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Further graphs

Chapter introduction

This chapter contains various loosely related diScussions about functions and theirgraphs.

» Sections 6A—6B deal with some trickier types of inequations, using algebraic and graphical-geometric
methods.

» Sections 6C-6E introduce furthér transformations of the graphs of functions. The'graph of the reciprocal of
a graphed function is drawn — a procedure that requires a little more discussion of asymptotes. The sum and
difference of two graphedfunctions is drawn. And the compositions of a function with the absolute value
function are drawn using reflections inthe x-axis andd-axis.

Section 6F-6G introduce inverse relations and functions\graphically, with their corresponding reflections in
the diagonal line y' = x. This.is®yet another type of transformation of a known graph. Section 6G develops
the formal notation fordnverse functions.

The last:Section 6H introduces parameters so that equations of functions, and relations in general, can be
expressedand graphed in terms of functions‘x and y of a single parameter.

As always, computer sketching of curves is very useful in demonstrating how the features of a graph are
related to the algebraic properties of its equation, and in gaining familiarity with the variety of graphs and their
transformations.

Some questions in Sections 6C and,6H use the trigonometry of the general angle and Pythagorean identities,
and these questions could be delayed until after trigonometry is reviewed and extended in Chapter 7.

The chapter isi«€oneeptually demanding, particularly Section 6D. Readers may prefer to leave Section 6D until
later in the year —amappropriate place could be before Chapter 16: Further trigonometry, when the sum

asin x + b cosx of two trigonometric graphs needs to be sketched.




Chapter 6 Further graphs

Solving two particular inequations

Learning intentions

e Solve absolute value inequations of the form |ax + b| < k in three ways.

e Solve inequations with x in the denominator by multiplying through by its square.
This section is devoted to two particular types of inequations:
e Absolute value inequations of the form |ax + b| < k.
. . . 5
e Inequations where x is in the denominator, such as > 1. &

x—4
The next Section 6B will solve inequations using a table of test points.

A review of inequations solved so far

So far we have solved linear and quadratic inequations:

e We solved linear inequations like linear equations, ex
number, the inequality is reversed.

e We solved quadratic inequations using the graph, a

Remember that we solve inequations such a

that the word ‘inequality’ is often used for
inequality’.

Method 1 for solving

Our task is to solve inequations k, where a # 0,

u s + 1] > 3 graphically

methods of Section SE, Box 19.
and y = 3 on the one set of axes.

value inequation graphically

Solution
First solv 2x+ 1] =3 ya
2x+1=3 or 2x+1=-3
x=1 or =2 < 3 >
The graph of y = |2x + 1| is V upwards, with x-intercept x = —%. 1]
From the sketch of [2x + 1] and y = 3 together, the solution of the inequality is - % 1 %

x<-2 or x>1.
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6A Solving two particular inequations

Method 2 for solving an absolute value inequation — Use distance on the

number line
We can use distance on the number line to solve the inequality. But we must be careful in dealing with the

coeflicient of x, particularly when it is negative.

First, we review formulae for absolute value using distance on the number line:
2 Absolute value and distance
— S @

0 X a X

e |x| = distance from x to zero on the number line
e |x — a| = distance from x to a on the number line
The easy case, where the coefficient of 1
When the coefficient of x is 1, we can immediately use the secon bove.
Example2  The coefficient of xis 1

Solve these inequations on the number li

a|x-2/<5 |x+3|>4

Solution

a [x-2]<5 b |x+3| >4
(distance from x to 2 x=(=3) >4

° :
=5 2

s0 =3 < x <7. 3 1 X
sox < —=7orx>1.
| case, wher, Qafﬁment of xisnot1
« e

ce from x to -3) > 4

where the coefficient of x is 1.

-zero value of a

writing say | — 2x + 3| as [2x — 3.

now positive number a.
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Chapter 6 Further graphs

Example 3 The coefficient of x is not 1

Solve these inequations using distance on the number line.

a|-3x-7<3 b [7-3x/>3
Solution
a |-3x—-7]<3 b
Rewrite with a positive, Bx+7 <3 Rewrite with a positive,

2

- (=2h) <1

(distance from x to —2%) <1

— ¢,
31 2§ -1}x

_n2l 11
SO 33<x< 13.

Method 3 for solving an absolute value i i o

ute value inequat

b Solve | x| < 5. ¢ Solve |9 —2x| > 5.

e equation [9 — 2x| = 5 is

¢ Using the third dotpoint,
9—-2x|>5
9-2x<-50r9-2x>5

—2x<-14or-2x> -4
x>T7orx<2

that is, x<2orx>7.

Inequations that have no solutions, or are inequalities

The absolute value |f(x)| cannot be negative. Thus if k is negative:

e |f(x)| = kand |f(x)| < k have no solutions, and

* UGSt dsipns fogeal! valusiigd oniets, 4Rmaig AL L hent - Pender, et al 2025 + 978-1-009-65480-7 » (03) 8671 1400




6A Solving two particular inequations

Example 5 Inequations that have no solutions, or are inequalities

Solve these absolute value inequations algebraically:

alx-7<-5 b |6-x>-1
Solution
a The absolute value is never negative, so there are b Absolute value is always at least zero, soevery
no solutions. real number is a solution.. Thusithe inequation is an
inequality.

Solving inequations with x in the denominator —multiply through by ifs
square

When we try to solve this inequation, we immediately run into a problem:

5
> 1.
x—4

The denominator x — 4 is sometimes positive and sometimes negative. Thus if we were to'multiply,both sides by

the denominator x — 4, the inequality symbol would reverse sometimes and not other times.

To avoid using cases, the most straightforward approachi$ to multiply through instead by the square of the
denominator, which is always positive or zeros

5 Solving an inequation with the,variable in the denominatof
e Multiply through by the square of the denominator.

> Be careful to exclude thexzeroes of the denominator from the selutions.
> Once the fractions have beencleared, there willlusually be common factors on both sides. These
should not be multiplied out, because the factoring will be easier if they are left unexpanded.

An alternative approach using,a table of signs is presented in the next section.

Example 6 Solving an inequatiof’by multiplying through by the square

Selve > b

Solution

First, x # 4, because the LHS\is Undefined when x = 4. VA
Thekey step is to miltiply both sides by (x — 4)>. \

5(x — @) 2f0x "0, and x # 4,

Don’t expand the brackets here! You will only have to re-factor.

N

Z
]
=V

(x —F=5(x +4) <0, and x # 4,
(x—4)@=4-5)<0, and x # 4,
(x=4)(x—-9) <0, and x # 4.

From the diagram, 4 < x < 9.

Notice that x = 4 is not a solution of the original inequation because substituting x = 4 into the LHS of the

original inequation gives 1 , which is undefined.
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Chapter 6 Further graphs

FOUNDATION

1 Solve for x using distance on the number line.
a |x|=7 b |x[=0 c |x[<2 d x| >5

3 Solve:
a [2x] <6 b |5x] > -3 c |3x| >
d [4x] <2 e |[12x] < —18 f3 5
3

Multiply both sides by x*> and hence solve:

(]
=
AN
I

1 3
f |X|Z§

1
a->1 b 3 <1
N 1
d4+-2>0 e —>-1 -2
X X
4 Collect like terms where necessary then multiply by x? to solve:
1 1
a-—-—>2 b—ésl c2+-—>
i T 2
d1l+->3 e l--< f3-—-
X X X
LOPMENT
5 a Using distance on the number line, s
i x—1]<2 5= iii | iv [x+8/<6

b Next, solve the inequatio

¢ Finally, solve the inéquati art (a) algebraically.

6 Multiply both sides 1ation by the squ f the denominator and hence solve it. Do not multiply
out any co act
a 2 1 b 1 c 3 >2

x+1 3 X -f;‘ 4
d 2x > 1 f 5-3x
7 rst simplify th then use multiplication by the square of the denominator to solve
fo ) |
1+x—3>_3 _x+4<3 c3+x_ <2
Solve by an , and graph the solution on a number line.
i |x—2< ii Bx-5<4 iii x-71>2
iv 1] < v [6x—-7>5 vi 5x+4/=6
b So tions in parts (ii), (iv), and (vi) by the other two of the three methods that you did not
use in part (a
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6A Solving two particular inequations

9 First simplify each inequation, then solve for x.
alx+1+2<3 b |x-2/-1>3 c |[x-3-1>4

10 Solve for x:
x—1

[\

x+1

=

a > =2 b >3 <2
x-gZ )2c—15 ic—l
X X+ x+7
>
45123 ¢ 3 <! "

11 a Show that the double inequation 2 < |x| < 6 has solution 2 < x < 6 or —6 <

b Similarly solve:

i 2<|x+4]<6 i 1<2x—
te

12 Say whether each statement is true or false. If it is false, give a ¢

ax’>0 b x*>x c 2F d x> l %
X
e 2x>x f x+2>x h 2x-3>
13 Solve these equations and inequations.
a [4-5x=-2 b |3x+2|<-7 3x-5| <
ALLENGE
< 2x.
b Hence @ inequation.

e can only be a solution if b —a < c.
+b+c

2

a+b-c

2

14 Consider the inequation |x +

a Explain why x must be pos
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Chapter 6 Further graphs

@ The sign of a function

Learning intentions

e Construct a table of test points dodging around zeroes and discontinuities.
e Use the table of test points to solve various types of inequation.

e Use the table of test points as a first step in curve-sketching.

This section completes the story of a very general method of using test points to analyse the sign of any function,
provided only that we can find its zeroes and discontinuities. The pattern of sign$ produced by these test points
can be used to solve inequations, which are the immediate point of this section.

But the pattern also provides the basis for sketching curves of every kind, and . will be central particularly to curve
sketching using calculus in Year 12.

Where can a function change sign?

Sketching factored cubics in Section 3G, and solving quadratic inequations in Section 4B4 used a table of test
values dodging around the zeroes to see where the function changed signs. The functions in this'chapter, however,
may also have breaks or discontinuities, and we need to dodge around them as well, as the.diagram below
demonstrates:

6 Where can a function change sigh2

The only places where a function may possibly change sign are'zeroes and discontinuities.

»\ﬂy
AT . /’

e The graph above has'discontinuities@at x = ¢fx = d, x = e, and x = f, and has zeroes at x = a and x = b.

o The function changes sign at the/zero x ='a and at the discontinuities x = ¢ and x = e, and nowhere else.
e Notice that it does not change sign at the zero,x = b or at the discontinuities x = d and x = f.

The statement in Box 6 goes to the:heart of what the real numbers are and what continuity means. In this course,
the sketch above is sufficient justification.

A table of signs

As a consequence, we can examine the sign of a function using a table of test values dodging around any zeroes
and discontinuities. We add a third row for the sign, so that the table becomes a table of signs.

7 Examiningithe sign of a function

To examine the sign of a function, draw up a a table of signs using test values that dodge around all the
zeroes and discontinuities.

Finding the zeroes of a function has been a constant concern ever since quadratics were introduced in earlier
years. To find discontinuities, we will be using our standard assumption that all the functions in the course are
continuous everywhere in their domains, except where there is an obvious problem.
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6B The sign of a function

Solving polynomial inequations using a table of signs

A simpler form of this table of signs was introduced in Section 3G to sketch cubics. Cubics, and more generally
polynomials, do not have any discontinuities, so the test values only need to dodge around their zeroes — if we
can find them.

Section 3G’s concern was to sketch the function, whereas here the concern is to solve inequations. The graphs are
not necessary here, and our sketches will be incomplete, but the sketches allow us to see th ation.
Example 7 Sketching a factored polynomial and solving an inequali

a Draw up a table of signs of the function y = (x — 1)(x — 3)(x - 5).
b State where the function is positive and where it is negative.
¢ Solve the inequation (x — 1)(x — 3)(x — 5) < 0.

d Confirm the answers by sketching what is now known about ph.

Solution

a There are zeroes at 1, 3 and 5, and no discontinu-
ities.

X 0 1 2 3 4 5 6

y |[-15 0 3 0 -3 0 15

sign| - 0 + 0 - O

b Hence y is positive for 1 <x <3 o

negative forx < lor3 <x <35

¢ x<lor3<x<5.

Example8 Fact C ial, solving

Solve x> + 1 + X using ble of signs. n confirm ketch.
Solutio
Move all s , then factor @ g, ya

Hence x < —lorx=1.

Solving inequations involving discontinuities

When the function has discontinuities, the method is the same, except that the test values now need to dodge
around discontinuities as well as the zeroes.
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10 Chapter 6 Further graphs m

Again, a sketch is useful for understanding. Because horizontal asymptotes are in Year 12, however, a clue is

needed before the graph really tells the story.

Example 9 Examining the sign in a function with discontinuities

. . L X —
a Find the zeroes and discontinuities of y =

1
1 and examine its sign.
Py
b i Write x —1 = (x —4) + 3, hence find the horizontal asymptote.
ii Identify the vertical discontinuities of the function, and sketch it.
Solution

a There is a zero at x = 1, and a discontinuity at x = 4.

1 1 i
y |z O -3 = 4 1 w D x
sign |+ 0 — %= +
Hence y is positive for x < 1 or x > 4, and negative .
i

_(x=-4)+3
T =4
3

x—4
Hencey — 1 as x — oo and as x

=1+

is a horizontal asympt

irections.

il Asx—>47,y— —oo,and as

Example 10  Examiningt

always at least e he function is defined for all real x, and is X
y
b draw one up. There are no discontinuities and sign
n that the function is always positive.

Find the zeroes and di

Solution

+|=]e
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6B The sign of a function 11

Example1ll Constructing a table of test points

Solve > < x using a table of signs.

Solution

Collecting everything on the left,

3
— < 0’
x+2 *=
. . 3-—x%-2x
using a common denominator, — <0,
x+2
B+x)(1-x -

and factoring, ") 0.
X

The LHS has zeroes at x = —3 and x = 1, and a discontinuity at x = —

x |-4 -3 25 -2 0 1 2 >
1 1 1 1
LHS |25 0O 353 =« s 0 =l
sign | + 0 = * + 0 -
So the solutionis x > 1 or =3 < x < -2. @ 0

—

(No sketch here — rely just on the table of signs.)

Example12  Multiplying throug the denominat
3 o
Solve ) < x by first multiplying h by quare of the dé ‘\@ .
X

Solution

ut. That would cause a serious problem, because of
y

A

, N

—_
=V

FOUNDATION

The purpose of cise is to solve inequations using a table of signs. In the case of polynomials, this table
also allows the sketch to be drawn, as in Section 3G. A sketch makes the situation clearer, but the sketch is not

necessary for obtaining the solution.
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Chapter 6 Further graphs

1 Use the given graph of the LHS to help solve each inequation.
a A b y A c yi\

=V

12

=V

2 2\ _/4

x(x-D(x=2)<0 x(x+2)x=-2)(x-4) <0

d YA / e A

\\\J/4;
Px-4)>0
2 a Explain why the zeroes of y = (x + 1)? N 0 1 2
Then copy and complete the table o
b Use the table of signs to solve (x +
gn

3 Use the three steps of the pr
a(x+Dx+3)<0
d x(x-2)(x+2)

(x-Dx+272>0
f (x-1)2(x-37%<0

4  First factor Questions 2 and 3 to sketch its graph.

c f(x)=x>—4x? +4x

from the tables of signs used to construct them, solve the

5x2 c X +4x<4x?
DEVELOPMENT

ere is Questio xercise 6A. This time, collect all terms on the LHS as a simplified single
fraction. Find the and discontinuities to use in a table of signs, and hence solve each inequation.
a b 22553 o,
Sirs P
d 2 FEES 3
x+3 x—2

2

7 a Find the zeroes and discontinuities of y = and construct a table of signs.

2
X
< 0.
3

b Hence solve
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6B The sign of a function

8 If necessary, collect all terms on the LHS and factor. Find any zeroes and discontinuities, then draw up a
table of signs with interlacing values in order to solve the inequation.
-4
a (x-Dx-3)(x-5)<0 b (x—1)2(x—3%>0. ¢ =<0
X
+3 2
d x> 0x S fF <0
x+1 x—35
2 -4 x=2
4> 550 h =250 i
B X' 2ox x x2+3x 0
9 a Factor each equation completely, and hence find the x-intercepts of the graph. Factor parts (ii) and (iii) by
grouping in pairs.
iy=x-x i y=x-2x—x+2 iy = x> +2x* - 4x-8
b For each function in the previous question, examine the sign ofhe function around each zero, and hencé
draw a graph of the function.
10 Find all zeroes of these functions, and any values of x where the function is discontinuous. Then analyse the
sign of the function by taking test points around theseizeroes and discontinuities.
by x—4 X+ 3
a = — b = c =
) = == fo) = =2 ) =
11 Multiply through by the square of the denominator; collect all terms on one,side and then faetor to obtain
a factored cubic. Sketch this cubic by examining the intefcepts and the sign..Hence.solve the original
inequation.
a > b < c <2x-1
x+3° 7 2+3 e
12 Solve the inequations in the preévieus question by the alternative method of collecting everything on the
LHS, finding a commen denoeminator, identifying zeroés and discontinuities, and drawing up a table of
signs.
CHALLENGE
13 a Prove that f(x) =4+ x + x? is positive forall x.
b Prove that f(x) = 1 + x + x> + x> 4 x*igpositive fof all x. Consider separately the three cases x > 0,
-1 <x <0andx < —1. Group(the fiveterms into pairs in different ways with the second and third cases.
¢ 'Use similar methods to prove that for all integers n > 0,
Fx) =1+ x+ x>+ -0 +22" "9x?" is positive for all x.
d\ Prove that x = —1 is the only zero of f(x) = 1 + x + x> + - -- + x>"~! for all positive integers n.
1
14 -

Letf(x):g( )witha> 1.

xX+a Xx-ua
a For what values'of k does f(x) = k have a solution?
b Solve f(x)<2.using any appropriate method.

¢ Now choose a'suitable value for a and use shifting to solve

1 4
< —.
x—-1 x=-7 3
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Chapter 6 Further graphs

Sketching reciprocal functions

Learning intentions

e Sketch the reciprocal of a function given the graph of the function.

e Determine its vertical and horizontal asymptotes, and its domain and range.

Section 6C-6E present further ways to transform or combine graphs. In each case, the en > more on

the relationship between the graphs than on the equations of the various functions.

The sign and horizontal asymptotes
There are many small details involved in sketching reciprocals, soiit is better to give seve ples, the
follow them with some general statements.

Example 13  Analysing sign and hori :

The sketch shows y = 2*. Let g(x) = 1/f
Reasoning from the sketch:

d What happens to y

—_
=V

e Hence sketchy =g
f What are the do

rse, the reflection of y = f(x) in the y-axis. But the
argue using reciprocals.
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6C Sketching reciprocal functions 15

Graphing the reciprocal — sign and horizontal asymptotes

Let f(x) be a graphed function, and let g(x) = 1/f(x) be its reciprocal function.

e When f(x) is small and positive, g(x) is large and positive.

> When f(x) is large and positive, g(x) is small and positive.

e When f(x) =1, g(x) = 1, and vice versa.
e If f(x) > 400 as x — oo, then g(x) — 0F as x — oo,

> and the x-axis is a horizontal asymptote on the right.
e If f(x) > 0" as x — oo, then g(x) — +o0 as x — co.

The last two dotpoints have equivalent behaviour on the left.

All four dotpoints have equivalent behaviour when f(x) is negative. %
Zeroes and vertical asymptotes
Again, an initial example should makes things clear. @

Example 14 Analysing zeroes and verti s totes.
[0)

o
>
=

- 30 =0 2 0 T 9

Sketch f(x) = x — 2, then with g(x) = 1/f( as the sketch:
Where is g(x) undefined?
Does y = g(x) have any zeroes?
Where is y = g(x) above and @ x-axis]

Identify any vertical asymptot

&

d at the zero x = 2 of f(x).
number, so g(x) is never zero.

negative when f(x) is negative.
VA \y/f(x)

-1, )

.
J@)

As x — ,80 g(x) = 0F. <\\} 5 ‘3 e
As x ,80g(x) = 0. -1

Hence horizontal asymptote left and right. 7

When x = =-2,50g(-2) = -1.

The only numbers that are their own reciprocal are 1 and —1.

Hence y = f(x) and y = g(x) intersect at (1, —1) and (3, 1).
Domain: For f(x), all real x. For g(x), x # 2.
Range: For f(x), all real y. For g(x), y # 0.
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16 Chapter 6 Further graphs m

9 Graphing the reciprocal — zeroes and vertical asymptotes

Let f(x) be a graphed function, and let g(x) = 1/f(x) be its reciprocal function.

e Zero is the only number that has no reciprocal.
> Hence g(x) is undefined at every zero of f(x).

e Zero is the only number that is not a reciprocal of any number.
> Hence g(x) is never zero.

e When f(x) has a zero, y = g(x) normally has a vertical asymptote (but check, becau elare some
rather bizarre exceptions).

Domain and range

These deserve particular attention. 6
10 Graphing the reciprocal — domain and range
Let f(x) be a graphed function, and let g(x) = 1/ ipr function. 0

e The domain of g(x) is the domain of f(x) w zeroes of f(x) removed.

a sympEe at x = a, then the

and they certainly do not have

Lo 1
yl\ V=7
ction, that is, W
2, so its reciprocal g(x) = 1/f(x) ~2 1

< y=fe
Aoy

23X

Sketehing the reci om the graph, with no equation

t evious exam equ of the function was there for reference. But in the two examples below,
only the sketch is give
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6C Sketching reciprocal functions

Example 15  Sketching the reciprocal from a graph

Given each sketch of y = f(x) below, sketch g(x) = 1/f(x), then state the domain and range of g(x).

a Yy A b y A
2 2
NNl
-3 /4
-2

=V
=V

-2
Solution
a The point (-3, 2) is called a local maximum because for a small
region around x = =3, f(x) is greatest at x = —3. Similarly, is

called a local minimum.
Corresponding, g(x) has a local minimum at (-3, %) a
maximum at (3, —%).

The domain of g(x) is x # —4, 0 or 4 (remove t

range of g(x)isy # 0.

b Asx — oo, f(x) - 2,50 g(x) =
right.
Similarly, as x — —oo, f(x) — —

asymptote on the left.

=V

Domain of g(x): x # 0. Range -3
a, and horizon ymptotes
eir relationship with the reciprocal function.
er than the x-axis.
FOUNDATION

iii Explain why y = 0 is a horizontal asymptote.
iv Draw up a table of values and examine the sign.
v Identify any vertical asymptotes, and use the table of signs to write down its behaviour near any
vertical asymptotes.

2
b Repeat fory = ——. Repeat fory = — ——. .
epeat fory = -— ¢ Repeat for y S P
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18 Chapter 6 Further graphs

2
2 Follow steps (i)—(v) of Question 1(a) to investigate the function y = W and hence sketch its graph.
x —
Show any points where y = 1.
1
3 Investigate the domain, zeroes, sign and asymptotes of the function y = — W and hence sketch its
x —

graph. Show any points where y = —1.
4 a Letf(x)=x+1.
i Graph y = f(x) showing the intercepts with the axes.

ii Also show the points where f(x) = 1 and f(x) = —1.
1

iii Hence on the same number plane sketch y = m .
X

DEV

b Follow similar steps for the function g(x) = 2 — x.

PMEN
5 Lety = f(x) where f(x) = 1(x + 1)(x - 3).
a Showthaty=latx=1-V7andx=1+V7 ot the in

b Complete the graph of y = f(x) showing th intercepts with the axes and thé points where

¢ What is the range of y = f(x)?

1 ; ‘ﬁ
d Hence sketch y = m on the same
X Q

a Wh
1
b Sk and y = —— on the same number plane.
e b
1
¢ Explai e x-axis is an asymptote fory = —— .

Jf)

d What is the minimum of L ?

[
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6C Sketching reciprocal functions

9 The diagrams show first y = cos 0 then y = sin 0 for 0° < 0 < 360°.
yl\ yl\

—_

RN U D ey
b 3600 180 o

1 : >
a i Copy the sketch of y = cos 0, and add to it the sketch of y = o050
1
il What are the domain and range of y = 5 in this interval ?
cos
b i Copy the sketch of y = sin 0, and add to it the sketch of y = ——

1
il What are the domain and range of y = _6 in this i
sin

10 Prove that the symmetry of a function is preserved n taki i als. That is hat t
reciprocal of an even function is an even functio d prove reciprocal of an odd ion 1s an odd
function.

11 2 .

+
a Graphy = i by first noting that
X

b Hence graphy =

24+ x

Sketch the reciprocal of eac ures.

i I I I 360;0
il /1800 0

f What is the range of the reciprocal function?
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20 Chapter 6 Further graphs

1
14 In each case the graph of y = f(x) is given. Sketch the graph of y = JT) , paying careful attention to the
X
domain, any asymptotes, and any relevant limits.
a y!\ b [
1’""75\) j

2

-1

[

=V

CHALLE

15 The arguments in the solution to Example 15(a) seems to rely on‘the following assertion about the gra
a function y = f(x) and its reciprocal function y = (f )"

‘When one curve has a local maximum, the other

This statement is not strictly true. State the qualification th e made in thi§ statement, e an
example where the qualification is necessary.
1 . . . .
16 Lety= P Write down precisely the on e rocal funct
x—
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6D Sketching sums and differences 21

@ Sketching sums and differences

Learning intentions

e Sketch the sum and difference of two graphed functions.

The problem addressed in this section is to take the sketches of two functions f(x) and g(x); and working just
from those sketches, sketch their sum and difference:

s() = f(x)+gx)  and  d(x) = f(x) - g(x).

The pronumerals s(x) and d(x) used here are not any mathematical convention, they aré just convenient notation
in this section.

The word ‘ordinate’

The ordinate of a point is the y-coordinate, or more generally, the coordinate on the vertical axis{ The opérations
in this section and the next routinely act on the y-coordinates of points, so this shorter word is.useful. The
coordinate on the horizontal axis is sometimes referred to'as the “abcissa’ plural ‘abcissae’, but that wordds not
necessary in the course.

Sketching the sum of two sket€hed functions

The graphs of two functions f(x) and g(x) are sketched tosthe right, and we want to
sketch the sum s(x) = f(x) + g(x). Thesequations of the functions wilLusually not be
given, but it is convenient to state them here while developing the method. They are:

fx)=x*-36  and g)'=5x,

and here is a tables of values:

X -9 -6 -4 -1 0 1 4 6 29
f(x) | 45 0 20«4 -35 =36, -35 -20, O 45
gx) |[-45 =300, =20 -5 0 5 20 30 45
sx). | 0 -30 -40 -40¢ -36. -30 0 30 90

Eachrordinate of s(x) is the sum of the ordinates of f(x) and g(x). This is the key
idea that leads to everything else. The second sketch adds y = s(x) to the other two
graphs.

Now let us consider how we could have sketched s(x) if we had not had the
equations.

0 Add the ordinates where/possible — the key idea. This has been done in the top diagram.
1 If one curve, say f(x), has a zero at x = a, then
st@=0+gla) = g(a),
so s(x) has thé:same ordinate as g(x) at x = a, and the curves meet there.
This happens at both the zeroes x = 6 and x = —6 of f(x) = x> — 36, where s(x) meets g(x). It also happens at
the zero x = 0 of g(x) = 5x, where s(x) meets f(x).
2 If the ordinates are opposites at x = a, then
s(a) = f(a) + ga) = 0,

s0 s(x) has a zero at x = a. This happens at x = -9 and at x = 4.
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Chapter 6 Further graphs

3 If the two curves meet at x = a, so that their ordinates are equal, then

s(a) = f(a) + gla) =2f(a)  (or 2g(a))
and the ordinate of s(x) is twice the ordinate of f(x) (or of g(x)). This happens at x = —4 and at x = 9.
We cannot find from the graphs alone the precise position of the minimum, so in the absence of the equations,
this is not required in the sketch. But once we know the equations, the minimum is the vertex of the.parabola
s(x) = (x> =36) + 5x = x> + 5x = 36 = (x + 9)(x — 4),

where the average of the zeroes is x = %(4 -9) = —2%, and s(—Z%) = —42%.

An example of adding graphs with asymptotes

Here is an example in which one curve has a horizontal and a vertical y
asymptote. A succession of steps allow us to sketch the sum s(x) =

S0 + g(x).
1 The curves intersect at (2,2) and at (=1, —1), so 2

5(2) = f(2) +g(2) =2+2 =4, A i N
S(=1) = f(=1) + g(=1) = =1 + (=1) = =2 NA 2«

2 The curve y = f(x) has a zero at x = -2, so RN
s(=2) = f(-2) + g(-2) = 0 + (-2) = —2
3 Add the ordinates at x = 1, so
s() = f() + g(1) = 341 = 4,

4 There are no values of x where ordinates are opposites, sofs(x) has no
zeroes.
5 Because there are no zeroes for s(x), it can only change sign at the
asymptote x =0 (next step). Hence s(x) is negative for x <0, and positive
for x > 0. y

Dealing with the horizontal and vertical asymptotes of if (x):

6 Vertically, on both sides of the y-axis:
As x — 0Ff(x)— +oo and g(x) =0, so s(x) — +oo. 2l P

As x =07, f(x) > —o0 and g(x) = 0,50 s(x) — —oo. D — -
Thus the y-axis is a vertical asymptote to y = s(x). L

7 Horizontally, on the right and the left: “\ -2
AS x — oo, f(x) — 1 andig(x) — #00, 50 5(x) — +00. Z

As x — —oo, f(x) = 1 and g(x) > —o0, 50 s(x) = —c0.

Note: There is.afinal detail that seems beyond the course, but has been added to the diagram for completeness.
You will see that a third asymptote, an oblique asymptote, has been drawn. Here is the argument for it.
For large values of x, positive or negative, f(x) is almost 1, so y = s(x) is almost the same graph as
y=1+g().
Hence y = s(x) eventually looks like a line parallel to y = g(x).
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6D Sketching sums and differences

Having now argued from the graphs alone, we will now reveal the equations of the two functions — they are

f(x) = — + 1 and (obviously) g(x) = x. Their sum is
X

2 XHx+2
s(x):x+1+—:L.
X X

This has no zeroes because the discriminant A = 1 — 8 = —7 is negative, and clearly the graph-has.a vertical
asymptote at x = 0.

Summary of sketching the sum of two sketched functidns

11 Sketching the sum of two sketched functions

e To sketch the sum s(x) = f(x) + g(x) of two sketched functions:
0 Add the ordinates wherever possible. This is the key idea.
e Some systematic approaches:
1 If one curve has a zero, then s(x) meets the other curve at that yalue of x.
2 If the curves meet, then the ordinate of s(x) is.double the ordinate of f(x).
3 If the ordinates of f(x) and g(x) are opposites, then, s(x) has@a zero.
4 The sign of s(x) everywhere will usually be,clear now.
e To clarify any vertical or horizontal asymptetic behaviour:
5 If f(x) > oo or g(x) — oo, thenso also does s(x).
If f(x) > —co or g(x) = —oo, themso'also does s(x).
If, however, f(x) and g(x) go inopposite directions, we may not be able determine what happens
with the sum.

As discussed in Section SAgatranslation of y = f(x) up 5 isy = f(x) + 5. This is f(x) + g(x) where g(x) = Sisa
constant function, so translations up and down are special cases of the construction in this section.

Sketching thediffecence of two sketched fénctions

Now let us sketch the difference d(x) = f(x) — g(x) of the same two functions
fO= x*236 Ldand  g(x)&5x,

but this-time we will work from the.sketches.alone and then confirm the sketch using

artable of values. The difference is the sum of f(x) and —g(x), so it could be done by

reflecting g(x) in the x-axis and then adding the graphs, but it is easier to sketch it in

one step.

0 Subtract the ordinates where possible — the key idea.

1 If f(x) has a zero at x = a, then d(a) = 0 — g(a) = —g(a), so the ordinate of d(x) is
the opposite.of.the ordinate of f(x). This happens at x = —6 and at x = 6.
If g(x) has a zero at x = a, then d(a) = f(a) — 0 = f(a), so the ordinate of d(x) is the
same as the-otdinate of f(x), and the curve d(x) meets the curve f(x). This happens
at x = 0.

2 If the ordinates of f(x) and g(x) are opposites, then the ordinate of d(x) is double the
ordinate of f(x). This happens at x = -9 and at x = 4.

3 If the two curves meet at x = a, then they have equal ordinates there, so d(x) has a
zero at x = a. This happens at x = —4 and at x = 9.
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Chapter 6 Further graphs

Here is a table of values to confirm these arguments:
x| -9 -6 -4 -1 0 1 4 6 9
fx) | 45 0 -20 -35 -36 -35 -20 0 45
gx)|-45 -30 -20 -5 0 5 20 30 45
d(x) | 90 30 0 -30 -36 -40 -40 -30 O

10t needed in the
and show that the

Again, we cannot find from the graphs alone the precise location of the minimum, so it i
sketch. It is the vertex of the parabola y = d(x). Readers should complete the square
vertex is (2%, —42%).

Subtracting graphs with asymptotes

The procedures here are very similar to the previous example of adding gra
need for another example — and keep in mind that subtracting gr.
graph.

The structured Question 10 in Exercise 4D below presents
Question 15 deals with the oblique asymptotes.

12 Sketching the difference of two sketche

f the sum and difference

e sum and difference of two functions f(x) and g(x).
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6D Sketching sums and differences

FOUNDATION

1 Each diagram below shows the graph of two functions, y = f(x) and y = g(x). Copy each diagram to your
book and draw the graph of y = f(x) + g(x), by adding ordinates. Try to distinguish the original graphs from
the graph of the sum — use different colours, or dot the original graphs.

b Al c FAL\y y =)

3l y =g‘(x) 34 -

ARV 4

t t t t t 71_2 _1[17 t 4{» >

—2-14] B P2\ 3 x
2 y=g \_%

2 Copy each diagram in Question 1 to a fresh number plane. Subfract ordinates,to sketch the graphs of

y = f(x) = gx).

3 The diagram to the right shows the graphs of y = f(&), where,f(x) =4*, and of ra
y = g(x), where g(x) = x°. ol
a Copy the diagram to your book.
b On the same set of axes and in a differént colour, sketch'y = f(x) — g(x) by 1y
subtracting ordinates. Pay careful attention/to.points where the graphs cross,
and to the zeroes of f(x) and g(x). -1 1 *
4 The diagram to the right showsythe/graphs'of'y = f(x), where f(x) = x?, and of 1
y = g(x), where g(x) =2 11
a Copy the diagram to your book.
b On the same set of axes and in a different colour, sketch y = f(x) + g(x) _1 1 >
by adding ordinates. Pay-careful attention to points where‘g(x) = —f(x), 1l
because at those points f(x) + g(x) = 0. Notice also the zeroes of f(x)

because f(x) + g(x) = f(x) at those points, and.thezeroes of g(x), because
f(x)+.g(x) =g(x) at those points.

DEVELOPMENT

5 “a Ploty = x* and y = omithe same nimber plane, noting any points of intersection.
b| Hence sketch the graph of the'difference, y = x* — x.

6 Sketch y = x* andy = x(2=.x), then sketch the difference y = x* — x(2 — x).

7 When gketching the sums of absolute value graphs in this question, it is helpful to remember that the sum
of two linear functions is itself a linear function. Thus the following graphs will be made up of straight-line
sections.

a Graph f(x) = |x + 1] and g(x) = |x — 1], then graph:

i y=f(x)+g) i y=/f(x)-gkx)
b Graph f(x) = |2x| and g(x) = |x — 1], then graph:
i y=f(x)+gx) il y=fx)-gx
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26 Chapter 6 Further graphs

8 Graphs the functions y = x*> and y = |x| on the same set of axes.
a i Explain why the graph of y = x> + |x| must lie above both original graphs.
ii Hence sketch the sum y = x* + |x|. Take care with the shape at x = 0.
b i Explain why the graph of y = x> — |x| is on or below the x-axis for —1 < x < 1.

ii Hence sketch the difference y = x> — |x|. Take care with the shape at x = 0.

9 a Sketchy = +/xandy = x, paying careful attention to the domain and to the point§ where these graphs
intersect.

b Hence sketch y = x — y/x.

10 The graph on the right is a repeat of the one used in the theory to investigate A y=,(%)
the sum of functions that involves an asymptote. In this question you will y=gx)
investigate their difference
d(x) = f(x) = g(x). T\,

a The given curves intersect at x = —1 and x = 2. What feature of the graph 5 L

of y = d(x) occurs at these values? 2 % >
b Write down the zero of f(x) and hence evaluate d(x) there. __12
¢ Evaluate d(1) by using the ordinates of f(x) andyg(x). \l
d Copy and complete each statement relating to the vertical asymptote of

y=f(x).

i Asx—> 0%, f(x) » ... andig(x) = ... sod(x) > ...
il Asx— 07, f(x) » .« and g(x) - ..asod(x) — ...
e Copy and complete each statement relating to the horizontal asymptote of y = f(x).
i Asx — +ooff(x) = . and.g(x) — ... sod(x) — ...
il Asx— —o0, f(x) > ... and g(x) —» ... sod(x)= ...
f Briefly explain why.d(x) approaches y = 1 — x for large values of x.
g Sketchly = d(x) showing all these features.

11 For éach pair of functions, first graph'y = f(x) and,y= g(x) on the same number plane. Then in a different
colour graph the'sum y = f(x) + g(x).

a . f(x)= l and g(x) = x b f(x)= 1 and g(x) = L
X X xX+2
c f(x)=2"and g(x) =x—1 d f(x)=2%and g(x) =27

12 For each pair of functions imithe previous question, sketch the difference y = f(x) — g(x).

13 It may be thatif y = f(«) andyy = g(x) exhibit even or odd symmetry then we know the symmetry of
s(x) = f()# g(x) and of d(x) = f(x) — g(x).
a Try to complete the following table, predicting the symmetry of the resulting functions, and test your
claims on the examples in this exercise.

f(x) even, g(x) even | f(x)odd, g(x) odd | f(x)even, g(x) odd

5(x)
d(x)

b Prove formally that if f(x) and g(x) are both odd then s(x) is also odd. That is, prove that s(—x) = —s(x)
for all x in its domain.
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6D Sketching sums and differences

CHALLENGE

14 Consider the two functions f(x) = %x —3andg(x) =1+ x_il . The purpose of this question is to sketch
the graph y = f(x) + g(x).
a Find the x-coordinates of the points where f(x) = —g(x).
b Plot the line y = f(x) and the hyperbola y = g(x) on the same number plane, and ints found in
part (a).
¢ Show that f(x)+ g(x) — (%x —2) > 0as x — +ooand as x —» —oo. Add th
This is an oblique asymptote to the curve y = f(x) + g(x).

d Complete your sketch of the sum y = f(x) + g(x).
2
15 In the text, the sum s(x) = f(x) + g(x) was drawn for the functions f( —+1land g(x)=x,a
difference d(x) = f(x) — g(x) was drawn in Question 10. Th ique asy tes of s(x) and

drawn. This question now finds the equations of the oblique asymptotes to the two curves

our graph.

used in the previous question.

a Simplify s(x) = f(x) + g(x), and show that s( (x+1) = ce explain oblique
X
asymptote to the curve y = s(x).
b Similarly simplify d(x) = f(x) — g(x), fin oblique asymptot
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28 Chapter 6 Further graphs m

E Modifying a function using absolute value

Learning intentions

e Sketchy =|f(x)| and y = f(|x]), given the graph of y = f(x).

e Recognise these functions as composites of f(x) with the absolute value function.
e Associate the resulting graphs with reflections in the axes.
The problem in this section is to take some graph y = f(x), and from it sketch
y =1l y=fxD.
xis

and

These operations can be done very simply using reflections in the x-axis

Identifying the composites %
Let g(x) = |x| be the absolute value function. Then
[f ()] = g(f(x)) is the composite formed by f(x) f y g(x), and

solute/value function

yi\
right, ' which'is the parabola
() =(x+1 -1 3x
Graphing y = |f(x)| re
-3
e Whent aph is above or on the x-axis, f(x) is positive or zero. Hence (1,-4)

lf(ol =fx

is unchanged.
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6E Modifying a function using absolute value 29

e When the graph is below the x-axis, f(x) is negative. Hence |f(x)| = —f(x) is the o, 4
opposite of f(x). 3
m Thus replace every part of the graph below the x-axis by its reflection back above
the x-axis.
A table of values helps to understand the situation: —1 37X

x | 2 -1 0 1 2 3 4
fml5 0 -3 -4 -3 0 5
foils o 3 4 3 0 5

14 To sketchy = |f(x)| from the sketchof y = f(x)

e Everything above and on the x-axis stays the same. >
e Replace everything below the x-axis by its reflection back above the x-axis.

the y-axis.

The table of values illustratin

The re
learl mmetric ab

ting function is eve

B

=0.

as line symmetry in the y-axis. To illustrate this, the table of values is
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30 Chapter 6 Further graphs

Combining these transformations to sketch y = |f(|x|)|

These two absolute value transformation can be combined, as in the two examples below.
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6E Modifying a function using absolute value 31

Example 16  Combining the two transformations

Earlier in this section, we sketched f(x) = (x + 1)(x — 3) and its transformations y = |f(x)| and y = f(|x|). Use
these graphs to sketch y = | f (|x|)|:

Solution
Start with the earlier sketch of either |f(x)| or f(|x]).

Example17  Comparing all three methods
Using the graph of y = f(x) sketched to the right, s y
y

a y=|f() b y=r(xl
Solution E
b y = VA
2 21
=7 Y | Y >
_2 1 2 P
_2,,

y= |f(|x|)|, same as part (a)
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[ Exercise 6E_ FOUNDATION
1 The graph of y = f(x) is sketched to the right. To draw each transformation, copy Ny

the graph and draw the transformed graph in a different colour on the same axes.

a Replace any part of the graph below the x-axis by its reflection above the 3
x-axis. This will give you the graph of y = |f(x)|.

b Graph only the parts of y = f(x) that are to the right of the y-axis. Then add the 2
reflection of these parts in the y-axis. This will give you the graph of y = f([x]). _1,,”1,M/3 4 X
Notice the symmetry in the y-axis.

¢ Using the graph of y = f(|x]), replace any part of the graph below the x-axis by its reféction above the
x-axis. This gives the graph of y = | f (le)(

d Using the graph of y = |f(x)|, graph only the parts that are to the right of the y-axis. Then addthe
reflection of these parts in the y-axis. What do you noticesabout the result of this and the answer to,part
(©)?

