x = __.
Give the equation of the axis of symmetry for the following quadratic graphs.

a J b y

5\ 3

4 2
3_ %
24 T T T T
-4 '\3 2 )0 x
1 -1-
24

T T 1T T
0l 1 2 3 4 5 6 *
C v d
5_
4_
2
1_
1ol 1 2 3 X 5 4 3 2 10 1%

10 Do these graphs have line symmetry?

a v b y
3- n
2 3
14 5
T T T T T T T — 1
-4 3 2 ) 1 2 3 4
R
2 3
3
c v d v
4 3+
3- 2-
24 1
14 T T T
1 2 3 X
T T T T T
2 -1 10 1 3 4 X
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11 Explain why no quadratic graph has rotational symmetry.
12 Which of the graphs from question 10 have rotational symmetry?
13 Points A, B and C have the coordinates (1, 4), (-2, 3) and (5, —1), respectively.
a If all three points are reflected in the y-axis, what are the coordinates of A, B” and C’, respectively?
b Explain how the coordinates of an image of a point reflected in the y-axis can be determined without
looking at a Cartesian plane.
14 Points P, Q and R have the coordinates (0, 3), (2, —1) and (-4, —3), respectively.
a If all three points are reflected in the x-axis, what are the coordinates of P’, Q" and R’, respectively?

b Explain how the coordinates of an image of a point reflected in the x-axis can be determined without
looking at a Cartesian plane.

ONINOSVIY ANV ©NIATOS NIT190dd ]

15 The Koch snowflake is a fractal curve. It is built up in a sequence of stages, beginning with an equilateral

NG

a How many lines of symmetry does the first triangle have?
b How many lines of symmetry does the fourth snowflake have?

What can you say about the number of lines of symmetry as the snowflake gets more sides? Explain your
answer.

16 a Plot the following coordinates on graph paper and join them to make a shape.
(2,2),(6,2),(4,5)
b Reflect the shape across the y-axis. What are the new coordinates?
¢ Reflect the original shape across the x-axis. What are the new coordinates?
17 Use centimetre graph paper to complete the following.
a Plot the following coordinates on graph paper.

(5,2),(5,8),(3,8)
b Add one pair of coordinates to make a quadrilateral that has a vertical line of symmetry.

I9NITIVHO ‘ ‘

18 Use centimetre graph paper to complete the following.
a Plot the following coordinates on graph paper.
2,2),(5,4),(2,8)
b Add one pair of coordinates to make a quadrilateral that has a horizontal line of symmetry.
19 a A triangle is reflected across the x-axis. The new coordinates of the vertices are (1, 1), (2, 1) and (1, 2).
What were the original coordinates?

b A square is reflected across the y-axis. The new coordinates of the vertices are (1, 1), (2, 1), (2, 2) and
(1, 2). What were the original coordinates? -

Check your Student obook pro for these digital resources and more:

BLM g Interactive Interactive g Interactive 2 Worksheet B Investigation Topic quiz
@ Exercise 7A @ skillsheet @ skillsheet @ skillsheet @ Symmetrical @ Flags of 7A
Line Rotational Reflections shapes the world
symmetry symmetry
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7B Translations and rotations

Inter-year links
Support Transformations

Learning intentions
By the end of this topic you will be able to ... @
v perform translations on a Cartesian plane Year7 5D The Cartesian plane
v perform rotations on a Cartesian plane

v/ identify coordinates after a point or shape has been
transformed.

TfOﬂSlCITIOﬂS e Key content video

e A translation is a transformation which moves a point, line or shape without turning or changing the
size. Translations on a Cartesian plane are recorded by counting how many units the object slides up or
down and left or right.

— Translations along the x-axis slide the shape left or right.
— Translations along the y-axis slide the shape up or down.
— Point A has been translated 6 units to the right (along the x-axis) and 2 units down (along the y-axis).

y
P S -6-3- --------- >
2 '
VA
1 $
-4 -3 -2 -1 0 1 2 X

e Multiple translations along the same axis can be combined into a single translation.

— For example, a translation of 2 units down followed by a translation of 3 units down is the same as a
translation of 5 units down.

