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PREFACE

This fext fargets Unit Two of the VWest
Australian course Mathematics Methods,
a course that is organised into four units,
unifs one and two for year eleven and
units three and four for year twelve.

The West Australian course, Mathematics
Methods, is based on the Australian
Curriculum Senior Secondary course
Mathematical Methods. Apart from small changes to
wording, the unit twos of these courses are closely
aligned but do differ in that the Australian Curriculum
course, when considering differentiation, goes beyond
polynomial functions and considers other linear
combinations of power functions, and when considering
antiderivatives, includes solving problems involving
motion in a straight line. At the time of writing, these
two aspects are not included in unit two of the West
Australian course. | have found it appropriate fo include
the first of these items in this book, in Chapter 5, and

in later miscellaneous exercises, as it allows students fo
realise that the rule for differentiating ax”, with respect
fo x, can be applied for n negative and/or fractional.
To maintain alignment with Australian Curriculum |
include the second item in Chapter 8. VWest Australian
users of this book can decide whether fo include or omit
these aspects.

In a few other places | have found it appropriate

fo go a litfle outside the confines of the syllabus for
the unit. In this regard | include consideration of
infinite geometric series, | include a few optfimisation
questions involving functfions that are not polynomials
(as an extension exercise in Chapter 6] and on the
basis that students are likely to encounter the infegral
sign on their calculators, | include this in the chapter
on antidifferentiation.

The book contains fext, examples and exercises
confaining many carefully graded questions.

AJ Sadler

A student who siudies the appropriate text and relevant
examples should make good progress with the exercise
that follows.

The book commences with a section entifled
Preliminary work. This section briefly outlines
work of particular relevance fo this unit that students
should either already have some familiarity with from
the mathematics studied in earlier years, or for which
the brief outline included in the section may be sufficient
fo bring the understanding of the concept up to the
necessary level.

As students progress through the book they will
encounter questions involving this preliminary work in
the Miscellaneous exercises that feature at the
end of each chapter. These miscellaneous exercises
also include questions involving work from preceding
chapters to encourage the continual revision needed
throughout the unit.

Some chapters commence with a ‘Situation’ or two for
students to consider, either individually or as a group. In
this way students are encouraged to think and discuss a
situation, which they are able to tackle using their existing
knowledge, but which acts as a foretunner and stimulus
for the ideas that follow. Students should be encouraged
fo discuss their solutions and answers to these situations
and perhaps to present their method of solution to others.
For this reason answers to these situations are generally
not included in the book.

Alan Sadler
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This series of texts has been written based on my
interprefation of the appropriate Mathematics Methods
syllabus documents as they stand af the time of writing.
It is likely that as time progresses some points of
inferpretation will become clarified and perhaps even
some changes could be made fo the original syllabus.
| urge teachers of the Mathematics Methods course,
and students following the course, to check with the
appropriate curriculum authority fo make themselves
aware of the latest version of the syllabus current af
the time they are studying the course.

IMPORTANT
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PRELIMINARY W' RK

This book assumes that you are already familiar with a number of mathematical ideas from your mathematical
studies in earlier years.

This section outlines the ideas which are of particular relevance to Unit Two of the Mathematics Methods
course and for which familiarity will be assumed, or for which the brief explanation given here may be sufficient
to bring your understanding of the concept up to the necessary level.

Read this ‘Preliminary work’ section and if anything is not familiar to you, and you don’t understand the brief
mention or explanation given here, you may need to do some further reading to bring your understanding of
those concepts up to an appropriate level for this unit. (If you do understand the work but feel somewhat ‘rusty’
with regards to applying the ideas some of the chapters afford further opportunities for revision as do some of
the questions in the miscellaneous exercises at the end of chapters.)

Note especially the last inclusion in this section which involves factorising expressions of the form 4" — &". Other
than that of #° — §* the reader is probably not familiar with the factorisations given here, but by reading the brief
explanation given the reader should bring their understanding of the concept up to the required understanding
for its later use in this text.

e Chapters in this book will continue some of the topics from this Preliminary work by building on the
assumed familiarity with the work.

* The miscellaneous exercises that feature at the end of each chapter may include questions requiring an
understanding of the topics briefly explained here.

It is assumed that you are already familiar with counting numbers, whole numbers, integers, factors, multiples,
prime numbers, composite numbers, square numbers, negative numbers, fractions, decimals, the rule of order,
percentages, the square root and the cube root of a number, powers of numbers (including zero and negative
powers), and can use this familiarity appropriately. An ability to simplify simple expressions involving square
roots is also assumed.

e.g. V8=\[4x2 V27 +75=/9x3 +/25x3
=22 =3\3+5\3
=83

An understanding of numbers expressed in standard form or scientific notation, e.g. writing 260000 in the form
2.6 x 10’ or writing 0.0015 in the form 1.5 x 1073, is also assumed.

It is assumed you are familiar and comfortable with the use of percentages and in particular their use in the
concepts of simple interest and compound interest.

ISBN 9780170390408 Preliminary work



Answers to some calculations may need rounding to a suitable or specified accuracy. For example, if we were

to cut a 5 metre length of string into seven equal pieces it would be unwise to claim that each piece would be
of length 0.714 285714 3 metres, the answer a calculator might give when asked to calculate 5 + 7. Not only is
this answer too accurate for the task involved, it is also ludicrous to claim such accuracy when the information
used to calculate it, i.e. the length being 5 metres, would not have been measured to this accuracy itself. Instead
we might round the answer to perhaps 2 decimal places. L.e. 0.71 metres.

In some cases the situation may make t7uncating more appropriate than rounding. Suppose for example we
have $10 and wish to buy as many chocolate bars costing $2.15 each as possible. Whilst $10 + $2.15 is 4.65 if
we round to two decimal places, 4.7 if we round to one decimal place and 5 if we round to the nearest integer,

a more appropriate answer is obtained by truncating to 4 as that is the number of chocolate bars we would be
able to buy with our $10 (and we would have $1.40 change). If we truncate to an integer we discard the decimal
part entirely.

Suppose the estimated cost to a company of manufacturing 18 models of a new machine is $375 000.
Dividing this amount by 18 gives an estimated cost of $20833-33 each (nearest cent).

However, this is again likely to be too accurate for the situation and we might instead round to the nearest
$100, in this case $20800. Alternatively we could say that we have rounded to three significant figures. To round
to a number of significant figures we count that number of digits and then use the next digit to apply our usual
rounding rules.

For example 526086.9565 is 500000 to 1 significant figure,
is 530000 to 2 significant figures,
is 526000 to 3 significant figures,
is 526100 to 4 significant figures, etc.
For very small numbers we do not count any initial zeros as significant figures.
For example 0.0003104862 is 0.0003 to 1 significant figure,
0.00031 to 2 significant figures,
0.000310 to 3 significant figures,

0.0003105 to 4 significant figures, etc.

Whilst it is anticipated that you are familiar with the idea of
* raising a number to some power,

* zero and negative integers as powers,

* fractions as powers,

and that you may well be aware of some of the index laws, these ideas will be re-visited in the first chapter of
this text.

MATHEMATICS METHODS Unit 2 ISBN 9780170390408



It is assumed that the reader is familiar with the idea of a function being a rule that associates with each
elementin a set S a unique element from a set T. The set S is called the domain of the function, the set T

is the codomain of the function and those elements of T that the function maps elements of S onto form the
range of the function. If the domain of a function is not specifically stated then we assume it to be the set of
all real numbers for which the function is defined. This is the natural domain of the function. If the function
f(x) maps the element # from the domain, onto the element 4, of the range, we write f(2) = b.

The requirement that a function takes an element of the domain and maps it onto one, and only one, element of
the range means that the graph of a function will pass the vertical line test. Le. if a vertical line is moved from the
left end of the x-axis to the right end of the x-axis it will not cut the graph at any more than one place at a time.

The reader should be familiar with the concept of polynomial functions in general and be especially familiar
with linear, quadratic and cubic polynomials. This familiarity should include an understanding of the key features
of the graphs of these particular types of functions, and of the reciprocal function. These key graphical features
including intercepts with the axes, turning points, points of inflection, asymptotes, concavity, symmetry and the
behaviour of the function as x — =& co.

Linear functions have:

o Equations of the form y = mux + c.

®  Graphs that are straight lines with gradient 7z and cutting the y-axis at (0, ¢).
o Tubles of values that have a constant first difference pattern.