2 In each case, follow the steps of Question 1 and use_ the given graph of y = f(x) to skeétch:
iy = 1) iy = f(x]) i y = | ()|
a Jél\ A c YA
AN | :
2 4\ e /BN -
-1, [ LA x -3 3 .
/ 21 | 10X
3 Sketch each given function andwuseitito then sketchs
iy =1l iy = f(x) i y = | £(1xD)|
1
ay=x-1 b y=Q*-1 cy=
1-x
4 a Explain why the graphs of y = 2%and y = 2| are the same.

b Writely. = 2Rising cases, then sketch ifs graph.

DEVELOPMENT

5 “a Sketch y = f(x) whereyf(x) =(x + 1)(x — 2), showing all x-intercepts and the vertex.
b Hence sketch:

i y=I1fl

iy = f(xD)

iy =|f(x)|

6 Repeat thessteps of the previous question for the function f(x) = |x - l| -1

nJ

asymptotes.
b Hence sketch:

Py=I1fMl

a Let f(x) = x(x —2).

i Sketchy = f(x).
b Repeat part (a) for the function f(x) = (x + 1)(3 — x).

iy = f(xD)

1
a Graphy = f(x), where f(x) = P + 1. Be careful to identify any intercepts with the axes and any
X —

i y=|f(x)|

ii Use repeated transformations to sketch y = [f(|x])].
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6E Modifying a function using absolute value 33

Show that y = |2 — x| is neither even nor odd and graph it.
Show that y = |2 - |x|| is even and use part (a) to graph this new function.

Hence graphy =1 - |2 - |x||.

e 6 T »

Finally graph y = |1 - |2 - |x|||.

10 Let f(x) be any function. Explain why g(x) = f(|x]) is even.
Let f(x) be an odd function. Show that A(x) = |f(x)| is even.
11 a When will the graphs of y = f(x) and y = |f(x)| be the same?
b When will the graphs of y = f(x) and y = |f(x)| be symmetric in the x-axis?

CHALL
12 a Read carefully the instruction in Question 1(b) for graphing y = f(|x rite a similar inst on for
graphing [y| = f(x).

b Test your instruction by graphing |y| = f(x) for each of|the functions in Question 2.

)?Q

rwise give a counter-example.

(- )

13 Sketch |y| = |«
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Inverse relations and functions

Learning intentions

e Construct the formula of the inverse of a relation or function.
e Use the horizontal line test to see whether the inverse relation is a function.

Mathematics is full of inverse processes:
e The inverse of multiplying by 7 is dividing by 7 — and the inverse of dividing by 7 is multiplying by 7.
e The inverse of shifting up 3 is shifting down 3 — and the inverse of shifting down 34s shiftingup 3.

e The inverse of reflecting in the y-axis is reflecting in the y-axis — this process isits own ifiverse.

This section uses geometric and graphical methods to obtain the inverse of arelation, and to find a simple
geometric condition for the inverse to be a function.

Inverse relations

Cube the number 5 and get 125. The inverse process is taking the cube root, which sends 125 back'to 5."We
can do this with any number, positive, negative or zexd, so the/cubing function y = x> has a well-defined inverse
function y = +/x that sends any output back to its originaldnput. When these two function machines are put
together in a chain, in either order, the composition of the two functions is the identity-function that maps every
number to itself:

X Y X Y
2 — — 8 8§ — — 2
1 — —> 1 1 — —> 1
% — Cube - % % — Cube root — %
0 — | y=x — 0 0 5 y=x — 0
-1 - — -1 -5 = — -1
-1 = — -1 -1 —= — -1

The exchanging of input and output can also be‘seen in the two tables of values, where the two rows are

interchanged:
B2 1 L oo -1 Wi x |8 1 Lo L -1 -8
ST8 1 F 00 - -8 G201 Lo -b -1 2

This exchanging of input and output means that the coordinates of each ordered pair are exchanged. Remember-
ing that a relation was'defined'simply as a set of ordered pairs, we are led to a definition of inverse that can be
applied to any relation, whether it is a function or not:

16 Inverserélations

e The inverseselation of any relation is obtained by reversing each ordered pair.

e The inverse relation of the inverse relation is the original relation.

The second statement follows from the first because each ordered pair returns to its original state when reversed a
second time. For example, the pair (2, 8) in the original becomes the pair (8, 2) in the inverse, and reversed goes
back to (2, 8).
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6F Inverse relations and functions

Graphing the inverse relation v

Reversing an ordered pair means that the original first coordinate is read off the vertical
axis, and the original second coordinate is read off the horizontal axis.

Geometrically, this exchanging of the two coordinates can be done by reflecting the
3

point in the diagonal line y = x. This can be seen by comparing the graphs of y = x
and y = +/x, which are drawn here on the same pair of axes.

17 The graph of the inverse relation

The graph of the inverse relation is obtained by reflecting the origin

Domain and range of the inverse relation

Exchanging x- and y-coordinates means the domain and range ar nged:

18 Domain and range of the inverse relation

e The domain of the inverse is the range of the

When the coordinates are exchanged, the x
x-variable. Hence the method for findi

variable occurs.

e This process ca
isafu

For example, the inverse of the function y

Graphing fu na

d Is the inverse relat n ?

Solutio

a Writing x for y a for x, the inverse is b Z"
x=y".

¢ For the original, domain: all real x, range: y > 0.

B

For the inverse, domain: x > 0, range: all real y.
Notice how the domain and the range have been -2-

=V

A2 4

=
N —

f

I

swapped. =

d The inverse is not a function — it fails the vertical

line test.
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36 Chapter 6 Further graphs

Example 19  Graphing function and inverse together

Repeat the previous questions for the function y = x> + 2.

Solution
a Writing x for y and y for x, the inverse is b
B = y3 +2,

whichisy = Vx—2.

¢ For both, domain and range are all real numbers.

d The inverse is again a function, by the vertical line

test.

Example 20  Forming the equation of th

Solution
a The function is
so the inverse relatio,

b Solving for y,

The restricti 1
x+3>2
i e 1s unction Qx +3), where x > —1.

etherithe inverse relation is a function

o~
=V

x=3

y=4—-x* where —2<x<2 x=4-y?, where —2<y<2
The first graph is a function, passing the vertical line test. But when we read it backwards, the value y = 3 gives
two answers, x = 1 and x = —1. Accordingly, when we sketch the inverse relation, we see that it fails the vertical

line test, with x = 3 crossing the graph twice.
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6F Inverse relations and functions

But reflection in y = x exchanges vertical and horizontal lines! Now we can see immediately from the first graph
that its inverse is not a function, because it fails the horizontal line test — the line y = 3 crosses it more than once.

We didn’t need to draw the second graph to know that the inverse is not a function. All we need to know is that
the first graph fails the horizontal line test.

20 Horizontal line test for whether the inverse is a function

e Geometrically, the inverse relation of a given relation is a function if and only if'ne horizontal line
crosses the original graph more than once.

We could also have done it the slow way — solve the equation x = 4 — y? of the inverse relation to give
y=V4 - xor+y=—-V4 - x, showing again that for many values of x, there is more'than‘one value of y,/so the
inverse is not a function.

| Exercise 6F royxphTION

1 Draw the inverse relation of each relation by reflecting in_the line.y= x.

a yaA . b VA B - yaA . d |
1 R | } P 4 (1’_1);
5 X a3 X X -
22 , € (~1=D)
e ’ _1 ////
e v g, VA Py ) - h Ve
/// N V 2 . 27 //
x _2 1 ) /// 2 / i o > L_”_////// .
- : - -2 ) X X
1T . .
X )

2 Use thewertical and horizontal line tests to determine which relations and which inverse relations drawn in
Question 1 are also functions.

3 Determine each inverse algebraically by swapping x and y and then making y the subject.
ay=3x-2 by=%x+1 cy=3—%x
d x-y+1=0 e 2x+5y-10=0 fy=2

4  For each function in the previous question, draw a graph of the function and its inverse on the same number
plane 'to_verity the reflection property. Draw a separate number plane for each part.

5 a Find eachiinverse algebraically by swapping x and y and then making y the subject.

. 1 . 1 x+2 . 3x
Iy=;+1 ||y=x+1 |||y=x_2 wy:)H_2

b For parts (i) and (iv) above, find the domain and range of the function, and the domain and range of the

inverse function.
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38 Chapter 6 Further graphs

6 Swap x and y and solve for y to find the inverse of each function. What do you notice, and what is the
geometric significance of this?
1 2x -2 _ —3x-35

a = - b = c =
Y X Y x—2 Y x+3

d y=—x
DEVELOPMENT

7 a Graph each relation and its inverse relation, then find the equation of the inversedelation. Which of the
four original relations are functions, and which inverse relations are functions?
i x=-3)72+y*=4 i c+ D>+ +4)° =9
iii y=x>-4 iv y=x>+1
b For parts (i) and (iv) above, find the domain and range of the relation, and the domain and range of the
inverse relation.

8 Write down the inverse of each function, solving for y if it s a function. Sketch the function and the'inverse
on the same graph and observe the symmetry in the line y/= x.

2 b y=2x-x* c y==\x diy = -V x2

ay=ux

9 Each function below has a restriction. Write downiitsdnverse relation. Then attempt to solve it/for y. If the
inverse is a function, rewrite the restriction/as arestriction on x. If the inverse.is not a function, give a value
of x that corresponds to two or more values of y.
a y=3x-10, where x < 2 b y= 13— 6x;where x> 3

¢ y=x+2, where x <3 d y=x*=3, where x > -2
10 a Factorise f(x) = x> — 2x — Jiindorder to show that the graph of y = f(x) fails the horizontal line test.
b Let g(x) = x* — 2x& 3 fotwx > I» Explain why thisflinction has an inverse and find its equation.

ax+b . b~cx
is

11 a Show that the inverse function of y =

e Nl -a .

ax+b . . . . ]
b Hence show that y = i its own inverse if and only if a + ¢ = 0.
X+c

CHALLENGE

X —X
12 ¢ axShow that the inverse of y = o is not a function.

X -X

b Show that the inverse of y = \ W, N 1s'a function.

13 a Show that if the domainmof anieven function contains a non-zero number, then its inverse is not a
function.

b Is the inverse of an odd function always a function? If not, give a counter-example.

14 a The polynomial in\Question 10(a) has two linear factors and fails the horizontal line test, so its inverse is
not afunction. Explain why all polynomials with at least two linear factors must automatically fail the
horizontal ling test.

b Do any polynomials have an inverse which is a function?
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6G Inverse function notation

@ Inverse function notation

Learning intentions

e Use the alternative definition of inverse function in terms of composition.
e Use the standard notation for the inverse function.

e Restrict a function or relation appropriately so that its inverse is a function.

This section ignores relations, and deals only with functions and inverse functions,

One-to-one functions

A function f(x) must by definition pass the vertical line test, meaning that every value of 4 in the domain
corresponds to exactly one y-value. For the inverse of f(x) to be a function alsey,f(x) must pass the horizontal
line test, meaning that every value of y in the range corresponds to exactly one x-value.

Thus the condition for the inverse of f(x) to be a function is that f(x) is a one-to-one correspondencebetweendthe
elements of the domain and the elements of the range. Such a function is called simply one-to-one.

21 One-to-one functions, and the inverse of a fungtion

e A function f(x) is called one-to-one, or a one-to-one correspondence, if fonevery value of y in the
range, there is exactly one element'x in the’domain so that f(x) = y.

e The inverse relation of a function f(x)i§ also a function:
> if and only if f(x) passes the horizontalline test, and
> if and only if f(x) is one-to-one, and

> if and only if thei€quation of the inverse can be solved uniquelyfer y.

The composite ofa function and its invérse féinction is the identity

Suppose that f(&) is a one-to-one function with dnverse functionig(x). Then g(x) is also a one-to-one correspon-
dence, with the same pairing of the domain and range as provided by f(x), but with the corresponding pairs
reversed. When we apply /(x) then g(x),dt is as'if nothingthas happened, that is,

g(f(x))=x, forall xin the domain of f(x).

And because g(x) sends each number back where it came from, its inverse is f(x), and the other composite
f(g(x)) is-also an identity funetion,

f(g(x)) = x, for all xin theidomain of g(x).

‘When we restrict discussion to.functions, these two conditions can be taken as an alternative definition of an
inverse function;

22 Alternativeldefinition of inverse function using composition

e The functiong(x) is the inverse function of a function f(x) if and only if:

g(f(x)) = x, forall x in the domain of f(x), and
f(g(x)) = x, for all x in the domain of g(x).

That is, if and only if g(f(x)) and f(g(x)) are both identity functions.

e An identity function is a function /(x) such that:

I(x) = x, for all x in the domain of I(x).
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Inverse function notation

Suppose that f(x) is a one-to-one function, that is, its inverse is also a function. Then that inverse function is

written as f~'(x). The index —1 used here means ‘inverse function’ and must not be confused with its more
common use for the reciprocal of a number. To return to the original example in the last section,

If f(x) = x*,  then f~'(x) = x. (Be careful:  (f(x))” = %)

As we have seen, the inverse function f~!(x) is also one-to-one, with inverse f(x), and if

inverse function are applied successively in either order, the result is the original n
above,

Flue) =V =512=8 and  f(/7'®)=(¥B) =2’

23 Inverse function notation : ,
e If a function f(x) is one-to-one, then its inverse relatio also a one-to- function, 1S written as
).
e The composite of the function and its inverse, i 1, sends every numbet for which 1
defined back to itself:

f'(f(x)) = x, forall x in the domain

f(f'(x)=x, forallxinth

e To find the formula for f~!(x) from
> Convert to y = ... notati

> Write y for x and x fo
> Solve for y, and conve

(the key step)

—J@F+-2  and (@)= (Vx-2) +2
= V3 =(x=-2)+2

=X =X

Uncorrected sample pages « Cambridge University Press & Assessment * Pender, et al 2025 » 978-1-009-65480-7 « (03) 8671 1400



6G Inverse function notation 41

b Let y=6-2x, wherex>O0.
Then the inverse has equation x=6-2y, wherey>0 (the key step)
y:3—%x, where y > 0.
The restriction y > 0 means 3- %x >0
x <6,

SO f‘l(x) =3- %x, where x < 6.

Verifying, £~ (f(x)) = f~'(6 - 2x) and  f(f') = fB-3%)
=3-16-2x =6-23-1
=3-3+x =6-6+

that £~(f(x)) = x and f(f~'(x)) = x.

1_

Solution

a Let

Then the inverse has e

oti at this functio
twice, each number is se

1= 1=
s f(f2) = general,  f(f(x) = 5
_ 1 1+x
=13 A+ -(1-x
T Q+x+0-%
=¥
b The functio = x> — 9 fails the horizontal line test. For example, f(3) = f(-3) = 0, which means that

the x-axis meets the graph twice. Hence the inverse relation of f(x) is not a function.
Alternatively, the inverse relation is x = y> — 9, which on solving for y gives

y=Vx+9or—vVx+9,

which is not unique, so the inverse relation is not a function.
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Chapter 6 Further graphs

Restricting the domain so the inverse is a function

When a function is not one—to-one, that is, its inverse is not a function, it is often convenient to restrict the
domain of the function so that this new restricted function has an inverse function.

The clearest example is the squaring function f(x) = x>, whose inverse relation is not a function because, for
example, 49 has two square roots, 7 and —7.

If, however, we restrict the domain of f(x) = x* to x > 0 and define a new VA

. functi
restricted function b= 2(x) /

g(x) =x*, where x>0,

then the new restricted function g(x) is one-to-one, and thus has an inverse i s

. . . . . = x
function. This inverse function has equation g=!(x) = v/x, where as explaihed g =3
earlier, the symbol 4/ means ‘take the positive square root (or zero)’. - . >
To the right are the graphs of the restricted function and its inverse function, with

the unrestricted function and its inverse relation shown dotted.

These ideas will be developed a great deal further in Year12, wheninverse of the tirgonometric functions are
developed.

| Exercise 6G | FOUNDATION

1 Let f(x) = 2x — 8 and g(x) = Jx 4%
a Verify by substitution that

1 8(f(5)=5 iif(g5) =5 il g(f(0))y=x v f(g(x)=x
b What do you conglude about the functions f(x) and g(x)?

2 Each pair of functions f(x) and g(x) are known to be mutual inyerses. Show in each case that f(g(2)) = 2
and g(f(2))= 2, and that.f(g(x)) = x and g(f(x)) = x.
a f(x)=x+13andig(x) =x—-13 b_ f(x) =7xand g(x) = %x
¢ f(x)=2x+6and g(x) = %(x -6) d f(x)=x*-6and g(x) = Vx+6

3 ga Find thejinverse function f7.(x) ofy f(x) = 2x + 5. Begin ‘Let y = 2x + 5’, then swap x and y to find the
inverse, then solve for y, then write down the equation of £~!(x).
b Check your answer by.calculating £ ' (f(x)) and f(f~'(x)).
¢ Similarly find the inverse functions of each function, and check each answer.
1
i f(x)=4-3x il fx)=x>-2 iii f(x) = s
x—
DEVELOPMENT

4 Explain.whether the inverse relation is a function by testing whether it is one-to-one. If it is a function, find
£ 1(x), specifying its domain. Then verify the two identities f~'(f(x)) = x and f(f~'(x)) = x.

a f(x)=x b f(x)=+x c flx)=x*

d foo=x+1 e f()=9-x fF)=9-x2 x>0
g f)=3" hof= i f) =2 x50

j f=2-2xx>1 kK f(x)=x—2x,x<1 |f(x):it1
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5 Let f(x) be the restricted function f(x) = 3x — 2, where 1 < x < 4.
a Find the inverse function f~!(x), being careful to add its restriction.
b Show that £~!(f(x)) and f(f~'(x)) are both identity functions, and find their respective domains. A
sketch may make the situation clearer.
6 a What is the gradient of the line y = ax + b?
b Write down the inverse relation of y = ax + b.
¢ What are the conditions for this inverse relation to be a function?
d When the inverse is a function, solve it for y, find its gradient, and explain why the gradients of the
function and its inverse both have the same sign.
e Give an argument using reflection in the line y = x for your answers in part ().
7 Sketch on separate graphs:
ay=-x b y& —x* forx>0
Draw the inverse of each on the same graph, then comment on the similarities and differences between parts
(a) and (b).
8 The parabola y = f(x), where f(x) = (x — 3)? + 1hasdts vertex at (3, 1). The inverse of f(x) is not a
function.
a 1 Janine says that when she applies the restriction x > a to f(x) the inverse is a function. What is the
least value of a?
ii Find the equation of the ifiverse in thisicase.
b i Jacob says that whenhe applies-the restriction x < b to f(x)thé inverse is a function. What is the
greatest value of b?
ii Find the equation of theiinverse in this case.
9 a Let f(x) = x> — 2x— 3 with the restriction x > a. Iti§ knowndhat the inverse of f(x) is a function. Using
the previous questiomas-ai@uide, find the least value of ¢ and find £~!(x) in that case.
b Do the same for the function f(x) = 5 — 4x— x> with.the restriction x < a.
10 a Let f(x) and.g(x) be one-to-onegfunctions. Thatis, both pass the horizontal line test. Let h(x) = g(f(x)).
Show that the inverse function of h(x)is 4~ (x) = (g7 (x)).
b i Find the inverse function of A(x) = T3
x f—
il Express /(x) as¢heicomposition of the reciprocal function and a linear function, and hence use
part (a) to find its inverse function.
11 Suggest restrictions on the.domains of each function to produce a new function whose inverse is also a
function (there may bé more than one answer). Draw the restricted function and its inverse.
1
ay=—-Vi-i2 b y== cy=x'—x dy=Va?
X
CHALLENGE
12 a Let f(x) = ax+ b and g(x) = ax + . Find g(f(x)), and hence prove that the condition for f(x) and g(x)

to be mutually inverse functions is

! and B=-a'b.

b Find three linear functions f(x), g(x) and A(x), none of whose graphs pass through the origin, with no
two graphs parallel, such that h(g( f (x))) is the identity function.

a=a
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Chapter 6 Further graphs

Defining functions and relations parametrically

Learning intentions

e Deal with a function or relation defined parametrically.

e Eliminate the parameter to obtain the Cartesian equation of the curve.

There is an ingenious way of handling curves by making each coordinate a function of a single variable, called a
parameter. Each point on the curve is then specified by a single number, rather thandy a pair of coordinates.

The section uses some trigonometry that is only reviewed in Chapter 7. Angles ‘of any magnitudeand the
Pythagorean identities are needed. Readers may prefer to delay studying these examples and/questions until
Chapter 7 is completed.

An example of parameters
SDB hits a six at the Sydney Cricket Ground.

e A cameraman in a distant stand, exactly behind the path of the'ball, sees the ball rise and fall, with its height y
in metres given by y = —5¢% + 25¢, where ¢ is timedn seconds after the strike.

e A drone filming the shot from high above the Cricket Ground sees the ball move across the ground, with
distance x from the batsman given by x = 16¢.

The cameraman and the drone together have acomplete récord of the ball’s.flight." (Ignore parallax here, and
regard both observers as ‘distant’). From their results, we can draw up‘a table of values of the (x,y) position of
the ball at each time #:

tlo 1 2 2l 34 s

x|0 16 32440 48 64 80
y|[0 20 30 311 30 20 0

The resulting (x4y)-graph shows:the path of the ball, and each peifit on the
graph can be labelled with the corresponding value of time 7.

This variable is'called aparameter, and'the equations
x=161, y = =56 + 25t
are called parametric equations of the curye.

It is possible to eliminate the parameter t from these two equations.

Solving the first equation for 7, 1=45%
the'substituting into the seéond, v= —52x* + 2x,
_ o5+ 400x
256
and factoring displays the zeroes, y = % :
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6H Defining functions and relations parametrically

24 Parameters

e A curve in the (x, y)-plane may be parametrically defined, meaning that x and y are given as functions
of a third variable ¢ called a parameter.

> These two equations for x and y in terms of ¢ are called parametric equations of the curve.
e In many situations, the parameter ¢t may be eliminated to give a single equation in x.andy. for the curve.

> The single equation in x and y is called the Cartesian equation of the curve.

The letter 7 is often used for the parameter because it stands for ‘time’. Other letters are often used, however,
particularly 0 and ¢ for an angle, and p and g.

Examples of parametrisation — a parabola

We can reverse the process of eliminating the parameter, and parametrise familiar curves. Some straightforward
parametrisations are given below of a parabola, a circle, and a reetangular hyperbola.

The parabola x*> = 4y can be parametrised by the pair of equations v A
x=2t and y=¢ \t:—z 4 r=2
because elimination of ¢ gives x> = 4y. The variable point (2#, t*) now runs along f=1di=1
the whole curve as the parameter ¢ takes all the réal numbers as it§ values: < ,,L,,,,&
(|2 -1 -1 o L1 @ 7 ST BENYE:
x|-4 -2 -1 0 1 2,4 t=0
yl4 1 1 0 &1 )4

The sketch shows the curve with the seven plotted points labelled by their parameter. The curve can be regarded
as a ‘bent and stretched number line.’

A parametrisation of the circle

2

The circle x> +§” = r? can be parametrised usin@trigonometrie fiinctions by

x =rcosf and y = rsin 0,

This parametrisation uses the Pythagorean identity, because squaring the two
equations’and-adding them:
2t y2 = cos? 0 + 1% sin? 0
= r*(cos’ 0 + sin“0)

= 1%, abecause co820 +sin’ 0 = 1.

Notice from the table of valties below that with these equations, each parameter
corresponds£o just one point, but each point corresponds to infinitely many
different values of the parameter, all differing by multiples of 360°:

0 | -360° —-270° —-180° -90° O 45° 90° 180° 270° 360°
X r 0 -r 0 r %r\ﬁ 0 -r 0 r
y 0 r 0 -r 0 %r\/z r 0 -r 0

In our previous examples, the map from parameters to points was always one-to-one, but in this parametrisation

of the circle, the map is many-to-one.
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46 Chapter 6 Further graphs

The circle is a relation, but not a function. The great advantage of parametrising the circle is that it is now
described by a pair of functions, which in many situations are easier to handle than the original relation.

A parametrisation of the rectangular hyperbola

The rectangular hyperbola xy = 1 can be parametrised algebraically by VA
1 t=1
xX=t and y=-—. K 2 X
1 218 / t=
. . 1S =2
There is a one-to-one correspondence between the points on the curve and the S ! \\f\)
real numbers, with the one exception that t = 0 does not correspond to any point: <& 1 i ‘2 x
= allw
(2 -1 -1 o L1 2 =2\ |
4V -2
x[-2 -1 -3 0 1 1 2 = /14 X
t=—1%
yl-4 -1 2 « 2 1 1 ’

Example 23 Using trig identities to find the Cartesian equaton

Find the Cartesian equations of the curves defined by the par@metric equations:
a x=4p,y=p*+1 b x=sech,y=sin0

Describe part (a) geometrically.

Solution
a From the first, p = %x, and substituting into the b Squaring, x* =sec? 6,
second, and y* =sin’0
y=%x2+1, =1-cos?0,
which is a parabola with vertex'(0, 1) and concave . yz —1_ i
up. x?
1=y =1

| Exercise GH | FOUNDATION

Note: Some questions in this exercise use trigonometry reviewed in Chapter 7, in particular, angles of any
magnitude and the Pythagorean identities:

sin 0 + cos*@ =l tan” @+ 1 = sec’ 0 1+ cot’>0 = cosec’ 0.

1 Consider the parametric equations x = f —2 and y = 2t — 1.

a Complete the table to the right. t | 2 -1 0 1 2

b Explainfrom the table why the graph is a line.

=

¢ From the table, find the y-intercept and the gradient.

<

d Eliminate ¢ to find the Cartesian equation, and check it from part (c).

2 a The parametric equations x = 2f — 3 and y = ¢ + 1 represent a line.
i Find the points A and B with parameters ¢ = 0 and ¢ = 1, and hence find the gradient of the line.
ii Find the value of ¢ that makes x = 0, and hence find the y-intercept.
iii Check your answers by eliminating ¢ to form a Cartesian equation.
b Repeat the steps in part (a) for these lines:
i x=2t-3andy=6¢f-5 ii x=2t-3andy=3r-2
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6H Defining functions and relations parametrically

3 a Complete the table below for the curve x = 41, y = 2¢* and sketch its graph.
t]-6 4 2 -1 01 2 4 6
X

y

b Eliminate the parameter to find the Cartesian equation of the curve.

¢ The curve is a parabola. What value of ¢ gives the coordinates of the vertex?

4 Repeat the previous question for the curve x = ¢,y = %IZ.

c
5 a Show that the point (cp, —) lies on the hyperbola xy = ¢?, where c i§'a constant.
p

2
b Complete the table of values below for x = 2p, y = — and sketch the graph.
p
p|l-3 2 -1 -1 -1 o L L4 23
X
y

¢ Explain what happens as p — co, p — —co, p= 0* and p — 0~.

2 2
6 a Show that the point (a cos 0, b sin 0)dies on the ellipse x_2 + Z—z =1.
a
b i Complete a table of values for the cufve x = 4 cos 0, y = 3 sin'0, taking the values 6 = 0°, 30°, 60°,
90°, 120°, ..., 360°.

ii Sketch the curve and$tate its«Cartesian equation.

DEVELOPMENT
7 Eliminate the parameter and hence find the Cartesian equation of the curve.
a x=3-py=2p+l b x=1+2tan0,y=3sect -4
1 1
cx=pt—,y=pt— d x=cos0+sin0,y=cos0—sin0
4 p

8 a Showthat x,=.a% rcos 0 and y'= b + rsin 0 define a circle with centre (a, b) and radius r.
b Hence sketch a graph of theteurve x=1+2cos0,y = =3 + 2sin 0.

21

9" Show by elimination that x = —
+1

2t
. . 2 .
and y = o almost represent the unit circle x*> + y*> = 1. What point

1S missing?

10 [Parameters and Curve:Orientation] Let A = (1,2) and B = (2, 1).

a i Show that x =4+, y=2-1¢ 0 <t <1 parameterises the line segment AB.
ii Describe how the point P(1 + ¢,2 — ¢) moves as ¢ increases from 0 to 1.

b i'Showthatx =2 —u,y=1+u, 0 <u <1 also parameterises the line segment AB.
ii Describe how the point P(2 — u, 1 + 1) moves as u increases from O to 1.

¢ The points A and B also lie on the circle with centre (1, 1) and radius 1. Consider the points P(1 +
cost, 1 +sint) and Q(1 + sint, 1 + cost), where 0° < ¢ < 90° in both cases. Explain the difference
between the curves traced out by the points P and Q.
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48 Chapter 6 Further graphs

11 Different parametric representations may result in the same Cartesian equation. The graphical representa-
tion, however, may differ due to restrictions in the domain or range.
a Find the Cartesian equation of the curve x = 2 — ¢, y = t — 1 and sketch its graph.
b Find the Cartesian equation of the curve (sin’ #, cos? r). Explain why 0 < x < 1 and 0 < y < 1 and sketch
a graph of the curve.
¢ Find the Cartesian equation of the curve x = 4 — 2, y = > — 3. Explain why x < 4 and y > =3 and sketch
a graph of the curve.

12 A certain graph has parametric equations x = at + b and y = ct + d, where theconstants '@y b, ciand d are real
numbers.

a Eliminate 7 from these equations and hence show that they represent a straight line. Express your answer
in gradient-intercept form.
b Are there any restrictions that need to be placed on the answer to part'(a)?

¢ How could the answer to part (a) be written in order to avoid these restrictions? Explain your answer.

13 a Show that the parametric equations x = c(sec 0 — tan 0) and y = c(sec 0 + tan 0) withr=90° < 6, < 90°
represents the portion of the hyperbola xy = ¢? if the first quadrant.

b What restriction on 0 is needed to get the pottion inthe third quadrant?

14 Find the Cartesian equation of the curve £ = 3'+ r cos 0, y= -2 + rsin 0, and'describe it geometrically if:

a ris constant and 0 is variable, b 6 is constant and ris variable.

15 [Parameters and Transformations]
a The circle with centre the origin andradius 2 has parametric equations x = 2 cos 6 and y = 2 sin 6 with
—180° < 6 < 180°.
i By considering translations; write down the parametric equations when this circle is shifted right 1
and up 3.
ii By considering dilations, write down the parametric equations when the original circle is stretched
horizontally by 2 and vertically by %
b A certain curve has parametric equations x =.f(¢) and’y = g(¢). Ignoring any possible restrictions on ¢,
answer the following.
i Describe the curve generated byx = f(r) + hand y = g(¥) + k.
ii Deseribe the curve generated by x. = af(¢) and y = b g(¢).

CHALLENGE

+1 212 + 2t

.~  andy=——" almost represent the unit circle x2 + y> = 1.
28 +2t+1 Y 202 + 2t + 1 p " Ty

16 _Show by eliminationsthat x =
What point is missing?

17 a Explain why the parametric equations x = cost, y = sint, z = t describe a spiral.
_ ' 2y
18 a Show that the/point (a sec 0, b tan 0) lies on the curve pRa) =1.
b Complete a table of values for the curve x = 4sec 0, y = 3 tan 0, where 0° < 6 < 360°. What happens
when 0 = 90° and 0 = 270°?

¢ Sketch the curve (it has two asymptotes) and state its Cartesian equation.

19 After finding the Cartesian equation, sketch the curve whose parametric equations are
x=12'+27)  and  y=1@2'-27).
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6H Defining functions and relations parametrically

20 A relation is defined parametrically by x = f(¢) and y = g(?).

a What transformation of the relation occurs when ¢ is replaced by — if:

i f(z) and g(¢) are both even, ii f(?) and g(¢) are both odd,
ifi f(¢)is even and g(¢) is odd, iv f(¢) is odd and g(¢) is even.
b What is the relationship between this relation and the relation defined by x = g(¢) an (n?

¢ Where is the graph of the relation x = |f(¢)| and y = |g(?)| located?

d Where is the graph of the relation x = f(¢) and y = f(¢) located? @
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50 Chapter 6 Further graphs

Chapter 6 Review

Review activity

e Create your own summary of this chapter on paper or in a digital document.

Chapter 6 Multiple-choice quiz

e This automatically-marked quiz is accessed in the Interactive Textbook. A printable PD version is
also available there.

Skills Checklist
I_—ij e Available in the Interactive Textbook, use the checklist to track you anding
Check- Printable PDF and word document versions are also available th

list
Chapter Review Exercise
Note: Graphing software could be very helpful in this'exerci
1 Solve each inequation.

a |x| <3 b c 1
2 Solve each inequation by multiplying both sides by the square of minator.

5 3 X
a -—>1 — <1 c >4

X x+1 "~

Consider the functio

sing the table-of-signs method. First move everything to the left-hand
ingle fraction, then identify its zeroes and discontinuities, then draw up a

your sketch the points where y = 1 and y = —1.

1
¢ Hence sketch the graph of y = m on the same number plane.
X
1
d Write down the equation of the vertical asymptote of y = m, then copy and complete the sentence, ‘As
X

x—>2,y—>...,andasx > 2,y > ...’
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Chapter 6 review

7 Consider the quadratic function f(x) = 3 — x°.
a Sketch y = f(x), clearly indicating the x- and y-intercepts.
b Also show on your sketch the points where y = 1 and y = —1.

1
¢ Hence sketch the graph of y = —— on the same number plane.

f(x)
8 Sketch the reciprocal of each function graphed below, showing all the important fea
y A y A
a b

-3
2

-1

43,/
(=2,-D
9 a Find the equations of the vertical asymptotes of each function.
. 2 .
Iy_x+1 i y= il y= 5%

b In part (iii) above, identify the zeroes and di

=V

behaviour of the curve near each vertical as

10

aw up a table of sign

al asymptotes.

11 g(x) are sketched to the right separate number ya
‘\\~" y=fa)\ 2]
1]/y=g)
—1 1 X
12

12 graphs of y = f(x) a sketched to the right.

= are
lane etch:

13 The graph of y = f(x) is sketched to the right. On three separate number planes, yA
sketch:
a y=Ifol By AN
by = f(xl) N
c y=f(xDl
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52 Chapter 6 Further graphs

inverse relation is a function.
a Yhy=feot = b e Ve
1 //)/’ =X //y =X

-1 1 X

p

5
x-3

ay=5-3x b y=

16 Find the inverse function f~!(x) of e
SO @) = x and
a f(x)=3ix+4

¢ flo=

17 A line is defined para

Use t ble to sketch the line, each point with its #-value.

esian equation of the line.

i =1 — 12
he equations x = 57 and y = ;1°.

0 1 2 4 6

19 A curve is defined parametrically by the equations x = cos® — 1 and y = sin0 + 1.
a Use the identity cos? 0 + sin> 0 = 1 to find the Cartesian equation of the curve.
b Describe the curve, and then sketch it.

20 A curve is represented parametrically by the equations x = 2t and y =

. i iversi . 1 978-1-
U TR R S R S TR RAeessy o ot o 20751 07610

d

— 34
E3
-6
X

14 Copy each diagram below, then sketch the inverse relation of the function. Also state whether or not the
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11

Polynomials

/AQ A

Once the variable x has been introduced into arithmetic, polynofiial expression§ stich.as 4x° —7x + 5 arise

Chapter introduction

naturally. Indeed every expression that cande formed using just the three operations of addition, subtraction and
multiplication can be written as a polynomial —simply expand brackets; and:collect like terms.

The course has already discussed linear and quadratic functions in detail, and this chapter begins the systematic
study of polynomials of higher degree.

Polynomials were mentionéd briefly in Section 3G, and some readers will already have familiarity with their
graphs, with long division of polynomials, and with thedemainder and factor theorems. The later sections in this
chapter develop the relationships between the coefficients and the zeroes.

The problem of/factoring a given polynomial is @ constant theme; and the final Section 11G applies the methods
of the chapter to geometric problems about pelynomial curves; circles, and rectangular hyperbolas.

Uncorrected sample pages « Cambridge University Press & Assessment * Pender, et al 2025 » 978-1-009-65480-7 « (03) 8671 1400



2 Chapter 11 Polynomials

m The language of polynomials

Learning intentions

e Define polynomial, leading term and coefficient, degree, monic, constant.
e C(lassify zero, linear, quadratic, cubic and quartic polynomials.
e Add, subtract, and multiply polynomials, and observe the resulting degrees.

e Define identically equal polynomials, and use the relationship to the coefficients.

Polynomials are expressions such as the quadratic x> — 5x + 6 or the quartic 3x*= %x3 +4x + 7. They have
occurred already in the course, but now our language and notation needs to be more precise.

Polynomials and polynomial functions

1 Polynomials , ‘ a - (I :

e A polynomial is an expression of the form
P(x) = apx" + ap_ 1 X' + -+ a;x + agf

where ay, ay, ..., a, are real numbers, and »n 1S awhole number.

e A polynomial function is a function that can be written as a polynomial.

The term ay is called the constant term. This is the value of the polynomial atxx = 0, so ay is the y-intercept of its
graph.

Leading term and degree

The term of highest index' with non-zero coefficient is called the leading term of the polynomial. Its coefficient is
called the leading coefflicient, and its|/index is called the degree! For example, the polynomial

P(x) = -58 =3x" 422’ 447 — x + 9
has leading term —5x% and(leading coefficient —5, and has degree 6, written as

deg P(x) = 6.
For convenience, the constant term‘ag is regarded in this context as being a term of index 0. This is because ag
can be written as agx” provided that x\# 0. But hever actually write the term ag as agx°, because 0° is undefined.
A monic polynomial is a polynomial whose léading coefficient is 1. For example, P(x) = x* — 2x> — 3x + 4 is

monic. Every non-zero polynomial is a unique multiple of a monic polynomial because a, # 0, so

apX" + Ay XN et ap = a, [ X7+

+oot — x4+ —

An-1 xn—l ai ao )
An Ap Ap

Some names ofipolynomials

The zero polynomialyand polynomials of low degree, have standard names.

e The zero polynomial Z(x) = 0 is a special case. It has a constant term 0. But it has no term with a non-zero
coefficient. Hence it has no leading term, no leading coefficient, and most importantly, no degree. Its graph is
the x-axis — meaning that every real number is a zero of the zero polynomial.

e A constant polynomial is a polynomial whose only term is the constant term:

P(x) = 4, O(x) = -3, R(x) = m, Z(x) = 0.
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11A The language of polynomials

Apart from the zero polynomial, all constant polynomials have degree 0, have no zeroes, and are equal to their
leading term and to their leading coefficient.

e A linear polynomial is a polynomial of degree 1:
P(x) =x-3, O(x) = 4x +7, R(x) = —1x.

Warning: A constant function is a linear function. But a constant polynomial is NOT a dineat. polynomial,
because it does not have degree 1 — it has degree 0 or is the zero polynomial.

e A polynomial of degree 2 is called a quadratic polynomial:
P(x) =3x> +4x -1, O(x) = —1x - 2%, R(x) =9 — x%.
Notice that the coefficient of x> must be non-zero for the degree to be 2.

e Polynomials of higher degree are called:

cubics (degree 3), quartics (degree 4), quintics (degree 5),

2 The degree of a polynomial P(x))
e The leading term of P(x) is the term of highest ifidex withynon-zeto coefficient.

> The degree of P(x) is the index of the leading term.
> The leading coefficient of P(x) is the coefficient of thefleading term.

> A monic polynomial is a polynomial whose leading coefficient is 1.

The zero polynomial Z(x) = 0 has no leading tetmyand so has no.degree:
e A constant polynomial P(x)& agis a polynomial with only a‘constant term.

> If ag # 0, it has degre¢ 0. Butdf g = 0,1t is the zero polynomial Z(x) = 0.

A linear polynomial P(x) =djx + ag is a polynomiakof degree 1,80 a; # 0.

Polynomials of higher degree areicalled quadratie, cubic, quartic, quintic, . ..

Addition and'Subtraction

When two polynomials are¢’added or subtracted, thexresults are again polynomials:
(5x=4x#3) + 3" - 3x—2) =5 +3x” — T 41
(5x° —4x+3) - (3x* —3x—-2) =5:°A3x* —x+5

The zero,polynomial Z(x) = 0 is the zero for addition, in the usual sense that P(x) + Z(x) = P(x), for all

polynomials, P(x). The opposite polynomial.— P(x) of any polynomial P(x) is obtained by taking the opposite of
every coefficient. Then the sumnof P(x) and —P(x) is the zero polynomial. For example,

(4x* = 2% + 3x =) + (—4xt+ 2x° = 3x+7) = 0.

The degree of the sum or difference is usually the maximum of the degrees of the two polynomials, as in the two
examples above, where the polynomials have degrees 2 and 3 and their sum has degree 3. If, however, the two
polynomials have'the same degree, the leading terms may cancel out and disappear, for example,

(x> =3x+2)#(9 +4x—x%) = x+ 11, which has degree 1,

or the two polynomials may be opposites, in which case everything cancels out so that their sum is zero and thus
has no degree.
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4 Chapter 11 Polynomials

3 Degree of the sum and difference

Let P(x) and Q(x) be non-zero polynomials of degree n and m respectively.

e Ifn # m, then deg (P(x) + O(x)) = maximum of m and n.
e Ifn =m, then deg (P(x) + Q(x)) <n or P(x)+ Q(x) =0.

Multiplication

Any two polynomials can be multiplied, giving another polynomial:

Bl +2x+ DX -D=Gr +2 3+ ) -G +2x+ 1)
=30 - +xX-2x-1

The constant polynomial /(x) = 1 is the identity for multiplication, in the sen

polynomials P(x). Multiplication by the zero polynomial, on the
Qe.

If two polynomials are non-zero, then the degree of their produ
term of the product is always the product of the two leading'te

4 Degree of the product
If P(x) and Q(x) are non-zero polynomia

deg (P() Q) = deg P() '@

Identically equal poly

We need to be clear what is meant

0 polynomials are t

5

then, the esponding coefficients of the two polynomials are

needs proof. ped in the Enrichment section of Exercise 11B. In the meantime,

h ample that uses
Example 1 Finding co in identically equal polynomials
inda, b, c,d, and e cx? +dx +e = (x* — 3)* for all x.
Solution
Expandin -6x>+9

Now comparing co ients,a=1,b=0,c=-6,d=0ande =9.