Rotations

e A rotation turns a shape about a fixed point. To perform a rotation, three i}
details are required: ) B
1 the centre of rotation 5
— usually the origin or a coordinate I :
2 the angle of the rotation H.1 4 e
— between 0° and 360° _l_? ’i‘oﬂl 7343”7
3 the direction of the rotation ) 4" B’
— clockwise or anticlockwise. -3
e When performing a rotation, identify a point of focus to concentrate on. 4|
— After rotating one point you may be able to determine the positions of the -5 ©
other rotated points in relation to this point. If not, proceed by rotating a

second point.
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Example 7B.1 Performing a translation

Translate this point 3 units to the right and 4 units down.

y

Count 3 units to the right.
Count 4 units down.

Label the translated image B’ to show that it is
a transformation of the original point.

y

C B

— N W b

D A4
B3 2-10] 1

&) 9

Choose a point of focus, 4.

Rotate 4 by 90° clockwise about the origin.
Label the rotated point A’.

Choose a second point to rotate, B. Rotate B
by 90° clockwise about the origin and label the
rotated point B'.

If you can, draw the remaining points of the
rotated shape. If needed, rotate a third point
from the original shape. The rotated shape
will be the same shape and size as the original
shape.

Give the coordinates of the image.

OXFORD UNIVERSITY PRESS
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B
3 L >
2-

Example 7B.2 Performing a rotation on a Cartesian plane

Rotate this shape 90° clockwise about the origin and give the coordinates of the image.

Point A4 is the point of focus.

y
4
B,
i 3
2 D/ CI
A\\\%g}

321()I 1 2 3 4x
-1

The coordinates of the image are 4A’(1, 1),
B'(3,1),C'(3,2) and D'(1, 2).
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Example 7B.3 Finding coordinates after a translation

A point Pis located at (—3, 4) on a Cartesian plane. It is translated 6 units down and 10 units to the
right. What are the coordinates of the translated point P’?

1 If translating to the right, add the units to the -3+10=7
x-coordinate. If translating to the left, subtract 4_-6= -2
the units from the x-coordinate. The coordinates of P’ are (7, —2).

2 If translating up, add the units to the
y-coordinate. If translating down, subtract the
units from the y-coordinate.

v/ When identifying or performing a translation, do not start counting at the starting position. Start
counting at the position of the first square beyond the shape.

3 Exercise 7B Translations and rotations

1-2(a-d), 3(a, b), 5, 6(a-d), 7(a-d), 2(c-f), 3-4(c-d), 5, 6(c-f), 8, 9(c. d), 2(c-f), 3(c. d), 5,9-10(e, f), 12, 14(e. f),
9(a.b). 11,14(a. b), 17 12,13,14(c, d), 16,18 15,16,19,20
< 1 Identify the translations shown in the following diagrams.
z
o a kY b y ¢ c Y
& a4 B 2
T T T T
S 10 1 2 3% A
= Ly 4 3 2 -10] %
- )
>
Z
= d f
n e
S y 1 oE " F
34 @ 2 °

z 1 F
Q D D 2 o1

-1 0 1 2 3 X 14 T 1 I

14 100 1 2 3 x
T T T T

3 2 -10] 1 x
° —1-
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781 2 'Translate the following points by the given amount.

ADNINTd ANV ONIANVLSIIANN |

a 2 units right and 1 unit up b 4 units left and 3 units up
v y
34 31
2- 2
Ao 14 14
T ™0 T T T _' _' _' _' 0 T X
-2 -1 1 2 3 4@32-1.B1
¢ 4 units down d 3 units left
y y
3 2-0D
.C 2+ 14

3210 1 2 x

f 3 units left and 1 unit down

y
1 3+ oF
5200 1 2+ z
.E —14 1-
1 S5 0] 133+
_3_ T T *_1_

782 3 Rotate each of the shapes 90° clockwise about the origin and give the coordinates of the images.

a g ¢ 2 b DY c v c d v
3 4 4 1
2 < 3
p 3 10[ 12 3%
1 2 2| B D -1
B A4 5 C
737271(1) 1 % 1 3A
- 3-2-10] 1% ol 1 3 X a
-1 -1 —4 =

4 Rotate each of the shapes in question 3 90° anticlockwise about the origin and give the coordinates of the
images.

Point Q is located at (2, 1) on a Cartesian plane. It is translated 7 units to the left and 4 units down. What

are the coordinates of the translated point Q’?

783 5 a

b Point R is located at (-5, 0) on a Cartesian plane. It is translated 2 units to the right and 5 units up. What
are the coordinates of the translated point R"?