Quadratic functions have

o Equations of the form: y = ax® + bx + ¢, sometimes written as y=a(x— ) +qor y=a(x — d)(x — ¢) each form
allowing various key features of the graph of the quadratic function to be readily determined.

®  Gruapbs that are parabolic in shape with either a ‘hill’, a maximum, or a ‘valley’, a minimum.
o Tubles of values with a constant second difference pattern.

Reciprocal functions have

* Equations of the form y = é, x#0.
x

®  Gyapbs that are said to be hyperbolic in shape with the x- and y-axes as asymptotes to the curve.

o Table of values that have a constant product (equal to k).

ISBN 9780170390408 Preliminary work @



Transformations

The reader should be familiar with how the graphs of
y=f)+4,
Y :f(x - k)a
y =af (x),

and  y=f(ax)

relate to that of y = f(x).

Adding k to the right hand side
The graph of y = f(x) + k will be that of y = f(x) translated % units

vertically upwards.

Thus if k is negative the translation will be vertically downwards.

‘Replacing x by (x — k).
The graph of y = f'(x — k) will be that of y = f (x) translated 4 units to the right.

Thus if % is negative the translation will be to the left.

‘Multiplying the right hand side by —1.’
The graph of y = —f (x) will be that of y = f(x) reflected in the x-axis.

‘Replacing x by -x.”
The graph of y = f(—x) will be that of y = f (x) reflected in the y-axis.

‘Multiplying the right hand side by a.’

The graph of y = af (x) will be that of y = f(x) dilated parallel to the y-axis with scale factor «. A point that is
¢ units above the x-axis will be moved vertically to a point that is z¢ units above the x-axis. Points on the x-axis
will not move.

If 2 > 1 the effect will be to stretch y = f(x) vertically and if 0 < # < 1 the effect will be to compress
y = f(x) vertically.
‘Replacing x by ax.’
The graph of y = f (ax) will be that of y = f () dilated parallel to the x-axis with scale factor 1A point that is
a
p units from the y-axis will be moved horizontally to a point that is g units from the y-axis. Points on the y-axis
will not move.

If 2 > 1 the effect will be to compress y = f(x) horizontally and if 0 < 2 < 1 the effect will be to stretch y = f(x)
horizontally.

@ MATHEMATICS METHODS Unit 2 ISBN 9780170390408



The reader should be able to solve linear equations, linear simultaneous equations and be familiar with
factorisation, completing the square and the formula approach for solving quadratic equations. Familiarity
with the ability of some calculators to solve equations is also assumed.

Whilst the reader may well be familiar with finding the length of a line joining two points and with determining

the midpoint of a line joining two points, the most significant piece of information for this unit is the gradient
of the line joining two points:

If a line passes through two points, 4 and B, then the gradient of the line is:

the changein the y-coordinate in going from 4 to B

the change in the x-coordinate in going from 4 to B

Thus the gradient of the straight line through
)= Y2= N .
%p =4

A(xy, y;) and B(xy, y,

Note that in the previous formula, whilst NI yould also give the correct answer, N7)2 g 227N

X1—%3 X=X X1 =%

would not.

Also remember that if two lines are perpendicular then the product of their gradients is —1. For example lines

with gradients of 2 and —% are perpendicular.

We use the notation " C, for the number of combinations of 7 different objects taken from a set containing
n different objects.

There are ”C, combinations of 7 objects chosen

n!

from z different objects where “C, =————.
(n—r)lr!

Thus the number of combinations of three objects chosen from five different objects will be

503: 5!
(5-3)!3!
5!
23!
_5x4
2x1
=10

ISBN 9780170390408 Preliminary work @




Expanding (a + b)"
The expansion of (# + )" will be of the form
kod" + kyd" =B + kod” T2+ Reyd” T 4+ R Y
The first term is formed when we multiply the # from each bracket together to form 4”.

For the second term we must choose one of the # brackets to supply the 4 and the others will then all supply an 4.
This can be done in ” C; ways.

For the third term we must choose two of the 7 brackets each to supply 4 and the others will then each supply an 4.
This can be done in ” C, ways.

Continuing with this approach leads to the binomial expansion:
@+b)"=d"+"Cid" b +"Cyd" " +"Cya" T + .. +"C %"

this formula giving the same expansion for (z + b, (a +b)’, (a + b)* etc. as we would obtain by multiplying out
the brackets, or by obtaining the coefficients k, &, k, etc. from the appropriate line of Pascal’s triangle.

Factorising a" - b"
You should be familiar with the fact that #* — 5* = (a - b)(a + b).
However, probably not so familiar are the following facts:
7P —b=a-b)d +ab+ 1)
= b = (- 0@ + b+ ab? + B)
P -V =-b)a" +ab+ P+ ab® + b
-1 = -b)@ +a*b+ 0+ AP0+ abt + )
Check the validity of each of the above by expanding the right hand side in each case.
To generalise:

V== T+ T+ a0 Y

MATHEMATICS METHODS Unit 2 ISBN 9780170390408






Indices

e Revision of powers, or indices
e Solving equations involving indices

* What if we cannot solve the equation
mentally or algebraically?

® Miscellaneous exercise one



Situation One

A tale of two students (|)

Two students are asked to work out 5'7 + 5'° without the help of a calculator.
One of the students starts to work out the powers of 5:

§2=5%x5=25
$3=5x5%x5=125
5¥=5x5x5x5=625
55=5%x5x5x5x5=3125, etc.

The other student simply looks at 5'7 + 5" and says:
“The answer must be 25°.

How is the second student able to work out the answer so quickly?

Situation Two
A tale of two students (Il)

Two students are asked to work out how much will be in a savings account after 25 years if $5000 is
invested in the account at the beginning of the 25 years, interest is added at 10% per year and interest
added in one year itself earns interest in subsequent years (i.e. compound interest is involved).

One of the students starts working on a year by year basis as follows:
Amount in account during year 1 = $5000

At the end of year 1, interest earned = 10% of $5000 (i.e. $500)
Amount in account during year 2 = $5500 (= $5000 + $500)

At the end of year 2, interest earned = 10% of $5500 (i.e. $550)
Amount in account during year 3 = $6050 (= $5500 + $550)

At the end of year 3, interest earned = 10% of $6050  (i.e. $605)
Amount in account during year 4 = $6655, etc
The other student does a quick calculation using a calculator and said:

After 25 years the account will be worth $54173.53.

How was this second student able to determine the answer so quickly?

Situation Three

A certain sum of money, $P, is invested at 8% interest
compounded annually.

How many years will it take to become $(4P)?

What if the interest rate had been 12% rather than 8%?

Shutterstock.com,/Robyn Mackenzie
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Revision of powers, or indices

The first situation on the previous page involved a number _
Review of index laws

being raised to some power, or exponent, and the other two 3

L . . . In an expression like 2°, the
situations could be solved using this idea. As was mentioned ) .
. . . o . . number 3 is the index and the
in the Preliminary work section at the beginning of this book it . :
. L e . number 2 is the base. The index
is anticipated that you are familiar with this idea and are also :

e i shows the power to which the

familiar with zero and negative imtegers as powers and that you base is raised.
may be aware of some of the index laws.

Index laws review

Read through the following to revise, and possibly extend, your understanding of these concepts and
ndices squeresne— then work through the exercise that follows to practise the application of the ideas.

Notice that X =(axa)X(axaxa) =i (=4
PXa’=(axaxa)x@xXaxaxaxa) =i =4
Axd =@axa)x(@xaxaxaxaxaxa) =a (=a*7)
To generalise: aA'xad"=a"""
. AXaAXa4 X aXa _
Notice that P = =i (=a7?)
R aram’aram’
AXAXAX X 4 X 4 X 4 _
47—ﬂ4: :ﬂ3 (:ﬂ7 4)
XXX
AHXaAX X aXaXaXaX a _
B+d = =a (=ﬂ8 3)
e
To generalise: a'+=a"=a"""
From the above rule it follows that 7’+a’ =4
d+d =d
RIS e R

However, 4’ + a°,4" + 4’ and 4" + 4"? each involve something divided by itself, which must equal 1
(provided the ‘something’ does not equal zero).

Hence AL=1

n

Again using the fact that 4" + 4" = 4" ", it follows that

Lrd=a"
But A’+d"=1+4"
1
ﬂﬂ
1
Hence a =a_"

@ MATHEMATICS METHODS Unit 2 ISBN 9780170390408



Evaluate each of the following without the use of a calculator.