Factoring polynomials
The most significant problem of this chapter is the factoring of a given polynomial. For example,
x(x+22(x =22 + x+ 1) = x" + 2% = 7x° — 8x* + 8x7 + 1617 + 16x

is a routine expansion of a factored polynomial, but it is not at all clear how to move in the other direction from

the expanded form back to the factored form.
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11A The language of polynomials

Polynomial equations

If P(x) is a polynomial, then the equation formed by putting P(x) = 0 is a polynomial equation. For example,
using the polynomial in the previous paragraph, we can form the polynomial equation

X+ 28 —7x° = 8x* + 8x° + 16x% + 16x = 0.
Solving polynomial equations and factoring polynomial functions are closely related. Using.the factoring of the
previous paragraph,

x(x +2)%(x = 2)*(* + x+ 1) = 0,
so the solutions are x = 0, x = 2 (double root) and x = —2 (double root), where the quadratic factor x> + x + 1 has

no zeroes, because A = —3. Thus factoring a polynomial into linear and irreducible guadratic factors solves the
corresponding polynomial equation.

The solutions of a polynomial equation are called roots, whereas the zeroes of ‘@ polynomial functiondre the
values of x where the value of the polynomial is zero. The distinetion between the two words is not always$
strictly observed.

[ Exercise 11A_ fouloaTION

1 State whether or not each expression is ajpolynomial.
1

a 3x*-7x b =, 46 c Vx<2
X
d 3x5 —5x+11 e V3x2% V5x £ 27
T2 +3
g (x+1) h i log, x
- 4 x-=2
] §x3—ex2+nx k 5 | 71
2 For each polynomial, state:
i the degree, ii thedeading coefficient, iii the leading term,
iv the constant term, v.-whether or not the polynomial is monic.
Expand the polynomial first wherenecessary.
andx’ + 7x% - 11 b 10 - 4x - 6x° c 2
dx? e ¥(x-2) f (x> -3x)(1-x°)
g0 hox(x® —=5x+ 1) - x2(x* = 2) i 6x7 —4x° — 2xX° + 15+ 3x?)
3 IfP(x) =5x+2and O(x) ==’ — 3x + 1, find:
a P(x)+0x) b O(x)+ P(x) ¢ P(x)—Q(x)
d 0(x) =P(x) e P(x)x Q(x) f O(x) x P(x)

4 If P(x) = 5x%2,0Q(x)= x> = 3x + 1 and R(x) = 2x> — 3, show, by simplifying the LHS and RHS separately,
that:
a (P(x) +0()) + R(x) = P(x) + (Q(x) + R(x))
b P(x)(Q(x) + R(x)) = P(x)Q(x) + P(X)R(x)
¢ (P(0)Q(x)R(x) = P(x) (Q(X)R(x))
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Chapter 11 Polynomials

DEVELOPMENT
5 Factor each polynomial completely, and write down all its zeroes.
a x*-8x?-20x b 2x*—x - x?
c x*-81 d x*-5x*-36
6 For each polynomial, determine:
i the degree, ii the leading coefficient, iii the constantiterm.
a (2x° -3)} b (2x* + DGX’ — 2(@x* + 3)(5x° = 4)

10

11

a The polynomials P(x) and Q(x) have degrees p and g respectivelyyand p # ¢.. What'is the degree of:
i P(x)Q(x), it P&+ 0(x)?
b What differences would it make if P(x)and Q(x) both had.the'same degree p?

¢ Give an example of two polynomials, both of degree 2,/which have.a sum of degree 0.
Write down the monic polynomial whose degree, leading coefficient,/and constant term are all equal.

Find a, b and c, given that the following pairs of polynomials are identically equal.
a ax®+bx+c=3x*—4x+ 1, forall x.

b (a-b)x*+ (a+ b)x = Tx — x2, forall x.

c a(x—1)?+b(x—-1)+c= x> forall x

d a(x+2)? + b(x + 3)* + c(x #4)” =2x> +8x + 6, for all x.

a Suppose that P(x) = ax* + bx’ & cx” +dx + e is even, so that P(=x) = P(x).
Show that b = d =0.

b Suppose that Q(k) = ax® + bx* + ex® + dx*> + ex'+ f is.0dd, so that Q(—x) = —Q(x).
Show that b = d'= f = 0.

¢ Give a general statementof the situationin parts (a) and (b).

Suppose that P(x), O(x), R(x) and S (x) aré polynomials. Indicate whether the following statements are true
or falses Provide a.counter-examplé for any false statements.

12

13

anlf P(x)is.even, then P’(x) is'odd. b If Q’(x) is even, then Q(x) is odd.
¢ If R(x) 1s odd, then R’(x) is even: d If S’(x) is odd, then S (x) is even.
CHALLENGE
a Find ¢ and b'sothat x* + 1'= (2% + ax + D(x* + bx + 1).
b Find a and b so thato* +%% + 1 = (x> + ax + (x> + bx + 1).
¢ Find@and b so that x* — x2 + 1 = (x> + ax + 1)(x> + bx + 1).
d Show that'all the quadratic factors in parts (a), (b) and (c) are irreducible.
a What isthe coefficient of x in the polynomial B(x) = (1 + x)" ?

-3

What is the coefficient of x" in the polynomial G(x) = (1 + x + X4+ X202
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11B Graphs of polynomial functions

@ Graphs of polynomial functions

Learning intentions

e Sketch polynomials, using behaviour as x — oo and as x — —oo.
e Define multiple (or repeated) zeroes, and simple (sometimes called single) zeroes.

e Take account of simple and multiple zeroes in sketches.

We have assumed that the graph of a polynomial function is continuous for all values of x. We assume also that it
is smooth, without sharp corners anywhere.

This section will concentrate on two main concerns.

e How does the graph behave for large positive and negative values of x?

e Given the full factoring of the polynomial, how does the graph behave near its various x-intercepts?

In Year 12, we will pursue further questions about stationary points and inflections that are not also zeroes of the
polynomial.

The graphs of polynomial functions

It should be intuitively obvious that for large positive and negative values of x, the;behaviouriof-the curve is
governed entirely by the sign of its leading term.

For example, the cubic graph sketched on the right below is VA
P(x) = x> —4x = x(x = 2)(x* 2).

For large positive values of x, the leadinig term x> completely swamps the other

=V

term —4x. Hence P(x) — o0 as x —, co. -2 2

Similarly, for large negative values of x, the term —4x iSnegligible compared with the

far bigger negativevalues of the leading term x*. Hence P(x) — —oofas x — —co.

Every polynomial of odd degree has a graph that similarly disappears off diagonally opposite corners. The curve
is continu@us, s0 it must be zero somewhere at least once. Here is the general situation.

6 g@Behaviour of polynomials for [arge'x

Suppose that P(x) is a polynomial of degree at least 1 with leading term a,x".

o AsX — oo, P(x) — oo ifig, is positive, and P(x) — —oo if a, is negative.
e Asx — —o0,.P(x) behaves the'same as when x — oo if the degree is even, and P(x) behaves in the
opposite way if theidegree is-odd.

> It follows that€very polynomial of odd degree has at least one zero.

See the Enrichment section for a formal proof.
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Chapter 11 Polynomials

Zeroes and sign

If the polynomial can be completely factored, then its zeroes can be quickly read off, VA
and we can construct a table of test values to decide its sign. Here, for example, is the
table of test values and the sketch of

_ 3,200 ; >
P(x)=(x+2)yx"(x-2). ) vz b
x | 3 =2 -1 0 1 2 3

y[4 0 -3 0 -27 0 1125

The function changes sign around x = —2 and x = 2, where the associated factofs (x + 2)? and (x'= 2) have odd
degrees, but not around x = 0, where the factor x2 has even degree.

Because the curve is smooth — without sharp corners — at x = 0, we know that the curve will be increasing
on the left of x = 0, decreasing on the right of x = 0, and stationary at x = 0. This,produces a turning point at
the origin — the x-axis is a tangent there, and the curve turns over smoothly from increasing to stationary to
decreasing without crossing the x-axis.

At x = =2, our table of values tells us that the curve crosses the x-axis. We shall see in Year 12 that the curve is
momentarily flat there, with a horizontal inflection on the x-axis at x = —2 — the x-axis|is a tanigent to the curve
that actually crosses the curve there. This corresponds to'the factor{(x + 2)* having odd degree greater than 1.
Proving all this requires calculus, but the resultis obvious by.comparison with the known graph of the very
simple polynomial function y = x* that we first drew imsSection 3G.

Multiple zeroes (or repéated zeroes)

Some language is needed here. Takeithejpolynomial P(x) = (x + 2)’x>(x £ 2).

e The zero x = -2 is called a triple zero:
e The zero x = 0 is called a double'zero (as with quadratics inChapter 3).

e The zero x = 2 is called'a simple zero.

The triple zero & = —2 and_the double zero x = 0.are called multiple or repeated zeroes.

7 Zeroes andtheicanultipliicity
. Suppose,that x — a is a facter of @poelynomial P(x), and
P(x) = (x — )" Q(x),"\, Where Q(x) is not divisible by x — a.
Then x = o is calléd a zero of multiplicity m.
e A zero of multiplicity 1is called'a simple zero.

e A zero of multiplicity. 2 or greater is called a multiple zero or a repeated zero.

e For low orders, we'use the terms double zero, triple zero, and quadruple zero, . ...

Note: The term.single zero is sometimes used in place of simple zero, but that term is best avoided because of
the constant verbal confusion that it causes.

Behaviour at simple and multiple zeroes

Here is the statement of how a polynomial graph behaves when it crosses the x-axis at a zero, as justified above as
far as is possible in Year 11.
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11B Graphs of polynomial functions

8 Multiple roots and the shape of the curve
Suppose that x = a is a zero of a polynomial P(x).
e If x = ais a simple zero (sometimes called a single zero), then the curve crosses the x-axis at x = o at

an angle, and is not tangent to the x-axis there.
e If x = a has even multiplicity, then the curve is tangent to the x-axis at x = a, and d ross the

x-axis there. The point (a, 0) is a turning point.
e If x = a has odd multiplicity at least 3, then the curve is tangent to the x-axi rosses the
x-axis. The point (o, 0) is a horizontal inflection.

Note: When we were dealing only with quadratics in Chapter 3, we often used th
‘distinct roots’. Never use those terms in the context of polynomi cause
that inevitably arise.

1 roots” an
verbal ambigu
Example 2 Sketching factored polynomials near ple andimultiple zeroes
In each part, name the zeroes and their multiplicity, en sk S ng the behayiour ne

x-intercepts:

a P(x)=(x—1>x-2)
b 0x)=xx+2* 0% +x+1)
¢ R(x)=-2(x-22(x+1)>x-1)
Solution
(&

1-4<0.

In part (b), x> + x + 1 has no z

U

;—l 12\ X

Z€ero, is a double zero, —1 is a quintuple zero,
simple zero. 0 1s.a triple zero. 1 is a simple zero,
2 is a double zero.
i v iple zeroes

nomial factored into linear factors that:

g
)
3
=
®
w

peated) zeroes, and three simple zeroes (sometimes called ‘single zeroes’).

b has degree as two triple zeroes and one double zero, and is non-monic.

Solution
a (x+5%(x—Dx-2)(x=3)x’ b 12(x + 8)*(x + 7)3(x + 5)*(x + 3)
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10 Chapter 11 Polynomials

Exercise 11B FOUNDATION

1

Write down the zeroes of each polynomial, and classify each zero as a simple zero or a multiple zero.

a P(x) = (x — 3)(x - 6)? b P(x)=x(x+1) c P(x) = 8(x + 5)*(x - 7)*(x + 10)

Note: Readers should be aware that the term ‘repeated zero’ is often used for ‘multiple.zere’, and that the
term ‘single zero’ is sometimes used for ‘simple zero’.

Write down the zeroes of each polynomial, and state the multiplicity of each zero.
a P(x)=(x+2)(x-3)? b P(x) = x(x+7)>(x-5) c P(x) =(@-x)’@+ x)

Write down the roots of each polynomial equation, and identify each.soot as a‘simple,double, triple of
quadruple root.

a (x-272x+3)=0 b 4-xP0+x*=0 cxt(x-6(x+8)3£0

Sketch the graphs of these linear polynomials, clearly indicating all intercepts with the axes.
a P(x)=2 b P(x)=x c Px)=x-4 d P(x)=3-2x

Sketch the graphs of these quadratic polynomials; clearly indicating all intercepts with the axes.
a P(x)=x’ b P(x)y=(x—1)(x+3) cP(x) = (x=2)2
d P(x) =9-x* e P(x) =2x>+5x=13 f P(x)=4+3x—x*

Sketch the graphs of these cubic polynomials, clearly indicating all intercepts ' with the axes.

ay=x b'y=x%2 c y=(x-4)>
dy=x-DHx+2)(x-3) e y=x2x+ 1)(x-95) fFy=0-x1+xQ2+x)
g y=2x+ 1)’ (x-4 h y=x*(1-x) i y=2-x%G-x

Sketch the graphs of these quartic polynomials, clearly indicating all intercepts with the axes. Identify all
double zeroes;'triple zeroes, and quadruple zeroes,

a F(x)=x* b F(x)=(x+2)*

¢ F@x) =xC@x+2)(x—3)(x+2) d Fx) =0 -xx+5x-7(x+3)
e F(x)= x’(x4)(x - 3) f F(x)=(x+27°x-5)

gUFE().= (2x — 3)%(x + 1)? h F(x) = (1 -x>*x-3)

iE(x)=Q2-x%(1-x%
DEVELOPMENT

These polynomials are.not factored, but the positions of their zeroes can be found by trial and error. Copy
and complete each table of values, then sketch the graph, and state how many zeroes there are, and between
which integers they lie.

a y=x2F3x%1 b y=1+3x-x°
x|-1 001 2 3 4 x|-2 -1 0 1 23
v v

Sketch each polynomial function, clearly indicating all intercepts with the axes.

a P(x)=x(x—2>(x+ 1) b P(x) = (x+2)>*3-x)?

c P(x) = x2x +3)3(1 — x)* d P(x) = (x+ )4 - x*)(x* - 3x—10)
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11B Graphs of polynomial functions

10 Use the graphs drawn in the previous question to solve these inequations.
a x(x-2(x+172>0 b (x+2)?*3-x°20
c x2x+3°0-x*>0 d (x+D@E-x)Hx*-3x-10)<0
11 Factor each polynomial, then sketch it, showing all intercepts with the axes.
a P(x)=x*-13x*+36 b P(x)=4x*—-13x*+9
c P(x)=(x*=5x)* —=2(x* = 5x) - 24 d P(xX)= (% -3x+ 12 —4&2 -3x+1)~5
CHALLENGE
12 Consider the polynomial P(x) = x* — 5x* + 4x + 13.
a Show that P(x) can be expressed in the form (x*> — a)® + (x — b)*
b How many x-intercepts does the graph of P(x) have? Explain your answer.
13 At what points do the graphs of the polynomials f(x) = (x/+ 1)" and g(x) = (x + 1)™ interséct, whete m # n?
(Hint:  Consider the cases where m and n are odd and even.)
14 To prove: Let P(x) = a,xX" + a,_1xX"~' +--- + afx + ag.be a polynomial of degreé at least{]. Then the
leading term dominates the behaviour of P(x) for largeé positive values of x, and for large negative values
of x.
P
a Write down P .
xn
b Take the limit of this expressiomras x — co.
¢ Draw a conclusion about the behaviour of P(x) as x — co.
d Draw a conclusion about the behaviour of P(x) as x — —oco.
e What conclusion, if'any, can you draw about the zeroes of a polynomial of odd degree, and about the
zeroes of a polynomial of even degree?
15 To prove: Let P(x) be a polynomial such that P(x) =0 for all x. Then P(x) is the zero polynomial Z(x) = 0

16

that has no'term with a non=zero coefficient.

a Use the previous question to prove that P(x)cannot have degree > 1, and hence is a constant polynomial
P(x).= ay:
b Explain,why the constant a, cannet be‘non-zero.

To prove: If P(x) = Q(x) for all x, then P(x) and Q(x) have the same coefficients.
Use the previous questiony.and the polynomial A(x) = P(x) — Q(x), to prove this result.
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Chapter 11 Polynomials

Division of polynomials

Learning intentions

e Apply the division algorithm for polynomials, and compare it with integer division.

Section 11A had examples of adding, subtracting, and multiplying polynomials, operationsthat are quite
straightforward. The division of one polynomial by another, however, is more elaborate.

Division of polynomials

It can happen that the quotient of two polynomials is again a polynomial:

6:° +4x% - 9 *+4x-5
T T 0@+ dx-3 and T2 o4
3x x+5
But usually, division results in rational functions, not polynomials:
4 2
Xt +4x7 -9 ) 9 x+4 1
L T ox+4-= and =1+ .
x2 * x2 x+3 x+3

There is a close analogy here between the set Z of all integers and thesset of all polynomials. In both.cases,
everything works nicely for addition, subtraction, and multiplication, but the results of division do not usually
lie within the set. For example, although 20 + 5 .=4.is an integerthe division ofstwo integers,usually results in a
fraction rather than an integer, as in 23 + 5 = 4%.

In both cases, the best way to handle division 18,0 use remainders.

The division algorithmfor integers 16  remainder 5
On the right is an example of the.well-known long division algorithm for 12 | 197

integers, applied here to 197 + 12."The number 12 is called the divisor, 12

197 is called the dividend, 16 is called the quotient, and Siis called the 77

remainder. 79

The result of the division e¢an be written as % = 1615—2, but we can avoid 5

fractions completely by writing the result as:

197 =12 X 16 +5, dividend = diviSor X quotient + remainder.

The remainder 5S'must be less than 12, otherwise the division process could be continued. Thus the general result
for division of integers can be.expressed as:

9 ,lision of integers \‘

e Let p (the dividend) and d (the divisor) be integers, with d > 0. Then there are unique integers g (the
quotient) and r (the remainder) such that

p =dg+r and 0<r<d.
e When the remainder r is zero, d is a divisor of p, and the integer p factors as

p=dXxq.

The division algorithm for polynomials

The method of dividing one polynomial by another is similar to the method of dividing integers.
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11C Division of polynomials 13

10 The method of long division of polynomials

e At each step, divide the leading term of the remainder by the leading term of the divisor. Continue the
process for as long as possible.

e Unless otherwise specified, express the final answer in the form

dividend = divisor X quotient + remainder.

Note on missing terms: In the example below, it is vital to notice that there is no t n dividend.
There are two approaches to deal with this:

o Leave a gap for the x*> column. This is what has been done below.

o If you prefer not to have any gaps, write in the missing term 0x.

Why not try both methods? Both are very satisfactory. 6
Example 4 Long division of polynomials
Divide 3x* — 4x* + 4x — 8 by: ( :

ax—2 b 2

Give results first in the standard manner, then

Solution

x—2|3x*—4x° & i i ivi x> above)

subtract)

ultiply x — 2 by 12 and then subtract)

is is the final remainder)

0
16

X —

(divide x* into 3x*, giving the 3x? above)

(multiply x*> — 2 by 3x? and then subtract)

(divide x? into —4x>, giving the —4x above)
(multiply x*> — 2 by —4x and then subtract)

(divide x? into 6x?, giving the 6 above)

(multiply x> — 2 by 6 and then subtract)

(this is the final remainder)
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Hence 3x* —4x® +4x—8 = (32 =2)(3x% —4x + 6) + (—=4x + 4),

3x* —4x® +4x -8 s —4x +4
or 25 =3x"—-4x+6+ 2.5

The division theorem

The division process illustrated above can be continued until the remainder is zero or hasidegree less than the
degree of the divisor. Thus the general result for polynomial division is:

11 Division of polynomials
e Suppose that P(x) (the dividend) and D(x) (the divisor) are polynemials with.D(x) 0. Then ther¢ are
unique polynomials Q(x) (the quotient) and R(x) (the remaindeér) such that:
1 P(x) = D(x)Q(x) + R(x),
2 either deg R(x) < deg D(x), or R(x) = 0.
e When the remainder R(x) is zero, then D(x) is called a'divisor of P(x), and the polynomial P(x) factors
into the product P(x) = D(x) X Q(x).

For example, in the two long divisions in Example 4 above:

e In part (a), the remainder after division by the degree 1 polynomial x — 2 is the polynomial 16 of degree 0.
o In part (b), the remainder after division byithe dégree2,polynomial x> — 2 is the\linéar polynomial —4x + 4 of
degree 1.

The uniqueness of the quotient and remainder in the first dotpoint above. is proven in the Enrichment section of

the following exercise.

[ Exercise 11C FOUNDATION

1 Perform each integer division, and write the result in the form p = dg + r, where 0 < r < d. For example,
30 + 7 = 4, remainder 2, so 30 = 4 X 7=2.

a 63+5 b 125478 c 324 +11 d 1857 +23

2 " Use longdivision to perform each division. Express each result in the form P(x) = D(x) Q(x) + R(x).

a@-4x+D+x+D b (x>-6x+5)+(x-5)
e (X=X 17x+24) = (k=4 d (2x° — 10x% + 15x = 14) =+ (x - 3)
e (4 —4x* + Ix+ 14) = @x+ 1) fOat+xr-x2-5x-3)+(x-1)
g (6x* -5 +9x" —8nu+2) = (2x—1) h (10x* =X +3x2-3x-2) = (5x+2)
: o . P(x)
3 Express the answers to parts (a)—(d) of the previous question in rational form, that is, as m =Q0(x) +
R(x)
% .
4 Use long division to perform each division. Express each result in the standard form P(x) = D(x) Q(x) +
R(x).
a(XP+x2-Tx+6)+*x*+3x-1) b (xX*—4x>-2x+3)+(x*-5x+3)
c -3+ -Tx+3) = (x?—4x+2) d 20 =5x*+ 122 =102 +Tx+9) = (x> —x +2)
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11C Division of polynomials

5 a If the divisor of a polynomial has degree 3, what are the possible degrees of the remainder?
b On division by D(x), a polynomial has remainder R(x) of degree 2. What are the possible degrees of
D(x)?
DEVELOPMENT
6 Use long division to perform each division. Take care to ensure that the columns line up correctly. Express
each result in the form P(x) = D(x) Q(x) + R(x).
a (@ -5x+3)=(x-2) b 23 +x%-11)=(x+D)
c (P -32+5x-4)+(x*+2) d 2x* =52 +x=-2~= (> #3x-D
e 2x°-3)+(2x-4) fOO+3x-22-3)=(x>+1)
P R
Write the answers to parts (c) and (f) above in rational form, that is; in the form ﬁ = Q0x) + (_x)
D(x) D(x)
7 a Use long division to show that P(x) = x* + 2x*> — 11x — 121s divisible by ¥~ 3, and hence'express’'P(x) as
the product of three linear factors.
b Find the values of x for which P(x) > 0.
8 a Use long division to show that F(x) = 2x* +@x® — 12x* — 7x + 6 is divisible by x> — x= 2, and hence
express F(x) as the product of four linear.factors.
b Find the values of x for which F(x) <0.
9 a Find the quotient and remainder whena — 2x° + x* — 5x + 7 isdivided by ¥* + x — 1.
b Hence find a and b so that x* — 2x? + x> +lax + b is exactlydivisible by x> +x — 1.
10 a Use long division to divide thepolynomial f(x) = x* — x> + x> —x+ 1 by the polynomial d(x) = x> + 4.
Express your answer in the.formyf(x) = d(x)q(x) +7#(x).
b Hence find the values of ¢ and d such that x* —&> + x>4 cx + d is divisible by x* + 4.
11 If x* - 2% <205 + mx.+ nis'exactly divisible by x> —5x +2, find m and n.

12

Suppose that P(x) = ¥* + x> — 5x% — 22x+ 5 and D(x) x> + 3x + 5.

a Findithe polynomials Q(x) andR(x), where R(x)1is of lower degree than D(x), so that P(x) = D(x) Q(x) +
R(x).
b Hence explain why P(x) and D(x) cannot have a common zero.

CHALLENGE

13

14

Consider the cubie.equation ¥’ — kx + (k + 11) = 0.
12
x—1"
b Hence find all the integer values of k for which the equation has at least one positive integer solution for

a Use long division to'showsthat k = x> + x + 1 +

X.

To prove: . Let/P(x) and D(x) be polynomials with D(x) # 0. Then there exists unique polynomials Q(x)
and R(x) such that P(x) = D(x)Q(x) + R(x) and either R(x) = 0 or deg R(x) < deg D(x).

Existence follows from the long division algorithm, two examples of which have been given. To prove
uniqueness, let Q(x) and R;(x) be polynomials such that

P(x) = D(x)Q1(x) + Ri(x), and either R;(x) = 0 or deg R;(x) < deg D(x).

a Show that D(x)(Q(x) - 01(x)) = Ri(x) - R(x).

the possible es, of L HS a sult.

Uncarests the possible degrees of LHS and.RHS to prove the mesult: ot a1 2025 - 978-1-009-65480-7 - (03) 8671 1400
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16 Chapter 11 Polynomials

@ The remainder and factor theorems

Learning intentions

e Prove and use the remainder theorem to find remainders.
e Prove and use the factor theorem to find zeroes.
e Identify possible zeroes by factoring the constant term.

e Combine the factor theorem and long division to factor a polynomial.

Long division of polynomials is a cumbersome process. It is therefore useful t , called the
remainder theorem and the factor theorem, that provide information about €s on without
division actually being carried out. In particular, the factor theorem giv imple tes er a particular line

polynomial is a factor.

The remainder theorem
The remainder theorem is a remarkable result which, in t as linear divisors, allows ain 0
found without the long division ever being performed.

12 The remainder theorem

Then the remainder after division of s P(a).
Proof Because x — a is a polynom e division theo @ that there are unique polynomials

where either R(x) =0

n write more simply as r,

— 8 is divided by x — 2:

b by the remainder theorem.

11C, performing the division showed that
—8 = (x—2)(3x” +2x* + 4x + 12) + 16,

that is, the der is 16.
b Alternatively, substituting x = 2 into P(x),

remainder = P(2) (This is the remainder theorem.)
=48-32+8-8

=16, asexpected.
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11D The remainder and factor theorems 17

Example 6 Finding coefficients using the remainder theorem

The polynomial P(x) = x* — 2x* + ax + b has remainder 3 after division by x — 1, and has remainder —5 after
division by x + 1. Find a and b.

Solution
Applying the remainder theorem for each divisor,
P(1)=3
1-24+a+b=3
a+b=4. (@)
Also P(-1)=-5

1+2-a+b=-5 %
—a+b=-8 2)
Adding (1) and (2), 2b = -4,
and subtracting them, 2a = 12.
Hence a = 6 and b = 2. @

The factor theorem

The remainder theorem tells us that the num 18 emainder a ivisio x — o.. But x — a is a factor

if and only if the remainder after divi X —@his zero, so:

13 The factor theorem

This is a quick easy way

ision to factor a polynomial

+x—12, and x + 1 is not.

ial completely.

— 3 is a factor.

0, sox+ 1isnot a factor.

and because A = 16 = —15 < 0 for the quadratic, this factoring is complete.
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18 Chapter 11 Polynomials

Factoring polynomials — the initial approach

The factor theorem gives us the beginnings of an approach to factoring polynomials. This approach will be
further refined in the next two sections.

14 Factoring polynomials — the initial approach

e Use trial and error to find an integer zero x = o of P(x).

e Then use long division to factor P(x) in the form P(x) = (x — a)Q(x).

If the coeflicients of P(x) are all integers, then all the integer zeroes of P(x) nstant

term.

Proof We must prove the claim that if the coefficients of P(x) are integerss then ev zero of P(x)As a

divisor of the constant term.

Let P(x) = ay X" + ap_ 1 X" +ajx+
where the coefficients a,, a,-1, ...aj, ap are all integers, and let x be an integer zero o
Substituting into P(a) = 0 gives < :

" + ap "N+ g+ ap =0

S0 ay is an integer multiple of o

Example8 Factoringt

Factor P(x) = x* + x° —

Solution
Because all the ie vers, any integer zero divisor of the constant term —4. Thus we test 1, 2,

4, -1, -2 and/—4.

+2-7+4

=0, sox-—1isafactor.
(x) = (x = D(x = D +3x = 4).
P(x) = (x = 1)} (x + 4).

ns, and again in Year 12, we will develop methods that will often allow long division

Exercise 11D FOUNDATION

1 Without division, find the remainder when P(x) = x* — x> + 2x + 1 is divided by:
ax—1 b x-3 c x+2
d x+1 e x-5 f x+3
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11D The remainder and factor theorems

Without division, find which of the following are factors of F(x) = x> + 4x? + x — 6.
a x—1 b x+1 c x-2
d x+2 e x-3 f x+3

a Find k, if x — 1 is a factor of P(x) = x> — 3x> + kx — 2.

b Find m, if -2 is a zero of the function F(x) = x> + mx*> — 3x + 4.

¢ When the polynomial P(x) = 2x* — x?> + px — 1 is divided by x — 3, the remaindét is 2. Find p.
d

For what value of a is 3x* + ax? — 2 divisible by x + 1?

4  Factor each polynomial and sketch its graph, indicating all intercepts withthe axes. Remember that any
integer zeroes are divisors of the constant term.
a Px)=x+2x>-5x-6 b P(x)=x3+3x> - 25x +21
c Px)=—-x>+x>+5x+3 d P(x) =x*—x*=19x%> - 11x+ 30
5 Solve these equations by first factoring the LHS.
a xX>+3x2-6x-8=0 b ¥~4x>-3x+18=0
c 6x°-5x*-12x-4=0 d 2x* + 13 + 1952 +8x <4 =0
DEVELOPMENT
6 a Show that P(x) = x> — 8x + 9x + 48 is divisible by both x — 3 and x + 1.

11

13

b By considering the leading term.and constant term, express P(x) as a product of three linear factors.

a Show that P(x) = 2x> — ¥*— 13x4 6 is divisible by both x — 3)and2x + 1.

b By considering the leading term and constant term, express P(x)as,a product of three linear factors.

a When the polyngmial P(x) = 2x*= x> + ax + b i§ divided'by x — 1 the remainder is 16, and when it is
divided by x + 2(the remainder is —17. Find a and b.

b The polyfiomial P(x)is given by P(x) = x* + ax* + bx— 18. Find a and b given that x + 2 is a factor of
P(x), and —24 is the remainder when P(x)is divided by x — 1.

Without division, find the remaindef when P(x) = x3+ 2x> — 4x + 5 is divided by:
a 2x—1 b 2x+3 c 3x—-2

10a I0P(x) = 2x° + x* — 13x + 6, evaluate P (%) Hence use long division to express P(x) in fully factored

form.
b Given P(x) = 6x° + x> =5x — 2, evaluate P (—%) then express P(x) in factored form.

Is either x + 1 or % — 1 a factor of x" + 1, where n is a positive integer?
(Hint: _Consider the cases where 7 is even or odd separately.)

12a P(x)isan odd polynomial of degree 3. It has x + 4 as a factor, and when it is divided by x — 3 the

remainder is 21. Find P(x).
b Find p so that x — p is a factor of 4x> — (10p — 1)x? + (6p* — 5)x + 6.

When the polynomial P(x) is divided by (x — 1)(x + 3), the quotient is Q(x) and the remainder is 2x + 5.
a Write down a division identity based on this information.

b Hence, by evaluating P(1), find the remainder when P(x) is divided by x — 1.

¢ What is the remainder when P(x) is divided by x + 3?7
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Chapter 11 Polynomials

14 The polynomial P(x) is divided by (x — 1)(x + 2). Suppose that the quotient is Q(x) and the remainder is
R(x).

a Explain why the general form of R(x) is ax + b, where a and b are constants.
b If P(1) =2 and P(-2) =5, find a and b. (HinT:  Use the division identity.)

15 The polynomial P(x) is divided by (x + 4)(x — 3). If P(—4) = 11 and P(3) = -3, use the
the previous question to find the remainder.

approach as

16 a When a polynomial is divided by (2x + 1)(x — 3), the remainder is 3x — 1. der when
the polynomial is divided by 2x + 1?

b When x° + 3x® + ax + b is divided by x> — 1, the remainder is 2x —

17 When the polynomial P(x) is divided by x* — k2, the
1 1
a Show thata = ﬁ(P ) - P(—k)) and b= -

b Given that P(x) = 8x° — 4x* + 6x° — 11 e factor P(x) fully.

18 a Use the factor theorem to prove tha nd the other factor.
(Hint:  Regard it as a polynomial i

b Factor ab’® — ac® + bi® — b

19 a If all the coefficients of a
(Hint:  Look caref

b If all the coeffici

(in lowest terms

al are integers, prove all the rational zeroes are integers.
of under Box 14,

al are integerS, prove'that the denominators of all the rational zeroes
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11E Consequences of the factor theorem 21

E Consequences of the factor theorem

Learning intentions

e Develop consequences of the factor theorem to help factor a polynomial.
e Develop bounds on the number of zeroes of a polynomial of a certain degree.
e Develop a test for two polynomials to be identically equal.

e Develop geometric consequences of the factor theorem.
The factor theorem has a number of straightforward but very useful consequences. They are presented here as six
successive theorems.

A. Several distinct zeroes

Suppose that several distinct zeroes of a polynomial have been f , probably u test substitutions into'the
polynomial.
15 Distinct zeroes

Suppose that o, ay, ... o, are distinct zeroes o omial,P(x). Then (x — o) —0oy)isa
factor of P(x).
Proof Because o is a zero, x — o is a fac —o)Pi(x)
Because P(a,) = 0 but ap, — a must be zero.
' (x — az)Pa(x) )(x = ap)Pa(x).
— Q) (x—ay)is a
of degree n can be fo en t ctoring is complete, and the polynomial

If we can find se zeroes of a polynomial, then we have a quadratic or cubic factor, and the long divisions

required can be reduced, or even avoided completely.
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22 Chapter 11 Polynomials m

17 Factoring polynomials — finding several zeroes first

e Use trial and error to find as many integer zeroes of P(x) as possible.
e Using long division, divide P(x) by the product of the known factors.

If the coeflicients of P(x) are all integers, then any integer zero of P(x) must be one of the divisors of the

constant term.
When this procedure is applied to the polynomial factored in the previous section, one ra 0 long
divisions is required. @

Example 9 Finding several zeroes before long division

Factor P(x) = x* + x> — 9x% + 11x — 4 completely (done in Example 8).
Solution
As before, all the coefficients are integers, so any integer zero(is a divisorof the constant term — 1S, W

test 1,2, 4, —1, =2 and —4.

s a factor.

so x + 4 is a facto

PH=1-1-7+1
P-1)=1+1 6
PQ2) = +2+6=-12+#0, sox-—2isnota factor.

so x + 1 is a factor.

P( -28-2+6=0, sox+2isafactor.

—-271-63+3+6=0, sox-—3isa factor.
We now have stinct zeroes of a polynomial of degree 4.

Hence P(x) = (x — I)(x + 1)(x + 2)(x — 3). (Notice that P(x) is monic.)
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11E Consequences of the factor theorem

C. The maximum number of zeroes

If a polynomial of degree n had n + 1 zeroes, then by the first theorem above (Box 15), it would be divisible by a
polynomial of degree n + 1, which is impossible.

18 Maximum number of zeroes

A polynomial of degree n has at most n zeroes.

D. A vanishing condition

The previous theorem translates easily into a condition for a polynomial to be the zerogpolynomial.

19 A vanishing condition
e Suppose that P(x) is a polynomial that has no term of degree more than'm, yet is zero for atdeast n + 1
distinct values of x. Then P(x) is the zero polynomial.

e In particular, the only polynomial that is zero for all values of x isthe zero polynomial (as‘'was proven
in Exercise 11B Enrichment).

Proof Suppose that P(x) had a degree. This degree must be'at most n because there is no.term of degree
more than n. But the degree must also beaatleast n + 1 because there ares.+ 1 distinet.zeroes. This is a
contradiction, so P(x) has no degree,and is therefore the zero polynomial.

Note: This again highlights the fact that.the zero polynomial Z(x) = 0.4§ quite different in nature from all other
polynomials. It is the only pelynomial with an infinite number of zeroes — in fact every real number is a
zero of Z(x). Associated with thisds:the.fact that x — a is a factorof Z(x) for all real values of a, because
Z(x) = (x — 0)Z(x) (which is trivially true, because both sides are zero for all x). No wonder then that the
zero polynomial does not have a degree !

E. A conditionforitwo polynomials to béidentically equal

A most important consequence of this last theorem is a condition for two polynomials P(x) and Q(x) to be
identically equal.

20_ An identically equal condition

e Suppose that P(x) and Q(x) are.degree n polynomials that have the same values for at least n + 1 values
of x.

e Then the polynomialsyP(x)and Q(x) are identically equal (meaning that they are equal for all values
of x), and their coefficients are equal.

e In particular:
> Adinear polynomial is determined by two values.
> (A quadsatic polynomial is determined by three values.
> "Alcubic polynomial is determined by four values.

> A quastic polynomial is determined by five values.

Proof Let F(x) = P(x) — Q(x). Because F(x) is zero whenever P(x) and Q(x) have the same value, it follows
that F'(x) is zero for at least n + 1 values of x, so by the previous theorem, F(x) is the zero polynomial, so
P(x) = Q(x) for all values of x.

And we stated before in Box 5 of Section 11A — proven in Exercise 11B Enrichment — that it now
follows that the coefficients are equal.
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Chapter 11 Polynomials

Example 11 Using the condition that polynomials are identically equal

Find a, b, c and d, if x> — x = a(x — 2)> + b(x — 2)® + c(x — 2) + d for at least four values of x.

Solution
Because the cubics are equal for four values of x, they are identically equal.
Substituting x = 2, 6=d.
Equating coefficients of x°, l=a.
Hence the identity isnow x> —x=(x -2 +b(x —2)* + c(x = 2) + 6
Substituting x = 0, 0=-8+4b—-2c+6

2b-c=1. 6]
Substituting x = 1, O0=-1+b-c+6

b-c=-5. 2)

Solving (1) and (2) simultaneously, » = 6 and ¢ = 11.

ove into the
ing with graphs of

so x — 1 is a factor.

8+6+2=0, sox+2isafactor.
Dx+2)=x>+x-2,
=(x—-1D*(x+2).

Hence y = P(x) and y = Q(x) are tangent at x = 1, but do not cross there, and also intersect also at x = -2,
where they cross at an angle — see Box 22 below about this step.

Because F(x) is positive for =2 < x < 1 or x > 1, and negative for x < —2, P(x) is above Q(x) for -2 < x < 1
or x > 1, and below it for x < 2.
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11E Consequences of the factor theorem

Simple and multiple roots when finding intersections of polynomials

When two polynomial graphs cross, as in the worked example above, solving them simultaneously results in a
polynomial equation, which may have multiple roots. The behaviour at a multiple root is exactly analogous to the
behaviour of a single polynomial at a multiple zero, as described in Box 8 in Section 11B:

22 The behaviour at an intersdection of two polynomial graphs

Suppose that x = a is a root of the polynomial equation obtained when two polynomial graphs y = P(x)
and y = Q(x) are solved simultaneously.

e If x = ais a simple root (sometimes called a single root), then the curves,cross'each other at an angle,
and are not tangent to each other there.
e If x = a has even multiplicity, then the curves are tangent to each other, and do not cross.

e If x = a has odd multiplicity at least 3, then the curves are tangent to each other, and cross at the point
of intersection.

Again, the proof relies on Year 12 calculus. But this resultdoes follow immediately from the earlier statement in
Box 8, if one considers instead the difference F(x) = P(x) — Q(x), asiwas done in the worked example above.

A note for Extension 2 students

The fundamental theorem of algebra cannot bé proven in the EXtension 2 course, but'the theorem helps us to
understand the importance of complex numbers for polynemials. It tells us that everypolynomial equation of
degree n > 1 has exactly n roots, provided.first that roots are counted ae¢cording to their multiplicity, and secondly
that complex roots are also counteds For example:

e x* =0 has one root x = 0, but thisiredt has multiplicity 3.

e x* =1 =0, which factor§'to (x=,1)(x%+ x + 1) = 0, hasdoot x = 1, but also has the two complex roots of
2
x+x+1=0.

This means that the-graph of a polynomial of degree n > 2 intersects‘every line in exactly n points, provided first
that points where the line is a tangent are countedaccording to their multiplicity, and secondly that complex
points of intersection are also counted. This.theorem provides'the fundamental link between the algebra of
polynomialsiand the geometry of their graphs, and allowsthe degree of a polynomial to be defined algebraically
as the highest'index, or geometrically asthe number of times every line crosses it.

[ Exercise 11E | FOUNDATION

1 Use the factor theerem to write down in factored form:

a amonic cubic'polynomial with zeroes —1, 3 and 4,
b a moni¢quartic'polynomial with zeroes 0, -2, 3 and 1,

¢ acubic polynemial with leading coefficient 6 and zeroes at %, —% and 1.

N
-]

Show that 2 afid 5 are zeroes of P(x) = x* — 3x> — 15x% + 19x + 30.

Hence explain why (x — 2)(x — 5) is a factor of P(x).

(I -2

Divide P(x) by (x — 2)(x — 5) and hence express P(x) as the product of four linear factors.
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26 Chapter 11 Polynomials

3 Use trial and error to find as many integer zeroes of P(x) as possible. Use long division to divide P(x) by the
product of the known factors and hence express P(x) in factored form.
a P(x)=2x"-5x>-5x2+5x+3 b P(x)=2x*-5x-5x>+20x-12
c P(x)=6x*—25x +17x> + 28x - 20 d P(x) =9x* —51x° + 852> —41x+ 6

4 Refer to Box 19 to answer parts (a) and (b).
a The polynomial (a — 2)x* + (1 — 3b)x + (5 — 2c) has three zeroes. What are the values of a, b and c?

b The polynomial (a + 1)x* + (b — 3)x*> + (2¢ — 1)x + (5 — 4d) has four zeroessWhat are the values of a, b,
c and d?
DEVELOPMENT

If 3x> —4x+7 = a(x + 2)*> + b(x + 2) + ¢ for all x, find a, b and c.
If 2x3 = 8x* +3x —4 = a(x — 1> + b(x — 1)? + c¢(x — 1) +.dsfor all x, finda, b, c and d.

Use similar methods to express x* + 2x> — 3x + 1 as a polynomial in (x + 1).

e 0 T 9

If the polynomials 2x> + 4x + 4 and a(x + 1)> + b(x + 2)? + c(x + 3)? are equal for three values of x,find
a, b and c.

6 a A polynomial of degree 3 has a double zero at 2. When x =1 it takes the value 6 and when/x = 3 it takes
the value 8. Find the polynomial.

b Two zeroes of a polynomial of degrée 3 are/l and —3. When x = 2 it takes the value.—15 and when
x = —1 it takes the value 36. Find the polynomial.