¢ Point S is located at (2, —4) on a Cartesian plane. It is translated 12 units to the left and 4 units up. What
are the coordinates of the translated point S’?

d Point T'is located at (1, 7) on a Cartesian plane. It is translated 1 unit to the right and 9 units down. What
are the coordinates of the translated point 77?

e DPoint Uis located at (—3, —5) on a Cartesian plane. It is translated 4 units to the left and 5 units up. What
are the coordinates of the translated point U’?

f Point Vis located at (—10, 2) on a Cartesian plane. It is translated 7 units to the right and 9 units down.
What are the coordinates of the translated point I7?
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6 Describe the translation required to move the first point to the second point.
a AQ2,1)t0A(5,5)

B(-3,3) to B'(0,4)

C(5,2)t0 C'(1,-1)

D(-2,0) to D’'(2,-2)

E(4,-1) to E'(6, -3)

F(-2,-3) to F'(3, 3)

7 Which single translation is equal to these combined translations?

<

ADNINTd ANV ONIANVLSdIANN |
oo a6

a 2 units right and 5 units up, followed by 3 units right and 2 units down
b 5 units right and 1 unit up, followed by 4 units left and 6 units down

¢ 1 unit left and 2 units down, followed by 2 units left and 8 units down
d 4 units right and 3 units up, followed by 9 units right and 3 units up

e 2 units right and 4 units down, followed by 2 units right and 4 units up

f 7 units left and 1 unit down, followed by 1 unit left and 10 units up

8 Look at the Cartesian plane on the right. y
a Which point has been translated 1 unit right and 4 units up from point B? 3 £ P
b Which point has been translated 1 unit left and 4 units down from point A? “e 2] *
¢ Describe these translations. H
i point B to point C ii point 4 to point B —l2 4 10 i 2 3 4 X
iii point D to point A iv point F to point E D » B E
v point C to point F vi point E to point B
9 Rotate each shape 90° clockwise about the given point.
a b c
4 5 4
3 4 3
2 3 2
1 2 1
1 °
o0 1 2 3 4 X o0 1 2 3 4 x
o 1 2 3 4 X
d v e v f
5| e 4 4
4 3 ° 3
3 2 B 2 E
2 1 1
! of 1 2 3 4 X o 1 2 3 4 %
o 1 2 3 4 X
10 Rotate the shapes in question 9 180° clockwise about the given point.
— 11 Identify the translations shown in the following diagrams.
a y b
3 / / Dy 3]
2 /01—13 2 D
e Ts . X
o 135436+ loiTx
o
di C
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12 Translate the following line segments by the given amounts.
a 2 units right and 3 units up b 3 units left and 2 units down

y Y

4- 4 ¢

3 3

2 21
D

A 1 B 14
S0 143 4 * 10 1 2 ¥

13 Identify the translations shown in the following diagrams.

a y b y

4 4

3 3
B

2 2

A 1 1

-3-2-10 1 2 3~ (1) 2\3 4 ¥

B’

-2

-3
d (S y
1

3/2/10 1 2 3%

14 Translate the following shapes by the given amount.
a 4 units up and 3 units left b 4 units down and 5 units left

¥
3 y
5 3
1 2
A 1
-1 0|\1/2 3 %
-1 o 1 2 3 4%
d 5 units up and 5 units right e 3 units down and 2 units right

y
2

/l
3 - —1?) 2 %
3-2-10| % ENN

OXFORD UNIVERSITY PRESS

— NN W

¢ 1 unit right and 3 units down

— N Wk

C/

-4 -3-2-10, 1%

-3-2-10[/1 /2~
-1
-2

f 2 units up and 2 units right

y
4
3
2
1

—1(1) 1 2 3%
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15 Each of these shapes has been rotated clockwise about the origin. By how many degrees have they each been

rotated?
a y b y ¢ y
4 4 3
1 ' & 1
3 -2-10 1 2 3%
-3 2 -10 1 2 3% -4 -3 -2 -10| %
-1 =1
-2 -2
—4 —4

16 About which of the given points has the blue shape in the diagram on v
the right been rotated by 90° clockwise? 8
-

-4 -3-2-10 1 2 3 4 5%
17 Explain why a rotation of 90° clockwise can also be described as rotation of 270° anticlockwise.

18 A quadrilateral is rotated 90° clockwise about the origin, and the new coordinates of the vertices are (8, 2),
(10, 4), (6,4) a<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>