3 A
a 8987 b 304+2x5° ¢ 28:8 d 6;86
Solution
a 8Y+gl7=gl"V b 3%+2x5°=1+2x1

-2 =1+2
= 64 =3
3 47
C 28.8=28.73 d 6 X86 —g3t7-8
=25 6 =62
=32 =36
Express each of the following as a power of 5 (i.e., in the form 5%).
a 5%:5 b 57x25 c 5i4 d 02
Solution
a %:5°=5%5 b 5'x25=5"x5°
=33 =59
c i4=54 d 02=1
5 5
=51

n+m

Using the fact that 4" x 4" = 4" ", it follows that

=ﬂ1

N =
N =

a-xXa

1 1
Thus 22 multiplied by itself gives 2. Hence 42, or 2°°, is the square root of 4.

1 1

Similarly, 43 is the cube root of 2, /a, 2% is the fourth root of 2, ¥a,
1
45 is the fifth root of 2, 4, etc.
1
Hence am ="a

ISBN 9780170390408 1. Indices @ @



1 . . S
Note: A power of 5 represents the positive square root, just as the radical sign,v , does.

Thatis, if x=4 then x = 2.
1
If x=42 then x = 2.
But if «'=4 then x =+ 2.
Notice that (@) = (axa)x (axa)x (axa) =4° =
@Y =@axaxaxa)x(axaxaxa) =4 (=a"?
(@) =(axaxa)x(axaxa)x(axaxa) =a =a%
To generalise: @y =a">"
Notice that  (#b)* = (a x b) X (a X b) =a* XV
(ab)’ = (a x b) x (a x b) x (a x b) =<
(ab)* = (a x b) x (a x b) x (a X b) X (a x b) =a*tx o
To generalise: (ab)" =a" x b"
aY a4 a a a a @
Notice that (—) =—X—X—X—X— =—
b) bbb b b b
"To generalise: (ﬁ) =2
b b"
Evaluate each of the following without the use of a calculator.
1
3)3 :
a 16% b (2°+2%? c (3§) d 83
Solution
a 16%=.i6 b (2°+2% =%
=] 4 = 24
=16
3 [77 T3
c 3= =3= d 83 =(8)
8 8 _
7 - 16
8
:% ie., 1.5

@ MATHEMATICS METHODS Unit 2 ISBN 9780170390408



The previous answers can be confirmed with a calculator. ( )

4
(28 1 242
16
3 3+§
{78
. 15
83
16
. J

EXAMPLE 4

Simplify each of the following, expressing your answers in terms of positive indices.

)
25ab’ ; > a’b
a Sﬂz_)/3 X 6ﬂ4y7 b W C (tl 7 X ﬂ3)2 d [[7—3j

Solution 5?25
a 5ﬂ2y3><6ﬂ4y7=30ﬂ2+4y3+7 b = ﬂ7b4 =EXﬂ1_7b9_4
:3()”6),10 a

5
== xXua
3

Again the same answers can be obtained using the ability of some calculators to simplify expressions.

( N\ 4 \
5a%y° x 6aty’ ~ 1
6 10 (@ xa’)? 1
30-a°-y -
2
a
25axb? 3, T2
15a’ xb* %
5'b5 b
b4
3.a° 2
. J . J
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Exercise 1A

Evaluate each of the following without the use of a calculator.

1
4

7

10

13

16

19
22

25

28

31

34

37

40

43

Express each of the following as a power of 2 (i.e. in the form 2%).

44
47

50

620 = 618

30

5+2)"
21()

P x2t

-2y’

1
162
1
81+

4—1

27 % 2°
21 %8

1

11

14

17

20
23

26

29

32

35

38

41

45 26x2*x 2}

48

51

219+ 216

1 1

(—125)3

2. g

23

12

15

18

21
24

27

30

33

36

39

42

46
49

52

504271

64 3

MATHEMATICS METHODS Unit 2
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Express each of the following as a power of 3 (i.e. in the form 3%).

53 27

56 1
3

Express each of the following as a power of 10 (i.e. in the form 10%).

62 100
65 —
68 (10°)°
71 1000

74 (J10)°

54

57

60

63

66

69

72

75

81

3
1
3
1
10

0.01
(10%)’

0.1y

1
J10

Determine the value of z in each of the following.

77 2x2x2x2x2=2"

80 625=5"

83 (32)4 =3

7 o 24
86 > =7 _
3

89 (2Px2%)*=2"

92 6 =2"3"

95 — =3l

371

78

81

84

87

90

93

96

3x3x3x3=3"
2 x2t=2"

2P x2tx2=2"
2 x4=2"
(23)2><22:2”
iz(zj"

16 (4

(372)5 — 315

55

58

61

64

67

70

73

76

79

82

85

88

91

94

97

3x3%x3’

0.1

100°
J10

J10°

8 =2"

215 +25 ="

2% x 21
7

271

23 % (22)2 ="

3*x3"x3=3"

(52)71 % 53 — 511

ISBN 9780170390408
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Simplify each of the following without the assistance of a calculator and expressing your answers in
terms of positive integers. (Then see if you can get the same answer on a calculator that has the ability

to simplify expressions like these.)
98 x4’

101 (°)

104 (i)

107 (¥’ x b’

110 (* x4

a*xa

ﬂS

113

116 44’ x24°

102y’
&5y

119

(-34°b)’
3ab’

122

1

(a* x a12)2

a

125

A+’
ﬂZ

128

(Challenge):

272412

131 ——————
5%x2"+15

99

102

105

108

114

117

120

123

126

129

132

ﬂ2+ﬂ5

124%6’
8ﬂ6b10

@)}
a*b

5)

a +d

ﬂZXﬂ

22n+3 _ (zn)z

27!

100

103

106

109

112

115

121

124

127

A

1
(a2)?
(~4a)’ x a°

207" x 34"

2a*b
2’b

84’0
2ab

6xy2

18x7%y

(3a?) xb
6’

130 ———

133 ——

MATHEMATICS METHODS Unit 2
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Solving equations involving indices

Equations involving indices could have the unknown as the power or index, as in the following equations:

27 =16, 3% 5% =375, -5=11, 8" =4, 2577 1=0.2
or the unknown could be the base, as in the following: |
=36, 3 =9, x1=9, 3+x2=7, =7

Jx

Questions 77 to 97 in the previous exercise all involved equations in which the unknown, in that case 7,
featured as an index. The next example shows a few more of this type.

EXAMPLE 5 (UNKNOWN AS THE INDEX)

Solve the following equations

a 2°=16 b 3x5=375 ¢ 4-5=11 d 8'=4 e 25%71=02

Solution

a Given: 2=16
An awareness of the powers of 2, i.e. 22=4,2°=8,2*=16, ... enables
the equation to be solved mentally: x=4

b Given: 3x5%=375
Divide each side by 3: 5%=125
From an awareness of the powers of 5: x=3

¢ Given: 4°-5=11
Add 5 to both sides to isolate 4™: 4°=16
From an awareness of the powers of 4: x=2

d Given: 8'=4

You may again be able to determine the answer intuitively but, if not,
notice that we can express each side of the equation as powers of the

Solving exponential
equations

same base, in this case 2: 2%y = 2?
ie. P =
Hence 30=2
2
x==
3
e Given: 25%71=0.2
Noticing that 25 and 0.2 can both be expressed as powers of 5: (H =51
ie. =5
Hence 6x—-2=-1
6x=1
1
x=-—
6
ISBN 9780170390408 1. Indices @ @



Alternatively, the previous equations could be solved using the f ve(2 - 16 )
ability of some calculators to solve equations. solve(2” =16, x) x=4}
solve(3 x 5 = 375, x)
{x=3}
solve(4* - 5=11, x)
x=2}
solve(8* =4, x)
x=2)
3
solve(25%~ 1= 0.2, x) ]
X=—
{ 6 }
g J/

If the unknown is the base, the technique is to steadily reduce the power of the unknown by performing
suitably chosen operations to both sides of the equation, as shown in the next example.

It must be remembered though that when reducing »” = ¢ to x = ¥/c, then if 7 is even we must say that

xzi(’/;.

For example, if ¥ = 64 then x = ++/64 = +8.
But if ’ = 64 then x = 364 = 4.