7 Show that x* — 3x + 2 is a faefor of P(x) = x"@" — 1) + x"(1 =2%) + (2" — 2™),'where m and n are positive
integers.

8 If two polynomials have degrees m and n, where m > n, what is the maximum number of intersection points
of their graphs?

9 Explain why the graph of:arcubic polynomial with three distinct zeroes must have two turning points.

10 The line y = k meets the curve y = ax?>* bx> +¢x + dfour times. Find the values of a, b, ¢ and d in terms
of k.

11 Find, infexpanded form, the monic degree five polynomial whose zeroes are 0, —1, 1,2 — V2 and 2 + V2.

12" By factoring the differefice F'(x) = P(x).— Q(x), describe the intersections between the curves P(x) and Q(x).
a P(x)=2x —4x +3x+1,00)=x"+x* -8
B P(x)=x*+2 #l0x—4,0x) =x*+7x> —6x+8
c P(x)=-2x+3x*<25,0(x) = 3 = x>+ 11x+5
d P(x)=x*-3x2=2, 0(x) = x> - 5x
e P(X) = x*F 483 —x+5,00x) = x> —3x2-2x+5

13 If a and b are non-zero, and a + b = 0, prove that the polynomials A(x) = x* + ax> — x + b and B(x) =
x* + bx? — x + a have a common factor of degree 2 but are not identical polynomials. What is the common
factor?
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11E Consequences of the factor theorem

CHALLENGE

14

15

16

a Factor x" — 1.

b Suppose that the roots of the equation x” — 1 =0 are x = 1, 0, dy, ..., d,—;. Show that (1 —oy)(1 —
(12). . (1 - (1,,_1) =n.

Suppose that P(x) = x°> + x> + 1 and Q(x) = x> — 2. If r1, ra, 13, r4 and rs are the five
value of Q(r) X Q(r2) X Q(r3) X Q(rs) X Q(rs).

Suppose that P(x) is a polynomial of odd degree n. It is known that P(k) =

a Write down the zeroes of the polynomial (x + 1) P(x) — x.
b Let A be the leading coeflicient of the polynomial (x + 1) P(x)~ x. nomial, and.he
show that

4 1 o
T Ix2%X3x---xnx(n+1) m+ D
¢ Find P(n + 1).

Uncorrected sample pages « Cambridge University Press & Assessment * Pender, et al 2025 » 978-1-009-65480-7 « (03) 8671 1400

27



28

Chapter 11 Polynomials

Sums and products of zeroes

Learning intentions

e Develop and use the sum-and-product-of-roots formulae for degrees 2, 3, and 4.

e Use these formulae to help factor polynomials, and for other purposes.

When expanding a monic polynomial with only linear factors, such as

P(x) = (x=2)(x =3)(x=5)(x—=7) = x* = 17x° + 101x% — 247x + 210,

the four zeroes 2, 3, 5 and 7 of the polynomial clearly determine the five coe
But what are the formulae for the coefficients?

If we study the coefficient —17 of the term in x*, and the constant term210, i
-17=-Q2+3+5+7) 210 =+2 %3

= —(sum of the zeroes) = +(product of the zeroes).

It is not at all clear, however, how the coefficients 101 of&”, and of X, are related to'the zer (Werinvite

readers to try working it out before continuing.)

This section answers these questions for quadrati rmulae is a

The zeroes of a quadrat

Let P(x) = ax® + bx + ¢ be a quad
by the factor theorem.

Expanding, P(x) =g —a(o + B)x+ aof..
Hence the coeflicient of X i he sum of the zer the constant is +a times the product of the
zeroes,

ex multiplication by the leading coefficient a. Solving

avand 3 and leadi ient a."Then P(x) = a(x — a)(x — B)
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11F Sums and products of zeroes 29

Example 13  Using the sum and product of zeroes of a quadratic

a i Show by substitution that x = 5 is a zero of P(x) = 3x> — 30x + 75.
ii Use sum-of-zeroes to find the other zero.

iii Use product-of-zeroes to find the other zero.

b Find the sum of the zeroes of Q(x) = x> + 7x — 11, and hence find its axis of symmet
Solution
a i P5)=3x25-30x5+75

= 0.
i a+p=+2 iii
a+5=10

o =15, sob5isadouble zero.

b o+p=-7

= —7.

_31
2
for the axis.)v

oes a, 3 and y and le coefficient a. Then P(x) =

The zeroes of a cubic

Let P(x) = ax® + bx> + cx + d be 2
a(x — a)(x — B)(x — v) by the

yo) aapy,

Solving for the sums and pro

Sums and pro s of a cubic
Let P x>+ + cx + d have zeroes a, 3 and y. Then
6 FE Z (sum of the zeroes)
of vo = + 2 (sum of products of pairs of zeroes)

d
apy=-— (product of the zeroes)
a
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Example 14 Using the sum and product of zeroes of a cubic

a Show that —6 is a zero of P(x) = x> — 4x> — 39x + 126.
b Use sum and product of zeroes to find the other two zeroes.
¢ Check the formula for the sum of products of pairs of zeroes.

Solution
a P(-6) =-216 - 144 + 234 + 126 @
=0.

—4 12
b a+tp-6=-— and aﬁx(—6)=——6

1 1

a+p=10 ap = 21.

Hence by inspection, o and 3 are 3 and 7. %
(You have been using this ‘by inspection” approach for ye solve quadratics.)
c af+Py+ya=3%x7 + 7Tx(-6) + (-6)x3
= -39, which is the coeflicient of

The zeroes of a quartic

Suppose that the four zeroes of the quartic po

P(x) = ax* + bx® + ex? +dx +

are o, (3, y and . By the factor th multiple of the product

(x = a)(x = B)(x = y)(x = d):
P(x) =a(x — a)(x

(sum of the zeroes)

(sum of products of pairs of zeroes)

(sum of products of triples of zeroes)

(product of the zeroes)

The second for s the sum of the products of pairs of zeroes, and the third formula gives the sum of the
products of triples of zeroes.

The general case

The method is the same for all degrees. Notation is unfortunately a major difficulty here, and the results are better
written in words. Suppose that oy, 0y, ... a, are the n zeroes of the degree n polynomial

P(X) = apxX" + ap X"+ v aix+ ag .
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26 Zeroes and coefficients of a polynomial

Aap—1
sum of the zeroes = o} + 0y + -+ + 0y = — ——
ay
9 ap-2
sum of products of pairs of zeroes = +
aVl
. an-3
sum of products of triples of zeroes = — ——
ay
n 40
product of the zeroes = a0y - - a, = (=1)" —
a

Notice the alternating signs of the successive results. It is unlikely that

formulae would be required.

Example 15

Let o, B and y be the roots of the cubic equation x> —

31

11F Sums and products of zeroes

O

ing apart the first and la

Using the sum and product of zeroes/of a cubi

ao+fp+y b ofy c aoff + Py
I 1 1

d —+ - +— e o+ f 2+ 2+ v+ yo?
a Py

Check the result with the factoring x> — 3 + 2) obtainedsin the ion of Example 12 in

Section 11E.

Solution
aa+B+y=L=0
3

c afp+Py+ya=7F

ﬁ2+;2aB+ZBy+ , f a

af® + B2y + By + va + ya?

=af(a+PB+7v) +ByP +v+a)
+ya(y + o+ pB) — 3afy

= (aff + By + yo)(a + B +v) — 3Py

=(-3)x0 - 3x%x(-2)

e (a+P+vy
SO Y+ 2% (-
o + &
=6
-1) 2), the actual roots are 1, 1 and —2, hence

1
o

all of which agree with the previous calculations.
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b afy=1x1x(-2)=-2

1
+-=1+1-1=14
Y

B

f (12[5 + aﬁz + [Szy + [Syz + yza + ya2

=1X1+1x1+1x(-2)
+1x4+4x1+(-2)x1
=6,
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Factoring polynomials using the factor theorem and the sum and

product of zeroes

Long division can be avoided in many situations by applying the sum and product of zeroes formulae after one or

more zeroes have been found. Here are the steps that we have developed so far for factoring polynomials:

27

Factoring polynomials — the steps so far

e Use trial and error to find as many integer zeroes of P(x) as possible.
e Use sum and product of zeroes to find the other zeroes.
e Alternatively, use long division of P(x) by the product of the known f:

If the coefficients of P(x) are all integers, then any integer zero of P(£) must

constant term.

In the next example, we factor a polynomial factored twice alre

division at all.

Factor F(x) = x* + x> = 9x? + 11x — 4 completely.

Solution

and

Let the zeroes be 1, —4, o and f.

Then o+f+1-4=

a this time
Example 16 Using the sum and product@ c

As before, F)=1+1-9+11-4=

F(~4) = 256 — 64 —

duct of zeroes of a cubic

Let the zero 2,0
Then 2+ o+

+f =41, (1
and 2xa =4

aff = 2. )

Substituting (1) into (2), o(—=1 —a) =2

o +a+2=0

This is an irreducible quadratic, because A = —7, so the complete factoring is G(x) = (x — 2)(x* + x + 2).
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Example 18 Identities on the coefficients of a cubic

11F Sums and products of zeroes 33

Note: This procedure — developing the irreducible quadratic factor from the sum and product of zeroes — is
really little easier than the long division it avoids.

Forming identities with the coefficients

If some information can be gained about the roots of a polynomial equation, it may be possible to form an
identity with the coefficients of the polynomial.

If one zero of the cubic f(x) = ax® + bx? + cx + d is the opposite of another, et d=b

Solution
We know that one of the zeroes is the opposite of another, so we canbegin with the following sentenee,
expresses this fact symbolically:
Let the three zeroes of the cubic be a, —a and 3.
Now we can use the formula for the sum of the roots,
b
@)

+(-)+p=--
at(-a)+f=--
ap = -b.

ing the sum of products of pairs

Then using the formula for the product of

¥= _c. (3)
Now w imi roots o and quation , (2), and (3).
—p=d )
FOUNDATION
of the quadratic equation x*> — 4x + 2 = 0, find:
a a+p b af c o’p +ap?
d é+% e (a+2)(p+2) fa?+p?
a B 3.3 . 1 1
g[3+a h of’ +a’p |(oc+a)([5+ﬁ
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2 If o, B and vy are the roots of the equation x> + 2x?> — 11x — 12 = 0, find:
aa+f+y b aff +oy+ By c affy
I 1 1 1 1 1
d —+— f (a+DP+Dy+1)
g (@B)’y + ()’ + (By)a h o+ B>+ i (ap) +(an)? + By~

+ - e —+—+ —
a By af ay Py
Now find the roots of the equation x* +2x> — 11x — 12 = 0 by factoring the LHS. Henée checkyyour answers
for the expressions in parts (a)—(i).

3 Ifa, B, yand d are the roots of the equation x* — 5x* + 2x* — 4x — 3 = 0, find}

aoa+pP+y+90 b off +ay+ ad + Py+ PO+ v

c afy+ apd + ayd + Pyd d ofyd

e1+1+1+1 f1+1+1+1+1+1
a B vy O af _ay ad By P& vo
1 1 1 1

g€ —+ <+ h o +p%+y>+8°

oy " opd " wxd ' Byo
4 1If o and P are the roots of the equation 2x> + 5x — 4'= 0, find;
a oa+f b of ¢ o’ +p? d |o — B (HNt:  Square
it.)
DEVELOPMENT

5 a The polynomial P(x) = 2x*> —&&%~ 14x + 8 has zeroes at —2 and 4. Use the sum of the zeroes to find the
other zero.

b Suppose that x — 3 and x + haré factors 6f P(x) = x> — 6x? + 5x+.12. Use the product of the zeroes to
find the other factor'of P(x).

6 Consider the polynomial P(x) = x> — x> — x + 10.
a Show that=2is a zero of P(x).
b Suppose that the zeroes of P(x) are -2, cvand 3. Show that o + f = 3 and aff = 5.
¢ By solving the two equations in paft (b)'simultaneotisly, show that o> — 3o + 5 = 0.
d Hence show: that there are no such real numbers @ and 3.

e Hence state how many times the graph of the cubic crosses the x-axis.

7 Showthat x = 1 and x = —2 are zeroes of P(x), and use the sum and product of zeroes to find the other one
ortwo zeroes. Note any multiple zeroes.
a Px)=x>-202—5x+6 b P(x)=2x>+3x*-3x-2
c P(x) =x*+38 -3x2=7x+6 d P(x) =3x*-5x* - 102 + 20x — 8

8 a Findthe values of a and b for which x* + ax?> — 10x + b is exactly divisible by x*> + x — 12, and then factor
the cubie:
b Find the values of @ and b for which x2 — x — 20 is a factor of x* + ax® — 23x% + bx + 60, and then find all
the zeroes.

9 a If one of the roots of the equation x% + bx + ¢ = 0 is twice the other root, show that 25*> = 9c. (Hint:  Let
the roots be a and 2a.)

b If one of the roots of the equation x> + px + g = 0 is one more than the other root, show that p?> = 4¢g + 1.
(Hint:  Let the roots be o and o + 1.)
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11

12

13

14

15

16

11F Sums and products of zeroes

a Find the roots of the equation 3x* — x> — 48x + 16 = 0 given that the sum of two of them is zero. (HINT:
Let the roots be o, —a and f3.)

b Find the roots of the equation 2x* — 5x> — 46x + 24 = 0 given that the product of two of them is 3. (HINT:
3
Let the roots be o, — and 3.)
a
¢ Find the roots of the equation x> — 27x — 54 = 0 given that two of them are equal. (HiNw:. Let the roots
be a, o and f3.)

d Find the zeroes of the polynomial P(x) = 2x> — 13x? + 22x — 8 given that one of them is the product of
the other two. (HiNT:  Let the zeroes be a, § and af.)

a Two of the roots of the equation x* + 3x> — 4x + a = 0 are opposites.sFindithe/value of.z and the three
roots.

b Two of the roots of the equation 4x* + ax> — 47x + 12 = 0 arefeciproeals. Find the value of gand the
three roots.

Find the zeroes of the polynomial x* — 3x> — 8x% + 12x + 16 if they dte o, 20, B and 2.

a If one root of the equation x* — bx? + cx — d =0 is equal toithe pfoduct of the other two,Show that
(c+d)* =db+ 1)~

b The polynomial P(x) = x* + ax® + bx? 4sex.+ d'has two zeroes that are opposites and another two zeroes
that are reciprocals. Show that:

ib=1+d i c=ad

The cubic equation x> — Ax?> #3A = 0, where'A > 0, has roots‘, B and‘et + P.
a Use the sum of the roots to show that o +3 = %A.

b Use the sum of theproducts of pairs of roots to show that afy = —iAz.
¢ Show that A = 2/6.

1
The polynoshial P(x) = —£Lx> + Lx — M_has zeroes a, b and .

a Show that:

1
ha+—+p=L ii1+aB+E=L iii =M
o a
b Show that either M = 1 or M = L= I.

Suppose that the polynomial P(x) =iax® +bx> + cx + d has zeroes a,  and y.
b* —2ac

a Show that o + 2 + 2= 3
a

b Hence explaift Why. the polynomial 2x* — 3x? + 5x — 8 cannot have three real zeroes.

CHALLENGE

17

18

If o, B and ydre the roots of the equation x> + 5x — 4 = 0, evaluate a® + 3 + y°.
(HiNt: X = 0, x/= p and x = v satisfy the given equation.)

Suppose that the equation x*> + bx + ¢ = 0 has roots o and f.
a Show that b and c are the roots of the equation x> + (o +  — af)x — ap(a + B) = 0.
b Find the non-zero values of b and ¢ for which the roots of the equation in part (a) are:

i aandf ii a?and p?
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Chapter 11 Polynomials

Geometry using polynomial techniques

Learning intentions

e Use the methods of polynomials to solve geometric problems.

This final section adds the methods of the preceding sections, particularly the sum and proc oes, to the
available techniques for studying the geometry of various curves. The standard technique

of the equation formed in the process of solving two curves simultaneously.

the roots

This section is rather demanding, and could all be regarded as Enrichment.

Midpoints and tangents

product of roots.

Example 19 Dealing with tangent

ola simultaneously, VA

A

M
Bl *4

) o x
-8 T

N

nce

—Bl=4V3.

Because the lin s gradient 2, the vertical distance is 83,
goras, AB? = (4\/5)2 + (8‘/3)2

=16x15

AB = 4V15.

SO

so using Pyt
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¢ Solving y = x> — 2x — 8 and y = 2x + b simultaneously,
X —4x-8+b)=0

Because the line is a tangent, let the roots be 0 and 6.

Then using the sum of roots, 0+ 6 =4,

SO 0=2,
Using the product of roots, 0?=-8-b
and because 0 = 2, b=-12.

So the line y = 2x — 12 is a tangent at 7'(2, —8).

Example 20

a Sketch the situation.
b Show that o and f satisfy the cubi
¢ Show that the midpoint M of
d Find the line through P tange

ical line x = %

Solution
y=x(x—-1) 1)
dx=1.

as equation

a The cubic factors as
so the zeroes

Tangents and the sum and product of
A line with gradient m through the point P(—1, 0) on ic y = — x crosses the ¢
points A and B with x-coordinates o and {3 r ly. v

of AB has x-coordinate %(a +p) = %, so M lies on the line x = 5.

11G Geometry using polynomial techniques

e at twodurther

—(m+Dx—-—m=

a point distinct fro

VA
5 -

[
—_
3]
-
o
=V

(there is no term in x%)

1

d t at another point on the curve when the points
, that is, when a=p,
= 1, this means that a=p= %

Using the product of roots, axXpPx(=)=m

1,1 —

3 X 3 X (—1) =m
m= -1,

so the tangent through P is

(the constant term is —m)

=-1(x+1).
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Geometric problems using sum and produ roo 6
The sum and product of roots can make some interesting geometric problems quite straightforw
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[ Exercise 116 FOUNDATION

Note: Sketches should be drawn in all these questions to make the situation clear.

1 a Show that the x-coordinates of the points of intersection of the parabola y = x> — 6x and the line
y = 2x — 16 satisfy the equation x> — 8x + 16 = 0.
b Solve this equation, and hence show that the line is a tangent to the parabola. Find the point T of contact.

2 a Show that the x-coordinates of the points of intersection of the line y = —2x4 b and the parabola
y = x> — 6x satisfy the quadratic equation x> — 4x — b = 0.
b Suppose that the line is a tangent to the parabola, so that the roots of the quadratic equation are equaleLet
these roots be a and a.
i Using the sum of roots, show that o = 2.
ii Using the product of roots, show that 02 = —b, and héncefind b.

ifi Find the equation of the tangent and its point 7" of/ contact.

3 Theline y = x + 1 meets the parabola y = x* — 3x at A and B,

a Show that the x-coordinates o and  of A and B satisfy the equation x> — 4x — 1 = 0.

b Find a + f3, and hence find the coordinates,of the midpoint M of AB.
DEVELOPMENT

4 a Show that the x-coordinates of the points©f intersection of the line:y. = 3 = x'and the cubic y =
x® — 5x% + 6x satisfy the equationx® — 5x> + 7x — 3 = 0.
b Show that x = 1 and x = 3 are roots of the equation, and use the sum of the roots to find the third root.
¢ Explain why the line is a tangent to the cubic, then find the point'of contact and the other point of
intersection.

5 a Show that the x-coordinates of the points of intersection of theline y = mx and the cubic y = x* — 5x* +
6x satisfysthelequation x> £5x2 + (6 — m)x = 0.
b Suppose now thatthe line is a tangent to the cubic at a point other than the origin, so that the roots of the

equation,are 0, a and o.
i “Using thessum of roots, show that.a = %
i Using the product of pairs of toots, show that o> = 6 — m, and hence find m.

iii Find the equation of the tangent and its point 7" of contact.

6 The line y = x — 2 meets the'@ubicy = x* — 5x* + 6x at F(2,0), and also at A and B.
a Show that the-coordinates o and  of A and B satisfy x> — 5x> + 5x +2 = 0.
b Find a + (3, and hence find the coordinates of the midpoint M of AB.
¢ Showthataf = =1, then use the identity (o — B)? = (a0 + B)? — 40 to show that the horizontal distance
|o = B| between A and B is V13.
d Henceuse Pythagoras’ theorem to find the length AB.

7 A line passes through the point A(~1,~7) on the curve y = x> — 3x> + 4x + 1. Suppose that the line has
gradient m and is tangent to the curve at another point P on the curve whose x-coordinate is .
a Show that the line has equation y = mx + (m — 7).
b Show that the cubic equation whose roots are the x-coordinates of the points of intersection of the line
and the curve is x> = 3x> + (4 —m)x + (8 —m) = 0.
¢ Explain why the roots of this equation are —1, o and a, and hence find the point P and the value of m.
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11G Geometry using polynomial techniques

8 The point P(p, p®) lies on the curve y = x*. A line through P with gradient m intersects the curve again at A
and B.

a
b
c

10 a

c
d

Find the equation of the line through P.

3

Show that the x-coordinates of A and B satisfy the equation x* — mx + mp — p> = 0.

Hence find the x-coordinate of the midpoint M of AB, and show that for fixed p, M always lies on a line
that is parallel to the y-axis.

root at x = o.. Find o and m. 3

The equation x*> — (m + 1)x + (6 — 2m) = 0 has a root at x = —2 and a double VA
Write down the equation of the line ¢ passing through the point P(-2, =3) with %

gradient m.

=V

The diagram shows the curve y = x* — x + 3 and the point P(—2§~3)ion the

curve. The line ¢ cuts the curve at P, and is tangent to the curve at another Y.
P(_ 5T

point A on the curve. Find the equation of the line £.

Use the factor theorem to factor the polynomial y& x* =4x? — 9x% + 16x + 20, givén that there,arefour
distinct zeroes, then sketch the curve.

The line £:y = mx + b touches the quartic y = x* —4x> — 9x? + 16x + 20 at two'distinct points A and B.
Explain why the x-coordinates o and f.of Ayand Bare deible roots of the.equation & —4%> — 9x” + (16 —
m)x +(20->b)=0.

Use the theory of the sum and product.of roots to write down fourrequationsfnvolving a, 3, m and b.

Hence find m and b, and write down the equation of £.

Note: If two curves touch each other at P, then they are tangent to each other at P.

11 a
b
c

Find k and the points'oficontactif the parabola y = &%~ k touches the quartic y = x* at two points.
Find k and the point T of contact if the parabola@y = x> <k touches the cubic y = x°.

Find k and the paoints of contact if the parabola y =w? — k touches the circle x> + y> = 1 at two points.

CHALLENGE

12 A circle passing through the origin O is tangent to the hyperbola xy = 1 at A, and intersects the hyperbola
agaifi at two distinct points B and C«<Prove that OA £ BC.

13 & The diagram to the right showsithe citclé x> + y> = 1 and the parabola

Ny
y=(hx — T)(x — 1), where A is'a constant: The circle and parabola meet in the /J
four points
P(1,0), 00, 1), “WA(a, g), B(B, ). 8 1
o
The point M is the midpoint of the chord AB. R | T
a Show that the x-coordinates of the points of intersection of the two curves j M A
satisfy the equation
y q v
Pxt 20+ 0 + 02+ 40+ 2)x> = 2(1 + Mx = 0. -1| B
b [}LJse éhe formula for the sum of the roots to show that the x-coordinate of M is
+
26
¢ Use a similar method to find the y-coordinate of M, and hence show that M lies on the line through the
origin O parallel to PQ.
d For what values of A is the parabola tangent to the circle in the fourth quadrant?

e For what values of A are the four points P, Q, A and B distinct, with real numbers as coordinates.

Uncorrected sample pages « Cambridge University Press & Assessment * Pender, et al 2025 » 978-1-009-65480-7 « (03) 8671 1400

39



40 Chapter 11 Polynomials

Chapter 11 Review

Review activity

e Create your own summary of this chapter on paper or in a digital document.

Chapter 11 Multiple-choice quiz

e This automatically-marked quiz is accessed in the Interactive Textbook. A printable PD version is
also available there.
Skills Checklist
I_—ij e Available in the Interactive Textbook, use the checklist to track you anding e learning inte

c’;;‘;"' Printable PDF and word document versions are also available th
Chapter Review Exercise C

1 Consider the polynomial P(x) = 2x> — 5x* —

a the degree of P(x), ading coefficient of
¢ the leading term of P(x), e constant term
2 The polynomial P(x) has degree i the degree of the I:
a 3 P(x) b (P(x
2

n
(x) = x—=T1Rx%+4x-9).

4 a Sketch the grap
coordinate axes.

— 1)(x — 3), showing all intercepts with the

8 a Uset m to show that x — 2 is a factor of P(x) = x> — 19x + 30.

ully.
9 Find the value of/k given that x + 3 is a factor of P(x) = x> + 4x* + kx — 12.

10 Find the values of b and ¢ given that x + 1 is a factor of P(x) = x* + bx*> + cx — 7, and the remainder is —12
when P(x) is divided by x — 5.

11  Find the values of 4 and k given that x + 2 is a factor of Q(x) = (x + h)? + k, and the remainder is 16 when
Q(x) is divided by x.
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Chapter 11 review

12 The polynomial P(x) is divided by (x + 1)(x — 2). Suppose that the quotient is Q(x) and the remainder is
R(x).
a Explain why the general form of R(x) is ax + b, where a and b are constants.
b When P(x) is divided by x + 1 the remainder is 10, and when P(x) is divided by x — 2 the remainder is
—8. Find a and b. (HinT:  Use the division identity.)

13 Suppose that the polynomial Q(x) = x> — 6x — 4 has zeroes o and . Without finding es, find the
value of:
a oa+f b af c +p?
1 1
d —+-= -3)pB-3
ot B e (a=3)p-3)
14 If a, B and vy are the roots of the equation x* + 10x* + 5x — 20 = @, fin
a a+pP+y b of +oay+ Py c

1

d —+ +ai+ f (a+2)P+2)(y

b Use the product of the roots to find
¢ Use the sum of the roots in p

1 N 1 . 1 1
a By af ay B
g o’y + a2y*B + PAyla h o?+p%+ i —
15 The equation X +5x% + ¢cx +d = 0 has ro s d a.
a Use the sum of the roots to find a.
n

16 g 0 hasroots a, § and v, where afp = —2.
~ nd .
¢ other two roots.
bx + ¢ = 0 is the reciprocal e square of the other root. Show that
-27x* + 1 gi the roots are oo — 3, o and o + .

x* — 14x + 7x — 1 given that they are

B.
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Chapter introduction

The first section of this chapter applies trigonometry to three-dimensional problems: Three new'issues arise
immediately when moving from 2 to 3 dimensions.

» Visualisation is the first new issue here; and a clear diagram displaying all the triangles is required — a task
that may involve several attempts.

The second new issue is to identify all rightangles, and to understand what it means for a plane and a line, or
two planes, to be perpendicular.

The third new issue is to understand how to identify smore generally the angle between a line and a plane,
and between two planes.

Three-dimensional work will continue in the Year 12 study of 2 and 3-dimensional vectors, where these same
three issues will arise.

The next twoisections develop a series of trig identities involving compound angles and double angles. These
are required in Year 12 when the trig functions are differentiated, which, and as always with new functions, will
begin'with an appeal to geometry. These identities will also be required when sketching functions involving the
trig functions, and in modelling various petiodic phenomena.

The new identities, together with those.developed previously, are applied in Section 16D to the solution of a
wide variety of trigonOmetric equations that arise later when modelling with calculus.

The final Section 16E deals#vith functions of the form a sin x + b cos x, which surprisingly turn out to be sine
or cosine functions — shifted horizontally, and dilated vertically to give a different amplitude. These results
and methods requir€ transformation of trigonometric functions presented in the Year 12 Advanced course, so a

preliminary subheading quickly applies the methods of Chapter 5 to the two transformations that are needed.

The methods of this last section are the first step in Fourier analysis, which is the basis of a vast number of wave
phenomena in science, engineering and medicine — our ears split a sound wave into individual frequencies,

as is clear when we listen to music, and the analysis of gravity waves is at the very edge of physics right now.
Joseph Fourier was a French scientist deeply involved with Napoleon Bonaparte and the French Revolution.

As well as his ground-breaking work with the analysis of periodic phenomena, he was an expert in Egyptian
archaeology.




Chapter 16 Further trigonometry

Three-dimensional trigonometry

Learning intentions

e Interpret data given in diagram or written form about a 3D trig problem.

e Apply trigonometry to solve a 3D problem.

then applied to each triangle in turn. A carefully drawn diagram is always esse

Two new ideas about angles are needed — the angle between a line and a e, a
planes. Pythagoras’ theorem remains fundamental.
Trigonometry and Pythagoras’ theorem i ee di sions
Here are the steps in a successful approach to a three-dimensional problem
1 Trigonometry and Pythagoras’theoremi i
1 Draw a careful sketch of the situation.

g with.

2 Note carefully all the triangles in th
3 Mark, or note, all right angles in
4 Always name the triangle yo

Example 1

The rectangular prism s

D C
A & = E 3cm
. -~ G
(nearest minute). H
] 4cm
arest minute). E 5cm F

In AABF, AF? = 5% + 3% (Pythagoras)
AF = V34cm.

¢ In AACG, gle /ACG is a right angle, and AC = V41 and CG = 3.
Hence AG? = AC? + CG?,  using Pythagoras,
=41+32
AG = V50
=5v2 cm.
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16A Three-dimensional trigonometry

d In ABAF, the angle /ABF is aright angle, and AB = 5 and BF = 3.

H tan ZBAF BE
ence tan =—
AB

/BAF = 30°58’.
e In AGAF, the angle /AFG is a right angle, and AF = V34 and FG = 4.
Hence tan /GAF = E
AF
4
V34
(GAF = 34°27'.

The angle between a line and a plane

In 3D space, a plane # and a line ¢ can be related in three differ

ways.

In the upper diagram, the

Solution
Using Pythagoras™ theorem in the base ABCD,

AC? =122 + 122
AC = 12V2 metres.

The perpendicular from the vertex V to the base meets the base at the midpoint M of the diagonal AC.
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4 Chapter 16 Further trigonometry

MV
In AMAV, tan ZMAV = —
n an VA

8

6V2
LMAV =43°19,
and this is the angle between the slant edge AV and the base.

The angle between two planes 0
In 3D space, two planes that are not parallel intersect in a line £. To construct th
angle between the planes:

e Take any point P on this line of intersection.

e Construct the line p through P perpendicular to ¢ lying in the .

e Construct the line ¢ through P perpendicular to £ lying in the plane Q.

The angle between the planes P and Q is defined to be thed@ngl etween these

two lines p and q.

Example3  Finding the angle betw planes

In the pyramid of the previous example, een an obli ace pyramid and the base.
Solution

Let P be the midpoint of the ed \Y

Then VP L BC and MP
so £VPM is the angle b

e obli face and th se.

In AVPM, tan

which no triangle can be solved

triangles forming a tetrahedron, but no triangle can be solved,
e known in any one of these triangles.

i i onumeral 7 = TF for the height, then work around the figure until four measure-
ments are known in te in the base triangle — at this point an equation in % can be formed and solved.
ing a problem in which no triangle can be solved

evel ground sees, due north of her, a tower whose angle of elevation is 10°. After
driving 3 km further in a straight line, the tower is in the direction due west, with angle of elevation 12°.

e B
8
6
LVPM +53°8. QV

a How high is the tower? b In what direction is she driving?
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16A Three-dimensional trigonometry 5

Solution

a There are four triangles, none of which can be solved.
Let & be the height of the tower.

In ATAF, AF = hcot 10°. %
In ATBF, BF = hcot12°.
We now have expressions for four measurements in AABF|, so we canfuse Pythagoras’ theore orm
equation in A.
In AABF, AF? + BF? = AB’
h* cot> 10° + h* cot® 12° = 37 0
R(co? 10° + co? 12°) = 9 v

so the tower is about 407 me

b Let6 = /FAB, theni )
B hcot 12°
-3
0 = 64°,
so her direction is about N64°E.

3D problems:

S
Let the tower be T'F, and let the motorist be driving from A to B.

e and a plane, and between two planes.
e situation, marking all right angles.
doking down, is usually a great help.

langle in the diagram, to see whether it can be solved.

o a & WON

until an equation in that pronumeral can be formed and solved.
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6 Chapter 16 Further trigonometry

Exercise 16A FOUNDATION

1

The diagram to the right shows a rectangular prism.

a Use Pythagoras’ theorem to find the length of the base diagonal BE.
b Hence find the length of the prism diagonal BH.

¢ Find, correct to the nearest degree, the angle o that BH makes with the
base of the prism.

The diagram to the right shows a cube.

a Write down the size of:
i LABF il LAFG

b Use Pythagoras’ theorem to find the exact length of:
i AF ii A

¢ Hence find, correct to the nearest degree:

i .GAF

3 The diagram to the right shows a trian E
a Find the exact length of:
F
i AC
2cm
b What is the size o 4
4cm cc
¢ Find /AFC, cort egree. % 2cm
DEVELOPMENT
to the right shows a sq Thepoint C is the centre of the base, and 7'C is
ase.
T
iii /TCQ 6cm
ind the length of:
i CM ii CQ SOR
P ﬂ
¢ Find, correct t degree: 4cm M
i angle between a side face and the base,
ii n a slant edge and the base.
5 The diagr e right shows a rectangular prism. H
a Write down the size of: D ‘ G
i LABF ii /DBF ‘ Jem
b Find, correct to the nearest degree, the angle that the diagonal plane A F
DBF H makes with the base of the prism. 4cm 3cm
B
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16A Three-dimensional trigonometry

The diagram to the right shows a square prism. The plane ABC is inside A
the prism, and M is the midpoint of the base diagonal BC.
a Find the exact length of MD. ‘
b Hence find, correct to the nearest degree, the angle that the plane ABC g dem
makes with the base of the prism. C
B
6cm 6cm
Two landmarks P and Q on level ground are observed from the top 7 of a

vertical tower BT of height 30 m. Landmark P is due south of the tower, while
landmark Q is due east of the tower. The angles of elevation of 7 from‘P and
Q are 15° and 18° respectively.

a Show that BP = 30tan 75° and find a similar expression for BQ.

b Find, correct to the nearest metre, the distance between the two landmarks.

A tree BT is due north of an observer at P and due west of an observer at Q.
The two observers are 50 m apart and the bearing of Q from P'is.36°. The
angle of elevation of T from Q is 28°.

a Show that BQ = 50sin 36°.

b Hence find the height £ of the tree correct to the nearest metre.

¢ Find, correct to the nearest degree, the.angle of elevation of 7 fromP.

Two monuments A and B are 400 m apart on a horizontal plané. The angle of
depression of A from the top Thof a tall'building is 18°. Also, /ZTAB = 52° and
(TBA = 38°.

a Show that TA =/400 cos 52°.

b Find the height /1 of the building, correct to the nearest metres

¢ Find, cofrect to the nearest degree, the angle of depression of B from 7.

The diagram shows a cube of side 2 cm, with diagonals’ AG and CE
intersecting at'P. The point M is the midpoint of the face diagonal EG.
Let a be the acute angle between the diagonals AG and CE.

a What is the length of PM?

b Find the exact length'of £M.

¢ Write down the exact value of .tan ZEPM.

d Hence find of correct to thexnearest minute. A

The diagramsshows a rectangular pyramid. X and Y are the midpoints of AD
and BC respectively and T is directly above Z. TX = 15¢cm, 7Y = 20 cm,
AB = 25cmyand BC = 10cm.

a Show that ZXTY = 90°.

b Using either similar triangles or Pythagoras’ theorem, show that 7Z = 12 cm.

¢ Hence find, correct to the nearest minute, the angle that the front face DCT
makes with the base.
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12

13

14

15

16

Two observers at A and B on horizontal ground are 300 m apart. From A, the
angle of elevation of the top C of a tall building DC is 32°. It is also known that
(DAB = 59° and ZADB = 78°.

300sin43°
a Show that AD = L
sin 78°
b Hence find the height of the building, correct to the nearest metre.

C
h

32947 A
A 300m B

A balloon B is due north of an observer P and its angle of elevation is 62°. Frem another ebserver O

100 metres from P, the balloon is due west and its angle of elevation is 552¢ Let the'height of the balloon be
h metres and let C be the point on the level ground vertically below B.

a Show that PC = hcot 62°, and write down a similar expression for QC. B

b Explain why /PCQ = 90°.

¢ Use Pythagoras’ theorem in ACPQ to show that

2 100?
cot? 62° + cot255°
d Hence find A, correct to the nearest metre. P 100m 0

From a point P due south of a vertical tower, the angle of elévation of the top,of the tower.is’20°. From a
point Q situated 40 metres from P and.due east of the tower, the angle of elevation is,35°. Let 2 metres be
the height of the tower.

a Draw a diagram to representthe situation.
40
b Show that h = , andsevaluate h, correct to thé nearest metre.
Vtan2 70° + tan? 55°

From two points P and Q on level ground, the angles of elevation of the top
T of a 38 m tower are 26° and 22° respectively. Point P is due south of the
tower, and thesbearingof Q from the tower is 100°T.

a Show that PB = 38 tan 64°, and find a similar expression for OB.

b Use the cosine rule to determine, correct to the nearést metre, the distance
between P and.Q.

Inthe diagram, T'F represents a vertical tower of height x metres standing on
level ground. From P and,Q at ground level, the angles of elevation of T are 22°
and 27° respectively. PO = 63‘metres and /PFQ = 51°.

a Show that PF =xcot22%and write down a similar expression for QF.

b Use the cosine rule to show t%lat
63
2 _

X = .
cot? 222 + cot? 27° — 2 cot 22° cot 27° cos 51°
¢ Find the'value of xto the nearest integer.

P 63m 0
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16A Three-dimensional trigonometry

17 The diagram shows a tower of height 7 metres standing on level ground. The angles T
of elevation of the top T of the tower from two points A and B on the ground nearby L
are 55° and 40° respectively. The distance AB is 50 metres and the interval AB is 55°
perpendicular to the interval AF, where F is the foot of the tower. AL e F
a Find AT and BT in terms of A. SOmB 40°
b What is the size of ZBAT? e
¢ Use Pythagoras’ theorem in ABAT to show that i = S0sin 557 sin 40 .

sin® 55° — sin” 40°
d Hence find the height of the tower, correct to the nearest metre.
CHALLENGE

18 In the diagram of a triangular pyramid, AQ = x, BQ =y, PQ = hf/APB= 0,
/PAQ = o and /PBQ = f. Also, there are three right angles at-Q.
a Show that x = hcota and write down a similar expression for y.
b Use Pythagoras’ theorem and the cosine rule to show that
2
VDG + )

¢ Hence show that sin o sin 3 = cos 6.

cosO =

19 The diagram shows a triangular pyramid, all of whose faces are equilateral triangles —
such a solid is called a regular tetrahedron.«Suppose that the slant edgesiare inclined at
an angle 0 to the base. Show that cos 6 =

Bl

20 A square pyramid has perpendicular height equal to the sidé length of its base. Show that the angle between
a slant edge and a base edge it meets is tan™! V5.

21 Three tourists 7, T, and T3 at ground levél are observing a landmark whose top we shall call L. T is due
north of I, T3 is due east of L, and T,.is'on the line of sight from 7' to T3 and between them. The angles of
elevation to L.from 7y, T» and T5 afe 25°, 32° and 36° respectively.

cot 36°

cot25°
b “Use the sine rule in ALT T, to find, correct to the nearest minute, the bearing of T, from L.

a Show that tan /LT,T, =
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Chapter 16 Further trigonometry

Trigonometric functions of compound angles

Learning intentions

e Develop and apply the compound angle trig formulae.

The derivatives of the trigonometric functions will be developed in Year 12. Before that can be done,however,
various formulae involving compound angles need to be established, beginning with the expansion of objects
such as sin(x + /), tan(x — y) and cos 2x. Such trigonometric identities are most important for all sorts of other
reasons as well, and must be thoroughly memorised. Their development is the concern of this section and the
next.

As with all fundamental results in trigonometry, these formulae require an initial appeal to geometry, in this
case circles, Pythagoras’ theorem in the form of the distance formula, the cosinerule, and the Pythagorean
trigonometric identity.

The approach given here begins with the expansion of cos(a — 3) and uses that result to derive the other
expansions. There are many alternative approaches.

The expansion of cos(a. — f3)

We shall prove that for all real numbers o and.f3,
cos(a — 3) = cosa.cos 3 + sin a sin .

Proof Let the rays corresponding tohe angles o and f intersect the €ircle

x* +y? = r? at the points A'and B respectively. Then by the definitions of ’ d B
the trigonometric functions forgeneral angles, A
A = (rcos@, rsina), and, B = (rcosf rsinf). b
Now we can use the distance formula to find AB* o \_ B x
AB® = 1 (cos au=icos B)2 + r’(sin@ — sin [3)2
= r2(cos® a + cos® B + sin’a + sin’ p — 2.€0s o cos p — 2 sin asin f)

= 2r%(1 - cos a.cos B~ sin oisin B), because sin” 0 + cos® 0 = 1.

But'the-angle /AOB is o — 3, se by the cosine rule in AAOB,
AB? = 2 + 12— 21 cos(or = B)
= 21%(1 —cosan=)).
Equating thesé fwe.expressions for AB?,

cos(o. — ) =‘cos acos 3 + sin a sin f3.

Note: It was claimed in the proof that ZAOB = o — 3. This is not necessarily the case, because it’s also possible
that ZAOB = [~ a, or that ZAOB differs from either of these two values by a multiple of 2. But
the cosinefunction is even, and it is periodic with period 2. So it will still follow in every case that
cos ZAOB = cos(a — ), which is all that is required in the proof.

The six compound-angle formulae

Here are all six compound-angle formulae for the sine, cosine and tangent functions, followed by the remaining
five proofs.
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16B Trigonometric functions of compound angles

3 The compound-angle formulae

A
B

m m O O

sin(a + ) = sina.cosfp + cos asin B
cos(a + ) = cosacos B — sinasin
tan o + tan f3

1 —tanatanf
sin(a — f) = sina.cos B — cos asin B

tan(a + B) =

cos(a — ) = cosacos P + sinasin

Proof We proceed from formula E, which has already been proven.

B Replacing 3 by —f in E, which is the expansion of cos ,

Solution

sin(x + %") = sin x cos %” + cos xsin 5

tan o — tan f3 < >
tan(o — ) = ———
©@-P 1 + tan atan B
These formulae are of course true whether the angle is given in degrees or radians.

cos(a + PB) = cos (a — (—f))

= cos a.cos(—f}) + sin a sin
= cosa.cosf — sina si b se cosine is even and sine is o
A Using the identity sin 0 = cos(5 — 0)
sin(a + B) = cos (5 — (a

C Beca

sin
asin f3

after dividing top and bottom by cos o cos 3.

2n
3
1

— 13 1
=—5s8inx+ 5 3 cosx
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Chapter 16 Further trigonometry

Example 6 Using the compound angle formulae

Given that sino = % and cosf} = %, where a. is acute and =7 < § < 0, find sin(a. — ) and cos(a + f3).

Solution

First, using the diagrams on the right,

=L +82
= 2(2+3V2),

15
and cos(a + f3) = cosacos 3 —sinasinf3

_ 8 3
—E‘/EJfE

= L(8V2+3).

15

/
cosa=%\/§andsin[5=—%. o
So  sin(a —f) = sinocos B — cosasinf3 3 1

Further exact values of trigonometri s
The various compound-angle formulae can be use s in surds for trigonometric functions of
many angles other than ones whose related an d 30°, 45° and

Example 7 Finding exact v

Find exact values of:

a sin75°

Solution
There are many alternat

= cos(135° — 60°)

+ cos 30° sin 45> = cos 135° cos 60° + sin 135° sin 60°

3x 1V2 =-1V2x14+1V2x1V3
= ;(Vo-V2)
FOUNDATION
ae to expand:
a sin( b cos(2A + 3B) ¢ sin(3a + 5p)
d cos® - 2 e tan(A +2B) f tan(3a — 4P)
2 Express as a si trigonometric function:
a cosxcosy—sinxsiny b sin3acos?2p + cos3asin2p

c tan 40° — tan 20°
1 + tan 40° tan 20°

e cos 70° cos20° + sin 70° sin 20°

d sin5Acos2A — cos 5A sin 2A

tan o + tan 10°
1 —tanatan 10°
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Use the compound-angle formulae to prove:
a sin(90° + A) = cosA
d tan(180° + A) =tanA

Prove the identities:

1
a sin(A +45°) = —(sinA + cos A) b
V2
1 —tanA

tan(f —A) = —— d
¢ tan(y ~4) 1 +tanA
a Iftana = % and tan 3 = %, find tan(a + f).
b IfcosA = ‘5—‘ and sin B = % where A and B are both acute, find si
c IfsinB = % and cos ¢ = i, where 0 and ¢ are both acute, find
Prove each identity.

a sin(A + B) +sin(A — B) = 2sinAcos B

b cos(x —y)—cos(x+y)=2sinxsiny

a sin /BAC
b cos/BAC

b cos(90° — A) =sinA
e cos(270° — A) = —sinA

¢ sin(x +y) + cos(x —y) = (sinx + cos x)(siny Sy) Q
Find from the diagram, using appropriate compound-angle ts:

16B Trigonometric functions of compound angles

¢ tan(360° — A) = —tan A
f sin(360° — A) = —sinA

2co8(0 + ) = cos 0 — V3 sin

sin(A — 30°) = 1(V3 si

12
B 5D 9 C
DEVELOPMENT

10

11

12

13

a By expressing 1 >=30 ow that:

C

If sin here 3 < A <m, and tan B = %, where 7t <
Use ¢ nd-angle formulae to find the exact value of:
a cos 10 b sin 32

12

a Show that sin(A + B) sin(A — B) = sin* A — sin’ B.

b Hence simplify sin® 75° — sin® 15°.

Show that:
a sin(7 — 0)cos(7 + 0) +cos(3 — 0)sin(F +0) =1
b tan35° +tan 10° + tan35°tan 10° = 1

iii tan15°=2-13

L

3V5 + 4
3V13

iii tan75°

B < 37“, show that cos(A + B) =

c cot285°
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14 Chapter 16 Further trigonometry

14 Prove each identity:
2sin(x —y)

= cotx — cot
cos(x +y) —cos(x — y) . Y

sin(0+¢)  tanO +tang
cos(0— @) 1+tanOtang

c S{n(a - B, s1.n([3 - v, S{n(v - D)
sinasinf  sinf3siny sinysina

15 T
1cm
i L a
R 3cm QO 2cm P
a Write down the formula for sin(a + f3).

b Hence show that the angles o and f in the
diagram above have sum 45°.

17

18

b Hence/show that ifi.any triangle ABC, tan A+ tan B +.tan C = tan A tan Btan C.

S X
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16C The double-angle formulae 15

@ The double-angle formulae

Learning intentions

e Develop and apply the various double-angle trig formulae.

Substituting 6 = o = 3 into the compound angle formulae gives formulae for double-angle ns such as
sin 20.
Double-angle formulae
In the compound-angle formula sin(o + 3) = sin a.cos [ + cos a.sin 3, replace bot es o p by the o
angle 0. This gives:
sin 20 = sin(6 + 0) = sin 6 cos 6 + cos O sin 6
= 2sin0cos 0.
The same procedure gives expansions of cos 20 and tan 20:
4 The double-angle formulae
sin26 = 2sin 6 cos O
c0s 20 = cos’ O — sin® O
1 —tan?0
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16 Chapter 16 Further trigonometry

Example 9 Proving further double-angle identities

Express cot 2x in terms of cot x.

Solution
1
cot2x =
tan 2x
_1—tan’x
© 2tanx
cot?x—1 s
= ———— after division of top and bottom by tan? x.
2cotx

Further exact values using the double-angle for ae
The double-angle formulae can be used to find exact values of t ometric tions at angle§ such as 223
Example 10  Finding exact values of further aguteangles

Find the exact value of tan 22%0.

Solution 0
2tan 0 °
Use the formula tan 26 = Ay , Wi
1 —tan? 0
which gives, tan45° =
Because tan45° = 1, 1 — tai’ °
tan* 224" +2 .
This quadratic iSCrimi 4+4

—V2-1 (whichis negative).

0 its value is tan 22%0 =V2-1.

FOUNDATION

uble-angle formulae to simplify:
2 tan o

a 2s b cos?0 — sin>0 _—
1 —tan? o
2 tan 70°
e 2cos?50° -1 s
1 — tan? 70°
2tan4x

g 2sin30cos 30 h 1-2sin’24 i
1 —tan24x
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16C The double-angle formulae

2 Prove that:

a (cosA —sinA)(cosA +sinA) = cos2A b (sino —cosa)? = 1 —sin2a

1 1
in20 = 2sinOsin(% — 0 - = tan 20

C sin sin O sin(5 ) —@n®  1+tno an
3 a Ifcosa= ‘5—‘, find cos 2a.

b Ifsinx = %, find cos 2x.

c Ifsin6 = 15—3 and 0 is acute, find sin 26.

d IftanA = %, find tan 2A.

DEVELOPMENT

4 Ifsinx = % and % < x < m, find the exact value of sin 2x.
5 Prove each identity.

a cos*a — sin* o = cos 2a b cos2x + cosa = (cosx + 1)(2cosx=1)

in 2A
c _maa =CcotA d cos0 — sin B8in 20 = cos Bcos 20
1 —cos2A
sin 20+ sin 0
tan(§ + o) — tan( — o) = 2tan 2 = tan 0
e tan(y + o)~ tan(y ) ansd c0s20 +cosO+1 0
1- 2
6 a Show that — 2% _ tan? x.
1+ cos2x

b Hence find the exact value of tan %
7 Eliminate 0 from each pair of‘parametric equations.

a x=2+cos0,y=cos20 b x=tan6+1,y=tan26
8 Points A, B, C, and W lie in the.same vertical plane<A bird.at A observes a 20m  10m

worm at W at an angle of depression 0. After flying 20 mietres horizontally to A 0 B [ c

B, the angle.of'depression of the worm is 20. If the bird flew another 10 metres 20 A

horizontally it would be directly above the'worm. Let WC = h.

a Write tan 20 in terms of tan 0. W

10

11

b Use the tworright-angled triangles to write two equations in / and 6.

1 60
U t d (b) to show that — = ——— .
¢ Useparts (a) and (b) to show tha 0= 900-72
d Hence show that 4 =.10V3 metres:

e How could 4 have been found without trigonometry?

b 4 2
In AABC, — = 3 and B = 2C. Use the sine rule to show that cos C = 3
c

a Bywriting 36 as'20 + 0 and using compound-angle and double-angle results, prove that cos 360 =
4cos’® 0= 3 cos 0.

b Hence show that cos %" is a root of the equation 8x° — 6x + 1 = 0.

Use double-angle formulae to show that:

cdm o m o 2 2dn _ i 23m _ Lo 61
a231n5coss_s1n5 b cos 7 — sin” =F = cos 3
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18 Chapter 16 Further trigonometry

12 Prove each identity.
sin 3A N cos 3A

a cot2o + tana = cosec 2a. b — =4cos2A
sin A Cos A
sin20 — cos 20 + 1
tan2xcotx =1 + 2 d =tan(0 + 2
c tan2xcotx sec 2x SN 20 7 cos 20 =1 an( 7)
1+sin?2
e ¢ _ 1(1 + tana)? f cosec4A + cot4A = 1(cotA —
1+ cos2a

3tan O — tan> O

1 —3tan” 0
b A tower AB has height & metres. The angle of elevation of the top

at a point C 20 metres from its base is three times the angle of e
point D 80 metres further away from its base. Use the identity

_ 100
show that 4 = v metres.
14 a Write down the exact value of cos 45°.
b Hence show that:

i cos221° = 1242

15 a Show that \/8 —4V3 = V6 —
b Show that tan 165° = V3
¢ Hence show that tan 824° 2+ 2.@

13 a Show that tan36 =

o)
Q
w
—_
—
INT
o
Il
=
+
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16D Trigonometric equations

@ Trigonometric equations

Learning intentions

e Apply the compound angle formulae to the solution of trigonometric equations.

e Decide which method or methods to use for particular trigonometric equations.

analysed; and careful
er he

Trigonometric equations occur whenever trigonometric functions and their graphs are be
study of them is essential. They were addressed in degrees in Chapter 7, and in radi

identities of the last two sections now allow further equations to be solved.

Solving a trig equations using factoring

As we have seen, factoring is fundamental everywhere in our course. The di ce of squares is thed m(%
obvious approach to the next worked example.
Example 11 Solving a trig equation by factoring.
decimal places).

Solve sin® x — 4 cos? x = 0, for -t < x < 7, by fac
Solution

The equation is

Using difference of squares, (sinx
+ cos? x
Hence tanx =2 or tanx=

The related angle is 1.10
so x = —2.034, -1.10

equiring algebraic s or factoring

Equation

sing substitution or factoring

au b using identities and factoring.

ion
b 2cosx=1+secx

2cos’x =cosx+ 1

2¢cos’x—cosx—1=0

a Letu = cosux.

Then

(2cosx+ 1)(cosx—1)=0

Qu+1
1 cosx=1or cosx=—%
uzloruz_f’ 21 4n
1 Hence x = 0, 2m, ¢, or 3.
SO, cosx =1 or cosx = —7-
Hence x = 0, 2, %“, or 4?“.
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Chapter 16 Further trigonometry

Equations with more than one trigonometric function, but the same
angle

This is where trigonometric identities come into play.

6 Equations with more than one trigonometric function

Trigonometric identities can usually be used to produce an equation in only one trige

Example 13 Using trig identities to solve a trig equation

Solve the equation 2 tan 6 = sec 0, for 0° < 6 < 360°:

a using the ratio identities, b by squaring sides.
Solution
a 2tan0 =secO b Squaring, tan® 0 = sec” 0
2sin® _ 1 4 0 -4 = se
cos®  cosO sec2 @ = %
sin0 = %
cos 0 = % -1

0 = 30° or 150°

Checking e

Warning — The dang
Method (b) in the previous e an equation if possible, because

riginal equation to see whether it is a
d one trigonometric, where the effect of

Suppose that cosx = 1.
Squaring, cos’x=1
1—sin’x=1

sinx =0

sinx = 0.

x =nwx, whereneZ.
But cos nit = —1, for every odd multiple of .

Equati ing different angles

When different re involved in the same trigonometric equation, the usual approach is to use compound-
angle identities to change all the trigonometric functions to functions of the one angle.

7 Equations involving different angles

Use compound-angle identities to change all the trigonometric functions to functions of the one angle.

Frequently such an equation can be solved by more than one method.
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16D Trigonometric equations

Example 14 Using the double-angle formulae

Use the tan 26 formula to solve tan4x = —tan2x, for 0 < x < %

Solution o '
tan4x = — tan 2x The restriction on 2xis 0 < 2x < m,
2tan2x so the solutions are
T oL tan 2x 5
1 - tan® 2x 2x=0, orm, or L, or &

3 3

2tan2x = —tan 2x + tan® 2x x=0,0r% orZ, orl
tan®2x — 3tan2x = 0
tan 2x(tan’2x — 3) = 0
tan2x = 0, or \/5 or — V3.

Equations involving different angles and

The six trig functions are all very closely related. The best app

ch is usually:

8 Approaching trigonometric equations

e First, try to get all the angles the same.

Example 15 Solving equati
Solve cos 2x = 4 sin® x — 14 cos> Q

a by changing all the ang

Solution

geneou ti

Equations homogeneo cos x are an important special case.

quations

e An equation i§ called homogeneous in sin x and cos x if the sum of the indices of sin x and cos x in each

me (and the sum is called the degree).

e To solve an equation homogeneous in sin x and cos x, divide through by a power of cos x to produce an
equation in tan x alone.

The expansions of sin 2x and cos 2.x are homogeneous of degree 2 in sin x and cos x. Also, 1 = sin® x + cos” x can

be regarded as being homogeneous of degree 2.
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Example 17

Chapter 16 Further trigonometry

Worked Example 11 above was a classic difference-of-squares
neous equation approach.

Example 16 Solve homogeneous trig equations

Solve sin2x + cos2x = sin® x + 1, for 0 < x < 27.
Solution
Expanding, 2sinxcosx + (cos® x — sin” x) = sin” x + (sin” x + cos’ x)

3sin® x — 2sinxcosx = 0 (this is homogeneous in sin x and.€o

3tan’x —2tanx = 0
tanx(3tanx —2) =0
tanx = 0 or tanx = %
Hence x = 0 or 7 or 27, or x = 0.588 or 3.730.

A trigonometric equation can often be salved in more than on%
ion. ra o

it is also a G

Trigonometric equations often have altern x —4cos <x<masa

homogeneous equation.

Solution

o, COS X = COS tanx = tan o
quations very neatl quickly,.provided that you keep your eye on the All Stations

ia

¢ Solve cos x = cos 160°, for —360° < x < 360°.

d Solve sin x = sin 37“, for =27 < x < 2.

Solution
a sinx is positive in quadrants 1 and 2, so the two solutions are 25° and 155°.
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16D Trigonometric equations

By the ASTC diagram, tan x > 0 in quadrants 1 and 3.

Hence the two solutions in 0 < x < 2w are 0.2, and 0.2 + 7.

(Alternatively, the graph of y = tan x has period 7, and each branch between two asymptotes is increasing
at every point.)

The angle 160° has related angle 20°, and cos x < 0 in quadrants 2 and 3, so the two solutions in

0° < x £360° are 160° and 200°.

Hence the four solutions in —360° < x < 360° are —200°, —160°, 160°, and 200°.

This is a boundary angle — from the graph, the two solutions are 37” and —7.

Exercise 16D FOUNDATION

1

Consider the equation sin 2x — cos x = 0.
a By using a double-angle formula and then factoring, show that cosa = 0 or sinx = %

b Hence solve the equation for 0 < x < 2.

Consider the equation cos 2x — cos x = 0.
a By using a double-angle formula and then factoring, show/that cosx = 1 or —%.

b Hence solve the equation for 0 < x <2.

Consider the equation sin(x + 7) = 2 cos(x+ %).
a Use compound-angle formulae to show that tan x = —1.

b Hence solve the equation for 0 < x< 2.

DEVELOPMENT

Use compound-angle formulae to solve, for 0 < 0 < 2
a sin(0 + ) = 2sin(0=%) b eos(® - 7) = 2cos(0 + ¢)

c cos40cos 0 + sin40sin O = d_.cos30 =cos20cos 0

1
2
(Hint:In part (d), write cos 30 as cos(20 +0).)

Use.double-angle formulae toSelve, for ) < x < 2.

a sin2x = sinx b sin2x+ V3cosx=0
¢ 3sinx+cos2x =2 d cos2x+3cosx+2=0
e tan2x+tanx =0 f sin2x =tanx

Solve, for 0° < 0 < 360°%giving solutions correct to the nearest minute where necessary.

a 2sin20#.cos0'=0 b 2cos?0+cos20 =0

c 2c0520 +4cos0 =1 d 8sin0cos?0 =1

e 3cos20+sinf =1 f cos20 =3cos20 —2sin’0
g 1000s9+13cos%6=5 h tan6=3tan%6

Consider the equation tan(3 + 0) = 3 tan(7 — 0).
a Show thattan?0 —4tan® + 1 = 0.

b Hence use the quadratic formula to solve the equation for 0 < 6 < m.
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Chapter 16 Further trigonometry

10

11

12

Given the equation 2cos x — 1 = 2 cos 2x:
a Show that cos x = }1(1 +V5)orcosx = %(1 -5).

b Hence solve the equation for 0 < x < 2.

a Show that sin(a + ) sin(a. — ) = sin® o — sin® B.

b Hence solve the equation sin® 30 — sin? 0 = sin 20, for 0 < 0 < .

a Show that sin3x = 3 sin x — 4 sin> x.

b Hence solve the equation sin 3x + sin 2x = sin x, for 0 < x < 2m.

a Given the equation sin(0 + g) = cos(0 — 7), show that tan 0 = V6 —AB =n\2%2.
b Hence solve the equation for 0 < 6 < 27.

Solve, for 0 < 0 < 27, giving solutions correct to two decimal places where.necessary.
a cos?20 =sin’ 0
b cos26+3 =3sin26 [HiNt:  Write 3 as 3(cos” 0 #sin” 0).]
CHALLENGE

13

14

15

16

a Use the product-to-sum identity 2 cos A cos.B = €0S(A + B) + cos(A — B).to prove the sum<to-product

P+ P -
identity cos P + cos Q = Zcos( 2 Q)cos( 5 Q).

b Hence solve the equation cos 4x + cosw.= 0, for0'< x < m.

a Show that cos 3x = 4 cos® 4 — 3 cos .

b By substituting x = 2 cos 0, show that thé’'equation x* — 3x — 1 =0 has roots
x = 2co0s20°, =2 sin10%or —2 cos 40°.

¢ Use a similar approach to find, correct to three decimal places, the three real roots of the equation
X3 — 12x = 8V3.

41(1 — )
T o
b Iftan4xtan x = 1,show that 5¢* <102+ 1 =0.
¢ Show that sinAsin B = % (cos(A — B) < cos(A +B)) and that
COSACcOSB = % (cos(A — B) +.cos(A'+ B)).
d“Hence show that {5 and % both satisfy tan4xtan x = 1.

a Ifr = tan x, show that tan4x =

e Hence write down, 4n trigonometric form, the four real roots of the polynomial
equation 5x* — 10x> + 1= 0.

Consider the equation co$i2x =sin 3x, for 0° < x < 360°.
a Solvetheequation over the restricted domain by writing sin 3x as cos(90° — 3x).
b Alternativelypuse the identity sin 3x = 3 sin x — 4 sin® x and the factorisation
-1+V5 -1-v5
or .
4 4

43 = 2u® = 3u+ 1 = (u— 1)(4u® + 2u — 1) to show that sinx = 1,

¢ Hence determine the exact value of sin 18°.
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16E The sum of sine and cosine functions

@ The sum of sine and cosine functions

Learning intentions
e Express asin x + bcos x in the form R sin(x + o) or related forms.
e Understand the result as a dilated and shifted sine or cosine function.

e Solve trig equations of the form a sin x + b cos x = ¢ and related inequations.

This section analyses what happens when the sine and cosine curves are added, an
multiples of the two curves are added. The surprising result is that y = a sin x +&cos x i

wave, whatever the values of a and b are, but shifted sideways and stretche Tt
These forms for a sin x + b cos x also give a systematic method of solvi quatio e form a cos x
bsinx = c. :

en

Preliminary notes on vertical dilations and horizontal shifts o in
andy = cosx

The boxed results below follow immediately from t ransformations in Chapter 5. T establish

10 Vertical dilations and horizonta
e When shifted right a:

y=sinx — y = si

b y=cosxandy=2cosx

(1]

d y=cosxandy = cos(x — 120°)

f y=cosxandy=2cos(x— 120°)
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26 Chapter 16 Further trigonometry

Solution
a y!\
2” //E\\

3609 N\ \ 360%”
R d 7
o 180N A1_| 1807

—_—

=V

120° 360°

180° 3000
e y!\
~60°
3600 24097, lzl 120 360°
\ P _1 ;A
/1800 I 180° 3000,
Sketchingy = sinx + hical metho

We can now return to the st and y = cos x. ter 6 prepared the ground for this by sketching the

and y = cos x.
y = sinx + cos

sulting sum function is y = V2 sin(x + 7). because it is the stretched sine curve shifted

by expansion:
= \/i(sinxcos 7 +cos xsin %)

=sinx +cosx, because cos % =sin % =

5l

That is exactly what we expected from the sketches of the graphs.
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16E The sum of sine and cosine functions

The general algebraic approach — the auxiliary angle

It is true in general that any function of the form f(x) = asin x + b cos x can be written as a single wave function.
There are four possible standard forms in which the wave can be written, and the procedure is done by expanding
the standard form and equating coefficients of sin x and cos x.

11 Auxiliary-angle method

e Any function of the form f(x) = asinx + b cos x, where a and b are constants ( 0), can be

written in any one of the four forms:
y = Rsin(x — a) y = Rcos(x —a)
y = Rsin(x + a) y = Rcos(x+ ) @
where R > 0 and 0° < o < 360°. The constant R = Va2 + b2 i e for all'forms, but the.aux

angle o depends on which form is chosen.

e To begin the process, expand the standard form and equate coefficients of sin x and cos

e Be careful to identify the quadrant in which the a S.

ction, and shows the syStematic algorithm

ite’a sum of sine a%
b Rcos(x

where, in each case, R > 0 < 27. Then sketch t

The next example continues with the example given
used to obtain the required form.

Example 20 Using the auxiliary.

Express y = sin x + cos x in the two

a Rsin(x + a),

urve, sho all intercepts and maxima and

minima in the interval
Solution
a Expanding cos x sina,

so for all o + Rcos xsina.

Equa co ient, sin x, (D)

i cients of cos x, ] 2) 45°

i dding, ;

45°
se R > 0,
From (1), (1A)
and from i (2A)
so the a'is in the 1st quadrant, with related angle 7 . ya
Hence 7> and 8in x + cos x = V2 sin(x + 2 NI
The graph i n x shifted left by 7 , and stretched vertically by a 1 \37,: 52 7
factor of V2. Thus the x-intercepts are x = %T“ and x = %ﬁ , there is a — * . 5 3
maximumof\/iwhenx:%,andaminimumof—\/iwhenxz%T”_ IR { 7 n
L _ﬁ ,,,,,,,,,,,,
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28 Chapter 16 Further trigonometry

b Expanding, Rcos(x + a) = Rcos xcosa — Rsin xsina,
so for all x, sin x + cos x = Rcos xcos o. — R sin x sin d.
Equating coefficients of cos x, Rcosa =1, (1)
equating coefficients of sin x, Rsino = —1.

Squaring and adding, R* =2,
and because R > 0, R=V2.

(2
From (1) cos o = L )
) - \/z 9
and from (2), sino = — % .

so the auxiliary angle a is in the 4th quadrant, with related angle I

Hence o = ?T“, SO Sin x + cos x = \/Ecos(x + ?T”).

The graph above could equally well be obtained from this.
Itis y = cos x shifted left by ?T” and stretched vertically by @ factor of ¥2.

(Alternatively, shift right by 7 , because the period is

Example21  Approxima

a Expressy = 3sinx —4ce

form y = Rcos(x — here R > d 0° < o < 360°, giving o. correct

to the nearest degree

b Sketch the curve, sh to the nearest de intercepts and turning points in the interval

-180° < x
Solution
a) Sxcosa + Rsinxsina,
3s cosx=Rcosxcosa+Rsinxsina. =

Rcos o = —4, (1 37
Rsina = 3. 2)

S ing and adding, R* =25,

because R > R=5.
From (1), cosa = -2, (1A)
and fr sina = % (2A)

adrant, with related angle about 37°.

Hence the auxiliary angle is o = 143°, and 3 sinx — 4 cos x = 5 cos(x — a),
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16E The sum of sine and cosine functions 29

b The graph is y = cos x shifted right by a = 143° and stretched VA
vertically by a factor of 5. 5
Thus the x-intercepts are x = 53° and x = —127°, there is a 4
maximum of 5 when x = 143°, and a minimum of —5 when /
T 2 =B c127° =37 =
(Find the y-intercept —4 by substituting x = 0 into the original —180° ° 143° 180°
equation.) | Q

A note on the calculator and its approximatio rth iliary an

In worked Example 21, the exact value of o is o = 180° — sin™! %, because o 15'in the 2nd quadrant,

calculator holds this value correct to many decimal places.

When there are subsequent calculations to do, as in worked Ex , this value s be
memory and used whenever the auxiliary angle is required. proximation may lead.to
eITors.

Solving equations of the for SO d
inequations

Once the LHS is in one of the four star
Example 22 continues from workec

for~180° < x < 180°.

o), wherea = 143°, —246°

cos( 66°

Thus x — o is in ant 2 related angle about 66°. 06°
e restriction on < x < 180°
that is, a -323° < x-a < 37°, —114°
SO x—o = —114° or —246°
x =30° or —103°.

Be careful the calculator’s memory here, for the angle o, and for the angle 66° above.

Never re-enter approximations of those angles.
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30 Chapter 16 Further trigonometry

b The graph to the right shows the previously drawn graph of VA
y = 3 sin x — 4 cos x with the horizontal line y = —2 added. 5
This roughly verifies the answers in part (a). 4
It also shows that the solution of the inequation
3sinx — 4cos x < —2 is about —103° < x < 30°. -103° —37 il o
—-180° ' 4 143° 180°
/s
4, _5

12 The auxiliary-angle method for equations of the form a sin x +h¢os x = ¢

e Get the LHS into one of the four forms

Rsin(x+0a) or Rsin(x—a) or Rcos(x+a) or Rcos(x—a).

e Solve the resulting equation, keeping approximations in the,calculator memory,

e Use the graph to solve any associated inequation.

[ Exercise 16E | FOUNDATION

1 a

b

What transformation moves’y = cos x to y = 4 cos x? Draw both curyes on one set of axes, and state the
new amplitude.

What transformationgmeves y'= sin x to y = sin(x — 4)? Draw both eurves on one set of axes.

2 Find R and a exactly, if R > 0 and 0 < a < 2, and:

a

Rsina = V3.and Rcosa =A, b Rsina =3 and Rcoso = 3.

3 Find R (exactly) and« (correct to the nearest minute), if R > 0 and 0° < a < 360°, and:

a

a
b
c
d

Rsino =5 and Reosa = 12, b Rcoso =2andRsina = 4.

If cos x = sin x = A cos(x +.a), showthat Acosa =1 and Asina = 1.

Find the positive value of A'by squaring and adding.

Find o, if 0 < o < 2d@

State the maximum andyminimum values of cos x — sin x, and the first positive values of x for which they
occur.

e Solve the equation cos x=sin x = —1, for 0 < x < 2.

-

e 060 T 9

Writerdown the ‘amplitude and period of cos x — sin x. Hence sketch y = cos x — sin x, for 0 < x < 27.
Indicate onsyour sketch the line y = —1 and the solutions to the equation in part (e).

If V3 cos x —sin x = Bcos(x + 0), show that Bcos® = V3 and Bsin6 = 1.

Find B, if B > 0, by squaring and adding.

Find 0,1t 0 < 0 < 2m.

State the greatest and least possible values of V3 cos x — sin x, and the values of x closest to x = 0 for
which they occur.

e Solve the equation V3 cos x —sinx = 1, for 0 < x < 2.

f

Sketch y = V3 cos x — sinx, for 0 < x < 2. On the same diagram, sketch the line y = 1. Indicate on your
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16E The sum of sine and cosine functions

6 Let4sinx—3cosx=Asin(x —a), where A > 0 and 0° < a < 360°.
a Show that Acosa =4 and Asina = 3.
b Show that A = 5 and o = tan™! %.
¢ Hence solve the equation 4 sin x — 3 cos x = 5, for 0° < x < 360°. Give the solution(s) correct to the
nearest minute.
7 Consider the equation 2 cos x + sinx = 1.
a Let2cosx+ sinx = Bcos(x — 0), where B > 0 and 0° < 6 < 360°. Show that.B = v/5 and 0 = tan™! %
b Hence find, correct to the nearest minute where necessary, the solutions of'the equationy for0° < x <
360°.
8 Letcosx—3sinx = Dcos(x+ ¢), where D > 0 and 0° < ¢ < 360°.
a Show that D = V10 and ¢ = tan™! 3.
b Hence solve cos x — 3 sinx = 3, for 0° < x < 360°. Give thesoelutions correct to the nearestminute where
necessary.
9 Consider the equation V5sinx +2cos x = —2.
a Transform the LHS into the form C sin(x + o)y where.€ > 0'and 0° < a < 360°!
b Find, correct to the nearest minute where necessary, the solutions of the equation, for 0° < x < 360°.
DEVELOPMENT
10 Solve each equation, for 0° < x <360°, by transforming the LHS 4nto a single-term sine or cosine function.
Give solutions correct to the nearest minute.
a 3sinx+5S5cosx =4 b 6sinx—-5cosx =7
¢ 7cosx—2sinx=25 d 9cosx+7sinx=3
11 Find A and a exactly, if A > 0 and 0 < a < 2w, and:
a Asino =Jdrand Acos o = V3, b Acosa =-5and Asino = -5.
12 a i Express V3 cosix + sin x in the form A cos(x + 0),where A > 0and 0 < 0 < 27.
it "Hence solve V3 cos x + sin x& 1, for0 < x<.2x.
b i EXxpress cosx — sin x in the form Bsin(x + o), where B > 0 and 0 < a < 2.
il Hence solve cos x —sinx =1, for0 < x < 2.
¢ i, Express sin x — V3 cos x in theiform'C sin(x + B), where C > 0 and 0 < p < 2.
ii Hence solve sin x = V3.cosx = =1, for 0 < x < 2m.
d i Express —cos x — sinx.in the form D cos(x — ¢), where D > 0 and 0 < ¢ < 27.
ii Hence solve —cosw.— sin'x = 1, for 0 < x < 2.
13 Solve, for 0° < x <360°, giving solutions correct to the nearest minute:
a 2secx —2tanx =5 b 2cosecx+ 5cotx =3
14 a Given the.equation sin 0 + cos 0 = cos 20, show that tan0 = —1 or cos 0 —sin 0 = 1.
b Hence solve sin 0 + cos 0 = cos 20, for 0 < 0 < 2m.
15 Solve, for 0 < x < 2m:

a sinx—cosx= V1.5 b V3sin2x —cos2x =2 c sindx+cosd4x =1
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16 a Show that (V3 + 1)cos 2x + (V3 — 1) sin 2x = 2V2 cos(2x — &).
b Hence solve (V3 + 1) cos 2x + (V3 — 1) sin 2x = 2, for -t < x < 7.

17 The current / in amperes in a circuit after ¢ seconds is given by I = 2 sin(z — %) —cos(t + %). Find the
maximum current, and the earliest time that it occurs correct to the nearest tenth of a second.

18 a i Show that sinx — cosx = V2 sin(x — D.
ii Hence sketch the graph of y = sinx — cos x, for 0 < x < 2.

iii Use your sketch to determine the values of x in the domain 0 < x < 2w sx > 1.
b Use a similar approach to part (a) to solve, for 0 < x < 2m:
i sinx+ V3cosx<1 ii sinx — 0
ifi |\/§sinx+cosx|< 1 iv cosx
LLENG

19 Consider the function y = 4 sin(3x + g) + 2sin 3x.

a Show that the maximum value of the function i

lue of x for which the maximum val ccurs.

-1 %)‘

0, for0 < x<?2
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Chapter 16 Review

Review activity

e Create your own summary of this chapter on paper or in a digital document.

Chapter 16 Multiple-choice quiz

e This automatically-marked quiz is accessed in the Interactive Textbook. A printable PD version is
also available there.

Skills Checklist
I_—ij e Available in the Interactive Textbook, use the checklist to track you anding e learning inte
Check- Printable PDF and word document versions are also available th
Chapter Review Exercise
1 From two points P and Q on horizontal groun fal nument are
monument.
b Hence determine, correct to the ne an
2 The points P, Q and B lie in a ho ane @ st of B, the A
angle of elevation of the topoi T A 42°.From Q, which
is on a bearing of 196° i of the tower h
is 35°. The distance
P y:;
a Show that PB = 200m 350
b Explain 0

4 Simplify, e compound-angle results:
a cos30cosB +sin30sin O b sin50° cos 10° — cos 50° sin 10°
tan41° + tan 9°
1 —tan41°tan9°

d cos 15°cos55° —sin 15° sin 55°

1 +tan20tan©
tan 20 — tan 0

e sin4ocos2a + cos4a sin 20
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34 Chapter 16 Further trigonometry

5 Simplify, using the double-angle results:

a 2sin260cos?20 b cos? 1x—sin? %x ¢ 2cos?3a—1

2
2 ° 2tan4
tan 35 o 1 —2sin?25° tan 4x
1 — tan? 35° 1 —tan?4x

6 Given that the angles A and B are acute, and that sin A = % and cos B = 15—3, find:

a cosA b cos2A c cos(A +
d sin2B e tan2A

7 a By writing 75° as 45° + 30°, show that:
V3+1
2V2

b Hence show that:

i sin75°cos75° = %

iii sin®75° — cos? 75° = sin 60°

i sin75° = il cos75°

8 Use the compound-angle and double-angle results
a 2sin15°cos 15°
. tan 110° + tan 25°
1 —tan 110° tan 25°

T iy - 8n 21
€ €os {5 Sin 75 sin < cos T — co 9
9 Prove each identity.
a (sino—cosa)? =1-si b cosA sinA = cos A cos 2A
¢ sin260(tan 6 + cot0) = ot a.sin 20 =.cos 20, = 1
sin 2x
= c0s 20

e —— =
1+ cos2x

b cos2x =sinx c 2cos2x+8cosx+5=0

e 2sin(x - %) = cos(x - %) f tan2x = 3tanx

a Use compound and double-angle formulae to prove that cos 3x = 4 cos® x — 3 cos x.

b Hence solve cos3x + sin2x +cosx = 0, for 0 < x < 2m.
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15

16

Chapter 16 review

Express sin x — cos x in the form R sin(x — o), where R > 0and 0 < a. < .
Hence solve sin x — cos x = V2, for 0 < x < 2.

Express V3 cos x + sin x in the form A cos(x — 0), where A > 0 and 0 < 0 < %

Hence solve V3 cos x + sin x = —1, for 0 < x < 2.

Express 2 sin x + V5 cos x in the form R sin(x + a), where R > 0 and o is acute.

Hence solve 2 sin x + V5 cos x = 3, for 0° < x < 360°, writing the solution in deg
decimal place.

Hence solve 3cosx — 2sinx = 1, for 0° < x < 360°, writing the i ct e nearest minute.
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17

Combinatorics

- / =
Chapter introduction
Arithmetic begins with counting, and throughout all branches and applications of mathematiesjcounting
continues to be important.
» How many NSW number plates are possible with the current pattern:

Letter + Letter + Letter + Digit + Digit + Letter 2

» How many possible 8-bit bytes have three onesand five.zeroes?
» How many ways can four chickensibe chosen from a flock of 20 chickens? This'chapter introduces and

develops some of the standard methods of counting.

After introducing factorial notation, such as 5! =5 X 4 x 3 X 2 x 1, three successive basic counting methods are

addressed:

» Counting ordered selections allowing repetition. This is done using.powers.

» Counting ordered selections without repetition, called permutations, This requires the numbers "P,, which
are evaluated using facterials.

» Counting unordered selections, which afe just,subsets, and are also called combinations. This requires the
numbers ”C, , also-evaluated using factorials:

Counting arrangements in a circle or around a round table is also addressed.

Counting is particularly important in probability. What is the probability of being dealt two aces and two jacks
in a Bridge hand of 13 cards? Theicounting methods developed here are applied to probability to count sample
and event spaces.

The final Chapter 18 examings binomial expansions (x + y)”". It turns out that the basic counting methods here,
and particularly-the numbers "C,, are essential for understanding these expansions.

A note on the order of the chapters: Some basic set theory is obviously helpful in combinatorics. In
particular, the standard counting rule:

|AU B| =1Al'+|B| - AN B
often makes a complicated situation much clearer, and complementary sets occur routinely. Readers who
have not yet studied the Advanced Chapter 14: Probability are advised to work at the very least through the

introductory set theory in Section 14A before embarking on this chapter. Far better would be to work through
the whole of Chapter 14, because probability is central to Section 17F.
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Chapter 17 Combinatorics 17A

Factorial notation

Learning intentions

e Define and evaluate factorials.

e Manipulate factorials by unrolling and/or cancelling.

Products such as 5x4x3x2x1 =120, called factorials. They occur throughout mathematics, but are particularly
important in combinatorics. This chapter introduces factorials and some of their elementary arithmetic.

The need for factorial notation

How many ways can five people form a queue at a bus stop? Solutions of such problems will be formalised in the
next section as the multiplication principle, but this particular problem«an be solved straightforwardly,and the
boxes below help to visualise the solution. The result below is a facterial:

e Choose the person at the head of the queue in five ways.

e Four people remain, so the person in second place can be chosen in four ' ways.
e Three people remain, so the person in third place can be chosen inithrée ways.
e Two people remain, so the person in fourth place can be.chosen in two ways.

e And there is now only one way to choose thefperson in the last place.

Ist place | 2nd place | 3rd place |4th placer| Sth.place
5 4 3 2 1
Number of possible queues =5 X4 X 3 X2 x 1 =120.

This product is called ‘5 factorial’, with symbol 5! =5 x4 x3 x2 x 1.

Many apparently unrelated situations\in mathematics also’generate factorials. For example, what is the fifth
derivative of y = x° ?
y = 5x
V' =5x4xx
V= 5 X4 X 3 x x°
Y =8x4x3x2xx
O =5% 4% 3x2x1 =120,

Thedefinition of nfaetorial

Here is the general definition of nl, called ‘n factorial’, stated two ways:

1 The definition of n factorial

e For'each whole number n > 1, the number n! (n factorial) is the product of all whole numbers from »
down te'l:

nl=nXmn-1)Xxmn-2)x---xXx3x2x1,

and define 0! = 1.
e The better definition, however, is recursive — first define 0! = 1, and then for each successive value
of n, say exactly how to define n! in terms of (n — 1)!.

0!=1,
n!=nx(m-1)!, forall whole numbersn > 1.
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17A Factorial notation

The recursive definition has three advantages. It avoids the dots - - - in the first definition, the value 0! = 1 is built
more firmly into the definition, and as we shall soon see, it gives a better insight into how to manipulate factorial
notation

The fact that 0! is defined to be 1 needs some explanation.

e An empty product is regarded as being 1, because if nothing has yet been multiplied, the register remains at 1
where it was originally set in preparation for performing multiplication.

e In a similar way, an empty sum is 0, because if nothing has yet been added, the register rtemains at 0 where it
was originally set in preparation for performing addition.

Using the recursive definition that defines each factorial in terms of its predecessot:

0l=1 4! =4x3!=24 81 =8%7! =40320
I'=1x0!'=1 S5!=5x4!=120 9 =9 x 8! =362880
21=2x11=2 6! =6x5!=720 10! =10 x 9! = 3628800
31=3x2!1=6 7' =7x6!=5040 11! =11 x 10! = 39916800

and so on, increasing very quickly indeed. If your calculator has a factorial button labelled (x!) or (A1), useiit
straight away to see that at least the calculator believes that Ol'= 1. Notice also the error, message if 7 is not a
whole number, because the domain of the function n! is'the wholeaaumbers 0, 1, 2, .. ..

Unrolling factorials

The recursive definition of n! given andwused above is the key idea in many calculations. Successive applications
of the definition can be thought of as unrolling the factorial further and further:

81 =8x7! (unrolling once)
=8X7x6! (unrolling twice)
=8X7x6x5! (unrolling three times)

and so on. This idéa is'vital when there are fractions involved.

Example 1 Simplifying a factoriali@xpression by unrolling

Simplify each expression using unrolling techniques:

E b (m+2)! n!
S N (n )] Py
Solution

10V 10 x 9 X 87! (n+2)!  (n+2)n+ Dnn-1)!
1l 7 TER n-1)!

=10x9x 8 =m+2)(n+ 1)n
=/720
nl “an-0Dn-2)---(n—r+1)n-r)
(n—-r)! B (n—r)!
=nn-1)n-2)---n—-r+1)
r factors
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Chapter 17 Combinatorics 17A

Example 2 Simplifying a factorial expression using a common denominator

Simplify each expression using a common denominator.

a 11 b L + !
8! 10! n! (n+1)!
Solution
ai_L=10x9_L bl+ 1 =n+1
8! 10! 10! 10! nl m+1)! m+1
89 n
~ 10! CES]

2 Calculating by unrolling factorials

e A factorial can be unrolled one step at a time: %
TN=Tx6!=TXx6Xx5!=TXx6x5x4!="--
e Cancel fractions with factorials by unrolling unti ials cancel: ( E :

71 Tx6Xx5x4!
4—!;4—!27)(6)(5:21

Example 3 Examining the prime
a Without using any device or the i :
b Can this be checked on a calg @

Solution

a Everything depends
There are plenty of
product. Th
zeroes.

the device or webpage. t ere ing, it will need to give the answer correct to 26

FOUNDATION

to form a queue with 8 people.

s to arrange 4 distinct books on a bookself.

d Sam drops his portable keyboard and all 101 keys fall off. How many ways can he put the keys back on
the keyboard, assuming that they are all interchangable?

e When the teacher calls on students in alphabetical order, Andrzej Zywiec is upset that he is always called
last. In a class of 20, how many ways could the roll be called, if the alphabetical ordering restriction were
dropped?
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17A Factorial notation

2 Use the definition of n! and methods of unrolling factorials to evaluate each expression. Do not use a

calculator.
a 3! b 5! c 1! d E
14!
e 10! P 15! 12! h 8!
8!'x 2! 13! x 3! g 31 x9! 4! !