EXAMPLE 6 (UNKNOWN AS THE BASE)

Solve the following equations.

a i =36 b =9 ¢ «'=9
1
= &
d 3+x2=7 e i 7
Solution
a Given: +* =36
Take the square root of each side: x=%+-36
=16
b  Given: x*=9
ie. Jr=9
Square each side: (%) = 9?
ie. x =81

Shutterstock.com/Feng Yu
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Given: ¥ 1'=9

ie. l = 9
x
Multiply each side by «: 1=9«
Divide by 9 to isolate x: é =
. 1
ie. G —
9
Alternatively: Raise each side of the initial equation
to the power —1 to give x=97"
i.e., as before, x= 1
9
-
Given: 3+ux2=7
1
Subtract 3 from each side: x2=4
Squaring each side gives: x=16
x
Given: L =7
Jx
ie. =7
x0.5 =7
Squaring each side gives: x=49

Exercise 1B
Solve each of the following equations without the help of a calculator.

Unknown in the index

2°=8 2 2¥=32 3 2*=128
5 =L 6 2 =L 7 2=\2
32 128 a
9 zy=%; 10 5°=125 11 10°=1000
13 3*-2=25 14 2 _6=58 15 2x5%=50
17 5% =125 18 5***=125 19 3x2°=24

Again, these same equations
could be solved using the
equation solving ability of
some calculators.

g -1
8
1
8 2=—
2
12 4°-3=61
16 3%=9
20 12 ~20

ISBN 9780170390408
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21 L _3 22 16/=38 23 16=1
4 2
24 9" =27 25 2%*1=-16 26 2P-h=3g
x—1 x+1 27 x+2
27 471205 28 3 -3 29 16°72=128
30 57 '=125
Unknown in the base
31 /=16 32 »*=100 33 =8
1 1
34 =64 35 x2=4 36 13-4
37 i =4 38 =2 39 p-l%
40 " =100 41 3.°=75 42 9’ =4
1
43 ' +7=88 44 3 +x3=13 45 p’-3=13
46 * 4 47 =~ -9 48 ¥ 16
xz \/; x3
1
49 w-2)°=8 50 Qx-1’=27 51 (h+1)2=5
1 1
52 (x-3)Y=16 53 2w?=3 54 2:3=3
55 a Consider the equation «° = 16x°.
3 1647
Dividing both sides by x” gives ===
X X
ie., x* =16,
hence x=*4.

However, as well as these two solutions of x = 4 and x = —4, there is another value for x that
satisfies the original equation. What is this third solution to the original equation?

b Instead of dividing each side of the original equation by &’ to solve it, subtract 16x* from each
side and then factorise and solve.

¢ Solve each of the following equations:

i f=4x il 2 =25x i =254 iv £ +16x=0

MATHEMATICS METHODS Unit 2 ISBN 9780170390408



What if we cannot solve the equation mentally
or algebraically?

Asked to solve the equation 8'=4
Our familiarity with powers of 2 allows us to write this as Q%" =2
ie. 2v=2?
Hence 3x=2
and so x= 2
3
Similarly, given the equation 25%71=0.2
Our familiarity with powers of 5 allows us to write this as 5or-2 =57t

Giving x=

However, suppose we were asked to solve 2 = 11 or perhaps 5~ = 48.
In such cases we could use one of the following:

* The solve facility on some calculators

* A graphical approach

* 'Irial and adjustment

* Logarithms, a concept that will be introduced in a later unit of Marhematical Methods.

Using the solve facility on some calculators

solve(2* =11, x)

{x = 3.459431619}
solve(5% ™% =48, x)

{x =2.702656213}

A graphical approach

To solve 2¥=11 To solve §2v=3 =48
draw y=2" draw y=5773
and see where y=11 and see where y=48

Ve

_ y1=5M2x=-3)

=2«
15 ! y2=48 |

‘ A ISECT
-1 X l T T T 1
j ! 2 3 4 x =2.702656213 y =48
-5 N\ J
x=~3.46 x=2.703 (to 3 decimal places)
ISBN 9780170390408 1. Indices @ @



Trial and adjustment

"To solve 2=11 "To solve 5773 =48
Note that 2°=38 Note that 52=25
and 2%=16 and 5% =125
Tryx=3.5 2*% = 11.31 (by calculator) Tryx=2.5 5295559
Tryx=3.4 2°* 5 10.56 (by calculator) Tryx=2.4 524~ 47.59
Try x =3.45 2°% 2 10.93 (by calculator) Try x =245 525~ 51.58
Thus, for 2* = 11, x must lie between 3.45 and 3.5. Thus, correct to 1 decimal place,
Therefore, correct to one decimal place, x =3.5. 2v-3=24
2x=54
x=2.7

Exercise 1C

Trial and adjustment

Solve each of the following equations using
‘trial and adjustment’, giving answers correct
to one decimal place.

1 2°=23 2 3°=33

3 5%=50 4 7°45=245
5 27 '=51 6 3*2=100
Graphical methods

Solve each of the following equations using the ability of some calculators to graph functions.
(Give answers correct to two decimal places.)

7 3*=15 8 5"=61 9 4'=100
10 2°+x=83 11 2°+3"=84 12 5°-3"=250-«

The solve facility on some calculators

Solve each of the following using the solve facility on some calculators.
(Give answers correct to two decimal places.)

13 2°=345 14 2°=035 15 5=1100
16 2% 1=51 17 7+5%=89 18 2% —x=7

MATHEMATICS METHODS Unit 2 ISBN 9780170390408
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Miscellaneous exercise one

This miscellaneous exercise may include questions involving the work of this chapter and the
ideas mentioned in the Preliminary work section at the beginning of the book.

1 Copy and complete the following table of values for the general cubic y = ax® + bx” + cx + d.

x 0 1 2 3 4
y a+b+c+d

Ist difference a+b+c

2nd difference

3rd difference

Hence determine the equation for the function having the following table of values.

0 1 2 3 4 5 6
7 5 =5 29 —73 -143

2 Rewrite each of the following sentences with the number written in standard form, or scientific
notation, written in ‘long hand’.

a  Australia has an area of approximately 7.682 x 10° km®. i ?
Light travels at a speed of 3 x 10% m/s. 9 #

e

b

¢ A golf ball has a mass of approximately 4.5 x 107 kg.
d  Earth is approximately 1.5 x 10® km from the sun.
e

Gamma waves have a wavelength of less than
107" metres.

="

The Earth orbits the sun at a speed of approximately
1.07 x 10° km/h.

g In 1961 the first man in space, Yuri Gagarin,

flew his spacecraft at a speed of 2.74 x 10* km/h,

i.e. approximately 7.6 x 10* m/h.

3 Rewrite each of the following sentences with the ‘long hand’ number written in standard form,
or scientific notation, i.e. in the form A x 10” where A is a number between 1 and 10 and # is
an integer.

a At the beginning of this century China had a population of approximately 1270000000 and
India had a population of approximately 1030000 000.

b The egg cell, or ovum, with a radius of approximately 0.00005 metres, i.e. 0.05 mm, is the
largest single human cell.

¢ Itis thought that approximately 1100000 people die each year of malaria.
Some adult wasps of a particular species could weigh just 0.005 grams.

e Concorde, the first supersonic passenger airliner, had a cruising speed of 2160 km/h.

Gelty Images/Science Photo Library
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4 Round each of the following to the
stated number of significant figures.

a 12432000 to 2 significant figures

b 46790 to 3 significant figures

¢ 304702125 to 3 significant figures

d 0.01204 to 1 significant figure

e 0.205701 to 3 significant figures

f 0.005607 to 1 significant figure

5 Express each of the following in the form 5 k

a 25 b 125 ¢ 5 d %

e L f L g x5t h 5x5*x25
25 NG

i 58452 j o k @357 I 1
57 x5! 5’ 5

m n ———- o

5’ 5 x5t 15+10

6 Solve each of the following equations.

a 2°=32 b 5*=625 c 3x=6 d @)=32
e 8=32 f 64°=4 g 125%== h =—
5 125
1 . 1 310
i == 25% =5 k 49°=— I 3=
4 J v 343 9
7 Solve each of the following equations.
1 1
a y’=9 b pz=z c x_1=g d »3=2
3 3
1 o1
e =25 f =25 g (u)3=3 h 3x2+2x2=15
1 x3=x2 j x3=x
8 Solve the following equations:
a (2% -10x2"+16=0 b 3%-10x3"+3%=0
c 2%P1_3x2"41=0 d 27 '_5%x2"+8=0

MATHEMATICS METHODS Unit 2 ISBN 9780170390408
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Exponential
functions

e Exponential relationships
e Growth and decay

® Miscellaneous exercise two



Situation One

The number of cells in a particular organism increases by cell division. In this process one cell splits
into two cells which in turn each split into two cells and so on.

Let us suppose that there is initially 1 cell and that this cell division occurs approximately every week,
i.e. the number of cells present doubles every week.