3 Use the factorial button (n!) on your calculator to evaluate each expression.

a 7! b 10! c 0!

8! 10! 51
e — g -——

1
3! 5!'x3!x2! 3Ix5!x09!
4 If f(x) = x°, find expressions for:
a f'(x) b f”(x) c f(x) d f7"(x) 2 (x) f /e

5 Simplify by unrolling factorials appropriately:

n! !
a oDl b nx(n-1)!
o (n-’:!2)! P (n ;!2)! -2)! —.1)!
6 Simplify by taking out a common facto
a 8 - 7! b
d m+1!+ @n-D! 9!

7 Write each expressio
c 1
m+D! -1

iv f®(x), where k < n.

v F(x).

ii 10, thatis adivisor of 10!

iii 7, iv 13, thatisa
divisor of 100!
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11 [A relationship between higher derivatives of polynomials and factorials]
a If f(x) = 11x® + 7x% + 5x + 3, show that:

i f(0)=3x0! it f/(0)=5x1! iii f7(0)=7x2!
iv f7(0) =11 x 3! v f®0) =0, forall k > 4.
7 1 2 117 3
Hence explain why f(x) can be written f(x) = i) + FO)x + 7Ox + /70 x

0! 1! 2! 3
b Show that if f(x) = a,x" + a,_1X"~' + -+ + a; x + ay is any polynomial, then

agk!, fork=0,1,2,...,n,
OER
0, for k > n,

and hence explain why f(x) = f((')) + A ’(IO')x + / ”(20')x2 + f

k
12 a Evaluate m ,fork=1,2,3,4and5.
2 n

1
+ +et
1+ @2+ (n+1)!
¢ Write the expression in part (b) as S ,,, i

= ! + 2 +
TA+D! 2+

Make a reasonable guess abg
C 14
d Prove that ——— = —

(k+ 1! k!

b Evaluate

Sn

CHALLENGE

Express using factoria
30x28x26%x---x2

® 20X 2TxB5x - x1

to prove at this stage, but it is most important
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17B Ordered selections with and without repetition

Ordered selections with and without repetition

Learning intentions

e Develop the multiplication principle of counting, using boxes to illustrate.

Count ordered arrangements allowing repetition.

Count ordered arrangements without repetition.

Understand permutations, use the notation "P, , and evaluate "P, using factorials.

Develop the counting principle — deal with the difficulties first.

Two questions dominate discussion of counting in the next four sections.

o Are the selections we are counting ordered or unordered?
e If they are ordered, is repetition allowed or not?

These questions generate the three situations described in the chapter introduction.

Sections 17B—17D develop the theory of counting ordered‘selections, with/and without repetition, then
Section 17E deals with unordered selections.

A general counting principle —the multiplication pringciple

This morning, Stefan chose a shirt to wear ffom the/12 that he owns. Then without worrying . about a match, he
chose a pair of trousers from the 6 pairs he owns< How many possible outfits.could he have walked out of the
house wearing?

The answer is 12 X 6 = 72. For each choice'of trousers, he has 12 choicesof shirt, making 12 possible outfits. But
there were 6 choices of trousers;so

number of outfits/= 12 + 12+ 12 +12 + 12 + 1212 X6

The multiplication principle may be/applied to more than two successive choices. Stefan also chose a pair of
shoes from his 10 pairs, and atieffrom his extraordinary collection of 100 wonderful ties. Taking these choices
into account as well,

number of outfits.= 12 x 6 x 10X 100 =72 000..

.3 A ZBReral Gounting princiléx— themultiplication principle

e Suppose that a selection is to be made in r stages. Suppose that the first stage can be chosen in n; ways,
the second in n, waysy. ..jthe #th in n, ways. Then

numbet 6f ways of choosing the complete selection = n; X ny X --- X n,

e The successive choices ean be visualised in a box diagram, as described below,

Using boxeStoyvisualise a multiplication principle question

An ordered selection<«€an usually be regarded as a sequence of choices made one after the other. A box diagram
is an efficient setting-out here, and keeps track of these successive choices. In the situation above with Stefan’s
outfits:

shirt | trousers | shoes | tie
12 6 10 100

Number of outfits = 12 x 6 x 10 x 100 = 72 000.
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Example 4 Using the multiplication principle

How many five-letter words can be formed in which the second and fourth letters are vowels and the other

three letters are consonants?

Note: Unless otherwise indicated, always take the letter ‘y’ as a consonant.

Solution
There are 5 vowels and 26 — 5 = 21 consonants. We can select each letter in order:

1st letter | 2nd letter | 3rd letter | 4th letter | Sth letter
21 5 21 5 21

Hence number of words =21 X5 x 21 x5 x 21 =231525.

Ordered selections allowing repetition

This is the first situation listed in the chapter introduction. Suppose that r-letter words are formed from 7 distinct
letters, where any letter can be used any number of times.<Then each successive letter in the word can be chosen

in n ways:

1st letter | 2nd letter | 3rd letter rthletter

n n n n

giving n” distinct words altogether. The resultis thus a simple power:

4 Ordered selections allowing repetition
If r letters are chosen successively from 7 distinct letters, allowing tepetition of letters, and placed in

order, then:

number of arrangements = n’.

Example 5 Counting ordered selections allowing repetition

a How many six-digit numbers can bedformed entirely. from odd digits?

b How many of these numbers contain at least one seven?

Solution

a There are five odd digit§, Soythe numberiof such numbers is 5°.

b We first count the number of thesesix-digit numbers not containing 7. Such numbers are formed
from the digits 13 3, Svand 9, so there are 4% of them. Subtracting this from the answer to part (a),
number of numbers\= 58 —48= 11 529.

Orderedsélections without repetition

This is the second of-the three situations listed in the chapter introduction. Counting ordered selections without

repetition typically involves factorials, because as each stage is completed, the number of possible objects

diminishes by 1.

Note: The phrases ‘with (or allowing) replacement’ and ‘with (or allowing) repetition’ are used almost
interchangeably. Similarly, the phrases ‘without replacement’ and ‘without repetition’ are also used

almost interchangeably.
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Example 6 Counting ordered selections without repetition

In how many ways can a class of 16 select a 4-person committee consisting of a president, a vice-president, a
treasurer, and a secretary?

Select in order the president, the vice-president, the treasurer and the secretary.

president | vice-president | treasurer | secretary
16 15 14 13

16!
Hence there are 16 X 15 x 14 x 13 = Tl possible committees (that is, 43 680).

The language of permutations

A permutation is an arrangement of objects chosen from a certain finite set without repetition (that i§, without
replacement). For example, the words ABC, CED, EAB and DBC are some of the many 3-letter{permutations
taken from the 5-member set {A, B, C, D, E}.

The symbol "P, is used to denote the number of permutations of 7 letters.chosen withoutrepetition from a set of n
!

distinct letters. The previous example is easily generalised to show that there are ( Y such permutations, so
n—r)!

this becomes the formula for "P, :

1st letter | 2nd letter | 3rd letter |th letter rth letter

n n—1 n—2 n—=3 n—r41

Hence "P, =n(n-1)n-2)n-3)---(n~r+1)
nn—1)n-2)(n-3)x<-x2x1
T T - AP D %2 x 1
n!

5 Permutations — ondered selections without repetition

e Alpermutation is/an arrangement/of objects chosen from a certain finite set without repetition (that is,

without replacement).
o Weofteniimagine permutations as words formed by choosing, without repetition, letters from a set of

distinct letters.
e Thenumber of r-lettetipermutationsychosen from a set of n distinct letters, is

s Nl
T mEnl
e The number of permutations of all »n distinct letters is
n!

a = — =pn!
P, ol n!.

The term ‘distin€t objects’ is often necessary in this situation.

Scientific calculators have a button labelled that will find values of "P,.. For low values of n and r, the
answers are exact, but for higher values they are only approximations. Make a practice of evaluating these
number by hand when it is reasonable to do so, because such calculations greatly help the intuition.
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10 Chapter 17 Combinatorics 17B

Example7  Counting permutations taken from a 5-member set.

a How many 3-letter words can be formed without repetition from the 5-member set {A, B, C, D, E}?

b How many 5-letter words without repetition can be formed from the set?

Solution

5! 5!
a By Box 5, number of permutations = G-3)! =5 = 5x4x3=060.
b By Box 5, number of permutations = 5! = 120.

The permutations of a set

A permutation of a set is an arrangement of all the members of the setdn so rder. Box 5 establish
number of such permutation is "P, = n!.

Example 8 Permutations of all members and of allbut one member

a How many 8-digit numbers, and how many 9-digittnumbers, ¢ rmed from the 9 non ig
repetition is allowed?

b Comment on the two answers in part (a).

Solution

a Number of 8-digit numbers =

b The results are the sar one and only one way to a

9-digit number, that/is

Example 9/ Usin

can

e calculator for large numbers

ue? Answer correct to two significant figures.

6 A general counting principle — deal with the difficulties first

e When counting ordered selections, deal with any restrictions first.

e Usually place the boxes in the order in which the selections are made.
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17B Ordered selections with and without repetition 11

Example 10 Dealing with the difficulties first

Eight people form two queues, each with four people. Albert will only stand in the left-hand queue, Beth only
in the right-hand queue, and Charles and Diana insist on standing in the same queue. In how many ways can
the two queues be formed?

Solution

Place Albert in any of the 4 possible positions in the left-hand queue,

Then place Beth in any of the 4 positions in the right-hand queue. l‘ ( ‘
Place Charles in any of the remaining 6 positions.

Place Diana in one of the 2 remaining positions in the same queue.

There remain 4 unfilled positions, which can be filled in 4! ways:

Albert | Beth | Charles | Diana | last four positions
4 4 6 2 4!

Hence number of ways =4 X4 X 6 X 2 X 4!
= 4608.

Exercise 17B FOUNDATION

1 Listall the permutations of the letters of the word DOG. How many are there?

2 List all the permutations of theletters EEGHI, beginning with F, takén three at a time.

3 Find how many arrangements of theletters of the word FRIEND are possible if the letters are taken:

a four at a time, b §ix at a time.

4 Find how many four-digitnumbers can be formed using thedigits 5, 6, 7, 8 and 9 if:

a no digitis to be repeated, bsany of the digits can occur more than once.

5 How many three-digit numbers can be formed using the digits 2, 3, 4, 5 and 6 if no digit can be repeated?
How many of these are greater‘than 400?

6 . In how many ways can seven people be seated in a row of seven different chairs?

7 The symbol "P, is the number ofiways of arranging r objects selected without replacement from n objects.
Use this expressionypand the button on your calculator, to answer the following questions.
a From a group of 104three people line up to buy tickets. How many ways can this happen?

b Fivecards are each labelled uniquely with one of the digits 1, 2, 3, 4, 5. Three of the five cards are placed
down in_afow. How many ways can the cards be arranged?

¢ One hundred people each buy one ticket in a lottery. How many ways can the first three places be
awarded?
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12 Chapter 17 Combinatorics 17B

10

11

12

The expression n” is the number of ways of arranging r objects selected with replacement from n objects.

Use this expression to answer the following questions.

a How many three-digit numbers can be written down from the digits 1 to 97 The digits need not be
distinct.

b One hundred people each buy one ticket in a lottery. Tickets are selected one by one at random from a
barrel and then replaced between selections. How many ways can the first three places be awarded?

¢ A computer sends a string of ten binary digits, that is, each symbol can only be O.or 1. How many such
ten-digit strings are possible?

Eight runners are participating in a 400-metre race.
a In how many ways can they finish?

b In how many ways can the gold, silver and bronze medals be awarded?

a If you toss a coin and roll a die, how many outcomes arepossible?

b If you toss two coins and roll three dice, how many outcomes are possible?

A woman has four hats, three blouses, five skirts, two handbags,and six pairs of shoes. In how many ways
can she be attired, assuming that she wears one‘f eachdtem?

Jack has six different football cards and Meg has another eight different football cards. In'how many ways
can one of Jack’s cards be exchangedfor one of Meg’s cards?

DEVELOPMENT

13

14

15

16

17

In Sydney, landline phone nambers,dgnoring the area code, consist.of eight digits. Let us consider those
starting with the digit 9.

a How many such phone numbers are possible?

b How many of these end in an odd number?

¢ How manyconsist of odd digits only?

d How many are there that do not contain a zero, and in which the consecutive digits alternate between odd
and even?

Users of automatic teller machines are required to enter a four-digit PIN (personal identification number).

Find how:many PINs:
a are possible, b consist of four distinct digits,
¢ consist of odd digits only, d start and end with the same digit.

a If repetitions‘aremneot allowed, how many four-digit numbers can be formed from the digits 1, 2, ...8, 9?
b How many of these#nd ins1? ¢ How many of these are even?

d How'many are divisible by 5? e How many are greater than 70007
Repeat the previous question if repetitions are allowed.

In Tasmania, a car licence plate consists of two letters followed by four digits. Find how many of these are
possible:

a if there are no restrictions,

b if there is no repetition of letters or digits,

¢ if the second letter is X and the third digit is 3,

d if the letters are D and Q and the digits are 3, 6, 7 and 9.

Uncorrected sample pages « Cambridge University Press & Assessment * Pender, et al 2025 » 978-1-009-65480-7 « (03) 8671 1400



17B Ordered selections with and without repetition

18 a In how many ways can the letters of the word NUMBER be arranged?
b How many begin with N?
¢ How many begin with N and end with U?
d In how many is the N somewhere to the left of the U?

19 In how many ways can a boat crew of eight women be arranged if three of the women row on the
bow side and two others can only row on the stroke side?

20 A motor bike can carry three people: the driver, one passenger behind the dri

allowed.
of them ar en’
epetiti

s0,1,2,3 if r € not

Q

21 a How many five-digit numbers can be formed without repetiti
b How many of these numbers are greater than 56 4327
¢ How many of these numbers are less than 56 4327

22 a Integers are formed from the digits 2, 3, 4 and 5, with
i How many such numbers are there?

b Repeat the two parts to this question if repeti

23 a How many five-digit numbers can be fi
allowed?

b How many of these are odd?

¢ How many are divisible by

24 a If 8P, = 336, find the valu

CHALLENGE

3 if and only if the sum of the digits is divisible by 3.
ivisible by 3?

c with no Os are divisible by 2?
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Chapter 17 Combinatorics

Ordered selections — three more principles

Learning intentions

e Develop the grouping principle — order the groups, then order each group.

e Develop the complementary principle — deal with the complementary situation.
e Develop the cases principle — split the problem up into cases.

Section 17B developed the multiplication principle, and the principle of dealing wi st. This
section develops three further principles.

A general counting principle — grouping

In some ordering problems, particular members must be grouped together. Th rdering,

Example 11 Using grouping to ¢

Four boys and four girls form a queue'a
want to stand together, but the o @

there of forming the queue?

Solution
There are five groups
individual boy. Firs

ings. The word °

not be there to prompt you.
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17C Ordered selections — three more principles 15

Example 12 Using the complementary situation in counting

How many 7-letter words can be formed from the letters A, B, C, D, E, F, G if the two vowels must be
separated by at least one consonant?

Solution
Number of orderings without restriction = 7!
Number of orderings with A and E together = 2! X 6!
(Order the A and E and glue them together, then order the 6 groups.) Q
Hence number of orderings with A and E apart = 7! — 2 X 6!
=3600.

8 A general counting principle — deal with the complgmentary situation

Count the unacceptable orderings, then subtract to count orderings.
A general counting principle —uséca

Sometimes the fiddly conditions of a problem
cases need to be considered.

set oxes is not h to i d separate

In this situation, the cases should not overlap, i verlap needs to be subtracted.

formula in Box 4 of that chapter:

|A U B
Exampleid3 i in g
a 1000 are odd and greater than 500, or multiples of 5 and less than 2007
ow.many whole numbers less are odd and greater than 200, or multiples of 5 and less than 5007
Sol n
re are 250 od y een 500 and 1000.
here are 40 mult an 200 (including zero).

umbers between 200 and 1000.

ultiples of 5 less than 500 (including zero).

But the two cases overlap this time — there are 30 odd numbers from 200 to 500 that are multiples of 5.
Hence

b There are 400 o
There are 1

Total = 400 + 100 — 30 = 470.
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16 Chapter 17 Combinatorics

Exercise 17C FOUNDATION

1 How many rearrangements are there of the letters of each word, if the vowels must be together?
a BOARDS b RIO ¢ QUIT d TROUNCE

2 How many arrangements of the word MATHS are possible, if:

a the T and H must remain together?

b the TH must remain together and in this order?

3 How many ways can Andrew, Becky, Courtney, Dion and Ellie sit in a row, if Andrew and Becky sit
together and Dion and Ellie sit together?

4 In how many ways can three different mathematics books, six different science books and four different
English books be placed on a shelf, if the books relating to each subject are to,be kept together?

5 A class is asked to determine how many ways the letters of the word SOLAR can be be arranged, if the first
two positions cannot both be vowels.

a Jack decides to use cases (the word either statts with@ vowel or it does not). Use Jack’s method to
answer the question.

b Jill decides to consider the complementary situation(both first positions are vowels). Use Jill’s method to
answer the question.

6 A family of two parents and two children are.going on a car trips Only the parents can drive. If the father
drives, then the mother will§it in the'back seat'where she feels safer. The father always sits in a front seat of
the car. How many arrangements<are possible, if two sit in the front'and two in the back?

7 How many numbers can be written down using each digit of 789 at most once, if the result must be at least
80?
DEVELOPMENT

8 Find how'many arrangements of the letters.of the worddUNIFORM are possible:
a if the.vowels.must occupy the first, middle and last positions,
b if the word must start with J.and end with M,
¢ if all the consonants must be in a group.at the end of the word,
d if the M is somewheteito the right of the U.

9 Find how many arrangements of the letters of the word BEHAVING:

a end in NG, b begin with three vowels, ¢ have three vowels occurring
together.

10 A Maths test.istto,consist of six questions. In how many ways can it be arranged so that:
a the shortest question is first and the longest question is last,

b the shortest'and longest questions are next to one another?

11 In Morse code, letters are formed by a sequence of dashes and dots. How many different letters is it possible
to represent if a maximum of ten symbols are used?

12 Four boys and four girls are to sit in a row. Find how many ways this can be done if:

a the boys and girls alternate, b the boys and girls sit in distinct groups.
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17C Ordered selections — three more principles

Five-letter words are formed without repetition from the letters of PHYSICAL.
How many consist only of consonants?

How many begin with P and end with S?

How many begin with a vowel?

How many contain the letter Y?

How many have the two vowels occurring next to one another?

- 0 2 0 T 9

How many have the letter A immediately following the letter L.?

How many seven-letter words can be formed without repetition from thedetters of the word INCLUDE?
How many of these do not begin with 1?

How many end in L.?

How many have the vowels and consonants alternating?

How many have the C immediately following the D?

How many have the letters N and D separated by exactly two letters?

o = 0 2 0 T 9

How many have the letters N and D separated by more than two letters?
Repeat parts (a)—(d) of the previous question if #epetition is allowed.

a In how many ways can ten people be arfanged in‘aline;
i without restriction,
ii if one particular person must sit at either end,
iii if two particular peopledimust sit next torone another,
iv if neither of two particular people canssit on either end of the.fow?
b In how many ways.canmpeople be placed in a row of n chairs:
i if one particular person must be on either end of thesow,

ii if two particular people must sit next to one another,

ifi if two of them aremot’permitted to sit at either end?

Five boys'and four girls form a queueat the cinema. There are two brothers who want to stand together, the
remaining three boys wish to stand'together, and the four girls don’t mind where they stand. In how many
ways can the queue be formed?

Eight people are to form two queues of four. In how many ways can this be done if:
a  there are no restrictions,
b’ Jim will only stand in the:left-hand queue,

¢ Sean and Liam muststand in'the same queue?

There aré eight swimmers in a race. In how many ways can they finish if there are no dead heats and the
swimmer in Jsane2 finishes:

a immediately after the swimmer in Lane 5,

b any time after the swimmer in Lane 57
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18 Chapter 17 Combinatorics

20 Five backpackers arrive in a city where there are five youth hostels.
a How many different accommodation arrangements are there if there are no restrictions on where the
backpackers stay?

b How many different accommodation arrangements are there if each backpacker stays at a different youth
hostel?

¢ Suppose that two of the backpackers are brother and sister and wish to stay in the same youth hostel.
How many different accommodation arrangements are there if the other three can go to any of the other
youth hostels?

21 Numbers less than 4000 are formed from the digits 1, 3, 5, 8 and 9, without repetition.
a How many such numbers are there? b How many_of them are.odd?

¢ How many of them are divisible by 5? d How many of them are divisible by 3?

CHALLENGE

22 [Derangements] A derangement of n distinct letters is.a permutation of them so that nerletter appears in'its
original position. For example, DABC is a derangement of ABED,.but DACB is not. Denote the number of
derangements of n letters by D(n).

a By listing all the derangements of A, AByABCand ABCD, find the values of D(1)3D(2)s'D(3) and D(4).

b Suppose that we have formed a derangement of the five letters ABCDE. Let thelast letter in the
derangement be X, and exchange X 'with . E—thisputs E back to.its originalposition. Either X is now
also in its original position sosthat three letters are away fromdheir original positions, or X is not in its
original position so that four letters are away from their original positions. Hence explain why

D(5) = 4 x D(4) + 4%D(3).

¢ Use this formulato evaluate:D(5).,Then apply the corresponding arguments and formulae to evaluate
D(6), D(7) and D(8).
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Ordered selections with identical elements

Learning intentions

e Count rearrangements of a word whose letters are not all distinct.
e Use cases to count more complicated situations.

e Develop the special cases of words with only two distinct letters.

So far, our permutations have been drawing letters from a word whose letters are all'distinct. This section deals
with rearrangements of all the letters of a word whose letters are not all distinct

Counting with identical elements

Finding the number of different words formed using all the letters of the word ‘PRESSES’ is complicated by the
fact that there are three Ss and two Es. If the seven letters were all different, we would conclude that

number of ways = 7!

But we have overcounted by a factor of 2! = 2, becausethe Es can be interchanged without changing the word.
We have also overcounted by a factor of 3! = 6, because the three Ss can be permuted amongst'themselves in
3! ways without changing the word. Taking account of both overcountings:
7!
ber of = —— =420.
number of ways = ~——
This method is easily generalised. Continuing in the language of ‘words’:

10 Counting with identical @lements
Suppose that a word ofmuletters has | alike of one type, r, alike of another type, ..., r; alike of a final
type. Then the number of distinct words that can be'formed,by rearranging the letters is
n!
rXr! X xrg! '

number of words =

If r; = 1, that is, if there is only one letter of-the.ith type, then'r;! = 1, so it doesn’t matter whether we include it in
the formula or not.

Example 14 Rearranging objects that are not all distinct

Three identical wine glasses,and five identical tumblers are to be arranged in a row across the front of a
cupboard.
a In'how many waySiean this be done (counting only the patterns)?

b How does this change if onewof the wine glasses becomes clearly chipped, and two tumblers break and are
replaced bytwo identical tumblers different from the other three?

Solution
a There are 8 glasses, 3 alike of one type and 2 alike of another,
!

so number of ways = x5 - 56
b There are now 2 alike of one type, 1 of another, 3 of another, 2 of another,
8! .
so number of ways = ST R = 1680 (the 1! can be omitted).
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Chapter 17 Combinatorics 17D

Using cases for counting
As mentioned in the previous section, many counting problems are too complicated to be analysed completely by

a single box diagram or a single method. In such situations, the use of cases is unavoidable. Attention should be
given, however, to minimising the number of different cases that need to be considered.

Example 15 A difficult counting problem requiring cases

>

How many 6-letter words can be formed by using the 7 letters of the word ‘PRESS

Solution
We omit in turn each of the four letters P, R, E and S.
This leaves six letters, which we must then arrange in order.

a Ifan S is omitted, there a1r6e then 2 Es and 2 Ss, %
!
ber of ds = —— = 180.
so number of words T
b If an E is omitted, there are then 3 Ss,
6!
so number of words = ol = 120.
¢ If P or R is omitted (2 caées), there are then 2 Es 3S
! 253

so number of words = %2l X 2 (doubling fo

= 120.

ocC

Hence total number of words = 180 + 120

two differ tters

in the next ion.

Counting words cons

This situation involves two ¢

These two formulae are § been developed in Sections 17B and this

section, and are best introd

Example Cou

h as YNNYYNYY made up of Ys and Ns.

ber of words is 28. Or using boxes:

6th | 7th | 8th
2 12122
8!

5!%3!°

e number of words is

Both formulae for the general case now follow easily from this example.
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17D Ordered selections with identical elements

11 Rearrangements of words containing only two different letters
e The number of n-letter words consisting only of Ys and N is:
number of words = 2" .

e The number of n-letter words consisting of 7 Ys and n — r Ns is:

n!
number of words = ——.
r'xm-r)!
. . . . . n!
After the next section, we will be able to use the concise symbol "C, for this expression m .
X (n=1r)!

Example 17 Arrangements of objects of just two types

a In a queue of ten adults, how many patterns of men and women are possible?
b Six women and four men form a queue at the bus stop. How.many patterns of men and women are
possible?

Solution
a By Box 11 Dotpoint 1, the number of possible pdtterns is2'0 = 1024.
!
=210.

61 4!

Exercise 17D FOUNDATION

1 Find the number of permutations.of the following words if all the letters are used.

b By Box 11 Dotpoint 2, the number of possiblempatterns is

a BOB b ALAN ¢ SNEEZE
d TASMANIA e BEGINNER f FOOTBALLS
g EQUILATERAL h COMMITTEE i WOOLLOOMOOLOO

2 The six digits 1, 1, 142, 2, 3 are used to form a six-digit number. How many numbers can be formed?

3 Six coins are lined up on a table. Find how many patterns are possible if there are:

a five tailssand one head, b. four heads and two tails, c three tails and three heads.

4 Eight balls, identical except for'colour, are arranged in a line. Find how many different arrangements are
possible if:
a' all balls are of a different:colour,
b there are sevenred balls and ene white ball,
c there are six red balls, one white ball and one black ball,
d there are three red balls, three white balls and two black balls.

5 Five identical green chairs and three identical red chairs are arranged in a row. Find how many arrangements
are possible:

a if there are no restrictions, b if there must be a green chair on either end.

DEVELOPMENT

6 A motorist travels through eight sets of traffic lights, each of which is red or green. He is forced to stop at
three sets of lights.

a In how many ways could this happen?
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7

10

11

12

13

14

In how many ways can the letters of the word SOCKS be arranged in a line:
a without restriction,

b so that the two Ss are together,

¢ so that the two Ss are separated by at least one other letter,

d so that the K is somewhere to the left of the C?

a Find the number of arrangements of the letters in SLOOPS if:
i there are no restrictions, ii the two Os are together,
ifi the two Os are to be separated, iv the Os are together and'the Ss are together.

b In how many arrangements of the letters in TATTOO are the two Os/Separated?

In how many ways can the letters of the word DECISIONS be arranged:
a without restriction,

b so that the vowels and consonants alternate,

¢ so that the vowels come first followed by the consonants,

d so that the N is somewhere to the right of the D?

In how many ways can the letters of the word PROPORTIONALITY be arranged so that the yowels and
consonants still occupy the same places?

A form has ten questions in order, each of which requires the answer“Yes’ or ‘No’. Find the number of

ways the form can be filled in:
a without restriction, if the first and last answers are ‘Yes’,

if an odd number of answers are ‘Yes’,

b

¢ if two are ‘Yes’ and eight are ‘No’, d_ if five are “Yes’ and five are ‘No’,
e if more than seven answersare “Yes’, f
h

g if exactly three answers are fYes’, and they occur if the first and last answers are ‘Yes’ and exactly

together, four more are ‘Yes’.

Containers are identified by a row of coloured dots on their lids. The colours used are yellow, green and
purple. In'any arrangement, there areto béno more than three yellow dots, no more than two green dots and
no more.than one purple dot.

anlf six dots are used, what isithe number of possible codes?

b What is the number of different codes possible if only five dots are used?

a How many five-letter words can be formed by using the letters of the word STRESS?
b’ How many five-letter words can be formed by using the letters of the word BANANA?

Find how many arrangements,of the letters of the word TRANSITION are possible if:

a there are no restrictions, b the Is are together,

c the Is aretogether, and so are the Ns, and so are  d the Ns occupy the end positions,
the Ts,

e an N occupies the first but not the last position, f the letter N is not at either end,

g the vowels are together.
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17D Ordered selections with identical elements

Ten coloured marbles are placed in a row.

a If they are all of different colours, how many arrangements are possible?
b What is the minimum number of colours needed to guarantee at least 10 000 different patterns? (This will

need a guess-and-check approach.)
CHALLENGE

16

17

18

19

Find how many arrangements there are of the letters of the word GUMTREE if:
a there are no restrictions,
b the Es are together,
¢ the Es are separated by:
i one, ii two, iii three, iv four, v five letters,
d the G is somewhere between the two Es,
e the M is somewhere to the left of both Es and the U is somewhere between them,
f the G is somewhere to the left of the U and the M is somewhere to the right of the U.

If the letters of the word GUMTREE and the letters of the word KOALA are combined and arranged into
a single twelve-letter word, in how many of these arrangements do the letters of KOALA appear in their
correct order, but not necessarily together?

Bob is about to hang his eight shirts in the wardrobe: He has four different styles‘of shirt, with two identical
shirts in each style. How many different arrangements are possiblé
if no two identical shirts are néxt to one another?

[Derangements and the number.e] A derangement was defined in question 22 of Exercise 14C as a
permutation that leaves no letter unmoved, and D(n)was defined as the number of derangements of n letters.
Another approach to finding a formula for D(n) uses the inclusion—exclusion principle introduced in the
Enrichment section of Exercise 12C. Consider, for example, the derangements of ABCD.
a How many permutations are there of ABED?
b How many of these leave in its original,position:
i A, ii B, iii C, iv D?
Each of these numbers willsheed toibe subtracted from the answer to part (a).
¢ In doing part (b), however, we have subtracted some of the permutations twice. For example, some of
them would leave beth.A and'B unmoved. Thus we need to add back the number of permutations that
leave any two particular letters unmoved. How many of these are there?

d Now you will need to subtract the number of permutations that leave three letters unmoved, and so on.
Hence find an'expression.for D(4).

11 1 1
ion i 41— - — 5y — 4 —
e Rearfange your expression into the form D(4) = 4! (0! T + TR, + 4!).
. : . 11 1 1 =D
f Explain how this can be generalised to D(n) =n!|{ — - — 4+ — - —+ .-+ + .
or 1r 21 3! n!

g We shall'prove in an Enrichment question of the Year 12 volume that the sequence in the brackets of
part (f) above converges to 1/e as n — co. Give both a combinatorial and a probabilistic interpretation of
this result in terms of the ratio of the numbers of permutations and derangements of n letters.
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Chapter 17 Combinatorics 17E

Counting unordered selections

Learning intentions
e Count all subsets, and all -member subsets, of an n-member set.
e Use the notation "C,, and prove that "Cy + "C; +"Cp + - - - +"C,, = 2"

e Develop the formula "C,_, = "C,, and explain it using complements.

This section turns attention away from the ordered selections of the previous three séctions towards the counting
of unordered selections. An unordered selection of distinct objects chosen fromea certain set is just a subset of the
set. Thus given an n-member set S, there are two basic questions to ask:

e How many subsets does S have altogether?

e How many r-member subsets does S have, forr =0, 1, ..., n?

An example of the result

Here is an example to illustrate the situation. Let S be the five-member set
S={AB,C,D,E}.
Here is the list of all the subsets of S, arranged by the number of imembers:

1 O-member subsets: 0 (the empty set)
5 1-member subsets: {A}, (B}, {C}, {D}, {E}
10 2-member subsets: {AB}, {{A,C}, pA DY}, { AJES,.{ B,C 1,
{B;DJ/{B,E},/{C,D}, {C,E}, {{D,E}
10 3-member subsets: {AB,CY, {A,B,D}, {AJB,E}, {A,CD}, { A,C,E},
{A,D,E}, {B,C,D },¢{B,C,E}, {B,D,E}, {C,D,E}
5 4-member subsets: {A,BCD}, {AB,CE}, { AB/D,E},
{A,C,D,E}, {B,C,D,E}
1 5-member subset: { A,B,C,D,E}

making 1 + 5% 10404 5 + 1 = 32 =27 subsets altogether.

Howimanysubsets does $)have altogether?

Choosing a subset of S requires,Jooking at each member of S in turn and deciding whether to include it in the
subset or not. Let us write the code Yofor, “Yes’ if it is included, and N for ‘No’ if it is not included. Using this
code, each subset of § corresponds to a five-letter word made up of Ys and Ns. For example,

YYNYN «— {{A,B,D} and NNNNY «— { E }.

Hence the total number of subsets of S is the number of five-letter words
made up of Ys.and Ns: By'Box 11 of Section 17D, or using the box to the

right to visualise the choices, this is 2°, so

Number of subsets of § = 2° = 32, as demonstrated above.

This same argument applies to sets of any finite size, so the general result is:

Number of subsets of an n-member set = 2".
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17E Counting unordered selections

How many three-member subsets does S have?
Using the same code of Ys and Ns, the number of 3-member subsets of S is the number of 5-letter words with 3
Ys and 2Ns. Thus by Box 11, second dotpoint:

5!

Number of 3-member subsets of § = %21 = 10, as demonstrated above.

Again, this argument applies to sets of any finite size, so the general result is:
n!
Number of r-member subsets of an n-member set = —— .
r'xm-r)!

The notation "C,

The notation "C, is a convenient shorthand, and means the number of r-member subsctsiof an n-member set.

!
Thus we have the formula "C, = S .
rI'xm-r)!

12 Counting the subsets of a set

Let S be an n-member set, and let 0 < r < n.

e The symbol "C, denotes the number of r-memberSubsets of an n-member set.
e Total number of all the subsets of § =2".

'
e Number of r-member subsets of S¢= "C, = ) " @ .
rl(m=r)!

e Adding up the subsets with 0,452, ... 7 members gives the formula:
"Co+"Cy+"Cy+4++"Cp=2",

because LHS and RHS are both counting the total number of subsets of S.

The symbol "C, is spoken as ‘n choose r’, and has an alternatiye notation (f)

The notations "P, and”C, are intended to be similar. The letter C stands for ‘combination’ — an old term for
‘unordered selection” — just as the letter P standsifor ‘permutation’. By a convenient, but false, etymology,
C also stands for, ‘Choose’; hence the more zecent convention'of saying ‘n choose »’ for "C, .

Scientific calculatorsshave a button labelled that will find values of "C,. The answers are exact for low values
of nfand.#, but as'with "P,, they are only approximations for higher values. Again, make a practice of evaluating
these numbers by hand when reasonable— such calculations greatly help the intuition.

A proof moving from orndered selections to unordered selections

There ds another standard,way to preve the formula for "C, . In Section 17B we saw that the number of three-
letter words formed, withoutrepetition, from the set S = {A, B, C, D, E} of five letters is SP; =5 x4 %3 = 60.
When we turn.tounordered selections, however, there are six distinct words that all correspond, for example, to
the three-mémber subset { B, C, E }:

BCE, BEC, CBE, CEB, EBC,ECB «— { B,C,E }

The reason for this'is that there are >P3 = 3 x 2 X 1 = 6 ways of ordering the subset { B, C, E }. Thus the corre-
spondence between three-letter words and three-member subsets is many-to-one, with a six-fold overcounting.
Hence the number of three-member subsets is 60 —~ 6 = 10, as illustrated above.

(n—r)!
set §. But every r-member subset can be ordered in "P, = r! ways, so the correspondence between the ordered

In general, "P, = words of r letters can be formed without repetition from the members of an n-member

selections and the unordered selections is many-to-one, with overcounting by a factor of r!.
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Hence the number of (unordered) r-member subsets of the set S is

n! n!
"P,+"Pp= —— gyl ———
" " -1 rIx(n—r)!

Calculations of "C,

Here are some examples of using the formula to calculate "C, for some values of n and r.
Example 18 Calculations involving the formula for "C,
a Use the formula for "C, to evaluate:

i 8Cs ii "Cs

b Find !°Cs, leaving your answer factored into primes.

¢ Evaluate the terms on the LHS to prove 5Co +3C1 +3Cy + 3CCs + 7 23, E J
Solution
8! 8XTx6x5!
s 8 _ _ _
R e T T TIE D 0

i1 = n! _nn—1)(n-2)(n-3 n DH(n-2)
S T =3 T 3Ix(n-3)

b 15C 16X 15x14x13 x 12
T T Ix2x3x4x5
=2X%x14x13x12
=2*x3x7x13 on the ealculator.)

51 51 51 51
¢ LHS =555+

ndence between the two-member subsets and the three-member subsets of

{B,D} «— {ACE}
{B,E} «— {AC,D}
{C,D}«— {ABE}
{AJE}«— {B,C,D} {CE}«— {AB,D}
{B,C}+«—{ADE} {D,E} «— {AB,C}

In this natural or canonical correspondence between the 2-member subsets and the 3-member subsets, every
subset 7 is paired with its complement 7

T T
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13 A canonical correspondence

Let n and r be whole numbers with O < r < n, and let S be an n-member set.

L4 nCr = nCn—r
e The r-member subsets of S are naturally or canonically paired up with the (n — r)-member subsets of S
by pairing each subset with its complement.

The correspondence is by no means restricted to mathematics. In normal language, a situation can often be

described just as well by saying what it is not as by saying what it is — we are all familiar with‘days when no

rain fell’ or ‘unforgivable actions’ or ‘invisible enemies’.

Example 19 Illustrating the formulae for "C, involving complements

Write Cs and ’Cs in factorial notation, showing that they are equal:

Solution

7

G

7!

! 71
T 2% 5!

0. _ :
St

Cs

Using "C, in counting problemis

Here are a number of examples of counting probléms. As-always, words.such as ‘atleast’, ‘at most’, ‘not” and

‘excluding’ should always be regarded as warnings that the problem may best be solved by considering the

complementary situation.

Example 20 Using™C incounting problems

Ten people meet to play doubles tennis.

a

In how manysways can four people be selected from this group'to play the first game? (Ignore the
subsequent organisation into pairs.)

b How many of these ways will includedMaria.and exclude Alex?

¢ If thereare four'wemen and six men, in how many ways can two men and two women be chosen for this

game?
d Again with four women and six'men, in how many ways will women be in the majority?
Solution
a Number of ways =,'°C4 = 210.

b

Because Maria is includedythree further people must be chosen, and because Alex is excluded, there are
now eight.people to choose these three from.
Hence fiumber of ways = 8C3 = 56.

Numberofivays of choosing the two women = *C; = 6,

number of ways©f choosing the twomen = °C, = 15,

SO number of ways of choosing all four = 15 X 6 = 90.

Number of ways with one man and three women = °C; X *C3 = 6 x 4 = 24,

number of ways with four women =1,

so  number of ways with a majority of women = 24 + 1 = 25.
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Example 21 Counting using "C, with complications

LetS = {2, 4, 6, 8, 10, 12} be the set of the first six positive even numbers.
a How many subsets of S contain at least two numbers?
b How many subsets with at least two numbers do not contain 8?

¢ How many subsets with at least two numbers do not contain 8 but do contain 10?

Solution

a Number of 1-member and 0-member subsets = °C; +°Co =6+ 1 =7,

SO number with at least 2 members = 2° — 7 = 57.
b We consider now the 5S-member set 7 = {2,4, 6, 10, 12}.
Number of 1-member and O-member subsets = °C; +°Cy = 6,

SO number with at least 2 members = 2° — 6 = 26.
¢ Because 10 has already been chosen, we need to choose a subset, with at least one member, from the
four-member set U = {2, 4,6, 12}.
Number of O-member subsets’= 1 (the empty set),

so number of such subsets with at least one member = 24— 1 = 15.

Example 22 A harder geometri¢ question.involving "C,

Ten points Ay, A, ..., Ao are arranged equally spaced around a cirele.

a How many triangles can be dtawn with.these points as vertices?

b How many pairs of such trianglesican be drawn, if the vestices of the two triangles
are distinct?

¢ In how many such pairs will the triangles:

i not overlap; ii overlap?

Solution

a To forma triangle, we must choose 3 points out of 10;
so  number of triangles = '°C; =120.

b To form'two triangles, first choose6 points out of 10, which can be done in '°Cy = 210 ways.
Takelany one of those 6 points, then'¢hoose'the other 2 points in its triangle, which can be done in 3C, = 10
ways.

The second triangle is then drawn using the other three points.
Hence number of paitsiof triangles = 210 x 10 = 2100.

¢ To form two non-overlapping triangles, we first choose 6 points out of 10, which again can be done in
10Cy = 210 ways.

These 6 points can'be' made into two non-overlapping triangles in 3 ways, by arranging the 6 points in
cyclic order, and choosing 3 adjacent points.
i Hence number of non-overlapping pairs = 210 x 3 = 630.

ii By subtraction, number of overlapping pairs = 2100 — 630 = 1470.
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17E Counting unordered selections

Exercise 17E FOUNDATION

1 Two people are chosen from a group of five people called P, Q, R, S and T. List all possible combinations,
and find how many there are.
2 Find in how many ways you can form a group of:
a two people from a choice of seven, b three people from a choice of seven,
¢ two people from a choice of six, d five people from a choice of nine.
3 a Find how many possible combinations there are if, from a group of ten{people:
i two people are chosen, ii eight people are chosen.
b Why are the answers identical?
4 From a party of twelve men and eight women, find how many groups can be ¢hosen consisting of:
a five men and three women, b four women and four men.
5 Four numbers are to be selected from the set of theffirst eight positive integers. Find how many, possible
combinations there are if:
a there are no restrictions, b there are two oddsnumbers and two‘even numbers,
¢ there is exactly one odd number, d ‘all the numbers must be even,
e there is at least one odd number.
6 Four balls are simultaneously.drawn from a bag containing thrée identical green balls and six identical blue
balls. Find how many ways there are of drawing the four balls if:
a the balls may be of-any colour, b there are exactly two green balls,
c there are at least/two green balls, d thére are more blue balls than green balls.
7 A committee-of five is:to be chosen from six men and eight wemen. Find how many committees are
possible if?
a there are no restrictions, b all members are to be female,
¢ all members,areto be male, d there are exactly two men,
e there are four women and ofie man; f there is a majority of women,
g a particular man must be included, h a particular man must not be included.
DEVELOPMENT
8 _a What is the number of combinations of the letters of the word EQUATION taken four at a time (without
repetition)?
b Howmany of the four-letter combinations contain four vowels?
¢ How many of the four-letter combinations contain the letter Q?
9 A team of seven‘netballers is to be chosen from a squad of twelve players A, B, C, D, E, F, G, H, I, J, K and

L. In how many ways can they be chosen:

a with no restrictions, b if the captain C is to be included,
¢ if J and K are both to be excluded, d if A is included but H is not,
e if one of F and L is to be included and the other

excluded?
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a Consider the digits 9, 8, 7, 6, 5, 4, 3, 2, 1 and 0. Find how many five-digit numbers are possible if the
digits are to be in:

i descending order, ii ascending order.

b Why do these two questions involve unordered selections?