1 cell with Reproduce Reproduce
genetic genetic Regroup Split genetic Regroup Split
makeup makeup makeup

D@
O-D®-) )

2 cells

QOO

4 cells
I 1 week I 1 week |

Copy and complete the following table.

Number of weeks, ¢ 0 1 2 3 4 5 6 7 8 9 10
Number of cells, C 1 2 4

a How long does it take for there to be 100 cells present?
b How long does it take for there to be 400 cells present?
¢ Determine the rule for C in terms of ¢.
d  Let us suppose that in a very simplified model of the growth of a human baby, we assume that
the initial single cell divides into two cells after one week. After another week, these two each
divide into two to give four cells altogether. If this cell division continues each week, how many
cells are there after 40 weeks?
ISBN 9780170390408 2. Exponential functions @@ @



Now read Situations two to five that follow. They do not ask you to do any calculations. Simply read
them and make sure that you agree with, and understand, what is said.

Situation Two

Consider an investment of $500 earning interest of 10% compounded annually.

The value of this investment for the first eight years is shown tabulated and graphed below

Time Value Ve
(¢ yrs) ($V) 1100 1
0 $500 10007
900 A
1 $550 800
2 $605 700 -
3 $665.50 600 1
500 4
4 $732.05 200 ]
5 $805.26 300
6 $885.78 200
7 $974.36 100 1

8 $1071.79 12345678

t (years)

The figures in the J/ column commence with 500 and then each one thereafter is the previous one
multiplied by 1.1.

Situation Three

Consider a culture of bacteria with an initial population of 100 cells with the number doubling
every hour.

"This population for the first seven hours is shown tabulated and graphed below.

Time Population 3 00(5) ]
(¢ hrs) (P) 12000
0 100 11000 -

1 200 10000 4
9000

2 400 3000 -

3 800 7000 -

4 1600 60007
5000 -

5 3200 4000 -

6 6400 3000 -

7 12800 20009
1000 -

[

1234567
t (hrs)
The figures in the P column commence with 100 and then each one thereafter is the previous one
multiplied by 2.

@ MATHEMATICS METHODS Unit 2 ISBN 9780170390408
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Situation Four

Consider a car that has an initial value

of $40 000 and by the end of each year it

has lost 12% of what its value was at the
beginning of that year. The table of values for
the first seven years, the rule for the situation,
and the graph, are shown below.

Time
(tyrs)

~N QN R W N~

Situation F

Consider a radioactive element decaying at a rate that sees 40% of
the element decay to a more stable form each hour. Thus 500 g of
the element becomes 300 g (= 60% of 500 g) one hour later, 180 g
(=60% of 300 g) one hour after that, and so on. The table of values
for the first seven hours, the rule for the situation, and the graph,

Value
($V)
$40000
$35200
$30976
$27259
$23988
$21109
$18576
$16347

ive

are shown below.

Time Amount

(tyrs)
0

I O v AW N

Ag)
500
300
180
108

65
39
23
14

Rule

Value after ¢ years is given by:

J7=40000 x 0.88'

Rule

Amount present after
t hours is given by:

A=500x0.6"

V' ($)

40000 4
30000 A
20000 -

10 000

()

500 4
400
300 -
200

100 ~

Shutterstock.com,/Andrey Lobachev

Shutterstock.com/Pi-Llens
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The situations on the previous pages involved a quantity being repeatedly multiplied by a number.
The situations were all examples of exponential relationships.

Exponential functions

In such relationships, because we repeatedly multiply by a number, the ratio of successive entries will
be constant (rather than the first difference pattern being constant, as in linear, or the second difference

Trandiing expenenial  PAttern being constant, as in quadratic).
graphs

For example, suppose we make a sequence of numbers for which the first is 3 and we repeatedly

multiply by 2:
3 6 12 24 48 96 192
Graphing exponentials
1st difference 3 6 12 24 48 96 < Not const. Hence not linear.
Ratio —=2 12_ 2 2 2 8 2 % _ 2 192 _ 2 « Constant ratio. Exponential.

6 2 7 24 8 9%
Each input value gives one, and only one, output value. The relationship is therefore a function.
(Notice that the graphs on the previous pages pass the vertical line test.)

Exponential functions are characterised by rules of the form y =y, 4%, 2> 0.
® y, is the value of y when x =0,

* 4 is the constant multiplying factor.

For example, the rule y = 3.5 x 4" generates the following table of values.

0 1 2 3 4 5 6
3.5 14 56 224 896 3584 14336
Ist ratio ﬂ=4 5_6=4 ﬁzz} %zz} Z’Sﬁzz} Mzz}
3.5 14 56 224 896 3584
The graphs of exponential functions have the characteristic shape shown y
on the right by the graph of 30 - y=2
J 20 +
This characteristic shape will be reflected in the y-axis if the # in y = 4"
issuch that 0 <z < 1. 101
ﬁ_ T T T T T
For example: Ty 4o
J —0s5° U
100 7=05" 16
y=025"_7
e 70 -
) 60 1
50 A
50 A 51 40
30 A
20 1
:| 1 T T T T T T T \r‘ T T T T 1 > T
2-1 ] 123 47 3-2-1 | 1237 321 ] 123"
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Exercise 2A

For questions 1 to 6, copy and complete the following tables for the exponential rule stated.

1 Rule:y=3" x 0 1 2 3 4 5
y

2 Rule:y=7" x 0 1 2 3 4 5
y

3 Rule:y=1.5x2" x 0 1 2 3 4 5
Yy

4 Rule:y=1.75x8" x 0 1 2 3 4 5
Yy

5 Rule:y=2""" x 0 1 2 3 4 5
Yy

6 Rule:y=2.5x4""! x 1 2 3 4 5 6
Yy

For each of the tables shown in questions 7 to 18 below

a determine whether the function involved is linear, quadratic, cubic, exponential, reciprocal,
or none of these.

b  For those that are one of the five types mentioned, determine the equation of the function.

7 x 0 1 2 3 4 8 X 0 1 2 3 4
y 1 2 5 10 17 y 1 4 16 64 256

9 x 0 1 2 3 4 10 X 0 1 2 3 4
y 3 5 7 9 11 y 0 2 8 18 32

11 x 0 1 2 3 4 12 X 0 1 2 3 4
y 1.5 12 96 768 6144 y 1 5 25 125 625

13 x 0 1 2 3 4 14 X 0 1 2 3 4
y 0 2 6 12 20 y 1 6 36 216 1296

15 x 0 1 2 3 4 16 X 1 2 3 4 5
3 6 12 24 48 y 60 30 20 15 12

17 x 0 1 2 3 4 18 X 0 1 2 3 4

y 1 2 9 28 65 y 20 17 14 11 8
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19 a Display the graphs of the following exponential functions on a graphic calculator using
an x-axis from 0 to 5 and a y-axis from 0 to 40.

y=125"
y=1.5"
y=1.75"
y=2
y=3"

State the coordinates of the point that all of these functions pass through.

b  Write a few sentences, including sketches if you wish, to describe the characteristic shape
of the graphs of functions of the form y = 4" (# > 1) and describe the effect that changing
the value of # has on the graph.

20 a Display the graphs of the following exponential functions on a graphic calculator using
an x-axis from -3 to 4 and a y-axis from -1 to 10.

y=2

y=2Q2)"
y=3@2)"
y=4Q2)"

b  Write a few sentences, including sketches if you wish, to describe the effect that increasing
the value of # has on the graph of y =4(2)" for 2 > 1.

21 Investigate the effect that changing the value of & has on the graph of

y=a"—k.
22 Investigate the effect that changing the value of % has on the graph of
x—k
y=a "

23 Each graph shown below is of the form y = 4", for integer 4.
Find the equation of each.

a y b y
10 10 -
5 - 5 4

—_
[
w o

¥ -3 -2 -1

—
[
w o

-3-2-1
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24 The population of a country is growing such that in 7 years’ time, the population will be P million,
where P = 25(1.04)". Display the graph of P=25(1.04)’, for 0 << 50, on a graphic calculator.

Using your graph, or by other methods, predict in how many years the population will be
a 40000000 b 75000000 ¢ 120000000.