Twelve people arrive at a restaurant. There is one table for six, one table for four and one table for two. In
how many ways can they be assigned to a table?

Twenty students, ten male and ten female, are to travel from school to the sports ground. Eight©of them go in
a minibus, six of them in cars, four of them on bikes and two walk.

a In how many ways can they be distributed for the trip?

b In how many ways can they be distributed if none of the boys walk?

Ten points Py, P», ..., Pio are chosen in a plane, no three of the points being collinear.
a How many lines can be drawn through pairs of the points?

b How many triangles can be drawn using the givensoints as vertices?

¢ How many of these triangles have P; as one of'their vertices?

d How many of these triangles have P, and P, as\vertices?

Ten points are chosen in a plane. Five of the points are collinear, but no other setiof three of the points is
collinear.

a How many sets of three points'canbe selected from the five that are collinear?

b How many triangles can bé formed using three of the ten points as vertices?

From a standard deck of-52.playing cards, find how many five-card hands can be dealt:

a consisting of black cards only, b consisting of diamonds only,
¢ containing all four kings, d< consisting of three diamonds and two clubs,
e consisting of three tweos.and another pair, f_consisting of one pair and three of a kind.

a In how many ways can a group of six‘people:be divided into:
i two unequal groups (neithér group being ii two equal groups?

empty),
Repeat part (a) for four people.

(I - »

Repeat part (a) for eight people.

Find how many diagonals there are in:

@ a quadrilateral, b “apentagon, ¢ adecagon, d apolygon with 7 sides.

Twelve points are arfanged in order around a circle.

a How many triangles can be drawn with these points as vertices?

b In how many pairs of such triangles are the vertices of the two triangles distinct?
¢ In how many such pairs will the triangles:

i not overlap, ii overlap?
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17E Counting unordered selections

LetS =({1,3,5,7,9,11,13,15,17, 19} be the set of the first ten positive odd integers.
a How many subsets does S have?

b How many subsets of S contain at least three numbers?

¢ How many subsets with at least three numbers do not contain 7?

d How many subsets with at least three numbers do not contain 7 but do contain 19?

In how many ways can two numbers be selected from 1, 2, ..., 8, 9 so that their sum is:
a even, b odd, ¢ divisible by 3, d divisible by 5, e divisible by 6?

There are ten basketballers in a team. Find in how many ways:

a the starting five can be chosen, b they can besplit intotwo teams of five.

Nine players are to be divided into two teams of four and one umpire.
a In how many ways can the teams be formed?

b If two particular people cannot be on the same team, how many different combinations are possible?

By considering their prime factorisations, find theAumber of positive divisors of:
a 2¥x3? b 1000000 ¢ 315000 d 29 x 5" x 13¢

a The six faces of a number of identical‘cubes are painted in six distinct colours. How many different cubes
can be formed?

b A die fits perfectly into a cubicalbox. 'How many ways are there of putting the die into the box?

The diagram shows a 6 X 4 grid. The aim. is to walk from the point.A«n the top A

left-hand corner to the point B'inithe bottom right-hand corner by walking along the

black lines either downwards or to the right. A singledmove is defined as walking along C

one side of a single small square, thus it takes youdten moves to get from A to B.

a Find how many different routes are possible:

i without restriction,
ii, if you must pass through C,
iii “if you cannot'move along the top line of the grid,
iv_if you cannot move along the second row from the top of the grid.
b" Notice that every route must pass through one and only one of the five crossed points. Hence prove that
10CQy = 4Cy x 6C4 +#€ x 6C3 4+ *Cy.x 5Cy +4C3 x 6C +4Cy x 6Cy.
¢ Draw another suitable diagonal and, using a method similar to that in part (b), prove that
10C, =9C) xPCu+ C X2C3 +7C, X°Cy +2C3 XC +7C4 X Cy.
d Draw up a similar 6X 6 grid, then using the same idea as that used in parts (b) and (c), prove that
2 #(0€,)" +(6C,) + (°Co) + (°Cs) + (°C)” + (°Cs) + (°Cs)
CHALLENGE

26

27

A piece of art receives an integer mark from zero to 100 for each of the categories design, technique and
originality. In how many ways is it possible to score a total mark of 200?

How many different combinations are there of three different integers between one and thirty inclusive such
that their sum is divisible by three?
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28

29

30

a How many doubles tennis games are possible, given a group of four players?

b In how many ways can two games of doubles tennis be arranged, given a group of eight players?

¢ Six men and six women are to play in three games of doubles tennis. Find how many ways the pairings
can be arranged if:

i there are no restrictions, il each game is to be a game of mixed doubles.

Referring to Question 18 of Exercise 17D, Bob’s interest in shirts has matured recently — he now has
2n shirts, with two identical shirts in each of n distinct styles. He still wants to hang hisishirts in'the
wardrobe so that no two identical shirts are next to one another.

a Show that the number of allowed arrangements is
"Co(2m)! 27" = "C; @Qn— DI 27" + "C, @n-2)! 22" & .- + (1)@ n! 2°.

b Evaluate this number forn = 1, 2, 3,4, 5 and 6, and find the corresponding ratio of the total aumber of
arrangements to the number of allowed arrangements.

Computing is based on binary strings, which are sequences of Os and 1s, such as 0010lsand 1001110. The

problem in this question is to find the number N of‘binary strings that contain exactly a Os and,at most b 1s,

where a and b are whole numbers. We will count such strings in two different ways, and hence prove an

interesting identity.

a Using "C, notation, find how many binary strings with'exactly a Os contain:

i nols ii one 1l iii tworls iv. three 1s v rls.

b Hence prove that N = “Cq + 45 C “72Cy + - - - + 970 C,.

¢ Let S be a binary string consisting of @ Os and r 1s, where r 1s.at most . Extend S to a longer binary
string SO1...1 by adding 0'on'the right, and then adding b — r 1's.. How many Os and 1s are there in the
resulting string, and what s itstotal length?

d Describe the inverse process by which a string 0f (¢ +4) 0s and b 1s can be converted to a string of a Os
and at most b_1s,'and show that the two processes are one-toone correspondences.

e Hence prove that N =4*IC,

f Show that “Cy + “TLC;| + “*2C, + - 2P Ch = “H041E,,.
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17F Using counting in probability

Using counting in probability

Learning intentions

e Apply counting procedures to finding sample and event spaces in probability.

The purpose of this section is to apply the counting procedures of the last four sections to questions about
probability. In these more complicated questions, counting procedures are required for counting both 'sample
space and event space.

Counting the sample space and the event space

As always in this topic, the two questions that need to be asked are:

e Are the selections we are counting ordered or unordered?

e If they are ordered, is repetition allowed or not?

If the questions can be done with ordered selections or with unordered selections, it is usuallyseasierto.use
unordered selections because the numbers are smaller.

Example 23 Calculate probability using unocdered and ordered selections

Three cards are dealt from a pack of 52.

a Find the probability that one club and twoyhearts are dealt, in any order:
b Find the probability that one club and two hearts are dealt in that‘order.

Solution
a Let the sample space be'the'set of all unordered selections of 3 cards from 52,
)> 52 %X 54% 50
SO number of unordered hands ="°C3; = ———
3X2x1

We can now choose the hand by choosing 1 club from13 in '3C{{= 13 ways, and choosing the 2 hearts
from 13 in C, = 78 wayspso the hand cangbe chosen in 13X 78 ways.

3x2x1 39
Hence P(1 club and 2 hearts) = 1378 X 251%350 ~ 350"

b Let the samplespacebe the set of all ordered selections of 3 cards from 52,
SO number.of ordered hands = 52P3 =52 %51 x50,

and number of such hands'in the order 4900 = 13 x 13 x 12.
13x13x12 13

OY)= — = “ =
N P(A99) = 53X 51x50 ~ 850

Note: The answer to part (b) must be % of the answer to part (a), because in a hand with one club and two
hearts, the club.can.be any, one of three positions. This indicates that it would be quite reasonable to do
part (a)rusing ordered selections, and to do part (b) using unordered selections, although the methods
chosen above are more natural to the way in which each question was worded.

Problems réquiring a variety of methods

The sample spaces in the next two examples are easily found, but a variety of methods is needed to establish the
sizes of the various event spaces.
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Example 24 Finding probability using a variety of methods

A five-digit number is chosen at random. Find the probability:

a that it is at least 60 000,
b that it consists only of even digits,
¢ that the digits are distinct,

d that the digits are distinct and in increasing order.

Solution

The first digit of a five-digit number cannot be zero, giving nine choices, but the.other'digits can be any one of
the ten digits.

Hence the number of five-digit numbers = 9 X 10 X 10 x 10 x 10 = 90000.

a To be at least 60 000, the first digit must be 6, 7, 8 or 9,
so the number of favourable numbers is 4 X 10 x 10 x 10 x40 = 40 000.
Hence P(at least 60 000) = g.
b If all the digits are even, there are four choices for the first digit (it cannot be zero) and five cheices for each
of the other four.
Hence number of such numbers =4 x5 x 5 x 5 x5=2500,
and P(all digits are even) = 25004 i

90000 36
¢ This is counting without replacement:

Ist digit | 2nd digit | 3rd digit | 4th digit | Sth digit
9 9 8 7 6
SO number of suchsaumbers =9x 9 X8 X7 X 6

IX9Ox8xTx6 189

90000 625"
d Every unordered five-memberSubset of the set of nine non-zero digits can be arranged in exactly one way

and P(digits are distinct) =

into a five4digit number with the digits in inereasing order. (Note that the digit zero cannot be used, because
a number can’t begin with the digit zero.)

Hence number of such numbers

=mnwmberof unordered 5-meémber subsets of { 1,2, 3,4,5,6,7,8,9}

2°Cs
= 126,
so/ P(digits are distinct and in'increasing order) = 126 _ 7
. ! . ~ 90000 _ 5000

Example'25 A harder example using a variety of methods

Continue with Example 24, where a five-digit number is chosen at random, giving a sample space of size
90 000. Find the probability that

a the number contains at least one 4,

b the number contains at least one 4 and at least one 5,

¢ the number contains exactly three 7s,

d the number contains at least three 7s.
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Solution

a This can be approached using the complementary event:
number of five-digit numbers without a4 =8 X9 x 9 X9 x 9 = 52488,

o) number of five-digit numbers with a 4 = 90000 — 52488 = 37512.
37512 521
Hence P(at least one 4) = 90000 — 1250

b This is best approached using the counting rule |[A U B| = |A| + |B| — |A N B.
Let A be the set of five-digit numbers without a 4, and let B be the set of five-digitnumbers without a 5.
Then A N B is the set of five-digit number with no 4 and no 5, and A U B is thé set of five-digitmumber with
no 4 or no 5.

From line 2 of the solution to part (a), |A| = 52488,

and similarly, |B| = 52488,

then proceeding again as in part (a), [AN Bl =7X8X8 X838
=8672.

Now we apply the counting rule, |AU B| =|Al4 |B|'=|A N B|
=52 488 4 52488=28 672
=76304,

so there are 76 304 five-digit numbers withfo 4or no 5.
We want the set of all five-digit numbers with at least one 4 and at least one'5,
which is the complementary set A U B, and 'A 0 B| 290 000 — 76304
=13 696.
13696

90000’
856

” 5625,
¢ Counting the number of five-digit numbers with exactly three 7s requires cases. First we count the five-digit

Hence P(at least one 4 and at least one 5) =

strings with exactly three 7s, by first placing the three 78, and thén choosing the first and second non-7
digits:

position of the three 7s | choose'firstnon-7 | choose second non-7
3C;. =10 9 9

giving:810.such strings. Secondly, we must subtract the number of five-digit strings with exactly three 7s
and beginning with zero:

position of the three 7s,| choose the other non-7

4Ca=4 9
giving 36 such strings. Henee there are 810 — 36 = 774 such numbers, and
774 43
P h ly th = ——— = ——,
(@mumber has'exactly three 7s) 90000 — 3000

d The numbet 77 777 is the only five-digit number with five 7s.
Any five-digit number with exactly four 7s has one of the five forms

1777, T+771, 7771, TT7+1, TT 7T,

where the * in %7 777 is a non-zero digit. There are eight numbers of the first form, and nine of the other
four forms, giving 44 numbers altogether.
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Hence the number with at least three 7s= 774 + 44 + 1 = 819,

819 o1
and P(at least three 7s) = 90000 10000

Exercise 17F FOUNDATION

1 A committee of three is to be selected from the nine members in a club.

a How many different committees can be formed?

b If there are five men in the club, what is the probability that the selected commiittee consists entirely of
males?

2 The integers from 1 to 10 inclusive are written on ten separate pieces of paper. Four pieces of paper are
drawn at random. Find the probability that:
a the four numbers drawn are 1, 2, 3 and 6,
b the number 9 is one of the numbers drawn,
¢ the number 8 is not drawn,

d the number 7 is drawn but the number 1 is not.

3 A bag contains three red, seven yellow.and five blue balls. If three balls are drawn from the bag simultane-
ously, find the probability that:

a all three balls are yellow, b all theballs are of the same colour,

¢ there are two red balls and one blue ball, d all the ballsare of different colours.

4 A sports committee offive'members is to be chosen from eight AFL footballers and seven soccer players.
Find the probability that the committee will containé

a only AFL footballers, b’ only seccer players,
¢ three soccer players and:two AFL footballers, d" at least one soccer player,
e at most one soccet player, f.Ian, a particular soccer player.

5 From a standard.pack of 52 cardsthree are selected at random. Find the probability that:

athey are the jack of spadessthe twoof clubs and b all three are aces,
the seven of diamonds,
c they are all diamonds; d they are all of the same suit,
e they are all picture cards, f two are red and one is black,
g one is a seven, one is an eight and one is anine, h two are sevens and one is a siXx,
i

exactly one is a diamond j atleast two of them are diamonds.

6 Repeat the previous'question if the cards are selected from the pack one at a time, and each card is replaced
before thenext one is'drawn.

7 Three boys and three girls are to sit in a row. Find the probability that:
a the boys and girls alternate,
b the boys sit together and the girls sit together,

¢ two specific girls sit next to one another.
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A family of five are seated in a row at the cinema. Find the probability that:

a the parents sit on the end and the three children are in the middle,

b the parents sit next to one another.

Six people, of whom Patrick and Jessica are two, arrange themselves in a row. Find the probability that:
a Patrick and Jessica occupy the end positions,

b Patrick and Jessica are not next to each other.
DEVELOPMENT

10

11

12

13

14

15

The letters of PROMISE are arranged randomly in a row. Find the probability, that:
a the word starts with R and ends with S,

b the letters P and R are next to one another,

c the letters P and R are separated by at least three letters,

d the vowels and the consonants alternate,

e the vowels are together.

The digits 3, 3, 4, 4, 4 and 5 are placed in a rowsto forma@ six-digit number. If one of these numbers is
selected at random, find the probability that:

-]

it is even,

b itendsin5,

¢ the 4s occur together,

d the number starts with 5 and then the 4s and»3s alternate,
e

the 3s are separated by at least.one other number.

The letters of the word PRINTER are arranged in axow. Find the probability that:
a the word starts with the letter E,

b the letters T and P are.nextto one another,

¢ there are three letters between N and T,

d there are at least three letters between N and T:

The letters of KETTLE are arranged randomly in a row. Find the probability that:
a the two letters E are together;

b thetwo letters E aremeot together,

c the two letters E are togethemand the two letters T are together,

d the Es and Ts'are together in one group.

The letters of ENTERTAINMENT are arranged in a row. Find the probability that:

a thedetters E are together, b two Es are together and one is apart,

c all'thedetters E are apart, d the word starts and ends with E.

A tank contains 20 tagged fish and 80 untagged fish. On each day, four fish are selected at random, and after
noting whether they are tagged or untagged, they are returned to the tank. Answer the following questions,
correct to three significant figures.

a What is the probability of selecting no tagged fish on a given day?

b What is the probability of selecting at least one tagged fish on a given day?

¢ Calculate the probability of selecting no tagged fish on every day for a week.
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A bag contains seven white and five black discs. Three discs are chosen from the bag. Find the probability
that all three discs are black, if the discs are chosen:

a without replacement,

b with replacement,

¢ so that after each draw the disc is replaced with one of the opposite colour.

Six people are to be divided into two groups, each with at least one person. Find the'probability. that:
a there will be three in each group,
b there will be two in one group and four in the other,

¢ there will be one group of five and an individual.

A three-digit number is formed from the digits 3, 4, 5, 6 and 7 (nodepetitions allowed). Find the probability
that:

a the number is 473, the number is odd,

b
¢ the number is divisible by 5, d the number is divisible by 3,
e the number starts with 4 and ends with 7, f the number/contains the digit 3,
g the number contains the digits 3 and 5, h¢ the number contains the digit 3 or'5,
i j

all digits in the number are odd, thesiumber is greater than 500.

The digits 1, 2, 3 and 4 are used to form numbers that may have 1, 2, 3 or 4'digits in them. If one of the
numbers is selected at random, find the probability that:

a it has three digits, b itis even,

c it is greater than 200, d itis oddand greater than 3000,

e itis divisible by 3.

a A senate committee of five members is to be selected from six Labor and five Liberal senators. What is
the probability that Labor will have a majority on theé committee?

b The senate committee is'to be selected ftom N Labor and five Liberal senators. Use trial and error to
find the minimum value of N, given that the probability of Labor having a majority on the committee is
greater than %.

Four basketball teams A, B, Cand D each consist of ten players, and in each team, the players are numbered
1,2, ... 9, 10. Five players are to be selected at random from the four teams. Find the probability that of the
five players selected:

a three are numbered 4 and twoyare numbered 9,

b at least four are from the same team.

A poker hand of five cards is dealt from a standard pack of 52. Find the probability of obtaining:
a ong pair,
b two pairs,

three of.a kind,

four of a kind,

a full house (one pair and three of a kind),

c
d
e
f a straight (five cards in sequence regardless of suit, ace high or low),
g aflush (five cards of the same suit),

h

aroyal flush (ten, jack, queen, king and ace in a single suit).
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17F Using counting in probability

Four adults are standing in a room that has five exits. Each adult is equally likely to leave the room through

any one of the five exits.

a What is the probability that all four adults leave the room via the same exit?

b What is the probability that three particular adults use the same exit and the fourth adult uses a different
exit?

¢ What is the probability that any three of the four adults come out the same exit, and the remaining adult
comes out a different exit?

d What is the probability that no more than two adults come out any one exit?

a Five diners in a restaurant choose randomly from a menu featuring five main courses. Find the
probability that exactly one of the main courses is not chosen by any of the diners.

b Repeat the question if there are n diners and a choice of n main‘courses.

[The birthday problem]

a Assuming a 365-day year, find the probability that in agroup of three people there will be atléast one
birthday in common. Answer correct to two significant figures.

b If there are n people in the group, find an expréssion for the probability of at least one common birthday.

¢ By choosing a number of values of n, plot a graph©f the probability of at least one common birthday
against n for n < 50.

d How many people need to be in the‘group before the probability exceeds 0.57
e How many people need to be in.the group before the probability exceeds 90%?

CHALLENGE

26

27

During the seven games-of-the football season, Max and Bert must each. miss three consecutive games. The
games to be missed /by each player are randomly and independently selected.

a What is the probability that they both have the first,game off together?
b What is the probability that the second game is the first oné where Max and Bert are both missing?

¢ What is the probability that Max and Bert miss at least one of the same games?

Eight players:make the quarter-finals at WimbledonsThe winner of each of the quarter-finals plays a
semi-final to see who enters the final:
a » Assuming that all eight playersiare equally likely to win a match, show that the probability that any two

1
-

b What is the probability.thatitwo particular people will play each other if the tournament starts with 16
players?

particular players will play each other is

¢ What is the probabilitysthat two particular players will meet in a similar knockout tournament if 2"
players.enter?
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Chapter 17 Combinatorics

ivdel Arrangements in a circle

Learning intentions

e Develop procedures to count arrangements in a circle.

e Count arrangements in a circle to calculate probabilities.

The basic algorithm

The most straightforward way of counting ling with the

restrictions first as always, but reckoning t t person who sits

Example26 Co

King Arthur,
round table.

Lancelot, Sir Bors and 1val sit around a
b e

any ways this can

sits at King A hand,
i ir L lot and Sir Bors,
sit together.

&
N

Solution

Seat Lancelot Seat Bors Seat Percival
3 2 1
Seat Lancelot Seat Bors Seat Percival
b
3 2 1
Seat Guinevere Seat Lancelot Seat Bors Seat Arthur Seat Percival
¢ 1 2 1 2 1
Number of ways = 4.
d Seat Arthur Seat Lancelot Seat Guinevere Seat Bors Seat Percival
1 2 3 2 1

Number of ways = 12.
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17G Arrangements in a circle 41

Arranging groups around a circle

When arranging groups around a circle, the principle is the same as the principle for compound orderings
established in Section 17C.

15 Arranging groups around a circle

e First choose an order for each group.

e Then arrange the groups around the circle, reckoning that there is essentially o (0 place the

first group.

Example 27 Using grouping to count arrangements in a circ

Five boys and five girls are to sit around a table. Find in how many can be

a without restriction,
if the boys and girls alternate,
if there are five couples, all of whom sit together,
if the boys sit together and the girls sit together,
0 not.

if four couples sit together, but Walter and Mau

O 2 060 &

Solution

Ist 2nd 3rd 4th 7t 8th 9 Oth

3rd 4 5th
irl girl girl

of the five couples. Then seat the five couples

Sth couple
1

5! x 1 =14400.

Number of w

e Order each four couples in 2 ways, giving 16 orderings of the couples. There are now four couples
and two individuals to seat around the table, with the restriction that Maude does not sit next to Walter:

Walter Maude Ist couple 2nd couple 3rd couple 4th couple
1 3 4 3 2 1

Number of ways = 2% x 3 x 4! = 1152.
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Chapter 17 Combinatorics

Probability in arrangements around a circle
As always, counting allows probability problems to be solved by counting the sample space and the event space.
Example 28 Finding probabilities with arrangements in a circle

Three Tasmanians, three New Zealanders, and three Queenslanders are seated at random aroeund,a round table.
What is the probability that the three groups are seated together?

Solution

Using the same boxes as before, there are 1 X 8! possible orderings. To find the .
number of favourable orderings, first order each group in 3! = 6 ways, then erderthe , \
three groups around the table in 1 X 2 X 1 = 2 ways, so the total number.of favourable ' ‘
orderings is 6 X 6 X 6 X 2.
6X6xX6x2
H P together) =
ence P(groups are together) EXTX6X5X4x3x2x1 \ '

3 -

T 280°

Exercise 17G FOUNDATION

1 a In how many ways can five people berarranged:
i inaline, ii ina'circle?
b In how many ways can ten people be.arranged:

i inaline, ii in a circle?

2 Eight people are arranged in:
a a straight line, b a circle.

In how many ways can they be arranged so that two particular people sit together?

3 BobgBetty, Ben, Brad and Belinda are to be seated at@ round table. In how many ways can this be done:
a if there are no restrictions, b if Betty sits on Bob’s right-hand side,
¢ if Bradus to sit between Bob and Ben, d if Belinda and Betty sit apart,

e if Ben and Belinda sit apart, but Betty sits next to
Bob?

4 Four boys and four girls are arranged in a circle. In how many ways can this be done:

a if there are no restrictions,
b if the boys and the'girls alternate,

if the boys and gitls are in distinct groups,

c

d if a'particular boy and girl wish to sit next to one another,

e if two particular boys do not wish to sit next to one another,
f

if one particular boy wants to sit between two particular girls?
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17G Arrangements in a circle

DEVELOPMENT
5 The letters A, E, I, P, Q and R are arranged in a circle. Find the probability that:
a the vowels are together, b A is opposite R,
c the vowels and consonants alternate, d at least two vowels are next to one another.
6 In how many ways can the integers 1, 2, 3,4, 5, 6, 7, 8 be placed in a circle if:
a there are no restrictions, b all the even numbers are together,
¢ the odd and even numbers alternate, d at least three odd nimbers.are together,
e the numbers 1 and 7 are adjacent, f the numbers 3.and 4 are separated?
7 A committee of three women and seven men is to be seated randomly at.a round table.
a What is the probability that the three females will sit together?
b The committee elects a president and a vice-president. What is the probability that they are sitting
opposite one another?
8 Find how many arrangements of n people around.a circle are possible if:
a there are no restrictions, b two particular people must sit together,
¢ two particular people sit apart, d three particular péople sit together.
9 Twelve marbles are to be placed in a cirele. In how many ways can this be donedf:
a all the marbles are of different colours,
b there are eight red, three blue and/one green marble?
10 There are two round tablesyone 0ak and one mahogany; each with five seats. In how many ways may a
group of ten people/be seated?
11 A sports committee ‘consisting.of four rowers, three basketballefs and two cricketers sits at a circular table.
a How many different arrangements of theé committee are possible if the rowers and basketballers both sit
together in groups, but no rower sitsmnext to a basketballer?
b Onerowerand one cricketer arerelated. If the conditions in (a) apply, what is the probability that these
two members of the committee will sit next to one another?
CHALLENGE
12 “Agroup of n men and n + T'women sit'around a circular table. What is the probability that no two men sit
next to one another?
13 a Consider a necklaceof six,differently coloured beads. Because the necklace can be turned over,

clockwiserand anti-clockwise arrangements of the beads do not yield different orders. Hence find how
many different arrangements there are of the six beads on the necklace.

b In how many ways can ten different keys be placed on a key ring?

¢ In how many ways can one yellow, two red and four green beads be placed on a bracelet if the beads are
identical apart from colour? (This will require a listing of patterns to see if they are identical when turned
over.)

Uncorrected sample pages « Cambridge University Press & Assessment * Pender, et al 2025 » 978-1-009-65480-7 « (03) 8671 1400

43



44

Chapter 17 Combinatorics 17G

Isomers — a possible computing project

Because of branching, it is difficult to count the number of possible hydrocarbons with say 20 carbon atoms. For
example, for butane C4H;( there are two carbon chains, and for pentane CsH/, there are three carbon chains:

cC—C—C—C cC—C—C—C—C ?
C—(l:—C C—?—C—C C_C_C
I
C C C
butane pentane

This is a hard problem. If you can write computer programmes, you could writ

investigate the number of possible carbon chains for hydrocarbons with increasin arbon atom
Perhaps your programme can display diagrams of all the chains, as with e and above.
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Chapter 17 Review

Review activity

e Create your own summary of this chapter on paper or in a digital document.
Chapter 17 Multiple-choice quiz

e This automatically-marked quiz is accessed in the Interactive Textbook. A printable PD version is
also available there.

Skills Checklist

e Available in the Interactive Textbook, use the checklist to track you anding ing i
Printable PDF and word document versions are also available th

Chapter Review Exercise C 0

1 How many ways can 8 people line up in a que

2 By unrolling the factorial (see Box 2 in

9!
a — c !
7!
3 Use your calculator to evaluat
20
12 6
C = °C
a 7 3 c (17)
4  How many four-letter words, with epeated lett formed from the letters of JACKSON?

ertain country consists of 3 lett

it in distinct groups,
girl must sit together.
& How many ways'can the letters of REPORTER be arranged?

9 How many words of three or four letters may be formed using the letters of SAMUEL?

10 A quiz consists of ten questions, each taking the answer Yes or No. How many ways is it possible to get 6
correct and 4 wrong answers?
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46 Chapter 17 Combinatorics

11 A committee of seven is to be chosen from six men and ten women. Find how many committees are
possible if:

there are no restrictions, b all members are to be female,

all members are to be male, d there are to be exactly two men,

a
c
e there are to be four women and three men, f there is to be a majority of wo
g a particular man must be included, h a particular man must not
i Mustafa refuses to be on a committee
with Ying Yue.
12 Eight people arrive at a restaurant. Find how many ways can they be assi to:

a alarge table for five and a smaller table for three,
b two quite different tables for four,

¢ two indistinguishable tables for four.

13 A committee of six is formed at random from four men and three women. What is the probabili at it will
have more men than women?

14  From a standard pack of 52 cards, three are selected at random. Find the probability that:
a

a they are the queen of spades, the three
of clubs and the nine of hearts,

¢ they are all clubs,

e one is red and two are black,

£ two are fives and one is a.s @
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Chapter 18 The binomial theorem and Pascal’s triangle

Binomial expansions and Pascal’s triangle

Learning intentions

e Investigate the binomial expansions (1 + x)", for low whole numbers 7.
e Use these expansions to construct the first few rows of Pascal’s triangle.
e Notice and explain patterns, such as the addition property, in Pascal’s triangle.

e Use Pascal’s triangle to solve problems involving a binomial expansion.

A binomial is a polynomial with two terms, such as 1 + x or 3x* — %xz.

A binomial expansion is the expansion of a power of a binomial, for example
(1+x)° =1+3x+3"+x>.

This first section is restricted to the expansion of (1 + x)" and to/he various techniques arising from such
expansions. The techniques are based on Pascal’s triangle and its three most basic properties.

Some expansions of (1 + x)”

Here are the expansions of (1 + x)" for low values of n..The calculations have been carried out using two rows
so that like terms can be written above each other in columns. In this way, the process.by which the coefficients
build up can be followed better.

Examine the last expansion in particularyiand work out why the boxed /4 |is the sum of the boxed | 1 | and .

1+x°=1 (1 +x)° ="1(1 + x)? + x(1 +%)°
A+x)'=1+x =1 +2x 44 X
(1+x)? =101+ 9+ x(1 +% + &+ 20+ X
=1+ x =1+3x+8x +
W+ 1+ =101+ P+ xd + x)°
=1 +2x#%° 21 4+ 3x 4320 + [1]4°

P+ 3% + x3 +x
=1+4x+6x" + x3 +xt
Notice how the expansion of (1 + x)”'has 3.terms; that of (1 + x)* has 4 terms, and so on. In general, the expansion

of (I'44x)" has n + 1 terms, fromithe constanfterm in x° = 1 to the term in x". Be careful — this is inclusive
counting — there are n + 1 numbers from O to » inclusive.

Note: The power 0° isundefined, and as a consequence, there should be continual qualifications to avoid it.
But as is customary/in this topic, we will omit them all, leaving the reader to interpret situations where a
problem may arise.
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18A Binomial expansions and Pascal’s triangle

Pascal’s triangle and the addition property

When the coeflicients in the expansions of (1 + x)" are arranged in a table, the result is known as Pascal’s triangle.
The table below contains the first five rows of the triangle, copied from the expansions above, plus the next four
rows, obtained by continuing these calculations up to (1 + x)®.

Coefficient of:
n )CO )C] X2 )C3 .X'4 XS .X'6 x7 .X'8
0] 1
111 1
211 2 1
31 3
411 4 6 1
5/1 5 10 10 5 1
61 6 15 20 15 6 1
711 7 21 35 35 21 7 1
81 8 28 56 70 56 28 8 1

Three basic properties of this triangle should quickly become obvious. They will be used inithis sec¢tion, and
proven formally later.

1 Three basic properties of Paseal’s triangle

1 Each row starts and ends with 1.

2 Each row is reversible. That iss the rows’are symmetric.

3 [The addition propérty] Every humber in the triangle, apart from the»ls, is the sum of the number
directly above, and the number above and to the left.

The first two properties should be réasonably obvious after looking‘at the expansions at the start of the section.
The third property, called the addition property, however, needs attention. Three numbers in Pascal’s triangle
above have been boxed as an example of this —motice how.

3+ 1'=4.

The binomialiexpansions on the last page were written with the columns aligned, and with these particular
coefficients boxed, to make this property stand out.

o Thesum 3 + 1 = 4 arises becatise. the\coefficient of x* in the expansion of (1 + x)* is the sum of the coefficients
of x* and x? in the expansion of (1 +x)>.

Pascal’s triangle can be constructed using these rules, and the first question in Exercise 18A asks for the first
thirteen rows terbe, calculated.

Pascal’s triangle isfoften drawn in the layout to the right 1
below, like an‘equilateral triangle. This layout displays the 1 1
left-right symmetryswell, but it is less useful for our purposes ! 5 !

because we want the columns to line up with the powers of x.
Nevertheless, you should be able to work from both layouts of
the triangle. 14 6 4 1

1 7 21 35 35 21 7 1
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Chapter 18 The binomial theorem and Pascal’s triangle m

Pascal did not discover the triangle, although he did write an important treatise on it in 1653. It was known to
the ancient Indian mathematician Pingala in the 2nd century BC, and later to mediaeval Persian and Chinese
mathematicians, but the first known occurrence in Europe is in a 1527 book on business calculations by Petrus
Adrianus. Below is Pascal’s version of the triangle from his treatise, with yet another layout.

v
N

Using Pascal’s triangle

Examples 1-5 illustrate various calculations involving th

Example Usin

Use Pasc tr

e t

(1-x*= + 4(—x)° + (-x)*
2 —4x® + x*

in this expansion.

2x) + 10(-3x)% + 10(=2x)? + 5(-30)* + (—2x)°

—1_ 10 4.2 8,3, 80,4 32 .5
=1 = Fx+ X =50 + 51X — 55X
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18A Binomial expansions and Pascal’s triangle

Example 2 Using Pascal’s triangle to approximate powers

By expanding the first few terms of (1 + 0.02)%, find an approximation of 1.02% correct to five decimal places.

Solution
(1+0.02% =1 + 8x0.02 + 28 x(0.02)> + 56 % (0.02)° + 70 x (0.02)* + ---
=1+0.16 +0.0112 + 0.000448 + 0.00001120 + - - -

= 1.171 66.
The remaining four terms are too small to affect the fifth decimal place.
Example 3 Examining a product of binomials powers
8

2
a Write out the expansion of (1 + —) , then write out the first four terms in the ansion of (1&= x)°.
X

2
b Hence find, in the expansion of (1 + E) (1l = s
X

i the term independent of x, the term in x.

Solution E
5 2

a (1+—) =1+ 10x"" +25x72
X

1-x%=1-8x+28x*-

X (=8x) + (25x72)X(28x>

L 5x°%) x (=56x°)

Example 4 Finding p s given a condition on a binomial expansion

rite down the te in the expansion of (1 + 2kx)°.

b Find ki terms in x* and x* have coefficients in the ratio 2 : 3.

a (1+2kx)° = #1502kx)? + 202kx)* + 15Qkx)* + - -

=+ 60k7 X7 + 160k x> + 240k x* + - -
(Alternatively, just write down the two terms.)
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Chapter 18 The binomial theorem and Pascal’s triangle

24064 2

b Put —— -Z,
Y Te0 T3

37, _ 2

Then Ek—g

_ 4

k=14,

Example 5 A harder example — expanding a power of a trinomial

Expand (1 + x + x*)* using Pascal’s triangle, by writing 1 + x + x> = 1 + (x + x?), writl x(1 + x).
Solution

204 4
(L+x+22)* = (1+(x(1 + )

=1+4x(1+x) +6x°(1 + x> + 41 + 0> + x*(1 + x)

=1 +4x(1 +x) +6x°(1 + 2x + xX2) + 4x°(1 + 3x #3x° + 1) %
+ x40+ 4x+6x7 + 40 + 5
=1+ (dx +4x2) + (6x7 + 12x° + 6x*) + 1228 + 4x%)

+ (x40 +6x5 +4x7 + 5P

=1+4x+ 102 + 16x° + 19x*

Exercise 18A FOUNDATION

s is ‘your copy’ of Pascal’s triangle
Iculator may give you particular

Note: Question 1 constructs the
— keep it in a promin
values, but it doe

1 Complete all

to provide the bino coefficients, give the expansions of:

(1 +x)° d (1-x°
x\7
g (1+§) h (1-32°
5 3x\*
k (1 + X) I (1 + —x)
X y
3 tinue the calculations nsions of (1 + x)" at the beginning of this section, expanding (1 + x)°

d(1+x°%int
triangle is clear.

4 Find term in each expansion.

a Fo b For (1 —x):
i fi in x2, i find the term in X3,
ii find the term in x3. ii find the term in x°.

6. 4

¢ For (1 +2x)%: dFor(l—E):
i find the term in x*, X
. 5 i find the term in x7!,

ii find the term in x°.

ii find the term in x 2.
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18A Binomial expansions and Pascal’s triangle

5 Expand (1 + x)° and (1 + x)'°, and show that the sum of the coefficients in the second expansion is twice the
sum of the coefficients in the first expansion.

DEVELOPMENT

6 Without expanding, simplify:

al+3x-1D+3x- l)2+(x— 1)3
b 1-6(x+1)+15(x+1)?=20(x+ 1>+ 15+ D* =6(x+ 1)° + (x + 1)°
7 Find the coefficient of x* in the expansion of (1 — x)* + (1 — x)° + (1 — x)°.
8 Find integers a and b such that: %
—( +x)6 = x(1 +x)° @

9 Verify by direct expansion, and by taking out the common f:
a (1+x*=1+x°=x(1+x?> b

a (1+V3yY=a+bV3 b (1-v5)
10 Do not use a calculator in this question.
a Expand the first few terms of (1 + x)°, hence#valuate/1.003 ve decimal pl

b Similarly, expand (1 — 4x)°, and hence eva to decimal places.

11 a
4.

4in (5 - 2x%)(1 +2x

Pin(1-3)

14 Determine the value of the term independent of x in the expansion of:

a 1 - ) b(1—§)5(1+%)3

2
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8 Chapter 18 The binomial theorem and Pascal’s triangle

15 a In the expansion of (1 + x)°:

16

17

i find the term in x2,

ii find the term in x°,

iii find the ratio of the term in x2 to the term in x°,

iv find the values of (i), (ii) and (iii) when x = 3.

2\
b In the expansion of (1 + 3—) :
X

i find the term in x7,

ii find the term in x~°,

i find the ratio of the term in x> to the term in x7,

iv find the values of (i), (ii) and (iii) when x = 2.

a Find the coefficients of x* and x° in the expansion of (1 +4#%)8» Hence find k if these coefliéients are in
the ratio 1 : 4.

b Find the coefficients of x> and x° in the expansion of (1= %kx)g. Hence find k if these'coeflicients are
equal.

[Patterns in Pascal’s triangle] Check the following results using the triangle you constructed in' Question 1.

(Some of these will be proven later.)

a The sum of the numbers in the row beginning.1,.z, ... is equal to 2".

b If the second member of a row.is;a prime number, all the numbeérs in that row excluding the 1s are
divisible by it.

¢ [The hockey-stick pattern] Startat the'top-1 of any column of Pascal’s triangle, and go vertically down
any number of rows«Then the sum of these numbers’is the number in the next row down and to the right.
For example, if you start at the 1'in the x> columa, and add downwards:

1+3+6+10+15+21 =56, which isonérow down in the x> column.

d [The powers of 11] If'atow is made intora single number'by using each element as a digit of the number,
the number is a power of 11 (except.that after the rows1, 4, 6, 4, 1, the pattern gets confused by carrying).

e Find the diagonal/and the column containing the tfiangular numbers, and show that adding adjacent pairs
gives the square numbers.

CHALLENGE

18

19

3

2)6 as far as the term in x°.

By writing (1 + x + 3x%)€ as(l + A)°, where A = x + 3x?, expand (1 + x + 3x
Hence evaluate (1.0103)° tofour deeimal places.

[The Pascal pyramid] By considering the expansion of (1 + x + y)"*, where 0 < n < 4, calculate the first five
layers ofthePascal pyramid.
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Binomial expansions with several variables

Learning intentions

e Understand that a polynomial, and a binomial, can have more than one variable.
e Understand that a binomial expansion (x + y)" is homogeneous in x and y.
e Understand that the coefficients of (x + y)" also come from Pascal’s triangle.

e Solve problems with general binomial expansions.

The more general case of the expansion of (x + y)" is similar. Because x and y ate both variables, however, the
symmetries of the expansion will be more obvious.

A minor point about language — we are now widening the term polynoemial te include teérms made up of powers
of any number of variables. Thus 5xy* is a monomial, x + y is a binomial, and X%+ 2xy + y* and x +@ + zf are
trinomials.

Some expansions of (x + y)”

Here are the expansions of (x + y)”" for low values of #. Againg the calculations have been carried out with like
terms written in the same column so that the addition propeérty is cléar — see the boxed coefficients:

(x+y) =1 G+ ) = xGo9)” + y(x +y)°
(x+y)1:x+y =x3+2x2y+ )cy2
(x+y)2=x(x+y)+y(x+y) + )62y+2xy2+y3
=x+ xy =2 +3x°%y + 3’4y’
+ oy 7 (x+ 9= x(4 ) +y(x+3)]
=X+ 24y +)° =&+ 30y + 327 + [1]n?

£ Xy +8x%y° + xy3 +y?
= x* + 4y + 6337 + xy3 +y*
First, the coefficients in the expansions are exactly the same.as before, so as before they can be taken from

Pascal’s triangle. This is €asily proven by substituting y ='1 — this turns the expansion of (x + y)" into the
expansion of (x 1)".

Secondly, the pattern for the indices of xand yis straightforward.

o The expansion of (x + y)¥ has,four terms,and in each term the indices of x and y are whole numbers adding
to 3!

e Similarly the expansiomef (x +¥)* has five terms, and in each term the indices of x and y are whole numbers
adding to 4.

More generally, in each successive expansion, beginning with (x +y)° = 1, the terms of the previous expansion
are multiplied first by x,.and then by y, so the sum of the two indices goes up by 1.
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10 Chapter 18 The binomial theorem and Pascal’s triangle 18B

2 The expansion of (x + y)” is homogeneous of degree nin x and y together

e The expansion of (x + y)" has n + 1 terms, and in each term the indices of x and y are whole numbers
adding to n.

> The expansion of (x + y)" is called homogeneous of degree n in x and y together, because in each
term, the sum of the indices of x and y is n.

e The coeflicients in the expansion of (x + y)" are the same as the coefficients in onof (1 + x)".