25 Determine the equations of each of the exponential functions shown graphed below given that
each is a translation of either y = 2" or y = 3.

a y b y
10 - 10
5 5

T |‘_- T T T T T T T T T T T
2 -1 123 4°% 321 123 4°%
c y d y
10 A 10
5 5
]
- T T T T T |x T T T T T T IJC
-1 123 45 4321 123
y y
e f 10 4
10 -
5_
5
T T T T T T T _2_1 1 34 Sx
-4 -3 -2 -1 1237 A
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Using exponential
models

Thinking again about Situations one to five at the beginning of this chapter:

Situation one, the cell splitting, involved a growth situation. c=2"

Situation two, the investment, was a growth situation. V=500x1.1

Situation three, the culture of bacteria, was a growth situation. P=100x2"

Situation four, the value of a car, was a decay situation. I7'=40000 x 0.88"

Situation five, the radioactive element, was a decay situation. A=500x%0.6"
Exponential growth is characterised by an equation of the form y=ya, a>1l.
Exponential decay is characterised by an equation of the form y=ya', 0<a<l.

The population of a country is growing exponentially. The populations in 2010, 2011, 2012 and
2013 were as follows.

Year 2010 2011 2012 2013
Population 20 million 20.4 million  20.81 million 21.22 million

Predict the population for this country in the year 2030.

First find the annual growth rate: % =1.02
2081 1.0201
20.4
2122 = 1.0197
20.81

Each year the population is multiplied by roughly 1.02 (i.e., a 2% increase per year).
Thus, by the year 2030 the population will be roughly

20 million x 1.02%%3%=2019 = 70 million x 1.02%°
= 29.7 million

The population for this country will be approximately 29.7 million by the year 2030
(assuming the growth rate shown in the given years continues).
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The population of a particular endangered species of animal is declining exponentially.
The populations in 2000, 2005, 2010 and 2013 were thought to be as follows.

Year 2000 2005 2010 @ 2013
Population 5760 4460 3450 2960

By what percentage is the population declining each year?

Predict the population for this animal in the year 2025.

Consider the period 2000 to 2005.

If each year the population is multiplied by 7, then 57607° = 4460
s 4460
T =—
5760
Thus r=3 60
5760
=0.95
Consider the period 2005 to 2010.
If each year the population is multiplied by 7, then 44607° = 3450
s 3450
¥ =—
4460
Thus r=43 3450
4460
=0.95

Thus, each year the population is multiplied by 0.95 (i.e. a 5% decrease per year).
Check: For 2010 to 2013, 3450 x 0.95° = 2960, as required.
The population is falling by 5% each year.

By the year 2025, the population will be roughly 5760 x 0.952025 ~2000)
= 5760 x 0.95”
~ 1600

By the year 2025, the population will be roughly 1600 (assuming the rate of decline for the
given years continues).
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A
The graph on the right shows an exponential growth situation 1000 -
with the variables A4 and # related according to a rule of the form 900 4
800

A=ka fora>1.

700 A
Determine 600
the value of A when 7= 5 gy
e value of 4 when =5, -
the value of A when =8, 300 4
200
the constants # and £, 100

the value of A when =0, ' Y

the value of 7 (correct to one decimal place) for which 4 = 4000,
assuming that the growth rate suggested by the graph continues.

From the graph, when =5, A = 400.
From the graph, when =8, A=875.
Exponential growth is involved. Thus, from 7 =5 to # = 8 we have multiplied by # three times.
Thus 4004’ = 875
a=32.1875
~1.298
The relationship is of the form A=k(1.298)
But when t =5, A = 400. . 400 = £(1.298)°
k=109
Thus 2 = 1.298 and & = 109.
The relationship is of the form A =109(1.298)
Thus when £=0 A ~=109(1.298)°
=109
Whent=0,4 = 109.
The relationship is of the form A =109(1.298)
Thus, when A = 4000 4000 = 109(1.298)"

(1.298)" = 36.70
Solving by calculator or by trial and adjustment t=13.8, correct to one decimal place.
Thus A = 4000 when ¢ = 13.8.

Note: With A = ka' then when # =0, A = k. Thus had the graph in the above example shown
where the curve cut the vertical axis, this point would have given us the value of  directly.
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Exercise 2B

1 Show that the following figures support the claim that the annual percentage growth rate
is approximately 8%.

Year 1995 2000 2010
Population 18000000 26000000 56000000

2 Show that the following figures support the claim that the annual percentage decay rate
is approximately 4.5%.

Year 2000 2007 2011
Population 12400 9000 7500

3 The population of a country is growing exponentially. The populations in 2010, 2011, 2012
and 2013 were as follows.

Year 2010 2011 2012 2013
Population 45 million 45.8 million  46.6 million  47.5 million

Predict the population for this country in the year 2027.

4 'The population of a particular species of animal is declining exponentially. The numbers of these
animals thought to be in existence in the wild in 2010, 2011, 2012 and 2013 were as follows.

Year 2010 2011 2012 2013
Number 18000 16500 15200 14000

If the above figures are correct, and nothing is done to alter the rate of decline, how many of
these animals will exist in the wild in the year 2023?

5 An analysis of the membership of a particular sports club since it was first formed in 1989
indicated that the membership each year could have been quite accurately predicted using
the exponential model:

Membership in the year N = A&®™ =199,

The number of members initially and on the tenth, the twentieth and the twenty fifth
anniversaries of the founding of the club were as follows.

Year 1989 1999 2009 2014
Members 80 170 375 550

a Find the values of A and of # (state & to 2 decimal places).
b By what percentage is the membership growing each year?

¢ Predict the number of members for the year 2024 (nearest hundred).
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6 During a drought a particular river bed dries up and the colony of frogs living in the vicinity
experiences an exponential population decline.

The estimated number of frogs in the colony, # days after drought conditions were officially
declared, was as follows.

t 5 6 7 8
Population 530 450 385 325

According to these estimated figures what was the population of the frog colony initially
(i.e., att=0)?

’t_‘

7 The graph shows an exponential decay situation with the P

variables P and ¢ related according to a rule of the form: jg |
P=kd for O<a<l. 60 -

Determine 50

a the value of Pwhen t =3, 407

b the value of Pwhen ¢ =8, ;g ]

¢ the constants # (2 decimal places) and % (nearest 5), 10 A

d the value of P when =0 (nearest 5), '

e

the value of 7 (nearest integer) for which P = 10.
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8 An environmental group commence a long-term project to reduce the level of pollution in
a particular stretch of river.

Starting the campaign in 2004 (when ¢ = 0), the pollution level P, in parts per million, is monitored
each year and the results are graphed as shown.

P (parts per million)

80 4
70
60 1
50 A
40
30 A
20 4
10 4

1 23 45 67 8 910
t years (= 0 in 2004)

The fall in P is thought to follow an exponential decline according to the rule
P=rlkd'.

a Determine the value of £ and of 4.

b  Use your formula to predict the value of P for 2017.

¢ The environmental group plan to release a number of fish into the river when they first
record a value of P that is less than 20. When is this likely to be?

9 In a particular test area scientists note that when measures are introduced to reduce the population
of a particular animal, animal 4, classified as a pest, there is a rise in the population of another
animal, animal B.

The scientists find that the decrease in the population of animal 4 and the increase in the
population of animal B can both be modelled as exponential growth.

If P, and Py are the assessed populations of 4 and B respectively, then # months after the
introduction of control measures the populations are approximately given by:

P,=10000(0.75)" and Py =1000(1.09)".
Find
a theinitial (i.e. # = 0) population of 4 and B in this test area,

b the population of A and B after 3 months of the control program (give answers correct
to nearest 50),

¢ the value of #, correct to one decimal place, when the populations are equal.
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10 To control an infestation of a certain flying insect in an area, a number of sterile male insects
are released into the area each week.

"To monitor the effectiveness of the program, traps are erected at the start of the program and
again after 3, 6 and 10 weeks. Each time, the traps are erected at the same time of the day, at the
same place and for the same amount of time; the number of these insects caught is then noted.
The results are shown in the graph below.

N (Numbers caught in trap)

1000
900 4
800 -
700 -
600 -
500 -
400 -
300 - *
200
100 A

@

a If the decline in the numbers caught is modelled by an exponential rule of the form N = k4,
determine estimates for the constants k and 4.

b The release of the sterile males will cease when the numbers caught in the traps is one quarter
of the numbers caught initially (i.e. when ¢ = 0).

After how many weeks is this likely to be?

Shutterstock.com /littlekop
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This miscellaneous exercise may include questions involving the work of this chapter,
the work of any previous chapters, and the ideas mentioned in the Preliminary work section
at the beginning of the book.

1 For each of the following, state which answer, I, II, III or IV shows the given number written in
standard form, or scientific notation, i.e. in the form A x 10”, where A4 is a number between 1 and
10 and # is an integer.

I IT 111 vV
a 36 3.6x 10° 3.6x 10! 3.6 x 10° 3.6x10°
b 0.000023 3.2x107 2.3x10° 23 %1071 23x107
c 41000 41 x 10° 410 x 10° 4.1x10* 41x107"
d 0245 245 %107 0.245 x 10° 245 x 107 2.45 % 10°
e 0.003 3% 107 30x 1072 3%x107° 300
f 912000 9.12 x 10* 9.12 x 10’ 9.12 x 10° 9.12 x 10°
g 0.00000281 2.81x10° 2.81x107 2.81x107° 281x107°
h 14200000 1.42 x 10’ 1.42 x 10* 1.42 x10° 1.42 x 10°

2 Solve each of the following equations (without the assistance of a calculator).

a =49 b =100 c +=1000
d 2°=4 e 3°=381 f S*+11=12
g 6'+9=225 h 4*‘:% i 4x:%
i v k 27=05 | 2=025
m 2°=0.125 n 16x" =400+’ o g¥tlogl-x

p ~50x—18x=12 q V50x —18x =2 ro @ +5E -5 =704

3 Round each of the following to the number of significant figures stated.

a 12405 correct to two significant figures.
b 12607405 correct to four significant figures.
C 0.000256 correct to two significant figures.
d 5.63 correct to one significant figure.

e 12626.8 correct to four significant figures.

4 a Whatwill be the equation of the graph obtained by translating the graph of the function
y = 2" three units to the left? Write your answer both as y = 2/® and as y = & x 2.

b  What will be the equation of the graph obtained by translating the graph of the function
y = 3" two units down?
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5 The graph below left shows four points which obey the rule y = 5%

Joining these points with a smooth curve, as shown below right, allows values for other powers
of x to be suggested, e.g. 5*% = 91.

Use the graph to suggest a value for 5", 5** and 5% and then check your answers using
a calculator.

y y

130 - (3, 125) 130 - (3, 125)
o T 1 120 1
110 - i 110 A
100 - ! 100 -
90 - i Q) = ----------o-oooo-
80 1 ! 80 :
70 - : 70 - |
60 1 i 60 ] i
50 ! 50 - !
40 | 40 |
30 @,25) | 30 4 @,25) |
0] T 1 i 20 1 i
TS DL R ] 09 i
LR A S R S

6 Without the assistance of a calculator, solve (25 x 5% = 1)(5" - 1) = 0.

7 Without the assistance of a calculator, solve (2*)* — 52%) + 4 = 0.

8 A forensic scientist is called to the scene of a murder. 2

Upon arrival at 10 a.m., the scientist notes the § R

temperature of the body as being 23.9°C. This is _%E 8 :

18.9°C above the temperature of the surrounding é § i °

air (which is 5°C). The scientist monitors this ‘body :_%’ 17

temperature above surrounding temperature of 5°C’ E; %

at half hour intervals. The data collected is shown in 88 16- ?

the graph shown. 05 g .

a With T and 7 as defined in the graph and assuming & E 159 ?
the relationship between 7 and ¢ is of the form —é 2 I
T = ka', find the values of the constants # and . 2”5 a1

= 1

b If normal body temperature is 37°C, i.e. 32°C

above the 5°C temperature of the surroundings, 1 2 3 4 5

e dhe (e ot deadh t: Number of half hours after
: scientist arrives at the scene.
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® Sequences
e Arithmetic sequences
e Geometric sequences

* Jumping to later terms of arithmetic
and geometric sequences

® Growth and decay - again!

¢ Miscellaneous exercise three



Rabbits

Situation One

The Fibonacci sequence 1, 1, 2, 3, 5, 8, 13, ... is named after the Italian mathematician Leonardo
Fibonacci (1170 — 1240). The sequence occurs in many number patterns associated with nature.
One example involving rabbits is shown here. Commencing with one pair of rabbits, we assume
that these rabbits will be adults after 1 month and will produce a pair of baby rabbits each month

1+1= 2
1+2=3
24+43=15
3+5=8
5+8=13

a Write the next five numbers in this sequence.

b Use the internet to investigate real world applications
of the Fibonacci sequence of numbers.

after that.

Month 1 Month 2 Month 3 Month 4 Month 5 Month 6
Pair of baby Pair of adult Pair of adult Pair of adult Pair of adult Pair of adult
rabbits rabbits rabbits rabbits rabbits rabbits

Pair of baby Pair of baby Pair of baby Pair of baby
rabbits rabbits rabbits rabbits
Pair of adult Pair of adult Pair of adult
rabbits rabbits rabbits
Pair of adult Pair of adult
rabbits rabbits
Pair of baby Pair of baby
rabbits rabbits
Pair of adult
rabbits
\
Pair of baby
rabbits
\
Pair of adult
rabbits
1 pair 1 pair 2 pairs 3 pairs 5 pairs 8 pairs
Notice that in the number sequence 1, 1, 2, 3, 5, 8, 13,

each number, after the first two ones, is the sum of the previous two numbers.

Shutterstock.com/amenic 181
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Situation Two
Hexagonal patchworks

Putchwork one shown on the right has a central hexagon and a ring
of hexagons around it.

Placing a second ring of hexagons around Patchwork one gives
Patchwork two shown below left and a further ring of hexagons
around Patchwork two gives Pztchwork three shown below right.

For the three patchworks shown above,

consider things like: AT, S Y R s &« oS
by T % " R
. 5 3 v Bl 2T e 9
* the number of hexagons in the outer 1 3 P

ring of each patchwork

* the number of hexagonal pieces in each
patchwork

¢ the number of edges that form the
border of each patchwork

* other aspects you may think of

and use your answers to try to predict what
numbers the next few patchworks in the
continuing pattern would have for these
things.

Shutterstock.com,/Maria Dryfhout
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Sequences

Consider the following table of values for the linear function y = 3x + 2.

X 2 3 4 5 6 7 8
y 8 11 14 17 20 23 26
All pairs (x, y) in the table fit the rule y=3x+2
For example, for (2, 8) 8=3(2)+2
for 3, 11) 11=303)+2
for (4, 14) 14=34)+2 etc.

However let us now just consider the sequence of y-values, i.e.

8 11 14 17 20 23 26
Note

* A sequence is a set of items belonging in a certain order, according to some rule. Knowing
sufficient items, and the rule that is involved, the next item can be determined.

* In this course we will concentrate on number sequences.

®  We refer to each number in the sequence as a term of the sequence. Thus, in the above sequence
the first term is 8, the second term is 11, the third term is 14, the fourth term is 17 and so on.

e Writing 7 for the first term, 7, for the second term and so on, we have:
* The situations at the beginning of this chapter involved sequences of numbers, for example the
Fibonacci sequence:

1 1 2 3 5 8 13

e Whilst we usually use 73, T, T3, T}, T, ... (or perhaps ty, 1, t3, 4, ts, ... ) for the terms of a
sequence, other letters may be used at times. For example, for the terms of the Fibonacci sequence,
we might use Fy, F5, F3, Fy, Fs, ... Some calculators may use U or 4, or some other letter.

For the sequence 3, 10, 31, 94, 283, 850, 2551, ... determine
a T; b T; c T;+T; d 37, e 2T, f T

Solution
a T;is the 3rd term in the sequence. Thus 75 =31.

b T is the 5th term in the sequence. Thus T = 283.

¢ T;+T;=31+283 d 37,=3(10) e 27T,=201)
=314 =30 =62

f  Noticing that each term is obtained by multiplying the previous term by 3 and then adding 1,
it follows that  Tg=3(T>) + 1
=355 +1
=7654.