Proof: Substitute y = 1.
Using the general expansion
The general expansion of (x + y)" is applied similarly to the expansion of (1 + x)".
Example 6  Expanding a general binomial
Use Pascal’s triangle to write out the expansions of:
a (2-3x* (5x +%a)’
x)

Solution
a 2-30)"=2* + 4x23x(-3x) + 6x22
+ 4x2x(=3x)° + (

=16 - 96x + 216x> — 216

ar terms in a bino sion

ite out the expansion of (2x + x_7)°, leaving the terms unsimplified. Hence find:
i f x, Q the term in x 3.
b= (2x° + 6x(2x)° x + Q2x)* x (x72)?
X (2x)° X (x~ X)X+ 6x Q20X () + (D)°
a Constant term b Term in x>

=15 x (2x) =20 x (2x)* x (x72)°
= it =20x 23 x x> xx©
40 =160x73
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18B Binomial expansions with several variables

Example 8 Finding a term in a binomial expansion

Expand (2 — 3x)” as far as the term in x?, and hence find the term in x? in the expansion of (5 + x)(2 — 3x)’.
Solution
2-3x)" =27 + Tx2°%x(=3x) + 21 x2° x (-3x)* + ---

=128 — 1344x + 6048x* — ---.

Hence the term in x? in the expansion of (5 + x)(2 — 3x)’
=5Xx 6048 x* — xx 1344 x

= 28896 x°.

Exercise 18B FOUNDATION
1 Use Pascal’s triangle to expand:
a (x+y* b (x-y? ddp+q)"
e (a—b)y f Qx+y)y 3x )
i (a-31b)° J Gr+1isy

2 Use Pascal’s triangle to expand:

5
W) f (% + 3x2)

y» o+ )+ »»
+(a—b)

x+ )P —y)? +15(x + y)*(x = y)*

DEVELOPMENT

-3

Hence (and without a calculator) prove that
5045 %30 +57 %3 +30 =222 +1).

6 Find the coeflicient of:
a ¥¥in(2-5x)(x%*-3)* b x>in (x* = 3x+ 114+ x°)}

5
. 2 .
c X’in(3-2x)7|x+=|. o d x91n(x+2?3%x—%%7
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12 Chapter 18 The binomial theorem and Pascal’s triangle 18B

7

10

11

12

13

a i Use Pascal’s triangle to expand (x + h)>.
il If f(x) = &2, simplify f(x + h) — f(x).

iii Hence use the definition f’(x) = lim;,_,

fx+h) - f(x)
0 h

to differentiate x°.

b Similarly, differentiate x> from first principles.

a Show that (3 + V5)° + (3 — V5)° = 20608.
b Show that (2 + V7)* + (2 — V7 )* is rational.
c If(V6+V3) — (V6 —V3) =aV3, where ais an integer, find the value of a.

1 .\ 1 (W3 DY+ (V31!
(V3-1 (VB+1* (V3= DA(V3+ 1)

Then simplify the expression using Pascal’s triangle.

Show that

by putting the LHS over a common denominator:

Expand (x + 2y)’ and hence evaluate:

a (1.02)° correct to to five decimal places,

b (0.98)° correct to to five decimal places.

a Expand:

= AR

1
b Hence, if x + — = 2, evaluate:
X

1

3 - T
+— i OP— iil X
x3 X3

ix

5
. . . . a .
Find the coefficients©f x and x> in'the expansion of. (3x — —) . Hence find the values of a if these
X
coefficients are in the ratio 2 : 1.

6
The coefficients of the térmssin ¢ and a~> in the expansion of (ma + —2) are equal, where m and n are
a

non-zero real numbers. Prove that m? : 12 = 10.: 3.

CHALLENGE

14

15

16

1\
a Expand (x s+ —) .
X
1 1
b If U= x + —, expre§s &5+ —in the)form U® + AU* + BU? + C. State the values of A, B and C.
x X

a By starting with((x + y) +%)°, expand (x + y + 2)°.
b Find the term independént,of x in the expansion of (x + 1 + x~ )%,

[The Sierpinski triangle fractal]

a Draw.an equilateral triangle of side length 1 unit on a piece of white paper. Join the midpoints of the
sides of this tfiangle to form a smaller triangle. Colour it black. Repeat this process on all white triangles
that remain. What do you notice?

b Draw up Pascal’s triangle in the shape of an equilateral triangle, then colour all the even numbers black
and leave the odd numbers white. What do you notice? This pattern will be more evident if you take at
least the first 16 rows — perhaps use a computer program to generate 100 rows of Pascal’s triangle.
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18C The binomial theorem

@ The binomial theorem

Learning intentions

e Prove the binomial theorem using combinatorics.
e Apply the binomial theorem to problems with binomial expansions.

e Apply the binomial theorem to problems with binomial expansions.

The reader has probably realised already that the entries in Pascal’s triangle are exactly the numbers/'C, that
arose in the previous chapter when counting r-member subsets of an n-memberget. Ongé this has been proven
below, we can write the general binomial expansion out explicitly as

(Xx+Y)"'="Cox" + "Ci X"y + "CL X"y 4+ - 4+ "C,y",

. . . n ‘ >
or using the alternative notation ( ) for ‘n choose r’,
r

n _ n n n n—1 n -2.2 n n
(x+y) —(O)x +(1)x y+(2)x” v+ +(n)y,

This result is known as the binomial theorem. It gives a strikifig connection between the counting methods of the
previous chapter and the algebraic structures in this chapter, showing yet again the unity between algebra and
arithmetic.

Proving the binomial theogem
We have already established that

(x+y)" = X" + =Xy Wl £+

where * denotes the differént coeflicients. What remains to be proven is that the coefficient of x"~"y" is "C,.
As usual, the most straightforward way to establish this‘isiby looking at how things work in a special case. For
example, let us establish why the coéfficient of x?y? in the expansion‘of (x + y)* is *C, = 6.

Expanding (x £y)* = (x +)(x + y)(x + y)(x + y)Without collecting like terms, or even applying the commutative
law of multiplication, gives 2* = 16 terms:
(x+ y)4 = XXXX (the term with 4 x )
£ XXXY + XXYX + XYPXX + YXXX (the terms with 3 xs and 1 y)
+ XXYY + XYXY + YXXY FXYYX A YXYX + YYXX (2xsand2ys)
+ XYYy + YXYY FIXy + yyyx (the terms with 1 x and 3 ys)
+ yyyy (the term with 4 y s)

which then becomes x* 4 43y #6x”y” + 4xy° + y* after collecting like terms.

The middle 6w above shows that the coefficient of x*y? is 6 because there are six terms with two x s and two ys.
Why are there six‘terms? The reason is:

e these six terms are<@ll the words formed with 4 letters, 2 alike of one kind, and 2 of another.
41

We showed in the last chapter that the number of such words is m =6

More generally, when we expand (x + y)", the coefficient of x"y"™" is the number of words formed with n letters, r
alike of one kind and n — r alike of another.

Now we can bring in the theory of the last chapter, where we used the symbol "C, for the number of 7-member
subsets of an n-member set.
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Example 9

Chapter 18 The binomial theorem and Pascal’s triangle

Otherwise expressed, this is the number of unordered selections of r objects chosen from 7 objects. We showed
there that

n!
T xn-n!’
and we also showed that this was equal to the number of n-letter words with r letters alike of one kind and n — r
letters alike of another. This means that the coefficient of x"y"™" can be written as "C, , givi ise form of

n
r

the expansion:

3 The binomial theorem, and a formula for the entries in Pascal’s tri e
e For all whole numbers n,
(x+y)"="Cox" + "C ¥y + "CoxH? 4+ ..

n!
where "C, = ﬁ = number of r-member subsets of
rl(n—r)!

e This gives a notation and a formula for each binomial

e We now have two interpretations of Pascal’s triangle:
> Itis a table of coefficients in the binomial
> Itis a table of the number of 7-member

nXn-1)x---xX(n
IX2%---

‘We can also write "C, =

Remember too that the notations "C, and i actly the same thi don’t mix the two notations up in

the same problem because it looks

We calculated "C, in Se
expansions.

for "C, to calculate coeflicients in binomial

erms and coefficients

so coefficien

I x 4!
12x11x10x9

4x3x2x1
495.
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18C The binomial theorem 15

7 . .
b (x+y) =+ ( 4) x x> xy* + ... (alternative notation for "C,),
so term in xX°y* = " Oyt
MTIVE TR
TX6XS5 ;4

_ 10><9><8><7><6><25><35

T 5x4x3x2x1

3x2x1x
= 35x°y%
c (A-3B)"" = ... + 0Cyx (24)° x (-3B)° + ---,
|
so coefficient of A’B> = —1—0'><25 x 37
5! % 5!
= —9x4xTx2x3 %
= 2"x3"x17.
d (@=2b" = -+ + "Caxa ™ *x(=2b)* + ---,
|
so term in @ *b* = m x 24 x a4t 0

nXmn—-1)xn-2)x(n
4x3%x2x
_ 2n(n—-1D)(n-2)(n

Some important value
triangle

The formulae for "C, for

17 that®C, = "C,_, fo

That is, the rows are reversible.

Check all this on your copy of Pascal’s triangle.
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16 Chapter 18 The binomial theorem and Pascal’s triangle

Example 10 Binomial expansion problems on finding a pronumerals

Find the value of » if:

a"C;=55 b "C,+"Cy +"Co =29
Solution

We know that "Cy = 1 and "C; = n and "C; = $n(n — 1).

a Inn-1)=55 b "C,+"Cy+"Co=29

n*-n-110=0 Inn-D+n+1
n-11)n+10)=0

Becausen > 0,n=11.

Exercise 18C DATION
!
1 Use theresult"C, = _r to evaluate the . need to unroll
rl(n=r)!
the factorial symbol. Check your ansv

a 4C3 b 6 d 7C3

al coefficients. Rem er the alternative notation ( ) ="C,.
r

11 10
d

c 12C7

19
§ oo
Cs

e values of *Cy, *C, *C,, *C5 and *Cy.

b 6C1 + 6C3 + 6C5
d (°Cp)? + CCi)? + (CC)* + (°C3)* + (CC4)? + (°Cs)?

)of)

6 a Evaluate:
. (8 8
(3)ena (5

b If (;l) = (’21), find the value of n.
c If 12 = 12 , find the value of n.

n
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7 a

b

18C The binomial theorem

By evaluating the LHS and RHS, verify the following result for n = 8 and r = 3:
L5007
—+ =
r—1 r r
Use this identity to solve each equation for 7.

)+ ()= ( () (5)= ()

8 Find the specified term or coefficient in each expansion.

a
b
c
d

For (1 + x)'8, find the term in x°.

For (1 + 6x)'2, find the term in x°.

For (1 — 7x)3, find the term in x3.

For (1 + 3x)’, find the coefficient of x°.

9 Find the specified terms in each expansion.

a For (2 + x)’, find the term in x2.
b For (x + 3", find the term in x°y°.
¢ For ($x—3y»)"!, find the term in x'%)?.
d For (a — b%)zo’ find the term in a?b°.
10 a Find x # 0 if the terms in x'° and x'}4in the expansionfof (5 + 2x)'3 are equal.
b Find x # 0 if the terms in x'3 and x"*in the expansion of (2 — 3x) %.are equal
DEVELOPMENT
11 a In the expansion of (1 + x)'8, find the rati6 of the term in x'° to the term in x'!.
b Find the ratio of theé’coefficientsiof x'4 and x° in the/expansion of (1'% x)%.
¢ In the expansion'of (2 + x)'$,find the ratio of thé coefficients of x'* and x'°.
12 a Use the binomial theorem. to obtain formulae for:
i "Cy ii "Cy ifi "C, iv "Cs
b Heénce solve each equation for n.
i 9C, -"Ci=°C, iil"C, = 36 iii "Cy+°C, =7C,
VG, +'Cy =22 - "Cy v "Ci +"Cp, =5C, vi "C; +"C, = 8"Cy
¢ Use the formula for "C, to show that "C5 + "*!C, = n?, and verify the result on the third column of

Pascal’s triangle.

13 The expression (1 #ax)” is expanded in increasing powers of x. Find the values of a and n if the first three

terms are:
a 1+28x+364x" + - b 1-Qyi5¢2—...
14 a In theexpansion of (2 + 3x)", the coefficients of x> and x° are in the ratio 4 : 9. Find the value of n.

b

In the expansion of (1 + 3x)", the coefficients of x® and x!° are in the ratio 1 : 2. Find the value of .

40 40
15 In the expansion of (x + —) (x - —) , find the term independent of x. Give your answer in the form "C,,
X X

and also correct to four significant figures.
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Chapter 18 The binomial theorem and Pascal’s triangle

16 [Divisibility problems]
a Use the binomial theorem to show that 7" + 2 is divisible by 3, where n is a positive integer. (HINT:
Write 7=6+1.)
b Use the binomial theorem to show that 5" + 3 is divisible by 4, where # is a positive integer.

¢ Suppose that b, ¢ and n are positive integers, and a = b + c¢. Use the binomial expansion of (b + ¢)" to
show that @” — b"~(b + cn) is divisible by ¢>. Hence show that 5** — 2% is divisiblé by 9.

17 a Use the binomial theorem to expand (x + h)".

h

b Hence use the definition f"(x) = lim;_ to differentiate 4" from first prineiples.

CHALLENGE

!
18 Use the formula "C, = '(n—)‘ to prove that if the second member of a row is a prime number all the
rli(n—r)!
numbers in that row, excluding the 1s, are divisible by it.

19 [These geometrical results should be related to the numbers.in Pascal’s triangle.]
a Place three points on the circumference of a circle. How many line segments and triangle$ can be formed
using these three points?
b Place four points on the circumference of a.circle. How many segmentsgtriangles and quadrilaterals can
be formed using these four points?
¢ What happens if five points are placed oncthe circle?

d How many pentagons could you form if you placed seven poifits on the circumference of a circle?

20 [A more general form of the binomial theorem]

a Show that the binomial @xpansion can be written as

nn<=1) , nh=1n=2) ;5
T + 2] x° +

b In this form, it can be shown that the expansion is true formegative or fractional values of n, provided
that the RHS is regarded as the limit of aminfinite sum of powers of x. This is called the power series

expansion of (1 + x)". Assuming this, generate the binomial expansions of:
1 1 1

Tex LT " T

1+x)"=1+ nx +

iv VI +x

3 1
S (-2

1
¢ Verify, using your expansions in'parts (b)(i) and (ii), that x ( 1 ) . (This assumes that a
—-Xx

power series can be'differentiated term-by-term.)
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18D Using the general term 19

@ Using the general term

Learning intentions

e Identify and use the general term of a binomial expansion.

This section involves writing down and using the general term of a binomial expansion. This t easier to

identify particular terms, and to compare two expansions, both of which are required in t

The general term of a binomial expansion

The general term of a binomial expansion is an algebraic expression that is

ne at every ter
is obtained by substituting the appropriate value of r. For example, the 1 term andard binom
expansion
(x+y)n ="Cox" + nclxn—ly + nczxn—zyz 4o g
is "C,x"™"y", or we can choose to use "C,x"y"™".

5 The general term of a binomial expansio

(x+Y)"'="Cox" + "Cix"ly + "

e Cpy"
has general term "C,x"~"y", or we can @ S
Example11l Finding and :

a Find the general term in the ex

b In the answers to thes es:

6

i Find the term i iii Find the term in x°.

Solution

ii To obtain the term in x'9,

put 14 —r =10
r=4.
Hence the term in x
=7Cy x 3* x x1°
TX6x%5
_ % 3% % x10
1x2%3 *
=3*x5x7xx"

10

iii To find the term in x°, putl4d—r=6

r=28.
This is impossible, because evaluating ’C, requires 0 < r < 7, so there is no such term (or alternatively, the

term in x° is zero).
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Chapter 18 The binomial theorem and Pascal’s triangle

Example 12 Finding and using the general term

a Find the general term in the expansion of (2x> — x™1)°.
b Find the term in x'2, giving the coefficient factored into primes.
¢ Find the constant term.

d Find the term of lowest index (with non-zero coefficient).

Solution

a General term = ?C, x 222" x (=x7')
— (_l)r % 9Cr % 29—r % x18—2r x x "

— (_l)r % 9Cr % 29—r % x18—3r'

b To obtain the term in x!2, put 18 —=3r =12 %
r=2.
Hence the term in x'? = (=1)? x °C, x 27 x x!?
: x 0
X
top as in parts (b) V

X x°

X
d The lowest ei vhen r = 9 (look at °C,), thisfterm is
(—1)2x °Cq x

sion.

FOUNDATION

ite down the general te binomial expansion.

(1+xt b (1+2x) c 5+7x)

8

d 2x e (x+2x71) f (6x—%)
X

9
2 Consider the e sion (x2 + —) .
X

9
. . 1 ) .
a Show that each term in the expansion of (x2 + —) can be written as °C; x'373
X

b Hence find the coefficients of:

i X i x73 i x°
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18D Using the general term

10—k k
In the expansion of (2x> + 3x72)!°, the general term is '°C;, (2x3) (3x‘2) )

a Show that this general term can be written as '°C;, 2107 3% x30-5k

b Hence find the coefficients of these terms, giving your answers factored into primes:
0

i x10 i x> i x

15
. . X .
a Show that the general term in the expansion of (5 - —) can be written as
X

15cj (_1)] 5_] 2j—15 x15—2j'

b Hence find, without simplifying, the coefficients of:

i xl! i x

Find the term independent of x in each expansion.
3\ 1\12

a [x+3) b (20-1)
X X

Find the coeflicient of the power of x specified

9
. 2
a xPin(x - =
X

. 1
¢ the constant term in | — + x
2x3

e x'in(x + 3x)°

Determine the coeffici
a For 3+ x)(1 -
b For (2 — 5x + x*

¢ For (x (x+2)Pf the term 1
3\
d For (1 =2x —4x?) ——) ,find t of the term in x°.
X
I}
8 flicient of x in xpansion of (x+ —) ( - —) .
X
Fi i X .

he coefficien

10 1
Find the coe e expansion of (y + —) ( - —) .
y
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Chapter 18 The binomial theorem and Pascal’s triangle

CHALLENGE

3n
1
10 Show that there will always be a term independent of x in the expansion of (x” + Tp) , where n is a
X

positive integer, and find that term.

)12‘

11 a Write down the term in x" in the expansion of (a — bx

b In the expansion of (1 + x)(a — bx)'?, the coefficient of x® is zero. Find the value

form.
e 4
12 a By writing it as ((1 —-X)+ xz) ,expand (1 — x + x?)*
containing x*.

in ascending po

b In the expansion of (1 + 3x + ax?)", where n is a positive inte
of n:

i the value of a, ii the coeflicient of x°.
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18E Identities in Pascal’s triangle

@ Identities in Pascal’s triangle

Learning intentions

e Prove a Pascal’s triangle identity by substituting into a binomial expansion.

e Prove a Pascal’s triangle identity by equating coefficients in a binomial expansion.

There are a great number of patterns in Pascal’s triangle. Some are quite straightforward to'recognise and to
prove, others are more complicated. They are very important in all applications of the binomial theorem, and in
particular, some will be important in Year 12 binomial distributions.

Note: Here is where you absolutely need to refer constantly to the Pascal triangle up to n =42 that you
calculated in the first question of Exercise 18A. This section and«the next are all about searching for
patterns in the triangle.

Identities in Pascal’s triangle — their identification and their proofs
Each pattern in Pascal’s triangle is described by an identity on the binomial coefficients "€,. These identities
sometimes have a rather forbidding appearance, and itds important to take the time to interpret each identity as
some sort of pattern in Pascal’s triangle. Use small values of n suchaas n = 3, n = 4, and'm = 5 to work out what
the identity is saying.

Here again is the first part of Pascal’s triangle formed-by.the numbers "C,. Each identity thatis obtained should
be interpreted as a pattern in the triangle.and verified there, either before or after the proof is completed.

n\r |0 1 2 3 4 5 6 7 8§ ~9 40
0 |1

1|1 1

2 11 2 1

311 .3

4 |1 4 4 1

S5 |15 10 10 5 1

6 1 615 20 15 6 1

Tt L 07 21 35 35 21 7 1

8 |1 8 28 56 70 56 28 8 1

991 9 36¢ & 126 126 84 36 9 1
101 10_45 120, 210> 252 210 120 45 10 1

There are a number of ‘approaches,to proving identities, and many patterns can be proven by two or more of these
approaches. Thisisection covers two approaches (plus a third in the Enrichment section) — these are all based on
the binomial expansien. The final section covers another three, based more on combinatorics.
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24 Chapter 18 The binomial theorem and Pascal’s triangle m

A method of proof — Substituting a value into a binomial expansion

Substitute into some form of the binomial expansion

(x+y)" ="Coxy0 +"Cy X Iy +7Cy X2y 4+ 1C, X0y

Example 13  Proving identities by substituting into a binomial expansion

Obtain identities by substituting into the basic form of the binomial expansion as writtén out above:

ax=landy=1 b x=1landy=-1 c x= dy
Then explain what pattern each identity describes in selected rows of Pascal’sdriangledriangle.

Solution
a Substituting x = 1 and y = 1, and swapping sides, gives 6
"Co+"C1+"Cp+---+"C, =2",
which was proven in Section 17E by combinatorics. In Pascal’s triangle, this means that the s every,

For odd n, this is trivial:
but for even n,

¢ Substituting x = landy =2

1 x"Cy + 2x"

2n
—) and expanding and equating constants, prove that
X

Y ("Co)* + -+ + ("Cy)? = "Cy.

b Then interpret the/identity in Pascal’s triangle.
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18E Identities in Pascal’s triangle

Solution

a On the RHS, the constant term is 2’C,, X x" X x™* = 2'C,,. (1)
On the LHS, the first factor (x + x~')" can be expanded as

(x+x7)="Cox" +"Cr X T +1C T -+ C, (7Y

="Co X" +"C X 2+ "C A 4 4 "Cy T,

so the constant terms in the product on the LHS arise from products such as

"C3x° X "Cpo3 X ="C3 X "Cp3.

Thus the constant term on the LHS is the sum of the products
"CoX"Cp + "Cy X"Cpey + "Co x"Cpig + -++ + "C, x"Cy,

and because "C,_; = "Cy, by the symmetry of the row,
the constant term on the LHS is ("Cy)?> + ("C;)?> + ("C,)? P (
Equating the two constant terms at (1) and (2) gives the re i :
e sum is the middle entry in the row

twice as far down. Look at the Pascal triangle on this section, and pick out thed4ows indexed
by 3 and 6.

3 1 3 3 1

6 1 6 15 20

The sum of the squares of th is12+324+32 + , which is the middle term °C5 of
the row indexed by 6.
Adding instead the squa

17+ 6%+ 15°

which is 12 calculated in the quﬁrsv xercise 18A.
FOUNDATION

(*)

Its. Explain each result in terms of therow 1 4 6 4 1 indexed by

("Co)* + ("C1)* + ("C2)* + - + ("C)F ="

d an

b This means that if the entries of any row are sq

, show that 4Co + 4C1 + 4C2 + 4C3 + 4'C4 =24
—1, show that 4Co + 4C2 + 4C4 = 4C1 + 4C3.

Uncorrected sample pages « Cambridge University Press & Assessment * Pender, et al 2025 » 978-1-009-65480-7 « (03) 8671 1400

25



26 Chapter 18 The binomial theorem and Pascal’s triangle

2 [Substitution] Use the general binomial expansion,
1+x)"="Cy+"Cix+---+"C, X" (%)
to prove the following results. Explain each result in terms of therow 1 5 10 10 5 1 indexed by
n =5 in Pascal’s triangle.
a By substituting x = 1, show that "Cy + "C; + --- +"C, = 2".
b By substituting x = —1, show that "Cy +"C, +"C4y + -+ ="C; +"C3 +"C5 + - -
¢ Hence, by using the result of part (a), show that "Cy + "Cy + "Cy + - - - = 2"

3 [Substitution] This question follows the same steps as Question 2, and us

(1+ )% =2Cy+2"Cy x + - - - + 2"Cyy X
a Show that 2'Cy + 2'Cy + - - - + 2'Cy, = 2°".
b Show that ’Cy + 2"C3 + 2'Cs + - - - + 2'Cy,_y = 2271,

¢ Check both results in Pascal’s triangle, using n = 3 and/n = 4.

4 [Comparing coeflicients]

a Use the binomial expansion of (1 + x)" to write an expansion of (1 + x)(1 + x)"

b By equating coefficients on both sides in the i 1+ +x)" = (1 +x)™ uce an identity
involving:
i nCO, nCl, "+1C1.
ii "Cy,"Cy, "Gy
i "C, "Crs1, "' Cra

¢ What identity have you w own’

DEVELOPMENT

5 [Comparing ¢

R 10C1010C0

1CY2 + ("Cp)2 - .
Check this i cal triangle by adding the squares of the rows indexed by n = 1, 2, 3,4, 5
and 6.

6 a By/omparing c cients of x"*! on both sides of (1 + x)*(1 + x)" = (1 + x)**, show that
(2n)!
Cy X +"C; Xx"Cy +"Cy x"C3+---+"C,., x"C) = ————— .
Y AN ! (-1 (n+1)!
b Check this identity on the rows indexed by n = 3, 4, 5 and 6 of the Pascal triangle.
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18E Identities in Pascal’s triangle

[Comparing coefficients]
a By equating coefficients of x* in the expansion of (1 + x)* (1 — x)* = (1 - x2)4, prove that
(o ~(‘C) + () - (o) + (fe) ="
b Generalise this result, and prove it, by considering the expansion of
(407 (1 -0 = (1-2)"

¢ Check your identity on the Pascal triangle, for n = 4, 5 and 6.

[Comparing coeflicients]

a By expanding both sides of the identity (1 + x)"** = (1 + x)"(1 + x)* sshow. that

n+4 n n n n n
e A A A
and state the necessary restriction on r.

b Check this identity in Pascal’s triangle, using n = r = 5/and using n.= 6 and r = 4.

[Substitution] Use the expansion of (1 + x)*", to prove that

2n)!

2n 2n 2n 2n—1
Co+7"Ci+---+7"C,=2 + S
0 ! 2n!)?

[Comparing coeflicients]
a Find the coefficient of x™*" in the expansion 6f (Iux)>".
b By writing (1 + x)*" as (1 + %)™ x)>, prove that for 0 < r.£n,

n2n+n 2n+n 2n+ +n 2n ) 3n
O\ r Nr+1 2\r+2 n\r+n] \nti)
¢ Check this identity in Pascal’s triangle, using n = 4and r = 3.

[Comparing coefficients]

1 n
a Show that x"(1 + x)" (1 EE —) = (1 + x)3.
X

n\  (n\ n\eh (2
b Hence prove thatd + + - = .
1 2 n n

CHALLENGE

12

The next question follows the substitution method of Question 1-2, but applies calculus to the binomial
expansion first. If you‘haven’t yet done differentiation, you will need to skip this question for the moment.
This approach of differentiation-then-substitution is not in the course, but it presents no problems once you
have done differentiation. We have included it here in Enrichment because some of the resulting identities
are needed in Year 12 binomial distributions.

[Substitution and differentiation] Use the general binomial expansion,
T+ x)"="Co+"Cyx+---+"C,x" (%)
to prove the following results. Explain each result in terms of therow 1 5 10 10 5 1 indexed by
n =5 in Pascal’s triangle.
a Differentiate both sides of the binomial expansion (x) above.
b By substituting x = 1, show that 1 X "C; +2 x"Cy + --- + n X "C,, = n2""1.
¢ By substituting x = —1, show that 1 X"C; =2 X"Cy +--- + (- 'nx"C, =0.
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Chapter 18 The binomial theorem and Pascal’s triangle

13 a Use the results of the previous question to show that
2X"Ci+3X"Cr+ -+ (n+ D) X"Cr=2"1n+2).

b Check this identity in Pascal’s triangle, using n = 4, 5 and 6.

14 a By considering the identity (1 — x?)" = (1 + x)"(1 — x)", show that for n even

n\* (n\> (n) 1\ DR+ 2+ 4) - (2n)
(0) _(1) +(2) —otEh (n) - 2X4X-oxXn
_(=D2n!
CG2

b What is the corresponding result if  is odd?
15 If (14 x)" =co+cix+cox> + -+ c,x", show that

coCr +C1C3 + CoCqg + -+ - + Cp—nCyy =
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18F Further identities in Pascal’s triangle

@ Further identities in Pascal’s triangle

Learning intentions
e Prove a Pascal’s triangle identity using combinatorics associated with "C,..
e Prove a Pascal’s triangle identity using the factorial expression of "C,.

e Prove a Pascal’s triangle identity using previously proven identities.

This final section proves Pascal’s triangle identities using three methods that are cloSer to the combinatorics and
factorials of Chapter 17.

The reader is thus invited to have a double view of binomial expansions. On the one hand, they are algebraic
expansions, with an appearance complicated by the many terms in the eXpansion. On the‘other hand, they are
very close to the combinatorial situation presented in Chapter 17, because each coeflicient "C, is thesiumber of
r-member subsets of an n-member set.

A method of proof — Using combinatopics

The following example displays the combinatorics approach well, butit can also be done by equating coefficients.
This allows a comparison of methods.

Example 15 Proving identities using combinatorics

a I have 4 twenty-cent pieces and 6£ive-cent pieces in my pocket. How many subsets of 3 coins are there in
my pocket?

i Ignoring the two types of coinss write the result as "C,..
ii Count separately the subsets with 0, 1, 2 and 3 five<cent coins.
iii What Pascal’s triangle identity have you proven?

b Prove the identity by'equating appropriate coefficientsin
A+8)*1+x° =T+

¢ Use the values from Pascal’s triangle 10 verify theidentity.
d Identify visuallyrall'together the entries in the Pascal Triangle, identify the pattern, and try to reproduce it
elsewhere on the triangle.

e Suggest a generalisation of the identity.

Solution
a i Number of subsets = '°Cs

ii Each 3-coin subset has'3,twenty-cents and 0 five-cents, or 2 twenty-cents and 1 five -cent, or 1
twenty=cent and 2/five-cents, or O twenty-cents and 3 five-cents. Hence

Numbéiiof subsets = *C3 x °Cy + *C, x °C; +4C; x 6C, + 4Cy x °Cs.

iii “C3 x°Cp + 4Gy X °C| +4Cy x °C, +4Cy x °C5 = 1°C5.
b The term in X3 on the right is 1°C3x>.
The term in x> on the left is the sum of the four products:

403 x 0Cox +4C, x 6C 2% +4C; x 0Cox® +4Cy x 8C5x°.

This proves the same identity.
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30 Chapter 18 The binomial theorem and Pascal’s triangle m

¢ Substituting into the identity from Pascal’s triangle (your copy or Section 18E),

LHS=4x1+6x6+4x15+1x20=4+36+ 60+ 20 =120 = RHS.

d Visualisation is left to the reader.

e Here is one of many possible generalisations. For n > m > 3,

mC3 X nCo alx mC2 X "C1 alx mC1 X nCz al mCo X nC3 = m+nC3‘
Test it out on the Pascal triangle for n = 5 and m = 4.
Then perhaps prove it by analogy with parts (a) or (b).
ia

A method of proof — Writing "C, in terms of fac

|
This method is not particularly easy to follow, but the following example i est-known applicationtof t
method. Again, the result has other proofs, and it is interesting to e them.
Example 16  Provingidentities by writing "C, in t rials

a By writing LHS and RHS in terms of factorials,

"C,=""'C,.; +"!C,, forn>1land1 <

o)

b Give a combinatorial proof of the additi

¢ Give a proof comparing coeflicients.

Solution
(n-1)!

RHS =
S I

ubsets of a crowd of n people.
There is bloke called Geo rowd,
every r-perse et el

Number of r-me that contain Geoffrey ="~'C,_, (1)

Numb ember subsets not containing Geoffrey = "~'C,, 2)

eed to choose all r people out of n — 1 people.

Adding the counts in (1) and (2) gives "C, ="IC,; +*IC,.
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18F Further identities in Pascal’s triangle

¢ Consider the terms in x" in the expansion of (1 + x)" = (1 + x)"~! x (1 + x).
Term in x” on the LHS = "C, x".

Term in x” on the RHS ="!C, ¥ x 1 + "'C,_; X' x x.
=("'C + "G )X

Equating the coefficients of x", "C,=""lr—14+"1C,. Q
A method of proof — Using previously proven iden%

Occasionally a previously proven identity can be used in a proof.

Example 17 Proving identities by using previously prov

identiti : >
a Use the addition property to prove that
lC, —-"Cy=n, foralln>2.
b Hence show that "*!C, = 1 + 2 + 3 + - - - + n, for all wholenu > 1.
¢ Interpret part (b) on the Pascal triangle.
Solution
a By the addition property, mlc, S 1
n!

b This proof uses rec
First, we can ite

induction in Year 12.

(after many more steps)

¢ Look at the thir mn o Pascal triangle (your copy or Section 18E):

1=1, 3= +2+43, 10=1+2+3+4, 15=1+2+3+4+5,...
Note: Th , 6,10, 15, ... are called the triangular numbers because they are 1e
the successive total numbers of dots in 1, 2, 3,4, 5, ... rows of a triangular array. 2 : : .
We will em again with sequences and series in Year 12. 10 eoee

15 c000 e
2] eeoe0ee
28 e0o0000e
3 eo0o000000
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Chapter 18 The binomial theorem and Pascal’s triangle

Remarks on the various methods of proof

The reader has probably gained some impressions about these various methods.

e Substitution is very simple, but does not develop many new ideas.

e Equating coefficients and combinatoric approaches are both excellent methods, and generate interesting new
identities.

e Expanding factorials can be very fiddly.

e Using previously proven results may be useful in some situations, as in all mathematics.

6 Some methods of proving identities in Pascal’s triangle

Substitute values into a binomial expansion.

Equate coefficients in two equal binomial expansions.

Use combinatoric arguments.

Expand the factorials in the expressions for "C,.

e Use previously proven identities.

¢ Differentiation-then-substitution (see Exercise 18EEnrichment) isnot in the course, but it isStraightforward,
and generates many interesting identities, some of which will bemeeded in Year 12 binomial distributions.

Exercise 18F FOUNDATION

For the next three questions, you should use the definition of the symbol "C, as the number of ways of choosing
an r-member subset from an n-member set.

1 [Combinatorics] Consider the.set = {A, B, C, D, E}
a Consider the subset {A,B}. What letters have beéen omitted from the subset that are in the whole set?
b List all the subsetsof {A, B{/C, D, E} containing 2 letters.
¢ Along side each of the sets in (a) write down the set thatdoes NOT contain those two letters.
d Use the combinatorial definition of 2@pand parts (a)4(c) to explain why C, = 3Cj.
e

Explain why "C,<="C,_, for any whole numbers# and r with r < n.

2 [Combinatorics] Consider the'set.S ={A, B, C, D}.

a Write down all the subsets of S, then explain why there are exactly 2* of them.

4 4 4 4 4
b Hence explain why (0) + (l) + (2) + (3) + (4) — 24

n

¢ Explain why ( 0

) + (’11) + - (n) = 2", for any whole number 7.
n

3 [A combinatorics proof of the addition property] Consider the sets
S={A,B,C,D,E} and U={AB,C,D}.
a i Write.doewn all the 3-letter subsets of S that do not not contain E.
ii Explain why this is a list of all the 3-letter subsets of U.
b i Write down all the 3-letter subsets of S that contain E.
ii Explain how to pair them up with all the 2-letter subsets of U.
¢ Hence explain why *C, + *C3 = 3C;.
d Explain why "C,_; +"C, = "*'C,, for any whole numbers n and r with 1 < r < n.
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18F Further identities in Pascal’s triangle 33

4 [The addition property and the formula for "C,] In this question, you will prove that if a, b, ¢ and d are any
four consecutive terms in any row of Pascal’s triangle, then
a c 2b
+ = .
a+b c+d b+c
a Consider the row 1, 7, 21, 35, 35, 21, 7, 1 indexed by n = 7. Show that the identity holds for each
sequence a, b, ¢, d of four consecutive terms from this row.

b Choose four consecutive terms from any other row and show that the identity ho
¢ Prove the identity by letting a = "C,_;, b ="C,, ¢ ="C,4; and d ="C,;
n!

addition property, then the formula "C, =
Flin—r)!"

5 [Two combinatorics proofs] We have seen in question 2(a) that substituting x = 1 into th
binomial expansion proves
"Co+"C1+"Cy+"C5+---=2",
"Co—-"C;+"C,-"C3+---=0, forn>1. )
Here are combinatorics proofs of these results.
a Let S be an n-member set, and interpret eac of r-member subsets . Hence prove
the first identity (1).
b To prove the second identity (2), choo t U not
containing A with the unique subse
i Explain why the procedure-ari
ii Explain why one memk irha ¢ d the other has an odd
number of members.
6
DEVELOPMENT

e numbers »n and r with r < n.

11 whole numbers »n and r with r < n.
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34 Chapter 18 The binomial theorem and Pascal’s triangle

8 [The hockey-stick identity] Look at the column indexed by r = 2 in Pascal’s triangle:

G470+ C +°C +°C = 1+3+6+ 10+ 15=35="C5. (%)
The general form of this well-known hockey-stick identity is

rCr+r+1Cr+r+2Cr+"'+nCr :n+lcr+l (**)
where n and r are whole numbers with 0 < r < n. Here are proofs of this identity using the addition
property, and using a combinatorial proof.
a [A proof using the addition property]

i To prove the particular result (x), start with the right-hand side and write
7C3 = 6C3 + 6C2
then keep expanding the term with = 3. To complete the proof, you will need to use the fact that
3C3=2Cy = 1.
ii Generalise this to a proof of the identity (xx).
b [A combinatorics proof]
i The number ’Cs is the number of 3-membef subsets of a7=member set S . To choosef@ 3-member
subset U of § ={1,2,3,4,5, 6,7}, make the choice in the following way:
o First choose from S the greatestnumber &k that will be in the subset:U. This mustbe one of the
numbers 3, 4, 5, 6 or 7, because U is/to have three members, so it will have:two numbers smaller
than k.
e Then choose the remaining two numbers in U from thé k — 1 possible numbers 1, 2, ..., k — 1.
Explain why this method of choosing the subset yields the'identity (x).

ii Generalise this to.a.proof of the identity ().

9 [A combinatorial approach to the sum of squares in a row}dn this question we consider binary words
consisting only of the letters A /and B.
a Consider a binary wordconsisting of a 45 letters, with"A'occuring a times and B occuring b times. Show
that there are “**C, = “**C,, permutations of.such a word.
b How many possible permutations are there of abinary word with 2n letters, if A and B both occur n
times?
¢ A wordwith 2n letters may besplit down the middle into two words of n letters. Consider the example
where two As fall in the firstn-letter word.
i How many arrangements are there of the first n-letter binary word with two As?
il How many arrangements are there of the second n-letter binary word with n — 2 of the As and 2 Bs?
iii How many arrangements are there of a ten-letter binary word with two As in the first half and two Bs
in the second half?

d Hence prove that

("Co)> £ ("C1)* + ("C2)? + ("C3)* + -+ + ("C,)* = *'C,.
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18F Further identities in Pascal’s triangle

10 a When the entries of the row 1, 5, 10, 10, 5, 1 indexed by n = 5 in Pascal’s triangle are multiplied by O,
1, 2, 3, 4, 5 respectively, the results are 0, 5, 20, 30, 20, 5. Ignoring the zero, this is five times the row 1,
4,6, 4, 1. Formulate this result algebraically, for n = 5 and then for generally n, and prove it using the
binomial theorem.
b When the entries of the row 1, 5, 10, 10, 5, 1 are divided by 1, 2, 3, 4, 5 and 6 respectively, the result is 1,
21,314,241, L. If you add £ at the start, this is £th of the row 1, 6, 15, 20, 15, 6,
algebraically, for n = 5 and then for general n, and prove it using the binomial th

n

11 a Find the value of < )

ncr—l
ncl nC2 ﬂC3 ncn
b Evaluate cy + 2”C1 + 3"C2 + -+ n”Cn_l .
¢ Prove the following identity, and verify it using the row in d by n =4:
+1)"
ce Cn X .
n!

("Co+"C("Cy +"C2) -+ ("Cpoy +Cy) ="C

12 a i Ifr>p+1,show that'C, ="!1C,;y - "C
ii Hence deduce that forn > p, 7C, + P*!

ifi What is the significance of this resu he
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36 Chapter 18 The binomial theorem and Pascal’s triangle

Chapter 18 Review

Review activity

e Create your own summary of this chapter on paper or in a digital document.
Chapter 18 Multiple-choice quiz

e This automatically-marked quiz is accessed in the Interactive Textbook. A printable PD version is
also available there.

Skills Checklist
I_—ij e Available in the Interactive Textbook, use the checklist to track you anding
Check- Printable PDF and word document versions are also available th

e learning inte
list
Chapter Review Exercise
1 Write out the first five rows of Pascal’s triangle

2 Use your answer to the previous questio 0
xy)*

4 a Expand (1 +x)’.
b Hence find the

1
c + 4y) d (x-1)*

ach al coefficient. Do not use a calculator — you will

your answers against the copy of Pascal’s triangle that you

c 8C5 d 120C6O - 119C60
your calculator to ev.
12
IOC8 b ( ; ) c 9C6
10 10¢; 16C,
_ F
6C, 10C,
& Use your understanding of the patterns in Pascal’s triangle to simplify:
a ”Co b 9C4 - 9C5
(o] SC() + 5C1 + 5C2 + 5C3 + 5C4 + 5CS d 2n+1Cn - Z"Cn - Z"Cn_l

9 Solve "C, = 28.

10 Find the coefficient of x® in the expansion of (1 — 3x)(1 + 5x)'4.
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11 a Write out the first few terms in the expansion of (1 + x)".

b By an appropriate substitution, prove that:
n n n n "
(O)+2><(1)+4x(2)+8x(3)+--~—3
¢ Verify this result for the row indexed by n = 4 in Pascal’s triangle.

12 a Prove that"Cy+"Cy +"Cy +"C5 +--- = 2",

b What is the significance of this result for Pascal’s triangle?
¢ How may this result be interpreted as a sum of combinations?
13 a Show that the general term in the expansion (2x + 5)'8 can be writtén:
18 18- 18-3r
v :

b Hence find in this expansion:

i the term independent of x
i the coefficient of x”
iii the term in x° @

14 In this question we shall prove the identity

)

ncr +2x nCr+1 + nCr+2 ="

a Check this identity in the case n =

-3

X" = (1 + x)"*2.
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