Classifying sequences
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Arithmetic progressions

Arithmetic sequences

Exercise 3A

For the sequence 10, 14, 18, 22, 26, 30, 34, 38, ... determine

17, 2 T, 3 1+ 4 T,
5 37T, 6 2T, 7 3(T,+Ty 8 37,+ T,
9 T, 10 T, 1 (1) 12 (7,)

For the sequence 5, 8,11, 14,17,20, 23, ... determine

13 7, 14 T, 15 7, + T4 16 T,

17 T, 18 T, +2T, 19 T,+2T; 20 (T;-T,)
For the sequence 2, 6, 18, 54, 162,486, 1458, ... determine

21 T 22 37, 23 T+ T,+T; 24 T,
Using C, for the nth term of the cubic numbers 1, 8, 27, 64, 125, ... determine

25 ¢, 26 C, 27 G, 28 C,-C;

The Lucas sequence follows the same rule as the Fibonacci sequence, i.e. each term after the first
two is the sum of the previous two terms. Using L, for the nth term of the Lucas sequence and given
that L, = 1 and L, = 3, determine

29 I, 30 L, 31 (1,) 32 2L,
Arithmetic sequences M2 3 4 5 6
Notice that in the table of values on the right, as the x-values 13 5 9 1
increase by 1 the y-values increase by 2. As we would expect from
this constant first difference pattern of 2, graphing gives points 11!‘ ) .
that lie in a straight line and the gradient of the line is 2. 10
Sequences of numbers in which each term is obtained from . *
the previous term by the addition of some constant number are said to be i;: |
Arithmetic Sequences, 6
Arithmetic Progressions 5 °
or simply APs. :' |
For example 1, 2, 3, 4, 5, 6, e 5
In this case we say that the first term is 1 and the common difference is 1. 14 e .
Similarly for the AP: 1, 3, 5, 7, 9, 11, A é=
we say that the first term is 1 and the common difference is 2.
For 7, 11, 15, 19, 23, 27,
the first term is 7 and the common difference is 4.
For 67, 62, 57, 52, 47, 42,

the first term is 67 and the common difference is 5.
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Thus all arithmetic sequences are of the form:
a, a+d, a+2d, a+3d, a+4d, a+5d, a+6d,
In this general form we have a first term of ‘2’ and common difference ‘.
Consider again the arithmetic sequence:
L, 3 5 7, 09 11,
Each term is obtained by adding 2 to the previous term. Thus, if 7, is the nth term, it follows that the
next term, 7, , will be T, + 2.

Hence, for this sequence T, 1

=T,+2 (or t

n+1 =Lt 2)
For the general arithmetic sequence at the top of the page
T

"This rule tells us how the terms of the sequence recur. It is the recursive rule or recursive equation for the
sequence. Given this rule and one term, usually the first, all other terms of the sequence can be determined.

A sequence is such that 7, ; = T, + 5 and the first term, 77, is 7. Find the first four terms of the sequence.

n+1:Tn+d (OI‘ tn+1:tn+d)'

Solution
The recursive definition informs us that each term is the previous term add 5.
Hence,if 7,=7,
it follows that T,=7+5 T;=12+5 T,=17+5
=12 =17 =22
The first four terms of the sequence are 7, 12, 17, 22.

For each of the following sequences, state whether the sequence is an AP or not and, for those that
are, state the first term, the common difference and a recursive formula.

a 13, 18, 23, 28, 33, 38, c
b 3, 6, 12, 24, 48, 96, c
c 90, 79, 68, 57, 46, 35, c

Solution
a Each term is 5 more than the previous term. Thus the sequence is an arithmetic progression.
First term =13
Common difference = 5
Recursive formula: 7, ,=7,+5
b The terms do not have a common difference. Thus the sequence is 7ot an arithmetic progression.
¢ Each termis 11 less than the previous term. Thus the sequence is an arithmetic progression.
First term = 90
Common difference = -11

Recursive formula: 7, ,=T,-11
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Note: The recursive rule from part a in the previous example, i.e.
T,1=T,+5
could equally well be written in the form
T,=T, ,+5.

Both expressions tell us the same thing, i.e. that each term of the sequence is obtained by
adding 5 to the previous term.

A sequence is defined by 7, =37, _; — 2 with 7| = 5. Determine the first five terms of this sequence
and hence determine whether the sequence is an arithmetic sequence or not.

Solution
The formula 7,,=37, ;- 2 tells us that each term is obtained by multiplying the previous term by
3 and then subtracting 2.

Thus, if T; = 5, it follows that

T,=3G5)-2 =13,

T;=3(13)-2 =37,

T,=337)-2 =109,

Ts=3(109) -2 =325.
The first five terms are 5, 13, 37, 109, 325.

5 13 37 109 325
These terms do 7ot have a common difference. & IR T RN
8

The sequence is 7ot an arithmetic sequence. 24 72 216

Alternatively, for the previous example, a calculator could be used to ( )
display the terms of the sequence, once an appropriate recursive rule ap+q =3a,—2
and first term have been entered. a;=5%
U b, =0
by =0
U e, =0
¢ =0
n a,
1 5
2 13
3 37
4 109
5 325
. J
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Notice that the display on the right is similar to that shown on the ( )
previous page but now the progressive sums (also called partial sums) Anq =3a,—2
of the terms are also displayed. a;=5%
Py O b, =0
TI =5 b1 =
T, +T,=5+13=18 O cn::D
.=
T\+T,+T;=5+13+37=55
n an Ya,
T+ T, +T;+T,=5+13+37+109=164 1 5 5
Ty+Ty+ Ty + Ty+ Ts=5+13 +37 + 109 + 325 = 489 : S
Calculators differ in the way they accept and display such information. 4 109 164
If you wish to use a calculator in this way, make sure that you can use 5 325 489
g J/

your calculator to input recursive formulae and to display the terms of
a sequence.

Spreadsheets are another way of displaying the terms of a recursively defined sequence as shown below
for the sequence with recursive definition

T,,1=2T,+1withT,=3
A B @ D
1 3 3
2 7 10 *
=2*A3 +1
[

3 15 %5 | ]

56
4, GU - Sum(AS1:AG)
5 63 119 —
6 127
7 255 501 What does the
3 511 1012 inclusion of the

$ symbol do?

9 1023 2035
10 2047 4082

Note that this sequence is not an arithmetic sequence — the entries in column A do not display a
common difference pattern.

Once again, the progressive sums (or partial sums) can easily be shown, as in column B.

Create the spreadsheet yourself and use the ‘fill down’ ability when creating it.
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Geometric
progressions 1

Geometric
progressions 2

Geometric sequences

Geometric sequences

Notice that in the table of values on the right, as the x-values
increase by 1 the y-values multiply by 2. As we would expect
from this constant ratio of successive y-values, graphing gives
the characteristic shape of an exponential function.

Sequences that progress by each term being obtained by multiplying
the previous term by a constant number are said to be
Geometric sequences,
Geometric progressions,
GPs.
5,

or simply

For example, 15, 45, 135, 405, 1215,

In this case we say that the first term is 5 and the common ratio is 3.

Similarly, for the GP: 0.5, 1, 2, 4, 8, 16,
we say that the first term is 0.5 and the common ratio is 2.
For 1000, 100, 10, 1, 0.1, 0.01,
the first term is 1000 and the common ratio is 0.1.
For 64, 96, 144, 216, 324, 486,
the first term is 64 and the common ratio is 1.5.
Thus all GPs are of the form:

a, ar, a’, ar, a,  ar,

In this general form we have a first term of ‘" and common ratio ‘7.

Using recursive notation, we have 7, | =7 x T, with T| = 4,

(Or tn +1

3 6

100
90
80+
70+
60
50+
40
30+
204
10

3
12

4
24

5 6
48 96

y=

ﬂ?"é,

=7t

n

tl = ﬂ).

N e

w

+
w
o

For each of the following sequences state whether the sequence is a geometric sequence or not and,
for those that are, state the first term, the common ratio and a recursive formula.

a 3, 6, 12, 24, 48, 96, cees

b 128, 96, 72, 54, 40.5, 30.375, et

c 4, 9, 14, 19, 24, 29, .

Solution

a g:Z’ E: ) ﬁ: ) ﬁzz’ %_2
3 6 12 24 48

Each term is the previous term multiplied by 2.
Thus the sequence is a geometric sequence.
First term =3
Common ratio = 2
T,,,=2T,

(Or Tn = ZTn—l)

Recursive formula:

MATHEMATICS METHODS Unit 2
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b

2=0.75, 7—2=O.75, 5—4=0.75, ﬂ=0.75,
128 96 72 54

Each term is the previous term multiplied by 0.75.
Thus the sequence is a geometric sequence.
First term = 128
Common ratio = 0.75

Recursive formula: T,=0.75T,
2:2.25, o5,
4 9

The sequence does not have a common ratio.
Thus the sequence is 7ot a geometric sequence.

$400 is invested in an account and earns $20 interest each year.

30.375 —075.
40.5

a How much is the account worth after 1 year, 2 years, 3 years and 4 years?

b Do the amounts the account is worth at the end of each year form an arithmetic sequence,

a geometric sequence or neither of these?

Solution
a Initial Value after Value after Value after Value after
value 1 year 2 years 3 years 4 years
$400  $400+1($20)  $400+2($20)  $400 +3($20)  $400